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NEW APPLICATIONS OF
EXTREMELY REGULAR FUNCTION SPACES

TROND A. ABRAHAMSEN, OLAV NYGAARD AND MART POLDVERE

Let L be an infinite locally compact Hausdorff topological space. We show
that extremely regular subspaces of Cy(L) have very strong diameter 2 prop-
erties and, for every real number ¢ with 0 < & < 1, contain an e-isometric
copy of cy. If L does not contain isolated points they even have the Daugavet
property, and thus contain an asymptotically isometric copy of £;.

1. Introduction

Throughout, let L be an infinite locally compact Hausdorff topological space, and
denote as usual by Cy(L) the Banach space of continuous IK-valued functions on L
that “vanish at infinity”, where [K is the field of either real or complex numbers.

Definition 1.1 [Cengiz 1973a]. An extremely regular function space is a linear
subspace A of Cy(L) such that for every xg € L, every real number ¢ with0 <& < 1,
and every open neighbourhood V' of x, there exists an f € A such that

[fll=1=f(x0) >&> sup [f(x)l.
xeL\V

The interest in extremely regular function spaces came from their importance in
Banach-Stone type theorems. An example, also due to Cengiz [1973a], is as follows:
If L1 and L, are locally compact Hausdorff topological spaces such that there exists
a linear isomorphism ¢ from an extremely regular subspace of Co(L1) onto such a
subspace of Co(Ly) with ||||l¢~ || < 2, then Ly and L, are homeomorphic (here
Co(L1) and Cy(L,) are complex spaces). Properties of extremely regular function
spaces were studied in [Cengiz 1973b].

In this paper, we demonstrate that extremely regular function spaces play a role
in a quite recent subfield of the theory of Banach spaces, namely that involving
Daugavet spaces, diameter 2 spaces, and octahedral spaces. Let us briefly explain
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some main lines of this theory before returning to extremely regular function spaces
and our results.

Let X be a Banach space and By its unit ball. By a slice of Bx we mean a set of
the form S(x*, ¢) := {x € Bx : Re x*(x) > 1 —¢}, where x* is in the unit sphere Sy«
of X* and ¢ > 0. A finite convex combination of slices of By is a set S of the form
S=3" S}, e)whereneN, 4; >0, Y A =1, x€Sx+, and & > 0.

Definition 1.2. A Banach space X has the strong diameter 2 property (SD2P) if
every finite convex combination of slices of By has diameter 2.

A lemma by Bourgain [Ghoussoub et al. 1987, page 26, Lemma II.1] (and
independently rediscovered by Shvydkoy [2000]) says that every nonempty relatively
weakly open subset of Bx contains a finite convex combination of slices. Thus the
SD2P implies that every nonempty relatively weakly open subset of By has diameter
2, which in turn implies that every slice of By has diameter 2. None of these
implications is reversible ([Becerra Guerrero et al. 2015; Haller and Langemets
2014]).

It is an important observation of Deville and Godefroy from the late 1980s,
stated without proof in [Godefroy 1989], that X having SD2P is equivalent to X*
being octahedral. A Banach space Z is octahedral if, for every finite-dimensional
subspace F of Z and every ¢ > 0, there exists a y € Sz such that

lx +tyll = (1 —¢e)(lx||+|t]) forevery x € F and every t € K.

A complete proof of this equivalence can be found in [Becerra Guerrero et al. 2014,
Corollary 2.2] (the proof is carried out for the real case, but it is not too hard to
see that the result holds also in the complex case). More on the history of the
equivalence can be found in [Abrahamsen et al. 2017, Remark 1.4].

Definition 1.3. A Banach space X

(1) is almost square (ASQ) if whenever n € N and x1, ..., x, € Sx, there exists a
sequence (y) in Bx such that ||x; & y|| k—> 1 foreveryi € {l,...,n}and
—00

lykll — L.
k— 00

(2) has the symmetric strong diameter 2 property (SSD2P) if whenever n € N,
S1,..., S, are slices of By, and € > O, there exist x; € S;, i =1, ..., n, and
y € By such that x; =y € §; foreveryi € {1,...,n}and ||y|| > 1 —e¢.

ASQ Banach spaces were studied in [Abrahamsen et al. 2016]. The SSD2P
has not been fully explored yet, but can be found in [Abrahamsen et al. 2013,
Lemma 4.1], where it is observed that the SD2P is implied by the SSD2P. In turn,
it is not too hard to show that ASQ Banach spaces have the SSD2P. On the other
hand, the space L;[0, 1] has the SD2P, but not the SSD2P (see [Haller et al. 2018,
Remark 3.3]), and the space C[0, 1] has the SSD2P, but is not ASQ.
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The ASQ property of a Banach space, and also the SSD2P, are rather strong.
The widest class of spaces known to be ASQ are nonreflexive M-embedded spaces
[Abrahamsen et al. 2016, Corollary 4.3]. Also, co(X) is ASQ for any Banach space
X. The widest class of spaces known to have the SSD2P are uniform algebras
[Abrahamsen et al. 2013, Theorem 4.2]. Also, £~ (X) has the SSD2P for any
Banach space X (see [Haller et al. 2018, Proposition 3.4]).

Let us also relate the Daugavet property to the diameter 2 properties. Recall that a
bounded linear operator 7" on a Banach space X is said to satisfy the Daugavet equa-
tionif ||I4+T| =1+ T|. Daugavet [1963] discovered that every compact operator
on C[0, 1] satisfies this equation, thus initiating a very important topic in the theory
of Banach spaces. Lozanovskii [1966] obtained the analogous result for L[0, 1].

Definition 1.4. A Banach space X has the Daugavet property if every rank 1
operator on X satisfies the Daugavet equation.

Note that if a Banach space X has the Daugavet property, then, in fact, every
weakly compact operator on X satisfies the Daugavet equation (see, e.g., [Kadets
et al. 2000, Theorem 2.3] or [Werner 2001, Theorem 2.7]).

Towards the end of the 1990s, the Daugavet property was described in geometrical
terms (see [Kadets et al. 2000, Lemmas 2.1 and 2.2; Shvydkoy 2000, Lemmas 2
and 3; Werner 2001, Lemmas 2.2-2.4]). Spaces with the Daugavet property have the
SD2P [Abrahamsen et al. 2013, Theorem 4.4] and are octahedral [Becerra Guerrero
et al. 2014, Corollary 2.5].

Finally, we can announce our main results: An extremely regular subspace
of Co(L)

o has the SSD2P (Theorem 2.2);

o is ASQ whenever L is noncompact (Theorem 2.5);

e has the Daugavet property whenever L does not contain isolated points
(Theorem 2.6);

e contains an g-isometric copy of co whenever 0 < ¢ < 1 (Theorem 3.1).

In fact, we prove these results for a wider class of subspaces of Cy(L) than
extremely regular ones, that we call somewhat regular subspaces (see Definition 2.1).
Throughout the paper, it should not cause any confusion to denote, for a functional
u € Co(L)*, its representing (regular) Borel measure also by .

2. Diameter 2 properties for subspaces of Cy(L)

Definition 2.1. We call a linear subspace A of Cy(L) somewhat regular, if, when-
ever V is a nonempty open subset of L and 0 < ¢ < 1, there is an f € A such that

2-1) Ifll=1 and |f(x)|<e foreveryxe L\V.
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Notice that, in this case, | f (xg)| = 1 for some xg € V, thus one may choose an
f € A satisfying (2-1) so that f(xg) = 1 for some xg € V.

It is clear that extremely regular subspaces of Cy(L) are somewhat regular. On
the other hand, whenever x; and x; are different accumulation points of L, the
subspace {f € Co(L) : f(x1) =2f(x2)} of Co(L) is somewhat regular by courtesy
of Urysohn’s lemma, but fails to be extremely regular. Thus the class of somewhat
regular subspaces of Cy(L) is strictly larger than that of extremely regular ones.

Theorem 2.2. Somewhat regular linear subspaces of Co(L) have the SSD2P.
Theorem 2.2 is a corollary of the following lemma.

Lemma 2.3. Let A be a somewhat regular linear subspace of Co(L), and let
n,meN, fi,...,fu € Ba, Wi,..., m € Bcywy, and ¢ > 0. Then there are
g1, -, &, O € By such that, forevery j € {1,...,n},
(D |wi(fj —gj)l <eforeveryief{l,...,m}
) |ni(@)| < e foreveryiefl,..., m};
3) el > 1 —e;
@ lgj ol =1

When dealing with subspaces of Co(L), the main challenge is often to find a
substitute for Urysohn’s lemma (see, e.g., [Cascales et al. 2013, Section 2]). The
following lemma — which the proofs of both Lemma 2.3 and Theorem 2.6 rely on —

is a “Urysohn’s lemma” for somewhat regular subspaces of Co(L). The lemma is
inspired by [Nygaard and Werner 2001, proof of Theorem 1].

Lemma 2.4 (cf. [Nygaard and Werner 2001, proof of Theorem 1]). Let A be a
somewhat regular linear subspace of Co(L), let V be a nonempty open subset of L,
and let 0 < ¢ < 1. Then there are an xg € V and an f € A such that

(D fxo)=1=|fll=1+e;
2) 1= fx)| <1+c¢foreveryx eV,
B) If(x)| <eforeveryx e L\V.

Proof. Let 0 < § < 1 and let n € N satisfy 2/n < §. Putting Vy := V, by courtesy
of the somewhat regularity of .4, one can recursively find points x;,...,x, € V,
functions g1, ..., g, € A, and nonvoid open subsets Vy D V| D --- D V,, such that,
forevery j € {1,...,n},

xjeV_q, gixj)=lgjl=1, lgj(x)| <6 forevery x e L\V;_y,
and V; ={x € V;_y: |g;j(x) —1| < 8}; thus, in fact, x; € V. Defining x¢ := x,, and

gt ot
gi=—"
n
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one has [|g|| <1, |g(x)| < forevery x € L\ V, and
1 n
1-— - —g; .
| g(x)|§nZ|1 g;(x)| foreveryx €L
j=1

Now let x € V. Put k :=max{j € {0, 1,...,n}: x € V;}. For 1 < j <k, one has
I1—g;j(x)] <8; 8§ <|1—gr1(x)| <2;and, fork+2 < j <n,one has |g;(x)| <§
and hence [1 — g;(x)| <1+46. Thus

— (1 +8)+2
11— gy < = DAFIF <1+5+%<1+25.
n

Since xg = x, € V,, one has [g;(xo) — 1| < § for every j € {1,...,n} and thus
|g(xp) — 1] < &. Defining f := (1/g(xp))g, it remains to observe that, taking, from
the very beginning, § to be “small enough”, the conditions (1)—(3) hold, because,
since |g(xg)| > 1 —46,

1
L= o) < I fl = 80

< b
lg(xo)| 119

forevery x € V,

18(x0) =g _ |gtxo) — 1+ [1—g(r) 143

= I O= o -3 =35

and, for every x e L\ 'V,
1g ()] §

< —.
lg(x0)| 1-90
Proof of Lemma 2.3. Let 0 < § < 1/2. Since L is infinite, there is a point y € L

such that maxi<; <, || ({y}) < §; hence, by the regularity of w1, ..., i, and the
continuity of fj..., f,, there is a nonempty open subset V of L such that

O

| f )l =

max [u;[(V) <8 and max sup |f;(x)— f;(2)] <3d.

1<i<m lflfnx,zev
Since, by our assumption, .4 is somewhat regular, there are xo € V and f € A
satisfying the conditions (1)—(3) of Lemma 2.4 with ¢ replaced by é. For every
Jell,... n}, defining o := fj(xo) and h; := f; —«; f € A, one has h;(xp) =0
and ||h;|| <1+ 28, because

|fi () —ajl+ ol |1 — f(x)] <1428 ifxeV;
|fi GO+ lajl | f) <1+4 ifxeL\V.

For every j € {1,...,n}, defining g; := (1 —28)h;, one has | g;|| < 1 — 482 and,
for every i € {1, ..., m}, since

|hj ()l S{

|Mi(f)|5/1:\V|f|d|ﬂi|+/v|f|d|,uvi|§5|,Uvi|(L\V)+2|Mi|(V)<35,
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one also has
i (f; — 8 = 281 (fpI + (1 = 28)fexj| [1i ()] < 56.
Choose an open neighbourhood U C V of xq such that

max sup [g;(x)] < 4.
l<j=nyeu

Since A is somewhat regular, there is a i € A such that
lvll=1 and [y (x)| <48* forevery x € L\ U.

Put ¢ := (1 — &)y Then, for every j € {1,...,m}, one has ||g; =¢| <1, i.e., the
condition (4) holds, and, for every i € {1, ..., m},

i (@] = / [Pl d| il +/ |l d|pil <48 il (L\ V) + i |(V) < 56.
L\V 1%
Thus, one observes that taking, from the very beginning, é to be “small enough”,

the conditions (1)—(3) also hold. O

If the space L is noncompact, a stronger statement than that of Theorem 2.2
is true.

Theorem 2.5. Assume that L is noncompact. Then every somewhat regular linear
subspace of Co(L) is ASQ.

Proof. Let A be a somewhat regular linear subspace of Co(L), and let n € N,
fi, ..., fu € S4, and & > 0. It suffices to find an f € A such that || f|| = 1 and

(2-2) lfi£fll<1+e forevery je{l,..., n}.

To this end, observe that the sets K; :={x € L: |fj(x)|>¢}, j=1,...,n, are
compact; thus also their union K := UZ: 1 K is compact, and its complement
V := L\ K is nonempty and open. By the somewhat regularity of .4, there is an
f € A satisfying (2-1). This f also satisfies (2-2). O

Our next result produces examples of spaces with the Daugavet property.

Theorem 2.6. Assume that L does not contain isolated points. Then every some-
what regular linear subspace of Co(L) has the Daugavet property.

Proof. Let A be a somewhat regular linear subspace of Cy(L), let g € Sy, let
w € Sc,ry+ be such that ||u] 4] = 1, and let v, ¢ > 0. In order for A to have the
Daugavet property, by [Werner 2001, Lemma 2.2] (or [Kadets et al. 2000, Lemma
2.2]), it suffices to find a Y € S4 satisfying

(2-3) Reu()>1—a and |g+v|>2—c¢.
To this end, let 6 € (0, 1/3), let ¢ € S4 be such that Re u(¢p) > 1 -4, let yge L
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be such that |g(yg)| = 1, and let an open neighbourhood U of yg be such that

Ig(x) —g(yo) <& and [p(x) —¢(y)l <8  forallx eU.

Since yy is not an isolated point, the set U is infinite; thus there is a point zg € U
such that ||({zo}) < §. By the regularity of u, there is an open neighbourhood V
of zg such that |u|(V) < §. One may assume that V C U and thus

lp(x) — ()| <26 forallx,zeV.

Since A is somewhat regular, there are xo € V and f € A satisfying the conditions
(1)—(3) of Lemma 2.4 with ¢ replaced by 6. Put h := ¢ — ¢ (xg) f; then h(xp) =0
and ||| <1+ 34 (this can be shown as in the proof of Theorem 2.2 for 4 ;); indeed,

lp(x) =P x| +1@(xo)| |1 = f()|<1+38  ifxeV;
lp )+ 1o | f(X) <1+6 ifxeL\V.

Since h(xp) = 0, there is an open neighbourhood W of xq such that

|h(x)] S{

|h(x)| <8 forallx e W.

One may assume that W C V. Since A is somewhat regular, there are wg € W and
f € A such that

fwe)=Ifll=1 and |f(x)| <8 forevery x € L\ W.
Putting W :=h+ g(wp) f, one has ||| < 1+ 48, because

§+1 ifxeWw,

V@I = hDI 17 @) < {(1+33)+3 — 1448 ifxeL\W.

Since . .
I+ gll = ¥ (wo) + g(wo)| = 2|g(wo)| — |~ (wp)]
> 2[g(yo)| —2|g(yo) — g(wo)| — |A(wo)|
>2-28—-8=2-736,

one has || || > 1 — 38; thus, for ¥ := v/ /|||, one has

" 1 A A
II¢—¢II=’1— = ‘||w||= ¥l — 1] <46,
(Al | |
and hence
lg+¥l=llg+Vll— Y-yl >2—35—45 =2-75.
One has

Re t(1)) =Re u(h)+Re g(wo)i(f) =Re 11(¢)—Red (xo)pu(f)+Reg(wo) (/)
> 1=8—|u()l=Iu(H)l.
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()l < /fdu sf |f|d|u|=/ Ifldlul+/ fldlul
L L % L\V
< (L O)UI(V) + Sl (L\ V) < (148)5 46 = (2 +8)5 < 36,

Since

and, similarly, | (f)| < 28, it follows that Re () > 1 — 68, and thus

_Reu(d) _Rep(d) 1-68
Rep(v) = 1Al = 1445  1+4s

Hence one observes that, choosing, from the very beginning, § to be “small enough”,
the function i meets the conditions (2-3). O

3. Containment of ¢y and ¢

Let X and Y be normed spaces, and let 0 < ¢ < 1. Recall that a linear surjection
T : X — Y is called an e-isometry if

(1—e)|lx|| < ITx]| < (1 +e)|x]| forevery x € X.

It is well known that Cy(L) contains isometric copies of cg (see, e.g., [Albiac and
Kalton 2006, Proposition 4.3.11]), and the same is true for many of its subspaces.
For the somewhat regular linear subspaces of Cy(L) we have the following theorem.

Theorem 3.1. Let A be a somewhat regular closed linear subspace of Co(L). Then,
whenever 0 < ¢ < 1, there is an e-isometry from cy onto a closed linear subspace

of A

Proof. Let 0 < ¢ < 1. Choose pairwise disjoint nonvoid open subsets U;, j € N,
of L. Since A is somewhat regular, for every j € N, there are an x; € U; and an
fj € A such that

e
fikx;)=1 and |fj(x)|§§ for every x € L\ V;.

Denoting by cqop the linear subspace of finitely supported sequences in cg, let
So : cop — A be the linear operator satisfying Spe; = f; for every j € N where e;
are the standard unit vectors in ¢o. Observing that, whenever a = Z?:l ajej € Sy,
and x € L, one has

|(Soa) (x)| =

Zajfj(X)
j=1

(because | fj(x)| <&/ 2/ whenever x ¢ U ;, and there is at most one j € N such that
x € Uj (in which case | f;(x)| < 1)), thus Sy is bounded and || So|| < 1 + €. Letting
S : cop — A be the bounded linear extension of Sy, one has ||S|| < 1+ ¢ as well,

n n
£
s_Zl|fj<x)|sl+Zﬁ<1+g
J= J=



NEW APPLICATIONS OF EXTREMELY REGULAR FUNCTION SPACES 393

and it remains to observe that, whenever a = (ozl,-);?":l € ¢y, picking k € N such that
|ax| = |la||, one has

o.¢] .¢] o.¢]
ISall = HZajf,- > 'Zajfjock) > Joel [fe)l = Y Loyl £
Jj=1 J=1 J=1;j#k
2 e
> [lall — llall Z 5= (I =e&)lall,
j=1
because, for j # k, one has x; ¢ V; and thus | f;(xx)| < €. U

It is natural to ask about containment of £, in somewhat regular linear subspaces
of Co(L). If L does not contain isolated points, we have from Theorem 2.6 and
[Kadets et al. 2000, Theorem 2.9] that all somewhat regular linear subspaces of
Co(L) contain £, (even asymptotically isometric copies of £1). But, if L contains
isolated points, the picture is not so clear. In this case there might be somewhat
regular subspaces of Cyp(L) which contain ¢; and other such subspaces which
do not. For an example, take C(BN) and its subspaces X = {f € C(BN) :
f(x)=0 forevery x e BN\N}and Y ={f € C(BN): f(y) =0} where y € BN\ N
is a fixed element. It is straightforward to show that both these subspaces are some-
what regular. Moreover, X is isometrically isomorphic to ¢y and Y is isomorphic
to C(BN).
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REGULARITY AND UPPER SEMICONTINUITY OF
PULLBACK ATTRACTORS FOR A CLASS OF
NONAUTONOMOUS THERMOELASTIC PLATE SYSTEMS

FLANK D. M. BEZERRA, VERA L. CARBONE,
MARCELO J. D. NASCIMENTO AND KARINA SCHIABEL

We study the long-time dynamics, in the sense of pullback attractors, of
solutions for semilinear nonautonomous thermoelastic plate systems in a
bounded smooth domain in RY, N > 2. Using the theory of uniform secto-
rial operators, in the sense of P. Sobolevskii (1961), we will prove existence,
uniform boundedness, regularity and upper semicontinuity of pullback at-
tractors for the evolution system

Uy +ANu+alhd=fu), t>1,x€,
0, —k(t)AO —aAu, =0, t>1,x€9,
subject to boundary conditions
u=Au=60=0, t>1, xe€df,

with respect to the functional parameter «.

1. Introduction

In this paper we study a model that describes the small vibrations of a homogeneous,
elastic and thermal isotropic Euler—Bernoulli plate. In fact we consider the initial-
boundary value problem

(1-1) {ut,+A2u+aA0=f(u), t>1, x €Q,

0, —k()AO —aAu, =0, t>1, x €1,
subject to boundary conditions

!u:Au:O, t>1, x €09,

(1-2)
0=0,t>1, xe€08,
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and initial conditions
(1-3) u(r,x) =up(x), u;(t,x) =vo(x) and O(r,x) =6p(x), xe, TeR,

where €2 is a bounded domain in RY with N > 2, where the boundary 9€2 is assumed
to be regular enough and a > 0.

Next we exhibit conditions under which the nonautonomous problem (1-1)—(1-3)
is locally and globally well posed in some appropriate space that we will specify
later.

We assume that « is continuously differentiable in R and satisfies

(1-4) 0<ko<k(),k'(t)<k; forallteR,

for some positive constants ko and k.
Suppose that f : R — R is locally Lipschitz satisfying

(1-5) lim sup )

|s|>00 S

<)\.1

uniformly in f € R, where A1 > 0 is the first eigenvalue of negative Laplacian operator
with homogeneous Dirichlet boundary condition. Furthermore, the function f
satisfies the subcritical growth condition; that is,

(1-6) /()] <CA+]s|”~Y) foralls e R,

where 1 < p < %, with N > 5, and C > 0 independent of r € R. In this case,
the embedding H 2N H(} () — LN/ NV=H(Q) is compact and this will be used
in analysis of the energy functionals. We will justify these restrictions later in the
paper. If N =2, 3, 4, we suppose the growth condition (1-6) with p > 1.

Using the theory of uniform sectorial operators, in the sense of [Sobolevskii
1961], the authors proved in [Bezerra et al. 2018] the local and global well-posedness
of the nonautonomous problem (1-1)—(1-3) (under conditions (1-5) and (1-6)), the
existence of pullback attractors and uniform bounds for these pullback attractors
when k(1) =«.

The main goal of this paper is to prove the regularity of the pullback attractors
and their upper semicontinuity with respect to the functional parameter «. For
completeness, under the additional condition (1-4) we prove the local and global
posedness for (1-1)—(1-3) as well the existence and uniform boundedness of pullback
attractors for this problem.

We emphasize that no additional damping in first evolution equation in (1-1) is
required in the present work.

To formulate the nonautonomous problem (1-1)—(1-3) in the nonlinear evolution
process setting, we introduce some notation. Here, we denote X = L?(Q) and
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A : D(A) C X — X to be the biharmonic operator defined by

D(A) ={ue HY(Q); u=Au=0o0n 9}
and
(1-7) Au=(—A)u forallu € D(A).

Then A is a positive self-adjoint operator in X with compact resolvent and
therefore — A generates a compact analytic semigroup on X (that is, A is a sectorial
operator, in the sense of [Henry 1981]). Denote by X% « > 0, the fractional power
spaces associated with the operator A; that is, X* = D(A%) endowed with the
graph norm. With this notation, we have X % = (X¢)’ for all @ > 0, (see [Amann
1995]). Of special interest is the case o« = %, since —A? is the Laplacian operator
with homogeneous Dirichlet boundary conditions.

If we denote v = u,, then we can rewrite the nonautonomous problem (1-1)—(1-3)
in the abstract form

(1-8) {w, =Aip@Ow+ F(w), t>r1,

w(t) =wp, T €R,

where w = w(t) for all ¥ € R, and wo = w(7) are given by

u uo
(1-9) w=|v|, and wo= | o |,
0 %

and, for each t € R, the unbounded linear operator A (¢) : D(A(t)) CY = Y
is defined by

u 0 1 0 u v
(1-10) A |:v:| =|-A 0 =—aA:z |:vi| =| —Au—aAz0 |,

0 0 aA? k(t)A? aArv+i(H)A20
where

Y = (H*() N Hy () x L*() x L*(R)
is the phase space of the problem (1-1)—(1-3) and the domain of the operator A ()
is defined by the space
(1-11) D(Awy(®) = X' x X7 x X1,

1
with X! = {u € HY(Q); u=Au=00n9Q} and X2 = H*(Q) N H}(Q).
The nonlinearity F is given by
0

(1-12) F(w)=| f@) |,
0
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where f°(u) is the Nemytskii operator associated with f(u); that is,
féu)(x) := f(u(x)) forall x e .

This paper is organized as follows: in Section 2 we recall concepts and results
about singularly nonautonomous problems. Section 3 is devoted to studying the
existence of local and global solutions in some appropriate space, as well as the
existence of pullback attractors for (1-1)—(1-3). In Section 4 we present results on
regularity of the pullback attractors, following Carvalho, Langa, Robinson [Carvalho
et al. 2013]. Finally, in Section 5 we prove that the family of pullback attractors
behave upper semicontinuously with respect to the functional parameter «.

2. Abstract linear problem

Throughout the paper, L(Z) will denote the space of linear and bounded operators
defined in a Banach space Z. Let B(¢t), t € R, be a family of unbounded closed
linear operators defined on a fixed dense subspace D of Z.

2A. Nonautonomous abstract linear problem. Consider the singularly nonau-
tonomous abstract linear parabolic problem of the form

d
d—b; =—-B®)u, t >,

u(t) =ug € D.
We assume that:

(a) The family of operators B(t) : D C Z — Z is uniformly sectorial, that is, B(t)
is closed densely defined (the domain D is fixed) and there is a constant C > 0
(independent of ¢ € R) such that

C
1(B@) + 2D Lz < Y for all % € C with Re A > 0.

(b) The map R > t +— B(¢) is uniformly Holder continuous, that is, there are
constants C > 0 and g9 > O such that, for any ¢, 7, s € R,

IB() = B)IB™ (5)llz) < Ct =)™, &€ (0, 1].

Denote by By the operator (%) for some 7y € R fixed. If Z* denotes the domain
of By, a > 0, with the graph norm and 20 .= Z, denote by {Z%; a > 0} the
fractional power scale associated with By.

From (a), —B(¢) is the generator of an analytic semigroup {e7™B0 ¢ L(2):
T > 0}. Using this and the fact that 0 € p(B(#)), it follows that

le ™Dz <C, 120, teR,
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and
I1B(t)e ™Dz <Ct™!, >0, teR.

It follows from (b) that ||B(t)B_1(t)||L(Z) < C, forall (¢, 7) € I, for some I C R?
bounded. Also, the semigroup e~ "3") generated by —B(r) satisfies the estimate

-1) le™ ™D (28 2oy < M7,

where 0 < B < < 1+ ¢.
Next we recall the definition of a linear evolution process associated with a
family of operators {B(?) : t € R}.

Definition 2.1. A family {L(¢, 7) : t > t € R} C L(Z) satistying

(1) L(z, 1) =1,

(2) L(t,o)L(o,T)=L(t, ) forany t >0 > T,

(3) Px Z>((t, ), up) — L(t, T)vy € Z is continuous, where P = {(t, 7) € R?:
t>1}

is called a linear evolution process (process for short) or family of evolution opera-
tors.

If the operator B(r) is uniformly sectorial and uniformly Holder continuous, then
there exists a linear evolution process {L(t, t) : t > t € R} associated with B(t),
which is given by

t
L(t,7)= e~ (I—T)B() +/ L(z, 5)[B(z) — B(S)]e—(s—r)l?(r) ds.

T

The evolution process {L (¢, T) : t > t € R} satisfies the condition
(2-2) IL(, Dl 28,20y < Clar, BYE = TP,

where 0 < 8 < o < 14 gg. For more details see [Carvalho and Nascimento 2009]
and [Sobolevskii 1961].

2B. Abstract results on pullback attractors. In this subsection we will present
basic definitions and results of the theory of pullback attractors for nonlinear
evolution processes. For more details, we refer to [Caraballo et al. 2010], [Carvalho
et al. 2013] and [Chepyzhov and Vishik 2002].

We consider the singularly nonautonomous abstract parabolic problem

W B+ g, 1
23) o= u+g(u), t>rt,

u(t)=ug € D,

where the operator 3(¢) is uniformly sectorial and uniformly Holder continuous and
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the nonlinearity g satisfies conditions which will be specified later. The nonlinear
evolution process {S(¢, 7) : t > 7 € R} associated with B(#) is given by

t
S(t, T)ug = L(¢, T)ug +/ L(t,s)g(S(s,t))ds forallt > .
T

Definition 2.2. Let g : R x X* — X# « € [B, B+ 1), be a continuous function.
We say that a continuous function u : [, T 4+ #9] — X“ is a (local) solution of (2-3)
starting in ug € X% if u € C([r, T + 1], X*) N C'((r, T + 10], X%¥), u(t) = uo,
u(t) € D(B(t)) for all t € (r, T + ty] and (2-3) is satisfied for all ¢ € (7, T + tp).

We can now state the following result, from [Caraballo et al. 2011]. We also
refer to [Carvalho and Nascimento 2009] for a more general version that includes
the critical growth case.

Theorem 2.3. Suppose that the family of operators B(t) is uniformly sectorial and
uniformly Holder continuous in X8, If g : X* — XP, a € [B, B+ 1), is a Lipschitz
continuous map in bounded subsets of X%, then, given r > 0, there is a time ty > 0
such that for all ug € Bx«(0; r) (open ball of radius r centered at the origin of X%)
there exists a unique solution of the problem (2-3) starting in ug and defined in
[z, T 4+ t9]. Moreover, such solutions are continuous with respect the initial data in
Bx«(0; r).

Next we present several definitions from the theory of pullback attractors, which
can be found in [Caraballo et al. 2010; 2013; Chepyzhov and Vishik 2002].

We begin by recalling the definition of Hausdorff semidistance between two
subsets A and B of a metric space (X, d):

disty (A, B) =sup inf d(a, b).
acAbeB

Definition 2.4. Let {S(z, t) : t > v € R} be an evolution process in a metric space X.
Given A and B subsets of X, we say that A pullback attracts B at time ¢t if

lim disty (S(t, 7)B, A) =0,
T—>—00

where S(¢, T)B :={S(t,t)x € X : x € B}.
Definition 2.5. The pullback orbit of a subset B C X relative to the evolution pro-
cess {S(t, ) : t > v € R} in the time 7 € R is defined by y,(B, t) := Urgz S(t, t)B.

Definition 2.6. An evolution process {S(¢, 7) : t > 7 € R} in X is pullback strongly
bounded if, for each t € R and each bounded subset B of X, Uzgz vp(B, 1) is
bounded.

Definition 2.7. An evolution process {S(¢, t) : t > 7 € R} in X is pullback asymp-
totically compact if, for each t € R, each sequence {t,} in (—o0, t] with 7, - —o0



REGULARITY AND UPPER SEMICONTINUITY OF PULLBACK ATTRACTORS 401

as n — oo and each bounded sequence {x,} in X such that {S(¢, 7,)x,} C X is
bounded, the sequence {S(¢, 7,)x,} is relatively compact in X.

Definition 2.8. We say that a family of bounded subsets {B(¢) : t € R} of X is
pullback absorbing for the evolution process {S(¢, 7) : t > t € R} if, for each r € R
and for any bounded subset B of X, there exists ty(¢, B) < ¢ such that

S, T)BC B(t) forall T <1y(t, B).

Definition 2.9. A family of subsets { A(¢) : t € R} of X is called a pullback attractor
for the evolution process {S(¢, t) : t > v € R} if it is invariant (that is, S(¢, 7). A(t) =
A(t), for any t > 1), A(t) is compact for all ¢ € R, and pullback attracts bounded
subsets of X at time ¢, for each 1 € R.

In applications, to prove a process has a pullback attractor, we use Theorem 2.11,
proved in [Caraballo et al. 2010], which gives a sufficient condition for existence
of a compact pullback attractor. For this, we will need the concept of pullback
strongly bounded dissipativeness.

Definition 2.10. An evolution process {S(¢, 7) :t > T € R} in X is pullback strongly
bounded dissipative if, for each t € R, there is a bounded subset B(¢) of X which
pullback absorbs bounded subsets of X at time s for each s < ¢; that is, given a
bounded subset B of X and s < ¢, there exists to(s, B) such that S(s, t)B C B(t)
for all T < 79(s, B).

Now we can present the result which guarantees the existence of pullback attrac-
tors for nonautonomous problems; see [Caraballo et al. 2010].

Theorem 2.11. If an evolution process {S(t, T) : t = © € R} in the metric space X
is pullback strongly bounded dissipative and pullback asymptotically compact, then
{S(t, 7)1t > v € R} has a pullback attractor {A(t) : t € R} with the property that
U. < A7) is bounded for each t € R.

The next result gives sufficient conditions for pullback asymptotic compactness,
and its proof can be found in [Caraballo et al. 2010].

Theorem 2.12. Let {S(t, s) : t = s € R} be a pullback strongly bounded evolution
process such that S(t,s) = L(t,s) + U(t, s), where there exists a nonincreasing
function k : [0, +00) x [0, +00) — R, with k(o,r) — 0 when o — oo, and for all
s <tandx e X with ||x|| <r,

”L(tvs)x” < k(t -9, r),

and U(t, s) is compact. Then, the family of evolution process {S(t, s) : t > s € R}
is pullback asymptotically compact.
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3. Existence results

In this section we study the existence of global solutions for (1-8). For this, we
consider the linear problem associated with (1-1)—(1-3),

w; = Ag(Hw, t> T,
w(t) =wp, T €R,

where w and wy are defined in (1-9) and the linear unbounded operator A ) is
defined by (1-10) and (1-11).

We use the term singularly nonautonomous to express the fact that the unbounded
operator A (t) is time-dependent and generates a semigroup that satisfies an
estimate as in (2-1).

It is not difficult to see that 0 € p(A()(¢)) for any t € R. Moreover, the operator
A\ @) : D(A) (@) CY — Y is defined by

D(A 1) =L*(Q) x H(Q) x H (),
where H2(S2) denotes the dual X~ of X2 and

@ A—3 _A-1 __a A1

1 u «(1) k(1)
A(’K)(t) v | = I 0 0
9 a 0 _A—z

_a_ 1
k(1) k(1)

|

< <

[ 42 -1 —1 a —1
m[\ 2u— A U—mA 0
= u

L_qu+ LA_%O

Tk 0]

Proposition 3.1. Denote by Y_; the extrapolation space of Y = X Px X x X
generated by operator A(_Kl) (t). The following equality holds:

Y  =XxX IxX 2.

Proof. This proof follows the same ideas of the proof in [Bezerra et al. 2018,
Proposition 3.1]. U

Remark. Following the same ideas from [Baroun et al. 2009] and [Lasiecka and
Triggiani 1998], we conclude that for all ¢, there exists a positive constant M
(independent of ¢), such that

M
1+ Al

I + Awy@) L < for all A € C with ReA > 0.

From this we can conclude that A)(?) is uniformly sectorial (in Y).
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Note that the operator A,)(¢) can be extended to its closed Y_;-realization (see
[Amann 1995, p. 262]), which we will still denote by the same symbol so that
Ao (t) considered in Y_; is then the sectorial positive operator (see [Carvalho and
Cholewa 2002]). Our next concern will be to obtain embedding of the spaces from
the fractional powers scale Y,_1, o > 0, generated by (A (?), Y_1).

Theorem 3.2. The operators A (t) are uniformly sectorial and the map R > t —
Ao (t) € L(Y, Y_1) is uniformly Holder continuous. Then, there exists a process

{L(t,7):t>71€R}

(or simply L(t, T)) associated with the operator A (t), that is given by

t
L(t,t)y=e 740 ¢ / L(t,5)[Aw) (1) = A (s)]e ™40 ds - forallt>t.

T

The linear evolution operator {L(t, T) : t > T € R} satisfies the condition (2-2).

Proof. Following the same ideas from [Carvalho and Cholewa 2002] and [Lasiecka
and Triggiani 1998], we can conclude that the operator A () is a sectorial positive
operator in Y_;. It is not difficult to see that it is also closed and densely defined.
Note that for [u v 0] € X7 x X x X, and 1, s € R, we can estimate the norm

(A () — Ay (s)[u v Q]T”XxX*% 1 using (1-4). In fact,
u
;]
0

2
for any 7, s € R; hence the application R > 1 — A (¢) € L(Y) is uniformly Holder
continuous, and this argument shows that

x X

=l @)=k SI(=2)01 1 <clt—s|?
Yy

u
(A (D)= Ay (5)) [8}

1
X2xXxX

1A @) = Aw ey <clt —slP.
Therefore, there exists a linear evolution process {L(¢, 7) : t > t € R} associated

with the operator A, (), that is given by

t
L(z, r):e—(f—f>A<K><”+/ L(t,$)[Aw) (1) = A ()]e 40O g for all t>7.

T

Furthermore, the process {L(¢, T) : t > T € R} satisfies the condition (2-2). [l

The following result is a direct consequence of (1-6), see [Carbone et al. 2011,
Lemma 2.4].

Lemma 3.3. Let f € C'(R) be a function such that the condition (1-6) holds. Then

|f(s1) — fs)l <277 elsi —sol (L4 [s1177 + 152”71 forall 51, 52 € R.
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Lemma 3.4 [Carbone et al. 2011]. Assume that 1 < p < N +4 and let f € C'(R)
be a function such that

1) <CA+1s|”™YY foralls eR.
Then there exists s € (0, 1) such that the Nemytskii operator f¢: X LN X"7 is
Lipschitz continuous in bounded subsets of X 2 uniformly int € R.

Remark. Since LN/ V=9 (Q) — L%(Q), it follows from the proof of [Carbone
1

et al. 2011, Lemma 2.5] that f¢: X2 — L3(Q) is Lipschitz continuous in bounded

subsets; that is,

1) = FE 2 < N w) — f°

<cllu —vlixiz,

2N
W25 (Q)
with ¢ = g(llu Il x12, llv|lx12). The scheme below describes this situation:
X7 s HA(Q) < L1(Q) L9, [ w5 (Q) > LA(Q),

where in the last inclusion we use that p < N =

Proposition 3.5. The operator A (t) given in (1-10) is maximal accretive.

Proof. This proof is analogous to the proof [Bezerra et al. 2018, Proposition 4.3],
and so we omit it. U

Remark. Below we have a partial description of the fractional power spaces scale
for A (t). For convenience we denote Y by Yy, then

Yo—> Yy 1—>Y_ forallO<a <1,

where . . .
Yom1 =11, Vla=X2x X2 x X2

where [ -, - ], denotes the complex interpolation functor (see [Triebel 1978]). The
first equality follows from Proposition 3.5 (since 0 € p(A)(?))) (see [Amann 1995,
Example 4.7.3(b)]) and the second equality follows from [Carvalho and Cholewa
2002, Proposition 2].

Corollary 3.6. If f is as in Lemma 3.4, then the function F : Y — Y,_1 (a € (0, 1)),
given by (1-12), is Lipschitz continuous in bounded subsets of Y.

Now, Theorem 2.3 guarantees local well posedness for the problem (1-8) in the
energy space Y.

Corollary 3.7. If f and F are as in Corollary 3.6, then given r > 0, there is a
time T = t(r) > 0, such that for all wg € By (0; r) there exists a unique solution
w: [ty, to + 1] = Y of the problem (1-8) starting in wy. Moreover, such solutions
are continuous with respect the initial data in By (0; r).
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Since t can be chosen uniformly in bounded subsets of Y, the solutions which
do not blow up in Y must exist globally. Alternatively, we obtain a uniform in
time estimate of || (u(¢), o,u(t), 6(¢))||y; such an estimate is needed to justify global
solvability of the problem (1-8) in Y.

The total energy of the system £ (¢) associated with the solution (u(¢), d;u(t), 0(t))
of (1-1)—(1-3) in Y is defined by

(3-1) g(f)=%”H(f)”?(l/z+%||“z(f)||§(+%||9(f)||§(—L/O F£(s)ds dx.

It is not difficult to see that the function ¢ — £(¢) is monotone decreasing along
solutions. In fact, using (1-1), we can show that there exists a positive constant ¢
such that

E'() 0.
We obtain (from (1-5)) that for each ¢ > 0, there exists C; > 0 such that if
u(-,1)
(3-2) [ [ roasa<etuc o +c.
QJo

the property £(¢) < £(t) offers an a priori estimate of the solution (u(¢), o,u(t), 6(¢))

in Y. In fact,
u
v
0

u

v

0
and, if we choose 0 < gp < z_lc we get boundedness as desired; that is,

;

With this, we ensure that there exists a global solution w(#) for Cauchy problem
(1-8) in Y and it defines an evolution process {S(¢, ) : t > t € R}, that is,

2

< cE(T) +ceollu(-, 0)||% + Cep < cE(T) + e
Y

2

+ CS()’
Y

1
2

< +00.
Y

lim sup
t—+00

S, t)wg=w(t) forallt >7eR.

According to [Carvalho and Nascimento 2009],
t
(3-3) S(t, t)wo = L(t, r)wo—i-/ L(t,s)F(s,S(s, T)wg)ds forallt >t eR,
T

where {L(t,7) : t > t € R} is the linear evolution process associated with the
homogeneous problem (1-8).

In order to prove the existence of pullback attractors for (1-1)—(1-3) we use the
modified energy method.
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Theorem 3.8. Let L be the energy functional associated to (1-1)—(1-3) given by

L()=ME(t)+ 61 /

uutdx—ézf u,A_ledx,
Q Q

where £ is defined in (3-1), and 0 < 61 < 8, < 1 and M > 0 are appropriate
constants.

(a) There exist constants My, M, > 0 such that
(3-4) L'(t) < =M E(t) + M2

foranyt > 0.
(b) For M > 0 sufficiently large, there exist constants By, B2, B3 > 0 and B4 > 0

such that
(3-5) B3E(t) — Ba < L(1) < f1€(1) + B2
foranyt > 0.
Proof. See [Bezerra et al. 2018, Theorems 5.1 and 5.2]. ([

Remark. For every r € R, from (3-2) we have

@) = Slu® + Hlu Iy + 31015 — /Q /0 f(t,s)dsdx
> (3= 36Co)llu®) 52 + 3llur 1% + 310O[% = Ce
where ¢ is such that ¢ < 1/Co; that is
IAu@ % + lucON% + 10015 < C1E@) +C,
where Cl_1 = min{(% — %SCO), %}

Corollary 3.9. Under the same conditions as in Theorem 3.8, if B C Y is a bounded
set,and (u,v,0) :[t,74+T]— Y, T >0, is the solution of (1-1)-(1-3) starting in
(1o, vo, Bp) € B, there exist positive constants w, y| = y1(B) and y», such that

(3-6) IAu@® % + lu O + 10K < yie 7+,
foranytelr,t+T].
Proof. From (3-4) and (3-5), we obtain

L'(1) < —01L(t) + 02,

where o1 = M /B and o, = M >/B1 + M>, and thus

t
(o
L(t) < L(T)e 7D 4 ope™ / e ds < L(1)e D 4 2,
T o1
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Again, by (3-5) together with the remark on page 406, we conclude that
1Au@ 1% + lur O + 10O 1% < yie™ 77 + s,
where y; = y1(£L(1)) > 0 and y, > 0. U

Theorem 3.10. Under the same conditions as in Theorem 3.8, the problem (1-1)—
(1-3) has a pullback attractor {A(t) :t € R} in Y and

JAao cr.

teR

Proof. From estimate (3-6), it is easy to check that the evolution process {S(¢, 7) :
t > 1t € R} associated with (1-1)—(1-3) is pullback strongly bounded dissipative
inY.

Hence, applying the same ideas of the proofs of [Bezerra et al. 2018, Theorems 5.1
and 5.2], we conclude that the family of evolution process {S(¢,7) : t > 7 € R} is
pullback asymptotically compact (see Theorem 2.12). In fact, from (3-3) we write

S(t, T)wo = L(t, T)wo + U (2, T)wo,
where

(3-7) U(t, t)wy := / L(t,s)F(S(t, s)wo) ds

for any initial condition wg € Y.
With the same arguments used in [Bezerra et al. 2018, Theorem 5.1] with f =0
in (1-1) and with the functionals

0 = Su@® 3 + Sl O + 3100115

and
L(t) = ME() + 81(u, ur)x — 8a{ur, (A7'0))x,

we get from (3-4) that there exists ¢; > 0 such that
L) < —c1&().

From arguments used in the proof of [Bezerra et al. 2018, Theorem 5.2] with f =0
in (1-1), by (3-5) we get ¢, c3 > 0 such that

(3-8) &(1) < L(1) < c3E(1)

and hence
L'(t) < —coLl(t)

for some ¢y > 0. From this, we obtain

L(1) < L(x)e 0,
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and thanks to (3-8) we get
£ < (e,
2

for some ¢y > 0. This ensures that there exist constants K, « > 0 such that
(3-9) IL(t, D)l oyy < Ke @™ forallt > 1.

The family of evolution processes {U (¢, 7) : t > 7 € R} is compact from Y into Y.
In fact, the compactness of U (¢, T) follows easily from

Xl/zf_e) X—S/2 s X_1/2,

being the last inclusion compact (since s < 1; see Lemma 3.4). Thanks to the
assumptions on the nonlinearity of f, it follows that f° is compact from X >
into X 2. Taking into account that F' is given by (1-12), compactness of f¢ implies
that F is also compact from Y into Y_;, and since L(¢, T) is a bounded linear
operator from Y_; to Y, the operator U (¢, 7) is compact from Y into Y (see [Hale
1988, Theorem 4.6.1]).

Now, applying Theorem 2.11, we get that the problem (1-1)—(1-3) has a pullback
attractor {A(7) : t € R} in Y and that | J,_p A(#) C Y is bounded. [l

4. Regularity of the pullback attractors

In this section we investigate the regularity of the pullback attractors; in fact, we
prove that |, A(?) is a bounded subset of Y.

Theorem 4.1. The pullback attractor {A(t) : t € R} for the problem (1-1)—(1-3),
obtained in Theorem 3.8, lies in a more regular space than Y; in fact,

PEG

teR
is a bounded subset of Y \.

Proof. The main idea is to use the argument of progressive increases of regularity,
following Babin and Vishik [1992] (see also [Carvalho et al. 2013, Chapter 15]).

Let &£ : R — Y be a global bounded solution of (1-1). Then, the set {£(¢); t € R}
is a bounded subset of Y. First, observe that we already know that

|JA@) is bounded in Y.
teR
Hence, if £(-) = (u(-), u;(-), 0(-)) : R — Y is such that £(¢) € A(¢) for all t € R,
then

t
§(1) = L(z, 5)5(s) +f L(t,0)F(§(0)) 49,
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and, using the decay of L(, s) in (3-9) and letting s — —oo it follows that

t
4-1) §(1) =/ L(t,0)F(£(9))do.
Now fix s € R, set (ug, 11, ¥9) = £(s), and consider
p(t) Mo t Ho
ue@) | =U, ) | 1 =/ L(t,0)F | S@,s) ||| do,
9 (1) Yo § Yo

where U (-, -) is defined in (3-7). Note that (u(-), ¥ (-)) solves the system

42) Par + A%+ alAy = f(ult,s; po)), t>s, x €Q,
O —k(t)AY —alAu, =0, t>s, x €,

with

(4-3) nis, x)=pu(s,x)=0 and V(s,x)=0, x € Q.

This happens inside the pullback attractor A(-).

409

To estimate the solution of (4-2)—(4-3) for (ug, 41, ¥9) in a bounded subset B

of Y, we again consider the energy functional

Ls(t) = AMIn®l5 + MmO + M9 O

(@), (D) x — 82l (1), A™'9 (1)),

to obtain (we omitted # on the right side in order to simplify the notation)

L5(t) = M, i) x + M (e, ) x + M0, 9 x + liel%

+{, i) x — 82 (1hsr A_1ﬁ>X — 82 (s, A_1191>X,

and by (4-2) we get

L5(t) = M. s x = M, M) x + M (s, f ) x =k OMID 150 o,

+ (L —ad) el — Ml + (1 FGU0)x + 82— @) (Ap, ¥)x

+ada 9113 — 82(f (1), A1) x — Sake (1) {as, F) x.

From Poincaré and Young inequalities
M
£5(0) < (30M + 501 Ca) Il + (1 + Ca - Jvadorc + 500 ) eI

Ca
2\)1

+(+
+(%M+%52)/Q|f(u)|2dx+/9f(u)udx,

where C, =1—ad, and C, = 6, —a.

2 2 1 —149,2
+a82)||19||X—K0A1M||19||H01(Q)+§82/Q|A 9 dx
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To deal with the integral terms, just notice that from dissipativeness condi-
tion (1-5), for each v > 0 there exists C,, > 0 such that

/ fopdx <vlpllk +Co <movlpllizz + Co,
Q

where mg > 0 is the embedding constant for || - | x < moll - || x12-
From (1-6), there exists C > 0 such that

/If(u)l dx < Cllully +Clull %0

Since the condition 1 < p < 7~ implies X2 s L2P(Q), we get

/ |f(w)*dx < Cllullx +C < Cillulz + Co.
Q

whenever ||| xi2 < r (see [Carbone et al. 2011] and [Carvalho et al. 2009]).
From this it follows that

(4-4) U U (z, s)B is a bounded subset of Y.

STt
Hence (@, ¢) = (s, U;) solves the system

o+ Ao +aAl = f(u(t,s; wo)@ (L, s; o), 1>, x €K,

4-5) {
G —k()AL — k' ()AY —aAw, =0, t>s, x €L,

with @ (s) =0, @,(s) = f(uo), and ¢(s) = 0.

Finally, now we would like to estimate (@, @y, {) in Y, but solutions are not
regular enough to allow this directly. Instead we work “towards” Y by progressive
increases of regularity. For o > 0, we define the fractional power spaces X% = D(A%)
with the graph norm, and let X ¢ = (X%)’; see (1-7).

For

(@, ,0)eX 2 x X 2 x X2,

we define

(4-6) Lo =M(lmOI o + @@ g + 15O )
+o1(m, @) g — Sl A7)

L) =M, @) 1za + M@, @1) g +M(G1, 8) g +01{@r, @1)

x%
+ 81 (e, Wx,g —So{mu, A7'C)

—Sa(m AT s
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Note that from (1-2)—(1-7) (that is, AT = —A), (4-5) and (4-6) we have

L,(0) =M@, @) 1oe = M(@y, @) 150 — Ma(my, AL) g

+ M, (@), s + Mk ()5, AD) —a +Mr()(5, AL) -4
2 2

+Ma(¢, Awy) g +oill@ll g —51IIZU||X1_Ta —adi(@, AL) -

%
1
+o1(@, fl @) -y +62(0 A2w) g +abligI

—8(A73L, f(u)w -4 — Sk () (@, £) -

— 8ok (1) (@, —aby||wy |2

_a
X 2

’

D) -4

in other words,

@7 Ly()=M(@, ['(Ww@) g +Mr' ()5, AD) g +Mr()(¢, AL), -

+(81—ad) o) ,,—31IIWI| %—031@ AZ) -

o
2
), -a

[N

+81 (w’ f (M)w>xf%+82<§’ Azw_)X*
+as2lI¢ |12 g —82(A72¢, £ 0w) -

— 8ok () (@1, &) -5 — 8ok () (1, D) - -

4
2

Next, we collect estimates of the terms that appear on the right side of (4-7).
First, we deal with the three terms in which the nonlinearity of f’ appears explicitly.
Let
(p—D(IN —-4)

A=
! 4

Note that since p < we obtain «; < 1. We observe that

_N
N-4°
(@ f (@) s < llwll g | f (Wl s

and using the embedding X% =H>*Q) L”(Q) (or equivalently L7T(Q) <

! /
(4-8) I f (u)wux_% <ealf (u)wnm%(m
<eaClla(+u”H]

L N+4a (Q)

<esClalixlt+ 1™l g o

and so

/ 2 2,2 2 —12
o|° _« <c;Cllom 1 L
W) ||X,7 S Collla [Ix 1T+ [l ||L%(Q)

and from (4-4) u remains in a bounded subset of X >and X7 < L(ﬂ;iw (2) for
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any 1 < p < %. This implies

(p—1)N—2«
1
/(1+|M|p )i dx <19+ [l f,ﬁ(”m'v)
o (Q)
(p—1)N—2a
N(p—1
120 +csllell s

<
< Gs,
for some c5s > 0. From this, there exists a positive constant C 1 > 0 such that
(4-9) If' Wl g <Cpa.
With this we have
/ L < &0 2 M 2
(4-10) M@, ['G0m) s < Dol g+ 517 Gl g
€0 2 CrM?
<9 o + =L
< Pl g + 55

for some gg > 0.
Again, from (4-9) we obtain

(4-11) i@, f(ww) s <5(l@ 13 g + 51 (Wl )

€1 2 Cf,l(Sl
< = w 70{ +—
< Ho )2 1+ L

for all ; > 0.
p
We have the embedding X* = H 4 (Q) > LP(Q) (or equivalently L»-1(S2) —

X *)forany 1 < p < %. From this and using (1-6), it follows that

/ /
(4-12) I f (u)wnx_l# <elfwal s
p—1
Cesllar 1+ 1wl v o
p—1
Cegllallx Il +1ul” M s o
and so
If (o | i SCa X+ IplP~ P W
) L20+) (Q)
where
| 1%](1+ot) ]%/(l+ut)
(4-13) /<1+|u|p Yt dx < QY + ] Yoy <@l +erllwl "
L 20+ (Q)

In the last estimate we used the embedding

N +4a

X L5 Q). 1
7y o , <p< .
P="N_3a
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From this, there exists a positive constant cg such that

I+ P2y <es.
L 2(0+a) (Q)

From (4-12) and (4-13), we have

(4-14) ~52 (A2, [l (W) g = —8(AT2 0, ATE fl(ww)x

<&l -¢ ILf Wl g

%ngu ¢ +385C2

for some Cy > 0.
Finally, we consider the last term:

82k
= ({1, £) g <8kl g el g < == (lmlllg + 1217 )-

Since ¢} remains in a bounded subset of X (see (4 4)), for 4 5 Sa < 1 we have

the embedding L? = X° — X% (Z -5 < 0) and

MK ({5, AY) g = —MK'(1)(¢, A29) s
= — MK (A3 AT g
< Mt | A5 ClIx AT 30 x
= Mictll¢ll s g 191 ) s

<SMrie(lglx +1911%) < C
for some ¢ > 0 and C3 > 0.
It is not difficult to see that

(6 AL g = =181 1

From this we conclude that

Mic(t)(¢, AL) g < =MiollZ I 1w < —MeacollC |
X4 X
Using Cauchy and Young inequalities we obtain

1 1
—ad|(w, AL), g =adi(@, A2{) ¢ =ad|(A2w, L), -

o«
2

1 2 as 2
Sadilloll, e liSlly-5 < 3 8182||W||X1_Ta+—lllcll g

for all &, > 0, and

1
58, M)y og S Salloll, e ISl -5

) 2
5% -g 82£3||w|| 5 2—83||§||X,%

2
for all &3 > 0.
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Finally, from X — X ~3 we obtain
=82k () (w1, B) -5 < Sakollorll -5 19 -2
< %&Ko(llwtll - +Io12 _,)
R < Soao(lmil2 g +cl9 %)

1
< 552K0||wt||x_% +c

for some ¢ > 0.
Now combining (4-7) with (4-10), (4-11) and (4-14)—(4-15) we conclude that

1 2 1 1 1 1 2
L, (1) < —551||w||X15a — (561 — 361 — 3ad162 — 55283)||w||X15a
_ _ Ll s 1 _1 2
(ady — 380 — 81 — 362k 252K0)||wt||x,%
s 1 2
— MCK—l———aS——Z——8K>
< 2K0 — 5 2= 5, 2%k (kg [t

CyiM? + Crid]

1 8C C
26 S, +50,Cr2+C3+c.

In other words,
L < ——13 8 8 — —]5
a(t) S 1||w|| 15 1— 281 2a 182 — 50283 ||ZU||2 IED,

2
— (a82 — 580 — 01— 52K1)||wt||x_%

_ _1_ad e 81 2
(M02K0 27 2%, asd, 2en 252K1>||§||X_%

M? 82

+ CaM | Cridi L1820 4 Crto.

280 2
Now, it is enough to choose €1 > 0, &2 > 0 and &3 > 0, respectively, such that

5 1 8

e1=—, &=, and & =_—,
3 3a 38,

and so
1 2 1 2
L, (1) < —551||ZU||X1%1 — (ady — 360 — 81 — 8okt ) |y | P

) P
— (Mexg —§ =52 —ady = 2 — s ) 212 g

Cf,,M2+Cf,5
280 2

Since §; < &, if we assume that a < 1 + «, then choosing &y > 0 such that

+ L4 183Csa+Cs+c.
ey < 2(61 —K1)82 —251 < 2(52 —(31),

we conclude that
a52 — %80 — 51 — 52/(1 > 0.
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Now, it is enough to choose M > 0 sufficiently large such that
Mcyco—%— — —a82—6— — %82/(1 > 0,
and so there exist £; > 0 and ¢, > 0 such that »
Lo <=l e+l g + 151 -¢) + .

From this, (4-1), and the fact A(¢) = {£(¢); £(¢) is a global bounded solution}
we obtain

l—ay

2—a l—«
(4-16) |LJA@) is bounded in X7 xX T xX 7.
teR

Using (4-16) and restarting from (4-8) and (4-12) with ap = (1 + p)a; — p it
follows that 1
ay

2—a l—a
UA(t) isboundedin X 2 x X 2 x X 2 .
teR

Iterating this procedure a finite number of times, we can now show that

UA(t) is bounded in X! x X2 x X%,
teR
which implies

sup sup{[[E@) Iy, IE@lly1, 1€ (Dly} < oo,

EeA teR

where A is the set of global bounded solutions for (1-8). U

5. Upper semicontinuity of the pullback attractors

From the results obtained in the previous section, we can prove a result on upper

semicontinuity of the pullback attractors with respect to the functional parameter

k. Let {«. : ¢ € [0, 1]} be the family of real valued functions of one real variable

satisfying (1-4), and denote by S, (-, -) and {A.,)(?) : t € R}, respectively, the

evolution process and its pullback attractor associated with problem (1-1)—(1-3).
Moreover, we will assume that

lice — kol Loy — 0 ase— 0.

Now we are able to present the main result of this section.

Theorem 5.1. For each a > 0 and ¢ € [0, 1], let w'®(-) = S (-, T)wo be the
solution of (1-8) in Y. Then, for each T > 0, w® converges to w® inCq0,T1;Y)
as ¢ — 0F. Moreover, the family of pullback attractors {A.,)(t) : t € R} is upper
semicontinuous in € = 0.
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Proof. For each wgy € Y, consider w® = Sty (t, T)wp and w® = Sto) (£, T wo.

Let w = w® — w©®, with w® = @®, u®,,0®) and w® = WO, u®,, 0©)
w=u® —u® and 6 =0© —9©)_ Then, forall t > 7 and x € Q,

Uy +ANu+an = fu'®) — fu®),
0, — ke (1) AO® + ko (1) A0 —aAu, =0.

Multiplying the first equation by u, and multiplying the second equation by 6,
we get

%di f P dx+12 f |Aul*dx+a f Abu,dx = f [f @)= f @) u, dx,
tJa dt Jo Q Q

%i/ |9|2dx+Kg(t)/ |V0|2dx—(/<£—/<o)(t)/ AH(O)de—a/ Au,0dx =0.
dt J Q Q Q

Since

/ ABu;dx = / Au0dx,
Q Q
it follows that

d
(5-1) d—(%/ |u,|2dx+%/ |Au|2dx+%/ |0|2dx>
! Q Q Q

=—K€(l‘)/ VO | dx
Q
+(K3—K())(l‘)/ AOOg dx+/[f(u(8))—f(u(0))]ut dx
Q Q

< (ke — k) (1) / AOD0 dx + / LF ) — £ @)y dx.
Q Q
Using Young’s inequality
/ voOve dx < %/ VOO 12 dx + %/ VO dx,
Q Q Q
by (5-1) we conclude that

(5-2) e % + Nl %2 + 101%)

ar
2 2
SO0 ) ke = Koll @y + 1013, g ke

ol +2 / @) = F@®)u dx,
Q

and from Section 4 we have w = w® —w @, with w® = (u®, ut(s), 0@y and w® =
1 1
@, u®, 00y u=u® —u® and g =0© —0©) bounded in X' x X2 x X 2.
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Hence there exists C > 0 independent of ¢ > 0 such that
(5-3) 101l 5@y <€ (and ”9(0)”11(; @ <O

for any ¢ € [0, 1).
Combining (5-2) and (5-3) we conclude that

d
(5-4) e W+l 321015 < Cllke—xoll Loy +2 / Lf @)= @O)]u dx,
Q

where C > 0 is independent of €.
From the mean value theorem, assumption (1-6) and % + ﬁ +1=1we
obtain

/ LF @) = £u®)u, dx
Q
<N EuD + A =)uNN 2 Nu® —uO ) 2o lluell 20
Lr=1(Q)
< Co,pu® —uO | 120 llusl x,
and so

/ [F @) — f@)u, dx < Co, fllull 20 luellx < Co, flluellxelluell x
Q

for some & € [0, 1] and such that Cy_y > 0 is a constant depending on the initial data.
Hence, from Young’s inequality,

(5-5) fQ [f @) — £ u, dx < C'(lull3s + lud + 101%)

for some C’ > 0 independent of &.
Therefore, by (5-4) and (5-5)

d

Z (el + gl x + 101x) < Clle = kol wy +C" Nl + llue % + 101%).
and consequently

(5-6)  luelly + lul%e +101% < Clike — koll Loy (r — 1) 79, 1> 1,

that is, w® (= Sty (£, T)wp) goes to w® (= Steo) (1, T)wp) as € — 0" in compact
subsets of R uniformly for wg in bounded subsets of Y.

For 6 > 0 given, let T € R be such that dist(S(,)(Z, ) B, A (1)) < % for all
t€R, B D Us<; Aw,)(s), is a bounded set in ¥ whose existence is guaranteed by
Theorem 2.11.

Using (5-6), there exists g9 > 0 such that

)
sup IS¢ (, Dug — Siep) (8, Duelly < 2
uSGA(KS)(T)
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for all ¢ < &g. Finally,

disty (Aqe,) (1), A (1))
S distr (S, (1, T Aer) (T), Stig) (7, T) Ay (7))
+ disty (See) (1, T Awe) (T)s St (t, T) Ay (T))

< sup  disty (See)(t, T)ite, Se) (t, T)tte)

U € Agiep) (T) .
+disty (Sqe) (7, T) Ag) (T)s Agig) (1))
3 N 8 5
<-4 =-=29,
2 2
which proves the upper semicontinuity of the family of attractors. U

Remark. Observe that, if we assume that a is continuously differentiable in R, and
there exist positive constants ag and a; such that

O<ap<a(),at)<a foralteR,

then all the calculations in this paper remain valid for a(¢) instead of a.
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VARIATIONS OF PROJECTIVITY FOR C*-ALGEBRAS

DoON HADWIN AND TATIANA SHULMAN

We consider various lifting problems for C*-algebras. As an application of
our results we show that any commuting family of order zero maps from
matrices to a von Neumann central sequence algebra can be lifted to a com-
muting family of order zero maps to the C*-central sequence algebra.

1. Introduction

Many important properties of C*-algebras are formulated in terms of liftings.

By a lifting property we mean the following. Suppose we are given a surjective
s*-homomorphism B — M. We will say that a C*-algebra A4 has the lifting property
corresponding to this surjection if for any x-homomorphism ¢ : A — M there is a
s«-homomorphism ¢ : A — B such that the following diagram commutes.

v, l
/
/7
In other words any *-homomorphism from .4 to the C*-algebra M “downstairs”
“lifts” to a *-homomorphism to the C*-algebra B “upstairs”.
C*-algebras which have the lifting property with respect to any surjection are
called projective. They were introduced by B. Blackadar [1985].
Many problems that arise in C*-algebras reduce to the question of the existence
of liftings in various special situations. Here are some examples:

(1) Problems about approximation of almost commuting matrices by commuting
ones and, more generally, matricial weak semiprojectivity for C*-algebras [Loring
1997; Lin 1997; Friis and Rgrdam 1996; Eilers et al. 1998], is expressed as the
lifting property corresponding to the surjection [ [, cny My — [ [,.eny Mn/ ®nen My,
(here M, is the C*-algebra of all n-by-n matrices).

(2) Stability of C*-algebraic relations under small Hilbert—Schmidt perturbations

in matrices is expressed as the lifting property corresponding to the surjection

MSC2010: 46L05.
Keywords: projective C*-algebras, RFD C*-algebras, almost commuting matrices, tracial
ultraproducts, order zero maps.
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[Tien Mn — [Tnen(Ma, tr,) (here o is a nontrivial ultrafilter on N and the C*-
algebra [} .\ (M, tr,) “downstairs” is the tracial ultraproduct of the matrix alge-
bras) [Hadwin and Shulman 2018b]. Stability under small tracial perturbations
in I I;-factors is expressed as the lifting property corresponding to the surjection
[Teny Mo = [Tnen (Nn, To) (here Ny, is a I Ij-factor with a faithful trace 7,) [Hadwin
and Shulman 2018b]. Similar problems for groups are discussed in [Hadwin and
Shulman 2018a] and [Arzhantseva and Paunescu 2015].

(3) The property of a C*-algebra to be residually finite-dimensional (RFD) was
proved in [Hadwin 2014] to be the lifting property corresponding to the surjection
B — B(H), where B C [ | M, is defined as the C*-algebra of all x-strongly conver-
gent sequences of matrices and the surjection 5 — B(H) is defined by sending each
sequence to its s-strong limit. Here we identify M, with B(I*{1, ..., n}) naturally
included in B(I*{N}) = B(H).

(4) The famous Brown-Douglas—Fillmore theory deals with the lifting of injective
s«-homomorphisms from C(X) to the Calkin algebra C(H) with respect to the
surjection B(H) — C(H).

(5) In the classification program for C*-algebras one sometimes has to deal with
liftings of *-homomorphisms to a von Neumann central sequence algebra N N N’
to *-homomorphisms to the C*-central sequence algebra A, N A’ (see for instance
[Toms et al. 2015]). More details on this and on the surjection A, NA" — N® NN’
are given in Section 3.

We see that in the examples above the corresponding surjections sometimes have
a von Neumann algebra “upstairs”, sometimes “downstairs”’, sometimes at both
places. This leads us to introducing the following more general notions.

We say that a C*-algebra A is C*-W*-projective if it has the lifting property
with respect to any surjection B — M with M being a von Neumann algebra;
in a similar way W*-C*-projectivity and W*-W*-projectivity are defined. In this
terminology the usual projectivity may be called C*-C*-projectivity.

Dealing with specific lifting problems, one has to look at liftability of projections,
isometries, matrix units, various commutational relations, etc. So it is natural to
explore whether and which of those basic relations have the more general property
of being C*-W*, W*-W*, W*-C*-projective, and we do it in this paper. The main
focus is given to commutational relations, that is, to the C*-W* W*-W* and W*-
C*-projectivity of commutative C*-algebras, but we consider basic noncommutative
relations here as well. Note that for the usual projectivity a characterization of when
a separable commutative C*-algebra is projective is obtained in [Chigogidze and
Dranishnikov 2010] and is the following: C(K) is projective if and only if K is a
compact absolute retract of covering dimension not larger than 1.

In Section 2 we give necessary definitions and discuss a relation between unital
and nonunital cases.
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In Section 3 we study C*-W*-projectivity. The main result of the section is
a characterization of when a separable unital commutative C*-algebra is C*-W*-
projective: C(K) is C*-W*-projective if and only if K is connected and locally path-
connected (Theorem 5). Thus for commutative C*-algebras C*-W™*-projectivity
is very different from the usual projectivity. We also give restrictions on a C*-
algebra to be C*-W*-projective, namely it has to be RFD and cannot have nontrivial
projections (Propositions 3 and 4); furthermore we prove that tensoring a separable
nonunital commutative C*-W*-projective C*-algebra with matrices preserves C*-
W*-projectivity (Theorem 6). These results are applied to certain lifting problems for
order zero maps (completely positive maps preserving orthogonality). A commonly
used tool in the classification of C*-algebras is the fact that an order zero map from
the matrix algebra M, to any quotient C*-algebra lifts (the so-called projectivity of
order zero maps). In particular, the possibility of lifting an order zero map from M,
to a von Neumann central sequence algebra N NN’ to an order zero map to the C*-
central sequence algebra A, N A’ is a key ingredient in obtaining uniformly tracially
large order zero maps [Toms et al. 2015]. As an application of our results we prove
a stronger statement: one can lift any commuting family of order zero maps M,, —
NN N’ to a commuting family of order zero maps M,, — A, N A’ (Theorem 8).

In Section 4 we study W*-C*-projectivity. This seems to be the most intractable
case. We don’t have a characterization of W*-C*-projectivity for commutative
C*-algebras, we only have a sufficient condition (Corollary 12) and, in the case
when the spectrum is a Peano continuum, a necessary condition (Proposition 15).
We prove basic noncommutative results such as lifting projections and partial
isometries, we consider W*-C*-projectivity of matrix algebras, Toeplitz algebra,
Cuntz algebras and we discuss a relation with extension groups Ext. Some of the
techniques developed in this section are applied in Section 5.

In Section 5 we study W*-W*-projectivity. The main result here is that all
separable subhomogeneous C*-algebras are W*-W*-projective (Theorem 31). In
particular, all separable commutative C*-algebras are W*-W*-projective. We dis-
cuss also a relation between W*-W*-projectivity and the RFD property. It is easy
to show that if a C*-algebra A is separable nuclear W*-W*- projective and has a
faithful trace, then it must be RFD. Moreover if Connes’ embedding problem has an
affirmative answer, then every unital W*-W*-projective C*-algebra with a faithful
trace is RFD. The converse to this statement is not true. Indeed in [Hadwin and
Shulman 2018b] we constructed a nuclear C*-algebra which is RFD (hence has a
faithful trace) but is not matricially tracially stable (that is not stable under small
Hilbert—Schmidt perturbations in matrices) and hence is not W*-W*-projective. In
this paper we give an example which is not only nuclear but is even AF (Theorem 33).
Our arguments of why it is not matricially tracially stable are much simpler than
the ones in [Hadwin and Shulman 2018b].
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2. Definitions

Definition 1. Suppose X and ) are classes of unital C*-algebras that are closed
under isomorphism. We say that a unital C*-algebra A is X'-) projective if, for
every Be X, M €} and unital surjective x-homomorphisms 7 : 5 — M and every
unital x-homomorphism ¢ : A — M, there is a unital *-homomorphism ¢ : A — B

such that 7 oy = ¢.
" A

v

The same conditions with all the words “unital” omitted define X-) projectivity
in the nonunital category.

We use the term C*-W*-projective when X is the class of all unital C*-algebras
and ) is the class of all von Neumann algebras. We use the term C*-W*-projective
in the nonunital category when X is the class of all C*-algebras and ) is the class
of all von Neumann algebras.

The terms W*-C*-projective (in the nonunital category), W*-W*-projective
(in the nonunital category) and C*-C*-projective (in the nonunital category) are
defined similarly. The usual notion of projectivity defined by Blackadar [1985] is
the C*-C*-projectivity in the nonunital category.

The term RRO-projectivity is used when X’ =) is the class of unital real rank
zero C*-algebras.

Thus in the introduction in the formulation of some of our results we should have
added “in the nonunital category”. We did not do this to avoid confusing the readers.

We will work mostly with the unital category, but with some exceptions. Namely,
in Section 3 dealing with order zero maps one has to consider the nonunital case, and
in Sections 4 and 5 proving stability of the class of W*-W* and W*-C*-projective
C*-algebras under tensoring with matrices and taking direct sums, one has to deal
with the nonunital category.

In fact the relation between the unital and nonunital cases is simple. For a
C*-algebra A, let A = A" if A is nonunital and A = A& C if A is unital.

Proposition 2. Let A be a C*-algebra. Then A is W*-C*-projective in the nonuni-
tal category (W*-W*, C*-W*, C*-C*-projective in the nonunital category respec-
tively) if and only lf.,Z is W*-C*-projective (W*-W*, C*-W*, C*-C*-projective
respectively).

3. C*-W*-projectivity

The following result puts a severe restriction on being C*-W™*-projective. In partic-
ular, if C(K) is C*-W*-projective, then K must be connected.
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Proposition 3. Let A be a unital C*-algebra. If A is C*-W*-projective, then A is
k-isomorphic to a unital C*-subalgebra of the unitization of the cone of A™. In
particular, A has no nontrivial projections.

Proof. Let B be the unitization of the cone of A**, We know that there is a unital
s«-homomorphism 7 : B — A*" and there is a faithful unital *-homomorphism
0 A— A If Ais C*-W*-projective, then there must be a unital x-homomorphism
7 : A— Bsuch that p = o 7. Since p is faithful, T is an embedding. However, B
has no nontrivial projections, so .A has no nontrivial projections. (]

Proposition 4. Let A be a separable C*-algebra. If A is C*-W*-projective in
either the unital or nonunital category, then A is RFD.

Proof. Let H = [*(N). We will identify the algebra M, of n-by-n matrices with
B(I*{1,...,n}) C B(H).

Let B C [ M, be the C*-algebra of all x-strongly convergent sequences and let /
be the ideal of all sequences *-strongly convergent to zero. Then one can identify
B/I with B(H) by sending each sequence to its *-strong limit. In [Hadwin 2014] it
was proved (answering a question of Loring) that a separable C*-algebra A is RFD
if and only if each *-homomorphism from A to B/I lifts to a *-homomorphism
from A to B. Since B/I = B(H) is a von Neumann algebra, the result follows. [J

We next characterize C*-W*- projectivity and C*-AW*-projectivity for separable
commutative C*-algebras. Recall that a C*-algebra is AW* [Kaplansky 1951]
if every set of projections has a least upper bound and every maximal abelian
selfadjoint subalgebra is the C*-algebra generated by its projections.

Theorem 5. Let K be a compact metric space. Then the following are equivalent:
(1) C(K) is C*-W*-projective.
(2) C(K) is C*-AW*-projective.

(3) C(K) is C*-Y projective, where Y is the class of all unital C*-algebras in
which every commutative separable C*-subalgebra is contained in a commuta-
tive C*-algebra generated by projections.

(4) K is a continuous image of [0, 1].
(5) K is connected and locally path-connected.

(6) Every continuous function from a closed subset of [0, 1] into K can be extended
to a continuous function from [0, 1] into K.

(7) Every continuous function from a closed subset of the Cantor set into K can
be extended to a continuous function from [0, 1] into K.
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Proof. The implications (3) = (2) = (1) and (6) = (7) are clear.

(4) < (5). This is the Hahn—Mazurkiewicz theorem, see [Hocking and Young
1961, Theorems 3-30].

(1) = (4). Suppose C(K) is C*-W*-projective. Then there is a compact Haus-
dorff space X such that C(K)** = C(X). We know that there is an embedding
@: X — [];¢,[0, 11 (product topology). Hence there is a surjective *-homomorphism
from C(]_[iel [0, 1]) onto C(K)**. Since the canonical embedding from C(K) to
C(K)** is an injective *-homomorphism, we know from (1) that there is an injective
unital x-homomorphism from C(K) to C (]_[ie ;10, 1]). Hence there is a continuous
surjective map B : [[;,[0, 11— K. Suppose D is a countable dense subset of K
and E is the set of all elements of [ [;,[0, 1] with finite support, i.e., only finitely
many nonzero coordinates. If x € D, then there is a countable set E, of E such

that x € B(E,). Hence
'B<UXED Ex) =K,

since ,B(U ep E x) is compact and contains D. It follows that there is a countable
subset J C I such that

(U._, E) ITo. 1= IT o

ieJ iel\J

whence,

ﬂ(]_[[O, 1] x ]‘[{0}) —K.

ieJ iel\J

Hence K is a continuous image of ]_[i <10, 1], which in turn is a continuous image
of [0, 1]. Thus K is a continuous image of [0, 1].

(5) = (6). Suppose K is connected and locally path connected and E is any
closed subset of [0, 1], and f : E — K is continuous. For x, y € K, let A(x, y) be
the infimum of the diameters of every path in K from x to y. We first note that

d()(l}yr{lﬁ0 A(x,y)=0.

If this is not true, then there is an ¢ > 0 and sequences {x,} and {y,} in K such
that d(x,, y,) = 0 and A(x,, y,) > ¢ for every n € N. Since K is compact we
can replace {x,} and {y,} with subsequences that converge to x and y, respectively.
Since d(x, y) = lim,— o d(x,, y») = 0, we see that x = y. Since X is locally
connected, there is path connected neighborhood U of x such that U is contained
in the ball centered at x with radius /3. There must be an n such that x,, y, € U,
and there must be a path y in U from x, to y,. Since y is in the ball centered at x
with radius ¢/3, the diameter of y is at most 2¢/3, which implies A(x,, y,) < &,
which is a contradiction.
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We can clearly add 0 and 1 to E and extend f so that it is still continuous. Hence
we can assume that 0, 1 € E. We can write

[0, 1NE = |_J(@n. ba).
nel

where {(a,, b,) : n € I} is a disjoint set of open intervals with / € N. For each
n € I we chose a path y, : [a,, by,] > K from f(a,) to f(b,) so that the diameter
of y, is less than 2A(f (ay,), f(by)).

(7) = (3). Suppose (7) is true. Suppose B is a unital C*-algebra, M € ) and
7 : B— M is a unital surjective x-homomorphism. Let p : C(K) — M be a unital
s#-homomorphism. Since K is metrizable, C(K) is separable, and since M € ),
there is a countable commuting family {p;, p2, ...} of projections in M such that
p(C(K))S C*(p1, p2, -..). Let E be the maximal ideal space of C*(py, pa, .. .).
Since C*(p1, p2, -..) is generated by countably many projections, E is a totally
disconnected compact metric space and is therefore homeomorphic to a subset of the
Cantor set. Hence there is an a = a* € C*(py, p2, ...) such that C*(py, pa,...) =
C*(a) and o (a) (homeomorphic to E) is a subset of the Cantor set. Let I" :
C*(a) — C(o(a)) be the Gelfand map. Then "o p : C(K) — C(o(a)) is a unital
s*-homomorphism, so there is a continuous function ¥ : 0 (@) — K so that

Flo(fN=fov
for every f € C(K). By applying I'"!, we get

p(f)=(foy)(a)
for every f € C(K).

By (7), we can assume (by extending) that ¢ : [0, 1] - K. We can find A € B
with 0 < A <1 such that 7(A) = a. We now define v : C(K) — B by

v(f) = (f o¥)(A).

Then v is a unital *-homomorphism and, for every f € C(K), we have

() =a((foy)(A) = (fo)(a)=p(f).
Hence, p = ov. This proves (3). U

Let K be a compact metric space and let xg be any point in K. Let us denote by
Co(K \ {x0}) the C*-algebra of all continuous functions on K vanishing at x.

Theorem 6. Let K be a continuous image of [0, 1], n € N. Then the C*-algebra
Co(K \ {x0}) ® M,, is C*-W*-projective in the nonunital category.

Proof. Since Cy(K \ {x0})** is a commutative von Neumann algebra,

Co(K \ {xoh™ = C(X),
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for some extremally disconnected space X. Let i, : Co(K \ {x0}) = C(X) be the
canonical embedding into the bidual. It is induced by some surjective continuous
map i : X — K. Since K is a continuous image of [0, 1], there is a surjective
continuous map « : [0, 1] — K. By the universal property of extremally disconnected
spaces (Gleason’s theorem), i factorizes through a continuous map 8 : X — [0, 1].

[0, 1]

K«——X

Let
ot Co(K \ {xo}) = Co(0, 1], By : Co(0, 1] = Co(X) C C(X)

be the x-homomorphisms induced by « and 8. Let M be a von Neumann algebra,
let B be a C*-algebra, and let ¢ : B — M be a surjective *-homomorphism.
Furthermore, let ¢ : Co (K \{x0})®M,, — M be a x-homomorphism. By the universal
property of double duals we can extend ¢ to a x-homomorphism ¢ : C(X) ® M, =
(Co(K \ {x0}) ® M,)™ — M.

By .
¢ G0, 11®
w) W)
¢ i ®idp,
M —— Co(K \{xo)®M,“ C(X)®M,
¢

Since Cy(0, 1] ® M, is projective [Loring 1997, Theorem 10.2.1], there is a *-
homomorphism v : Cy(0, 1] ® M,, — B such that

goy =do(B®idy,).

Then
oo ®idy,) =¢o (B, ®idy,) o (@ ®idy,) = § o (i, ®idy,) = ¢.
Thus ¥ o (o, ®1idyy,) is a lift of ¢. U

We don’t know if the previous result can be generalized to get the following: if
A is C*-W*-projective in the nonunital category, then so is A @ M,,.

Recent developments in the classification of C*-algebras show the importance
of the analysis of central sequence algebras. Let w be a free ultrafilter on N. With
any C*-algebra A with a faithful tracial state T one can associate its C*-central
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sequence algebra A, N A’ and its W*-central sequence algebra N N N/, where N
is the weak closure of A under the GNS representation 77, of A. There is a natural
x-homomorphism y : A, N A" — N® N N’; it was proved in [Sato 2011] and
[Kirchberg and Rgrdam 2014] that y is surjective.

A commonly used tool in the classification of C*-algebras is the fact that an order
zero map from the matrix algebra M,, to any quotient C*-algebra lifts (the so-called
projectivity of order zero maps). In particular, the possibility of lifting an order
zero map M, — N N N’ to an order zero map M,, — A, N A’ is a key ingredient
in obtaining uniformly tracially large order zero maps [Toms et al. 2015]. Below
we prove a stronger statement: one can lift any commuting family of order zero
maps M, — N® N N’ to a commuting family of order zero maps M,, — A, N A".

Lemma7. Letd eN, ke NU{oo}. The C*- algebra Co([0, 11 @My is isomorphic
to the universal C*-algebra with generators e , 1<k, i, j <d, neNand relations

0<enl

nd\x __ nl
(eij ) =€

m,l n,l S m,l
el] ekv - Jkels ’ m<n,

<1

’

nlnl S n,d n,l
ek& - Jke em ’

le 711’ el 1=leli (i) 1=0 whenl #1'

The proof of the lemma is analogous to the proof of Lemma 6.2.4 in [Loring 1997].

Theorem 8. Any commuting family of order zero maps from M, to N® N\ N’ lifts to
a commuting family of order zero maps from M, to A, N A

Proof. As was proved in [Winter and Zacharias 2009], with any order zero map
¢ : B— D one can associate a *-homomorphism f : C B — D and vice versa. Here
CB = Cy(0, 1] ® B is the cone over B. Moreover, it follows from the construction
in [Winter and Zacharias 2009] that order zero maps ¢;’s have commuting ranges
if and only if the corresponding f;’s have commuting ranges. It also follows from
the construction that if for an order zero map ¢ : A — B/I the corresponding
f:CA— B/I lifts to a *- homomorphlsm f:CA — B, then ¢ lifts to the order
Zero map é corresponding to f. Thus we need to prove that any family of -
homomorphisms f; : CM,, — N® N N’ with pairwise commuting ranges lifts to a
family of %-homomorphisms f; : CM,, — A, N A’ with pairwise commuting ranges.
It follows from Lemma 7 that it is equivalent to lifting one *-homomorphism from
Co([0, 11F) ® Myy to N® N N', where k is the number of s*-homomorphisms in the
family. Since [0, 11¥ is a continuous image of [0, 1], the statement follows from
Theorem 6. (]
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4. W*-C*-projectivity and RRO-projectivity

Recall that a C*-algebra has real rank zero (RRO) if each of its self-adjoint ele-
ments can be approximated by self-adjoint elements with finite spectra. Since a
x-homomorphic image of a real rank zero C*-algebra is real rank zero, and since
every von Neumann algebra has real rank zero [Brown and Pedersen 1991], it
follows that every RRO-projective C*-algebra is W*-C*-projective.

We first prove that in the W*-C* case we can lift projections. This was proved
in the RRO case by L. G. Brown and G. Pederson [1991]. We include the proof of
the W*-C* case because it is much shorter.

Proposition 9. C&® C is W*-C*-projective.

Proof. Suppose B is a von Neumann algebra, M is a C*-algebra, and 7 : B — M
is a unital x-homomorphism. Since C @ C is the unital universal C*-algebra of one
projection, suppose g € M is a projection. By [Loring 1997, Lemma 10.1.12], we
canliftg toby and 1—q to b in Bsuchthat0<b; <1, (b)) =q, n(b)=1—¢g and
b1by =byb; =0. Let p € B be the range projection for b;. Then pb, =b, p=0. Thus
by<pandb,<1—p.Henceqg <m(p)and1—qg <1—m(p). Hence, 7(p) =¢q. U

Definition 10. Suppose B, M are unital C*-algebras and 7 : B — M is a surjective
x*-homomorphism, and suppose S is a C*-subalgebra of M. We say that y is a
x-cross section for w on S if y : § — B is a x-homomorphism and 7 o y is the
identity on S. Clearly, every such y is injective.

Theorem 11. Suppose B is a real rank zero C*-algebra, M is a C*-algebra, and
7 : B — M is a unital surjective x-homomorphism. Suppose {p1, p2, ...} T M s
a commuting family of projections. Then there is a unital *x-cross section y for
on C*(p1, pa, . ..). Moreover, if y, : C*(p1, p2, - .., pn) = M is a unital x-cross
section for w on C*(p1, p2, ..., Pn), then there is a unital *-cross section Y,
for w on C*(p1, p2, ..., Pny1) whose restriction to C*(py, ..., pn) IS Vn.

Proof. We know that if 0 # p # 1 is a projection in M, there is a projection P € BB
with w(P) = p. Clearly 0 # P # 1. Suppose v, : C*(p1, p2, ..., pn) > M s a
unital *-cross section for 7 on C*(p1, p2, ..., pn). We know C*(p1, p2, ..., Pn)
is generated by an orthogonal family of projections {qi, ..., ¢;»} whose sum is 1.
For 1 <k <m, let Q;r = y4(gx). Now p,+; commutes with {qq, ..., gu}, soO
C*(p1, ..., Pnt1) 1s generated by the orthogonal family

m
U, (aepnsidr. ae — qepariaid.

If gk pn+19x = 0 or gk — qi pn+1gx = 0, there is nothing new to lift. If g p,+1gx # 0
and gx — gk pr+19x £ 0, we need to find a lifting of gy p,+19x in QxBQy. However,
it was proved in [Brown and Pedersen 1991] that Q;BQy has real rank 0. Thus
such a lifting is possible. (]
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As a corollary we get a sufficient condition for C(K) to be RRO-projective:

Corollary 12. If K is a totally disconnected compact metric space, then C(K) is
RRO-projective, and hence W*-C*-projective.

The following corollary uses the fact that if y : A— B is a unital x-homomorphism
and B is a von Neumann algebra, then there is an extension to a weak*-weak*
continuous *-homomorphism p : A** — B.

Corollary 13. Let K be a compact metric space. The following are equivalent:
(1) C(K) is W*-C*-projective.

(2) Whenever B is a von Neumann algebra, M is a C*-algebra, w : B— M isa
surjective x-homomorphism and p : C(K) — M is a unital x-homomorphism,
there is a commutative C*-subalgebra D of M that contains p(C(K)) such
that the maximal ideal space of D is totally disconnected.

(3) Whenever B is a von Neumann algebra, M is a C*-algebra, w : B— Misa
surjective x-homomorphism and p : C(K) — M is a unital x-homomorphism,
o extends to a x-homomorphism p : C(K)** — M.

Remark 14. Without the separability assumption on C(K) (i.e., the metrizability
of K), itis not generally true that C (K) is W*-C*-projective whenever K is compact
and totally disconnected. For example, let .A be the universal C*-algebra generated
by a mutually orthogonal family {7, : ¢ € [0, 1]} of projections. The maximal ideal
space of A is the one-point compactification K of the discrete space [0, 1]. If we let
B = B(¢*) and M = B({?)/K(¢?), and let 7 : B — M be the quotient map, then
there is an injective unital *-homomorphism p : A — M, but there is no injective
unital x-homomorphism from A to B since B(£?%) does not contain an uncountable
orthogonal family of nonzero projections. Hence C(K) is not W*-C*-projective
although K is totally disconnected. This shows that an attempt at a transfinite
inductive version of the proof of Theorem 11 is doomed to failure. This also shows
that being W*-C*-projective is not closed under arbitrary direct limits, since A
is the direct limit of the family {C*({P; : t € E}) : E C [0, 1] is countable}. We
doubt that p can be extended to a *-homomorphism from C(K)** to M, so the
equivalence of (1) and (3) in Corollary 13 may conceivably be true.

In the case when K is a Peano continuum (that is, a nonempty compact connected
metric space which is locally connected at each point) there is a necessary condition
for C(K) to be W*-C*-projective.

Proposition 15. Suppose K is a Peano continuum and C(K) is W*-C*-projective.
Then dimgo, (K) < 1 (here dimcqy is the covering dimension).

Proof. Suppose dim.o,, K > 1. Then by [Chigogidze and Dranishnikov 2010,
Proposition 3.1], K contains a circle, S I Let j:C(K)— C(S 1) be the restriction
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map. Let 7 : B(H) — B(H)/K(H) be the canonical surjection. Let T € B(H)
be the unilateral shift. Define a *-homomorphism p : C(S 'Y > B(H)/K(H) by
sending the identity function z to 7 (7). We claim that p o j is not liftable. Indeed
suppose it lifts to a x-homomorphism y : C(K) — B(H). Let f € C(K) be any
preimage of z € C(S!) under the map j. Since f is normal, y(f) € B(H) is a
normal preimage of 7 (7). Since any preimage of 7 (7") has Fredholm index —1
and since any normal Fredholm operator has Fredholm index zero, we come to a
contradiction. ]

Below we give a few noncommutative examples and nonexamples of W*-C*-
projective C*-algebras. The following lemma shows that Murray—von Neumann
equivalent projections can be lifted to Murray—von Neumann equivalent projections
in the W*-C* case. More simply, it states that partial isometries can be lifted.

Lemma 16. Let B be a unital C*-algebra, M be a von Neumann algebra and
7 : M — B be a surjective x-homomorphism. Let v € B be a partial isometry with
v'v = pand vv* =q. Let X € M, | X|| <1, and let P, Q be projections in M
such that 1(P) = p, n(Q) = q and n(X) = v. If V is the partial isometry in the
polar decomposition of PX Q, then T (V) = v.

Proof. Let Y = PX Q. Then the range projection P; of Y is less than or equal to P
and the range projection of Y* is less than or equal to Q. Moreover, (YY*)!/2 <
P; < P. Also,

p=n((Y*V)"?) <m(P) <7(P)=p.

If Y = (YY*)!/2V is the polar decomposition, then
v=prn(V)=na(PV)=n(V). U

Corollary 17. Let T be the Toeplitz algebra. Then T & C is W*-C*-projective.

Proof. T & C is the universal unital C*-algebra generated by v with the relation
that v is a partial isometry. ([

Corollary 18. M, (C) & C is W*-C*-projective.

Proof. It would be equivalent to prove that M, (C) is W*-C*-projective in the
nonunital category. We will use induction on n. The case when n = 1 amounts to
lifting a projection. Assume the theorem is true for n. Suppose M is a von Neumann
algebra, 53 is a C*-algebra and 7 : M — B is a surjective *-homomorphism. Suppose
o : M, (C) — Bis a x-homomorphism. It follows from the induction assumption
that there is a x-homomorphism

0:C (el :2 <k <n}) > M

so that yp(ejr) = Eji and (7 o yp)(e1x) = p(ey) for 2 < k < n. We then have
EE, = vo(er) for 2 < k < n. Choose X € M so that 7(X) = p(e1 n41). If
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we replace X with £y X (l — D y<gen Exki ), and let V be the partial isometry in
the polar decomposition of Ej; X (1 — D 1<k<n Ekk), we have from Lemma 16 that
7(V)=p(e1n+1), and VV* < Ey; and nf‘;V*) = p(eq1). If we replace Ey; with
Fi, = VV*Ey; for 2 <k <n, and define F; ,+; = V, we obtain a representation
Yy i Mpt1(C) > M with y(ex) = Fip forl <k <n+1suchthatmoy =p. U

Lemma 19. Suppose C*-algebras A and D are unital W*-C*-projective (W*-W*-
projective respectively) in the nonunital category. Then A ® D is W*-C*-projective
(W*-W*-projective respectively) in the nonunital category.

Proof. Suppose B and M are von Neumann algebras (3 is a von Neumann algebra
in the W*-W* case respectively) and 7 : B — M is a surjective x-homomorphism.
Let¢: A® D — M be a x-homomorphism. Let

p=01sa00), g=0¢0&I1p).

Define ¢4 : A — pMp and ¢p : D — gMq by ¢ps(a) = ¢p(a ®0) and ¢p(d) =
¢ (0 & d), respectively. It follows from Corollary 12 that we can lift p, g to
projections P, Q in B which are orthogonal to each other. Let ¥4 : A — PBP and
¥p: D — QBQ be lifts of ¢4 and ¢p. Define lift ¢ of ¢ by

V(a®d) =yala)+Ypd). 4
Combining this lemma with Corollary 18 we obtain the following result:

Corollary 20. If A is a finite-dimensional C*-algebra, then A ® C is W*-C*-
projective.

Remark 21. The result in Corollary 20 cannot be extended to AF-algebras even in
the W*-W* case. Indeed the tracial ultraproduct [ [ .y, (M2» (C), t2») with respect to
a free ultrafilter o, where 1 is the normalized trace on M. (C), is a von Neumann
algebra. Thus 7 : [,y M2 (C) = [nen(M22(C), 720) is a unital surjective -
homomorphism and the domain and range are both von Neumann algebras. If A is
the CAR algebra, then clearly there is an embedding p : A — ]_[zeN(Mgn (C), o).
However, A is simple and infinite-dimensional, so there is no embedding from
A@Cinto [ [,y M2 (C) such that p =m o 7.

A trace i on a unital MF-algebra A is called an MF-trace if there is a free
ultrafilter & on N and a unital *-homomorphism 7 : A — [[* My (C) to the C*-
ultraproduct of matrices, such that ¢ = 7, o w, where t, ({Ar}s) = limg_ o T (Ax)
[Li et al. 2014, Proposition 4].

The ideas in the preceding remark easily extend to the following result:

Proposition 22. If A is a unital MF C*-algebra and is W*-C*-projective, then A
must be RFD. If the MF-traces are a faithful set on A, i.e., T(a*a) =0 for every
MF trace implies a = 0, and if A is W*-W*-projective, then A must be RFD.
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The following result shows that without adding C as a direct summand Corollar-
ies 17 and 18 no longer hold:

Proposition 23. 7 and M,,(C) are not W*-C*-projective.

Proof. The Toeplitz algebra is not W*-C*-projective, since an isometry in Calkin
algebra need not lift to an isometry in B(H). M,(C) is not W*-C*-projective,
because M, (C) is a quotient of M, (C) & C and since M,,(C) does not admit any
unital x-homomorphisms to C, the identity map on M, (C) is not liftable. U

Proposition 24. Suppose A is a separable unital C*-algebra.

(1) If Ext(A) is not trivial, then A is not W*-C*-projective

(2) If Exty, (A) is not trivial, then C @ A is not W*-C*-projective.
Proof. (1) This is obvious.

(2) Suppose that Ext, (A) is not trivial. Then there is an injective unital -
homomorphism p : A — B(£?)/K(¢?) that is not weakly equivalent to the trivial
element in Ext,, (A). We prove this by contradiction. Assume there is a nonunital
*-homomorphism y : A — B(£?) such that 7 o y = p. Then

7(l-—y(1)=1-p1)=0.

Thus 1 — y(1) is a finite-rank projection, and if y(A) =y (A)|, (1)«2), We have
y = 0@ y relative to £2 =ker y (1) ® y (1)(£?). Since p = 7 o y is injective, ¥y
must be injective. Choose an isometry V in B(¢£?) whose range is y (1)(£?). Then
V*y(-)V is unitarily equivalent to yy. Thus 7 (V) is unitary in B(Ez)/IC(Ez) and
T (V*)p()m (V) lifts to V*y (- )V = U*yy(-)U for some unitary U. This means p
is weakly equivalent to the trivial element in Ext,, (A), which is a contradiction. [J

Corollary 25. Ifn > 2, the Cuntz algebra O, is not W*-C*-projective. If n > 3,
C & 0, is not W*-C*-projective.

Proof. By Theorem V.6.5 of [Davidson 1996], Ext(O,,) = Z, and by Theorem V.6.6
of the same work, Ext,,(0,) = Z,_1, when n > 2. O

Remark 26. By Corollary 18 and Proposition 23, if n > 2, M, (C) is not W*-C*-
projective, but C @ M,,(C) is W*-C*-projective, and this happily coincides with
the fact that Ext(M,,(C)) is not trivial and Ext,, (M, (C)) is trivial.

The following is a consequence of the proof of Theorem 9 in [Loring and Shulman
2014]. It generalizes Olsen’s structure theorem [1971] for polynomially compact
operators.

Theorem 27. Let R > 0 and p € Clx]. The universal C*-algebra generated by a
such that ||a|| < R and p(a) = 0 is RRO-projective and hence W*-C*-projective.
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5. W*-W*-projectivity
We begin with the separable unital commutative C*-algebras.

Theorem 28. Every separable unital commutative C*-algebra is RRO-AW*- pro-
Jjective. In particular every separable unital commutative C*-algebra is W*-W*-
projective.

Proof. Suppose B is a real rank zero C*-algebra, M is an AW*-algebra and
7 : B— M is a surjective unital x-homomorphism, and suppose that A is a separable
unital commutative C*-subalgebra of M. Since M is an AW*-algebra, every
maximal abelian selfadjoint C*-subalgebra of M is the C*-algebra generated by its
projections. Since A is contained in such a maximal algebra and A is separable, it
follows that there is a countable commuting family {p1, pa, ...} of projections in M
such that A C C*(py, p2, ...). By Theorem 11 there is a x-cross section y for 7 on
C*(pi1, p2, .. .). Clearly, the restriction of g to A is a *-cross section of 7 for A. [

Theorem 29. Let A be a unital C*-algebra. If A is W*-C*-projective (W*-W*-
projective respectively) in the nonunital category, then for eachn € N, M, (A) is
W*-C*-projective (W*-W*-projective respectively) in the nonunital category.
Proof. Our proof is a modification of Loring’s proof [1997] of the fact that the class
of projective C*-algebras is closed under tensoring with matrices.

Let¢p: M, ® A — B/I be a x-homomorphism and B (and B/I, for the W*-
W*-projectivity case) be a von Neumann algebra and let 7w : B — B/I denote the
canonical surjection. We need to prove that ¢ lifts. Define j : M,, - M, ® A by

JI)=T®1l4

and let ¢ = ¢ o j. Since by Corollary 18 M,, is W*-C*-projective in the nonunital
category, ¢, lifts to ¢ : M,, — B.

M,,LB

N |

M,®A— B/

Let (¢;;) be a matrix unit in M,,. Define a *-homomorphism
M, @p(e11 ®A) —> ¢(M, ® A)

by i(T @ ¢p(e11 ® a)) = ¢(T ® a). It is obviously surjective. To see that it is
injective, we will use the fact that an ideal in a tensor product C*-algebra is a
tensor product of ideals. Hence the kernel of i is either O or of the form M, &® J,
where J is an ideal in ¢(e1; ® A). Let ¢p(e1; ® a) € J. Then for each T € M,,,
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d(T®a)=TR¢(e11 ®a) =0. In particular, ¢ (e1; ®a) =0. Thus ¢(e;; ®a) =0
and J = 0. So i is an isomorphism. Let

p = ¢2(e1n), P =1 (e1n),

and let i be the inclusion ¢ (e11®A) € pB/Ip= P BP/PIP. Then the composition
(idy, ®i1)oi~lo¢p: M, ® A— M, ® PBP/PIP is of the form idy, ®y, where
y:A— PBP/PIP is defined by

y(a) = pp(er1 ®a)p.

Since PBP (and pB/Ip, for the W*-W*-projectivity case) is a von Neumann
algebra, by W*-C*-projectivity (W*-W*-projectivity) of A, it can be lifted to

idy, ® M, ® A— M, ® PBP.

M, ® PBP

idy, ®y .
lldMn ®m|ppp
M,®A T> PMy @A) —— M, Qe ® A)iml M, ®pB/Ip
1 n

Now we are going to embed M,, ® P B P back into B and M,, ® pB/Ip back into
B/I. Define

&:M,® PBP—>B and o:M,QpB/Ip— B/I
by

a(e;j ® PbP) =y (ei))by(e1j) and a(e;; @ pr(b)p) = ¢a(ei1)m(D)pa(er;)
respectively, for each b € B. It is straightforward to check that
ao(idy, ®ipoi lop=0¢
and that the diagram
M,® PBP —% B

lidMn ®n|ppp J/”

M,® pB/Ip —— B/I

commutes. It follows that @ o (idy, ®y) is a lift of ¢. O

Remark 30. We did not consider the C*-W* case in the theorem because no unital
C*-algebra is C*-W*-projective in the nonunital category. Otherwise A @ C would
be unital and C*-W*-projective, which would contradict Proposition 3 since A @ C
has a nontrivial projection.
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Recall that a C*-algebra is subhomogeneous if there is an upper bound for the
dimensions of its irreducible representations.

Theorem 31. Let A be a separable subhomogeneous C*-algebra. Then A is W*-
W*-projective in the nonunital category.

Proof. Suppose B and M are von Neumann algebras and  : B — M is a surjective
*-homomorphism. Let ¢ : A — M be a x-homomorphism. If A is nonunital,
we can extend ¢ to a homomorphism from the unitization of A to M. It implies
that it will be sufficient to prove the theorem under the assumption that A is
unital. Since M C B(H), by the universal property of the second dual there
exists ¢ : A** — B(H) such that ¢|, = ¢ and 7 (A**) = 7 (A)". Hence ¢ is a
s-homomorphism from A** to M. It can be easily deduced from some well-known
properties of subhomogeneous algebras (see for instance [Shulman and Uuye 2012],
Lemmas 2.3 and 2.4) that A** can be written as

A™ =@ _ M(Dy),

where Dy, k < n, are abelian von Neumann algebras. Let ;. : A™ — M (D) be
the projection on the k-th summand. Let

Fi, = {b € Dy | there exists a € A such that b is a matrix element of 7 (a)},

for each k < n. Let E; denote the C*-subalgebra of Dy generated by F, for each
k <n. Then each Ej is separable and A C @} _, My (E) € A**. By Theorems 28, 29
and Lemma 19, ‘»5|€BZ:1Mk(Ek) lifts to some *-homomorphism v : &} _, My (Ey) — B.
The restriction of ¥ onto A is a lift of ¢. U

The following are easy observations.
Proposition 32. Suppose A is a separable unital W*-W*- projective C*-algebra.
(1) If Ais nuclear and has a faithful trace, then it must be RFD.
(2) If Connes’ embedding problem has an affirmative answer, then every unital
W*-W*-projective C*-algebra with a faithful trace is RFD.

The converse of the previous proposition is not true. Indeed in [Hadwin and
Shulman 2018b] we constructed a nuclear RFD C*-algebra which is not matricially
tracially stable and hence is not W*-W*-projective. Below we give an example
which is not only nuclear but is even AF. Our arguments of why it is not matricially
tracially stable are much simpler than the ones in [Hadwin and Shulman 2018b].

Theorem 33. There exists an AF RFD C*-algebra which is not matricially tracially
stable and hence is not W*-W*-projective (in both unital and nonunital categories).

Proof. Suppose A and B are separable unital AF-C*-algebras. Suppose A =
C*(ay,az, ...) and B=C*(by, by, ...) with each a, and b, selfadjoint. We can
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assume that o (a;) C [0, 1] and o (b)) C [4, 5]. Then we can find, foreachn € N, a

finite-dimensional C*-subalgebra A, of A and elements ay ,, ..., a,., € A, such
that |lax — agn|l < 1/n for 1 < k < n. Similarly, we can find, for eachn € N a
finite-dimensional C*-subalgebra B, of B and elements by ,, ..., b, , € B, such

that ||by — by || < 1/n for 1 <k <n. We can also assume that o (a; ,) C [—1, 2]
and o(by,) C [3,6] for every n € N. We can assume, for each n € N, that
Ay, By C M, (C) (unital embeddings). For each 1 <k <n < oo define

") SY bk,n € M(n+l)s,, (C)

(
Ckon = Q. p

Define ¢, =0 when 1 <n <k < oo. Let C;, = Zj?eN ckn € [LienMat1ys, (C)
and define the C*-algebra C as the C*-algebra generated by C;, C», ... and J =
Zj?eN M n+1)s, (C). Clearly, C is RFD and

C/T=C* (a1 ®bi,ar®by,...) C ADB.

However, if f : R — R is continuous and f =0on [0, 1] and f =1 on [2, 3],
we have f(a1 ® b)) =0® 1. Thus0d 1 € C*(a; ® b1, ar @ by, ...) and hence
C*"(a1®b1,a P by, ...) = AP B. Since J and C/J are AF, C must be AF. Now,
to get an example that we wanted, suppose A = B = My~ with trace 7. Let
T=m ®m:C— A B be the map whose kernel is 7. Then p =t om; is a
tracial state on C. Note that since J C C, the only irreducible finite-dimensional
representations of C are (unitarily equivalent to) the coordinate projections onto
M n+1)s, (C) and, for each of these representations the trace of the image of f(Cy) =

?EN 0" @ 1 is at most 1/2. However, p(f(C1)) = 1. Thus p is not a weak*-limit
of finite-dimensional traces. By [Hadwin and Shulman 2018b, Theorem 3.10], C is
not matricially tracially stable. ]
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LOWER SEMICONTINUITY OF THE ADM MASS IN
DIMENSIONS TWO THROUGH SEVEN

JEFFREY L. JAUREGUI

The semicontinuity phenomenon of the ADM mass under pointed (i.e., local)
convergence of asymptotically flat metrics is of interest because of its con-
nections to nonnegative scalar curvature, the positive mass theorem, and
Bartnik’s mass-minimization problem in general relativity. We extend a
previously known semicontinuity result in dimension three for C* pointed
convergence to higher dimensions, up through seven, using recent work of
S. McCormick and P. Miao (which itself builds on the Riemannian Penrose
inequality of H. Bray and D. Lee). For a technical reason, we restrict to
the case in which the limit space is asymptotically Schwarzschild. In a
separate result, we show that semicontinuity holds under weighted, rather
than pointed, C? convergence, in all dimensions n > 3, with a simpler proof
independent of the positive mass theorem. Finally, we also address the two-
dimensional case for pointed convergence, in which the asymptotic cone
angle assumes the role of the ADM mass.

1. Introduction

Motivated by the Bartnik minimal mass extension conjecture in general relativity
[1989; 1997; 2002], as well as the study of Ricci flow on asymptotically flat
manifolds [Dai and Ma 2007; Oliynyk and Woolgar 2007], in [Jauregui 2018]
the author established the following result regarding how the ADM mass behaves
under pointed convergence of a sequence of asymptotically flat 3-manifolds of
nonnegative scalar curvature. Briefly, the ADM mass cannot increase in a local C2
limit:

Theorem 1 [Jauregui 2018]. Let (M;, g;, pi) be a sequence of pointed asymptoti-
cally flat 3-manifolds without boundary, such that each (M;, g;) has nonnegative
scalar curvature and contains no compact minimal surfaces. If (M;, g;, p;) con-

verges in the pointed C* Cheeger—Gromov sense to a pointed asymptotically flat
3-manifold (N, h, q), then

(D mapm(N, h) < liifgigfmADM(Mh 8i)-

MSC2010: 53C20, 53C80, 83C99.
Keywords: scalar curvature, mass in general relativity.
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We recall the relevant definitions in Section 3; for now we note that pointed
C* Cheeger—-Gromov convergence essentially means C* convergence of the metric
tensors on compact subsets, modulo diffeomorphisms. Examples are given in
[Jauregui 2018] in which strictness holds in (1).

Theorem 1 is intimately connected to scalar curvature and to the positive mass
theorem (PMT) [Schoen and Yau 1979a; Witten 1981]. In [Jauregui 2018] it was
shown that (1) can fail without assuming nonnegative scalar curvature (and the
absence of compact minimal surfaces). Somewhat surprisingly, a simple blow-
up example in [Jauregui 2018] shows that Theorem 1 actually implies the PMT.
However, to prove Theorem 1, either the PMT itself, or a stronger result, is required.
The key estimate in the proof of Theorem 1 was the lower bound

(2) mapm > my(X)

of the ADM mass in terms of the Hawking mass of an outward-minimizing surface X,
established by G. Huisken and T. Ilmanen [2001]. Note that it is well known that (2)
implies the PMT.

Two major questions were left unsettled in [Jauregui 2018]. First, to what
extent does this lower semicontinuity property of the ADM mass hold for weaker
convergence than C2? Subsequently the author and D. Lee proved in [Jauregui and
Lee 2017] that the theorem continues to hold if only pointed C° convergence is
assumed. Second, does Theorem 1 generalize to higher dimensions? The primary
concern of the present paper is to address the latter question.

Unfortunately, a bound directly analogous to (2) is unknown beyond dimension
three: Huisken—Ilmanen’s proof in n = 3 uses “Geroch monotonicity” of the Hawk-
ing mass, which crucially relies on the Gauss—Bonnet theorem in one dimension
lower. Generally, the missing link in establishing Theorem 1 in higher dimensions
has been a useful quantitative lower bound for the ADM mass in terms of the
geometry of an outward-minimizing surface. Fortunately, a recent result of S. Mc-
Cormick and P. Miao [2017] provides such an estimate (see Theorem 7 below) that
is sufficient for our purposes. Their work uses the Riemannian Penrose inequality
in higher dimensions, due to Bray and Lee [2009] (which itself was a generalization
of Bray’s original proof in dimension three [2001]). Our main result is:

«_ 9

Theorem 2. Theorem I is true with “3” replaced by “n”, where 3 <n <7, provided
the limit (N, h) is asymptotically Schwarzschild.

The Riemannian manifolds (M;, g;) need not be asymptotically Schwarzschild
even if their limit (N, h) is.

The restriction in Theorem 2 of n < 7 is primarily due to the fact that it is the
highest dimension in which the Riemannian Penrose inequality is currently known.
It was pointed out in [Bray and Lee 2009] that even the positive mass theorem
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for n > 8 is insufficient to automatically extend the Riemannian Penrose inequality
to n > 8. We strongly conjecture that the n < 7 restriction is unnecessary, and
that the asymptotically Schwarzschild hypothesis can be replaced with asymptotic
flatness; see Remark D.

Remark A. It is reasonable to attempt to extend Theorem 1 to spin manifolds in
higher dimensions using Witten’s spinor technique in his proof of the PMT [1981].
However, as pointed out to the author by Bray, it is not clear how to make effective
use of the hypothesis of no compact minimal surfaces in the spinor argument, and
it was shown in [Jauregui 2018] that (1) can fail without this hypothesis.

For the purpose of telling a more complete story, we also include two other
related results. First, assuming weighted (rather than pointed) C? convergence, we
prove lower semicontinuity of the ADM mass in all dimensions n > 3 (Theorem 13
below). Weighted convergence assumes global control on the asymptotics of the
metrics, in contrast to pointed convergence. In this case, with a stronger hypothesis
than in Theorems 1 and 2, the absence of compact minimal surfaces is unnecessary
and the proof is easier. However, the weighted result does not recover nor rely on
the positive mass theorem. Prior results for weighted convergence were known; see
Section 6 (in particular Remark E) for details.

Second, it was suggested by E. Woolgar that the author investigate the lower
semicontinuity of “mass” in dimension two. This is carried out in Section 7 for
pointed C? convergence, where the asymptotic cone angle replaces the ADM mass;
see Theorem 14.

2. Motivation and examples

In this section we describe several examples to motivate the lower semicontinuity
phenomenon for the ADM mass.

2.1. Lower semicontinuity of mass in Newtonian gravity. We begin here with a
general discussion of why lower semicontinuity of the total mass is plausible from
the point of view of Newtonian gravity. Consider a matter distribution on R"
described by a continuous, integrable mass density function p > 0. The total
Newtonian mass is simply given by the integral

m(p) =/ pdx' - dx".

Now, if {p;}72, is a sequence of such matter distributions that converges pointwise

to p, then by Fatou’s lemma,
liminfm(p;) > m(p).
1—> 00

Any drop in the total Newtonian mass can be viewed as mass escaping out to infinity
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in the limit. Such an argument does not apply to the context of general relativity,
because the ADM mass is not known (or expected) to be given as the integral of a
locally defined, nonnegative, geometric/physical quantity.

Convergence of p; to p in Newtonian gravity is analogous to C? convergence
of the Riemannian metrics in general relativity, as the scalar curvature represents
energy density and is given by two derivatives of the metric. The C° convergence
in [Jauregui and Lee 2017] can then be viewed as a general relativistic analog of
convergence of the Newtonian gravitational potentials u; — u, where Au; = 4mwp;
and Au = 4mp.

2.2. Blow-up example. In [Jauregui 2018], the author gave the example of a fixed
asymptotically flat n-manifold (M, g) of nonnegative scalar curvature and con-
sidered the sequence of homothetic rescalings {(M, i g, p)} for p € M fixed and
i =1,2,.... This sequence converges in the pointed C> Cheeger—Gromov sense
to Euclidean R” (which has zero ADM mass), and indeed the statement of lower
semicontinuity of mass implies that the ADM mass of (M, g) is nonnegative. In
other words, the positive mass theorem is recovered.

The example in Section 2.1 suggests that from a Newtonian point of view, the
mass-drop phenomenon can be completely accounted for by matter escaping off to
infinity. But by choosing (M, g) here to be scalar-flat (i.e., vacuum) with positive
ADM mass, the example of {(M, i%g, p)} converging to Euclidean space shows that
the mass can drop by an infinite amount in the limit with no matter fields present.
This can be interpreted as the energy of the gravitational field escaping to infinity.

2.3. Escaping point example. Similar to the previous example, begin with a fixed
asymptotically flat n-manifold (M, g). Now consider a sequence of points { p; } in M
escaping to infinity. By asymptotic flatness, the sequence {(M, g, p;)} converges
in the pointed C?> Cheeger—Gromov sense to Euclidean R”. Again the statement
of lower semicontinuity of ADM mass here recovers the positive mass theorem;
and again by choosing (M, g) to be scalar-flat with positive ADM mass we can
interpret the mass drop as gravitational energy escaping to infinity.

2.4. Lower semicontinuity of mass and Ricci flow. To the author’s knowledge,
the ADM mass drop phenomenon under pointed convergence was first observed
by T. Oliynyk and Woolgar in their study of Ricci flow on rotationally symmetric,
asymptotically flat spaces [2007]; see also the work of X. Dai and L. Ma, who
first showed that the ADM mass is constant along Ricci flow, thereby arguing an
asymptotically flat Ricci flow cannot converge uniformly to Euclidean space [Dai
and Ma 2007]. Under natural hypotheses, Oliynyk and Woolgar proved the long-
time existence of Ricci flow on asymptotically flat, rotationally symmetric spaces,
with pointed C* Cheeger—Gromov convergence to Euclidean space as t — 00.
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Moreover, the ADM mass is not only monotone but is in fact constant along the
Ricci flow. In particular, if the initial space has positive ADM mass, then the ADM
mass must drop to zero in the limit.

In light of this discussion, the author suggested in [Jauregui 2018] that using
Theorem 1 (or its higher-dimensional analog) would be necessary in any proof of
the PMT that involved convergence of the Ricci flow to Euclidean space. Since
Theorem 1 already subsumes the PMT, this seemed to suggest that an independent
Ricci flow proof of the PMT was unlikely. Nevertheless, such a proof has very
recently been given by Y. Li in [2018]. His argument circumvents this apparent
circular logic by establishing lower semicontinuity of the ADM mass directly for the
case of a convergent Ricci flow (i.e., the technique does not apply to general pointed
C? Cheeger—Gromov convergence). We generalize Li’s argument to weighted C?
convergence in Section 6.

3. Background

We begin with the definition of an asymptotically flat manifold (with one end).
Many slight variants appear in the literature; the version below is commonly used.

Definition 3. A smooth, connected Riemannian n-manifold (M, g), with n > 3,
possibly with compact boundary, is asymptotically flat (AF) if there exists a compact
set K C M and a diffeomorphism ® : M \ K — R"\ B, for a closed ball B, such
that in the “asymptotically flat” coordinates x = (x', ..., x”*) given by ®, we have

(B) g =8+ 0(x[7), %hgij=0(xI"""", %degij = O(x|"7),

for some constant T > "T_z (the order), and the scalar curvature of g is integrable.
(Indices i, j, k, £ above run from 1 to n, and 9 denotes partial differentiation in the

coordinate chart.)

For example, for a real number m > 0, the Schwarzschild metric

m \m2
8ij = 1+W 8ij

on R" minus a ball about the origin is asymptotically flat of order n — 2.
We will also need two classes of asymptotically flat manifolds with more restricted
asymptotics at infinity:

Definition 4. An asymptotically flat Riemannian n-manifold (M, g) is asymptot-
ically Schwarzschild if there exists an “asymptotically Schwarzschild coordinate
system” (x',...,x")on M\K,ie.,

m \m2
“4) 8ij = 1+W 8ij + hij,
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for some real constant m, where
(5)  hj=0(x"™"),  ohij=0(x|™"), &dehij = O0(x|™"h.

Note that an asymptotically Schwarzschild Riemannian n-manifold is AF of
order n — 2.

Definition 5. An asymptotically flat Riemannian n-manifold (M, g) is harmon-
ically flat at infinity (HF) if there exists a “harmonically flat coordinate system”
(x',...,x")on M\K,ie.,

_4
gij =Un-24;;,

on M \ K for some function U, where AU =0 and U(x) — 1 as |x| — co. (Here
A is the Euclidean Laplacian on R".)

It is well known that the harmonic function U appearing in Definition 5 admits
an expansion at infinity of the form

(6) Ux)=1+——+ Ox(x| "1,

| |n -2
where the notation Oy (]x|%) denotes an expression that is O(|x|*) for |x| large
and for which the yth partial derivative (y being a multi-index with |y| < k) is
O(|x|~171). The fact that AU = 0 implies that g as above has zero scalar curvature
outside of K. Note that HF manifolds are necessarily asymptotically Schwarzschild,
and that the Schwarzschild metric itself is HF.

Next, we recall the definition of ADM mass.

Definition 6. The ADM mass [Arnowitt et al. 1961] (cf. [Bartnik 1986; Chrusciel
1986]) of an asymptotically flat manifold (M, g) of dimension 7 is the real number

M, — 1 0 —0 —dA
mapm ( g) = 2n —l)a)n 1r1)1’20/‘r llzl( i8ij ngz)

where d A is the induced volume form on the coordinate sphere
Sr={lxl=r}
with respect to the Riemannian metric §;;, all in an AF coordinate chart.

It is straightforward to verify that for an HF manifold, the ADM mass is given
by the value 2a, where a is the constant appearing in (6), and for an asymptotically
Schwarzschild manifold, the ADM mass is given by the constant m appearing in (5).

Recall that if (M, g) is asymptotically flat with boundary d M, then we say d M
is outward-minimizing if
|S| = [0M]
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for all surfaces S enclosing 0 M, where | - | denotes the hypersurface area (with
respect to g). The following theorem was recently proved by McCormick and Miao
[2017].

Theorem 7 [McCormick and Miao 2017]. Let (M, g) be an AF manifold of dimen-
sion 3 <n <7, with compact, connected boundary ¥ that is outward-minimizing.
Assume that the scalar curvature of (M, g) is nonnegative. Let H > 0 be the mean
curvature of X (in the direction pointing into M), let p be the scalar curvature of X
with respect to the induced Riemannian metric, and suppose that

. n—2 2
min ——max H-.
inp > I >:X

) n—
Then
I’l—% 2
(12| \r= n—2maxy H
21 _ h—-omaxy A~
(7) mapm(M, g) > 2<_wn1) <1 n—1 miny p /)

To simplify notation later, we make the following definition.

Definition 8. Let S be a smooth, compact hypersurface in a Riemannian manifold
(M, g) of dimension n > 3. Define

n—2
n—1 _ 2
Fg(S)=l |S| 1_n 2.ma?<5H ’
2\ w,_1 n—1 mingp
where |S|, H, and p are the area, mean curvature, and scalar curvature of X with
respect to the Riemannian metric induced by g.

We conclude this section with the definition of convergence used in Theorems 1
and 2.

Definition 9. Fix a nonnegative integer £. A sequence of complete, connected,
pointed Riemannian n-manifolds (M;, g;, p;) converges in the pointed C* Cheeger—
Gromov sense to a complete, connected, pointed Riemannian n-manifold (N, A, q)
if for every r > 0 there exists a domain 2 containing the metric ball Bj(q, r)
in (N, h), and there exist (for all i sufficiently large) smooth embeddings

@[IQ—>M,'

such that ®;(€2) contains the metric ball By, (p;, r), and the Riemannian metrics
®7g; converge in C* norm to h as tensors on €.

Note that no M; need be diffeomorphic to N in the above definition, and that the
asymptotics of M; can be wildly different from those of N in the noncompact case.
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4. The mass of asymptotically Schwarzschild metrics

In this section we prove that the ADM mass of an asymptotically Schwarzschild
manifold can be recovered from the r — oo limit of the expression F,(S,), a key
ingredient in the proof of Theorem 2. Before doing so (in Lemma 11), we first
verify this for HF metrics in Lemma 10.

Remark B. For an asymptotically flat manifold (M, g) of dimension 3 <n <7,
the inequality
mapm(M, g) > limsup Fy(S,)
r—00

follows from Theorem 7. However, equality need not hold. Such an example,
pointed out to the author by McCormick, can be found by considering an AF
manifold (M, g) of nonnegative scalar curvature and strictly positive ADM mass
that contains an isometric copy of half of a Euclidean space. Such spaces were
constructed by Carlotto and Schoen [2016]. For r sufficiently large, S, intersects
the Euclidean region in M, which gives F,(S,) < 0.

Lemma 10. If (M, g) is an HF manifold, then
(&) mapm(M, g) = lim Fg(S)),
r—o0

where Fg is given in Definition 8, and S, is the coordinate sphere {|x| =r} in a
harmonically flat coordinate system.

Except for the calculations (9) at the end of the following proof, the proof of
Lemma 11 will be independent of Lemma 10.

Proof. The proof involves straightforward computations of the asymptotic behavior,
for large r, of the area, mean curvature, and scalar curvature of S,. Let U be the
harmonic function as in Definition 5, with expansion (6).

First we compute the area of S, :

2(n—1)
|S,|g=/ Un2 dA

_ 2a(n—1) 1-n
= /S (1 + —(n—z)r"—2 + O(r )) dA

_ 1 2a(n—1)
= wn_lr" (1 + —(n—Z)rnfz

>+0(1),

where d A is the area form on S, induced by §. In particular,

n—2
—1
()™ = L1424 ) 00,

2\ wp_1 yn—2
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Second we compute the mean curvature. Recall that the mean curvature of S,
with respect to §;; is "T_l From a well-known formula relating the mean curvatures
of conformally related Riemannian metrics, letting H, represent the mean curvature
of S, with respect to g, we have
-2 n—1 2(n-1)

r+n2

U =3 v(U)

U
-2
a 1— n—
= (1 tomt Oo(r ”))
n

42D (1 +-24 4 0(r1—”))_”_2< an=2) 4 o —"))
n—2 rh rh
_ _ 2a l—n .n—l
= (1 —(n—2)r"_2 + O(r )) p
2(n—1) an I—n a(n 2) _n
+ =) <l—(n_2)rn_2+0(r ))( +O(r ))
n—1 2a(m—1)>2

I _(n—2)r”—1+0(r_n)’

‘n—l
r

where we used the fact that the §-unit normal v to S, equals a—. Thus,
H? = (n—1% damn—1)°

r2 (n—2)rn

Third, we compute the scalar curvature of S, with respect to g|rs,. Recall that if

g>» = eV g1 are conformally related Riemannian metrics on a manifold of dimension
n — 1, then their scalar curvatures are related by

+o0@G"h.

Ry, = (Ry —2(n —2)Agy ¥ — (n —3)(n —)|dy|2).
In particular, with g» = g|rs., g1 =§|rs,, and Uiz = e on Sy, we have

(n—D(n-2) 4A,U | 4V,U|?
n—2
p=U 1" ( P2 U T -2

where A, and V, are the Laplacian and (tangential) gradient on S, with the Rie-
mannian metric induced from 8, and | - |? is taken with respect to §. Now, we
address the Laplacian term. A well known formula for smooth functions f on R” is

Af =As f+Hess(f)(v,v)+ Ho,(f),

where X is a smooth hypersurface with unit normal v, mean curvature H in the
direction of v, and induced Laplacian Ay. Applying this to f = U and X = §,,
we have

n—1 oU
oo rooor’
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By explicit calculation, the leading (i.e., O(r")) terms of Hess(U)(9,, d,) and

1
#— - 5~ cancel, implying that

AU =03,

Next, for the term |V, U|, since 1 4+ a/ (r"~2) is constant on S,, we see from the
expansion of U that
V.U =0@.

Using these expansions, along with the expansion for U, we arrive at

__4
p= (1 Tt 0<r1—")> " (—(”‘ Din=2) 4 O(r—n—l))

_(n=DH(@n=2) _ da(n —1)

r2 22

+0¢™"h.

Putting it all together, we have

©) Fy(S) = (1 - 2( >+ O(r—1)>

2
(nfl) _4a@n 3 —n—1
(=2 2 e TOUTT
1 @=D®=2) 4(l(;’ln D + O(anil)

r

1— 4a(n—n1)2 + O(rfnJrl)
= <%r"2 +a+ O(r1)> (1 1 - 2)r )

- 2)n 0@t
- (; "rat00h) (3 + o0 "“))
=2a+ O(r_ ).

Since the ADM mass of g equals 2a, the proof is complete. ([

The next lemma is a generalization of the previous one:
Lemma 11. If (M, g) is an asymptotically Schwarzschild manifold, then
mapm(M, g) = lim Fg(S,),
r—o0

where S, is the coordinate sphere {|x| = r} in an asymptotically Schwarzschild
coordinate system.

Proof. This follows from Lemma 15 in the Appendix and (9). O

5. Proof of Theorem 2

The method of proof of Theorem 2 is similar to the proof of Theorem 1 in [Jauregui
2018].
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Let m; = mapm(M;, gi), and note that m; > 0 by the positive mass theorem in
dimension 3 <n <7 ([Schoen and Yau 1979a; 1979b], cf. Section 4 of [Schoen
1989]). If mapm (N, k) = 0, the claim (1) follows trivially, so we may assume it is
strictly positive.

Let € > 0. Fix an asymptotically Schwarzschild coordinate system (x!, ..., x")
on (N, h), and let S, denote the coordinate sphere {|x| = r}, a smooth, compact
hypersurface in N for r sufficiently large. Let B, denote the bounded open region
in N that S, encloses.

By Lemma 11 and the hypothesis that (N, &) is asymptotically Schwarzschild
of positive ADM mass, we may choose a number | > 0 sufficiently large so that

(10) mapm(N, 1) < Fu(Sy,) + g, and
(11) F(Sy,) > 0.

By asymptotic flatness of /&, we may increase r; if necessary, preserving (10)
and (11), to arrange that the mean curvature of S, with respect to £ is strictly
positive for all r > ry, and that hypersurface areas measured with respect to 4 and
the Euclidean metric § differ by at most a factor of 2 on N \ B,, (i.e., the respective
Hausdorff (n—1)-measures are uniformly equivalent by factors of 2).

We apply the definition of pointed C? Cheeger—Gromov convergence. First, take
a number rp > 0 so that the metric ball B, (q, r2) contains B33,,. (The value 33r,
is chosen because later we will need a point in Bs3,, \ B,, that is distance 16r;
from both the inner and outer boundary.) Then there exists a domain U C N, with
U D By(q, r2) D B33, and smooth embeddings ®; : U — M;, for i > some i,
with ®;(U) D By, (pi, r2), such that

(12) hi := ®fg; — hin C* on U.

(Below, we will repeatedly use the fact that ®; : (U, h;) — (®;(U), g;) is trivially
an isometry.) Taking i to be at least some i; > iy, we can be sure that hypersurface
areas measured with respect to 4; and & differ by at most a factor of 2 on U, by C°
convergence. Taking i to be at least some i» > i|, we can arrange that the mean
curvatures of S, with respect to h; are strictly positive for all r € [ry, 33r], using
C! convergence of h; to h on U.

Next, let S; = ®;(S,,), a smooth compact hypersurface in M;. We want to
apply Theorem 7 to the AF manifold-with-boundary obtained by removing ®; (B;,)
from M; (whose boundary is S;). To do so, we must verify that S; is outward-
minimizing in (M;, g;). (This is not at all obvious, since S; need not even lie in the
asymptotically flat end of (M;, g;).) This issue was handled in [Jauregui 2018] via
a monotonicity formula for minimal surfaces in a Riemannian manifold. However,
we will instead use the more robust argument in [Jauregui and Lee 2017], using the
notion of almost-minimizing currents.
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Lemma 12. Fori > iy, S; is (strictly) outward-minimizing in (M;, g;).

Proof of Lemma 12. 1t is well known from standard results in geometric measure
theory (see [Huisken and Ilmanen 2001] for instance) that there exists a compact
hypersurface S; enclosing S; that has the least hypersurface area (with respect to g;)
among all compact hypersurfaces in M; enclosing S;. Moreover, S; has at least
C!! regularity, and S; \ §;, if nonempty, is a smooth minimal hypersurface. (This
uses n < 7.) We complete the proof of the lemma by arguing that S, =5, assuming
henceforth that i > i».

If S; were to possess a connected component disjoint from S;, then that component
would be a compact minimal hypersurface in (M;, g;), contrary to the hypothesis
of Theorem 2. Thus, every connected component of S; intersects S;.

Next, if §, happens to be contained in the compact region ®; (1_333,1) and hence
in ®; (Eg3rl \ B;,), there exists some point p € :S:, at which the function

rod! |§’
achieves its maximum on §, Say this maximum value is r* € [r, 33r]. If r* > rq,
then 3:, is smooth and minimal (with respect to g;) near p and is tangent to ®; (S,+).
However, this contradicts the standard comparison principle for mean curvature,
as ®;(S,+) has strictly positive mean curvature with respect to g; (because S,+ has
strictly positive mean curvature with respect to 4;). Thus, r* = r, and so E =S,
as claimed.

The only remaining case is that S; possesses a connected component, say g{ , that
is not contained in CI>,-(1§33r1 \ By,), but that intersects S; = ®;(S;,). Let

T; = ®;'(S; N ®;(B3s, \ Br,)) C B3, \ B, C N.

Note that 7; is a smooth hypersurface in the AF end of N, so that we may regard
T; C R" with 9T; C S;, U S33,,. By the connectedness of 3';/ and the continuity of r,
there exists some point g; € 7; N Sy7,,, and the Euclidean distance from g; to 97;
is 16r;. Viewing 7; naturally as an (n—1)-dimensional integral current in R", we
claim that 7; is y-almost-minimizing for y = 16 (and will verify this later). Recall
this means that given any ball B in R" that does not intersect d7;, and any integral
current 7 with the same boundary as the restriction 7;. B, we have

|T;LBls < yIT|s

for some constant y > 1. (Here we are using | - |5 to denote both the Euclidean
hypersurface area and the more general current mass.) The following fact is a
natural generalization of the classical monotonicity formula for minimal surfaces to
the class of y-almost-minimizing currents (see [Bray and Lee 2009] for instance):
for 0 <s < dist(g;, 0T;) = 16rq,

IT;LB(gi,s)|s = y* "wp_1s" .
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Taking the limit s 7 16r;, we have
| TieB(gi, 16r)s = y* w1 (16r)" ™! = 16w, -1 ()",

taking y = 16. Using the factor-of-two area comparisons between § and 4 and
between h and h; on U \ By, for i > ip, we then have

| Ti B(gi, 16r1) |, = § - 160,_1 (r)" .

Applying ®;, it follows that |§l’ N <I>,-(1§33r1)|g, > 4w,_1(r))"" L. Since §, leaves
(oF (533,] ), we obtain a strict inequality below:

(13) 1S lg: = 151, > den_1 (r))" .
On the other hand, since g‘, by definition has at most as much g;-area as S;,
1Si1g < 1Silg = 1Sn,In, <418 |5 = den_1 (r)" ™",

producing a contradiction with (13).

We now prove that 7; is y-almost-minimizing in R" with y = 16, which will
complete the proof of Lemma 12. Since 7; is area-minimizing with respect to 4; in
B3z, \ E,l, we know that

T Bly, < Ty,

for any integral current 7 supported in Bss,, \ B,,, with 3T = 3(T;LB), where B is
a Euclidean ball in B33, \ B,,. For i > i, since the Hausdorff (n—1)-measures of
h and h; are uniformly equivalent by factors of two on U, this implies

I TiLBlp <4[T |5

for such B and T. Since 7T; is contained outside S,,, we can use the comparison of
areas between & and & to see that

ITiLBls = 16]T |5

for such B and 7. However, in the definition of y -almost-minimizing, one may with-
out loss of generality consider competitors 7 supported in B, since B is convex. It
follows that 7; is 16-almost-minimizing, and the proof of Lemma 12 is complete. [

We continue with the proof of Theorem 2. Observe that F (S) varies continuously
with respect to C? perturbations of g on any neighborhood of S, since the area,
mean curvature, and scalar curvature depend continuously on g and its first and
second derivatives. Then by the C? convergence in (12), we may restrict to i at
least as large as some i3 > i so that

(14) Fi(Sn) < Fi (1) +
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and that
(15) Fii (8,) > 0

(since Fj,(S;) > 0 by (11)). Lemma 12 and (15) show that Theorem 7 may be
applied to M; minus the open region ®;(B,,), which has (connected) boundary S;.
Thus:

Then for all i > i3, we may combine (10), (14), and (16) to arrive at
mADM(N, h) <m;+e€.

Now, taking lim inf;_, o, proves Theorem 2, since € > 0 was arbitrary.

Remark C. The above proof generalizes the C? lower semicontinuity result from
n = 3 in [Jauregui 2018] to 3 < n < 7. By contrast, extending the C° lower
semicontinuity result in [Jauregui and Lee 2017] to higher dimensions would be
much more difficult. In the C° case, the dimension three hypothesis is relied on
to a greater extent. First, the Hawking mass estimate (2) of Huisken and Ilmanen,
valid only in dimension three, is used to ensure monotonicity under mean curvature
flow of a certain quantity (whose details we omit here) defined by Huisken. The
author is not aware of such a monotone quantity in higher dimensions. Second,
in [Jauregui and Lee 2017], use is made of B. White’s regularity theory for the
weak (level set) version of mean curvature flow that is especially nice in ambient
dimension three [2000].

Remark D. As mentioned in the introduction, we strongly conjecture that the
hypothesis that the limit (N, &) is asymptotically Schwarzschild in Theorem 2 (as
opposed to asymptotically flat) is unnecessary. We note this generalization would
follow by establishing a density result of the following form: Given € > 0 and a
sequence (M;, g, pi) of AF manifolds of nonnegative scalar curvature converging
in the pointed C 2 Cheeger—Gromov sense to an AF manifold (N, A, g), construct an
HF perturbation h of h (with |mapm(N, i) —mapm(N, h)| < €) and AF metrics gi
on M; of nonnegative scalar curvature, with |mapm(M;, ;) —mapm(M;, gi)| < €,
such that (M;, g;, pi) = (N, h, ¢) in the pointed C*> Cheeger—-Gromov sense. Such
a result would immediately generalize Theorem 2 to remove the restriction that
(N, h) is asymptotically Schwarzschild, since HF manifolds are such.

6. Lower semicontinuity for weighted C? convergence in all dimensions

In this section we study the behavior of the ADM mass under weighted C? conver-
gence. This corresponds to a finer topology than that of pointed C? Cheeger—-Gromov
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convergence. In particular it is easier here to establish semicontinuity of the ADM
mass and to obtain a stronger result: Theorem 13 is valid in all dimensions n > 3,
requires no hypothesis on minimal surfaces, and does not rely on (nor recover) the
positive mass theorem.

To describe the setup, let M be a smooth n-manifold that admits an AF metric.
Fix a compact set K C M and an AF coordinate system on M \ K (for some AF
metric). For an integer k£ > 0 and a real number 7 > 0, let C k (M \ K) denote the
class of C* functions f : M \ K — R for which the quantity

Ifllce oy = D sup |x|"H7]0Y f(x)

0<|y|<k YEM\K

is finite, where the partial derivatives are taken with respect to the coordinate chart,
and y represents multi-indices. Thus, functions in C k (M\K) decay as O(r—") or
faster as r — 0o, with successively faster decay up through k-th-order derivatives.
Define C’jT(M) to be the set of C* functions f:M— Rwith fl)yng € C"(M\K),
equipped with the norm given as the sum of || f[| -« L(M\K) and the C* norm of f|g.

Note that if g is an AF metric on g of order t obeying the decay conditions (3)
in the fixed coordinate chart, then

(17) gij—8;€C? (M\K).

For k > 2 and 7 > 0, we let Met“ . (M) denote the set of C k Riemannian met-
rics g on M satisfying (17) in the fixed coordinate chart. (The ADM mass of
g€ Met® (M) is well defined if T > % and the scalar curvature of g is integrable
[Bartnik 1986; Chrusciel 1986].) We say a sequence of Riemannian metrics { ge};";1
in Met* (M) converges to g € Met* (M) as £ — oo if ||ng. —8ijllex gy =0

for all i and j and the tensors g¢|x converge in C* to g|x as £ — oo.

Theorem 13. Suppose {gz}‘l?i1 converges to g as asymptotically flat Riemannian
metrics in MetQ_T(M ), where T > ”T_2 Then

. Vi 1 b4
(18) ZILTO<mADM(M’g )—mAR(g )dVg€>
1
20— D1 /MR(g)dV’

where dV,e and dV are the volume measures of gt and g. Moreover, if there exists
a compact set K C M such that R(g%) > 0 on M\ K for all £, then

=mapm(M, g) —

(19) liminfmapm (M, g¢) > mapm(M, g).
L— 00

Remark E. Our (18) is well known to experts as the statement of the continuity of
the Regge—Teitelboim Hamiltonian [1974]. This is related to Lemma 9.4 in [Lee and
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Parker 1987], which gives continuity of the ADM under weighted C!** convergence
if the scalar curvatures converge in L!. After posting this paper we became aware
of Theorem 14 of [McFeron and Székelyhidi 2012], which implies Theorem 13;
this result of D. McFeron and G. Székelyhidi requires local C? convergence and a
uniform weighted C'** bound. Our proof below is a generalization of that of Y. Li
[2018] (see the proof of Theorem 1.2 therein), who studied the behavior of the
ADM mass and integral of scalar curvature in the case of a convergent Ricci flow.

Proof. Let gy be a background Riemannian metric on M whose expression in M \ K
in the given AF coordinate chart is §;;. Let divo be the divergence operator on
tensors and A the Laplacian on functions with respect to gg. Define the continuous
operator D : Met® (M) — C°__ (M) by

D(g) = divo(divg g) — Ao(trg,(g)).

The significance of D is the formula for the ADM mass of g € Metz_f (M) (provided
% and the scalar curvature of g is integrable):
1

(20) mapm(g) = m/MD(g)dVo,

T>

which follows immediately from the divergence theorem. Here, dV} is the volume
measure of go.

By the Metz_T(M) convergence of gi to g, we have D(gz) — D(g) in CQH(M).
However, since t + 2 is generally less than the O (r~") threshold for integrability,
we cannot immediately apply the dominated convergence theorem. (And since we
have no control on the sign of D(g%), we cannot apply Fatou’s lemma.)

We proceed instead by considering the difference between D(-) and R(-) (a well-
known trick), where R : Metz_T(M ) — CET_Z(M ) is the scalar curvature operator.
Working in the fixed chart on M \ K, for any Riemannian metric s € Metz_T(M )
with Christoffel symbols Flkj we have

D(h) = 0;0jh;; — 9;0;hi;,

R(h) = W (3T = o Tf; + T T, = THT,,).

By direct computation, D(g¢) — R(g") is O(r~2727), where O(r—27%7) here is
uniform in £ and moreover goes to zero in CO—Z—ZI (M) as £ — oo. Since 24271 > n,
this O (r~272%) error term is uniformly bounded by an integrable function on M.
Then by the dominated convergence theorem and the pointwise convergence of

D(g") — R(g") to D(g) — R(g),
lim / (D(g") — R(g") dVy = / (D(g) — R(g)) dV.
£—00 M M

Together with (20), this proves (18).
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For the last claim, assume R (gf) >0 for all £ on M \ K, and let
wu = liminf mapm(M, ge).
L—00

If u = 400, the claim follows trivially. Suppose  is finite. Pass to a subsequence
{(M, g“®)} for which

lim mapm(M, g'®) = .
k— 00

By the first part of the theorem, the sequence

/ R(g[(k)) dVg((k)
M

then converges, and moreover

1
Q1) p=mapm(M,g)+-———| lim f R(g‘("’)dvguk>—f R(g)dVy ).
2(n—1wp—1 \k—oo Jyy M
By the (weighted) C? convergence of g‘® to g as k — oo, we have pointwise
convergence of the scalar curvatures and volume forms. In particular,

K K

as k — oo. Then, by Fatou’s lemma and the hypothesis R(g‘®) >0 on M \ K, the
expression in parentheses in (21) is nonnegative. This completes the proof if u is
finite.

Finally, suppose u = —oo. Then by (18), a subsequence {(M, 2@}, has its
integral of scalar curvature converging to —oo. Since the scalar curvatures are
nonnegative outside the compact set K, the integrals of the scalar curvatures on
K also converge to —oo. This contradicts the fact that these integrals converge to

[ R(g)dV,. O

Remark F. Interestingly, Theorem 13 implies that for the case of weighted C?
convergence, the mass drop is accounted for completely by the total matter (i.e.,
the integral of scalar curvature) escaping off to infinity, much like in the example
in Section 2.1 from Newtonian gravity. This contrasts with the case of pointed C?
Cheeger—Gromov convergence, in which the ADM mass can drop within the class
of scalar-flat metrics (e.g., the examples in Sections 2.2 or 2.3, choosing (M, g) to
be scalar-flat with positive ADM mass).

Remark G. Note that the lower semicontinuity of the ADM mass with respect
to weighted C? convergence does not imply the positive mass theorem as in the
blow-up example or escaping point example with pointed convergence in Section 2.
In those cases, the metrics do not converge to Euclidean space in a weighted sense.
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6.1. Example: mass drop with weighted convergence. We conclude this section
by describing an example of AF metrics g;, with nonnegative scalar curvature,
converging in Metz_r (M) with T > % for which the ADM mass drops. Physically,
the construction involves considering a sequence of shells of matter, of fixed total
mass, at progressively larger radii. For n > 3, let p : R” — R be a smooth, radially
symmetric, nonnegative function supported in the annulus between radii % and 1,
with fR" p=1.Fori=1,2,..., define a sequence of smooth functions

pi(x)=i"p(x/i),

which also satisfy fRn pi = 1 and are supported in the annulus between radii ’5 and i.
By elliptic PDE theory (or ODE theory), there exists a unique smooth solution

(for each i) to the linear elliptic problem:

—Av; =p; onR"
v, —> 0 at infinity.

Recognizing v; (x) = iz_”vl(x/i), it is easy to see that v; — 0 in CEI(M) for any
T<n—2asi — o0. Fixre(%,n—Z).
For i sufficiently large, u#; := 1 + v; is positive, and the Riemannian metric

gi = u?/ =25 is asymptotically flat. Note that the scalar curvature of g;

_ _4m=D 5, 4= it

n_o Ui Pis
is integrable because it has compact support.

Now, g; converges to the Euclidean metric in MetZ_T(M ) as i — o0, and each
gi has nonnegative scalar curvature. We show now (using the divergence theorem)
that the ADM mass of g; is a positive constant, independent of i:

2 . 2
mADM(gl)—_mrlifgo s, V(Ml)dA——m/n Auldv

2 2
= dV =,
(1—2)wn_1 /R pi (n—2)wn_1

where d A and dV are the hypersurface area and the volume forms with respect to
the Euclidean metric. However, the ADM mass of the limit, Euclidean R”, vanishes.

7. Two-dimensional case of semicontinuity of mass

In two dimensions, a natural replacement for asymptotically flat manifolds is the
class of asymptotically conical surfaces, with the asymptotic cone angle playing
the role of mass. The author thanks Woolgar for his suggestion to investigate the
semicontinuity of mass in this setting.
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Following [Isenberg et al. 2013], for o > 0, let
go = dr’ +a*r?do?,

a smooth Riemannian metric on R? \ {0} describing a cone. Note that g, has van-
ishing Gauss curvature. Define a connected two-dimensional Riemannian manifold
(M, g) to be asymptotically conical with cone angle 2ma > 0 if there exists a
compact set C C M such that M \ C is diffeomorphic to the complement of a closed
ball in R% on which g — g4 = O2(r~7) for some constant 7 > 0. In particular, the
Gauss curvature of g is O (r~277) and hence integrable.

We recall here that the integral of the Gauss curvature captures the cone angle.
To see this, let B, be the compact region bounded by the coordinate circle I', in
(M, g) for r large. By the Gauss—Bonnet formula,

(22) / KdA:er)((Br)—/ ke ds,

B, v
where «, is the geodesic curvature of I', with respect to g. By the O»(r™") decay
of g to g4, we have

lim kgds = lim Kg, ds =2ma,

r—oo Jp. r—00 Jp
the latter equality given by direct calculation, where «,, is the geodesic curvature
of I', with respect to g,. Taking the limit » — oo in (22) (and noting that x (B,) is
eventually a constant, x (M)), we have

(23) / KdA=2n(x(M)—1)+27(1 —a).
M

Note that if K >0, it follows that x (M) > 0, and using the fact that M is topologically
the connect sum of R? and a compact, connected surface, it follows that x (M) =1
and that M itself is topologically R

We define the mass of an asymptotically conical surface to be

Meone(M, g) =1 —a,

which we note is a dimensionless quantity. The positive mass theorem is then
immediate: K > 0 implies mcope > 0, and equality holds if and only if K =0
and M is homeomorphic to R% which holds if and only if (M, g) is isometric to
the Euclidean plane.

Below is the statement of C? pointed lower semicontinuity of the mass in two
dimensions (i.e., upper semicontinuity of the cone angle). Note that no hypothesis
on closed geodesics (the analogs of compact minimal hypersurfaces) is necessary.
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Theorem 14. Suppose (M;, gi, p;) converges in the pointed C* Cheeger—Gromoy
sense to (N, h, q) as pointed asymptotically conical Riemannian 2-manifolds. Sup-
pose each (M;, g;) has nonnegative Gauss curvature. Then

(24) Meone(N, h) < lil_gcigfmcone(Mi , 8i)-

An example for which strict inequality holds in (24) can be found using the
blow-up or escaping point examples in Sections 2.2 and 2.3, beginning with an
asymptotically conical surface with nonnegative Gauss curvature and o < 1.

Proof. Let € > 0. By the C? convergence, / itself has nonnegative Gauss curva-
ture K, so in particular x (N) = 1. Then by (23),

1
Meone(N, h) = E/ Ky dAy.
N

Since K, is integrable, we may choose r > 0 sufficiently large so that the coordinate
ball B, C N satisfies
€

1
Meone(N, h) < E/;;, K,dA, + )

Choosing U D B, and obtaining appropriate embeddings ®; : U — M; such that
h; := ®}g; converges in C 2 to h, we may take i sufficiently large so that

1 € 1 1
(25) E Ar Kh dAh — 5 < E Lr K/’li dAh,‘ = E Li(Br) Kgi dAgl..

Since (M;, g;) has nonnegative Gauss curvature, the right-hand side in (25) is an
underestimate for mcone (M;, g;). Thus,

Meone(N, h) < meone(M;, gi) +€

for i sufficiently large. From this, the result follows. ([

We leave it as an open problem to study the behavior of the cone angle un-
der weaker forms of convergence, such as pointed C° Cheeger—Gromov, pointed
Gromov-Hausdorff, or pointed Sormani—Wenger intrinsic flat convergence [Sormani
and Wenger 2011].

Appendix: Geometry of asymptotically Schwarzschild metrics

The purpose of this appendix is to prove the following asymptotic estimates for
large coordinate spheres in an asymptotically Schwarzschild manifold. These were
used in the proof of Lemma 11.

Lemma 15. Let (M, g) be an asymptotically Schwarzschild manifold of dimension
n >3 and ADM mass m. Let S, be the coordinate sphere of large radius r in M. Let
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0 be the scalar curvature of S, with respect to the metric induced from g, and let H
be the mean curvature of S, with respect to g. Then:

n—1)(n-2) _ 2 —1)m

(26) p= 2 o™,
r r
~ n—1 — 1)
27) =" (](1”_ 2)1,1"_11 + 00

Proof. Let g be the Schwarzschild metric of mass m, and let /& be as in (5), i.e.,

m \3 i
g=|1+ 3, g=g+h,

2rn—2

in the end of M.

We first address the scalar curvature of S,. Let y and 7 be the Riemannian metrics
on S, induced by g and g, respectively. The coordinate sphere S, has constant
scalar curvature with respect to the metric induced by é equalto (n —1)(n —2)/ (r?).
Since the conformal factor relating g to § is constant on S,., the scalar curvature of
(Sy, y) can be found by rescaling:

_ﬁ'(n—l)(n—Z) _(m—Dn-2) _2(n—1)m
r2 - 72 n

+O (20D,

(28) p=<1+L)

2rn=2

We proceed to estimate the scalar curvature of (S, 7) as follows. Introduce spherical
coordinates (r, ¢', ..., ¢"~!) on the asymptotically flat end of M:

xl=r cos(¢1),

xZ=r sin(qbl) cos(¢2),

2"~V =rsin(¢") sin(¢?) - - - cos(¢" 1),
x" = rsin(¢") sin(¢?) - - - sin(¢" V).
We use Greek indices for the directions tangent to §,, i.e., ¢* fora=1,...,n—1
for the coordinates on S, and 9, = # for their derivatives. Note that §(9,, dg)
is O(r?).
First, express y and y in spherical coordinates on S,:

(29) Yap = 80y, 8ﬂ), ]701,6 = g(aou aﬁ) = Yap +haﬁ,
where hyp = h(y, dg) is O(r>~") by (5). Both y,5 and Jup are O(r?). Also, we
have the inverse metrics
(30) vy =007,
(31) 7P =y o0,
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Note that the derivatives tangent to S, satisfy

(32) Ouvap = O (%),
duhag = 0",

(33) 0uVup = O (%),

with the same orders for second derivatives. Similarly,

(34) 0,y = 0™,

(35) 3.7 =00?).

Next, let I" and T" denote the Christoffel symbols of (S,, ¥) and (S,, 7), respec-
tively, and define
Wl =Th, —Th,.
By (30) and (32), we have
(36) L= O0(D).
Using (34) as well,
(37) 9, Lpp = 0(1).
Next, we need decay on ¥ and dW. Using (29)-(31),
‘1‘5,3 = );lw(aﬁ);av + aa);ﬂv - av);aﬂ) - Vlw(aﬂyow + aayﬁv - 8\1)/0:;‘})
= 0(r ) @phav + duhgy — dvhag) + O ™" ") (Op Vv + 0u Vv — 0 Vap)-
Since hqpg and 9, hqp are O(r3~"), and also by (33), we have
Wy =00"™"),
and a similar calculation, using (35), shows
Wy =00".
Finally:
p =7 (0T, = 0T + T, TG, — T, T
=@M +oe™h)
X [0 (T, +W5,) — 8, (Tos + W)
+ (Tp, + Ve )Ta, +We) — (Tog+ Vo) (T, + W5 )]
=p+00™",
having used (30), (31), (36), and (37). Combining this with (28), (26) follows.
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For the second part of the proof, we must compute the mean curvature of large
coordinate spheres S, with respect to g. We approach this through the first variation
of area. Let wp, w, and @ be the area forms of S, induced by 8, g and g, respectively.
The respective mean curvature vectors Hy, H, H of S, with respect to these metrics
are characterized by the first variation of area formulas as follows:

(38) Dy = 5(X, —Ho)a = 5(X, "1 3, )y,
(39) Dyw=g(X, ~H)o,
(40) Dxd = g(X, —H)a,

where Dy denotes an infinitesimal deformation of S, in the direction of X, where X
is a tangent vector field to M along S,.

We again use spherical coordinates as in the first part of the proof. Note that
(¢*) give coordinates on S, that are orthogonal with respect to §, and hence with
respect to the conformal metric g. In addition to the estimates of yug, 4 and their
tangential derivatives used in the first part of the proof, we also need estimates on
the radial derivatives. By the decay of g and %, as well as by (30), we obtain

Oy = 00", yP=007), dhap =00,

We begin by computing the mean curvature H of S, with respect to g; this is
well known, but we include it for completeness. The area forms wp and w on S,

are related by

2(n—1)
m —
w= <1+W) n=2 (.

Then, using (38), elementary calculations show

2(n—1)

2(n—1)
2(n—1) m )ﬁ—l((z—n)m m )n_z
41) D,w= 1 . 1 D,
( ) @ n—2 ( +2r"—2 2pn—1 )w0+< +2r”—2 wQ
2(n—1)

_ m n—2 n—1 mm-1) m >_1
_(1+2r”—2> [ r rn=l (l—i_Zr"—2 @0,

where D, = D, . Now, using (39), we have

(42) Dyow = g(0,, —H)w

2n
m n—2
- (1 + 2r”—2) Ha,

where H = |H|,. Now, combining (41) and (42), elementary calculations show

n—1_ (—1%m

(43) H = r (n—=2)rn—1

+0@F™).
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Now, we proceed to estimate the mean curvature with respect to g. Define a
function @ > 0 on the asymptotically flat end of M so that

(44) &=+dw onsS,,
that is, .
_ det(yaﬂ)
det(yap)

Using Jacobi’s formula for the derivative of the determinant, along with the known
decay of y,g, and y,p and their derivatives, we have the following asymptotics of ®:

(45) d=1+0@""),
(46) 3, D=0,
47) d=0@0"").

In order to compute H, we compute tangential and radial variations of @ begin-
ning with (44):

(48) Do = 10,20 *0+ VoD,
= 10,000+ Vg8, —H)o
=0(' Mo,

where we have used the fact that H is g-orthogonal to S,, as well as (39) and
(45)—(46). Next, for the radial directions:
(49) D& =130 2w+ Vg (®,, —H)o
= g(ars —H)Cl)+ O(F_n)a)7

having used (45), (47), and H = O(r~!). The goal is to combine the last two
statements with (40). Specifically, we estimate (40) as follows:

Dx& = (g+h)(X, —H)Vdw

=g(X,—H)o+ 00 ™)|X|,0,

having used the decay of 4, (45), and |§|g = 0@ "). Define Y = H — H. Then
applying (49) and the last equation (with X = d,) and applying (48) and the last
equation (with X = 9,,) produces
(50) 80, Y)=0(@("),
(51) 8@, Y)= 00"



LOWER SEMICONTINUITY OF THE ADM MASS 465

By expanding |Y|§ in the g-orthogonal basis (9,, d,,) of T M along S, and using
(50)—(51), we obtain

(52) Y|;=00""".
Finally, letting H= |P~I |z, we use the triangle inequality to show
|H—H| <||H|; — |H|g|+||H|;— H||

<|Y|g+||H|;—H|g|
= (¢(Y,Y)+h(Y,Y))? +|(g(H, H) +h(H, H))* — g(H, H)?|
=Yg +|Y[,0¢" ™)+ H-0@F"™)
=0(r™),

by (52). Combining this with (43), (27) follows. O
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BOUNDARY REGULARITY FOR ASYMPTOTICALLY
HYPERBOLIC METRICS WITH SMOOTH WEYL CURVATURE

XIAOSHANG JIN

We study the regularity of asymptotically hyperbolic metrics in general di-
mensions. By carefully constructing harmonic coordinates near the bound-
ary at infinity, a method pioneered by Anderson, we show that, for m > 3, a
C™* asymptotically hyperbolic metric that satisfies the asymptotic Einstein
condition || E(g4)llg, = IRic,, +ngyllg, =o0(p?) is in fact C™**% provided
that its Weyl curvature is C™“ and the metric on the boundary that repre-
sents its conformal infinity is C"*2%,

1. Introduction

It is well known that there are very close connections between the hyperbolic
space H"*! and its boundary. In recent years, however, many mathematicians tend
to be interested in conformally compact Einstein manifolds with negative scalar
curvature instead of hyperbolic space. The physics community has also become
interested in the compact Einstein manifolds since the introduction of the AdS/CFT
correspondence proposed by Maldacena in the theory of quantum gravity in theoretic
physics. In this paper, we mainly discuss the boundary regularity problem when
the Weyl curvature of the compactification has some regularity.

Let M be the interior of a compact (n+1)-dimensional manifold M with nonempty
boundary 3 M. We say a complete metric g, on M is C"™%(or WXP) conformally
compact if there exists a defining function p on M such that the conformally
equivalent metric 5

8§=pP 8+
can extend to a C"™*(or W*?) Riemannian metric on M. The defining function is
smooth on M and satisfies

p>0 inM,
(1-1) p=0 ondM,
dp#0 onoM.

Here C™% and W7 are the usual Holder space and the Sobolev space.
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The induced metric & = g|y) is called the boundary metric associated to the
compactification g. The defining function is unique up to a multiplication by a
positive function on M. So the conformal class [g] is uniquely determined by g,
and the conformal class [A] is uniquely determined by (M, g;). We call [4] the
conformal infinity of g,. We are interested in Einstein manifolds, which means the
metric g also satisfies

(1-2) E(gy) =Ricy, +ngy =0.

The boundary regularity problem was first raised by Fefferman and Graham in
1985. Namely, given a conformally compact Einstein manifold (M, g4 ) and its
compactification g, if the boundary metric 4 is in C"™%, is there a C"™“ compactifi-
cation of g, ? In fact, Fefferman and Graham noticed that if dim M =n + 1 is odd,
the boundary regularity in general breaks down at order n. When dim M =n + 1
is even, the C"™“ compactification should exist. M. T. Anderson [2003; 2008],
solved the problem in dimension 4 by using the Bach equation in dimension 4.
He only assumed the original compactification g is in W>” for some p > 4. I'm
not sure whether the W2 condition is good enough for the manifold to improve
the boundary regularity. Helliwell [2008] solved the issue in all even dimensions
by following Anderson’s method. He considered the Fefferman—Graham ambient
obstruction tensor instead of the Bach tensor in higher dimensions. Helliwell
assumed the compactification g is at least in C™“ for a (n+1) smooth manifold. It
means the original compactification is C>¢ for a smooth manifold of dimension 4.

In this paper, we follow Anderson’s approach to study the boundary regularity in
general dimensions. As observed in [Fefferman and Graham 1985], if dim M =n+1
is odd, there are log terms in the asymptotic expansion of g near d M at the order n.
If we add a condition of g, the log term may be ruled out. By studying (3-8), we find
that if the Weyl curvature and scalar curvature of g are smooth enough near boundary,
the log term may not exist. In [Jin 2017] and [Shi and Tian 2005], (2-5) tells us that
in harmonic coordinates, the regularity of a metric can be improved to two orders
higher than the regularity of its Weyl curvature locally in the sense of conformal
transformation. Our main aim is to extend the result to the manifolds with boundary.

At the end of this paper, we prove that the regularity of defining function is
the same as the new structure on M for Einstein case. This extends the result in
[Helliwell 2008], where it was proved that the regularity of defining functions is
the same as the original compactification.

The equation (2-5) holds for all manifolds, not just for Einstein manifolds. We
don’t need to use the Einstein equation in the interior of M. We focus on metrics
that satisfy the condition of that Einstein equation vanishing to finite order near
boundary, that is

(1-3) IE(g4)llg, = IRicg, +ng4llg, =0(0?).
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The main result is as follows:

Theorem 1.1. Let (M, g.) be a conformally compact (n+ 1)-manifold with a C"™*
conformal compactification g = p*g in a given C™ atlas {yﬂ}g:0 of M near dM
(m=>3,0<a<1). |Ricg, +ngyllg, = 0(p?). p is a C™ defining function of yP.
If the boundary metric h = glay € C">%(dM) and the Weyl curvature W of g is
in C"™%(M) in the atlas yP, then there exists atlas {xP} of M near dM and in the
atlas {xP}, g, has a C"+>% compactification § = p>g,. with boundary metric h.
The atlas {xP} forms a C"™*3% structure of M. Furthermore, if g, is Einstein, { is
a C"*22 function in x-coordinates.

Remark 1.2. If dimM =n+1 is even, (M, g4) is Einstein and m 4+ 2 > n, then
the defining function in Theorem 1.1, p,is a C m+3.¢ function in x-coordinates.

In [Chrusciel et al. 2005], Chrusciel, Delay, Lee and Skinner showed a good result
of the boundary regularity of conformal compact Einstein manifolds. They proved
that if the boundary metrics are smooth, the C? conformally compact Einstein
metrics have conformal compactifications that are smooth up to the boundary in
the sense of C!* diffeomorphism in dimension 3 and all even dimensions, and
polyhomogeneous in odd dimensions greater than 3. The C? condition is of course
weaker than the C™“ condition in Helliwell’s paper. I think the C? condition is
probably sharp. However, their result only holds for the smooth case. It is unknown
whether their method can be used to prove the finite boundary regularity. In this
paper, by assuming a condition of Weyl tensors, we solve the finite regularity
problem for a conformal compact manifold, which is not Einstein, only satisfies
(1-3). Furthermore, by observing a calculation in Section 3B we find that the
log term of the formal power series of a Weyl tensor vanishes if and only if the
obstruction tensor of the metric vanishes. So if we assume the Weyl tensors are in
C"~2 in Theorem A in [Chrusciel et al. 2005] when n + 1 is odd and greater than 3,
we can obtain an extended smooth result. That is:

Remark 1.3. Let (M, g1) be a conformally compact Einstein (n 4+ 1)-manifold
with a C? conformal compactification g = p’g... If the boundary metric & = glypm
is smooth, then for any A > 0, there exists R > 0 and a C'** diffeomorphism
®: Mg — M such that

d*g, = p *(dp* + G(p)),

where Mg =M x [0, R], {G(p):0 < p < R} is a one-parameter family of smooth
Riemannian metrics on d M.
If dim M is even or equal to 3, then ®*g, is conformally compact of class C*.
If dim M is odd and greater than 3, the Weyl tensors of p?>®*g, are of class
C"~2, then ®*g, is conformally compact of class C.
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The outline of this paper is as follows. In Section 2, we introduce the constant
scalar curvature compactification and construct a kind of harmonic coordinates
near d M. The regularity of the metric does not change in the above two steps. We
also study the relationship between Ricci curvature and Weyl curvature for constant
scalar curvature.

In Section 3, we provide some literature reviews concerning the study of confor-
mally compact Einstein manifolds and asymptotically hyperbolic metrics satisfy-
ing (1-3), including the change of curvature under conformal transformation, the
existence and regularity of geodesic defining function. We also show the reason
why the boundary regularity in general breaks down at order n when dim M =n+1
is odd. Then after some simple computations, we get that the Weyl curvature has
an influence on the regularity in geodesic coordinates. Besides, for conformally
compact Einstein manifolds, by calculating the formal power series of the Weyl
tensor in geodesic coordinates, we obtain that the obstruction tensor of the conformal
metric vanishes if and only if the formal power series of the Weyl tensor doesn’t
contain an x"~2log x term. This improves Theorem A in [Chrusciel et al. 2005].

Section 4 is dedicated to the derivation of some boundary conditions, including
the Dirichlet conditions for g;; and Ricci curvature, and the Neumann conditions
for g%. We use the geodesic defining function as a transition tool to calculate the
Dirichlet conditions for Ricci curvature. The regularity will drop one order when
we change the defining function into geodesic defining function. The geodesic
compactification ought to be at least C> so that we can calculate some curvature
tensor. That’s why we need m > 3 in Theorem 1.1. Then with the property of
harmonic coordinates, we obtain the Neumann condition for gof’.

Finally, in Section 5, we use the theory of elliptic system to prove Theorem 1.1.
We improve the regularity of the conformal metric and defining function in the new
coordinates.

2. Basic geometry equations in harmonic coordinates

In this section, we discuss some basic geometry equations for the manifold (M, g).
Before doing that, we choose an appropriate conformal compactification to make
the scalar curvature constant near boundary and to construct harmonic coordinates
for the metric.

2A. Constant scalar curvature compactification.

Lemma 2.1. Let (M, g) be a conformally compact n-manifold. M has a C**
conformal compactification g = p?>g4 and h = gl is the boundary metric. Then
there exists a C>% constant scalar curvature compactification § = p>g. with
boundary metric h.
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Proof. We only need to solve a Yamabe problem with Dirichlet data. Let g =
u*/"=2 ¢ then we consider the equation

__n=2 n—=2 . (n+2)/(n-2) _
=Dt g™ =0,

u>0 in M,

u=1 on oM.

Agu
(2-1)

Let A = —1; from [Ma 1995] we know that the equation always has a C>% solution.
Then g = u*/"=?g is also in C>%. The boundary metric 4 is not changed since
u=1onoM. (]

By the standard theory for elliptic equations, if g is in C"%(M) for some
a € (0, 1), any such solution u is in C"™%(M). Then p = u*"=? p and ¢ are also
in C"™*. The Weyl tensor W = u*/=DW of g are in C"™“. In the following, we
don’t distinguish g and g. When we refer to the compactification g, we mean that
the scalar curvature S of g is constant.

2B. The harmonic coordinates near boundary. We call the coordinates {x” }’é:O
harmonic coordinates with respect to g when A gxﬁ =0 for 0 < 8 < n. We are now
going to construct harmonic coordinates near d M which are also harmonic when
restricted on (0 M, h). In the following, if there are no special instructions, any use
of indices will follow the convention that Roman indices will range from 1 to n,
while Greek indices range from 0 to n.

Firstly, for any point p € dM, there is smooth structure {y”}. It is easy to
construct harmonic coordinates {x’} with respect to (M, h). When 4 is in C m+2,a
we have that x? are C”"3*(3 M) functions of yﬂ. Then

3 9 2,
hij :h(@, W) e C"THA(OM).

Then by solving a local Dirichlet problem: A gxi = 0, with the boundary con-
dition x’ as above, we can extend x’ to M. Similarly, we can choose a harmonic
defining function x¥ which satisfies Agxo =0, x3s = 0. Then {xﬂ}Z:0 form
harmonic coordinates with respect to g in a neighborhood of 9 M. When g is in
Cc™?, xP are C™ 1 functions of yf. Then

d 0 —
8ap = g(ax_“’ Bx_ﬁ> e C"*(M).

Therefore when we change the coordinates { y#} to {xP}, the regularities of g,
the Weyl tensor on M and /& on 3 M are unchanged.
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2C. Geometry equations. Now we study the relationship between Weyl tensors
and Ricci tensors. For any (n+1)-manifold, 0 <1, j, k, [, h, m <n, we have

1
(2-2) Riju= nTl(Rikgjl + Rjigik — Rjxgi — Rigjk)
S
- m(gikgjl —8it&jk) + Wiju.
On the other hand, we have the second Bianchi identity for g.

0 = Bian(g, Ric) = gjh(Rjk,h - %th,k)

When the scalar curvature S is constant, we get

(2-3) g"Rjin=0.
From (2-2) and (2-3), we have
Rik,i — Rirk = Z:;gjh Wijki,h-
It follows
§"Rikye — 8" Ritje = Z—:ég”gﬂ’ Wijki ht-
Note that

Riiki = Risi +RicxRm,  g" Ry = (8" Rit. )k = 0.
Where Ric *Rm refers to a bilinear form of R;; and R;;x;. We finally get
(2-4) g"Rixy = g*RickRm +gx g (3*W +T xdW +T T« W40 = W).

If g € C™*, in harmonic coordinates {xP}, (2-4) can be written in the form:
ye 0

dxY oxt
where Q is a polynomial. Even when m = 3, we can define the first and second
covariant derivatives of curvature in the sense of distribution (see [Jin 2017; Shi
and Tian 2005]). In this case (2-5) still holds. For more details about geometric
equations, see [Petersen 1998].

(2-5) Rop = Q(g, dg, 3%g, W, dW, 3°W),

3. The conformal infinity of asymptotically hyperbolic metrics

We will discuss some background material for conformally compact metrics in this
section. Just as in the definition in introduction, we let p be a defining function
for M, and set )

8§=pP 8+
We assume p is C"™% on M in the initial atlas {y#}, and that m, « are defined as in
Theorem 1.1. We have that g satisfies

E(g4) =Ricg, +ngs,  IE(@g)le, =o0(p?.
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The curvature of g can be expressed as the following formulas:

Kiwp+|Vp)? 1
G- K= RO D%, )+ D ples. )
2 2
(3-2) Ric:—(n—l)D'O+[n(|V’O|2 1)—%}?4-1‘:(8#,
p p p
A Vpl?—1
(3-3) S:—2n7’0+n(n+l)%+trgE(g+).

Here D? is the Hessian. E(gy) satisfies Itre E(g) |l = IE(g4)llg = o(1), which
implies the tensor £ = E(gy) vanishes on d M.

When g is at least C? in M, |Vp|— las p—0,and |K +ap+1| = O(p?). Hence
a C? conformally compact Einstein manifold is asymptotically hyperbolic. On 3 M,
we have |Vp| = 1. Let D?p|yy = A denote the second fundamental form of d M
in (M, g). The equation (3-2) further implies that 0 M is umbilic, i.e., A = Ah, for
some function A on 0 M, see Lemma 4.2.

3A. Geodesic conformal compactification. As noted in the introduction, defining
functions are unique only up to multiplication by positive functions on M. From
the formulas (3-2) and (3-3), we can see that it is special if the defining function r
and its compactification § = r2g, satisfies

Vrlg=1

in a neighborhood of dM. Such defining functions are called geodesic defining
functions. In fact, the defining functions always exist and were first introduced by
Graham and Lee [1991].

Lemma 3.1. Let g be a C* conformal compactification of (M, g.), § = p>g+.
h = glaom is the boundary metric. Then g4 has a unique geodesic conformal
compactification with the same boundary metric h.

Proof. Let r =up, § =r’g,. The lemma is equivalent to the equation:

2 1=IVpl;
2(Vp)(logu) + p|V logul, = Tg’

u=1 on oM.

(3-4)

By general theory of first order partial differential equations, we know that it has a
unique positive solution in a collar neighborhood U of o M. U

However, that ¢ may not be as smooth as g. When g is in C"™%, we only have
u € C"~12 hence g is only a C"~1* conformal compactification. Here we refer the
reader to [Lee 1995, Lemma 5.1] for more details concerning the Holder regularity.

It is obvious that when ||Ric,, +ng s, = o(p?) for the defining function p, we
also have ||Ricg, +ngylly, = o(r?) for the geodesic defining function.
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In the following of this section, we assume g is Einstein, i.e.,
E(g+) =Ricy, +ngy =0.

Under this condition, the terms E(g4) and tr, E(g4) in (3-2) and (3-3) do not exist.

When M has a C? geodesic conformal compactification g, it is very convenient
for us to do some calculations. From (3-2) and (3-3), we know that the second
fundamental form A given by A = D?r =0 on dM, i.e., dM is totally geodesic
in M. The Gauss lemma implies that g can split in U,

g_=dr2+gr

for a 1-parameter family g, of metrics on d M.

Now we choose the local coordinates (r, x!, x2, ..., x") near M to study the
regularity of g near the boundary d M. Using (3-2) and the Gauss—Codazzi equation,
we finally get

(3-5) ro}gi; — (1= Ddr&ij — 808y — "0, 2ud i

Here Ric(g,); ; denotes the Ricci tensor for the induced metric on level sets of r.
We assume that g is smooth enough so that we could make its expansion from (3-5).
Let r = 0, we can derive that d,g(0) = 0. By using mathematical induction, we
differentiate (3-5) p — 1 times with respect to r

(3-6) rd’ g+ (p—n)dPg; — &8 &) &
=0i(g7", 89g,098028) +rQ02(8", 378,875, 9P 2922).

Here g < p and 9,3 is the differential of g with respect to x’(1 <i <n). Q1, Q2
are the third polynomials.

Setting r = 0, (3-6) implies that 3/ g(0) = 0 when p is odd and that 37 g(0) is
uniquely determined by each step when p is even. However, this will break down
when p =n and n + 1 is odd. In this case we only have g€ (9"gy) =0 at r = 0. It
gives no further information at this order. To be specific, d,g(0) = 83 g0)=-..=
Bf_lg(O) = 0, which means

o 'gry=0().

Let’s consider (3-6) when p=n —1,

n—ls. . _ckijgan—15 \5..
(3_7) a:lglj — 8r gl_] g (8r gkl)gl]+Q1 + QZ-

’
If Br”_lg' (r) # O(r), there will be the log term in the expansion for g,. Note that
8;1_1 g(r) = O(r) is the necessary condition to ensure g is n-th differentiable.
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3B. Weyl tensor in geodesic coordinates. In this subsection we shall show that if
the Weyl tensor W of g is (n—2)-th differentiable, then 3"~ g(r) = O(r) holds.
We begin with (2-4) by taking x' =r, 1 <i, k <n.

In the coordinates (r, x', x2, ..., x™), we have

Rk, =08+0,8%078%2+0,8%0,8%0,8%Z+ 0, P+,g%P,
Riys=0P%P+0,8%0°g%g+0,8%0,3%0,g%g~+ 0,8 *g*Ric.

Here P = P(g, d,: g, 83,@) is a polynomial for 1 <i <n. From (2-4) we have:
(3-8) 0’5 =0,g%0°g%3+0,8%0,8%0,3%8+0,PxP+9,gxg*Ric+g*«VW.

We already know that d,g = 8,3 g=---0"" =3 = O(r). Then differentiating (3-8)
n —4 times with respect to r, we get that each term on the right-hand side is O (r)
apart from g % VW. The left side is 8;1_1 ¢ = O(1). Hence Bf_3v_V = O(1). When
W e C"2 we get that 8;’*3W = O(r). So the left-hand side is 8,”*137 = O(r). This
gives the necessary condition that g has C” regularity or higher.

We calculate the formal power series of Weyl tensor in geodesic coordinates. We
have g = dr? + gr. From (3-6), (3-7) and [Graham 2000], when n is odd,

(3-9) g =h+g@r? + (even powers of r) + g D=l gmpn o
When n is even,
(3-10) g =h+g?Pr? + (even powers of r) + g™r" + fr'logr +-- -,

where g®) and f are two tensors on dM and f is trace free and determined by A
locally. We now consider the case when n is even. If f =0, g is at least in C"
Letl <i,j<n.
(3-11) Wirir = Riy; —L(R + R ~-)+L i

irjr — RNirjr n—1 ik rr&ij n(n_l)gu
The formal power series of the Weyl tensor contain » and log » and we only need to
check the coefficients of 7“2 logr. A short calculation reveals that the coefficients
of r"2logr of R;yj, are

coeff(Rirjr) = _n(n—l)fij_
And also
coeff(R;;) = _n(nz—l) fijs
coeff(R,,) = _@h”fsz,
coeff(S) = _nn— 1)2h”fs,

2
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When coeff(W;,,) =0, by (3-11) we finally derive

(3-12) fij— %(h”fst)hu =0.

Since f is trace free, f = 0. This gives the n-th regularity of g. From Theorem A
n [Chrusciel et al. 2005], we know the log term is the only obstruction of the
smoothness, and hence Remark 1.3 holds.

4. The boundary condition

In this section, we derive a boundary problem for g and Ricci curvature of a
conformal compact Einstein manifold in the harmonic coordinates as defined in
Section 2. The compactification we use here will not be a geodesic compactification,
but rather one which has constant scalar curvature. We do it locally, that is, for
any p € dM, there is a neighborhood V which contains p and local atlas {x?}. Let
D =V NaM be the boundary portion. W € C"™*(V), g C"™*(V), he cmt2e (D).
We will give the Dirichlet and Neumann boundary conditions of g and Ric(g) on D.

4A. Dirichlet boundary conditions on g;;.
4-1) 8ij = hij-
4B. Dirichlet boundary conditions on R;;. We claim that

-1 .. 1 1
4-2) Rij::lsz(RICh)ij-i-(ZS—z(n Z)Sh>hl]+n2 thij.

Here Ricy, and S, are the Ricci curvature and scalar curvature of (M, k), and H is

the mean curvature, H = g/ A; ;- We use the following three lemmas to prove (4-2).

Lemma 4.1. Let ¢ = r’g, be a C? geodesic compactification of (M, g4) with
boundary metric h on dM. Then on oM,

(4-3) §=-—"—5.
n—1
— -1 5. 1
(4-4) Rij = 5 Rien)ij — 50— e—oy Suhij.

Proof. Since we only need to study the Ricci curvature on 79 M, we can choose
the coordinates (7, xt x") in V where (xl, ..., x™) are harmonic with respect
to 1 when restricted on D. We have § = dr’ +g,, i.e.,

gi=g"=0, gr=g"=1
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Since the second fundamental form A = D?r vanishes on 9 M,
(4-5) Rij = g Riap;
=g ((Rw)inij + AuArj — AijAx) + Rirrj
= (Rn)ij + Rirrj-
Taking the trace for i, j, we get
(4-6) Err = %(5— Sh)-

For R;,.j, we have:

4-7) Rirrj =8V, Vi, dr,0;) —8(Vy.Va.dr, ;) — 8(V(5,.019 9;)
=—0,8(Vy,9,,9;) +§(V5,0r, V5,9))
=—03,Ajj.
From (3-2) and (3-3),
- Aij  Ar_
(4-8) Rij=—(n—1=" ~“Cg; + Eij,
(4-9) 5= —2n% St E.

The tensor E and tr, E vanish on the boundary, hence on d M,
(4-10) S =—2nd,Ar.
Taking the trace on (4-8),

Ar

— H .
S—Ry=—(n— 1)7 —nT +g”El~j.
By I’Hospital’s rule, with r — 0,
- 1 5 - _
(4-11) 0rAijlr=0 = _nTl(Rij +0-Argij)lr=o0,
_ 1 = = _
(4-12) 0, Ar|r=0 = _;(S — Ry +(n—1)0,H)|r=o.

At last, we only need to calculate o, H | =0-
(4-13) O Hlro = 8,(87 Ai)|r=0 = (8,87) Aijlr=0 + &7 (8, Ai}) =0
=0+ gij (_Eirrj) = _Rrr-

Combining the formulas above, we finally conclude (4-3) and (4-4).
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0

Lemma 4.2. Let g = p2g. be a C3* conformal compactification and g = r’g.. be
the C** geodesic conformal compactification of (M, g.) with the same boundary

metric gloyy = &glom =h. If r=up, A= D?p, then Alyy = —u,h.
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Proof. We begin with the coordinates (r, x!, x2, ..., x"). On M, 0 = A,-.,- = —ffj.
The connection V and V of g and g have the following relationship:

= 1 1
F{j = F;j — ;(8;M, + 5{141 — gijur) = ;u,h[j.
We have g = u~2g, grad, = u? grad;.

Aij=Dp(3,9;) =&(V5Vp, 9;) = —g(Vp, Vy,9))

=-T},8(Vp,9,)=-T};8(Vp,0,)

(4-14) r uVr—rvVu
)

=TI g(Vr Vr) = —uhjj. O
Lemma 4.2 tells us u, = —H /n. Since u|yy = 1, we get
Vu=-29.
n

Lemma 4.3. We define g, g as in Lemma 4.2. Then on 0 M,

n—10H
n ox;’
n—l

Rir:_

’

n—1

(4-15) R, =R;; (—(S S))h,,+2 H?hyj.

Proof. By the standard formulas for conformal changes of the metric g = =22, the
Ricci curvature of g and g are related by

n|Vul?
Rlc_Rlc+(n—1)——|—(Auu L |g)g,

42
Since
Au =divVu = dlv(—ﬂﬁr) — _arH’
n n
D*u(d;,9;) =0
D2u(d;. 9,) = u;, = — LA
Bx,-
D2u(,.9,) = -1 _ Ry

n
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then on 0 M,
= n—10H n—10H
Rir = Rir — n 0% n ox’
_ _ 2
R, =R, +nAu+ H_’
_ H2
(4-16) RijZRij-i-(Au-i- )hj.
Therefore n—H
S=S+2nAu+""-H>
This implies
(4-17) Au = <s g_ntl HZ).
n n
Lemma 4.3 follows from (4-16) and (4-17). U

Finally, Lemmas 4.1 and 4.3 imply the formula (4-2).

4C. Neumann boundary conditions on g". We use the harmonic coordinates
{xP}2 =0 a5 defined in Section 2. Let N = Vx(/|Vxg| be the unit norm vector
on dM. In coordinates {x?}" B=0°

_ (gOO)—l/ZgO/Saﬁ‘
These are the Neumann conditions:
(4-18) N(g®) = —2Hg".
(4-19) N (&) =—Hg" +3(8") g o5™.
Proof. Let {e;}]_, be the orthonormal basis at a given point p € d M.
(4-20) 0= Ax® =divVx® = Z g(V,iVx%, e;)+ g(VyVx¥, N)
i=l1
Write Vx® = (Vx*)T + (Vx*)", where
(Vx)' =Vpx®,  (Va)N =g(Vx*, N)N = (g%)7'/?g™N.
We have
n n
0= Apx) =divVyx! =Y h(Vi(Va)l e =) g(Va(Va)l ),
i i=1

which also holds for j =0 as x% =0 on dM. Then (4-20) turns into

(4-21) Y 8V (€™ 2% N), e) + g(VnVx®, N) =
i=1
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n
The first term is just (g%)~1/2g% " A(e;, ¢;) = H(g")~!/2g% and the second

term is i=1

1
(4-22)  g(VyVx% N)= Ty g(Vg,0Vx®, Vx%)

= L [Va0(g(Va?, Vi) — g(Va?, Vg0 Vi¥)]
|Vx0|?
1
- W[on(g‘)“) — g(Vx?, Ve Vx%)]

1 1

= N(g™) - WW“@‘”)
We know |Vx?| = (g°°)!/2, then (4-21) is just
(4-23) Hg™ + N(g*) — 5(g")"?vx(g*) =0.
Letting = 0, we have N (g%) = —2Hg"%. Letting o = i, we have
N(gOi)=_HgOi+%(g00)—1/2gi,68/3g00. 0

4D. Dirichlet boundary conditions on R,g. We already know the formulas of R;;
on d M and the mixed components R,; and R,, of Ricci Curvature in the coordinates
(r,x", x2, ..., x") in Section 4B. That is,

Rir = _n_la_H9
n o ox;
—1
Rey=3(S—Sp) — 5—H".

2n

Now we study the the mixed components Rp; and Rgg of Ricci Curvature in the
harmonic coordinates (x°, x!, ..., x"). In fact, as the vector N = Vxo/| Vx| is
also the unit norm vector on d M with respect to g, we have N = Vr = Vr. That is,
Vr = (g")"1/2g%94. Then

pn—19H g% o
n ox; go0Y

L (oo
= @0—0)2<g0 g% Rij +g00(%(s_ Sn) —

(4-24) Roi = —(g")~

(4-25) Roo

n—1,,
2n H))

4E. Neumann boundary conditions on Ry;. The Dirichlet conditions for Ry; in

(4-24) are not good because there are still second order differential terms of metric

on the right side. Now we consider the differential terms of Ricci curvature.
Since the scalar curvature is constant, with the second Bianchi identity, we have

0= %S’a = gnﬂRﬂa,ﬂ = gnﬁaﬁRar) - gnﬂréﬁRm.
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Then
g% Ry = —g"P0pRjo + g T g Rye.

Letting o = i, we get

(4-26) N(Roi) = (€") (=P 9 Rji + g T3 Rye).

5. Proof of the main theorem

In this section, we prove the main theorem. Suppose m > 3 and « € (0, 1). For
any point p € dM, we select the harmonic coordinates {xﬁ}gzo in its neighbor-
hood V. Let D = V N dM be the boundary portion. Now we have g € C"%(V),
h € C"*T2%(D), the Weyl tensor W € C"™%(V).

5A. Regularity of the metric.

Step 1 (regularity of the Ricci curvature). We begin with the elliptic equation (2-5),
with the right side of (2-5) in C" 2,

On 0 M, we already derived the formulas of R,g in Section 3. We have H = g A; iz
where A;; = 3(8%)12g% (9p8;; — 9:8p; — 9;88:) € C"~1-*(D). Then the Dirichlet
condition of R;; and Rgo given by (4-4) and (4-25) shows that

Rij € C" (D), Ry € C" (D).
By standard elliptic regularity theory,
Rij € C" M (V),  Rope C" (V).

Then by the Neumann boundary conditions on Ry; given by (4-26), we also have
Roi € C"~19(V) since N(Ry;) € C"~2%(D).

In the following, we prove that g.g € c™the(v) when Rug € crbev). If it
holds, we can get that gos € C" 2% (V) by repeating the steps.

Step 2 (regularity of g;;). In harmonic coordinates, from [DeTurck and Kazdan
1981], we have

Agij =—2R;; + Q(g, 0g).

Here Q contains a quadratic term of g and dg. Hence Ag;; € C m=Le (V) together
with the boundary condition g;; = h;; € C m+2.2(D). From the standard elliptic
theory in [Gilbarg and Trudinger 1977], we conclude that g;; € C mlayy,

Step 3 (regularity of gog). In Section 4, we obtain the Neumann boundary conditions
of g% which are expressed by mean curvature H. Since H € C"~1%(D), we can’t
improve the regularity of g®f with this condition. Now we are going to calculate
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the oblique derivative of gog on M. As g™ 8ap = 32,

0=N(g"gup) = N(g"gop) + N(g" gjp)

= 8" N(gop) + 80N (g™) + g;sN (") + g" N(gjp)

= g"N(gop) + gos(—2Hg™)
(5-1) +85(2(8°)2¢778.6% — H") + g% N (gp)

= g% N(gop) — 2Hgopg"

+ 3" 7285 — g0pg"):8" — H(—g0pg™) + 8" N (gp)

= g"N (g0p) + 5(8")?058" + g% N (g,5) — H5}.
Letting 8 =0, we get
(5-2) g%N (g00) + 3(8%)%808" + g% N (g0;) — H = 0.
Letting 8 =i, we get
(5-3) 8" N (goi) + 38" 7"8;8% + g" N(gi) = 0.
Now we consider the elliptic system of g%, go1, g0z, - - . , gon:

Ag™ = 0(g, dg, Ric),

5-4) Agm =—1Ro1 + 0(g, 3g),

Agon = —3Ron + Q(g., 38).

Through the formulas (4-18), (5-3), the expression of H and the regularities of g;;,
we obtain the boundary condition:

N(g") —2Pglia;g0; € C™*(D),

N(go1) + 55318% € C™¥(D),
(5_5) . 01 2P 1

N(gon) + 550,8% € C™(D),

where P = (g"°(x))3/%. We are going to prove:

Lemma 5.1. Let u® = gOO, ut = goi, i =1,2,...,n. The equations (5-4) can be
written as the formula

Lopuf (x) = fu(x), x€V.
The boundary conditions (5-5) can be written as

Bupu’ (x) = go(x), x€D.
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Then the operator L is proper elliptic and the boundary operator B satisfies the
complementing condition with respect to the system (L, B).

Proof. For any n+ 1 vector £ = (o, &1, ..., &), we consider the principal part of L
gaﬂgagﬁ 0 .. 0
0 g“ﬂfaéﬁ .. 0
(5-6) Lyt 6)=| ARG
0 0 e gaﬂgagﬁ
Then

Lop(x, ) =det(Lz(x, §)) = [E3" .
Forany § #0, Log(x,8) #0, so L is elliptic.
For each pair of & and &’ of linearly independent vectors, the equation
Lop(x,&+2)=0
is equivalent to
@ +2<EE >,z +E)" =0.

It has n + 1 roots with positive imaginary part and n + 1 with negative imaginary
part. So L is proper elliptic.

For any xg € D, let n = (1,0, ..., 0) denote the unit normal at xy and & =
(0, &1, ..., &,) denote any nonzero real vector tangent to D at x¢. Let z;r (x0,&),s=
0,1, ..., n be the roots of Lyg(x0, & + zn) = 0 with positive imaginary part.

Define

L§(xo. &:2) = [ J(e = 2 (x0. 6).
s=0

Let L% (xg, £ 4 zn) be matrix adjoint to foﬂ (xg, & + zn). Now we define

Q5 = By (x0, & +2n) - L% (x0, & +zn)

as polynomials in z, where B/, is the principal part of B.

Then B satisfies the complementing condition with respect to the system (L, B)
if and only if the rows of the O matrix are linearly independent modulo L(J)r (x0, &5 2),
that is, the polynomial

> CrQup(xo.§:2) =0 (mod L)
r=0

only if C, are all 0.
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By a direct computation, we can derive z; =/ —1(|&],//g") fors =0, 1, . ..

Then

n+
Ly (x0,§32) = (Z_ﬁ%>

From the above, we can get
Lig(xo. & +2n) =€ +znl; - 8up = (228" + [£1}) - Sup-
Its adjoint matrix is
L (xo, & +zn) = (g™ + [€17)" - 877

The principal part of B is

[z —2Pglly, —2Pgi% .- —2PgME ]
#51 z 0 0
(5-7)  Blg(x.5)=|zp52 O ¢ 00
5En 0 0 z i
Then
n n
(5-8) ZC,Q,ﬂ:ZCr B L%
r=0 =

_Zc B, - (g™ + &))" -8
—Zc Blg- (g% +1E1D)"

=0 (mod(z - ﬁ%)nﬂ).

This implies

(5-9) 21— /=1Ll

forany 0 < g8 <n.
When 8 > 1, (5-9) implies

e
z—/— ﬁ| 0

5,3 + C,gz
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Then

/500
(5-10) Cp= _M‘
2P|&|p-v/—1
When 8 =0, (5-9) implies

VT s —apeigs —2PCg R — - —2PCug "

N/

With (5-10), we have

. el Coy/ 8™ |&n
(5-11) -1 ;00|Coz+ -

By a linear transformation, we can make g% (xo) # 1, for all xo € D. Then (5-11)
shows that Cy = 0, and (5-10) implies C, =0,r =1,2,...,n. O

Lemma 5.1 and Theorem 6.3.7 in [Morrey 1966] tell us that gOO, 801, - --» &0n
are all in C"*1-% Then the boundary condition (5-2) can be written as

g"N(g00) = 0(g, 3g%, dg0i, 3gij) € C™* (D).
With the elliptic equation
Agoo = —2Rpo + Q(g, 3g) € C" V),

we finally derive gog € C" 12,

Now we know that g € C"1-% Back to step 1, we have A;; € C"*(D), thus
Rup € C™%(V). Repeating the steps above, we can get gug € C"*t2%(V). Then
we complete the proof.

5B. Regularity of the structure and the defining function. We already proved
that g is in C”*>¢ in structure {x?}. It is trivial to show that {x?} is a C"*+3¢
structure of M.

In Section 2, we obtain that u is in C"™*(y) if the scalar curvature is constant.
When we change the y-coordinates to harmonic coordinates x, we notice that x”
are C"*1¢ functions of y#. So the defining function p € C"™“(x). Since the initial
compactification g is smooth in M and the initial defining function is smooth in
y-coordinates, then p € C*°(x) in M.

For any p € dM, consider the neighborhood V of p and D =dM NV. By a
linear transformation, we can assume that at p, goo =1, 8, =802 =803 =-"-=
gon =0@ # j), go1 = —§ for some § > 0 and 1 — § is a very small positive number.
When g is Einstein, from (3-2) and (3-3),

Sg D?p —1 A,o

R
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In local coordinates, acting on (d/ x99 / 8x1), we have

-1 2 0 d _ I’l,+1 -1 . SgOl
10 do= 15020 gl 50 ) = gt o (o — 521

If 1 —§ is small enough, we can find that the left-hand side of (5-12) is a uni-
formly elliptic operator on p locally. Since pRy; € C™* (M), olp=0,s0in V,
pE Cm+2,a(x).

To prove Remark 1.2, we only need to show that pRg; € C m+la (M ). When
dim M =n+11is even, we can define the obstruction tensor O;;, in local coordinates:

(5-13) Ojj = A"V =Py B+ 0,

where P;; is defined by P;; = %Ri i — %gi ; and Q, denotes quadratic and higher
terms in metric involving at most n-th derivatives. O;; is conformally invariant of
weight 2 —n and if g;; is conformal to an Einstein metric, then O;; = 0 (see more
in [Graham and Hirachi 2005]).

Since the scalar curvature of (M, g) is constant, (5-13) can be written in the form:

(5-14) ACTD2EIR = Q,.

Now we consider the function pRg;. Through a direct computation, A(pR;;) =
PAR;; + Q%. Here Q% denotes quadratic and higher terms in the metric involving
at most 3-rd derivatives and in p involving at most 2-nd derivatives.

Then we use iterative method to obtain that A*(oR;j) = pA*R;; + Q%  f
l1<k<@®m+1)/2—1. Letting k = (n+ 1)/2 — 1, we have an elliptic equation of
second order with Dirichlet boundary condition:

5.15) {A(A(”+l)/2_2(pR01)) =0y in M,

AUDR2(pRop) lam = Q575

Since g and p are all in C"*>% m 42 > n, we have
A(n+1)/272(pR01) e Cm+27(n72),0l(M).

Then we consider the equation

A A(n+l)/2—3 R Cm+2—(n—2),ot M
(5-16) { ( (pRo1)) € (M)

A(n+l)/273(pR01)|aM — QZ i c Cm+27(n74),ot(8M)

So we have A®tD/2=3(p Ry ) € Cm 2= (1)
If we keep using the equation, we finally get pRo; € C"*1*(M), which implies
p € C"T3(M) by (5-12).
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GEOMETRIC TRANSITIONS AND SYZ MIRROR SYMMETRY

ATSUSHI KANAZAWA AND S1U-CHEONG LAU

We prove that generalized conifolds and orbifolded conifolds are mirror
symmetric under the SYZ program with quantum corrections. Our work
mathematically confirms the gauge-theoretic assertion of Aganagic—-Karch—
Liist-Miemiec, and also provides a supportive evidence to Morrison’s con-
jecture that geometric transitions are reversed under mirror symmetry.

1. Introduction

Morrison [1999] proposed that geometric transitions are reversed under mirror
symmetry. A geometric transition is a birational contraction followed by a complex
smoothing, or in the reverse way, applied to a Kéhler manifold (see the nice review
[R0s51 2006]) . We will denote a geometric transition by X -5 X X where
X --»> X is a birational contraction and X ~ X is a smoothing. The conjecture can
be formulated as follows.

Conjecture 1.1 [Morrison 1999]. Let X and X be Calabi—Yau manifolds, and
suppose they are related by a geometric transition X--» X~ X. Suppose Y and
Y, are the mirrors of X and X respectively. Then there exists a geometric transition
Y, --» Y ~~ Y] relating Y1 and V5.

The present paper investigates mirror symmetry for geometric transitions of two
specific types of local singularities, namely generalized conifolds and orbifolded
conifolds. Let us first recall mirror symmetry for a conifold. A conifold is an
isolated singularity defined by {xy — zw = 0} C C*. It is an important singularity
appearing in algebraic geometry and also plays a special role in superstring theory.
A folklore mirror symmetry for the conifold [Morrison 1999; Szendrdi 2004] that
the deformed conifold is mirror symmetric to the resolved conifold can be refined
in the framework of SYZ mirror symmetry as follows.

Theorem 1.2 (conifold case of Theorem 3.1). Let X = Opi (—1)®%\ D be the
resolved conifold with a smooth anticanonical divisor D removed, and

X:={(x,y,z,w)eC|xy—zw=1}\({z= 1} U{w=1)})

MSC2010: 14333, 53D37.
Keywords: SYZ, mirror symmetry, conifold transition, open Gromov-Witten invariants.
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the deformed conifold with the anticanonical divisor {z = 1} U {w = 1} removed.
Then X and X are SYZ mirror to each other:

Although removing the divisors certainly does not affect the local geometry of
the singularity, it is important when we discuss, for example, wrapped Fukaya
categories and homological mirror symmetry.'

We now focus on two natural generalizations of the conifold: generalized coni-
folds and orbifolded conifolds. For integers k, [ > 1, a generalized conifold is given
by

Gi =1,y z,w) eC lxy =1+ 1 +w) =0)

and an orbifolded conifold is given by
Oy :=1{(u1, v1,u2,v2,2) € C lurvr — (1 +2)F = usvy — (1 4+2)' = 0}.

(We have made a change of coordinates, namely z +— 1+z and w — 1 + w, for
later convenience.) They reduce to the conifold when k =/ = 1. The punctured
generalized conifold is defined as Gy ; := G,‘z’l \ Dg, where D¢ :={z=0}U{w =0}
is a normal-crossing anticanonical divisor of Gz’ ;» and the punctured orbifolded
conifold as Oy ; := O,f’ ;\ Do, where Do :={z =0} is a smooth anticanonical divisor
of O,f’ ;- As is the case of the conifold, their symplectic structures and complex
structures are governed by the crepant resolutions and deformations respectively.
The main theorem of the present paper is the following.

Theorem 3.1. The punctured generalized conifold Gy ; is mirror symmetric to the
punctured orbifolded conifold Oy in the sense that the deformed punctured gener-
alized conifold (f?\;: 1 is SYZ mirror symmetric to the resolved punctured orbifolded
conifold ék\l and the resolved punctured generalized conifold (’?k\l is SYZ mirror
symmetric to the deformed punctured orbifolded conifold 67; I

Gip o G 4 G,
syz] ]MS ISYZ
Of,i =+ O ~~> O 1.

According to Theorem 3.1 the mirror duality of the conifold is purely caused
by the fact that the conifold can be seen as either a generalized or an orbifolded
conifold. The mirror duality of G} ; and O, has previously been studied by the
physicists Aganagic, Karch, Lust and Miemiec in [Aganagic et al. 2000], where they
use gauge theory and brane configurations. Our work mathematically confirms their
gauge-theoretic assertion, and also provides a supportive evidence to Morrison’s
conjecture that geometric transitions are reversed under mirror symmetry.

IWe are grateful to Murad Alim for informing us about the importance of this issue.
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In the present paper, we use the framework introduced by the second author
with Chan and Leung [Chan et al. 2012] for defining SYZ mirror pairs. Namely,
generating functions of open Gromov—Witten invariants of fibers of a Lagrangian
fibration were used to construct the complex coordinates of the mirror. The essential
ingredient is wall-crossing of the generating functions, which was first studied by
Auroux [2007]. We can also bypass symplectic geometry and employs the Gross—
Siebert program [2011] which uses tropical geometry instead for defining mirror
pairs. This tropical approach was taken by Castafio-Bernard and Matessi [2014]
in the study of conifold transitions for compact Calabi—Yau varieties. Although
our work has some overlap with theirs, the methods and interests are quite differ-
ent. They deal with simultaneous multiple conifold transitions while we discuss
orbifold/generalized conifolds transitions. In this paper tropical geometry is not
directly needed since symplectic geometry can be handled directly.

One crucial feature of the present work is the involutive property of SYZ mirror
symmetry. Namely, taking SYZ mirror twice gets back to itself, which we believe
is an important point but often overlooked in literatures. We exhibit this feature by
carrylng out the SYZ constructlon for all the four dlrectlons in Theorem 3.1, namely
from le to Ok 1, and from Okl back to Gk ;; from le to Ok 1, and from Okl
back to Gk ;. The SYZ construction from Gk ; to Ok 7 1s a bit tricky and we will
discuss it in details. We will employ the various techniques developed in [Auroux
2007; Chan et al. 2012; Abouzaid et al. 2016; Lau 2014].

Another interesting feature is the dependence of the choice of a Lagrangian
fibration, namely a Lagrangian fibration has to be “compatible” with the choice of
an anticanonical divisor, in the sense that the anticanonical divisor is the preimage
of the boundary of the base of the Lagrangian fibration, in order to obtain the
corresponding mirror. For example, é-k\l admits two different Lagrangian fibrations:
the Gross fibration and a “doubled” Gross fibration. The former is not compatible
with the anticanonical divisor D¢, and does not produce the orbifold conifold as its
SYZ mirror. Choosing appropriate Lagrangian fibrations is a key step in our work.

Lastly, Theorem 3.1 not only unveils a connection between geometric transitions
and SYZ mirror symmetry, but also yields many interesting problems and conjec-
tures that naturally extend what is known for the conifolds. In fact, based on the
local models studied in this paper, the second author recently confirmed Morrison’s
conjecture for a class of geometric transitions of the Schoen’s Calabi—Yau threefolds
[Lau 2018].

Structure of paper. Section 2 introduces generalized conifolds and orbifolded
conifolds and basic properties thereof. Section 3 begins with a review on the
Lagrangian torus fibrations and the SYZ program. Then we prove the main theorem
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(Theorem 3.1) by carrying out the SYZ constructions. Section 4 discusses global
geometric transitions and provides a few examples.

2. Generalized and orbifolded conifolds

In this section, we introduce two natural generalizations of the conifold, namely
generalized conifolds and orbifolded conifolds. These two singularities possess
interesting geometries and were studied by physicists in the context of gauge theory,
for instance in [Katz et al. 1997; Aganagic et al. 2000; Miemiec 2000].

Generalized conifolds Gi, ;- A toric Calabi—Yau manifold is a semi-projective toric
manifold with trivial canonical bundle. In dimension three, they can be described
by a lattice polytope A C R? whose vertices lie in the lattice Z> C R?. Its fan is
produced by taking the cone over A x {1} C R3. A crepant resolution of a toric
Calabi—Yau threefold corresponds to a subdivision of A into standard triangles,’
which gives a refinement of the fan. For instance, the total space of the canonical
bundle K of a smooth toric surface S is a toric Calabi—Yau threefold. In this
situation, the surface S is the toric variety P whose fan polytope is A.

The condition that a toric Calabi—Yau threefold contains no compact 4-cycles is
equivalent to the condition that the polytope A contains no interior lattice points.
The lattice polygons without interior lattice point are classified, up to the action of
GL(2, Z), into two types:

(1) triangle with vertices (0, 0), (2, 0), (0, 2),

(2) trapezoid Ag,; with vertices (0, 0), (0, 1), (k,0), (/, 1) for k > [ > 0 with
(k,1) # (0, 0) (Figure 1, left).

The former is the quotient of C? by the subgroup (Z,)? C SL(3, C) generated
by the two elements diag(—1, —1, 1) and diag(1, —1, —1). In this paper, we are
interested in the latter, which corresponds to the generalized conifold Gy ; for
k > 1> 1. We do not consider the case / = 0, where the toric singularity essentially
comes from the Aj-singularity in 2 dimensions.?> The dual cone of the cone over

A (a) A (b)
(0,1) 1,1) (0,1) (2,1)

k
(0,0) kO _ (0,0) \ (4,0 >

>

Figure 1. Left: trapezoid A ;. Right: crepant resolution @.

2 A standard triangle in RZ is isomorphic to the convex hull of (0, 0), (1, 0), (0, 1) under the
7% % GL(2, Z)-transformation.
3 Mirror symmetry of this class of singularities is discussed in [Szendr6i 2004, Section 5].
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the trapezoid Ay ; is spanned by the vectors
(1) V] = (1v 07 0)9 Vo 1= (07 _11 1)7 V3 = (_17 l _kv k)y V4 1= (07 1’ 0)

with relation v; — kv, 4+ v3 — vy = 0. In equation the generalized conifold G,i’ ;18
given by

G, ={xy—7w' =0} cC’

The coordinates x, y, z, w correspond to the dual lattice points vy, v, vy, V4 re-
spectively. For (k,[) # (1, 1), the generalized conifold Gz,z is a quotient of the
conifold (which is given by (k,[) = (1, 1)) and has a 1-dimensional singular locus.
A punctured generalized conifold is G ; := G,f’ \Dg,where Dg ={z=1}U{w=1}
i1s an anticanonical divisor of G,ﬁ’l. A crepant resolution C’i.k\l of Gy is called a
resolved generalized conifold. We observe that

é\kyl:Gz’l\Dév

where D is an anticanonical divisor of 5}:1, and it uniquely corresponds to
a maximal triangulation of the trapezoid Aj; (Figure 1, right). The resolved
generalized conifold C/}k\l is endowed with a natural symplectic structure as an open
subset of a smooth toric variety Gy ;.

k+1

Proposition 2.1. There are ( N ) distinct crepant resolutions of Gy (or equiva-

lently Gy )).

Proof. There is a bijection between the crepant resolutions of Gy ; and the maximal
triangulations of Ay ;. The assertion easily follows by induction with the relation
(k+l+l) _ (k—H) + (k—i—l) 0
k+1 )= Lk k+1)
We may also smooth out the punctured generalized conifold G ; by deforming
the equation. The deformed generalized conifold Gy ; is defined as

—~ k1 L
Gi = {(x, y,z,w) € C? x (C\ {1})? | xy—y Y a;zw :0}
i=0j=0

for generic a; ; € C. The symplectic structure of (f}\;: ; is given by the restriction of
the standard symplectic structure on C2x (C \ {11)2. We observe that the complex
deformation space has dimension (k + 1)( 4+ 1) — 3 because three of the parameters
can be eliminated by rescaling z, w and rescaling the whole equation. On the
other hand, the Kihler deformation space has dimension (k+ 1) + (I +1) — 3, the
number of linearly dependent lattice vectors in the polytope. It is the number of the
exceptional P's> and a Kihler form is parametrized by the area of these.
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Orbifolded conifolds 0,‘3 - Let X7 be the conifold {xy — zw = 0} C C*. For
k > [ > 1, the orbifolded conifold 01?,1 is the quotient of the conifold X* by the
abelian group Z; x Z;, where Z; and Z; respectively act by

(x, v, 2, w) > (Gx, &y, zow), and (x, y, 7, w) B> (X, ¥, Gz, & w)

where ¢, {; are primitive k-th and [/-th roots of unity respectively (assume k and /
relatively prime for simplicity [Aganagic et al. 2000]). Alternatively the orbifolded
conifold 01?, ; is realized as a hypersurface in C>:

Olf,l ={ujv; = 5, Upvy = Zl} cQC.

The orbifolded conifold O,f’ ; 1s an example of a toric Calabi—Yau threefold and
the corresponding polytope is given by the rectangle [, ; with the vertices (0, 0),
(k,0), (0,1), (k,I) (Figure 2, left).

The dual cone of the cone over the rectangle [l ; is spanned by the following
vectors

v1:=(1,0,0), vp:=(0,—1,0), v3:=(—1,0,k), v4:=(0,1,0)

with relation vy — kvy + vy — kvg = 0.

A punctured orbifolded conifold is Oy ; := 0/?,1 \ Dg, where Dp ={z=1}1is a
smooth anticanonical divisor of 01?, ;- Then a resolved orbifolded conifold 5;?1 is
defined to be a crepant resolution of Oy ;. As before,

@:OE,[\D(}’

where D is a smooth anticanonical divisor of the toric crepant resolution 5,5,
and it corresponds to a maximal triangulation of the trapezoid [ ; (Figure 2, right).
It has a canonical symplectic structure as an open subset of a smooth toric variety
O,f’ ;- In contrast to Proposition 2.1, it is a famous open problem to find the number
of the crepant resolutions of the orbifolded conifold 0,?’ ; [Kaibel and Ziegler 2003].
The punctured orbifolded conifold O ; can also be smoothed out by deforming the

(a) L O

(0,)) " (k1) (0,3) ' (5,3)
(0,0) (kf) (0,0) (5£)

Figure 2. Left: rectangle [y ;. Right: crepant resolution 5.5\’33
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defining equations. Thus the deformed orbifolded conifold 67: 7 is given by

Ok, 1= {(”17 v, 12, 02,2) € Cx (C\ (1) | urvr = Y @iz’ wgvo =y, ij"}
i=0 j=0

for generic coefficients a;, b; € C. The symplectic structure of 67: 1 is the restriction
of the standard symplectic structure on C* x (C\ {1}). The complex deformation
space of 5;: ; has dimension (k + 1) + (/ 4+ 1) — 3, while the Kéhler deformation
space has dimension (k + 1)(I + 1) — 3. Therefore the naive dimension counting
is compatible with our claim that these two classes of singularities are mirror
symmetric. We will formulate this mirror duality in a rigorous manner by using
SYZ mirror symmetry in the next section.

3. SYZ mirror construction

The Strominger—Yau—Zaslow (SYZ) conjecture [Strominger et al. 1996] provides
a foundational geometric understanding of mirror symmetry. It asserts that, for
a mirror pair of Calabi—Yau manifolds X and XV, there exist Lagrangian torus
fibrations 7 : X — B and 7¥ : XY — B which are fiberwise-dual to each other.
In particular, it suggests an intrinsic construction of the mirror X by fiberwise
dualizing a Lagrangian torus fibration on X. This is motivated by T-duality studied
by string theorists.

The SYZ program has been carried out successfully in the semi-flat case [Leung
2005] in which the discriminant locus of the fibrations is empty. When singular
fibers are present, quantum corrections by open Gromov—Witten invariants of the
fibers are necessary, and they exhibit wall-crossing phenomenon. Wall-crossing of
open Gromov—Witten invariants was first studied by Auroux [2007]. Later on Chan
et al. [2012] gave an SYZ construction of mirrors with quantum corrections, which
will be used in this paper. In algebro-geometric context, the Gross—Siebert program
[2011] gives a reformulation of the SYZ program using tropical geometry, which
provides powerful techniques to compute wall-crossing and scattering order-by-
order. In this paper we will use the symplectic rather than the tropical approach.

We will shortly give a quick review of the setting of [Chan et al. 2012] for SYZ
with quantum corrections. We say that X is SYZ mirror symmetric to Y if Y is
produced from X as a SYZ mirror manifold by this SYZ mirror construction. The
later parts of this section prove the following main theorem.

Theorem 3.1. The punctured generalized conifold Gy is mirror symmetric to
the punctured orbifolded conifold Oy ; in the sense that the deformed generalized
conifold é;: 1 is SYZ mirror symmetric to the resolved orbifolded conifold 51:1, and
the resolved generalized conifold ék\l is SYZ mirror symmetric to the deformed
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orbifolded conifold 6;: B

Gk,lw’/\"Gk,l<' ............ Gk,l
SYZ] ]MS Isyz
Ok,1 -+ O ~ O 1.

This mathematically confirms the gauge-theoretic assertion of the string theorists
Aganagic, Karch, Liist and Miemiec [Aganagic et al. 2000] and also provides a
supportive evidence to Morrison’s conjecture [1999] from the view point of SYZ
mirror symmetry.

SYZ construction with quantum corrections. In this subsection we review the
SYZ construction with quantum corrections given in [Chan et al. 2012]. We add a
clarification that we only use transversal disc classes (Definition 3.5) in the definition
of the mirror space.

Let m : X — B be a proper Lagrangian torus fibration of a Kihler manifold
(X, w) such that the base B is a compact manifold with corners, and the preimage
of each codimension-one facet of B is a smooth irreducible divisor denoted as D;
for 1 <i < m. We assume that the regular Lagrangian fibers of 7 are special with
respect to a nowhere-vanishing meromorphic volume form €2 on X whose pole
divisor is the boundary divisor D := ) /" | D; (and hence D is an anticanonical
divisor). We denote by By C B the complement of the discriminant locus of 7, and
we assume that By is connected.* We always denote by F}, a fiber of 7 at b € By.

Lemma 3.2 (Maslov index of disc classes [Auroux 2007, Lemma 3.1]). For a disc
class B € my(X, Fp) where b € By, the Maslov index of B is u(B) =2D - B.

Definition 3.3 [Chan et al. 2012]. The wall H of a Lagrangian fibrartion 7 : X — B
is the set of point b € By such that F}, := 7 ~!(b) bounds non-constant holomorphic
disks with Maslov index 0.

The complement of H C By consists of several connected components, which we
call chambers. Over different chambers the Lagrangian fibers behave differently in
a Floer-theoretic sense. Away from the wall H, the one-point open Gromov—Witten
invariants are well-defined using the machinery of Fukaya—Oh—Ohta—Ono:

Definition 3.4 (open Gromov—Witten invariants [Fukaya et al. 2009]). For b in
Bo\ H and B in m(X, Fp), let M1 (B) be the moduli space of stable discs with
one boundary marked point representing 8, and [90t;(8)]"'™ be the virtual fun-
damental class of 91;(8). The open Gromov—Witten invariant associated to

4When the discriminant locus has codimension-two, B is automatically connected. Although the
Lagrangian fibrations of G ; we study have codimension-one discriminant loci, By is still connected.
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iSng:= f[iml(ﬂ)]““ ev*[pt], where ev : I (B) — F} is the evaluation map at the
boundary marked point and [pt] is the Poincaré dual of the point class of Fj.

We will restrict to disc classes which are transversal to the boundary divisor D
when we construct the mirror space (while for the mirror superpotential we need to
consider all disc classes).

Definition 3.5 (transversal disc class). A disc class 8 € my (X, Fp) for b € By is
said to be transversal to the boundary divisor D, which is denoted as 8 M D, if all
stable discs in 9911 (B) intersect transversely with the boundary divisor D.

Due to dimension reason, the open Gromov—Witten invariant ng is non-zero
only when the Maslov index w(8) = 2. When g is transversal to D or when X is
semi-Fano, namely cj(o) = D -« > 0 for all holomorphic sphere classes «, the
number ng is invariant under small deformation of complex structure and under
Lagrangian isotopy in which all Lagrangian submanifolds in the isotopy do not
intersect D nor bound non-constant holomorphic disc with Maslov index ©(8) < 2.

A procedure realizing the SYZ program based on symplectic geometry was
proposed in [Chan et al. 2012] as follows:

(1) Construct the semi-flat mirror XOv of Xo := 71 (By) as the space of pairs
(b, V) where b € By and V is a flat U(1)-connection on the trivial complex
line bundle over F}, up to gauge. There is a natural map 7" : X; — By given
by forgetting the second coordinate. The semi-flat mirror X has a canonical

complex structure [Leung 2005] and the functions e~ Jpe Holy (3B) on X for
disc classes B € my(X, Fp) are called semi-flat complex coordinates. Here
Holy (d8) denotes the holonomy of the flat U(1)-connection V along the path
ap € w1 (Fp).

(i1) Define the generating functions of open Gromov—Witten invariants for 1 <i <m

) Z:b,V):= Y. nge s Holy(8p).

Bem (X, Fp)
B-D;=1,thD

for (b, V) € (V)" (B, \ H), which serve as quantum corrected complex
coordinates. The function Z; can be written in terms of the semi-flat complex
coordinates, and hence they generate a subring C[Zy, ..., Z,,] in the function
ring’ over (V)" (By \ H).

’In general we need to use the Novikov ring instead of C since Z; could be a formal Laurent series.
In the cases that we study later, Z; are Laurent polynomials whose coefficients are convergent, and
hence the Novikov ring is not necessary.



498 ATSUSHI KANAZAWA AND SIU-CHEONG LAU

(iii) Define the SYZ mirror of X with respect to the Lagrangian torus fibration
to be the pair (X, W) where X" := Spec (C[Z1, ..., Z,]) and

W= Y nge Js”Holy(ap).

Bema (X, Fp)

Moreover, X" is defined as the SYZ mirror of a non-compact Calabi—Yau
manifold Y if it is obtained from the above construction for a compactification of Y.
It is expected that different compactifications would result in the same SYZ mirror.
In this paper we fix one compactification as an initial data for the SYZ construction.

In the following sections we will apply the above recipe to the generalized
conifolds and orbifolded conifolds. We will carry out in detail the SYZ construction
from ék\ | to 67; ; which is the most interesting case (see immediately below), in
which we construct a doubled version of the Gross fibration [Goldstein 2001; Gross
2001] and compute the open Gr Gromov—Wltten invariants. The other cases, namely
the SYZ constructions from Ok | to Gk ;, from Ok | to Gk ;, and from Gk | to Ok I
are essentially obtained by applying the techniques developed in [Lau 2014; Chan
et al. 2012; Abouzaid et al. 2016], and so we will be brief. In fact G,’i’ , and O,f, ;
are useful testing grounds for the SYZ program and we shall illustrate how these
various important ideas fit together by examining them.

SYZ from Gk 110 to Ok i~ We first construct the SYZ mirror of the resolved general-
ized conifold Gk ;- While the resolved generalized conifold G k.l is a toric Calabi—
Yau threefold, we will not use the Gross fibration because it is not compatible
with the chosen anticanonical divisor D¢ and hence do not produce the resolved
orbifolded conifold 5;: ; as the mirror. We will instead use a doubled version of the
Gross fibration explained below.

The fan of G,i’ ; 1s given by the cone over a triangulation depicted in Figure 1,
right. We label the divisors corresponding to the rays generated by (i, 0, 1) to
be D; for 0 <i <k, and those corresponding to the rays generated by (j, 1, 1)
to be Dy414; for 0 < j < [. Each divisor D; corresponds to a basic disc class
Bi € mp(X, L) where L denotes a moment-map fiber [Chan et al. 2012].

Let us first compactify the resolved generalized conifold (/?k\l as follows. We
add the rays generated by (0, 0, —IL\(O, —1,-1),(1,0,0) and (—1, 0, 0), and the
corresponding cones, to the fan of Gz’ ;- Let us denote the resulting toric variety by
(7;:1* (and we fix a toric Kéhler form on it). Let D;—o, Dy=o0, De=o and Dg_no
be the corresponding additional toric prime divisors and B;—~, Buw=cc, Be=0 and
Be—o be the additional basic disc classes respectively.

Note that é\kl* is in general not semi-Fano since there could be holomorphic
spheres with the Chern class ¢; < 0 supported in the newly added divisors (or in
other words the fan polytope of ék\ .’ may contain a interior lattice point). However
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since we only need to consider transversal disc classes (Definition 3.5) in the
definition of XV, these holomorphic spheres do not enter into our constructions.
We now construct a special Lagrangian fibration and apply the SYZ construction
on (/}k\l* Consider the Hamiltonian 7 !-action on (/}k\l* corresponding to the vector
(1, 0, 0) in the vector space which supports the fan. Denote by 771 : (’?k\l* — R the
moment map associated to this Hamiltonian 7''-action, whose image is a closed
interval /. Let 0 be the angular coordinate corresponding to the Hamiltonian T'!-
action. Recall that x, y, z, w are toric functions corresponding to the lattice points
V1, V3, V2, V4 (in the vector space which supports the moment polytope) defined by
(1). Note that z = 0 on the toric divisors Dy, ..., Dy, while w = O on the toric
divisors Diy1, ..., Dig+i+1. Moreover the pole divisors of z and w are D,—_, and
Duw=oo respectively.
The toric Kéhler form on é\kl* can be written as
VTl ndie—_dunde
ci(l+z1%)? 2 (1 +|w|?)?
for some ¢y, ¢; € R-. We define a T3-fibration 7 : (7,?1* — B:=[—00,00]* x I
by

w:=drpi AdE +

m(x,y, 2, w) = (b1, by, b3) = (log |z — 1], log |w — 1|, w71 (x, y, 2, w)).
We also define a nowhere-vanishing meromorphic volume form by
Q:=dlogx Andlog(z—1) Adlog(w — 1).
The pole divisor D of €2 is given by the union
D=D,—1UDy—1 UD;—oo UDy—0o UDeg—g UDeg—no

whose image under 7 is the boundary of B (D,—; and D,—; denotes the divisors
{z = 1} and {w = 1} respectively). Using the method of symplectic reductions
[Goldstein 2001], we obtain the following.

Proposition 3.6. The T3-fibration v defined above is a special Lagrangian fibration
with respect to w and Q.

Proof. Consider the symplectic quotient of the Hamiltonian T !-action: M =
T 11 ({b3})/ T for certain b3 € R. Since the toric coordinates z and w are invariant
under the 7'-action, they descend to the quotient M. This gives an identification
of M with P! x P!'. The induced symplectic form on the quotient M is given by
V-1 _ V-1

— dzAndz4+ —— dw Adw
(4122 T U+ wlp)?

V=T |z—11 w1
= ————dlog(z—1)Adlog(z—1) + ————
ez dogemDadiogle=+ oy

o=

dlog(w—1)Adlog(w—1),
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Gy >©<T]
@) _
l o (ot fweyy =0

C? —>

2
RzO

Figure 3. Conic fibration after resolution.

where /—1 = 4/—1. The induced holomorphic volume form €, which is the
contraction of by the vector field induced from the 7''-action, equals to

Q =dlog(z — 1) Adlog(w — 1).

It is clear that & and Re(S2) restricted on each fiber of the fibration (Jz—1], lw—1})
are both zero. Hence the fibers of the map (|]z — 1|, |[w — 1]) are special Lagrangian
in M. By [Goldstein 2001, Lemma 2], we therefore conclude that the fibers of
are special Lagrangian. (]

We may think of this fibration as the combination of a conic bundle (Figure 3)
and the moment map w71 associated to the lift of (x, y)-coordinates (Figure 4,
left). The latter measures the volumes of the exceptional curves P! of the crepant
resolution (fk\[ — G-

Proposition 3.7. The discriminant locus of the fibration mw is the union of the
boundary 0 B together with the lines {b; =0, by = si}f.‘zl U{b, =0, by = tj}lj:1 CB
forsi, t;j € Rwith Crit(mwp1) = {s1, ..., S, t1, ..., 1}

Proof. The first and second coordinates of 7 are by =log |z—1| and b, =log |w —1|
respectively, which degenerates over the boundaries b; = log|z — 1| = o0 or
by =log |w—1| ==+o0. The third coordinate 71 degenerates at those codimension-
two toric strata whose corresponding 2-dimensional cones in the fan contain the
vector (1,0,0). These cones are either [i — 1,i] x {0} x Rfor 1 <i <k or
[ —1,j1 x {1} xR for 1 < j <. The corresponding images under m;: are

(a) A (2,1) (b) A (2,1)

(0,1) (0,1) 4
l 0,0) "

Figure 4. Left: moment map w7i. Right: crepant resolution.

\/



GEOMETRIC TRANSITIONS AND SYZ MIRROR SYMMETRY 501

isolated points sy, ..., s or #1, ..., #; respectively. Moreover z = 0 on a toric
strata corresponding to a cone [i — 1, i] x {0} x R, while w = 0 on a toric strata
corresponding to a cone [j — 1, j] x {1} x R. Hence b; =1 or b, = 1 respectively,
and the discriminant locus is as stated above. |

Proposition 3.8. The wall H of the fibration 1 is given by the union of two vertical
planes given by by =0 and by = 0.

Proof. Suppose a fiber F, bounds a non-constant holomorphic disc u of Maslov
index 0. By the Maslov index formula in Lemma 3.2, the disc does not intersect the
boundary divisors {z = 0} nor {w = 0}. Thus the functions (z—1)ou and (w—1)ou
can only be constants. If both the numbers z o u and w o u are non-zero, the fiber of
(z, w) is just a cylinder, and a fiber of b3 defines a non-contractible circle in this
cylinder, which topologically does not bound any non-trivial disc. Thus either z =0
or w = 0 on the disc, which implies that b} =log |z —1| =0 or b, =log|w —1| =0.
In these cases F, intersects a toric divisor and bounds holomorphic discs in the
toric divisor. 0

Figure 5, left, illustrates the wall stated in the above proposition.

From now on we fix the unique crepant resolution of G ; such that s; < ... <
sy < t1...<t; holds (Figure 4, right). For other crepant resolution the construction
is similar (while the SYZ mirrors have different coefficients, namely the mirror
maps are different). Such a choice is just for simplifying the notations and is not
really necessary (see also Remark 3.13).

We then fix the basis

3) (CYZulCoULE)Z!

of Hz((/}\u) (Figure 5, right), where C; for 1 <i < k — 1 is the holomorphic
sphere class represented by the toric 1-stratum corresponding to the 2-cone by
{(0, 1), (i, 0)}; Cy corresponds to the 2-cone generated by {(0, 1), (k, 0)}; E; cor-
responds to the 2-cone generated by {(i, 1), (k, 0)}. The image of a holomorphic
sphere in C; under the fibration map lies in {0} x R x [s;, s;11]; the image of Cy
lies in {0} x {0} x [sk, #1], and the image of E; lies in R x {0} x [#;, ti11].

(a) f (b) :
H @ E1

Figure 5. Left: walls. Right: holomorphic spheres.
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Fix the contractible open subset
U := By \{(b1,b2,b3) | by =00r by =0, b3 € [51, +00)} C By

over which the Lagrangian fibration 7 trivializes. For b = (b1, b>, b3) with by > 0
and b, > 0, we use the Lagrangian isotopy

“4) L' ={log|z—t|=by,log|lw—1t| =by, w7 (x, y, 2, w) = b3}

for ¢ € [0, 1] to link a moment-map fiber (when ¢ = 0) with a Lagrangian torus
fiber F; of = (when 7 = 1). Then for a general base point b’ € U, we can link the
fibers F, and Fj by a Lagrangian isotopy induced by a path joining b and b’ in the
contractible set U (and the isotopy is independent of choice of the path). Through the
isotopy disc classes bounded by a moment-map fiber L can be identified with those
bounded by Fj, that is, nz(é.\;d*, )= nz(é\w*, L). Note that this identification
depends on choice of trivialization, and henceforth we fix such a choice. The two
vertical walls {b; = 0} and {b, = 0} divides the base B = [—00, 00]? x I into four
chambers. Lagrangian torus fibers over different chambers have different open
Gromov—Witten invariants.

Theorem 3.9. Denote by L a moment- map fiber of Gk " and by Fp, a Lagrangian
torus fiber of m at b € By. Let B € nz(le , Fp) with B th D.

(1) Over the chamber Co, := {by > 0, by > 0}, we have nﬁ = né.

(2) Over the chamber Cy_ :={by > 0, b, < 0}, we have nﬂ = 0 unless B = Br+1,
Be=0s Be=c0s Bz=00» Bw=co + (Bj — Bx+1) Tafork+1=<j<k+1+1and
o€ HZC 1=0 being a class of rational curves which intersect the open toric orbit
of the toric divisor Dj, or B =i +a for0 <i <k and a € HZCl=0 being a
class of rational curves which intersect the open toric orbit of the toric divisor
D;. Moreover

K __F _ F _ Fb _ F, _ L
Moo =gy = Mg =Np_ =L Mg s pta = B+a
fork+1<j<k+I141,and
Fy L

e
for0<i<k.
(3) Over the chamber C_4 :={b; <0, by > 0}, we have ngb = 0 unless B = Po,
Be=0, Be=o0s Puw=oc> Br=co + (Bi —Bo) +a for0<i <kandu € HZCIZO being a
class of rational curves which intersect the open toric orbit of the toric divisor

Di,orB=Bj+afork+1=<j=<k+1+1anda being a class of rational
curves which intersect the open toric orbit of the toric divisor D ;. Moreover

Fp Fy Fp Fy 1 Fb L
9

Mgy =Mpeg =Mpeoo =Mpye = N, ot Bi—Po)+a — MBi+a
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for0<i<k,and
F, L
nﬁj-i-cl - nﬂ_,‘-i-a

fork+1<j<k+I1+1

(4) Over the chamber C__ :={b; < 0, by < 0}, we have ng” = 0 unless B = Po,
Bi+15 Be=0s Pe=ocs Pr=co + (Bi — Po) +a for 0 <i <k and o € HZCIZO being a
class of rational curves which intersect the open toric orbit of the toric divisor
Di, or Bu—co + (Bj — Brs) + @ fork+1<j <k+I1+1and a € HS'™"
being a class of rational curves which intersect the open toric orbit of the toric
divisor D ;. Moreover

Fb_ R, _ F _ F _
Mgy = Mgy =gy = Mg =1,

for0<i<k,and

Fy _ L
Mg o t(Bi—Po)+a = "pita

Fy _ L
Moot (Bj—Bra)+a — Bj+a
fork+1<j<k+1+1.

Proof. The open Gromov—Witten invariants ng is non-zero only when 8 has Maslov
index 2, and so we can focus on wu(8) =2 with g th D.

For a fiber Fp, b,,b,) With by > 0 and by > 0, F, »,.5;) is Lagrangian isotopic
to a moment-map fiber L through L, defined by (4). Moreover each L, does not
bound any holomorphic disc of Maslov index O because for every ¢ € [0, 1], the
circles |z —¢| = by and |w —¢t| = by never pass through z =0 and w = 0 respectively.
Thus the open Gromov—Witten invariants of L and that of F;, », »,) are the same.

Now consider the chamber C _. First we use the Lagrangian isotopy

LY ={log|z — 1| = by, log |w —t| = by, 7 (x, y, 7, w) = b3}

for t € [1, R] which identifies F(y, 5, 5,y with L1F for R > 0. L' never bounds
any holomorphic disc of Maslov index 0, since for every ¢ € [1, R], the circles
|z—1| =b; and |w —t| = b, never pass through z =0 and w = 0 respectively.
Then we take the 1nvolut10n L Gk 1 — Gk / * defined as identity on z, w71, 6
and mapping w > -2 This involution maps the fiber L' to the Lagrangian

L' ={log|z — 1| = by, log|w — R| = 2(log R) — by, w7 (x, y, 2, w) = b3}

which can again be identified with the fiber F,, 2(10g R)—b,,55) With by > 0 and
2(log R) — by > 0. Also ¢ tends to the negative identity map as R tends to infinity.
Hence for R >> 0, the pulled-back complex structure by ¢ is a small deformation of
the original complex structure, and hence the open Gromov—Witten invariants of
Fp, b,,b;) remain invariant. Now using Case 1 the open Gromov—Witten invariants
of Fp,,2(10g R)—b»,b;) €an be identified with a moment-map fiber L.
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By considering the intersection numbers of the disc classes and the divisors,
one can check that the disc classes g; for 0 <i <k, Biy1, Be=0, Br=oo> Br=co»
(Bj — Bk+1) fork+1 < j <k+1+1, and all rational curve classes « are invariant
under the involution. Moreover S+ and B,,—o are switched under the involution.
Putting all together, we obtain a complete relation between open Gromov—Witten
invariants of F(, 5, 5,) and that of L, and this gives the formulae in Case 2.

Cases 3 and 4 are similar. For Case 3 we use the Lagrangian isotopy

L' ={log|z —t| = by, log|w — 1| = b, w7 (x, y, 2, w) = b3}

for ¢ E [1, R] and the involution defined as identity on w, wy1, 6 and mapping
7 +— =%, For Case 4 we use the Lagrangian isotopy

L' ={log|z—t|=by,log|w—t| =by, mr(x,y, 2z, w) = b3}

for ¢ € [1, R] and the involution defined as identity on 771, 6 and mapping z — ZRZR,
w > Rw O

w—R"

We can compute the the open Gromov—Witten invariants of the moment-map
fiber, using the open mirror theorem [Chan et al. 2016, Theorem 1.4 (1)]. The result
is essentially the same as the one in [Lau et al. 2012, Theorem 4.2] for the minimal
resolution of A, -singularities as follows.

Theorem 3.10. Let L be a regular moment-map fiber of (/};:1, and consider a disc
class p € mp(X, L). The open Gromov—Witten invariant né equalsto 1 if B =B, +a
for0 < p <k+41+ 1, where « is a class of rational curves which takes the form

Z{:ll 5;C; whenl<p<k-—1,
a={YI"IsE whenk+2<p<k+l,
0 when p=0,k,k+1lork+1+1,

and {s,} -1 (where m equals to k in the first case and [ in the second case) is an
admissible sequence with center p in the first case, which means that

(1) s; >0foralli and sy, sp—1 < 1;

2) si <siy1 <s;i+1wheni < p,ands; > sjy1 >s; —1 wheni > p,

and with center p — k — 1 in the second case. For any other B, né =0.

Proof. We will prove the assertion by using the open mirror theorem. Recall the
curve classes C;, Co and E; introduced in (3) for 1 <i <k—land1<;j<I-1. C;
and E; are (—2, 0)-curves, while C is a (—1, —1)-curve. The intersection numbers
with the toric prime divisors D; are as follows:

(1) Ci~D,'_1 =C,'-Dl'+1=1; Cl'~D,'=—2; and Ci-Dj:0f0rallj #l'—l,l‘, l+1,
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(2) C()-Dk =C()-Dk+1 = —1; C()-Dk_l = Co-Dk+2 = 1; and Co-Dj =0 for all
(3) E,' . Dk+i71 = El‘ . Dk+i+1 = 1; E,' . Dk+i = —2; and E,' . Dj = 0 for all
jFEk+i—1,k+ik+i+1.
Let ¢©i, g0, g% be the corresponding Kihler parameters and ¢, §<0, g% be
the corresponding complex parameters. They are related by the mirror map:

k+1+1

g% =q% exp (—Z (c,--Dngj(é)) =G exp(—(gi—1(@) +8i+1(d) —28i(3))),
j=0
k+1-+1

g% =¢%exp (—Z <co-D,->gj<c}>) =G exp(—(8k-1(@) +8k+1(9))).
=0

J
k+1+1
g% =q" exp (— > (Ei-Dj)gj(é))

=0
= ¢ exp(—(8kri—1(q) + &k+i+1(q) — 28k+: (§))).

The functions g;(g) are attached to the toric prime divisor D; for0 <i <k+1+1.
We have go = gx = gk+1 = &k+i+1 = 0. Moreover for 1 <i <k —1, g; only depends
on the variables (,}C’ for 1 <r <k-—1;fork+2<i <k+I, the function g; only
depends on the variables ¢ for 1 <r <[ — 1. Explicitly g; is written in terms of
hypergeometric series:

) (=D (—(D;-d)— D! .
&)=Y i I
d-D;<0 P?éi( P’ )!
d-D,>0
for all r#i
where for 1 <i < k — 1, the summation is over d = er‘;i n;Cj (n; € Z>o) with
d-D; <0Oandd-D,>0forall p#i;fork+2<i <k+1, the summation is over
d= er_:ll n;E; (nj € Z-o) with d satisfying the same condition. Then the open
mirror theorem [Chan et al. 2016, Theorem 1.4 (1)] states that

> np1aq®(@) = expgi(g).
o

Note that for 1 <i <k — 1, the function g; takes exactly the same expression as that
in the toric resolution of A;_;-singularity; for 1 <i </ — 1, the function g; ;11
takes exactly the same expression as that in the toric resolution of A;_;-singularity.
Thus the mirror maps for ¢¢ and g% coincide with that for A;_;-resolution and
Aj_-resolution respectively. Moreover the above generating function of open
Gromov—Witten invariants coincide. Then result follows from the formula for open



506 ATSUSHI KANAZAWA AND SIU-CHEONG LAU

Gromov—Witten invariants in A,-resolution given in [Lau et al. 2012, Theorem
4.2]. O

Remark 3.11. Theorem 3.10 can also be proved by comparing the disc moduli for
(/}; ; and resolution of Ag- and A;-singularities, which involves details of obstruction
theory of disc moduli space. Here take the more combinatorial approach using open
mirror theorems.

Theorem 3.12. The SYZ mirror of the resolved generalized conifold é\kl is given
by the deformed orbifolded conifold in C* x C* defined by the following equations,
where Uy, Uy, Vi, Vo € Cand Z € C*:

UVi=0+2)A+q12)...(01+q1...qc12),
UpyVo=(+cZ)(1+qicZ)...(1+q;...q/_c2Z),

and where q; = e e “, q} e Ju “andc=q... qk_leffco @

Proof. Let Z,g —e s Holy (08) be the semi flat mirror complex coordinates
correspondlng to each disc class ,B € 7T2(Gk 1 , Fb) for b e Bo \ H. For s1mphclty
we denote Zﬂg o by Z Zﬁo by U], Zﬂk+1 by Uz, Zlg _., by Vl, and Zﬁw ~ by Vz
We have ZZ,ggzoo = q’BS =0tP:== i5 a constant (since Be=o+ Pe=o € Hz(Gk,z )), and
for simplicity we set the constant to be 1. Thus Z Beeoo = z !

Let Zp be the generating function of open Gromov—Witten invariants correspond-
ing to a boundary divisor D (see (2)). By Theorem 3.9 there is no wall-crossing for
the disc classes Bs—o and B:—oo, and they are the only disc classes of Maslov index
2 and intersecting Dg—o and Ds=no exactly once respectively. Hence Zp,_, = Z and
Zp,_,, = Z~'. For simplicity we denote Zp,_, by Z, and hence Z = 7 (meaning
that the coordinate Z does not need quantum corrections).

Theorem 3.10 gives the open Gromov—Witten invariants of moment-map tori,
which then gives the open Gromov—Witten invariants of fibers of our Lagrangian
fibration by Theorem 3.9. Then by some nice combinatorics which also appears
in [Lau et al. 2012, Proof of Corollary 4.3], the generating functions factorizes as
follows:

() Zp,_, = (71 and Zp,_, = 02 over C__,
2) Zp_, =U1(1+2)A+q1Z) ... (1+q1 ... qu—1Z) and Zp,_, = U, over C_,

(3) Zp._, =Ujand Zp,_, = Us(1 +cZ)(1 +¢|cZ)...(1+ 4] ...q]_,cZ) over
C_y,

@ Zp_, =01+ 2)(1+q12) ... (1+q1 . .. qu—1Z) and Zp,_, = U>(1+cZ)(1+
qgicZ)...(1+qj...q/_cZ) over C.

() Zp_,=U; " over C4  UC,_,
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©) Zp_,=U7'A+2)01+q1Z)...(1+q1...q1Z) over C_, UC__,
(7) ZDw:oo = 02_1 over C++ U C,+,
®) Zp,_. =U; ' (0 +cZ)A+qjcZ)...(1+q]...q_cZ) over C4_UC__.

Therefore we conclude that the ring generated by the functions Z=Zp,_, Zp,_,, =
z LU, = Zp._,Vii=Z2p,_ ., Uy:=2Zp,_,, V2:=Zp,_, is the polynomial ring
ClU,, Uz, V1, V5, Z, Z~'] mod out by the relations

UVi=(0+2)0+q12)...(A+q1...q12),
UsVao=(+cZ)(1+qicZ)...(0+q]...q_cZ).

This completes the proof of the theorem. (]

Remark 3.13. If a different crepant resolution is taken, the mirror takes the same
form as above while the coefficients of the polynomials on the right hand side are
different functions of the Kéhler parameters ¢; and g;. They correspond to different
choices of limit points (and hence different flat coordinates) over the complex
moduli.

SYZ from é: 1to 6; ;- The deformed generalized conifold (f;\;: ; is given by

ko1

{(x, vozw) €CEx (C\{ID? | xy— 3 Y a; 7w’ = o}
i=0j=0
for generic coefficients a; ; € C. It is a conic fibration over the second factor
(C\ {1})? with discriminant locus being the Riemann surface ¥;; C (C\ {1})?
defined by the equation Zf:o le=o a; jz'w’/ = 0 which has genus k/ and (k + 1)
punctures. The SYZ construction for such a conic fibration follows from [Abouzaid
et al. 2016]. Here we just give a brief description. We will use the standard
symplectic form on C? x (C\ {1})? restricted to the hypersurface 5;: ;. First, é\;: !
is naturally compactified in P? x (P')? as a symplectic manifold, and we denote
the compactification by (’;\k/ /", There is a natural Hamiltonian 7''-action on (’?\k/ "
given by, fort e T' c C

t-(x,y,z,w) = (tx, t_ly, Z,Ww).

By carefully analyzmg the symplectic reduction of this 7'-action, a Lagrangian
torus fibration 7 : le — B :=[—00, o0]® was constructed in [Abouzaid et al.
2016, Section 4]. Topologically the fibration is the homeomorphic to the naive one
given by

(x, ¥, 2, w) > (b1, ba, b3) = (log |z, log |wl, $(Ix|* = [y[*)).

However since the symplectic form induced on the symplectic quotient is not the
standard one on P2, it has to be deformed to give a Lagrangian fibration.
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Figure 6. Conic fibration and amoeba Ay ;.

The discriminant locus of this fibration consists of the boundary of B and
A_kJX {0}, where A_k[ C [—00, 00]? is the compactification of the amoeba Ay ; C IR2>0
of the Riemann surface 3 ; (Figure 6), namely the image of X ; under the map
(z, w) = (log |z[, log [w]). L

The wall for open Gromov—Witten invariants is given by H = Ay ; x [—00, 00]
[Abouzaid et al. 2016, Proposition 5.1]. The complement B\ H consists of (k+1) x
(I + 1) chambers. In this specific case, we have a nice degeneration as follows. Let
us consider a special point on the the complex moduli space of é\k/ /" where the
defining equation of the Riemann surface X ; factorizes as

k1

D i w = f(2)gw)

i=0 j=0

for polynomials f(z) and g(w) of degree k and / respectively (and we assume that
their roots are all distinct and non-zero). At this point, Gk,l* acquires k/ conifold
singularities. The wall becomes the union of vertical hyperplanes

{by =log |ri|}i_, U {b3 =log|s;|}'_; C R,

where r; and s; are the roots of f(z) and g(w) respectively (Figure 7).

These hyperplanes divide the base into (k 4+ 1)(/ + 1) chambers. We label the
chambers by C; ; fori =0,...,kand j =0, ...,/ from left to right and from
bottom to up.

Conifold point

—

Figure 7. Amoeba around conifold locus.
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Theorem 3.14. The SYZ mirror of the deformed generalized conifold (?;: | is given
by, for U;, Vi e Cand Z € C*,

UVi=1+2)F U,va=1+2),
which is the punctured orbifolded conifold Oy .

Proof. The wall-crossing of open Gromov—Witten invariants was deduced in
[Abouzaid et al. 2016, Lemma 5.4], and we just sketch the result here. For
p = 1,2, let U, be the generating function of open Gromov—-Witten invariants
for disc classes intersecting the boundary divisor 7! ({b, = 0}) once. Denote
the semi-flat coordinates corresponding to the basic disc classes emanated from
7 '({b » =0}) by Z;, and denote by Z the semi-flat coordinate corresponding to
the bs-direction (which admits no quantum corrections). Then U restricted to the
chamber C; ; equals to the polynomial Z1(142Z)', and U, restricted to the chamber
C; j equals to Z>(14 Z)/. By gluing the various chambers together using the above
wall-crossing factor 1 + Z, we obtain the SYZ mirror as claimed. ([

Remark 3.15. The equation in Theorem 3.14 defines a singular variety Oy ;. This
is a typical feature of our SYZ construction, which produces a complex variety out
of a symplectic manifold: we may obtain a singular variety as the SYZ mirror, and
we need to take a crepant resolution to get a smooth mirror. Since we concern about
the complex geometry of this variety, Oy ; is not distinguishable from its crepant
resolution 51:1

SYZ from 61:1 to th-: 1- The partial compactification 6,(?1 of 51:1 is a toric Calabi—
Yau threefold and its SYZ mirror was constructed in [Chan et al. 2012]. In this
section we we quote the relevant results, omitting the details. First, a crepant resolution
Ok ; of Ok ; corresponds to a maximal triangulation of [l ; (Figure 2, right). We
have the Lagrangian torus fibration

n:@eB::szRzo

constructed in [Goldstein 2001; Gross 2001], whose discriminant locus consists of
two components. One is the boundary d B, and the other is topologically given by
the dual graph of the maximal triangulation lying in the hyperplane {b; = 1} C B,
where we denote the coordinates of B by b = (b1, by, b3).

The wall is exactly the hyperplane {b3 = 1} containing one component of the
discriminant locus. It is associated with a wall-crossing factor, which is a polynomial
whose coefficients encode the information coming from holomorphic discs with
Maslov index 0. The explicit formula for the coefficients were computed in [Chan
et al. 2016]. Applying these results, we obtain the following:
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Theorem 3.16. The SYZ mirror of the resolved orbifolded conifold 5/(\1 is a de-
formed generalized conifold Gy given as

k1 , ,
{(U, V.Z,W)eC x (C UV =3 5 ¢ (1+8;@)Z' Wf}.
i=0 =0

The notations are explained as follows. Let B;; be the basic disc class cor-
responding to the toric divisor D;; C (’).k\l Then C;; denotes the curve class
Bij —i(Bio — Boo) — j(Bor — Boo) — Poo- The coefficients 1 + §;;(¢) is given by
exp(gij(¢)) where

(D POy d) =Dy
d [iw.py2i. jyDav - d)!

8ij(q) = :
and the summation is over all effective curve classes d € Hfff(Ok,l) satisfying
Djj-d <0and D,-d >0 for all p # (i, j). Lastly ¢ and g are related by the mirror
map:

q“=4q° exp(— Z(Dij : C)gij(é))-
iJj
It is worth noting that the above SYZ mirror manifold can be identified with
the Hori—Igbal—Vafa mirror manifold [Hori et al. 2000]. The former has the advan-
tage that it is intrinsically expressed in terms of flat coordinates and contains the
information about certain open Gromov—Witten invariants.

SYZ from 51: 1 to ék\ ;- Recall that the fan polytope of the orbifolded conifold
01?, ; is the cone over a rectangle [0, k] x [0, /]. Smoothings of 5;: ; correspond to
the Minkowski decompositions of [0, k] x [0, [] into k copies of [0, 1] x {0} and [
copies of {0} x [0, 1] [Altmann 1997]. The SYZ mirrors for such smoothings were
constructed in [Lau 2014]. Here we can write down the Lagrangian fibration more
explicitly by realizing 51: ; as a double conic fibration. Recall that the deformed
orbifolded conifold (37: 1 1s defined as

Ot = {(u1, u2, v1, v2,2) € C* x C | uyvy = f(2), uva = g(2))

where f(z) and g(z) are generic polynomials of degree k and [ respectively. We
assume that all roots r; and s; of f(z) and g(z) respectively are distinct and
non-zero. Moreover, we can naturally compactly 5/: ; in (P?)? x P! to obtain
6\1:,1* C (P?)? x P! (where (u1, u») and (v1, v2) above become inhomogeneous
coordinates of the two P2 factors.). There is also a natural Hamiltonian 7'2-action
on (f)\;:l* given by, for (s, ) € T? c C?

—1 —1
(S,t)'(Ml,Ul,MZ,UZ,Z) = (SMI,S v, fug, t UZ,Z).
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Ok’l r112
R |
Cc ' —_—
TV |zl=r

Figure 8. Double conic fibration.

On the other hand, (37: ;" admits a double conic fibration 7, : (37: ;" — P! by the
projection to the z-coordinate (Figure 8). In this situation, the base P! of the
fibration can be identified as the symplectic reduction of 6;: ’ by the Hamiltonian
T2-action.

As discussed in [Gross 2001], the Lagrang1an fibration |z| : P! — [0, co] gives
rise to the Lagrangian torus fibration 7 : Ok , — B:=[—00, 00]*x [0, 00] given by

7 (ur, vi, uz, v2,2) = (3(ur 1 = [011%), 5(ual* = 02f?), I2).

The map to the first two coordinates is the moment map of the Hamiltonian 72-
action. We denote the coordinates of B by b = (by, by, b3).

Proposition 3.17. (1) The discriminant locus of the fibration 1 is given by the

disjoint union 9 BU (Ule {b1=0,b3=r; |})U(Ulj:1{b2 =0,b3=1s;1})C B.

(2) The fibration 7 is special with respect to the nowhere-vanishing meromorphic
volume form Q2 :=du; Aduy Adlogz on Ok,l*.

Proof. The fibration has tori T3 as generic fibers. Over dB where z = 0, the
fibers degenerate to 72. Thus 9B is a component of the discriminant locus. Away
from z = 0, the map z — |z| is a submersion. Hence the discriminant locus of
the fibration 7 comes from that of the moment map of the Hamiltonian 7>-action.
This action has non-trivial stabilizers at #; = v; = 0 or up = v, = 0, which implies
f(2) =0 or g(z) = 0 respectively. Their images under 7 are {b; =0, b3 = |r;|} or
{by =0, b3 = |s;|} respectively. O
Proposition 3.18. A regular fiber of the fibration & bounds a holomorphic disc of
Maslov index O only when bz = |ri| or b3 = |sj|. Thus the wall H of the fibration 7
is H = (Ui {bs = I 1)U(U'—, b3 = Is;1})C B.

Proof. A singular fiber of the double conic fibration 7, : 5;: ;" — P! bounds a
holomorphic disc, which has Maslov index 0 by Lemma 3.2, and this happened
only when b3 = |r;| or b3 = |s}|. [l

The wall components {b3 = |r;|} and {b3 = |s;|} correspond respectively to the
pieces [0, 1] x {0} and {0} x [0, 1] of the Minkowski decomposition. Wall-crosing
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A

o
<

Figure 9. Walls: (k,1) = (2, 1).

of open Gromov—Witten invariants in this case has essentially been studied in [Lau
2014] in details, and we will not repeat the details here. The key result is that each
wall component contributes a linear factor: each component {b3 = |r;|} contributes
1 + X, and each component {b3 = |s;|} contributes 1 + Y. The SYZ mirror is
essentially the product of all these factors, namely, we obtain the following.

Theorem 3.19. The SYZ mirror of 5;1 is given by
UV =(1+X"1+Y)
forU,V e Cand X, Y € C*, which is the punctured generalized conifold Gy ;.

An almost the same remark as Remark 3.15 applies to Theorem 3.19 and thus
we confirm the SYZ construction in this case.

4. Global geometric transitions: some discussion

We are now in position to turn to the global case. Let X and X be compact
Calabi—Yau threefolds. We call a geometric transition X->X~Xa generalized
conifold transition if X has only generalized conifolds and orbifolded conifolds. The
birational contraction appearing in the geometric transition of compact Calabi—Yau
threefolds can be factorized into a sequence of primitive contractions of type I, type
IT and type III [Rossi 2006]. In general, type I and type III appear in the geometric
transition of G ; and all types appear in the geometric transition of Oy ;.

Motivated by the local case, we are tempted to propose that generalized conifold
transitions are reversed under mirror symmetry. However, this naive conjecture
does not hold because some global conifold transitions are mirror to hyperconifold
transitions, which are not generalized conifold transitions [Davies 2011]. We expect
that a generalized conifold transition is mirror to a reversed generalized conifold
transition if the Calabi—Yau threefold has a Lagrangian torus fibration and the
transition is locally modeled by those given in Section 3.

Example 4.1 (Schoen’s CY threefold and its mirror [Schoen 1988; Lau 2018]).
Using the methods of Castafio-Bernard and Matessi [2009; 2014] in the Gross—
Siebert program, generalized conifold transitions and their mirrors are studied for
the Schoen’s Calabi—Yau threefold in [Lau 2018]. The threefold is a resolution of
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the fiber product of two rational elliptic surfaces over the base P! [Schoen 1988].
It gives a global manifestation that orbifolded conifolds and generalized conifolds
are mirror to each other.

For each pair of reflexive polygons (P, Py) (Where Py and P, are not necessarily
dual to each other), we have an orbifolded conifold degeneration O P72 of a
Schoen’s Calabi—Yau threefold, and a generalized conifold degeneration G /172
of its mirror (in the sense of Legendre transform in Gross—Siebert program [201 1])
A resolution of OP:P2) is mirror to a smoothing of Gh.P 2 and vice versa. P
denotes the dual polygon of P (see Figure 10 for an example). We refer the reader
to [Lau 2018] for more details.

Example 4.2 (quintic threefold and its mirror). We set (k,[) = (4, 1) or (3, 2) in
the following. Let X C P* be the singular quintic threefold defined by

k.l
xof(x0, ..., x4) +x7x, =0,

where f(x) is a generic homogeneous polynomial of degree 4. The singular locus
of X consists of 2 curves

(xo=x1=f(x)=0U{xo=x2=f(x)=0}CX

of genus 3 intersecting at 4 points. The quintic threefold X has Gy ; around the each
intersection point. Successively blowing up X along the two curves followed by the
blow-up along the divisor {xg = x; = 0}, we obtain a projective crepant resolution
X of X. Thus a quintic threefold admits a generalized conifold transition.

On the other hand, the mirror quintic of a quintic threefold is defined as a crepant
resolution of the orbifold

4 4 4
Yy = { S5+ o] x =0}/G, G:= {(a,-) € Z5)°| Y a =0}/zs
i=0 i=0 i=0
for ¢ € C. The orbifold Y has A4-singularities along ten curves

We can partially resolve Y, to obtain ¥ whose singular locus consists of Aj-
singularities along Co; and A;-singularities along Cq, such that ¥ has Oy ; around
Co1NCo (Figure 11). It is interesting to ask whether or not ¥ admits any smoothing.

Although X and Y lie in the boundaries of the complex moduli space of the
quintic and the Kéhler moduli space of the mirror quintic respectively, we do not
know whether or not they correspond each other under the mirror correspondence.
This may be seen by the monomial-divisor correspondence in toric geometry, but it
is possible that the mirror of X is a non-toric blow-down of the mirror quintic.
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Figure 10. Base of Lagrangian fibrations on degenerations of a
Schoen’s Calabi—Yau threefold. Topologically they are S* and
the figures show polyhedral decompositions which are useful to
describe the affine structures. The left shows an orbifolded conifold
degeneration of Schoen’s Calabi—Yau threefold. The right shows its
mirror. Each thick dot represents an orbifolded conifold singularity
on the left, and a generalized conifold singularity on the right.
There are 24 orbifold singularities counted with multiplicities.
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Figure 11. Two-dimensional faces of the polytope for O4 ; and O3 5.

It is straightforward to generalize this type of constructions to Calabi—Yau hyper-
surfaces in 4-dimensional weighted projective spaces.

We may also consider existence of generalized conifold transitions for compact
Calabi—Yau geometries. Let X be a smooth threefold and Cy, ..., C, be (=1, =1)-
curves in X. Let X be their contraction and X be a smoothing of X. Small
resolutions and deformations always exist topologically, but there are obstructions
if we wish to preserve either the complex or symplectic structure:

Theorem 4.3 [Friedman 1986; Tian 1992]. Assume that X satisfies the 99-lemma
(for example Kdhler). Then a smoothing X to exist if and only if there is a relation
Y iy Ai[Ci1 =0 (with all the %; nonzero) in Hy(X, Q).

Theorem 4.4 [Smith et al. 2002]. Let Y be a symplectic sixfold with embedded
Lagrangian S35, say Ly, ..., L,. Then there is a relation Z:’:l MILi1=0(A; #
0Vi) in H3(Y, Q) if and only if there is a symplectic structure on one of 2" choices
of (reversed) conifold transitions of Y in the Lagrnagians L, . .., Ly, such that the
resulting exceptional P's’ are symplectic.

In our case, the contractions collapse 4-cycles as well as 2-cycles. On the other
hand, smoothing G ; ~~ é\k’,l produces (k + 1)(I + 1) — 3 vanishing $3s’ and
smoothing Oy ~» 5]: ; produces k + 1 — 2 vanishing S' x $?s’ and one vanishing
S3. The generators of these cycles can be found by considering the standard double
Riemann surface fibrations [Feng et al. 2008] (Figure 12).

It is interesting to investigate the obstructions to the deformations/resolutions of
the generalized and orbifolded conifolds in terms of these cycles. We hope to come
back to these questions in future work.

| st f Y stxs?! Y
] 17

Figure 12. A double Riemann surface fibration.
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SELF-DUAL EINSTEIN ACH METRICS AND CR GJMS
OPERATORS IN DIMENSION THREE

TADII MARUGAME

By refining Matsumoto’s construction of Einstein ACH metrics, we con-
struct a one-parameter family of ACH metrics which solve the Einstein
equation to infinite order and have a given three-dimensional CR structure
at infinity. When the parameter is 0, the metric is self-dual to infinite order.
As an application, we give another proof of the fact that three-dimensional
CR manifolds admit CR invariant powers of the sublaplacian (CR GJMS
operators) of all orders, which has been proved by Gover and Graham. We
also prove the convergence of the formal solutions when the CR structure is
real analytic.

1. Introduction

The GIJMS operator P;; on a conformal manifold of dimension N is an invariant
linear differential operator acting on conformal densities of weight k — N /2 whose
principal part is the power AX of the laplacian [Graham et al. 1992]. It plays an
important role in geometric analysis on conformal manifolds, and is also related to
a fundamental curvature quantity, called the Q-curvature, whose integral gives a
global conformal invariant [Fefferman and Graham 2002; Fefferman and Hirachi
2003; Graham and Zworski 2003]. The GIMS operator is constructed via the
(Fefferman—Graham) ambient metric [2012] or equivalently via the Poincaré metric
whose boundary at infinity is the given conformal manifold [Fefferman and Graham
2002; Graham and Zworski 2003]. The ambient metric is a formal solution to the
Ricci flat equation, which corresponds to the Einstein equation for the Poincaré
metric. When the dimension N is odd, the equation can be solved to infinite order
and Py is defined for all kK > 1. On the other hand, when N is even, an obstruction
to the existence of a formal solution appears, and P, can only be defined for
1 <k < N/2 due to the ambiguity of the ambient metric at higher orders. Moreover,
it is known that this result of the existence of Py is sharp [Gover and Hirachi 2004].

MSC2010: primary 32V05; secondary 53A55.
Keywords: ACH metrics, the Einstein equation, self-duality, CR manifolds, CR invariant differential
operators.
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The CR counterpart of these operators are CR invariant powers of the sublaplacian

Py :g<k_”_1 , k—n—l) N 5(—k—n—1, —k—n—l)
2 2 2 2

on a (2n+1)-dimensional CR manifold M, which are called the CR GJMS operators
or the Gover—Graham operators [Gover and Graham 2005; Hislop et al. 2008]. Here,
E(w, w') is a complex line bundle over M called the CR density of weight (w, w');
see Section 2A for the definition. One can associate a conformal structure to a
circle bundle over M, called the Fefferman conformal structure [1976], and apply
the GJIMS construction to produce Py, for 1 <k <n+ 1. Gover and Graham [2005]
gave more operators by using techniques of CR tractor calculus; they proved that for
each (w, w’) such thatk =w+w'+n+1€ N, and (w, w') ¢ N x N, there exists a
CR invariant linear differential operator P, v : £(w, w') — £(w —k, w' —k) whose
principal part is A’lj. In cases where w = w’, these operators provide CR invariant
modifications of A’lj for all k with k =n mod 2. When n = 1, even more operators
can be constructed: CR structure is a Cartan geometry modeled on the CR sphere
§2+1 =SU(n+1, 1)/ P, where P is the isotropy subgroup of a point in $?"*!, and
three-dimensional CR structure has a special feature from this viewpoint in that
P is a Borel subgroup. Then the BGG machinery developed in [Cap et al. 2001]
gives operators Py, v for (w, w’) € N x N when n = 1. Thus one has:

Theorem 1.1 [Gover and Graham 2005, Theorem 1.3]. Suppose M is a three-
dimensional strictly pseudoconvex CR manifold. For each (w, w’) such that k =
w~+ w' +2 € Ny, there exists a CR invariant linear differential operator Py, :
E(w,w") - E(w —k, w —k) on M, whose principal part is A’,;.

In this paper, we provide a unified proof of Theorem 1.1 for cases in which w =w’.
To this end, we construct an ACH (asymptotically complex hyperbolic) metric on
a manifold with boundary M whose Taylor expansion along M is completely
determined by local data of M. Our ACH metric is a refinement of the ACH
Einstein metric which Matsumoto [2013; 2014] constructed for partially integrable
CR manifolds. To state the results, let us recall some basic notions related to ACH
metrics. Let M be a (2n+1)-dimensional strictly pseudoconvex partially integrable
CR manifold. Namely, M has a contact distribution H C T M together with an
almost complex structure J € End(H), and the eigenspace T'-°M c CH with the
eigenvalue i satisfies the partial integrability: [(C(T"OM), T(T" M) cT(CH). A
©-structure on a manifold X with boundary M is a conformal class [®] of sections
©® € I'(M, T*X) such that ®|r is a contact form on M. A diffeomorphism which
preserves a ©-structure is called a ®-diffeomorphism. On the product M x [0, c0),,,
we define the standard ®-structure by extending each contact form 6 on M to ®
so that ®(d/dp) = 0. Fix a contact form 6 on M and let {T, Z,} be an admissible
frame. We take the local frame {Z, = pd,, Zo = p°T,Zy=pZy, Zg= pZg} and
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its dual coframe {°°, 00, 0%, 0% on M x (0, 00),. Then for any ACH metric g
on X, there exists a ®-diffeomorphism & : M x [0, 00), — X which is defined
near M and restricts to the identity on M, such that ®*g = g; ;070" satisfies

8ooco =4, 8000 = 8ooa =0, goo =1+ 0(p),
8oa = 0(p),  8up = 0(p), 8a8 = hog+ O(p),

where /1,75 is the Levi form on M. The CR manifold M is called the CR structure
at infinity of g. Matsumoto [2013; 2014] proved that for any partially integrable
CR manifold M, there exists an ACH metric g on M x [0, 00), which satisfies

. 2
E;j:=Ricyy +%gu = 0(p™"),

Scal = —(n+ D(n+2)+ 0(p>"*),

where Ric is the Ricci tensor and Scal is the scalar curvature. Up to the pull-back
by a ®-diffeomorphism which fixes M, such a metric is unique modulo tensors
which have O(p?*1?) coefficients and O(p?**3) trace in the frame {Z;}. The
order O(p?**?) in the above equation is optimal in general since (p‘Z”_QEaﬁ) | m
is independent of the choice of a solution g and defines a CR invariant tensor O,g €
Eap(—n, —n), called the CR obstruction tensor. Matsumoto [2016] generalized
the CR GJMS operators Py to the partially integrable case by using Dirichlet-to-
Neumann type operators for the eigenvalue equations of the laplacian of g, but the
order is again restricted to 1 < k <n + 1 due to the presence of the obstruction.

If we confine ourselves to the case where M is an integrable CR manifold, there
is a possibility to refine the construction of ACH metrics. In fact, the CR obstruction
tensor vanishes for integrable CR manifolds, in particular for three-dimensional CR
manifolds since the CR structure is always integrable in this dimension. However,
we need an additional normalization condition on the metric to ensure the uniqueness
since the Einstein equation does not determine the O (p¥'*+?)-term of the metric.
A possible normalization is the Kdhler condition; Fefferman [1976] constructed
an approximate solution to the complex Monge—Ampere equation on a strictly
pseudoconvex domain 2 with boundary M and defined a Kéhler metric which
satisfies E;; = O (p>**t*) as an ACH metric on the “square root” of 2. However,
this construction also has an obstruction O € £(—n — 2, —n — 2), called the CR
obstruction density, and the metric is only determined modulo O (p?+4).

In this paper, we show that the self-dual equation W~ = 0 works as a better
normalization when M is three-dimensional. The anti-self-dual part W™ of the
Weyl curvature is connected to the Ricci tensor by the Bianchi identity

(1-1) v/ Wik =Crkrs

where C; ; is the anti self-dual part of the Cotton tensor C;, g, which is defined by
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Cijk := Vg P;j— V;Prg with the Schouten tensor P;; = %Ric” —11—2 Scal gy;.
It follows from (1-1) that the equation E;; = 0(p* implies W, ., = O(p*), and
it turns out that the further normalization W, ., = O(p>) determines g;; modulo
O(p°). We can then solve E;; = O(p®), which implies W, = 0(p®). In the
next step, besides the Einstein equation, we have freedom to prescribe the value of

n-= ('O_6Wo_00000) |M :

If the Taylor coefficients of g;; along M have universal expressions in terms
of pseudohermitian structure, 7 defines a CR invariant of weight (-3, —3) (see
Lemma 4.1). Thus, we should prescribe 1 to be a CR invariant in order to obtain a
CR invariant normalization condition. It is known that a CR invariant in £(—3, —3)
on a three-dimensional CR manifold is unique up to a constant multiple [Graham
1987], so there is no choice but to set n = AO with a constant A € R. After this
step, the Einstein equation determines g;; to infinite order, and in the case A =0,
the self-duality follows automatically from (1-1). Thus our main theorem reads as
follows:

Theorem 1.2. Let M be a three-dimensional strictly pseudoconvex CR manifold,
and let A € R. Then there exists an ACH metric g?‘ ;on M x [0, 00), which has M
as the CR structure at infinity and satisfies

Ricsy +387, = 0(0%).  Wig, = 000", 1=20,

where 1 is the density defined by (4-1). The metric g;‘] is unique modulo O (p*>°)
up to the pull-back by a ©-diffeomorphism which fixes M. Moreover, g? ; satisfies
Wik = 0(0%).

The Taylor coefficients of g? ; along the boundary have universal expressions in
terms of the pseudohermitian structure for a fixed contact form.

By applying the construction of the CR GJMS operators via the ACH metric
[Matsumoto 2016], we obtain the following theorem, which is a special case of
Theorem 1.1:

Theorem 1.3. Let M be a three-dimensional strictly pseudoconvex CR manifold,
and let ). € R. Then, there exists a CR invariant linear differential operator

P Ekj2—1, k/2—1) = E(—k/2—1, —k/2—1)
which is a polynomial in A of degree < k/3, and has the principal part Alg.

Let us mention a similar construction in conformal geometry. Fefferman and
Graham [2012] constructed a formal solution to the self-dual Einstein equation for
the Poincaré metric with a given three-dimensional conformal manifold M as its
conformal infinity. Thus our result is a CR analogue of their construction. When M
is real analytic, LeBrun [1982] showed by twistor methods that there exists a real
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analytic self-dual Einstein metric on M X (0, €) with the conformal infinity M. The
metric of Fefferman and Graham gives the Taylor expansion of LeBrun’s metric.
In the CR case, Biquard [2007] showed the existence of a self-dual Einstein ACH
metric with a given real analytic CR three-manifold as its infinity by using twistor
methods. Thus our formal solution g? ; gives the Taylor expansion of Biquard’s
metric. In this paper, we prove the convergence of g}\ ; by applying the results of
Baouendi and Goulaouic [1976] on singular nonlinear Cauchy problems.

Theorem 1.4. Suppose M is a real analytic strictly pseudoconvex CR manifold of
dimension three. Then the formal solution g;\ 7 in Theorem 1.2 converges to a real
analytic ACH metric near M.

This paper is organized as follows. In Section 2, we review pseudohermitian
geometry on a CR manifold and basic notions on ACH metrics. By following
Matsumoto [2013], we describe the Levi-Civita connection of an ACH metric in
terms of the extended Tanaka—Webster connection. In Section 3, we clarify the
relationship between the Einstein equation and the self-dual equation, and compute
the variation of curvature quantities under a perturbation of the metric. Section 4 is
devoted to the proof of Theorem 1.2; we construct a one-parameter family of formal
solutions to the Einstein equation and examine the dependence on the parameter.
Then, in Section 5 we use these metrics to construct the CR GJMS operators and
prove Theorem 1.3. Finally, in Section 6 we show the convergence of the formal
solutions in the case where M is a real analytic CR manifold.

2. CR structure and ACH metric

2A. Pseudohermitian geometry. Let M be a (2n+1)-dimensional C* manifold.
A pair (H, J) is called a CR structure on M if H is a rank 2n subbundle of TM
and J is an almost complex structure on H which satisfies the (formal) integrability
condition

(T oM, (T M) c (T M),

where T'"°M C CH is the eigenspace of J with the eigenvalue i. We note that the
integrability condition automatically holds when M is three-dimensional. For any
real 1-form 6 such that Ker & = H, we define the Levi form /4 by

ho(Z, W) =—1d0(Z, W)

for Z, W € TOM. We say the CR structure is strictly pseudoconvex if hg is positive
definite for some 6. Since h rg = fhg for any function f, such 6 is determined up
to a multiple by a positive function. When M is strictly pseudoconvex, H defines
a contact structure, so we call 8 a contact form. The Reeb vector field is the real
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vector field T uniquely determined by the conditions
0(T)=1, T.do=0.

Let {Z,} be a local frame for T'OM. If we put Zz := Zy, then {T, Z, Zz) gives
a local frame for CT M, which we call an admissible frame. The dual coframe
{0, 0%, 6%} is called an admissible coframe and satisfies

d6 = ih,56% A 6P,

where haE = h@ (Za, ZE)

The CR canonical bundle is defined by K := A" (TO1 M) c AMHICT* M,
where T%'M := T1.OM. When K,,' admits an (n+2)-nd root £(1,0), the CR
density bundle is defined by

(2-1) Ew,w) =E(1,0%" ®E(, 02

for each (w, w’) € C? with w — w’ € Z. In this paper, we restrict ourselves to the
cases w = w’. In these cases, the definition (2-1) is independent of the choice of
£(1, 0) so we can define £(w, w) without assuming the global existence of £(1, 0).
We also denote the space of sections of these bundles by the same symbols, and
call them CR densities.

For any contact form 6, there exists a local nonvanishing section ¢ of K, unique
up to a multiple of a U (1)-valued function, which satisfies

O A O =i"nOA(TLE)A(TIT).

Then, the weighted contact form 6 := 6 ® 1|72 e T(T*M ® £(1, 1)) is
defined globally and independent of the choice of 6. Thus, there is a one-to-one
correspondence between the set of contact forms and the set of positive sections
T € £(1, 1), called CR scales. We define the CR invariant weighted Levi form
h,z := th,g by putting a weight to iy with the CR scale 7 corresponding to 6. We
raise and lower the indices of tensors on CH by h 5 and its inverse h*?, which has
weight (—1, —1).

For a fixed contact form 6, we can define a canonical linear connection V on T M,
called the Tanaka—Webster connection. It preserves T "M and satisfies VT =0,
Vhg =0. In an admissible frame (T, Z,, Zz}, the connection 1-forms wg® satisfy
the structure equation

6% =67 A wp® + A5 0 A 6P,
The tensor Ay = A@ satisfies Aqg = Apgy and is called the Tanaka—Webster

torsion tensor. We use the index O for the direction of 7, and we denote the
components of covariant derivatives of a tensor by indices preceded by a comma,
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e.g., Ay, 5 = VgAay. We omit the comma for covariant derivatives of a function.
The curvature form Q,# = dw,? — wa? A a)yﬂ is given by

(2-2) Q0 =R, 207 NOF + Ay, POV NO — AP .07 A O
—iAgy0? NOP +ihgy AP 107 NOF.

The tensor R,? 7 is called the Tanaka—Webster curvature tensor. Taking traces with
the weighted Levi form, we define the Tanaka—Webster Ricci tensor Ric,5:= R, ¥ ;5
and the Tanaka—Webster scalar curvature Scal := Ric, ¢. The sublaplacian is the
differential operator A, : E(w, w') — E(w — 1, w’ — 1) defined by

By f = =0 (VaV5+ V5V f.

If we rescale the contact form as 6 = e¥6, the Tanaka—Webster connection and its
curvature quantities satisfy transformation formulas involving the derivatives of the
scaling factor T'; see, e.g., [Lee 1988]. We note that in dimension three the rank of
T1-9M is 1 and the curvature form (2-2) is reduced to

Q' =Scal h;;0' AOT+ A1 10" A0 — A5 0T A8

Also, in this dimension, M is locally CR diffeomorphic to the standard sphere S3 if
and only if the Cartan tensor

X . Y _
O = A Scalj; -I-% Scal Ay — Aq1,0 — éAn,Tl

vanishes identically. The Cartan tensor is a CR invariant tensor of weight (—1, —1).
We also have a CR invariant density defined by

(2-3) O:= V'V —iAh 0, € £(=3, =3),

called the obstruction density. It follows from the Bianchi identity for the Cartan
tensor that O is a real density [Cheng and Lee 1990]. There is also a CR invariant
density, called the obstruction density, on higher-dimensional CR manifolds and it
appears as the logarithmic coefficient in the asymptotic expansion of the solution to
the complex Monge—Ampere equation on a strictly pseudoconvex domain [Lee and
Melrose 1982]. In dimension three, a CR invariant of weight (—3, —3) is unique
up to a constant multiple [Graham 1987], so it is necessarily a multiple of O.

2B. ACH metrics. The ACH metric was introduced by Epstein, Melrose and Men-
doza [Epstein et al. 1991] as a generalization of the complex hyperbolic metric on
the ball. In this paper, we define it by using the characterization via the normal
form.

Let X be the interior of a (2n+-2)-dimensional C*° manifold whose boundary M
is equipped with a strictly pseudoconvex CR structure (H, J). A conformal class [©]
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in (M, T*X) is called a @-structure if O|ry gives a contact form on M for each
® € [O]. We call (X, [O]) a ®-manifold. Let (X', [©']) be another ©-manifold
with the same boundary M. Then, a diffeomorphism & from a neighborhood of M
in X to a neighborhood of M in X' is called a ®-diffeomorphism if it fixes M and
satisfies [®*®'] = [@]. We take a boundary-defining function p € C*(X) which
is positive on X. A vector field V on X is called a @-vector field if it satisfies

Vie=0, ©O)=0(,

where © is an arbitrary extension of a ® € [®]. Note that the definition is in-
dependent of the choice of ® and ©. We extend {dp, (:j} to a local coframe
{dp, @, al, ..., o) for T*X near M. Let {N,T,Y;,..., Y5} be the dual frame.
Then, any ®-vector field V can be written as

V=V®(pN)+V2p’T)+ Vi(pY:), V= V% VieC®X).

If we take another local coframe {dp’, ©', o'} and its dual {N’, T', Y/}, then the
transition function between {pN, p>T, pY;} and {p'N’, p'*T’, p'Y!} is smooth and
nondegenerate up to M, so there exists a vector bundle ®T X over X for which
{pN, p°T, pY;} gives a local frame. A ©-vector field is identified with a section
of this bundle and we call ®T X the ®-tangent bundle. A fiber metric on ©T X
is called a ®-metric. Since the restriction ®T X |y is canonically isomorphic to
T X, a ©-metric defines a Riemannian metric on X. A local frame {Z;} of ©®T X is
called a ©-frame. We also consider the dual ®T*X of the ©-tangent bundle and
various tensor bundles, whose sections are called ®-tensors. A ®-tensor is said
to be O(p™) if each component in a O-frame is O(p™). The ®-vector fields are
closed under the Lie bracket, and those which vanish at a fixed point p € M form
an ideal. Thus the fiber ®Tp)_( becomes a Lie algebra, which we call the tangent
algebra.

The product M x [0, 00), has a canonical ©-structure, called the standard
®-structure, which is defined by extending each contact form 6 on M to ® €
(M, T*X) with ®(d/dp) = 0. Let 6 be a contact form and {T, Z,, Zz} an
admissible frame for CT M. We extend {T, Z,, Zz} to M x [0, 00), in the trivial
way, and define a (complexified) ®-frame {Z;} by

Zoo=pdy, Zo=p'T, Zy=pZo. Zg=pZa

where 9, = 0/dp. A O-metric g on M x [0, 00), is called a normal form ACH
metric if the components g;; = g(Z;, Z ) satisfy

8ooco =4, 8000 = 8ooa =0, goo =1+ 0(p),

(2-4)
gOOZZO(/O)’ gaﬁ:O(p)’ gaB:haB+0(p)a
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where haﬁ =hy(Z,, ZE)' On a general ®-manifold (X, [©]), the ACH metric is
defined as follows:

Definition 2.1. A ®-metric g on X is called an ACH metric if for any contact
form 6 on M, there exist a neighborhood U C X of M and a ®-diffeomorphism
®p : M x [0, 00), — U such that ®} ¢ is a normal form ACH metric.

We remark that there is an alternative definition of the ACH metric which involves
only the boundary value of g; see [Matsumoto 2013, Definition 4.6].

The germ of &, along M is unique, and we call p o q)e_l the model defining
function for #. We identify a neighborhood of M in X with M x [0, €) o through
®, and regard {Z;} as a ®-frame on X. The following proposition will be used in
the proof of Lemma 4.1.

Proposition 2.2. The boundary values Z\p, Zoly are independent of 0 and
determined only by the ACH metric g.

Proof. By strict pseudoconvexity of (H, J), the derived Lie algebras of the tangent
algebra G)Tp)_( at a point p € M are given by

D' :=[°T,X, °T,X] = span{(Zo) », (Z&) , (Z3z) ),
D?:=[D', D' = span{(Zo),}.

Thus, (Z~), and (Zy) , are oriented bases of (PHt and D? respectively. Since they
are normalized by |(Zoo)p|§ =4 and |(Zo)p|§ = 1, they are independent of 6. [l

Let 6, = ¢ 6 be contact forms on M and p and p be the corresponding model-
defining functions. Then there exists a positive function f on X such that p = fp.
Since the Reeb vector fields are related as 7 = e~ ¥ (T — i h*Y Y5 Zo +ih"* Y, Zg),
we have

Zo=p"T=¢"fZ0+0(p)

as a ®-vector field, where we regard Y as a function on a neighborhood of M. It
follows from Zo|y = Zo|u that f|y = e/ Thus we have

(2-5) p=e"2p+0(p?.

In particular, a contact form is recovered from the 1-jet of the corresponding
model-defining function along the boundary.

2C. The Levi-Civita connection. Let g be an ACH metric on a ®-manifold (X, [O])
with boundary M. Here and after, we assume that M is three-dimensional. We lower
and raise the indices of ®-tensors by g;; and its inverse g/”. In order to describe
the Levi-Civita connection of g, we introduce an extension of the Tanaka—Webster
connection by following Matsumoto. We refer the reader to [Matsumoto 2013, §6.2]
or [Matsumoto 2014, §4] for a more detailed exposition.
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Let 6 be a contact form on M. We identify a neighborhood of M in X with
M x [0, €), by the ©-diffeomorphism determined by 6. We take an admissible
frame {7, Z, Z7} and define the extended Tanaka—Webster connection VonTX by

Vi, =0, Vy,T=V;yZ =0,
VrZi=Vi¥Zi,  VuZi=Vp'Zi,  VzpZi=V;'Zi,
where VTV denotes the Tanaka—Webster connection associated with 6. Then, V
1s a ®-connection in the sense that if V, W are ®-vector fields, so is the covariant

derivative Vy W. We take the ©-frame {Z;} = {pd,, p’T, pZ,, 0 Z7} and define the
Christoffel symbols T,k by VZ, Z;,=T,;,XZx. A simple calculation shows that

1—‘oooo = 1, Fo<>00=2,
(2-6) = 1_ 2+ 1 = 1 _ 1 = 1_ 1
Foi'=pTo1’, I'm =pln, Iy =ply,

where I';;* are the Christoffel symbols of VTV with respect to {T, Z;, Z7}; the
components which cannot be obtained by taking complex conjugates of (2-6) are 0.
It follows from (2-6) that the components of the covariant derivative of a ®-tensor
St...;,”% are computed as
VooStr, = (08, —#y -+ 1) +#(Jy -+ J)) Sy,
2-7) ?()S]l...]pjlmj‘f = zvngll...lpjl”']q,
VSt = p VIV Sy T
where #(I - - - I,)) := p + (the number of 0s) and we regard S as a tensor on CH
when we apply VTV to it [Matsumoto 2013, Lemma 6.2; 2014, (4.9)].
The torsion tensor T ; ;X and the curvature tensor R;7 k1 of V are defined by
(VyW =VyV -V, WD* =T, 5 vIw/,

(Vvva —vwva —§[V’W]Y)j = E]JKLYIVKWL ’
respectively. In the ®-frame {Z;}, the components are given by
and
(2-9) Ri'7=p"Scal™h7, Ri'o=-pAn', R';= /0314111,
where Scal™ denotes the Tanaka—Webster scalar curvature, and we have removed
the CR weights in the Tanaka—Webster tensors by the CR scale corresponding to 6.

The components which cannot be obtained from (2-8) and (2-9) by the symmetries
of T and R, or by taking the complex conjugates, are all 0. The nonzero components
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of the Ricci tensor R;; = R; X x; are given by
EIT = ,02 ScalTwhﬁ, ElO = ,02A11,1.

Let V be the Levi-Civita connection of g, which is also a ®-connection ([Mat-
sumoto 2013, Proposition 4.4]). We define the difference ®-tensor D; ;K by

v,vEk=v,v¥+ D, XV’
Since V is torsion-free, we have
(2-10) D1, * =D, X +T, .
Using this relation and the fact Vg = 0, we obtain
(2-11) 2D1sk =Vi8ik +Vigki —Vk81s — Tk + T ki — Tk1y.

We will compute D; ;X by these formulas. Since the components g;; satisfy (2-4),
g is described by p-dependent tensors ¢;; on M defined by

goo=1+®o0, go1=wo1, gu=¢11, &i=hitenq

In the construction of a formal solution to the self-dual Einstein equation, we need
to examine the effect of a perturbation

(2-12) @ij > @ij + Vi, Yij=0(")

on the curvature quantities of g. It is useful in the computation to ignore irrelevant
terms on which the perturbation causes only changes in higher orders. Such terms
are of the form

(2-13) 0(p) - (p3,)' Dgy;,

where D is a p-dependent differential operator on M. These are called negligible
terms. In fact, a negligible term changes by O (p™*!) under the perturbation (2-12).
Thus, it suffices to compute D;;X modulo negligible terms. For simplicity, we
assume that the admissible frame {Z;} is unitary with respect to the Levi form;
namely /7 = 1. Noting that ¢;; = O(p), we have

(2_14) goooo:%’ gOO():gOOl:O’ 80051—(000, 8115—¢1T, gUE—W

modulo negligible terms. By computing with (2-7), (2-8), (2-10), (2-11), (2-14) we
obtain the following result:

Lemma 2.3 [Matsumoto 2013, Lemma 6.4; 2014, Table 1]. Let {T, Zy, Z7} be a
unitary admissible frame and {Z 1} ={p0,, 0*T, pZ,, pZ7} the associated ©-frame.
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Then, modulo negligible terms, the components Dy ;X are given by

Doooo™ = —1, Doop™ = D1 =0,

Doo™ =5 — (09, =g, Doi™ = —5(0d, — 301,

D™ =1—3(pd,—¢;7. D™ =—4(0d, —¢i1,
Dsooo' = Doo' = Dri' =0, Dyi' = 300,071, Dyi' = 501,
Doco' = 3(p3, + Dy, Doi' =L +pw—9¢p). Dii' =Leg
Dootl =—1+ 300,017, Dy,' = %W‘FPZAH» Dy =igo,
Doosc’ = Dy’ =0, D=1, Dy =—p*Aq,
Dot =2+ 103,000, Dot = 2(pd, — Do, Dy’ = —Lqo1.

The components which are not displayed are obtained by taking the complex conju-
gates or using the relation (2-10).

Remark 2.4. We have modified a typographical error in [Matsumoto 2013, Ta-
ble 6.2; 2014, Table 1]; the value of Dy;! above differs by —%goﬁ from that in
[Matsumoto 2013; 2014]. (Note that D;;X is denoted by DX, in [Matsumoto
2013] and by D ;% in [Matsumoto 2014].) The correct value is used in the other
computations in [Matsumoto 2013; 2014].

3. The self-dual Einstein equation

Let g be an ACH metric on a four-dimensional ®-manifold (X, [®]) which has a
strictly pseudoconvex CR manifold M as its boundary. We fix a contact form 0
on M and identify a neighborhood of M as M x [0, €),, where p is the model-
defining function for 6. We take a unitary admissible frame {7, Z, Z7} on M and
work in the associated ®-frame {Z;} = {p0,, 0*T, pZ,, pZ5}.

3A. The Einstein equation. We will recall from [Matsumoto 2013; 2014] the
computation of the Einstein tensor modulo negligible terms which is needed in the
construction of the Einstein ACH metric. We set

E;; :=Ricyy +%811-

In terms of the extended Tanaka—Webster connection and the difference ®-tensor,
the curvature tensor of g is expressed as

G-1) R xkr =R/ kL +ViDr’
~ VD1’ +Dm? D™ — Dy’ D™ + T Dyt
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Hence, the Ricci tensor is given by

(3-2) Rics;=R;5k;
=Ry +VgD;;® —V;Dg,X B
+Dxm® D™ — Dy D s™ + T i™ Dy s *
=Ry +ViD;;* —ViDg ;X + D™ D1 — Dyt * D M.

In the last equality, we have used (2-10). With this formula and Lemma 2.3, we
can compute E;; modulo negligible terms:

Lemma 3.1 [Matsumoto 2013, Lemma 6.5; 2014, Lemma 4.2]. Let {T, Z;, Z7}
be a unitary admissible frame and {Z;} = {pd,, p*T, pZy, pZg} the associated
O-frame. Then, modulo negligible terms, the components of the Einstein tensor E;
are given by

Ecoso = —300,(p3, —4)p00 — p3,(p0p — ;1.
Ex0 =0,
Eoo1 = —5(pd, + Dgor,
Eqo = —2p*|AP® — §((09,)” = 609, — 4)g00 + 5 (03, — 27,
Eo = p’ A, = §(pd, + 1) (pd, — 5o,
Eqg=p*Scal™ —L1((p8,)* — 603, —8)¢,7+ L(03, — Do,
Enn=ip*An —p*Aio— %Pap(/)ap — D11

The components which are not displayed are obtained by the symmetry or by taking
the complex conjugates.

Remark 3.2. We have corrected the value of Eyy in [Matsumoto 2013, Lemma 6.5;
2014, Lemma 4.2], where the term —2p*|A|? is missed, though this modification
has no significant effect on the construction of the Einstein ACH metric.

3B. The self-dual equation. Let {6’} be the dual ®-coframe of {Z;}. We take the
orientation of X such that & A d® Adp > 0, and define a skew symmetric O-tensor

erykL by
VOlg = 4%8IJKL01 /\0‘] /\OK /\0L,

where vol, is the volume form of g. Since det(g;;) = —4(1 + oo + 2¢,7) modulo
negligible terms, we have
vol, = | det(g;,)|"/2i0° A0 AO' A O™
= (2 +ipoo+2i@1)0° AT AB AO™,
and hence
(3-3) E01T00 = 21 + 1000 +2i¢;7.
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Let P;; = %Ricl J —% Scal g;; be the Schouten tensor, and let

Wiske =RijkrL+ 81k PrL — 8k Pr+ 81 Prk — 81 Prk
be the Weyl curvature. Since X is four-dimensional, we can define the anti-self-dual
part of the Weyl curvature, which is given by
WiikL = %(WIJKL - %SKLPQWIJPQ)-

Note that W, has the same symmetry as the Weyl curvature and satisfies

1 POw— - W~
36kl " Wipo==WikL

Thus, by (2-14) and (3-3), we have

(3-4) Wo?:OooO = _Wo_o]ooT o Wo:ﬁool = _2Wo_o]ooT’
B PO

(3-5) Wior = €0tV © = _§WIJIOO’
_ — 0o I y,—

(3-6) Wor= "m0 Wr o = ~5 W0

modulo O(p) - W, p . Since W, = Wy, we also have

R A
WO]KL = _iwlooKL’

N
WlTKL= 2W000KL

modulo O(p) - W, . As a consequence, we have the following lemma:
Lemma 3.3. Let m be a positive integer. If W_; 1» W 001> Wegoso = O(0™),
then W = O(p™).

Thus, in order to solve the self-dual equation W, ., = O(p>°), we only have to
deal with the three components indicated above.

Next, we consider the Bianchi identity which relates the self-dual equation to
the Einstein equation. Let C;jx := Vg Py — V; Py be the Cotton tensor of g and
define the anti-self-dual part C;;, by

Cryx = 3(Crik — 385" Crpo).
Then, since V;e; gy = 0, the Bianchi identity VW ke =CrkeL yields
1 — —
ViWke =Crke-

If g satisfies E;; = O(p™) for some m > 1, then we have P;; = —ﬁgu +0(p™)
and hence C;; = O(p™) since the covariant differentiation does not decrease the
vanishing order of a ®-tensor. Therefore, it holds that

Erp=00") = VW, =00™.
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To derive the consequence of the latter equation, we will compute
Iy— lw— — I M - I M
G VWi =V Wik =Wk P17 = Wiyg D7
- I M - I M
“Wim D k" = WiguD'r

modulo O(p) - DW, ., where D is a p-dependent differential operator on M. By
computations similar to (3-4), (3-5), (3-6), we have

Iw— Ivr—
(3-8) ViW 0000 = —2V WIlooT’
Iwv— _  Loly—
(3-9) \ W1101 =—§V WIJloo’
Iw— _  Lwolyw—
(3-10) \Y 1m=_§V W, 000

modulo O(p)-DW;; k. By (3-9) and (3-10), it suffices to consider the cases where
K = oo. Then, taking complex conjugates we may assume that L =0 or 1, and the
case (J, K, L) = (1, 00, 0) is reduced to the case (J, K, L) = (1, 0o, 0). Moreover,
by (3-8) the case (J, K, L) = (1, 00, 1) is reduced to the case (J, K, L) = (0, 0o, 0).
Thus, it suffices to compute (3-7) for

(J,K,L)=(1,00,1),(0,00,0), (0, 00, 1), (1, 00, 0), (00, 00, 1), (00, 00, 0).
By (2-7), we have

=0 _
+V Woke

—7 _ —00 ... _ —=1 _ =1 _
\ WIJKL =V WooJKL+V WIJKL+V WTJKL

H(pd, —#(c0JKL)) W 151

The other terms in the right-hand side of (3-7) can be computed by Lemma 2.3.
The final results are:

Iy— 1 - Iv— 1 _
VWi = Z(pap —DWoisetr V' Wieo = Z(pap — )W 0x0-
- 1 _ _ 1 _
(3-11) vIVVIOool = Z(paﬂ - 6)W000001’ vIVVIlooO = Z(pap - S)WOOIOOO’
Iy — Y - Iy — _
v Wlooool = EWOOOOOI’ v Toooo0 — 0.

Consequently, by an inductive argument, we have the following implication:
Ery=0(p" = Wk, =00".

Moreover, if E;; = O(p>) then W ooeo ad W o = O(p’), but we cannot
conclude that W_, , = O(p’). Thus, we may use the equation W tool = 0(p°)
as a normalization on the metric which is independent of the Einstein equation.
We will also use a normalization on the p®-term in W 0so Whose vanishing is
not imposed by the Einstein equation. To make sure that such normalizations
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in fact work, we must calculate the variations of W_, , and W_,_ . under the
perturbation (2-12).

First, we calculate the relevant components of the curvature tensor modulo negli-
gible terms. Since the curvature tensor is given by (2-9) and R;joox = —4Rx 17,
we obtain the following result by a straightforward computation using (2-7) and
Lemma 2.3:

| .
Roo00c0 = 4+§ ((03,)*—403,+8) @00, Ro1000 = i(03p+1)¢01,

((/Oap)z—zpap-i-Z)fﬂu, Ro1oo1 EpzAll_ipap‘/)ll,

0=

Roolool =

(-12) i i 3i
ROTool = _§+Z(pap_2)(p00_zpap(ﬂﬁa R]Tool = Z(pap—l)(pm,
Ritoco = —i+5(0p=2)000—7 p3p 11

These equations enable us to compute the variations of the curvature components
under the perturbation (2-12), which we denote by putting “8” to each component.
For example, by the first equation in (3-12), we have

8 Roc0o00 = 5 (m* — 4m + 8) o0 + O (0" *1).
Next, we calculate the variation of the Schouten tensor
Pry=3E;; — S(Ex* +3)g1,.
Since Ej; = O(p) by Lemma 3.1, we have
8Py = 38E1) — 158" (8Ex1)81s — 38815 + O (0" ™),

which yields

8 Pooos = —é(m2 —3m — 1) o0 — %(2m2 —m 42,7+ 0™,

8Pscy = O(p" ™),

8 Poct = = (m+ Do + 00",
(3-13)  8Poo = =5 (m® = 6m = Do+ 5_(m* +m — 1)y + 0 ("),

8 Por = = (m® = 4m — Dor + 0(p"*),

§P= L1

1 m
1= 35" = 3m —10)yoo — 2 (m* = 8m = 8)y7 + 0 ("),

1
Py = —1—6(m2 —4m+ 4y + 0 ("),
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From (2-14), (3-12), and (3-13), we have

Woot”' = 0(p),

Wao!! = —i + 0(p),

SWoor "' = =2 (m = 2911 + 0 ("),

(3-14) o .
(SWoool] = %(m —2)¢00 — é(m _4)wlT+ O(,Om—H),

1
§Wootoot = 7 (m* =411 + 0 ("),
S W00 = é(m2 — 3m +20) W0 — é(m2 —2m 4+ 16)y1 + O (™).
Finally, by (3-3) and (3-14), we obtain
(3-15) (SW;)]oo] = %(8Woolool - 580010T : VVoolOT —€50101 " SWOOIOT) + 0(pm+l)
= 1(m* —2m)y; + O (p" 1),
(3-16) W5 0000 = 5 (8 Woct000 — 8€acqity - Wood ' — €071 - 8 Wec0' ') + O (0" +1)
= 15 (m* +3m +2)Y0 — 75 (m* +4m +4)¥1 + 0 (p" ).

3C. Bianchi identities. Since the Einstein equation is an overdetermined system,
we need some relations which are satisfied by the components of the Einstein tensor
in order to construct a formal solution to the Einstein equation. Some of them are
given by the Bianchi identity g/ VkE;; =28 VEk:

Lemma 3.4 [Matsumoto 2013, Lemma 6.6; 2014, Lemma 6.1]. Suppose g satisfies
E;; = 0(p™) for an integer m > 1. Then, we have

(3-17) (m —8) Eoooo — 4(m — 4)Egg — 8(m — 2)E;; = O (p™ ),
(3-18) (m —6)Ecco = O (p™),
(3-19) (m —5)Eool —4i Eg1 = O(p™ ™).

We will also use some equations obtained from the Bianchi identity V/ W, ., =
C; k., in the construction of g. Since the Cotton tensor is given by

Crixk =5(VkEry—VyEig) — 15((Vk EL") g1y — (V,ELM)gik).

we can compute the components C;; - in terms of E;; by using (2-7), (2-14), (3-3),
and Lemma 2.3. As a result, we have the following lemma:
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Lemma 3.5. Suppose g satisfies E;; = O(p™) for an integer m > 1. Then,

(320)  Cioy=—5m—2)E;1+ 0™,
(3-21)  Cooo=—2MmE00+ g9c(m —12) Esoos + 15 (m + 6) Ej7 4+ 0 (0™,
(322)  Crno=—1(m—=2)Ecxco+ 0" ).

0000 =

4. Construction of the metric

4A. The formal solution to the self-dual Einstein equation. Let M be a three-
dimensional strictly pseudoconvex CR manifold. We fix a contact form 6 and
construct a one-parameter family of ACH metrics g* on X = M x [0, 00) » Which
are in normal form with respect to 6 and satisfy the Einstein equation to infinite
order. The parameter A € R is involved in the normalization on the pS-term in g*, and
if A = 0 the metric is self-dual to infinite order. As in the previous section, we take
the ©-frame {Z;} = {pd,, 0T, pZ, pZ7} associated with a unitary admissible
frame {T', Z, Z7} on M. We suppress the superscript A in the following.

First we show a lemma which assures that our normalization condition is inde-
pendent of the choice of 6.

Lemma 4.1. Suppose that an ACH metric g on X satisfies Wik = 0(p%), and
let pg be the model-defining function associated with a contact form 6. Then,

. 6y —
(4-1) No -= ('00 WooOooO) |M
satisfies ng = —3Y g for the rescaling 0 =eo.

Proof. By Proposition 2.2, Z |y and Zy|ys are determined by g and independent
of 6. Thus, we have

o~

500000 = Waaoseo + O (07).

Since pz = X2 pg + 0(p?) by (2-5), we obtain nz = 3. U

This lemma implies that if ny has a universal expression in terms of the Tanaka—
Webster connection, then it defines a CR invariant n € £(—3, —3). Since such a
CR invariant is necessarily a multiple of the obstruction density [Graham 1987],
we are led to the CR invariant normalization n = AO.

Now we construct the metric and prove Theorem 1.2. We start with an arbi-
trary normal form ACH metric g}lj), which automatically satisfies E;; = O(p) by
Lemma 3.1. Supposing that we have a normal form ACH metric g%) such that

E;; = 0O(p™), we consider a perturbed metric

m+1
g§J+)=g§‘r7)+wIJ’ woojzo, WIJZO(pm)
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and try to solve Ej; = O(p™+1). We also take Wk into consideration in each
inductive step by using the following equations modulo O (p)-DW/, -, from (3-11):

(4-2) VW = i(ﬂap —HW 0010
(4-3) VI W00 = i(ﬂap = O W 0000°
(4-4) VWt = 5 Waomer:

(4-5) VI Wias0 =0-

By Lemma 3.1, the variation of Ej; is given by

(46)  SEaoe =—3mm =40 —m(m =2y 1+ 0",
(4-7) 8Eoa0 = 0(p"*"),

48)  8Ewi=—1(m+Dyor+ 0",

(4-9) 8Eoo = — 5 (m® — 6m — 40 + 3(m = 21+ 0(0" ),
(4-10) SEor :—%(m—i—l)(m—S)l/f(n—I—O(,OmH),

@4-11) BE |y = —5(m® —6m =)y + < (m —4)y0 + 0 (0" ),
(4-12) SEn :—%m(m—4)1//11+0(pm+1).

The determinant of the coefficients of (4-9) and (4-11) as a system of linear equations
for Yoo and 7 is

det (—%(m2—6m—4) 1m—2)

ym—4)  —1(m®—6m— 8)) = gam(m+2)(m —6)(m —8).
8 8

First we consider the case of m < 5, where the determinant is nonzero. We
determine Yo and ;7 (modulo O(p"*1)) by (4-9) and (4-11) so that Eog, E i=
O(p™*1) holds. Then, by the Bianchi identities (3-17) and (3-18), we have Eoo0
and Exo = O(p™*!). We determine g by (4-8) to obtain Ex; = O(p™ ™).
Then, (3-19) gives Eg; = O(p™*!). When m < 3, (4-12) determines Y11 so that
Ei1 = O(p™*"), thus we have E;; = O(p"*!). Moreover, by (4-2)—(4-4) and
Lemma 3.3, we also have W, ,, = O(p™*1). When m = 4, we cannot use (4-12)
to obtain E1; = O(p°). However, since W, = O(p*), it follows from (4-2) that

ot = VW =AW+ 00 = 0(0Y),
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so we have Ej; = O(p°) by (3-20). (This also follows from the fact that the CR
obstruction tensor O1; = (p~*E1;) | vanishes in three dimensions; see [Matsumoto
2013; 2014].) Thus, we have E;; = O(p’) and by (4-2)—(4-4), it holds that

- 4 - - 5
Woolool = 0(10 )’ WooOooO’ WooOool = 0(10 )

We can choose ¥q1 so that W, , = = O(p°) holds since

5W<;1001 =y + 0(;0 )

by (3-15). Thus we obtain unique g ) modulo O (p°) with E;;, WiikL= 0(p°).
When m =5, we can construct g”) w1th E;; = 0(p®) in the same way as form <3
and we also have W, ., = 0 (p®) by (4-2)—(4-4).

Next we consider the case of m = 6, where the equations (4-6), (4-9), (4-11)
are not pairwise independent. We determine rg; by (4-8) so that Es = o).
Then we also have Eg; = O(p”) by (3-19). We determine 1 by (4-12) and obtain
Ei1=0(p"). By (3-16), we have

(4-13) SW 0000 = 5 V00 — Y174+ 0 ().
We use this equation and (4-6) to determine o9, ¥, so that
Eswoo = 0(,07) n= 20

holds. Thus we have determined g 1 J and we must check that it also satisfies
Eoo. E\7, Exco = O(p"). Since W, ;, = O(p®), by (4-3) we have

Como = HE =) Wgsg + 00" = 0(0).
Then it follows from (3-21) that
—2Eq+E ;1= 0(p").

Also, (3-17) gives
Eq+4E,;=0(p").

Therefore, we have Ey, E,7 = = O(p’). Moreover, by W,k = 0 (p®) and (4-5),
it holds that C__, = O(p”), which implies Eo = O(p’) by (3-22). Thus, g\’
satisfies E;; = O(p’), Wik = 0(p®), and n = LO. We note that it satisfies
Wik = O(p’) when A =0.

When m = 7, we can determine g ) 5o that it satisfies E 17 = O(p®) in the same
way as inm < 3. If L =0, it also satlsﬁes WiikL = 0(p® by (4-2)—(4-4).

Let us consider the case of m = 8. In this case, (4-9) and (4-11) are not inde-
pendent. We use (4-6) and (4-9) to determine Yoo and 7 so that Eqoeo, Ego =
O(p®). Then (3-17) gives E,; = O(p°). We determine v; and ¥ by (4-8) and
(4-12) respectively and obtain E, E11 = 0(p°). By (3-18), (3-19), we have
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Es0, Eo1 = O(p?). Thus we have constructed g}gj) with E;; = 0(p?), which
satisfies W, ., = O(p°) when . =0 by (4-2)—-(4-4).

Finally, let m > 9. In this case, the equation E;; = O(pmH) determines g; ;
in the same way as in m < 3, and it satisfies W ., = O0(p"*!) by (4-2)- (4 4)
when A = 0.

Consequently, We can construct all g, ;
obtain a solution g’ 77 to

Erj=00%), Wi =00%, n=»20,

(m+1)

(m+1) inductively, and by Borel’s lemma we

which is unique modulo O (p*>°). By the construction, 891 satisfies W, ., = O (p™).
Thus we complete the proof of Theorem 1.2.

4B. Dependence on L. We can read off the dependence of g? 7 on the parameter A
from the construction.

Proposition 4.2. The metric g;‘ 7 admits the following asymptotic expansion.

k k k k
gt gu+ZAkp6"¢< 0). ol =) =01} =0.
k=1

Here, ¢§kj) (p) is a formal power series in p.

Proof. We write the Taylor expansion of g% 7= g? yas
kghk  prk
gu gu Zp @y, P =0.

Then, it suffices to show that 7 lk = <I>A lk = 0 and each ®* 7 J 1s a polynomial in A of
degree <k/6. Flrst we note that g” g” = 0(p?), so <I>” = 0 for k <5. Since
both g” and g” satisfy Eoo1, E11 = O(0°°), we also have that CD 1 = QDAIk =0 for
k > 6, by (4-8), (4-12). From (4-6), (4-13), we see q)oo and q)ﬁﬁ are determined by

2,6 2,6
—6d, _24<D1T =0,
Baoj - Lot =10,
Thus we have deg CI> 0 =deg P T =1. Now we prove deg q’oo , deg CIDU‘ <k/6
by the induction on k. When k > 7, cboo and d™ T are determined by the condltlon
8kE00|p =0 = 8 E11|p =0 = 0 for k 75 8 and 3 Eoooolp =0 = 8 E()()|p =0 = 0fork = 8.
These condltlons can be regarded as a system of linear equations for CDOO and ™ 11 ,

and in view of (2-7), (2-11), (3-2), the terms involving the other components are
linear combinations of

D@} - D(DIJ’ Uit <k, 1 <k),
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where D; is a differential operator on M. Then, by the induction hypothesis,

it -+,

Ak
deg @) < Z

Thus, we complete the proof. U

4C. Evenness. Let g be a normal form ACH metric on M x [0, 00),. Then it can
be written in the form

h, + 4dp*
g:—

(4-14) p

k)

where h, is a family of Riemannian metrics on M. We say g is even when h,
has even Laurent expansion at p = 0. In other words, g is even if and only if the
components goo, g11, &7 are even in p, and go is odd in p. An ACH metric is said
to be even if its normal form is even for any choice of 6.

Proposition 4.3. The ACH metric g is even.

Proof. Fix a contact form @ and suppose g” is in the normal form as (4-14). By
using the Laurent expansion of /4, we can regard the right-hand side of (4-14) as
an ACH metric g* defined on M x (—o0, 0],. Then, g” also satisfies

Erj=00%), Wi, =00, n1=»0,
with respect to the orientation satisfying
00N AT A =ip 50 A0 AOT Adp > 0.

We consider the ACH metric t*g* on M x [0, 00),, Where ((x, p) := (x, —p). Since
| preserves the orientation, (*g* satisfies

E;j=0(p%), Wy g =0(".
Noting that (,Z = Z, and (,Zy = Z, we have

P OW " ¢ Tococ0 = () (W[ 1) (Zoo, Z0, Zoo» Zo)
= L*(/O76W7[g)l](L*Zc>07 Lo, Lo, L*ZO))
=" (p~° WIg% loc0oc0)-

Thus, (*g” also satisfies n = AO. Therefore, by the uniqueness we obtain
Cgt=g"+0(™),

which implies that g’ is even. O
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5. CR GJMS operators

Matsumoto [2016] generalized the CR GIMS operators to partially integrable CR
manifolds via Dirichlet-to-Neumann type operators associated with eigenvalue
equations for the laplacian of the ACH metric. In dimension three, it is stated as
follows:

Theorem 5.1 [Matsumoto 2016, Theorem 3.3]. Let M be a three-dimensional
strictly pseudoconvex CR manifold and g an ACH metric on a ©-manifold X with
the boundary M. Let 6 be a contact form on M and let p be the model-defining
Sfunction associated with 0. Then, for any k € N, and f € C*°(M), there exist
F, G € C®(X) with F|y = f such that the function u := p~**>F 4+ (p**? log p) G
satisfies

<A+%2— 1)u — 0(p™),

where A = —g!/V;V; is the laplacian of g. The function G is unique modulo
0(p™®) and Py f = (=D k\(k — 1)!/2 - G|y defines a formally self-adjoint
linear differential operator £(k/2 —1,k/2—1) - E(—k/2 -1, —k/2 — 1) which
is independent of the choice of 6 and has the principal part Alg.

We apply this theorem to our metric g*. Since g* is determined to infinite order
and the Taylor expansion has a universal expression in terms of the pseudohermitian
structure, the operator P2’xk has a universal expression in terms of the Tanaka—Webster
connection. Thus, we obtain the CR GJIMS operators P2’\k forall k > 1.

In order to prove that szk is a polynomial in A of degree < k/3, we will review
the details of its construction. A linear differential operator on X is called a ©-
differential operator if it is the sum of linear differential operators of the form
aYy--- Yy, where a € C®(X) and Y; € ['(®TX). Note that a ®-differential
operator preserves the subspace p”C (X)) C C®(X) foreach m > 1. We fix a
contact form 6 and denote the associated Tanaka—Webster connection by VTV,
Suppose that g* is of the normal form

d 2
g)\:kp+4%

for 60, where k, is a family of Riemannian metrics on M. Then, the laplacian A
of g’ is written as

(5-1) A=—Y(03,)>+ pd, + p*Ap — p*T* + pV
with the ®-differential operator W defined by
Wf =—4(0,logdetk,)pd, f —p~ (k)Y — (kg H) VWV £
+ 3G Ry Y o (VY (Kp)jic+ VY (kpik — ViEY (ki) VY f.
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Here, the components are with respect to a ©-frame {Z,}, and we note that (k ; i —
(ko ) and VIV (k) jx + VIV (kp )ik — Vi (k, )ij are O(p) by (2-6). In particular,
W involves d, g? ; but not higher order derivatives.

Given a function f € C*°(M), we try to solve the equation

2
(A n kZ - 1)(p*k+2F) —0

for F e C®(X) with Fly = f. Let F ~ Y52, fWp/, (fU) € C®(M)) be the
Taylor expansion of F along M. By (5-1), we have

k2 _ . . _ . 1 L. . )
(5-2) (A+Z—l>(p 247 Dy = p=k+24) <_ZJ(J_Zk)f(j)erfo(/))’

where D; is a p-dependent linear differential operator on M. Starting with f O = f,
we inductively define £ so that F satisfies

k2 . _ .
(A+Z_1)(p k+2F)=0(,0 k+3+])‘

Let D; ~ Y 12, D;l) o' be the Taylor expansion of D;. Then, by (5-2), f () is
determined for j <2k — 1 as

j—1
fO =% N plt=h 0,

We cannot define f % due to the vanishing of the coefficient of f% in (5-2), and
we need to introduce the logarithmic term (p**2log p)G in which the coefficient
G| is a multiple of

(o= tn),

Therefore, up to a constant multiple, szk f is given by

2k—1 _

Z D;Zk—l—j)f(j).

j=0
Since W involves only g}\ ; and their first order derivatives in p, D;l) involves 97 g}x 7
for m <1+ 1. Consequently, Pz’xk 1s written in terms of 8;1 g? ; (m < 2k), and by
Proposition 4.2 it is a polynomial in A of degree < k/3. Thus we complete the
proof of Theorem 1.3.

6. Convergence of the formal solutions

We will prove Theorem 1.4, which asserts that the formal solution g converges
to a real analytic ACH metric near M when M is a real analytic CR manifold. In
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the case of A = 0, this recovers the result of Biquard [2007]. The key tool is the
result of Baouendi and Goulaouic [1976] on the unique existence of the solution to
a singular nonlinear Cauchy problem. Let us state their theorem in a form which
fits to our setting.

We regard local coordinates (x, p) of M x [0, 00), as complex variables and
consider an equation for a C" -valued holomorphic function v(x, p) of the form

6-1) (pdy)" v+ Ap—i (pap)m_lv + 4 A
= F(X, o> {(pap)la)(cx(lov)}l-i-\ﬂfm, l<m),

where A; is an N x N matrix and F(x, o, {y1,«}i+|a|<m, 1<m) 1S @ holomorphic
function near 0. For each k € N, we set

Phk) :=k™I + k" "Ap_1+--+ Ao,

where [ is the identity matrix of size N. Then, by [Baouendi and Goulaouic 1976,
Theorem 3.1] we have the following theorem:

Theorem 6.1. [fdet P(k) #0 forall k €N, (6-1) has a unique holomorphic solution
v(x, p) near (0, 0).

In the original statement of [Baouendi and Goulaouic 1976, Theorem 3.1], the
right-hand side of the (6-1) is replaced by G (p, {(pap)’ag (PV) }i4|a|<m, 1<m) With
G a C*°-map

G:CxBY - B,

where B is the Banach space of C"-valued bounded holomorphic functions of x on
a fixed polydisc, and N’ is the number of multiindices (/, «) such that / + |«| < m,
[ < m. Also, the solution v is given as a C*°-function of p valued in B. In our
(6-1), G is given by G(p, {y1.«}) := F(x, p, {y1.«(x)}). Since this is analytic in p,
it follows from [Baouendi and Goulaouic 1976, Remark 2.2] and the proof of
[Baouendi and Goulaouic 1976, Theorem 3.1] that the solution v(x, p) is C* and
v(x, p™) is holomorphic, which implies that v(x, p) itself is holomorphic. Thus
we obtain Theorem 6.1 as a special case of their theorem.

Now we apply this theorem to our case. We assume that M is a real analytic CR
manifold. Let g7 ; be the components of the formal solution g" in a ©-frame {Z;},
and let |

ggkj) = Ea]/;gﬁhf M
be the Taylor coefficients, which are analytic functions on M. We consider an ACH
metric of the form

8
~ k (k 0~
g =Y 0] +0°F1,
k=0
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which automatically satisfies E;; = O (p?). Then, we consider the equation
(6-2) —8p"(Eoo, E,7, Eo1, E11) =0

for v = (@oo. @7, Y01, @11). We shall show that this equation is written in the form
(6-1) for m = 2 and satisfies the assumption of Theorem 6.1; then we can conclude
that g} ; converges since it gives the Taylor expansion of the solution v.

We see that in Lemma 3.1 the negligible term which we ignored in the computa-
tion of E;; is an analytic function in

x, p, p(pd,)'8%(0°F) forl+la|<2, 1 <2.
Thus, it can be written in the form

D0, 00+ 07 £ 0 0, 1(09,)1 0% (@) 4 jal<2, 1<2)

with analytic functions fl(;), @ . Then, by Lemma 3.1, we have

—8En0 = 11(p3,)p00 + 12(00,) 97
+16p* AP+ £ (. p) + 0% £33 (x, . {(09) 9 (PPN )i ial<2, 1<2)s
where

8
k
orr=>_ 0l +0°1s

and
L) =12 —6t—4, ©L(t)=—4(—2).

Since Eqy = O(p°), we have
8 8
103, (X2 *al ) +12000,) (3 08 %)) +16p" AP+ 135 (x. 0) =" £33 (. )
k=1 k=1

with some analytic function foo) Therefore, the equation —8p 2 Eqo = 0 is written

L (03, +9Goo + (03, + NP7 + Foo(x, p, {(09,) 8% (0%) i ja<2, 1<2) = O

with an analytic function Fyy.
Similarly, the equations —8p°E;; = 0 for (I, J) = (1, 1), (0, 1), (1, 1) are
respectively written as
(03, +9)%00 + 14(pd, + NG5+ Fi7(x, p, {(08,) 8% (0@)}141a)<2. 1<2) = O
I5(pd, +9)@01 + Foi (x, p, {(p8,) 0% (0@} 1al<2. 1<2) =0
Is(pdy + @11 + F11(x, p, {(p8,) 0 (0@} 1al<2. 1<2) =0
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where F|7, Fo1, Fi1 are analytic functions and
L) =—t+4, L) =t>—6:1—8, Ist)=0C+1)t—=5), Is(t)=1(—4).
Hence (6-2) is of the form (6-1), and we have

Li(k+9) L(k+9)
det P(k) = det Lk +9) Ta(k +9) I+ 9)

Is(k +9)
=(k+ Dk +3)(k+4)(k+5)(k+9)>(k+10)(k + 11)
#0

for any k € N. Thus, by Theorem 6.1, (6-2) has a unique holomorphic solution and
we complete the proof of Theorem 1.4.
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DOUBLE GRAPH COMPLEX
AND CHARACTERISTIC CLASSES OF FIBRATIONS

TAKAHIRO MATSUYUKI

In this paper, we construct a double chain complex generated by certain
graphs and a chain map from that to the Chevalley—Eilenberg double com-
plex of the differential graded Lie algebra (dgl) of symplectic derivations
on a free dgl. It is known that the target of the map is related to charac-
teristic classes of fibrations. We can describe some characteristic classes of
fibrations whose fiber is a 1-punctured even-dimensional manifold by linear
combinations of graphs though the cohomology of the dgl of derivations.

1. Introduction

The Chevalley—Eilenberg complex of the limit of the Lie algebra of symplectic
derivations on (graded) free Lie algebras is isomorphic to the graph complex defined
by the cyclic Lie operad (details in [Kontsevich 1994; 1993; Conant and Vogtmann
2003; Hamilton 2006]). In this paper, we introduce an extension of (the dual of) the
construction to a Lie algebra of symplectic derivations on free differential graded
Lie algebras (dgls). Let (W, w) be a finite-dimensional graded vector space with
symmetric inner product of even degree N and ¢ a differential of degree —1 on
the completed free Lie algebra Lw satisfying the symplectic condition dw = 0.
An important example is the case that (LW, 8) is a Chen dgl model of an even-
dimensional manifold and w is its intersection form. We construct a W-labeled
graph complex Cg» (W) and a chain map

com

Cona (W) — C(Der, (LW))

com

to the Chevalley—Eilenberg (double) complex Cp (Derw(i W)) of the differential
graded Lie algebra (Derw(i W), ad(8)) of symplectic derivations on LW. Further-
more, from the nonlabeled part C2;y (N, Z) of the graph complex, which depends
on only the integer N and the set Z of degrees of W, we can obtain a chain map

Cimm(N, Z) C Cope W)W — €t (Der,, (LW))SPM2),

com com

I would like to thank Y. Terashima and H. Kajiura for many helpful comments. This work was sup-
ported by Grant-in-Aid for Japan Society for the Promotion of Science Research Fellow (17J01757).
MSC2010: primary 55R40; secondary 55P62.

Keywords: graph complex, characteristic class, derivation, fiber bundle.
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where Sp(W, §) is the group of graded linear isomorphisms of W preserving o
and 4. In the case of N =0 and Z = {0}, the map corresponds to the Kontsevich
one [1994; 1993].

The construction above gives characteristic classes of fibrations. It is known
that characteristic classes of simply connected fibrations are related to Lie alge-
bras of derivations [Schlessinger and Stasheff 2012; Tanré 1983]. In nonsimply
connected cases, we got relations between characteristic classes and Lie algebras
of derivations as in [Matsuyuki and Terashima 2016; Kajiura et al. 2016]. In this
paper, we consider the case that the boundary of a fiber is a sphere. For a simply
connected compact manifold X with 0X = §"~1 let auty(X) be the monoid of
self-homotopy equivalences of X fixing the boundary pointwisely and auty ¢(X) its
connected component containing idy. According to [Berglund and Madsen 2014],
the isomorphism

H*(B auty o(X); Q) ~ Hg(Der} (Lx))

is obtained. Here L x is a cofibrant dgl model of X. The underlying Lie algebra of L
is generated by the linear dual W of the suspension of the reduced cohomology
of X. So the graph complex above gives the invariant part of the cohomology
Hig (Der; (Lx)) with respect to the action of the group Sp(W, §) of automorphisms
of W with intersection form preserving the differential § of Ly. Using the Serre
spectral sequence for the fibration

B auty o(X) — B auty(X) — Bmp(auty (X)),

the image of the natural map H*(B auty(X); Q) — H*(B auty o(X); Q) is included
in the invariant part. We give a chain map

Coom(N, )4 = Cg(Dery (Lx) TP

com

using a positive truncated version C2* (W), of C2* (W). Considering W-labeled

com com

graphs, we can also obtain a W-labeled version C¢; (W), and a chain map

Comi (W) — C&p(Deryf (Lx)).

com

2. Preliminary

In this paper, all vector spaces are over a field K whose characteristic is zero. A
field K is regarded as a Z-graded vector space all of whose elements have degree 0.
For a finite set U, the number of elements in U is denoted by #U .
All tensor products of linear maps between Z-graded vector spaces contain their
signs: for homogeneous linear maps f: A — V and g : B — W between Z-graded
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vector spaces, we set

(f ®g)(a,b):= (=D f(a) ®g(b)

for a € A and b € B. (We often denote by |a| the degree of an element a. But we
omit the symbol | - | of the degree when it appears in a power of —1. For example,
(—1)8¢ means (—1)'¢llal )

Let V be a Z-graded vector space. We denote by V' the subspace of elements of V
of cohomological degree i and V; = V! the subspace of elements of homological
degree i. Note that the linear dual V* = Hom(V, R) of V is graded by (V*)! =
Hom(V;, R).

The p-fold suspension V|[p] of V for an integer p is defined by

Vipl :=V'tP,

and elements of V[p]' are presented by xo for x € VI*? using the symbol o of
cohomological degree —p. The p-suspension map V — V[p] is also denoted by o.
In this paper, the N-suspension ¢ for an even number N often appears. It is used
for adjusting degrees of elements though we can ignore it when calculating signs.

Let V be a Z-graded vector space and o : V @ V — K be a nondegenerate
bilinear map of (cohomological) degree n. Out of the two conditions

@) ax,y)= (—D*a(y, x) for homogeneous elements x, y € V, and
(i) a(x,y) =—(—D*a(y, x) for homogeneous elements x, y € V,
the pair (V, @) is called a symmetric vector space with degree n if satisfying (i),
and a symplectic vector space with degree n if satisfying (ii).
2A. Algebras and signs. Let V be a finite-dimensional Z-graded vector space.

Definition 2.1. We define the following quotient algebras of the tensor algebra 7TV
generated by V.

e The symmetric algebra SV generated by V is the Z-graded commutative
algebra which is the quotient algebra obtained from the Z-graded tensor algebra
TV by introducing the relation

xy=(=D"yx
for x, y € V. The image of V®* for an integer k in SV is denoted by S¥V .

o The exterior algebra AV generated by V is the Z-graded anticommutative
algebra which is the quotient algebra obtained from the Z-graded tensor algebra
TV by introducing the relation

xy = —(=1)%yx
for x, y € V. The image of V®* for an integer k in AV is denoted by A*V.
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Definition 2.2. For distinct elements vy, ..., vy € V and a permutation 7 € Gy,
the sign € defined by the equation on S¥V

Ul...vkzé.vﬂ(l)...vﬂ(k)

is called the Koszul sign of (vi, ..., v) = (Vz(1), ..., Uz@k)). Similarly the sign
€ defined by the same equation in A*V is called the anti-Koszul sign. Note the
equation € =sgn - €.

2B. Derivations. Let W be a finite-dimensional Z-graded vector space.

Completed tensor algebras. We denote the completed tensor algebra by

o0
TW := []we
r=0

Its product p and coproduct A are defined by

/‘L(xl®"'®x3vxs+l®"‘®xr):xl®"'®xrs

,

AM® - ®@x)=) D € () ®  ®Xe(s) ® (re(st1) @+ ® Xe(r)
s=0 t€Ush(s,r—s)

for homogeneous elements xi,...,x, € W, where Ush(s,r — s) is the set of

(r, s — r)-unshuffles and € is the Koszul sign of the permutation (x, ..., x,) —

(Xz(1y, - - -, X¢(r)) (Definition 2.2). The primitive part of TW is the completed free

Lie algebra LW. These algebras have the gradings defined by the grading of W.

Derivations on a completed tensor algebra. Let Der(LW) be the Lie algebra of
(continuous) derivations on the completed algebra T W. Given a symplectic inner
product w of degree N on W, we define the Lie algebra of symplectic derivations
on TW
Der,,(TW) := {D € Der(TW); D(w) = 0}.

Here o is identified with the element of LW described by

> wiylxt, X7,

i<j

where {x'} is a basis of W and matrix (w;;); ; is the inverse matrix of (w(x', x/)); ;.
Since derivations on 7 W are determined by the values on the generating space W,
we get the isomorphism as graded vector space

®,, : Der(TW) ~Hom(W,TW)~TW ® W[—N] = ]_[ W& [—N],

r=1
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where the second isomorphism is induced by the isomorphism Hom(W, R) =~
W[—N] derived from nondegeneracy of w. Furthermore, we also have the identifi-
cation by @

Der’ (TW) := {D € Der(TW); D(W) Cc W®+h)
~ Hom(W, WU +Dy ~ W@+ _ N,

Fixing a homogeneous basis x',

., x™ of W, the derivations x'! ---x% 3/9x’
(1<iy,...,ix, 1 <m), which are these elements corresponding to the linear map

xi > x1 ... xit, comprise a basis of Der**! (T W). On the basis, ®., is described by
q)w<Xi] ‘ 8xl) Zwu ~eatxdo

where o~ is a symbol of the (—N)-suspension which has homological degree —N.
By the identification ®,,, the space of symplectic derivations is described by

—1

Der,(TW) 2 H(W®’)Z/’Z[ N]= ]—[ Wadl=N1.

Here WC(Q := (W®)Z/"Z is the space of invariant tensors by cyclic permutations of
tensor factors, which is also defined in Definition 3.2.

Therefore, the Lie algebra Der,(LW) of symplectic derivations on LW is de-
scribed by

N ~ ~ Dy 1=
Der,,(LW) := Der(LW) N Der,,(T W) ~ 1_[ W(r)[—N],

Der’2(LW) := Der’*z(LW)mDerw(TW) W) [—=N],

where W(r) .= (LW Q W)N Wé;g
Through the isomorphism ®,,, the Lie algebra structure of Der(7 W) is described
as follows:

Lemma 2.3. Let [-, -] be the Lie bracket of Der(fW). Then the linear map
[ loi=0®Ppo[-, 10 (®, 0 ™1)®% is equal to

> d®oa, d2>>< DDA ”5'5’2>:W®”®W®’2—> w2

di+dy= 1<t<r 1<s<nr

where wg, 4y : W @ W — R for integers dy, dy is the composition of the projection

WQW — Wy ® Wy, and the restriction of w to Wa, @ Wy,, and 7| .ler Tl
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W @ W2 — W2 for 1 <i <ryand 1 < j <r is defined by

nr_l,.rz(a<1)_”a<1>®a(z 4@ =c.a®..a®a..a® a® ...aPaDa®,

=181 a4y r 4
r ra o (1) (1) () @)y _ 1 (1) (2) @ 2 2 (@) (2)

' 2(a ’ ®a Tdy, )=¢€- fap et ay rzflajJrl” a,,_14; 4
for homogeneous elements a(l) ). aﬁll ), a?), . afzz ). Here € is the Koszul sign

of the corresponding permutatlons.

Proof. Let x' ..., x™bea homogeneous basis of W. The Lie bracket for the basis
is described by

xil,,,xiki’le . E E(gltle_._xjmxil ,,,xikszﬂ_,,lei
dx! axf ox/

E is .01 xls=1y 1 Jiyis+1 ik d

_ 68 .. s=lyJb oo x ittt ——

ox?

where € = ( 1)(xi1+---+x’k —xi)(x-/1+-<-+xjf*1), ¢ = (_1)(le e —x Ty (sl e x Tl —xT)
and 8‘ is the Kronecker s delta.

]

Then for A=x"...x"n and B =x/1 .- x/», we obtain
[A B]w: E ijl"‘ il” xlrl -1, x]r2w1r|.]t+ E 6/ ll .. x]r2 1,. xirla)i.rjrz
rr L
E (1d®w(d1 dz))< E Ty E Ty, )(A®B),
di+dr= 1<t<ry 1<s<r

where € and €’ are the Koszul signs of

Mo xt x o x0T X xt L e xt ) xn),

Gy xt X T s (T, x L xd o Xt X xIn),

respectively. In the calculus above, note that we use the assumption that N is
even. (]

The lemma above is needed to prove Theorem 3.9.

Derivations on a dgl. Let § be an element in Der,,(LW) of homologlcal degree —1
such that % = 0. Then ad(8) is a differential operator on Derw(L w).
In the case that Wy is positively graded, i.e., W; =0 for i <0, we can regard that
8 € Der,,(LW) since § is described by only finite sums. Then we often consider the
positive truncation (Der;r (LW), ad(8)) of the chain complex (Der, (LW), ad(§))
defined by
Der,(LW); (i >?2),
Der} (LW); := { Ker(ad(8)); (i =1),
0 (otherwise).



DOUBLE GRAPH COMPLEX AND CHARACTERISTIC CLASSES OF FIBRATIONS 553

Definition 2.4 (Chevalley—FEilenberg complex). Let (L, §) be a dgl. We define the
Chevalley-Eilenberg complex as

CLI(L) = (APLYYY,

where A°L* is the exterior algebra generated by the graded vector space L*. The first
differential dcg is defined by the formula for ¢ € Cé”Eq (L)yand Dy, ..., Dpy1 €L,

(dege)(D1, ..., Dpy1) =Y _&-c(D;, Dj1, Dy,..., Di,.... Dj,..., Dpyy),
i<j
where € = (—1)Pi(P1t+Di-)+Dj(Dit++Dj-)+DiDj+i+j—1 and the second differ-

ential Ls derived from § is defined by
Ls = isdcg — dcgls,
using the interior product defined by
@isc)(Dy,...,Dp)=c(8, D1, ..., D),

for ¢ € ngl’q (L) and Dy, ..., D, € L. Then the triple (C&r (L), dcg, Ls) is a
double complex.

We will consider the Chevalley—Filenberg complexes of dgls (Derw(f, W), ad(§))
and (Der (LW), ad(8)), and the invariant space Cgp,(Der (LW))SP(W-9) where
Sp(W, §) is the group of symplectic linear isomorphisms W — W preserving 4.

2C. A dgl model with symplectic form of manifolds. In this subsection, we review
a Chen dgl model of a manifold. Let X be a smooth manifold. Put A = A*(X) and
H = H},p(X). Fix a homotopy transfer diagram

CA:H;

e.g., in the case that X is a closed manifold, it is obtained by using the Hodge
decomposition of the de Rham complex A. Since A is a commutative differential
graded algebra (dga) with symmetric form (intersection form), H has the structure of
a minimal cyclic C;-algebra by the diagram (details in [Kontsevich and Soibelman
2001; Merkulov 1999; Kadeishvili 2009; Markl et al. 2002; Hamilton and Lazarev
2004] for instance).

Let I be the intersection form on H, m the cyclic Cy-algebra structure on H
obtained by the homotopy transfer diagram, and s : H — H[1] the suspension map.
We denote V = H[1]*. Defining the suspension of m; by ii; := s om; o (s~1)® for
alli > 1 and of I by @ := I o (s~!)®2, then the duals of these define the symplectic
inner product w on H[1]* of degree N =n — 2 and the linear map §; : V — V&
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of homological degree —1. Thus, extending the unique derivation §; : LV > Lv
by the Leibniz rule, then we have the derivation of homological degree —1

o
5= Z 8; € Derw(ﬁV).
i=1

Furthermore we can prove that § is a differential since m satisfies the A.-relations
and quadratic, i.e., (V) C ]_[122 V® since (H, I, m) is minimal.
The Chen dgl model is a reduced version of the construction. Suppose X is
connected, and put
W= H[1]{, = H (X: R)[-1].

Then we have the restriction § : LW — LW of § and w : W®2 — R. If X is simply
connected, we can restrict the differential § on the free Lie algebra LW C LW
since 6 (w) for w € W has only finitely many nontrivial terms.

Theorem 2.5 [Chen 1977]. For a simply connected closed manifold X with base
point *, the dgl (LW, ) is a Quillen model of X, i.e., there is a Lie algebra
isomorphism

H,(LW,$) ~m,(Q2X)® Q.

3. Graph complex

3A. Orientation and ordering of graded sets. The set of orderings on a set U is
defined by

Ord(U) = {(u1, ..., u) e UK U = {uy, ..., wi}},
where k :=#U.
Definition 3.1. Let U be a Z-graded set, i.e., a finite set U givenamap |- |: U — Z.
» The graded vector space generated by U is denoted by RU.
o The symmetric algebra generated by U is denoted by SU := S(RU).
» The exterior algebra generated by U is denoted by AU := A(RU).

For an element (uy,...,u;) € Ord(U), we denote the image of u; ® - -- ® uy
in AU by [uy, ..., ur]. The 1-dimensional vector space generated by this element
is written by

OW) :=([uy,...,ux]) C AU.

Definition 3.2. Let V be a Z-graded vector space. We define the subspace Vc(ykc)
of cyclic tensors in V®* by the image of the map [-, ..., Joyc : V& — V&
obtained by
X1 Q- Qx> Z € X)) Q- Xy,
TeZ/kZ
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where Z/kZ is identified with the group of cyclic permutations and € is the Koszul

sign of (x1,...,xt) = (Xz1), ..., X (k)). For a Z-graded set U, we denote
Cyc(U) :=([u1, ..., ugleye: (w1, ..., ug) € Ord(U)) € RU)L).

3B. Definition of graph complex. Let W be a finite-dimensional symplectic vector
space with form w of degree N and suppose N iseven and Z :={a € Z; W, #0} C
{0, ..., N}. Our labeled graph complex depends on (W, w).

Definition of graphs.
Definition 3.3. An N-graded graph T" consists of the following information:
o The set H(I") of half-edges.
e The set V(I') of vertices. It is a partition of the set H(I"); i.e.,
HD) = [] v. v#@ @ev).
veV ()

The number #v of elements of any v € V(I') is called the valency of v. A
vertex with valency > 1 is called an internal vertex, and one with valency 1 is
called an external vertex. The sets of internal and external vertices are denoted
by V;(I') and V,(I"), respectively.

o The set E(I") of edges. It is a partition of the set H (I") such that the number
of elements of any e € E(I") is two, i.e.,

HTO)= [] e. #e=2 (ecED)).
ecET)

o The cohomological degree of half-edges. It isamap |-| : H(I') — Z such
that ||+ |h2| = N for an edge e = {h, ho} € E(I"). Then the cohomological
degrees of vertices and edges are defined by

vl :=|hi|+---+|h:|—=N, le|]:=N,
forv={hy,...,h,}eV({I)ande e E).
» The division of the set V;(I") of internal vertices to two disjoint sets

Vi([) = Vi (') L V(')

such that all elements in V(I") have cohomological degree —1 and valency > 3.
An element of V,(I") is called a normal vertex, and one of V (I") is called a
special vertex.

The set of isomorphism classes of such graphs is denoted by %(N). Here an
isomorphism between N-graded graphs is a bijection between the sets of half-edges
preserving all information of N-graded graphs.
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Figure 1. Examples of 4-graded graphs.

Example 3.4. In the case of N =4 and Z = {0, 1, 2, 3, 4}, we can give examples
of 4-graded graphs in Figure 1. In these figures,

« a black vertex » means a normal vertex, a white vertex o a special vertex, and
a square vertex m a univalent vertex, and

« a number drawn beside a half-edge is its degrees.

Decoration on vertices. We shall give the relation equivalent to the dual of vertices
defined by the cyclic Lie operad as in [Conant and Vogtmann 2003; Hamilton 2006;
Markl 1999].

Definition 3.5. Let I be an N-graded graph.

e We introduce to Cyc(v)[N] for v € V;(I') the commutativity relation

(v.hr)

Soms@ = > o =0,

teSh(s,r—s—1)
=€lheqy, ooy heg =1y, Brleyeo,
forr—1>s>0ando=[hy,..., h;]cyco € Cyc(v)[N], where Sh(p, q) is the
set of (p, g)-shuffles, o is the symbol of the N-fold suspension, and € is the
Koszul sign. Then we denote by C(v) = Cyc(v)[N]/(com. rel.) the obtained
space. This relation for r = 3, 4 is described in Figure 2. (In the case of r = 3,
it is the AS-relation for Jacobi diagrams.)

(,hr)
OT

Decoration on N-graded graphs. Set

Ocom(W.T):i= ) 0(@® () WI-Nu® /\ coHe A Cw).
ecE() ueV,(I') v eVy(T) veV, (1)

where

Ovw = {vul coopy, € S (@ V(u)); v, € V(up), (uy, ... ux) € Ord(U)},

uel uel

NV = {vul vy, € Ak(@ V(u)); Vi, € Vi), (uy, ... ux) € Ord(U)}

uelU uel
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Figure 2. Commutativity (»r = 3, 4). (Koszul signs are omitted in figures.)

for a family (V (u)),cu of Z-graded vector spaces indexed by a finite set U. This
tensor product consists of four factors: the first factor means directions of edges of I',
the second factor W-labels of external vertices of I, the third factor (equivalence
classes of) cyclic orderings on special vertices of I', and the fourth factor the same
on normal vertices of I'. Note that W[—N],; = W, [—N] for an external vertex
u ={h}.

We need to identify elements of 5com(W, [') by the symmetry of I"'. An au-
tomorphism o of an N-graded graph I' € 4(N) induces the linear isomorphism
C(v) = C(a(v)) for v € V;(I') described by

[y, ..., hk]cyc = [a(hy), ..., O‘(hk)]cyc’

and the identity map W[—N],j = W[=Nlow) = W[=N] for u € V.(I').
Therefore, the automorphism group of I' acts on the vector space Ocom(W, T')
by the induced permutation of half-edges. Then the coinvariant vector space
of 5com(W, ') by this action is denoted by Ocom(W, ). We often consider an
element o of O¢om (W, I') described by the form

0=[01,...,01;wl,...,wke;ci,...,cix;cl,...,ckn]
= (01---0) ®(wy -+ w,) ®(cy ¢ )@ (€1 ¢x,)
where w; € W[—-N],,| and

A

o;i = [oi], C? = [é?]cyco—a Ci = [éi]cyca»

for 0; € Ord(e;), ¢; € Ord(v;), and ¢! € Ord(v?). Such element o is called an
orientation of I, a pair (I', 0) is an oriented graph, and the information

N N o s As A A
0=(01,...,01,wl,...,wke,cl,...,cks,cl,...,ckn)

is called a [ift of an orientation o = [0] on I". The vector space O¢om(W, I') is
generated by orientations.

Example 3.6. In the case of N =4 and Z = {0, 1, 2, 3, 4}, we can give examples
of decorated 4-graded graphs in Figure 3. In these figures,
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Figure 3. Left and center: nonlabeled examples (I', 0;) and
(T, 02). The ordering of vertices is v1vpv3v4 and vy vyv4v3. Right:
a labeled example. The ordering of vertices and labels is
(w10 N (w0~ Hvsvgvs.

e an arrow on an edge means a direction, and

e an arc drawn around a vertex is an ordering of half-edges incident to this
vertex.

In Figure 3, left and center, the degrees of vertices are vy = —1, v, =4, v3 =5,
and v4 = 4. In the space O(I"), we have

01 = (_1)5-4+1 (_1)3-1-‘1-1 (_1)3-(3+1+1)02 =0,

where the signs (—1)>*+!, (=1)31*1 (=1)>G+1+D are coming from changes of the
ordering of vertices, the direction of the edge between v, and v4, and the ordering
of half-edges incident to v4, respectively.

In Figure 3, right, elements w; € W3 and w, € Wy are labels of univalent vertices
vy, v (their names vy, vy of vertices are omitted in the figure). Note their degrees
luil = [wio™!| = —1and |vz| = |[wao ™! =0.

o~

Definition of the bigraded vector space CZ;,,(W). The cohomological bidegree
(p,q) €ZxZof T € 4(N) is defined by

p=#V,(D),  g= > [o|=#V(D)+NHETD)—#VI)— Y |ul,
veV, () ueVe(I)
and the bidegree of elements in Oqn(W, I') is defined by that of I'. We define the
space of N-graded ribbon graphs by

ComW)i= @ Ocom(W.T),  CLAW):= @ Ocom(W,T),
'e%(N) regra(w)
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where 9”-9 (W) is the subset of 9(N) consisting of N-graded graphs of degree (p, q).
Then C So'm(W) can be regarded as a bigraded vector space. We often denote an

element in C** (W) corresponding to 0 € Ogon (W, I') for I' € §(N) by (T, 0).

com

Deﬁmtzon of the first differential d. We define a linear map d“’ h1 2" Ocom(W, T) —
Cgo‘m(W) for an N-graded graph I' € (), a normal vertex v € V, ("), two distinct
half-edges h!, h? incident to v, and a, b € Z satisfying a + b = N. For an order
hy, ..., h, of half-edges incident to v such that h' = h, and h? = h;, put

(NN EEREREN VTR 4 % )

- (Fv hl h27 [ ) [h/v h//]; * ’ * ’ [hlv sy hi’ h/]av [h//a hi+1v ey hr]av ])

Here o is the N-fold suspension, and the N-graded graph '’ is defined by

h‘ h?
HIeP )y =H@) U, R, VTS )= (VIO \{h T, 0"},

V(T 0) = V(D). ET®?, )= ET) U{eo},

where v' = {hy, ..., hi, W'}, v" ={h", hiy1, ..., b}, eo ={h', 0"}, |h'| = a, and

|h”| = b. Note that the equation above is enough to define the operator d;l;’;l;l, ;2 and

the operator is well-defined. A picture of the map dv ut 2 18 described in Figure 4.
Then we obtain the linear map d : Ce: (W) — Cee (W) by

com com
1
d( o)== 37 3 dip (o), d o= ) dl0).
a+b=N n'£h2ev veV, (I
The map d can be also described by
d(T0= Y Y diy (o),
a+b=N O0<s<t<r

whereo=1[-;-;-;[h1,...,h]lo,-1and v ={hy, ..., h,}. Note the relation

d:l 51 hz(F» 0) = dzl;;’Zz,h] (T, 0)

for half-edges h'! # h? € v. Here well-definedness of d is proved by the relation
with the commutativity relation:

Proposition 3.7. Using the notations above, d,,S, p,.i (I, 0) is equal to zero under
the commutativity relation.

Proof. For integers p, g, we define the linear ordered set [p, gl by {p < p+1 <

-<qg—1<gq}. If p>gq,put|p,q]=9. For partially ordered sets P;, P,, we
denote their direct sum by P; + P, (in the category of posets), and their ordinal sum
by P; @ P». Then a (p, g)-shuffle is equivalent to the inverse of an order-preserving
bijection [1, p]+[p+1, p+q] — [1, p+4l.
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Figure 4. The operator d, ;’llz)s, B

Let t—':[1,i]+[i+1,r—1] — [1,r — 1] be an (i,r — i — 1)-shuffle and
0<s<t<rintegers. Put L=1([s+1,¢]) and/ =1 —.

Ift(s+1),...,7(t) are <i,thenwehave (s +m)=t(s + 1)+ (m — 1) for
1 <m<t—ssince [1,i] — v !([1,i]) is an isomorphism between posets. Put
a=71(s+1)— 1. Then we obtain the shuffle 7, by t:

-1
12}

[1,i —14+1]+[i—=1+2,r—1] [1,r—1]

canonical isomI Tcanonical isom.
bij.
Lal®E @la+l,il+li+1,r—1]—s[, sl ®l+1,r—1]

T _1 T

[(Lil+l+1,r—1] [1,r—1]
The shuffle T can be recovered from a pair (a, [, 72), where {a+1, ..., a+1l} C[1, ]
and o isan (i — [+ 1, r —i — 1)-shuffle.
Similarly, if t(s+1), ..., 7(¢) are > i+ 1, we can obtain a triple (a, [, 1), where

{fa+1,...,a+l}Cli+1,r—1]and rpisan (i — I+ 1,r —i — 1)-shuffle.
Otherwise, put p =#(L N[1, i]). Then we obtain the shuffle t; by restricting t:

[1,p]+[p+1,l]L>[1,l]

canonical isoml lcanonica] isom.

-1
L— (L)

|

[Lil+[i+1,r—1]——=[1,r—1]

We consider L = ([1,i]+[i + 1,7 — 1]) \ L and the order-preserving bijection
p~ 'L - [1,s]1®[t+1,r —1] defined by the restriction of 7~!. The shuffle
is recovered from a pair (p, 71), where ol L—[l,s]®[t+1,r—1]isan
order-preserving bijection and 1 is a (p, [ — p)-shuffle.
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Thus, we have

duSu,h,;i([hh...,h,]a)_Z<ZZZO +ZZ ! m)
p=1 p T a

= Z(ZZS % P(Op)+ZS s (o Z))

p=1 p

(L )

WhereL={1,...,r—1}\E={u1 <--- <u, as integers},

0,0 = E[[hul LA hu],7 h/]ov [h,o(l)’ MR hp(S)7 h//v hp(t+1)’ AR ] hp(rfl)s hr]a]’
Ou,l = 6/[[ha+l, ceey ha-‘rh h/]O', [hl’ D) hm h//7 ha+l+1, ceey hr]O'],

and ¢, €’ are appropriate Koszul signs. (In these equations, the subscripts cyc are
omitted.) |

Definition of the second differential L. For I" € 4(N), let i, (I") be the N-graded
graph obtained by converting a normal vertex v of degree —1 to a special vertex.
We define the linear map iy : Ocom(W, I') = Ocom (W, i, (I")) for 0 € Ogom (W, T')
such that

W@ e D=0@), [0 D)
for ¢ € C(v) if v has degree —1 and valency > 3, and i,(I", 0) = 0 if v does not.
Since the relation
iv1 sz,h,;k(r» 0) = sz,hr;kivl T, o)

for Vi, V2 € V,-(F) holds clearly, the map i, is well-defined. Then the linear map
:Cee W) - — Ce» (W) is defined by

com com
L:=id—di,

where the linear map i : Ce:e (W) —> Cee (W) is obtained by

com com

i(T,0):= Z iv(T, 0).

veV,([T)

The map L is also described by

L(T0)= Y (iy+iy)dy(T,0)

veV, (')

since i,d, = d,i, for normal vertices u # v.
Then d, i, and L have (cohomological) bidegree (1, 0), (—1, 1), and (0, 1),
respectively.
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=0
Figure 5. A.-relation.
> = .. >
v
¥=a X X
Ix/|=b

Figure 6. Cut-off relation.

Definition of the underlying bigraded vector space CZy. (W). The space Cg (W)

is the quotient space of Cs: (W) by

o (Ao -relation) R,(T",0) :=iyiyd,(I',0) =0

.
com

for I' € (V) and a normal vertex v (of degree —2). This relation is described
in Figure 5.

o (Cut-off relation) For I' € 4(N) and e = {hy, hy} € E(I'), we define the
N-graded graph I', as
H(T,) = H() U {hy, hy},
E) = (E(M) \{e}) U{{h1, hi}, {ha, ha}},
V(L) = V() LU {1}, (ha}},

|hi| =N — |hy]| =:a, lha| = N — |ha| =: b.
Then
(a1, hal, 55 D= @ij(Te, [, bl o b, s xio ™  xo ™ s),
Ix/|=a
x/|=b

where {x'} is a homogeneous basis of W and (w;j) is the inverse matrix of
(w(x', x7)). This relation is described in Figure 6.

Note that C2* (W) is generated by W-labeled graphs with only one internal vertex

com
by cut-off relation.
On well-definedness of three operators d, i, L on CZ; (W). The endomorphisms
d,i,and L of C2* (W) induce endomorphisms of C* (W) by the equations

com com
dR,(T.0) =Y Ryd,(T.0), iR,(.0)=) Ryiy(T'.0)
uF#v uFv

for a normal vertex v of an N-graded graph I'.
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[, @) ", -] [0, "), @), -]

Figure 7. dyd,(l", 0) = —d,d, (T, 0).
On two differentials d, L on Cy (W).
Proposition 3.8. The bigraded vector space Cg5. (W) is a double complex with
respect to differentials d and L. We call C;, (W) a double graph complex.
Proof. First, we show the equation d> = 0. It is proved in the same way as
Kontsevich’s original graph complex. For a normal vertex v of an N-graded graph

(T, 0), let v', v” be new vertices obtained by splitting at v. Then
dydy(T, 0) = —dydy(T, 0), d,dy(T', 0) = —dyd,(T', 0)

for u # v. The first equation is shown by Figure 7. In the figure, v’ and v” are defined
such that the direction of the new edge is from v to v”, and (v")’, (v")”, (v")’, (v")”
are also defined in the same way. So we obtain d*(I", 0) = 0 by cancellation.

o~

Next, we show L? = 0. From the equation in C2» (W)

com
> v+ ivodviu) (T, 0)
uFv
= Z(iv”iv/ +iyiy)dy(T', 0)

(iL—Li)T,0) = (Z i (i + i)y —

v
=2 RuT.0),

we obtain the relation i L — Li =0 in Cg; (W). So the equations

L?>=(id —di)L =idL —diL =idL —dLi = idid —didi,
L?>=L(id —di) = Lid — Ldi =iLd — Ldi = —idid + didi

hold. Then we obtain L? =0. Since Ld +dL = —did +did =0 holds by definition
of L, we get the proposition. ([

3C. Construction of the map to Chevalley—Eilenberg complexes. Let (W, w) and
Z be as in Section 3B and & be a symplectic and quadratic differential of homological
degree —1 on LW. In this section, the Lie algebra Der,,(LW) of symplectic
derivations is denoted by ®. We construct a double chain map

Copn(W) = CE(D)

com
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from the graph complex C2 (W) to the Chevalley—Eilenberg complex of the dgl

com
(®, ad(é)).
Let (T, 0) be an oriented graph and 0 be a lift of 0. Put

k=#V (), ke =#V(I'), ky =#Vy ('), kn =#V, (I'),

ri,....,re)=0,...,1, a1, ..., ak+x,)
ke
=(,..., 1,#1){,...,#v,ﬁs,#vl,...,#vkn).
ke

We denote by 7(0) the linear isomorphism (the permutation of factors of the tensor
product)

wern ®R -® Wk s W®2 ® - ® W®2 (W®2)®l
corresponding to the permutation of half-edges
(hiy ooy hig, €1y oo iy Gy Cly oo ey ) > (015 -2 25 01).

Then we define the linear map «(I", 6) of cohomological degree (I — k)N by
composing these maps

ks+ky
(T, 5) : W[=N]®* @ Der,, (L W)@k tk) 2% yyr nreke g &) Der 2(Lw)
i=l1
ks+ky,

2 wi-N1%k © ® W (a))[—N] c®<w®“ —N1)

o Qwen T, (WSl 25 R,
i=1
where @ := d®k” "N ® <I>®(ks+k”) WE =W, @ - - Q w,,, and We; 1= @ W ’I I i if
{he’ he’} Here we denote by w, 4,) for integers dy, d> the composmon of
the projection W @ W — W, ® W,, and the restriction of w to Wy, ® W,,. The
map « (T, 0) is independent of a choice of linear orders of half-edges representing
cyclic orders, and compatible with the commutativity relation.
We define the map /(T 9) : D% — R by

n

&(F,é)(D],...,Dkﬂ)::a(r,a)(w],...,U)ke,(s,...,(S,Dl,...,Dk)
——
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/ﬁ\ x|=a
= b
w(xy)= a ly|=b

x y

¥(T,6)(D,, Dy)=

wy Wy So D.o Dza

Figure 8. An example of Iﬁ(f‘, 0)(Dq, D). (T is the decorated
graph in Figure 3, right.)

for D; € ©. (An example of U (T, 6) is described in Figure 8.) Restricting the map'
on the exterior algebra, we can get the map

(T, 0) =¥ (T, 0)0Aly, : AMD — R.

The map is independent of a representation o of o by the definition of an orientation.
So we obtain the map ¥ : Cey (W) — Cip(D).

com

Well-definedness of ¥ is proved by the correspondence through i between

relations in the graph complex CZ; (W) corresponding to properties of derivations:

graph complex derivations
cyclicity symplectic derivation
commutativity Lie derivation
Aso-relation 82=0
cut-off symplectic form

By definition, it is clear except for the A -relation. The correspondence for the
Ao-relation is proved in the end of the proof of the following theorem.

com

Theorem 3.9. The map  : Cy (W) — CEr(®) is a double chain map.

~

Proof. First, we shall show that dcgyy = ¥d on C; (W). To prove this, we need
Lemma 2.3.

IFor a graded vector space V, the injective map Alt, : A"V — V& is defined by

1 _
Ally o) = — 3 7 E@)(1) B B Uy ()

‘oe6,

for vy, ..., v, € V, where €(o) is the corresponding anti-Koszul sign.
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For an oriented graph (I", 0), we define the two lifts o', 6% on Fz;,thv h,

ol = (W, h"), 55 vn, V0 ),
P = (W' ), ;5 01,00 ),
vi=(hly ..kl b, o = (R R R R R,
where r; = #v;. The signs ¢; are defined by the equations
oli=ealo'l,  o=eld’l, &, ,o=(ED"o = (=D

So we obtain

d(T, 0) = ZZ Y=oty oh

i=1 v<ita+b=N
—ZZ > DT 00,
i=1 v<pa+b=N

Note that
1 p
dep(x o Alty) = 2 3 (=11 o 1% @[, 1@ 1977) 0 Alty 4
s=1

for a linear map x : W& [-N]®---® W®»[—N] — R and the antisymmetrization
Alt,, for p-components. So we should prove

1&(F,é)o(]@)iﬂ@[_ .]®1®p7i71)
_Z Z (EIW(FU :h, h ,0 )+€2¢(FU h h ,0 )OT)

V<@ a+b=N

where the map t means the permutation
Xl®"'®(-xv+l"'-xux/)®(xl "'-xv-x//'x/l.-‘rl X)) Q- QX

e X1® - ® (1 XX Xpp1 - X)) ® (g1 - X, X)) Q- QX
and e is the Koszul sign. It follows from the equations
V(0,60 (17 @0 1 @wup)r), o @127 =iy, | oY,
P60 (1% @0 (1 @ W)y, 0 @19 ) =) (L), | 6Yor,

forr’'=u—v+1,r"=r—u+v+1,and t = v + 1. The first equation is verified
as follows: we have by the definition of v

o T O)(X, .. Xp) = ey Ty, 0D (X, XL XY

i jooee

9Xp)
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I and

. So we obtain the first

for X, € W, x" € W,, and x” € W,,. Here we put X! = x, 1 -+ - x,x'0~

X! = x1- - xx x4 - cxyo ) for X; = x; -+ x,0 !

equation from
aXioW, ) =o' 1®@wn]" ®® (X ®X]).

The second is also verified in the same way.
Next, we shall prove isyy = i on C2: (W). The ordering

com
0i = (31 0,01, ..., 0, ...,0p)
is a lift of €; - 0, where €; is the anti-Koszul sign of the permutation

(W1, Up) = (U, V1L o, Dy e, Up).

So we have

Yil, o)Xy, ..., Xp_1)

ke+1

J
DG ey (D), o), w8, 8 Al (X, X))
s=1 ~
>

Z €-a(F,6)(w1,...,wke,é,...,S,X,,(l),...,8,...,Xn(p_1))
N —

s=1 7T€6p71 ks

8, ..., 8, Alty(8, X1, ..., X, 1))
v-l
ks

=is¥y(T,0) (X1, ..., Xp-1)

where € is the anti-Koszul sign of

=Ot(F, 6)(w], vy, Wi

e

(87 X17 AR ] Xp—l) = (XJT(l)a MRS 87 MR ] X]T(p—l))
From the discussion above, the relation (R, (I", 0)) = 0 follows from

Y (Ry(T, 0)) = ¢ (iviydy(T, 0)) = ¥ (I, 0)([4, 3], -) =0.
Thus, ¥ induces the map ¥ : Cgyy (W) — Cgp(®). Furthermore, since v is

com
commutative with d and i, so is L. So we complete the proof. (]

The group Sp(W, §) acts on C2 (W) by the action on their labels. Then, the

com

chainmap v : Cey (W) — CEp (D) is Sp(W, 6)-equivariant clearly. In particular, we

com

can consider the Sp(W, §)-invariant part C22 (W)SP(W:9) of the complex C2 (W).

com com

It has the double subcomplex C2* (N, Z) consisting of N-graded graphs which have

com

no external vertex. This complex Cgy (N, Z) does not depend on the symplectic

vector space W. It depends only a range Z of degrees and a degree N of a symplectic
inner product.
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Remark 3.10. We can define the associative version of C2* (W) as follows. Set

Ous(W,T):= () 0(@©® () WI-Nly

ecE() ueV, ()
® /\ Cyc@)INI® /\ Cycw)IN],
v eV () veV, ()
CaiW)i= P Ous(W,T),  Oas(W, T) 1= Oas(W, ) auicr)-
'e%(N)

Then (C3:2 (W), d, L) is also a double Sp(W, §)-chain complex, and the chain map

ass

C(W) = Cgt(Der, (TW))

ass

can be defined in the same way. In this case, we can also consider the double sub-

complex Cy;2(N, Z) which consists of N-graded graphs without external vertices.

4. Applications and examples

Examples of relations between our chain map and a known notion are given in the
following two examples.

Example 4.1. For a cyclic minimal A-algebra (H, I, m) with even degree, putting
W := H*[—1], we have the map Cy;3(W) — Cgi(Der,(TW)). Here TW is the

ass

dual of the bar construction of (H, I, m). The map induced by the chain map
Co(N, Z) = CL:(Der,(TW)) =R

is known as the Kontsevich cocycle [Kontsevich 1994; Penkava and Schwarz 1995;

Hamilton and Lazarev 2008] of a cyclic A.-algebra (H, I, m).

Example 4.2. In the case of Z = {0} and § = 0, the chain map

€200, {0}) — Cap(Der,, (T W))SPW)

ass
is equal to Kontsevich’s chain map [1994; 1993].
In the case that W is positively graded, we define a chain complex C2: (W), by

com

Cin (W) =Cor (W) /(positivity),

com
where the positivity relation is as follows:

 (Positivity) (i) a graph which has a normal vertex v satisfying |v| < 0 is zero,
and (ii) (iy + iy)dy(I', 0) = 0 for an oriented graph (I', 0) and a normal
vertex v of degree O.

The differentials d, L are also defined on C=*

o (W), while i is not.

Proposition 4.3. The operators d, L induce the differentials on C2y (W) .
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Proof. 1t is clear that these operators are compatible with the former condition
(i) of the positivity relation. Note that, to prove compatibility with L for a graph
including a vertex with degree 0, we need to use (ii).

We shall prove they are compatible with (ii). First, we shall calculate the image
of (ii) by the operator d. For I € 4(N) and a normal vertex v of degree 0, we have

d(iv’ + iv”)dv = dv”iv’dv +dv’iv”dv + Z du (iv’ + iv”)dv
M#U’,UN
= dyiydy +dyiyd, — Z(iv’ + iy )dyd,.
u#v

Here we used the equations in the proof of Proposition 3.8. For a splitting of v such
that |v'| = —1, dyi,yd, must have a nonpositive vertex since [v”| = 1. In the same
way, dyi,d, must also have a nonpositive vertex. So d (i, +i,7)d, is equal to zero
under the positivity relation.

Next, we shall calculate the image of (ii) by the operator L:

Ly +iv)dy =Y (i + iy )dy (i +iv)dy
u

= (i(v//)/ + i(v//)//)dv//iv/dv —|— (i(v/)/ + i(v’)”)dv’iv”dv

=Y iy +iv)dy (i + i)
uFv
= (i(v//)/ —+ i(v//)//)iv/dv//dv =+ (i(v/)/ —+ i(v/)//)iv//dv/dv

- Z(iv’ + iv”)dv (iu/ + iu”)dw
uFv

By changing names of vertices like in the proof of Proposition 3.8, we get
oy + iy Vivdydy = =iy +i)igydydy, = —Rydydy — iqryiydydy,
and
(itory + iy ivdyrdy + Gy +iyiydydy = —Rydydy + iqyiydyd,
= —Rudyd, —iqryiydyd,
= —Rydyd, — Rydyd,.

Using the A-relation, L(i,y +i,7)d, is equal to zero under the positivity relation.
O

Then we can also get the chain map
Yy Con (W) — C*(Der} (LW))
induced by .
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Example 4.4. Suppose X =#,(S" x §")\Int D*". Its Quillen model is described by

Ly =L(uy,vy,...,ug,vy) (degu; =degv;=n-1), §=0,
(ui, vj) =dij, (Ui, uj) =w;,v;) =0.

It means N =2n —2, W = (uy, v1, ..., ug, V), and Z = {n — 1}. Then the dgl
(Der:ur (Lx),0) is a Quillen model of B auty o(X) (which is proved in [Berglund
and Madsen 2014]). In this case, we can forget all special vertices in the graph
complex since 6 = 0. So we have the chain map

Clon(2n — 2, {n — 1)) /(special vertices) — Cep(Der) (Lx))SP™).

com

This map is constructed by [Berglund and Madsen 2014], and it is proved that the
map is an isomorphism under the limit g — oo.

Example 4.5. Suppose X = CP3 \ Int D°. Its Quillen model is described by

. d
Ly =L(uy,uz) (degu; =2i—1), §=%uy, url—,
ouy

oy, up) =w(uy, u) =1.

It means N =4, W = (uy, us), and Z = {1, 3}. Then the dgl (Der} (Ly), ) is a
Quillen model of B auty ¢(X). Since Sp(W, §) = 1, we have the chain map
Ciom W)+ — Ce(Derf (Lx)) = Cg(Dery (L)) ™.

com
We shall define a certain sub dgl 9 of Der,,(Lx). Put

9 1 )
[er, ur]— Az = 5luz, us]l—

Al = ,
: dun duy

2| —

. ad 0 0 1 d
B = 3lui, MI]EJT + [u1, Mz]a—uz, By = [uy, ”2]87 + 3 lua, uz]a_uz'
| 1

Then we have

8(A1) =48(B1) =48(B2) =0,

d 0
8(A2) = lur, url, uol— + 3[[uz, usl, uyl— =[Ay, A2l = —[By, B,] =: C,
ouy dur

[A;, Bj]=[A;, Ai]=[B;,B;]1=0 (i,j=1,2),
degA; =—1, deg A> =5, deg By =1, deg B, =3, degC =4.
Here we put 6(Z) := [, Z] for simplicity. By the relation above,

:=(Aj, Ay, By, By, C) = Der! (Lx) ® Der’ (Ly)
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Figure 9. The relation of graphs (the orientations are omitted).

is a sub dgl of Der,,(Lx). Its positive truncation 07 is described by
0" = (A, By, By, C),
8(A2) = —[B1, B2] =C, 8(B1) =68(B2) =4(C) =0,
[A2, Bi] =[A2, A2l =[B;, Bil=[A2, C]=[B;,C]=0 (i=1,2).

Let x, y1, ¥2, z be the suspension of the dual basis of A;, B, By, C. Then the
Chevalley—Eilenberg complex of the dgl 97 is written by

Cep() = A(x, y1,y2,2) (degx =6, degy; =2, degy, =4, degz =5),
dx =dy =dy, =0, dz=x—=y1»

and its total cohomology

Heg(F) = Alx, y1, y2)/(x — y1y2).

Since o is the rank < 2 part of Der (Ly), the map Hgg(Der) (Lx)) — Heg(d)
induced by the inclusion has a section. So nontrivial classes in HéE(0+) give
nontrivial classes in HéE(Der$ (Lx)).

The relation dz = x — y; y» in the Chevalley—Filenberg complex is corresponding
to the relation in the graph complex C2y (W), described in Figure 9. Here the
classes x and y;y, correspond to the first term and the sum of the second and third
terms in the figure. Note that y; and y, do not correspond to graphs without external
vertices. According to the positivity relation, all the trivalent graphs appearing in
the right-hand side are cycles since the degrees of two half-edges incident to a
permitted bivalent vertex in Cg;, (W) must be 3.

Example 4.6. Suppose X = CP*\ Int D®. Its Quillen model is described by

. ad 0
Ly =L(uy, uz,u3) (degu; =2i —1), 8= gluy, uy]— +[u, ul—,
ouy ous

w(uz, u3) =w(uy, uz) =1.
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It means N =6, W =(uy, us, u3), and Z={1, 3, 5}. Then the dgl (Der$(LX), d)isa
Quillen model of B auty ¢(X). Defining the linear transformation t by 7 (1) = —u;,
T(uy) = uy, and 7 (u3) = —u3, we have Sp(W, §) = {1, t}. So C;;)}n(W)Sp(W"S) is
generated by graphs labeled by u1, uo, us satisfying #{u, us-labeled vertex} even.
For simplicity, we put

k
[uil te Mik] = [ui]a ceey Mik]cyc = Z(_I)S(kiﬂuiﬁ_] e Mikuh te uis € WCkyC'

s=1

Using notations in Section 3C, we can take a basis of W (2)
[wju;] (i <j} C{l1,2,3}),
a basis of W(3)
%[”iuiui]» wiwju;l, lwiuiu;] (i <j}C{l,2,3}), [uiuous]+[ujuzus],
and a basis of W(4)

ujnjuju;] @G <j),

[ururuous] + [uruiuzuz], [uruausus] — [uiuzuous], [urusuzuz] — [uuzusus].
We put the corresponding rank-0, rank-1, and rank-2 bases of Der,, (L)
Pij, Aiii, Aijj, Aiij, A123, Biijj, Bi123, Bi22s, Bi23s,

and these dual bases p;;, x;jx, and y;ji; of P;j, A;jx, and B;ji;. Then by direct
calculation we have the equations in Cg (Der} (Lx))

dyi2 = x220 — 2x123 + X122X113 — X122X122,

dy2033 = X333X122 + X233X222 — X223%223 — 2X123X233 + X133X223 + 223 Y1233,
dyi133 = X233 — X133X113 — X123X123 — 2P23Y1123,

dy1123 = X223 — X133 — P23Y1122,

dy1203 = X233 + X223X122 + X123X123 — X223X113 — X123X222 — X133X122 + P23Y1123,
dyi233 = X333 + X233X122 — X123X223 — X233X113 — X123X122 + P23)1133.

Here all terms appearing in the right-hand side of the equations are cocycles. For

example, the fifth relation is corresponding to the relation in the graph complex
Coe (W)4 described in Figure 10. In Figure 10, the image by ¢4 of each graph

com
appearing the last term of the right-hand side is zero.
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+ ( graphs including
bivalent vertices

Figure 10. The relation of graphs ((D and (2) mean the orientation
of vertices and the other orientations are omitted).
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INTEGRATION OF MODULES I: STABILITY

DMITRIY RUMYNIN AND MATTHEW WESTAWAY

We explore the integration of representations from a Lie algebra to its alge-
braic group in positive characteristic. An integrable module is stable under
the twists by group elements. Our aim is to investigate cohomological ob-
structions for passing from stability to an algebraic group action. As an ap-
plication, we prove integrability of bricks for a semisimple algebraic group.

Over a field of positive characteristic, an algebraic group G acts on its Lie
algebra g and the restricted enveloping algebra U1 (g) by automorphisms. This yields
twists: an element x € G twists a g-module (V, 0) into (V, 8)* .= (V, 6 o Ad(x)).
A g-module is G-stable if it is isomorphic to all its twists. A g-module coming
from a G-module is necessarily G-stable but the converse is not true. An important
question in the modular representation theory of Lie algebras and algebraic groups
is to determine for which modules the converse is true. We investigate this question
in this paper.

Our method is subtly different from the known approach. Not only Cline [1972]
and Donkin [1982] but also Parshall and Scott in their modern exposition [2013]
pursue a certain unipotent extension G* of the group G that acts on a G-stable
g-module (V, 6). We, instead, contemplate projective actions of G on (V, 6). In
particular, we completely avoid the theory of Schreier systems.

Our approach instead has similarities to the work of Dade [1981] and Théve-
naz [1983] on a related question for abstract groups. They study whether a G-
stable representation (V, 6) of a normal subgroup L of an abstract group G can
be extended to a representation of the entire group G. They show that when
the automorphism group Aut; (V) of V is abelian the extension is controlled by
H*(G /L, Auty (V)). Furthermore, the uniqueness of such extensions is controlled
by H'(G/L, Aut; (V)).

By introducing the terminology of (L, H)-morphs —a type of function which is
partway to being a homomorphism — we are able to reinterpret the results of Dade
and Thévenaz in a more general context (Theorem 5). When we apply these results

The research was partially supported by the Russian Academic Excellence Project “5-100” and by
the Max Planck Society.
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to the question of module extensions we repeat Corollary 1.8 and Proposition 2.1
in [Thévenaz 1983], however our formalism allows us to generalise this to the
case where Auty, (V) is only soluble rather than abelian via an inductive process
(Theorem 7).

The other key difference between our results and those of Dade and Théve-
naz is that we work with a slightly different relative cochain complex, denoted
(C*(G, L; A),d), while they work with the more standard complex (C*(G/L; A),d).
Whilst the cohomology of these complexes differs from the second cohomology
group on, Theorem 5 in fact works in either case. However, in order to apply
similar methods to the case of algebraic groups, the study of this new cochain
complex becomes necessary. These considerations are explained in more detail in
Sections 1.5 and 2.5.

Now we reveal the detailed content of the present paper, emphasising the main
results. In Section 1, we devise all the machinery to discuss G-stable modules in
the setting of abstract groups: a group G, its normal subgroup L and a G-stable
L-module (V, #). We introduce weak (L, H)-morphs and the relative cochain
complex C*(G, L; A) in Section 1.2, where A is an abelian group with a G-action.
They feature in a key exact sequence (see Theorem 5) that controls both uniqueness
and existence of G-actions for a large class of G-stable L-modules.

The main result of this chapter is Theorem 7, a somewhat algorithmic result
pinpointing completely uniqueness and existence of a G-module structure on a
G-stable L-module. Notice that it has been established by Xanthopoulos [1992]
that HI(G/L; A) controls uniqueness. Since HI(G/L; A) = HY G, L; A), our
results about uniqueness are known. However, H 2(G/L; A) # H*(G, L; A) (and
the latter controls existence), hence our results on existence are new, even in the
setting of abstract groups. Our approach is useful because it fuses uniqueness and
existence into a single process controlled by the relative cohomology.

In Section 2 we extend our Section 1 results from abstract groups to algebraic
groups. We face some technical challenges. An important case for applications
is when L is a Frobenius kernel of G. Hence, we must assume that L is a closed
subgroup scheme, not just a closed algebraic subgroup. The second challenge is
poles: we need to distinguish rational and algebraic cohomology, since we encounter
rational cocycles wu : G" — A that are not necessarily algebraic. We deal with
technicalities in Sections 2.1 and 2.2.

We exhibit a key exact sequence for rational cohomology (Theorem 27 —an
analogue of Theorem 5) in Section 2.3. Again, this sequence controls both unique-
ness and existence of G-actions. Immediately we put it to good use: a G-stable
g-brick (a module with trivial endomorphisms) is a G-module (Theorem 28).

A greater generality than g-bricks is g-modules with a soluble group of auto-
morphisms. These are our assumptions in Section 2.4. Our main result in this
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section is Theorem 29, an analogue of Theorem 7 for algebraic groups. Again, this
theorem pinpoints completely uniqueness and existence of a G-module structure
on a G-stable g-module.

It is interesting to see whether our results could be applied to two old conjectures
in the area: Humphreys—Verma Conjecture [Donkin 1982; Parshall and Scott 2013;
Jantzen 1987, Chapter 11] and Verma Conjecture [Donkin 1980; Xanthopoulos
1992]

1. G-stable modules for abstract groups

In this chapter we study AG-modules, where G is a group, A is an associative ring.

1.1. Automorphisms of indecomposable modules. Let B be a finite-dimensional
algebra over a field KK (of any characteristic), M a finite-dimensional B-module,
E=End(M) its endomorphism ring, J = J (E) its Jacobson radical, and H = Aut(M)
its automorphism group. We start with the following useful observation:

Proposition 1. (1) The quotient algebra &/ J is a division algebra if and only if
M is indecomposable.

(2) If M is indecomposable and [t/ J is separable, then H = GL (D) x U, where
D =&/ J is a division algebra and U = 1 + J is a connected unipotent group.

(3) Further to the conditions of (2),if D =K, then H = GL{(K) x U.

Proof. (1) It is a standard fact that a finite length module is indecomposable if
and only if its endomorphism ring is local. Since E is finite-dimensional, this is
equivalent to E/J being a division ring.

(2) By (1), D=E/J. Since D is separable, we can use the Malcev—Wedderburn
theorem to split off the radical, i.e., to realize D as a subalgebra of E such that
E=DeoJ.

Clearly, H = GL(E). Consider an element x =d + j, d € D, j € J. Since
x"=d"+j' for some j' € J, x isnilpotentif and only if d =0. By the fitting lemma,
x € H if and only if d # 0. The key isomorphism is given by the multiplication map:

GL(D)x U => H=GL{(E), d,1+4j)~d+dj,
H=GL(E) = GL /(D)X U, d+j+ d,1+d7')).

It remains to observe that U = 1+ J is a connected unipotent algebraic group.
It is connected because it is isomorphic to J as a variety. It is unipotent because
each of its elements is unipotent in GL(M).

(3) The Malcev—Wedderburn decomposition turns J into a D-D-bimodule. Our
condition forces D @ D = K @k K = K so that the bimodule structure is just
the IK-vector space structure. Hence, GL{ (D) = GL () and U commute. ([
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1.2. (L, H)-morphs. Let G > L, K > H be two group-subgroup pairs. Let
N = Nk (H) and Cg (H) be the normaliser and the centraliser of H in K. By an
(L, H)-morph from G to K we understand a function f : G — K satisfying the
following four conditions:

(1) f | is a group homomorphism.

(2) f(G) C Ng(H).

B) fxX)f(y) e f(xy)H forall x, y € G.

4 f(L) CCk(H).

By a weak (L, H)-morph from G to K we understand a function f : G — K
satisfying only the first three conditions.

One can observe that a weak (L, H)-morph is just a homomorphism G — N/H
with a choice of lifting to N satisfying an additional condition. For instance, weak
(G, 1)-morphs are the same as homomorphisms G — K and weak (1, K)-morphs
are just functions G — K which preserve the identity. Furthermore, the same state-
ments also hold if we replace weak morphs with morphs in the previous sentence.

Commonly (L, H)-morphs originate from K-G-sets X = g X, i.e., G acts on
the right, K on the left and the actions commute. Let 6 € X such that its G-orbit is
inside its K-orbit. Let H be the stabiliser of # in K. Choose a section K/H — K

which sends the coset H to 1x. The composition of the section with the G-orbit
map of 6 is a function

. — characterise = orall x € .
f:G—K ch ised by /@0 =6* forall x € G

Lemma 2. The map f defined above is a (1, H)-morph.

Proof. By definition, /*¥)9 = 6*. On the other hand, 6 = (6*)Y = (/™g)¥ =
T, Hence, 6§ = f(Xy)*lf(xy)Q — f(xy)’lf(X)f(y)g and f(xy)_lf(x)f(y) cH.

Now pick h € H. Then /@™ Wy = F@&)Thgx = [0 gxr = [0 (0g = ¢
so that f(x)"'hf(x) € H. O

We would like to identify weak (L, H)-morphs that define the same homomor-
phisms G — N/H. More precisely, we say that two weak (L, H)-morphs f and f’
are equivalent if f'(x) € f(x)H for all x € G. We denote the set of equivalence
classes of weak (L, H)-morphs by [LH]mo(G, K). Furthermore, given a fixed
homomorphism @ : L — K we denote by [L H]mo(G, K) the set of equivalence
classes of those weak (L, H)-morphs that restrict to 6 on L.

Let A be an additive abelian group with a G-action (a ZG-module). We consider
a subcomplex (5‘(G, L; A), d) of the standard complex (C*(G; A), d) that consists
of such cochains w, that are trivial on L", i.e., iy |x..x.=04.

We see that this cochain complex fits into an exact sequence of cochain complexes

0— C*(G,L: A) — C*(G; A) — C*(L; A) — 0.
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This then allows us to form a long exact sequence of cohomology
...>H"YG; A)—» H"\(L; A)—)ﬁ"(G,L; A)— H"(G;A)— H"(L; A)— ...

For our purposes, we have to modify this subcomplex slightly. We consider
a subcomplex (C*(G, L; A), d) of the standard complex (C*(G; A), d) which is
obtained from (5'(6, L; A), d) in the following way: forn > 0, C"(G, L; A) =
cr (G, L; A), whilst C°(G, L: A) = AL. We can furthermore replace the com-
plex C*(L; A) with the complex C*(L; A), which is defined by C*(L; A) =
Coker(C"(G, L; A) — C"(G; A)) for all n > 0. In particular, we observe that
cn (L; A) = C"(L; A) for all n > 1. This then recovers an exact sequence of
cochain complexes:

0— C*(G,L; A) — C*(G; A) — C*(L; A) — 0.

In particular, noting that for the cochain complex ok (L; A) we have H O(L; A)=0
and H"(L; A) = H"(L; A) for n > 1, we can form the long exact sequence of
cohomology

0—> HYG,L; A) —> ...~ H" ' (L; A)
— H"(G,L; A) — H"(G; A) > H'"(L; A) — ...

What can we say about the natural map f, : H"(G, L; A) — H"(G; A)? From
this long exact sequence, the following proposition is clear.

Proposition 3. (1) Forn > 0, H"(L; A) = 0 if and only if f, is surjective and
Jfa+1 is injective.

(2) Forn > 1, f, is injective if and only if the restriction map Z"~'(G; A) —
7" W(L; A) is surjective.

Proof. (1) This follows from the exact sequence.

(2) Suppose Z"~1(G; A) — Z""I(L; A) is surjective. Pick u € Z"(G, L; A) such
that [] € ker(f;). Then u € B"(G; A) and u = dn for some n € Cc"1(G; A).
Moreover, d(n|r) = p|r = 0 so that 5|, € Z"~'(L; A). Our assumption gives
¢ € Z"Y(G; A) such that ¢|; = n|z. Hence, n —¢ € C" (G, L; A) and u =
d(n—¢) € B"(G, L; A).

Now suppose that f, is injective. Pick u € Z""!(L; A), and extend it to
x € C""Y(G; A). Hence dy € Z"(G, L; A) and [dx] € ker(f,). Sodyx = d¢
for some ¢ € C" (G, L; A). Now x —¢ € Z" 1 (G; A) and (x — O)|p =p. O

Corollary 4. Forn>1, H" (G, L; A)=0ifand only if H"~'(G; A)— H"~'(L; A)
is surjective and H"(G; A) — H"(L; A) is injective. Furthermore, H' (G, L; A)=0
ifand only if H'(G; A) — H'(L; A) is injective.
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The next theorem clarifies the origin of this new complex. Let us fix a homomor-
phism 6 = f|; : L — N and choose a subgroup H < H, normalin N = Nk (H) such
that A== H/ H is abelian. Notice that the conjugation 7 hH = ghg™! H defines a
structure of an N/H-module (and a G-module via any weak (L, H)-morph) on A.
Informally, we should think of the next theorem as “an exact sequence”

(1) HYG,L:A)--»[LHI"mo(G, N) — [LH]’mo(G, N) — H*(G, L; A)

keeping in mind that the second and the third terms are sets (not even pointed sets)
and the first arrow is an “action” rather than a map. Let us make it more precise: a
weak (L, H)-morph defines a G-module structure p on A. For each particular p
(not just its isomorphism class) we define

[LH)’mo(G, N), € [LH]’mo(G, N), [LH)’mo(G, N), € [LH]’mo(G, N)

as subsets of those weak (L, H)-morphs that define this particular G-action p.
These subsets could be empty, in which case we consider the following theorem
true for trivial reasons. The reader should consider this theorem and its proof as a
generalisation of the results in Sections 1 and 2 in [Thévenaz 1983] to the situation
of weak (L, H)-morphs.

Theorem 5. We retain the notation preceding this theorem. For each G-action p
on A the following statements hold:

(1) There is a restriction map
Res: [LH])"mo(G, N), — [LH]’mo(G, N),, Res((f))=1[f],
where (f) and [f] are the equivalence classes in [Lﬁ]emo(G, N), and
[LH]'mo(G, N),.

(2) The abelian group Z' (G, L; (A, p)) acts freely on the set [LH]® mo(G, N),
by
Yy )=y f), wherey f(x) =y (x)f(x) forallx € G

andy :G-Y> A— Hisalift of y toamap G — H with y (1) = 1.
(3) The corestricted restriction map Res : [Lﬁ 1mo(G, N) » — Im(Res) is a
quotient map by the ZY(G, L; (A, p))-action.

(4) Two classes (f), (g) € [LHI’mo(G, N),, lie in the same B'(G, L; (A, p))-
orbit if and only if there existh € H, f' € (f), g’ € (g) suchthat[f(L),h]C H
and f'(x) =hg'(x)h~! forall x € G.

(5) There is an obstruction map

Obs : [LH)"mo(G, N), — H*(G, L; (A, p)), Obs([f]) =[]

where the cocycle f* is defined by f*(x,y) = f(x)f(y)f(xy)_lﬁ.
(6) The sequence (1) is exact, i.e., the image of Res is equal to Obsfl([O]).
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Proof. Suppose (f) = (g). This gives a function o : G — H such that a|p =1 and
f(x)=a(x)g(x) forall x € G. Since H D ﬁ, we conclude that [ f] =[g] and the
map Res is well-defined. This proves (1).

Suppose Res({f)) = Res({(g)). Then [f] = [g] gives a function & : G - H
such that o|; = 1 and f(x) = a(x)g(x) for all x € G. We can also obtain such a
function from a cochain y € C!(G, L; (A, p)) by lifting & = y. Let us compute
in the group N/ H denoting aH by a. The weak (L, H)-morph condition for f is
equivalent to the following equality:

alxy) gxy) = fxy) = f(x) f(y) =ax)gx) a(y)g(y)
=a(x)g@a(y)g)~! gx)g(y).

Now notice that

gxy) =g(x)g(y) =gx) g(y)

is the weak (L, H)-morph condition for g, while

a(xy) =a(x)g®)a(y)g(x)~" = a(x) g(x)a(y)g(x)~" = alx) [p(x)(@)]1(y)

is the cocycle condition for & = af. Any two of these three conditions imply the
third one, which proves both (2) and (3), except the action freeness.

Suppose (f) =y - (f) = (y f). This gives a function @ : G — H such that
glp=land y(x)f(x) =a(x)f(x) forallx € G. Hence, y =a and y =a = 1.
Thus, the action is free.

Let us examine da - (f) = (d'a f) for some a € A Since da(x) = —a+p(x)(a)
and p(x) can be computed by conjugating with f (x), we immediately conclude that

[daflx)=a'faf@) ™ fx)y=a""'fx)a.

It is easy to see that [ f (L), a] C H. The argument we have just given is reversible,
ie., if f(x)=hg(x)h~ ! then (g) =dh - (f) and h € AL. This proves (4).

Suppose [ f] = [g]. This gives a function « : G — H such that o|; = 1 and
f(x) =a(x)g(x) for all x € G. Let us compute the cocycles in N/ H, keeping in
mind that H/ H is abelian:

Fa ) =FOF0) foy) T =a@) g a(y) g0) g@y)  aGy)
= (a(y) 2@ g@a(y) g@) " )gg() gxy) !
=da(x,y)+ g (x, y).

Thus [ f¥] = [g*], proving (5).
It is clear that fti =1for f e [LH]’mo(G, N),. Hence, Obs(Res((f))) = [O].
Suppose now that Obs([ f]) =[0]. This gives a function @ : G — H suchthata|;, =1
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and da = f*. Consider g: G — N defined by g(x) =a(x)~' f(x) forall x € G. Then
[¢]=[f]and we can verify that g € [LH]mo(G, N), by checking g°=1inN/H:

g =am FTmak) o) @) aky)
~aty et (FOam F@ ) Ay
=dax,y) " fix =1
This proves (6). ]

Let us quickly reexamine how the last section works for (L, H)-morphs. All
of its results including Theorem 5 clearly work, although the objects that appear
have additional properties. Most crucially, since f(L) € Cg(H), the L-action
on the abelian group A is trivial. If L is normal in G, this just means that A is a
ZG/L-module.

An important feature is that Z'(L; A) consists of homomorphisms L — A in
this case. This means that Proposition 3 yields the following corollary:

Corollary 6. If the group L is perfect, then f, : HY(G, L; A) — H'(G; A) is
surjective and f> : H*(G, L; A) — H*(G; A) is injective.

1.3. Module extensions. We now assume that L is a normal subgroup of G. Let A
be an associative ring, (V, 0) an AL-module, K = AutyV and H = Autyp V its
automorphism groups. We can think of 8 as an element of the set of AL-structures
X =hom(L, K). Then H is the centraliser in K of 8(L). By N, as before, we
denote the normaliser of H in K.

Naturally, X is a K-G-set: G acts by conjugation on L twisting the AL-module
structure, K acts by conjugations on the target, while H = Stabg (). The module V
is called G-stable if (V,0) = (V, 68) for all g € G. This is equivalent to the orbit
inclusion #¢ € X9. By Lemma 2 this gives a (1, H)-morph f : G — K.

If g € L, the isomorphism f(g) : (V,8) — (V, 88) can be chosen to be 6(g).
Indeed,

0(2)(O(h)v) = 0(gh)(v) = 0(ghg ™) (O(8) (V) = 0% (W) (H(8)(v))

forall g, h € L. Then, without loss of generality f|; =6, and f is an (L, H)-morph
in [LH1mo(G, N).

Suppose that the group H = Auta V is soluble. We can always find a subnormal
series H = Hol> H\ > . .[> H; = {1} with abelian quotients A ; = H;_; /H; such that
each H; is normal in N. For instance, we can use the commutator series H; = H/).
In this case, every abelian group A; becomes an N-module.

If A is finite-dimensional over the field K and V is a finite-dimensional indecom-
posable AL-module, we can use Proposition 1 to derive useful information about
its automorphisms. In particular, if D = Enda; (V)/J is a separable field extension
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of K, then H = GL (D) x (1 + J) is soluble. It admits another standard N-stable
subnormal series:

H,=1+J", m=>1, A,=0+J™/1+J").

As groups, we have A, = ((1—|—J’")/(1+J’"+1), )= (J’”/J’”“, +). The following
theorem is the direct application of Theorem 5. It determines the uniqueness and
existence of a G-module structure on a G-stable L-module. The proof is obvious.

Theorem 7. Let V =(V, 0) be a G-stable A L-module with a soluble automorphism
group H, where A is an associative ring. Let H = Hyi> Hi > ...> Hy = {1} be a
subnormal N-stable series with abelian factors A; = H;_1/H;.

Any AG-module structure ® on (V, 0) compatible with its AL-structure (i.e.,
O|ar = 0) can be discovered by the following recursive process in k steps. One
initialises the process with an (L, Hy)-morph fo = [ coming from the G-stability.
The step m is the following.

(1) The (L, Hy,—1)-morph f,—1 : G — N such that f,,_|L = 0 determines a
G-module structure p,, on Ay,.

(2) If Obs([ fin—1]) # 0 € H*(G, L; (A, pm)), then this branch of the process
terminates.

3) If Obs([ frn—1])=0¢€ H?(G, L; (A, pm)), then we choose an (L, H,,))-morph
fm : G — N such that Res([ f,]) = [ fn—-1]-

(4) For each element of H' (G, L; (A, pm)) we choose a different f,, branching
the process. (The choices different by an element ofB1 (G, L; (A, pm)) are
equivalent, not requiring the branching.)

(5) We change m to m + 1 and go to step (1).

An AG-module structure ® on (V, 8) compatible with its A L-structure is equivalent
to fy for one of the nonterminated branches. Distinct nonterminated branches
produce (as fi) nonequivalent compatible AG-module structures.

This process is subtle as p,, is revealed only when f,,_; is computed. It would
be useful to have stability, i.e., the fact the G-modules (A,,, p;n) are the same
(isomorphic) for different branches. The actions p,, on A,, = H,,—/ H,, on different
branches differ by conjugation via a function G — H,,_,. Thus, one needs all
two-step quotients H,,_1/H,,+1 to be abelian to ensure stability. Having said that,
we can still have some easy criteria for existence, uniqueness and nonuniqueness.

Corollary 8 (existence test). Suppose H*(G, L; (A, pm)) = 0 for all m for one
of the branches. Then this branch does not terminate and an AG-module structure
exists.
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Corollary 9 (uniqueness test). Suppose H' (G, L; (A,,, pm)) = O for all m for one
of the nonterminating branches. Then this branch is the only branch. Moreover, if
an AG-module structure exists, it is unique up to an isomorphism.

Corollary 10 (nonuniqueness test). Suppose H (G, L; (Ax, pr)) #0 for one of the
nonterminating branches. Then there exist nonequivalent AG-module structures.

1.4. Extension from not necessarily normal subgroups. In Section 1.3 we restrict
our attention to the case of L being a normal subgroup of G. Let us take a moment
to examine how Section 1.3 works if L is not normal.

Set P = ﬂgeG L8, where L& := g~ Lg. Let A be an associative ring, (V, ) an
AL-module. Note that (V, 0) is also an A P-module under restriction, so we can
view 6 as an element of the set X =hom(P, K). Let K =AutaV and H = AutapV
be its automorphism groups, so H is the centraliser in K of 8(P). By N, as before,
we denote the normaliser of H in K.

As in Section 1.3, X is a K-G-set. The AL-module V is called G-stable-by-
conjugation if (V,0) = (V, 68) as A[L N L8]-modules for all g € G. Note that this
condition guarantees that V is G-stable as an A P-module. This is equivalent to the
orbit inclusion #¢ C X9, By Lemma 2 this gives a (1, H)-morph f : G — K.

If g € L, the A[L N L&]-isomorphism f(g): (V,8) — (V, 68) can be chosen to
be 6(g). Indeed, 6(g) (0 (h)v) = 6(gh)(v) =0(ghg™")(B()(v) =64 (h)(B(g)(v))
for g € L, h € L N L8 Then, without loss of generality f|;, = 0, and f is an
(L, H)-morph in [LH]?mo(G, N).

This then allows us to proceed with the inductive process of Theorem 7 as before,
when H = AutapV is soluble.

1.5. Comparison with C*(G/L; A). When studying the question of extending
representations from a normal subgroup, Dade and Thévenaz use the cohomol-
ogy of the cochain complex (C*(G/L; A), d) to control existence and uniqueness
of such extensions. In this paper, however, we use the cohomology complex
(C*(G, L; A), d) instead. It is worth taking a moment to compare the cohomology
of these two complexes, and see where the difference in approaches arises. We use
the notation of Section 1.2, assuming that cochains are normalised since this does
not affect the cohomology groups.

In order for the action of G/L on A to make sense, we need to make the
assumption that L acts on A trivially. The reader can observe that this assumption
holds in the case considered in Section 1.3, and, in fact, holds whenever one obtains
the G-action on A from an (L, H)-morph as opposed to a weak (L, H)-morph.
With this assumption, we have the following proposition.

Proposition 11. Under the aforementioned conditions we have isomorphisms of
groups HY(G, L; A) = H°(G/L; A) and H' (G, L; A) = H'(G/L; A).
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Proof. 1t is easy to see that H°(G,L; A) =A% = H°(G/L; A). The natural map
from the group of normalised cochains

inf: C'(G/L; A) — C'(G, L; A), inf(u)(g) = u(gL),

defines a map Inf := [inf] : H'(G/L; A) — H'(G, L; A) of cohomology groups.
It is injective because Inf([£]) = 0 means that inf(u) = da for some a € A. Then
u=da and [u] = 0.

It is surjective because for n € Z'(G, L; A) we have dn = 0 that translates as

n(gh) = ¢(mh)) +n(g) forall g, hegG.

If one chooses i € L, then it tells us that n(gh) = n(g), i.e., that n is constant on
L-cosets. Thus, the cocycle

weZ'(G/L; A),  p(gL)=n(g)
is well-defined. By definition inf(u) = 7. O

Considering the second cohomology of these complexes, it is still possible to
construct the inflation map Inf : H>(G/L; A) — H*(G, L; A) in the natural way,
but this map is no longer an isomorphism in general. We can still view H>(G/L; A)
as a subgroup of H2(G,L; A):

Proposition 12. The map Inf: H*>(G/L; A) — H?*(G, L; A) is injective.

Proof. If Inf([n]) =0 € H*(G, L; A) then there exists u € C!(G, L; A) such that
du = inf(n). Note that inf(n) is constant on L x L-cosets by construction. In
particular, for g € G and i € L, we have

(g) — p(gh) = *(u(h)) + 1n(g) — pu(gh) = inf()(g, h)
=1inf(7) (g, 1) = inf(n)(1, 1) =0,
using the cocycle condition in the penultimate equality. Hence, u is constant on

cosets of L in G. In particular, if we define it € C! (G/L; A) by ju(gL) = u(g)
then we obtain that n = di and so [n] =0 € H*(G/L; A). U

In the context of Theorem 5, we can see that HZ(G/L; A) and HZ(G, L; A) can
be made to play the same role in certain key cases. To that end, we say that an
(L, H)-morph f is normalised if f(gh) = f(g)f(h) whenever g€ G and h € L.
Note that this definition is independent of the subgroup H.

Lemma 13. In the context of Theorem 7, the (L, H;)-morphs f; can be assumed
to be normalised for each i. Furthermore, with this assumption, the cocycles
fl.]:t € ZZ(G, L; Ajy1) are constant on cosets of L x L in G x G.

Proof. These results follow from Lemmas 9.2 and 9.4(i) in [Karpilovsky 1989]. U
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For the rest of this section we assume all morphs are normalised. The second state-
ment of Lemma 13 immediately yields that, given an (L, H)-morph f, Obs([ f])
lies in the image of the natural homomorphism Inf : H?*(G/L; A) - H*(G, L; A).
The discussion in this section yields the following result:

Corollary 14. Let f be a normalised (L, H)-morph. There exists n € Z>(G/L; A)
with Inf([n]) = Obs([ f1). Furthermore, Obs([ f]) =0 € H*(G, L; A) if and only
if [n=0¢€ H*(G/L; A).

Combining Proposition 11 and Corollary 14, we observe that Sections 1.2 and 1.3
could be interpreted using the cochain complex C*(G/L; A) at all points instead of
the complex C*(G, L; A) (although doing so would force us to work exclusively
with normalised morphs instead of not-necessarily-normalised weak morphs). In-
deed, this is the approach taken by Dade and Thévenaz in the contexts they consider.
Our reasons for not taking this approach are threefold. Firstly, our new complex fits
nicely into an exact sequence as described in Section 1.2. Secondly, this complex
is more natural to work with—Dade and Thévenaz essentially move from the
complex C*(G/L; A) to the complex C*(G, L; A) as described in this section, and
then proceed as we do. Finally, our main motivation in studying the case for abstract
groups is to gain insight into the question for algebraic groups, where the procedures
described in this section do not work smoothly (cf. Section 2.5).

In particular, note that if H is abelian then the corollaries at the end of Section 1.3
give precisely Corollary 1.8 and Proposition 2.1 in [Thévenaz 1983].

2. G-stable modules for algebraic groups

In this chapter we consider algebraic groups over an algebraically closed field [ of
positive characteristic p. Algebraic groups are affine and reduced, groups schemes
are affine and not necessarily reduced.

2.1. Rational and algebraic G-modules. We distinguish algebraic and rational
maps of algebraic varieties. In particular, we can talk about algebraic and rational
homomorphisms of algebraic groups f : G — H. The latter are defined on an
open dense subset U = dom( f) of G containing 1 and satisfy f(x) f(y) = f(xy)
whenever x, y, xy € U.

A rational automorphic G-action on a commutative algebraic group H is a
rational map G x H — H, defined on an open set U x H containing 1 x H, with
the usual action conditions and also such that for each g € U the map x — 8x is a
group automorphism of H. An algebraic G-action on H is the same, but where the
map G x H — H is algebraic.

In an important case, the distinction between rational and algebraic maps can be
essentially forgotten, as observed by Rosenlicht [1956].
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Lemma 15 [Rosenlicht 1956, Theorem 3]. Let G and H be algebraic groups
with G connected. Suppose f : G — H is a rational homomorphism. Then f
extends uniquely to an algebraic group homomorphism G — H.

When H is commutative, this lemma is a special case of the next lemma. Indeed,
if one takes the G-action on H to be trivial, then the condition in the following
lemma is precisely the condition for a map to be a homomorphism.

Lemma 16. Suppose that G is a connected algebraic group and (H, +) is a commu-
tative algebraic group with an algebraic automorphic G-action p. Let f : G — H
be a rational map such that f(xy) = f(x) 4+ * f(y) for all x,y,xy € dom(f)
(where * f(y) == p(x)(f(¥))). Then f extends to an algebraic map satisfying
fy)=f)+ *f(y) forallx,yeG.

Proof. Since f is rational and G is connected, dom(f) = U C G is a dense open
subset. Set V=UNU"\.

Fix x € V. Consider the rational map

fr:G— H, f () = fx)+ 2 e h.

This map is rational since it is defined on the dense open set Vx~!. Observe that
on VN Vx~! we have that f, = f by the assumption on f. Now, let x, z € V and
define the rational map

Jrz:G— H, Ja: () = fx () — f2(0).

Then f ; is defined on Vx~' N vz~ If the set ffoI(H \ {0}) is nonempty, it is
open dense. Hence, it has nonempty intersection with V N Vx~! N Vz~!. However,
sinceon VNVx~'NVz~! we have f = f, = f., this is impossible. Thus, we must
have f; . =0o0n Vx~!NVz~L Inparticular, if y e Vx~'NVz~! then fi (y) = £ ().

Therefore, the following map is a well-defined locally-algebraic, and hence
algebraic, map:

f: G— H, f(y) = fw(y), where w € y*IV.

This map clearly restricts to f on V. Furthermore, it satisfies the condition from
the lemma:

Leta,b € G. Choose w € b~'a=1'V Nb~'V —this exists since both these sets
are open dense in G. We then have abw € V and bw € V. The condition on f tells
us that 0 = f(1) = f(bw) + bwf(w_lb_l). Hence, we have the equations

Flab) = fu(ab) = f(abw)+ " f(w™),
Fl@) = fow(@) = flabw)+ " fw™'b7h),
Fb) = fub) = fbw) + P fw ).
This then gives us that f(ab) = f(a) + "f(b), as required. O
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Recall that a rational representation of an algebraic group G is a vector space V,
equipped with an algebraic homomorphism 6 : G — GL(V). An immediate
consequence of Lemma 15 is that if G is connected, then 6 is uniquely determined
by any of its restrictions to an open subset and any rational homomorphism of
algebraic groups G — G L(V) determines a representation.

Similar to the case of abstract groups, we have the following proposition:

Proposition 17 [Xanthopoulos 1992, Section 4.3]. (cf. Proposition 1) Suppose
that V is a finite-dimensional indecomposable g-module, where g is the Lie algebra
of the algebraic group G over K. Then as algebraic groups we have

Auty (V) =K x (14),

where J is the Jacobson radical of Endy(V). Furthermore, 1 + J is a connected
unipotent algebraic subgroup of Autg(V).

2.2. Rational and algebraic cohomologies. Let H be an affine group scheme act-
ing on an additive algebraic group (A, +) algebraically by automorphisms. The
following easy lemma shall be useful in what follows.

Lemma 18. Let H be an irreducible affine group scheme. Then H is primary, i.e.,
every zero-divisor in K[ H] lies inside the nilradical.

Proof. The affinity of H tells us that K[H] = K[y, ..., y,]/I for some n > 1 and
some Hopf ideal /. In particular, / has a primary decomposition I = QgN---N Q,
(which we assume to be normal) with associated primes Py = VI, Py, ..., P
From the perspective of group schemes, this uniquely endows H with a finite
collection py, pi, ..., pr of embedded points of H, where p; is a generic point of
the irreducible closed subscheme given by Q;. Furthermore, for i > 0 each p; is of
codimension at least one. If x is a closed point in H, then the set xpg, xpy, ..., Xpy,
corresponds to the associated primes of another primary decomposition of /. Hence,
by uniqueness, x acts on the set pg, p1, ..., pr by permutation. Thus,

Hieq = U ( U xpi) ; = U (Pi)red-
red =

i=1 “x closed point

However, over an algebraically closed field, H.q cannot be a finite union of proper
subvarieties. Hence, r = 0 and the result follows. O

Define the cochain complex (Cg, (H; A),d) to consist of the rational maps
H" — Adefined at (1, 1, ..., 1) with the standard differentials of group cohomology.
A rational function f on H" is defined on an open dense subset U € H", thus, U
has a nonempty intersection U, = U N H} with each irreducible component H)

U1t is a standard terminology, which slightly disagrees with our usage of the adjective rational.
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of H". Since H" is a group scheme, its irreducible components are connected
components that yields the direct sum decomposition of functions:

K[H"] = ©K[H"].

Note that each H,, is isomorphic to an irreducible affine group scheme, so we can
apply Lemma 18. Thus, U, is of the form U (s, ) for a non-zero-divisor s, € IK[H] ]
and f = hs~! for some h € K[H"] and a non-zero-divisor s := (sy) € K[H"]. Thus,
f € K[H"]s, the localised ring of functions obtained by inverting the set .S of all
non-zero-divisors.

Writing functions on the algebraic group A as K[A] = K[xy, ...x;;]/1, a ra-
tional n-cochain p is uniquely determined by an m-tuple of rational functions
(ui) € K[H"]§ satisfying the relations of /. In particular, if each component of H
18 infinitesimal,

K[H"]s =K[H"] and Cg,(H;A)= CZlg(H§ A),

where, in general, (C Zlg(H ; A), d) is the cochain subcomplex of (Cy, (H; A), d)
that consists of those rational maps H" — A which are, in fact, algebraic.

Let us now concentrate on a connected algebraic group G and its connected
subgroup scheme L. There is another subcomplex of (Cg  (G; A), d) which we
are interested in: we define (Gﬁat(G’ L; A), d) to consist of rational maps G" — A
that are trivial on L" (i.e., everywhere 0 on L"). As in the case of abstract groups,
we define (Cg, (G, L; A), d) by

Cr (G, L; A), ifn>0
Cha(G, L; A) = | Rat 70 00 ’
Rat( ) {AL, ifn=0.

There is a natural inclusion of cochain complexes Cy, (G, L; A) — Cg, (G: A).
We can hence define the cochain complex Cg, (L; A) such that Cg, (L; A) =
Coker(Cg,, (G, L; A) — Cg,(G; A)) for all n > 0.

In particular, this gives us the short exact sequence of cochain complexes

0 — Cpo(G, L; A) = Cp(G; A) = Cry(L; A) — 0.

~

We define the algebraic complexes Ca(G. L; A) and Cale (L; A) in the expected
way, and once again get a short exact sequence of cochain complexes. In either case,
this allows us to construct the long exact sequence in cohomology (suppressing the
“Rat” and “Alg”):

) 0> H' (G, L;A)— ...— H'" \(L: A)
— H"(G, L; A) > H"(G; A) — H"(L; A) — ...

Note that ﬁgat(L; A) = ﬁglg(L; A) = 0, hence this exact sequence starts in
degree one.
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These long exact sequences can be connected, using the maps induced by the
inclusions Cglg(G, L; A) — Cg,(G, L; A) and Cglg(G; A) = Cp,(G; A):

.= HXlg(G’ L;A) — HXlg(G; A) — ﬁglg(L; A) — HXI?(G, L;A) — ...

! l l l

. — H] (G, L; A) - H! (G;A) — H! (L; A) - H''(G,L; A) - ...

Since we identify Cglg(G; A) with algebraic maps from the trivial algebraic
group to A (and similarly in the other complexes), there is no distinction between
rational and algebraic maps. Hence,

Hgo(G: A) = H\,(G: A) = Hgy (G, L; A) = HR\ (G, L; A) = A°.

The cocycle condition on f € Cfm(G; A) is precisely the condition considered
in Lemma 16 for a rational map f : G — A. Since G is connected, Lemma 16 tells
us the map extends to an algebraic map. Hence, in this case

Hgo(G: A)=H\,,(G: A) and Hg, (G, L; A)=H\,(G, L; A).

This leads to the following proposition. The first part of it follows from the exact
sequence. The second part has a similar proof to Proposition 3.
Proposition 19 (cf. Proposition 3). (1) If Hy,(L; A) =0, then Hy (G, L; A) =
Hy. (G; A).
(2) For n > 0, if the natural map Zﬁa_tl(G; A) — Zl'{;tl (L; A) is surjective, then
the natural map Hg, (G, L; A) — Hg, (G; A) is injective.

The appropriate long exact sequence yields the following.
Corollary 20. Héat(G, L; A) =0 if and only ifHI%at(G; A) —> ﬁéat(L; A) is sur-
Jective and Héat(G; A) —> Héat(L; A) is injective.

When the action is trivial, we can learn more about what these cohomology
groups are.

Lemma 21. If G acts trivially on A and Hom(L, A) =0, then Zﬁat(L; A) =0.

Proof. Let i+ Ch (G, L; A) € Z} (L; A), so du € C3, (G, L; A). In particular,
du|r2 = 0. However, since the action is trivial, du|;2 = 0 if and only if u|z is a
rational homomorphism L — A if and only if w|; is a homomorphism L — A
(since L is connected, by assumption). Since Hom(L, A) = 0, we conclude that
jt+ Cpo(G, L; A) =0+ Ch (G, L; A). Hence, Z}, (L; A) =0. O

Lemma 22. Let G be a connected algebraic group which acts trivially on a commu-
tative algebraic group A. Let L < G be a closed connected subgroup scheme. Then
Hp. (G; A) = Hom(G, A) and Hy, (G, L; A) = {x € Hom(G, A) | pu|, =0}
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Proof. Since the G-action on A is trivial, the coboundary map Clgat(G; A) -
Céat(G; A) is just the trivial map. Hence, we get that Héat(G; A) = lezat(G§ A),
the rational 1-cocycles of G. However, as the action is trivial, rational 1-cocycles
of G on A are the same as homomorphisms of algebraic groups G — A. Hence,
Hy . (G; A) = Hom(G, A).

A similar argument gives Hl%at(G, L; A) ={u € Hom(G, A) | u|r =0}. O

Combining Lemmas 21, 22 and Proposition 19 (2), we get the following corollary:

Corollary 23. Let G be a connected algebraic group acting algebraically (not
necessarily trivially) by automorphisms on a commutative algebraic group A.
Let L < G be a connected closed subgroup scheme of G such that the action
of L on A is trivial, and Hom(L, A) = 0. Then Hg, (G, L; A) = H,,(G; A) and
H:, (G, L; A) — Hi,(G; A) is injective.

The following lemma by van der Kallen [1973, Proposition 2.2] will be useful:

Lemma 24. Let G be a semisimple, simply-connected algebraic group. Suppose
further that, if p = 2, the Lie algebra g of G does not contain Ay, By or C; (I > 3)
as a direct summand. Then g is perfect, i.e., g = [g, g].

Proof. 1t is enough to prove this result for G simple and simply-connected, with
irreducible root system ®. It is well known that g is simple and nonabelian (and so
g = [g, g]) in the following cases: p{/+ 1 in type A;, p # 2 in types B, C;, Dy,
p # 2,3 in types E¢, E7, F1, Gy, and p # 2, 3,5 in type Eg. It is further known
[Capdeboscq et al. 2017] that g is simple and nonabelian in the following cases:
p =2intypes Eg, Go, p=3intypes E7, Fy, and p =2, 3,5 in type Eg.
Furthermore, it is known from Table 1 in [Hogeweij 1982] that g = [g, g] in all
the remaining cases except for p = 2 in types Ay, By, C; (I > 3). O

Lemma 25. Let G be a semisimple, simply-connected algebraic group over an al-
gebraically closed field K of characteristic p which acts trivially on a commutative
algebraic group A. Suppose further that, if p = 2, the Lie algebra g of G does not
contain Ay, By or C; (I > 3) as a direct summand. Let G be the first Frobenius
kernel of G. Then Hﬁat(G, Gi; A)=0.

Proof. Let us first show that Hl%at(G; A)=0. Let u: G x G — A be a rational

cocycle defined on the open set U x U with U~! = U. We can define a local group
structure on the set A x G by setting

(a,8)(b,h)=(a+b+u(g, h),gh) and (a,8) ' =(—a—pug g ", g".

In the language of Weil [1955], A x U is a group-chunk in the pre-group A x G.
By Weil’s theorem [1955], there exists an algebraic group H birationally equivalent
to Ax U with ®: A x U — ®(A x U) an isomorphism of algebraic group-chunks
and ®(A x U) a dense open set in H.
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Since H is connected it is generated by ® (A x U). Let f : A — H be the natural
algebraic group homomorphism coming from A — A x U. This is clearly injective
and, since A commutes with each element of A x U, we have that f(A) C Z(H).
Furthermore, the natural projection A x U — G extends to a rational (and so
algebraic) homomorphism 7 : H — G, which is surjective as U generates G (since
G connected). Finally, it is clear that f(A) =kerm N® (A x U). Hence, & descends
to a homomorphism 7 : H/f(A) — G, whose kernel is discrete (since (A x U)
is dense in H) and, hence, central (as G connected).

In other words, we have a central extension | - A — H — G — 1 of algebraic
groups, which corresponds to an algebraic cocycle i : G x G — A. It is straightfor-
ward to see that /1|y xuy = it|uxv, and hence [1] lies in the image of the natural map
HRy,(G; A) — Hg, (G; A). Thus the map Hy,, (G5 A) — Hg, (G; A) is surjective.

It suffices to prove that Hil g(G; A)=0when A is G, or G,, or a finite group: the
long exact sequence in cohomology reduces the case of arbitrary A to one of these
cases. It is known that H3,,(G; G,) = H*(G; Kyiy) = 0 [Jantzen 1987, IL4.11].

Consider a nontrivial cohomology class in Hilg(G; A) when A~is G,, or a
nontrivial finite group. It yields a nonsplit central extension 1 > A - G — G — 1.
Pick a nontrivial character x : A — G,,. There exists an irreducible representation
of G with a central character x . It is an irreducible projective representation of G.
By the original version of Steinberg’s tensor product theorem [1963] it is linear.
Hence, x is trivial. This contradiction proves that Hilg(G; A) = 0 for these two
particular A. We have finished the proof that Hﬁat(G; A) =0 for an arbitrary A.

Since G is a height 1 group scheme, rational homomorphisms of schemes
G| — A are fully controlled by the corresponding restricted homomorphisms of
Lie algebras g — Lie(A). By Lemma 24, g = [g, g] and thus all such homomor-
phism of Lie algebras are trivial. Hence, we can apply Corollary 23 to get that
Hﬁat(G, Gi; A) — ngat(G; A) is injective, and so

HZ,(G,Gy; A) =0. O

2.3. G-stable bricks. In Section 1, we have introduced the notions of weak (L, H)-
morphs and (L, H)-morphs for abstract groups. In this section, we discuss how
these notions apply to algebraic groups and see how they can be used to shed some
light on the lifting of g-modules to G-modules.

Suppose that G, K are algebraic groups over [K, where G is connected, and that
L, H are closed subgroup schemes of G, K respectively. We say that a rational
map f : G — K is a (weak) (L, H)-morph of algebraic groups if it satisfies the
conditions for a (weak) (L, H)-morph of abstract groups, where condition (3) is
interpreted for only those x, y, xy € dom(f).

In analogy with the case of abstract groups, a weak (L, H)-morph of algebraic
groups is a homomorphism G — N /H with a rational lifting N/H — N which
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satisfies an additional condition. It is clear that if H is normal in K then con-
dition (2) is trivially satisfied. We again have that weak (L, 1)-morphs are just
homomorphisms G — K, and that weak (1, K)-morphs are rational maps G — K
which preserve the identity.

We say that two weak (L, H)-morphs of algebraic groups, f and g, are equivalent
if f(x)g(x)~! € H for all x € dom(f) Ndom(g). Given a homomorphism of
algebraic groups 6 : L — K, we denote by [L H]?mo(G, K) the quotient by this
equivalence relation of the set of weak (L, H)-morphs of algebraic groups from G
to K which restrict to 6 on L.

Suppose that X is a separated algebraic scheme on which G acts rationally on
the right (i.e., the action X x G — X is a rational map), K acts algebraically on
the left, and the actions commute. Suppose further that 8 € X (K) is such that
6% C X9, and that there exists a rational section K/H — K where H = Stabg ()
is the scheme-theoretic stabiliser of 6.

As in the case for abstract groups, this gives us a rational map

f:G — K characterised by /™9 =6* forall x e U G

Lemma 26. The map f defined above is a (1, H)-morph of algebraic groups.
Proof. We can think of f as the composition of the rational maps
G—{#)xG— X0 - K/H—> K.

Note that 9 — K /H is an algebraic map by [Demazure and Gabriel 1970,
Proposition 3.2.1]. We then have that the composition is rational since each domain
of definition intersects the previous map’s image.

The proof that f(x)f(y) € f(xy)H for x,y € G with f(x), f(y) and f(xy)
defined is the same as in the abstract case, as is the proof that f(G) C Nx(H). UJ

Now we fix algebraic (group, subgroup scheme) pairs (G, L) and (K, H) with H
soluble and G connected. Denote by mg, mg the corresponding multiplication
maps, Ag, Ak the diagonal embeddings, and invg, invg the inverse maps. Let
6 : L — K be a homomorphism of algebraic group schemes. Furthermore, choose H
to be an algebraic subgroup of H, characteristicin N = Nk (H) such that A :=H/ H
is commutative. We denote the quotient map H — A by 7.

We can define an N-action on H by conjugation. Note that since H is char-
acteristic in N, so preserved by conjugation, this passes to an algebraic N-action
on A. Hence, we have an algebraic action of N on A which is trivial on H (since A
is commutative). This gives us an algebraic N/H-action on A. For an element
fe [LH]mo(G, K), we get a rational homomorphism G — N/H which is, in
fact, algebraic by Lemma 15. Thus, every element of [L H]"mo(G, K) induces an
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algebraic G-action on A. This G-action respects the multiplication operation of A,
i.e., it is an algebraic automorphic G-action.

As in the case for abstract groups, we can form something resembling an exact
sequence. Let p be a rational G-action on A, and define

[LH’mo(G, N), C [LHI’mo(G, N), [LH]’mo(G, N), C [LHI’mo(G, N)
as the subsets of weak morphs which induce the action p.
We get the following theorem:

Theorem 27 (cf. Theorem 5). For a rational G-action p on A the following state-
ments hold:

(1) There is a restriction map
Res: [Lﬁ]emo(G, N), — [LH]erno(G, N),, Res({(f)=I[f],
where (f) and [ f] are the equivalence classes in [Lﬁ]emo(G, N), and
[LH]°mo(G, N),.
(2) The abelian group ZRdt(G, L; (A, p)) acts freely on the set [Lﬁ]emo(G, N),
by
y () =yf), where yf=mgo(yxf)oAg
and y : G X5 A — H comes from a rational Rosenlicht section A — H (cf.

[Rosenlicht 1956, Theorem 10]) with y (1) = 1.

(3) The corestricted restriction map Res : [Lﬁ]emo(G, N), — Im(Res) is a
quotient map by the Zfl{at(G, L; (A, p))-action.

@) IfH, H and A are reduced, two classes (f), (g) € [Lﬁ] mo(G, N),, lie in
the same Béat(G L; (A, p))-orbit if and only if there exzst heH, f el(f),
g’ € (g) such that [ f(L), h] C H and f'(x) =hg' (x)h~! forall x € G.

(5) There is an obstruction map
Obs : [LH"mo(G, N), — Hgo(G, L; (A, p)), Obs([f]) = [f*]

where the cocycle f* is defined by

GXGM)GXGXGM)KXKXK H-Z5 A.

Here, p| and p, denote projection to the first and second coordinate respec-
tively.

(6) The sequence (cf. sequence (1))
[LH]"mo(G, N), = [LH]’mo(G, N), — HZ,(G, L; (A, p))

is exact, i.e., the image of Res is equal to Obs™ ! ([0]).
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Proof. If (f) = (g) then the map
RN IS Ny SV GILINY e

has image in H and is trivial on L. It is rational as it is a composition of rational
maps, and the identity is in the domain of definition and image of each map.

We also observe that given an analogous « : G — H (i.e., corresponding to
[f1=1g]) we get ra : G — A. Denoting the Rosenlicht section [1956, Theorem 10]
A — H by 7, we see that tra = o and thus (ra) = a. Note that we may assume
the Rosenlicht section is defined at 04 by composing with a translation if necessary.
All the maps here are rational. In particular, Ta € Cllzat(G’ L; (A, p)).

With these observations in mind, the remainder of the proof follows in the
same way as in the proof of Theorem 5 does for abstract groups, doing everything
diagrammatically. U

Before going any further, let’s consider the following case where we can use
this exact sequence directly. A restricted g-module (V, 6) satisfying the condition
that Autyg(V) = K* is called a brick. A brick is necessarily an indecomposable
g-module.

Theorem 28. Suppose G is a semisimple, simply-connected algebraic group over
an algebraically closed field K of characteristic p > 0, with Lie algebra g. Suppose
further that, if p =2, g does not contain Ay, By or C; (I > 3) as a direct summand.
Let (V, 0) be a finite-dimensional G-stable brick. Then there exists a unique G-
module structure © on V with ©|g, = 0.

Proof. We use Theorem 27 in the following situation:

e L = G4, the first Frobenius kernel of G,

« K =GL(V),
« H=Auty(V)=K>,
e N =Ng(H),

* X = Homg(g, gl(V)), a separated algebraic scheme with 6 € X ().

Observe that G acts on X on the right via the adjoint map on the domain and
GL(V) acts on X on the left via conjugation on the image. Furthermore, the actions
commute, and the G-stability of V gives us that 6¢ ¢ G-V)g,

Hence, Lemma 26 gives a (1, H)-morph of algebraic groups, say f : G — GL(V).
In particular, it gives a homomorphism of algebraic groups f : G — PGL(V),
together with a rational lifting  : PGL(V) — GL(V). This rational lifting can be
defined as follows: fix a basis of V and let U be the open subset of PGL(V') consist-
ing of all cosets which can be represented by a (unique) matrix A = (a;;) € GL(V)
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with a;; = 1. Then define the map 1 : U — GL(V) by assigning to each coset this
representative.
Currently f and 6 give the same maps from G to N/H, since

Y99 (a)(v) = 0(x)0 (@O (x ") (v) = O (xax~ ") (v) = 0" (a)(v)

for x,a € G1(S), v € V(S) for any commutative [K-algebra S. Note, however, that
the maps G; — K do not necessarily agree.

To fix this potential disagreement, we define a rational map R: G; — H =K* by
R(g) = f(g)~'0(g) for g € G|(S). There exists a rational map R:G— H=K*
which restricts to R on G. Indeed, we have R € IK[G] (as G is infinitesimal), so
we can liftitto R € K[G] (since IK[L] is a quotient of KK[G]). Let U = G\ f_l (0).
This is open in G, and on U we have that the image of R lies inside K*, so R is a
rational map G — K. If now we define f: G — GL(V) by f(g) = f(g)ﬁ(g), we
get that f is a (G, H)-morph which restricts to 6 on G, fixing the disagreement.

Observe that with H := 1, we get (in the notation of the Theorem 27) A = H
and G acting on A trivially. Hence, the “exact sequence” from Theorem 27 is

Hi (G, G K¥)--5[G111°mo(G, N) =[G H]°mo(G, N)|— HE, (G, G 1; KX).

By Lemma 25, Héat(G, Gi; K*) = 0. Hence [f] € [G1H]’mo(G, N); can
be lifted to fe [G111mo(G, N);. This means that ® := f: G —->GL(V)isa
homomorphism of algebraic groups which restricts to 8 on G;. Furthermore, this
representation is unique (up to equivalence) if Héat(G, G; K*) =0.

By Lemma 22,

Hgy(G, G1; IK¥) = {i € Hom(G; K*) | plg, = 1}.
Since G is perfect, Hﬁat(G, G1; K*) =0 and the extension is unique. O

2.4. G-stable modules with soluble automorphisms. We return to the general sit-
uation, where (G, L), (K, H) are algebraic (group, subgroup scheme) pairs with H
soluble, G connected, and H reduced. However, from now on we suppose that L
is a normal subgroup scheme of G. We also fix a homomorphism of algebraic
groups 6 : L — K, where the image commutes with H, so we are now dealing
with (L, H)-morphs. Everything in the previous section can be reformulated in
terms of (L, H)-morphs without difficulty — the key difference is that the G-action
on A is now trivial on L. Since H is soluble, we can find a subnormal series
H = Hy> H; > ...> Hy = {1} with commutative quotients A; = H;_/H; and
each H; characteristic in N = Nk (H) and reduced.

Suppose that f is an (L, H)-morph of algebraic groups such that f|; = 6. As
in the case of abstract groups, we get the following theorem — it generalises the
procedure which we have used for bricks in the previous section.
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Theorem 29 (cf. Theorem 7). Given an (L, H)-morph of algebraic groups f = fj
with f|p =0, we obtain any (L, 1)-morph extending 6 by applying the following
procedure. Step m is the following:

(1) The (L, Hy,—1)-morph f,—1 : G — N such that f,_|L = 0 determines a
rational G-action p,, on A,.

2) If Obs([ fu—1D) #0 € Héat(G, L; (An, om)), then this branch of the process
terminates.

3) If Obs([ fu—1]) =0 € Héat(G, L; (A, pwm)), then we choose an (L, Hy,)-
morph f, : G — N such that Res([ fin]) = [ fin—1]-

(4) For each element of Hﬁat(G, L; (Ap, pm)) we choose a different f,, branching
the process. (The choices different by an element of Bﬁat(G, L; (A, pwm)) are
conjugate by an element of H.)

(5) We change m to m + 1 and go to step (1).
An (L, 1)-morph which restricts to 6 on L is equivalent to f; for one of the

nonterminated branches. Two (L, 1)-morphs f, g come from different branches if
and only if there is no h € H such that f(x) =hg(x)h™" for all x € G.

We get the following corollaries, similarly to Section 1.3:

Corollary 30. Suppose Hﬁat(G, L; (An, pm)) =0 for all m for one of the branches.
Then this branch does not terminate and there is a homomorphism f : G — K
which restricts to 6 on L.

Corollary 31. Suppose Hﬁat(G, L; (Ap, pm)) =0 for all m for one of the nontermi-
nating branches. Then this branch is the only branch. Moreover, if a homomorphism
of algebraic groups f : G — K restricting to 0 exists, then it is unique up to
conjugation by an element of H.

Corollary 32. Suppose H}{m(G, L; (Ag, pr)) # O for one of the nonterminating
branches. Then there exist algebraic homomorphisms G — K which are not
conjugate by an element of H.

We apply this theorem (and these corollaries) in the following case — a generali-
sation of the case from the previous section:

e G is a connected algebraic group over [ with Lie algebra g,
e L=Gy,

e K =GL(V), where (V, ) is a finite-dimensional G-stable indecomposable
g-module,

H = Auty(V),
* X = Homg(g, gl(V)), a separated algebraic scheme with 6 € X ().
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Applying exactly the same argument as in Theorem 28, we only start to encounter
problems when trying to extend the rational map R : G; — H to a rational map on
the whole of G. This can be fixed without much difficulty.

As a variety, we have that

H=K* x K" c K"!

for some n (Proposition 17). Hence, we get R=(Ry, Ry, ..., R;), where R; e K[G]
for i=0,1,...,n. We can then lift each of these to elements of IK[G], so we obtain
= (Ro, R1 R ) G — K"t!. We would like the i image to lie in H. Thus, we
deﬁne U=G \ R (0) This is an open set in G, so we can view R as a rational
map from G to IKX x K" = H which is defined on U, and restricts to R on G.
Now we can define f: G — GL(V) as f(g) = f(g)ﬁ(g). Thisis a (G, H)-
morph of algebraic groups, which restricts to 6 on G . Hence, we are in the situation
of Theorem 29. Observe that 6 : G; — GL(V) extends to a homomorphism of
algebraic groups ® : G — GL(V) if and only if there exists a (G, 1)-morph of
algebraic groups extending 6. In particular, the corollaries to Theorem 29 can be
used to determine the existence and uniqueness of a G-module structure on V.

Corollary 33 (existence test). Suppose G is a connected algebraic group over K
with Lie algebra g, and suppose V is an indecomposable G-stable finite-dimensional
g-module. Then there exists a G-action on V which respects the g-module structure
if and only if there is a branch (in the terminology of Theorem 29) which does
not terminate; for instance, a branch such that Hl%at(G, G1; (Am, pm)) =0 forall
(A, pm) on that branch.

Corollary 34 (uniqueness test). Suppose that G is a connected algebraic group
over K with Lie algebra g, and that V is an indecomposable G-stable finite-
dimensional g-module. Suppose further that there exists a G-action on V which
extends the g-module structure. This G-action is unique (up to isomorphism)
if and only if there is a branch (in the terminology of Theorem 29) such that
Hl%at(G, G1; (Am, pm)) =0 forall (A, pm) on that branch.

Observe that combining Corollary 34 with Corollary 23 for the N-stable sub-
normal series H,, =14 J", m > 1, we get a similar result to Proposition 4.3.1 in
[Xanthopoulos 1992].

2.5. Comparison with Cg, (G/L; A). Let us now mimic the approach we took
in Section 1.5 and examine how our cochain complex (Cy,, (G, L; A), d) compares
with the complex (Cg, (G/L; A),d) on the level of cohomology. We use the
notation of Section 2.3. As with our discussion in Section 1.5 we have to assume
that L acts trivially on A for this discussion to be meaningful — a condition which
holds in the examples considered.

Similar to the case for abstract groups, we have the following proposition:
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Proposition 35. Under the aforementioned conditions we have isomorphisms of
groups HR\ (G, L; A) = HY, (G/L; A) and Hy,(G, L; A) = H, |, (G/L; A).

Proof. Making use of the universal property of the quotient for algebraic groups,
the proof follows word-for-word as in Proposition 11. U

Recalling the observation that there is no distinction between H Al and HR
fori =0, 1, this tells us that Hg, (G, L; A) = Hg),(G/L; A) and H}{at(G L; A) =

Alg(G /L; A) in these circumstances.

The universal property of the quotient for algebraic groups further yields an
analogue of Proposition 12.

Proposition 36. The maps Infa)g : Alg(G /L; A) — H/ilg(G’ L; A) and Infgy, :
H (G/L; A) — HZ, (G, L; A) are injective.

Proof. The proof follows as in Proposition 12. U

In the case of abstract groups, Section 1.5 shows that by making careful choices
of (L, H)-morphs in Theorem 7 the image of the obstruction maps

Obs : [LH]’mo(G, N),, — H*(G, L; (A;, pi))

always lies inside HZ(G/L; (A;, pi)) — H*(G, L; (A;, 0i)). As such, it is pos-
sible to reinterpret Theorem 7 using the complex (C*(G/L; A), d) instead of
(C*(G, L; A), d) at all points. This conclusion for abstract groups, however, relies
on the observation that it is always possible to assume that the (L, H)-morphs being
considered are normalised. When translating the results to the case of algebraic
groups it is far from clear that the analogues of Lemma 13 and Corollary 14 hold.

Question. Can the (L, H)-morphs considered in Sections 2.3 and 2.4 be chosen
to be normalised?
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UNIFORM BOUNDS OF THE PILTZ DIVISOR PROBLEM
OVER NUMBER FIELDS

WATARU TAKEDA

We consider the upper bound of the Piltz divisor problem over number
fields. The Piltz divisor problem is known as a generalization of the Dirich-
let divisor problem. We deal with this problem over number fields and
improve the error term of this function for many cases. Our proof uses
the estimate of exponential sums. We also show uniform results for the
ideal counting function and relatively r-prime lattice points as one of its
applications.

1. Introduction

The behavior of arithmetic functions has long been studied, and it is one of the most
important areas of research in analytic number theory. But many arithmetic functions
f(n) fluctuate as n increases, and it becomes difficult to deal with them. Thus, many
authors study partial sums ) .. f(n) to obtain some information about arithmetic
functions f(n). In this paper_we consider the Piltz divisor function Iz’ (x) over
a number field. Let K be a number field with extension degree [K : Q] = n, and
let Og be its ring of integers. Let Dg be the absolute value of the discriminant
of K. Then the Piltz divisor function /¢’ (x) counts the number of m-tuples of

ideals (aj, az, ..., a;) such that the product of their ideal norms a; - - - Na,, < x.
It is known that

xs
11 1)~ Re (20" )

We denote by A (x) the error term of 7} (x), that is, I} (x) —Ress=1 ({x () %-).

In the case m = 1, this function is the ordinary ideal counting function over K.
For simplicity we substitute /g (x) and Ag (x) for / Il( (x) and A}{ (x), respectively.
There are many results about /x (x) from the 1900s. In the case K = Q, integer
ideals of Z and positive integers are in one-to-one correspondence, so Ig(x) = [x],
where [-] is the Gauss symbol. For the general case, the best estimate of Ag (x)
hitherto is the following theorem.

MSC2010: primary 11N45; secondary 11R42, 11HO06, 11P21.
Keywords: ideal counting function, exponential sum, Piltz divisor problem.
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Theorem 1-2. The following estimates hold for all & > 0:

n=[K:Q] Ag(x)
2 o (x 16 (logx) %) [Huxley 2002]
3 O (xte) [Miiller 1988]
4 O(x n+8) [Bordelles 2015]
5<n<10 O(x'"7Fte) [Bordelles 2015]
1lH<n  O(x'"wret®) [Lao 2010]

There are also many results about /' from the 1800s. In 1849 Dirichlet showed
that

I\)\'—‘

I@(x) =xlogx+ 2y —1)x+ 0(

where y is the Euler constant, defined by

21
y = nlingo(kgl % —logn).
The O-term has been improved by many researchers many times; the best estimate
hitherto is x 1648 T2 [Bourgain and Watt 2017].
As we have mentioned above, there exist many results about other divisor prob-
lems, but it seems that there are not many results about the Piltz divisor problem
over number fields.

Theorem 1-3 [Nowak 1993]. When n = [K : Q] > 2, then we get

2)
OK( n12n+mn(5)nn+2) (log x)m 1- 5n+2 ) for 3 S mn E 6’
_ 2 2( 2)
OK()C1 it (log x)™~1~ i ) formn >1.

x(x) =

For the estimate of the lower bound, Girstmair, Kiihleitner, Miiller, and Nowak
obtain the following $2-results:

Theorem 1-4 [Girstmair et al. 2005]. For any fixed number field K with n =
[K:Q]>2,
(1-5) AR (x) = Q(x%_ﬁ(log )2~ zmm (log log x)* (log log log )™,

where k and A are constants depending on K. To be more precise, let K& be the Ga-
lois closure of K/Q, G = Gal(K#'/Q) its Galois group, and H = Gal(K#'/K)
the subgroup of G corresponding to K. Then

mn+1 2mn mn+1 mn—1
Syvmntl — | d A= R ,
2mn (Z vy ) o 4mn * 2mn
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where
1eCG { |{0€G|IEGHG_1}|=V|H|}|

N
b = G|

and R is the number of 1 <v <n with §, > 0.

We know the following conditional result. If we assume the Lindelof hypothesis
for the Dedekind zeta function, it holds that for all € > 0, for all K, and for all m,

(1-6) m(x) = Og(x3TD%).

In this paper we estimate the error term of A% (x) by using exponential sums.
In [Nowak 1993; Girstmair et al. 2005], they use other approaches, so we expect
new development for the Piltz divisor problem over number fields. As a results, we
improve the estimate of upper bound of A% (x) for many K and many m.

In Section 2, we show some auxiliary theorems to consider the upper bound
of the error term A% (x). First we give a review of the convexity bound for
the Dedekind zeta function and generalized Atkinson lemma [1941]. Next we
show Proposition 2-6, which reduces an ideal counting problem to a problem of
exponential sums. This proposition plays a crucial role in our computing A% (x).

In Section 3, we prove the following theorem about the error term A% (x) by
using estimates of exponential sums.

Theorem 1-7. For every ¢ > 0 the following estimate holds. When mn > 4, then

AI”(Z()C) — On,m,s(x AT +8D 2mn+1 +s)‘

This theorem gives improvement of the upper bound of A% (x) for mn > 4.

In Section 4, we give some applications. First we give a unlform estimate for the
ideal counting function over number fields. Second we show a good uniform upper
bound of the distribution of relatively r-prime lattice points over number fields as a
corollary of the first application.

In Section 5, we consider a conjecture about estimates for the Piltz divisor
functions over number fields. It is proposed that for all number fields K and for all
m the best upper bound of the error term is better than that on the assumption of
the Lindelof hypothesis (1-6).

2. Auxiliary theorem

In this section, we show some important lemmas for our argument. Let s = o + it
and n = [K : Q]. We use the convexity bound of the Dedekind zeta function to
obtain an upper bound of the error term of the Piltz divisor function A (x).
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It is well known that the Dedekind zeta function satisfies the functional equation

_1 ri+r T
2-1) xk(l—s)= Dj( 22"(1_S)7r_’”F(s)”(cos %) 1 2(sin %) 2§K(s),

where r; is the number of real embeddings of K and r; is the number of pairs of
complex embeddings.

The Phragmen—Lindeldf principle and (2-1) give the well known convexity bound
of the Dedekind zeta function [Rademacher 1959]: for any ¢ > 0 and n = [K : @],

1_
On (]2 D277 ") it <0,

. n(l—o 1o
22 kO+i)=10,.(1|"2" D2 ) ifo<o<l,
On.s(|t1°Dg) ifl<o

as |t|" Dg — oo, where K runs through number fields with [K : @] = n. In the
previous papers, we also use this convexity bound (2-2) to estimate the distribution
of ideals. In the following sections, we show some estimates for A% (x) in the
similar way to our previous papers.

Lemma 2-3 states the growth of the product of the Gamma function and trigono-
metric functions in the functional equation (2-1) of the Dedekind zeta function.

Lemma 2-3. Let T € {cos, sin} and n be a positive integer. Then

(s)" as\"1tr2 o o ogeN\T2
cos — sin ==
1—ys ( 2 ) ( 2 )

e R

where C is a constant and s = o +it.

Proof. This lemma is shown from the Stirling formula and estimate for trigonometric
functions. U

Next we introduce the generalized Atkinson lemma. This lemma is quite useful
for calculating integrals of the Dedekind zeta function.

Lemma 2-4 [Atkinson 1941]. Let y > 0,1 < A < B, and t € {cos, sin}, and define
| [A+iB N
I=5o ) Ter(F )y s
If y < B, then
1=+ 0y (e 2) ) 14t 407Y)
If y > B, then

I = O(y_A (BA_% min((log %)_1, B%) + AA_%)).
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Finally we introduce the following lemma to reduce the ideal counting problem
to an exponential sum problem.
Lemma 2-5 [Bordelles 2015]. Let 1 < L < R be a real number and f be an
arithmetical function satisfying f(m) = O(m?®), and let e(x) = exp(2mwix) and
F = f x , where x is the Dirichlet product symbol. Fora € R—{1} and b, x € R
and for every € > 0 the following estimate holds:

2

m<R

f(m)r(anmb) = On. (Ll_” 4+ R® max S7¢
ma L<S<R

2 : b

X max max max F(m E e(x(mn

S<S1<2S M,N<S| M<M<2M (m) (x(mn)”)
MNX=S N=<N;<2N M<m=M, N<n<N,

The next proposition plays a crucial role in our computing /g’ (x). We consider
the distribution of ideals of Og, where K runs through extensions with [K : Q] =n

and some conditions. The detail of the conditions will be determined later, but they
state the relation of the principal term and the error term.

Proposition 2-6. Let Fx = I * j. For every & > 0 the following estimate holds:

mn—1 L mn+1
AZ(x) =0 L™ 4 x2mn D2'R® max S~ 2mn
K( ) n,m,ge K L<S<R
-
xlk\mn
X max max max Z Fg(m) Z elmn| —
S<81<28 M,N<S; M<M;<2M Dk
MN=S N<N;<2N M<I=<M, N<k=<N;

mn—2

_2 1 —1 1 1
—|-xﬂ2l;lnn +£D1’é+€R Zmn T€ —|-xern +8D1’é+eR_mn+8)’

where K runs through number fields with [K : Q] = n and some conditions.

Proof. Let dg (1) be the number of m-tuples of ideals (a;,as,...,a,) such that
the product of their ideal norms ay - - - Ja,, = /. Then one can easily check that
o0
dg (1)
(2-7) k()" =" ’js for Rs > 1
=1
and

Ig(x) =) _dg().

I<x

Thus, Perron’s formula plays a crucial role in this proof.
We consider the integral

l A
L / tx ()" ds.
2ri Jco s

where C is the contour C; U C> U C3 U C4 shown below:
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3(s)
A
iT .G
A
—<llo 1+8,§Yt(s)
Cs C
—iT . Cs

In a way similar to the well known proof of Perron’s formula, we estimate

X 1+¢
2-8 mX_ d =TIy ) :
XY 37 L oS ds = g + 0.
We can select the large T, so that the O-term in the right-hand side is sufficiently
small. For estimating the left-hand side by using estimate (2-2), we divide it into
the integrals over C,, C3, and Cjy.
First we consider the integrals over C and C4 as

1 N
L [ Ex (Y™ ds
2wi Je,uc, )

1+¢ o 1+¢ o

X X
<— iT) "= do + — —iT)|"™== do.
<50 | Mo in " do b [ ek i) do

It holds by the convexity bound of the Dedekind zeta function (2-2) that their sum

is estimated as
1 Xs 1+¢
/ é‘K(S)m_dS = On,m,s(/ (Tman) +8_d0)
2mi CrUCy N —&

x1+eDs
= On,m,s(— + T 1_HED 2 e _8)

(2-9)

T1—¢
By the Cauchy residue theorem, (2-8), and (2-9) we obtain

1+st

N
(2-10) A2 = [ k()" = ds+Op e K 4T "1 oD 20 xe
Cs s Tl &

Thus, it suffices to consider the integral over C3 as

1 K 1 —e+iT

X x5
= | k()" —ds=— k()" — ds.
2wi Jc, S 270 J—eiT s
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Changing the variable s to 1 — s, we have

1+e+iT xl_s
Lo as =5 ¢k (1—5)" > — ds.
2 270 JiqemiT 1—s
From functional equation (2-1), it holds that
T
/ g-K(s)m 1+e+i (Ds—%zn(l—s)n—nsr(s)n (COS n_s)r1+r2
2 27” +e—iT K 2

X (sin %S)m([((s))m)lct; ds.

By Lemma 2-3 the integral over C3 can be expressed as

/ txe ()™ ds

2mi

C I+e+iT 5 25)Mmh pmn )
_Cx 3 ((”)#) D (mns— "0 E L) (AT 1 ) ds
270 J14e—iT Dy 2 2

Dtg, mn_ _
+ Opme(Dg T2 71Hex7e),
Changing the variable mns — %ﬂ to s, we have

mn—1

1
1 CXLZHM_HIDW L= +mne+mniT X ﬁ —s
{K(s)—ds——_K 2mnn | —
i Cs 2mwi M=l L mpe—mniT Dy

xF(s)r( +(mn+1)n)§K(i+mn+l)ds

2 4 mn 2mn

Bte, mn_q _
+ Onme(Dp " T2 71Hox7%),

From (2-7) the function {g (5)™ can be expressed as a Dirichlet series. Itis absolutely
and uniformly convergent on compact subsets on N(s) > 1. Therefore, we can
interchange the order of summation and integral. Thus, we obtain

X i\~ (mn—i—l)n s mn+1
o)) ror(5 e = i )

dm(1 Ix \mi\~*
=3 KD [(mnn(5) ) (5 T Y

1]2mn

mn 1 mn—1 +

+mne—mniT to =5—
mne + mniT. Properties of trigonometric functlons lead to

1
. n_s+(mn+ ) .
2 4

where the integration is on the vertical line from

r(%) if mn is odd,
i(t(%) +11(%)) if mn is even,

/2
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where {7, 71} = {sin, cos}. Hence, it holds that

o Cox DI & ()
m
i / k() s T
mn—1 1

5— tmnet+mniT Ix \mn\~S
x/ (Zmnn(—m) ) F(s)f( )ds
7’""2_1 +mne—mniT DK

m e mn__q _
+ Opme(Dg T2 71Hex75),

e
Applying Lemma 2-4 to this int?gral with y =2mnx (é—xm) mn A = M + mne,
B=mnT,and T = Zn(Dm)mn, this becomes K

1 xS Cx 2mnD2” dm(l) Ix \mn
ol e 20 mor( 1))

3 l<R 2mn

d’"(l) . R\ [ Rx \znn
+ Onme nn iz Min log 7 A\ pm
l<Rl 2mn K
mn—2
dm l 2mn
l<Rl 2mn

1
- mn 2 dm(l) X / -1 Rx \2mn

+Onm

_2 1 _2
+ On m s(xn;}rflnn +8D1'é+6Rn§’r1nn +8)_

We evaluate three O-terms as follows. First we consider the first O-term. One can
. -1 .
estimate (log %) = O(%), so we obtain

1
mn —2 nl d;?(l) . R -1 Rx \2mn
On.m g(x 2mn DK —l% mln{ (log 7) , (D_?) })

I<R

1 dam(l) R\ !
—Onme(x 2””’ D" Z fn+2 (IOgT)

I<[R]-1 2mn 1
mn—2 }11 d[’(n(l) Rx \2mn
+xom g Y K (ﬁ) )
K

[R]flSR 2mn

mn—2 1 dm(l) R mn—1 L 1 dm(l)
=On,m,e (x 2mn Dl’é Z 571-&-2 —R_l+x 2mn K R2mn Z mn+2)
I<[Rl-1 1 2 [RI<i<R [ 7"

mn—2 1 mn— L mn—+1

= On me(x 2mn D”R 2mn +8—|—x Zmn1 DI%” R~ 2mn )
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Next we calculate the second O-term

dm(l) R\ %
On,m,s X 2m" Dn Tmnt2 +1
I<R l 2mn l

L dm (]
—Onmg(xzm”D R mZZKT()).

I<R

Since it is well known that dg’ (/) = O(I®), we get

mn—2
mn=2 1 dm(l) R 2mn
On,m,s (x 2mn DI”( Z rIrfT—i-z((T) + 1))
lle 2mn
mn— ~ __mn 18
= Onma(x S D R mn2/ Tdt)
1

1
= On m g(x 2mn Dz R’ggan2+€)

Finally we estimate the third O-term in a similar way to calculate the first O-term.
. -1 .
One can estimate (log &) = 0(72%). so we obtain

1 mn—2 2 dm(l) . [ -1 Rx 2mn

I>R
1
= mn—2 dm(l) Rx 2mn
= OI’l m g(x 2mn D R 2mn +8( Z llf+€ (W)
R<I<[R]+1 K
dz(l) I\!
+ Z [1+e (IOg E) ))
[R]+2=!
mn mn—1 dm(l)
—Onme(x 2’”” D2”R 2mn 1€ Z lll{-l—s
R<l<[R]+1
mn = mzﬂnz_,’_s d;{n(l) R
x5 DR > hwi%

[R]+2<I

mn—1 L n+1 mn—2 L mn—2
= On’mss(x 2mn D12<” R~ 2mn +e —+ x 2mn DI’éR 2mn +8).
From above results, we obtain

s C 2mn D2n dm l l ﬁ
@-11) / xS ds == m&) ( (D—)fn) )
K

l<R 2mn

-1 L 1 2
+ Onm s(xmznmn D12<”R 2mn +'€+x 2mn D Rmznmn +'€)
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From estimates (2-10) and (2-11), it is obtained that

Cx 2mnD2” dm(l) Ix \ma
A'I?(x) mn+1 ( (D_’I?) )

l<R 2mn

mn—. 2+6 mn—1

—2 1
+Onm8(xn§zm +8Dl’é+8R +x mn +8D” _W+e)

Next we consider the above sum. Let Fx = dg' * i, where * is the Dirichlet product
symbol. From Lemma 2-5 this becomes

nn+1

A% (x o) L1~ 4 ' B DZ”R‘9 max S~
20 = O max

1
xlk \mn
X ma ma ma Fx(l el mn
S<51§2SMN<XS1M<M1£2M‘ 2 Frd ) ( (Dm) )‘

MNX=S N<N;<2N M<I<M, N<k<N;
—2 1 -2 1
+ x”é':nn +8DI?+8R’2Z1H te + xmn’in +8D” _mn+8) O

Let $x (x, S) be the sum in the O-term, that is,

mn+1 )Clk
T 2mn F .
s mM%Ma%M\ X w0 3 e(m( gy ) )

MN=S N<N{<2N M<I=M, N<k=N

This proposition reduces the initial problem to an exponential sums problem. There
are many results to estimate an exponential sums. In the next section, we estimate
the Piltz divisor function by using some results for exponential sums established by
many authors.

3. Estimate of counting function

In the last section, we showed that the error term of the Piltz divisor function
A% (x) can be expressed as an exponential sum. Let X > 1 be a real number,
1<M <My <2M and 1 < N < N; <2N be integers, and (an,), (b,) C C be
sequences of complex numbers, and let «, 8 € R. Then we define

m o n ﬂ
3-1 ¢ = me(Xx(=) (=] ).
= Y o ¥ nelx(5) (7))
M<m<M, N<n<N;

Lemma 3-2 [Wu 1998]. Let o, 8 € R such that af(a—1)(B—1) #0, and |am| <1
and |by| <1 and £ =10g(XM N + 2). Then
$29 = O((XM3N*)3 + (X*MON")is + (XM N0yt

+MNZ 4 (X 'M¥N2)2 4 X2 MN).
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Next Bordelles also shows this lemma by using estimates for triple exponential
sums by Robert and Sargos.

Lemma 3-3 [Bordelles 2015]. Let «, S € R such that af(a — 1)(f — 1) # 0, and
lam| <1 and |by| < 1. If X = O(M), then

(MN)™*%
= O((XM N")5 + N(X 2M") 15 4 (X 3M?'N?3)25  MiN + X~ MN).
The following Srinivasan result is important for our estimating A2 (x).

Lemma 3-4 [Srinivasan 1962]. Let N and P be positive integers and u, > 0,
vp >0, Ay, and By, denote constants for1 <n < N and 1 < p < P. Then there
exists q with properties

01<9g=<0>

and

N P
ZAnqun + Z qu—vp
= p=1
P
o v )
n=1p=1 p=1
The constant involved in the O-symbol is less than N + P.

Srinivasan [1962] remarks that the inequality in Lemma 3-4 corresponds to the
“best possible” choice of g in the range Q1 < g < Q». We apply Lemma 3-4 to
improve the error term AR (x).

Theorem 3-5. For every ¢ > 0 the following estimate holds. When mn > 4, then
m +¢& 2mn+1 +e
x(x) = On,m,e(xzm’”rl Dy )

as x tends to infinity.

Proof. We note that

m, 0, T ()

'M<I§M1 N<k<N,; K

MN i (] \mi [k \mn
= 2 om0 2 o(m(F) " (5)" (7))
‘M<15M1 N k=N, Dk M N
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We use the above lemmas with X = mn(xg“v ) i >0.Let0<a < %, we consider
K
four cases:

case 1, S* <N K S%,
case 2, S? <N < s,
case 3, SI=® < N,

case 4, N <« S*.

When S K N <€ S %, we apply Lemma 3-2 and this gives

mn— L
(3-6) S”éxBm D2 Ik (x,S)

2mn—1 11mn— 6mn—9

= On m 8()( lOmn DIO”R IOmn 4+ x 4mn D4”R 32mn 4+ x 22mn D22"R 22mn

1 11lmn—12 S5mn—24 mn—2

mn—1 _ s mn—1 mn
—+x 2mn D12<”R 2mn -3¢ +x 22mn D””R 44mn - +x 2mn D R 2mn )

When S & N <« S'7* we use Lemma 3-2 again reversing the role of M and N.
1

We obtain the same estimate for the case that S* <« N « S 2. For case 3, we use

Lemma 3-3:

mn— L
(3-7) S™x"Smn D2 Sk (x,S)

= On m 8(x4r8annsD8”R 8mn3+4a —+ x 6mn D3”R 12mn8+12a

2mn—3

4dmn—5 8— emn—S_ia mn—1 2— mn—2+7a 2mn—3 4—
—+ x 8mn DK”R 8mn 2% 4 x 2mn DK”R dmn T 4% 4 x 4mn DK”R 4mn )

If XWD M < S, the condition of Lemma 3- 3 X = O(N), is
satisfied. Therefore it suffices to choose L = xm Dy mnti—o—T . For case 4,
we use Lemma 3-3 again reversing the role of M and N . We obtain the same
estimate for the case that N <« §%. Combining (3-6) and (3-7) with Proposition 2-6,
we obtain

-3

(3-8) A (x) = On m S(X 10mn Dm”R {omm 1€ +x 4mn D4”R ’;‘”émn te

11lm -9 mn—1 5 mn—1_1
+x 22mn D22"R 22 mn +8+x 2mn D2”R 2mn 2%t

1lmn—12 1 15mn— 24+6 mn—. 2+6
4+ x 22mn DI"R 44mn +x2mnD R 2mn

4mn—3 < _mn—3 3mn—4
4 x 8mn DS"R 8mn +Za+8—|—x 6mn D3"R 12mn +12a+8

4mn—5 =5 2mn—3 2mn 3
+ x 8mn DB”R Smn +12a+8+x 4mn D4"R te

mn—1 1 —_mll=c)

+x mn +8DI’I SR_W+8+xmn(l—O() ID mn(l—a)— 1)
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1 .
By Lemma 3-4 with x mn(—e)=T DK’""(1 =1 < R < xD there exists R such that
the error term of estimate (3-8) is much less than

_2m _ __Sm__ _ __6m _
o p I | S p It T | S e ponitna te
K K

(I—a)ymn+a—1 15mn mn—2

__(d—oym _ 1
+XW+SD;{1_M”W+I+ er15"“17“20"'8D3”““r4+ +x mn +€D1’é+8

QatDmn—2a ¥+g (a+5)mn—a—7 __(at5)m e
7a+nn+€ Qa+1)ymn+5 A (a@+5)mn+4a
€2 1) g 5 ( JFS) —+4

+ X 7 DK + x (o mn D

Qa+9)ym 2m
Qa+9)ymn—20—12 et e 2mn—3 =4
1o — +€& n Qo+9)mn+9 “+é& n2mn+1
Qa+9)ymn+9 2mn+1
+x Catomn Dy + x2mn Dy

Smn(1—a)—6+3a —_m—3ma__ +e 16mn(1—a)—19+48«x - dm—8ma___ +¢e
== = ==t 10mn(1—a)—10 —SA 35— T & 32mn(l—a)—32

—+ 10mn(1—a)—10 32mn(1—a)—32

X DK 4+ x DK

1lmn(1—a)—14+49« dm=—9ma___ 4 o 1
+ XW+5D 22 (T—e)—22 T 4+ x2te

—a)— m—24muo Y
| PSR e p T e | | MO e i ke
4mn(1—a)—6+5a 6mn(1—a)—9+9« __3m—"9ma __ L te

— T ==lg 8mn(1—oz)—8 € B T e =t oY) 12mn(l—a)
x  8mn(1—a)—8 D + x 12m (1—a)—12 D
" K " K

12mn(1—a)—18+17a QRS /(o WA (0 R 6’7117”10‘+8 2mn(1—o)—3+3« m—3mao e
Simn(—a—4 1€ p 24mn(I—a)—24 ===t e ~dmn(l—a)—4
—+ 24mn(1—a)—24 Amn(l—o)—4
X D + X mn o D

m(l—a)

+XWD mn(l—a)—l

When mn >4 and o = 7’:’"””+35, then we have

1 +8) O

Am(X) — On m 8(x2mn+1 +6‘D 2ml’l+

For mn > 4 this theorem gives new results for the Piltz divisor problem over
number fields. In particular, if we fix K with [K : Q] = 4, then we improve the
estimate for Ag (x) as follows:

Corollary 3-9. For any number field K with [K : Q] =
Ag(x) = Og.e(x5+9).
This result is better than Bordelles’ result.

4. Application

In this section we introduce some applications of our theorems. First we obtain
a uniform estimate for the ideal counting function /x(x). From the proof of
Theorem 3-5, we obtain the following theorem.
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Theorem 4-1. For all & > 0 for any fixed 0 < B < 5= +5 —¢eand C > 0 the following
holds. If K runs through number fields with [K : Q] < n and Dg < CxP, then

2n—3+28
Ag(x) = OCns(x 2ntl +8)

The condition Dg < Cx? is caused by the relation between the principal
term and the error term. It is well known that /g (x) is very important to esti-
mate the distribution of relatively r-prime lattice points. We regard an £-tuple of
ideals (ay, az,...,ay) of Ok as a lattice point in K t we say that a lattice point
(ay,a2,...,ay) is relatively r-prime for a positive integer r if there exists no prime
ideal p such that ay, az, ..., ag Cp". Let V/ (x, K) denote the number of relatively
r-prime lattice points (ay, az, ..., ag) such that their ideal norm 9ta; < x.

B. D. Sittinger [2010] shows that

/OZ e

k()
where pg is the residue of (g at s = 1. It is well known that
2" (2m)2hg R
wg/Dg
where g is the class number of K, R is the regulator of K, and wg is the number

of roots of unity in O%.
After that we show some results for the error term:

V) (x,K)~

4-2) PK =

Ef (e K) = V] (0 K) — ¢ p(lie) Xt

In [Takeda 2017; Takeda and Koyama 2018] we consider the relation between the
relatively r-prime problem and other mathematical problems. If we assume the
Lindelof hypothesis for (g (s), then it holds that for all £ > 0

Os(xr(zﬂ)) if ré =2,

O, (xé_f"'g) otherwise.

From easy calculation, we obtain the following corollary.

Corollary 4-4. For all ¢ > 0 and for any fixed 0 < < 5.7 +5 —¢cand C > 0 the

following holds. If K runs through number fields with [K : Q] <n and Dg < C xB,
then

(4-3) E[(x.K) = {

4n—2 4
OCns(xr(2n+l)+2n+]B+8) ifre =2,
2n+5—(2n+1)6'3+8)

E;(x,K)=
¢ Ocn S(XZ_Zn‘ti-l—i_ 2@+ D

otherwise.

For the proof of this corollary, please see the proof of Theorem 4.1 of [Takeda
and Koyama 2018].
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5. Conjecture

Theorem 4-1 states good uniform upper bounds. It is proposed that for all number
fields K the best uniform upper bound of the error term is better than that on the
assumption of the Lindelof hypothesis (1-6).

Conjecture 5-1. If K runs through number fields with Dg < x, then
1
AR (x) =o(x2).

From estimate (1-5), this conjecture may give the best estimate for uniform upper
bound of A%Z(x). As we remarked above (Theorem 1-2) this conjecture is very
difficult even when K is fixed and m = 1.
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EXPLICIT WHITTAKER DATA FOR ESSENTIALLY TAME
SUPERCUSPIDAL REPRESENTATIONS

GEO KAM-FAI TAM

Based on the ideas of Bushnell and Henniart, and of Paskunas and Stevens,
we construct explicit Whittaker data for an essentially tame supercuspidal
representation of GL, (F), where F is a non-Archimedean local field.

1. Introduction

Let F be a non-Archimedean local field, V be an n-dimensional F-vector space,
and G be the group Auty (V) of F-linear automorphisms of V, usually regarded as
GL,, (F) by choosing a basis of V. Let = be a supercuspidal representation of G. As
a classical result in [Gel’fand and Kajdan 1975], we know that 7 admits a unique
Whittaker model. More precisely, take a tuple of Whittaker data (V, 1) consisting
of a maximal unipotent subgroup N of G and a nondegenerate character ¥ of N, in
the sense that its restriction to every simple root subgroup of N is nontrivial, then

we have
Homg (77, Ind$ ) = 1.

As another classical result in [Bushnell and Kutzko 1993], we know that

is isomorphic to a compactly induced representation from a finite-dimensional
representation A of an open compact-mod-center subgroup J of G; that is,

T = cInd?A.

Using Frobenius reciprocity and Mackey’s formula [Kutzko 1977], the existence
and uniqueness of a Whittaker model is equivalent to the existence of a pair (N, )
as above such that

(1-1) Hompnjy(4, A) #0,

and the pair is unique up to conjugation by J [Bushnell and Henniart 1998].

The above is the starting point of [Bushnell and Henniart 1998] in describing
an explicit Whittaker function for a supercuspidal representation. This description,
together with the result in [Paskunas and Stevens 2008], turn out to be useful in
computing the epsilon factor for a certain pair of supercuspidal representations which

MSC2010: primary 22E50; secondary 20G0S.
Keywords: Whittaker data, essentially tame supercuspidal representations.
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differ only at the “tame level” (see [Paskunas and Stevens 2008, Section 7] and [Kim
2014, Theorem 4.4.3]). However, as pointed out in the introduction of [Paskunas
and Stevens 2008], the proof of [Bushnell and Henniart 1998, Lemma 2.10] contains
a gap, so they have to bypass the problem using a “black box™ case (explained
below) in [Paskunas and Stevens 2008].

The purpose of this paper is to construct explicit Whittaker data (N, i) for an
essentially tame supercuspidal representation 7. The essential tameness condition
means that, by the definition in [Bushnell and Henniart 2005], if the group

{x : unramified character of F* such that (x odet) @ w = 7}

has order f, which is necessarily a divisor of #, then the residual characteristic p
of F does not divide n/f. We will explain the advantage of restricting to the
essentially tame case at the end of this introduction.

We summarize briefly the method of constructing our Whittaker data, mostly
following Theorem 3.3 and Section 4.2 of [Paskunas and Stevens 2008]. Let 6 be
the simple character of a compact subgroup H'! of G, in the sense of [Bushnell and
Kutzko 1993, Section 3.2], underlying a chosen inducing type A of w. Associated
to 0 is an element 8 € A = Endp (V) such that Eq = F[B] is a subfield of A and is
tamely ramified over F' in the essentially tame case. We will construct a maximal
unipotent subgroup N satisfying

Olminy = Vgluinn,

where g : A — C, x — Ypotry/p(B(x —1)) with ¥ being an additive character
of F trivial on pr but not on o, together with other conditions in [Paskunas and
Stevens 2008, Theorem 3.3].

The above unipotent subgroup N is defined by a particular ordered basis b of V,
given in (4-4). To describe it briefly, associated to the element 8 is a set {,B,-};ZO
of approximation elements such that Zfzo Bi = B and, in the essentially tame case,
that £; = F [Z j<i ,8,-] form a tower of intermediate (tamely ramified) extensions
between Eq and F. When ¢ =0, which is known as the minimal case in [Bushnell and
Kutzko 1993, (1.4.15)], we define b cyclicly using the element 8, similar to the one
defined in [Bushnell and Henniart 1998, 2.1 Proposition]. In the presence of multiple
approximation elements (i.e., t > 0), we define b cyclicly also, but in an inductive
way along these elements. Our b is different from the one defined in [Bushnell and
Henniart 1998, 2.1 Proposition] at the level of the complexity of approximations.

It is unknown whether ¥4 can be extended to a character of N; however, using
the matrix presentation of 8 with respect to b, we construct an analogous element
o € A such that Y = i, is a nondegenerate character of N. As the main result in
Theorem 5.1, we will show that v satisfies

1MH'ON = Wﬂ|HlnNa
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and that the conditions in [Paskunas and Stevens 2008, Theorem 3.3] are satisfied
as well, which is enough to imply that (1-1) holds for our (N, ¥). As a note, the
case when [Eg : F] = n, i.e., Eyg is a maximal subfield in A, is the “black box”
case deemed by [Paskunas and Stevens 2008]. Hence when Ey/F is moreover
tamely ramified, our (N, y) serve as a “black box” character for the arguments in
[Paskunas and Stevens 2008, Section 3].

The description of our basis b, combined with the results in [Paskunas and Stevens
2008; Kim 2014], provides a direct formula of the conductor of the epsilon factor
for a certain pair of supercuspidal representations mentioned above and which are,
as in our present paper, essentially tame. Such a formula can also be deduced from
the general conductor formula in [Bushnell et al. 1998], obtained using the theory of
intertwining operators of Shahidi, with an inductive calculation of a certain discrimi-
nant of 8 [Bushnell and Henniart 2003]. We will explain it briefly in the last section.

Note that, using the rational canonical form of B, we can of course extend /g to
a character of the maximal unipotent subgroup Ny defined using the cyclic basis
generated by 8 (as in [Bushnell and Henniart 1998, 2.1 Proposition]). However,
(Ng, ¥g) may not be good Whittaker data; in particular, they do not give the correct
conductor formula for the epsilon factors of pairs in Paskunas and Stevens’ case.

Finally, we remark that the whole development of our main result requires
Ey/F to be tamely ramified. As we will see, the tower of intermediate extensions
{E j}tj':O between Eq and F allows us to define inductively the basis b in (4-4), and
consequently decompose the simple character 6 and the compact subgroup H' N N
inductively to derive our main result. The author believes that a more complex
technique is required for the general case beyond the essentially tame case, and
hopes to deal with it in his future work.

1A. Notations. Let F be a non-Archimedean local field with an algebraic closure
denoted by F. Denote by o the ring of integers of F and by py the maximal ideal
of or. The residue field Kr = or/pF of F is a finite extension of [,. Denote by
vr . F — Z U {oo} the valuation of F.

If r € R, we denote by r+ the smallest integer strictly greater than r.

2. Tamely ramified extensions

The main purpose of this section is to gather some known facts concerning tamely
ramified extensions. More importantly, we consider minimal elements in a tamely
ramified extension, and study how they form bases with nice properties on lattice
filtrations.

2A. Complementary subgroup. Let E/F be a tamely ramified extension of degree
n =n(E/F) and ramification degree e = e(E/F). Put f = f(E/F) =n/e.
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Throughout we fix a chosen uniformizer @wr of F, and let w be the group of
roots of unity with order coprime to p. We also fix @ g and let u 5 similarly for the
field E, and assume that w len g- We define the complementary subgroup
CEg of E* to be the subgroup generated by @ g and g . It can be shown that Cg
depends only on the choice of @wr. Moreover, if K/F is an intermediate field
extension in E, then Cx C Cg. We denote by C }ame the union of all Cg, with E
ranges over all tamely ramified extensions of F.

If r is a positive integer, let U}, be the r-th unit group 1+ p’;. In general for r € R,
we write U, = U }” where [r] is the smallest integer > r, and write U F“ =U }”*
where [r], is the smallest integer > r. We define Uy similarly. Any element
b € E* can be uniquely decomposed as cu where c € Cg and u € U }g We call ¢
the first term of b.

2B. Minimality. At the beginning of this subsection, we only require E/F to be a
finite separable extension of degree n. Later we will require £/ F to be moreover
tamely ramified.

Let £ = F[a] for some @ € E. Denote e = ¢(E/F) and v = vg(«). From
[Kutzko and Manderscheid 1988, Proposition 1.5], we say that « is minimal over F
if it satisfies

D ged(v,e) =1, and
(II) any one of the following conditions:

(a) op[B] = 0k, where K/F is the maximal unramified extension in E/F
al’ld,BINE/K(Ol)/ZD'};. .

(b) The elements {x;};_,, where x; = o Jar "1, form an op-basis of 0.
In particular we have o = 69?;50 FXj.

(c) kg =kply +pEgl, where y = x, = o/ ([Bushnell and Kutzko 1993,
(1.4.15)).

By [Kutzko and Manderscheid 1988, Proposition 1.5], given (I), the three
conditions in (II) are equivalent.

To incorporate the construction of simple characters, we recall another equiv-
alent minimality condition from [Bushnell and Kutzko 1993]. Let V be a finite-
dimensional E-vector space. We first regard V as an F-vector space and denote
A =Endp(V). Let 2 be an hereditary og-order in A, with Jacobson radical {3 and
normalized by E*. Let vy be the valuation on A associated with . Let B be the
centralizer of E in A, and denote B8 = A N B. Recall from [Bushnell and Kutzko
1993, 1.4] the o p-lattice

N (o, A) = {x eQ(:ozx—xoze&Bk}
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and the critical exponent
ko(a, A) = max{k € Z : My (o, A) ¢ B +L}.

By convention, if & € F, we put ko(o, 1) = 0o. In fact, by [Bushnell and Kutzko
1993, (1.4.13)(ii)], the definition is independent of the vector space V. One important
property is [Bushnell and Kutzko 1993, (1.4.15)]

2-1 var(@) = ko(a, 20),

with equality if and only if « is minimal over F.

Proposition 2.1. An element o € F* with finite order modulo F* coprime to p is
minimal over F. In particular, any element in C #™ is minimal over F.

Proof. The second statement follows directly from the first, so we focus on proving
the first statement. The idea of the proof comes from [Reimann 1991, Lemma 2.8].
Let o have finite order modulo F*, and assume that o« ¢ F (otherwise the result is
trivial). We will use condition (2-1) and, since the condition does not depend on
the choice of the vector space V, we can assume V to be E = F[«] as an F-vector
space, and denote A, 2, and 3 as above, so that B = E and 8 = og. The statement
can be proved if we show that

Me(or, A) = 0 + P 2@

forall k € Z. Let T(x) = axa~! for all x € A, which is an F-algebra automorphism
of A. We hence take x € 2 such that t(x) —x € q3k_”9‘(“). If m is the order of « in
F*/F*, we define

m—1

1 .
A= A, X —E "(X),
s — |—>m‘0r()

1=

which is an F-linear projection onto E, and so s(x) € og as m € o. The relation

m—1 i
x=s(x)— Z thfl(f(x) —X)

i=0 j=1
implies that x € oz + 9% ~"2@_ The converse inclusion is straightforward. ([

Corollary 2.2. Suppose that the field E = F|a], for some « € E, is tamely ramified
over F. Then « is minimal if and only if the first term of o also generates E over F.

Proof. We write « = au for some a € Cg andu € U 115 It is straightforward to see
that o satisfies minimality conditions (I) and (c) if and only if a does the same for
field E. O

We provide a useful calculation of the critical exponent of an element generating
a tamely ramified field extension.



622 GEO KAM-FAI TAM

Proposition 2.3. Suppose that B € A such that E = F[B] is a tamely ramified
extension of F, and 2 is an o p-hereditary order normalized by E*. Take ¢ € Cg
and denote y = B —c. If ko(y,2A) < vy (c), then

ko(y,2) ifce Flyl,
ko(p, 2 = {1003 e Iy
vy () otherwise.
Proof. This can be derived from [Bushnell and Kutzko 1993, (2.2.8)]. O

2C. A special property. Suppose that V is an n-dimensional F-vector space con-
taining an op-lattice chain £. We call an F-basis {x j}’}zl of V an op-basis of £, in
the sense of [Bushnell and Kutzko 1993, (1.1.7)], if

(A) it is an og-basis of L(r) for some r € Z, and

(B) there exist a(j,r) € Z,forall j =1,...,n and r € Z, such that
L(r) = GB w7

We may arrange the integers such that a(j,r) <a(j+1,r).

For example, if V is a field extension £ = F[«] as in the last section, then the set
{x; }’}.: | in the minimality condition (b) is an oz-basis of {p;},cz. Indeed, suppose
that {y;} is an ordered set equal to {x;} as a set but with the order rearranged such
that ve(y;) =iif j = fi+k withO <i <eand 1 <k < f, then we have

e—1 f -1 f
(2-2) pE = @ @ PEYfivk @ @ @ Py ik

i=t k=1 i=0 k=1
ifr=se+tforallse€Zandt=0,..., e—1. Indeed we always have the inclusion D
for all r € Z, and we just have to show the equality forr =0, ..., e—1 by periodicity.

We of course have the equality for » = 0 and r = e. We then obtain the equality for
other r by counting the k z-dimensions of successive quotients on both sides of (2-2).

For constructing Whittaker data, we require a special property. Denote by
ve .V — Z U {oo} the associated valuation of £. Let {uj}'}:1 be an og-basis of £
satisfying the following condition.

(*) For every u = Zj ajuj € V witha; € F, we have ve(a;u;) > vo(u) for all j.
This condition leads to the following simple useful result:

Proposition 2.4. Suppose further that vo(u;) > ve(u;) if i < j. For every u =
Y oiaiui €V, ifve(u) > ve(u;) for some i, then aj € pp forall j > i.

Proof. This is because vo(aju;) > ve(u) > ve(u;) > ve(uj), where the first
inequality comes from condition (*) above. (]
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For example, the basis of E in the minimality condition (b), and hence the cyclic
basis {o! }l[i:()F]_l, satisfy the condition (*), by observing from (2-2). If moreover
vg (o) <0, then the cyclic basis also satisfies the conclusion in Proposition 2.4.

3. Essentially tame supercuspidal representations

In this section, we recall the construction of essentially tame supercuspidal repre-
sentations of G using admissible characters.

3A. Structure of admissible characters. Given a character & of F'*, the level of &
is the smallest integer r = rr(§) > 0 such that &| Ut is trivial. We call & tamely
ramified if » = 0.

Suppose that £/ F is a tamely ramified extension and & is an admissible character
of E* over F in the sense of [Howe 1977], which means that for some intermediate
subfield K between E and F,

« if & factors through Ng /g, then E = K, and
o if & |U,§ factors through Nk, then E/K is unramified.

From [Howe 1977, Corollary of Lemma 11] we know that an admissible character &
admits a factorization

(3-D §=8& 1600 NEgsEy) -+ (6o Ng/g,) (&1 0 NE/F),
with notations specified as follows.

¢ We have a tower of field extensions
(3-2) E=E 1DEy2E---2E DE 1 =F,

and each &; is a character of E*. This tower is uniquely determined by &.

o Let r; be the level of §; o Ng/g,, then r = 1,11 is the level of §. We assume
that & is trivial if .| = r,. We call the increasing sequence of integers
ro < --- < ry the jumps of &, which are uniquely determined by &. For later
computation, we put r—_; = 0.

 If Eg = E, then we replace (§oo Ng/g,)é—1 by &o. If Ep C E, then we assume
that £_; is tamely ramified and E/Ej is unramified.

We PUtéf:ll =E0oNE/E,, where Eg=8&0(§10NEgy/E,) - - (§:0NEy/E)(Er+10NEy/F)-
Note that the jumps {r;};_, depend only on Ego Ng/k, |Ué , and are invariant under
the Galois action on &.

We fix an additive character i of F, which is assumed to be trivial on py but
not on o. For any tamely ramified extension K /F, we write Y x = ¥rotrg/r.
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We recall several results from [Moy 1986, Section 2.2]. Fori =0, ...,¢t+1,
suppose that s; is the level of §;, which means that s;e(E/E;) = r;; then there is
Bievg — pgis"Jr such that

— si/2+
(3-3) §i(x) =Yg (Bi(x—1)), forallxeUg ™.
This B;, depending on the choice of &, can be regarded as in p;" — p;" " and
chosen mod p%_r"/z)Jr. Let ¢; € Cg, be the first term of §;. Fori =0, ..., ¢, each
character &; is generic over E;; [, in the sense that

(3-4) Eiiilcil = E;,

which implies that

(3-5) ged(s;, e(Ei/Eit+1)) = 1.
We write
(3-6) B=pBE) =B+ -+ Bit1.

Note that vg(8) = —r, the level of £&. When r =0, i.e., £ is tamely ramified, then
all &, withi =0, ..., + 1, are trivial, and we take g = 0.

Proposition 3.1. Fori =0, ...,1:
(i) Ei =F[Br+1+---+Bil
(i) Each B; € E; is minimal over E; .

Proof. We know (i) is true because we have a decreasing sequence (3-2) of field
extensions, while (ii) follows from (3-4) and Corollary 2.2. O

3B. Construction of simple characters. We identify E as an n-dimensional vector
space V and hence obtain an embedding E < A. We define an hereditary order

A={(XecA:Xph cph forall k € 7}
and its j-th radical
Ph={X € A: Xpk < p/ forall k € 7}, for j € Z.

We also extend the definition such that 3 = *Bg ! and ‘ﬁ;ﬁ = ‘Bg ™ for r € R. We
then define the following subgroups in G,

Uy =Ug=2A% and Uf=1+%}, foralljeZ,

and define U} and Uy " similarly for r € R-¢. Finally, we define B;, P, and 213;:
as the centralizers of E; in 2, I35, and ‘Bgfr respectively, and define the subgroups
Us,, U&i, and Ugir in Uy as the centralizers of £ l.X in Uy, Ugrl, and UQTF respectively.
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Given an element o € A, we denote a map
Yo A— C, x> Yrotryr(a(x —1)).

If v = vy (o) < 0, then the restriction of ¥, on UQI W/2F defines a character, which
is trivial on UQT”JF.

Given an admissible character & of E*, we recall the construction of a simple
character 6 = 0, in the sense of [Bushnell and Kutzko 1993, Section 3.2], on the
compact subgroup

1 _ pgl._ g7l grro/2+ Te—1/24 571 /24
H'= HY == Uy UR - Uy ug?

(note that B,,; = 2() and whose restriction onto U é coincides with &|, 1 Like &,
this simple character also admits a factorization

0 =601 - - - O 11
such that

;| /2 rio1/2 = & odetBi/E,. and 9i|Ur,-/2+mUr[/2+ = 1,0/3,..

U‘IBOU‘Bl Uss, Bip1  Bign
It is well-defined since on the intersection U%l_/ ¥ the characters are equal, by (3-3).
Note that when r = 0, we take 2 = M, (o) with H' = Ugll, and 6 is the trivial

character of H'.

Proposition 3.2. The assignmentélué > 0 is well-defined, i.e., it is independent
of the factorization (3-1).

Proof. The verifying arguments are quite routine, so we only provide a brief idea
as follows. Before we begin, in order to reduce the load of notations, we denote
the restriction of any character ¢ of some E* to U }E just by ¢ instead of ¢|U}5 , and
similarly if we replace E by other fields.

First of all, remember that the jumps {r;} and the intermediate subfields {E;} in
(3-2) are uniquely determined by &. Suppose we have another factorization of &
whose factors are {Si’ }“rl then we can inductively deduce that, fori =0, ...,t+1,

i=—1

3-7) Siiléi/qsi—l =¢io NEi/Ei+1

for some characters ¢; of U ém, each of whose level ¢; is less than s; =r;/e(E/E;)
because of (3-5). We remark that here we take ¢_; and ¢, to be trivial. In the
additive level, suppose that

(3-8) ¢i(x) = Vg, (yi(x — 1)) forall x e UJ/>*

Eix1

then (3-7) becomes, fori =0, ...,t+1,
(3-9) Bi+vici—Bi=vi

for some element y; € E;11, and we take y_; = y;4+1 =0.
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Now we consider the restriction of 6 to U%i/ +21+ on which each factor 6; is equal to

K/fﬂj if j <i, and é’j OdCtBj/Ej = (‘5] ONE;/E_/) odetB,/El. if j >1i.

Similar results apply to each factor 9;. of 8”. We then apply (3-7) and (3-9) to obtain

0O Iy =i odets.ymi Uy
i+
which is just trivial because of (3-8). Therefore, we have 6 = 6. O

Given & with 8 as in (3-6), we associate a stratum [2(, r, 0, 8], in the sense of
[Bushnell and Kutzko 1993, (1.5)], to &, where r = —vg(8). Note that we have
taken 8 = 0 when & is tamely ramified, in which case the associated stratum is null
M, (0F), 0,0, 0].

Proposition 3.3. (i) If the level r of & is positive, then the stratum [, r, 0, B] is
simple, with a sequence of approximation strata [, r, r;, y;1, where

t+1

Yi = Zﬁj,
j=i

and each with a derived stratum [*B;, r;, ri — 1, ¢;], all in the sense of [Bushnell and
Kutzko 1993, (2.4.2)].

(i) 8 € C(&A, 0, B), the set of simple characters in the sense of | Bushnell and Kutzko
1993, (3.2.3)].

Proof. We first prove (i), which is to show that the sequence [2, n, r;, y;] satisfies the
conditions in [Bushnell and Kutzko 1993, (2.4.1)]. In fact, many of the arguments
are routine, mostly following from constructions. One technical part is [Bushnell
and Kutzko 1993, (2.4.1)(iv)], where we have to show that

ko(y;,A)=—r; foreachi=0,...,1.

We first decompose 8 term by term as 2;21 a; with @; € Cg and vg(a;) = —i.
Hence g8, = Z?:r,-,l 41 4; and a,, = ¢;. We now apply induction, assuming
that ko(yi4+1,20) = —ri+1, which is less than vg(c;). By the second case of

Proposition 2.3, we have ko(c; + yi+1, %) = —r;. Now notice that each a; with k =
rici+1, ... ri liesin E; = Fyis1+ Y., ai]. In particular y;4 +eri=r,-_1+1 a;=
y;, and so by the first case of Proposition 2.3, ko(y;, /) = —r;.

Once (i) is established, (ii) can be checked just by the definition in [Bushnell
and Kutzko 1993, (3.2.3)]. The case for 0 being trivial (when £ is tamely ramified)
is just by convention, so we move on to the positive level case. By induction along
the approximation sequence in (i), it suffices to show that for eachi =0, ..., ¢+ 1,
we have

O :=0;---011 €CEri—1/24+, vi).
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Now the subgroup H'i-1/>* is U%i"/2+ e U%I/f:r For each j > i, the factor
0| gri-12+ 1s equal to

SjodetBj/E ri- 124 rj-1/2 Wﬁ,|U,/2+ Lyt

'U%/ jHl Byl
We hence check the conditions in [Bushnell and Kutzko 1993, (3.2.3)] for the

character ©®;.
(a) We have O] 12+ = (§i(§iv1 0 NEyE 1) - - (410 NEyF)) o detp, /.
B;

oy

(b) The compact subgroup H'i-'/?* is clearly normalized by
R(B)) ={x € B 1 x 'B;x =B},
and so are the characters §; odetg, /g, and g, for j > i.

(c) We have H"/*>*+ = U%/2+ . Ug[/f:r on which the factor ¢; is equal to ¥,
and ®; 41 € C(A, r; /2+, vi+1) by induction assumption. O

We show very briefly that our 6 agrees with the one in [Bushnell and Henniart
2005, Section 2.3]. We will not go into detail as it incurs heavy definitions and
notations from transfers [Bushnell and Kutzko 1993], endo-classes [Bushnell and
Henniart 1996, Section 7], and tame liftings [Bushnell and Henniart 1996, Section 9],
but only refer to the references as given.

Suppose that £ is an admissible character of E*, with an associated stratum
[2L, r, 0, B] as constructed in the previous section, and 6 € C(2, 0, 8) is a simple
character of a compact subgroup H' of G. Recall from [Bushnell and Henniart
2005, Section 2.3] that, if we write &| UL = EooNE/E, for some character Eg of U }EO,
and denote the endo-classes of 6 and E¢ by ££(6) and Eg,(Eo) respectively, then a
specific simple character 6 is characterized by the condition that

EE,(Eo) is a Eq/ F-lift of Er(6p).

Our simple character 8 constructed above satisfies this condition, because of the
relation
0 |U}€ = ‘5 |U}E
which is exactly the relation in [Bushnell and Henniart 1996, (9.2)] that defines the
tame lifting of a simple character. Hence 6y = 6
We continue to follow [Bushnell and Henniart 2005, Section 2.3]. On the compact
mod-center subgroup

ro/2 re—1/2y11/2
J=J: =E~ U%U0 "'UsB,l Uy'",
we define an extended maximal simple type A = Ag, which is a finite-dimensional

irreducible representation, depending on £ and whose restriction onto H'! is a direct
sum of 6 = 0:. We then put 7 = 7z := cInde
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Proposition 3.4. (i) The representation 7 is irreducible, supercuspidal, and es-
sentially tame. Moreover, any such representation arises from the above
construction.

(i) We have f(m) =n/e(Ey/F).
(iii) The isomorphism class of w depends only on the orbit of (E/F, &) under

Galois conjugation. (This orbit is called an admissible pair in [ Bushnell and
Henniart 2005].)

Proof. All statements can be deduced from Proposition 2.3 and Theorem 2.3 of
[Bushnell and Henniart 2005]. O

4. A special choice of ordered basis

We continue from the last section. In Section 4A, we provide the desired properties
of our F-basis of E for constructing our explicit Whittaker data. In Section 4B, we
construct such an ordered basis, and express the element 8 and the compact subgroup
H' with respect to this basis. Finally, in Section 4C we provide a factorization of
H' N N, where N is the maximal unipotent subgroup defined by this ordered basis,
according to the one defined by 6.

4A. An inductively subordinate condition. We first consider a general situation.
Suppose that Ey/F is a finite extension with a tower of subextensions {Ei}ﬁi(l)
similar to (3-2), except that we do not require Ey/F to be tamely ramified. Let V

be an Ey-vector space with an og,-lattice chain £ in V. Suppose that, for each

i=0,...,t+1, there is an ordered E;-decomposition of V as
(4-1) v=pwi
jelt

for an ordered set I’ of indices, such that the following conditions hold:

(I) There is a decomposition of ordered sets i+l = L] 1 ;H such that

jer

] i+1
(4-2) Wi= EB with

kelit!
J

(IT) For each r € Z, we have

Lry=PLaenwi,
jelt
which means that the decomposition (4-1) conforms with £ over E;, in the

sense of [Bushnell and Kutzko 1993, (7.1.1(1))] or [Bushnell and Henniart
1996, (10.5)].
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We call the refining decompositions in (4-1) inductively subordinate to L. Let Fg,
be the associated E;-flag. By regarding all flags Fg, as F'-flags by restriction of
scalars, we have a successive refinement of F-flags

(4-3) Fgy C--- C Fi, S F,
which gives rise to a tower of unipotent subgroups
Npg C---CNp, SN =Nr.

4B. The ordered basis. Let & be an admissible character of E* over F, with
{Bi}:_, the set of approximation elements as in Section 3A. For future computation,
we define an extra element S_; to be a primitive root of unity in uy when E # Ej,
and put f_; =0 when E = E|.

We choose the following ordered F-basis b = {x j};le of V=EFE,
(4—4) X1 = 1 and Xj+1 = ﬂixj

fori =—1,...,¢, if j is a multiple of [E;; : F] but not a multiple of [E; : F].
Note that:

* Ve(xj) < vg(xg) for all j > k, with equality if and only if E # E and k is a
multiple of [Ey : F] with j =k + 1, in which case xz4+1 = f—_1x¢.

o If B ¢ F, then vp(x;) <Oforall j > 1.
We can also define this basis inductively as follows. Let
b= = {1, By, B2, ..., BTN

This is an ordered cyclic Eg-basis of E. Fori =0, ..., + 1, we define

b, (B) ={1, B, 1312, o IBi[Ei:EiJrl]—l}

and, if b'~! is ordered as {z;, ..., Z[E:E,;]}, define
] j—1 E,'ZE,' -1
(4_5) bl] — ZjIBi(j ) +1] )bE,‘Jr] (,Bl)
for j=1,...,[E: E;]. Each b; is an E;-basis of an E;-vector space, and

bl == bl] Ll-- ‘I—IbltE:Ei]’

is an E;,-basis of E. Finally, we have b = b'.
We hence define, fori =0, ...,t+1and j=1,...,[E: E],

(4-6) W]l: = spang b;_l ,

which is an E;-vector space of dimension 1. Condition (I) in the previous section is
clearly satisfied.
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Proposition 4.1. (i) Let L(r) = p’; in V = E; then the refining decompositions
defined by (4-6) are inductively subordinate to L.

(i1) In particular, the condition of Proposition 2.4 is satisfied by the basis b.

Proof. For (i), we claim that condition (II) is satisfied by (4-6). If we show that, for
eachr € Z,

[E:E;]
4-7 pp = @ pcg[(J’r)zj (here b' ' ={z1, ..., 2[E:EN))
j=1

for suitable integers a;(j, r), fori =0, ..., ¢+ 1, then the claim is implied by the
last i. The minimality of B_; implies that (4-7) holds for i = 0, by the remark
after Proposition 2.4 (indeed in this case ag(j, r) =r for all j). If (4-7) holds for
some I, then by the same remark again (substituting £, F and « by E;, E; 1| and §;,
respectively) and the minimality in Proposition 3.1, we show that, for s € Z,

[Ei:Eiy1]-1

—v _ o G=DUE:Eia]-1) b1 kes) i
pr =8 = D el B
k=0

for suitable integers bl.jH(s, k) and where v = (j — 1)([E; : Ei+1] — Dvg, (Bi). We
obtain
. b,y Geai (r,))
PE = Ero Wik
Jik

with wj = z; 87~V EEHI=DH forming the basis b by (4-5). Hence (4-7) holds
fori+1.

For (ii), it is enough to show that (*) is satisfied. We again apply induction on i.
Condition (*) is satisfied by the cyclic basis b, and suppose it is satisfied by b1,
sothatifu =3y i1a;z;jfora; € E; then vg(a;z;) > ve(u). Write

[Ei:Eit1]—1

aj= Y by
k=0

for some b x € E;jy1 and y; x = ﬁlgj_])([Ei:Ei+‘]_l)+k, then by applying (*) on the

E;-basis {yj7k}k for E; we obtain VE; (bj,kyj,k) > Vg, (aj). Now
u= Z bj,kwj,k,
ijkEbi

with w;; as above forming the basis b, and ve(bjrwjx) = ve(ajzj) = ve(u).
Hence (*) is satisfied by b'. ]
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We now provide some properties of the matrix presentations of the elements
and B_1, and also the compact subgroup H', with respect to the ordered basis b.

Proposition 4.2. (i) The matrix presentation B, where j,k =1,...,n, of B
with respect to b takes the form

B e {l—i—pp if j —k =1 and k is not a multiple of [Ey : F],
Pk pr ifj—k>1lorif j—k =1 andk is a multiple of [Ey: F].

(i) When E # E, the matrix presentation (B_1) j x of B—1 with respect to b takes

the form
B €{1+pp if j—k=1andk is a multiple of [Ey : F],
—Lk Pr if j—k>1orif j—k=1 and k is not a multiple of [Ey : F].

(iii) In the matrix presentation of H' with respect to b, the entries in the strictly
upper triangle belong to op.

(We remark that, in cases (i) and (ii), we do not need to study the (j, k)-entries
with j <k.)

Proof. To prove (i), for each k = 1, ..., n, we will determine where the entries
of the k-th column of 8 belong with respect to b. Let i = i (k) be the index such
that k is a multiple of [E;1; : F] but not a multiple of [E; : F]; then xz+1 = B;xk
by construction. If E = Ej, we want to show that the product

1+1
Bri=Y_ Bixi
i=0
lies in
k n
@ Fxp =+ X1+ @ pFx.
=1 I=k+1

First of all, we have

k
- . ,
(4-8) Bivixi+- -+ Biixi € @ Fx,
=1
. . m; m; .
because if we write x; = ;" - - - ﬁjﬂ'ﬂj ' for some integers m;41,...,mj; > 0,

theni > j — 1, and we see that E;1x; € @L  FFx;; in particular (4-8) holds. We
then show that

4-9) Bi—1xk + -+ Boxk € EB PFX].
I=k+1

Forall j <1,
vE(Bjxk) > ve(Bixk) = v (Xkt1).
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By Proposition 2.4, the coefficients of x;, for/ > k+ 1, of all B;_1xg, ..., Box, lie
in pr, and (4-9) holds. When E # E, the proof is similar, except that when k is a
multiple of [Ey : F], we have x;+; = B_1xk, and so

k n
Bxi € @FXIGB @ PrX;.
=1

I=k+1

For (ii), the arguments are similar to above. If k is a multiple of [Eq : F],
then B_1x;x = xp41. Otherwise, we have vg(B_1xr) = v(xx) > v(xr+1), and so
B-1xx € By Fxi ® Dy pro.

For (iii), notice that {x;/ wﬁvE(x"' % eJ}?:l is an op-basis for the lattice chain
L(r) =p% in V = E. With this basis, the entries of Usp, for all i, hence those

of H!, belong to or. If we use the basis b = {x ;j}_, instead, then the (j, k)-entry
Log (xj)/e]—LvE () fe) =

is multiplied by @ . In the upper triangle consisting of (j, k)-
entries where j < k, we have vg(x;) > ve(xr), and so the (j, k)-entry with respect
to bis still in op. O

Corollary 4.3. Vg5 Ivnm (X) =VF (Z'};} Xj j+1), where x i is the (j, k)-entry
of the matrix presentation of x € A with respect to b.

Proof. With respect to the basis b, it is easy to see that the entries of 8+ _; in the
lower sub-diagonal belong to 1+ pr, and those underneath belong to pg. Also, N is
defined by this ordered basis, and the entries of N N H' in the strictly upper triangle
belong to 0. Since v is trivial on p g but not on oy, we have the desired result. [

As a remark, for a fixed 8, there are other bases which also serve our purpose.
For instance, we can take the basis constructed in the same way as b but with all 3;
replaced by their first terms ¢;. One can prove, almost verbatim, that 8 takes the
same form as in the proposition. Also, another factorization of & yields another set
of elements {B;}, and so another g, but the matrix presentation of that § takes the
same form.

We end this subsection with a few examples.

Example 4.4. Let [2, r, 0, 8] be a minimal stratum, and let m be the degree of
Ey= F[B] over F. For a positive integer d, let E be the unramified extension of Eg
of degree d, and take a primitive root of unity in gz. We construct the basis

b={1,8,....8" g™t cpm, ... BT 2R i gdim=Dy

We consider the matrix of g relative to b. On the j-th column where j is not
a multiple of m, the entries are all 0 except the (j+1)-th entry, which is 1. For
k=1,....d,if B™ = ¢(B) for some F-polynomial ¢ of degree m — 1, then we
have B - xpm = B - £*71gRn=D = k=1 gk=Dm=Dg, (8) which lies in the F-span
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of x; for (k —1)m < j < km. Therefore, on the (km)-th column, the j-th entries
for j > km are all 0.

We then consider the matrix of ¢ relative to b. On the j-th column where j is
a multiple of m, the entries are all 0 except the (j+1)-th entry, which is 1. For
s=1,...,m—1,if B7° = ¢,(B) for some F-polynomial ¢ of degree m — 1, then
minimality implies that its coefficients must lie in pp. Now if j = (k — I)m + 1,
where k=1,...,dand!/=1,...,m —1, then

¢xj =g gD DRIED — chgkn=g, 1 (B),

which lies in the pp-span of x; where km < i < (k+ 1)m, in particular i > j + 1.
Therefore, on the j-th column, the i-th entry for i < j + 1 is 0, and lies in pr for
i>j+1

We hence see that the element ¢ + 8 has the desired form as in Corollary 4.3.
Note that we did not assume that Ey/ F is tamely ramified in the minimal case: all
we need to know is that the valuation of g is negative.

Example 4.5. We provide one more example for small n which exhibits the situation
when multiple jumps are present. Let’s take n = 4. As the minimal case is covered
in the previous example, we assume that our simple stratum [2, r, O, 8] has two
jumps. Consider a tower of the form £ D K D F where [E : K] =[K : F] = 2.
For simplicity, we only consider two extreme cases.

(i) Suppose that E/F is totally ramified, and so p # 2. We fix a uniformizer wg
and choose wg and wg such that w,z( =awr and wé =bwyg for some a,b € pr.
Consider the element

ﬂ — w;r + w_lzs + ZD'EZ,

where 4r > 2s >t > 0 and both s and ¢ are odd. The basis constructed by o = @ !

s
and B = @ is

- -, __— —t_ =2
{1, wy°, o oy, o g™}

The matrix of S takes the form

w.;r (awp)™* b—t(aw.F)—(H—s)/Z *

1 o 0 *
0 1 o *
(awF)® 0 1 *

(the last column is unimportant for our purposes).

(ii)) Suppose now that E/F is unramified. Let K = F[¢] and E = K[n], where
¢, n € pp and satisfy the equations ¢2 = a¢ +b and % = (c¢ +d)n + (e¢ + f)
with all a, ..., f € 0. Write @ = wy and consider for example the element

ﬂzw_—r_'_;w_—s_i_nw_—t,
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where r > s > t > 0. With the basis
(1 co™, tnw ™, P =T,

the matrix of B takes the form

o b =2 b(ae+ fom 612 «

1 o +aw ™ (ae+af +be)wH x
(—a/b)w* 1 o "+ bcw! *
(1/byew* 0 1+ (ac+d)yo*™"  *

4C. A factorization for maximal unipotent subgroups. We first work on a general
situation. Let E/F be a finite extension and V be a finite-dimensional E-vector
space, also regarded as an F-vector space. Denote A = Endg (V) and let 2 be
an hereditary op-order in A defined by an og-lattice chain £ in V. Let B be the
centralizer of E in A, and denote B =2A N B.

We suppose that V admits an ordered decomposition & ; W into a direct sum
of E-subspaces, and Fg is the associated E-flag. We further suppose that each W,
viewed as an F-vector space, admits an ordered decomposition into a direct sum
b, W; of F-subspaces, altogether forming an F-flag F in V. Let Mr be the
subgroup of G stabilizing all W;, let Nz be the unipotent subgroup in G defined by
the flag 7, and let Nz be its opposite. Also, define Mz, Nr,, and Nx_ similarly,
using the flag Fp.

Lastly, we suppose that the refining decompositions above are both subordinate
to £, in the sense of the conditions in Section 4A.

Proposition 4.6. (i) For each positive integer k, the subgroups Ué‘[ and Ug admit
an Iwahori decomposition

Uy = (UyN Nz,) Uy " Mz,)(Uy N N7,)

and similarly for Ug.

(ii) For positive integers k| < ko, we have

(Ug Up) N Nr = (Ugt N N£,) Uy N Nx).

Proof. Part (i) is given by [Bushnell and Henniart 1996, (10.4)] and noting that, if
the decomposition conforms with £ over E, it also conforms with £ over F. For
part (ii), we first prove the “maximal” case, i.e., when V is 1-dimensional over E, in
which case Nx, is trivial, and the right-hand side is Ué‘f N Nz. This is equal to the
left-hand side by [Blondel and Stevens 2009, Lemma A.5 Appendix]. If E is not
maximal in A, we can follow the idea in [Blondel and Stevens 2009, Corollary A.6
Appendix]. By (i), we have

Uy Uy’) N Pr, = Uyl NNz, (Ut N NE) Uyt 0 Mp) (Ut N M),
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and note that Nr C Pr,, so
UgUg NNz = (Ug N N£) Uy NNz (Ugt N Mz,) Uy N Mz,) W NE).

The last bracket lies in the maximal case for the Levi subgroup M z,, and so is equal
to Uy N Mz, N N. Since (Uy> N Nz,)(Uy N\ Mz, N Nz) = Uy’ N Nz, we have
the desired result. U

We further assume that £/ F is tamely ramified, with a tower of intermediate sub-
fields (3-2) coming from an admissible character. Let H' be the subgroup defined in
Section 3B, and NFE,- ,fori =0, ..., t+1, be the maximal E;-flags defined by the or-
dered decompositions in (4-6), which are inductively subordinate by Proposition 4.1.

Corollary 4.7. Given a sequence of flags as in (4-3), then
H'N Nz = (U, NN7,) - (Ug* O Np Uy NNF).

Proof. By the inductive subordination, we apply Proposition 4.6 (ii) inductively.

First regard U%O e Ug:l/ *asa subgroup of U%, and so

We can therefore apply induction on U%O e U%t"/ AN 75, and obtain the desired
result. O
Proposition 4.8. 0|yt = ¥glyng!-

Proof. For each i, we already know that 6; is equal to ¥g, on

ri/2 re /2
WUy NNz, Uy N N7)

i+1

from its construction. It suffices to show that 6; on
1 i—1/2+
(Uss, Nz -+ (U T N N,

which is &; o detp,/f;, is also equal to ¥g4. Indeed, on all N Fr for j < i, the
character detp, /g, is trivial, while g, is also trivial since i € Mr, C M Fr,- ([

5. The main result

Let 7 be an essentially tame supercuspidal representation compactly induced by
an extended maximal type (J, A) which contains a simple character 8 € C(2(, 0, 8)
associated to an admissible character £, and N = Nz be the maximal unipotent
subgroup defined by the F-flag

j
F={V;}i-;, where V; = @ Fxg,
k=1

and {x; };f: | 1s the ordered basis constructed in (4-4).



636 GEO KAM-FAI TAM

Let:

* o be an element in Mat, (F) whose matrix representation («p) j x With respect
tobis1if j —k=1butis 0if k is a multiple of [Ep: F],andis 0if j —k > 1
(and can be anything if j < k).

e a_1 be an element in Mat, (F) whose matrix representation (_1); with
respect to b is O if j —k =1 butis 1 if k is a multiple of [Ey : F'], and is O if
Jj —k > 1 (and can be anything if j < k).

e 0 =0_1 +qp.

Hence, with the notation defined in [Paskunas and Stevens 2008], we have

an}::{xeA:xVicViH and xV; ¢ V; for all i},

and so by [Paskunas and Stevens 2008, Lemma 1.2] v, defines a non-degenerate
character of N. (Note that, in contrast, /g may not extend to a character of the
whole N.)

Theorem 5.1. Hompyn (s, A) # 0.

Proof. We show that the condition at the beginning of [Paskunas and Stevens 2008,
Section 4.2] is satisfied, then our result is implied by Corollary 4.13 of the same
work. Hence it suffices to show that (F, v,, ¢—1) satisfies the conditions (i)-(iv)
in Theorem 3.3 of the same work.

(1) This condition is just Fg, C F in our notation, which is true by construction.

(i1) In Proposition 4.8, we showed that 0| y~g1 = ¥g|yngy1. Now with the ma-
trix representation of 8 and elements in H'! in Proposition 4.2(i), we know that

Velnnat = Yool nnmt -
@ii1) If E = Eg, then N Fa, is trivial and the result is clearly satisfied. If E # Ej,

then 4, on N Fe, is trivial since the matrix entry (ceo)x x+1 With respect to b is 0
when £ is a multiple of [Eq : F].

(iv) The maximal unipotent subgroup Nz, NUs,/ U;}BO of Uy, / U%O is defined by
the cyclic basis

{ia B—l’ 5317 LECICEY B[,Ei:EOJ_l}v

where each x is x + Py, € U%O/U%O for x € Ugp,. The character yg_, clearly
defines a nondegenerate character, by arguments similar to [Bushnell and Henniart
1998, 2.1]. This character is equal to ¥, , by Proposition 4.2 (ii). O

5A. A formula for the Artin conductor. Suppose that (;r1, 7p) is a pair of essen-
tially tame supercuspidal representations of GL,, (F'), for i = 1, 2, such that their
extended maximal simple types contain the same simple character, hence the same



WHITTAKER DATA FOR ESSENTIALLY TAME SUPERCUSPIDAL REPRESENTATIONS 637

associated simple or null stratum. Recall the conductor of the epsilon factor for the

pair (1, m) computed in [Paskunas and Stevens 2008; Kim 2014], which is
niny

e(Eo/F)[Eo: F]

fr1 x m2) = (11 X 1) + VE (X[Ey:F1/X1),
where 7; is a supercuspidal representation of GLy, /(£,.r)(Eo), compactly induced
from the “level-zero” component of the extended maximal simple type of 7; (see
[Paskunas and Stevens 2008, Section 7]).

Let’s compare this result with the calculation in [Bushnell et al. 1998, Theo-
rem 6.5]. The conductor formula implies that

¢(B)

f(r1 x 1) = (11 X 72) +n1n2m-

Here ¢(B) is a certain kind of “discriminant”, whose value can be inductively
computed from [Bushnell and Henniart 2003, 3.1] as

c«(Bi)  (Bit1) ko(ﬁi,m)< 1 1 )
[E '

[Ei: FP [Eis1: FPP ' e(Eo/F) \[Eis1: F1 [E;: F]

We can rewrite it into a direct formula as

LB FINS o e .
«(B) = ET ) ;qE CEip1] = [E : EDko(Bi, 20).

In the essentially tame case, our result implies that

t

(5-1) vE(Eer1/X¥1) = Y _(E : i1l — [E : EDve(B).

i=0

We can use Proposition 2.3 to see that our result (5-1) agrees with the calculation
in the above literatures.
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K-THEORY OF AFFINE ACTIONS

JAMES WALDRON

For a Lie group G and a vector bundle E we study those actions of the Lie
group TG on E for which the action map 7G x E — E is a morphism of
vector bundles, and call those affine actions. We prove that the category
Vect;f(f; (X) of such actions over a fixed G-manifold X is equivalent to a cer-
tain slice category gy \ Vects (X). We show that there is a monadic adjunc-
tion relating Vect;f(f; (X) to Vectg(X), and the right adjoint of this adjunc-
tion induces an isomorphism of Grothendieck groups K ;fg (X) 2 KOs (X).
Complexification produces analogous results involving 7c G and K¢ (X).

1. Introduction

1A. Let G be a Lie group. The tangent bundle TG carries two structures: it is a
vector bundle over G, and a Lie group, with multiplication given by the derivative
of the multiplication of G. These structures are compatible, in the sense that the
multiplication TG x TG — T G is a morphism of vector bundles, so that TG is a
group object in the category of vector bundles. It is therefore natural to study actions
of TG on vector bundles, such that the action map 7G x E — E is a morphism
of vector bundles (see Definition 3.1 below). We refer to such actions as affine
actions, as each element of TG necessarily acts by an affine linear transformation
between fibres of E (see Remark 3.3 below). A basic example of an affine action is
the following:

Example 1.1 (tangent bundles). For any action ¢ : G x X — X of a Lie group G on
a smooth manifold X, the derivative defines an affine action #, : TG x TX — TX
of TG on T X. Note that restricting the action ¢, to G defines the natural action
G xTX — TX of G on T X, whilst restricting #, to the Lie algebra g = T, G allows
one to define a map g — I'(7T' X) which is exactly the infinitesimal action associated
to . These maps are compatible in the sense that g — I'(7 X) is G-equivariant.

Example 1.1 suggests the question of whether the actiont, : TG x TX — T X,
or more generally any affine action  : TG x E — E, can be reconstructed from
its restrictions to G and g.
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One motivation for studying equivariant vector bundles is their use in defining the
(real) equivariant K-theory K O (X) of a G-manifold X (see [Segal 1968]). Recall
that (at least if G and X are compact) K Og(X) is the Grothendieck group of the
commutative monoid of isomorphism classes of G-equivariant real vector bundles
over X. A natural question to ask is whether one can emulate this construction in
the case of affine actions to define an abelian group K %%(X ). If so, how is this
group related to K Og(X)?

A different motivation for studying affine actions comes from the theory of Lie
algebroids. Recall that a Lie algebroid A — X is a vector bundle over X equipped
with an R-linear Lie bracket on I'(A) and a map A — T X, such that a certain
Leibniz rule is satisfied. (See [Mackenzie 2005] for more details.) There exists
a notion of equivariant Lie algebroid (called a Harish-Chandra Lie algebroid in
[Beilinson and Bernstein 1993]) which involves both a G-action G x A — A and
a linear map g — I'(A) satisfying certain conditions. Variants of this notion have
appeared in [Alekseev and Meinrenken 2009; Bruzzo et al. 2009; Marrero et al.
2012; Ginzburg 1999]. It was shown in [Marrero et al. 2012] that equivariant Lie
algebroids give rise to examples of affine actions (see Example 4.5 below). One
motivation for our results is therefore to generalise the notion of affine action and
study this concept at the level of vector bundles.

1B. Main results. Throughout the paper G is a real Lie group and X is a G-
manifold. See Section 2 for our notation and conventions and Section 3A for the
definition of affine actions and their morphisms. We use Vect%fé (X) (respectively
Vects (X)) to denote the category of affine actions (respectively the category of
real G-equivariant vector bundles) over X. We use gx to denote the G-equivariant
vector bundle associated to the adjoint representation of G. See Section 3C for the

definition of the slice category gx\ Vectg (X).
Theorem A. The following three categories are isomorphic:
(1) The category Vect%fé (X) of affine actions of T G over X.
(2) The category of pairs (E, py), defined as follows:
o The objects are pairs (E, pg), where E is a G-equivariant vector bundle over X
and pg . g — U'(E) is a G-equivariant linear map.

o The morphisms (E, pg) = (E’, pg) are morphisms vy : E — E' of G-equivariant
vector bundles over X such that T' () o pg = pg.

o Composition is given by composition of morphisms of vector bundles over X.

(3) The slice category gx\Vectg(X).
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Our second main result compares affine actions to equivariant vector bundles.
There is a canonical forgetful functor

U : Vect¥ (X) — Vectg (X).

Via the isomorphism Vect%fg (X) = gx\Vectg(X) of Theorem A, the functor U
is equal to the canonical forgetful functor gx \ Vectg (X) — Vects (X) which maps an
object gx %, E to E. We also define a pair of functors F, o : Vectg (X) — Vect%fé (X).
In terms of g\Vectg(X), they are defined on objects by o : E — (E,0) and
F:Ew (gx ® E, ig,). See Section SA for the precise definitions.

Theorem B. The following statements hold:
(1) Fis left adjoint to U.
(2) The adjunction F 14U is monadic.

(3) o is the unique section of U.

Our third main result concerns the Grothendieck group of Vect%fg (X). We
denote by

KOg(—) : G-Man — Ab

the functor from the category G-Man of G-manifolds to the category Ab of abelian
groups, which maps a G-manifold X to the Grothendieck group of G-equivariant real
vector bundles over X. (This agrees with real G-equivariant topological K-theory
as defined in [Segal 1968] if both G and X are compact.) Although the category
Vect.(X) is not additive we show in Section 6B that it does have finite products.
This allows us to define the Grothendieck group K %fg (X) (see Section 2C and
Definition 6.13). This construction extends to a contravariant functor

K%fé(—) : G-Man — Ab.
Our third main result shows that K %fg(—) agrees with K O (—):
Theorem C. For X a G-manifold the functor U induces a group isomorphism
K(U): K¥(X) - KOg(X).

Its inverse is
K(0): KOGg(X) — K¥L(X).

These isomorphisms are natural in X, and thus define an isomorphism of functors

K3 () = KOG ().



642 JAMES WALDRON

1C. The complex case. 1t is possible to reformulate the notion of affine action in
the complex setting by replacing TG by the complexified tangent bundle 7c G and
considering actions 7cG x E — E on complex vector bundles E. The analogues
of Theorems A, B and C hold with essentially the same proofs. See Section 7 for
the precise statements.

1D. The proofs. Theorem A is proved using the facts that TG = G x g as a vector
bundle, and TG = g x G as a Lie group, where the semidirect product is defined
via the adjoint representation of G. This allows one to decompose an action ©
of TG into an action g of G and a linear map py with domain g. Parts of the
proof are similar to that of Theorem 3.5 in [Marrero et al. 2012], which deals with
the particular case where E is a Lie algebroid, and constructs, at the level of objects,
one direction of the isomorphism of Theorem A.

Using the isomorphism Vect%fé (X) = gx\Vectg(X) of Theorem A, Theorems B
and C are proved using the following two category-theoretic lemmas regarding over
slice categories:

Lemma D. Let € be a category, m an object in ¢, and U : m\€ — € the standard
Jorgetful functor. If the coproduct m 1 a exists in € for all objects a in € then the
functor F :a+— (mUa, i) is left adjoint to U, and this adjunction is monadic.

Lemma E. Let € be an additive category and m an object in €. Let U : m\€ — €
be the standard forgetful functor and S : € — m\¥€ the section a — (a, 0). Then
the group homomorphism

KU): K(m\%) —> K(%)
is an isomorphism. Its inverse is
K(S): K(%) —> K(m\%).

Here, K (U{) denotes the homomorphism of Grothendieck groups associated to
the product preserving functor ¢/, and similarly for K (S), see Section 2C. We expect
that Lemma D is well known to experts (in particular it is stated without proof in
[nLab 2009-]), but we are unaware of a complete reference and so have provided a
proof.

1E. Outline. In Section 2 we fix notation and conventions. In Section 3 we define
affine actions and morphisms between them. The main result of Section 3 is
Theorem A, the proof of which is broken into Lemma 3.7 and Propositions 3.8,
3.10 and 3.11. In Section 4 we describe a number of examples of affine actions, and
describe the category Vecty (X) for certain classes of groups G and G-manifolds X.
In Section 5 we define several functors between Vectr(X) and Vectg(X). We
then prove Lemma D, which is used to prove Theorem B. In Section 6 we define
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pullback functors for affine actions. We then prove that the category Vect%fg (X)
has finite products and use this to define the abelian group K }f(f; (X) and the functor
K %f(f; (—): G-Man — Ab. We then prove Lemma E from which we prove Theorem C.

2. Preliminaries

2A. Notation and conventions. By “manifold” we shall always mean smooth
finite-dimensional real manifold. Maps between manifolds are assumed to be
smooth. Unless stated otherwise, by “vector bundle” we mean finite-dimensional
real vector bundle. We will usually denote manifolds by X or Y, vector bundles
by E or F, vector fields by v or w, and sections of vector bundles by & or v. For a
vector bundle E over X we use wg : E — X to denote the bundle projection, and
Og : X — E to denote the zero section. We allow morphisms of vector bundles
over different bases. If E and F are vector bundles over X, then by “morphism
of vector bundles over X’ we mean a vector bundle morphism ¢ : E — F which
satisfies mr o ¢ = . If ¢ is a morphism of this type, then I'(¢) : ['(E) — (F)
denotes the associated linear map.

For E — X avector bundle, x € X and &£ e ['(E), we use &, to denote & evaluated
at x. We use e, to denote an element of E, and v, to denote an element of 7, X. We
denote the zero element of E, by 0,. For a morphism of vector bundles ¢ : E — F
over X and x € X we denote by ¢, : E, — F\ the restriction of ¢.

If E— X and F — Y are vector bundles then E x F is a vector bundle over
X x Y in a natural way, with fibre over (x, y) canonically isomorphic to E, @ F).

We denote hom-sets in a category 4’ by Hom¢ (—, —). We reserve the unadorned
Hom for morphisms of real vector spaces (i.e., linear maps). If G is a Lie group
then we use Homg for morphisms of representations of G (i.e., G-equivariant linear
maps). We denote identity morphisms by 1, or id,. If ¢ is an additive category then
we denote any zero-morphism by 0. If a x b is a product in a category € then we
denote the associated projections by pr,, : @ x b — a and pry, : a x b — b. Similarly,
if allb is a coproduct then we denote the associated inclusions by i, : @ — aL1b and
ip:b—allb. Ifallbis acoproduct and f :a — c and g : b — ¢ are morphisms,
then we denote by (f, g) : a L1 b — ¢ the associated morphism. We use a similar
notation for morphisms into products.

If G is a Lie group then by a “G-manifold” we shall mean a smooth manifold X
equipped with a smooth leftaction7: G x X — X. We denote by 1, =7(g, —): X — X
the diffeomorphism associated to g € G, which we also denote by x = g-x. If X
and Y are G-manifolds then by a G-map f : X — Y we mean a G-equivariant
smooth map.

For a G-manifold X, by “G-equivariant vector bundle”, or just “G-vector bundle”,
we mean a vector bundle £ — X equipped with a left action ug : G x E - E
which covers 7 : G x X — X and which is fibrewise linear. A morphism ¢ : E — F
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of G-equivariant vector bundles is a morphism of vector bundles over X which is
also G-equivariant. We denote by Vectg (X) (respectively Vectg (X)) the category
of real (respectively complex) G-equivariant vector bundles over X. (See [Segal
1968] for generalities on equivariant vector bundles.) Vects(X) and Vectg (X) are
both additive categories. In particular, for £ and F G-vector bundles the G-vector
bundle E @ F is both the product and the coproduct of E and F.

We denote the category of finite-dimensional real (respectively complex) repre-
sentations of G by Rep(G) (respectively Repc(G)). If V' is such a representation
then we denote by Vx the associated G-vector bundle, i.e., the trivial bundle X x V
with G-action g- (x, v) = (g-x, g-v). If E is a G-equivariant vector bundle then we
consider I'(E) as a G-representation with G-action (g-§)x =g -§,-1.,. If V.and W
are representations of G, and E is a G-vector bundle, then there exist bijections

(1) Homyect, (x) (Vx, Wx) = C®(X, Hom(V, W))“
¢ > (x> dy),
2) Homvec (x)(Vx, E) => Homg(V, T(E))

¢ (v~ (x — ¢d(x,v))).

2B. Tangent groups. Let G be a Lie group and g = 7,G its Lie algebra. We will
usually denote elements of G by g or 4, and elements of g by o or 8. The tangent
bundle 7'G of G carries a natural Lie group structure with multiplication defined by
the composite map TG x TG => T(G x G) 2 TG, where m : G x G — G is
the multiplication of G. We will denote the multiplication in TG by e. If v, € T,G
and wy, € T, G then it follows from the chain rule that

Vgeoew, = (Lg)*wh + (Rh)*vg-

In particular, Og o (=) = (Lg)«, (=) *0, = (Rp)s, 0500, =0g4, and if o, B € g
then o e B = o 4 B. If one considers g as an abelian Lie group upon which G acts
via the adjoint representation then the associated semidirect product g X G has
multiplication

(a, 8) e (B, h) = (x+Adgp, gh).

There is a Lie group isomorphism g x G —=> T'G given by («, g) — (Rg)«cr. Under
this isomorphism, the inclusion g < g x G corresponds to g = T,G — T G, the
inclusion G < g x G corresponds to 07 : G — T G, and the projection gx G — G
corresponds to m7g : TG — G.

2C. Grothendieck groups. Let € be an essentially small category (one where the
collection of isomorphism classes of objects in %’ is a set) with finite products. The
set ¥/ = of isomorphism classes of objects in ¥ forms a commutative monoid
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under the operation [E]+ [E'] = [E x E’]. We denote by K (%) the associated
abelian group defined by the Grothendieck construction. If ¢’ is an additive category
then this agrees with the standard notion of the “split” Grothendieck group of ¥,
i.e., the abelian group generated by isomorphism classes of objects and relations
[Al+[B]=[A @ B].

If 7 :¢ — ¥’ is a product preserving functor between categories satisfying the
above assumptions then there is a group homomorphism K (F) : K(¢) — K(¢”)
defined by [E] — [E'] — [F(E)] — [F(E")]. The group homomorphism K (F)
depends functorially on F. If F, 7' : ¢ — ¢ are naturally isomorphic functors
then K (F) = K(F)).

We write K Og(X) for K (Vectg (X)) and K¢ (X) for K(Vectg (X)). This agrees
with G-equivariant topological K-theory as defined by Segal [1968] if both G and X
are compact.

3. Affine actions

Throughout the paper, G denotes a Lie group and X denotes a G-manifold with
actiont: G x X — X.

3A. Affine actions.

Definition 3.1. An affine action of TG on a real vector bundle £ — X is a left
action u : TG x E — E of the Lie group T G on the total space of E such that
is a vector bundle morphism covering  : G x X — X.

Example 3.2. The derivative of ¢ defines an affine action ¢, : TG x TX — TX
of TG on TX.

Remark 3.3. The condition that u is a morphism of vector bundles covering ¢ is
equivalent to requiring that:

(i) The following diagram commutes:

TGxE -+ E

]

GXX#)X

(ii) For all (g, x) € G x X the restriction of u to the fibre T,G @ E, over (g, x)
is a linear map 7,G @ E, — E,.,.

The second of these conditions implies that v, € T,G acts on e, € E, by the
composite map e, —> (v, ey) = (v, ex). This is an affine linear map from E,
to E,.r, which justifies the name affine action.
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Definition 3.4. A morphism from an affine action u : TG x E — E to an affine
action i’ : TG x E' — E’ is a morphism ¢ : E — E’ of vector bundles over X
which is TG equivariant, i.e., the following diagrams commute:

-V E TGXE —SE
A l e | [y
X TG x E' —— E'

W

Definition 3.5. Affine actions of TG over X form a category Vect%fg (X).

Remark 3.6. If one considers TG as a group object in the category of vector
bundles, then affine actions coincide with the notion of actions of group objects —
see, for example [MacLane 1971].

3B. The structure of affine actions. Lemma 3.7 and Propositions 3.8, 3.10 and
3.11 below describe how an affine action TG x E — E can be decomposed into a
G-action G x E — E and a linear map g — I'(E), and how morphisms between
affine actions can be described in terms of this decomposition. These propositions
will be used in Section 3C to prove our first main result, Theorem A. The first
proposition shows that an affine action can be recovered from its restriction to G
and g, as motivated by Example 1.1 in the introduction.

Lemma 3.7. If u : TG x E — E is an affine action on a vector bundle E — X then
u(vg, ex) = p(0g, ex) + L((Rg-1)xVg, Og.x).
Proof. Using the fact that p is fibrewise linear we have
p(vg, ex) = jt(vg +0g, ex +0x) = (g, ex) + (vg, 0)) = (O, €x) + 11 (vg, Ox).
Using the fact that p is a left action of TG we have
W (g, 0x) = p(vg ¢ 0g-1 ¢ 0g, 0x) = ((Rg-1)xvg, (O, Ox))

= U((Ry-1)sg. Og.). O
Proposition 3.8. Let E — X be a vector bundle. There is a bijection
(4) A{affine actions u: TG x E — E}=> { pairs (g, Pg) satisfying (x), (x*)},
where:

(*x) uGg: G x E — E is aleft action of G on E making E into a G-equivariant
vector bundle over X.
(x%) pg: 9 — I'(E) is a G-equivariant linear map, where the G-action on I'(E) is
induced from ug.
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The bijection (4) maps an affine action  to the pair (g, pg) defined by

(5) nec (g, ex) = w0y, ex),
(6) pg(a) = (x = u(a, 0y)).

The inverse of (4) maps a pair (g, pg) satisfying (x), (xx) to the affine action
defined by

@) M(Ugv ex) =MG(gaex)_f’pg((Rg*l)*vg)g-x
forv, € T,G and e, € E,.

Note that the addition on the right-hand side of (7) is defined as the assumptions
on g and pg imply that both terms are elements of E,.,.

Proof. We first show that if u : TG x E — E is an affine action then the pair
(G, pg) defined by (5) and (6) satisfies (x) and (x«), which shows that the map (4)
is well defined. That p is a left action of G follows from the facts that u is equal
to the composite map

Gx EYcxXide, 16w F S E

and that Oyg : G — TG is a Lie group homomorphism. The fact that u is a
vector bundle morphism covering t : G x X — X implies that for fixed g € G the
map ug(g, —) : E — E is a vector bundle morphism covering (g, —) : X — X.
This shows that ug satisfies (x). We will sometimes denote this G action by
g ex =nag(g, ex).

If « € g =T,G then the commutativity of (3) and the fact that («, 0,) e T.GD E,
implies that u (o, 0,) € E,, so that the map pg(a) = (x = (o, 0,)) is a smooth
section of E. The fibrewise linearity of 1 implies that the map a — pg(a) € I'(E)
is linear. If g € G, @ € g and x € X then

(05(Adg@))x = (O s+ 0,1, 0,)
= 0g (@, Og-1 - 0y)
= 0g - (e 0g1.,)
=g Pg(@)g-1x
= (8 pg(@))x.

This shows that pg satisfies ().

Now let (g, pg) be a pair satisfying (x) and (%), and let us show that p as
defined in (7) defines a fibrewise linear left action of T'G. That y is fibrewise linear
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follows from the fibrewise linearity of 1 and the linearity of p4. Transporting the ac-
tion from 7'G to g x G via the Lie group isomorphism vg > ((Rg-1)+Vg, &), We have

(@, 8)-ex=g-ex+ /Og(a)g-x-
If (o, g), (B, h) € G x g then using (x) and (*x) we have

(a,8)-((B, h)-ex) =(a,8) - (h-ex+ pg(Bnx)
=g -(h-ex)+ g pg(Bhx+ pg(@)ghx
=gh-ex+ pg(AdgB)gnx + Pg(@)ghx
= gh - (ex) + pg(a + AdgB) g
= (a+AdgB, gh) - ex
= ((a,8)* (B, h)) - ex.
This shows that p defines a left action of T G.

It remains to show that (4) is a bijection with inverse defined by (7). It follows
from Lemma 3.7 that for an affine action 1 mapped to (g, pg) by (4) we have

16 (g, ex) + pg((Rg-1)xvg) gx = 1(Og, €x) + L ((Rg-1)x0g, Og.x)
= n(vg, ex).
Conversely, if (g, pg) is a pair satisfying (), (*x), and p is the affine action
defined by (7), then
1(Og, €x) = G (8, ex) + pg((Rg-1)+0g) g.x
= 1G(8, ex) +0gx
=G (8, ex),
and
pla, 0x) = pg (e, 0x) 4+ pg((Re)«@)e.x
— 0, + py(@)s
= pg(@)s. O
Remark 3.9. It follows from Lemma 3.7 and the proof of Proposition 3.8 that if
one transports an affine action u : TG x E — E from TG to g x G via the Lie
group isomorphism vg > (g, (Rg-1)4vg) then
(8) (a,8)-ex =g ex+ pg(c)g.x
©)) = (0, ex) + puler, Og.x).

In particular, g -e, = (0,4, €;) and o - e, = e + (e, 0,), so that elements of g act
as fibrewise affine linear transformations. This motivates the name affine action.
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Proposition 3.10. Let E — X be a G-equivariant vector bundle with G-action
UG : G x E — E. There is a bijection

(10) {pg:9— I'(E) | pg is a G-equivariant linear map}
i>{<]§ :9x — E | ¢ is a morphism of G-equivariant vector bundles}.

The bijection (10) maps pg : g — I'(E) to the morphism ¢ : gx — E defined by

¢ (x, o) = pglo)y.

Proof. This follows from the bijection (2) applied to the G-representation g and the
G-equivariant vector bundle E. U

Proposition 3.11. Let 4 : TG x E — E and i/ : TG x E' — E’ be affine actions

corresponding to pairs (LG, pg), (LG, ¢) and (iug, py), (g, @) under the bijec-
tions of Propositions 3.8 and 3.10. Let  : E — E’ be a morphism of vector bundles
over X. The following are equivalent:

(1) v is T G-equivariant.
(2) ¥ is G-equivariant and T' () o pg = py.
(3) v is G-equivariant and r o ¢ = ¢'.

Proof. (1 & 2) Via the isomorphism 7G = g x G, amap ¢ : E — E’ is
T G-equivariant if and only if it is g x G-equivariant for the action (8). If (o, g) €
g X G then

Y((a,g)-ex) =v(g-ex+ pg(a)g-x)
=Y(g-ex)+ l;[/(,Og(w)g-x)
and

(a,8)-V(ex) =g Y¥lex)+ pé(a)g-x-

Therefore,  is T G-equivariant if and only if

(1) V(g ex) + ¥ (pg(@)gr) =g Ylex) + py@)gur.

Setting first « = 0, and then g = ¢ and e, = 0, one sees that (11) is equivalent to
the two equations

(12) Y(g-ex) =g viex),
(13) ¥ (pg(@)) = py(a).

Equation (12) is the condition that v is G-equivariant, and (13) is the condition
that ' () o pg = ,oé.
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2« 3) Ifx € gand x € X then

(W) o pg(a))x = ¥ (pg(@)x) = V(@ (x, )
and
Pl = ' (x, ).

Therefore, I'() o p; = py if and only if o ¢ = ¢ O

3C. The category of affine actions. Recall that for a fixed object m in a category €,
the over-slice category m\% is defined as follows:

» The objects are pairs (a, ¢), where a is an object in ¥ and ¢ : m — a is a
morphism in %'

e The morphisms (a, f) — (da/, f’) are morphisms x : a — a’ in € such that

xof=/f"

» The composition of morphisms is induced from that of %

There is a canonical faithful forgetful functor m\¢ — ¥ defined by (a, f) +— a
and (x : (a, f)— @, ) (x :a—a).

Theorem A. The following three categories are isomorphic:

(1) The category Vect%fg (X) of affine actions of T G over X.

(2) The category of pairs (E, pg), defined as follows:

* The objects are pairs (E, pg), where E is a G-equivariant vector bundle over X
and pg : g — U'(E) is a G-equivariant linear map.

o The morphisms (E, pg) — (E’', pg) are morphisms  : E — E’ of G-equivariant
vector bundles over X such that T'({) o pg = pé.

o Composition is given by composition of morphisms of vector bundles over X.
(3) The slice category gx\Vectg(X).

Proof. The bijections of Propositions 3.8 and 3.10 provide bijections between the
classes of objects of each of these three categories. The bijections of Proposition 3.11
provide bijections between hom-sets. These bijections are functorial because the
composition of morphisms in all three categories is given by the composition of
morphisms of vector bundles over X. (]
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Remark 3.12. For the remainder of the paper we shall use the isomorphisms of
Theorem A implicitly. We reserve the notation (E, pg) and (E, ¢) for objects in the
second and third categories in Theorem A respectively, and refer to either as a pair.
In particular, Theorem A shows that associated to every affine action TG x E — E
is an “underlying” G-vector bundle E, equal to the E in either of the associated
pairs. Explicitly, the underlying G-action u¢ is defined by the formula (5) and is
equal to the restriction of u along the Lie group homomorphism O7¢ : G — TG.

In Section 4 we give a number of examples, some phrased in terms of affine
actions and some in terms of pairs. In Sections 5 and 6 we work mostly with
the category gx\ Vectg(X), but where it is easy to do so describe the correspond-
ing statements in terms of affine actions—see Remarks 5.5, 5.7 and 6.2, and
Corollaries 6.7 and 6.9.

4. Examples and special cases

4A. Examples.
Example 4.1 (the tangent bundle). The composite map
TGxTX =>T(GxX)-2TX

is an affine action on T X. The corresponding pair (ug, ig) is given by g - w =
(t)«(w) and ig(er) = o, where o € I'(T X) is the induced vector field associated
to o, defined by

of = 1@, 0x) = fli=o(exp(ta) - x).

In terms of g x G we have
(@, 8) - wy = (tg)*wx +Ol§,x.

Example 4.2 (equivariant vector bundles). If E is a G-equivariant vector bundle
with G-action ug : G x E — E then the composite map

TG x E-Z9, G x E L% E
is an affine action. The corresponding pair is (ig, 0). In terms of g x G we have
(a, 8)-ex=g-ex.

Example 4.3 (the G-bundle gx). The G-vector bundle gx defines a canonical
object (gx, id) in the category gx\Vects(X). The corresponding affine action is
given by

Vg * (x,B)=(g"x, Adg,B + (Rg’l)*vg)-

In terms of g x G we have

(a’ g) : (X, ﬂ) = (g'x’ Adgﬁ+a)
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Example 4.4 (G-modules). As a generalization of Example 4.3, suppose that M
is a finite-dimensional real G-representation and ¢ : g — M is a G-map. Then ¢
extends to a constant morphism of G-vector bundles ¢ : gx — Mx and (Mx, ¢) is
an object in gx\ Vectg (X). The corresponding affine action is given by

Vg (x,m) =(g-x, g m~+P((Rg-1):v)).

In terms of g ¥ G we have

(@, g)- (x,m) = (g-x, 8 -m+p()).
This construction extends to a functor

g\Rep(G) — gx\Vectg(X) = Vect%fé (X)

which coincides with the pullback functor Vect%fé (%) > Vect%fé (X) associated to

the G-map X — * (see Definition 6.1 in Section 6A below).

Example 4.5 (equivariant Lie algebroids). Recall that a Lie algebroid is a vector
bundle A — X equipped with an R-linear Lie bracket on I"'(A) and a vector bundle
morphism p : A — T X, such that the Leibniz rule [£, f&'1=p(E)()E + f[E, E']is
satisfied forall &, £’ e ' (A) and f € C*°(X). See [Mackenzie 2005] for more details.

A G-equivariant Lie algebroid (called a Harish-Chandra Lie algebroid in [Beilin-
son and Bernstein 1993]) is a Lie algebroid A — X equipped with an action
G x A — A of G on A by Lie algebroid automorphisms and a G-equivariant Lie
algebra morphism iy : g — I'(A) such that o - & = [ig(«), &] for all & € g and
& eI'(A), where & — « - £ is the action of g on I'(A) given by the derivative of the
action of G. Variants of this notion have appeared in [Alekseev and Meinrenken
2009; Bruzzo et al. 2009; Marrero et al. 2012; Ginzburg 1999].

By forgetting the Lie brackets, every G-equivariant Lie algebroid gives rise to
a pair (A, ig) and therefore to an affine action of 7'G. Affine actions of this type
were considered in [Marrero et al. 2012].

Example 4.6 (affine actions on Ry). Let Rx be the G-vector bundle associated
to the trivial representation of G. There is a bijection between affine actions with
underlying G-vector bundle Ry, and the space C*°(X, g*)¢. This follows from the
bijection (2) and the isomorphism Hom(g, R) = g* of G-representations:

Homveerg () (9x, Rx) = C*(X, Hom(g, R))Y = C¥(X, ¢%)°.
Given a function f € C*®(X, g*)¢, the corresponding affine action is given by
Vg - (X, 2) = (8- x, A+ fx(Rg-1)x0g)).
In terms of g X G we have

(@, 8)-(x,2) =(g-x, A+ fx(a)).
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Example 4.7 (products). If (E, ¢) and (E’, ¢') are objects in gy \Vects(X) then
sois (E®E’, (¢, ¢')). In fact,

(E®E', (¢.9") = (E,¢) x (E', 9",

where the right-hand side is the product of (E, ¢) and (E’, ¢’) in the category
gx \Vectg (X) (see Section 6B). The corresponding affine action is the diagonal
action

Vg - (€x, €) = (Vg - €y, Vg - €).
In terms of g x G we have
Vg - (ex, €) = (g - ex + pg(@)x, g - € + py(@)y).
4B. Special cases.

Example 4.8 (discrete groups). If G is a discrete group then TG = G, and affine
actions are the same as equivariant vector bundles.

Example 4.9 (tori). Suppose that G is one-dimensional and abelian. In this case
the adjoint representation is one-dimensional and trivial. This implies that for every
G-equivariant vector bundle E there is an isomorphism Homg (g, I'(E)) = T'(E )C.
Affine actions are therefore equivalent to pairs (E, &), where E is a G-equivariant
vector bundle and £ is a G-invariant section of E.

Example 4.10 (points). If X = s is a point then gx \ Vectg(X) = g\Rep(G).

Assuming that G is simple and compact, one can use the description of products
of Example 4.7 to describe the objects in g\Rep(G) explicitly:

Proposition 4.11. If G is a simple compact Lie group and (V, ¢) is an object in
g\Rep(G) then either

1 V,9)=(,0),0r

(2) (V,¢)=(g,1d)" x (W, 0),

where n € N and W is a finite-dimensional G-representation with no summand
isomorphic to g.

Remark 4.12. Note that in the setting of Proposition 4.11, if (V,¢) = (V,0)
then (V,¢) = (g,0)" x (W,0) for some n € 7Z0 and W a finite-dimensional
G-representation with no summand isomorphic to g.

Proof. The proof is an application of complete reducibility (G is compact) and
Schur’s Lemma (g is irreducible as a G-representation because G is simple). Note
that as G is simple and compact the adjoint representation g of G is absolutely
irreducible ([Onishchik 2004]). In particular, Endg (g) = R.
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Let (V, ¢) be an object in g\Rep(G). As a G-representation V = g®" @ W for
some nonnegative integer n and G-representation W with no summand isomorphic
to g. It follows from Schur’s Lemma that there is an isomorphism

(14) R" => Homg(g, g®" @ W), A (@~ (Ma, ..., Aa, 0)).

Suppose that (V’, ¢') = g®" @ W’ is a second object in g\Rep(G) and that under
the bijection (14) (V, ¢) (respectively (V', ¢')) corresponds to (g®" & W, 1) (re-
spectively (g®" @ W', \)). If (V, ¢) = (V', ¢') then we necessarily have n’ =n
and W' = W. Using Schur’s Lemma again, we have a bijection

Autg(g®" ®@ W) = GL,(R) x Autg(W),

from which it follows that isomorphisms in g\Rep(G) from (V, ¢) to (V', ¢')
correspond to diagrams

A
9496911@“/

\ l(A,u/f)
A/

g€9n®W

in which (A, ¥) € GL,(R) x Autg(W) and AL = 1. The proposition now follows
from the fact that there are exactly two G L, (R) orbits in R": the zero orbit {0}, and
its complement R"\{0}. Under the bijection (14) the zero vector O corresponds to the
zero morphism g — g®* @ W and therefore to the object (g, 0)" x (W, 0) = (V,0),
and the vector (1, ..., 1) € R"\{0} corresponds to the map (diag, 0) : g — g®" & W
and therefore to the object (g, id)" x (W, 0). O

Remark 4.13. In the Grothendieck group K %fg () (see Definition 6.13) the objects
[(g,1d)] and [(g, 0)] are, surprisingly, in fact equal. See Remark 6.16 below for a
further discussion of this point.

Example 4.14 (trivial G-spaces). As a generalization of Example 4.10 consider
the case where X is a trivial G-space. In this case an affine action TG x E — E
over X is equivalent to a smoothly varying family 7G x E, — E, of affine actions
parametrised by x € X. In particular, associated to each point x € X there is an
object (E,, ¢x) in g\Rep(G).

Proposition 4.15 (homogeneous G-spaces). Let G/H be a homogeneous G-space.
Then there is an equivalence of categories

(15) Vect}';(G/H) ~ g\Rep(H),

where g is considered as an H-module by restriction of the adjoint representation

of G.
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Proof. Under the equivalence Vectg(G/H) — Rep(H) the G-vector bundle gy is
mapped to the H-representation g. Therefore

VectiiL(G/H) ~ gx\Vectg (X) ~ g\Rep(H). O

Example 4.16 (the tangent bundle of G/H). Under the equivalence (15) the tangent
bundle 7(G/H) corresponds to the quotient map g — g/b, considered as an object
in the category g\Rep(H).

Proposition 4.17 (free G-spaces). Suppose that P is a free, proper G-space so that
P /G is a manifold and P — P /G is a principal G-bundle. Then

Vect¥.(P) ~ ad(P)\Vect(P/G),
where ad(P) = P X ¢ g is the adjoint bundle of P.

Proof. The quotient construction E +— E /G yields an equivalence of categories
Vectg (P) — Vect(P/G) under which the G-vector bundle gp is mapped to the
adjoint bundle ad(P) = P x¢ g. Therefore

(16) VectdL (P) ~ gp\Vect (P) =~ ad(P)\Vect(P/G). O

Example 4.18 (Atiyah algebroids). If 7 : P — X is a principal G-bundle then the
Atiyah algebroid of P is the Lie algebroid (see Example 4.5) T P/G over X (see
[Mackenzie 2005]). The Atiyah algebroid fits into a short exact sequence

0—ad(P)>TP/G—>TX—0

which arises from an application of the quotient construction to the short exact
sequence
0—> Kern, > TP 2> 7*TX - 0

and the isomorphism of G-equivariant vector bundles Kerm,, = gp. Under (16),
the tangent bundle 7 P corresponds to the object (T P/G,ad(P) — TP/G) in
ad(P)\ Vect(X).

5. Vect;f(f; (X) and Vectg (X)

In this section we relate affine actions to equivariant vector bundles and in Section 5C
prove our second main result Theorem B. We mostly describe the statements in
terms of the category gy \Vects (X), but will indicate the corresponding results for
Vect. (X) — see Remarks 5.5 and 5.7.

5A. The functors U, F and . We will define several functors between the cat-

egories gx\Vectg(X) and Vectg(X). In Remark 5.5 we explain what are the

corresponding functors between Vect%fg (X) and Vectg (X).
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Definition 5.1. We denote by U the forgetful functor
U : gx\Vectg(X) — Vectg(X)

which maps a pair (E, ¢) to the G-vector bundle E and maps a morphism  :
(E, ) — (E', ¢’) to the morphism ¢ : E — E’.

Definition 5.2. We denote by ¢ the functor
o : Vectg(X) — gx\Vectg(X)

defined on objects by o (E) = (E, 0) and on morphisms by o (¢ : E — E') =
(Y : (E,0) — (E',0)).

Definition 5.3. We denote by F the functor
F: Vectg(X) — gx\Vectg (X)

which maps a G-vector bundle E to the object (gx®E, iy, ), Where ig, :gx — gxOE
is the natural inclusion (x, @) — ((x, ), 0,), and maps a morphism ¢ : E — E’
to the morphism idg ® ¥ : (gx ® E, igy) = (gx D E’, igy).

Remark 5.4. Note that F can be written in terms of coproducts in Vectg(X) or
products in gx\ Vectg (X) (see Example 4.7 and Proposition 6.8 ):

F=(gx ® —. igy) = ((gx,id) x =) o 0.

Remark 5.5. Via the isomorphism of Theorem A, the functors U, o and F corre-
spond to functors between Vect%f(f; (X) and Vectg (X), which we denote by the same

symbols. The functor
U : Vect¥.(X) — Vectg(X)

is given by the restriction of actions along the Lie group morphism Org : G — TG.
It maps an affine action u : TG x E — E to the G-vector bundle E with action
g -ex = 0g - e,. The functor

o : Vectg(X) — Vect%fé (X)

is given by the restriction of actions along 77 : TG — G. It maps a G-vector bun-
dle E to the affine action defined by v, -e, = g-e,. See also Example 4.2. The functor

F: Vectg(X) — Vect%fé (X)

maps a G-equivariant vector bundle E to the affine action TG X (gxPE) — gx DE
given by
Vg * ((x,a),ex) =((g-x, Ang[ + (Rg—l)*vg), g-ey).
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5B. Lemma on slice categories. This subsection contains the proof of the follow-
ing category-theoretic result. Lemma D will only be used to prove Theorem C and
will not be referred to elsewhere, so the reader uninterested in category-theoretic
abstractions may wish to skip to Section 5C.

Recall that if U : 9 = € : F are a pair of adjoint functors, with F left adjoint
to U, then there is an associated monad acting on the category ¢. This monad
consists of the endofunctor T = UF : € — ¢, together with a certain pair x, 5
of natural transformations which are constructed from the unit and counit of the
adjunction. There is a canonical comparison functor K : 2 — €‘HX"  from 2
to the category of (T, x, n)-algebras, and the adjunction is called monadic if K is
an isomorphism. One can therefore understand the statement that an adjunction
is monadic as saying that the category % can be reconstructed from ¢ and the
monad (T, x, ) in a canonical way, which shows the importance of the notion.
See [MacLane 1971] for further details.

Lemma D. Let € be a category, m an object in €, and U : m\E — € the standard
forgetful functor. If the coproduct m L a exists in € for all objects a in € then the
functor F :a+> (mUa, i) is left adjoint to U, and this adjunction is monadic.

Proof. Let (a’, ¢') be an object in m\¢. Via the universal property of the coproduct
m L a the natural bijection

Homy (m, a’) x Homy (a, a’) %) Homy (m Ua, a’)
restricts to a natural bijection
(17) Homy (a, a’) => Homyn¢((m L a, in), (@, ¢"))
=29, ).

The bijection (17) can be rewritten as
(18) Homy (a,U((@, ¢))) => Homu\¢(F(a), (@, ¢)).
This shows that F is left adjoint to /.

It remains to show that the adjunction F - U/ defined by (18) is monadic. We
must show that the canonical comparison functor K : m\% — %% from m\¢ to
the category of (T, x, n)-algebras is an isomorphism, where (T, x, 1) is the monad
associated to the adjunction, and T, x, n and K are defined below (see [MacLane
1971] for the general case).

Straightforward calculations show that the unit  : 14 = UF and the counit
& : FU = 1,)\¢ of the adjunction have components

Ng =1Iq:a—> mla,
g,y = (9", 1a): (mUd',i,) — (@', ¢").
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We denote the associated monad by (T, x, n), where T =UF : € — €, x =UeF:
T?> =T, and 5 : 14 = T. The functor T is the functor a — m Ll a. A further
calculation shows that x has components

Xa = (im, lyg) :mUU(mUOa) > mla.

We can now describe the category €{7-%-" of (T, x, n)-algebras, or T-algebras
for short. Let (a, i) be a T-algebra. Then % is a morphism i : Ta =m Ua — a
in ¢ such that h on, = 1, as morphisms a — a, and ho Th = h o x, as morphisms
T?a — a. Under the natural bijection

Homg (m U a, a) = Homy (m, a) x Homg(a, a),

the first condition on /4 is equivalent to the condition that £ is of the form (h, 1,).
A calculation then shows that the second condition on 4 holds automatically. It
follows that T-algebras can be identified with objects of m\ %'

Let f : {(a, h) — (da’, h’) be a morphism of T-algebras. Then f :a — d’ is a
morphism in ¢ such that 2’ o Tf = f o h as morphisms Ta — d’. Identifying
h=(h,1,) and b’ = (h’, 1,) as above, the condition on f is

(h' 1) o (ly L f) = fo(h 14)
which is equivalent to ) )
(W', f)=(fh, )

and therefore to 4’ = fh. It follows that morphisms between T-algebras can be
identified with morphisms in m\%. The discussion above shows that there is an
isomorphism of categories m\¢ = ¢ T-X-" defined on objects by

(@, h) > (a, (h, 1)) = U(a, h), U(e, )
and on morphisms by
(f (@, h) = (@, h) = (f :(a, (b, 1) — {a', (W', 12)))
= (Uf: U h), U, ) — U@ 1), UEg i)
This functor is exactly the comparison functor K : m\% — €% (see [MacLane
1971]), which implies that the adjunction F -/ is monadic. ([
5C. Theorem B.
Theorem B. The following statements hold:
(1) F is left adjoint to U.
(2) The adjunction F 4 U is monadic.

(3) o is the unique section of U.
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Proof. The category Vectg (X) is additive and so, in particular, has finite coproducts.
If E is an object in Vectg(X) then the coproduct gx LI E is given by the G-
vector bundle gx @ E together with the natural inclusions ig, : gx — gx @ E and
ir: E— gx @ E. It follows that F corresponds to the functor F :a +— (cUa, i;)
in the statement of Lemma D, and U to the functor /. Therefore (1) and (2) follow
from Lemma D.

We now prove (3). If E is an object in Vectg(X) then U(o (E)) =U(E,0) = E,
and if ¥ : E — E’is a morphism then U(c (¥)) = Uy : (E,0) — (E’,0)) = ¢ :
E — FE’, so that o is a section of U. It remains to show that it is unique. Let o’
be a section of U. If E is an object in Vectg(X) then o/(E) = (E, ¢) for some
morphism ¢ : gx — E. Applying o to the zero-morphism 0 : E — E produces a
morphism 0: (E, ¢) — (E, ¢) in gx\ Vectg(X) which implies that ¢ =00 ¢ =0.
Therefore 6/(E) = (E,0) = o (E). If ¥ : E — E’ is a morphism in Vectg (X)
then the fact that ¢’ is a section of U implies that o’ (y) = ¢ : (E, 0) — (E’, 0).
Therefore 0’ = 0. O

Remark 5.6. It follows from the details of the proof of Lemma D, and in partic-
ular (18), that the adjunction F 4 U of Theorem B is given in terms of hom-sets by:

Homvyec, ) (E, U(E’, ")) => Homg,\veetg (x) (F(E), (E', ¢'))

i
E — gx BRLESN axPE
lf \ l@’,f)
¢/
E' E'

Remark 5.7. It follows from the isomorphism Vect%fg(X ) = gx\Vectg(X) of

Theorem A, that the analogue of Theorem B involving the functors
U: Vect%fé (X) — Vectg(X) and F,o : Vectg(X) — Vect%% (X)
defined in Remark 5.5 also holds.

6. Pullbacks, products and K-theory

In this section we first show that a G-map f : X — Y determines a pullback
functor Vect%f{;(Y ) — Vect%fé (X). Unlike Vectg(X), Vect%f(f; (X) does not carry
any obvious additive structure. Nonetheless, Vect%f(f;(X ) does have initial and
terminal objects, and finite products. This will allow us to define the Grothendieck
group K %fg (X), and to show that that the above-mentioned pullback functors
determine group homomorphisms between these groups. Our third main result,
Theorem C, shows that the functors U and o defined in Section 5 determine a

natural isomorphism between K %f(f; (X) and the equivariant K-theory K O¢g (X).
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6A. Pullback functors. 1f fi: X| — X, is a G-equivariant smooth map then the
pullback of G-vector bundles determines a functor f;": Vectg (X2) — Vectg (Xy). If
f2: X2 — X3 is a composable G-equivariant smooth map then there is a natural iso-
morphism of functors (f> f1)* = f{* f;. Note that there is a canonical isomorphism
of G-vector bundles f"gx, = gx, given by (x, (f1(x),&)) — (x, §).

Definition 6.1. If f : X — Y is a G-equivariant smooth map then we define the
functor
¥ gy\Vectg(Y) — gx\Vectg(X)

to be the composition
(19) gx \Vectg (Y) = (f*gr)\Vect(X) = gx\ Vectg (X)),

where the first functor in (19) is the functor between slice categories determined by
the pullback of G-vector bundles, and the second is determined by the canonical
isomorphism f*gy = gx.
Remark 6.2. In terms of affine actions the action of TG on f*E is given by
Vg-(x,e) =(g-x,vg-e).

The following proposition follows immediately from the corresponding result
for G-vector bundles:

Proposition 6.3. If f1, f> are composable G-equivariant maps and fl*, fz* are the
pullback fui}ct?rs defined in Definition 6.1, then there is a natural isomorphism
(fol) = f1*f2*-

Remark 6.4. The categories Vect%fg(X ) for varying X, functors of Definition 6.1,
and natural isomorphisms of Proposition 6.3 in fact constitute a pseudo-functor
G-Man — Cat from the category of G-manifolds to the 2-category of (essentially
small) categories, but we shall not make use of this fact.

The pullback functors defined above are compatible with the functors U, o
and F defined in Section 5A in the following sense. Let us temporarilly record the
dependence on X by Uy, ox and Fx. The following proposition then follows from
the definitions of these functors:

Proposition 6.5. Let f : X — Y be a G-map. Then there are natural isomorphisms
Ux f* = f*Uy, oxf*= ffoy, Fxf*= f*Fy.
6B. Products.

Proposition 6.6. gy \Vects(X) has a terminal object, which is given by (X x{0}, 0),
and an initial object, given by (gx, id).

Proof. This follows from the definition of the slice category gx\Vects(X) and the
fact that X x {0} is a terminal object in Vectg (X). ([l
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Corollary 6.7. The category Vect%fé (X) has a terminal object given by the zero-

vector bundle X x {0} with action vg - (x,0) = (g - x, 0), and an initial object given
by the vector bundle gx with action vg - (x, &) = (g - X, Adgar + (Ry-1)40y).

Proof. This follows from the isomorphism of Theorem A. (]

Proposition 6.8. The category gx\Vectg(X) has finite products. The product of
(E, ¢) and (E', ¢') is given by the object (E ® E’, (¢, ¢')) and the canonical
projections to (E, ¢) and (E’', ¢').

Proof. The result follows from general facts about limits in slice categories. Ex-
plicitly, let (F, ¥) be an object in gx\Vectg(X) and f : (F,¥) — (E, ¢) and
[ (F,¢)— (E’, ¢) be morphisms. In particular, f =¢ and f'y =¢". As E®E’
is a product in Vectg (X) there is a unique morphism (f, ') : F — E @ E’ satisfying
prgo(f, f)=fandprgo(f, f))=f" Wehave (f, f)o¥=(fy, f'y)=(, 9"
and therefore ( f, f’) defines a morphism (f, f') : (F,¥) - (E® E’, (¢, ¢')) in
gx\Vectg(X). Finally, the identities above involving prp and prg, imply that
the same identities hold when these morphisms are considered as morphisms in
Vect%fg(X ). This shows that (E & E’, (¢, ¢)) and the canonical projections to
(E, ¢) and (E’, ¢’) satisfy the required universal property. ([

Corollary 6.9. The category Vect%fg (X) has finite products. If E and E' are vector

bundles equipped with affine actions then their product is the vector bundle E ® E’
with affine action vg - (e, €') = (vg - €, Vg - €').

Proof. This follows from the isomorphism of Theorem A. ([
Proposition 6.10. The functors U and o preserve products.

Proof. This follows immediately from the definitions of the functors U and o and
the description of products in gy \ Vectg(X) given in Proposition 6.8. ([

Remark 6.11. Note that if G is not discrete then the left adjoint functor F of
Definition 5.3 does not preserve products:

F(E) x F(E") = (gx ® E) ® (9x © E"), (igy, igy))
% (9x ® (ED®E"), igy)
= F(E X E/).
Proposition 6.12. If f : X — Y is a G-map then the functor
f*:gy\Vect(Y) — gx\Vectg(X)
of Definition 6.1 preserves products.

Proof. This follows from the definition of the functor f * and the fact that the functor
f*: Vectg(Y) — Vectg (X) preserves products. O
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6C. K-theory.
Definition 6.13. Let Kﬁfé (X) be the Grothendieck group of the category Vect%fé (X).

It follows from Proposition 6.12 and the functoriality of the construction of the
Grothendieck group (see Section 2C) that the functor

f*:ay\Vectg (Y) — gx\Vectg(X)
associated to a G-map f : X — Y induces a group homomorphism K (f*) :
KYL(Y) — K3 (X).
Definition 6.14. We denote by
K3 (—): G-Man — Ab

the functor which maps a G-manifold X to the abelian group K ;fé (X) and maps a
G-map f : X — Y to the group homomorphism K (f*).

Our last main result is that the functor K %f(f; (—) is isomorphic to K Og(—) (recall
from Section 2C that K Og(X) denotes the Grothendieck group of Vects(X)). The
proof is based on the following Lemma, which states the category-theoretic reasons
for this result.

Lemma E. Let € be an additive category and m an objectin €. LetU : m\€ — €
be the standard forgetful functor and S : € — m\¥% the section a — (a, 0). Then
the group homomorphism

KU): K(m\%) — K(%)
is an isomorphism. Its inverse is
K(S): K(€)— K(m\%).

Proof. As U o § = 1, the functoriality of the Grothendieck group implies that the
homomorphism K (i) is surjective, K (S) is injective, and K (U) o K(S) = 1k (¢).
The lemma will therefore follow from the fact that K (S) is surjective, which we
will prove.

Let (a, f) be an object in m\%¥. Consider the diagram

m o) ada

20) \ lh
(f.0)

aPa

where h = (pr;, pr, — pry), or in terms of elements & (e1, e2) = (e1, e2 —ey). It is
clear that (20) commutes, and % is an isomorphism with inverse (pry, pra + pry).
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Therefore, h determines an isomorphism

(a. f)x (a, ) => (a, f) x (a,0)
in m\%. It follows that in the Grothendieck group K (m\%) we have

[(a, H]=I[(a,0)]=K(S)(a]).
Therefore, if (a;, f1) and (a2, f>) are objects in m\%, then

[(a1, fO]— (a2, f2)] = K(S)([ai] - [a2]),
which shows that K (S) is surjective. U

Remark 6.15. There exist similar results describing the Grothendieck groups of
various categories associated to an additive category ¢’. For example, the Main
Theorem in [Almkvist 1974] describes the group K (end P(A)), where end P(A)
is the additive category of endomorphisms of finitely generated projected modules
over a commutative ring A.

Theorem C. If X is a G-manifold then the functor U induces a group isomorphism
K(U): K¥L(X) - KOG (X).
Its inverse is
K(0): KOg(X) — KYL(X).
These isomorphisms are natural in X, and thus define an isomorphism of functors
KM (—) =5 KOG (—).

Proof. For fixed X, the fact that K (U) and K (o) are mutually inverse isomorphisms
follows from Lemma E. The fact that these isomorphisms are natural in X follows
from the first two natural isomorphisms in Proposition 6.5 and the functoriality of
the Grothendieck group. ([

Remark 6.16. Note that Theorem C does not hold at the level of monoids. The
functor U induces a morphism of commutative monoids

(g \ Vectg (X)) / = — (Vectg (X))/ =

which is an isomorphism if and only if G is discrete. In particular, [(gx, 0)]
and [(gyx, id)] are both mapped to [gx]. This can be seen most explicitly in the
situation of Proposition 4.11 (see also Remark 4.12). In this case the equality
[(g,id)] = [(g, 0)] in KT (x) implies the equality

[(g,id)" x (W, 0)] = [(g, 0)" x (W, 0)]

in K %f(f; () between the two classes of elements appearing in the classification of
objects in g\Rep(G) given in Proposition 4.11.
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7. The complex case

It is possible to reformulate the notion of affine actions in the complex setting.
The complexified tangent bundle 7¢G is both a complex vector bundle and a real
Lie group. We define an affine action of 7¢G on a complex vector bundle E to
be an action for which the action map 7¢G x E — E is a morphism of complex
vector bundles. For example, if X is a G-manifold with action G x X — X then
the derivative defines a complex affine action 7cG x Tc X — Tc X of T¢G on the
complexified tangent bundle 7¢ X of X.

We use Vect‘}ffé: (X) (respectively Vect& ¢ (X)) to denote the category of complex
affine actions (respectively G-equivariant complex vector bundles) over X, and

%tchC(X ) (respectlvely K (X)) to denote the Grothendieck group of Vectr‘}ffg (X)
(respectively Vect (X)). As standard, gc denotes the complexified Lie algebra of
G equipped with the complexified adjoint representation.

The functors U, o and F defined in Section SA have analogues in the complex

case, which we denote by

U Veet) 5 (X) — Vectg (X)
and
FC, ot Vectg (X)) — Vectz}g’g(X).

7A. Complex theorems. The following analogues of Theorems A, B and C hold
with essentially the same proofs.

Theorem A’. The following three categories are isomorphic:

(1) The category Vect‘}gg (X) of complex affine actions of Tc G over X.

(2) The category of pairs (E, pg), defined as follows:

o The objects are pairs (E, pg), where E is a G-equivariant complex vector
bundle over X and py. : gc — T'(E) is a G-equivariant complex linear
map.

o The morphisms (E, pg) — (E’, pg) are morphisms  : E — E' of G-
equivariant complex vector bundles over X such that I' () o pg. = pé .

o Composition is given by composition of morphisms of complex vector
bundles over X.

(3) The slice category (gc)x \ Vects (X).
Theorem B'. The following statements hold:

(1) FC is left adjoint to U®,

(2) The adjunction F€ 4 U® is monadic.

(3) o is the unique section of UC.
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Theorem C'. If X is a G-manifold then the functor UC induces a group isomor-
phism
,C
KU : K2 (X) — Ka(X).

Its inverse is
K(0%) : Ka(X) > K35 (X).

These isomorphisms are natural in X, and thus define an isomorphism of functors

Ko (4) = Ka(=).
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OPTIMAL DECAY ESTIMATE OF STRONG SOLUTIONS FOR
THE 3D INCOMPRESSIBLE OLDROYD-B MODEL
WITHOUT DAMPING

RENHUI WAN

We obtain the decay estimate of the global solution for the 3D incompressible
Oldroyd-B model with only dissipation. The decay rate is optimal in the sense
that this rate coincides with that of the linear system, which improves upon
work by Zhu (J. Funct. Anal. 274:7 (2018) 2039-2060.)

1. Introduction

In this paper, we consider the Cauchy problem for the three-dimensional (3D)
incompressible Oldroyd-B model given by
u4+u-Vu—vAu+Vp=puydive, (t,x) e RT xR3
0t +u-Vr+ar+ Q(r, Vu) = ua D(u),
divu =0,

u|t=0=u0(x)s T|t=0:T0(x)7

(1-1)

where u = (u1, U, u3) stands for the 3D velocity field, p the pressure and t the
non-Newtonian part of the stress tensor which can be seen as a symmetric matrix
here. The values v, a, 1 and w, are nonnegative parameters, where we call (11
and u, the coupling parameters. D(u) and W(u) are the deformation tensor and
vorticity tensor, which can be given by

A Vu+Vu)T A Vu—(Vu)T

D) & =, W &

and
O, Vu)=tWu)—-Wu)r —a(Du)t +tDWu)), a €[-1,1].

The initial data are (o, 7o) satisfying divip = 0 and (79);; = (70);i-
We refer to [Bird et al. 1977; Chemin and Masmoudi 2001; Oldroyd 1958] for
the details about the derivation of (1-1). Guillopé and Saut [1990a; 1990b] obtained

MSC2010: primary 76A05, 76D03; secondary 42A38, 42B25.
Keywords: Oldroyd-B model, global small solution, integral representation.

667


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2019.301-2
http://dx.doi.org/10.2140/pjm.2019.301.667
http://dx.doi.org/10.1016/j.jfa.2017.09.002

668 RENHUI WAN

local existence and uniqueness, when the initial data is in Sobolev space, which
was extended to the Lebesgue space in [Ferndndez Cara et al. 1994]. Lions and
Masmoudi [2000] obtained global existence of the weak solution for the case o = 0.
However, to the best of our knowledge, whether the case « # 0 can yield a global
weak solution is an open question. Considering the initial data in critical Besov
space, Chemin and Masmoudi [2001] showed local well-posedness of the solution
and global well-posedness with small initial data, where they required the small
coupling parameter for the global result. We refer to [Chen and Miao 2008; Zi et al.
2014] for the results in generalized space. By using some techniques developed
in the study of compressible Navier—Stokes, Zi et al. [2014] removed the condition
concerning the small coupling parameter. Recently, Fang and Zi [2016] proved
global well-posedness with a new class of large initial data admitting large initial
vertical velocity. By using a decomposition technique, we [Wan 2019] improved
the initial condition in [Fang and Zi 2016] to the more generalized initial condition.
In particular, for the 2D case, [Wan 2019] proved global well-posedness with large
initial velocity, which improved upon the corresponding work in [Fang and Zi 2016].

We point out that all the above works are based on a > 0. If a = 0, it seems
difficult to proved the global well-posedness even under small initial data. By
using a new method, i.e., constructing the time-weighted energies, Zhu [2018] first
proved global well-posedness in 3D under small initial data, which can be showed
as follows:

Theorem 1.1 [Zhu 2018]. Let v = u; = up = landa = 0. Let N > 7 be
a big enough constant. Assume we have the initial data (|D|™ ug, |D| 19) €
HN(R3) x HN (R3). There exists a small enough constant € such that if

(1-2) D™ wollgn + DI wollg v <,
the system (1-1) has a unique global solution (u, t) satisfying
lu@llgy-1+ |lt@)||gn-1 Se forallt > 0.

Remark 1.2. Zhu [2018] only assumed N = 3; here the assumption of N > 7 in
Theorem 1.1 is used to get the faster decay rate of the solution in the following
context. For instance, we need high regularity of the solution when showing the
decay estimate of ||Vu(t)||Loo; see Section 5 for the details.

Let us remark that the approach in [Zhu 2018] seems difficult to use for the 2D
case, since [[u(?)| 0o g2y may yield a weakened decay, which is not integrable in
time and may bring the growth of the solutions. Recently, based on a time-space
approach, a new system concerning ¥ — 2P divt and the estimate in Besov space,
[Wan 2017b] proved the global small solution for the 2D case.
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It is known that long-time behavior of the global solution is an interesting and
important issue in the studies of many fluids. Notice that Zhu [2018] obtained
the decay estimate in the 3D case by constructing some time-weighted estimates
such as

(1-3) lu@)lz2 S A+072 [Vu@)lzz s A+070

So a natural question is whether the decay estimate (1-3) is optimal. Motivated by
this, in this paper, we will focus on the long-time behavior of the global solution
for (1-1) with a = 0. Let us first introduce some notation:

X(0) 2 sup {(0)Fu(@)llz2 + (©)2 2@ 11},

o<t<t

Y(0) 2 sup {(3(IVu@llz2 + 1A@) 122) + (1) NERD) 11}

o<t<t
where A = P divt. Now, we state our main result.

Theorem 1.3. Let (u, t) be the solution of (1-1) obtained in Theorem 1.1 with the
initial data satisfying (1-2) and || (1o, 7o) |1 < €. Then we have

X(0)+Y() <e.

In particular, for all t > 0, the following decay estimates hold:

Kl

lu)llz2 Se)™5. IVu@)lzz + [AOIL2 S €fr)”

and
_3 _
lu(t)llzee S €{t)™2,  [[Vu(r)|ree < eft)™2.

Remark 1.4. One can also get || A(f)|| L < €(t)™2 by following the same idea.
Since this decay estimate does not play an essential role in the estimate of X (¢) and
Y(¢), we omit it.

Remark 1.5. One can easily find the obtained decay rate is faster than (1-3). In
addition, this faster decay rate yields many better time-weighted estimates. For
instance, by using our decay estimate we get that

t
/ (" Vu(t')||2dt’ < e foralla € (0, %),

0
while the associated result in [Zhu 2018, page 7] can only yield

t
/(l/)aHVu(t')Hdet'Se for all a < 0.
0
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Remark 1.6. By using interpolation inequality, we can obtain the explicit decay
rate in L? (2 < p < 00) space, which is optimal since it is consistent with the linear
part of system (1-1).

The paper is structured as follows. In Section 2, we provide some definitions of
spaces and several lemmas. Section 3 is devoted to giving the integral representation.
Section 4 bounds the estimate of |u(¢)| g1. Section 5 provides the estimate of
()1, |11EU@)|Iz1 and || A(2)] z2- In the last section, we prove Theorem 1.3.
In the Appendix, we provide the proof of Lemma 4.1 and (5-3).

Let us complete this section by describing the notation we shall use in this paper.

Notation. For two operators A and B, we denote by [4, B] = AB — BA the com-
mutator between A and B, (f) means 1 + |¢|, and A < B means that there exists a
constant C such that A < CB.

2. Preliminaries

In this section, we give some necessary definitions, propositions and lemmas in d
dimensions.

The fractional Laplacian operator | D|* = (—A)?2 is defined through the Fourier
transform, namely,

IDI%f (&) 2 |E1%F(©),
where the Fourier transform is given by
OE [ ¥ £(x) dx.
IRd

Let € = {£ e R?, 3 <|£] < §}. Choose a smooth radial function ¢ supported on
¢ such that

Y e@7E =1, £eR?\{0}

jez

We denote ¢; = ¢(277/£), h = F ¢, where ! stands for the inverse Fourier
transform. Then the dyadic blocks A; and S; can be defined as

Af =e@ D) f =27 [ WD f-y . Sif= Y Auf
Re k<j—1
We can easily verify that with our choice of ¢

AjARf =0if|j—k|=2 and Aj(Se1fArf)=0if|j —k|>5.

Let us recall the definition of the Besov space.
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Definition 2.1. Let s € R and (p.,q) € [1, 00]% The homogeneous Besov space
B ,(R%) is defined by

3 d dy.
By qRY) = {f € &' R |1 f 35, uay < 00%

where

1

. q
ZzquHAjf”Zp(Rd)) for 1 <g < oo,
1/ gy aay = | ez

sup 2%/ [ A £l » ey for ¢ = oo,
jez
and &'(R%) denotes the dual space of
S(R?Y) = {f e S(R?); 8% £(0) =0, for all & € N¥ multi-index}
and can be identified by the quotient space of S’/P with the polynomial space P.

Thanks to the definition of A;, we have

(2-1) 1A, flglLr < 2771V fliLeliglee,

where % = % + é. Equation (2-1) will be used in the Appendix.

The following proposition provides Bernstein type inequalities. For more details
about Besov space such as some useful embedding relations, see, e.g., [Bahouri
et al. 2011; Stein 1970].

Proposition 2.2. Let 1 < p < g < co. Then for any B,y € (NU {0}, there exists
a constant C independent of f, j such that:

(1) If f satisfies
supp f C {€ € R :[E| < K2/},

then
iyl+id(5-2
197 £ Loy < €270 £l o
(2) If f satisfies
supp f C {& e R? 1 K127 < |g] < K2/}

then

£ llLpgay < €277 S 192 £l Lo (ga)-
=ly

For the special case p = g = 2, we have

||f||Hs(Rd) ~ ||f||3§’2(Rd)-
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The H*(R%) and H*(R?) norm of f can be also defined as follows:

1/ s @ay & WDE fllz2@ay. s €R,
1/ Nezs@ay £ 1F 1L2@ay + 11D £ lz2ay, 5> 0.
Let us introduce the homogeneous Bony’s decomposition:
uv = Tyv + Tyu + R(u,v),
where
Tyv = ZSj_luAjU, Tyu = Z AjuS;—1v, R(u,v)= Z AjuAjU;
jez jez jez
here Aj =N 1+A+Aj4.

Lemma 2.3. [Kato and Ponce 1988] (i) Lets > 0and 1 < p,r < 00, then

@2 118l 35, ay = C S o @y lgl g, ety + 181 oy f 1, , ey

1 1 1 1 1
< < = +
where 1 < p1,r1 < oo such that =t =t

[Kenig et al. 1991](ii) Lets > 0,and 1 < p < oo, then

(2-3) DY, flgllLewa)
< C{IV S Lo @yl DFT" llLr2@ay + 1IDI° fllLrs @ay gl Lragay )
where 1 < pa, p3 <oosuchthat% = %—i—é = é—l—ﬁ.
The inequalities below are used frequently in the proof.

Lemma 2.4 [Wan 2017a]. If 0 < sy < s3, then

t C (1)~ if 52> 1,
/ (t—1) ) ™2dr < {C{t) ' In(1 +1) ifsr=1,
0 C (1) 1=s1-%2 if sy < 1.

Remark 2.5. For the case s; > 55, since one can get a similar result by using the
change of variable, we omit the details.

Let us introduce a generalized estimate of the solution to the heat equation.

Lemma 2.6. If / € L'(R?), we have
_d
le"® fllL2@ay S 070 N go_(aay-

Proof. Thanks to the interpolation inequality

1 1

lgllz < lgll%_y Nelz -
B

2,00 2,00
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we have
1 1
A A 2 A 2
I Fllz> S €' £ 151 e /15,
2
So the aim reduces to the estimate of ||etAf||Ba , a =—1,1. By Bernstein’s
inequality, for all @ > —%, we have

_n2j—1
@4 e fllgg <su;Z>2“f 1A fllz2 < sugzafe LR VNP
JE€ J€

d); i _(a_d
< sup2 TV 2 a1 < VD) )
jEZ 1,00

Setting a = —1 and a = 1 in (2-4), respectively, we can conclude the proof. [

3. Spectral analysis

In this section, we give the integral representation of the solution to (1-1). In fact,
we repeat the procedure in Section 3 of [Wan 2017b]. We use v; to stand for the
i-th component of the vector v in the following context. Denote

AL Pdive.
Let us investigate the spectrum properties of the following system:
dru; — Au; = A; + G,
0rAi = 3 Au; + Fi + H;,

G=—-Pw-Vu), F=-Pdv(u-Vr),
H =—-Pdiv(Q(z,Vu)), i=1,2,3,

(3-D

where P is the Leray operator. Denote

Aé _|§|2 1
= _ﬁ 0 ,
2

then the eigenvalues of the matrix A can be given as

={%(—Iélzii|’§|\/2—|$|2) when [§] < V2.
3(-IEP £ 161 VIER=2)  when [§] = V2.

where i = +/—1. After Fourier transform, (3-1) reduces to

3-2 o () @y =a(® Gi
(3-2) \z (6) = T &)+ FLT (é),
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By using the standard method of diagonalization via the eigenvalues and eigenvec-
tors, we can get from (3-2) that

u(t,x) = Mq1(0, H)uo(x) + M12(0, 1) Ao(x)

t t
+/ M11(3,Z—S)Gds+/ Mi2(0,t —s)(F + H)ds
0 0

(3-3)
.A(l, x) = le(a, t)uo(x) + M22(8, I)Ao(x)

t t
—i—/ M>1(0,t—5)G ds—l—/ My>(0,t —s)(F + H)ds,
0 0

where
TR A T 2 .
Miif(E.0) 2 My €0 f(E), (.)) 1,2}
and
— — Apetti—p_er—t Al _gh—t
(Mu(f,t) Mlz(é,l)) A B e e
o =7 - |€_-|2 Ayl _ At /'{_e)"f‘t—l er—t
M1 (§.1) M22(§.1) R p——

To bound M;; (9, t), we split the whole space R3 into the following four regions:
D1 2{EeR3: g <1},
Dy 2 {EeRP: 1<) < V2,
D3 £{eR’: V2= <2,
Di£{§ R’ 1[5 =2},

Let us keep the fact that |€| ~ 1 when & € D, U D3 in mind. Next, a proposition
devoted to the estimates of M;;(§,t) is given as follows.

Proposition 3.1 [Wan 2017b]. Forall (i, j) € {1,2}?, A//I;(S, t) satisfies the fol-
lowing estimates:

(1) When & € Dy,

— _le? — g g2
(3-4) IMunlS e 2 [MpE | S E[e 2,
) — 2 e 2
Moy (5.0)] S [Ele™ 20, |Mn(E. 1) S e 2.
(2) When & € D5,
Mi1(§.0)| S e 47, IM12(§.0)| < || e 47,
[Ma1(§,0)| < |&le” +°, M5, 1)< e 4
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(3) When & € D3,

M. S e 16, M6, 0)| < JE] e Te

_ _E2, k2,
|M21(§.0)| S |gle™ 167, [Maa(§.0)| S e 167

(4) When & € Dy,

N~

_ _ — o L
IMi1(E,0)| < e72, |Mia(E,1)] < €| %e 2,

(3-5) . - ,
(M21(§.0)| < e 2, [Mn(E.1)]|< e 2.

N~

4. The estimate of [|u(?)|| g1

We will give the estimate of |u(¢)| ;2 and || Vu(¢)| ;2 in order.

The estimate of ||u(t)||;2. Thanks to ||f||Lz = | flz2, we have

4
@)z = 7@z = D 18O 2200,

i=1

which is sufficient for us to estimate the four terms on the right-hand side.
4A. The estimate of ||ﬁ(t)||Lz(R3\D4). Using (3-3), we can get
1@l L2p,) < IM11@)toll2(p,) + IM12() Aol L2(p))

t t
+ /0 VWt — )G 120y ds + / |¥va(t — ) 120, ds
0

t
+f [M12(t _S)H||L2(D1) ds 2 L+1L+--+1s.
0
For I1, using (3-4) and the estimate of the solution for the heat equation given by

_3
(4-1) le® flliz2 St73 ) f s
we get
2 |2

_1EE _ R 1 _3
I < lle” 2 illz2pyy < e 2 Mol = lle2® ugllz> < ¢ 3 luollL1-

Together with 11 < ||uglz2, this yields
_3
I < (1) *luollLrnr>-
A similar method leads to

3
L < ()" *lwollpinz2-
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Before we proceed, note that
|M11(0 =5)Gl2(py) < | M11 (=) u- Ve | 12(py).
For I3, using (3-4) and (4-1), we have

t
Is < / (t —s)"3 u-Vul 1 ds,
0

which, with the estimate /3 < fot |- Vul|;2 ds, implies
t
_3
I < / (t— )3 (Ju- Vallps + lu- Vull2) ds
0
! 3
< /0 (=)~ % Jull 2|Vt g2 oo ds

! 11
IS / (t—5)73((8)TF + ()2 ds X(OY (1)
0

< (O7TIXOY ().

For 14, using
Pdiv(u-Vrt) = Z 0;Pdiv(u;1)
i=1,2,3

and (3-4), we get

bolER
s [ 1 F S T, .
Using the spherical coordinate system

&1 =rsingcosf, & =rsingsinf, & =rcosg,

([, e epi e as)
( 27‘[

we can obtain

[

R, A
le™ 2 €1/ 20y =

1
~ 2
d@/ dgo/ —r? r4sin(p|f(r,9,(p)|dr)

! —r2t P4 2 7
(/O e dr) 1l
7 )
t_z51||f||L1(/ e_r2r4dr)
0

_s
St Sl

A

A
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This yields
t 5 t 5
s [a-oFwerdss [ ool ds
0 0
Direct computations lead to
t o t
15 [ i@ tlm)ds 5 [ uerleds
0 0
So
! S
o5 [ =0 lanlele ds
! 5. .3 _3
< | (t—s5)"2((s)7% +(s)"2)ds(X@O) + Y())ItllLoo 12y
_3
SO THX@) +YE)TlLoer2)-
For Is, using (3-4) and (4-1), we have
LR ) o LR ) o
Is < | lle” 2 O(t, Vu)|lr2(p,)ds < | le™ 2 O(tr,Vu)l| 2 ds
! LA@-s) ! -3
S [ ez O, Vu)lg2ds < | t—9)"4|0(t, Vu)| 1 ds
0 0
t _3
< [ =9 Helal vl 2 ds.
We also have
t t
155/ 10z, Vu)llp2 dSi/ Tl 2l VullLee ds,
0 0

SO
! _3
55 [ (=s) elaVulenge ds
! 3 .5 _
< /0 (1 =5)73((8)7% 4+ (5) ) ds(X () + Y(O) [Tl Lo r2)
_3
< (O)7THXWO) + Y@ Tl Loo(2)-
Collecting the above estimates of /; yields

@2) il < 0 H o, )llLinze + ()T XOY (@)
O TIHX@ + YO) el oo (r2)-
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Since the estimates of M,\J in Dy U D3 are similar to that in D, repeating the
above procedure yields

@3) > N2y < 073 o, )l L1nzz + () TIXOY ()
= X + YO) el oo 12

4B. The estimate of ||i(t)||2(p,)- For the estimate in D4, we will use (3-5) in
the following context.

1B IL2(py < 1M1l 2(py) + | M12() Aol 2D

t t
+/0 [M11(t —$)GllL2(p,) dS—i-/O [M12(t —s)FllL2(p,) ds

t
+/0 [ M12(2 —$)H | 12(p,) 45
=L+0L+-+1.

We have
I + 13 < €75 || (o, 0) | .2

For I}, we have

t ] t »
1g5/ e—‘f||u-vu||L2ds5/ e 2" |ull 2| V| oo ds
0 0

t 1—s 11
-2 4 d
< [0 e~ 2 (s)TF ds X()Y (1)
S)TTXOYQ).

For I, we have

t t
— —
us/ B @] dss[ % e el 2 ds
0 0

t
< / ™3 (s) 72 ds X0t oo 2
0

<) EX(W) |t oo 2

For IZ, we get

t —s
Is fe_IIQ(f VM)IIdes</ ™2 |[Vull Lot 2 ds
0 0

t
e —2ds Y(O)|tlpoor2
0

(t>_2Y(f) Iellzee 2

A
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Thus we can infer

@-4) @ lr2p.,
< e 5o, 1) 2 + (1) 73 (XOY () + (XO) + YO 2l g0 12).
Combining (4-2), (4-3) and (4-4) implies that

@-5) [u@®lz2 < )3 (o, w0l 1pz2 + ()T XY (@)
) THX @ + YO) el oo 12

The estimate of ||[Vu(t)| ;2. Before we begin this estimate, let us introduce a lemma
dealing with a commutator estimate, which plays an important role in the following
proof.

Lemmad4.1. Leti = 1,2, 3, then

1P div, uileligo < (IVuill2llzllzz + llui |2 [ AllL2)-

The proof of this lemma will be postponed until the Appendix. As in the previous
procedure, we have
4

IVu@®)llz2 = IVu@®llz2 <> 1Elil L2 p,)-
i=1

4C. The estimate of |||&|@(¢)||L2r3\p,)- Using (3-3), we have
NEIEONL2 0y < 1M1 @O0l L2(pyy + M12(0) Aol L2,

t t
+/0 ||M11(t—S)G||L2(Dl)ds+/O [M12(t—=$)FllL2(p,) ds

t
+ /0 | t—) |12, ds
=Ji+Jo++Js.

Applying (3-4) and (4-1), we get

_lgP, 1 _lEP, 11 _s
Ji<NEle™ 2 Mol 2pyy St 2lle” 4 itoll 2 St 2 [led Puoll L2 St F ol
With another estimate
£

_lER?, .
J1 < lEle™ 2 " uollz2pyy < Ilollz2 < lluollz2,

we infer
_5
J1 () *lluollpinr2-
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A similar process leads to
B2 50 ol
Getting the estimate of J; in the same way, we can infer that
J3 < fot(t — )3 (- Vall 1 + u -Vl 2) ds

t
_5
< /O (6 =5y "3l (Va2 + | Vullzoo) ds

t
< [ (t—$)"3((s) 2+ (s)" ) dsX ()Y (1) S (1) "I XY (1)
0

and

t 5
Js < /0 (t =)~ T (10 Vi)l 1 + [ O(x. Var) | .2) ds
t 5
< / (t )3 Vull 2l 2 + ellzoo) ds
0

t _5 _5 _5
< /0 (1 — )3 ()3 dsY (Ol oo qranzoey < (0 FY Ol oo (znroo)-

We shall use a different approach to get the estimates of J4. Otherwise, a bad term
[[[Pdiv, u;]7||;1 will appear when we use the standard estimate of the solution for
the heat equation (4-1). It is known that this bad term cannot be bounded by a
standard commutator estimate. Our idea uses Lemmas 2.6 and 4.1. Now, we begin
the estimate of J4. Thanks to (3-4) again, and using

4-6) Pdivu-Vo)= Y  0iPdivir) = Y (@;[Pdiv.u;]r + 0; (u;A)).
i=1,2,3 i=1,2,3

we have

LRy ————
145/ le™ 2 I Pdiv(u- V) || 2p,) ds
0

! —ﬁ(z‘—s) A
S | e VB A2y ds

ro_LEP —
+ Z /||€ 29 15| [P div, u;]t lL2(p,) ds -
i=1,2,370

T

By the previous approach, we can get

Cowp, C
/ Je= 5 € S>|s|u®A||Lz(Dl)dss/ (=) u® Al ds.
0 0
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and we also have
t |€|2 t
2 U A ds < All;2d
A le Elu® Allp2(p,) ds < ; lu® Allg2ds.

So we can get
! —ﬁ(t—s) — 1
1 T U@ Ao, ds
t
5/ (t =) 3l ® Al + 1 ® Al 12) ds
0
t
_5
< /O (=) 31l (el + ullzoe) ds

t 5 11
IS fo (1 =$)73 ()72 4 ()T H) dsY(O)(X(1) + Y (1))

< ()7 @)X + Y @)).
As for 11, by Lemmas 2.6 and 4.1, we have

t [P
T, 5/ (z—s)—%||e—T(’—s)[[P>div,ui]r||L2(Dl)ds
0
t
5/ (t — )72 [le” 3O div, uj]t|| > ds
0
f 5
5/ (t—s)_1||[[P)div,u,~]r||B? ds
0 -0

t
_s
§f0 (€ =) *(IVull2llzllL2 + llull 2| Al 2) ds.
By using (2-3), we can also bound Y; as follows:
t t
Ty 5/ I[P div. u;]z]| L2 dSS/ (IVullLeelizlip2 + lIzllzee I VulL2) ds.
0 0
Finally, we infer
t
_s
Ty 5/0 {t =s)"+(IVull2llzliL2 + ullL2 Al
+Vulreollzliez + Izl VullL2) ds
! _5, .5
< /0 (1 —5)"3 ()% ds YOO X@) + Il z2109))

<)Y OXW) + [Tl L2or2nLos)-

Thus .
JaS ()2 Y(O)(X(@0) + YY) + [Tl Leoz2nroe))-



682 RENHUI WAN

Collecting the five estimates above, we get

@7 ERO 20y S 6T @0, )l L1nz2 + ()3 Y ()
x{X (@) + Y () + lItllzeez2nroe) -

Similarly,

@8 3 IEROIL0, £ 073100, 70|z + 07V ()
i=2.3 }AX(@) + Y () + |7l oo 2y -

4D. The estimate of |||&|@(t)|L2(p 4+ Asin the previous statement, we use (3-5)
for the estimate in Dy:

NEIGO 2D, < NEIM11(OiTollL2(p,) +I1EIM12() Aol L2y

t t
+/0 |||5|Mll(t—S)G||L2(D4)ds+/0 I1§|M12(t—5)FllL2(p,)ds

+ [0 M52 - 2y ds
=J{+Jy++Js.
For J{ and J3, we have
T+ 735 e 2 (I Vuoll 2 + | Veoll2).
For J}, using product estimate (2-2), we get

, A " _is
J3sf e 2 ||V<u-Vu)||dessf e 2 udulgds
0 0

! _t—s ! _t=s _3

< [ e Tl lul g ds < [ e )73 ds Xl oo o
0 0
_3

S 2XOlull oo g2

For J,, we have

U s
J45f0 e” 2 [|E] 2P div(u- V1)l 2(p,) ds

P t=s
e 2 |[u®rtl|2ds

t — _—
< /O =3 161 2P diviu - Vo) |2 ds < /0

) L e
S| e 2 ullpelltlipzds < | e 2 (s)72dsX(@)|tlLoor2
0 0

_3
SO 2X(O)lrllzeer2-
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The last term JS’ can be bounded as follows:

t

b s _t—s
< /0 2 E PP AV O (5 Vi L2y ds < /0 =20 0(x. Vi) > ds

P t=s Porms L,

5/ e 2 ||T||L2||Vu||LoodS§/ e 2 (s) "dsY(1)|tll oo L2
0 0

SOT2YO Tl oo 2.

Combining the five estimates above can yield

~ _r
4-9) MEOL2pyy < e 211(uo, T0)ll 1
_3 _
HOT2XON Doz + () 2YOllT] oo 2
Thanks to (4-7), (4-8) and (4-9), we can get

@-10) E[@()]Iz2 < ()73 (0. )l L1mmz + (£) 3 (X(0) + Y(0)
X AX(O) + Y (0) + 10t D) oo g2}

5. The estimate of ||a(¢)lz1, |&la(@)]z: and [|A®@)|2

We will bound ||#]|z1 and |||€]#]|z1 in order.

The estimate of ||1(t)| 1. As for the previous process, we have

4
17O < Y 18O 21 py)-

i=1
SA. The estimate of ||it||L1(g3\p,)- Thanks to (3-3), we have
1T 21D,y < 1Mol (py) + 1M12(O) Aol 1 (py)

t t
+/0 ||Mu(z—s>G||L1<Dl)ds+/o | W2t — ) F Lo, ds

t
+/0 [Mi2(t —s)H |1 (p,) ds
=Ki+Kr~+---+ Ks.

We will frequently use the estimate

1

2

(5-1) ||e""52’||Lz(D1)=(/ e‘z”'f'zfds)
§1=<1

2
(/ e~ 2bv? dv) ,St_% for all b > 0.
HEYA

=1

Bl
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For K, using (3-4), (5-1) and (4-1), we have
_lER, _lg2, _lEP,
Ky <llem 2 uollLvpyy S lle 4 llezpplle 4 "wollzpy)
_3, LA _3
St AleduollL2 St luollzr
and we also have
K1 < llwollLipyy < luollz2s

SO R
Ky < (t) " 2|luollp1inr2-

Similarly, s
Kz < (1) 2 lwollLinze

For K3, using (3-4), (5-1) and (4-1) again, we can obtain
t
52 Kax [ (=573 (e Vulys + -Vl ds
0
t
_3
< /0 (t—s) 2 |lullL2(IVullL2 + [VulLeo) ds

t 11 3
< /O (=) ((s)~ 1 1 ()72 ds XOY() < ()2 XY (0).
Thanks to (4-6), this implies that

K4 < K41+ Kasz,

where

K= Y /|||s,|M12(r—s)u,AnLl(Dl)ds

i=1,2,3

and

ko= 3 / I e
i=1,2,3

In a similar way, we deduce
! —ﬁ(t—s) — ! -3
Kar< | lle” 2 uiAlpipyds < | (t—=s) 2(Ju@A| 1 +u®AlL2)
0 0
t
_32
< [ = Rl ) A2 s

t 3
< f (1—s)73 (52 ds XY (1)
0
SOTIXWOY ().
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In the following context, we shall use a new approach to bound K4, and the last
term Ks, due to the fact that T does not have the decay property like A.

Remark 5.1. If we follow the procedure yielding the estimate of K3 and K41, we
will face an integral of the following type:

t
_3
/0 (t )3 Vull 2 1l ds.

which yields a weaker decay rate (Z)_% than (t)_%, since we only have
_5
IVullL2 < )7+ Y ().

Now, we begin the estimate of [ 42. The new idea is splitting the integral interval
[0, ¢] into [0, 2) and [ ,t]. That is

Kaz = K41 + K42,

where

Kn= Y / €172 — )[Pdiv.wilell Loy ds

i=1,2,3
and

Kn= 3 /|||s|M12<z—s)[Pdw uiltll iy ds.

i=1,2,3

For K41, using (3-4), (5-1) and Lemma 2.6, we have
3 _lgp
K% [Tl 5 OB dv Tt o, ds

0
t
2 IEI _ IEI —

< /0 le™ 4 D o gpplle™ 3 I[P div, el 2, ds

L

[ (t—s)" 4||e [IPdlv ujlt|z2ds

0

t
2 3 .
< / (t —s) 2||[[Pdiv, ui]t| go ds,
0 1,00
and we can also get

t
K41 S / ||[[FD diV, ui]t||L2 ds.
0
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Thus, by Lemma 4.1 and the commutator estimate, we have

2 _3 ) )
K41§/0 (r=s)2(l[Pdiv. uiltll go_ + I[P div.ui]zlL2) ds

2 _3
5/0 (t =s) 2 (IVullp2nreclITliL2npee + lullp2llAllL2) ds

N~

s [ ds YOl + Xa)

< (7Yoo 2 + X)),

For K4, applying (5-1), we can get
! _3 _ﬁ(,_s)/”.\
Kap < t (t—s)"3e 4 [Pdiv,ui]t|2(p,) ds
2 ‘ ,
5/ (t—s) *||[Pdiv,u;]z]| 2 ds.
%
This, together with
t |§-|2 o t
K < / le™ 2 I[P div, uitllL2(p,y ds < / I[P div, u;]z| 2 ds
t r
3 2

leads to

t
K> < / (t — )3 [P div.uilel 2 ds

N~

t

! 3 3
< / (=) el el e ds < / (= 5)"3 (5) 2 dsY ()|l o2

2 2
t

SOYOlelgre [ (-0 as

2
_2
SO YOllllee 2,

where we have used
(5-3) P div, ui]zllz2 < [El@lLiliTllzz,
which will be proved in the Appendix, and

/ e—syhds s /0 fotas s o+

2

So we have
_3
K S () 2Y @) (Il oo g2 + X(1)).
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In the following, we will use the same strategy to bound Ks. We have

Ks = K51 + K52,

where

~

2 — _~
Ksi = / | Mzt — ) Bl o, ds
0
and

t
Ks» = / |t — ) F |1y ds.
2

By (3-4), (5-1) and (4-1), we get

5 &2 &2 ——
Ks1 < /0 le™ 2 D apylle™ 24 Oz, Vi)l 2(p,y ds

I
2 3 &Py ——
s/o (t =) 3 e T 0@ V) |2, ds

~

2
< / (t —5)"3[e5 D20 (x, Vu)| 2 ds
0

< / (=930 V)|l 1 ds.
0

We also have

| 2

t t
3 JE P — A -] G —
Ksi < / le™ 2“0, Vi)l L1 (py ds < / le™ 2 9 Q(x, Vu)|| .2 ds
0 0

t
2
< [O 10(x. Vi)l 2 ds:
thus
%
_3
Ks1 < / (t — )3 el (1 Vull 2 + [ Vael oo ds
0

S/‘
0

For K55, by (3-4) and (5-1) again, we get

N~

(t—5)2((s) 3 + ()2 ds Y(O)llelpsor2 < () 2V ()t oo 2.

t
_3
K2 % [ (=710 Vu)l2 ds.
2
and, with the estimate

t
Ks» < [ 10, Va2 ds.
2
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we can infer
t

t
_3 _3 N
Ks» < / (—s) "3 | Vael oo 2]l 2 ds < f (=) €N L1 12l ds

2 2

t t

(=5 ) 2dsY O elgers SOV Olelgera [ (1= as

<

~

—

<<[ _%

~

~

Y(0)llll Lo 2.
Thus we can deduce that
_3
Ks < (1) 2Y (1)l oo L2

Combining this with the estimates above implies

A~ _3 _3
(5-4) u@®llLr(pyy < ()2 1o, t0)llLinrz + () 2 Y@zl Lo g2 + X (1))
Similarly,
5-5) Y 1O,

i=2,3 3 3

S ()72 1 wo. o)LLz + (1) 2 YOIl Lo g2 + X (2)).

5B. The estimate of ||ﬁ||L1(D4). Using (3-3), we have

TN L1 gy < IM11 00l L1 Dy +I M1z Aol L1 (py)

t t
+ /0 VA0 (=) 1 gy ds + /0 | W v (=) F 11y ds

t
+ fo |¥ra(t—5) A 1y ds
=K +Kj)++K;.
For K, using (3-4), we get
, Ly~ _L
K| e 2|uollpr < e 2luoll g2

In the same way,
L~ 1
K e 2|l Se 2 ol -

For the three nonlinear terms’ estimates, applying (3-4) and Young’s inequality, we
have

t

U p— _t—s .
Kgs/ 2 i Vull dss/ 3 |l €@ L1 ds
0 0

< / T 5  dsx ()Y () < (0 IX Y (),
0
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t t
s _t=s 3
KZ;,S/ e 2 IIMIILIIITIIleS§fO e 2 (s) 2dsXO)tl o m2
0

_3
SO T2XOlxll e g2

t

U s _t=s .
KQS/O e 2 |||§] 1Q(T,VM)||L1(1)4)&’S5/0 e 2 [Tl lllElullpr ds

Pt _
5/ e 2 (s)2dsY(O)tllpe > < (1) 2Y Ot Loo -
0
Collecting the above estimates leads to

(5-6) ||7/A‘(t)”L1(D4)53_%||(u0aTO)||H2+<t)_%(X(t)+Y(t))(||T||L‘;°H2+X(t))-

Combining the estimates (5-4), (5-5) and (5-6), we can infer that

(5-7) ||ﬁ(t)||L1S(l)_%||(uo,fo)llLlmH2+(t)_%(X(t)+Y(l))(||f||L;>°H2+X(t))-

The estimate of |||€|1(¢)| 1. Thanks to

4
HERONL S Y MENRD L1 (D)

i=1

it is sufficient to bound the four terms on the right-hand side.

5C. The estimate of |||§|ﬁ(t)||L1(R3\D4). Using (3-3), we get
HERO L1 (pyy < NEIM @0l L1 (py +IEIM12(0) Aol L1y

t t
+/0 |||§|M11(I—S)G||L1(D1)ds+/(; I1EM12(t—=$) Fllp1(p,)ds

t
+ /0 NEIMra =) 11y ds
=Li+Lr++Ls.

For L1, by (3-4), (5-1) and (4-1), we have

_lg2, 1 8P,
Ly 5 lgle™ 2 "iollipipyy St 2 e 4 "ol
&

_1, &P, _1g2, 5. LA Y
Stzllem 8 2pplle” 8 Tuollzpyy St 4 e uollL2 St luoll L
which along with

Ly = |lwoll1(pyy S loll2pyy < lluoll2
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yields
L1 £ () [uollinre-

Similarly, we can also get

)
Ly <{t)“llwollpnr2

and

t
Lss / (1 —5)2(lu - Vol 1 + -Vl 2) ds
0
t
< /0 (t — )2 (lull 2 1Vl 2 + ull g2 [ Vullpoe) ds

< /t(t —)72((s) 2+ ()T ) ds XY (1) S ()XY (o).
0

Next, we use the same approach as for dealing with the estimates of K4 and K5 to
bound L4 and L5, respectively, using the same reasoning reason (see Remark 5.1
for the details). Indeed, we have

L4 <La1+ La2,

where t
L =/ EP M2t —s)u @ Allp1(p,) ds
0

and /
L4 :/ |||§||§i|1‘711\2([—S)[Pdiv’“i]THL‘(Dl)ds'
0

For £41, we have

t
Lar < / (=) 2 ® All 1 + 1 ® All 12) ds
0
t
< /0 (t — )2l + lullzoo) Al 2 ds

t
< [ =972 4 ()7 ds XOY o) £ 02X
0
For L43, like the previous procedure for K45, we have
L4o = La1 + Lyo,

where

t
2 o —
Lai = / NElE Mzt — )P av. wiTe L1 o) ds.
0

t _—
Lo = [ ell&I5ra(e — ) [Faiv. Tl o, ds.
2
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Using the same method as for the estimate of K41, we infer
2
L4 < / (t —s)_2(||[|]3’div, u,-]r||B?oo + [P div, u;]t|;2) ds
0% .
< /0 (t =) 2(IVull L2nree Tl L2nzee + Null2 (Al L2) ds

<) /0 () dsY () (el o2 + X(0)

< (72X Ol g2 + X)),

Using the same method as for the estimate of K45, we infer

2 2
t

(t—)"3(s) 2 dsY (D)t oo 2

t _s . t 5
Lar < / (t =) 3 [P div. wilell o ds < / (=) el el ds

<

~

—

t

SOV Ol [ (-5 as

L

2
SOTPYO Tl oo 2

Following the process in the estimate of K5, we have

Ls = Ls;+ Lss,
where ,
5 _ ~
Lsi = /0 NEIM2( — )P 11 p,) ds
and

t
Lss= / 11 Mra(c — ) F |1y ds.
2

Following the estimate of Ks5; and K55, we can get

|~

Lsi < /OZ(I—S)_Z(IIQ(T, Villpr + 119z, V)| 2) ds

~

2

5/0 (t =) 2llel2(1VullL2 + [ Vulze) ds

< / (=) 72(0) 7 + ()2 dsY ()l oo 2
0

SOTPYO Tl o2,
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and

t
Lss< / (t =) 3 0(x. Vi)l 2 ds

(8]

t
_5
< / (t — )" el 2| Vull oo ds

2
t
_5 _
< [ (=) ()2 dsY ()l e 2
2
e (O
Thus we deduce

Ls ()Y (O)lltll o2
Combining the estimates of L; (i =1,2,3,4,5), we have
(5-8) 11§12 L1(py) S () 2w, )l 1ar2 + () 2Y @) (It oo g2 + X (1))

Repeating the above procedure, we can also obtain

5-9) Y lERO LD,
i=2,3
(020, w)llLinze + {0 2Y O Uel Lo g2 + X(1)).
5D. The estimate of | |& |ﬁ(t)||L1(D4). Using (3-3), we have

HEIZO L1 Dy
< I1EIM11(Oidoll L1 by + NEIM12(0) Aoll L1 (1)

t t
4 [O NEIML (= )G 21y ds + [O NEIMra(t — ) FllL1 by ds

t
+ [ Ve =) 1o, ds
=Li+Ly+---+Ls.
Applying (3-5), we have
_r ~ _t
Ly < e 2| |ElolliL(py) < e 2 luollg

and

_Loi~ L
Ly se 2|7l (pyy Se > Mol
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For L%, by (3-5) and Young’s inequality, we have
) T
33 ¢ 2 [[|§lu-Vullprds

t
5/0 (|||5|M||L1 + l@ll 1 Pl ds
<Ly + L5,

For L%,, we get

S / L ) dsY (02 < ()Y (0
0

We cannot directly bound the estimate L, as we can for L%,. Let us first consider
the estimate of |||£|2%] 1. We have
2 A
+ 11§17 u|

EPalL < NEPRN, o3, L oh
3 ~ 1 A
= ()2 gl + )2l 3t
3 ~ 1
< (NI + ()7 .

L'J

So we have

t —s
L, 5/0 =2 (5)72ds X(O)(Y () +lull oo gra) S (1) XX () +|[u]l oo gra)-
Thus we have
Ly S () 2(X@) + Y)Y (@) + [[ull oo gr4)-

For L/, we have
< [ (P U A
4 < | e 2 (I[Pdiv,u]e]p + lu®Allpi)ds
0

t
_t=s . ~ ~ -~
§/ e 2 (Ilullpliliey + llullp [ Al ds
0
< Ly + Ly,
where we have used
e
I[P div, u;i]zllp < &l Tl

which can be proved by a similar procedure as that which yielded the estimate
of (5-3). For L}, we have

' _t=s _
L s [ 02 as YOIl £ 0V Ol
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/
For L,, we can get

T s _~
L:usfo el |1 A ds

;S ~ ~
2 il (1Al + [1A] INES

L(<(s)%) L(&[>(s) %)

t
<
tf R ~
< [ MR b
/ ti
2

L s 1 g
T2 (s) 2|u A ds
+/0 e ()2 ullLa 1§ ”L1(|g|>(s)%)

() 2dsX ()Y (1)

! _I=s 2
+ ¢ 2 (s) “dsX(D)lltll o s

SOTPXOX @) + Tl eogs)-

Thus we can obtain
Ly S (072X + Y)Y (1) + Izllzoe fr5)-

For L%, we have

A

l‘i -
2 () 2dsY ()l el o 2

/ F Rl Nl ds
2Y(t)llfllyxuqz
Collecting the estimates of Ll. (i=1,2,3,4,5), we get
(5-10)  [[IE[E()lL1 Dy
_L _
S e 2|(uo, o)l g3 + (1) 2 (X(@) + Y)Y (1) + |, D)l oo gr5)-

It follows from combining (5-8), (5-9) and (5-10) that

(-1 [Ig]a] 1
<72 wo, )l a3 O THXOFY O) X O+, D) [ Lo pr5)-

The estimate of || A(t)||;2. As for the previous procedure, we have

4
IAD 22 = IAO 22 < D IAD L2y
i=1
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SE. The estimate of ||.ﬁ(t) lL2@®2\p,)- Using (3-3), we have
A L2(py) < IM21@)tiollL2(p,) + IM22(1) Aoll2(p,)

t t
+ /0 1M1t — )G 12y ds + /0 | Wt — ) F 120, ds

+ /O T —)H || 2(p,) ds
=N1+Na+---+ Ns.
For Nyp; using (3-4) and (4-1), we have
N1 173 e#2ugll 2 <1 F uollpi,
which, together with

_lER,
N1 Z llEle™ 2 uollL2(p,y < lluollr2s

yields
5
N1 < () #lluwollprnr2-

Similarly, we also have
_s
N2 S (1) *lltollLinr2

and )
N s/ (6 =) (- Vs + - Vull2) ds
0

t
_5
< /0 (0 =) 3Nl (Va2 + | Vullzoo) ds

t

< / (0 —s) 3 ()2 + ()~ ) dsX ()Y (1)
0

<(O)TIXOY ().

~

For Ng4, since

! —ﬁ(t—s) —. T ! —ﬁ(t—s)
Na< | e 2 |&i [P div, ui]el|p2ds + | le” 2 |§lu @ |2 ds.
0 0
we can get the estimate by repeating the estimate of Jy4; in fact, we can infer that
_3
Na S{)2Y(O)(X (@) + Y () + el oo z2nros))-
Like the estimate of Js5, we have

_5
N5 < (1) 4 Y(0)lItllLoe(z2nLo)-
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Thus we have
~ _s _5
(5-12) [ AllL2pyy S ()" * (o, o)Lz + () "+ Y (@)l oo z2nL00)-

Similarly, we can also get

- _s _s
5-13) Y NAllz2y S )00 o)l Linz2 + ()" FYOllTl| oo z2n100)-
i=2,3

5F. The estimate of ||.,Zi(t)||Lz(D4). We have
1A | 22Dy = 1M21 (OidollL2py) + 1 M22(t) AollL2 ()

t t
4 /0 1M1t — )G 120y ds + /0 | W32t — ) 12y ds

+ /Ot | M22(t =) Hl|2(p, ds
= N[+ Nj+--+ NL
Using (3-5), we have
N+ N3 5 e S (IE ] 12 (py + 16Tl L2()

_t
<e 2|[(uo,t0)llg1-

Similarly,
Nj / e_ 2 lu-Vull;2ds
0
< / =2 Jull 2 | Voo ds
0
t tf 11
5/ e 2 (s)" 4dsX@)Y(t)
0
<) XY ),
and

t
l_
Nix [T P divGe Vol ds
0
)
< /0 ™2 (ullzoe I Vell 2 + I Vullzos 2l 2) ds

4 —S 3
< /O =2 ()72 + ()72 ds(X(0) + Y(O) ]l oo 1

<O T2XO +YO) el oo
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For the last term NS’, we have
, btz
N5 < L€ 2 (IVell2IVullee + lITllz2lAullz2) ds
N
S L€ 2 ([IVell2VullLee + Izl L2 [|AullLee) ds
t _t=s 2 A
< L€ 2 (IVelle2IVullLee + Izl 21Ul 1) ds

' _t—s
< [ eItV + e K 3
/(; IVellz2lIVulizee + el (g, o ogy

2 A~
FIEPA, 3y )| ds

A

tf ~
/ e 2 {IVTll2 IVl + zll2 ()3 gl o
_35 11
+ ()31 Y L | ds

(=)

A

¢ 5
| B @2+ 0D ds O + e el

(=)

_5
SO 72X @)+ ullpeego)litlizoom-
Thus we have
~ _t _s
(5-14)  [[AD N 2(py) S € 2 (o, wo) | g1 + (1) "4+ (X () + Y ()
+ullLeego)llTllpoomr-

Combining (5-12), (5-13) and (5-14) leads to

(5-15) 1AMz < (6) 73 o w0l p1na + (07X (@) + Y (1)
HlullLeme)ltliLeomt

6. Proof of Theorem 1.3
In this section, we give the proof of our main result.
Proof of Theorem 1.3. Thanks to Sections 4 and 5, we can get
X(1) < 1o )1z + (X0 + YO) (el so g2 + X (1)),

which can be obtained by combining (4-5), (5-7), and

Y(t) S l(o.to)llLings + lullpsems Tl Loo
(X @)+ Y)Y () + [[(u, T)l| Lo gro).
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which can be deduced by using (4-10), (5-11) and (5-15). Since (u, ) is the solution
obtained by Theorem 1.1, we have

1t )l g0 6 < €.

Using the small conditions of the initial data, we can get that there exists a positive
constant Cy such that

X0 +Y() < Ci{e+e(X(0) + Y1) + (X(1) + Y(1)*}.

Then one can get the desired result by using continuous arguments. This completes
the proof of Theorem 1.3. O

Appendix

In this section, we show the proofs of Lemma 4.1 and (5-3) in order by using the
Littlewood—Paley theory and Fourier analysis technique.

Proof of Lemma 4.1. Let f = u;. Using
Aj([Pdiv, f]0) = [A;Pdiv. e+ fA; A= A;(fA).
we have
[A; ([P div, flo)llr < I[A;Pdiv, flellpe + 1A A=A (f Al = Fi+ Fa.
F> can be easily bounded as follows:
Fa < 1 f L2l All 2

Then it remains to bound F;. Using Bony’s decomposition, we get
I1A; P div, fz]L1

< Y AP, ey f1AkTli+ D] AP V(AL f Skl

lk—jl<4 lk—jl<4
+ Y A SSk2 Al + D AP div(AEf ArT)l|z
k>j-3 k>j-3

=h+h+13+1

Notice that

D APdiv, Sey Sl = Y Y AP Sk—1 1A Ti- I

lk—jl=4 lk—jl<4i=1,2,3

and let g = 7;., and return to considering the estimate of ||[A; P 0;, Sx—1 f]1ArgllL1-
We can see there exists a vector function /;(x), the components of which are
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Schwartz functions, such that
APy =29 [ 1@ (=)0 dy.
Thus, letting Q; (x) = |x|h; (x), we have

I[A;P 0, Sk—1 f1Akg]
= |24j/hi(2j(x—y)){(5k—1f)(y)—(Sk—lf)(X)}Akg(y)dyl

5241/0 /|hl-(21(x—y))||x—y||VSk_1f(SX+(1—S)y)||Akg()’)|dyds
523//0 /|Ql-(2f(x—y))||VSk_1f(SX+(1—S)J’)||Akg(y)|dyds

. 1 .
=29 [ [10i@ DIV S S = 2 52 B = )| dz ds.
0
By Holder’s inequality, we have
ITA;P 0, Sk—1 f1Akgl L1

. 1 .
<2 [ [100@ATSeor £ =2 +2)2 | Ak =22y dz ds

5231'/|Qi(zfz)|dz||Vf||Lz||Akg||L2 SIVFllz2liglee.

Thus we can get
WSV L l2lellz

J» can be easily bounded. Next, we bound 33 and J4. For 13, by Bernstein’s
inequality, we have

B ALl Al S27 ATl Y. 27%IVAKf L2
k>j-3 k>j-3

SIV S lz2lelze:
For 14, using Bernstein’s inequality again, we have
' A ' —k
1052 Y Ak SN2l Aktlie S270elle Y 27K AV Sl
k>j-3 k>j-3

SV ltlle Y] 278 SIVLllTlize
k>j—-3

Collecting the above four estimates leads to the desired results. O
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Proof of (5-3). Let f = u;, and using

[Pdiv. fle= > [Pd;. flri..

i=1,2,3

we return to the bound ||[P 9, f]gillz2, where g; = 7;.. Notice that if ﬂfgl =
(&, &), satistying [V P (£, §;)| < 1, we have

| D€, &) — @ —n. & —ni)l < [nl.
Using the Fourier transform, we have
[P, /il
06.6) [ FgiE-ndn- [ FnoE-ns-mae-nd

=

/f(n)@(é,&)—@(é—n,&—m)l@(é—n)dn‘

l

< ‘[|n|f<n)§i(s—n>dn

which yields the desired result by using Young’s inequality. O
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For a triangulated category ¢ with a cluster tilting subcategory 7~ which
contains infinitely many indecomposable objects, the notion of weak 7[1]-
cluster tilting subcategories of ¢ is introduced. We use them to study the
t-tilting theory in the module category over 7. Inspired by the work of
Iyama, Jorgensen and Yang (2014), we introduce the notion of z-tilting sub-
categories of mod 7, and show that there exists a bijection between weak
T [1]-cluster tilting subcategories of ¥ and support z-tilting subcategories
of mod 7. Moreover, we describe the subcategories of mod 7~ which corre-
spond to cluster tilting subcategories of 4. This generalizes and improves
results by Adachi, Iyama and Reiten (2014), Beligiannis (2013), and Yang
and Zhu (2019).
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1. Introduction

The links between cluster tilting objects in a (2-Calabi—Yau) triangulated category
and tilting modules over the cluster-tilted algebras have been studied for a relatively
long time. They stemmed from the categorification of cluster algebras, see for
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examples: [Smith 2008; Fu and Liu 2009; Beaudet et al. 2014; Lasnier 2011;
Beligiannis 2013]. Adachi, Iyama and Reiten [Adachi et al. 2014] established a
bijection between cluster tilting objects in a 2-Calabi—Yau triangulated category and
support t-tilting modules over a cluster-tilted algebra (see also [Chang et al. 2015;
Yang et al. 2017; Yang and Zhu 2019] for various versions of this bijection). They
introduced the 7-tilting theory for finite-dimensional algebras. As a generalization
of classical tilting theory, it completes tilting theory from the viewpoint of mutation.
Nowadays the relationships between t-tilting theory and the various aspects of the
representation theory of finite-dimensional algebras have been studied.

In order to generalize the bijection in [Adachi et al. 2014] mentioned above to
arbitrary triangulated categories with cluster tilting objects, two of us [Yang and
Zhu 2019] introduced the notion of relative cluster tilting objects. An object M
in a triangulated category ¢ with a cluster tilting object 7T is called a T'[1]-cluster
tilting object provided that |M| = |T'| and [T [1]](M, M[1]) =0, where | X| denotes
the number of the isomorphism classes of indecomposable direct summands of
X and [T[1]](X, X[1])) denotes the subgroup of Hom (X, X[1]) consisting of
morphisms factoring through an object in add (7'[1]). It was proved that there is a
bijection between the set of basic 7T [1]-cluster tilting objects and the set of basic
support 7-tilting modules over the cluster tilted algebra End (7")°P, see [Yang and
Zhu 2019], which is the bijection in [Adachi et al. 2014] when % is 2-Calabi—Yau.

Although the (2-Calabi—Yau) triangulated categories with cluster tilting objects
are the main sources for categorifying cluster algebras, the more general triangulated
categories (not necessarily 2-Calabi—Yau) with cluster tilting subcategories (the
number of nonisomorphic indecomposable objects in it is not finite) appear naturally,
see for examples, [Jgrgensen and Palu 2013; Ng 2010; Igusa and Todorov 2015a;
2015b; Holm and Jgrgensen 2012; Liu and Paquette 2017; Chang et al. 2018; Gratz
et al. 2019; Stovicek and van Roosmalen 2016; Jgrgensen and Yakimov 2017]. It is
natural to ask which classes of subcategories of ¢ correspond bijectively to support
7-tilting subcategories of mod 7 for 2-Calabi—Yau triangulated categories, higher
Calabi—Yau triangulated categories or arbitrary triangulated categories, where 7T is
a cluster tilting subcategory of ¢. Iyama, Jgrgensen and Yang [Iyama et al. 2014]
gave a functor version of t-tilting theory. They considered modules over a category
and showed that for a triangulated category % with a silting subcategory S, there
exists a bijection between the set of silting subcategories of 4" which are in S *S[1]
and the set of support t-tilting pairs of mod S.

Motivated by this question and the bijection given by Yang and Zhu [2019],
we introduce the notions of 7[1]-cluster tilting subcategories (also called ghost
cluster tilting subcategories) and weak 7[1]-cluster tilting subcategories of ¢ (the
precise definitions of these subcategories are given in Definition 3.1), which are
generalizations of cluster tilting subcategories. When % has a cluster tilting object 7,
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then weak add (T'[1])-cluster tilting subcategories coincide with add (7°[1])-cluster
tilting subcategories, and are also the same as 7'[1]-cluster tilting objects introduced
in [Yang and Zhu 2019].

The first part of our work is to develop a basic theory of ghost cluster tilting
subcategories of ¥. Some intrinsic properties and results on ghost cluster tilting
subcategories will be presented. Some of our results can be summarized as follows.

cluster tilting

F-stable s
Theorem 3. 6HPTOP051“°“ 33
Corollary 3.11

’ ghost cluster tilting ‘ weak ghost cluster tilting

contravariantly finite
contravariantly finite Tlpmposi tion 3.7 Definition 3.1

Theorem 3.10

’ maximal ghost rigid ‘

The second part of our paper is devoted to answering the question above. We have
the following main result.

Theorem 1.1 (see Proposition 4.2 and Theorem 4.3). Let € be a triangulated
category with a cluster-tilting subcategory T. The functor H : € — Mod T induces
a bijection
P: 2 +— (H(Z), TN Z[-1])
from the first of the following sets to the second:
(D) TI1]-rigid subcategories of €.
(I) t-rigid pairs of mod T.
It restricts to a bijection from the first to the second of the following sets:
(I) Weak T11]-tilting subcategories of €.
(II) Support t-tilting subcategories of mod T.

Consequently, we also describe the subcategories of mod 7 which correspond to
cluster tilting subcategories of € (see Theorem 4.4). This generalizes and improves
several results in the literature.

Inspired by Adachi, Iyama and Reiten [Adachi et al. 2014] and by Iyama,
Jgrgensen and Yang [lyama et al. 2014], we introduce the notions of t-tilting
subcategories and tilting subcategories of mod 7. In the third part of our paper, we
give some close relationships between certain ghost cluster tilting subcategories
of ¢ and some important subcategories of mod 7 (see Theorems 4.8 and 4.11).

The paper is organized as follows. In Section 2, we recall some elementary
definitions and facts about cluster tilting subcategories and support t-tilting sub-
categories. In Section 3, we will study the basic properties of ghost cluster tilting
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subcategories of ¢. For a triangulated category with cluster tilting object, we will
show that the definition of ghost cluster tilting objects in ¥ is equivalent to the
definition of relative cluster tilting objects in [Yang and Zhu 2019]. In Section 4,
we explore the connections between ghost cluster tilting theory and t-tilting theory.

We conclude this section with some conventions.

Throughout this article, k is an algebraically closed field. All modules we
consider in this paper are left modules. Let ¢ be an additive category. When we
say that & is a subcategory of ¥, we always assume that Z is a full subcategory
which is closed under isomorphisms, direct sums and direct summands. We denote
by [Z] the ideal of ¥ consisting of morphisms which factor through objects in Z.
Thus we get a new category ¢'/[Z] whose objects are objects of ¥ and whose
morphisms are elements of €(X, Y)/[Z](X, Y) for X,Y € €/[Z]. For any object
M, we denote by add M the full subcategory of ¢ consisting of direct summands of
direct sum of finitely many copies of M and simply denote ¢ /[add M ] by € /[M].
Let 2" and ¢ be subcategories of €. We denote by 2"V % the smallest subcategory
of ¢ containing 2" and #. For two morphisms f: M — N and g : N — L, the
composition of f and g is denoted by gf : M — L.

Let X be an object in ¥. A morphism f : Dyp — X is called a right 2-
approximation of X if Dy € 9 and Homy (—, f)| is surjective. If any object
in ¢ has a right Z-approximation, we call & contravariantly finite in €. Dually,
a left 9-approximation and a covariantly finite subcategory are defined. We say
that 2 is functorially finite if it is both covariantly finite and contravariantly finite.
For more details, we refer to [Auslander and Reiten 1991].

For any triangulated category &, we assume that it is k-linear, Hom-finite, and
satisfies the Krull-Remak—Schmidt property [Happel 1988]. For any object M
in ¢, we can write M >~ M| & - - - & M,, where the endomorphism ring of M;
is local, for any i = 1,2,...,n. Then M is called basic if M; % M; for all
i # j. In €, we denote the shift functor by [1] and for objects X and Y, define
EXt%(X, Y) = Homy (X, Y[i]). For two subcategories 27, % of ¥, we denote
by Ext! (2", %) = 0 when Ext!(X,Y) =0 forany X € 2 and Y € #. For a
subcategory .2, we use |.2”| to denote the number of nonisomorphic indecomposable
objects in 2. It is easy to see that | 2| < oo if and only if 2" = add X for an
object X. In this case, | 27| is denoted simply by | X]|.

2. Background and preliminary results

In this section, we give some background material and recall some results that will
be used in this paper.

Cluster tilting subcategories and relative cluster tilting objects. Let € be a trian-
gulated category. An important class of subcategories of ¢ are the cluster tilting
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subcategories, which have many nice properties. We recall the definition of cluster
tilting subcategories from [Buan et al. 2006; Keller and Reiten 2007; Koenig and
Zhu 2008; Iyama and Yoshino 2008].

Definition 2.1. (1) A subcategory T of ¢ is called rigid if Hom¢ (T, T[1]) = 0.

(2) A subcategory T of € is maximal rigid if it is rigid and maximal with respect
to this property, that is, 7 ={M € € | Homy (7 Vadd M, (T vadd M)[1]) =0}.

(3) A functorially finite subcategory T of ¢ is called cluster tilting if
T ={M €% |Homg(T, M[1]) =0} ={M € ¥ | Homyx (M, T[1]) = 0}.
(4) Anobject T in ¥ is cluster tilting if add T is a cluster tilting subcategory of %'

Remark 2.2. It is easy to see that a subcategory 7 of ¢ is cluster tilting if and
only if it is contravariantly finite in ¢ and 7 = {M € ¥ | Hom« (T, M[1]) = 0},
see for example [Koenig and Zhu 2008].

For two subcategories 2" and # of ¢, we denote by 2" % % the collection of
objects in ¢ consisting of all such M € ¢ with triangles

X—M-—Y— X|[1],

where X € 2" and Y € ¥.
Recall from [Bondal and Kapranov 1989] that ¢ has a Serre functor S provided
S :% — ¢ is an equivalence and there exists a functorial isomorphism

Homy (A, B) ~ D Homy (B, SA)

for any A, B € ¢, where D is the duality over k. Thus ¢ has the Auslander—
Reiten translation T >~ S[—1], see [Reiten and Van den Bergh 2002]. Define an
equivalence F = 771 o[1]. An object M in ¥ is called F-stable if F(M) ~ M
and a subcategory M of ¢ is called F-stable it F(M) = M. We say that € is
2-Calabi-Yau if S >~ [2]. Note that for a 2-Calabi—Yau category ¢, F =idy.

We have the following result [Keller and Reiten 2007; Koenig and Zhu 2008;
Iyama and Yoshino 2008], which will be used frequently in this paper.

Proposition 2.3. Let T be a cluster-tilting subcategory of € and C be an arbitrary
object in €. Then:

(@ €=T=x=TI[1].
(b) FT =T if € has a Serre functor.

(c) Let C — Ty be a left add T -approximation of C. Let C — Ty — Y — C[1] be
a completed triangle. Then Y is in addT.
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When ¢ is a 2-Calabi—Yau triangulated category, cluster tilting objects have a
very important property: if we remove some direct summand 7; from a cluster tilting
object T=T1 @, ®---®T, toget T/T; =4 T; (which is called an almost com-
plete cluster tilting object), then there is exactly one indecomposable object 7;* such
that T7* 2 T; and T/ T; ® T;* is a cluster-tilting object, which is called the mutation of
T at T;, see [Buan et al. 2006; Iyama and Yoshino 2008]. But the mutation of cluster
tilting objects in triangulated categories which are not 2-Calabi—Yau is not always
possible, see for example Section II1 in [Buan et al. 2009]. In order to generalize it
in a more general triangulated category, Yang and Zhu [2019] introduced the notion
of relative cluster tilting objects in triangulated categories as follows.

Definition 2.4 [ Yang and Zhu 2019, Definition 3.1]. Let ¥ be a triangulated cate-
gory with a cluster tilting object.

» An object X in ¢ is called relative rigid if there exists a cluster tilting object
T such that [T[1]](X, X[1]) = 0. In this case, X is also called T[1]-rigid.

» Anobject X in ¥ is called relative cluster tilting if there exists a cluster tilting
object T such that X is T[1]-rigid and | X| = |T|. In this case, X is also called
T[1]-cluster tilting.

Throughout this paper, we denote by T'[1]-rigid ¥ (respectively, T[1]-tilt ¥)

the set of isomorphism classes of basic T'[1]-rigid (respectively, basic T[1]-cluster
tilting) objects in €.

Support t-tilting modules and support t-tilting subcategories. Let A be a finite-
dimensional k-algebra and t the Auslander—Reiten translation. We denote by proj A
the subcategory of mod A consisting of projective A-modules. Support t-tilting
modules were introduced by Adachi, Iyama and Reiten [Adachi et al. 2014], they
can be regarded as a generalization of tilting modules.

Definition 2.5. Let (X, P) be a pair with X € mod A and P € projA.
1. X is called t-rigid if Homy (X, tX) =0.
2. X is called t-tilting if X is t-rigid and | X| = |A]|.
3. (X, P) is called a t-rigid pair if X is t-rigid and Homp (P, X) = 0.
4. (X, P) is a support t-tilting pair if it is a t-rigid pair and | X |+ |P| = |A]. In
this case, X is called a support t-tilting module.

Throughout this paper, we denote by 7-rigid A the set of isomorphism classes
of basic t-rigid pairs of A, and by st-tiltA the set of isomorphism classes of basic
support t-tilting A-modules.

The following proposition gives a criterion for a T-rigid A-module to be a support
7-tilting A-module.
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Proposition 2.6 [Jasso 2015, Proposition 2.14]. Let A be a finite-dimensional
algebra and M a t-rigid A-module. Then M is a support t-tilting A-module if and
only if there exists an exact sequence

AL M 5 M 0,
with M', M" € addM and f a left (add M)-approximation of A.

Iyama, Jgrgensen and Yang [Iyama et al. 2014, Definition 1.3] defined a functor
version of t—tilting modules, and they extended the notion of support 7-tilting
modules for finite dimensional algebras to that for essentially small additive cate-
gories. Let 7 be an additive category. We write Mod 7 for the abelian category of
contravariant additive functors from 7 to the category of abelian groups and mod T
for the full subcategory of finitely presented functors, see [Auslander 1974].

Definition 2.7 [Iyama et al. 2014, Definition 1.3]. Let 7 be an essentially small
additive category.

(i) Let M be a subcategory of mod 7. A class { P; E Php—>M—>0| MecM}
of projective presentations in mod 7 is said to have Property (S) if

Hompeq 7(r™, M) : Hompmod 7(Po, M') — Hompmod 7(P1, M')

is surjective for any M, M’ € M.

(i1) A subcategory M of mod 7 is said to be t-rigid if there is a class of projective
presentations {P; — Py —> M — 0| M € M} which has Property (S).

(iii) A t-rigid pair of mod T is a pair (M, &), where M is a t-rigid subcategory
of mod 7 and £ C T is a subcategory with M (&) = 0, that is, M (E) = 0 for
each M e Mand E € €&.

(iv) A t-rigid pair (M, &) is support t-tilting if £ = Ker (M) and for each T € T
there exists an exact sequence 7 (—, T)i>M0 — M' - 0with M°, M' e M
such that f is a left M-approximation. In this case, M is called a support
t-tilting subcategory of mod T.

From triangulated categories to abelian categories. In this subsection, we assume
that 7 is a cluster tilting subcategory of a triangulated category ¢. A 7-module is
a contravariant k-linear functor F : 7 — Mod k. Then 7-modules form an abelian
category Mod 7. We denote by mod T the subcategory of Mod 7 consisting of
finitely presented 7-modules. It is easy to see that mod 7 is an abelian category.
Moreover the restricted Yoneda functor

H:% — Mod T, M+ Homy(—, M) |1
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is homological and induces an equivalence
T —> proj(mod T).
The following results are crucial in this paper.

Theorem 2.8. (i) H(¥) is a subcategory of mod 7.

(i1) [Auslander 1974] For N € Mod T and T € T, there exists a natural isomor-
phism
Hompod 7(H(T), N) — N(T).

More explicitly, if we have amap f : T — T', where T' € T, then we have the
commutative diagram

oH
HomMuog 7(H(T"), N) L% Homped 7(H(T), N)

Nl ) l”

N(T) N N(T).

(iii) [Keller and Reiten 2007; Koenig and Zhu 2008; Iyama and Yoshino 2008] The
functor H from (i) induces an equivalence

€/[T[1]] — mod T,
and mod T is Gorenstein of dimension at most one.

Proof of (i). Since T is cluster tilting, for any object C € €, there exists a triangle

Tt "y,

where Ty, T1 € 7. Applying the functor H to the above triangle, we get an exact

sequence

H(To) L H(Ty) —2°

H(C) 0.
This shows that H(C) € mod 7. O
If there exists an object T € ¥ such that 7 = add T, we obtain the following.

Corollary 2.9. Let T be a cluster tilting object in € and A = End%p(T). Then the
functor

(2-1) Homy (T, —) : € — mod A
induces an equivalence
(2-2) (—) : €/[T[1]] => mod A.

This equivalence gives a close relationship between the relative cluster tilting
objects in ¥ and support t-tilting A-modules.
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Theorem 2.10 [Yang and Zhu 2019, Theorem 3.6]. Let ¢ be a triangulated cate-
gory with a Serre functor S and a cluster tilting object T, and let A = End%p(T).
Then the functor (2-1) induces the bijections

T[1]rigid ¢ <2 trigid A,  T[1]-tilt % <2 st-ilt A.

3. Ghost cluster tilting subcategories

In this section, our aim is to define and study ghost cluster tilting subcategories in a
triangulated category with cluster tilting subcategories, in particular, to compare
them to the existing notions: cluster tilting subcategories [Keller and Reiten 2007;
Koenig and Zhu 2008; Iyama and Yoshino 2008] and relative cluster tilting objects
[Yang and Zhu 2019].

Ghost cluster tilting subcategories. We first give the definitions and then discuss
connections between them.

Definition 3.1. Let % be a triangulated category with a cluster tilting subcategory.

(i) A subcategory 2 in ¢ is called ghost rigid if there exists a cluster tilting
subcategory 7 such that [T[1]](2", 2°[1]) = 0. In this case, 2" is also called
TI1]-rigid.

(i1) A subcategory 2" in ¥ is called maximal ghost rigid if there exists a cluster
tilting subcategory 7 such that 2" is 7[1]-rigid and

[TTL1(Z v addM, (2 v add M)[1]) = O implies M € 2.

In this case, 2" is also called maximal T[1]-rigid.
(iii) A subcategory 2 in ¥ is called weak ghost cluster tilting if there exists a
cluster tilting subcategory 7 with 7 € 2’ [—1] % 2" and
2 ={Me&|[TIIM, Z[1) =0 and [T[LI(Z, M[1]) =0}.

In this case, 2" is also called weak T[1]-cluster tilting.

(iv) A subcategory 2" in ¥ is called ghost cluster tilting if 2" is contravariantly
finite in ¥ and there exists a cluster tilting subcategory 7 such that

X=Mece|[TIINM, Z[1]))=0 and [T[1]1(Z", M[1]) =0}.

In this case, 2 is also called T[1]-cluster tilting.

(v) An object X is called 7[1]-rigid, maximal 7[1]-rigid, weak 7[1]-cluster
tilting, or T [1]-cluster tilting if add X is 7 [1]-rigid, maximal 7[1]-rigid, weak
T[1]-cluster tilting, or 7T[1]-cluster tilting respectively.

Remark 3.2. Since ghost cluster tilting subcategories are introduced in order to
generalize the notion of relative cluster tilting objects, it is natural to compare the
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definition of relative cluster tilting objects of Definition 2.4 (originally given in
[Yang and Zhu 2019]) to the definition of ghost cluster tilting subcategories of
Definition 3.1(iv). When % has a cluster tilting object, we will show that ghost
cluster tilting objects are exactly the relative cluster tilting objects in Theorem 3.16.
Therefore when |7 | = oo, we replace the condition “|2°| = |T|” by the equation

“Z=Me7|[TNIWM, Z[1)=0 and [T[1]I(Z, M[1])=0}."

From here until the end of the section, we prove some properties of ghost cluster
tilting subcategories. We first prove a cluster tilting subcategory is a ghost cluster
tilting subcategory with respect to any cluster tilting subcategory.

Proposition 3.3. Cluster tilting subcategories are ghost cluster tilting. More pre-
cisely, let 2 be a cluster tilting subcategory. Then %2 is T[1]-cluster tilting
subcategory for any cluster tilting subcategory 7T.

Proof. Let 2 be an arbitrary cluster tilting subcategory in ¥. Clearly, 2 is
contravariantly finite and

2 M e | [TUIIZ, M[1])) =0=[T11(M, 21D}

For any object M € {M € € | [T[1]I(Z", M[1])) =0=[T[1]J(M, Z°[1])}, we need
to prove that M € 2. Since T is cluster tilting, there exists a triangle

7L 105 M5 T,
where Ty, T7 € T. Take a left 2 -approximation of T and complete it to a triangle
To -5 X1 - X, 5 To[1],

where X € 2. Since 2 is cluster tilting, by Proposition 2.3(c), we have that
X, € 2. By the octahedral axiom, we have a commutative diagram

L T
ol
7= x, N T
v b
X> X5
w C

Tp[1] ﬂ MI[1]

of triangles. We claim that x is a left 2 -approximation of 7. Indeed, for any
morphism « : 71 — X', where X’ € 2, since aoh[—1] € [T](M[—1], Z7) =0, there
exists a morphism B : Top — X’ such that « = Bf. Since u is a left 2 -approximation
of Tp and X’ € %, there exists a morphism y : X; — X’ such that 8 = yu and then
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o=y (uf)=yx. This shows that x is a left 2 -approximation of 7;. Note that 2" is
cluster tilting. Thus N € 2. Since ¢ = g[1]w € [T[1]I(Z", M[1]) =0, the triangle

M -4 N -2 X, -5 M[1]
splits. It follows that M is a direct summand of N and therefore M € Z". Thus
Z={Me<|[TINI(Z, M[1) =0=[T[11I(M, 21D}
and hence £ is T[1]-cluster tilting. O

The following example shows that ghost cluster tilting subcategories need not be
cluster tilting.

Example 3.4. Let A = kQ/1 be a self-injective algebra given by the quiver

0: 12
7

and I = (@Baf, BaBa). Let € be the stable module category mod A of A. This is
a triangulated category whose Auslander—Reiten quiver is the following (note that
projective-injective modules should be deleted):

where the leftmost and rightmost columns are identified. It is easy to see that
Ti=add(20])

is a cluster tilting subcategory of 4. Note that 2" := add (2 &) ;) is a T[1]-
cluster tilting subcategory of ¢, but not a cluster tilting subcategory of ¢, since
Hom(}, 5[11) = Hom(}, ) #0.

As we have seen in Example 3.4, ghost cluster tilting categories need not be
cluster tilting categories, however the situation is much better when we assume that
the triangulated category ¢ has a Serre functor S as we will show in Theorem 3.6.

We need the following lemma in order to prove Theorem 3.6:

Lemma 3.5. Let € be a triangulated category with a Serre functor S and a cluster
tilting subcategory T. For two objects M and N in ¢, [T[1]1(M, N[1]) =0 and
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[TTII(N, M) = 0 if and only if Homy (M, N[1]) = 0. In particular, if € is
2-Calabi-Yau, then M is T[1]-rigid if and only if M is rigid.

Proof. Our argument is similar to the proof of Proposition 3.4 in [Yang and Zhu
2019]. We give the proof for the convenience of the reader.

We show the “if”” part. If Homy (M, N[1]) =0, then [T[1]](M, N[1]) = 0. By
the Serre duality, we have

Home (N, tM) ~ Homy(N[1], SM) >~ D Homy (M, N[1]) =0.

Thus we obtain [T [1]](N, tM) =0.
We now show the “only if” part. Since 7T is a cluster tilting subcategory, by
Proposition 2.3(a), we have a triangle

To > N -4 Ty[1] -1 To[1]
with Ty, T1 € 7. Thus we have a commutative diagram of exact sequences:
Homy (Ty[1], TM) —— D Homy (M, T1[2])
-f D(f[11)
Homy (N, tM) = D Homy (M, N[1])
D(g[1])
Homy (T, t M) ——— D Homy (M, Ty[1])

D(h-)

Homy (T}, tM) —— D Homg (M, T;[1])

Since Im(- f) = {af | a € Homg (T [1], tM)} C [T[1]I(N, tM) =0, we deduce

(3-1) KerD(g[1]-) = ImD(f[1]-) ~ Im(- f) = 0.
N—" o = iy = A
b
dec -
M M

Take any b € Homy (M, To[1]). Since [T[1]](M, N[1]) = 0, we have g[1]b = 0.
Thus there exists ¢ : M — Ti[1] such that b = hc, which implies that

(h+) : Homy (M, T1[1]) — Hom¢ (M, Ty[1]), c——>hc=b>b
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is surjective. Therefore, D(h-) is injective and
Im D(g[1]-) =Ker D(h-) =0.

Combining this with (3-1), we deduce D Hom (M, N[1]) =0 and Hom4 (M, N[1])
vanishes.
If € 1s 2-Calabi—Yau, then T 2>~ [1]. The assertion is clear. O

The following result gives a characterization of cluster tilting subcategories in
terms of ghost cluster tilting subcategories, which implies that in a 2-Calabi—Yau
triangulated category, ghost cluster tilting subcategories coincide with cluster tilting
subcategories.

Theorem 3.6. Let € be a triangulated category with a Serre functor S and a
cluster tilting subcategory. Then F-stable ghost cluster tilting subcategories of €
are precisely cluster tilting subcategories, where F = t~'[1] = S™![2].

Proof. By Proposition 2.3, we have that cluster tilting subcategories are F-stable.
By Proposition 3.3, we have that cluster tilting subcategories are ghost cluster tilting.
Now we prove the other direction. Let 2" be a T[1]-cluster tilting subcategory
satisfying F.2° = %, where T is a cluster tilting subcategory. It follows that
T2 =21

(1) We show that 2" is a rigid subcategory of &. For any two objects M, N € 4,
since £ is T[1]-tilting, we have

(3-2) [TT11(M, N[1]) =0.
Similarly, since 72" = 2'[1], we have tM = M'[1], where M’ € 2. Tt follows that
(3-3) [TTI(N, t™) = [T[11I(N, M'[1]) =0.

By Lemma 3.5, equalities (3-2) and (3-3) imply that Hom¢ (M, N[1]) = 0.
(2) We show that 2" = {M € ¢ | Ext}é,(%, M) = 0}. The “C” part is clear.
Assume that an object M € ¥ satisfies Extgg(% , M) =0. Then

Homy (M, 27[1]) ~ D Homg (2 [1], SM)
~ DHomy(t 2", FSM)
~ DHomy (2", M[1]) =0.
This implies that [T[1]}(M, 2°[1]) = 0. Since [T[1]1(Z", M[1]) =0 and 2" is
T[1]-cluster tilting, we obtain that M € 2.

Note that 2" is contravariantly finite. It follows from Remark 2.2 that 2" is a
cluster tilting subcategory of ¢ ([

Proposition 3.7. Any ghost cluster tilting subcategory is a contravariantly finite
maximal ghost rigid subcategory.
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Proof. Assume that 2" is a T[1]-cluster tilting subcategory. If there exists an object
M € € such that
[TIHI(Z vaddM, (Z vaddM)[1]) =0,
then
(T2, M[1]) =0 and [T[1]I(M, Z[1]) =0.
Since 2" is T[1]-cluster tilting, we obtain M € 2. O

The converse result to Proposition 3.7 will be given in Theorem 3.10. We need
the following lemma to prove this theorem.

Lemma 3.8. (a) Let T be a cluster tilting subcategory and 2~ a maximal T[1]-
rigid subcategory in €. Let Ty € T, let Ty =5 X be a left 2 -approximation
of To and consider the associated triangle:

M[=11-L5 1y %5 X0 L5 M.
Then M € Z.

(b) LetT be a cluster tilting subcategory and %" a maximal T [1]-rigid subcategory
ine. Let Ty € T, let Zp[—1] N To be a left Z'[—1]-approximation of Ty and
consider the associated triangle:

Xo[—11-Ls Ty 55 M -1 X,
Then M € Z.

Proof. We only prove (a), the proof of (b) is similar. For any x € [T](M[—1], Z),
there are two morphisms x; : M[—1] — T; and x, : T} — X such that x = xpx,
where T, € T and X| € 2.

h[—1] f g h =[]

Xo[—1] —— M[—-1] Ty Xo M To[1]
T, T
X2 b
vie”
X Xo[—1]

Since 2" is T[1]-rigid, we have xh[—1] = xo(x;h[—1]) = 0. Thus, there exists
a:Ty— X such that x =af. Because g is a left 2 -approximation of Ty, we deduce
that there exists b : Xo — X such that a = bg. Therefore, x =af =b(gf) =0 and

(3-4) [TTHIM, 27[1]) =0.
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For y € [TI(Z'[—1], M), there are two morphisms y; : Xo[—1] — 7> and y» :
T, — M such that y = y,y;, where T, € 7 and X; € £ Since f[1]y, = 0,
there exists ¢ : T, — Xg such that y, = hc. Because 2 is 7 [1]-rigid, we have
y = yy1 = h(cy;) = 0. Therefore,

(3-5) (T2, M[1]) = 0.

For any z € [TI(M[—1], M), there are two morphisms z; : M[—1] — T3 and z5 :
T3 — M such that z =z,z;, where T3 € T. Since f[1]z, =0, there exists d : T3 — Xy
such that zp = hd. By equality (3-4), we have z = 2z = h(dz;) = 0. Thus,

(3-6) [(7TT11(M, M[1]) =0.
T, g X, h M —f11] Tol1]
T3
mT
M[—1]
Using (3-4), (3-5) and (3-6), we get [T[1]](Z" Vadd M, (Z vaddM)[1]) =0. Note
that 2" is maximal 7[1]-rigid. Hence M € %" O

This lemma immediately yields the following important conclusion:

Corollary 3.9. Let T be a cluster tilting subcategory in a triangulated category €
and & be a covariantly (or contravariantly) finite maximal T [1]-rigid subcategory.

Then
TCZ2[-1]1%xZ.

Now we prove that the converse of Proposition 3.7 also holds, which generalizes
a result of Zhou and Zhu [2011, Theorem 2.6].

Theorem 3.10. Let € be a triangulated category with a cluster tilting subcat-
egory T. Then any contravariantly finite maximal T[1]-rigid subcategory is a
T11]-cluster tilting subcategory.

Proof. Assume that 2" is a contravariantly finite maximal 7[1]-rigid subcategory
in €. Clearly,

2 M e | [TUHIIZ, M[1]) =0=[TT1I(M, ZT1D}.

For any object M € {M € ¢ | [TI1]I(Z", M[1]) =0=[T[1]I(M, Z'[1])}, since T
is cluster tilting, there exists a triangle

n L 1y -5 M- ),
where Ty, T1 € T. By Corollary 3.9, there exists a triangle

Th % X % X, % Ty[l],
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where X, X, € 2. Since 2" is T[1]-rigid, we have that u is a left 2 -approximation
of Ty. By the octahedral axiom, we have a commutative diagram

M
P G C
x=uf y z
T X1 N Ti[1]
v b
X5 X5
w C

To[1] ﬂ MI[1]

of triangles. Using similar arguments as in the proof of Proposition 3.3, we conclude
that x is a left 2" -approximation of 77. By Lemma 3.8, we have N € 2. Since

c=g[lw e [TTI(Z, M[1]) = 0.
This shows that the triangle
M- N -2 X, -5 M1

splits. It follows that M is a direct summand of N and thus M € 2. Hence 2" is
T11]-cluster tilting. O

Corollary 3.11. Let € be a triangulated category with a cluster tilting subcat-
egory T. Then T[1]-cluster tilting subcategories are weak T[1]-cluster tilting
subcategories.

Proof. This follows from Theorem 3.10 and Corollary 3.9. ]

The following example shows the converse is not true. More precisely, weak
T[1]-cluster tilting subcategories are not usually 7 [1]-cluster tilting subcategories.

Example 3.12. The cluster category of type Ay, was introduced in [Holm and Jgr-
gensen 2012; Ng 2010]. This definition is completely analogous to the definition of
the cluster category of type A,,. Namely, it is the orbit category D/ (mod I') /S[—2].
Here T is a quiver of type Ay, with zigzag orientation and S and [1] are the Serre
and shift functors of the finite derived category D/ (mod T"). Let % be a cluster
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category of type A. The Auslander-Reiten quiver of ¢ is as follows:

\/’x /'\ /'\ /'\ /'\ /'\ /'x /
_/\/x‘f\/\/\/\/x‘f\”
NN AN SN SN SN AN S
SNINN AN SN SN AN SN
NSNANZ N AN SN AN SN S

Set 2 to be the subcategory whose indecomposable objects are marked by bullets
here, and T to be the subcategory whose indecomposable objects are marked by
clubsuits here. It is easy to see that 7 is a cluster tilting subcategory of 4" and
T C Z[—1]%%Z. By [Holm and Jgrgensen 2012, Theorem 4.3], we have that 2~
is a weak cluster tilting subcategory of & since the corresponding set of arcs is a
maximal set of noncrossing arcs. By [Holm and Jgrgensen 2012, Theorem 4.4], we
obtain that .2 is not contravariantly finite in % since the corresponding maximal
set of noncrossing arcs has no right-fountain. That is to say, 2" is a weak ghost
cluster tilting subcategory in the sense of Definition 3.1, but it is not ghost cluster
tilting (=cluster tilting).

As an application of Theorem 3.10, we have the following:

Corollary 3.13 [Zhou and Zhu 2011, Theorem 2.6]. Let € be a 2-Calabi—Yau
triangulated category with a cluster tilting subcategory T. Then every functorially
finite maximal rigid subcategory is cluster-tilting.

Proof. This follows from Lemma 3.5 and Theorem 3.10. ([
We give a characterization of weak ghost cluster tilting subcategories.

Theorem 3.14. Let € be a triangulated category with a cluster tilting subcategory
T, and Z a subcategory of €. Then X" is a weak ghost cluster tilting subcategory
if and only if Z" is a maximal ghost rigid subcategory such that T C Z[—1]*x Z.

Proof. This follows from similar arguments as in the proof of Theorem 3.10. [J
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We conclude with a picture illustrating the relationships between ghost cluster
tilting subcategories and related subcategories:

cluster tilting

F-stable -
Theorem 3.6 Proposition 3.3
Corollary 3.11
’ ghost cluster tilting ‘ weak ghost cluster tilting

contravariantly finite
Definition 3.1

contravariantly finite Proposition 3.7

Theorem 3.10

’ maximal ghost rigid ‘

A characterization of ghost cluster tilting objects. In this subsection, we always
assume that ¥ is a triangulated category with a Serre functor and a cluster tilting
object T. We will prove that the add (7T'[1])-cluster tilting objects are precisely the
T [1]-cluster tilting objects introduced in [Yang and Zhu 2019], see Definition 2.4.
Notice that the two objects have similar names but quite different definitions. To
prove it, we need a lemma:

Lemma 3.15. (a) Let T be a cluster tilting object and X a T[1]-cluster tilting
objectin €. Let Ty € addT, let g : To —> X be a left add X -approximation
of Ty and consider the associated triangle:

M[=11-L5 Ty %5 X0 5 M.
Then M € add X.

(b) Let T be a cluster tilting object and X a T [1]-cluster tilting object in €. Let
Ty € addT, let f : Xol—1] — Ty be a right add X[—1]-approximation of Ty
and consider the associated triangle:

Xo[—11-L> Ty = M -5 X,
Then M € add X.
Proof. Using similar arguments as in the proof of Lemma 3.8 we conclude that
[T1X &M, (X & M)[1]) =0.

By Corollary 3.7(1) in [Yang and Zhu 2019], we know that the number of non-
isomorphic indecomposable direct summands of any 7[1]-rigid object is at most
the number of nonisomorphic indecomposable direct summands of a cluster tilting
object. Thus we have | X@® M| <|T|. Since | X|=|T|, we deduce that M € add X. [

Our main result in this subsection is the following:
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Theorem 3.16. Let T be a cluster tilting object in a triangulated category € with
a Serre functor. Let X be an object in €. Then X is an add (T [1])-cluster tilting
object, that is to say,

addX ={M € € | add(T[1])(X, M[1]) =0 and add(T[1])(M, X[1]) =0},
by Definition 3.1, if and only if X is a T[1]-cluster tilting object, that is to say,
TX, X[(1) =0 and |X|=1T],
by Definition 2.4.

Proof. (1) The “only if” part: Assume that X is an add T'[1]-cluster tilting object.
Then X is T[1]-rigid. By [Yang and Zhu 2019, Corollary 3.7(2)], there exists an
object M € € such that X @ M is a T[1]-cluster tilting object. That is to say, X & M
is T[1]-rigid and | X @ M| = |T|. Since X & M is T[1]-rigid, we have

[(T[1]1(M, X[1]) =0 =[T[1]I(X, M[1]).
By Definition 3.1(iv), we have M € add X. It follows that | X| = |X & M| = |T|.
This shows that X is T[1]-cluster tilting.
(2) The “if” part: Assume X is a T'[1]-cluster tilting object in Definition 2.4. Clearly,

addX € {M e ¢ | [T[11)(X, M[1]) =0=[T[1]I(M, X[1])}.

Conversely, for any object M e {M € € | [T[1]]1(X, M[1]) =0=[T[1]]1(M, X[1])},
since T is cluster tilting, we have a triangle

T L 1y =55 M (1],

where T, T € add T. For the object Ty € add T, there is a left add X -approximation /;
of Ty, which can be extended to a triangle

Xi[=11-2 To -1 X — X;.

By Lemma 3.15, we have X € add X.

Let I, =1 f. It is easy to see that [, is a left add X-approximation of 77. Indeed,
for any object X’ € add X and any map a € Hom(Tj, X'), we have that ah[—1] €
[T](M[—1], X") = 0. Then there exists b : Ty —> X’ such that a = bf. Because [
is a left add X -approximation of Tj, there is a map ¢ : Xo —> X’ such that b = cl;.
Therefore a = bf = c(l1 f) = clp and I, is a left (add X)-approximation of 7.

h[—1
M- L o

Val lll
b
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Using Lemma 3.15, we get a triangle
Xa[—1]— T1 25 X — X,

where X, € add X. Starting with [, =/ f, we get the following commutative diagram
by the octahedral axiom.

Xo[—1] — Xs[—1] T — 2 X
m I
Xo[—1] —> X{[~1] To Xo
n 8
M M

Since n = gm € [T](X([—1], M) =0, we get a split triangle and thus M € add X.
This shows that X is an add T'[1]-cluster tilting object. U

Remark 3.17. Let ¢ be a triangulated category with a cluster tilting object 7. One
may want to define 7T'[1]-cluster tilting objects in the spirit of Definition 2.1 as one
of the following two possibilities:

(3-7) addX ={M € ¢ | [T[1]1(X, M[1]) =0},
or

(3-8) addX ={M €% | [T[1]I(X, M[1]) =0} ={M €% | [T[1]1(M, X[1]) =0}.

However, neither one of these agrees with the description in Definition 2.4 of a
T[1]-cluster tilting object which is a T'[1]-rigid object with the same number of non-
isomorphic indecomposable direct summands as | 7|, as one can see in Example 3.18.

Example 3.18. Let Q be the quiver 1 = 2 and 7 be the Auslander-Reiten
translation in D?(kQ). We consider a triangulated category, named repetitive
cluster category in [Zhu 2011], € = D’k 0)/ (réz[Z]), whose objects are the same
in D®(kQ), and whose morphisms are given by

) i
HOm s gy 1522y (X- ¥) = @ Hom s g0y (X, (15°12D'Y).
ieZ
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We depict the Auslander—Reiten quiver of € as follows.

It is easy to check that the direct sum
T=le21e) e
of the encircled indecomposable objects is a cluster tilting object. Thus it is also a
T [1]-cluster tilting object. Clearly,
(M ew|[TNINT, M[1]) =0} =% # addT,
which means that (3-7) or (3-8) does not hold.

4. Connection with z-tilting theory

Throughout this section, we assume that % is a k-linear, Hom-finite triangulated
category with a cluster tilting subcategory 7. It is well known that the category
mod 7 of coherent 7-modules is abelian. By Theorem 2.8, we know that the
restricted Yoneda functor H : ¥ — mod 7 induces an equivalence

¢/[T[1]] = mod T.

We will investigate this relationship between ¢ and mod 7 via H more closely.

On the relationship between ghost cluster tilting and support t-tilting. In this
subsection, we give a direct connection between ghost cluster tilting subcategories
of € and support t-tilting pairs of mod 7. We start with the following important
observation.

Lemma 4.1. Let € be a triangulated category with a cluster tilting subcategory T
and 2" a subcategory of €. For any object X € X, let

(4-1) T L 1y =55 x 5 1y

be a triangle in € with Ty, Ty € T. Then applying the functor H gives a projective
presentation

(4-2) ' A P - HX) - 0

inmod T, and 2 is a T[1]-rigid subcategory if and only if the class (x| X € 27}
has Property (S).
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Proof. Applying H to the triangle (4-1), we have the projective presentation (4-2).
By Theorem 2.8(ii), for any object X’ € 2°, we have the commutative diagram

Hompme HX) H(x’
Hommod 7 (H(Tp), H(X')) —mmet T 7B Hommed 7(H(T1), H(X'))

{ lg

Home (Tp, X) Homy (T, X').

Home (f, X')

Thus the map Hom,qg 7@ H(X")) is the same as
(4-3) Homy (Ty, X) 2 XD, Homy, (T4, X)).

So the class {7"®) | X € 2°} has Property (S) if and only if the morphism (4-3) is
surjective for all X, X' € 2.

Assume the class {77 | X € 2"} has Property (S). Forany a [T [111(2", 2 [1]),
we know that there exist two morphisms a; : X — T[1] and a;, : T[1] — X'[1]
such that a = apa;, where X, X' € 2 and T € T. Since Homy (T, T[1]) =0, there
exists a morphism b : T1[1] — T'[1] such that a; = bh.

Lt x

l“‘
Kb

T[1]

laz

X'[1]

Since Homg (f, X’) is surjective, there exists a morphism ¢ : Ty — X' such that
az[—1]ob[—1] =cf and thus axb = c[1] o f[1]. It follows that a = aya; = a,bh =
c[1lo(f[1]h) =0. This shows that [T[1]1(Z", 2 [1]) =0. Hence 2" is a 7 [1]-rigid
subcategory.

Conversely, assume that .2 is a T[1]-rigid subcategory. For any morphism
x : Ty — X/, since 2 is T[1]-rigid, we have x o h[—1] = 0. So there exists a
morphism y : Ty — X’ such that x = yf.

h[—1 ’
x-S x

Y

X/

This shows that Homg ( f, X’) : Home (T, X') — Home (T, X') is surjective. By
the above discussion, we deduce that the class {7"®X) | X € 27} has Property (S). O

The following result plays an important role in this paper:
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Proposition 4.2. Let € be a triangulated category with a cluster tilting subcat-
egory T. The functor H : € — Mod T induces a bijection between the sets of
T11]-rigid subcategories of ¢ and of t-rigid pairs of mod T, given by

P: 2 +— (HZ), TNZ[-1)).
Proof. Step 1: The map @ has values in t-rigid pairs of mod 7.

Assume that 2" is a 7T[1]-rigid subcategory of ¥. Since 7T is a cluster tilting
subcategory, for any X € 2, there exists a triangle in ¢

L 1y -5 x -1 11y,

where Ty, 71 € 7. By Lemma 4.1, we have that H sends the set of these triangles to
a set of projective presentations (4-2) which has Property (S). It remains to show
that for any X € 2" and X' € TN .2 [—1], we have H(X)(X’) = 0. Indeed, since 2~
is a 71]-rigid subcategory, we have H(X)(X") = Hom¢ (X', X) =0.

X eZ[-1]—sXeX
X' eT
This shows that (H(Z"), T N Z'[—1]) is a t-rigid pair of mod 7.

Step 2: The map & is surjective.
Let (M, £) be a t-rigid pair of mod 7. For each M € M, take a projective
presentation

(4-4) P1”—M>Po—>M—>O
such that the class {7 | M € M} has Property (S). By Theorem 2.8(ii), there
is a unique morphism fy; : Ty — Ty in T such that H(fy) = 7M. Moreover,

H(cone(fyr)) = M. Since (4-4) has Property (S), it follows from Lemma 4.1 that
the category
2 = {cone(fu) | M € M}

is a T[1]-rigid subcategory.
Let 27 := 271 Vv £[1]. Now we show that 2" is a T[1]-rigid subcategory of %.
Let E € £ C 7. Since T is cluster-tilting, we have

[TT11](cone(fm) @ E[1], E[2]) = 0.

Applying the functor Homg (E, —) to the triangle T} Ju, Ty — cone( fyr) — T1[1],
we have an exact sequence

Homy (E, T}) LN Homg (E, Ty) - Homy (E, cone( far)) — 0,
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which is isomorphic to
PL(E) 22 Po(E) — M(E) — 0.

The condition M(£) = 0 implies that Homy (E, cone( fy)) = 0 and therefore
[TTHI(E[1], cone(fp)[1]) = 0.

Thus the assertion follows.

Now we show that ®(2") = (M, &).

It is straightforward to check that 7N.27[—1] =0. For any object X € TNZ'[—1],
we are able to write X = X [—1]® E € T, where X| € 2] and E € £. Since
X [-1]1e TN Z1[—1]=0, we have X = E € £. Thus we have TN Z[-1]C &. By
the definition of t-rigid pair, we have £ C 7. Noting that £ C Z1[-1]VvE = Z[—1],
it follows that £ €7 N 2 [—1]. Hence 7 N 2 [—1] = £. It remains to show that
H(Z") = M. Indeed, since £ C T, we have

H(2) =Homg (7, Z2°) =Homy (T, 21) =H(Z1) = M.

Step 3: The map ® is injective.

Let 2" and 2" be two T [1]-rigid subcategories of ¢ such that ®(2") = ®(27).
Let 27 and 2] be respectively the full subcategories of 2" and 2" consisting
of objects without direct summands in 7[1]. Then 2" = 27 vV (Z NT[1]) and
2 =2V (Z'NT[1]). Since ®(2) = ®(Z"), it follows that H(27) = H(Z})
and 2 NT[11=2"NTI[1].

For any object X| € 27, there exists X| € 2] such that H(X) = H(X)). By
Theorem 2.8(iii), there exists an isomorphism X| @ Y[1] >~ X /1 @ Z[1] for some
Y, Z € T. Since ¥ is Krull-Remak—Schmidt, we have X| >~ X i This implies that
21 € 2. Similarly, we obtain 2| € 27 and then 27 >~ 2. Therefore 2" = 2.
This shows that @ is injective. U

Our main result in this subsection is the following:

Theorem 4.3. Let € be a triangulated category with a cluster tilting subcategory T.
The functor H: 4 — Mod T induces a bijection between the sets of weak T [1]-cluster
tilting subcategories of € and of support t-tilting pairs of mod T, given by

D 2 +— (HZ), TN Z[-1]).

Proof. Step 1: The map ® has values in support t-tilting pairs of mod 7.
Assume 2" is a weak T [1]-cluster tilting subcategory of ¢". By Proposition 4.2,
we get that ®(.2") is a t-rigid pair of mod 7. Therefore 7N 2 [—1] € Ker H(Z").
Let T € T be an object of Ker H(Z2"), that is, Hom (7, X) =0 for each X € 2"
This implies [T[1]](X & T[1], Z'[1]) = 0. Note [T[1]]1(Z, (X & T[1D[1]) = 0.
Since 2" is a T[1]-cluster tilting subcategory, we have X @ T[1] € 2" and thus
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T C Z'[—1]. Therefore T € TNZ [—1]. This shows that Ker H(Z") CT7T N2 [—1].
Hence
Ker H(Z) =T NZ[-1].

By the definition of weak 7 [1]-cluster tilting subcategories, for any T € T, there
exists a triangle
T -5 X =5 X, -5 T,

where X, X, € 2. Applying the functor H to the above triangle, we obtain an
exact sequence
H(T) 2L5 H(X)) — H(X2) — 0.

For any morphism a : T — X, where X € %, since £ is 7[1]-rigid, we have
ah[—1]=0. So there exists a morphism » : X; — X such that a = bf. This shows
that Homg (f, X) is surjective. Thus there exists the commutative diagram

Hom« (f, X)
Homy (X, X) Homy (T, X) ——— 0

|y

Hompmog 7(H(X1), H(X)) —— Hompmog 7(H(T), H(X)).

Using Theorem 2.8(ii), the right vertical map is an isomorphism. It follows that
oH( f) is surjective, that is, H( f) is a left H(%")-approximation. Altogether, we
have shown that ®(2") is a support t-tilting pair of mod 7.
Step 2: The map @ is surjective.

Let (M, £) be a support t-tilting pair of mod 7 and let 2" be the preimage of
(M, &) under @ constructed in Proposition 4.2. Since H(.Z") = M is a support
7-tilting subcategory, for each T € 7T, there is an exact sequence

H(T) % H(X3) — H(X4) — 0,

such that X3, X4 € 2" and « is a left H(Z")-approximation. By Yoneda’s lemma,
there exists a unique morphism 8 : T — X3 such that H(8) = «. We complete this
to a triangle

(4-5) T2 x, s vy 25 ).

Let 2 := Z'Vvadd{Yr |T €T } be the additive closure of 2" and { Y7 |T € T }. We
claim 2 is a weak T [1]-cluster tilting subcategory of ¢ such that ®(Z2") = (M, &).
It is clear that 7 C 2'[—1] % 2. It remains to show that

2 ={Mee|[TNIM, ZT1]) =0=[T[1I(Z, M[1])}.

Applying the functor H to the triangle (4-5), we see that H(Y7) and H(X4) are
isomorphic in mod 7. For any object X € 2, consider the commutative diagram
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H , X
Homy (X3, X) — P 0 Home (T, X)

Hml l

Hompoeg 7(H(X3), H(X)) == Hompmed 7(H(T), H(X)).

By Theorem 2.8, the map H(—) is surjective and the right vertical map is an
isomorphism. Because « is a left H(.Z")-approximation, o« is also surjective.
Therefore Homy (8, X) is surjective too.

For any morphism a € [T[1]](Yr, X[1]), since 2" is T[1]-rigid, we have ay =0.
So there exists a morphism b : T[1] — X[1] such that a = b4.

T o xs v T

Since Hom (8, X) is surjective, there exists a morphism ¢ : X3 — X such that
¢B = b[—1] and thus b = ¢[1] o B[1]. It follows that a = b5 = c[1] o (B[1]5) = O.
This shows that

(4-6) [7THI(YT, Z7[1]) =0.
For any morphism x € [T ](X[—1], Y1), we know that there exist two morphisms

x1:X[—1]— T; and x5 : T; — Y7 such that x = x,x1, where T € 7. Since 7 is cluster
tilting, we have §x, =0. So there exists a morphism y : 77 — X3 such that x, = y'y.

X[-1]
lxl
T
T ﬂ Xy —— ¥r —— 711

Since 2" is T[1]-rigid, we have x = xpx; = y (yx1) = 0. This shows that
4-7) (712, Yr[1]) =0.

For any T’ € T and morphism u € [T](Y7/[—1], Y7), we know that there exist two
morphisms u; : Yp:[—1] — T, and uy : T, — Y7 such that u = upu;, where 7, € 7.
Since 7T is cluster tilting, we have du, = 0. So there exists a morphism v : 7> — X3
such that u, = yv.
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YT/[_l]
l“l
T,
” luz
| | : . Yr — T

Since [T[1]](Yr, Z[1]) =0, we have vu; = 0. It follows that u = uyu; =yvu; =0.
This shows that

(4-8) [TTHI(XY7, Y7[1]) = 0.

Using equalities (4-6), (4-7) and (4-8), we deduce that Zisa T[1]-rigid subcategory.
Now we show that {M € % | [T[11I(M, Z7[1]) =0 = [T[111(Z, M[1])} C Z.
For any object M € €, assume that [T[111(M, Z[1]) = 0 = [T[111(Z, M[1]).

Since 7 is a cluster-tilting subcategory, there exists a triangle

Ts L5 T 85 M 5 7517,

where Ts, Tg € 7. By the above discussion, for an object Ty € T, there exists a
triangle
Te = X6 —> Y1, = To[1],

where Xg € 2, Y7, € Z and u is a left 2 -approximation of Tg. For an object
Ts € T, there exists a triangle

Ts 255 X5 -5 Y, - Ts[1],

where X5 € 2, Y7, € Z and u' is a left 2 -approximation of 75. By the octahedral
axiom, we have a commutative diagram

s T
H S
x=uf y z
Ts X6 N TS[l]
v b
YT@ YT6
w C

Tol11 22 a1

of triangles in ¥’. We claim that x is a left 2 -approximation of 75. Indeed, for
any d : Ts — X, since dh[—1] € [T](M[—-1], Z) = 0, there exists a morphism
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e: Tg — X such that d = ef, where X € 2.

h[—1
e P (T LI 1)

Since u is a left 2 -approximation of 7, there exists a morphism & : X — X such
that ku = e. It follows that d = ef = kuf = kx, as required.

Since x is a left 2 -approximation of 75, by Lemma 1.4.3 in [Neeman 2001],
we have the commutative diagram

X y 4

T X¢ s T5(1]
| H
Ts — x5 —~ YTS v (1,

where the middle square is homotopy cartesian and the differential 0 = x[1] o w/,
that is, there exists a triangle

Xo -2 N @ X5 @V vy 05 X1,

Note that 9 € [T[1]1](2, Z1]) = 0. Thus we have N @ X5 ~ X¢ ® Y1, € 2,
which implies N € 2. Since ¢ = g[1]w € [T[1]I(Z", M[1]) =0, we deduce that
the triangle

M- N Ly, -5 M1

splits. Hence M is a direct summand of N and thus M € Z.
This shows that

={M | [TINIM, ZT1]) =0=[T[1I(Z, M[1])}.
For any object T € T, H(Yr) ~ H(X,). Therefore
H(2) ~H(Z) ~
Since TN2[-112TN2[-1]=& and TN 2 [—1] € Ker H(2) =&, we have
TNZ[-11=E.

This shows that @ is surjective.

Step 3: The map @ is injective.
This follows from Step 3 in Proposition 4.2. (]
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For any support t-tilting subcategory % of mod 7T, by Theorem 4.3 there exists
a unique weak 7 [1]-cluster tilting subcategory 2~ of ¥ such that H(2") = #.
Throughout this paper, we denote the preimage 2~ by H™!(#) for simplicity.
Consequently, we have the following result:

Theorem 4.4. The bijection in Theorem 4.3 induces a bijection from the first of the
following sets to the second:

(I) TT1]-cluster tilting subcategories of €.

(I1) Support T-tilting subcategories % of mod T such that H=' (%) is contravari-
antly finite in €.

Moreover, if € admits a Serre functor S, we get a bijection from the first to the
second of the following sets.

(1) Cluster tilting subcategories of €.

(2) Support t-tilting subcategories % of mod T such that H='(%) is contravari-
antly finite and F-stable in €.

Proof. The first bijection follows from the fact that 7[1]-cluster tilting subcategories
of ¢ are precisely contravariantly finite weak 7[1]-cluster tilting subcategories,
and the second bijection follows from Theorem 3.6. ]

t-tilting subcategories and tilting subcategories. ¢ and 7T are the same as above.
By definition we know that the category mod 7T is abelian and has enough projectives.
Thus we can investigate the projective dimension of an object M in mod 7, which we
denote by pd M. For a subcategory 2 of mod T, we say that the projective dimension
of 7 is at most n, denoted by pdZ < n, if pd M < n for any object M € 7.

Let X € €, Zx (T[1]) be the ideal of 7[1] formed by the morphisms between
objects in 7[1] factoring through the object X. For a subcategory & of ¢, we define
the factorization ideal of 2, denoted by Z4(T[1]), as follows

Iy(TID :={Zx(T11D | X € Z}.

Theorem 2.8 indicates that mod 7 is Gorenstein of dimension at most one. Thus
all objects in mod 7 have projective dimension zero, one or infinity. The following
result characterizes the objects in mod 7 having finite projective dimension.

Theorem 4.5 [Beaudet et al. 2014; Lasnier 2011]. Let € be a triangulated category
with a cluster tilting subcategory T, and X be an object in € having no direct
summands in T[1]. Then

pdH(X) < 1 if and only if Zx(T[1]) =0.
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In this subsection, we introduce two important classes of subcategories of mod 7
and give a connection with ghost cluster tilting subcategories and cluster tilting
subcategories of ¥. We start with the following definition.

Definition 4.6. Let ¢ be a triangulated category with a cluster tilting subcategory 7.

(1) A subcategory M of mod 7 is said to be t-tilting if (M, 0) is a support
7-tilting pair of mod 7.

(i1) [Beligiannis 2013] A subcategory M of mod 7 is said to be weak tilting if
the following three conditions are satisfied:

(T1) Ext! 4 +(M, M) =0.

mod

(T2) pdM <1, for any M € M.
(T3) For any projective object P in mod 7, there exists a short exact sequence

00— P—> My— M; — 0,

where My, M| € M.

A weak tilting subcategory M is called a tilting subcategory if it also satisfies
the following additional condition:

(T4) M is contravariantly finite in mod 7.
Remark 4.7. Beligiannis [2010; 2013] indicates that a contravariantly finite sub-
category M of mod 7 is a tilting subcategory if and only if

Fac(M) = {X € mod T | Ext}, .y 7(M, X) =0},

where Fac(M) is the full subcategory of mod 7 consisting of all factors of objects
of M.

Immediately, we have the following result:
Theorem 4.8. Let € be a triangulated category with a cluster tilting subcategory T.
The functor H : € — Mod T induces a bijection

D 2 — H(Z)

from the first of the following sets to the second:

(I) Weak T11]-cluster tilting subcategories of € whose objects do not have nonzero
direct summands in T[1].

(ID) t-tilting subcategories of mod T.
It restricts to a bijection from the first to the second of the following sets.

(D) TI[1]-cluster tilting subcategories of € whose objects do not have nonzero
direct summands in T[1].

(I1) t-tilting subcategories % of mod T such that H=' (%) is contravariantly finite
inég.
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Moreover, if € admits a Serre functor S, we get a bijection between the following
sets.

(1) Cluster tilting subcategories of € whose objects do not have nonzero direct
summands in T[1].

(2) t-tilting subcategories % of mod T such that W= (%) is contravariantly finite
and F-stable in €.

Proof. Note that objects in 2" do not have nonzero direct summands in 7[1] if and
only if 7N Z[—1] =0. This assertion follows from Theorems 4.3, 4.4 directly. [J

Now we give a close relationship between t-tilting subcategories and weak tilting
subcategories.

Lemma 4.9. Let € be a triangulated category with a cluster tilting subcategory T.
Then any weak tilting subcategory of mod T is a t-tilting subcategory.
Proof. Let M be a weak tilting subcategory of mod 7.

(1) We first show that (M, 0) is a t-rigid pair of mod 7. For any object M € M,
since pd M < 1, we get a short exact sequence

JTM
O0—- P — Php— M—0.

Note that P; =0 if pd M = 0. Applying the functor Hom,oq 7(—, M) to it, we get
an exact sequence

M
Hommod 7(Po, M) <= Hompeq 7(P1, M) — Extl 4 (M, M) =0.

This means there is a class of projective presentations { P = Py— M—0|MeM}
which has Property (S). Therefore (M, 0) is a t-rigid pair of mod 7 because
M(@0) =0.

(2) We show that (M, 0) is a support t-tilting pair of mod 7. For each object T € 7T,
T(—, T) is a projective object in mod 7. Since M is weak tilting in mod 7, there
exists a short exact sequence

0— T(=.T)-Ls My, = My = 0

where My, M, € M. Applying the functor Hompoq 7(—, M) to the above exact
sequence, we have the following exact sequence:

Hommed 7(Mo, M) =L Homymed 7-(T (=, T), M) — Extl 4 (M1, M) =0.

This shows that f is a left M-approximation.
If M(E) = 0, where E € T, by the above discussion, there exists an exact
sequence
0—-T(—,E)—> My— M —0
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with M°, M' € M. Tt follows that there exists an exact sequence
0—T(E,E)—> My(E) > M(E)— 0

Since My(E) =0, we have T (E, E) = 0 and thus E = 0. Therefore Ker (M) = 0.
This shows that (M, 0) is a support 7-tilting pair of mod 7. O

The following result gives a criterion for a 7-tilting subcategory of mod 7 to be
a weak tilting subcategory.

Theorem 4.10. Let € be a triangulated category with a cluster tilting subcate-
gory T. A t-tilting subcategory of mod T is a weak tilting subcategory if and only if
its projective dimension is at most one.

Proof. Let M be a t-tilting subcategory of mod 7 and pd M < 1. By Theorem 4.8,

there exists a weak 7[1]-tilting subcategory 2" of ¥ whose objects do not have

nonzero direct summands in 7[1] such that H(Z") = M.

Step 1: We show Ext,lmd 7(M, M) =0. Namely, Extrlnod +H(&Z), H(Z27)) =0.
For any object X; € 2, since T is cluster tilting, there exists a triangle

(4-9) To L5 Ty =55 X, 5 101,

where g is a minimal right 7 -approximation of X| and Ty, 7} € 7. Since H(X) € M,
we have pdH(X;) < 1. Applying the functor H to the above triangle, we have a
minimal projective presentation

0 — H(Ty) L% H(T)) 2% H(X,) — 0

of H(X), since X has no nonzero direct summands in 7[1] and pdH(X;) < 1.
Applying the functor Homy,oq4 7(—, H(X?)), where X, € 27, to the above exact
sequence, we get an exact sequence:

Hom(H(T}), H(X2)) — Hom(H(7p), H(X2))
— Ext'(H(X)), H(X3)) — Ext'(H(T}), H(X»)) =0,

where the Hom and Ext groups are taken over mod 7. The last item vanishes
because H(7}) is projective in mod 7. Note that the first map is isomorphic to

Home (Ty, Xo) 226X, Homy, (T, X).

It follows that Ext! od 7(H(X1), H(X2)) is isomorphic to Coker Homg (f, X7).

m

Applying the functor Hom¢ (—, X>) to the triangle (4-9), we have the following
exact sequence:

Homy (T, X,) 220e X)) Home (Tp, Xp) Bme 1 X)) Homy (X1 [—1], Xa).



TRIANGULATED CATEGORIES WITH CLUSTER TILTING SUBCATEGORIES 735

In particular, we have the following exact sequence:

Homy (T}, X5) 4206 X2), Homy (Tp, X»)

Home =11 %), Iy Homg (h[—1], X2) — 0.
We claim that Im Home (h[—1], X») = [T ](X1[—1], X»). Indeed,
ImHomg (h[—1], X2) C [T1(X1[-1], X2)

is clear. For any morphism x € [T](X{[—1], X»), we have two morphisms x; :
Xi[-1] > T and x, : T — X,, where T € T such that x = x,x;. Since
Homy (T1[—1], T) = 0, there exists a morphism a : Tp — T such that ah[—1] = x;.

gl-1] hl-1] f g h
N1 — Xi[-1] > To T X1 To[1]

It follows that x = xox; = (x2a)h[—1] € Im Homy (h[—1], X3), as required.
Since 2" is T[1]-rigid, we have [T](X([—1], X2) = 0. Thus we obtain

Ext}nod 7(H(X1), H(X3)) =~ Coker Homg (f, X) = [T](X[-1], X3) =0.

Step 2: We show that for any projective object P in mod 7, there exists a short
exact sequence
00— P—> My— M; — 0,

where My, M| € M. We may assume P =T (—, T) =H(T) in mod T, where T € T.
Since T € T € Z'[—1]* 2, there exists a triangle

X3[—1] % T -2 X4 % X3,

where X3, X4 € 2. Applying the functor H to the above triangle, we have the
following exact sequence:

H(X3[—1]) 2% H(T) — H(X4) — H(X3) — 0.

We claim that Im H(«) = 0. That is to say, for any morphism y : 7/ — X3[—1],
where T’ € T, we have uy =0. Indeed, since 7 is cluster tilting, there exists a triangle

T, % Ty 25 X5 X5 T[],

where § is a minimal right 7 -approximation of X3 and 75, T3 € 7. Applying the
functor H to the above triangle, we have a minimal projective presentation

H(X3[—1]) — D pyery) 295 Hrs) B9, Hixs) — 0
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of H(X3), since X has no nonzero direct summands in 7[1]. Since H(X3) € M,
we have pdH(X3) < 1. Thus we have Im H(y[—1]) =0 and thus y[—1]oy =0.
So there exists a morphism b : 7' — T3[—1] such that y = B[—1] o b.

T/

y

-1 22 ey -y @

T3.

It follows that uy = (uB[—11)b = 0o b = 0, as required. Hence we have the
following exact sequence:

00— H(T) - H(X4) - H(X3) = 0,

where H(X4), H(X3) € M.
This shows that M is a weak tilting subcategory of mod 7. Combining this with
Lemma 4.9, the assertion follows. ]

Consequently, we have the following result:

Theorem 4.11. Let € be a triangulated category with a cluster tilting subcate-
gory T. The functor H : € — Mod T induces a bijection

O: 2 +— H(Z)
from the first of the following sets to the second:

(I) Weak T 1]-cluster tilting subcategories of € whose objects do not have nonzero
direct summands in T [1] and whose factorization ideals vanish.

(IT) Weak tilting subcategories of mod T.
It restricts to a bijection from the first to the second of the following sets.

(1) TI[1]-cluster tilting subcategories of € whose objects do not have nonzero
direct summands in T [1] and whose factorization ideals vanish.

(2) Tilting subcategories % of mod T such that H=' (%) is contravariantly finite
in%e.

Moreover, if € admits a Serre functor S, we get a bijection between the following
sets.

(1) Cluster tilting subcategories of € whose objects do not have nonzero direct
summands in T [1] and whose factorization ideals vanish.

(2) Tilting subcategories % of mod T such that H™' (%) is contravariantly finite
and F-stable in €.

Proof. This follows from Theorems 4.5, 4.8 and 4.10 directly. (]
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Remark 4.12. The above results generalize and improve several results in the
literature. More precisely, Proposition 4.2, Theorems 4.3, 4.8 and 4.11 generalize
a result in [Yang and Zhu 2019, Theorem 3.6], where analogous results were
proved in the case where ¥ is 2-Calabi—Yau and 7 = add 7, see [Adachi et al. 2014,
Theorem 4.1]. Theorem 4.11 generalizes a result of Beligiannis [2013, Theorem 6.6]
in some cases, but we don’t assume that mod 2" has finite global dimension here.

We conclude this section with an example illustrating the bijections in Section 4:

Example 4.13. We revisit Example 3.4 presented in Section 3. Let A =kQ/I be
a self-injective algebra given by the quiver

0: 1l—=2
5

and I = (aBapB, Bafa). The Auslander—Reiten quiver of mod A is

where the first and the last columns are identified. The stable module category
¢ :=mod A

is triangulated with a Serre functor. We get the Auslander—Reiten quiver of ¢ by
deleting the first row in above figure. By simple calculation, we obtain that

T::add(Z@i)

is a cluster tilting subcategory of ¢’. The Auslander—Reiten quiver of mod 7 is
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We illustrate the correspondences stated in this section as follows. In the table,
weak 7 [1]-cluster tilting subcategories of 4" and support t-tilting pairs of mod T
are marked by &.

TT1]-rigid
subcategories

add (1) (add (%), 0)
add (2 ) (0, add (%))

T-rigid pairs

add(7) @ 0)
add (5) . 0)
add (2) (add(,). 0)
add(1) (0, add (4))
& add(1@2) (add(i@").0)
& a0d(l®2) (add(aGBb)vO)
- add(i@%) (add (¢ ®a), 0)
& add(3®1)  (b,add(}))
1
& d((o2)  (aadd(?))
1 a
& add(1@2) (0.add(le"))
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FREE ROTA-BAXTER FAMILY ALGEBRAS AND
(TRI)DENDRIFORM FAMILY ALGEBRAS

YUANYUAN ZHANG AND XING GAO

We construct free commutative Rota—Baxter family algebras, and then free
noncommutative Rota—Baxter family algebras via the method of Grobner-
Shirshov bases. We introduce the concept of dendriform (resp. tridendriform)
family algebras, and prove that Rota—Baxter family algebras of weight zero
(resp. A) induce dendriform (resp. tridendriform) family algebras. We also
construct free commutative dendriform (resp. tridendriform) family algebras.

1. Introduction

Rota-Baxter algebras (previously called Baxter algebras) originated with the Amer-
ican mathematician Glen E. Baxter [1960] in the realm of probability theory. Later
Baxter’s work was further explored from different angles by Gian-Carlo Rota [1969a;
1969b; 1995], Pierre Cartier [1972] and Frederic V. Atkinson [1963] among others in
the 1960-70s. Nowadays, Rota—Baxter algebras have many applications to a broad
range of areas, such as combinatorics [Rota 1969a; 1969b; Spitzer 1956], Loday
type algebras [Ebrahimi-Fard 2002; Ebrahimi-Fard and Guo 2008], pre-Lie and pre-
Poisson algebras [Aguiar 2000b; An and Bai 2008], quantum field theory [Connes
and Kreimer 2000; Ebrahimi-Fard et al. 2004; Guo et al. 2017], operads [Bai et al.
2013], Hopf algebras [Connes and Kreimer 1998; Zhang et al. 2016], commutative
algebras [Gao et al. 2014], Loday’s dendriform algebras [Ebrahimi-Fard and Guo
2008; Loday and Ronco 2004], as well as to Aguiar’s associative analogue of the
classical Yang—Baxter equation [Aguiar 2000a; 2001; Bai et al. 2012].

A Rota—Baxter family algebra is a generalization of a Rota—Baxter algebra. It
arises naturally in renormalization of quantum field theory [Ebrahimi-Fard et al.
2007, Proposition 9.1], which plays an independent role in the physics study. See
Definition 2.3 below. It is worthwhile to study the algebraic structure of Rota—Baxter
family algebras. The free objects play a crucial role in the study of any algebraic
structures, such as the construction of free differential algebras in terms of differ-
ential monomials, the construction of free Rota—Baxter algebras [Guo and Keigher

MSC2010: 08B20, 13P10, 16S10, 16W99.
Keywords: Rota—Baxter algebra, Rota—Baxter family algebra, dendriform family algebra,
tridendriform family algebra, Grobner—Shirshov basis.
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2000b] which is more involved, the free differential Rota—Baxter algebras [Guo and
Keigher 2008] composing the construction of free differential algebras followed by
that of the free Rota—Baxter algebras, and the free integro-differential algebras [Gao
et al. 2015; 2014] for analyzing the underlying algebraic structures of boundary
problems for linear ordinary differential equations. In the present paper, we mainly
construct free commutative Rota—Baxter family algebras, and free noncommutative
Rota—Baxter family algebras by the method of Grobner—Shirshov bases.

The notion of a dendriform algebra was introduced by Loday [1993] with moti-
vation from algebraic K-theory. It has been studied extensively with connections to
several areas in mathematics and physics, including operads [Loday 2004], homol-
ogy [Frabetti 1998], arithmetic [Loday 2002] and quantum field theory [Ebrahimi-
Fard et al. 2008] and pre-Poisson algebras [Aguiar 2000b]. In this paper, we also
propose the concept of dendriform (resp. tridendriform) family algebras, and then
prove that Rota—Baxter family algebras of weight zero (resp. A) induce dendriform
(resp. tridendriform) family algebras, just as the classical case where Rota—Baxter
algebras of weight zero (resp. 1) induce dendriform (resp. tridendriform) algebras.
The free commutative dendriform (resp. tridendriform) family algebras are also
constructed.

The layout of the paper is as follows. In Section 2, after recalling the concept
of Rota—Baxter family algebras, we construct the free commutative Rota—Baxter
family algebra on an algebra (Theorem 2.11). In Section 3, we first recall the
construction of free Q-operated algebras kT(€2, X) on a set X, where Q2 is a
nonempty set. Then we show that the defining relation of a Rota—Baxter family
algebra is a Grobner—Shirshov basis in k901(2, X) (Theorem 3.10), with respect to
a known monomial order. Here Q2 is a semigroup. Using the composition-diamond
lemma, we obtain a k-basis of the free noncommutative Rota—Baxter family algebra
on a set X (Theorem 3.11). In Section 4, we introduce the concept of (tri)dendriform
family algebras, which are a generalization of the classical (tri)dendriform algebras.
As in the case of Rota—Baxter algebras that induce (tri)dendriform algebras, we
obtain that Rota—Baxter family algebras induce (tri)dendriform family algebras
(Theorem 4.4). We end the section with the construction of free commutative
(tri)dendriform family algebras (Theorem 4.9).

Notation. Throughout this paper, we fix a commutative unitary ring k. By an
algebra we mean an associative (but not necessarily commutative) unitary k-algebra,
unless the contrary is specified.

2. Free commutative Rota—Baxter family algebras

This section is devoted to the construction of the free commutative Rota—Baxter
family algebra on a commutative algebra.
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2A. Free commutative Rota—Baxter algebras. In this subsection, we review the
construction of the free commutative Rota—Baxter algebra on a commutative alge-
bra A via mixable shuffle product [Guo 2012; Guo and Keigher 2000a].

Definition 2.1. Let A be a given element in k. A Rota—Baxter algebra of weight A
is a pair (R, P) consisting of an algebra R with a linear operator P : R — R that
satisfies the Rota—Baxter equation

P(a)P(b) = P(P(a)b+aP(b)+rab) for a,bec R.

Then P is called a Rota—Baxter operator of weight X. If, further, R is commutative,
then (R, P) is called a commutative Rota—Baxter algebra of weight A.

We often suppress the operator P on a Rota—Baxter algebra (R, P) when there is
no danger of confusion. The following is the construction of the free commutative
Rota—Baxter algebra.

Let A be a commutative unital algebra. Denote

I (A) :=H_I,J;A(A)=@A®k:k@A@A®2@... )
k>0
Define
III(A) := 1Ty, (A) := AQIIIT(A)

to be the tensor product algebra with the augmented mixable shuffie product ¢,
given by

(ap ® a') 03 (bo ® b') := (aphp) ® (a'm; b")  for ag, by € A, o', b’ € I (A),
where u,, is the mixable shuffle product [Guo and Keigher 2000a]. Further define
P :=Py:1I(A) - III(A), ar—~>1Q®a, foraelll(A).

Theorem 2.2 [Guo 2012; Guo and Keigher 2000a]. Let A be a commutative algebra
and ) € k be given. Then the triple (I1I(A), ©;, P), together with the natural
embedding js : A — 1II(A), is the free commutative Rota—Baxter algebra of
weight A on A.

2B. The construction of free commutative Rota—Baxter family algebras. In this
subsection, we first recall the concept of Rota—Baxter family algebras, which arise
naturally in renormalization of quantum field theory [Ebrahimi-Fard et al. 2007,
Proposition 9.1]. Then we proceed to construct free commutative Rota—Baxter
family algebras.

Definition 2.3 [Ebrahimi-Fard et al. 2007; Guo 2009]. Let 2 be a semigroup and
A € k be given. A Rota—Baxter family of weight X on an algebra R is a collection
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of linear operators {P,, | w € 2} on R such that
(1) Py(a)Pg(b) = Pyg(Py(a)b+aPg(b)+rab) fora,be R and o, B € Q.

Then the pair (R, {P, | w € 2}) is called a Rota—Baxter family algebra of weight A.
If further R is commutative, then (R, {P, | w € 2}) is called a commutative
Rota—Baxter family algebra of weight A.

Definition 2.4. Let (R, {P, | w € 2}) and (R’, {P, | w € R2}) be two Rota—Baxter
family algebras of weight A. A map f : R — R’ is called a Rota—Baxter family
algebra morphism if f is an algebra homomorphism and f o P, = P, o f for each
w e Q.

Remark 2.5. In a Rota—Baxter family algebra (R, { P, | w € Q2}) of weight A, for
each w € €, it follows from (1) that
P,(a)P,(b) =P, (P,(a)b+aP,()+ rab) fora,beR,

whence P, : R — R is not necessarily a Rota—Baxter operator of weight A. If Q
is a trivial semigroup (a semigroup with one element), then w? = w, and P, is a
Rota—Baxter operator of weight A.

We provide some examples.

Example 2.6. Any Rota—Baxter algebra of weight A can be viewed as a Rota—Baxter
family algebra of weight A by taking €2 to be a trivial semigroup (a semigroup with
one element).

Example 2.7. The [-jets define a Rota—Baxter family of weight —1 in perturbative
quantum field theory. The reader is referred to [Ebrahimi-Fard et al. 2007, Section 6]
for more details.

Remark 2.8. Let 2 be a commutative semigroup. Then (1) is Lie compatible in
the sense that

[Py(a), Pg(b)]= Pug([Py(a), bl+[a, Pg(b)]+Ala,b]) fora,beR and o, Be2.
Here the Lie bracket is taken as the commutator. Indeed, for a, b € R,

[Po(a), Pg(D)]
= Py(a) Pg(b) — Pg(D) Py(a)
= Pup(Py(a)b + aPg(b) + rab) — Pgy(Pg(b)a + bPy(a) + Aba) (by (1))
= Pyg(Py(a)b+aPg(b) + Aab — Pg(b)a — bPy(a) — Lba)

(by €2 being commutative)
= Pup([Pu(a), bl +[a, Pg(b)]+ Ala, b),
This Lie compatibility is the very image of a good behavior of (1).
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Now we are in a position to construct free Rota—Baxter family algebras.

Definition 2.9. Let A be a commutative algebra, € a semigroup and A € k be
given. A free commutative Rota—Baxter family algebra of weight A on A is a
commutative Rota—Baxter family algebra Frpp(A) of weight A together with an
algebra homomorphism j4 : A — Frpr(A) that satisfies the following universal
property: for any commutative Rota—Baxter family algebra (R, {Pg ,, | @ € 2}) of
weight A and any algebra homomorphism f : A — R, there is a unique Rota—Baxter
family algebra morphism f : Frpr(A) — R such that f = f o j4.

Let us first construct the underlying module of Frgr(A). Recall that in the free
commutative Rota—Baxter algebra (III(A), P), the Rota—Baxter operator is

P:1I(A) » III(A), a—> Pa)=1®a.

Roughly speaking, we can use the notation & to replace the Rota—Baxter operator P
to obtain III(A). Now in the case of Rota—Baxter family algebras, the Rota—Baxter
family algebra operators P,, w € €2, are indexed by a semigroup 2. Correspond-
ingly, we need to decorate the notation ® with elements w € €2 to obtain ®,,. Here
the notation ®,, is essentially the usual tensor product ® over k, and the index w
is just used to correspond to the operator P,. More precisely, for a commutative
algebra A, define

A®,A:=A®A and A®QA::@A®wA.

we2

Since ®,, with w € €2 is the usual tensor product ® substantially, there is no accident
that the ®g, is associative. Namely,

A®e M ®eA= B A8, B, A= P UedeA

w1, W eQ w1, W e
= P AURA)=ARq (A8 A).
a)l,a)2€§2

So we may denote

A®Q”=A®Q®QA= @ A®wl...®w’1A’ fornzo’

with the convention that A®2" = k when n = 0. Define the k-modules

115 (A) := @) A%*" and 1lIg(A) := A ®q LI (A) = P A®".

n>0 n>1

Now we equip a commutative product ¢g on 1o (A), which is a generalization of
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the augmented mixable shuffle product ¢g [Guo 2012]. Let
(2) a:=ay®q, @, b:=by®p b €lllg(A) = A®q I (A),
where ag, by € A, a1, fi € Q and o', b’ € LI (A). Write

() 0 =a180,12®0; B, am € A®" and b’ =b1®p,02Qp,--®p, by € A®",
with m,n > 0.

Here we use the convention that ¢’ = b’ = 1, when m =n =0.

In the rest of the paper, we shall use the notation in (2) and (3), which will be
employed frequently.

We now define a ¢q b inductively on m 4n > 0. For the initial step of m 4+n =0,
we have a = ag, b = by and define

aoq b :=apby.
For the induction step of m +n > 1, we define

4) aog b= (ap ®q, 0') 0q (bo ®p, b)
= aobo ®Ol|ﬂ1 ((1 ®Ol| Cl/) <>Q b/ + Cl/ <>Q (1 ®ﬂ1 b/) + )"(a/ OQ b/))

Equivalently,

(5) acoqb:=
aobo for m,n = 0,
aObO ®a1 ai ®a2"'®am am for m > 1,1’1:0;
apbo ®p, b1 ®g, - - Qp, by form=0,n>1;

aobo ®a, p, (1 ®q, ') 0 b")
+ apbo ®u, g, (o' oq (1 ®gp, b)) + Aagbg Qa1 1 (doqb) form>1,n>1.

Then a binary operation ¢, is given on IIIg(A) after extending by biadditivity.

Remark 2.10. If 2 is a trivial semigroup with only one element, then ¢, is precisely
the augmented mixable shuffle product introduced in [Guo 2012; Guo and Keigher
2000a].

Now we arrive at our main result in this section. For each w € €2, define
(6) Py o g(A) = lIg(A), ar~>1Q,a, foraelllg(A).

Theorem 2.11. Let A be a commutative algebra, 2 be a commutative semigroup,
and let A € k be given.

(a) The pair (Illg(A), ©q) is a commutative algebra.
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(b) The triple
(e (A), 0@, {Pa, o | @ € 2}),

together with the natural embedding js : A — 1l (A), is the free commutative
Rota—Baxter family algebra of weight A on A.
Proof. We use the notation in (2) and (3).
(a) Let us first prove
acob=>boqa

by induction on m +n > 0. For the initial step of m +n =0, we have m =n =0,
and by (4),
aoq b =uag<oq by = agby = bpay = by ¢q ay.

For the induction step of m +n > 1,

aoq b =apby Qa1 81 (doq( R, b))+ (1 R a)oq b +A(d oq b))

= boag @p,a, (1®p, b)) 0oga’ +1b 0g (1 ®q, a') +A(b 0g a’))
(by the induction hypothesis)
=b o a,

We next prove the associativity:
(7) (aoqb)ogec=aoq(bogo),

where a € A®2+D e A®e(+D) ¢ ¢ A®(+D with m, n,1 > 0. For this we
use the induction on the sum m +n +/ > 0. The initial case of m +n+1 =10
follows from the first case of (5) and the associativity of the multiplication of A.
We suppose (7) has been proved when m +n + 1 = k for a k > 0, and consider the
case whenm+n+1=k+1.

From the second and third cases in (5), we have

(acogb)ogec=aoq(bogc) for m=0,orn=0,0or/=0.

Now form > 1, n>1,1> 1, denote a = ag ®y, @', b =by®p, b, c = o ®,, ¢,
where ag, by, co € A, a € A®2" b € A®2" ¢/ ¢ A®<el. For the left-hand side
of (7),
(aog b)og = ((ap ®q, @) oq (bo ®p, b)) 0q (co ®;, ¢)
= (aobo ®q,p, (1 @, 0) 00 b') + apbp Qa, g, (0 0q (1 ®p, b))
+ Aapby ®q,p, (0 00 b)) 0 (co @y, ¢)
= (apbo ®q,p, (1 @, a') 00 b)) 0g (co ®y, )
+ (aobo Qu, g, (0" 0q (1 ®p, b)) 0 (co ®,, ¢)
+ (Aapbp ®a, g, (@' 0 b)) 0q (co ®y, ¢)
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= apboco Qa, gy (1 @y, (1 g, a') 00 b)) 0 ¢)

+ apboco ®u, gy (1 B, 1) 00 0") 00 (1, ¢)
+ Aapboco @y gy, (1 g, a) 0o b') 0q ¢)
+aoboco®a, g1y, (1®q,p, (0 00 (1®p, ) 0o ¢)
+ apboco @y pryy (0" 00 (1R, 8) 00 (1®,, ¢))
+ Aapboco ®a,pry, (0 00 (1®p, b)) 0q ¢)

+ 2aoboco ®ay pryy (1 @, p, (4' 00 b)) 0g ¢)

+ Aapboco ®ay pry, (@ 00 b)) 00 (1®y, )

+ A2apboco @ay gy, (0 0g b)) 0q ¢).

For the fifth summand on the right-hand side of the last equation, by the induction
hypothesis,

(a'0a(1®p,0))0a(1®,,¢)
=d'0q((1®p,0)0a(1®,,¢)
= 0o (18, (1®4,6)00)+a 0q(1®4,, (H'oa(1®,,¢)))
+Ard'0q(1®p,,, (0'0ac)),

whence

(acqb)oqe=
aoboCo®a, gy, (1®0, 8, (1Qa, a')00b")0ac)

+aoboco®a, gy, (1Qa,0)00b )00 (1R, ¢ N +Araoboco®aq, g,y (184, a')0ob ) oqc)
+aoboco®a, gy, (184, 8, (/00 (1@, b)) oqc)
+a0boco®a; pyy, (402 (18, (185,600 )
+aoboco®a, gy (000 (1®p, 5, (0"00 (18, M) +Aaoboco®a, gy, (400 (1®p, 4, (b'0qc))
+raoboco®a, gy, (0' 0 (1Q 4,6 ) 0o ) +Aaohoco®a, gy, (184, p, (@00 b)) 0"
+1a0boco®a, gy, (000000 (18, N +A2a0boCo®a, gy, (@' 00b)ogC).

For the right-hand side of (7),

aoq (bogrc)
= (a9 ®q, @) 0g (b ®p, b') 0g (co ®,, ¢))
= (a0 ®a, @) 0a (boco ®p,y, (1 ®p, b') 0q ) + boco ®p,y, (b 0g (1®y, ¢)
+Aboco®p, 5, (b'0qc))
= (ap Qu, ') 0q (boco ®p,y, (1 ®p, b') 0q )
+ (a9 ®q, @) 0 (boco Qp,y, (B 0q (1®,, ) + (a) R, 0') 0q (Abyco ®p,y, (b'0g )
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= apboco ®a, 1y, (1 Qu, 1) 00 (1 ®p, b') 0q )
+ apboco ®a, gy, (@ 00 (1Qg,,, (1®p, b)) 0g )
+ Aapboco ®a, gy, (@ 0q (1 ®p, b) 0g )
+ aopboco ®a, g1y, (1 ®, ) 0 (b 0 (1®,, )
+ apboco ®a, gy, (@' 0 (1 ®p,,, (b 00 (1®,, )
+ Aapboco ®u, gy, (0 0g (b 00 (1Q,, ) + Aaoboco Ray gy, (1 R, @) 0g (b 0g )
+ Aaoboco @y gy, (@ 00 (1 ®p,y, (b 0g ) + A2aghoco ®a, 1y, (@ 0g (B 0g ©).

For the first summand on the right-hand side of the last equation, by the induction
hypothesis,

(1 ®q, a') 00 (1®p, b') 0oq ¢)
= (1 ®q, a') 0 (1®p, b)) 0q ¢
= (1 ®qp (1 ®g, a') 0o b)) 00 ¢+ (1 @y, (0" 00 (1®p, b)) 0q ¢/
A1 ®gyp, (0 0q b)) 0q ¢,
which yields

aoq(boqe)

= apboCo®u pyy (184 5, (184, ) 00b ) o)
+aobocoQa, gy, (1Qa, g, (/00 (184, b)) 0ac)
+Aaoboco®a, gy, (184, p, (/00000 ) +aohoco®a, gy, (00 (1844, (1Q4,6)oqc))
+raoboco®a, gy, (0 00 (1Q 4,600 ) +aoboco®a, gy, (104, 0")0a (b 00 (18, <))
+apboco®a, gy, (' 00 (18p, 5, (000 (18, M) +Aa0boCo®a, gy, (0 00 (b 00 (1®,, ')
+Aaoboco®a, gy (1Q4, 0') 00 (b'00 ") +Aaoboco®a, gy, (/00 (1®p, 4, (B'0ac))

+22apboco®aq, py y, (@ 00 (b'00).

Now we see that the i-th term in the expansion of (a ¢q b) ¢q ¢ is equal to the
o (i)-th term in the expansion of a ¢g (b ¢q ¢) by the induction hypothesis, where
o is a permutation of order 11:

9 10 11
38 11)°

i (123456 7 38
o@)) \169247105
Thus (a¢g b) 0 c=aogq (bog ). This completes the inductive proof of (7).

(b) We divide the proof into two steps.
Step 1: We show that { P4, | w € 2} in (6) is a Rota—Baxter family on (1L (A), ¢g).
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Indeed for o1, 81 € Q and d, b’ € IlIn(A), we have

Pa,o, (0))0q Py g, (b))

=(1Qq, 0)0oa(1®p,b") (by (6))
=1Qq, 8, (1Rq, a)ogq b’+a’<>g(1®,31 b)+A(doqb)))
=1Qq, 8, (Pa,q, (a)0ob' +d'0q Py g, (b)) +A(a'0qb")) (by (4))

= Pa, o, (P4, (0)0Qb" )+ P o g, (0 0q Pa g (6)+APa o, p (a'0qb")  (by (6))

Step 2: We prove the universal property of (IIIg(A), {Pa.» | @ € 2}). Let
(R, {Pr,» | w € 2}) be a commutative Rota—Baxter family algebra of weight A
and let f : A — R be an algebra homomorphism.

(existence) To construct a linear map f : 1o (A) — R, it suffices to define f (a)
for a pure tensor @ = ap ®qy, @' € A®2"+D with m > 0 and ap € A. For this we
employ induction on m > 0. For the initial step of m =0, we have a = a¢y and define

f(@) = f(ao) := f(ao).

For the induction step of m > 1, we define
®) f(@):= (a0 ®q, o) := f(a0) Pr.eq (f (@)
Since
foPao@=Ff1®0)

= f(DPr.o(f(@) = Pr.o(f(@) = Prowo f(a) foraellg(A),
we have
9) foPsow=Proof forweQ.

We now prove the compatibility of f with the multiplication og:
(10) flaogb)= f(a)f(b) for ae A®2"+D apnd p e A®CHD
by induction on m +n > 0. When m = n = 0, we have

a=ag, b=byeA and aogb=apby,
and so
flaogb) = f(aobo) = f(aobo) = f(ao) f (bo) = f (@) f(b),

by f being an algebra homomorphism. Suppose (10) has been validated for m+n <k
with a k > 0, and consider the case of m +n =k + 1. Then

a=apQq, a =agoq PA,al(a/) € A®Q(’"+l),

b=bo®g, b’ =byoq Pa, g (b) e AZ2TD,
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and so

f(aogb)
= f((apoPa. 4, (@) 0a(booPa. g, (1))
= f((aobo)oaPa o, (@Yo Pa g, (b))

= f(a0b0)o Pa, oy (Pa, o, (a) 0t +d 0q Pa g, (b)) +1(d 0qb") (by (1)
= f(aobo)(foPa,a\8,)(1®4,0)00b +a 0q(1®4 b)) +A(d'0qb") (by (6),(8),(9))
= £ (@0b0) (PR, 0 f) (1®4, 0" )oob +a' 00 (1@, b)) +A(a'0qb") (by (9)

= f(aobo) Pr.ap, (f (1Qa, @) f ()4 f(a') f(1®5,6)+A £ (a') f (b))
(by the induction hypothesis)

= £ (a0bo) Pr, o, (f (Pa, ey (@) F (6))+ F (') f(Pa, g, (6)+AF () f(B)) (by (6))
= £(aobo) Pr,ap, (PR, oy (f (@) £ (6)+ F (@) Pr g, (F (0 D+Af(a) f(B) (by (9))

= f(ao) f (bo) Pg,a, (f (@) P, g, (f (b)) (by (1))
= £ (a0) Pr,a, (f () f (b0) Pk, p, (£ (6"))
= f(a) f(b) (by (8))

(uniqueness) In fact, for a=ay®q, @1 ®u, 12 Rus - -, am € A"+ we must have

f(@) = f(a0) Pr, o, (f(@1) PR, oy (f(@2) - ).
So the uniqueness of f is proved. This completes the proof. 0

As a direct application of Theorem 2.11, we obtain the free Rota—Baxter family
algebra on a set X. Denote by k[ X] the free commutative algebra on X.

Corollary 2.12. Let X be a set and 2 a commutative semigroup, and let A € k be
given. The Rota—Baxter family algebra (Ulo(k[X]), { Pk(x], 0 | @ € 2}), together
with the natural embedding

Jx : X = k[X] — Hlq(k[X]),

is the free commutative Rota—Baxter family algebra of weight A on X.
Proof. This follows from Theorem 2.11 by taking A = k[X]. U

3. Free noncommutative Rota-Baxter family algebras

In this section, we construct free noncommutative Rota—Baxter family algebras in
terms of the method of Grébner—Shirshov bases.

3A. Free Q-operated algebras. The concept of algebras with (one or more) linear
operators was introduced by A. G. Kurosh [1960]. Later, Guo [2009] called such
algebras operated algebras and constructed the free objects. See also [Bokut and
Chen 2014; Gao and Guo 2017; Guo et al. 2013].
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Definition 3.1 [Guo 2009]. Let 2 be a nonempty set. An Q2-operated algebra is an
algebra R together with a set of operators P, : R — R, @ € Q. A morphism from an
Q-operated algebra (R, {P,, | @ € R2}) to an Q-operated algebra (R', {P, | w € Q})
is an algebra homomorphism f : R — R’ such that f o P, = P, o f for w € Q.

The following is the construction of the free (2-operated algebra on a set X [Guo
2009]. Denote by M (X) the free monoid generated by X. For any set Y and w € €2,
let | Y], denote the set {|y]|, |y € Y}. So | Y], is a disjoint copy of Y. Assume
the sets | Y], to be disjoint with each other when w varies in 2. We now use
induction to define a direct system {9, := M, (2, X), iy, nt1 2 My = Mug1ln>0
of free monoids. We first define

Mo := M(X) and M, := M(x L (|_|weQ |_Emojw>),
with ip 1 being the inclusion

19,1 - f)ﬁ() = M(X) —> ml = M(X Ll <|—|wEQLmOJw)>.
Inductively assume that 91, has been defined for n > 2, with the inclusion

(11) in—l,n—l : SD(tn—Z - mn—l-

We then define om, = M(x L (I_lweg Lfmn—”‘”))'

The inclusion in (11) induces the inclusion
M, 2] — [IMu—1]e foreach w € Q,

and generates an inclusion of free monoids

in-t: Mo =M (x0(]],_19ma)) = M(xu(L]_ 19100)) =,

This completes the inductive construction of the direct systems. Then we define the
direct limit of monoids

M(Q, X):=limM, = U m,

n>0

with identity 1. Elements of 91,\),,_; are said to have depth n. For each u €
IM(2, X) with u # 1, we may write u as a product u; - - - u uniquely for some k
with u; € X U (|, eq 9, X)]o) for 1 <i <k. We call k the breadth of u and
denote it by |u|. If u = 1, we define |u| := 0.

Proposition 3.2 [Guo 2009]. Let X be a set and 2 be a nonempty set. Let jx :
X — M(L, X) be the natural embedding. Then the pair

kM2, X), {L]o @ e}

with the jx is the free Q2-operated algebra on X.
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3B. Composition-diamond lemma for free Q-operated algebras. In this subsec-
tion, we recall the composition-diamond lemma for free 2-operated algebras [Bokut
et al. 2010; Gao and Guo 2017].
Definition 3.3. Let X be a set and 2 a nonempty set, * ¢ X, and X* := X LI {x}.
(a) By a x-bracketed word on X, we mean any bracketed word in (2, X)* :=
M(2, X*) with exactly one occurrence of %, counting multiplicities.

(b) For g e M(2, X)* and u € M(2, X), we define g|, to be the bracketed word
on X obtained by replacing the symbol x in g by u.
(c) For g € M(2, X)* and s = Zjciql,, € k9M(2, X), where ¢; € k and u; €
IM(2, X), we define
qls = Ziciqluy,.
Definition 3.4. Let X be a set and 2 a nonempty set. A monomial order on
IM(2, X) is a well order < on M(2, X) such that

u<v=gql,<ql, forallu,veM(Q, X)andallg € M(Q, X)*.

Here, as usual, we denote u < v if u < v but u # v.
Definition 3.5. Let X be a set and €2 a nonempty set. Let < be a monomial order
on M(L2, X), and let f € kEOM(2, X).

(a) If f ¢ k, the leading monomial of f, denoted by f, is the largest monomial
appearing in f. The leading coefficient of f, denoted by c, is the coefficient
of fin f.

(b) If f € k (including the case f = 0), we define the leading monomial of f to
be 1 and the leading coefficient of f tobe cy = f.

(c) We call f monic with respect to < if ¢y = 1. We call a subset § C kO(2, X)
monic with respect to < if each element of S is monic.

Definition 3.6. Let X be a set and 2 a nonempty set. Let < be a monomial order
on M(2, X) and let f, g € kM (2, X) be distinct and monic with respect to <.
Then we define two kinds of compositions.
(a) If there exist u, v, w € M(, X) such that w = fu =vg with max{| f|, ||} <
w<|f|+1gl, we call

(f, 8w = fu—vg
the intersection composition of f and g with respect to (u, v).

(b) If there exist g € M(2, X)* and w € M(2, X) such that w = f =qlz, we
call

(fv g)w = f_QIg

the including composition of f and g with respect to q.
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Definition 3.7. Let X be a set and 2 a nonempty set. Let < be a monomial order
on M(2, X), SCEkM(2, X) monic and w € M(2, X).

(a) For u,v € EM(2, X), we say u and v are congruent modulo (S, w) and
denote this by
u=v mod (S, w)

ifu—v=2%cqils, where ¢; €k, g; € M(Q, X)*,s; € S and g5 < w.
(b) Let f, g € k9(2, X). Then the composition ( f, g),, is called trivial modulo
(S, w) if
(f7 g)w = 0 mOd (Sv w)

Definition 3.8. Let X be a set and €2 a nonempty set. Let < be a monomial order
on M(2, X) and S C kN(2, X) monic. S is called a Grobner—Shirshov basis
with respect to < if for all pairs f, g € S with f # g, every intersection composition
(f, 8w and every including composition (f, g),, are trivial modulo (S, w).

The following result is the well-known composition-diamond lemma for £2-
operated algebras.

Theorem 3.9. Let X be a set and 2 a nonempty set, and let < be a monomial order
on M(2, X). Let S C kIM(2, X) be monic with respect to <. Then the following
statements are equivalent:

(a) S is a Grobner—Shirshov basis in kKM (2, X).

(b) For every nonzero f in the operated ideal 1d(S), we have f = q|; for some
qg €M, X)*and s € S.

(c) kEM(2, X) =kIrr(S) @ 1d(S) where
Irr($) = M2, X)\{qls [ g € M(L, X)*, s € S},
and Irr(S) is a k-basis of KIN(2, X)/1d(S).

3C. Grobner—Shirshov bases for free noncommutative Rota—Baxter family alge-
bras. This subsection is devoted to a Grobner—Shirshov basis for a free Rota—Baxter
family algebra on a set. Then by the composition-diamond lemma for 2-operated
algebras, we obtain a linear basis of a free Rota—Baxter family algebra. We use the
monomial order <jx on (2, X) given in [Bokut et al. 2010].

Theorem 3.10. Let X be a set and Q2 a semigroup. With respect to the monomial
order <jex on M(2, X), the set

(12) S={lxJalylp— LlxJay]ap — Lx[y)plas — ALxY]ap
la, B€Q,x,y €M, X)}.
is a Grobner—Shirshov basis in KM(2, X).
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Proof. The ambiguities of all possible composition of $2-polynomials in S are

wy = |xlolylplzly,
w2 = gl 1x)41y1, o L2]s,
w3 = [2]s1glix)p1y), oo
where x, y, z € M(Q, X), a, B,y,5 € Qand g € M(2, X)*. We have the follow-

ing three cases to consider. Denote

Joa.p(x, y) = xlalylp — LIxlay]eg — [XLy]plap — 21Xy ]ap
for o, B € 2 and x, y € M(Q, X).

Case 1. wy = [x]q|y]glz],. In this case, write

Joa.p(x,y) = [x]alylp — LIx]ay]ag — LX1Y]1glap — ALXY]ap,
f.y 0,2 = Lylplzly — Llylgzlgy — Lylzlylsy —Alyzlsy-

Then with respect to <jex,

Jop(x,y) = Ix]alylp and  fp ,(y,2) = Llylglzly.

Thus we get the intersection composition:

(for. (x5 ), [,y (¥ 2w
= fo.p(x, V) 2ly = IxJafp.y (V. 2)

= —llxJaylaplzly — IxLylplaplzly —Alxylaglzly + Ix1laLLy]pzlpy
+xlelylzlylpy +ALx1alyzlpy

= —fop.y (Ix]ay, 2) = LLIxlaY]apzlapy — LIX1ay 2]y lapy — ALLX]aYZlapy
—Jep.y(xLy1p, 2 — LIx ] plapzlapy — LxLy1gl2lylapy — AlxLy1pzlepy
—Mfupy (X3, 2) = ALLxY aplapy — ALxyL2]y Japy — 221Xz lapy
+fao, gy (%, Ly1p2) + Lxla Lyl gzlapy + Lx LIy ) g2l gy Japy + ALx Y1 p2zlapy
+fo, py (X, y12ly) + Lxlayl2ly Japy + XLy L2dy Iy Japy + 21Xy 121y Japy
0 fu, py (%, y2) + AL Jay2apy +ALxLy2) gy Japy + A 1XV2]apy

= —Jfap,y(Ix]ay, 2) — fop, v (X |¥1p. 2) — Afapy (XY, 2) — [xfp, y (¥, 2) Japy
+fo, py (X, Ly1p2) + fo, py (X, y12ly) + Afa, gy (X, ¥2) + Lfa, (X, ¥)Z]apy
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where
Jap.y(I¥]ay, 2) = LIx)aylaplzly <iex Ixlalylplzly =wi,
JapyLy1p. 2) = [xLylplaplzly <iex IxJalylplzly = w1,
fapy (3,2 = leyleplzly <iex Lxlalylplel, =wi,
Ja by O, Ly1p2) = LxlaLLy)pzlpy <tex Lxlalylplzly = wr,
Japy @, ylzly) = [xlalylzly Iy <tex Lxlalylplzly = wr,
Japy (. y2) = |xlalyzlpy  <iex Xlalylplzly =wi,

and

[x88,y (¥, 2D lapy =[xy 1p 2]y Japy <tex (XY ]plaglzly <tex [X]alY]glzly, =wr,

[fo, 8, V)Zlapy = L1X]aly]pzlapy <tex [X]al1Y]g2lpy <tex [Xlaly]plzly, =wi.

So the intersection composition of f, g(x,y) and fg ,(y,2) is trivial modulo
(S, wy).

Case 2. wy = |ql|xJ41y), o L2]s- In this case, denote p := |g]q|z]s and

Iy, y)=Lxlplyly — LIxlgylpy — LxLylylpy —ALxylpy,
Ja.5G 11511, 2) = L9 xislys, Je Lzds — Ll 1) s1y0, JaZ)as
=gl x)p1y), L6 ]as — ALl 1x1s1y), 2l as-

Then with respect to <jex,

Jo.s(ql1x1p1y),> 2 = L9l ix)ply), Jalzds,  fpp (s y) = [x1plyly,

and

Jou.5(ql1x)p1),» D = Pl = Wl amlelzls = Lalixsly), Ja L2ls.
We have the including composition:
(Jo, 5@l 1215151, D)5 Ty (X3 YD)
= Jo.s@lx1500,0 D = Plig yieny
= — Llglixip1y), Jazlas = Lqlix1p1y), [2)s]as — ALqlix1p1y), 2 as

+ Lql1xipyipy Jalz)s + L x1yiy 15, Ja L2ds + 214G 1y, S L2)s
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= — Llglss, o lazlas = LLql11x1py18, JaZlas = LGl 1x1y1y 15, JaZlas = ALLG | 1xyip, JaZlas
= Lqlss,eonlzlsdas = Lqlxipyip, L2ls]as = Ll ix1y)y 15, [2)s]as — ALq] kg, L2]6)as
—M4alss, en2las = Aalixigy1p,2las — 2Ll x1y)y 15, Zas = X214 Ly) g, Tas
+ fo, 5@ x1pyig, > D+ LGl gyl JeZlas + L 1x1py15, [2)s]as + 21G 1 1115y 5, Zas
+ fo, 5@l x1y1y 150 D+ LG x )y 15y JaZles + Ll a1y 15, L2)s]as 214G 1 1x1y), 15, 2 as
+ Mo 5@y, - D) + AL eyl p, JaZas + A4 ey g, L2)s)as + 221G Ley) g, 2 as

= — Llglss, conlazlas = Lql sy, e 2dsdas = A1 15, e Zlas + fa,6(q | 1x1py15, 5 2)

+ fo.5(q ey, 1py 0 2 F AL, 5(ql1xy15, 5 2,

where

gl s, enlezdas = Lqlixisly), 2las  <tex Lqlix)sly), Jlalzls = w2,

g1 fs., e [2dsas = Lql1x)p1y), L2l6]as <tex Lqlixis1y), Jel2]s = wo,
gl fs,cnzlas = Lqlixlplys, 2as <tex Lqlixislyl, Jolz)s = w2,

Ja.5(q1x1y), 15,0 D = L 1x1y), 1y JaL2]s <tex Lql1x)p1y), Jel2]s = wo,

Jo. 5@ 1x1pylpy s D = L Lxlpylpy Jalz]s <tex Lqlix)p1y), Jelz]s = wo,
Joa.s(@lxylp»2) = Lqllxyip Jelzds <tex Lqlixiply), Jalz]s = wo.

So the including composition of fy, 5(q]|x] slylys 2) and fg , (x, y) is trivial modulo
(S, wa).

Case 3. w3 = 2519l 1x41y), Jo- This case is similar to Case 2. O
Now we are ready for our main result in this section.
Theorem 3.11. Let S be as in (12) and 1d(S) be the operated ideal generated by S
in kKM(2, X). Then kEM(2, X) = kIrr(S) @ 1d(S) where
Irr(S) = M(2, X)\{gls | ¢ € M(Q, X)*, s € S},

and Irr(S) is a k-basis of the free Rota—Baxter family algebra KN(2, X)/1d(S) of
weight A.

Proof. This follows from Theorems 3.9 and 3.10. ]

4. Dendriform family algebras

It is well known that Rota—Baxter algebras induce (tri)dendriform algebras [Aguiar
2000a; Ebrahimi-Fard 2002]. In this section, we generalize this result to the case of
Rota—Baxter family algebras. The free commutative (tri)dendriform family algebras
are also constructed.
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4A. Dendriform family algebras and tridendriform family algebras. Motivated
by algebraic K-theory, Loday [1993] invented the concept of a dendriform algebra.
Now we propose the concept of a dendriform family algebra, with an eye toward
giving a connection from a Rota—Baxter family algebra of weight zero to it.

Definition 4.1. Let 2 be a semigroup. A dendriform family algebra is a k-module D
with a family of binary operations {<,, >, | @ € 2} such that for x, y, z € D and
o, B e,

(13) (X < Y) <g2=Xx =< (y<g2+Yy>a2),
(14) (x>0 y) <pz2=x>¢ (y <p2),
(15) X>q (Y >p2) =X <gy+x>¢Y) >ap 2.

Some years later, Loday and Ronco [2004] introduced the concept of a triden-
driform algebra (previously also called a dendriform trialgebra) in the study of
polytopes and Koszul duality. Similarly, we propose the following definition:

Definition 4.2. Let Q be a semigroup. A tridendriform family algebra is a k-
module T equipped with a family of binary operations {<,,, >, | @ € 2} and a
binary operation - such that for x, y,z € T and o, § € €,

(16) (x<¢y)<pz=x=<ap (y<pz2+y>a2+y-2),
(17) (x>q y) <pz=2x >4 (y <p 2),

(18) X>q (Y >p2) = (X <gy+x>ay+x-y)>ap 2,
(19) (x> ¥) 2=x>¢ (y-2),

(20) (x < y) z2=x-(y>q¢2),

(x-y) < z2=x-(y <¢ 2),
x-y)-z=x-(y-2).

Remark 4.3. When 2 is taken to be a trivial semigroup, a dendriform (resp. tri-
dendriform) family algebra is precisely a dendriform (resp. tridendriform) algebra.

4B. From Rota—Baxter family algebras to (tri)dendriform family algebras. 1t is
well known that a Rota—Baxter algebra of weight zero (resp. weight 1) induces
a dendriform (resp. tridendriform) algebra [Aguiar 2000a; Ebrahimi-Fard 2002].
Now we generalize this result.

Theorem 4.4. Let 2 be a semigroup.
(a) A Rota—Baxter family algebra (R, {P, | w € Q2}) of weight zero induces a
dendriform family algebra (R, {<y,, >, | ® € Q}), where

X <uYy:=xP,(y), x>4,y:=P,(x)y, forx,yé€R.
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(b) A Rota—Baxter family algebra (R, {P,, | w € Q}) of weight A induces a triden-
driform family algebra (R, {<y, >o | ® € Q}, -), where

X <o,y =xP,(y), x>,y:=Py(x)y, x-y:=2Aixy, forx,yeR.
Proof. (a) Forx,y,z€e Rand «, B € 2,
(x <a ¥) =<p 2= (xPy(y)) Pp(z) = x(Po(y) Pp(2)) = x Pap(Po(y)z + y Pp(2))
=X <ap (Y >a2+Yy <p2),
(x >¢ ¥) <pz2=(Pa(x)y) Pg(2) = Po(x)(y Pp(2)) = x >4 (¥ <p 2),
X o (¥ >p2) = Po(X)(Pg(y)2) = (P (x) Pp(y))z = Pop(x Pg(y) + Po(x)y)z
=X <gy+x>¢y) >ap 2.
(b) Forx,y,ze Rand«, 8 € Q,
(x <a ) <pz=(xPo(y)) Pp(z) = x(Po(y) Pp(z))
=xPop(Py(¥)z+yPp(2)+Ayz) =x <op (¥ >a 2ty <p 2+Y-2),
(x >q ) <pz2=(Pu(x)y) <pz2=Po(x)(yPp(2)) =x >o (y <p 2),
x >q (y>p2) = Poa(x)(Pg(y)2) = (Po(x) Pg(y))z
= Pop(x Pg(y)+Po (X)y+Axy)z = (x <g y+X >¢ y+Xy) >ap 2,
(x >q ¥)2=(Pa(x)y)-2=APy(x)yz =Po(x)(Ayz) = Po(x)(y-2) =x >a (¥-2),
(x <o ¥)2=(xPy(y))-2=2xPo(y)z=Ax(Po(y)2) = x- (P (¥)2) = x-(y >a 2),
(x-y) <a 2= (Axy) <g 2=2x(y Py (2)) = x-(y <¢ 2),
(x-y)-z= (xy)-z =22 (xyz) = x(hyz) =x-(y-2).
This completes the proof. U

4C. Commutative (tri)dendriform family algebras. In this part, we first charac-
terize some properties of commutative (tri)dendriform family algebras. Then we
proceed to construct free commutative (tri)dendriform family algebras.

Definition 4.5. Let 2 be a semigroup.

(a) A dendriform family algebra (D, {<,, >, | @ € R}) is called commutative if
X>, V=Y <,x forx,yeD, wef.
(b) A tridendriform family algebra (7', {<, >,|w € R}, -) is called commutative if
X>py=y=<pxand x-y=y-x forx,yeT, weQ.

The following results characterize commutative (tri)dendriform family algebras.
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Proposition 4.6. (a) Ler Q be a commutative semigroup. If
(D, {<p, >0 | ® € 2})
is a commutative dendriform family algebra, then
2l (x=<qy)<pz=x=<eg (y<pz2+2=<qy) forx,y,zeD, a, pe.
(b) Conversely, given (D, {<,, | w € Q}) where D is a k-module and {<,, | v € R}
is a family of binary operations on D satisfying (21), the pair
(D, {<p, >0 | w € 2}),
where x >, y 1=y <y X, is a commutative dendriform family algebra.

Proof. (a) Suppose (D, {<y, > | @ € R2}) is a commutative dendriform family
algebra. Then

(X <aY) <p2=Xx < (y<g2+Yy>a2) (by (13))
=X <o (Y <p2+2=<a )

(b) It suffices to prove (13)—(15). First, by (21),
(X <aY)<2=Xx < (Y <p2+2=<aY) =X < (y <2+ >a2).
Second,

(x>ay)<p2

=(y <aX)<g2=y <op (X <g2+2 <¢ X) (by (21))
=y <pa (2 <g X +x <52) (by 2 being a commutative semigroup)
= <p2) <aX (by (21))

=X > (¥ <8 2).

Finally,

X >o (y>p2)
=2 =<pY) <a X =2=<pa (y <a X +Xx <5Y) (by (21))
=7 <gae (X <gY+x>4Y)
=2 <ep (X <gYy+X>qY) (by €2 being a commutative semigroup)
=@ <py+Xx>¢Y) > 2,

as required. (]

Proposition 4.7. Let Q2 be a commutative semigroup.
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(@) If (T, {=y, >0 | © € R}, -) is a commutative tridendriform family algebra, then

(22) X y=y-x,

(23) (X <a¥) <pz2=xX=<op (y<pz+z=<ay+y-2),
(24) (x-y) =g z2=x(y <4 2),

(25) x-y)-z=x-(y-2) fora,Be, x,y,zeT.

(b) On the contrary, given (T, {<y, >4 | @ € Q}, -) where T is a k-module and
<o With w € Q, - are binary operations on T satisfying (22)—(25), then the
triple (T, {<p, >0 | ® € R}, ), where x >, y :=y <, X, is a commutative
tridendriform family algebra.

Proof. (a) It suffices to prove (23), which follows from

(X <aY)<p2=x=<p (Y <p2+Yy>q2+y-2) (by (16))
=X <ap (Y <p2+2=<ay+Yy-2).

(b) We only need to prove (16)—(20). We have

(X <qY)<pZ2=xX<ag (Y <pz2+2=<ay+Yy-2) (by (23))
=X <ap (Y <p2+y>a2+y-2).
(X >ay) <p2=(y <aX) <p2=Y <ap (X <p2+2<aX+Xx-2) (by (23))
=Y <pa (T <a X +Xx <gz+27-X)
(by €2 being a commutative semigroup)
=y <p2) <aX (by (23))
=X >q (y <5 2).
X>q¢ (¥>p2) =@ =<py) <a X =2=<pa (y <aXx+x<gy+y-x)  (by(23))
=2<pa X <py+X>ay+x-y)

=Z<op (X <y Fx>qy+x-Y)
(by €2 being a commutative semigroup)

=X <Yy +X>gy+X-Y)>ap 2.
(x> y) 2= <aXx) 2=2"(y <aX) (by (22))
=(2-y) <a X (by (24))
=x>4 (2 Y)=x>4 (¥ 2).
(X <ay) 2= >aX) 2

=y>a (X D)=y>a @ X)=Q >a2) x=x(y >q2)- 0
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4D. Free commutative (tri)dendriform family algebras. In this subsection, we are
in a position to construct respectively free commutative dendriform and tridendri-
form family algebras.
Definition 4.8. Let A be a commutative algebra and €2 a semigroup. A free tri-
dendriform family algebra on A is a tridendriform family algebra (7, {<q, >l
w € Q}, -) together with the natural algebra homomorphism j4 : A — T that
satisfies the following universal property: for any tridendriform family algebra
(T" =<7 w >7'. 0| @ € 2}, -7/ ) and algebra homomorphism f : A — T’, there is
a unique tridendriform family algebra morphism f : T — T’ such that f = f o j4.
Let (IlTg(A), ¢Q, {Pa.o» | @ € 2}) be the free commutative Rota—Baxter family
algebra of weight 1 on an algebra A.

Theorem 4.9. Let A be a commutative algebra and Q2 a semigroup.
(a) Define
A<,b=a0q(1®,0), a>,b:=(1R,a)0qb foreachw e Q2.

Then (Il1g(A), {<w, o | ® € Q}), together with the natural algebra homomor-
phismiy: A — Ilg(A), is the free commutative dendriform family algebra
on A.

(b) Define
a<,b:=a00(1®ub), a>,0:=(1Q,a0)0qb, a-b:=aoqb foreachwe Q.

Then (Illg(A), {<w, >0 | © € R}, +), together with the natural algebra ho-
momorphismis : A — g (A), is the free commutative tridendriform family
algebra on A.

Proof. We only prove (b), as the proof of (a) is similar and easier.
(b) Note that in (IlIg(A), ¢q, {Pa.» | @ € 2}), we have

26) a>¢ b= (1Q®qya)oqb=Psq(@)oqb,
a<gb:=a0q(1®pb)=aoq Psg(b)

fora, BeQand a, belllg(A). By Theorem 4.4, (Ilq(A), {<w, >0 | € R}, -)isa

tridendriform family algebra. Further, it is commutative, as IIIg(A) is commutative.

We are left to show the universal property. For this, let (T, {<r, 0, >7, o |0 €}, -7)

be a tridendriform family algebra and let f : A — T be an algebra homomorphism.

(existence) Define a linear map f :Ig(A) — T as follows. Fora =ag®q a’ €
A®+D with ap € A and @’ € A®™, we define f(a) by induction on m > 0. For
the initial step of m = 0, we have a = g and define

f(a) = f(a) := f(ap).
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For the induction step of m > 1, we define
27) f(@) = flag®q ) := f(ao) <r.o f(a).

We now prove that f is a morphism of commutative tridendriform family algebras:

(28) fa=a,50)=f(a)<rp f(b) and f(a-b)= f(a)-r f(b),

for a =ag ®, a’ € A®2"+D and b = by @ b’ € A®2"+D with m, n > 0.
We proceed to prove (28) by induction on m +n > 0. Whenm +n =0, a=aqy
and b = bg are in A. So by (27),

fa<a pb)= flag®pbo) = f(ao) <7, f(bo) = f(a) <7, f(b),
f(a-b) = flaoho) = f(aoho) = f(ao) - f(bo) = f(a) - f(b).

Assume that (28) has been proved when m +n = k for a k > 0, and consider the
case of m +n =k + 1. Then

fla<apb)=f(aoa(1®sh))

= f((a®q )00 (1®4b))

= f(ap®ap (000 (1®46)+(1®,a ) ogb+a0qb)

= f(ao) <7.ap F(a' <4, b+b =<4 o a'+0d"-b) (by (27))

= f(ao) <1.ap (f (@) <1.p f(0)+F(0) <10 f(@)+f ()7 £ (b))
(by the induction hypothesis)

= (f(ao) <r.a f(a@)) <. f(b) (by (23))

= f(a) <7.p f(b) (by (27))

and

fa-b)= f((ay®q a') 0q (by ®p b))
= f(aobo ®qp (4 00 (1®p6) + (1 ®a @) 0q b’ +d' 0g b)) (by (4))
= flaoho) <T.ap (@ <a.p b +b <4 qd +a -b)

= f(aobo) <1,ap (f (@) <1, F(O) + F(0)) <10 f(&)+ F(&) -7 f(B)
(by induction)

=(f (a0)- f(bo)) <1,ap (F(&) <7, F(O)+ () <1,o f(&)+ F(0)-7 F(B)))

= ((f(ao) - f (b0)) <7,a F(a)) <7, F(B)) (by (23))
= ((f(bo) - f(a0)) <7,a f(@)) <7, f(B)) (by (22))
= (f(bo) - (f(a0) <7,o f(@))) <7, f(B)) (by (24))
= ((f(a0) <1, f(@)) - f(b0)) <7,p (b)) (by (22))
= (f(a0) <1.a f(a@) - (f(bo) <7.p f (b)) (by (24))

= f(a) - f(b) (by (27))
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(uniqueness) Suppose that f : IlIg(A) — T is a required morphism of commutative
tridendriform family algebras. Then for a = ap ®, a’ € A®2"+D),

f(@) = flao®q ) = flap <a,q @) = flao) <7,o £(@) = flao) <1,o f(@),

which determines f uniquely by recursion. This completes the proof of (b). [

Acknowledgments

This work was supported by the National Natural Science Foundation of China
(Grant No. 11771191 and 11861051), Fundamental Research Funds for the Central
Universities (Grant No. 1zujbky-2017-162), the Natural Science Foundation of
Gansu Province (Grant No. 17JRSRA175).

References

[Aguiar 2000a] M. Aguiar, “Infinitesimal Hopf algebras”, pp. 1-29 in New trends in Hopf algebra
theory (La Falda, Argentina, 1999), edited by N. Andruskiewitsch et al., Contemp. Math. 267, Amer.
Math. Soc., Providence, RI, 2000. MR Zbl

[Aguiar 2000b] M. Aguiar, “Pre-Poisson algebras”, Lett. Math. Phys. 54:4 (2000), 263-277. MR
Zbl

[Aguiar 2001] M. Aguiar, “On the associative analog of Lie bialgebras”, J. Algebra 244:2 (2001),
492-532. MR Zbl

[An and Bai 2008] H. An and C. Bai, “From Rota—Baxter algebras to pre-Lie algebras”, J. Phys. A
41:1 (2008), art. id. 015201. MR Zbl

[Atkinson 1963] F. V. Atkinson, “Some aspects of Baxter’s functional equation”, J. Math. Anal. Appl.
7 (1963), 1-30. MR Zbl

[Bai et al. 2012] C. Bai, L. Guo, and X. Ni, “O-operators on associative algebras and associative
Yang—Baxter equations”, Pacific J. Math. 256:2 (2012), 257-289. MR Zbl

[Bai et al. 2013] C. Bai, O. Bellier, L. Guo, and X. Ni, “Splitting of operations, Manin products, and
Rota—Baxter operators”, Int. Math. Res. Not. 2013:3 (2013), 485-524. MR Zbl

[Baxter 1960] G. Baxter, “An analytic problem whose solution follows from a simple algebraic
identity”, Pacific J. Math. 10 (1960), 731-742. MR Zbl

[Bokut and Chen 2014] L. A. Bokut and Y. Chen, “Grobner—Shirshov bases and their calculation”,
Bull. Math. Sci. 4:3 (2014), 325-395. MR Zbl

[Bokut et al. 2010] L. A. Bokut, Y. Chen, and J. Qiu, “Grobner—Shirshov bases for associative
algebras with multiple operators and free Rota—Baxter algebras”, J. Pure Appl. Algebra 214:1 (2010),
89-100. MR Zbl

[Cartier 1972] P. Cartier, “On the structure of free Baxter algebras”, Adv. Math. 9 (1972), 253-265.
MR Zbl

[Connes and Kreimer 1998] A. Connes and D. Kreimer, “Hopf algebras, renormalization and non-
commutative geometry”’, Comm. Math. Phys. 199:1 (1998), 203-242. MR Zbl

[Connes and Kreimer 2000] A. Connes and D. Kreimer, “Renormalization in quantum field theory

and the Riemann—Hilbert problem, I: The Hopf algebra structure of graphs and the main theorem”,
Comm. Math. Phys. 210:1 (2000), 249-273. MR Zbl


http://dx.doi.org/10.1090/conm/267/04262
http://msp.org/idx/mr/1800704
http://msp.org/idx/zbl/0982.16028
http://dx.doi.org/10.1023/A:1010818119040
http://msp.org/idx/mr/1846958
http://msp.org/idx/zbl/1032.17038
http://dx.doi.org/10.1006/jabr.2001.8877
http://msp.org/idx/mr/1859038
http://msp.org/idx/zbl/0991.16033
http://dx.doi.org/10.1088/1751-8113/41/1/015201
http://msp.org/idx/mr/2450698
http://msp.org/idx/zbl/1132.81031
http://dx.doi.org/10.1016/0022-247X(63)90075-1
http://msp.org/idx/mr/0155196
http://msp.org/idx/zbl/0118.12903
http://dx.doi.org/10.2140/pjm.2012.256.257
http://dx.doi.org/10.2140/pjm.2012.256.257
http://msp.org/idx/mr/2944976
http://msp.org/idx/zbl/1300.16036
http://dx.doi.org/10.1093/imrn/rnr266
http://dx.doi.org/10.1093/imrn/rnr266
http://msp.org/idx/mr/3021790
http://msp.org/idx/zbl/1314.18010
http://dx.doi.org/10.2140/pjm.1960.10.731
http://dx.doi.org/10.2140/pjm.1960.10.731
http://msp.org/idx/mr/0119224
http://msp.org/idx/zbl/0095.12705
http://dx.doi.org/10.1007/s13373-014-0054-6
http://msp.org/idx/mr/3277879
http://msp.org/idx/zbl/1350.13001
http://dx.doi.org/10.1016/j.jpaa.2009.05.005
http://dx.doi.org/10.1016/j.jpaa.2009.05.005
http://msp.org/idx/mr/2561769
http://msp.org/idx/zbl/1213.16014
http://dx.doi.org/10.1016/0001-8708(72)90018-7
http://msp.org/idx/mr/0338040
http://msp.org/idx/zbl/0267.60052
http://dx.doi.org/10.1007/s002200050499
http://dx.doi.org/10.1007/s002200050499
http://msp.org/idx/mr/1660199
http://msp.org/idx/zbl/0932.16038
http://dx.doi.org/10.1007/s002200050779
http://dx.doi.org/10.1007/s002200050779
http://msp.org/idx/mr/1748177
http://msp.org/idx/zbl/1032.81026

FREE ROTA-BAXTER FAMILY AND (TRI)DENDRIFORM FAMILY ALGEBRAS 765

[Ebrahimi-Fard 2002] K. Ebrahimi-Fard, “Loday-type algebras and the Rota—Baxter relation”, Lett.
Math. Phys. 61:2 (2002), 139-147. MR Zbl

[Ebrahimi-Fard and Guo 2008] K. Ebrahimi-Fard and L. Guo, “Rota—Baxter algebras and dendriform
algebras”, J. Pure Appl. Algebra 212:2 (2008), 320-339. MR Zbl

[Ebrahimi-Fard et al. 2004] K. Ebrahimi-Fard, L. Guo, and D. Kreimer, “Spitzer’s identity and the
algebraic Birkhoff decomposition in pQFT”, J. Phys. A 37:45 (2004), 11037-11052. MR Zbl

[Ebrahimi-Fard et al. 2007] K. Ebrahimi-Fard, J. M. Gracia-Bondia, and F. Patras, “A Lie theoretic
approach to renormalization”, Comm. Math. Phys. 276:2 (2007), 519-549. MR Zbl

[Ebrahimi-Fard et al. 2008] K. Ebrahimi-Fard, D. Manchon, and F. Patras, “New identities in
dendriform algebras”, J. Algebra 320:2 (2008), 708-727. MR

[Frabetti 1998] A. Frabetti, “Leibniz homology of dialgebras of matrices”, J. Pure Appl. Algebra
129:2 (1998), 123-141. MR Zbl

[Gao and Guo 2017] X. Gao and L. Guo, “Rota’s classification problem, rewriting systems and
Grobner—Shirshov bases”, J. Algebra 470 (2017), 219-253. MR Zbl

[Gaoetal. 2014] X. Gao, L. Guo, and S. Zheng, “Construction of free commutative integro-differential
algebras by the method of Grobner—Shirshov bases”, J. Algebra Appl. 13:5 (2014), art. id. 1350160.
MR Zbl

[Gao et al. 2015] X. Gao, L. Guo, and M. Rosenkranz, “Free integro-differential algebras and
Grobner—Shirshov bases”, J. Algebra 442 (2015), 354-396. MR Zbl

[Guo 2009] L. Guo, “Operated semigroups, Motzkin paths and rooted trees”, J. Algebraic Combin.
29:1 (2009), 35-62. MR Zbl

[Guo 2012] L. Guo, An introduction to Rota—Baxter algebra, Surveys of Modern Math. 4, Int. Press,
Somerville, MA, 2012. MR Zbl

[Guo and Keigher 2000a] L. Guo and W. Keigher, “Baxter algebras and shuffle products”, Adv. Math.
150:1 (2000), 117-149. MR Zbl

[Guo and Keigher 2000b] L. Guo and W. Keigher, “On free Baxter algebras: completions and the
internal construction”, Adv. Math. 151:1 (2000), 101-127. MR Zbl

[Guo and Keigher 2008] L. Guo and W. Keigher, “On differential Rota—Baxter algebras”, J. Pure
Appl. Algebra 212:3 (2008), 522-540. MR Zbl

[Guo et al. 2013] L. Guo, W. Y. Sit, and R. Zhang, “Differential type operators and Grobner—Shirshov
bases”, J. Symbolic Comput. 52 (2013), 97-123. MR Zbl

[Guo et al. 2017] L. Guo, S. Paycha, and B. Zhang, “Algebraic Birkhoff factorization and the
Euler—Maclaurin formula on cones”, Duke Math. J. 166:3 (2017), 537-571. MR Zbl

[Kurosh 1960] A. G. Kurosh, “Free sums of multiple operator algebras”, Sibirsk. Mat. Z. 1 (1960),
62-70; correction on 638. In Russian. MR Zbl

[Loday 1993] J.-L. Loday, “Une version non commutative des algebres de Lie: les algebres de
Leibniz”, Enseign. Math. (2) 39:3-4 (1993), 269-293. MR Zbl

[Loday 2002] J.-L. Loday, “Arithmetree”, J. Algebra 258:1 (2002), 275-309. MR Zbl

[Loday 2004] J.-L. Loday, “Scindement d’associativité et algebres de Hopf”, pp. 155-172 in Actes
des Journées Mathématiques a la Mémoire de Jean Leray (Nantes, 2002), edited by L. Guillopé and
D. Robert, Sémin. Congr. 9, Soc. Math. France, Paris, 2004. MR Zbl arXiv

[Loday and Ronco 2004] J.-L. Loday and M. Ronco, “Trialgebras and families of polytopes”, pp.
369-398 in Homotopy theory: relations with algebraic geometry, group cohomology, and algebraic
K -theory, edited by P. Goerss and S. Priddy, Contemp. Math. 346, Amer. Math. Soc., Providence,
RI, 2004. MR Zbl


http://dx.doi.org/10.1023/A:1020712215075
http://msp.org/idx/mr/1936573
http://msp.org/idx/zbl/1035.17001
http://dx.doi.org/10.1016/j.jpaa.2007.05.025
http://dx.doi.org/10.1016/j.jpaa.2007.05.025
http://msp.org/idx/mr/2357335
http://msp.org/idx/zbl/1132.16032
http://dx.doi.org/10.1088/0305-4470/37/45/020
http://dx.doi.org/10.1088/0305-4470/37/45/020
http://msp.org/idx/mr/2100158
http://msp.org/idx/zbl/1062.81113
http://dx.doi.org/10.1007/s00220-007-0346-8
http://dx.doi.org/10.1007/s00220-007-0346-8
http://msp.org/idx/mr/2346399
http://msp.org/idx/zbl/1136.81395
http://dx.doi.org/10.1016/j.jalgebra.2007.12.013
http://dx.doi.org/10.1016/j.jalgebra.2007.12.013
http://msp.org/idx/mr/2422313
http://dx.doi.org/10.1016/S0022-4049(97)00066-2
http://msp.org/idx/mr/1624446
http://msp.org/idx/zbl/0936.17003
http://dx.doi.org/10.1016/j.jalgebra.2016.09.006
http://dx.doi.org/10.1016/j.jalgebra.2016.09.006
http://msp.org/idx/mr/3565432
http://msp.org/idx/zbl/06647036
http://dx.doi.org/10.1142/S0219498813501600
http://dx.doi.org/10.1142/S0219498813501600
http://msp.org/idx/mr/3190089
http://msp.org/idx/zbl/1317.16022
http://dx.doi.org/10.1016/j.jalgebra.2014.10.016
http://dx.doi.org/10.1016/j.jalgebra.2014.10.016
http://msp.org/idx/mr/3395065
http://msp.org/idx/zbl/1337.16038
http://dx.doi.org/10.1007/s10801-007-0119-7
http://msp.org/idx/mr/2470114
http://msp.org/idx/zbl/1227.05271
http://msp.org/idx/mr/3025028
http://msp.org/idx/zbl/1271.16001
http://dx.doi.org/10.1006/aima.1999.1858
http://msp.org/idx/mr/1744484
http://msp.org/idx/zbl/0947.16013
http://dx.doi.org/10.1006/aima.1999.1867
http://dx.doi.org/10.1006/aima.1999.1867
http://msp.org/idx/mr/1752243
http://msp.org/idx/zbl/0964.16027
http://dx.doi.org/10.1016/j.jpaa.2007.06.008
http://msp.org/idx/mr/2365331
http://msp.org/idx/zbl/1185.16038
http://dx.doi.org/10.1016/j.jsc.2012.05.014
http://dx.doi.org/10.1016/j.jsc.2012.05.014
http://msp.org/idx/mr/3018130
http://msp.org/idx/zbl/1290.16021
http://dx.doi.org/10.1215/00127094-3715303
http://dx.doi.org/10.1215/00127094-3715303
http://msp.org/idx/mr/3606725
http://msp.org/idx/zbl/1373.52020
http://msp.org/idx/mr/0131427
http://msp.org/idx/zbl/0096.25304
http://dx.doi.org/10.5169/seals-60428
http://dx.doi.org/10.5169/seals-60428
http://msp.org/idx/mr/1252069
http://msp.org/idx/zbl/0806.55009
http://dx.doi.org/10.1016/S0021-8693(02)00510-0
http://msp.org/idx/mr/1958907
http://msp.org/idx/zbl/1063.16044
http://msp.org/idx/mr/2145941
http://msp.org/idx/zbl/1073.16032
http://msp.org/idx/arx/0402084
http://dx.doi.org/10.1090/conm/346/06296
http://msp.org/idx/mr/2066507
http://msp.org/idx/zbl/1065.18007

766 YUANYUAN ZHANG AND XING GAO

[Rota 1969a] G.-C. Rota, “Baxter algebras and combinatorial identities, I”’, Bull. Amer. Math. Soc. 75
(1969), 325-329. MR Zbl

[Rota 1969b] G.-C. Rota, “Baxter algebras and combinatorial identities, 11, Bull. Amer. Math. Soc.
75 (1969), 330-334. MR Zbl

[Rota 1995] G.-C. Rota, “Baxter operators: an introduction”, pp. 504-512 in Gian-Carlo Rota on
combinatorics, edited by J. P. S. Kung, Birkhéuser, Boston, 1995. MR

[Spitzer 1956] F. Spitzer, “A combinatorial lemma and its application to probability theory”, Trans.
Amer. Math. Soc. 82 (1956), 323-339. MR Zbl

[Zhang et al. 2016] T. Zhang, X. Gao, and L. Guo, “Hopf algebras of rooted forests, cocyles, and free
Rota—Baxter algebras”, J. Math. Phys. 57:10 (2016), art. id. 101701. MR Zbl

Received July 30, 2018. Revised October 27, 2018.

YUANYUAN ZHANG

SCHOOL OF MATHEMATICS AND STATISTICS
LANZHOU UNIVERSITY

LANZHOU

CHINA

zhangyy17@lzu.edu.cn

XING GAO

SCHOOL OF MATHEMATICS AND STATISTICS

KEY LABORATORY OF APPLIED MATHEMATICS AND COMPLEX SYSTEMS
LANZHOU UNIVERSITY

GANSU

CHINA

gaoxing @lzu.edu.cn


http://dx.doi.org/10.1090/S0002-9904-1969-12156-7
http://msp.org/idx/mr/0244070
http://msp.org/idx/zbl/0192.33801
http://dx.doi.org/10.1090/S0002-9904-1969-12158-0
http://msp.org/idx/mr/0244070
http://msp.org/idx/zbl/0319.05008
http://msp.org/idx/mr/1392973
http://dx.doi.org/10.2307/1993051
http://msp.org/idx/mr/0079851
http://msp.org/idx/zbl/0071.13003
http://dx.doi.org/10.1063/1.4963727
http://dx.doi.org/10.1063/1.4963727
http://msp.org/idx/mr/3554095
http://msp.org/idx/zbl/1351.81076
mailto:zhangyy17@lzu.edu.cn
mailto:gaoxing@lzu.edu.cn

CONTENTS

Volume 301, no. 1 and no. 2

Trond A. Abrahamsen, Olav Nygaard and Mirt Poldvere: New applications of extremely

regular function spaces 385
Jeffrey D. Adler and Dipendra Prasad: Multiplicity upon restriction to the derived subgroup 1
Akram Alishahi: Unknotting number and Khovanov homology 15
Leandro Antunes, Valentin Ferenczi, Sophie Grivaux and Christian Rosendal: Light groups of

isomorphisms of Banach spaces and invariant LUR renormings 31
Samy Skander Bahoura: Some uniform estimates for scalar curvature type equations 55

Flank D. M. Bezerra, Vera L. Carbone, Marcelo J. D. Nascimento and Karina Schiabel:
Regularity and upper semicontinuity of pullback attractors for a class of nonautonomous
thermoelastic plate systems 395
Vera L. Carbone with Flank D. M. Bezerra, Marcelo J. D. Nascimento and Karina Schiabel 395

Vinicius Morelli Cortes, E16i Medina Galego and Christian Samuel: Complemented copies of

co(t) in tensor products of Lpl0, 1] 67
Dashan Fan with Feng Liu 267
Shouwen Fang with Fei Yang and Liangdi Zhang 371
Valentin Ferenczi with Leandro Antunes, Sophie Grivaux and Christian Rosendal 31
Ferenc Fodor, Mérton Naszddi and Tamds Zarn6cz: On the volume bound in the

Dvoretzky—Rogers lemma 89
Eléi Medina Galego with Vinicius Morelli Cortes and Christian Samuel 67
Xing Gao with Yuanyuan Zhang 741
Sophie Grivaux with Leandro Antunes, Valentin Ferenczi and Christian Rosendal 31
Sanoli Gun and V. Kumar Murty: Lifting of Elliptic curves 101
Radhika Gupta and Derrick Wigglesworth: Loxodromics for the cyclic splitting complex and

their centralizers 107
Don Hadwin and Tatiana Shulman: Variations of projectivity for C*-algebras 421

Jeffrey L. Jauregui: Lower semicontinuity of the ADM mass in dimensions two through seven 441

Xiaoshang Jin: Boundary regularity for asymptotically hyperbolic metrics with smooth Weyl
curvature 467

Madeleine Jotz Lean: Lie 2-algebroids and matched pairs of 2-representations: a geometric

approach 143
Atsushi Kanazawa and Siu-Cheong Lau: Geometric transitions and SYZ mirror symmetry 489
Greg Kuperberg: Algorithmic homeomorphism of 3-manifolds as a corollary of

geometrization 189
Siu-Cheong Lau with Atsushi Kanazawa 489

Zhiqiang Li, Shaobin Tan and Qing Wang: Harish-Chandra modules for divergence zero
vector fields on a torus 243

Feng Liu and Dashan Fan: Weighted estimates for rough singular integrals with applications
to angular integrability 267

Taiji Marugame: Self-dual Einstein ACH metrics and CR GIMS operators in dimension three 519



768

Takahiro Matsuyuki: Double graph complex and characteristic classes of fibrations

V. Kumar Murty with Sanoli Gun

Marcelo J. D. Nascimento with Flank D. M. Bezerra, Vera L. Carbone and Karina Schiabel
Mirton Naszédi with Ferenc Fodor and Tamas Zarndcz

Olav Nygaard with Trond A. Abrahamsen and Mirt PSldvere

Mirt Poldvere with Trond A. Abrahamsen and Olav Nygaard

Leonid Positselski and Jan Stovicek: co-tilting theory

Dipendra Prasad with Jeffrey D. Adler

Christian Rosendal with Leandro Antunes, Valentin Ferenczi and Sophie Grivaux

Dmitriy Rumynin and Matthew Westaway: Integration of modules I: stability

Christian Samuel with Vinicius Morelli Cortes and Eléi Medina Galego

Karina Schiabel with Flank D. M. Bezerra, Vera L. Carbone and Marcelo J. D. Nascimento
Tatiana Shulman with Don Hadwin

Jan Stovitek with Leonid Positselski

Wataru Takeda: Uniform bounds of the Piltz divisor problem over number fields

Geo Kam-Fai Tam: Explicit Whittaker data for essentially tame supercuspidal representations

Shaobin Tan with Zhiqiang Li and Qing Wang
James Waldron: K-theory of affine actions

Renhui Wan: Optimal decay estimate of strong solutions for the 3D incompressible
Oldroyd-B model without damping

Qing Wang with Zhigiang Li and Shaobin Tan

Nik Weaver: The “quantum” Turdn problem for operator systems
Matthew Westaway with Dmitriy Rumynin

Derrick Wigglesworth with Radhika Gupta

Wei Xia: BCOV torsion and degenerations of Calabi—Yau manifolds

Fei Yang, Shouwen Fang and Liangdi Zhang: Classification of gradient expanding and steady

Ricci solitons

Wuzhong Yang, Panyue Zhou and Bin Zhu: Triangulated categories with cluster tilting
subcategories

Tamds Zarnocz with Ferenc Fodor and Marton Naszddi

Liangdi Zhang with Fei Yang and Shouwen Fang

Yuanyuan Zhang and Xing Gao: Free Rota—Baxter family algebras and (tri)dendriform
family algebras

Panyue Zhou with Wuzhong Yang and Bin Zhu

Bin Zhu with Wuzhong Yang and Panyue Zhou

547
101
395

89
385
385
297

31
575

67
395
421
297
601
617
243
639

667
243
335
575
107
351

371

703
89
371

741
703
703



Guidelines for Authors

Authors may submit articles at msp.org/pjm/about/journal/submissions.html and choose an
editor at that time. Exceptionally, a paper may be submitted in hard copy to one of the
editors; authors should keep a copy.

By submitting a manuscript you assert that it is original and is not under consideration
for publication elsewhere. Instructions on manuscript preparation are provided below. For
further information, visit the web address above or write to pacific@math.berkeley.edu or
to Pacific Journal of Mathematics, University of California, Los Angeles, CA 90095-1555.
Correspondence by email is requested for convenience and speed.

Manuscripts must be in English, French or German. A brief abstract of about 150 words or
less in English must be included. The abstract should be self-contained and not make any
reference to the bibliography. Also required are keywords and subject classification for the
article, and, for each author, postal address, affiliation (if appropriate) and email address if
available. A home-page URL is optional.

Authors are encouraged to use IATEX, but papers in other varieties of TgX, and exceptionally
in other formats, are acceptable. At submission time only a PDF file is required; follow
the instructions at the web address above. Carefully preserve all relevant files, such as
IATEX sources and individual files for each figure; you will be asked to submit them upon
acceptance of the paper.

Bibliographical references should be listed alphabetically at the end of the paper. All ref-
erences in the bibliography should be cited in the text. Use of BibTgX is preferred but not
required. Any bibliographical citation style may be used but tags will be converted to the
house format (see a current issue for examples).

Figures, whether prepared electronically or hand-drawn, must be of publication quality.
Figures prepared electronically should be submitted in Encapsulated PostScript (EPS) or
in a form that can be converted to EPS, such as GnuPlot, Maple or Mathematica. Many
drawing tools such as Adobe Illustrator and Aldus FreeHand can produce EPS output.
Figures containing bitmaps should be generated at the highest possible resolution. If there
is doubt whether a particular figure is in an acceptable format, the authors should check
with production by sending an email to pacific @math.berkeley.edu.

Each figure should be captioned and numbered, so that it can float. Small figures occupying
no more than three lines of vertical space can be kept in the text (“the curve looks like
this:”). It is acceptable to submit a manuscript will all figures at the end, if their placement
is specified in the text by means of comments such as “Place Figure 1 here”. The same
considerations apply to tables, which should be used sparingly.

Forced line breaks or page breaks should not be inserted in the document. There is no point
in your trying to optimize line and page breaks in the original manuscript. The manuscript
will be reformatted to use the journal’s preferred fonts and layout.

Page proofs will be made available to authors (or to the designated corresponding author)
at a website in PDF format. Failure to acknowledge the receipt of proofs or to return
corrections within the requested deadline may cause publication to be postponed.


http://msp.org/pjm/about/journal/submissions.html
mailto:pacific@math.berkeley.edu
mailto:pacific@math.berkeley.edu

curvature
XIAOSHANG JIN

Geometric transitions and SYZ mirror symmetry
ATSUSHI KANAZAWA and SIU-CHEONG LAU
Self-dual Einstein ACH metrics and CR GJMS operators in dimension three
TALIT MARUGAME
Double graph complex and characteristic classes of fibrations
TAKAHIRO MATSUYUKI
Integration of modules I: stability
DMITRIY RUMYNIN and MATTHEW WESTAWAY
Uniform bounds of the Piltz divisor problem over number fields
WATARU TAKEDA
Explicit Whittaker data for essentially tame supercuspidal representations
GEO KAM-FAI TAM
K-theory of affine actions
JAMES WALDRON
Optimal decay estimate of strong solutions for the 3D incompressible Oldroyd-B
model without damping
RENHUI WAN
Triangulated categories with cluster tilting subcategories
WUZHONG YANG, PANYUE ZHOU and BIN ZHU
Free Rota—Baxter family algebras and (tri)dendriform family algebras
YUANYUAN ZHANG and XING GAO

489

519

547

575

601

617

639

667

703

741



	 vol. 301, no. 2, 2019
	Masthead and Copyright
	Trond A. Abrahamsen and Olav Nygaard and Märt Põldvere
	1. Introduction
	2. Diameter 2 properties for subspaces of C_0(L)
	3. Containment of c_0 and l_1
	Acknowledgement
	References

	Flank D. M. Bezerra and Vera L. Carbone and Marcelo J. D. Nascimento and Karina Schiabel
	1. Introduction
	2. Abstract linear problem
	2A. Nonautonomous abstract linear problem
	2B. Abstract results on pullback attractors

	3. Existence results
	4. Regularity of the pullback attractors
	5. Upper semicontinuity of the pullback attractors
	Acknowledgments
	References

	Don Hadwin and Tatiana Shulman
	1. Introduction
	2. Definitions
	3. C*-W*-projectivity
	4. W*-C*-projectivity and RR0-projectivity
	5. W*-W*-projectivity
	Acknowledgements
	References

	Jeffrey L. Jauregui
	1. Introduction
	2. Motivation and examples
	2.1. Lower semicontinuity of mass in Newtonian gravity
	2.2. Blow-up example
	2.3. Escaping point example
	2.4. Lower semicontinuity of mass and Ricci flow

	3. Background
	4. The mass of asymptotically Schwarzschild metrics
	5. Proof of Theorem 2
	6. Lower semicontinuity for weighted C^2 convergence in all dimensions
	6.1. Example: mass drop with weighted convergence

	7. Two-dimensional case of semicontinuity of mass
	Appendix: Geometry of asymptotically Schwarzschild metrics
	Acknowledgements
	References

	Xiaoshang Jin
	1. Introduction
	2. Basic geometry equations in harmonic coordinates
	2A. Constant scalar curvature compactification
	2B. The harmonic coordinates near boundary
	2C. Geometry equations

	3. The conformal infinity of asymptotically hyperbolic metrics
	3A. Geodesic conformal compactification
	3B. Weyl tensor in geodesic coordinates

	4. The boundary condition
	4A. Dirichlet boundary conditions on gij
	4B. Dirichlet boundary conditions on Rij
	4C. Neumann boundary conditions on g0
	4D. Dirichlet boundary conditions on R
	4E. Neumann boundary conditions on R0i

	5. Proof of the main theorem
	5A. Regularity of the metric
	5B. Regularity of the structure and the defining function

	References

	Atsushi Kanazawa and Siu-Cheong Lau
	1. Introduction
	2. Generalized and orbifolded conifolds
	3. SYZ mirror construction
	4. Global geometric transitions: some discussion
	Acknowledgement
	References

	Taiji Marugame
	1. Introduction
	2. CR structure and ACH metric
	2A. Pseudohermitian geometry
	2B. ACH metrics
	2C. The Levi-Civita connection

	3. The self-dual Einstein equation
	3A. The Einstein equation
	3B. The self-dual equation
	3C. Bianchi identities

	4. Construction of the metric
	4A. The formal solution to the self-dual Einstein equation
	4B. Dependence on lambda
	4C. Evenness

	5. CR GJMS operators
	6. Convergence of the formal solutions
	Acknowledgements
	References

	Takahiro Matsuyuki
	1. Introduction
	2. Preliminary
	2A. Algebras and signs
	2B. Derivations
	2C. A dgl model with symplectic form of manifolds

	3. Graph complex
	3A. Orientation and ordering of graded sets
	3B. Definition of graph complex
	3C. Construction of the map to Chevalley–Eilenberg complexes

	4. Applications and examples
	References

	Dmitriy Rumynin and Matthew Westaway
	1. G-stable modules for abstract groups
	1.1. Automorphisms of indecomposable modules
	1.2. (L,H)-morphs
	1.3. Module extensions
	1.4. Extension from not necessarily normal subgroups
	1.5. Comparison with C(G/L;A)

	2. G-stable modules for algebraic groups
	2.1. Rational and algebraic G-modules
	2.2. Rational and algebraic cohomologies
	2.3. G-stable bricks
	2.4. G-stable modules with soluble automorphisms
	2.5. Comparison with CRat(G/L;A)

	Acknowledgements
	References

	Wataru Takeda
	1. Introduction
	2. Auxiliary theorem
	3. Estimate of counting function
	4. Application
	5. Conjecture
	References

	Geo Kam-Fai Tam
	1. Introduction
	1A. Notations

	2. Tamely ramified extensions
	2A. Complementary subgroup
	2B. Minimality
	2C. A special property

	3. Essentially tame supercuspidal representations
	3A. Structure of admissible characters
	3B. Construction of simple characters

	4. A special choice of ordered basis
	4A. An inductively subordinate condition
	4B. The ordered basis
	4C. A factorization for maximal unipotent subgroups

	5. The main result
	5A. A formula for the Artin conductor

	Acknowledgements
	References

	James Waldron
	1. Introduction
	1A. 
	1B. Main results
	1C. The complex case
	1D. The proofs
	1E. Outline

	2. Preliminaries
	2A. Notation and conventions
	2B. Tangent groups
	2C. Grothendieck groups

	3. Affine actions
	3A. Affine actions
	3B. The structure of affine actions
	3C. The category of affine actions

	4. Examples and special cases
	4A. Examples
	4B. Special cases

	5. VectTG^aff(X) and VectG(X)
	5A. The functors U,F and sigma
	5B. Lemma on slice categories
	5C. Theorem B

	6. Pullbacks, products and K-theory
	6A. Pullback functors
	6B. Products
	6C. K-theory

	7. The complex case
	7A. Complex theorems

	Acknowledgements
	References

	Renhui Wan
	1. Introduction
	2. Preliminaries
	3. Spectral analysis
	4. The estimate of ||u(t)||_H^1
	4A. The estimate of ||hat{u}(t)||_{L^2(R^3 \D_4} 
	4B. The estimate of  ||hat{u}(t)||_{L^2(D_4)}
	4C. The estimate of |||xi|hat{u}(t)||_{L^2(R^3\D_4)} 
	4D. The estimate of |||xi|hat{u}(t)||_{L^2(D_4)}

	5. The estimate of ||hat{u}(t)||_{L^1}, |||xi|hat{u}(t)||_{L^1} and ||A(t)||_{L^2} 
	5A. The estimate of ||hat{u}||_{L^1(R^3\D_4)}
	5B. The estimate of ||hat{u}||_{L^1(D_4)}
	5C. The estimate of |||xi|hat{u}(t)||_{L^1(R^3\D_4)} 
	5D. The estimate of |||xi|hat{u}(t)||_{L^1(D_4)} 
	5E. The estimate of ||hat{A}(t)||_{L^(R^2 D_4)} 
	5F. The estimate of ||hat{A}(t)||_{L^2(D_4)} 

	6. Proof of Theorem 1.3
	Appendix
	Acknowledgements
	References

	Wuzhong Yang and Panyue Zhou and Bin Zhu
	1. Introduction
	2. Background and preliminary results
	Cluster tilting subcategories and relative cluster tilting objects
	Support -tilting modules and support -tilting subcategories
	From triangulated categories to abelian categories

	3. Ghost cluster tilting subcategories
	Ghost cluster tilting subcategories
	A characterization of ghost cluster tilting objects

	4. Connection with tau-tilting theory
	On the relationship between ghost cluster tilting and support tau-tilting 
	tau-tilting subcategories and tilting subcategories

	Acknowledgements
	References

	Yuanyuan Zhang and Xing Gao
	1. Introduction
	2. Free commutative Rota–Baxter family algebras
	2A. Free commutative Rota–Baxter algebras
	2B. The construction of free commutative Rota–Baxter family algebras

	3. Free noncommutative Rota–Baxter family algebras
	3A. Free Omega-operated algebras
	3B. Composition-diamond lemma for free Omega-operated algebras
	3C. Gröbner–Shirshov bases for free noncommutative Rota–Baxter family algebras

	4. Dendriform family algebras
	4A. Dendriform family algebras and tridendriform family algebras
	4B. From Rota–Baxter family algebras to (tri)dendriform family algebras
	4C. Commutative (tri)dendriform family algebras
	4D. Free commutative (tri)dendriform family algebras

	Acknowledgments
	References

	Index
	Guidelines for Authors
	Table of Contents

