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FENG L1U AND DASHAN FAN

We study certain singular integral operators, as well as their corresponding
truncated maximal operators, along polynomial curves. Assuming that the
kernels of operators are rough not only on the unit sphere but also on the
radial direction, we establish certain weighted estimates for these operators.
As applications, we obtain that these operators are bounded on the mixed
radial-angular spaces LIxIL(I; (R") and on the vector-valued mixed radial-
angular spaces Lf:cle (R", £7). The bounds are independent of the coeffi-
cients of the polynomials in the definition of the operators. Our results we
obtained improve theorems of Antonio Cérdoba (2016) and Piero D’Ancona
and Renato Luca (2016).

1. Introduction

Let R" be the Euclidean space of dimension n and S"~! denote the unit sphere in
R" (n > 2) equipped with the normalized Lebesgue measure do. The mixed radial-

angular spaces Lf;le (R™), 1 < p, p < oo, consist of all functions u satisfying

||u||Lp LP(R,,) < 00, where

1/p

o0
||u||LP L,}(R") <\/O‘ ||u(10 ')”iﬁ(sn—l)pn_l dlo) )

”u”L‘OXO‘Lg(Rn) = ili% ||M(/O : ) ||Lﬁ(sn—l).

The spaces L, leg (R™) have the following easy properties:
(i) f p=pand1 < p < o0, then
(1-1) il 1y = el
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(ii) If u is a radial function on R” and 1 < p <00, 1 < p < 00, then
el = o

(i) f 1 < p; < pr<ooand 1 < p < oo, then

1l 121y < Gl 7
Here the notation A ~ B means that there are positive constants C, C’ such that
A <CBand B <C'A. i

One might think that the mixed radial-angular space L, Ly (R") is merely a
formal extension of the Lebesgue space L”, but recently it has been successfully
used in studying Strichartz estimates and dispersive equations (see [Cho and Ozawa
2009; Cacciafesta and D’ Ancona 2013; Fang and Wang 2011; Luca 2014; Machihara
et al. 2005; Ozawa and Rogers 2013; Sterbenz 2005; Tao 2000]). Also, it plays
active roles in the theory of singular integral operator. Cérdoba [2016] proved that
the singular integral

Q(y) 4
|y]"

where €2 is a homogeneous function of degree zero, is bounded on Lp LZ([R{") for
all 1 < p < oo, provided that 2 € C'(S" 1) and satisfies

(1-2) Tof(x)=p.v. /Rn f(

(1-3) /s Q) do(y) =

D’ Ancona and Luca [2016] then used the argument in Cérdoba’s Theorem 2.1 to
extend the above result:

Theorem A. Let Q € C'(S"™1) satisfy (1-3) and 1 < p < 00, 1 < p < oo. Then
”TQf”LP L/’(Rn) — CQ P> p”f”LP LP(R”)

Recently, Cacciafesta and Luca [2016, Theorem 1.1] extended Theorem A to the
weighted setting.

On the other hand, it is a long-time interesting topic to study the rough singular
integral operators. Precisely, by assuming that Q € Llog L(S"~!), Calderén and
Zygmund [1956] proved that T, is bounded on L?(R") for 1 < p < oo. Their proof
is based on the rotation method to reduce the operator Tg, to the directional Hilbert
transform so that the well-known Riesz theorem can be applied. Fefferman [1979]
considered another singular integral

hdyDR )

|y]"

(1-4) Thof(x)=p.v. /W fx—y)
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where €2 is given as in (1-2) and k(-) € L*°(R;) with Ry := (0, 0c0). Clearly,
the operator Tq corresponds to the special case of 7, o for A(¢) = 1. Fefferman
discovered that the Calder6n—Zygmund rotation method is no longer available if the
operator T}, o is also rough in the radial direction, for instance 4 € L*°, so that new
methods must be addressed. In his fundamental work on 7}, o, Fefferman [1979]
proved that 7}, o is bounded on L7 (R") for all 1 < p < oo if @ € Lip, (8" 1) for
some « > 0 and h € L*°(R,). Afterwards, Namazi [1986] improved Fefferman’s
result by assuming Q2 € L9(S"~") for g > 1 instead of € Lip,, (S"~'). Subsequently,
Duoandikoetxea and Rubio de Francia [1986] used the Littlewood—Paley theory to
improve the above results to the case 2 € L9 (S 1) for any g > 1 and h € A»(Ry).
Here A, (R;), y > 0, is the set of all measurable functions & defined on R

satisfying
1 (R 1)y
I7lla,®y) = SuP(ﬁ/ |h()]Y dt) < 00.
R>0 0

In the same article, they also studied the L?”(R") boundedness for the maximal
operator

Ty o f (x) = sup

e>0

h(lyDS2(y)
fla—y—= gy,
|y|>€ |Y|

These results were improved and extended by many authors (see [Al-Salman and
Pan 2002; Fan and Pan 1997; Liu 2014; Liu et al. 2016; Sato 2009]). It is worth
remarking the following inclusion relations:

(1-5) c'(s"" C Lip,(S"™") € LI(S" ),
(1-6)  L®[Ry) =Ax(Ry) S A, (R C A, Ry for 1<y <y < 0.

In light of the above background and observation, a question that arises naturally
is the following:

Question B. Are 7}, o and T}, bounded on L}, Lg (R") (p # p) if @ € LI(S"™")
and h € A, (R;) for some 1 < g, y < 0o0?

In this paper we will give an affirmative answer to the above question by treating
a family of operators that are even broader than 7} o and Th"jQ. To be more precise,
let h, 2 be given as in (1-4) and Py(¢) be a real polynomial on R of degree N
satisfying P(0) = 0. The corresponding singular integral operator 7p, and the
related maximal singular integral operator T;,“N along the “polynomial curve” Py

on R" are defined by

h Q
TPNf(x) =Pp.Vv. /I%nf(x — PN(|V|))”)%CZ};,

h Q
Fx = Py(lyy) 202G

T}, f(x) = sup
Py |y|>€ |y|"

e>0

dyl|,
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where y' = y/|y| for y #0. Clearly, Tp, = Ty o and Ty =T, if Pn(t) =1.
In order to obtain the L";‘ L g (R™) boundedness of Tj, o and Th*,Q’ we will establish
some weighted inequalities. Our main results can be stated as follows.

Theorem 1.1. Let Py(t) be a real polynomial on R of degree N and satisfy
Py (0) = 0. Suppose that Q@ € L1(S"™V) satisfies (1-3) and h € A, (Ry) for some
l<gq,y <o

(1) Let2 < p < oo. Then for any nonnegative measurable function u on R", the
following inequality holds:

(1-7) 1Tey fllLraw) < Ch.q.y.ps NI flLeay ) Vs > 1.

(i1) Let 1 < p <2 and {ty}ren be a sequence of positive numbers satisfying ty =2/ p

and

Tyl

kw1 o 2 I
Then for any nonnegative measurable function u on R" and any fixed k € N,
the following inequality holds:

(1-8) 1Ty fllLrw) < Ch.q.y.ps. Nl FllLrayuy VS > 1.

Here and throughout the paper we use C, Q o.p.y,... t0 denote positive constants that
depend on the functions 2, h and parameters o, B, v, . .. appearing either in the
definitions of the operators or in the statements of the theorems. In particular, they
are independent of the coefficients of the polynomial Py in the definition of Tp,.
In (1-8) we also used the notation

ANYL[:{M{VVM—J’_M?M?]M—FHN,SM l.fl<p<2’

5 LN,SM lf\z S p< 00,
» i A

Lysu= ZMi\—i_l_lMgsMsu’ Hou = ZMzMiaMHl—zu VI<i<N
i=0 i=1

and Mf’su = (M)‘:’(u“'))l/s, Mfu = (MFu®)VS for any k € N, Hy su = (Hyu®)!/*.
Here M* denotes the Hardy—Littlewood maximal operator M iterated k times for all
k e Nand M )‘:’ is a maximal operator given as in the proof of Theorem 1.1.
Theorem 1.2. Let Py(t) be a real polynomial on R of degree N and satisfy
Py (0) = 0. Suppose that Q@ € L1(S"™V) satisfies (1-3) and h € A, (Ry) for some
l<gq,y <o

(1) Let2 < p < oo. Then for any nonnegative measurable function u on R", the

following inequality holds:

(1-9) ITpy fllLrw) < Ch2.qy.pslfllLr@y Mutoy vy Vs > 1.
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(i1) Let 1 < p <2 and {ty}xeN be given as in Theorem 1.1. Then for any nonnegative
measurable function u on R" and any fixed k € N, the following inequality
holds:

(1'10) ”T;Nf”Ll’(u) =< Ch,Q,q,y,p,s,N,tk||f||LP(@N1XMSu+@N1A_MA2'u) Vs > k.
Here o
On {Mf,vu—i-Mf,Mf,Vu—l—HN’su ifl<p<2,
Nsu=1_ " .
’ Mévu-i-LN,su—i-IN,su—i-JN’su if2<p< oo,

where Ly s is given as in Theorem 1.1 and

Losu=Y MMM u, T, = ZMZ oMy YI<A<N.

As applications of Theorems 1.1 and 1.2, we obtain the Lf;ng (R™) boundedness
of the operators Tp, and Tp  in following results.

Corollary 1.3. Let Py(t) be a real polynomial on R of degree N and satisfy
Py (0) = 0. Suppose that Q@ € L1(S"™") satisfies (1-3) and h € A, (Ry) for some
l<gq,y<oo Thenforl <p<ooandl < p < o0, the following inequalities
hold:

(1-11) ||TPNf||LP L@ = < Ch..q.y.p.p. N”f”LP LI @y
N\1/P
(1-12) H (Z |Tprj|”) _
P 5P mn
jez L|x|L9(R ) 1/p
< Ch,Q,q,y,p,ﬁ,NH (Z |fj|p> ,
jGZ L‘IlILP(Rn)

where the constants C.Q 4.y.p,5,N > 0 are independent of the coefficients of Py.

Corollary 1.4. Let Py(t) be a real polynomial on R of degree N and satisfy
Py (0) = 0. Suppose that Q@ € L1(S"™V) satisfies (1-3) and h A, (Ry) for some
1<gq, y <oco. Thenforl < p < p < o0, the following inequalities hold:

(1-13) 175, F g 1y < Choarp s ¥y 17y
1/p
(1-14) H (Z T3, /i |P>
jez |X|L9 (R™) 1/p
=< Ch,Q,q,y,p,ﬁ,NH (Z |fj|p> B s
jez Ly Ly (R

where the constants Cy.Q 4.y.p,5,N > 0 are independent of the coefficients of Py.
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Corollary 1.5. Let Pyn(t) be a real polynomial on R of degree N and satisfy
Py (0) =0. Suppose that Q2 € L1 (S*1h satisfies (1-3) and h € A, (Ry) for some
l<gq, y <oo:

(1) Ifl<p<ooandl < p < oo, then

1/p
@15 |(Srmnsr)

jez

< Ch,Q,q,7.p.5.N
L (R

(Z |fj|ﬁ)l/p~

jez

Lr(R?)

(i) If1 < p < p < o0, then

A\1/p
(1-16) H (Z IT;?ijI”>

jez

1/p
< Ch2.q9.y.p.5.N

(Dmﬁ)

jez

LP(R") LP(R")

aaaaa

Remark 1.6. Corollary 1.3 improves and generalizes Theorem A by (1-5) and
(1-6).

The rest of this paper is organized as follows. Section 2 contains a key criterion,
which says that certain weighted norm inequalities for an operator will automatically
imply its boundedness on the mixed radial-angular spaces, vector-valued mixed
radial-angular spaces, and vector-valued inequalities. The main results of this
paper will be proved in Section 3, where the proofs of Corollaries 1.3—1.5 are
based on Theorems 1.1 and 1.2 and the criterion established in Section 2 (see
Proposition 2.1). Finally, we will discuss several corresponding results concerning
the Hardy-Littlewood maximal operator, Calderén—Zygmund operators, and the
singular integral operators with Grafakos—Stefanov kernels. We would like to remark
that the main idea in the proofs of our results is a combination of ideas and arguments
from [Cérdoba 2016; D’ Ancona and Luca 2016; Hofmann 1993; Liu 2014].

Throughout this note, for any p € (1, 00), we let p’ denote the dual exponent
to p defined as 1/p + 1/p’ = 1. In what follows, for any function f, we define f
by f(x) = f(—x). We denote by M¥ the Hardy—Littlewood maximal operator M
iterated k times for all k =1, 2, ... Specifically, MK =M when k= 1. Fors > 1,
we denote Myu = (Mu®)!'/S. For f € L?(u), we set

1/p
Il fllLr@w = (/R If(x)lpu(x)dx> )

2. A criterion

To prove our main results, we need the following proposition, which is of interest
in its own right.
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Proposition 2.1. Let 1 < p < 00 and {t }ren be a strictly decreasing sequence of
positive numbers satisfying limy_, oo ty = 1. Assume that T is a linear or sublinear
operator such that

(2-1) ITfllLrw < CpsullfllLrgw) Vs>t

for any fixed positive integer k and any nonnegative measurable function u on R",
where G is a bounded operator from L1(R") to itself for any q € (s, 00) with s > t.
Then for any p < g < 00, the following inequalities hold:

(2-2) ”Tf”L"’Xng(R” <Cpyq ”f”fo‘Lg(R")»
1/p 1/p
(2-3) H (Z |Tfj|P> <Cpyq (Z If,-l”) :
jez Lﬁng(R") Jjez LTIX‘L(‘;’(R")
1/p 1/p
(2-4) ‘(ZWJV’) <Cpyq (Zml”)
jez L1(R™) jez L9 (R")

Proof. We only prove (2-2) since (2-3) and (2-4) can be proved similarly. The
argument in the proof of (2-2) is essentially the same as in the proof of [D’ Ancona
and Luca 2016, Theorem 2.6]. Let 1 < p < g < 0o and write r =¢q/(q — p). Fix a
number s in the interval (1, r) and choose kg as the smallest integer for which we
have #,, < s. We denote by X the set of all g € ¥(R) with fooo g (p)p" tdp <1.
By polar coordinates, we write

) 00 q/p » rlq
(2-5) IITfIILqXLg(W)z( /0 ( /Sn_lle(p@)lpdo(G)> p dp)

= sup fo /S L ATF(00)178(p)p" " do(0) dp

geX

= SHP/n ITf)1Pg(x]) dx.

geX

Fix g € X. Let I(g) := fR,l |ITf(x)|”g(]x|)dx and h(x) = g(]x|). Changing
variables, we obtain from (2-1) and Holder’s inequality that

1(g) = Cps.iy, er | fCOIPGs(h) (x) dx

=< Cp,s,tko [) /S'l |f(,09)|p do(0) gs(g)(p)pn_l dp

00 q/p rlq
=< Cp,s,tko </O (L » |f(,09)|pdo—(9)> Pn_ld,o>

1/r
% /0 Go() () P! dp)
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=< Cp q ”f”Lq Ll’(Rn ”gs (h)”L’ Rm)
< Cp q ||f||L‘1 LP(Rn)?

which, together with (2-5), yields (2-2). O

3. Proofs of main results

In this section we shall present the proofs of Theorems 1.1 and 1.2 and Corollaries
1.3-1.5. In what follows, we may assume, without loss of generality, that Py (t) =
SN it with ¢; # 0. We also let Po(t) = Y/, a;t' for A =1,2,..., N and
Po(t) =0.

Proof of Theorem 1.1. For A € {1,2, ..., N}, we define two families of measures
{0k 1 }kez and {|ok 1|}kez respectively by

h Q
/ f(X)de,x(x)zf f(PA(|x|)x/)de
R 2k < || <2k+1 |x |

h Q
/ f(x)d|0k,k|(x)=/ F(P(Ix])x )M
R 2k <|x|<2k+ x|

We also define the maximal operators M7 and M f respectively by

M3 f(x) = sup o | * f(x)]
keZ

and

and )
My f(x) = sup |G| * f ()],
keZ

where

. J(x)dlogal(x) = . f(=x) dloy 1| (x).

One can easily verify that

(3-1) MS f(x) < Chagy | f),

(3-2) M? f(x) =M f(x),

(3-3) Toy f(x) =) orn* f(x).
keZ

Also, from [Liu 2014, Lemma 2.2] and a direct computation, one has
(G-4)  max{|6c&) — k1G], ok (€) — ok 1 1(E)]}

< Ch.a.q., min{l, [2%*a;&|},
3-5)  max{I6,E)l, llox Al(E)]} < Chg.q. (minf1, 2,87 H @YD,

We shall prove Theorem 1.1 by considering the following three steps:
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Step 1: The bounds for My. We want to show that

(3-6) 1M fller@y < Chq.q.9 1 fllLr@n

forall 0 <A < N and 1 < p < oo. It is obvious that (3-6) holds for A = 0 by
(3-1). Choose a nonnegative function ¢ € ¥(R") supported in {|¢| < 1} satisfying
¢ () =1 when |t]| < % For A € {1,2,..., N}, we define the family of functions
{¥k.2}kez via the Fourier transform fﬁ\k, »(&) = ¢ (2F*|a;&]). Define the family of
Borel measures {wy ) }kez on R" by

(3-7) O (8) = [0k A1) — Vi n (E) o111 (8).
One easily checks that (or see [Liu 2014])

(3-8) |k 1 (X)| < Chog.q., (min{l, [2Fa; x|, |25 a; x| 71 /@YD,
(3-9) M? f(x) < M7|f|(x) +MM?_|| £1(x),
(3-10) My f(x) <MMJ_| fl(x) + G5 f (x),

where MY f (x) = supyz |l £ (0] and G £ () = (Xyez lowa * F@)2)
By (3-1), (3-8)—(3-10) and a standard iteration argument from [Duoandikoetxea
and Rubio de Francia 1986], we can obtain (3-6) for all 1 <A < N. The details are
omitted.

Step 2: The proof of (i) of Theorem 1.1. For 1 <A < N ands > 1, let A, 5 be
given as in Theorem 1.1. Let ¢ be given as above. We define the family of functions
{Cbx}ivzl by

N
©,(5) = [ (2 a;¢D.
j=A

For 1 <A < N, define the Borel measures {1t ) }xez on R" by

k1 (&) = 0p 0 () Pog1(§) — 01 p—1(§) Py (&).

Here we use the convention [[._ a; = 1. One can easily check that (or see [Liu

jego
2014))
N
(3-11) OkN =Y ks
r=1
(3-12) ML F(x) <MV MY £ MY AIME | F I,
(3-13) {1k 2. (X)| < Ch..g.p (min{1, 2% a; x|, 2%, x| 1)) /@YD,

Equation (3-3) and (3-11) clearly yield that

N N N
B-14)  Tp f)=D Y o fO) =) Y o fx) =y Tfx).
r=1

keZ r=1 r=1kezZ
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Notice that u < Myu, Myu € A; (see [Coifman and Rochberg 1980]), and

N N
> MM Mo <> MNP ME Mo+ MY ME | M) < Ly su
r=1 A=1

by (3-12). Therefore, (1-7) reduces to the following inequality:

(3-15) 1T fllerwy < Ch.q.y, pas | flLecay s

foralll1 <A <N,2<p<o00,s > 1 and any nonnegative measurable function u
on R”.

We now prove (3-15). For | <A< N,let W, (¢) € Cfo((%, l)) suchthat0 <V, <1
and ), (W) (2*a,£]))? = 1. Define the Fourier multiplier operators {S  }xez by
Sk f(x) =0Op % f(x), where @k,)\(f) =W, (2" |a,&|). It was shown in [Hofmann
1993] that

172
(3-16) H (Z |Sk,xf|2>

=< Cp,w,)»“f”LP(w)

keZ LP(w)
and
1/2
(3-17) > Siafi <Cpua (Z |fk|2)
kez LP(w) keZ LP(w)
foralll < p<ooandwe A,
Write
B-18)  Tf) =) ST (i (x)
keZ jez
=33 S ek ) =Y T f ).
JjeZ keZ jez
By (3-13) and Plancherel’s theorem, it holds that
(3-19) |t % Sj i aw (O dx < Chog g2 VYD | w(x)? dx
R R

for an arbitrary function w on R". Fix a nonnegative measurable function # on R".
It is easy to see that

(3-20) [ |tk # S jkaw () P’ (x) dx
Rn
<N a 1O aall ey / |kl # 1O il # [w] (0w (x) dx
Rn

gch,g,q,y/ lw () PMM P u? (x) dx
Rn
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for any s > 1. By (3-19) and (3-20) and the interpolation of L?-spaces with a
change of measure [Bergh and Lofstrom 1976, Theorem 5.4.1], we obtain

(3-21) i * Sk aw(0) Pu(x) dx
Rn .
< Chguguys2” THVICEYIUE L () PM MY u(x) dx
Rn
for any s > 1. By (3-21) with w = S 44 » f and (3-16), it follows that

2

3
Z S5kt ® f

kez

<G Y [ e x Sy f@Put) dx
Rn

keZ

2
” T)»,ijLZ(u) =
L%(u)

—(1-1 2q'y"|j 2 [t
<@gy DIV f 1S 4k f () PMM] u(x) dx
kez 'R
—(1-1 2q'y")|j 2
SCh,sz,q,y,x,sz (1-1/8)/2q"y )ljlanLZ(Mfo,u)'

Hence we obtain
—(1=1/5)/4q'y")j
(3-22) 1T j Fll2y < Chingyas2” 7 19/% y)m”f”LZ(Mst,su)'
Next, we shall only prove
(3-23) 1T f ey < Ch,Q,q,y,p,)\,s”f”Lp(MSM)iixu)

for all 2 < p < oco. Actually, by (3-22), (3-23), and an interpolation (see [Bergh
and Lofstrom 1976, Corollary 5.5.4]), one has

(3-24) 1T f e < CrsgypisZ “PIT LN oy i

for2 < p <ooands > 1. Here «(p, q, y, s) > 0 depends only on p, ¢, v, and s.
Equation (3-24) together with (3-18) yields (3-15).
To prove (3-23), it suffices to show that

1/2
(3-25) H (Z | *gk|2)

keZ

for all 2 < p < oo and any s > 1. In fact, by (3-16), (3-17), (3-25), and the fact
Mﬁsu < Mst’su, it holds that

(Z |gk|2)1/2

keZ

<ChQ.q.y.ps

LP(u) LM} u)

I T, fllLray =

Z 513'+k,xlik,x * f

keZ LP(u)
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1/2
2 2
=< Cp,k (Z |U“k,)» * S{,‘+k,)\f| )
kez LP(u)
1/2
=0UnQ.q,y,p,A,s j+k,kf _
keZ L (M; u)

< Ch’Q’q’y,p,)\.,s ” f”Lp(MSfou)

for all 2 < p < 0o and any s > 1. This yields (3-23).
Below we prove (3-25). Fix 2 < p < oco. By duality we can choose a function
v € L%/ () with unit norm such that

(Do)

keZ

2
= [ X xR veoutr) d
LP(u)

R" rez

This together with the fact that ||y, || < Ch 0,4,y yields that

1/2
(3-26) ” (Z |4 *ng)

keZ

2

LP(u)

< Chagy [ Y I0COP sl # ) dx.
R"

keZ
Fix s > 1 and let r = % ps. Holder’s inequality yields
(3-27) k| i) < (il u)Y (g @/ @72 0 )Y,

By Holder’s inequality with exponents 1 p and (1 p)’ again and (3-26), (3-27), it
holds that

12
(3-28) H(ka,x*guz)

keZ

2

L? (u)

< Chavg [ 3l COP L) Vb 0 ) () da
Rn

keZ
122
<C 2 ME @I
<Chaqy |8k ) | M, (u v )||L<,,/2>//,/(R,,)-
kez LP (M u)

By (3-1), (3-6), and (3-12), one has

(3-29) IM) fllr@y < Chggy il fllowy V1<t <oo.
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Since 1p =r/s <r, then (1 p) > r’. Equation (3-29) leads to

T SN Vi
| M; (u’/ pI2) )”LU’/”//’/(R")

Py <

= Ch,Q,q,y.p, Le 1 Ry = Ch,Q,q,y,p,s-

This together with (3-28) yields (3-25) and completes the proof of (i) of Theorem 1.1.

Step 3: The proof of (ii) of Theorem 1.1. For 1 <A <N and s > 1, let A, 5, Hy s,
and {#x}xen be given as in Theorem 1.1. To prove (1-8), it suffices to show that

(3‘30) ”T)Lf”Ll’(u) =< Ch,SZ,q,y,p,k,s,tk”f”LP(AN,Su) Vs >t

foralll1 <A <N, 1< p<2, all k€N, and any nonnegative measurable function
u on R". Actually, (3-30) reduces to the following

(3-31) T f CO1Pu* (x) dx
Rn
< Ch,g,q,y,p,x,s,,k/ |f(x)|p(MNu +M?MNy + HNu)l/S (x)dx Vs>t
Rn

foralll <A <N, 1< p<2, all k eN, and any nonnegative measurable function
u on R". To this end, we substitute #° for u in (3-31). With this substitution,
the weight on the left becomes u and the weight on the right is not more than
MYy +M2MNu + Hy su.

We now prove (3-31). Fix s > 1 and a nonnegative measurable function u on R”.
It follows from (3-10) that

(3-32) (MY f(x)Pu'’ (x)dx
Rn

< / (MMZ_, |10 () dx + / (G F () u (x) dx
Rn RI‘[

for all 1 < p < 2. Hence by the well-known Fefferman—Stein inequality for M (see
(3-102) below) we have

(3-33) fR (MMZ_, £GP (x) dx

< CpllM7_ I £ < CpllM7_ 111l

P p
LP(Mul/sy = L2 ((Mu)!/5)

for 1 < p < oo. Next, we consider G} f. By Minkowski’s inequality, we obtain
W5, * Z SJ3'+k,/\f(X)

2\1/2
Gy f(x) = (Z )
kez jez
1/2
< Z( D o S,?+k,xf<x>|2)

JEZ ~keZ
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=Y G f(x).
jez
It follows that
(3-34) G F Loy < D NGo F e
jez

for all 1 < p < oo. It is obvious to see that

(3-35) i * fllLe®y < Cha.q.p | f L@,

(3-36)  Mows* fllerw = CUAN Lz urms uy = CUF L ovimag wemmy vy

Thus, by interpolating between (3-35) and (3-36), we obtain

(3-37) lwi s * fllLrw < Ch,Q,q,y,p”f”Ll)(MM;:’u.g_MMf_]Mu)

for all 1 < p < 2. It follows from (3-37) that

(3-38) | Y lowsx fiulo)lPulx) dx

R" rez

§Chyg,q,y,p/ Z|fk(x)|p(MM,\u+MM,\ Mu)(x) dx
keZ

for all 1 < p < 2. On the other hand, we get from (3-6) and (3-9) that
(3-39) (sup |wg s * fi(X)NP dx < Cha.q.y.p | Guplfi(x)D? dx
R* kezZ R* kezZ

for all 1 < p < 2. An interpolation between (3-38) and (3-39) now yields

(3-40) [(Z|wmfk<x>|) u'/" (x) dx

keZ

< Cha.gy.pn / (ka(xn) (MM u+MM;_ Mu)'/" (x) dx

kez
for all 1 < p <2, where t; =2/ p. Substitute u" for u in (3-40), we obtain that

p/2

(3-41) /(Dwmfk(xn) u(x) dx

keZ

p/2
<Ch2qy.pn f (Zimxn ) M u" + MM Mu")!/" (x) dx

keZ

<Chagypn / (Z|fk<x>|) (M, M+ My MYy, My u)(x) dx.

keZ
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Since My, M7, u+M; M7 | My u € Ay, by the weighted Littlewood—Paley theory,
(3-41) yields that

(3-42) 1Gx,j fllLrw

12
(Z |5, 513-+k,xf|2)

keZ

LP(u)

3 2 V2
D 1S3 kS

keZ

= Ch,Q,q,y,p,tl

LP(Myy M7}, utMy M7, | My u)
<Cnaqyprnl f||Lp(M/1 M, u+My, Mf_l,leu“)

forall 1 < p < 2. Substituting u'/"" for u in (3-42), one finds

(3‘43) ||Gk,jf||Lp(u1/11) = Ch,SZ,q,y,p,A,tl ”f”LP((MMfu—i-MMf_lMu)l/’l)

for all 1 < p < 2. On the other hand, by (3-8) and the arguments similar to those
used in deriving (3-21),

(3-44) f (0 S 400 () Pat(x) dx
RYI

< Ch’Q’q’y’sz—(l—1/5)/(211/)/)|j| Iw(x)lest”su(x) dx
R’l

for any function w and any s > 1. By (3-44) with w = SJ2.+k,/\f and (3-17), we
obtain that

(3-45) Gy f 11724

= | D lokn xSt f @) ux) dx

R keZ
=3 [ 0w s S} FPut dx
keZ R
5 Ch’Qyq’yyszf(lfl/s)/(zq’y’)u‘ / Z |sz'+k,xf(x)|2MsM;?sM(x) dx
Rn

keZ

< Chgug,y.s 2 ITVDCEYOUL ) £ 0O PM MY u(x) dx.
Rn

Take s = ;. Substituting u'/" for u in (3-45), we get
(3-46)  11G; fll 2qimy < Chggyin 2”7 SV £ gy -
It follows from (3-9) that

(3-47) MM®u < MM? |u| + M>M?_ | |lu| < MM Mu +M>M?_ Mu.
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Formula (3-47) together with (3-46) implies that

(3-48)  1Gwj fllL2vm)

< Ch,Q,q,y,A,tl2_(1_1/[])/(461/)/)”' ||f||L2

(MM{Mu+M2MZ_ Mu)!/1)

By an interpolation between (3-43) and (3-48), we obtain

(3-49) NG jfllLrim,

—B(p.q.y-1)lj
= Cha.q.y.prn2 Fp.gr.mlil

||f||Lp((MMfMu+M2Mf,1Mu)”")

forall 1 < p <2, where B(p, q, v, t1) > 0. We get from (3-49) and (3-34) that

(3-50) IGR fllLew!ny < Chogypia I Lo (md Muemzazs My

for all 1 < p < 2. Combining (3-50) with (3-32), (3-33), we now have
G50 | o f)Pul/(x) dx
< ch,g,q,y,,,,x,n( /R M F10) M) 1 () dx
+ A | f ()P (MM Mu +M>M?_ Mu)'/ 1 (x) dx>
for all 1 < p < 2. We want to show that

(3-52) (M f(x)Pul/(x) dx
Rn

< Cho.qy.pin /R AF P M + MM+ Hy )" (x) dx
foralll <A< Nand 1< p <2 WhenA=1, (3-1) and (3-51) imply
[ oz gt o a
< Ciogypn ( fR MG 1000 M) /1 ()
+ I | f (x) [P (MM Mu +M? Mg Mu) /" (x)dx)

<Chaqypn / | f ()P (Mu +M>*Mu + MM Mu)'/" (x) dx
Rn

< Cho.q.y.p.n f | £ ()P (Mu +M>*Mu + Hyu) /" (x) dx
Rn
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for any 1 < p < 2. This yields (3-52) for A = 1. Assume that (3-52) holds for
Ar=t—1withte{2,..., N}. We obtain, from (3-51) and our assumption,

f (M? f(x))Pu/" (x) dx
Rn
< Cho.qy.pun ( /R (M| £1(x)P (Mu) /" (x) dx

+ [ 1f@)IPMMEMu +M>M?_ Mu)!'/" (x)dx)
Rn
<Cnoqy.puin ( f | £ ()P M'Mu + M*M~'Mu + H_1Mu)'/" (x) dx
Rn
+ | 1£)PMMEMu +M>M?  Mu)'/" (x)dx)
R)‘l
< Ch.qy.pn / £ GO)IP (M'u + M?Mu + HMu)" (x) dx
Rn

for all 1 < p < 2. This yields (3-52) for A = . Thus, (3-52) is proved. Inequality
(3-52) together with (3-9) and (3-33) yields that

(3-53) (sup | * fODPu'" (x) dx
Rr kezZ
< | (M21£1(x)Pul " (x) dx
Rn

< / (M1 F1)Pul " (x) dx + / MM{_ 1 £1)Pu/ (x) dx
Rn Rn

< Ch.qy.pii / | £ (1P MM+ M2MP w4+ Hy M) V™ (x) dx
RVL

forall 1 < p < 2. Since MMfu + MMf_]Mu < H,u, an interpolation between
(3-38) and (3-53) yields

p/2
(3-54) / (Dwk,x*fk(xw) u'/” (x) dx
Rn

keZ
p/2

< Ch.qy.pin f (Zlmxnz) (M*u +M*MPu + Hyu)'/" (x) dx
R \ kez

forall 1 < p <2, where 1/t =1/t + %p(l — 1/t1). Using (3-54) and arguments
similar to those used in deriving (3-52), we obtain

(3-55) (MY f(x)Pu'’™(x)dx
Rn

< Ch.q.ypin / | £GP (M1 + MEMPu + Hyu) '/ (x) dx
R)’l
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forall1 <A <N and 1 < p < 2. As the same reason as above, we can obtain a
strictly decreasing sequence {#; }xen by the recursion formula

tlzg, L:l_kg(]—l), k=2,3,...
P byl ko 2 T
such that

(3-56) [ (M2 £ ()7 u% (x) dx
R}’l
< ChQ.q.y.piu / | f ()P (M u +M>MPu + Hyu)'™ (x) dx
Rn

foralll <A <N, 1< p<2,andall k € N. Using (3-12), (3-56), and the well-known
Fefferman—Stein inequality for M (see (3-102) below), we have

(3-57) /R (M f )P ul () dx
< /R M F100) P (o) dx
+ Rn(MN—*“M;’_]|f|<x>>pu‘/'k<x>dx
<G ( fR (MT]F100)P MY )V () dx
+ Rn(M;’_l|f|(x))P(MN—“1u)”'k<x>dx)

< Ch.q.y.pite (/ |f(x)|p<MA(MN_Au)
RI’L

1/4
+ M2MA(MN =4y + H,\(MN_)‘M)> ‘() dx

+ [ 1fer (W Yy
Rll

1/t
+M2MA71(MN7A+1M)+H)L_1(MN—)L+1M)> k(x)dx)
< Crogypin / £ 1P MY 4+ MMV + Hya) V' (x) dix.
Rn

By (3-57) and the lemma in [Zhang 2008, p.1574] we can get (3-31). U

Proof of Theorem 1.2. For 1 <A < N, let ®, ; be given as in Theorem 1.2. We
shall prove Theorem 1.2 by combining the method used in the proof of [Zhang
2008, Theorem 1.2] with ideas from [Duoandikoetxea and Rubio de Francia 1986;
Fan et al. 1999]. For any € > 0, there exists an integer k such that 2~! < ¢ < 2k,
We now write

> o f(x)

j=k

(3-58) Tp, f(x) < My f(x) +sup

kez
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We shall prove Theorem 1.2 by considering the following two steps:

Step 1: The proof of (i) of Theorem 1.2. By (3-58), to prove (1-9), it suffices to
show that

(3-59) IMS fllLrw) < Ch.q.y.p.Nsll fllLr @y Mou)

and

(3-60) sup ZU] N* f < Cn2.q.y.p.Nsl FlLr@©y Mutoy,M2u)
keZ LP(u)

for all 2 < p < 00, s > 1, and any nonnegative measurable function u on R".
Let us first prove (3-59). Fix u € A} and 1 < A < N. By arguments similar to

those used in deriving (3-25),
1/2
( > le |2)

1/2
(3-61) H(Z |k *gk|2)
keZ

keZ

< Ch.Q.q.y.ps
L?(u)

LP(M}‘ESL[)

forall 2 < p < oo and any s > 1. It follows from (3-61) that

1/2
(3-62) G fllLrw = H( | . S,3+kf|2>

keZ

L (u)

(Z|s3+kf| )1/2

keZ

=< Ch,Q,q,y,p,s

LP (MM 1)
< Ch,gz,q,y,p,x,s || f”Ll’(Mfo)’su)

for all 2 < p < 0o and any s > 1. In the last inequality of (3-62), we used the
weighted Littlewood-Paley theory and the fact that MyM;” u € A;. On the other
hand, it follows from (3-45) that

(3-63) 1G s f 1200 < Chtrgyrs2” TSN £ g g

By (3-62), (3-63), and an interpolation (see [Bergh and Lofstrom 1976, Corollary
5.5.4]), we have

(3-64) 1Gj FlLraw < Ch2.agypis2” " PET N F I o,

forall 2 < p < oo ands > 1, where ¥ (p, ¢q, y, s) > 0 depends on p, ¢, y and s.
Combining (3-64) with (3-34) yields that

(3-65) G fllLrw) < Ch,Q,q,y,p,A,s”f”LP(MSMSfDu)
forall 2 < p <ooand s > 1. We get from (3-9) that
(3-66) MM u < C(MgMZ |ul +MIM5_ |ul).
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Inequality (3-66) together with (3-65) yields

(3-67) 1GY fllLrw) < Ch,Q,q,y,p,)»,s”f”LP(MSM;:’J|u|+M%M)C:'_M|u\)

for all 2 < p < oo and s > 1. On the other hand, from (3-10), (3-67), and the
well-known Fefferman—Stein inequality for M (see (3-102) below) we have

(3-68)  [IM7 fllLrw)
= IMMF_ 1 flllray + IGS fllLrw

o
< CpllM3_ 1 flllLe vy + Ch,Q,q,y,p,A,s||f||Lp(MstJ|u|+M§Mf_1‘S\u\)

forall 2 < p < oo and any s > 1. Formula (3-68) together with (3-1), (3-2), and an
induction argument implies that

(3‘69) ”M)(Lff”L/’(u) =< Ch,Q,q,y,p,A,s ”f”LP(M)‘u-i-lx,su-i-Jx,sM) vl <A< N.

Since u < M;u and Myu < Ay, (3-69) leads to

(3-70) 1M £l = Cneagypons Loy MM

forall 2 < p < o0, s > 1, and any nonnegative function u on R". Inequality (3-70)
yields that (3-59) holds for all 2 < p < oo.
We now prove (3-60). It follows from (3-11) that

00 N 00 N
BT sup| Y oyn kS| S Y osup| Y ik f(O| =1 YT ().
keZ =k 31— keZ =k =1
Fix 1 <X <N, let Y . be given as in (3-7). We write
o0 k—1 o0
D wjarf ) =YDy f O =VYiax Y wiaxfO)+E—Yia)xY | pjaxf (x).
j=k Jj=—00 j=k

Here, § is the Dirac-delta and 7, is given as in (3-14). It follows that

k—1

Vi ok Y ik f(x)

j=—00

=)k Y pjax fx)
j=k

(3-72) T; f(x) < sup [V * T f (x)| +sup
keZ keZ

+ sup
kez

=1 A f(x)+ A f(x)+ Az f(x).
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For Ay, f, by the well-known Fefferman—Stein inequality for M (see (3-102)
below) and (3-15), we obtain

(3-73) NALLf e < IM(T ) llerwy < Cpll T f llLr v
<Cna.qy.prslfllLray Mo

<Chna.qyprslfilLr©y M

for all 2 < p < 00, s > 1, and any nonnegative measurable function u on R".
For A, ; f, it is clear that

oo
A f () =sup| Y s pr— o f (x)
keZl”;
J=l

o0 o0
<D sup [y ko fEO| =) 1 F().
j=1 keZ =1
Consequently,
o0
(3-74) 1Az fllLray < DI fllLraw

j=1

for all 1 < p < oo and any nonnegative measurable function # on R". We shall
show that

(3’75) ”ij”Lf’(u) =< Ch,Q,q,y,p,A,s”f”LP((H)N_fo.u)

for all 2 < p < o0, any s > 1, and any nonnegative measurable function u on R”.
We get by the well-known Fefferman—Stein inequality for M (see (3-102) below),
(3-12), and (3-70), that

1 f L)
< IMM;| flllLrawy < Cpll M1 F 1L vy
< Cp(IMF 1l o vanv—2+1y + My LUl Lo uiv—424))
= Ch,q,7, 005 1 I o MY ¥20 g 1 MY 20 1 MY 30, MY 20 g, MY 430)
< Cno.q.y.pis I I Lo ¥ 20t 1y M2ut sy M20)

for all 2 < p < o0, any s > 1, and any nonnegative measurable function u on R”".
This proves (3-75).



288 FENG LIU AND DASHAN FAN

On the other hand, by (3-13) and Plancherel’s theorem, we get

12
(Z [ Vi, % Hk—jn f|2)

keZ

< | )1 f (&)1 dE
Z/{Iaﬁﬂ“} e

keZ

2

2
|| ij”Lz(R") =
L2(Rm)

=C / DN O P a2 | f €)1 dE
keZ

= Chaq.y SUP Z |a 226 Dg |1/ ray )X{|a)§|§2’k)‘}”flliZ(Rn)
EER" pez

—j/Qq'y" 19} 1/2rq'y’ 2
< Cinaly” 90 D 208 g0 1 Wiy
kez

3 2 1., 2
< Ciag 2 PN 2

where the last inequality is obtained by the properties of the lacunary sequence. It
follows that

(3-76) 12 £ 2@y < Cho.g 2“7 Fll 2 ny-
On the other hand, by (3-75) with p =2 and u replacing u*, we get

(3-77) 12 flliz2wsy < Chg.q. 7051 2@y o M2us)-

An interpolation between (3-76) and (3-77) yields

(3-78) 17 f 220 < Chi@guyrs2” TN £l 0 Mzasy 1)
< Ch,Q,q,y,A,sz_(]_I/S)/(4q v ||f||L2((~)N M)

Take s2 replacing s. Formula (3-78) leads to

(3-79) 1 Fllz20 < Chgprs2 TYG) £l o0 v

Interpolating between (3-79) and (3-75) (see [Bergh and Lofstrém 1976, Corollary
5.5.4]) yields

(3-80) 15 fllLeay < Chggey.pois2 S PP Fll ooy Mz

for all 2 < p < oo, where ¢(p, q, v, s) > 0. Thus, we get from (3-80) and (3-74),

(3-81) IA25 fllrw) < Ch.q.y.pasllf lLr @y M20)

for all 2 < p < 00, s > 1, and any nonnegative measurable function u on R".
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Finally we estimate A3, f. Obviously,

o0

D 6 = W) ® ey jox f ()

Jj=0

A3 f(x) =sup
keZ

<D supl(8 = Yk a)  prs i x f ()]

=0 keZ
o0
=Y Jif(x).
j=0
It follows that
0
(3-82) A3 fllLrw < Z I fllLew)

Jj=0

for all 1 < p < oo and any nonnegative measurable function u on R"”. By the
argument similar to those used to derive (3-75),

(3-83) I fllLrwy = Ch2.q.y,p. a1 f |l p@©y ,M20)

for all 2 < p < 00, any s > 1, and any nonnegative measurable function # on R”".
On the other hand, using (3-13) and the Plancherel theorem, we can obtain

2

1/2
1 £ 1172 < H (Z (8 = V) 1 f|2>

keZ L2(R")

. 2 F eVt d
=3 /{mazu a7 @) ds

keZ
k
Y[, s ©PIFE) P d
keZ i=—o0 V| ~M<|a,£| <271}
k
= Chagy ), D 20T / | 1@ Pas
keZ i=—o0 {274 <|ay§| <20}
o0
—7 2/ / i 2/ / 2
< Chuggy 271007 27 £

i=0
7 2 ra,! 2
< Chagy2 "N F 2 g
It follows that

(3-84) 1 £l 2@y < Chogngoy 27N 1l 2y
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By (3-83), (3-84), and arguments similar to those used in deriving (3-80),

(3-85) i Fllzray < Chaugypis2 " PO Fll Loy M2u)

forall 2 < p < oo and s > 1, where 7(p, q, ¥, s) > 0. Equation (3-85) together
with (3-82) yields

(3-86) 1435 fllLray < Chg.qy 1 f lLr@y M20)

forall 2 < p < oo and s > 1. Then (3-60) follows from (3-71)—(3-73), (3-81), and
(3-86). O

Step 2: The proof of (ii) of Theorem 1.2. Let 1 < p <2 and {f;}xen be given as
in Theorem 1.2. Fix a nonnegative measurable function u on R”. By (3-58), to
prove (1-10), it suffices to show that

(3-87) MR flleray < Cho.q.y.pNsall fllLr@y Muy VS >tk
and
(o]
(3-88) ||sup ojN*[
keZ =k LP(u)

= Ch,Q,q,y,p,N,s,tk ”f”L”(QN,sMsu-i-@N,JMEu) Vs >ty

for all k € N.
We first prove (3-87). Fix k € N. Substitute u’* for u in (3-56), one has

(3-89) . (M7 f ()P u(x)dx
< Ch..qy.p 1ot fR £ GO WPu + MMt + i)/ (x) dx
for all 1 <A < N. Notice that
(MP ' + MMt + Hyu) V% (x) < Cy (P u® + M2Mows + Hyu®)'* (x)
for any s > #; by Holder’s inequality. Then (3-89) yields that
390 [ (M7 ) ucr) dx
<Cha.qy.prn A;gn |f(x)|p(M?M +Mfl\71?u + H, su)(x)dx Vs>t

holds for all 1 <A < N and any fixed positive integer k, which gives (3-87).
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Below we prove (3-88). For Ay, f, by the well-known Fefferman—Stein inequal-
ity for M (see (3-102) below) and (3-30), we obtain
(3-91) AL NlLrwy < CIM(T OllLraw < CpllTh fllLr v
=< Ch,Q,q,y,p,A,s,tk ”f”Ll’(AN_SMu)
< ChoqyprsallfliLr@y ey Vs>t

for any fixed positive integer k.
For A, f, it follows from the well-known Fefferman—Stein inequality for M
(see (3-102) below), (3-12), and (3-91) that

(3-92) 1 fllLrw
< CIMM; fllzrey < Cpll MY fllLrovuy
< Cp(IMF 1 FIllrov—+1y + ML L F I Lp v —2+20))

<C ) —
= Yh,Q.q,7.p.2,58, 0 “f”Lp(ngMu_,_M?MgvMu_‘_HA,SMN—AHu_,_HAiLSMN—qu)

< ——
= Ch,SZ,q,y,p,)»,x,tk ”f”LP(Mé\’Mu-i—M%MﬁVMu—i-HN,SMu)
=< Ch,Q,q,y,p,A,s,tk”f“LI’(@)N,JMf.u) Vs > 1

for any fixed positive integer k. Interpolating between (3-79) and (3-92) (see [Bergh
and Lofstrom 1976, Corollary 5.5.4]) yields

(3-93) i fllerw < Chogypisa2 POV f ooy V8 > I
where §(p, q, v, s) > 0. Thus, we get from (3-93) and (3-74) that
(3-94) A2 fllLeey < Cho.gy.pisall fllLr@y,Meuy Vs >t

for any fixed positive integer k.
For A3, f, by the argument similar to those used to derive (3-92),

(3-95) Ijfllerw) < Ch.g.y,poasull f ey mzay VS >t

for any fixed positive integer k. By (3-95), (3-84), and arguments similar to those
used in deriving (3-85),

3-96)  1J; fllerw < Chggypisi2 PPN flliroymen Vs >

for any fixed positive integer k, where o(p, ¢, v, s) > 0. Inequality (3-96) together
with (3-82) yields

(3-97) ||A3,Af||LP(u) = Ch,Q,q,y,p,A,s,tk”f”LP(G)NJM%u) Vs > 1y

for any fixed positive integer k. Then (3-88) follows from (3-71), (3-72), (3-92),
(3-94), and (3-97).
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We now turn to proving Corollaries 1.3—1.5.

Proof of Corollary 1.3. By (3-6), one finds that

(3-98) IANs fller@®y < Cha.q.9 1 fllLr @

forany 1 <s < oo and r > s. We let {#} be the sequence as in (ii) of Theorem 1.1
when 1 < p < 2, and, for the sake of convenience, we set {f;} = {1 + 1/k} when
2 < p < oo. Itis clear that {#}xen is strictly decreasing and limg_ o tx = 1. It
follows from (1-7) and (1-8) that for 1 < p < oo, it holds that

(3-99) I1Tpy fllLrw) < Ch.q.y.ps Nl fFllLray sy VS > 1

for any fixed positive integer k and any nonnegative measurable function u on R”".
By (3-98), (3-99), and Proposition 2.1, we have (1-11) and (1-12) for the case of
1 < p < p < 00. On the other hand, by duality, we can obtain (1-11) and (1-12) for
the case of 1 < p < p < oo. Taking u = 1, we obtain Ay su < C. This together
with (3-99) yields that Tp, is bounded on L?(R") forall 1 < p < oo. It leads to
(1-11) for the case p = p by (1-1). The inequality (1-12) for the case p = p follows
from (1-1) and (1-15). This completes the proof of Corollary 1.3. [l

Proof of Corollary 1.4. By (3-6), one finds that
(3-100) 1On,Msu + On Ml @y < Chg.gyllull @

forany 1 <s < oo and r > s. We let {#;} be the sequence as in (ii) of Theorem 1.1
when 1 < p < 2, and, for the sake of convenience, we set {f;} = {1 4+ 1/k} when
2 < p < 0. Then Theorem 1.2 yields

(3'101) ”T;Nf”LP(u) = Ch,Q,q,y,p,s,N,tk”f”LI’(G)NJMSM—}-@NJM%M) Vs >t

for any fixed positive integer k and any nonnegative measurable function u on R".
By (3-100), (3-101), and Proposition 2.1, we obtain (1-13) and (1-14) for the case
1 < p < p <oo. It was known that 75 is bounded on L”(R") for 1 < p < co.
This together with (1-1) yields (1-13) for the case of p = p. The inequality (1-14)
for the case of p = p follows from (1-1) and (1-16). This finishes the proof of
Corollary 1.4. O

Proof of Corollary 1.5. By (3-98), (3-99), and Proposition 2.1, we obtain (1-15) for
the case of 1 < p < p < 0o. On the other hand, a duality argument yields (1-15)
for the case of 1 < p < p < oo. Inequality (1-15) for the case p = p follows from
(3-98), (3-99), and the L? bounds for Tp,. Similarly, we can obtain (1-16) for the
case of 1 < p < p < 0o by (3-100), (3-101), and the L? boundedness of T;‘N. This
completes the proof of Corollary 1.5. U
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We want to make a few remarks before ending the paper. Since Proposition 2.1
plays a crucial rule to show the boundedness of an operator 7' on the mixed radial-
angular space Lf;ng (R™), we expect to establish a suitable weighted L? inequality
for T. To this end, for the operator 7} o, we need to treat some technical difficulties
for different assumptions on 2. This is a key step, but is definitely not trivial. For
instance, we have no idea how to establish a suitable weighted L? inequality for
Ty q, although the L”(R") boundedness of T}, o is well known, if € is a function
in the function class L log L(S"~"). For the singular integral Tq, another roughness

assumption on £ is that € lies in the Grafakos—Stefanov class %, (S"~!), where
Fo(S")

:={QeL1(S"1): Sup/S |Q(y/)|<log

gesnfl n—1

o

! ) do(y") <oo} for o >0,
&yl
and this class was originally introduced by Grafakos and Stefanov [1998] in the
study of L? boundedness of Tg. With the help of the established weighted L?”
inequality for T (see [Zhang 2008, Lemma 2]) applying [Zhang 2008, Theorems 1
and 2], and Proposition 2.1, we can show that both T and its maximal operator
Tg are bounded on L"i‘Lg([R{”) forany 1 < p < oo and 1 < p < oo provided
Qe F (8" forall a > 1.

Not only for rough singular integrals, Proposition 2.1 also works for all linear
or sublinear operators. The Hardy-Littlewood maximal function M is bounded on
L? LP(R"), based on Proposition 2.1 and the well-known Fefferman-Stein [1971]

|x|
weighted norm inequality

(3-102) IMfllLray < Cpll FllLravuy-

Also, any Calder6n—Zygmund operator 7 is bounded on Lﬁng (R™) for any
1 <p<ooand1 < p < oo because of Proposition 2.1 and the well-known inequality

ITA ey < Cpll fllLeamwy, s> 1.
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