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Let X be a Banach space and t an infinite cardinal. We show that if
has uncountable cofinality, p € [1, o), and either the Lebesgue-Bochner
space L, ([0, 1], X) or the injective tensor product L [0, 1]§€X contains a
complemented copy of ¢y(t), then so does X. We show also that if p € (1, co)
and the projective tensor product L ,[0, 1]®, X contains a complemented
copy of cy(t), then so does X.

1. Introduction and preliminaries

We use standard set-theoretical and Banach space theory terminology as may be
found, e.g., in [Jech 2003] and [Johnson and Lindenstrauss 2001]. We denote by
By the closed unit ball of the Banach space X. If X and Y are Banach spaces,
we denote by £(X, Y) the space of all bounded linear operators from X to Y and
by K(X, Y) the subspace of all compact linear operators. We say that Y contains
a copy (resp. a complemented copy) of X, and write X < Y (resp. X <> Y), if
X is isomorphic to a subspace (resp. complemented subspace) of Y. The density
character of X, denoted by dens(X), is the smallest cardinality of a dense subset
of X.

A Banach space X has the bounded approximation property if there exists A > 0
such that, for every compact subset K of X and every ¢ > 0, there exists a finite
rank operator 7 : X — X such that |T'|| <A and ||x — T (x)|| < & for every x € K.

We shall denote the projective and injective tensor norms by || - ||, and || - ||,
respectively. The projective (resp. injective) tensor product of X and Y is the
completion of X ® Y with respect to || - ||, (resp. || - ||-) and will be denoted by
XQ®,Y (resp. X®.Y).

For a nonempty set I, co(I") denotes the Banach space of all real-valued maps
f on I' with the property that for each ¢ > 0, the set {y € I" : |f(y)| > ¢} is
finite, equipped with the supremum norm. We will refer to co(I') as co(r) when
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the cardinality of I' (denoted by |I'|) is equal to r. This space will be denoted
by ¢ when t = Ry. By £ (I") we will denote the Banach space of all bounded
real-valued maps on I', with the supremum norm. This space will be denoted by
oo when I' = N.

Given X a Banach space and p € [1, 00), we denote by L,([0, 1], X) the
Lebesgue—Bochner space of all (classes of equivalence of) measurable functions
f 10, 1] = X such that the scalar function || f||? is integrable, equipped with the

complete norm
! ’
||f||p=[/0 ||f(z>||pdz]

These spaces will be denoted by L,[0, 1] when X =R.

A measurable function f : [0, 1] — X is essentially bounded if there exists
& > 0 such that the set {r € [0, 1] : || f(#)|| > €} has Lebesgue measure zero, and we
denote by || f||oo the infimum of all such numbers ¢ > 0. By L ([0, 1], X) we will
denote the space of all (classes of equivalence of) essentially bounded functions
f 110, 1] - X, equipped with the complete norm || - || oo-

Recall that if 7 is an infinite cardinal then the cofinality of T, denoted by cf(7), is
the least cardinal « such that there exists a family of ordinals {8; : j € o} satisfying
Bj <t forall j €, and sup{B; : j € a} = 7. A cardinal 7 is said to be regular
when cf(t) = 7; otherwise, it is said to be singular.

Many papers in the history of the geometry of Banach spaces have been devoted to
establishing results about when certain Banach spaces contain complemented copies
of ¢q or cg(7) for uncountable cardinals t; see, for example, [Amir and Lindenstrauss
1968; Argyros et al. 2002; Cembranos 1984; Cembranos and Mendoza 1997;
Emmanuele 1988; Sobczyk 1941; Zippin 1977]. The starting points of our research
are three of these results related to the space cy, i.e., Theorems 1, 2 and 3 below.

We begin by recalling the following immediate consequence of the classical
Cembranos—Freniche theorem [Cembranos 1984, Main theorem; Freniche 1984,
Corollary 2.5].

Theorem 1. For each p € [1, 00),
0 <> L0, 11®¢cLoo-

However, ¢y <—L/¥>£oo (see, e.g., [Diestel and Uhl 1977, Corollary 11, p. 156]).
On the other hand, Oja proved the following stability property.

Theorem 2 [Oja 1991, Theorem 3b]. If X is a Banach space and p € (1, 00), then
c0<> L,[0, 118, X = cp<> X.

Observe that Theorem 2 does not hold for p =1. Indeed, L ([0, 1], X) is linearly
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isometric to L;[0, 1]1®, X [Ryan 2002, Example 2.19, p. 29] and Emmanuele
obtained the following result.

Theorem 3 [Emmanuele 1988, Main theorem]. If X is a Banach space and p €[1,00),
then
co <> X = co<> L,y([0, 1], X).

So, in particular, L, ([0, 1], £~) contains a complemented copy of c¢, but once
again ¢ > Lo

We recall also that, denoting by | - ||a, the natural tensor norm induced on
L,[0,1]1®X by L,([0, 1], X) and by L,[O0, 1]®ApX the completion of L,[0, 1]1®@ X
with this norm, the space L, ([0, 1], X) is linearly isometric to L,[O0, 1]®ApX
[Defant and Floret 1993, Chapters 7.1 and 7.2].

Thus, we are naturally led to the following problem.

Problem 4. For X a Banach space, p € [1, 00), and t an infinite cardinal, we want
to know under which conditions

co(t) <> Ly[0, 11®. X => co(r) <> X
holds, where o denotes either the projective, injective or natural norm.

This problem becomes more interesting if we keep in mind that, in general,
it is not so simple to determine whether the tensor products of £ and X contain
complemented copies of a certain space F, even when E contains no complemented
copies of F. Indeed, there are a number of elementary questions about this topic
that remain unanswered. For instance, it is not known whether /o, ®, /s, contains a
complemented copy of ¢y or not [Cabello Sadnchez et al. 2006, Remark 3].

In the present paper, we will prove that for every Banach space X, p € (1, 00)
and an infinite cardinal T,

co(t) <5 L,[0, 118, X = co(t) <> X.
Additionally, if 7 has uncountable cofinality, then for every p € [1, 00),

co(T) <> Lp[O, 1]®€X = ¢o(7) <X

and
co(T) <> Ly([0, 1], X) = co(7) <> X.

This paper is organized as follows. We study complemented copies of co(7)
in the injective (Section 2), projective (Section 3) and natural (Section 4) tensor
products with L,[0, 1].



70  VINICIUS MORELLI CORTES, ELOI MEDINA GALEGO AND CHRISTIAN SAMUEL

2. Complemented copies of ¢o(7) in X ésY spaces

The goal of this section is to prove Theorem 7. We recall that given Banach spaces
X and Y, the operator S : X®,Y — K(X*, Y) satisfying

J
SW)(x*) =Y x*(a)b;
i=1
for every x* € X* and v = Z{:] a;i ®b; € X®Y, is a linear isometry onto its image.
We will need the following key lemma.

Lemma 5. Let X and Y be Banach spaces. Suppose that X has the bounded approx-
imation property. Then there exist sets A C X and B C X* such that max(|A|, |B]) <
dens(X) and for every u € X®,.Y and § > O there exist xi,...,xn € A and

@1, .-, Pm € B satisfying

< 4.

m
U= xy ® S(u)(pn)
n=1 &
Proof. By hypothesis, there exists A > 1 such that for every finite-dimensional
subspace Z of X there exists a finite rank operator 7 on X such that | T|| < A and
T (x) = x for all x € Z [Casazza 2001, Theorem 3.3.(3), p. 288].

Let D be a dense subset of X with |D| = dens(X) and let F be the family of all
finite, nonempty subsets of D. For each F' € F, fix a finite rank operator Tr on
X such that ||Tr|| < A and Tr(d) = d for all d € F. Let mf be the dimension of
Tr(X), {x{,.... x5 } beabasis of Tp(X) and ¢ , ..., ¢} € X* such that

Tr(x) =Y of (0)x),

n=1
for every x € X. Define
A:U{x{,...,x,ﬁF} and B=U{(pf,...,<p£F}.
FeF FeF

We claim that A and B have the desired properties. Indeed, notice that

|Al < |F|supl{x{, ..., x} }| <max(|D], Ro) = |D]
FeF

and similarly |B| < |D|.
Next, let u € X®.Y and § > 0 be given. There exists v = Zl;zl di®y; e XQY
such thatdy,...,dy € D, d; #d;ifi # j, and

lu —vlle < —-
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Writing G = {dy, ..., di}, we see that

mg k mg k
Y 2@ Sw)(ed) = Z(Z w,,G(dj)an) ®yj=Y Told)®y;=v.
n=1 j=1 ‘n=1 j=1

Furthermore, since

mg

Y o xi®@gf = sup Z(p,,(X)x =176l <,
n=1 X€Bx
we obtain
Zx ®S(u—v)(<p,?) = sup Zx x9S —v)(p)
n=1 XEBx* n=1
<fu—v|. sup Zx (s
x*eByx n=1
A
< —.
“A+1
Thus,
u— <8
and we are done. |

The following result [Galego and Cortes 2017] will also be used frequently
throughout this work.

Theorem 6 [Galego and Cortes 2017, Theorem 2.4]. Let X be a Banach space and
T be an infinite cardinal. The following are equivalent:

(1) X contains a complemented copy of co(T).

(2) There exist a family (x;) je; equivalent to the unit-vector basis of co(t) in X
and a weak*-null family (x;.‘)je, in X* such that, for each j,k € t,

X5 (x) = 8 jk.

(3) There exist a family (x;) je; equivalent to the unit-vector basis of co(t) in X
and a weak*-null family (x;‘) jer in X* such that

inf |x%(x;)| > 0.
inf x5 (xj)] >
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Theorem 7. Let X and Y be Banach spaces and t be an infinite cardinal. If X has
the bounded approximation property and cf(t) > dens(X), then

co(1) <> X®, Y => co(1) <> Y.

Proof. Let A C X and B C X* be the sets provided by Lemma 5. By Theorem 6,
there exist families (1;);c; in X®,Y and (¥;);er in (X&,Y)* such that (u;);c,
is equivalent to the usual unit-vector basis of co(t), (¥;)icr is weak*-null and
Yi(u;) =6;; foreach i, j € t. Let s = sup;, |V < oo.

For each i € t there exist x{, R x,’n[_ € A and (p{, R <p,’;1l_ € B such that
m; 1
ui =) %, ®Sw(gy)| <5
- e S
and hence
1« - :
5 < DG @ S (@))l.

n=1

Put M = {m; :i € 7} and for each m € M define o, = {i € T : m; = m}. Since
M is countable and 7 has uncountable cofinality, there exists M € M such that
loas| = T. Setting 71 = arpy, we have

M
<) Ik ® Sui)(gh)| foralli ey

n=1

1
2
Next, for each i € 1) there exists 1 <n; < M satisfying

S < Wi, ® S (@), ).

Let = {n; :i € 71} and for each n € N consider 8, = {i € 71 : n; =n}. Since N/
is finite, there exists N € N such that |8y| = 7. Setting 7, = By, we obtain

ﬁ < i (xly @ S(u) (k)| foralli € 1.

Now let A = {xjv :ienplandforeachae Aputy,={ien: xjv = a}. Since
cf(t) > dens(X) > | A|, there exists xo € A such that |y,,| = 7. Setting 13 = Yy,
we get

1 i .
I |¥i (xo ® S(u;i)(py))| foralli € 3.

Finally, let B = {(pfv ;i €13}, and foreachp e Bput A, ={i € 13 : gof\, = ¢}. Since
cf(t) > dens(X) > |B|, there exists ¢g € B such that [A, | = 7. Setting 74 = Ay,
we obtain

(2-1) ﬁ < |¥i(xo ® S(ui)(go))| foralli e .
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For each i € 14, write y; = S(u;)(¢o) € Y and consider the linear functional
y; € Y* defined by y*(y) = ¥;(xo ® y), for every y € Y. By (2-1), we have

1 .
YT 1yl = illllxollllyill < slixollllyill - for all i € 74,

and therefore

(2-2) for all i € 14.

2Ms|xoll ~ "

Denote by (e;);ie. the unit-vector basis of co(t) and let T : co(7) — X®,Y be
an isomorphism from co(t) onto its image such that 7'(e;) = u; for each i € .
Consider P : X®,Y — Y the linear operator defined by P (1) = S(u)(¢o) for every
u € X®,Y. The inequality (2-2) then yields

I(PoT)e)| =lyi >0 foralli €ty

I= 2Ms1||x I

0
and thus, by [Rosenthal 1970, remark following Theorem 3.4], there exists 75 C 14
such that |75| = 7 and P o Tj.(rs) 1S an isomophism onto its image. This shows that
(Vi)iers = (P(T (e;))iers 1s equivalent to the unit-vector basis of co(ts) in Y. Notice
also that

7 iers = Wi(x0 @ y))iers € co(ts) forall y €Y,

since (V;);e; is weak*-null by hypothesis. Thus, (y);es; is weak*-null in Y™
Combining these facts with (2-1), an appeal to Theorem 6 yields a complemented
copy of ¢co(t) in Y. O

Note that according to Theorem 1, the above result is optimal. Moreover,
Theorem 7 does not hold for cardinals with uncountable cofinality equal to the
density of X. Indeed, by [Galego and Hagler 2012, Theorem 4.5] it follows that
co(T) <% €1 (1) e oo (T), however according to [Diestel and Uhl 1977, Corollary 11,
p. 1561, co(T) 9 Lo (7).

As a direct application of Theorem 7, we have:

Corollary 8. Let X be a Banach space, p € [1, 00) and t an infinite cardinal with
cf(t) > NRg. Then

co(t) <> L,[0, 11®: X = co(7) <> X.

3. Complemented copies of cy(7) in L,[0, l]é,,X spaces

We will use a convenient characterization of L,[0, 11&, X as a sequence space.
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3.1. The spaces L;,Veak (X) and L,(X). We will denote by (x,),>1 the Haar sys-
tem, that is, the sequence of functions defined on [0, 1] by x;(¢) = 1, for every
t €0, 1], and
1 ifre [224—;? é@—;ﬂ)
Yooy () =1-1 ifre [22{—:,1 2%)
0 otherwise,

foreachk>0and 1 <j < 2% Tt is well known (see [Lindenstrauss and Tzafriri 1977,
p. 19; 1979, p. 155]) that the Haar system is an unconditional basis of L,[0, 1],
p € (1, 00), and we will denote its unconditional basis constant by K ,. Following
[Bu 2002; Dowling 2004], we renorm L,[0, 1] by

o
LI = Sup{ HZ@H(X”X” O, =+1,n> 1}
n=1 p
foreach f =) 2 auxa € L,[0, 1]. Then
1l < 157 < Kpll -l

and (xn)n>1 1s @ monotone, unconditional basis with respect to || - ||‘;,ew. We will
use L7FV[0, 1] to denote L, [0, 1] equipped with the norm || - [|'F".

Now, for each n > 1 let
Xn

o 28

p_
el =

The sequence (e} )n>1 1s a normalized, unconditional basis of L‘[‘f’W [0, 1] whose un-
conditional basis constant is 1. Further, by [Lindenstrauss and Tzafriri 1977, p. 19],
(el )n>1 18 also a boundedly complete basis.

Given X a Banach space and p, g € (1, oo) satisfying 1/p+1/g = 1, we denote
by lejeak(X ) the space

o0
:(xn)nzl e xV: Zx*(xn)e,’,’ converges in L’l‘,eW[O, 1] for each x* € X*}

n=1
equipped with the norm

new
P p

o0
Zx*(xn)e,f xte BX*},
n=1

p

and by L,(X) the space

o
{(xn)nzl e XN > |xi (xa)| < oo for each (x})n=1 € L;Veak(x*)}

n=1
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with the norm

o0
%112, ) = sup{Dx:;(xm L (Xnz1 € BL;mk(x*)},

n=1

where x = (x,),>1. With their own respective norms, L;Veak(X ) and L,(X) are
Banach spaces [Bu 2002].
For each n > 1, we will denote by
I,: X —> XV
the natural inclusion
L (x) = (8unX)m>1 forall x € X.
It is easy to see that ||/, (x)||z,veak = ||x|| and furthermore, by [Lindenstrauss and

Tzafriri 1977, Proposition 1.¢.7], we know |1, (x)|lz,x) < 2| x||, for every x € X.
We shall consider also the following closed subspace of Lgeak(X ):

m weak
=) L)) - 0}.

Fp(X) = {i = (Xw)nz1 € Ly¥5(X) :
n=1 p

Next, we recall some results obtained in [Bu 2002].

Theorem 9 [Bu 2002, Theorem 2.4]. Given X a Banach space, p € (1, 00) and
X = (Xp)n>1 € Ly (X), the series Zf;l I, (x,) converges to x in L,(X).

The next result gives a sequential representation of L, [0, 11&, X.

Theorem 10 [Bu 2002, Theorem 3.4]. Let X be a Banach space and p € (1, 00).
The function ¥ : L,(X) — L0, 11&, X defined by

oo
V(@ =) el ®x,

n=1
for each x = (x,)n>1 € L,(X) is an isomorphism onto L,[0, 118, X.

Theorem 11. Let X be a Banach space and p, g € (1, 00) such that 1/p+1/q = 1.
Then L}I’Veak(X) is isomorphic to L(L,[0, 1], X) and its subspace Fy(X) is isomor-
phic to K(L,[0, 1], X).

Proof. Let (e;),>1 be the sequence of coordinate functionals in L,[0, 1]* with
respect to the basis (e}),>;. It is easy to check that the usual isometry from
L,[0, 17" onto L,[0, 1] associates the functional e}, to el.

Fix X = (Xp)n>1 € L;Veak(X) and f =) 7 anen € L,[0, 1]. We claim that the
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series Y o | oy X, converges in X. Indeed, given k > j > 1 we have

Ze (f)x* (xn)

= Sup
X EBx*

k
= sup (Zx*m)e:)(Ze;(f)ez)’
n=j m=j

x*eByx

< sup Zx (xn)e,

x*EBx*

Z en (el

m=j
k

Z e (el | <IZIFH D en(freh

9" m=j m=j

= sup Zx*(x,,)eq weak

x*eByx

and therefore the partial sums of the series > - | a,x, form a Cauchy sequence
in X, which establishes our claim.
This proves that 7 : ijveak(X) — L(L,[0, 1], X) given by

IE)(f) =Y dnks

n=1

for each X = (x,,),>1 € L;Veak(X) and f = Zsozl ayel e L,[0, 1] is a well-defined
linear operator satisfying ||Z(x)] < ||)E||;V""‘k.

Let us show now that 7 is an isomorphism onto £(L,[0, 1], X). Fix § €
L(L,[0, 1], X) and consider j = (S(e))))n=1. We claim that j € L}***. Indeed, for
each m > 1 and x* € By we have

new
ep))eq

m

Ze x*(S(e?))el

= sup
9il

= sup sup
q anil gEBLp[O,l]

S(Z enei;(g)ef)
n=1

x*(Z ene,t(g)S(e,’,’))‘
n=1
Z 0,e (g)ep

< sup sup
9,,=:|:lg€BLp[0,1]

‘SllSll sup  sup
9 :l:lgEBLp[(”

new e°] new
=Sl sup Ze(g)ep <ISI sup ||> er()el
8€BLy0.1] g€Br,o =4 p
o0
<K,ISI sup | > er(@el| =K,lSI.
g€BL,ll, P
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Since (eZ),,Z[ is a boundedly complete basis, the claim is established. This shows
that 7' : L(L,[0, 1], X) — Ly**(X) defined by Z'(S) = (S(e#))n=1 is a bounded
linear operator with ||Z’|| < K. Furthermore, it is easy to see that 7' is the inverse
of Z. Thus, 7 is an isomorphism onto £(L,[0, 1], X).

Next we will show that Z maps F,(X) onto K(L,[0, 1], X). It is clear that
I(Fy(X)) is subset of K(L,[0, 1], X). Next, fix T € K(L,[0, 1], X). Since Z
is onto L(L,[0, 1], X), there exists a unique y = (yy)n>1 € L;”eak(X) such that
Z(y) = T. We will show that y € F,(X). Fix ¢ > 0 and denote by (P,),> the
sequence of projections associated to the basis (e%),. Since (ey)n>1 is a Schauder
basis of L,[0, 1]* and T is compact, the sequence (P;),>1 converges uniformly
to the identity operator on the compact set T*(Byx+). Hence, there exists N > 1
such that || Py (T*(x*)) = T*(x*)|| <&/K, for every x* € Bx+ and m > N, and thus
IToP, —T| <e/K, for every m > N. It is easy to see that

I(i In(Yn)) =ToPy,
n=1

for every m > 1. Therefore we have

H&—Zlmn)

n=1

weak

<IZUIT =ToPull <e

q

for every m > N, and thus y € F,(X). The proof is complete. (]

3.2. The duals of the spaces L,(X) and F,(X). It is well known that L,(X)* is
linearly isomorphic to £L(L,[0, 1], X*) [Ryan 2002, Theorem 2.9] and that F, (X)*
is linearly isomorphic to L, [0, 11®, X* [Ryan 2002, Theorem 5.33].

This subsection will be devoted to obtaining convenient characterizations of the
duals of the spaces F,(X) and L,(X).

Proposition 12. Given X a Banach space, p € (1,00), X = (x,)n>1 € L,(X) and
¢ € L,(X)¥, the series Z;’lozl (¢ o I,))(x,) converges absolutely.

Proof. For each n > 1, let 6, = sign(¢ o I,)(x,). Then y = (0,x,),>1 € L,(X) and
by Theorem 9 we have

D o L))l =Y (9o L) Buxa) = ¢(F),

n=1 n=1
as desired. ]
Similarly to the previous proposition, we have:

Proposition 13. Given X a Banach space, p € (1,00), X = (x;)n>1 € F,(X) and
¢ € F,(X)*, the series > 22 (¢ o 1) (xn) converges absolutely.
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Proof. For each n > 1, let 6, = sign(¢ o I,,)(x,). Since (e,f),,zl iS an uncon-
ditional basis with unconditional constant equal to 1, it follows that the series
ZZ"ZI 60,x*(x,)el converges in LPneW [0, 1] for every x* € X* Moreover, for every
k>1and x* € X* we have

00 new oo new
D Oxt (el = “Zx*(xmf;
n=k p n=k P
and so (0,x,)n>1 € Fp(X). Thus, ZZOZI 0, (¢ o I,)(x,) converges. U

Proposition 14. Let X be a Banach space and p, q € (1,00) such that 1/p+1/qg=1.
A sequence X* = (x;),>1 of elements of X* belongs to L,(X*) if, and only if, the se-
ries Zflo:l X, (xn) converges absolutely for each X = (x,),>1 € Fy(X). Furthermore,
in this case one has

o0

102, 0x) < sup{Z|x:;<xn>| 1X = (n)nz1 € Bm} < 0.

n=1
Proof. Let us show the nontrivial implication. Let x* = (x;),>1 be a sequence

of elements of X* such that the series ) -, x;¥(x,) converges absolutely for each
X = (Xp)n>1 € Fy(X). We claim that

o0
S(E*) = sup{2|x;(xn)| LE = (Xns1 € BF,,(X)} < 00.

n=1

Indeed, for each m > 1, consider the set

U, = {)z = (xn)nzl € BFq(X) : Z|x:(xn)| =< m}

n>1

It is easy to check that Uy, is a closed, absolutely convex subset of B, (x). Since
Br,x) = Um2 1 U has nonempty interior, by Baire’s theorem there exists M > 1
such that Uy, has nonempty interior. The absolute convexity of Uy, implies that 0
is an interior point of Uy, that is, there exists r > 0 satisfying

{¥ = (Xn)n=1 € Br,x) : IXN)  <r} C Uy

This proves that S(x*) < M/r and our claim is established.

Next, let us show that x* = (x,;),>1 € L,(X™). Fix ™ = (x;"),>1 € Lgeak(X**),
m >1and & > 0. Put Y =span{x{*, ..., x,*}. By the principle of local reflexivity
[Martinez-Abejon 1999, Theorem 2], there exists a linear operator 7 : ¥ — X
satisfying || T]| < 1+ ¢ and x(T(x;*)) = x;*(x;) for each 1 < n < m. Put
Y = (Yn)n=1 € Fy(X), where y, =T (x;*),if 1 <n <m, and y, = 0 otherwise.
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Since (eZ)nZ 1 is an unconditional basis, by [Lindenstrauss and Tzafriri 1977,
p. 18] we have

new

1311y = sup Z(x oT)(x**)eq
X GBX* _
new
<(1+4e¢e) sup Z(p(x**)eq
@EB)(*** n=1 q
new
<(l+&) sup Zw(x**)eq = (14 &) [ 3"
QDGBX*** n=1 q

and hence

DIl S SEIFITE™ < (14 2)SE 7.

n=1

Since ¢ > 0 was arbitrary, we obtain
Dx**(x )| < SCE) x|l
for each m > 1, which in turn implies

0
—\ |1 = ak
D ] < SEIEI.

n=1
Thus, x* € L,(X*) and ||)E*||Lp<x) < S(x*), as desired. |
Theorem 15. Let X be a Banach space and p, q € (1, 00) suchthat 1/p+1/q = 1.
The function H : Fy(X)* — L,(X™) defined by

H(p) = (9 0 Ln)n=1
for each ¢ € Fy(X)* is a linear isometry onto L,(X*).

Proof. Given ¢ € F,(X)*, Propositions 13 and 14 imply that (¢ o I,),>1 € L,{X™).
Thus, H is well defined. It is clear that A is linear.
By Proposition 13, we have

IH @)1, 00y < sup{D(wo L) G| 1 % = (inuz1 € qum}

n=1

o
= sup{

D (@ o Ly)(xa)

n=1

= sup{|e(X)] : X = (xp)n=1 € Br, )} = llell,

(X = (Xp)n>1 € BFq(X)}



80  VINICIUS MORELLI CORTES, ELOI MEDINA GALEGO AND CHRISTIAN SAMUEL

where the first equality follows immediately from the proof of Proposition 13. On
the other hand,

x
IH@)L,x*) = sup Xy (@ o Iy)] 1 X = (X, )n=1 € Bpweakx=)
q

n=1

o
> SUP!ZKQDOIn)(XnN (X = (Xp)nz1 € BFq(X)} = llell.
n=1
This shows that # is an isometry onto its image.
Finally, given x* = (x;),>1 € L,(X*), the function v : F,(X) — R defined by
v(x)= fo:l x,; (x,) for each X = (x,),>1 € F,;(X) is a linear functional on F, (X)
and it is clear that (¢) = x*. This completes the proof. ([

Next, we establish an isomorphism from L, (X)* onto L}'**(X*).

Theorem 16. Let X be a Banach space and p, q € (1, 00) such that 1/p+1/q = 1.
The function J : L;V“k(X*) — L,(X)* given by

JE)E) =Y x5 (xn)

n=1

Sfor each x* = (xp)n>1 € Lgeak(X*) and x = (x,)n>1 € Lp(X) is an isomorphism
onto L,(X)*.

Proof. Let W : L,(X) — L,[O0, 1]®, X be the isomorphism defined in Theorem 10,
T: L;”eak(X*) — L(L,[0, 1], X*) be the isomorphism defined in Theorem 11, and
consider ® : L(L,[0, 1], X*) — (L,[O0, 11®,X)* the canonical linear isometry
[Ryan 2002, p. 24]. Given x* = (x,),>1 € Lyeak(X*) and x = (x,)n>1 € Lp(X),

we have
o0

(o @oT)(x™)(X) = (P o D)(X*)(V(X)) = Z(‘D o I)(x*) (e} ® xn)

n=1
=Y ZE)(E)) () = T FE)E) = ) x5 (xa)
n=1 n=1

and therefore 7 = W* o @ o Z. The proof is complete. (]

3.3. Complemented copies of cy(t) in L,{X) spaces. The next lemma will play
a crucial role in the proof of Theorem 18.

Lemma 17. Let X be a Banach space, T be an infinite cardinal and p, q € (1, 00)
suchthat 1/p+1/q = 1. Suppose that (X;)icr = ((x;)nzl)ier is a family equivalent
to the canonical basis of co(t) in L,(X) and let (¢;)ie: be a bounded family in



COMPLEMENTED COPIES OF ¢y(r) IN TENSOR PRODUCTS OF L0, 1] 81

L,(X)* Then for each & > 0 there exists M > 0 such that

> (@ioh)(x)

n=M+1

<e, forallier.

Proof. We recall that the series Z;’;l (pi o In)(le) converges absolutely for each

i € T, by Proposition 12. Let s = sup; ., ||l < oo.
Suppose the thesis does not hold. Then there exists ¢ > 0 such that, for each
m > 0, there exists i € T satisfying

> €.

D (pioln)(x))

n=m+1

We proceed by induction. For My = 0, there exists i; € T such that

> ¢,

> (@i 0 L) (xih)

n=1

The absolute convergence of fo: 1 (@i, 0 In)(x,il) yields M| > 1 such that

> @i o ly@hl < 2.

n=M+1
Thus we have

M, '
> (@i 0 L) (x]h)

n=1

€
> —.
2

Suppose we have obtained, for some k > 1, strictly increasing natural numbers
0=My< M, <--- < My and distinct iy, ..., iy € T satisfying

oo
>2> > @ o @),

I’l:Mj-‘rl

M; .
> (@i 0 L) ()

I’l:Nj

(3-D

where Nj = M;_; + 1, for each 1 < j < k. By hypothesis, there exists iy € T
such that

x
> @iy 0 L) i)

n=M;+1

> ¢,

The absolute convergence of > 2 | (¢;,,, © In)(x,ik“) yields My, 1 > My + 1 such
that

o0
> @i o LG < 2.

n=Mp+1
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Thus we have
My

> @i ol > 2.

n=M;y+1

The above inequality and (3-1) imply that i ¢ {i1, ..., it}
For each j > 1, consider )E;‘ = (xf,n)nzl € F,(X*), where

X

% {(pi/.oln, ifNjfnfMj,
in =

0, otherwise.

We claim that ()Z;.k)jzl is weakly-null in F,(X*). Indeed, fix ¥ € F,;(X)* and § > 0.
Let J be the isomorphism defined in Theorem 16. By Theorem 15, the sequence
(Y 0 Jy)n>1 belongs to L,(X*), where J, : X* — (X*)N is the usual inclusion. By
Theorem 9, there exists N > 1 such that

8

< ooy
L,(X*) sIIT |

Y Ka(Woly)

for each m > N, where K, : X** — (X**)N is the usual inclusion. Since the
sequence (N;);>1 is strictly increasing, there exists J > 1 such that N; > N, for all
j > J. Thus we have

M; M;
WEDI=| D W T S IFFIF | Y Ka(Wro )
n=N; n=N; LptX7)
8 -
<y 0 Iz I gy = 1T i) g™ gy <8

for all j > J. This establishes the claim.

Now, let 0; = j(ij.‘) € L,(X)*for each j > 1. By our claim, (6;) ;> is weakly-
null. On the other hand, by (3-1) we have
M;

3" (@i, 0 L) ()

n:Nj

|9j(f,-)|= >§ forall j > 1.

This contradicts the Dunford—Pettis property of co [Fabian et al. 2010, p. 596], and
we are done. (]

Theorem 18. Given X a Banach space, p € (1,00) and t an infinite cardinal,
we have

co(t) <> Lp[0, 1187 X = co(r) <> X.

Proof. By Theorems 6 and 10, there exist families (X;);c; = ((x,’;),,z Dier in Ly(X)
and (¥;);er in L, (X)* such that (X;);e. is equivalent to the usual unit-vector basis
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of co(t), (Yi)ier i1s weak*-null and v;(x;) = §;; for each i, j € 7. Let s =

sup; . Vil < oo.
An appeal to Lemma 17 yields M > 0 such that

> (ol (x)

n=M+1

Since 1 = ¥, (X;) = Y oo (@i 0 I,)(x!), we have M > 1 and

<% foralli € 1.

0| —

M
<D |WioL)(x})| forallier.
n=1

Next, for each i € t there exists 1 <n; < M satisfying

S < W0 L)@l

Let N ={n; :i € t} and for each n € N consider a, = {i € 7 : n; = n}. Since N is
finite, there exists N € N such that |ay| = 7. Setting 7; = ay, we obtain

1 i .
(3-2) M < |(YioIn)(xy)| foralli e 1.
For each i € t;, define x; = x;'\, € X and x/ = y; o Iy € X*. By (3-2), we have

1 :
o7 = @D = 1y Xl < sy il foralli € 7y,

and therefore

1
3-3 ———— < ||x;|| foralli e 1.
(3-3) IS [lxi |l 1
Next, let (e;);<; denote the unit-vector basis of co(t). By hypothesis, there exists
T :co(t) — L, (X) an isomorphism from c((7) onto its image such that T'(e;) = X;
for each i € . By (3-3), we have

(PyoT)(e)ll = [lxi >0 foralli €.

>
2Ms || vl

Therefore, by [Rosenthal 1970, remark following Theorem 3.4], there exists 7, C 11
such that |12| = 7 and Py oTj¢ () is an isomophism onto its image; hence, (x;);icr, =
(Py(T (ei))ier, 1s equivalent to the unit-vector basis of cy(12).

Finally, given x € X, observe that

(X (x))ier, = (Wi(Iy(x)))ier, € co(T2),

since (V/;)ier is weak*-null by hypothesis. This shows that (x/);er, is weak*-null
in X*
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Combining these facts with (3-2), an appeal to Theorem 6 yields a complemented
copy of ¢o(t) in X. O

4. Complemented copies of ¢y(7) in L,([0, 1], X) spaces

Let p: L,[O0, 11® A X — L, ([0, 1], X) be the unique linear extension of the natural

mapping g®x > g(-)x, where g € L,[0, 1] and x € X. By [Defant and Floret 1993,

Chapters 7.1 and 7.2], p is a linear isometry from L0, 1]®A17X onto L, ([0, 1], X).
For every integer m and u € L,[0, 1], we define

m

1
om () =Y cnxn() /O Xn(s)u(s) ds,

n=1

where ¢; = 1 and Cokgj = 2k foreachk >0and 1 < j=< 2k,
We define also the function H,, on [0, 1] x [0, 1] by

m

Hy(t,5) =Y caxn() xn ().

n=1

For every integer k > 1 we denote

We also write Ip; = [0, 1] and Cy; = I X Iy .
It is easy to check by induction that foreach k£ >0, 1 <[ < 2k and m =2k +1
we have

21 2K
k+1 k
Hy =2 § 1Ck+1,i +2 2 lck,i’
i=1 i=l+1

[Novikov and Semenov 1997, p. 17], where 14 denotes the characteristic function
of A C [0, 1], and thus H,, is a positive function on [0, 1] x [0, 1]. Since one has

1
om(2) =/0 Hy (- 5)g(s)ds

for each g € L,[0, 1], we conclude that o,, is a positive operator on L,[0, 1].
Furthermore, ||0,,|| = 1 and

(4-1) lim [o,,(g) —gll, =0
m—00

for each f € L,[0, 1], by [Lindenstrauss and Tzafriri 1977, p. 3] or [Singer 1970,
Example 2.3, p. 13].
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Lemma 19. Given X a Banach space, p € [1, 00) and f € L,([0, 1], X), the series

00 1
chxn<-)f0 Xn(8) f () ds
n=1

converges to f in Ly([0, 1], X), where ¢ =1 and Cokyj = 2k for each k > 0 and
1<j<?2k

Proof. The natural tensor norm | - [ s, is not an uniform cross norm, nevertheless
the operator s, = 0,, ® Ix is bounded and ||s,,|| = 1 by [Defant and Floret 1993,
Chapter 7.2]. By (4-1), we have

lim |5, (g ®x) —g®x[la, =0
m—0o0

and hence

fim s, () — lla, =0
m— 00

for every u € L,[0, 11®a ,X. The result then follows from the fact that p is a linear
isometry onto L, ([0, 1], X). O

We are now ready to prove the main result of this section.
Theorem 20. Let X be a Banach space, T be an infinite cardinal and p € [1, 00).
If cf(t) > Ry, then
co(t) <> L,y ([0, 1], X) = co(7) <> X.
Proof. By Theorem 6, there exist families (f;);e; in L,([0, 1], X) and (¥;);e; in
L, ([0, 1], X)* such that (f;);e; is equivalent to the usual unit-vector basis of co(7),

(Vi)ier is weak*-null and v/ (f;) = §;;, foreach i, j € 7. Let s = sup; ., ||| < oo.
By Lemma 19, for each i € T we have

o0

L= 191 <D el i G (D),

n=1

where x,i = fol Xn(t) fi(t) dt, and thus there exists m; > 1 such that
mi

<Yl QX)L

n=1

N =

Put M = {m; :i € 7} and for each m € M define o, = {i € T : m; = m}. Since
M is countable and 7 has uncountable cofinality, there exists M € M such that
loas| = T. Setting 71 = arpy, we have

M
< chllﬁi(Xn(Jx;)I foralli € 1;.

n=1

1
2
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Next, for each i € 77 there exists 1 < n; < M satisfying
1 .
ﬁ < Cn,-l‘/fi(Xn,»( : )'x:l,)|
Let N = {n; :i € 71} and for each n € N consider B, = {i € 11 : n; = n}. Since N’
is finite, there exists N € N such that |8y| = 7. Setting 7, = By, we obtain

(4-2) < |wi(XN(-)x§\,)| foralli € 15.

2MCN

For each i € 1, write x; = x), and consider the linear functional x* € X*

defined b
ey x7(x) =yYi(xn(-)(x)) forallx e X.

By (4-2), we obtain

e lx Gl < Iillllxn CHxillp < Slxnllpllxill - foralli € o,

and therefore
4-3) A < ||x;]| foralli € 13,
where A = 2Mscyllxnllp) "
Next, let (¢;);e; be the unit-vector basis of co(t) and T : co(t) — L,([0, 1], X)

be an isomorphism from cy(t) onto its image such that T'(e;) = f; for each i € 7.
Consider P : L,([0, 1], X) — X the linear operator defined by

1
P(f) =/ xn(@) f(t)dt forall f e L,([0,1], X).
0
By (4-3), we have
[(PoT)e)|l=lxill>A>0 foralli e 1.

Therefore, by [Rosenthal 1970, remark following Theorem 3.4], there exists t3 C 1
such that |13] = 7 and P o Tj.(r;) is an isomorphism onto its image; hence,

(X1)ier; = (P(T(€))iers

is equivalent to the unit-vector basis of co(z3).
Finally, given x € X, observe that

(7 (X)ier; = Wi (xn () (X)))ier; € co(T3),
since (¥;);er is weak*-null by hypothesis. This proves that (x);c., is weak*-null
in X*
Combining these facts with (2-1), an appeal to Theorem 6 yields a complemented
copy of co(7) in X. U

We do not know if the statement of Theorem 20 remains true in the case p = oo.
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