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0o-TILTING THEORY

LEONID POSITSELSKI AND JAN STOVICEK

We define the notion of an infinitely generated tilting object of infinite ho-
mological dimension in an abelian category. A one-to-one correspondence
between oo-tilting objects in complete, cocomplete abelian categories with
an injective cogenerator and oo-cotilting objects in complete, cocomplete
abelian categories with a projective generator is constructed. We also intro-
duce oo-tilting pairs, consisting of an oco-tilting object and its co-tilting class,
and obtain a bijective correspondence between oo-tilting and oo-cotilting
pairs. Finally, we discuss the related derived equivalences and t-structures.
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Introduction

The phrase “tilting theory” is often used to refer to a well-developed general machin-
ery for producing equivalences between triangulated categories (see [Angeleri Hiigel
et al. 2007] for an introduction, history and applications). Such equivalences are
often represented by a distinguished object, a so-called tilting object, and it is
crucial to most of the theory that such a tilting object is homologically small. If
A is an abelian category with exact coproducts (e.g., a category of modules over
a ring or sheaves on a topological space) and T is a tilting object, the smallness
typically translates at least to the assumptions that 7T is finitely generated and of
finite projective dimension.
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In this paper we introduce and systematically develop oco-tilting theory, where
all homological smallness assumptions are dropped. This brings under one roof
various concepts and results from the literature:

(1) Wakamatsu tilting modules [Mantese and Reiten 2004; Wakamatsu 1988;
1990] over finite-dimensional algebras.

(2) Semidualizing bimodules and the Foxby equivalence [Christensen 2000; Holm
and White 2007; Positselski 2017a].

(3) The comodule-contramodule [Positselski 2010, Section 0.2 and Chapter 5] and
the semimodule-semicontramodule [Positselski 2010, Sections 0.3.7 and 6.3]
correspondences.

These results come with rather different motivations: from criteria for stable
equivalences of finite-dimensional self-injective algebras in (1), through Gorenstein
homological algebra in (2), to the representation theory of infinite-dimensional Lie
algebras (e.g., the Virasoro or Kac—Moody algebras) in (3).

A part of the work has been done in our previous paper [Positselski and Stovicek
2019], where we explained how the finite generation assumption can be natu-
rally dropped with help of additive monads and, in several cases of interest, with
topological rings.

In this paper we focus on dropping the assumption of finite homological di-
mension. It turns out that we still obtain triangulated equivalences and (co)tilting
t-structures, but in general not for the conventional derived categories of two abelian
categories, but rather for a so-called pseudo-coderived category of one of them and
a pseudo-contraderived category of the other.

Here, a pseudo-coderived category of an abelian category A is a certain tri-
angulated category D to which A fully embeds as the heart of a t-structure and
such that ExtiA (X, Y) is canonically isomorphic to Homp (X, Y[i]) forall X, Y € A
and i > 0. The term “pseudo-coderived” comes from the fact that, under reasonable
assumptions satisfied in particular in the situations (1)—(3) above, the pseudo-
coderived category is an intermediate Verdier quotient between the conventional
derived category D(A) and the coderived category D°(A) (which is none other
than the homotopy category Hot(Ai,)) of complexes of injective objects if A is
a locally Noetherian Grothendieck category). A pseudo-contraderived category
has formally dual properties. Pseudo-co/contraderived categories are in fact not
determined uniquely by their abelian hearts, but depend on a certain parameter, so
that we often do not get just a single triangulated equivalence, but rather a family
of compatible triangulated equivalences. We refer to [Positselski 2017a] for an
in-depth discussion of this new class of triangulated categories.

To put our results into context, we briefly recall the history of tilting theory,
which evolved through a series of successive generalizations in several directions.
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The definition of what is now known as a finitely generated tilting module of
projective dimension 1 over a finite-dimensional associative algebra first appeared
in [Happel and Ringel 1982] (see also [Bongartz 1981]), which built upon [Brenner
and Butler 1980]. The main result was the so-called tilting theorem, or the Brenner—
Butler theorem, establishing equivalences between certain additive subcategories
of the categories of finitely generated modules over an algebra R and over the
endomorphism algebra S of a tilting R-module. Happel [1987] proved that a tilting
module induces a triangulated equivalence between the derived categories of finitely
generated R-modules and S-modules.

Finitely presented tilting modules of projective dimension 1 over arbitrary rings
were discussed by Colby and Fuller [1990], while finitely presented tilting modules
of arbitrary finite projective dimension n were studied by Miyashita [1986] and
Cline, Parshall and Scott [Cline et al. 1986]. The tilting theorem (for categories
of infinitely generated modules) was proved in [Miyashita 1986], and the related
derived equivalence was constructed in [Cline et al. 1986]. Infinitely generated
tilting modules of projective dimension 1 (now also known as big 1-tilting modules)
were defined by Colpi and Trlifaj [1995]. The tilting theorem for self-small tilting
objects of projective dimension 1 in Grothendieck abelian categories was obtained
by Colpi [1999]. Cotilting modules of injective dimension 1 were introduced
by Colby and Fuller [1990] and Colpi, D’Este and Tonolo [Colpi et al. 1997a]
(see also [Colpi et al. 1997b]). Finally, infinitely generated tilting modules of
projective dimension # and cotilting modules of injective dimension n (big n-tilting
and n-cotilting modules) were defined by Angeleri Hiigel and Coelho [2001] and
characterized by Bazzoni [2004].

The main results of the infinitely generated tilting theory claim that all n-tilting
modules are of finite type [Bazzoni and Stovitek 2007] and all n-cotilting modules
are pure-injective [Stovitek 2006]. The tilting theorem for big 1-tilting modules was
obtained in some form by Gregorio and Tonolo [2001]. Another approach, based on
a previous work by Facchini, was developed by Bazzoni [2010], who also proved
that the derived category of R-modules is equivalent to a full subcategory and a
quotient category of the derived category of S-modules when S is the endomorphism
ring of a big 1-tilting R-module. This was extended to big n-tilting modules by
Bazzoni, Mantese, and Tonolo [Bazzoni et al. 2011]. A correspondence between
n-cotilting modules and small n-tilting objects in Grothendieck abelian categories
together with the related derived equivalence were constructed in [Stovitek 2014al.
Big n-tilting objects in abelian categories were defined and the related derived
equivalence was obtained by Nicolds, Saorin and Zvonareva [Nicol4s et al. 2019]
and Fiorot, Mattiello and Saorin [Fiorot et al. 2017] (see also Psaroudakis and
Vitéria [2018]). Finally, a correspondence between big n-tilting and n-cotilting
objects in abelian categories was constructed in [Positselski and Stovitek 2019].
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The main innovation in [Positselski and Stovi¢ek 2019], which allows one to
obtain very naturally derived equivalences from big n-tilting objects and which
is based on the ideas previously developed in [Stovitek 2014a; Psaroudakis and
Vitéria 2018; Nicolas et al. 2019; Positselski and Rosicky 2017], is that to a big
tilting object T in an abelian category A one can assign a richer structure than
its ring of endomorphisms Homa (7', 7). For any set X, consider the set of all
morphisms 7 — TX in A, where T™X) denotes the coproduct of X copies of 7.
Then the endofunctor X > Homa (7, T™®) is a monad on the category of sets. The
tilting heart B corresponding to the tilting object T € A is the abelian category of all
algebras (which we also call modules) over this monad. In many naturally occurring
situations, one can equip Homa (7', T') with a complete and separated topology so
that Homa (7, T™) identifies with families of elements of Homa (7', 7) indexed
by X which converge to zero.

A notion of a finitely generated tilting module of infinite projective dimension
(now known as Wakamatsu tilting modules) was introduced in the representation
theory of finite-dimensional algebras by Wakamatsu in [Wakamatsu 1988; 1990]
and it was studied further by Mantese and Reiten in [2004].

In the present paper we work out a common generalization of two lines of thought
described above, namely of big n-tilting/cotilting modules and finite-dimensional
Wakamatsu tilting modules. We develop a theory of big tilting and cotilting objects
of possibly infinite homological dimension in abelian categories. Our goal is also
to put on a rigorous footing the discussion of “oco-tilting objects” in [Positselski
and Stovitek 2019, Sections 10.1, 10.2 and 10.3]. The structure of the paper is as
follows.

To a complete, cocomplete abelian category A with an injective cogenerator J
and an oco-tilting object 7 we associate in Section 2 a complete, cocomplete abelian
category B with a projective generator P and an oo-cotilting object W. We do so in
such a way that, up to equivalence, this induces a bijective correspondence between
the triples (A, T, J) and (B, P, W).

In order to obtain the announced version of derived equivalences, we need to
associate to each oco-tilting object a certain coresolving subcategory E C A which
plays the role of the tilting class in [Positselski and Stovicek 2019]. This is discussed
in Section 3. Such a class E is in general not unique, but the possible choices form
a complete lattice with respect to the inclusion. Having chosen E, we already obtain
a uniquely determined full subcategory F C B which plays the role of a cotilting
class, and equivalences E >~ F and D(E) >~ D(F). Each of D(E) and D(F) comes
naturally equipped with two t-structures, and the two abelian categories A and B
are the hearts of these two t-structures (see Section 5).

If, moreover, the oco-tilting class E is closed under coproducts in A and the
oo-cotilting class F is closed under products in B, then we show in Section 4 that
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D(E) is a pseudo-coderived category and D(F) is a pseudo-contraderived category
in the sense of [Positselski 2017a]. Although the above closure properties of E and
F are not automatic in our setup, they are satisfied for our motivating classes of
examples mentioned above and examined in detail in Section 6.

1. The tilted and cotilted abelian categories

Given an additive category C with set-indexed coproducts and an object M € C,
we denote by Add(M) C C the full subcategory formed by the direct summands
of coproducts of copies of M in C. Similarly, given an additive category C with
set-indexed products and an object L € C, we denote by Prod(L) C C the full
subcategory formed by the direct summands of products of copies of L in C. Given
a set X, the coproduct of X copies of M is denoted by MX) € Add(M) and the
product of X copies of L is denoted by LX e Prod(L).

We say that an additive category is idempotent-complete (or, in other termi-
nology, Karoubian or pseudo-abelian) if it contains the images of all idempotent
endomorphisms of its objects.

Theorem 1.1. (a) Let C be an idempotent-complete additive category with co-
products and M € C be an object. Then there exists a unique abelian category
B with enough projective objects such that the full subcategory of projective ob-
Jjects Bproj C B is equivalent to the full subcategory Add(M) C C. The abelian
category B has products, coproducts, and a natural projective generator P € By
corresponding to the object M € Add(M).

(b) Let C be an idempotent-complete additive category with products and L € C
be an object. Then there exists a unique abelian category A with enough injective
objects such that the full subcategory of injective objects Ain; C A is equivalent to the
Sfull subcategory Prod(L) C C. The abelian category A has products, coproducts, and
a natural injective cogenerator J € Aiyj corresponding to the object L € Prod(L).

Proof. (a) The category B is unique, because an abelian category with enough pro-
jective objects is determined by its full subcategory of projective objects [Stovicek
2014a, proof of Theorem 6.2; Positselski 2015, proof of Theorem 3.6].

To prove existence, one can construct B as the category of finitely presented
(coherent) contravariant functors on Add(M). This category can be also described
as the quotient category of the category Add(M)? of morphisms in Add(M) by
the ideal of all morphisms in Add(M)? which factorize through objects of the
full subcategory in Add(M)? consisting of all the split epimorphisms in Add(M)
[Beligiannis 2000]. The category B is abelian, because the additive category
Add(M) is right coherent (has weak kernels) [Freyd 1966, Corollary 1.5; Krause
1998, Lemma 2.2, Proposition 2.3; Beligiannis 2000, Proposition 4.5(1); Krause
2002, Lemma 1(1)] (see also [Fiorot 2016, Appendix B] for a further discussion
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and references). Indeed, if f : M" — M” is a morphism in Add(M) and X is
the set of all morphisms M — M’ whose composition with f vanishes, then the
natural morphism M — M’ is a weak kernel of f in Add(M) (cf. [Krause 2002,
Lemma 2(1)]).

Even more explicitly, B is the category of modules over the monad

T: X+ Homc(M, M%)

on the category of sets (we call modules here what are often called monadic T-
algebras, since they generalize ordinary modules over a ring; see the discussions in
the introduction to [Positselski and Rosicky 2017], [Positselski 2017b, Lemma 1.1
and Example 1.2(2)], and [Positselski and Stovicek 2019, Sections 6.1 and 6.3]).

Coproducts in the category of coherent functors exist [Krause 2002, Lemma 1(2)];
more generally, whenever the category of projective objects B in an abelian
category B with enough projective objects has coproducts, the coproducts in B
can be constructed in terms of the coproducts in By (and the embedding functor
Bproj — B preserves coproducts). Products exist in the category of algebras over
every monad T : Sets — Sets and are preserved by the forgetful functor from the
category of T-algebras to Sets (coproducts also exist in the category of T-algebras,
but are not preserved by the forgetful functor). The natural projective generator
P € By is the free T-algebra/module with one generator.

(b) This is dual to the proof of (a). Explicitly, A is the opposite category to the cate-
gory of coherent covariant functors on Prod(L), or the opposite category to the cate-
gory of modules over the monad T : X — Homc (L%, L) on the category of sets. [

We will use the notation B = 0/(C) and A = 71 (C). Assuming that M € Cis a
“tilting object” in one sense or another (cf. Section 2), one can call B the abelian
category tilted from C at M. Similarly, assuming that L € C is a “cotilting object”
in some sense, one can call A the abelian category cotilted from C at L.

Now let us assume that C is an abelian category. Then, in the context of
Theorem 1.1(a), the additive embedding functor ®p; : Bproj =~ Add(M) — C
can be uniquely extended to a right exact functor ® : B — C. To compute the
object ®(B) € C for a given object B € B, one can present B as the cokernel of a
morphism of projective objects f : P” — P’ in B and put ®(B) = coker ®p.o;( f).

The additive embedding functor Add(M) >~ By; — B can be extended to a (left
exact) functor W : C — B right adjoint to ®. Representing the objects of B as modules
over the monad T : X — Homc (M, M%) on the category of sets, one can compute
the functor V¥ as the functor N — Homc¢ (M, N), with the T-module structure on
the set Hom¢ (M, N) constructed as explained in [Positselski and Stovitek 2019,
Section 6.3] (in this case Homc (M, N) of course carries the structure of an abelian
group, even a right T (x)-module, where * stands for a one-element set).
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Indeed, let us show that the functor & is left adjoint to W. First of all, the natural
projective generator P € B (corresponding to the object M € Add(M)) corepresents
the forgetful functor from the category B >~ T—mod to the category of sets or abelian
groups, that is, for any object B € T-mod one has Homg (P, B) >~ B. In particular,
for any object N € C we have a natural isomorphism of the Hom groups

Homg (P, ¥(N))=Homg (P, Homc(M, N)) ~Homc(M, N)=Homc(®(P), N).

Hence for any set X there are natural isomorphisms

Homg (PX), W(N)) ~Homc (M, N)* ~Homc(MX), N) ~Homc(®(P™), N).

Passing to the direct summands, we get a natural isomorphism of the Hom groups
Homg(P', W(N)) >~ Homc(®(P'), N)

for all objects P’ € Byroj and N € C. This isomorphism is clearly functorial in
an object N € C; and the construction of the action of the monad T on the set
W(N) =Homc(M, N) in [Positselski and Stovitek 2019, proof of Proposition 6.2
and Remark 6.4] is designed so as to make these isomorphisms compatible with
all the morphisms P” — P’ in the category Bpoj = Add(M). Finally, both the
contravariant functors Homg(—, W (N)) and Hom¢ (® (—), N) take the cokernels of
morphisms in B to the kernels of morphisms of abelian groups, so our isomorphism
of the Hom groups extends from P’ € B,; to all objects B € B.

Similarly, in the context of Theorem 1.1(b), the additive embedding functor
Winj : Ainj = Prod(L) — C can be uniquely extended to a left exact functor W : A — C.
The additive embedding functor Prod(L) >~ A;,; — A can be extended to a (right
exact) functor ® : C — A left adjoint to W.

For more explicit descriptions of abelian categories B arising in connection with
objects M in more specific classes of additive categories C in Theorem 1.1(a),
we refer to [Positselski and Stovicek 2019, Theorems 7.1, 9.9, and 9.11, and
Proposition 9.1].

The following question will be addressed in Section 2: given an abelian category A
with coproducts and an object M € A, under which assumptions is there an object L
in the abelian category B = o, (A) such that 7 (B) = A ? Similarly, given an abelian
category B with products and an object L € B, under which assumptions is there an
object M in the abelian category A = m; (B) such that oy, (A) =B?

2. oo-tilting-cotilting correspondence

Let A be an abelian category with coproducts. We will say that an object T € A is
weakly tilting if one has

Ext;(T, TX)y=0 forall sets X and all integers i > 0.
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Given two objects T’ € Add(T) C Aand A € A, amorphism ¢ : T’ — A is said to
be an Add(T)-precover if every morphism ¢’ : T"” — A with T” € Add(T) factorizes
through the morphism 7. Equivalently, this means that the map of abelian groups
Homa (T, 1) : Homa(T, T') — Homa (T, A) is surjective. For every object A € A,
the natural morphism 7 Homa(T-A) 5 4 is an Add(T)-precover.

Let T € A be a weakly tilting object. By the definition, the full subcategory
Emax(7T") C A consists of all the objects E € A satisfying the following two conditions:

(imax) Exty (T, E) =0 for all i > 0.

(iimax) There exists an exact sequence
---—>T2—>T1—>T0—>E—>O

in A such that 7; € Add(T') for all j > 0 and the sequence remains exact
after applying the functor Homa (7', —).

Notice that the condition of exactness of the sequence of abelian groups obtained
by applying Homa (7', —) in (iimax) can be equivalently restated as the condition that
the images Z; of the morphisms 7| — T; satisfy ExtllA(T, Z;)=0forall j >0.
In this case, assuming (imax), one also has Exth(T, Z;)=0forall j>0andi > 0.
As (iimax) 18 obviously satisfied for Z, it follows that Z; € Ena.x(T) for all j > 0.

Conversely, given a short exact sequence 0 - Zy — Tp — E — 0 with E satis-
fying (imax), Zo satisfying (iimax), To € Add(T), and Homa (T, Tp) — Homa (T, E)
a surjective map, one clearly has E € Epox (7).

The following lemma is a generalization of [Wakamatsu 1990, Proposition 2.6].

Lemma 2.1. For any weakly tilting object T € A, the full subcategory Eax(T) in
the abelian category A is closed under

(a) extensions,
(b) the cokernels of monomorphisms,

(c) the kernels of those epimorphisms which remain epimorphisms after applying
the functor Homp (T, —), and

(d) direct summands.

Proof. To prove parts (a)—(c), consider a short exact sequence 0— E'— E— E”"—0
in the abelian category A.

(a) Clearly, the object E satisfies the condition (inax) Whenever the objects E’ and
E" do. Suppose that T; — E" and Tj' — E” are epimorphisms onto the objects
E’ and E” from objects T, T’ € Add(T) that remain epimorphisms after applying
the functor Homa (7, —). Since Ext}\(T”, E’) =0, the morphism 7] — E” can
be lifted to a morphism 7/ — E. Hence we obtain a morphism from the split
short exact sequence 0 — T — T;® T’ — T — 0 to the short exact sequence
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0 - E' - E — E” — 0. Being an epimorphism at the leftmost and rightmost
terms, this morphism of short exact sequences is also an epimorphism at the middle
term. The short sequence of kernels 0 — Z{ — Zo — Z{ — 0 is then also exact, and
the vanishing of Eth(T, Z;) and Ext;(T, Z{) implies the same of Eth(T, Z0).
We can thus proceed with the construction of a resolution as in (iinax) inductively.

(b) Clearly, the object E” satisfies the condition (inax) Whenever the objects E’ and
E do. Moreover, the epimorphism E — E” remains an epimorphism after applying
Homa (T, —), since Ext}A(T, E’) =0. Let Tp — E be an epimorphism onto E from
an object Ty € Add(T') that remains an epimorphism after applying Homa (7', —).
Then the composition Ty — E — E” has the same property. Let Zo and Z be the
kernels of the epimorphisms 7y — E and Ty — E”. Then there is a short exact
sequence 0 — Zo — Z{ — E’ — 0. Assuming that Zy € Ena(T'), one can apply
part (a) in order to conclude that Zg € Emax(T); hence E” € Epax(T).

(c) Letus first show that the kernel of every Add(T')-precovert’: T’ — E belongs to
Emax(T) whenever E € E .« (T). By the definition, there exists an Add(T)-precover
to : Ty — E with the kernel Zy belonging to E,,.(7T). Consider the following
pullback diagram:

Z/ Z/

||

Zor—— S —» T’

| 1)

Zo— TOT»E

As Zy and T' are in Epn.x(T'), we have S € Ena(T) by part (a). Furthermore, since
t' stays an epimorphism after applying Homa (7, —) and 7', E satisfy (imax), it
follows that Z’ satisfies (imax) and the middle column splits. Hence there exists a
short exact sequence 0 — Ty — S — Z' — 0 and Z’ € E;a(T) by part (b).

Now we can return to our short exact sequence 0 - E' — E — E” — 0. Clearly,
if the objects E and E” satisfy (imax) and the map Homa (7, E) — Homa (T, E”)
is surjective, then the object E’ also satisfies (imax). Furthermore, if Ty — E is
an Add(T')-precover with the kernel Zj and if Zg is the kernel of the composition
To — E — E”, then Z, Zg € Emax(T) by the previous paragraph. It remains to
apply part (b) to the short exact sequence 0 — Zy — Zj — E’ — 0 in order to
conclude that E’ € Epmax(T).

(d) Let E" and E” be two objects in A for which E = E' ® E” € Eq,ax(T). Then it
is obvious that E” and E” satisfy (imax). Starting from the exact sequence (iimax) for
the object E, we will simultaneously construct similar exact sequences for the two
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objects E’ and E”. Applying the construction of part (b) to the short exact sequence
0— E'— E — E” — 0, we get an epic Add(T)-precover Ty — E” with the kernel
Z( included in a short exact sequence 0 — Zo — Z; — E’ — 0. Applying the
same construction to the short exact sequence 0 — E” — E — E’ — 0, we have
an epic Add(T)-precover Ty — E’ with the kernel Z(’) included in a short exact
sequence 0 — Zy — Z, — E" — 0.

Continuing with an epic Add (T )-precover T; — Zy and applying the construction
of part (a), we obtain an epic Add(T)-precover Ty @ Ty — Z] with the kernel Z7
included in a short exact sequence 0 — Z; — Z| — Z — 0. Proceeding in this way,
we obtain an epic Add(T')-precover 7> @ Ty @ To — Z/ with the kernel ZJ included
in a short exact sequence 0 — Z, — Z) — Z| — 0, an epic Add(7')-precover
3T, ®T & Ty— Z), etc. Hence we obtain a long exact sequence satisfying the
requirements of (iimay) for E” of the form

o> LTI DTy — T0®T1—>T0—>EN—>O,

and there is a similar sequence of the same form for E’. U

It follows from Lemma 2.1(c) that, given an object E € E,.x(7), one can
construct an exact sequence (iimax) for it by choosing an arbitrary Add(T)-precover
Tp — E, taking its kernel Z, choosing an arbitrary Add(7")-precover 11 — Zo, etc.
Whichever Add(T')-precovers one chooses, all the subsequent Add(7")-precovers
will be epimorphisms, so one will not encounter any problems in this process.

In view of Lemma 2.1(a), for any weakly tilting object T € A, the full subcategory
Emax(T) C A inherits a Quillen exact category structure from the abelian category A.
There are enough projective objects in the exact category En..(7T), and the full
subcategory of projective objects in Eax(7") coincides with Add(T) C Epnax(T) C A.

Given a full subcategory E of an idempotent complete exact category A, we will
call E a coresolving subcategory provided that

(a) E is closed under extensions, cokernels of admissible monomorphisms, and
direct summands in A, and

(b) E is cogenerating in A, i.e., each A € A admits an admissible monomorphism
A — E in Awith E € E.

Coresolving subcategories provide a suitable framework to speak of coresolution
dimensions of objects [§t’0v1’éek 2014a, §2; Auslander and Bridger 1969, Chapter 3].

Let now A be an abelian category with set-indexed products and an injective
cogenerator J € A. Then set-indexed coproducts exist and are exact in A [Positselski
and Stovicek 2019, Section 2]. The full subcategory of injective objects in A can
be described as A;,; = Prod(J).

We will say that an object T € A is co-tilting (or big Wakamatsu tilting) if T is
weakly tilting and Aj,j C Emax (7). In this case, the full subcategory Eqax(7) C Ais
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coresolving, there are enough injective objects in the exact category En.x(7"), and
these are precisely the injective objects of the ambient abelian category A.

Now let us present the dual definitions. Let B be an abelian category with
products. We will say that an object W € B is weakly cotilting if one has

ExtiB(WX ,W)=0 for all sets X and all integers i > 0.

Let W € B be a weakly cotilting object. By the definition, the full subcate-
gory Fmax(W) C B consists of all the objects F' € B satisfying the following two
conditions:

(i*.) Exty(F, W) =0 foralli > 0.

max

«ek .
(i, There exists an exact sequence

0> F->W' s wlsw?s ...

in B such that W/ e Prod(W) for all j > 0 and the sequence remains exact
after applying the contravariant functor Homg (—, W).

Lemma 2.2. For any weakly cotilting object W € B, the full subcategory Fax(T)
in the abelian category B is closed under

(a) extensions,
(b) the kernels of epimorphisms,

(¢c) the cokernels of those monomorphisms which are transformed into surjective
maps by the contravariant functor Homg(—, W), and

(d) direct summands.
Proof. Dual to Lemma 2.1. U

The definition of a Prod(W)-preenvelope in B is dual to the above definition of
an Add(T)-precover in A. The morphism F — W in an exact sequence (i’ )
is a Prod(W)-preenvelope. Denoting the cokernel of this morphism by Z° the
morphism Z° — W' is also a Prod(W)-preenvelope, etc.

Conversely, it follows from Lemma 2.2(c) that, given any object F € Fy (W),
one can construct an exact sequence (i, ) for it by choosing some arbitrary
Prod(W)-preenvelope F — WY, taking its cokernel Z° choosing an arbitrary
Prod(W)-preenvelope Z° — W/, etc. Whichever Prod(W)-preenvelopes one
chooses in this process, all the subsequent Prod(W)-preenvelopes will be monomor-
phisms, so one will not encounter any problems.

In view of Lemma 2.2(a), for any weakly cotilting object W e B, the full
subcategory Fnyax(W) C B inherits an exact category structure from the abelian
category B. There are enough injective objects in the exact category Fnax(W), and
the full subcategory of injective objects in Fax(W) coincides with Prod(W).
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D |fmax (W)
—_—
P, We Frax(W) ~ Emax(T) 3T, J
«—
WEmax (T)

Figure 1. Illustration of the oco-tilting-cotilting correspondence
(see Theorems 2.3 and 2.4 and Corollary 2.5).

Let B be an abelian category with set-indexed coproducts and a projective
generator P € B. Then set-indexed products exist and are exact in B. The full
subcategory of projective objects in B can be described as Bpoj = Add(P).

We will say that an object W € B is co-cotilting (or big Wakamatsu cotilting) if
W is weakly cotilting and Bproj C Frmax(T).

When the object W is co-cotilting, the full subcategory F,.x(W) C B is resolving
(i.e., generating and closed under extensions, kernels of epimorphisms and direct
summands). In this case, there are enough projective objects in the exact category
Fmax(W), and these are precisely the projective objects of the ambient abelian
category B.

Theorem 2.3. Let A be a complete, cocomplete abelian category with an injective
cogenerator J and an oo-tilting object T € A. Put B= o7 (A), and let ® : B — A be
the right exact functor identifying the full subcategory of projective objects Bpyro; C B
with the full subcategory Add(T) C A. Let W : A — B be the left exact functor right
adjoint to ®; so P =W (T) is a projective generator of B. Set W = W (J) € B.

Then W is an oo-cotilting object in B, and the restrictions of the functors WV
and ® induce a pair of inverse equivalences of exact categories between E.x(T)
and Fax (W) (see Figure 1), which identify the oo-tilting object T € A with the
projective generator P € B and the co-cotilting object W € B with the injective
cogenerator J € A.

Proof. The functor W|g__ (T) : Emax(T) — B is exact, because the functor ¥ can
be computed as Homa (7, —), and the condition (in.x) is imposed.

To check that the functor W[g,__ (1) is fully faithful, one can choose for any
two objects E' and E” € Emax(T) two initial fragments 7/ — T; — E' — 0
and 7" — Ty’ — E" — 0 of exact sequences (iimax). The two sequences being
exact in the exact category Eax(7) and the objects of Add(T') being projective in
Emax(T), one can compute the group Homa (E’, E”) as the group of all morphisms
T, — T, forming a commutative square with some morphism 7] — 7}, modulo



0o-TILTING THEORY 309

those morphisms that come from some morphism 7;; — 7,’. The functor W takes
the exact sequences 7\ — 7.V — E® — 0, k =1, 2, to exact sequences
w1 - w(I®) - \I!(E(")) — 0 with the objects \IJ(T( )) belonging to Biroj,
so the groups Homg (W (E’), W (E")) can be computed 51m11arly in terms of mor-
phisms between the objects \IJ(TJ.(k)). It remains to recall that the functor W|agq(7)
is fully faithful (see Section 1).

Furthermore, since the functor W|g__ (7) is exact and fully faithful, and takes the
projective objects of En.x(T') to projective objects in B, and since there are enough
projectives in Emax(T), it follows that the functor Vg _ (r) induces isomorphisms
of the Ext groups

ExtL 7 (E', E") = Ext(¥(E'), W(E"))

for all objects E’ and E” € Epax(T) and all i > 0. Similarly, as there are enough
injectives in E,.x(T) and the injectives of E..x(7T') are injective in A, one has

Exty (E',E") ~Ext{\(E",E"),  E,E" €Enu(T), i>0.

The functor W, being right adjoint, preserves products; so the equations Prod(J) =

Aij and W = W(J) imply Prod(W) = W(Ajy). In particular, WX = w(J¥) for
any set X. As Ainj C Emax(T) and Exty(JX, J) = 0 for i > 0, it follows that
Ext’B(WX, W) = 0. So the object W € B is weakly cotilting.

Moreover, for the same reasons one has ExtiB (W(E), W)=0forall E € E,, (T)
and i > 0. In other words, the objects W(E) € B satisfy the condition (i, ).
Let us show that they also satlsfy (uiax) that is W(Enmax(T)) C Fmax(W). Let
0— E— J%—= J' = J? — ... be an injective coresolution of E in A. In view of
Lemma 2.1(b), this coresolution is an acyclic complex in the exact category Epmax (7).
The object J € A being injective, this coresolution is taken to an acyclic complex of
abelian groups by the contravariant functor Homa (—, J). Hence, applying the fully
faithful exact functor W|g, _ (7, we obtain a coresolution (ii*_ ) for the object W (E).
Thus Bproj = W(Add(T)) C W (Emax(T)) C Frnax(W), and we have shown that the
object W is oco-cotilting in B.

There are enough injective objects in the category A, and the left exact functor W
establishes an equivalence A;,j >~ Prod(W). Hence we have A = mw(B). The
assertions dual to what we have already proved now tell that the functor ® is exact
and fully faithful in restriction to F,, (W) and that ® (F,ax(W)) C Emax(T). Being
an adjoint pair of exact and fully faithful functors, ¥|g,__ (r) and ®@[f, (w) are
equivalences of the exact categories Enax(T) and Fa(W). O

Theorem 2.4. Let B be a complete, cocomplete abelian category with a projective
generator P and an co-cotilting object W € B. Put A =y (B), and let ¥ : A — B
be the left exact functor identifying the full subcategory of injective objects Ainj C A



310 LEONID POSITSELSKI AND JAN STOVICEK

with the full subcategory Prod(W) C B. Let ® : B — A be the right exact functor
left adjoint to V; so J = ® (W) is a injective cogenerator of A. Set T = ®(P) € A.

Then T is an oo-tilting object in A, and the restrictions of the functors ® and W
induce a pair of inverse equivalences of exact categories between F (W) and
Emax(T) (see Figure 1), which identify the oo-cotilting object W € B with the
injective cogenerator J € A and the oo-tilting object T € A with the projective
generator P € B.

Proof. Dual to Theorem 2.3. ([

Corollary 2.5. The constructions of Theorems 2.3 and 2.4 establish a one-to-one
correspondence between equivalence classes of

(1) complete, cocomplete abelian categories A with an injective cogenerator J
and an oo-tilting object T, and

(2) complete, cocomplete abelian categories B with a projective generator P and
an oo-cotilting object W. ([

3. oo-tilting and oco-cotilting pairs

As above, let A be an abelian category with set-indexed products and an injective
cogenerator J € A. Let T € A be an object and E C A be a full subcategory. We
will say that (7', E) is an oco-tilting pair in A if the following conditions hold:

(1) A, CE.
(i) Add(T) C E.
(i) Extj(T, E) =0 forall E € E.
(iv) E is closed under the cokernels of monomorphisms and extensions in A.
(v) Every Add(T)-precover T’ — E of an object E € E is an epimorphism in A
with the kernel belonging to E.

Due to the condition (iv), the full subcategory E C A inherits an exact category
structure from the abelian category A. According to the condition (i), there are
enough injective objects in the exact category E, and these are precisely the injective
objects of the ambient abelian category A, that is, Ejn; = Aip;.

It follows from the condition (iii) together with the condition (i) and the first part
of the condition (iv) that

Eth(T, E)=0 forall E € E and all integers i > 0.

Hence, in view of the condition (ii), the object T € A has to be weakly tilting.
From the conditions (ii) and (iii) we see that the objects of Add(T") are projective

in the exact category E. It follows from the condition (v) that there are enough

projective objects belonging to Add(7") in E. Hence there are enough projective
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objects in E and the class of all projective objects in E coincides with Add(T), that
is Eproj = Add(T).

Now it is clear that all the objects E € E satisfy the conditions (imax) and (iimax); SO
we have E C Enax(7T) C A. From the condition (i) we conclude that Aip; C Eax(T).
Thus the object T € A has to be oco-tilting. Conversely, according to Lemma 2.1,
for any oo-tilting object T € A, the pair (7', Emax(7)) is an co-tilting pair in A. To
summarize, we have shown the following.

Lemma 3.1. Let A be a complete, cocomplete abelian category with an injective
cogenerator. Then an object T € A is a part of an oo-tilting pair (T, E) in A if and
only if it is an oo-tilting object. The full subcategory E = Enax(T') is the maximal of
all full subcategories E C A forming an oo-tilting pair with T € A. [l

In general, we do not assume that E is closed under direct summands. However,
we can add that assumption whenever convenient (e.g., in Sections 4 or 5):

Lemma 3.2. [If (T, E) is an oco-tilting pair in A and E' is the closure of E under
direct summands, then (T, E') is also an oco-tilting pair and E' is a coresolving
subcategory in A.

Proof. The conditions (i)—(iii) are obviously true for E’. To prove (iv), suppose that
we have an exact sequence

0—>E > E —E{—0

with E}, E{ € E/ i.e., there exist E}, E] € A such that E' = E] ® E, and E" =
Ei/ fa) Eg belong to E. Then E; & Eé sy Eé/ is an extension of E’ by E” in A,
and hence E| € E'. Similarly, if f; : E{ — E; is a monomorphism in A with
E|, E| € E/, then there is a split monomorphism f5 : E}, — E; such that f; @ f> is
a monomorphism in A between objects of E. Finally, to prove (v), it suffices to note
thatif E=E|®E,ecEandift;: Ty — Ey and t, : T, — E; are Add(T)-precovers,
then also t; @ 1, : T) @ T, — E is an Add(T)-precover. U

Now we present the dual definitions. Let B be an abelian category with set-
indexed coproducts and a projective generator P € B. Let W € B be an object and
F C B be a full subcategory. We will say that (W, F) is an co-cotilting pair in B if
the following conditions hold:

(i*) Bproj C F.
(ii*) Prod(W) CF.
(iii*) Bxty(F, W) =0 for all F € F.
(iv*) F is closed under the kernels of epimorphisms and extensions in B.

(v*) Every Prod(W)-preenvelope F — W' of an object F € F is a monomorphism
in B with the cokernel belonging to F.
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As above, it follows from the conditions (i*)—(v¥*) that
ExtiB(F, W) =0 forall F € F and all integers i > 0,

the object W € B is weakly cotilting, and the full subcategory F C B inherits
an exact category structure from the abelian category B. The exact category F
has both enough projective and enough injective objects; the full subcategories of
projective and injective objects in F are described as Fpro; = Bproj and Finj = Prod(W).
Moreover, as before one also has:

Lemma 3.3. Let B be a complete, cocomplete abelian category with a projective
generator. Then an object W € B is a part of an oo-cotilting pair (W, F) in B if and
only if it is an co-cotilting object. The full subcategory F = F 2 (W) is the maximal
of all full subcategories F C B forming an oco-cotilting pair with W € B.

Moreover, if (W, F) is an oo-cotilting pair and F' is the closure of F under
direct summands, then (W, F') is also an oo-cotilting pair and F' is a resolving
subcategory of B.

Proof. This is dual to Lemmas 3.1 and 3.2. ([

The oo-tilting-cotilting correspondence from the last section now extends to one
between oo-tilting and oco-cotilting pairs.

Proposition 3.4. In the context of Corollary 2.5 (see also Figure 1), the assignments
F = W(E) and E = ®(F) establish a bijective correspondence between

(1) the full subcategories E C Epnax(T') forming an oo-tilting pair with T € A and
(2) the full subcategories F C Fax(W) forming an oo-cotilting pair with W € B.

Proof. Let (T, E) be an oo-tilting pair in the category A. Put F = W(E). We have to
show that (W, F) is an oco-cotilting pair in the category B.

Indeed, the condition (i*) follows from (ii) and the condition (ii*) follows from (i),
as Bproj = W(Add(T')) and Prod(W) = W(A;y;). The condition (iii*) holds, since
F=W(E) C V(Enax(T)) = Fnax(W) and all F € F,o (W) satisfy (iii*).

The full subcategory F is closed under extensions in Fp,..(W), because W :
Emax(T) — Fmax(W) is an equivalence of exact categories and the full subcategory
E is closed under extensions in En,.(W). Since the full subcategory F,ox (W) is
closed under extensions in B by Lemma 2.2(a), it follows that F is closed under
extensions in B.

Let f : F/ — F” be an epimorphism in B between two objects F’, F” € F. Then
there exists a morphism e : E' — E” in E such that F®) ~ W(E®), s =1, 2, and
f = W(e). The map of abelian groups Homg (7', e) is surjective, since the map
Homg(P, f) is and P = W(T). Let Ty — E’ be an Add(T)-precover; then the
composition Ty — E’ — E” is also an Add(T)-precover. Denote the kernels of the
morphisms Ty — E’ and Ty — E” by Z; and Z{, respectively. Then Z(), Z{ € E by
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the condition (v) and the natural morphism Z{ — Z is a monomorphism. Hence
ker(e) = coker(Z;, — Z)) € E by the condition (iv) and ker(f) = W (ker ¢) € F. This
proves that the full subcategory F C B is closed under the kernels of epimorphisms
in B and finishes the proof of the condition (iv¥).

To prove the condition (v*), let f : F — W be a Prod(W)-preenvelope of an
object F € F. Then f = W(e), where e : E — J° is a morphism in E and J° € Ain;.
The map Homg(e, J) is surjective, since the map Homg( f, W) is and W = W (J).
Since J is an injective cogenerator of A, it follows that e is a monomorphism in A.
By the condition (iv), the cokernel of e belongs to E, so e is a monomorphism in E.
Since the functor W|g is exact, it follows that f is a monomorphism in B with the
cokernel belonging to F.

To summarize these arguments, the conditions (iv) and (v) essentially say that
the full subcategory E is closed under the cokernels of monomorphisms, extensions,
and kernels of epimorphisms in En.« (7)), while the conditions (iv*) and (v*) mean
that the full subcategory F is closed under the kernels of epimorphisms, extensions,
and cokernels of monomorphisms in Fpa(W). U

Corollary 3.5. The constructions of Theorems 2.3 and 2.4 and Proposition 3.4
establish a one-to-one correspondence between equivalence classes of

(1) quadruples (A, E, T, J), where A is a complete, cocomplete abelian category
with an injective cogenerator J and (T, E) is an co-tilting pair in A, and

(2) quadruples (B, F, P, W), where B is a complete, cocomplete abelian category
with a projective generator P and (W, F) is an oo-cotilting pair in B.

In this correspondence, the exact categories E and F are naturally equivalent, E ~F,
and the equivalence identifies T with P and W with J. ([

In general, there can be many classes E which form an oo-tilting pair with a
given oo-tilting object T € A. Thanks to the following lemma, we know that they
form a complete lattice.

Lemma 3.6. Let A be a complete, cocomplete abelian category with an injective
cogenerator and let T € A be an oo-tilting object. If E; C A, i € 1, is a collection of
full subcategories such that (T, E;) is an oo-tilting pair for each i € I, then (T, E)
is an oo-tilting pair with E = (1, Ei.

Dually, if B is a complete, cocomplete abelian category with a projective genera-
tor, W € B is an oo-cotilting object and (W, F ;) are oo-cotilting pairs, j € J, then

(W, F) is an co-cotilting pair with F = ﬂjeJ Fj.
Proof. 1t is straightforward to check that each of the conditions (i)—(v) and (i*)—(v¥)
is preserved by intersections of classes. O

Example 3.7. In particular, whenever 7T is an oo-tilting object in A, there exists a
unique minimal full subcategory E;, (7") C A for which (7', Eqin(T)) is an oo-tilting
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pair in A. In fact, the full subcategory E,in (T') consists of all the objects in A that can
be obtained from the objects of Aiy; C Emin(A) and Add(T) C Emin(A) by applying
iteratively the operations of the passage to the cokernel of a monomorphism, an
extension, or the kernel of an Add(T)-precover. For every oco-tilting pair (7, E)
in A, one then has E,;,(T) C E.

Similarly, whenever W is an oo-cotilting object in B, there exists a unique
minimal full subcategory Fp,i,(W) C B such that (W, Fj,(W)) is an oco-cotilting
pair in B. For every co-cotilting pair (W, F) in B, one has Fp,j, (W) C F.

In the situation of Corollary 2.5 (and Figure 1), the full subcategories E i, (T) C A
and Fp,;, (W) C B are transformed into each other by the functors W and @, that is

Fin(W) = W(Emin(T)) and  Emin(T) = @ (Fmin(W)).

Remark 3.8. There is a certain similarity between our results in Sections 1-3 of
this paper and those in [Enomoto 2017, Sections 2-3]. Let us explain the connection
and the differences between our approaches. The paper [Enomoto 2017] is a far-
reaching development of the traditional point of view in Wakamatsu tilting theory,
in which finitely generated modules over Artinian algebras are the main objects of
study. Enomoto [2017] works with skeletally small exact categories, and essentially
never considers infinite products or coproducts. The definition of a projective
generator in [Enomoto 2017, paragraph before Corollary 2.14] presumes an exact
category with enough projective objects in which every projective object is a direct
summand of a finite direct sum of copies of the (single) generator.

Nevertheless, the generality level in [Enomoto 2017, Sections 2—-3] exceeds that
of our exposition. In particular, our Lemma 2.2 is but a particular case of [Enomoto
2017, Proposition 3.2] (while our Lemma 2.1 is dual). Enomoto achieves this
generality by working with arbitrary (skeletally small) additive categories in place
of our classes Add(7") and Prod(W). An exact category playing the role of our F is
generally denoted by € in [Enomoto 2017], an additive category playing the role of
our Add(T') = Fproj = Bproj 1s denoted by €, an additive category in the role of our
Prod(W) = Fi,; is denoted by W, and the exact category in the role of our Fya (W)
is denoted by Xy. (The reader should be warned that Enomoto calls “Wakamatsu
tilting” what we would call “Wakamatsu cotilting” or “co-cotilting”.)

Finally, in the role of our abelian category B, Enomoto has an exact category
which he denotes by mod C. This difference occurs because our observation that
the category Add(7T") always has weak kernels (as pointed out in the proof of
Theorem 1.1) has no counterpart in [Enomoto 2017].

4. oo-tilting-cotilting derived equivalences

Unlike in [Positselski and Stovi¢ek 2019, Sections 3—5], in our present situation the
coresolution dimensions of objects of the category A with respect to its coresolving



0o-TILTING THEORY 315

HOt(AinJ‘) HOt(Bproj)
D(E) == D(F)
D(A) D(B)

Figure 2. Equivalences induced by oco-tilting/co-cotilting pairs in general.

subcategory E or E,,.x(7") can well be infinite, and so can the resolution dimensions
of objects of the category B with respect to its resolving subcategory F or Fpax(W).
Hence the equivalence of exact categories E >~ F does not generally lead to any
equivalence between the derived categories D(A) and D(B). All one can say is that
there is the commutative diagram formed by triangulated functors and a triangulated
equivalence in Figure 2. Here Hot(A;,;) and Hot(By.;) are the homotopy categories
of (unbounded complexes in) the additive categories Aj,j and Bpyoj, while D(E) and
D(F) are the (unbounded) derived categories of the exact categories E and F, and
D(A) and D(B) are the similar derived categories of the abelian categories A and B.

If A is a Grothendieck category, the canonical functor Hot(A;,;) — D(A) in the
left-hand side column of Figure 2 is a Verdier quotient functor. This follows, e.g.,
from [Alonso Tarrio et al. 2000, Theorem 5.4]. If the full subcategories E C A and
F C B have additional closure properties, we will obtain a similar diagram below
where all the functors are Verdier quotients.

One issue here is that, unlike for tilting modules of finite projective dimension,
the class E in the definition of a tilting pair need not be closed under coproducts in
A (cf. [Positselski and Stovitek 2019, Lemma 5.3]). Dually, the class F need not
be closed under products. There are some elementary relations between the closure
properties of E and F, however.

Lemma 4.1. In the context of Corollary 3.5, if the full subcategory E C A is closed
under products, then the full subcategory F C B is closed under products. If the full
subcategory F C B is closed under coproducts, then the full subcategory E C A is
closed under coproducts.

Proof. The first assertion holds, since F = W (E) and the functor ¥ : A — B preserves
products (see Figure 1). The second assertion holds, since E = & (F) and the functor
@ : B — A preserves coproducts. (]

It would be interesting to know whether the converse assertions to those of
Lemma 4.1 are true.
Suppose now that E is a part of an oco-tilting pair in a complete, cocomplete
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abelian category A with an injective cogenerator. Then A has exact coproducts
([Mitchell 1965, Exercise II1.2]) and, if E is closed under coproducts, E has exact
coproducts too. In such a situation the following definition from [Positselski 2010,
Sections 2.1 and 4.1] or [Positselski 2012, Section A.1] applies and gives a more
adequate replacement of Hot(A;,;) = Hot(E;y;) in Figure 2.

If E is an exact category with arbitrary coproducts which are exact, we call a
complex coacyclic if it belongs to the smallest localizing subcategory of Hot(E)
which contains the total complexes of short exact sequences of complexes over E.
The coderived category of E, which we denote by D°(E), is defined as the Verdier
quotient category of Hot(E) by the subcategory of coacyclic complexes.

Note that it follows from the above definition that each coacyclic complex is
exact and, thus, we have a Verdier quotient functor D°(E) — D(E). On the other
hand, if E in addition has enough injectives, the natural functor Hot(E;n;) — D“°(E)
is fully faithful by [Positselski 2012, Lemma A.1.3]. To summarize, we have
triangulated functors

Hot(Einj) ——— D*°(E) — D(E),

where the first functor is fully faithful and the second one is a Verdier quotient.
In fact, the fully faithful functor was proved to be an equivalence in some cases
[Positselski 2017¢, Theorem 2.4].

If F is an exact category with arbitrary products which are exact, the class of
contraacyclic complexes in Hot(F) and the contraderived category D" (F) of F are
defined dually, and we have triangulated functors

Hot (F proj) — D" (F) —» D(F).

As above, the fully faithful functor in the leftmost arrow is known to be an equiva-
lence in some cases [Positselski 2017¢, Theorem 4.4(b)].
Now we can state the main result of the section (see also Figure 3 below).

Proposition 4.2. (a) Let A be an exact category where set-indexed coproducts
exist and are exact, and let E C A be a coresolving subcategory closed under
coproducts. Then the functor between the coderived categories D°(E) — D (A)
induced by the embedding of exact categories E — A is a triangulated equivalence.
The triangulated functor between the conventional derived categories D(E) — D(A)
induced by the same exact embedding is a Verdier quotient functor.

(b) Let B be an exact category where set-indexed products exist and are exact,
and let F C B be a resolving subcategory closed under products. Then the functor
between the contraderived categories D (F) — D (B) induced by the embedding
of exact categories F — B is a triangulated equivalence. The triangulated functor
between the conventional derived categories D(F) — D(B) induced by the same
exact embedding is a Verdier quotient functor.
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DCO (A) Dctr(B)
D(E) =—— D(F)
D(A) D(B)

Figure 3. Equivalences induced by oo-tilting/oco-cotilting pairs
when E is closed under coproducts and F under products.

Proof. The first assertion of part (b) is [Positselski 2012, Proposition A.3.1(b)], and
the first assertion of part (a) is the dual result.

To prove the second assertion of part (a), notice that we have a commutative
diagram of triangulated functors D*°(E) = D*°(A) — D(E) — D(A), where both
the functors D*°(A) — D(E) and D*°(A) — D(A) are Verdier quotient functors. It
follows that the functor D(E) — D(A) is also a Verdier quotient. [l

In particular, Proposition 4.2 tells that, when in the situation of Corollary 3.5 the
full subcategory E C A is closed under coproducts and the full subcategory F C B is
closed under products, we have a commutative diagram formed by Verdier quotient
functors and a triangulated equivalence as in Figure 3.

Remark 4.3. Let A be an exact category with exact coproducts, and let E' CE” C A
be two coresolving subcategories closed under coproducts. Then one has D°(E’) ~~
D (E”) ~ D°(A), while the natural functors between the conventional derived

D (A) D" (B)
D(E)) =—— D(F)
D(E") =—— D(F')
D(A) D(B)

Figure 4. Compatible equivalences for different choices of oco-
tilting/oco-cotilting pairs.
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categories D(E') — D(E”) — D(A) are Verdier quotient functors. Thus, when a
coproduct-closed coresolving subcategory is being enlarged, its derived category
gets deflated. In other words, the larger the subcategory E C A, the smaller its
derived category D(E).

Similarly, let B be an exact category with exact products, and let F* C F” C B be
two resolving subcategories closed under products. Then one has

Dctr(F/) ~ Dctr(F//) ~ DCtr(B),
while the natural functors between the conventional derived categories
D(F') — D(F") — D(B)

are Verdier quotient functors.

In particular, when in the situation of Proposition 3.4 there are two oco-tilting
pairs (7, E’) and (T, E”) with E' C E” C A, and the corresponding two co-cotilting
pairs are (W, F’) and (W, F”), so F' C F” C B, we obtain the commutative diagram
of Verdier quotient functors and triangulated equivalences as in Figure 4. We refer
to [Positselski 2017a, Section 1] for a further discussion.

5. oo-tilting and oco-cotilting t-structures

The aim of the section is to lift the canonical t-structures from D(A) and D(B) to
D(E) and D(F), respectively, in Figures 2 or 3 in the previous section. By doing
this, we obtain a picture very similar to the classical tilting theory, where both A
and B can be viewed as full subcategories of D(E) such that E=ANB (since E ~F,
we of course obtain the same picture in D(F)).

We start with a lemma showing that t-structures can be lifted with respect to
certain triangulated functors with partial adjoints.

Lemma 5.1. Let D and 'D be triangulated categories and let (D=, DZ%) be a
t-structure on D. Let F :'D — D be a triangulated functor such that a right adjoint
functor to F is defined on D=° C D, that is, for every object X € D=° there exists an
object G(X) € 'D such that the functors Homp (F(—), X) and Homp(—, G(X))
are isomorphic on'D. Assume that the adjunction morphism ex: FG(X) — X is
an isomorphism in D for all objects X € D=,

Set 'D=0 = F~1(D=0) € 'D to be the full preimage of D= under F and 'D=° =
G(D=% C 'D to be the essential image of D=° under G. Then the pair of full
subcategories ('D=°, 'D=%) is a t-structure on'D. The functors F and G restrict to
mutually inverse equivalences between the abelian hearts A = D= N D=° c D and
'A='D=0N'D=% C 'D of the two t-structures.

Proof. One can easily check that the functor G commutes with the shift functors
[—1] on’D and D (since the functor F does). Let us show that Homp('X,’Y) =0
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for all’X € 'D=0 and 'Y € 'D=!. Indeed, we have F(’X) € D=0 and 'Y = G(Y) for
some Y € D=L, Hence

Homp(X,'Y) = Homp (X, G(Y)) = Homp(F(X),Y) =0.

Now let ’X € 'D be an arbitrary object. Set X = F(’X) € D, and consider a
distinguished triangle
(D) T<0X = X = 11X = (1< X)[1]

in D with 7<0X € D=C and 71X € D='. Put 7-1’X = G(7=1X) € 'D=\. Then the
morphism F(’X) = X — 71X in D corresponds to a certain morphism

X = G(r=1X)=11X

in 'D. Denote by t<¢’X a cocone of the latter morphism, so that we have a distin-
guished triangle

2) 70X > 'X = 51X = (1<0'X)[1]

in'D. Applying the functor F to the morphism X — 7-’X produces the morphism
X =F(X) > F(r>1(X)) = FG(t>1(X)) = t>1(X). Thus the triangulated func-
tor F takes the distinguished triangle (2) to the distinguished triangle (1), and it
follows that the object F(t<¢’X) is isomorphic to <o X. In other words, we have
70X € 'D=? and 7=1’X € 'D=! :='D=%[—1] in (2). It follows that ('D=", 'D=0) is
a t-structure.

Furthermore, the functors F and G restrict to an equivalence between the coaisles
DZ% ¢ D and 'DZ° ¢ 'D. Indeed, if 'X € 'DZ°, then ’X = G(X) for some X € DZ°
and F(’X) = FG(X) = X € D=° Thus the functor F restricts to F :'DZ — D=°,
the functor G : D= — 'D=? is its (honest) right adjoint, and the composition

DZO G /DZO F DZO

is the identity functor by assumption. Hence the functor G is fully faithful; and its
essential image coincides with 'D=° by the definition. Finally, for any 'X € ‘D=
we have 'X €A if and only if F('X) € A, because we have 'X € ‘D= if and only if
F(X) e D=0, O

Remark 5.2. In the special case where the functor F :’'D — D from the former
lemma is a part of a recollement
7/\ /\
D F 'D "D,
v ~_

G

the t-structure ('D=", 'D=Y) coincides with the result of gluing (D=, D=°) with the
trivial t-structure (“D, 0) on ”D in the sense of [Beilinson et al. 1982, Théoréme
1.4.10].
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We recall that for any t-structure (D=, D=) on a triangulated category D with
the abelian heart A = D= N D=Y C D there are natural maps

(3) Opp=0xp(X,Y):Exty(X,Y)—>Homp(X, Y[i]) forall X, Y €A, i>0.

A t-structure (D=0, DZ9) is said to be of the derived type if the maps GA’D(X, Y)
are isomorphisms for all X, Y € A and i > 0 (see [Beilinson et al. 1982, Remarque
3.1.17; Positselski 2011, Corollary A.17; Positselski and Stovitek 2019, Section 4]
for further details).

Lemma 5.3. In the context of Lemma 5.1, the t-structure (D=C, 'D=%) on the trian-
gulated category 'D is of the derived type if and only if the t-structure (D=0, D=0)
on the triangulated category D is.

Proof. According to Lemma 5.1, the functor F : A — A is an equivalence of
categories. So, according to the proof of Lemma 5.1, is the functor F :'D=% — D=°,
It remains to observe that the domain of the map (3) is an Ext group computed
in the abelian heart of the t-structure, while the codomain is a Hom group in the
coaisle: Homp (X, Y[i]) = Homp(X[—{], Y), and both the objects X[—i] and Y
belong to D=0, O

Lemma 5.4 describes the situation in which we want to apply Lemma 5.1.

Lemma 5.4. Let A be an abelian category and E C A be a coresolving subcategory,
viewed as an exact category with the exact category structure inherited from A.
Then the functor between the derived categories of bounded below complexes
DT (E) — D™ (A) induced by the exact embedding functor E — A is a triangulated
equivalence. The inverse functor to this equivalence D(A) D DT (A) — D' (E) C D(E)
is a partially defined right adjoint functor (in a sense analogous to the statement of
Lemma 5.1) to the functor between the unbounded derived categories D(E) — D(A)
induced by the exact embedding E — A.

Proof. For any bounded below complex A® in A there exists a bounded below
complex E° in E together with a quasi-isomorphism A®* — E*° of complexes in A
[Hartshorne 1966, Lemma I.4.6(1)]. Thus, the functor D*(E) — DT (A) is essentially
surjective.

Since E is closed under the cokernels of monomorphisms, any bounded below
complex in E that is acyclic in A is also acyclic in E. From this we will deduce that
for any complex E*® in E and any bounded below complex F* in E the natural map

(4) HOIIID(E)(E., F') —> HomD(A)(E', F.)

is an isomorphism, which implies both that the functor Dt (E) — DT (A) is fully
faithful (hence, a triangulated equivalence) and that the inverse functor to it is
partially right adjoint to the canonical functor D(E) — D(A).
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Indeed, an arbitrary morphism E® — F* in the derived category D(A) can be
represented by a fraction of morphisms of complexes E®* — X*® < F*, where X*®
is a complex in A and F* — X* is a quasi-isomorphism of complexes in A. Now
the complex X* is acyclic in low cohomological degrees, so for n < 0 the natural
morphism from X* to its canonical truncation X* — 7>, X* is a quasi-isomorphism
of complexes in A. The complex 7>, X* is bounded below, so there exists a bounded
below complex G* in E together with a quasi-isomorphism 7>, X®* — G* of com-
plexes in A. Then the composition F* — X* — 7>, X* — G* is a quasi-isomorphism
of complexes in the exact category E. This allows us to represent our morphism
E®* — F*in D(A) by a fraction E®* — G* < F* of morphisms of complexes in E.
This proves surjectivity of the map (4).

The injectivity is similar. If a fraction E®* — X°® < F* vanishes in the group
Hompa)(E*®, F*®), then there exists a quasi-isomorphism X* — G* of complexes
in A such that E* — X* — G°* is null-homotopic. As above, we can choose
X* — G* so that G* is a bounded below complex in E, and it follows that the
fraction vanishes in Hompg)(E*®, F'*) as well. U

Given an abelian category A with a coresolving subcategory E C A, for any
complex E* in E we denote by H, (E*®) € A the cohomology objects of the complex
E* viewed as a complex in A. Consider the following two full subcategories in the
unbounded derived category D(E):

. DiO(E) C D(E) is the full subcategory of all complexes E*® in E such that
HR(E®*)=0foralln > 0.

« D=%E) c D(E) is the full subcategory of all objects in D(E) that can be
represented by complexes E*® in E with E” =0 for all n < 0.

As in the usual notation, for any n € Z we set D;"(E) = DiO(E)[—n] C D(E) and
D="(E) = D=°(E)[—n] C D(E).

Proposition 5.5. Let A be an abelian category and E C A be a coresolving sub-
category. Then the pair of full subcategories (DiO(E), D=O(E)) is a t-structure on
the unbounded derived category D(E) of the exact category E. Moreover, this is a
t-structure of the derived type, and the triangulated functor D(E) — D(A) induced
by the exact embedding E — A identifies its heart DiO(E) NDZO(E) with the abelian
category A.

Proof. We apply Lemma 5.1 to the situation described in Lemma 5.4, where
'D=D(E), D=D(A), and F : D(E) — D(A) is the canonical functor. Moreover,
we set (D=Y, DZ%) to be the canonical t-structure on D(A), which is certainly of
the derived type. Then G = F |Bi0 © " D= — D=%(E) c D(E) is a partially defined
right adjoint to F in the sense of Lemma 5.1 and (DfO(E), D=0(E)) is precisely
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the lifted t-structure from the conclusion of the lemma. It is of the derived type by
Lemma 5.3.

For clarity, we summarize the construction of the t-structure truncations t5,E*
and IEIE * for a given complex E*® over E. One first considers its canonical trun-
cation tA E* as a complex in A, in the standard t-structure on D(A). So rflE *
is a complex in A with the terms concentrated in the cohomological degrees > 1;
hence there exists a complex F* in E with the terms concentrated in the cohomo-
logical degrees > 1 endowed with a quasi-isomorphism rﬁl E* — F* of complexes
in A. One sets 5 E* = F*, and 75 E* is a cocone of the morphism of complexes
E* — F*in D(E). O

Remark 5.6. It is useful to look into (non)degeneracy properties of the t-structure
(DX’(E), D=°(E)) on D(E). The intersection (1),-, D>"(E) C D(E) consists of
some bounded below complexes in E with Vanishir_lg cohomology in A. All such
complexes are acyclic in E, so this intersection is a zero category. On the other
hand, the intersection (), Di"(E) C D(E) consists of all the complexes in E
with vanishing cohomolog_y in A. This is precisely the kernel of the triangulated
functor D(E) — D(A), and it can very well be nontrivial. Indeed, let k be a field,
A=k[x]/ (x2)-mod and E = Ain; (see also Example 6.3 below). Since the complex

- — k[x]/ (0P = kx]/ (6 = k[x]/(x%) — - -

is acyclic but not contractible, it is nonzero in D(E) = Hot(A;,j), but it becomes
zero in D(A).

Let us formulate the dual assertions. Given an abelian category B with a resolving
subcategory F C B, for any complex F* in F we denote by HS(F*®) € B the
cohomology objects of the complex F* viewed as a complex in B. Consider the
following two subcategories in the unbounded derived category D(F):

« D=°(F) c D(F) is the full subcategory of all objects in D(F) that can be
represented by complexes F* in F with F* =0 for all n > 0.

. DEO(F) C D(F) is the full subcategory of all complexes F* in F such that
HE(F*)=0foralln <0.

Proposition 5.7. Let B be an abelian category and F C B be a resolving subcat-
egory. Then the pair of full subcategories (D=°(F), DEO(F)) is a t-structure on
the unbounded derived category D(F) of the exact category F. Moreover, this is a
t-structure of the derived type, and the triangulated functor D(F) — D(B) induced
by the exact embedding F — B identifies its heart D="(F) N DSO(F) with the abelian
category B.

Proof. Dual to Proposition 5.5. U
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Now we are well-equipped for the discussion of co-tilting and oco-cotilting
t-structures. Let A be a complete, cocomplete abelian category with an injective
cogenerator J and an oco-tilting pair (7', E), and let B be the corresponding complete,
cocomplete abelian category with a projective generator P and an oo-cotilting pair
(W, F), as in Corollary 3.5. Suppose further for convenience that E, and hence
also F, are idempotent complete. Then the exact category E ~ F is simultaneously
a coresolving subcategory in A and a resolving subcategory in B.

Thus we have two t-structures

(DX’(E), D=°(E)) and (D=°(F), D5°(F))

on the unbounded derived category D(E) =D = D(F). The hearts of these t-structures
are the abelian categories A and B, respectively.

From the point of view of the category A, the t-structure (DiO(E), DZ%(E)) on
the triangulated category D can be called the standard t-structure, and the t-structure
(D=O(F), DEO(F)) is the oo-tilting t-structure. Looking from the point of view of
the category B, the t-structure (D=(F), DEO(F)) on the triangulated category D is
the standard t-structure, and the t-structure (DiO(E), D=(E)) is the oco-cotilting
t-structure. The abelian category B is the co-tilting heart, and the abelian category A
is the co-cotilting heart.

6. Examples

Example 6.1. Let A be a complete, cocomplete abelian category with an injective
cogenerator J and an oo-tilting object T' € A, and let B be the corresponding com-
plete, cocomplete abelian category with a projective generator P and an co-cotilting
object W € B, as in Corollary 2.5. In this context, if both the projective dimension
of the oco-tilting object T € A and the injective dimension of the co-cotilting object
W € B are finite, then they are equal to each other, pdy, T =n =idg W. Furthermore,
this holds if and only if the object 7' € A is n-tilting if and only if the object W € B is
n-cotilting (both in the sense of [Positselski and Stovitek 2019, Sections 2 and 4).

Indeed, suppose that pdy 7 < oo and idg W < oo and denote by » the maximum
of the two values. Then the left exact functor W : A — B has finite homological
dimension, since it can be computed as the functor Homa (7', —); and the right exact
functor @ : B — A has finite homological dimension, since it can be computed as
the functor Homg(—, W)°P. Denote by E; C A the full subcategory of all objects
E € A such that EXtZ(T, E)=0forall i > 0, and by Fy C B the full subcategory
of all objects F' € B such that ExtiB(F , W)=0for all i > 0. (By the definition, we
have E,.x(T) C Er and Fax (W) C Fyy))

Then the functor W is exact on the exact category E7 and the functor ® is exact
on the exact category Fy . The full subcategory E7 is coresolving in A, and the full
subcategory Fy is resolving in B, with both the (co)resolution dimensions bounded
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by the finite constant n. The latter fact is due to the observation that, thanks to a
simple dimension-shifting argument, any n-th cosyzygy object in A belongs to E7
and any n-th syzygy object in B belongs to Fy.

Let us show that the functors ® and W restrict to mutually inverse equivalences
between the exact categories Er and Fy. Given an object E € Er, choose an
exact sequence 0 - £ — JO—> ... 5 J4 1 5 E' 5 0in A with J' € Ain; with
d > max(n, 2). Then the sequence

0> WE)>VI) > - > v S WE)>0

is exact in B, and the objects W(J) belong to the full subcategory Prod(W) C
Fw C B. Hence W(FE) € Fy by dimension shifting.

Furthermore, we have E’ € Er, hence W(E’) € Fy . It follows that the sequence
0— QU(E)—> dW(J") — ... — dWU(J ) - dW(E') — 0is exact in A. Since
the adjunction morphisms ®W (J') — J' are isomorphisms for i equal to 0 and 1,
so is the adjunction morphism ®W(E) — E. Similarly one shows that ®(F) € Er
for all F € Fy, and the adjunction morphism F — W® (F) is an isomorphism.

According to [Bondal and van den Bergh 2003, Lemmas 5.4.1, 5.4.2; Fiorot
et al. 2017, Proposition 1.5; Positselski and Stovitek 2019, Theorem 5.5], the
triangulated functors D(Ey) — D(A) and D(Fy) — D(B) induced by the exact
embedding functors Er — A and Fy — B are equivalences of triangulated categories.
Thus we obtain a triangulated equivalence

D(A) ~ D(E7) = D(Fy) ~ D(B).

Applying, e.g., [Positselski and Stovicek 2019, Proposition 2.5 and Corollary 4.4(b)],
one can conclude that the conditions (i)—(iii) and (i*)—(iii*) of [Positselski and
Stovicek 2019, Sections 2 and 4] hold for T and W, respectively. That is, T is
n-tilting, W is n-cotilting and, moreover, pdy, T =n =idg W by [Positselski and
Stovicek 2019, Corollary 4.12].

Following [Positselski and Stovitek 2019, Lemma 5 .1], the two conditions (imnax)
and (iimax) defining the full subcategory Eax (7)) C A are equivalent in this case. Sim-
ilarly, the two conditions (i%, ) and (ii¥ ) defining the full subcategory Fmax (W) CB
are equivalent. So either one of the two conditions is sufficient to define these classes
in the n-(co)tilting case, and we actually have E,..(T) = Er and F.x(W) = Fy.
It is only in the co-(co)tilting situation that we need to impose both the conditions.
The full subcategory E = E,.x(T) is the n-tilting class of an n-tilting object 7T,
and the full subcategory F = F,,x(W) is the n-cotilting class of an n-cotilting
object W, as discussed in [Positselski and Stovicek 2019, Sections 3—4]. According
to [Positselski and Stovicek 2019, Lemma 5.3 and Remark 5.4], both the full
subcategories E and F are closed under both the infinite products and coproducts in
A and B.
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Finally, note that if T is n-tilting, then W is n-cotilting and vice versa by
[Positselski and Stovitek 2019, Corollary 4.12]. Thus, both the projective dimension
of T and the injective dimension of W need to be finite for either of the two objects
to be n-(co)tilting.

Example 6.2. Let A be a complete, cocomplete abelian category with an injective
cogenerator J and an oco-tilting pair (7', E), and let B be the corresponding complete,
cocomplete abelian category with a projective generator P and an oo-cotilting pair
(W, F), as in Corollary 3.5. Suppose that the full subcategory E C A is closed
under coproducts and the full subcategory F C B is closed under products. Then, by
Proposition 4.2, the triangulated functors D(E) — D(A) and D(F) — D(B) induced
by the exact embeddings E — A and F — B are Verdier quotient functors.

Assume that only one of the objects T and W has finite homological dimension,
or more specifically, that pdy T < co. Then the left exact functor ¥ : A — B has
finite homological dimension and the full subcategory

Er ={E e A|Exty(T, E)=0 foralli> 0}

of A has finite coresolution dimension, as in the previous example. In particular, the
complex W (E®) is acyclic in B for any complex E*® in the category E that is acyclic
in A. So the composition of triangulated functors D(E) ~ D(F) — D(B) factorizes
through the Verdier quotient functor D(E) — D(A), or in other words, the triangu-
lated equivalence D(E) >~ D(F) descends to a triangulated functor D(A) — D(B)
in Figure 3. This is also a Verdier quotient functor (since such is the functor
D(F) — D(B)).

Similarly, assume that idg W < oo. Then the right exact functor ® : B — A
has finite homological dimension. In particular, the complex ® (F*) is acyclic in
A for any complex F* in the category F that is acyclic in B. Hence the triangu-
lated equivalence D(F) ~ D(E) descends to a triangulated Verdier quotient functor
D(B) — D(A).

In the representation theory of finite-dimensional algebras, it is an open problem
whether a finite-dimensional oco-tilting module of finite projective dimension is
already n-tilting for some n. It goes under the name of the Wakamatsu tilting
conjecture, and it is a member of a family of long standing so-called homological
conjectures for finite-dimensional algebras [Mantese and Reiten 2004, Section 4;
Beligiannis and Reiten 2007, §IV.3].

Example 6.3. Let A be a locally Noetherian Grothendieck abelian category (see
[Positselski and Stovitek 2019, Section 10.2]). Choose an injective object J € A
such that A;,; = Add(J); then it follows that J is an injective cogenerator of A,
and one also has A;,; = Prod(J). Set T = J and E = A;,; C A. Then (T, E) is an
oo-tilting pair in A.
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In the corresponding abelian category B with a natural projective generator P
[Positselski 2015, Theorem 3.6], one has Byr; = Add(P) = Prod(P) (see also
Lemma 4.1). The related oco-cotilting pair in B is (W, F), where W = P and
F = Bproj. So both the full subcategories E C A and F C B are closed under both
the products and coproducts. As always in the context of Corollary 3.5, one has an
equivalence of additive/exact categories E >~ F.

The derived category D(E) is simply the homotopy category Hot(A;y;); it is
equivalent to the coderived category D°(A) (see the argument for [Positselski
2017c, Theorem 2.4]). The derived category D(F) is simply the homotopy category
Hot(Bpro;); it is equivalent to the contraderived category D*"(B) (cf. [Positselski
2017c, Theorem 4.4(b)] and [Positselski 2012, Corollary A.6.2]). Hence the derived
equivalence

D(A) =~ Hot(Ain;) = Hot(Byro;) =~ D' (B).

These are the minimal oo-tilting and oco-cotilting pair for the co-tilting object
T € A and the oco-cotilting object W € B, in the sense of Example 3.7: one has
Emin(T) =E= Ainj and Fmin(W) =F= Bproj~

Example 6.4. In the context of the previous example, it is also instructive to
consider the maximal oco-tilting pair (T, Enax (7)) for the co-tilting object T = J in
the category A and the maximal co-cotilting pair (W, Fyax(W)) for the oo-cotilting
object W = P in the category B.

The full subcategory Enax(T) C A consists of all the objects E € A for which
there exists an unbounded acyclic complex of injective objects

R S Gy LG LN LI

such that the complex Hompa (J, J°) is acyclic and E is the image of the morphism
J~1 — JO This is known as the full subcategory of Gorenstein injective objects in
the abelian category A.

Similarly, the full subcategory Fn.x(W) C B consists of all the objects F € B for
which there exists an unbounded acyclic complex of projective objects

o> P>P >Ph—>P 1 —>Pr— -

such that the complex Homg(P,, P) is acyclic and F is the image of the morphism
Py — P_;. This is known as the full subcategory of Gorenstein projective objects
in the abelian category B (cf. [Enomoto 2017, Definition 3.7]).

Hence we can conclude from Theorems 2.3 and 2.4 that the exact categories of
Gorenstein injective objects in A and Gorenstein projective objects in B are naturally
equivalent.

If A has a generating set of objects of finite projective dimension, then, by
[Gillespie 2017, Theorem 5.7] or [Stovitek 2014b, Lemma 7.2], the class of acyclic
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complexes of injectives is closed under products (although products may not be exact
in A). In particular, E,.,(T) C A is closed under products, and so is Fax(W) C B
by Lemma 4.1. Dually, if B has a cogenerating set of objects of finite injective
dimension, then both E .4 (7)) C A and F,,,(W) C B are closed under coproducts.

In particular, if A is the category of quasi-coherent sheaves on a quasi-compact
semiseparated scheme X, then any quasi-coherent sheaf on X is the quotient of one
of the so-called very flat quasi-coherent sheaves [Positselski 2012, Lemma 4.1.1]
(see [Murfet 2006, Section 2.4] or [Efimov and Positselski 2015, Lemma A.1] for the
more widely known, but weaker assertion with flat sheaves in place of the very flat
ones). If X is covered by n affine open subschemes, then the projective dimension
of any very flat quasi-coherent sheaf, as an object of A, does not exceed n, as one
can show using a Cech resolution for the affine covering, together with the fact that
the projective dimension of a very flat module does not exceed 1 (cf. [Positselski
and Sldvik 2017, properties (VFS) and (VF6)]). Thus the class of acyclic complexes
of injectives is closed under products in A. If X is also Noetherian, then A is a
locally Noetherian category, and the discussion in the previous paragraph applies.

Example 6.5. In the context of Examples 6.3 and 6.4, one can say that a locally
Noetherian Grothendieck abelian category A is n-Gorenstein if the co-tilting object
T =J is n-tilting. This means that pd, 7 =1idg W <n (cf. [Positselski and Stovitek
2019, Theorem 10.3]).

In this case, we have the minimal co-tilting and oco-cotilting pair (T, Eqmin (7")) and
(W, Fmin(W)) with Eqin(T') = Aij and Fin (W) = By, as in Example 6.3. We also
have the maximal oo-tilting and oo-cotilting pair (7', Enax (7)) and (W, Fhax(W))
with E.x(T) = Er being the n-tilting class of the n-tilting object T' € A (consisting
of all the Gorenstein injectives in A) and F,,. (W) = Fy being the n-cotilting class
of the n-cotilting object W € B (consisting of all the Gorenstein projectives in B),
as in Examples 6.1 and 6.4.

The two related derived equivalences (as in Section 4) form a commutative
diagram with the natural Verdier quotient functors as follows:

DCO(A) _ HOt(Ainj) o HOt(Bproj) e — Dctr(B)
D(A) === D(Ey) = D(Fy) === D(B)

Example 6.6. Let A and B be associative rings, and let C be an A-B-bimodule.
One says that C is a semidualizing bimodule (in the terminology of [Holm and
White 2007]) or a pseudo-dualizing bimodule (in the terminology of [Positselski
2017a], which we adopt here) for the rings A and B if the following conditions are
satisfied:
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o The left A-module C has a projective resolution by finitely generated projective
left A-modules, and the right B-module C has a projective resolution by finitely
generated projective right B-modules.

« The homothety maps A — Exto,(C, C) and B°? — Ext}; (C, C) are isomor-
phisms of graded rings (where B°P denotes the opposite ring to B).

This definition is (essentially) obtained by dropping the finite injective dimension
condition in the definition of a dualizing module over a pair of associative rings.
Let C be a pseudo-dualizing A-B-bimodule. Set A= A-mod and B = B—mod
to be the abelian categories of left modules over the rings A and B. Then 7' = C is
a (finitely generated) oo-tilting object in A. The related maximal oco-tilting class
Emax(T) C A is known as the Bass class [Holm and White 2007, Theorem 6.1], and
it contains the injective left A-modules by [Holm and White 2007, Lemma 4.1].
The corresponding tilted abelian category is o7 (A) = B, and its natural projective
generator is P = B. Choosing J =Homgyz (A, (Q/Z) as the injective cogenerator of A,
the corresponding oco-cotilting object in B is W = Homz(C, Q/Z). The related
maximal oco-cotilting class F.x(W) C B is known as the Auslander class [Holm and
White 2007, Theorem 2]. The objects of the full subcategory Add(T) C A are called
C-projectives in [Holm and White 2007], and the objects of the full subcategory
Prod(W) C B are called C-injectives. The equivalence of exact categories

Emax(T) = Fmax(W)

is a part of what is known as the Foxby equivalence [Holm and White 2007,
Theorem 1 or Proposition 4.1].

Both the full subcategories Eqax (7)) C A and F.x(W) C B are closed under both
the infinite products and coproducts [Holm and White 2007, Proposition 4.2], so the
results of our Section 4 apply and provide a commutative diagram of a triangulated
equivalence and Verdier quotient functors:

D (A—mod) D (B—mod)
D(Emax(T)) === D(Fmax(W))
D(A-mod) D(B-—mod)

The paper [Positselski 2017a] is devoted to generalizing this theory to the case of
a pseudo-dualizing complex of bimodules. In particular, (a coproduct and product-
closed version of) the minimal oo-tilting and oco-cotilting classes for 7 and W are
discussed in [Positselski 2017a, Section 5].
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Example 6.7. Let C be a coassociative, counital coring over an associative ring A
(see [Positselski and Stovitek 2019, Section 10.3]). Assume that € is a projective
left and a flat right A-module. Let A= C—comod be the category of left C-comodules;
it is a Grothendieck abelian category. Set T € A to be the cofree left C-comodule
T = C. We claim that T is an oo-tilting object in A.

Indeed, it was explained in [Positselski and Stovicek 2019, Section 10.3] that T
is weakly tilting, so it remains to show that the injective objects of A satisfy the
condition (iimax). A left C-comodule is injective if and only if it is a direct summand
of a G-comodule € ®4 I coinduced from an injective left A-module / [Positselski
2010, Sections 1.1.2 and 5.1.5]. Now applying the coinduction functor € ® 4 —
to a projective resolution of the A-module / produces an Add(T)-resolution of
the C-comodule C ®4 I as in (iimax)- This resolution remains exact after applying
the functor Homa (7, —), because Home(C, € ®4 V) >~ Homy4(C, V) and C is a
projective left A-module.

The abelian category B = o7 (A) is the category of left C-contramodules, B =
C—contra [Positselski and Stovicek 2019, Section 10.3]. The natural projective
generator is P = Home(C, €) = Homy4 (€, A). Given an injective cogenerator /
of the category of left A-modules, one can choose J = C®4 I as the injective
cogenerator of A = C—comod; then the related cotilting object in B = C—contra is
W =Home(C, C®4 1) = Homu (C, 1).

When the left homological dimension of the ring A is finite, we can describe
the minimal class E,;,(7T') which forms an oco-tilting pair with 7' (Example 3.7)
more explicitly as the full subcategory E C A of all €/ A-injective left C-comodules
[Positselski 2010, Sections 5.1.4 and 5.3], [Positselski 2015, Section 3.4]. Here,
a left C-comodule M is called C/A-injective if Ext’é (L, M)=0foralli >0 and
all left C-comodules £ with projective underlying left A-modules. The class E is
coresolving and contains all the coinduced C-comodules C®4 M, M € A—mod. In
particular, Add(T") C E, objects of Add(T") are by definition projective in E, and
by [Positselski 2010, Lemma 5.2(a) and the proof of Lemma 5.3.2(a)], there are
enough such projectives. On the other hand, E has enough injectives, E;; = Ay,
and the proof of [Positselski 2010, Theorem 5.3] reveals that any object of E has
finite injective dimension bounded by the left homological dimension of A. Now
we can use the following observation.

Lemma 6.8. Let (T, E) be an oo-tilting pair in a complete, cocomplete abelian
category A with an injective cogenerator. If E has finite homological dimension as
an exact category, then E = E,;n (T).

Proof. If n is the homological dimension of E, then any object E € E admits a long
exact sequence

0>E—>J'—>...5J">0
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in E with J, ..., J" € Ei,; = Ay Since this sequence remains exact after apply-
ing Homa (T, —), it follows that E € E,;,(T') by the conditions (i) and (v) from
Section 3. O

Dually, the full subcategory F C B in the related co-cotilting pair (W, F) consists
of all the C/A-projective left C-contramodules. This is analogously the minimal
oo-cotilting pair for the co-cotilting object W € B. Since the class of C/A-injective
comodules is closed under products and the class of €/A-projective contramodules
is closed under coproducts, both the full subcategories E C A and F C B are closed
under both the infinite products and coproducts by Lemma 4.1. The related derived
equivalence [Positselski 2010, Section 5.4] is

D°(C—comod) ~ D(E) = D(F) ~ D" (C—contra).

For comparison, when C is a left Gorenstein coring in the sense of [Positselski
and Stovicek 2019, Section 10.3], i.e., T € A is an n-tilting object, considering
the corresponding tilting and cotilting classes Ey.x(7) C A and Fox(W) C B
produces a triangulated equivalence between the conventional derived categories,
D(C-comod) >~ D(C—contra).

Example 6.9. The case of a coassociative coalgebra C over a field k is a com-
mon particular case of Examples 6.3, 6.4 and 6.7. It is also a particular case of
Example 6.10.

In this case, one has A = C—comod and B = C—contra. The oco-tilting object
T =€ = is the natural injective cogenerator of the locally Noetherian Grothendieck
abelian category A, and the oco-cotilting object W = C* = Homy (C, k) = P is the
natural projective generator of the abelian category B.

When C is a Gorenstein coalgebra, we are in the situation of Example 6.5 (see
[Positselski and Stovicek 2019, Section 10.1]).

Example 6.10. Let 8 be a semiassociative, semiunital semialgebra over a coasso-
ciative, counital coalgebra C over a field k (see [Positselski and Stovitek 2019,
Section 10.3]). Assume that 8 is an injective left and right C-comodule. Let
A = 8-simod be the category of left S-semimodules; it is a Grothendieck abelian
category. Set T € A to be the semifree left 8-semimodule 7 = 8, and take E C A to
be the full subcategory of all left 8-semimodules whose underlying left C-comodules
are injective, E = 8—simode_inj. Then (7', E) is an oo-tilting pair in A.

The related abelian category B = o7 (A) is the category of left S-semicontra-
modules, B = 8—sicntr [Positselski and Stovitek 2019, Section 10.3]. The nat-
ural projective generator is P = Homg(8, 8) € 8-sicntr. The full subcategory
F = W(E) C B consists of all left 8-semicontramodules whose underlying left
C-contramodules are projective, F = 8—sicntre_proj. The co-cotilting object W € B
corresponding to the natural choice of an injective cogenerator J € Ais W = 8% =
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Homy (8, k) € 8—sicntr. Both the full subcategories E C A and F C B are closed
under both the products and coproducts. A detailed discussion of the equivalence of
exact categories 8—simode_inj > S8—sicntre_proj can be found in [Positselski 2015,
Section 3.5].

The derived category D(E) of the exact category E is called the semiderived cate-
gory of left 8-semimodules and denoted by D(8-simode_inj) = DS (8—simod) [Posit-
selski 2010, Section 0.3.3]. Generally speaking, it is properly intermediate between
the coderived category D°°(8-simod) and the derived category D(8-simod). Simi-
larly, the derived category D(F) of the exact category F is called the semiderived cate-
gory of left 8-semicontramodules and denoted by D(8-sicntre_proj) = DS (8-sicntr)
[Positselski 2010, Section 0.3.6]. Generally speaking, it is properly intermedi-
ate between the contraderived category D (8-sicntr) and the derived category
D(8-sicntr).

The triangulated equivalence D® (8—simod) ~ D® (8—sicntr) is called the derived
semimodule-semicontramodule correspondence [Positselski 2010, Sections 0.3.7
and 6.3]. For an application to representation theory of infinite-dimensional Lie
algebras (such as the Virasoro or Kac-Moody algebras), see [Positselski 2010,
Corollary D.3.1].
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