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OPTIMAL DECAY ESTIMATE OF STRONG SOLUTIONS FOR
THE 3D INCOMPRESSIBLE OLDROYD-B MODEL

WITHOUT DAMPING

RENHUI WAN

We obtain the decay estimate of the global solution for the 3D incompressible
Oldroyd-B model with only dissipation. The decay rate is optimal in the sense
that this rate coincides with that of the linear system, which improves upon
work by Zhu (J. Funct. Anal. 274:7 (2018) 2039–2060.)

1. Introduction

In this paper, we consider the Cauchy problem for the three-dimensional (3D)
incompressible Oldroyd-B model given by

(1-1)

8̂̂̂̂
<̂
ˆ̂̂:
@tuCu � ru� ��uCrp D �1 div �; .t; x/ 2 RC �R3

@t� Cu � r� C a� CQ.�;ru/D �2D.u/;

divuD 0;

ujtD0 D u0.x/; � jtD0 D �0.x/;

where uD .u1; u2; u3/ stands for the 3D velocity field, p the pressure and � the
non-Newtonian part of the stress tensor which can be seen as a symmetric matrix
here. The values �, a, �1 and �2 are nonnegative parameters, where we call �1
and �2 the coupling parameters. D.u/ and W.u/ are the deformation tensor and
vorticity tensor, which can be given by

D.u/,
ruC .ru/>

2
; W.u/,

ru� .ru/>

2
;

and

Q.�;ru/D �W.u/�W.u/� �˛.D.u/� C �D.u//; ˛ 2 Œ�1; 1�:

The initial data are .u0; �0/ satisfying divu0 D 0 and .�0/ij D .�0/j i .
We refer to [Bird et al. 1977; Chemin and Masmoudi 2001; Oldroyd 1958] for

the details about the derivation of (1-1). Guillopé and Saut [1990a; 1990b] obtained
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local existence and uniqueness, when the initial data is in Sobolev space, which
was extended to the Lebesgue space in [Fernández Cara et al. 1994]. Lions and
Masmoudi [2000] obtained global existence of the weak solution for the case ˛D 0.
However, to the best of our knowledge, whether the case ˛ ¤ 0 can yield a global
weak solution is an open question. Considering the initial data in critical Besov
space, Chemin and Masmoudi [2001] showed local well-posedness of the solution
and global well-posedness with small initial data, where they required the small
coupling parameter for the global result. We refer to [Chen and Miao 2008; Zi et al.
2014] for the results in generalized space. By using some techniques developed
in the study of compressible Navier–Stokes, Zi et al. [2014] removed the condition
concerning the small coupling parameter. Recently, Fang and Zi [2016] proved
global well-posedness with a new class of large initial data admitting large initial
vertical velocity. By using a decomposition technique, we [Wan 2019] improved
the initial condition in [Fang and Zi 2016] to the more generalized initial condition.
In particular, for the 2D case, [Wan 2019] proved global well-posedness with large
initial velocity, which improved upon the corresponding work in [Fang and Zi 2016].

We point out that all the above works are based on a > 0. If a D 0, it seems
difficult to proved the global well-posedness even under small initial data. By
using a new method, i.e., constructing the time-weighted energies, Zhu [2018] first
proved global well-posedness in 3D under small initial data, which can be showed
as follows:

Theorem 1.1 [Zhu 2018]. Let � D �1 D �2 D 1 and a D 0. Let N � 7 be
a big enough constant. Assume we have the initial data .jDj�1u0; jDj�1�0/ 2
HN .R3/�HN .R3/. There exists a small enough constant � such that if

(1-2) kjDj�1u0kHN CkjDj�1�0kHN < �;

the system (1-1) has a unique global solution .u; �/ satisfying

ku.t/kHN�1 Ck�.t/kHN�1 . � for all t > 0:

Remark 1.2. Zhu [2018] only assumed N D 3; here the assumption of N � 7 in
Theorem 1.1 is used to get the faster decay rate of the solution in the following
context. For instance, we need high regularity of the solution when showing the
decay estimate of kru.t/kL1 ; see Section 5 for the details.

Let us remark that the approach in [Zhu 2018] seems difficult to use for the 2D
case, since ku.t/kL1.R2/ may yield a weakened decay, which is not integrable in
time and may bring the growth of the solutions. Recently, based on a time-space
approach, a new system concerning u� 2P div� and the estimate in Besov space,
[Wan 2017b] proved the global small solution for the 2D case.
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It is known that long-time behavior of the global solution is an interesting and
important issue in the studies of many fluids. Notice that Zhu [2018] obtained
the decay estimate in the 3D case by constructing some time-weighted estimates
such as

(1-3) ku.t/kL2 . .1C t /�
1
2 ; kru.t/kL2 . .1C t /�1:

So a natural question is whether the decay estimate (1-3) is optimal. Motivated by
this, in this paper, we will focus on the long-time behavior of the global solution
for (1-1) with aD 0. Let us first introduce some notation:

X.t/, sup
0���t

˚
h�i

3
4 ku.�/kL2 Ch�i

3
2 kyu.�/kL1

	
;

Y.t/, sup
0���t

˚
h�i

5
4 .kru.�/kL2 CkA.�/kL2/Ch�i

2
kj�jyu.�/kL1

	
;

where AD P div� . Now, we state our main result.

Theorem 1.3. Let .u; �/ be the solution of (1-1) obtained in Theorem 1.1 with the
initial data satisfying (1-2) and k.u0; �0/kL1 < �. Then we have

X.t/CY.t/. �:

In particular, for all t > 0, the following decay estimates hold:

ku.t/kL2 . �hti�
3
4 ; kru.t/kL2 CkA.t/kL2 . �hti�

5
4

and

ku.t/kL1 . �hti�
3
2 ; kru.t/kL1 . �hti�2:

Remark 1.4. One can also get kA.t/kL1 . �hti�2 by following the same idea.
Since this decay estimate does not play an essential role in the estimate of X.t/ and
Y.t/, we omit it.

Remark 1.5. One can easily find the obtained decay rate is faster than (1-3). In
addition, this faster decay rate yields many better time-weighted estimates. For
instance, by using our decay estimate we get thatZ t

0

ht 0iakru.t 0/kL2 dt
0 . � for all a 2

�
0; 1
4

�
;

while the associated result in [Zhu 2018, page 7] can only yieldZ t

0

ht 0iakru.t 0/kL2 dt
0 . � for all a < 0:
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Remark 1.6. By using interpolation inequality, we can obtain the explicit decay
rate in Lp .2�p�1/ space, which is optimal since it is consistent with the linear
part of system (1-1).

The paper is structured as follows. In Section 2, we provide some definitions of
spaces and several lemmas. Section 3 is devoted to giving the integral representation.
Section 4 bounds the estimate of ku.t/kH1 . Section 5 provides the estimate of
kyu.t/kL1 , kj�jyu.t/kL1 and kA.t/kL2 . In the last section, we prove Theorem 1.3.
In the Appendix, we provide the proof of Lemma 4.1 and (5-3).

Let us complete this section by describing the notation we shall use in this paper.

Notation. For two operators A and B , we denote by ŒA; B�D AB �BA the com-
mutator between A and B, hti means 1Cjt j, and A. B means that there exists a
constant C such that A� CB.

2. Preliminaries

In this section, we give some necessary definitions, propositions and lemmas in d
dimensions.

The fractional Laplacian operator jDj˛ D .��/
˛
2 is defined through the Fourier

transform, namely,
2jDj˛f .�/, j�j˛ yf .�/;

where the Fourier transform is given by

yf .�/,
Z

Rd
e�ix��f .x/ dx:

Let CD
˚
� 2 Rd ; 3

4
� j�j � 8

3

	
. Choose a smooth radial function ' supported on

C such that X
j2Z

'.2�j �/D 1; � 2 Rd n f0g:

We denote 'j D '.2�j �/, h D F�1', where F�1 stands for the inverse Fourier
transform. Then the dyadic blocks �j and Sj can be defined as

�jf D '.2
�jD/f D 2jd

Z
Rd
h.2jy/f .x�y/ dy; Sjf D

X
k�j�1

�kf:

We can easily verify that with our choice of '

�j�kf D 0 if jj � kj � 2 and �j .Sk�1f�kf /D 0 if jj � kj � 5:

Let us recall the definition of the Besov space.
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Definition 2.1. Let s 2 R and .p; q/ 2 Œ1;1�2. The homogeneous Besov space
PBsp;q.R

d / is defined by

PBsp;q.R
d /D ff 2S0.Rd /I kf k PBsp;q.Rd / <1g;

where

kf k PBsp;q.Rd /
D

8̂̂̂<̂
ˆ̂:
�X
j2Z

2sqj k�jf k
q

Lp.Rd /

� 1
q

for 1� q <1;

sup
j2Z

2sj k�jf kLp.Rd / for q D1;

and S0.Rd / denotes the dual space of

S.Rd /D ff 2 S.Rd /I @˛ yf .0/D 0; for all ˛ 2 Nd multi-indexg

and can be identified by the quotient space of S 0=P with the polynomial space P .

Thanks to the definition of �j , we have

(2-1) kŒ�j ; f �gkLp . 2�j krf kLp1kgkLp2 ;

where 1
p
D

1
p1
C

1
p2

. Equation (2-1) will be used in the Appendix.
The following proposition provides Bernstein type inequalities. For more details

about Besov space such as some useful embedding relations, see, e.g., [Bahouri
et al. 2011; Stein 1970].

Proposition 2.2. Let 1� p � q �1. Then for any ˇ; 
 2 .N[f0g/d, there exists
a constant C independent of f; j such that:

(1) If f satisfies
supp yf � f� 2 Rd W j�j � K2j g;

then

k@
f kLq.Rd / � C2
j j
 jCjd

�
1
p�

1
q

�
kf kLp.Rd /:

(2) If f satisfies

supp yf � f� 2 Rd W K12j � j�j � K22j g

then
kf kLp.Rd / � C2

�j j
 j sup
jˇ jDj
 j

k@ˇf kLp.Rd /:

For the special case p D q D 2, we have

kf k PH s.Rd /
� kf k PBs2;2.Rd /

:
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The PH s.Rd / and H s.Rd / norm of f can be also defined as follows:

kf k PH s.Rd /
, kjDjsf kL2.Rd /; s 2 R;

kf kH s.Rd / , kf kL2.Rd /CkjDjsf kL2.Rd /; s > 0:

Let us introduce the homogeneous Bony’s decomposition:

uv D TuvCTvuCR.u; v/;

where

Tuv D
X
j2Z

Sj�1u�j v; TvuD
X
j2Z

�juSj�1v; R.u; v/D
X
j2Z

�ju Q�j vI

here Q�j D�j�1C�j C�jC1.

Lemma 2.3. [Kato and Ponce 1988] (i) Let s > 0 and 1� p; r �1, then

(2-2) kfgk PBsp;r .Rd / �C
˚
kf kLp1 .Rd /kgk PBsp2;r .R

d /
CkgkLr1 .Rd /kf k PBsr2;r .R

d /

	
;

where 1� p1; r1 �1 such that 1
p
D

1
p1
C

1
p2
D

1
r1
C

1
r2

.

[Kenig et al. 1991] (ii) Let s > 0, and 1 < p <1, then

(2-3) kŒjDjs; f �gkLp.Rd /
� C

˚
krf kLp1 .Rd /kjDj

s�1gkLp2 .Rd /CkjDj
sf kLp3 .Rd /kgkLp4 .Rd /

	
;

where 1 < p2; p3 <1 such that 1
p
D

1
p1
C

1
p2
D

1
p3
C

1
p4

.

The inequalities below are used frequently in the proof.

Lemma 2.4 [Wan 2017a]. If 0 < s1 � s2, then

Z t

0

ht � �i�s1h�i�s2 d� �

8̂<̂
:
C hti�s1 if s2 > 1;

C hti�s1 ln.1C t / if s2 D 1;

C hti1�s1�s2 if s2 < 1:

Remark 2.5. For the case s1 � s2, since one can get a similar result by using the
change of variable, we omit the details.

Let us introduce a generalized estimate of the solution to the heat equation.

Lemma 2.6. If f 2 L1.Rd /, we have

ket�f kL2.Rd / . t�
d
4 kf k PB01;1.Rd /

:

Proof. Thanks to the interpolation inequality

kgkL2 . kgk
1
2

PB�12;1
kgk

1
2

PB12;1
;
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we have

ket�f kL2 . ket�f k
1
2

PB�12;1
ket�f k

1
2

PB12;1
:

So the aim reduces to the estimate of ket�f k PBa2;1
, a D �1; 1. By Bernstein’s

inequality, for all a � �3
2

, we have

(2-4) ket�f k PBa2;1
. sup
j2Z

2aj k�j e
t�f kL2 . sup

j2Z

2aj e�2
2j�1t
k�jf kL2

� sup
j2Z

2

�
aCd2

�
j
e�2

2j�1t
k�jf kL1 . t

�

�
a
2C

d
4

�
kf k PB01;1

:

Setting aD�1 and aD 1 in (2-4), respectively, we can conclude the proof. �

3. Spectral analysis

In this section, we give the integral representation of the solution to (1-1). In fact,
we repeat the procedure in Section 3 of [Wan 2017b]. We use vi to stand for the
i -th component of the vector v in the following context. Denote

A, P div�:

Let us investigate the spectrum properties of the following system:

(3-1)

8̂̂̂̂
<̂
ˆ̂̂:
@tui ��ui DAi CGi ;
@tAi D 1

2
�ui CFi CHi ;

G D�P .u � ru/; F D�P div.u � r�/;

H D�P div.Q.�;ru//; i D 1; 2; 3;

where P is the Leray operator. Denote

A,

 
�j�j2 1

�
j�j2

2
0

!
;

then the eigenvalues of the matrix A can be given as

�˙ D

(
1
2
.�j�j2˙ i j�j

p
2� j�j2/ when j�j<

p
2;

1
2
.�j�j2˙j�j

p
j�j2� 2/ when j�j �

p
2;

where i D
p
�1. After Fourier transform, (3-1) reduces to

(3-2) @t

 buicAi
!
.�/D A

 buicAi
!
.�/C

 cGibFi CcHi
!
.�/;
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By using the standard method of diagonalization via the eigenvalues and eigenvec-
tors, we can get from (3-2) that

(3-3)

u.t; x/DM11.@; t/u0.x/CM12.@; t/A0.x/

C

Z t

0

M11.@; t � s/G dsC

Z t

0

M12.@; t � s/.F CH/ds

A.t; x/DM21.@; t/u0.x/CM22.@; t/A0.x/

C

Z t

0

M21.@; t � s/G dsC

Z t

0

M22.@; t � s/.F CH/ds;

where
1Mijf .�; t/,bMij .�; t/ yf .�/; .i; j / 2 f1; 2g2;

and  bM11.�; t/ bM12.�; t/

bM21.�; t/ bM22.�; t/

!
,

0@�Ce�Ct���e��t�C���

e�Ct�e��t

�C���

j�j2

2
e�Ct�e��t

����C

��e
�Ct��Ce

��t

����C

1A:
To bound Mij .@; t/, we split the whole space R3 into the following four regions:

D1 , f� 2 R3 W j�j< 1g;

D2 , f� 2 R3 W 1� j�j<
p
2g;

D3 , f� 2 R3 W
p
2� j�j< 2g;

D4 , f� 2 R3 W j�j � 2g:

Let us keep the fact that j�j � 1 when � 2D2[D3 in mind. Next, a proposition
devoted to the estimates of bMij .�; t/ is given as follows.

Proposition 3.1 [Wan 2017b]. For all .i; j / 2 f1; 2g2, bMij .�; t/ satisfies the fol-
lowing estimates:

(1) When � 2D1,

(3-4)
jbM11.�; t/j. e�

j�j2

2
t ; jbM12.�; t/j. j�j�1e�

j�j2

2
t ;

jbM21.�; t/j. j�je�
j�j2

2
t ; jbM22.�; t/j. e�

j�j2

2
t :

(2) When � 2D2,

jbM11.�; t/j. e�
j�j2

4
t ; jbM12.�; t/j. j�j�1e�

j�j2

4
t ;

jbM21.�; t/j. j�je�
j�j2

4
t ; jbM22.�; t/j. e�

j�j2

4
t :
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(3) When � 2D3,

jbM11.�; t/j. e�
j�j2

16
t ; jbM12.�; t/j. j�j�1e�

j�j2

16
t ;

jbM21.�; t/j. j�je�
j�j2

16
t ; jbM22.�; t/j. e�

j�j2

16
t :

(4) When � 2D4,

(3-5)
jbM11.�; t/j. e�

t
2 ; jbM12.�; t/j. j�j�2e�

t
2 ;

jbM21.�; t/j. e�
t
2 ; jbM22.�; t/j. e�

t
2 :

4. The estimate of ku.t/kH 1

We will give the estimate of ku.t/kL2 and kru.t/kL2 in order.

The estimate of ku.t/kL2 . Thanks to k yf kL2 D kf kL2 , we have

ku.t/kL2 D kyu.t/kL2 D

4X
iD1

kyu.t/kL2.Di /;

which is sufficient for us to estimate the four terms on the right-hand side.

4A. The estimate of k Ou.t/kL2.R3nD4/. Using (3-3), we can get

kyu.t/kL2.D1/ � k
bM11.t/bu0kL2.D1/CkbM12.t/cA0kL2.D1/
C

Z t

0

kbM11.t � s/bGkL2.D1/ dsCZ t

0

kbM12.t � s/bF kL2.D1/ ds
C

Z t

0

kbM12.t � s/bHkL2.D1/ ds , I1C I2C � � �C I5:
For I1, using (3-4) and the estimate of the solution for the heat equation given by

(4-1) ket�f kL2 . t�
3
4 kf kL1 ;

we get

I1 . ke�
j�j2

2 t bu0kL2.D1/ . ke�j�j22 t bu0kL2 D ke 12�tu0kL2 . t� 34 ku0kL1 :
Together with I1 . ku0kL2 , this yields

I1 . hti�
3
4 ku0kL1\L2 :

A similar method leads to

I2 . hti�
3
4 k�0kL1\L2 :
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Before we proceed, note that

kbM11.t � s/bGkL2.D1/ � kbM11.t � s/2u � ru kL2.D1/:
For I3, using (3-4) and (4-1), we have

I3 .
Z t

0

.t � s/�
3
4 ku � rukL1 ds;

which, with the estimate I3 .
R t
0 ku � rukL2 ds, implies

I3 .
Z t

0

ht � si�
3
4 .ku � rukL1 Cku � rukL2/ ds

.
Z t

0

ht � si�
3
4 kukL2krukL2\L1 ds

.
Z t

0

ht � si�
3
4 .hsi�

11
4 Chsi�2/ ds X.t/Y.t/

. hti�
3
4X.t/Y.t/:

For I4, using
P div.u � r�/D

X
iD1;2;3

@iP div.ui�/

and (3-4), we get

I4 .
Z t

0

ke�
j�j2

2 .t�s/
j�jj1u˝ � jkL2.D1/ ds:

Using the spherical coordinate system

�1 D r sin' cos �; �2 D r sin' sin �; �3 D r cos';

we can obtain

ke�
j�j2

2 t
j�j yf kL2.D1/ D

�Z
j�j�1

e�j�j
2t
j�j2j yf j2 d�

� 1
2

D

�Z 2�

0

d�

Z �

0

d'

Z 1

0

e�r
2tr4 sin'j yf .r; �; '/j dr

� 1
2

.
�Z 1

0

e�r
2tr4dr

� 1
2

k yf kL1

. t�
5
4 kf kL1

�Z pt
0

e�r
2

r4 dr

� 1
2

. t�
5
4 kf kL1 :
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This yields

I4 .
Z t

0

.t � s/�
5
4 ku˝ �kL1 ds .

Z t

0

.t � s/�
5
4 kukL2k�kL2 ds:

Direct computations lead to

I4 .
Z t

0

k1u˝ �kL2.D1/ ds .
Z t

0

ku˝ �kL2 ds:

So

I4 .
Z t

0

ht � si�
5
4 kukL2\L1k�kL2 ds

.
Z t

0

ht � si�
5
4 .hsi�

3
4 Chsi�

3
2 / ds.X.t/CY.t//k�kL1t .L2/

. hti�
3
4 .X.t/CY.t//k�kL1t .L2/:

For I5, using (3-4) and (4-1), we have

I5 .
Z t

0

ke�
j�j2

2
.t�s/ 3Q.�;ru/kL2.D1/ ds .

Z t

0

ke�
j�j2

2
.t�s/ 3Q.�;ru/kL2 ds

.
Z t

0

ke
1
2
�.t�s/Q.�;ru/kL2 ds .

Z t

0

.t � s/�
3
4 kQ.�;ru/kL1 ds

.
Z t

0

.t � s/�
3
4 k�kL2krukL2 ds:

We also have

I5 .
Z t

0

kQ.�;ru/kL2 ds .
Z t

0

k�kL2krukL1 ds;

so

I5 .
Z t

0

ht � si�
3
4 k�kL2krukL2\L1 ds

.
Z t

0

ht � si�
3
4 .hsi�

5
4 Chsi�2/ ds.X.t/CY.t//k�kL1t .L2/

. hti�
3
4 .X.t/CY.t//k�kL1t .L2/:

Collecting the above estimates of Ii yields

(4-2) kyukL2.D1/ . hti
� 3
4 k.u0; �0/kL1\L2 Chti

� 3
4X.t/Y.t/

Chti�
3
4 .X.t/CY.t//k�kL1t .L2/:
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Since the estimates of bMij in D2 [D3 are similar to that in D1, repeating the
above procedure yields

(4-3)
X
iD2;3

kyukL2.Di / . hti
� 3
4 k.u0; �0/kL1\L2 Chti

� 3
4X.t/Y.t/

Chti�
3
4 .X.t/CY.t//k�kL1t .L2/:

4B. The estimate of k Ou.t/kL2.D4/. For the estimate in D4, we will use (3-5) in
the following context.

kyu.t/kL2.D4/ � k
bM11.t/bu0kL2.D4/CkbM12.t/cA0kL2.D4/
C

Z t

0

kbM11.t � s/bGkL2.D4/ dsC Z t

0

kbM12.t � s/bF kL2.D4/ ds
C

Z t

0

kbM12.t � s/bHkL2.D4/ ds
D I 01C I

0
2C � � �C I

0
5:

We have
I 01C I

0
2 . e

� t
2 k.u0; �0/kL2 :

For I 03, we have

I 03 .
Z t

0

e�
t�s
2 ku � rukL2 ds .

Z t

0

e�
t�s
2 kukL2krukL1 ds

.
Z t

0

e�
t�s
2 hsi�

11
4 ds X.t/Y.t/

. hti�
11
4 X.t/Y.t/:

For I 04, we have

I 04 .
Z t

0

e�
t�s
2 ku˝ �kL2 ds .

Z t

0

e�
t�s
2 kukL1k�kL2 ds

.
Z t

0

e�
t�s
2 hsi�

3
2 ds X.t/k�kL1t L2

. hti�
3
2X.t/k�kL1t L2 :

For I 05, we get

I 05 .
Z t

0

e�
t�s
2 kQ.�;ru/kL2 ds .

Z t

0

e�
t�s
2 krukL1k�kL2 ds

.
Z t

0

e�
t�s
2 hsi�2 ds Y.t/k�kL1t L2

. hti�2Y.t/k�kL1t L2 :
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Thus we can infer

(4-4) kyu.t/kL2.D4/

. e�
t
2 k.u0; �0/kL2 Chti

� 3
2

�
X.t/Y.t/C .X.t/CY.t//k�kL1t L2

�
:

Combining (4-2), (4-3) and (4-4) implies that

(4-5) ku.t/kL2 . hti�
3
4 k.u0; �0/kL1\L2 Chti

� 3
4X.t/Y.t/

Chti�
3
4 .X.t/CY.t//k�kL1t .L2/:

The estimate of kru.t/kL2 . Before we begin this estimate, let us introduce a lemma
dealing with a commutator estimate, which plays an important role in the following
proof.

Lemma 4.1. Let i D 1; 2; 3, then

kŒP div; ui ��k PB01;1
. .kruikL2k�kL2 CkuikL2kAkL2/:

The proof of this lemma will be postponed until the Appendix. As in the previous
procedure, we have

kru.t/kL2 D k
bru.t/kL2 .

4X
iD1

kj�jyukL2.Di /:

4C. The estimate of kj�j Ou.t/kL2.R3nD4/. Using (3-3), we have

kj�jyu.t/kL2.D1/�k
bM11.t/bu0kL2.D1/CkbM12.t/cA0kL2.D1/
C

Z t

0

kbM11.t�s/bGkL2.D1/dsCZ t

0

kbM12.t�s/bF kL2.D1/ds
C

Z t

0

kbM12.t�s/bHkL2.D1/ds
DJ1CJ2C���CJ5:

Applying (3-4) and (4-1), we get

J1.kj�je�
j�j2

2 t bu0kL2.D1/. t� 12 ke�j�j24 t bu0kL2. t� 12 ke 14 t�u0kL2. t� 54 ku0kL1 :
With another estimate

J1 . kj�je�
j�j2

2 t bu0kL2.D1/ . kbu0kL2 . ku0kL2 ;
we infer

J1 . hti�
5
4 ku0kL1\L2 :
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A similar process leads to

J2 . hti�
5
4 k�0kL1\L2 :

Getting the estimate of J1 in the same way, we can infer that

J3 .
Z t

0

ht � si�
5
4 .ku � rukL1 Cku � rukL2/ ds

.
Z t

0

ht � si�
5
4 kukL2.krukL2 CkrukL1/ ds

.
Z t

0

ht � si�
5
4 .hsi�2Chsi�

11
4 / dsX.t/Y.t/. hti�

5
4X.t/Y.t/

and

J5 .
Z t

0

ht � si�
5
4 .kQ.�;ru/kL1 CkQ.�;ru/kL2/ ds

.
Z t

0

ht � si�
5
4 krukL2.k�kL2 Ck�kL1/ ds

.
Z t

0

ht � si�
5
4 hsi�

5
4 dsY.t/k�kL1t .L2\L1/ . hti

� 5
4Y.t/k�kL1t .L2\L1/:

We shall use a different approach to get the estimates of J4. Otherwise, a bad term
kŒP div; ui ��kL1 will appear when we use the standard estimate of the solution for
the heat equation (4-1). It is known that this bad term cannot be bounded by a
standard commutator estimate. Our idea uses Lemmas 2.6 and 4.1. Now, we begin
the estimate of J4. Thanks to (3-4) again, and using

(4-6) P div.u � r�/D
X

iD1;2;3

@iP div.ui�/D
X

iD1;2;3

.@i ŒP div; ui �� C @i .uiA//;

we have

J4 .
Z t

0

ke�
j�j2

2 .t�s/6P div.u � r�/ kL2.D1/ ds

.
Z t

0

ke�
j�j2

2 .t�s/
j�j2u˝A kL2.D1/ ds

C

X
iD1;2;3

Z t

0

ke�
j�j2

2 .t�s/
j�i j5ŒP div; ui �� kL2.D1/ ds„ ƒ‚ …
‡1

:

By the previous approach, we can getZ t

0

ke�
j�j2

2 .t�s/
j�j1u˝AkL2.D1/ ds .

Z t

0

.t � s/�
5
4 ku˝AkL1 ds;
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and we also haveZ t

0

ke�
j�j2

2 .t�s/
j�j2u˝A kL2.D1/ ds .

Z t

0

ku˝AkL2 ds:

So we can getZ t

0

ke�
j�j2

2 .t�s/
j�j2u˝A kL2.D1/ ds

.
Z t

0

ht � si�
5
4 .ku˝AkL1 Cku˝AkL2/ ds

.
Z t

0

ht � si�
5
4 kAkL2.kukL2 CkukL1/ ds

.
Z t

0

ht � si�
5
4 .hsi�2Chsi�

11
4 / dsY.t/.X.t/CY.t//

. hti�
5
4Y.t/.X.t/CY.t//:

As for ‡1, by Lemmas 2.6 and 4.1, we have

‡1 .
Z t

0

.t � s/�
1
2 ke�

j�j2

4 .t�s/5ŒP div; ui �� kL2.D1/ ds

.
Z t

0

.t � s/�
1
2 ke�

1
4
.t�s/�ŒP div; ui ��kL2 ds

.
Z t

0

.t � s/�
5
4 kŒP div; ui ��k PB01;1

ds

.
Z t

0

.t � s/�
5
4 .krukL2k�kL2 CkukL2kAkL2/ ds:

By using (2-3), we can also bound ‡1 as follows:

‡1 .
Z t

0

kŒP div; ui ��kL2 ds .
Z t

0

.krukL1k�kL2 Ck�kL1krukL2/ ds:

Finally, we infer

‡1 .
Z t

0

ht � si�
5
4 .krukL2k�kL2 CkukL2kAkL2

CkrukL1k�kL2 Ck�kL1krukL2/ ds

.
Z t

0

ht � si�
5
4 hsi�

5
4 ds Y.t/.X.t/Ck�kL1t .L2\L1//

. hti�
5
4Y.t/.X.t/Ck�kL1t .L2\L1//:

Thus
J4 . hti�

5
4Y.t/.X.t/CY.t/Ck�kL1t .L2\L1//:
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Collecting the five estimates above, we get

(4-7) kj�jyu.t/kL2.D1/ . hti
� 5
4 k.u0; �0/kL1\L2 Chti

� 5
4Y.t/

� fX.t/CY.t/Ck�kL1t .L2\L1/g:

Similarly,

(4-8)
X
iD2;3

kj�jyu.t/kL2.Di / . hti
� 5
4 k.u0; �0/kL1\L2 Chti

� 5
4Y.t/

� fX.t/CY.t/Ck�kL1t .H2/g:

4D. The estimate of kj�j Ou.t/kL2.D4/. As in the previous statement, we use (3-5)
for the estimate in D4:

kj�jyu.t/kL2.D4/�kj�j
bM11.t/bu0kL2.D4/Ckj�jbM12.t/cA0kL2.D4/

C

Z t

0

kj�jbM11.t�s/bGkL2.D4/dsCZ t

0

kj�jbM12.t�s/bF kL2.D4/ds
C

Z t

0

kj�jbM12.t�s/bHkL2.D4/ds
DJ 01CJ

0
2C���CJ

0
5:

For J 01 and J 02, we have

J 01CJ
0
2 . e

� t
2 .kru0kL2 Ckr�0kL2/:

For J 03, using product estimate (2-2), we get

J 03 .
Z t

0

e�
t�s
2 kr.u � ru/kL2 ds .

Z t

0

e�
t�s
2 ku˝uk PH2 ds

.
Z t

0

e�
t�s
2 kukL1kuk PH2 ds .

Z t

0

e�
t�s
2 hsi�

3
2 ds X.t/kuk

L1t
PH2

. hti�
3
2X.t/kuk

L1t
PH2 :

For J 04, we have

J 04 .
Z t

0

e�
t�s
2 kj�j�26P div.u � r�/kL2.D4/ ds

.
Z t

0

e�
t�s
2 kj�j�26P div.u � r�/kL2 ds .

Z t

0

e�
t�s
2 ku˝ �kL2 ds

.
Z t

0

e�
t�s
2 kukL1k�kL2 ds .

Z t

0

e�
t�s
2 hsi�

3
2 dsX.t/k�kL1t L2

. hti�
3
2X.t/k�kL1t L2 :
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The last term J 05 can be bounded as follows:

J 05 .
Z t

0

e�
t�s
2 kj�j�27P divQ.�;ru/kL2.D4/ ds .

Z t

0

e�
t�s
2 kQ.�;ru/kL2 ds

.
Z t

0

e�
t�s
2 k�kL2krukL1 ds .

Z t

0

e�
t�s
2 hsi�2 dsY.t/k�kL1t L2

. hti�2Y.t/k�kL1t L2 :

Combining the five estimates above can yield

(4-9) kj�jyu.t/kL2.D4/ . e
� t2 k.u0; �0/kH1

Chti�
3
2X.t/k.u; �/kL1t H2 Chti�2Y.t/k�kL1t L2 :

Thanks to (4-7), (4-8) and (4-9), we can get

(4-10) kj�jyu.t/kL2 . hti�
5
4 k.u0; �0/kL1\H2 Chti�

5
4 .X.t/CY.t//

� fX.t/CY.t/Ck.u; �/kL1t H2g:

5. The estimate of k Ou.t/kL1 , kj�j Ou.t/kL1 and kA.t/kL2

We will bound kyukL1 and kj�jyukL1 in order.

The estimate of kyu.t/kL1 . As for the previous process, we have

kyu.t/kL1 �

4X
iD1

kyu.t/kL1.Di /:

5A. The estimate of k OukL1.R3nD4/. Thanks to (3-3), we have

kyu.t/kL1.D1/ � k
bM11.t/bu0kL1.D1/CkbM12.t/cA0kL1.D1/
C

Z t

0

kbM11.t � s/bGkL1.D1/ dsC Z t

0

kbM12.t � s/bF kL1.D1/ ds
C

Z t

0

kbM12.t � s/bHkL1.D1/ ds
DK1CK2C � � �CK5:

We will frequently use the estimate

(5-1) ke�bj�j
2t
kL2.D1/ D

�Z
j�j�1

e�2bj�j
2t d�

� 1
2

D t�
3
4

�Z
j�j�
p
t

e�2bv
2

dv

� 1
2

. t�
3
4 for all b > 0:
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For K1, using (3-4), (5-1) and (4-1), we have

K1 . ke�
j�j2

2 t bu0kL1.D1/ . ke�j�j24 t
kL2.D1/ke

�
j�j2

4 t bu0kL2.D1/
. t�

3
4 ke

t
4
�u0kL2 . t�

3
2 ku0kL1 ;

and we also have
K1 . kbu0kL1.D1/ . ku0kL2 ;

so
K1 . hti�

3
2 ku0kL1\L2 :

Similarly,
K2 . hti�

3
2 k�0kL1\L2 :

For K3, using (3-4), (5-1) and (4-1) again, we can obtain

(5-2) K3 .
Z t

0

ht � si�
3
2 .ku � rukL1 Cku � rukL2/ ds

.
Z t

0

ht � si�
3
2 kukL2.krukL2 CkrukL1/ ds

.
Z t

0

ht � si�
3
2 .hsi�

11
4 Chsi�2/ ds X.t/Y.t/. hti�

3
2X.t/Y.t/:

Thanks to (4-6), this implies that

K4 � K41CK42;

where

K41 D
X

iD1;2;3

Z t

0

kj�i jbM12.t � s/buiAkL1.D1/ ds

and

K42 D
X

iD1;2;3

Z t

0

kj�i jbM12.t � s/5ŒP div; ui �� kL1.D1/ ds:

In a similar way, we deduce

K41.
Z t

0

ke�
j�j2

2 .t�s/buiAkL1.D1/ds.
Z t

0

ht�si�
3
2 .ku˝AkL1Cku˝AkL2/

.
Z t

0

ht�si�
3
2 .kukL2CkukL1/kAkL2 ds

.
Z t

0

ht�si�
3
2 hsi�2dsX.t/Y.t/

. hti�
3
2X.t/Y.t/:
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In the following context, we shall use a new approach to bound K42 and the last
term K5, due to the fact that � does not have the decay property like A.

Remark 5.1. If we follow the procedure yielding the estimate of K3 and K41, we
will face an integral of the following type:Z t

0

ht � si�
3
2 krukL2k�kL2 ds;

which yields a weaker decay rate hti�
5
4 than hti�

3
2, since we only have

krukL2 . hti�
5
4Y.t/:

Now, we begin the estimate of K42. The new idea is splitting the integral interval
Œ0; t � into Œ0; t

2
/ and Œ t

2
; t �. That is

K42 DK41CK42;

where

K41 D
X

iD1;2;3

Z t
2

0

kj�jbM12.t � s/5ŒP div; ui ��kL1.D1/ ds

and

K42 D
X

iD1;2;3

Z t

t
2

kj�jbM12.t � s/5ŒP div; ui ��kL1.D1/ ds:

For K41, using (3-4), (5-1) and Lemma 2.6, we have

K41 .
Z t

2

0

ke�
j�j2

2 .t�s/5ŒP div; ui ��kL1.D1/ ds

.
Z t

2

0

ke�
j�j2

4 .t�s/
kL2.D1/ke

�
j�j2

4 .t�s/5ŒP div; ui ��kL2.D1/ ds

.
Z t

2

0

.t � s/�
3
4 ke

t�s
4 �ŒP div; ui ��kL2 ds

.
Z t

2

0

.t � s/�
3
2 kŒP div; ui ��k PB01;1

ds;

and we can also get

K41 .
Z t

0

kŒP div; ui ��kL2 ds:
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Thus, by Lemma 4.1 and the commutator estimate, we have

K41 .
Z t

2

0

ht � si�
3
2 .kŒP div; ui ��k PB01;1

CkŒP div; ui ��kL2/ ds

.
Z t

2

0

ht � si�
3
2 .krukL2\L1k�kL2\L1 CkukL2kAkL2/ ds

. hti�
3
2

Z t
2

0

hsi�
5
4 ds Y.t/.k�kL1t H2 CX.t//

. hti�
3
2Y.t/.k�kL1t H2 CX.t//:

For K42, applying (5-1), we can get

K42 .
Z t

t
2

.t � s/�
3
4 ke�

j�j2

4 .t�s/5ŒP div; ui ��kL2.D1/ ds

.
Z t

t
2

.t � s/�
3
4 kŒP div; ui ��kL2 ds:

This, together with

K42 .
Z t

t
2

ke�
j�j2

2 .t�s/5ŒP div; ui ��kL2.D1/ ds .
Z t

t
2

kŒP div; ui ��kL2 ds

leads to

K42 .
Z t

t
2

ht � si�
3
4 kŒP div; ui ��kL2 ds

.
Z t

t
2

ht � si�
3
4 kj�jbukL1k�kL2 ds . Z t

t
2

ht � si�
3
4 hsi�2 dsY.t/k�kL1t L2

. hti�2Y.t/k�kL1t L2
Z t

t
2

ht � si�
3
4 ds

. hti�
7
4Y.t/k�kL1t L2 ;

where we have used

(5-3) kŒP div; ui ��kL2 . kj�jyukL1k�kL2 ;

which will be proved in the Appendix, andZ t

t
2

ht � si�
3
4 ds .

Z t
2

0

hsi�
3
4 ds . hti�

1
4 :

So we have
K4 . hti�

3
2Y.t/.k�kL1t H2 CX.t//:
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In the following, we will use the same strategy to bound K5. We have

K5 DK51CK52;

where

K51 D

Z t
2

0

kbM12.t � s/bHkL1.D1/ ds
and

K52 D

Z t

t
2

kbM12.t � s/bHkL1.D1/ ds:
By (3-4), (5-1) and (4-1), we get

K51 .
Z t

2

0

ke�
j�j2

4 .t�s/
kL2.D1/ke

�
j�j2

4 .t�s/ 3Q.�;ru/kL2.D1/ ds

.
Z t

2

0

.t � s/�
3
4 ke�

j�j2

4 .t�s/ 3Q.�;ru/kL2.D1/ ds

.
Z t

2

0

.t � s/�
3
4 ke

1
4
.t�s/�Q.�;ru/kL2 ds

.
Z t

2

0

.t � s/�
3
2 kQ.�;ru/kL1 ds:

We also have

K51 .
Z t

2

0

ke�
j�j2

2 .t�s/ 3Q.�;ru/kL1.D1/ ds .
Z t

2

0

ke�
j�j2

2 .t�s/ 3Q.�;ru/kL2 ds

.
Z t

2

0

kQ.�;ru/kL2 dsI

thus

K51 .
Z t

2

0

ht � si�
3
2 k�kL2.krukL2 CkrukL1/ ds

.
Z t

2

0

ht � si�
3
2 .hsi�

5
4 Chsi�2/ ds Y.t/k�kL1t L2 . hti

� 3
2Y.t/k�kL1t L2 :

For K52, by (3-4) and (5-1) again, we get

K52 .
Z t

t
2

.t � s/�
3
4 kQ.�;ru/kL2 ds;

and, with the estimate

K52 .
Z t

t
2

kQ.�;ru/kL2 ds;
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we can infer

K52.
Z t

t
2

ht�si�
3
4 krukL1k�kL2 ds.

Z t

t
2

ht�si�
3
4 kj�j OukL1k�kL2 ds

.
Z t

t
2

ht�si�
3
4 hsi�2dsY.t/k�kL1t L2 . hti

�2Y.t/k�kL1t L2

Z t

t
2

ht�si�
3
4 ds

. hti�
7
4Y.t/k�kL1t L2 :

Thus we can deduce that

K5 . hti�
3
2Y.t/k�kL1t L2 :

Combining this with the estimates above implies

(5-4) kyu.t/kL1.D1/ . hti
� 3
2 k.u0; �0/kL1\L2 Chti

� 3
2Y.t/.k�kL1t H2 CX.t//:

Similarly,

(5-5)
X
iD2;3

kyu.t/kL1.Di /

. hti�
3
2 k.u0; �0/kL1\L2 Chti

� 3
2Y.t/.k�kL1t H2 CX.t//:

5B. The estimate of k OukL1.D4/. Using (3-3), we have

kyu.t/kL1.D4/�k
bM11.t/bu0kL1.D4/CkbM12.t/cA0kL1.D4/
C

Z t

0

kbM11.t�s/bGkL1.D4/dsCZ t

0

kbM12.t�s/bF kL1.D4/ds
C

Z t

0

kbM12.t�s/bHkL1.D4/ds
DK 01CK

0
2C���CK

0
5:

For K 01, using (3-4), we get

K 01 . e
� t
2 kbu0kL1 . e� t2 ku0kH2 :

In the same way,
K 02 . e

� t
2 kb�0kL1 . e� t2 k�0kH2 :

For the three nonlinear terms’ estimates, applying (3-4) and Young’s inequality, we
have

K 03 .
Z t

0

e�
t�s
2 k1u � rukL1 ds .

Z t

0

e�
t�s
2 kyukL1kj�jyukL1 ds

.
Z t

0

e�
t�s
2 hsi�

7
2 dsX.t/Y.t/. hti�

7
2X.t/Y.t/;
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K 04 .
Z t

0

e�
t�s
2 kyukL1ky�kL1 ds .

Z t

0

e�
t�s
2 hsi�

3
2 dsX.t/k�kL1t H2

. hti�
3
2X.t/k�kL1t H2

K 05 .
Z t

0

e�
t�s
2 kj�j�1 3Q.�;ru/kL1.D4/ ds .

Z t

0

e�
t�s
2 ky�kL1kj�jyukL1 ds

.
Z t

0

e�
t�s
2 hsi�2 dsY.t/k�kL1t H2 . hti�2Y.t/k�kL1t H2 :

Collecting the above estimates leads to

(5-6) kyu.t/kL1.D4/.e
� t2 k.u0; �0/kH2Chti�

3
2 .X.t/CY.t//.k�kL1t H2CX.t//:

Combining the estimates (5-4), (5-5) and (5-6), we can infer that

(5-7) kyu.t/kL1.hti�
3
2 k.u0; �0/kL1\H2Chti�

3
2 .X.t/CY.t//.k�kL1t H2CX.t//:

The estimate of kj�jyu.t/kL1 . Thanks to

kj�jyu.t/kL1 .
4X
iD1

kj�jyu.t/kL1.Di /;

it is sufficient to bound the four terms on the right-hand side.

5C. The estimate of kj�j Ou.t/kL1.R3nD4/. Using (3-3), we get

kj�jyu.t/kL1.D1/�kj�j
bM11.t/bu0kL1.D1/Ckj�jbM12.t/cA0kL1.D1/

C

Z t

0

kj�jbM11.t�s/bGkL1.D1/dsCZ t

0

kj�jbM12.t�s/bF kL1.D1/ds
C

Z t

0

kj�jbM12.t�s/bHkL1.D1/ds
DL1CL2C���CL5:

For L1, by (3-4), (5-1) and (4-1), we have

L1 . kj�je�
j�j2

2 t bu0kL1.D1/ . t� 12 ke�j�j24 t bu0kL1.D1/
. t�

1
2 ke�

j�j2

8 t
kL2.D1/ke

�
j�j2

8 t bu0kL2.D1/ . t� 54 ke t8�u0kL2 . t�2ku0kL1 ;
which along with

L1 � kbu0kL1.D1/ . kbu0kL2.D1/ . ku0kL2
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yields
L1 . hti�2ku0kL1\L2 :

Similarly, we can also get

L2 . hti�2k�0kL1\L2 ;
and

L3 .
Z t

0

ht � si�2.ku � rukL1 Cku � rukL2/ ds

.
Z t

0

ht � si�2.kukL2krukL2 CkukL2krukL1/ ds

.
Z t

0

ht � si�2.hsi�2Chsi�
11
4 / ds X.t/Y.t/. hti�2X.t/Y.t/:

Next, we use the same approach as for dealing with the estimates of K4 and K5 to
bound L4 and L5, respectively, using the same reasoning reason (see Remark 5.1
for the details). Indeed, we have

L4 � L41CL42;
where

L41 D
Z t

0

kj�j2bM12.t � s/2u˝A kL1.D1/ ds

and

L42 D
Z t

0

kj�jj�i jbM12.t � s/5ŒP div; ui ��kL1.D1/ ds:

For L41, we have

L41 .
Z t

0

ht � si�2.ku˝AkL1 Cku˝AkL2/ ds

.
Z t

0

ht � si�2.kukL2 CkukL1/kAkL2 ds

.
Z t

0

ht � si�2.hsi�2Chsi�
11
4 / ds X.t/Y.t/. hti�2X.t/Y.t/:

For L42, like the previous procedure for K42, we have

L42 D L41CL42;

where

L41 D

Z t
2

0

kj�jj�i jbM12.t � s/5ŒP div; ui ��kL1.D1/ ds;

L42 D

Z t

t
2

kj�jj�i jbM12.t � s/5ŒP div; ui ��kL1.D1/ ds:
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Using the same method as for the estimate of K41, we infer

L41 .
Z t

2

0

ht � si�2.kŒP div; ui ��k PB01;1
CkŒP div; ui ��kL2/ ds

.
Z t

2

0

ht � si�2.krukL2\L1k�kL2\L1 CkukL2kAkL2/ ds

. hti�2
Z t

2

0

hsi�
5
4 dsY.t/.k�kL1t H2 CX.t//

. hti�2Y.t/.k�kL1t H2 CX.t//:

Using the same method as for the estimate of K42, we infer

L42 .
Z t

t
2

ht � si�
5
4 kŒP div; ui ��kL2 ds .

Z t

t
2

ht � si�
5
4 kj�jbukL1k�kL2 ds

.
Z t

t
2

ht � si�
5
4 hsi�2 dsY.t/k�kL1t L2

. hti�2Y.t/k�kL1t L2
Z t

t
2

ht � si�
5
4 ds

. hti�2Y.t/k�kL1t L2 :

Following the process in the estimate of K5, we have

L5 D L51CL52;

where

L51 D

Z t
2

0

kj�jbM12.t � s/bHkL1.D1/ ds
and

L52 D

Z t

t
2

kj�jbM12.t � s/bHkL1.D1/ ds:
Following the estimate of K51 and K52, we can get

L51 .
Z t

2

0

ht � si�2.kQ.�;ru/kL1 CkQ.�;ru/kL2/ ds

.
Z t

2

0

ht � si�2k�kL2.krukL2 CkrukL1/ ds

.
Z t

2

0

ht � si�2.hsi�
5
4 Chsi�2/ dsY.t/k�kL1t L2

. hti�2Y.t/k�kL1t L2 ;
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and

L52 .
Z t

t
2

ht � si�
5
4 kQ.�;ru/kL2 ds

.
Z t

t
2

ht � si�
5
4 k�kL2krukL1 ds

.
Z t

t
2

ht � si�
5
4 hsi�2 dsY.t/k�kL1t L2

. hti�2Y.t/k�kL1t L2 :

Thus we deduce

L5 . hti�2Y.t/k�kL1t L2 :

Combining the estimates of Li .i D 1; 2; 3; 4; 5/, we have

(5-8) kj�jyu.t/kL1.D1/ . hti
�2
k.u0; �0/kL1\L2Chti

�2Y.t/.k�kL1t H2CX.t//:

Repeating the above procedure, we can also obtain

(5-9)
X
iD2;3

kj�jyu.t/kL1.Di /

. hti�2k.u0; �0/kL1\L2 Chti�2Y.t/.k�kL1t H2 CX.t//:

5D. The estimate of kj�j Ou.t/kL1.D4/. Using (3-3), we have

kj�jyu.t/kL1.D4/

� kj�jbM11.t/bu0kL1.D4/Ckj�jbM12.t/cA0kL1.D4/
C

Z t

0

kj�jbM11.t � s/bGkL1.D4/ dsC Z t

0

kj�jbM12.t � s/bF kL1.D4/ ds
C

Z t

0

kj�jbM12.t � s/bHkL1.D4/ ds
D L01CL

0
2C � � �CL

0
5:

Applying (3-5), we have

L01 . e
� t
2 kj�jbu0kL1.D4/ . e� t2 ku0kH3

and
L02 . e

� t
2 kj�jb�0kL1.D4/ . e� t2 k�0kH3 :
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For L03, by (3-5) and Young’s inequality, we have

L03 .
Z t

0

e�
t�s
2 kj�j2u � ru kL1 ds

.
Z t

0

e�
t�s
2 .kj�jyuk2

L1
CkyukL1kj�j

2
yukL1/ ds

. L031CL
0
32:

For L031, we get

L031 .
Z t

0

e�
t�s
2 hsi�4 dsY.t/2 . hti�2Y.t/2:

We cannot directly bound the estimate L032 as we can for L031. Let us first consider
the estimate of kj�j2yukL1 . We have

kj�j2yukL1 � kj�j
2
yuk
L1.j�j�hsi

3
2 /
Ckj�j2yuk

L1.j�j>hsi
3
2 /

� hsi
3
2 kj�jyukL1 Chsi

� 1
2 kj�j

7
3 yukL1

. hsi
3
2 kj�jyukL1 Chsi

� 1
2 kukH4 :

So we have

L032.
Z t

0

e�
t�s
2 hsi�2 ds X.t/.Y.t/CkukL1t H4/. hti�2X.t/.Y.t/CkukL1t H4/:

Thus we have

L03 . hti
�2.X.t/CY.t//.Y.t/CkukL1t H4/:

For L04, we have

L04 .
Z t

0

e�
t�s
2 .k5ŒP div; ui ��kL1 Ck2u˝A kL1/ ds

.
Z t

0

e�
t�s
2 .kj�jyukL1ky�kL1 CkyukL1kbAkL1/ ds

. L041CL
0
42;

where we have used

k5ŒP div; ui ��kL1 . kj�jyukL1ky�kL1 ;

which can be proved by a similar procedure as that which yielded the estimate
of (5-3). For L041, we have

L041 .
Z t

0

e�
t�s
2 hsi�2 ds Y.t/k�kL1t H2 . hti�2Y.t/k�kL1t H2 :
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For L042, we can get

L042 .
Z t

0

e�
t�s
2 kyukL1kbAkL1 ds

.
Z t

0

e�
t�s
2 kyukL1.kbAk

L1.j�j�hsi
1
4 /
CkbAk

L1.j�j>hsi
1
4 /
/ ds

.
Z t

0

e�
t�s
2 hsi

3
4 kyukL1kbAk

L2.j�j�hsi
1
4 /
ds

C

Z t

0

e�
t�s
2 hsi�

1
2 kyukL1kj�j

2bAk
L1.j�j>hsi

1
4 /
ds

.
Z t

0

e�
t�s
2 hsi�2 dsX.t/Y.t/

C

Z t

0

e�
t�s
2 hsi�2 dsX.t/k�kL1t H5

. hti�2X.t/.Y.t/Ck�kL1t H5/:

Thus we can obtain

L04 . hti
�2.X.t/CY.t//.Y.t/Ck�kL1t H5/:

For L05, we have

L05 .
Z t

0

e�
t�s
2 ky�kL1kj�jyukL1 ds

.
Z t

0

e�
t�s
2 hsi�2 dsY.t/k�kL1t H2

. hti�2Y.t/k�kL1t H2 :

Collecting the estimates of L0i (i D 1; 2; 3; 4; 5), we get

(5-10) kj�jyu.t/kL1.D4/

. e�
t
2 k.u0; �0/kH3 Chti�2.X.t/CY.t//.Y.t/Ck.u; �/kL1t H5/:

It follows from combining (5-8), (5-9) and (5-10) that

(5-11) kj�jyukL1

. hti�2k.u0; �0/kL1\H3Chti�2.X.t/CY.t//.Y.t/Ck.u;�/kL1t H5/:

The estimate of kA.t/kL2 . As for the previous procedure, we have

kA.t/kL2 D kbA.t/kL2 � 4X
iD1

kbA.t/kL2.Di /:
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5E. The estimate of k yA.t/kL2.R2nD4/. Using (3-3), we have

kbA.t/kL2.D1/ � kbM21.t/bu0kL2.D1/CkbM22.t/cA0kL2.D1/
C

Z t

0

kbM21.t � s/bGkL2.D1/ dsC Z t

0

kbM22.t � s/bF kL2.D1/ ds
C

Z t

0

kbM22.t � s/bHkL2.D1/ ds
DN1CN2C � � �CN5:

For N1; using (3-4) and (4-1), we have

N1 . t�
1
2 ke

t
4�u0kL2 . t�

5
4 ku0kL1 ;

which, together with

N1 . kj�je�
j�j2

2 t bu0kL2.D1/ . ku0kL2 ;
yields

N1 . hti�
5
4 ku0kL1\L2 :

Similarly, we also have

N2 . hti�
5
4 k�0kL1\L2

and

N3 .
Z t

0

ht � si�
5
4 .ku � rukL1 Cku � rukL2/ ds

.
Z t

0

ht � si�
5
4 kukL2.krukL2 CkrukL1/ ds

.
Z t

0

ht � si�
5
4 .hsi�2Chsi�

11
4 / dsX.t/Y.t/

. hti�
5
4X.t/Y.t/:

For N4, since

N4 .
Z t

0

ke�
j�j2

2 .t�s/
j�i j4ŒP div; ui ��kL2 dsC

Z t

0

ke�
j�j2

2 .t�s/
j�j1u˝ �kL2 ds;

we can get the estimate by repeating the estimate of J4; in fact, we can infer that

N4 . hti�
5
4Y.t/

�
X.t/CY.t/Ck�kL1t .L2\L1/

�
:

Like the estimate of J5, we have

N5 . hti�
5
4Y.t/k�kL1t .L2\L1/:
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Thus we have

(5-12) kbAkL2.D1/ . hti� 54 k.u0; �0/kL1\L2 Chti� 54Y.t/k�kL1t .L2\L1/:
Similarly, we can also get

(5-13)
X
iD2;3

kbAkL2.Di / . hti� 54 k.u0; �0/kL1\L2 Chti� 54Y.t/k�kL1t .L2\L1/:
5F. The estimate of k yA .t/kL2.D4/. We have

kbA.t/kL2.D4/ � kbM21.t/bu0kL2.D4/CkbM22.t/cA0kL2.D4/
C

Z t

0

kbM21.t � s/bGkL2.D4/ dsC Z t

0

kbM22.t � s/bF kL2.D4/ ds
C

Z t

0

kbM22.t � s/bHkL2.D4/ ds
DN 01CN

0
2C � � �CN

0
5:

Using (3-5), we have

N 01CN
0
2 . e

� t2 .kj�jbu0kL2.D4/Ckj�jb�0kL2.D4//
. e�

t
2 k.u0; �0/kH1 :

Similarly,

N 03 .
Z t

0

e�
t�s
2 ku � rukL2 ds

.
Z t

0

e�
t�s
2 kukL2krukL1 ds

.
Z t

0

e�
t�s
2 hsi�

11
4 dsX.t/Y.t/

. hti�
11
4 X.t/Y.t/;

and

N 04 .
Z t

0

e�
t�s
2 kP div.u � r�/kL2 ds

.
Z t

0

e�
t�s
2 .kukL1kr�kL2 CkrukL1k�kL2/ ds

.
Z t

0

e�
t�s
2 .hsi�

3
2 Chsi�2/ ds.X.t/CY.t//k�kL1t H1

. hti�
3
2 .X.t/CY.t//k�kL1t H1 :
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For the last term N 05, we have

N 05 .
Z t

0

e�
t�s
2 .kr�kL2krukL1 Ck�kL2k�ukL2/ ds

.
Z t

0

e�
t�s
2 .kr�kL2krukL1 Ck�kL2k�ukL1/ ds

.
Z t

0

e�
t�s
2 .kr�kL2krukL1 Ck�kL2kj�j

2
yukL1/ ds

.
Z t

0

e�
t�s
2

n
kr�kL2krukL1 Ck�kL2.kj�j

2
yuk
L1.j�j<hsi

3
4 /

Ckj�j2yuk
L1.j�j�hsi

3
4 /
/
o
ds

.
Z t

0

e�
t�s
2

n
kr�kL2krukL1 Ck�kL2.hsi

3
4 kj�jyukL1

Chsi�
5
4 kj�j

11
3 yukL1/

o
ds

.
Z t

0

e�
t�s
2 .hsi�2Chsi�

5
4 / ds.Y.t/CkukL1t H6/k�kL1t H1

. hti�
5
4 .Y.t/CkukL1t H6/k�kL1t H1 :

Thus we have

(5-14) kbA.t/kL2.D4/ . e� t2 k.u0; �0/kH1 Chti�
5
4 .X.t/CY.t/

CkukL1t H6/k�kL1t H1 :

Combining (5-12), (5-13) and (5-14) leads to

(5-15) kbA.t/kL2 . hti� 54 k.u0; �0/kL1\H1 Chti�
5
4 .X.t/CY.t/

CkukL1t H6/k�kL1t H1 :

6. Proof of Theorem 1.3

In this section, we give the proof of our main result.

Proof of Theorem 1.3. Thanks to Sections 4 and 5, we can get

X.t/. k.u0; �0/kL1\H2 C .X.t/CY.t//.k�kL1t H2 CX.t//;

which can be obtained by combining (4-5), (5-7), and

Y.t/. k.u0; �0/kL1\H3 CkukL1t H6k�kL1t H1

C.X.t/CY.t//.Y.t/Ck.u; �/kL1t H6/;
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which can be deduced by using (4-10), (5-11) and (5-15). Since .u; �/ is the solution
obtained by Theorem 1.1, we have

k.u; �/kL1t H6 . �:

Using the small conditions of the initial data, we can get that there exists a positive
constant C1 such that

X.t/CY.t/� C1f�C �.X.t/CY.t//C .X.t/CY.t//
2
g:

Then one can get the desired result by using continuous arguments. This completes
the proof of Theorem 1.3. �

Appendix

In this section, we show the proofs of Lemma 4.1 and (5-3) in order by using the
Littlewood–Paley theory and Fourier analysis technique.

Proof of Lemma 4.1. Let f D ui . Using

�j .ŒP div; f ��/D Œ�jP div; f �� Cf�jA��j .f A/;

we have

k�j .ŒP div; f ��/kL1 � kŒ�jP div; f ��kL1 Ckf�jA��j .f A/kL1 D ±1C±2:

±2 can be easily bounded as follows:

±2 . kf kL2kAkL2 :

Then it remains to bound ±1. Using Bony’s decomposition, we get

kŒ�jP div; f ��kL1

�

X
jk�j j�4

kŒ�jP div; Sk�1f ��k�kL1 C
X
jk�j j�4

k�jP div.�kfSk�1�/kL1

C

X
k�j�3

k�kfSkC2�jAkL1 C
X
k�j�3

k�jP div.�kf Q�k�/kL1

D Ç1C Ç2C Ç3C Ç4:

Notice thatX
jk�j j�4

kŒ�jP div; Sk�1f ��k�kL1 D
X
jk�j j�4

X
iD1;2;3

kŒ�jP @i; Sk�1f ��k�i �kL1

and let gD �i �, and return to considering the estimate of kŒ�jP @i; Sk�1f ��kgkL1 .
We can see there exists a vector function hi .x/, the components of which are
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Schwartz functions, such that

�jP @ig D 2
4j

Z
hi .2

j .x�y//g.y/ dy:

Thus, letting Qi .x/D jxjhi .x/, we have

jŒ�jP @i; Sk�1f ��kgj

D j24j
Z
hi .2

j .x�y//f.Sk�1f /.y/� .Sk�1f /.x/g�kg.y/ dyj

� 24j
Z 1

0

Z
jhi .2

j .x�y//jjx�yjjrSk�1f .sxC .1� s/y/jj�kg.y/j dy ds

� 23j
Z 1

0

Z
jQi .2

j .x�y//jjrSk�1f .sxC .1� s/y/jj�kg.y/j dy ds

D 23j
Z 1

0

Z
jQi .2

j z/jjrSk�1f .x� zC sz/jj�kg.x� z/j dz ds:

By Hölder’s inequality, we have

kŒ�jP @i; Sk�1f ��kgkL1

� 23j
Z 1

0

Z
jQi .2

j z/jkrSk�1f .� � zC sz/kL2.�/k�k�.� � z/kL2.�/ dz ds

� 23j
Z
jQi .2

j z/j dzkrf kL2k�kgkL2 . krf kL2kgkL2 :

Thus we can get
Ç1 . krf kL2k�kL2 :

Ç2 can be easily bounded. Next, we bound Ç3 and Ç4. For Ç3, by Bernstein’s
inequality, we have

Ç3 .
X
k�j�3

k�kf kL2k�jAkL2 . 2j k�j �kL2
X
k�j�3

2�kkr�kf kL2

. krf kL2k�kL2 :

For Ç4, using Bernstein’s inequality again, we have

Ç4 . 2j
X
k�j�3

k�kf kL2k Q�k�kL2 . 2j k�kL2
X
k�j�3

2�kk�krf kL2

. 2j krf kL2k�kL2
X
k�j�3

2�k . krf kL2k�kL2 :

Collecting the above four estimates leads to the desired results. �
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Proof of (5-3). Let f D ui , and using

ŒP div; f �� D
X

iD1;2;3

ŒP @i; f ��i �;

we return to the bound kŒP @i; f �gikL2 , where gi D �i � . Notice that if bP @i D
ˆ.�; �i /, satisfying jr�ˆ.�; �i /j. 1, we have

jˆ.�; �i /�ˆ.� � �; �i � �i /j. j�j:

Using the Fourier transform, we have

j4ŒP @i; f �gi j

D

ˇ̌̌̌
ˆ.�; �i /

Z
yf .�/bgi .� � �/ d�� Z yf .�/ˆ.� � �; �i � �i /bgi .� � �/ d�ˇ̌̌̌

�

ˇ̌̌̌ Z
yf .�/jˆ.�; �i /�ˆ.� � �; �i � �i /jbgi .� � �/ d�ˇ̌̌̌

.
ˇ̌̌̌ Z
j�j yf .�/bgi .� � �/ d�ˇ̌̌̌;

which yields the desired result by using Young’s inequality. �
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