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Li-Bland’s correspondence between linear Courant algebroids and Lie 2-
algebroids is explained at the level of linear and core sections versus graded
functions, and shown to be an equivalence of categories. More precisely, de-
composed VB-Courant algebroids are shown to be equivalent to split Lie 2-
algebroids in the same manner as decomposed VB-algebroids are equivalent
to 2-term representations up to homotopy (Gracia-Saz and Mehta). Several
special cases are discussed, yielding new examples of split Lie 2-algebroids.

We prove that the bicrossproduct of a matched pair of 2-representations
is a split Lie 2-algebroid and we explain this result geometrically, as a conse-
quence of the equivalence of VB-Courant algebroids and Lie 2-algebroids.
This explains in particular how the two notions of the “double” of a matched
pair of representations are geometrically related. In the same manner, we
explain the geometric link between the two notions of the double of a Lie

bialgebroid.
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1. Introduction

Lie bialgebroids and matched pairs of Lie algebroids. A matched pair of Lie
algebroids is a pair of Lie algebroids 4 and B over a smooth manifold M, together
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with a representation of A on B and a representation of B on A,! satisfying some
compatibility conditions, which can be interpreted in two manners: first the direct
sum A @ B carries a Lie algebroid structure over M, such that 4 and B are Lie
subalgebroids and such that the representations give “mixed” brackets

[(a.0).(0,b)] = (=Vpa, Vab)

for all a € T'(A) and b € T'(B). The direct sum A & B with this Lie algebroid
structure is called here the bicrossproduct of the matched pair. Note that conversely,
any Lie algebroid with two transverse and complementary subalgebroids defines a
matched pair of Lie algebroids [Mokri 1997].

Alternatively, the fibre product A xas B, which has a double vector bundle
structure with sides A and B and with trivial core, is as follows a double Lie
algebroid: for a € T'(4), we write a' : B — A xpg B, by — (a(m), byy,) for
the linear section of A x3s B — B, and similarly, a section b € I'(B) defines a
linear section b’ € I'4(A xpr B). The Lie algebroid structure on A X3 B — B is
defined by

[a),dbl =[ar,a)  and  p(a’) =V, € X (B)

fora,a;,a, € I'(A), where we denote by De X(B) the linear vector field defined
by a derivation D on B. The Lie algebroid structure on A x3; B — A is defined
accordingly by the Lie bracket on sections of B and the B-connection on A. The
double Lie algebroid A xps B is then called the double of the matched pair. Note
that conversely, any double Lie algebroid with trivial core is the fibre product of
two vector bundles and defines a matched pair of Lie algebroids [Mackenzie 2011].

These two constructions encoding the compatibility conditions for a matched
pair of representations seem at first sight only related by the fact that they both
encode matched pairs. A similar phenomenon can be observed with the notion
of Lie bialgebroid: A Lie bialgebroid is a pair of Lie algebroids 4, A* — M in
duality, satisfying some compatibility conditions, which can be described in two
manners. First, the direct sum A @& A™ — M inherits a Courant algebroid structure
with the two Lie algebroids 4 and A* as transverse Dirac structures, and mixed
brackets given by

ﬂ(a’ O)’ (O’ Ol)]] = (_iOldA*av £a05)

for all @« € T'(A) and o € T'(A*). Alternatively, the cotangent bundle 7*A4, a
double vector bundle with sides 4 and A* and core 7* M, which is isomorphic as
a double vector bundle to T* A*, carries two linear Lie algebroid structures. The
first, on T* A — A, is the cotangent Lie algebroid induced by the linear Poisson

I For the sake of simplicity, we write V : ['(4) x ['(B) — I'(B) and V : T'(B) x ['(4) — T'(4)
for the two flat connections. It is clear from the indexes which connection is meant.
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structure defined on A by the Lie algebroid structure on A*. The second, on
T*A>~T*A* — A* is defined in the same manner by the Lie algebroid structure
on A. The compatibility conditions for A and A* to build a Lie bialgebroid are
equivalent to the double Lie algebroid condition for (7* A4, A, A*, M') [Mackenzie
2011; Gracia-Saz et al. 2018]. Again, the cotangent double of the Lie algebroid
and the bicrossproduct Courant algebroid seem only related by the fact that they
are two elegant ways of encoding the Lie bialgebroid conditions.

One feature of this paper is the explanation of the deeper, more intrinsic relation
between the bicrossproduct of a matched pair of Lie algebroids and its double on
the one hand, and between the bicrossproduct of a Lie bialgebroid and its cotangent
double on the other hand. In both cases, the bicrossproduct can be understood as a
purely algebraic construction, which is geometrised by the corresponding double
Lie algebroid. More generally, we explain how the matched pair of two 2-term
representations up to homotopy [Gracia-Saz et al. 2018] defines a bicrossproduct
split Lie 2-algebroid, and we relate the latter to the decomposed double Lie al-
gebroid found in [Gracia-Saz et al. 2018] to be equivalent to the matched pair of
2-representations.

These three classes of examples of bicrossproduct constructions versus double Lie
algebroid constructions are described here as three special cases of the equivalence
between the category of VB-Courant algebroid, and the category of Lie 2-algebroids
[Li-Bland 2012].

The equivalence of VB-Courant algebroids with Lie 2-algebroids. Let us be a little
more precise. Supermanifolds were introduced in the 1970s by physicists, as a
formalism to describe supersymmetric field theories, and have been extensively
studied since then (see, e.g., [Sardanashvily 2009; Varadarajan 2004]). A super-
manifold is a smooth manifold the algebra of functions of which is enriched by
anticommuting coordinates. Supermanifolds with an additional Z-grading have
been used since the late 1990s among others in relation with Poisson geometry and
Lie and Courant algebroids [Severa 2005; Roytenberg 2002; Voronov 2002].

An equivalence between Courant algebroids and N-manifolds of degree 2 en-
dowed with a symplectic structure and a compatible homological vector field
[Roytenberg 2002] is at the heart of the current interest in N-graded manifolds
in Poisson geometry, as this algebraic description of Courant algebroids leads
to possible paths to their integration [Severa 2005; Li-Bland and Severa 2012;
Mehta and Tang 2011]. In [Jotz Lean 2018b] we showed how the category of N-
manifolds of degree 2 is equivalent to a category of double vector bundles endowed
with a linear involution. The latter involutive double vector bundles are dual to
double vector bundles endowed with a linear metric. In this paper we extend this
correspondence to an equivalence between the category of N-manifolds of degree 2
endowed with a homological vector field and a category of VB-Courant algebroids,



146 MADELEINE JOTZ LEAN

i.e., metric double vector bundles endowed with a linear Courant algebroid structure.
We recover in this manner Li-Bland’s one-to-one correspondence between Lie
2-algebroids and VB-Courant algebroids [2012], which we better formulate as an
equivalence of categories.

Li-Bland’s construction of a VB-Courant algebroid from a given Lie 2-algebroid
relies on the equivalence of symplectic Lie 2-algebroids with Courant algebroids
[Roytenberg 2002]: given a Lie 2-algebroid, its cotangent space is a symplectic Lie
2-algebroid, which corresponds hence to a Courant algebroid. The linear property
of the cotangent space induces an additional vector bundle structure on the obtained
Courant algebroid, a linear structure which turns out to be compatible with the
pairing, the anchor and the bracket. While this method is nice and very simple, it is
not constructive in the sense that the sheaf of graded functions on the Lie 2-algebroid
are not described as a sheaf of special sections of the corresponding VB-Courant
algebroid. Further, the exact correspondences of the degree 2 structure with the
linear pairing (that we describe in [Jotz Lean 2018b]) and of the homological vector
field with the linear anchor and bracket cannot be read directly from Li-Bland’s
proof.

We remedy this and provide a new formulation of Li-Bland’s equivalence that
does not use Roytenberg’s description [2002] of Courant algebroids via symplectic
Lie 2-algebroids. Since we explain precisely how functions of degree 0, 1 and 2
on the Lie 2-algebroid side correspond to special functions and sections of the
corresponding VB-Courant algebroid, the result presented here is in our opinion
more convenient to work with when looking at concrete examples.

Original motivation. Let us explain in more detail our methodology and our original
motivation. A VB-Lie algebroid is a double vector bundle (D; 4, B; M') with one
side D — B endowed with a Lie algebroid bracket and an anchor that are linear
over a Lie algebroid structure on A — M. Gracia-Saz and Mehta [2010] prove that
linear decompositions of VB-algebroids are equivalent to super-representations, or
in other words, to 2-representations.

The definition of a VB-Courant algebroid is very similar to the one of a VB-
algebroid. The Courant bracket, the anchor and the nondegenerate pairing all have
to be linear. In [Jotz Lean 2018a] we prove that the standard Courant algebroid over
a vector bundle can be decomposed into a connection, a Dorfman connection, a
curvature term and a vector bundle map, in a manner that resembles very much the
main result in [Gracia-Saz and Mehta 2010]. In other words, as linear splittings of
the tangent space 7'E of a vector bundle E are equivalent to linear connections on
the vector bundle, linear splittings of the Pontryagin bundle TE & T* E over E are
equivalent to a certain class of Dorfman connections [Jotz Lean 2018a]. Further, as
the Lie algebroid structure on 7E — E can be described in a splitting in terms of
the corresponding connection, the Courant algebroid structure on TE ® T*E — E
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is completely encoded in a splitting by the corresponding Dorfman connection
[Jotz Lean 2018a].

Our original goal in this project was to show that the work done in [Jotz Lean
2018a] is in fact a very special case of a general result on linear splittings of VB-
Courant algebroids, in the spirit of Gracia-Saz and Mehta’s work [2010]. Along the
way, we proved the equivalence of [2]-manifolds with metric double vector bundles
[Jotz Lean 2018b]. This paper builds upon that equivalence and proves that a
linear Lagrangian splitting of a VB-Courant algebroid decomposes the VB-Courant
algebroid structure in the components of a split Lie 2-algebroid.

Note that our correspondence of decomposed VB-Courant algebroids with split
Lie 2-algebroids is also described (with slightly different conventions) in the inde-
pendent work of del Carpio-Marek [2015].

While the methods used in [Jotz Lean 2018b; Li-Bland 2012] do not use splittings
of the [2]-manifolds and metric double vector bundles, it appears here more natural to
us to work with split objects. First, the equivalence of the underlying [2]-manifolds
with metric double vector bundles was already established and it is now much
more convenient to work in splittings versus Lagrangian double vector bundle
charts — the definition of the homological vector field that corresponds to a linear
Courant algebroid structure is easily done in splittings (see Section 3B), but we
did not find a good coordinate free definition of it using the techniques given by
[Jotz Lean 2018b]. Second, working with splittings is necessary in order to exhibit
the similarity with Gracia-Saz and Mehta’s techniques [2010], which is one of our
main goals. Finally, as explained below, the construction of the bicrossproduct of a
matched pair of 2-representations is an algebraic description of the construction
of a decomposed VB-Courant algebroid from a decomposed double Lie algebroid,
just as 2-representations are equivalent to decomposed VB-Lie algebroids.

Application: the bicrossproduct of a matched pair of 2-representations. The equiv-
alence of matched pairs of 2-representations with a certain class of split Lie
2-algebroids appears as a natural class of examples of our correspondence of
decomposed VB-Courant algebroids with split Lie 2-algebroids. A double vector
bundle (D; A, B; M) with core C and two linear Lie algebroid structures on D — A
and D — B is a double Lie algebroid if and only if the pair of duals (D%: D})
is a VB-Lie bialgebroid over C*. Equivalently, D% @c+ D} is a VB-Courant
algebroid over C*, with side A @ B and core B* @& A*, and with two transverse
Dirac structures D% and D%. A decomposition of D defines on the one hand a
matched pair of 2-representations [Gracia-Saz et al. 2018], and on the other hand a
Lagrangian decomposition of D% @c+ D, hence a split Lie 2-algebroid. Once
this geometric correspondence has been found, it is straightforward to construct
algebraically the split Lie 2-algebroid from the matched pair, and vice versa.
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Outline, main results and applications. This paper is organised as follows.

Section 2: We describe the main result in [Jotz Lean 2018b] — the equivalence
of [2]-manifolds with metric double vector bundles — and we recall the background
on double Lie algebroids and matched pairs of representations up to homotopy that
will be necessary for our main application on the bicrossproduct of a matched pair
of 2-representations.

Section 3: We start by recalling necessary background on Courant algebroids,
Dirac structures and Dorfman connections. Then we formulate in our own manner
Sheng and Zhu’s definition [2017] of split Lie 2-algebroids. We write in coordinates
the homological vector field corresponding to a split Lie 2-algebroid, showing
where the components of the split Lie 2-algebroid appear. In Section 3D, we give
several classes of examples of split Lie 2-algebroids, introducing in particular the
standard split Lie 2-algebroids defined by a vector bundle. Finally we describe
morphisms of split Lie 2-algebroids.

Section 4: We give the definition of VB-Courant algebroids [Li-Bland 2012] and
we relate split Lie 2-algebroids with Lagrangian splittings of VB-Courant algebroids,
in the spirit of Gracia-Saz and Mehta’s description of split VB-algebroids via 2-
term representations up to homotopy [2010]. Then we describe the VB-Courant
algebroids corresponding to the examples of split Lie 2-algebroids found in the
preceding section, and we prove that the equivalence of categories established in
[Jotz Lean 2018b] induces an equivalence of the category of VB-Courant algebroids
with the category of Lie 2-algebroids.

Section 5: We construct the bicrossproduct of a matched pair of 2-representations
and prove that it is a split Lie 2-algebroid. We then explain geometrically this result
by studying VB-bialgebroids and double Lie algebroids.

Appendix: We give the proof of our main theorem, describing decomposed
VB-Courant algebroids via split Lie 2-algebroids.

Prerequisites, notation and conventions. We write ppr . TM — M, qg: E— M
for vector bundle maps. For a vector bundle O — M we often identify without
further mention the vector bundle (Q*)* with Q via the canonical isomorphism.
We write (-,-) for the canonical pairing of a vector bundle with its dual; i.e.,
(am, otm) = am(am) for ay, € A and oy, € A*. We use several different pairings;
in general, which pairing is used is clear from its arguments. Given a section ¢
of E*, we always write £, : E — R for the linear function associated to it, i.e., the
function defined by e, > (e(m), ey,) for all e, € E.

Let M be a smooth manifold. We denote by X(M) and Q! (M) the sheaves
of local smooth sections of the tangent and the cotangent bundle, respectively.
For an arbitrary vector bundle E — M, the sheaf of local sections of E will be
written T'(E). Let f : M — N be a smooth map between two smooth manifolds M
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and N. Then two vector fields X € X(M) and Y € X(NNV) are said to be f-related
if TfoX =Y o f onDom(X)N f~!(Dom(Y)). We write then X ~ Y. In the
same manner, if ¢ : A — B is a vector bundle morphism over ¢ : M — N, then
a section a € I'jr(A) is ¢-related to b € I'n(B) if ¢p(a(m)) = b(¢o(m)) for all
m € M. We write then a ~4 b. The dual of the morphism ¢ is in general not a
morphism of vector bundles, but a relation R¢* C A* x B* defined as

Ry = {(@mBpom) Booem) | m € M, Byym) € By oy}

where ¢p, : Am — By (m) 1s the morphism of vector spaces.

We will say 2-representations for 2-term representations up to homotopy. We
write “[n]-manifold” for “N-manifolds of degree n”. We refer the reader to [Jotz Lean
2018b; Bonavolonta and Poncin 2013] for a quick review of split N-manifolds, and
for our notation convention. Let E; and E, be smooth vector bundles of finite
ranks rq, r, over M. The [2]-manifold E{[—1] & E,[—2] has local basis sections
of E;* as local generators of degree i, for i = 1,2, and so dimension (p; 7y, r2).
A [2]-manifold M = E{[—1] & E;[—2] defined in this manner by a graded vector
bundle is called a split [2]-manifold. In other words, we have

COM)° =C®(M), C®M)'=T(E}) and C®M)>=T(E;®A*E}).

Let N := F1[—1]® F,[—2] be a second [2]-manifold over a base N. A morphism g :
F1[—1]® F5[-2] — E[—1]® E»[—2] of split [2]-manifolds over the bases N and M,
respectively, consists of a smooth map (g : N — M, three vector bundle morphisms
w1 F1r = Eq, uy: Fy > E, and 3 : A2 Fy — E, over Ho. The morphism
pu* : C®°(M) — C*®(N) sends a degree 1 function & € I'(EY) to uy*& € T'(FY),
defined by (7§, fm) = (§(o(m)). 11(fm)) for all fu, € Fy(m). The morphism
p* sends a degree 2 function & € T'(EJ) to up*é + ul,& € T(F* @ A2 Fr¥).

2. Preliminaries

We refer to Section 2.2 of [Jotz Lean 2018b] for the definition of a double vector
bundle, and for the necessary background on their linear and core sections, and on
their linear splittings and dualisations. Sections 2.3-2.5 of [Jotz Lean 2018b] recall
the definition of a VB-algebroid, and also the equivalence of 2-term representations
up to homotopy (called here “2-representations” for short) with linear decompo-
sitions of VB-algebroids [Gracia-Saz and Mehta 2010]. The notation that we use
here is the same as in [Jotz Lean 2018b].

In this section we recall the correspondence of decompositions of double Lie
algebroids with matched pairs of 2-representations. Then we summarise the corre-
spondence found in [Jotz Lean 2018b] between double vector bundles endowed
with a linear metric, and N-manifolds of degree 2.
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2A. Double Lie algebroids and matched pairs of 2-representations. If (D, A;
B, M) is a VB-algebroid with Lie algebroid structures on D — B and 4 — M,
then the dual vector bundle D; — B has a Lie—Poisson structure (a linear Poisson
structure), and the structure on D’ is also Lie-Poisson with respect to Dy — C*
[Mackenzie 2011, 3.4]. Dualising this bundle gives a Lie algebroid structure
on (D%)¢« — C* This equips the double vector bundle ((D)¢x:C*, A; M)
with a VB-algebroid structure. Using the isomorphism defined by —(-, -}, (see
[Mackenzie 2005] and [Jotz Lean 2018b, §2.2.4] for a summary and our sign
convention), the double vector bundle (D% — C*; A — M) is also a VB-algebroid.
In the same manner, if (D — 4, B — M) is a VB-algebroid then we use (-,-) to
get a VB-algebroid structure on (D — C*; B — M).

Let ¥ : A xps B — D be a linear splitting of D and denote by (VB,VE, Ry)
the induced 2-representation of the Lie algebroid A on dg : C — B (see [Gracia-
Saz and Mehta 2010]; this is also recalled in Section 2.5 of [Jotz Lean 2018b]).
The linear splitting X induces a linear splitting X* : 4 xps C* — D% of D%. The 2-
representation of A that is associated to this splitting is then (VC*, vB*, —R%) on
the complex 0% : B* — C*. This is proved in the appendix of [Drummond et al.
2015].

A double Lie algebroid [Mackenzie 2011] is a double vector bundle (D; 4, B; M)
with core C, and with Lie algebroid structures oneachof A -~ M, B—->M, D— A
and D — B such that each pair of parallel Lie algebroids gives D the structure of
a VB-algebroid, and such that the pair (D%, D) with the induced Lie algebroid
structures on base C* and the pairing (-, -), is a Lie bialgebroid.

Consider a double vector bundle (D; 4, B; M') with core C and a VB-Lie alge-
broid structure on each of its sides. After a choice of splitting ¥ : A x3s B — D, the
Lie algebroid structures on the two sides of D are described by two 2-representations
[Gracia-Saz and Mehta 2010]. We prove in [Gracia-Saz et al. 2018] that (D%, D%)
is a Lie bialgebroid over C* if and only if, for any splitting of D, the two induced
2-representations form a matched pair as in the following definition [Gracia-Saz
et al. 2018].

Definition 2.1. Let (4 — M, py,[-,-]) and (B — M, pp,[-,-]) be two Lie alge-
broids and assume that A acts on dg : C — B up to homotopy via (VB,VC Ry)
and B acts on d4 : C — A up to homotopy via (V4, V€, Rp).2 Then we say that
the two representations up to homotopy form a matched pair if

(Ml) V?)Acl Cy — vagczcl = _(VaACZCl - Vchl CZ)’
M2) [a,d4¢] = 04(Vac) — Vygea,
2For the sake of simplicity, we write in this definition V for all the four connections. It will always

be clear from the indexes which connection is meant. We write V4 for the A-connection induced by
V4B and VAC on A2 B* @ C and VB for the B-connection induced on A24* ® C.
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(M3) [b,dpc] = 0p(Vpc) =V b,
(M4) VpVac —VyVpe —Vy,qc + Vy, pc = Rp(b,0pc)a— Ry(a, d4¢)b,
(M5) d4(R4(ay,az)b)

= —Vplar.az]l +[Vpai. az] +[ay, Veaz] + Vv, par — Vv, paz.
(M6) dp(Rp(b1,b2)a)

= —Valb1, b2]+[Vab1, b2] +[b1. Vaba]+ Vv, ab1 — Vv, ab2,
forall a,ay,a, € I'(A), b,by,b, €eT'(B) and ¢, cq1,¢; € I'(C), and
M7) dyaRp = dysRy € Q*(A,A*B* ® C) = Q2(B,A?A* ® C), where

Rp is seen as an element of Q!(4,A2B* ® C) and R4 as an element
of QU(B,AN?2A*® C).

2B. The equivalence of [2]-manifolds with metric double vector bundles. We
quickly recall in this section the main result in [Jotz Lean 2018b].

A metric double vector bundle is a double vector bundle (E, Q; B, M) with
core Q*, equipped with a linear symmetric nondegenerate pairing ExgE — R, i.e.,
such that

(1) (r].7}) =0 for 11,7 € T(Q%),
2) (x.zh) = qplq.t) for x € F}lg([E) linear over ¢ € T'(Q), and t € I'(Q*) and
(3) (x1, x2) is a linear function on B for x1, x> € Fé([E).

Note that the opposite (E; Q; B, M) of a metric double vector bundle (E; B; Q, M)
is the metric double vector bundle with (-, )z = —(-,- ).

A linear splitting X : O xps B — E is said to be Lagrangian if its image is maximal
isotropic in E — B. The corresponding horizontal lifts og : I'(Q) — Fjlg (E) and
op:T'(B)— FIQ (E) are then also said to be Lagrangian. By definition, a horizontal
liftog : T'(Q) — Fg (E) is Lagrangian if and only if (0p(g1),00(g2)) = 0 for all
q1, 42 € I'(Q). Showing the existence of a Lagrangian splitting of [ is relatively
easy [Jotz Lean 2018b]. Further, if £! and £2? : Q x5 B — [ are Lagrangian,
then the change of splitting ¢, € I'(Q* ® 0* ® B*) defined by %2(¢q,b) =
21(q.b) + ¢(q.b) for all (¢,b) € Q xar B, is a section of 0* A O* ® B*.

Example 2.2. Let £ — M be a vector bundle endowed with a symmetric nonde-
generate pairing (-,-) : E Xpr E — R (a metric vector bundle). Then E >~ E* and
the tangent double is a metric double vector bundle (TE, E; T M, M) with pairing
TE xtp TE — R the tangent of the pairing £ X3, £ — R. In particular, we
have (Tey, Tex)TE = Ld (e} e,)> (Tel,e;r)TE = pjysle1,ez) and (BT»GE)TE =0
for ey, e, € I'(E).

Recall from [Jotz Lean 2018b, Example 3.11] that linear splittings of TE are
equivalent to linear connections V : X(M) x I'(E) — I'(E). The Lagrangian
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splittings of TE are exactly the linear splittings that correspond to metric connec-
tions, i.e., linear connections V : X(M) x I'(E) — I'(E) that preserve the metric:
(V.ey,e2) + (e1, V.ez) = d ey, e3) for ey, e3 € T'(E).

Let (E, B; O, M) be a metric double vector bundle. Define C(E) C FZQ([E)
as the C°°(M)-submodule of linear sections with isotropic image in E. After
the choice of a Lagrangian splitting ¥ : Q x3s B — E, C(F) can be written
C(E) :=0p(T'(B)) +{® | w € T(Q* A Q*)}. This shows that C(E) together with
FCQ([E) ~ I'(Q*) span E as a vector bundle over Q.

An involutive double vector bundle is a double vector bundle (D, Q, Q, M) with
core B* equipped with a morphism Z : D — D of double vector bundles satisfying
72 =1dp and 7 o Z = 7y, my 0L = 1y, Where my, 75 : D — Q are the two side
projections, and with core morphism — Idg« : B* — B*. A morphism Q : D1 — D,
of involutive double vector bundles is a morphism of double vector bundles such that
QoZy =7, 0R. [Jotz Lean 2018b, Proposition 3.15] proves a duality of involutive
double vector bundles with metric double vector bundles: the dual (D} L. BiM )
with core Q* carries an induced linear metric. Conversely, given a metric double
vector bundle (E; Q, B; M) with core Q, the dual (E},; Q, Q; M) with core B*
carries an induced involution as above. We define morphisms of metric double vector
bundles as the dual morphisms to morphisms of involutive double vector bundles. A
morphism Q : F — [ of metric double vector bundles is hence a relation Q C F x E

that is the dual of a morphism of involutive double vector bundles w : F, — [E*Q.

F - EY)
l\P wpl\Q

R o |
Y T R |

Note that the dual of €2 is compatible with the involutions if and only if €2 is an
isotropic subspace of F x E. Equivalently [Jotz Lean 2018b], one can define a mor-
phism € : F — [ of metric double vector bundles as a pair of maps w* : C(E) — C(F)
and wp, : I'(Q*) — I'(P¥) together with a smooth map wg : N — M such that

(1) 0* (T AT) =0pt A0pD,

(2) 0*(qp S X) =4p(wg f)-@*(x) and

3) wp(f-1)=w fwpt

for all 7,171,717, € T'(Q*), f € C®(M) and x € C(E). We write MDVB for the

obtained category of metric double vector bundles. The following theorem is proved
in [Jotz Lean 2018b] and independently in [del Carpio-Marek 2015].
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Theorem 2.3 [Jotz Lean 2018b]. There is a (covariant) equivalence between the
category of [2]-manifolds and the category of involutive double vector bundles.

Combining the obtained equivalence with the (contravariant) dualisation equiv-
alence of IDVB with MDVB yields a (contravariant) equivalence between the
category of metric double vector bundles with the morphisms defined above and the
category of [2]-manifolds. This equivalence establishes in particular an equivalence
between split [2]-manifold M = Q[—1] & B*[—2] and the decomposed metric
double vector bundle (Q xps B Xpr O, B, Q, M) with the obvious linear metric
over B. More precisely, the obtained functor from [2]-manifolds to metric double
vector bundles sends by construction a split [2]-manifold to a decomposed metric
double vector bundle. Conversely, the functor from metric double vector bundles to
[2]-manifolds sends decomposed metric double vector bundles to split [2]-manifolds.

We quickly describe the functors between the two categories. To construct the
geometrisation functor G : [2]-Man — MDVB, take a [2]-manifold and consider its
local trivialisations. Changes of local trivialisation define a set of cocycle conditions,
that correspond exactly to cocycle conditions for a double vector bundle atlas. The
local trivialisations can hence be collated to a double vector bundle, which naturally
inherits a linear pairing. See [Jotz Lean 2018b] for more details, and remark that
this construction is as simple as the construction of a vector bundle from a locally
free and finitely generated sheaf of C°°(M )-modules.

Conversely, the algebraisation functor 4 sends a metric double vector bundle
E to the [2]-manifold defined as follows: the functions of degree 1 are the sec-
tions of FCQ([E) ~ I'(Q*), and the functions of degree 2 are the elements of C([).
The multiplication of two core sections 71, 7, € I'(Q%) is the core-linear section
71 Aty €C(E).

Note that while that equivalence can be seen as the special case of trivial ho-
mological vector field versus trivial bracket and anchor of Li-Bland’s bijection of
Lie 2-algebroids with VB-Courant algebroids [Li-Bland 2012], this corollary is not
given there and only a very careful study of Li-Bland’s proof, which would amount
to the work done in [Jotz Lean 2018b] would yield it.

3. Split Lie 2-algebroids

In this section we recall the notions of Courant algebroids, Dirac structures, dull
algebroids, Dorfman connections and (split) Lie 2-algebroids.

3A. Courant algebroids and Dorfman connections. We introduce in this section
a generalisation of the notion of Courant algebroid, namely the one of degenerate
Courant algebroid with pairing in a vector bundle. Later we will see that the fat
bundle associated to a VB-Courant algebroid carries a natural Courant algebroid
structure with pairing in the dual of the base.
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An anchored vector bundle is a vector bundle Q — M endowed with a vector
bundle morphism pg : Q — T M over the identity. Consider an anchored vector
bundle (E — M, p) and a vector bundle V' over the same base M together with
a morphism o : E — Der(V), such that the symbol of p(e) is p(e) € X(M)
for all e € T'(E). Assume that E is paired with itself via a nondegenerate pairing
(-,-):ExprE— V with valuesin V. Define D:T' (V) — I'(E) by (Dv, e) = p(e)(v)
forall v e I'(V). Then E — M is a Courant algebroid with pairing in V if E is in
addition equipped with an R-bilinear bracket [ -, -] on the smooth sections I'(E)
such that

(CAL) [e1,[ea, e3]] = [le1. e2]. es] + [e2, [e1, e,
(CA2) pler)(ez, e3) = ([er, e2], e3) + {e2, [e1, e3]),
(CA3) [er, e2] + [e2, e1] = Deq, e2),

(CA4) pler, ex] =[pler), ple2)]

for all eq,e5,e3 € I'(E) and f € C°°(M). Equation (CA2) implies [eq, fes] =
Sflei,ex]+(pler) f)es foralley,eo €T (E)and f € C®(M). If V=RxM - M
is in addition the trivial bundle, then D = p* od : C*®°(M) — T'(E), where E is
identified with E* via the pairing. The quadruple (E — M, p,(-,-),[-,-]) is then
a Courant algebroid [Liu et al. 1997; Roytenberg 1999] and (CA4) follows then
from (CA1), (CA2) and (CA3) (see [Uchino 2002] and also [Jotz Lean 2018a] for
a quicker proof).

Note that Courant algebroids with a pairing in a vector bundle E were defined
in [Chen et al. 2010] and called E-Courant algebroids. It is easy to check that Li-
Bland’s AV -Courant algebroids [2011] yield a special class of degenerate Courant
algebroids with pairing in V. The examples of Courant algebroids with pairing in a
vector bundle that we will get in Theorem 4.2 are not AV -Courant algebroids, so
the two notions are distinct.

In our study of VB-Courant algebroids, we will need the following two lemmas.

Lemma 3.1 [Roytenberg 2002]. Let (E— M, p,{-,-),[-,-]) be a Courant alge-
broid. Forall § € Q' (M) and e € T'(E), we have

le, 0" 01 = p*(£p)0),  [p"0,e]l = —p*(ip)d0)
and so p(p*0) = 0, which implies poD = 0.

Lemma 3.2 [Li-Bland 2012]. Let E — M be a vector bundle, p : E — TM be
a bundle map, (-,-) be a nondegenerate pairing on E, and let S C T'(E) be a
subspace of sections which generates T'(E) as a C°°(M)-module. Suppose that
[-,-1:8%x8 — S is a bracket satisfying

(1) [s1,[s2. 5300 = [Is1, 520, 531 + [s2, [s1, s3],
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(2) p(s1)(s2,53) = ([s1. 520, 53) + (52, [51.53]),
(3) [s1. 520+ [s2. 511 = p*d (51, 52),
@) pls1.s2]1 = [p(s1). p(s2)]

for any s; € S, and that p o p* = 0. Then there is a unique extension of [-,-] to a
bracket on all of T'(E) such that (E, p, (-,-),[-,-]) is a Courant algebroid.

A Dirac structure with support [Alekseev and Xu 2001] in a Courant algebroid
E — M is a subbundle D — S over a submanifold S of M, such that D(s) is
maximal isotropic in E(s) for all s € S and

eils €Tg(D), e2|ls €Ts(D) = [er.ex]ls € T's(D)
for all e1, e, € I'(E). We leave to the reader the proof of the following lemma.

Lemma 3.3. Let E— M be a Courant algebroid and D — S a subbundle, with S
a submanifold of M. Assume that D — S is spanned by the restrictions to S of a
family S C T'(E) of sections of E. Then D is a Dirac structure with support S if and

only if

(1) pe(e)(s) e TS foralle e Sand s € S,
(2) Dy is Lagrangian in Eg for all s € S and
3) [e1,ezlls € Ts(D) foralley,e; € S.

Next we recall the notion of Dorfman connection [Jotz Lean 2018a]. Let
(Q — M, pg) be an anchored vector bundle and let B be a vector bundle over
M with a fibrewise pairing (-,-) : Q@ Xp3r B — R and an R-linear map § :
C®M)—>TI'(B)withd(f-g)=f-8g+g-0f forall f,g e C®(M). A
Dorfman (Q-)connection on B is an R-linear map A : T'(Q) — I'(Der(B)) such
that

(1) A4 is a derivation over pg(gq) € X(M),
(2) Apgb = fAgb+{q.b)-5f and
(3) Agdf =8(po(a) f)

forall /'€ C®(M), q,q' €T (Q), b € I'(B). The equality (g.5/) = po(q)(f)
follows from (2) and (3) forg € I'(Q) and f € C*®°(M).

For instance, if B = Q¥, the pairing is the canonical one and § = ,o*Qd , we get a
Q-Dorfman connection on Q* The map [-,-]Ja = A*: T(Q) xT'(Q) —» I'(Q)
that is dual to A in the sense of dual derivations, i.e.,

(Ag,92.7) = po(q1){g2. T) — (42, Ag, )
forall¢;,q, € I'(Q) and t € I'(Q¥), is then a dull bracket on I" (Q) in the following
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sense. A dull algebroid is an anchored vector bundle (Q — M, pp) with a bracket
[-,-] on T (Q) such that

(1) polg1, 921 =1[po(q1), po(q2)]

and (the Leibniz identity)

[/191. f2921= f1 /2091, 421+ fipo(q)(f2)g2 — fapo(g2) (f1)q1

for all f1, f € C*®°(M), q1,92 € T'(Q). In other words, a dull algebroid is a
Lie algebroid if its bracket is in addition skew-symmetric and satisfies the Jacobi
identity. Note that a dull bracket can easily be skew-symmetrised.

If Q — M is endowed with a dull algebroid structure, the curvature of a Dorfman
connection A :T'(Q)xT'(B) = I'(B) isthe map Ra : T'(Q)xI'(Q) — I'(End(B))
defined on ¢,q" € I'(Q) by RA(q.9) := AgAg — Ay Ay — Afg.q7- As always,
A is said to be flat if R vanishes.

If the dull bracket on Q is skew-symmetric, B = Q* and A is the Dorfman
connection that is dual to the bracket, then Ra € Q2(Q,End(Q*)). The curvature
satisfies then also

) (r,Jacy. 1(q1.92.93)) = (Ra(q1,92)7, 93)
for q1,42,q93 € T'(Q) and 7 € T'(Q™), where

Jacr. .1(q1.92.q3) = 91 q21a. q31 + [q2.[q1. 4311 — [q1. [92. 3]

is the Jacobiator of [ -, - ]|. Hence, the Dorfman connection is flat if and only if the
corresponding dull bracket satisfies the Jacobi identity in Leibniz form.

3B. Split Lie 2-algebroids. A homological vector field x on an [1n]-manifold M is a
derivation of degree 1 of C*°(M) such that Q> = %[Q Q] vanishes. A homological
vector field on a [1]-manifold M = E[—1] is the de Rham differential d g associated
to a Lie algebroid structure on E [Vaintrob 1997]. A Lie n-algebroid is an [n]-
manifold endowed with a homological vector field (an NQ-manifold of degree n).

A split Lie n-algebroid is a split [n]-manifold endowed with a homological vector
field. Split Lie n-algebroids were studied by Sheng and Zhu [2017] and described
as vector bundles endowed with a bracket that satisfies the Jacobi identity up to
some correction terms; see also [Bonavolonta and Poncin 2013]. Our definition of
a split Lie 2-algebroid turns out to be a Lie algebroid version of Baez and Crans’
definition of a Lie 2-algebra [2004].

Definition 3.4. A split Lie 2-algebroid B* — Q is the pair of an anchored vector
bundle® (Q — M, pg) and a vector bundle B — M, together with a vector bundle

3The names that we choose for the vector bundles will become natural in a moment.
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map / : B* — Q, a skew-symmetric dull bracket* [-,-]: '(Q) xT'(Q) — I'(Q),
a linear connection V : I'(Q) x I'(B) — I'(B) and a vector bundle valued 3-form
w € Q3(Q, B*), such that

() V]*(ﬂl),BZ + V[*(ﬁz)ﬂl = 0 for all By, B, € T'(B¥),

(i) [g./(B)] = 1(Vgp) for g € I'(Q) and B € T'(B¥),

(i) Jacp. g =/ow € 23(0. 0),

(iv) Rv(q1,q2)b =1*(ig,iq,w.b) for q1,q> € T'(Q) and b € T'(B), and
V) dy+w = 0.

From (iii) follows the identity pg o/ = 0. In the following, we will also work with
dp :=1*: Q* — B, with the Dorfman connection A : T'(Q) x I'(Q*) — I'(Q*)
that is dual to [[-,-], and with R, € Q2(Q,Hom(B, Q*)) which is defined by
Ry (q1,92)b = (ig,ig,w, D). Then (ii) is equivalent to dp o Ay = V, 0dp, (iii) is
Rw(q1.92) ©9p = Ra(q1.92) for ¢,41.q2 € T'(Q), and (iv) is Rv(q1.92) =
I o Rw(q1.q2) forall g1, 92 € T'(Q).

3C. Split Lie-2-algebroids as split [2]Q-manifolds. Before we go on with the
study of examples, we briefly describe how to construct from the objects in
Definition 3.4 the corresponding homological vector fields on split [2]-manifolds.
Note that local descriptions of homological vector fields are also given in [Sheng
and Zhu 2017] and [Bonavolonta and Poncin 2013].

Consider a split [2]-manifold M = Q[—1]® B*[—2]. Assume that Q is endowed
with an anchor pg and a skew-symmetric dull bracket [ -, - ], that it acts on B via a
linear connection V : T'(Q) x I'(B) — I'(B), that  is an element of Q3(Q, B*)
and that dg : Q* — B is a vector bundle morphism. Define a vector field Q of
degree 1 on M by the formulas

(/) = plyd f €T(0%)
for f e C®(M),
Q(r) =dgt +dpT € Q*(Q) ®T(B)
for r € I'(Q*) and
Q(b) = dyb—(w,b) € (0, B)® 2*(Q)
for b € I'(B). Conversely, a relatively easy degree count and study of the graded
Leibniz identity for an arbitrary vector field of degree 1 on M = Q[—1]® B*[-2]

4To get the definition in [Sheng and Zhu 2017], set /; := —I, I3 := w and consider the
skew symmetric bracket /, : T'(Q & B*) x I'(Q & B*) — I'(Q & B*), 1,((q1,B1), (42, B2)) =
(Ig1.921. Vg, B2 — Vg, B1) for q1.92 € T(Q) and By, B2 € T'(B™). Note that this bracket satisfies
a Leibniz identity with anchor pg oprg : O @ B* — T'M and that the Jacobiator of this bracket is

given by Jacy, ((¢1. B1), (92, B2), (43, B3)) = (=l (w(q1, 42, 93)), ©(q1 42, (B3)) + c.p.
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shows that it must be given as above, defining therefore an anchor pg, and the
structure objects [-,-], V, w and dp.

We show that Q% = 0 if and only if (05 : B* — Q.[-.-]. V. w) is a split Lie
2-algebroid anchored by pg. For f € C*°(M) we have

Q*(f) = do(pyd f) +dp(pld f) € Q*(Q) ®T(B).

Hence Q?(f)=0forall f € C®°(M) if and only if 8Bop"é =0and pglq1.q2]a =
[po(q1). po(g2)] for all g1, g, € T'(Q). Now we assume that these two conditions
are satisfied. For T € I'(Q*) we have

Q*(v) = (v — (@, 3p7)) + (9pd o +dv(3p7)) € 2*(Q) ® Q' (0. B),

where 9 : QK (Q) — Q%~1(Q, B) is the vector bundle morphism defined by
k
0p(ti A AT) =Y (=) ey Av AT A AT

i=1
for all 71,72 € T'(Q*). We find d37(q1,92,93) = {Jac[. 7(q1. 42, ¢3), T) and
(0pdgT)(q,. B) = —(0pA4T. B), and so Q%(t) =0 for all r € I'(Q*) if and only
if Jac. 1(¢1,92,93) = 05®(q1.42,93) for all ¢1,4q2,93 € T'(Q) and dpA4T =
V4(0p7) forall g e T'(Q) and 7 € I'(Q7).

Finally, we find for » € T'(B):

Q*(b) = Qdyb) —dg(w,b) — Ip(w,b).
The term dg{w, b) is an element of Q2(Q, B) and the term dg(w,b) is an element

of Q4(Q). A computation yields that the 2*(Q)-term of Q(dvb) is —(w, dvb),
which is defined by

(w,dvb)(q1,92:93,94) = Z (=D @0 @s(1): 95(2)> 953))+ Vagwy b))
0€EZy
where Z, is the group of cyclic permutations of {1,2,3,4}. The Q2(Q, B)-
term is Ry(-,-)b and the I'(S? B)-term is Va*b defined by (Va* b)(B1, B2) =
<V8§ﬂ1b’ B2)+ (Va* g,b. B1) forall By, B € F(B*) Hence Qz(b) =0 if and only
ifdo(w,b) + (o, dvb) = 0, which is equivalent to dy+w = 0; Vagb = 0, which
is equivalent to
Vggglﬂz + Vg}ggzﬂl =0

for all 81,8, € T'(B*); and
Ry(-.-)b=0p(w,b),

which is equivalent to Ry=(q1.¢2)B = w(q1.42,93pB) for all ¢1,q> € I'(Q) and
B e T'(B*).



LIE 2-ALGEBROIDS AND MATCHED PAIRS OF 2-REPRESENTATIONS 159

3D. Examples of split Lie 2-algebroids. We describe here four classes of examples
of split Lie 2-algebroids. Later we will discuss their geometric meanings. We do
not verify in detail the axioms of split Lie 2-algebroids. The computations in order
to do this for Examples 3D2 and 3D3 are long, but straightforward. Note that,
alternatively, the next section will provide a geometric proof of the fact that the
following objects are split Lie 2-algebroids, since we will find them to be equivalent
to special classes of VB-Courant algebroids. Note finally that a fifth important class
of examples is discussed in Section 5.

3D1. Lie algebroid representations. Let (Q — M, p,[-,-]) be a Lie algebroid
and V : I'(Q) x I'(B) — I'(B) a representation of Q on a vector bundle B.
Then (0 : B* — Q,[-,-],V,0) is a split Lie 2-algebroid. It is a semidirect
extension of the Lie algebroid Q (and a special case of the bicrossproduct Lie
2-algebroids defined in Section 5A): the corresponding bracket /, is given by

L(q1+B1.q2+ B2) = g1, 921+ (V5 B2— V5, B1) for 1,42 € T'(Q) and By, B2 €
['(B*). Hence (Q ® B* — M, p= pg oprg, [3) is simply a Lie algebroid.

3D2. Standard split Lie 2-algebroids. Let E — M be a vector bundle, set
dg=prg: E®T*M - E,

consider a skew-symmetric dull bracket [-,-] on I'(TM & E*), with TM & E*
anchored by prr;,,, and let

A:T(TM ®E*)xT(E®T*M) > T(E®T*M)

be the dual Dorfman connection. This defines as follows a split Lie 2-algebroid
structure on the vector bundles (TM @ E*, prry,) and E*.

Let V:I'(TM @ E*)xI'(E) — I'(E) be the ordinary linear connection® defined
by V =prg oA oig. The vector bundle map / = pry, : E* — TM @ E* is just
the canonical inclusion. Define @ by w(vy,v2,v3) = Jacp. .(v1, v2, v3). Note that
since TM & E* is anchored by pry,,, the tangent part of the dull bracket must
just be the Lie bracket of vector fields. The Jacobiator Jacy. . can hence be seen as
an element of Q3(TM @ E*, E*).

A straightforward verification of the axioms shows that /, [-,-], V* o define
a split Lie 2-algebroid. For reasons that will become clearer in Section 4D1, we
call standard this type of split Lie 2-algebroid.

3D3. Adjoint split Lie 2-algebroids. The adjoint split Lie 2-algebroids can be
described as follows. Let E — M be a Courant algebroid with anchor pg and
bracket [ -, -] and choose a metric linear connection V : X(M) x I'(E) — I'(E),

3To see that V = pr £ oA ot is an ordinary connection, recall that since TM & E* is anchored
by prray, the map d pgr+pr = prypy, d : C(M) — T(E@T*M) sends [ — (0,d f).
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i.e., a linear connection that preserves the pairing. Set drps = pg : E— TM and
identify E with its dual via the pairing. The map A : I'(E) x I'(E) — I'(E),

Ace' =e,e']+ Vpene

is a Dorfman connection, which we call the basic Dorfman connection associated
to V. The dual skew-symmetric(!) dull bracket is given by

[e,e'Ja =[e.e']—p*(V.e,e')
for all e, ¢’ € T'(E). The map
VP T(E) x X(M) — X(M), VX =[p(e), X]+ p(Vxe)

is a linear connection, the basic connection associated to V.
We now define the basic curvature Rth € Q%(E,Hom(T M, E)) by®

(3) RY¥(er,e2)X = —Vxl[er, e2] + [Vxer, ea] + [er, Vxea]

-1
+vast61 —vaaisXez—,B (vaasXel,é’z)

forall e, e, € I'(E) and X € X(M). Note the similarity of these constructions with
the one of the adjoint representation up to homotopy (see [Gracia-Saz and Mehta
2010]). The meaning of this similarity will become clear in Section 4D3. The
map / is pf : T* M — E and the form w € Q3(E, T* M) is given by w(ey, €3, €3) =
(RTS(el ,€2),e3). Note that it corresponds to the tensor W defined in [Li-Bland
2012, Definition 4.1.2] (the right-hand side of (3)). The adjoint split Lie 2-algebroids
are exactly the split symplectic Lie 2-algebroids, and correspond hence to splittings
of the tangent doubles of Courant algebroids [Jotz Lean 2018b].

3D4. Split Lie 2-algebroid defined by a 2-representation. Let (dg:C — B,V,V, R)
be a representation up to homotopy of a Lie algebroid 4 on B & C. We anchor
A®C*by pgopry and define A:T(ABC*)xT(Cd A*) > T'(C e A*) by

Ay (c.a) = (Vac, £aa + (V¥y. ),

and V:T' (A& C*)xT'(B) — I'(B) by V(4,)b = V4b. The vector bundle map /
is here / = (¢ 0 0%, where (c+ : C* — A @ C* is the canonical inclusion, and the
dull bracket that is dual to A is given by

[(@1,v1), (a2, y2)] = (a1, @2), Vg, v2 = Vg, v1)

6 We have then Rtxs(el ,e)X = —Vyxler,ealla +[Vxer.eala +1er, Vxeala + vaasXEI—
Vs y €2 — B p*(Rv (X, )ej,e;). Using —RY = Ry+ = Ry (where we identify E With its
e
duallusing (-,-)), the identity R'K‘S(el ,ep) = —RK‘S (ea, e1) is then immediate.
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for ay,ay € T'(A), y1,v2 € T(C*). The tensor w is given by

o((ar.y1). (a2, y2). (a3, y3)) = (R(ay,az), y3) +c.p.

Note that if we work with the dual A-representation up to homotopy (9% :
B* — C*,V*,V* —R*), then we get the Lie 2-algebroid defined in [Sheng and
Zhu 2017, Proposition 3.5] as the semidirect product of a 2-representation and a
Lie algebroid. This is then also a special case of the bicrossproduct of a matched
pair of 2-representations (see Section SA). Later we will explain why the choice
that we make here is more natural.

3E. Morphisms of (split) Lie 2-algebroids. In this section we quickly discuss
morphisms of split Lie 2-algebroids; see also [Bonavolonta and Poncin 2013].

A morphism p : (My, Q1) = (Mj, Q,) of Lie 2-algebroids is a morphism
W M1 — M, of the underlying [2]-manifolds, such that

4) U0 Qy=Qiopu*: C®(Mjz)— C®(My).

Assume that the two [2]-manifolds M; and M, are split [2]-manifolds M; =
O1[-11® Bf[-2] and My = Q»[—1] ® B3[-2]. Then the homological vector
fields Q; and Q, are defined as in Section 3C with two split Lie 2-algebroids;
(p1: Q1 > TMy,0y : QF — By [-.-11. V', @) and (p2 : Q2 — TM5,0; :
Q5 — By.[-.-]a. V2, w,). Further, the morphism p* : C®(M,) — C®(M;)
over iy : C*®° (M) — C°(M;) decomposes as jig : Q1 — Q2, up: B} — B}
and pqp : A2Q, — B}, all morphisms over g : M; — M,. We study (4) in these
decompositions.

(1) The condition u*(Q2(f))=Q1(n*(f)) forall f€ C®(M;)is ,bL*Q(,O;df) =
pid (ug f) for all 1€ C°(M,), which is equivalent to

Tno(p1(gm)) = p2 (Lo (gm))

for all g, € Q. In other words g : Q1 — Q, over g : My — M, is
compatible with the anchors p1 : Q1 — T'M; and p, : Oy — TM>.

(2) The condition *(Q2 (7)) = Qi (u* (7)) for all € I'(Q%) reads

I (Aot +007) = D1 () + i (1)
for all T € I'(Q3). The left-hand side is

1o (d2t) + i (327) + pp(927)
€Q2(Q)) €r(B1)

and the right-hand side is

91 (ngp) +di(upr) € T(B1) @& Q*(01).
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Hence, u*0Q, = Qjou* ondegree 1 functions if and only if g o0} =03 oup
and ,u*Q(dzt) +ui,(027) = a’l(u’éf) for all = € I'(Q3).
(3) Finally we find that u*(Q, (b)) = Q1 (* (b)) for all b € T'(B,) if and only if
1 (dy2b) = dygi (up (b)) + 91 (1], (b)) € R1(Q1, By)
for all b € I'(B,) and

M,ba)z = LB oW1 —d'uavz,u]z S Q3(Q1,M$B;)

In the equalities above we have used the following constructions. The form
u*(dy2b) € Q1(Q1, By) is defined by

(1" (dy20))(qm) = 183 (V2 (4. b) € Bi(m)

for all ¢, € Q1. Recall that /11, can be seen as an element of 2%(Q, pg B5). The
tensors Msz € Q%(0;, pgB3) and ppow; € Q2(01, pg B5) can be defined as
follows:

(Lp®2)(q1(m), g2(m), q3(m)) = w2(k @ (q1(m)), o(g2(m)), 110(q3(m)))
in B3 (po(m)), and

(LB ow1)(q1(m). q2(m). q3(m)) = Lp(@1)(q1(m). g2(m). g3(m))) € B; (110(m))

for all g1, 42,93 € I'(Q1). The linear connection
1oV?:T(Q1) x T(1gB3) = T'(1g B3)
is defined by

(1 VDq (6B M) = V2, o ) B € B3 (120(m)

forall g € I'(Q1) and B € T'(B3).

We call a triple (g, 1B, [t12) over jig as above a morphism of split Lie 2-
algebroids. In particular, if My =My, po=Idpy :M — M, po=1dg: Q0 — Q
and pp =Idg+ : B¥ — B*, then > € Q%(Q, B*) is just a change of splitting.
The five conditions above simplify to the following:

(1) The dull brackets are related by [¢.¢'l> = [g. 4’1 + 9% 12(q.4")-
(2) The connections are related by ng = V(}b —dp{u12(q,-), b).

(3) The curvature terms are related by w; —w, = d 1,v2H12.

The operator d y2 : £2°(0Q, B*) — Q*T1(Q, B*) is defined by the dull bracket
[-.-]: and the connection v2*,
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4. VB-Courant algebroids and Lie 2-algebroids

In this section we describe and prove in detail the equivalence between VB-Courant
algebroids and Lie 2-algebroids. In short, a homological vector field on a [2]-
manifold defines an anchor and a Courant bracket on the corresponding metric
double vector bundle. This Courant bracket and this anchor are automatically
compatible with the metric and define so a linear Courant algebroid structure on
the double vector bundle. Note that a correspondence of Lie 2-algebroids and
VB-Courant algebroids has already been discussed by Li-Bland [2012]. Our goal is
to make this result constructive by deducing it from the results in [Jotz Lean 2018b]
and presenting it as the counterpart of the main result in [Gracia-Saz and Mehta
2010], and to illustrate it with several (partly new) examples.

4A. Definition and observations. We will work with the following definition of a
VB-Courant algebroid, which is due to Li-Bland [2012].

Definition 4.1. A VB-Courant algebroid is a metric double vector bundle

B
Erp — B

|l

with core Q* such that E — B is a Courant algebroid and the following conditions
are satisfied.

(1) The anchor map ® : E — T'B is linear. That is,

Fro ———b— B TBry, — 2 B
0
(5) C s — B B
Qo ————— M TM,,, ———— M

is a morphism of double vector bundles.

(2) The Courant bracket is linear. That is,

[P5(E). TEEISTEE). [M5E).TE]CSTHE). [TgE).TEE]=0.

We make the following observations. Let pg : Q — T'M be the side map of
the anchor, i.e., if mg(x) = ¢ for x € E, then Tqp(O(x)) = pp(q). In other
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words, if x € I‘é (E) is linear over g € I'(Q) then ®() is linear over pg(q). Let
dp : O* — B be the core map defined by the anchor ® as

(6) A"y = (3p0)!

for all o € T'(Q*). (dp is a morphism of vector bundles.) In the following, we call
po the side-anchor and 0p the core-anchor. The operator D = ©*d : C*°(B) —
I'p(E) satisfies D(qp f) = (,O*Qd )T forall f e C®(M) and Lemma 3.1 yields
immediately

(7 dpopg =0, whichis equivalent to pgodp = 0.

Recall that if x € Fé([E) is linear over ¢ € T'(Q), then (x, ') = q5(g.7) for all
T eI'(0%).

4B. The fat Courant algebroid. Here we denote by E — M the fat bundle, that is
the vector bundle whose sheaf of sections is the sheaf of C°°(M )-modules Fé (b),
the linear sections of E over B. Gracia-Saz and Mehta [2010] showed that if E
is endowed with a linear Lie algebroid structure over B, then E — M inherits a
Lie algebroid structure, which is called the “fat Lie algebroid”. For completeness,
we describe here quickly the counterpart of this in the case of a linear Courant
algebroid structure on £ — B.

Note that the restriction of the pairing on [ to linear sections of F defines a
nondegenerate pairing on E with values in B*. Since the Courant bracket of linear
sections is again linear, we get the following theorem.

Theorem 4.2. Let (E, B, Q, M) be a VB-Courant algebroid. Then Eis a Courant
algebroid with pairing in B*.

Note that in [Jotz Lean and Kirchhoff-Lukat 2018] we explain how the Courant
algebroid with pairing in E* that is obtained from the VB-Courant algebroid
TE®T*E, for a vector bundle E, is equivalent to the omni-Lie algebroids described
in [Chen and Liu 2010; Chen et al. 2011].

We will come back in Corollary 4.8 to the structure found in Theorem 4.2.
Recall that for ¢ € T'(Hom(B, 0*)), the core-linear section ¢ of E — B is defined
by ¢(bm) = 0p,, +B ¢ (bm). Note that E is also naturally paired with O* via
(x(m),o(m)) = (wro(x(m)),o(m)) for all x € F}lg([E) = F(E) and 0 € T'(Q*).
This pairing is degenerate since it restricts to 0 on Hom(B, O*) xps O*. The
following proposition can easily be proved.

Proposition 4.3. (1) The map A : F([E) xT'(Q*) — T'(Q*) defined by (AXT)Jr =
Ix, ‘ET]] is a flat Dorfman connection, where E is endowed with the anchor
po © g and paired with Q* as above. The map § : C*°(M) — I'(Q*) sends

fto p*d f.
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(2) The map V : T'(E) x ['(B) — T'(B) defined by O(x) = Vy € X!(B) is a flat
connection.

The maps A and V satisfy
0goA=Vois and [x.¢lo= Ayop—poVy

for x € T(E) and ¢ € T'(Hom(B, O*)).

Proof. (1) and (2) are easy to prove. For the first equation, choose y € ng (E) and
7 € T'(Q%). Then

@50 Ax0)' = 0" = O([x. "D =[O0, 051) " = (Vx (85D
The second equation is easy to check by writing $= i1 L, "El-T with B; e '(B*)
and 7; € T'(Q%). O
Lemma 4.4. For ¢,y € I'(Hom(B, Q*)) and t € T(Q%), we have

() [e%, 61 = @@po)T = —[¢. T and
@) [$. V1= Yodgop—podpoy:

Remark 4.5. Note that (2) is the bracket of the induced Lie algebra bundle structure
induced on Hom(B, Q*) by dp.

Proof of Lemma 4.4. We write =Y}, i ® i; and ¢ = 7_, B; ® 7j with
Bi,--Bn Bl By €T(B*) and 1y,..., 7, € ['(Q¥). Hence, we have ¢ =
i1l rl.T and ¥ = 27 1 ¢ 8 I}L. First we compute

n

n n n T
[[r* >t r,-"] =Y @0t = qplsr. pi)r) = (Z(am, ﬁ»n)

i=1 i=1 i=1 i=1

and we get (1). Since (¢, 5) = 0, the second equality follows. Then we have

n n n n
[[Z 7203 lg fj]l =33 ¢y, (aBz,-)T((zﬂ;)f]T —tg @p7) ' (g)7]
j=1

n n T
- (Z S (051 B}) B — (057 Bi) - B, -rl-) ,

i=1j=1
which leads to (2). g

4C. Lagrangian decompositions of VB-Courant algebroids. In this section, we
study in detail the structure of VB-Courant algebroids, using Lagrangian decompo-
sitions of the underlying metric double vector bundle. Our goal is the following
theorem. Note the similarity of this result with Gracia-Saz and Mehta’s theorem
[2010] in the VB-algebroid case.
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Theorem 4.6. Let (E; Q, B; M) be a VB-Courant algebroid and choose a La-
grangian splitting ¥ : Q Xpr B — E. Then there is a split Lie 2-algebroid structure
(pg.l =03%.[-.-1.V.®) on Q & B* such that

B0 (@) =V, € X(B), [oo(g). /1= (A0}
[o0(91), 90(42)] = 00l41. 21— Re (g1, 42),

forallq,q1,q> €T(Q) andt € T(Q*), where A :T'(Q) xT'(Q*) — I'(Q*) is the
Dorfman connection that is dual to the dull bracket.

Conversely, a Lagrangian splitting ¥ : Q X B* — [ of the metric double vector
bundle [ together with a split Lie 2-algebroid on Q @ B* define by (8) a linear
Courant algebroid structure on .

(®)

First we will construct the objects [-,-]Ja, A, V, R as in the theorem, and then
we will prove in the Appendix that they satisfy the axioms of a split Lie 2-algebroid.

4C1. Construction of the split Lie 2-algebroid. First recall that, by definition, the
Courant bracket of two linear sections of E — B is again linear. Hence, we can
denote by g1, ¢2] the section of Q such that

) woolog(qi).o0(q2)]=1[g1.921°qs.

Since for each ¢ € I'(Q), the anchor ®(0p(g)) is a linear vector field on B
over po(q) € X(M), there exists a derivation V, : I'(B) — I'(B) over pg(q)
such that ©(og(q)) = V € X!(B). This defines a linear Q-connection V :
I'(Q) xT'(B) — T'(B). For g € I'(Q) and t € I'(Q*), the bracket [og(g), |
is a core section. It is easy to check that the map A : T'(Q) x I'(Q*) — T'(Q%)
defined by

[oo(q). 71 = (Ag0)f

is a Dorfman connection.’

The difference of the two linear sections [og(q1),00(q2)] —00([91.92]s) is
again a linear section, which projects to 0 under 7 . Hence, there exists a vector bun-
dle morphism R(q1,q2) : B — Q™ such that 6 ([¢1, 92]0) —[o0(q1). 00 (92)] =
R(q1,q2). This defines amap R : T'(Q) x I'(Q) — I'(Hom(B, Q*)). We show
in the Appendix that R defines a 3-form w € Q3(Q, B*) by R = R, that
(I =0%.[-.-1. V. w) is a split Lie 2-algebroid, and that [[-, -] is dual to A.

Conversely, choose a Lagrangian splitting X : Q X7 B of a metric double vector
bundle (E, Q; B, M) with core Q* and let S C I'g([E) be the subset

{t1 |t e D(Q*)}U{og(q) | ¢ € T(Q)} S T'(E).

7Note that condition (C3) then implies that |[rT, oo(@)] = (—AgT + p*Qd (7, q))T.
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Choose a split Lie 2-algebroid (/,[-, -], V, @) on Q @ B* with an anchor pg on Q.
Consider the Dorfman connection A that is dual to the dull bracket. Define then
a vector bundle map ® : £ — T'B over the identity on B by ®(og(q)) = ﬁq and
O(z") = (/*7)" and a bracket [ -, -] on S by

[00(q1),00(@2)] = 00ld1,021— Rold1.42),  [o0(@). 1= (A0,
[r%.00(@)] = (~Ag7 + phd (r.q))', [-].]1=0.

We show in the Appendix that this bracket, the pairing and the anchor satisfy the
conditions of Lemma 3.2, and so (E, B; Q, M) with this structure is a VB-Courant
algebroid.

4C2. Change of Lagrangian decomposition. Next we study how the split Lie 2-
algebroid (3% : B* — Q. V,[-.-]. ®) associated to a Lagrangian decomposition
of a VB-Courant algebroid changes when the Lagrangian decomposition changes.

The proof of the following proposition is straightforward and left to the reader.
Compare this result with the equations at the end of Section 3E, that describe a
change of splittings of a Lie 2-algebroid.

Proposition 4.7. Let ©!, %2 : B xps Q — E be two Lagrangian splittings and let
¢ €T(Q* ® O* ® B*) be the change of lift.
(1) The Dorfinan connections are related by Aé‘[ = A(II‘L' —¢(q)(0BT).
(2) The dull brackets are consequently related by [q.q'l> =[q.4']1 +95¢(q)* (4").
(3) The connections are related by V; = V(; —dgogd(q).
(4) The curvature terms are related by wy — wy = dy,+$, where the operator

dy»+ is defined with the dull bracket [[ -, -] on T'(Q).

As an application, we get the following corollary of Theorems 4.2 and 4.6.
Given A : T(Q) xTI'(Q*) - T'(Q*) and V : T (Q) x I'(B) — I'(B), we define
the derivations ¢ : I'(Q) x I'(Hom(B, Q*)) — I'(Hom(B, 0*)) by (04¢)(b) =
Ag (P (b)) — ¢ (Vgb).

Corollary 4.8. Let (Q @ B* — M, pg.d%.[-.-1. V. ®) be a split Lie 2-algebroid.
Then the vector bundle E:= Q ®Hom(B, Q*) is a Courant algebroid with pairing in
B* given by ((q1,$1), (92, $2)) = ¢7 (q2)+5 (q1), with the anchor f: E— Der(B),

p(q,9)* = Vg +¢* 0 0% over p(q) and the bracket given by
[(q1. 1) (q2. 621 = ([91. q21a + 9B(D] (42)). Oqi b2 — Ogab1 + V(@7 (92))
+¢r00g0p1 —¢100p0¢s + Ru(q1.92))-

The map D : T'(B*) — I'(E) sends q to (034, V*q). The bracket does not depend
on the choice of splitting.
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4D. Examples of VB-Courant algebroids and of the corresponding split Lie 2-
algebroids. We give here some examples of VB-Courant algebroids, and we com-
pute the corresponding classes of split Lie 2-algebroids. We find the split Lie
2-algebroids described in Section 3D. In each of the examples below, it is easy
to check that the Courant algebroid structure is linear. Hence, it is easy to check
geometrically that the objects described in 3D are indeed split Lie 2-algebroids.

4D1. The standard Courant algebroid over a vector bundle. We have discussed
this example in great detail in [Jotz Lean 2018a], but not in the language of split
Lie 2-algebroids. Note further that, in [Jotz Lean 2018a], we worked with general,
not necessarily Lagrangian, linear splittings.

Let gg : E — M be a vector bundle and consider the VB-Courant algebroid

Sg:=@E«"E)

TE®T*Er, ———— TM & E*

| |

Egp M

with base £ and side TM & E* — M, and with core E @ T*M — M, or
in other words the standard (VB-)Courant algebroid over a vector bundle gg :
E — M. Recall that TE @ T™*FE has a natural linear metric (see [Jotz Lean
2018a]). Linear splittings of TE @ T*E are in bijection with dull brackets on
sections of TM @ E™* [Jotz Lean 2018a], and so also with Dorfman connections
A:T(TM @ E*)XT(E®T*M)—T'(E @& T*M), and Lagrangian splittings
of TE @ T*E are in bijection with skew-symmetric dull brackets on sections of
TM @& E* [Jotz Lean 2018b].

The anchor ® = pryp : TE @ T*E — TE restricts to the map dg = prg :
E & T*M — E on the cores, and defines an anchor

oTMeE* =Prras : TM ® E* - TM

on the side. In other words, the anchor of (e, 0) is e € X¢(E) and if (TY\Z{)_LSE lin-
ear section of TE@®T*E — E over (X,e) e T(TM & E™), the anchor ©O((X, ¢)) €
x! (E) is linear over X. Let tg : E — E & T*M be the canonical inclusion. In
[Jotz Lean 2018a] we proved that for ¢, g1, e C(TM @ E*) and 7, 11, 1, € T (E®
T* M), the Courant-Dorfman bracket on sections of TE & T*E — E is given by

() [o(g).tTT=(AqD)T,

() [o(gq1),0(g2)]1=0(lg1,921a) — Ra(q1,92) o tE,
and that the anchor p is described by O(o(g)) = ?3‘ € X(FE), where

V:I'(TM ® E*)xT'(E) > T'(E)
is defined by V; = prgoAgoug forallqg e I'(TM & E™).
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Hence, if we choose a Lagrangian splitting of TE & T* E, we find the split Lie
2-algebroid of Section 3D2.

4D2. The VB-Courant algebroid defined by a VB-Lie algebroid. More generally, let

B
Dy, —— B

| |as

Agy —M

(with core C) be endowed with a VB-Lie algebroid structure (D — B, A — M).
Then the pair (D, D) of vector bundles over B is a Lie bialgebroid, with D%
endowed with the tr1V1a1 Lie algebroid structure. We get a linear Courant algebr01d
D @p (D%) over B with side 4 @ C*,

DEBB(D )—— B

l

AdC* —— M

and core C @ A*. We check that the Courant algebroid structure is linear. Let
¥ : Axp B — D be a linear splitting of D. Recall that we can define a lin-
ear splitting of D by X* : B xpr C* — D%, (X* (b, Ym)» Z(@m. bm)) = 0 and
(Z*(bms Ym)» CT(bm» (Ym, c(m)) forall by, € B, am € A, ym € C*andceT (C).
The linear splitting T B xy (A® C*) — D ®p (Dp), E(bm, @m, ym)) =
(Z(am,bm), Z*(bm, ym)) is then a Lagrangian splitting. A computation shows
that the Courant bracket on I'g(D @ p (D)) is given by

[buac(ai.v1).040c(a2,y2)]
= ([O—A(al)’ UA(a2)]’ £0A(a1)0—2'* (VZ) - iO’A(az)do—E‘* (Vl))
= (0ular, az]— R(ay, a2), 08 (V2 72 =V 1)
—(v2. R(@1.)) + (7. R(az. ),
[Gaac+ (@, ). (c.e)'] = (Vacl, (fac + (VFy. D),
[(cr.an)t, (2. 0)T] =0,
and the anchor of D @ p (DY) is defined by
OGaac(a.y)) = O(c4(a) =Va e X' (B), O((c,0)") = (9pc)" € X°(B),

where (dg : C — B,V:T'(4)xI'(B) > TI'(B),V:T'(4) xI'(C) - TI'(C), R)
is the 2-representation of 4 associated to the splitting X : 4 X3y B — D of the
VB-algebroid (D — B, A — M). Hence, we have found the split Lie 2-algebroid
described in Section 3D4.
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4D3. The tangent Courant algebroid. We consider here a Courant algebroid

(E’IOE?II.?.]]’<.?.))'

In this example, E will always be anchored by the Courant algebroid anchor map
pe and paired with itself by (-,-) and D =B~ 1o pfod : C®(M) — I'(E). Note
that [[ -, -] is not a dull bracket.

We show that, after the choice of a metric connection on E and so of a Lagrangian
splitting =V : TM x3; E — TE (see Example 2.2), the VB-Courant algebroid
structure on (TE — TM,E — M) is equivalent to the split Lie 2-algebroid defined
by V as in Section 3D3.

Theorem 4.9. Choose a linear connection V : X(M ) x I'(E) — I'(E) that preserves
the pairing on E. The Courant algebroid structure on TE — T M can be described
as follows, forall e e, e, € I'(E):

(1) The pairing is given by
(e e =0, (o (er).e]) = pisler.ea). and {of (e1).0f (e2)) = 0.
(2) The anchor is given by @(aEv(e)) = 622‘5 and @(eT) = (,oE(e))T.
(3) The bracket is given by
e].e31=0.  [of (en).e;]= (A e0)]

and

[og (e1). o¢ (e2)] = o ([e1. e2la) — R%(er, e2)

Proof. We use the characterisation of the tangent Courant algebroid in [Boumaiza
and Zaalani 2009] (see also [Li-Bland 2012]): the pairing has already been discussed
in Example 2.2. It is given by (Tey, Tes) =L (¢, ¢,) and (Tel,e;) = pyrler.ez).
The anchor is given by ®(7'e) = % € X(TM)and O(e™) = (pe(e))T € X(TM).
The bracket is given by [Te;, Te,] = T[eq, e2] and [Teq, e;]] = [le1, e2]" for all
e,ey,e; € I'(E).

(1) is easy to check (see Example 2.2 and [Jotz Lean 2018b]). We here check (2),
i.e., that the anchor satisfies @(UEV (e)) = 63“5: For € Q' (M) and v, € TM, we
have ©(og (€)(vm))(Ls) = Le, (0,6 (Um) = (Om. PE(Vu,,€)) = L g (um) and for
f e C%®(M), we have

Oy () (pi /) = Pir(pee) 1)

This proves the equality.

Then we compute the brackets of our linear and core sections. Choose sec-
tions ¢, ¢’ of Hom(T M, E). Then [Te, ¢] = f;;g, with £,¢ € I'(Hom(T M, E))
defined by (£.¢)(X) = [e, d(X)]— ¢ ([pe(e), X]) for all X € X(M). The equality
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[[?5 Te] = —£e¢ + DLy (.),e) follows. For 6 € Ql(M), we compute (D{y, efy =
AN (ty) = Pyslpe(e).0). Thus, Dy = T(B~ Tot0) + w for a section Y €
I'(Hom(7'M, E)) to be determined. Since (Dly, Te) O(Te)(Ly) = Kf_pE(e)g,
the bracket (T'(f~! Pe0) + w Te) =L49,pe(e))+(w(-),e) must equal £¢ c(0> and
we find (Y (-),e) = sz(e)dQ Because e € I'(E) was arbitrary we find W(X)
—B~lptixd0 for X € X(M). We get in particular

————————  —

[6. Tel = —£c¢ + T(B™ pE(p(-).e)) — B~ ptixd ($(-), e).

The formula [[¢ ¢’]] = q&’/om can easily be checked, as well as
|[¢> e’] = —[ef ¢]] = —(¢(pe(e)))T. Using this, we find now easily that

[of (e1). 0f (e2)] = [Ter — Ve, Tey — Vees]
= Tle1,es] —£e,V.es +£.,V.e; — T(B 1 pE(V.er,e))

+B71pEd (Ver.e2) + Vie(vie)€2 — Voe(V.er)€l
= Tley,ea]a — £, V.ea + £.,V.e1 + B~ ptd (V.ey, es)

+ Voe(vene2 = Voe(veser-
Since for all X € X(M), we have
—(£e, V.e2)(X)+ (£, V.e1)(X)+B " plixd (V.ey.e2)
= —[e1,Vxeal+Vipe(e).x1€2+le2, Vxe1]=Vipe(er). x1¢1+B8 ' peix d (V.ey,e2)
= —[e1,Vxeal+Vipe(en.x1e2—[Vxer. e2l-Vipe(en). x1¢1+B ot x (V.e1,e2),

we find that [[crE (ey), GE V(ex)] = Tlei.ea]a — RtX‘S(el,ez). Finally we compute

[of (e1). e ]] =[Te,— Ve 2]] = [er. e2]" + VpE(e2)€I = Aelez- O

4E. Categorical equivalence of Lie 2-algebroids and VB-Courant algebroids. In
this section we quickly describe morphisms of VB-Courant algebroids. Then we
find an equivalence between the category of VB-Courant algebroids and the category
of Lie 2-algebroids. Note that a bijection between VB-Courant algebroids and Lie
2-algebroids was already described in [Li-Bland 2012].

4E1. Morphisms of VB-Courant algebroids. Recall from Section 2B that a mor-
phism Q2 : E; — [E; of metric double vector bundles is an isotropic relation
Q C E; x E, that is the dual of a morphism (El)"‘Q1 — (EZ)*Qz' Assume that
E; and E, have linear Courant algebroid structures. Then €2 is a morphism of
VB-Courant algebroids if it is a Dirac structure (with support) in E; x E,.

Choose two Lagrangian splittings X' : Q; x B; — E; and 22 : Q, x By — [E,.
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Then there exist four structure maps
a)O:M1—>M2, Cl)QIQl—>QZs (1)BIBT—>B;, a)lzeﬁz(Ql,a)a"B;)

that define completely €2. More precisely, £2 is spanned over Graph(wg: 01— 0>)
by sections b : Graph(wg) — 2,

b(Gm, ©0(gm)) = (08, (@5h) (Gm) + @, (B)(Gm), 08, (B) (@0 (gm)))
for all b € T'pr,(B3), and ©™ : Graph(wg) — €2,

T (gm- 00 (qm)) = (©HT) (gm). (@0 (gm)))
forall T € FMZ(Q;). Note that €2 projects under 7 g, X7 g, to ng CBixBy. Ifge
I'(Q;) then a)!Qq € I'pr, (w5 Q2) can be written as ) _; f,-a)(!)qi with f; € C*°(M,)
and ¢; € 'y, (Q2). The pair
(08, (@5b)(gm) + 0], (b)(gm), 0B, (D) (W0 (gm)))

can be written as
((0Q1 (@) + {@12(q. ). b(wo(m))) ) (@b (m)), Z Ji (M)ng(qz')(b(wo(M))))-

Hence, Q2 is spanned by the restrictions to sz of sections
(10) (lew)opr1 +{w12(g.-). pry) T opry. Y "(fiogs, oprl)-(ogxqi)oprz))
i

forall ¢ € I'pg, (Q1) and

(11) (@hr) opr;. topry)

for all T € I'(Q3).
Checking all the conditions in Lemma 3.3 on the two types of sections (10) and
(11) yields that Q2 — ng is a Dirac structure with support if and only if

(1) wg : Q1 — Q3 over wg : My — M, is compatible with the anchors p; :

01— TM; and p; : Q7 — TM>:
Tinwo(p1(qm)) = p2(wg(qm))

for all ¢, € Q1,

(2) 910 a)b = w0 d3 as maps from I'(Q%) to I'(By), or equivalently wg 0 97 =
95 owp,

(3) wg preserves the dull brackets up to dJwy,: ie., a)é(dz‘[) + 0], (027) =
dl(a)ér) for all T € I'(Q3).
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(4) wp and wg intertwine the connections V! and V? up to d1 o wyy:
wp(0HV?)gh) = Vy(0p(b)) =01 o (@12(q.-). b) € T(By)
for all ¢,, € Q1 and b € T'(B?), and

(5) wHwR, —wpowR, = —d (v 012 € Q3 (01, w5 BY).

We thus find that €2 is a morphism of VB-Courant algebroids if and only if it induces
a morphism of split Lie 2-algebroids after any choice of Lagrangian decompositions
of E; and [E,.

4E2. Equivalence of categories. The functors Section 2B between the category of
metric double vector bundles and the category of [2]-manifolds refine to functors be-
tween the category of VB-Courant algebroids and the category of Lie [2]-algebroids.

Theorem 4.10. The category of Lie 2-algebroids is equivalent to the category of
VB-Courant algebroids.

Proof. Let (M, Q) be a Lie 2-algebroid and consider the double vector bundle [/
corresponding to M. Choose a splitting M ~ Q[—1] & B*[—2] of M and consider
the corresponding Lagrangian splitting X of E .

By Theorem 4.6, the split Lie 2-algebroid (Q[—1] & B*[—2], Q) defines a VB-
Courant algebroid structure on the decomposition of E4 and so by isomorphism
on E . Further, by Proposition 4.7, the Courant algebroid structure on E ¢ does
not depend on the choice of splitting of M, since a different choice of splitting will
induce a change of Lagrangian splitting of E . This shows that the functor G lifts to
a functor G from the category of Lie 2-algebroids to the category of VB-Courant
algebroids.

Sections 3E and 4E1 show that morphisms of split Lie 2-algebroids are sent by G
to morphisms of decomposed VB-Courant algebroids.

The functor F lifts in a similar manner to a functor Fypc from the category of VB-
Courant algebroids to the category of Lie 2-algebroids. The natural transformations
found in the proof of Theorem 2.3 refine to natural transformations FypcGgo =~ Id
and QQ]-'VBC ~ Id. O

Remark 4.11. Note that we use splittings and decompositions in order to obtain
this equivalence of categories, which does not involve splittings and decompositions.

First, while the linear metric of the linear VB-Courant algebroid is at the heart of
the equivalence of the underlying (metric) double vector bundle (E; B, Q; M) with
the underlying [2]-manifold of the corresponding Lie 2-algebroid, the linear Courant
bracket and the linear anchor do not translate to very elegant structures on the linear
isotropic sections of E — Q and on its core sections. Only in a decomposition, the
ingredients of the linear bracket and anchor are recognised in a straightforward
manner as the ingredients of a split Lie 2-algebroid.
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Since our main goal was to show that, as decomposed VB-algebroids are the
same as 2-representations [Gracia-Saz and Mehta 2010], decomposed VB-Courant
algebroids are the same as split Lie 2-algebroids, it is natural for us to establish here
our equivalence in decompositions and splittings. The main work for the “splitting
free” version of the equivalence was done in [Jotz Lean 2018b]. Another approach
can of course be found in [Li-Bland 2012], but the equivalence there is not really
constructive, in the sense that it is difficult to even recognise the graded functions on
the underlying [2]-manifold as sections of the metric double vector bundle. To our
understanding, the equivalence of [2]-manifolds with metric double vector bundles
is not easy to recognise in the proof of [Li-Bland 2012].

Further, our main application in Section 5 is a statement about a certain class of
decomposed VB-Courant algebroids versus split Lie 2-algebroids. Similarly, in a
sequel of this paper [Jotz Lean 2018c], we work exclusively with decomposed or
split objects to express Li-Bland’s definition of an LA-Courant algebroid [Li-Bland
2012] in a decomposition. This yields a new definition that involves the “matched
pair” of a split Lie 2-algebroid with a self-dual 2-representation. This new approach
is far more useful for concrete computations, since there is no need anymore to
consider the tangent triple vector bundle of E (see [Li-Bland 2012]).

5. VB-bialgebroids and bicrossproducts of
matched pairs of 2-representations

In this section we show that the bicrossproduct of a matched pair of 2-representations
is a split Lie 2-algebroid and we geometrically explain this result.

5A. The bicrossproduct of a matched pair of 2-representations. We construct a
split Lie 2-algebroid (4 & B) @ C induced by a matched pair of 2-representations as
in Definition 2.1. The vector bundle 4 & B — M is anchored by p40pry +ppoprp
and paired with 4™ @ B* as follows:

((@.b), (a,B)) = ala) = B(b)

forallaeT'(A4), beT'(B), x €eT'(A*) and B € I'(B*). The morphism A*&® B* —
C*is 9% opr g« +0poprg«. The A® B-Dorfman connection on A* @ B* is defined
by

Ay, B) = (Voo + £q0 = (V.b, B). Vg B + £, — (V.a. ).

The dual dull bracket on I'(4 & B) is
(12) [(a.b), (@ b)) = (a,d'| + Vpd' — Vya,[b, b+ Vab' —Vaub).

The A & B-connection on C* is simply given by V(*a Y = Vv + Vv and the
dual connectionis V:I'(A & B) x I'(C) — I'(C),

(13) V(a,p)¢ = Vac + Vje.
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Finally, the form w € Q3(4 @ B, C) is given by

(14) w((ai,b1).(az,bz),(as,b3)) = R(ay,a2)bz+R(ay,a3)bi+R(az,a1)by
—R(b1,by)az—R(by,b3)a;—R(b3,by)as.

The vector bundle (4 @ B) & C — M with the anchor p4q o pry +pp o prp :
A®B—>TM, | =(—04;0p):C - AD B, wg and the skew-symmetric dull
bracket (12) define a split Lie 2-algebroid. Moreover, we prove the following
theorem:

Theorem 5.1. The bicrossproduct of a matched pair of 2-representations is a split
Lie 2-algebroid with the structure given above. Conversely if (A @ B) & C has a
split Lie 2-algebroid structure such that

(1) [(a1,0), (az,0)] = (a1, az], 0) with a section [ay,az] € T'(A) forall ay,a; €
I'(A) and in the same manner [(0, by), (0, b5)] = (0, [b1, by]) with a section
[b1,b5] € T(B) forall by, b, € T(B), and

(2) w((a1,0),(a2,0), (a3,0)) = 0 and w((0,b1), (0, b2), (0, b3)) = 0 for all a;,
a, and az in T'(A) and by, by and b3 in T'(B),

then A and B are Lie subalgebroids of (A @& B) & C and (A ® B) & C is the

bicrossproduct of a matched pair of 2-representations of A on B @ C and of B on
A @& C. The 2-representation of A is given by

s 05(c) = pra(l()), Vab = pral(a.0). (0, b)],
Vac = Vg0, Ryp(ai,az)b =w(ay,az,b)
and the B-representation is given by
o 34(c) = —pra(l(c)), Vsa = prl (0. 5). (. 0)],
Vpe = V(o,p)¢, Rp4(by,br)a =—w(by, by, a).

Proof. Assume first that (4@ B) @ C is a split Lie 2-algebroid with (1) and (2). The
bracket [-,-]: T(A) x I'(A) — I'(A) defined by [(a1, 0), (az,0)] = ([a1,a3],0) is
obviously skew-symmetric and R-bilinear. Define an anchor p4 on A by p4(a) =
paeB(a,0). Then we get immediately

([a1, faz].0) = [(a1,0), f(a2,0)] = f(la1.a2].0) + pa@B(a1,0)(f)(a2,0),

which shows that [aq, fas] = flai,a2] + pa(ar)(f)ay for all aj,a, € T'(A).
Further, we find

Jacp. j(ay, az, as) = pryQacy. 1((a1,0), (a2, 0), (a3, 0)))
= —(pry ol cw)((a1,0), (a2,0), (a3,0))) =0

since @ vanishes on sections of 4. Hence A is a wide subalgebroid of the split Lie
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2-algebroid. In a similar manner, we find a Lie algebroid structure on B. Next we
prove that (15) defines a 2-representation of 4. Using (ii) in Definition 3.4 we find
fora € I'(A) and ¢ € T'(C) that
9B(Vac) = (prp ol)(V(a,0)¢)
(i)
= prgl(a, 0), 1(c)] = prpl(a, 0), (0, prp( ()] = Va(dpc).

In the third equation we have used condition (1) and in the last equation the
definitions of dp and V, : I'(B) — I'(B). In the following, we will write for
simplicity a for (a,0) € I'(A & B), etc. We easily get

Ryp(ay,az)dpe = w(ay,az,prg(l(c))) = w(ay,az,l(c)) w Rv(ay,az)c
and
85 R4p(a1.a2)b = (prg ol ow)(ar.az.b) L —pry(Jacy. (a1, az. b))
forall ay,a, € I'(A), b € I'(B) and ¢ € I'(C). By condition (1) and the definition
of V,: T(B) — I'(B), we find
Rv(ay,a2)b =prglai, [az, b]] — prglazlar. b]] — prallai. az], 0]
= —prgUac. (a1, az, b)).

Hence, 0g R4p(ay,a,)b = Ry(ay,a,)b. Finally, an easy computation along the
same lines shows that

(17) ((dyrom Rqp)(ay,az,asz),b) = (dvw)(ay,az,as,b)

for ay,ay,a3 € I'(A) and b € T'(B). Since dyw = 0, we find dysom Rg4p = 0. In
a similar manner, we prove that (16) defines a 2-representation of B. Further, by
construction of the 2-representations, the split Lie 2-algebroid structure on (A4 &
B)®C) must be defined as in (12), (13) and (14), with the anchor p4opr4 +ppoprg
and / = (—dy4, dg). Hence, to conclude the proof, it only remains to check that
the split Lie 2-algebroid conditions for these objects are equivalent to the seven
conditions in Definition 2.1 for the two 2-representations.

First, we find immediately that (M1) is equivalent to (i). Then we find by
construction

la,d4¢]+ Vyzea = —a, pry(l ()] + Vi a(eyy@ = prall(c), a] = —pryla, [(c)].
Hence, we find that (M2) holds if and only if pr4[a, /(c)] = pr4 o/(V4c). But since
[a,lc] = (prala, ((c)], Vaprp I(c)) = (prylla. l(c)]. Vadp(c))
= (prylla. 1(c)], 98 Vac) = (pryla, I(c)], prp(!(Vac))),
we have pryfla, [(c)] = pry ol(Vqc) if and only if [a, /c] = [(V4c). Hence (M2)
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is satisfied if and only if [a,[(c)] = [(V4c) foralla e '(A) and c e T'(C). In a
similar manner, we find that (M3) is equivalent to [[b, /¢ = /(Vjc) forall b € T'(B)
and ¢ € I'(C). This shows that (M2) and (M3) together are equivalent to (ii).

Next, a simple computation shows that (M4) is equivalent to Ry (b,a)c =
w(b,a,l(c)). Since

Ry(a,a')c = Ryp(a,a")dpc = w(a,d', prg(l(c)) = w(a.d’,1(c))
and Ry (b,b")c = w(b,b’,1(c)), we get that (M4) is equivalent to (iv).
Two straightforward computations show that (M5) is equivalent to
pry(Jacy. g(ar,az,b)) = —pry(lw(ay, az, b))

and that (M6) is equivalent to

prgUacy. (b1, b2,a)) = —prg(lw(by, by, a)).

But since prg(Jacy. (a1, a2, b)) = —Rv(ay,az)b by construction and

Rv(ay,az)b =0pRyp(ay,a)b =prg(lw(a;,as,b)),

we find
prg(Jacy. j(ai.az,b)) = —prg(lw(ay, as, b)),

and in a similar manner

pry(Jac. (b1, b2, a)) = —pry(lw(by, ba, a)).

Since Jacy. (a1, az,a3) =0, Jacp. (b1, b2, b3) =0, and w vanishes on sections
of A, and respectively on sections of B, we conclude that (M5) and (M6) together
are equivalent to (iii).

Finally, a slightly longer, but still straightforward computation shows that

(dyBR4B)(b1,b2)(a1,a2)—(dyaRpy)(ay,az)(by, by) = (dvw)(ay,az, by, by)

for all ay,a, € T'(A) and by, b, € T'(B). This, (17), the corresponding identity
for Rp4, and the vanishing of @ on sections of A4, and, respectively, on sections
of B, show that (M7) is equivalent to (v). O

If C =0,then R4yp=0, Rggy =0, d4 =0 and dg = 0 and the matched pair
of 2-representations is just a matched pair of Lie algebroids. The double is then
concentrated in degree 0, with @ = 0, and /; is the bicrossproduct Lie algebroid
structure on A @ B with anchor p4 + pp [Lu 1997; Mokri 1997]. Hence, in
that case the split Lie 2-algebroid is just the bicrossproduct of a matched pair of
representations and the dual (flat) Dorfman connection is the corresponding Lie
derivative. The Lie 2-algebroid is in that case a genuine Lie 1-algebroid.
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In the case where B has a trivial Lie algebroid structure and acts trivially up to
homotopy on d4 = 0: C — A, the double is the semidirect product Lie 2-algebroid
found in [Sheng and Zhu 2017, Proposition 3.5] (see Section 3D4).

5B. VB-bialgebroids and double Lie algebroids. Consider a double vector bundle
(D; A, B; M) with core C and a VB-Lie algebroid structure on each of its sides.
Recall from Section 2A that (D; A, B, M) is a double Lie algebroid if and only
if, for any linear splitting of D, the two induced 2-representations (denoted as in
Section 2A) form a matched pair [Gracia-Saz et al. 2018]. By definition of a double
Lie algebroid, (D%, D7) is then a Lie bialgebroid over C* [Mackenzie 2011], and
so the double vector bundle

D¥ ® Dl —— C*

|

AGB — M

with core B* @ A* has the structure of a VB-Courant algebroid with base C* and
side A @ B. Note that we call the pair (D%, D}) a VB-bialgebroid over C*. Con-
versely, a VB-Courant algebroid (E; Q, B; M) with two transverse VB-Dirac struc-
tures (D1; Q1, B; M) and (D;; Q,, B; M) defines a VB-bialgebroid (D1, D;)
over B. It is not difficult to see that a VB-bialgebroid® (D4 — X, 4 — M),
(Dp — X, B — M) is equivalent to a double Lie algebroid structure on

((D4)%: B.A: M)~ ((Dp)p: B, A: M)

with core X'*,

Consider again a double Lie algebroid (D; 4, B; M), together with a linear
splitting X : A xps B — D. Then the “dual splittings” o} : I'(4) — Flc* (D%) and
op:I(B)— Flc*(DE) are defined as in Section 2.2.3 in [Jotz Lean 2018b], and
satisfy the equations

(18) (0}(a),05(b)=0, (0f(@).a"y=—qt.(@.a), (BT.opb))=q%.(B.b),

foralla e I'(A), b eT'(B), « € '(A*) and g € I'(B*).
Then
>:(A® B)xy C* — D* @ D%,

defined by S((a(m), b(m)), ym) = (0(a)(ym).o5(b)(Ym)), is a linear Lagrangian
splitting of D% @ D7%.
Recall from Section 2A that the splitting

¥ Axpy C* — DY

8 D 4 has necessarily core B* and Dy has core A*.
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of the VB-algebroid (D% — C*, A — M) corresponds to the 2-representation
(VC* vB* —R*) of A on the complex 0% : B* — C*. In the same manner, the split-
ting X* : B xpy C* — D of the VB- algebrmd (Dy — C*, B— M) corresponds
to the 2-representation (VC vA4* _R*) of B on the complex 0% : A" — C*.

We check that the split Lie 2- algebr01d corresponding to the hnear splitting by
of D*% & D7 is the bicrossproduct of the matched pair of 2-representations. The
equalities in (18) imply that we have to consider A @ B as paired with A* @ B* in
the nonstandard way:

((a,b), (@, B)) = a(a) — B(b)
foralla e I'(A), b e T'(B), « € '(A*) and B € T'(B*). The anchor of 6 (a, b) =
(0*(a),0*(b)) is
Vi Vrexlcr),
and the anchor of («, )T = (BT, a) € Lé. (D% @ Dp)is
(%58 + %)t e x°(C™).
The Courant bracket [(0}(a), 0 5(b)), AR T
(04 (@). BT+ €535y BT —iqrd 30 (@) [05 (). @+ £5x e’ —igrdps o (b)),

where dp+« : Tc» (A\* D) — I'c= (/\'+1 D?%) is defined as usual by the Lie alge-
broid D%, and similarly for D7 (bear in mind that some nonstandard signs arise
from the signs in (18)). The derlvatlon £:T(D%)xI'(Dy)—I'(DY) is described by

£gia =0, £gi0p(b) = —(b,VFB)T,
tor@@ = 40", £ou (05 (b) = 0} (Vab) + R(a, )b
n [Gracia-Saz et al. 2018, Lemma 4.8]. Similar formulae hold for
£:T (D) x (DY) — (D).
We get
[@i(@).05®). (BT.aN] = (Vg B+£sB—(V.a.a)'. (Via+Laa— (V.0 B))).
In the same manner, we get

[(o3(a1),05(b1)).(04(az),05(b2))]
= (0 ([a, d') + Vpd' = Vya), o (b, ']+ Vab' = Vb))
+(—R(ay,a2)+R(by,-)az—R(by.-)ay. —R(by, ba)+ R(ay,-)by— R(az,-)by).
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Hence we have the following result. Recall that we have found above that
double Lie algebroids are equivalent to VB-Courant algebroids with two transverse
VB-Dirac structures.

Theorem 5.2. The correspondence established in Theorem 4.6, between decom-
posed VB-Courant algebroids and split Lie 2-algebroids, restricts to a correspon-
dence between decomposed double Lie algebroids and split Lie 2-algebroids that
are the bicrossproducts of matched pairs of 2-representations.

In other words, decomposed VB-bialgebroids are equivalent to matched pairs of
2-representations.

Recall that if the vector bundle C is trivial, the matched pair of 2-representations
is just a matched pair of the Lie algebroids A and B. The corresponding double
Lie algebroid is the decomposed double Lie algebroid (4 xas B, A, B, M) found
in [Mackenzie 2011]. The corresponding VB-Courant algebroid is

AXpyy B* @ A* xpy B——0x M

| |

APB —— M

with core B* @ A*. In that case there is a natural Lagrangian splitting and the
corresponding Lie 2-algebroid is just the bicrossproduct Lie algebroid structure
defined on 4 @ B by the matched pair; see also the end of Section 5. This shows
that the two notions of the double of a matched pair of Lie algebroids — the
bicrossproduct Lie algebroid in [Mokri 1997] and the double Lie algebroid in
[Mackenzie 2011] are just the N-geometric and the classical descriptions of the
same object, and special cases of Theorem 5.2.

5C. Example: the two “doubles” of a Lie bialgebroid. Recall that a Lie bialge-
broid (A, A*) is a pair of Lie algebroids (4 — M, p,[-,-]) and (A* — M, ps,[,"]+)
in duality such that A @ A* — M with the anchor p + p., the pairing

((@r, 1), (a2, @2)) = aj(az) + az(ay),

and the bracket

[(@r,cr), (az, )] = (a1, az]+ £o a2 —ig,d g4+ay, [y, a2 + £4,00 —ig,d 401)

is a Courant algebroid. Lie bialgebroids were originally defined in a different
manner [Mackenzie and Xu 1994], and the definition above is at the origin of the
abstract definition of Courant algebroids [Liu et al. 1997]. This Courant algebroid
is sometimes called the bicrossproduct of the Lie bialgebroid, or the double of the
Lie bialgebroid.
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Mackenzie [2011] came up with an alternative notion of the double of a Lie
bialgebroid. Given a Lie bialgebroid as above, the double vector bundle

T*A~T*A* —— A*

L

A——mM

is a double Lie algebroid with the following structures. The Lie algebroid structure
on A defines a linear Poisson structure on A*, and so a linear Lie algebroid structure
on T*A* — A* In the same manner, the Lie algebroid structure on A* defines a
linear Poisson structure on A, and so a linear Lie algebroid structure on 7*A4 — A
(see [Gracia-Saz et al. 2018] for more details and for the matched pairs of 2-
representations associated to a choice of linear splitting). The VB-Courant algebroid
defined by this double Lie algebroid is (7* 4)* & (T* A)*%. which is isomorphic to

TA®TA* — TM

L]

ApA* —— M

Computations reveal that the Courant algebroid structure is just the tangent of the
Courant algebroid structure on A @ A*, and so that the two notions of the double of
a Lie bialgebroid can be understood as an algebraic and a geometric interpretation
of the same object.

Appendix: Proof of Theorem 4.6

Let (E; Q, B; M) be a VB-Courant algebroid and choose a Lagrangian splitting
¥ : Q xar B. We prove here that the obtained split linear Courant algebroid
is equivalent to a split Lie 2-algebroid. Recall the construction of the objects
0B, A, V,[-, ]Jo, R in Section 4C1, and recall that S C I'g([E) is the subset

{t' |t e N(Q*)}U{og(q) | ¢ € T(Q)} S T(E).

Recall also that the tangent double (7B — B; TM — M) has a VB-Lie algebroid
structure, which is described in [Jotz Lean 2018b, Section 2.2.2]. We begin by
giving two useful lemmas.

Lemma A.1. For B € T'(B*), we have
D(lg) = 0g(d3B) + V*B.

where V*B is seen as follows as a section of T'(Hom(B, Q*)): (V*B)(b) =
(V*B,b) e T'(Q*) forall b € T'(B).



182 MADELEINE JOTZ LEAN

Proof. For € I'(B*), the section d { is a linear section of 7* B — B. Since the
anchor O is linear, the section D{g = @*d (g is linear. Since for any 7 € I'(Q*),

(D(tp). ") = OGN (Up) = g5 {3p7. B).
we find that D(£g) —og(03B) € I'(ker mp). Hence, D({g) — o (d%p) is a core-
linear section of E — B and there exists a section ¢ of Hom(B, Q) such that
D(tg) —og(0xB) = ¢. We have
Uipq) = (#.00(9)) = (D(lg) —00(03B).00(q)) = O(00(9))(Lp) = Lyyp
and so ¢ (b) = (V*B,b) e T'(Q*) for all b € T'(B). d

For each ¢ e T'(Q), Vg, and A, define a derivation {4 of I'(Hom(B, Q%)) as
follows: for ¢ € I'(Hom(B, 0*)) and b € T'(B),

(0q®) (D) = Ag(p (b)) — (VD).
Lemma A.2. Forq eI'(Q) and ¢ € I'(Hom(B, Q*)), we have [oo(q), 5]] = Qq9.
Proof. The proof is an easy computation as in the proof of Lemma 4.4. O

Now we can express all the conditions of Lemma 3.2 in terms of the objects
0B, A, V,[, ]o, R found in Section 4C1.

Proposition A.3. The anchor satisfies ® o ®* = 0 if and only if pg 0 0 = 0 and

5ipu P2+ Vi g, P =0 forall Br. fy € T(BY).
Proof. The composition ® o ©®* vanishes if and only if (® o @*)d F = 0 for all
linear and pullback functions F' € C*°(B). For f € C*(M),

O©*d(¢5 /) = (9o pHd /)T

For B € I'(B*), we find, using Lemma A.1,

O(O*dlp) = O(DLg) = O(0g(03p) + V7P) = Vi + 050 (VFB. ).
Here, dg o (V*B,-) is as follows a morphism B — B; b+ dg({V*pB,b)). On a

linear function £g/, B’ € I'(B*), we have @(0*d{g)({g) = EV* B + KV* B
On a pullback ¢ f, f € C*°(M), this is qB(;E(ona @) 8" e

Proposition A.4. The compatibility of ® with the Courant algebroid bracket [ -, - |
is equivalent to

(1) dpo R(91.92) = Rv(q1.92),

@) po ol -Io =[]0 (po. po). or Aglppd f) = pod (pg(q) () for all
gel(Q)and f € C®°(M), and

(3) dpo A =Voog.
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Proof. We have ®fog(q1),00(¢42)] = [0(00(q1)), ©(00(92)] = [ Vg, Vy,] and

©©00([91.9200) — R(q1.92)) = Vg1 021, — 08 ° R(q1.42).
Applying both derivations to a pullback function g f for f € C*°(M) yields

[Var. Vo @y 1) = a3 (po(@1), pog)]f).
and -
(Vgr.a0o — 98 © R(q1,92)) (@5 1) = a5 (pola1. 4210 (1))

Applying both vector fields to a linear function £g € C*°(B), B € I'(B*), we get

[Var. Va,1(p) = Ly; vy p-vi,vi 8
and -
(Vigr.as1o — 98 ° R(q1.92))(Lg) = Vi 0o B~R@1.02)* 0B
Since Ry+*(q1,92) = —(Rv(q1,92))*, we find that

Olog(q1).00(q2)] =[0(00(41)). O(00(42))]

for all ¢, ¢, € I'(Q) if and only if (1) and (2) are satisfied.

In the same manner, for ¢ € I'(Q) and T € I'(Q™*), we compute

Olog(q). 7" = (BpAgD)"
and
[©©0(@). OGN = [V, @51)" = (V435N

Thus, ©([op(g), )= [O(oo(q)), O (<M if and only if 0p(Ag7) =V4(0pt). O
Proposition A.5. The condition (3) of Lemma 3.2 is equivalent to R(q1,q>) =
—R(q2.q1) and [q1. 4216 + [92. 4116 =0 for q1.q2 € T'(Q).
Proof. Choose ¢1,¢, in I'(Q). Then we have

log(g1).00(g2)]+[og(q2).00(q1)]
=0og([q1.92]0 +92.91]6) — R(q1,42) — R(92.41).

By the choice of the splitting, we have D{(0g(¢1),00(¢2)) = D(0) = 0. Hence, (3)
of Lemma 3.2 is true on horizontal lifts of sections of Q if and only if R(g;,q>) =
—R(q2,41) and [¢1, q2]o +[92, ¢1]e = 0 for all g1, g2 € I'(Q). Further, we have
[oo(q), )= (AqT)T and [T, oo(@)] = (=AgT+ ,o*Qd (r.¢))T by definition. On
core sections (3) is trivially satisfied since both the pairing and the bracket of two
core sections vanish. d
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Proposition A.6. The derivation formula (2) in Lemma 3.2 is equivalent to the
following:

(1) Aisdualto[-, o, thatis[[-, o =1, 1>

(2 lg1. 9216 + g2. 9110 = 0 for all 1,42 € I'(Q), and

(3) R(q1.92)"q3 = —R(q1.93)*q2 for all q1.42. 93 € T'(Q).

Proof. We compute (CA2) for linear and core sections. First of all, the equations
o). 1)) = (I} 1. ) + (). I 1),
O()(1}.00(@) = ([t]. ]1.00(@) + (][] . o@D

and
®(O‘Q(Q))<T17‘Ez) = (IIGQ(q) T]]] Tz) <T1 |[UQ(6]) T2]]>

are trivially satisfied for all 71, 5,73 € I'(Q*) and ¢ € I'(Q). Next, for ¢1,¢; €
I'(Q) and t € T'(Q*), we have:

B(oo(g1)){o0(q2). T —(loo(g1). o0(g2)]. t1) — (00 (42). loa(g1), 1)
= Vo @3 {q2. ) — a3 [91, 4210 T) — 4 {2, Mgy T)
=q5(po(q1)(q2.7T) — ([91. 92]6. T) — (g2. Ag, T))

Thus ©(0¢(q1)){00(q2). ) = ([og(q1). o0 (g2)]. 71 + (00(42). [og(g1). T1])

for all ¢1,¢, € T'(Q) and t € T'(Q¥) if and only if A and [ -, -], are dual to each

other. Using this, we compute

O (oo@1).00@))—([r1.00(D].00(q2))~(00(q1).It".00(g2)])
=0—(—(Ag, D) +(0hd{g1. 7). 00 (42)) — (00(q1). —(Ag, '+ (pd(q2. 7))
= —qg5(lq1. 9216 + [92. 9115 7).

Finally we have ©(0¢(¢91)){(00(¢2),00(q3)) =0forall ¢1,q92,q3 € I'(Q), and
(lop(q1).00(92)].00(q3)) = £_R(q,.92)*q5- This shows that

B(og(q1)){op(92).00(q3))
= (log(q1).00(q2)].00(q3)) + (00(92).[o0(q1), 00 (g3)])

if and only if 0 = —R(q1,¢2)*q3 — R(q1.93)* 2. [

Proposition A.7. Assume that A and [ -, -] are dual to each other. The Jacobi
identity in Leibniz form for sections in S is equivalent to

(1) R(q1.92)00p = Ra(q1,92),
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(2) R(q1,[92:931a) — R(q2.[q91. 93]a) — R([91, 92]A). 43)
+ 0q1 (R(g2,93)) — 02 (R(q1,43)) + g3 (R(q1,92))
= V*(R(q1,92)"93)
forall q1,q2,q3 € T(Q).

If R is skew-symmetric as in (1) of Proposition A.5, then the second equation is
dv+» =0 for v € 2*(Q, B¥) defined by w(q1.¢2.93) = R(91.42)*¢5.

Proof. The Jacobi identity is trivially satisfied on core sections since the bracket
of two core sections is 0. Similarly, for 71,7, € T'(Q*) and ¢ € I'(Q), we find

[oo(@). [z]. 2}l = 0 and [[og(9), 7)1, <1 + [¢]. [og (9). T} 1] = 0. We have
[oo(q1).[oo(g2), T Tl —[o0(42). [o(g1), ']
=loo(q1), (Ag,0) T —l00(42), (Ag,0)']
= (Aq, AQZT)T —(Ag,Agy T)T’

and
[loo(q1).00(q2)], t'1 = [oo g1, 921a) — R(q1,42). ']

= (Ag1.0272 D" + (R(41.42)(@p0)]
by Lemma 4.4. We now choose ¢1,¢>,¢3 € I'(Q) and compute
[log(g1).00(q2)].00(g3)]
= oo (1. 421a) = R(@1.42).00(q3)]
= 0o ([l41. 920 431a) — R([41. 0208 43) — DU(R(gy g2)a5) + O RG1-42)
= 00(lg1.921a- 9318) — R(l41. 4208 43)
— 005 (R(@1.92)43)) = V*{R(1.42)43) + Ogs R(q1-42)
and
loo(q2).log(q1). 00(g3)]
= lo0(42). 00 (41, 431a) = R(g1.43)]
= 00192, l91. 431alla) — R(g2. [41.4518) — Oz R(a1. ).
We hence find that

[log(q1),00(q2)].00(g3)] + [og(g2). log(g1). 00 (g3)]]
= [[OQ (ql)’ IIGQ (qZ)v 0Q ((]3)]]]]
if and only if

[gi. 920, q31a +[92. 191, g931ala = [g1. 92, g3]ala + 05 (R(q1.92) . 43)



186 MADELEINE JOTZ LEAN

and

R([q1,q21a.93) + V¥ (R(q1,92) q3) — Qg3 R(q1. 92)
+R(q2.[91.q3]a) + Og, R(q1.43)
= R(q1.[q2.q31a) + Oq, R(q2. q3).

We conclude using (2) on page 156. O

A combination of Propositions A.3, A.4, A.5, A.6, A.7 and Lemma 3.2 proves
Theorem 4.6.
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