SELF-DUAL EINSTEIN ACH METRICS AND CR GJMS
OPERATORS IN DIMENSION THREE

TALIT MARUGAME

Volume 301 No. 2 August 2019



PACIFIC JOURNAL OF MATHEMATICS
Vol. 301, No. 2, 2019

dx.doi.org/10.2140/pjm.2019.301.519
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By refining Matsumoto’s construction of Einstein ACH metrics, we con-
struct a one-parameter family of ACH metrics which solve the Einstein
equation to infinite order and have a given three-dimensional CR structure
at infinity. When the parameter is 0, the metric is self-dual to infinite order.
As an application, we give another proof of the fact that three-dimensional
CR manifolds admit CR invariant powers of the sublaplacian (CR GJMS
operators) of all orders, which has been proved by Gover and Graham. We
also prove the convergence of the formal solutions when the CR structure is
real analytic.

1. Introduction

The GIJMS operator P;; on a conformal manifold of dimension N is an invariant
linear differential operator acting on conformal densities of weight k — N /2 whose
principal part is the power AX of the laplacian [Graham et al. 1992]. It plays an
important role in geometric analysis on conformal manifolds, and is also related to
a fundamental curvature quantity, called the Q-curvature, whose integral gives a
global conformal invariant [Fefferman and Graham 2002; Fefferman and Hirachi
2003; Graham and Zworski 2003]. The GIMS operator is constructed via the
(Fefferman—Graham) ambient metric [2012] or equivalently via the Poincaré metric
whose boundary at infinity is the given conformal manifold [Fefferman and Graham
2002; Graham and Zworski 2003]. The ambient metric is a formal solution to the
Ricci flat equation, which corresponds to the Einstein equation for the Poincaré
metric. When the dimension N is odd, the equation can be solved to infinite order
and Py is defined for all kK > 1. On the other hand, when N is even, an obstruction
to the existence of a formal solution appears, and P, can only be defined for
1 <k < N/2 due to the ambiguity of the ambient metric at higher orders. Moreover,
it is known that this result of the existence of Py is sharp [Gover and Hirachi 2004].
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The CR counterpart of these operators are CR invariant powers of the sublaplacian

Py :g<k_”_1 , k—n—l) N 5(—k—n—1, —k—n—l)
2 2 2 2

on a (2n+1)-dimensional CR manifold M, which are called the CR GJMS operators
or the Gover—Graham operators [Gover and Graham 2005; Hislop et al. 2008]. Here,
E(w, w') is a complex line bundle over M called the CR density of weight (w, w');
see Section 2A for the definition. One can associate a conformal structure to a
circle bundle over M, called the Fefferman conformal structure [1976], and apply
the GJIMS construction to produce Py, for 1 <k <n+ 1. Gover and Graham [2005]
gave more operators by using techniques of CR tractor calculus; they proved that for
each (w, w’) such thatk =w+w'+n+1€ N, and (w, w') ¢ N x N, there exists a
CR invariant linear differential operator P, v : £(w, w') — £(w —k, w' —k) whose
principal part is A’lj. In cases where w = w’, these operators provide CR invariant
modifications of A’lj for all k with k =n mod 2. When n = 1, even more operators
can be constructed: CR structure is a Cartan geometry modeled on the CR sphere
§2+1 =SU(n+1, 1)/ P, where P is the isotropy subgroup of a point in $?"*!, and
three-dimensional CR structure has a special feature from this viewpoint in that
P is a Borel subgroup. Then the BGG machinery developed in [Cap et al. 2001]
gives operators Py, v for (w, w’) € N x N when n = 1. Thus one has:

Theorem 1.1 [Gover and Graham 2005, Theorem 1.3]. Suppose M is a three-
dimensional strictly pseudoconvex CR manifold. For each (w, w’) such that k =
w~+ w' +2 € Ny, there exists a CR invariant linear differential operator Py, :
E(w,w") - E(w —k, w —k) on M, whose principal part is A’,;.

In this paper, we provide a unified proof of Theorem 1.1 for cases in which w =w’.
To this end, we construct an ACH (asymptotically complex hyperbolic) metric on
a manifold with boundary M whose Taylor expansion along M is completely
determined by local data of M. Our ACH metric is a refinement of the ACH
Einstein metric which Matsumoto [2013; 2014] constructed for partially integrable
CR manifolds. To state the results, let us recall some basic notions related to ACH
metrics. Let M be a (2n+1)-dimensional strictly pseudoconvex partially integrable
CR manifold. Namely, M has a contact distribution H C T M together with an
almost complex structure J € End(H), and the eigenspace T'-°M c CH with the
eigenvalue i satisfies the partial integrability: [(C(T"OM), T(T" M) cT(CH). A
©-structure on a manifold X with boundary M is a conformal class [®] of sections
©® € I'(M, T*X) such that ®|r is a contact form on M. A diffeomorphism which
preserves a ©-structure is called a ®-diffeomorphism. On the product M x [0, c0),,,
we define the standard ®-structure by extending each contact form 6 on M to ®
so that ®(d/dp) = 0. Fix a contact form 6 on M and let {T, Z,} be an admissible
frame. We take the local frame {Z, = pd,, Zo = p°T,Zy=pZy, Zg= pZg} and
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its dual coframe {°°, 00, 0%, 0% on M x (0, 00),. Then for any ACH metric g
on X, there exists a ®-diffeomorphism & : M x [0, 00), — X which is defined
near M and restricts to the identity on M, such that ®*g = g; ;070" satisfies

8ooco =4, 8000 = 8ooa =0, goo =1+ 0(p),
8oa = 0(p),  8up = 0(p), 8a8 = hog+ O(p),

where /1,75 is the Levi form on M. The CR manifold M is called the CR structure
at infinity of g. Matsumoto [2013; 2014] proved that for any partially integrable
CR manifold M, there exists an ACH metric g on M x [0, 00), which satisfies

. 2
E;j:=Ricyy +%gu = 0(p™"),

Scal = —(n+ D(n+2)+ 0(p>"*),

where Ric is the Ricci tensor and Scal is the scalar curvature. Up to the pull-back
by a ®-diffeomorphism which fixes M, such a metric is unique modulo tensors
which have O(p?*1?) coefficients and O(p?**3) trace in the frame {Z;}. The
order O(p?**?) in the above equation is optimal in general since (p‘Z”_QEaﬁ) | m
is independent of the choice of a solution g and defines a CR invariant tensor O,g €
Eap(—n, —n), called the CR obstruction tensor. Matsumoto [2016] generalized
the CR GJMS operators Py to the partially integrable case by using Dirichlet-to-
Neumann type operators for the eigenvalue equations of the laplacian of g, but the
order is again restricted to 1 < k <n + 1 due to the presence of the obstruction.

If we confine ourselves to the case where M is an integrable CR manifold, there
is a possibility to refine the construction of ACH metrics. In fact, the CR obstruction
tensor vanishes for integrable CR manifolds, in particular for three-dimensional CR
manifolds since the CR structure is always integrable in this dimension. However,
we need an additional normalization condition on the metric to ensure the uniqueness
since the Einstein equation does not determine the O (p¥'*+?)-term of the metric.
A possible normalization is the Kdhler condition; Fefferman [1976] constructed
an approximate solution to the complex Monge—Ampere equation on a strictly
pseudoconvex domain 2 with boundary M and defined a Kéhler metric which
satisfies E;; = O (p>**t*) as an ACH metric on the “square root” of 2. However,
this construction also has an obstruction O € £(—n — 2, —n — 2), called the CR
obstruction density, and the metric is only determined modulo O (p?+4).

In this paper, we show that the self-dual equation W~ = 0 works as a better
normalization when M is three-dimensional. The anti-self-dual part W™ of the
Weyl curvature is connected to the Ricci tensor by the Bianchi identity

(1-1) v/ Wik =Crkrs

where C; ; is the anti self-dual part of the Cotton tensor C;, g, which is defined by
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Cijk := Vg P;j— V;Prg with the Schouten tensor P;; = %Ric” —11—2 Scal gy;.
It follows from (1-1) that the equation E;; = 0(p* implies W, ., = O(p*), and
it turns out that the further normalization W, ., = O(p>) determines g;; modulo
O(p°). We can then solve E;; = O(p®), which implies W, = 0(p®). In the
next step, besides the Einstein equation, we have freedom to prescribe the value of

n-= ('O_6Wo_00000) |M :

If the Taylor coefficients of g;; along M have universal expressions in terms
of pseudohermitian structure, 7 defines a CR invariant of weight (-3, —3) (see
Lemma 4.1). Thus, we should prescribe 1 to be a CR invariant in order to obtain a
CR invariant normalization condition. It is known that a CR invariant in £(—3, —3)
on a three-dimensional CR manifold is unique up to a constant multiple [Graham
1987], so there is no choice but to set n = AO with a constant A € R. After this
step, the Einstein equation determines g;; to infinite order, and in the case A =0,
the self-duality follows automatically from (1-1). Thus our main theorem reads as
follows:

Theorem 1.2. Let M be a three-dimensional strictly pseudoconvex CR manifold,
and let A € R. Then there exists an ACH metric g?‘ ;on M x [0, 00), which has M
as the CR structure at infinity and satisfies

Ricsy +387, = 0(0%).  Wig, = 000", 1=20,

where 1 is the density defined by (4-1). The metric g;‘] is unique modulo O (p*>°)
up to the pull-back by a ©-diffeomorphism which fixes M. Moreover, g? ; satisfies
Wik = 0(0%).

The Taylor coefficients of g? ; along the boundary have universal expressions in
terms of the pseudohermitian structure for a fixed contact form.

By applying the construction of the CR GJMS operators via the ACH metric
[Matsumoto 2016], we obtain the following theorem, which is a special case of
Theorem 1.1:

Theorem 1.3. Let M be a three-dimensional strictly pseudoconvex CR manifold,
and let ). € R. Then, there exists a CR invariant linear differential operator

P Ekj2—1, k/2—1) = E(—k/2—1, —k/2—1)
which is a polynomial in A of degree < k/3, and has the principal part Alg.

Let us mention a similar construction in conformal geometry. Fefferman and
Graham [2012] constructed a formal solution to the self-dual Einstein equation for
the Poincaré metric with a given three-dimensional conformal manifold M as its
conformal infinity. Thus our result is a CR analogue of their construction. When M
is real analytic, LeBrun [1982] showed by twistor methods that there exists a real
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analytic self-dual Einstein metric on M X (0, €) with the conformal infinity M. The
metric of Fefferman and Graham gives the Taylor expansion of LeBrun’s metric.
In the CR case, Biquard [2007] showed the existence of a self-dual Einstein ACH
metric with a given real analytic CR three-manifold as its infinity by using twistor
methods. Thus our formal solution g? ; gives the Taylor expansion of Biquard’s
metric. In this paper, we prove the convergence of g}\ ; by applying the results of
Baouendi and Goulaouic [1976] on singular nonlinear Cauchy problems.

Theorem 1.4. Suppose M is a real analytic strictly pseudoconvex CR manifold of
dimension three. Then the formal solution g;\ 7 in Theorem 1.2 converges to a real
analytic ACH metric near M.

This paper is organized as follows. In Section 2, we review pseudohermitian
geometry on a CR manifold and basic notions on ACH metrics. By following
Matsumoto [2013], we describe the Levi-Civita connection of an ACH metric in
terms of the extended Tanaka—Webster connection. In Section 3, we clarify the
relationship between the Einstein equation and the self-dual equation, and compute
the variation of curvature quantities under a perturbation of the metric. Section 4 is
devoted to the proof of Theorem 1.2; we construct a one-parameter family of formal
solutions to the Einstein equation and examine the dependence on the parameter.
Then, in Section 5 we use these metrics to construct the CR GJMS operators and
prove Theorem 1.3. Finally, in Section 6 we show the convergence of the formal
solutions in the case where M is a real analytic CR manifold.

2. CR structure and ACH metric

2A. Pseudohermitian geometry. Let M be a (2n+1)-dimensional C* manifold.
A pair (H, J) is called a CR structure on M if H is a rank 2n subbundle of TM
and J is an almost complex structure on H which satisfies the (formal) integrability
condition

(T oM, (T M) c (T M),

where T'"°M C CH is the eigenspace of J with the eigenvalue i. We note that the
integrability condition automatically holds when M is three-dimensional. For any
real 1-form 6 such that Ker & = H, we define the Levi form /4 by

ho(Z, W) =—1d0(Z, W)

for Z, W € TOM. We say the CR structure is strictly pseudoconvex if hg is positive
definite for some 6. Since h rg = fhg for any function f, such 6 is determined up
to a multiple by a positive function. When M is strictly pseudoconvex, H defines
a contact structure, so we call 8 a contact form. The Reeb vector field is the real
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vector field T uniquely determined by the conditions
0(T)=1, T.do=0.

Let {Z,} be a local frame for T'OM. If we put Zz := Zy, then {T, Z, Zz) gives
a local frame for CT M, which we call an admissible frame. The dual coframe
{0, 0%, 6%} is called an admissible coframe and satisfies

d6 = ih,56% A 6P,

where haE = h@ (Za, ZE)

The CR canonical bundle is defined by K := A" (TO1 M) c AMHICT* M,
where T%'M := T1.OM. When K,,' admits an (n+2)-nd root £(1,0), the CR
density bundle is defined by

(2-1) Ew,w) =E(1,0%" ®E(, 02

for each (w, w’) € C? with w — w’ € Z. In this paper, we restrict ourselves to the
cases w = w’. In these cases, the definition (2-1) is independent of the choice of
£(1, 0) so we can define £(w, w) without assuming the global existence of £(1, 0).
We also denote the space of sections of these bundles by the same symbols, and
call them CR densities.

For any contact form 6, there exists a local nonvanishing section ¢ of K, unique
up to a multiple of a U (1)-valued function, which satisfies

O A O =i"nOA(TLE)A(TIT).

Then, the weighted contact form 6 := 6 ® 1|72 e T(T*M ® £(1, 1)) is
defined globally and independent of the choice of 6. Thus, there is a one-to-one
correspondence between the set of contact forms and the set of positive sections
T € £(1, 1), called CR scales. We define the CR invariant weighted Levi form
h,z := th,g by putting a weight to iy with the CR scale 7 corresponding to 6. We
raise and lower the indices of tensors on CH by h 5 and its inverse h*?, which has
weight (—1, —1).

For a fixed contact form 6, we can define a canonical linear connection V on T M,
called the Tanaka—Webster connection. It preserves T "M and satisfies VT =0,
Vhg =0. In an admissible frame (T, Z,, Zz}, the connection 1-forms wg® satisfy
the structure equation

6% =67 A wp® + A5 0 A 6P,
The tensor Ay = A@ satisfies Aqg = Apgy and is called the Tanaka—Webster

torsion tensor. We use the index O for the direction of 7, and we denote the
components of covariant derivatives of a tensor by indices preceded by a comma,
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e.g., Ay, 5 = VgAay. We omit the comma for covariant derivatives of a function.
The curvature form Q,# = dw,? — wa? A a)yﬂ is given by

(2-2) Q0 =R, 207 NOF + Ay, POV NO — AP .07 A O
—iAgy0? NOP +ihgy AP 107 NOF.

The tensor R,? 7 is called the Tanaka—Webster curvature tensor. Taking traces with
the weighted Levi form, we define the Tanaka—Webster Ricci tensor Ric,5:= R, ¥ ;5
and the Tanaka—Webster scalar curvature Scal := Ric, ¢. The sublaplacian is the
differential operator A, : E(w, w') — E(w — 1, w’ — 1) defined by

By f = =0 (VaV5+ V5V f.

If we rescale the contact form as 6 = e¥6, the Tanaka—Webster connection and its
curvature quantities satisfy transformation formulas involving the derivatives of the
scaling factor T'; see, e.g., [Lee 1988]. We note that in dimension three the rank of
T1-9M is 1 and the curvature form (2-2) is reduced to

Q' =Scal h;;0' AOT+ A1 10" A0 — A5 0T A8

Also, in this dimension, M is locally CR diffeomorphic to the standard sphere S3 if
and only if the Cartan tensor

X . Y _
O = A Scalj; -I-% Scal Ay — Aq1,0 — éAn,Tl

vanishes identically. The Cartan tensor is a CR invariant tensor of weight (—1, —1).
We also have a CR invariant density defined by

(2-3) O:= V'V —iAh 0, € £(=3, =3),

called the obstruction density. It follows from the Bianchi identity for the Cartan
tensor that O is a real density [Cheng and Lee 1990]. There is also a CR invariant
density, called the obstruction density, on higher-dimensional CR manifolds and it
appears as the logarithmic coefficient in the asymptotic expansion of the solution to
the complex Monge—Ampere equation on a strictly pseudoconvex domain [Lee and
Melrose 1982]. In dimension three, a CR invariant of weight (—3, —3) is unique
up to a constant multiple [Graham 1987], so it is necessarily a multiple of O.

2B. ACH metrics. The ACH metric was introduced by Epstein, Melrose and Men-
doza [Epstein et al. 1991] as a generalization of the complex hyperbolic metric on
the ball. In this paper, we define it by using the characterization via the normal
form.

Let X be the interior of a (2n+-2)-dimensional C*° manifold whose boundary M
is equipped with a strictly pseudoconvex CR structure (H, J). A conformal class [©]
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in (M, T*X) is called a @-structure if O|ry gives a contact form on M for each
® € [O]. We call (X, [O]) a ®-manifold. Let (X', [©']) be another ©-manifold
with the same boundary M. Then, a diffeomorphism & from a neighborhood of M
in X to a neighborhood of M in X' is called a ®-diffeomorphism if it fixes M and
satisfies [®*®'] = [@]. We take a boundary-defining function p € C*(X) which
is positive on X. A vector field V on X is called a @-vector field if it satisfies

Vie=0, ©O)=0(,

where © is an arbitrary extension of a ® € [®]. Note that the definition is in-
dependent of the choice of ® and ©. We extend {dp, (:j} to a local coframe
{dp, @, al, ..., o) for T*X near M. Let {N,T,Y;,..., Y5} be the dual frame.
Then, any ®-vector field V can be written as

V=V®(pN)+V2p’T)+ Vi(pY:), V= V% VieC®X).

If we take another local coframe {dp’, ©', o'} and its dual {N’, T', Y/}, then the
transition function between {pN, p>T, pY;} and {p'N’, p'*T’, p'Y!} is smooth and
nondegenerate up to M, so there exists a vector bundle ®T X over X for which
{pN, p°T, pY;} gives a local frame. A ©-vector field is identified with a section
of this bundle and we call ®T X the ®-tangent bundle. A fiber metric on ©T X
is called a ®-metric. Since the restriction ®T X |y is canonically isomorphic to
T X, a ©-metric defines a Riemannian metric on X. A local frame {Z;} of ©®T X is
called a ©-frame. We also consider the dual ®T*X of the ©-tangent bundle and
various tensor bundles, whose sections are called ®-tensors. A ®-tensor is said
to be O(p™) if each component in a O-frame is O(p™). The ®-vector fields are
closed under the Lie bracket, and those which vanish at a fixed point p € M form
an ideal. Thus the fiber ®Tp)_( becomes a Lie algebra, which we call the tangent
algebra.

The product M x [0, 00), has a canonical ©-structure, called the standard
®-structure, which is defined by extending each contact form 6 on M to ® €
(M, T*X) with ®(d/dp) = 0. Let 6 be a contact form and {T, Z,, Zz} an
admissible frame for CT M. We extend {T, Z,, Zz} to M x [0, 00), in the trivial
way, and define a (complexified) ®-frame {Z;} by

Zoo=pdy, Zo=p'T, Zy=pZo. Zg=pZa

where 9, = 0/dp. A O-metric g on M x [0, 00), is called a normal form ACH
metric if the components g;; = g(Z;, Z ) satisfy

8ooco =4, 8000 = 8ooa =0, goo =1+ 0(p),

(2-4)
gOOZZO(/O)’ gaﬁ:O(p)’ gaB:haB+0(p)a
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where haﬁ =hy(Z,, ZE)' On a general ®-manifold (X, [©]), the ACH metric is
defined as follows:

Definition 2.1. A ®-metric g on X is called an ACH metric if for any contact
form 6 on M, there exist a neighborhood U C X of M and a ®-diffeomorphism
®p : M x [0, 00), — U such that ®} ¢ is a normal form ACH metric.

We remark that there is an alternative definition of the ACH metric which involves
only the boundary value of g; see [Matsumoto 2013, Definition 4.6].

The germ of &, along M is unique, and we call p o q)e_l the model defining
function for #. We identify a neighborhood of M in X with M x [0, €) o through
®, and regard {Z;} as a ®-frame on X. The following proposition will be used in
the proof of Lemma 4.1.

Proposition 2.2. The boundary values Z\p, Zoly are independent of 0 and
determined only by the ACH metric g.

Proof. By strict pseudoconvexity of (H, J), the derived Lie algebras of the tangent
algebra G)Tp)_( at a point p € M are given by

D' :=[°T,X, °T,X] = span{(Zo) », (Z&) , (Z3z) ),
D?:=[D', D' = span{(Zo),}.

Thus, (Z~), and (Zy) , are oriented bases of (PHt and D? respectively. Since they
are normalized by |(Zoo)p|§ =4 and |(Zo)p|§ = 1, they are independent of 6. [l

Let 6, = ¢ 6 be contact forms on M and p and p be the corresponding model-
defining functions. Then there exists a positive function f on X such that p = fp.
Since the Reeb vector fields are related as 7 = e~ ¥ (T — i h*Y Y5 Zo +ih"* Y, Zg),
we have

Zo=p"T=¢"fZ0+0(p)

as a ®-vector field, where we regard Y as a function on a neighborhood of M. It
follows from Zo|y = Zo|u that f|y = e/ Thus we have

(2-5) p=e"2p+0(p?.

In particular, a contact form is recovered from the 1-jet of the corresponding
model-defining function along the boundary.

2C. The Levi-Civita connection. Let g be an ACH metric on a ®-manifold (X, [O])
with boundary M. Here and after, we assume that M is three-dimensional. We lower
and raise the indices of ®-tensors by g;; and its inverse g/”. In order to describe
the Levi-Civita connection of g, we introduce an extension of the Tanaka—Webster
connection by following Matsumoto. We refer the reader to [Matsumoto 2013, §6.2]
or [Matsumoto 2014, §4] for a more detailed exposition.
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Let 6 be a contact form on M. We identify a neighborhood of M in X with
M x [0, €), by the ©-diffeomorphism determined by 6. We take an admissible
frame {7, Z, Z7} and define the extended Tanaka—Webster connection VonTX by

Vi, =0, Vy,T=V;yZ =0,
VrZi=Vi¥Zi,  VuZi=Vp'Zi,  VzpZi=V;'Zi,
where VTV denotes the Tanaka—Webster connection associated with 6. Then, V
1s a ®-connection in the sense that if V, W are ®-vector fields, so is the covariant

derivative Vy W. We take the ©-frame {Z;} = {pd,, p’T, pZ,, 0 Z7} and define the
Christoffel symbols T,k by VZ, Z;,=T,;,XZx. A simple calculation shows that

1—‘oooo = 1, Fo<>00=2,
(2-6) = 1_ 2+ 1 = 1 _ 1 = 1_ 1
Foi'=pTo1’, I'm =pln, Iy =ply,

where I';;* are the Christoffel symbols of VTV with respect to {T, Z;, Z7}; the
components which cannot be obtained by taking complex conjugates of (2-6) are 0.
It follows from (2-6) that the components of the covariant derivative of a ®-tensor
St...;,”% are computed as
VooStr, = (08, —#y -+ 1) +#(Jy -+ J)) Sy,
2-7) ?()S]l...]pjlmj‘f = zvngll...lpjl”']q,
VSt = p VIV Sy T
where #(I - - - I,)) := p + (the number of 0s) and we regard S as a tensor on CH
when we apply VTV to it [Matsumoto 2013, Lemma 6.2; 2014, (4.9)].
The torsion tensor T ; ;X and the curvature tensor R;7 k1 of V are defined by
(VyW =VyV -V, WD* =T, 5 vIw/,

(Vvva —vwva —§[V’W]Y)j = E]JKLYIVKWL ’
respectively. In the ®-frame {Z;}, the components are given by
and
(2-9) Ri'7=p"Scal™h7, Ri'o=-pAn', R';= /0314111,
where Scal™ denotes the Tanaka—Webster scalar curvature, and we have removed
the CR weights in the Tanaka—Webster tensors by the CR scale corresponding to 6.

The components which cannot be obtained from (2-8) and (2-9) by the symmetries
of T and R, or by taking the complex conjugates, are all 0. The nonzero components
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of the Ricci tensor R;; = R; X x; are given by
EIT = ,02 ScalTwhﬁ, ElO = ,02A11,1.

Let V be the Levi-Civita connection of g, which is also a ®-connection ([Mat-
sumoto 2013, Proposition 4.4]). We define the difference ®-tensor D; ;K by

v,vEk=v,v¥+ D, XV’
Since V is torsion-free, we have
(2-10) D1, * =D, X +T, .
Using this relation and the fact Vg = 0, we obtain
(2-11) 2D1sk =Vi8ik +Vigki —Vk81s — Tk + T ki — Tk1y.

We will compute D; ;X by these formulas. Since the components g;; satisfy (2-4),
g is described by p-dependent tensors ¢;; on M defined by

goo=1+®o0, go1=wo1, gu=¢11, &i=hitenq

In the construction of a formal solution to the self-dual Einstein equation, we need
to examine the effect of a perturbation

(2-12) @ij > @ij + Vi, Yij=0(")

on the curvature quantities of g. It is useful in the computation to ignore irrelevant
terms on which the perturbation causes only changes in higher orders. Such terms
are of the form

(2-13) 0(p) - (p3,)' Dgy;,

where D is a p-dependent differential operator on M. These are called negligible
terms. In fact, a negligible term changes by O (p™*!) under the perturbation (2-12).
Thus, it suffices to compute D;;X modulo negligible terms. For simplicity, we
assume that the admissible frame {Z;} is unitary with respect to the Levi form;
namely /7 = 1. Noting that ¢;; = O(p), we have

(2_14) goooo:%’ gOO():gOOl:O’ 80051—(000, 8115—¢1T, gUE—W

modulo negligible terms. By computing with (2-7), (2-8), (2-10), (2-11), (2-14) we
obtain the following result:

Lemma 2.3 [Matsumoto 2013, Lemma 6.4; 2014, Table 1]. Let {T, Zy, Z7} be a
unitary admissible frame and {Z 1} ={p0,, 0*T, pZ,, pZ7} the associated ©-frame.
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Then, modulo negligible terms, the components Dy ;X are given by

Doooo™ = —1, Doop™ = D1 =0,

Doo™ =5 — (09, =g, Doi™ = —5(0d, — 301,

D™ =1—3(pd,—¢;7. D™ =—4(0d, —¢i1,
Dsooo' = Doo' = Dri' =0, Dyi' = 300,071, Dyi' = 501,
Doco' = 3(p3, + Dy, Doi' =L +pw—9¢p). Dii' =Leg
Dootl =—1+ 300,017, Dy,' = %W‘FPZAH» Dy =igo,
Doosc’ = Dy’ =0, D=1, Dy =—p*Aq,
Dot =2+ 103,000, Dot = 2(pd, — Do, Dy’ = —Lqo1.

The components which are not displayed are obtained by taking the complex conju-
gates or using the relation (2-10).

Remark 2.4. We have modified a typographical error in [Matsumoto 2013, Ta-
ble 6.2; 2014, Table 1]; the value of Dy;! above differs by —%goﬁ from that in
[Matsumoto 2013; 2014]. (Note that D;;X is denoted by DX, in [Matsumoto
2013] and by D ;% in [Matsumoto 2014].) The correct value is used in the other
computations in [Matsumoto 2013; 2014].

3. The self-dual Einstein equation

Let g be an ACH metric on a four-dimensional ®-manifold (X, [®]) which has a
strictly pseudoconvex CR manifold M as its boundary. We fix a contact form 0
on M and identify a neighborhood of M as M x [0, €),, where p is the model-
defining function for 6. We take a unitary admissible frame {7, Z, Z7} on M and
work in the associated ®-frame {Z;} = {p0,, 0*T, pZ,, pZ5}.

3A. The Einstein equation. We will recall from [Matsumoto 2013; 2014] the
computation of the Einstein tensor modulo negligible terms which is needed in the
construction of the Einstein ACH metric. We set

E;; :=Ricyy +%811-

In terms of the extended Tanaka—Webster connection and the difference ®-tensor,
the curvature tensor of g is expressed as

G-1) R xkr =R/ kL +ViDr’
~ VD1’ +Dm? D™ — Dy’ D™ + T Dyt
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Hence, the Ricci tensor is given by

(3-2) Rics;=R;5k;
=Ry +VgD;;® —V;Dg,X B
+Dxm® D™ — Dy D s™ + T i™ Dy s *
=Ry +ViD;;* —ViDg ;X + D™ D1 — Dyt * D M.

In the last equality, we have used (2-10). With this formula and Lemma 2.3, we
can compute E;; modulo negligible terms:

Lemma 3.1 [Matsumoto 2013, Lemma 6.5; 2014, Lemma 4.2]. Let {T, Z;, Z7}
be a unitary admissible frame and {Z;} = {pd,, p*T, pZy, pZg} the associated
O-frame. Then, modulo negligible terms, the components of the Einstein tensor E;
are given by

Ecoso = —300,(p3, —4)p00 — p3,(p0p — ;1.
Ex0 =0,
Eoo1 = —5(pd, + Dgor,
Eqo = —2p*|AP® — §((09,)” = 609, — 4)g00 + 5 (03, — 27,
Eo = p’ A, = §(pd, + 1) (pd, — 5o,
Eqg=p*Scal™ —L1((p8,)* — 603, —8)¢,7+ L(03, — Do,
Enn=ip*An —p*Aio— %Pap(/)ap — D11

The components which are not displayed are obtained by the symmetry or by taking
the complex conjugates.

Remark 3.2. We have corrected the value of Eyy in [Matsumoto 2013, Lemma 6.5;
2014, Lemma 4.2], where the term —2p*|A|? is missed, though this modification
has no significant effect on the construction of the Einstein ACH metric.

3B. The self-dual equation. Let {6’} be the dual ®-coframe of {Z;}. We take the
orientation of X such that & A d® Adp > 0, and define a skew symmetric O-tensor

erykL by
VOlg = 4%8IJKL01 /\0‘] /\OK /\0L,

where vol, is the volume form of g. Since det(g;;) = —4(1 + oo + 2¢,7) modulo
negligible terms, we have
vol, = | det(g;,)|"/2i0° A0 AO' A O™
= (2 +ipoo+2i@1)0° AT AB AO™,
and hence
(3-3) E01T00 = 21 + 1000 +2i¢;7.
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Let P;; = %Ricl J —% Scal g;; be the Schouten tensor, and let

Wiske =RijkrL+ 81k PrL — 8k Pr+ 81 Prk — 81 Prk
be the Weyl curvature. Since X is four-dimensional, we can define the anti-self-dual
part of the Weyl curvature, which is given by
WiikL = %(WIJKL - %SKLPQWIJPQ)-

Note that W, has the same symmetry as the Weyl curvature and satisfies

1 POw— - W~
36kl " Wipo==WikL

Thus, by (2-14) and (3-3), we have

(3-4) Wo?:OooO = _Wo_o]ooT o Wo:ﬁool = _2Wo_o]ooT’
B PO

(3-5) Wior = €0tV © = _§WIJIOO’
_ — 0o I y,—

(3-6) Wor= "m0 Wr o = ~5 W0

modulo O(p) - W, p . Since W, = Wy, we also have

R A
WO]KL = _iwlooKL’

N
WlTKL= 2W000KL

modulo O(p) - W, . As a consequence, we have the following lemma:
Lemma 3.3. Let m be a positive integer. If W_; 1» W 001> Wegoso = O(0™),
then W = O(p™).

Thus, in order to solve the self-dual equation W, ., = O(p>°), we only have to
deal with the three components indicated above.

Next, we consider the Bianchi identity which relates the self-dual equation to
the Einstein equation. Let C;jx := Vg Py — V; Py be the Cotton tensor of g and
define the anti-self-dual part C;;, by

Cryx = 3(Crik — 385" Crpo).
Then, since V;e; gy = 0, the Bianchi identity VW ke =CrkeL yields
1 — —
ViWke =Crke-

If g satisfies E;; = O(p™) for some m > 1, then we have P;; = —ﬁgu +0(p™)
and hence C;; = O(p™) since the covariant differentiation does not decrease the
vanishing order of a ®-tensor. Therefore, it holds that

Erp=00") = VW, =00™.



SELF-DUAL EINSTEIN ACH METRICS 533

To derive the consequence of the latter equation, we will compute
Iy— lw— — I M - I M
G VWi =V Wik =Wk P17 = Wiyg D7
- I M - I M
“Wim D k" = WiguD'r

modulo O(p) - DW, ., where D is a p-dependent differential operator on M. By
computations similar to (3-4), (3-5), (3-6), we have

Iw— Ivr—
(3-8) ViW 0000 = —2V WIlooT’
Iwv— _  Loly—
(3-9) \ W1101 =—§V WIJloo’
Iw— _  Lwolyw—
(3-10) \Y 1m=_§V W, 000

modulo O(p)-DW;; k. By (3-9) and (3-10), it suffices to consider the cases where
K = oo. Then, taking complex conjugates we may assume that L =0 or 1, and the
case (J, K, L) = (1, 00, 0) is reduced to the case (J, K, L) = (1, 0o, 0). Moreover,
by (3-8) the case (J, K, L) = (1, 00, 1) is reduced to the case (J, K, L) = (0, 0o, 0).
Thus, it suffices to compute (3-7) for

(J,K,L)=(1,00,1),(0,00,0), (0, 00, 1), (1, 00, 0), (00, 00, 1), (00, 00, 0).
By (2-7), we have

=0 _
+V Woke

—7 _ —00 ... _ —=1 _ =1 _
\ WIJKL =V WooJKL+V WIJKL+V WTJKL

H(pd, —#(c0JKL)) W 151

The other terms in the right-hand side of (3-7) can be computed by Lemma 2.3.
The final results are:

Iy— 1 - Iv— 1 _
VWi = Z(pap —DWoisetr V' Wieo = Z(pap — )W 0x0-
- 1 _ _ 1 _
(3-11) vIVVIOool = Z(paﬂ - 6)W000001’ vIVVIlooO = Z(pap - S)WOOIOOO’
Iy — Y - Iy — _
v Wlooool = EWOOOOOI’ v Toooo0 — 0.

Consequently, by an inductive argument, we have the following implication:
Ery=0(p" = Wk, =00".

Moreover, if E;; = O(p>) then W ooeo ad W o = O(p’), but we cannot
conclude that W_, , = O(p’). Thus, we may use the equation W tool = 0(p°)
as a normalization on the metric which is independent of the Einstein equation.
We will also use a normalization on the p®-term in W 0so Whose vanishing is
not imposed by the Einstein equation. To make sure that such normalizations
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in fact work, we must calculate the variations of W_, , and W_,_ . under the
perturbation (2-12).

First, we calculate the relevant components of the curvature tensor modulo negli-
gible terms. Since the curvature tensor is given by (2-9) and R;joox = —4Rx 17,
we obtain the following result by a straightforward computation using (2-7) and
Lemma 2.3:

| .
Roo00c0 = 4+§ ((03,)*—403,+8) @00, Ro1000 = i(03p+1)¢01,

((/Oap)z—zpap-i-Z)fﬂu, Ro1oo1 EpzAll_ipap‘/)ll,

0=

Roolool =

(-12) i i 3i
ROTool = _§+Z(pap_2)(p00_zpap(ﬂﬁa R]Tool = Z(pap—l)(pm,
Ritoco = —i+5(0p=2)000—7 p3p 11

These equations enable us to compute the variations of the curvature components
under the perturbation (2-12), which we denote by putting “8” to each component.
For example, by the first equation in (3-12), we have

8 Roc0o00 = 5 (m* — 4m + 8) o0 + O (0" *1).
Next, we calculate the variation of the Schouten tensor
Pry=3E;; — S(Ex* +3)g1,.
Since Ej; = O(p) by Lemma 3.1, we have
8Py = 38E1) — 158" (8Ex1)81s — 38815 + O (0" ™),

which yields

8 Pooos = —é(m2 —3m — 1) o0 — %(2m2 —m 42,7+ 0™,

8Pscy = O(p" ™),

8 Poct = = (m+ Do + 00",
(3-13)  8Poo = =5 (m® = 6m = Do+ 5_(m* +m — 1)y + 0 ("),

8 Por = = (m® = 4m — Dor + 0(p"*),

§P= L1

1 m
1= 35" = 3m —10)yoo — 2 (m* = 8m = 8)y7 + 0 ("),

1
Py = —1—6(m2 —4m+ 4y + 0 ("),
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From (2-14), (3-12), and (3-13), we have

Woot”' = 0(p),

Wao!! = —i + 0(p),

SWoor "' = =2 (m = 2911 + 0 ("),

(3-14) o .
(SWoool] = %(m —2)¢00 — é(m _4)wlT+ O(,Om—H),

1
§Wootoot = 7 (m* =411 + 0 ("),
S W00 = é(m2 — 3m +20) W0 — é(m2 —2m 4+ 16)y1 + O (™).
Finally, by (3-3) and (3-14), we obtain
(3-15) (SW;)]oo] = %(8Woolool - 580010T : VVoolOT —€50101 " SWOOIOT) + 0(pm+l)
= 1(m* —2m)y; + O (p" 1),
(3-16) W5 0000 = 5 (8 Woct000 — 8€acqity - Wood ' — €071 - 8 Wec0' ') + O (0" +1)
= 15 (m* +3m +2)Y0 — 75 (m* +4m +4)¥1 + 0 (p" ).

3C. Bianchi identities. Since the Einstein equation is an overdetermined system,
we need some relations which are satisfied by the components of the Einstein tensor
in order to construct a formal solution to the Einstein equation. Some of them are
given by the Bianchi identity g/ VkE;; =28 VEk:

Lemma 3.4 [Matsumoto 2013, Lemma 6.6; 2014, Lemma 6.1]. Suppose g satisfies
E;; = 0(p™) for an integer m > 1. Then, we have

(3-17) (m —8) Eoooo — 4(m — 4)Egg — 8(m — 2)E;; = O (p™ ),
(3-18) (m —6)Ecco = O (p™),
(3-19) (m —5)Eool —4i Eg1 = O(p™ ™).

We will also use some equations obtained from the Bianchi identity V/ W, ., =
C; k., in the construction of g. Since the Cotton tensor is given by

Crixk =5(VkEry—VyEig) — 15((Vk EL") g1y — (V,ELM)gik).

we can compute the components C;; - in terms of E;; by using (2-7), (2-14), (3-3),
and Lemma 2.3. As a result, we have the following lemma:
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Lemma 3.5. Suppose g satisfies E;; = O(p™) for an integer m > 1. Then,

(320)  Cioy=—5m—2)E;1+ 0™,
(3-21)  Cooo=—2MmE00+ g9c(m —12) Esoos + 15 (m + 6) Ej7 4+ 0 (0™,
(322)  Crno=—1(m—=2)Ecxco+ 0" ).

0000 =

4. Construction of the metric

4A. The formal solution to the self-dual Einstein equation. Let M be a three-
dimensional strictly pseudoconvex CR manifold. We fix a contact form 6 and
construct a one-parameter family of ACH metrics g* on X = M x [0, 00) » Which
are in normal form with respect to 6 and satisfy the Einstein equation to infinite
order. The parameter A € R is involved in the normalization on the pS-term in g*, and
if A = 0 the metric is self-dual to infinite order. As in the previous section, we take
the ©-frame {Z;} = {pd,, 0T, pZ, pZ7} associated with a unitary admissible
frame {T', Z, Z7} on M. We suppress the superscript A in the following.

First we show a lemma which assures that our normalization condition is inde-
pendent of the choice of 6.

Lemma 4.1. Suppose that an ACH metric g on X satisfies Wik = 0(p%), and
let pg be the model-defining function associated with a contact form 6. Then,

. 6y —
(4-1) No -= ('00 WooOooO) |M
satisfies ng = —3Y g for the rescaling 0 =eo.

Proof. By Proposition 2.2, Z |y and Zy|ys are determined by g and independent
of 6. Thus, we have

o~

500000 = Waaoseo + O (07).

Since pz = X2 pg + 0(p?) by (2-5), we obtain nz = 3. U

This lemma implies that if ny has a universal expression in terms of the Tanaka—
Webster connection, then it defines a CR invariant n € £(—3, —3). Since such a
CR invariant is necessarily a multiple of the obstruction density [Graham 1987],
we are led to the CR invariant normalization n = AO.

Now we construct the metric and prove Theorem 1.2. We start with an arbi-
trary normal form ACH metric g}lj), which automatically satisfies E;; = O(p) by
Lemma 3.1. Supposing that we have a normal form ACH metric g%) such that

E;; = 0O(p™), we consider a perturbed metric

m+1
g§J+)=g§‘r7)+wIJ’ woojzo, WIJZO(pm)
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and try to solve Ej; = O(p™+1). We also take Wk into consideration in each
inductive step by using the following equations modulo O (p)-DW/, -, from (3-11):

(4-2) VW = i(ﬂap —HW 0010
(4-3) VI W00 = i(ﬂap = O W 0000°
(4-4) VWt = 5 Waomer:

(4-5) VI Wias0 =0-

By Lemma 3.1, the variation of Ej; is given by

(46)  SEaoe =—3mm =40 —m(m =2y 1+ 0",
(4-7) 8Eoa0 = 0(p"*"),

48)  8Ewi=—1(m+Dyor+ 0",

(4-9) 8Eoo = — 5 (m® — 6m — 40 + 3(m = 21+ 0(0" ),
(4-10) SEor :—%(m—i—l)(m—S)l/f(n—I—O(,OmH),

@4-11) BE |y = —5(m® —6m =)y + < (m —4)y0 + 0 (0" ),
(4-12) SEn :—%m(m—4)1//11+0(pm+1).

The determinant of the coefficients of (4-9) and (4-11) as a system of linear equations
for Yoo and 7 is

det (—%(m2—6m—4) 1m—2)

ym—4)  —1(m®—6m— 8)) = gam(m+2)(m —6)(m —8).
8 8

First we consider the case of m < 5, where the determinant is nonzero. We
determine Yo and ;7 (modulo O(p"*1)) by (4-9) and (4-11) so that Eog, E i=
O(p™*1) holds. Then, by the Bianchi identities (3-17) and (3-18), we have Eoo0
and Exo = O(p™*!). We determine g by (4-8) to obtain Ex; = O(p™ ™).
Then, (3-19) gives Eg; = O(p™*!). When m < 3, (4-12) determines Y11 so that
Ei1 = O(p™*"), thus we have E;; = O(p"*!). Moreover, by (4-2)—(4-4) and
Lemma 3.3, we also have W, ,, = O(p™*1). When m = 4, we cannot use (4-12)
to obtain E1; = O(p°). However, since W, = O(p*), it follows from (4-2) that

ot = VW =AW+ 00 = 0(0Y),
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so we have Ej; = O(p°) by (3-20). (This also follows from the fact that the CR
obstruction tensor O1; = (p~*E1;) | vanishes in three dimensions; see [Matsumoto
2013; 2014].) Thus, we have E;; = O(p’) and by (4-2)—(4-4), it holds that

- 4 - - 5
Woolool = 0(10 )’ WooOooO’ WooOool = 0(10 )

We can choose ¥q1 so that W, , = = O(p°) holds since

5W<;1001 =y + 0(;0 )

by (3-15). Thus we obtain unique g ) modulo O (p°) with E;;, WiikL= 0(p°).
When m =5, we can construct g”) w1th E;; = 0(p®) in the same way as form <3
and we also have W, ., = 0 (p®) by (4-2)—(4-4).

Next we consider the case of m = 6, where the equations (4-6), (4-9), (4-11)
are not pairwise independent. We determine rg; by (4-8) so that Es = o).
Then we also have Eg; = O(p”) by (3-19). We determine 1 by (4-12) and obtain
Ei1=0(p"). By (3-16), we have

(4-13) SW 0000 = 5 V00 — Y174+ 0 ().
We use this equation and (4-6) to determine o9, ¥, so that
Eswoo = 0(,07) n= 20

holds. Thus we have determined g 1 J and we must check that it also satisfies
Eoo. E\7, Exco = O(p"). Since W, ;, = O(p®), by (4-3) we have

Como = HE =) Wgsg + 00" = 0(0).
Then it follows from (3-21) that
—2Eq+E ;1= 0(p").

Also, (3-17) gives
Eq+4E,;=0(p").

Therefore, we have Ey, E,7 = = O(p’). Moreover, by W,k = 0 (p®) and (4-5),
it holds that C__, = O(p”), which implies Eo = O(p’) by (3-22). Thus, g\’
satisfies E;; = O(p’), Wik = 0(p®), and n = LO. We note that it satisfies
Wik = O(p’) when A =0.

When m = 7, we can determine g ) 5o that it satisfies E 17 = O(p®) in the same
way as inm < 3. If L =0, it also satlsﬁes WiikL = 0(p® by (4-2)—(4-4).

Let us consider the case of m = 8. In this case, (4-9) and (4-11) are not inde-
pendent. We use (4-6) and (4-9) to determine Yoo and 7 so that Eqoeo, Ego =
O(p®). Then (3-17) gives E,; = O(p°). We determine v; and ¥ by (4-8) and
(4-12) respectively and obtain E, E11 = 0(p°). By (3-18), (3-19), we have



SELF-DUAL EINSTEIN ACH METRICS 539

Es0, Eo1 = O(p?). Thus we have constructed g}gj) with E;; = 0(p?), which
satisfies W, ., = O(p°) when . =0 by (4-2)—-(4-4).

Finally, let m > 9. In this case, the equation E;; = O(pmH) determines g; ;
in the same way as in m < 3, and it satisfies W ., = O0(p"*!) by (4-2)- (4 4)
when A = 0.

Consequently, We can construct all g, ;
obtain a solution g’ 77 to

Erj=00%), Wi =00%, n=»20,

(m+1)

(m+1) inductively, and by Borel’s lemma we

which is unique modulo O (p*>°). By the construction, 891 satisfies W, ., = O (p™).
Thus we complete the proof of Theorem 1.2.

4B. Dependence on L. We can read off the dependence of g? 7 on the parameter A
from the construction.

Proposition 4.2. The metric g;‘ 7 admits the following asymptotic expansion.

k k k k
gt gu+ZAkp6"¢< 0). ol =) =01} =0.
k=1

Here, ¢§kj) (p) is a formal power series in p.

Proof. We write the Taylor expansion of g% 7= g? yas
kghk  prk
gu gu Zp @y, P =0.

Then, it suffices to show that 7 lk = <I>A lk = 0 and each ®* 7 J 1s a polynomial in A of
degree <k/6. Flrst we note that g” g” = 0(p?), so <I>” = 0 for k <5. Since
both g” and g” satisfy Eoo1, E11 = O(0°°), we also have that CD 1 = QDAIk =0 for
k > 6, by (4-8), (4-12). From (4-6), (4-13), we see q)oo and q)ﬁﬁ are determined by

2,6 2,6
—6d, _24<D1T =0,
Baoj - Lot =10,
Thus we have deg CI> 0 =deg P T =1. Now we prove deg q’oo , deg CIDU‘ <k/6
by the induction on k. When k > 7, cboo and d™ T are determined by the condltlon
8kE00|p =0 = 8 E11|p =0 = 0 for k 75 8 and 3 Eoooolp =0 = 8 E()()|p =0 = 0fork = 8.
These condltlons can be regarded as a system of linear equations for CDOO and ™ 11 ,

and in view of (2-7), (2-11), (3-2), the terms involving the other components are
linear combinations of

D@} - D(DIJ’ Uit <k, 1 <k),
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where D; is a differential operator on M. Then, by the induction hypothesis,

it -+,

Ak
deg @) < Z

Thus, we complete the proof. U

4C. Evenness. Let g be a normal form ACH metric on M x [0, 00),. Then it can
be written in the form

h, + 4dp*
g:—

(4-14) p

k)

where h, is a family of Riemannian metrics on M. We say g is even when h,
has even Laurent expansion at p = 0. In other words, g is even if and only if the
components goo, g11, &7 are even in p, and go is odd in p. An ACH metric is said
to be even if its normal form is even for any choice of 6.

Proposition 4.3. The ACH metric g is even.

Proof. Fix a contact form @ and suppose g” is in the normal form as (4-14). By
using the Laurent expansion of /4, we can regard the right-hand side of (4-14) as
an ACH metric g* defined on M x (—o0, 0],. Then, g” also satisfies

Erj=00%), Wi, =00, n1=»0,
with respect to the orientation satisfying
00N AT A =ip 50 A0 AOT Adp > 0.

We consider the ACH metric t*g* on M x [0, 00),, Where ((x, p) := (x, —p). Since
| preserves the orientation, (*g* satisfies

E;j=0(p%), Wy g =0(".
Noting that (,Z = Z, and (,Zy = Z, we have

P OW " ¢ Tococ0 = () (W[ 1) (Zoo, Z0, Zoo» Zo)
= L*(/O76W7[g)l](L*Zc>07 Lo, Lo, L*ZO))
=" (p~° WIg% loc0oc0)-

Thus, (*g” also satisfies n = AO. Therefore, by the uniqueness we obtain
Cgt=g"+0(™),

which implies that g’ is even. O
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5. CR GJMS operators

Matsumoto [2016] generalized the CR GIMS operators to partially integrable CR
manifolds via Dirichlet-to-Neumann type operators associated with eigenvalue
equations for the laplacian of the ACH metric. In dimension three, it is stated as
follows:

Theorem 5.1 [Matsumoto 2016, Theorem 3.3]. Let M be a three-dimensional
strictly pseudoconvex CR manifold and g an ACH metric on a ©-manifold X with
the boundary M. Let 6 be a contact form on M and let p be the model-defining
Sfunction associated with 0. Then, for any k € N, and f € C*°(M), there exist
F, G € C®(X) with F|y = f such that the function u := p~**>F 4+ (p**? log p) G
satisfies

<A+%2— 1)u — 0(p™),

where A = —g!/V;V; is the laplacian of g. The function G is unique modulo
0(p™®) and Py f = (=D k\(k — 1)!/2 - G|y defines a formally self-adjoint
linear differential operator £(k/2 —1,k/2—1) - E(—k/2 -1, —k/2 — 1) which
is independent of the choice of 6 and has the principal part Alg.

We apply this theorem to our metric g*. Since g* is determined to infinite order
and the Taylor expansion has a universal expression in terms of the pseudohermitian
structure, the operator P2’xk has a universal expression in terms of the Tanaka—Webster
connection. Thus, we obtain the CR GJIMS operators P2’\k forall k > 1.

In order to prove that szk is a polynomial in A of degree < k/3, we will review
the details of its construction. A linear differential operator on X is called a ©-
differential operator if it is the sum of linear differential operators of the form
aYy--- Yy, where a € C®(X) and Y; € ['(®TX). Note that a ®-differential
operator preserves the subspace p”C (X)) C C®(X) foreach m > 1. We fix a
contact form 6 and denote the associated Tanaka—Webster connection by VTV,
Suppose that g* is of the normal form

d 2
g)\:kp+4%

for 60, where k, is a family of Riemannian metrics on M. Then, the laplacian A
of g’ is written as

(5-1) A=—Y(03,)>+ pd, + p*Ap — p*T* + pV
with the ®-differential operator W defined by
Wf =—4(0,logdetk,)pd, f —p~ (k)Y — (kg H) VWV £
+ 3G Ry Y o (VY (Kp)jic+ VY (kpik — ViEY (ki) VY f.
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Here, the components are with respect to a ©-frame {Z,}, and we note that (k ; i —
(ko ) and VIV (k) jx + VIV (kp )ik — Vi (k, )ij are O(p) by (2-6). In particular,
W involves d, g? ; but not higher order derivatives.

Given a function f € C*°(M), we try to solve the equation

2
(A n kZ - 1)(p*k+2F) —0

for F e C®(X) with Fly = f. Let F ~ Y52, fWp/, (fU) € C®(M)) be the
Taylor expansion of F along M. By (5-1), we have

k2 _ . . _ . 1 L. . )
(5-2) (A+Z—l>(p 247 Dy = p=k+24) <_ZJ(J_Zk)f(j)erfo(/))’

where D; is a p-dependent linear differential operator on M. Starting with f O = f,
we inductively define £ so that F satisfies

k2 . _ .
(A+Z_1)(p k+2F)=0(,0 k+3+])‘

Let D; ~ Y 12, D;l) o' be the Taylor expansion of D;. Then, by (5-2), f () is
determined for j <2k — 1 as

j—1
fO =% N plt=h 0,

We cannot define f % due to the vanishing of the coefficient of f% in (5-2), and
we need to introduce the logarithmic term (p**2log p)G in which the coefficient
G| is a multiple of

(o= tn),

Therefore, up to a constant multiple, szk f is given by

2k—1 _

Z D;Zk—l—j)f(j).

j=0
Since W involves only g}\ ; and their first order derivatives in p, D;l) involves 97 g}x 7
for m <1+ 1. Consequently, Pz’xk 1s written in terms of 8;1 g? ; (m < 2k), and by
Proposition 4.2 it is a polynomial in A of degree < k/3. Thus we complete the
proof of Theorem 1.3.

6. Convergence of the formal solutions

We will prove Theorem 1.4, which asserts that the formal solution g converges
to a real analytic ACH metric near M when M is a real analytic CR manifold. In
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the case of A = 0, this recovers the result of Biquard [2007]. The key tool is the
result of Baouendi and Goulaouic [1976] on the unique existence of the solution to
a singular nonlinear Cauchy problem. Let us state their theorem in a form which
fits to our setting.

We regard local coordinates (x, p) of M x [0, 00), as complex variables and
consider an equation for a C" -valued holomorphic function v(x, p) of the form

6-1) (pdy)" v+ Ap—i (pap)m_lv + 4 A
= F(X, o> {(pap)la)(cx(lov)}l-i-\ﬂfm, l<m),

where A; is an N x N matrix and F(x, o, {y1,«}i+|a|<m, 1<m) 1S @ holomorphic
function near 0. For each k € N, we set

Phk) :=k™I + k" "Ap_1+--+ Ao,

where [ is the identity matrix of size N. Then, by [Baouendi and Goulaouic 1976,
Theorem 3.1] we have the following theorem:

Theorem 6.1. [fdet P(k) #0 forall k €N, (6-1) has a unique holomorphic solution
v(x, p) near (0, 0).

In the original statement of [Baouendi and Goulaouic 1976, Theorem 3.1], the
right-hand side of the (6-1) is replaced by G (p, {(pap)’ag (PV) }i4|a|<m, 1<m) With
G a C*°-map

G:CxBY - B,

where B is the Banach space of C"-valued bounded holomorphic functions of x on
a fixed polydisc, and N’ is the number of multiindices (/, «) such that / + |«| < m,
[ < m. Also, the solution v is given as a C*°-function of p valued in B. In our
(6-1), G is given by G(p, {y1.«}) := F(x, p, {y1.«(x)}). Since this is analytic in p,
it follows from [Baouendi and Goulaouic 1976, Remark 2.2] and the proof of
[Baouendi and Goulaouic 1976, Theorem 3.1] that the solution v(x, p) is C* and
v(x, p™) is holomorphic, which implies that v(x, p) itself is holomorphic. Thus
we obtain Theorem 6.1 as a special case of their theorem.

Now we apply this theorem to our case. We assume that M is a real analytic CR
manifold. Let g7 ; be the components of the formal solution g" in a ©-frame {Z;},
and let |

ggkj) = Ea]/;gﬁhf M
be the Taylor coefficients, which are analytic functions on M. We consider an ACH
metric of the form

8
~ k (k 0~
g =Y 0] +0°F1,
k=0
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which automatically satisfies E;; = O (p?). Then, we consider the equation
(6-2) —8p"(Eoo, E,7, Eo1, E11) =0

for v = (@oo. @7, Y01, @11). We shall show that this equation is written in the form
(6-1) for m = 2 and satisfies the assumption of Theorem 6.1; then we can conclude
that g} ; converges since it gives the Taylor expansion of the solution v.

We see that in Lemma 3.1 the negligible term which we ignored in the computa-
tion of E;; is an analytic function in

x, p, p(pd,)'8%(0°F) forl+la|<2, 1 <2.
Thus, it can be written in the form

D0, 00+ 07 £ 0 0, 1(09,)1 0% (@) 4 jal<2, 1<2)

with analytic functions fl(;), @ . Then, by Lemma 3.1, we have

—8En0 = 11(p3,)p00 + 12(00,) 97
+16p* AP+ £ (. p) + 0% £33 (x, . {(09) 9 (PPN )i ial<2, 1<2)s
where

8
k
orr=>_ 0l +0°1s

and
L) =12 —6t—4, ©L(t)=—4(—2).

Since Eqy = O(p°), we have
8 8
103, (X2 *al ) +12000,) (3 08 %)) +16p" AP+ 135 (x. 0) =" £33 (. )
k=1 k=1

with some analytic function foo) Therefore, the equation —8p 2 Eqo = 0 is written

L (03, +9Goo + (03, + NP7 + Foo(x, p, {(09,) 8% (0%) i ja<2, 1<2) = O

with an analytic function Fyy.
Similarly, the equations —8p°E;; = 0 for (I, J) = (1, 1), (0, 1), (1, 1) are
respectively written as
(03, +9)%00 + 14(pd, + NG5+ Fi7(x, p, {(08,) 8% (0@)}141a)<2. 1<2) = O
I5(pd, +9)@01 + Foi (x, p, {(p8,) 0% (0@} 1al<2. 1<2) =0
Is(pdy + @11 + F11(x, p, {(p8,) 0 (0@} 1al<2. 1<2) =0
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where F|7, Fo1, Fi1 are analytic functions and
L) =—t+4, L) =t>—6:1—8, Ist)=0C+1)t—=5), Is(t)=1(—4).
Hence (6-2) is of the form (6-1), and we have

Li(k+9) L(k+9)
det P(k) = det Lk +9) Ta(k +9) I+ 9)

Is(k +9)
=(k+ Dk +3)(k+4)(k+5)(k+9)>(k+10)(k + 11)
#0

for any k € N. Thus, by Theorem 6.1, (6-2) has a unique holomorphic solution and
we complete the proof of Theorem 1.4.
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