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SYMPLECTIC AND ODD ORTHOGONAL PFAFFIAN
FORMULAS FOR ALGEBRAIC COBORDISM

THOMAS HUDSON AND TOMOO MATSUMURA

In the Chow ring of symplectic/odd orthogonal Grassmann bundles the
degeneracy loci classes can be expressed as a sum of Schur-Pfaffians. An
analogous Schur-Pfaffian formula was obtained for K-theory by the au-
thors together with T. Ikeda and M. Naruse. Here we generalize this ex-
plicit formula of degeneracy loci classes to algebraic cobordism, which is
universal among all oriented cohomology theories.

1. Introduction

The r-th degeneracy locus for a morphism of vector bundles ¢ : E — F over a
smooth quasi-projective scheme M is the subvariety X, of M consisting of all the
points at which the rank of ¢ is at most . Assuming ¢ to be sufficiently general, the
classical Giambelli-Thom—Porteous formula describes the Chow ring fundamental
class [X,] as a Schur-determinant in the Chern classes of E and F. Similarly,
one can consider more restrictive settings in which ¢ is either skewsymmetric or
symmetric. In both cases [X,] is given as a Schur-Pfaffian instead of a Schur-
determinant. A more general family of degeneracy loci can be constructed by
considering flags of subbundles of E and F and imposing multiple rank conditions.

Fundamental examples of these loci are the Schubert varieties of isotropic
Grassmannians. The isotropic Grassmannian consists of subspaces on which a
given symplectic or odd orthogonal form vanishes identically. Inside this ambient
space, the degeneracy loci correspond to the Schubert varieties indexed by the
combinatorial objects known as k-strict partitions.

Pragacz [1991] considered the maximal isotropic case and showed that the
Chow ring fundamental classes of Schubert varieties can be expressed through a
Schur-Pfaffian formula. Kazarian [2000] generalised Pragacz’s formula to general
degeneracy loci (compare [Ikeda 2007]). Buch, Kresh and Tamvakis [Buch et al.
2017] obtained a theta polynomial formula for the non-maximal isotropic Grass-
mannians, which can also be written as a sum of Schur—Pfaffian. Wilson [2010]
conjectured an analogous formula for general degeneracy loci, which was proved
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in [Ikeda and Matsumura 2015] (compare [Tamvakis and Wilson 2016; Anderson
and Fulton 2018]).

In recent years, following the trend of generalised Schubert calculus, there has
been an attempt to lift results as the ones above from the Chow ring CH* to other
functors like connective K -theory CK* and algebraic cobordism Q*, highlighting
the role played in the formulas by the associated formal group law F and formal
inverse x. In [Hudson et al. 2017], together with T. Ikeda and H. Naruse, we
generalized aforementioned results for CH* to CK™, and established a Pfaffian-sum
formula describing the degeneracy loci classes of symplectic and odd orthogonal
Grassmann bundles in CK*. The goal of this paper is to further extend these
formulas to Q*.

We begin by explaining our results in the symplectic case. Let E — X be a vector
bundle of rank 2n with a nowhere vanishing skewsymmetric form and fix a non-
negative integer k < n. Consider the symplectic Grassmann bundle SG*(E) whose
fiber at x € X is the Grassmannian of (n — k)-dimensional isotropic subspaces of E.
For each k-strict partition A, there is the degeneracy locus X, C SG*(E). Following
[Kazarian 2000], we can construct a resolution of singularities @ : ¥, — X, inside
of a certain flag bundle over SG* (E). In CH* or CK*, the fundamental class of X
is well-defined and it coincides with the pushforward @,[Y) ] of the fundamental
class of Y, along @w. However, in algebraic cobordism, not all degeneracy loci
have a well-defined notion of fundamental class. Hence we consider w,[Y,] as a
replacement of [ X, ]. As in [Hudson et al. 2017], the fundamental class [Y;] can
be expressed as a product of top Chern classes of certain bundles. In our previous
paper [Hudson and Matsumura 2019], we developed a technique to compute the
pushforward of such classes along a flag bundle in terms of relative Segre classes
of vector bundles. With that method at our disposal, we are able to obtain the
following description of the class @w,[Y,] as our main result. The tautological
isotropic subbundle of SG¥(E) is denoted by U and the subbundles

O=F'"cF"'c...cFlcF'cF'c...cF"=E,

form the reference flag used to define the degeneracy loci. In Q* (SGk (E)), we
consider the relative Segre classes

G\ =S (UY —(E/FYHY))  (YmeZ, —n <Vl <n).

Main Theorem (Theorem 3.9). Let A = (A1, ..., A,) be a k-strict partition such
thatr <n—kand Ay <n+k,andlet x = (x1, ..., xr) be its characteristic index
(see (3-1)). In Q*(SGk(E)), we have

D HoSG®l=minl= 3 FEL G



PFAFFIAN FORMULAS FOR ALGEBRAIC COBORDISM 99

Here c} € L are the coefficients of the Laurent series expansion

H1§i<j§r(1_ti/tj)P(l‘j,l,') _ Z
[T jyecoyd = x @) /1) P(t;, x (&) -

(1-2) fs)\ -tf‘ ot

s=(s1,...,5,)EZL"
where C(A) :={(i,j) |1 <i < j=<r, x +x;j=0}and P(u,v) is the unique
power series satisfying F(u, x(v)) = (u —v)P(u, v).

Now consider the odd orthogonal Grassmann bundle OGk(E ), with E of rank
2n + 1 and each fiber being an orthogonal Grassmannian of (n — k)-dimensional
isotropic subspaces. The essential difference with the previous situation is that it is
far more complex to deal with the case of quadric bundles OG" ' (E) = Q(E), the
orthogonal analogue of projective bundles. Let the reference flag be denoted by

O=F'cF''c...cF'lcFc(F»)*cF'c...cF"=E.

The fundamental classes of the Schubert varieties X, ) are actually well-defined in

Q*(Q(FE)) and, as elements of Q*(Q(E)) ®z Z[1/2], they are given by
o F, (UY = (E/FX)Y) O=xri<n),
)
X = QEN="= L v (pypnyy n g <2m),

F®(ci(UV))

where F® (u) is the power series defined by the equation F(u,u) =u- F @ ().
More generally, the pushforward classes [Y, — OGK(E)] are obtained from (1-1)
by replacing % with . (see Theorem 4.12).

A key aspect of algebraic cobordism, which was established in [Levine and Morel
2007], is its universality. In particular, this means that formulas which hold for
Q* can be specialised to any other oriented cohomology theory. An easy example
of this phenomenon is illustrated by the behaviour of the first Chern class of line
bundles. In C H* one has

ci(L®M) =ci(L)+c1(M) and ci(LY) = —ci(L),
while in CK™* these equalities become
—c1(L)

1—Bei(L)’
where 8 € CK*(Speck) is the pushforward of the fundamental class of P! to the
point. If we set 8 = 0, we recover the identities for CH*. In algebraic cobordism
Q*, the expressions describing ¢ (L ® M) and ¢; (L") are respectively given by the
universal formal group law F(u, v) and the universal formal inverse x (u) which
are certain power series with coefficients in Q2 (Speck). The universality of Q*

implies that in any other oriented cohomology theory A*, ¢;(L ® M) and c¢; (L")
can be obtained by specializing the coefficients of F'(u, v) and y (u) to A*(Speck).

cil(L®M) =ci(L)+c1(M) = Ber(L)er(M) and (L) =
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In particular, in CK* we have P (u, v) = IJ;SU and x (u) = ljgu and the Laurent
series (1-2) can be expressed as a sum of Pfaffians ([Hudson et al. 2017, Lemma
5.18]). As a consequence (1-1) reduces to the Pfaffian sum formula describing the
K -theoretic degeneracy loci classes [Hudson et al. 2017, Theorem 5.20].

Our choice of resolutions Y, has the advantage of being stable: the class @, [Y; ]
doesn’t change when n — co. On the other hand, there are different resolutions
for X, such as Bott—Samelson resolutions. These resolutions are well-studied in
the context of generalized Schubert calculus. On the one hand the advantage of
Bott—Samelson classes is represented by their compatibility with divided difference
operators, however this comes at the cost of not being stable along the limit n — oo.
See, for example, [Hornbostel and Kiritchenko 2011; Kiritchenko and Krishna
2013; Hornbostel and Perrin 2018]. The classes related to other resolutions are also
studied in [Nakagawa and Naruse 2016; 2018], a Hall-Littlewood type formula
in Q* is derived. All of these resolution classes coincide with honest Schubert
classes if one works in CK*, while they form different families of classes in *.
As an application of our explicit formulas, it would be interesting to compare those
different classes which replace Schubert classes in algebraic cobordism. To this
aim it would be advisable to first consider functors more suitable for computations
like the infinitesimal theories used in [Hudson and Matsumura 2018].

Anderson [2019] extended the results of [Hudson et al. 2017] to more general
degeneracy loci including those arising from even orthogonal Grassmann bundles.
His work is based on the approach he and Fulton employed in their study of the
Chow ring fundamental classes of degeneracy loci for all types [Anderson and
Fulton 2012; 2018]. In our future work we would like to lift Anderson’s results to
Q* so to cover the even orthogonal case as well.

The organisation of the paper is as follows. In section 2 we recall some basic
facts about Borel-Moore homology theories and we translate into this setting the
results on Segre classes presented in [Hudson and Matsumura 2019]. This becomes
necessary because the resolutions are not smooth in general. In section 3 we prove
the main theorem for symplectic Grassmann bundles, while in section 4 we first
deal with the special case of quadric bundles and then establish the main theorem
for odd orthogonal Grassmann bundles.

Notations and conventions. Throughout this paper k will be a field of characteristic
0. By Schy we will denote the category of separated schemes of finite type over
k and Lcix will stand for its full subcategory constituted by the objects whose
structural morphism is a local complete intersection. For a given category C we will
write C’ to refer to its subcategory given by allowing only projective morphisms.
Ab, represents the category of graded abelian groups.
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2. Preliminaries

The goal of this section is to collect some basic properties of Borel-Moore homology
theories and to translate in this context some of the results on generalised Segre
classes presented in [Hudson and Matsumura 2019].

Borel-Moore homology theories. An oriented Borel-Moore (BM) homology the-
ory on Schy (or mutatis mutandis on Lcik) is given by a covariant functor A, :
Sch;, — Ab,. , by a family of pullback maps {f* : A.(Y) — A.(X)} associated
to Lc.i. morphism and by an external product A, (X) ® Ax(Y) — A (X Xspec k ¥).
Let us remind the reader that a morphism is a local complete intersection if and
only if it can be factored as the composition of a regular embedding and a smooth
morphism. A detailed description of the properties that these three components
have to satisfy would force us to take a significant detour, so we will focus only on
the aspects that are more relevant to our work and refer the reader to [Levine and
Morel 2007, Definition 5.1.3] for the precise definition.

For us the most relevant feature of oriented BM homology theories is that they
satisfy the projective bundle formula. Roughly speaking it states that for every
vector bundle E of rank e with X € Schy, the evaluation of A, on the associated
dual projective bundle P*(E) % X can be described in terms of A (X). More
precisely fori € {0, 1, ..., e — 1} one has operations

ED: Avticer1(X) — AL(PH(E))

given by £9) := & (Q)! o ¢*, where Q — P*(E) is the tautological line bundle
and ¢1(Q) := s* o s, for any section s : P*(E) — Q. Altogether these yield the
following isomorphism

e—1 o1 o
Sz £®
VP Ackicen1 (X T AUPH(E)).

i=0

A very important consequence of this is that every oriented BM homology theory
admits a theory of Chern class operators: to E one associates {EI.A(E ) A(X) —
A._i(X)}o<i<e- These are defined by setting E{)*(E) =idy,(x) and, up to a sign, by
considering the different components of ¥ ! 0 £, so that one obtains the relation

Y (=1)ECTD oM E) =0.
i=0

These operators can be collected in the so-called Chern polynomial ¢*(E; u) :=
Yo 5;“ (E)u' and it is worth mentioning that, in view of the Whitney formula, its
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definition can be extended to the Grothendieck group of vector bundles by setting
SACE.
E ’
AE - Fruy = B
¢A(F;u)

Beside being extremely useful for computations, Chern classes allow one to get
some insight on how a general oriented BM homology theory A, differs from the
Chow group C H,, probably the most commonly known example. Let us consider,
as an example, the behaviour of the first Chern class with respect to the tensor
product of two line bundles L and M. While in C H, one has

EH(L @ M) =cfH (L) +ECH (M),

in general the relation between the three Chern class operators is described by a
formal group law (A*(Spec k), FA), where F4(u, v) is a special power series with
coefficients in the coefficient ring of the theory A.(Spec k). The precise relation is
given by

~A _ ~A ~A

5] (LOM) = FA(C1 (L), (2] (M)).

In a similar fashion, whereas in C H, one simply has EICH (LY) = —EICH (L), in
general one needs to introduce the formal inverse x 4, a power series in one variable
satisfying both

ML) = xa(@1(L)) and  Fa(u, xa(u)) =0.

In some case we will denote the formal inverse x4 (u) simply by u.
All our computations will take place in the algebraic cobordism of Levine—-Morel
2, and our choice is motivated by the following fundamental result.

Theorem 2.1 [Levine and Morel 2007, Theorems 7.1.3 and 4.3.7]. The algebraic
cobordism Q2. is universal among oriented BM homology theories on Lcig. That is,
for any other oriented BM homology theory A, there exists a unique morphism

Va1 Qe —> Ay

of oriented BM homology theories. Furthermore, its associated formal group law
(Q* (Speck), FQ) is isomorphic to the universal one defined on the Lazard ring
(L, F).

One consequence of this universality is that all the formulas obtained for €2, can
be specialised to every other oriented BM homology theory A,. In other words,
algebraic cobordism allows one to work with all theories at once. Since we will
only work with algebraic cobordism, in the remainder of the paper we will remove
the subscript ¢ from the notation.

Let us conclude our general discussion by briefly mentioning the construction
of fundamental classes and some results which can be used to compute them. To
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every X € Schy whose structural morphism mx is 1.c.i. we associate its fundamental
class by setting 1y := 7y (1). Notice that here 1 stands for the multiplicative unit
in A, (Speck). In the special case of the zero scheme of a bundle, the fundamental
class can be computed via the following lemma.

Lemma 2.2 [Levine and Morel 2007, Lemma 6.6.7]. Let E be a vector bundle of
rank e over X € Schg. Suppose that E has a section s : X — E such that the zero
scheme of s, i : Z — X is a regularly embedded closed subscheme of codimension
e. Then we have

Co(E) =i40i".
In particular, if X is an l.c.i. scheme, we have
Ce(E)(1x) =ix(172).

Finally, as it will play an important role in our computations, we would like to
make more explicit the case of the fundamental class of a nonreduced divisor. For
this we will require a bit of notation. For every integer n > 2, let n -y, u be the
formal multiplication by n, that is, the power series obtained by adding » times the
variable u using the formal group law F4. Since F4 is a formal group law, one has

(2-1) nepou=u-F" )

for some degree 0 power series Ff{')(u) whose costant term is n. We are now able
to restate [Levine and Morel 2007, Proposition 7.2.2] for the particular case we
will need.

Lemma 2.3. Let W be a smooth scheme and D a smooth prime divisor of W. For
any integer n > 2, let | E| be the closed subscheme associated to the divisor E =nD.
If L is the line bundle corresponding to D and 1 : D — |E| is the natural morphism,
then in A, (|E|) we have

Lig = t(Fy @ (L) (1p)),

where L|p is the restriction of L to D.

Segre class operators. In [Hudson and Matsumura 2019], in order to be able to
describe the pushforwards along projective bundles over a smooth scheme, we
generalised to algebraic cobordism the classical definition of Segre classes given
in [Fulton 1998]. As in this paper we deal with the resolutions of symplectic or
orthogonal degeneracy loci, it becomes necessary to extend such description to
the case of projective bundles over non-smooth schemes. Therefore, we will now
introduce Segre class operators for oriented BM homology theories, since these can
be defined for more general schemes.
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Following [Hudson et al. 2017, §4], we define the relative Segre operators in
terms of generating functions. Let X € Schy.

Definition 2.4. Let X1, ..., X, be Chern root operators of a vector bundle E over
X so that ¢(E; u) = [];_; (1 + X;u). We define

oo e
BE;u) =Y B (B =[] Pw™, 5,
s>0 i=1
where P (u, v) is defined by F(u, x (v)) = (u — v) P(u, v) (compare [Hudson and
Matsumura 2019, Lemma 4.1]). Since the right-hand side is symmetric in the x;,
this definition of w_(E) is independent of the choice of Chern root operators of E.
It should be noticed that Wy(E) has constant term 1 and as a consequence W(E; u)
is an invertible power series in #~!. One can also define W(E — F; u) for a virtual

bundle [E — F], where E and F are vector bundles over X, by setting

w(E; u)

W(E — F;u) = Z b_(E—Fyu™ = T

s>0
Definition 2.5. Let E be a vector bundle of rank ¢ over X and n a nonnegative
integer. Consider the dual projective bundle & : P*(E & 0;‘?" ) = X where Oy is
the trivial line bundle over X. For every integer m > —e —n + 1, define the degree
m Segre class operator Im(E) of E by setting

(2-2) Im(E) =1, 0 (Q)" e+ o ¥,

where Q is the tautological quotient line bundle of P*(E & 0;‘?”). It is easy to
verify (see [Hudson and Matsumura 2019, Remark 4.4]) that this assignment is
independent of n. Finally, we set
S(Ezu) =Y Ip(E)".
meZ
Proposition 2.6. Let E — X be a vector bundle of rank e over X € Schy. Then we
have the following equality of power series:

i(E )= ﬁ(”)
M E S B(E )

Here P (u) := Z?io [ﬁ]u_i is the power series collecting the operators given by
external multiplication with the pushforwards classes of projective spaces [P'] :=
[P' — Speck] e L.

Proof. Once one has translated in the language of operators the proof given in
[Hudson and Matsumura 2019, Theorem 4.6], the only thing left to check is that for
every trivial dual projective bundle (P} )* L X the composition 1, o 7* coincides



PFAFFIAN FORMULAS FOR ALGEBRAIC COBORDISM 105

with external multiplication by [[P"]. This can be verified directly at the level of
cobordism cycles by making use of the definitions of pushforward and pullback
morphisms and of the external product. U

Remark 2.7. It is worth mentioning that, provided one restricts to the case X € Smy,
Proposition 2.6 can be derived from the analogue of Quillen’s formula for algebraic
cobordism established in [Vishik 2007, Theorem 5.35]. The same formula can
be used to express the classes [P] in terms of the generators of the Lazard ring
and, as a consequence, of the coefficients of the formal group law. On the other
hand, an easy computation shows that Quillen’s formula can be recovered from
Proposition 2.6, provided one knows the expression for the classes of projective
spaces. In this sense our approach allows us to extend the validity of Vishik’s result
from Smy to Schy.

In view of the last proposition, we are now able to extend to virtual bundles the
definition of Segre classes.

Definition 2.8. For vector bundles E and F over X, define the relative Segre class
operators S (E — F) on Q,(X) as

c(F; —u)w(F;u)

@3 FE-Fiw=) TuE =" =P zm— e

meZ

Remark 2.9. If the rank of F is f, then we have

f oo
In(E=F) =Y "3 (=1)P&,(F) oW _4(F) oS _pig(E).
p=0¢=0

Even if F itself is a virtual bundle, this equation holds by replacing f with oco.

We conclude this section by providing a description of relative Segre classes in
terms of pushforwards of Chern classes. This should be seen as an analogue of
[Hudson and Matsumura 2019, Theorem 4.9].

Theorem 2.10. Let X € Schy and let E and F be two vector bundles over X,
respectively of rank e and f. Let w : P*(E) — X be the dual projective bundle of
E and Q its universal quotient line bundle. As operators over Q. (X), we have

(2-4) M 081(Q) 08 (Q® FY) o™ = Sy poes1 (E — F).
In particular if X € Lcig, then one has

7 081(Q)* 0 &4 (Q® FV)(Ipr(r)) = Lot f—er1(E — F)(1x).
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Proof. Let us begin by observing that an easy Chern roots computation analogue to
[Hudson and Matsumura 2019, formula (4.1)] gives us

f oo
crQOF) = Z Z(_l)pgp(F) oW_q(F)o&(Q)f 7.

p=0¢=0
Thus the left-hand side of (2-4) can be rewritten as

oo
(2-5) > D (=DPEp(F)od_g(F)om, 08 (Q) /7T om*,
p=0¢=0
By (2-2), we find that (2-5) equals to
[ oo _
DD (=DPER(F) 0wy (F) o Frp feri—prqg(E).
p=0g¢=0

which coincides with the right-hand side of (2-4) in view of Remark 2.9. The second
statement follows immediately by applying both sides of (2-4) to the fundamental
class 1. O

Remark 2.11. If £ is a line bundle, then one has w = idy and Q@ = E. As a
consequence we have

&1(Q)’ 0¢£(Q® F¥)(1x) = Ff—ey145(E — F)(1x).
3. Symplectic degeneracy loci

For this section we fix a nonnegative integer k.

k-strict partitions and characteristic indices. A k-strict partition A is a weakly
decreasing infinite sequence (A1, Ay, ...) of nonnegative integers such that the
number of nonzero parts is finite, and if A; > k, then A; > A; ;. The length of X is
the number of nonzero parts of 1. Let SP* be the set of all k-strict partitions. Let
SPK be the set of all k-strict partitions with the length at most r. If A € SPX, then
we often write A = (Aq, ..., A,). Let SPX(n) be the set of all k-strict partitions
such that A; < n + k and the length of A is at most n — k.

Let W4, be the infinite hyperoctahedral group which can be identified with the
group of all signed permutations (permutations w of Z\{0} such that w(i) # i for
only finitely many i € Z\{0}, and w(i) = w(i) for all i where i := —i). A signed
permutation w is determined by the sequence (w(1), w(2), ...) which we call one
line notation. An element w € Wy, is called k-Grassmannian if

O<w(l)<---<wk), wk+1) <wk+2)<---.

The set of all k-Grassmannian elements in W, is denoted by Wég).
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Between Wo(if) and SP*, there is a bijection defined as follows. For each w € Wé]é) ,
the corresponding k-strict partition is given by

. _{w(k+i) ifwk+i) <0,
T <kl w() >whk+i))  ifwk4i)>0.

For each A € SP* (with the corresponding w € Wéﬁ)), we define its characteristic
index x = (x1, x2,...) by

i = {—w(k—i—i)—l if wk+i) <0,

(3-1) . . .
—w(k+1) if wk—+1i)>0.

Moreover, the following notations are necessary for our formulas of Grassman-
nian degeneracy loci in type C and B: for each A € SPX and the corresponding
characteristic index y, define

C)={G,NI1=<i<j, xi+x;=0}
yi=#li|1<i<}j, xi+x; =0} foreach;>0.

Symplectic degeneracy loci and the class lcf . Let E be a symplectic vector bundle

over a smooth scheme X of rank 2n, i.e., we are given a nowhere degenerating sec-
tion of A2E. For a subbundle F of E, we denote by F the orthogonal complement
of F with respect to the symplectic form. Fix a reference flag F* of subbundles
of E,

O=F'"cF" 'c...cFlcF'cF'c...cF"=E,

where tk F' =n —i and (F))* = F~ for all i with —n <i <n. Let SGk(E) —- X
be the Grassmannian bundle over X consisting of pairs (x, U,) where x € X and
U, is an n — k dimensional isotropic subspace of E,. Let U be the tautological
bundle of SG*(E).

For each A € SP*(n) of length r, let Xf be the symplectic degeneracy locus in
SG*(E) defined by

X¢ ={(x,Uy) € SGXE) | dim(Uy N Ff) =i, i=1,...,r},

where ¥ = (x1, X2, ...) is the characteristic index for A.

Let Fl,(U) — SG*(E) be the r-step flag bundle of U where the fiber at (x, Uy) €
SG*(E) consists of the flag (D), ={(D1)x C--- C (D;)x} of subspaces of U, with
dim(D;), =i. Let D| C - - - C D, be the flag of tautological bundles of FI,(U). We
set Do = 0. The bundle Fi,(U) can be constructed as a tower of projective bundles

(3-2) m:FL.(U)=PWU/D,-y) N P(U/D,_») ”r_*l) o
5 P(U/Dy)) 2> P(U) = SGX(E).



108 THOMAS HUDSON AND TOMOO MATSUMURA

The quotient line bundle D;/D;_; is regarded as the tautological line bundle of
P(U/D;-1) and we set T; :=c1((D;/D;_1)").
We are now able to define the resolution of singularities of the degeneracy loci.

Definition 3.1. For each j =1, ..., r, we define a subvariety Y; of P(U/D;_) by
Y :={x, U, (D)x,.... (D)) €ePWU/Dj 1) | (Di)x CFL, i=1,...,j}.

We set Yy := SG’;(U) and Yf =Y. Let Pj_; := nj_l(Yj_l), nj/. P =Y
the projection and ¢; : Y; — P;_; the obvious inclusion. Let @; := JTJ’. otj. We
have the commutative diagram

PU/Dj-1) = PU/D;-2)

T T

Pioy —————Yj

Y;

Definition 3.2. Let w ‘= wjo---ow, : Yf — SGF(E). Define the class Kf €
Q.(SG*(E)) by
kC =[YF — SGH(E)] == @ (1yc).

Remark 3.3. It is also known that Y/\C is irreducible and has at worst rational
singularities. Furthermore Y. f is birational to Xf through the projection 7 (see
[Hudson et al. 2017], for example). Therefore in K-theory and Chow ring of
SG*(E) the class Kf coincides with the fundamental class of the degeneracy loci
X f Note that in a general oriented cohomology theory, the fundamental class of
X,\C is not defined since Xf may not be an l.c.i. scheme.

Computing lcf . In this section, we establish an explicit formula of the class Kf in

Q. (SG*(E)) in terms of a power series in relative Segre classes. The key ingredients
for the computation are twofold: one is the formula that computes pushforwards
along each z; and the other is so-called umbral calculus which is a computational
technique to combine the pushforwards along all the = ;.

We begin by the following lemma which was proved in [Hudson et al. 2017]
for CK,. One can easily check that the proof works for an arbitrary oriented BM
homology and in particular for €2,.

Lemma 3.4. Foreach j =1, ...,r, the variety Y; is regularly embedded in P;_,

and Pj_y is regularly embedded in P(U/D;_y). Furthermore, in Q.(P;j_1), we
have

Lis(ly)) = Erqn—i—j((Dj/Dj-1)" ® (D;f,-/FXj))(lefl)'
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Based on this lemma together with Theorem 2.10, we have the next pushforward
formula for @ ;. For simplicity, let us introduce the following notation: for each
meZand —n <€ <n, let

¢\ = 7,(UY - (E/FYHY).
In Q*(SG*(E)), we set G =Gty (Lsgh(i))-
Lemma 3.5. In Q.(Y;_1), we have

e 0 T (ly,) =

J—1 oo

~ =>(Xj)
D> (=1)Pe (DY = Dy)ow_y(D} = Dy)o %k’jgs_p+q(1yj4).
p=0¢=0

Proof. By Lemma 3.4, we have

/

s , o
@jxoT;(ly,)) =7, 00T (ly) =7,

%0 f; OLj*(lyj) = JT;~>)< o f} O&j(le,l)a
where @ 1= EAjJr,,_k_j((Dj/Dj_l)v ® (Djj/FX-/)). By Theorem 2.10, we have

Aot 0dj(lp ) =S, (U/Dj 1) = (Dy, /FX)Y)(1y, )
= S (UY = (E/FX)Y —(Dj—1 = D}))(y, ),

where we have used D}}j =F— D}Yj . Now the claim follows from Remark 2.9. [J

For the umbral calculus mentioned above, we need to establish some notation.
Let R = Q*(Gry(E)), viewed as a graded algebra over L, and let 7, ..., be
indeterminates of degree 1. We use the multi-index notation * :=1;" - - - 1" for
s=(s1,...,8) € Z". A formal Laurent series f(t,...,t) = Zsel" asts is ho-
mogeneous of degree m € Z if a is zero unless as € Ry,_s) with [s| = Y i, s;.
Let supp f = {s € Z" | as # 0}. For each m € Z, define LX to be the space of
all formal Laurent series of homogeneous degree m such that there exists n € Z"
for which n 4 supp f is contained in the cone in Z" defined by s; > 0, 51+ s, >
0, -+, s1+---+s,>0. Then LR := @mez ﬁ,ﬁ is a graded ring over R with the
obvious product. Foreachi =1,...,r, let L& be the R-subring of LX consisting
of series that do not contain any negative powers of ¢, ..., 1. In particular,
LR = LR A series f(t1,...,t) is a power series if it doesn’t contain any
negative powers of ¢, ..., t.. Let R[[#1, ..., t. ], denote the set of all power series
inty,...,t of degree m € Z. We set R[[t1, ..., t1lgr := D,z Rl11, - .., tr]lm-

Definition 3.6. Define a graded R-module homomorphism ¢ : LR = Q. (SGF (E))
as

¢r(@) o) =C I 00 G (Lggh ).
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Similarly, for each j =2, ..., d, define a graded R-module homomorphism quc :
LRI — Q,(Y;_1) by setting

@ ) =F oot 0B 0 0@ 1y, ).
Remark 3.7. By regarding Q*(SG*(E)) = Qg st 1)+ (SG* (E)), we have
¢1C(ti?1 .. _t:r) — <gs(l)<1) .. %S(rxr).
Using quc, we can restate Lemma 3.5 as follows.

Lemma 3.8. One has

1—4/t)P(t;, 4
w']*OT(ly)—¢] tj)»-i-sl_[l 1( _l/]) (]_z) .
[12,(1—%/t)P(t;, &)
Proof. Consider the functions of #, ..., t;_; defined by the following generating
functions:
ety ... ticsw)  TTZ (+tw)
e(flv"'vf)/j;u) ]—[3/1_1(1+ZTZM)’

00

A .
ZHp(l‘l, ...,tj_l)up =
=0

— 1 —q w(fl,---,tj—l;u) ]_[ 'Ph n)
ZW—q(Il’---’tj—l)” = = = v
w(ty, ..., by u) ]_[,:1 Pu',%)

Then we have
H)(T1,....5j1) =Cp(D]_ = Dy)), Wh (T1,....51) =W _¢(D}_| — Dy,).
Thus, by Lemma 3.5 and the definition of ¢J.C, we have

Wjx O fy(ly)

J—1 oo
_¢ <ZZ )le);(l‘l,...,l‘j,l)Wfq(tl’” 1 1)1‘)\ j+s— P+q)
p=0g=0
:¢jc <t'?j+S<Z(_l)pH;(tl’ U tj_l)tj_p)(zwkq(tl’ e tj—l)fj'j>)'
p=0 4=0

The claim follows from the definitions of H l’} and W* o 10 terms of the generating
functions. g

Finally, we are able to prove the main theorem in the case of symplectic Grassmann
bundles.
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Theorem 3.9. For a strict partition . € SP*(n), the associated class Kf is given
by

C _ Aeo(X1) (xr)
K = Z FC 6,

where f}* € L are the coefficients of the Laurent series

< j<r (L =1 /1)) P (1), ;
(3_3) Hlfl<]§r( t/t]) ([] [) _ Z

- = f)‘.t‘lvl...tsr
[ jyecoyd =1/t P (). 1;)

S
s=(s1,...,5,)€L"

as an element of LL.

Proof. By Definition 3.2, it follows from successive applications of Lemma 3.8
(compare [Hudson et al. 2017]) that

kC =o€ (4. [li<icj (1 _ti'/tj)P(tjy ti') ‘
’ Y " Tli jecoy =i/t P (), 1)

Then, in view of the definition of the coefficients f, it suffices to apply d)lc to obtain
the claim. ]

4. Odd orthogonal degeneracy loci

For this section we fix a nonnegative integer k.

Orthogonal degeneracy loci. Consider the vector bundle E of rank 2n 4 1 over
X with a symmetric non-degenerate bilinear form (, ): E® E — Ox where Oy
is the trivial line bundle over X. Let & : OG*(E) — X be the Grassmann bundle
consisting of pairs (x, U,) where x € X and U, is an n — k dimensional isotropic
subspace of E,. Note that the bilinear form (, ) on E induces an isomorphism
F1/F®F~/F = Oy for any maximal isotropic subbundle F of E where F is the
orthogonal complement of F with respect to ( , ). This implies that ¢; (F+/F) =0
in Q*(X) ®z Z[1/2].
Fix a reference flag

O=F'cF'"!c...cFlcFPc(F!' cF'c...cF"=E,

such that rk Fi =n—i fori >0 and (F')L = F~ foralli > 1. For each A € SP*(n)
of length r, we define the associated degeneracy loci X f in OG¥(E) is defined by

XP ={(x,Uy) € OGHE) | dimU, NF¥) =i, i=1,...,r},

where x is the characteristic index associated to A.
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Quadric bundle. The bundle OG"~!(E) is also known as the quadric bundle and
we denote it by Q(FE). In this section, we do not assume that X is smooth as
long as it is regularly embedded in a quasi-projective smooth variety. Let S be the
tautological line bundle of Q(FE). In this particular case the Schubert varieties of
Q(FE) are indexed by a single integer A and can be explicitly described as follows:

{Q(E)HP(FM_”) 0O <i <n,
P(F*1—™) (n <A <2n).

(4-1) X =
It is worth noting that A represents the codimension of X fl in Q(E).
Lemma 4.1. The fundamental class of the subvariety X fl in Q. (Q(E)) for i <n
is given by
(4-2) (X2 > QE)=&,(SY®E/F ™) (1ow)).
Moreover the fundamental class of X /1\31 in Q. (Q(E)) for A1 > n satisfies the identity
4-3) FOE(SY @ (FO/F) (X — Q(E))

=&, (SV @ (E/(FOT @ FO/F" ™) (1o,
where F® is a special case of the power series defined in (2-1).

Proof. The formula (4-2) follows from Lemma 2.2. For (4-3), first we show the case
for A; = n, by computing the class [X,{g — Q(E)] in Q*(Q(E)) in two different
ways. The variety X2 is a divisor in P((F°)1), corresponding to the line bundle
SV ® (F%1/F% Moreover, the scheme theoretic intersection Q(E) NP((F%)1)
defines the Weil divisor 2X ,lf on P((F%)%1) and in view of Lemma 2.3 we have

Loe)np((Foyty = t*(F(z) €18V ® (FO)L/FO))(le)),

where ¢ : X,f — Q(E) NPF%1Y) is the obvious inclusion. Thus, by pushing
forward this identity to Q(E), we obtain the following identity in Q,(Q(E)):

[Q(E)NP((F)) — Q(E)] = FP(&1(SY & (FO)Y/F)) (1XE — 0(E))).
On the other hand, Lemma 2.2 implies that
[Q(E)NP((F)) — Q(E) =,(SV ® E/(FO)") (Lo

This proves (4-3) for A} = n.
If A1 > n, again by Lemma 2.2 we have [Xf] — Xf] =SV Q® FO/Fi)(lX’zlz)
in Q*(Xf). Thus we have
FO(&1(8sY @ (F)*/F%) = (X}, - X))
= FOE(SY @ (FO)/F))0c(SY @ FO/F)(1xp).
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By pushing it forward to Q*(Q(E)) and applying (4-3) for A; = n, we obtain
FO(&(SY @ (FO)/FO))(IX] - Qb))
= (SYQE/(F*)") 06y, n(SY @ FO/FH ") (1g(k))
=G, (SY @ (E/(F)T @ F/F)) (o))
This proves (4-3) for A; > n. ]

As mentioned above, we have ¢ ((FO)L/FO) =01in Q,(Q(E)) ®z Z[1/2] so that
¢1(8Y ® (F)L/F% = ¢ (SY). Therefore we have

FOE(8Y @ (FO/F%) = FP(&1(5Y)).

Notice that, since it is homogeneous of degree 0 with constant term 2, the series
F@ () is invertible in L ®7 Z[1 /2]. Thus we have the following corollary.

Corollary 4.2. In Q,(Q(F)) ®z Z[1/2], we have

. e (SYQ E/FM ™ (1gk)) 0< A1 <n),
[X5, = Q(E)] = m 0, (SY®E/FM ™™ (o) (n<hi <2n).
Remark 4.3. As mentioned in Remark 2.11, we have

T (8Y = (E/F*")Y)(Lowky) 0 <xi<n),
(X} — Q(E)]= 1

7 4 A—n\V
m%.(s —(E/F"™)Y)( @) (n <A <2n).

Resolution of singularities and the class lcf . Consider the r-step flag bundle x :
Fl,(U) — OG*(E) as before. We let D C - - - C D, be the tautological flag. Recall
that F1,(U) can be constructed as the tower of projective bundles

4-4)  w:FL(U)=PWU/D,_1) S --- B PwW/D) 3B PWU)ZE 0G*(E)

We regard D;/D;_; as the tautological line bundle of P(U/D;_;) where we let
Dy=0.Foreach j=1,...,r,letT; :=¢;((Dj/Dj_1)") be the first Chern class
operator of (D;/D;_1)Y on Q.(P(U/D;_1)).

Definition 4.4. Let 1 € SP*(n) be of length r. For each j =1, ..., r, we define a
subvariety Y; of P(U/Dj_) by setting

Yj:={(x, U, (D)x,...,(Dj))y) e PWU/Dj_y) | (Di)x CFY, i=1,...,j}.

We set Yy := SG’;(U) and Y,\B =Y. Let Pj_ := nj_l(Yj_l), JTJ/- P —> Y
the projection and ¢; : Y; — P;_; the obvious inclusion. Let @ := 71; otj. We
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have the commutative diagram

PU/Dj-1) = P(U/D;-2)

T T

| — Y
Pj_ o Yi

Y;
As in the symplectic case we set @ :=wjo- -0 @, : Yf — OG*(E) and define
i =@ (lyp).

Computing ICA The following lemma is known from [Hudson et al. 2017], where
the computation of the fundamental class of Y; in P;_; is done in connective
K -theory CK,.. However, the proof is valid in an arbitrary oriented BM homology
and in particular in €2,.

Lemma 4.5. Foreach j =1, ...,r, the variety Y; is regularly embedded in P;_
and P;_y is regularly embedded in P(U/D;_y), in particular they both belong to
Lcix. Moreover we have

Lj*(lyj') = &j(lf’j,1)
in Q4(Pj_1), where

G4n—k=j ((Dj/Dj-1)" ® (Dy, [ FX)) (—n < x; <0),

& = i ) P
! F(Q)(cl((Dj/Dj_l)\/)) Clj"‘"—k—J((D]/Dj—l) ®(Dyj/F ))
0 =<x; <n).

Definition 4.6. Let —n < ¢ < n. For each m € Z, we define the operators @,(f ) for
Q*(OGk(E )) ®z Z[1/2] by means of the following generating function

S(UY = (E/FYV; u) (—n<€<0),
Z‘%)r(ne)um = 1 11V Vv
—~ mY(U —(E/FY;u) (0<t<n).

If m =20 fsu™* with f; € L®z Z[1/2], then we have

B =" [T (U = (E/FHY)  (0<l<n).

5>0

Remark 4.7. If A = (A1) € SP*(n), we have «f = 2.
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Lemma 4.8. For each s > 0, we have
wj* © f;(ly/)
oo 0
= Y DPE D = Dy oy (DY, = Dy o By, )
pP\Hji—1 Vi —q\Fj—1 Yi Aj+s—p+q\Yj-1/
p=0g=0
Proof. By Lemma 4.5, we have
(4-5) wj*of;(ly_i) =n;~*0tj*of;(lyj) =7T]/~*O‘E;0Lj*(1yj) =nJ’.*ost.o6¢j(1pl._]).
Suppose that x; < 0. By Theorem 2.10, the right-hand side of (4-5) equals
Fay+s((U/Dj =D i)Y (1y, ) = T 4 (U=E/FX=D;_1+D})")(1y,_,).

where DL =F - Dv Then the claim follows from Remark 2.9. Similarly, if
0=<xj, Theorem 2. 10 1mphes that the right-hand side of (4-5) equals

Z fs/%»j+s+s’((U/Dj—1)v a (D#/‘/FX./)V)(lYFI)’

s'=0

where we set F@ =)~ = D50 fyu™ with fy € L®z[1/2] as above. Again,
we use the identity Dj/ =FE— D}Y], and then the claim follows from Remark 2.9. [

Set R := Q*(OGK(E)) ®7 Z[1/2] and let LR be the ring of formal Laurent series
with indeterminates 71, . . ., ¢, defined in the previous section.

Definition 4.9. Define a graded R-module homomorphism
¢1 1 LX ®72(1/2] — Q.(0GH(E)) ®7 Z[1/2]
by
SE@ 1) = o (UY = (E/FX)Y) 0+ 0.7, (UY = (E/F*))(Logt(5)-
Similarly, for each j =2, ..., r, define a graded R-module homomorphism
¢7 L8 ©22(1/2] — Qu.(Yj-1) ®2Z[1/2]
by
d’f(ti“ et
=f'o-0f 05 (U — (E/FXf)v) o007 (UY = (E/F)")(1y, ).

Remark 4.10. Note that 7 replaces by %’(X')(ly _,) for each i such that

j<i<rand x; >0,and m € Z.

F(Z)( 1)

As with Lemma 3.8, by making use of Lemma 4.8 we can prove the following
lemma.



116 THOMAS HUDSON AND TOMOO MATSUMURA

Lemma 4.11. We have

i—1

B A.j+AYHl‘.]:1 (1 _tl/t])P(t]9tl)) ) O
ettt =] (" i) <0
PR 6 TS A =) Py )

¢B( ; 7 — ) 0= x).

T\FO@) [T, =5/1) P, 1) -

foralls = 0.

A repeated application of Lemma 4.11 to the definition of Kf , together with
Remark 4.10, allows us to obtain the main theorem for odd orthogonal Grass-
mannians.

Theorem 4.12. We have

B __ * z(X1) (xr)
k= Z fs ‘%)Mﬂl o "%)}»Hrsr’

S=(S1,...,8,)€L"
where the f} € L are the coefficients of the Laurent series

+6) H1§i<j§r(1_ti/tj)P(t/’ti) _ Z f)‘~tsl---ls’
— - = S 1 r
H(i,j)eC(A)(l — /1)) P (), 1;) S=(51,....8,)€Z"

viewed as an element of LL.

Acknowledgements

Both authors would like to thank the anonymous referee, whose helpful comments
improved the overall presentation of this work. The early stages of this research
were conducted while the first author was affiliated to KAIST, where he was
supported by the National Research Foundation of Korea(NRF) grant funded by
the Korea government(MSIP)(ASARC, NRF-2007-0056093). This research was
then completed within the framework of the research training group GRK 2240:
Algebro-Geometric Methods in Algebra, Arithmetic and Topology, funded by the
DFG. The second author is supported by Grant-in-Aid for Young Scientists (B)
16K17584.

References
[Anderson 2019] D. Anderson, “K-theoretic Chern class formulas for vexillary degeneracy loci”, Adv.
Math. 350 (2019), 440-485.

[Anderson and Fulton 2012] D. Anderson and W. Fulton, “Degeneracy Loci, Pfaffians, and vexillary
signed permutations in types B, C, and D”, preprint, 2012. arXiv

[Anderson and Fulton 2018] D. Anderson and W. Fulton, “Chern class formulas for classical-type
degeneracy loci”, Compos. Math. 154:8 (2018), 1746-1774. MR Zbl


http://dx.doi.org/10.1016/j.aim.2019.04.049
http://msp.org/idx/arx/1210.2066
http://dx.doi.org/10.1112/s0010437x18007224
http://dx.doi.org/10.1112/s0010437x18007224
http://msp.org/idx/mr/3830551
http://msp.org/idx/zbl/06944060

PFAFFIAN FORMULAS FOR ALGEBRAIC COBORDISM 117

[Buch et al. 2017] A. S. Buch, A. Kresch, and H. Tamvakis, “A Giambelli formula for isotropic
Grassmannians”, Selecta Math. (N.S.) 23:2 (2017), 869-914. MR Zbl

[Fulton 1998] W. Fulton, Intersection theory, 2nd ed., Ergebnisse der Mathematik und ihrer Grenzge-
biete. 3 2, Springer, 1998. MR Zbl

[Hornbostel and Kiritchenko 2011] J. Hornbostel and V. Kiritchenko, “Schubert calculus for algebraic
cobordism”, J. Reine Angew. Math. 656 (2011), 59-85. MR Zbl

[Hornbostel and Perrin 2018] J. Hornbostel and N. Perrin, “Smooth Schubert varieties and generalized
Schubert polynomials in algebraic cobordism of Grassmannians”, Pacific J. Math. 294:2 (2018),
401-422. MR Zbl

[Hudson and Matsumura 2018] T. Hudson and T. Matsumura, “Kempf-Laksov Schubert classes for
even infinitesimal cohomology theories”, pp. 127-151 in Schubert varieties, equivariant cohomology
and characteristic classes—IMPANGA 15, edited by J. Buczyniski et al., Eur. Math. Soc., Ziirich,
2018. MR Zbl

[Hudson and Matsumura 2019] T. Hudson and T. Matsumura, “Segre classes and Damon—-Kempf—
Laksov formula in algebraic cobordism”, Math. Ann. 374:3 (2019), 1439-1457.

[Hudson et al. 2017] T. Hudson, T. Ikeda, T. Matsumura, and H. Naruse, “Degeneracy loci classes in
K -theory—determinantal and Pfaffian formula”, Adv. Math. 320 (2017), 115-156. MR Zbl

[Ikeda 2007] T. Ikeda, “Schubert classes in the equivariant cohomology of the Lagrangian Grassman-
nian”, Adv. Math. 215:1 (2007), 1-23. MR Zbl

[Ikeda and Matsumura 2015] T. Ikeda and T. Matsumura, ‘“Pfaffian sum formula for the symplectic
Grassmannians”, Math. Z. 280:1-2 (2015), 269-306. MR Zbl

[Kazarian 2000] M. Kazarian, “On Lagrange and symmetric degeneracy loci”, preprint, Steklov
Mathematical Institute, 2000, Available at http:/www.pdmi.ras.ru/~arnsem/papers/shub.tex.gz.

[Kiritchenko and Krishna 2013] V. Kiritchenko and A. Krishna, “Equivariant cobordism of flag
varieties and of symmetric varieties”, Transform. Groups 18:2 (2013), 391-413. MR Zbl

[Levine and Morel 2007] M. Levine and F. Morel, Algebraic cobordism, Springer, 2007. MR Zbl

[Mclaughlin 2010] E. V. Mclaughlin, Equivariant Giambelli formulae for Grassmannians, Ph.D.
thesis, University of Maryland, 2010, Available at https:/search.proquest.com/docview/855616668.
MR

[Nakagawa and Naruse 2016] M. Nakagawa and H. Naruse, “Generalized (co)homology of the loop
spaces of classical groups and the universal factorial Schur P- and Q-functions”, pp. 337417 in
Schubert calculus (Osaka, 2012), edited by H. Naruse et al., Adv. Stud. Pure Math. 71, Math. Soc.
Japan, Tokyo, 2016. MR Zbl

[Nakagawa and Naruse 2018] M. Nakagawa and H. Naruse, “Universal Gysin formulas for the
universal Hall-Littlewood functions”, pp. 201-244 in An alpine bouquet of algebraic topology,
edited by C. Ausoni et al., Contemp. Math. 708, Amer. Math. Soc., Providence, RI, 2018. MR Zbl

[Pragacz 1991] P. Pragacz, “Algebro-geometric applications of Schur S- and Q-polynomials”, pp.
130-191 in Topics in invariant theory (Paris, 1989/1990), edited by M.-P. Malliavin, Lecture Notes
in Math. 1478, Springer, 1991. MR Zbl

[Tamvakis and Wilson 2016] H. Tamvakis and E. Wilson, “Double theta polynomials and equivariant
Giambelli formulas”, Math. Proc. Cambridge Philos. Soc. 160:2 (2016), 353-377. MR Zbl

[Vishik 2007] A. Vishik, “Symmetric operations in algebraic cobordism”, Adv. Math. 213:2 (2007),
489-552. MR Zbl

Received February 16, 2018. Revised January 25, 2019.


http://dx.doi.org/10.1007/s00029-016-0250-1
http://dx.doi.org/10.1007/s00029-016-0250-1
http://msp.org/idx/mr/3624902
http://msp.org/idx/zbl/1360.14125
http://dx.doi.org/10.1007/978-1-4612-1700-8
http://msp.org/idx/mr/1644323
http://msp.org/idx/zbl/0885.14002
http://dx.doi.org/10.1515/CRELLE.2011.043
http://dx.doi.org/10.1515/CRELLE.2011.043
http://msp.org/idx/mr/2818856
http://msp.org/idx/zbl/1226.14032
http://dx.doi.org/10.2140/pjm.2018.294.401
http://dx.doi.org/10.2140/pjm.2018.294.401
http://msp.org/idx/mr/3770119
http://msp.org/idx/zbl/06847710
http://msp.org/idx/mr/3754190
http://msp.org/idx/zbl/1393.55005
http://dx.doi.org/10.1007/s00208-019-01839-y
http://dx.doi.org/10.1007/s00208-019-01839-y
http://dx.doi.org/10.1016/j.aim.2017.08.038
http://dx.doi.org/10.1016/j.aim.2017.08.038
http://msp.org/idx/mr/3709102
http://msp.org/idx/zbl/1401.19008
http://dx.doi.org/10.1016/j.aim.2007.04.008
http://dx.doi.org/10.1016/j.aim.2007.04.008
http://msp.org/idx/mr/2354984
http://msp.org/idx/zbl/1126.14060
http://dx.doi.org/10.1007/s00209-015-1423-x
http://dx.doi.org/10.1007/s00209-015-1423-x
http://msp.org/idx/mr/3343907
http://msp.org/idx/zbl/1361.14029
http://www.pdmi.ras.ru/~arnsem/papers/shub.tex.gz
http://dx.doi.org/10.1007/s00031-013-9223-z
http://dx.doi.org/10.1007/s00031-013-9223-z
http://msp.org/idx/mr/3055772
http://msp.org/idx/zbl/1275.14022
http://msp.org/idx/mr/2286826
http://msp.org/idx/zbl/1188.14015
https://search.proquest.com/docview/855616668
http://msp.org/idx/mr/2844206
http://msp.org/idx/mr/3644829
http://msp.org/idx/zbl/1378.57045
http://dx.doi.org/10.1090/conm/708/14267
http://dx.doi.org/10.1090/conm/708/14267
http://msp.org/idx/mr/3807757
http://msp.org/idx/zbl/1397.05199
http://dx.doi.org/10.1007/BFb0083503
http://msp.org/idx/mr/1180989
http://msp.org/idx/zbl/0783.14031
http://dx.doi.org/10.1017/S0305004115000754
http://dx.doi.org/10.1017/S0305004115000754
http://msp.org/idx/mr/3458957
http://msp.org/idx/zbl/1371.14058
http://dx.doi.org/10.1016/j.aim.2006.12.012
http://msp.org/idx/mr/2332601
http://msp.org/idx/zbl/1129.14034

118 THOMAS HUDSON AND TOMOO MATSUMURA

THOMAS HUDSON

FACHGRUPPE MATHEMATIK UND INFORMATIK
BERGISCHE UNIVERSITAT WUPPERTAL
GAUSSSTRASSE 20

42119 WUPPERTAL

GERMANY

hudson @math.uni-wuppertal.de

ToMOO MATSUMURA

DEPARTMENT OF APPLIED MATHEMATICS
OKAYAMA UNIVERSITY OF SCIENCE
OKAYAMA 700-0005

JAPAN

matsumur @xmath.ous.ac.jp


mailto:hudson@math.uni-wuppertal.de
mailto:matsumur@xmath.ous.ac.jp

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Wee Teck Gan

Mathematics Department
National University of Singapore

Singapore 119076

matgwt@nus.edu.sg

Sorin Popa

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing

Department of Mathematics
University of California
Santa Cruz, CA 95064
ging@cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2019 is US $490/year for the electronic version, and $665/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.
PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

A compactness theorem on Branson’s Q-curvature equation
GANG LI

A characterization of Fuchsian actions by topological rigidity
KATHRYN MANN and MAXIME WOLFF

Fundamental domains and presentations for the Deligne-Mostow lattices with 2-fold
symmetry

IRENE PASQUINELLI
Binary quartic forms with bounded invariants and small Galois groups

CINDY (SIN YI) TSANG and STANLEY YAO XIAO

Obstructions to lifting abelian subalgebras of corona algebras
ANDREA VACCARO

Schwarz lemma at the boundary on the classical domain of type $%°
JIANFEI WANG, TAISHUN LIU and XTAOMIN TANG
Cyclic n-parallel shape and Ricci operators on real hypersurfaces in two-dimensional
nonflat complex space forms
YANING WANG
Finsler spheres with constant flag curvature and finite orbits of prime closed
geodesics
MING XU
Degeneracy theorems for two holomorphic curves in P"(C) sharing few
hypersurfaces
KAIZHOU and LU JIN

119

181

201

249

293

309

335

353

371



	1. Introduction
	2. Preliminaries
	3. Symplectic degeneracy loci
	4. Odd orthogonal degeneracy loci
	Acknowledgements
	References
	
	

