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LIFTING OF ELLIPTIC CURVES

SANOLI GUN AND V. KUMAR MURTY

Suppose that for all but finitely many primes p we are given an elliptic curve
E, defined over a finite field [, of p elements. We derive a criterion for
there to exist an elliptic curve E defined over QO for which the reduction of
E modulo p is isogenous to E, for almost all p.

1. Introduction

Throughout the article, p, g, £ will denote rational primes and ¢y, ¢3, ..., C10, C11
will denote positive constants which are absolute and effective unless otherwise
specified. Suppose that for each prime p, we are given an elliptic curve E, defined
over a finite field [, of p elements. We are interested here in the question of whether
there exists an elliptic curve E over Q for which the reduction of E(mod p) is
isogenous to E, for all but a finite set of primes p.

At the outset, it is clear that some conditions have to be imposed on the set of
curves {E,}. For example, if we choose all of them to be supersingular, E cannot
exist. As we know from [Serre 1981], the set of primes of supersingular reduction
has density % or 0, depending on whether E has complex multiplication (CM).

On the other hand, if we consider any finite set 7' of primes, it is clear from the
Chinese remainder theorem that we can find an elliptic curve E7 (say) over Q for
which the reduction E7(mod p) is isogenous (even isomorphic) to E, for p € T.
Moreover, we can choose E7 so that its discriminant d(E7) satisfies

3
d(ET) <ci (1_[ p) ,

peT
where ¢; > 0 is an absolute constant. In particular, if we choose T to be the set of
primes p < N, then
(1) d(E7) < c1exp(6N)

by Chebyshev’s estimate.
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If we can find a single curve E whose reduction modulo p is isogenous to E,
for all but a finite set of primes S, then we can choose E7 = E for any 7 disjoint
from S. In this case,

2) d(Er)<cp as |T|— oo.

Here ¢, > 0 can be taken to be dg, the discriminant of E. Our main result shows
that even if we can find a family of curves { E7} for which the sequence {d(E7)}
satisfies a bound significantly weaker than (2) but stronger than (1), then E does
exist. To formulate all of this correctly, we work with conductors rather than
discriminants. We get an unconditional result and a stronger conditional result
assuming the generalized Riemann hypothesis (GRH), i.e., the Riemann hypothesis
for Dedekind zeta functions of number fields.

2. Statement of the result

Let S be a fixed finite set of rational primes and for each prime p ¢ S, let E,, be an
elliptic curve over [F,,. For each N, consider the set

Y N = {E an elliptic curve over Q) | for each rational prime p < N, p &S,
E (mod p) is isogenous to E,}.

Thus for E € X5 y the primes of bad reduction are either in S or larger than N. Set

fS,N = minEEZS,Nf(E)a

where f(E) denotes the conductor of E. Denote by Ey = Eg y acurve in Xg y
with conductor fs .

Theorem 2.1. Let S, N and fs n be as in the previous paragraph. Assume the
GRH. Suppose that

3) fs.n < c3exp(N),

where c3, c4 > 0 are absolute constants and c4 < % There exists an elliptic curve
E over Q with good reduction outside S for which the reduction E(mod p) is
isogenous to E, forall p & S.

The same techniques will also prove the following unconditional theorem.

Theorem 2.2. Let S, N and fs n be as in Theorem 2.1. Suppose that
4) fs.N <csN,

where cs, cg > 0 are absolute constants and cq < 1. There exists an elliptic curve
E over Q with good reduction outside S for which the reduction E(mod p) is
isogenous to E, forall p & S.
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Remark. We note that if we consider the subset 2§ ,, of curves with good reduction
outside S, then by Tate’s conjecture (Faltings’ theorem), it is contained in a finite
number of isogeny classes. In particular, for infinitely many N, it must intersect
a single isogeny class. This implies that there is a global lift of all the E,,, p € S.
Thus, if we show that the subset X5 is nonempty, we are done.

Remark. The Deuring lifting theorem enables us to lift a single elliptic curve over
a finite field to an elliptic curve over a number field having CM. In fact, the Deuring
theorem also lifts Frobenius to an endomorphism of the CM curve. We are currently
investigating extensions of this result to the context studied in this note.

3. Application of the Chebotarev density theorem

For any elliptic curve E over Q and any prime ¢ of good reduction, let us set (as
usual),
a,(E) =q+1—|E(F,)|.

Tate’s conjecture (Faltings’ theorem) implies that if for two curves E|, E,, we have
ay(E1) = a,(E>) for all but finitely many primes ¢, then E; is isogenous to E».
This can be made effective using the Chebotarev density theorem.

Proposition 3.1. Assume the GRH and let E| and E; be two elliptic curves defined
over Q) that are not isogenous. There exists a prime q of good reduction for both E1
and E, with

aq(E1) # aq(E2)

and
g < c7 (log[2-max(f (Ey), f(E2)])?,

where c7 > 0 is an absolute constant. Here f(E1) and f (E>) denote the conductors
of E| and E, respectively.

Proof. Serre [1981, théoréme 21] proves the above bound weaker by a factor
(log log[max(f (E1), f(E2)])?

and notes in [Serre 1986, note 632.6, p.715] that it can be improved using an
argument of Faltings. Indeed, fix a prime ¢ and consider the two continuous
semisimple representations

pre, pae:Gal(@/Q) — GLy(Zy)

which are unramified outside £, where A := f(E1) f(E>). Let M be the image of
Z¢[Gal(Q/Q)] under the map

pre X pae : Zo[Gal(Q/Q)] — Ma(Zy) x Ma(Zy).
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Consider the submodule N generated by the images of Frob,, for p < By, a bound
to be specified. We want to find an explicit B, so that M = N. For this purpose,
consider the Z, [Gal(@/ @Q)]-module R = M/N. We want to show that R = 0.

As Z; is Noetherian and M»(Z;) x M»(Z,) is finitely generated, so is any sub-
module. In particular, M is finitely generated and so is R.

Thus to show that R =0, it suffices by Nakayama’s lemma to show that R /¢ R =0.
In other words, it suffices to show that M /€M is generated by the images of Frob,
for p < By.

Let K; be the fixed field of the kernel of

P X pag - Gal(Q/Q) — GLo(Z/€Z) x GLy(Z/4Z).

This representation is unramified outside £1. By Hensel’s inequality [Serre 1981,
p.- 129],
log |dk,| < cst®log(£r),

where dk, is the discriminant of K, over (2 and cg > 0 is an absolute constant. Let
S i=max(f(E1), f(E2)). Then
log |dk,| < 2cgt®log(Lf).

Since K, is Galois, using the effective Chebotarev density theorem for K,/Q (see
[Lagarias and Odlyzko 1977, pages 413 and 461]), assuming GRH, we get that
every conjugacy class of Gal(K,/Q) is Frob, for some prime p satisfying
p < co(logldg,)’.
Here c9 > 0 is an absolute and effective constant. Hence we can take
By = co(2cs® log(£f))* = 4eiot ® (log(€f))*,
where c19 > 0 is an absolute constant. In particular, taking £ = 2, this gives
B, =2"%cio(log(2/))*.
Now choose ¢7 :=218¢; to get the desired result. U

Proposition 3.2. Let E| and E, be two elliptic curves defined over Q that are not
isogenous. Then for any € > 0, there exists a prime q of good reduction for both E
and E, with

q < c(e)(max f(Ey), f(E2))'Te,

such that
aq(E1) # aq(Er).

Here c(€) > 0 depends only on €, and f(E1), f(E2) denote the conductors of E|
and E; respectively.
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Proof. Since E| and E; are defined over (0, we know by the extensive work of
Wiles and Breuil, Conrad, Diamond and Taylor [Breuil et al. 2001] that there are
cuspidal eigenforms f; and f, of weight 2 and level f(E;), f(E,) respectively,
with Fourier expansions

fi) =) an(f)exp@rv/—1nz), i=1,2,

n>1

where a,(f;) € Z and a;(f;) = 1, and such that for all primes g, we have that
ay(fi) = ay(E;). Using the Rankin-Selberg method, Lau and Wu [2008] proved
that for any € > 0, there exists c(e) > 0 and a prime g not dividing the level of fi
or f> for which a, (f1) # a4 (f2) and g < c(¢€)(max(f(Ey), f(E»))'*€. This means
that g is a prime of good reduction for both E; and E> such that a,(E}) # a,(E>).

O

Remark. We could have used the argument of the previous proposition and in
this case, we would have obtained a bound <« (max(f(E1), f(E»)))4 for some
absolute and effective constant A > 0. This bound is weaker than the above result
but has the advantage that it would hold more generally.

4. Proof of Theorem 2.1

Let M and N be sufficiently large such that M < N <2M and consider the curves
Ey and Ey. If Ey is not isogenous to Ey, then by Proposition 3.1, there exists a
prime g with

5 q < c7(log[2 - max(f(Ey)., f(Em))])?
such that a,(Ey) # a,(Ey). By the given assumption, we have
(6) max(f(En), f(En)) < c3exp(N“)

for some ¢4 < % Moreover, as Xg y C Xs y, we must have
(7 qg=N/2.

Hence putting (5), (6) and (7) together, we deduce that N < c;| N 2es where ¢q1 > 0

is an absolute constant. This is a contradiction as ¢4 < %

5. Proof of Theorem 2.2

Let M and N be sufficiently large such that M < N < 2M and consider the curves
Ex and Ey. If E is not isogenous to Eyy, then by Proposition 3.2, for any € > 0,
there exists a prime g with

(8) q < c(e)max(f(En), f(Em)' T
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such that a,(Ey) # a4(Ey). By the given assumption, we have

)] max(f(En), f(Em)) < csN
for some c¢ < 1. Moreover, as Xg y C X5 p, we must have
(10) qg=>N/2

Hence putting (8), (9) and (10) together, we deduce that
N < ea(e) N,

where ¢ (€) > 0 is a constant which depends on €. Now choosing € < 1/c¢ — 1, we
get a contradiction.
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