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OPTIMAL DECAY ESTIMATE OF STRONG SOLUTIONS FOR
THE 3D INCOMPRESSIBLE OLDROYD-B MODEL
WITHOUT DAMPING

RENHUI WAN

We obtain the decay estimate of the global solution for the 3D incompressible
Oldroyd-B model with only dissipation. The decay rate is optimal in the sense
that this rate coincides with that of the linear system, which improves upon
work by Zhu (J. Funct. Anal. 274:7 (2018) 2039-2060.)

1. Introduction

In this paper, we consider the Cauchy problem for the three-dimensional (3D)
incompressible Oldroyd-B model given by
u4+u-Vu—vAu+Vp=puydive, (t,x) e RT xR3
0t +u-Vr+ar+ Q(r, Vu) = ua D(u),
divu =0,

u|t=0=u0(x)s T|t=0:T0(x)7

(1-1)

where u = (u1, U, u3) stands for the 3D velocity field, p the pressure and t the
non-Newtonian part of the stress tensor which can be seen as a symmetric matrix
here. The values v, a, 1 and w, are nonnegative parameters, where we call (11
and u, the coupling parameters. D(u) and W(u) are the deformation tensor and
vorticity tensor, which can be given by

A Vu+Vu)T A Vu—(Vu)T

D) & =, W &

and
O, Vu)=tWu)—-Wu)r —a(Du)t +tDWu)), a €[-1,1].

The initial data are (o, 7o) satisfying divip = 0 and (79);; = (70);i-
We refer to [Bird et al. 1977; Chemin and Masmoudi 2001; Oldroyd 1958] for
the details about the derivation of (1-1). Guillopé and Saut [1990a; 1990b] obtained
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local existence and uniqueness, when the initial data is in Sobolev space, which
was extended to the Lebesgue space in [Ferndndez Cara et al. 1994]. Lions and
Masmoudi [2000] obtained global existence of the weak solution for the case o = 0.
However, to the best of our knowledge, whether the case « # 0 can yield a global
weak solution is an open question. Considering the initial data in critical Besov
space, Chemin and Masmoudi [2001] showed local well-posedness of the solution
and global well-posedness with small initial data, where they required the small
coupling parameter for the global result. We refer to [Chen and Miao 2008; Zi et al.
2014] for the results in generalized space. By using some techniques developed
in the study of compressible Navier—Stokes, Zi et al. [2014] removed the condition
concerning the small coupling parameter. Recently, Fang and Zi [2016] proved
global well-posedness with a new class of large initial data admitting large initial
vertical velocity. By using a decomposition technique, we [Wan 2019] improved
the initial condition in [Fang and Zi 2016] to the more generalized initial condition.
In particular, for the 2D case, [Wan 2019] proved global well-posedness with large
initial velocity, which improved upon the corresponding work in [Fang and Zi 2016].

We point out that all the above works are based on a > 0. If a = 0, it seems
difficult to proved the global well-posedness even under small initial data. By
using a new method, i.e., constructing the time-weighted energies, Zhu [2018] first
proved global well-posedness in 3D under small initial data, which can be showed
as follows:

Theorem 1.1 [Zhu 2018]. Let v = u; = up = landa = 0. Let N > 7 be
a big enough constant. Assume we have the initial data (|D|™ ug, |D| 19) €
HN(R3) x HN (R3). There exists a small enough constant € such that if

(1-2) D™ wollgn + DI wollg v <,
the system (1-1) has a unique global solution (u, t) satisfying
lu@llgy-1+ |lt@)||gn-1 Se forallt > 0.

Remark 1.2. Zhu [2018] only assumed N = 3; here the assumption of N > 7 in
Theorem 1.1 is used to get the faster decay rate of the solution in the following
context. For instance, we need high regularity of the solution when showing the
decay estimate of ||Vu(t)||Loo; see Section 5 for the details.

Let us remark that the approach in [Zhu 2018] seems difficult to use for the 2D
case, since [[u(?)| 0o g2y may yield a weakened decay, which is not integrable in
time and may bring the growth of the solutions. Recently, based on a time-space
approach, a new system concerning ¥ — 2P divt and the estimate in Besov space,
[Wan 2017b] proved the global small solution for the 2D case.
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It is known that long-time behavior of the global solution is an interesting and
important issue in the studies of many fluids. Notice that Zhu [2018] obtained
the decay estimate in the 3D case by constructing some time-weighted estimates
such as

(1-3) lu@)lz2 S A+072 [Vu@)lzz s A+070

So a natural question is whether the decay estimate (1-3) is optimal. Motivated by
this, in this paper, we will focus on the long-time behavior of the global solution
for (1-1) with a = 0. Let us first introduce some notation:

X(0) 2 sup {(0)Fu(@)llz2 + (©)2 2@ 11},

o<t<t

Y(0) 2 sup {(3(IVu@llz2 + 1A@) 122) + (1) NERD) 11}

o<t<t
where A = P divt. Now, we state our main result.

Theorem 1.3. Let (u, t) be the solution of (1-1) obtained in Theorem 1.1 with the
initial data satisfying (1-2) and || (1o, 7o) |1 < €. Then we have

X(0)+Y() <e.

In particular, for all t > 0, the following decay estimates hold:

Kl

lu)llz2 Se)™5. IVu@)lzz + [AOIL2 S €fr)”

and
_3 _
lu(t)llzee S €{t)™2,  [[Vu(r)|ree < eft)™2.

Remark 1.4. One can also get || A(f)|| L < €(t)™2 by following the same idea.
Since this decay estimate does not play an essential role in the estimate of X (¢) and
Y(¢), we omit it.

Remark 1.5. One can easily find the obtained decay rate is faster than (1-3). In
addition, this faster decay rate yields many better time-weighted estimates. For
instance, by using our decay estimate we get that

t
/ (" Vu(t')||2dt’ < e foralla € (0, %),

0
while the associated result in [Zhu 2018, page 7] can only yield

t
/(l/)aHVu(t')Hdet'Se for all a < 0.
0



670 RENHUI WAN

Remark 1.6. By using interpolation inequality, we can obtain the explicit decay
rate in L? (2 < p < 00) space, which is optimal since it is consistent with the linear
part of system (1-1).

The paper is structured as follows. In Section 2, we provide some definitions of
spaces and several lemmas. Section 3 is devoted to giving the integral representation.
Section 4 bounds the estimate of |u(¢)| g1. Section 5 provides the estimate of
()1, |11EU@)|Iz1 and || A(2)] z2- In the last section, we prove Theorem 1.3.
In the Appendix, we provide the proof of Lemma 4.1 and (5-3).

Let us complete this section by describing the notation we shall use in this paper.

Notation. For two operators A and B, we denote by [4, B] = AB — BA the com-
mutator between A and B, (f) means 1 + |¢|, and A < B means that there exists a
constant C such that A < CB.

2. Preliminaries

In this section, we give some necessary definitions, propositions and lemmas in d
dimensions.

The fractional Laplacian operator | D|* = (—A)?2 is defined through the Fourier
transform, namely,

IDI%f (&) 2 |E1%F(©),
where the Fourier transform is given by
OE [ ¥ £(x) dx.
IRd

Let € = {£ e R?, 3 <|£] < §}. Choose a smooth radial function ¢ supported on
¢ such that

Y e@7E =1, £eR?\{0}

jez

We denote ¢; = ¢(277/£), h = F ¢, where ! stands for the inverse Fourier
transform. Then the dyadic blocks A; and S; can be defined as

Af =e@ D) f =27 [ WD f-y . Sif= Y Auf
Re k<j—1
We can easily verify that with our choice of ¢

AjARf =0if|j—k|=2 and Aj(Se1fArf)=0if|j —k|>5.

Let us recall the definition of the Besov space.
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Definition 2.1. Let s € R and (p.,q) € [1, 00]% The homogeneous Besov space
B ,(R%) is defined by

3 d dy.
By qRY) = {f € &' R |1 f 35, uay < 00%

where

1

. q
ZzquHAjf”Zp(Rd)) for 1 <g < oo,
1/ gy aay = | ez

sup 2%/ [ A £l » ey for ¢ = oo,
jez
and &'(R%) denotes the dual space of
S(R?Y) = {f e S(R?); 8% £(0) =0, for all & € N¥ multi-index}
and can be identified by the quotient space of S’/P with the polynomial space P.

Thanks to the definition of A;, we have

(2-1) 1A, flglLr < 2771V fliLeliglee,

where % = % + é. Equation (2-1) will be used in the Appendix.

The following proposition provides Bernstein type inequalities. For more details
about Besov space such as some useful embedding relations, see, e.g., [Bahouri
et al. 2011; Stein 1970].

Proposition 2.2. Let 1 < p < g < co. Then for any B,y € (NU {0}, there exists
a constant C independent of f, j such that:

(1) If f satisfies
supp f C {€ € R :[E| < K2/},

then
iyl+id(5-2
197 £ Loy < €270 £l o
(2) If f satisfies
supp f C {& e R? 1 K127 < |g] < K2/}

then

£ llLpgay < €277 S 192 £l Lo (ga)-
=ly

For the special case p = g = 2, we have

||f||Hs(Rd) ~ ||f||3§’2(Rd)-
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The H*(R%) and H*(R?) norm of f can be also defined as follows:

1/ s @ay & WDE fllz2@ay. s €R,
1/ Nezs@ay £ 1F 1L2@ay + 11D £ lz2ay, 5> 0.
Let us introduce the homogeneous Bony’s decomposition:
uv = Tyv + Tyu + R(u,v),
where
Tyv = ZSj_luAjU, Tyu = Z AjuS;—1v, R(u,v)= Z AjuAjU;
jez jez jez
here Aj =N 1+A+Aj4.

Lemma 2.3. [Kato and Ponce 1988] (i) Lets > 0and 1 < p,r < 00, then

@2 118l 35, ay = C S o @y lgl g, ety + 181 oy f 1, , ey

1 1 1 1 1
< < = +
where 1 < p1,r1 < oo such that =t =t

[Kenig et al. 1991](ii) Lets > 0,and 1 < p < oo, then

(2-3) DY, flgllLewa)
< C{IV S Lo @yl DFT" llLr2@ay + 1IDI° fllLrs @ay gl Lragay )
where 1 < pa, p3 <oosuchthat% = %—i—é = é—l—ﬁ.
The inequalities below are used frequently in the proof.

Lemma 2.4 [Wan 2017a]. If 0 < sy < s3, then

t C (1)~ if 52> 1,
/ (t—1) ) ™2dr < {C{t) ' In(1 +1) ifsr=1,
0 C (1) 1=s1-%2 if sy < 1.

Remark 2.5. For the case s; > 55, since one can get a similar result by using the
change of variable, we omit the details.

Let us introduce a generalized estimate of the solution to the heat equation.

Lemma 2.6. If / € L'(R?), we have
_d
le"® fllL2@ay S 070 N go_(aay-

Proof. Thanks to the interpolation inequality

1 1

lgllz < lgll%_y Nelz -
B

2,00 2,00
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we have
1 1
A A 2 A 2
I Fllz> S €' £ 151 e /15,
2
So the aim reduces to the estimate of ||etAf||Ba , a =—1,1. By Bernstein’s
inequality, for all @ > —%, we have

_n2j—1
@4 e fllgg <su;Z>2“f 1A fllz2 < sugzafe LR VNP
JE€ J€

d); i _(a_d
< sup2 TV 2 a1 < VD) )
jEZ 1,00

Setting a = —1 and a = 1 in (2-4), respectively, we can conclude the proof. [

3. Spectral analysis

In this section, we give the integral representation of the solution to (1-1). In fact,
we repeat the procedure in Section 3 of [Wan 2017b]. We use v; to stand for the
i-th component of the vector v in the following context. Denote

AL Pdive.
Let us investigate the spectrum properties of the following system:
dru; — Au; = A; + G,
0rAi = 3 Au; + Fi + H;,

G=—-Pw-Vu), F=-Pdv(u-Vr),
H =—-Pdiv(Q(z,Vu)), i=1,2,3,

(3-D

where P is the Leray operator. Denote

Aé _|§|2 1
= _ﬁ 0 ,
2

then the eigenvalues of the matrix A can be given as

={%(—Iélzii|’§|\/2—|$|2) when [§] < V2.
3(-IEP £ 161 VIER=2)  when [§] = V2.

where i = +/—1. After Fourier transform, (3-1) reduces to

3-2 o () @y =a(® Gi
(3-2) \z (6) = T &)+ FLT (é),
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By using the standard method of diagonalization via the eigenvalues and eigenvec-
tors, we can get from (3-2) that

u(t,x) = Mq1(0, H)uo(x) + M12(0, 1) Ao(x)

t t
+/ M11(3,Z—S)Gds+/ Mi2(0,t —s)(F + H)ds
0 0

(3-3)
.A(l, x) = le(a, t)uo(x) + M22(8, I)Ao(x)

t t
—i—/ M>1(0,t—5)G ds—l—/ My>(0,t —s)(F + H)ds,
0 0

where
TR A T 2 .
Miif(E.0) 2 My €0 f(E), (.)) 1,2}
and
— — Apetti—p_er—t Al _gh—t
(Mu(f,t) Mlz(é,l)) A B e e
o =7 - |€_-|2 Ayl _ At /'{_e)"f‘t—l er—t
M1 (§.1) M22(§.1) R p——

To bound M;; (9, t), we split the whole space R3 into the following four regions:
D1 2{EeR3: g <1},
Dy 2 {EeRP: 1<) < V2,
D3 £{eR’: V2= <2,
Di£{§ R’ 1[5 =2},

Let us keep the fact that |€| ~ 1 when & € D, U D3 in mind. Next, a proposition
devoted to the estimates of M;;(§,t) is given as follows.

Proposition 3.1 [Wan 2017b]. Forall (i, j) € {1,2}?, A//I;(S, t) satisfies the fol-
lowing estimates:

(1) When & € Dy,

— _le? — g g2
(3-4) IMunlS e 2 [MpE | S E[e 2,
) — 2 e 2
Moy (5.0)] S [Ele™ 20, |Mn(E. 1) S e 2.
(2) When & € D5,
Mi1(§.0)| S e 47, IM12(§.0)| < || e 47,
[Ma1(§,0)| < |&le” +°, M5, 1)< e 4
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(3) When & € D3,

M. S e 16, M6, 0)| < JE] e Te

_ _E2, k2,
|M21(§.0)| S |gle™ 167, [Maa(§.0)| S e 167

(4) When & € Dy,

N~

_ _ — o L
IMi1(E,0)| < e72, |Mia(E,1)] < €| %e 2,

(3-5) . - ,
(M21(§.0)| < e 2, [Mn(E.1)]|< e 2.

N~

4. The estimate of [|u(?)|| g1

We will give the estimate of |u(¢)| ;2 and || Vu(¢)| ;2 in order.

The estimate of ||u(t)||;2. Thanks to ||f||Lz = | flz2, we have

4
@)z = 7@z = D 18O 2200,

i=1

which is sufficient for us to estimate the four terms on the right-hand side.
4A. The estimate of ||ﬁ(t)||Lz(R3\D4). Using (3-3), we can get
1@l L2p,) < IM11@)toll2(p,) + IM12() Aol L2(p))

t t
+ /0 VWt — )G 120y ds + / |¥va(t — ) 120, ds
0

t
+f [M12(t _S)H||L2(D1) ds 2 L+1L+--+1s.
0
For I1, using (3-4) and the estimate of the solution for the heat equation given by

_3
(4-1) le® flliz2 St73 ) f s
we get
2 |2

_1EE _ R 1 _3
I < lle” 2 illz2pyy < e 2 Mol = lle2® ugllz> < ¢ 3 luollL1-

Together with 11 < ||uglz2, this yields
_3
I < (1) *luollLrnr>-
A similar method leads to

3
L < ()" *lwollpinz2-
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Before we proceed, note that
|M11(0 =5)Gl2(py) < | M11 (=) u- Ve | 12(py).
For I3, using (3-4) and (4-1), we have

t
Is < / (t —s)"3 u-Vul 1 ds,
0

which, with the estimate /3 < fot |- Vul|;2 ds, implies
t
_3
I < / (t— )3 (Ju- Vallps + lu- Vull2) ds
0
! 3
< /0 (=)~ % Jull 2|Vt g2 oo ds

! 11
IS / (t—5)73((8)TF + ()2 ds X(OY (1)
0

< (O7TIXOY ().

For 14, using
Pdiv(u-Vrt) = Z 0;Pdiv(u;1)
i=1,2,3

and (3-4), we get

bolER
s [ 1 F S T, .
Using the spherical coordinate system

&1 =rsingcosf, & =rsingsinf, & =rcosg,

([, e epi e as)
( 27‘[

we can obtain

[

R, A
le™ 2 €1/ 20y =

1
~ 2
d@/ dgo/ —r? r4sin(p|f(r,9,(p)|dr)

! —r2t P4 2 7
(/O e dr) 1l
7 )
t_z51||f||L1(/ e_r2r4dr)
0

_s
St Sl

A

A



OPTIMAL DECAY ESTIMATE FOR THE OLDROYD-B MODEL 677

This yields
t 5 t 5
s [a-oFwerdss [ ool ds
0 0
Direct computations lead to
t o t
15 [ i@ tlm)ds 5 [ uerleds
0 0
So
! S
o5 [ =0 lanlele ds
! 5. .3 _3
< | (t—s5)"2((s)7% +(s)"2)ds(X@O) + Y())ItllLoo 12y
_3
SO THX@) +YE)TlLoer2)-
For Is, using (3-4) and (4-1), we have
LR ) o LR ) o
Is < | lle” 2 O(t, Vu)|lr2(p,)ds < | le™ 2 O(tr,Vu)l| 2 ds
! LA@-s) ! -3
S [ ez O, Vu)lg2ds < | t—9)"4|0(t, Vu)| 1 ds
0 0
t _3
< [ =9 Helal vl 2 ds.
We also have
t t
155/ 10z, Vu)llp2 dSi/ Tl 2l VullLee ds,
0 0

SO
! _3
55 [ (=s) elaVulenge ds
! 3 .5 _
< /0 (1 =5)73((8)7% 4+ (5) ) ds(X () + Y(O) [Tl Lo r2)
_3
< (O)7THXWO) + Y@ Tl Loo(2)-
Collecting the above estimates of /; yields

@2) il < 0 H o, )llLinze + ()T XOY (@)
O TIHX@ + YO) el oo (r2)-
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Since the estimates of M,\J in Dy U D3 are similar to that in D, repeating the
above procedure yields

@3) > N2y < 073 o, )l L1nzz + () TIXOY ()
= X + YO) el oo 12

4B. The estimate of ||i(t)||2(p,)- For the estimate in D4, we will use (3-5) in
the following context.

1B IL2(py < 1M1l 2(py) + | M12() Aol 2D

t t
+/0 [M11(t —$)GllL2(p,) dS—i-/O [M12(t —s)FllL2(p,) ds

t
+/0 [ M12(2 —$)H | 12(p,) 45
=L+0L+-+1.

We have
I + 13 < €75 || (o, 0) | .2

For I}, we have

t ] t »
1g5/ e—‘f||u-vu||L2ds5/ e 2" |ull 2| V| oo ds
0 0

t 1—s 11
-2 4 d
< [0 e~ 2 (s)TF ds X()Y (1)
S)TTXOYQ).

For I, we have

t t
— —
us/ B @] dss[ % e el 2 ds
0 0

t
< / ™3 (s) 72 ds X0t oo 2
0

<) EX(W) |t oo 2

For IZ, we get

t —s
Is fe_IIQ(f VM)IIdes</ ™2 |[Vull Lot 2 ds
0 0

t
e —2ds Y(O)|tlpoor2
0

(t>_2Y(f) Iellzee 2

A
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Thus we can infer

@-4) @ lr2p.,
< e 5o, 1) 2 + (1) 73 (XOY () + (XO) + YO 2l g0 12).
Combining (4-2), (4-3) and (4-4) implies that

@-5) [u@®lz2 < )3 (o, w0l 1pz2 + ()T XY (@)
) THX @ + YO) el oo 12

The estimate of ||[Vu(t)| ;2. Before we begin this estimate, let us introduce a lemma
dealing with a commutator estimate, which plays an important role in the following
proof.

Lemmad4.1. Leti = 1,2, 3, then

1P div, uileligo < (IVuill2llzllzz + llui |2 [ AllL2)-

The proof of this lemma will be postponed until the Appendix. As in the previous
procedure, we have
4

IVu@®)llz2 = IVu@®llz2 <> 1Elil L2 p,)-
i=1

4C. The estimate of |||&|@(¢)||L2r3\p,)- Using (3-3), we have
NEIEONL2 0y < 1M1 @O0l L2(pyy + M12(0) Aol L2,

t t
+/0 ||M11(t—S)G||L2(Dl)ds+/O [M12(t—=$)FllL2(p,) ds

t
+ /0 | t—) |12, ds
=Ji+Jo++Js.

Applying (3-4) and (4-1), we get

_lgP, 1 _lEP, 11 _s
Ji<NEle™ 2 Mol 2pyy St 2lle” 4 itoll 2 St 2 [led Puoll L2 St F ol
With another estimate
£

_lER?, .
J1 < lEle™ 2 " uollz2pyy < Ilollz2 < lluollz2,

we infer
_5
J1 () *lluollpinr2-
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A similar process leads to
B2 50 ol
Getting the estimate of J; in the same way, we can infer that
J3 < fot(t — )3 (- Vall 1 + u -Vl 2) ds

t
_5
< /O (6 =5y "3l (Va2 + | Vullzoo) ds

t
< [ (t—$)"3((s) 2+ (s)" ) dsX ()Y (1) S (1) "I XY (1)
0

and

t 5
Js < /0 (t =)~ T (10 Vi)l 1 + [ O(x. Var) | .2) ds
t 5
< / (t )3 Vull 2l 2 + ellzoo) ds
0

t _5 _5 _5
< /0 (1 — )3 ()3 dsY (Ol oo qranzoey < (0 FY Ol oo (znroo)-

We shall use a different approach to get the estimates of J4. Otherwise, a bad term
[[[Pdiv, u;]7||;1 will appear when we use the standard estimate of the solution for
the heat equation (4-1). It is known that this bad term cannot be bounded by a
standard commutator estimate. Our idea uses Lemmas 2.6 and 4.1. Now, we begin
the estimate of J4. Thanks to (3-4) again, and using

4-6) Pdivu-Vo)= Y  0iPdivir) = Y (@;[Pdiv.u;]r + 0; (u;A)).
i=1,2,3 i=1,2,3

we have

LRy ————
145/ le™ 2 I Pdiv(u- V) || 2p,) ds
0

! —ﬁ(z‘—s) A
S | e VB A2y ds

ro_LEP —
+ Z /||€ 29 15| [P div, u;]t lL2(p,) ds -
i=1,2,370

T

By the previous approach, we can get

Cowp, C
/ Je= 5 € S>|s|u®A||Lz(Dl)dss/ (=) u® Al ds.
0 0
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and we also have
t |€|2 t
2 U A ds < All;2d
A le Elu® Allp2(p,) ds < ; lu® Allg2ds.

So we can get
! —ﬁ(t—s) — 1
1 T U@ Ao, ds
t
5/ (t =) 3l ® Al + 1 ® Al 12) ds
0
t
_5
< /O (=) 31l (el + ullzoe) ds

t 5 11
IS fo (1 =$)73 ()72 4 ()T H) dsY(O)(X(1) + Y (1))

< ()7 @)X + Y @)).
As for 11, by Lemmas 2.6 and 4.1, we have

t [P
T, 5/ (z—s)—%||e—T(’—s)[[P>div,ui]r||L2(Dl)ds
0
t
5/ (t — )72 [le” 3O div, uj]t|| > ds
0
f 5
5/ (t—s)_1||[[P)div,u,~]r||B? ds
0 -0

t
_s
§f0 (€ =) *(IVull2llzllL2 + llull 2| Al 2) ds.
By using (2-3), we can also bound Y; as follows:
t t
Ty 5/ I[P div. u;]z]| L2 dSS/ (IVullLeelizlip2 + lIzllzee I VulL2) ds.
0 0
Finally, we infer
t
_s
Ty 5/0 {t =s)"+(IVull2llzliL2 + ullL2 Al
+Vulreollzliez + Izl VullL2) ds
! _5, .5
< /0 (1 —5)"3 ()% ds YOO X@) + Il z2109))

<)Y OXW) + [Tl L2or2nLos)-

Thus .
JaS ()2 Y(O)(X(@0) + YY) + [Tl Leoz2nroe))-
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Collecting the five estimates above, we get

@7 ERO 20y S 6T @0, )l L1nz2 + ()3 Y ()
x{X (@) + Y () + lItllzeez2nroe) -

Similarly,

@8 3 IEROIL0, £ 073100, 70|z + 07V ()
i=2.3 }AX(@) + Y () + |7l oo 2y -

4D. The estimate of |||&|@(t)|L2(p 4+ Asin the previous statement, we use (3-5)
for the estimate in Dy:

NEIGO 2D, < NEIM11(OiTollL2(p,) +I1EIM12() Aol L2y

t t
+/0 |||5|Mll(t—S)G||L2(D4)ds+/0 I1§|M12(t—5)FllL2(p,)ds

+ [0 M52 - 2y ds
=J{+Jy++Js.
For J{ and J3, we have
T+ 735 e 2 (I Vuoll 2 + | Veoll2).
For J}, using product estimate (2-2), we get

, A " _is
J3sf e 2 ||V<u-Vu)||dessf e 2 udulgds
0 0

! _t—s ! _t=s _3

< [ e Tl lul g ds < [ e )73 ds Xl oo o
0 0
_3

S 2XOlull oo g2

For J,, we have

U s
J45f0 e” 2 [|E] 2P div(u- V1)l 2(p,) ds

P t=s
e 2 |[u®rtl|2ds

t — _—
< /O =3 161 2P diviu - Vo) |2 ds < /0

) L e
S| e 2 ullpelltlipzds < | e 2 (s)72dsX(@)|tlLoor2
0 0

_3
SO 2X(O)lrllzeer2-
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The last term JS’ can be bounded as follows:

t

b s _t—s
< /0 2 E PP AV O (5 Vi L2y ds < /0 =20 0(x. Vi) > ds

P t=s Porms L,

5/ e 2 ||T||L2||Vu||LoodS§/ e 2 (s) "dsY(1)|tll oo L2
0 0

SOT2YO Tl oo 2.

Combining the five estimates above can yield

~ _r
4-9) MEOL2pyy < e 211(uo, T0)ll 1
_3 _
HOT2XON Doz + () 2YOllT] oo 2
Thanks to (4-7), (4-8) and (4-9), we can get

@-10) E[@()]Iz2 < ()73 (0. )l L1mmz + (£) 3 (X(0) + Y(0)
X AX(O) + Y (0) + 10t D) oo g2}

5. The estimate of ||a(¢)lz1, |&la(@)]z: and [|A®@)|2

We will bound ||#]|z1 and |||€]#]|z1 in order.

The estimate of ||1(t)| 1. As for the previous process, we have

4
17O < Y 18O 21 py)-

i=1
SA. The estimate of ||it||L1(g3\p,)- Thanks to (3-3), we have
1T 21D,y < 1Mol (py) + 1M12(O) Aol 1 (py)

t t
+/0 ||Mu(z—s>G||L1<Dl)ds+/o | W2t — ) F Lo, ds

t
+/0 [Mi2(t —s)H |1 (p,) ds
=Ki+Kr~+---+ Ks.

We will frequently use the estimate

1

2

(5-1) ||e""52’||Lz(D1)=(/ e‘z”'f'zfds)
§1=<1

2
(/ e~ 2bv? dv) ,St_% for all b > 0.
HEYA

=1

Bl
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For K, using (3-4), (5-1) and (4-1), we have
_lER, _lg2, _lEP,
Ky <llem 2 uollLvpyy S lle 4 llezpplle 4 "wollzpy)
_3, LA _3
St AleduollL2 St luollzr
and we also have
K1 < llwollLipyy < luollz2s

SO R
Ky < (t) " 2|luollp1inr2-

Similarly, s
Kz < (1) 2 lwollLinze

For K3, using (3-4), (5-1) and (4-1) again, we can obtain
t
52 Kax [ (=573 (e Vulys + -Vl ds
0
t
_3
< /0 (t—s) 2 |lullL2(IVullL2 + [VulLeo) ds

t 11 3
< /O (=) ((s)~ 1 1 ()72 ds XOY() < ()2 XY (0).
Thanks to (4-6), this implies that

K4 < K41+ Kasz,

where

K= Y /|||s,|M12(r—s)u,AnLl(Dl)ds

i=1,2,3

and

ko= 3 / I e
i=1,2,3

In a similar way, we deduce
! —ﬁ(t—s) — ! -3
Kar< | lle” 2 uiAlpipyds < | (t—=s) 2(Ju@A| 1 +u®AlL2)
0 0
t
_32
< [ = Rl ) A2 s

t 3
< f (1—s)73 (52 ds XY (1)
0
SOTIXWOY ().
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In the following context, we shall use a new approach to bound K4, and the last
term Ks, due to the fact that T does not have the decay property like A.

Remark 5.1. If we follow the procedure yielding the estimate of K3 and K41, we
will face an integral of the following type:

t
_3
/0 (t )3 Vull 2 1l ds.

which yields a weaker decay rate (Z)_% than (t)_%, since we only have
_5
IVullL2 < )7+ Y ().

Now, we begin the estimate of [ 42. The new idea is splitting the integral interval
[0, ¢] into [0, 2) and [ ,t]. That is

Kaz = K41 + K42,

where

Kn= Y / €172 — )[Pdiv.wilell Loy ds

i=1,2,3
and

Kn= 3 /|||s|M12<z—s)[Pdw uiltll iy ds.

i=1,2,3

For K41, using (3-4), (5-1) and Lemma 2.6, we have
3 _lgp
K% [Tl 5 OB dv Tt o, ds

0
t
2 IEI _ IEI —

< /0 le™ 4 D o gpplle™ 3 I[P div, el 2, ds

L

[ (t—s)" 4||e [IPdlv ujlt|z2ds

0

t
2 3 .
< / (t —s) 2||[[Pdiv, ui]t| go ds,
0 1,00
and we can also get

t
K41 S / ||[[FD diV, ui]t||L2 ds.
0
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Thus, by Lemma 4.1 and the commutator estimate, we have

2 _3 ) )
K41§/0 (r=s)2(l[Pdiv. uiltll go_ + I[P div.ui]zlL2) ds

2 _3
5/0 (t =s) 2 (IVullp2nreclITliL2npee + lullp2llAllL2) ds

N~

s [ ds YOl + Xa)

< (7Yoo 2 + X)),

For K4, applying (5-1), we can get
! _3 _ﬁ(,_s)/”.\
Kap < t (t—s)"3e 4 [Pdiv,ui]t|2(p,) ds
2 ‘ ,
5/ (t—s) *||[Pdiv,u;]z]| 2 ds.
%
This, together with
t |§-|2 o t
K < / le™ 2 I[P div, uitllL2(p,y ds < / I[P div, u;]z| 2 ds
t r
3 2

leads to

t
K> < / (t — )3 [P div.uilel 2 ds

N~

t

! 3 3
< / (=) el el e ds < / (= 5)"3 (5) 2 dsY ()|l o2

2 2
t

SOYOlelgre [ (-0 as

2
_2
SO YOllllee 2,

where we have used
(5-3) P div, ui]zllz2 < [El@lLiliTllzz,
which will be proved in the Appendix, and

/ e—syhds s /0 fotas s o+

2

So we have
_3
K S () 2Y @) (Il oo g2 + X(1)).
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In the following, we will use the same strategy to bound Ks. We have

Ks = K51 + K52,

where

~

2 — _~
Ksi = / | Mzt — ) Bl o, ds
0
and

t
Ks» = / |t — ) F |1y ds.
2

By (3-4), (5-1) and (4-1), we get

5 &2 &2 ——
Ks1 < /0 le™ 2 D apylle™ 24 Oz, Vi)l 2(p,y ds

I
2 3 &Py ——
s/o (t =) 3 e T 0@ V) |2, ds

~

2
< / (t —5)"3[e5 D20 (x, Vu)| 2 ds
0

< / (=930 V)|l 1 ds.
0

We also have

| 2

t t
3 JE P — A -] G —
Ksi < / le™ 2“0, Vi)l L1 (py ds < / le™ 2 9 Q(x, Vu)|| .2 ds
0 0

t
2
< [O 10(x. Vi)l 2 ds:
thus
%
_3
Ks1 < / (t — )3 el (1 Vull 2 + [ Vael oo ds
0

S/‘
0

For K55, by (3-4) and (5-1) again, we get

N~

(t—5)2((s) 3 + ()2 ds Y(O)llelpsor2 < () 2V ()t oo 2.

t
_3
K2 % [ (=710 Vu)l2 ds.
2
and, with the estimate

t
Ks» < [ 10, Va2 ds.
2
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we can infer
t

t
_3 _3 N
Ks» < / (—s) "3 | Vael oo 2]l 2 ds < f (=) €N L1 12l ds

2 2

t t

(=5 ) 2dsY O elgers SOV Olelgera [ (1= as

<

~

—

<<[ _%

~

~

Y(0)llll Lo 2.
Thus we can deduce that
_3
Ks < (1) 2Y (1)l oo L2

Combining this with the estimates above implies

A~ _3 _3
(5-4) u@®llLr(pyy < ()2 1o, t0)llLinrz + () 2 Y@zl Lo g2 + X (1))
Similarly,
5-5) Y 1O,

i=2,3 3 3

S ()72 1 wo. o)LLz + (1) 2 YOIl Lo g2 + X (2)).

5B. The estimate of ||ﬁ||L1(D4). Using (3-3), we have

TN L1 gy < IM11 00l L1 Dy +I M1z Aol L1 (py)

t t
+ /0 VA0 (=) 1 gy ds + /0 | W v (=) F 11y ds

t
+ fo |¥ra(t—5) A 1y ds
=K +Kj)++K;.
For K, using (3-4), we get
, Ly~ _L
K| e 2|uollpr < e 2luoll g2

In the same way,
L~ 1
K e 2|l Se 2 ol -

For the three nonlinear terms’ estimates, applying (3-4) and Young’s inequality, we
have

t

U p— _t—s .
Kgs/ 2 i Vull dss/ 3 |l €@ L1 ds
0 0

< / T 5  dsx ()Y () < (0 IX Y (),
0
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t t
s _t=s 3
KZ;,S/ e 2 IIMIILIIITIIleS§fO e 2 (s) 2dsXO)tl o m2
0

_3
SO T2XOlxll e g2

t

U s _t=s .
KQS/O e 2 |||§] 1Q(T,VM)||L1(1)4)&’S5/0 e 2 [Tl lllElullpr ds

Pt _
5/ e 2 (s)2dsY(O)tllpe > < (1) 2Y Ot Loo -
0
Collecting the above estimates leads to

(5-6) ||7/A‘(t)”L1(D4)53_%||(u0aTO)||H2+<t)_%(X(t)+Y(t))(||T||L‘;°H2+X(t))-

Combining the estimates (5-4), (5-5) and (5-6), we can infer that

(5-7) ||ﬁ(t)||L1S(l)_%||(uo,fo)llLlmH2+(t)_%(X(t)+Y(l))(||f||L;>°H2+X(t))-

The estimate of |||€|1(¢)| 1. Thanks to

4
HERONL S Y MENRD L1 (D)

i=1

it is sufficient to bound the four terms on the right-hand side.

5C. The estimate of |||§|ﬁ(t)||L1(R3\D4). Using (3-3), we get
HERO L1 (pyy < NEIM @0l L1 (py +IEIM12(0) Aol L1y

t t
+/0 |||§|M11(I—S)G||L1(D1)ds+/(; I1EM12(t—=$) Fllp1(p,)ds

t
+ /0 NEIMra =) 11y ds
=Li+Lr++Ls.

For L1, by (3-4), (5-1) and (4-1), we have

_lg2, 1 8P,
Ly 5 lgle™ 2 "iollipipyy St 2 e 4 "ol
&

_1, &P, _1g2, 5. LA Y
Stzllem 8 2pplle” 8 Tuollzpyy St 4 e uollL2 St luoll L
which along with

Ly = |lwoll1(pyy S loll2pyy < lluoll2
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yields
L1 £ () [uollinre-

Similarly, we can also get

)
Ly <{t)“llwollpnr2

and

t
Lss / (1 —5)2(lu - Vol 1 + -Vl 2) ds
0
t
< /0 (t — )2 (lull 2 1Vl 2 + ull g2 [ Vullpoe) ds

< /t(t —)72((s) 2+ ()T ) ds XY (1) S ()XY (o).
0

Next, we use the same approach as for dealing with the estimates of K4 and K5 to
bound L4 and L5, respectively, using the same reasoning reason (see Remark 5.1
for the details). Indeed, we have

L4 <La1+ La2,

where t
L =/ EP M2t —s)u @ Allp1(p,) ds
0

and /
L4 :/ |||§||§i|1‘711\2([—S)[Pdiv’“i]THL‘(Dl)ds'
0

For £41, we have

t
Lar < / (=) 2 ® All 1 + 1 ® All 12) ds
0
t
< /0 (t — )2l + lullzoo) Al 2 ds

t
< [ =972 4 ()7 ds XOY o) £ 02X
0
For L43, like the previous procedure for K45, we have
L4o = La1 + Lyo,

where

t
2 o —
Lai = / NElE Mzt — )P av. wiTe L1 o) ds.
0

t _—
Lo = [ ell&I5ra(e — ) [Faiv. Tl o, ds.
2
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Using the same method as for the estimate of K41, we infer
2
L4 < / (t —s)_2(||[|]3’div, u,-]r||B?oo + [P div, u;]t|;2) ds
0% .
< /0 (t =) 2(IVull L2nree Tl L2nzee + Null2 (Al L2) ds

<) /0 () dsY () (el o2 + X(0)

< (72X Ol g2 + X)),

Using the same method as for the estimate of K45, we infer

2 2
t

(t—)"3(s) 2 dsY (D)t oo 2

t _s . t 5
Lar < / (t =) 3 [P div. wilell o ds < / (=) el el ds

<

~

—

t

SOV Ol [ (-5 as

L

2
SOTPYO Tl oo 2

Following the process in the estimate of K5, we have

Ls = Ls;+ Lss,
where ,
5 _ ~
Lsi = /0 NEIM2( — )P 11 p,) ds
and

t
Lss= / 11 Mra(c — ) F |1y ds.
2

Following the estimate of Ks5; and K55, we can get

|~

Lsi < /OZ(I—S)_Z(IIQ(T, Villpr + 119z, V)| 2) ds

~

2

5/0 (t =) 2llel2(1VullL2 + [ Vulze) ds

< / (=) 72(0) 7 + ()2 dsY ()l oo 2
0

SOTPYO Tl o2,
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and

t
Lss< / (t =) 3 0(x. Vi)l 2 ds

(8]

t
_5
< / (t — )" el 2| Vull oo ds

2
t
_5 _
< [ (=) ()2 dsY ()l e 2
2
e (O
Thus we deduce

Ls ()Y (O)lltll o2
Combining the estimates of L; (i =1,2,3,4,5), we have
(5-8) 11§12 L1(py) S () 2w, )l 1ar2 + () 2Y @) (It oo g2 + X (1))

Repeating the above procedure, we can also obtain

5-9) Y lERO LD,
i=2,3
(020, w)llLinze + {0 2Y O Uel Lo g2 + X(1)).
5D. The estimate of | |& |ﬁ(t)||L1(D4). Using (3-3), we have

HEIZO L1 Dy
< I1EIM11(Oidoll L1 by + NEIM12(0) Aoll L1 (1)

t t
4 [O NEIML (= )G 21y ds + [O NEIMra(t — ) FllL1 by ds

t
+ [ Ve =) 1o, ds
=Li+Ly+---+Ls.
Applying (3-5), we have
_r ~ _t
Ly < e 2| |ElolliL(py) < e 2 luollg

and

_Loi~ L
Ly se 2|7l (pyy Se > Mol
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For L%, by (3-5) and Young’s inequality, we have
) T
33 ¢ 2 [[|§lu-Vullprds

t
5/0 (|||5|M||L1 + l@ll 1 Pl ds
<Ly + L5,

For L%,, we get

S / L ) dsY (02 < ()Y (0
0

We cannot directly bound the estimate L, as we can for L%,. Let us first consider
the estimate of |||£|2%] 1. We have
2 A
+ 11§17 u|

EPalL < NEPRN, o3, L oh
3 ~ 1 A
= ()2 gl + )2l 3t
3 ~ 1
< (NI + ()7 .

L'J

So we have

t —s
L, 5/0 =2 (5)72ds X(O)(Y () +lull oo gra) S (1) XX () +|[u]l oo gra)-
Thus we have
Ly S () 2(X@) + Y)Y (@) + [[ull oo gr4)-

For L/, we have
< [ (P U A
4 < | e 2 (I[Pdiv,u]e]p + lu®Allpi)ds
0

t
_t=s . ~ ~ -~
§/ e 2 (Ilullpliliey + llullp [ Al ds
0
< Ly + Ly,
where we have used
e
I[P div, u;i]zllp < &l Tl

which can be proved by a similar procedure as that which yielded the estimate
of (5-3). For L}, we have

' _t=s _
L s [ 02 as YOIl £ 0V Ol
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/
For L,, we can get

T s _~
L:usfo el |1 A ds

;S ~ ~
2 il (1Al + [1A] INES

L(<(s)%) L(&[>(s) %)

t
<
tf R ~
< [ MR b
/ ti
2

L s 1 g
T2 (s) 2|u A ds
+/0 e ()2 ullLa 1§ ”L1(|g|>(s)%)

() 2dsX ()Y (1)

! _I=s 2
+ ¢ 2 (s) “dsX(D)lltll o s

SOTPXOX @) + Tl eogs)-

Thus we can obtain
Ly S (072X + Y)Y (1) + Izllzoe fr5)-

For L%, we have

A

l‘i -
2 () 2dsY ()l el o 2

/ F Rl Nl ds
2Y(t)llfllyxuqz
Collecting the estimates of Ll. (i=1,2,3,4,5), we get
(5-10)  [[IE[E()lL1 Dy
_L _
S e 2|(uo, o)l g3 + (1) 2 (X(@) + Y)Y (1) + |, D)l oo gr5)-

It follows from combining (5-8), (5-9) and (5-10) that

(-1 [Ig]a] 1
<72 wo, )l a3 O THXOFY O) X O+, D) [ Lo pr5)-

The estimate of || A(t)||;2. As for the previous procedure, we have

4
IAD 22 = IAO 22 < D IAD L2y
i=1
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SE. The estimate of ||.ﬁ(t) lL2@®2\p,)- Using (3-3), we have
A L2(py) < IM21@)tiollL2(p,) + IM22(1) Aoll2(p,)

t t
+ /0 1M1t — )G 12y ds + /0 | Wt — ) F 120, ds

+ /O T —)H || 2(p,) ds
=N1+Na+---+ Ns.
For Nyp; using (3-4) and (4-1), we have
N1 173 e#2ugll 2 <1 F uollpi,
which, together with

_lER,
N1 Z llEle™ 2 uollL2(p,y < lluollr2s

yields
5
N1 < () #lluwollprnr2-

Similarly, we also have
_s
N2 S (1) *lltollLinr2

and )
N s/ (6 =) (- Vs + - Vull2) ds
0

t
_5
< /0 (0 =) 3Nl (Va2 + | Vullzoo) ds

t

< / (0 —s) 3 ()2 + ()~ ) dsX ()Y (1)
0

<(O)TIXOY ().

~

For Ng4, since

! —ﬁ(t—s) —. T ! —ﬁ(t—s)
Na< | e 2 |&i [P div, ui]el|p2ds + | le” 2 |§lu @ |2 ds.
0 0
we can get the estimate by repeating the estimate of Jy4; in fact, we can infer that
_3
Na S{)2Y(O)(X (@) + Y () + el oo z2nros))-
Like the estimate of Js5, we have

_5
N5 < (1) 4 Y(0)lItllLoe(z2nLo)-
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Thus we have
~ _s _5
(5-12) [ AllL2pyy S ()" * (o, o)Lz + () "+ Y (@)l oo z2nL00)-

Similarly, we can also get

- _s _s
5-13) Y NAllz2y S )00 o)l Linz2 + ()" FYOllTl| oo z2n100)-
i=2,3

5F. The estimate of ||.,Zi(t)||Lz(D4). We have
1A | 22Dy = 1M21 (OidollL2py) + 1 M22(t) AollL2 ()

t t
4 /0 1M1t — )G 120y ds + /0 | W32t — ) 12y ds

+ /Ot | M22(t =) Hl|2(p, ds
= N[+ Nj+--+ NL
Using (3-5), we have
N+ N3 5 e S (IE ] 12 (py + 16Tl L2()

_t
<e 2|[(uo,t0)llg1-

Similarly,
Nj / e_ 2 lu-Vull;2ds
0
< / =2 Jull 2 | Voo ds
0
t tf 11
5/ e 2 (s)" 4dsX@)Y(t)
0
<) XY ),
and

t
l_
Nix [T P divGe Vol ds
0
)
< /0 ™2 (ullzoe I Vell 2 + I Vullzos 2l 2) ds

4 —S 3
< /O =2 ()72 + ()72 ds(X(0) + Y(O) ]l oo 1

<O T2XO +YO) el oo
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For the last term NS’, we have
, btz
N5 < L€ 2 (IVell2IVullee + lITllz2lAullz2) ds
N
S L€ 2 ([IVell2VullLee + Izl L2 [|AullLee) ds
t _t=s 2 A
< L€ 2 (IVelle2IVullLee + Izl 21Ul 1) ds

' _t—s
< [ eItV + e K 3
/(; IVellz2lIVulizee + el (g, o ogy

2 A~
FIEPA, 3y )| ds

A

tf ~
/ e 2 {IVTll2 IVl + zll2 ()3 gl o
_35 11
+ ()31 Y L | ds

(=)

A

¢ 5
| B @2+ 0D ds O + e el

(=)

_5
SO 72X @)+ ullpeego)litlizoom-
Thus we have
~ _t _s
(5-14)  [[AD N 2(py) S € 2 (o, wo) | g1 + (1) "4+ (X () + Y ()
+ullLeego)llTllpoomr-

Combining (5-12), (5-13) and (5-14) leads to

(5-15) 1AMz < (6) 73 o w0l p1na + (07X (@) + Y (1)
HlullLeme)ltliLeomt

6. Proof of Theorem 1.3
In this section, we give the proof of our main result.
Proof of Theorem 1.3. Thanks to Sections 4 and 5, we can get
X(1) < 1o )1z + (X0 + YO) (el so g2 + X (1)),

which can be obtained by combining (4-5), (5-7), and

Y(t) S l(o.to)llLings + lullpsems Tl Loo
(X @)+ Y)Y () + [[(u, T)l| Lo gro).
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which can be deduced by using (4-10), (5-11) and (5-15). Since (u, ) is the solution
obtained by Theorem 1.1, we have

1t )l g0 6 < €.

Using the small conditions of the initial data, we can get that there exists a positive
constant Cy such that

X0 +Y() < Ci{e+e(X(0) + Y1) + (X(1) + Y(1)*}.

Then one can get the desired result by using continuous arguments. This completes
the proof of Theorem 1.3. O

Appendix

In this section, we show the proofs of Lemma 4.1 and (5-3) in order by using the
Littlewood—Paley theory and Fourier analysis technique.

Proof of Lemma 4.1. Let f = u;. Using
Aj([Pdiv, f]0) = [A;Pdiv. e+ fA; A= A;(fA).
we have
[A; ([P div, flo)llr < I[A;Pdiv, flellpe + 1A A=A (f Al = Fi+ Fa.
F> can be easily bounded as follows:
Fa < 1 f L2l All 2

Then it remains to bound F;. Using Bony’s decomposition, we get
I1A; P div, fz]L1

< Y AP, ey f1AkTli+ D] AP V(AL f Skl

lk—jl<4 lk—jl<4
+ Y A SSk2 Al + D AP div(AEf ArT)l|z
k>j-3 k>j-3

=h+h+13+1

Notice that

D APdiv, Sey Sl = Y Y AP Sk—1 1A Ti- I

lk—jl=4 lk—jl<4i=1,2,3

and let g = 7;., and return to considering the estimate of ||[A; P 0;, Sx—1 f]1ArgllL1-
We can see there exists a vector function /;(x), the components of which are
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Schwartz functions, such that
APy =29 [ 1@ (=)0 dy.
Thus, letting Q; (x) = |x|h; (x), we have

I[A;P 0, Sk—1 f1Akg]
= |24j/hi(2j(x—y)){(5k—1f)(y)—(Sk—lf)(X)}Akg(y)dyl

5241/0 /|hl-(21(x—y))||x—y||VSk_1f(SX+(1—S)y)||Akg()’)|dyds
523//0 /|Ql-(2f(x—y))||VSk_1f(SX+(1—S)J’)||Akg(y)|dyds

. 1 .
=29 [ [10i@ DIV S S = 2 52 B = )| dz ds.
0
By Holder’s inequality, we have
ITA;P 0, Sk—1 f1Akgl L1

. 1 .
<2 [ [100@ATSeor £ =2 +2)2 | Ak =22y dz ds

5231'/|Qi(zfz)|dz||Vf||Lz||Akg||L2 SIVFllz2liglee.

Thus we can get
WSV L l2lellz

J» can be easily bounded. Next, we bound 33 and J4. For 13, by Bernstein’s
inequality, we have

B ALl Al S27 ATl Y. 27%IVAKf L2
k>j-3 k>j-3

SIV S lz2lelze:
For 14, using Bernstein’s inequality again, we have
' A ' —k
1052 Y Ak SN2l Aktlie S270elle Y 27K AV Sl
k>j-3 k>j-3

SV ltlle Y] 278 SIVLllTlize
k>j—-3

Collecting the above four estimates leads to the desired results. O
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Proof of (5-3). Let f = u;, and using

[Pdiv. fle= > [Pd;. flri..

i=1,2,3

we return to the bound ||[P 9, f]gillz2, where g; = 7;.. Notice that if ﬂfgl =
(&, &), satistying [V P (£, §;)| < 1, we have

| D€, &) — @ —n. & —ni)l < [nl.
Using the Fourier transform, we have
[P, /il
06.6) [ FgiE-ndn- [ FnoE-ns-mae-nd

=

/f(n)@(é,&)—@(é—n,&—m)l@(é—n)dn‘

l

< ‘[|n|f<n)§i(s—n>dn

which yields the desired result by using Young’s inequality. O
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