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MULTIPLICITY UPON RESTRICTION TO
THE DERIVED SUBGROUP

JEFFREY D. ADLER AND DIPENDRA PRASAD

We present a conjecture on multiplicity of irreducible representations of a
subgroup H contained in the irreducible representations of a group G, with
G and H having the same derived groups. We point out some consequences
of the conjecture, and verification of some of the consequences. We give an
explicit example of multiplicity 2 upon restriction, as well as certain theo-
rems in the context of classical groups where the multiplicity is 1.

1. Introduction

Suppose k is a local field, G is a connected reductive k-group, G’ is a subgroup of G
containing the derived group, and r is a smooth, irreducible, complex representation
of G(k). In an earlier work [Adler and Prasad 2006], we showed that for many
choices of G, the restriction Resg,(fk)) 7 decomposes without multiplicity.

A number of years ago, in the process of identifying situations where multiplicity
one did not hold, one of us discovered an example of a depth-zero supercuspidal
representation of GU(2d, 2d), a k-quasisplit group, whose restriction to SU(2d, 2d)
decomposes with multiplicity two, and the other formulated a conjecture in the
form of a reciprocity law involving enhanced Langlands parameters. In this paper,
we present both the example and the conjecture, together with some consequences
of the latter, and a verification of some of those consequences. Besides these, the
paper proves several results by elementary means involving classical groups where
multiplicity one holds.

A complete analysis of decomposition of the unitary principal series for U(n, n)
and its restriction to SU(n, n) was done by Keys [1987], who also phrased his
results in terms of “reciprocity” theorems for R-groups; in particular, he found
cases of multiplicity greater than one.

After presenting our conjecture (Section 2), we give some of the heuristics
behind it. In the formulation of the conjecture, we have considered a more general
situation than that of a subgroup. We consider G; and G; to be two connected
reductive groups over a local field k, and A : G; — G3 to be a k-homomorphism
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that is a central isogeny when restricted to their derived subgroups, allowing us to
“restrict” representations of Gy (k) to G (k). Since under such a homomorphism A,
the image of G (k) is a normal subgroup of G, (k) with abelian quotient, all the
irreducible representations of G (k) which appear in this restriction problem for
a given irreducible representation of G, (k) appear with the same multiplicity. In
Section 3, we verify that for our conjectural multiplicity, this relationship does
indeed hold. We show (Section 4) that if the conjecture is true for tempered
representations, then via the Langlands classification it holds for all representations.
Our conjecture (for A : G; — G, a k-homomorphism) implies multiplicity one in
situations where Langlands parameters for G; have abelian component groups. We
list a few such situations in Section 5, and prove multiplicity one for restriction from
GU(n) to U(n) (Section 6). Along the way, we prove multiplicity one in some other
cases where it follows from elementary considerations. In Section 7, we present
an example of a depth-zero supercuspidal representation of quasisplit GU(2d, 2d)
that decomposes with multiplicity two upon restriction to SU(2d, 2d). Finally
(Section 8), we give a general procedure for constructing higher multiplicities.

2. The conjecture on multiplicities

Let GcllS and GczlS be two connected quasisplit reductive groups over a local field &
and let A : G?S — Ggs be a k-homomorphism that is a central isogeny when
restricted to their derived subgroups. In what follows we will be twisting G?S
by a cohomology class in H 1(Gal(lz/ k), G?S(IE)) to construct a pure inner form
G of G(lls. Simultaneously, by twisting Ggs by the image of this class under the
map H'(Gal(k/k), G} (k)) — H'(Gal(k/k), G (k)), we will have a pure inner
form G; of Ggs, together with a map of algebraic groups that we will still call
A : G; = Gy, which will appear in considerations below, all coming from an
element of H'!(Gal(k/k), GI'(k)).

The map A : G| — G, gives rise to a “restriction” map from representations of
G (k) to those of G (k), and from [Silberger 1979] one knows that the restriction of
an irreducible representation of G, (k) is a finite direct sum of irreducible represen-
tations of Gy (k). In particular, we obtain a functor A* : Rgn (G2 (k)) — Ran (G (k)),
where R, (H) denotes the category of smooth, finite-length representations of a
group H.

Let LG, = 61 x W, and LG, = 62 x W, be the L-groups associated to the
quasisplit reductive groups G?S and Ggs respectively. The map A : G‘llS — Ggs also
gives rise to a homomorphism of L-groups,

britGy— Gy,
as well as a homomorphism of their centers,

Ly : Z(Gy) ™ — 7(Gp)Me.
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It follows, in particular, that a character x; of mo(Z (al)Wk) gives rise to a char-
acter x» of mo(Z(G,)"+) which, by the Kottwitz isomorphism (assuming k to be
nonarchimedean at this point),

H'(Gal(k/k), G (k)) = Hom(mo(Z(Gi) "), Q/2),

constructs pure inner forms G; of G(lls and G, of G, together withamap A : G| — G
as before.

Let ¢; : W,; — LG,, and Q1 = Lyo o : W,é — LG, be associated Langlands
parameters, where W,é = Wi x SL,(C), with W, the Weil group of k. Then Ly gives
rise to a homomorphism of centralizers of the images of the parameters ¢; with
values in G and ¢, with values in G5, and also a homomorphism of the groups
of connected components of their centralizers:

mo(* 1) : mo(Zg, (92)) = mo(Zg, (91)).

This allows one to “restrict” representations of mo(Zg, (¢1)) to representations of
70(Zg,(¢2)), giving rise to the restriction functor

At Ko(mmo(Zg, (91))) = Ko(mo(Zg, (¢2))),

where Ko(H) denotes the Grothendieck group of finite-length representations of a
group H.

The formulation of our conjecture below presumes that the local Langlands corre-
spondence involving enhanced Langlands parameters has been achieved, giving rise
to a bijection between enhanced Langlands parameters and the set of isomorphism
classes of irreducible admissible representations of all pure inner forms of quasisplit
groups. This will be needed for both of the groups G; and Gy; it is possible on the
other hand that one could reverse this role, and use the conjectural multiplicity for-
mula to construct an enhanced Langlands parametrization for G,, knowing it for Gy.

Conjecture 1. (a) Let Gy and Gy be two connected reductive groups over a local
field k and let ) : G| — Gy be a k-homomorphism that is a central isogeny when
restricted to their derived subgroups. Fori =1, 2, let w; be an irreducible admissible
representation of G; (k) with Langlands parameter @;. Let

m(rmy, 1) := dim Homg, (1) [771, A* 2] = dim Homg, (1) [A* 772, 71].

Then m(ra, 1) = 0 unless o1 = Lx o @o.

(b) Let G(llS and Ggs be two connected reductive quasisplit groups over a local field k
and let A : G?s — Ggs be a k-homomorphism that is a central isogeny when restricted
to their derived subgroups. Let ¢| and ¢, be Langlands parameters associated
to the groups G?S and Ggs with @1 = LX o o, and let x; be characters of their
component groups HO(ZG,» (¢i)). Then, if Homy(z,))[x2, Axx1] is nonzero, the
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characters x; define pure inner forms G; of G?S together with a k-homomorphism,
A1 Gy — Gy, as discussed earlier. Then if w; = mw(¢;, x;) are the corresponding
irreducible admissible representations of G;(k), we have

m(72, 771) = dim Homyz(g,)) [X2, A« X1]-

The main heuristic for the conjectural multiplicity is the following.

(1) For any L-packet {mr} on any reductive group G(k) defined by a parameter ¢
(that is, {m} = {7y, )} where one takes those characters x of the component group
which have a particular restriction to Z (G) Wi defining the group G(k) assumed to
be a pure inner form of a fixed quasisplit group G%),

> x(O x)
X

is a stable distribution on G(k). Here, for any admissible representation = we are
letting ® (7r) denote its character, regarded as a distribution on G(k).

(2) For ahomomorphism A : G; — G, of reductive groups over k which is an isogeny
when restricted to their derived subgroups, the pullback of a stable distribution on
G, (k) is a stable distribution on Gy (k).

(3) The restriction to Gj(k) of an irreducible representation 7, of Gy(k) is a
finite-length (completely reducible) representation of Gj(k), whose irreducible
components are all in the same L-packet. This L-packet for G (k) depends only on
the L-packet for G; (k) containing 7r,. If the Langlands parameter of our L-packet
for Gy (k) is ¢ : W,; — L@G,, then the Langlands parameter of our L-packet for
Gi(k) is 1 := Lyo o W,; — LGy. (This is part (a) of the conjecture.)

(4) If Conjecture 1 is true, then the pullback from Gy (k) to Gy (k) of the distribution

Z Xx2(1)O Ty, 52)),

X2

where the sum is taken over those characters x, of the component group which
have a particular restriction to Z (E;‘z)Wk defining the group G;(k) assumed to be a
pure inner form of a fixed quasisplit group Ggs(k), is a stable distribution on Gy (k)
as we check now.

By Conjecture 1, the pullback of the distribution @, = O (7(y,, ,)) on Gy (k) to
Gi(k) is

> mry, 1)Om) =Y O, 1)) dim Homay 2y [x2: e

T X1
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Therefore, the pullback to G; (k) of the distribution ) % x2(1)O (7 (g, ,)) 00 Ga (k)
is (assuming Conjecture 1)

> 02O (g x1) dim Homuy gy [ X2, Aex1],
X1:X2

which is the same as

> Oy ) dim Homy, 2y [x2(D X2 Aex1 ],

xx2
where the sum is taken over all pairs of characters xi, x» with particular restrictions
to Z(al)Wk and Z (Gz)Wk. Observe that those characters y, whose restrictions to
VA (62) Wi are not compatible with the restriction of x; to Z (G DWe contribute 0 to
the sum. Therefore, we can take the sum over all y,. The sum then is the same as

() > OGt(g,.1)) dim Homy(zg) [R, Aaxi],
X1

where R =) x2(1) x2 is the regular representation of 7o(Z(¢2)).
By Schur orthogonality,

1

dim Homﬂo(z(wz))[XQ, Mxl]l=—— g X1 (?»*g))_(z(g),
I770(Z (92))]
gemo(Z(¢2))

where A* denotes the map mo(“ 1) : 70(Z(¢2)) = mo(Z(¢1)). So

. 1 .
dlmHomnO(z(m))[R, A1l = m Z xX1(A"8)xr(8),
OLEA2DN e eroZ (o

where R is the regular representation of wy(Z(¢2)) and xp its character, thus

0 if g is not the identity,
Xr(8) = I .
|mo(Z(¢2))| if g is the identity.
Therefore,
dim Homy(z(p,)) [R, A x1] = x1(1).

By (%) it follows that the pullback of the distribution sz x2(1)O (7 (g, ,)) ON
G (k) to Gy (k) is equal to ZX] Xl(l/)\@(n((p,, x1)), wWhere the sum is taken over
those x; with a given restriction to Z(G1)"* Thus the pullback of the distribution
sz X2 (DO (7T (g, ) On G2(k) to Gy (k) is a stable distribution on Gy (k) which is
what we set out to prove.

Remark 2. A weaker version of our conjecture says that the pullback to G; (k) of
the stable character Zx x(1)®, on Gy(k) is Zu w(1)®,, on Gi(k), where both
of the sums are over the characters of component groups defining fixed pure inner
forms that are G, and Gy, respectively.
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3. Some remarks on the multiplicity formula

Conjecture 1 relating m(m, 1) with dim Homy(z(4,))[A« X1, x2] can be considered
as a set of assertions keeping 7, fixed and varying 7, or keeping | fixed and
varying m,, say, inside an L-packet for G, (k). It is easy to see that for G; and G»
two reductive groups over a local field k, and A : G; — G, a k-homomorphism that
is a central isogeny when restricted to their derived subgroups, the image of Gj (k)
inside G (k) is a normal subgroup, and therefore every irreducible representation
of Gy (k) that appears inside a given irreducible representation 7, of G, (k) does
so with the same multiplicity (depending, of course, on ;). This section aims to
prove this as a consequence of our Conjecture 1.

This section is meant to prove that dim Homy,(z(4,)) [A« X1, X2] remains constant
when y; is a fixed character of mo(Z(¢y)) but x; varies among characters of
mo(Z(¢1)). This is achieved by combining Corollary 4 with Lemma 5. We begin
with the following lemma whose straightforward proof will be omitted.

Lemma 3. Let N be a normal subgroup of a finite group G with A = G/N an
abelian group. Let 7w be an irreducible representation of N. Then any two irreducible
representations w1 and 1wy of G containing w on restriction to N are twists of each
other by characters of G/ N, i.e.,

=T ® X,
for x: G/N — C*.

Corollary 4. If N is a normal subgroup of a group G with A= G /N a finite abelian
group, and 1 an irreducible representation of N, then all irreducible G-submodules
of Indg () appear in it with the same multiplicity.

Lemma 5. Let G| and Gy be two connected reductive groups over a local field k
and let .. G — Gy be a k-homomorphism that is a central isogeny when restricted
to their derived subgroups, and giving rise to a homomorphism “1: *G, — LG
of the L-groups. Let ¢ : W,é — LGy, and 0= Lhog,: W — LG, be associated
Langlands parameters. Then for the associated homomorphism of finite groups
Ax: 70(Zg,(92)) = mo(Zg, (¢1)), the image is normal with abelian cokernel.

Proof. 1t suffices to prove the lemma separately in the two cases:
(1) A: Gy — Gy is injective as a homomorphism of algebraic groups.
(2) A: Gy — Gy is surjective as a homomorphism of algebraic groups.

We will address only the first case, the other being very si s1mllar
Assume then that A: G; — G is injective, and thus A G2 — G1 is sur]ectlve
with kernel, say, Z. Use ¢3: W} — G, and ¢; = Ao gy : W, — LGy to give G,
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and Gl, a W/-group structure, such that we have an exact sequence of W, -groups,
1—>2—>62—>Gl—>1.

This gives rise to a long exact sequence of W/-cohomology sets:
1—>/Z\Wli—>a¥/k/—>a¥vk/—>H1(W,£,’Z\)—>--- :
Equivalently, we have the exact sequence of groups,
1— Zaz((pz)//Z\Wk/ — Za] (1) > A—1,

where A is a subgroup of H'(W/, 7), a locally compact abelian group. Taking
1o of the terms in the above exact sequence which all fit together in a long exact
sequence of 7;’s (higher homotopy groups), the assertion in the lemma follows on
noting that if £ — Ej is a surjective map of locally compact and locally connected
topological groups, then the induced map 7o(E1) — mo(E>) is also surjective. [J

4. Reduction of the conjecture to the case of tempered representations

As before, let G; and G, be two reductive groups over a local field &, and let
A : G; — Gy be a k-homomorphism that is a central isogeny when restricted to their
derived subgroups, giving rise to the restriction functor

A Ren(Ga(k)) = Ran(Gy (k).

Lemma 6. Let V be a finite-length representation of Gy (k) with maximal semisim-
ple quotient Q. Then A* Q is the maximal semisimple quotient of A*V, a finite-length
representation of G (k).

Proof. 1t suffices to observe that a finite-length representation of G, (k) is semisimple
if and only if its image under A* is a finite-length, semisimple representation of G (k).
If Z(Gy)(k)-Gy (k) is of finite index in G, (k), such as when k is of characteristic zero,
then this is easy to see. By a theorem of Silberger [1979], irreducible representations
of G, (k) remain finite-length semisimple representations when restricted to Gy (k),
and the lemma follows in general. ([

To set up the next result, let P, = M, N, be a Levi factorization of a parabolic
subgroup in Gj. If we let P| = APy, My =217 (M>), and N; = L~ (N,), then
Py =M N is a Levi factorization of a parabolic subgroup in G;. Then A: M| — M>»
gives us a restriction functor R, (M3 (k)) — Ran(M;(k)) that we will also denote
by A* Since A gives an isomorphism Gy (k)/P;(k) — Ga(k)/P>(k), we have the
following commutative diagram:
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Rin(Ga(k)) —— Rin(Gy (k)

Gy (k) Gy (k)
Indpz(k)T Indp, (HT

Rin(Ma(k)) —— Rin (M, (k))

Lemma 7. Let 0y be an irreducible, essentially tempered representation of M (k)
with strictly positive exponents along the center Z(M») (k) of M> (k). Write

*
Aoy = E MO1,a,
o

a sum of irreducible, essentially tempered representations of M1 (k) with (finite) mul-

tiplicities my. Let 1) be the Langlands quotient of the standard module Indgzz((,f)) 02,

and 11 o the Langlands quotients of Indgl'((,]:)) 01,4- Then

)\*7'[2 = E Meltl,o-
o

Proof. Clearly,

Ga(k G (k G (k
Ax Indpzz((k)) 0y = IndPl'((k)) Aoy = Z My IndPl'((k)) Ola-
o

Since “taking maximal semisimple quotient” commutes with direct sum, our result
follows from Lemma 6. O

Corollary 8. If Conjecture 1 is true for tempered representations, then it is true in
general.

Proof. Every representation i, of G, (k) can be realized as a Langlands quotient of a
standard module Ind(}},zz((g o, for an essentially tempered representation o, of M (k).
The Langlands parameter ¢;: Wy — LG, for m, is the same as the Langlands
parameter ¢, for o, considered as a map W} 25 Ly, — LG,. The component
groups of these parameters, and thus the representations of these component groups,
correspond as discussed in [Prasad 2019, §5]. Therefore, our result is a consequence
of Lemma 7. U

5. Consequences of the conjecture

If the group of connected components 70(Zg, (¢1)) is known to be abelian, as is
the case when G is any of the groups SL,, U,, SO,, and Sp,, then our conjecture
predicts that for any homomorphism A: G; — G, of connected reductive alge-
braic groups that is an isomorphism up to center (i.e., A: G1/Z; — G3/Z5 is an
isomorphism of algebraic groups, where Z; is the center of G;), any irreducible
representation of G, (k) when restricted via A to G (k) decomposes as a sum of
irreducible representations of G (k) with multiplicity < 1.



MULTIPLICITY UPON RESTRICTION TO THE DERIVED SUBGROUP 9

We note that by our earlier work [Adler and Prasad 2006], we know that multi-
plicity is < 1 whenever the pair (G, Gy) is (SL,, GL,), or (when the characteristic
of k is not two) either (O,, GO,) or (Sp,, GSp,). In the next section, we will see
that multiplicity < 1 also holds for (U,, GU,)). The paper [Gee and Taibi 2018]
shows that multiplicity < 1 holds for the pair (SO,,, GSO,) if k has characteristic
Zero.

6. Generalities on restriction to unitary and special unitary groups

Let E/k denote a separable quadratic extension of nonarchimedean local fields,
N = Ng/i the norm map from E* to k*, and E the kernel of this map.

Let B denote a nondegenerate E/k-hermitian form on some E-vector space V
of some dimension . Then we can form algebraic groups SU(V, B), U(V, B),
and GU(V, B) whose k-points consist respectively of the elements of SL(r, E) that
preserve B; the elements of GL(r, E) that preserve B; and the elements of GL(r, E)
that preserve B up to a scalar in k*. The group GU(V, B) comes equipped with
amap u: GU(V, B) - GL called the similitude character. We will write our
algebraic groups as SU(r), U(r), and GU(r) when V and B are understood.

If G is a group, H is a subgroup, and G/Z(G)H is cyclic, then every irreducible
representation of G restricts to H without multiplicity. How far can we exploit this
fact?

Theorem 9. Let p be the residual characteristic of k.

(a) All irreducible representations of GU(r)(k) decompose without multiplicity
upon restriction to U(r) (k). Such a restriction is irreducible when r is odd, and has
at most two components when r is even.

(b) All irreducible representations of U(r)(k) decompose without multiplicity upon
restriction to SU(r) (k) when r is coprime to p, or k =Q, (p odd).

(c) All irreducible representations of GU(r)(k) decompose without multiplicity
upon restriction to SU(r) (k) when r is odd and coprime to p.

Proof. (a) Let u: GU(r) — GL(1) denote the similitude character. Clearly the
group GU(r) contains the scalar matrices el for all e € E*, and for such matrices
the similitude is Ng,x(e). Therefore, the image under w of the center of GU(r) (k)
is Ng/i(E™), so u thus gives an isomorphism

GU(r) - Im(p)
—_
Z(GU(r)) U(r) N(E>)

A scalar a € k* is a similitude for some linear transformation g of V if and only
if for all v, w € V, we have that B(gv, gw) =a - B(v, w). Thatis, Banda - B



10 JEFFREY D. ADLER AND DIPENDRA PRASAD

are equivalent Hermitian forms. It is known that two Hermitian forms over a non-
archimedean local field k are equivalent if and only if their discriminants, which
are elements of k™ /N(E*), are the same. Therefore, B and a B are equivalent if
and only if disc B = a”" disc B in k*/N(E>*) = Z/2. Thus, if r is even, then B
and a B are equivalent for a an arbitrary element of £, but if r is odd, then @ must
lie in N(E*). Thus,
GU(r)

Z(GU(r)) U(r)
(b) Let Rg and Pg denote the ring of integers and prime ideal for E. The determi-
nant character gives us an isomorphism,

. U(r) k) . _E
. —> .
ZUE) K SUCK) — (Ery

=7Z/2 or {1}.

det

As an abstract group, E; inherits a direct product decomposition from R; =
ky x (1+ Pg). Thus, E; is a direct product of a cyclic group (of order coprime to p)
and a pro-p-group A, implying that E/E7 is cyclic if and only A/A" is cyclic. But
this latter quotient is trivial if r is coprime to p, and is cyclic if k = Q,, (p odd).

(c) This follows from the previous two parts of the theorem. ([

7. An example of multiplicity upon restriction

Let @ be a uniformizer of k&, E/k an unramified quadratic extension, R; and Rg
the rings of integers in k and E, and f and fg the residue fields. Let V be a 4d-
dimensional hermitian space over E, with hyperbolic basis {e;, fi, ..., €, foq}-
Thus, (e;, f;) =1 for all 1 <i <2d, and all the other products being 0. Let U(V)
be the corresponding unitary group. Define the lattice £ in E by

L = spang {er, f1,...,eqa, fa, Dear1, fat1,---» D€, [}

Clearly, £Y :={v € V|{v, £) € Rg for all £ € L} is given by

LY =spang, {e1, fi.....eq, fa.eas1. @ fasl, ..., €20, 7" foal.

Observe that
wl'CLcCLY,

and £V /L and L/w LY are 2d-dimensional hermitian spaces over fz with natural
hermitian structures. For example, given two elements £; and ¢, in £ with images
¢; and €5 in £ /L, the hermitian structure on £ /L is defined by having (Zl, Zz)
as the image of @ (¢, £2) (which belongs to Rg) in fg.

Define K = U(L) to be the stabilizer of the lattice £ in U(V), i.e., U(L) =
{geU(V)|gl € L for all £ € L}. If an element of U(V) preserves L, then it clearly
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preserves LY and @ £, giving a map U(L) — U(2d, f) x U(2d, f). Similarly, we
have a map SU(L) — S(U(2d) x U(2d))(f).
Let go € GU(V) be defined (for i < d) by

eir> eqri, fir> @ fari, earit> @ ‘ei,  farit> fin
Clearly, go has similitude factor w !, and goL = LV. Therefore, we have
g UL)g, ' =ULY).

Thus conjugation by g¢ induces an isomorphism of U(£) into U(L"), making the
diagram

U(L) il uLY)

| l

u2d, ) xU(2d, 1) ;> U2d, ) x U(2d, 1)

commute, where j(x, y) = (y, x).

Theorem 10. Let p be any irreducible cuspidal representation of U(2d)(f) such
that p % p x, where x is a quadratic character of U(2d) () trivial on SU2d) (). Let
o :=infl(p ® px) denote the inflation of p ® px from (U2d) x U2d))(J) to U(L)
and let m = C—Indg%) 0. Then T @ 78 extends to an irreducible representation T
of GU(V) whose restriction to SU(V') decomposes with multiplicity two.

Proof. From [Moy and Prasad 1996, Proposition 6.6], 7 is an irreducible, su-
percuspidal representation of U(V). Let & also denote one of its extensions to
Z(GU(V)) U(V). From the last sentence of [Moy and Prasad 1994, Theorem 5.2],
80 X 7, so the sum 7 P80 extends to an irreducible (also supercuspidal) represen-
tation 7 of GU(V). By the induction-restriction formula (observe that by the explicit
description of U(L), det: U(L) — E| is surjective, and hence U(L) SU(V)=U(V)),

SU(V
7Tlsuwv) = C-IHdSUEQ) (olsuc)),

SU(V
T8su) = C-IHdSUEQ) (0®|suc))-

Since p ® px = px @ p as representations of S(U(2d) x U(2d))(f), we have that
o = 08 as representations of SU(L), so

~ N
TTlsuw) = (@ @ 78)|suw) =2- C-IndSUEQ) (olsuce))- U

In order to have an example of multiplicity at least two, it is thus sufficient to
find a representation p of U(2d)(f) such that p Z pyx, as in the theorem. In fact,
most irreducible Deligne—Lusztig cuspidal representations of U(2d)(f) will have
this property, as they restrict irreducibly to SU(2d) ().



12 JEFFREY D. ADLER AND DIPENDRA PRASAD

Remark 11. In a future work, we will expand upon the example in Theorem 10,
whose essence is the following. Given a supercuspidal representation of Gy (k)
whose restriction to G (k) has regular components (in the sense of Kaletha [2016]),
then the components occur with multiplicity one. (Nevins [2015] already verified
this for many cases.) If the components are not regular, then higher multiplicities
can occur.

Our example begins with p, an irreducible cuspidal representation of U(2d)(f)
that arises via Deligne—Lusztig induction from a character 6 of the group of §-
points of an anisotropic torus T C U(2d). Suppose also that the restriction of 6 to
T() NSU2d)(f) remains regular so that the restriction of p to SU(2d)(f) remains
irreducible. The torus T x T C U(2d) x U(2d) lifts to give an unramified torus
T c GU(V), and the character 8 ® 6 can be inflated and extended to give a
character ® of T. The representation 7 of GU(V) that we have constructed in the
theorem is a regular supercuspidal representation in the sense of Kaletha [2016], but
the irreducible components of its restriction to SU(V') are not since our character
® of T, when restricted to 7N SU(V), is not regular because of the presence of the
element gg € GU(V).

For depth-zero supercuspidal representations of quasisplit unitary groups, the
parahoric that we have used is the only one that can lead to higher multiplicities.

8. Generalities on constructing higher multiplicities

In this section, we discuss some generalities underlying the example of the previous
section, which will be useful for constructing higher multiplicities in general.
Let G be a group, and N a normal subgroup of G such that

G/N=Z/287Z)2.

A good example to keep in mind is G = Qg = {£1, +£i, £, £k}, the quaternion
group of order 8, and N = {£1}. Let w; and w; be two distinct, nontrivial characters
of G that are trivial on N.

Suppose 7 is an irreducible representation of G such that

TETQw =7 Qws.

By [Gelbart and Knapp 1982, §2], |y must be one of
(1) a sum of four inequivalent, irreducible representations, or
(2) a sum of two copies of an irreducible representation.

Deciding which of these two options we have is a subtle question, and this is what
we wish to do here.

Let Ny = ker{w,: G — Z/2}, so that G D Ny D N. Because 7 = 7 Q w1,
7|, 18 equal to 71 @2, a sum of inequivalent, irreducible representations. Further,
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since T = 7w ® wy, we have
(M @) = (1 ®m2) @ Woi,s

where w; is equal to w;|y,, a nontrivial character of N; of order 2. Therefore, we
have the following two possibilities:

(i) m =7 Qwa.

(1) m Em Q@ wyy.
In case (i), w1, which is an irreducible representation of N;, decomposes when
restricted to N into two inequivalent irreducible representations, and therefore

has at least two inequivalent irreducible subrepresentations when restricted to N;
hence, in case (i),

7|y = a sum of 4 inequivalent, irreducible representations.

In case (ii), clearly |y is twice an irreducible representation.

How does one then construct an example of an irreducible representation 7 of G
for which 7|y is twice an irreducible representation? We start with an irreducible
representation 1 of Ny such that the following equivalent conditions hold:

(1) m; does not extend to a representation of G.
(ii) 7] % my for some g € G.

Given such a representation | of Ny, next we must ensure that
JTig =EmQwy forge G\ N.

If we understand Ny, together with the action of G on the representations of Ny,
then the condition ¢~

Ty =T QW E
is checkable, constructing an irreducible representation & = Indg1 m; of G such
that

7|y =2m|N.
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