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FEI YANG, SHOUWEN FANG AND LIANGDI ZHANG

In this paper, we prove some classification theorems for gradient expanding
and steady Ricci solitons. We show that a complete noncompact radially
Ricci flat (i.e., Ric(∇ f,∇ f )= 0) gradient expanding Ricci soliton with non-
negative Ricci curvature is a finite quotient of Rn. Moreover, we prove that
a complete noncompact gradient expanding Ricci soliton with Ric ≥ 0 and
div4Rm= 0 is a finite quotient of Rn. For a nontrivial complete noncompact
radially Ricci flat (i.e., Ric(∇ f,∇ f )= 0) gradient steady Ricci soliton with∫
|∇R|2eα f < +∞ for some α ∈ R, we show that it is Einstein with vanish-

ing Ricci curvature or a quotient of Rn or of the product Rk × Nn−k with
1≤ k ≤ n− 1, where N is Einstein with vanishing Ricci curvature.

1. Introduction

A complete Riemannian manifold (Mn, g) is called a gradient Ricci soliton if there
exists a smooth function f on Mn such that the Ricci tensor Ric of the metric g
satisfies the equation

(1-1) Ric+Hess f = λg

for some constant λ. For λ > 0 the Ricci soliton is shrinking, for λ= 0 it is steady
and for λ < 0 expanding.

An Einstein manifold with constant potential function is called a trivial gra-
dient Ricci soliton. When f = λ

2 |x |
2 on Rn, Hess f = λg and therefore yields

a gradient soliton where the background metric is flat. This example is called a
Gaussian soliton.

Taking a product N ×Rk with N being Einstein with Einstein constant λ and
f = λ

2 |x |
2 on Rk yields a mixed gradient soliton. A gradient soliton is rigid if it is

of the type N ×0 Rk, where 0 acts freely on N and by orthogonal transformations
on Rk (no translational components).
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Throughout the paper, for gradient expanding Ricci solitons we normalize the
constant λ=− 1

2 so that (1-1) becomes

(1-2) Ric+Hess f =− 1
2 g.

In this paper, we shall focus our attention on gradient expanding and steady Ricci
solitons (Mn, g, f ). It turns out that a compact gradient steady or expanding Ricci
soliton is necessarily an Einstein metric (see [Hamilton 1995; Ivey 1994]).

Some properties of gradient expanding Ricci solitons have been proved in recent
years. G. Catino, P. Mastrolia and D. D. Monticelli [Catino et al. 2017] showed that
a gradient expanding Ricci soliton with nonnegative Ricci curvature and fourth order
divergence-free Weyl tensor has harmonic Weyl curvature. H. D. Cao et al. [2014]
estimated the potential function f of a complete noncompact gradient expanding
soliton with nonnegative Ricci curvature, that is − f is of quadratic growth. They
also showed that the condition of Ric ≥ 0 can be relaxed to Rc ≥ −

( 1
2 − ε

)
g for

any small ε > 0.
A 3-dimensional complete gradient expanding Ricci soliton with constant scalar

curvature is classified and indeed it is a finite quotient of R3, H2
×R, and H3 (see

[Petersen and Wylie 2010]). For a 3-dimensional complete gradient expanding
Ricci soliton with nonnegative Ricci curvature and the scalar curvature R ∈ L1(M3),
Catino, Mastrolia and Monticelli [Catino et al. 2016] showed that it is isometric
to a quotient of the Gaussian soliton R3. Moreover, Cao et al. [2014] proved that
a 3-dimensional complete expanding gradient Ricci solitons with divergence-free
Bach tensor and nonnegative Ricci curvature is rotationally symmetric. For the
n-dimensional case, they also proved that a complete Bach-flat gradient expanding
Ricci soliton with nonnegative Ricci curvature is rotationally symmetric.

Some properties of gradient steady Ricci solitons are as follows: P. Petersen
and W. Wylie [2009] proved that a gradient steady soliton whose scalar curvature
achieves its minimum is Ricci flat. Moreover, if f is not constant then it is a product
of a Ricci flat manifold with R. O. Munteanu and N. Sesum [2013] showed that
any gradient steady Ricci soliton has at least linear volume growth and at most
growth rate of e

√
r. Moreover, they proved that a gradient steady Ricci soliton has at

most one nonparabolic end. P. Wu [2013] proved that the infimum of the potential
function of a gradient steady Ricci soliton must decay linearly.

Cao et al. [2014] proved that a 3-dimensional gradient steady Ricci soliton with
divergence-free Bach tensor is either flat or isometric to the Bryant soliton up to a
scaling factor. Catino, Mastrolia and Monticelli [Catino et al. 2016] proved that a
3-dimensional complete gradient steady Ricci soliton with

lim inf
r→+∞

1
r

∫
Br (O)

R = 0

is isometric to a quotient of R3 or R×62, where 62 is the cigar soliton. Under
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the condition of κ-noncollapsed, S. Brendle [2013] proved that a 3-dimensional
complete nonflat gradient steady Ricci soliton is isometric to the Bryant soliton up
to scaling.

In higher dimensions, Cao and Q. Chen [2012] proved that an n-dimensional
complete noncompact locally conformally flat gradient steady Ricci soliton is either
flat or isometric to the Bryant soliton. Moreover, Cao et al. [2014] showed that a
Bach-flat gradient steady Ricci soliton with positive Ricci curvature such that the
scalar curvature R attains its maximum at some interior point is isometric to the
Bryant soliton up to a scaling factor. Brendle [2014] proved that a steady gradient
Ricci soliton of dimension n (n ≥ 4) is rotationally symmetric if it has positive
sectional curvature and is asymptotically cylindrical. In particular, it is isometric to
the Bryant soliton up to scaling.

The aim of this paper is to obtain some classification theorems of gradient
expanding and steady Ricci solitons. In order to state our results precisely, we
introduce the following definitions for the Riemannian curvature:

(div Rm)i jk := ∇l Ri jkl, (div2 Rm)ik := ∇ j∇l Ri jkl,

(div3 Rm)i := ∇k∇ j∇l Ri jkl, div4 Rm := ∇i∇k∇ j∇l Ri jkl .

The main results of this paper are the following theorems for gradient expanding
and steady Ricci solitons.

For a complete noncompact gradient expanding Ricci soliton with nonnegative
Ricci curvature, we have the following classification theorem.

Theorem 1.1. Let (Mn, g, f ) be a complete noncompact gradient expanding Ricci
soliton with nonnegative Ricci curvature. Then, under any of the additional condi-
tions

(i) (Mn, g, f ) is radially Ricci flat, or

(ii) div4 Rm= 0, or

(iii) tr div2 Rm= 0,

(Mn, g, f ) is a finite quotient of the Gaussian expanding soliton Rn.

For a nontrivial complete noncompact gradient steady Ricci soliton, we will
prove the following classification theorem.

Theorem 1.2. Let (Mn, g, f ) be a nontrivial complete noncompact gradient steady
Ricci soliton. Then, under any of the additional conditions

(i) (Mn, g, f ) is radially Ricci flat and
∫
|∇R|eα f <+∞ for some α ∈ R, or

(ii) div4 Rm= 0 and
∫
|Rm|eα f <+∞ for some α 6= 0, or

(iii) tr div2 Rm= 0 and
∫
|∇R|eα f <+∞ for some α 6= 0,
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(Mn, g, f ) is Einstein with vanishing Ricci curvature or a quotient of Rn or of the
product Rk

× N n−k with 1 ≤ k ≤ n− 1, where N is Einstein with vanishing Ricci
curvature.

Remark 1.3. As will be clear from the proof, the scalar assumptions on the van-
ishing of div4 Rm in Theorem 1.1 and Theorem 1.2 can be trivially relaxed to a
(suitable) inequality. The condition of div4 Rm= 0 in Theorem 1.1 can be relaxed
to
∫

div4 Rm e f
≤ 0. Moreover, the condition of div4 Rm= 0 in Theorem 1.2 can

be relaxed to
∫

div4 Rm eα f
≤ 0 for some α 6= 0.

The rest of this paper is organized as follows. In Section 2, we recall some
background material which will be needed in the proof of the main theorems. In
Section 3, we prove an integral identity for complete noncompact gradient expanding
Ricci solitons with nonnegative Ricci curvature. In Section 4, we finish the proof
of Theorem 1.1. In Section 5, we deal with Theorem 1.2. In the Appendix, we
show that a complete noncompact gradient expanding or steady Ricci soliton with
div3 Rm(∇ f )= 0 is rigid.

2. Preliminaries

We recall the following formulas for gradient Ricci solitons.

Proposition 2.1 [Yang and Zhang 2017]. Let (Mn, g, f ) be a gradient Ricci soliton.
We have the following identities:

(div2 Rm)ik = 2λRik +∇l Rik∇l f − 1
2∇i∇k R− R2

ik − Ri jkl R jl,(2-1)

(div3 Rm)i =−Ri jkl∇k R jl,(2-2)

(div3 Rm)(∇ f )=− 1
2 |div Rm|2.(2-3)

Next we list the results that will be needed in the proof of the main theorems.

Lemma 2.2 [Cao et al. 2014]. Let (Mn, gi j , f ) (n ≥ 3) be a complete noncompact
gradient expanding soliton with nonnegative Ricci curvature Rc ≥ 0. Then there
exist some constants c1 > 0 and c2 > 0 such that the potential function f satisfies
the estimates

(2-4) 1
4

(
r(x)− c1

)2
− c2 ≤− f (x)≤ 1

4

(
r(x)+ 2

√
− f (O)

)2
,

where r(x) is the distance function from any fixed base point in Mn. In particular,
f is a strictly concave exhaustion function achieving its maximum at some interior
point O , which we take as the base point, and the underlying manifold Mn is
diffeomorphic to Rn.

Lemma 2.3 [Petersen and Wylie 2009]. The following conditions for a gradient
expanding soliton Ric+Hess f = λg all imply that the metric is radially flat and
has constant scalar curvature.
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(1) The scalar curvature is constant and sec(E,∇ f )≤ 0.

(2) The scalar curvature is constant and λg ≤ Ric≤ 0.

(3) The curvature tensor is harmonic.

(4) Ric≤ 0 and sec(E,∇ f )= 0.

Lemma 2.4 [Petersen and Wylie 2009]. A gradient soliton is rigid if and only if it
has constant scalar curvature and is radially flat, that is, sec(E,∇ f )= 0.

3. An integral identity for gradient expanding Ricci solitons

We prove a useful integral identity (see Lemma 3.2 below), which will be needed
in the proof of Theorem 1.1. The first step is to obtain the following proposition.

Proposition 3.1. Let (Mn, g, f ) be a complete noncompact gradient expanding
Ricci soliton with Ric≥ 0; then

(3-1)
∣∣∣∣∫ ∇∇ f Re f

∣∣∣∣<+∞.
Proof. Since Ric≥ 0, |Ric| ≤ R and the Bishop comparison theorem implies that
the volume of a geodesic ball is at most Euclidean growth. By Lemma 2.2, − f
is of quadratic growth. Note that R+ |∇ f |2+ f = Const., |Ric||∇ f |2 of at most
polynomial growth. Therefore, we have∣∣∣∣∫ ∇∇ f Re f

∣∣∣∣= 2
∣∣∣∣∫ Ric(∇ f,∇ f )e f

∣∣∣∣≤ 2
∫
|Ric||∇ f |2e f <+∞. �

Lemma 3.2. Let (Mn, g, f ) be a complete noncompact gradient expanding Ricci
soliton with Ric≥ 0; then we have

(3-2)
∫
∇∇ f Re f

=−

∫
1Re f .

Proof. Let φ(t)= 1 on (0, s), φ(t)= 2s−t
s on (s, 2s) and φ ≡ 0 on [2s,+∞) for

any fixed s > 0. Since Ric≥ 0, Lemma 2.2 implies that − f is of quadratic growth.
Therefore, φ(− f ) has compact support for any fixed s > 0. Define the compact set
D(s) := {x ∈ Mn

| − f (x)≤ s}.
By direct computation, we have

(3-3)
∫
∇∇ f Rφ(− f )e f

=

∫
〈∇R,∇e f

〉φ(− f )

=−

∫
1Rφ(− f )e f

+

∫
〈∇R,∇ f 〉φ′(− f )e f

=−

∫
1Rφ(− f )e f

−
1
s

∫
D(2s)\D(s)

∇∇ f Re f .
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It follows from Proposition 3.1 that

lim
s→+∞

1
s

∫
D(2s)\D(s)

∇∇ f Re f
= 0.

Therefore, (3-2) follows by taking s→+∞ in (3-3). �

4. Proof of the main result for gradient expanding Ricci solitons

In this section, we prove Theorem 1.1.

Theorem 4.1. Let (Mn, g, f ) be a complete noncompact gradient expanding Ricci
soliton with Ric≥ 0 and Ric(∇ f,∇ f )= 0. Then (Mn, g, f ) is a finite quotient of
the Gaussian expanding soliton Rn.

Proof. Since ∇∇ f R = 2 Ric(∇ f,∇ f )= 0, Lemma 3.2 implies that

(4-1)
∫
1Re f

= 0.

Noting that 1 f R =−R− 2|Ric|2 and 1 f R =1R−∇∇ f R =1R, we have

(4-2) 1R =−R− 2|Ric|2.

Applying (4-2) to (4-1), we obtain

(4-3)
∫
|Ric|2e f

=−
1
2

∫
Re f .

Since Ric≥0, R≥0. From (4-3), we know that |Ric|=0 on Mn, i.e., (Mn, g, f )
has vanishing Ricci curvature.

Hence, condition (2) in Lemma 2.3 holds. It follows from Lemma 2.3 that
(Mn, g, f ) is radially flat and has constant scalar curvature. By Lemma 2.4, we
have (Mn, g, f ) is rigid. Since Ric= 0 on Mn, (Mn, g, f ) is a finite quotient of
the Gaussian expanding soliton Rn. �

Theorem 4.2. Let (Mn, g, f ) be a complete noncompact gradient expanding Ricci
soliton. If div4 Rm = 0 and Ric ≥ 0, then (Mn, g, f ) is a finite quotient of the
Gaussian expanding soliton Rn.

Proof. Let φ(t)= 1 on [0, s], φ(t)= 2s−t
s on (s, 2s) and φ ≡ 0 on [2s,+∞) for

any fixed s > 0. Since Ric≥ 0, Lemma 2.2 implies that − f is of quadratic growth.
Therefore, φ(− f ) has compact support for any fixed s > 0. Define the compact set
D(s) := {x ∈ Mn

| − f (x)≤ s}.
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Integrating by parts, we have

(4-4)
∫

div4 Rmφ(− f )e f

=−

∫
div3 Rm(∇ f )φ(− f )e f

+

∫
div3 Rm(∇ f )φ′(− f )e f

=
1
2

∫
|div Rm|2φ(− f )e f

+
1
2s

∫
D(2s)\D(s)

|div Rm|2e f ,

where we used (2-3) in the second equality.
Since div4 Rm= 0, φ(− f )≥ 0 on Mn, it follows from (4-4) that

(4-5)
∫
|div Rm|2φ(− f )e f

= 0.

Note that φ(− f )= 1 on the compact set D(s) := {x ∈ Mn
| − f (x)≤ s}. From

(4-5), we know that

(4-6)
∫

D(s)
|div Rm|2e f

= 0.

Taking s→+∞ in (4-6), we have∫
|div Rm|2e f

= 0,

that is, |div Rm| = 0 on Mn.
Note that

(4-7) 0=∇l Ri jkl =∇ j Rik −∇i R jk

=−∇ j∇i∇k f +∇i∇ j∇k f

= Ri jkl∇l f.

It follows that Mn is radially flat.
Tracing div Rm, we have

(4-8) 0= gik
∇l Ri jkl =∇l R jl =

1
2∇ j R,

that is, Mn has a constant scalar curvature.
By Lemma 2.4, we have (Mn, g, f ) is rigid. Since Ric ≥ 0, we conclude that

(Mn, g, f ) is a finite quotient of the Gaussian expanding soliton Rn. �

Theorem 4.3. Let (Mn, g, f ) be a complete noncompact gradient expanding Ricci
soliton with Ric ≥ 0 and tr div2 Rm= 0 then (Mn, g, f ) is a finite quotient of the
Gaussian expanding soliton Rn.
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Proof. Tracing (2-1), we have

(4-9) 0= gik(div2 Rm)ik =−R+∇∇ f R− 1
21R− 2|Ric|2

=−R+ 1
21R−1 f R− 2|Ric|2

=
1
21R,

where we used the fact that 1 f R =−R− 2|Ric|2.
It follows that

(4-10) 1R = 0.

Applying (4-10) to Lemma 3.2, we obtain that
∫
1Re f

=
∫
∇∇ f Re f

=0. Noting
that 1R−∇∇ f R =1 f R =−R− 2|Ric|2, we have

(4-11)
∫
|Ric|2e f

=−
1
2

∫
Re f
≤ 0.

It follows that |Ric| = 0 on Mn, i.e., (Mn, g, f ) has vanishing Ricci curvature.
Hence, condition (2) in Lemma 2.3 holds. It follows from Lemma 2.3 that

(Mn, g, f ) is radially flat and has constant scalar curvature. By Lemma 2.4, we
have that (Mn, g, f ) is rigid. Since Ric= 0 on Mn, (Mn, g, f ) is a finite quotient
of the Gaussian expanding soliton Rn. �

Theorem 1.1 follows directly from Theorems 4.1– 4.3.

5. Proof of the main result for gradient steady Ricci solitons

In this section, we prove Theorem 1.2.

Theorem 5.1. Let (Mn, g, f ) be a nontrivial complete noncompact radially Ricci
flat (i.e., Ric(∇ f,∇ f ) = 0) gradient steady Ricci soliton with

∫
|∇R|eα f < +∞

for some α ∈ R. Then (Mn, g, f ) is Einstein with vanishing Ricci curvature or a
quotient of Rn or of the product Rk

×N n−k with 1≤ k ≤ n− 1, where N is Einstein
with vanishing Ricci curvature.

Proof. Let Br be a geodesic ball with radius r and let ν be the unit outward normal
vector field to ∂Br . Integrating by parts, we obtain

(5-1) (α+ 1)
∫

Br

∇∇ f Reα f
=

∫
Br

〈∇R,∇eα f
〉+

∫
Br

∇∇ f Reα f

=

∫
∂Br

∇νReα f
−

∫
Br

1Reα f
+

∫
Br

∇∇ f Reα f

=

∫
∂Br

∇νReα f
−

∫
Br

1 f Reα f

=

∫
∂Br

∇νReα f
+ 2

∫
Br

|Ric|2eα f ,
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where we used the fact that 1 f R =−2|Ric|2.
Note that ∇∇ f R = 2 Ric(∇ f,∇ f )= 0. It follows from (5-1) that

(5-2)
∫

Br

|Ric|2eα f
=−

∫
∂Br

∇νReα f
≤

∫
∂Br

|∇R|eα f .

Since
∫
|∇R|eα f <+∞, we have

(5-3) lim
r→+∞

∫
∂Br

|∇R|eα f
= 0.

Taking r→+∞ in (5-2) and using (5-3), we obtain

(5-4)
∫
|Ric|2eα f

= 0,

that is, |Ric| = 0 on Mn. It follows that (Mn, g, f ) has vanishing scalar curvature.
Moreover, we have

(5-5) Ri jkl∇l f =∇i∇ j∇k f −∇ j∇i∇k f

=−∇i R jk +∇ j Rik = 0,

where we used (1-1) in the second equality and Ric = 0 on Mn. It follows that
sec(E,∇ f )= Ri jkl Ei Ek∇ j f∇l f = 0, i.e., (Mn, g, f ) is radially flat.

Since M has vanishing scalar curvature and is radially flat, Lemma 2.4 implies
(Mn, g, f ) is rigid. To conclude, (Mn, g, f ) is Einstein with vanishing Ricci
curvature or a quotient of Rn or of the product Rk

× N n−k with 1 ≤ k ≤ n− 1,
where N is Einstein with vanishing Ricci curvature. �

Theorem 5.2. Let (Mn, g, f ) be a nontrivial complete noncompact gradient steady
Ricci soliton with

∫
|Rm|eα f < +∞ for some α 6= 0. If in addition div4 Rm = 0,

then it is Einstein with vanishing Ricci curvature or a quotient of Rn or of the
product Rk

× N n−k with 1≤ k ≤ n− 1, where N is Einstein with vanishing Ricci
curvature.

Proof. Let Br be a geodesic ball with radius r and let ν be the outward unit normal
vector field to ∂Br . Integrating by parts, we obtain∫

Br

div4 Rm eα f
≡

∫
Br

∇i∇k∇ j∇l Ri jkleα f

=

∫
∂Br

∇k∇ j∇l Ri jklνi eα f
−α

∫
Br

∇k∇ j∇l Ri jkl∇i f eα f

=−

∫
∂Br

Ri jkl∇k R jlνi eα f
+
α

2

∫
Br

|div Rm|2eα f ,

where we used (2-2) and (2-3) in the last equality.
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Since div4 Rm= 0, we have

(5-6) α

2

∫
Br

|div Rm|2eα f
=

∫
∂Br

Ri jkl∇k R jlνi eα f .

Next, we prove

(5-7) lim
r→+∞

∫
∂Br

Ri jkl∇k R jlνi eα f
= 0.

By direct computation, we have

(5-8) ∇p Rlk j p =∇k Rl j −∇l Rk j

=−∇k∇l∇ j f +∇l∇k∇ j f

= Rlk j p∇p f,

where we used the second Bianchi identity in the first equality and (1-1) in the
second.

Noting that R ≥ 0 (cf. B. L. Chen [2009]) and R + |∇ f |2 = Const., we have
that |∇ f | is bounded. By direct computation, we obtain∣∣∣∣∫ Ri jkl∇k R jlνi eα f

∣∣∣∣= 1
2

∣∣∣∣∫ Ri jkl(∇k R jl −∇l R jk)νi eα f
∣∣∣∣

=
1
2

∣∣∣∣∫ Ri jkl∇p Rlk j pνi eα f
∣∣∣∣

=
1
2

∣∣∣∣∫ Ri jkl Rlk j p∇p f νi eα f
∣∣∣∣

≤
1
2

∫
|Rm|2|∇ f |eα f

≤ c
∫
|Rm|2eα f <+∞,

where we used (5-8) in the third equality and the assumption of∫
|Rm|2eα f <+∞

in the last. Then (5-7) follows.
Taking r→+∞ in (5-6), we have∫

|div Rm|2eα f
= 0,

that is, |div Rm| = 0 on M.
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By direct computation, we have

(5-9) Ri jkl∇l f =∇i∇ j∇k f −∇ j∇i∇k f

=−∇i R jk +∇ j Rik

=∇l Ri jkl

= 0,

where we used (1-1) in the second equality and Ric = 0 on Mn. It follows that
sec(E,∇ f )= Ri jkl Ei Ek∇ j f∇l f = 0, i.e., (Mn, g, f ) is radially flat.

Moreover, we have

(5-10) ∇l R = 2∇ j R jl = 2gik
∇l Ri jkl = 0,

that is, R is a constant on Mn.
Since Mn is radially flat and has a constant scalar curvature, Lemma 2.4 implies

that (Mn, g) is rigid. To conclude, (Mn, g, f ) is Einstein with vanishing Ricci
curvature or a quotient of Rn or of the product Rk

× N n−k with 1 ≤ k ≤ n− 1,
where N is Einstein with vanishing Ricci curvature. �

Theorem 5.3. Let (Mn, g, f ) be a nontrivial complete noncompact gradient steady
Ricci soliton with

∫
|∇R|eα f <+∞ for some α 6= 0. If in addition tr div2 Rm= 0,

then (Mn, g, f ) is a quotient of Rn or of the product Rk
×N n−k with 1≤ k ≤ n− 1,

where N is Einstein with vanishing Ricci curvature.

Proof. From the proof of Theorem 5.1, we only need to show that Mn has vanishing
Ricci curvature.

Let Br be a geodesic ball with radius r and let ν be the unit outward normal
vector field to ∂Br . Integrating by parts, we obtain

(5-11) α

∫
Br

∇∇ f Reα f
=

∫
Br

〈∇R,∇eα f
〉

=

∫
∂Br

∇νReα f
−

∫
Br

1Reα f .

Tracing (2-1), we have

(5-12) gik(div2 Rm)ik=∇∇ f R− 1
21R−2|Ric|2= 1

21R−1 f R−2|Ric|2= 1
21R,

where we used 1 f R =−2|Ric|2.
Since tr div2 Rm= 0, it follows from (5-12) that

(5-13) 1R = 0.
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On the other hand,

(5-14) gik(div2 Rm)ik =∇∇ f R− 1
21R− 2|Ric|2

=
1
2∇∇ f R− 1

21 f R− 2|Ric|2

=
1
2∇∇ f R− |Ric|2,

where we used the fact that 1 f R =−2|Ric|2.
It follows from tr div2 Rm= 0 and (5-14) that

(5-15) ∇∇ f R = 2|Ric|2.

Applying (5-13) and (5-15) to (5-11), and noting that α 6= 0, we obtain

(5-16)
∫

Br

|Ric|2eα f
=

1
2α

∫
∂Br

∇νReα f
≤

1
2|α|

∫
∂Br

|∇R|eα f .

Since
∫
|∇R|eα f <+∞, we have

lim
r→+∞

∫
∂Br

∇νReα f
= 0.

By taking r→+∞ in (5-16), we obtain

(5-17)
∫
|Ric|2eα f

= 0,

that is, |Ric| = 0 on Mn, i.e., (Mn, g, f ) has vanishing Ricci curvature.
This completes the proof of Theorem 5.3. �

Theorem 1.2 follows directly from Theorems 5.1– 5.3.

Appendix

We prove a rigid result for complete noncompact gradient steady and expanding
Ricci solitons in this section. It was implicitly proved by Yang and Zhang [2017].
For readers’ convenience, we include a proof here.

Theorem A.1. Let (Mn, g, f ) be a complete noncompact gradient steady or ex-
panding Ricci soliton with div3 Rm(∇ f )= 0; then (Mn, g, f ) is rigid.

Proof. Since div3 Rm(∇ f )= 0, it follows from (2-3) that

|div Rm|2 =−2 div3 Rm(∇ f )= 0.

Therefore, M is radially flat. Moreover, we have

∇i R = 2∇l Ril =−2g jk
∇l Ri jkl = 0,

that is, R is a constant on M.
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Since Mn is radially flat and has constant scalar curvature, Lemma 2.4 implies
that (Mn, g, f ) is rigid. �
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