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OPTIMAL DECAY ESTIMATE OF STRONG SOLUTIONS FOR
THE 3D INCOMPRESSIBLE OLDROYD-B MODEL
WITHOUT DAMPING

RENHUI WAN

We obtain the decay estimate of the global solution for the 3D incompressible
Oldroyd-B model with only dissipation. The decay rate is optimal in the sense
that this rate coincides with that of the linear system, which improves upon
work by Zhu (J. Funct. Anal. 274:7 (2018) 2039-2060.)

1. Introduction

In this paper, we consider the Cauchy problem for the three-dimensional (3D)
incompressible Oldroyd-B model given by
0u+u-Vu—vAu+Vp = puidive, (1, x) e RT xR?
dtt+u-Vr+ar+ Q(tr, Vu) = ua D(u),
divu =0,

Ulr=0 = ug(x), tlr=0=70(x),

(1-1)

where u = (11, U, u3) stands for the 3D velocity field, p the pressure and t the
non-Newtonian part of the stress tensor which can be seen as a symmetric matrix
here. The values v, a, ;1 and p, are nonnegative parameters, where we call (1
and p; the coupling parameters. D(u) and W (u) are the deformation tensor and
vorticity tensor, which can be given by

T T
D(u) A w W(u) A w

and
O, Vu)=tWu)— W)t —a(Du)t +tD(u)), « €[-1,1].

The initial data are (19, 7o) satisfying divug = 0 and (79);; = (70)ji-
We refer to [Bird et al. 1977; Chemin and Masmoudi 2001; Oldroyd 1958] for
the details about the derivation of (1-1). Guillopé and Saut [1990a; 1990b] obtained
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local existence and uniqueness, when the initial data is in Sobolev space, which
was extended to the Lebesgue space in [Ferndndez Cara et al. 1994]. Lions and
Masmoudi [2000] obtained global existence of the weak solution for the case o = 0.
However, to the best of our knowledge, whether the case « # 0 can yield a global
weak solution is an open question. Considering the initial data in critical Besov
space, Chemin and Masmoudi [2001] showed local well-posedness of the solution
and global well-posedness with small initial data, where they required the small
coupling parameter for the global result. We refer to [Chen and Miao 2008; Zi et al.
2014] for the results in generalized space. By using some techniques developed
in the study of compressible Navier—Stokes, Zi et al. [2014] removed the condition
concerning the small coupling parameter. Recently, Fang and Zi [2016] proved
global well-posedness with a new class of large initial data admitting large initial
vertical velocity. By using a decomposition technique, we [Wan 2019] improved
the initial condition in [Fang and Zi 2016] to the more generalized initial condition.
In particular, for the 2D case, [Wan 2019] proved global well-posedness with large
initial velocity, which improved upon the corresponding work in [Fang and Zi 2016].

We point out that all the above works are based on a > 0. If a = 0, it seems
difficult to proved the global well-posedness even under small initial data. By
using a new method, i.e., constructing the time-weighted energies, Zhu [2018] first
proved global well-posedness in 3D under small initial data, which can be showed
as follows:

Theorem 1.1 [Zhu 2018]. Let v = u; = up = landa = 0. Let N > 7 be
a big enough constant. Assume we have the initial data (|D| " ug,|D| 119) €
HN(R3) x HN (R3). There exists a small enough constant € such that if

(1-2) DI wollgy + 11D ol gy <
the system (1-1) has a unique global solution (u, t) satisfying
lu@lgn-1 +lc@) || gn-1 Se€ forallt > 0.

Remark 1.2. Zhu [2018] only assumed N = 3; here the assumption of N > 7 in
Theorem 1.1 is used to get the faster decay rate of the solution in the following
context. For instance, we need high regularity of the solution when showing the
decay estimate of ||Vu(?)||Loo; see Section 5 for the details.

Let us remark that the approach in [Zhu 2018] seems difficult to use for the 2D
case, since [[u(?)| oo g2) may yield a weakened decay, which is not integrable in
time and may bring the growth of the solutions. Recently, based on a time-space
approach, a new system concerning ¥ — 2P divr and the estimate in Besov space,
[Wan 2017b] proved the global small solution for the 2D case.
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It is known that long-time behavior of the global solution is an interesting and
important issue in the studies of many fluids. Notice that Zhu [2018] obtained
the decay estimate in the 3D case by constructing some time-weighted estimates
such as

(1-3) @l SA+072,  [Vu@l2 SA+07"

So a natural question is whether the decay estimate (1-3) is optimal. Motivated by
this, in this paper, we will focus on the long-time behavior of the global solution
for (1-1) with @ = 0. Let us first introduce some notation:

X0 2 sup {(1)F[u(@)llz2 + (1) 3@},

0o<t<t

Y0 2 sup {(3IVu@llz2 + 1A@122) + (02 NERD) 11}

o<t<t
where A = P divr. Now, we state our main result.

Theorem 1.3. Let (u, t) be the solution of (1-1) obtained in Theorem 1.1 with the
initial data satisfying (1-2) and || (uo, 7o) |1 < €. Then we have

X@)+Y() Se.

In particular, for all t > 0, the following decay estimates hold.:

Al

lu(@)llz2 S ey ™5, IVu@)lzz + [AOI L2 S €fr)”

and
3 _
lu(@)llzee Se€(r)™2,  |[Vu(®)|ze S e€fr) ™2

Remark 1.4. One can also get || A(f)||L < €(t)72 by following the same idea.
Since this decay estimate does not play an essential role in the estimate of X(¢) and
Y(¢), we omit it.

Remark 1.5. One can easily find the obtained decay rate is faster than (1-3). In
addition, this faster decay rate yields many better time-weighted estimates. For
instance, by using our decay estimate we get that

t
/ ()| Vu(t")|| 2 dt' < e foralla e (0,3),

0
while the associated result in [Zhu 2018, page 7] can only yield

t
/(l’)aIIVu(t')lledt/ge forall @ < 0.
0



670 RENHUI WAN

Remark 1.6. By using interpolation inequality, we can obtain the explicit decay
rate in L? (2 < p < 00) space, which is optimal since it is consistent with the linear
part of system (1-1).

The paper is structured as follows. In Section 2, we provide some definitions of
spaces and several lemmas. Section 3 is devoted to giving the integral representation.
Section 4 bounds the estimate of ||u(¢)| 1. Section 5 provides the estimate of
)1, |11E1E(@)]Iz1 and || A(2)]z2- In the last section, we prove Theorem 1.3.
In the Appendix, we provide the proof of Lemma 4.1 and (5-3).

Let us complete this section by describing the notation we shall use in this paper.

Notation. For two operators A and B, we denote by [4, B] = AB — BA the com-
mutator between A and B, (t) means 1+ ||, and A < B means that there exists a
constant C such that A < CB.

2. Preliminaries

In this section, we give some necessary definitions, propositions and lemmas in d
dimensions.

The fractional Laplacian operator | D|* = (—A)% is defined through the Fourier
transform, namely,

IDIF(€) & £1° F (),

where the Fourier transform is given by
F@2 [ e peax
R4

Let € = {g eR4, % <|él < %} Choose a smooth radial function ¢ supported on
¢ such that

e =1, EeR?\{0}.

J€Z

We denote ¢; = ¢(27/£), h =T ¢, where §~! stands for the inverse Fourier
transform. Then the dyadic blocks A; and S; can be defined as

Ajf =@ D)f =2/ / Wy fx—y)dy, Sif= Y Af
R k<j-—1
We can easily verify that with our choice of ¢

AjACS =0if |j—k| =2 and A;(Sg—1fAxf) =0if |j —k| = 5.

Let us recall the definition of the Besov space.
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Definition 2.1. Let s € R and (p, ¢) € [1, o0]? The homogeneous Besov space
B ,(RY) is defined by

; d dy.
By R ={f € &'®Y): 1 £15, gy < o0,

where

1

. q
(Z 234) ||A./f||2p([yad)) for 1 <q < oo,
”f”B},',q(Rd) = jez
sup 2% [[Aj fll o e for g = oo,
jez
and &'(R%) denotes the dual space of
S(R?Y) = {f € S(R?); 8% (0) = 0, for all & € N¥ multi-index}
and can be identified by the quotient space of S’/P with the polynomial space P.

Thanks to the definition of A;, we have

2-1) 1A, flglliee < 27V S L lglLr,

where % = % + é. Equation (2-1) will be used in the Appendix.

The following proposition provides Bernstein type inequalities. For more details
about Besov space such as some useful embedding relations, see, e.g., [Bahouri
et al. 2011; Stein 1970].

Proposition 2.2. Let 1 < p < g < co. Then for any B,y € (NU{0})?, there exists
a constant C independent of f, j such that:

(1) If f satisfies
supp f C {£ € RY 1 |£] < K273,

then
iyl +jd (L -1
197 Flloay < €277 H4G0)) £ 0.
(2) If f satisfies
supp f C{€ e R? 1 K127 < |§] < K2/}

then

£ L @ay < €277 S 192 £l Lo (ga)-
=ly

For the special case p = g = 2, we have

11 s ey 2 1/ W s, ey
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The HS(R?) and H*(R?) norm of f can be also defined as follows:
A
1 Uigs gy 2 NIDE £l 2y s €R.
A
1/ I &s @ay = 1 I2@ay + 11DV fll2gay. s> 0.
Let us introduce the homogeneous Bony’s decomposition:

uv =Tyuv+ Tyu + R(u, v),

where

Tyv = ZSj_luAjv, Tyu = ZAjqu_lv, R(u,v) = ZAjuAjv;
JE€Z J€EZ J€EZ

here Aj =Aj1+Aj+Aj11.
Lemma 2.3. [Kato and Ponce 1988] (i) Lets > 0and 1 < p,r < 00, then

@) 1/8ll 35, ey = C NS N @y lgl g, gy + 181 oy f 1, -

where 1 < p1,r; foosuchthat% = %—i—é = %—i—%
[Kenig et al. 1991] (ii) Lets > 0,and 1 < p < oo, then
(2-3) DV, flgllLewe)
< CUV Lo @y IIDP T gl @ay + 1D fllLos @ayllglLra ey
1 _ 1,1 _ 1, 1
where 1 < pa, p3 < oo such that =1 T = T oa

The inequalities below are used frequently in the proof.

Lemma 2.4 [Wan 2017a]. If 0 < sy < s2, then

‘ C(l>_s1 if 55 > 1,
/ (t—0) ) ™2de < C{t) ™St In(1 +1) ifsy =1,
0 C (1)1=s1-%2 i sy < 1.

Remark 2.5. For the case s; > 55, since one can get a similar result by using the
change of variable, we omit the details.

Let us introduce a generalized estimate of the solution to the heat equation.

Lemma 2.6. If f € L} (R?), we have
_d
e fllp2gay S 174 I/ g0 ay:

Proof. Thanks to the interpolation inequality

1 1
2 < Z 20,
lelze < gl el
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we have

1 1

A A g2 A g2
e fliL2 < e fll- e 11,

2,00 2,00
So the aim reduces to the estimate of ||etAf||Ba , a =—1,1. By Bernstein’s
. . 2,
inequality, for all @ > —%, we have =

i i _n2j—1
@4) (e fllgg  Ssup2¥[|Aje"® e < sup2¥ e A, £
> jez jez

d); i _(a_d
< sup2 2V 2y a p < 8
jEZ 1,00

Setting @ = —1 and @ = 1 in (2-4), respectively, we can conclude the proof. [

3. Spectral analysis

In this section, we give the integral representation of the solution to (1-1). In fact,
we repeat the procedure in Section 3 of [Wan 2017b]. We use v; to stand for the
i-th component of the vector v in the following context. Denote

A2 Pdivr.
Let us investigate the spectrum properties of the following system:

deui — Au; = A + Gi,

0t A = %Aui + F; + H;,
G=—-Pw-Vu), F=-Pdiv(u-Vr),
H = —Pdiv(Q(z, Vi), i=1,2,3,

(-

where P is the Leray operator. Denote

Lo (P
(T )
2

then the eigenvalues of the matrix A can be given as

e — {%(—Iélziilélxﬂ—lélz) when [§] < v/2,
2 (CIEP £IEIVIERP ~2)  when [£] > V2,

where i = +/—1. After Fourier transform, (3-1) reduces to

3-2 a i =A i Gi
(32 \G)o=a5)o+ (75 )@
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By using the standard method of diagonalization via the eigenvalues and eigenvec-

tors, we can get from (3-2) that

t t
+/ M1y (0.1 —5)G ds+/ Mis(9,1 —5)(F + H) ds
0 0

t t
—I—/ M31(0,t—5)G ds+/ My,(0,t —s)(F + H) ds,
0 0

(i, j) € 1,2},

u(t, x) = Mq1(0, t)ug(x) + M12(0, 1) Ao(x)
(3-3)
A(t, x) = M21(0, t)ug(x) + M22(0,1).Ap(x)
where
M f(E.1) & My (£.0) f (6),
and

(MTI (&.1) ME(&J)) A
Ma1(§,1) May(£,1)

A,+e)‘+t—x—€)‘_t eA+t_el—t
AT —A_ A=A
|62 et A_erH Ay et
y yR—

To bound M;; (9, t), we split the whole space R3 into the following four regions:

D2 {EeR®:
D, 2 {EecR®:
V2 <8l <2}
DsE{EeR3:

2{eR

&] < 13,
1 < €] < V2},

€] > 2}.

Let us keep the fact that |£| &~ 1 when £ € D, U D3 in mind. Next, a proposition
devoted to the estimates of M;; (£, 1) is given as follows.

Proposition 3.1 [Wan 2017b]. For all (i, j) € {1,2}% M;; (.1) satisfies the fol-

lowing estimates:
(1) When & € Dy,

0] < o5

i
2

|Ma1(5.0)| < JEle™ 27,
(2) When & € D>,

(-4

)] < o5

9
i
4

|Ma1(€,0)| 5 [Ele™ 47,

a0 < [6]1 e,

W (E.0)] < e 5.

_L
4

IMia(8,0)] 5 €7 e

— &1
() < e Fr.
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(3) When & € D3,
Mg 0| S e 16!, [MpE 0| s |5 e 16",
— 2 o 2
M1 (60| S [Ele™ 6", [Maa(E, 1) S e 16

(4) When & € Dy,

L M| < 57272,

— i
. [Maa(E 1) S e 2.

N~

|My1(8,0)| < e

(3-5) .
|M21(§,1)| < e”

N~

4. The estimate of [|u(¢)|| 71

We will give the estimate of ||u(¢)| ;2 and || Vu(¢)| 2 in order.

The estimate of ||u(t)| 2. Thanks to ||]?||Lz = || f|l.2, we have

4
@iz =172 =D 180 12y

i=1

which is sufficient for us to estimate the four terms on the right-hand side.
4A. The estimate of ||i(?) || 23\ p,)- Using (3-3), we can get
17 2py) < M@0l L2(p,y + | M12()Aoll L2,

t t
+ /0 |t — )G 12y ds + /0 |t — ) Fll 20, ds

t
+/ [M12(2 _S)H||L2(D1) ds & Lh+DL+- -+ Is.
0
For I, using (3-4) and the estimate of the solution for the heat equation given by

_3
(4-1) le® fllizz S 72 f s
we get

[ [

_lEE —~ 1 _3
I S lle” 2 'iollz2pyy < le™ 2 “iollz2 = lle2® uollp2 < ¢ 3 |uoll -
Together with 11 < ||uol|z2, this yields
_3
Iy < {t) " #luollprar2-
A similar method leads to

_3
I <{t)"#lwollpinz2-
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Before we proceed, note that
IM11(t —$)GllL2(p,y < IM11(E =) u-Vullr2(p,)-
For I3, using (3-4) and (4-1), we have

t
Is < / (t—s)_%||u-Vu||L1 ds,
0

which, with the estimate /3 < f(f |l - Vul|;2 ds, implies
t
3
I < / (= )3 (- Vullr + - Vull2) ds
0
t 3
< /0 (t = 5)"% Jul 2Vl 2o ds

< f =R () + ()2 ds XOY()
0
< (O)TIXOY Q).

For 14, using

Pdivu-Vr)= > 0;Pdiv(u;)
i=1,2,3

and (3-4), we get

roo g2,
I < /0 le™ % el @ T2, ds.

Using the spherical coordinate system
§&1=rsingpcosf, & =rsingsinf, & =rcosg,

we can obtain
1
2

le='% |é|f||Lz(D1 = / —'f'2f|s|2|f|2ds)

(
( zn de/ dgo/ -r ’r4sin<p|f(r,9,¢)|dr)2

1 2 ~
( /0 e 4dr) 1 Fllzee
v )
T f (/ e 4 dr)
0

_s
St Sl

A

A
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This yields

t 5 t 5
I4 3 / (t—s) *u®z|prds < [ (t—s)"*lullp2lzllp2 ds.
0 0

Direct computations lead to

t t
14§/ ||@||L2(D1)dS§/ ||u®'[||L2 ds.
0 0
So
t _5
Ie < fo (t =) ullp2npee Itz ds
t _5 _3 _3
< /0 (=) ()% + ()73 ds (X0 + YOl ez
_3
<O 7HXO + YOl 2.
For I5, using (3-4) and (4-1), we have
L) L) 5o
55 [ 1 IOV, ds 5 [ e 0Vl ds
t t
< / 13269 0 (2, V)| 2 ds < / (t =) 30 Vi1 ds
0 0

t
_3
< /0 (t =) el | Vull 2 ds.
We also have
t t
Is < / 10(z. V)l 2 ds < / lellz2 Vel oo ds.
0 0
SO
t 3
Is < /0 (t — )73 2l 2 Vil 2 d
! _3 _5 _
< /0 (t—s)"3({s)73 + (s) "D ds(X(t) + Y(0)zllLeor2)
_3
S THX@O) +YO)Tllzee 2y
Collecting the above estimates of I; yields

@2) lL2p,) S )73 0. 1) 11122 + (£)73 XY ()
) THX @) + YO) el oo (r2)-
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Since the estimates of ]l//l,\] in D, U D3 are similar to that in D, repeating the
above procedure yields

@3) Y Nz, < 07300, )l L1nzz + () TIXOY ()
= X + YO) el -

4B. The estimate of ||i(¢)|L2p o)+ For the estimate in Dy, we will use (3-5) in
the following context.

17 22(py) < 1M1 @O0l 22Dy + | M12()Aoll L2y

t t
4 /O |t — )82y ds + /0 | Wt — ) Fll 120y ds

t
+/0 | M12(t —$)H | 12(p,) ds
=L+1+--+1s.

We have .
I{ 4+ 15 < e 2| (uo, T0) || 2.

For I}, we have

t t
I < / ¢~ Ju- Vull 2 ds < / =% Jull 2 | Vel oo dis
0 0

S0t g
< /0 ™3 (s) 74 ds X()Y (1)
S)TTX@Y ().

For 1, we have

t t
t— t—s
Iééf e 7 u®rtle dSS/ e 7 ulLoo Tl 2 ds
0 0

t
< / =15 (573 ds X ()|l o2
0

<O EXOlell oo -

For I, we get

t
1L / 50, Vi)l 2 ds < [ 5 |Vulleellzl 2 ds
0 0

t
; e” 2 () P ds YO el oo

SN 2Y(I)II oo r2-

A
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Thus we can infer

-4 lu@®)llL2(py)
< 72 (. w0) 122 + (1) (XY (1) + (X(©) + YO [Tl 0 12)-
Combining (4-2), (4-3) and (4-4) implies that

@5 [u®lz2 S 6) "o, )iz + (1) T XY ()
HOTHX @ + YO Tl o022,

The estimate of ||[Vu(t)| ;2. Before we begin this estimate, let us introduce a lemma
dealing with a commutator estimate, which plays an important role in the following
proof.

Lemmad4.1. Leti = 1,2, 3, then

1P div, wileligo < (IVuill2llzllzz + llui L2 [ AllL2)-

The proof of this lemma will be postponed until the Appendix. As in the previous
procedure, we have
4

IVu@)ll2 = IVu@)ll2 < ) NENllL2p,)-
i=1

4C. The estimate of ||1&|a(t) | L2w3\p,)- Using (3-3), we have
ERD N 22(py) < | M1y (@[l 22(py)+ I M12(1) Aol L2,

+ /O | (—5)C 12, ds+ /0 | rat—)F 120, ds

t
+ [ V=) 2o, ds
=Ji+J2++Js.
Applying (3—4) and (4-1), we get

2
le? 1A

_s
J1<|||$|€ u0||L2(D1) 13l A gl L2 SR e ¥ Puoll L2 St F fuoll

With another estimate
2
t
Ji < |[Ele” =3 tollz2(pyy < lollrz < lluoll Lz,
we infer
_5
J1 () #lluollpinre-



680 RENHUI WAN

A similar process leads to
_5
J2 (1) *wollLinLz

Getting the estimate of J; in the same way, we can infer that

t
Js s/ (t =)~ 3 (- Vullp + u- Vull 12) ds
0
t 5
< [O (=) 3 ullp2 (Va2 + [ Vael oo) ds

t
< / (t—s)"3((s) 72+ ()" ) dsX ()Y (1) S (1) "I X(@)Y (0)
0
and

t 5
Js < fo (t— )31 Q. Vi) 1 + [ 0(x. Vu) 1) ds
t 5
< [ (t — sy Va2l + Ielli) ds
0

! _5 _5 _5
5/0 (t—s)"3(s) 2 dsY(@)tlLoo2nroey S (1) * YO TlLoo2nLo0)-

We shall use a different approach to get the estimates of J4. Otherwise, a bad term
[[[Pdiv, u;]7||z1 will appear when we use the standard estimate of the solution for
the heat equation (4-1). It is known that this bad term cannot be bounded by a
standard commutator estimate. Our idea uses Lemmas 2.6 and 4.1. Now, we begin
the estimate of J4. Thanks to (3-4) again, and using

4-6) Pdivu-Vo)y= Y  0iPdivar)= Y (@;[Pdiv.u;]r + 0; (u;.A)).
i=1,2,3 i=1,2,3

we have

P —
145/ le™ 2 “= Pdiv(u- Vo) | 12(p,y ds
0

LR gy =
< ; le” 2 Elu ® AllL2(p,) ds

reo_ER ——
+ > /||e 29| [Pdiv, it || L2p,) ds -
i=1,2,370

Ty

By the previous approach, we can get

A | P —— g _s
/0 le” 2 @ S)|§|u®A||Lz(Dl)ds§/0 (t—ys) 2||u®A||L1 ds,
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and we also have
t —ﬁ(t—s) e t
le” 2 Elu @ Al2pyds < | lu®Alp2ds.
0 0

So we can get
bR o e ——
; le” 2 Elu ® AllL2(p,) ds
t
s/ (=) "3 (lu® Al + lu ® All2) ds
0
f _5
5/0 (t—s)" 2| AllL2(lull L2 + llullpee) ds

t
< /0 (=) ()% + () ) dsY (O (X (1) + Y (1)

<(O)7TIYOX @) + Y (0).
As for 11, by Lemmas 2.6 and 4.1, we have

t €12 —
T S/ (l—S)_%||€_T(t_s)[|pdiV,Ml']‘L'”Lz(Dl) ds
0
t
5/ (t—s)_%||e_%(’_s)A[[P>div,ul-]r||L2 ds
0
f 5
5/ (l—s)_1||[[|3’div,ui]t||3? ds
0 ,00

t
_s
5/0 =)~ *(IVull2lltlL2 + llull 2| AllL2) ds.
By using (2-3), we can also bound Y; as follows:
t t
Ty S/ I[P div, u;]z] L2 dss/ (IVulLeollzlLz + lIzllzee [VullL2) ds.
0 0
Finally, we infer
t
_5
T S/O (¢ =s)"*(IVullL2llzllL2 + llull L2 1Al 2
+Vulreolltliez + lltlzeVullL2) ds
! _5,._5
< [ =710 s YOO + el eanzes)

<O OXO) + el e2nre)).

Thus X
Ja ()7 2Y(O)(X(0) + Y (@) + Tl Leoz2nLo0))-
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Collecting the five estimates above, we get

@) ERON 200, S 03 1o, o)l 122 + (£) TV ()
X AX(0) + Y (1) + [l Looranoe -

Similarly,
~ _3 _5
48) > ERO L2y S (1) Mo, 1) lLinze + (1) 73 Y (1)
i=2,3
XAX(0) + Y (@) + Tl oo a2 -

4D. The estimate of |||&|@(¢)|L2p ) Asin the previous statement, we use (3-5)
for the estimate in Dy:

HEITWO L2 (D) < HEIM 0]l L2(p )+ I1EIM12(0) Aol 2D,

t t
+/0 |||§|Mn(I—S)G||L2(D4)der/0 I1EIM12(t—=$) Fl|2(p,) ds

+ /0 T2 =) 2y d
=J{+J3+-+J5.
For J{ and J}, we have
J{+ I35 e 2 (IVuoll 2 + V7ol 2).
For Jj, using product estimate (2-2), we get

t—,

t t
t_
J3/§/ e_2s||V(u-Vu)||des§/ e_Ts||u®u||H2ds
0 0

' i=s ' i—s,  _3
S| e 2 lulleellullgads S | e 2 (s)"2ds X(l)||u||L<[>on
0 0

_3
< (1) 2X(t)||”||L1001:12«

For J;, we have
’ t _t=s B
Jy < e 2 ||&] Ple(u-Vr)||Lz(D4)ds
0
Pt ' t=s
S| e 2T Pdiv(u - V)|p2ds S| e 2 [u®t|2ds
0 0

' _t-s U t—s, _3
S| e 2 ullpeltlzds < | e 2 (s)72 dsX(0)lltllpeor2
0 0

_3
S{O)72XOlrllpeer2-
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The last term Jg can be bounded as follows:

t— t—

t - t
< [0 B E PP AN O (Vi) 20y ds < /0 210G, Vu)ll 2 ds

t t—s t
< / ™2 || 12| Vutll oo ds < /
0 0

SOPYOlelpee .

Combining the five estimates above can yield

_tzs
e” 2 (s)2dsY(D)| el poor

~ _t
4-9) IE[uL2py S e 2o, 70|
_3 _
HOT2XON @, Dl Loz + (O T2Y O Tl poo 2
Thanks to (4-7), (4-8) and (4-9), we can get

@-10) [IE[RO) L2 < (1) F 1 Guo. 1)l L1s2 + (1) 73 (X0 + Y (1))
X {X(0) + Y () + 100D | 20 52}

5. The estimate of |[a(t)|z1, [||E]a(2)|z1 and ||A(1)]| 2

We will bound ||#]|;1 and |||é|i]|;1 in order.

The estimate of ||u(t)| ;1. As for the previous process, we have

4
17O < Y 13O L1 py-

i=1
SA. The estimate of ||it]| 13\ p,)- Thanks to (3-3), we have
I8N (b)) < 1M1 (O@llL1(p,) + [ M12() Aol L1 (b))
t t
+/0 ||M11(l—S)G||L1(Dl)dS+/O [Mi2(t —s)FllL1(p,) ds
t
+ [ V=9 Blip ds

=K1 +Ky+:--+ Ks.

We will frequently use the estimate

1
2
(5_1) ”e—bls‘zl‘”Lz(Dl) — (/ e—2b|$|2t dé)
§1=<1

1
(/ e—2bU2 dl))z Sl_
|El</1

=t

Alw
Blw

for all b > 0.
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For K, using (3-4), (5-1) and (4-1), we have

2 2 £

_| t -~ _Lt — =21 ~
Ky Zllem 2 aollpip,y S lle” 4 Plirzipplle 4 “wollL2py)
_3, LA _3
St ledPuollp2 St 2 luollprs
and we also have
Ki <ol o,y < luollz2s

SO s
Ky < ()" 2|luollprinzz-

Similarly,
_3
K> S (1) 2 |vollLrnze-

For K3, using (3-4), (5-1) and (4-1) again, we can obtain
t
52 Kax [ (=530 Vulys + -Vl ds
0

t
_3
< /0 (t )3 ull 2 (1Vull 2 + | Vae oo dis

11

t
< / (t—s)73 ()77 + (s)72) ds X()Y () £ (1) 3 XY ().
0
Thanks to (4-6), this implies that

K4 = K41 + Ka2,

where

t
K= 2 [ 1615 Al o, ds
i=1,2,3 70

and

t ———————
Kar = Z /|||§,'|M12(t—s)[|]3’div,ui]r||L1(D1)ds.
i=1,2,370

In a similar way, we deduce

t

Lo EP o — 3
Ka1 S /0 le™ 2 D Al L1 (p,yds < /0 (t—5) "2 (Jlu@All L1 +[u®Al £2)
t
_3
< [0 (t—s) "2 (|lull 2 +llullLoo) || All L2 ds

< / =) (5)2ds XY ()
0

< 7TIX@Y ().
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In the following context, we shall use a new approach to bound K45 and the last
term K5, due to the fact that T does not have the decay property like A.

Remark 5.1. If we follow the procedure yielding the estimate of K3 and K41, we
will face an integral of the following type:

t
_3
/0 (0 =) 3 | Vull 2ol 2 ds.

which yields a weaker decay rate (t)_% than (t)_%, since we only have
_5
IVullL2 < (€)Y (0).

Now, we begin the estimate of C45. The new idea is splitting the integral interval
[0, ] into [0, %) and [% t]. That is

K4z = K41 + Ka2,

where

% — _—.
Ka= ) f 11§1M12(t = )P div, izl 1p,) ds
i=1,2,370

and

t o
Ko= Y [ Nelffae -9 dvaltlyip, ds

i=12,3"2

For K41, using (3-4), (5-1) and Lemma 2.6, we have

% —ﬁ(t—s)/-\
K< [ le 2 O PdvauelLip, ds
0

PPy _ER gy
< A le™ 4 lz2(pyylle™ 4 [Pdiv,ui]tll2(p,) ds

é _3  I=SA .
S/ (t—s)"4|e 4 Z[Pdiv,u;]t||;2ds
0

|~

2
< / (t —s)"2 || [P div, wilcl go_ds.
0 e
and we can also get

t
K41 ,S/ ||[|]3>div,u,-]t||L2 ds.
0
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Thus, by Lemma 4.1 and the commutator estimate, we have

NI~

_3 . .
K41 5/ (t—s) 2(||[[|3’d1v,u,-]r||B? + [P div, u;]tl||;2) ds
0 Ne e}
2 _3
S/O (t —=s)"2(IVullp2nreelltlizznpee + ull 2l AllL2) ds

< ()3 /0 ") R ds YO (el oo g2 + X (1))

<OV Ol ooz + X(0)).

For K42, applying (5-1), we can get

14 |{~‘|2 —

Kir < / (t—s) e & CO[Pdiv,u]tll 2p,) ds
t
2

t
sﬁ (t — )" 3||[P div, ui]z|| > ds.
2
This, together with
t |E|2 o t
K42 S /; ”e_T(t_s)[[p)diV,uj]‘L'”LZ(Dl) ds S/t ||[|]3’div,u,-]r||Lz ds
2 2
leads to

t
K42§/ (t — )73 [P div, ui]t|| > ds
t

2
t

! _3 ~ -3 —
5[ (t—s) 4|||§|”||L1”T“L2d~95[ (t=3)74(s) 2 dsY(O) el Lge L2

2

2
t

SOV Olelre [ (-0 as

(8]

_7
SO YOl
where we have used
(5-3) I[P div, ui]zlz2 < El@llpaliTllz2,

which will be proved in the Appendix, and

/tt(z _s)Tids < /é(s)—i ds < (1)73.

0

2
So we have
_3
Ky () 2Y (@) (I7llLeo 2 + X ().
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In the following, we will use the same strategy to bound K5. We have

Ks = Ks1 + Ks»,

where

|~

2 — ~
Ksy =/ [Mi2(t —s)H |1 (p,) ds
0
and

t
Ks =/t [M12(t —=s)H |11 (p,) ds.
2

By (3-4), (5-1) and (4-1), we get
t
5o kgp,_ P —
Ksi < /O le™ 4 D apylle™ # D0, Vu) | 2(p,y ds
t
2 [ R —
< /0 (=) ™ 4 0@ Vi) 12, ds

r
< / St —5)"HeFD8Q (1, Vi) |12 ds
0

~

< f (=930 V)11 ds.
0

We also have

|2

t t
2 g, —— N [ L —
K515f le= 2 ¢ ”Q(r,w)numl)dss[ le™ 2 D Q(x, Vu)|| 12 ds
0 0

~

2
< /0 10, Vi)l ds:

thus

2 _3
K1 S/O (t=s)2zll2(IVull L2 + [IVullLeo) ds

S/
0

For K55, by (3-4) and (5-1) again, we get

NI~

(t—3)"2(8) 75 4+ ()2 ds Y(O)tll oo S ()72 Y ()1t oo 2

t
_3
Ksa % [ (=9731Q Vu)l2 ds.
2
and, with the estimate

t
Ks» < / 10 Vi)l ds,
2
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we can infer
t

! _3 3
KszS[ (t—s) 4||VM||L°°||T||L201S5/ (t=s)"#||[Elall LTl L2 ds

t

2 2

t _3 _ _ t _3
< / (1—s) "3 ()2 dsY (D)t e 2 () 2Y ()l oo 2 / (1—s)7% ds

2 2

_7
SO HYO Tl Loe 2
Thus we can deduce that
_3
Ks S () 2Y@)|tllLeo L2

Combining this with the estimates above implies

~ _3 _3
G-4) Nu@® Lo,y < () 2llwo. )l L1nL2 + (1) 2 Y (@O (Il Lo g2 + X (7).
Similarly,
(5-5) Z 1Z() L1 (D))

i=2,3 3 3

S (1) 2 Mo, o)LLz + () 2 Y (@) (Il Lo g2 + X(2)).

5B. The estimate of ||fl||L1(D4). Using (3-3), we have
12O 21Dy < 1M1 @@l L1(p )+ Miz() Aol L1 ()

t t
+ /0 | (t—)C 1 gy ds + /0 | (t—)F L1 0y ds

t
+ [ V=) o ds
= K|+ K)++K5.
For K7, using (3-4), we get
VIR _t
Ky e 2ol < e 2luoll g

In the same way,
L L
Ky se 2%l e 2lwollge
For the three nonlinear terms’ estimates, applying (3-4) and Young’s inequality, we

have
t

t
s —= _I=s ~
KQS/ e 2 IIM-WIIleS§/ e 2 |[ullp[lIglulipr ds
0 0

R 7
< / 2 () F dsx ()Y () < (1) 3 XY (0,
0
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' s 3
e 2 (s) 2dsX(O)|tlLoom2

N N
Kasf 2 IIMIILlllfllleS§/
0 0

_3
< OXO Tl oo

t —

U s o — _t=s .
Kéﬁ/o e 2 |||§] lQ(T»Vu)llLl(D4)dS§/() e 2 [Tl i lI&lullpr ds

Pt _
< /0 e 2 ) 2dsY) |l ooz < ()Y Ol oo 2
Collecting the above estimates leads to

(5-6) [lu()llL1(pyy S ¢ 2\ wo. 10) 2+ (1) (X O+Y ) (I lLge 2 +X(0)).

Combining the estimates (5-4), (5-5) and (5-6), we can infer that

57 13021 S 072 (0. 10) 1 g2 +0) 2 XO+YO) (Il 2o g2+ X ().

The estimate of |||€|1(¢)| 1. Thanks to

4
lEROIL S D NERO L1 (D)

i=1

it is sufficient to bound the four terms on the right-hand side.

5C. The estimate of |[|&|@(?)||L1 g3\ p,)- Using (3-3), we get
HEIRO L1 (pyy < NEIM11 il L1+ 1EIMi2()Aoll L1 (D))

t t
+/0 |||$|M11(l—S)G||L1(D1)ds+/0 I1E|M12(t—=$) FllL1(p,)ds

t
+ [0 M=) F Il 1y ds
=L1+Lr+-+Ls.
For L4, by (3-4), (5-1) and (4-1), we have

_lgP, 1, &P,
Ly < Ele 2 aollpp,y St 2lle 4 uollipy)

&> &>

Ly =5t t -2 LA -2
St 2lle” 8 2pylle” 3 TuoliL2pyy St *llesTuollL2 St uollr
which along with

Ly = |lwoll1(p,y < loll2(pyy < lluoll2
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yields
L1 () ?|luolzinze-

Similarly, we can also get

-2
Ly < (t) “llwollLinr2s

and

t
Ly < f (t — )2 (- Vull s + - Vull12) ds
0
! 2
< /0 (t =) 2 (el 2 |Vl 2 + ull gz | Vo oo) ds

IS ft(t —5)72((5) 2+ ()T ds X(OY (1) £ (1) T2X(OY ().
0

Next, we use the same approach as for dealing with the estimates of K4 and K5 to
bound L4 and L5, respectively, using the same reasoning reason (see Remark 5.1
for the details). Indeed, we have

L4 < La1+ Laz,
where t
L41 :/ IEPM12(t —s)u® Alli(p,)ds
0

and /
Loa= [Nl Frae = )P dvalel o, ds.
0

For £41, we have

t
Lar < / (=) 2 ® All 1 + 1 ® All 12) ds
0
t
< /0 (t =) 2(lull 2 + Tullzoo) | Al ds

t
< [ =972+ ()7 ds XY o) £ (02X 0T
0
For L43, like the previous procedure for K45, we have

Lo = La1 + Lyo,

where

~

j o~ o ————
La1 =/ NENE M2z = )[Pdiv, wilellLi(p,) ds,
0

t _—
L =ﬁ €N [Mr2(t = 5)[P div, ui]zlL1(p,) ds-
2
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Using the same method as for the estimate of K41, we infer

L
2
L415/ (l—S)_z(ll[PdiV,ui]fllg? + [P div, ui]z|L2) ds
0 D

|~

2
5/0 {t =) 2(IVull 2ppes Tl L2nree + lull 2]l AllL2) ds

N~

<07 [0 dsYOUrlzene +X0)
< 72Ol o2 + X (0.

Using the same method as for the estimate of K4,, we infer

t

! _s . 5
Lur < / (t =)~ [P div. wilell o ds < / (6 — sy 3@ el ds

2 2

t
_5 _
< / (= 5)"3 ()2 dsY ()l o2
2

t

SOV Ol [ (-0 as

[S]

SOPYOlellpee
Following the process in the estimate of K5, we have
Ls = Ls1+ Lsa,

where

~

2 — —~
Lsi = /0 NEIMra( ) Bl 11y ds

and

t
Ls, = [ [1§1M12(t —s)H | L1(p,) ds.
2

Following the estimate of K5; and K55, we can get

~

Lsi < /O * (=) 210 V) 1 + 1 Q(x. Vi) 2) ds

~

2
< /0 (t =) el (1Vull 2 + [ Vael oo ds

N~

< / (£ = 5)"2((s)"F + ()2 dsY (1) el oo .2
0

SOPYO el Lo,

691
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and

t
Lsr< / (t )"0 (x. Vo) 2 ds

2

t
_5
s[ (t =) 3 el 2 | Vael oo ds
2

t
_5 _
< / (t =) ()2 dsY () el e 2
2
e (O

Thus we deduce

Ls ()Y@ Tl poo 2.
Combining the estimates of L; (i = 1,2, 3,4,5), we have
(5-8) lEI@lL1(py) S ()20, w0)lIL1ar2 + () 2Y Ol oo 2 + X(2)).

Repeating the above procedure, we can also obtain

59 Y lE@OILip,
i=2,3
S0 wo, w)lLinzz + {0 2Y O Uel oo g2 + X(1)).
SD. The estimate of ||[§|@(?)||L1(p,)- Using (3-3), we have

IETE) L1 (py)
< el M1 ()il 1 () + I11EIM12() AollL1 (b

t t
+/0 [1EIM11(2 = $)GllL1(py) ds+/0 [1EM12(t = $)Fll1(p,) ds

t
+ [ Ve =) 21, ds
=L+ L5+---+ Lk
Applying (3-5), we have
L N _t
Ly e 2l[ElollLi(pyy S e 2 lluollys

and

—Loi~ _t
Ly se 2 lEl%ollLipyy S e > lltollaa-



OPTIMAL DECAY ESTIMATE FOR THE OLDROYD-B MODEL 693

For L7, by (3-5) and Young’s inequality, we have

t
1—s —_—
L;s/O 2 6NV |1 ds

t _t=s A2 ~ 2 A
< | e 2 (1§lully, + Nullp [l ullLr) ds
< Ly + L,
For LY, we get

t

t_

LY, 5/ e 2 () dsY ()2 < (1) 2V ()%

0

We cannot directly bound the estimate L%, as we can for L%,. Let us first consider
the estimate of |||£|2%] 1. We have

24 24
Nl = WEFLL <03 L1(E>03)

3 ~ _1 AN
< (s)2MlIEullr + (s) 2 [lIE]3 ull

3 ~ 1
S ()2l + (s) 2 llull gra.

+ ] 1& 172l

So we have

! —s
L < fo e 2 (s) "2 ds X(1) (Y () + u| Loorrs) SO T2X@O Y () +ull Lo gra)-
Thus we have
Ly S (0)2(X@) + Y)Y (@) + ull oo pr4)-

For L/, we have

't — —
Lgs/ ™ Z (P div. el + @A) ds
0

' _t—s . . . _~
S/O e 2 (Il lizlipy + Nl I Al L) ds
S Ly + Ly,
where we have used
o ————
I[P div, ui]zllg < [Elulp Tl

which can be proved by a similar procedure as that which yielded the estimate
of (5-3). For L, we have

N _
Ly < /0 T ()2 ds YOIl prz S 02V Ol o g2
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For L, we can get
) P otms
Ly < L€ 2 JJull |y ds

b N
s/ 2l (1A ) ds

t

+ || A 1
y FIANL g2 04

Li(<(s)%

|
t

_t=s _1 . 25

+/0 e 2 (s) 2 |ullpr [[1E17A

ds

_i=s 3
e 2 (s)*lullL1]lA

A
S~ 3

L2(Jg|<(s) #)
M
1 dS
L1 (&> (s) %)
t

_i=s, 5
< e~ 2 (s) “dsX()Y(t)

s~

C s
+ [T asx Wl

SO 72XOX @) + [l Lo ms)-

Thus we can obtain
Ly S (072X + Y)Y (1) + Izllzoe )

For L, we have
, U t—s ~
Ls< | e 2 Tl €l ds
0

r s 5
< L€ 2 (s) “dsY(O)tllLeo 2
SOPYO el Lo g2
Collecting the estimates of L; (i=1,2,3,4,5), we get
(5-10) [ L1 (D)
_r _
S e 2|(uo. o)l g3 + (1) 2(X(@) + Y(O) (Y (1) + |, Dl oo r5)-
It follows from combining (5-8), (5-9) and (5-10) that

5-11) [|[g[all
<) 2N w0, 1)1 a3 +0) 2XOFY )X O+ 0. 0) | 00 175)-

The estimate of || A(t)|| 2. As for the previous procedure, we have

4
TAO 22 = IAO 22 < D IAD 2Dy

i=1
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SE. The estimate of || A(t) lL2r2\D,)- Using (3-3), we have
IA@ 2Dy < IMa1(Doll L2,y + [ M22(8) AollL2(p))

t t
4 /O | Mot — )Gl 20, ds + /0 | W52t — ) Fll 20, ds

+ /0 N att — ) 2, ds
=Ni+Ny+---+Ns.
For Ny; using (3-4) and (4-1), we have
N1 S led R uoll 2 S 07 o1,

which, together with
| 2
N1 < MIEle™ 2 "doll2(py) < lluoll 2,
yields .
Ny < (1) *lluollLrnze-

Similarly, we also have
s
Na < ()" *llwollLinr2
and

t
N35/ (t =)~ 3 (lu- Vallgr + u- Vull2) ds
0
t
_5
< /0 (=) Hullz (1Vull s + | Vulleo) ds

t
< [e-97 @+ dsxore
0
STIXOY (),
For N4, since
! —ﬁ(t—s) Ddiv .1 t _ﬁ(t_s) U R T
Na< | e 2 & [P div, ui]el|p2ds + | le” 2 |§lu @ |12 ds.
0 0
we can get the estimate by repeating the estimate of J4; in fact, we can infer that

Na < ()7 O(X(WO) + Y(0) + [Tl Lo z2nre))-

Like the estimate of J5, we have

_s
Ns S (1)~ *Y(@)|tllLeo(r2nLoc)-
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Thus we have
. _s _s
(5-12) N AllL2pyy < (0) " #l(o, to)lL1nr2 + () * YOIt Looz2nLo0)-

Similarly, we can also get

- _s _s
5-13) Y IAllz2y S ) @0, w0)llzinz2 + ()3 YOIt rooz2n1.00)-
i=2,3

5F. The estimate of ||./’i(t)||Lz(D4). We have
1A L2(pyy < 1M1 (o]l L2(py) + IM22() Aol 22Dy

t t
+ /0 1M1t — )G 12y ds + /0 |5t — ) F 120y ds

t
+/0 | M22(t —$)H | 12(p,) 45
= N{+ Nj+---+ N..
Using (3-5), we have
_r —~ ~
Ni+ Ny e 2([[Eloll2(pyy + 1§70l L2(p.y))

_t
<e 2|(uo,t0)llgt-

Similarly,
' t—s
N3/§/ e 2 |lu-Vul2ds
0
' _t—s
< / e 2" ull 2| Ve ds
0
' t=s, _n
5/ e 2 {(s)" 4dsX@)Y(r)
0
S TTXOY ),
and

t
t_
N45/ e 2P div(u- V1) 2 ds
0
N
< /0 ™2 (JullLoe I VTl 22 + | Vuli oozl 2) ds

A 3
< /0 e 2" ()73 + {5) D) ds(X(0) + YD) 1t oo s

<O TEXO +YO) el oo g
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For the last term NZ, we have
, b t=s
Ns < A e 2 (IVrllr2Vullpe + [Tl 2| Aullp2) ds
' _t=s
< | e 2 (IVtli2Vullpe + [Tl 2| AullLeo) ds
! _t=s 2 A
< | e 2 (IVrllg2Vullpee + lITliz2 &7 ull L) ds

t
< Ve 2l VLo + % 3
/O Vel Vulze + Iz (PN, o3,

2~
FHEPRN, 3] 45

=
< [ e T {Ivelalulis + el glal,
_5 11
+ ()R gl Tl ds

A

t 5
f e 24 (5)7 ) ds (V@) + o gro) [l oo

o

_5
S 72 Y (@) + ullpsego)lltllpoepr-
Thus we have
~ _L _5
(5-14) [ AD2p,) S e 21 (o, o)l g + (1)~ *(X (@) + Y (1)
+ullpee go)llzllooprr-

Combining (5-12), (5-13) and (5-14) leads to

(5-15) A0 22 < (6)7 3 G- w0l p1ng + ()73 (X @) + Y (1)
FlullLee o) ltliLeomt

6. Proof of Theorem 1.3
In this section, we give the proof of our main result.
Proof of Theorem 1.3. Thanks to Sections 4 and 5, we can get
X(1) < G0 )l L1z + (X0 + YO) (el oo g + X(0)),

which can be obtained by combining (4-5), (5-7), and

Y(t) S l(mo. o) llLings + lullpeogslltliLoo p
+H(X(@O) + Y)Y (1) + |, )| oo gro).



698 RENHUI WAN

which can be deduced by using (4-10), (5-11) and (5-15). Since (u, ) is the solution
obtained by Theorem 1.1, we have

[, D)l Lo e Se.

Using the small conditions of the initial data, we can get that there exists a positive
constant Cp such that

X(t)+Y(@) < Ci{e +e(X(@)+ Y1) + (X (1) + Y (1))}

Then one can get the desired result by using continuous arguments. This completes
the proof of Theorem 1.3. O

Appendix

In this section, we show the proofs of Lemma 4.1 and (5-3) in order by using the
Littlewood—Paley theory and Fourier analysis technique.

Proof of Lemma 4.1. Let f = u;. Using
A;([Pdiv, flr) =[A;jPdiv, flt+ fA; A=A (fA),
we have
[A;([Pdiv, flo)lLr < [[A;Pdiv, flzlpr + 1 fAj A=A (f ALt = F1 + Fa.
F> can be easily bounded as follows:
Fa S 1 f L2l All 2

Then it remains to bound F;. Using Bony’s decomposition, we get
I[A; P div, fle]| 1

= > NAPdiv. Seor flAktlir+ Y AP V(AL fSg—17)]|Ls

lk—jl<4 lk—jl<4
+ Y A S Sk A Al + D I1APdiv(ALf ArT)l|z
k>j-3 k>j-3

=h+h++1

Notice that

> APV, Seoy Skl =Y Y AP Sk— 1 f1AkTi- L

lk—jl<4 lk—jl<4i=1,2,3

and let g = 7;., and return to considering the estimate of ||[A;P 9, Sx—1 f]ArgllL1-
We can see there exists a vector function 4;(x), the components of which are



OPTIMAL DECAY ESTIMATE FOR THE OLDROYD-B MODEL 699
Schwartz functions, such that

aPag =29 [ 1@ (=g dy.
Thus, letting Q; (x) = |x|hi (x), we have

I[A;P i, Sk—1 f1Akg]
=[2% /hi(2j(x—y)){(Sk—1f)(y)—(Sk—1f)(x)}Akg(y)dy|

5241/0 /|h,-(2/(x—y))||x—y||vsk_1f(sx+(1—s)y)IIAkg(y)ldyds
< 2% /O / 105 (27 (x = DIV Skt f(sx + (1= ))||Akg ()] dy ds

1
=29 [ [10i@ DIV S S = = 452 Bk =) dz ds.
0
By Holder’s inequality, we have
I[A;Pd;, Sk—1 f1Akgl L1

1
<2¥ /0 / 10i @ DIIVSk-1 £ =z + 52|20y | Ak T( = D) L2() dz ds

<2% / 1027 )| dz||V f 2l Akglliz S IV zllgle.

Thus we can get
W S IV fllezlizlle

Jp can be easily bounded. Next, we bound 33 and J4. For ]z, by Bernstein’s
inequality, we have

135 Y Ak flzllAjAllz S27 ATl > 27FIVALf L2
k>j-3 k>j-3
SV lzltllze-
For 14, using Bernstein’s inequality again, we have
34527 37 A SN2l Artlizz S270tle D 2751 AV £l
k>j-3 k>j-3

SNV Ll2llz Y. 2% SV lelitlpe.
k>j-3

Collecting the above four estimates leads to the desired results. O
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Proof of (5-3). Let f = u;, and using

[Pdiv, f]t = [P oi, flzi..
i=12,3

we return to the bound ||[P d;, f]gillz2, where g; = 7;.. Notice that if [ﬁﬁl =
®(£, &), satisfying [Ve D (£, ;)| < 1, we have

|PE. &) — @ —n.& —n)l < Inl.
Using the Fourier transform, we have
P9, flai]
D&, &) / S&E—n dn—f F(®E—n.& — )& E—n) dn

< ‘/f(n)lcb(é, E)—®E—n& —n)lgiE—n) dn‘

’

sy/mfwﬁ@—mm

which yields the desired result by using Young’s inequality. O
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