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We study the long-time dynamics, in the sense of pullback attractors, of
solutions for semilinear nonautonomous thermoelastic plate systems in a
bounded smooth domain in RV, N > 2. Using the theory of uniform secto-
rial operators, in the sense of P. Sobolevskii (1961), we will prove existence,
uniform boundedness, regularity and upper semicontinuity of pullback at-
tractors for the evolution system

uy+Au+ald=f(u), t>rt,xe,

0, —k(t)AO —aAu, =0, t>1,x€9,
subject to boundary conditions

u=Au=0=0, t>1t, xe€df,

with respect to the functional parameter «.

1. Introduction

In this paper we study a model that describes the small vibrations of a homogeneous,
elastic and thermal isotropic Euler—Bernoulli plate. In fact we consider the initial-

boundary value problem
(1-1) {uzz+A2u+aA0=f(u), t>1, x €,

0 —k(t)AO —alAu, =0, t>r1, x €,
subject to boundary conditions

(1-2) {uzAuzO,t>r,xEBQ,

0=0,t>1, x €09,
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and initial conditions
(1-3) u(r,x) =up(x), us(r,x) =vo(x) and O(zr,x) =6p(x), x€, TR,

where Q is a bounded domain in RN with N > 2, where the boundary 92 is assumed
to be regular enough and a > 0.

Next we exhibit conditions under which the nonautonomous problem (1-1)-(1-3)
is locally and globally well posed in some appropriate space that we will specify
later.

We assume that « is continuously differentiable in R and satisfies

(1-4) 0<wko<k@),k'(t)y<k; forallteR,

for some positive constants ko and k7.
Suppose that f : R — R is locally Lipschitz satisfying

(1-5) limsup 2% < 3,

|s]l>00 S
uniformly in ¢ € R, where A > 0 is the first eigenvalue of negative Laplacian operator
with homogeneous Dirichlet boundary condition. Furthermore, the function f
satisfies the subcritical growth condition; that is,

(1-6) /()| <C+|s|”~") forallseR,

where 1 < p < %, with N > 5, and C > 0 independent of r € R. In this case,
the embedding H*(Q) N H} () < L*N/N=9(Q) is compact and this will be used
in analysis of the energy functionals. We will justify these restrictions later in the
paper. If N =2, 3, 4, we suppose the growth condition (1-6) with p > 1.

Using the theory of uniform sectorial operators, in the sense of [Sobolevskii
1961], the authors proved in [Bezerra et al. 2018] the local and global well-posedness
of the nonautonomous problem (1-1)—(1-3) (under conditions (1-5) and (1-6)), the
existence of pullback attractors and uniform bounds for these pullback attractors
when x (1) =«.

The main goal of this paper is to prove the regularity of the pullback attractors
and their upper semicontinuity with respect to the functional parameter «. For
completeness, under the additional condition (1-4) we prove the local and global
posedness for (1-1)—(1-3) as well the existence and uniform boundedness of pullback
attractors for this problem.

We emphasize that no additional damping in first evolution equation in (1-1) is
required in the present work.

To formulate the nonautonomous problem (1-1)—(1-3) in the nonlinear evolution
process setting, we introduce some notation. Here, we denote X = L*(2) and
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A : D(A) C X — X to be the biharmonic operator defined by

D(A) = {u e HY(Q): u= Au=0on 9}
and
(1-7) Au=(—A)*u forall u € D(A).

Then A is a positive self-adjoint operator in X with compact resolvent and
therefore — A generates a compact analytic semigroup on X (that is, A is a sectorial
operator, in the sense of [Henry 1981]). Denote by X% « > 0, the fractional power
spaces associated with the operator A; that is, X* = D(A%) endowed with the
graph norm. With this notation, we have X % = (X*) for all « > 0, (see [Amann
1995]). Of special interest is the case o = %, since —A?Z is the Laplacian operator
with homogeneous Dirichlet boundary conditions.

If we denote v = u,, then we can rewrite the nonautonomous problem (1-1)-(1-3)
in the abstract form
(1-8) {w,:A(K)(t)w+F(w), t>T,

w(t) =wp, TR,

where w = w(¢) for all # € R, and wy = w(r) are given by

u Z0)
(1-9) w=|v|, and wy=|vo |,
9 0

and, for each ¢ € R, the unbounded linear operator A (¢) : D(A)(t)) CY =Y
is defined by

u 0 1 0 u v
(1-10) A(K)(t)|:vi|: “A 0 —aA>? |:vi|: —Au—ah20 |,
0 0 aA’ k(t)A? ahiv+i(t)A20
where

Y = (H*(Q) N Hy () x L*(Q) x L*(Q)

is the phase space of the problem (1-1)—(1-3) and the domain of the operator A ()
is defined by the space

(1-11) D(Awy () = X' x X7 x X1,
1
with X! ={u e HY(Q); u=Au=00n 3R} and X2 = H*(Q) N H} ().
The nonlinearity F' is given by

0
(1-12) F(w)=| fu) |,
0
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where f¢(u) is the Nemytskii operator associated with f(u); that is,
fém)(x) := f(u(x)) forall x €.

This paper is organized as follows: in Section 2 we recall concepts and results
about singularly nonautonomous problems. Section 3 is devoted to studying the
existence of local and global solutions in some appropriate space, as well as the
existence of pullback attractors for (1-1)—(1-3). In Section 4 we present results on
regularity of the pullback attractors, following Carvalho, Langa, Robinson [Carvalho
et al. 2013]. Finally, in Section 5 we prove that the family of pullback attractors
behave upper semicontinuously with respect to the functional parameter «.

2. Abstract linear problem

Throughout the paper, L(Z) will denote the space of linear and bounded operators
defined in a Banach space Z. Let B(¢), t € R, be a family of unbounded closed
linear operators defined on a fixed dense subspace D of Z.

2A. Nonautonomous abstract linear problem. Consider the singularly nonau-
tonomous abstract linear parabolic problem of the form

du

dt
u(t) =ug € D.

=—-B(t)u, t >,

We assume that:

(a) The family of operators B(t) : D C Z — Z is uniformly sectorial, that is, 5(t)
is closed densely defined (the domain D is fixed) and there is a constant C > 0
(independent of ¢ € R) such that

1(B() + 1D Lz <

for all A € C with Re A > 0.
A+ 1

(b) The map R > t +— B(¢) is uniformly Holder continuous, that is, there are
constants C > 0 and g9 > 0 such that, for any ¢, 7, s € R,

IB(@) = B@)IB~ ()l < Ct =)™, &€ (0, 1].

Denote by By the operator 5(#) for some 79 € R fixed. If Z* denotes the domain
of 68‘, o > 0, with the graph norm and 20 .= 2, denote by {Z% o > 0} the
fractional power scale associated with By.

From (a), —B(¢) is the generator of an analytic semigroup {e7™BW) ¢ [(2):
T > 0}. Using this and the fact that 0 € p(B(?)), it follows that

ez <C, 120, teR,
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and
1B(t)e ™|z < Ct™!, >0, teR.

It follows from (b) that ||B(t)B_1(t)||L(g) < C, forall (¢, 7) € I, for some I C R?
bounded. Also, the semigroup e~ 72" generated by —B(¢) satisfies the estimate

(2-1 le™ PO L izp 200 < MTP2,

where 0 < S < < 14 ¢.
Next we recall the definition of a linear evolution process associated with a
family of operators {B(t) : t € R}.

Definition 2.1. A family {L(¢,7):t > v € R} C L(Z) satisfying
(1) L(z, 1) =1,
(2) L(t,o)L(o,t)=L(t, ) forany t >0 > 7,
(3) Px Z5>5((t, 1), ug) — L(t, T)vg € Z is continuous, where P = {(¢, 7) € R?:
t>1}

is called a linear evolution process (process for short) or family of evolution opera-
tors.

If the operator B(¢) is uniformly sectorial and uniformly Holder continuous, then
there exists a linear evolution process {L(t, t) : t > t € R} associated with B(z),
which is given by

t
L(t, 1) = e~ (=B +/ L(t, $)[B(t) — B(S)]e—(s—t)B(r) ds.

T

The evolution process {L (¢, T) : t > t € R} satisfies the condition
(2-2) IL(t, D)l gez6. 20y < Clat, YT —T)P 7,

where 0 < 8 < a < 1+ g9. For more details see [Carvalho and Nascimento 2009]
and [Sobolevskii 1961].

2B. Abstract results on pullback attractors. In this subsection we will present
basic definitions and results of the theory of pullback attractors for nonlinear
evolution processes. For more details, we refer to [Caraballo et al. 2010], [Carvalho
et al. 2013] and [Chepyzhov and Vishik 2002].

We consider the singularly nonautonomous abstract parabolic problem

du

(2-3) dt
u(t) =ug € D,

=—-B(t)u+gu), t >1,

where the operator B(¢) is uniformly sectorial and uniformly Holder continuous and
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the nonlinearity g satisfies conditions which will be specified later. The nonlinear
evolution process {S(¢, 7) : t > © € R} associated with B(z) is given by

t
S(t, t)ug = L(t, T)ug +/ L(t,5)g(S(s,t))ds forallt>r.

Definition 2.2. Let g : R x X* — XP o € [B, B+ 1), be a continuous function.
We say that a continuous function u : [t, T 4+ #p] — X“ is a (local) solution of (2-3)
starting in ug € X* if u € C([r, T + 1], X*) N C'((r, T + 10], X%), u(zr) = u,
u(t) € D(B(t)) for all t € (, T +ty] and (2-3) is satisfied for all € (z, T +1p).

We can now state the following result, from [Caraballo et al. 2011]. We also
refer to [Carvalho and Nascimento 2009] for a more general version that includes
the critical growth case.

Theorem 2.3. Suppose that the family of operators B(t) is uniformly sectorial and
uniformly Holder continuous in XP. If g : X* — XP, a € [B, B+ 1), is a Lipschitz
continuous map in bounded subsets of X, then, given r > 0, there is a time ty > 0
such that for all ug € Bx«(0; r) (open ball of radius r centered at the origin of X%)
there exists a unique solution of the problem (2-3) starting in ug and defined in
[z, T + t9]. Moreover, such solutions are continuous with respect the initial data in
Bx«(0; r).

Next we present several definitions from the theory of pullback attractors, which
can be found in [Caraballo et al. 2010; 2013; Chepyzhov and Vishik 2002].
We begin by recalling the definition of Hausdorff semidistance between two
subsets A and B of a metric space (X, d):
disty (A, B) = sup inf d(a, b).

acAbE

Definition 2.4. Let {S(z, 7) : t > 7 € R} be an evolution process in a metric space X.
Given A and B subsets of X, we say that A pullback attracts B at time ¢t if

lim disty(S(t, 7)B, A) =0,
T—>—00

where S(¢, 7)B :={S(t,7)x € X : x € B}.

Definition 2.5. The pullback orbit of a subset B C X relative to the evolution pro-
cess {S(r,7):t > 1 € R} in the time 7 € R is defined by y,(B, 1) := Urgt S(t, T)B.

Definition 2.6. An evolution process {S(¢, 7) : t > t € R} in X is pullback strongly
bounded if, for each t € R and each bounded subset B of X, |, < Vp(B,7)is
bounded.

Definition 2.7. An evolution process {S(¢, t) : t > 7 € R} in X is pullback asymp-
totically compact if, for each t € R, each sequence {7, } in (—o0, t] with 7, — —o0



REGULARITY AND UPPER SEMICONTINUITY OF PULLBACK ATTRACTORS 401

as n — oo and each bounded sequence {x,} in X such that {S(¢, 7,)x,} C X is
bounded, the sequence {S(¢, 7,)x,} is relatively compact in X.

Definition 2.8. We say that a family of bounded subsets {B(¢) : t € R} of X is
pullback absorbing for the evolution process {S(t, t) : t > v € R} if, for each r € R
and for any bounded subset B of X, there exists tp(¢, B) < ¢ such that

S(t,t)B C B(t) forall T <1o(t, B).

Definition 2.9. A family of subsets {A(¢) : t € R} of X is called a pullback attractor
for the evolution process {S(¢, t) : t > v € R} if it is invariant (that is, S(¢, 7). A(t) =
A(t), for any t > 1), A(t) is compact for all ¢ € R, and pullback attracts bounded
subsets of X at time ¢, for each r € R.

In applications, to prove a process has a pullback attractor, we use Theorem 2.11,
proved in [Caraballo et al. 2010], which gives a sufficient condition for existence
of a compact pullback attractor. For this, we will need the concept of pullback
strongly bounded dissipativeness.

Definition 2.10. An evolution process {S(t, 7) : t > t € R} in X is pullback strongly
bounded dissipative if, for each t € R, there is a bounded subset B(¢) of X which
pullback absorbs bounded subsets of X at time s for each s < ¢; that is, given a
bounded subset B of X and s < t, there exists 7o(s, B) such that S(s, 7)B C B(¢)
for all T < 79(s, B).

Now we can present the result which guarantees the existence of pullback attrac-
tors for nonautonomous problems; see [Caraballo et al. 2010].

Theorem 2.11. If an evolution process {S(t, T) : t > t € R} in the metric space X
is pullback strongly bounded dissipative and pullback asymptotically compact, then
{S(t, 7) :t >t € R} has a pullback attractor { A(t) : t € R} with the property that
U< A7) is bounded for each t € R.

The next result gives sufficient conditions for pullback asymptotic compactness,
and its proof can be found in [Caraballo et al. 2010].

Theorem 2.12. Let {S(t,s) : t > s € R} be a pullback strongly bounded evolution
process such that S(t,s) = L(t,s) + U(t, s), where there exists a nonincreasing
function k : [0, +00) x [0, +00) = R, with k(o, r) — 0 when o — o0, and for all
s <tandx e X with ||x|| <r,

L@, $)x|| <k —s,71),

and U (t, s) is compact. Then, the family of evolution process {S(t,s) :t > s € R}
is pullback asymptotically compact.
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3. Existence results

In this section we study the existence of global solutions for (1-8). For this, we
consider the linear problem associated with (1-1)—(1-3),

w; = A (tw, >,
{w(r) =wy, T €R,

where w and wy are defined in (1-9) and the linear unbounded operator A is

defined by (1-10) and (1-11).

We use the term singularly nonautonomous to express the fact that the unbounded
operator A)(¢) is time-dependent and generates a semigroup that satisfies an
estimate as in (2-1).

It is not difficult to see that 0 € p(A()(¢)) for any ¢ € R. Moreover, the operator
A (@) : D(AL) (1)) CY — Y is defined by

D(A(_Kl)(t)) =L*(Q) x H2(Q) x H%(Q),

where H ~2(Q) denotes the dual X =3 of X2 and
2
X u k() K(t)
A(K)(t) v| = 1 0 0 |
0 —agp 0 LA

1 L A—1
—m(lu'i‘mA 20

Proposition 3.1. Denote by Y_| the extrapolation space of ¥ = X Px X x X
generated by operator A(_Kl) (t). The following equality holds:

Y =XXxX IxX 2.

Proof. This proof follows the same ideas of the proof in [Bezerra et al. 2018,
Proposition 3.1]. O

Remark. Following the same ideas from [Baroun et al. 2009] and [Lasiecka and
Triggiani 1998], we conclude that for all ¢, there exists a positive constant M
(independent of t), such that

[T + A(K)(t))_l lLry < for all > € C with Re A > 0.

1+ |2

From this we can conclude that A)(?) is uniformly sectorial (in Y).
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Note that the operator A,)(¢) can be extended to its closed Y_-realization (see
[Amann 1995, p. 262]), which we will still denote by the same symbol so that
A (t) considered in Y_; is then the sectorial positive operator (see [Carvalho and
Cholewa 2002]). Our next concern will be to obtain embedding of the spaces from
the fractional powers scale Y,_1, o > 0, generated by (A (¢), Y_1).

Theorem 3.2. The operators A (t) are uniformly sectorial and the map R > t —
Ao (t) € L(Y, Y_1) is uniformly Holder continuous. Then, there exists a process

{L(t,7):t>1€eR}

(or simply L(t, t)) associated with the operator A)(t), that is given by

t
L(t,r)=e "DA0@ 4 / L(t,5)[Aw) (1) = A ()]e 40D ds forallt>r.

T

The linear evolution operator {L(t, T) : t > t© € R} satisfies the condition (2-2).

Proof. Following the same ideas from [Carvalho and Cholewa 2002] and [Lasiecka
and Triggiani 1998], we can conclude that the operator A (t) is a sectorial positive
operator in Y_j. It is not difficult to see that it is also closed and densely defined.
Note that for [u v 0] € X% x X x X, and t, s € R, we can estimate the norm

I[(Au) () — Ay (S)[u v 9]T||Xxx, using (1-4). In fact,
u
v
0

for any ¢, s € R; hence the application R > f — A (¢) € L(Y) is uniformly Holder
continuous, and this argument shows that

1 1
2xX 2

=l @)=k II(=2)01, 1 <clt—s|?
Y4

u
(A(K) (t)_A(/c) (s)) |:19)i|

1
X2xXxX

Ay () = Ay Nl r,y_y) < elt —s1P.
Therefore, there exists a linear evolution process {L(#, 7) : t > T € R} associated

with the operator A, (f), that is given by

t
L(t,1)=e 1"DA0® 4 / L1, )[A) (1) = A (s)]e D40 gg forall r>7.

T

Furthermore, the process {L(¢, T) : t > T € R} satisfies the condition (2-2). U

The following result is a direct consequence of (1-6), see [Carbone et al. 2011,
Lemma 2.4].

Lemma 3.3. Let f € C1(R) be a function such that the condition (1-6) holds. Then

|f(s1) — fs)] <277 elst —sol (L4 [s1177 + [s2]°™ 1) forall 51, 52 € R.
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Lemma 3.4 [Carbone et al. 2011]. Assume that 1 < p < %—J_rj and let f € C'(R)
be a function such that

1) <CA+1s|”™") foralls eR.
Then there exists s € (0, 1) such that the Nemytskii operator f¢ : X2 — X% s
1
Lipschitz continuous in bounded subsets of X2 uniformly int € R.

Remark. Since L2V/N=%(Q) — L2(), it follows from the proof of [Carbone
1

et al. 2011, Lemma 2.5] that f¢: X2 — L?(Q) is Lipschitz continuous in bounded

subsets; that is,

7€) = fC 2@ <N @) — fe(v)||L(N{1§)p ©@ <Cllu—=vlixin,

with ¢ = g(llu Il x12, lv|lx12). The scheme below describes this situation:

X7 s HA(Q) < LT7(Q) L9, [ w5 (Q) > LA(Q),

where in the last inclusion we use that p < %.

Proposition 3.5. The operator A)(t) given in (1-10) is maximal accretive.

Proof. This proof is analogous to the proof [Bezerra et al. 2018, Proposition 4.3],
and so we omit it. O

Remark. Below we have a partial description of the fractional power spaces scale
for A (t). For convenience we denote Y by Yo, then

Yo—> Yy 1—>Y_ 1 forall0<u <1,

where . . .
Yoo1=[Y_1, Ve =X xX 72 xX 7,

where [ -, - ] denotes the complex interpolation functor (see [Triebel 1978]). The
first equality follows from Proposition 3.5 (since 0 € p (A()(¢))) (see [Amann 1995,
Example 4.7.3(b)]) and the second equality follows from [Carvalho and Cholewa
2002, Proposition 2].

Corollary 3.6. If f is as in Lemma 3.4, then the function F : Y — Y,_1 (@ € (0, 1)),
given by (1-12), is Lipschitz continuous in bounded subsets of Y.

Now, Theorem 2.3 guarantees local well posedness for the problem (1-8) in the
energy space Y.

Corollary 3.7. If f and F are as in Corollary 3.6, then given r > 0, there is a
time T = t(r) > 0, such that for all wy € By (0; r) there exists a unique solution
w: [ty, to + T] = Y of the problem (1-8) starting in wy. Moreover, such solutions
are continuous with respect the initial data in By (0; r).
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Since t can be chosen uniformly in bounded subsets of Y, the solutions which
do not blow up in Y must exist globally. Alternatively, we obtain a uniform in
time estimate of ||(u(¢), d,u(t), 6(¢))|y; such an estimate is needed to justify global
solvability of the problem (1-8) in Y.

The total energy of the system £(¢) associated with the solution (u(¢), d;u(t), 6(t))
of (1-1)—(1-3) in Y is defined by

(3-1) 6<r)=%nu(t)n%wz+%||u,<r>||§+%ue<r>n§(—/Qfo f(s)dsdx.

It is not difficult to see that the function 7 — £(¢) is monotone decreasing along
solutions. In fact, using (1-1), we can show that there exists a positive constant ¢
such that

£ () <0.
We obtain (from (1-5)) that for each ¢ > 0, there exists C, > 0 such that if
u(-,t) 5
(3-2) f / f&)dsdx <elu(-, 0|y + Ce,
QJo

the property £(¢) < £(t) offers an a priori estimate of the solution (u(¢), d,u(t), 6(¢))

in Y. In fact,
u
v
0

u
v
0
and, if we choose 0 < g¢ < L we get boundedness as desired; that is,

2¢’
u
v
0

With this, we ensure that there exists a global solution w(#) for Cauchy problem
(1-8) in Y and it defines an evolution process {S(¢, 7) : t > t € R}, that is,

2 2

+ C&‘ov
Y

< cE(r) +csollu(-, 1)||% + Cey < cE(T) + e
Y

1
2

< +00.
Y

lim sup
t——+o00

S, 1) wog=w(t) forallt>71elR.

According to [Carvalho and Nascimento 2009],
t
(3-3) S(t, t)ywo = L(t, T)wo +/ L(t,s)F(s, S(s, t)wo)ds forallt >t eR,
T

where {L(¢,7) : t > t € R} is the linear evolution process associated with the
homogeneous problem (1-8).

In order to prove the existence of pullback attractors for (1-1)—(1-3) we use the
modified energy method.
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Theorem 3.8. Let L be the energy functional associated to (1-1)—(1-3) given by

£(t)=M5(t)+51/ uutdx—(?z/ u, A0 dx,
Q Q

where £ is defined in (3-1), and 0 < 81 < 8y < 1 and M > O are appropriate
constants.

(a) There exist constants My, M, > O such that
(3-4) L'(t) <—ME@) + M,

foranyt > 0.
(b) For M > O sufficiently large, there exist constants B1, B2, B3 > 0 and B4 > 0

such that
(3-5) B3E(1) — Pa < L(1) < Pi1E() + B2
foranyt > 0.
Proof. See [Bezerra et al. 2018, Theorems 5.1 and 5.2]. O

Remark. For every t € R, from (3-2) we have

E@) = Su@ 5 + 5luO% + 310015 — /Q /0 f(t,s)ds dx
> (3= 38Co) lu® 5 + 3llue 1% + 310015 = Ce
where ¢ is such that ¢ < 1/Cy; that is
IAu@ 1% + luc 1% + 10015 < C1E@) +C,
where C1_1 = min{(% — %SCO), %}

Corollary 3.9. Under the same conditions as in Theorem 3.8, if B C Y is a bounded
set,and (u,v,0) :[t, 74+ T]— Y, T >0, is the solution of (1-1)-(1-3) starting in
(1o, vo, Bp) € B, there exist positive constants @, y) = y1(B) and y», such that

(3-6) IAu@ % + s DI + 10015 < yie P+,
foranytelr,t+T].
Proof. From (3-4) and (3-5), we obtain
L(t) < =01 L(t) + 02,
where 0y = M /B and 0, = M ,/B1 + M>, and thus

t
E(t) < E(T)e_al(’_f) +O_ze—dlt/ e ds < E(T)E_Ul(t_t) + 2
T o1
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Again, by (3-5) together with the remark on page 406, we conclude that
1Au@) 1%+ lur O + 10D 1% < yie™ 77 + s,
where y; = y1(L(t)) > 0 and y, > 0. O

Theorem 3.10. Under the same conditions as in Theorem 3.8, the problem (1-1)—
(1-3) has a pullback attractor {A(¢t) :t € R} in Y and

U A CY.

teR

Proof. From estimate (3-6), it is easy to check that the evolution process {S(¢, 7) :
t > t € R} associated with (1-1)—(1-3) is pullback strongly bounded dissipative
inY.

Hence, applying the same ideas of the proofs of [Bezerra et al. 2018, Theorems 5.1
and 5.2], we conclude that the family of evolution process {S(¢,7) : ¢t > 7 € R} is
pullback asymptotically compact (see Theorem 2.12). In fact, from (3-3) we write

S, Dwo = L, Dwo + U (2, T)wo,
where

(3-7) Ut, 1wy := / L(t,s)F(S(t, s)wy)ds

for any initial condition wg € Y.
With the same arguments used in [Bezerra et al. 2018, Theorem 5.1] with f =0
in (1-1) and with the functionals

Et) = Hlu®ll3 + Sl ON% + S10O1I%

and
L(t) = ME®) + 81 (u, us)x — 82(ur, (A™10))x,

we get from (3-4) that there exists c¢; > 0 such that
L'(t) < —c1&@).

From arguments used in the proof of [Bezerra et al. 2018, Theorem 5.2] with f =0
in (1-1), by (3-5) we get ¢, ¢3 > 0 such that

(3-8) 2&(1) < L(1) < c3E()

and hence
L(1) < —coL(t)

for some ¢y > 0. From this, we obtain

L(t) < L(T)e™ D),
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and thanks to (3-8) we get
(1) < 2 (e,
(&%)

for some cp > 0. This ensures that there exist constants K, « > 0 such that
(3-9 L&, D) < Ke U9 forallt>t.

The family of evolution processes {U (¢, 7) : t > T € R} is compact from Y into Y.
In fact, the compactness of U (¢, 7) follows easily from

X121 x=s/2 X172,

being the last inclusion compact (since s < 1; see Lemma 3.4). Thanks to the
assumptions on the nonlinearity of f, it follows that f° is compact from X 2
into X 2. Taking into account that F' is given by (1-12), compactness of f¢ implies
that F is also compact from Y into Y_;, and since L(¢, 7) is a bounded linear
operator from Y_; to Y, the operator U (¢, 7) is compact from Y into Y (see [Hale
1988, Theorem 4.6.1]).

Now, applying Theorem 2.11, we get that the problem (1-1)—(1-3) has a pullback
attractor {A(r) : t € R} in Y and that | J,_z A(#) C Y is bounded. O

4. Regularity of the pullback attractors

In this section we investigate the regularity of the pullback attractors; in fact, we
prove that | J,.p A(?) is a bounded subset of ¥ L

Theorem 4.1. The pullback attractor {A(t) : t € R} for the problem (1-1)—(1-3),
obtained in Theorem 3.8, lies in a more regular space than Y; in fact,

PEG

teR
is a bounded subset of Y \.
Proof. The main idea is to use the argument of progressive increases of regularity,
following Babin and Vishik [1992] (see also [Carvalho et al. 2013, Chapter 15]).

Let £ : R — Y be a global bounded solution of (1-1). Then, the set {£(¢); t € R}
is a bounded subset of Y. First, observe that we already know that

|LJA@) is bounded in Y.
teR
Hence, if £(-) = (u(-), u;(-), 0(-)) : R — Y is such that £(¢) € A(¢) for all t € R,
then

E(1) = L(t, $)E(s) + / L(t.0)F (£(8)) db,
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and, using the decay of L(¢, s) in (3-9) and letting s — —oo0 it follows that

(4-1) §(1) =/ L(t,0)F(§(0))do.
Now fix s € R, set (ug, w1, ¥9) = £(s), and consider
w(t) Mo t Ko
(@) | =U(t,5) | 11 =/ L, 0)F | S©@,s) ||| do,
D (1) Yo $ ¥

where U (-, -) is defined in (3-7). Note that (u(-), 9 (-)) solves the system

4-2) Mo+ NP 4aAd = f(u(, 55 10)), 1>5, X €Q,
Y —k(t)AY —alApu; =0, t>s, x €9,

with

4-3) nis, x)=pu(s,x)=0 and J(s,x)=0, x € Q.

This happens inside the pullback attractor A(-).

409

To estimate the solution of (4-2)—(4-3) for (wg, it1, ¥9) in a bounded subset B

of Y, we again consider the energy functional

Ls@®) =M@ 1% + IM I O1% + M9 (1)1

+ (), e (D)) x — 8o e (1), A9 (1)) x,

to obtain (we omitted ¢ on the right side in order to simplify the notation)

Ly(t) = M{p, ) x + M{ag, fro)x + M0, 0;)x + [l ll%

{1, ) x — 82 {ters AT x — 8o (s AT x,

and by (4-2) we get

L5(t) = M (. ) x = M, A2p)x + Mg, f()x =k OMD15,1

+ (A =as)llpellx = Il + (. FG0)x + B2 —a@){Ap, D) x

+ada |9 1% — 82(f (), A7) x — Sakc (1) (s, D) x.

From Poincaré and Young inequalities
M
£5(0) < (3v0M + 3o Co) Il + (55 + Ca+ hvadoer + 1M ) i
Ca
21)1

+(+
+(m+10) [ 1FGoPdx+ [ faopas

where C, =1—ad and C, =6, —a.

2 2 1 —192
+a82) 191 ko M g+ 402 [ 1279 ds
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To deal with the integral terms, just notice that from dissipativeness condi-
tion (1-5), for each v > 0 there exists C,, > 0 such that

/ FGopdx <vlpllk +Co <movllpll3. + C,
Q

where mg > 0 is the embedding constant for || - || x < moll - || x1/2-
From (1-6), there exists C > 0 such that

/Q PO dx < Cllaly + Il -

Since the condition 1 < p < 5~ implies X3 < L2P(Q), we get

/ |F@Pdx < Cllullk +C < Cillplis +Co,
Q

whenever ||i| x12 < r (see [Carbone et al. 2011] and [Carvalho et al. 2009]).
From this it follows that

(4-4) U U(t, s)B is a bounded subset of Y.

s<Tt
Hence (@, ¢) = (us, U;) solves the system

o+ AP +alAl = fI(ult,s; po)w (1, 55 mo),  t>s, x€Q,

4-5) {
G —k (DAL — k' (H)AY —alAw; =0, t>s, x €,

with @ (s) =0, @,(s) = f (o), and ¢(s) =0.

Finally, now we would like to estimate (@, @y, ) in Y, but solutions are not
regular enough to allow this directly. Instead we work “towards” Y by progressive
increases of regularity. For o > 0, we define the fractional power spaces X“ = D(A%)
with the graph norm, and let X% = (X%)’; see (1-7).

For

(w, @, ) € XFT& x X7 x X_%,

we define
_1 2 2 2
(4-6) Ly(t) = ZM(IIW(t)IIX%a + o O g + IIC(t)IIX_%)
+81(@, @) g —Salwy, AT'E) g
ﬁ;(l‘) =M (w;, w>X1%u +M (@, wt>X—% +M (¢, §>X_% +61(wwy, o)

IR

-
+81(w, wu) - — 2, A_lé')Xf%

— 8@, ATIG) .
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Note that from (1-2)—(1-7) (that is, A2 = —A), (4-5) and (4-6) we have
L) =M(mi, @) 1a = M(@y, @) 150 — Ma(mi, AL)

+M (@i [ (W) g + MK (O AD) g + MK (05, AD) -
+Ma(, Amy) g + 8wl g —Sil@ I L —adi(m, AC)

X
+ 81, f @) g +8(6 ATD) g +adllEI g
—8(AT3E f (W) g = Sare (D), £) g

— 8o (1)1, 9) y-g — a2

_a
X 2

in other words,

@7 L) =M@y, f (W) g +M' (), AD) g +Mr()(5, AL) -

+(81—ad) | | _,—Slllwll 1o —a81 (@, AL) g
+o(@, f (@), —e+8:(¢, Azw)x g

+ad ¢ | PR ECA) A3, flwm) -«

=2k (1) (@1, §) - =82k () (@1, V) -5 -

Next, we collect estimates of the terms that appear on the right side of (4-7).

First, we deal with the three terms in which the nonlinearity of f’ appears explicitly.
Let

(0 —D(N —4)

—

Note that since p < N ~—7» We obtain o) < 1. We observe that

o .=

(@1, (@) -5 < l@elly-s Il f Wl -5

and using the embedding X% = H*(Q) < LP(Q) (or equivalently Lo (Q) —
X_%) forany 1 < p < % (0 < a < ay) and (1-6), we have for some ¢4 > 0,

(4-8) I (wWelly-s <l f (Wl

L N+4 Q)

<cesClloo (1+ |plP™ 1)||LW(Q)

1
<esClla il +1m M, x o

and so

/ 2 22 2 —12
o |° « <c5C7 |l 14 |ul?
lf () ||X « <C7 @yl + |pl ||L2ﬂ(9)

and from (4-4) u remains in a bounded subset of X2 2 and X? <>
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any 1 < p < %. This implies

(p—HN—2a

WA
f(1+I/LIp % dx < Q]+ Iul f,ﬁ“’m'v)
Q (2)

(p—HN—2a

NGo—D)
< €2 +C5||M||X1/2p
<

cs,

for some ¢5 > 0. From this, there exists a positive constant C s > 0 such that
2
4-9) Ilf’(M)WIIX,% <Cri1.

With this we have

(4-10) M, f'(Ww), -5 <%II z|| g IIf(M) 2 -4
< @ 2 " Cf,lM
< Gl g + 50
for some gp > 0.

Again, from (4-9) we obtain

(4-11) i@, f(ww) -5 <512 12+ (Wl )

Cr18?
< €1 2 f197
Sl e T,
for all ; > 0.
P
We have the embedding X“ H*(Q) — LP(Q) (or equivalently L»-T(2) —

X ) forany 1 < p < From this and using (1-6), it follows that

N— 4(1+ )"
/
(4-12) If (u)wnx,% <ol Mol v o
p—1
Cesllar(+ 1" DI v o
<C p=1
< Cegllalixl T+ 1al M
and so
IfWa I e < Ceglla XN+
2 L20+0) (Q)
where
N 214w 2i+e)
(4-13) /(1+|M|” ) dx < QU+ el "oy < IQL4crlilyy:
Q L 2(0+a) (Q)
In the last estimate we used the embedding
N +4o

1 (p=DN
X1 L2 (), l<p<

N—4"
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From this, there exists a positive constant cg such that

I+l M2y <cs.
L 2(0+a) (Q)

From (4-12) and (4-13), we have

o
2

(4-14) ~5 (AT f(Ww) os = —82(ATT 3L AT fl(wm)x

< 52||§I| -8 ||f/(,u)w|| -l

for some Cyp > 0.
Finally, we consider the last term:

Saky
52k ()@, €) g <Oakillmll g 1l < - (Il g + 1812 ).

Since ¥ remains in a bounded subset of X (see (4-4)), for 1

the embedding L2 = X0 < Xi~% > ($—%<0)and

<a<1wehave

MK ()¢, A9) g = —MK' ()¢, A2D)

x4

= —MK/()(AS T, ASTT0)
l_«a 1_«a

< Mt |43 K A5 91

= Mt g1y 121y g

QMK1C(IICIIX + Ill‘l‘llx) <G
for some ¢ > 0 and C3 > 0.
It is not difficult to see that

(6 AL g =—lEIP 1

From this we conclude that
Mic()(¢, AL) g < =MKollZ 112 1o < =Mool .
X4 X2

Using Cauchy and Young inequalities we obtain

1 1
—ad(w, AL), ¢ =adi(w, A2(), ¢ =adi(A>w,§), ¢

1 a81 2
<a5lllw||X1—TmII§IIX-% 55182IIZUII La + ¢l _a

for all &, > 0, and

52(¢, A o)

IR

) 2
= <52||ZU||X1%1||§||X—% 5283||ZU|| o« t Il oy

2
for all &3 > 0.
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Finally, from X — X ~3 we obtain

—8 () (@1, ) g < Sanollaell - 10 -4
< g0kl g + 1912 ¢)
(“-15) < garco(lmil g +cll?1})
<3 ZKOHZUL‘”XJ% +c

for some ¢ > 0.
Now combining (4-7) with (4-10), (4-11) and (4-14)—(4-15) we conclude that

L) < —18lz|? pes — (381 — Je1 — Yad1e2 — $6263) 1w || paEH

1
- (6132 — 1eo— 81— $62k1 — 532K0)||wz||x,%

_ S T.) WS SO B | 2
<M02K0 by as 2es 262“)”“'){*%
CiM?*  C;18
+ =L 4 fl l+ 183Cp2+Ci+c.
280
In other words,
L, < —38lwz|? 5 — (381 — 31 — 3ad1e2 — 38283) |l || paes

2
— (a82 —Leg—81 — 82K1)||w,||X,%

_ B L TR S B ) 2
<M62K0 27 2%, asd, 26n 28k IS, g
- M? 82
+%+C“ L4 283Ca+Cs+ec.
0

Now, it is enough to choose &1 > 0, &, > 0 and &3 > 0, respectively, such that

8 1 d 8
&1=—, &=—, and & =—,
=3 T3y 37 35,
and so

1 2 1 2
L, (1) < —551||ZZT||X1%1 — (adr — 380 — 8 —32161)||ZUt||XJt7

8 ) 1 2
—(Mecakg— L =221 — s ——2——3K) .
( wWo= 3~ 5 27 20 2921 ) I, -
CriM?* | C;18?
=L 4 2L 4 285C 0+ Ca o
280 2

Since §; < &, if we assume that a < 1 + «, then choosing &9 > 0 such that
e < 2(61 — K1)82 — 281 < 2(52 — 81),

we conclude that
6182— 80—31 —82K1 > 0.
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Now, it is enough to choose M > 0 sufficiently large such that

and so there exist £; > 0 and £, > 0 such that

/ 2 2 2
Ly (1) < _El(”w”lea ol —g +IEI —g) + Lo

2

From this, (4-1), and the fact A(¢f) = {£(¢); £(¢) is a global bounded solution}
we obtain

(4-16) |JA@) is bounded in X 7" x X 7" x X 7.
teR

Using (4-16) and restarting from (4-8) and (4-12) with ap = (1 4+ p)a; — p it
follows that

l—ayp

2—a -«
|J A(®) is bounded in X 7T xX T x X2
teR

Iterating this procedure a finite number of times, we can now show that
1 1
UA(I) is bounded in X' x X7 x X2,
teR
which implies

sup sup{[[E@) Iy, IE@lly1, 1€ (D)ly} < oo,

EeA teR

where A is the set of global bounded solutions for (1-8). ([

5. Upper semicontinuity of the pullback attractors

From the results obtained in the previous section, we can prove a result on upper

semicontinuity of the pullback attractors with respect to the functional parameter

k. Let {«. : ¢ € [0, 1]} be the family of real valued functions of one real variable

satisfying (1-4), and denote by S, (-, -) and {A.,)(?) : t € R}, respectively, the

evolution process and its pullback attractor associated with problem (1-1)—(1-3).
Moreover, we will assume that

lke —kollLo@ — 0 ase— 0r.

Now we are able to present the main result of this section.

Theorem 5.1. For each a > 0 and ¢ € [0, 1], let w'® (-) = S(,) (-, T)wp be the
solution of (1-8) in Y. Then, for each T >0, w'® converges to w® in C([0, T1; Y)
as ¢ — 0%. Moreover, the family of pullback attractors {A.,)(t) : t € R} is upper
semicontinuous in € = Q.
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Proof. For each wy € Y, consider w® = S,\(t, T)woy and w® = S, (¢, T)wo.

Let w = w® — w®, with w® = @@, u®,,6©) and w® = WO, 4, 6O)
w=u® —u® and 9 =60© — @), Then, forall 7 > 7 and x € L,

up + A%u+arf = fu®) — fu®),
0, — ke (1) AO® + k() AOO —aAu, =0.

Multiplying the first equation by u; and multiplying the second equation by 6,
we get

%di/ |ut|2dx+%if |Au|2dx+a/ A@u,dx:f[f(u(g))—f(u(o))]u,dx,
t Jo dt Jo Q Q

%i/ |6|2dx+/cg(t)/ |V9|2dx—(/cg—/co)(t)/ Ae“’)edx—a/ Au0dx =0.
dt Jq Q Q Q
/AQu,dx:/ Au6 dx,
Q Q
it follows that

(5-1) i(%f |ut|2dx+%/ |Au|2dx+%/ |9|2dx>
dt Q Q Q
:—Kg(t)/ V6| dx
Q
s — kO)() / 269 dx + / LFu®) = £ @) uy dx
Q Q

Since

<=0 [ 2000 dx+ [ 1) = O dx.
Q Q
Using Young’s inequality
/ voOVedx < %/ VOO | dx + %/ |VO|* dx,
Q Q Q
by (5-1) we conclude that
d 2 2 2
(5-2) E(”utux'i‘||u||X1/2+||9”X)
0) 2 2
SO0 ) ke = Koll ooy + 1101171 g lIke

ol +2 fQ LF @) = £ uy dx,

and from Section 4 we have w = w® —w©®, with w® = (u(s), uﬁs), 0(5)) and w© =
. 1 1
@, u©®, 00y u=u® —u® and 6 =0© —9©) bounded in X' x X2 x Xz.
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Hence there exists C > 0 independent of ¢ > 0 such that

0
(5-3) 161151y < € (and [0 1) < ©O)

for any ¢ € [0, 1).
Combining (5-2) and (5-3) we conclude that

d
(5-4) e+l 52+ 1015 < Cllke—xoll Loy +2 f Lf @)= @O)]u dx,
Q

where C > 0 is independent of .
From the mean value theorem, assumption (1-6) and (p 1) + 5 + 2 =1, we
obtain

f F®) = Fu®)u, dx
Q

SIS EuE+A=0uDN 2 W —uPllzng sl 20y

0
< Co,pu'® —u O 20 llusl x,

and so
/ [f@®) — £ @) u, dx < Co,pllull 20y luellx < Co, plluell i llullx
Q

for some & € [0, 1] and such that Cy, r > 0 is a constant depending on the initial data.
Hence, from Young’s inequality,

(5-5) /Q [f @) — @) u, dx < C'(ull3 . + ludlx + 16011%)

for some C’ > 0 independent of ¢.
Therefore, by (5-4) and (5-5)

d

7 (el + gl + 101x) < Clle = koll >y +C"(ullZ e + ludlx + 1015,
and consequently

(5-6)  luelly + lul%re +101% < Clie — kol Loy (r — 7)e€ 79, 1> 1,

that is, w® (= St (t, T)wop) goes to w® (= St (f, T)wp) as ¢ — 0 in compact
subsets of R uniformly for wg in bounded subsets of Y.

For 6 > 0 given, let T € R be such that dist(S(,) (¢, T) B, A (1)) < % for all
teR, BD Usgz A, (s), is a bounded set in ¥ whose existence is guaranteed by
Theorem 2.11.

Using (5-6), there exists &9 > 0 such that

é
sup [ Swe) (t, Tutg — Sp) (1, Dutelly < 3
Ug €EA() (T)
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for all ¢ < &p. Finally,

disty (-A(/cg) (1), -A(Ko) ®))
S dista (Sge) (7, T Age) (T), Sty (75 T) Ay (7))
+ diStH(S(KO)(I, T)A(Kg)(f)7 S(Ko)(tv T)A(Ko)(f))

< osup  disty (Se,) (2, e, Seep) (t, T)ug)

Ug EA(Kg)(t) .
+disty (S (7, T) Ak, (T)s Ageg) (1))
8 n 8 5
<—+-=34,
2 2
which proves the upper semicontinuity of the family of attractors. O

Remark. Observe that, if we assume that @ is continuously differentiable in R, and
there exist positive constants ag and a; such that

O<ap<a(t),a(t)<a forallteR,

then all the calculations in this paper remain valid for a(¢) instead of a.
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