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ON MASAS IN ¢-DEFORMED VON NEUMANN ALGEBRAS

MARTIIN CASPERS, ADAM SKALSKI AND MATEUSZ WASILEWSKI

We study certain ¢g-deformed analogues of the maximal abelian subalgebras
of the group von Neumann algebras of free groups. The radial subalgebra
is defined for Hecke deformed von Neumann algebras of the Coxeter group
(Z/27Z)** and shown to be a maximal abelian subalgebra which is singular
and with Pukanszky invariant {oo}. Further all nonequal generator masas
in the g-deformed Gaussian von Neumann algebras are shown to be mutu-
ally nonintertwinable.

1. Introduction

Our aim is to investigate maximal abelian subalgebras in certain II;-factors that can
be viewed as deformations of VN([F,). Our particular interest lies in the analysis of
counterparts of the radial masa A, in VN(F,), studied for example in [Boca and
Radulescu 1992] and in [Cameron et al. 2010] (see also [Trenholme 1988]). The
main open problem concerning the radial masa in VN([F,) is the question whether
it is isomorphic to the generator masa(s); so far they share all the known properties,
such as maximal injectivity, the same Pukdnszky invariant, etc. They are also known
not to be unitarily conjugate (see Proposition 3.1 of [Cameron et al. 2010]). More
generally, radial masas have been studied for von Neumann algebras of groups of
the type (Z/ 22)** in [Trenholme 1988] and [Boca and Ridulescu 1992].

Here we want to analyse the behaviour of counterparts of the radial/generator
masa in some deformed versions of VN(F,) or VN((Z/,7)**); more specifically in
Hecke deformed von Neumann algebras of right-angled Coxeter groups VN, (W)
of Dymara [2006] (see also [Garncarek 2016] and [Caspers 2016a]) and in g-
deformed Gaussian von Neumann algebras I'y (Hr) of Bozejko, Kiimmerer and
Speicher [Bozejko et al. 1997]. In the former case we can naturally define the radial
subalgebra (and not the generator one), and in the latter the object that intuitively
corresponds to the radial subalgebra is in fact obviously isomorphic to the generator
one (as studied by Ricard [2005] and further by Wen [2017] and Parekh, Shimada

MSC2010: primary 46L.10; secondary 46L65.
Keywords: maximal abelian subalgebras, singular masas, Hecke von Neumann algebra, q-Gaussian
algebras.
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and Wen [Parekh et al. 2018]). We show in Section 4 however that the different
generator masas inside the I'; (Hg) are not unitarily conjugate.

Note that another example of a counterpart of the radial subalgebra in VN(F,,)
was studied and shown to be maximal abelian and singular in [Freslon and Vergnioux
2016]. It was a von Neumann subalgebra of the algebra L"O(O;\?), which shares
many properties with VN(F,,), although very recently the latter two were shown to
be nonisomorphic [Brannan and Vergnioux 2018].

The plan of the paper is as follows: after finishing this section introducing
certain notation, in Section 2 we define the radial subalgebra of the Hecke deformed
von Neumann algebra VN, (W) and show it to be maximal abelian. In Section 3,
we compute its Pukanszky invariant and deduce its singularity. Finally Section 4
discusses the nonintertwinability of (a continuous family of) different generator
masas in the g-deformed Gaussian von Neumann algebras.

Notation. Throughout this paper, by a masa we mean a maximal abelian von
Neumann subalgebra of a given von Neumann algebra M. Let U (M) be the group of
unitaries in M. For a (unital) subalgebra A € M we define the normalizer of Ain M as

Nm(A) = {u € UM) | uhu* C A}.

A subalgebra A C M is called singular if Ny(A) € A. These notions were first
introduced by Dixmier [1954].
No denotes the natural numbers including 0.

2. The radial Hecke masa

In this section we show that right-angled Hecke von Neumann algebras admit a
radial algebra and prove that it is in fact a masa.

Let W denote a right-angled Coxeter group. Recall that this is the universal
group generated by a finite set S of elements of order 2, with the relations forcing
some of the distinct elements of S to commute, and some other to be free. This is
formally encoded by a function

m:SxS\{(s,s):seS}—> {2, o0}
such that for all 5,7 € S, s # ¢ we have
(st)m(s,l‘) —e

(and (s7)*° = e means that s and ¢ are free; necessarily m (s, t) = m(t, s)). We will
always associate to W the length function |- | : W — Ny given by the generating
set S. All the information about W is encoded by a graph I'" with a vertex set
VI = § and the edge set EI" = {(s,1) € S x S : m(s,t) = 2}. Let g € (0, 1]
and put p = (¢ — 1)/q'/? (note that our convention on ¢ means that p < 0). The
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algebra C,[W] is a *-algebra with a linear basis {T,, : w € W} satisfying the
conditions (s € S, w € W)
TSTw:{Tm if 5wl > ful,
Tow+pTy  if [sw] < |wl.
The algebra C,[ W] acts in a natural way (via bounded operators) on the space 22(W)
and its von Neumann algebraic closure in B(£*(W)) will be denoted by VN, (W).
The vector 8, € £2(W) will sometimes be denoted by Q; the corresponding vector
state T := wq on VN, (W) is a faithful trace. More generally to any element
T € VN, (W) we can associate its symbol T2, and as €2 is a separating vector for
VN, (W) this correspondence is injective. Finally note that using the right action
of the Hecke algebra on itself, we can define another von Neumann algebra acting
on £2(W), say VN, (W)". It is obviously contained in the commutant of VN, (W);
in fact Proposition 19.2.1 of [Davis 2008] identifies it with VN, (W)".
In what follows, we will write L to denote the cardinality of S.

Hecke von Neumann algebras were first considered in [Dymara 2006] and [Davis
et al. 2007] in order to study weighted L?-cohomology of Coxeter groups. In
[Davis et al. 2007], the authors raised a natural question: how large is the centre
of VN, (W)? A precise answer for the right-angled case was found in [Garncarek
2016], where the following result was shown.

Theorem 2.1. Let |S| > 3 and assume that U is irreducible. Then for q € [p, 1]
the right-angled Hecke von Neumann algebra C,[W1] is a 1l -factor and for (0, p)
we have that C,[W] is a direct sum of a ll|-factor and C. Here p is the radius of
convergence of the fundamental power series Y ;- | {weW|lwl =k} \zk.

In particular VN, (W) is diffuse if and only if g € [p, 1]. Further structural
results were obtained in [Caspers 2016a; 2016b; Caspers and Fima 2017] where for
example noninjectivity, approximation properties, absence of Cartan subalgebras,
the Connes embedding property and the existence of graph product decompositions
were established for VN, (W).

In this paper we consider the special case W = (Z,)*L, i.e., the case where m is
constantly equal to infinity. We assume also that L > 3. Here the main result of
[Garncarek 2016] (see Theorem 2.1) says that VN, (W) is a factor if and only if
q e [ﬁ 1], and results of [Dykema 1993] together with a calculation in Section 5
of [Garncarek 2016] show that for that range of ¢ we have

VNg (W) = VN(Fa14/(144)2)-

where VN([Fy) for s > 1 denote the interpolated free group factors of Dykema and
Radulescu.
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Definition 2.2. An element T € VN, (W) is said to be radial if for its symbol de-
composition TQ = ZweW cwdy, Where c,, € C, we have ¢, = ¢, forevery v, we W
with [(v) = [(w). We say that T has radius (at most) n if the frequency support
(i.e., the set of those w € W for which ¢,, # 0) of T;, is contained in the ball
fweW:|w|l <n}.

Define h € C,[W] C VN, (W) by the formula h =) _¢ Ty and put B := {h}".

seS
Proposition 2.3. The von Neumann algebra B coincides with the collection of all
radial operators in VN, (W). In particular the set of all radial operators forms an
algebra.

Proof. For each n € N consider the radial operator &, := ZweW, wl=n T, € Cy[W]
and put hg := 1.
Foreachn € N, n > 2, we have
(2‘1) hhn = Z Z TsTw+2 Z Tva
seS  |wl=n, seS  |w|=n,
[sw]>|w] [sw|<|w]
=2 2 Twtd, X Twt), D rh
seS  |wl=n, seS  |wl=n, seS  |wl=n,
lsw|>|w]| lsw|<|w] lsw|<|w]

= hn+l+(L_1)hn—l+phn-

We also have h> = hy 4+ ph + Lhg. This shows in particular that the algebra
generated by & consists of radial operators. Moreover viewing the above as a
recurrence formula we see that each 4,, can be expressed as a polynomial in / and 1,
so that the subspace A generated by {/, : n € N} coincides with the unital *-algebra
generated by A.

Further define the radial subspace

(W), = {(cu)wew € L2(W) ¢y =cy forall w,ve W, |w|=|v|}

and denote the orthogonal projection from ¢2(W) onto ¢>(W), by P,. It is easy to
see that ASQ is norm dense in £2(W),.. Thus the unique trace-preserving conditional
expectation [E onto A” C VN, (W) is given by the formula

ET)Q=P.TQ, T VN, (W).

This shows that the set of radial operators in VN, (W) coincides with A” and passing
now to ultraweak closures we see that 4 generates the von Neumann algebra of all
radial operators. U

Note that the above fact is not true (even for p = 0) for a general right-angled
Coxeter group. Also note that formulae such as (2-1) (and the subsequent line in
the proof) play a very relevant role in our proof of singularity in Section 3.
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The first main theorem of this paper is based on the idea of Pytlik for the radial
algebra in VN([F,) [1981]; see also [Sinclair and Smith 2008]. By R, € VN, (W)",
we understand the operator on ¢%(W) given by the right action of D oses Is.

Lemma 2.4. For every v, w € W with |v| = |w| and for every ¢ > 0 there exists a
vector n € £2(W) such that

lley —ew — (hn — Rym)ll2 < .

Proof. We first assume that w = az and v = zb for some word z € W with |z| = |v|—1
and some letters a, b € S. In the proof x and y will always be words in W and
summations are always over x and y. Put fork e N

2
Y = E €xazby € L=(W),
lx|=|yl=k,
|xa|=|by|=k+1

and define also Yy = eqz. Let 8 > 0. As for each k € N there are L(L — 1)¥!
reduced words in W of length &,

22 H AN
(2-2) <ﬁ) (78

This means that we can define

2 1—s\2%
< <_) (L—1)*72L? <41 - 8)*.

S 1-8\*
= - E(W).
ns Z(L_l) Yi € L2(W)
k=0
We claim that the vector 5s, for § small enough (dependent on ¢), satisfies the
condition of the lemma. To show that we need to analyse the actions of 4 and R},
on Y. For kK > 1 we have (the bracket term included; the brackets are there in order
to define further vectors in the remainder of the proof)

(2-3) hye=" > €sxazby

seS |x|=|y|=k, |sx|=k+1
lxa|=|by|=k+1

+ Z Z esxazb)f(+pexazby)-

seS |x|=|y|=k, |sx|=k—1
|xa|=|by|=k+1

and similarly, for k > 1,

(2-4) Ry = Z Z €xazbys

seS |x|=|y|=k, |ys|=k+1
|xa|=|by|=k+1

+ Z Z €xazbys (+pexazby)-

seS |x|=ly|=k, |ys|=k—1
lxal=|by[=k+1
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Finally

(2‘5) hlﬂo =ezp+ peazp + Z €sazb> Rth =eq; + peazp + Z €azbs-
seS\{a} seS\{b}

We now analyse the “commutators” hvyr, — R,y and their sum. Note first that for
each k € Ny the summand in Ay given by pey,;py also occurs in Ry .
We define (compare to (2-5))

$10= Z Csazb, P20 =€, X1,0= Z €azbs> X2,0 = €az-

seS\{a} seS\{b}

For k > 1 we set the following notation: let ¢ x and ¢, x be the two large sums on,
respectively, the first and second line of (2-3), without the vectors between brackets.
Similarly we define x; x and x2 x to be the two large sums on, respectively, the first
and second line of (2-4), without the vectors between brackets.

Then we have for all k € Ny

b= [ X2k X1k = L_1¢2,k+1,
so that
1-6 1-6
1k — [ k= 3P1 ks X1k =7 1¢2,k+1 =08X1.k-

Thus a version of the telescopic argument yields the equality

0 k

1-6

h’?é_Rh%:E 71 (P1k + G2k — X1k — X2.1)
k=0

oo

1-8\*
=€z — €z +5(Z(m) (P1k — Xl,k))-

k=1

As 8 \( 0 this can be shown via a similar £?>-counting estimate to that above to
converge in norm to e;, — e,;. From this we conclude the claim.

For general v=v; ... v, and w =w; ... w, with v, # w the proposition follows
from a triangle inequality and an application of the argument in the first part of
the proof to each pair wy ... w,vy...vp—1 and wg4q ... wyvy ... V. In the case
where v, = w; one can apply the above to the pairs v ...v,bw; ... w;_» and
Vk+1 - .- Upbwy ... wi— for some letter b # v,,. O

We are ready to formulate the first main result in this section.
Theorem 2.5. The radial algebra B is a masa in VN, (W).

Proof. Suppose that T € B'N'VN, (W) and write TQ =)\ cuey. Letv,w e W
with |v| = |w], let ¢ > 0 and let n be as in Lemma 2.4. Note that as 7 commutes
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with & we have (T2, hn — Ryn) = (hT — RyT)2, n) = (T'(h — Ry, n) =0.
Then we get

(T2, ey —ew)| < (T2, ey —ey +hn— Ryn)| <e.

As ¢ > 0 is arbitrary, we see that c,, = ¢,. Thus T is radial, which is equivalent to
the fact that 7 € B by Proposition 2.3. (I

Remark 2.6. The recurrence formula (2-1) allows us to compute explicitly the
distribution of /4 with respect to the canonical trace. As the formula (2-1) is valid
only from n = 2 we first define “new” hg as L/Z, where I := L — 1, so that
with respect to the new variables it holds for all » € N. For simplicity assume
that g € [1/ L , 11, so that VN, (W) is a (finite) factor. Then the distribution of £ is
continuous (as B is diffuse) and the main result of [Cohen and Trenholme 1984]
implies that the corresponding density is given (up to a normalising factor) by

LVAL — (x — p)? i
al-(x—p)?—pR2—-L)Yx—p)+p*(L—-1D+L*

Note that for p = 0 we obtain, as expected, the distribution of the radial element in
the group (Z>)*" as computed in Theorem 4 of [Cohen and Trenholme 1984].

3. The PukanszKy invariant and singularity of the Hecke MASA

The Pukdnszky invariant P(A) of a masa A € M is determined by the von Neumann
algebra generated by all A-A bimodule homomorphisms of L?(M). We refer to
[Sinclair and Smith 2008] for further discussion of P(A). Popa [1985] showed
that the Pukanszky invariant can be used to prove singularity of certain masas
(and indeed this was successfully applied by Radulescu [1991] in order to obtain
singularity of the radial masa in VN(F,,)). We will use this strategy in this section,
following very closely the proof of [Radulescu 1991], to show that the Hecke radial
masa discussed in Section 2 is singular. In particular we determine its Pukanszky
invariant.

We need some terminology. Let again L > 3, W = (Z»)*}, ¢ ¢ [ﬁ, 1]
and let B be the radial subalgebra of the factor VN, (W) (shown to be a masa in

Theorem 2.5).

Definition 3.1. The Pukdnszky invariant of B € VN, (W) is defined as the type of
the von Neumann algebra (h, R;) C B(¢%(W)), where h and R;, were defined in
Section 2.

Next we introduce the necessary notation in order to determine the Pukdnszky
invariant of B € VN, (W). We need to construct certain bases, which are inspired
by Radulescu’s bases in free group factors (see [Radulescu 1991]). For [ € Ny
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let g; : C4[W] — C4[W] be the natural projection onto the span of {T,, |w| = [}.
Write CQ[W] = q;(Cy[W]). As before set h; = Z|w|=l T,,. We have for m > 1
(see (2-1) and its subsequent line)

(3-1) hihy =hyphy = hpp1 + phy + (L — Dhy 1,
where L,, =Lifm>2and L, =L+ 1ifm=1. Let
Sy = span{g;(h1x), gi(xhy) | x € g1 (C4[WD};
in particular S; = Ch;. Further for/ e N, y € CQ[W], set
Ymn = Gmtn+1(hmy hn), m, n € Ny.
We also set y;,  =0incase m <0orn <0. Finally for/eNand y € (Df][W]@Sl set
X, =span! P {y,, » | m,n € No} C £2(W).

Lemma 3.2 collects all computational results we need in what follows. As all the
(rather easy) arguments are basically contained in [Radulescu 1991, Lemma 1]
we merely sketch the proof; all other proofs we give in this section will then be
self-contained.

Lemma 3.2. (1) Fory € CQ[W], [>1, m=>1, n>0,we have
hl)’m,n = VYmtin+ PVmn+ (L— l)ymfl,n-
2) Fory € CZ[W]@SI, [>2, m=>0, n>0,we have
hlym,n = Ym+1,n + PVm,n + (L - 1)Vm—l,n-
(Note that only the case m = 0 was not already covered by (1)).
() For B e C}][W] © 81, n >0, we have
hIIBO,n = ,Bl,n + pIBO,n - ,BO,nfl-
4) Fory e CZ[W], [ > 1 we have
ql+m+n+1 (hlhm)/hn) =ql+n+m+1 (hlql+m+n (hmyhn))» m,neN,
ql—m—n—1 (hlhmyhn) = q1—m—n—1(h1q1—m—n (hmyhn)), 0<m+n<l.
(5) Fory € CyIW1, I = 1, we have q(h1qi1(h1y)) = (L — Dy.
(6) For B € C;[W] S S1, we have Qn(hIQn+l(,3hn)) = _Qn(lghnfl)-
(7) Forall y € CQ[W]GSZ, [>2,neN, m>1, we have

9 (Gmtn+i (hm th)hm+n) =0.



ON MASAS IN ¢-DEFORMED VON NEUMANN ALGEBRAS 9

Proof. The proofs of (1)—(2) are easy consequences of (3-1); see also [Rddulescu
1991, Lemma 1 (a) and (b)]. The proof of (3) is essentially the same as [Radulescu
1991, Lemma 1 (c¢)]. Statement (4) is a direct consequence of (3-1), and (5) and (6)
follow from (1) and (3), respectively. Statement (7) follows from (1) and (2). U

The following theorem gives the cornerstone in our computation of the Pukdnszky
invariant. The idea is based on first showing that for suitable g and y the mapping
T : Xgp — X, defined by the formula (3-2) is bounded and invertible. Then one
uses a basis transition to the respective bases {/,, 85, }m nen and {h,, Y hy}m nen to
show that T is actually a B-B bimodule map.

Theorem 3.3. Let [ €N, [ >2,let € C[W]© Sy and lety € CLIW](W)© S
Then the following hold:

(1) There exists a bounded invertible linear map T : X g — X,, determined by
(3-2) T: ,Bm,n = Ymon + Vm—1,n—1, m, n € Np.

(2) We have Xpg = B,BB” > and X, = B)/B|| > Moreover the map T defined by (3-2)
agrees with the linear map

(3-3) T :hyBhy— hyyhy, m,n € Np.

The proof of Theorem 3.3 proceeds through a couple of lemmas, which we prove
in two separate subsections.
Proof of Theorem 3.3 (1). The first statement of Theorem 3.3 is essentially a
consequence of the following orthogonality property.

Lemma 3.4. Let [ € N, [ > 2, and let B, p' € CL,[W]© S, y € C[[W]© S,
y' € CQ[W], [ > 2. We have then for each m,n, m’, n’ € Ny

(3-4) Bunns Byy ) = St (L — DM H=In=l(yln=nlyg g7y
similarly,
(3‘5) <Vm,nv Vn/ﬂ,n’) = Sm,m’Sn,n’(L - 1)m+n <Vv V/>-

Proof. Let us first prove (3-5). Firstly, as y,, , (resp. y,, ) is in the range of
Gmansi (T€SP. Gmran'+1), we must have m +n =m’ +n’ or else both sides of (3-5)
are nonzero. We claim that

(3-6) qi (hm’Qm+n+l(hthn)hn/) = Sm,m/(sn,n/(L - 1)m+n)/-

For k := m + n = 0 this is obvious. We proceed by induction on k£ and assume
the assertion for k — 1. For k > 1 one of m and » is nonzero and we may assume
without loss of generality that m 7 O (the proof for n can be done in the same way,
or one can consider the adjoint of (3-6) which interchanges the roles of m and n).
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If the left-hand side of (3-6) is nonzero, then we must have that m’ is nonzero,
because otherwise this expression reads q;(qm+n-+1(Rmy hn)hytm) Which is zero by
Lemma 3.2 (7).

Using (3-1) together with the fact that g; (h,gpm+n+i(x)h,) = 0 for every r < m
and x € C,[W] and g4y (hsyh,) =0 for s < m, we get

qi (hm’q;n+n+l (hmyhp)hy) = qi (hm’—lhIQm—i-n—',-l (hihm—1yhy)hy).
Using Lemma 3.2 (4) and (5) for the first two of the following equalities and then
the induction hypothesis yields
G-7)  qr(hw gm+n+1(hmy hn)hn)
=4q (hm’—IQm—i-n—',-l—l (hIQm—i-n—',-l (hIQm—i-n—',-l—l (hm—1 J/hn))hn’)
= (L=1D)qi(hp-1qmin+i—1(hm_1yhpn)hy)
= (L—1)(L—=D)""""18, iSpmy.
This completes the proof of (3-6). Then using the fact that %, and h, are self-
adjoint we get
(3-8) (Vm,m )/,1/1/,;1’) = (Gmsnrt(hmYhn) s Qs+ (hm’y/hn’»
= <hm’Qm+n+l (hmyhp)hy, )//)
= (q1 (h Gm-snvt (Y B ), ')
= (L - 1)m+n8m,m’5n,n’(ya 7//>-
Next we sketch the proof of (3-4); it is largely the same as (3-5). The claim (3-6)
gets replaced by
39 @ GminsiChmBha)hy) = (L — DMl =S, B

Again the proof proceeds by induction with respect to k :=m +n =m' +n'. The
case k = 0 is obvious so assume k > 1. First assume that both m, m’ > 1. Similar
to (3-7) and using the same results from Lemma 3.2 we find that

(3‘]0) qi (hm’CIm—H’H—I (hmﬁhn)hn’) =dqi (hm’—lhlqm-i-n-‘rl (hlhm—lﬂhn)hn’)
=(L=Dqi(hm —1gmsn+1—1(hm—1Bhn) 1)
= (L= DS (B B
The proof of (3-10) (disregarding the intermediate steps) for the case n,n’ > 1
proceeds in the same manner (or follows by taking adjoints of (3-10) which swaps

the roles of m, m’ and n, n’). The only case that remains is then m =0 and n’ =0
(again the case m’ = 0 and n = 0 follows by taking adjoints, or by symmetry).
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Then n > 1 and m’ > 1 and using Lemma 3.2 (6) for the second equality and then
applying the induction hypothesis we obtain

@1 M Gn1(BR)) = @1 (B —1Gn (B 1Gni1(Bha_1h1)))
= —q1(hm-19,(Bhn-1))
= (L — 1yl e (=D, B).

Then the lemma follows by replacing y by g in (3-8). (I

Recall the elementary fact (see [Rddulescu 1991, Lemma 5] for a proof) that for
a real number a, |a| < 1, there exist constants B, > 0 and C, > 0 such that for any
keN, Ai,..., At € C, we have

k k k
(3-11) Z SZ irja I < C Y Il
i=1 i=1 i=l1

Proof of Theorem 3.3 (1). By Lemma 3.4 and (3-11) we see that the assignment
Bm.n > Ym,n €xtends to a bounded invertible linear mapping Ty : Xg — X,,. By
Lemma 3.4 we see that S : X, = X, : ¥u.n => Ym—1,n—1 is bounded with norm
IS < (L —1)"2 Therefore Idx, + S is bounded and invertible. As the composition
(I + S) o Ty is bounded and invertible and agrees with (3-2) we are done. Il

Proof of Theorem 3.3 (2). The following Lemma 3.5 is the crucial part of the proof
of Theorem 3.3 (2).

Lemma 3.5. Let!>2, ﬁe@l[W]eSl,andletye(Dl [W]6eS,. Foreverym,n €Ny

there exist certain constants bzl J”, CZl J" €R, k=0,...,m, j=0,...,n, such that
we have the expansions
m,n
(3-12) hmPho=Y_ BPMBeje  hmyha= > v
k<m,j<n k<m,j<n

Moreover, these constants satisfy

(3-13) ck b,’:’]" + " mneN, k=0,...,m, j=0,...,n,

j k+1,j+1°

where bmJrl a1 = =0.

Proof. If m =0 and n € N arbitrary, then the existence of decompositions (3 12) is
a consequence of Lemma 3.2. The relation (3-13) for m = 0 becomes ck = bo "
which is a rather direct consequence of Lemma 3.2 as well.
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The proof proceeds by induction on m. Let Ly = L ifk > 1 andlet L; =L + 1.
We have by (3-1) and then Lemma 3.2 (1) and (3),

(3‘14) hmﬂhn = (hl - p)hm—llBhn - (Lm—l - l)hm—ZIBhn

m—1 n m=2 n
=(=p) Y Y b B = L1 =D YD B B
k=0 j=0 k=0 j=0

n

m—1
=33 BT Bevr g+ (L= D))
k=0 j

— . o
_ Z bgf;l,nﬂo’jfl —(Lp1—1 Z sz;’lnﬂk,]’

J=0 k=0 j=0

m n
=3 B L= DB B
£=07=0 ! 1 m—2 n )

o Z bgszr’lnﬁoyj —(Lpy—1—1) Z ZbZ]_ Jlﬂk,j-

/=0 k=0 j=0

This shows that for all 0 <k <m, 0 < j <n, we obtain

B =By (L= DB = (Lo = DB = S8

Let 8;>1 be 1 if kK > 1 and O otherwise. We get then
BT+ B o = B B B + (L= DT + B L)
= Lt = DG B,

So by induction

G-15) B+ = O 0+ (L= DA = Lo = D
=7+ (L= D = Lo = Dl

Exactly as we computed (3-14) (with the difference that Lemma 3.2 (3) is replaced
by Lemma 3.2 (2)) we get

m+1l n m=2 n
-1, -1, -2,
hnyhn =3 Y (@07 4L =D v = Ln =1 Y0 67 e
k=0 j=0 k=0 j=0

Thus

m,n __ m—1,n m—1,n m—2,n
Cpjp =C1j T (L — 1)ck+1yj —(L,, — 1)ck’j .

Combining the above with (3-15) gives cff = b,’(’f’j” + b,'c"jr'i’jﬂ forall 0 <k <m,

0<j=n a
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Proof of Theorem 3.3 (2). Lemma 3.5 shows that ByB C X,, and BB C Xg and
hence the inclusions hold also for the || ||,-closures. For the converse inclusion
proceed by induction: take &,y h,, € ByB and assume that all vectors &, Bhg with
r <n,s < m are contained in X, (if n = 0 then assume that r < n,s < m and
consider adjoints, or use a similar induction argument on m). By (3-1) we have

hpyhm = (hy — p)hyp—1yhm — (Ly — Dhy2y hy € hIXy +Xy-

Here again L, = L if n > 2 and L; = L+ 1. So it suffices to show that 71 X,, C X,
but this is a consequence of Lemma 3.2 (2). The proof for 8 instead of y is the
same but uses Lemma 3.2 (1) and (3) for the latter argument.

The fact that (3-3) agrees with (3-2) is now a direct consequence of Lemma 3.5.
Indeed,

T(hmﬂhn)ﬂ( 3 b;",;-"ﬁk,,-)= B g+ Veeto)

k<m,j<n k<m,j<n
. m,n m,n R m,n L —
= E (bk,j +bk+1,‘,~+1)yk,] = § Cr,j Vi j = hmy hy. O
k<m,j<n k<m,j<n

Consequences of Theorem 3.3. Let B, = (R;)” (note that as VN, (W) is in the
standard form on ¢2(W), it is also equal to JBJ, where J is the antilinear Tomita—
Takesaki modular conjugation §, +— §,-1). For a vector y € UZGNO Cf][W] we let
py be the central support in (BUB,.)” of the vector state , ,,. The operator p,, is
then given by the projection onto the closure of By B.

Lemma 3.6. Ifvectors &,& € Ulzlﬁé[W] © S are orthogonal then pg and pgr are
orthogonal projections.

Proof. Let & € CQ[W] ©S;and let &' € Clq'[W] oSy withl,!’ > 1. If =’ then the
lemma follows directly from Lemma 3.4. So assume that [ # [’ and say that I’ <.
It suffices to show that

(3-16) g L&n, foreveryr,s,m,neNy.

If m4+n+1#r+s+1 this is obvious as then the images of ¢4+,+; and g +s41
are mutually orthogonal. We may then assume m +n +1 = r + s + [/, so that
r+s>m+n. If m+n =0 then (3-16) is obvious, as & 1 S; whereas é,/’s € S;.
But then note that & = (Sa”b)r_a,s_b foranya =0,...,r, b=0,...s such that
I'+a+b=1. As Sa’,b € §; we see from Lemma 3.4 that (gc,z,b)r—a,s—b L&y, O

We can now state and prove the main result of this section.

Theorem 3.7. The von Neumann algebra (BUB,) (1 — pg) is homogeneous of
type I.
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Proof. Because (B U B,)” is abelian, the commutant (B U B,)" decomposes as a
direct sum ;2 ; A,®B(H,,), where dim(#,) = n and the algebras A, are abelian
(see [Dixmier 1969]). Let (&;);en be an orthonormal basis in UlZl CQ[W] 6 §;. By
Lemma 3.6 the projections (pg,);en are mutually orthogonal and by Theorem 3.3
they have the same central support in (B U B,). As by Lemma 3.6 we have
Y ien Pe =1—pgand 1 — pgq is central in (BUB,)’ (see [Popa 1985, Lemma 3.1]),
we see that the central support of each pg, in (BUB,)" is 1 — pg, which is the unit in
(BUB,) (1 — pg). Since we have a partition of unity formed by projections with the
same central support, the above decomposition of (B U B,)" must in fact consist of
only one element. As there are infinitely many orthogonal projections, this summand
must correspond to n = 0o, so that we have (BUB,) (1 — pg) = A®B(? O

Remark 3.8. Theorem 3.7 is phrased in the literature as follows: the Pukanszky
invariant of B is {oo}. This is because in the B-B-bimodule (1 — pg)L*(M), the
only factors occurring in the direct integral decomposition of the commutant of
B U B, are infinite (and necessarily of type I).

Corollary 3.9. The radial subalgebra B is a singular masa of VN, (W).
Proof. This follows from Theorem 3.7 by [Popa 1985, Remark 3.4]. U

4. Generator masas in g-deformed Gaussian von Neumann algebras

In this section we consider masas in a different deformation of the free group factors,
i.e., so-called g-Gaussian algebras.

The starting point of the construction of g-Gaussian algebras is a real Hilbert
space Hr. We complexify it, obtaining a complex Hilbert space #, and form an
algebraic direct sum P, H®", where H®" = C. Following [Bozejko et al. 1997]
(see that paper for all facts stated below without proofs), we will define an inner
product on this space using the parameter g € (—1, 1). For each n € N we define
an operator P : H®" — #®" by the formula

Pllei® - Qen) = Z 4" Pexy® @ erm),

TES,

where e, ..., e, €H, S, is the permutation group on n letters and i (7r) denotes
the number of inversions in the permutation 7. These operators are strictly positive,
so they define an inner product on P, H®" — the Hilbert space that we get after
completion is called the g-Fock space and is denoted by F,(#). The direct sum
decomposition of the g-Fock space allows us to define shift-like operators.

Definition 4.1. Let £ € H. We define the creation operator a;‘ &) : Fq(H) —
Fq(H) by ay§)(e1® - ®en) =6 Q€1 ®- - ®- - - e,. The annihilation operator
aqg(&) : F4(H) — F4(H) is defined as the adjoint of a; (&). Using the definition of
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the g-deformed inner product we can find the formula for a, (§):

n
a,E) 1 ® - Qe)=) ¢ (el ® G Qe
i=1
where ¢; means that the factor ¢; is omitted. All the above operators extend to
bounded operators on F, (H).

Creation and annihilation operators will allow us to define ¢g-Gaussian algebras.

Definition 4.2. Let Hy be a real Hilbert space and let H be its complexification. The
von Neumann subalgebra of B(F, (H)) generated by the set {a; (¢)+ay (&) & € Hp}
is called the g-Gaussian algebra associated with Hg and is denoted by I';, (HR).

The vector Q =1 C c H® C F4(H) is called the vacuum vector. It is a cyclic
and separating vector for I'y (Hg) and the associated vector state w (x) := (€2, x£2)
is a normal faithful trace on I'y (HR).

Remark 4.3. For g = 0 the assignment Hg +— I'y(Hp) is precisely Voiculescu’s
free Gaussian functor. In particular I'o(Hgr) = L(Fdim(2g))-

We will study problems pertaining to conjugacy of masas in the g-Gaussian
algebras. It is a nice feature of these objects that the orthogonal operators on Hg
give rise to automorphisms of I'; (Hg). To introduce these automorphisms, we need
to present the first quantisation.

Definition 4.4. Let T : 7 — 7 be a contraction. The assignment

@’H@kae]@---@enr—)Tel®---®Tene®H®k
k=0 k>0

extends to a contraction F, (T) : F,(H) — F,(H) and is called the first quantisation
of T.

Remark 4.5. If U : H — H is a unitary then 7, (U) is also a unitary.

To work with I'; (Hr) we need a convenient notation for its generators. For any
EeHrweput W(&):= a;(é) +ay(§). If n=4§;+i&; € H then we denote W (n) =
W (&) +iW(&); therefore W (n) is complex-linear in 1. Recall that the vacuum
vector €2 is cyclic and separating. One can check that for any vectors iy, ..., n, € H
we have 1 ®---®n, € I'y (Hr)2; the unique operator W(n ®---®n,) € I';(Hr)
such that W(n| ® - - - ® 1n,)R2 =11 ® - - - ® n, is called a Wick word. The span
of all such operators associated with finite simple tensors forms a strongly dense
*-subalgebra of I'j (Hr), which we call the algebra of Wick words. Finally note
that much as in Section 2 we can also consider the “right” version of I';(HR),
generated by the combinations of right creation and annihilation operators, in
particular containing the right Wick words, to be denoted W, (§). We are ready to
introduce the second quantisation.
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Definition 4.6. Let Hk be a real Hilbert space and let H be its complexification.
Suppose that T : H — H is a contraction such that T (Hg) C Hr. Then the
assignment [y (Hp) W ®---®@n) > W({IT'm ®---®Tn,) € I'y(Hr), where
n,...,Nn € H, may be extended to a normal, unital, completely positive map
on I'y (HR), denoted by I'y (T).

Remark 4.7. Note that the condition T (Hr) C Hp is essential, otherwise I'y (T)
would not even preserve the adjoint, let alone be completely positive.

We will only deal with automorphisms and, in this construction, they come from
orthogonal operators on Hg. If U : Hg — Hg is orthogonal then I';,(U)(x) =
Fq(U)xF4(U)* where we still denote by U its canonical unitary extension to .
It is easy to check that 'y (U)W (§) = W(U§).

To find candidates for masas, we draw inspiration from the case ¢ = 0, in
which the most basic masas are the so-called generator masas. In our picture they
correspond to subalgebras generated by a single element W(§), where & € Hp.
Ricard [2005] proved they are also masas in the case of g-Gaussian algebras. As
an application, he established factoriality of all g-Gaussian algebras I'; (Hr) with
dim(Hr) > 2. Recently these generator masas were also shown to be singular
[Wen 2017] and maximally injective [Parekh et al. 2018] (the latter for sufficiently
small |g]).

Using the automorphisms produced by the second quantisation procedure, we can
easily show that all these masas are conjugate by an outer automorphism. Indeed,
consider masas generated by W (&) and W (), where &, n € Hr. By rescaling, we
may assume that ||| = ||n|| = 1. Therefore one can find an orthogonal operator U
such that U& = n; then T'y (U)((W(£))”) = (W (n))". Our aim now is to show that
they are never conjugate by a unitary.

Case of orthogonal vectors. We first want to deal with the case when A := (W (e;))”
and B := (W (ey))” are masas in M :=T'y (Hr) coming from two orthogonal vectors.
In the case ¢ = 0 these masas correspond to two different generator masas of the
free group factor. One can prove that these are not unitarily conjugate using Popa’s
notion of orthogonal pairs of subalgebras (see [Popa 1983, Corollary 4.3]). We will
use another technique due to Popa giving a criterion for embedding A into B inside M
(in a certain technical sense). We will actually only state the part of the theorem that
is useful for us; for the full statement consult [Popa 2006, Theorem 2.1 and Corol-
lary 2.3] or [Popa 2019, Theorem 1.3.1]. We call A and B intertwinable (inside M) if
the intertwiner space Zy (A, B), defined in [Popa 2019, Subsection 1.3] is nontrivial.

Proposition 4.8 (Popa). Let A and B be von Neumann subalgebras of a finite
von Neumann algebra (M, ). Suppose that there exists a sequence of unitaries
(Ur)ren C U(A) such that for any x,y € M we have limy_, o ||Eg(xury)|2 = 0,
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where Eg is the unique t-preserving conditional expectation from M onto B. Then
A and B are nonintertwinable; in particular there does not exist a unitary u € M
such that uAu* = B.

Remark 4.9. Note that it suffices to check that limy_,  ||Eg(xuzy)|l2 = O only
forx,ye M, where M is a strongly dense *-subalgebra. It follows from Kaplansky’s
density theorem, because we can approximate in the strong operator topology (in
particular in L?) and control the norm of the approximants at the same time.

Proposition 4.10. Let ey, e; € Hp, |leill = lleall =1, e1 L ey Set A= (W(ey))”,
B = (W(e2))", and M =Ty (Hp). There exists a sequence of unitaries (uy)xen C
U(A) such that we have limg_,  ||Eg(xury)|l2 =0 forall x, y € |\7I, where M is the
algebra of Wick words.

Proof. Let (e,)nen be an orthonormal basis of Hg. Assume x = W(e;, @ --- Qe )
and y =W(e;, ®---®e;j,); it clearly suffices because the span of such elements
is equal to M. By definition of the trace on I';(HRr) we have |Eg(xury)|> =
I(Eg(xury))€2||. Since the conditional expectation on the level of the Fock space
is just the orthogonal projection (denoted P) onto the closed linear span of the
set {e?" :n e N}, we get || (Eg(xury))R2|| = || P(xuryS2)|. Note now that as the
left and right actions of y on €2 produce the same result, ¢;, ® --- ® ¢, , we can
change y to its right version, W,(ej, ® - - - ® ¢;,,), denoted now by y. Since y € M’,
we get [|P(xuryQ)| = [|P(xyur2)||. We now choose the sequence (ug)ren —
it is an arbitrary sequence of unitaries in A such that the corresponding vectors
Nk = ux €2 converge weakly to zero (such a sequence exists, because A is diffuse).
Let Q; be the orthogonal projection from F,(Ce) onto span{e?’ :j <!}. Then
for any [ the sequence (Qnx)ren converges to zero in norm. Therefore to check
that limg_, oo || P(xyne) || = 0, it suffices to do so for n; replaced by (1 — Q).
We now choose [ = n + m. Therefore any n; consists solely of tensors e?d, where
d > n+m+ 1. Since x can be written as a sum of products of n (in total) creation
and annihilation operators and y can be decomposed similarly into products of m
creation and annihilation operators, any simple tensor appearing in x y(1— Q1) 1k
will contain at least one e;. But all such simple tensors are orthogonal to F,(Ce»),
so they are killed by P. O

Corollary 4.11. If the vectors e1 and ey in Hg are orthogonal, then masas (W (e1))”
and (W (e2))” are not intertwinable inside Ty (Hp).

General case. Let us check now if the method used for a pair of orthogonal vectors
can be applied in a more general setting. Assume now that e; and v are two unit
vectors and write v = ae; + Bes, where e L e, a?>+ B> =1, and B # 0. We
fix now an orthonormal basis (e;),en of Hr (if Hp is finite-dimensional then this
should be a finite sequence).
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Proposition 4.12. The masas A := W (v)"" and B := (W (e}))” are not intertwinable
(so in particular are not unitarily conjugate).

Proof. We proceed exactly as in the proof of Proposition 4.10 and also use the
same notation; note however that this time P will be the orthogonal projection onto
spﬁ{ei@" :n > 0}. The only problem is that now we do not have orthogonality.
Write nx = )y @ ; )v®J, We have [[v®/]| ~ (1//T—q)/ (see the third displayed
formula on page 660 of [Ricard 2005]). Let us compute v®/:

J
. . ik
v®] — E o’ k,BkRj,k(ei@(] )®e§®k)’
k=0

where R; i (e, QIR e k) is equal to the sum of all simple tensors such that j — k
factors are equal to e and k factors are equal to e,; there are (1’{) such simple tensors.
Note now that if k > n 4+ m + 1 then after applying xy at least one e, remains as
a factor, so the orthogonal projection P kills it. We conclude that it suffices to
perform the summation in the displayed formula above only up to j A (n + m);
we call the resulting tensors 7%/ and the corresponding 7 is dubbed 7. Since k
is bounded, the number (i) is polynomial in j, so if we get exponential decay
of the norm of the individual factors in the sum, the factor (i) does not affect
the overall convergence. After neglecting the terms with k > n + m, we use the
trivial estimate || P(xy7;)|| < C||7xll. The proof will be completed if we show
that ||77x|| converges to 0. Note now that the square of the norm of 7 is equal
to Y jen a2 - 1587 |2 Recall that ||77k|| 1 and |[v®/]| ~ (1//T=q)/, so the
coefficients aﬁk) satisfy ). jeN |a(k)| ( q)’ < 1. It therefore suffices to show that
lim; oo (1 — q)/ ||v®7 1> =0, remembermg that the vectors n; converge weakly
to 0, so we only care about large j. We estimate the norm of 1%/ by the triangle
inequality:

JA(n+m)
j—k
15 < Y ™ k|,3|<>||e ®ey |

k=0

Since k is bounded, one can easily get an estimate of the form

1e® @ 2V 7P < 17T —q)

(see [Ricard 2005, Remark 2]). This yields ||3®/|| < C(1//T—¢q)7 ||’ - j*. This
is the inequality that we wanted, i.e., we find out that (1 — q)71|19®7]? is bounded
by C *|a]/, which converges to zero very fast, as we assumed that |¢| < 1. This
finishes the proof of the proposition. U

We can now use the result to prove that the second quantisation automorphisms
are never inner, unless trivial; it extends a result of Houdayer and Shlyakhtenko in
the free case [2011, Theorem 5.1].
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Corollary 4.13. Let Hr be a real Hilbert space and let U : Hg — Hg be an or-
thogonal transformation. If T'y(U) : I'y(Hr) — 'y (Hg) is an inner automorphism
then U = 1.

Proof. If U is not a multiple of identity then there exists a vector v € Hk such that
U is not a multiple of v. The masas A := W (v)” and B := (W (Uv))” are conjugate
by the automorphism I'; (U), but by Proposition 4.12 they are not conjugate by an
inner automorphism.

The only remaining case is now U = —1. We may assume that the dimension
of Hp is at least 2, because otherwise I'; (Hr) is commutative and any nontrivial
automorphism is outer. Pick two orthogonal vectors e; and e, and consider the
masas A = (W(ey))” and B = (W(ez))”. Assume now that the automorphism
x = Fy(=1)xF,(—1) is inner, so there is a unitary u € Iy (Hg) implementing it.
Since F,(—=1)W(e1)F,(—1) = —W(ey), this automorphism preserves A; it also
preserves B. But the masas in question are singular, so u € AN B. It follows
that uQ € L>(A)N L*(B) = CS2, so u has to be a multiple of identity, which is a
contradiction, because this would yield the trivial automorphism. (]

Remark 4.14. The results above exhibit in particular explicitly a continuum of
nonmutually intertwinable singular masas in I'; (Hg). Very recently Popa [2019]
showed the existence of such uncountable families in every separable II;-factor
(see Corollary 2.2 of that paper).

Remark 4.15. Generator masas can be also studied for the so-called mixed g-
Gaussians (see [Speicher 1993]). They are known to be masas by [Skalski and
Wang 2018], and in fact an application of methods of that paper and general results
of [Bikram and Mukherjee 2017] show that they are singular, as noted by Simeng
Wang. There seems to be however nothing known about the “radial” subalgebra in
this more general context. Is it a masa? Is it isomorphic to a generator one?
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THE COMPACT PICTURE OF
SYMMETRY-BREAKING OPERATORS FOR
RANK-ONE ORTHOGONAL AND UNITARY GROUPS

JAN FRAHM AND BENT @RSTED

We present a method to calculate intertwining operators between the under-
lying Harish-Chandra modules of degenerate principal series representations
of a reductive Lie group G and a reductive subgroup G’, and between their
composition factors. Our method describes the restriction of these operators
to the K’-isotypic components, K’ € G’ a maximal compact subgroup, and
reduces the representation-theoretic problem to an infinite system of scalar
equations of a combinatorial nature. For rank-one orthogonal and unitary
groups and spherical principal series representations we calculate these rela-
tions explicitly and use them to classify intertwining operators. We further
show that in these cases automatic continuity holds; i.e., every intertwiner
between the Harish-Chandra modules extends to an intertwiner between the
Casselman—Wallach completions, verifying a conjecture by Kobayashi. Alto-
gether, this establishes the compact picture of the recently studied symmetry-
breaking operators for orthogonal groups by Kobayashi and Speh, gives new
proofs of their main results, and extends them to unitary groups.
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1. Introduction

Representation theory of reductive Lie groups consists to a large extent in the study
of the structure of standard families of representations, for example principal series
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representations. Here intertwining operators, such as the classical Knapp—Stein
operators, play an important role, and they also provide important examples of
integral kernel operators appearing in classical harmonic analysis. Recently similar
operators have been introduced in [Kobayashi 2015] in connection with branching
laws, i.e., the study of how representations behave when restricted to a closed
subgroup of the original group; see also [Kobayashi and Speh 2015; Méllers et al.
2016a]. Again these are integral kernel operators, now intertwining with respect to
the subgroup, and they appear to be very natural objects, not only for the problem
of restricting representations, see [Mollers and Oshima 2015], but also for questions
in classical harmonic analysis and automorphic forms, see [Mollers and @rsted
2017; Mollers et al. 2016c].

In this paper we shall give an alternative approach to this new class of symmetry-
breaking operators, namely one based on the Harish-Chandra module, i.e., the K-
finite vectors in the representation, in analogy with the idea of spectrum-generating
operators [Branson et al. 1996]. This gives new proofs of the main results of
[Kobayashi and Speh 2015] and generalizes these results to unitary groups. More-
over, our more algebraic framework provides an alternative proof of the discrete
spectrum in certain unitary representations.

The approach is quite general and discussed in the first part of the paper, while in
the second part we carry out all details for the real conformal case and the CR case.

1A. Symmetry-breaking operators. Let G be a reductive Lie group with compact
center and G’ C G a reductive subgroup also with compact center. For irreducible
smooth representations = of G and t of G’ the space

Homg (|, T)

of continuous G’'-intertwining operators between 7 and t and its dimension m (7, T)
have received considerable attention recently, in particular in connection with
multiplicity-1 statements asserting that m (s, t) < 1 for certain pairs (G, G') of
classical groups such as (GL(n, R), GL(n — 1, R)), (O(p,¢q),O(p,q — 1)) or
U(p, q), U(p,q — 1)); see [Sun and Zhu 2012]. A more refined problem is
to determine whether for given representations mw and t there exist nontrivial
G’-intertwining operators 7 |g: — T, also called symmetry-breaking operators in
[Kobayashi 2015], and to classify them. For the pair (G, G’) = (0(1, n), O(1, n—1))
this question was completely answered in [Kobayashi and Speh 2015] in the case
where 7 and t are spherical principal series representations, and in joint work
with Y. Oshima we generalized in [Mollers et al. 2016a] their construction of
symmetry-breaking operators to a large class of symmetric pairs.

Instead of studying this problem in the smooth category we attempt to apply the
“spectrum-generating method” by Branson, Olafsson, and @rsted [Branson et al.
1996] in the study of intertwining operators in the category of (g’, K')-modules,
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and verify a conjecture by Kobayashi on the automatic continuity of symmetry-
breaking operators between Harish-Chandra modules. To given smooth admissible
representations 7 of G and 7 of G’ one can associate the underlying Harish-
Chandra modules rryc and tyc. These are admissible (g, K)-modules, resp. (g', K')-
modules, realized on the spaces of K -finite, resp. K’-finite, vectors of 7, resp. 1,
where K € G and K’ € G’ are maximal compact subgroups. We consider the space

Homy k) (7tucl g, &7y, THC)

of intertwining operators in the category of Harish-Chandra modules. The natural
restriction map

(I-1) Homg/ (|G, T) — Hom(y g (tucl (g, k7)» THC)

is injective but in general not surjective and hence there might be more intertwining
operators in the category of Harish-Chandra modules than in the smooth category.
According to [Kobayashi 2014, Remark 10.2 (4)] it is plausible that this map is
surjective if the space (G x G’)/ diag(G’) is real spherical. (Note that for G' = G
the map is surjective by the Casselman—Wallach theorem.)

We remark that for (G, G') = (GL(2, F) x GL(2,F), GL(2,F)), F=R, C, and
(G, G") = (GL(2, C), GL(2, R)) intertwining operators between Harish-Chandra
modules were previously studied in [Loke 2001] using explicit computations.

1B. Symmetry breaking of principal series. In this paper we outline a method
to classify symmetry-breaking operators between the Harish-Chandra modules of
principal series representations induced from maximal parabolic subgroups, and
their composition factors. Let P = MAN C G be a maximal parabolic subgroup of
G such that P’ = PN G’ = M'A’N’ is maximal parabolic in G’ and write a and o’
for the Lie algebras of A and A’. Fix v € a* such that the roots of (P, A) are given
by {v,2v, ..., gv} and do similarly for v' € (a’)*. Consider the principal series
representations (smooth normalized parabolic induction)

T, =IdGE®e ®1), e, =IndS (E @ 1),

where & and &’ are finite-dimensional representations of M and M’ and r, " € C.
Let & = &)y and assume that for all K-types « of 7z, and all K'-types o’ of ¢/ v
the multiplicity-free properties

dimHomK(a, Tl’g’r|[() <1,
dim Homg- (e, 7¢r, k1) < 1,
dim Homg (o |/, o) < 1.

hold; i.e., 7¢ » is K-multiplicity-free, tz ,» is K'-multiplicity-free, and every K -type
in ¢ , is K'-multiplicity-free.
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Let T : (e, )uc — (tz/,)uc be a (¢', K')-intertwining operator; then T is in
particular K’-intertwining. Consider a pair («; o) consisting of a K-type « in
7g» and a K'-type o in 7z ,» which also occurs in «|g. By the multiplicity-
free assumptions the restriction of T to the K’-type «’ inside the K-type « in
me,» maps to the K'-type o’ in ¢/ ,» and is unique up to a scalar 7, o € C (see
Section 3A for the precise definition). This encodes every K'-intertwining operator
T : (mg )uc — (ter,)Hc into scalars 1, . Using the method of spectrum-generating
operators by Branson, Olafsson, and @rsted [Branson et al. 1996] we prove:

Theorem A (see Theorem 3.4 and Corollary 3.6). Let T : (¢ »)uc — (te/,»)uc be
a K'-intertwining operator given by scalars ty o. Then T is (¢, K')-intertwining if
and only if for all pairs (a; o) and every K'-type B’ the following relation holds:
(1-2) Y AP (op— 00 +2r)pp = (0fy — 0 + 2 Mo
B
(a;0)<(B:8)

Here we write («; o) <> (B; p') if the K’-type B’ inside the K-type B in ¢ ,
can be reached from o’ inside « by a single application of 7z ,(g') for generic
r € C (see Section 3B for details). Further, o, and Uolu as well as Ag:g, are certain
constants depending only on the representations & and &’ (see Sections 2C and 3C
for their definition).

We note that the relations characterizing intertwining operators depend linearly
on the induction parameters r and r’ and turn the representation-theoretic problem
of classifying symmetry-breaking operators into a combinatorial problem. We also

remark that Theorem A admits a slight modification characterizing also intertwining
operators between any subquotients of 7¢ , and ¢ - (see Remark 3.5).

1C. Examples. For the two pairs (G, G') = (O(1,n),0(1,n — 1)), n > 3, and
U, n),U(,n—1)), n>2, we explicitly write down the linear relations for the
scalars f, o characterizing intertwining operators in the case where £ =1 is the
trivial representation (see Theorems 4.1 and 5.1), and use these relations to compute
multiplicities. For the statements we abbreviate 7, =1, and v =71,». If Visa
(g, K)-module and W a (g, K')-module we write

m(V, W) =dim Hom(g/’K/) (V|(g/,K’)» W)

We note that much of the notation used here follows [Kobayashi and Speh 2015].
Theorem B (see Theorems 4.2(1) and 5.2(1)).
(1) For (G,G") = (0(1,n),0(1,n—1)) we have
1 for (r,r") € C*\ Leyens
2 fOl" (7, }’/) € Levens
n—1 n—2

where Leven = { (=25 —i, =252 —j) i, j €N, i — j € 2N}.

m((7,)uc, (T)uc) = {
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(2) For (G,G") = (U(1,n),U(1, n — 1)) we have

1 for(r,r')eC?>\ L,
2 for(r,r')eL,

where L={(-n—-2i,—(n—1)—=2j):i,jeN, j<i}.

m((7y)uc, (T)He) = {

Multiplicity 2 does not contradict the multiplicity-1 statements for the above
pairs (G, G), because for (r,7") € Leyen, resp. L, both representations 7, and
7,» are reducible. In the case (G, G') = (O(1, n), O(1, n — 1)) the representation
(7r,)uc is reducible if and only if r = (%51 +1), i € N, its composition factors
consisting of a finite-dimensional subrepresentation /(i) and an infinite-dimensional
unitarizable quotient 7 ({). Similarly, in the case (G, G') = (U(1, n), U(1, n — 1))
the representation (77, )gc is reducible if and only if r = £(n +2i), i € N, and its
composition factors consist of a finite-dimensional subrepresentation F (i), two
proper subquotients 75.(i), and a unitarizable quotient 7 (i). Write F'(j), 7 (j)
and 77(j) for the corresponding composition factors of (z,/)gc at r’ = —% -7,
resp.r’' = —(n—1)—2j.

Theorem C (see Theorems 4.2(2) and 5.2(2)).
(1) For (G, G") = (0(1, n), O(1, n — 1)), the multiplicities m(V, W) are given by

VI W—|F'(j)) T'()
F(i) 1 0 fori—j€2N,
T@) 0 1

VI W—|F'(j) T'()
F() 0 0 otherwise.
T@) 1 0

(2) For (G,G") = (U(1,n),U(, n— 1)), the multiplicities m(V, W) are given by

Vi W— | F'(j) T TG) T'()
F(i) 1 0 0 0
T4 (i) 0 1 0 0o forj=i
T-@) 0 0 1 0
T@) 0 0 0 1
Vi W— | F'() T TG) T'()
F(i) 0 0 0 0
0 0 0 0 0 otherwise.
T-() 0 0 0 0
T@@) 1 0 0 0
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We further construct a basis of Homy k) (77, )ucl(g, k"), (t)uc) for all r, v’ €
C by solving the relations (1-2) explicitly. More precisely, we find a family
(ta.ar (r, ")) .o’ consisting of rational functions in r, 7’ € C that solve the relations
(1-2). Renormalizing the functions f, 4 (r, r’) gives a family (to(t}i,(r, r")a.a of
holomorphic functions in r, r’ € C satisfying the relations (1-2). By Theorem A this
constructs intertwining operators 7V (r, r') depending holomorphically on r, r’ € C.
We show that

T, ry=0 ifandonlyif (r,7") € Leyen, resp. L.

For each (7, 7") € Leyen, resp. L, the holomorphic function T(l)(r, r’) can be renor-
malized along two different affine complex lines through (r, '), and one obtains
two different nontrivial operators T (r, r’), T® (r, r’) for every (r,r") € Leven,
resp. L (see Propositions 4.6 and 5.6 for details).

Theorem D (see Theorems 4.9 and 5.8 and Remarks 4.10 and 5.9). For the pair
(G,G)=(0(1,n),0,n—1)), resp. (U(1,n), U, n—1)), we have

Homy k) ((7)ucly, k7, (T)HC)
B {CT(I)(r, r") for (r,r") e C*\ L,
|CT® e CT, ) for (r,r') e L,

where L = Leyen, resp. L. Moreover, by composing TV (r, r') with embeddings and
quotient maps for the composition factors of m, and t,/, and renormalizing along
certain affine complex lines, one can obtain every intertwining operator between
arbitrary composition factors of (7w, )uc and (t,/)Hc.

The previous theorem shows that basically all the information about intertwining
operators between spherical principal series of G and G’ and their composition
factors is contained in the single holomorphic family 7V (r, r’) of intertwiners.

Finally we turn to the question of whether every intertwining operator between
the Harish-Chandra modules (77, )yc and (7,/)nuc lifts to an intertwining operator
between the smooth globalizations 7, and t,/, i.e., the question of whether (1-1) is
an isomorphism.

Theorem E (see Corollaries 4.12 and 5.11). For the pairs (G, G") = (O(1, n),
O(,n—1))and (U(1,n), U1, n—1)) every intertwining operator between (7, )yc
and (t,)yc (resp. any of their subquotients) extends to a continuous intertwining
operator between w, and t,. (resp. the Casselman—Wallach completions of the
subquotients). In particular, the injective map (1-1) is surjective for all spherical
principal series representations and their subquotients.

This verifies Kobayashi’s conjecture [2014, Remark 10.2 (4)] in the above cases.
For (G, G") =(0O(1, n), O(1, n—1)) the analogues of Theorems B, C and D in the
smooth category, i.e., for 7, and t,» instead of (7, )yc and (7,/)yc, were established
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in [Kobayashi and Speh 2015] using analytic techniques. With Theorem E we
obtain a new proof of their results as well as the corresponding results for (G, G') =
(UL, n), U1, n—1)).

1D. Application. For (G, G’) = (O(1,n), O(1, n — 1)) we further present an ap-
plication of the classification of symmetry-breaking operators. In Theorem 4.14
we use the explicit formula for the numbers #, o to construct discrete components
in the restriction of certain unitary representations of G to G'. The representations
in question are either spherical complementary series representations (i.e., those
7, which are unitarizable) or the unitarizable quotients 7 (i). This extends and
gives new proofs of previous results of [Speh and Venkataramana 2011; Zhang
2015; Kobayashi and Speh 2015; Mollers and Oshima 2015] (see Remark 4.15).
Analogous results hold for (G, G") = (U(1, n), U(1,n — 1)).

1E. Structure of the paper. In Section 2 we fix the notation for principal series
representations and recall the method of spectrum-generating operators [Branson
et al. 1996]. This method is applied in Section 3 to obtain an equivalent characteri-
zation of intertwining operators in the category of (g’, K’)-modules by means of
scalar identities. After this quite general approach, we study in Section 4 the special
case (G, G') = (O(1, n), O(1, n — 1)) in detail and give some applications. Finally,
in Section 5 we repeat the same procedure for (G, G') = (U(1,n), U(1,n — 1))
providing a new classification of symmetry-breaking operators in this example.
Appendix A contains some basic properties of Gegenbauer and Jacobi polynomials
which are used in Appendix B to describe explicit branching laws for real and
complex spherical harmonics.
Throughout we will use the notation N = {0, 1,2, ...}.

2. Preliminaries

We fix the necessary notation, discuss induced representations and the method of
the spectrum-generating operator by Branson, Olafsson, and @rsted [Branson et al.
1996].

2A. Compatible maximal parabolic subgroups. Let G be a reductive Lie group
with compact center and G’ C G a reductive subgroup also with compact center.
Denote by g and ¢’ the Lie algebras of G and G". Choose a maximal parabolic
subgroup P C G with the property that P’ = P NG’ is maximal parabolic in G’ and
write P = MAN and P’ = M'A’N’ for the Langlands decompositions of P and P’.
We fix a Cartan involution 6 of G which leaves G’ and the Levi subgroups M A and
M'A’ invariant. Write K = G? and K’ = (G’)? for the corresponding fixed point
subgroups of G and G’ which are maximal compact and denote by £ and ¢ their
Lie algebras. Let s and s" be the (—1)-eigenspaces of 6 on g and g’ so that

g=tds, ¢g=¢as.
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Example 2.1. (1) Let (G, G’) be one of the pairs
(0(1,n),0(1,n—1)), U,n),Ul,n—-1)),
(Sp(ls n)7 Sp(la n— 1)), (F4(—20)a Spln(& 1))

Then one can choose the minimal parabolic P such that P’ = P NG’ is minimal
parabolic in G'. Since G and G’ are of rank 1, minimal parabolics are maximal and
hence satisfy our assumptions.

(2) Let
(G, G') = (SL(n, R), SL(n — 1, R)),

with G’ embedded in G as the upper-left block. Then all standard maximal parabol-
ics P =P, , = (S(GL(p, R) x GL(gq, R))) x RP*? corresponding to the partition
n = p+q with ¢ > 1 satisfy the assumptions. In this case P’ = P NG’ is the
standard maximal parabolic of G’ corresponding to the partitionn—1 = p+ (¢ —1).

2B. Principal series representations. For any finite-dimensional representation
(6§, Ve) of M and any v € ag‘:, where a denotes the Lie algebra of A, consider the
induced representation Indg (¢ ® ¢’ ® 1) (normalized smooth parabolic induction).
This representation is realized on the space

E(G;E,v) ={F € C®(G, V¢) : F(gman)=a""""&(m)"'F(g)
for all g € G, man € MAN},

where p = % trad |, € a* The group G acts on £(G; &, v) by the left-regular action.
Since G = KP, restriction to K is an isomorphism £(G; &, v) — E(K; &|pynk),
where

EK; Elynk)={F eC>®(K, Vg):F(km)=§(m)_1F(k) forallke K, me MNK}.

Let 7z, denote the action of G on £(K; §|ynk) which makes this isomorphism
G-equivariant. Then (7¢ ,, £(K; §|unk)) is a smooth admissible representation
of G. The restriction of 7¢ ,, to K is simply the left-regular representation of K on
E(K; Elmnk)-

Corresponding to the smooth representation g, we consider its underlying
(9, K)-module (7g ,)nc realized on the space & = £(K; §|unk)kx of K-finite
vectors. Abusing notation we denote the action of the Lie algebra g on £ also
by 7 . Then the restriction of (¢, )uc to K decomposes as

E=Pew@.

aek

with £(«) being the «-isotypic component in £. Note that £ and hence its decompo-
sition into K -isotypic components is independent of v € ag and only depends on &.
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Similarly we consider ¢/, = Ind%, (¢’ ® ¢” ®1) for a finite-dimensional repre-
sentation (§', Vi) of M’ and an element V' € (a')¢, and its underlying (g’, K')-
module (g )uc realized on the space &' =E(K'; &'|gnm)k’. As above we
decompose the restriction of (tz/ ,/)uc to K’

&= e,
a/el’(\’

with £'(a’) being the o’-isotypic component.

2C. The spectrum-generating operator. Since P is a maximal parabolic subgroup
we have dim a = 1 and we can choose H € a such that the eigenvalues of ad(H) on
the Lie algebran of N are 1, ..., g. Define v € a* by v(H) = 1; then X(g, a) =
{£v, ..., qv}. We abbreviate ng , = 7¢ -, forr € C.

Let B be an invariant nondegenerate symmetric bilinear form on g normalized
by B(H,H)=1.For1 <j <gq let

Ei=tn(gjv +9-jv).

Choose a basis (X )i of £;, denote by (X ; )k the corresponding dual basis with
respect to B and put

Casj = ZXj,kX;',k'
k

Then Cas; is an element of /(¢), the universal enveloping algebra of £. Clearly
the elements Cas; € U(£) do not depend on the choice of the corresponding bases.
Following [Branson et al. 1996] we define the spectrum-generating operator as the
second-order element in ¢/ (£) given by

q
P = Zj*ICasj.
j=1

We remark that even though the spaces £; do not form subalgebras the operator P
can be written as a rational linear combination of Casimir elements of subalgebras
of £ see [Branson et al. 1996, Remark 2.4]. Since the left-regular representation
of K on £ commutes with the right-action Rp of P the restriction of Rp to each
isotypic component £ (o) is a linear transformation

Oq = O£l ynx € EndS(oz)

which only depends on & but not on v.

Similarly we define H' € o, V' € (a’)* and choose an invariant nondegenerate
symmetric bilinear form B” on g’ with B'(H’, H') = 1. Let P’ denote the spectrum-
generating operator for G’ and write o/, € End £'(a) for the restriction of Rp' to
the isotypic component £’ (a').
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2D. Reduction to the cocycle. For each X € g¢ we define a scalar-valued function
w(X) on K by

o(X)(k) = B(Ad(k~"H)X, H), keKk,

where we extend B to a symmetric C-bilinear form on ge. This defines a K-
equivariant map

w:gc—> E(K; 1) =C(K/(MNK)),

where 1 is the trivial M N K -representation. The map w is called a cocycle. Note
that @ vanishes on €c. Let m(w (X)) denote the multiplication operator

E=E, o= w(X)e.
For a, B € K with £(a), £(B) # 0 we let

@B (X) = projg g om(@(X)le@. X €gc,

where projg g, denotes the projection from £ onto £(8). We can now express the
differential representation ¢ , of g on £ in terms of the cocycle w and the maps oy :

Theorem 2.2 [Branson et al. 1996, Corollary 2.6]. For X € s¢c and any «, 8 € K
with E(a), E(B) # 0 we have

(2-1) Proje gy 0 Te.r (X)e@) = 3 (0p0f (X) — 0f (X)og + 2rwf (X)),

Similarly we denote by w’(X) the corresponding cocycle for G’ and by a)g,/ (X)
the corresponding map from &£’(a’) to £'(8’). Then we obtain for X € s and any
o, B’ € K' with £'(a'), £'(B’) # 0 the analogous identity

(22)  Pprojeqgy 0 e (Olea) = (050l (X) — ol (X0}, +2r'wf (X)).

3. The compact picture of symmetry-breaking operators

Consider the admissible (g, K)-module (7 ,)yc. Thenits restriction (7w¢ » )ucl (g, k)
is a (g/, K')-module which is in general not admissible anymore. However, we can
still study the space

Homy g ((7we )ucl,k7)» (ter,r)HC)

of intertwining operators between the (g’, K')-modules. In this section we use
Theorem 2.2 to characterize these intertwining operators in terms of their action on
the K’-isotypic components in the K -types &(a).
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3A. Relating K-types and K'-types. From now on we assume that both £ and &£’
are multiplicity-free; i.e.,

(MF1)  dimHomg (o, &), dimHomg (o, ) <1 foralla € K, o’ € K.

This implies by Schur’s lemma that the maps o, and o, are scalars which we denote
by the same symbols. We further assume that each K'-type &£'(«’) # 0 occurs at
most once in each K-type £(x) # 0; i.e.,

(MF2) dim Homg (E(a), £'(@')) <1 for all E(a), &' (a) #0.
Each K -isotypic component &(«) decomposes under the action of K’ C K into

E)= P & a),
a’ek’
where € («; ') is the o’-isotypic component in (). Then our assumptions imply
that if £(a; '), £'(a') # 0 then E(a; o) = E'(a’). In all such cases we fix an
isomorphism
Ryo : E(; o) = E'(a)).

To simplify notation, let R, o = 0 whenever £'(a') = 0, so that we have surjective
K’-equivariant maps Ry o : E(a; ') — E' (') for all E(a; @) # 0.

In applications, it is often useful to choose a natural isomorphism & («; o) =
&' (o) relating K -types and K'-types. For this we study the restriction of functions
from K to K. Assume for simplicity that &’ = &|,,. In this case we can consider
the restriction operator

rest: £ =&, o |k

This operator is K’'-equivariant and hence, if rest is nonzero on some K'-type
E(a; ') in & then rest |g(q:0) 18 an isomorphism onto &£'(a’) by Schur’s lemma.
However, rest might also vanish on some & («; «’) and therefore we need to combine
the restriction with differentiation in the normal direction.

For this we write

tE=mNH g,

where ¢ is the orthogonal complement of (m N ¢€) in £ with respect to the invariant
form B. Note that M N K acts on q. Similarly

F=m'NntHdq.
Let q” denote the orthogonal complement of ¢’ in g; then

q:q/@q//'
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We note that since M N K acts on g and M’ N K’ acts on ¢/, the group M' N K’ also
acts on q”. We then have

E/mNn) =/ m' Nne)dq”;

i.e., q” identifies with the normal space of K'/(M’' N K') in K/(M N K) at the
base point. Denote by S(q”) the symmetric algebra over q” and by S(q”) "X’
its (M’ N K')-invariants. Note that S(q”)" "X’ acts naturally from the right by
differential operators on functions defined on a small neighborhood of K'/(M'NK")
in K/(MNK).

Lemma 3.1. Let (o, ') € K x K/ with E(a; ') # 0 and D € S(@)"K" Then
the map resto D : £ — &' is K'-equivariant. In particular,

(resto D) gy : E(; ') = E'(@)
is an isomorphism whenever it is nonzero.

Remark 3.2. Of course one could as well consider other irreducible M’ N K'-
subrepresentations of S(q”) than the trivial one. In fact, using an idea of [@rsted
and Vargas 2004] one can construct an injective K’-equivariant map

o
£=C™(K xunk &)k = P C(K' xunk (€ ® 5™ (@)
m=0
and use it to relate K-types and K'-types of the induced representations ¢ , and
1z for &'|ynk any subrepresentation of &|yng ® S(q”). Lemma 3.1 can then
be viewed as the special case &’ = & ® CD, where D € S(q”)”" "X’ and hence CD
is the trivial M’ N K’-representation.

3B. Intertwining operators between Harish-Chandra modules. Let V C £ be a
(¢/, K')-submodule of (7¢ ,)uc; i.e., V is stable under 7z ,(g') and stable under
7e »(K'). Alinear map T : V — &' is called an intertwining operator for nz , and
¢ if for every v € V we have

(3-1) (T o 7z, (X))v=(t¢,(X)o T)v foral X ey,
(3-2) (T o 7g (k))v = (1¢r (k)0 T)v forallk € K'.
In particular an intertwining operator commutes by (3-2) with the action of K’ and
hence restricts to amap Ty o = T |g(a:ary - E(a; @) = E'() forall E(a; ') S V. If
&'(a’) =0 then clearly 7, o» = 0. Recall that we fixed in Section 3A K’-equivariant

maps Ry o : E(a; o) — E'(a'); then by Schur’s lemma 7, o is a scalar multiple
of Ry.o. We write

(3-3) Too =ty - Roo forall0#E(@;a)CV,

with 14 4 € C.
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Restricting (3-1) to £(a; @’) and composing with the projection proj sy We
obtain

(3-4) projgl(ﬂ,) oT o me , (X)lg(@ia) = projg,(ﬁ,) otg (X))o Tleg:al)-

To simplify both sides we let

P s @E@ o) > EB B, Wl B (X) = projecs pry 0 Mm@ (X)) e,

where we view a)ﬂ i ,(X), X € ¢/, as a linear map &(a; ') — £(B; B'). Write
(a; "y = (B; B) 1f a)’3 v # (0. The following lemma is proved along the same
lines as [Branson et al. 1996, Lemma 4.4 (c)] and justifies the use of the notation
(a; o) < (B; B') instead of (a; o) — (B; B'):

Lemma 3.3. For an orthonormal basis (X); C s’ put
shh ng %(Xi) 0 ly b (X).

Then s / s independent of the choice of (Xy)x and
@a)—> (B f) = siD#0 = B> @)
Now, on the left-hand side of the identity (3-4) we can express 7g » (X)|g ;o) 1N
terms of the cocycle using (2-1):
projegy o T o 7 r (X)) = Z T o proje:g. gy © Te.r (X) |e(@iar)
(oc;a’)i(ﬁ;ﬂ’)
- % 3 (00 t20)-(To ol (X))
(a;a’)i(ﬂ:ﬂ’)
:% 3 (0p—0at20p5 (Rppo 7l (X)),
(a;a’)i(ﬂ:ﬂ’)
Similarly we use (2-2) to obtain for the right-hand side
Projergn © Ter (X) 0 Tle@iary = (0 — 00 +2r Mo - (@ (X) 0 Rya)-
Inserting both expressions into the initial equation (3-4) we obtain:

Theorem 3.4. Assume (MF1) and (MF2) and fix Ry : E(a; ') — E'(&') as in
Section 3A. Let Y C € be a (¢, K')-submodule of (¢ ,)uc. A linearmap T :V — £’
is an intertwining operator for s , and tz ;o if and only if

Tlsw:a) =taa " Row forall0#E(@;a’) SV,
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and for all 0 # E(a; &) CV and E'(B") # 0 we have

(3-5) > (op—out2n)pp - (Rgpo bl
ﬂ ’
(za) > (B: B) = (0 — 0o +2r g o - (@’ 0 Ry).

Remark 3.5. Through the formulation of Theorem 3.4 for any submodule V of
(7re,-)HC one can also use (3-5) to describe intertwining operators from subquotients
of (1 /)uc to (tz )uc. In fact, if V' €V C € are (g, K)-submodules of (¢ ,)nc
then any intertwining operator V/V’ — &’ for the actions 7¢ , and 7z, is given by
an intertwining operator V — £’ which vanishes on V".

A little more complicated is the description of intertwining operators into sub-
quotients of (¢ ,)uc. Let W € W C &' be (¢, K')-submodules of (tz ,/)nc
and decompose W = W’ @ W as K’-modules. Then a close examination of
the arguments above shows that any operator ¥V — W/W’ which intertwines the
actions of ¢ , and 7z, is given by a K'-intertwining linear map 7 : V — W" with
T|g(a:a’) = ta.a’ + Raor such that the relations (3-5) hold for any 0 # E(a; ') €V
and 0 # £'(B') € W’. Note that fy oo = 0 whenever &'(a’) £ W".

3C. Scalar identities. To extract from (3-5) information on the constants 7y o+ We
have to transform it into a scalar identity. For this we assume additionally that

(MF3)  dimHomg (sc ® @', ') <1 forall 0+# E(a; ') CV, E(B)) #0.
This implies that the maps

Pl —Rypo ol sp@c@a)—EB)

n(x o
are proportional to each other. If further the map
N =l o Ruw 1sL ®E (@) > /(B
is nonzero then there exist constants )»g ’g, # 0 such that

BE 2B

naa’_ /r)aa

We call )ng,/ the proportionality constants. In this case (3-5) simplifies:

Corollary 3.6. Under the multiplicity-freeness assumption (MF3) the identity (3-5)
is equivalent to

(3-6) S M op—out2r)ipp = (0 — 0 + 2 e w
5
(a0) (BB

Whereas the constants o, and o, are easy to calculate using the highest weights
of o and o/, see [Branson et al. 1996], we do not have a general method to find the
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constants kgg,/ . Of course one can always try to compute the action of the cocycle
on explicit K-finite vectors and decompose the result, but this turns out to be quite
involved already in low-rank cases. However, in some special cases the following
information is enough to determine Ag:g,:

Lemma 3.7. Assume that the elements H € a and H' € a coincide. Let £E(a; o') #0
and E'(B') # 0 and assume that Ry o = Rg g =rest for all B with (a; ') <> (B; B').
Then

Z )\.5:5,:1, Z (aﬂ—aa)kg:g,=a/§,—ao'l,+2(p—p/).
B B
(a;0)<>(B;8) (a;0)<>(B;8")
Here p and p' are identified with the numbers p(H) and p'(H').

Proof. For the first identity we note that H = H’ implies o (X)|gx = ' (X) for all
X € s'. Hence

Rgpow(X)=w'(X)o Ryy forallXeg,

B _ B.B
r)a,a’ - Z na,a’

B
(a;a")(B;8)

which implies

and the claimed identity follows. For the second identity note that for r +p =r"+ p’
the restriction operator rest : £ — £’ is intertwining for 7¢ , and 7¢ . Hence the
identity (3-6) is satisfied with #, o» = 1 for all £(«; @’) # 0. Eliminating r and r’
gives the desired formula. ]

Remark 3.8. The knowledge of any intertwining operator 7 : (7¢ , )uc — (&', )HC
and the corresponding numbers #, , provides an additional identity for the constants

kg o Just as in the proof of Lemma 3.7 for the restriction operator 7' = rest with
r+p=r"+p andty 4 =1.

3D. Automatic continuity. In this section we study the question of whether (g’, K')-
intertwining operators (¢ ,)uc — (7z,)uc between Harish-Chandra modules
extend to G’-intertwining operators mz , — Tz ,» between the smooth representations,
i.e., whether the natural injective map

Homg' (¢ /|G, T2, 1) — Hom(y g (e, )ucl . k), (Ter,r)HC)

is an isomorphism. It is expected, see [Kobayashi 2014, Remark 10.2 (4)], that this
is true if the space (G x G')/diag(G’) is real spherical. Statements of this type
are also known as “automatic continuity theorems” since they imply continuity
with respect to the smooth topologies of every intertwining operator between the
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algebraic Harish-Chandra modules. We provide a criterion to show automatic
continuity in the context of this paper.
Fix a Haar measure dk’ on K'. Then the nondegenerate bilinear pairing

EK" & lmwnk) x EK Y [wnk) — C, (fi, ) = /K/(ﬁ(k'), fr(K)) dk’

is invariant under ¢’ » ® Tz, for any r’ € C, where §" denotes the contragredient
representation of £&” on the dual space V‘SY' Using this pairing we identify ¢/, with
a subrepresentation of the contragredient representation rgv,vﬁr, of tg~v v, which
is realized on the topological dual space £(K'; &'V |ynk')Y carrying the weak-»
topology.

Lemma 3.9. Every continuous G'-intertwining operator T : g , — 'L—év/\/’_r/ maps
into T and defines a continuous G'-intertwining operator T : g , — T/ .

Proof. Let T : E(K; &|ynk) — E(K'; €™ |mnk)" be a continuous linear operator
which is G'-intertwining for 7z , and rsv,v _,- Then T induces a continuous linear
functional

T:E(K; E|lunk) ®EK; Y |ynk) — C,

which is invariant under the diagonal action of K'. The left-hand side is naturally
isomorphic to £(K x K'; (§ ® ") |(mnk)xmnk’)). Composing with the surjective
continuous linear operator

b:C¥(K x K'; Ve ® V) = E(K x K's (6 ®E"™) | (mnk)xmrnkr),

bF(k, k") =/ / EmM)RE M))YF(km, k'm’) dm’ dm,
MNKJM'NK’
we obtain a functional
Kr:=Tob:C®(K xK'; Ve ®V)) - C,

i.e., adistribution on K x K" with values in V¢ ® V. (This is basically the Schwartz
kernel of the operator 7, avoiding distribution sections of vector bundles.) The
distribution K7 is invariant under the diagonal action of K’ from the left and
equivariant under the action of (M N K) x (M’ N K’) from the right. We define a
distribution K 7 on K with values in Vg ® V.Y, i.e., a continuous linear functional
on C*(K; Vs ® V,7), by

(K7, ¢) == (Kr(x,x"), p(x'"x)).
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Then for ¢ € £(K; &|ynk) and ¥ € E(K'; €™ |mnk’) We have
(T¢,1//)=(KT,¢®1//):fK,U{T(x,x/),¢(k/x)®1//(k/x/))dk/

:<KT(x,x'), ¢ (K'x)@y (k'x") dk’>
K’

)&

:<KT(x,x’), ¢(k’x/_1x)®1/f(k/)dk/>

= [ &G0 0@k = [ (Rr ot @UE N

This implies that for any A € V.

(A, To(K)) = (K7, p(k'-) @A),

which shows that T¢ € C*°(K’; Ver). That T¢ € E(K'; £'|yrni) easily follows
from the equivariance property of K7 with respect to M N K and M’ N K'. Finally,
continuity of the thus defined operator T : mg , — 7¢/ ,» follows from the continuity
of the functional K7 on C (K; Ve® VEV,) and the proof is complete. ]

Fix invariant inner products on the representation &|ynk, resp. & |ynk’, and
let || - ||, resp. || - |I’, denote the corresponding L?*-norm on L*(K X ynxk &), resp.
L*(K' X prnk€"). These norms induce norms on each K'-type £(a; o) resp. /().
Write || Ry.o || 12— 2 for the operator norm of R, o : E(ar; o) — &' () with respect
to the L2-norms.

For any F € L*(K X ynk &) write

F:ZFQ,

aek

with F,, € £(a). Then the sequence {|| Fy |}« belongs to EZ(K ), the space of square-
summable sequences. We identify the set K, resp. K', K', with the corresponding
weight lattice so that it becomes a subset of a finite- dlmensmnal vector space.
Denote by | - |, resp. | - |, a norm on this finite-dimensional vector space. It is known
that F' € £(K; §ynk) if and only if the sequence {|| Fy ||}« belongs to s([?), the space
of rapidly decreasing sequences, i.e., those that are still bounded if multiplied with
any power |a|". Moreover, £(K; £ |ynk)" is identified with all formal expansions
F =), Fy, where {| Fy|}o belongs to s’ (I/(\ ), the space of tempered sequences,
i.e., those that grow at most at the rate of ||V for some N e N.

Proposition 3.10. A (¢, K')-intertwining operator T : (7z ,)uc — (te' »)uc with
T|¢(a:a') =ta.a'* Ra.a’ €xtends to a continuous G’-intertwining operator e —> Te! pr
if both ty o and |Ry o || 12, 12 are of at most polynomial growth in o and o'.
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Proof. By Lemma 3.9 it suffices to show that T extends to a continuous G’-
intertwining operator 7g , — (tev, ). Let F € mg,; then F = ) F, with
{I Fsll}« a sequence in s(K). We have TF =) _ (T F)o with

(TF)ot’ = Z lyo' * RO(,(Y/ Fa-
o

By the assumptions

ltg.or] < C1(1+ |a] + '™,
IRyl 125 r2 < Co(1+ || + |/ NN

for some Ci, C» > 0 and N, N, € N. Further, since || F, || € s(I’(\), for every N € N
there exists C > 0 such that || F, || < C(1 + ||)~". Hence, we have for any o’

(T F)oll' <CC1C Y (14l + [/ DM N2 (1 + ey V.
o

Choosing N large enough, this is uniformly bounded by a constant times
(1 + |&/DM+N2, and hence |[(TF)y | € s'(K') so that TF € E(K'; € |k
This shows that 7' extends to a G'-intertwining operator ¢ , — r‘;&v,v’_r,. Continuity
of this operator also follows by the above estimates. U

4. Rank-one orthogonal groups

In this section we apply our method to classify symmetry-breaking operators for
rank-one orthogonal groups. Let n > 3 and consider the indefinite orthogonal group
G =0(1,n) of (n+1) x (n+ 1) real matrices leaving the standard bilinear form
on R"*! of signature (1, n) invariant. The subgroup G’ C G of matrices fixing the
last standard basis vector e, is isomorphic to O(1,n — 1).

4A. K-types. We fix K = O(1) x O(n) and choose

01
H=]10
0nfl

so that P = MAN, with M = AO(1) x O(n — 1), where A O(1) = {diag(x, x) :
x € O(1)}. Note that p = % Then K acts transitively on S"~! via diag(e, k) -
x = ¢ekx, ¢ € O(1), k € O(n), x € "', and M is the stabilizer subgroup of
the first standard basis vector e; € S"~!, whence K/M = S"~!. The subgroup
G’ ' =0(1,n —1) is embedded into G such that K’ =O(1) x O(n — 1) and P’ =
G'NP=MAN', withA'=Aand M' = AO(l) xO(n—2). Then K'/M' = 5",
viewed as the equator in K/M = $"~! C R" given by x, = 0. Further we have

v:v/andp/z%.
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A a/
°
° X
° X °
° X ° X
o
——K———X——o—>

Legend: o K’-types £(a;a’) with o —a’ €27
x  K'-types E(o; o) with o« —a’ €27+ 1

Figure 1

Let £ =1, & =1 be the trivial representations of M and M’ and abbreviate
7, = g, and T, = 7z ,». As K-modules, resp. K'-modules, we have

o0 o0
E=EPsgn" RH*RY), €& = CRHY (R,

PDse (R") @ sgn” KA (R")

a=0 E(@) o'=0 (e’
so that (MF1) is satisfied. Further, each K-type decomposes by (B-1) into K '-types as

(sgn” RH*(R") |k~ P (sgn® HHY R"™)),
0<o’'<a

and hence (MF2) holds. Comparing the sign representations of the O(1)-factor of
K’ we find that Homg/ (€ () |k, £ (a)) # 0 if and only if @ — o’ € 2Z. In this case
formulas (B-2) and (A-2) show that the restriction operator

Ryo =Test g0y E(a; &) = E'()

is an isomorphism. Hence the restriction T, or = T |g(4:0y Of @ K'-intertwining
operator T : £ — &' is given by Ty o = ty.o' Ry for @« —a’ € 2N and T, v =0
else. The K- and K'-types are illustrated in Figure 1.

4B. Proportionality constants. The eigenvalues of the spectrum-generating oper-
ator on the K-types are simply the eigenvalues of the Laplacian on §”~! and given
by, see [Branson et al. 1996, Section 3.a],

ow =a(@+n—-2), o, =ca (@ +n-23).

We identify s = R” via

t
R" — s, y|—>Xy=(23)>.

n
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Then s’ = R"~!, embedded in R" as the first n — 1 coordinates. Since sp >~ C"~! is
a weight multiplicity-free K’-module, (MF3) holds and we can use Corollary 3.6.
To compute the proportionality constants )»5:5, we use Lemma 3.7, which applies
to this situation because H = H' and R, o = rest. The cocycle w is given by

o(Xy)(x)=y'x, xe€ sy e R
Using (B-4) it is easy to see that for fixed 0 <o’ <«
(o)< B B) = la—Bl=ld'-p=1
By Lemma 3.7 we have the following equations for )»55// : for B/ =&’ 4+ 1 we obtain

1,o/+1 —1,a/+1
)\’(X—F o'+ + ka o'+ =1

oo a,a’ ’

Qo+n— DA — Qo+ =328 =20/ +n -1,

which gives

/

/
ka+1’a/+1_a+a +n—2 Ja—la+ _ o—a
! - ’ -
xe 204+n—-2 " o 2004+n—-2’
and for B/ =o' — 1 we get
a+1,0'—1 a—la'—1 __
)‘a,a’ + )‘a,a’ - 1’

Qo+n— DA — Qa+n =322 = ~2a' —n +5,
implying

atla—1_ =o' +1 a-la-1 _ata +n-3

a0 S 2a+n-=2" a0 204+n—-2

We remark that the constants kg’s, can in this case also be obtained by computing

the action of w(X) on explicit K -finite vectors using (B-2) and recurrence relations
for the Gegenbauer polynomials. With the explicit form of the constants )»55//
Corollary 3.6 now provides the following characterization of symmetry-breaking
operators:

A

Theorem 4.1. An operator T : £ — &' is intertwining for w, and 1, if and only if

oo -TeSt|g(:ay fora—o' €27,

T -
leaier {0 fora—ao' €27 +1,
with numbers ty o satisfying

4-1) Qa+n—2)Q2r'+2a'+n—2)ty o = (a+a'+n—2) 2r+2a+n—1)ty11.4'+1
+(a—a")2r—2a—n+3)tq—1 041
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(a—],a’—i—]) (Ot-l—l a'+1) (o, ')

NS N\

(a al) (oz—l,ot—l) (a—H a’'—1)

Figure 2. The relations (4-1) and (4-2).

and

(4-2) QRa+n—2)2r'=2o'—n+Mty.o = (a—a'+1)2r+2a+n—1)tg11.4—1
+(a+a'+n—3)2r—2a—n+3)ty—_1.4'—1-

We view these two relations as triangles connecting three vertices in the K-type
picture (see Figure 2).

Note that if » ¢ —p —N then 2r +2a+n—1 # 0 for all & and hence one can define
tu+1.a'+1 in terms of 7y o and 1 o+ using (4-1) and do similarly for 7,41 -1
using (4-2). If r = —p —i € —p —N and o =i the coefficient 2r +20 +n —1)
vanishes and (4-1) and (4-2) reduce to identities involving only two terms. We
indicate this by drawing a vertical line between i and i + 1 indicating that one cannot
“step” from the left-hand side to the right-hand side (see Figure 3). Similarly we
have that if 7’ ¢ —p" — N then 2r'+ 20’ +n —2 # 0 for all o’ and we can define 7 o
in terms of #y 11 o/4+1 using (4-1). If ' = —p’ — j € —p’ — N and o’ = j we obtain
a horizontal line between j and j + 1 as barrier, indicating that we cannot step
from the part above this line to the part below. Note that if there is a vertical, resp.
horizontal, barrier like this the coefficient (2r —2a —n+3), resp. (2r' —2a' —n+4),
never vanishes and one can step in the other direction, namely from right to left,
resp. from the part below the line to the part above.

4C. Multiplicities. The (g, K)-module (7,)yc is reducible if and only if r €
+(p+N). More precisely, for r = —p —i the module (7, )gc contains a unique non-
trivial finite-dimensional (g, K)-submodule F (i) C £ with K -types £(x), 0 <o« <i.
Its quotient 7 (i) = £/F (i) is irreducible and can be identified with the unique

nontrivial (g, K)-submodule of (7r_,)gc. Similarly we denote for r' = —p’ — j by
(x—1,a'+1) (a+1, a’+1) (a—1,a’+1) (a+1, a’+1)
o—0
[}
(o, @)

Figure 3. Barriers forr =—p —iandr' = —p’' — j.
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F'(j) the unique finite-dimensional (g’, K')-submodule of (z,/)uc and by 7'(j)
its irreducible quotient. Let

Leven:{(rvr/):r: —p—i r'= _:O/_ja i—J € 2Ny},
Loaa ={(r,r):ir=—p—i,r'==p —j, i—je2N+1}.
This notation agrees with the notation used in [Kobayashi and Speh 2015].

Theorem 4.2. (1) The multiplicities between spherical principal series of G and
G’ are given by
1 fOl" (r, i’/) e C? \ Leven,
m((7T s T, =
(()uc, (T)HC) {2 for (') € Leven:

(2) Fori, j € N the multiplicities m(V, W) between subquotients are given by

Vi W— | F'(j) T'(j)
F(i) 1 0 fori—je2N,
T@) 0 1

Vi W= | F'() T'(j)
F() 0 0 otherwise.
T@@) 1 0

To prove Theorem 4.2 we study how the relations (4-1) and (4-2) determine the
numbers 7, o-. We first consider the diagonal @ = «’. Relation (4-1) then simplifies to

(4-3) Qr'+2a+n—2tge=Q2r+2a+n—Digi1.g+1-
This immediately yields:

Lemma 4.3. (1) For (r,r') € C? \ (Leven U Lodq) the space of diagonal sequences
(to,a)a satisfying (4-3) has dimension 1. Any generator (ty,4)q Satisfies:

(@) Forr¢ —p—N, r' ¢ —p' — N,
toa 70 forallo e N.
(b) Forr=—p—ie—p—N, r' ¢ —p —N,
too=0 foralla <i and toa 70 forallo >i.
() Forr¢g¢ —p—N, r'=—p' —je—p —N,
toa 70 foralloa <j and tno=0 foralla > j.
d) Forr=—p—ie—p—-N,r'=—p'—je—p —N,withi < j,

tna 70 foralli <a <j and to =0 else.
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Ao/ a—o' <2k

Y
YR

Legend: e K'-types E(a;a’) with @ — o’ <2k (1, already defined)
o  K’'-types E(u; ') with o — ' > 2k (144 yetto define)

Figure 4

(2) For (r,r"y=(—p—1i, —p' — j) € (LevenY Loda), the space of diagonal sequences
(to.a)a Satisfying (4-3) has dimension 2. It has a basis (t, ,)a» (I )e With the
properties

loa 70 forala <j, tyo=0 foralla> j,

t/ =0 foralla <i, lyo#0 foralla>i.

o,

Next we investigate how a diagonal sequence (#,.4)q satisfying (4-3) can be
extended to a sequence (fy,o') (.« Satisfying (4-1) and (4-2).

Lemma 4.4. Let (r, ') € C?\ (Leven U Loaq). Then every diagonal sequence (to.o)ex
satisfying (4-3) has a unique extension to a sequence (ly,o')(a.o’) Satisfying (4-1)

and (4-2).

Proof. Step 1. We first treat the case r ¢ —p — N. In this case the coefficients
(2r +2a +n —1) in (4-1) and (4-2) never vanish. We now extend the diagonal
sequence (fy,q )y inductively to a sequence (Zy o')w—o’ <24 With k& € N which satisfies
(4-1) for (a, ') with @ — o’ < 2k and (4-2) for (o, ') with o —a’ <2k — 2 as
visualized in Figure 4 (i.e., the two relations hold whenever the corresponding
triangles in Figure 2 are contained in the region o« — o’ < 2k). For k = 0O the
diagonal sequence we start with satisfies these assumptions. For the induction step
k — k+1let « — o’ = 2k and define 7441 4—1 and 7442 o using (4-2) (the blue
triangles in Figure 5) in terms of #,_1 o/—1, ty.o and fyy1o'+1. This is possible,
because 2r + 2o +n — 1 # 0 for all « and hence the corresponding coefficients
in (4-2) are nonzero. Now we have to prove that (4-1) holds for (@ + 1, — 1)
(the red triangle). This can be done by an elementary calculation using the blue
triangles that are by definition valid as well as the green triangles that are valid by
the induction assumption. Hence this extends the diagonal sequence (#y.q), to a
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(— loz’—i—l) (oe—{—l a’+1)
e <><)> s
(ot—l,o/—l.) (a—fl,a’—l)
Figure 5

sequence (fy,o')0<e' <o Satisfying (4-1) and (4-2). Since the relations were used to
extend the diagonal sequence this extension is unique.

Step 2. Next assume r = —p —i € —p — N and r’ ¢ —p’ — N. Then the coefficient
(2r +2a +n — 1) vanishes if and only if & = i. We can therefore use the technique
in Step 1 to extend the upper part (¢, ,)o~; Of the diagonal sequence to a sequence
(tw.o')i<a’<q in the region o’ > i. Next we extend the sequence (#y o )o/~; inductively
to a sequence (ty,o)o'>i—k With k =0, ...,i + 1 which satisfies (4-1) for (c, ')
with o’ > i — k and (4-2) for («, @’) with ' > i —k + 1 as visualized in Figure 6
(i.e., the two relations hold whenever the corresponding triangles in Figure 2 are
contained in the region o’ > i — k). For k = 0 the sequence we obtained using
Step 1 satisfies these assumptions by Step 1. For the induction step k — k + 1 let
o =i—k+1anddefine 7, o1 and 41 o —1 using (4-1) (the blue triangles in
Figure 7) in terms of #,_5 4/, ty.o’ and f442 o This is possible, because r' ¢ —p’ —N
and hence the corresponding coefficient (2r' +2a’ +n — 2) in (4-1) never vanishes.
Now we have to prove that (4-2) holds for («, «’) (the red triangle) which is done
in a similar fashion as in Step 1 using the green triangle. This finishes Step 2.

\ A

Legend: e K’'-types E(a; ') with o' >i —k (1, already defined)
o K’-types E(a; o) with o' <i —k (144 yetto define)

Figure 6
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(x—1 a’—i—l) (oz—l—l a'+1)

| S A A

o (42,

Ay
(@—1,0/—1) (@+1,a'—1)

Figure 7

Step3. Nowletr=—p—ie€—p—Nandr'=—p'—je —p —Nwithi, j €N,
J > i. Note that to carry out Step 2 we only need that (2r' 4+ 2o’ +n —2) # 0 for
o’ <i. This is satisfied since

2 +2a' +n—-2=2'—j) <2 —i)<0
by assumption. Hence the technique in Step 2 carries over to this case. O
Lemma 4.5. Let (r,r') = (—p —i,—p' — j), i, j € N:

(1) For (r,r") € Leyen every diagonal sequence (ty o)y satisfying (4-3) has a unique
extension to a sequence (ty o) (a.o') Satisfying (4-1) and (4-2).

(2) For (r,r") € Logq any sequence (ty o )a.o Satisfying (4-1) and (4-2) has the
property ty ow =0 fora <iora’ > j. Conversely, for any choice of tiy1 ;j € C
there exists a unique extension to a sequence (to.o')(a.o') Satisfying (4-1) and (4-2).

Proof. (1) First Steps 1 and 2 in the proof of Lemma 4.4 extend a diagonal sequence
(fw.0)o uniquely to the range {(«, @’) : @ <i or o’ > j}. This extension satisfies
ty.or =0 whenever j <o’ <« <i. Next one can use (4-2) for (o, ') = (i +1, j+1)
to define 7; 15 j interms of ; ; and #; 1 ;41 (the blue triangle in Figure 8). Inductively,
using (4-2) for (o, ') = (i +2k+1, j+1), k=0,1,2,..., the values of liyok+2,j
are determined for all k. In the next step the technique from Step 2 in the proof of
Lemma 4.4 is used to inductively define 7, o fora >i ando’ = j—k, k=0,...,j
(the red triangle). That all relations (4-1) and (4-2) are satisfied within the four
quadrants in Figure 8 is clear from the arguments in Steps 1 and 2 in the proof
of Lemma 4.4. That these relations are also satisfied at the edges between the
quadrants holds either by definition or since all terms vanish.

(2) Let (t4.0/)a.o’ be a sequence satisfying (4-1) and (4-2). Note that Lemma 4.3(2)
already implies 7, , =0 for j <« <i. Then by Step 1 in the proof of Lemma 4.4 we
have #, oo = 0 whenever j <o’ <o <i (the black zeroes in Figure 9). We first show
inductively that #;_o,_1 ; =0 for k =0, . — (the red zeroes). To show the
statement for k =0 consider the relation (4—2) for (a a')=(i, j+1). By the previous
considerations #, ,- = 0 and further the coefficient (2r +20+n—1) of #5411 4—1 van-
ishes. Hence 741 4'—1 =t;—1,j =0. For the induction step assume #; 21, ; =0 and
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Ao’ Ao’
* *
[ ] [ ]
* *
[ ] [ ]
* * * *
[ ] [ ] [ ] [ ]
0 * 0 *
[ ] [ ] [ ] [ ]
j+ a0 % L R
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j ° A —_— 5"i *T !
[ ] [ ] o o [ ] [ ] [+
H * * o * * o
i i+1 i i+1

Legend: e K'-types E(u; @) with 1, already defined
o K'-types E(a; ') with 1, yetto define

Figure 8

consider the relation (4-2) for (o, ') = (i —2k—2, j+1). Then ty o =ty11.0'—1 =0
and therefore o1 o'—1 = t;—2(t+1)—1,; = 0. Thus we have showed ¢; ; = 0. But in
view of (4-3) this yields #, , = 0 for @ < j. In a similar way one uses (4-1) and
(4-2) for (a, &) = (i + 1, j +2k), k=0,..., =L to show that £;+1 ;1 = 0 and
hence #, , = 0 for all @ > i. From the vanishing of the diagonal the techniques in
Steps 1 and 2 in the proof of Lemma 4.4 yield #, o = 0 whenever o <i or &’ > j.

Now let 7;41,; € C be given and put #, - = 0 whenever a < i or a’' > j. Then
(4-1) and (4-2) are trivially satisfied whenever all three terms are defined. Further,
using Steps 1 and 2 it is again easy to see that this sequence has a unique extension
(ta.o')a.or With the required properties. O

Proof of Theorem 4.2. (1) Let first (r, r') € C? \ (Leven Y Lodd). Then by Lemma 4.3
the space of diagonal sequences satisfying (4-3) is one-dimensional and each such

Ao’ 0 Ao/ 0
[ ] [ ]
.0 0.
0 0 0 0
[ ] [ ] [ ] [ ]
0 0 T 0 0
. 0 0 0 0 0 0
j+1 . — . . .
j .4—; U. U. ﬂi—»
0 0 0 0 0
O. [ ] [ ] [ ] [ ] [ ] [ ] (o]
o 0 0 0 o
0 i lit1 i i+l

Figure 9
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sequence gives by Lemma 4.4 rise to a unique extension (fy.o')(a,o’) Satisfying
(4-1) and (4-2). Hence, by Theorem 4.1 the multiplicity is 1. Similarly we
obtain multiplicity 2 for (r,7’) € Leyen using Lemma 4.5(1). For (r,r") € Logq
the multiplicity statement is contained in Lemma 4.5(2).

(2) We first consider the case V = F(i) and W = F(j). Then any intertwining
operator in Homy gy (V|(y, k), W) corresponds to an intertwining operator 7" :
(m-)uc = (v)uc for r = p+i and r' = —p’ — j such that T|g) = O for all
a >iand T(£) C F'(j). This implies that T is given by a sequence (fy o')a.or With
tyo = 0 if either @ > i or &’ > j. By part (1) the space of intertwining operators
T : (m;)uc — (t)uc is one-dimensional, and using Lemma 4.3(1c) and Step 1 in
the proof of Lemma 4.4 it is easy to see that this operator satisfies the conditions on
ty.o if and only if i — j € 2N. Hence m(F (i), F'(j)) =1 fori— j € 2N and =0 else.
Similar considerations for r = —p —i and r’' = p’ + j show that m(7 (i), 7'(j)) =1
fori — j € 2N and =0 else.

Now let V = 7 (i) and W = F'(j). Then m(V, W) # 0 if and only if there
exists a nontrivial sequence (4,4 )o.o’ Satisfying (4-1) and (4-2) forr = —p —i and
r’ = —p’ — j such that #, v = 0 whenever « <i or &’ > j. First assume j > i, then
by part (1) there exists a unique sequence (fy ¢')a.o’>» and by Lemma 4.3(1d) and
Step 3 in the proof of Lemma 4.4 it is easy to see that for this sequence f, o, =0
if either « < i or @’ > j. Hence m(7 (i), F'(j)) = 1 in this case. Next assume
Jj <1i; then by Lemmas 4.3(2) and 4.5 there can only exist a sequence (fy.o')u.o’
with the above properties if i — j € 2N 4 1. This shows the claimed formulas for
m(T (@), F'(j)). That m(F (i), T'(j)) = 0 for any i, j follows easily by similar
considerations. [l

4D. Explicit formula for the spectral function. From the relations (4-1) and (4-2)
one can deduce an explicit spectral function (ty o (1, r'))0<a’<a» 1.€., a set of solutions
to the relations for all r, r’ € C depending meromorphically on r and r':

Proposition 4.6. For (a, o') € N with @ — o’ € 27 the numbers

4d) ta ) =3 ST )
S @ T () (g2 k)

T (r4+p)T (' +p'+a)[ (22 ) P (22=2053)
X : —
C(r4+p+a’+2)T (r'+p)T (2’ +Zr+1 )r (2r Zr+3 —k)

are rational functions in r and r’ satisfying (4-1) and (4-2). They are normalized to

1,0 = 1.

Proof. First note that since « — o’ € 2Z the number — k is a negative integer
for k > 0 and hence the sum is actually finite for each fixed pair («, «’). It is also

a—o'+2
2
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easy to see that each summand is a rational function in r and r’. A short calculation
shows that for each k € N the term

l—w(a+a’;—n—2 +k)l—w(a—¢)2f/+2)r(r/+p/+a/)
I (=) (=432 — [ (r + p + o' + 2k)

solves (4-1). If we further make the ansatz

t Zb (a+a+n 2+k) (a—(;/—l—Z)l—w(r/_{_p/_i_a/)
oo = oz—l—oz—l—n Z)F(a_%—’_z—k)F(r—{—p+Ot/+2k)’

with by = by (r, ") not depending on « and «’ then we find that (4-2) holds if and
only if

o]

(a+a’;—n—2+k_1) (a—a’+2)r(r/+p/+a/_1)

r
kr(a+a/;rn—2)r(“ =242 _k+1)T (r+p+o/+2k)

x [2r+2r +4k+1) (28 —2r —4k—1) (©4F2 —k) (2redn=2 1 k1)
—2k(2k—1)(r+p~+o'+2k—1)(r+p+a'+2k—2)] =

k=0

Substituting k — 1 for & in the first summand in the brackets gives the condition
i F(0l+0/+—2 +k—1)T (w)r(r/+p/+a/ —1)
= [(HH2) D (42 —k+ )T (r + p 4o/ +2k — 2)

X [2r' 4 2r + 4k —3)2r" — 2r — 4k + 3)by—1 — 2k(2k — 1)b;] = 0,

which holds if
2k(2k — )by = 2r' +2r + 4k —3)(2r' — 2r — 4k + 3)by_.
This recurrence relation has the solution
(el )
Qi T (=2 k)

by=c

with ¢ = ¢(r, r’) not depending on k. Finally 79 o = 1 implies
B F(r + p)F(ZV/—fr+3)
Fo7+ T ()

Corollary 4.7. (1) The renormalized numbers

o 1 ,
(}" ) F( T )l‘aa(}’,l")

are holomorphic in (r,r') € C? for every a,a’ € N, a —a’ € 2N. Further,
to(l’lg[,(r, r'y =0 for all o, &' if and only if (r, r") € Leyen.
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(2) Fixr' = —p' — j, j € N; then the renormalized numbers

o T
£ (r,r') = ty. (ry 1’
w70 Totp) o (r,r)

are holomorphicinr € C foreverya, a’ €N, a—a’ €2N. We have t(iz;/ (r,r"Y=0for
o' > j. Further, for every r € C there exists a pair («, ') with t;zgl, (r,r") #0.

(3) Fix N eNand letr' + p' =r + p + 2N then the renormalized numbers
F / /

Oy T

’ L(r+p)

are holomorphic inr € C for every a, o' € N, a —a’ € 2N. Further, for everyr € C
there exists oo € N such that tfg[ (r,r") # 0 for a > ay.

ta,a’(ra I‘/)

Proof. (1) We can write

/
o—o

2 24k(a+a’+n—2)k(_ a—ao )k (2r’+2r+1 )k (2r—2r’+1 )k

(1 ’ ’ ’ 2 2 4 4
t A7, = ’
wo(HT) =" +0)g ; QI T+ p+a +26)

9

where (), = A(A +1)--- (A +n — 1) denotes the Pochhammer symbol. This
expression is obviously holomorphic in (r, r’) € C?. Now assume to(é,l;,(r, r')=0
for all o, o’. For « = o’ we have (—"‘_“/)k =0 for k > 0 and hence

2
/(1) (r r/) _ "+ e
wor C(r+p+a)

which vanishes for all « € N if and only if r + p = —i and ' + p' = —j with j <i.
We claim that i — j € 2N. In fact, if i — j € 2N+ 1 then for (o, ') = (i + 1, j) only
the summand for k = # is nonzero and hence t;’li,(r, r") # 0, a contradiction.
Therefore i — j € 2N which means (r, r’) € Leyen.

Conversely assume r + p = —i, '+ p’ = —j, with i — j € 2N. Then in each
summand at least one of the three factors

2r=2r'+1\ _ (_i—=J / N (Y, 1 _ 1
(=) =S 4000 = (= Trtpte+20 — T(—ite’+26)

vanishes and hence ta(tl(l,(r, r") =0 for all «, ’.

(2) We can write
Q%M 24k (a+a’+n—2)k (_ a—a’)k (2r—2j—n+3)kF (2r+2j+n—1 —|—k)

@ / - 2 ) 7 7
t AR == /
aa )= (2 )“kX_(:) (2K)! T (r+p+a'+2k)

as a meromorphic function of r. Then ;;?;,(r, r'y=0 for o’ > j. Further, for
o’ < j each pole r of the factor F(w +k) is simple and also a pole of
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the denominator I'(r + p + «’ + 2k), whence t(f;, (r, r") is holomorphic in r € C.
Now assume ta(f;,(r, r’) =0 for all «, o’. Then

(2r+2£+n—1)

0=t2¢rry=(—j—=*~
R T

and hence r has to be a pole of the denominator while it is a regular point for the
numerator. This means r + p = —i € —N with i > j and w = % ¢ —.N,
i.e.,,i —j€2N+ 1. But for (¢, &’) = (i + 1, j) only the summand for k = #

. 2 . .
is nonzero and hence to(¢ ;,(r, r") # 0, a contradiction.

(3) Note that (Z’_iﬁ)k = (=N); =0 for k > N and hence we can write

o 24k(_N)k(O[M/;n_z)k(_a_a/)k

_ 3) N _
@-5) 10 (rry=)" 201

k=0

X (r+N+3), (r+p+a'+2k) 2y ok,
which is clearly holomorphic in r € C. Further, tﬁl (r,r) = (r + p + )2y, which
is nonzero for o > —(r + p). O

Remark 4.8. After a few modifications we find that

!/ /!
_('+p )0/4F3(_a—0/ atatn—2 242741 2r—2r'+1.
r+p)o 2 2 ' 4 ' 4 ’

ta,a’(ra I"/)

1 r+p+a’ rdpta’+1, 1)
227 2 2 v ).

Note that the generalized hypergeometric function 4 F3(ay, az, as, aa; by, by, bs; 7)
occurring here is balanced, i.e., a; +a> +as +as+1 = by + by + b3. However, there
does not exist an explicit formula for its special value at z = 1 in the literature. Also,
we could not find estimates for special values of such hypergeometric functions for
large/small parameters, and therefore were not able to show that f, o (r, ') grows
at most polynomially in &, &’ > O for fixed (r, ) € C2. This is what is needed
to apply Proposition 3.10 in order to show automatic continuity of intertwining
operators. We will therefore first describe all intertwining operators in terms of
the holomorphic family TD(r, r') (see Theorem 4.9) and then show automatic
continuity using the corresponding holomorphic family in the smooth category
obtained in joint work with Y. Oshima [Mollers et al. 2016a]. This is done in
Corollary 4.12.

Theorem 4.9. For i = 1,2,3 we let TO(r, 1) be the intertwining operators
(7 )uc — (t)uc corresponding to the numbers t()(lill,(r, r') in Corollary 4.7. Then
the operator TV (r, ') is defined for (r,r'") € C?, the operator T (r, r') is defined
forr’ € —p’' —N and the operator T (r, r') is defined for (r +p) — (r' +p’) € —2N.
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We have

Homy k) ((7w)uclg, k", (T)HC)
_[erDa, ) for (r, ") € C?\ Leyen,
NCTP@, Y@ CT® W, ) for (r, 1) € Leyen

Remark 4.10. By the proof of Theorem 4.2(2) every intertwining operator between
the subquotients F (i), 7 (i) and F'(j), T'(j) can be constructed by composing
an intertwining operator (77,)gc — (t)uc for particular r, 7’ with embeddings
and/or quotient maps for the subquotients. Hence, also every intertwining operator
between subquotients is given by an operator in one of the three families 7 (r, r').
Therefore, all information about intertwining operators between (77, )yc and (t,/)gc
and any of their subquotients is contained in the holomorphic family 70 (r, r').

Remark 4.11. The family of operators 7 is (up to a constant) equal to Juhl’s fam-
ily of conformally invariant differential restriction operators Doy () : C*°(S n=ly
C®°(8"~2); see [Juhl 2009; Kobayashi and Speh 2015]. The constants to(lil, then
give the “spectrum” of Juhl’s operators in the sense that they describe how the
operators are acting on explicit K -finite vectors. Note that by (4-5) the number of
summands for tof’;,(r, r’) is at most N + 1.

Corollary 4.12. For (G, G') = (O(1, n), O(1, n — 1)) the natural injective map
(4-6) Homg/ (|G, T) — Hom(y g (thcl (g, k7)» THC)

is an isomorphism for all spherical principal series T of G and t of G’ and their
subquotients.

Proof. By Remark 4.10 all intertwining operators between subquotients arise by
composing with quotient maps and embeddings. It therefore suffices to show that
(4-6) is an isomorphism for 7 = 7, and t = 7~ for all (r,7') € C?. In [Mollers
et al. 2016a] a holomorphic family A(r, ") € Homg (71, |/, 7,) wWas constructed in
the smooth category using singular integral operators (see Section 4F for details).
Denote by A(r, 1) € Homy k) ((7r,)ucl(y, k7, (T)uc) its image under the map
(4-6). By Theorem 4.9 this space is generically spanned by TV (r, r’), and since
both A(r, ') and TV (r, r’) depend holomorphically on (r, ') € C? there exists a
meromorphic function ¢ (r, ") such that

Ar,rY=¢r, r)- TV, r).

Replacing A(r, r’) and A(r, ") by ¢ (r, r) " A(r, ') and ¢ (r, r') ' A(r, r') we may
assume that

A, r) =TV, ).
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This already implies that for (r,7') € C? \ Leyen every intertwining operator
in the space Homy g/ ((7,)ucly, k"), (t)Hc) extends to the smooth global-
ization. Further, for (r,7") € Leyen We may restrict (r,7") — T (@, 1) to
an affine complex line and renormalize to obtain all intertwining operators in
Homy k) ((7r;)ucly, k), (t-)uc) by Theorem 4.9. The same restriction and
renormalization can be applied to (r, r’) — A(r, r’), and in this way one obtains
extensions of all operators in Homy g ((7;)ucl(y, k"), (t)Hc) to the smooth
globalization. Note that renormalization of A(r, r’) preserves continuity of the
operators. This shows that the map (4-6) is surjective, hence an isomorphism for
all (r,r") € C2. O

Remark 4.13. The operators TO(r, r) are related to the operators Exm, &k,v and
C,..» studied in [Kobayashi and Speh 2015] for A =r+ p, v =r'+ p’. In fact, using
their notation we have

2

n2 no2 & —DVN!~
TV Y=n""T Ry, TOWr)=n""TA,,, T(S)(r,r’)=L

22N C)\,l)a
where for i =3 we write r' + p' =r + p +2N with N € N.

4E. Discrete components in the restriction of unitary representations. We apply
our results to branching problems for unitary representations. The (g, K)-modules
(7, )uc are unitarizable if and only if r € iIRU (—p, p) and we denote by 7, their
unitary completions. For r € iR these representations form the unitary principal
series and for r € (—p, p) they belong to the complementary series. Further, all
irreducible quotients 7 (i) are unitarizable and their unitary completions will be
denoted by 7_,_;. We note that for r € —(p +Z), r <0, each representation 77, is
isomorphic to some Zuckerman derived functor module A4(A) and occurs discretely
in the decomposition of the regular representation on L>(G/G’).

Similarly we denote by 7/, r' € iRU (—p’, p’), the unitary completions of t,/
and by T_,y_;, j € N, the unitary completions of 7'(j).

For r € R we define the finite set

D(r) = (r + 3 +2N) N (—o0, 0)

and note that for r € (—p, 0) U (—p —N) and r' € D(r) we have r’ € (—p’,0) U
(—p' —N); i.e., 7,» is a unitary representation.

Theorem 4.14. Let r € (—p,0) U (—p — N). Then for every r' € D(r) the repre-
sentation T, occurs discretely with multiplicity 1 in the restriction of 7, to G'.

We note that for a complementary series representation 7,, r € (—p, 0), all
representations 7,7, r’ € D(r), are complementary series representations. If 77, is an
Aq(A)-module, r € —p +Z, r < 0, then so are the representations 7,7, r’ € D(r).
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The restriction of the Aq(A)-modules 7, to G’ decomposes with both discrete and
continuous spectrum and is therefore hard to study by purely algebraic methods.

Remark 4.15. For the special case r' =r + %, i.e., N =0, the occurrence of 7,» in
7| was first proved in [Speh and Venkataramana 2011] for r € [— 0, —%) and
generalized in [Zhang 2015] to the case r € (— 0, —%) U(—p —N). Later Kobayashi
and Speh [2015, Theorem 1.4] proved Theorem 4.14 for the case r € (—p, 0). The
full decomposition of 7, |g for r € (—p, 0) U (—p — N) including the continuous
spectrum was given in [Mollers and Oshima 2015].

We first describe the invariant norms on the unitarizable constituents for » € R.
For this we fix the L>-norm || - lL2(sn-1) Oon L*(K/M) = L*(s" corresponding
to the standard Euclidean measure on $"~!. For r € (—p, p) the norm | - ||, on &€
given by

o o o.¢]
17 =" ba(Pllvall2 s, forv=">" v, € P E@),
a=0 a=0 a=0

with r( ta)
. = _emrre) | A4a)™>
F'p+r+ao)
turns (77, )gc into a unitary (g, K)-module. Further, for r = —p — i the seminorm

|| - |l on &£ has kernel F(i) and turns the quotient 7 (i) = £/F (i) into a unitary
(g, K)-module.

Similarly we denote by || - ||/, the 7,/-invariant norm on &', respectively 7'(j),
given by

o o o
2 2
lwli? =" bl (Dllwa 7252y forw =Y we € @ E'@),
a=0 o'=0 =0

with Flof — o .
b= L) gy
C(o'+r' +a)
We need the following two basic results; see, e.g., [Zhang 2015, Lemmas 3.2
and 3.5]:

Lemma 4.16. Let V C £ be a K -invariant subspace and W C £ a K'-invariant
subspace and assume that V and YV are endowed with pre-Hilbert space structures
with respect to which the groups K and K’ act unitarily. A linear map T :V — W
is bounded if and only if there exists a constant C > 0 such that

2
Y MTle@anlbow <C forallel,
5(a;g/)gv

where || - |ly—w denotes the operator norm with respect to the given pre-Hilbert
space structures.
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Lemma 4.17. Suppose that @ > —1, 8 >0, and B —a > 1. Then there exists a
constant C > 0 such that

0]

Z (1 +p)a < C
—~ (I+p+q)f ~ (I+g)f~!

forall g > 0.

Proof of Theorem 4.14. Forr € (—p,0) let V=E and forr = —p —i € —p — N let
V=@ 1£@). Letr’ € D(r); then similarly we put W = £’ for v’ € (—p/, 0)
and W = @?ZJ-HE/(O/) forr’ = —p’ — j € —p’ —N. By Theorem 4.2 there exists
(up to scalar) a unique nonzero intertwining operator 7' : (77, )yc — (7,/)uc with
T(V) €W and if r = —p —1i additionally 7’| ;) = 0. In our notation

T|£(a‘a/) = toz o - Test |£(a'a/),

with #, o = t(3) for o’ > j and t4 4 = 0 else (see Corollary 4.7 for the definition
of t( ) ) We show that 7 is bounded if we endow V with the norm || - ||, and W
w1th the norm || - ||,7. To apply Lemma 4.16 we calculate
b, (r")
IT a3y = f.or | TESt e (@ian I3 @ a/)ﬁgf(a/)b—(r)

where || - ||g(:e/)—£' (o) denotes the operator norm with respect to the L?-inner
products on £(a; ') € L*(S"~!) and &' () € L?(S"?). Using (A-2), (B-2) and
(B-3) it is easy to see that for @ = o’ + 2¢ we have

22413 (o 4204 152) 20! T (o' 44252

2
t 4 sy ) —
Irestlowan lewa—ew) 7 ()T 2a'+20+n—2)
(@2 (L4 5)T (@ +HA452)  (14a+0)7
AT+ DT (@ +e+250) (1407

Then Lemma 4.16 translates into

1+a +0)2+
§ : 2’+2€a ( ) <C+a)”.
=0 (1407

It is enough to check this for each of the N 41 summands of #,/;2¢ o in (4-5) where
r'+p' =r+ p+2N. The k-th summand grows of order

~ 1+ a/)(r/+p’)—(r+p+2k)(1 + E)k(l +o + g)k

and hence the claim follows by Lemma 4.17. Altogether this shows that T induces
a bounded G’-intertwining operator T : 7;l¢: — T whose adjoint T : T —
7;|¢- embeds 7, isometrically as a subrepresentation of 7, by Schur’s lemma.
Multiplicity 1 follows from the fact that any G’-equivariant embedding S : 7, —
7|’ induces an intertwiner S* : (77, )gyc — (t/)uc between the Harish-Chandra
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modules by taking the adjoint operator and then passing to K -finite vectors. Such
an operator is unique (up to scalars) by Theorem 4.2 and since K -finite vectors are
dense in 7, the embedding S is unique (up to scalars). (I

4F. Comparison with singular integral operators. In [Kobayashi and Speh 2015;
Mollers et al. 2016a] a meromorphic family of intertwining operators A(r, r’) :
Ui rvle — M/l,r’ , in the smooth category is constructed as family of singular integral
operators. In the compact picture this family is (up to scalars) given by

A(r,r) : C®(S" 1 = (8" 72,

Avﬁﬂf@)=/‘gu“—ﬂ”+ﬁ>“*”uu“p”““?ﬂmdm
sn=

where dx denotes the Euclidean measure on S"~!.

Theorem 4.18. Let T(r,r') : C®(S"" 1) — C®(S"72) denote the intertwining
operator with spectrum given by the numbers ty o (r, 1) in (4-4). Then

o=+ P (2r+ir’+l )l" (2r—ir’+l )
L(r+25)

Proof. Since by Theorem 4.2(1) and Corollary 4.12 we generically have

A(r,r') = ST (r, 1.

dim HomG’(anG’v Tr’) =1

and both A(r, r") and T (r, r") are meromorphic in r, 7’ € C there exists a scalar
meromorphic function ¢ (r, ') with A(r, ") = c(r, r')T (r, r’). To determine c(r, r’)
we put f =1:

7 n—=2 ’ 1
cvmﬁ=/ (' =y 4y P
Sn—

Using the stereographic projection

1—|z? 2z > _q
X = y , ZERH N
(1+|Z|2 1+]z|?

the measure transforms by dx = 2"~!(1 + |z|2)~"~D dz, where dz is the standard
Lebesgue measure on R"~!. Writing

1—|w? 2w  R?
= b 9 w 9
YT\ R T+ P

we find

mw6=f“%a+mﬁf”*f (12— w422~

Rn—1 ;1 nel
X |znot 721+ (20T g,
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where we have written z = (z/, z,—1). This integral is evaluated in [Kobayashi and
Speh 2015, Proposition 7.4] and we obtain

2r—r’+%n%

r 2r+2r'+1 r 2r=2r'+1
C(I’, r/)= F( 4 ) ( 4 )

’

(r+"3)
which shows the claim. O

Remark 4.19. The special value of the intertwiners A(r, r’) at the spherical vector
f =1 was also calculated in [Mollers and @rsted 2017] by a different method.

Remark 4.20. The action of A(r,r’) on K-finite vectors was also computed in
[Kobayashi and Speh 2015, Lemma 7.7]. However, their parametrization of K -finite
vectors differs from our parametrization by («, @), and therefore it is nontrivial to
see the equivalence of their identity and our identity (4-4).

5. Rank-one unitary groups

We indicate in this section how the calculations in Section 4 can be generalized to
rank-one unitary groups and state the corresponding results. Let n > 2 and consider
the indefinite unitary group G = U(1, n) of (n 4+ 1) x (n 4+ 1) complex matrices
leaving the standard Hermitian form on C"*! of signature (1, n) invariant. The
subgroup G’ € G of matrices fixing the last standard basis vector ;4 is isomorphic
toU(l,n—1).

5A. K-types. We fix K =U(1) x U(n) and choose

01
H=]10
On—]

so that P = MAN with M = AU(1) x U(n — 1), where A U(1) = {diag(x, x) :
x € U(1)}. Note that p =n. Then K acts transitively on the unit sphere s=lccn
via diag(r, k) -z =A""kz, A € U(1), k € U(n), z € $*~!, and M is the stabilizer
subgroup of the first standard basis vector e, whence K /M = §?"~!. The subgroup
G’ =U(l,n —1) is embedded into G such that K’ =U(1) x Umn — 1) and P’ =
G'NP=MAN with A=A and M' = AU(l) x Un — 2). Then K'/M' =
§2n=3 c "1, viewed as the codimension 2 submanifold in K /M = §n=lccn
given by z, = 0. Further we have p' =n — 1.

Let £ =1, & =1 be the trivial representations of M and M’ and abbreviate
7, = g, and 7 = 7 . Then as K-modules, resp. K'-modules, we have

o o0
&= @ ol (=)0 Hal,ou(([:n), & = @ ei(a’l—aé)é) X ,Hoz’l,aé((]:n—l)’

ay,on=0 E() Dl; ,0[&:0 &)
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where we abbreviate o« = (a1, a2) and @’ = (o], a5). Hence, (MF1) is satisfied.
Further, each K -type decomposes by (B-5) into K'-types as

(ei(on—otz)O X /Hal’az(Cn))h(/ — @ (ei(al—a2)9 X Ha{,aé(q:n—l))’

0<aj<a;
0<a)<ay

so that (MF2) holds. Comparing the characters of the U(1)-factor of K’ we find that
Homg (E(ar)| g7, €' (o)) # 0 if and only if &y —ap = ] — ). In this case formulas
(B-6) and (A-3) show that the restriction operator

Ry =rest gy : E(@; ') = E'(@)

is an isomorphism. Hence the restriction 7, o» = T |g(4:0) Of @ K'-intertwining
operator 7 : £ — &' is given by Ty o' =to,a' Ra o fOr a1 —ay =af —aj and T, oo =0
else.

5B. Proportionality constants. The eigenvalues of the spectrum-generating oper-
ator on the K -types are given by (see [Branson et al. 1996, Section 3.b])

O(ay,ap) =201 (01 +n — 1) +2a0(atr +n — 1),

o(/a,l,aé) = 2o (o) +1n—2)+2a) () +n—2).

We write s¢ =s+ Js = s +s_ and identify s, = C" via

0 w*:FJiw*)

(0 , X+ =
5k W Awd (w:l:]iw 0,

Then s/, >~ C"~!, embedded in C" as the first n — 1 coordinates. Since both s/, are
multiplicity-free K’-modules, (MF3) holds (with s replaced by s’.) and we can
use Corollary 3.6. The cocycle w is given by

o(Xy 1)) =w'z, wesy, oXy-)z)=7"w, wes_,

where z € $~1 C C",
We note by (B-7) that if X € s, then the multiplication map m (w (X)) maps the
K-type E(ay, op) into the K-types E(o; + 1, o) and E(ay, 0 — 1) and if X € 5_
into the K-types £(a1, p+1) and E(a; — 1, ). Because of similar considerations
for s/, and s”_ the equivalence relation (e, @) <> (B, p’) is given by
(a1, 02); (), a5)) < (B: (@) +1, )))
(a1, a2); (], ah)) <> (B (o] —1, a)))
(a1, @); (@, @5)) < (B; (a, ay+1))

(a1, 2); (@], 3)) < (B; (], a5—1))

B € {(a1+1, az), (o1, aa— 1)},
B € {(a1—1, az), (o1, aa+1)},
B € {(a1—1, a2), (a1, a2+ 1)},
B e {(a1+1, az), (a1, ax—1)}.

1111
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Now, Lemma 3.7 yields the following equations for )»55, s for B = (o) + 1, &) we

obtain
(o1 +1,02), () +1,05) n (o, 00—1), () +1,25) -1
(a1,02), (] ,) (a1,02), (] ,) -
(ar+1,00), () +10p) oy @D+l
oy + n))‘(al,az),(a;,ag) QRoy+n 2)}‘(a1,a2),(ag,a§) = 2a| +n,
which gives
(1+1,00), () +1,0) _ a’l +ar+n—1 (a1,00—1), (et} +1,0h) _ o — ai
(o1,00), (], t5) o +ar+n—1 (a1,02), (e}, 0t) ai+oar+n—1
for B’ = (o] — 1, &) we get
(a1—1La), (o) —L,a}) n (ar,00+1), (@) —1,0h) |
(a1,00), (@], a5) (a1,02), (a),0) -
_ (a1—1, ), (] —1,ty) _ (@1,00+ 1), (@)~ 1,09) , _
Qay;+n Z)A(al,az),(a;,aé) Lar + n))”(al,az),(a’l,ag) =20 +n—4,
implying
(1=1.en). (e =Lap) _ oy Fox+n—2 (@t (@ —lLay _ &1~ ap+1
(a1,02), (e, 00)) ar+ar+n—1 (1,2), (a,0t5) ar+ar+n—1°
and similarly we find
(a1,00+1), (et} 0y +1) _ o)+ Oté +n—1 (a1—1,00), (e}, 0y +1) _ oy — Olé
(a1,2), (a,0t5) aj+oar+n—1" Tl @) aj+ar+n—1"
(ap,02—1), (@), a5—1) _ o] +a/2—|—n—2 (a1+1,00), (et} 0y —1) _ %) —Oté—{— 1
(ap,02), (e} ,0%) aj+ar+n—1 ’ (a1,2),(af,0) aj+ar+n—1 ’

We remark that the constants )\.55: can in this case also be obtained by computing the
action of w (X) on explicit K -finite vectors using (B-6) and recurrence relations for
the Jacobi polynomials. With the explicit form of the constants )»55,, Corollary 3.6
now provides the following characterization of symmetry-breaking operators:

Theorem 5.1. An operator T : £ — &' is intertwining for w, and 1, if and only if

!/ /
lyo TeSt|g(asary JOr oy —ap =) — a,,

T ) =
le@an {O else,

with numbers ty o satisfying the following four relations:
(5-1) (Oll +oy+n— l)(l"/ + 20(/1 +n— 1)2‘((1]’(12)’(0(; @)

= () a2 +n— D) +201 + 1), 11,00, ) +1.0))
+ (a1 — ) (r =200 — 1+ 2)t(gy 0y 1), () + 1.04)
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(5-2) (1t +n—1D0" =20 —n+3) (4 a).e )
= (&) + o +n—2)(r =201 — 1+ 20, 1,03). (| 1)
+ (a1 —ap + D (r 4202 + g,y 1), o) 1a)
5-3) (aj+op+n— 1)(7‘/ + 20[& +n— 1)[((117(12),(“1’0[&)
= (o +(Xé +n—1)(r + 20 +n)t(a1,a2+l),(a’l,a§+l)
+ (@2 — ) (r — 201 — 1+ 2)t(e 1.0, (@ 1)
(5-4) (a1+aa+n—1D0" =205 —n+ 3t m). )0}
= (a1 +ay+n—2)(r =202 — 1+ 24 .ar-1). (@} .y 1)
+ (@2 — oy + D (r + 201 +1)ta, 41,00). () oy~ 1)-
5C. Multiplicities. The (g, K)-module (7,)yc is reducible if and only if r €

+(p + 2N). More precisely, for r = —p — 2i the module (77, )yc contains a unique
nontrivial finite-dimensional (g, K)-submodule

Fi)= P &, m)

op,0=0

as well as the two nontrivial infinite-dimensional submodules
i

Fri)=P P é@ o), F )= P @, ).

a1=0 &y =0 a1=0 &y =0
Then the composition series of (77, )yc is given by
O FO S FO S (FrO+F-@) €
(or equivalently with 7 and F_ switched). Hence the quotients
T =&/(Fr)+F-() and Ti(i) =Fx(@)/F ()

are irreducible and infinite-dimensional. Similarly we denote by F'(j), F.(j) and
T'(j), TL(j) the corresponding composition factors of (7, )yc for r' = —p’ —2j,
jeN.

Define

L={(rnr)eCir=—p=2ir'=—p'~2j,0<j<i}.
Theorem 5.2. (1) The multiplicities between spherical principal series of G and
G’ are given by

1 for(r,r")eC>\ L,

m((7,)uc, (t)HC) = {2 for (r') € L
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(2) Fori, j € N the multiplicities m(V, W) between subquotients are given by

Vi W— | F'()y TL(G) T G) T'()
F(i) 1 0 0 0
T+ (D) 0 1 0 0 forj =i,
T-() 0 0 1 0
T@) 0 0 0 1
Vi W— | F'() TL(G) T G) T'()
F(i) 0 0 0 0
T2 (i) 0 0 0 0 otherwise.
T-() 0 0 0 0
T(@) 1 0 0 0

To prove Theorem 5.2 we proceed approximately as in Section 4C. For this we
first reduce the four relations (5-1)—(5-4) in the four parameters o, o, o/l, aé with
o) — oy = o) — ) to two pairs of two relations with only two parameters.

Put

p=oar+ta, qi =0‘/1’ q2 =05§-
Then

+q1—q2 —q1+q / /
alzp qzl qa a2=p qzl qv alquy O‘2:‘I2

Then 0 <o <oy, 0<a) <ay,and o) —ay = —a} if and only if p, g1, g» € N with
P —q1 — q> € 2N. With this reparametrization, the parameter ¢ is constant in the
identities (5-1) and (5-2) and the parameter g is constant in (5-3) and (5-4). Abusing
notation and writing #, ¢, ¢, for #(a, ). (a].a;) the relations (5-1)-(5-4) become
(5-5) (p+n—D0"+2q1+n—Dtp g4,
= (B2 40— 1)+ p+q1 = @2+ Wlpr1g41,:
+ (Y 2)r—p+a1—q2—n+ Dty 194105
(5-6) (p+n—10" =21 —n+3)tpq.0
= (PG 4 n=2)r—p—q1+ a2 —n+2lp-1g-1g
+(FL 2+ 1) r+p—qi + @2+ Mlprig—1.20
(5-7) (p+n—=D0"+2q+n—Dt) 4 4,
= (P2 4 — 1)+ p = @1+ @2+ W pi1gy g0t
+ (LY r—p—qi+ g2 —n+Dtp_1q,.q0+1:
(5-8) (p+n—1D(0"=2q—n+3)t) 4 4,
=P 4 n—2)r—pH+qi — @2 —n+Dlp 14401
+ (L2 +1)r+p+q1 — @2+ Mlpiig g1
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Note that g, is fixed in (5-5) and (5-6), and these relations hold for p, g; € N with
P —q1 € g2+ 2N. The obvious similar statement holds for (5-7) and (5-8).

We first consider the diagonal p=q;+¢3»; then relations (5-5) and (5-7) simplify to
(5-9) (' +2q1+n = Dig 1400190 = 7 +2q1 + 1)ty 14511, 1.0
(5-10) (' +2q2+1n— Digi1g.q1.00 = 292+ 1)1y 145 11.41.90+1-
This immediately yields:

Lemma 5.3. (1) For (r,r') € C?\L the space of diagonal sequences (t4,+q4.q1.0:) 1.2
satisfying (5-9) and (5-10) has dimension 1. Any generator (t4,1¢,.q1.9:)q1,q» Satis-

fies:
(@) Forr ¢ —p —2N, r' ¢ —p’ — 2N,
li+grq1.eo 70 forall qi, q» € N.
(b) Forr=—p—2ie€—p—2N,r' ¢ —p' —2N,

lp+grqp =0 forallqr=iorgx =i and  lg44,4,9:70 forallqi,q2>i.

(c) Forr¢g —p —2N,r'=—p' —2j € —p' — 2N,

totgrqip 70 forallqy,qp<j and  t414,4,.4o=0 forallq,>jorqg,>j.

d) Forr=—p—-2ie—p—2N,r'=—p'—2je€—p'—2Nwithi < j,
tytargrgy 70 foralli <qi,q2 < j and ty+arqig, =0 else.

(2) For (r,r") = (—p — 2i,—p’ — 2j) € L the space of diagonal sequences
(tg1492,91,92)q1.q2 Satisfying (5-9) and (5-10) has dimension 4.

Next we investigate how a diagonal sequence (t,4¢,.q1,42)q1.¢> Satisfying (5-9)
and (5-10) can be extended to a sequence (¢ ¢,.4,) p.q1.q. Satisfying (5-5) and (5-6)
and the corresponding relations in g. For this note that if we fix, say, g2, and put
p' = p — q», then the relations (5-5) and (5-6) read
-1 (P +q+n—=D0"+2q1+n— Dty g4

= (@ +qr+n— 1)(r +p g1 +n)tysn g4
+ (p ;(11 )(r - p/ +q1 — 2Q2 —n+ z)tp’—l,qﬁ-l,
(5-12) (p'+q2+n— D" =21 —n+3ty
= (pu{ql +@r+n—=2)r—p' —qi—n+2ty_14-1
+(5FL + 1)+ p —q1 +2q2 +n)tps1g—1,

where we again abuse notation and write 7,/ 4, for 7, 4, 4,. Similar relations hold if
q1 is fixed. We note that (5-11) and (5-12) have to be satisfied for all p’, g; € N with
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(p'—1,q1+1) (p'+1,q1+1) (', q1)

AN /

(p'.q1) (p'—1,q1—1) (p'+1,q1—1)

Figure 10. Barriers for r = —p — 2i.

P —q1 € 2N, just as in the case of orthogonal groups, see Figure 1. Thus, many
arguments used in the orthogonal situation can be translated to this context. There
are, however, differences to the orthogonal situation. If r = —p —2i € —p — 2N
then the coefficient (r + p’ + ¢ + n) in (5-11) vanishes for p’ + ¢; = 2i and the
coefficient (r + p’ — g1 +2q> +n) in (5-12) vanishes for p’ —gq; = 2(i — q2), which
we indicate by diagonal lines as in Figure 10. Further, if ' = —p’ —2j € —p’ — 2N
then the coefficient (+' + 2¢g; +n — 1) in (5-11) vanishes for g; = j, which we
indicate by a vertical line as in Figure 11.

Lemma 5.4. Let (r,r') € C*\ L. Then every diagonal sequence (t4,+4.q1.0:)q1.2
satisfying (5-9) and (5-10) has a unique extension to a sequence (tp 4,.4,) p.q1.q>
satisfying (5-5)—(5-8).

Proof. The proof is similar to the proof of Lemma 4.4 and we only indicate the
relevant steps.

Step 1. We first treat the case r ¢ —p — 2N. We fix ¢;; then the diagonal sequence
determines 7, ,, for p’=gq. Since r ¢ —p—2N the coefficient (r+p'—g1+2g2+n)
in (5-12) never vanishes. Hence, (5-12) can be used to express 7,41 4,1 in terms of
tp.q and ty 1 4 —1. As in the proof of Lemma 4.4, Step 1, this uniquely determines
all numbers ¢, 4,. Since g, was arbitrary this determines all numbers 7,, 4, 4,.

Step 2. Nextassume r = —p—2i € —p—2Nand r’ ¢ —p’ —2N. Then the coefficient
(r + p’ — q1 +2g> + n) vanishes if and only if p’ — g} =2(i — q2). In particular, it
does not vanish for g, > i. We can therefore use the technique in Step 1 to extend
the diagonal sequence to 7, 4, 4, for go > i and all p, g,. Fixing q; instead of ¢,
we are in the situation that 7,/ 4, is given on the diagonal p’ = ¢ and in the region
q> > i. Since r’ ¢ —p’ — 2N the coefficient (r' +2g, +n —1) in (5-11) (with g; and

(p'=1,q1+1) (P'+1, q1+1)

(P, q1)

Figure 11. Barrier for r’' = —p’ — 2.
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q» interchanged) never vanishes, so we can use (5-11) (with ¢; and ¢, interchanged)
to extend 7,/ 4, to all p’, g> as in the proof of Lemma 4.4 Step 2. Since g; was
arbitrary this determines all numbers #,, 4, 4,.

Step3. Now letr = —p —2i € —p —2Nand r' = —p’ — 2j € —p’ — 2N, with
i, j €N, j>i.Note that to carry out Step 2 we only need that ' +2g>+n—1#0
for g, <i. This is satisfied since

r' 2 +n—1=2(q2—j) <2(q2—i) <0
by assumption. Hence the technique in Step 2 carries over to this case. (I

The case (r, r") € L has to be handled a little differently from the orthogonal
situation.

Lemma 5.5. Let (r,r') = (—p —2i, —p' —2j) € L. Then every choice of to 0.0 and
hi12,0,0 determines a unique sequence (t, 4, 4») p.q1,q» Satisfying (5-5)—(5-8).

Proof. Fix g =0, p’ = p — q» = p; then by the assumption ¢, 4, is known for
(p’, q1)=1(0, 0) and (2i +2, 0). This is illustrated in Figure 12, where the barriers are
as in Figures 10 and 11. Then the techniques from the proof of Lemma 5.4 extend £y o
uniquely to the region p’+¢q; < 2i; see also Figure 12. To overcome the barrier given
by p’+q1 = 2i we use (5-12) for p’ — g = 2i in which the coefficient (r + p’ —q; +
2g, + n) vanishes. Hence, this relation can be applied to extend along the diagonal
line p’—g; = 2i as indicated in Figure 12. It may also be applied anywhere above the
diagonal p’—g1 =2i so that we actually extend to the area p’—q; < 2i; see Figure 13.
Next we need to overcome the barrier p’ — g = 2i, which we do by using (5-11) for
g1 = j. In this relation the coefficient (+' +2¢; +n — 1) vanishes, and hence we can
extend along the line g; = j+1. Using again (5-12) even extends to the whole region

Aqy dai

o o
) ) ) )
o o o o
N ) ) ) ) ) )
] +1 o o o ] +1 > o P o o
Jj ) ) ) ) , J ) ) ) ,
H * P * * P
2i 2i4+2 2i 2i4+2

Legend: e K’-types with t, , already defined
o K'-types with #, 4, yet to define

Figure 12
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2q1 2q: *
* *
[ ] [ ]
* *
° °
* * * *
[ [ ] [ ] [ ]
j+1 *. j+1 P P P
. ES ES . ES ES
] ° ° () , ] [ —» O ,
* * * P * W J
2i 2i+2 2i 2i+2

Legend: e K'-types with t, ,, already defined
o K'-types with t,y 4, yet to define

Figure 13

q1 > j; see Figure 13. We note that up to this point we have not yet made use of
hi+2.0- This is needed now to extend into the region {(p’, q1): p'—q1 > 2i, q1 < j};
see Figure 13. Here both relations (5-11) and (5-12) are needed. Summarizing, we
have extended 79 0,0 and #5;42,0,0 uniquely to a sequence (7, 4,,0) p,q,- Next fix g;
and let p’ = p —¢q1. Then t,/ 4, is already determined for (p’, g2) = (p’, 0) with p’
arbitrary; see Figure 14. Note that in relation (5-12) (with ¢g; and ¢, interchanged)
the coefficient (+' —2¢g, — n + 3) never vanishes, and hence this relation can be used
to extend (z,/,0) ,» uniquely to (¢, 4,) 4,5 see Figure 14. Since g was arbitrary
this finally yields ¢, 4, 4, for any p, q1, g2 and finishes the proof. (]

Proof of Theorem 5.2. (1) This statement is contained in Lemmas 5.3, 5.4, and 5.5.

(2) Composing with embeddings and quotient maps most of the multiplicity state-
ments can be reduced to statements about the (non-)existence of intertwining
operators T : (7,)uc — (t,/)uc for particular » and r’ such that the numbers

192

o o o

o o

o
o T o o T o
o o ,
VAN AN
Legend: e K'-types with t, , already defined
o K'-types with 1, 4, yetto define

Figure 14
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Lay.a0). (e .y VaNIsh in certain regions. These statements can be checked using the
techniques used in Lemmas 5.3, 5.4 and 5.5. This does not work if either V = T, (i)
or W =T/ (j). We therefore show the multiplicity statements for m(75(i), 71 (j))
in detail, using Remark 3.5. Similar considerations can then be applied to the
remaining cases.

Let first V = 7, (i) and W = T/ (j). Then, due to Remark 3.5, an intertwining
operator 71(i) — 7+ (j) is given by an operator

00 J
T: ]:-i-(l) - @ @ 5/(06/1, a/Z)v T|€(a;ot’) = ta,a’ . Roc,ot’
ai:j+laé:0

such that T'| 7;) = 0, and the numbers 7, o solve the relations (5-1)—(5-4) whenever
the two terms 74, B2).(Bl.py) ON the right-hand sides of (5-1)—(5-4) satisfy B8] > j,
B5 < j (i.e., the two upper, resp. lower, vertices of the corresponding triangles are
contained in the region {(B}, B5) : B1 > j, B5 < jD.

Assume first that j > i. Then for any fixed g, < j and p’ = p — g, we are looking
for numbers 7, ,, which vanish if either ¢; < j (i.e., ai < j, the region below the
horizontal line in Figure 15) or p’ —q; > 2(i — ¢») (i.e., ap > i, the region below
the diagonal line going into the upper right corner in Figure 15). As indicated in
Figure 15, relation (5-11) can be used along the diagonal to obtain #,, ,, = O for
g1 > j. Then using (5-12) yields t,y ,, =0 forall p’, g1, so that m(75.(i), TJﬁ(j)) =0.
Next assume j < i. Then for fixed g, < j and p’ = p — g, we have to find numbers
as indicated in Figure 16. Here the relations (5-11) and (5-12) don’t force any of
the numbers in the region {(p’, q1) : p’' — g1 <2( — q2), p' + g1 > 2i} to vanish
and hence the choice of one 7, ,, determines the remaining numbers. We note that
in this case ¢,y 4, = 0 for p’ +¢q; <2i and g; > j as desired. Similarly, if we fix

ra1

o o
o X
j+1 x
Jj X X
X
X X,
P
2i—qn) 2i42 ]

Legend: o K’-types with s, to be determined
x  K’-types with t,/ ,, =0 by formal reasons

Figure 15
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1 *
X
X
j+1 X
Jj X X
2(i—42) 2i42

Legend: o K’-types with 7,/ ,, to be determined
x  K’-types with t,7 ,, =0 by formal reasons

Figure 16

q1 > j and let p’ = p — g; we are in the situation of Figure 17. More precisely, we
need to find numbers 7, 4, satisfying the relations (5-11) and (5-12) (with g1 and ¢
interchanged) in the region {(p’, ¢2) : g2 < j, p’ + g2 <2i} such that ¢,/ 4, = 0 for
p’ — q> < 2i. Again the relations do not force any number in the nontrivial region
to vanish (indicated by stars in Figure 17). Within this region, the choice of one of
the numbers uniquely determines the rest. Together with the previous observation
for the case of g, < j fixed we obtain m(7+(@), T+-(j)) = 1. U

5D. Explicit formula for the spectral function. As in Section 4D we also find the
generic solution to the relations (5-1)—(5-4) as a meromorphic function in r, " € C.

192 X

X
X

j+1 X
J X

%

0 * * * P

Hi—q) 2i42

Legend: o K’-types with #,s , to be determined
x K’ -types with t,, , =0 by formal reasons

Figure 17



THE COMPACT PICTURE OF SYMMETRY-BREAKING OPERATORS 69

Proposition 5.6. For aj,a0 e Nand 0 <o) <oy, 0 <o) <oy, witha) —ap =
o) — ath, the numbers

Z‘(otl a2), (e, aé)(r l"/)

F(al+a2 o a2+2)1_,(a1+a242~ai+a§ +n—1 +k)

= Z (k')ZF o)top— ;ll—()l2+2 k)F(al+a2;ai+aé +n— 1)

D(552)" T (5= + o)) T (F5=" + ) D ("D (75 k)
F(%)ZF(% +ai +k)r(% —i—aé +k)r(r’+£+l)l—1(r’_£+1 —k)

are rational functions in r and r’ satisfying the relations (5-1)—(5-4). They are
normalized to t(0,0),(0,0) = 1.

Proof. The proof is similar to the proof of Proposition 4.6 and we omit some of the
details. For simplicity we use the reparametrization (p, g1, g2) instead of (o1, @)
and (a}, o). Fix g2 and let p’ = p — g»; then it is easy to see that for every k € N
the expression

(NP0 4 gs 0= 144 (22240
D(ZLE2 - f)D (252 4 gy +n — 1) (CELE k)

satisfies (5-11). Further, the series

AN e L)

(e.¢]
L T (T g O

satisfies (5-12) if and only if

2kF(r +r+1 +k)
(k,)ZF(r+2q2+n —|—k) (r £+1 —k)

for some constant ¢ = ¢(r, r’, g2) which does not depend on p’, ¢ and k. Plugging
in p’ = p — g2, using the symmetry of the relations (5-5)—(5-8) in ¢; and ¢», and
normalizing to #p 0,0 = 0 yields

(5-13)  tp.g1.00(ri 1)

00 2kF( —q1 qz+2)F(p+ql+qz+n_1+k)
_Z(k')ZF P—q 112+2 k) (I’+t1|+612_|_n_1)

F(%)ZF(—”Z‘IWI) [(=5= ) D ()05 +)
P (=) T (S Hh)T (5 qoth) T () D (5 k)
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Reparametrizing p, 1, g2 to a1, &z, «}, ) shows the claimed formula. Rewriting
(5-13) as

(5-14)  tp.g.qo(r 1)

P—4q1—92
2

— 1 ok (_ P—qzl—qz)
k=0 (k!)z(r;n )q1+k (rern )q2+k

x (57, (557, (), (),

further shows that this is a rational function in r and r’. O

(£ 1)

k k

Also the next two results are proven along the same lines as Corollary 4.7 and
Theorem 4.9.

Corollary 5.7. (1) The renormalized numbers

0 1

N o /
(aran) (@ ap 7 = 7l an). (e (75 77)

+
r(=2)
are holomorphic in (r,r") € C* for all (ay, a2), (o), ). Further,

1D (r,ry=0

(ory,002), (ot ,0th)
for all (ay, a), (o}, @) if and only if (r, r') € L.
(2) Fixr' = —p' —2j, j € N; then the renormalized numbers

r ( (r+p)=("+p)

@ )
2 t(alsQZ)q(ai,(xé)(rs r’)

(1) =

(a1,02), (e}, ) —p
r(=2)
.. o 2) N —
are holomorphic inr € C for all (a1, az), (o], o). We have t(al,az),(a;,ag)(r’ r'y=0

whene(\zz)er oy > joray > j. Further, for every r € C there exist (a1, a2), (o], &))
with t (r,r’) #£0.

(ar1,002), (o ,0t))
(3) Fix N e Nand let r' + p' =r + p + 2N then the renormalized numbers
(r/-l-p/ 2
e @ ()
r (%)
are holomorphic inr € C for all (o, ay), (ai, aé). Further, for every r € C there

3
((Ol1),6¥2),(0t1,a2) (r, l"/) #0 foray, ar > ap.

3

/ —
(al,az),(ai,aé)(r’ r)=

exists ag € N such that t

Theorem 5.8. For i = 1,2,3 we let TO(r,r') be the intertwining operators
(@)
(a1,00), (] ,0))

Then the operator TV (r, r') is defined for (r,r") € C?, the operator T® (r, r') is

(7 )uc — (t)uc corresponding to the numbers t (r, r") in Corollary 5.7.
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defined for r' € —p' — 2N and the operator T® (r, 1) is defined for (r + p) —
(' + p’) € —2N. We have

Homy k) ((7r;)ucl, k"), (T)HC)

_[CTD @, for (r,r'y e C*\ L,

{CT(z) (r,rY®CTO @, r") for(r,r') e L.

Remark 5.9. We remark that also every intertwining operator between subquotients
V= F(@@), Te@@), T() and W = F'(j), TL(j), T'(j) can be obtained from the
holomorphic family 7” (r, r’) by restricting and renormalizing. More precisely, if V
is a quotient of (77, )yc and WV is a subrepresentation of (t,/)yc then any intertwining
operator T : V — W gives rise to an intertwining operator (7, )gyc — (7,/)uc and
is hence of the form 7@ (r, r’) for some i = 1, 2, 3. This constructs all except the
intertwiners 72.(i) — T(j) for 0 < j <i. These can be obtained from 71 (r, r')
as follows:

We first construct an intertwining operator 7+ : 7 (i) — (t,/)nc forr' = —p’'—2j
such that 77 (F,.(i)) € F.(j). Since F, (i) consists of all K-type £(ay, ap) with
o <iitis given by a sequence (t(a ), (@] ))a2<, Reparametrizing to p, g1, g3 this
means that we have to find a sequence (tp a1.9) p—q1+gp<2i satisfying the necessary
relations. Let v’ + p' =r + p+ 2N, with N =i — j € N, and define

), .
gy (1) = WIP,CII,qz(r’ ), p—qi+q=<2i

Then by (5-14) we have

1 —ai—
1741 42(r r ) = Z (ky)z(r—i-n) Zk(_p t121 qz)k([)—~_6121—i_612 +n— 1)k
’ 2 Jgr+k

(B k+qr)y (5 N), (Nl + N + Dy

In the sum all terms for k > Z=4—% vanish, so that k < Z=4— =~ _q2'+q2 —q <

i —q>. This implies that the denominator does not vanish at r = —p —2i. Therefore
/

tp 1., ("> ") 1s holomorphic in r = —p —2i and evaluation there yields

g =0 o (—p—2i,—p'=2j)

P-4q1,92 P-4q1,92
i— J 1
k _P—ql—qz)
k

=g(k!>2<—i>q2+k =4

X (PR n— 1) (kg =i j k(=g G =Dk (A —n—i = j)r.

The sequence tp a1.q, Clearly satisfies the necessary relations since it is simply
a renormalization of the sequence 7, ,, 4,, and hence it defines an intertwining
operator T : F, (i) — (t/)uc. We note that for ¢, > j the term (—j),, vanishes
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sothattf . =0. Therefore 77 (F,(i)) C F.(j). Composing with the quotient

map F' (j) — T, (j) yields an intertwiner 7" : F (i) — 77 (j). We claim that
this intertwiner vanishes on F (i) and hence factorizes through 7 (i). In fact, for
o = w <iand g > j we have Z=4— < i — g so that we may take the sum
over all k <i—gq. But then g +k—i <0 and therefore (¢ +k—1);—;_ =0, whence
tya1.q» = 0. This implies that 7% : 7 (i) — T/ (j) factorizes to an intertwiner
T :T.(i) = T+(j). To finally see that this intertwiner is nontrivial we note that

forall g; > i, g» < j,and p = g1 + g» we have

4 (g1 —1D)i—j(=J)g,
P.q1,92 (_i)q2

£0.

Remark 5.10. The operators TV (r, r’) are related to the meromorphic family
of singular integral operators constructed in [Mdllers et al. 2016a]. Further, the
family T is (up to a constant) equal to the differential restriction operators on
the Heisenberg group constructed in [Mollers et al. 2016b]. They can be viewed
as a generalization of Juhl’s conformally invariant operators (see Remark 4.11). It
would be interesting to carry out a detailed investigation of all operators T (r, r'),
i =1,2,3, in the noncompact picture as in [Kobayashi and Speh 2015].

As in the real case, we can prove automatic continuity using the full classification
in Theorem 5.8 in terms of the holomorphic family 7 (r, '). Note that the
corresponding holomorphic family of intertwining operators in the smooth category
was also constructed in [Mollers et al. 2016a].

Corollary 5.11. For (G, G") = (U(1, n), U(1, n — 1)) the natural injective map
Homg/ (|G, T) — Homy g (tucl (g, k7)» THC)

is an isomorphism for all spherical principal series w of G and t of G’ and their
subquotients.

Appendix A: Orthogonal polynomials

Gegenbauer polynomials. The classical Gegenbauer polynomials C*(z) can be
defined by, see [Erdélyi et al. 1953, 10.9, equation (18)],
L5]
D" (A)p—
Cr);(z) — Z M(zz)n—Zm.

m! (n —2m)!
m=0

They obviously satisfy the parity condition, see [Erdélyi et al. 1953, 10.9, equa-
tion (16)],

(A-1) CH(—z2) = (=D)"Ci(2).
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The special value at z =0 can be written as

2" YA (A +5) =2 (=DT(A+4k)

A-2 CH0)= —— "=
(A-2) A T EE Ty KT ()

Jacobi polynomials. The classical Jacobi polynomials Pn(“’ﬂ )(z) can be defined by,
see [Erdélyi et al. 1953, 10.8, equation (12)],

n

Ped @ =2 3 (" (M ey,
m=0

The special value at z = 1 is given by

(A-3) PB (1) = (”:“)

Appendix B: Spherical harmonics

Real spherical harmonics. Let H*(R") denote the space of harmonic homoge-
neous polynomials of degree « on R". Endowed with the natural action of O(n),
the space H*(R") is an irreducible representation. It is unitary with respect to the
norm on H*(R") given by

11172501, =/ |6 (01 dx,
Sn—]

where dx denotes the Euclidean measure on S"~!. Upon restriction to the subgroup
O(n — 1) the representation H*(R") decomposes into

(B-1) HY(R") ~ @ HY (R,
0<uo’'<a

Explicit O(n — 1)-equivariant embeddings of the direct summands are given by, see
[Kobayashi and Mano 2011, Fact 7.5.1],

n=2 ’
7 te

(B-2) I}, HY (R > HUR"), I} @) x) =¢(NC,7 " (xa),

o' —a

where x = (x’,x,) € §""!. The following Plancherel formula holds for ¢ €
HY (R™1) (see [Kobayashi and Mano 2011, Fact 7.5.1(3)], note the different
normalization of the Gegenbauer polynomials):

B2 g (n—2+a+d)
(a —a’)! (Ot + %)F(a’ + %)2

(B-3) (@) 72gn1) = 11172502,

For ¢ € H*(R") we have

(B-4) xjp=¢] +IxP’¢;,
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with ¢ € 1! (R") given by

x|2 8¢ 1 k3

- —— 7 = .
O =N e 20y, Y T utza—20x,

Complex spherical harmonics. Identifying R*" ~ C" we embed U(n) into O(2n).
Then the restriction of the irreducible representation H* (R?") of O(2n) to the
subgroup U(n) decomposes into

rHa(RZn) — @ 102 (Cn),
o) t+or=u

where H***2(C") denotes the space of harmonic polynomials on C" which are
holomorphic of degree «; and antiholomorphic of degree ;. Endowed with the
natural action of U(n) the space H*""*2(C") is an irreducible representation. It is
unitary with respect to the norm || || .2 (g22-1y, where we view 5271 a5 the unit sphere
in C". Upon restriction to the subgroup U(n — 1) the representation H*!-*2(C")
decomposes into

(B-5) HeeE = @ HreEh.

0<a<a;
0<a)<a

Explicit U(n — 1)-equivariant embeddings
Iin,a§>—>(a1,a2) FHOO(CTTT) > Y2 (1)

are given by

(B'6) I(r;/l ,aé)—)(oq ,002) (¢)(Z/’ Zn)

(a1 —a2)— (o) —a) (a1 —2)— (o) —a)), o) +ay+n—2)
n

(1-2]z, %)

for o) —ap > ) —as),

o —a)

_ ’
=¢(2) z(0({ —ab)—(a1—az) o, ((a]—ab)—(a1—az),o) +ah+n—2)
n

(1-2z41%)

for oy —ay <) —at),

o —a|
where z = (Z/, z,) € "~ L. For ¢ € H**>(C") we have

,hol —,ahol = ,ahol —,hol
(B-7) 2jp =9 +12lPo M, o =0T 127,

with ¢ € e ELex(C) and ¢ € HO1 e (C") given by

+hol _ 2| d¢ —hol _ 1 d¢

o =g B o

aj+oay+n—109z; aj+oay+n—109z;

gl _z g 2| ¢ ool 1 d¢
J - J

_a1+a2+n—1£j’ _a1+a2+n—1az,~'
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ON THE LANDSBERG CURVATURE
OF A CLASS OF FINSLER METRICS
GENERATED FROM THE NAVIGATION PROBLEM

LIBING HUANG, HUAIFU LIU AND XIAOHUAN MO

In this paper, we study the Landsberg curvature of a Finsler metric via
conformal navigation problem. We show that the Landsberg curvature of
F is proportional to its Cartan torsion where F is the Finsler metric pro-
duced from a Landsberg metric and its closed vector field in terms of the
conformal navigation problem generalizing results previously known in the
cases when F is a Randers metric or the Funk metric on a strongly convex
domain. We also prove that the Killing navigation problem has the Lands-
berg curvature preserving property for a closed vector field.

1. Introduction

The flag curvature of a Finsler metric produced from a Riemann-Finsler metric and
its conformal field in terms of the navigation problem has been determined [Huang
and Mo 2015; Chern and Shen 2005; Cheng and Shen 2009; Mo and Huang 2007].
The flag curvature is an important Riemannian quantity in Finsler geometry because
it takes the place of the sectional curvature in the Riemannian case and lies in the
second variation formula of arc length.

Finsler geometry is more colorful than Riemannian geometry because there are
several non-Riemannian quantities on a Finsler manifold besides the Riemannian
quantities, such as the Cartan torsion A and the Landsberg curvature L. The Cartan
torsion A gives a measure of the failure of a Finsler metric to be a Riemannian
metric. The Landsberg curvature L measures the rate of changes of the Cartan
torsion along geodesics in a Finsler manifold. They all vanish for Riemannian
metrics, hence they said to be non-Riemannian. For a Randers metrics F with its

Xiaohuan Mo is the corresponding author. Huang was supported by the National Natural Science
Foundation of China 11301283 and 11571185. Liu was supported by the Beijing Natural Science
Foundation 1182006. Mo was supported by the National Natural Science Foundation of China
11771020 .

MSC2010: 53B40, 58E20.

Keywords: Finsler metric, Landsberg curvature, conformal navigation problem.

77


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2019.302-1
http://dx.doi.org/10.2140/pjm.2019.302.77

78 LIBING HUANG, HUAIFU LIU AND XIAOHUAN MO

navigation data (h, V'), Shen [2004] proves its Landsberg curvature L and Cartan
torsion A satisfy

(1-1) L+c(x)A=0,

i.e., L is proportional to A where V is a conformal field of /4 with dilation c(x)
and V" is closed. This interesting result prompts us to establish the relation between
the Landsberg curvatures of a Finsler metric via a conformal navigation problem.
Precisely we show the following:

Theorem 1.1. Let F = F(x,y) be a Finsler metric on a manifold M with its
Landsberg curvature L and V a closed vector field on (M, F) with F(x, V,) < 1.
Let F = F(x, y) denote the Finsler metric on M defined by

(1-2) F(x 4 +v):1, forall (x,y) e TM.
F(x,y)

Suppose that 'V is conformal with dilation c(x). Then the Landsberg curvature L

and the Cartan torsion A of F satisfy

L,+c)A,=Ls,
wherey =y + F(x,y)V.

Theorem 1.1 tells us that the Killing navigation problem (i.e., c(x) = 0) has the
Landsberg curvature preserving property for a closed vector field.

For the definition of a closed vector field on a Finsler manifold see Section 4. In
the case of a vector field V on a Riemannian manifold, our notion is reduced to
dV’ =0, where b : TM — T*M denotes the musical isomorphism. It follows that
if F is Riemannian, then Theorem 1.1 reduces to Shen’s result (1-1).

Our method of proving Theorem 1.1 is partially in the contact geometry. It
follows that our method is quite different from that of Shen [2004].

Theorem 1.2. Let F = F(x, y) be a Landsberg metric on a manifold M and V
a closed vector field on (M, F) with F(x,V,) < 1. Let F= F(x, y) denote the
Finsler metric on M defined in (1-2). Suppose that V is a conformal field of F.
Then F has relatively isotropic Landsberg curvature, i.e., the Landsberg curvature
of Fis proportional to its Cartan torsion.

A Finsler metric F is said to be Landsberg type if it has vanishing Landsberg
curvature. It is known that on a Landsberg manifold (M, F), all (T, M\{0}, &) are
isometric as Riemannian manifolds, where g, := g;;(x, y)d v ®@dyl.

In ¢ = constant, we have another nontrivial example satisfying the conditions
and conclusions in Theorem 1.2. Given a Minkowski norm ¢ : R” — R, a constant
vector b and a constant ¢, one can construct a domain Q2:={v e R" | o2cv+b) < 1}.
For each x € Q, identify 7, Q with R". This F(x, y)) is a Minkowski metric on
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the domain €2, where F(x, y) = ¢(y) and V, := 2¢x + b is a vector field on 2
satisfying F(x, V,) = ¢(2cx + b) < 1. It can be shown that V is conformal with
constant dilation ¢ and V is a closed vector on (F, 2). The proof will be given in
Section 5. Define a new Finsler metric F by (1-2). Note that any Minkowski metric
must be Landsberg type. By Theorem 1.2 we have

(1-3) L+cA=0.

We also present explicitly the geodesics of the Finsler metric F on the domain .
When ¢ = % and b =0, F is the Funk metric on a strongly convex domain. Our
result (1-3) has been obtained in [Shen 2001]. Again, the technique and method
used in this paper is quite different from that of Shen.

2. Preliminaries

A Finsler metric on a manifold is a family of Minkowski norms on the tangent
spaces. To characterize Riemannian metrics among Finsler metric, we define the
Cartan torsion A = {A}yer, m\(0} bY

252
Ay, v) = A’jkka%, Ay = gg”%,
where u = u/ (3/9x7), v =v*(3/8x*) € T, M. Besides the Cartan torsion, there are
other quantities which always vanish on Riemannian manifold. For instance, the
following Landsberg curvature, it gives the rate of change of the Cartan torsion
along geodesics. For a vector y € T, M\ {0}, define
Ly, v) = Al it 2
J oxt

where u = u/(9/3x7),v = vk(a/axk) € TyM and “ * ” denotes the covariant
derivative along geodesics. L ={L,}yer, m\(0} 1s called the Landsberg curvature.
We say that F has relatively isotropic Landsberg curvature if L 4+ cA =0, where
¢ = c(x) is a scalar function on M [Shen 2004]. We say that F is a Landsberg
metric if L = 0.

Now we are going to give some lemmas. For related notions, such as the Reeb
field, the Hilbert form and the angular metric, see [Huang and Mo 2011; 2015; Mo
and Huang 2007].

Lemma 2.1. Given a Finsler metric F and a vector field V with F(x,V,) < 1,
define a new Finsler metric F in (1-2). Denote the Cartan metrics of F and F
by H and H. Then the Reeb vector fields of H and H satisfy ’5 =& — Xy, where
f:=p(V)/H and X ; is the Reeb vector field associated with f (or the infinitesimal

contact transformation determined by f, see [Blair 2002]).
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{3l

Proof. We denote the corresponding objects with respect to H by adding a tilde
By (2.6) and (2.9) in [Huang and Mo 2015], we have

2-1) Hix,p)=H(x.p)=p(V), o' =L,
where " is the Hilbert form of H. It follows that

(2-2) ¢::%:1—%=1—f

By the second equation of (2-1), we obtain

(2-3) & =¢ o

We claim that

(2-4) £ =X,.

In fact,

(2-5) O Xp)=¢ 0" (Xp) =" =1

On the other hand, 0= (X 1d@”)(Xy) = —d¢ (X p)+E (D)’ (Xp) =E(P)p—X ().
Thus we have

Lx,d =Lx,(¢ ') =Xe(@ "+ ¢ Ly,
=—¢"'E(P)0’ + ¢ 'E(@)w” =0,

where we have made use of (2-3). Together with (2-5) we obtain (2-4). It is
easy to verify X, = X; + X, for functions & and g. In particular, we have

§=Xy=X_y=X— Xy =£&— Xy, where we have used (2-2). U
Lemma 2.2. The vertical endomorphisms of H and H satisfy
(2-6) V=V 4+yV'X;R0’, Yi=¢ "

Proof. Let ¢; be the flow of X . The lift of ¢; is a flow ¢; on S*M, the co-sphere
bundle of M, @,(x,[p]) := (¢;(x), [(gpt*)_l(p)]). It follows that ¢t 0o ¢; = ¢; o ¢,
where ¢ : S*M — M is the natural projection. Thus
2-7 Ly 0 (@1)s = Qps O L.

Now we assume that v is a vertical field, that is, v € V. S*M = Ker .. Then (¢;).v
is vertical from (2-7). Hence

2-8) (X, v] = lim v—(tﬂ
t—

is also vertical. It follows that

(2-9) ’[Xp,v]1=0, V[Xf,v]=0.
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Note that 0’[£, v] = 0. Then we obtain

2-100 V" + ¥V’ X @a")[E, v] =V[£, v]+ YV X ® '[£, v]
VX 0] =YV X @' [X f, 0] = —v,

where E =& — X y. Observe that V’(v) = 0’ (v) = 0. Then
(2-11) V' + VX ;@) (v) =0.
Finally, we have
V' + YV X @) E) =V'(E) =V (X)) + VX 0" (§) — vV X 0 (X )
=V X)) (=1+v¥ —vf)
~H+H—p(V) _

=V"(X/) 0.

Together with (2-10), (2-11) and Proposition 4.6 in [Mo and Huang 2007], we have
(2-6). O
Lemma 2.3. The angular metric h° on V S*M satisfies

(2-12) R (u, v) = —o" (v, H* W)]).

Proof. The angular metric A° is given by

(2-13) B (u,v) =h"(v,u) = do’ (v, H(u)) forallu,veVS*M,

where #° is the horizontal endomorphism. Note that o’ (1) = o’ (H#°(v)) = 0.
Together with (2-13), we obtain

B> (u, v) = v(@” (H* ))) —H () (@’ (v) =’ (v, H* W)]) = —o’ (v, H* @)]). O

Lemma 2.4. Assume that V is a conformal field on the Cartan manifold (M, H)
with dilation c(x). Then, for u,v € VS§*M, the affine connections of H and H
satisfy Vou = Vyu — yh’(u, U)Vbe.

Proof. By using Lemmas 2.3 and 4.1 in [Huang and Mo 2015], we have
(2-14) Vou =V, H W), H’(u) =H’(u) — cu.
It follows that
Vou = V[v, H ) + cul = V[v, H )] + V[v, cul = V[v, Hw)].
Together with Lemmas 2.2 and 2.3 and the first equation of (2-14), we have
Vo=V + 9V X; @ "), H' )]
=V[v, B ()] + VX 0’ [v, H ()] = Vou — b (u, )V’ X ;. O
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Proposition 2.5. The angular metric h” is given by

(2-15) ROV X ;,v) = ”l(p‘ﬁ),

where \r is given in the second equation of (2-6).

Proof. By the definition of the Reeb vector field associated with f, we have
(2-16) X;=P)X;+ fE+PLX;,

where le (resp. Pf,) is the horizontal (resp. vertical) projection. The integrability
of VS*M tells us that

(2-17) da’(P)X 7, v) = —a’([PLX s, v]) = 0.

On the other hand, dw”(f&, v) = fdw’ (£, v). Together with (2-16) and (2-17), we
obtain

(2-18) do’ (X ¢, v) = do’ (Py,X £, v).

By using (2-2) and (2-6), we have 1/¢ = 1 — f. It follows that df = ¢ ~2d.
Taking this together with (2-18) and (2-12), we obtain

ROV X5, v) =da’ (v, VX ¢)
=dw (v, PuXy)
=—dw’(Xs,v)
= [df —E(Hwlv) =df (v) =¥ >dy (v). O

Corollary 2.6. For u, v, w € VS*M, the affine connections of H and H satisfy
h*(Vyv, w) = Yh° (Y0, w) —h° @, v)w ().

Proof. By Proposition 2.5 and Lemma 2.4, we have
R Vv, w) = yh” (Vo — Yo' (u, v)VX f, w)

= YR (Yo, w) — Y20, V)R (VX f, w)

= Yh (Vuv, w) = 1" (u, Vyw (). O
Lemma 2.7. The Cartan torsion of H and H satisfy
(2-19) 29 A”(u, v, w) +u@)IA (v, w) + VAR, w) + WA’ u, v)

= ZXb(u, v, w),

foru,v,weVS*M.
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Proof. According to Lemma 2.3 in [Huang and Mo 2015] and Lemma 6.7 in [Mo
and Huang 2007],

(2-20) 2A°(u, v, w) = (V") (v, w), 7w, v) = Yh’(u, v)
for u, v, w € VS*M. It follows that
(2-21)  2A°(u, v, w) = (V,h") (v, w)

=u(h’ (v, w)) —h" Vv, w) — k", V,w)

= u(y)h’ (v, w) + AR, w) +w )k’ (u, v) + (1),
where
(2-22) (1) : = yluh’ (v, w)) =k’ Vv, w) =" (V,w, v)]

=Y (Vuh') (v, w) =2 A’ (u, v, w),
where we have used Corollary 2.6. Plugging (2-22) into (2-21) yields (2-19). O
Define (2,1)-Cartan torsion A° by

(2-23) h(A" (u, v), w) = A"(u, v, w)

foru,v,we VS*M

Corollary 2.8. The (2,1)-Cartan torsion A” of H and H satisfy

(2-24) A= A"+ Ld(Iny) @+ ld@d(Iny) + Lyh* @ V' X ;.

Proof. From (2-23), (2-15), (2-19) and the second equation of (2-20), we obtain
Yh° QA (u, v), w) =21 (A’ (u,v), w) =2A"(u, v, w)

= 21//Ab(u, v, w)—i—u(w)hb(v, w)
+o(y)R” (u, w)+wW)h (u, v)
=2yh° (A" (u, v), w)+u(Y)h’ (v, w)
Fo ()R, w)+h" (u, )Y R VX, w)
=yh" QA" (u, v)+%u(w)v+%v(1ﬁ)u+whb(u, VX 7, w)
for u, v, w € VS*M. This gives (2-24). O

3. Landsberg curvature

We say the navigation problem (1-2) is conformal if V is a conformal field [Huang
and Mo 2015]. In this section we are gomg to give the relation between the
Landsberg curvatures of F and F, where F is the Finsler metric produced by
conformal navigation problem (1-2).
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We define the covariant derivative along the Reeb vector field & by
(3-1) Vv = PplE, v] =V o H[E, v]

forve VS*M.
Let V be a conformal field on a Cartan manifold with dilation c(x). Let H be
the Cartan metric given in the first equation of (2-1).

Lemma 3.1. The covariant derivatives along & and E satisfy

(3-2) V=V —Lx, +cld.
Proof. By Lemma 4.2 in [Huang and Mo 2015], we have
(3-3) Pl =Py —c(x)V’

on HS*M @ V S*M. By the definition of £, we have &°([£, v]) = —d&" (€, v) = 0.
It follows that [£, v] € Ker®” = Kero® = HS*M @ V §*M. Together with (3-1)
and (3-3) we obtain

%v = ﬁv[g, v]

= (Py = c()V)[E = X7, v]

= PylE, vl = PylX 7, v] = c()V'IE, vl +c()V'[X 7, V]

=Vev —[Xp, v]+cx)v = (Ve = Lx, +c(x) 1d)(v),
where we have used (2-8) and (2-9). This gives (3-2). U

The Landsberg curvature L is given by

(3-4) L’ =V: A,
where £ is the Reeb vector field and A’ is the Cartan torsion.

Proposition 3.2. The Landsberg curvature L" and the Cartan torsion A° of H

satisfy
(3-5) L"=TA" —cA®,
where
(3-6) T:=Vg—Lx,.

Proof. By virtue of (3-2), (3-4) and (3-5),
L(u, v) = (VA ) (u, v) = V¢(A" (1, v)) — A" (Vzu, v) — A (u, Vzv)
= (T + cId)(A"(u, v)) — A’ ((T +c1dyu, v) — A (u, (T + cId)v)
=T(A"(u,v)) — A’ (Tu, v) — A°(u, Tv) — cA’(u, v)
= (Tgb)(u, V) —c;fb(u, V)

for u, v € V.§*M. This proves the proposition. U
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Corollary 3.3. For the conformal navigation problem (1-2),

(3-7) L +c(x)A’ =T[A" + tdny) @ ld+1 [d@d(ny) + Ly’ @V X ],

where c(x) is the dilation of V.

Proof. Plugging (2-24) into (3-5) yields (3-7). [l
Recall that a flow on a manifold M isamap ¢ : (—¢, €) x M — M, also denoted by

o, = (t, -), satisfying (i) po=1d: M — M, (ii) ps0¢; = ¢s4, forany s, t € (—¢, ¢€)

with s +¢ € (—e¢, ¢). Hence the lift of a flow ¢, on M is a flow on T*M,

(3-8) $:(x, p) = ($:(x), @)~ (p)).

By the relationship between vector fields and flows, (3-8) induces by a natural way
a lift of a vector field V on M to a vector field X§, on 7M. Now we assume that V
is a conformal field of Cartan metric H with dilation c(x) and ¢; its flow.

Lemma 3.4. X7, is the Reeb vector field associated with f := p(V)/H, i.e.,
(3-9) Xy =Xy.
Therefore, $, is the flow of X 5.
Proof. Simple calculations give the following
(XY =f, Xyudo')=—df +E(fHo.

Now our conclusion can be obtained from the uniqueness of the Reeb vector field

associated with f. O
Lemma 3.5. The flow of X ; satisfies

(3-10) i) (@), v) =[h"(u, v)]od;,

(3-11) (i) prs(Viv) = Vg, (1 Prs (V).

foru,veVS*M.

Proof. By the definition of the vertical endomorphism V°, we have [Huang and Mo
2015]

(3-12) V'u)=0, V(E€)=0, V[ ul=—u, forallueVS*M.

It follows that V[, [, v]] € VS*M for all v € VS*M.
Note that V.S*M = Ker, is integrable. We obtain

(3-13) o’lu, V'[£, [, v]]] =0
for u, v € V§*M. The horizontal endomorphism H is given by

(3-14) H(v) = —[£, v] — V'[E, [&, v]].
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Taking this together with (2-12) and (3-13), we obtain
(3-15) h(u,v) = —’[u, H (v)]
= —0'[u, —[§, v] = 3V'[§, [§, vI] = [, [§, v]].
By using (3.1) in [Huang and Mo 2015],
(3-16) "l*wb — o210
It follows that
(3-17) Piuk = E.

Because & is the dual vector field of @ with respect to the Riemannian metric on
S*M, from which together with (3-15) we obtain

(3-18) (@7 "), v) = B (s (), P (V)

= &’ [$r (W), [£, G ()]] = @[ (), (D],
where
(3-19) (1) :=[e ™" G14(£), P (V)]

= — s (V) (€ 2P (€) + e [P (§), Pru(v)] = €27 BrulE, V],
where we have used the fact that
(3-20) br(v) € VS*M, forallve VS*M.
Plugging (3-19) into (3-18) yields
@71") (u, v) = & [Pri(10), e Pys[E, V1]

= ¢ 270§y (u), Prsl&, V1]

= e 20" (Prelu, [£, v]])

= e 2 (¢7a) ([u, [€, v]])

=o' ([u, [£,v]]) oy =h"(u, v) 0 ¢,

where we have made use of (3-20), (3-15) and (3-16). This gives (3-10).
We show that (3-11) holds. By Lemma 3.3 in [Huang and Mo 2015], we have

(3-21) Pri 0V = e 2V 0 .
Combining this with the first equation of (2-14), we have

(3-22) Grs (V) = e Ve, H>(0)])
= e 72V (Grulu, H (0)]) = 2V ([frw (), (ID)]),
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where

(3-23) (I1) =g o H’ (V) = ru(— €, v] — DV[E, [£, v]])
= — (@&, rsv] — 272V 0 By [E, [, v]]
= — [€%7E, ] — LV [k, il V1]
= — ¥ [E, Grv] — Le 2V (I11)

where we have used (3-17), (3-20) and (3-21) and

(I11) :=[*"E, [*E, pr(V)]] = [*E, €2 [E, P (V)]
=™ E(*)[E, $r(v)] — €27 ([€, b (V)1(€7))E + ™ [£, [, frs (V)]
Plugging this into (3-23) yields
(I1) = —*" [£, §ruv]
— 172V 27 E(NE, Gri(v)] — €27 (€, brs (V1€ )E +e* [E, [E, fru(W)]]}.
Together with (3-12) and (3-14) we obtain

(I1) = —*[£, rav] — %e‘z"f{ — X EE) i (v) + V[, [, a*(vm}
= 2 H’ 0 Gy (v) + LE(E¥7) 1 ().
Substituting this into (3-22) yields

Gr(Vuv) = €27V ([he ), €7 H’ 0 G (v) + 35 (7)1 (0)])
=V ([fr (). H’ 0 G (0)]) = V3, ()P (V)
where we have used (3-12) and (3-20). O
Proposition 3.6. The Cartan torsion A" of H satisfies Lx, A” = 0.

Proof. We can consider the flow of X , the lift of conformal transformation ¢,
by Lemma 3.4. Thus ¢, satisfies Lemma 3.5. Together with the first equation of
(2-20), we have

27 A (1, v, w) =2A" (s (1), Gr(V), Prs(W)) = (V3 (1) (B1 (), Py (w))
= (@1 (1)) (P11 (V), Brs(W))) — h* (V3,1 Brx (V). P (W)
— 1 @1 (v), V3, (0 Prs (W)
=[u(h’(u, v)) = h*(Vuv, w) — h* (v, V,w)] o ¢,
=[(V,h") (v, w)] o ¢y = 24" (u, v, w) 0 ¢y.

It follows that the Cartan torsion A® of H is invariant under the flow 7;5\,* Thus we
have proved Proposition 3.6. ]
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We define the covariant derivative of the angular metric along the Reeb field & by
(3-24) (Veh")(u, v) := Ve(h"(u, v)) — h* (Veu, v) — h’(u, Vev)
foru,veVS*M.

Lemma 3.7. V:i" =0.

Proof. Denote the orthonormal frame on VS§*M by { e¢5}. Then we have that
h = (@Y% +- -+ (0" 1?2, where {w®} is the dual frame of { ez} where n = dim M.
It follows that

(3-25) h’ (g, e5) =8up,  Ve(h'(2a.e5)) =E(Bup) =0.
By using (3-1), we have
(3-26) Viey = PIE, el.

Lemma 3.1 in [Mo and Huang 2007] tells us [&, ez] = —ey + wb €3 )?B, where {a)g}

is Chern connection 1-form. Combining this with (3-26) we obtain Vieg = wg (& )?5.
It follows that

(3-27) 1" (Vsez, €5) = h(@)) (§)ey. €5) = 0l (§)8,p = b (&),
where we have used the first equation of (3-25). Similarly, we get
(3-28) h°(eg, Vg’e\’g) = hb(V{e\E, eg) = wy(§).
From the structure equation (2-4) in [Mo and Huang 2007], we have
(3-29) of +wf = —2Hyp, 0.
By using (3-25), (3-27), (3-28) and (3-29), we have

(Veh®) (e, ¢5) = Ve(h’(€a. ep)) — h’ (View, ¢5) — I’ (€a. Viez)

= Vi (ap) — (@ + @§)(§) = 2Hap, 0" (§) = 0.

Note that V¢h” is a tensor. Thus we have proved Lemma 3.7. U

In the second equation of (3-25), we used the following definition: Vg :=£&(g),
for all g € C*°(S*M). Together with Lemma 2.1 we obtain

(3-30) Vig=E(g)=(—Xs)(g)=Veg — Lx,8=Tg,
where T is given in (3-6).
Lemma 3.8. The angular metric h’ of H satisfies

(3-31) Th® = 2c(x)h".
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Proof. By (3-30), (3-2), (3-6) and Lemma 3.7, we see that
0= (%g%b)(u, V) = %g(ﬁb(u, v)) — %b(%:u, v) — %b(u, %gv)

= T(l’;b(u, v)) — ﬁb(Tu +cu,v) — Eb(u, Tv+cv)

=T, v)) —h*(Tu, v) —h°u, Tv) —2ch’(u, v)

= (Th")(u, v) — 2ch’(u, v)
for u, v € VS*M. Then (3-31) holds. O
Proposition 3.9. The derivation T satisfies
(3-32) TO Xf)=PpXs—2eV"Xy,
(3-33) TdIny) =" (PLXs, ),
where \r is given in the second equation of (2-6).
Proof. By Lemma 3.4 in [Huang and Mo 2015], we have

(£, X1 = Xeg), ¢ € CP(S™M).
Together with (3-1), (2-16) and (3-12), we have
(3-34) VeV X =V'[E, H oV X ;1= V£, Py, X ;1= V[E, X s — PLX f — fE]
=V[E, X)) = V'[E.PLX ) = V'E, fE1=V" Xe(p) + Py X

By using (3-9) and (3-16), we get

(3-35) Lx; o = th_r)% tf = E(@kwb) lr=0
d do’
= E(ezatwb) lr=0= 2% li=0 o = ZC(x)a)b.

By the definition of the Reeb vector field associated with f, we have
Lx,0" =d(@" (Xf) +ix,(do”) =df +do’(Xf, ) =E(f)e’.

Combining this with (3-35) we get

(3-36) §(f) =2c(x).

Recall that VS*M = {v € TSM | v(g) =0, forall g € C®°(M) C C*(S*M)}.
Together with (3-36) and the proof of Proposition 2.5 we have 0 = v(2¢(x)) =
v(E(f)) = h"(Vng(f), v). It follows that

(3-37) V' Xe(p) = 0.
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Plugging this into (3-34) yields
(3-38) VeV X =P X5

By using Lemma 3.4 we have ¢’>\,*X = X . Taking this together with (3-21) yields

- VX = VX d ~
L, VX =lim PO R oG ey,

t—0
d —~
_ _E(e 2070 0P X7) lr1=0
d —20,4 b dO’; b
:_E(e VX f) im0 = s li=0 V' X5 =2c(x)VX.

Together with (3-38) and (3-6), we get (3-32).

Now we show that (3-33) holds. By (2-15) and the second equation of (2-20) we
have d(In ) (v) = v(¥) /¥ = YRV X £, v) = h>(V° X ¢, v). Together with (3-31)
and (3-32) we obtain

[T (d(ny)](v) =T (d(ny)(v) — (d(Iny))(T (v))

=TH VX, 0) =RV X s, T(v))
=TV’ X s, ) +h(TO°X ), v)
=2cR° (V' X5, 0) + B (PLX =26V X 1, 0) = (P X £, v)
for v € VS*M. This gives (3-33). O
Proposition 3.10. For the conformal navigation problem (1-2),
(3-39) L'+ c(x)A"=L"+ (),
where c(x) is the dilation of V and
(3-40) ()= 1R PL X, )@ Id+ 1d @R (PLX s, )+ 1 @ PLX .
Proof. By using (3-7), (3-31), (3-32), (3-33), (2-20) and Proposition 3.6, we have
T[A” +1d(ny) @ Id+1 1d®@d(Iny) + Ly h” @V X 4]
=TA +1T[d(Iny) @1+ ITHd@d(In )1+ 1T @V X )
=V:A"—Lx, A"+ 1T(dIny)®1d
+@TIny) + LT @V X s + P @ TV X f)
=L+ (P)X s, ) @A+ @R (P X 4, )
Feh? @V X4+ 10 ® (Py X — 26V X )
=L"+(I).
Plugging this into (3-7) yields (3-39). U
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4. Closed vector field
Let (M, F) be a Finsler manifold. A vector field V on (M, F) is said to be closed
if dV° =0 (mod 8y'), where

0

(4-1) VP=Vigidx', V= Vfﬁ,
and 8y’ are defined in (4-2).

Proposition 4.1. Let V be a vector field on a Finsler manifold (M, F). Then the
following assertions are equivalent:

(1) V is closed,
(ii) 8V;/8x7 =8V, /8x";
(iii) Vijj = Vi
where V; =V"(3/0x"), 8/8x/ :=3/dx/ —Nj.a/ayi and “|” denotes the horizontally
covariant derivative with respect to Chern connection or Berwald connection.

Proof. Recall that two natural (local) bases that are dual to each other:

o {8/8x", F(d/dy")} for the tangent bundle of 7 M\ {0},
e {dx', 8y’ /F} for the cotangent bundle of T M\ {0},

where
(4-2) 8y’ :==dy' + Nidx/.

It follows that dV° =d (V;dx") =dV;Adx' = ((8V;/8x7)dx/+(3V; /9y))8y" ) Adx'.
Thus we have dV°|gryxurm = (8V;/8x7))dx/ A dx'. We obtain that V is closed
if and only if (i) holds. By the definition of covariant derivative, we have V;; =
V;/3x —ViT';— (Vi /dy* )Ny =8Vi/8x] =V, T'j;, where I}, satisfies I, =T, It
follows that V;j;— Vi =8V /8x7 — 8V, /8x' = Vi(T}; = T) =8V; /6x) =8V /8x".
Thus (ii) is equivalent to (iii). Il
Remark. By Proposition 4.1 our notion of closed vector field V reduces to dV° =0

if (M, F) is a Riemannian manifold where b: 7T M — T*M is a musical isomorphism.
For a Randers metric we have the following result, the proof of which is omitted.

Proposition 4.2. Let F = \/h;j(x)y'y/ be a Riemannian metric on a manifold M
and V a vector field on M with F(x, Vy) < 1. Let F = a + B denote the Randers
metric on M defined in (1-2). Then:

(1) If V is conformal with respect to F, then V is closed if and only if df = 0.

(i1) V is conformal and closed if and only if Fis of relatively isotropic Landsberg
curvature.
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Lemma 4.3. Let F = F(x,y) be a Finsler metric on a manifold M and V a
closed vector ﬁeld on M with F(x,V,) < 1. Suppose that V is conformal with
dilation c(x). Let F=F (x, y) denote the Finsler metric on M defined in (1-2).
Then the lift of V satisfies

1) 3
(4—3) XV = VIF + c(x)y —

In particular, Xy |sy C HSM.

Proof. By Lemma 3.1 in [Huang and Mo 2013], Xy (F) = 2c(x)F. It follows
that Xy (L) = 4c(x)L, where L := F? /2 is the Lagrangian function. In natural
coordinates

. i
(4-4) Xy =vil g0V 0

axi Y axi gyt

where V = Vi (3/3x") [Mo 2011; 2012]. Hence Xy (L) = y;(3 Vijax/)yl +VIL,,
where we have used the fact L i =9L/dy" = g;;y/ :=y;. Together with (4-4) we get
(4-5) VAL a4+ y*Viy; = 4e(x)L.

Differentiating (4-5) with respect to y/, we obtain

(4-6) Vkakyj +V}y,~ +kak"g,-j =4cy;.

We know (see (2.14) and (2.18) in [Chern and Shen 2005])

aG'

G =1¢"(Lyyy — L), Ni= IE

It follows that

. 9 il . . .
(4-7) yiNi= %[yiaiyk(ijy, Y —L)+ Y (Lyiypy! + L8] —Lxlyk)] =L..

Differentiating (4-7) with respect to y/, we get L .« vi = &ij N,i +y;b FZ » Where bF};j
are Berwald connection coefficients [Bao et al. 2000]. Plugging this into (4-7) yields

(4-8) 8ij (VENL+ Y V) + yi (VT + Vi) = 4y,
Note that

. avi . . .
4-9) Vio=(V'gij)o = g&ij (W + ka‘fk>yl = gi; "V + VEN)).

On the other hand, y;; = (ykgk,-)U = y‘kjgki + ykgkilj = 0. It follows that
(4-10) Voij = iV = 5i(Vj + VET))

= yilV] + VAT, = Lipl = yi(V] + V).
Plugging (4-9) and (4-10) into (4-8) yields
(4-11) Viio+ Voj = 4cy;.
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Now we assume that V' is closed. From Proposition 4.1(iii), we have
4-12) Vio = Vi = Viiy! = (Viyj)i = Vo
Substituting (4-12) into (4-11) yields

(4-13) Vijo = Voji = 2c(x)yi.

It follows that y*V/ + VAN| = V‘i) =(V;g")o=Vj0g" =2c(x)y', where we have
used (4-9). Plugging this into (4-4) yields
1K, k0 i 0 ) i 0
Xy=V'|— —N'— ) +2cy) =— =V'— +2¢cy' —. O
v=V (8x‘ N; 8yk> +2cy 3y Vv Syl +2cy By’
Let
(4-14) 0 :=Lyidx'.
The 1-form 6 is global. In fact, 6 = Fw, where w is the Hilbert form. Define
u:TM\ {0} - R by

(4-15) u=0(V).

Consider a unique vector field X, on 7'M \ {0} satisfying

(4-16) 0(Xy) =u, X,i(d0)=—du+2c(x)6.
Lemma 4.4. Let “-” denote the covariant derivative along the Reeb vector field.
Then
@-17) Xy=Vio
ox!
(4-18) iw=4c(x)L.

Proof. To prove (4-17), put X,, := a*(8/8x*) + b*(3/8y*). Together with (4-15)
and the first equation of (4-16) we have

vVl =u=06(X,) = yidx'(a"(8/8x") + " (3/3y")) = yia'.
By using (4-14) we have d0 = g; ;6 y! Adx’, where §y/ are given by (4-2). Therefore

(4-19) X, (df) = (ak% +b’<8iyk)J(gij5yi Adxl) = gijb'dx! — g;;a' 8y .

On the other hand, Vy = V;y' = y; V' = u. Hence we get
ujj = Voj = 2¢yj,

using (4-13). It follows that du = u|jdx’ 4+ u;8y/ = 2cy;dx/ + g;jV'8y’. Thus
—du +2c(x)0 = —g;;V'8y/. Together with (4-19) and the second equation of
(4-16) we have gijbi =0, gijai = gij Vi We get b' =0, a' = V'. This gives (4-17).
By using (4-18) we have &t = u|;y/ = 2cF? = 4c(x)L. O
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Let LF be the Legendre transformation of F' [Huang and Mo 2011]. Note that
Ocx.y) = F(x, ¥)®@.y) = LE(y) = p. If we view 0 as a 1-form on T M, then 6", its
dual quantity on T*M, satisfies

(4-20) 0" = (L") "H*6 = p.

Define v:=T*M \ {0} — R by

4-21) v:=0"(V) = p(V).

By (4-18) we get

(4-22) 0 =4cL’ =2cH>.

Consider a unique vector field X, on 7*M \ {0} satisfying

(4-23) 0°(Xy) =v, Xyo(d8”) = —dv+2c(x)6".
Together with (4-20), (4-15), (4-21) and (4-22), we get the following:
Lemma 4.5. LEX, =X,

Let ¢ : S*M — M be the natural projection and = : SM — M the natural
projection. It is clear that t o LY = 7. Thus we have

(4-24) LEwvsmycvsm.
On the other hand, (L), # = #". Hence we have the following:
Lemma 4.6. LE(HSM)=HS*M.

Proposition 4.7. Let F = F(x, y) be a Finsler metric on a manifold M and V a
closed field on M with F(x,V,) < 1. Suppose that V is conformal with respect
to F. Let F = F(x, y) denote the Finsler metric on M defined by (1-2). Then

(4-25) PLX s =0.

Proof. Plugging (4-17) into (4-3) yields Xy = X, +2c(x)y'(3/3y"). It follows that
Xvl|sm = X,. Together with Lemma 4.6 we get

(4-26) LEX,=LEXy|sy c HS*M.

On the other hand, v|g«y; = f. It follows that, on S*M, f = = 2¢(x), where we
have used (4-22). From which together with (4-23) we have, on S*M, X =X,
is determined uniquely by o”(X ) = f and X ;.do’ = —df + fo”, where we
have used the fact 6” = ” on $*M. Combining this with (4-26) yields X ; = X, =
LEX, c HS*M. This gives Proposition 4.7. O

Proposition 4.8. For the conformal navigation problem (1-2), if V is closed, then
(4-27) L°+c(x)A"=L".
Proof. Plugging (4-25) into (3-40) and combining with (3-39) yields (4-27). U
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5. Proof of Theorem 1.1 and examples

Proof. By Proposition 4.8, we have that L"(u, v) + c(x)A?(u, v) = L"(u, v) for
u,v € VS*M. Hence [L (u, V)] (x,1p) —I—c(x)[A W, V)] x,[p) = [L (w, V)], 1p)-
Pulling back to the sphere bundle, we have [L(w D@ yn + el A(w Z)](x D) =
L(w 2. yn> Where w := (LE),u, 7z := (LF),v and we have used 9H /op; =
yi/ F. As we know, there is a globally defined one-to-one map between 7 *T M\ {)}
and V SM, where 7*T M the pull-back bundle over SM, = : SM — M is the natural
projection and ) is the canonical section. Both the Landsberg tensor and the Cartan
tensor are vanishing along the canonical section ). Thus we get the desired result. [J

Example. A Randers metric can be expressed in the navigation form
1-b?)a?+p2 B
b/
1—b2 + 1—-b%’
where («, ﬁbfl) is the navigation data of F and b := ||8||, is the length of S.
Suppose that ﬁb_l is closed and conformal with dilation ¢(x). Then F satisfies
L 4+ c(x)A =0 [Shen 2004].
Proposition 5.1. Let ¢ : R" — R be a Minkowski norm, ¢ = constant and b € R". Let
Q:={veR" | pQcv+b) < 1}. Assume F is the Finsler metric on 2 defined by
o/ F(x,y) +2ex+b) =1
Then its Landsberg curvature L and the Cartan torsion A satisfy (1-3). Moreover,
the geodesics of F are given by e XM x 4+ y((e*! — 1)/Qce(¥)))] — tb (resp.
x+(t/e(y))y —tb) for c #0 (resp. c =0).
Proof. For each x € Q, identify 7, Q2 with R". It is easy to see that (2, F(x, y))
is a Minkowski manifold, where F(x, y) = ¢(y). It follows that V, :=2cx + b is
a vector field on Q satisfying F(x, V,) = ¢(2cx + b) < 1. By a straightforward
computation one obtains Xy (F) = 2cF, where Xy is the lift of V given in (4-4).

It follows that V is a conformal field of F' with constant dilation ¢ [Huang and Mo
2011; Mo and Huang 2007]. Now we show that V is closed. In fact,

G'=0, Ni=0
for Minkowski manifold (€2, F'(x, y)). Plugging this into (4-2) yields
(5-1) 8yl =dy'.
On the other hand, g;; =g;; (), VP =(2cx! —bi)gijdxj. Together with (5-1) we have

VP = (2exi — bi)%éyk Adxl.

It follows that dV°| g7 arx arm =0. Thus V is closed. Define a new Finsler metric F
by (1-2). Note that any Minkowski manifold is of Landsberg type. By Theorem 1.1,
we have that (1-3) holds. Define a 1-parameter transformation i, on 2 by ¥, (x) :=
e~ 2!x —tb. Hence (d (x)/dt) |;=o= —2cx —b = —V. Since ® is Minkowskian, it
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is locally projectively flat. This implies that the unit speed geodesic through x with
tangent vector y(#£ 0) is y(¢) :=x + (¢/¢(¥))y. Theorem 1.1 in [Huang and Mo
2011] implies that a geodesic of F is given by e =2 [x + y((e2' — 1)/ (2ce(y)))]—tb
(resp. x + (t/¢(y))y — tb) for ¢ # 0 (resp. ¢ = 0). O
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SYMPLECTIC AND ODD ORTHOGONAL PFAFFIAN
FORMULAS FOR ALGEBRAIC COBORDISM

THOMAS HUDSON AND TOMOO MATSUMURA

In the Chow ring of symplectic/odd orthogonal Grassmann bundles the
degeneracy loci classes can be expressed as a sum of Schur-Pfaffians. An
analogous Schur-Pfaffian formula was obtained for K-theory by the au-
thors together with T. Ikeda and M. Naruse. Here we generalize this ex-
plicit formula of degeneracy loci classes to algebraic cobordism, which is
universal among all oriented cohomology theories.

1. Introduction

The r-th degeneracy locus for a morphism of vector bundles ¢ : E — F over a
smooth quasi-projective scheme M is the subvariety X, of M consisting of all the
points at which the rank of ¢ is at most . Assuming ¢ to be sufficiently general, the
classical Giambelli-Thom-Porteous formula describes the Chow ring fundamental
class [X,] as a Schur-determinant in the Chern classes of E and F. Similarly,
one can consider more restrictive settings in which ¢ is either skewsymmetric or
symmetric. In both cases [X,] is given as a Schur-Pfaffian instead of a Schur-
determinant. A more general family of degeneracy loci can be constructed by
considering flags of subbundles of E and F and imposing multiple rank conditions.

Fundamental examples of these loci are the Schubert varieties of isotropic
Grassmannians. The isotropic Grassmannian consists of subspaces on which a
given symplectic or odd orthogonal form vanishes identically. Inside this ambient
space, the degeneracy loci correspond to the Schubert varieties indexed by the
combinatorial objects known as k-strict partitions.

Pragacz [1991] considered the maximal isotropic case and showed that the
Chow ring fundamental classes of Schubert varieties can be expressed through a
Schur-Pfaffian formula. Kazarian [2000] generalised Pragacz’s formula to general
degeneracy loci (compare [Ikeda 2007]). Buch, Kresh and Tamvakis [Buch et al.
2017] obtained a theta polynomial formula for the non-maximal isotropic Grass-
mannians, which can also be written as a sum of Schur—Pfaffian. Wilson [2010]
conjectured an analogous formula for general degeneracy loci, which was proved

MSC2010: primary 14M15, 55N22; secondary 05SE05, 14C17.
Keywords: generalised Schubert calculus, algebraic cobordism, pfaffian, isotropic grassmannian.
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in [Ikeda and Matsumura 2015] (compare [Tamvakis and Wilson 2016; Anderson
and Fulton 2018]).

In recent years, following the trend of generalised Schubert calculus, there has
been an attempt to lift results as the ones above from the Chow ring CH* to other
functors like connective K -theory CK* and algebraic cobordism Q*, highlighting
the role played in the formulas by the associated formal group law F and formal
inverse x. In [Hudson et al. 2017], together with T. Ikeda and H. Naruse, we
generalized aforementioned results for CH* to CK*, and established a Pfaffian-sum
formula describing the degeneracy loci classes of symplectic and odd orthogonal
Grassmann bundles in CK*. The goal of this paper is to further extend these
formulas to Q*.

We begin by explaining our results in the symplectic case. Let E — X be a vector
bundle of rank 2n with a nowhere vanishing skewsymmetric form and fix a non-
negative integer k < n. Consider the symplectic Grassmann bundle SG*(E) whose
fiber at x € X is the Grassmannian of (n —k)-dimensional isotropic subspaces of E.
For each k-strict partition A, there is the degeneracy locus X, C SG*(E). Following
[Kazarian 2000], we can construct a resolution of singularities @ : Y, — X, inside
of a certain flag bundle over SG*(E). In CH* or CK*, the fundamental class of X,
is well-defined and it coincides with the pushforward @,[Y, ] of the fundamental
class of Y, along @w. However, in algebraic cobordism, not all degeneracy loci
have a well-defined notion of fundamental class. Hence we consider w,[Y,] as a
replacement of [ X, ]. As in [Hudson et al. 2017], the fundamental class [Y;] can
be expressed as a product of top Chern classes of certain bundles. In our previous
paper [Hudson and Matsumura 2019], we developed a technique to compute the
pushforward of such classes along a flag bundle in terms of relative Segre classes
of vector bundles. With that method at our disposal, we are able to obtain the
following description of the class @,[Y,] as our main result. The tautological
isotropic subbundle of SG*(E) is denoted by U and the subbundles

O=F'cF'"!c...cFlcFcF'c...cF"=E,

form the reference flag used to define the degeneracy loci. In Q* (SG¥(E)), we
consider the relative Segre classes

%"(16) = (UV _ (E/F‘Z)V)) (YmeZ,—n <V{<n).

Main Theorem (Theorem 3.9). Let A = (Ay, ..., A,) be a k-strict partition such
thatr <n—kand i <n+k,andlet x = (x1, ..., Xr) be its characteristic index

(see (3-1)). In Q*(SG¥(E)), we have

(1-1) [V, = SGKE) =m(Vil= > N X

s=(s1,...,5,)€ZL"
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Here cé‘ € L are the coefficients of the Laurent series expansion
[licicjc, (L—1:/1)) P(2), 1) _ Z
[ jyecoyd = x @) /1) P(t;, x (@)

where C(A) :={(, j) |1 <i<j=<r, xi+x;j=0}and P(u,v) is the unique
power series satisfying F(u, x(v)) = (u —v)P(u, v).

(1-2) flogtey

r o

s=(s1,...,5,)EL"

Now consider the odd orthogonal Grassmann bundle OG*(E), with E of rank
2n + 1 and each fiber being an orthogonal Grassmannian of (n — k)-dimensional
isotropic subspaces. The essential difference with the previous situation is that it is
far more complex to deal with the case of quadric bundles OG" ' (E) = Q(E), the
orthogonal analogue of projective bundles. Let the reference flag be denoted by

O=F'cF"'c...c F'lcF'c(FY'cF'c...cF"=E.

The fundamental classes of the Schubert varieties X ;) are actually well-defined in

Q*(Q(FE)) and, as elements of Q*(Q(E)) ®z Z[1/2], they are given by
o I (UY = (E/FX1)Y) O =<r<n),
[Xx, — Q(E)] :%)L)lﬂ = v X1\ V
Fam@) U EEY) s h<m),

where F@® (i) is the power series defined by the equation F(u, u) = u - F® ().
More generally, the pushforward classes [Y, — OG*(E)] are obtained from (1-1)
by replacing ‘5,5,0 with ,%’,(,’;) (see Theorem 4.12).

A key aspect of algebraic cobordism, which was established in [Levine and Morel
2007], is its universality. In particular, this means that formulas which hold for
Q* can be specialised to any other oriented cohomology theory. An easy example
of this phenomenon is illustrated by the behaviour of the first Chern class of line
bundles. In C H* one has

ci(L®M)=ci(L)+ci(M) and ¢;(LY) =—ci(L),

while in CK™* these equalities become
—ci(L)
1—Bei(L)

where B € CK*(Speck) is the pushforward of the fundamental class of P! to the
point. If we set 8 = 0, we recover the identities for CH*. In algebraic cobordism
Q*, the expressions describing ¢ (L ® M) and ¢1 (L") are respectively given by the
universal formal group law F(u, v) and the universal formal inverse x (1) which
are certain power series with coefficients in Q2 (Speck). The universality of Q*
implies that in any other oriented cohomology theory A*, ¢;(L ® M) and c¢{ (L")
can be obtained by specializing the coefficients of F'(u, v) and yx (u) to A*(Speck).

cl(L®M) =ci(L)+ci(M)—Bci(L)ei (M) and ¢ (L) =
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In particular, in CK* we have P (u, v) = ﬁ and x (u) = % and the Laurent
series (1-2) can be expressed as a sum of Pfaffians ([Hudson et al. 2017, Lemma
5.18]). As a consequence (1-1) reduces to the Pfaffian sum formula describing the
K -theoretic degeneracy loci classes [Hudson et al. 2017, Theorem 5.20].

Our choice of resolutions Y; has the advantage of being stable: the class @[V} ]
doesn’t change when n — oo. On the other hand, there are different resolutions
for X, such as Bott—Samelson resolutions. These resolutions are well-studied in
the context of generalized Schubert calculus. On the one hand the advantage of
Bott—Samelson classes is represented by their compatibility with divided difference
operators, however this comes at the cost of not being stable along the limit n — oo.
See, for example, [Hornbostel and Kiritchenko 2011; Kiritchenko and Krishna
2013; Hornbostel and Perrin 2018]. The classes related to other resolutions are also
studied in [Nakagawa and Naruse 2016; 2018], a Hall-Littlewood type formula
in Q* is derived. All of these resolution classes coincide with honest Schubert
classes if one works in CK*, while they form different families of classes in Q2*.
As an application of our explicit formulas, it would be interesting to compare those
different classes which replace Schubert classes in algebraic cobordism. To this
aim it would be advisable to first consider functors more suitable for computations
like the infinitesimal theories used in [Hudson and Matsumura 2018].

Anderson [2019] extended the results of [Hudson et al. 2017] to more general
degeneracy loci including those arising from even orthogonal Grassmann bundles.
His work is based on the approach he and Fulton employed in their study of the
Chow ring fundamental classes of degeneracy loci for all types [Anderson and
Fulton 2012; 2018]. In our future work we would like to lift Anderson’s results to
Q* so to cover the even orthogonal case as well.

The organisation of the paper is as follows. In section 2 we recall some basic
facts about Borel-Moore homology theories and we translate into this setting the
results on Segre classes presented in [Hudson and Matsumura 2019]. This becomes
necessary because the resolutions are not smooth in general. In section 3 we prove
the main theorem for symplectic Grassmann bundles, while in section 4 we first
deal with the special case of quadric bundles and then establish the main theorem
for odd orthogonal Grassmann bundles.

Notations and conventions. Throughout this paper k will be a field of characteristic
0. By Schy we will denote the category of separated schemes of finite type over
k and Lcikx will stand for its full subcategory constituted by the objects whose
structural morphism is a local complete intersection. For a given category C we will
write C’ to refer to its subcategory given by allowing only projective morphisms.
Ab, represents the category of graded abelian groups.
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2. Preliminaries

The goal of this section is to collect some basic properties of Borel-Moore homology
theories and to translate in this context some of the results on generalised Segre
classes presented in [Hudson and Matsumura 2019].

Borel-Moore homology theories. An oriented Borel-Moore (BM) homology the-
ory on Schy (or mutatis mutandis on Lcik) is given by a covariant functor A, :
Sch;, — Ab, , by a family of pullback maps {f* : A,(Y) - A.(X)} associated
to [.c.i. morphism and by an external product A4(X) ® A(Y) = A4(X Xgpec k ¥).
Let us remind the reader that a morphism is a local complete intersection if and
only if it can be factored as the composition of a regular embedding and a smooth
morphism. A detailed description of the properties that these three components
have to satisfy would force us to take a significant detour, so we will focus only on
the aspects that are more relevant to our work and refer the reader to [Levine and
Morel 2007, Definition 5.1.3] for the precise definition.

For us the most relevant feature of oriented BM homology theories is that they
satisfy the projective bundle formula. Roughly speaking it states that for every
vector bundle E of rank e with X € Schy, the evaluation of A, on the associated
dual projective bundle P*(E) 2 X can be described in terms of A4(X). More
precisely fori € {0, 1, ..., e — 1} one has operations

D Avricer1(X) —> AL(PH(E))

given by £ := ¢(Q)’ 0 ¢*, where Q — P*(E) is the tautological line bundle
and ¢1(Q) := s* o s4, for any section s : P*(E) — Q. Altogether these yield the
following isomorphism

T Tine®
VD Aticer1 (X) T ALPH(E)).

i=0

A very important consequence of this is that every oriented BM homology theory
admits a theory of Chern class operators: to E one associates {EiA(E ) A(X) >
A,—i(X)}o<i<e- These are defined by setting Eg‘(E) =1da,(x) and, up to a sign, by
considering the different components of ¥ ! 0 £(), so that one obtains the relation

Y (=1iE oM (E) =0.
=0

These operators can be collected in the so-called Chern polynomial ¢*(E; u) =
> o ¢A(E)u' and it is worth mentioning that, in view of the Whitney formula, its
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definition can be extended to the Grothendieck group of vector bundles by setting
¢A(E; u)
cA(Fyu)

Beside being extremely useful for computations, Chern classes allow one to get
some insight on how a general oriented BM homology theory A, differs from the
Chow group C H,, probably the most commonly known example. Let us consider,

as an example, the behaviour of the first Chern class with respect to the tensor
product of two line bundles L and M. While in C H, one has

FME—-F;u) =

EH (L@ M) = (L) + e (M),

in general the relation between the three Chern class operators is described by a
formal group law (A*(Spec k), F A), where F4(u, v) is a special power series with
coefficients in the coefficient ring of the theory A, (Spec k). The precise relation is
given by

~A _ ~A ~A

GNL®M) = FA@ (L), & (b)).

In a similar fashion, whereas in C H, one simply has EICH(LV) = —EICH(L), in
general one needs to introduce the formal inverse x4, a power series in one variable
satisfying both

EMLY) = xa(@1(L)) and  Fa(u, xa(u)) =0.

In some case we will denote the formal inverse x4 (u) simply by u.
All our computations will take place in the algebraic cobordism of Levine-Morel
2, and our choice is motivated by the following fundamental result.

Theorem 2.1 [Levine and Morel 2007, Theorems 7.1.3 and 4.3.7]. The algebraic
cobordism 2, is universal among oriented BM homology theories on Lciy. That is,
for any other oriented BM homology theory A, there exists a unique morphism

I?A:Q*_)A*

of oriented BM homology theories. Furthermore, its associated formal group law
(Q* (Speck), FQ) is isomorphic to the universal one defined on the Lazard ring
(L, F).

One consequence of this universality is that all the formulas obtained for 2, can
be specialised to every other oriented BM homology theory A,. In other words,
algebraic cobordism allows one to work with all theories at once. Since we will
only work with algebraic cobordism, in the remainder of the paper we will remove
the subscript ¢ from the notation.

Let us conclude our general discussion by briefly mentioning the construction
of fundamental classes and some results which can be used to compute them. To
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every X € Schx whose structural morphism my is l.c.i. we associate its fundamental
class by setting 1y := my (1). Notice that here 1 stands for the multiplicative unit
in A,(Speck). In the special case of the zero scheme of a bundle, the fundamental
class can be computed via the following lemma.

Lemma 2.2 [Levine and Morel 2007, Lemma 6.6.7]. Let E be a vector bundle of
rank e over X € Schy. Suppose that E has a section s : X — E such that the zero
scheme of s, i : Z — X is a regularly embedded closed subscheme of codimension
e. Then we have

Co(E)=1i40i".
In particular, if X is an l.c.i. scheme, we have

C(E)(1x) = ix(12).

Finally, as it will play an important role in our computations, we would like to
make more explicit the case of the fundamental class of a nonreduced divisor. For
this we will require a bit of notation. For every integer n > 2, let n -, u be the
Sformal multiplication by n, that is, the power series obtained by adding » times the
variable u using the formal group law Fy4. Since Fj4 is a formal group law, one has

(2-1) nepyu=u-F" )

for some degree 0 power series Flg")(u) whose costant term is n. We are now able
to restate [Levine and Morel 2007, Proposition 7.2.2] for the particular case we
will need.

Lemma 2.3. Let W be a smooth scheme and D a smooth prime divisor of W. For
any integer n > 2, let | E| be the closed subscheme associated to the divisor E =nD.
If L is the line bundle corresponding to D and 1 : D — |E| is the natural morphism,
then in A, (|E|) we have

e = 0 (FY" @ (Lip) (1)),
where L|p is the restriction of L to D.

Segre class operators. In [Hudson and Matsumura 2019], in order to be able to
describe the pushforwards along projective bundles over a smooth scheme, we
generalised to algebraic cobordism the classical definition of Segre classes given
in [Fulton 1998]. As in this paper we deal with the resolutions of symplectic or
orthogonal degeneracy loci, it becomes necessary to extend such description to
the case of projective bundles over non-smooth schemes. Therefore, we will now
introduce Segre class operators for oriented BM homology theories, since these can
be defined for more general schemes.
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Following [Hudson et al. 2017, §4], we define the relative Segre operators in
terms of generating functions. Let X € Schy.

Definition 2.4. Let Xy, ..., X, be Chern root operators of a vector bundle E over
X so that ¢(E; u) = [];_; (1 + X;u). We define

o0 e
BE ) =) (B~ =[P %),
§>0 i=1
where P (u, v) is defined by F(u, x (v)) = (u — v) P(u, v) (compare [Hudson and
Matsumura 2019, Lemma 4.1]). Since the right-hand side is symmetric in the x;,
this definition of W_;(E) is independent of the choice of Chern root operators of E.
It should be noticed that Wwo(E) has constant term 1 and as a consequence W(E; u)
is an invertible power series in #~!. One can also define W(E — F; u) for a virtual

bundle [E — F], where E and F are vector bundles over X, by setting

w(E; u)

W(E — F;u) = Z b_(E—Fyu™ = ErTens

s>0
Definition 2.5. Let E be a vector bundle of rank ¢ over X and n a nonnegative
integer. Consider the dual projective bundle 7 : P*(E @ 0;‘?”) — X where Oy is
the trivial line bundle over X. For every integer m > —e — n + 1, define the degree
m Segre class operator Im(E) of E by setting

(2-2) Im(E) =1, 0 (Q)" et o ¥,

where Q is the tautological quotient line bundle of P*(E @ O;'?” ). It is easy to
verify (see [Hudson and Matsumura 2019, Remark 4.4]) that this assignment is
independent of n. Finally, we set

AE;u) =Y Fp(E)".
meZ
Proposition 2.6. Let E — X be a vector bundle of rank e over X € Schy. Then we
have the following equality of power series:
P )
C(E; —uw)W(E; u)

S(E;u) =

Here P (u) := Yoo [ﬁ]u"' is the power series collecting the operators given by
external multiplication with the pushforwards classes of projective spaces [P'] :=
[P’ — Speck] e L.

Proof. Once one has translated in the language of operators the proof given in
[Hudson and Matsumura 2019, Theorem 4.6], the only thing left to check is that for
every trivial dual projective bundle (P )* 5 X the composition 1, o 7 * coincides
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with external multiplication by [[P"]. This can be verified directly at the level of
cobordism cycles by making use of the definitions of pushforward and pullback
morphisms and of the external product. (]

Remark 2.7. Itis worth mentioning that, provided one restricts to the case X € Smy,,
Proposition 2.6 can be derived from the analogue of Quillen’s formula for algebraic
cobordism established in [Vishik 2007, Theorem 5.35]. The same formula can
be used to express the classes [[P'] in terms of the generators of the Lazard ring
and, as a consequence, of the coefficients of the formal group law. On the other
hand, an easy computation shows that Quillen’s formula can be recovered from
Proposition 2.6, provided one knows the expression for the classes of projective
spaces. In this sense our approach allows us to extend the validity of Vishik’s result
from Smy to Schy.

In view of the last proposition, we are now able to extend to virtual bundles the
definition of Segre classes.

Definition 2.8. For vector bundles E and F over X, define the relative Segre class
operators S (E — F) on Q,(X) as

c(F; —u)Ww(F;u)

@3)  FE-Fuyi=) T =" =Pz o

meZ

Remark 2.9. If the rank of F is f, then we have

f oo
In(E=F)=Y "> (=1)P&,(F)oW_4(F) oS _pig(E).
p=04¢=0

Even if F itself is a virtual bundle, this equation holds by replacing f with co.

We conclude this section by providing a description of relative Segre classes in
terms of pushforwards of Chern classes. This should be seen as an analogue of
[Hudson and Matsumura 2019, Theorem 4.9].

Theorem 2.10. Let X € Schy and let E and F be two vector bundles over X,
respectively of rank e and f. Let w : P*(E) — X be the dual projective bundle of
E and Q its universal quotient line bundle. As operators over Q2,(X), we have

(2-4) T 081(Q) 08 (Q® F¥)or* =Sy o1 (E — F).
In particular if X € Lci, then one has

M. 0E1(Q)° 08 (Q® FY)(Ip+() = Lot e 1(E = F)(Ix).
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Proof. Let us begin by observing that an easy Chern roots computation analogue to
[Hudson and Matsumura 2019, formula (4.1)] gives us

f o0
Ef(Q® FV) = ZZ(_])PEP(F) o @_q(F) Ogl(Q)f—lH-q.

p=04¢=0
Thus the left-hand side of (2-4) can be rewritten as
f oo
(2-5) Z Z(—l)l’&,,(F) 0 W_y(F) om0 (Q T/ ~PHom*,
p=0¢=0

By (2-2), we find that (2-5) equals to

f o
DD (DPEF) 0By (F) o Fotfmeri—paq(E).
p=0¢=0
which coincides with the right-hand side of (2-4) in view of Remark 2.9. The second
statement follows immediately by applying both sides of (2-4) to the fundamental
class 1y. O

Remark 2.11. If £ is a line bundle, then one has 7 = idy and Q@ = E. As a
consequence we have

C1(Q)" 027 (Q® F¥)(1x) = Fy—et145(E — F)(1x).
3. Symplectic degeneracy loci
For this section we fix a nonnegative integer k.

k-strict partitions and characteristic indices. A k-strict partition A is a weakly
decreasing infinite sequence (A1, A2, ...) of nonnegative integers such that the
number of nonzero parts is finite, and if A; > k, then A; > A;41. The length of X is
the number of nonzero parts of 1. Let SP* be the set of all k-strict partitions. Let
SPX be the set of all k-strict partitions with the length at most r. If A € SP, then
we often write A = (A1, ..., A,). Let SPX(n) be the set of all k-strict partitions
such that A; < n + k and the length of A is at most n — k.

Let W4, be the infinite hyperoctahedral group which can be identified with the
group of all signed permutations (permutations w of Z\{0} such that w(i) # i for
only finitely many i € Z\{0}, and w(i) = w(i) for all i where i :== —i). A signed
permutation w is determined by the sequence (w(1), w(2), ...) which we call one
line notation. An element w € W, is called k-Grassmannian if

0<w() <-<wk), wk+1)<wk+2) <---.

The set of all k-Grassmannian elements in W, is denoted by Wéﬁ).
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Between Wélé) and SPX, there is a bijection defined as follows. For each w € Wéﬁ),
the corresponding k-strict partition is given by

L {w(k-l—i) if w(k+1i) <0,
UG <kl w() >wk+i))  ifwk+i) > 0.

For each A € SPX (with the corresponding w € Wélé)), we define its characteristic
index x = (x1, x2,...) by

o {—w(k—i—i)—l ifwk+1i) <0,

(3-1) . . .
—w(k+1) if wk+1i)>0.

Moreover, the following notations are necessary for our formulas of Grassman-
nian degeneracy loci in type C and B: for each A € SPX and the corresponding
characteristic index y, define

C)={GNI1=<i<j, xi+x;=0}
yi=8li|1<i<j, xi+x; =0} foreach ;> 0.

Symplectic degeneracy loci and the class Kf . Let E be a symplectic vector bundle
over a smooth scheme X of rank 2n, i.e., we are given a nowhere degenerating sec-
tion of /\’E. For a subbundle F of E, we denote by F+ the orthogonal complement
of F with respect to the symplectic form. Fix a reference flag F* of subbundles
of E,

O=F'cF'"'c...cFlcFcF'c...cF"=E,

where tk F' =n —i and (F)* = F~/ for all i with —n <i <n. Let SGK(E) — X
be the Grassmannian bundle over X consisting of pairs (x, U,) where x € X and
U, is an n — k dimensional isotropic subspace of E,. Let U be the tautological
bundle of SG*(E).

For each A € SPX(n) of length r, let X f be the symplectic degeneracy locus in
SG*(E) defined by

XS ={(x,Uy) € SGXE) | dim(U,NFf) =i, i=1,...,r},

where x = (x1, x2,...) is the characteristic index for A.

Let Fl,(U) — SG*(E) be the r-step flag bundle of U where the fiber at (x, U,) €
SG*(E) consists of the flag (D), ={(D1)x C--- C(D,),} of subspaces of U, with
dim(D;), =i. Let D; C --- C D, be the flag of tautological bundles of FI,(U). We
set Dy = 0. The bundle FI, (U) can be constructed as a tower of projective bundles

(3-2) w#:Fl.(U)= [p)(U/Drfl) i) P(U/Dr,z) ”r_—l) o
= P(U/Dy) = P(U) 2> SGH(E).
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The quotient line bundle D;/D;_; is regarded as the tautological line bundle of
P(U/Dj_l) and we set :l::j = E]((Dj/Dj_l)v).
We are now able to define the resolution of singularities of the degeneracy loci.

Definition 3.1. For each j =1, ..., r, we define a subvariety Y; of P(U/D;_1) by
Yj = {0, Uss (D)., (D)) € PU/D;_) | (D)x CFEL i =1,.... j}.

We set Yy := SG';(U) and Yf =Y,. Let P;_| := nj_l(Yj,l), n;. Py =Y
the projection and ¢; : Y; — P;_; the obvious inclusion. Let @; := n} otj. We
have the commutative diagram

PWU/Dj-1) —— PWU/Dj-2)

T T

Pig ———— ¥

7’

J
Lj i
wj

Y;

Definition 3.2. Let @ := @ o---ow, : YT — SG*(E). Define the class k< €
Q.(SG*(E)) by
Ky =LY< = SGHE)] = @ (ly0).

Remark 3.3. It is also known that Yf is irreducible and has at worst rational
singularities. Furthermore Y. f is birational to X f through the projection 7 (see
[Hudson et al. 2017], for example). Therefore in K-theory and Chow ring of
SG*(E) the class Kf coincides with the fundamental class of the degeneracy loci
X,\C. Note that in a general oriented cohomology theory, the fundamental class of
X/\C is not defined since Xf may not be an l.c.i. scheme.

Computing lcf . In this section, we establish an explicit formula of the class Kf in

Q.(SG*(E)) in terms of a power series in relative Segre classes. The key ingredients
for the computation are twofold: one is the formula that computes pushforwards
along each = ; and the other is so-called umbral calculus which is a computational
technique to combine the pushforwards along all the @ ;.

We begin by the following lemma which was proved in [Hudson et al. 2017]
for CK,. One can easily check that the proof works for an arbitrary oriented BM
homology and in particular for €2,.

Lemma 3.4. Foreach j =1, ...,r,the variety Y; is regularly embedded in P;_;
and Pj_ is regularly embedded in P(U/D;_1). Furthermore, in Q,(P;j_1), we
have

s (ly) = Gt ((Dj/Dj—1)" & (Dy, /[F*))(1p,. ).
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Based on this lemma together with Theorem 2.10, we have the next pushforward
formula for @ ;. For simplicity, let us introduce the following notation: for each
meZand —n <€ <n, let

GV = 7,(UY — (E/FYY).
In Q*(SG*(E)), we set Gy =Tty (Lsgh(py)-
Lemma 3.5. In Q.(Y;_1), we have

.0 F)(ly,) =
Jj—1 oo

. (1))
YD (=DPEDY_ = Dy)ow_y(Dy_y = Dy) 0@ (v, ).
p=0¢=0

Proof. By Lemma 3.4, we have

/ /

. . . P
wj*or;(lyj) =nj*otj*otj-(1y_,.) :JTJ*O‘EJS-OLj*(lyj) =7 H

j*O‘L'J OO{j(lpj_l),

where & := E,\j+n,k,j((Dj/Dj,1)v ® (D#/_/FXJ')). By Theorem 2.10, we have

whotiod;(lp, ) =S, (U/D;_1)" = (Dy /F))(ly, )
= S, (UY = (E/FX) —(Dj1 = Dy))(1y, ),

where we have used D)f/_ =F — D;j . Now the claim follows from Remark 2.9. J

For the umbral calculus mentioned above, we need to establish some notation.
Let R = Q*(Gry(E)), viewed as a graded algebra over L, and let 7, ..., be
indeterminates of degree 1. We use the multi-index notation 7° := #;" - - - for
s=(s1,...,8) € Z'. A formal Laurent series f(t1,...,t) =D (5 ast® is ho-
mogeneous of degree m € 7 if ag is zero unless as € R, _|s; with [s| = Zle S
Let supp f = {s € Z" | a5 # 0}. For each m € Z, define LX to be the space of
all formal Laurent series of homogeneous degree m such that there exists n € Z"
for which n 4 supp f is contained in the cone in Z" defined by s1 > 0, 51 452 >
0, -, s +---+s,>0. Then LR := @mez E,ﬁ is a graded ring over R with the
obvious product. Foreachi =1, ..., r, let L& be the R-subring of LX consisting
of series that do not contain any negative powers of ¢, ..., #—1. In particular,
LR = R A series f(t1,...,t) is a power series if it doesn’t contain any
negative powers of ¢, ..., t,. Let R[[f1, ..., t, ], denote the set of all power series
inf, ..., t of degree m € Z. We set R[[t1, ..., t,1lgr := D,z RIt1, - -, tr 1.

Definition 3.6. Define a graded R-module homomorphism ¢ : L8 — Q. (SG*(E))
as

Py ) =C 0 0 €I (g p)-
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Similarly, for each j =2, ..., d, define a graded R-module homomorphism quc :
LRI — Q. (Y;_1) by setting

¢)jc(tf1 ety =%"o--0 fjs.":ll o%g") o o%g’)(lyjfl).
Remark 3.7. By regarding Q*(SG*(E)) = Qi st (1) (SG* (E)), we have
¢1C(l‘i“ . _trsr) — <gs(]X1) L. <gs(rxr)'
Using ¢>jc, we can restate Lemma 3.5 as follows.

Lemma 3.8. One has

j—1

3 s LIy (=1 /t)) P(tj, 1;)

@y 0 .Ejs(lyl) — ¢JC th+S Hl};l _l J J _t '
[, (—=t/t))P(t), 1;)

Proof. Consider the functions of #1, ..., t;_; defined by the following generating

functions:

i1
e(t, ..., tj—1;u) [TZ, A +tu)
e(t_la'-'yt_]/j;u) ly/:l(l—'_t_lu)’

00

A .
ZHp(tl, ...,tj_l)up =
p=0

i—1 5,
w(t, . tmsw) T2 Pl n)
wt, ..o tysu) T2 Pt h)

00

A —-q .
Z W_q(l‘l, ey l‘jfl)u 7 .=
q=0

Then we have
H)(T1,....5j1) =Cp(D]_ | — Dy, W (T1,....5j1) =W _g(D}_| — Dy,).
Thus, by Lemma 3.5 and the definition of d)jc, we have

W jx O fjs(lY])

j=1 oo
Aj+s—p+
=¢J'C<ZZ(_1)”H£([1’---vtj—l)Wﬁq(ll,...,tj_l);jf s=p q)

p=0¢=0
A il >
:¢J.C <zj’ S<Z(—1)PHI’}(t1, N ”) ( ZWﬁq(tl, e tjl)tjq.)).
p=0 q=0

The claim follows from the definitions of H ; and W* 4 in terms of the generating
functions. (]

Finally, we are able to prove the main theorem in the case of symplectic Grassmann
bundles.
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Theorem 3.9. For a strict partition A € SP*(n), the associated class Kf is given
by

C _ rep(X1) (xr)
K = Z IS Coin  Coa

where fsA € 1L are the coefficients of the Laurent series

i< j<r(L=1i /1)) P (1, 1;
(3_3) H1§t<15r( t/t]) (t] t) _ Z

_ _ f)“-t]s]---ts’
l_[(i,j)eC(A)(l - ti/tj)P(tj» ti) s

r
S=(81,...,8,)EZL"

as an element of L',

Proof. By Definition 3.2, it follows from successive applications of Lemma 3.8
(compare [Hudson et al. 2017]) that

i (L= 1/ P, 1)
Kf=¢f(rﬁl-..tx»ﬂlfl BTNy

" Tlijyecoyd =i/t P (), 1)

Then, in view of the definition of the coefficients f;, it suffices to apply ¢1C to obtain
the claim. 0

4. Odd orthogonal degeneracy loci

For this section we fix a nonnegative integer k.

Orthogonal degeneracy loci. Consider the vector bundle E of rank 2n + 1 over
X with a symmetric non-degenerate bilinear form (, ): E ® E — Ox where Oy
is the trivial line bundle over X. Let & : OG*(E) — X be the Grassmann bundle
consisting of pairs (x, U,) where x € X and U, is an n — k dimensional isotropic
subspace of E,. Note that the bilinear form (, ) on E induces an isomorphism
F+/F®F*/F = O for any maximal isotropic subbundle F of E where F= is the
orthogonal complement of F with respect to ( , ). This implies that ¢;(F+/F) =0
in Q*(X) ®z Z[1/2].
Fix a reference flag

such that tk F' =n—i fori >0and (F')L = F~ forall i > 1. For each A € SP*(n)
of length r, we define the associated degeneracy loci X f in OG*(E) is defined by

XP ={(x,Uy) € OGKE) | dim(U, NF¥) > i, i=1,...,r},

where y is the characteristic index associated to A.
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Quadric bundle. The bundle OG"~!(E) is also known as the quadric bundle and
we denote it by Q(E). In this section, we do not assume that X is smooth as
long as it is regularly embedded in a quasi-projective smooth variety. Let S be the
tautological line bundle of Q(FE). In this particular case the Schubert varieties of
Q(E) are indexed by a single integer A and can be explicitly described as follows:

(4-1) X; = {Q(E)HP(F“”) 0 < <n),
HPERT (n < Ay <2n).

It is worth noting that A represents the codimension of X fl in Q(E).
Lemma 4.1. The fundamental class of the subvariety X ﬁ in Q. (Q(E)) for i <n
is given by
4-2) (X5, = QE) =&, (SY @ E/FM ™) (Lo
Moreover the fundamental class of X fl in Q. (Q(FE)) for A1 > n satisfies the identity
@3) FO(& (8@ (FO)/F))(IXF — o))

=&, (8Y @ E/(F)*" @ F*/F ™) (1os)),
where F® is a special case of the power series defined in (2-1).

Proof. The formula (4-2) follows from Lemma 2.2. For (4-3), first we show the case
for A; = n, by computing the class [Xf — Q(E)] in Q*(Q(FE)) in two different
ways. The variety X5 is a divisor in P((F°)1), corresponding to the line bundle
SV ® (F%L/FY Moreover, the scheme theoretic intersection Q(E) NP((F%)1)
defines the Weil divisor 2X ,lf on P((F%"1) and in view of Lemma 2.3 we have

Loeynproyty = t(FP @Y @ (FOY/FO) (1xn)),

where ¢ : X2 — Q(E) N P((F°)?1) is the obvious inclusion. Thus, by pushing
forward this identity to Q(E), we obtain the following identity in Q,(Q(E)):

[Q(E)NP((F)™) — Q(E) = FP(&1(SY & (FO)Y/FO)) (1XE — 0(E))).
On the other hand, Lemma 2.2 implies that
[Q(E)NP((F)™) — Q(E) =,(SV ® E/(FO)N) (o))

This proves (4-3) for A} = n.
If &) > n, again by Lemma 2.2 we have [X} — XF]=¢; (¥ ® FO/F')(1xs)
in Q*(X,f). Thus we have
FO(e1(8Y @ (FOY/F%) = (X7 — X2
= FP (& (8Y @ (FO) /F)) 0 (SY @ F/F)(1xs).
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By pushing it forward to Q*(Q(FE)) and applying (4-3) for A; = n, we obtain
FO(e1(8Y @ (FOY/F))(IX] — Q(E)))
= (SY @ E/(F*)") 08,—n(SY @ FO/F1 ™) (1 9(E))
=&, (S @ (E/(F)T @ FO/F))(1g(r)).
This proves (4-3) for A; > n. O

As mentioned above, we have ¢ ((F®)1/F°% =0 in Q.(Q(E)) ®z Z[1/2] so that
¢1(SY ® (FOL/F% =& (§Y). Therefore we have
FO (8 @ (F)H/F%) = FO (e ().

Notice that, since it is homogeneous of degree 0 with constant term 2, the series
F®(u) is invertible in L. ®7 Z[1/2]. Thus we have the following corollary.

Corollary 4.2. In Q,(Q(E)) ®z Z[1/2], we have
En(SY®E/FM ) (1o(k)) 0O=<Ai1 <n,

(X{, — Q(E)] = 1 NS
’ WOCN(S QE/F*" ™ (gkE) (n<i <2n).

Remark 4.3. As mentioned in Remark 2.11, we have
T (8 = (E/FF~™))(1 (k) (0< i <n),

(X7, — Q(E)]= L o e
' F(z)(cl(S\/))y}‘l(S —(E/F*™"Y)(low) (n <1 <2n).

Resolution of singularities and the class lcf . Consider the r-step flag bundle 7 :
Fl.(U) = OGK(E) as before. We let D C - - - C D, be the tautological flag. Recall
that FI,.(U) can be constructed as the tower of projective bundles

(4-4)  7:FlL.(U)=PWU/D,_1) 5 --- B3 PW/D)) 3 PWU) S 0GH(E)

We regard D;/D;_ as the tautological line bundle of P(U/D;_) where we let
Dy=0.Foreach j=1,...,r,letT; :=¢;((D;/Dj—1)") be the first Chern class
operator of (Dj/D;_1)" on Q.(P(U/D;_1)).

Definition 4.4. Let A € SP*(n) be of length r. Foreach j =1, ..., r, we define a
subvariety Y; of P(U/Dj_) by setting
Y = {0, Us, (D)ss ..., (D)) € PWU/Dj_y) | (D)x CFE, i=1,..., j}.

We set Yy := SG’;(U) and Yf =Y. Let Pj_; := nj_l(Yj_l), n;. tPi_1 = Y

the projection and ¢; : ¥; — P;_ the obvious inclusion. Let @ := JTJ’. otj. We
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have the commutative diagram

PWU/Dj-1) —— PWU/Dj-2)

T T

Pj—l —)Yj_l

/

T
J
Lj i
@

Y;
As in the symplectic case we set @ ;= w0 -0 @, : YAB — OGF (E) and define
K =@ (lyp).

Computing lcf . The following lemma is known from [Hudson et al. 2017], where
the computation of the fundamental class of Y; in P;_; is done in connective
K -theory CK ... However, the proof is valid in an arbitrary oriented BM homology
and in particular in €2,.

Lemma 4.5. Foreach j =1, ...,r, the variety Y; is regularly embedded in P;_,
and P;_y is regularly embedded in P(U/D;_,), in particular they both belong to
Lcix. Moreover we have

Lj*(le) = &j(lpjfl)

in Qy(Pj_1), where

i (D103 0 D7) n <0
)= ! ; (D /D )V Ly
" e,y et (il i@ (D F70)
0 =<x; <n).

Definition 4.6. Let —n < ¢ < n. For each m € Z, we define the operators @}f ) for
Q.(0OG*(E)) ®7 Z[1/2] by means of the following generating function

S(UY —(E/FYV; u) (—n <£<0),
Y By = R N
mez Foan? W= E/F) ) 0<t<n).

If ot = 20 fou™ with f; € L®; Z[1/2], then we have

By =D fiTwis (U = (E/FYY) 0=t <n).

s>0

Remark 4.7. If & = (A1) € SPX(n), we have k = %i)l“),
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Lemma 4.8. For each s > 0, we have
Wjx O ‘Ej(ly/)
[o/0) 0 (
=YY (=1)P&p(D}_; = D)) oW_o(D]_, —Dy))o @A’“ﬂ g (17, 1)

p=04=0

Proof. By Lemma 4.5, we have

(4-5) wj.ot;(ly;) = zrj’.*otj*of}'(lyj) = nj’.*of;otj*(lyj) = ﬂ;*of;O&j(lpjfl).
Suppose that x; < 0. By Theorem 2.10, the right-hand side of (4-5) equals
«57»+s((U/Dj—1—DL-/FXj)V)(lY/—l) = '57)\./+S((U_E/FXj_Df—1+DJYj)v)(]yf—l)’

where Dl =F— Dv Then the claim follows from Remark 2.9. Similarly, if
0=<xj, Theorem 2. lO implies that the right-hand side of (4-5) equals

Z fs’%»/-i-s—i-s’((U/Dj—l)v - (D)J/;‘/FXj)v)(l)'./—l)’

s'=0

where we set FP (™)™t =" fou~*" with fy € L®z[1/2] as above. Again,
we use the identity D)}j =F— D;j and then the claim follows from Remark 2.9. [J

Set R := Q*(OGM(E)) ®7 Z[1/2] and let £k be the ring of formal Laurent series
with indeterminates 71, . . ., ¢, defined in the previous section.

Definition 4.9. Define a graded R-module homomorphism
of : LR ®77[1/21 > Q.(0GH(E)) ®7Z[1/2]
by
¢y 1) = Z (U = (E/F)Y) o0 7 (UY = (E/F*)) (1ot (p))-
Similarly, for each j =2, ..., r, define a graded R-module homomorphism
¢F LR ®7Z[1/2] > Qu(Yj_1) ®7Z[1/2]
by
Ly 1)
=flo-0f 07 (U - (E/FX-f)V) o 07 (UY —(E/FT)Y)(1y,_).

Remark 4.10. Note that ¢B replaces by Q(X‘)( ly, ,) for each i such that

j<i<randy >0, andmeZ

F<2>(z )

As with Lemma 3.8, by making use of Lemma 4.8 we can prove the following
lemma.
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Lemma 4.11. We have

i—1
5 x,HH{:l(l—n-/z,,-)P(z,,-,z,-)) o
PETI (" Waimre ) @<
xOT; Aj+s i
J AR ¢B( tj'+ H{:f(l—ti/tj)P(tj’ti)) 0 <)
TNF@@p) [T, —5/t) P(t;, 1) -

forall s > 0.

A repeated application of Lemma 4.11 to the definition of Kf , together with
Remark 4.10, allows us to obtain the main theorem for odd orthogonal Grass-
mannians.

Theorem 4.12. We have

B __ A z(X1) (xr)
kv = Z fs '%7)»110—‘\'1 o "%ky-i-sr’

where the f}* € L are the coefficients of the Laurent series

iy (L—1i /1)) P(t}, 1;)
(4-6) Hlfz<]§ _/ J J v 2 : fsk'tfl "‘l‘,f"
H(i,j)eC(A)(l —1;/tj))P(tj, 1;)

viewed as an element of L".
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A COMPACTNESS THEOREM ON
BRANSON’S Q-CURVATURE EQUATION

GANG L1

Let (M, g) be a closed Riemannian manifold of dimension 5 <n <7. Assume
that (M, g) is not conformally equivalent to the round sphere. If the scalar
curvature R, is greater than or equal to 0 and the Q-curvature Q, is greater
than or equal to 0 on M with Q,(p) > 0 for some point p € M, we prove
that the set of metrics in the conformal class of g with prescribed constant
positive Q-curvature is compact in C*“ for any 0 < o < 1.

1. Introduction
On a manifold (M", g) of dimension n > 5, the Q-curvature of [1985] is defined by

n®—4n’+16n-16 , 1
R, — A
8n—1)?m—-2)2 ¢ 2(m-—-1)

Q;=— IRic,|* + o R,

2
(n—2)2
where Ric, is the Ricci curvature of g, R, is the scalar curvature of g and Ay is the
Laplacian operator with negative eigenvalues. The Paneitz operator [1983], which
is the linear operator in the conformal transformation formula of the Q-curvature,
is defined as

. . n—4
(1-1) P, = Az,—dlvg(anRgg—b,,Rlcg)Vg-i-TQg,
with )
-2 4 4
a, = u and bn R
2(n—1(n—-2) n—2

In fact, under the conformal change § = u*/*~¥ g, the transformation formula of
the Q-curvature is given by
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In comparison, for n > 3 the change of scalar curvature under the conformal change
g = u*"=2g satisfies

Let (M", g) be a closed Riemannian manifold of dimension n > 5. For existence
of solutions u to the prescribed constant positive Q-curvature equation

n—4 — a4
(1-2) Pou = 5 Qun—4,
with Q = %n(n2 —4), one may refer to [Esposito and Robert 2002; Qing and Raske
2006b; Hebey and Robert 2004; Gursky and Malchiodi 2015; Hang and Yang
2016a; 2016b; Gursky et al. 2016]. Recently, based on a version of maximum

principle, Gursky and Malchiodi proved the following:

Theorem 1.1 [Gursky and Malchiodi 2015]. For a closed Riemannian manifold
(M", g) of dimensionn > 5, if Rg, > 0 and Qo > 0 on M with Qg not identically
zero, then there is a conformal metric h = u*' "% g with positive scalar curvature
and constant Q-curvature Qy = Q.

Moreover, they showed positivity of the Green’s function of the Paneitz operator.
Also, for n = 5, 6,7, they proved a version of the positive mass theorem (see
Theorem 2.1), which is important in proving compactness of the set of positive
solutions to the prescribed constant Q-curvature problem in C LMy withO<a < 1.
Note that when the pointwise condition in Theorem 1.1 is replaced by the require-
ment that the Yamabe constant Y (M, [g]) be greater than 0 and Q, > 0, existence
of solutions to (1-2) is proved in [Hang and Yang 2016b].

For compactness results of solutions to the prescribed constant Q-curvature
equation under different conditions; see [Djadli et al. 2000; Hebey and Robert 2004;
Humbert and Raulot 2009; Qing and Raske 2006a]. Djadli, Hebey and Ledoux
[2000] studied the optimal Sobolev constant in the embedding W22 s [2"/(»—4
when P, has constant coefficients when g is an Einstein metric and also when
Py is replaced by a more general Paneitz-type operator. With some additional
assumptions, they studied compactness of solutions to the related equations with
W22 bound and obtained existence of positive solutions for the corresponding
equations. Under the assumption that the Paneitz operator is of strong positive type,
Hebey and Robert [2004] considered compactness of positive solutions to (1-2)
with W22 bound in locally conformally flat manifolds with positive scalar curvature.
They showed that under these conditions, when the Green’s function of P, satisfies a
positive mass theorem, the compactness of solutions to (1-2) holds. Later, Humbert
and Raulot [2009] showed that the positive mass theorem holds automatically under
the assumption in [Hebey and Robert 2004]. Qing and Raske [2006a], with the
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use of the developing map and moving plane method, they showed an L°° bound
of solutions to (1-2), for locally conformally flat manifolds with positive scalar
curvature and an upper bound of the so-called Poincaré exponent (see [Chang et al.
20041)).

In this article we want to study compactness of solutions to (1-2) under the
hypotheses in Theorem 1.1, following Schoen’s outline of the proof of compactness
of solutions to the prescribed scalar curvature problem. It is known that nonunique-
ness of solutions to the prescribed scalar curvature problem (the Yamabe problem)
could happen when the Yamabe constant of (M, g) is positive ([Schoen 1989;
Pollack 1993]). In the conformal class of the round sphere metric, the solutions
to the Yamabe problem are not uniformly bounded. Compactness of solutions
to the Yamabe problem with positive Yamabe constant are well studied when g
is not conformally equivalent to the round sphere metric. Following Schoen’s
original outline, one has the compactness of the solutions when (M", g) is locally
conformally flat, or when n < 24 and the positive mass theorem holds on (M, g);
see [Schoen 1991; Schoen and Zhang 1996; Li and Zhu 1999; Druet 2004; Chen
and Lin 1998; Li and Zhang 2005; 2007; Marques 2005; Khuri et al. 2009]. It is
interesting that when n > 25, there are conformal classes (which are not the round
sphere metrics) with infinitely many solutions to the Yamabe problem which are not
uniformly bounded; see [Brendle 2008; Brendle and Marques 2009]. In comparison,
Wei and Zhao [2013] showed noncompactness of solutions to the positive constant
Q-curvature equations for n > 25 in some conformal class different from that of the
round sphere. For the compactness argument for the Nirenberg problem for a more
general type conformal equation on the round sphere, see [Jin et al. 2017]. More
precisely, we follow the approach in [Li and Zhu 1999] and [Marques 2005] for
compactness of the set of solutions to the prescribed constant Q-curvature problem
in dimension 5 < n < 7 under the hypotheses of Theorem 1.1.

Our main theorem is the following:

Theorem 1.2. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <7
with R > 0, and also Qg > 0 with Q4(p) > 0 for some point p € M. Assume that
(M, g) is not conformally equivalent to the round sphere. Then there exists C > 0
depending on M and g such that for any positive solution u to (1-2), we have that

c'<u<c,
and for any 0 < a < 1, there exists C' > 0 depending on M, g, and a such that
lullgra < C'.

We use a contradiction argument based on local information derived from a
Pohozaev type identity for constant Q-curvature metrics and global information
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derived from the positive mass theorem of Gursky and Malchiodi [2015] (see
Theorem 2.1). In comparison, for compactness of the Yamabe problem, the appli-
cation of the positive mass theorem by Schoen and Yau [1979] (see also [Eichmair
2013; Eichmair et al. 2016; Witten 1981]) is crucial.

We extend the maximum principle in [Gursky and Malchiodi 2015] to manifolds
with boundary under a Dirichlet-type condition and a scalar curvature condition
restricted on the boundary; see Lemma 3.2. It turns out to be very useful and
performs a role of a comparison theorem in the proof of the lower bound of the
solutions away from the isolated blowup points (see Theorem 3.3) and in estimating
upper bounds of solutions near blowup points (see Lemma 5.4). The Green’s
function is used as a comparison function in the uniform lower bound estimate
Theorem 3.3. Note that Theorem 3.3 is important in the proof of the remark
on page 138, Proposition 5.3 and Proposition 6.1. Since the main term of order
O(d,") vanishes in Pgd;‘_", there is no comparison function to give the upper
bound estimate in Proposition 5.3 directly. For that, the upper bound estimates of a
sequence of blowup solutions near isolated simple blowup points are decomposed
to a series of lemmas, following the approach in [Li and Zhu 1999] and in [Marques
2005]; see Section 5. We are able to prove a Harnack type inequality near the
isolated blowup points for 5 < n < 9; see Lemma 5.1. Besides the prescribed
Q-curvature equation, nonnegativity of the scalar curvature is also important in the
analysis of the blowing-up argument. With the aid of the Pohozaev type identity,
we get a nice expansion of the limit of the blowing-up sequence near the blowup
point, see Proposition 5.9, and using this we then show that in dimension 5 <n <7,
each isolated blowup point is in fact an isolated simple blowup point. For the
proof of Proposition 5.9, as in [Marques 2005], we need to estimate the speed
of convergence of the rescaled functions to the limit, and for that, in Lemma 5.7
we need to classify bounded solutions to a linear fourth order elliptic equation
on the Euclidean space which vanish uniformly at infinity, for 5 <n < 7. The
main difficulty for the classification problem in the Euclidean space is that the
fourth order linear equation lacks the maximum principle, which is overcome by a
combination of a comparison theorem for an initial value problem of ODEs, Kelvin
transformation and an energy estimate; see Appendix B. After that, the proof of
Theorem 1.2 is more or less standard, except that for the fourth order equation,
more is involved for the blowing-up limit in ruling out the bubble accumulations;
see Proposition 7.3. The Pohozaev type identity and the positive mass theorem
in [Gursky and Malchiodi 2015] finally derive a contradiction on the sign of the
constant term of the expansion of the singular limit function at the singular point in
the proof of the main theorem. In Appendix A, we analyze the singular solutions to
a linear fourth order elliptic equation near an isolated singular point, which is needed
in Lemma 5.5 when finding the upper bound estimates of the solutions near the
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isolated simple blowup points. It is interesting to point out that in comparison with
the proof of compactness of solutions to the Yamabe problem, here for compactness
of positive constant Q-curvature metrics, no argument on vanishing of the Weyl
tensor is needed for dimension 5 <n < 7.

For n > 8, the Weyl tensor and its covariant derivatives are involved in the
expansion of the Green’s function and a vanishing argument of the Weyl tensor at
the blowup points is needed (for instance, in Corollary 5.8 and Proposition 5.9),
and yet a positive mass theorem for the Paneitz operator for cases which are not
locally conformally flat in these dimensions is lacking. In this paper, for technical
reasons, the Harnack inequality in Lemma 5.1 is only proved for n <9, the decay at
infinity of the limit function w(x) in Lemma 5.7 is only proved for n < 8 due to the
estimate (5-46), and the classification theorem (Corollary B.5) of solutions to the
linear problem in Appendix B is given for n < 8. But we believe that Lemma 5.1
and Corollary B.5 can be extended to high dimensions with some more discussion.

Remark. Let Y (M, [g]) be the Yamabe constant of (M, g) so that
[op 2201V u|? + Reu® dV,

Y(M,[g])=  inf n-2 .
(M, (gD ueC”l(I/}/l),u>0 (fM u2n/(n=2) dVg)("_z)/"
Also, for o = ﬁ define
u P,udV,
Y;(M,[g]) = gt P dVy

inf 5 .
ueC>®(M), u>0,R,a,>0 ||u || 120/ (M )

From [Gursky et al. 2016], the following three statements are equivalent for dimen-
sion n > 6:

(1) Y(M",[g]) >0, Py >0.

(2) Y(M, [g]) >0, Y;(M,[g])>0.

(3) There exists a metric g € [g] such that R, > 0 and Qg > 0 on M.

As a corollary of Theorem 1.2, compactness of solutions to (1-2) holds for these
conformal classes different from that of the round sphere for dimension n =6, 7.

Remark. Recently, Li and Xiong [2019] proved compactness of prescribed constant
Q metrics in a more general setting independently, by using the integration method
developed from [Jin et al. 2017]. We follow the classical approach of [Li and Zhu
1999] and [Marques 2005].

To end the introduction, we introduce the definition of isolated blowup points
and isolated simple blowup points.

Definition 1.3. Let g; be a sequence of Riemannian metrics on a domain Q € M
with a uniform lower bound of injectivity radius § > 0. Let {u;}; be a sequence
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of positive solutions to (1-2) under the background metrics g; in Q. We call

a point x € Q an isolated blowup point of {u;} if there exist C>0 0<6<

min{%, distg; (x, 852)} and x; — X as a local maximum of u; with u;(x;) — o0

satisfying

(1-3) By (%), By (xj) € ;

(1-4) (Bf" (xj),xj, gj) — (B;Sg(i), %, g) in C** in the pointed Cheeger—Gromov
sense, for k > 0 large and 0 < @ < 1 and a smooth Riemannian metric g;

(1-5) u;(x) < Cdg (x, x;)“/% for dg, (x, xj) <38,

where Bj’ is the 8-geodesic ball with respect to the metric g;, and dg; (x, x;j) is the
geodesic distance between x and x; with respect to the metric g;.

In this paper, the sequence of metrics {g;}; in the definition of the isolated blowup
points are either a fixed metric on M, or the rescaled metrics {7jg}; of g with a
sequence of numbers 7; — oo, which converge to the flat metric as j — oo. Both
these two cases satisfy the condition (1-4). For an isolated blowup point x; — X
of uj, we define

1
ﬁ-(r)=—_/. u;ds,,, 0<r<3é,
Bl Jasey T
and
(1-6) L?j(r)=r%ﬁj(r), 0<r <8,

with B (x ;) that r-geodesic ball centered at x;, ds,, the area element and |9 B (x )
the volume of 9 BY (x)).

Definition 1.4. We call x an isolated simple blowup point if it is an isolated blowup
point and there exists 0 < §; < § independent of j such that i; has precisely one
critical point in (0, 8;), for j large.

2. The Green’s representation

In this section, we assume that (M", g) is a closed Riemannian manifold of di-
mension n > 5 with R, > 0, and also Q, > 0 with Q,(p) > 0 for some point
pEM.
Theorem 2.1 [Gursky and Malchiodi 2015]. For a closed Riemannian manifold
(M", g) of dimensionn > 5,if R, >0, Qg >0o0n M and also Q,(p) > 0 for some
point p € M, then:

e The scalar curvature Ry is greater than 0 in M.

o The Paneitz operator Py is in fact positive and the Green’s function G of Py is
positive where G : M x M —{(q,q),q € M} — R. Also, ifu € C*(M) and
Pou >0 on M, then either u =0 oru > 0 on M.
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e For any metric g in the conformal class of g, if Qg, > 0, then Ry, > 0.
e For any distinct points q1, g2 € M,

(2-1) G(q1, q2) = G(q2, 1) = cady(q1, ¢2)* " (1 + f(q1, q2)),

with ¢, = m, wn—1 = |S"7V, and dy(q1, q2) the distance between
q1 and q>. Here f is bounded and f — 0 as dg(q1, q2) — 0 and

(2-2) VI f < Cidy(q1, q2)' ™7
forl<j<4.

o (positive mass theorem) For 5 <n <7, or when (M, g) is locally conformally
flat with dimension n > 5, for any point q; € M, let x = (x', ..., x") be the
conformal normal coordinates constructed in [Lee and Parker 1987 ] centered
at g1 and h be the corresponding conformal metric. For q, close to q1, the
Green’s function Gy (q2, q1) of the Paneitz operator Py has the expansion

Gi(q2, q1) = cadi(qa, q1)* " +a + f(q)

with a constant « > 0 and f satisfying (2-2) and f(g2) — 0 as g2 — q1;

moreover, o = 0 if and only if (M", g) is conformally equivalent to the round
sphere.

Let u € C*%(M) be a solution to the equation
Pou= f>0.

Then we have the Green’s representation

u(x) = /M G, ) F () dV()

for x € M.

Now let u > 0 be a solution to the constant Q-curvature equation (1-2). Using
the Green’s representation

n—4 nt4
u(x) = TQ G(x,y)ur=s(y)dVe(y),
M
we first show some basic estimates on the solution u.

Lemma 2.2. Let (M", g) be a closed Riemannian manifold of dimension n > 5
with Rg >0, Q,>00n M and Q¢(p) > 0 for some point p € M. Then there exist
Ci, Cy > 0depending on (M, g), so that for any solution u to (1-2), we have

infu <Cy, supu>Cs.
M M
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Proof. Let u(gq) = infy; u. Then by the Green’s representation,

—4— n+4
w@)="3"0 /M G, v) u(») av, ()

e n—4
> u(g)=+ X 5

with C independent of the solution u and the point g, and the last inequality follows
from (2-1). Therefore, the upper bound of inf,; u is established. A similar argument
leads to the lower bound of sup,, u. U

Q/ Glg, ) dV,(y) = C, ™ u(q)i
M

Next we give an integral type inequality, which shows that if u# is bounded from
above, then we get the lower bound of u.

Lemma 2.3. Let (M", g) be a closed Riemannian manifold with dimension n > 5,
R, > 0, and also Qg > 0 with Q4(p) > 0 for some point p € M. Then we have the
inequality

) 8 -7
infu > C</ G(z, )P u(y)—=* dVg(y)>
M M
where p="%%_q 141 —1 anda = D9 for any fixed ber -4 <a < -3
p=i=—a. ;+,=1 =5 y fixed number — < a < >,

and z is the maximum point of u and C = C(a, g) > 0 is a constant. In particular,
a uniform upper bound of u implies a uniform lower bound of u.

Proof. Let u(x) = infy; u and u(z) = sup,, u.
By the expansion formula (2-1), there exist two constants C3, C4 > 0 such that

1
(2-3)  0<Cy< dg(@1,2)" " =G a1, 22) = Cady (21, 220"
4

for any two distinct points z, 7, € M.
By the Green’s representation at the maximum point z we choose, we have

—4 _ ntd
u(z) = nTQfMG(z, W u) ' av,oy)

—4 _ 8
< nTQu(z)/ Gz, y)u(y)=* dVy(y)
M

so that
1< m;‘”@/ G(z, y) u(y)mi@t1=) gy, (y)
M
(n—4) 7 7
n— — 8 8
<“200( [ cenrueeravm)” ([ wor@ s ano)
M M
(n—4) _ v

- Q(/ G(z,yV’u(y)ﬂ“Pdvg(y))
M

1
</ u(y)i dvg(y>>q,
M
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with «, p, ¢ chosen in the statement of the lemma. Here the second inequality is
by Holder’s inequality. The range of a in the lemma keeps 0 <o <1, p > 1 and
g > 1, and also p(4 —n) > —n so that G? is integrable.

Therefore, combining this with (2-3) we have

—4 —_ n+4
infu = u(x) = ”—Q/ G (e, Yu(y) = dVy(y)
M 2 M

Sk

/ M )4 idp B
>C | u(y)—=dVg(y)=C G(z, ) u(y)=3"dV,(y) ,
M M
where C’, C > 0 are uniform constants independent of u, z and x. O

3. A maximum principle

In this section we prove a maximum principle for smooth domains with boundary in
the manifold (M, g) defined in Lemma 2.2, which is a modification of the maximum
principle given by Gursky and Malchiodi; see Lemma 3.2. As an application, we
give a lower bound estimate of the blowing-up sequence.

Lemma 3.1. Let (Q, g) be a compact Riemannian manifold of dimension n > 5
with boundary 3S2. Let Q2 be the interior of Q. Assume the scalar curvature R, is
greater than or equal to 0 in Q and R, > 0 at points on the boundary, and also
QgZOinS_Z. Then Ry > 0 in Q.

Proof. The proof is similar to that for closed manifolds. The Q-curvature is

expressed as

1 2 -2
Q. = —mAgRg +cl(n)Rg — cz(n)lRchg

with ¢y (n), c2(n) positive. By the nonnegativity of Qg,
1

2
mAgRg < Cl(n)Rg.

By the strong maximum principle and the boundary condition, R, > 0 in Q O

Lemma 3.2. Let (M", g) be a closed Riemannian manifold of dimension n > 5
with Rg > 0, and Q¢ > 0. Let Q@ € M be an open domain with smooth boundary
dQ so that Q@ = QU Q. Assume that u € C*(Q) with u > 0 on 9 satisfies

(3-1) Pu>0 inQ.

Let g = u®/ "= g be the conformal metric in a neighborhood U of 2 where u > 0.
If the scalar curvature of (U, g) satisfies Rz(p) > 0 for all points p € 0Q2, then
u>0inQ.
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Proof. Our conditions on the boundary guarantee that all the arguments are focused
on the interior and then the argument is the same as in the proof of the maximum
principle by Gursky and Malchiodi. For completeness, we present the proof.
We define the function
u, =(1—2A1)+iu
for A € [0, 1], so that ug = 1 and u| = u. We assume
minu < 0.
Q
Then there exists Ay € (0, 1] so that

Ao = min{A € (0, 1], minu; = 0}.
Q

By definition, for 0 < A < Ag, u; > 0. For the metric

4
g.=u; g,
the Q-curvature satisfies

Qg >0 in€2,

for 0 < A < Ag. That follows from the conformal transformation formula

n+4 n+4
2 _n+a

e 2 i
n_4uk 4Pgu)»:muk 4((1—)»)Pg(1)+)upgu)

2 n+4 n+4

== u "N - x)ﬂQg +APuu) > (1 —=2)Qqu, " > 0.
n—4 2

ng =

Under the conformal transformation, the scalar curvature of g, satisfies

—n( 4n—1) 8(n — 1) |Veuy |?
Ry, =u, 4(_nTAguk_ p— ik + Rou;,
_n 4n—1) 8m—1) A2|V,ul|?
— n—4 _ )\‘ _ 8
" ( n—a " T A At e
o An—1 8(n — 1) A|V,ul?
2uk"4<——;_4)mgu—(’§_4); | 5 | -I—)»Rgu)

n
—7
:A(i)” Ry >0
up

on 02 for 0 < A < Ag. Then by Lemma 3.1,
Ry, >0 in £,

for 0 < A < Ag. Again by the conformal transformation formula of scalar curvature,

n—4

Agl/l)L < ngM)\_ in 2.
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By taking limit A 7 X, this also holds at A = Ag. But
U, =1 —=A)+iu>0

on <2 for 0 < A < 1. By the strong maximum principle, uy, > 0 in €, contradicting
our choice of Ag. Therefore, forall 0 < A <1,

u; >0 in Q.
In particular, # > 0 in . ]

Theorem 3.3. Let (M", g) be a closed Riemannian manifold of dimension n > 5
with R, > 0, and also Qg > 0 with Q¢(po) > 0 for some point py € M. There
exists C > 0 such that if there exists a sequence of positive solutions {u j}?":1 of (1-2)
such that

M; =u;j(x;) = S]l‘l/[puj — 00
as j — oo, then
(3-2) uj(p) = CM; 'dy ™" (p, x))

forany p € M such that dy(p, x;) > M; —2/(n=4)

Proof. To prove the theorem, we only need to show that there exists C > 0 such
that for any blowing-up sequence, there exists a subsequence such that (3-2) holds.
For each j, let x = (x!, ..., x") be the corresponding normal coordinates in
a small geodesic ball centered at x; with radius 6 > 0 and x; the origin. Let
y = M2/(" Yy and the metric hj be given by (1) pg (¥) = gpg(M; “2 =D 0y et

2

vi(y) =M, M](eXPx (M " 4)’)) for |y| <sM ™.
Then,
0 < vj(y) <vj(0)=1,

Py v () = =2 Qv ()i for |y| < sm;/ "™,

Here h; converges to the Euclidean metric on R" in C ¥ norm for any k > 0. By
ellipticity, we have, after passing to a subsequence (still denoted as {v;}), v; = v

in C} (R"), and v satisfies

05v(y)<v(0)=1 in R",
(3-3) 5 .
Av(y) = —Qv(y)" S iR
Also, since Ry, > 0 and R 4/(,1 by > 0 (by Theorem 2.1) on M, by the conformal

transformation formula of scalar curvature,

n
Ahj v < mth ;.
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Passing to the limit we have
Av(y) <0 inR".

By the strong maximum principle, since v(0) = 1, we have that v(y) > 0 in R™
Then by the classification theorem of C.S. Lin [1998], we have

n—4

1 2
= —FF in R".
v0) <1+4—1|y|2) "

We will abuse the notation with v(]y|) = v(y). Thus, for fixed R > 0, for j large,

n—4
2

i 1 S ~ia
z(m) MJSMJ(CXPXJ(X))SM] for |X|SRMJ 4.

For any € > 0, there exists jy > O such that, for j > jo,
lvi—vllcs <€ for|y| <2.
We define ¢; : M — {x;} — R as

$i(p) =u;(p) —TM; ' Gy, (p),

with G, (p) = G(x;, p) the Green’s function of the Paneitz operator and 7 > 0
a small constant to be chosen. We will use the maximum principle to show that
for €, T > 0 small,

$; >0 in M —B —2/(n—4)(.x]') for j > jo.

Here, we denote by B T neo (xj) the geodesic M, ~2/=9 _ball centered at Xj in
(M, g). If this holds, we ' will choose {uj}j>j, as the subsequence and the theorem
is proved.

It is clear that
n+4

>0 inM-— BM;Z/(n74) (xj).

*0u;

To apply the maximum prmmple, we only need to verify the sign of ¢; and the
related scalar curvature on 0 B I (x;).
J

_2
First, for |x| =M f "4 we choose € small so that for j > jo,

Pegj = Pouj =

\‘x

2
uj(exp,, (x)) = Mjv; (M~ x) = Jv(1) Mj;

while by (2-3),
MG (exp,, (x)) < C4M;.

We take T < v(1)/(4C4). Then
$; >0 on BBM]__z/(n_4) (xj) for j > jo.
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Now let g; = ¢;/" Vg, in small neighborhood of 3B h 0
ow let g; = ¢; 8j in small neighborhood of 9 B);—/e-s (x;) where ¢; > 0.
By conformal transformation, '

o An—1) 8(n—1) [V I’
Rg; :(j)j (_—n_4 Agpj — (nn_4)2 gd’jj +Rg¢j).

Note that R,¢; > 0 on BBM;z/(nm (x;j). We only need to show that
J

4(n—1) 2 |Vegil? o
(3-4) — P ( g¢1+m7 >0 on BBMI__z/(n_4)(xJ) for j > jo.
Recall that
2 IVeuil? _ v 2 Vil
(Ag”f+mu—j =M; Ahjv./+mv—j -
Also,
2 Vi, v;]?
(Ahjvj+”—4 vj
\V/ 2
—>(Av+ 2 | v|>
n—4 v

2 G=mP(yP+ P
—4 (HE+aEe

=24 —n)(yP+H72(yPP +2n) +200 —H(y> +4) 2 |y)?
=4n(4—n)(|y|2+4)_% <0 at|y|=1.

=2@—nxwﬂ+®*ﬂwﬁ+2m-+n

Then we can choose € < [v]c4(p, (0))/100". Combining this with the fact that
DG (@) < Cudy " (p,q) for0<k <4,

for any distinct points p, g € M with constants Cy > 0 independent of p and g, we
have that there exists T > 0 only depending on Cy and € so that

M7YAG M pitE A d
TM; |Ag x,-(eXij( j < - | m, an
V, 0| 14+-4 |Vl
PO < sy L2 gy =1, for = o
J

Therefore, (3-4) holds for j > jo, which implies
Rg,j >0 on 3BM;2/(n74> (x;).

By Lemma 3.2, ¢; > 0 in M — B,,-2/0-4 (xj). Recall that € and 7 are chosen
independent of choice of the sequence. This completes the proof of the theorem. [J
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4. A Pohozaev type identity

In this section we introduce a Pohozaev type identity related to the constant Q-
curvature equation. It will provide local information on the solutions in later use.

Let (M", g) be a closed Riemannian manifold of dimension n > 5 with R, > 0,
and Qg > 0 with Q4(po) > 0 for some point py € M. Let u be a positive solution
to (1-2). For any geodesic ball 2 = Bs(g) in M with 2§ less than the injectivity
radius of (M, g), we let

be the geodesic normal coordinates centered at g so that g;;(0) = §;; and the
Christoffel symbols I‘f‘j (0) = 0. In this section, the gradient V, Laplacian A,
divergence div, volume element dx, area element ds, o-ball B, and

2= (D)2 4 ()

are all with respect to the Euclidean metric. Define

Pu) = / (x -Vu+ n_4u) Audx
Q 2

- / [”;4 div(uV(Au) — AuVi)
@ +div((x - Vu)V(Au) — V(x - Vu)Au + %(Au)zx)] dx

— 0 d
:f n—4 u—(Au) — Au—u
a0 2 av av

+ ((x . Vu)aa—U(Au) — Ba_v(x -Vu)Au + %(Au)zx . v> ds,

where v is the outward-pointing normal vector of 9€2 in the Euclidean metric. Then
using (1-2), we have

n—4
2

P(u)zfg(x-vbw 5 u (A% = Ppu+ (x-Vu+ u)Pgudx

n;4é (x -Vu + n;4u)u% dx

:/(x-Vu+n_4u (A? = Py)u+
Q

n
—4)% _ "

(n—9 0] ()c-v)un%4 dx.
4 90

)
)
:/Q<x-Vu+n_4u>(A2—Pg)u+ (n;4)zédiv(unzn4x)dx
:/(x-Vu+n_4u>(A2—Pg)udx+
Q

Using (1-1), we have
(A* = Pu = (A* — ADu +divg(ay Ryg — byRicy) Vou — n—4

> Qgu.
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Since I'f;(0) = 0 and g;;(0) = 8,
(A* — AYu
= (8798 ,V,V;V; — gP g VEVEVEVEu
= (8718 — gP1g"\V,V,ViViu+ O(|x)|D*u| + 0(1)| D*u| + O(1)| Du|
= 0(Ix)ID*u] + O (Ix])|D*ul + O (1)| D*u| + O (1)| Dul.

It follows that there exists C > O which depends on |Rm,|;~(q), |Qg¢lce) and
IRicg |1 () such that

(4-1) (A% — Po)u| < C(|x*|D*u| + |x| |D*u| + |D*u| + |Du| + u).

5. Upper bound estimates near isolated simple blowup points

In this section we perform a parallel approach of [Li and Zhu 1999] to show the
upper bound estimates of the solutions to (1-2) near an isolated simple blowup
point; see Proposition 5.3. We start with a Harnack type inequality near an isolated
blowup point.

Lemma 5.1. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <9
with Rg > 0, and also Qg > 0 with Q¢(po) > 0 for some point py € M. Let {u;} be
a sequence of positive solutions to (1-2) and x; — x be an isolated blowup point.
Then there exists a constant C > 0 such that for any 0 <r < % and j > 0, we have

(5-1) max ui(g) <C min ui(q).
q€Bo ()~ Bypa(x)) q4€Bo ()~ B (x)
Proof. Let x = (x', ..., x™) be the geodesic normal coordinates centered at x;. Here

8 > 0 (see Definition 1.3) and 26 is less than the injectivity radius. Let y = r~'x.

Define
n—4
vi(y) =r % uj(exp,, (ry)) for|y| <3.

Then by (1-5),
n—4

vi(y) <Cly|" = for|y| <3,
v <37C  forl <yl <3
We denote
Qp = B3, (xj) — Br (x)).

By the Green’s representation,

n—4 — DO . n+4
Fujtexpy 9 = 2 [ Gle, ) @ 4V,

vi(y)=r >
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_ =90 24(fgzG(expx,-(ry),q)uj(q)mdVg(q}

2
+/ G(eprj(ry),q)uj(q)ﬁdVg(q)).
M-Q,

We claim that for = 5<I=Z 2 if

—4 0 n—4 n+4
(52 oy =2 x%ﬁ | G, .m0 avico)

then there exists C > 0 independent of j, x;, r and y, such that for any 12 <|z| < ?2,
(5-3) vj(2) = Cvj(y).
In fact, by (2-3), there exists C > 0, such that

G(exp,, (ry), q) = CG(exp,,(rz), q)

for g € M — 2,. Therefore,

—4 %) n—4 n+4
3 () < %H/ G(expy,; (ry), q)uj(q) = dVg(q)
M-Q,

nd n+4
<cr'T / G (expy, (r2), Q)uj(CI)ﬁ dV,(q)
M-Q,
< Cv;(2).

This proves the claim.
We denote

C={yeR", 3 <ly| <2, sothat (5-2) fails for y}.
We choose =<yl <= w1th

v (y) = % sup v (2).
5/12<z|<12/5

If y ¢ C, then using the claim, we are done. If y € C, we will prove that the Harnack
inequality (5-1) still holds.
By Holder’s inequality,

—4 %) n+4
wexpy () =2x P2 [ Glexp, ), @) aVi(@)
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< (-0 ( | 6w, .0 dvg@)

1
n+4 B
y (/Q u,-(q)n—4ﬂdvg<q>)

1

< C(a)yr* e ( fQ uj(q)nsP dvg<q>)’3

==

< Cla)yr* "+ (€3 ")Ti(l}f)(/ u;(g) " dVg(q))
Q

< Cla)r* e (C3'T 47)%(‘7)

==

( C4(4r)” G (exp,, (r2), )u, ()" dV, (Q))

nt4 1) n-
<C(Ol)r4 n+a(C3T4 4T) Jr4(1 /3)]" ﬂ4”j(expxj(rz))%

==

=C(a, E’ n)r(z_%)(l_%)uj (expxj (rz))

for any % <lz| <3,where 1l < < n"j, $+% = 1 such that 8 > . Here we have
used (1-5) and (2-3).
Since

n+4 n

>
n—4 4

for5<n<9,wesetf= ”+4 and obtain
(5-4) uj(exp,, (r2)) = C(C.n) r* uj(exp, (ry)) s
(5-5) > C(C,n)r* (27 uj(g))" s,

for all ¢ € By2,/5(xj) — Bsy/12(x;) and % <|z| <2, where 5 <n <9.
Forany 1 <|z| <2,

(5-6)  |Vgujl(exp,, (r2)

m
IVeG(exp,, (rz), @) uj(g) = dVg(q)
B2y y5(xj)—Bsrj12(x;)

n+4
IV, Gexp,, (r2). @) (q) "= d V¢ ().

2 M—(Bisys(x1)— Bsy/2(x))
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Note that for % <|z| <2,
(5-7)  uj(exp,, (rz))

n—4 _f
> 0
2 M —(Bi2r/5(xj)—Bsr/12(x;))

n+4
Ve Glexp,, (r2). 9)| uj(q)i= d Ve (),

G (expy, (r2), ) Mj(‘])% dV,(q)

>Cr

/M—(Blzr/s(xj)—BSr/lz(JQf))

for a uniform constant C independent of j and the choice of points, where for the
last inequality we have used (2-1).
Combining (5-4), (5-7) and (5-6), for % < |z| <2 we have the gradient estimate

|V, log(u; (exp,, (r2)))|

_IVauj(exp, (r2)
uj (expx_i (rz))
1 n—4 = ntd
< |VeG(exp,. (rz), q)|uj(q)—* dV,(q)
uj(expxj(rz)) 2 Bior/5(xj)—Bsrj12(x;) ¢ & ! ¢
1 —4 —
+
uj(expxj(rz)) 2 Q
M
X [VeG(exp,, (rz), @)l uj(q) = dVg(q)
M —(Bi2r/5(xj)—Bsr/12(x;))
—4 = = ] —da_ntd
<"5-0 VoG exp,, (r2). )| C(C.m)~'r 2705 d Ve (q)
Bi2r/5(xj)—Bsr12(x})
+Cc 1!

< C(E, n)(r3r_4+r_1)
=C(C,n)r !,

where C(C, n) is some uniform constant depending on C, the manifold and n. For
any two points p, g € B, (x;) — B,2(x;), by the gradient estimate,

uj(p) < CCmrd(pg) < GAnCECom) |
uj(q)
This completes the proof of the Harnack inequality. U

Next we show that near an isolated blowup point, after rescaling the functions
u; converge to a standard solution to (3-3) in R".

Lemma 5.2. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <9
with Rg > 0, and also Qg > 0 with Q4(po) > 0 for some point py € M. Let {u;}
be a sequence of positive solutions to (1-2) and x; — X be an isolated blowup point.
Let M; = u;(x;). Assume {T;}; and {€;}; are any sequences of positive numbers
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such that T; — +o0 and €; — 0 as j — oo. Then after possibly passing to a
subsequence uy; and xy; (still denoted as u; and x;),

2

- “na - _nd
(5-8) 1M uj(expy (M; ")) = (L +471yP) T llesaay,)

_2
1My expy (M 7 3) = (U447 DT ey, ) <€)

and
(5-9) I 50 asj— oo.
log(M;)
Proof. Let x = (x', ..., x") be geodesic normal coordinates centered at x;,

y = r~!x and the metric & = r~2g be the rescaled metric such that (A Dpg(Y) =

(gj) pg(ry) in normal coordinates. Define
2
0 (5) = My exp,, (M, 7)) for [y <8 M.
Then v; satisfies

2

— n+4 2

(5-10) Pyvi(y) = 2 4 for |y| < M,
(5-11) b =1, vhjv,<0> =

— n— 2
(5-12) 0<v;(=Cly|~'7 for |yl < sM;".

We next show that v; is uniformly bounded. Since Rh > (0and R 4/(n 9y > Oon M,
by the conformal transformation formula of the scalar curvature,’

(5-13) Apvj <

where R;; — O uniformly in |y| < 2 as j — oco. Then the function 7;(y) =
(14 |y~ v (y) satisfies

Apmj+ Z br(y)okn;(y) <0,
k=1

in |y| < 2 with some function b, (y). By the maximum principle,

(5-14) n;(0) > |ilnf nj(y) forO<r<1.
yl=r

By the Harnack inequality (5-1) in Lemma 5.1,

(5-15) |mlax vi(y) <C n‘nn vi(y) forO<r <1,

where C is independent of r and j. The inequalities (5-14) and (5-15) immediately
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lead to

‘m‘ax vi(y) < ClnTin vi(y) <Cv;j(0)=C forO<r=<1.
yl=r yl=r

Combining this with (5-12), we have for |y| < 8M;/" ™,

vi(y) =C,

with C independent of j, y and r.
Standard elliptic estimates of v; imply that, after possibly passing to a subse-

quence, v; — v in Cﬁ)c in R" where, by (5-11) and (5-13), v satisfies

2 n—4 ~ s n
Av(y) =——Qv, Av(y) =0, v(y) =0, foryeR,
v(0) =1, Vv(0)=0.
By the strong maximum principle, v(y) > 0 in R". Then the classification theorem
in [Lin 1998] gives
_ _n—4

v(y) =1 +47yH)TE O
Remark. From Lemma 5.2, we can see that the proof of Theorem 3.3 still works

at the isolated blowup point x; — x. Therefore, there exists C > 0 independent of
J > 0 such that for any isolated blowup point x; — X,

uj(q) = Cuj(xp)~'dy™"(q. x))

for any g € M such that d,(q, x;) > uj(xj)_z/("_4).

We now state the upper bound estimate of u; near the isolated simple blowup
points.

Proposition 5.3. Let (M", g) be a closed Riemannian manifold of dimension 5 <
n<9with R, >0, and also Q, >0 with Q4(po) > 0 for some point po € M. Let {u;}
be a sequence of positive solutions to (1-2) and x; — x be an isolated simple blowup
point. Let 8, and C be the constants defined in Definition 1.4 and (1-5). Then there
jl)jis}fi;afonstant C depending only on 81, C, ”Rg”Cl(le(i)) and || lelcl(le(i)),

_ _ 81
(5-16) uj(p) < Cuj ()~ dy(p.x)* ™" for dy(p.x) < 5.
for 81 > 0 small. Moreover, up to a subsequence,

(5-17) uj(xj)uj(p) — aG(x, p) +b(p) in Cltc(Bgl (x) —{x}),

where G is the Green’s function of the Paneitz operator P,, a > 0 is a constant and
b(p) € C4(Bgl/2()2)) satisfies Pgb =0 in Bs, 2(x).
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The proof of the proposition follows after a series of lemmas.
We first give a rough estimate on the upper bound of #; near the isolated simple
blowup points.

Lemma 5.4. Under the condition in Proposition 5.3, assume T; — oo and 0 <
€ < e~ Ti satisfy (5-8) and (5-9). Denote M; = u;(x;). Then for any small number

O<o< W%o’ there exists 0 < 8, < 81 and C > 0 independent of j such that
(5-18) M}uj(p) < Cdy(p, x)* "7,
(5-19) M} VEu;(p)| < Cdg(p. xp)*"7F,

A= < do(p, xj) <8 and | <k <4, where A =1—:%0.

Proof. The outline of the proof is from [Li and Zhu 1999], while the use of
our maximum principle here is more subtle. Let x = (x!, ..., x") be the geodesic
normal coordinates centered at x; for d,(p, x;) < 4. Let r = |x|. For any é; € (0, 6;)
to be chosen, let

forany p in Tij_

2

Q={peM, T;M, " <di(p,xj) <5}
We want to use the maximum principle to get the upper bound of u;. Before the
construction of the barrier function on £2;, we first go through some properties
of u e
From Lemma 5.2, we know that

__2
(5-20) uj(p) <CT™"M; fordy(p,x;) =T;M, ",

and there exists a critical point ro of it;(r) defined in (1-6) in 0 < r < T; M j—z/ (n_4);
moreover, for r > rg, i;(r) is decreasing. Using the assumption that X is an isolated
simple blowup point, i; is strictly decreasing for 7; M ].72/ = < 81. Therefore,

combined with the Harnack inequality (5-1), for p € ; we have

n—4 _
de(p,x;) 7 uj(p) < Cuj(dg(p, x;))
n—4 2
= 1= ~ua
<CT;> M; 'a;j(T;yM; ")

n—4
2

—1d4—n
<CT,” M7'T} "M,
n—4
_ — T2
= CT/
This leads to
__2
(5-21) uj(p)it < CT *dy(p.xp)™ for TM; " <r <8y

We now define a linear elliptic operator on £2;,

n—4 = ;2

Li¢p = Py — TQM;Tw for ¢ € CH(Q;)).



140 GANG LI
Therefore
Ljuj =0 in Qj.
Set
V89 -0 _1+n%40 —n+4+o
9j(p) = BM;8,d,(p, xj)™° + AM, dg(p, X)) . D€,

where A, B > 0 are constants to be determined, 0 < o < W%o and

1\7Ij= sup  uj 5552_
dg(p,xj)=62

n—4
2

There exists C > 0 such thatform >0, 1 <k <4,andany p € M fixedandgq € M
with d,(p, g) < 8> and 8 less than the injectivity radius, we have

(5-22) |Didy(p.q) ™" < Cm*dg(p. )™ "
It is easy to check that there exists 6, > 0 independent of j so that in €2;,
|(Py — AIx| 771 < 1007 [ Py (|x] =),
|[(Pg — AD x| 7" < 10071 Py (x| " +4+9)],

where |x| =d,(p, xj) and Ay is the Euclidean Laplacian in the normal coordinates.
It is easy to check that forO <m <n—4 and 0 < r < &y,

(5-23) —Agr " = —m(m 42 —n)r " >0,
(5-24) A2 =m(m +2 —n)(m +2)(m+4—n)r " > 0.
But for p € Q;j, by (5-21),

n—4
2

— 8 _ n—4_ 4
Quj(p)=ir ™" < ——QCT*r ™",
Therefore,

Lj(pj >0 in Qj,
for j large. By (5-20), for A > 1,

_ 2
(5-25) ui(p) <@j(p) fordg(p,x;)=T;M, ",

Also, for B > 1,
(5-26) uj(p) <pj(p) fordy(p,x;)=0.

We now want to check the sign of the scalar curvature Ry, ., y4/a-4, near 9€2;. By
the conformal transformation formula, it has the same sign as

8 —1) [Vg(g; —upl?
(n—4? (9 —u))

4 —1)
—4

Ag((/’j_uj) +Rg(g0j—uj).
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Combining (1-5) and the standard interior estimate of (1-2), we have, for k =1, 2,
_nd_
(5-27) |Duj(p)| < Cdy(p. xj)~ "7 *

for some constant C independent of j and any p € ;. It is easy to check that for
O<m<n-—4,

2 |Volx|™™?
(528)  Aolxl " + —— N0l 7]

2 2
:(m(m+2—n)+ " >|x|_"’_2

n—4 |x|™™ n—4
_mn—=2)(m—(n—-4) -2 < 0.
n—4
Also, note that for any positive functions ¢, ¢, € C 2
2 |Vo(¢1 + )
(5-29) Aol +¢2) +
O AT g
2 [V 2 [Vo(go)I?
<[A _— A _ ).
_<0¢1+n_4 py + 0¢2+n_4 .

Here we have used the fact that for any four positive numbers a, b, ¢, d > 0, we

have
2cd bc? ad?

< +
a+b " ala+b) bla+b)

so that
(c+d)? . c2+2cd+d? - cz  d?

a+b a+b a b’

Using (5-25)—(5-29), we can choose A, B > 100" (1 + C) independent of j and ¢
with C > 0 in (5-27) so that

4n—1)
(5-30) —ﬁAg(l(pJ’ —uj)

_ 8(n—1) [Vg(ty; —u))|?
(n—4?2  (toj —uj)

for all t > 1. Now for t > 1, we define

+ Ry(tj —u;j) >0 ond;,

‘P;(P) =tpj(p) —u;(p), pe;.

Then

n—4 _ .
(5-31) 0= Ligj=Pydj ———0¢j inSy.
If
(5-32) ¢} =¢j—u; >0 ing;,

then we are done. Otherwise, since £2; is compact, we pick the smallest number #; > 1
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so that ¢;j > 0. Therefore, by (5-31)

(5-33) P d> > —Q¢
Combining (5-25), (5-26), (5-30) and (5-33), the maximum principle in Lemma 3.2
implies

¢/ >0 inQ;,
contradicting the choice of #;. Therefore, (5-32) holds. Now for p € Q;, we use
Lemma 5.1, monotonicity of i;, and apply (5-32) at p to obtain

n=4 __
8, Mj < Ciij(82) < Citj(dg(p, x}))
n—4 o — - -
< Cdy(p, %) T (BM;85dy(p, x;)™" + AM; *dy(p, x;)* ")
Here % > 0. We choose p with dy(p, x;) a small fixed number depending

on n, o, 62 to obtain
M; <Cn,o,8)M; ™.
The inequality (5-18) is then established from (5-32), and by the standard interior

estimates for derivatives of u;, the lemma is proved. ([

Lemma 5.5. Under the assumption in Proposition 5.3, for any 0 < p <, /2 there
exists a constant C(p) > 0 such that

lim sup max uj(p)M; < C(p),

j—00 PEIB,(x))
where M; = u;(x;).

Proof. By Lemma 5.1, it suffices to show the inequality for some fixed small
constant p > 0.
For any p, € dB,(x;), we denote &;(p) = uj(pp)*luj (p). Then &; satisfies

ggj(p) —Qu](p,o)" 45](}’)" 4

For any compact subset K C Bj, »(x) — {x}, there exists C(K) > 0 such that for j
large,
C(K)"'<& <C(K) inK.

Moreover, by Lemma 5.1, there exists C > 0 independent of 0 < r < 4, and j such
that

(5-34) max uj <C inf u;
By (xj)—By/2(xj) By (xj)—B;j2(xj)
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By the estimate (5-18), u;(p,) — 0as j — oo. Therefore, by the interior estimates
of &;, up to a subsequence,

§ =& in Cioo(Bayn(¥) — {3},
with £ > 0 such that
Pe§ =0 in Bs,p(x) — {x},
and & satisfies (5-34) for 0 < r < §,/2. Moreover, for 0 < r < p and §(r) =
0B 17" [y, s € dsg

Lot ned
1Lm wi(pp) 'r T i) =17 E(r).
Since x; — X is an isolated simple blowup point, *~/2& (r) is nonincreasing in

0 < r < p. Therefore, x is not a regular point of &.
Recall that

[S]

4(n—l) Zi 12 2
— +Ru —R4/<n4)u
n—2 g/

> 0.

Passing to the limit, we have

_4(n—1)
n—2

(5-35) AgEiT + Ry >0

in Bgz/z()z) — {)Z}
By Corollary A.5, for p > 0 small, there exists m > 0 independent of j such that
for j large,

s f (P 12 0.) v,

ad
_ an Ry, — & —byRic, (V,&,v))) d
\/B‘Bp(x/ <8v géj ( gavsj ng( géj U))) Sg

0 9 .
:/BBﬂ(x, (81} Agb = ( 5S_bancg(vg5aV)))dsg—i-o(l)>m_

On the other hand, nonnegativity of Q, implies

(5-37) ( 5&j — Qg%)
Bp(x))

n—4 _1 ntd
= TQ”j(pp) uj(p)n=
B, (x))

n—4 _— _ ntd
Q/ u;(pp) "y (p) i v,
Bp(xj)

) v
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Using (5-8) and €; < e~ 7/, we have

n+4

/ u! " dVy <CM; !,
BTij—Z/(n—4) ()

while by (5-18) we have

L+i A d—pto 12

n— —_ —

Mj dVg§C (M] dg(p’xj) )"74
Bp(xj)_BTjMFZ/(nfét) (xj) Bp(xj)—BTijfz/(nfzt) (xj)

n+4

n+4

__2 .y
fE (j(]}ﬂﬂ4j n—4)‘*44*;:ZO’A4} n—4
=7,

4y ntd
TIM = oM

Therefore,
m
(5-38) / ui " dvy<CM; .
B,(x))
Lemma 5.5 follows from (5-36)—(5-38). U

Proof of Proposition 5.3. Suppose (5-16) fails. Let M; = u;(x;). Then there exists
a subsequence u; and {p;} with dg(p;, x;) < 6,/2 with &, in Lemma 5.4 such that
(5-39) uj(p))Mjdy(pj, x;)"~* — oc.
By Lemma 5.2 and 0 <¢; < e T,
-2 82

TiM; " <dy(pj %) < -
For each j, let x = (x!, ..., x") be the geodesic normal coordinates centered at x;.
Denote y = dj_lx where d; =dy(p;, xj). We rescale:

n—4

Uj()’) :dj :

uj(expy, (djy), Iyl <2.

Then v; satisfies

n—4 _ n+4
Pyvi(y) = Tij(y)M’ ly| <2,
where h; = dJ72g so that (h;) pq () = (&) pg(d;y). The metrics h; depend on j. But
since d; has a uniform upper bound, the sequence of metrics stays in compact sets
of Ck* with k > 4 large and all the results in Lemma 5.5 hold uniformly for j.
Also, the conclusion of Lemma 5.4 is scaling invariant. Note that the metrics ;
converge to a metric 4 in C** with k > 4, and hence the Green’s functions of
Paneitz operators Py, converge to the Green’s functions of Paneitz operators Py,
uniformly away from the singularity. In particular, if d; — O then h; converges
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to a flat metric on B,(0) so that in the proof of Proposition A.4, G(p, x) will be
replaced by c,|y|*~" in Euclidean balls with ¢, in (2-1). Therefore, Lemma 5.5
holds for v;, and hence

Imla)i v;(0)v;(x) < C,
x|=

which shows that

Miuj(pj)dy(pj, x)* ™ < C,
contradicting (5-39). We have proved (5-16) in Bs,/2(x). By Lemma 5.1, the
inequality (5-16) holds in Bj, (x).

The same properties for &; in Lemma 5.5 now hold for M;u; in Bs,,>(x). Up to
a subsequence

Mjuj — v in Ci.(Bs, (X)),

and
Pov =0 1in Bs,/2(x).

By the remark on page 138, v > 0 in By, »(X). Since x is an isolated simple blowup
point, the same argument in Lemma 5.5 shows that 7 "~%/23(r) is nonincreasing for
0 <r < 8,/2, where v(r) = |3 B, (X)| ™! fBBr(fc) vds,. Combined with the Harnack
inequality, it implies that v is not regular at x. Also, v satisfies the condition in
Proposition A.4. By Proposition A.4, we obtain (5-17). This completes the proof
of Proposition 5.3. U

As an easy consequence of Proposition 5.3 and by the standard interior estimates
of the elliptic equation (1-2), we have the following corollary:

Corollary 5.6. Under the condition in Lemma 5.4, there exists 8, > 0 independent
of j such that for TiM; "™ < dy(p, x;) < 6.

(5-40) IViu;(p)l < CM; Hdy(p, x)* ™" for0 <k <4,

where M; = u;j(x;), and C is a constant independent of j. For each j, let x be
the geodesic normal coordinates of (2, g) centered at x;. Then there exists C > 0
depending on |g|c3(q) such that for any fixed r < 8,

n —_—
/ (X . Vl/tj +
dg(p,xj)<r

where 0(1) — 0 as j — oo.

4
<CM; " o

(5-41)

4 2
uj (A" — Pyujdx

Proof. Inequality (5-40) is a direct consequence of Proposition 5.3 and standard
interior estimates of the elliptic equation (1-2). We will next establish (5-41). Note
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that 0 < ¢; < e~ Ti. Using the estimates (5-40), (5-8) and (5-9), and recalling the
error bound (4-1), we have

/lef 7,720

< C(x] [Duj(x)| +u;(x))
b <y My 209

x (Ix[P|D*u; (x)| + |x| [D?u; (x)| + | D*u;j (x)| + | Duj (x)] +u;j (x)) dx

dx

n—4 )
x-Vu; +Tuj (A" = Pg)u;

. ST S I N T
<C M;(A+47" 1y 2 Mj(L+47 |y|H™ 2 M M; " dy
[YI<T;
4

=4 — 4
:CMJ 714/ (1 +4—1|y|2)3—n dy:CM] =z to(1)
[YI=T;

and

—2/(n—4
/T/Mj /(o >§|x|§r

dx

4 2
u; (A - Pg)l/tj

n_
<x-Vuj+

<[ CORHIDG@I150)
M7 <)x<r
x (Ix[7|D*u; (x)| + |x| ID*u; ()| + | D*u; (x)| + | Duj (x)] 4+ uj (x)) dx

<c | M 240 d
T

MY < x| <

_ 4
=CM; rate)

k]

where o(1) - 0 as j — oo and C > 0 is a constant depending on |g|¢3(q). Therefore,

/IXIfr

where C > 0 is a constant independent of j and o(1) — 0 as j — oo. ([

—4 100 2
dx<CM; " “D for M, " <,

x-Vu; + U (A" — Py)u;

For n > 6, a better estimate is needed in order to cancel the error terms in the
Pohozaev identity. By (5-8),

= n= 2
uj(exp,, (1) <2M;(1+47"M 7 [x)™'T  for |x] < T;M; .
Combining this with Proposition 5.3, we have
4
=

uj(exp,, (x)) < Cmin{M;(1+47'M; x|, M x|t

_4 .
<CMA+47""M " xP)™" T for x| < 8.
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For n =6 and TJ-M._Z/(”_4) <r,

J
/IXISr

For n > 7 and T,Mj_
/IXISr

For the term sz flxlfr |0l (u} + |x| | Duj| u;) dx with r > 0 fixed,

2/(n—4
_/(n )r 2(n—6)

M
dxfo LOMTM Py
1

—4 )
u; (A —Pg)uj

n
(x-Vuj—I—

__4 2
<CM; ™ In(M] 7).

2/ _ .

My 21-6)
dx<C / MM Sy
1

—4

uj>(A2—Pg)uj

n
(x-Vuj—i—

__4
<CM, =t

VM-Z/(’174)

J _ _nz% _
M} | Q| ui+|x|1Dujluj)dx < C M} M A+yD 2 M "yl
[x|=r 0
N Y

e [ sy )

=CM; A y -
For n =6,

M].Z/ |Qg|(u]2+|x||Duj|uj)dx5Cr2.
|x|<r

Forn =7,

Mj?f |Q¢l (u? + x| | Duj| uj) dx < Cr.
|x|<r

These are good terms. For later use, estimates on the error term

2
Mj /
lx|<r

are needed for n > 6.

For manifolds (M", g) of dimension 5 < n < 7, to estimate the error terms
and to analyze the expansion of the limit function of M;u; at the singular point,
we have to work with the conformal normal coordinates. Let u; be a sequence
of positive solutions to (1-2) with isolated blowup points x; — x. For each j,

dx

uj>(A2 — Pu;

n
(x-Vuj—i—

let x = (x!, ..., x™) be the conformal normal coordinates centered at x; with the
corresponding conformal metrics g; = ,0;‘/ ("_4)g constructed in [Lee and Parker

1987] such that
det((gj) pg(x)) = 1 4+ O(|x|"),

with some large number N, say N = 10n. We define g; = p;L/ (=4 g globally on M
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by replacing the coefficient p; HO=D ith (mpj+(1— m)* =4 which is still denoted
as ,0J4/ =D for simplicity, where n is a cut-off function supported in By, (x;) under

the metric g and n = 1 in Bs,;0)(x;). Recall that p;(x) =1+ O(|x|?) for |x]|
small. Since x; — X, by the construction of the conformal normal coordinates,
pj(x) = p(x)in C N (M) with g = pt/ (=4 g the conformal metric corresponding
to the conformal normal coordinates centered at x. Let it; = ,o]flu ;. Then it

satisfies the equation
n—4 _.
5 Qu; on M.

Pguj =

Let
M =it (x)) = uj (x;) pj (x)) "

2/(n 4) 4/(n 4)
]

We define the scaled coordinates y = x. Leth; =

M_IV](M 2/(n= 4)y). Denote
n—4
Uo(y)=(1+47" Iy "7, yeR"

gjand v;(y) =

By the same argument as in Lemma 5.2, v; converges to Uy locally uniformly with
the control as in (5-8) and (5-9). We will use this notation in Lemma 5.7.

Lemma 5.7. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <7
with Ry > 0, and also Qg > 0 with Q¢(p) > 0 for some point p € M. Let {u;} be a
sequence of positive solutions to (1-2) and x; — X be an isolated simple blowup

point. For each j, let x = (x', ..., x") be the conformal normal coordinates at X;

2/(n= 4) Then there

with the corresponding conformal metric g;. Denote y = M;
2/(n— 4)

J
exist 8, > 0 and C > 0 independent of j such that for |y| < &, M
(5-42) v () — Uo(»)| < CM; 2,

where Mj =11 (x}).
Proof. The proof is a modification of Lemma 5.1 in [Marques 2005].
Lets; = 8,M;"" ™" and
Aj= IIIllaX lvj = Uol = [vj (y;) — Uo(yj)l,
for some |y;| <s;.
We claim that if there exists ¢ > 0 such that |y;| > cM , there exists C > 0
such that (5-42) holds. To see this, observe that for |y;| > > cM 2/ , by (5-16),

2/(n—4)

vi(y) < Cly;[*" < CM;2,

and therefore R
Aj<CM;>.

This proves the claim.
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—2/(n—4)

Now assume |y; |M — 0 as j — oo. Then for j >0 large, |y;| <s;/2. Let

wi(y) = A7 (0 () = Uo(y).
Then w;(0) =0 and Dw;(0) =0
We will argue by contradiction. If (5-42) fails, then, as j — oo,

—1 -2
Aj Mj — 0.
Leth; = 14/ (= gj- Then w; satisfies the equation
2
Phjwj_bjwj:Hj, f0r|y|<82M 4
where _ _ _
. o _4)Q(U;n+4)/(n 4 Uén+4)/(n 4)) .
I 2(v; — Up) -
and

_ —4 o+ _
Hj()’)ZAj 1<—Ph,-UO TQ ):AJ, 1(—Phj-l-A(z))Uo()’)

2

=77 (M,_* Qq (M, %ywo(y)mj"-”0(|y|N><1+4—1 y®)~?
P 0y )yl 14y )
o(yMa+47yP»H'—2

Oy MIyl1+47"yP)'3)

—I—M "
+M "
+M n— 4

22 2+N)

(3+N)

2

ey ~ g ~—aa N _ _n
= A (M 7 Qg (M; " ) Uo()+M; " 0y (A+47 "y 72),
with N = 10n. By (5-16), for |y| <s;.
vj(y) <CUp(y) and b;(y) <cO(1+47"y»)™* for some constant ¢ > 0.

By the interior estimates of the equation

L
3

A8
P.wj=Mj”’4Ph.wj= (b wJ+H)

J
we have

[V w; ()i,
2k

< CM " (supg
e )20

A 8
2

2/n=4) (¥) |wj| + M SupBl(éz)zMz/(n—zt) ») |bj wj + Hj |)
l :

2k A 82k

n . 82k
<CM; "+ M (L4 [y min(l, A7 (1+|y|2)“7}+CM."-4A;1
L n
< (M; " Qg (M "4y)U0(y)+M" Yoy +47 yD)E),

| \

for |M; T2y <y and 1 <k < 3.
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For $(6) M7 "™ < |y < 8,87~ we have that |w; ()| < CM;?A; ", and
then by a bootstrapping argument we get the estimate
k

~— 2k,
(5-43) IV ()l = CM; M A

forl1 <k <5.
Since |w;| < 1, by the interior estimates of the equation

Pyywj = (bjw; + Hj),

we have that
Vw0, < C

where |y| < 82M 1.2/ = and 1 < k < 5. Therefore, up to a subsequence, w; — w

in C* (R"). Moreover, H;(y) — 0 and w satisfies

loc
n+4_ 8

(5-44) Atw(y) = ——QUo() ™ w(y), yeR".

For any fixed y € R", by the Green’s representation, for j large,

w; () = /Q Gy (3. 2) Py w; () d Vi 2)

ad ) a
— / Ghj (v, Z)[EA}U wj — aanchj (v, VU)j) +bnth %w]i| dShj
Q2

d
QL

av
1l

. a
+ anRICh/‘ (1), VGhj (y’ Z))wj - bnth wja_thj (ya Z)} dShj
= f Gy (v, 2) Phywj (2) Vi, (2) + O(DM2AT
Q

av

0 0
84y Gy (3 D)0y = == 81, Gy 0, z)wj] as,,

as j — 0o, where Q@ = {|z| < &M"" ¥} and the last equation is by (5-43). But
for any & > 0, there exists R(5) > |y|+ 1 > 0 independent of j such that

/ Gy (v, D) Py w; ()] d Vi (2)
QN{|z|=R(8)}

=/ G, (v, 21bjw; () + Hj(2)| d Vi, (2)
Qn(lz1=R @)

o120 B s
<CO) [ | ) A
R

A 7ﬂ n
+ATM T N A+ 127 x L2l g
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~2/(n—4
8 M; /=) —16+2n

<C<y>f 2P (2l wj |+ A MM E

+A; M—2<M DN de|

2/ —1642,
n

SM
<C(y)f (273 + A7 M 2M D P ,
A0 T ) e

<COR+AT'M?) <5

for j large and 5 <n <7.
Therefore,

(5:45) w( =, [ [y=21"dfw@rdz="14e, [y "vo@ e
R R

Also, for |y| < %821\;11.2/("_4), since |w;| < 1, we have

(5-46) |wj(y)|=‘/ G, (v, 2) Poyw; (2) d Vi, (2) + O()M; A
Q

_ ‘ f Gy (v D) (byw; + Hy) d Vi, () + O(D M2 A T

2n—16
<C[<1+|y|> DT ATIMTI M (L [y

2

A — =

4 (Mj n—4 |y|)an+4 4 1) +Aj_1Mj_2:|,
with N = 10n. Therefore, for 5 < n <7, there exists C > 0 such that for y € R",

lw)| < CLA+yD™ 4+ A+ [yD*"].

Since v;(0) =1 and Dv;(0) = 0, we also have that w(0) =0 and Dw(0) =

Now by Corollary B.5, w(y) =0 for y € R". Therefore, y; — oo as j — oo. But
then by (5-46), w;(y;) — 0 as j — oo, which is a contradiction with w;(y;) =1
for j > 1. This completes the proof of Lemma 5.7. (Il

Remark. Using (5-42) and the equation satisfied by (v; — U;) instead of that of w;
in the proof of Lemma 5.7, there exists a constant C > 0 independent of j such that

IV —UpI < CM2A + 1y 7,
for |y| < 8,M" ™ and 1 <k < 4.

Corollary 5.8. Under the condition in Lemma 5.4, for each j let x = (x', ..., x™)
be the conformal normal coordinates of (X2, g) centered at x; constructed in [Lee
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and Parker 1987 ], and we denote g; as the corresponding conformal metrics so that
det(g;) =1+ 0@™),

where N = 10n. Then there exists C > 0 such that for any fixed r < 5,

(5-47)  lim M? <Cr

. on—4, .
Jim M; /d( - (x-Vuj+—2 uj)(Az—Pg/.)ujdx
o (pxp)=r

for5<n <7, whereiij = ujpj_l and Mj =1ij(x;) are defined as in the paragraph

preceding Lemma 5.7, N = 10n and g; = p;_l/(n—4) ‘
Proof. Let

5 O R S N =

ij(x) =M (x> +M; ") 77
We denote

o2 . n—4, 5 .
Aj(r) =M x - Vilj + =it | (A% = Py))ij dx.,

dgj (vaj)fr

and

Ay =t}

dg; (p.xj)=r

. n—4_ 3 n—4 .
x-Vu;+ > uj || A —ng+Tng ujdx

for r < 6s.
As in the discussion below Corollary 5.6, there exists a constant C > 0 indepen-
dent of j such that

. on—4, .
x-Vuj+——u; |Qgujdx
dy; (p ) <r 2

for 5 <n < 7. Therefore,

M?

f <Ccrd

|A;(r)—Aj(r)]

4.

<M} /||< [(x.vaﬁ% ])(Az—A§j+divgj(anjogj—bnRicg,.)vg,.)ﬁj
x|<r

— (x-Vﬁj—i—%‘ﬁj) (Az—Agj—i—divgj (an Ry, 8j —bnRicgj)ng)ﬁj] dx|+Cr8™"

A=,

for some constant C > 0 independent of j. The change of variables y = ;

yields

v n—4, 2 2 . . v
x-Vu;+ 5 u; (A — Agj +divg; (an Ry, 8; —bancgj)ng)uj
lx|<r

~ n ~ . . ~
_ <x -V + uj) (A2 _ A;}_ +divg (anRg; 8 — bancgj)ng)uj} dx
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9 n—4 A8 11
= [ |<M2/(n Y { j<yk8yk Uj + —2 vj)M]’n4 X [Sabacdaya 8yb 8}15 ayd v].

N (gjb(x)ay“ v+ (Bye g]ap(x) - zg]abgjp 3ys (87)ab)dyr)
X (g;daycayd + (ay g] - Egjdgjq ayk(gj)cd)ayq)vj

+ (an — %bnmjmg;’q (2)Byr Ry (x)dyav; (¥)

~ L
M7 Ry () (87900 dya vy + (950877 — 3859 870,0(8))ca) Byav))
4

— b, M T“Ric”q (x)
x (ay" dyavj — zg;k (0yr(8)qk + dya (&) pk — 0yk (8)) pg) dys ”j)]

. _4 s
— M; (ykayk Uo(y) + UO) =+ X [5ab56d3y“ 0y dycdya U

— (g% (x) BBy + (3 gy ) 281780y (8)an) o)
X (gfdayc dya + (ay gj chdgjq "(gj)cd)ayQ)Uo
PR
+ (an — 3ba) M; " g]? (1)3yr Ry ()33 Uo ()

aA__4
+a,M; ”“‘Rg,-(x)(g}’qayvaquo(y)+( Ve &; —gg,‘dg,q k(&) ca) dya Vo)

4

— by M ’4Ric”q(x)
x (aypa aUo — 5875 (3yr (8)) gk + 9ya () pk — Dyt (85) pg ) Dy Uo)]} 1y,

Then by Lemma 5.7, one can check that
A () = Aj ()]
et [ (o) = U1+ 511D, 05 = U
lyl<m "y

P A,L
(M, "y M A+ [y )

_i
i

J
A__b A
+ Dy (v — Uo) M; " (14 |y)* ™" + D5 (v — Uo)|M; " (1 + |y])* "

"0
D3 = UM, ™ (L4 [y " [ dy + €5

<cr+Cr¥ ™ <cr.
Also, by the construction of conformal normal coordinates,

|A;(r)]

=M.2/
J
|x|<r

. n—4_ 2 2 . . ~
x.Vuj+Tuj (A —Agj +divg, (anjogj—bancgj)ng)uj dx
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A

8
<cM? 1 d—n it
<cM; |y‘SMjNMrM](l +yD""M;

A0
x [Mj TN+ )T

PR n__ 2 N _2n
+ M VA )T M |x|N—‘<1+|y|>‘—"] M; " dy
A 2N
SC(I"N+4_H+MJ' n—4).
Therefore, (5-47) holds for 5 <n <7. U

Proposition 5.9. Let (M", g) be a closed Riemannian manifold of dimension 5 <
n <7with Rg >0, and also Q4 > 0 with Q¢(p) > 0 for some point p € M. Let {u;}
be a sequence of positive solutions to (1-2) and x; — x be an isolated simple blowup
point so that

uj(xuj(p) — H(p) in Cip2 (B, (¥) — (%)),

for some O < a < 1. Assume that for some constants a > 0 and A,

a _

(5-48) H(P)=W+A+0(1) as dg(p, x) — 0,

forn=>5,or

(549) H(py=p~'@p (PH ()= gt Ato(l) as dyy (p. )0,
20 (P, X)

for5 <n <17, where gy = p*' " g is the conformal metric corresponding to the
conformal normal coordinates centered at x. Then A = 0.

Proof. Let us first consider n = 5 under the condition (5-48).

Let x = (x!,..., x") be the geodesic normal coordinates at x; for each j. Denote
Q, ; = B, (xj) for y < 8/(2). Then Q, ; — Q, = B,(x). By the Pohozaev
identity,

n—4 ad ad
o > uja—v(Auj)—Auja—qu
ViJ

] ad
+ <(x . Vuj)a—(Au,) — a—(x -Vuj)Au; + %(Auj)zx . v) ds
v ‘ v

n—4 ) (n—4)? - 20
= x-Vuj—i—Tuj (A" —=Pgoujdx+ ) 0 (x-v)uj dx.
Q. n 9%y, j

Multiplying M j2 =u;j (xj)2 on both sides and taking lim,, o+ limsup;_, ,, on both
sides, we have that by Corollary 5.6,

lim Tim sup M2 <x Vuj+ -

y=0 jso00 Q.

—4 )
uj |(A°— Pyu;dx =0,
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and

. n—4 0 0
lim / H—(AH)— AH—H
r—>0lJoq, 2 v v

+ <(x : VH)aa—v(AH) — %(x -VH)AH + S(AH)x - v) ds:|

= lim limsup M i (Au;) — At —u:
R P B R N T A T

<(x Vuj) (Auj)— (x-Vuj)Auj—i-%(Auj)zx-v>:|ds
v
8 1
= lim hmsupM " 4/ (x - v)(M; uj)n2T4 dx =0.
09,

y—0 j—oo

By assumption,

. n—4 0 0
lim HL(AH)— AHZH
y—0 3%, 2 v ov

+((x : VH)aa—v(AH) = ;—v(x "VH)AH + }(AH)x - v) ds}

= lim (n—4)>%*(m—2)aA|x|' " ds
r=0 Jaq,

=m—4)%*mn—-2)aA|S"!|,

where |S"~!| is the area of an (n—1)-dimensional round sphere. Therefore,

A=0.
For 5 < n < 7 under the condition (5-49), for each j, let x = (x', ..., x") be
the conformal normal coordinates of (€2, g) centered at x; and g; = ,014/ ("_4)g the

corresponding conformal metrics defined as in the paragraph preceding Lemma 5.7.
Denote 2, ; = B, (x;) with respect to the metric g;, for y < §,/2. Then

Q, ;= Q, =B, (%).

By the Pohozaev identity,

/ n—4(, 9 (i) — A 0
uj—(Au wj—1uj
sa,, 2 I 90 J Iyt

d
+((x : Vﬁj)a—(AIZj) — o= Vi) Al + L(Ad;)*x - v) ds
V V

_4 o
2/9 (x‘VLth—i-nz u])(A — P, )ujdx—i- Q/ (x‘v)itj’."4 dx,

Vi
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where i; = u; ,oj_l. Note that

it (p)itj (xp) = H(p)p® ' p(p)™ = H(p),
in " B B
Cioc (Bsy2(x) — {x}).
Multiplying 1\;11.2 = U (xj)2 on both sides of the identity and taking the limit
limy, o+ limsup;_, ,, on both sides, we have that by Corollary 5.8,
. . ) v n—4 v 2 v
lim lim sup M; x-Vuj+——u; |(A" = Pgujdx =0,
y—0 j—00 Q ' 2 ' |

v.J

. n—4( ~ 0 N ~ 0
lim H—(AH)— AH—H
r—>0lJoq, 2 v v

+ ((x : vﬁl);—v(u}) — aa_v(x -VE)AH +L(AH)x- v) ds}

= lim lim sup M? n—4 ﬁ.i(Ag.)_Aﬁ.iﬁ.
B P 0%, Tov Tov

y=U jseco 2
L0 el P TRV
+ (x-Vuj)%(Auj)—5(X-Vuj)Auj+§(Auj) x-v)|ds

A__8 ~ n
= lim limsup M, " / (x - v)(M; i) dx = 0.
)

yr=0 500 Q)

By assumption,

. n—4( ~ 0d N A0 A
lim / H—(AH)— AH—H |+
y—0 a0, 2 v av

((x v amy - L oviaan + NAH) x - v) ds:|
av av

= lim (n—4)%(n—2)aA|x|'"ds
y—0 a0,

= (n—4)’(n —2)aA|S"|,
where |S"~!| is the area of an (n—1)-dimensional round sphere. Therefore,
A=0. O

Remark. It is easy to check that all conclusions in this section hold for an isolated
(respectively, simple) blowup point x; — x of a sequence of solutions {v;}; to
(1-2), with the background metric g replaced by a sequence of rescaled metrics
gj = Tjg corresponding to a sequence of positive numbers 7; — oo as j — o0. In
this situation, p = 1 in (5-49) in Proposition 5.9.
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6. From isolated blowup points to isolated simple blowup points

In this section we show that an isolated blowup point is an isolated simple blowup
point.

Proposition 6.1. Let (M", g) be a closed Riemannian manifold of dimension 5 <
n <7 with R, > 0, and also Q, > 0 with Q¢(po) > 0 for some point py € M.
Let {u;} be a sequence of positive solutions to (1-2) and x; — x be an isolated
blowup point. Let M; = u;(x;). Then x is an isolated simple blowup point.

Proof. We prove the proposition by a contradiction argument. Assume that x
is not an isolated simple blowup point. Then there exist two critical points of
r("_4)/2ﬁ (r) in (0, ;1;) with some [1; — O up to a subsequence as j — 00. By
Lemma 5.2 withO <e¢; <e ~Ti, we have r "=/ 2u (r) has precisely one critical point
in (0, T; M 2/ = 4)) We choose u; to be the second critical point of rn=4/ 2u i(r)
sothat u; > T; M, J ~20=D and by assumption u; — 0.

For each j let X = (x x™) be the geodesic normal coordinates centered
at x;, and let y = n; x For ease of notation, we assume 6, = 1. We define the
scaled metric gj = 14} 2g so that (8) pg (1t} 'X)dxPdx? = g, (x)dxPdx9, and

n=4

E() = w7 uj(expy, (ujy))  for |yl < pu; .
We denote & ; as the spherical average of §;. Then we have:
(6-1) Py&i(y) =520 ()= where |y| < pu;,
(6-2) |y|<"*4>/25j<y> < C, where [y < u;'
(6-3) 1m0 (0) =
(6-4) — 4= 1>Ag]§<n /4 | g ;;_(n 2/0=4) 5 () where |y| < il
(6-5) r"— 4)/ zéj (r) has precisely one critical pointin 0 <r < 1.
(6-6) Lr=D2E ) =0atr=1.

Therefore {0} is an isolated simple blowup point of the sequence {£;}. Note that
the remark on page 138 holds for u; so

2

(6-7) &0 (y) = Clyl*™ for |yl = p; ' TjM,; ™,

where ,uj’lTjM]fz/ =4 < 1. By Lemma 5.1, there exists C > 0 independent of j
and k so that for any k € R,

8
(68)  max  &O%() < C_ min &), when 24 <7t
=lyl= k<lyl<
Note that Oz, > 0 and Rg > 0 in M. Also the rescaled metrics g; are all well
controlled in |y| < 1. In the proof of Lemma 5.4 the maximum principle holds
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for g; and the coefficients of the test function are still uniformly chosen for g;
so that the estimate in Lemma 5.4 holds for each ; in |y| < 8, for some &, < 1
independent of j. Hence Proposition 5.3 holds for &; in |y| < 8. This combined
with (6-7) and (6-8) implies

C(K)™! < (0% (y) < C(K)

for K € R" — {0} when j is large; moreover, g; converges to the flat metric and
there exists a > 0 such that &;(0);(y) converges to

H(y)=aly[*" +b(y) in Ci (R" —{0}),

where b(y) € C*(R") satisfies
A’b=0

in R". Here H > 0 in R" — {0}. Also,

(6-9) —AH(y)= 20, |y>0.

Moreover, for a fixed point yg in |y| = 1, by (6-8),
H(y) < |y H (y0)

for |y| > 1. Since H > 0 for |y| > 0, it follows that b(y) is a polyharmonic function
of polynomial growth on R". Therefore, b(y) must be a polynomial in R"; see
[Armitage 1973]. Nonnegativity of H near infinity implies that b(y) is of even
order. Then either b(y) is a nonnegative constant or b(y) is a polynomial of even
order with order at least two and b(y) is nonnegative at infinity. The later case
contradicts (6-9) for y near infinity. Therefore, b(y) must be a nonnegative constant
on R" and
H(y)=aly|*" +b

with a constant a > 0 and a constant b.
By (6-6),

d = na
— (@ 2 H(r))=0 atr=1.
dr

We then have b = a > 0, which contradicts Proposition 5.9. In fact, Proposition 5.9
applies to isolated simple blowup points with respect to the sequence of rescaled
metrics {g;} with uniform curvature bound and uniform bound of injectivity radius
with thAG property that Qz > 0 and R; > O (see the proof of Proposition 5.9).
Here H = H in the condition (5-49). Indeed, for n = 6, 7, after rescaling, the
conformal metric g; = ,0;‘/ (n_4)g corresponding to the conformal normal coordinates
centered at x; becomes §j ()= ,uj_ij (;Ljy)4/(”_4)g(ujy) and the functions p; (y) =
pj(ujy) — p(y) = 1 locally uniformly in CV as j — +oco. This completes the
proof of Proposition 6.1. 0
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Remark. It is easy to check the proof of Proposition 6.1 shows that an isolated
blowup point x; — X of a sequence of solutions {v;}; to (1-2), with the background
metric g replaced by a sequence of rescaled metrics g; = T; g corresponding to a
sequence of positive numbers 7; — oo as j — 00, is in fact an isolated simple
blowup point.

7. Compactness of solutions to the constant (-curvature equations

Based on Propositions 5.3 and 6.1, the proof of compactness of the solutions is
more or less standard; see, for example, [Li and Zhu 1999]. But again we need to
deal with the limit of the blowup argument carefully, which satisfies a fourth order
elliptic equation; see Lemma 7.1 and Proposition 7.3.

We first show that there are no bubble accumulations.

Lemma 7.1. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <9
with Ry > 0, and also Q¢ > 0 with Q4(po) > 0 for some point py € M. For any
given € > 0 and large constant T > 1, there exists some constant C| > 0 depending
onM, g, €, T, |Q¢llci(m) such that for any solution u to (1-2) and any compact
subset K C M satisfying

max d(p,K)'Tu(p)>=C, ifK#@
peEM—-K

and
maxu(p) >C; ifK =0,
pPEM

we have that there exists some local maximum point p' of u in M — K with
By ypy-2o-(p') C M — K satisfying

_ _ 2 _ _n—4
-1 Mu(p") ulexp, u(p) ™71 y)) = A +47 YD 7T lcagyar) < €.

Proof. We argue by contradiction. That is to say, there exists a sequence of compact
subsets K; and a sequence of solutions u; to (1-2) on M such that

n—4
max d(p,K;) 72 > j,
ponax, (p, Kj) 2 u(p)=j

but no point satisfies (7-1) (here d(p, K;) =1 when K; = &). We choose x; € M —K;;
satisfying

dg(xj, Kj) 2 uj(xj)=pefﬁllaXK dg(p, Kj) > uj(p).
—K;
Denote T; = u;(x;)* "4 d,(x;, K;). We then define

2
v () = u; ()~ uj(exp,, (uj (x)) " y))  for |y < T;.
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Let hj = uj(x;)* =% g. The rescaled function v; satisfies

n+4

n—4 _
(7_2) P/’ljvj = TQUJ s

and by Theorem 2.1,

(7—3) AhjUj < mthUj.

We will analyze the limit of the sequence {v;} as in Theorem 3.3 and conclude
that (7-1) indeed holds. By assumption,

2 L2
Ty = quj(x)) i dg (v, Kj) = 377,

1
4
and
__2_
dg(exp,, (uj(x))"74y), Kj) = 1dg(xj, Kj) for |y| < T;.

It follows that
0 <vj(y) =uj(x;) 'u; (exp,, (uj(xj)_ﬁy))
< uj(x]‘)‘ldg(expxj (uj(xj)_ﬁy), Kj) "7 dy(x;, Kj)%uj(.x]')
<27 for |yl < T;.
Standard elliptic estimates imply that up to a subsequence,
v;—> v in Cﬂ')c(R”),

with v satisfying
n—4 — i

A%y = 5 Qu— inR",
w0 =1, 0<v<2"T inR",
Av <0, inR".

By the strong maximum principle, v > 0 in R". Then by the classification theorem

of C.S. Lin [1998]),
n—4

) * BTy
v(y) = in R",
YETranay Sip

with v(0) = 1 and v(y) < A"=9/2 <201=D/2 Therefore, |y| < C(n) with C(n) > 0
only depending on n. We choose y; to be the local maximum point of v; converging
to 3. Then p; = exp, (u;(x;)~>"~¥y;) € M — K; is a local maximum point of u;.
We now repeat the blowup argument with x; replaced by p; and u; (x;) replaced by
u;(p;) and obtain the limit

vy =(1+47y»H"T inR".
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Therefore, for large j, there exists p; € M — K; such that (7-1) holds. This
contradicts the assumption. Therefore, the proof of the lemma is completed. [J

Lemma 7.2. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <9
with R, >0, and also Qg > 0 with Q¢(po) > 0 for some point pg € M. For any given
€ > 0 and a large constant T > 1, there exist some constants C1 > 0 and Cy > 0
depending on M, g, €, T, || Qq¢|lc1(a) Such that for any solution u to (1-2) with
max u(p) > Cy,
peM
there exists some integer N = N (u) depending on u and N local maximum points
{p1,..., pn} of u such that:

() Fori # j,

By, (pi) N By, (pj) =2,

with yj = Tu(p;)~> "% and By, (p;) the geodesic y;-ball centered at p;, and

— __2 _ _n—4
(7-4) Mu(p) ™ ulexp,, (p) 7 y) = (L +47"1y) 77 llesgyizar) <€

where y = u( pj)z/ =% x, with x geodesic normal coordinates centered at Dj
and |yl =/ (yD2+-- -+ (M2
(ii) Fori < j, we have dy(p;, pj)(”_4>/2u(pj) > Cy, while for p € M,

n—4
dg(p7 {pl’ R pn}) 2 u(p) S CZ«

Proof. We will use Lemma 7.1 and prove the lemma by induction. To start, we
apply Lemma 7.1 with K = &. We choose p; to be a maximum point of # and thus
(7-4) holds. Next we let K = B, (p1).

Assume that for some iy > 1, (i) holds for 1 < j <ipgand 1 <i < j, and also
dq(pi, pj)(”_4)/2u(pj) > Cy with p; chosen as in Lemma 7.1 by induction (this
holds for ig = 1). Then we let K = U;T):l By, (p)). It follows that for € > 0 small,
for any p such that dg(p, p;) <2y; with 1 < j <ip, we have

n—4 n—4 n=4
de(p,Ap1, ... Pip}) 2 u(p) <dy(p, pj) = u(p) <2de(p, pj) = u(pj)

n—4

<2QTu(p) ") T u(p)) =27 T"7,
and therefore, for p € Uf;’zl By, (pj)s
nd n=2 _ n—d
(7-5) de(ps{p1s---spPig}) Zu(p)<22T 7.
If, for all p € M, the inequality

H
de(p,Ap1, ..., piy}) 2 u(p) <Cy,
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holds then the induction stops. Otherwise, we apply Lemma 7.1, and we denote
Diy+1 as the local maximum point yy obtained in Lemma 7.1 so that

By U (pig 1) 2/ (pip+1) CM - K.

Thus, (i) holds for ig + 1. Also, by assumption, dg(p;, pig+1)" = 2u(piy+1) > C1.
By the same argument, (7-5) holds for iy replaced by ip + 1. The induction must
stop in a finite time N = N (u), since [,, u*"/"~* dV, is bounded and

2n
/ un=4+dVv,
By, (p))

is bounded below by a uniform positive constant. It is clear now that for p €
M — U =1 BV/ (pJ

n=4 n—4 N 7 n—4
d(p.{(pr.....pnD) T u(p) <27 d(p. | B, (p))) ~ ulp) <27 Cy.
j=1
By induction, (7-5) holds for iy replaced by N. We set
C,=27T"7T +27C). 0
The next proposition rules out the bubble accumulations.

Proposition 7.3. Let (M", g) be a closed Riemannian manifold of dimension 5 <
n <7 with R; > 0, and also Qg > 0 with Q4(po) > 0 for some point py € M.
For € > 0 small enough and a constant T > 1 large enough, there exists y > 0
depending on M, g, €, T, ||Rg|cipy and || Qgllcr vy such that for any solution u
to (1-2) with max ,ep u(p) > Cy, we have

d(pi, pj) > v,

for1<i, j<Nandi# j,where N=N(u), pj=pju), p; = piu)and Cy are
defined in Lemma 7.2.

Proof. Suppose the proposition fails, which implies that there exist € > 0 small and
T > 0 large and a sequence of solutions u; to (1-2) such that max ¢y u;(p) > Cy and

lim mlnd(p, (), px(uj)) =

Jj—oo iF#k

We denote pp,; and p ; to be the two points realizing the minimum distance in
{p1(uj), ..., pn(uj)} of u; constructed in Lemma 7.2. Let y; = dg(p1,j, p2,j)-
Since

BTuj(pl.j)‘z/(”“” (pl,j) N BTuj (172,1')_2/(”_4) (p2,j) =g

we have that u;(p; ;) — oo and u;(p2, ;) — oo.
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For each j, let x = (x!,...,x") be the geodesic normal coordinates centered
at p1j, y=1%; Ix, and exp P (x) be exponential map under the metric g. We
define the scaled metric h; = =¥ g, and the rescaled function

n=4

0 (N =77 uilexp,, (7).

It follows that v; satisfies v; > 0 in |y| < )7j_1r0 and that
n—4 _ ntd -
(7-6) Py (y) = —ij(y)"*4 for [yl <y, "ro
N Ut))
(7-7) Apvj <
R TOR

where r¢ is half of the injectivity radius of (M, g). We define y; = y;(u;) € R"
such that exp,,  (¥j k) = py for the points py(u;). It follows that for py # p1,j,

——Rp,v; for |y| < )7].*1;’0

|yl = 1+ 0(1)
with o(1) — 0 as j — oo. Let y> ; € R" be such that p; ; = exppl,j()?jyzﬁj). Then
|y2,jl > 1 as j— oo.
It follows that there exists y € R"” with |y| = 1 such that up to a subsequence,
y= ‘]llflgo 2.
By Lemma 7.2,
7 = Cmax{Tuj(p1 ;)" 7, Tuy(p j) 75},

Thus, v;(0) > C3, v;(y2,;) = C5 for some C3 > 0 independent of j, yy is a local
maximum pomt of vj forall 1 <k < N(u;), and krnmu ly — ykl(”_4)/2vj (y) <(Cy
for all |y| < y

We claim that either

(7-8) v;(0) > 00 and v;(y2,;) — 00,

or both of these two sequences are uniformly bounded. To see this, we first assume
that one of them tends to infinity up to a subsequence, say v;(0) — oo for instance.
It is clear that O is an isolated blowup point, and by Proposition 6.1 it is an isolated
simple blowup point. Then v;(y>, ;) — oo in this subsequence since otherwise, by the
control (7-4) at p» ; in Lemma 7.2 and the rescaling, the upper bound of v; in the %—
geodesic ball centered at y, ; under /; is controlled by the lower bound of v; in it up
to a uniform multiplier, and thus by the Harnack inequality (5-1) in B4/5(0)—Bj/5(0)
and Proposition 5.3, v; — 0 in Bj,2(p2, ), contradicting v;(y2,;) > C3. The claim
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is established. If v; are uniformly bounded on any fixed compact subset of R", then

as discussed in Lemma 7.1, v; — v in Cﬁ)C(R”) with v > 0 and

n—4 _ n+4

A2= n—4
v 5 Qv

in R". Also, 0 and y are local maximum points of v. That contradicts the classifica-
tion theorem in [Lin 1998]. Therefore, the set (denoted as Kj) of isolated blowup
points of {v;} is nonempty. Hence v; is uniformly bounded on any compact subset
in R* — K. By a similar argument as the claim, there are at least two points in Ky
and for any two distinct points y, z € K, |y —z| > 1. Also, by Proposition 6.1 (see
also the remark on page 159), K is a set of isolated simple blowup points.

Choose any two blowup points y,, ; — y, and yx ; — yx € Ko. For j large, we
pick a point p on the %—geodesic sphere of y; ;. Now we apply Theorem 3.3 (see also
the remark on page 138) about the blowup point y,, of v; at p and Proposition 5.3
about the blowup point yj of v; at p; then we have that there exists a constant C > 0
independent of j such that

Vi (Ym,j) = Cvj(yk,j)-
Similarly, there exists a constant C” > 0 independent of j such that
Vi (YK, ;) = C'vj (Y, )-

For any point y € R” — K), let y; be one of the nearest points to y in K¢. Let Q2 be
the convex hull of Bj,»(y) U By /2(yx). The argument in Lemma 5.1 still holds with
B, (xj) and By, (x;) — B, /2(x;) replaced by €2 and any compact subset of € — {yy ;}
containing y, and therefore the Harnack inequality holds uniformly for v; on each
compact subset of R* — Ky when j is large. Therefore, by Proposition 5.3, for a
given blowup point yi ; — yx € Ko, v;(yk,;j)v; is uniformly bounded in any fixed
compact subset of R" — K. Multiplying v;(yx, ;) on both sides of (7-6) and (7-7),
we have that, up to a subsequence,

lim vj(y;)vj=F >0 in Cp (R" — Ko),
j—o00

such that
(7-9) A’F =0 inR"— Ky,
(7-10) AF <0 inR"—K,.

Pick a point y,, € Ko — {yx}. Since all the blowup points in K are isolated simple
blowup points, by Proposition 5.3,

F) =ally —wl*™"+01(0) =aily — yel " +azly — yu [ + D2(y)
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for y € R" — K with the constants a;, a; > 0. Moreover,

®; € CHR" — (Ko — {yks ym})

and @ satisfies (7-9) in R” — (Ko —{yk, ym}). Define £ = A®; in R" — (Ko —{y«}).
By (7-10), F > 0in R" — Kj. Therefore,

(7-11) liminf ®(y) = liminf(F(y) —aily —»[*™) >0,
|y|—o00 |y|—o00

(7-12) limsup&(y) = limsup A(F(y) —aily — w|*™) <0,
[y|—o00 [y|—o00

where for (7-12) we have used (7-10). Moreover, £ < 0 near any isolated singular
point in Ko — {yx} by Proposition 5.3. Applying the strong maximum principle to &
and the equation

Ag =N (F —aily —y*™") =0

in R" — (Ko — {y ),
S = ACD] <0

in R" — (Ko — {yx}). Since ®; > 0 near any isolated singular point in Ko — {yx} by
Proposition 5.3, and also (7-11) holds, applying the strong maximum principle to @
and A®; <0in R"—(Ko—{yx}), we have ®| > 0in R" — (Ko—{yx}). It follows that

F(y)=aily — "™+ @1(0) + O(ly — yi|) with ®;(yx) > 0 near y = yy,

contradicting Proposition 5.9 (It is easy to check that Proposition 5.9 applies for the
scaled metrics /; instead of g.). Here in the statement of Proposition 5.9, H = H = F.
Indeed, for 5 <n <7, after rescaling, for each j the conformal metric g; = ,0;'/ =9 g

corresponding to the conformal normal coordinates centered at x; becomes

g =7"pi " "V ewy)

and the functions p; (y) = p; (y;¥) = p(y) = 1 locally uniformly in CVas j — +o0.
Proposition 7.3 is then established. (Il

We are now ready to prove the compactness theorem of positive solutions to (1-2).

Proof of Theorem 1.2. By Lemma 2.3 and the ellipticity of (1-2), we only need to
show that there is a constant C > 0 depending on M and g such that

u<cC.

Suppose the contrary, then there exists a sequence of positive solutions u; to (1-2)
such that

maxu; — o0
peM

as j — oo. By Proposition 7.3, after passing to a subsequence, there exist N distinct
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isolated simple blowup points py ; — p1, ..., py,j — py With N > 1 independent
of j. Applying Proposition 5.3, we have that up to a subsequence,

N

uj(p1,juj(p) - F(p) = Zang(pk, p)+b(p) in Cioo(M —{p1..... pn}).
k=1

where a; >0, a; >0, ..., ay > 0 are some constants, G, is the Green’s function

of Py under the metric g and b(p) € C*(M) satistying
Psb=0

on M. Since Q, > 0 on M with Q, > 0 at some point, by the strong maximum
principle of Py, b > 0 in M. We know that G,(p, p) > O for 1 <k < N by

Theorem 2.1. Let x = (x', ..., x™) be the conformal normal coordinates centered at
p1,j for each j (respectively, p1) constructed in [Lee and Parker 1987] with respect
to the conformal metric h; = p._4/ (=4 g (respectively, h = p~% =% g) such that

det(h;;) = 1+ O(|x|').

Then there exists C; > 0 independent of j such that

Cil<p =y,
and
loj —pllevary = 0 as j — oo.
As shown in Theorem 2.1, under the conformal normal coordinates x = (x!, ..., x")

centered at pj, the Green’s function under metric /4 satisfies

Gu(p1, p) = p*(P)Go(p1, p) = di(p1, P+ A+o0(1)

near p; with the constant A > 0 and o(1) — 0 as p — p;. Therefore,
p(p) F(p) = aidu(pi, p)* " + B +o(1)

B =aqA+ Z,ZCVZZ ak,o(pl)ng(pk, p12 4+ b(p1) > 0 and o(1) - 0 as p — pi.
That contradicts Proposition 5.9 with H = F' in (5-49). Therefore, Theorem 1.2 is
established. O

Appendix A: Positive solutions of certain linear fourth order elliptic
equations in punctured balls

Assume Bs(x) is a geodesic §-ball on a complete Riemannian manifold (M", g)
with 2§ less than the injectivity radius. For application, for 5 <n <9, (M, g) could
either be the closed manifold in Proposition 5.3, or the Euclidean space.
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Lemma A.l. Let u € C*(Bs(X) — {x}) be a solution to
(A-1) Pou =0 in Bs(x) — {x}.

Ifu(p) = o(dy(p, )47 as p— X, thenu € C4’a(Bg(i))f0r0 <a<l.

loc

Proof. Step 1. We show that (A-1) holds in Bs(x) in the distribution sense.
To see this, given any small € > 0, we define the cutoff function 5, on B;s(x)
with 0 < n. <1 so that
ne(p) =1 fordg(p,x) <e,
ne(p) =0 for dy(p, X) > 2e,
|Vne(p)l < Ce™' fore <d,(p, ) <2e.

For any given ¢ € C2°(B;(x)) we multiply by ¢ (1 — ) on both sides of (A-1) and
do integration by parts,

| Pt =nouav,=o.
Bs (x)

Let € — 0, then

/ (1 —neu Pg¢dVg=0(1)(Ce_4/ Iul)-l—C/ lu| — 0,
Bs (x) Boe (¥)—Be(X) Bc(x)

where in the last step we have used u(p) = o(d,(p, X)*™). Therefore, Step 1 is
established.
p

Step 2. The assumption of u near x implies thatu € L (Bs(x)) forany 1 < p < .
By W*? estimates of the elliptic equation we obtain that u € Wli’cp (Bs(x)); see [Ag-

mon 1959] for instance. The standard bootstrap argument gives u € Cfo’f (Bs(x)). O

For later use, we now present Lemma 9.2 from [Li and Zhu 1999] without proof.

Lemma A.2. There exists some constant 0 < 8o < & depending onn, | gijllc2(, )
and || Rg|| Lo (Bs (%)) Such that the maximum principle for —4(}1"__21) Ag + R; holds on
B;,(x), and there exists a unique G1(p) € CZ(B(g0 (x) — {x}) satisfying

4n—1) o
- 5 AgG1+R;Gy =0 in Bs,(x) — {x},

G1=0 ondBs (%),

n—

lim d,(p, )" *G1(p) = 1.
p—x

Furthermore, G1(p) =d,(p, x)2 " +R(p) where, forall 0 <€ < 1, R(p) satisfies
dg(p, )" IR(P)| +dg(p, ©)" T IVR(P)| < C(€), pe€ Bs(X), n=4,

where C(€) depends on €, n, | gijllc2(yx)) and || Rgll Lo (B, (%))-
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Lemma A.3. Suppose a positive function u € C 4(Bs(x) — {x}) satisfies (A-1) in
Bs(x) — {x}, and assume that there exists a constant C > 0 such that for 0 <r <4,
the Harnack inequality holds:

max u(p)de min  u(p).

dy(p.X)=r (P, X)=r
If moreover,
4n—1) n=2 n=2 . _ -
——2Agu"74 +Rgun74 ZO in BS(x)_{x}a
n—
then

a =limsupd,(p, )" *u(p) < +oo.

p—Xx

Proof. If the lemma is not true, then for any A > 0, there exists r; — 0T satisfying

4—n

u(p)> Ar; for all dg(p, x) =7;.

Let vy = %A("*z)/ =9 G, with G, in Lemma A.2. For i large, by the maximum
principle,

w(p)i=t = va(p) forry <dy(p,3) <.
Asi — o0,

u(p)% > va(p) for 0 <dy(p,x) < dp.

Since A can be arbitrarily large, u(p) = 00 in 0 < d,(p, X) < &y, which is a
contradiction. O

Proposition A.4. Let u be as in Lemma A.3. Then there exists a constant b > 0
such that

(A-2) u(p) =bG(p,x)+ E(p) for p e Bs(xX) —{x},

where G is the Green’s function of P, (for the existence of the Green’s function
in our application, G is the limit of the Green’s function of the Paneitz operator
of a sequence of metrics on M restricted to certain domains, and when g is the
flat metric, let G(x, y) = cplx — y|*™), and 8 is defined in Lemma A.2. Here
E € C*(Bs, (%)) satisfies PoE = 0 in Bs, (X).

Proof. We rewrite (A-1) as
—4
Ag(Agut) = divg(ayRyg — byRicy) Veu — ”Tqu.

By Lemma A.3, 0 < u(p) < a1G(p, x) with some constant a; > a in Bs,(x) — {x}
with §p > 0 in Lemma A.2. Combining this with the interior estimates, there exists
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a constant C > 0 such that
. ) n—4 _ _
(A-3) dive(a,Reg — byRicg)Vou — Tqu < Cd; "(p, X),
(A-4) |Agu(p)l < Cdy ™" (p. %),

for p e 550()2) —{0}. We define G to be a Green’s function of A, on Ego (x) such
that

(A-5) 0 < Ga(p, q) < Cdy(p, )™ ",

for some constant C > 0 and any two distinct points p and ¢ in Bs,(x). Then
) . n—4
010 = [ G (ivetan R~ bR V@)~ 5 Q@) Vi@
By, (%)
is a special solution to the equation
. . n—4 . -
Agp =divy(a,Rgg — byRicg)Veu — Tqu in Bs,(x) — {x}.

Combining (A-3) and (A-5), we have that there exists a constant C > 0 such that

$1(p)| < Cdy(p, $)*"
for p € Bs,(x) — {x}. Therefore,
Ag(Agu—¢1) =0 in Bs (X) — {%).

Since we also have (A-4), the proof of Proposition 9.1 in [Li and Zhu 1999] applies
and there exists a constant —C < b, < C such that

(Agu(p) —é1(p)) =b2G1(p) +¢1(p) in Bsy(x) — {x},

with G| as in Lemma A.2 and ¢; a harmonic function on Ego (x). Therefore,

Agu(p) =b2G1(p) +¢1(p) +@1(p)  in Bsy(xX) — {x}.

By the same argument, there exists b3 € R such that

u(p) =b3G1(p)+wz(p)+/ _Ga(p, D026 1(g) + 1(q) + 91(9)]1dV,(q)

Bsy (%)
=b3G1(p) +¢2(p) + Oy (p, ©)*™)

in Bs,(x) — {x}, with ¢ a harmonic function on Bs,(x). But since 0 < u(p) <
a1G(p, x), we have b3 = 0 and

u(p) = bs fB GHP GG Vi) + oy (p. 5
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in Bs,(x) — {x}. Therefore, there exists a constant b > 0 such that
u(p) = bdg(p, ¥)* ™" +0(dg(p, )* ")
=bG(p, %)+ o(dy(p, )* ™).
Then by Lemma A.1, there exists a function E € C 4(350 (x)) satisfying (A-1) and

u(p) =bG(p,x)+ E(p)

for p € Bs,(x) — {x}.
This completes the proof of the proposition. ([

Using Proposition A.4, we immediately conclude the following corollary.
Corollary A.5. Forn > 5, assume that u € C 4(330 (x) — {x}) is a positive solution
of (A-1) with x a singular point, and also that the assumptions in Lemma A.3 hold
for u. Then

. n—4
lim <Pgu - Qu) dv,
r=0JB, ) 2

d d
= lim — A u— (anRy—u — b,Ric, (V,u, d
r1—>0 33"();)(81) gt (a gavu ! g( gt V))) 5¢

a
—b lim L AG(p, D) dsy(p) = 2(n — 2)(n — 4)|S" 1| b > 0,
r—0 3B, (%) ov

where v is the outer unit normal and b > 0 is as in (A-2).

Appendix B: Classification of solutions with decay at infinity for a fourth
order linear equation

Let n > 5. It is easy to check that Uy = (1 + 4=1x|2)~=%/2 i5 a solution to the

Q-curvature equation
n—4 _ nt4

Uy~

AUy =

on R" with 0 = {n(n*—4).
We now consider bounded solutions to the linearized equation

(B-1) A2 (x) = #QUO%WC), X eR".

Chen and Lin [1998] classified bounded solutions to the linearized equation of the
Yamabe equation in R" with certain decay near infinity. Similarly, we want to show
that if a solution ¢ to (B-1) has the decay ¢ — 0 uniformly as |x| — oo, then

n—4 .
¢ = col x- VU +——Uo ) + D _¢;yUo.
j=1
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Let {£t.n}m be the eigenfunctions of the Laplacian on S$"~!, with respect to the
eigenvalue Ay = k(n +k —2). Let x = r@ with r = |x|. Then we have the decom-
position

$r0) =" Gt ()em®),

k=0 m

which converges locally uniformly, with ¢, (r) = f 1 @(r0)sk m(0)dS. Let
Uk (r0) = ¢ .m (r)&x.m (6). Then uy ,, satisfies the equation

(B-2) AP (x) = —QUo(X)" fupm(x), x€eR,

and ¢y, satisfies
_ A A

(B-3) (83+u8r ")(32 n=ly ——§)¢k,m—”+4QU" s 70,
r r2 r r

with ¢, (0) =0 and qb,’(’m(O) = 0. Equivalently, ¢, is a solution to the equation

(B-4) (A - i‘—’;) (A - %)«m,m _nt

Denote
n—1 kk
Ve (r) = (af 0, — —2>¢k,m.
r r

8
N ¢k,m~

Then

(B-5) <a,2 4+ ; Lo — :_]2(>¢k,m = Ve,

(B-6) (arz‘i‘n;lar_%)vk,m—n+4QUn84¢km’
where

(B-7) okm©0) =0, ¢, (00=0, vew(©0) =0 and v, (©0) =

By (B-2), we know that uy ,, is analytic locally in R”. Then the solutions ¢y ,, to
(B-3) and (B-7) are generated linearly by the two solutions

o
k k+4 k+24+2j
Grim(r) =r" + Eprtt +§ E;rftata,
j=2

(o)
¢2,k,m(r) — rk+2 + C]rk+6 + Z erk+4+2]’
=

with E; > 0 and C; > 0. The constants E; and C; can be calculated inductively
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using (B-3). It is easy to check that the radius of convergence of ¢; i ,, is positive
fori =1, 2 and k > 1. Therefore,

Gem = CP1km(r) +C'po g m (1),

with C and C’ constants.
Now we employ a useful comparison theorem motivated by [Grunau et al. 2008];
see also [McKenna and Reichel 2003] and [Choi and Xu 2009].

Theorem B.1. Let ¢ and v be a solution to (B-5) and (B-6) in r > 0. If it holds
that for some ry > 0,

¢(r1)) =0, ¢'(r))=0, v(r)=>=0 and V'(r) =0,
with one of them nonzero, then
(B-8) o(r)>0, ¢'r)>0, vr)>0 and V(r)>0

for r > r1, and there exists a constant C > 0 such that ¢(r) > C(r —r; — 1)?
for r > ri + 1. Moreover, there exists a positive constant C' = C'(k) such that
d(r) < C'(r"Hk2 1 1), In particular, ¢ (r) is positive and exists for all r > r.

Proof. By the equations (B-5) and (B-6),

)
8, ("1 9,) = r" v+ S prn !,
r

+4 A
(") = = QU+ o,
r

Using integration,

.
A

"l (r) = r]"_1¢/(r1) +/ Py + —I;q’)r"_] dr,
r

r

r 4 _ 8 A
P () =r{’_1v/(r1)+/ n~2k QUé"‘WSr”‘1 +—]2<Ur”_1dr.
ry r

Then it is easy to see that (B-8) holds for r > ry. Also, forr > r; +1,

r

A
P+ —];qﬁr"_l dr
r

P ) =+ D) 4 1) +/
ri+1

> (4 1)1 (1 +1)+f P+ 1) dr
ri+1

1, 1 n
> 0y + 1) (" = 5 1+ D),
with v(ry + 1) > 0. Therefore, for r > r; +1,

§'(1) = Tu(r+ 1 — i+ Do + 1),
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Therefore, ¢ grows at least quadratically.
Now let’s see the upper bound of growth of ¢. It is easy to check that

(A—ﬁ)(A_A];) n+k-+2 n;—4QU" k2 L,

r? r
Also,
d_rn+k+2 >0, < - §>r"+k+2 >0, and o (A——§>r”+k+2 >0 forr>0.
p r r r

Therefore, for any r; > 0, there exists a constant § = §(r1) > 0 such that the function
@(r) = r"T*2 _ 8¢ (r) satisfies (B-8) at r = r|. Note that

A A +4_ 8
( —r—")( ——")<p(r)_”2 QU g(r), r>0.

- Ak
v(r) = (A - r—2><ﬂ(r)

( _j:_)v()>—+ QU ¢(r), r>0.

Denote
so that

Using the same integration argument starting from » = r|, we obtain that ¢(r) > 0
for r > ry. This completes the proof of Theorem B.1. (I

Now we consider the behavior of @1 x ,, and @2k .
Let vy x,m and v i, be defined as above with respect to ¢, and ¢o -

n—1 kk
Ul,k,m(r) = <ar2 + Tar - r_z)(pl,k,m,

Ak
V2 (r) = (af + )d)z kum-

By the Taylor expansion, for r > 0 close to 0, ¢ x.m(r) > 0, d)g’k,m(r) > 0,
V1 k.m(r) > 0and v;’k’m(r) > 0. Then by Theorem B.1, ¢ ¢, (r) keeps increasing
at least quadratically as r increases. Also, for any € > 0, there exists C = C (¢, k)
such that ¢ s, (r) is bounded from above by Cr"***2 with some constant C
for r > €. In particular, ¢; i, (r) is positive and exists for any r > 0. The same
holds for ¢ k.m-

For any r1 > 0, we know that ¢; x », satisfies (B-8) atr =rj,fori =1,2and k > 1.
Then there exists C > 0 such that both (¢ —C! ®2.k.m) and (P2 k.m —C! D1.kc.m)
satisfy (B-8) at r = r;. Then by Theorem B.1, for r > ry,

1im () —C  opm() >0 and G2 pm(r) — C ' 1 am(r) > 0.
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That is to say, ¢1 k., and @2 k., are both positive on (0, o) and they go to infinity
as r — oo in the same order. This leads to the following corollary.

Corollary B.2. For any k > 1, there is at most one constant C > 0 such that
O1.k.m — Cd2k.m is bounded on r € (0, +00).

Now we consider the asymptotic behavior of bounded solutions to (B-3) and
(B-7) which vanish at infinity.

Lemma B.3. Let ¢r y = @d1.k.m — Ch2.k.m be a bounded solution to the initial value
problem (B-3) and (B-7) such that ¢y n(r) = o(1) as r — o0o. Then ¢y n(r) =
Or* "y asr — +o0.

Proof. We introduce

) =", >0,

to be the Kelvin transformation of ¢y , and

* )\k %
Ve (1) = (A - r—2)¢k,m(r), r>0.

Also, for ug n, (r0) = ¢x.m (r)&k.m(0), we denote

4_ .x
“Z,m(x)=|xl nuk,m(|x|2)v x eR",

to be the Kelvin transformation of u; ,. Then it is easy to check that d),’;,m is a
solution to (B-3) and equivalently a solution to (B-4) in (0, +00) and u;m is a
solution to (B-2) in R” — {0}. By our assumption on the decay of ¢y near infinity,

up ,(x) = o(x[*™")

as x — 0. Then using the proof of Lemma A.1 in Appendix A we have that O is a
removable singularity of u;m and u;m(x) = qﬁ;m(r)ék,m(e) is a solution to (B-2)
in R". Therefore, ¢; , and v{ , satisfy

Gim(© =0, (@, 0 =0, v{,0)=0, (vf,)(0)=0.
Also, by the definition,
i) = ”4_n¢k,m(”_l) =00 * ") asr— +oo.

Recall that ¢ x ,, and ¢2 ., form a basis of the solution space to the problem
(B-3) and (B-7). Since ¢y, and ¢,’§’ . are both bounded solutions to (B-3) and (B-7),
by Corollary B.2 there exists a constant a € (—oo, +00) such that ¢,’§’m(r) =
ady.m(r) for r > 0. Note that ¢;m(1) = ¢x.m(1). If ¢px;m(1) #0, then a = 1.
Otherwise, if also qb,’(’m(l) # 0, then by L’Hospital’s Rule, a = —1; else, if also
G (1) =0but v 1 (1) #0, then by L’Hospital’s rule, a = 1; else, if also ¢, (1) =0,
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Ve.m (1) = 0 but v,/cym(l) # 0, then by L’Hospital’s rule, a = —1 (In fact, by the
comparison theorem Theorem B.1, since ¢, is bounded in (0, 4-00), this could
not happen). Since ¢ ,, is assumed not to be identically zero, it is not possible that
all the four data vanishes at » = 1. Therefore, a is either 1 or —1. Therefore,

bem(r) =r*+ 00" ) asr — 0,
Gem() =2 O0E*R) asr > 400 0

Let ¢ be a solution to (B-1) with the decay ¢ — 0 uniformly as |x| — oo. Let

ke (r0) = G (1)&km (0) = [0 @ (1)&xm(0) dS & (0), k > 1. Then ¢y (r) =
o(1) as r — oo. Using the energy method, in the following theorem we show that
for5<n <8, ¢r.m =0fork>2.

Theorem B.4. Let ¢r ,, with k > 2 be a bounded solution to the initial value
problem (B-3) and (B-7) for 5 < n < 8 such that ¢y ,,(r) =o(1) asr — oo. Then
¢k,m =0.

Proof. By Lemma B.3, it is easy to check that ¢ , € HZ(R”), for k > 2.
By (B-4), for any € > 0,

Ak Y n+4_ 8 2
o (A——)( ——)«zsk, dx:/ GUTT S dx.
/R"—Bam " r? r2 )7 RI_B.(0) 2 0 Thm

Using integration by parts and letting € — 0, we have that

A A n+4_ &
(B-9) /R (A - r—’z‘)q)k,m (A - r_];)(/”"’" dx = / . QU ¢, dx.

Note that

A A
/n (A - r_12(>¢k,m <A - r_§>¢k,m dx

= / [(AGrm)* = 208 2 Ppm Arem + Air i, | dx,

where by integration by parts,

/ —20kr 2 P A dx = / 20 2|V | > dx+ f 20 PkmVbkm-Vr 2 dx
n Rn

n

/2xkr2|v¢k,m|2dx+f MV (@) Vr 2 dx
R~ R~

J

= | 2xr 2| Vouml>dx+@2n—8) | dr ¢, dx
R~ R~

20 2|V | dx — / M@ AF 2 dx
Rn

n
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for n > 6. Therefore,

A A
f (A_r_lg)(ﬁk,m (A_r_l;>¢k,m dx

= / (Ady.m) > dx+ / 20 Ve m P dx+Qnig—8rk+27) | r i, dx
R~ R~ Rn

> (2n)»k—8)xk+)\-/%) r_4¢l%,m dx.
R)‘l

Since (1+4"17?)"! <r~!forr >0and, fork>2and5<n <8,

4 _ 4 2_4
2’”"_8)"<+A%=(2”—8)k("+k—2)+1€2(n+k—2)2>ngr ><Q:n;L Xn(ng !

we have that

Ak Ak n+4 _— £
/n (A — r_2>¢k’m <A — r_2>¢k’m dx > /n TQUO 4¢]%7m dx,

which contradicts (B-9) for k > 2 and 5 <n < 8. Therefore, there exists no nontrivial
bounded solution ¢y to (B-3) such that ¢ (r) = o(1) as r — 400 for k > 2 and
5<n<8. O

It is easy to check that
n—4 ‘
uo+;u1,m:co(x-VUo+ 5 U0>+;Cj8ijo

with co, ..., ¢, some constants. As a direct corollary of Theorem B.4, we have:

Corollary B.5. Let ¢ be a solution to (B-1) with the decay ¢ — 0 uniform as
|x| = o0. Then for 5 < n < 8, we have that

n—4 .
d=colx-VUy+ 5 Uy +ch8ijo
j=1

for some constants cy, ci, ..., Cp.
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A CHARACTERIZATION OF FUCHSIAN ACTIONS BY
TOPOLOGICAL RIGIDITY

KATHRYN MANN AND MAXIME WOLFF

We give a simple proof that any rigid representation of 7;(X,) in Homeo™ (S;)
with Euler number at least g is necessarily semiconjugate to a discrete, faith-
ful representation into PSL(2, R). Combined with earlier work of Matsumoto,
this precisely characterizes Fuchsian actions by a topological rigidity prop-
erty. We have proved this result in greater generality, but with a much more
involved proof, in arxiv:1710.04902.

1. Introduction

Let £, be a surface of genus g > 2, and let I', = 71(X,). The representation
space Hom(I', Homeo™t(S1)) is the set of all actions of [,onS ! by orientation-
preserving homeomorphisms, equipped with the compact-open topology. This is
also the space of flat topological circle bundles over ¥,, or equivalently, the space
of circle bundles with a foliation transverse to the fibers. The Euler class of a
representation p € Hom(I, Homeo™ (S1)) is defined to be the Euler class of the
associated bundle, and the Euler number eu(p) is the integer obtained by pairing the
Euler class with the fundamental class of the surface. The classical Milnor—Wood
inequality [Milnor 1958; Wood 1971] is the statement that the absolute value of
the Euler number of a flat bundle is bounded by the absolute value of the Euler
characteristic of the surface.

While the Euler number determines the topological type of a flat S' bundle, it
does not determine its flat structure — except in the special case where the Euler
number is maximal, i.e., equal to =(2g — 2). In this case, a celebrated result of
Matsumoto states that for any representation p with eu(p) = £(2g —2), there is a
continuous, degree one, monotone map / : S' — S! such that

(D hop=proh,

where pr is Fuchsian, meaning a faithful representation of I'y onto a cocompact
lattice in PSL(2, R). (We view PSL(2, R) C Homeo™ (S!) via the action on RP! = S!
by Mobius transformations.)

MSC2010: 20H10, 37E10, 37E45, 57525, 58D29.
Keywords: rigidity, geometricity, Euler class, surface group actions on the circle.
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An important consequence of Matsumoto’s theorem is that representations with
maximal Euler number are dynamically stable or rigid in the following sense.

Definition 1.1. Let I be a discrete group. A representation p : I' — Homeo™ (S')
is called path-rigid if its path-component in Hom(I", Homeo ™ (S')) consists of a
single semiconjugacy class.

Semiconjugacy is the equivalence relation generated by the property shared by p
and pr in (1) above; we recall the precise definition in Section 2. As semiconjugacy
classes are connected in Hom(I'y, Homeo™ (S 1), path-rigid representations are
precisely those whose path-component is as small as possible.

The purpose of this article is to prove the following converse to Matsumoto’s
result.

Theorem 1.2. Let p : 'y — Homeo™ (S') be a path-rigid representation, with
leu(p)| > g. Then eu(p) is maximal, i.e., |eu(p)| =2g — 2, and p is semiconjugate
to a discrete, faithful representation into PSL(2, R).

As shown in [Mann 2015], any 2-fold lift of a Fuchsian representation is path-
rigid and has Euler class g — 1; hence the inequality |eu(p)| > g is optimal for this
statement.

A stronger, but equally natural notion of rigidity comes from considering the
character space, X (I', Homeo™ (S')), defined as the largest Hausdorff quotient
of the quotient Hom(I'y, Homeo™ (S 1))/Homeo™ (S'). We say a representation is
rigid if its image in X (I, Homeo™ (S')) is an isolated point. In [Mann and Wolff
2017], we prove that all rigid representations are semiconjugate to the k-fold lift
of a Fuchsian representation, for some divisor k of 2g — 2; and that the weaker
hypothesis of path-rigidity is sufficient provided the Euler class is nonzero. This is
a more general statement than Theorem 1.2 here, but the proof in [Mann and Wolff
2017] is long and involved. This article gives a much easier, self-contained proof of
this partial result. The assumption |eu(p)| > g greatly simplifies the situation, as it
implies in particular that many elements of the group have north-south dynamics. In
fact, our assumption here can be replaced with an a priori strictly weaker assumption
on the dynamics of p, phrased in terms of rotation numbers of elements, as follows.

Theorem 1.3. Suppose p : Ty — Homeo™ (S Y is path-rigid. If there exist based
simple closed curves a, b € I'y with intersection number 1 and such that

tot[p(a), p(b)] = %1,
then eu(p) = £(2g — 2), and p is semiconjugate to a Fuchsian representation.

Commutators of elements of Homeo ™ (S!) have a well defined translation number,
as we will recall in Section 2A. The hypothesis rot[p(a), p(b)] = %1 is equivalent
to the statement that the restriction of the representation to the torus defined by a
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and b is semiconjugate to a standard Fuchsian one (see [Matsumoto 2016]). Thus,
one can think of the statement above as a local-to-global result: the local condition
that a torus is Fuchsian, together with path-rigidity, implies the global statement
that the representation is Fuchsian.

Outline. In Section 2 we recall standard material on dynamics of groups acting on
the circle, including rotation numbers and the Euler number for actions of surface
groups. We then introduce important tools for the proof of Theorem 1.3, and give a
quick proof that Theorem 1.3 implies Theorem 1.2.

Sections 3 through 5 are devoted to the proof of Theorem 1.3. Given a represen-
tation p satisfying the hypotheses of Theorem 1.3, we proceed as follows:

1. After modifying p by a semiconjugacy, we show there exists a € I', represented
by a nonseparating simple closed curve such that p(a) is hyperbolic, meaning that
it is conjugate to a hyperbolic element of PSL(2, R).

2. Using step 1, we show that (again after semiconjugacy of p), any y € I'y
represented by a nonseparating simple closed curve has the property that p(y) is
hyperbolic. These two first steps are done in Section 3.

3. Next, in Section 4, we start to “reconstruct the surface”, showing that the
arrangement of attracting and repelling points of hyperbolic elements p(y), as y
ranges over simple closed curves, mimics that of a Fuchsian representation.

4. Finally, in Section 5 we show that the restriction of p to small subsurfaces is
semiconjugate to a Fuchsian representation; this is then improved to a global result
by additivity of the relative Euler class.

Throughout this paper, whenever we say “deformation”, we mean deformation
along a continuous path in Hom(I, Homeo ™ (S1)).

2. Preliminaries

This section gives a quick review of basic concepts used later in the text. The only ma-
terial that is not standard is the based intersection number discussed in Section 2D.

2A. Rotation numbers and the Euler number. Most of the material in Sections 2A
and 2B is covered in more detail in [Ghys 2001] and [Mann 2018].

Let Homeog(R) denote the group of homeomorphisms of R that commute
with integer translations; this is a central extension of Homeo™ (S') by Z. The
primary dynamical invariant of such homeomorphisms is the translation or rotation
number, whose use can be traced back to work of Poincaré [1885, Chapitre XV].
Ifge Homeo'ZF (R) and x € R, the translation number of g is defined by rot(g) :=
lim,,_, 50 (2" (x))/n; this limit exists and does not depend on x. If g € Homeo™ (S b,
its rotation number is defined by rot(g) := rot(g) mod Z, where g is any lift of g.
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The translation number is invariant under conjugacy (and under semiconjugacy),
and restricts to a morphism on every abelian subgroup of HomeoiL (R). On the
whole group it is a quasimorphism, as it satisfies the following inequality.

Lemma 2.1 (see [Calegari and Walker 2011, Theorem 3.9]). Let f, g € Homeo"zIr (R).
Then |fot(fg) —rot(f) —rot(g)| < 1, and —1 <tot([f, g]) < L.

The second inequality is a direct consequence of the first. This in turn was
implicit already in [Wood 1971]. An optimal inequality, which depends on the
values of rot( /) and rot(g), is obtained in [Calegari and Walker 2011].

One way of defining the Euler number of a representation is in terms of translation
numbers. This was perhaps first observed by Milnor and Wood [1958; 1971], who
showed the following. For the purposes of this work, the reader may take this as
the definition of the Euler number.

Proposition 2.2. Consider a standard presentation
Iy =<a1, bi.....ag. by | [ [lai. bi]>.
i

Let p € Hom(I', Homeo™ (S1)), and let ,0/(21,-/) and ,0/(27,/) be any lifts of p(a;) and
o(b;) to Homeo"zIr (R). Then the Euler number eu(p) is given by

eu(p) =ot([p(ar). p(b1)] - - [p(ag), p(b))).

Note that, for any f and g in Homeo™ (S'), the value of the commutator [ £, g] €
Homeo"z"([R) is independent of the choice of lifts f and g. Abusing notation slightly,
we will often denote its translation number by fot([ f, g]) (as in the statement
of Theorem 1.3). Thus, in the statement above, the translation by an integer,
[/;(;zT), ,of(zl/)] e [/;(?z;), ;;Eb;)], is independent of the choices of lifts. The Euler
number eu(p) is then simply the magnitude of this translation.

As remarked in the introduction, the Milnor—Wood inequality is the statement
that |eu(p)| < 2g — 2; it is a consequence of Lemma 2.1.

Though unimportant in the preceding remarks, in what follows we will need to
fix a convention for commutators and group multiplication.

Convention 2.3. We read words in I'y from right to left, so that group multiplication
coincides with function composition. We set the notation for a commutator as

[a, b] := b~ 'a ba.

2B. Dynamics of groups acting on S'.

Definition 2.4 [Ghys 1987]. Let I be a group. Two representations pj, oz in
Hom(T", Homeo™ (S')) are semiconjugate if there is a monotone (possibly non-
continuous or noninjective) map & : R — R such that 2(x + 1) = h(x) + 1 for
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all i\e/[R{, argl\ggch that, for all y € I', there are liftsm andm such that
hopi(y)=p2(y)oh.

Ghys gave an (incorrect, as he himself later noted [2001]) version of this definition
in the introduction of [Ghys 1987]; but his text becomes correct and consistent upon
replacing it by Definition 2.4. He proved that semiconjugacy is an equivalence
relation on Hom(I", Homeo™® (S1)), and it follows from his [1987, Propositions 2.2
and 2.3; 2001, Proposition 5.8] that this is the relation generated by the relationship
shared by p and pp in (1) of Section 1; this latter equivalence relation was used by
other authors as a definition of semiconjugacy (see, e.g., [Calegari 2006]). Historical
elements, and more discussion on the theme of semiconjugacy can be found in
[Bucher et al. 2016].

The next proposition states a useful dynamical trichotomy for groups acting on
the circle, which in particular can be used to explain when a semiconjugacy map
can be taken to be continuous. As it is classical, we do not repeat the proof; the
reader may refer to [Ghys 2001, Proposition 5.6].

Proposition 2.5. Let G C Homeo™ (S'). Then exactly one of the following holds:
(1) G has a finite orbit.
(i) G is minimal, meaning that all orbits are dense.

(iii) There is a unique compact G-invariant subset of S' contained in the closure of
any orbit, on which G acts minimally. This set is homeomorphic to a Cantor
set and called the exceptional minimal set for G.

In case (iii), defining 4 to be a map that collapses each interval in the complement
of the exceptional minimal set to a point gives the following (we leave the proof as
an exercise; see, e.g., [Ghys 2001, Proposition 5.8; 1987, Proposition 2.2] for more
detail).

Proposition 2.6. Let p: G — Homeo ' (S') be a homomorphism such that p(G) has
an exceptional minimal set. Then p is semiconjugate to a homomorphism v whose
image is minimal. Moreover, provided that v is minimal, any semiconjugacy h to
any representation p' such that h o p’ = v o h is necessarily continuous.

We will make frequent use of the following two consequences of Proposition 2.6.

Corollary 2.7. Suppose that p and p' are semiconjugate representations. If both p
and p' are minimal, then they are conjugate.

Corollary 2.8. Let p € Hom(I, Homeo™ (S')) be a path-rigid representation.
Then p is semiconjugate to a minimal representation.

Proof. Corollary 2.7 follows immediately from Proposition 2.6. We now prove
Corollary 2.8. Using Propositions 2.5 and 2.6, it suffices to show that a repre-
sentation with a finite orbit is not path-rigid. If p has a finite orbit, then we
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may perform the Alexander trick, replacing the points of the periodic orbit with
intervals and collapsing the complementary intervals, to continuously deform p into
a representation with image in a conjugate K of SO(2). As Hom(I', K) = K 28,
the representation p can be deformed arbitrarily within this space, in particular to a
representation which is not semiconjugate. (]

Following Corollary 2.8, in the proof of Theorem 1.3 we will occasionally make
the (justified) assumption that a path-rigid representation p is also minimal.

2C. Deforming actions of surface groups. Let y € I'y be a based, simple loop.
Cutting X, along y decomposes I'y into an amalgamated product I'y = A %) B if
y is separating, and an HNN-extension A, if not. In both cases, A and B are free
groups. As there is no obstruction to deforming a representation of a free group into
any topological group, deforming a representation p : 'y — Homeo™ (S 1 amounts
to deforming the restriction(s) of p on A (and B, if y separates), subject to the
single constraint that these should agree on y.

The following explicit deformations are analogous to special cases of bending
deformations from the theory of quasi-Fuchsian and Kleinian groups.

Definition 2.9. (bending deformations) Let p : Iy — Homeo™t (S1).

(1) Separating curves. Let y = ¢ € I'y represent a separating simple closed curve
with Ty = A %y B. Let ¢; be a one-parameter group of homeomorphisms
commuting with p(c). Define p; to agree with p on A, and to be equal to
cpe; "on B.

(2) Nonseparating curves. Let y = a be a nonseparating curve, and let b be a
nonseparating curve such that a and b are standard generators of a once-holed
torus embedded in X, (equivalently, the first two generators of a standard
generating set of I'y). Let ¢ = [a, b], and let A = (a, b) C I'y; we write again
I, = A% B. Let a, be a one-parameter group commuting with p(a) and
define p; to agree with p on B and on (a), and define p;(b) = a;p(b).

In both cases, we call this deformation of p a bending along y.

In particular, if y; is a one-parameter group with y; = p(y), then the deformation
given above is the precomposition of p with ,,, where 7, is the Dehn twist along y.
Note that we have made a specific (though arbitrary) choice realizing the Dehn
twist as an automorphism of I',. This will allow us to do specific computations,
for which having a twist defined only up to inner automorphism would not suffice.
(See the discussion on based curves in the next subsection for more along these
lines.)

Not every f € Homeo™ (S') embeds in a one-parameter group. However, every
element with at least one fixed point does. Indeed, S' \ Fix(f) is then a union of
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intervals on which the action of f is conjugated tothe map R — R, t+ ¢+ 1 or
its inverse, and it is easy to build a one-parameter group out of this observation;
see, e.g., [Ghys 2001, Proposition 5.10] for more detail. This is the situation in
which we will typically apply bending deformations in this article.

The next corollary is used frequently in the proof of Theorem 1.3.

Corollary 2.10. Suppose that p is a path-rigid, minimal representation. Let p; be
a bending deformation along a, using a deformation a,, with a; = p(a)" for some
N € Z. Then p, is conjugate to p.

Proof. By the discussion above, p; agrees with precomposition of p with an
automorphism of I',, so has the same image. Corollary 2.7 now implies that these
are conjugate. U

2D. Based curves, chains, and Fuchsian tori. 1f a and b are simple closed curves
on X,, the familiar geometric intersection number is the minimum value of |a'Nd’],
where a’ and b’ are any curves freely homotopic to a and b, respectively. It is
well known that if @ and b are nonseparating simple closed curves with geometric
intersection number 1, then there is a subsurface 7 C ¥ homeomorphic to a torus
with one boundary component with fundamental group (freely) generated by a
and b. (See, e.g., [Farb and Margalit 2012, Section 1.2.3])

As mentioned earlier, the fact that we are working with specific representations,
rather than conjugacy classes of elements, forces us to take the basepoint and orien-
tation of curves into account. Although our notation I', = 71 (X,) does not mention
a basepoint, all elements of 71 (X,) will henceforth always be assumed based, and
we will use the following variation on the standard definition of intersection number.

Definition 2.11 (based intersection number). Let a, b € I',. We write i(a, b) =0
if we can represent a and b by differentiable maps a, b : [0, 1] — X, based at the
base point, whose restrictions to [0, 1) are injective, and such that the cyclic order
of their tangent vectors at the base point is either (a’(0), —a’(1), b'(0), —b'(1)) or
(@' (0), —a’(1), —=b'(1), b’ (0)), or the reverse of one of these.

If, instead, the cyclic order of tangent vectors is (a’(0), b'(0), —a’(1), —b'(1)) or
the reverse, we write i (a, b) = 1 and i (a, b) = —1, respectively.

This is a somewhat ad hoc definition. In particular, i(a, ) is left undefined for
many pairs (a, b).

Definition 2.12. A directed k-chain in ¥, is a k-tuple (yi, ..., yx) of elements
of I'y that can be represented by the images of the edges under an embedding
(possibly orientation-reversing, but respecting the orientation of the edges) of the
fat graph shown in Figure 1.

In particular, i (y;, y;) = &1 if |j —i| = 1, and O otherwise. Note that we do not



188 KATHRYN MANN AND MAXIME WOLFF

Vs

V1 V4

Y2 V3

Figure 1. A directed chain of length 5.

require that the embedding be 7;-injective. For example, whenever i (y1, y») = 1,
then (y1, y2, yl_l) is a (rather degenerate) directed 3-chain.

These k-chains will be useful especially to study bending deformations that
realize sequences of Dehn twists. Whenever (yy, ..., y) is a directed k-chain, the
Dehn twist along the curve y; may be described by an automorphism of I', leaving
invariant the elements y; for [j —i| > 2 and j =i, and mapping ¥, to yl._ly,',l,
and y; 11 to 11V

Notation 2.13. Let i(a, b) = £1. Then their commutator [a, ] bounds a genus 1
subsurface (well-defined up to homotopy) containing a and b. We denote this
surface by T'(a, b).

Definition 2.14. We call any representation p : 71 (T (a, b)) — PSL(2, R) arising
from a complete hyperbolic structure of infinite volume on 7 (a, b) a standard
Fuchsian representation of a once-punctured torus. Similarly, we say that p :
I’y — PSL(2, R) is standard Fuchsian if it comes from a hyperbolic structure on X.

Convention 2.15. We assume X, is oriented; hence standard Fuchsian represen-
tations of I', have Euler number —2g + 2, and are all conjugate in Homeo™ (S b,
Similarly, T (a, b) inherits an orientation, so all its standard Fuchsian representations
are conjugate in Homeo™ (S1).

Definition 2.16. We say that p : [, — Homeo™ (S') has a Fuchsian torus if
there exist two simple closed curves a, b € I'y, with i(a, b) = =1 and such that

ot([p(a), p(b)]) = £1.

The terminology “Fuchsian torus” in Definition 2.16 comes from the following
observation by Matsumoto.

Observation 2.17 [Matsumoto 1987]. Let«, 8 € Homeo™ (S!) satisfy rot([c, B]) =
+1. Then « and B generate a free group, and, up to reversing the orientation of S,
this group is semiconjugate to a standard Fuchsian representation of a one-holed
torus 7' (a, b) with p(a) =« and p(b) = B.

The proof is not difficult; an easily readable sketch is given in [Matsumoto
2016, §3].
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The next lemma shows the existence of such a torus is guaranteed, provided the
absolute value of the Euler number of a representation is sufficiently high.

Lemma 2.18. If |eu(p)| > g then p has a Fuchsian torus.

Proof. If eu(p) > g, then conjugating p by an orientation-reversing homeomorphism
of S! gives a representation with Euler number at most —g. Thus, we may assume
that eu(p) < —g. Let f € Homeog([@). It is an easy consequence of the definition
of rot that rot(f) > 0 if and only if f(x) > x for all x € R. Hence if fi, ..., f, €
HomeoZ(R) satisfy rot(f;) > 0 for all i, then fot(fi - - - fg) > 0.

By composing such f; by the translation by —1, which is central in HomeoZ(R),
we deduce that if ©6t(f;) > —1 for all i then f6t(f; --- fg) > —g. Now let p be
a representation, and let f; = [p(a;), p(b;)], where a;, b; are standard generators
for I'y. Then the inequality eu(p) < —g implies rot( f;) < —1 for some i. As the
maximum absolute value of the rotation number of a commutator is 1 by Lemma 2.1,
we in fact have rot( f;) = —1 for some i. O

Lemma 2.18 immediately shows that Theorem 1.3 implies Theorem 1.2. The
rest of this work is devoted to the proof of Theorem 1.3.

3. Steps 1 and 2: Existence and abundance of hyperbolic elements

Definition 3.1. We say a homeomorphism f € Homeo™ (S') is hyperbolic if it is
conjugate to a hyperbolic element of PSL(2, R), i.e., it has one attracting fixed point
f+ € S' and one repelling fixed point f— # f, such that lim,_, ;o f"(x) = f for
all x # f_, and lim,,, y oo f"(x) = f_ forall x # f,.

The first step of the proof of Theorem 1.3 is to show that a rigid, minimal
representation has very many hyperbolic elements.

Lemma 3.2. Let T (a, b) be a one-holed torus subsurface, and let A = T (a, b).
Suppose p : A — Homeo™ (S') is semiconjugate to a standard Fuchsian represen-
tation, as in Definition 2.14. Then there exists a continuous deformation p; with
00 = p such that

(1) pi1(a) is hyperbolic, and

(i) there exists a continuous family of homeomorphisms f; € Homeo™ (S') such

that p;(la, b]) = f,p(la, b)) f;" for all t.

Proof. Let ¢ denote the commutator [a, b]. Let p denote the minimal representation
(unique up to conjugacy) that is semiconjugate to p. Since p is semiconjugate to a
standard Fuchsian representation, we may suppose p is a representation correspond-
ing to a finite volume complete hyperbolic structure on 7 (a, b). By Proposition 2.6,
there is a continuous map / : S' — S, collapsing each component of the exceptional
minimal set for p to a point, satisfying hp = ph. Let x4 and x_ be the endpoints
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of the axis of p(a), and X and X_ the preimages under & of their orbits p(A)x
and p(A)x_.

Note that X, and X_ are both p(A)-invariant sets and their images under A
are the attractors (respectively, repellers) of closed curves in T (a, b) conjugate
to a. Moreover, for this reason, X and X_ lie in a single connected component
of S' \ Fix(p(c)), and the interiors of the intervals that make up X4 and X_ are
disjoint from the exceptional minimal set of p.

Define a continuous family of continuous maps 4, : S' — S!, with hg = id,
as follows: We define /&, to be the identity on the complement of the connected
component of S\ Fix(p(c)) containing X, and X _, and for each interval I of X
or of X_, have h, be a homotopy contracting that interval so that 4;(/) is a point.
To make this precise, one needs to fix an identification of the target of &, with the
standard unit circle. Let J be the connected component of S! ~ Fix(p(c)) that
contains the exceptional minimal set of p(A). Define 4, to rescale the length of
each connected component of X or X_ by a factor of (1 —¢) and rescale the
complement of X, U X_ in J so that the total length of J remains unchanged.
This gives us the desired map 4, which is the identity outside of J, and contracts
intervals of X and X_ to points.

Now define p; by h,,o(g)hf1 =p(g) fort €[0, 1). We claim that there is a unique
p1(g) satisfying h1p(g) = p1(g)h1. Indeed, p(g) permutes the complementary
intervals of the exceptional minimal set for p, so letting hl_1 (x) denote the preimage
of x by h; (which is either a point or an open interval complementary to the
exceptional minimal set), hl,o(g)hl_1 (x) is always a single point, and /| ,o(g)hl_1
defines in this way a homeomorphism, which we denote by p;(g). It is easily
verified that p,(g) approaches p;(g) as t — 1. By construction, p;(a) is hyperbolic,
and p,(c) is conjugate to a translation on the interval J defined above (and hence
its restriction to J is conjugate to p(c)|y), and p,(c) restricted to S T agrees
with p(c). Let f, : S' — S! be a continuous family of homeomorphisms supported
on J that conjugate the action of p;([a, b]) to the action of p(c) there. (For the
benefit of the reader, justification of this step via a simple construction of such a
family is given in Lemma 3.3 below.) Then p,(c) = f;p(c) f,_l, as claimed. O

Lemma 3.3. Let g; be a continuous family (though not necessarily a subgroup) of
homeomorphisms of an open interval I, with Fix(g,)NI = & for all t € [0, 1]. There
exists a continuous family of homeomorphisms f; such that f;g; f,_l =go forallt.

Proof. Fix x in the interior of /, and let D; := [x, g;(x)] be a fundamental domain
for the action of g,. Define the restriction of f; to Dg be the (unique) affine homeo-
morphism Dy — D;, and extend f; equivariantly to give a homeomorphism of /. [J

Corollary 3.4. Let p : Ty — Homeo™ (S Y. Suppose that a and b are simple closed
curves in Iy with i(a, b) = £1 and t6t([p(a), p(D)]) = £1. Then there exists a
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deformation p’ of p such that p'(a) is hyperbolic. If, additionally, p is assumed
path-rigid and minimal, then p(a) is hyperbolic.

Proof. Let A denote the subgroup generated by a and b and let ¢ = [a, b], so
[y, = A% B. Let p denote the restriction of p to A. By Lemma 3.2, there exists a
family of representations p; : A — Homeo™ (S') such that p,(c) = f;p(c) f,_1 for
some continuous family f; € Homeo™(S'), and such that p;(a) is hyperbolic. As
in the bending construction, define a deformation of p by

( )_{ﬁt(y) fory € A,
T e 7Y fory € B

By construction, p; is a well-defined representation, and p; (a) = p;(a) is hyperbolic.

If p is assumed path-rigid, then this deformation p; is semiconjugate to p. If p
is additionally known to be minimal, then there is a continuous map 4 satisfying
hop; = poh. In particular, this implies that Fix(p(a)) = hFix(p;(a)), so p(a) has
at most two fixed points. In this case, if p(a) does not have hyperbolic dynamics
then it has a lift to Homeo"z'“([R{) satisfying |x — pf(\c;) (x)| <1 for all x. However,
this easily implies that |f6’t([,of(\c;), pf(\l;)])l < 1. (The reader may verify this as
an exercise, or see the proof of Theorem 2.2 in [Matsumoto 1987] where this
computation is carried out.) We conclude that p(a) must be hyperbolic when p is

path-rigid and minimal. (Il

Having found one hyperbolic element, our next goal is to produce many others.
An important tool here, and in what follows, is the following basic observation on
dynamics of circle homeomorphisms.

Observation 3.5. Let f € Homeo™(S!) be hyperbolic, with attracting point f,
and repelling point f_, and let g € Homeo™(S'). For any neighborhoods U_ and
U, of f_ and f,, respectively, and any neighborhoods V_ and V, of g~!(f_) and
g(f+), respectively, there exists N € N such that

fNg(S'\ V) cUyand gfN(S'\U_) C V,.

The proof is a direct consequence of Definition 3.1. Note that, if f is hyperbolic,
then f~!is as well (with attracting point f_ and repelling point £, ), so an analogous
statement holds with f~! in place of f and the roles of f, and f_ reversed.

We now state two useful consequences of this observation. The proofs are
elementary and left to the reader.

Corollary 3.6. Let f € Homeo ' (S') be hyperbolic, and suppose g does not ex-
change the fixed points of f. Then for N sufficiently large, either fNg or f~Ng has
a fixed point.

Corollary 3.7. Let f € Homeo™ (S!) be hyperbolic, and suppose g~ (f-) # fi.
Suppose also that f~ g is known to be hyperbolic for large N. Then as N — 00,
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the attracting point of fNg approaches f and the repelling point approaches
~1
g (f-)

With these tools in hand, we can use one hyperbolic element to find others.

Proposition 3.8. Let p be path-rigid and minimal, and suppose that i (a, b) = £1
and that p(a) is hyperbolic. Then p(b) is hyperbolic.

Proof. We prove this under the assumption that p (b) does not exchange the fixed
points of p(a). This assumption is justified by Lemma 3.9 below. Assuming p (b)
does not exchange the points of Fix(p(a)), by Corollary 3.6, there exists some
N € Z such that p(a” b) has a fixed point. Since p(a) is hyperbolic, p(a)" belongs
to a one-parameter family of homeomorphisms, and a bending deformation using
this family gives a deformation p; of p with p;(b) = p(a”b). By Corollary 2.10,
using the fact that p is minimal, p; and p are conjugate. Thus, p(b) has a fixed
point and belongs to a one-parameter group b;.

Now we can build a bending deformation p; such that p{(b) = p(b) and p}(a) =
p(ba). Thus, p; (a~'b)=p(a~"), whichis hyperbolic. Since p; and p are conjugate,
this means that p(a~'b) is hyperbolic. Similarly, using the fact that a belongs to a
one-parameter group, there exists a bending deformation p;” with p{ (a™'b) = p(b),
and such that p{' is conjugate to p. This implies that p(b) is hyperbolic. O

Lemma 3.9. Let a, b € Iy satisfy i(a, b) = £1, and let p : Ty — Homeo™(S!).
Suppose that p(a) is hyperbolic, and p(b) exchanges the fixed points of p(a). Then
there is a deformation p' of p which is not semiconjugate to p.

Proof. Note first that the property that p(b) exchanges the fixed points of p(a)
implies that p(b~'a~'b) is hyperbolic with the same attracting and repelling points
as a. Hence [p(a), p(b)] is hyperbolic with the same attracting and repelling points
as well. We now produce a deformation p; of p such that p;(a) and p;(b) are in
PSL(2, R), after this we will easily be able to make an explicit further deformation
to a representation which is not semiconjugate.

First, conjugate p so that p(a) € PSL(2, R) and so that the attracting and repelling
fixed points of p(a) are at 0 and 1/2 respectively (thinking of S! as R/Z). Now
choose a continuous path b; from by = b to the order two rotation by : x — x +1/2,
and such that b,(0) = 1/2 and b,(1/2) = 0 for all . By the observation above,
[p(a), b;] is hyperbolic with attracting fixed point O and repelling fixed point
1/2 for all ¢, and so is conjugate to p(a). By Lemma 3.3, applied separately to
(0,1/2) and (1/2, 1), there exists a continuous choice of conjugacies f; such that
filp(a), ,o(b)]f,_l =[p(a), b;]. Now to define p;, we consider I'; = A . B where
A = {a, b) and ¢ = [a, b], and set

o) = fir)f7 ! foryeB,  pla)=p@),  p(b)=b.
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This gives a continuous family of well-defined representations, with p;(b) the
standard order 2 rotation, and p;(a) € PSL(2, R).

To finish the proof of the lemma, it suffices to note that, for a sufficiently
small deformation b, of p;(b) in SO(2), the commutator [p;(a), b;] will remain
hyperbolic, as the set of hyperbolic elements is open in PSL(2, R). Thus, there
is a continuous path of conjugacies in Homeo™ (S 1 to [p1(a), b]. This allows
us to build a deformation p’ of p with p'(b) = b, € SO(2), using the strategy
from Corollary 3.4. Since rot(b;) # rot(b) = 1/2, it follows that p’ and p are not
semiconjugate. U

The following corollary summarizes the results of this section.

Corollary 3.10. Let ~; denote the equivalence relation on nonseparating sim-
ple closed curves in ¥, generated by a ~; b if i(a,b) = £1. Suppose p :
I', — Homeo™ (S Y is path-rigid, and suppose that there are simple closed curves
a, b withi(a, b) = £1 such that t6t[p(a), p(b)] = £1. Then p is semiconjugate to
a (minimal) representation with p(y) hyperbolic for all y ~; a.

Remark 3.11. In fact, the relation ~; has only a single equivalence class! This
statement of connectedness of a certain complex of based curves can be proved
using the connectedness of the arc complex of the once-punctured surface X ;; see
[Mann and Wolff 2017, Section 2.1] for details. However, we will not need to use
this fact here, so to keep the proof as self-contained and short as possible we will
not refer to it further.

4. Step 3: Configuration of fixed points

The objective of this section is to organize the fixed points of the hyperbolic elements
in a directed 5-chain; we will achieve this gradually by considering first 2-chains,
then 3-chains, and finally 5-chains.

As in Definition 3.1, for a hyperbolic element f € Homeo™ (S') we let f
denote the attracting fixed point of f, and f_ the repelling point. By “Fix(f)
separates Fix(g)” we mean that g_ and g, lie in different connected components
of '\ Fix(f). In particular, Fix(f) and Fix(g) are disjoint.

Lemma 4.1. Let p be path-rigid and minimal, and let a, b be simple closed curves
with i(a, b) = £1 and p(a) hyperbolic. Then p(b) is hyperbolic, and Fix(p(a))
separates Fix(p (b)) in Sk

Proof. That p(b) is hyperbolic follows from Proposition 3.8 above.

We prove the separation statement. As a first step, let us show that Fix(p(a))
and Fix(p (b)) are disjoint. Suppose for contradiction that they are not. Then, (after
reversing orientations if needed) we have p(a)+ = p(b)+. Let I be a neighborhood
of p(a)+ with closure disjoint from {p(a)—, p(b)_}. Then, for N > 0 large enough,
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we have I C p(a~Vb)(I). Let p, be a bending deformation with pg = p, p;(a) =
p(a) and p;(b) = p(a~Vb). By Corollary 2.10, p;(b) is hyperbolic. Since I C
p(a=Nb)(I), its attracting fixed point is outside 7, and hence p; (b)4 # pi(a). But
p and p; are conjugate by Corollary 2.10; this is a contradiction.

Now that we know that Fix(p(a)) N Fix(p (b)) = &, we will prove that they
separate each other. Suppose for contradiction that Fix(p(a)) does not separate
Fix(p(b)). Up to conjugating p by an orientation-reversing homeomorphism of S',
and up to replacing b with b, the fixed points of p(a) and p(b) have cyclic order
(a4, a—, by, b_). (For simplicity, we have suppressed the notation p.)

Fix N € N large, and let o’ be a bending deformation of p so that p'(b) =
p@)p(b), and p’(a) = p(a). It follows from Corollaries 2.10 and 3.7 that,
if N is large enough, the points b, = p'(b); and b_ = p'(b)_ can be taken
arbitrarily close, respectively, to a; and p(b)~'(a_). Since the cyclic order of
fixed points is preserved under deformation, they are also in order (a4, a—, bﬁr, b).
This is incompatible with the positions of a4 and p(b)~!(a_), unless perhaps
if p(b)"Y(a_) = a,. Butif p(b)"'(a_) = a,, then p’(b) has no fixed point in
(p(b) Nay), ay) as this interval is mapped into (ay,a_) by p(b’). This again
gives an incompatibility with the cyclic order. (]

Lemma 4.2. Let p be path-rigid and minimal, and let (a, b, c) be a directed 3-
chain. Suppose that p(a) is hyperbolic, and suppose that p(a) and p(c) do not have
a common fixed point. Then p(b) and p(c) are hyperbolic, and, up to reversing the
orientation of S\, their fixed points are in the cyclic order

(p(a)—, p(D)—, p(a)y, p(c)—, p(b)+, p(c)4).

Proof. Tt follows from Proposition 3.8 that p(b) and p(c) are hyperbolic, and from
Lemma 4.1 that up to reversing orientation, the fixed points of p(a) and p(b) come
in the cyclic order

(le, b,, ay, b+)

(For simplicity we drop p from the notation for the fixed points.) As mentioned
above, the effect of a bending deformation that realizes a power of a Dehn twist
along a is to leave a and c¢ invariant and to replace b with ba”. Corollary 2.10
says that the resulting representation is conjugate to p. By doing this with N > 0
and N < O large, we get representations for which »”_ = p(ba™)_ can be taken
arbitrarily close to a4, as well as to a_. This, and Lemma 4.1 applied to the curves
(b, ¢), imply that the intervals (a4, b4) and (b4, a_) each contain one fixed point
of c. To prove the lemma, it now suffices to prove the cyclic order of fixed points

(a—’ b—a ay, Cy, b+9 C—)

cannot occur. Suppose for contradiction that this configuration holds, and apply a
power of Dehn twist along b, replacing a with b~a and ¢ with ¢h" (and leaving
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b invariant), for N > 0 large. Denote by ¢/, ¢, a’ and a/_ the resulting fixed
points, i.e., the fixed points of p(cb™) and p(b~Va) for N > 0 large. If N is chosen
large enough, then ¢, ¢/ and a’_ are arbitrarily close to c(b.), b— and a~'(by),
respectively. (See Corollary 3.7.) These three points are in the reverse cyclic order
as ¢y, ¢_ and a_; hence, the representation p’ obtained from this Dehn twist cannot
be conjugate to p. This contradicts Corollary 2.10, and so eliminates the undesirable
configuration. U

We are now ready to prove the main result of this section.

Proposition 4.3. Let p be a path-rigid, minimal representation, and (a, b, c, d, )
be a directed 5-chain in Xq. Suppose p(a) is hyperbolic. Then, p(b), ..., p(e)
are hyperbolic as well, and up to reversing the orientation of the circle, their fixed
points are in the following (total) cyclic order:

(a—,b_,ay,c_,by,d_,cq,e_,dy,ey).

In particular, these fixed points are all distinct. As before, for simplicity we have
dropped p from the notation.

Proof. That p(b), ..., p(e) are all hyperbolic follows from Proposition 3.8. Next,
using a bending deformation realizing a Dehn twist along d, we may change the
action of ¢ into d~"¢ without changing @, and without changing the conjugacy
class of p. In particular, such a deformation moves the fixed points of ¢, so we can
ensure that Fix(p(a)) and Fix(p(c)) are disjoint.

Similarly, for any two elements in the chain (a, b, ¢, d, e), there is a third one
that intersects one but not the other. Thus, we may apply the same reasoning to
show that all these five hyperbolic elements have pairwise disjoint fixed sets. It
remains to order these fixed sets. For this, we will apply Lemma 4.2 repeatedly.

First, fix the orientation of S! so that, applying Lemma 4.2 to the directed 3-chain
(a, b, c), we have the cyclic order of fixed points

(a_, b_, ay,C—, b+, C+).

Now, Lemma 4.2 applied to the directed 3-chain (b, c, d) implies that d_ lies in
the interval (b4, c4+) and dy in the interval (c4, b_). Applying the lemma to the
directed 3-chain (a, cb, d) implies that d in fact lies in the interval (cy, a_).
The same argument using Lemma 4.2 applied to the directed 3-chains (c, d, e)
and (a, dcb, e) shows that e_ lies in the interval (¢, dy) and e, in the interval
(d+, a_), as desired. O

5. Step 4: Maximality of the Euler number

In order to compute the Euler number of p, we will decompose X into subsurfaces
and compute the contribution to eu(p) from each part. The proper framework for
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Figure 2. A pair of pants with standard generators of its fundamental group.

discussing this is the language of bounded cohomology: if ¥ is a surface with
boundary 9%, and p : 71 (X) — Homeo™ (S!), one obtains a characteristic number
by pulling back the bounded Euler class in Hb2 (Homeo™ (S1); R) to Hg(Z, 02; R)
and pairing it with the fundamental class [%, d¥]. The contribution to the Euler
number of p : £, — Homeo™ (S 1) from a subsurface X is simply this Euler number
for the restriction of p to X.

However, in order to keep this work self-contained and elementary, we will avoid
introducing the language of bounded cohomology, and give definitions in terms
of rotation numbers alone. The reader may refer to [Burger et al. 2014, §4.3] for
details on the cohomological framework.

Definition 5.1 (Euler number for pants). Let p: I’y — Homeo™t (S'), andlet P C & 2
be a subsurface homeomorphic to a pair of pants, bounded by curves a, d and (da)~",
with orientation induced from the boundary. Let pﬂ(:z/) and ,0?3) be any lifts of p(a)
and p(d) to HomeoZ(R). The Euler number of p on P is the real number

eup(p) = dt(p(a)) + ot(p(d)) — ot(p(d) p(a)).

An illustration in the case where P contains the basepoint is given in Figure 2.

Note that the number eup (p) is independent of the choice of lifts of p(a) and p(d).
We also allow for the possibility that the image of P in X, has two boundary curves
identified, and so is a one-holed torus subsurface. In this case, one may choose free
generators a, b for the fundamental group, with i (a, b) = —1 so the torus is T (a, b)
and the boundary of P is given by the curves b~!, a~'ba and the commutator [a, b].
Then the definition above gives

eup(p) = ftlp(a), p(B)].
Now, the following is a restatement of Lemma 2.1 above.

Lemma 5.2. Let P be any pants and p a representation. Then |eup(p)| < 1.



A CHARACTERIZATION OF FUCHSIAN ACTIONS BY TOPOLOGICAL RIGIDITY 197

More generally, if S C X is any subsurface, we define the Euler number eug(p)
to be the sum of relative Euler numbers over all pants in a pants decomposition
of S. From the perspective of bounded cohomology, it is immediate that this sum
does not depend on the pants decomposition; however, since we are intentionally
avoiding cohomological language, we give a short stand-alone proof.

Lemma 5.3. For any subsurface S C X, the number eus(p) is well defined, i.e.,
independent of the decomposition of S into pants.

Proof. Any two pants decompositions can be joined by a sequence of elementary
moves; namely those of types (I) and (IV) as shown in [Hatcher and Thurston
1980]. A type (IV) move takes place within a pants-decomposed one-holed torus P
and so does not change the value of eup, which is simply the rotation number of
the boundary curve, as remarked above. A type (I) move occurs within a four-
holed sphere S’; if the boundary of the sphere is given by oriented curves a, b, ¢, d
with dcba = 1, then it consists of replacing the decomposition along da with a
decomposition along ab. It is easy to verify by the definition that, in either case,
the sum of the Euler numbers of the two pants on S’ is given by

iSt(p(a)) + fot(p (b)) + ot(p(c)) + fot(p (d)). O

Corollary 5.4 (additivity of Euler number). Let P be any decomposition of X into
pants. Then

eu(p) = Z eup(p).

PeP

Proof. By Lemma 5.3, we may use any pants decomposition to compute the Euler

class. By using a standard generating system (ay, ..., bg) and cutting X, along
geodesics freely homotopic to a;, ¢; =[a;, bj],fori=1,...,gandd;=c; ---c; for
i=2,...,g—1, werecover the formula taken as a definition in Proposition 2.2. [J

We now return to our main goal: we prove that maximality of the Euler class
holds first on small subsurfaces, then globally on X,.

Proposition 5.5. Let S C X, be a subsurface homeomorphic to a four-holed sphere.
Suppose that none of the boundary components of S is separating in X,, and let p
be a path-rigid, minimal representation mapping one boundary component of S to
a hyperbolic element of Homeo™ (S'). Then, p maps all four boundary components
of S to hyperbolic elements, and the relative Euler class eus(p) is equal to 2.

In the statement above, we do not require that the boundary components are
geodesics for some metric on X,, in particular, two of them may well be freely
homotopic.

Proof. Put the base point inside of S. The complement X, \ § may have one or
two connected components, since none of the curves of 9§ are separating in . In
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Figure 3. A four-holed sphere and two 5-chains.

either case, we may find two based, nonseparating, simple closed curves u, v € I,
with i(u, v) = 0, each having nonzero intersection number with exactly two of
the boundary components of S, as shown in Figure 3. Additionally, we may fix
orientations for # and v and choose four elements a, b, ¢, d € 7S, each freely
homotopic to a different boundary component of S, with dcba = 1, and such that
(a,u,d 'a=', v,d) and (c, v, ad, u, b) are directed 5-chains in Y,. As we have
assumed that the image under p of one of a, b, ¢ or d is hyperbolic, Proposition 3.8
implies that all the curves appearing in these 5-chains are in fact hyperbolic.

Orient the circle so that (u_, (ad)y, u4, (ad)_) are in cyclic order (as before,
we drop the letter p from the notation, for better readability). Then, Proposition 4.3
applied to the two directed 5 chains above gives the cyclic orderings

(a—’ u_,day, (ad)-‘rv Uy, v, (ad)—v d—a Uy, d+)
and

(C—9 v, Cq, (ad)—a Uy, U_, (ad)-‘ra b—v Uy, b+)
These two orderings together yield the cyclic ordering

((ad)—,d_,dy,a—_, a4, (ad)+,b_,bs,c_,cy).

We now use this ordering to prove maximality of the Euler class. Let «, 8, y
and §, respectively, denote the lifts of p(a), p(b), p(c) and p(d) to Homeo"zIr (R)
with translation number zero. Let x = (ad)_ be the repelling fixed point of ad.

Since x has a repelling fixed point of d immediately to the right, and an attracting
fixed point of d to the left, we have §(x) < x. By the same reasoning, if y is any
point in the interval between consecutive lifts of fixed points a and a_ containing x,
then a(y) < y. Since ad(x) = x, it follows that § (x) must lie to the left of the lift
of ay, and we have o (x) =x — 1.

Since chad =1, we also have that cb(x) = x. Considering the location of repelling
points of b and ¢ and imitating the argument above, we have again 8(x) < x, and
also yB(x) < x. It follows that yB8(x) = x — 1, hence yBad(x) = x — 2, and
eus(p) = —2. O
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With this information on subsurfaces, we prove the Euler number of p is maximal.

Proposition 5.6. Let p be path-rigid, and suppose that p admits a Fuchsian torus.
Then p has Euler number £(2g — 2).

Proof. After semiconjugacy, we may assume that p is minimal. Let T (a, b) be a
Fuchsian torus for p. By Corollary 3.4, we may suppose that p(a) is hyperbolic. Ig-
noring the curve b, find a system of simple closed curves a; =a, az, ..., ag_1, with
each a; nonseparating, that decomposes X, into a disjoint union of pairs of pants.

The dual graph of such a pants decomposition is connected (because X is
connected), so we may choose a finite path that visits all the vertices. In other words,
we may choose a sequence Pi, ..., Py of pants from the decomposition (possibly
with repetitions), that contains each of the pants of the decomposition, such that each
two consecutive pants P; and P;; are distinct, but share a boundary component. Let
S; denote the four-holed sphere obtained by taking the union of P; and P; | along a
shared boundary curve. (If P; and P;1; share more than one boundary component,
choose only one). We may further assume that a is one of the boundary curves of S;.

Starting with S; as the base case, and applying Proposition 5.5, we induc-
tively conclude that all boundary components of all the S; are hyperbolic, and that
eugs, (p) = £2. Thus, the contributions of P; and P;; are equal, and equal to £1,
for all i. It follows that the contributions of all pairs of pants of the decomposition
have equal contributions, equal to +1. By definition of the Euler class, we conclude
that eu(p) = £(2g — 2). O

The proof of Theorem 1.3 now concludes by citing Matsumoto’s result [1987]
that such a representation of maximal Euler number is semiconjugate to a Fuchsian
representation. (Il
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FUNDAMENTAL DOMAINS AND PRESENTATIONS
FOR THE DELIGNE-MOSTOW LATTICES
WITH 2-FOLD SYMMETRY

IRENE PASQUINELLI

In this work we will build a fundamental domain for Deligne—-Mostow lat-
tices in PU(2, 1) with 2-fold symmetry, which completes the list of Deligne—
Mostow lattices in dimension 2. These lattices were introduced by Mostow,
(1980; 1986) and Deligne and Mostow (1986) using monodromy of hyper-
geometric functions and have been reinterpreted by Thurston (1998) as au-
tomorphisms on a sphere with cone singularities. Following his approach,
Parker (2006), Boadi and Parker (2015) and Pasquinelli (2016) built a fun-
damental domain for the class of lattices with 3-fold symmetry, i.e., when
three of five cone singularities have the same cone angle. Here we extend
this construction to the asymmetric case, where only two of the five cone
points on the sphere have the same cone angle, hence building a fundamen-
tal domain for all remaining Deligne-Mostow lattices in PU(2, 1).
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1. Introduction

Deligne—Mostow lattices first appeared in [Deligne and Mostow 1986; Mostow
1986; 1988]. They arise as monodromy of hypergeometric functions, a construction
that dates back to Picard, Lauricella and others. More precisely, they start with
a ball N-tuple u = (1, ..., un), i.€., a set of N real numbers between 0 and 1
such that ) pu; = 2, from which they construct some lattices in PU(N — 3, 1).
Then Mostow deduced a sufficient condition on u for the monodromy group to be
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Deligne—-Mostow lattices.
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discrete, called condition XINT. This improved the sufficient condition called INT
and introduced by Picard.

Thurston [1998] reinterpreted these lattices in terms of cone metrics on the sphere.
First he considers a sphere with N cone singularities of cone angles 6; between
0 and 27 satisfying the discrete Gauss—Bonnet formula (i.e., > «; = 4w, where
o =21 — 6; are the curvatures at the cone points). Then he proves that the moduli
space of such cone metrics with prescribed cone angles and area 1 has a complex
hyperbolic structure of dimension N — 3. Considering the group of automorphisms
of the sphere swapping cone points (and their squares), he gets some conditions on
the cone angles for this group to be a lattice. Thurston’s criterion corresponds to
the XINT condition when taking u; = 2w «;. Kojima [2001] proved that the two
constructions are equivalent.

Combining the works of Deligne, Mostow and Thurston already mentioned with
the work of Sauter [1990], one gets a finite and exhaustive list of ball N-tuples p
that give rise to a lattice using this construction (see also [Deligne and Mostow
1993]). This includes nine ball 5-tuples and one ball 6-tuple not satisfying the
condition XINT, but commensurable to a monodromy group satisfying £INT. Any
other value gives a nondiscrete quotient. In this work we will concentrate on the ball
5-tuples in Deligne and Mostow and Thurston’s works and we will study the lattices
in PU(2, 1) obtained. All of these lattices have an extra symmetry given by some of
the 1;’s having the same value. In Thurston’s approach, this means that some of the
cone points on the sphere have the same cone angle. In particular, the lattices will
have either 2-fold or 3-fold symmetry (i.e., they will have 2 or 3 cone points with
same cone angle respectively). The latter case has been analysed in many different
papers. We divide the 3-fold symmetry lattices into four classes (first, second, third
and fourth type) according to the sign of certain parameters associated to them (see
[Parker 2009] for details on the use of this terminology). First, Deraux, Falbel and
Paupert [Deraux et al. 2005] built a fundamental domain for the lattices of second
type. Using a different method, Parker [2006] built a fundamental domain for a
class of these lattices, called Livné lattices (or lattices of third type). The lattices of
first type were treated by Boadi and Parker [2015], using the same procedure as in
[Parker 2006]. Later, in [Pasquinelli 2016], I explained how to use Parker’s method
to describe a single polyhedron that, appropriately modified, gives a fundamental
domain for all lattices with 3-fold symmetry, including the cases already treated
and the lattices of fourth type.

The goal of this paper is to show how to adapt Parker’s construction in order to
build a fundamental domain for the remaining Deligne—-Mostow lattices, namely
those with 2-fold symmetry. In the first part of the paper, we will forget about
the symmetries and we will give a completely general construction that is valid
whatever the initial cone points are. The construction consists in parametrising
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the cone metric and showing geometrically that Thurston’s theorem holds, giving
explicitly the Hermitian form that determines the complex hyperbolic structure.
Then we will introduce the moves, which are maps on the sphere corresponding to
swapping two cone points, i.e., applying a half Dehn twist along a curve containing
two cone points or corresponding to a full Dehn twist. These are automorphisms
of the sphere when the cone points which are swapped have the same cone angle.
Here we will also consider maps that swap cone points with different cone angle.
This means that we land on a new cone metric after applying the move. Moreover,
we will show how one can build a polyhedron by studying what happens when
pairs of cone points approach until they coalesce. We want to remark that this is
completely general and can be built even if the cone angles we started from do
not give a lattice. Then, in the 3-fold symmetry case the polyhedron is actually
a fundamental domain for the lattices, when starting from the right set of cone
singularities. In the 2-fold symmetry case this polyhedron is a building block for
the fundamental domain, which will consist of the union of three copies of this
polyhedron, each for a different ordering of the cone points. How to take these
three copies is the topic of the second part of the paper, together with the proof that
the new polyhedron built is the fundamental domain we wanted.

The paper is organised as follows. Section 1 is the present introduction.

Section 2 contains background information about the complex hyperbolic space,
including the definition and the properties needed in the rest of the paper.

Section 3 considers a generic cone metric on the sphere (without any symmetry).
To parametrise it, we cut along curves passing through the cone points and develop
the metric on a plane in a polygonal form. One can recover the cone metrics by gluing
the associated sides of the polygon back together. The parameters will be related
to the sides of the polygon, which we use to give a set of projective coordinates.
We will then describe the moves and the polyhedron. In the last part of the section,
we will describe the two sets of coordinates that we will use to make the definition
of the polyhedron clearer, we will analyse its cells and study its combinatorics.

In Section 4 we will specialise to the 2-fold symmetry case. First we will
introduce the lattices we will be working with, listing the possible sets of cone
angles we will be starting from. This is the original list from the works of Deligne
and Mostow which can be found, for example, at the end of [Thurston 1998] or
in [Mostow 1988]. Then we will build a new polyhedron as the union of three
copies of the polyhedron described in Section 4B. It will be described using three
sets of coordinates. At the end of the section we will describe its sides and use the
moves of Section 3B to construct the side pairing maps that we need for Poincaré
polyhedron theorem.

Section 5 is dedicated to our main theorem, which states that the polyhedron
constructed (up to certain modifications) is indeed a fundamental domain for the
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lattices with 2-fold symmetry. This is proved using the Poincaré polyhedron theorem
and in this section we will show that all conditions in the theorem are satisfied.
Specifically we will prove that the polyhedron and its images under the side-
pairing maps are disjoint and that they tessellate a neighbourhood of each ridge
(2-dimensional facet) of the polyhedron. The theorem also gives us a presentation
of the lattices, with the side pairings as generators. In the presentation the relations
are given by cycle transformations which are complex reflections with certain
parameters related to the lattice as their order. When an order is positive, we have a
complex reflection with respect to a complex line, when it is negative we have a
complex reflection in a point, while when it is co we have a parabolic element and
a fixed point on the boundary. The last two cases are related to the modifications of
the polyhedron that we mentioned. In fact, when one of the parameters is negative
or infinite, a ridge collapses to a single point, on the boundary when the parameter
is infinite. In Section 5A we also explain in detail why this happens. In particular,
when a particular one of the parameters is not positive and finite, we need to consider
a different configuration (similar to the one in Section 3, but not quite the same),
which is described in Section SE. This explicit description of the polyhedron also
allows us to calculate the orbifold Euler characteristic of the polyhedron, as the sum
(with alternating signs with the dimension of the facets) of the order of stabiliser of
one element for each orbit of facets. Then we calculate the volume of the quotient,
which is a multiple of the orbifold Euler characteristic. Observe that the volume
we calculated is consistent with the commensurability theorems we know for these
lattices (see, for example, page 15 of [Parker 2009]) and the known volumes of the
lattices.

Some of our proofs are very similar to the ones in [Parker 2006; Boadi and
Parker 2015; Pasquinelli 2016]. When the exact same proof can be used, we will
not rewrite it.

2. Complex hyperbolic space

Complex hyperbolic space is a natural generalisation to the complex world of real
hyperbolic space. In fact, 1-dimensional complex hyperbolic space is just a 2-
dimensional real hyperbolic space. The real hyperbolic plane is, in fact, an example
of complex hyperbolic space of dimension 1. Generalising this construction to a
complex vector space we get complex hyperbolic space. In this section we will
introduce the background material about complex hyperbolic geometry that we will
need in this work. More details about complex hyperbolic space can be found in
[Goldman 1999].

2A. Definition and isometries. Consider C™!, a complex vector space of dimen-
sion n 4 1 equipped with a Hermitian form H of signature (n, 1).
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Then one has a product law on C™! given by
(z, w) =w*Hz,

where w* denotes the complex conjugate of the transpose of the vector (and same
for matrices). Since the norm (z, z) obtained using this product is always real, one
can consider three subspaces of cnl \ {0}, namely V., Vy, V_, defined by the norm
being positive, zero or negative respectively.

Consider the projection P of C™!\ {0} onto CP".

Definition 2.1. The n-dimensional complex hyperbolic space for a Hermitian form
His H® =PV_, i.e., the space of vectors of negative norm, up to scalar multipli-
cation by complex numbers. Its boundary is d H = PVj.

On H{ we consider the Bergman metric, given by the formula

2 _—4 (z,2) (dz,2)
= (z.2)? det((z,dz) (dz,dz))'

The —4 factor makes the curvature pinched between _le and —1. For two points z

and w, their distance o(z, w) is given by
(1) COShZ(Q(Z, w)) — <zv w><wv Z) )
2 (z,z)(w, w)

Consider now U(H) the group of (n+1)x (n+1) matrices A which are unitary
with respect to H (i.e., A*HA = H). The projectivisation of this group is

PU(H) = UH)/{€"°I: 6 €0, 27)}.

The full group of isometries of H{ is generated by the complex conjugation and
PU(H), which we denote as PU(n, 1), since it is independent on H.

In this work we will study some lattices in PU(2, 1), which are discrete subgroups
I" for which the quotient I"'\ H{ has finite volume.

2B. Bisectors. Our goal is to build a fundamental domain for some lattices. In
complex hyperbolic space this is very hard, since there are no totally geodesic real
hypersurfaces. One possible substitute is bisectors, which have some interesting
properties.

Given two points z and w in H2, the bisector between (or equidistant from) z
and w is the locus of points which are equidistant from the two points. The complex
line L spanned by z and w is the complex spine of the bisector. The complex spine
and the bisector intersect in the spine of the bisector, which is a geodesic y € L.

Bisectors are good to cut out a polyhedron because they are foliated by totally
geodesic subspaces in two different ways. The first foliation is by slices and is a
construction due to Giraud [1921] and Mostow [1980]. A slice is a complex line



206 IRENE PASQUINELLI

that is a fibre of the map I1;, the orthogonal projection to the complex spine L. The
bisector is the preimage by I1; of y and the preimage of each point of y is a slice.
The second foliation is by meridians and is due to Goldman [1999]. A meridian is
a totally geodesic Lagrangian plane containing the spine y. It can also be described
as the set of fixed points of an antiholomorphic involution which swaps z and w.

Bisectors also contain Giraud discs [1921]. For three points z, w and x, not all
contained in the same complex line, one can consider B(z, w, x), the set of points
equidistant from these three points. Such set is a smooth disc, not totally geodesic,
contained in exactly three bisectors (B(z, w), B(z, x) and B(w, x)) and it’s called
a Giraud disc.

3. The general construction

This section follows [Parker 2006, Section 2; Boadi and Parker 2015, Section 2;
Pasquinelli 2016, Section 4]. It generalises this procedure to when there is no
symmetry given by cone points having same cone angle. The construction is based
on Thurston’s result:

Theorem 3.1 (Thurston). Let a1, ...,y be N real numbers in (0, 2w) whose
sum is 4. The set of Euclidean cone metrics on the sphere with cone points of
curvatures «; and area 1 form a complex hyperbolic manifold of dimension N — 3,
whose metric completion is a complex hyperbolic cone manifold of finite volume.

In this work we always have N =5. One can geometrically parametrise such cone
metrics and that is the procedure that will be explained in this section. Thurston
also showed that the metric completion is obtained by making pairs of cone point
approach until they coalesce. Later in this section we will study this in order to
build a polyhedron. Thurston also gave a sufficient condition on the curvatures
for the cone manifold to be an orbifold, which corresponds to Mostow’s ZINT
condition mentioned in the introduction. From Section 4 onwards we will restrict
to initial cone angles whose curvatures satisfy the condition.

In the first part of this section we will show how to parametrise the cone metrics
using suitable coordinates. This is a generic construction and does not depend
on whether the cone angles we choose give a lattice or not, nor on whether the
cone points have the same angle or not. The only restriction on the cone angles
in this case is for the Hermitian form we obtain to have the required signature.
We will also show how to explicitly see the complex hyperbolic structure in our
coordinates. In the second part of the section we will show how to build a polyhedron
in the moduli space starting from the cone metrics and using the coordinates we
introduced. Finally we will describe some maps we will use, in the spirit of the
moves in previous works. In the case of lattices with 3-fold symmetry treated in
previous works, the polyhedron so constructed is a fundamental domain for the
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V3
m+6-B
Vs
Vo
Vi |'|
m+@-a

Figure 1. The configuration (¢, 8, 6, ¢).

group generated by the moves, which are symmetries of the polyhedron. In the
case of 2-fold symmetry treated in the Section 4, it will be a building block for the
fundamental domain.

3A. Configuration space. Consider a cone metric on the sphere with cone points
of angles 6y, 01, 6, 03 and 04 with 0 < 6; < 27 and ) (27 — 6;) = 4x (discrete
Gauss—Bonnet formula). Since we have 5 cone singularities, a priori the lattices are
described by 5 parameters.

The discrete Gauss—Bonnet formula guarantees that the value of the fifth angle
is determined by the previous four. To prescribe the cone angles we will use the
parameters

01 ) 0 03 b 6
2 = —, = —, 9 = — - — 7, = — — —TT.
@ “=2 2 Ty =gty T
They have a geometric meaning which is made clear in Figure 1. Then we will
denote a cone metric with these cone angles as («, 8, 6, ¢). By definition of the

parameters, we are considering a flat sphere with 5 cone singularities of angles
QCr+¢—a), 2o, 28, 2m+60-p), 2(mw—0-9)).

As one can see in the upper-left-hand side of Figure 1, the order of the angles is
given by starting in the lower left corner and continuing anticlockwise. So the angle
6; is the cone angle of the cone point v; for i =0, 1, 2, 3 and 6, is the cone angle
of the cone point v,.

We now fix the cone angles (so fix a configuration («, 8, 8, ¢)) and want to
parametrise all possible positions of the cone points on the sphere. Let us first
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consider the easier case of when the five cone singularities are along the equator
of the sphere. In other words, it is possible to draw a geodesic between the cone
points which cuts the cone angles in half. Then one can cut along the geodesic
passing through vg, vy, vz, v3 and v, in order and open up in the complex plane
the figure obtained, getting the upper-right-hand side of Figure 1. Remark that we
are positioning v, in the origin and vy along the negative imaginary axis. One can
always recover the original cone metric by gluing back in pairs the sides of the
octagonal shaped shaded polygon IT in Figure 1 by a vertical reflection.

Let us now consider the triangle 73 which has a vertex in v, and the three sides
along the lines between v,, v3, between vy, vy, between vy, vg. Call A the vertex
between the second and third lines mentioned and B the other vertex. Let 75 be the
triangle built on the segment between vy, v; with the opposite vertex coinciding
with A and 77 the triangle built on the segment v, v3 with opposite vertex B. Then
T_; is the reflection by the vertical axis of T;, fori =1, 2, 3. A way of describing I1
is to consider the two triangles 743 and removing from it copies of 7; and 7_, and
copies of 77 and 7_;. Since we have fixed the positions of the points on the sphere
to be on the equator, the possible variations in the cone metric are the possible
distances between the cone points. Now since all the angles of the triangles are
determined by the cone angles, it is enough to take as a parameter one side of
each of the triangles in order to also have all the lengths determined and hence the
distances between cone points. To describe the cone metric we will use the three
aligned parameters #;, , and #3 shown in the picture. These are the three sides of
the triangles aligned along the line between A and B. Knowing the values of the
parameters and the initial cone angles, one can recover the cone metric by building
the triangles and gluing the octagon back into a sphere.

Let us now consider the general case, where the cone points are allowed to be
anywhere on the sphere. By inspection on Figure 1 one can see that it is enough to
allow the three real parameters 71, #; and #3 to be complex (i.e., not to be aligned).
More precisely, we will fix the vertex of 7| at A and the vertex of 7, at B and allow
the triangles to rotate around that vertex, moving v; for i =0, 1, 2, 3 along with
it. The sphere can still be recovered by gluing the corresponding sides of I1. The
length of the complex parameters encodes the information of the distances between
cone points, while the angle of the parameters encodes the fact that two pieces of
the geodesic might not divide the cone angle they share in two equal angles.

For more details on this description one can see [Parker 2006, Section 2.1; Boadi
and Parker 2015, Section 2.1; Pasquinelli 2016, Section 4.1].

Since we are interested in the cone metrics up to rescaling, we will choose to
assume that #3 = 1. Remark that this is one of the possible normalisations, different
from asking from the area to be 1 (like in [Thurston 1998]).

As proved by Thurston, the set of cone metrics of this type has a complex



FUNDAMENTAL DOMAINS FOR DELIGNE-MOSTOW LATTICES 209

hyperbolic structure. The Hermitian form for the complex hyperbolic structure is
given by the area of the cone metric. The area of the octagon I1 is given by

sinfsing , sinfsinf 2 singsinae_ ,

3) Areall = —————|13]" — — b|"— ——Inl".
sin(0 + ¢) sin(8 —0) sin(a — ¢)
So one could write the Hermitian form in matrix form as
B s%n ¢ sina 0 0
sin(o —¢)
H— 0 _sinfsin B 0
- sin(B—0) ’
0 sin ¢ sin 6
sin(6+¢)
and say that
Areall =t"Ht.

Now, all this only makes sense if the area of I1 (and so the area of the cone
metric) is positive. Moreover, following Thurston [1998] we are considering the
cone metrics of area 1, or equivalently, the coordinates up to projective equivalence.
Finally, from the matrix form of H, it is clear that it has signature (1, 2) for suitable
values of the parameters (see Section 4A for the values of the parameters that we
will consider). Remembering the definition of Hé presented in Section 2, we can
write

H}={z: (z,z)=7"Hz > 0}.

3B. Moves. In this section we will introduce some maps that will play a key role
in the following sections, since their compositions will be the generators of the
lattices with 2-fold symmetry. They generalise the maps used in [Parker 2006;
Boadi and Parker 2015; Pasquinelli 2016].

The move R; exchanges the two cone points v, and v3 with their cone angles,
while R, exchanges v; and v,. Since the moves change the values of our parameters,
we will denote the move as R;(«, B, 6, ¢) to say that

Ri: (o, ,0,0)— (&', 8.0, ¢,
unless the angles of the configuration we start from is obvious. This means, for
example, that when composing two maps 7T («, 8, 0, ¢) and S(«, B8, 6, ¢), we need
to consider that the second map is applied to the new angles, so we are doing the
composition
4) S, B0, ¢)oT (B0, ¢)
because (a, 8,6, p) H> (o', B/, 0, ') > (a”, B", 0", ¢"). Similarly, when calcu-

lating inverses we have

) [T(, 8,0, 91 ' =T, B0, ¢,
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Figure 2. The move R;.

since T: (o, B,0,¢9) — (o, B/, 60, ¢)and T~': (o', B, 0", ¢') — (a, B, 6, P).

The matrix of Ry (¢, B, 6, ¢) is now obtained from the equations v6 =g, V), = Vs,
v) = vy, v =1 and v’ , = v3, where the v;’s are the coordinates in the (a, 8, 6, ¢)
configuration and the v’s in the (¢, 8', 0’, ¢’) configuration (see Figure 2). The
matrix of R; is then

1 0 0

. ig_ sinf

(6) Rl ((X, /3’ 9’ ¢) - 0 ¢ Sln(,B_G)
0 0 1

Similarly, one can find the matrix of R, by simultaneously solving the equations
U = Vo, Vj = Vs, V) =1, V| =v_ and v} = v3 to get

(7 Ra(a, B,0,9)
1
~ sin(@ 4+ o — B) sin(p + B —a)
sina sin@’e!@?  sin(a — ¢) sin6’e’® — sin(a — ¢) sin6’e'®
sin(B —6) sing’e’?  sin¢’ sin Be! P~ —sin(B — ) sin ¢’e'P
sin(f + ¢) sinae’”  sin(0 + ¢) sin fe’® A

with¢’ =¢p+B—aand 9’ =0 +ao — B and

(8) A =sin0sing’ —sin(d + ¢) sin Be'®
=sin¢ sin®’ — sin(0 + ¢) sinae®

= sin 6 sin ¢ cos(a — ) — sin & cos ¢ sin ae® — cos O sin ¢ sin Be'“.
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m-6-
¢ n+6-B

n+o-a

] , |
4‘ n+6-B

Tl+(p-a q)+ B_a

Figure 3. The action of P on the angles.

The third move A is exactly as in previous papers because it starts and lands in
the same configuration and its matrix is

X 00
9) Ao, B,O,)=| 0 10].
0 01

We now want to compose the two matrices to calculate P = RjR, and J = PA;.
As we already mentioned, after applying the first transformation the angles change.
Looking at Figure 3, one can deduce that

(10)  P(a, B,0,9)

=Ry, 8.0, ¢"Ra(a, B. 6, )

=Ri(B,a,0+a—B,0+p—a)Ra(a, B,0, 9)

1
"~ sin(@ + o — B)sin(¢p + B —a)
sina sin@’e! @9 sin(a — ¢) sin@’e’® — sin(a — @) sin @’e'®

rpilere)  sing'sinfsine g, ool @i @ t6)

. sin(B—6) ’
sin(6 + ¢) sinae sin(6 + ¢) sin fe’® A

sin « sin ¢

where, as before, ¢’ =¢p+B8 —a, 8 =0 +a — 8 and A is as in (8).
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On the other hand, J = P A, is easier to calculate, since A; does not change the
type of the configuration. So

L J(a B.6.9)

= P(a, B,0,9)A1(a, B, 6, )
B 1
~ sin(@ + o — ) sin(¢p + B — )
sin« sin §’e! @9 sin(o — ¢) sin6’e’® —sin(a — ¢) sin 0’e'®

sina sin @leilto+29)  SMESMBSING sy G Gn apitatd)
' sin(—0) .
sin(@ + ¢) sin we! P29 sin(0 + ¢) sin Be'® A

where again ¢’ =¢+B—a, 0/ =60 +a — f and A is as in (8).

We remark that if we define a second set of coordinates as s = P~ !¢ (as we will
do later), the action of R is equivalent to applying R; on the s-coordinates. In
other words, R, = PR{P~' = R|R,R; Ry lRfl, which is equivalent to the braid
relation

RiR:R; = RyR(R,.

Again, to calculate this composition, we need to record how the configuration
changes when applying the matrices so we need to prove that the following diagram
commutes

@ B.0,9) i s (0, T+0—B, 0, ¢)
Rzl lREI
B,a,a+0—8, f+¢p—a) r+60—-B,0,a+B—m, T+0+dp—a—pB)

RIT lzel

B, r+0—-B,a+0—B, B+od—a) N (r+60—-8, B, a+B—m, 7t +0+p—a—p)
which is easy to verify by simple calculation.

3C. The polyhedron.

3C1. Complex lines and vertices. We want to study the metric completion of the
moduli space. This means that we want to see what happens when two cone points
get closer and closer until they coalesce. We define L;; to be the complex line
obtained when v; and v; coalesce, for i, j € {0, 1, 2, 3, *}. Its normal vector will
be denoted as n;;. They have equations described in Table 1.

The vertices of the polyhedron are obtained by intersecting pairs of these complex
lines (i.e., by making two pairs of cone points coalesce) and they have coordinates
given in Table 2.
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L;; equations in terms of the #-coordinates
L.o = s%n(ot—.qb) sinf
sina sin(6 +¢)
L. f = e—it SN0
sin(6+¢)
L b= i0 Sin¢
<2 27 Sin@O+¢)
L. b= s%n(ﬂfe) sin ¢
sin B sin(0 +¢)
Lo t1 =0
L & i¢t H=1
02 sin(a—q&)e 1o
L sin o ei¢t e_,"g sin ,3 =1
B Gne—p¢ 1T Gng—0)">
L t+nh=1
L et SNB
13 e 0
L3 =0

Table 1. The equations defining the complex lines of two cone
points collapsing.

3C2. Second set of coordinates. 1t will be useful to define another set of coordinates
in order to define the polyhedron explicitly. This is in the spirit of the w-coordinates
in the previous works and is given by

S1 H
(12) s=|s =P "|n
1 1

To calculate the s-coordinates, the first thing to do is to calculate P (e, B,0, ),
with a similar argument as in Section 3B. We recall that this means that P~! is
applied to the configuration (a, B, 6, ¢). As shown in Figure 4, P~! acts as follows:

(13) (a.B.6.9) LI @, B0, ¢)=(a.m+6—p,0,¢)

—1
K@, B0 ¢ = (T +0—B.aa+B—T. T +O0+d—a—p),
SO

P Na, B,0,0) =R, (a, m+60—B,6,¢) 0 R ' (a, B,6, $).
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lines i 4] %)
Loi N Lys 2] 0 0
LoaNL ¢ ‘ sm(oz—qb)(sm(ﬁ—@).—e sin ) ‘ e 51n(/3—6?51n¢
03 12 2 ei?sinasin(B—0)—e~ 9 sin Bsin(@—¢)  el?sinasin(B—0)—e~? sin B sin(a—¢)
LioNLyy &3 7@(0{ _.d)) sinf 0
sin« sin(6 +¢)
LoonL ¢ sin( —¢) sin 6 sin(w+6) sin ¢
*0 12 4 sin « sin(6 +¢) sin e sin(6+¢)
LonLi s sin(a —¢) sin 6 00 sin(e+6) sin(f—6) sin ¢
* i sin ¢ sin(6 +¢) sin o sin B sin(6 +¢)
. ino
LanLy ¢ emieo S0Y 0
*1 23 6 sin(6+¢)
LanLy & o—i% sin 6 ?1n(oz—9—.¢) sin ¢
sin(6 +¢) sin(a —¢) sin(6 +¢)
LanLys g i : sinf oif sm.(a—Q—q)). s1n(é—9) sin ¢
sin(6 +¢) sin(a —¢) sin B sin(6 +¢)
LiNLor 1t 0 75@('6_.0) sind
sin B sin(6 +¢)
LanLp  to sin(B+¢) sin 6@ sin(8—0) sin ¢
¥ sin B sin(0+¢) sin B sin(0+¢)
LanLey it sin(a —¢) sin(B+¢) sin sin(8—6) sin ¢
¥ sina sin B sin(0 +¢) sin B sin(0+¢)
LoNLy ¢ 0 i _sing
«2NLot  t2 SO +0)
LonLis  fs sin(f—6 —¢) sin6 00 sin ¢
¥ sin(B—0) sin(0+¢) sin(0+¢)
LonLe f o—i® sin(a —¢) sin(f—6 —¢p) sin 6 io sing
¥ sina sin(8—0) sin(0+¢) sin(0+¢)

Table 2. The coordinates of the vertices.

Explicitly, we have

(14) P ', B.0,9)

—sinasin@’e @9

__sin(x—¢) sin ' sin B .

—i@+9) gsin(o—¢) sin@’'e "'

sin(8—0)

sin B sin ¢’ #=9
sin(0+¢) sin e’ B~

sin B sin ¢’ A=

—sin Bsing’e!®=9 |

—sin(6+¢) sin Be~ 1@+ B

where ¢’ =7 +0+¢p—a—B, 0 =a+ B —m and B is

15)

B = —sinf’sin¢ — sin(0 + ¢) sinae! =9

= —sin¢’sin 6 + sin(6 + ¢) sin(B — H)e .
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m-6-¢

n+06-B

n+06-B

n+o-a
m-6-¢
a+p-T +g-o\ |9
B
a
R,1
n+6-B
n+o-a
¢ n+6+¢-a-f

Figure 4. The action of P~! on the angles.

One can easily verify that the matrices of P(«, 8,0, ¢) and P Y, B,0,¢) in
Equations (10) and (14) respectively satisfy Equation (5).

We now apply P~ to the lines and vertices described in Tables 1 and 2 to obtain
their s-coordinates.

The complex lines have s-coordinates described in Table 3, and the vertices have
s-coordinates shown in Table 4.

Remark 3.2. The equations of the lines are of the same form as the ones for the
t-coordinates, except for the sign of the exponential for the #,-coordinate and up to
substituting («, B, 8, ¢) with the new angles as in Figure 4, i.e., up to substituting
(o, B, 6, @) with (o, 8/,0", ¢ ) =(+0—B,0,a+B—m, 7 +0+¢p—a— ). The
same is true for the coordinates of the vertices. In other words, up to remembering
that

o =n+60—-8, B=a, O =a+p-n and ¢ =7+0+¢p—a—p

as in Figure 4, the s-coordinates can be equivalently listed as in Tables 5 and 6.

3C3. The polyhedron. Many of the vertices are contained in bisectors (see Section
2B), and we use these bisectors to cut out a polyhedron, which will be called D. In
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Table 3. The equations defining the complex lines of two cone

IRENE PASQUINELLI

Lij equations in terms of the s-coordinates

_sin(e—¢) sin(e+B)

L S| =
*0 ' T Sin(B—0) sin(0+4)
L 1y —eilatp) Sin(+B=0—9)
sin(0+¢)
Lo 5y = sin(+pB—0—¢)sin B
* sin « sin(6+¢)
Ly 1 = emilectp——9) Sin@HF)
sin(6+¢)
Lol _SInB=0) jita+p—6-9)g, 45 = 1
sin(o — )
Loy —SNB=6) ji@+p—6—9)5 _ o=itatp) SN
sin(o —¢) sin 8
L3 s1=0
Lip s =0
L3 spt+sp =1
Ly s —emi@Hp SN g

sin

sp=1

points collapsing in terms of the s-coordinates.

particular, and following [Parker 2006; Boadi and Parker 2015; Pasquinelli 2016],

we will denote the bisectors as shown in Table 7.

The reason for the bisectors to be denoted as B(T') is that we want the map 7T to
send the side B(T) to B(T™Y), for T € {P*, J*, Rfc, R;t}. The following lemma

shows that this is the case.

Lemma 3.3. In t- and s-coordinates and writing

we have

0 =a+B—m and ¢ =7+60+¢—a—p,

Im(1)) <0 ifandonlyif |(t, )| <|{t, P~ (n,3))],
Im(s;) >0 ifand onlyif |(s,n.s)| < (s, P(n.))l,
Im(e'?ty) =0 ifand only if ~ |(t, n.0)| < (¢, J ™" (m40))1,
Im(e™"'s1) <0 ifand only if |(s.m.0)| < |(s. J (m:0))].
Im(5) =0 ifandonly if [(t. no)| < [(t, Ry (,3))],
Im(e ") <0 ifand only if |{t, n3)| < |(t, Ri(n.2))],
Im(sy) =0 ifand only if (s, na)| < (s, Ry ' (n.2))],
Im(e™'s5;) <0 ifand only if |(s,n.2)| < |(s, Ro(n1))]-
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I S1 52
; e~ sin(a —¢) sin(a+B) P sin sin(a+p—0—¢)
! sin(a —¢) sin B—e~10+®) sin o sin(B—0) sin(a—¢@) sin B —e~10+%) sin o sin(B —0)
1) 0 0
P _sin(a—¢) sin(e+B) i@t sin(a+0) sin B sin(e+B—60 —¢)
3 sin(8—0) sin(60+¢) sin(8—0) sin « sin(6 +¢)
P _sin(a@—¢) sin(e+B) 0
4 sin(8—6) sin(0+¢)
P _sin(a—¢) sin(e+B) sin(a+0) sin(e+B—60 —¢)
3 sin(8—6) sin(0+¢) sin(B—8) sin(6 +¢)
P sin(a+B) sin(0+¢ —a) _pi@th) sin(w+B—6—¢)
6 sin B sin(0+¢) sin(6+¢)
t;  —eitp—0-0) sin(a — @) sin(x+B) sin(0 +¢ —a) _piarp Sin(@+p—0-¢)
sin(B—0) sin B sin(6 +¢) sin(6 +¢)
fs 0 i th) sin(e+B—0—¢)
sin(0+¢)
o y-ilatpotmgy SIN@+B) sin(+¢) sin(a+4—6—¢)
sin(@+¢) sin(a —¢) sin(6 +¢)
to p—i@+p—0-9) sin(e+8) 0
sin(60+¢)
t p—ilat+f—0—¢) sin(e+8) _pi@th) sin(B+¢) sin Bsin(@+p—0—¢)
sin(6+¢) sin(o —¢) sin« sin(6 +¢)
¢ _pilatp—0-9) sin(o —¢) sin(6 +¢ — B) sin(a+ ) sin B sin(a+pB—0—¢)
12 sin(8 —6) sin « sin(6 +¢) sin ¢ sin(6 +¢)
P sin(6+¢ — B) sin(a+ ) sin B sin(a+pB—0—¢)
13 sina sin(6 +¢) sin ¢ sin(6 +¢)
P 0 sin B sin(ae+B8—0—¢)
14 sin ¢ sin(6+¢)

Table 4. The s-coordinates of the vertices.

The proof follows the one of equivalent lemmas in the previous works. In
particular, it can be found in [Parker 2006, Lemma 4.6; Boadi and Parker 2015,
Lemma 4.2; Pasquinelli 2016, Lemma 7.2]. One just needs to remark that n,;
depends on the configuration we are using. So, for example, the first line of the
lemma is

(t. (e, B.0.9))| < |(t. P (nu3(B.m+6 —B.0 +a—B. ¢+ B — )

since (a, B, 0, 9) > (B, m +60 —B,0 +a — B, ¢ + B —«). The rest is similar.
Now the polyhedron D = D(«, 8, 6, ¢) is defined as the intersection of all the
half spaces in the lemma. More precisely, it will be

arg(t1) € (=9, 0), arg(rz) € (0,0), }
arg(s1) € (0,¢), arg(s2) € (0,09 ]’

’

(16) D(x, 8,0, ¢) = {t:P(s):
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L;; equations in terms of the s-coordinates
L _ sin(o’—¢’) sin 0’
*0 ' Sina/sin(@’+ )
L. Sy = eiel—Sin ¢
* sin(0’+¢’)
L 5y = sin(B'—6") sin ¢’
¥ sin B’ sin(0’+¢')
Los 5y = ei# —SINO"
) sin(6’+¢’)
sina’ >
s S 1 —
Lo s —g)¢ TR
sina’ _ijpr sinf’
Ly ——————eWsi+e’! ————s5=1
sin(a’ — ') sin(f’'—6")
L03 S = 0
Ly, s5=0
L s1+s=1
gy sinp’
L si+e 0 ——E 5 =1
23 : sin(B'—6")

Table 5. The equations defining the complex lines of two cone
points collapsing in terms of the s-coordinates and of the angles in
the target configuration.

where, as before, we have ' =a+ B —mand ¢’ =m +60 +¢p —a — B.

The sides (codimension 1 cells) of the polyhedron will be defined as S(7) =
DN B(T), for T € {P*, J*, R, Ry} again. Each of them is contained in one of
the bisectors in the table.

3D. The combinatorial structure of the polyhedron. We now want to study the
combinatorics of the polyhedron D(«, 8, 6, ¢).

The sides all have the same combinatorial structure. In particular, they will look
like in Figure 5. This is the same structure as the one of the sides of the polyhedron
in [Pasquinelli 2016] and first appeared as the combinatorial structure of 2 of the 10
sides in [Deraux et al. 2005]. Each side corresponds to fixing the argument of one
of the coordinates. Then there will be one triangular ridge (e.g., the bottom one)
where the coordinate is equal to zero and a second triangular ridge (e.g., the top
one) where the coordinate has another fixed value. The complex lines interpolating
between the two will be the slices of the foliation mentioned in Section 2B. The
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17 S1 )
" —e~iF sin(a’ —¢') sin @’ —e~i% gin ¢/ sin(B' —6")
sin(a’ —¢') sin(8' —0") —e—iO"+9) sina’ sin B/ sin(e/ —¢’) sin(B’ —0") —e—1O'+8") sin o’ sin B’
1) 0 0
" sin(a’ —¢’) sin6’ oi0’ sin(e’ +6") sin(8’ —6") sin ¢’
sina’ sin(@’ +¢’) sina’ sin B sin(6’ +¢”)
sin(a’ —¢’) sin6’
iy —_———— 0
sina’ sin(@’ +¢’)
ts sin(a’ —¢’) sin 6’ sin(a’+6") sin ¢’
sina’ sin(0’ +¢") sina’ sin(0’ +¢")
t sin@’ sin(B' —6' —¢") (i __Sin ¢’
sin(B’ —6") sin(6’ +¢’) sin(@’ +¢’)
f ot/ sin(a’ —¢’) sin 6’ sin(p’ -6’ —¢’) o0’ sin¢’
sina’ sin(B’ —6) sin(6@’ +¢’) sin(@’+¢’)
tg 0 o0 Ld)/
sin(0’ +¢')
to ot/ sinf’ sin(a’ —0" —¢') sin ¢’
sin(@’+¢’) sin(a/ —¢’) sin(0’ +¢")
tl() ei¢/ sin 0/ 0
sin(0’ +¢")
i e,’¢/ sinf’ e,’g’ sin(a’—@’—q&/) Sin(ﬂ/—e/) sin¢/
sin(@’ +¢’) sin(a’ —¢’) sin B’ sin(0’ +¢")
- ot/ sin(a’ —¢’) sin(B’ +¢’) sin 6’ sin(B’—0") sin¢’
sina’ sin B’ sin(0’ +¢”) sin B’ sin(0’ +¢’)
- sin(B’+¢’) sin6’ sin(B’—0") sin¢’
sin B’ sin(0’ +¢’) sin B’ sin(0’ +¢’)
sin(B’ —0’) sin¢’
tig 0 —_—
sin B’ sin(0’ +¢’)

Table 6. The s-coordinates of the vertices in terms of the angles

in the target configuration.

edge connecting the two triangles is contained in the spine of the bisector and
always contains one of the vertices #; or ;. The pentagonal side ridges containing
the vertical edge are contained in totally geodesic Lagrangian planes and are the
extremities of the foliation by meridians. We claim that in each side the modulus
of the coordinate we are considering varies between the two values it assumes on
the top and bottom triangular ridges. To check this, for example, in S(J), we need
to check that |¢{| in #;1 and #,4 is smaller than |#{] in #, £; and #g (|¢1] has the same
value in these three vertices, since they are contained in the complex line L,;) and
so on. It is easy to check that this is true for each side as long as

7)

sinfe + 8 —m) >0,
sin( +6 — B) >0,

sin(m +a+B—60—¢) >0,

sin(B+¢ —a) > 0.
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Spine

Slices Meridians

Figure 5. The combinatorial structure of a side.

Remembering the action of P and P~! on the angles, this means that we are just
asking for the configuration after applying these two maps to make sense in our
coordinates and is always the case for the values we are considering.
This gives:
Lemma 3.4. If the parameters satisfy (17), then:
sin(a —¢) sin @
sina sin(0+¢)
sin 6
sin(@+¢)
sin(B —0) sin ¢
sin B sin(6+¢)

In S(Rl_l), we have || < ﬂ
sin(6 +¢)

In S(P~Y), we have |s1| < _si.n(a—¢) S%n(oH_ﬂ).
sin(8—0) sin(6+¢)

In S(P), we have [t <
In S(J), we have [t] <

In S(Ry), we have |tr] <

In S(J7Y), we have 51| < _si.n(a—+ﬂ).
sin(6+¢)
In S(Ry), we have  |s3] < sm(a.+,8—.9_¢) sin B
sina sin(6 4 ¢)
In S(Rz—l)’ we have |s2| < Sln(0{+ﬂ—’9—¢) SIH,B.
sina sin(6 4 ¢)

Now, following [Pasquinelli 2016], we will see that the combinatorics changes
with the values of the angles. According to the values of the parameters, we will
have occasions where the three vertices on L,; collapse to a single vertex, for
i=0,1,2,3.

Proposition 3.5. We have:
o The vertices on Ly collapse whena —¢ > 1 —0 — ¢, i.e., whenm —a —6 <.

o The vertices on Ly collapse whenm —a >m —0 — ¢, ie.,a —0 — ¢ <.
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bisector equation points in the bisector
B(P) Im(z;) =0 L, B3, t, b5, b, Lo, L2, 13
B(P™h Im(s;) =0 b,t3, by, b5, L6, B3, L3, Lig
B(J) Im(e'?1;) =0 L, ts, t7, 13, bo, 11, 12, Lia
B(J™hH Im(e~"?s1) =0 b, t7, 13, to, to, Lt L2, g
B(R1) Im(z,) =0 L, B3, Ls, ty, o, Lo, t
B(RY Im(e 1) =0 L, 63, b5, k6, 83, Lo, 113, Ly
B(R») Im(s2) = 0 b, t, ts, by, Lo, L2, i3, tig
B(R;") Im(e"%s;) =0 b, 3, Uy, ts, t7, 13, Lo, ti1

Table 7. Bisector notation and description.

o The vertices on Ly, collapse when sin(f —6)/sin § < sin¢/ sin(6 + ¢), i.e.,
B—0—¢=<0.

e The vertices on Ly collapse whenm — B < ¢, ie.,m —B—¢ <O.

In fact, for example, the vertices #3, ¢4 and ¢5 on L, collapse if, when making
T as big as possible, before we can have vy = v, we have that v; hits the left-hand
vertex of T, and so v = v, = v3. This implies that there is no other choice for z, but
to be zero, instead of having the three choices that give the three possible vertices
having vy = v,. Translated on the parameters, this gives that« —¢p > 7 — 0 — ¢.
The others can be verified in a similar way.

Later we will. We now want to study all possible side (3-dimensional facets)
intersections in order to be able to list all possible ridges (2-dimensional facets)
and edges (1-dimensional facets) and hence describe the combinatorics of the
polyhedron.

Proposition 3.6. The following side intersections consist of the union of two edges:

S(PINSU ) =y1090Up, SRTHNSU ™ =ys14 Uy,
S(PYNS(R;") = 3.4 Uya 10, S(J)NS(R2) = y9,12U 12,14,
S(RONS(R) =ys10Ur109,  SU)NSPTH =65 Urs.14,
SRONS(P™) =y3Upse  SRIDNSR;) =v36Urss,
where y; j is the geodesic segment between the vertices t; and t;.

The proof of this proposition follows exactly the ones in [Parker 2006, Appen-
dix A; Pasquinelli 2016, Proposition 7.8].

Proposition 3.7. The bisector intersections satisfy:
o A point t in the side intersection S(P) N S(P~Y), with

s%n@ si'n(ot—q&) and 51 % — si.n(a +8) s%n(a—¢) ’
sina sin(6 +¢) sin(B—0) sin(6 +¢)
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belongs to the edge s 13.
o A point t in the side intersection S(J) N S(Rz_l), with

—i¢ sin & _i(a+p) sin(@+B8—60—¢)
nEE vy M T sin@+¢)

belongs to the edge y7.11.

o Moreover, a point t in the side intersection S(Ry) N S(Rl_l), with

i¢ sing sin(e+p—6—¢)sin B
hEC Sore T T T et

belongs to the edge s 13.
e Finally, a point t in the side intersection S(R1) N S(J ™), with

s%n(ﬁ—.e)simi) and Sl#e—i(a+5—9—¢)8%n(a+ﬁ),
sin B sin(6 +¢) sin(6 +¢)

belongs to the edge y7 11.

We will prove the first point and the others are proved in the exact same way.
The proof is very similar to the ones in [Parker 2006; Pasquinelli 2016].

Proof. Let us take £ € S(P) N S(P~"). Then
Hh=x, S =u
and by hypothesis and using Lemma 3.4 we have

(18) x < M "< _si.n(a+,3)s%n(a_¢)'
sina sin(6+¢) sin(B—0) sin(0 +¢)

Then using (12) one can express #, and s, in terms of x and u as follows:

(sin(6 + ¢) sinax — sin(a — @) sin)s,
= —sin(B — 0) sin@e’ “P=0=Dy 4 sin(0 + ¢) sin(B — )’ “HFDyux
+(sin(a + B) sinpe' PP 4 sin(0 + ¢) sina)x — sin(a — ¢) sin 6,
(—sin(0 + @) sin(B — O)u — sin(a — @) sin(a + B)) 1
_ Si“s(iffl—;e)e-"@ (sin @ sin(ar+ B — 6 — $)e'u — sin(0 + @) sin e @Dy x
+(sina sin(a + B)e ™" — sin(a — ¢) sin(a + B))x — sin(f + ¢) sin(B — 0)).

Now, we know by Lemma 3.3 that inside D we have

0>Ime s,
_ sin(—0) sin«
sin 8

_sin(e+B) sin px +sin(0 +¢) sin(e+ B —0)ux —sin 6 sin(@+p—0 —¢)u
sin(0+¢) sin(B—6)u+sin(a —¢) sin(a+B) ’
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but by (18) we know that the denominator is strictly negative and so the numerator
must be positive.
Again by Lemma 3.3, ¢ satisfies

0<Imsy
=sin(B —0)

sin(a + B) sin ¢x +sin(6 + @) sin(a + f —0)ux —sinf sin(e + 5 —0 — p)u
' sin(f 4+ ¢) sin ax — sin(o — ¢) sin 6

’

and since by (18) the denominator must be strictly negative, then the numerator
must be negative.

But since the two numerators coincide, then they must both equal 0. This means
that the point we are considering must be also in S(Rl_l) and in S(R;), which
means that we are on edge ys ;3. (I

Remark 3.8. The proof relies on Lemma 3.4. As we will see in Section 5E, there
are cases in which (17) is not satisfied. In term of configurations, this means that
one needs to consider a slightly different configuration of triangles (see Section SE).
Using the new configuration one can prove an equivalent statement using the exact
same strategy of proof as in [Parker 2006; Pasquinelli 2016].

4. The polyhedron in the case of 2-fold symmetry

We will now consider the case where two of the cone points have the same cone
angle. First we will describe which sets of cone angles give a lattice, then we will
show how to use the polyhedron in Section 3 to build a fundamental domain for
them.

4A. Lattices with 2-fold symmetry. As mentioned in the introduction (Section 1),
the lattices we are considering were introduced by Deligne and Mostow starting
from a ball 5-tuple. This is equivalent to considering a cone metric on a sphere of
area 1 with prescribed cone singularities of angles (8, ..., 64), with 0 < 8; <27
and satisfying the discrete Gauss—Bonnet formula. A sphere with 5 cone points
has the structure of a two dimensional complex hyperbolic space, as proved by
Thurston [1998] and showed in Section 3.

Among these, we will consider the lattices with 2-fold symmetry, which means
that two of the five cone points will have the same cone angle. We will assume
that the 2-fold symmetry is given by 6y = 6,. Occasionally the lattices will have an
extra symmetry and we will also have 6y = 65. We will use the parameters in (2) to
describe the lattices, except that now o = S.

By similarity with the 3-fold symmetry case, to each lattice we will associate
numbers p, p’, k, k', 1,1, d, which are the orders of some maps in the group and
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lattice 6o 61 6, 03 04

(6,6.3) 273 Sx/3  5m/3  2m/3  4n/3
(10,10,5) 4x/5  In/5  Tt)5  4An)5  8x/5
(12,12,6) 5t/6  4m/3  4m/3  Sm/6  5w/3
(18,18.,9) 87/9 1lx/9 117/9 8x/9 167/9

(4,4,3) 5m/6 57/3 5m/3 5m/6 b4
(4,4,5) 11z/10 7=/5 Tn/5 11x/10 b4
(4,4,6) Tm/6  4m/3  4m/3  Tx/6 b4
(3,3,4) Tm/6  3w/2 3m/2 Tx/6  27/3
(3,3,3) T 57/3 5m/3 T 21/3
(2,6,6) bid 4w /3  4m/3  5m/3 2m/3
(2,4,3) St/6  Sw/3 S5m/3  4=m/3 /2
(2,3,3) b4 St/3 S5m/3  4xm/3 /3
(3,4,4) T 3n/2 3m/2 Ix/6  5m/6

Table 8. The lattices we are considering.

are defined as follows:

T 9 T ¢ T 9 ¢ b3 9
—_— = , —_ = , — =0 — —_ s —_ =T — 0 —
o) P k I d
(9) b3 v T T
?:OK—E, P:ﬂ+9+¢—20(, l—/:T[—Ol—¢

In particular, we will use (p, k, p’) to denote the configuration («, 6, ¢) and give
the other values in terms of these. Observe that in the double 2-fold symmetry
case (i.e., when we also have 6y = 03), we have 8 = ¢ and so the lattice is of
the form (p, p, p’). Notice also that in the 3-fold symmetry case one would have
k=k,l=1and p=2p’. In fact k and k' will be the orders of A;(a, B, 0, ¢)
for two of the different configurations we will consider (see (9)) which coincide
in the 3-fold symmetry case. A similar thing happens for / and ’. The values
p’ and p here are the orders of Rj(w +60 — o, a,2a — 7w, 7w + 60 + ¢ — 2a) and
RioRi(a,m+6 —«, 0, ¢) respectively (remember that the composition is done
as in (4)), and notice that they are applied to different configurations. Since in the
3-fold symmetry case the three configurations we consider coincide, p will be the
order of the square of R, which has order p’ and hence p =2p’.

In Table 8 we give the values of the cone angles for the lattice (p, k, p’). These are
all the lattices with 2-fold symmetry in the original list by Deligne and Mostow and
together with the 3-fold symmetry lattices form the whole list of Deligne—Mostow
lattices in dimension 2.

The following table records the values of the parameters in (19) for each of the
lattices we are considering.
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lattice p k p k' l U d
(6,6,3) 6 6 3 3 2 00 00
(10,10,5) 10 10 5 -5 2 5 5
(12,12,6) 2 12 6 -6 2 4 4
(18,18,9) 18 18 9 -9 2 3 3
(4,4,3) 4 4 3 -6 3 —12 —12
(4,4,5) 4 4 5 10 5 20 20
(4,4,6) 4 4 6 6 6 12 12
(3,3,4) 3 3 4 6 12 —12 —12
(3,6,3) 3 6 3 —6 3 00 —6
(2,6,6) 2 6 6 3 00 6 —6
2,43 2 4 3 12 12 —-12 -3
2,3.3) 2 3 3 6 o -6 -3
(3,4.4) 3 4 4 12 6 00 12

Table 9. The values of the parameters for our lattices.

4B. The fundamental polyhedron.

4B1. Definition. In this section we will see how one can use the general polyhedron
described in Section 3C to build a fundamental domain for Deligne—-Mostow lattices
with 2-fold symmetry. From now on we will consider a sphere with cone singularities
(6o, 61, 62, 63, 64) in the list in Section 4A. This means that we have two equal angles
at the vertices v and v,. In the configurations as described in Section 3, this means
that @ = B. Since the case that we treated before is when the three angles at vy, v
and v3 were equal, by analogy we also want to consider the configurations where
the two equal angles are at v; and v,, at v, and vz or at v; and v3. We will call
these configurations of type (D), @ and () respectively. Remark that configuration
of type () corresponds to having the cone angles satisfying 6; = 6,1, for indices
i =1, 2,3 taken mod 3.

We will build a polyhedron for each of these cases and use their union to build a
fundamental domain for the lattices. On the parameters («, 8, 6, ¢),

type () corresponds to (¢, o, 0, ¢),
type @ corresponds to (m +6 —a, o, 20 — 7w, m + 6 + ¢ — 20),
type ® corresponds to (o, 7 +6 —«, 0, ).

For each type, we will consider the #-coordinates and s-coordinates. We will have
x-, y- and z-coordinates as #-coordinates of the configuration of type D, 2) and
B respectively. We will also have u-, v- and w-coordinates, representing copies of
type @, @ and Q) respectively and being the s-coordinates of one of the previous
ones. More precisely, the relation between x-, y-, z- and u-, v-, w-coordinates
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is as follows. Since P! acts on the copies as explained in Figure 4, then, for
example, a configuration of type () will be sent to one of type @. This means
that the coordinates defined as P~!(x) will be the v-coordinates. With a similar
argument, one gets

(20) u=P '), v=P'(x), w=P (y.

In other words, the u-, v- and w-coordinates will be the coordinates for the configu-
ration of type (D, @ and (@ respectively, obtained after applying P to the standard
configuration of type @), @) and Q) respectively.

We will start from the configuration of type (3), with its z-coordinates as the
t-coordinates of configuration («, ¥ + 6 — «, 9, ¢). The x- and y-coordinates will
be determined by the action of the moves Ry and R, ! respectively. See Figure 6
for more details. As mentioned, each configuration will give us a polyhedron of the
same type as D in (16).

We will first explain what is the relation between the x-, y- and z-coordinates.
Since copies of type (D) and (3 are swapped by Rj, it is natural to define

2D X =Ri(a,, 0, ¢)z.

Since the w- and u-coordinates are also of type ® and (D) respectively, one
would also want

22) u=Ri(a,m+60—ab,d)w.

Using the definition of u- and w-coordinates, together with the previous formula,
the y-coordinates are defined as

(23) Z=Ry(n+0—o,0,20—m, T +60+¢ —2a)y.
Using Equations (20), (21) and (23), one can also see that
(24) v=P x=P 'Riz=P 'RiRyy=1y.

The following digram summarises the relations on the coordinates.

2 Ry

R
>
\ P
P
R

=

4

y
P

w

1 PIR P

<
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=

m-0-¢

n-6-¢

m+¢-a

n+¢-a

Figure 6. The representative for each configuration type.

For each coordinate type, we can define a polyhedron as in (16). This will give
us three components of our fundamental polyhedron D and we will write

(25) D=DyUD,UDsj,
Di = D(a,a,0,¢) = Ry (D),
with { Dy =D(m+60 —a,a,2a —7m,7+60+ ¢ —2a) = Ry(D3),
D3;=D(,m+0—0a,0,¢).

In coordinates, the polyhedron D is defined as

Dy = {x — Py MEC) €=, 0). arg(x2) € (0. 0). }

arg(v)) € 0, 7w +60 + ¢ —2a), arg(vy) € (0,200 — )

the polyhedron D is

D, = {y _ P(w): arg(y)) € (—(r +60 + ¢ —2a,0), arg(y,) € (0, 2a — 1), }

arg(wi) € (0, ¢), arg(wy) € (0, 0)

and the polyhedron Dj is defined as

D; = {z — P(u): arg(z1) € (—¢,0), arg(z2) € (0,6), }

arg(up) € (0, ¢), arg(uz) €(0,0)

Due to the fact that the matrix for R is extremely simple, we will keep track
only of three sets of coordinates, namely z-, w- and y-coordinates and use the
relations in (21), (22) and (24) to give the other coordinates in term of these.
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Figure 7. The interaction of the polyhedra and their coordinates.

Then we can describe the polyhedron as follows.

arg(zy) € (—=¢,0), arg(z2) € (=0,0),
D=1{z=Ry(y) =R P(w): arg(w;) € (0,¢), arg(w;) € (—6,6), ¢,
arg(y1) € (=¢', @), arg(y2) € (0,0")

with¢' =7 4+0+¢ — 20 and 0’ =2a — 7.

In Figure 7 one can see how the polyhedra and the coordinates interact. The
three polyhedra intersect pairwise in a side and all three have a common Giraud
disc G. Passing from ¢- to s-coordinates changes the type of configuration from
@to @ within the same polyhedron D;, where i = j — 2, taken mod 3. The three
special vertices vy, v; and v, are the origin of one of the coordinates.

4B2. Vertices of D. The vertices of D will be of three types. Some will come from

D and they will be called x;, fori =1, ..., 14, some will be the vertices of D,
and we will denote them y;, fori =1, ..., 14 and finally there will be the vertices
z;’sfori =1, ..., 14, coming from Ds3. Since the three polyhedra intersect there

will be some vertices that are repeated. Table 10 describes all the vertices. In the
first column there will be the label we choose for the vertex, in the second, third
and fourth column its name in D3, D and D, respectively (if there is one), and in
the final columns we will record which coordinates have a “nice” form.

This reflects how the D;’s glue together. In particular, the polyhedra Dy and D3
glue along

(26) {Imz, =0} N D3 = {Ime %x, =0} N Dy,
while D; and D3 are glued along

(27) {Ime™%ur =0)N D3 = {Imw, =0} N D,



and D and D, intersect along

(28)

{Irnvl :0}mD1 = {Imy1 :O}QDz.
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D D3 Dy Dy argz argz; argw; argwp argy; argy
o X2 ¥ yi=0 »=0
v 21 X z21=0 z0=0
v 22 » w;=0 w;=0
V3 Z3 X3 Y5 0 722=0 0 0 0 o’
V4 24 X5 Y4 0 0 0 wy = 0 0 0
V5 25 0 0 0 —0
V6 26 X6 Y3 —¢ z22=0 0 0 0 0’
v7 z7 X3 Y2 o —¢ 0 ¢ 0 y=0 0
vy Zg yu ¢ 0 w; =0 0 -’ o'
V9 Z9 X2 z1=0 0 ¢ —0 ¢’ 0
vVio Z10 X13 Y10 0 0 (o) wy =0 0 0
i1z X4 y9  —¢ 0 ¢ 0 y1=0 0
V2 Z12 71=0 60 é —0
V13 Z13 0 0 0 —0
V4 Z14 —¢ 0 0 —0
V16 X4 y3 0 —0 0 0 0 Y2 = 0
V17 X7 —¢ —0 ol o'
V18 X9 z1=0 —0 ¢’ 0
V9 X10 0 —0 ol y»2=0
V20 X1 —¢ —0 ol o'
v Y6 0 6 —-¢"  y2=0
v y7 ¢ 0 -9 0
V23 8 w; =0 0 -’ o'
V24 i ¢ 0 -’ 0
Table 10. The vertices of D.

Moreover, all three will intersect along the Giraud disc G containing the ridge
bounded by vertices vs, v4, V6, V7, 10 and vy (see Figure 7).

Remark 4.1. Using Table 1 one can obtain the equations of the complex lines for
our three configurations and see that the following lines coincide:

() Ly(a,m+0—0a,0,9)=Ly(m+6 —a,a,2a —m, 7 +60+¢ —2a)
= L*O(aa av 07 ¢)a



230 IRENE PASQUINELLI

(2) La(e,m+0—a,0,90)=Laia(r+60—o,a,2a —7, 7 +60+¢—20a)
= L*Z(av a’ 05 ¢)7

3) Lua(a,m+0—0a,0,¢0)=Lo(n+6—a,0,2a0—7,71+6+¢—2a)
=L*1 (aaa’ 05¢)

4B3. Sides and side pairing maps. In view of applying Poincaré polyhedron theo-
rem in Section 5, we need to analyse the sides of D and explain how we have some
maps pairing them.

Clearly, the sides of D will be the union of all sides in D;, withi =1, 2, 3, except
for the three sides along which two of the copies glue. Some of the sides combine
to create a single larger side. Remembering (25), the sides (illustrated in Figure 8
with their side pairings) will be as follows:

S(J), S(P), S(Ry), S(R2),
SUh, S(Ph, S(Ry, S(Ry ),
R7'S(),  R{'S(P), R'S(R), R;'S(Ry),
RI'SU™H, Ry'S(PTYH, RU'S(RYY, Ry'S(RYY,
RyS(J), RyS(P), R2S(Ry), R2S(R2),
RSU™H,  RiS(P7YH,  RS(RTH,  RaS(RyY.

Now the gluing of the three polyhedra (see Equations (26), (27) and (28)) tells us
that

RI'S(RT) =S(R1), ReS(R) =S(Ry"), R{'S(P™")=RyS(P),

so these sides are now internal (see Figure 7).

The side pairings will be obtained by adapting to the union of the three polyhedra
the equivalent on each D; of the side pairings in previous works (see [Parker 2006,
Section 4.3; Boadi and Parker 2015, Section 5.3; Pasquinelli 2016, Section 8.3.1]).
In other words, in each copy we need to consider Ry, Ry, P and J and adapt them
to act on the sides of D. We will describe all of them treating the z-coordinates
as the main coordinates. In other words, we will give the matrix as applied to the
z-coordinates of the point.

First consider R; and R;. Since applying R, (¢, o, 8, ¢) to a point in its x-
coordinates is equivalent to applying Rj(w +0 —a, o, 200 — 7w, m + 6 + ¢ — 2c) to
its v = y-coordinates, these combine to a single side pairing

1 0 0
Ri(m+60—a,a,20—m,7+0+¢—2a)=|0 —e?® 0|.
0 0 1



FUNDAMENTAL DOMAINS FOR DELIGNE-MOSTOW LATTICES 231

Ve V17

v v
Vs
Vig ‘v V2o Vig V’ Vi2
S(B:) Vis
v

Im ei922=0 V1o S(B1) Im e_i922=0
vV, \Z \Z Vs
/BZ\* Vie
% v V. Y v
23
% T
Im e®w,=0 Viz (B2) 2 V2o Im e™®w,=0
) V22 V7 Vo
A -
Vg /0\\ Viz
Vg
Vo Viq VZOV’ Vig
Im ey,=0 vz S(Ao) S(As) Vig Im e™y,=0

Figure 8. The sides of D.
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This is the side pairing as applied on the y-coordinates. We will hence consider
Ro= RyRiR;!
=R +0—a,0,2a0a—7, 71+0 +¢—2a)
oRi(m+0 —a,«, 2a—n,n+9+¢—2a)oR£l(a,n+9—a,0,¢),
which includes the change of coordinates.
Now consider Ry («, «, 0, ¢) and Ry (¢, 1 +60 — «, 6, ¢). The target side of the
former coincides with the source side of the latter and is the (now internal) side

D N Ds3. This means that we can compose the two maps and have a new side
pairing

1 0 0
Bi=Ri(a,m4+60—a,0,9)Ri(a,,0,9)=|0 ¥ 0].
0 0 1

Remark that even though it looks like this is the matrix we use when applying the
map to a point in its x-coordinates, composing it with the change of coordinates
from our coordinates (the z-coordinates) one gets that in terms of matrices

Bi(a,m+0—a,0,¢)=R; " (a,,6,$)Bi (2,2, 0, p)Ri (ot, T +0 — 2, 6, )
= Bi(a,a, 0, ).

Similarly, the target side of Ry(x, m + 6 — «, 0, ¢) and the starting side of
Ro(m+0 —a,a,2aa —m, 1+ 60+ ¢ — 2a) is the common side of D, and D3. We
can then define

B=R#x+0—-—a,0,2a0a—n7,71+0+¢ —2a)Rr(a, m+60 —, 0, ¢).

The map B, is already defined to act on the z-coordinates. As we said for R, and
Ry, B> acts as By, but on the u-coordinates.

The side pairings P and J related the ¢- and s-coordinates of the polyhedron, but
the side pairing property relied on the fact that the source and target configurations
were of the same type. Adapting this to our case means that we want to consider the
maps relating z- and w-coordinates, x- and u-coordinates and y- and v-coordinates.
The map relating y- and v-coordinates is the identity and it indeed maps the common
side between D; and D, to itself. Since this side is in the interior of D, we can
ignore it. Composing the map obtained with A (7 +60 —«, o, 20— 7, T +0+¢ —20x)
to compute the equivalent of J and applying the change of coordinates to our main
coordinates, we obtain the side pairing

Ao = RyAR; .
Now, we have
w=P ly=P'R;'z=07"2



FUNDAMENTAL DOMAINS FOR DELIGNE-MOSTOW LATTICES 233

and

u=R;'"R 'Ry 'x,
which translates to the z-coordinates as Q! again. Then Q = R R, R, will be our
new side pairing. Moreover, we will consider K = QA;.

Putting all this information together and remarking that J* = Id, one gets that
the side pairings are

K=JR =RyJ

Q=PRi =RP
Ro=R;'RyR| = RyR iR’
Bi=RiR

By = RR,
Ao=R;'ITIRY!

CRIS(NHUSWU) = SUTHURSU™,
: Ry'S(PYUS(P) > S(P™H)URS(P),
' Ry'S(R)URLS(R) — Ry 'S(R;HURLS(RY,
RTUS(Ry) = S(RTY),
1 S(Ry) — RyS(RYY),
L RS(J) > RIS,

As mentioned for the general case, the sides are contained in bisectors. One
can rewrite Lemma 3.3 for each copy and eliminate the inequalities related to the
sides along which the polyhedra glue. Translating the inequalities on the right

hand side into z-coordinates and giving all the n,; in terms of the configuration
(o, m+60 —a, 0, ¢) (using Remark 4.1), we get the following lemma.

Lemma 4.2. We have:

Im(z1) <0 ifandonlyif |(z,n)| <|(z, P~ (m,3))],
Im(e'?21) =0 ifand only if |(z.n.0)| < |(z. K" (n40))],
Im(e 22) <0 ifand only if |(z.n.3)| <|(z. Bi(n3))],
Im(e"’2) >0 ifand only if |(z.n.3)| < |(z, By ' (n,3))1,
Im(e"'y1) >0 ifand only if |(z, ms0)| < |(z, K*(ms0)),
Im(y2) >0 ifand only if |(z,m.)| < |(z, Q7' Bi(n,3))],
Im(e™'y2) <0 ifandonly if |(z.m.3)| < I(z, By Q(m.1))],
Im(e*y1) <0 ifand only if |(z, ny0)| < [(z. K2 (140))],
Im(w;) >0 ifandonlyif |(z,n.3)| < [(z, Q1))
Im(e~"%w;) <0 ifand only if |(z,n.0)| <|(z. K (n40))],
Im(e ""wy) <0 ifand only if |(z.n.)| < (2, Ba(ns1))],
Im(e’®wy) >0 ifand only if |(z, ns1)| < |(z, Bgl(n*1)>|-
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5. Main theorem

In this section we will state and prove that D (or a suitable modification of D)
is a fundamental domain for Deligne-Mostow lattices with 2-fold symmetry as
parametrised in Section 4A. To do this we will use the Poincaré polyhedron theorem,
in the form given in [Parker 2006; Boadi and Parker 2015; Pasquinelli 2016]. It
states that if one had a polyhedron D and a set of side pairing maps {7;} satisfying
certain conditions, then D is a fundamental domain for the action of I' = (7;). The
main condition to check in this case is that suitable images of the polyhedron under
the side pairing maps tessellate around the ridges. The theorem also provides a
presentation for the group, with the side pairings as generators and relations coming
from the tessellation conditions.

5A. Main theorem. We can now state that D just defined or a suitable modification
of it is a fundamental domain for the lattices we are considering.

Theorem 5.1. Let I" be one of the Deligne—Mostow lattices with 2-fold symmetry
(see Table 8). Then a suitable modification of the polyhedron D defined in Section 4B
is a fundamental domain for I'. More precisely the fundamental domain is D up to
collapsing some ridges to a point when some parameters are degenerate (negative
of infinite) according to Table 11.

Moreover, a presentation for I is given by

k.05, BI=BI=R=A{=(Q"K}!=(RK) =1
= By. Ro. Ag : (AgB2B) = 0¥ =1, Q:BIR0=R032=B;1Q31, ’
S R(;IAOROZAO:Kfz, B>K = KB

where each of the relations involving k', 1, I" and d hold as long as the corresponding
parameter is finite and positive.

The reason for the ridges to collapse to a point (except for k’, which is treated in
Section SE) relies on the combinatorial structure of the polyhedron as explained in
Section 3D. More precisely:

« First consider the case when d < 0 or d = co. By definition (see (19)), this
is equivalent to say that 7 — o — 6 < 0. Remembering Proposition 3.5 and
using the notation of Remark 4.1, one can see that the vertices on L,g collapse
when m — o — 6 < 0. Since these three vertices form the ridge F(Q, o,
this ridge collapses when d < 0 or d = oo.

o Similarly, when / < 0 or [ = oo, by definition, we have « — 0 — ¢ < 0. Now
the vertices on L3 collapse when o — 6 — ¢ < 0 and so do the ones on L.
Since F(K ™', Ry) is formed of the vertices contained in L3 and F (K, Ry 1)
of the ones contained in L., they degenerate when / < 0 or [ = oc.
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lattice deg. par. ridges collapsing

(4,4,6), (4,4,5)

(3.4,4), (2,4,3), (3,3,4) U, d F(Ao, By, F(Ba, Bi™"), F(Ay', By),
F(Q,0™")
(2,6,6) l,d F(Q,07"), F(K,Ry"), F(K™', Ry)
(2,3,3) LU,d F(Q, 07", F(K,Ry"), F(K™', Ry),

F(Ao, B, "), F(Ba, By'"), F(Ay', By)

(3,6,3), (4,4,3), (6,6,3) k.U, d F(Ao, AgH, F(Q, 07", F(By, By,
F(A;', By)

(2,3.3) K F(Ao, Ay

Table 11. Table for Theorem 5.1.

e Now assume I’ < Q or I’ =00, i.e., 1 —a — ¢ < 0. By Proposition 3.5, the
verticeson Ly (T +60 —a, 20—, 71 +60 +¢ —2a), Lio(a, m+60 —, 6, @),
and L.(o, o, 0, ¢) all degenerate when m — o — ¢ < 0. Then the claim of the
theorem follows from the fact that F(By, Ay'), F(B; ', B,) and F(B; ', Ag)
are bounded by the vertices contained in L3 («, o, 6, ¢), Lyp (o, T+0—0x, 6, @)
and L, (m +0 — o, 200 — 7w, ™ + 0 4+ ¢ — 2a) respectively.

« Finally, the case of k' negative is treated in Section 5E.

An alternative presentation for the lattices can be obtained by remembering
that K = QA and substituting Q = B1 Ry, K = BiRyA|, By = RO_]BlRO and
Ao = (BiRyA;)~2. Then

B = Rl = (BiRyAN? = Ak = (RyB1 RyA) =1,
= <Bl, Ro, A1t (A1R)* = (BiRp)* =1, br4(By, Ry), >
bra((B1RoA1) ™%, Ry), bra(A1, By)

where, following [Deraux et al. 2016], br; (T, §) is the braid relation of length i on
T and S, i.e., (TS)"? = (ST)"?, where the power n/2 with n odd means that the
product has n factor (e.g., (TS)¥*=TST).

5B. Volume. The volume of the quotient is a multiple of the orbifold Euler charac-
teristic x (Hé /T'). This multiple is 8772 /3 when the holomorphic sectional curvature
is normalised to -1 (see, for example, Section 8 of [McMullen 2017]). The orbifold
Euler characteristic is calculated by taking the alternating sum of the reciprocal of
the order or the stabilisers of each orbit of cell.
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In Table 12 we list the orbits of facets by dimension, calculate the stabiliser of
the first element in the orbit and give its order. Later, we will explain how the table

changes when considering the degenerations of D.

orbit of the facet stabiliser order
vy, 12 (A1, By) kp
3, V4 (0%, B)) pd
V16, Vs (0%, Ro) p'd
Vs, V1o (RoK, B) pl
V7, V11 (R()K, Ao) k/l
vg, Vg, V17, V24 (OK™', RoK) ki
v1g, V14, V20, V22, V23, V12 (AgB2By, Ay) Ik
V19, V13, 221 (AoB2B1, Ro)  p'l'
Vo <R0’ AO) k’p/
V1,3, V2.4 (B1) P
V1,65 ¥2,10 (B1) P
V1,125 Y223, V2,14, V1,18 (A1) k
¥3.55 Y4165 V4,5, V3,16 (0% d
3.6 V4,10 (B1) p
¥5.135 V16,195 Y16,21 (Ro) 4
Y6.8> V10,245 ¥9.105 V6,17 (RoK) l
V7.8 V11,24, V9,115 V7,17 (RoK) l
Y111 (K) 2k’
V7,15, V11,15 (Ao) k'
V8,145 V22,245 Y17,20, Y9,185 V23,8, V9,12 (A1) k
V12,135 Y21,22, Y1819, 21,23, V19,20, V13,14 (B1AoBz) r
V12,14, V22,23, V18,20 (B;'K) 2U
Y1519, V15,21 (Ro) P’
F(K,Q), F(K™', 0™ (A1) k
F(K™', Ry), F(K,Ry" (K Ro) I
F(Ro, Ry (Ro) P
F(Q, 0™ (Q) 2d
F(Bi, Ay, F(B{'.By). F(By'.Ag))  (BiAoBa) I
F(By, B[ (B1) p
F(By, By ") (B2) P
F(Ao, Ay (A7) K

Table 12. The stabilisers when all values are positive and finite

(continued on the next page).




FUNDAMENTAL DOMAINS FOR DELIGNE-MOSTOW LATTICES 237

F(K,B), F(K,B;"), F(K™',B;"), F(K™',By) 1 1
F(Bi,Q), F(B, Q™), F(B,'.07Y, F(B{', Q) 1 1
F(Ao, Ro), F(Ay',Ro), F(Ay', Ry, F(Ao, Ry 1 1
F(K, K™Y, F(K™', Ap), F(K,Ay") 11
F(B, Ry, F(B', 07", F(Q,Ry) 11
F(Ry', Q™Y, F(Q.By), F(B;', Ro) 11
S(K), S(K™1) 11

S(0), S(Q™hH 1

S(By), S(B; 1) 11

S(By), S(B; Y 11

S(Ro), S(Ry'™) 11

S(Ao), S(Ayh) 11

D 11

Table 12. (continued).

Then the orbifold Euler characteristic of D is given by

09 xHYT) =ty Lyl L L]
X ) = T od Ty Tl Tkl Tk Tk o Tk
11 1 1 1 1 1 1 1 1

11
i e e e e e e
p

and the volume is (87%/3) x (HZ/T).

While it is easy to see that the stabiliser of each facet contains the group in the
second column of the table, the converse inclusion required slightly more work and
it follows from the cycles in the Poincaré polyhedron theorem. More specifically,
to find the stabiliser, one needs to consider all the cycles of the cycle transformation
and keep track of each facet. Then one considers all the transformations inside
cycles that stabilise the facet and finds the map or maps that generate all of them.
Since the cycles are composed of the side pairings, which are generators for the
group, then this is the stabiliser required. Using this procedure, one can find the
stabilisers in the second column of Table 12.

Now we need to explain how to modify the table when calculating the orbifold
Euler characteristic for one of the degenerations of D.
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« First consider the case when d is negative or infinite. Then the vertices vs, v,
vs and vy collapse to a single point. This means that the two orbits containing
them will collapse to only one orbit. The new vertex is stabilised by (B, Ry) and
we need to calculate its order. This is similar to the proof of Proposition 2.3 of
[Deraux et al. 2016] (adapting the argument to complex reflections with different
orders) and to proof of Propositions 4.4, 4.5 and 4.6 in [Parker 2009]. Now,
Ry has eigenvalues eie/, 1, 1, while B; has eigenvalues ¢%? 1, 1. In other words,
remembering ' =27 /p’ and 6 =7/ p, Ry and B; have eigenvalues e%m/P' 1,1 and
e?7/P 1, 1 respectively. Now consider B| Ry. It has eigenvalues 1, ¢! @9 —¢i@+60),
which we can write as 1, ¢/"/P+7/p+7/2) pi(x/p"+7/p=7/2) pecause ' = 2a — 7.
In this way the part acting on the sphere orthogonal to the common eigenspace is
in SU(2). This means that (R, B;) is a central extension of a (2, p, p/)-triangle
group. Remembering that a (2, a, b)-triangle group has order 4ab/(2a + 2b — ab)
and the definition of the parameters (19), the order of the triangle group is —2d.
Since m — o — 6 = 7/d, the eigenvalues of (RoA)? are ¢2™/4 ¢27/4 1 and hence
the order of the centre is —d. So the order of the stabiliser is 2d2. Moreover, the
line of the table corresponding to the edges between these three points (so the line
of the orbit of y3 5) needs to be eliminated and so does the line corresponding to
the ridge F(Q, Q~!). When d is oo, the single point is on the boundary and the
stabiliser has infinite order and the same lines of the table disappear.

» Now consider the case of I’ negative or infinite. We have three triples of vertices
collapsing to the three vertices v12,13,14, V18,19,20 and 21,2223, Where v; ;  is ob-
tained collapsing vertices v;, v; and v;. They are in a unique orbit and vg 19,20
is stabilised by (Ry, 0~ 'K) = (Ry, A|). We need to calculate its order. Now,
Ry has eigenvalues ¢'?, 1, 1, while A; has eigenvalues ¢%¢, 1, 1. In other words,
remembering 6’ = 27r/p’ and ¢ = 7/k, Ry and A, have eigenvalues ¢%7/?' 1,1
and e?7/% 1,1 respectively. Now consider RgA;. It has eigenvalues 1, ¢!,
—e'@+9) which we can write as 1, ! (/P +7/k+7/2) oi(x/p'+7/k=7/2) This means
that (Ro, A1) is a central extension of a (2, p/, k)-triangle group, which has order
4p'k/Q2p 42k — p'k) = =2I'. Since @ +¢ — 1 = 7 /I’, the eigenvalues of (RyA)?
are 27/ l/, e/ l/, 1 and hence the order of the centre is —/’. This means that the
order of (R, A;) is 21’>. Moreover, the two lines of the table corresponding to
edges between the three collapsing points need to be eliminated. In other words,
the lines of the orbits of y12 13 and 12,14 disappear from the table, together with the
orbit of the three ridges that collapse. Again, when [’ is 0o, the vertices v12 1314,
v18,19,20 and vy 22 23 are on the boundary, the stabilisers have infinite order and the
same lines of the table disappear.

» Now let us consider the parameter /. From Table 9 one can see that it is never
negative. The only degeneration hence comes when it is infinite. This means that
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the two vertices obtained by triples collapsing are on the boundary and hence their
stabiliser will have infinite order. So the orbit of these two vertices disappears in the
calculation of the orbifold Euler characteristic. Similarly, the two orbits of edges
between collapsing vertices disappear from the calculation (the orbits of ys g and
¥7.8) and so does the orbit containing the two ridges that collapse to the two new
points on the boundary.

o When k’ is negative, the vertices vy, v7 and vy; collapse to a point (see Section 5E).
This means that the two orbits of these three points collapse to a single one. It
is easy to see that the new point is stabilised by K, Ag and Ry, so the stabiliser
is (R, K). We now need to calculate the order of this group. Since K? = Ay !
and Ao commutes with Ry, the centre is generated by K2, which has order —k’.
Now, we know that RyK has order /, so (Ry, K) modulo the centre would is a
(2, p’, )-triangle group, which has order —2k’. So the order of (R, K) is 2k'%.
Moreover, the lines of the table corresponding to the two orbits of edges between
these three points (i.e., the orbit of y7 11 and y79) disappear in the calculation and
so does the line relative to F (Ao, Ao_l). When k’ is 0o, the vertices vy, v7 and vy
collapse to a point on the boundary, the stabiliser has infinite order and the same
lines of the table disappear.

Remark 5.2. We remark that the calculation of the Euler orbifold characteristic
is done for lattices with 2-fold symmetry but forgetting that some of them have
2-2-fold symmetry. These are the lattices in the first class of Table 8. In other
words, we are calculating the volume of I'; 5, with X1 = ((3, 4)) = Z», rather than
[ux,, with 35 =((1, 2), (3,4)) = Z» x Z», which is the full symmetry group of the
ball 5-tuple. When we have the extra symmetry, our polyhedron will contain two
copies of a fundamental domain for the lattices. The Euler orbifold characteristic
of the fundamental domain for I'; 52, with ¥ being the full symmetry group of the
ball 5-tuple as usual, will hence be half the one found with the formulae.

The orbifold Euler characteristic y calculated with the modification of Table 12 is
consistent with the commensurability theorems we know between Deligne—Mostow
lattices in PU(2, 1). Table 13 summarises the values found in relation with the ones
previously known. The top left quadrant contains lattices that are commensurable
according to Corollary 3.9 in [Parker 2009], which is Corollary 10.18 of [Deligne
and Mostow 1993] and have index 3, because the theorem from which one deduces
the corollary does not take into account the 3-fold symmetry. The top right quadrant
correspond to commensurability stated in Theorem 3.10 in [Parker 2009] and they
also have index 3. The bottom right quadrant of the table contains lattices which are
commensurable according to Theorem 3.8 in [Parker 2009], which is Theorem 10.6
in [Deligne and Mostow 1993]. They have index 2 even though the theorem says
they are isomorphic because here we only take into account the 2-fold symmetry
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lattice X X lattice lattice X X lattice
6.63) — ! 62 |l@an L o L uy
7 3.22 32.23 ’ 7 3.23 32.23 ’
3 1 11.32 11-3
10,10,5) —— —— 10,2 4,45 4.5
( ) RN I (10,2) (4.4.5) ws O pa; 4.5)
7 7 13 13
12,12,6) — 12,2 446) — —— (4,6
( ) %3 PERY (12,2) (4,4,6) 53 < P (4,6)
13 13
(18,18,9) 55 (182 1 1
2°-3 2°-3 (2,6,6) B 3z (6,6)
17 17 1 1
34,4 — — 4, E 233) — — (3,63
Gad) 5 TGE)||@33) s o 1 (63)
(3,3,4) T < I (2,4,3)
” 24.3 25.3 o

Table 13. Values of x found in relation with the ones previously known.

and ignore the 2-2-fold symmetry (see Remark 5.2). An exception is given by the
first one in the list, where the extra term in the index is given by the fact that the
theorem does not consider the 3-fold symmetry of the lattice. Finally, in the bottom
left quadrant, Proposition 7.10 of [Deraux et al. 2016] shows that the Thompson
group E; when p =4 is (conjugate to) a subgroup of index 3 in the Deligne-Mostow
group where u = (3, 3, 5, 6, 7)/12, which is exactly our (3, 4, 4).

5C. Cycles. The cycles given by the Poincaré polyhedron theorem are:

Fk, 005 Fk', 07 L5 Fk, 0),
F(K™', Ry) 2% F(K, Ry K F(K™', Ry),

F(B1. Agh) 2> F(BT', By) 25 F(BS', Ag) 2% F(By. AgY),

F(Ro, Ry") 2% F(Ro, Ry,
F(Q, 0% Fo, 0™,
F(B), By 2> F(By, Bi'Y),
F(By, B;") 2> F(By, By,

F(Ao, A7) 25 F(Ao, A5,

B;! -1
F(K,B) 2 F(k, By S Pk, B;") = F(K™', By) 2 F(K, By),

FB,0) % F(By, 0 2 By, 07 25 FBT', 0) 25 F(B1. ).
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-1 -1

F(An Ry 2 —1 Ro 1 p—1y 4o 1, R
(Ao, Ro) — F(Ay ', Ro) — F(A, , Ry) —> F (Ao, R, ) —> F(Ao, Ro),
FIK.KHYE Pk a0 2 Fk, A7) S Pk K,
-1
FB, R;H 2 FB', 0 25 F(Q, Ry) =5 F(By, Ry,
-1
FR;', 07" 25 F(Q. B)) 3> F(B; ', Ry) 5 F(R;', 0.

The cycles give the transformations in Table 14, where ¢ determines the power
of T which fixes the ridge pointwise and £m is the order of 7. Note that for all of
the 2-fold symmetry values that we are considering, k, k', p, p’, 1,1’ and d are all
integers (positive or negative).

When the order of a cycle transformation is negative, the corresponding ridge
collapses to a point and so the transformation is a complex reflection to a point.
When the order is oo, the cycle transformation is parabolic.

5D. Disjointness and tessellation. The proof of Theorem 5.1 consists in proving
that D and our side pairings satisfy the hypothesis of the Poincaré polyhedron
theorem. This is done in the same way as in [Parker 2006; Boadi and Parker 2015;
Pasquinelli 2016]. The only conditions that are not obvious in our case are the
disjointness of D and its images under the side pairings and the tessellation condition.
We will include some proofs of the disjointness and tessellation conditions, since
they are the hardest to prove. We will divide the ridges in three groups. Looking at
the structure of sides in Figure 5, one can see that the ridges are contained in either
a Giraud disc, a Lagrangian plane or a complex line. We will include the proofs for
one ridge from each type.

Ridges contained in a Giraud disc. The ridges contained in a Giraud disc are
F(K, K™Y, F(K,A;"), F(Ao, K™Y, F(B1,Ry"), F(B;',Q™"), F(Q, Ry),
F(R_l, 0~ Y, F(Q, By) and F(B_], Rop). To prove the tessellation condition for
them, we will use Lemma 4.2. The proof follows proofs of Propositions 4.5 and 4.7

cycle transformation 7 € m | cycle transformation T ¢ m
0~ 'K 1 k& Ao 1 K

Ro 1 p'| BiAoBo=(B,'K)? 1 I

B 1 p B 1 p

0) 2 d RoK 1 1
RyQ~'B=1d 1 1 B QO 'Ry=1d 11
BIK7'By'K=1d 1 1| B/'Q7'B,o=1d 1 1
AoRy'A;'Ry=1d 1 1 KAoK =1d 11

Table 14. The cycle transformations and their orders.
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of [Parker 2006], Proposition 5.3 (first part of the proof) in [Boadi and Parker 2015]
and Proposition 8.7 of [Pasquinelli 2016].

Proposition 5.3. The polyhedra D, K (D) and K Ao(D) = K~'(D) are disjoint
and tessellate around the ridge F (K, K.

Proof. Take z € D. By the second point of Lemma 4.2, z is closer to n,g than
to K~ H(ny). By the tenth point of the lemma, it is closer to n,g than to K (n,).
Similarly, take a point z € K (D). This means that K ~'(z) € D. By the second
point of the lemma applied to K —1(2), z is closer to K (n,o) than to n.. By the
eighth point of the lemma, it is closer to K (1,0) than to K ~!(n.). Finally, take
a point z € K~1(D). This means that K (z) € D. By the fifth point of the lemma
applied to K (z), z is closer to K ~!(n,) than to K (n,0). By the tenth point of the
lemma, it is closer to K ~!(n,0) than to n.

This clearly implies that the three images are disjoint and since F(K, K~!) is
defined by Im(e'?z;) = 0 and Im(e~"?w;) = 0, a small enough neighbourhood of
the ridge is covered by the three images. U

Ridges contained in a Lagrangian plane. The ones contained in a Lagrangian
plane are ridges F(K, B)), F(K~', B;"), F(K~', By), F(K, B{'"), F(By, Q),
F(By, 071, F(By', Q7)) F(B[', Q), F(Ay'Ro), F(Ay', Ry, F(Ao, Ry
and F (Ag, Rp). The proof is done by studying the sign of some of the coordinates
and it follows proofs of Proposition 4.8 of [Parker 2006], Proposition 5.3 (end of
the proof) of [Boadi and Parker 2015] and Proposition 8.8 of [Pasquinelli 2016].
We will prove the property for the first ridge mentioned. The others are done in a
similar way.

Proposition 5.4. The polyhedra D, By '(D), K~'(D) and By 'K~'(D) are dis-
Jjoint and tessellate around the ridge F (K, By).

Proof. Let us consider points in D, Bl_l(D), K~ Y(D) and Bl_lK_l(D) and record

the sign of the values of Im(z), Im(e/?z;), Im(e’?z>) and Im(e~"?z,) for them.
They are shown in the following table.

Im(z;) Im(e®z)) Im(efzp) Im(e 9z5)
D - + + -
B (D) - + - -
K~Y(D) - - + -
B 'K~'(D) - - - -

The first row can be deduced using the definition of D in terms of the arguments
of the coordinates. The second row can be deduced by considering that the action
of By only consists in multiplying the coordinate z, by ¢*?. The third row can
be deduced by the fact that applying K corresponds to first applying A;, which
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multiplies the coordinate z; by ¢*¢ and then applying Q, which relates the z
coordinates to the w coordinates.

The ridge F(K, By) is defined by Im(e?z;) = 0 and Im(e’?z5) = 0 and in a
neighbourhood of the ridge the images considered coincide with the sectors where
the values are either positive or negative. Combining the information of the table
one gets the tessellation as required. Moreover, since each pair of polyhedra has at
least one value with opposite sign, they will always be separated by the subspace
where that value is zero and hence they will be pairwise disjoint. U

Ridges contained in complex lines. The ridges contained in complex lines are
F(K,Q), F(K™', 07", F(K,Ry"), F(K™', Ro), F(Ro,Ro), F(Q,07"),
F(Ba, Ay"), F(B{', Bo), F(B[', Ao), F(B1, B;'"), F(Ba, By ') and F (Ag, Ay ).
The strategy consists in showing that the polyhedron (and suitable images) cover
a sector of amplitude ¥ and that the cycle transformation acts on the orthogonal
of the complex line as a rotation through angle 1. Then each power of the cycle
transformation covers a sector and since ¥ is always 2w /a with a integer, we
cover the whole space around the ridge. The proofs are similar to the ones of
Proposition 4.11 of [Parker 2006], Proposition 5.3 of [Boadi and Parker 2015] (the
middle part of the proof) and Proposition 8.10 of [Pasquinelli 2016].

The cases of F(Bj, Aal), F(Q, 07" and F(K~', Ry) (and the ones in their
cycles) are an exception because the procedure is the same but after applying a
suitable change of coordinates.

The proofs for these cases are along the line of proof of Proposition 4.13 of
[Parker 2006] and of Proposition 8.11 of [Pasquinelli 2016]. For completeness, we
will include the proof of one of these ridges.

Proposition 5.5. The polyhedra D, Ag(D) and AgB,(D) and their images under
Ao By By are disjoint and tessellate around the ridge F (B, Aal).

Proof. The ridge F(B1, A,") is contained in L3 (a, «, 6, ¢), and e "%~ A, B, B
fixes the ridge pointwise and rotates its normal vector n.3(«, o, 6, @) by erilete—m)
The proof consists in changing the coordinates to have a similar situation as for
the other ridges contained in a complex line. The new coordinates will be in terms
of two vectors spanning the complex line and the vector normal to it, since the
complex line is the mirror of the transformation AgB;B;. More precisely, writing

0 2 _ singsin(a - 99) - sina sin(6 + ¢)xz _01 o (1)
1 sin @ sin(a + ¢) -1 0
1 —x2 ’

sin ¢ sin(a — 6) |,

e
sing sin(@ +é) \ oo+ ¢) sina



244 IRENE PASQUINELLI

@
o®)

S(B2)
F(B,".B:) F(A0.B1")

Figure 9. The polyhedra around F(Ay ', By).

the new coordinates are

_ sing sin(a —60) —sina sin(0 + @)x;
B 1—x

B sin @ sin(o + ¢)x

- 1-— X2 ’

&1

’

€1y
1)

This means that AgB, B; acts on the new coordinates by sending (&, &) to the
point (e?@+T¢=™¢g, &), Since the configurations are as in Figure 9, if we prove
that D, Ag(D) and AgB>(D) cover the sector defined by the argument of &; being
between 0 and 2(« 4+ ¢ — 1), then the appropriate images under Ao B, By will cover
a neighbourhood of F'(A, ! B)).

First notice that if we are in S(B7), then x, € R and so arg&; = 0. Moreover, if
we take a point in z € S(B;), then z> = ¢'’u with u € R and the coordinate & of
A()Bzz is

£ = Q2 (etg—) s'%n(e +o)u+ s%n 0}
sin(o —0)u — sino
and so argé§; =2(a + ¢ — 7).

The last thing we need to prove is that such images are disjoint. Now the pairs
D, ApD and AgD, BAgD are disjoint because of tessellation property around
F (A, Aal) and F(B,, Bz_l). To prove that D and B> Ao D are disjoint, it is enough
to prove that the argument of the coordinate & of points in D is smaller than
o + ¢ — m, while the one of points in ByAoD is bigger than o + ¢ — 7.

If one writes the coordinate & in terms of the v-coordinates, then a point in
S(Ap) has coordinate vy = ¢'® u, with R > u < — sin(2a) /sin(f + ¢) by Lemma 3.4
and

) sin ¢ sin(o — 6) (— sin(2a) — sin(6 + P)u)
sin(e — @)u — sin( + @) vy + sin(o — @)

51 — ei (Ot+¢—
Then

Ime' @~ = sin ¢ sin( — ) (— sin(2a) — sin(6 + ¢)u) sin(a + ¢) Im v, > 0.
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V3
Vi \E:

Figure 10. The configuration of triangles when k' is negative.

Similarly, for a point z € S(Bz_l) we have wy = e ~%v with R> v <sin¢/sin(0 +¢)
and the coordinate &; of Agz is

£ = o—ito+o—m) sin ¢ ' sin(6 + ¢)u —sin¢
! sina sin(a + ¢)e " Pw; + sin(a — O)u — sin«

and

sing . . . —i
— " (sin¢ — sin(0 + ¢)u) sin(a + ¢) Ime " *Pw, < 0.
sin o

Imef@H9—Dg, —

Observe that we are using the fact that sin(«a 4 ¢) > 0, which is always the case
when the ridge does not collapse (i.e., I’ > 0 and finite). O

5E. The case k' negative. When k' is negative, after applying P! to the configu-
ration («, o, 0, ¢) we obtain a configuration where the last angle is negative. This
means that we cannot describe the configuration with the same coordinates and
triangles as before. This doesn’t stop us from doing everything in the same way,
up to taking a slightly different configuration of triangles. By construction (see
Figure 1), once we developed the cone metric on the plane, ¢ was the angle between
the line passing through v, and vy and the line passing through v; and v, on the
side of vg and v;. When this angle is negative, we will take —¢ to be the angle
between the same two lines, but on the side of v, and v, (see Figure 10).
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The area of the cone metric is the area of the shaded region Il. Using the
coordinates as in the figure, this is

Area =

—sinqﬁsinat 5 sin@sinﬁlt 5 —sin¢sin9|t |2
sinl@—¢) - sin(B—0) 2 sin@+¢) -

Remembering that — sin ¢ is positive, this is still a Hermitian form of the same
signature, except that the roles of #; and #3 are exchanged. This makes sense, since
now the triangles 7 and 73 are “inside” the triangle 7

When looking at the vertices, this tells us that the we cannot have the line Lo,
since to make vg and v; collapse, one should take x; = 0 and the whole figure
would collapse. We will hence have a new vertex v,,3 obtained by taking t{ =#;3 =0
and so by making v, = v, = v3 instead of the three vertices y;, y9, ¥12. In terms of
our polyhedron D, this means that vy, v7 and v;; collapse to this new point v,;3,
which is on the boundary (i.e., it makes the area be 0) if k" is infinite. All the
other vertices remain the same and everything else in the study of the combinatorial
structure of the polyhedron can be done in the exact same way. In particular, as in
Proposition 3.5, we still have that the vertices on L, collapse to a single vertex if
7 —a —6 <0 (.e., if d <0) and the vertices on L, collapse to a single vertex if
a'—0'—¢' <0 (ie.,if I’ <0). Note that the vertices on L, and L3 never collapse,
as [ > 0 in all our cases. This analysis gives the remaining cases in Theorem 5.1.
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We consider integral and irreducible binary quartic forms whose Galois
group is isomorphic to a subgroup of the dihedral group of order eight. We
first show that the set of all such forms is a union of families indexed by
integral binary quadratic forms f(x, y) of nonzero discriminant. Then, we
shall enumerate the GL;(Z)-equivalence classes of all such forms associated

to a fixed f(x, y).
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1. Introduction

The problem of enumerating GL, (Z)-equivalence classes of integral and irreducible
binary forms of a fixed degree has a long history. The quadratic and cubic cases were
solved in [Gauss 1801; Siegel 1944] and [Davenport 1951b; 1951c], respectively,
where the forms are ordered by the natural height, namely the discriminant A(—).
The quartic case turns out to be more challenging. This is because the ring of
polynomial invariants of quartic forms have two independent generators, usually
denoted 7 (—) and J(—). For

(1-1) F(x,y) = amx* + a3x’y + axx?y? + ayxy® + agy?,
they are given by the explicit formulae
[(F) = 12a4a0 — 3aza; + a3,

J(F) =T2aq4aza0 + 9azara — 27a4af — 27a§a0 — 2a§’,

MSC2010: 11E76, 11R45.
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which are of degrees two and three, respectively. Bhargava and Shankar [2015],
instead of using the discriminant, introduced the height function
(1-2) Hgs(F) = max{|I(F)]*, J(F)*/4}.
For X > 0, let us define

N7z(X) = #{[F ] :integral and irreducible binary quartic forms F
such that Hgg(F) < X},

where [—] denotes GL,(Z)-equivalence class. In [loc. cit.], they proved that

44¢(2) s 3
12(5 )X% + OG(X%JFG) for any € > 0.

This is the first result ever obtained, and as far as we know, the only known result
in the literature, for the quartic case.

1-3) Nz(X) =

1A. Set-up and notation. In this paper, we shall also be interested in the quartic
case, but only the integral and irreducible binary quartic forms F with small Galois
group Gal(F), which is defined to be the Galois group of the splitting field of
F(x, 1) over Q. We know that Gal(F') is isomorphic to one of the following:

S4 = the symmetric group on four letters,
A4 = the alternating group on four letters,
D, = the dihedral group of order eight,
C4 = the cyclic group of order four,

V4 = the Klein-four group.

We shall say that Gal(F) is small if it is isomorphic to Dy, C4, or V4. Recall that
the cubic resolvent of F is defined by

Orp(x) = x> =31(F)x + J(F).
Then, equivalently, we have the classical characterization that for irreducible F
Gal(F) is small if and only if Qr(x) is reducible.

It turns out that whether Gal(F') is small or not may also be characterized in terms
of binary quadratic forms and the following so-called twisted action of GL,(R).
Given a complex binary form &(x, y), let GL,(R) act on it via

ft
Er(x,y) = E(ix + 1y, t3x +14y) for T=<1 2)-

1
det(T)(kg“:/2 13 1y

Observe that this is only an action up to sign when deg £ is odd, in the sense that
for T1, T, € GL,(R), we only have &7,7, = £(&71,)7, in general. Now, given a real
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binary quadratic form f(x, y) = ax?+ Bxy + yy* with A(f) # 0, write

(B 2
My = (—Za —,3)

for its associated matrix in GL,(R). Its action on binary quartic forms clearly
remains unchanged if we scale f(x, y) by a constant in R*. The second author,
Xiao, proved [2019] that for any real binary quartic form F with A(F) #0, elements
of

{T € GL>(R) : T is not a scalar multiple of I,4, and Fr = F}

all arise from binary quadratic forms in this way; see Proposition 2.1. Recall that
an integral binary quadratic form is called primitive if its coefficients are coprime.
Using this result from [Xiao 2019], in Section 2, we shall first show:

Theorem 1.1. Let F be an integral binary quartic form with A(F) # 0. Then, the
following are equivalent.

(1) Qr(x) is reducible.

(2) Fr = F for some T € GL(Q) which is not a scalar multiple of Ix».

(3) Fm, = F for an integral and primitive binary quadratic form f with A(f) # 0.
Moreover, in the case that Qg (x) is reducible:

(a) If A(F) # U, then there is a unique such f up to sign.

(b) If A(F) =0, then there are exactly three such f up to sign, among which one
is definite and two are indefinite.

Given a real binary quadratic form f(x, y) with A(f) # 0, let us further make
the following definitions. First put

VR, s = {real binary quartic forms F' such that Fj, = F},
Vz.r = {integral binary quartic forms F* such that Fjy, = F}.

Clearly Vg, ¢ is a vector space over R and V7, ; a lattice over Z. A straightforward
calculation shows that dimg Vg, r is three; see (3-1) and (3-2) below. Also, put

Ve ={FeVrys:A(F)#0} and V) ,={F € Vzs:A(F)#0}.

For F e Vﬂgy powe shall define two new invariants as follows. As we shall see in (2-3),
there is a unique root ws(F) of Qr(x) corresponding to f. Let a)}(F ), w;(F )
denote the other two roots of Qr(x) and define

(1-4) Li(F)=w;(F) and Ks(F)=—o/(F)w}(F).
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By Proposition 3.2 below, they have degrees one and two, respectively, in the
coefficients of F. Following (1-2), let us define the height of F associated to f by

Hy(F) = max{L;(F)*, |K s (F)]}.
This is comparable to the height (1-2) because by comparing coefficients in
2 = I(F)x +J(F) = (x — 07 (F))(x = o (F))(x = o/} (F)),
we easily deduce the relations
(1-5) 3I(F):Lf(F)2+Kf(F) and J(F)=L¢(F)Ks(F),
which in turn imply that
(1-6) (Hy(F)/10)’ < Hys(F) < Hp(F)’.

Let us note that
41 (F)? — J(F)?
27
B (Lf(F)2 +4Kf(F)> <2Lf(F)2 - Kf(F))2

(1-7) A(F) =

9 9

where the first equality is well-known, and the second equality holds by (1-5). Also,
our height Hy(—) is an invariant in the sense that for any 7" € GL,(R), we have

Hy (Fr) = Hy(F),
as shown in Proposition 3.1 below. This implies that the map
(1—8) VR,f — VIR,fTs F— FT,

which is a well-defined bijection because M, = T-'M ¢ T, is height-preserving
when restricted to the forms of nonzero discriminant.

Now, let us return to the integral and irreducible binary quartic forms with small
Galois group. Write V™ for the set of all such forms and set

Vo™ = (F e V3™ Gal(F) # Vi)
By Theorem 1.1, we know that

V"= | J(F e V) ;i F is irreducible},
fes*
vym = | |{F e V), F is irreducible and Gal(F) % Vi),
fes

(1-9)
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where §* denotes the set of all integral and primitive binary quadratic forms of
nonzero discriminant, up to sign. In particular, given F € V5™, there is a unique
f eg* suchthat F € VZO’ s and we may define the height of F by setting

H(F)=Hf(F).
For X > 0, let us define
NI (X) =#{[F]: F € V3™ such that H(F) < X},
Nj ((X)=#{[F]:F € V;'" NV} , such that H(F) < X}.
Then, by (1-8) and (1-9), we have
Ny (X)=) N} ,(X),
fe§

where § denotes a set of representatives of the GL,(Z)-equivalence classes on
§*. In Theorem 1.2, which is our main result, for f € §*, we shall determine the
asymptotic formula for N% ¥ (X). In fact, we shall consider the finer counts

NP(X) =#{[F]: F € V;" NV} , such that Gal(F) ~ D4 and H(F) < X},

NP (X) =#{[F]: F € V;"NVy ; such that Gal(F)~ Cy and H(F) < X},
N (X) =#{[F1: F € V;" 0V} , such that Gal(F) ~ V, and Hy(F) < X},

and show that the latter two are negligible compared to N%)]f)(X ). This means that

most of the forms in V;™N VZO, 7 have Galois group isomorphic to D4. However, all
of our error estimates depend upon f. Currently, we do not know how to control
them in a uniform way, and so we are unable to obtain an asymptotic formula for
N%(X) by summing over f € §.

Finally, let us explain, for each f € §*, how counting forms in V;™ N VZO’ ¢ may
be reduced to counting lattice points. Write f(x, y) = ax? 4+ Bxy + yy2 with
a, B,y € Z. By (3-1) and (3-2), the set Vg  is a vector space isomorphic to R3 via

(G a4x4 +a3x3y —{—agxzyz +a1xy3 +aoy4 — (aq, az,ap) ifa #0,

0yt asx* +azxy +ax?y? +aixy® +aopy* — (as, az, ap) if B, p*+4ay #0.
Recall that the subset V7 has the structure of a rank-three Z-lattice, which may
be identified with the lattices
(1-10) Afy] =®1(VZ,f) and Afy2:®2(VZ,f)

in Z3. Let us mention here that we shall use the isomorphism

1 if f is irreducible,

Ou(f), Wwh =
w(f),  Where w(f) {2 if f is reducible.
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Thus, the problem is reduced to counting points in Ay or A 5, and then sieving
out those which come from reducible forms. In turn, counting lattice points amounts
to computing certain volumes by a result of Davenport [1951a]; see Proposition 5.1.

1B. Statement of the main theorem. 1t is clear that we may choose the set § of
representatives to be such that for all f € §, the x>-coefficient is positive, and

(1-11) flx,y)= ax? + Bxy, where ged(a, B) =landO<a <pB
when f is reducible. Let ~ denote GL;(Z)-equivalence. Then, our main result is:

Theorem 1.2. Let f(x, y) be an integral and primitive binary quadratic form of
nonzero discriminant and with positive x>-coefficient. Write Dy = |A(f)|, and put
8 if Dy is odd,
= {1 if Dy is even.
(a) Suppose that f is positive definite. Then, we have
1 13z
s¢7s 21D}

N(D4)(X) X324+ 0p(X'€)  forany e >0,

where
6 if f(x,y) ~ P+ xy+)7,
rr=12 iff(x,y) ~ax>+cy* or f(x,y) ~ax>+bxy+ay*> witha #b,
1 otherwise.
(b) Suppose that f is reducible and that f has the shape (1-11). Then, we have

8
s rf serr 932

_{1 ifBta*+1and pto®—1,

2 otherwise.

N(D4)( ) X3/2 10gX+ Of(X3/2)

where

(c) Suppose that f is indefinite and irreducible. Define tp, € R to be such that
e'” is the fundamental unit of the quadratic order Z[(Dy + /Dy) /2], or
equivalently

tp, =log((up, +vp,/Dy)/2),

where (uDj., va) € N2 is the least solution to x* — ny2 = 14. Then, we have

(D) 1 32ip; 3 1
(X)) = i 9D3/f2X/ + Op(X'*€)  forany e >0,

where
2 if f(x,y) ~ax*+bxy —ay?
ry= or f(x,y) ~ax>+bxy+cy> witha|b,
1 otherwise.
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(d) In all three cases, for any € > 0, we have

NP (X) = 07 (X179,
and also
Ope (X219 if —A(f) # 0,
Or(X) if—A() =0
Notice that the error terms in Theorem 1.2 depend upon f. Hence, we are unable

to obtain an asymptotic formula for N%(X ) by summing over f € §. However,
there are only three f € § that need to be considered if we restrict to the forms in

-]

V" ={F € V;™: Fr = F for some T € GLy(Z) \ {£1>x2}}.

This is because by Proposition 2.1 below, such a matrix 7 must be of the shape
My or M /2 up to sign, where f € §*. From (1-9), we then deduce that

ysmr U (F e VZO, 7+ F is irreducible},
feg*
A(f)e{—4,1,4}
stm,*,'{' = |_| (F e VZO, ¢ F is irreducible and Gal(F) # Vi}.
feg*
A(f)e{—4,1,4}

For X > 0, let us put
N3 (X) = #{[F]: F e V;"*" such that H(F) < X}.
Then, by (1-8) and the above discussion, we have

N1 = N 0+ N3 (04 N iy (X0,

where we may take
fPan=x+y" [P0y =x+xy, Oy =x>+2xy,
whose discriminants are —4, 1, and 4, respectively. We have:

Corollary 1.3. We have
NyT(X) = 3X31og X + 0(X3/?).
Proof. Theorem 1.2 implies that
Ng ;0 (0=0(X"?) and NZT’ s0(X) =15 X log X+0(X*?) fori =2,3.
Summing these terms up then yields the claim. O

Finally, as a consequence of the proof of Theorem 1.2, we also have:
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Theorem 1.4. Let D = ,32—|—4a2, where a, B € N are coprime and D is not a square.
Then, the negative Pell’s equation x> — Dy*> = —4 has integer solutions if and only
if the integral binary quadratic form ax® + Bxy — ay?® is GLy(Z)-equivalent to a
form of the shape ax® + bxy + cy* with a dividing b.

We now discuss some potential applications of our Theorem 1.2 and Corollary 1.3.

First, it is natural to ask whether the asymptotic formula (1-3), which was proven
using Proposition 5.1, admits a secondary main term. From the arguments in
[Bhargava and Shankar 2015], we see that the error term arising from volumes
of the lower dimensional projections in Proposition 5.1 is only of order O (X3/4).
Thus, possibly X3/ is the order of a second main term, but it is dominated by
another error term coming from

N7 ps(X) =#{[F]: F € V;™* such that Hgs(F) < X}.
In particular, it was shown in [Bhargava and Shankar 2015, Lemma 2.4] that
N7 gs(X) = 0. (X**+¢)  for any € > 0.
Our Corollary 1.3 removes this obstacle, because
Ny T (X') < N3 ps(X) < Ny T10X') + 0.(X ')
by (1-6) and Theorem 1.2(d), whence we have
N} ps(X) < X' log X.

This improvement potentially allows one to prove a secondary main term for (1-3)
by using similar methods from [Bhargava et al. 2013], where it was shown that
the counting theorem in [Davenport and Heilbronn 1971] for cubic fields has a
secondary main term of order X>/°; this latter fact was proven independently in
[Taniguchi and Thorne 2013] as well.

Next, integral binary quartic forms are closely related to quartic orders, and
maximal irreducible quartic orders may be regarded as quartic fields. More generally,
by the construction of Birch and Merriman [1972] or Nakagawa [1989], any integral
binary form F gives rise to a Z-order Qr whose rank is the degree of F, where
GL;(Z)-equivalence class of F corresponds to isomorphism class of Q. By
[Delone and Faddeev 1964], it is well-known that all cubic orders come from
integral binary cubic forms, which enabled the enumeration of cubic orders having a
nontrivial automorphism as well as cubic fields by their discriminant; see [Bhargava
and Shnidman 2014] and [Davenport and Heilbronn 1971], respectively. But this is
not true for orders of higher rank. Parametrizations of quartic and quintic orders
were given by Bhargava in his seminal work [2004; 2008]. Wood [2012] further
showed that the quartic orders arising from integral binary quartic forms are exactly
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those having a monogenic cubic resolvent; see [Bhargava 2004] for the definition.
This implies that the forms in

V" ={F € V;™: QF is maximal}

correspond to quartic Dy-, C4-, and Vy-fields whose ring of integers has a monogenic
cubic resolvent. In our upcoming paper [Tsang and Xiao 2017], we shall enumerate
GL,(Z)-equivalence classes of forms in V,"™* with respect to a height corresponding
to the conductor of fields, as motivated by [Altug et al. 2017]. In fact, we shall that
show that

forall feF: FeV,""N VZO’f # @ ifandonlyif A(f) € {—4,1,4}.

Thus, our counting theorem in [Tsang and Xiao 2017] may be regarded as a
refinement and an extension of Corollary 1.3 above.

Last but not least, binary quartic forms are connected to elliptic curves as well.
In particular, any integral binary quartic form F gives rise to an elliptic curve
defined over Q. Bhargava and Shankar [2015] applied (1-3) as well as a parametriza-
tion of 2-Selmer groups due to Birch and Swinnerton-Dyer to show that the average
rank of elliptic curves over (, when ordered by a naive height analogous to (1-2),
18 at most % This result is remarkable in that it is the first to show, unconditional
on the BSD-conjecture and the Grand Riemann Hypothesis, boundedness of the
average rank of large families of elliptic curves over (. Conditional bounds were
obtained by Brumer [1992], Heath-Brown [2004], and Young [2006] previously.
Now, the relations in (1-5) imply that for F' € V;" N VZO’ ¢ with f € §*, we have

Er: y2 = (x—l——Lf;F))(xz — Lf?EF)x — ng(F)),

which has a rational 2-torsion point. Hence, our Theorem 1.2 potentially allows
one to study arithmetic properties of elliptic curves with 2-torsion over Q. Let
us remark that unlike a large family of elliptic curves over (Q, in the sense of
[Bhargava and Shankar 2015, Section 3], the family consisting of those curves
with a rational 2-torsion exhibits a rather peculiar behavior. Indeed, Klagsbrun and
Lemke Oliver [2014] proved that the average size of the 2-Selmer groups in this
family is unbounded, and they conjectured an asymptotic growth rate. One might
be able to obtain such an asymptotic growth rate using our Theorem 1.2 and a sieve
that detects local solubility; this line of inquiry is pursued in an upcoming paper
due to D. Kane and Z. Klagsbrun.
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2. Characterization of forms with small Galois groups

2A. Cremona covariants. Let F be a real binary quartic form with A(F) #0. As
Cremona defined [1999], we have three quadratic covariants € 4 (x, y), each of
which is associated to a root w of Qf(x); see [Xiao 2019, Subsection 4.2] for the
explicit definition. They satisfy the syzygy

(2-1) Cru(x, y)? = H(Fy(x,y) +40F (x, ),
where Fy is the Hessian covariant of F and is given by
Fi(x,y)= 3(a§ — 8a4(12)x4 +4(aza — 6a4a1)x3y + 2(2a% —24aq4a0 — 3a3a1)x2y2
+4(ara; — 6(13610))6)13 + (3a12 — Sazao)y4.
We shall label the roots w; (F), wr(F), w3(F) of Qr(x) such that
Crory(x,y)=Cpi(x,y) foralli=1,2,3,

where €r;(x, y) is defined as in [Xiao 2019, (4.6)]. Then, from (2-1) and the
explicit expressions for € ,(x, y) given in [Xiao 2019], we have the following
observations:

(1) For w = w(F), the binary quadratic form € ,(x, y) has real coefficients.
(2) For w = w»(F), w3(F), we have:
o If A(F) > 0, then A, - € ,(x, y) has real coefficients for some A, €

{1, v-1}.
o If A(F) <0, then A - €f ,(x, y) does not have real coefficients for all
A eCx.

Also, it is easy to check that
(2-2) A(CF w(F))s A(CFwyr) >0 and  A(Cp () <O0.
We shall require the following result by Xiao [2019].

Proposition 2.1. Let F be a real binary quartic form with A(F) # 0. Then, a set
of representatives for the quotient group

{T EGLz(R)ZFT = F}/{)\.-szzi)» € RX}
is given by

{2, My f €{CFm(F)s Aan(F) * CFon(F)s dan(F) - Cras)}}  if ACF) >0,
{2, My f €{€F o r)}} if A(F) <.

Furthermore, the quadratic forms Cr o, (ry(X, ), €F 0y (F) (X, ), and Cr oy (ry (X, y),
are pairwise nonproportional over C*.
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Proof. For the first statement, see [Xiao 2019, Proposition 4.6]. As for the second
statement, since Cr ., (r)(x, y) are covariants, replacing F' by a GL,(R)-translate
if necessary, we may assume that

F(x,y) = asx* + apx?y* L asy*.

In this special case, it is not hard to verify the claim using the explicit expressions
for €r ,, (F)(x, y) in [Xiao 2019, (4.6)]. O

Let F be a real binary quartic form with A(F) # 0. Proposition 2.1 implies
that for any real binary quadratic form f with A(f) # 0, we have F € VR r if and
only if

(2-3) f(x,y) is proportional to €f ,(x, y) for a root w of Qr(x).

Moreover, this root w is unique, and we shall denote it by w ¢ (F'). This was required
in order to define the L ;- and K -invariants in (1-4).

2B. Proof of Theorem 1.1. The key is the following lemma.

Lemma 2.2. Let F be an integral binary quartic form with A(F) % 0 and let w be
a root of QF (x). Then, the quadratic form €r ,(x, y) is proportional over C* to a
Sform with integer coefficients if and only if w € Z.

Proof. If w € Z, then we easily see from (2-1) that A - € ,(x, ¥) has integer
coefficients for some A € C*. Conversely, if A - € ,(x, y) has integer coefficients
for some A € C*, then consider the action of an element o € Gal(Q /@), where Q
is an algebraic closure of Q. It is clear from the definition of ¢, (x, y) that A € Q.
From (2-1), we have

}\’2

%(w—a(a)))F(X, y) =C€F,(x, y)2 —0(Cru(x, y)z) = (1 - o (2)2

)€0tr, 12,

and this last binary quartic form has zero discriminant. This shows that w —o (w) =0
for all 0 € Gal(Q/Q). Thus, we have w € @, and so w € Z since Qp (x) is monic. [J

The first claim in Theorem 1.1 now follows from Proposition 2.1, Lemma 2.2,
and (2-3). Note that
A(F) =27*A(Qp),

which means that Qr(x) has three integer roots if and only if Qf(x) is reducible
and A(F) = [l. The second claim then follows from this fact and (2-2).
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3. Basic properties of forms in Vi ; of nonzero discriminant

Throughout this section, let f(x, y) = ax? 4+ Bxy + yy? be a real binary quadratic
form with A(f) # 0. It is not hard to check, by a direct calculation, that

4By A — (B> +2ay)B +2
3-1) VR,~f:{Ax4+Bx3y+Cx2y2+< By (B +2ay)B + (X,3C>xy3

202

2 _ 2 2
+<4y(ﬂ +2ay)A ﬁS(fS tday)B+2ap c>y4:A, B.Ce R}

if @ # 0, and similarly that

y(4,62+8(xy)A+2a,B2B—8a3C) 3 5 5
32) Var=1{A 4+< +B
G20 Vis { ) BB+ day) rymeny
8y3A—28%yB—a(4B*+8ay)C
_<V ,BVZ a(4B+8ay) )xy3+Cy4:A,B,CE[R§
B(B2+4ay)

if B, B2 +4ay # 0. Below, we shall give some basic properties of Vﬂg’ ¢ and VZO’ ‘-

3A. The two new invariants. Recall the definitions of the L ;- and K ;-invariants
given in (1-4). First, we shall show that they are indeed invariants under the twisted
action of GL,(R) in the following sense.

Proposition 3.1. Forall F € Vﬂg’ ¥ and T € GL,(R), we have
LfT(FT) = Lf(F) and KfT(FT) = Kf(F).

Proof. Notice that Qr (x) = QF, (x). For any root w of Qr(x), because €r ,(x, y)
is a covariant up to sign by (2-1), if € ,(x, y) is proportional to f(x, y), then
CF, »(x,y) is proportional to fr(x,y). It then follows from the definition that
Ly (Fr)=L¢(F). Since I (Fr) =I(F), we also have K s, (Fr) = Ky(F) by the
first equality in (1-5). (]

We shall give explicit formulae for L s(—) and K y(—) in two special cases.
Proposition 3.2. The following holds.

(a) Assume that a # 0. Then, for all F € V[rg,f as in (3-1), we have

Lf(F)=—(12yA—3BB +2aC)/(a),
K;(F) = (128%*y A* + 9a(B* +4ay) B> + 82> C?
—18B(B% +4ay)AB + 12a(38% — 4ay)AC — 24’ BBC) ) (4a).
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Moreover, we have

4(Lp(F)*4+4K;(F))  Lyi(F)?—A(f)Lsa(F)?
9 o at ’

where
Lp1(F)=4(8*—ay)A—3aBB+20>C and Lj;»(F)=22BA—aB).
(b) Assume that y = 0. Then, for all F € Vﬂg’ pas in (3-2), we have
Ly(F)=(2B°B—122°C)/B",
K;(F)=(—p*B*+ 144a*C? +368*AC — 24a*B*BC) / 8*.

Moreover, we have

4(Lp(F)*+4K7(F)  8C (o 2p , 400
5 =F<8,3 A—8aB+?C).
Proof. This may be verified by explicit computation. (I

We shall also need the following observation.

Proposition 3.3. Assume that f is integral. Then, for all F € VZ({ G have
Ly(F), K;(F),(L;(F)*+4K;(F))/9, QL;(F)* — K (F))/9 € Z.
Moreover, when f is primitive in addition, we have
4QLy(F)* — K (F))/OA(f)) € Z.

Proof. We have L y(F) € Z by Lemma 2.2. Since I (F) € Z, we deduce from the
first equality in (1-5) that K (F') € Z holds as well. Observe that
I(F)+ K (F) = (L (F)* +4K;(F))/3,
2I(F)— Ky (F) = (2Lf(F)2 — K¢ (F))/3,
both of which are integers. Since A(F) € Z, we deduce from (1-7) that at least one
of the above expressions is divisible by 3. But again by (1-5), we have

3[(F) = (Lf(F)Z-i-4Kf(F))/3-i-(2Lf(F)2 — Ky (F))/3,

so in fact both expressions are divisible by 3. This proves the first claim.

Next, assume that f is primitive in addition. In view of Proposition 3.1, by
applying a GL;,(Z)-action on f if necessary, we may assume that o # 0 and that «
is coprime to A(f). Using Proposition 3.2(a), we then compute that

4L ¢ (F)* — K¢(F))
9

a(B?> —4AC)+2A(BB — 4)/A))

a3

=A(f)(
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This expression is an integer by the first claim, and hence must be divisible by
A(f), because « is taken to be coprime to A(f). This proves the second claim. [

3B. Determinants of the two lattices. In this subsection, assume that f is integral
and primitive. Let A r; and A s> denote the lattices defined in (1-10). Below, we
shall compute their determinants in terms of the number s/ as in Theorem 1.2.

Proposition 3.4. We have det(A 71) = sf|a|® and det(A f2) = s¢|B(B* +4ay)|/8.

Proof. Observe that the linear transformation defined by the matrix
1 00

0 0 1), whereB=
* —B %

B(B? +4day)
8ar3 ’

has determinant B, and it sends A s to Ay,. Thus, it suffices to prove the first
claim. Recall from (3-1) that A s is the set of tuples (A, B, C) € 73 satisfying
4By A — (B> +2ay)B +2aBC =0 (mod 2a?),
4y (B> 4+ 2ay)A — B(B% + 4ay)B + 2aB*C =0 (mod 8a>).

If By =0, then it is easy to check that det(A s1) =5 la|3. If By #0, then we shall
use the fact that

det(As1) = [ [ det(a'?}) = [T det(A'})).  where AV} =2, ®7 A1,
p

p2a
and so det(A 1) =5y lae|? indeed holds by Lemma 3.5 below. O
Lemma 3.5. Let p be a prime dividing 2« and let p*||a. Then, we have

1L ifp=2,

(P) €p 3k
det A =5 where €, =
(A0 =sip ? {0 if p=3.

Proof. For brevity, write
a=pfa and B =p'h, wherek,l, a,beZwithk, £>0and pta,b.
Then, the claim may be restated as

3436, iff =0
det(A(p)) — p ’ 1 )
if£>1.
By definition, the lattice A}p f isthe set (A, B,C) € Z?; of tuples satisfying
Ti(A, B,C)=0 (mod p**7) and T2(A, B,C) =0 (mod p**3r),

where
Ti(A, B,C) = p*b(4y A — p*bB) —2p*ay B+ 2p*ttabC,
T>(A, B, C) = (p*b* +4p*ay)(dy A — p*bB) — 8p*ay? A +2p*ab*C
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Observe that we have the relation
(3-3) T>(A, B, C) — p*bTi(A, B, C) =2pFay 4y A — p'bB).
For ¢ = 0, we deduce from (3-3) that A;p 1) is defined solely by
T>(A, B, C) =0 (mod p¥*+3r).
For £ > 1 and £ > k + 2¢,,, it is easy to see that A(f{’ f is in fact defined by
A=0 (mod p*) and B =0 (mod p~).
For £ > 1 and £ < k + €, we shall first show that A(jf? f is also defined by

A=0 (mod p2¢=2r),
B=0 (mod p=¢r),
(AyA—p'bB)/p*~< =0 (mod p*—t+er),
T2(A, B,C)/p*t2ter =0 (mod pH—2+2¢p),

(3-4)

If (3-4) is satisfied, then from (3-3), it is easy to see that (A, B, C) € A}”’f. Con-
versely, if (A, B, C) € ASfy’ 1) , then the assumption £ < k + €, implies that

Ti(A, B,C)=0 (mod p***) and T:(A, B, C) =0 (mod p*T2t+¢r),
while reducing (3-3) mod p?***<» also yields
4y A —p'bB =0 (mod p**).

From these three congruence equations, it follows that (3-4) is indeed satisfied. In

all cases, we then see that det(A(f’,’ 1) ) is as claimed. O

3C. Forms with abelian Galois groups. In this subsection, assume that f is inte-
gral. Consider an irreducible form F € VZO’ 2 By Theorem 1.1, we have Gal(F) =~ Dy,
Cy, or V4. To distinguish among these three possibilities, note that the cubic
resolvent polynomial of F, defined by

Rp(x) = af{X3 — aﬁazXz + a4(azay — 4agap) X — (a%ao + a4a% —4daqaragp)

when F has the shape (1-1), is reducible since Gal(F) is small. Also, it has a unique
root rg € Q precisely when A(F) # [, in which case we define

01(F) = (a3 — 4as(ay — rras)) A(F) and  6(F) = as(rpas — 4ao) A(F).
Then, we have the well-known criterion
Gal(F) > Vy <= A(F) =01,
Gal(F) @ Cy <= A(F) #Uand 6,(F), 62(F) =0 in Q.



264 CINDY (SIN YI) TSANG AND STANLEY YAO XIAO

See [Conrad 2012], for example. We then deduce:
Proposition 3.6. Let F € VZO’ 7 be an irreducible form. Then, we have
Gal(F) ~ Vy <= L;(F)’> + 4K ;(F) =],

as well as

Ly(F)*+4K(F) #0,
(Ly(F)*+4K ¢ (F))QLs(F)* —Kp(F)/A(f) =0.

Proof. Observe that by (1-7), we have

Gal(F) ~ Cy <= {

A(F)=0 ifandonlyif L;(F)>+4K(F)=0.

The first claim is then clear. Next, suppose that A(F) # . By Proposition 3.1, we
may assume that « # 0. For F in the shape as in (3-1), a direct computation yields

Using Proposition 3.2 (a), we further compute that
01(F) = 40> (2L 1 (F)* — K s (F))A(F)/OA(f)),
0:(F) = B*QL s (F)* — K s (F)) A(F)/(9OA(f)).

By (1-7) and the criterion above, it follows that 6, (F), 6,(F) are squares if and
only if (L f(F)*>+4K ;(F))Q2L¢(F)*>— K ;(F))/A(f) is a square, as desired. [J

3D. Reducible forms. In this subsection, assume that f is integral. We shall study
the reducible forms in VZO’ I Let us first make a definition and an observation.

Definition 3.7. Let F € VZO’ / be a reducible form.

(1) We say that F is of type 1 if F =m - ppy, for some m € @* and integral
binary quadratic form p.

(2) We say that F is of type 2 if F = pq for some integral binary quadratic forms
p and g satisfying py, = —p and gy, = —q.

Lemma 3.8. For all reducible forms F € Vg’ f of type 1, we have
Li(F)*+4K;(F)=0.
Proof. This may be verified by a direct computation. O

Below, we shall show that the two reducibility types in Definition 3.7 are in fact
the only possibilities. We shall require two further lemmas.
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Lemma 3.9. Let £(x, y) =£1x+ £y be a nonzero complex binary linear form, and
suppose that Ly, = A - £ for some ) € C*. Then, we have . = £+/—1, with

- {—\/—_1 if and only if b = (B + v A(f)) €1/ (),
V=1 ifand only if Lo = (B — VAN 1/ Qa),
in the case that o # 0.

Proof. The hypothesis implies that

75 v 6) ()2 (6)

Then, by computing the eigenvalues and eigenspaces of the 2 x 2 matrix above, we
see that the claim holds. ]

Lemma 3.10. Let p(x, y) = pax>+ pixy + poy* be a nonzero complex binary
quadratic form, and suppose that py, = A - p for some . € C*. Then, we have
A ==£1, with

, - |1 ifandonlyif po=(Bpi — 2y p2)/(2e0),
L ifand only if p = (p2/a) f.
in the case that o # 0.

Proof. The hypothesis implies that

(P " de?) (p P2

—a \ Y —(B>+4ay) 4o | [ pi | =2 m

> =28y B ) \po Po
Then, by computing the eigenvalues and eigenspaces of the 3 x 3 matrix above, it
is not hard to check that the claim holds. ]

Proposition 3.11. Any reducible form F € Vg pis either of type 1 or of type 2.

Proof. Write F = g0 g® ¢® ¢® where the g are complex binary linear forms,
and are pairwise nonproportional because A(F) # 0. Since F is reducible, by
renumbering if necessary, we may assume that

(PN E))

g(l), g¥g g(4) when F' has exactly one rational linear factor,
g, g?, ¢g®eg®  when F has exactly two rational linear factors,
g(l) g(z), g(3)g(4) when F has no rational linear factor,

g(l) , g(z), g(3), g(4) when F has four rational linear factors,
have integer coefficients and are irreducible. We have MJ% = A(f) - Ix» and

Fuy, = F by definition. Hence, up to scaling, the matrix M acts on the g® viaa
permutation o on four letters of order dividing two. This has two consequences.
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By (1-8), without loss of generality, we may assume that o # 0. First, the form
F cannot have exactly one rational linear factor, for otherwise

o(l)=1 and o(kg) = ko for at least one kg € {2, 3, 4}.

From Lemma 3.9, it would follow that A( f) is a square and that g ¥ is proportional
to a form with integer coefficients, which is a contradiction. Second, when F has
four rational linear factors, by further renumbering if necessary, we may assume
that

o €{(1),(12), (12)(34)}.

Now, in all three of the possible cases for the factorization of F, define

p=20¢® and g=gPg®,

which are integral binary quadratic forms by definition. We then deduce that
(Pmyqu,) =g, 27" - p) or  (puy.qm,) =0-p, A" q)
for some X € (Q*. In the former case, it is clear that F' is of type 1. In the latter case,
we have A = —1 by Lemma 3.10 and the fact that A(F) # 0, so F is of type 2. [
4. Parametrizing forms in Vi ; of nonzero discriminant

Throughout this section, let f(x, y) = ax?+ Bxy + yy? be a real binary quadratic
form with A(f) #0 and « > 0. We shall give an alternative parametrization of V[g’ Iz
different from (3-1) and (3-2), in terms of the regions

QY ={(L,K)eR?*:L* +4K #0and 2L* — K # 0},
4-1) Qt={(L,K)eR*:L?>+4K > 0and 2L?> — K # 0},
Q ={(L,K)eR*>:L>+4K <0and 2L> — K > 0},

corresponding to the L y- and K y-invariants, as well as a parameter ¢ € R arising
from the orthogonal group of f, defined by

Or(R) ={T € GLy(R) : det(T') = %1 and fr =L f}.
Note that by (1-7), for any F € Vng, powe have

(L¢(F), K¢(F)) € QT < A(F) > 0,
(Ly(F),Ks(F)) € Q < A(F) <0.

First, we shall show that it suffices to consider x> + y? and x2 — y2. It shall be
helpful to recall (1-8) as well as the isomorphisms ®; and ®, defined in Section 1A.
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Lemma 4.1. Define a matrix

~1/4
Tf — <3f0 ?/4) \1/_ <2Ol ,3) where 3f = |Aif)|
f

Then, we have a well-defined bijective linear map
{\Ilf Verry = Ve, Wp(F)=Fr, if f is positive definite,
Vi Ve —> Vry, VYe(F)=Fr, if f isindefinite,
and we have det(¥ ) = 83 |A(f)| 73/
Proof. The first claim holds by (1-8) and the fact

5712 f= (x2 + yz)Tf if f is positive definite,
f (x2—y?)z, if f is indefinite.

Identifying Vi 2,2 and Vg  with R? via ®1, we see from (3-1) that

ag a2/ 5f 0 0 ag
(4-2) Weilas || 228/8 /3  Of|a3].
a 382/28; 3B/(2\/8;) 1) \a@
from which the second claim follows. O

In the subsequent subsections, we shall prove the following propositions.

Proposition 4.2. There exists an explicit bijection
©: Q" X [—7/4,7/4) > Vg oo,
defined as in (4-4), such that
(a) we have Ly2y 2(P(L, K, 1)) =L and K2, 2(P(L, K, 1)) =K
(b) the Jacobian matrix of ®1 o ® has determinant — 11—8

Proposition 4.3. There exist explicit injections
oM, 0@ Qt xR —> VY and D, 0W Q7 xR— VY o,
defined as in (4-6), with

0
VR x2—

o= PV QT xR UPPQT xR LOPD Q™ xR LUIP Q™ xR)
such that, foralli =1, 2, 3, 4,

(a) we have L2 2(®D(L, K, 1)) =L and K,»_2(®V(L, K, 1)) =K

(b) the Jacobian matrix of ©1 o D has determinant — 8

In view of (1-11), we shall give another parametrization of Vg s when y =0,
which does not require reducing to the form x> — y? via Lemma 4.1.
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Proposition 4.4. Suppose that y = 0. Then, there exist explicit injections
D 52 . o0 0
<I>f ,CDf Q"X R— VR,f,
defined as in (4-9), with
1 2

Vg = 0@ xR ueP (@’ xR)
such that, for bothi =1, 2,
(a) we have L ((®V(L, K, 1)) =L and K ;(®V(L, K, 1)) =K,
(b) the Jacobian matrix of ©, o CDgf) has determinant —%.

For ¢t € R, we shall use the notation

(4-3) T+(t)=<COSt sint) and T_(t):(cosht sinht)’

—sint cost sinht cosht
which is an element of O, ,>(R) and O,2_2(R), respectively.
4A. Positive definite case. Define
@4 QX [—w/h /B = Vg o b O KD = (Fuk)+0),
where

Fr,k)(x,y)
—3L+~L?>+4K , —L—-~L?>+4K , , 3L+~ L?>+4K ,
= X+ Xy + y.
24 4 24
The image of @ lies in Vi ,2, 2 by (3-1) and (1-8). Using Propositions 3.1 and 3.2(a),
it is easy to check that Proposition 4.2(a) holds.
Now, by (3-1), an arbitrary F € Vug has the shape

x24y?
F(x,y) = asx* + azx®y + apx?y? — azxy’ + asy*.

Write L = L2, 2(F) and K = K2 »(F). Note that (L, K) € Q1 because
A(F) > 0 by (1-7). For ¢ € R, a direct computation yields

Fre(x, y) = A(x* + B)xy + C(1)x*y* — B(t)xy® + A(t)y*,

where

A = datar | 244203 oy 9B Gnapy,
8 8 4
B(t) = a3 cos(4t) + @ sin(4t),
C@t) = 6a4:—a2 — 3(2612_02) cos(4t) + 3% sin(4t).
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It is not hard to show that there exists a unique 79 € (—m /4, 7 /4] such that B(ty) =0
and 2A(tp) — C(tp) > 0. Put (A, C) = (A(t), C(t)). Then, we have

(L, K) = (Ly24,2(Fr+(9))s Ky y2(Fre()) = (—6A — C, =2C(6A — C))
by Propositions 3.1 and 3.2(a). We solve that Fr+,) = F(1 k), or equivalently
F=(F.x)1+(—19) = ©(L, K, —10).

Since —t9 € [—m /4, /4) is uniquely determined by F, this shows that ® is a
bijection.
Finally, the above calculation also yields

(©10®) (L, K, 1)=(d1(L, K, 1), P2(L, K, 1), P3(L, K, 1)),

where
L VL2 4+ 4K
CDI(Lv K’ l) - — + —+ COS(4Z),
8 24
VL2 +4K
(4-5) Yo, (L. K.1) = —6+ sin(41),
L VL2 4+ 4K
Os(L. K1y =~ = T costdn.

By a direct computation, we then see that Proposition 4.2(b) holds.

4B. Indefinite case. Define

OO xR VY, o OOUL K )= (F( ) fori=1,2,

(4-6) . . : .
PV Q" xR— V[ngz_yz, OI(L, K, 1) = (F g)r-@y fori=34,
where
o 3L+ (-1)'WL*+4K , —L+(-1)'VL2+4K , ,
F(L’K)(X,y)= 24 X+ 4 A7y
3L+ (-1)'VL2+4K
+ y
24
fori =1,2, and

Lx

(-D)iV2L2—K , 5 o (=DIW2L2-K
3 X'y — v+ 3 Xy

F((]i),[()(x’ )’) =

for i =3, 4. The images of 1V, @@ @ &@ lie in Vi ,2_,2 by (3-1) and (1-8).
Using Propositions 3.1 and 3.2(a), it is easy to check that Proposition 4.3(a) holds.
Now, by (3-1), an arbitrary F € V[g JET has the shape

F(x,y) = asx* + a3x’y + apx®y* + azxy® + asy*.
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Write L = L,>_2(F) and K = K,>_,2(F). For t € R, a direct computation yields

Fr-uy(x,y) = A()x* + B(t)x>y + C()x*y* + B(t)xy® + A(t)y*,
where

6as—ay 2
A(r) = “48 @ “4;”2 cosh(4t)+j—33mh(4z),

a4+ ap

2
B(t) = a3 cosh(4t) + sinh(4t),

6ay — 3(2 3
C(t)=— a44 @ + ( a44+ @) cosh(4t) + % sinh(4¢).

Note that < 7AW = 1B(t) It is not hard to check that:

o If A(F) > 0, then there is a unique 79 € R such that B(#) =0

o If A(F) <0, then B(t) # 0 for all t € R, and there is a unique ) € R such that
A(tg) =0

Put (A, B, C) = (A(ty), B(ty), C(tp)). Then, we have

(L’ K) = (sz—yz(FT_(to))a sz—yz(FT_(to)))
_ (6A—C,2C(6A+C)) if A(F) >0,
(=, —9B2+2C?) if A(F) <0O.

by Propositions 3.1 and 3.2(a). We solve that Fr- ) = F((R K)» O equivalently

F=(F7 )1 (- =L, K, 1), forexactly one i € {1,2,3,4}.
Since #y is uniquely determined by F, this shows that oD @ d® D™ are all
injections, and that the stated disjoint union holds.

Finally, the above calculation also yields

©100N) (L, K. 1)= (¢ (L. K. 1), &Y (L. K. 1), (L. K. 1)),

where
V(L K, 1) =L 4 CDWVIZHAK VL 4K osh(dn),
(4-7) o (L, K, t)—( D' VL +4K sinh(47),

cosh(4t),

' — 2
<I>§’)(L, K,t)= _Z+M
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fori =1, 2, and

(L, K, 1) = % - %cosh(4t) L EDV2LR-K VéLLK sinh(41),
(4-8) CIDEi)(L, K, t)= L “32L2_K cosh(4t) — % sinh(4t),

(L, K, 1) = —% - % cosh(4r) + EDVILZ—K ”22L2_K sinh(41),

for i =3, 4. By a direct computation, we then see that Proposition 4.3(b) holds.

4C. Reducible case. Suppose y =0. For ¢ € R, put

e’ 0
T(t) =\ 2o sinht pak
B

which is an element of Of(R). Define

49 0P: QxR VY, (L. K.0)=(F}) ¢)re fori=12,

where
. L?+ (—1)'7262L + 4K + 1440 oL+ (—1)4a’
(i) _ = )5
Fﬁ(L,K)(x’y)—( (— 1) 14482 >x +( B )x '
L+ (=1 12a? ; -

The images of CDE}), QD}Z) lie in Vi s by (3-2) and (1-8). Using Propositions 3.1
and 3.2(b), it is easy to check that Proposition 4.4(a) holds.
Now, by (3-2), an arbitrary F € V[g ¥ has the shape

20 (B2ar — 4ata 4
( 2/83 0))x3y+a2x2y2+(—Ol;a0>xy3+aoy4.

Write L = Ly(F) and K = K ¢(F). For t € R, a direct computation yields

(4-10) F(x, y)=a4x4+(

Fro(x,y) = A)x* + )Xy + BO)x*y> + (0)xy* + C(1)y*,
where
—4¢ o? At —4t ot 4t At —A4t
Aty =e"as+ ?(6 — e ay + E(e —1(e* =5)e " ay,
6 2
B(t) =ar+ %(e‘“ ~ Dao,

C(t) =e*ay.
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Since A(F) # 0, we have (—1)'ao > 0 for a unique i € {1, 2}, and there is a unique
fo € R such that C(fp) = (—1)! 82. Put (4, B) = (A(ty), B(ty)). Then, we have
(L, K)=(L¢(Fruy), Kf(Frs)))
= (2B — (=1)'120%, =B + (= 1)'36p%A — (—1)'24a* B + 144a*),

by Propositions 3.1 and 3.2(b). We solve that Fr(,) = F ;l z L.x)» Of equivalently

(F(l(L KT (—t0) = ;)(L, K, —1).

Since ty and i are uniquely determined by F, this shows that CD;I) and <I>}2) are both
injections, and that the stated disjoint union holds.
Finally, the above calculation also yields

(©20 @)L, K. 1) = (P, (L. K. 1), @5(L, K. 1), ®YL(L. K. 1)),
where
o (L, K, =0 D'e ™ 2y gy q & p oy Gl
144,32 282 g
4-11) (L. K, t)——+( 1)/ 6a?e*,

OVN(L, K. 1) = (=1)!p2e*.

By a direct computation, we then see that Proposition 4.4(b) holds.

5. Definition of a bounded semialgebraic set

Throughout this section, let f(x, y) = ax?+ Bxy+yy? be an integral and primitive
binary quadratic form with A(f) # 0 and « > 0, in the shape (1-11) whenever f is
reducible. As we have already explained in Section 1A, the proof of Theorem 1.2
is reduced to counting points in the lattices in (1-10), which in turn amounts to
certain volume computations, by the result below.

Proposition 5.1 (Davenport’s lemma). Let R be a bounded semialgebraic multiset
in R" having maximum multiplicity m and which is defined by at most k polynomial
inequalities, each having degree at most £. Then, the number of integral lattice
points (counted with multiplicity) contained in the region R is

Vol(R) + O (max{Vol(R), 1}),

where Vol(R) denotes the greatest d-dimensional volume of any projection of R
onto a coordinate subspace by equating n—d coordinates to zero, with 1 <d <n—1.
The implied constant in the second summand depends only on n, m, k, .

Proof. This is a result of Davenport [1951a], and the above formulation is due to
Bhargava and Shankar [2015, Proposition 2.6]. O
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For X > 0, define
Ve (X)={FeVg ,:Hf(F)<X} and V) (X)={F eV, :H;(F)<X}.
However, to prove Theorem 1.2, we cannot apply Proposition 5.1 directly to

Ouin (V3 ;(X)),  where w(f) = { L ; - ifgj;f;ge
as in Section 1A, to count the lattice points in ©, f)(VZO’ (X)) C Afuy) because
(1) the set Oy f)(Vng, f(X )) is unbounded when f is indefinite,
(2) distinct forms in VZO, f(X ) might be GL,(Z)-equivalent.
Recall (4-1) and define
Q*(X)={(L,K) e Q*: max{L?, |K|} < X} forxe{0,+, —}.

In the notation of Lemma 4.1 as well as Propositions 4.2, 4.3, and 4.4, we have

(Vo) (QF(X) x[—7/4, 1/4)),
4

2
o d O+ od® -
(5-1) V[pg,f(X)= i|:|l(\llf P (R (X)xIR)I_li|:|3(\IJf P (QT(X) xR),

2 .
LI @ (@0 xR,

i=1
respectively, if f is positive definite, indefinite, and reducible. We shall overcome

the two issues above by restricting the values for t € R.
For brevity, in this section, write

Dy =|A(f)| and & = Dyr/4,
as in Theorem 1.2 and Lemma 4.1, respectively.
Definition 5.2. If f is positive definite, define
Sr(X) = (Vyo®)(QT(X) x [-7/4, w/4)).
If f is reducible, define

2
i log 8 log(5X/18)
Sf(X)=I_|(D(f)(QO(X)X[l‘f’1,l‘f’2]) fOI‘l‘f,1=— g andtfﬂzng.
i=1

If f is indefinite and irreducible, define

2 4
SrX)=|_|(wyo @)@ (xX) x [0, 1p,)) u]_|(Wyo@D)(Q7(X) x [0.1p,)).
i=1 i=3

where 7p, is defined as in Theorem 1.2(c).
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The goal of this section to prove the following preliminary results and estimates:

Proposition 5.3. The set ©,,(r)(Sy(X)) is bounded, semialgebraic, and definable
by an absolutely bounded number of polynomial inequalities whose degrees are
absolutely bounded.

Proposition 5.4. The following statements hold.

(a) A formin VZO’ f(X ) is GLo(Z)-equivalent to at least one form in S (X).

(b) A form in VZO’f (X) for which A(F) # U is GLy(Z)-equivalent to exactly r ¢

forms in Sy(X), where ry is defined as in Theorem 1.2.

5A. Alternative description. First, we shall give an alternative description of the
set Sy(X) in terms of the coefficients of the forms in V[Fg f(X ).
Lemma 5.5. If f is positive definite, then S (X) = Vﬂg’f (X).
Proof. This is clear from (5-1). U
Lemma 5.6. If f is reducible, then

Sp(X)={F € Vg ;(X):*/8 < |Cr| < 58°X/18},

where Cr denotes the y*-coefficient of F.

Proof. Fori = 1,2 and for any F = CIJSf)(L, K,1), we have Cr = (—1)! g% by
(4-11), and the claim is then clear from (5-1). U

Lemma 5.7. If f is an indefinite and irreducible, then

Sp(X)={(F € V§ ;(X):1 < Epi(F)Zy(F)/Ea(F) < ™},
where in the notation of Proposition 3.2(a), we define
Epi(F)=Ls1(F)—/DfLs2(F) and Epy(F) =Ly (F)+/DsLo(F),
and for F in the image of W o ®D we define

1 fori=1,2,
Zf(F): Lf(F)2—|—4Kf(F) fori=3,4.
@L (F)—(—1)2\2L; (F) =K, (F))? ’

Proof. Fori =1,2,3,4, consider F = (W70 ®D)(L, K, 1). For k =1, 2, we have

(—1)'20% /L (F)? + 4K ((F)e"""4 /3 ifi=12,
—262(L ;(F)+ ()2 /2L [(F)2 = K, (F))e™""4 /3 ifi =3, 4,

Epi(F)= {

by a direct computation using (4-2), (4-7), and (4-8). We then see that
Efi(F)Z(F)/Epa(F)=e",

from which the claim follows. O
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5B. Proof of Proposition 5.3. From (4-5), (4-7), (4-8), and (4-11), it is clear that
the set Sy (X) is bounded. Thus, it remains to show that S¢(X) is a semialgebraic
set definable by an absolutely bounded number of polynomial inequalities whose
degrees are absolutely bounded.

S5B1. The case when f is positive definite or reducible. The claim follows immedi-
ately from Lemmas 5.5 and 5.6 as well as Proposition 3.2.

5B2. The case when f is indefinite and irreducible. The only problem is that, for
F in the image of W7 o ®© for i = 3, 4, the expression Z ¢(F) is not a polynomial
in the x*, x3y, and x?y?-coefficients of F. We shall resolve this issue in Lemma 5.8
below. The claim then follows from Lemma 5.7 and Proposition 3.2.

Lemma 5.8. Fori =3,4,let F € (W70 ®V)(Q™ x R). Then, the condition
1 < Ep((F)Z(F)/Epa(F) < e

is equivalent to an absolutely bounded number of polynomial inequalities in the
variables L ¢ (F), K¢ (F), E¢(F), E;2(F) whose degrees are absolutely bounded.

Proof. For brevity, define
Yp1(F) = —Ez 1 (F)(Ly(F)4+4K(F)+E;2(F)(1TL f(F)* —4K 4 (F)),
Yio(F)= _Ef,l(F)(Lf(F)2+4Kf(F))+egth E 2 (F)Y1TL f(F)*—4K s (F)),
as well as write
(L,K,E,E>,Z,Y1,Yr)
=(Ly(F),Ki(F), Ef1(F), Efa(F), Z§(F), Yr1(F), Yro(F)).

Note that L2 +4K <0 by (1-7) because A(F) < 0. This implies that Z < 0 and so
the stated condition may be rewritten as

E,<E\Z < Sy E, if E; > 0, which is equivalent to i = 3,
E,>E\Z > eS1r E, if E; <0, which is equivalent to i = 4.

By rearranging, we may further rewrite the above as

12E,LV2L02 — K < (=1)'Y; and  12¢¥% EyL/202 — K > (—=1)'Ys.

From here, we shall consider the different possibilities for the signs of E», L, Y1, Y.

For example, when E, > 0 and L > 0, the above is equivalent to Y; <0 and
(12E;L)*(2L* —K) <Y} if ¥, >0,
(12E,L)*(2L* — K) < Y} and (12807 E,L)2 (2L — K) > Y; ifY, <0.

The other cases are analogous. We then see that the claim holds. U



276 CINDY (SIN YI) TSANG AND STANLEY YAO XIAO

5C. Integral orthogonal groups. We shall require an explicit description of
0r(@) = 0;(R)NGLy(2).
In the notation of Lemma 4.1, observe that

5:2) 0, (R) = {Tf_i(Oxz L2 (R)T %f f %s Positiv? definite,
Tf (0422 (R)Ty if f is indefinite.
Moreover, it is well-known that
0,242 (R) = (IkTH(t) ke {l,4) and t € R},
O p(R) ={+/, T~ ():ke{l,2,3,4} and € R},

where T7(¢) and T~ (¢) are defined as in (4-3), and

10 01 0 1 10
69 Jl:(o 1)’ J2:<1 o)’ J3:<—1 o)’ J4:(o —1>‘

We shall need the following lemma.

Lemma 5.9. Suppose that T € Oy(Z) \ {£12x2} has finite order. Then, the form f
is GLo(Z)-equivalent to a form of the shape

x? +y2, x2 +xy +y2, or ax? +bxy —ay2 if det(T) =1,
xy, x2—y%, ax®>+cy?, or ax* +bxy+ay* if det(T) = —1,

for some integers a, b, and c.

Proof. By [Newman 1972, Chapter IX], for example, a finite cyclic subgroup of
GL,(Z) not contained in {#1,4>} is conjugate to the subgroup generated by one of

the following:
0 1 01 0 -1 1 0 01
—1 =1/ \-10)7\1 1)°\0—-1)"\10)/)

We then deduce that there exists P € GL,(Z) such that Q = P~!T P is equal to
one of the following matrices up to sign:

0 1 -1 —1 0 1 10 01
-1 -1)7\1 0)"\-10)7\0—-1)7\10/)"
Since f is primitive with o > 0 by assumption and (fp)o = %+ fp, we then check

that fp must have one of the stated shapes. U

Proposition 5.10. Suppose that f is positive definite. Then, we have

Or(Z2) = {£hx2}
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if f is not GLy(Z)-equivalent to the forms below, and the group Oy(Z) is equal to

{Fha, (0 0)- (0 2). =(F0)} e =x>+y2
{Fhw (1 5) (7 71) 200 ). £(05). £(5'1)}
if f(x,y) =x"+xy+y>
(b, (5 %)} if fx,y)=ax?+yy* fora £y,
(£, £(00)} if f(x,y) =ax®+Bxy+ay for B ¢ {0,a}.

Proof. Elements in Oy(Z) have finite order by (5-2) and so the first claim follows
from Lemma 5.9. Using (5-2), we compute that elements in Of (R) are of the forms

/BWI sz ¢ — ,3% ,3<¢[ B > V‘/ft
RN R 25 o\ T2 gy |
_ayr _ B ay; BY:

¢l _¢t -
NoREN N 25

where ¢t € R and (¢;, ¥;) = (cost, sint). With the help of the proof of Lemma 5.9,
it is not hard to check that Oy (Z) is as claimed. [l

Proposition 5.11. Suppose that f is reducible. Then, the group Oy (Z) is equal to

{£hx2} ifBta’+1land pa*—1,
{Eha, £ +1w ) ifBla’+1andpra®—1,
(£l £(_ "5 L)) ifBte+1andBla®—1,
{Fh £(5'0). (5 ). 200 W)} Ffe ) =x+xy,
{£hwo £(7'9). £(L 2). (0 2)) if fxy) =x*+2xy.

Proof. Using (5-2), we compute that elements in Oy (R) are of the forms

& — Yy 0 o+ (B/a) (@ + )
= (2awt//3 b0+ w,) and & (—Zawﬂ b — Vi )

where ¢t € R and (¢;, ¥;) € {(cosht, sinht), (sinh#, cosh?)}. For the matrix on the
left to have integer entries, necessarily

2cosht,2sinht € Z, so (2cosht,2sinht) = (2,0).
Similarly, for the matrix on the right to have integer entries, necessarily

2 cosht, 2a sinh ¢, (cosht 4 sinh¢) /a € Z,
so (2acosht,2asinht) = (a2 +1,02— 1).
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We then deduce that
-1 0 o B
Of(Z) = {:I:12><27 j:(za/ﬂ 1 )7 (7(0(2:&1)/,5 70()} N GLZ(Z)
Since f has the shape (1-11) by assumption, we have
Ble*+land Bla® —1<=a=1and B e({l,2},
and we see that the claim indeed holds. O

Proposition 5.12. Suppose that f is indefinite and irreducible. Define

1

5(up, — Bup,) —YUp )
Gr(Z2) ={£T! neZ), whereTp, =2"" g 4
/(&) =T, } o ( oaVp; T(up, + Bvp,)

and (up,, vp,) € N? is the least solution to x* — ny2 = +4. Then, we have
Of(2) = Gy (2)
if f is not GLy(Z)-equivalent to the forms below, and the group Oy (Z) is equal to

{G,«(Z) UGr@) (o P7) if f(x.y) =ax?+ Bxy +yy? witha | B,
Gr@uGr@ (0 )) if fx,y) =ax®+ Bxy —ay.

Proof. By (5-2), elements in O (R) of infinite order are of the shape

i(@—ﬂ%/@@) _)”/ft/\/g )
0”/’1/\/@ ¢t+:3wt/(2\/$) ’

where ¢ € R and (¢, ¥;) € {(cosht, sinht), (sinh?, cosh?)}. We then see that
Gr(Z) ={£hx2} U{T € O¢(Z) : T has infinite order}.

Hence, the first claim follows from Lemma 5.9 and the fact that ax? + bxy + ay?
is GL,(Z)-equivalent to the form

(5-4) (2a — b)x* + (2a — b)xy +ay* via (71 7(1))-

Now, again by (5-2), elements in O¢(R) of finite order have the shape

B _ 2 bs BU By BU U
_ N NN
(5-5) 2% B and oy, 5 LU

NN NN

where t € R and (¢;, ¥;) € {(cosht, sinht), (sinh?, cosh#)}. Notice that the ma-
trix on the left cannot lie in GL;(Z) because Dy is not square when f is irre-
ducible. Using the description of O,:_,2(R), it is then not hard to check that
[07(Z):Gy(Z)] < 2, from which the second claim follows. U
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5D. Proof of Theorem 1.4. Suppose that f(x, y) =ax?+ Bxy —ay?* and that Dy
is not a square. In the notation of Proposition 5.12, we have

x?— ny2 = —4 has integer solutions if and only if det(7p,) = —1
by definition. But Proposition 5.12 also implies that det(Tp,) = —1 is equivalent to
O¢(Z) has an element of finite order and negative determinant.
The theorem now follows from Lemma 5.9 and (5-4).

SE. Proof of Proposition 5.4. We shall need the following lemma.
Lemma 5.13. For all F € VZOJ with A(F) #0 and T € GLy(Z) \ {£ %2}, we

have
(a) FreV), ifandonlyif T € 0s(Z),
(b) Fr=F ifandonly if T = :I:Df_l/2Mf.

Proof. Note that Fr € V7 by (1-8). By Theorem 1.1(a), we then have Fr € V)  if
and only if fr == f, whence part (a) holds. By Theorem 1.1(a) and Proposition 2.1,
we have Fr = F if and only if T is proportional to M s, from which part (b) follows
since det(T) = =£1. U

SE1. The case when f is positive definite or reducible. Let us first observe that:
Lemma 5.14. We have V) F(X) CSp(X).

Proof. Let F € Vzoy #(X) be given. If f is positive definite, then clearly F € Sy (X)
by Lemma 5.5. If f is reducible, then recall Lemma 5.6, and we have F' € Sy (X)
since

8C 4(L(F)?+4K ¢ (F
Fe7 and 8Cr - (Lp(F)"+4Ks(F)) S20X
B? B* 9 9
by (4-10) and Proposition 3.2(b), respectively. (Il

Lemma 5.14 implies that part (a) holds. Together with Lemma 5.13(a), it further
implies that for F € VZO’ f(X) with A(F) # L[], the number of forms in Sy (X) which
are GL,(Z)-equivalent to F is equal to

[Of(Z) : Stabo, z)(F)].
By Lemma 5.13(b), we in turn have

[04(Z) : Stabo, @) (F)] = [Of(Z) : Op(Z) N {2, £D; 2 M )],

which may be verified to be equal to ¢ using Propositions 5.10 and 5.11.
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SE2. The case when f is indefinite and irreducible. We shall use the notation from
Lemma 4.1, Proposition 5.12, (4-3), and (5-3). Then, by definition, we have

1 ifuj, — Dpvp, = —4,

Tp, =T " JonT (tp.)Tr, where k(f) =
bs 7 e i)y ) {2 ifu%/—va%)f=4.

Now, by (5-1) and (4-6), a form in VZO, f(X ) is of the shape
F=(F} g)rwr,. where (L, K,1)eQ(X)xRandie(l,2,3,4}.

Observe that J; and J, commute with 77 (¢) as well as fix the forms in Vi 2_ 2.
For any n € Z, we then deduce that

Frp = (Fy ¢)r-wa 1- = (F g )1-
TDf = U, 0)/T (t)Jk(f)T (nth)Tf =W, k)/T (t+nth)Tf-

Let n| € Z be the unique integer such that 0 <7+ nitp, <1tp;. The existence of ny
then implies part (a).
Next, suppose that A(F) # U, in which case

for T €GLy(Z):  FreV), ifandonlyif T € Os(Z)

by Lemma 5.13(a). If Of(Z) = G¢(Z), then part (b) holds by the uniqueness of n;.
If Or(Z) # G¢(Z), then recall from Proposition 5.12 that

Or(Z) =Gs(Z)uGy(Z)M, where M has finite order.
From (5-2), we see that
M =+T; " Ji, T~ (10)Ty, where 1o € R and ko € {3, 4}.
Then, for any n € Z, it is straightforward to verify that
Fry m= (F((i),K))T*(t—i—ntpf)JkoT*(tg)Tf
| FL ) wsninprir,  fori e {1,2),
= (F((Z?K))T*(—(t+ntnf)+f0)Tf for i € {3, 4}, where j € {3, 4} \ {i}.

There is a unique n, € Z such that 0 < — (¢ + nzth) +1 <tp,. Observe that

FTg} = FT;;M would imply FTg} = (FT[",})T;;*”M-
But TI';?_"' M has finite order, and so it cannot proportional to M by (5-5), which
is a contradiction by Lemma 5.13(b). Then, we conclude from Proposition 5.12
that part (b) indeed holds.
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6. Error estimates and the main theorem

Throughout this section, let f (x, y) = ax?+ Bxy+yy? be an integral and primitive
binary quadratic form with A(f) # 0 and « > 0, in the shape (1-11) whenever f is
reducible. Let Dy, ry and s be as in Theorem 1.2.

In Subsections 6A and 6B, respectively, we shall first prove:

Proposition 6.1. For any € > 0, we have

#HF eSr(X)NVy 1 Ly(F)? +4Kp(F) =0} = 0. (X'79),
and
#{F €SNV,

(L (Y +4K f(F)QL(F) = K (F)/A(f) = Dand Ly (F) #0}
_ Of(X1/2+€).

Further, the number

#HF eSr(X)NVy 1 —4K(F)*/A(f) =0and Ly (F) =0}
is equal to zero if —A(f) # U, and is bounded by Oy (X) otherwise.

Propositions 6.1, 3.6, and 5.4 then imply part (d) of Theorem 1.2.

Proposition 6.2. We have

Of(X(log X)?) if f is irreducible,

#HF e S,(X)NVY ,: Fis reducible} =
{ r(X)NVz g2 F is reducible) {Of(X(logX)3) if f is reducible.

Now, from Propositions 5.4, 6.1, and 6.2, we also easily see that
6-1) NP = %#(Sf(X) AV )+ O0p(X'*)  forany € > 0.

Let £ 7.4y be a linear transformation on R which takes A .,(s) to Z°, and define

1 if f is irreducible,

R (X) = (L fu(p) © Ou(n)(Sp(X)), wh =12 if ri i
F(X) = (Lpwp o Ou)(Sr(X)), where w(f) {2 if f is reducible,

as before. Observe that then

#Sr(X)N Vz({_f) = #(Ou( ) (Sr(X)) N A fuip) =#HRH(X)NZ?).
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By Proposition 5.3, we may apply Proposition 5.1 to obtain

(6-2) #(Sp(X)NVy) )
= Vol(R ¢ (X)) + O (max{Vol(R (X)), 1})

= &t o) Vol(®uf) (Sf (X)) + Op (max{Vol(Ou (1) (S (X)), 1},

where by Proposition 3.4, we know that

spa® if f is irreducible,

det(A =
et(A fu(s) {sflg3/8 if f is reducible.

Hence, it remains to compute the above volumes, which we shall do in Section 6C.

6A. Proof of Proposition 6.1. Recall the notation from Proposition 3.2. By defi-
nition and Proposition 3.3, we then have a well-defined map

LV > 2 W(F)=(Lg(F),Lyi(F), Lya(F)).

Using Proposition 3.2, it is easy to verify that ¢ is in fact injective. We shall also
need the following result.

Lemma 6.3 [Heath-Brown 2002, Corollary 2]. Let £(x1, x2, x3) be a ternary qua-
dratic form such that its corresponding matrix Mg has nonzero determinant. For
B1, By, B3 > 0, let N¢(B1, By, B3) denote the number of tuples (x1, x2, x3) € 73
such that

lx1| < B1, |x2| < Bz, |x3| < B3, ged(xy, x2,x3) =1, §&(x1, x2,x3) =0.

Then, we have

deto(Ms)2\ '/3F¢
N:(By, By, B3) <« (1 + <313233 : Meot(—M;l) d3(| det(Mz))),

where dety(M¢) denotes the greatest common divisor of the 2 x 2 minors of Mg,
and d3(| det(Mg)|) is the number of ways to write | det(M¢g)| as a product of three
positive integers.

In what follows, consider F' € S¢(X) N VZO’ Iz and for brevity, write
(L,K,Ly, L) =(Ly(F),Kg(F),Ly1(F),Lyga(F)).

Since ¢ is injective, it is enough to estimate the number of choices for (L, L, L»).
To that end, let us put Dy = A(f). Recall from Propositions 3.2 and 3.3 that

L,K,Li,LyeZ, aswellas L7—DyL5=4a*(L*+4K)/9,
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which is nonzero by (1-7). By the definition of our height, we also have

6-3) {L = 0p(X"?) and K = 0/(X) in all cases,

Li=0/X"Y%) and L,=0(X"?) if fis irreducible.
The latter estimate holds by

{(4—5), (4-2) if f is positive definite,
(4-7), (4-8),(4-2), and 0 <7 < tp, if f is indefinite and irreducible,

as well as the fact that L| and L, are linear in the coefficients of F. Finally, we
shall write d(—) for the divisor function.

Proof of Proposition 6.1: first claim. Suppose that L? +4K = [J. Then, we have
L3 —DfL2 =U?,  where U € N is such that U = Of(Xl/z).
If f is reducible, then Dy =[] and so clearly there are
X' X\
Of(z d(U2)> = of,é(z xf) = Of.(X1/*7)
U=1 U=l
choices for the pair (L1, Ly). If f is irreducible, then note that
(Ly/n)* —Ds(Ly/n)* = (U/n)*,  where n = ged(Ly, Lo, U),
and applying Lemma 6.3 to the ternary quadratic form & with matrix

1 0 O

det(Mg) = Dy,
Me=|0-D; 0|, with {de(ﬂj) 7
0 0 -1 Ct()( E)— ’
we deduce from (6-3) that there are
x1/2 x1/2
x1/2 x1/2 xl1/2 x 1/2+€ e
Of(ZINS( ) = o 2;(”,117) = OreX™)
n= n=

choices for the pair (L1, Ly). In both cases, we see that there are
Of(Xl/z) . Of"e(Xl/z—"_e) — Of"é(Xl—"_E)
choices for (L, L1, L») in total, whence the claim. |

Proof of Proposition 6.1: second claim. Suppose that (L>+4K)(2L>—K) /Dy =00
By Proposition 3.3, we may write

gcd(L2 +4K, 4(2L2 —K)/Dy) = 9ma®, where m,a € N and m is square-free.
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From the hypothesis, we then easily see that
L*+4K =9mU? and 4Q2L*>—K)/Dy =9mV?, ~ where U,V €N,
as well as that m divides L. In particular, a simple calculation yields
L? =m(U2+DfV2), whence mW? = U2+DfV2, where W € Z with L=mW.

Now, suppose also that L # 0, in which case m = Oy (X 172y by (6-3). Note also
that

m(W/n)? = (U/n)* +Dp(V/n)?, where n =ged(W,U, V).

Applying Lemma 6.3 to the ternary quadratic form &,, with matrix

m 0 0
det(Mz ) =mD
Mg, =0 -1 0 | with{e( ta) =m0,
0 0 —Df deto(Mgm)=ng(l’l’l,Df)§|,Df|»

we then see from (6-3) that there are

X1/2/m XI/Z/m

x1/2 x12  xl»2 x 1/2+€ .
0f< Zl NS’”( mn ’ m!/2n’ ml/zn) = Or.e 21 <l+ (mn)“re)m
n= n=
X1/2 X1/2+€
- 0f’€<ml*E + m )
choices for (x, u, v) when m is fixed. It follows that we have
x1/2
X1/2 X1/2+€ 12
Of;e(Z(ml—e + m ) = Ore(X / +€)
m=1

choices for (m, x, u, v) and hence for (L, K).
Next, regard (L, K) as being fixed, and recall that

L3 —D;L5=T, where T =da*(L*+4K)/9.

We claim that there are Of(d(T)) choices for (L1, Ly). If f is positive definite
or if f is reducible, then this is clear. If f is indefinite and irreducible, then by
Definition 5.2 as well as Propositions 3.1 and 4.3, we have

F=W;00")(L,K,1), where0<t<tp andie{l,2,3,4}.

Since Dy > 0, we must have L?+4K > 0 by the hypothesis, and so in fact i € {1, 2}.
From the proof of Lemma 5.7, we know that

Ly—/DiLy=(=1)'VTe" and L+, DfLy=(—1)'VTe ™,
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which implies that
Ly =(=1)'/Tcosh(4r) and L, = (—1)'/T sinh(4t)/\/Ds.

Since t = Oy (1), we then deduce that indeed there are Or(d(T)) choices for
(L1, Ly). Using the bound d(T') = Oc(T€) = Oy, (X¢), we conclude that there are

Of’e(Xl/z—ﬁ—E) . Of,e(Xe) — Of,e(Xl/z-i_e)
choices for (L, L1, L») in total, whence the claim. O

Proof of Proposition 6.1: third claim. Suppose that L = 0 and that F is in the shape
as in (3-1). Using Proposition 3.2, we then deduce that

C=(—12yA+3B8B)/(2x), andso K =-9Ds(aB*—4BAB+16yA?)/(4a?).

Clearly —4K2/A(f) =0 1if and only if —A(f) =0.
We now suppose that —A(f) = [J, so in particular f is positive definite. The
form F is then determined by (A, B) € 72, and that |K| < X implies
28 \° 4D
-2 -2
a2

X.
a <7

Hence there are Or(X) choices for (A, B). It follows that the claim holds. O

6B. Proof of Proposition 6.2. By Lemma 3.8 and Proposition 6.1, we have
(6-4) #{F € Sp(X)N V3 ;: F is reducible of type 1} = Oy (X',

whence it is enough to consider the reducible forms in Sy (X) N VZO’ 7 of type 2;
recall Definition 3.7. By definition, such a form has the shape

F(x,y) = pagax*+(p2q1+p1g2)x> y+(p2go+p1g1+ pog2) X2 y> +(#)xy> + (%) y*,

where p2, p1, po, 92, q1, qo € Z, and we have

po=(Bp1 —2yp2)/Qa) and qo=(Bq1—2yq2)/(2a)

by Lemma 3.10. We have the condition

(6-5) |(@p? —2Bp1pa+4ypd)/al, [(ag? —2Bq1q2 + 4y 42 /al, | pal,
lap1 — Bp2l, 1q2l, legqr — Bgz] > 1

since the above numbers are all integers. Using Proposition 3.2(a), we compute that

Li(F) +4K(F) _api —2Bpip2+4yp; aqi —2Bq192+4yq3
9 B o a '

Now, by the definition of our height, we clearly have

(6-6) [(ap? —2Bp1p2+4yp3)/al, |(ag? —2Bq192+ 4y q3) /| < X.
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Observe also that
(6-7)  paga, p2q1 + p1q2, prgi = Op(X'/?) if f is indefinite and irreducible
by (4-7), (4-8), (4-2), and the bound 0 < ¢ < 7p,. We then deduce that
(6-8)  #{F €S;(X)NVy ,: F is reducible of type 2} < #(R';(X) NZ*),
where we define

R (X) ={(p2. p1. 42, 1) € R*:(6-5), (6-6), and (6-7)}.

It is clear that this set is bounded and semialgebraic. Hence, we may apply
Proposition 5.1 to estimate the number of integral points it contains.

6B1. The case when f is irreducible. Let us define

DFO 0 0

., . , _ B o« 0 0
Rp(X) = Lp,(R;(X)), where Lp, = 0 0D 0
0 0 -8 «

Applying Proposition 5.1, we then obtain
#(R'(X) N Z*) = Vol(R'; (X)) + O (max{Vol(R s (X), 1})

—1 " (VY

For any (u;, uy, v, v1) € R’]C (X), from (6-5) and (6-6), we deduce that

lual, luil, [v2f, o1 > 1
as well as that
1< |u% + u%l, |v12 + v%l <o*X if f is positive definite,
1 < |uf—ujl, [v} —v3| <a*X if f is indefinite.

(6-9) {
This, together with (6-7), implies that in fact
1/2

I < |uzl, lurl, [v2l, [vil, luaval, lugvr| L5 X

We then compute that

2 Xl/z/v;
Vol(R'} (X)) = Oy (]_[ /1 du; dvi) = 07 (X (log X)?),
i=1

Vol(R/]C-(X)) = Or(X log X).

The claim now follows from (6-4) and (6-8).
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6B2. The case when f is reducible. Let us define

1
—1

00 D;0 0 0
S / B o0 =« 0 o0
R (X) = Lo.p, (R (X)), where Lo p, = 11 0 04Ds0
1

1
1
0
0 0 0 -8 «

0
00-1
Since Dy = U in this case, we see that
Lo.p,(Rp(X)NZH CRH(X)NZ* andso #(R(X)NZY <#R}[(X)NZY.
Now, applying Proposition 5.1, we have

#(R/}(X) N Z*) = Vol(R'} (X)) + O (max{Vol(R} (X)), 1}).
For any (z1, 22, 23, 24) € R/JC(X ), the conditions (6-5) and (6-6) imply that

4
|z1l, |z2l, 1231, 1z4] = 1 and  |z12272324] < o7 X,

which is analogous to (6-9). We then compute that

X rX/za pX/(z324) pX/(222324)
Vol(R (X)) = Oy ( [ [ [ anana dZ4>
1 1 1 1

= 07 (X (log X)*),
Vol(R'} (X)) = O (X (log X)?).
The claim now follows from (6-4) and (6-8).

6C. Proof of Theorem 1.2. We have already proven part (d). To prove parts (a)
through (c), it remains to compute the volumes in (6-2).

6C1. The case when f is positive definite. We have

8 3
Vol(0 (S (X)) = ﬁ : % VOl (X) X [—7 /4, 70/4))
;

by Lemma 4.1 and Proposition 4.2(b), as well as

Xl/2

Vol(QF(X) x [~ /4, w/4)) = /

X oq 13
/ T 4K dL = 2T x3/2,
_XI/2 —L2/4 2

12

Observe also that
Vol(©1(S¢(X))) = Op(X)

because ©(Sy(X)) lies in the cube centered at the origin of side length Oy (X 172y
by (4-5) and (4-2). We then deduce part (a) from (6-1) and (6-2).
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6C2. The case when f is reducible. We have
Vol(©2(S5 (X)) = 15 -2+ Vol(QU(X) x [tf1, 7.2])

by Proposition 4.4, as well as

Xl/2

X
Vol(22(X) x [t1.1. t72]) = / / }Llog(ZOTX) dK dL = X¥?10g(20X /9).
- _X

x1/2

We then deduce part (b) from Lemma 6.4 below as well as (6-1) and (6-2).

Lemma 6.4. We have Vol(©,(S;(X))) = Or(X>/?).

Proof. By Definition 5.2, an element in ®>(S¢(X)) takes the form
(A,B,C)=(020d/)(L,K,t), where(L,K,t)€ Q0(X) x [t71,tr2l

Let us recall that

(6-10) IL|<X'? |K|<X, 4t;=—1log8, 4t72=1log(5X/18).

Then, from (4-11), we see that 1-dimensional projections of ©(S7(X)) have
lengths of order O¢(X). As for the 2-dimensional projections, note that (5-1) and
(6-10) yield

|IC| = B%e* and <7 |IC] K X,

as well as the estimates

X+“—2X1/2.

)B_ O[,Tﬂfﬁm 257

2
6(226" < %Xl/z and ‘A—

Hence, the projections of ®,(S (X)) onto the BC-plane and AC-plane, respectively,
have areas bounded by

(0] XXI/de d X(l 172
' an Of CX-l—X dcC).
1 1

Similarly, from (5-1) and (6-10), we deduce that
2B—L|=12a%¢", 1<;2B—L|<;X, |B|l<;X,

as well as the estimate

azB‘ 5a2< 1
— <
6821~ 1282\|2B—L|

‘A X+X1/2).
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Note that |L| < X'/? also implies that
2B —L| > [2|B|—|L||>2|B|—X"* when |B| > X'/?)2.

Hence, the projection of ®,(S¢(X)) onto the AB-plane has area bounded by

1+x'2/2 X 1
oy / (X+X1/2)dB+/ (—X+X1/2) dB).
“\Jo 1+x12/2\2B — X1/2

It follows that all of the 2-dimensional projections of ®,(Sy(X)) have areas of
order Oy (X 3/2) and this proves the lemma. ]

6C3. The case when f is indefinite and irreducible. We have

8a° 1

Vol(©1(Sf(X))) = R 52 (Vol(QT(X) x [0, 1p,)) + Vol(Q™ (X) X [0, 1p,)))
f

by Lemma 4.1 and Proposition 4.3, as well as

x1/2

Vol (2+(X) x [0, 1p,)) = /

_xl2
x1/2

X 13¢
/ i, dK dL = —2L X3/,
—L2/4 6

- —L%/4 11th 3
Vol(Q™(X) x [0, 1p,)) =[ f tp, dK dL = TX ,
-X

_xl2
Observe also that
Vol(©1(S¢(X))) = Or(X)

because ®(S¢(X)) lies in the cube centered at the origin of side length Of(X'/?)
by (4-7), (4-8), (4-2), and the bound on #. We then deduce part (c) from (6-1) and
(6-2).
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OBSTRUCTIONS TO LIFTING
ABELIAN SUBALGEBRAS OF CORONA ALGEBRAS

ANDREA VACCARO

Let A be a noncommutative, nonunital C*-algebra. Given a set of commut-
ing positive elements in the corona algebra Q(A), we study some obstruc-
tions to the existence of a commutative lifting of such a set to the multiplier
algebra M (A). Our focus is on the obstructions caused by the size of the
collection we want to lift. It is known that no obstacles show up when lifting
a countable family of commuting projections, or of pairwise orthogonal pos-
itive elements. However, this is not the case for larger collections. We prove
in fact that for every primitive, nonunital, o -unital C*-algebra A, there ex-
ists an uncountable set of pairwise orthogonal positive elements in Q(A)
such that no uncountable subset of it can be lifted to a set of commuting
elements of M (A). Moreover, the positive elements in Q(A) can be chosen
to be projections if A has real rank zero.

1. Introduction

Let A be a nonunital C*-algebra, denote its multiplier algebra by M (A), its corona
algebra (namely M (A)/A) by Q(A), and the quotient map from M (A) onto Q(A)
by . A lifting in M(A) of aset B C Q(A) isaset C € M(A) such that 7[C] = B.
The study of which properties of B € Q(A) can be preserved in a lifting, as well
as the analysis of the relations between B and its preimage 7w ~'[B], has produced
a rich theory with strong connections to the study of stable relations in C*-algebras.
A general introduction to this subject can be found in [Loring 1997].

This note focuses on liftings of abelian subalgebras of corona algebras. This topic
has been widely studied, for instance, as a means to producing interesting examples
of x-algebras, and in the investigation of the masas (maximal abelian subalgebras)
of the Calkin algebra Q(H). In [Akemann and Doner 1979], for example, the
authors produce, by means of a lifting, a nonseparable C*-algebra whose abelian
subalgebras are all separable. Their proof assumes the continuum hypothesis, which
was later shown to not be necessary; see [Popa 1983, Corollary 6.7; Bice and
Koszmider 2017]. Another application of the continuum hypothesis to liftings of

MSC2010: primary 47C15; secondary 03E75.
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abelian subalgebras of corona algebras can be found in [Anderson 1979]. The
author builds a masa of Q (H) which is generated by its projections and does not lift
to a masa in B(H). In this case it is not known whether the continuum hypothesis
can be dropped; see [Shelah and Steprans 2011]. More recently, the study of liftings
led to the first example of an amenable nonseparable Banach algebra which is not
isomorphic to a C*-algebra; see [Choi et al. 2014; Vignati 2015].

In this paper we focus on the following problem. Let A be a noncommutative,
nonunital C*-algebra, and let B be a commutative family in Q(A). What kind of
obstructions could prevent the existence of a commutative lifting of B in M (A)?
We consider collections with various properties, but our main concern and focus is
the role played by the cardinality of the set that we want to lift. The following table
summarizes all the cases that we are going to analyze. The symbols “v"” and “x”
indicate whether it is possible or not to have a lifting for collections on the left
column whose size is the cardinal in the top line.

0(A) > M(A) <R Ro ¥y

Commuting self-adjoint — Commuting self-adjoint X X X
Commuting projections — Commuting projections v inQ(H) v inQ(H) X
Commuting projections — Commuting positive v v X
Orthogonal positive — Orthogonal positive v v X
Orthogonal positive — Commuting positive v v X

It is clear from the table that starting with an uncountable collection is a fatal
obstruction. We also remark that the two columns in the middle, representing the
lifting problem for finite and countable collections, have the same values. One
reason for this phenomenon is that the only obstructions in this scenario are of
K-theoretic nature and involve only a finite number of elements, as we shall see in
the next paragraph; see also [Davidson 1985]. This situation also relates to other
compactness phenomena (at least at the countable level) that corona algebras of o -
unital algebras satisfy, due to their partial countable saturation; see [Farah and Hart
2013]. Most of the results in the table about finite and countable families are already
known; see [Farah and Wofsey 2012, Lemma 5.34; Loring 1997, Lemma 10.1.12].
The main contribution of this paper concerns the right column, for which some
theorems about projections in the Calkin algebra have already been proved; see
[Farah and Wofsey 2012, Theorem 5.35; Bice and Koszmider 2017].

Let A be K(H), the algebra of the compact operators on a separable Hilbert
space H, so that M(A) = B(H) and Q(A) = Q(H). By a well-known K-theoretic
obstruction, the unilateral shift is a normal element in Q(H) which does not
necessarily lift to a normal element in B(H) (more on this in [Brown et al. 1977]
and [Davidson 2010]). An element is normal if and only if its real and imaginary part
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commute. This proves that it is not always possible to lift a couple of commuting
self-adjoint elements in a corona algebra to commuting self-adjoint elements in the
multiplier algebra.

In order to bypass this obstruction, we add some conditions to the collection
which we want to lift. In [Farah and Wofsey 2012, Lemma 5.34] it is proved that
any countable family of commuting projections in the Calkin algebra can be lifted to
a family of commuting projections in B(H). Moreover, the authors provide a lifting
of simultaneously diagonalizable projections. Proving a more general statement
about liftings, in Section 2 we show that any countable collection of commuting
projections in a corona algebra can be lifted to a commutative family of positive
elements in the multiplier algebra.!

Two elements in a C*-algebra are orthogonal if their product is zero. Any
countable family of orthogonal positive elements in a corona algebra admits a
commutative lifting. This is a consequence of the more general result [Loring 1997,
Lemma 10.1.12], which is relayed in this paper as Proposition 2.2.

In general, we cannot expect to be able to generalize verbatim the above result
for uncountable families of orthogonal positive elements. This is the case since,
by a cardinality obstruction, a multiplier algebra M (A) which can be faithfully
represented on a separable Hilbert space H, cannot contain an uncountable collection
of orthogonal positive elements. The existence of such a collection in M (A) (and
thus in B(H)) would in fact imply the existence of an uncountable set of orthogonal
vectors in H, contradicting the separability of H.

We could still ask whether it is possible to lift an uncountable family of orthogonal
positive elements to a family of commuting positive elements. This leads to an
obstruction of set-theoretic nature. In Theorem 5.35 of [Farah and Wofsey 2012], it is
shown that there exists an 8-sized collection of orthogonal projections in the Calkin
algebra whose uncountable subsets cannot be lifted to families of simultaneously
diagonalizable projections in B(H). This result is refined in Theorem 7 of [Bice
and Koszmider 2017], where the authors provide an Ri-sized set of orthogonal
projections in Q (H) which contains no uncountable subset that lifts to a collection
of commuting operators in B(H). The main result of this paper is a generalization
of this theorem. A C*-algebra is o -unital if it has a countable approximate unit,
and it is primitive if it admits a faithful irreducible representation.

Theorem 1.1. Assume A is a primitive, nonunital, o -unital C*-algebra. Then there
is a collection of ¥ pairwise orthogonal positive elements of Q(A) containing no
uncountable subset that simultaneously lifts to commuting elements in M (A).

'We remark that it is not always possible to lift projections in a corona algebra to projections in
the multiplier algebra. Such lifting is not possible for instance when Q(A) has real rank zero but
M (A) has not, which is the case for A = Q(H) ® K(H) (see [Zhang 1992, Example 2.7(iii)]) or
A =ZQ® K(H), where Z is the Jiang—Su algebra (see [Lin and Ng 2016]).
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Corollary 1.2. Assume A is a primitive, real rank zero, nonunital, o -unital C*-
algebra. Then there is a collection of ¥ pairwise orthogonal projections of Q(A)
containing no uncountable subset that simultaneously lifts to commuting elements
in M(A).

The proof of Theorem 1.1 is inspired by the combinatorics used in [Bice and
Koszmider 2017] and [Farah and Wofsey 2012], which goes back to Luzin and
Hausdorff, and to the study of uncountable almost disjoint families of subsets of N
and Luzin’s families; see [Luzin 1947]. We remark that no additional set theoretic
assumption (such as the continuum hypothesis) is required in our proof.

The paper is structured as follows: in Section 2 we outline the results needed to
settle the problem of liftings of countable families of commuting projections and
of orthogonal positive elements. Section 3 is devoted to the proof of Theorem 1.1,
while concluding remarks and questions can be found in Section 4.

2. Countable collections

Denote the set of self-adjoint and of positive elements of a C*-algebra A by Ay,
and A, respectively. Given a compact Hausdorff space X, C(X) is the C*-algebra
of the continuous functions from X into C.

Farah and Wofsey [2012, Lemma 5.34] proved that any countable set of com-
muting projections in the Calkin algebra can be lifted to a set of simultaneously
diagonalizable projections in B(H). The thesis of the following proposition is
weaker, but it holds in a more general context.

Proposition 2.1. Let ¢ : A — B be a surjective x-homomorphism between two
C*-algebras and let { p,}nen be a collection of commuting projections of B. Then
there exists a set {q, }nen of commuting positive elements of A such that ¢(q,) = pn.

Proof. We can assume that both A and B are unital, that ¢(14) = 15 and that
13 € {pn}nen. Let C C B be the abelian C*-algebra generated by the set {p, }nen.
Consider the element
2p,—1
b=

neN

Let X be the spectrum of b in A. The algebra C is generated by b (see [Rickart 1960,
p- 293] for a proof), thus C = C(X). Fix a € A such that ¢(a) = b. The element
(a4 a*)/2 is still in the preimage of b since b is self-adjoint, thus we can assume
a € Agq. If Y is the spectrum of a, we have in general that X C Y. Fix f,, € C(X)+
such that f,,(b) = p,. Since the range of f, is contained in [0, 1] and the spaces Y
and X are compact and Hausdorff, by the Tietze extension theorem [Willard 1970,
Theorem 15.8], for every n € N, there is a continuous F,, : ¥ — [0, 1] such that
F, [x= fu. Set g, = F,(a). The map ¢ acts on C(Y) as the restriction on X
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(here we identify C*(a) and C*(b) with C(Y) and C(X) respectively), therefore
¢ (gn) = py for every n € N. 0

The g,’s can be chosen to be projections if there is a self-adjoint a in the preimage
of b whose spectrum is X. By the Weyl-von Nuemann theorem, this is the case
when ¢ is the quotient map from B(H) onto the Calkin algebra; see [Davidson
1996, Theorem 11.4.4].

We focus now on lifting sets of positive orthogonal elements, starting with a
set of size two. Let therefore ¢ : A — B be a surjective x-homomorphism of
C*-algebras, and let by, b, € By be such that b1, = 0. Consider the self-adjoint
b=0by— by and let a € Ay, be such that ¢(a) = b. The positive and the negative
part of a are two orthogonal positive elements of A such that

play) =bi, ¢la-)=Db,.
The situation is analogous when dealing with countable collections:

Proposition 2.2 [Loring 1997, Lemma 10.1.12]. Assume ¢ : A — B is a surjective *-
homomorphism between two C*-algebras. Let {b,},en be a collection of orthogonal
positive elements in B. Then there exists a set {a,}nen Of orthogonal positive
elements in A such that ¢(a,) = by,.

3. Uncountable collections

Throughout this section, let A be a primitive, nonunital, o -unital C*-algebra. We
can thus assume that A is a noncommutative strongly dense C*-subalgebra of B(H)
for a certain Hilbert space H. A sequence of operators {x, },en Strictly converges
to x € B(H) if and only if x,a — xa and ax,, — ax in norm for all a € A. In this
scenario M (A) can be identified with the idealizer

{xe B(H):xACA, Ax C A}

or with the strict closure of A in B(H). Given two elements a, b in a C*-algebra A,
we denote the commutator ab — ba by [a, b]. From now on, let (e,),en be an
approximate unit of A such that:

(1) eo=0;

(2) llei —ejll =1fori # j;

(3) ejej =e; foreveryi < j.

Such an approximate unit exists since A is o-unital, as proved in Section 2 of
[Pedersen 1990].

The proof of Theorem 1.1 follows closely the one given by Bice and Koszmider
[2017, Theorem 7], and a lemma similar to their Lemma 6 is required.
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Lemma 3.1. Let A be a primitive, nonunital, o -unital C*-algebra. There exists a
family (ag)gex, © M(A)4 \ A such that:

(1) llagll =1 forall B € Ry;

(2) aqap € A for all distinct a, B € Ry;

3) givend;,dr, € M(A), forall B € Ry, alln € N, and all but finitely many o < B:

I[(ae + dien), (ap +daen)]l| = 5.

The rough idea to prove this lemma is to build, for every § < 1, a strictly increas-
ing function fg : N — N and a norm-bounded sequence {cf teen € Ay to define

1 1
ag = Z(efﬁ(zkﬂ) - 6’f,g(2k))fcf(€f;;(2k+1) — € fy(2k))2 -
keN
Note that this series belongs to M (A) by Theorem 4.1 in [Pedersen 1990] (see also
[Farah and Hart 2013, Item (10) p. 48]). In order to satisfy the thesis of the lemma,

we will build each c,’f so that, for some o < 8 and some n € N, the following holds

I(ae +e), (cf + el = §.

The choice of fg will guarantee orthogonality in Q(A) exploiting, for n, <n; <
my < my, the following fact:

(eml - emz)(enl - enz) =0.

The main ingredient used to build c,’f is Kadison’s transitivity theorem, which we
are allowed to use since A is primitive.

Proof of Lemma 3.1. Since the C*-algebra A is primitive, we can assume that
there is a Hilbert space H such that A € B(H) and A acts irreducibly on H. For
each n < m, denote the space (e,, —e,) H by S, . We start by building ag. Let
f N — N be defined as follows:

2"l 1 ifnis even,

fn = {2" i n is odd.

For every k € N there is a unit vector & in the range of efori1) — er@r). By
the definition of the approximate unit (e,,),en, the vector £ is a 1-eigenvector of
er@k+2)- This, along with the (algebraic) irreducibility of A € B(H), entails that

ASroit1), f20) = H.

Denote the algebra (ef(2k+1) — ef(2k))A(€f(2k+l) — ef(Zk)) by Ax. We have that

AcH 2 Stk fek+1)-



OBSTRUCTIONS TO LIFTING ABELIAN SUBALGEBRAS OF CORONA ALGEBRAS 299

Let é,?, 17,? € Sr@k), fk+1) be two orthogonal2 norm one vectors. Since A acts
irreducibly on H and Ay is a hereditary subalgebra of A, it follows that Ay acts irre-
ducibly on B(Ay H); see [Murphy 1990, Theorem 5.5.2]. Therefore, by Kadison’s
transitivity theorem, we can find a self-adjoint c,? € Ay such that

(&) =8,

R () =0,
and ||c,(3|| = 1. We can suppose that c,? is positive by taking its square, doing so will
not change its norm nor the image of § ,? and n,?. Consider the function

f(n)—1 ifniseven,

folm) = {f(n) +1  ifnisodd.

We have that
0 0 0
€ fok+1)Ck = Ck€ fy(2k+1) = C,
0 0
€ fo@k)Ck = Cxe fo2k) = 0.

This entails

(€ fo2k+1) — €120} = €} = (€ fy2k+1) — € fp2k))

and therefore also

& = (epartn — epen) e nortn —epen) .
The norm ||c2|| is bounded by 1 for every k € N, therefore the sum
ap = Z = Z(efo(ZkJrl) —efn) Pelepars —epen) '
keN keN

is strictly convergent (see [Pedersen 1990, Theorem 4.1] or [Farah and Hart 2013,
Item (10) p. 48]), hence ag € M(A) . Furthermore:

1/2 .0 1/2
laoll =D (e it — € i) *clle fyarrty — e ) |
keN

= ||Zefo(2k+l> — € fo(2k) H <L
keN

In order to show that ag ¢ A, first observe that

aE) =Y EN+AEN+ Y E) = E) =&

m<k m>k

2 We can always assume S, ,1 has at least 2 linearly independent vectors for each n € N by
taking, if necessary, a subsequence (ekj ) jeN from the original approximate unit.
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The first sum is zero since E,? € Srk), fk+1) implies S,? = (e fyh+1) — efo(gk))(él?),
and form < k

(€ ppiktn) =€) (E) = eme fomtn (€ foart) — €yan) () =0,
which follows by fo(2m + 1) < fo(2k) < fo(2k + 1). The second series is also
zero, indeed for m > k we have

C%efo(Zk-H) = Cr?zefo(ZM)efo(Zk-H) =0

(the same equation also holds for ey (2)). Using the same argument, it can be
proved that

ao(§) = (&)

for every & € Sfo(Zn),fo(2n+1)- Observe that || (ag — ef0(2m+1)a0)(§?) || =1 for k > m,
thus ag ¢ A.

The construction proceeds by transfinite induction on X1, the first uncountable
cardinal. At step B < 8| we assume we have a sequence of elements (aqy)y<p in
M (A)4 and functions ( fy)o<p such that:

(i) For all ¢ < B the function f, : N — N is strictly increasing and, given any
other y < «, for all k € N there exists N € N such that for all j > N and all
i € N the following holds

| fu () = f, ()] > 25
Furthermore, we ask that for all « < 8 and all k € N:
FuRk+ 1) — fuRk+ 1) > 2%+,

(ii) For each a < B there exists a sequence (¢} )xen Of positive norm 1 elements

in A such that
(g = Z cr-

Moreover we require that
€ [, Qk+1)Ck = CRef,k+1) = Cf s
€0t =cpes,en =0,

and that there exist £, ny € Sy, 2x), £, (2k+1)» tWo norm one orthogonal vectors,
such that ¢ff (§¢) = & and ¢} () = 0.

(iii) Given @ < 8 and d1, d» € M(A), for all [ € N, and for all but possibly / many
y < «a the following holds:

I[(ae +dier), (ay + dae)]]| = 3.



OBSTRUCTIONS TO LIFTING ABELIAN SUBALGEBRAS OF CORONA ALGEBRAS 301

It can be shown, as we already did for ay, that for all @ < S:

(@) ag € M(A)L\ A;

®) llaull =1;

(©) a(§) = (§) € Sy, k), fa2k+1) for every & € Sy, o), £, 2k+1)-

Moreover, by items (i)—(ii), along with the fact that for n, <n; <my < m
(em| - emz)(enl - enz) — O’

we have that aqa, € A forall o, y < B.

We want to find fg and ag such that the families {ay }¢ <g+1 and { fo }o<p+1 satisfy
the three inductive hypotheses. This will be sufficient to continue the induction
and to obtain the thesis of the lemma. Since $ is a countable ordinal, the sequence
(G ) <p 1s either finite or can be written as (dq, )n <N, Where n — a, is a bijection be-
tween N and 8. We assume that f is infinite, since the finite case is easier. In order to
ease the notation, we shall denote ay, by a, (and similarly f,, by f5, cifln by cﬁ, etc.).

The construction of ag proceeds inductively on the set {(i, j) e N x N:i < j}
ordered along with any well-ordering of type w such that (i, j) < (i’, j') implies
J < Jj’, like for example

/

(i, )H)<G,jhe=j<j o j=j,i<i

Suppose we are at step M, which corresponds to a certain couple (i, j). At step M
we provide a cf,l € A such that, for every dy, d» € M(A)

I[aj +diei), (chy +daep]l = 4

and we define two values of fg. Assume that fg(n) has been defined forn <2M —1.
Let m € N be the smallest natural number such that

fi@m) > maxfi +2, fM — 1) +22M1 -1}

and such that, for / > 2m, the inequality | f;(]) — fr(n)| > 2M 4 1 holds for all
k € N such that oy < o, and all n € N. By inductive hypothesis there are two
norm one orthogonal vectors Eh.nm €S £;2m), f;2m+1) such that ¢}, (&) = &, and
chn() = 0. Set Sﬁ = %(S}" + nT) and nf,l = %(S}" — nT). Using Kadison’s
transitivity theorem, fix a positive, norm one element

Ci € (ef,em+1) — €f;2m) A€ f;em+1) — €f;2m))

such that
chEn) =¢Eb,
&by =o.
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Let fg2M) = f;(2m)—1and fg(2M+1) = f;(2m+1)+1. We have therefore that

efﬁ(2M+1>CﬂM€fﬁ<2M+1> = wa
B B
€M) Chy = Cpr€ M) = 0.

Moreover:

() ll(a; +dien)(chy +dae) (ERy) — (chy + daei)(aj +dren) E Rl
= llajch (&R — cha; Gl = S5y — o = 4.

This is the case since ¢;(§) = 0 for every § € Sf;@m). f;@m+1) (we chose m so
that f;(2m) > i +2) and chy (€5, a;(EL) = ch(Ehy) € St,m), f,2mr1)- Define

ag = Z ch = Z(ef,s(ZnH) - ef'ﬁan))%cff (efsnt1) — efﬁ(2n))%-
neN neN
This series is strictly convergent because all ¢,’s have norm 1. The families
{falnenU{fp} and {a,},-nU{ag} satisfy items (i)—(ii) of the inductive hypothesis.3
Finally we verify clause (iii). Notice that, by construction, for every k € N, given
E € Sfﬂ(Zk),f;; (2k+1) W€ have

ag(€) =cf (&)

Leti < j € N, denote the step corresponding to the couple (i, j) by M, and let m € N
be such that fg(2M) = f;(2m)—1 (by construction we can find such m). Remember
that S/ﬁ[ = \%(Ejm + nT) € Sfﬂ(ZM),fﬁ(ZM-i-])- Given dy, d, € M(A), we have that

I(a; + dyei)(ap + daei) (Ehy) — (ap +daei)(a; +dre) (E Ry
= llajag (&3 — aga; €l = S5 157 =07l = 5.
This equation can be shown using the same arguments used to prove (x).

Notice that if 8 is finite, we only obtain a finite number of c,f , therefore their
sum (which is finite) does not belong to M (A) \ A. In this case it is sufficient to
add an infinite number of addends, as we did for ag. Suppose that j is (the ordinal
corresponding to) N € N, then the previous construction defines fy only up until
2N + 1. Let fxy(2(N + 1)) be the smallest integer such that

o fNQIN+1)— fy@N +1) > 22N+
o |fNQIN+ 1) — fi(n)] > 22M+D forall j < N, and for all n € N.

3The induction to define a p and fp is on the set {(i, j) € NxN:i < j} ordered with a well-ordering
of type w such that (i, j) < (i, j/) implies j < j’. This is used to show that fg satisfies clause (i) of
the inductive hypothesis.
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Define fy2Q(N+1)+1) = fx(2(N +1))+3 and continue inductively the definition
of fu. For each n > N we can therefore, as we did for ay using Kadison’s transitivity
theorem, find a positive element

e € (efyantn—1 — € fy @+ A€ fy@nt1)—1 — € fy@n)+1)

which moves a norm one vector £V € Sy, 2n), fy2nt1) into itself, and another
orthogonal norm one vector 1Y to zero. If we define ay to be the sum of such ¢’s,
it is possible to show, using the same arguments exposed when  was assumed to
be infinite, that the families { f,},<n U { fg} and {a, },<n+1 satisfy items (i)—(iii) of
the inductive hypothesis. (I

The proof of Theorem 1.1 is analogous to the one given in Theorem 7 of [Bice and
Koszmider 2017], but it uses our Lemma 3.1 instead of Lemma 6 of the same work.

Proof of Theorem 1.1. Let (e;)nen S A be the approximate unit defined at the
beginning of this section, and let (ag)gen, be the 8y-sized collection obtained from
Lemma 3.1. Suppose there is an uncountable U C 8 and (dg)gey C A such that

[(aq +do), (ap +dp)] =0

for all o, B € U. By using the pigeonhole principle, we can suppose that ||dg|| < M
for some M € R, and that there is a unique n € N such that ||dg — dge,| <
1/(64(M + 1)) forall B e U.

Therefore, for every 8 € U and all but finitely many « € U such that o < 8, we have

0= ”[(aoz +da)a (a,B +d/3)]” = ”[(aot +dozen)v (a,B +d/3€n)]” - % > 11_6
This is a contradiction when {« € U : a < B} is infinite. ]

Proof of Corollary 1.2. The proof follows verbatim the one given for Lemma 3.1
and Theorem 1.1. The only difference is that each time Kadison’s transitivity
theorem is invoked in Lemma 3.1, it is possible to use a stronger version of this
theorem for C*-algebras with real rank zero (see for instance Theorem 6.5 of [Bice
2013]), which allows us to choose a projection at each step. This stronger version
of Kadison’s transitivity theorem can be used throughout the whole iteration since
hereditary subalgebras of real rank zero C*-algebras have real rank zero. O

4. Concluding remarks and questions

If A is a commutative nonunital C*-algebra, then the problem of lifting commuting
elements from Q(A) to M(A) is trivial, as both M (A) and Q(A) are abelian. In
Section 3 we ruled out this possibility by asking for A to be primitive.

The other important feature we required to prove Theorem 1.1 is o -unitality. We
do not know whether this assumption could be weakened, but it certainly cannot be
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removed tout court. Indeed, there are extreme examples of primitive, non-o-unital
C*-algebras whose corona is finite-dimensional (see [Sakai 1971; Ghasemi and
Koszmider 2018]), for which Theorem 1.1 is trivially false. Our conjecture is that
there might be a condition on the order structure of the approximate unit of A
which is weaker than o -unitality, but still makes Theorem 1.1 true. For instance, it
would be interesting to know whether the techniques used in Theorem 1.1 could be
applied to the algebra of the compact operators on a nonseparable Hilbert space,
or more generally to a C*-algebra A with a projection p € M(A) such that pAp is
primitive, nonunital and o -unital.

We remark that the proof of Theorem 1.1 we gave can be adapted to any primitive
C*-algebra A which admits an increasing approximate unit {ey}qe,, for « regular
cardinal, to produce a «*-sized family of orthogonal positive elements in Q(A)
which cannot be lifted to a set of commuting elements in M (A).

Another lifting problem that we want to discuss is the following:

Question 4.1. Assume F' C Q(A)y, is a commutative family such that any smaller
(in the sense of cardinality) subset can be lifted to a set of commuting elements in
M (A),,. Can F be lifted to a collection of commuting elements in M (A),,?

Theorem 1.1 and Proposition 2.2 entail that this is not true in general for prim-
itive, nonunital, o-unital C*-algebras if | F| = 8|, pointing out the set theoretic
incompactness of X for this property.

If the family F is infinite and countable, then Question 4.1 has a positive answer
in the Calkin algebra.

Proposition 4.2. Suppose that A is a separable abelian C*-subalgebra of Q(H)
such that every finitely generated subalgebra of A has an abelian lift. Then A has
an abelian lift.

The proof of this proposition relies on Voiculescu’s theorem [Higson and Roe
2000, Theorem 3.4.6], starting from the following lemma. Given a map ¢ :
A— Q(H),wesaythat ®: A — B(H) liftspifo=mo®, where m: B(H) — Q(H)
is the quotient map.

Lemma 4.3. Let A be a separable unital abelian C*-subalgebra of Q(H). If
there exists a unital abelian C*-algebra B C B(H) lifting A, then there is a unital
sk-homomorphism ® : A — B(H) lifting the identity map on A.

Proof. Since B is abelian, there exists a masa (maximal abelian subalgebra) of B(H)
containing B. Masas in B(H) are von Neumann algebras and, as such, they are
generated by their projections. This entails that A is contained in a separable unital
abelian subalgebra C(Y) of O (H) which is generated by its projections. By [Brown
etal. 1977, Theorem 1.15] there exists a unital x-homomorphism ¥ : C(Y) - B(H)
lifting the identity on C(Y). Let ® be the restriction of W to C(X). (]
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Proof of Proposition 4.2. Suppose that F = {a,}nen © Q(H )y, 1s an abelian family
such that every finite subset of F has a commutative lift. Without loss of generality,
we can assume that ap = 1. By Lemma 4.3 we can assume that, for every k € N, there
is a unital x-homomorphism ®; : C*({a,},<x) — B(H) lifting the identity map on
C*({an}n<k). By Voiculescu’s theorem [Higson and Roe 2000, Theorem 3.4.6] we
can moreover assume that, for every n € N, the sequence {®y(a,)}x>, converges to
some self-adjoint operator A, in B(H) such that A, — ®¢(a,) is compact for every
k € N. The family {A,},en is a commutative lifting of {a,},en. U

More general forms of Voiculescu’s theorem are known to hold for extensions of
various separable C*-algebras other than K (H); see [Elliott and Kucerovsky 2001;
Gabe 2016; Schathauser 2018, Section 2.2]. Such generalizations could potentially
be used to carry out the arguments exposed above for coronas of other separable
nuclear stable C*-algebras. We note, however, the importance of being able to lift
separable abelian subalgebras of Q(H) to abelian algebras in B(H) with the same
spectrum, as guaranteed by Lemma 4.3. This is false in general in other coronas, as
it happens for instance when A = Z ® K (H). In this case, projections in Q(A) do
not necessarily lift to projections in M (A), since the former has real rank zero but
the latter has not; see [Lin and Ng 2016].

The following example shows that Question 4.1 has a negative answer for finite
families with an even number of elements.

Example 4.4. Let S” be the n-dimensional sphere. The algebra C(S") is generated
by n 4+ 1 self-adjoint elements {%;}o<;<, satisfying the relation

R4+ h:=1.

Let F = {h;}o<i<n. The relation above implies that the joint spectrum of a subset
of F of size m < n is the m-dimensional ball B™. The space B™ is contractible,
therefore the group Ext(B™) is trivial; see [Higson and Roe 2000, Sections 2.6, 2.7]
for the definition of the functor Ext and its basic properties. As a consequence, for
any [t] € Ext(S"), any proper subset of T[F] can be lifted to a set of commuting
self-adjoint operators in B(H). On the other hand Ext(S 2k+1y = 7 for every k € N.
We conclude that any nontrivial extension  of C(S%*7!) produces, by Lemma 4.3,
a family t[F] of size 2k 4 2 in the Calkin algebra for which Question 4.1 has a
negative answer.

Since Ext(5%) = {0} for every k € N, this argument does not apply to families
of odd cardinality. However, in [Davidson 1985] (see also [Voiculescu 1981;
Loring 1988]), the author builds a set of three commuting self-adjoint elements in
the corona algebra of @, M, (C) with no commutative lifting to the multiplier
algebra, whose proper subsets of size two all admit a commutative lifting. The
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answer to Question 4.1 for larger finite families with an odd number of elements is,
to the best of our knowledge, unknown.
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SCHWARZ LEMMA AT THE BOUNDARY
ON THE CLASSICAL DOMAIN OF TYPE 7V

JIANFEI WANG, TAISHUN LIU AND XIAOMIN TANG

Let Rz (n) be the classical domain of type ZV in C" with n > 2. The
purpose of this paper is twofold. The first is to investigate the boundary
points of Rz, (n). We give a sufficient and necessary condition such that
the boundary points of Ry, (1) are smooth. The second is to establish the
boundary Schwarz lemma on the classical domain of type ZV. we obtain
the optimal estimates of the eigenvalues of the Fréchet derivative for holo-
morphic self-mappings at the smooth boundary point of Rz, (n).

1. Introduction

The Schwarz lemma is one of the most important results in the classical complex
analysis, which has become a crucial theme in many branches of mathematics for
over a hundred years. A great deal of work has been devoted to generalizations of
Schwarz lemma to more general settings. These results are widely applied to many
fields such as geometric function theory, harmonic analysis, complex dynamical
systems and differential geometry. We refer to [Ahlfors 1938; Elin et al. 2014;
Garnett 1981; Hua 1963; Kim and Lee 2011; Rodin 1987; Wu 1967; Xiao and Zhu
2011; Yau 1978] for a more complete insight on the Schwarz lemma.

As an elementary application of the Schwarz lemma, there is the boundary
version of the Schwarz lemma as follows.

Lemma 1.1 [Garnett 1981]. Assume a holomorphic function f(z) maps the unit
disk A into itself. If f is holomorphic at z =1, with f(0) =0and f(1) =1, then
f'(1) = 1. Moreover, the inequality is sharp.

If the condition f(0) = 0 is removed in Lemma 1.1, then one has the following
estimate instead:

11— £(0)[?

—iror "

(1-1) fiy=

Tang is the corresponding author.
MSC2010: primary 32H02; secondary 32H99, 30C80.
Keywords: holomorphic mapping, Schwarz lemma at the boundary, the classical domain of type ZV.
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The Schwarz lemma at the boundary is also interesting and plays an important
role in the complex analysis. For instance, since de Branges solved the Bieberbach
conjecture, finding the exact value of the Bloch constant is the number one important
problem in the geometric function theory of one complex variable. Though the
precise value of the Bloch constant is still open, Bonk [1990] improved the Bloch
constant by using Lemma 1.1. As for the geometric function theory of several
complex variables, applying Lemma 1.1, Gong and Liu et al. [Gong and Liu 1999;
Liu and Ren 1998b; Zhang and Liu 2002] have achieved breakthroughs on the
growth, covering and distortion theorems for biholomorphic convex mappings or
quasiconvex mappings on some domains.

A lot of attention [Cartan 1931; Look 1958; Burns and Krantz 1994; Huang 1993;
1994; 1995; Krantz 2011; Tang et al. 2017] has been paid to the multidimensional
generalizations of the boundary Schwarz lemma. Recently, we first established the
Schwarz lemma at the boundary on the open unit ball of C* [Liu et al. 2015], and
then extended the boundary Schwarz lemma to the strongly pseudoconvex domain
and the unit polydisk in C" [Liu and Tang 2016a; Tang et al. 2015]. These lemmas
can be applied to study the distortion theorem of biholomorphic starlike mapping
in [Liu and Tang 2016b; Liu et al. 2015].

As one generalization of the unit ball, it is natural to consider the boundary
Schwarz lemma on the bounded symmetric domains of classical types which are
Hermitian symmetric spaces of noncompact type with nonsmooth boundaries. Let
us first recall the definition of the four classical domains in the sense of Hua. Details
may be found in [Hua 1963]. Let C"*" be the set of all m x n complex matrices
with 1 <m <n.

o The classical domain of type Z, Rz(m,n) C C"*", consists of matrices Z
such that I,, — ZZ’' > 0, where I, is the unit square matrix of order m, and
the inequality sign means that the left-hand side is positive definite.

o The classical domain of type ZZ, Rzz(n) C C"*", consists of matrices Z such
that Z=2"and I, — ZZ' > 0.

 The classical domain of type ZZZ, Rzzz(n) C C"*", consists of matrices Z
suchthat Z=—Z"and I, — ZZ' > 0.

o The classical domain of type ZV, Rzy(n) C C", isthe setof Z=(z1, 22, ..., 2Zn)
satisfying 1 — 2|1 Z||>+|ZZ'|> > 0 and |ZZ'| < 1.

The classical domain of type ZV is also called the Lie ball, which has attracted
the attention of many mathematicians. Here we refer the reader to [Chu 2014;
Morimoto 1999; Wang et al. 2009], for discussions related to such studies.
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By [Liu 1989], it is easy to see that Rz (n) is a bounded convex circular domain
in C", the Minkowski functional

p(Z) Z\/IIZ|I2+\/IIZI|4—IZZ’I2
is a Banach norm of C", and
Rzy(n) = {Z eC": ,O(Z) < 1}.

It is easy to verify that
Rov(l)=A
Rov(2) ~ A7
Rzv(3) ~ R1z(2)
Rzv(4) ~ Rz(2,2)
Ry (6) =~ Rrzz(4).

From now on, we assume that n > 2 for Ry (n).

Recently, we have established the Schwarz lemma at the boundary on the classical
domain of type Z [Liu and Tang 2017] and the classical domain of type ZZ [Tang
et al. 2018]. Because the classical domain of type ZV is very different from the first
three types, we will introduce a new analytic tool to deal with the Schwarz lemma
at the boundary. Also, notice that Ry (n) is a convex domain, but Ry (n) is not
a strongly pseudoconvex domain and dRzy(n) is not smooth. Hence, a smooth
boundary point of Ry (n) C C" is completely different from the unit ball and the
strongly pseudoconvex domain in [Liu and Tang 2016a; Liu et al. 2015].

The aim of this paper is to prove the following theorem as a generalization of
Lemma 1.1 which is concerned with the holomorphic mappings from Rzy(n) to

Rzv(n).

Theorem 1.2. Let f : Ry (n) — Ry (n) be a holomorphic mapping with f(0) =a,
and let 7 = ¢ (%(rl + 1), %(rl —r),0,..., O)T be a smooth boundary point of
Rzy(n), where 1 =r1 >ry >0, 0 € Rand T is a real orthogonal square matrix
of order n. If f is holomorphic at Z and f(Z) = Z, then all the eigenvalues A,
wii =1,...,n—2) and v of the linear transformation Df(Zo) on C" have the
following properties.

D Vp(Zo) is an eigenvector of D*f(Z) and the corresponding eigenvalue is a
real number A that we just mentioned above. That is,
D*f(Z)(Vp(2)) =1V p(2).

o 1=p@

2
@ “T+p@
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(3) T, (0Rwv(n) = M &N,
where
N={(eaT :a eC" aj—iay =0, (a3, -, a,) =0}

is a one-dimensional invariant subspace of Df (Zo), and M is an (n—2)-
dimensional invariant subspace of Df(Z). Moreover, the eigenvalues |i;
of Df (Z), which is a linear transformation on M, satisfy

il <~ i=1,....,n—=2;
and the eigenvalue v of Df (Zo), which is a linear transformation on N, satisfies
vl <1

(4) |det Df (2)| < A%, e Df(Z)| <A+ ~/A(n—2) + 1.
Moreover, the inequalities in (2), (3) and (4) are sharp.

This paper is organized as follows. In Section 2, we investigate some properties
of the smooth boundary points of Rzy(n). In Section 3, we present four lemmas
which are used to prove our main result. In Section 4, we give the complete proof
of Theorem 1.2.

2. Smooth boundary points of R 1y (n)

In this section, we give some characterizations of the smooth boundary points of
Rzy(n), which will not only be used in the subsequent sections but also have its
own interest.

Denote by C" the n-dimensional complex Hilbert space with the inner product
and the norm given by

(Z. W)=Y zw;. 1ZIl= (2. 2),
j=1

where Z, W € C". As real vectors in R¥", Z and W are orthogonal if and only if
N(Z, W) = 0. Throughout this paper, we write a point Z € C" as a row vector in
1 x n matrix form Z = (zy, z2, . . ., Z»), and the symbol " stands for the transpose
of vectors or matrices.

Suppose that 6 € R and 7T is a real orthogonal square matrix of order n. Then

Z € Rov(n) < € ZT € Rry(n)
and

Z € 0Rv(n) < €'’ ZT € 9R1v(n).
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We also get
p’ZT) = p(2)

for each Z € C". For Z € C", according to [Hua 1963], Z has the following polar
decompositions:

Z:ei9(¥,i%,0,...,0)ﬂ

where 6 € R, r; >r, >0 and T is a real orthogonal square matrix of order n. By

an elementary calculation, we have

p(Z) =ry.

Theorem 2.1. Let Z € C" be the polar decomposition above. Then Z is a smooth
boundary point of OR1y(n) if and only if 1 = r; > ry > 0. Furthermore, the
Minkowski functional p(Z) of R1y(n) has the following properties.

(1) p(Z2) is holomorphic about Z and 7 near 7.
(2) The gradient of p at Zis

Vo(Z)=¢%1,i,0,...,00T
and V ,0(2) is a nonzero outward normal vector to 9R 1y (n) at Z.
3) (Z,Vp(2))=1.

Proof. It is clear that Ze 0Rzy(n) if and only if r| = ,0(2) = 1. Suppose that
1=ry >ry>0. Then

1—i—r22
2 9
77 =,

S s 1—72
VIZI* =127 = —2.

2

1Z)? =

Notice that
° 3/0 ° 3 2
20(2)—(Z2) = — Z :
p( )8Zj( ) 82,-[(p( NAl,_s

0
=£(||Z||2+ 1ZI*—122'?)|,_,

2021128 — 222",

1
j+§ 714 S 5112
VIZI"=12Z|
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This gives
1 2\ 7 i0(1 i
o o 2+ rDZ—re(3(1+1r2), —5(1-r2),0,...,0)T
V,O(Z):Z_|_22( 2) 2e" (5 2)2 5(1—r2) )
1—r;
(14 Z—re (141, —i(1-r),0,...,0)T
=Z+ 5
1—r;
22—r2€i9(1+r2, —i(l—rz),O,...,O)T
a 1—r22
B ie(l—l—rz,i(l—rz),O,...,O)—(r2(1+r2),—ir2(1—r2),0,...,O)T
- 1—r?
2

=e%(1,i,0,...,00T #0.

Hence, Z is a smooth boundary point of Rzy(n). It is obvious that p(Z) is a
holomorphic function about Z and Z near Z. Moreover,

(Z.Vp(2)=ZVp(2) = 5(1+r)+5(1—r)=1.
Conversely, suppose that Z is a smooth boundary point of Rzy(n). Assume
l=ri=nm.

Then Z = eie(l, 0,...,0)T, and any two nonzero outward normal vectors to
0Rzy(n) at Z have the same direction. We consider the following two different
(2n — 1)-dimensional real affine spaces through Z in C™:

o ={Z+e% T :aeC", R —iay) =0},
Y ={Z+e%T:aeC", R +iar)=0).
Given the nonzero vector ¢/?(1,i,0,...,0)T € C", we have
Neal, e®(1,i,0,...,00T) =NR(a; —ioy) =0

for any Z + ¢aT € £;. Thus €?(1,i,0,...,0)T is a normal vector to ¥, at Z
(see figure). Similarly, ¢'?(1, —i,0,...,0)T € C" is a normal vector to %, at Z.

e(1,i,0,---,0)T

2
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Now, we claim that |wy £ iw;| < 1 for each W € Rzyp(n). Write W =
(ws, ..., w,). Then
i £ iwaf?
= [wi >+ [wa|* £ 2R iw,
= w1 ” + |wal® F 231 w)
< Jwi > + w2 ] + VA4S w w)?

= |w; > + w2 ]? + V2R [0 wa (w03 — Dy w))]

= |wi | + [wal? + v [wi [* 4 2wy Plwa? + [wal* = |wi ] — 280w} — s

= w1 + [wal? +V (w1  + [wa ) — w} + w3

< P a2 (P w2l 420w+ a7
— w} + wil = 290 (w? + wD W — W)

= w2+ [wa >+ W1+ V (wi > + [wa > + W22 = w? +wl + WV
=W+ VW[4 — IWW'[2
= (p(W))?

< 1.

Thus, for any EOWT e Ryy(n), we get
N(Z—e"WT, e?(1,i,0,...,00T) =1 —NR(w; —iws) > 0.

This shows that Rz (n) is located on one side of X;. That is, X is an affine
tangent space to IRy (n) at Z. Similar to the proof above, we know that 3, is
also an affine tangent space to dRzy(n) at Z. Since Z is a smooth boundary point
of Ry (n), this contradicts with X; # X,. Hence, we have 1 =r| > r, > 0. The
proof is complete. 0

3. Some lemmas

In this section, we exhibit some notations and collect several lemmas, which will
be used in the subsequent section.
Let f : Rzy(n) — C" be a holomorphic mapping. The Fréchet derivative of f
ata € Rzy(n) is defined by
n

afi
DF@W), =Y 3 @wy, Wee

j=1

Itis easy to see that D f (a) is a linear transformation from C" to C" and df (Z) | Zea=
Df(a)(dZ). Let D*f (a) be the adjoint transformation of Df (a) with respect to
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the inner product (-, -). That is,
(D*f(a)(Z2), W) =(Z,Df(a)(W)), Z,WeC".
D*f (a) is also a linear transformation from C" to C". Specifically,

oF;

a7

n

(D*f(a)(Z)i=)

j=l1

(a)zj, ZeC".

It is clear that A is an eigenvalue of Df (a) if and only if A is an eigenvalue of
D*f (a).

Lemma 3.1 [Liu 1989]. Leta = ei"’(%(ll + 1), %(ll —0),0,..., O)A € Rzy(n).
Write

1+l 0
Q=A/ 1—[112 A,
0  VA-D(U - B

where 1 > 11 > 1, >0, ¢ € R and A is a real orthogonal square matrix of order n.
For any Z € R1y(n), define

a+2Z'a—270

(Z) = <
Ya | —2Za' + ZZ'ad’

Then the following statements hold:

(1) @4(Z) is a holomorphic automorphism of Ry (n), and ¢,(Z) is biholomorphic
in a neighborhood of Ry (n).

2) .0 =a, ¢.(@)=0, @' =g,

B dgu(Dgy = 224D
(1= -1
In what follows, we always denote by F(Z, &) the infinitesimal form of the
Carathéodory metric or the Kobayashi metric on Ry (n), where Z € Ry (n) and
& € C"; see [Krantz 1982] for details.

Lemma 3.2. Let p(Z) be the Minkowski functional of Ryy(n). Then with the
notation of Lemma 3.1, for any & € C",

dga(Z)|z=0 =dZ(2d'a — Q).

F(a,§)
B 1
S A-BHa-B
Je-i-B) 6B
/ i/72 2 1 2 2 0
xp|EA - le-2-

0 VA -1HA =131
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Proof. Because ¢,(Z) is a holomorphic automorphism of Rzy(n), and F(Z, §) is
a biholomorphically invariant metric on Rz (n), we have

F(a,§) = F(0, Dpa(a)(§)).

This, together with Do, (a)(dZ) = de,(Z) ‘Z:a and Lemma 3.1, implies

F(0,62d'a— Q)  F(0,6(0 —2d'a))
(1->1-5) — A-BHa-13)

Hence, by Lemma 3.2 in [Gong and Liu 1999], we obtain

F(0,6(0 —2d'a))  p(§(Q —2d'a))
(1-B1-B) — a-Ba-5)’

F(a,§) = F(0, Dg,(a)(§)) =

F(a,§) =

Notice that

1 +1h)
s(h =)
2d'a =24 0 (31 + k), =51 —1),0,...,0)A

0

%(zfgr B+2hk) -5 -13)
=A L3 —13) TG +13—201) A.
0 0
Then
JQ-B-B) 10} -13) .
0-2a=A|\ -$@-13 ite-iB-1) A.
0 VA -1H(A =151
This yields
F(a,§)
B 1
A=1H1-05)
2Q-1 =) 3@ —1)
/ ic72 2 1 2 2 0
X p éA _E(ll_lz) 5(2_11_12) . g

0 VA=A =151
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Lemma 3.3. Let Z be a smooth boundary point of Rzy(n). Then for each W € C",

(W, Vo(2))] < p(W).

Proof. Without loss of generality, we may assume W = 0. Then % € IRy (n).
Since Rzy(n) is a bounded convex circular domain, we have
. 0 W .
ER(Z—e’G Y z>30
W) p(2)
for any 6 € R. It follows from this and Theorem 2.1 that
e'? . . .
N——oxr- (W, Vp(2)) =N(Z,Vp(2)) =1.
p(W)

This gives [(W, Vo(2))] < p(W). O

Lemma 3.4 [Liu and Ren 1998a]. Let f : Rzy(n) — Rzy(n) be a holomorphic
mapping with f(0) = 0. Then for any Z € Rzy(n),

p(f(2)) = p(Z).

4. Proof of Theorem 1.2

In this section, we will prove the Schwarz lemma at the smooth boundary point for
holomorphic self-mappings of Rz (n). Firstly, we need the following notation.

Let Z = eif (%(rl +r), %(rl —r),0,..., O)T be a smooth boundary point of
Rzy(n), where 1 =r; >r, >0, 6 € Rand T is a real orthogonal square matrix of
order n. Then by Theorem 2.1, we have

(aT,Vp(Z))=a(l,—i,0,...,0) =a; —ias
for any o € C". Hence, the tangent space T, (dR1y(n)) to IRz (n) at 7 is
Ty, (R () = (B €C":R(B, Vp(Z)) =0} = {e?aT :a € C", R(a; —iaz) =0},
and the holomorphic tangent space TZI’O(aRIv(n)) to 0Rzy(n) at 7 is
Til’o(aRIy(n)) ={BeC": (B, Vp(2)=0}={aT :a € C", y — ity = 0}.

Proof of Theorem 1.2. (1) For each 8 € T;(dRzy(n)), we have Df(?)(,B) €
T;(dRzy(n)). So

R(Df(Z)(B), Vp(Z)) = R(B, D*f(Z)(Vp(Z))) =0.
Hence, there exists A € R such that

D*f(Z)(Vp(Z)) =AVp(2).
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This means that A is an eigenvalue of D*f (Z) and Vp(Zo) is an eigenvector of
D*f(Z) with respect to A. Since A € R, we know that A is also an eigenvalue
of Df (2 ). The proof of (1) is complete.

(2) The proof of (2) is divided into two cases.
Case 1. f(0) =a =0. Foreacht e (0, 1), by Lemma 3.4 we obtain

p(ft2) < p(tZ)=t.
This, together with Lemma 3.3, yields
4-1) N(f(2), V(D) < p(f(2)) <t.
By Theorem 2.1, (Z°, Vp(Z)) = 1. Thus, combine
ft2)=2Z—1=0Df(ZNZ)+ 0t —1]")
ast — 17 and (4-1) to get
1— (1 =OW(DF(Z)(2), V(L) + 0t — 1) < 1.
This gives ] ] ]
WZ, D*f(2)(Vp(Z))+0(t —1]) = 1.

It follows from D*f(Z)(Vp(Z)) =AVp(Z) and (Z, Vp(Z)) = 1 that

A+O0(r—1) > 1.
Taking t — 17, we have A > 1.

Case 2. f(0) =a # 0. Suppose that a = e'®(3(l; + 1), (I —1),0,...,0)A €
RI];(I’L) and

1+04 0
Q:A’ 1-4Ll, A,
0 VAU B)l

where 1 >/ > 1, >0, ¢ € Rand A is areal orthogonal square matrix of order n. By
Lemma 3.1, g = ¢, 0 f : Rzy(n) = Rzp(n) is a holomorphic mapping, g(0) =0
and g is holomorphic at 7. Moreover,

a+27'a—70

W=g(Z)=9.2) = > —
8 ¢ 1—22a' + 27'ad

is also a smooth boundary point of Rz (n). Because D¢, (2)(/3) € Ty (0R7y(n))
for each B € T;,(0R1y(n)), we have

R(Dpa(Z)(B), Vo(W)) =0, R(B, D*¢a(Z)(Vp(W))) =0.
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It follows that there is i € R such that
(4-2) D*@ (2)(Vp(W)) = nVp(2).
Take

h(2) = (pa(£2), Vp(W)), ¢ €A.

Then A : A — A is a holomorphic function, and /4 is holomorphic at { = 1 with
hi(1) = (W, Vp(W)) = 1. This, together with (1-1) and (4-2), shows
w={Z, uVp(2)) =(Z, D*0.(Z)(Vp(W)))
= (D@ (2)(2), Vp(W)) = hi(1) > 0.
Set
ha(¢) =(g(CZ), Vp(W)), (€A,

Then h, : A — A is a holomorphic function, and /4, is holomorphic at { = 1 with
h7(0) =0 and hy(1) = 1. It follows from Lemma 1.1, (4-2) and (1) that

1 < hh(1) = (Dg(Z)(2), Vp(W)) = (Do (Z)(Df(Z)(Z)), Vp(W))
= (Df(Z)(Z), D*0(2)(Vp(W))) = w(Df(Z)(Z), Vp(Z))

= w(Z, D*f(Z)(Vp(2))) = rut.
This gives

A=

= |-

By an elementary calculation (See Remark 4.1), we obtain

1= (D, (2)(Z), Vp(W)) < p(Dp(2)(Z)) < T

I+ p(a)
—pla)’

It follows that
1 - 1—p(a)

A>—> .
n = 1+pa)

The proof of (2) is complete.
(3) Itis clear that the (n — 1)-dimensional space

Té’o(asz(n)) ={eaT:aeC", aj—ia =0}
is an invariant subspace of D f (2 ). That is,

' DF )BT —ie " DFZ)BT )2 =0

for any 8 € Tzl’o(asz(n)). Now, we claim that

N={ei9aT:aeC”, ap —iap =0, (a3,...,an)=0}
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is an invariant subspace of D f (7). We only need to prove that for each
B=e’, —ias,0,...,00T €N,

if we set e =e " Df(Z)(B)T’ € C", then &; —ier =0 and (e3, ..., &,) = 0.
Since Df(Z)(B) € Tzl’o(asz(n)), we have &; —igy = 0. For ¢ € (0, 1), write
the polar decompositions of tZ and f (IZ ) as

tZ =" (S(tri +1try), S(tr1 —1r2),0,...,0)T
and

f@2) =D (L0 +r0), 50r1() = r2(1)),0, ..., 0)T (1)

respectively, where 1 > r;(t) > rp(t) > 0, 6(¢) € R and T (¢) is a real orthogonal
square matrix of order n. By Lemma 3.1, corresponding to a = tZanda = f(t2),
take

1+ t2r2
o=T 1—1%r) 0 T
0 VA=A =D s
and
14+r(t)r(¢) 0
ot)=T() 1L —ri(®)r(1) T(1).
0 | VA= 2e) A = r2O)

Because lim f(tZ) = Z, we obtain
t—1-

1iIP ri(t)y=1, liI? r(t) =r.
t—1- t—1-
Meanwhile, we get
0t)=60+0(t—1]), T@)=T+0(t—1)),
and Df(tZ)(B) = Df(Z)(B)+ O(|t — 1))

as t — 1=. Moreover, it follows from f(tZ)=Z—(1—t)Df(Z)(Z)+ O (|t —1]?)
that
() =p(f2)=1=1=0203 32(2)DfH(Z)(Z) + Ol = 1)
=1—1=DRDF(Z)NZ), V(L) + Ot — 1)
=1—(1=D)NZ, D*f(Z)(Vp(Z))+ 0t — 1)
=1-21—-0D+0(t—1P
as t — 17. This implies

(4-3) VIi—r2@)=yV1=[1=x(1—1)4+0(t — 1»)]2

=V2r(1 =0+ 0(t —1]?)
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ast — 17. By Lemma 3.2,

F(tZ.B)
B 1
A —=2)(1—12r2)
3@ =) 32 —17r)) 0
xp| BT |\ =52 =143 2 —1>—1%r))
0 V(=1 =12r),
B 1
A =2)(1—12))
x p| (o, —iag, 0, ..., 0)
3@ =) 32 —17r)) 0
x |\ =4 =12 3Q—1*—1rd)
0 V(=1 =),
=l o —io.. o,
1—t2r22
This gives
(4-4) lim V1—12F(tZ,p) =0.
t—1-
Similarly, we have
FIf(tZ), Df 1 Z)(B)]
1
A=) =r3@)
xp|DfGZ)(BT @)
%(24_&@)_@(:)) L) —r3 () 0
x|\ =507 =r3@) 5Q2—ri(0)—ri @) :
0 VA= 0)A =3 (0)) 1

Notice that

DftZ)(B)T () = DF(Z)(B)T + 0t —1)) =ee + O(|t — 1))
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ast — 1~ and e, = —ie;. This, together with (4-3), shows

lim V1 — ri)FLf(t2), Df(tZ)(B)]

= lim

1
EEVI=rf @O0 =r3(0)

xp|(e1+ Ot =11}, —ies + O(1t = 1. &3+ Ot — 1)), ... & + O(1t — 1))
Q=i =r;®) 5070 =r3) 0

< |\ i -nen te-ro-Bw)
0 Ja =Ryt =2

= lim

1
V=R =r0)

xp| (11 = b + 0t = 1D =ie1 (1 = @) + O = 1)),

eV (1= O)(1 =3 (O) + O = 1.
eV (L=r2) (1 =130+ 01 1)) |

1
= pl(0,0, 3,...,€.)]

\/1—r22

By the contraction property of the Kobayashi metric, we get

(4-5) FIf(tZ),Df(t2)(B)] < F(tZ, ).
Thus, by (4-3), (4-4) and (4-5), we obtain
p[(0,0,63,....e)]=V1—r3 lim V1=r})FLf(tZ), Df(t2)(B)]

V1 =r .
=V1-13 lim ?rl(z)\/l—zzmz, 8)
=1 T—¢

=V1-rVi lim VI-PF(Z.p)
t—1-
=0.

That means (e3,...,&,) = 0. It follows that N is a one-dimensional invariant
subspace of Df (Z). Hence, there is an (n—2)-dimensional invariant subspace M
of Df(Z) such that

Tzl’o(a’RIy(n)) —M®N.

Because M N N = {0}, we have (e3,...,¢&,) #0 for any 8 € M \ {0}.
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For each eigenvalue u; of Df(Z) on M, suppose that BO =eaDT e M\ {0}
is a nonzero eigenvector with respect to u;. Here,

@ .. ,aD)£0 and eDFZ)BNT =pwia®, i=1,...,(n—-2).
By Lemma 3.2, we get (omitting the dependence of | and r, on ¢ for brevity):
FZ, ")

_ 1
C(A=2)(1—1%2)

fe-2 =t  L@*—1*rd) 0
xp| BOT —%(tz—tzrzz) %(2—t2—t2r22)
0 VA=) =1r3) 1,
= ! 0 (aii) —iozf) agi) (x(i))
(1—12)(1—1%r3) "
1Q=12=1%r}) L —1*r3) 0
x|\ =22’ J@—1*—1*)

VA=A =12r3) 1,

0

2.2 2.2
_ 1 ol [ —ia® 1= 1= o)
1—12r2 R e A A e A

This gives

o . 1 . .
. /1 __ 2 )y _ @) @)
tl_l)r{lﬁ 1—-t°FtZ, B )_—\/ﬁp[(o,o,%,...,o:,1 )] #0.
On the other hand,

FIf(tZ), DftZ)(B)]
1
T (U=rH(1-rd)

xp| DFGZ) (BT ()

(%(2—r%—r%> 50713 ) 0
X

22y 1 2_ 2
—3(ri=ry) 3Q2=ri—ry)

0 VA=) —rH -
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Notice that
DFZ)(BNT (1) = DF(Z)(BNT + 0t — 1)) = e + 0 (|t — 1))
as t — 1. Therefore we have

lim v1—riF[f(tZ), Df(tZ)(BD)]

t—1-

1
= lim

=1 V1 —ri(1—r3)

x p| (wiel” + 0t = 1)), —igial” + 0t — 1)), el + 0 — 1)), ...,
mial? + 0t — 1))

3@=ri—r) 307-r)) 0
|\ —fet-rd te-ri-md
0 VA=) =rH -
1

= lim

=1 VT—r2(1=13)
<o (i1 =)+ 0t = 1), =ipia" (1 = rD) + O (Ut = 1),
piad V(1 =1 =r3) + 0t =1, ...,
etV (A=D1 =)+ 0xr = 1)) ]

=i r0,0,00, ..., 0]

x/l—r22
= || lim V1 —12F@¢Z, BD).
t—>1-

It follows from this and (4-3) that

. FLf(t2), Df(tZ)(B)]
m

1> 1 o
t—>1- F(tZ, '3(1))

i Y122 NI FIf(2), DFG2)BED] _ il

=" /1=r2 V112 F(tZ, M) N/

This implies
il <A, i=1,...,n=2.

For the only eigenvalue v of Df(Z) on N, suppose that g =e?aT e N\ {0} is
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a nonzero eigenvector with respect to v. Here, o = («y, —ia1,0,...,0), a1 #0
and e Df (Z)(B)T’ = va. Then by Lemma 3.2, we have

FtZ, B)
B 1
(=121 —12r3)
(%(z—tz—tzrzz) %(tz—t2r22)> 0
xp| T/ | \ —5@*=1*r3) 1Q2—1*—1*r3)
0 VA=A =rH 1,
1

T (=) (11212

xp|(ay, —iag,0,...,0)

<%(2—t2—t2r22) L2 —1%r3) ) 0
X

—L@2=1r3) 1@—12—1%r)

0 N e T )
loer | .
= ———pl(1.—i,0.....0)].
1—t¢ rs

Hence,

. . |oey | . 2]oy]

lim F(tZ, B) = Spl(1,—i,0,...,00] = —— #0.

t—1- 1—}”2 1—1"2

On the other hand,

FLf(tZ), Df(tZ)(B)]
_ 1
A=D1}

xp|Df(tZ)(BT (1)

(%(H%—r%) 307-r3) ) 0
X

072 Ya-rier)

0 V=)A=
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By (4-3), we obtain

Df(tZ)(B)T (1)
=Df(Z)BT' +0(t—1))
=elva+ e [bi(1 —ri(t) + Ot — 115, ba(1 — ri(t)) + O (|t — 1),
o(t—10),...,0(t —1)]

as t — 17. This, together with (4-3), yields

lim FLf(tZ), Df(tZ)(B)]

. 1
= fim (1 =r{ @)1 =ri ()

X p |:(vot1 + by (1 —ri(0) + Ot — 113, —ivay +by(1 —ri (1)) + O (|t — 1]%),

o(t—1),.... O(|t—1|))
%(2—r12(t)—r22(t)) %(rlz(t)—rf(t)) 0
x [\ ={Gi0) —r3@) Q@—rit)—r3@)
0 V(1 =r2e) (1 = r2O)1,
2 2
zl_lrzzp[<va1+12r2 (by — iby), —ivay +i 2’2 by —ib»),0, ..., 0)].
Since

vy 4+ £(1=r3) by —iby)|* + |—iver + (1= r3) (b1 —iby) |
=2 o [*+ 51 = r3)*|b1 — i
and
[vai + E(1 = r3) by —ibn) | + [—iva) + (1 = D) (b1 —iby)]’
=2va (1 —r3)(b1 — iby),
we have
(p[ay + 31 =13 (b1 — b)), —ivay + 4(1— 1) (by — D)), 0, ..., 0)])

=2/v?|ot |* + 31— 13)? by — i

2

. 2 .
2Pl P+ 41 = 221y — iba 2T — 40 Play (1 — 1221y — bl

=2 lo |+ 5(1 = r3)*|by — iy +\/[2IVI2|0¢1|2 Y=y — ik 2]
> 2P lar [P+ (1= r9)?1b1 — ibol* 4+ 2vPlan [P = 5(1 = r3)?|by — ibof?

212
=4v[ai|".
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It follows that

lim FLf(:2), Df(t2)(B)]

p[(var + £(=r3) (b1 —iba), —ivey + 5(1 —r3) (b1 —ib2), 0, ..., 0)]

_1—r22
2v]||a
, 2l
l1—r;

=|v| lim F(tZ, B),
t—1-

which implies

FLLG2). DIGDB)

1> lim s
t—1- F(tZ,B)

The proof of (3) is complete.

(4) Note that T, * (R (1)) = {¢“aT :a € C", 0 —icy =0} = M & N is an
(n—1)-dimensional invariant subspace of Df (Z ). So, there is a one-dimensional
invariant subspace L of Df (2) such that

C'=L®MSN.

Since LN T, (R (n)) = {0} we have & —icry # 0 for any f = e?aT € L\ {0},
Now, we prove that A is just the eigenvalue of Df(Z) on L. Suppose that A is an
eigenvalue of Df(Z) on L, and B =eaT € L\ {0} is a nonzero eigenvector of
Df (Z) with respect to i. Then Theorem 2.1 is utilized to derive

(DF(2)(B), Vp(2)) = A(B, Vp(2))
=xaT, e?1,i,0,...,00T) = A(a; —ica).
Meanwhile,

(DF(Z)(B), Vp(Z)) = (B, D*f(Z)(Vp(2))) = M, Vp(Z)) = Ma; — i2).

This, together with oy —iay # 0, gives % = A. Therefore Mu; i=1,...,n—2)and
v are all the eigenvalues of the linear transformation D f (Z) on C". This implies

|det DF(Z)| < A2, |uDf(Z)| <A+~A(n—2)+1.
The proof of (4) is complete. (]

Finally, we give the following example to show that the inequalities in (2), (3)
and (4) of Theorem 1.2 are sharp.

Example. Let a = (%,i%,O,...,O) € Rzy(n) and 0 < ¢ < 1. According to
Lemma 3.1, take 0 = (¢ =, ). Writee; =(0,...,0,1,0,...,0) € C", with
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the 1 in the j-th place. Let
Z=( i
_(§(1+r2)9 E(l_rz)a()’?())

be a smooth boundary point of Ry (1), where 1 > r, > 0. Define

a+727a+70 .
2)=—p_4(Z)= , ZeR .
F(Z)=—9p-u(2) 1274 1v(n)

Then f : Rry(n) — Rzyp(n) is a holomorphic mapping with f(0) =a, and f is
holomorphic at Z. Moreover, f has the following properties.

(1) f=1
(2) For any B € C",

(1/(1+8) —is/(1+s)) 0
Df(Z)B) =B | \ie/(1+e) 1/(1+¢)

0 (I=¢e)/(I+e)ly—
(3) Df(2)((1,i,0,...,0)) = 1_’O(“)(l,i,o,...,O).

~ 14p(a)
This shows that one of eigenvalues of Df(Z) is (1 —p(a))/(1+ p(a)).

4) Df(Z)(ej) = /}J‘rﬁggej, where j =3,...,n.

This shows that the n — 2 eigenvalues of Df(f) are all /(1—p(a))/(1+p(a)).

5) Df(Z2)((1,—i,0,...,0) = (1, —i,0,...,0).

This shows that one of eigenvalues of Df (Z) is 1.

Proof. By Lemma 3.1, it is clear that f : Rzy(n) — Rzyp(n) is a holomorphic
mapping with f(0) =a, and f is holomorphic at Z.

(1) 1t follows from ||a||> = £2/2 and aa’ = 0 that p(a) = &. Since ZZ' = r» and
Za' = ¢/2, we have

a+27'a+7Q
1+27a
_(8/2,i€/2,0,...,0)+r2(e/2, —ig/2,0,....00+ Z _eZ+7Z _s

1+¢ 1+¢

f(2)=
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(2) For any B € C"*, we get

2BZ'a+ B0 _ 2d'(a+ 77'a+70)

Df(Z)(B) = - -
SZ)P) 1+2Za’ (1+2Za’)?
IB S/ = —/ g
= 27'a—?2 VA
g Qa2 f(2)
_ /3 7/ = =/
—m(Q+2Za—2aZ)
ﬂ L 0 ¢ <.1+r2 —i(l-i—rz)) 0
=—1+8 (0 ,—1—821,1_2>+§ l(l—rz)o l—rz .
. ( .1+r2 i(l—r2)> 0
—3 —i(l4+r) 1-nr
0 0
5 <.1 —ie) 0
:l—l—s ie 1
0 V1—821n_2
(1/(1+8) —ie/(l—l—s)) 0
=g \ie/(0+¢e) 1/(1+¢)
0 VU =e)/(1+e)l—

(3)-(5) Using (2) and making a straightforward calculation, we can easily obtain
(3), (4) and (5). ]

Remark 4.1. In the proof of (2) in Theorem 1.2, we need to estimate

o o 14+ p(a)
p (D (2)(Z)) < ——.
1—p(a)
For simplicity we restrict attention to complex dimension 2. Let A(0, ) be the disk
in C with the center 0 and the radius » > 0. Then A maps {Z € C" : p(Z) < §} to

A%(0, 8). Tt is easy to check that the following relation holds:

(Ji 11')=A

Rop(2) ——— A2

Ry(2) ——— A?
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Here, ¢,(Z) is a holomorphic automorphism of Rz, (2), and ¢, (Z) is a holomorphic
automorphism of A%. Thus, we have

0a(Z)A = @p(z1 —iz2, 21 +i22), Da(Z)(Z) = Dep(E)(E)A™Y,

where b = (a1 —iap, a; +iay) and ||b||cc = max(|a; —iaz|, |a1 +iaz|) < p(a). This
implies

Dga(2)(2) = (%1 (é'liioaz)’ <Pb2(§2)—(—a.1+ioa2)>A_1.
I —(a) —iaz) I —(a)+iax)s

Because the pair on the right (multiplying A~!) lies in
14116 1
AQ(O, +l IIOO) c Az(O, +p(a))’
1=1Dlloo 1—p(a)
o o 14+ p(a)
p(Dea(Z)(Z)) < ——.
1—p(a)
Remark 4.2. From the view of geometry, N is an invariant subspace of Df(Z)
perhaps because the Levi form of p at 7 is positive semidefinite and not positive
definite on N. We get the same conclusions from |u;| < VA i=1,...,n=2)as
Theorem 3.1 in [Liu and Tang 2016a] perhaps because the Levi form of p at 7 is
positive definite on M.

we obtain

Remark 4.3. From the proof of Theorem 1.2, it is clear that we need only to assume
that the mapping f is C! up to the boundary of Ry (n) near Z.

Remark 4.4. When R1y,(1) = A, Theorem 1.2 is just the classical Schwarz lemma
at the boundary of the unit disk. When R1y,(2) &~ A2, Theorem 1.2 is just The-
orem 3.1 in [Tang et al. 2015]. When Rzy(3) = Rzz(2), Theorem 1.2 is just
Theorem 4.1 in [Tang et al. 2018]. When Ry (4) = Rz(2, 2), Theorem 1.2 is just
Theorem 3.1 in [Liu and Tang 2017]. When Rz (6) ~ Rzz7(4), Theorem 1.2 is
just the special case of the classical domain of type ZZ7.
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CYCLIC »-PARALLEL SHAPE AND RICCI OPERATORS ON
REAL HYPERSURFACES IN TWO-DIMENSIONAL
NONFLAT COMPLEX SPACE FORMS

YANING WANG

We consider three-dimensional real hypersurfaces in a nonflat complex
space form of complex dimension two with cyclic »-parallel shape or Ricci
operators and classify such hypersurfaces satisfying some other geometric
restrictions. Some results extend those of Ahn et al. (1993), Lim et al. (2013),
Kim et al. (2007) and Sohn (2007).

1. Introduction

A complex space form is a Kdhler manifold of constant holomorphic sectional
curvature ¢ with complex dimension n and is denoted by M"(c), n > 1. If M"(c)
is complete and simply connected, then it is complex analytically isometric to one
of the following spaces:

e a complex projective space CP"(c) when ¢ > 0;
 a complex hyperbolic space CH"(c¢) when ¢ < 0;
» a complex Euclidean space C" when ¢ = 0.

Let M be a real hypersurface in a nonflat complex space form M"(c) whose
Kéhler metric and complex structure are denoted by g and J respectively. On M
there exists an almost contact metric structure (¢, &, n, g) induced from g and J
(for details see Section 2), where £ is called a structure vector field. Let D be the
distribution determined by tangent vectors orthogonal to £ at each point of M. Let A
be the shape operator of M in M"(c). If the structure vector field & is principal, that
is, A =a&, where « =n(A&), then M is called a Hopf hypersurface and « is called
Hopf principal curvature. Hopf real hypersurfaces in nonflat complex space forms
with constant principal curvatures were classified in [Cecil and Ryan 1982; Kimura
1986; Takagi 1973; 1975a; 1975b] in the case of CP"(c) and in [Berndt 1989] in
the case of CH" (c), respectively. For simplicity, a real hypersurface M in a nonflat
complex space form is said to be of type (A) if it is locally congruent to a type
(A1) or (A3) hypersurface in CP"(c) (see [Takagi 1973; 1975a]) or type (Agp), (A1)

MSC2010: 53B25, 53D15.
Keywords: real hypersurface, complex space forms, cyclic n-parallel, shape operator, Ricci operator.
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or (Ay) hypersurface in CH"(c) (see [Berndt 1989]). Similarly, M is said to be of
type (B) if it is locally congruent to a type (B) hypersurface in CP"(c) or CH" (c).

Unlike the case of real space forms, the shape operator of real hypersurfaces in a
nonflat complex space form can not be parallel (deduced directly from the Codazzi
equation (2-8)). This motivates some authors to consider certain conditions weaker
than parallel shape operators. One of the methods is to investigate cyclic parallel
shape operators, i.e., g((VxA)Y,Z) +g((VYA)Z, X)) + g((VzA)X,Y) = 0 for
any vector fields X, Y and Z. Ki [1988] proved that the shape operator of a real
hypersurface in a nonflat complex space form is cyclic parallel if and only if the
hypersurface is of type (A); see also [Niebergall and Ryan 1997]. This implies
that cyclic parallelism is still too strong and therefore cyclic n-parallelism for the
shape operator, i.e., g((VxA)Y, Z)+g((VyA)Z, X) + g((VzA)X, Y) =0 for any
vector fields X, Y and Z orthogonal to the structure vector field, were studied in
[Kim et al. 2007]. Another method is to study n-parallel shape operators, i.e.,
g((VxA)Y, Z) =0 for any vector fields X, Y, Z orthogonal to the structure vector
field. Because the n-parallelism condition is so weak, in history many authors
investigated it together with some other conditions; see [Ahn et al. 1993; Kimura
and Maeda 1989; Kon and Loo 2012; Niebergall and Ryan 1997; Suh 1990]. Finally,
without any other redundant restrictions, Kon and Loo [2011] proved that a real
hypersurface of dimension greater than three in nonflat complex space forms has
n-parallel shape operator if and only if it is of type (A) or (B) or a ruled real
hypersurface. However, the above result is still open for real hypersurfaces of
dimension three. Among others, the third method to extend parallel shape operators
was introduced by Cho [2015], who proved that there exist no real hypersurfaces
with Killing type shape operator, i.e., (VxA)Y 4+ (Vy A) X =0 for any vector fields
X, Y. However, there exist real hypersurfaces in a nonflat complex space form
M"(c) with transversal Killing shape operators, i.e., (VxA)Y 4+ (VyA)X = 0 for
any vector fields X, ¥ orthogonal to the structure vector field, which are of type (A)
(see [Cho 2015] for the case of n > 2).

Just like the case of shape operators, the Ricci operator of real hypersurfaces in a
nonflat complex space form can not be parallel (see [Niebergall and Ryan 1997] for
dimension greater than three and [Kim 2004] for dimension three). However, there
exist real hypersurfaces such that the Ricci operator is cyclic parallel (see [Kwon
and Nakagawa 1988; Niebergall and Ryan 1997]), i.e.,

g((VxQ)Y, Z) +g((Vy D Z, X) +g((VzQ) X, Y) =0

for any vector fields X, Y, Z. Because Ricci cyclic parallelism is too strong,
Kwon and Nakagawa [1989] considered cyclic n-parallel Ricci operator, i.e.,
g(VxQ)Y, Z)+g((VyQ)Z, X)+g((Vz0Q)X, Y)=0 for any vector fields X, Y, Z
orthogonal to the structure vector field, and proved that a Hopf real hypersurface of
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dimension greater than three in a nonflat complex space form has cyclic n-parallel
Ricci operator if and only if it is of type (A) or (B). Real hypersurfaces with cyclic
n-parallel and n-parallel Ricci operators were also studied in [Kim et al. 2007] and
[Kim et al. 2006; Kon 2014; 2017; Maeda 2013; Pérez et al. 2001], respectively.

Many results mentioned above were obtained for hypersurfaces of dimension
greater three. This motivates us to generalize those results for three-dimensional
real hypersurfaces. Here we aim to classify real hypersurfaces in a nonflat complex
space form of complex dimension two with cyclic n-parallel shape or Ricci operators
satisfying some other geometric conditions. Some results in this paper are extensions
of corresponding earlier results; see [Ahn et al. 1993; Lim et al. 2013a; 2013b; Kim
et al. 2007; Sohn 2007].

2. Preliminaries

Let M be a real hypersurface immersed in a complex space form M"(c) and N
be a unit normal vector field of M. We denote by V the Levi-Civita connection
of the metric g of M"(c) and J the complex structure respectively. Let g and V
be the induced metric from the ambient space and the Levi-Civita connection of g
respectively. Then the Gauss and Weingarten formulas are given respectively as:

(2-1) VxY =VxY +g(AX,Y)N, VxN=-AX

for any vector fields X and Y tangent to M, where A denotes the shape operator
of M in M"(c). For any vector field X tangent to M, we put

(2-2) JX=¢X+n(X)N, JN=-&.
We can define on M an almost contact metric structure (¢, &, n, g) satisfying

(2-3) ¢’ =—id+n®E& nE) =1, ¢&=0,
(2-4) g(@X, YY) =g(X,Y) —n(X)n(Y), nX)=g(X,&)

for any vector fields X and Y on M. Moreover, applying the parallelism of the
complex structure (i.e., VJ =0) of M"(c) and using (2-1), (2-2), we have

(2-5) (Vx@)Y =n(Y)AX — g(AX, Y)§,
(2-6) Vx§ =¢AX

for any vector fields X and Y. We denote by R the Riemannian curvature tensor
of M. Since M"(c) is assumed to be of constant holomorphic sectional curvature c,
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then the Gauss and Codazzi equations of M in M"(c) are given respectively as:

Q7 RXNZ =LV, DX —g(X, DY +8(9Y. 2)6X — g(@X, Z)$Y
—2g(pX, Y)qbZ} +g(AY, Z)AX — g(AX, Z)AY,
(2-8) (VxA)Y — (VyA)X = %{H(XWY —n(Y)pX —2g(¢X, Y)E}
for any vector fields X, Y on M.
From (2-7) we see that the Ricci operator Q is given by

(2-9) 0X = %((2n+ DX —3n(X)€) +mAX — A*X

for any vector field X tangent to the hypersurface, where m := traceA is the mean
curvature.
In this paper, all manifolds are assumed to be connected and of class C.

3. Cyclic p-parallel shape operator

Let M be a real hypersurface in a complex space form M”"(c). We put
3-1) At =at + U,

where @ = n(A&), U is a unit vector field orthogonal to & and B is a smooth
function. Applying (2-1) and (2-2) we see that BU = —¢V:§. We put

Q={peM|p(p)#0}
Then €2 is an open subset of M.

Lemma 3.1 [Panagiotidou and Xenos 2012, Lemma 1]. Suppose M is a three-
dimensional real hypersurface in a nonflat complex plane M?(c). Then the following
relations hold:

AU =yU + 689U + &, ApU =8U + uoU,
Vs = —8U +ypU. Vyuk = —pU +8U, Vet = poU.
VoU = k10U + 88, VU = k2pU + pué, VeU = k39U,
VupU = —\U —y€, VoudU = —iaU — 8¢, VepU = —i3U — BE,

(3-2)

where vy, 8, i, ki, i = {1, 2,3} are smooth functions on M and {&£, U, pU} is an
orthonormal basis of the tangent space of M at a point of M.
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Applying this lemma, from the Codazzi equation (2-8) for X = U or X = ¢U
and Y = & we have

(3-3) U(B) —&(y) = ad — 28«3,

(3-4) §@®) =ay + B +8% + ks + § — v —yis — B,
(3-5) U(a) —§(B) = =3B,

(3-6) E(u) = ad + Bra — 28k3,

(3-7) dU(a) = af + Brz — 3L,

(3-8) QU B) = ap—2yn+28"+5 +ay + k.

Similarly, from the Codazzi equation for X = U and Y = ¢U we have

(3-9) U@©) —pU(y) = uk1 — yk1 — By — 28k — 2B,
(3-10) U(u) —pU(S) =y + B8 — kot — 28k

Moreover, applying Lemma 3.1, from the Gauss Equation (2-7) and the definition of
the Riemannian curvature tensor R(X, Y)Z=VxVyZ—-VyVxZ—V|x y1Z we have

(3-11) U(i) — pU (k1) = 282 = 2y — k¥ — yK3 — K3 — k3 — C.
(3-12) dU (k3) —E(k2) =2Bu — pky + k2 + k361 + Bies.

The above relations can also be seen in [Panagiotidou and Xenos 2012; Wang 2018].

Proposition 3.2. The shape operator of a real hypersurface in complex space forms
is cyclic n-parallel if and only if it is n-parallel.

Proof. From the Codazzi equation (2-8), we have g((VxA)Y, Z) = g((VyA)X, Z)
for any vector fields X, Y, Z orthogonal to the structure vector field £. Since the
shape operator is symmetric, we have g((VxA)Y, Z) = g((VxA)Z,Y) for any
vector fields X, Y, Z. Consequently, if the shape operator is cyclic n-parallel, i.e.,
g(VxA)Y, Z2)+g((VyA)Z, X)+g((VzA)X, Y) =0 for any vector fields X, Y, Z
orthogonal to &, by the previous two properties we obtain g((VxA)Y, Z) =0 for
any vector fields X, Y, Z orthogonal to £. The converse is trivial. (I

According to Proposition 3.2, we observe that [Kim et al. 2007, Theorem 1.1]
and [Ahn et al. 1993, Theorem C] are the same. More precisely, as mentioned
before, real hypersurfaces of dimension greater than three with n-parallel shape
operators were completely classified by Kon and Loo [2011]. Thus, following their
result and Proposition 3.2 we have:

Corollary 3.3. A real hypersurface in a nonflat complex space form of complex
dimension greater than two has cyclic n-parallel shape operator if and only if it is
of type (A), (B) or is a ruled real hypersurface.
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However, the classification problem for real hypersurfaces of dimension three
with n-parallel shape operators is still an open question; see also [Cho 2015;
Niebergall and Ryan 1997]. Considering n-parallel shape operators together with
some other conditions, we have:

Lemma 3.4 [Kimura and Maeda 1989; Niebergall and Ryan 1997; Suh 1990]. A
Hopf real hypersurface in a nonflat complex space form M"(c) with n-parallel
shape operator is of type (A) or (B) for alln > 2.

The next proposition shows that n-parallelism for shape operators is weak, so
people studying this problem require some other geometric conditions (a recent
paper on this topic is [Lim et al. 2013a]).

Proposition 3.5. The shape operator of a real hypersurface in a nonflat complex
space form of complex dimension two is n-parallel if and only if

U(y)—2k16—2856=0,
U@)+x1y +By —kxin=0,
dU(8) — ko + K2y + B8 =0,
dU (1) +2k28 =0,

U(p) +2k16 =0,

dU(y) —2Bp —2k28 = 0.

Proof. According to Lemma 3.1 and relation (3-1), it follows directly that

(3-13)

(Vuy AU =(U(B)—ad)§+U(y)—2k16=2p8)U+ U ()+k1y+By —ki1)pU.
(VuA)pU =(8"—py +Brc1+ay)EU () =1 pti1y+By)U+U ()+218)pU.

(Vou AU =(¢U (B)+uy —apn—8E-+@U (y)—2Bu—2k28)U
+(@U (8)+K2y+BS—Kkop)pU.

(Vou A)pU =(ad+Br2)§+(9U (8) —kopt2y +BS)U (U (1) +2k28) ¢ U.
The shape operator is said to be n-parallel if g((VxA)Y, Z) =0 forany X, Y, Z

orthogonal to £. Thus, the remainder of the proof follows immediately from the
previous four equations. U

Next we present some solutions of the system of partial differential equa-
tions (3-13). But first, we need the following lemma:

Lemma 3.6 [Ahn et al. 1993; Kimura 1986]. A real hypersurface in a nonflat space
form M"(c), n > 2, is a ruled real hypersurface if and only if g(AX,Y) = 0 for
any vector fields X, Y orthogonal to &.
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A ruled real hypersurface M in CP"(c) or CH"(c) can be characterized by using
the shape operator A, namely,
A =as+BU (B#0), AU=B§, AZ=0
for any Z L {&¢, U}, where U is a unit vector field orthogonal to &, both « and §
are functions on M.

Theorem 3.7. Let M be a real hypersurface in a nonflat complex space form of
complex dimension two with n-parallel shape operator. Then, & is an eigenvector
field of the Ricci operator if and only if M is of type (A), (B) or is a ruled real
hypersurface.

Proof. In view of Lemma 3.4, next we need only to consider the non-Hopf case.
Assume that M is non-Hopf and hence

Q= {peM|B(p)#0in a neighborhood of p}
is nonempty. On €2, the applications of (3-1) and (3-2) in (2-9) give

0t = (Ac+a(y +p) — B2)E + pul — BspU.

If £ is an eigenvector field of the Ricci operator, it follows that £ =§ =0 on 2. In
this context, the system of partial differential equations (3-13) becomes

(3-14) Uly)=0, i+py=0, rxoy=0, ¢U(y)=0.

From Lemma 3.1, we acquire [U, ¢U] = —y& — kU — ko¢pU. By virtue of (3-14),
taking differentiation of y along [U, ¢ U] implies y£(y) = 0.

First of all, on © we suppose that y # 0 holds on some open subset Q of 2
and in view of (3-14) we see that y is a nonzero constant. Now, (3-14) becomes
k1 + B =0 and x, = 0. With the aid of u = § = 0, the application of this in (3-11)
implies U (B) = —B% — y«3 — ¢, which is compared with (3-8) giving

%c—l—oty%—ytq =0.

In view of § = u =0 and «; = —8, (3-4) becomes %c—i—ay —2p8?% —yk3 =0, which
is compared with the previous equation, giving

(3-15) letay —p*=0.
Taking differentiation of (3-15) along ¢U yields that y¢U (o) = 28¢(B) which is
analyzed with the aid of (3-7) and (3-8) giving

c+ay —yik3—26°=0,

where we have applied the assumption 8 # 0 on Q. In view of k; = —8 and
u =38 =0, comparing the previous equation with (3-4) yields ¢ = 0, and we arrive
at a contradiction and hence Q is empty.
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Therefore, we conclude that y = 0 on Q2. Moreover, in view of u = § =0, from
Lemma 3.1 we see that g(AX, Y) = 0 for any vector fields X, Y orthogonal to &
on 2. Next, we need only prove that M — Q is empty. Actually, when M — Q is
nonempty, on this subset £ is principal and hence « is a constant; see [Kon 1979;
Maeda 1976; Niebergall and Ryan 1997]. Applying Lemma 3.4, we see that those
principal curvatures on M — €2 have the same property as those of real hypersurfaces
of type (A) or (B) in M. Consequently, it follows that all principal curvatures on
M — Q2 are constant. In view of continuity of principal curvatures and connectedness
of the hypersurface, we conclude that M — Q is empty, or equivalently, Q2 coincides
with the whole of M. Finally, according to Lemma 3.6 we see that the hypersurface
is locally congruent to a ruled real hypersurface. The converse is easy to check.
This completes the proof. (]

We continue to solve the system of partial differential equations (3-13) under
some other conditions. First, we consider

(3-16) g((Ap —pA)X,Y)=0forany X,Y L §&.

Note that (3-16) was investigated in [Ahn et al. 1993; Lim et al. 2013a; Kim et al.
2007] for real hypersurfaces of dimension greater than three. In what follows, we
aim to generalize those results for real hypersurfaces of dimension three.

Theorem 3.8. Let M be a real hypersurface in a nonflat complex space form of
complex dimension two with n-parallel shape operator. Then, M satisfies (3-16) if
and only if M is of type (A) or ruled real hypersurface.

Proof. According to Lemma 3.1, we see that M satisfies (3-16) if and only if
(3-17) =0 and y=pu.
In this case, by Proposition 3.5, the shape operator is n-parallel if and only if

(3-18) Uw) =¢U(u)=0 and By =ppn=0.

If the hypersurface M is Hopf, using 8 = 0, with the aid of the first term of
(3-17) and (3-6), we observe that £(u) = 0 which is combined with the first two
terms of (3-18) giving that w is a constant. This implies A¢ = ¢ A and this is a
sufficient and necessary condition for a real hypersurface to be of type (A); for
more details see [Montiel and Romero 1986; Okumura 1975].

If M is not a Hopf hypersurface, then

Q={pe M| B(p)#0in a neighborhood of p}

is nonempty. As seen in proof of Theorem 3.7, we state that €2 coincides with the
whole of M. Therefore, on M, using B # 0, from the second term of (3-18) we obtain
y = =0. In view of the first term of (3-17), by Lemmas 3.1 and 3.6, we see that M
is locally congruent to a ruled real hypersurface. The converse is easy to check. []
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Remark 3.9. The above theorem improves [Lim et al. 2013a, Theorem 1.8].

We consider the following condition studied in [Kim et al. 2006; Sohn 2007], i.e.,
(3-19) 8((Qp—¢Q)X,Y)=0forany X, Y L§.
By using (3-19), a solution for (3-13) is given and applying this we have:

Theorem 3.10. Let M be a real hypersurface in a nonflat complex space form of
complex dimension two with n-parallel shape operator. Then, M satisfies (3-19) if
and only if M is of type (A) hypersurface.

Proof. Because the proof is long, we divide the discussion into several steps.

Step 1. We assume that the hypersurface M is non-Hopf and hence
Q={peM|B(p)#0in a neighborhood of p}

is nonempty. On €2, the application of (2-9) and Lemma 3.1 for the case n =2 gives

Qf = (3r —c—yu+38)§ +pul — pspU.

(3-20) QU = Bué + (zr — 3¢ —a)U +adgU,
QU = —B8E +adU + (3r — fc—ay + BHoU,

where the scalar curvature is given by

(3-21) r=3c+2ay +2uu+2yu —28% — 2%

It is clear that M satisfies (3-19) if and only if

(3-22) ad=0 and ap—ay+p>=0.

We shall prove that from the first term of (3-22) we have § = 0. In fact, let us
assume that § 7 0 on a certain open subset of €2 and we shall get a contradiction. On
this subset, from (3-22) we have @ = 0 and hence g = 0, which is a contradiction.
Therefore, (3-19) is true on  if and only if § =0 and o — ay + > = 0. Also,
in this case (3-13) becomes

Up) =¢oUw) =0, xi(p—y)=By,
kKo(p—y)=0, U(y)=0, oU(y)=28u.
As seen before, from Lemma 3.1 we have [U, ¢U] = —(y + n)é — kU — k29 U.
With the aid of (3-23) and (3-6), taking differentiation of w along [U, ¢ U] we get
(3-24) (y +wn)Br2 =0.

In view of (3-24), next we consider the following subcases.
If k5 # 0 holds on some open subset of €2, it follows from (3-24) that y + u =0
on this subset. Moreover, from (3-23) we have y = u which is compared with the

(3-23)
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previous relation giving y = u = 0. However, in this context the second term of
(3-22) becomes B = 0, contradicting the assumption. Thus, it follows from (3-24)
that x» = 0 on 2.

By virtue of § =k, =0, (3-6) becomes & (u) = 0 and hence by the first two terms
of (3-23) we observe that u is a constant. In this case, from Lemma 3.1 we have
[U, pU] = —(y + n)§ — k1 U. Taking differentiation of y along [U, ¢ U], with the
aid of (3-23), we obtain 2uU (B) = —(y + n)&(y) which is simplified by (3-3) and
6 =0 giving

(3-25) (v +3w)é(y) =0.

If y+3u =0, from the second and last term of (3-23) we obtain . =0. However, this
is impossible because in this case the second term of (3-22) becomes = 0, contra-
dicting the assumption. Thus, from (3-25) we obtain y +3u % 0 and hence £(y) =0
on 2. In this context, from Lemma 3.1 we have [&, U] = (k3 — y)¢U. With the aid
of £(y) =0, (3-23) and the assumption 8 # 0 on €2, the action of [£, U] on y gives

(3-26) (k3 —y)n =0.

Because u is a constant, with the aid of (3-7), (3-8), (3-23) and the assumption
B # 0, taking differentiation of the second term of (3-22) along ¢U we get

ap—yu+ctay +2Bki + purs —3u* —yr3 =0.
Comparing the above equation with (3-4), with the aid of § = 0, we obtain
(3-27) B +3c+ap —3u*+ 2 =0.

We shall show that (3-26) implies only one case, i.e., u = 0. Otherwise, when
@ # 0 holds on some open subset of €2, we have k3 = y. Substituting this into
(3-4), we have

(3-28) ay +pri+1c—y*—p*=0.

Substituting the second term of (3-22) into this equation gives %c—kau—k Br1—y*=0,
which is compared with (3-27) giving %c—i—y2 —3u%+p%=0. In view of 8 #0 on
and the fact that u is a constant, taking differentiation of (3-28) along ¢U we get

%c—i—au—kay + Br; =0.

Comparing the above equation with (3-28) we obtain %c +oapu+y?+p? =0, which
is simplified by the second term of (3-22) giving

(3-29) A%c-l—ozy—i—yz =0.
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By virtue of § =0 and (3-23), (3-9) becomes ¢ U (y) = 28 . By applying this and
(3-7) and taking differentiation of (3-29) along ¢ U we obtain

(3-30) 2ap+ay +y*+yu=0,
which is combined with (3-29) giving
(3-31) 2ap+yp—tc=0.

Because u is a constant, taking differentiation of (3-31) along ¢ U, with the aid of
(3-7) and ¢U (y) = 2B, we obtain « + y = 2u. Consequently, substituting this
into (3-30) we obtain

(3-32) a=-3y and pu=-—1y.

Finally, substituting (3-32) into (3-31) we get y? = %c, a constant. Therefore, from
the last term of (3-23) we have u = 0 because 8 # 0, contradicting our assumption.

Based on the above analyses, it follows from (3-26) that © = 0. From the second
term of (3-13) we have y (k1 + ) = 0 and hence y = 0. In fact, if y # 0 holds
on some open subset of €2, it follows that k1 + 8 = 0 and now the application
of this and u = 0 in (3-27) implies ¢ = 0, a contradiction. Taking into account
y =pn=0and B #0 on €, following Lemmas 3.4, 3.6 and the related statement in
the proof of Theorem 3.7, we see that €2 coincides with the whole of M and hence
the hypersurface is locally congruent to a ruled real hypersurface. However, with
the aid of (3-20), one observes easily that ruled hypersurfaces do not satisfy (3-19).
Thus, we conclude that the hypersurface M must be Hopf.

Step 2. Let the hypersurface M be Hopf. Using § = 0 and (3-20), we see that M
satisfies (3-19) if and only if

(3-33) a6=0 and oa(u—y)=0.
Moreover, using 8 = 0, (3-13) becomes

U(n) = =218, PU() = =228, U@ =ki(n—y),
UG =2l —y), Uy)=28, dU(y)=2k28.

First, we show that on M there holds y = p. If this is not true, then

(3-34)

W={qeM]|(y—mu)g)#0in a neighborhood of ¢}

is nonempty and an open subset of M. On W, from the second term of (3-33) we
have « = 0. Using this and 8 = 0 on (3-8) we have
c

(3-35) 8 —yu+ 1

=0.
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Applying (3-35) together with « = § = 0 on (3-4) we obtain £(8) = (1 — y)«3.
From Lemma 3.1 we obtain [U, ¢U] = —(y + n)é — kiU — krpU. With the aid
of (3-34), the action of this equation on § reduces to (u — y)(U (k2) — U (k1)) =
(y —uw (K12 + /c22 + (y 4+ 1)k3). Because on W we have y # pu, it follows that

Uka) — U (k1) = — (ki + K3 + (¥ + 11)k3),

which is simplified by (3-11) giving 6% — yu — 5 = 0. Comparing this with (3-35)
we get ¢ = 0, which is a contradiction. This means that JV is empty and we always
have y =y on M.

Second, we show that on M we have § = 0. If this is not true, then

N ={q € M | 5(q) # 01in a neighborhood of ¢}

is nonempty and an open subset of M. It follows from the first term of (3-33) that
o =0 on N. Notice that on N equation (3-35) is still true in this situation. The
application of this and o« = 8 =0 on (3-4) gives £(§) = 0. Moreover, the application
of w =1y on (3-34) gives U (§) = ¢U (§) =0, that is, § is a constant.

Using @ = B =0 on N, from (3-3) and (3-6) we have

§(y)=2«k36 and &(n) = —2k38.

From the above two relations and (3-34), it is easily seen that 4 y is a constant.
Consequently, in view of constancy of §, from (3-35) we see that both y and p are
constant. The application of this on (3-34) and £(y) = 2«36 yields

Ki=ky=k3=0

on N. However, using the above relations in (3-11) we have 8% — yu — 5=0,
which is compared with (3-35), giving ¢ = 0, a contradiction. This means that N
is empty and on the whole of M we always have § = 0.

Finally, in view of 6 = 0 and y = u, by Lemma 3.1 we obtain A¢ = ¢pA
on M. Following [Montiel and Romero 1986; Okumura 1975], we observe that the
hypersurface M is locally congruent to a type (A) real hypersurface. The converse
is easy to check. This completes the proof. U

The classification problem for n-parallel shape operators has existed for a long
time, but it is hard to solve. Based on results shown in this section and the intro-
duction, especially those of [Kon and Loo 2011] for dimension greater than three,
we propose:

Conjecture 3.11. A real hypersurface in a nonflat complex space form of complex
dimension two has n-parallel shape operator if and only if it is of type (A), (B) or
is a ruled real hypersurface.
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4. Cyclic p-parallel Ricci operator

The characterizations of real hypersurfaces in a nonflat complex space form by
means of the Ricci operator were studied by many authors; see [Lim et al. 2013a;
2013b; Ki 1988; Kon 2014; 2017; Kwon and Nakagawa 1988; 1989; Niebergall
and Ryan 1997]. Among others, Ricci n-parallelism was one of the most often
discussed conditions. In this section, as applications of some results in Section 3,
we aim to classify three-dimensional real hypersurfaces satisfying cyclic n-parallel
Ricci operator. Unlike the case of shape operators, we show that the Ricci cyclic
n-parallelism condition is much weaker than Ricci n-parallelism.

Proposition 4.1. The Ricci operator of a real hypersurface in a nonflat complex
space form of complex dimension two is cyclic n-parallel if and only if

4-1) U(r—2apu) —486Bu —4adk; =0,
(4-2) dU (r — 20y +28%) — 4B8% + 4adkr =0,
(4-3) 4(U (@8) + i1 (ay —ap — ) + Buy + B8°)
+oU(r —2ap) —4Bu* — 4adir, =0,
(4-4) AU (@8) +2B1ud + ka(ay — B —ap))

+U(r —2ay +2B% — 488y + 4adk; = 0.
Proof. The application of Lemma 3.1 and (3-20) gives

(4-5) (VyQ)U =
AU (Bu) +8Bc —dap +4y u — 46%) + 4Bdk; — 4ady)E
+ 53U (r —20p0) — 4B8 1L — daic) )U
+ (U (@) + 1@y —ap— ) + By n+ B8°)pU.
(4-6) (VyQ)oU =
1(das® —4U (BS) +y (day —3c —4p* — 4y + 48%) + 4Bk )E
+ (U(d) + 8% + k1 (ay —ap — ) + Buy)U
+ (U (r =20y +2B%) — 4By +dadk1)pU.
4-7) (Veu QU =
140U (Bu) + n B+ 4y — 48% — dap) — 4as” +4B5K2)é
+ L @U G —2ap0) — 41> — 4ask2)U
+ (U () + 2881 + ko (ay —app — B2))gU.
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(4-8) (Vou Q)pU =
Y(Aapus — AU (B8) +4Buks + 8(day — 3¢ — 4> — Ay +48%))E
+ (@U (@8) +2Bus + ka(ay — B> —ap)U
+ 2(@U (r — 20y +2B%) — 4B8> + 4adi2)pU.

The Ricci tensor is cyclic n-parallel if and only if

g((VxQ)Y, Z) +g((Vy D Z, X) +g((VzQ) X, Y) =0
for any vector fields X, Y, Z orthogonal to &. Locally, this is also equivalent to

g((Vu U, U)=0, 28((Veu Q)oU, U) +g(Vu Q)pU, pU) =0,

8(Vou Q)oU, 9U) =0, 28(VuQ)U, ¢U) +g(Vou QU, U) =0.
The proof follows directly from (4-5)—(4-8). [l

Some solutions of the system of equations (4-1)—(4-4) are given as follows.

Theorem 4.2. Let M be a real hypersurface in a nonflat complex space form of
complex dimension two with cyclic n-parallel Ricci operator. Then, M satisfies

(3-16) if and only if it is of type (A).

Proof. We assume that Q ={p € M | B(p) # 0in a neighborhood of p} is nonempty.
Suppose that M has a cyclic n-parallel Ricci operator and satisfies (3-16). As seen
in the proof of Theorem 3.8, M satisfies (3-16) if and only if 6 =0 and y = pu.
With the aid of this, substituting (4-2) into (4-3) gives

4-9) B@UB) +x1B)=0.

Next we show that it follows from (4-9) that €2 is empty. Otherwise, on €2, from (4-9)
we have ¢U (B) = —k1 8, which is used in (3-8), giving

(4-10) Do —2u + % +2Bk; =0,

where we have used y = u and 6 = 0. Applying this again and comparing (4-10)
with (3-4) implies § = 0, which is a contradiction. We have proved that the
hypersurface M must be Hopf.

In view of 8 = 0 and the above statement, we see that M satisfies (3-16) if and
only if § =0 and y = . In this context, from Lemma 3.1 we have A¢ = ¢ A and
the proof follows directly from [Montiel and Romero 1986; Okumura 1975].

The converse is easy to check. This completes the proof. U

Remark 4.3. Kim, Kim and Sohn [Kim et al. 2007, Theorem 1.3] proved that real
hypersurfaces of dimension > 3 satisfying (3-16) and cyclic n-parallel Ricci opera-
tors are of type (A). Our Theorem 4.2 extends their results for real hypersurfaces
of dimension three.
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Before giving another solution of partial differential equations (4-1)—(4-4), we
need the following:

Lemma 4.4 [Maeda 2013; Suh 1990]. Let M be a connected Hopf real hyper-
surface in CP"(c) or CH"(¢), ¢ # 0, n > 2. If M has n-parallel Ricci tensor,
then it is locally congruent to a homogeneous type (A) or (B) hypersurface or a
nonhomogeneous real hypersurface with vanishing Hopf principal curvature.

With the aid of the above result, we have:

Theorem 4.5. Let M be a real hypersurface in a nonflat complex space form of
complex dimension two with cyclic n-parallel Ricci operator. Then, M satisfies
(3-19) if and only if it is of homogeneous type (A) or (B) real hypersurface or a
nonhomogeneous real hypersurface with vanishing Hopf principal curvature.

Proof. We assume that M is non-Hopf, then
Q={pe M| B(p) #0in a neighborhood of p}

is nonempty. Suppose that M has cyclic n-parallel Ricci operator and satisfies (3-19).
As seen in the proof of Theorem 3.10, M satisfies (3-19) if and only if

(4-11) ad=0 and ot;/,—ay+/32=0,

If § # 0 holds on some open subset of €2, it follows from (4-11) that « = 8 =0,
contradicting the definition of 2. Thus, on €2 we have § = 0.

Because on 2 we have 8 # 0, with the aid of the second term of (4-11) and
8 = 0, subtracting (4-3) from (4-2) we obtain

(4-12) puly —p) =0.

If u = 0, with the aid of § = 0, (4-1)—(4-4) and the second term of (4-11), from
(4-5)—(4-8) one can check that the Ricci operator is n-parallel. However, from
Lemma 4.4 we see that the hypersurface is Hopf, contradicting the assumption.
Otherwise, if © # 0 holds on some open subset of €2, from (4-12) we have y = u.
On such a subset, using 6 = 0 and y = u, by Lemma 3.1 we obtain A¢p = ¢pA
and hence M is of type (A) Hopf hypersurface (see [Montiel and Romero 1986;
Okumura 1975]), a contradiction. Based on the above statement, we see that 2 is
empty and the hypersurface M is Hopf.

In this context, M satisfies (3-19) if and only if

(4-13) =0 and a(u—y)=0.
Moreover, in this case, with the aid of (4-13), (4-1)-(4-4) become
Urr—2au)=U —2ay) =0,

(4-14)
oU(r —20pn) = U (r —2ay) =0.
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According to (4-13) and (4-14), from (4-5)—(4-8) it is easily seen that the Ricci
operator is n-parallel. Applying Lemma 4.4, we see that M is locally congruent
to a homogeneous type (A) or (B) real hypersurface or a nonhomogeneous real
hypersurface with A& = 0.

The converse is easy to check. This completes the proof. ([

Remark 4.6. Sohn [2007, Theorem 2] proved that real hypersurfaces of dimension
greater than three satisfying (3-19) and n-parallel Ricci operators are of type (A)
or (B). Later, Lim, Sohn and Song [Lim et al. 2013b] proved that three-dimensional
real hypersurfaces satisfying (3-19) and n-parallel Ricci operators are of type (A)
or satisfy A& = 0. Obviously, our Theorem 4.5 is an extension of these results.
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FINSLER SPHERES WITH CONSTANT FLAG CURVATURE
AND FINITE ORBITS OF PRIME CLOSED GEODESICS

MING XU

In this paper, we consider a Finsler sphere (M, F) = (§", F) with dimen-
sion n > 1 and flag curvature K = 1. The action of the connected isometry
group G = I,(M, F) on M, together with the action of T = S! shifting the
parameter ¢ € R/Z of the closed curve c(¢), define an action of G=GxT
on the free loop space AM of M. In particular, for each closed geodesic, we
have a G-orbit of closed geodesics. We assume the Finsler sphere (M, F)
described above has only finite orbits of prime closed geodesics. Our main
theorem claims that, if the subgroup H of all isometries preserving each
close geodesic is of dimension m, then there exists m geometrically distinct
orbits B; of prime closed geodesics, such that for each i, the union B; of
geodesics in B; is a totally geodesic submanifold in (M, F) with a nontrivial
H,-action. This theorem generalizes and slightly refines the one in a pre-
vious work, which only discussed the case of finite prime closed geodesics.
At the end, we show that, assuming certain generic conditions, the Katok
metrics, i.e., the Randers metrics on spheres with K = 1, provide examples
with the sharp estimate for our main theorem.

1. Introduction

In the recent work of R. L. Bryant, P. Foulon, S. Ivanov, V. S. Matveev and
W. Ziller [Bryant et al. 2017], the authors classified Finsler spheres with constant
flag curvature K = 1 according to the behavior of geodesics. The Katok metric
[1973] provides the most important key model for their classification. The celebrated
Anosov conjecture [1975], claiming the minimal number of prime closed geodesics
on a Finsler sphere (S", F) is 2[(n + 1) /2], was based on the discovery of Katok
metrics with only finite prime closed geodesics. There are many works using Morse
theory and index theory to study the closed geodesics and Anosov conjecture in

Supported by National Natural Science Foundation of China (No. 11821101, No. 11771331), Beijing

Natural Science Foundation (No. 00719210010001, No. 1182006), Capacity Building for Sci-Tech

Innovation — Fundamental Scientific Research Funds (No. KM201910028021).

MSC2010: 22E46, 53C22, 53C60.

Keywords: Katok metric, Randers sphere, constant flag curvature, orbit of closed geodesics, totally
geodesic submanifold, fixed point set.

353


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2019.302-1
http://dx.doi.org/10.2140/pjm.2019.302.353

354 MING XU

Finsler geometry, assuming a pinch condition for the flag curvature, nondegenerating
property for all closed geodesics, or using the specialty of low dimensions. See for
example [Bangert and Long 2010; Duan 2016; Long and Duan 2009; Duan et al.
2016; Rademacher 1989; Wang 2012; 2015]. From the geometrical point of view,
it was much later that people noticed that Katok metrics are Randers metrics on
spheres with constant flag curvature [Rademacher 2004]. D. Bao, C. Robles and Z.
Shen [Bao et al. 2004] provided a complete classification for all Randers metrics
with constant flag curvature. The classification for the non-Randers case is still
widely open. Bryant [1996; 1997; 2002]. provided many important examples of
Finsler spheres with K = 1.

However, one of the most important technique in [Bryant et al. 2017] is from
Lie theory. The authors considered the antipodal map  for a Finsler sphere with
K =1 (see [Bryant et al. 2017; Shen 1996] or Section 2 for its definition). It is a
Clifford Wolf translation in the center of the isometry group I (M, F). When ¢ has
an infinite order, after taking closure, it can be used to generate a closed abelian
subgroup of isometries with a positive dimension.

For nonzero Killing vector fields on a Finsler sphere with K = 1, we have the
following totally geodesic technique. The common zero point set of Killing vector
fields, or more generally the fixed point set of isometries, provide closed totally
geodesic submanifolds. In particular, when the dimension of such a submanifold
is one, it is a reversible geodesic, and when the dimension is even bigger, it is a
Finsler sphere inheriting the curvature property and geodesic property from the
ambient space. We can use this key observation to set up an inductive argument,
when studying the geodesics on (8", F) with n > 2 and K =1, and generalizing
some results in [Bryant et al. 2017] to high dimensions.

For example, we have proved the following lower bound estimate for the number
of reversible prime closed geodesics in Finsler spheres with constant flag curvature.

Theorem 1.1 [Xu 2018b]. Let (M, F) = (8", F) with n > 1 be a Finsler sphere
with K =1 and only finite prime closed geodesics. Then the number of geometrically
distinct reversible closed geodesics is at least dim I (M, F).

Recall that a geodesic c(¢) with constant speed is called reversible if c(—t) also
provides a geodesic with constant speed after a reparametrization by the new arc
length. Two geodesics are geometrically distinct if and only if they are different
subsets.

The assumption of only finite prime closed geodesics imposes a strong restriction
on I,(M, F), which can only be a torus. A lot of important examples are excluded,
for example, the standard unit spheres and the homogeneous non-Riemannian
Randers spheres with K = 1. So if we want more possibility for I,(M, F), the
geodesic condition could be replaced by the assumption that there exist only finite
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orbits of prime closed geodesics, or Assumption (F) for simplicity. See Section 3
for its precise definition and detailed discussion.
The main purpose of this paper is to prove the following theorem.

Theorem 1.2. Let (M, F) = (S", F) be a Finsler sphere satisfyingn > 1, K =1
and Assumption (F). Denote by H the subgroup of G = 1,(M, F) preserving each
closed geodesic, H, its identity component and m = dim H. Then there exist at
least m geometrically distinct orbits B;’s of prime closed geodesics such that each
union B; of geodesics in B; is a totally geodesic submanifold in M with a nontrivial
H,-action.

When (M, F) has only finite prime closed geodesics, then Assumption (F) is
satisfied, H, = G = I,(M, F), and each orbit of closed geodesics consists of only
one closed geodesic. So Theorem 1.2 generalizes Theorem 1.1. It even slightly
refines Theorem 1.1 by claiming the totally geodesic B;’s found have nontrivial
H,-actions. So if the common zero point of H, has a positive dimension, it provides
one more totally geodesic B;, which is either a reversible closed geodesic which
length is a rational multiple of 7, or isometric to a standard unit sphere.

By Theorem 1.1 and Theorem 1.2 in [Xu 2018a], each submanifold (B;, F'|p,) is
in fact a non-Riemannian homogeneous Randers sphere with constant flag curvature.
So Theorem 1.2 implies the existence of totally geodesic subspheres in which F
has standard restrictions, though F itself may be strange.

This paper is organized as following. In Section 2, we recall some fundamental
geometric properties of Finsler spheres with K = 1, discussing their antipodal maps
and totally geodesic submanifolds. In Section 3, we define Assumption (F), i.e.,
the assumption of only finite prime closed geodesics. In Section 4, we introduce
the subgroup H of isometries which preserves each closed geodesic. In Section 5,
we prove Theorem 1.2 by induction. In Section 6, we discuss the Katok metrics,
and show that in some cases they provides examples for Theorem 1.2, with a sharp
estimate.

2. Preliminaries: from antipodal map to Killing vector field

Let (M, F) = (S", F) be a Finsler sphere satisfying the dimension n > 1 and the
flag curvature K = 1. Denote G = I,(M, F) the connected isometry group, i.e.,
the identity component of the isometry group I (M, F) of (M, F).

We briefly recall the definition of the exponential map [Bao et al. 2000] and the
antipodal map ¢ [Bryant et al. 2017; Shen 1996] for (M, F).

For any x € M and nonzero y € T, M, the exponential map Exp, : TxM — M is
defined by Exp, (y) = ¢(1) where c(¢) is the constant speed geodesic with ¢(0) = x
and ¢(0) = y. When y =0 € T, M, we define Exp, (0) = x. Notice that Exp,, is C!
at y = 0 and C* elsewhere.
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The discussion for the Jacobi fields and conjugation points when K = 1 indicates
Exp, maps the sphere

SFry={yeTxM | F(y)=n}C T,M

to a single point x* € M. The map from x to x* is an isometry of (M, F) in the
center of 1 (M, F) [Bryant et al. 2017]. Further more, it is easy to see that ¥ is a
Clifford Wolf translation for the (possibly nonreversible) distance dg (-, -) defined
by the Finsler metric F. We will call it the antipodal map and always denote it
as Y. It is a generalization for the antipodal map for standard unit spheres but may
not be an involution any more.

The above description immediately proves that any connected and simply con-
nected Finsler manifold (M, F) with dim M > 1 and K =1 is homeomorphic to a
sphere. A more careful discussion with the local charts shows that the homeomor-
phism in this statement can be refined to be a diffeomorphism, and the argument is
valid not only for M, but also any closed connected totally geodesic submanifold
N with dim N > 1, i.e., we have the following lemma.

Lemma 2.1 [Xu 2018b, Lemma 3.2]. Let (M, F) be a closed connected and simply
connected Finsler manifold with K =1 and N a closed connected totally geodesic
submanifold with dim N > 1. Then both M and N are diffeomorphic to standard
spheres, and N is an imbedded submanifold in M.

The fixed point set for a family of isometries in / (M, F) is a closed, possibly dis-
connected, totally geodesic submanifold. We have the following lemma, indicating
the connectedness of NV, when its dimension is positive.

Lemma 2.2 [Xu 2018b, Lemma 3.5]. Let (M, F) = (S", F) be a Finsler sphere
withn > 1 and K =1, and N the fixed point set of a family of isometries of (M, F).
Then N must satisfy one of the following:

(1) N is a two-points yr-orbit, i.e., N = {x', x""} withdp(x', x") =dp(x", x") = 7.
(2) N is a reversible closed geodesic.

) (N, F|y) is a Finsler sphere withdim N > 1 and K = 1.

The space of Killing vector fields can be viewed as the Lie algebra of I (M, F).
So the common zero set of a family of Killing vector fields on (M, F) is a special
case of fixed point sets for isometries.

In later discussions, we will need the following two lemmas for Killing vector
fields.

Lemma 2.3. Assume that X is a Killing vector field of the Finsler space (M, F),
f()=F(X())and f(x) > 0at x € M. Then the integration curve of X passing
x is a geodesic if and only if x is a critical point of f(-).
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Lemma 2.4 (corollary of [Deng and Xu 2014, Lemma 3.1]). Assume that ¢ = c(t)
is a geodesic of positive constant speed on the Finsler space (M, F). Then restricted
to c(t), any Killing vector field X of (M, F) satisfies

2-1) (X (c(0)). ¢(1))f,) = const,

where (u, v)1yr = gij u'v/ foru,v,y € TeM and y #0 is the inner product defined
by the fundamental tensor.

Proof. Whenever the value of X is linearly independent of ¢(¢), we can prove (2-1)
by choosing a special local chart, such that ¢ = c(¢) can be presented as x! = ¢
and x' =0 fori > 1, and X = 9,.. Because X is Killing vector field, F(x, y) is
independent of x2. The condition that ¢ = c¢(¢) is a geodesic implies that for the
coefficients G' of the geodesic spray, we have

G'(c(), ¢(0) = 38" ((F*umyy" = [F?10)
= 18 ([FM 0 — [F*) =0.
In particular, on the geodesic ¢ = ¢(t), we have

L (X (e, ey = 3TF 1,0 = §1F1,2 =0,

which proves the lemma in this case.

When X is tangent to ¢ = c(¢) for ¢ in an interval /, we can easily get (2-1) for
tel.

Summarizing this two cases and using the continuity, we have proved (2-1) along
the whole geodesic ¢ = c(?). O

3. Orbit of closed geodesics and Assumption (F)

Now we define Assumption (F), i.e., the condition that (M, F') has only finite orbits
of prime closed geodesics. In later discussion, we will always assume it to be
satisfied by (M, F) unless otherwise specified.

The free loop space AM of all piecewise smooth path ¢ = c(¢) with t € R/Z
(sometimes we will simply denote it as ¢ or y) admits the natural actions of
G = G x T such that

(g, 1)-c0)t)=g-c(t+1), forallr.

So for each closed geodesic y of constant speed, we have an G-orbit G - y of closed
geodesics with the same speed. The geodesic c¢(¢) (with t € R/Z) is prime, i.e.,

min{z |t > 0and c(t) =c(0)} =1,

if and only if all the closed geodesics in G -c are prime.
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Definition 3.1. We say (M, F) has only finite orbits of prime closed geodesics if
it satisfies

Assumption (F) all the prime closed geodesics of positive constant speed can
be listed as a finite set of G-orbits, B; =G -y;, 1 <i <k.

In Definition 3.1, we can equlvalently hst all the closed geodesics of constant
speed c(t) witht e R/Z as B/ = G -y/, 1 <i <k, j € N. TheorbltB in
Definition 3.1 coincides with Bll for each i. The closed geodesics yl is the one
which rotates j-times along the prime closed geodesic y; in Definition 3.1, i.e., if
y; is presented as ¢; = ¢;(t), then yl isc j(t) =ci(jt).

We denote B the union of the geodesics in B; or BJ for any j € N. Then we
call B] and B] geometrically distinct (or geometrically the same), if B; and B, are
different subsets (or the same subsets, respectively) of M.

The Assumption (F) for the ambient space can be inherited by some totally
geodesic submanifolds, i.e., we have the following lemma.

Lemma 3.2. Let (M, F) be any closed compact Finsler manifold satisfying Assump-
tion (F), oo with a € A a family of isometries in the center of (M, F), and N the
fixed point set for all ¢,’s. Then each orbit of prime closed geodesic for (N, F|y)
is also an orbit of prime closed geodesic for (M, F). In particular, (N, F|y) also
satisfies Assumption (F).

Proof. The fixed point set N for the isometries ¢, with o € A is a closed (possibly
disconnected) totally geodesic submanifold of (M, F). Because each ¢, commutes
with all isometries of (M, F), the fixed point set N for all ¢,’s is preserved by the
action of G =1,(M, F). The restriction of G-action to N defines isometries in

= I1,(N, F|y). Denote G' = G’ x T. Then for each prime closed geodes1c y in
N Assumptlon (F) implies that G - y is a disjoint finite union of G-orbits. Both
G’-orbits and G'-orbits are compact and connected, so we get G- y = G- v, which
proves the first claim. The second claim follows immediately. U

The effect of Assumption (F) can be seen from the behavior of the antipodal
map . For example, when 1 has a finite order k, i.e., there exists a positive integer
k, such that

y*=id, and ' #id whenl<i <k,

we have the following lemma.

Lemma 3.3. Let (M, F) = (8", F) be a Finsler sphere satisfyingn > 1, K =1
and Assumption (F). Assume that the antipodal map  has a finite order k. Then F
must be the Riemannian metric for a standard unit sphere.

Proof. Because v is a Clifford Wolf translation, and it has a finite order k, each
geodesic of (M, F) is closed, and each prime closed geodesic admits a suitable
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multiple such that the length of the resulting closed geodesic is k. By Assump-
tion (F), the subset B C AM of all closed geodesics with the length km can be
listed as the disjoint union of Bj' = G -y, 1 <i < k, where each y; is a prime
closed geodesic. Obviously B is connected and each B;" is compact, so we must
have k = 1.

Then we prove (M, F) is G-homogeneous. Assume conversely that it is not, we
consider a unit speed geodesic c(¢), and the G-orbit N passing c(0), such that

(3-1) (¢(0), TeoyN) gy = 0.
Then by Lemma 2.4, for any Killing vector field X € g, we have
(), X(ct)))kpy =0

i.e., c(t) meets each G-orbit orthogonally in the sense of (3-1). This property
is preserved by G-actions. So its G-orbit can not exhaust all the geodesics, for
example, those which does not satisfy (3-1). This is a contradiction to our previous
observation that (M, F) can only have one orbit of prime closed geodesics, and it
proves that (M, F) is homogeneous Finsler sphere.

Finally, we prove (M, F) is a standard unit sphere. Because (M, F) is a homoge-
neous Finsler space, it has at least one homogeneous geodesic c(t) =exp(tX) - o, in
which o € M and X € g =Lie(G) [Yan and Huang 2018]. Our previous observation
that all geodesics belong to a single G-orbit implies all geodesics are homogeneous.
So for any x € M and any two F-unit tangent vectors y; and y, in T, M, we
have two unit speed geodesics c¢;(¢) and c(¢) such that ¢1(0) = ¢(0) = x and
¢;(0) = y;. Both geodesics belong to the same G-orbit, so we can find g1€G
such that (g - ¢1)(t) = (¢t + to) for some fixed fy. Because the geodesic c;(¢) is
homogeneous, we can find another g> € G such that (g2 - ¢2)(t) = c2(t —tp). Then
we have

(g281-¢c1)(t) = (g2-c2)(t +19) =cp(t), forall ¢.

So the isotropy action for (M, F) is transitive at each point. The only homogeneous
spheres satisfying this property are Riemannian spheres of constant curvature. [J

Using Lemmas 3.2 and 3.3, we can generalize Lemma 3.6 in [Xu 2018b] to the
following.

Lemma 3.4. Let (M, F) = (8", F) be a Finsler sphere satisfyingn > 1, K = 1
and Assumption (F). Then the union N of all the finite orbits of ¥ in M must be one
of the following:

(1) A two-points -orbit.

(2) A closed reversible geodesic which length is rational multiple of 7.
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(3) A Riemannian sphere of constant curvature isometrically imbedded in (M, F)
as a totally geodesic submanifold. In this case we have k = 2.

Proof. By the same argument as in the proof of Lemma 3.6 in [Xu 2018b], we can
prove N is the fixed point set of ¥¥ for some integer k, hence it is totally geodesic
in (M, F). When dim N =0 or 1, we get the cases (1) and (2) respectively. The
difference appears when dim N > 1, which may happen with the finite orbit of prime
closed geodesics condition. When dim N > 1, by Lemma 2.2, (N, F|y) is a Finsler
sphere satisfying K = 1. By Lemma 3.2, (N, F|y) also satisfies Assumption (F).
Then Lemma 3.3 provides the case (2) in the lemma. J

The cases (2) and (3) cover all the possibilities for the G-orbit of a prime closed
geodesic y such that the length of y is a rational multiple of 7.

Next, we consider the G-orbit of a prime closed geodesic y such that the length
of y is an irrational multiple of .

When the length of y is an irrational multiple of 7, any ir-orbit in y is dense.
Following this observation, we can easily prove the following lemma.

Lemma 3.5. Let (M, F) = (S, F) be a Finsler sphere satisfyingn > 1, K =1
and Assumption (F). Then two geometrically distinct closed geodesics can intersect
if and only if they are intersecting geodesics in the totally geodesic submanifold in
(M, F) which is isometric to a unit sphere, i.e., the case (3) in Lemma 3.4.

Proof. Lemma 3.4 indicates that any two geometrically distinct closed geodesics y;
and y» must satisfy one of the following. Either both lengths are 27 or one of them,
for example y1, has a length which is an irrational multiple of . In the first case,
they are contained in a totally geodesic submanifold of (M, F) which is isometric
to a unit sphere. In the second case, the intersection of the two geodesics contains a
Yr-orbit, which is dense in y;. Both geodesics are closed, so does their intersection.
So as subsets of M, we have y; C y, and furthermore the equality must happen
because y; is a closed connected curve. This is the contradiction ending the proof
of the lemma. (]

Using above lemmas, we can provide more explicit description for the orbits of
prime closed geodesics by the following lemma.

Lemma 3.6. Assume (M, F) = (S", F) is a Finsler sphere satisfyingn > 1, K =1,
Assumption (F), and that it is not the standard unit sphere. Then we have the
following:

(1) There exists closed geodesics whose lengths are irrational multiples of 7.

(2) For the orbit of prime closed geodesics B; = G- y; such that the length of y; is
an irrational multiple of 7, the corresponding B; is an orbit for the action of
G=1,M,F).
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(3) Two different orbits of prime closed geodesics, B; and B;, are geometrically
distinct if and only if B; and B; do not intersect.

(4) Two different orbits of prime closed geodesics B; and B are geometrically the
same if and only if we can find y; € B; and y; € B; such that y; and y; are the
same curve with different directions.

Proof. By Lemma 3.3 and the assumption that (M, F) is not the standard unit sphere,
the antipodal map i generates an infinite subgroup in / (M, F), which closure
is a subgroup in the center of I (M, F), corresponding to an abelian subalgebra
¢’ C ¢(g) with dim ¢’ > 0. We can find a nonzero Killing vector field X from ¢’ which
generates an S'. Obviously, X is tangent to each closed geodesic. The restriction
of X to each closed geodesic which length is a rational multiple of 7 is zero.

To prove (1), we only need to consider a maximum point x of f(-) = F(X(.)).
By Lemma 2.3, the integration curve y of X passing x is a geodesic, restricted
to which X is nonzero. Because X generates an S 1 y is closed. So it is a closed
geodesic which length is an irrational multiple of 7.

To prove (2), we consider a prime closed geodesic y; which length is an irrational
multiple of 7. Because the restriction of X to y; is a nonzero tangent vector field,
y; is a homogeneous geodesic. In its G = G x T-orbit, The T-action on y; can be
replaced by the actions of exp(¢X) € G. So the union B; for the geodesics in B; is
a G-orbit.

The statements (3) and (4) follows immediately from Lemma 3.5. U

Corollary 3.7. Assume (M, F) = (S8", F) is a homogeneous Finsler sphere satis-
fving n > 1, K =1 and Assumption (F). Then all closed geodesics are reversible.
Furthermore, one of the following two cases must happen:

(1) (M, F) is a standard unit sphere. It has exactly one orbit of prime closed
geodesics and all geodesics are closed.

(2) (M, F) is a homogeneous non-Riemannian Randers sphere with an odd n and
K = 1. There exists exactly two orbits of prime closed geodesics G -y, and
G - y», in which y| and y, are the same curve with different directions.

Proof. If the antipodal map i has a finite order, then (M, F) is the standard
unit sphere by Lemma 3.3. If v has an infinite order, then G = I,(M, F) has a
one-dimensional center RX, and M = G/H must be

Un)/Umn' —1) or Spm"U1)/Sp(n” —1HU().

By Theorems 1.1 and 1.2 in [Xu 2018a], when K =1, (M, F) is a geodesic orbit
Finsler sphere and must be Randers. Integration curves of X and —X provide prime
closed geodesics whose lengths are different irrational multiples of , belonging to
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two different orbits B and B, with By = B, = M. By Lemma 3.6, They are the
only orbits of prime closed geodesics. (]

4. Isometries preserving each closed geodesic

Assume (M, F) = (§", F) is a Finsler sphere satisfyingn > 1, K = 1, and Assump-
tion (F). Let ¢ be its antipodal map. By Lemma 3.3, the case that i has a finite
order is easy, so in the following discussion we assume that ¥ has an infinite order.

Let H denote the subgroup of G = I (M, F) which preserves each closed geo-
desic, H, its identity component, and § its Lie algebra. The group H is intersection
of

Gy ={8€G1(g-y)(t) =yt +1to) for some 1o}

for all closed geodesics y. Each G, is a closed subgroup of G. Sois H.

It should be remarked that the claim that G, is a closed subgroup of G is an
easy fact in this case because y is closed. In the recent work [Berestovskii and
Nikonorov 2019], it has been proved that G,, is still a Lie group when y is not
closed.

Obviously the antipodal map i belongs to H. Because i has an infinite order,
then after taking closure, it generates an abelian subgroup of positive dimension,
i.e., we have dim H > 0. The following lemma claims that H, commutes with all
the G-actions.

Lemma 4.1. The subgroup H, is a closed subgroup in the center of G = I,(M, F).

Proof. The previous observations have already proved that H, is a closed subgroup
of G. Because G is a compact Lie group, to prove this lemma we only need to
prove h = Lie(G) is an abelian ideal of g.

The Lie algebra ) = Lie(H) consists of all the Killing vector fields X which
is tangent to each closed geodesic. Because the action of G permutes the closed
geodesics in each orbit of prime closed geodesics, any Killing vector field of the
form Ad(g)X for g € G and X € §j is also tangent to each closed geodesic. So
conjugations of G preserves b, i.e., h is an ideal of g.

Then we prove §j is abelian by contradiction. Assume conversely that b is not
abelian, then we can find a nonzero vector X from the compact semisimple Lie
algebra [b, h] which generates an S'-subgroup. The Killing vector field on (M, F)
induced by X has trivial restriction on each closed geodesic. By Lemma 2.3, the
integration curve of X passing the maximum point of f(-) = F(X(-)) is a closed
geodesic. This is a contradiction which ends the proof of this lemma. (]

A direct consequence of Lemma 4.1 is the following lemma.
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Lemma 4.2. For any Killing vector field X € by and any orbit B; of the prime closed
geodesic ¢ = c(t), their exists a constant px ; € R such that

(4-1) Xleqy = px,ic(t), forallceB,.

In particular, a Killing vector field X € h vanishes at some point x € 3; if and
only if px; =0, and if and only if X vanishes identically on B;.
The last ingredient for the proof of Theorem 1.2 is the following lemma.

Lemma 4.3. Let (M, F) = (8", F) be a Finsler sphere satisfyingn > 1, K =1
and Assumption (F). Then we have the following:

(1) For any nonzero Killing vector field X € b which generates an S', there exists
some orbit B; of prime closed geodesics such that px ; > 0.

(2) Any Killing vector field X € by vanishing on all closed geodesics must be a zero
vector field.

(3) The common zero set of all Killing vector fields in b must be the fixed point set
of ¥ for some integer k. To be more precise, it is empty, a two-points \-orbit,
some B; which is a reversible closed geodesic which lengths for both directions
are rational multiples of 7w, or some B; which is a totally geodesic submanifold
isometric to a standard unit sphere.

Proof. (1) We consider the maximum point x for the function f(-) = F(X(-)). By
Lemma 2.3, the integration curve of X passing x provide a prime closed geodesic y,
for which we have X (c(?)) = px,, ¢(¢) with px ,, > 0.

(2) We assume conversely that there exists a nonzero Killing vector field on (M, F)
such that it vanishes on all closed geodesics. Let £ be the space of all such Killing
vector fields. It is a subalgebra of h corresponding to a subtorus in H,. We can find
a nonzero Killing vector field X from € which generates an S!. The argument for (1)
indicates X is not vanishing on some closed geodesic, which is the contradiction.

(3) Let N be the fixed point set of H,, and assume N is not empty. By Lemma 2.2,
N must be a two-points yr-orbit, a reversible closed geodesic, or a Finsler sphere
with dim N > 1, K = 1 isometrically imbedded in (M, F).

Obviously the action of i preserves N, i.e., N consists of ir-orbits. Because
H is compact, H/H, is finite. We also have i € H, and thus each yr-orbit in N
is finite. So when dim N = 1, the lengths of N for both directions are rational
multiples of 7.

When dim N > 1, we see (N, F|y) satisfies Assumption (F) by Lemma 3.2.
Then Lemma 3.3 tells us that (N, F|y) is a standard unit sphere. U
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5. Proof of Theorem 1.2

Now we are ready to prove Theorem 1.2, which applies a similar inductive argument
as that for Theorem 1.2 in [Xu 2018b].

When i has a finite order, then by Lemma 3.3, (M, F) is the standard unit
sphere. Obviously Theorem 1.2 is valid in this case. So in the following discussion,
we assume ¥ has an infinite order, and thus we have m = dim H > 0.

We will prove Theorem 1.2 by an induction for n = dim M.

When n = 2 and the antipodal map ¥ has an infinite order, H, coincides with
G =1,(M, F)=S'. In [Bryant et al. 2017], it has been proved that geometrically
there exists exactly one reversible closed geodesic y with a nontrivial H,-action.
So Theorem 1.2 is valid in this case, and the estimate is sharp.

Now we assume Theorem 1.2 is valid when n < [ with [ > 3 (the inductive
assumption) and we will prove the theorem when n = /.

Firstly, we prove:

Claim 1. When dim H = 1, there exists at least one totally geodesic B; with a
nontrivial H,-action.

Let X be any nonzero Killing vector field from h = Lie(H). We list all the
G-orbits of prime closed geodesics as B; with 1 <i <k, such that when 1 <i <k’
the coefficient pyx ; in (4-1) is positive. Notice that by Lemma 4.3(1), we have
k' > 0.

If the antipodal map 1 is not contained in H,, we can find an isometry of (M, F)
which is of the form ¢ = ¥ exp(t'X) such that its fixed point set contains B;. By
Lemma 2.2 (or see Lemma 3.5 in [Xu 2018b]), the fixed point set N of ¢ is a closed
connected totally geodesic submanifold. It must have a positive codimension in
M because ¢ ¢ H,. When dim N = 1, it is a reversible closed geodesic. When
dim N > 1, by Lemma 3.2 and the totally geodesic property, (N, F|y) is a Finsler
sphere satisfying K = 1 and Assumption (F). Using the inductive assumptlon
we can find some orbit of prime closed geodesic, I5; = G - Y = G - ¥i, where
G' =G xT and G = I,(N, F|y), such that the corresponding B, is totally
geodesic in (N, F|y) as well as in (M, F). The H,-action on B; is nontrivial
because

expt'X)|p =V "¢l =¥ s,

and v has no fixed point on any closed geodesic.

To summarize, this proves Claim 1 when ¢ ¢ H,.

To continue the proof of Claim 1, we may assume ¥ € H,. In this case, we can
prove the zero set of X is empty as following. Assume conversely that the zero set
of X is not empty, by Lemma 4.3, it is a two-points -orbit, a reversible closed
geodesic, or a connected totally geodesic standard unit sphere. For each possibility,
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Y can not be generated by X, which is a contradiction to the assumption ¥ € H,,.
This fact implies that f(-) = F(X(-)) is a smooth function on M. By Lemma 2.3,
the critical point set of f(-) consists of exactly all B;’s with 1 <i <k’. Meanwhile,
we see the H,-action on each closed geodesic is nontrivial.

We take a prime closed geodesic ¢; () with t € R/Z from B; for 1 <i <k’, then
X|¢, = px.i¢; with px ; > 0. Because H, = S, we can find some 7’ > 0 such that
exp(¢'X) = id, then we have

ni=t'px;eN, foralll=<i<k'
We may reorder these ¢;’s such that
nyp=np=---=ng.

There are two possibilities, all n;’s are not all the same, or all n;’s are all the same.

Assume all n;’s are not all the same, i.e., n; < ny. The fixed point set N of the
isometry ¢ = exp((¢t'/ny)X) € H, contains By but not B;. It is either a reversible
closed geodesic, or a Finsler sphere satisfying 1 <dimN <dimM, K =1 and
Assumption (F). Applying the inductive assumption and Lemma 3.2, we can find a
totally geodesic B; for (N, F|y), as well as for (M, F).

Assume all n;’s are all the same, then all px ;’s are all the same as well. We may
choose a suitable ¢’ such that n; = 1 for 1 <i < k’. There exists t’ € (0, 1) such
that ¥ (¢; (0)) = ¢; (t"), i.e., dr(c; (0), c;(t")) ==, for 1 <i <k’. Then we have

F(X|e)) = F(X|e,) =+ = F(X|g,).

The function f(-) = F(X(-)) takes the same value on its critical point set, so it is a
constant function. By Lemma 2.3, all integration curves of X are closed geodesics,
which belongs to one G-orbit. By Corollary 3.7, (M, F) is a non-Riemannian
homogeneous Randers Finsler sphere with K = 1 and exactly two G-orbits of prime
closed geodesics, B) = G- y) and B, = G- > such that y; and y, are the same
curve with different directions.

This ends the proof of Claim 1, i.e., Theorem 1.2 is valid when m = dim H = 1.

Next we prove Theorem 1.2 assuming m = dim H > 1.

Claim 2. There exists at least m — 1 geometrically distinct orbits I3; such that each
B; is a totally geodesic submanifold with a nontrivial H,-action.

Let B; with 1 <i <k’ be all the geometrically distinct G-orbits of prime closed
geodesics such that the H,-action on each B; is not trivial. Let b; be the codimension
one subalgebra of ) which restriction to B; is zero. By Lemma 4.3, the intersection
ﬂf/: , hi =0, from which we see that m < k’. We may reorder the orbits 5;’s such
that (-, h; = 0. Take a nonzero Killing vector field X € ﬂ;":_ll ;. Then the zero
set N of X is a closed connected totally geodesic submanifold in M, containing B;
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for 1 <i <m—1 butnot B,,. Let H' be the subgroup of I,(N, F|y) preserving all
closed geodesics in N, and b’ its Lie algebra. The restriction from M to N defines
a linear map from b to b’ which kernel is spanned by X, so dim H' > m — 1.

If dim N =1, then m =2, H, has no fixed point, and N itself provides the totally
geodesic B; wanted by Claim 2.

If dim N > 1, we can use the inductive assumption to find m — 1 geometrically
distinct orbits B; of prime closed geodesics for (N, F|y), as well as for (M, F) by
Lemma 3.2, such that the corresponding B;’s are totally geodesic submanifolds,
with nontrivial H)-actions. Claim 2 is proved when each of these B;’s also has a
nontrivial H,-action.

But it is possible that there is some B; in N on which the H/-action is nontrivial
but the H,-action is trivial. If it happens, this B; is unique, and we must have
dim H' > m — 1. So in this case, we can use the inductive assumption to find m
geometrically distinct orbits of prime closed geodesics. At least m — 1 geometrically
distinct totally geodesic B;’s in N have nontrivial H,-actions.

This proves Claim 2.

To finish the proof of Theorem 1.2 when n = [, we only need to find one more
totally geodesic B; with a nontrivial H,-action.

We may reorder the orbits 15;’s such that the first m — 1 ones are those provided
by Claim 2, and ()i, h; = 0. The nonzero Killing vector field X from ﬂ;”:_ll bi
vanishes on B; with 1 <i <m — 1, but not on B,,. We can find an isometry of the
form ¢ = ¢ exp(¢’X) such that it fixes each point of B,,. On the other hand, the
fixed point set N of ¢ does not contain each B; for 1 <i <m — 1.

The H,-action on each closed geodesic in N is nontrivial. Assume conversely
that there is a closed geodesic in N with a trivial H,-action. Then the restriction of
¥ to this geodesic coincides with that of ¢, fixing each point of this geodesic. This
is not true because ¥ has no fixed points.

If dim N =1 it is a reversible closed geodesic, which is the extra B; we want. If
dim N > 1 it is a Finsler sphere satisfying K = 1 and Assumption (F), isometrically
imbedded in (M, F) as a totally geodesic submanifold. In this situation we use the
inductive assumption one more time, which provides one more totally geodesic B;.

Summarizing above discussion, we have proved Theorem 1.2 when n = /.

This ends the proof of Theorem 1.2 by induction.

6. The example from Katok metrics

We conclude this paper by the examples from Katok metrics for which the estimate
in Theorem 1.2 is sharp.

Let (M, h) = (S", h) be a standard unit sphere with n > 1, W a Killing vector
field on (M, h) such that h(W, W) < 1 everywhere.
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Then the navigation process defines a Randers metric

VARG, y) +h(W, 32 (W, y)
A A
on M, in which A =1 — h(W, W) is positive everywhere.

By the work of Bao, Robles and Shen [Bao et al. 2004], this construction provides
all the Randers spheres with K = 1. The behavior of the geodesics on (M, F) is
determined by the choice of W.

We can find suitable coordinates x = (xg, z1, ..., zx) for x € R"*!, where

F(y) =

X0 = (XQ’l, ey xO,no) eR"™ and z; = (Zi,lv cee, Z,‘,ni) e Cri
satisfy the following:

(A1) We permit ng =0 and in this case xg is always 0. All other n;’s are positive.

(A2) (M, h) is naturally identified as the unit sphere S”(1) defined by
xol* + 121>+ -+ 12> =1

in R =R @C" @--- @ C™ with the standard product Euclidean metric.
(A3) W can be presented as

(6_1) W(xOs 205+, zk) = (09 \ _1A1z17 ey V _I}szk)’
suchthat 0 < A <Ay < ... <A < 1.

We further require one of the following is satisfied:

(A4) All A;’s are irrational numbers. Forany 1 <i < j <k, I, A; and A; are
linearly independent over Q.

(AS) All A;’s are irrational numbers except one, ng = 0 and n; = 1 if A; € Q. If A;
and A ; are irrational numbers, 1, A; and A; are linearly independent.

Then we have

Lemma 6.1. For the Randers sphere (M, F) described above, satisfying (A1)—(A3)
and one of (A4) and (AS), any closed geodesic on (M, F) must be contained in

zl —_= ... = zk = O
or
xo=0 and z;=0 when j#Ii,
for somei,1 <i <k.
Proof. Using (6-1), we can present the antipodal map as

ESE 9N =1 A
TMZ, e, —eY T ).

¥ (X0, 21, - - -, 2k) = (X0, —€

c ey
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It is easy to check that finite 1-orbits only appear in the situation that only xg is
nonzero or only z; with A; € @ is nonzero.

Let x = (x¢, 21, ..., 2x) be a point on the closed geodesic y. We only need to
prove that only one of x( and z;’s can be nonzero. Assume conversely this is not
true. Then the length of y can not be a rational multiple of 7 (i.e., consists of finite
Yr-orbits), so the yr-orbit of x is a dense subset in y. There are three cases we need
to consider.

In the first case, A; and A; are irrational numbers, z; # 0, and z; # 0. Then the
condition that 1, A; and A ; are linearly independent implies that the projection to
the z;- and z j-factors maps the closed curve y onto a two dimensional torus, which
is a contradiction.

In the second case, A, is rational, A ; is not, z; # 0 and z; #0. Then the projection
to the z;-factor maps y to a finite set with at least two points. This is impossible
because y is connected.

In the third case, xo 7 0 and z; # 0. Then the projection to the x(-factor maps y
to two points. This is impossible for the same reason as the previous case.

To summarize, we have found contradiction for all the cases, and finished the
proof of this lemma. O

Using Lemma 6.1, we can provides examples of Katok metrics such that the
estimates in Theorem 1.2 are sharp.

Theorem 6.2. Let F' be the Randers metrics on 8" with n > 1 satisfying (A1)—(A3)
and one of (A4) and (AS). Then it has only finite orbits of prime closed geodesics.
Let H denote the subgroup of isometries preserving each closed geodesic, H, its
identity component, and m = dim H. Then there exist exactly m geometrically
distinct B;, such that the corresponding B;’s are totally geodesic with nontrivial
H,-actions.

The proof is a case-by-case discussion. For each case, it is not hard to calculate
G=1,(M, F), H, and all the orbits of prime closed geodesics.
For example, when ng > 2 and all y;’s are irrational numbers,

G =SO(ng) xU(my) x---xU(ng), and
H=CWUm)x--xUm))=U)F,

so we have dim H = k.
When 1 <i <k,

B; = {x=(x0.21,...,21) € M withxo=0and z; =0 when j # i}

is a homogeneous Randers sphere with exactly two orbits of prime closed geodesics.
It is isometrically imbedded in (M, F) as a totally geodesic submanifold, because
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it is the fixed point set of the subgroup of G with the U (n;)-factor removed. They
provide all the different totally geodesic B;’s with nontrivial H,-actions.
There exists one more totally geodesic By, with a trivial H,-action, i.e.,

Bk+1={x=(xo,21,--.,zk)EMwithzl:---:zkzo}_

It is a standard unit sphere with only one orbit of closed geodesics.

By Lemma 6.1, no other closed geodesics can be found.

Summarizing all these observations, we see that this Randers sphere (M, F)
satisfies all the requirements in Theorem 1.2, and the estimate in Theorem 1.2 for
the number of totally geodesic B;’s is sharp.

The discussion for other cases is similar, so we skip the details.
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DEGENERACY THEOREMS FOR TWO HOLOMORPHIC
CURVES IN P"(C) SHARING FEW HYPERSURFACES

KA1 ZHOU AND LU JIN

In value distribution theory, many uniqueness and degeneracy theorems for
holomorphic curves in P" (C) sharing hyperplanes or sharing sufficiently many
hypersurfaces have been obtained in the last few decades. But there is no
result concerning holomorphic curves in P"(C) sharing few hypersurfaces.
We prove several degeneracy theorems for two algebraically nondegenerate
holomorphic curves in P”(C) sharing n + k hypersurfaces in general position.

1. Introduction

Since Fujimoto [1975] generalized Nevanlinna’s uniqueness theorems of meromor-
phic functions sharing values to the case of meromorphic maps of C” into P"*(C)
sharing hyperplanes, plenty of uniqueness and degeneracy results for meromorphic
maps sharing hyperplanes have been obtained; see for instance [Smiley 1983;
Fujimoto 1998; Fujimoto 1999; Chen and Yan 2009; Si and Le 2015]. Some
uniqueness theorems for holomorphic curves in P (C) sharing sufficiently many
hypersurfaces have also been proven; see [Dulock and Ru 2008; Phuong 2013;
Quang and An 2017].

But as far as we know, there is no result concerning two holomorphic curves in
P"(C) sharing n + k hypersurfaces. This paper proves some degeneracy theorems
for two holomorphic curves in P"(C) sharing n + k hypersurfaces.

Now we introduce some notions. A holomorphic map f : C — P"(C) is said to be
linearly (resp. algebraically) nondegenerate if its image is not contained in any proper
linear subspace (resp. algebraic subset) of P" (C). Hypersurfaces Dy, ..., D,(g >n)
in P (C) are said to be located in general position if ﬂ’,:;r} Supp D, =& for any n+1
distinct indices ji, ..., ju+1 € {1, ..., gq}. For a nonzero meromorphic function i
on the complex plane C, let v,? (resp. v;°) be the zero (resp. pole) divisor of &, and
let v, = v,? — .

We may regard P"*(C) x P"(C) as a subvariety of IP("H)Z_I(C) via the Segre
embedding (ap:---:a,) X (by:---:by)— (...:a;bj:...). And a holomorphic

This work was supported by National Natural Science Foundation of China (Grant No. 11331004).
MSC2010: primary 32H30; secondary 30D35.
Keywords: degeneracy theorem, hypersurface, holomorphic curve, Nevanlinna theory.
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map F : C — P*(C) x P*(C) is said to be algebraically degenerate if its image is
contained in a proper algebraic subset of P"(C) x P"(C).

We state our main theorems now. Let f, g : C — P"(C) be two algebraically
nondegenerate holomorphic curves with reduced representations f = (fo, ..., fu)
and g =(go, ..., &gn).- Letg>nandlet D;, 1 < j <g, be hypersurfaces of degrees d;
in P"(C) located in general position. Let Q; € C[xo, ..., x,], 1 < j < ¢, be the
homogeneous polynomials of degrees d; defining D;. Let d be the least common
multiple of the d;’s and set Q; = Q‘;/d’ forl1 <j<g.

Theorem 1.1. Assume that g = max{4, n +2}. If
(a) f‘l(D,-)ﬁf_l(Dj) =g forallie{l,...,q}and j €{1,2,3,4}\ {i},
(b) Vo, = Vi@ forl<j §4andmin{ij(f~), l}zmin{ij@, 1} ford < j<q,
(© f=gonlUl_, f7' (D).
then there are three distinct indices i, j, k € {1, 2, 3, 4} such that
(Q(f) - Qk@)s . (Q,(f) : Qk@)’ _
Qi (8- Qk(f) 0, - Qk(f)
for some (s, t) € Z x Z\ {(0, 0)}. Consequently { f,,8v}o<u.v<n Satisfy a nontrivial
homogeneous polynomial equation; thus f x g:C— P"(C) xP*(C) is algebraically

degenerate.

Since the conditions “f =g on JI_, f~'(D;)” and “f (D) N f~'(D)) = @
for i £ j” are really rigid, it’s natural to study the related problem without the two
conditions. In this direction, Fujimoto [1999] proved a degeneracy theorem for
sharing 2n 4 2 hyperplanes with truncated multiplicities. In our case of sharing few
hypersurfaces, we can only prove the following.

Theorem 1.2. Assume thatq =n+3. If

(a) VQj(f) =V, for1<j<gq,

b) f=gon i1 (D)),

then there are three distinct indices i, j, k € {1, ..., q} such that

(Q(f) : Qk@)“‘ , (Q,-(f) : Qk@)
Qi(8) - Qk(f) ;&) Ok(f)

for some (s, t) € Z x Z\ {(0,0)}. In particular f x g: C — P*(C) x P*(C) is
algebraically degenerate.

t

In fact we prove a stronger theorem (see Theorem 4.1) with a weaker condition
than “f = g on U?ﬁ f~N(D;)” (see Remark 4.2).
If we require further that the order of f (see Definition 2.5) is less than 1, then

we can get rid of both the two conditions; namely we have:
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Theorem 1.3. Assume that f is of order < 1. Let ¢ =n + 2. vaQ_,(f) =10,
for j=1,2andmin{v,, 7.1} =min{vg, ). 1} for 2 < j < q. then there exists a
nonzero constant C such that

01(f)- 02(8)
01(8)- 02(/)
In particular, f x g : C — P*(C) x P*(C) is algebraically degenerate.

=C.

Remark 1.4. If all D;’s are hyperplanes in P"(C), then the nondegeneracy assump-
tion on f and g only needs to be linearly nondegenerate.

Our proof is based on the second main theorem for holomorphic curves in P"(C)
intersecting hypersurfaces, which was first proved by Ru [2004], and a gcd bound
for holomorphic units (see [Pasten and Wang 2017, Theorem 3.1]). The technique
of using the gcd bound is due to Si [2013].

2. Preliminaries from Nevanlinna theory

For a divisor v on C, we define the counting function of v by

/’ n(t,v) —n(0,v)
t

0

N(r,v) =

dt+n(0,v)logr,

where n(t, v) := lelst v(2). )

Let f:C — P"(C) be a holomorphic map and let f = (fy, ..., fu) be a reduced
representation of f; namely, fo, ..., f, are entire functions on C without common
zeros and f(z) = [fo(z) :---: fu(2)] for every z € C. The characteristic function
of f is defined by

1 2 5 ) 5
1) = o fo log || F(re'®)[1d6 —log | FO)I

where || f(2)| = \/ | fo(z)I2+ -+ -+ | fu(z)|% This definition is independent of the
choice of the reduced representation. Let D be a hypersurface of degree d in [ (C)
with f(C) € D. Let Q € C[xy, . .., x,] be the homogeneous polynomial of degree d
defining D. Then the proximity function m y(r, D) is defined by

L (7 feen4l
(r, D) = —/ log ———————d0
e 0o 210D (re®)

27
where || Q|| is the maximum of the absolute values of the coefficients of Q. And the
counting function of f intersecting D with truncation level M, M € Z* U {+00},
is defined by

NM(r, D) := N(r, min{vy 7). M)).

o(f)’
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We also write N}'(r, D) = N (r, D) and N\, D) = Ny(r, D). If H is a
hyperplane in P*(C) defined by the linear form L, we also write L(f) as (f, H).

The Jensen formula (see [Ru 2001, Corollary A1.1.3]) implies the following first
main theorem:

Theorem 2.1. Let f : C— P"(C) be a holomorphic map and let D be a hypersur-
face of degree d in P"(C). If f(C) € D, then there is a real constant C, such that

forallr > 0,
myg(r, D)+ Ny¢(r, D) =dTs(r)+C.

The following is the well known second main theorem for holomorphic curves in
P"(C) intersecting hyperplanes (see [Ru 2001, Theorem A3.2.2]) which was first
proved by H. Cartan.

Theorem 2.2. Let f : C — P"(C) be a linearly nondegenerate holomorphic map
and {H j}(]]‘:1 be q hyperplanes in P" (C) located in general position. Then

q
| @=n-0100) = Y NP0 H + o0,
j=1

u” 2»

where the notation means that the assertion holds for all r > 0 outside a set of

finite Lebesgue measure.

Ru [2004] proved a second main theorem for holomorphic curves in P"(C)
intersecting hypersurfaces. The following version with truncation was proved in
[Yan and Chen 2008; An and Phuong 2009].

Theorem 2.3. Let f : C — P"*(C) be an algebraically nondegenerate holomorphic
map. Let D;, 1 < j <q, be hypersurfaces of degrees d; in P" (C) located in general
position. Then for any € > 0, there is a positive integer M¢ such that

q
| @—n—1-0700) <> a7 N6, D).
j=1
For a meromorphic function / on the complex plane C, the Nevanlinna’s charac-
teristic function of % is defined by

T, h):=m(r,h)+ N, h),

where m(r, h) := ﬁ 02n log™ |h(re'?)|d6 with log™ x = max{log x, 0} for x > 0,
and N(r, h) :== N(r, v,°). It follows from the definition that for any meromorphic
functions iy, hoon C, T(r,hy+hy) <T(r,h)+T(r,hy)+In2and T (r, h1hy) <
T(r,h1)+T((r, hy) for r > 1. Furthermore we have the following first main theorem
for meromorphic functions (see [Ru 2001, Theorem A1.1.5]).

Theorem 2.4. T (r, h) = T(r, ﬁ) + O (1) for any meromorphic function h on C

and a € C provided that h # a.
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Definition 2.5. The order of a holomorphic map f : C — P"(C) is defined to be
— log*tT
im g 1)
r—~+oco  logr

The order of a meromorphic function /. on C can be similarly defined.

3. Proof of Theorem 1.1

We prove Theorem 1.1 in this section; in fact, we prove the following stronger
theorem.

Theorem 3.1. Let f, g, f, g.d,Dj, Q;, Qj, 1 <j <gq, be given as in Section 1.
Assume there exist I, J C{1,...,q}with#l >n+2 andforanyi €I, #(J\{i}) =3,
such that the following conditions are satisfied:

(@ DN fUD;)=0 foralli el and j € J\/{i},

(b) Vo, = Vo, forjed and min{v,, 7, 1} =min{vg, ), 1} fori € 1,

(c) f=gon Uiel f_l(Di)-
Then there exist three distinct indices i, j, k € J such that

(Q-(f) : Qk@))S ' (Qj(f) : Qk@)
0i(8) - Ok(f) 0;(8) Ok(f)

for some (s,t) € Z x Z\ {(0,0)}. In particular, f x g : C — P*(C) x P*(C) is
algebraically degenerate.

Taking g =max{4,n+2}, I ={1,...,q}, J ={1,2,3, 4}, we get Theorem 1.1.
Furthermore, we can deduce the following corollary by taking ¢ =n+5, [ =
{4,...,q9}, J={1,2,3}.

t

Corollary 3.2. Let f, g, f. g.d, D;, Qj, Qj, 1 <j <gq, be given as in Section 1.
Assume that g =n+5. If

@ N fUD)=cfori=1,2,3and j =4,...,q,

(b) ‘fQ_,-(f) = vg,p Jor j =1,2,3, and min{vQI/_(f), 1} = min{vg, ), 1} for
j=4,...,q,

(© f=gonlUl_, f~' (D).

then

1

(Ql(f) - Q3(§)>s _ (Qz(f) ' Q3(§)>t _
01®)-0:(H) \0@ 0:s(H/)
for some (s,t) € Z x Z\ {(0,0)}. In particular, f x g : C — P*(C) x P*(C) is
algebraically degenerate.
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For our purpose, we need the following lemma on the gcd bound for holomorphic
units; for the proof refer to [Pasten and Wang 2017, Theorem 3.1].

Lemma 3.3. Let F, G be nowhere zero holomorphic functions on C. If F* - G' is
not constant for all (s,t) € Z x Z \ {(0, 0)}, then for any € > 0,

| N(r, F=1,G—1) <emax{T(r, F), T(r, G)},
where N(r, F — 1, G — 1) is the counting function of the common 1-points of F
and G; namely, N(r, F —1,G — 1) := N(r, min{v%_l, vg_l}).

Remark 3.4. If F*-G' =c € C\ {1} for some (s, ) € Zx Z\{(0, 0)}, then F and G
have no common 1-points; namely, N(r, F — 1, G — 1) = 0. So the conclusion of
the above lemma actually holds when F* -G’ # 1 for all (s, 1) € Z x Z \ {(0, 0)}.

Now we are going to prove Theorem 3.1. We give the following lemma first.

Lemma 3.5. Let f:C— P"(C) be a holomorphic map with reduced representation

f=Co,..., fu). Let O1, Qs € Clxo, ..., x,] be two homogeneous polynomials
of same degree d > 0 with Q»(f) # 0. Then there are constants Cy, C, > 0 such
that for all r > 0 large enough,

T(r, Ql({)) < C\Ts(r) +C.
02(f)

Proof. Take k € {0, ..., n} such that fi # 0. Write Q1(f) =Y af)’--- f" and
0>(f) = bf--- fi", then

01y oD Tal) (&)

0~ QNI Lb(Ly ()

Thus by the first main theorem and the properties of Nevanlinna’s characteristic
function, we conclude that

Q:(f AN AN
T(r’ Qz(f)) ST(r’Za<fk> (fk) )
fO Jo fn n
+T(r,2b<ﬁ) (ﬁ) >+0(1)

= fO fn ~
fQ(T(“ ﬁ)*'“”(f’ ﬁ))*cz'

By [Ru 2001, Theorem A3.1.2], we know that T'(r, f;/ fi) < T;(r) + O(1) fort =
0, ..., n, this together with the above inequality imply the desired conclusion. [J

Proof of Theorem 3.1. Set h; = Q;(f)/Q;(g) for j =1,...,q. Then by condi-
tion (b), h; is a nowhere zero holomorphic function on C for every j € J.
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We argue by the method of contradiction. Assume that the conclusion doesn’t
hold, then for arbitrary three distinct indices j, j2, j3 € J,

() () #
hjs hj3
for all (s, 1) € Z x Z\ {(0,0)}. So applying Lemma 3.3 (see Remark 3.4) to the

functions hj, /hj, and hj,/hj,, we conclude that for any € > 0,
hj, hj,
(3.6) H NG hjJhy— 1y by —1) <emax]T(r, 2 ), 7(r, 22 )1
N N hij, hij,
Note that the O ;’s are all of degree d, so by Lemma 3.5, we see that for any
i,jel{l,...,q},
h; 0i(f 0i(3
() < 7(n 2D) 47 2D < 01,00 00+
hj 0;(f) 0:(8)
Combining this with inequality (3.6), we get that for arbitrary three distinct indices
J1s j2, j3 € J, for any € > 0,

3.7) | N(rohj/hj =1 b,/ hyy— 1) < €(Tr(r) + Ty(r).

Take i € I. By #(J \ {i}) > 3, we can choose three distinct j;, j2, jz € J \ {i}.
By conditions (a), (b) and (c), if z € f~H(D;), then z is not the zero of ij (f)
and ij (@), k=1,2,3, and f(z) = cg(z) for some nonzero constant c. So for
k=1,2,3, N o
0,(N@ _ 0,7 _ 4

h'k( ): ~ - ~ ~
KI5, @00 0,60
thus
Mi iy = My = €,
hj3 ‘ _hj3 ¢ _cd -

namely, z is a common 1-point of 4, /hj, and hj,/h ;. So combining this with
inequality (3.7), we have for any € > 0,

| Ny(r, D)) <N, hj/hj,—1, hjy/hj,—1) < e(Tr(r) + Ty(r)).

Summing up the above inequality over i € I and noting that N ¢ (r, D;) = N (r, D;),
we get that for any € > 0,

(3:8) | YW, D)+ N, D) = €Ty () + Ty ().
iel
On the other hand, by the second main theorem for holomorphic curves inter-
secting hypersurfaces (see Theorem 2.3) and the assumption #/ > n + 2, and noting
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that N}M] (r,D)<MN 7(r, D), we deduce that there is a positive constant « such
that
| Y0 D) + Ny, D) = ke (Ty () + T ).
iel
This contradicts (3.8).
Therefore we have proved that there exist three distinct indices i, j, k € J such that

(Q(f) : Qk@)“‘ , (Q,-(f) : Qk@)
0i(8) - Ok(f) ;&) Or(f)
for some (s,t) € Z x Z\ {(0,0)}. Now since all 0,’s are of the same degree d, it
is easy to see that the (n + 1)? functions { Su8v}o<u,v<n satisfy a nontrivial homoge-
neous polynomial equation. This shows that the image of f x g:C— P*(C) xP"(C)
is contained in a proper algebraic subset of P"(C) x P"(C); in other words,
fxg:C— P"(C) x P*(C) is algebraically degenerate.

Furthermore from the above proof, we easily see that if all D;’s are hyperplanes,

then the proof still works if f and g are only assumed to be linearly nondegenerate.
This completes the proof. (]

t

4. Proof of Theorem 1.2

We prove the following theorem which implies Theorem 1.2.

Theorem 4.1. Let f, g, f g.d,Dj, Qj, Qj, 1 <j <gq, be given as in Section 1.
Letg=n+3andseth; = Q;(f)/Q;@) for j=1,...,q. Assume that

(a) Vo, = vo,;forj=1,...,q,and

(b) foreveryi € {1,...,n-+2}, the set

h.
A; = {h—’(z) | zef D), 1< j k<qwithz¢ f(D;UD)Ug (D UDk)}
k

is of finite cardinality.

Then there exist distinct indices i, j, k € {1, ..., q} and constants

n+2
Cl,CzeA:={1}UUAl-

i=1
such that

=1

( 0:i(f)- 0@ ) . ( 0;(f)- 0x(® )
C10:i@-0k(H/) \C20;(®) - Q)
for some (s, t) € Z x Z\ {(0,0)}. In particular f x g : C — P"(C) x P"(C) is
algebraically degenerate.
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Remark 4.2. By the condition “f = g on U'}j f‘l(Dj)” of Theorem 1.2, one
deduces as in the proof of Theorem 3.1 that for i € {1,...,n 4+ 2} and j, k €

{1,...,q}, (hj/hi)(z) =1 for every point
ze fUDIN(FI (D UDY U™ (DU D).
So A = {1}. Thus the conclusion of Theorem 1.2 follows from Theorem 4.1.

Proof. By assumption, /4 ; is a nowhere zero holomorphic function on C for every
1 < j <gq and A is a nonempty set consisting of finitely many nonzero complex
numbers. So we may set A = {c1, ..., cp}.

Assume that the conclusion doesn’t hold, then for any distinct indices i, j, k €
{1,...,q} and constants c,, c, € A,

hi \* [ h; ’;él
cuhy cohy

for all (s,1) € Z x Z\ {(0, 0)}. Much as in the proof of Theorem 3.1, by making
use of Lemmas 3.3 and 3.5, we conclude that for any € > 0,

43 HN hi o M Y cer T,
4.3) r,%— e <e(Tr(r)+T,(r)).

_ AN 0
Letv = Zl§i<j<k§q Zcu,cveA mm{vh,-/(cuhk)fl’ th/(cvhk)fl}’ then

hi h;
N, v) = Nlr,— —1, —1).
= ¥ X (e )

I<i<j<k=q cy,cy€A

So (4.3) gives that for any € > 0,

(4.4) | N, v) < e(Ty(r) + To(r)).

’

Now take [ € {1, ..., n+2}. For a point z € f~!(Dy), by the “in general position’
assumption, we know that there are at most n — 1 distinct k € {1, ..., g} \ {{} such
that z € f~'(Dy). Since ¢ = n + 3, there are three distinct i, j, k € {1, ..., g} \ {l}
withi < j <k suchthatz ¢ f~1(D; UD; UDy)Ug~'(D; UD; U Dy). Then

Mo My eaca
th,th | = A.

Thus there are ¢,, ¢, € A such that z is a common 1-point of 4;/(c,hx) and
h;/(cyhi), so the point z is counted in N (r, v). Consequently, for any € > 0,

| Nyg(r, D) < N(r,v) < e(Ty(r) + To(r).
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From this we see that for any € > 0,

n+2

| D1 D)+ Ny D) = €T 0) + T ).
=1

On the other hand, using the second main theorem (see Theorem 2.3), as in the
proof of Theorem 3.1, we deduce that there exists a constant ¥ > 0 such that

n+2

| €@ )+ T0) = 3 (W, DY+ Ny, D),
=1

which contradicts the above inequality. This proves Theorem 4.1. U

Combining the proof of Theorem 4.1 with that of Theorem 3.1, one concludes
easily the following theorem which is an improvement of Theorem 3.1.

Theorem 4.5. Let f, g, f, g.d,Dj, 0j, QJ-, 1 < j <gq, be given as in Section 1.
Assume that there exist 1,J C {1,...,q} with #1 > n + 2 and for any i € I,
#(J \ {i}) = 3, such that the following conditions are satisfied:

(a) Vo) = Vi@ for j € J and min{in(J;), 1} =min{vy, ), 1} fori € I;
(b) foreveryi € I, the set

ﬁ()| e fUDy), joked\{i}} = A
th < i)s J Ly =4

is of finite cardinality.

Then there exist three distinct indices i, j, k € J and constants

C1.Cre A= (13ul A,

uel

such that

=1

( 0:(f)- Ok )( 0;(f)- 0x(® )
C10i(@) - 0 (f) C20;(@) - 0k (f)
for some (s,t) € Z x Z\ {(0,0)}.

5. Proof of Theorem 1.3

We prove Theorem 1.3 and then as a consequence we give a uniqueness theorem.

Proof of Theorem 1.3. Let f, g, f,&,d,D;, Q;, Qj, (1 <j <gq) be given as
in Section 1. We set h; = Qj(f)/Qj(g) for j =1,..., q. Then the assumption
shows that 4 and &, are nowhere zero holomorphic functions on C. We need to
show that &1/ h; is constant.
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Since ¢ =n+2 and IVf(r, D;) = IVg(r, Dj) for j =1,...,q, it follows from
the first and the second main theorem that there are constants Cy, C, > 0 such that

q q
| T, =3 No. D) =" Ny D)) = qdTy () +Co;
j=1 j=1

therefore there is a constant C > 0 such that
(5.1 | T,(r) < CT4(r).
By Lemma 3.5, there is a constant C3 > 0 such that for all large r,
T(r,hi/h2) < C3(Ty(r) + T, (r)).
Combining this with (5.1), we have
| T(r 11/ ho) < CaTy(r)

for some constant C4 > 0. From this and the assumption that f is of order < 1, it
follows that

1.

logt T(r, h1/h — logtT
(5.2) lim og" T(r,h1/h2) < Tm og" Tr(r) -
> to0 logr r—~+oco  logr

Since hy/ h; is nowhere zero holomorphic on C, we may write hy/hy = e for
some entire function H. If &1/ h; is nonconstant, then either H is a polynomial of
degree > 1 or H is a transcendental entire function; thus by [Yang and Yi 2003,
Theorem 1.44] we have

logt T(r hi/h
im0 Tnm/ha)
r 400 logr

This contradicts (5.2). Thus A/ h, is constant, which completes the proof. (I

Remark 5.3. From the above proof, we easily see that if all D;’s are hyperplanes,
then the conclusion still holds when f and g are only assumed to be linearly
nondegenerate. So we have the following uniqueness theorem:

Corollary 54. Let f, g : C— P"(C) be two linearly nondegenerate holomorphic
maps. Let Hy, ..., Hy,1o be hyperplanes in P"(C) located in general position.
Suppose that f is of order < 1. If v(f.u;) = Vg.u;) forevery j=1,...,n+2, then
f=g

Proof. Take reduced representations f , & for f and g respectively and let L,
1 < j <n+2, be the linear forms that define H;. Set hj = L;(f)/L;(g), 1 <
Jj <n+2. Then Theorem 1.3 shows that #;/h; = ¢; is a constant for any i > 2,
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and L;( f ) =hic;L;(g). Since the H;’s are in general position, we can write
L= Zl";rzz b; L; for some nonzero constants b;. Thus

n+2 N n+2 _ n+2
h Y biLi(@) =mLi(@) =Li(f) =) biLi(H)=h ) biciLi(),
i=2 i=2 i=2

which implies that
n+2
(Z bi(1— c,-)Li) (8)=0.
i=2

Now by the linearly nondegeneracy of g and the fact that L, ..., L,4, are linearly
independent, we conclude that

Cﬂ+2=0n+1:"‘=6‘2:1;
namely, hy = hy = - - - = h,4o. This implies that f = g. O
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