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HARISH-CHANDRA MODULES FOR
DIVERGENCE ZERO VECTOR FIELDS ON A TORUS

ZHIQIANG LI, SHAOBIN TAN AND QING WANG

The Lie algebra of divergence zero vector fields on a torus is an infinite-
dimensional Lie algebra of skew derivations over the ring of Laurent polyno-
mials. We consider the semidirect product of the Lie algebra of divergence
zero vector fields on a torus with the algebra of Laurent polynomials. In
this paper, we prove that a Harish-Chandra module of the universal central
extension of the derived Lie subalgebra of this semidirect product is either
a uniformly bounded module or a generalized highest weight module. We
also classify all the generalized highest weight Harish-Chandra modules.

1. Introduction

Harish-Chandra modules, i.e., irreducible weight modules with finite-dimensional
weight spaces, are no doubt one of the most important families in the study of the
representation theory of infinite-dimensional Lie algebras. The classifications of
Harish-Chandra modules over the Virasoro algebra ([Kaplansky and Santharoubane
1985; Mathieu 1992]), higher rank Virasoro algebras ([Su 2003; Lu and Zhao 2006]),
and many other Lie algebras related to the Virasoro algebra have been achieved in
[Guo et al. 2011; 2012; Lu and Zhao 2010; Liu and Jiang 2008; Mazorchuk 2000;
Su 2004a; 2004b; Su et al. 2012; 2013; Wang and Tan 2007]. Let A = C[£;F!, £5']
be the algebra of Laurent polynomials in commuting variables and B be the set of
skew derivations of A. Let L be the universal central extension of the derived Lie
subalgebra of the Lie algebra A x B. Set L=L @ Cd; & Cd,, where d;, d, are
two degree derivations. In this paper, we study Harish-Chandra modules over the
Lie algebra L =L & Cd; & Cd,, this Lie algebra is a generalization of the twisted
Heisenberg—Virasoro algebra from rank one to rank two (see [Xue et al. 2006; Tan
et al. 2015] for details). The structure of the Lie algebra L has been studied in [Xue
et al. 2006]. Recently, the connection of the Lie algebra L with the vertex algebra

Tan was partially supported by China NSF grants (Nos. 11471268, 11531004). Wang was par-
tially supported by China NSF grants (Nos. 11531004, 11622107), Natural Science Foundation
of Fujian Province (No. 2016J06002) and Fundamental Research Funds for the Central University
(No. 20720160008).

MSC2010: primary 17B10, 17B66; secondary 17B65, 17B68.

Keywords: Harish-Chandra, divergence zero vector fields, generalized highest weight module.

243


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2019.301-1
http://dx.doi.org/10.2140/pjm.2019.301.243

244 ZHIQIANG LI, SHAOBIN TAN AND QING WANG

has been established in [Guo and Wang 2016] and the representation theory of the
Lie algebra L has been studied in [Tan et al. 2015; Guo and Liu 2019; Billig and
Talboom 2018]. However, the classification of the Harish-Chandra modules over
the Lie algebra L is unknown. We prove that a Harish-Chandra module of Lis
either a uniformly bounded module or a generalized highest weight module, and
we classify the nonzero level Harish-Chandra modules of the Lie algebra L. Based
on these results, the classification of Harish-Chandra modules of L reduces to the
classification of uniformly bounded modules of L. In [Guo and Liu 2019], the
uniformly bounded modules satisfying the condition that the torus subalgebra acting
nonzero were classified. Another reason to study the Harish-Chandra modules of
the Lie algebra L comes from the representation theory of the nullity 2 toroidal
extended affine Lie algebras (see [Chen et al. 2018]). It was proved therein that the
classification of irreducible integrable modules with finite-dimensional spaces of
the nullity 2 toroidal extended affine Lie algebras of type A; can be reduced to the
classification of Harish-Chandra modules of L. This phenomenon is similar to the
fact that the classification of irreducible integrable modules of the full toroidal Lie
algebra can be reduced to the classification of irreducible (Der(A,) x A,)-modules
(see [Eswara Rao and Jiang 2005]), where

A, =CIi e

’'n

The techniques in this paper follow from [Lin and Tan 2006; Lin and Su 2013;
Lu and Zhao 2006; Su 2003]. However, we want to point out that in [Lin and Tan
2006], the construction of the generalized highest weight modules of the Virasoro-
like algebra is induced from the Z-graded irreducible modules of a Heisenberg
subalgebra, while in this paper, the construction of the generalized highest weight
module of the Lie algebra L comes from the Z-graded irreducible module of the
subalgebra #p, (see the definition in Section 2), which is the twist of three Heisen-
berg subalgebras. So we first need to classify the Z-graded irreducible #p,-modules
with finite-dimensional graded spaces, which we do in Propositions 2.6 and 2.8. For
the classification of generalized highest weight Harish-Chandra modules of L, we
achieve this by considering the tensor product of the highest weight modules of the
Lie algebra L with a torus. Moreover, we prove that these tensor modules of L are
completely reducible, and every generalized highest weight Harish-Chandra module
of L is isomorphic to one of the irreducible components of these tensor modules.

The paper is organized as follows. In Section 2, we prove that a Harish-Chandra
module of L is either a uniformly bounded module or a generalized highest weight
module. In Section 3, we prove that a nonzero level Harish-Chandra module of Lis
a generalized highest weight module. Then we characterize the generalized highest
weight Harish-Chandra modules with nonzero level. In Section 4, we classify the
generalized highest weight Harish-Chandra modules of L.
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Throughout this paper we use C, Z, Z, N to denote the sets of complex numbers,
integers, nonnegative integers and positive integers respectively. All the vector
spaces mentioned in this paper are over C. Asusual, if u1, uy, ..., u; are elements of
a certain vector space, we denote by (uy, us, ..., ug) the linear span of the elements
ui, Uy, ...,u; over C. The universal enveloping algebra for a Lie algebra g is
denoted by U(g) and GL,«,(Z) denotes the set of n x n invertible matrices with
entries from Z.

2. Harish-Chandra modules of L

In this section, we first recall some basic definitions about Harish-Chandra modules
of L and some results for Heisenberg algebras. Then we prove that a Harish-Chandra
module of L is either a uniformly bounded module or a generalized highest weight
module.

Lete; = (1,0), e, =(0,1), ' =Ze, + Ze,. Letting (x1, x2), (y1, y2) € ', we
define (x, x2) > (y1, y2) if and only if x; > y; and x; > y,, and (x1, x3) > (y1, yo) if
and only if x; > y; and x, > y,. For any by = b1e; +b12e2, by =br1e1+bre, €T,
we set

b
det ( 1) =b11b2 — b12by;.
b,

Now we recall the definition of the Lie algebra arising from the two-dimensional
torus (also called the Heisenberg—Virasoro algebra of rank two). See [Xue et al.
2006] (cf. [Tan et al. 2015]) for details.

Definition 2.1. The Heisenberg—Virasoro algebra of rank two is the Lie algebra

spanned by
{t", E(m),K; |meT\{0},i =1,2,3,4}

with Lie bracket defined by
(", t"1=0, [K;,L]1=0, i=1,2,3,4,

[, EGn)] = det (2 )™ 4+ 6.0 h(m),

[EGm), Em)] =det () ) Em+m)+ 8y f (),

where m =me; +mpey, h(m) =m K| +myKs, f(m)=mK;+myKy.

We denote this Lie algebra by L. Set E(0) =1 =0 for convenience. Obviously L
is a Zz—graded Lie algebra and the subalgebra (E (m), K3, K4 |m €T\ {0}) of L
is a Virasoro-like algebra. Let L=L @ Cd, ® Cd,, where di, d, are two degree
derivations defined by

[di, E(m)] =m;E(m), [di,t"]=mit", [di,K;1=0, [di,dr]=0,

form=mje;+more; €', i=1,2and j =1, 2,3,4. Lemma 2.2 is easy to check.
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Lemma 2.2. Let 0 # by = by1e; +bpe; € I" and by = by1e; +bye; €T

(1) Then (E(xkby), f(b1) | k € NY and (E(kby), t=*P, h(b)) | k € N) and
(E(—kby), t*b1, h(by) | k € N) are three Heisenberg subalgebras of L, and

(2) {by1, b2} is a Z-basis of T if and only if det(z;) =41.

Now we recall some definitions related to the Harish-Chandra modules for L. A
weight module of L is a module V with weight space decomposition

V:@VX,

LeCo

where Vi = {v eV | div=2Av, Kjv=2x;15v, i =1,2, j=1,2,3,4} and
A= (A1, ..., .s) € C° For a weight module V, we define the weight set of V by
P(V)={r e C’| Vi #0}. A weight module is said to be guasifinite if all weight
spaces V) are finite-dimensional. Furthermore, if there exists a positive integer N
such that dim Vj, < N for all A € C°, we call V a uniformly bounded module. An
irreducible quasifinite weight module is called a Harish-Chandra module. Note
that the centers K|, K», K3, K4 of L act on an irreducible weight module V as
scalars, i.e., K;.v = c;v forcertainc; € C, i =1,2,3,4, forall ve V. And we
call (cy, c2, c3, cq) the level of the module V. For simplicity of notation, we write
Vir, 1) instead of V(;, 5, if the module V is irreducible, i.e., the level (cq, . . ., c4)
is fixed. One can easily see that there exist 11, A € C such that P(V) C (A, o) +T
for an irreducible weight module V of L. If there exists a Z-basis B = {by, by}
of I' and 0 # vy € Vy such that V = Z/l(Z)v;~ and E(m)v) = t"v, = 0, for all
meZb+7.b,, wecall V a generalized highest weight module with generalized
highest weight A corresponding to the Z-basis B. The nonzero vector v is called
a generalized highest weight vector corresponding to the Z-basis B, or simply
generalized highest weight vector.
Let {b;, by} be a Z-basis of I" and let

Hp, = (E(kby), *0 K keZ\{0}, i=1,2,3,4).
Denote -
Lo=Hp, ®Cd & Cd,,
Li = (E(mby +iby), 1"V \me7), i#0,
Z+ = @ML, L_= ®i<ozi.
Then L = Z+ &) Zo &) L_. Let V be an irreducible weight Zo—module. We extend V

to be a (Z+ @ Zo)—module by defining Z+.V = 0. Then we obtain the induced
L-module

M (V)= M, by, V) = Indk

L+@Zo V == Z/{(L) ®U(Z+€BZO) V
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It is clear that, as vector spaces,
M(by. by, V) ~UL_)®c V.

The L-module M (b1, by, V) has a unique maximal submodule J (by, by, V) trivially
intersecting with V. Then we obtain the unique irreducible quotient module

M(V)=M(by, by, V)= M(by, by, V)/J (b1, b2, V).

It is clear that M (V) is uniquely determined by the Z-basis {b;, b,} of I" and the
Lo-module V.

Remark 2.3. The irreducible Z-module M (b1, by, V) constructed above is a gener-
alized highest weight module corresponding to the Z-basis {b; + b, b +2b,} of T.

We recall some results about the Z-graded module for Heisenberg Lie algebras.

For any 0 # b; € T, denote the subalgebra (E(+kb;), f(b1) | k € N) of L
by Ep,. For any Ej -module V, if the eigenvalue of f(b;) is a scalar then we call it
the level of V. Let

E, = (E(kby) | £k € N).

For 0 # a € C, let Cv, be a one-dimensional (EZ1 @ C f (by))-module such that
Ezl.va =0, f(b1).vy =av,, €€ {+, —}. Consider the induced Ej,-module

M*(a) = U(Ep,) Qu(E; ecf k1) CVa

associated with a and ¢ (a is the level of M®(a)). Then the Ejp -module M?(a) is
irreducible.
The following result is due to Propositions 4.3(i) and 4.5 in [Futorny 1997].

Theorem 2.4. If V = P, _, Vi is a Z-graded Ep,-module of level 0 # a € C and
dim V; < oo for at least one i € Z then

(1) if V is an irreducible module then V >~ M*(a) for some ¢ € {+, —};
(2) V is completely reducible.

Let {by, by} be a Z-basis of I'. For a Hp,-module V, if f(by), h(b1), f(b2), h(b2)
act as scalars ¢y, ¢2, ¢3, c4 € C, then we call (cy, ¢2, 3, c4) the level of the Hy, -
module V. Furthermore if (cy, 2, ¢3, ca) = (0, 0, ¢3, c4), we say that V is a Hp, -
module of level zero. Otherwise, V is nonzero level. In the following, we will
discuss the irreducible #,-modules. First we recall the classification of Z-graded
irreducible Hp,-modules of level zero. Then we classify the Z-graded Hp,-modules
of nonzero level with finite-dimensional graded subspaces.
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Set T = C[t*']. Let p : Hp, — C be a linear function with p(f(b1)) =
p(h(b1)) = 0. We can define a H;,-module structure on 7' by

(2-1) fB).t" =0, E(kby).t" = p(E (kby))t*",
(2-2) h(by).t" =0, o = p (Kb,
(2-3) f(bo).t" = p(f(b))t", h(by).t" = p(h(b)t",

where n € Z, k € Z \ {0}. We denote
Tp.i(Hp,) =U(Hp,) 1!

the Hp,-submodule of T generated by t' fori € Z. And we write T, 0(Hp,) as
T, (Hp,) for short. From the definition, we see that

(2-4) Tp.i(MHp) =Ty j(Hp,)
fori, j € Z as Hp,-modules.

Remark 2.5. For linear function p : E, — C with p(f (b)) = 0, we can define a
E}p,-module structure on the Laurent polynomial ring 7" with the action given by
(2-1). Similarly, let T, ; (Ep,) ::L{(Ebl).ti be the Ejp,-submodule of T generated
by ¢/ for i € Z. And we also write T, 0(Ep,) as T,(Ep,) for short.

Then we have the following results from Lemma 3.6 and Proposition 3.8 in
[Chari 1986].

Proposition 2.6. (1) The Hp,-module T,(Hp,) (resp. Ep,-module T, (Ep,)) is irre-
ducible if and only if T,(Hp,) = T, (resp. T,(Ep,) = T,) for some r € Z,, where
To=Cland T, =C[t",t7 "] ifr e N.

(2) If V is a Z-graded irreducible Hp, -module (resp. Ep,-module) of level zero, then
V >~ T,(Hp,) for some linear function p : Hp, — C with p(f(b1)) = p(h(b1)) =0
(resp. V 2 T, (Ep,) for some linear function p : Ey, — C with p(f(b1)) =0), and
T,(Hp,) =T, (resp. T,(Ep,) =T,) for somer € Z,.

Remark 2.7. Since (101, E(—kby), h(by) |k eN) and (t=**1| E(kb,), h(b1) |k eN)
are two Heisenberg Lie subalgebras of L, Theorem 2.4 and Proposition 2.6 also
hold for their corresponding Z-graded irreducible modules.

For convenience, we let £, denote the set of all linear functions p : Hp, — C
with p(f(b1)) = p(h(b1)) = 0 such that the Hp,-module 7,(Hp,) is irreducible.
Let tp, = (1701 | k e N). Note that tp, is a centerless Heisenberg subalgebra of L.
Let T,(tp,) be the submodule of T generated by 1, where p is a linear function
p : tp, — C. The structure of the fp,-module T is defined in a way similar to
that of Ej,. In the following proposition we classify the Z-graded irreducible
Hp,-modules with nonzero level.
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Proposition 2.8. Let V = D, _, Vi be a Z-graded irreducible Hp, -module with
dimV; < oo foralli € Z. Suppose f(by).v=civ, h(b)).v=cyv, f(by).v=c3v
and h(by).v = c4v for v € V, where ¢y, ca, c3, c4 € C and (c1, ¢3) # 0.

(1) If ;1 #0 and ¢y # 0, then

V >UHp,) Qu(EKby), *1, f(b;), hb;)lkeN, i=1,2)) Cl,
where (E(kby), t*' |k e N).1=0, f(b).1=cil, h(b)).1=c21, f(by).1 =c3l
and h(by).1 = c41 or
V =UHs,) QUE(—kby), 1741, (b)), h(bi)lkeN, i=1,2)) Cl,
where (E(—kby), t™0 |k e N).1 =0, f(b)).1=cil, h(b)).1=c21, f(by).1 =
c3l and h(by).1 = c4l.
2) If c;y #0 and c, =0, then
V = T,(ty,) ® M*(cy),
for some linear function p : ty, — C such that T,(tp,) = T, for some r € Z,

where M*(c1) is the irreducible Ep -module of level ¢y, € € {4+, —}.
) Ifcy =0and ¢y #0, then

vV U(an) ®u((E(kb1), t*81, £ (b)), h(bi)|keN, i=1,2)) Cl,

where (E(kby), t* |k e N).1=0, f(b)).1=0, h(b)).1=c21, f(by).1 =c3l
and h(b,).1 = c41 or

V > U(Hsp,) ®M((E(fkb1), t7%b1 | £(B;), h(b;)|keN, i=1,2)) Cl,

where (E(—kby), t %1 |k eN).1=0, f(b)).1=0, h(b)).l1=c21, f(by).1=c3l
and h(by).1 = c41.

Proof. (1) If ¢ # 0 and ¢y # 0, by Theorem 2.4 we know that there exists some
0 # vg € V;, for some iy € Z such that E(kb;).vo =0 for any k € N or —k € N.
Without loss of generality, we assume k € N; then U ((E(—kb;) | k € N))vg is an
irreducible Ej -module. Let

W :=U(*®, E(by), f(b1), h(b)) |keN, [ €Z\{0})vgC V.

Note that W as a Z-graded (t**', E(—kby), h(b;) | k € N)-module is completely
reducible. Then we have that
w=(D(D vin)) e (B(D Vi)
iel m;eX; jelJ anYj

where
Vi = U, E(—kby), h(by) |k € N)vim, = M (c),
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for some 0 # v; ,,, € V; N W with £kb: Wi, =0forallkeN,iel, m € X;,and

Vi, =UW, E(=kby), h(bi) [k e NDuj,, =M™ (c2),

where 0 £ uj,; € VW with E(—kby).uj,, =0forallkeN, je J, n;eY;,
I,J,X;,Y; € Z. Note that I has an upper bound, J has a lower bound and all
X;, Y; are finite sets since dim V,, < oo for all n € Z. Assume J # &; then there
exists some nonzero vector wyg € W N'V; such that E(—kb;).wg =0 for all k € N
and some i € Z. Consider Wy =U(Ep,)wo € W, then

Wo =UCEIb1) |1 € N)).wg

and Wy is afree U((E(lb;) |l € N))-module. On the other hand, since wy € W, there

exists k € N such that E(kb;).wo = 0, which is a contradiction. Thus J = @ and

W=, (B,,x, Vt+m,) Since [ has an upper bound, there exists 0 #ug € WNV;,

for some iy € Z such that E(kby).ug = %01 o = 0 for all k € N. This shows that
V =UMb) @u ey, 1, £®y), ke, i=1,2)) Clo-

Another case is similar.

(2) If ¢; # 0 and ¢, = 0, we can write

Hp, =1y, @ Ep, @ Cf(b2) ®Ch(by) ® Ch(by).

From Theorem 2.4, Proposition 2.6 and [Li 2004, Lemma 2.7], this result follows.

(3) If c; =0 and ¢; # 0, by Theorem 2.4, V is completely reducible when we
view V as a module of the two subalgebras (r %01, E(kb;), h(b;) | k € N) and
(t*br, E(—kby), h(by) | k € N). We write

v=(®(D i) e (B(B Vi)

iel m;eX; JE€J njey;

when it is viewed as the module of the Lie algebra (t=%b  E(kby), h(b)) | k e N),
where I, J, X;,Y; CZ,

Vi, =UCT Ekby), h(by) |k € N)vim, = MT(c2)
with E(kby).viy, =0forallkeN,i eI, m; € X;,0# v;,, € V; and

Vo, =UQ N Ekby), h(b) |k € N)uj,, = M~ ()
with t‘kbl.uj‘n_i =0forallkeN, jeJ,njeY;and0#u;,; € V;. Similarly, we
write

— + -
v=(D(D W) e (D(D w.,))
iel piexl{ jelJ’ qjeyj/.

when it is viewed as the module of the Lie algebra (t**', E(—kby), h(b)) | k € N).
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Note that both I and I” have upper bounds, J and J’ have lower bounds and all
Xi, Y, X, YJ/. are finite sets as dim V,, < oo forall n € Z. If I = &, similar to the
proof in (1), we get

14 2M(Hbl) ®L{((E(kb1), kb1 £(B;), h(b)lkeN, i=1,2)) Cl,

where (E(kby), t*' |k e N).1 =0, f(b)).1=0, h(b)).1 =c21, f(br).1 =c3l
and h(by).1 = c41. Now suppose I #= &. We can choose 0 # vg € Viim[o for some
ig € I, m;, € X;, such that E(kb;).vo =0 for all kK € N. Then we have vy = w; +w,
where

wie (B(B wh,))nv and we (P(D wi,,)) 0V

i€l pieX; jelJ’ qjeYJ’.

If w; # 0, we can choose large enough &y € N such that E(—kgb).w, = 0 since
J' has a lower bound. Since @/ (D,ex; Wi',,) is a free (E(—kby) | k € N)-
module, we have 0 # E(—kob1).wi = E(~kob1).vo € @/ (B ,ex: Wi',,) and
E(kb]).E(—kobl).Uo = E(—k0b1).E(kb1).U0 =0 for all k € N. Now we claim
that there exists 0 # v € V; for some i € Z such that t*1 vy = E(kb;).v = 0 for
all k € N. In fact, if t*21.(E(—kob1).vo) = O for all k € N, this is done by setting
v = E(—koby).vo. If there exists k; € N such that 5121 (E(—kob).vo) # 0, set
vy = 15101 (E(—koby).vo). We can repeat this process, and, since I’ has an upper
bound, we know that it will terminate after finitely many steps. This implies that

V = UHby) @uekby). 1. by, hboikeN, i=1.2) CLs

where (E (kby), t*P' |k eN).1=0, f(b;).1=0, h(b)).1=c21, f(br).1=c31and
h(b2).1 =c4l. If w; =0, i.e., vo = wy, we know that there exists some 0 #u € Vj,
for some jo € Z such that E(kb;).u =0 for k € Z\ {0}. In fact, if there exists n; € N
such that E(—n1b;)vg %0, set uy = E(—n1b1)vg. We also have E(kby).u; =0 for
all k € N'since f(by).V = 0. We can repeat this process, and, since J' has a lower
bound, we know that it will terminate after finitely many steps. Then,

V = UHp,) QuUEmby), fbi), hbi)mez\(0}, i=1,2)) C1,

where E(mby).1 =0forallm € Z\{0}, f(by).1=0, h(by).1=c21, f(by).1=c31
and h(b;).1 = c41. This contradicts the condition that dim V; < oo for all i € Z.
Then the conclusion follows. U

Fix a Z-basis {by, by} of ', b; = bj1e| + b€, and A1, A, € C. Any Z-graded
‘Hp,-module V = @,z V; with fixed level can be extended to a weight module of Lo
by defining

divj = (A + jbi)v;, drvj = (k2 + jb12)vj,

forv; € V;, j € Z. One can easily see that the vector space V' is a weight Lo-module
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and P(V) C (A1, A2) + Zb,. For the Z-graded irreducible #;,-modules given in
Propositions 2.6 and 2.8, we let

+n) —
V7o) =UHb,) Quewb), 1, K;jkeN, i=1,2,3,4) C1,
V7(e) =U(Hp,) ®u((E(—kb1), t7%b1 | K;lkeN, i=1,2,3,4)) Cl1,

Mf) (c)= Tﬁ(tb1 YRME®(c1) and T, (Hp,)(c) =T,(Hp,). We can extend these modules
to weight Lo-modules by the above method, and then we denote the corresponding
Zo—module by V*(c,1), V(c, L), Mf) (¢, A) and T,,(Hp,)(c, A) respectively, where
¢ = (c1,¢3,¢3,¢4), A= (A1,A2), and f(by), h(by), f(by) and h(b,) act as the
scalars ¢y, ¢z, ¢3, c4 € C, respectively.

With this notation, the following results can be obtained from Propositions 2.6
and 2.8.

Corollary 2.9. Let V = ,_, Vi be any irreducible weight module of Lo with
dimV; < oo foralli € Z,and f(b)).v=cjv, h(b1).v=cyv, f(by).v=c3vand
h(by).v = cav for v e V, where V; := V(3 1,)+ib, for some fixed A = (A1, A3) € Cc2
(1) If (c1, ¢2) # 0, then V = V¥(c, LX) or V. = M;(c, A) for some linear function
p :ty, = Cwith T,(ty,) =T, for somer € Z, and ¢ € {+, —}.

(2) If (c1,¢2) =0, then V = T,(Hp,)(c, A) for some p € Ep,.

The following lemma give the characterization of the irreducible weight modules
of L with finite-dimensional weight spaces.

Lemma 2.10. Let {by, by} be a Z-basis of T'. V is an irreducible weight module
of L with finite-dimensional weight spaces and f (by), h(by), f(b2), h(by) actonV
as scalars c1, ¢z, c3, c4 respectively. If there exist A1, Ay € C such that V(y, 5,y #0
and P(V)N (A1, A2) +Zby + Nby) = &, we have:

(1) Ifci =2 =0, V = M(bi, by, T,(Hp,) (e, N) for some p € Ep,.
(2) Ifc1 #0,¢c2=0, V=M (b1, by, M;(c, X)) for some linear function p : tp, — C
satisfying T, (tp,) =T, for somer € Z..
B) Ifc; #0, V >~ M(by, by, VE(c, L)), where ¢ € {+, =}, A = (A1, A2), ¢ =
(C17 C2, C37 C4)‘
Proof. Let W = @iGZV()LI,)\2)+ib’]\: Since P(V) N ((rq, &2) + 7Zby + Nby) = &,
we see that W is an irreducible Ly weight module and L W = 0. Thus by the
construction of M (by, b, W) and the PBW theorem, there exists an epimorphism ¢

from M (b1, by, W) to V such that ¢ |y = idy. Therefore, the lemma follows from
Corollary 2.9 and the irreducibility of V. ]

Using the same notation as in Lemma 2.10, the following lemma shows that the
cases (2) and (3) of Lemma 2.10 don’t occur.
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Lemma 2.11. For any Z-basis {by, by} of T, neither M (b, by, M;(c, X)) nor
M(by, by, VE(c, M) is a Harish-Chandra module.

Proof. Using the notation in Lemma 2.10, for the case that f(b;) acts as the scalar
c1 # 0, the lemma follows from Lemma 2.6 in [Lin and Tan 2006]. So we only need
to consider the case where ¢; =0, ¢y # 0. Without loss of generality, we may assume
that there exists a weight vector 0 # vy € V¥¢(c, L) such that E(kb)vy = %P1y, =0
and E(—kb;)vg # 0 and 1 *bry, # 0 for all k € N (see Proposition 2.8(3)). For any
n €N, we can choose k; € Z, 1 < j <nwith0 <k; <k <--- <k, such that
h(—kjby +by)vg #0 for 1 < j <n. We claim that

{E(kjby — byt P vy | 1 < j <n} S M(bi1, b, VE(e, M)y 00)—bs

is a set of linear independent vectors, therefore the conclusion follows. In fact, if
Y1 a; E(kjbi — byt~ vy =0, then

n
0= t_klb]+b2 ZajE(kjbl — bz)t_kjb' ()
j=1

b N kjb1 — by
=ajh(—kib; + by)t ™ "'vy + Zaj det
j=2

(ki—k\)by ;,—k ;b
¢ ki Kby,
—k1b1+b2)

Since h(—k1by + by) # 0, this implies a; = 0. Similarly, we can prove a; = a3 =
... =a, = 0. Therefore the conclusion follows. O
From Lemmas 2.10 and 2.11, we have:

Proposition 2.12. Let {by, by} be a Z-basis of T and let V be a Harish-Chandra
module of L. If there exist .1, Ay € C such that P(V)N ((A1, A2) +Zb1 +Nby) = &
and Vi, 5,y 7 0, then V.= M (b, by, T,(Hp,)(c, X)) for some p € Ep,.

Remark 2.13. If V is a Harish-Chandra module V of L satisfying the conditions
in Proposition 2.12, then ¢ = (0, 0, c3, c4), i.e., f(b1), h(b}) act trivially.

As one of the main results in this paper, we prove that a Harish-Chandra module
of L is either a generalized highest weight module or a uniformly bounded module.
First, we need the following lemma.

Lemma 2.14. An irreducible weight L-module V is a generalized highest weight
module if there is a Z-basis {by, by} of T and a weight vector v # 0 such that
E(b))v=Eby)v=1t"v=0.

Proof. Since there is a weight vector v # 0, such that E (b)v = E(by)v =1t"'v =0,
by induction, we have
Emv=t"v=0

for m € Nb; + Nb,. Therefore, we have

Emv=t"v=0
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form € Z,b| + 7. b,, where b} = 2b; + by, b, =3b; + b, € I". It is obvious
that {b}, b}} is a Z-basis of I". Now we get that V is a generalized highest weight
module since V is irreducible. U

Proposition 2.15. A Harish-Chandra module V of L is either a generalized highest
weight module or a uniformly bounded module.

Proof. Let (A1, A2) € P(V) and let V := Vi3, 3,46 for b € . Then V =P, Vp.
If V is not a generalized highest weight module, for m = (m, m;) € I, consider
the linear maps E(—mie; + €2) : Vinmy) — Vom+1), E((1 —my)e; + e2) :
Vimy.my) = Vii.mp+1) and t"€1%€2: Vo, oy — Vo my+1)- By Lemma 2.14, we have

ker E(—mie; +ey) Nker E((1 —m)e; + e2) Nkers ™e1+e2 =,
This shows that
dim Vimimy) = 2 dim Vo,my+1) + dim Vi, ma+1)-

Now we consider the linear maps E(—e; + (1 — m3)e2) : Vo m+1) = Vi=1.2),
E(—e; —m2ez) : Vio.my+1) = V(-1,1) and peme Vo.my+1) = Vi=1,1). By the
same reasoning, we get

dim Vo.m+1) < 2dim V(—l,l) + dim V(_l,z).

Similarly, we have

dim V(l,mz-i—l) < 2dim V((),l) + dim V(o,z).

Thus, V is a uniformly bounded module. ]

3. Nonzero level Harish-Chandra modules of L

In this section, we study the nonzero level Harish-Chandra module V of L, which
satisfies K;.v =cjv forve V, 0# (c1, c2,¢3,¢4) € c*
We denote
[p.ql={xIxeZ p=<x=gq}

and similarly for (—oo, p], [¢, 00) and (—o0, +00). First, we have:

Theorem 3.1. If V is a nonzero level Harish-Chandra module of L, thenVisa
generalized highest weight module.

Proof. Without loss of generality, we may assume the center element K| acts
as 0 # ¢y € C. Let (A1, A2) € P(V). Set Wy := Dicz Vo 1) +ie # 0. From
Theorem 2.4, we see that W, as a (E (ke;), t~ker K, | k € N)-module is completely
reducible. Also from Theorem 2.4, we know that V is not a uniformly bounded
module. Thus V is a generalized highest weight module. (]
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Corollary 3.2. If V is a uniformly bounded Harish-Chandra module of L, then
Kiv=0forveV, i=1,2,34.

We assume that V =P, . Va4x is a nontrivial generalized highest weight Harish-
Chandra L-module with generalized highest weight A = (A1, A») corresponding to
a Z-basis B = {by, by} of I'. Without loss of generality, we assume A = 0.

Lemma 3.3. (1) For any v € V, there exists p > 0 such that E(iby + jby)v =
10y =0 for all G, j) = (p, p).

2) Forany0 £ v €V, (m, my) > 0, we have E(—m1b; — myby)v % 0.

3) If b :=i1by +iyby € P(V), then for any (m1, my) > 0, there exists m > 0 such
that{x € Z | b+ xa € P(V)} = (—o0, m], where a = m by + myb,.

Proof. Let vy be the generalized highest weight vector of V corresponding to the
Z-basis B.

(1) Since v = uvq for some u € U (Z), u can be written as a linear combination of
elements of the form u,, , =t1101+7182 .. ¢inb1+inb2 B (k1 by 411 b)) - - - E (kpby+1,by).
Without loss of generality, we may assume u = u,, ,. Take

P1=—Xi <0is — Tk, <0k + 1, pr=—2; c0js — Xy, <0l + 1.
Fix m € Z,. By induction on n, one gets E(iby + jby)v = 217752y = 0 for all
(i, j) = (p1, p2). Take p = max{p;, p2}. Then the result follows.
(2) Suppose E(—m by —myby)v =0 for some 0 %= v € V and some (m, mj) > 0.
Let p be as in the proof of (1). Then one gets
E(—m1by —maby)v = E(by+ p(mib +mzby))v=E(by+ p(mi1b; +mab2))v =0

tb]+p(m]b|+m2b2) b2+p(m|b]+m2b2)v —=0.

V=t
Note that the Lie algebra L is generated by these elements, so we have Lv = 0,
which contradicts V being a nontrivial irreducible module.

(3) See Lemma 3.2 in [Lin and Tan 2006]. O

The following lemma follows from Lemma 3.3 and the proof is given in [Lin
and Tan 2006].

Lemma 3.4. There exists a Z-basis B' = {b'{, b'»} of T such that:

(1) V is a generalized highest weight module with generalized highest weight 0
corresponding to the Z-basis B'.

Q) (Zob 1 +Z4 b2} NP(V) =0,
(3) {(=Z4b'y = Z1b'2) S P(V).
@) If i1’ +i2b'y ¢ P(V), then k\b'y + kab'> ¢ P(V) for (ki, k2) > (i1, i2).
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(5) Ifi1b'1 +ix2b'> € P(V), then k\b'| + kob'y € P(V) for (ki, kz) < (i1, i2).
(6) Forany 0 # (k1,ky) >0, (i1,ip) € I', we have
{(x €Z|i1b'| +irb's+ x (ki b’y +kab'5) € P(V)} = (—o0, m]
for somem € Z.

From now on, we assume that V is a nontrivial generalized highest weight
Harish-Chandra module with generalized highest weight 0 corresponding to the
Z-basis B = {b1, by} and B satisfies the properties in Lemma 3.4. To characterize
the nontrivial generalized highest weight Harish-Chandra module V of L, we need
the following lemmas due to [Lin and Tan 2006] (cf. [Lu and Zhao 2006; Su 2003]).

Lemma 3.5. If there exist an integer s > 0 and (iy, i2), (k1, ko) € I" such that ki,
ky are coprime, and

{i1h1 +i2by +x15b1 +x25by | (x1, x2) € T, k1x1 +koxo =0} NP(V) = 2,

then V.= M1, b2, T,(Hy,)(c, L)) for some Z-basis {b'1, b'>} of T' and some
p € Ey,, where f(b'1), h(b'1), f(b'2), h(b'2) act as scalars ¢y =0, ¢, =0, ¢3, ¢a
respectively and ¢ = (cy, ¢y, ¢3, C4).

Lemma 3.6. [f there exist (i1, i), (0, 0) # (ky, kp) € I such that
{izb1 +i2by +x(kib) +koby) | x €e Z}NP(V) = @,

then V.= M(b', b5, T,(Hy,)(c, L)) for some Z-basis {b'1, by} of T' and some
p < 5b/l.

Lemma 3.7. If there exist (0,0) = (m,n) e ', (i, j) €T, p,q € Z such that
{x €eZ|ibi+ jby+ x(mb| +nby) € P(V)} 2 (—o0, p]U][q, 00),

then V.~ M(b'\,b'», T,(Hp,)(c, L)) for some Z-basis {b'1, by} of T' and some
o €&,

Lemma 3.8. If there exist (i, j), (k,l) € I" and x1, xp, x3 € Z with x| < xp < X3
such that

(3-1 iby + jby +x1(kby +1by) ¢ P(V),
(3-2) iby + jby + x(kby +1by) € P(V),
(3-3) iby + jby 4+ x3(kby +1by) ¢ P(V),

then V.~ M(b'\,b'», T,(Hy,)(c, L)) for some Z-basis {b'1, b2} of T' and some
o €&,



HARISH-CHANDRA MODULES FOR VECTOR FIELDS ON A TORUS 257

Proof. Without loss of generality, we may assume k, [ are coprime. Thus we
can choose (m,n) € I' with kn —Im = 1. Let b’y = kby + [b, and let b’ =
mby + nbs; then {b'|, b'>} is a Z-basis of I". Replacing x, by the largest x < x3
with ib) + jby + x (kb + [by) € P(V), then replacing x3 by x, + 1 and (i, j) by
(i, j) +x2(k, ), we can assume

(3—4) X1<xZ=O<X3=l.

We may assume that there exists s € Z with

(3-5) b+ jby+ b2+ by = (i +m)by + (j +n)by +s(kby +1by) ¢ P(V).
Otherwise, by Lemma 3.7, we are done. Thus by (3-1)—(3-5), we have

E(x1b'1)vip,+jb, = E(x1 (kb1 +1b2))vip, 4 jb, = 0,
R Y
E®b'1)vip,+jb, = E(kby +1b2)vip, 1 jb, =0,

*1 Vib,+jby = tkb1+lbzvib1+jb2 =0,
E(b'>+sb' ) vip,+jp, =0,
P2y g, =0,
where 0 # vip, 4 b, € Vi, +jb,. Note that since x| < 0, we have that
(E(pb'1+qb>), 1”742 | peZ g eN)
belongs to the subalgebra generated by
(EGib'1), EB'1). E(Qy+sby), 901, P, oty

We obtain E(pb'| +qb'2)vip, + jp, = tpb/1+qb/2vib,+jb2 =0 for p e Z, g € N. Since
{b'1, b5} is a Z-basis of I" and V is irreducible, from the PBW theorem, we have
V =U(L)vip,+jb, and

{iby + jby +7b' +Nb L} NP(V) = 2.
Thus the result follows from Proposition 2.12. U
Lemma 3.9. Ifthere existi >0, j <0 and 0£v,€V,, ac C2, b=mb,+nb, #£0,
such that E(ib)v, =0, E(jb)vg =0, then V.= M(b'y, b'>, T,(Hp,)(c, L)) for
some Z-basis {b'1, b2} of T and some p € Ey,.
Proof. Write (m, n) =s(m’, n’) with m’, n’ coprime and s > 1. Then we can choose
(map,np) €I with n’'my —m'ny = 1. Let by = m'b; +n'by, b’y = myby + naby;
then {b'1, b’} is a Z-basis of I'. Fix any 0 # g € Z.
Case 1: If {a+¢gb'> +xb'| | x € ZYN'P(V) = &, then, by Lemma 3.7, we are done.
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Case 2: If there exist integers x; < xp < x3 with @ + gb’, + x,b'y € P(V) and
a+qgb,+x;b'y ¢ P(V), i =1,3, then, by Lemma 3.9, we are done.
Case 3: If there exist m, n € Z with
(—oo,mlU[n,00) C{x€Z|a+qgbr+xb| €P(V)},

then, by Lemma 3.8, we are done.

Now if the above three cases don’t occur, we know that there exists some
integer p, such that A, := {x € Z | a + qb'> + xb'y € P(V)} = (—o0, p,] or
[pg, 00). We first assume A, = (—00, p,]. Thus

E(qb's— jxsb'| £b'1)vg = 11277815y, —

for a sufficiently large integer x > 0. Since E(jb)v, = E(jsb'1)v, = 0, we can
obtain
E(gb'2+b'1)vg = 1972y, = 0.

If Ay =[py, 00), by a similar argument, we can also obtain
E(gb'2+b'1)vg = 1972y, = 0.
This implies
E(£(®'14+b2)ve = E(E®'1+262))v, =0, 1501y, = (=120, — 0,
Since {b'1 + b'5, b’y +2b',} is a Z-basis of I', L is generated by
[E(£D1 +b2)), E(E@B +2b'5)), rFO 102 =120y
Thus V=U (Z) Vg is a trivial module, which is a contradiction. O

The following proposition gives the characterization of the nontrivial generalized
highest weight Harish-Chandra module.

Proposition 3.10. [fV is a nontrivial generalized highest weight Harish-Chandra
L-module with generalized highest weight A = (A1, Ay) corresponding to a Z-basis
B ={b1, b2} of T, then V. > M (b1, b'>, T,(Hy,)(c, 1)) for some Z-basis {b'1, b’}
of I and some p € &y .

Proof. From Lemma 3.9 and the proof of Proposition 3.9 in [Lin and Tan 2006],
we can obtain our result. (]

Together with Theorem 3.1 and Proposition 3.10, we have:

Theorem 3.11. If V is a nonzero level Harish-Chandra L-module, then
V=M@, b, T,(Hy,)(c, L))
for some Z-basis {b'1, b'2} of T and some p € Ey,, h € C~
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4. Classification of generalized highest weight Harish-Chandra L-modules

In this section, we will provide the classification of generalized highest weight
Harish-Chandra modules of L by using the highest weight modules of L. From
Proposition 3.10, we only need to find in which case the irreducible generalized
highest weight L-module M (b1, by, T,(Hp,)(c, 1)) is a Harish-Chandra module.

First we give a triangular decomposition of L and construct a class of Z-graded
irreducible highest weight modules of L. Recall that

Li = (Emby +iby), "1 |\ mez), iez\{0},

and

I,=@L. I.=-@L.

i>0 i<0
Then L=L, ®Hp SL._.

Remark 4.1. In this section, we call a L-module V a highest weight module
(corresponding to the Z-basis {b;, b,}) if there exists a nonzero v € V such that
V=U(L)vand L, .v=0.

For any linear function p : Hp, — C with p(f(d1)) = p(h(b;)) =0, we define a
one-dimensional (Hp, @ L4 )-module Cvg as follows:

(4-1) Livo=0, x.vp=px)vg, x€Hyp,.
Then we have an induced L-module

(4-2) V(p) =Indy, o7 Cuo=U(L) By, e, Clo

We see that V (p) is a Z-graded module. It is clear that V(p) has a unique maximal
Z-graded submodule J(p). Then we obtain a Z-graded irreducible highest weight
L-module

V(p) =V (p)/J (p) = ®iezV (p)i,
where, fori € Z,
V(p)i =
Span@{E(z'lbl + 102) E(izb1 + job2) -+ - E(imb1 + jmbo)t* 1 Th102 o yonbrthabay,

m n
|m,n€Z+, ij—l—ka:i}.
p=1 p=1

We call V (p), for i € Z the weight space of the L-module V (p). If dim V (p); < oo,
we say that the weight space V (p); is finite-dimensional.
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For later use, we need a conception of an exp-polynomial function. Recall from
[Billig and Zhao 2004] that a function f : Z — C is said to be exp-polynomial if it
can be written as a finite sum

(I’l) = Z Cm, anm n

for some ¢, , € C,me Z, and 0 # a € C.
The following lemma is due to [Wilson 2008].

Lemma 4.2. A function f : Z — C is an exp-polynomial function if and only if
there exist ay, . . ., a, € C with apa, # 0, such that

> aif(m+i)=0,
i=0

forallm € 7.

Remark 4.3. In general, for fixed ay, . . ., a, € C with apa, # 0, the exp-polynomial
function f satisfying Y ;_,a; f(m+i) =0, for all m € Z, is not unique.

Then we have the following result.

Proposition 4.4. Suppose the linear function p : Hp, — C such that p(f(b1)) =
p(h(by)) = 0. Then the Z-graded L-module V (p) has finite-dimensional weight
spaces if and only if there exist two exp-polynomials g; : Z — C satisfying
Yo paigitk+i)=0 for j=1,2, ke Z, a; €C, apa, #0 and

b b
21(0) = det (b‘)mf(bz)), 22(0) = det (b1>p(h(b2)),
2 2

g1(m) = p(mE(mby)), g2(m) = p(mt™"), m € 7\ {0}.
Proof. First, we define two linear maps ¢p, ¢, : ([:[t1 , t2 ] — L by

E(mib; +maby) ifi=1,
(41
$i(0"'1,”) = {tm1b1+m2b2 ifi=2.

If V (p) has finite-dimensional weight spaces, since dim V (p)_; < oo and

P1(tit; g € V()

for all i € Z, there exists k € Z and a nonzero polynomial P(t) = Z?:o a; t{ e C[y]
with apa, # 0 such that

¢1(t5 15 P(11))vo = 0.

Applying ¢;(t1) for any s € Z, i =1, 2 to the above equation respectively, we get

(4-3) (Zai(k+s+i)E((k+s+i)b1)+det (b )a r— Af(b2)> vw =0
b,

i=0
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and

(4-4) (Z a;j(k + s + i)t *Fs+0b1 4 det ( 1)a_k_sh(b2)) 20 =0,
b,

i=0

where a_;_y =01if —k —s ¢ {0,1,...,n}. Set g; : Z — C such that g;(0) =
det(’;;) o(f (b)) and g1 (m) = p(mE(mby)) for m € Z\ {0}. Then (4-3) becomes

n
Zaigl(m+i) =0, forallmeZ.
i=0

Set g» : Z — C such that g,(0) = det(z)p(h(bg)) and g(m) = p(mt"?) for
m € Z \ {0}. Then (4-4) becomes

Zaigz(m 4+i)=0, forallmeZ.
i=0

From Lemma 4.2, we have that g, g, are exp-polynomial functions.

Conversely, we use Theorem 1.7 in [Billig and Zhao 2004] to prove that the Z-
graded L-module V (p) has finite-dimensional weight spaces, i.e., dim V (p); < oo
for all i € Z. Since Cuvy is a one-dimensional 7{p,-module with exp-polynomial
action, i.e., Hp, acts on Cvg through two exp-polynomials g, g2, and Z+.v0 =0,
from Theorem 1.7 in [Billig and Zhao 2004], we just need to prove that L is
Z-extragraded (see Definition 1.4 of the same work). Set the index sets X; =
{(1,7), (2,i)} fori e Z\ {0} and Xo = {(i,0) |i =1,2,...,6}. Fori € Z\ {0}, let

fiy = {E<ib;+jb1>, k=(1,i), jeZ,
KT pibak i k=2, i), jeZ,
and
JE(bY), k=(1,0), j#0,
Ly = { jei™, k=(2,0), j#0,
K;, k=G+2,0),i=1,2,3,4, j=0.

Claim 1: L is a Z-graded exp-polynomial Lie algebra (see Definition 1.2 in [Billig
and Zhao 2004]).

In fact, letL:®jez L(j), where L(j):(ﬁ;{(j)lieZ, keX;). [L(j1), L(j»)]<
L(j1 + j») for ji, j» € Z. Thus L is Z-graded, and it is straightforward to check
that L is an exp-polynomial Lie algebra with the distinguished spanning set
(Li() | keX;, i, jeZ).

Claim 2: The Z-graded exp-polynomial Lie algebra L is Z-extragraded.

In fact, let L = @D, L', where LO = (L} (j) | jeZ, keX;). [LW, L] C

L@+ for j;, iy € Z, i.e., L has another Z-gradation. O
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For linear function p : Hp, — C with p(f(b1)) = p(h(b1)) =0, we say that p
is an exp-polynomial function over Hp, if there exist ao, ..., a, € C, apa, # 0 and
two exp-polynomials gg, g; given by

b b
21(0) = det (b‘)mf(bz)), 22(0) = det (b‘)pm(bz)),
2 2

and
g1(m) = p(mE(mby)), ga(m) = p(mt™®")

for all m € 7\ {0} such that Z;’:Oaigj(k+i) =0forj=1,2, keZ.

Let
b\ (o @
( ) =( )GGszz(Z)-
b, P2 92

Set Jl = p1d1 + pada, c?z = q1d; + g2d>. Then we have
[d;, E(m1by +maby)) = m; E(mby +nby), [d;, 1™P1Fm2b2] =y gmibrtmabe

fori = 1,2, mi, mp e’.

Now we construct a class of Z>-graded irreducible generalized highest weight
L-modules by using the above Z-graded highest weight L-module V (p). For any
linear function p : Hp, — C with p(f(b1)) = p(h(by)) =0, we set

V(p)=V(p) ®C[t*']
and define the actions of L on V(p) as
E(mb; +nby).(v ® t*) = (E (mb + nby).v) @ 1",
by () @ tky = (pmbinbe gy @ gk
d.(wet") =k e,
dh. ) =j e,
Ki.(v®th = (K;.v) @t

for (m,n) € 7>\ {0}, v e V(p)j, j€Z, i=1,2,3,4. Itis clear that V(,o) is a
7*-graded L-module, and

Vip)= B V)mm,

m,nez

where V(,o)(m ny = V(p)n @1t". We call V(,o)(m ny» M, n € Z weight spaces of the
module V(,o) with respect to dl, d2

Let W (i) be the L-submodule of V(p) generated by vg ®tl, i €Z, where vy is
defined in (4-1).
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Lemma 4.5. Let p € &, and W(i) be a 7%-graded irreducible L-submodule
of V(p).

(1) If T,(Hp,) = To. then V (p) = B,z W (D).
(2) If T,(Hp,) = T, for some r € N, then V(p) = @/_y W ().

Proof. We need to notice the following two facts. First, any nonzero L-submodule of
V(p) contains vo®¢' for some i € Z. Second, the two L-submodules W(m)=W(n)
if and only if ™" € T,, where T, = T,(Hp,), r € Z4. For (1), that W(7) is an
7? -graded irreducible L-module follows from V(,o) being an irreducible L-module.
For (2), let M be a nonzero submodule of the L-module W (i); then vyo®1t" € M for
some n € Z. Since U(Hp,)(vo @ 1) = vo @ (T - t') and vo @ t" € U(Hp,) (Vo R '),
we have t" € T, - t'. This implies that vo ® t' € W(n) C M, i.e., W(i) € M. Thus
M = W (i), which shows that W (i) is irreducible. O

For p € &,, we know that there exists a unique maximal Z2-graded submodule
J (i) of V(p) which insects W (i) trivially by Lemma 4.5. Then we get the Zz—graded
irreducible L-module

Vip,i)=V(p)/J (@)= W().

Remark 4.6. (1) From Lemma 3.3 in [Wilson 2008], we see p € &, if p is an
exp-polynomial function over Hp, .

(2) For p € &, W(i) = W(j) as an L-module up to a shift of the action of ch,
i, j € Z from (2-4) and Lemma 4.5.

Lemma 4.7. (1) For any linear function p : Hp, — C with p(f (b1))=p(h(b1))=0,
the L-module V (p) has finite-dimensional weight spaces if and only if L-module
V (p) has finite weight spaces.

(2) For p € &,, M (b1, by, T,(Hp,)(c, L)) = f/\(p, 0) as an L-module up to scalar
shifts of the actions of dy, d».

Proof. (1) Since V(p)(m,n) =V(), ®t", m,n € Z, the first assertion is obvious.

(2) For any L-module W, it is clear that we can modify the actions of d; and d5. In
fact, let o be the corresponding representation of this L-module W. Set T(x)=o0(x)
forx € L, and 7w (d;) = o (d;) + a; IdW for some fixed a; € C, i =1, 2. Obviously,
w:L— gl(W) is a representation of L, i.e., one can define a new L-module structure
on W through shifting the actions of di, d>. Note that U (Hp,).(vo @ 1) = T,(Hs,)
for p € &, and Z+.(U(Hb,).(vo ® 1)) = 0. Then the result follows from the
irreducibility of V (p, 0). O

By Lemma 4.7, together with Proposition 4.4, we obtain the main result in this
section.
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Theorem 4.8. For p € &,, the irreducible generalized highest weight L-module
M by, by, T,(Hp,)(c, L)) is a Harish-Chandra module if and only if p is an exp-
polynomial function over Hp,.

Remark 4.9. If p is an exp-polynomial function over Hp,, then the generalized
highest weight Harish-Chandra M (b1, by, T,,(H3,)(c, X)) is a one-dimensional triv-
ial module if and only if p =0, i.e., T,(Hp,) = Tp, ¢ = 0.
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