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GEOMETRIC TRANSITIONS AND SYZ MIRROR SYMMETRY

ATSUSHI KANAZAWA AND S1U-CHEONG LAU

We prove that generalized conifolds and orbifolded conifolds are mirror
symmetric under the SYZ program with quantum corrections. Our work
mathematically confirms the gauge-theoretic assertion of Aganagic—-Karch—
Liist-Miemiec, and also provides a supportive evidence to Morrison’s con-
jecture that geometric transitions are reversed under mirror symmetry.

1. Introduction

Morrison [1999] proposed that geometric transitions are reversed under mirror
symmetry. A geometric transition is a birational contraction followed by a complex
smoothing, or in the reverse way, applied to a Kéhler manifold (see the nice review
[R0s51 2006]) . We will denote a geometric transition by X -5 X X where
X --»> X is a birational contraction and X ~ X is a smoothing. The conjecture can
be formulated as follows.

Conjecture 1.1 [Morrison 1999]. Let X and X be Calabi—Yau manifolds, and
suppose they are related by a geometric transition X--» X~ X. Suppose Y and
Y, are the mirrors of X and X respectively. Then there exists a geometric transition
Y, --» Y ~~ Y] relating Y1 and V5.

The present paper investigates mirror symmetry for geometric transitions of two
specific types of local singularities, namely generalized conifolds and orbifolded
conifolds. Let us first recall mirror symmetry for a conifold. A conifold is an
isolated singularity defined by {xy — zw = 0} C C*. It is an important singularity
appearing in algebraic geometry and also plays a special role in superstring theory.
A folklore mirror symmetry for the conifold [Morrison 1999; Szendrdi 2004] that
the deformed conifold is mirror symmetric to the resolved conifold can be refined
in the framework of SYZ mirror symmetry as follows.

Theorem 1.2 (conifold case of Theorem 3.1). Let X = Opi (—1)®%\ D be the
resolved conifold with a smooth anticanonical divisor D removed, and

X:={(x,y,z,w)eC|xy—zw=1}\({z= 1} U{w=1)})
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the deformed conifold with the anticanonical divisor {z = 1} U {w = 1} removed.
Then X and X are SYZ mirror to each other:

Although removing the divisors certainly does not affect the local geometry of
the singularity, it is important when we discuss, for example, wrapped Fukaya
categories and homological mirror symmetry.'

We now focus on two natural generalizations of the conifold: generalized coni-
folds and orbifolded conifolds. For integers k, [ > 1, a generalized conifold is given
by

Gi =1,y z,w) eC lxy =1+ 1 +w) =0)

and an orbifolded conifold is given by
Oy :=1{(u1, v1,u2,v2,2) € C lurvr — (1 +2)F = usvy — (1 4+2)' = 0}.

(We have made a change of coordinates, namely z +— 1+z and w — 1 + w, for
later convenience.) They reduce to the conifold when k =/ = 1. The punctured
generalized conifold is defined as Gy ; := G,‘z’l \ Dg, where D¢ :={z=0}U{w =0}
is a normal-crossing anticanonical divisor of Gz’ ;» and the punctured orbifolded
conifold as Oy ; := O,f’ ;\ Do, where Do :={z =0} is a smooth anticanonical divisor
of O,f’ ;- As is the case of the conifold, their symplectic structures and complex
structures are governed by the crepant resolutions and deformations respectively.
The main theorem of the present paper is the following.

Theorem 3.1. The punctured generalized conifold Gy ; is mirror symmetric to the
punctured orbifolded conifold Oy in the sense that the deformed punctured gener-
alized conifold (f?\;: 1 is SYZ mirror symmetric to the resolved punctured orbifolded
conifold ék\l and the resolved punctured generalized conifold (’?k\l is SYZ mirror
symmetric to the deformed punctured orbifolded conifold 67; I

Gip o G 4 G,
syz] ]MS ISYZ
Of,i =+ O ~~> O 1.

According to Theorem 3.1 the mirror duality of the conifold is purely caused
by the fact that the conifold can be seen as either a generalized or an orbifolded
conifold. The mirror duality of G} ; and O, has previously been studied by the
physicists Aganagic, Karch, Lust and Miemiec in [Aganagic et al. 2000], where they
use gauge theory and brane configurations. Our work mathematically confirms their
gauge-theoretic assertion, and also provides a supportive evidence to Morrison’s
conjecture that geometric transitions are reversed under mirror symmetry.

IWe are grateful to Murad Alim for informing us about the importance of this issue.
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In the present paper, we use the framework introduced by the second author
with Chan and Leung [Chan et al. 2012] for defining SYZ mirror pairs. Namely,
generating functions of open Gromov—Witten invariants of fibers of a Lagrangian
fibration were used to construct the complex coordinates of the mirror. The essential
ingredient is wall-crossing of the generating functions, which was first studied by
Auroux [2007]. We can also bypass symplectic geometry and employs the Gross—
Siebert program [2011] which uses tropical geometry instead for defining mirror
pairs. This tropical approach was taken by Castafio-Bernard and Matessi [2014]
in the study of conifold transitions for compact Calabi—Yau varieties. Although
our work has some overlap with theirs, the methods and interests are quite differ-
ent. They deal with simultaneous multiple conifold transitions while we discuss
orbifold/generalized conifolds transitions. In this paper tropical geometry is not
directly needed since symplectic geometry can be handled directly.

One crucial feature of the present work is the involutive property of SYZ mirror
symmetry. Namely, taking SYZ mirror twice gets back to itself, which we believe
is an important point but often overlooked in literatures. We exhibit this feature by
carrylng out the SYZ constructlon for all the four dlrectlons in Theorem 3.1, namely
from le to Ok 1, and from Okl back to Gk ;; from le to Ok 1, and from Okl
back to Gk ;. The SYZ construction from Gk ; to Ok 7 1s a bit tricky and we will
discuss it in details. We will employ the various techniques developed in [Auroux
2007; Chan et al. 2012; Abouzaid et al. 2016; Lau 2014].

Another interesting feature is the dependence of the choice of a Lagrangian
fibration, namely a Lagrangian fibration has to be “compatible” with the choice of
an anticanonical divisor, in the sense that the anticanonical divisor is the preimage
of the boundary of the base of the Lagrangian fibration, in order to obtain the
corresponding mirror. For example, é-k\l admits two different Lagrangian fibrations:
the Gross fibration and a “doubled” Gross fibration. The former is not compatible
with the anticanonical divisor D¢, and does not produce the orbifold conifold as its
SYZ mirror. Choosing appropriate Lagrangian fibrations is a key step in our work.

Lastly, Theorem 3.1 not only unveils a connection between geometric transitions
and SYZ mirror symmetry, but also yields many interesting problems and conjec-
tures that naturally extend what is known for the conifolds. In fact, based on the
local models studied in this paper, the second author recently confirmed Morrison’s
conjecture for a class of geometric transitions of the Schoen’s Calabi—Yau threefolds
[Lau 2018].

Structure of paper. Section 2 introduces generalized conifolds and orbifolded
conifolds and basic properties thereof. Section 3 begins with a review on the
Lagrangian torus fibrations and the SYZ program. Then we prove the main theorem
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(Theorem 3.1) by carrying out the SYZ constructions. Section 4 discusses global
geometric transitions and provides a few examples.

2. Generalized and orbifolded conifolds

In this section, we introduce two natural generalizations of the conifold, namely
generalized conifolds and orbifolded conifolds. These two singularities possess
interesting geometries and were studied by physicists in the context of gauge theory,
for instance in [Katz et al. 1997; Aganagic et al. 2000; Miemiec 2000].

Generalized conifolds Gi, ;- A toric Calabi—Yau manifold is a semi-projective toric
manifold with trivial canonical bundle. In dimension three, they can be described
by a lattice polytope A C R? whose vertices lie in the lattice Z> C R?. Its fan is
produced by taking the cone over A x {1} C R3. A crepant resolution of a toric
Calabi—Yau threefold corresponds to a subdivision of A into standard triangles,’
which gives a refinement of the fan. For instance, the total space of the canonical
bundle K of a smooth toric surface S is a toric Calabi—Yau threefold. In this
situation, the surface S is the toric variety P whose fan polytope is A.

The condition that a toric Calabi—Yau threefold contains no compact 4-cycles is
equivalent to the condition that the polytope A contains no interior lattice points.
The lattice polygons without interior lattice point are classified, up to the action of
GL(2, Z), into two types:

(1) triangle with vertices (0, 0), (2, 0), (0, 2),

(2) trapezoid Ag,; with vertices (0, 0), (0, 1), (k,0), (/, 1) for k > [ > 0 with
(k,1) # (0, 0) (Figure 1, left).

The former is the quotient of C? by the subgroup (Z,)? C SL(3, C) generated
by the two elements diag(—1, —1, 1) and diag(1, —1, —1). In this paper, we are
interested in the latter, which corresponds to the generalized conifold Gy ; for
k > 1> 1. We do not consider the case / = 0, where the toric singularity essentially
comes from the Aj-singularity in 2 dimensions.?> The dual cone of the cone over

A (a) A (b)
(0,1) 1,1) (0,1) (2,1)

k
(0,0) kO _ (0,0) \ (4,0 >

>

Figure 1. Left: trapezoid A ;. Right: crepant resolution @.

2 A standard triangle in RZ is isomorphic to the convex hull of (0, 0), (1, 0), (0, 1) under the
7% % GL(2, Z)-transformation.
3 Mirror symmetry of this class of singularities is discussed in [Szendr6i 2004, Section 5].
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the trapezoid Ay ; is spanned by the vectors
(1) V] = (1v 07 0)9 Vo 1= (07 _11 1)7 V3 = (_17 l _kv k)y V4 1= (07 1’ 0)

with relation v; — kv, 4+ v3 — vy = 0. In equation the generalized conifold G,i’ ;18
given by

G, ={xy—7w' =0} cC’

The coordinates x, y, z, w correspond to the dual lattice points vy, v, vy, V4 re-
spectively. For (k,[) # (1, 1), the generalized conifold Gz,z is a quotient of the
conifold (which is given by (k,[) = (1, 1)) and has a 1-dimensional singular locus.
A punctured generalized conifold is G ; := G,f’ \Dg,where Dg ={z=1}U{w=1}
i1s an anticanonical divisor of G,ﬁ’l. A crepant resolution C’i.k\l of Gy is called a
resolved generalized conifold. We observe that

é\kyl:Gz’l\Dév

where D is an anticanonical divisor of 5}:1, and it uniquely corresponds to
a maximal triangulation of the trapezoid Aj; (Figure 1, right). The resolved
generalized conifold C/}k\l is endowed with a natural symplectic structure as an open
subset of a smooth toric variety Gy ;.

k+1

Proposition 2.1. There are ( N ) distinct crepant resolutions of Gy (or equiva-

lently Gy )).

Proof. There is a bijection between the crepant resolutions of Gy ; and the maximal
triangulations of Ay ;. The assertion easily follows by induction with the relation
(k+l+l) _ (k—H) + (k—i—l) 0
k+1 )= Lk k+1)
We may also smooth out the punctured generalized conifold G ; by deforming
the equation. The deformed generalized conifold Gy ; is defined as

—~ k1 L
Gi = {(x, y,z,w) € C? x (C\ {1})? | xy—y Y a;zw :0}
i=0j=0

for generic a; ; € C. The symplectic structure of (f}\;: ; is given by the restriction of
the standard symplectic structure on C2x (C \ {11)2. We observe that the complex
deformation space has dimension (k + 1)( 4+ 1) — 3 because three of the parameters
can be eliminated by rescaling z, w and rescaling the whole equation. On the
other hand, the Kihler deformation space has dimension (k+ 1) + (I +1) — 3, the
number of linearly dependent lattice vectors in the polytope. It is the number of the
exceptional P's> and a Kihler form is parametrized by the area of these.
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Orbifolded conifolds 0,‘3 - Let X7 be the conifold {xy — zw = 0} C C*. For
k > [ > 1, the orbifolded conifold 01?,1 is the quotient of the conifold X* by the
abelian group Z; x Z;, where Z; and Z; respectively act by

(x, v, 2, w) > (Gx, &y, zow), and (x, y, 7, w) B> (X, ¥, Gz, & w)

where ¢, {; are primitive k-th and [/-th roots of unity respectively (assume k and /
relatively prime for simplicity [Aganagic et al. 2000]). Alternatively the orbifolded
conifold 01?, ; is realized as a hypersurface in C>:

Olf,l ={ujv; = 5, Upvy = Zl} cQC.

The orbifolded conifold O,f’ ; 1s an example of a toric Calabi—Yau threefold and
the corresponding polytope is given by the rectangle [, ; with the vertices (0, 0),
(k,0), (0,1), (k,I) (Figure 2, left).

The dual cone of the cone over the rectangle [l ; is spanned by the following
vectors

v1:=(1,0,0), vp:=(0,—1,0), v3:=(—1,0,k), v4:=(0,1,0)

with relation vy — kvy + vy — kvg = 0.

A punctured orbifolded conifold is Oy ; := 0/?,1 \ Dg, where Dp ={z=1}1is a
smooth anticanonical divisor of 01?, ;- Then a resolved orbifolded conifold 5;?1 is
defined to be a crepant resolution of Oy ;. As before,

@:OE,[\D(}’

where D is a smooth anticanonical divisor of the toric crepant resolution 5,5,
and it corresponds to a maximal triangulation of the trapezoid [ ; (Figure 2, right).
It has a canonical symplectic structure as an open subset of a smooth toric variety
O,f’ ;- In contrast to Proposition 2.1, it is a famous open problem to find the number
of the crepant resolutions of the orbifolded conifold 0,?’ ; [Kaibel and Ziegler 2003].
The punctured orbifolded conifold O ; can also be smoothed out by deforming the

(a) L O

(0,)) " (k1) (0,3) ' (5,3)
(0,0) (kf) (0,0) (5£)

Figure 2. Left: rectangle [y ;. Right: crepant resolution 5.5\’33
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defining equations. Thus the deformed orbifolded conifold 67: 7 is given by

Ok, 1= {(”17 v, 12, 02,2) € Cx (C\ (1) | urvr = Y @iz’ wgvo =y, ij"}
i=0 j=0

for generic coefficients a;, b; € C. The symplectic structure of 67: 1 is the restriction
of the standard symplectic structure on C* x (C\ {1}). The complex deformation
space of 5;: ; has dimension (k + 1) + (/ 4+ 1) — 3, while the Kéhler deformation
space has dimension (k + 1)(I + 1) — 3. Therefore the naive dimension counting
is compatible with our claim that these two classes of singularities are mirror
symmetric. We will formulate this mirror duality in a rigorous manner by using
SYZ mirror symmetry in the next section.

3. SYZ mirror construction

The Strominger—Yau—Zaslow (SYZ) conjecture [Strominger et al. 1996] provides
a foundational geometric understanding of mirror symmetry. It asserts that, for
a mirror pair of Calabi—Yau manifolds X and XV, there exist Lagrangian torus
fibrations 7 : X — B and 7¥ : XY — B which are fiberwise-dual to each other.
In particular, it suggests an intrinsic construction of the mirror X by fiberwise
dualizing a Lagrangian torus fibration on X. This is motivated by T-duality studied
by string theorists.

The SYZ program has been carried out successfully in the semi-flat case [Leung
2005] in which the discriminant locus of the fibrations is empty. When singular
fibers are present, quantum corrections by open Gromov—Witten invariants of the
fibers are necessary, and they exhibit wall-crossing phenomenon. Wall-crossing of
open Gromov—Witten invariants was first studied by Auroux [2007]. Later on Chan
et al. [2012] gave an SYZ construction of mirrors with quantum corrections, which
will be used in this paper. In algebro-geometric context, the Gross—Siebert program
[2011] gives a reformulation of the SYZ program using tropical geometry, which
provides powerful techniques to compute wall-crossing and scattering order-by-
order. In this paper we will use the symplectic rather than the tropical approach.

We will shortly give a quick review of the setting of [Chan et al. 2012] for SYZ
with quantum corrections. We say that X is SYZ mirror symmetric to Y if Y is
produced from X as a SYZ mirror manifold by this SYZ mirror construction. The
later parts of this section prove the following main theorem.

Theorem 3.1. The punctured generalized conifold Gy is mirror symmetric to
the punctured orbifolded conifold Oy ; in the sense that the deformed generalized
conifold é;: 1 is SYZ mirror symmetric to the resolved orbifolded conifold 51:1, and
the resolved generalized conifold ék\l is SYZ mirror symmetric to the deformed
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orbifolded conifold 6;: B

Gk,lw’/\"Gk,l<' ............ Gk,l
SYZ] ]MS Isyz
Ok,1 -+ O ~ O 1.

This mathematically confirms the gauge-theoretic assertion of the string theorists
Aganagic, Karch, Liist and Miemiec [Aganagic et al. 2000] and also provides a
supportive evidence to Morrison’s conjecture [1999] from the view point of SYZ
mirror symmetry.

SYZ construction with quantum corrections. In this subsection we review the
SYZ construction with quantum corrections given in [Chan et al. 2012]. We add a
clarification that we only use transversal disc classes (Definition 3.5) in the definition
of the mirror space.

Let m : X — B be a proper Lagrangian torus fibration of a Kihler manifold
(X, w) such that the base B is a compact manifold with corners, and the preimage
of each codimension-one facet of B is a smooth irreducible divisor denoted as D;
for 1 <i < m. We assume that the regular Lagrangian fibers of 7 are special with
respect to a nowhere-vanishing meromorphic volume form €2 on X whose pole
divisor is the boundary divisor D := ) /" | D; (and hence D is an anticanonical
divisor). We denote by By C B the complement of the discriminant locus of 7, and
we assume that By is connected.* We always denote by F}, a fiber of 7 at b € By.

Lemma 3.2 (Maslov index of disc classes [Auroux 2007, Lemma 3.1]). For a disc
class B € my(X, Fp) where b € By, the Maslov index of B is u(B) =2D - B.

Definition 3.3 [Chan et al. 2012]. The wall H of a Lagrangian fibrartion 7 : X — B
is the set of point b € By such that F}, := 7 ~!(b) bounds non-constant holomorphic
disks with Maslov index 0.

The complement of H C By consists of several connected components, which we
call chambers. Over different chambers the Lagrangian fibers behave differently in
a Floer-theoretic sense. Away from the wall H, the one-point open Gromov—Witten
invariants are well-defined using the machinery of Fukaya—Oh—Ohta—Ono:

Definition 3.4 (open Gromov—Witten invariants [Fukaya et al. 2009]). For b in
Bo\ H and B in m(X, Fp), let M1 (B) be the moduli space of stable discs with
one boundary marked point representing 8, and [90t;(8)]"'™ be the virtual fun-
damental class of 91;(8). The open Gromov—Witten invariant associated to

4When the discriminant locus has codimension-two, B is automatically connected. Although the
Lagrangian fibrations of G ; we study have codimension-one discriminant loci, By is still connected.



GEOMETRIC TRANSITIONS AND SYZ MIRROR SYMMETRY 497

iSng:= f[iml(ﬂ)]““ ev*[pt], where ev : I (B) — F} is the evaluation map at the
boundary marked point and [pt] is the Poincaré dual of the point class of Fj.

We will restrict to disc classes which are transversal to the boundary divisor D
when we construct the mirror space (while for the mirror superpotential we need to
consider all disc classes).

Definition 3.5 (transversal disc class). A disc class 8 € my (X, Fp) for b € By is
said to be transversal to the boundary divisor D, which is denoted as 8 M D, if all
stable discs in 9911 (B) intersect transversely with the boundary divisor D.

Due to dimension reason, the open Gromov—Witten invariant ng is non-zero
only when the Maslov index w(8) = 2. When g is transversal to D or when X is
semi-Fano, namely cj(o) = D -« > 0 for all holomorphic sphere classes «, the
number ng is invariant under small deformation of complex structure and under
Lagrangian isotopy in which all Lagrangian submanifolds in the isotopy do not
intersect D nor bound non-constant holomorphic disc with Maslov index ©(8) < 2.

A procedure realizing the SYZ program based on symplectic geometry was
proposed in [Chan et al. 2012] as follows:

(1) Construct the semi-flat mirror XOv of Xo := 71 (By) as the space of pairs
(b, V) where b € By and V is a flat U(1)-connection on the trivial complex
line bundle over F}, up to gauge. There is a natural map 7" : X; — By given
by forgetting the second coordinate. The semi-flat mirror X has a canonical

complex structure [Leung 2005] and the functions e~ Jpe Holy (3B) on X for
disc classes B € my(X, Fp) are called semi-flat complex coordinates. Here
Holy (d8) denotes the holonomy of the flat U(1)-connection V along the path
ap € w1 (Fp).

(i1) Define the generating functions of open Gromov—Witten invariants for 1 <i <m

) Z:b,V):= Y. nge s Holy(8p).

Bem (X, Fp)
B-D;=1,thD

for (b, V) € (V)" (B, \ H), which serve as quantum corrected complex
coordinates. The function Z; can be written in terms of the semi-flat complex
coordinates, and hence they generate a subring C[Zy, ..., Z,,] in the function
ring’ over (V)" (By \ H).

’In general we need to use the Novikov ring instead of C since Z; could be a formal Laurent series.
In the cases that we study later, Z; are Laurent polynomials whose coefficients are convergent, and
hence the Novikov ring is not necessary.
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(iii) Define the SYZ mirror of X with respect to the Lagrangian torus fibration
to be the pair (X, W) where X" := Spec (C[Z1, ..., Z,]) and

W= Y nge Js”Holy(ap).

Bema (X, Fp)

Moreover, X" is defined as the SYZ mirror of a non-compact Calabi—Yau
manifold Y if it is obtained from the above construction for a compactification of Y.
It is expected that different compactifications would result in the same SYZ mirror.
In this paper we fix one compactification as an initial data for the SYZ construction.

In the following sections we will apply the above recipe to the generalized
conifolds and orbifolded conifolds. We will carry out in detail the SYZ construction
from ék\ | to 67; ; which is the most interesting case (see immediately below), in
which we construct a doubled version of the Gross fibration [Goldstein 2001; Gross
2001] and compute the open Gr Gromov—Wltten invariants. The other cases, namely
the SYZ constructions from Ok | to Gk ;, from Ok | to Gk ;, and from Gk | to Ok I
are essentially obtained by applying the techniques developed in [Lau 2014; Chan
et al. 2012; Abouzaid et al. 2016], and so we will be brief. In fact G,’i’ , and O,f, ;
are useful testing grounds for the SYZ program and we shall illustrate how these
various important ideas fit together by examining them.

SYZ from Gk 110 to Ok i~ We first construct the SYZ mirror of the resolved general-
ized conifold Gk ;- While the resolved generalized conifold G k.l is a toric Calabi—
Yau threefold, we will not use the Gross fibration because it is not compatible
with the chosen anticanonical divisor D¢ and hence do not produce the resolved
orbifolded conifold 5;: ; as the mirror. We will instead use a doubled version of the
Gross fibration explained below.

The fan of G,i’ ; 1s given by the cone over a triangulation depicted in Figure 1,
right. We label the divisors corresponding to the rays generated by (i, 0, 1) to
be D; for 0 <i <k, and those corresponding to the rays generated by (j, 1, 1)
to be Dy414; for 0 < j < [. Each divisor D; corresponds to a basic disc class
Bi € mp(X, L) where L denotes a moment-map fiber [Chan et al. 2012].

Let us first compactify the resolved generalized conifold (/?k\l as follows. We
add the rays generated by (0, 0, —IL\(O, —1,-1),(1,0,0) and (—1, 0, 0), and the
corresponding cones, to the fan of Gz’ ;- Let us denote the resulting toric variety by
(7;:1* (and we fix a toric Kéhler form on it). Let D;—o, Dy=o0, De=o and Dg_no
be the corresponding additional toric prime divisors and B;—~, Buw=cc, Be=0 and
Be—o be the additional basic disc classes respectively.

Note that é\kl* is in general not semi-Fano since there could be holomorphic
spheres with the Chern class ¢; < 0 supported in the newly added divisors (or in
other words the fan polytope of ék\ .’ may contain a interior lattice point). However
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since we only need to consider transversal disc classes (Definition 3.5) in the
definition of XV, these holomorphic spheres do not enter into our constructions.
We now construct a special Lagrangian fibration and apply the SYZ construction
on (/}k\l* Consider the Hamiltonian 7 !-action on (/}k\l* corresponding to the vector
(1, 0, 0) in the vector space which supports the fan. Denote by 771 : (’?k\l* — R the
moment map associated to this Hamiltonian 7''-action, whose image is a closed
interval /. Let 0 be the angular coordinate corresponding to the Hamiltonian T'!-
action. Recall that x, y, z, w are toric functions corresponding to the lattice points
V1, V3, V2, V4 (in the vector space which supports the moment polytope) defined by
(1). Note that z = 0 on the toric divisors Dy, ..., Dy, while w = O on the toric
divisors Diy1, ..., Dig+i+1. Moreover the pole divisors of z and w are D,—_, and
Duw=oo respectively.
The toric Kéhler form on é\kl* can be written as
VTl ndie—_dunde
ci(l+z1%)? 2 (1 +|w|?)?
for some ¢y, ¢; € R-. We define a T3-fibration 7 : (7,?1* — B:=[—00,00]* x I
by

w:=drpi AdE +

m(x,y, 2, w) = (b1, by, b3) = (log |z — 1], log |w — 1|, w71 (x, y, 2, w)).
We also define a nowhere-vanishing meromorphic volume form by
Q:=dlogx Andlog(z—1) Adlog(w — 1).
The pole divisor D of €2 is given by the union
D=D,—1UDy—1 UD;—oo UDy—0o UDeg—g UDeg—no

whose image under 7 is the boundary of B (D,—; and D,—; denotes the divisors
{z = 1} and {w = 1} respectively). Using the method of symplectic reductions
[Goldstein 2001], we obtain the following.

Proposition 3.6. The T3-fibration v defined above is a special Lagrangian fibration
with respect to w and Q.

Proof. Consider the symplectic quotient of the Hamiltonian T !-action: M =
T 11 ({b3})/ T for certain b3 € R. Since the toric coordinates z and w are invariant
under the 7'-action, they descend to the quotient M. This gives an identification
of M with P! x P!'. The induced symplectic form on the quotient M is given by
V-1 _ V-1

— dzAndz4+ —— dw Adw
(4122 T U+ wlp)?

V=T |z—11 w1
= ————dlog(z—1)Adlog(z—1) + ————
ez dogemDadiogle=+ oy

o=

dlog(w—1)Adlog(w—1),
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Gy >©<T]
@) _
l o (ot fweyy =0

C? —>

2
RzO

Figure 3. Conic fibration after resolution.

where /—1 = 4/—1. The induced holomorphic volume form €, which is the
contraction of by the vector field induced from the 7''-action, equals to

Q =dlog(z — 1) Adlog(w — 1).

It is clear that & and Re(S2) restricted on each fiber of the fibration (Jz—1], lw—1})
are both zero. Hence the fibers of the map (|]z — 1|, |[w — 1]) are special Lagrangian
in M. By [Goldstein 2001, Lemma 2], we therefore conclude that the fibers of
are special Lagrangian. (]

We may think of this fibration as the combination of a conic bundle (Figure 3)
and the moment map w71 associated to the lift of (x, y)-coordinates (Figure 4,
left). The latter measures the volumes of the exceptional curves P! of the crepant
resolution (fk\[ — G-

Proposition 3.7. The discriminant locus of the fibration mw is the union of the
boundary 0 B together with the lines {b; =0, by = si}f.‘zl U{b, =0, by = tj}lj:1 CB
forsi, t;j € Rwith Crit(mwp1) = {s1, ..., S, t1, ..., 1}

Proof. The first and second coordinates of 7 are by =log |z—1| and b, =log |w —1|
respectively, which degenerates over the boundaries b; = log|z — 1| = o0 or
by =log |w—1| ==+o0. The third coordinate 71 degenerates at those codimension-
two toric strata whose corresponding 2-dimensional cones in the fan contain the
vector (1,0,0). These cones are either [i — 1,i] x {0} x Rfor 1 <i <k or
[ —1,j1 x {1} xR for 1 < j <. The corresponding images under m;: are

(a) A (2,1) (b) A (2,1)

(0,1) (0,1) 4
l 0,0) "

Figure 4. Left: moment map w7i. Right: crepant resolution.

\/
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isolated points sy, ..., s or #1, ..., #; respectively. Moreover z = 0 on a toric
strata corresponding to a cone [i — 1, i] x {0} x R, while w = 0 on a toric strata
corresponding to a cone [j — 1, j] x {1} x R. Hence b; =1 or b, = 1 respectively,
and the discriminant locus is as stated above. |

Proposition 3.8. The wall H of the fibration 1 is given by the union of two vertical
planes given by by =0 and by = 0.

Proof. Suppose a fiber F, bounds a non-constant holomorphic disc u of Maslov
index 0. By the Maslov index formula in Lemma 3.2, the disc does not intersect the
boundary divisors {z = 0} nor {w = 0}. Thus the functions (z—1)ou and (w—1)ou
can only be constants. If both the numbers z o u and w o u are non-zero, the fiber of
(z, w) is just a cylinder, and a fiber of b3 defines a non-contractible circle in this
cylinder, which topologically does not bound any non-trivial disc. Thus either z =0
or w = 0 on the disc, which implies that b} =log |z —1| =0 or b, =log|w —1| =0.
In these cases F, intersects a toric divisor and bounds holomorphic discs in the
toric divisor. 0

Figure 5, left, illustrates the wall stated in the above proposition.

From now on we fix the unique crepant resolution of G ; such that s; < ... <
sy < t1...<t; holds (Figure 4, right). For other crepant resolution the construction
is similar (while the SYZ mirrors have different coefficients, namely the mirror
maps are different). Such a choice is just for simplifying the notations and is not
really necessary (see also Remark 3.13).

We then fix the basis

3) (CYZulCoULE)Z!

of Hz((/}\u) (Figure 5, right), where C; for 1 <i < k — 1 is the holomorphic
sphere class represented by the toric 1-stratum corresponding to the 2-cone by
{(0, 1), (i, 0)}; Cy corresponds to the 2-cone generated by {(0, 1), (k, 0)}; E; cor-
responds to the 2-cone generated by {(i, 1), (k, 0)}. The image of a holomorphic
sphere in C; under the fibration map lies in {0} x R x [s;, s;11]; the image of Cy
lies in {0} x {0} x [sk, #1], and the image of E; lies in R x {0} x [#;, ti11].

(a) f (b) :
H @ E1

Figure 5. Left: walls. Right: holomorphic spheres.
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Fix the contractible open subset
U := By \{(b1,b2,b3) | by =00r by =0, b3 € [51, +00)} C By

over which the Lagrangian fibration 7 trivializes. For b = (b1, b>, b3) with by > 0
and b, > 0, we use the Lagrangian isotopy

“4) L' ={log|z—t|=by,log|lw—1t| =by, w7 (x, y, 2, w) = b3}

for ¢ € [0, 1] to link a moment-map fiber (when ¢ = 0) with a Lagrangian torus
fiber F; of = (when 7 = 1). Then for a general base point b’ € U, we can link the
fibers F, and Fj by a Lagrangian isotopy induced by a path joining b and b’ in the
contractible set U (and the isotopy is independent of choice of the path). Through the
isotopy disc classes bounded by a moment-map fiber L can be identified with those
bounded by Fj, that is, nz(é.\;d*, )= nz(é\w*, L). Note that this identification
depends on choice of trivialization, and henceforth we fix such a choice. The two
vertical walls {b; = 0} and {b, = 0} divides the base B = [—00, 00]? x I into four
chambers. Lagrangian torus fibers over different chambers have different open
Gromov—Witten invariants.

Theorem 3.9. Denote by L a moment- map fiber of Gk " and by Fp, a Lagrangian
torus fiber of m at b € By. Let B € nz(le , Fp) with B th D.

(1) Over the chamber Co, := {by > 0, by > 0}, we have nﬁ = né.

(2) Over the chamber Cy_ :={by > 0, b, < 0}, we have nﬂ = 0 unless B = Br+1,
Be=0s Be=c0s Bz=00» Bw=co + (Bj — Bx+1) Tafork+1=<j<k+1+1and
o€ HZC 1=0 being a class of rational curves which intersect the open toric orbit
of the toric divisor Dj, or B =i +a for0 <i <k and a € HZCl=0 being a
class of rational curves which intersect the open toric orbit of the toric divisor
D;. Moreover

K __F _ F _ Fb _ F, _ L
Moo =gy = Mg =Np_ =L Mg s pta = B+a
fork+1<j<k+I141,and
Fy L

e
for0<i<k.
(3) Over the chamber C_4 :={b; <0, by > 0}, we have ngb = 0 unless B = Po,
Be=0, Be=o0s Puw=oc> Br=co + (Bi —Bo) +a for0<i <kandu € HZCIZO being a
class of rational curves which intersect the open toric orbit of the toric divisor

Di,orB=Bj+afork+1=<j=<k+1+1anda being a class of rational
curves which intersect the open toric orbit of the toric divisor D ;. Moreover

Fp Fy Fp Fy 1 Fb L
9

Mgy =Mpeg =Mpeoo =Mpye = N, ot Bi—Po)+a — MBi+a
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for0<i<k,and
F, L
nﬁj-i-cl - nﬂ_,‘-i-a

fork+1<j<k+I1+1

(4) Over the chamber C__ :={b; < 0, by < 0}, we have ng” = 0 unless B = Po,
Bi+15 Be=0s Pe=ocs Pr=co + (Bi — Po) +a for 0 <i <k and o € HZCIZO being a
class of rational curves which intersect the open toric orbit of the toric divisor
Di, or Bu—co + (Bj — Brs) + @ fork+1<j <k+I1+1and a € HS'™"
being a class of rational curves which intersect the open toric orbit of the toric
divisor D ;. Moreover

Fb_ R, _ F _ F _
Mgy = Mgy =gy = Mg =1,

for0<i<k,and

Fy _ L
Mg o t(Bi—Po)+a = "pita

Fy _ L
Moot (Bj—Bra)+a — Bj+a
fork+1<j<k+1+1.

Proof. The open Gromov—Witten invariants ng is non-zero only when 8 has Maslov
index 2, and so we can focus on wu(8) =2 with g th D.

For a fiber Fp, b,,b,) With by > 0 and by > 0, F, »,.5;) is Lagrangian isotopic
to a moment-map fiber L through L, defined by (4). Moreover each L, does not
bound any holomorphic disc of Maslov index O because for every ¢ € [0, 1], the
circles |z —¢| = by and |w —¢t| = by never pass through z =0 and w = 0 respectively.
Thus the open Gromov—Witten invariants of L and that of F;, », »,) are the same.

Now consider the chamber C _. First we use the Lagrangian isotopy

LY ={log|z — 1| = by, log |w —t| = by, 7 (x, y, 7, w) = b3}

for t € [1, R] which identifies F(y, 5, 5,y with L1F for R > 0. L' never bounds
any holomorphic disc of Maslov index 0, since for every ¢ € [1, R], the circles
|z—1| =b; and |w —t| = b, never pass through z =0 and w = 0 respectively.
Then we take the 1nvolut10n L Gk 1 — Gk / * defined as identity on z, w71, 6
and mapping w > -2 This involution maps the fiber L' to the Lagrangian

L' ={log|z — 1| = by, log|w — R| = 2(log R) — by, w7 (x, y, 2, w) = b3}

which can again be identified with the fiber F,, 2(10g R)—b,,55) With by > 0 and
2(log R) — by > 0. Also ¢ tends to the negative identity map as R tends to infinity.
Hence for R >> 0, the pulled-back complex structure by ¢ is a small deformation of
the original complex structure, and hence the open Gromov—Witten invariants of
Fp, b,,b;) remain invariant. Now using Case 1 the open Gromov—Witten invariants
of Fp,,2(10g R)—b»,b;) €an be identified with a moment-map fiber L.
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By considering the intersection numbers of the disc classes and the divisors,
one can check that the disc classes g; for 0 <i <k, Biy1, Be=0, Br=oo> Br=co»
(Bj — Bk+1) fork+1 < j <k+1+1, and all rational curve classes « are invariant
under the involution. Moreover S+ and B,,—o are switched under the involution.
Putting all together, we obtain a complete relation between open Gromov—Witten
invariants of F(, 5, 5,) and that of L, and this gives the formulae in Case 2.

Cases 3 and 4 are similar. For Case 3 we use the Lagrangian isotopy

L' ={log|z —t| = by, log|w — 1| = b, w7 (x, y, 2, w) = b3}

for ¢ E [1, R] and the involution defined as identity on w, wy1, 6 and mapping
7 +— =%, For Case 4 we use the Lagrangian isotopy

L' ={log|z—t|=by,log|w—t| =by, mr(x,y, 2z, w) = b3}

for ¢ € [1, R] and the involution defined as identity on 771, 6 and mapping z — ZRZR,
w > Rw O

w—R"

We can compute the the open Gromov—Witten invariants of the moment-map
fiber, using the open mirror theorem [Chan et al. 2016, Theorem 1.4 (1)]. The result
is essentially the same as the one in [Lau et al. 2012, Theorem 4.2] for the minimal
resolution of A, -singularities as follows.

Theorem 3.10. Let L be a regular moment-map fiber of (/};:1, and consider a disc
class p € mp(X, L). The open Gromov—Witten invariant né equalsto 1 if B =B, +a
for0 < p <k+41+ 1, where « is a class of rational curves which takes the form

Z{:ll 5;C; whenl<p<k-—1,
a={YI"IsE whenk+2<p<k+l,
0 when p=0,k,k+1lork+1+1,

and {s,} -1 (where m equals to k in the first case and [ in the second case) is an
admissible sequence with center p in the first case, which means that

(1) s; >0foralli and sy, sp—1 < 1;

2) si <siy1 <s;i+1wheni < p,ands; > sjy1 >s; —1 wheni > p,

and with center p — k — 1 in the second case. For any other B, né =0.

Proof. We will prove the assertion by using the open mirror theorem. Recall the
curve classes C;, Co and E; introduced in (3) for 1 <i <k—land1<;j<I-1. C;
and E; are (—2, 0)-curves, while C is a (—1, —1)-curve. The intersection numbers
with the toric prime divisors D; are as follows:

(1) Ci~D,'_1 =C,'-Dl'+1=1; Cl'~D,'=—2; and Ci-Dj:0f0rallj #l'—l,l‘, l+1,
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(2) C()-Dk =C()-Dk+1 = —1; C()-Dk_l = Co-Dk+2 = 1; and Co-Dj =0 for all
(3) E,' . Dk+i71 = El‘ . Dk+i+1 = 1; E,' . Dk+i = —2; and E,' . Dj = 0 for all
jFEk+i—1,k+ik+i+1.
Let ¢©i, g0, g% be the corresponding Kihler parameters and ¢, §<0, g% be
the corresponding complex parameters. They are related by the mirror map:

k+1+1

g% =q% exp (—Z (c,--Dngj(é)) =G exp(—(gi—1(@) +8i+1(d) —28i(3))),
j=0
k+1-+1

g% =¢%exp (—Z <co-D,->gj<c}>) =G exp(—(8k-1(@) +8k+1(9))).
=0

J
k+1+1
g% =q" exp (— > (Ei-Dj)gj(é))

=0
= ¢ exp(—(8kri—1(q) + &k+i+1(q) — 28k+: (§))).

The functions g;(g) are attached to the toric prime divisor D; for0 <i <k+1+1.
We have go = gx = gk+1 = &k+i+1 = 0. Moreover for 1 <i <k —1, g; only depends
on the variables (,}C’ for 1 <r <k-—1;fork+2<i <k+I, the function g; only
depends on the variables ¢ for 1 <r <[ — 1. Explicitly g; is written in terms of
hypergeometric series:

) (=D (—(D;-d)— D! .
&)=Y i I
d-D;<0 P?éi( P’ )!
d-D,>0
for all r#i
where for 1 <i < k — 1, the summation is over d = er‘;i n;Cj (n; € Z>o) with
d-D; <0Oandd-D,>0forall p#i;fork+2<i <k+1, the summation is over
d= er_:ll n;E; (nj € Z-o) with d satisfying the same condition. Then the open
mirror theorem [Chan et al. 2016, Theorem 1.4 (1)] states that

> np1aq®(@) = expgi(g).
o

Note that for 1 <i <k — 1, the function g; takes exactly the same expression as that
in the toric resolution of A;_;-singularity; for 1 <i </ — 1, the function g; ;11
takes exactly the same expression as that in the toric resolution of A;_;-singularity.
Thus the mirror maps for ¢¢ and g% coincide with that for A;_;-resolution and
Aj_-resolution respectively. Moreover the above generating function of open
Gromov—Witten invariants coincide. Then result follows from the formula for open
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Gromov—Witten invariants in A,-resolution given in [Lau et al. 2012, Theorem
4.2]. O

Remark 3.11. Theorem 3.10 can also be proved by comparing the disc moduli for
(/}; ; and resolution of Ag- and A;-singularities, which involves details of obstruction
theory of disc moduli space. Here take the more combinatorial approach using open
mirror theorems.

Theorem 3.12. The SYZ mirror of the resolved generalized conifold é\kl is given
by the deformed orbifolded conifold in C* x C* defined by the following equations,
where Uy, Uy, Vi, Vo € Cand Z € C*:

UVi=0+2)A+q12)...(01+q1...qc12),
UpyVo=(+cZ)(1+qicZ)...(1+q;...q/_c2Z),

and where q; = e e “, q} e Ju “andc=q... qk_leffco @

Proof. Let Z,g —e s Holy (08) be the semi flat mirror complex coordinates
correspondlng to each disc class ,B € 7T2(Gk 1 , Fb) for b e Bo \ H. For s1mphclty
we denote Zﬂg o by Z Zﬁo by U], Zﬂk+1 by Uz, Zlg _., by Vl, and Zﬁw ~ by Vz
We have ZZ,ggzoo = q’BS =0tP:== i5 a constant (since Be=o+ Pe=o € Hz(Gk,z )), and
for simplicity we set the constant to be 1. Thus Z Beeoo = z !

Let Zp be the generating function of open Gromov—Witten invariants correspond-
ing to a boundary divisor D (see (2)). By Theorem 3.9 there is no wall-crossing for
the disc classes Bs—o and B:—oo, and they are the only disc classes of Maslov index
2 and intersecting Dg—o and Ds=no exactly once respectively. Hence Zp,_, = Z and
Zp,_,, = Z~'. For simplicity we denote Zp,_, by Z, and hence Z = 7 (meaning
that the coordinate Z does not need quantum corrections).

Theorem 3.10 gives the open Gromov—Witten invariants of moment-map tori,
which then gives the open Gromov—Witten invariants of fibers of our Lagrangian
fibration by Theorem 3.9. Then by some nice combinatorics which also appears
in [Lau et al. 2012, Proof of Corollary 4.3], the generating functions factorizes as
follows:

() Zp,_, = (71 and Zp,_, = 02 over C__,
2) Zp_, =U1(1+2)A+q1Z) ... (1+q1 ... qu—1Z) and Zp,_, = U, over C_,

(3) Zp._, =Ujand Zp,_, = Us(1 +cZ)(1 +¢|cZ)...(1+ 4] ...q]_,cZ) over
C_y,

@ Zp_, =01+ 2)(1+q12) ... (1+q1 . .. qu—1Z) and Zp,_, = U>(1+cZ)(1+
qgicZ)...(1+qj...q/_cZ) over C.

() Zp_,=U; " over C4  UC,_,
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©) Zp_,=U7'A+2)01+q1Z)...(1+q1...q1Z) over C_, UC__,
(7) ZDw:oo = 02_1 over C++ U C,+,
®) Zp,_. =U; ' (0 +cZ)A+qjcZ)...(1+q]...q_cZ) over C4_UC__.

Therefore we conclude that the ring generated by the functions Z=Zp,_, Zp,_,, =
z LU, = Zp._,Vii=Z2p,_ ., Uy:=2Zp,_,, V2:=Zp,_, is the polynomial ring
ClU,, Uz, V1, V5, Z, Z~'] mod out by the relations

UVi=(0+2)0+q12)...(A+q1...q12),
UsVao=(+cZ)(1+qicZ)...(0+q]...q_cZ).

This completes the proof of the theorem. (]

Remark 3.13. If a different crepant resolution is taken, the mirror takes the same
form as above while the coefficients of the polynomials on the right hand side are
different functions of the Kéhler parameters ¢; and g;. They correspond to different
choices of limit points (and hence different flat coordinates) over the complex
moduli.

SYZ from é: 1to 6; ;- The deformed generalized conifold (f;\;: ; is given by

ko1

{(x, vozw) €CEx (C\{ID? | xy— 3 Y a; 7w’ = o}
i=0j=0
for generic coefficients a; ; € C. It is a conic fibration over the second factor
(C\ {1})? with discriminant locus being the Riemann surface ¥;; C (C\ {1})?
defined by the equation Zf:o le=o a; jz'w’/ = 0 which has genus k/ and (k + 1)
punctures. The SYZ construction for such a conic fibration follows from [Abouzaid
et al. 2016]. Here we just give a brief description. We will use the standard
symplectic form on C? x (C\ {1})? restricted to the hypersurface 5;: ;. First, é\;: !
is naturally compactified in P? x (P')? as a symplectic manifold, and we denote
the compactification by (’;\k/ /", There is a natural Hamiltonian 7''-action on (’?\k/ "
given by, fort e T' c C

t-(x,y,z,w) = (tx, t_ly, Z,Ww).

By carefully analyzmg the symplectic reduction of this 7'-action, a Lagrangian
torus fibration 7 : le — B :=[—00, o0]® was constructed in [Abouzaid et al.
2016, Section 4]. Topologically the fibration is the homeomorphic to the naive one
given by

(x, ¥, 2, w) > (b1, ba, b3) = (log |z, log |wl, $(Ix|* = [y[*)).

However since the symplectic form induced on the symplectic quotient is not the
standard one on P2, it has to be deformed to give a Lagrangian fibration.
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Figure 6. Conic fibration and amoeba Ay ;.

The discriminant locus of this fibration consists of the boundary of B and
A_kJX {0}, where A_k[ C [—00, 00]? is the compactification of the amoeba Ay ; C IR2>0
of the Riemann surface 3 ; (Figure 6), namely the image of X ; under the map
(z, w) = (log |z[, log [w]). L

The wall for open Gromov—Witten invariants is given by H = Ay ; x [—00, 00]
[Abouzaid et al. 2016, Proposition 5.1]. The complement B\ H consists of (k+1) x
(I + 1) chambers. In this specific case, we have a nice degeneration as follows. Let
us consider a special point on the the complex moduli space of é\k/ /" where the
defining equation of the Riemann surface X ; factorizes as

k1

D i w = f(2)gw)

i=0 j=0

for polynomials f(z) and g(w) of degree k and / respectively (and we assume that
their roots are all distinct and non-zero). At this point, Gk,l* acquires k/ conifold
singularities. The wall becomes the union of vertical hyperplanes

{by =log |ri|}i_, U {b3 =log|s;|}'_; C R,

where r; and s; are the roots of f(z) and g(w) respectively (Figure 7).

These hyperplanes divide the base into (k 4+ 1)(/ + 1) chambers. We label the
chambers by C; ; fori =0,...,kand j =0, ...,/ from left to right and from
bottom to up.

Conifold point

—

Figure 7. Amoeba around conifold locus.
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Theorem 3.14. The SYZ mirror of the deformed generalized conifold (?;: | is given
by, for U;, Vi e Cand Z € C*,

UVi=1+2)F U,va=1+2),
which is the punctured orbifolded conifold Oy .

Proof. The wall-crossing of open Gromov—Witten invariants was deduced in
[Abouzaid et al. 2016, Lemma 5.4], and we just sketch the result here. For
p = 1,2, let U, be the generating function of open Gromov—-Witten invariants
for disc classes intersecting the boundary divisor 7! ({b, = 0}) once. Denote
the semi-flat coordinates corresponding to the basic disc classes emanated from
7 '({b » =0}) by Z;, and denote by Z the semi-flat coordinate corresponding to
the bs-direction (which admits no quantum corrections). Then U restricted to the
chamber C; ; equals to the polynomial Z1(142Z)', and U, restricted to the chamber
C; j equals to Z>(14 Z)/. By gluing the various chambers together using the above
wall-crossing factor 1 + Z, we obtain the SYZ mirror as claimed. ([

Remark 3.15. The equation in Theorem 3.14 defines a singular variety Oy ;. This
is a typical feature of our SYZ construction, which produces a complex variety out
of a symplectic manifold: we may obtain a singular variety as the SYZ mirror, and
we need to take a crepant resolution to get a smooth mirror. Since we concern about
the complex geometry of this variety, Oy ; is not distinguishable from its crepant
resolution 51:1

SYZ from 61:1 to th-: 1- The partial compactification 6,(?1 of 51:1 is a toric Calabi—
Yau threefold and its SYZ mirror was constructed in [Chan et al. 2012]. In this
section we we quote the relevant results, omitting the details. First, a crepant resolution
Ok ; of Ok ; corresponds to a maximal triangulation of [l ; (Figure 2, right). We
have the Lagrangian torus fibration

n:@eB::szRzo

constructed in [Goldstein 2001; Gross 2001], whose discriminant locus consists of
two components. One is the boundary d B, and the other is topologically given by
the dual graph of the maximal triangulation lying in the hyperplane {b; = 1} C B,
where we denote the coordinates of B by b = (b1, by, b3).

The wall is exactly the hyperplane {b3 = 1} containing one component of the
discriminant locus. It is associated with a wall-crossing factor, which is a polynomial
whose coefficients encode the information coming from holomorphic discs with
Maslov index 0. The explicit formula for the coefficients were computed in [Chan
et al. 2016]. Applying these results, we obtain the following:
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Theorem 3.16. The SYZ mirror of the resolved orbifolded conifold 5/(\1 is a de-
formed generalized conifold Gy given as

k1 , ,
{(U, V.Z,W)eC x (C UV =3 5 ¢ (1+8;@)Z' Wf}.
i=0 =0

The notations are explained as follows. Let B;; be the basic disc class cor-
responding to the toric divisor D;; C (’).k\l Then C;; denotes the curve class
Bij —i(Bio — Boo) — j(Bor — Boo) — Poo- The coefficients 1 + §;;(¢) is given by
exp(gij(¢)) where

(D POy d) =Dy
d [iw.py2i. jyDav - d)!

8ij(q) = :
and the summation is over all effective curve classes d € Hfff(Ok,l) satisfying
Djj-d <0and D,-d >0 for all p # (i, j). Lastly ¢ and g are related by the mirror
map:

q“=4q° exp(— Z(Dij : C)gij(é))-
iJj
It is worth noting that the above SYZ mirror manifold can be identified with
the Hori—Igbal—Vafa mirror manifold [Hori et al. 2000]. The former has the advan-
tage that it is intrinsically expressed in terms of flat coordinates and contains the
information about certain open Gromov—Witten invariants.

SYZ from 51: 1 to ék\ ;- Recall that the fan polytope of the orbifolded conifold
01?, ; is the cone over a rectangle [0, k] x [0, /]. Smoothings of 5;: ; correspond to
the Minkowski decompositions of [0, k] x [0, [] into k copies of [0, 1] x {0} and [
copies of {0} x [0, 1] [Altmann 1997]. The SYZ mirrors for such smoothings were
constructed in [Lau 2014]. Here we can write down the Lagrangian fibration more
explicitly by realizing 51: ; as a double conic fibration. Recall that the deformed
orbifolded conifold (37: 1 1s defined as

Ot = {(u1, u2, v1, v2,2) € C* x C | uyvy = f(2), uva = g(2))

where f(z) and g(z) are generic polynomials of degree k and [ respectively. We
assume that all roots r; and s; of f(z) and g(z) respectively are distinct and
non-zero. Moreover, we can naturally compactly 5/: ; in (P?)? x P! to obtain
6\1:,1* C (P?)? x P! (where (u1, u») and (v1, v2) above become inhomogeneous
coordinates of the two P2 factors.). There is also a natural Hamiltonian 7'2-action
on (f)\;:l* given by, for (s, ) € T? c C?

—1 —1
(S,t)'(Ml,Ul,MZ,UZ,Z) = (SMI,S v, fug, t UZ,Z).
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Figure 8. Double conic fibration.

On the other hand, (37: ;" admits a double conic fibration 7, : (37: ;" — P! by the
projection to the z-coordinate (Figure 8). In this situation, the base P! of the
fibration can be identified as the symplectic reduction of 6;: ’ by the Hamiltonian
T2-action.

As discussed in [Gross 2001], the Lagrang1an fibration |z| : P! — [0, co] gives
rise to the Lagrangian torus fibration 7 : Ok , — B:=[—00, 00]*x [0, 00] given by

7 (ur, vi, uz, v2,2) = (3(ur 1 = [011%), 5(ual* = 02f?), I2).

The map to the first two coordinates is the moment map of the Hamiltonian 72-
action. We denote the coordinates of B by b = (by, by, b3).

Proposition 3.17. (1) The discriminant locus of the fibration 1 is given by the

disjoint union 9 BU (Ule {b1=0,b3=r; |})U(Ulj:1{b2 =0,b3=1s;1})C B.

(2) The fibration 7 is special with respect to the nowhere-vanishing meromorphic
volume form Q2 :=du; Aduy Adlogz on Ok,l*.

Proof. The fibration has tori T3 as generic fibers. Over dB where z = 0, the
fibers degenerate to 72. Thus 9B is a component of the discriminant locus. Away
from z = 0, the map z — |z| is a submersion. Hence the discriminant locus of
the fibration 7 comes from that of the moment map of the Hamiltonian 7>-action.
This action has non-trivial stabilizers at #; = v; = 0 or up = v, = 0, which implies
f(2) =0 or g(z) = 0 respectively. Their images under 7 are {b; =0, b3 = |r;|} or
{by =0, b3 = |s;|} respectively. O
Proposition 3.18. A regular fiber of the fibration & bounds a holomorphic disc of
Maslov index O only when bz = |ri| or b3 = |sj|. Thus the wall H of the fibration 7
is H = (Ui {bs = I 1)U(U'—, b3 = Is;1})C B.

Proof. A singular fiber of the double conic fibration 7, : 5;: ;" — P! bounds a
holomorphic disc, which has Maslov index 0 by Lemma 3.2, and this happened
only when b3 = |r;| or b3 = |s}|. [l

The wall components {b3 = |r;|} and {b3 = |s;|} correspond respectively to the
pieces [0, 1] x {0} and {0} x [0, 1] of the Minkowski decomposition. Wall-crosing
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~

Figure 9. Walls: (k,1) = (2, 1).

of open Gromov—Witten invariants in this case has essentially been studied in [Lau
2014] in details, and we will not repeat the details here. The key result is that each
wall component contributes a linear factor: each component {b3 = |r;|} contributes
1 + X, and each component {b3 = |s;|} contributes 1 + Y. The SYZ mirror is
essentially the product of all these factors, namely, we obtain the following.

Theorem 3.19. The SYZ mirror of 5;1 is given by
UV =(1+X"1+Y)
forU,V e Cand X, Y € C*, which is the punctured generalized conifold Gy ;.

An almost the same remark as Remark 3.15 applies to Theorem 3.19 and thus
we confirm the SYZ construction in this case.

4. Global geometric transitions: some discussion

We are now in position to turn to the global case. Let X and X be compact
Calabi—Yau threefolds. We call a geometric transition X->X~Xa generalized
conifold transition if X has only generalized conifolds and orbifolded conifolds. The
birational contraction appearing in the geometric transition of compact Calabi—Yau
threefolds can be factorized into a sequence of primitive contractions of type I, type
IT and type III [Rossi 2006]. In general, type I and type III appear in the geometric
transition of G ; and all types appear in the geometric transition of Oy ;.

Motivated by the local case, we are tempted to propose that generalized conifold
transitions are reversed under mirror symmetry. However, this naive conjecture
does not hold because some global conifold transitions are mirror to hyperconifold
transitions, which are not generalized conifold transitions [Davies 2011]. We expect
that a generalized conifold transition is mirror to a reversed generalized conifold
transition if the Calabi—Yau threefold has a Lagrangian torus fibration and the
transition is locally modeled by those given in Section 3.

Example 4.1 (Schoen’s CY threefold and its mirror [Schoen 1988; Lau 2018]).
Using the methods of Castafio-Bernard and Matessi [2009; 2014] in the Gross—
Siebert program, generalized conifold transitions and their mirrors are studied for
the Schoen’s Calabi—Yau threefold in [Lau 2018]. The threefold is a resolution of
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the fiber product of two rational elliptic surfaces over the base P! [Schoen 1988].
It gives a global manifestation that orbifolded conifolds and generalized conifolds
are mirror to each other.

For each pair of reflexive polygons (P, Py) (Where Py and P, are not necessarily
dual to each other), we have an orbifolded conifold degeneration O P72 of a
Schoen’s Calabi—Yau threefold, and a generalized conifold degeneration G /172
of its mirror (in the sense of Legendre transform in Gross—Siebert program [201 1])
A resolution of OP:P2) is mirror to a smoothing of Gh.P 2 and vice versa. P
denotes the dual polygon of P (see Figure 10 for an example). We refer the reader
to [Lau 2018] for more details.

Example 4.2 (quintic threefold and its mirror). We set (k,[) = (4, 1) or (3, 2) in
the following. Let X C P* be the singular quintic threefold defined by

k.l
xof(x0, ..., x4) +x7x, =0,

where f(x) is a generic homogeneous polynomial of degree 4. The singular locus
of X consists of 2 curves

(xo=x1=f(x)=0U{xo=x2=f(x)=0}CX

of genus 3 intersecting at 4 points. The quintic threefold X has Gy ; around the each
intersection point. Successively blowing up X along the two curves followed by the
blow-up along the divisor {xg = x; = 0}, we obtain a projective crepant resolution
X of X. Thus a quintic threefold admits a generalized conifold transition.

On the other hand, the mirror quintic of a quintic threefold is defined as a crepant
resolution of the orbifold

4 4 4
Yy = { S5+ o] x =0}/G, G:= {(a,-) € Z5)°| Y a =0}/zs
i=0 i=0 i=0
for ¢ € C. The orbifold Y has A4-singularities along ten curves

We can partially resolve Y, to obtain ¥ whose singular locus consists of Aj-
singularities along Co; and A;-singularities along Cq, such that ¥ has Oy ; around
Co1NCo (Figure 11). It is interesting to ask whether or not ¥ admits any smoothing.

Although X and Y lie in the boundaries of the complex moduli space of the
quintic and the Kéhler moduli space of the mirror quintic respectively, we do not
know whether or not they correspond each other under the mirror correspondence.
This may be seen by the monomial-divisor correspondence in toric geometry, but it
is possible that the mirror of X is a non-toric blow-down of the mirror quintic.
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Figure 10. Base of Lagrangian fibrations on degenerations of a
Schoen’s Calabi—Yau threefold. Topologically they are S* and
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describe the affine structures. The left shows an orbifolded conifold
degeneration of Schoen’s Calabi—Yau threefold. The right shows its
mirror. Each thick dot represents an orbifolded conifold singularity
on the left, and a generalized conifold singularity on the right.
There are 24 orbifold singularities counted with multiplicities.
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Figure 11. Two-dimensional faces of the polytope for O4 ; and O3 5.

It is straightforward to generalize this type of constructions to Calabi—Yau hyper-
surfaces in 4-dimensional weighted projective spaces.

We may also consider existence of generalized conifold transitions for compact
Calabi—Yau geometries. Let X be a smooth threefold and Cy, ..., C, be (=1, =1)-
curves in X. Let X be their contraction and X be a smoothing of X. Small
resolutions and deformations always exist topologically, but there are obstructions
if we wish to preserve either the complex or symplectic structure:

Theorem 4.3 [Friedman 1986; Tian 1992]. Assume that X satisfies the 99-lemma
(for example Kdhler). Then a smoothing X to exist if and only if there is a relation
Y iy Ai[Ci1 =0 (with all the %; nonzero) in Hy(X, Q).

Theorem 4.4 [Smith et al. 2002]. Let Y be a symplectic sixfold with embedded
Lagrangian S35, say Ly, ..., L,. Then there is a relation Z:’:l MILi1=0(A; #
0Vi) in H3(Y, Q) if and only if there is a symplectic structure on one of 2" choices
of (reversed) conifold transitions of Y in the Lagrnagians L, . .., Ly, such that the
resulting exceptional P's’ are symplectic.

In our case, the contractions collapse 4-cycles as well as 2-cycles. On the other
hand, smoothing G ; ~~ é\k’,l produces (k + 1)(I + 1) — 3 vanishing $3s’ and
smoothing Oy ~» 5]: ; produces k + 1 — 2 vanishing S' x $?s’ and one vanishing
S3. The generators of these cycles can be found by considering the standard double
Riemann surface fibrations [Feng et al. 2008] (Figure 12).

It is interesting to investigate the obstructions to the deformations/resolutions of
the generalized and orbifolded conifolds in terms of these cycles. We hope to come
back to these questions in future work.

| st f Y stxs?! Y
] 17

Figure 12. A double Riemann surface fibration.
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