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Let (M, g) be a closed Riemannian manifold of dimension 5 <n <7. Assume
that (M, g) is not conformally equivalent to the round sphere. If the scalar
curvature R, is greater than or equal to 0 and the Q-curvature Q, is greater
than or equal to 0 on M with Q,(p) > 0 for some point p € M, we prove
that the set of metrics in the conformal class of g with prescribed constant
positive Q-curvature is compact in C*“ for any 0 < o < 1.

1. Introduction
On a manifold (M", g) of dimension n > 5, the Q-curvature of [1985] is defined by

n3—4n2+16n—16R2 1
8n—12m—-2)2 ¢ 2mn—-1)

Qg =— IRicg |* + AgRy,

2
(n—2)?
where Ric, is the Ricci curvature of g, R, is the scalar curvature of g and Ay is the
Laplacian operator with negative eigenvalues. The Paneitz operator [1983], which
is the linear operator in the conformal transformation formula of the Q-curvature,
is defined as

. ) n—4
(1-1) P, = Az, —divg(a,Reg — byRicg)V, + TQg’
with )
-2 4 4
a, = u and bn E—
2n—=1n—-2) n—2

In fact, under the conformal change § = u*/"~%g, the transformation formula of
the Q-curvature is given by
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In comparison, for n > 3 the change of scalar curvature under the conformal change
g = u* =g satisfies
4n—1) net
—————)Au+ Ryu = Rzun>2
(n _ 2) ) 8 8 8
Let (M", g) be a closed Riemannian manifold of dimension n > 5. For existence
of solutions u to the prescribed constant positive -curvature equation

(]

Lou

n—4 — a4
(1-2) Pou = 5 Qun—4,
with Q = %n(n2 —4), one may refer to [Esposito and Robert 2002; Qing and Raske
2006b; Hebey and Robert 2004; Gursky and Malchiodi 2015; Hang and Yang
2016a; 2016b; Gursky et al. 2016]. Recently, based on a version of maximum

principle, Gursky and Malchiodi proved the following:

Theorem 1.1 [Gursky and Malchiodi 2015]. For a closed Riemannian manifold
(M", g) of dimensionn > 5, if R;, > 0 and Qo > 0 on M with Qg not identically
zero, then there is a conformal metric h = u*' "% g with positive scalar curvature
and constant Q-curvature Q = Q.

Moreover, they showed positivity of the Green’s function of the Paneitz operator.
Also, for n = 5, 6,7, they proved a version of the positive mass theorem (see
Theorem 2.1), which is important in proving compactness of the set of positive
solutions to the prescribed constant Q-curvature problem in C YoMy withO<a < 1.
Note that when the pointwise condition in Theorem 1.1 is replaced by the require-
ment that the Yamabe constant Y (M, [g]) be greater than 0 and Q, > 0, existence
of solutions to (1-2) is proved in [Hang and Yang 2016b].

For compactness results of solutions to the prescribed constant Q-curvature
equation under different conditions; see [Djadli et al. 2000; Hebey and Robert 2004;
Humbert and Raulot 2009; Qing and Raske 2006a]. Djadli, Hebey and Ledoux
[2000] studied the optimal Sobolev constant in the embedding W22 s [2"/(»=4)
when P, has constant coefficients when g is an Einstein metric and also when
Py is replaced by a more general Paneitz-type operator. With some additional
assumptions, they studied compactness of solutions to the related equations with
W22 bound and obtained existence of positive solutions for the corresponding
equations. Under the assumption that the Paneitz operator is of strong positive type,
Hebey and Robert [2004] considered compactness of positive solutions to (1-2)
with W22 bound in locally conformally flat manifolds with positive scalar curvature.
They showed that under these conditions, when the Green’s function of P, satisfies a
positive mass theorem, the compactness of solutions to (1-2) holds. Later, Humbert
and Raulot [2009] showed that the positive mass theorem holds automatically under
the assumption in [Hebey and Robert 2004]. Qing and Raske [2006a], with the



A COMPACTNESS THEOREM ON BRANSON’S Q-CURVATURE EQUATION 121

use of the developing map and moving plane method, they showed an L°° bound
of solutions to (1-2), for locally conformally flat manifolds with positive scalar
curvature and an upper bound of the so-called Poincaré exponent (see [Chang et al.
20041)).

In this article we want to study compactness of solutions to (1-2) under the
hypotheses in Theorem 1.1, following Schoen’s outline of the proof of compactness
of solutions to the prescribed scalar curvature problem. It is known that nonunique-
ness of solutions to the prescribed scalar curvature problem (the Yamabe problem)
could happen when the Yamabe constant of (M, g) is positive ([Schoen 1989;
Pollack 1993]). In the conformal class of the round sphere metric, the solutions
to the Yamabe problem are not uniformly bounded. Compactness of solutions
to the Yamabe problem with positive Yamabe constant are well studied when g
is not conformally equivalent to the round sphere metric. Following Schoen’s
original outline, one has the compactness of the solutions when (M”", g) is locally
conformally flat, or when n < 24 and the positive mass theorem holds on (M, g);
see [Schoen 1991; Schoen and Zhang 1996; Li and Zhu 1999; Druet 2004; Chen
and Lin 1998; Li and Zhang 2005; 2007; Marques 2005; Khuri et al. 2009]. It is
interesting that when n > 25, there are conformal classes (which are not the round
sphere metrics) with infinitely many solutions to the Yamabe problem which are not
uniformly bounded; see [Brendle 2008; Brendle and Marques 2009]. In comparison,
Wei and Zhao [2013] showed noncompactness of solutions to the positive constant
Q-curvature equations for n > 25 in some conformal class different from that of the
round sphere. For the compactness argument for the Nirenberg problem for a more
general type conformal equation on the round sphere, see [Jin et al. 2017]. More
precisely, we follow the approach in [Li and Zhu 1999] and [Marques 2005] for
compactness of the set of solutions to the prescribed constant Q-curvature problem
in dimension 5 < n < 7 under the hypotheses of Theorem 1.1.

Our main theorem is the following:

Theorem 1.2. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <7
with Rg > 0, and also Qg > 0 with Q4(p) > 0 for some point p € M. Assume that
(M, g) is not conformally equivalent to the round sphere. Then there exists C > 0
depending on M and g such that for any positive solution u to (1-2), we have that

c'<u<c,
and for any 0 < a < 1, there exists C' > 0 depending on M, g, and a such that
il cra < C'.

We use a contradiction argument based on local information derived from a
Pohozaev type identity for constant Q-curvature metrics and global information
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derived from the positive mass theorem of Gursky and Malchiodi [2015] (see
Theorem 2.1). In comparison, for compactness of the Yamabe problem, the appli-
cation of the positive mass theorem by Schoen and Yau [1979] (see also [Eichmair
2013; Eichmair et al. 2016; Witten 1981]) is crucial.

We extend the maximum principle in [Gursky and Malchiodi 2015] to manifolds
with boundary under a Dirichlet-type condition and a scalar curvature condition
restricted on the boundary; see Lemma 3.2. It turns out to be very useful and
performs a role of a comparison theorem in the proof of the lower bound of the
solutions away from the isolated blowup points (see Theorem 3.3) and in estimating
upper bounds of solutions near blowup points (see Lemma 5.4). The Green’s
function is used as a comparison function in the uniform lower bound estimate
Theorem 3.3. Note that Theorem 3.3 is important in the proof of the remark
on page 138, Proposition 5.3 and Proposition 6.1. Since the main term of order
O(d,") vanishes in Pgdg_”, there is no comparison function to give the upper
bound estimate in Proposition 5.3 directly. For that, the upper bound estimates of a
sequence of blowup solutions near isolated simple blowup points are decomposed
to a series of lemmas, following the approach in [Li and Zhu 1999] and in [Marques
2005]; see Section 5. We are able to prove a Harnack type inequality near the
isolated blowup points for 5 < n < 9; see Lemma 5.1. Besides the prescribed
Q-curvature equation, nonnegativity of the scalar curvature is also important in the
analysis of the blowing-up argument. With the aid of the Pohozaev type identity,
we get a nice expansion of the limit of the blowing-up sequence near the blowup
point, see Proposition 5.9, and using this we then show that in dimension 5 <n <7,
each isolated blowup point is in fact an isolated simple blowup point. For the
proof of Proposition 5.9, as in [Marques 2005], we need to estimate the speed
of convergence of the rescaled functions to the limit, and for that, in Lemma 5.7
we need to classify bounded solutions to a linear fourth order elliptic equation
on the Euclidean space which vanish uniformly at infinity, for 5 <n < 7. The
main difficulty for the classification problem in the Euclidean space is that the
fourth order linear equation lacks the maximum principle, which is overcome by a
combination of a comparison theorem for an initial value problem of ODEs, Kelvin
transformation and an energy estimate; see Appendix B. After that, the proof of
Theorem 1.2 is more or less standard, except that for the fourth order equation,
more is involved for the blowing-up limit in ruling out the bubble accumulations;
see Proposition 7.3. The Pohozaev type identity and the positive mass theorem
in [Gursky and Malchiodi 2015] finally derive a contradiction on the sign of the
constant term of the expansion of the singular limit function at the singular point in
the proof of the main theorem. In Appendix A, we analyze the singular solutions to
a linear fourth order elliptic equation near an isolated singular point, which is needed
in Lemma 5.5 when finding the upper bound estimates of the solutions near the
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isolated simple blowup points. It is interesting to point out that in comparison with
the proof of compactness of solutions to the Yamabe problem, here for compactness
of positive constant Q-curvature metrics, no argument on vanishing of the Weyl
tensor is needed for dimension 5 <n < 7.

For n > 8, the Weyl tensor and its covariant derivatives are involved in the
expansion of the Green’s function and a vanishing argument of the Weyl tensor at
the blowup points is needed (for instance, in Corollary 5.8 and Proposition 5.9),
and yet a positive mass theorem for the Paneitz operator for cases which are not
locally conformally flat in these dimensions is lacking. In this paper, for technical
reasons, the Harnack inequality in Lemma 5.1 is only proved for n <9, the decay at
infinity of the limit function w(x) in Lemma 5.7 is only proved for n < 8 due to the
estimate (5-46), and the classification theorem (Corollary B.5) of solutions to the
linear problem in Appendix B is given for n < 8. But we believe that Lemma 5.1
and Corollary B.5 can be extended to high dimensions with some more discussion.

Remark. Let Y (M, [g]) be the Yamabe constant of (M, g) so that

Jor =2\ Vul? + Reu?dV,

. — 8 8

Y(M,[g)=  inf =M 13 oy
ueC®(M), u>0 (fM un/m=2) dVg)

Also, for o = ﬁ define

fMngudVg

inf
ueC® (M), u>0,R,a,>0 ||u||?

Yi(M,[g]) = :
LZ”/("74)(M,g)

From [Gursky et al. 2016], the following three statements are equivalent for dimen-
sion n > 6:

() Yy(m",[g]) >0, P,>0.

(2) Y(M, [g]) >0, Y;(M,[g]) >0.

(3) There exists a metric g € [g] such that R, > 0 and Qg > 0 on M.

As a corollary of Theorem 1.2, compactness of solutions to (1-2) holds for these
conformal classes different from that of the round sphere for dimension n =6, 7.

Remark. Recently, Li and Xiong [2019] proved compactness of prescribed constant
Q metrics in a more general setting independently, by using the integration method
developed from [Jin et al. 2017]. We follow the classical approach of [Li and Zhu
1999] and [Marques 2005].

To end the introduction, we introduce the definition of isolated blowup points
and isolated simple blowup points.

Definition 1.3. Let g; be a sequence of Riemannian metrics on a domain Q € M
with a uniform lower bound of injectivity radius § > 0. Let {u;}; be a sequence
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of positive solutions to (1-2) under the background metrics g; in . We call

a point x € Q an isolated blowup point of {u;} if there exist C>0 0<6<

min{%, distg; (X, 852)} and x; — X as a local maximum of u; with u;(x;) — oo

satisfying

(1-3) By (%), Bj (x)) € Q;

(1-4) (Bf" (xj), xj, &) — (Bf(i), X, g) in Ck* in the pointed Cheeger—Gromov
sense, for k > 0 large and 0 < @ < 1 and a smooth Riemannian metric g;

(1-5) u;(x) < Cdg (x, x;)“/% for dg, (x, xj) <38,

where B}’ is the 8-geodesic ball with respect to the metric g;, and dg; (x, x;j) is the
geodesic distance between x and x; with respect to the metric g;.

In this paper, the sequence of metrics {g;}; in the definition of the isolated blowup
points are either a fixed metric on M, or the rescaled metrics {7jg}; of g with a
sequence of numbers 7; — oo, which converge to the flat metric as j — oo. Both
these two cases satisfy the condition (1-4). For an isolated blowup point x; — X
of uj, we define

1
ﬁ-(r)=—_/v ujds,,, 0<r<3§,
Bl Jasep T

and

(1-6) 0 =r"Ti(r), 0<r<s,

with B (x ) that r-geodesic ball centered at x;, ds,, the area element and |9 BY (x)|
the volume of 9 BY (x)).

Definition 1.4. We call x an isolated simple blowup point if it is an isolated blowup
point and there exists 0 < §; < § independent of j such that i; has precisely one
critical point in (0, 8;), for j large.

2. The Green’s representation

In this section, we assume that (M", g) is a closed Riemannian manifold of di-
mension n > 5 with R, > 0, and also Q, > 0 with Q,(p) > 0 for some point
pEM.
Theorem 2.1 [Gursky and Malchiodi 2015]. For a closed Riemannian manifold
(M", g) of dimensionn > 5,if Rg, >0, Qg >0o0n M and also Q,(p) > 0 for some
point p € M, then:

o The scalar curvature Ry is greater than 0 in M.

o The Paneitz operator Py is in fact positive and the Green’s function G of Py is
positive where G : M x M —{(q,q),q € M} — R. Also, ifu € C*(M) and
Pou > 0 on M, then either u =0 or u > 0 on M.
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e For any metric g in the conformal class of g, if Qg, > 0, then Rg, > 0.
e For any distinct points q1, g2 € M,

2-1) G(q1, q2) = G(q2, q1) = cady(q1, ¢2)* " (1 + f(q1, q2)),

with ¢, = m, wn—1 = |S"7V, and dy(q1, q2) the distance between
q1 and q>. Here f is bounded and f — 0 as dg(q1, q2) — 0 and

(2-2) VI £ < Cidy(q1, q2)' ™7
forl<j<4.

o (positive mass theorem) For 5 <n <7, or when (M, g) is locally conformally
flat with dimension n > 5, for any point q; € M, let x = (x', ..., x") be the
conformal normal coordinates constructed in [Lee and Parker 1987 ] centered
at q1 and h be the corresponding conformal metric. For q, close to q1, the
Green’s function G (q2, q1) of the Paneitz operator Py, has the expansion

Gi(q2, q1) = cadi(qa, q1)* " +a + f(q2)

with a constant a > 0 and f satisfying (2-2) and f(g2) — 0 as g2 — q1;

moreover, o = 0 if and only if (M", g) is conformally equivalent to the round
sphere.

Let u € C*%(M) be a solution to the equation
Pou= f>0.

Then we have the Green’s representation

u(x) = /M G, ) F () dV(y)

for x € M.

Now let u > 0 be a solution to the constant Q-curvature equation (1-2). Using
the Green’s representation

—4— n+4
u(x>=”TQfMG(x,ww(y)dvg(y),

we first show some basic estimates on the solution u.

Lemma 2.2. Let (M", g) be a closed Riemannian manifold of dimension n > 5
with Rg >0, Q,>00n M and Q¢(p) > 0 for some point p € M. Then there exist
C1, Cr > 0depending on (M, g), so that for any solution u to (1-2), we have

infu <Cy, supu>Cs.
M M
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Proof. Let u(g) = infy; u. Then by the Green’s representation,

—4 — n+4
w@)="3"0 /M G, v)u(») av, ()

e n—4
Z u(g)= X —

with Cj independent of the solution u and the point g, and the last inequality follows
from (2-1). Therefore, the upper bound of infy; u is established. A similar argument
leads to the lower bound of sup,, u. 0

Qf Glg, ) dV,(y) = C, ™ u(q)i
M

Next we give an integral type inequality, which shows that if u# is bounded from
above, then we get the lower bound of u.

Lemma 2.3. Let (M", g) be a closed Riemannian manifold with dimension n > 5,
R, > 0, and also Qg > 0 with Q4(p) > 0 for some point p € M. Then we have the
inequality

. L _%
infu > C</ G(z, y)P u(y)—=r dVg(Y)>
M M
wherep=%—a, %+%=1,anda = %,foranyﬁxednumberﬁ <a< %,

and z is the maximum point of u and C = C(a, g) > 0 is a constant. In particular,
a uniform upper bound of u implies a uniform lower bound of u.

Proof. Let u(x) =infy, u and u(z) = sup,, u.
By the expansion formula (2-1), there exist two constants C3, C4 > 0 such that

1
(2-3)  0<Cy< dg(@1, )" =G, 22) = Cady (21, 220"
4

for any two distinct points z;, 7o € M.
By the Green’s representation at the maximum point z we choose, we have

—4— n+4
u() = nTQ/MG(z,y)u(y)H v, ()

—4 _ 8
< nTQu(z)/ Gz y) u()s dV, ()
M

so that
1< (n;4)Q/ Gz ) u()=H1= qv, ()
M
1 1
< W;‘”@(/ G, y)m(y)n%pdvg(y))p (f ”(y)mm_a)qdvg(y)y
M M
n—4) = %

= Q</ G(ay)f’u(y)ﬂ“"dvg(y))
M

1
(/ u(y)i dvg<y>>q,
M
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with o, p, g chosen in the statement of the lemma. Here the second inequality is
by Holder’s inequality. The range of a in the lemma keeps 0 <o <1, p > 1 and
g > 1, and also p(4 —n) > —n so that G? is integrable.

Therefore, combining this with (2-3) we have

—4 — n+4
infu = u(x) = ”—Q/ G (e, Yu(y) = dVy(y)
M 2 M

S

/ M p iap B
>C u(y)n=dVye(y) > C G(z, Y)  u(y)=3""dVg(y) ,
M M
where C’, C > 0 are uniform constants independent of u, z and x. O

3. A maximum principle

In this section we prove a maximum principle for smooth domains with boundary in
the manifold (M, g) defined in Lemma 2.2, which is a modification of the maximum
principle given by Gursky and Malchiodi; see Lemma 3.2. As an application, we
give a lower bound estimate of the blowing-up sequence.

Lemma 3.1. Let (Q, g) be a compact Riemannian manifold of dimension n > 5
with boundary 3S2. Let Q2 be the interior of Q. Assume the scalar curvature R, is
greater than or equal to 0 in Q and R, > 0 at points on the boundary, and also
QgZOinS_Z. ThenRg>0inS_2.

Proof. The proof is similar to that for closed manifolds. The Q-curvature is

expressed as

1 2 -2
Q.= —mAgRg +c1(n)Rg — cz(n)lRchg

with ¢ (n), c2(n) positive. By the nonnegativity of Q,,
1

2
mAgRg < Cl(n)Rg.

By the strong maximum principle and the boundary condition, R; > 0 in Q O

Lemma 3.2. Let (M", g) be a closed Riemannian manifold of dimension n > 5
with Rg > 0, and Q¢ > 0. Let 2 € M be an open domain with smooth boundary
Q2 so that Q@ = QU Q. Assume that u € C*(Q) with u > 0 on 9 satisfies

(3-D Pou>0 in<Q.

Let g = u®/ "= g be the conformal metric in a neighborhood U of 2 where u > 0.
If the scalar curvature of (U, g) satisfies Rz(p) > 0 for all points p € 0Q2, then
u>0inQ.
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Proof. Our conditions on the boundary guarantee that all the arguments are focused
on the interior and then the argument is the same as in the proof of the maximum
principle by Gursky and Malchiodi. For completeness, we present the proof.
We define the function
u,=10—-1)+xru
for A € [0, 1], so that ug = 1 and u| = u. We assume
minu <0.
Q
Then there exists Ay € (0, 1] so that

Ao = min{A € (0, 1], minu; = 0}.
Q

By definition, for 0 < A < Ag, u; > 0. For the metric

4

gGo=u; g,
the Q-curvature satisfies
Qg >0 in€2,
for 0 < A < Ag. That follows from the conformal transformation formula
2 - 2 -
Q,, = n—4u’\ " Pouy, = muk (1= A) Py (1) + APyu)

2 —ntd n+4

2 (=0 SR 4P = (1 =2 Qun, " 20,

Under the conformal transformation, the scalar curvature of g, satisfies

- 4(n—1) 8(n — 1) |Veu;)?
ng =u, 4<_nTAguk— (n_4)2 s —|-Rglxt)L
_=n 4n—1) 8(m—1) A2|V,ul|?
— n—4 _—)\‘ _ g R
. ( n—a O T i aye (I—K)+)»u+ gt

o 4n—1 8(n—1) A|Veul?
H(_ (=1, (n—1) AVgul +ngu)

> _
=" n—a4 T T

n
—7
:A(i)" Rg >0
up

on 02 for 0 < A < Ag. Then by Lemma 3.1,
Ry, >0 in £,

for 0 < A < Ag. Again by the conformal transformation formula of scalar curvature,

n—4 .
Aglxl)L < nguk in .
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By taking limit A ' Ao, this also holds at A = Xy. But
Uy =1 —-A)+iu=>0

on <2 for 0 < A < 1. By the strong maximum principle, uy, > 0 in &, contradicting
our choice of Ag. Therefore, forall 0 < A <1,

u; >0 in Q.
In particular, # > 0 in . ]

Theorem 3.3. Let (M", g) be a closed Riemannian manifold of dimension n > 5
with R, > 0, and also Qg > 0 with Q¢(po) > 0 for some point py € M. There
exists C > 0 such that if there exists a sequence of positive solutions {u; };’il of (1-2)
such that

M; =u;j(x;) = sjldlpuj — 00
as j — 0o, then
(3-2) uj(p) = CM; 'dy ™" (p, x))

forany p € M such that dy(p, x;) > M; —2/(n=4)

Proof. To prove the theorem, we only need to show that there exists C > 0 such
that for any blowing-up sequence, there exists a subsequence such that (3-2) holds.

For each j, let x = (x!, ..., x") be the corresponding normal coordinates in
a small geodesic ball centered at x; with radius 6 > 0 and x; the origin. Let

y= Mz/(" Y x and the metric /; be given by (h;) g (¥) = 8pa(M; SO0 Let
L
v (y) = M uj(exp,, (M; " 4)’)) for [y| <M.
Then,
0 < vj(y) <vj(0)=1,
Py ) =220 for [yl < sm) ",

Here h; converges to the Euclidean metric on R" in C ¥ norm for any k > 0. By
ellipticity, we have, after passing to a subsequence (still denoted as {v;}), v; = v

in C}} (R"), and v satisfies

05v(y)<v(0)=1 in R",
(3-3) 5 .
Av(y) = —Qv(y)" S iR
Also, since Ry, > 0 and R (MO g > 0 (by Theorem 2.1) on M, by the conformal

transformation formula of scalar curvature,

n
Ahj v < mth ;.



130 GANG LI

Passing to the limit we have
Av(y) <0 inR".

By the strong maximum principle, since v(0) = 1, we have that v(y) > 0 in R™
Then by the classification theorem of C.S. Lin [1998], we have

n—4

1 2
= —FFFF in R",
v0) <1+4—1|y|2) "

We will abuse the notation with v(]y|) = v(y). Thus, for fixed R > 0, for j large,
n—4

i 1 2 N
E(m) MJSMJ(CXPXI(X))SMJ for |X|SRMJ 4.

For any € > 0, there exists jy > O such that, for j > jo,
[vi—vlcs <€ for|y| <2.
We define ¢; : M — {x;} — R as
i (p) =u;j(p) —TM; ' Gy, (p),

with Gy, (p) = G(x;, p) the Green’s function of the Paneitz operator and 7 > 0
a small constant to be chosen. We will use the maximum principle to show that
for €, T > 0 small,

¢i>0 inM—-B —2/(n—4)(xj) for j > jo.

Here, we denote by B M= (xj) the geodesic M, ~2/0=9 _ball centered at x;j in
(M, g). If this holds, we ' will choose {uj}j>j, as the subsequence and the theorem
is proved.

It is clear that
n—4 =~ )
TQ ™ >0 inM-— BMj—Z/(n—4)(Xj).
To apply the maximum principle, we only need to verify the sign of ¢; and the
related scalar curvature on 0 B Mj;z/<n74> (x;).

_2
First, for |x| =M f "+ we choose € small so that for j > jo,

Popj = Pguj =

2
uj(exp,, (x)) = Mjv; (M~ x) = Jv(1) Mj;

while by (2-3),
MG, (exp,, (x)) < C4M;.

We take T < v(1)/(4C4). Then
$; >0 on BBM]__z/(n_4) (xj) for j > jo.
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Now let g; = ¢;/" Vg, in small neighborhood of 3B h 0
ow let gj = ¢, gj in small neighborhood of 9 B,/ (x;) where ¢; > 0.
By conformal transformation, '

—a( 4n—1) B(n—1) |Vegps |
Ry = ¢ (— Th—a S0 Ty fpjj +Rg¢j>’

Note that R,¢p; >0 on dB V=24 (x;). We only need to show that
J

4(n—1)

v 12
(3.4) — 2 |Vl
n—4

Recall that

2 |Veul? 1+ 2 Vil
(Aguﬂ-r— ;T Ahjv.i"‘nTj—. :

I
<

uj 4 v
Also,
2 Va2
A v; R
(h’J+”—4 vj .
\Y%
—><Av+ 2 | vl)
n—4 vy

2 4=y 447"y
—4 (E+aEe

=24 —n)(yP+H72(yPP+2n) +200 —H(y> +4) 2 |y)?
=4n(4—n)(|y|2+4)_% <0 at|y|=1.

=2@—nxwﬁ+®*ﬂwﬁ+2m-+n

Then we can choose € < [v|¢4 (g, (0))/100". Combining this with the fact that
DG (@)l < Crdy " (p,q) for0<k <4,

for any distinct points p, g € M with constants Cy > 0 independent of p and g, we
have that there exists T > 0 only depending on Cy and € so that

= +4 Av

er_1|Angj(expxj(Mj_my)ﬂ < _M] 42n + 1)’ and
V.12 1+-4 [Vvl?
Wb gy st V8 for s

b
Therefore, (3-4) holds for j > jy, which implies

Rgi >0 on 3BM.72/(n74) (x;).
: j

By Lemma 3.2, ¢; > 0in M — B,,-2/0-4 (xj). Recall that € and 7 are chosen
independent of choice of the sequence. This completes the proof of the theorem. [J
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4. A Pohozaev type identity

In this section we introduce a Pohozaev type identity related to the constant Q-
curvature equation. It will provide local information on the solutions in later use.

Let (M", g) be a closed Riemannian manifold of dimension n > 5 with R, > 0,
and Q, > 0 with Q¢ (po) > 0 for some point pg € M. Let u be a positive solution
to (1-2). For any geodesic ball Q2 = Bs(g) in M with 2§ less than the injectivity
radius of (M, g), we let

be the geodesic normal coordinates centered at g so that g;;(0) = §;; and the
Christoffel symbols Ff‘j (0) = 0. In this section, the gradient V, Laplacian A,
divergence div, volume element dx, area element ds, o-ball B, and

2= (D)2 ")

are all with respect to the Euclidean metric. Define

Pu) = / (x -Vu+ n_4u> Audx
Q 2

= f [”;4 div(uV(Au) — AuVi)
. +div((x - Vu)V(Au) — V(x - Vu) Au + %(Au)zx)] dx

— d d
= / n—4 (u—(Au) - Au—u)
IR 2 av av

+ <(x . Vu)aa—v(Au) — (%(x -Vu)Au + %(Au)zx . v) ds,

where v is the outward-pointing normal vector of 9€2 in the Euclidean metric. Then
using (1-2), we have

—4 2 n—4
P(u):f x-Vu+ 2"y (A" = Pyu+(x-Vu+ u) P,udx
A 7 )87 = Pt 7o)
:/(x-Vu+n_4u)(A2—Pg)u+n_4Q(x-Vu+n_4u)uﬁdx
o 2 2 2
- —4)? _ ,
:/<x-w+” 4u>(A2—Pg)u+(n "5 divuix) dx
Q 2 n
- —4)? _ ’
:/(x Vu—l—n 4u)(A2—Pg)udx—|—(n ) Q/ (x-v)un%*dx.
Q 2 4n a0

Using (1-1), we have
(A? = Ppu = (A* — A)u +divg(an Ryg — byRicy) Vou — n—4

> Qgu.
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Since I'f;(0) = 0 and g;;(0) = 8,
(A* — AYu
= (898N ,V,V;V; — gP g VEVEVEVEu
= (8718Y — g"g" )V, V, ViVju+ O(Ix])|D*u| + O (1)| D*u| + O (1)| Du|
= 0(Ix[)|D*ul + O (x)|D*ul + O (1)| D*u| + O (1)| Dul.

It follows that there exists C > 0 which depends on |Rm| =), |Qg¢lcn) and
[Ricg |1 () such that

(4-1) (A% — Po)u| < C(|x*|D*u| + |x| |D?ul + |D*u| + |Du| + u).

5. Upper bound estimates near isolated simple blowup points

In this section we perform a parallel approach of [Li and Zhu 1999] to show the
upper bound estimates of the solutions to (1-2) near an isolated simple blowup
point; see Proposition 5.3. We start with a Harnack type inequality near an isolated
blowup point.

Lemma 5.1. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <9
with R, > 0, and also Q¢ > 0 with Q4(po) > 0 for some point py € M. Let {u;} be
a sequence of positive solutions to (1-2) and x; — x be an isolated blowup point.
Then there exists a constant C > 0 such that for any 0 < r < % and j > 0, we have

(5-1) max uj(q) <C min uj(q).
q€By (xj)—B;2(xj) q€By (xj)— By j2(xj)
Proof. Let x = (x', ..., x™) be the geodesic normal coordinates centered at x;. Here

8 > 0 (see Definition 1.3) and 2§ is less than the injectivity radius. Let y = !x.

Define
n—4
T

vi(y) =r % uj(exp,, (ry)) for|y| <3.

Then by (1-5),
—_n-4
vi(y) <Cly|” 2 forly| <3,

v <37C  forl <yl <3
We denote
Qp = B3y (xj) — Bz (x;).

By the Green’s representation,

n—4 —4 %) n—4 n+4
Fuytexpy 9 =2 [ Gle, ) @ V0

vi(y)=r >
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_(n-40 24(/Q(;(expxj(;»y),q)uj(q)ﬁj dVe(q)

2
+/ G(eprj(ry),q)uj(q)ﬁdVg(q)).
M-Q,

We claim that for > 5=z 2 if

—4 %) n—4 n+4
(52 oy =2 x%ﬁ | G . aviio)

then there exists C > 0 independent of j, x;, r and y, such that for any ﬁ <lz| < ?2,
(5-3) vj(2) = Cvj(y).
In fact, by (2-3), there exists C > 0, such that

G(exp,, (ry), q) = CG(exp,,(rz), q)

for g € M — 2,. Therefore,

—4 %) n—4 n+4
30 () < %ﬁ / G(expy, (ry), @uj ()= dVy(9)
M-,

<Cr'2 / G(exp,, (rz), Q)uj(q)—* dVg(q)
M-,
< Cv;(2).

This proves the claim.
We denote

C={yeR", 3 <lyl <2, sothat (5-2) fails for y}.
We choose =<yl <= w1th

v (y) = % sup v (2).
5/12<z|<12/5

If y ¢ C, then using the claim, we are done. If y € C, we will prove that the Harnack
inequality (5-1) still holds.
By Holder’s inequality,

—4 %) n+4
wexpy () =2x 2 [ Glexp, ), @) aVi(@)
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< (-0 ( | 6w, e.0r dvg<q>>

1
n+4 B
y (/Q uj(q)wﬂdvg<q>)

1

< C(a)yr* e ( fQ u(g)nsP dvg(q))ﬁ

=

< Cla)yr*"ti (375 ")Ti(lfa)(/ uj(q)'n’%i dVg(q)>
Q

=~

( C4(4r)" G (exp,, (r2), Q)u, ()" dV, (61))

1

< Clayrtri (3t B)r'%“u,(expxj(rz))%

==

_ C(, @ D03, (exp,, (r2)

for any % <lz| <3,where 1l < < n”j, $+% =1 such that 8 > . Here we have
used (1-5) and (2-3).
Since

n+4 n

>
n—4 4

for5<n<9,wesetf = ”+4 and obtain
(5-4) uj(exp,, (r2)) = C(C.n) r* uj(exp, (ry)) s
(5-5) > C(C,n)r* (27 uj(g)" s,

for all ¢ € By2,/5(xj) — Bsy/12(x;) and % <|z| <2, where 5 <n <9.
For any % <lz| <2,

(5-6)  |Vyujl(exp,, (r2)

M
[V G (exp,, (r2), @) u;j(q)—*dV,(q)
Bi2r/5(xj)—Bsyj12(x))

n+4
IV, Gexp,, (r2). @)1 (q) = d V¢ ().

2 M—(B1ar)5(xj)— Bsyy1a(x;))
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Note that for % <|z] <2,
(5-7) u; (expxj (rz))
n—4_
>

B 2 /M—(Blzr/s(x_/)—BSr/lz(Xj))

n+4
Vg G(exp,, (r2). @) uj(q)i= d Ve (q),

G(exp,, (r2). q) uj ()" dVe(q)

>Cr

/M—(Blzr/s(Xj)—BSr/lz(J(f))

for a uniform constant C independent of j and the choice of points, where for the
last inequality we have used (2-1).
Combining (5-4), (5-7) and (5-6), for % < |z] <2 we have the gradient estimate

|V, log(u; (exp,, (r2)))|
IV (expy, (r2))|
— uj(exp,, (r2))
1 n—4 =
U (expxj (rz)) 2 Biar5(xj)—Bsy/12(xj)
1 -4 =
+uj(expxj (rz)) 2 0

LM
X [VeG(exp,, (rz), @) uj(q) = dVg(q)
M —(Bi2r/5(xj)—Bsr12(x;))

ntd
VG (exp,, (r2), q)| Mj(Q)”t“ dVe(q)

n—4 = o1 4o
7 ¢ VoG (exp,,(r2), )| C(C.n) ™' r #2755 dV,(q)
Bia/5(xj)—Bsr12(x))

+Cc 1!

IA

< C(E, n)(r3r_4+r_1)
=C(C,m)yr ',

where C(C, n) is some uniform constant depending on C, the manifold and 7. For
any two points p, g € By, (x;) — B, 2(x;), by the gradient estimate,

uj(p) < CCmrd(pg) < GAnCECom) |
u;j(q)
This completes the proof of the Harnack inequality. U

Next we show that near an isolated blowup point, after rescaling the functions
u; converge to a standard solution to (3-3) in R".

Lemma 5.2. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <9
with Rg > 0, and also Qg > 0 with Q4(po) > 0 for some point py € M. Let {u;}
be a sequence of positive solutions to (1-2) and x; — X be an isolated blowup point.
Let M; = u;(x;). Assume {T;}; and {€;}; are any sequences of positive numbers
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such that T; — +oo and €; — 0 as j — oo. Then after possibly passing to a
subsequence uy; and xy; (still denoted as u; and x;),

_ -2 _ _nd
(5-8) 1M uj(exp (M; ")) = (1 +471yP) 7T llescayy)

_ 2
1My expy (M) 7 3) = (U447 DT sy, ) <6

and
(5-9) I 50 asj— .
log(M;)
Proof. Let x = (x', ..., x") be geodesic normal coordinates centered at x;,

y = r~!x and the metric &1 = r~2g be the rescaled metric such that (A Dpg(Y) =

(gj) pg(ry) in normal coordinates. Define

2

v (y) = M; 'uj(exp, (M, ) for [y <8 M.

Then v; satisfies

2

(5-10) Pyvi(y) = 2 " for ly| < M,
(5-11) v;(0)=1, thvj(O) =

— n— 2
(5-12) 0<v() =Cly|”"T for|y| < sM;".

We next show that v; is uniformly bounded. Since Rh > (0and R 4/(n 9y > Oon M,
by the conformal transformation formula of the scalar curvature,’

(5-13) Apvj <

where Rjp; — O uniformly in |y| < 2 as j — oco. Then the function 7;(y) =
(14 |y~ v (y) satisfies

Apmj+ Z br(y)okn;(y) <0,
k=1

in |y| < 2 with some function by (y). By the maximum principle,

(5-14) n;(0) > |ilnf nj(y) forO<r=<1.
y|=r

By the Harnack inequality (5-1) in Lemma 5.1,

(5-15) |mlax vi(y) <C ‘n‘nn vi(y) forO<r <1,
y =

where C is independent of r and j. The inequalities (5-14) and (5-15) immediately
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lead to
max v;(y) < C mln vJ(y) <Cvj(0)=C forO<r=<1.

lyl=r

Combining this with (5-12), we have for |y| < & Mz/ (=4

vi(y) =<C,

with C independent of j, y and r.
Standard elliptic estimates of v; imply that, after possibly passing to a subse-
quence, v; — v in Cﬁ)c in R" where, by (5-11) and (5-13), v satisfies

4— n
A2u(y) = —Qvni Av(y) <0, uv(y)>0, foryeR",

v(0)=1, Vv() =

By the strong maximum principle, v(y) > 0 in R". Then the classification theorem
in [Lin 1998] gives

v(y) = (1+47 D77 0
Remark. From Lemma 5.2, we can see that the proof of Theorem 3.3 still works

at the isolated blowup point x; — x. Therefore, there exists C > 0 independent of
J > 0 such that for any isolated blowup point x; — X,

uj(q) = Cuj(x;)~"'dy "(q. x})
for any g € M such that d,(q, x;) > u; (xj)_z/("_4).

We now state the upper bound estimate of u; near the isolated simple blowup
points.

Proposition 5.3. Let (M", g) be a closed Riemannian manifold of dimension 5 <
n<9with R, >0, and also Q4 >0 with Q4(po) > 0 for some point po € M. Let {u;}
be a sequence of positive solutions to (1-2) and x; — x be an isolated simple blowup
point. Let 81 and C be the constants defined in Definition 1.4 and (1-5). Then there
jiizi;afonstant C depending only on 81, C, ||Rg||cl(351()E)) and || lelcl(le(j)),

_ _ 81
(5-16) uj(p) = Cuj ()~ dy(p.x)* ™ for dy(p.x)) < 5.
for 81 > 0 small. Moreover, up to a subsequence,

(5-17) uj(xjuj(p) —» aG(x, p)+b(p) in Cltc(Bgl()E) —{x}),

where G is the Green’s function of the Paneitz operator P,, a > 0 is a constant and
b(p) € C4(Bgl/2()2)) satisfies Pgb =0 in Bs, 2(x).
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The proof of the proposition follows after a series of lemmas.
We first give a rough estimate on the upper bound of #; near the isolated simple
blowup points.

Lemma 5.4. Under the condition in Proposition 5.3, assume T; — oo and 0 <
€ < e~ i satisfy (5-8) and (5-9). Denote M; = u;(x;). Then for any small number

O<o < ﬁ, there exists 0 < 8, < 81 and C > 0 independent of j such that
(5-18) M}uj(p) < Cdy(p, x)* "7,
(5-19) M} VEuj(p)| < Cdg(p. xp)* "7+,

A= < do(p, xj) <8y and 1 <k <4, where A =1—:%50.

Proof. The outline of the proof is from [Li and Zhu 1999], while the use of
our maximum principle here is more subtle. Let x = (x!, ..., x") be the geodesic
normal coordinates centered at x; for d, (p, x;) < 4. Let r = |x|. For any é, € (0, §;)
to be chosen, let

forany p in Tij_

2

Q={peM, T;M; " <di(p,xj) <5}
We want to use the maximum principle to get the upper bound of u;. Before the
construction of the barrier function on £2;, we first go through some properties
of u e
From Lemma 5.2, we know that

__2
(5-20) uj(p) <CT™"M; fordy(p,x;) =T;M; ",

and there exists a critical point ro of i;(r) defined in (1-6) in 0 < r < T; M j—z/ ("_4);

moreover, for r > rg, i;(r) is decreasing. Using the assumption that X is an isolated
simple blowup point, i; is strictly decreasing for 7; M ;2/ = < 81. Therefore,
combined with the Harnack inequality (5-1), for p € ; we have

n—4 _
dg(p,xj) Z uj(p) <Cu;j(dg(p, X))
n—4 2
= 1= T a4
§CTJ-2 Mj uj(Tij 4)

n—4
2

—1pd4—n
<CT,” M7'T} "M,
n—4
_ T2
= CT/
This leads to
__2
(5-21) ui(p)it < CT *dy(p.xp)™ for TM; " <r <81

We now define a linear elliptic operator on £2;,

n—4 = 8

Lip = Py — TQqu“T“qb for ¢ € CH(Q)).
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Therefore
Ljuj=0 in ;.
Set
= o — ~lt+3250 —n+d+o
@i(p) =BM;85d,(p, x;) +AMJ. dy(p, xj) , pE;,

where A, B > 0 are constants to be determined, 0 < o < W%o and

1\7Ij= sup  uj 5582_
dg(p,xj)=62

n—4
2

There exists C > 0 such that form >0, 1 <k <4,andany p € M fixedandq € M
with d,(p, g) < 8> and &, less than the injectivity radius, we have

(5-22) |Didy(p.q) ™" < Cmbdy(p. )™ "
It is easy to check that there exists 6, > 0 independent of j so that in €2;,
|(Py — AIx| 771 < 100~ Py (|x |77,
[(Pg — AD x|~ < 1007 | Py (x| " +4+7)),

where |x| =d,(p, xj) and Ay is the Euclidean Laplacian in the normal coordinates.
It is easy to check that forO <m <n—4 and 0 < r < &y,

(5-23) —Aor ™™ = —m(m +2—n)r "2 >0,
(5-24) A2r " =m(m +2 —n)(m +2)(m+4—n)r " > 0.
But for p € Q;, by (5-21),

n—4
2

— 8 _ n—4_ 4
Quj(p)=ir™" < ——QCT;*r ™"~
Therefore,

ngDj >0 in Qj,
for j large. By (5-20), for A > 1,

2

(5-25) uj(p) < ¢i(p) fordy(p,x;) =T;M; "*.
Also, for B > 1,
(5-26) uj(p) <pj(p) fordy(p,x;)=0.

We now want to check the sign of the scalar curvature Ry, ., y4/a-4, near 9€2;. By
the conformal transformation formula, it has the same sign as

8 —1) [Vg(g; —ul?
(n—4> (¢ —u))

4@ —1)
—4

Ag(fpj_uj) +Rg(g0j—uj).
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Combining (1-5) and the standard interior estimate of (1-2), we have, for k =1, 2,
k —nd g

(5-27) |Dguj(p)l < Cdg(p, xj)~ 2

for some constant C independent of j and any p € ;. It is easy to check that for
O<m<n-—4,

2 \V/ —m |2 2 2
(5-28)  Aglx|™" + VolxI™ =(mm+2—-—n)+ " x|~ 2
n—4 |x|™™ n—4
:m(n—2)(m—(n—4))|x|_m_2<0.
n—4
Also, note that for any positive functions ¢;, ¢, € C2,
2 Vo1 +¢)I?
(5-29) Ao(¢1+¢2) +
A I R
2 Vo) 2 Vo)l
<lA _ A _— ).
_(0¢1+n_4 py + 0¢2+n_4 .

Here we have used the fact that for any four positive numbers a, b, ¢, d > 0, we

have
2cd bc? ad?

< +
a+b ~ ala+b) bla+b)

so that

(c+d)?  c*+2cd+d? - 2 d*
a+b a+b T a b’

Using (5-25)—(5-29), we can choose A, B > 100" (1 + C) independent of j and ¢

with C > 0 in (5-27) so that

530) —4 =D,
(5-30) T4 ¢(tw;j —u;)

_ 8(n— 1) [Vg(ty; —u))|?
(n—4?2  (toj —uj)

for all t > 1. Now for t > 1, we define

+ Ry (tj —u;) >0 ond;,

¢j(p) =tgj(p)—u;j(p), peQ;.

Then

n—4 .
(5-31) 0= Ljgj = Pyj——— 09 inQy.
If
(5-32) ¢} =¢j—u; >0 ingQ;,

then we are done. Otherwise, since £2; is compact, we pick the smallest number #; > 1
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so that ¢;’ > 0. Therefore, by (5-31)

(5-33) P ¢> > —Q¢
Combining (5-25), (5-26), (5-30) and (5-33), the maximum principle in Lemma 3.2
implies

¢/ >0 inQ;,
contradicting the choice of #;. Therefore, (5-32) holds. Now for p € 2;, we use
Lemma 5.1, monotonicity of i;, and apply (5-32) at p to obtain

n—4 __
8, Mj < Ciij(82) < Citj(dg(p, x}))
n—4 — _ -
< Cdy(p, x}) T (BM;85dy(p, x;)) ™" + AM; *dy(p, x;)* ).
Here % > o. We choose p with dy(p, x;) a small fixed number depending

on n, o, 6, to obtain
M;j < C(n,o0,8)M;*.
The inequality (5-18) is then established from (5-32), and by the standard interior

estimates for derivatives of u;, the lemma is proved. ([

Lemma 5.5. Under the assumption in Proposition 5.3, for any 0 < p < §,/2 there
exists a constant C(p) > 0 such that

limsup max u;(p)M; < C(p),

j—00 PEIB, (x))
where M; = u;(x;).

Proof. By Lemma 5.1, it suffices to show the inequality for some fixed small
constant p > 0.
For any p, € dB,(x;), we denote &;(p) = uj(pp)*luj(p). Then §; satisfies

gé](p) —Qu](p,o)" 45}(1’)" 4

For any compact subset K C Bg, >(x) — {x}, there exists C(K) > 0 such that for j
large,
C(K)'<& <C(K) inK.

Moreover, by Lemma 5.1, there exists C > 0 independent of 0 < r < §; and j such
that

(5-34) max uj <C inf u;
By (x;)—Byj2(x;) By (xj)—By2(x;)
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By the estimate (5-18), u;(p,) — 0 as j — oo. Therefore, by the interior estimates
of &;, up to a subsequence,

£ — & in Cp (Bs,n(X) — {¥)),

with £ > 0 such that
P,é =0 in Bs,n(x) — {x},

and & satisfies (5-34) for 0 < r < 8,/2. Moreover, for 0 < r < p and &(r) =
9B 17" 5,0 § A

Jim 1;(py)”! P =T EC).

Since x; — X is an isolated simple blowup point, r*=/2& (r) is nonincreasing in
0 < r < p. Therefore, x is not a regular point of &.
Recall that
4(n— 1) n-2 n=2 42

)14 n— n—
+RM —R4 —4
n—2 /(n— )gj

[N]

> 0.

Passing to the limit, we have

4n—1) =~ 2 12
— — Ag§/1—4 +Rg§n—4 >0

(5-35)

in Bs,»(x) — {x}.
By Corollary A.5, for p > 0 small, there exists m > 0 independent of j such that

for j large,

(5-36) BM( PE-"210.8) av,

0
_ anRy—& —by,Ric, (V. &, v))) d
ABp(x/ <8U géj ( gavsj ng( géj U))) Sg

a 9 .
:/83/,()(/ (31} Agb = ( %g_bancg(vgé’V)))dsg—i-o(l)>m,

On the other hand, nonnegativity of Q, implies

(5-37) ( 2&j — Qg%)
Bp(x))

n—4 _1 nt4
=/ " Gy ()
B, (x))

n—4 _— _ ntd
Qf uj(pp) 'uj(p)n= dV,.
Bp(xj)

) v
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Using (5-8) and €; < ¢~ 7/, we have

/ u "t dvy <CM;,
By 2= )
J

while by (5-18) we have

n+4

_ _ ntd
/ u]f”4 dV, < C/ (M; Adg(p,xj)4 oy u—a
Bp(xj)_BTj Mj—Z/(n—ét) () Bp(Xj)—BTj M;Z/("*“) ()

T 0 _j 4

S C(TVJMJ n—4)74+ﬁ()’Mj )‘/1—4

e -1

_Tj Mj _o(l)Mj .
Therefore,

n+4
(5-38) / wi " dvy<cm;.
B, (x))

Lemma 5.5 follows from (5-36)—(5-38). [l

Proof of Proposition 5.3. Suppose (5-16) fails. Let M; = u;(x;). Then there exists
a subsequence u; and {p;} with dg(p;, x;) < /2 with § in Lemma 5.4 such that

(5-39) uj(pj)Mjdy (pj, x;))"* — oc.
By Lemma 5.2 and 0 <¢; < e~ 7T,
= )
TiM; " <dg(pjs xj) < -
For each j, let x = (x!, ..., x") be the geodesic normal coordinates centered at x;.

Denote y = dj_lx where d; = dy(p;, xj). We rescale:

n—4

vi(y) =d;* ujlexp, (d;y), |yl <2.

Then v; satisfies

n—4 _ n+d
Ppvi(y) = Tij()’)"*“, ly| <2,
where h; = d;zg so that (h;) pq () = (&) pg(d;y). The metrics h; depend on j. But
since d; has a uniform upper bound, the sequence of metrics stays in compact sets
of Ck* with k > 4 large and all the results in Lemma 5.5 hold uniformly for j.
Also, the conclusion of Lemma 5.4 is scaling invariant. Note that the metrics ;
converge to a metric 4 in C*% with k > 4, and hence the Green’s functions of
Paneitz operators Py, converge to the Green’s functions of Paneitz operators Py,
uniformly away from the singularity. In particular, if d; — O then h; converges
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to a flat metric on B,(0) so that in the proof of Proposition A.4, G(p, x) will be
replaced by c,|y|*™" in Euclidean balls with ¢, in (2-1). Therefore, Lemma 5.5
holds for v;, and hence

|mlaevi v;(0)v;(x) < C,
x|=

which shows that
M;u;(pj)dy (pj, x))* ™" < C,

contradicting (5-39). We have proved (5-16) in Bs,/2(x). By Lemma 5.1, the
inequality (5-16) holds in Bj, (X).

The same properties for &; in Lemma 5.5 now hold for M;u; in Bs,,>(x). Up to
a subsequence

Mjuj — v in Ci.(Bs, (X)),

and
P,v=0 in Bs,/p(X).

By the remark on page 138, v > 0 in By, »(X). Since x is an isolated simple blowup
point, the same argument in Lemma 5.5 shows that 7 "~%/23(r) is nonincreasing for
0 <r < 85/2, where v(r) = |3 B, (X)| ™! fBB,()'c) vds,. Combined with the Harnack
inequality, it implies that v is not regular at x. Also, v satisfies the condition in
Proposition A.4. By Proposition A.4, we obtain (5-17). This completes the proof
of Proposition 5.3. U

As an easy consequence of Proposition 5.3 and by the standard interior estimates
of the elliptic equation (1-2), we have the following corollary:

Corollary 5.6. Under the condition in Lemma 5.4, there exists 8, > 0 independent
of j such that for TiM; "™ < d,(p, x;) < 65,

(5-40) IViu;(p)] < CM; Hdy(p, x)* ™" for0 <k <4,

where M; = u;j(x;), and C is a constant independent of j. For each j, let x be
the geodesic normal coordinates of (2, g) centered at x;. Then there exists C > 0
depending on |g|c3(q) such that for any fixed r < 8,

n —_—
/ (X . Vl/tj =+
de(p,xj)<r

where 0(1) — 0 as j — oo.

4
=CM; r=ated

(5-41)

4 2
uj | (A" — Pyujdx

Proof. Inequality (5-40) is a direct consequence of Proposition 5.3 and standard
interior estimates of the elliptic equation (1-2). We will next establish (5-41). Note
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that 0 < ¢; < e~ 1. Using the estimates (5-40), (5-8) and (5-9), and recalling the
error bound (4-1), we have

/xlsTj M

< C(xl1Duj(x)] +u;j(x))
e|<TyM; 200

dx

n—4 )
x~Vuj+Tuj (A" = Pg)u;

x (IxI|D*u; (x)| + |x| |D?u; (x)| + | D*u; (x)| + | Duj (x)| +u;j (x)) dx

“ly )~ ="
=C My(L+47 D M +47 )y M M dy
[VI<T;
_4 .
:CMJ ’14/ (1+4—1|y|2)3—n dy:CMj =z to(1)
IVI=T;
and

—2/(n—4
/T/Mj / )§|x|§r

< / —2/(n—4) C(|x| |Duj(x)| +uj (x))
M

]- <lx|=r

dx

x-Vuj+Tuj (A —Pg)uj

x (IxI2|D*u; (x)| + x| |D*u; (x)| + | D*u; (x)| + | Duj (x) +uj(x)) dx

<C / Mj_2|x|6_2” dx
M2 < x| <r

4
=CM, wate®

k]

where o(1) - 0 as j — oo and C > 0 is a constant depending on |g|¢3(q). Therefore,

/lefr

where C > 0 is a constant independent of j and o(1) — 0 as j — oo. ([

—4 100 2
dx < CM, o) for T; M, <y

x-Vuj+ Tuj (A" — Py)u;

For n > 6, a better estimate is needed in order to cancel the error terms in the
Pohozaev identity. By (5-8),

4 o 2
uj(exp,, (1) <2M;(1+47 "M [xP)™'T  for |x| < T;M; .
Combining this with Proposition 5.3, we have
4
)

uj(exp,, (x)) < Cmin{M;(1+47"' M x|, M x|t

_4 e
<CMA+47""M " xP)* T for x| < &
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2/(n—4)

For n =6 and TJ-MJ._ <r,

/IXIir
For n > 7 and Tij_z/(”_4) <r,

/|x|§r

For the term sz f|x|sr |0, (uj. + |x| |Duj| u;) dx with r > 0 fixed,

2/(n—4
_/(n )r 2(n—6)

M
dxfo L MM Pl
1

x-Vuj+ Uj (A —Pg)uj

__4 2
<CM; ™ In(M] 7).

2/(n—4
My 2(n—6)

dxsc/’ MMy dly|
1

—4

Mj)(Az—Pg)Mj

n
(x-Vuj—i—

__4
<CM, =

rM'Z/(n74) 2n
J _ - _
M} | Q| (ui+Ix||Dujluj)dx < CM; M|y M, "y d )y
[x|<r 0
0 YA
<CM2‘"-4/ L)l
=CM; A y -
For n =6,
M].Z/ |Qg|(u]2+|x||Duj|uj)dx§Cr2.
[x|<r
Forn =7,

Mj?/ |Q¢| (u? + |x| | Duj| uj) dx < Cr.
|x|<r

These are good terms. For later use, estimates on the error term

2
Mj /
[x|<r

are needed for n > 6.

For manifolds (M", g) of dimension 5 < n < 7, to estimate the error terms
and to analyze the expansion of the limit function of M;u; at the singular point,
we have to work with the conformal normal coordinates. Let u; be a sequence
of positive solutions to (1-2) with isolated blowup points x; — x. For each j,

dx

n—4 2
x-Vu;+ uj |(A”— Pyu;

let x = (x!, ..., x™) be the conformal normal coordinates centered at x; with the
corresponding conformal metrics g; = ,0;‘/ (=9 g constructed in [Lee and Parker

1987] such that
det((g)) pg (X)) = 1+ O0(|x|™),
4/(n—4)

with some large number N, say N = 10n. We define g; = p; g globally on M
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4/(n

by replacing the coefficient p; Y with (mp;+(1— m)* =4 which is still denoted
4/(n—4)

as p; for simplicity, where n is a cut-off function supported in B, (x;) under
the metric g and n = 1 in Bs,;(0)(x;). Recall that p;(x) = 1+ O(|x|?) for |x]|
small. Since x; — X, by the construction of the conformal normal coordinates,
pj(x) = p(x)in C N (M) with g0 = pt/ (=4 g the conformal metric corresponding
to the conformal normal coordinates centered at x. Let it; = p]flu ;. Then

satisfies the equation
n—4 _,
5 Qu; on M.

Pguj =

Let
M =it (xj) = uj (x;) pj (x) "

2/(n 4) 4/(n 4)

We define the scaled coordinates y = x. Leth; =

M_lvj(M 2/(n= 4)y). Denote
n—4
U =(1+4""y»H 7, yeR"

gjand v;(y) =

By the same argument as in Lemma 5.2, v; converges to Uy locally uniformly with
the control as in (5-8) and (5-9). We will use this notation in Lemma 5.7.

Lemma 5.7. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <7
with Ry > 0, and also Qg > 0 with Q4(p) > 0 for some point p € M. Let {u;} be a
sequence of positive solutions to (1-2) and x; — X be an isolated simple blowup
point. For each j, let x = (x', ..., x") be the conformal normal coordinates at X;

2/(n= 4)x Then there

with the corresponding conformal metric gj. Denote y = M:
2/(n— 4)

exist 8, > 0 and C > 0 independent of j such that for |y| < SJM

(5-42) v () — Uo(y)| < CM;?,

where Mj =11 (x}).

Proof. The proof is a modification of Lemma 5.1 in [Marques 2005].
Let s; = 8,M;"" " and

A = max |v; — Uol = [vj (y;) — Uo(yj)l,
[yI<s;
for some |y;| <s;.
We claim that if there exists ¢ > 0 such that |y;| > cM , there exists C > 0
such that (5-42) holds. To see this, observe that for |y;| > > cM 2/ , by (5-16),

2/(n—4)

vi(y) < Cly;[*" < CM; 2,

and therefore R
Aj<CM;>.

This proves the claim.
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Now assume |y; |1\A4j_2/("_4)

— 0as j — oo. Then for j >0 large, |y;| <s;/2. Let

wi(y) = A} () = Uo ().
Then w;(0) =0 and Dw;(0) =0
We will argue by contradiction. If (5-42) fails, then, as j — oo,
B )
Aj Mj — 0.
Let hj MY 9o Then w; satisfies th ti
= ] gj- w; satisfies the equation

2
Phjwj_bjwj:Hj, for |y|<52M 4

where _ _ B
(n _4)Q(U;n+4)/(n 4 Uén+4)/(n )

bj = > 0,
2(vj — Up)

Hi(y)=A _< Py Up+ —Q "4)=AJ-_1(—Ph,+A(2))Uo(y)

2

- A_i 9 L A_n—N — _n
= A7 (0,7 (1, T ) Uo(+81; N 0y (1447 )
Af%uw) _ o
+M, 0y M)yl (4T )
o(yIMy(1+471yH'2

n—=22(2+N)
n—4
+M,
0<|y|N)|y|<1+4—1|y|2>1—f)

+M75(3+N)

2

.8 n
= AN M, Qg (M T Ug(0)+M; =N oyMa+ B,
with N = 10n. By (5-16), for |y| <s;,
vj(y) <CUp(y) and bj(y) < cO(1+47Yy>™* for some constant ¢ > 0.

By the interior estimates of the equation

A8 L
Pg] M 4Phjwj 4(b w; + Hj),
we have

IV w; (D)1,
%

= CM " (Sllpl?l({S )2M2/<n 4 |wll + M Sup3| Lo, )2M2/(n H») |bj wj + Hj|)

~ _i 8 2A B N 8=2k |

=CM,; " 4+ T+ Iyl ) ) min{1, A (1—|—|y| )TH-CM.”‘4 A7

( ngJ(M Y)Uo(y)—i-M n=4 0(|y| )(1+4 |y|2)—g),

for |M; "2y <syand 1 <k < 3.
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For $(6) M7 "™ < |y| < 8,07 " ™. we have that [w; ()| < CM;*A; ", and
then by a bootstrapping argument we get the estimate

a2k
(5-43) IVEw; ()l = CM; M A

forl1 <k <5.
Since |w;| < 1, by the interior estimates of the equation

Phjwj = (bjw]‘ + Hj),

we have that
IVEw; (D), < C

2/ (n—4)

where |y| <6 M ; and 1 < k < 5. Therefore, up to a subsequence, w; — w

in Cﬁ)c([R{”). Moreover, H;(y) — 0 and w satisfies
n+4_ 8
(5-44) Atw(y) = ——QUo(»)Fw(y), yeR".

For any fixed y € R", by the Green’s representation, for j large,

w; () = /Q Gy (3. 2) Py ;) d Vi 2)

0 . 0
— / G, (y, Z)[EA’” w; — apRicy; (v, Vw;) —i—bnth%w]} dSh;
a0

d
QL

av
-1

. 0
+ aanch/‘ (U7 VGhj ()’, Z))wj - bnth wja_UGhj (ya Z)] dShj
= / Gy (v, 2) Pryw; (2) d Vi, (2) + O()M 2 A,
Q

av

0 0
81y Gy (3 Doy = == 81, Gy 0, z)wj] as,

as j — oo, where Q2 = {|z] < 82]\;[].2/("_4)} and the last equation is by (5-43). But
for any 8 > 0, there exists R(5) > |y| 4+ 1 > 0 independent of j such that

/ G, (3. D)1 Poyw; (| d Vi, 2)
QN{|z|=R($)}

- / G, (v, D)Ibjw;(2) + Hj (@) d Vi, (2)
QN{|z|=R(3)}

Bsz/(n | 4 1y,2)~4 1y
SC(y)f j2[*7" x ‘(1+z|z| ) wp A ATM T
R

Afﬂ n
+ATM N A+ 127 x 2l g
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oM"Y 3 0 R T
— — — —1 —
ERCIIIE e /7 A F
+AJ_1MJ_2(MJ )1—4|Z|)N*n+4lz|74)dlz|

J
<C(y)
R
2/ (n—4)
—16+2n

SoM:;
<cw) / T A
R 1A . _ —
£ AT T DNz dl

<CONR+AT'M?) <58

for j large and 5 <n <7.
Therefore,

(5-45) w( =y [ Iy=21"dfw@rdz="14e, [ y—2* "vo@ P u
RH Rn

Also, for |y| < %821\21.2/("_4), since |w;| < 1, we have

(5-46) |w;(y)|l= ‘/Q G (v, 2) Ppywj(z) dVi, (2) + O(I)Il;lj_zAj_1

_ ‘ / Gy (v 2 (byw; + Hy) d Vi, () + O(D M2 AT
Q

A . 2n—16
< c[<1+ DT A+ Iy + A TM7H M (1 [y )Y

P ~
+(Mj n4|y|)Nn+4+1)+Aj_1M/‘_2:|,

with N = 10n. Therefore, for 5 <n <7, there exists C > 0 such that for y € R",

lw)| < CLA+yD™ 4+ A+ yD*"].

Since v;(0) =1 and Dv;(0) = 0, we also have that w(0) = 0 and Dw(0) =0.
Now by Corollary B.5, w(y) =0 for y € R". Therefore, y; — oo as j — oo. But

then by (5-46), w;(y;) — 0 as j — oo, which is a contradiction with w;(y;) =1

for j > 1. This completes the proof of Lemma 5.7. ([

Remark. Using (5-42) and the equation satisfied by (v; — U;) instead of that of w;
in the proof of Lemma 5.7, there exists a constant C > 0 independent of j such that

VA = Ul = CM72 L+ 1yD 7
for |y| < 821\;1]-2/("_4) and 1 <k <4.

Corollary 5.8. Under the condition in Lemma 5.4, for each j let x = (x', ..., x™)
be the conformal normal coordinates of (X2, g) centered at x; constructed in [Lee
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and Parker 1987 ], and we denote g; as the corresponding conformal metrics so that
det(g;) =1+ 0@™),

where N = 10n. Then there exists C > 0 such that for any fixed r < &,,

. —4
(5-47)  lim M}/ <x.v»7,- +"—ﬁj)(A2— Py)ii; dx
J—>0 dgj(p,xj')fr 2

for5<n <7, whereiij = ujpj_l and Mj =1j(x;) are defined as in the paragraph

<Cr

preceding Lemma 5.7, N = 10n and g; = p;‘/(”—“) ‘
Proof. Let
~ Sl 2 Ay A
”J'(x):Mj (Jx] +Mj )z .
We denote
2 . n—4, 5 .
Aj(r)=M; x - Vi + ———iij | (A" = Py))it; dx,
dgj(vaj)Sr
and

Aj(r) =Mj2/

dg; (p.xj)=<r

. n—4_ 2 n—4 .
x-Vu;+ > uj |{ A —ng—l—Tng ujdx

for r < 6.
As in the discussion below Corollary 5.6, there exists a constant C > 0 indepen-
dent of j such that

. n—4, .
x-Vuj+——u; |Qgujdx
dy; (p))<r 2

for 5 <n < 7. Therefore,

M?

f <Ccr8”

|A;(r)—Aj(r)]

4.

<M} /u [(x.vaﬁ% ])(Az_Angrdivgj(anjogj—bnRicgj)vgj)ﬁj
X |<r

— <x.v;,j+ﬂgj) (A2 AL +divg (an Ry g —bnRicgj)vgj)zzJ] dx

5 +Crén

for some constant C > 0 independent of j. The change of variables y = M ].2/ =Dy

yields

v n—4, 2 2 . . v
x-Vu; + 7 u; (A - Agj +divg; (an Ry, 8; —bancgj)ng)uj
lx|<r

— <x Vit + ﬁj> (A% = A% +divg;(an Ry, 85 — bnRicgj)vgj)ﬁ‘,} dx
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- (o + by Y « [Wacdaaabaﬁaw
_| 2/ (n—4) J\ Y OykY;j 2 J ya Oyb OycOyd Uj
yI=M; r
— (/" ()38 + (3y087" (¥) — 381"8]" 0y (8))ab)y2)
k
X (g]?daycayd + (a)’cg;q - %g;dg;] ayk (gj)cd)ay’/)vj
. b
+ (an - %bn)Mj "74gfq(x)3yp Rg(x)ayq Uj(y)
.4 .
+anM; " Ry, (x)(gjm dyr yavj + (8yf8;q - %g;dg;-!kayk (8j)cd)dyav;)
.4
— buM; " Ricl (x)
x (ay" dyavj — %g;k (0yr (8j)gk + 0ya (&) pk — Dyk (8)) pq) dys UJ')]

AR n=d o it s [sabscdy 00,00
— M; | y o Up(y) + > Uy f X[ yadyb Oy dya Ug

B (gfb(x)aya Oy + (ay“g;‘lp(x) - %g;lbgfsays (8j)ab)dyr)
' k
X (g;day(' 8y¢l + (aycg;q — %g;dgjq 8yk (8j)cd)8yt1)Uo
N4
+ (an — 3bn) M; " 877 ()33 Ry (x)8ya Up(y)

4
~ -t . k
+anM; " Ry (x) (87 0,00,0 Uo(y) + (05 85" — 385 87" 0yt (8))ca) 9ya Uo)
a4
— by M; " Richd (x)
J A2
x (8yr dys Uo — 587" (yr (8))qk + ya (8)) pk — By4:(87) pg ) By UO)] }Mj "dy.

Then by Lemma 5.7, one can check that
1A () = Aj ()]

SCMJ‘Z/ ) [(|UJ(Y)—U0()’)|+|)’| |Dy (v — Up)l)
Iyl<pt/ "y

6
7 na 3—-
TR+
P a__4
+ 1Dy (0 = U M; " (1+ [yD* ™" + D3 (v — Uo) M, " (14 |y])* ™"

a2
x (M, A+ [y +

6

D3 = Uo) B, ™ (1 3+ [ dy + €75

<cr+Ccr¥ < cr.
Also, by the construction of conformal normal coordinates,

|A;(r)]

:M.Z/
J
lx|<r

. n—4_ 2 2 . . ~
x.Vuj—i-Tuj (A —Agj +d1ng (anjogj—bancgj)ng)uj dx
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2 ~ 4en yiat]
<cM: M;(1+|yD)*" M,
lyl<m/ "0y

a0
x [Mj TN+ )T
2n

PR g 2
+M] n_4|X|N_2(1+|y|)2_n+MJ n—4 |x|N—1(1+|y|)l—l’l} M] n—4 dy

2N

< C(I"N+4_n +Mj2_n_4)-
Therefore, (5-47) holds for 5 <n <7. U

Proposition 5.9. Let (M", g) be a closed Riemannian manifold of dimension 5 <
n <7with Rg >0, and also Q4 > 0 with Q4(p) > 0 for some point p € M. Let {u;}
be a sequence of positive solutions to (1-2) and x; — x be an isolated simple blowup
point so that

uj(xj)u;(p) — H(p) in Cp%(Bs,(X) — (X)),

for some O < a < 1. Assume that for some constants a > 0 and A,

a _

(5-48) H(P)=W+A+0(l) as dg(p, x) — 0,

forn=>5,or

(549) H(p)=p™ @~ (MH(p)= 7L+ Ato(l) asdy(p.H—0,
20 (P, X)

for5 <n <17, where gy = p*' " g is the conformal metric corresponding to the
conformal normal coordinates centered at x. Then A = 0.

Proof. Let us first consider n = 5 under the condition (5-48).

Let x = (x!,..., x") be the geodesic normal coordinates at x; for each j. Denote
Q, ; = B, (xj) for y < 8/(2). Then @, ; — Q, = B,(x). By the Pohozaev
identity,

n—4 ad ad
o 3 uja—v(Au.,-)—Auja—vuj
Vi

0 0
+ ((x . Vuj)a—(Auj) — a—(x -Vuj)Au; + %(Auj)zx . v) ds
v v

—4)? _ 20
=95 (r-v)ul* dx.
47’[ 39%.,.

= x-Vuj+Tuj (A= Pg)ujdx+
Q)

Multiplying M jz =u; (xj)2 on both sides and taking lim,, _,o+ limsup;_, ., on both
sides, we have that by Corollary 5.6,

lim Tim sup M2 (x Vuj+

y—=U jooo Qy

4 2
uj |(A°— Pyu;dx =0,
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and

. n—4 0 0
lim f H—(AH)— AH—H
r—>0lJoq, 2 v v

+ <(x : VH)aa—v(AH) — %(x -VH)AH + J(AH)x - v) ds:|

lim 1i M2/ ["_4( 9 (Auy— Au; L )
= lim limsup M Ui (Au;) — At —u:
yo0 ol T Jag T2 My T R

((x Vuj) (Au,)— v(x-Vuj)Auj+%(Au‘,-)2x-v>:|ds

8 n
= lim hmsupM " 4/ (x - v)(M; uj)n2T4 dx =0.
99, ;

y—0 Jj—>00

By assumption,

. n—4 0 0
lim HL(AH)— AHZH
y—0 3%, 2 v ov

+((x : VH)aa—v(AH) —~ ;—v(x "VH)AH + }(AH)x - v) ds}

= lim (n—4)>%*(m—2)aA|x|'"ds
=0 Jaq,

=m—4)*mn—2)aA|S"!|,

where |S"~!| is the area of an (n—1)-dimensional round sphere. Therefore,

A=0.
For 5 < n < 7 under the condition (5-49), for each j, let x = (x', ..., x") be
the conformal normal coordinates of (£2, g) centered at x; and g; = pj4/ =) g the

corresponding conformal metrics defined as in the paragraph preceding Lemma 5.7.
Denote 2, ; = B, (x;) with respect to the metric g;, for y < é,/2. Then

Q,; — Q, = B, ().

By the Pohozaev identity,

/‘ n—4/(, B(AV) A d
uj—(Au wj—u;j
o 2 I3y J ’8 j

Y.J
. . 0 U .
—|—<(x : Vuj)%(Auj) - 5(}6 - Vi) Auij + %(Auj)zx . v) ds

( ) =
0 (x-v)uj dx,
99,

—4
:/ (x.vaj+”2 u,)(A — P,,)il; dx+
Q

Vi
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where i; = u.,-,oj_l. Note that

it (p)itj (xp) = H(p)p® ' p(p)~™ = H(p),
in " B B
Cioc (Bsy2(x) —{x}).
Multiplying 1\;11.2 = U (xj)2 on both sides of the identity and taking the limit
limy, .o+ limsup;_, , on both sides, we have that by Corollary 5.8,
. . ~0 v n—4, 2 v
lim lim sup M; x-Vuj+——u; (A" = Pgujdx =0,
y=0 i Q. ' 2 ' ‘

and

. n—4( ~ 0 N N
lim H—(AH)— AH—H
r—>0lJoq, 2 v v

+ ((x : vﬁ);—v(Al—}) — aa_v(x -VE)AH + L (AH)x - v) ds}

= lim lim sup M? n—4 ﬁ.i(Ag.)_Aﬁ.iﬁ.
B P 0, L 2 Tov v

y—=U josoo
. . a . . .
+((x . Vuj)a(Auj) — ﬁ(x -Vu;)Auj + %(Auj)zx . v)i| ds

A__8 A n
= lim limsup M, " / (x - v)(M; iij)73 dx = 0.
0

y=0 00 Q)

By assumption,

. n—4/( ~ 0 N O BN
lim f H—(AH)— AH—H |+
y—0 a0, 2 ov dv

((x v amy - L oviaad+ HAH) x - v) ds:|
av av

= lim (n—4)%(n—2)aAlx|' " ds
y—0 3,

= (n—4)*(n—2)aAlS"""],
where |S"~!| is the area of an (n—1)-dimensional round sphere. Therefore,
A=0. O

Remark. It is easy to check that all conclusions in this section hold for an isolated
(respectively, simple) blowup point x; — X of a sequence of solutions {v;}; to
(1-2), with the background metric g replaced by a sequence of rescaled metrics
gj = Tjg corresponding to a sequence of positive numbers 7; — oo as j — o0. In
this situation, p = 1 in (5-49) in Proposition 5.9.
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6. From isolated blowup points to isolated simple blowup points

In this section we show that an isolated blowup point is an isolated simple blowup
point.

Proposition 6.1. Let (M", g) be a closed Riemannian manifold of dimension 5 <
n <7 with R; > 0, and also Qg > 0 with Q4(po) > 0 for some point py € M.
Let {u;} be a sequence of positive solutions to (1-2) and x; — x be an isolated
blowup point. Let M; = u;(x;). Then x is an isolated simple blowup point.

Proof. We prove the proposition by a contradiction argument. Assume that x
is not an isolated simple blowup point. Then there exist two critical points of
r("_4)/2ﬁ (r) in (0, ;1) with some [t; — O up to a subsequence as j — 0o. By
Lemma 5 2withO<e¢; <e ~Tj, we have r "=/ 2u (r) has precisely one critical point
in (0, T} M —2/(n= 4)) We choose u; to be the second critical point of rn=9/ 2u i(r)
so that u; > T; M, ] ~20=9 and by assumption pu; — 0.

For each j let X = (x x™") be the geodesic normal coordinates centered
at x;, and let y = n; x For ease of notation, we assume 6, = 1. We define the
scaled metric gj = 14} 2g so that (g,) pg (1 'X)dxPdx? = g, (x)dxPdx9, and

n—4

&) =p;7 uj(exp,, () for y] < ;.
We denote & ;i as the spherical average of §;. Then we have:
(6-1) Py&i(y) =252 Q& ()= where |y| < pu;,
(6-2) |y|<"*4>/zsj(y> < C, where |y < u;.
(6-3) lim;_,» §;(0) =
(6-4) — 2=l A, §<n /4 | g %_m 204 5 0 where |y| < i
(6-5) r"— 4)/251- (r) has precisely one critical pointin 0 <r < 1.
(6-6) LG=H2E;(r))=0atr=1.

Therefore {0} is an isolated simple blowup point of the sequence {£;}. Note that
the remark on page 138 holds for u; so

_ 2
(6-7) E(0)E(y) = Clyl*™ for |yl = p; ' M, ™,

where ,uj’lTijfz/ (=) < 1. By Lemma 5.1, there exists C > 0 independent of j

and k so that for any k € R,

(6-8) max gJ(O)gJ(y) <C m1n Sj(O)"g“j(y), when 2K+ < ;1‘;_2
2k <|y| <2k k<|y|<

Note that Oz, > 0 and Rg > 0 in M. Also the rescaled metrics g; are all well
controlled in |y| < 1. In the proof of Lemma 5.4 the maximum principle holds
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for g; and the coefficients of the test function are still uniformly chosen for g;
so that the estimate in Lemma 5.4 holds for each §; in |y| < 8, for some &8, < 1
independent of j. Hence Proposition 5.3 holds for &; in [y| < 8. This combined
with (6-7) and (6-8) implies

C(K)™' <&(0)&(y) < C(K)

for K € R" — {0} when j is large; moreover, g; converges to the flat metric and
there exists a > 0 such that &;(0);(y) converges to

H(y)=aly[*" +b(y) in G (R" —{0)),

where b(y) € C*(R") satisfies
A’b=0

in R". Here H > 0 in R" — {0}. Also,
(6-9) ~AH(»)" 20, [y >0.
Moreover, for a fixed point yg in |y| = 1, by (6-8),

InC
H(y) < |y[*tnz H(yo)

for |y| > 1. Since H > 0 for |y| > 0, it follows that b(y) is a polyharmonic function
of polynomial growth on R". Therefore, b(y) must be a polynomial in R"; see
[Armitage 1973]. Nonnegativity of H near infinity implies that b(y) is of even
order. Then either b(y) is a nonnegative constant or b(y) is a polynomial of even
order with order at least two and b(y) is nonnegative at infinity. The later case
contradicts (6-9) for y near infinity. Therefore, b(y) must be a nonnegative constant
on R" and
H(y)=aly[*"+b

with a constant a > 0 and a constant b.
By (6-6),

d na
—(@r 2 H(r))=0 atr=1.
dr

We then have b = a > 0, which contradicts Proposition 5.9. In fact, Proposition 5.9
applies to isolated simple blowup points with respect to the sequence of rescaled
metrics {g;} with uniform curvature bound and uniform bound of injectivity radius
with thAG property that Qz > 0 and Rz > O (see the proof of Proposition 5.9).
Here H = H in the condition (5-49). Indeed, for n = 6, 7, after rescaling, the
conformal metric g; = ,0;‘/ (=9 g corresponding to the conformal normal coordinates
centered at x; becomes §j ()= ;,Lj_zp,- (;Ljy)“/(”_“)g(ujy) and the functions p;(y) =
pj(njy) — p(y) = 1 locally uniformly in CV as j — +oco. This completes the
proof of Proposition 6.1. O
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Remark. It is easy to check the proof of Proposition 6.1 shows that an isolated
blowup point x; — X of a sequence of solutions {v;}; to (1-2), with the background
metric g replaced by a sequence of rescaled metrics g; = T; g corresponding to a
sequence of positive numbers 7; — o0 as j — 00, is in fact an isolated simple
blowup point.

7. Compactness of solutions to the constant (-curvature equations

Based on Propositions 5.3 and 6.1, the proof of compactness of the solutions is
more or less standard; see, for example, [Li and Zhu 1999]. But again we need to
deal with the limit of the blowup argument carefully, which satisfies a fourth order
elliptic equation; see Lemma 7.1 and Proposition 7.3.

We first show that there are no bubble accumulations.

Lemma 7.1. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <9
with Ry > 0, and also Q¢ > 0 with Q4(po) > 0 for some point py € M. For any
given € > 0 and large constant T > 1, there exists some constant C| > 0 depending
onM, g, €, T, |Q¢llcim) such that for any solution u to (1-2) and any compact
subset K C M satisfying

max d(p,K)'Tu(p)>C, ifK#@
peEM—-K

and
maxu(p) >C; ifK =0,
pPEM

we have that there exists some local maximum point p' of u in M — K with
Br u(py-210-4 (p') C M — K satisfying

_ _ 2 _ _n-4
-1 up) ™ ulexp, w(p) T y) = A +47yP) 2 llcigy<or) <€

Proof. We argue by contradiction. That is to say, there exists a sequence of compact
subsets K; and a sequence of solutions u; to (1-2) on M such that

n—4
max d(p,K;) 7 > i,
ponax, (p, Kj) > u(p)=j

but no point satisfies (7-1) (here d(p, K;) =1 when K; = &). We choose x; € M —K;;
satisfying

do(xj, Kj) 2 uj(xj) = max dg(p, Kj) > uj(p).
pEM—Kj
Denote T; = Lu;(x;)"~9d,(x;, K;). We then define

2
v (7) = u; (%))~ uj(exp,, (uj (x)) "7 y))  for |y < T;.
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Let hj = u;j(x;)* =% g. The rescaled function v; satisfies

n+4

n—4 _
(7_2) P/’ljvj = TQUJ )

and by Theorem 2.1,

(7-3) AhjUj < mthUj.

We will analyze the limit of the sequence {v;} as in Theorem 3.3 and conclude
that (7-1) indeed holds. By assumption,

2 L2
Ty = Su;(x))midy(y;, Kj) > 3 j7,

and
__2_
dg (exp,, (uj(x))"74y), Kj) = 1dg(xj, Kj) for [y| < T;.

It follows that
0 <vj(y) =u;j(x) u; (exp,, (Mj(x.,-)_ﬁy))
< 155~ g (exp,, (u; ()77 y), K7 dy(xj, KT u(xy)
<27 for|y| < T;.
Standard elliptic estimates imply that up to a subsequence,
v;—> v in Cﬁ)C(IR"),

with v satisfying
n—4 — a4

A%y = 5 Qu— inR",
w0 =1, 0<v<2"T inR",
Av <0, inR".

By the strong maximum principle, v > 0 in R". Then by the classification theorem

of C.S. Lin [1998]),
n—4

) * BTy
v(y) = in R",
YETranay Sip

with v(0) = 1 and v(y) < A"=9/2 <201=9/2 Therefore, |y| < C(n) with C(n) > 0
only depending on . We choose y; to be the local maximum point of v; converging
to y. Then p; = exp, (u;(x;)~>/""¥y;) € M — K; is a local maximum point of u;.
We now repeat the blowup argument with x; replaced by p; and u; (x;) replaced by
u;(p;) and obtain the limit

v =(1+47y»H"T inR".
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Therefore, for large j, there exists p; € M — K; such that (7-1) holds. This
contradicts the assumption. Therefore, the proof of the lemma is completed.  [J

Lemma 7.2. Let (M", g) be a closed Riemannian manifold of dimension 5 <n <9
with R, >0, and also Q¢ > 0 with Q¢(po) > 0 for some point pg € M. For any given
€ > 0 and a large constant T > 1, there exist some constants C1 > 0 and Cy > 0
depending on M, g, €, T, || Q| c1(ar) such that for any solution u to (1-2) with

max u(p) > Cy,
pPEM

there exists some integer N = N (u) depending on u and N local maximum points
{p1,..., pn} of u such that:

() Fori # j,

By, (pi) N By, (pj) =9,

with yj = Tu(p;)~> "% and By, (p;) the geodesic y;-ball centered at p;, and

_ _ 2 _ _n-4
(7-4)  lu(p) ™ ulexp,, w(p)) 7% y) = (L+47 1Y)77 llcsqyi2r) <€

where y = u( pj)2/ =% x with x geodesic normal coordinates centered at Dj
and |y =D + -+ (™2
(ii) Fori < j, we have dy(p;, pj)(”_4)/2u(pj) > Cy, while for p € M,

n—4
dg(p’ {pl’ R pn}) 2 M(p) S CZ«

Proof. We will use Lemma 7.1 and prove the lemma by induction. To start, we
apply Lemma 7.1 with K = &. We choose p; to be a maximum point of # and thus
(7-4) holds. Next we let K = B, (p1).

Assume that for some i > 1, (i) holds for 1 < j <ipand 1 <i < j, and also
dq(pi, pj)(”_4)/2u(pj) > Cy with p; chosen as in Lemma 7.1 by induction (this
holds for ip = 1). Then we let K = Uif):l By, (pj). It follows that for € > 0 small,
for any p such that dg(p, p;) <2y; with 1 < j <ip, we have

n—4 n—4 n—4
de(p,Ap1, ... Pip}) 2 u(p) <dy(p, pj) = u(p) <2de(p, pj) = u(pj)

n—4

<2QTu(p) w9 T u(p)) =27 T"7
and therefore, for p € Uf/pz 1 B2y, (p)),
n—d n=2 _ nd
(7-5) de(ps{p1s---sPig}) Zu(p) <22T 7.
If, for all p € M, the inequality

u
de(p.Ap1, ..., piy}) 2 u(p) <Cy,
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holds then the induction stops. Otherwise, we apply Lemma 7.1, and we denote
Diy+1 as the local maximum point yy obtained in Lemma 7.1 so that

Br U(pig 1) 2/ (pip+1) CM — K.

Thus, (i) holds for ig + 1. Also, by assumption, dg(p;, Pios )P 2u(pi 1) > Cy.
By the same argument, (7-5) holds for iy replaced by ip + 1. The induction must
stop in a finite time N = N (u), since [,, u*"/"~* dV, is bounded and

f un%n4 dVv,
B}/](pj)

is bounded below by a uniform positive constant. It is clear now that for p €

M — U IBV/(pJ
n—4

N
n—: n— 2 n—
d(pAp1, ... pAD'T u(p) < zf‘d(p, U8, <pj)) u(p) <2"7 C).
j=1

By induction, (7-5) holds for iy replaced by N. We set
C,=27T7 +27C). 0
The next proposition rules out the bubble accumulations.

Proposition 7.3. Let (M", g) be a closed Riemannian manifold of dimension 5 <
n <7 with Rg > 0, and also Qg > 0 with Q4(po) > 0 for some point py € M.
For € > 0 small enough and a constant T > 1 large enough, there exists y > 0
depending on M, g, €, T, || Rgllc1my and || Qgllcr(ary such that for any solution u
to (1-2) with max ,ep u(p) > Cy, we have

d(pi, pj) > v,

for1<i, j<Nandi# j,where N=N(u), pj=pju), p; = piu) and Cy are
defined in Lemma 7.2.

Proof. Suppose the proposition fails, which implies that there exist € > 0 small and
T > 0 large and a sequence of solutions u; to (1-2) such that max ,ep u;(p) > Cy and

lim mlnd(p, (), px(uj)) =

j—00 i#

We denote p,; and p ; to be the two points realizing the minimum distance in
{p1(u;), ..., pn(uj)} of u; constructed in Lemma 7.2. Let y; = dg(p1,j, p2,j)-
Since

BTuj(pl.j)—z/("—“) (Pl,j) N BTuj(pz,j)—Z/(n—4) (Pz,j) =y

we have that u;(p; ;) — oo and u;(p2, ;) — oo.
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For each j, let x = (x!, x™) be the geodesic normal coordinates centered
at p1j, y=1¥; Ix, and exp P (x) be exponential map under the metric g. We
define the scaled metric h; = =¥ g, and the rescaled function

n=4

v () =7, uj(exp,, (7).

It follows that v; satisfies v; > 0 in |y| < )7j_1r0 and that
n—4 _ ntd -
(7-6) Piyvj(y) = ——Qu;(y)»= for [y[ <¥; o
N Ut))
(7-7) Apvj <
= )

where ry is half of the injectivity radius of (M, g). We define y; = y;(u;) € R"
such that exp,, _ (¥jyk) = py for the points p(u;). It follows that for px # p1,j,

————Ryv;  for |yl <7 'ro

|yl = 1+0(1)
with o(1) — 0 as j — oo. Let y> ; € R" be such that p; ; = exppl,j()?jyzﬁj). Then
|y2,jl > 1 as j— oc.
It follows that there exists y € R"” with |y| = 1 such that up to a subsequence,
y= Jlljgo Y2,j-
By Lemma 7.2,
7 = Cmax{Tu;(p1 ;) 7, Tuj(p ) 75},

Thus, v;(0) > C3, v;(y2,;) = C5 for some C3 > 0 independent of j, yy is a local
maximum p01nt of vj forall 1 <k < N(u;), and krnmu ly — yk|(”_4)/2vj (y) <Cy
for all |y| < y

We claim that either

(7-8) v;(0) > 00 and v;(y2,;) = 00,

or both of these two sequences are uniformly bounded. To see this, we first assume
that one of them tends to infinity up to a subsequence, say v;(0) — oo for instance.
It is clear that O is an isolated blowup point, and by Proposition 6.1 it is an isolated
simple blowup point. Then v;(y>, ;) — oo in this subsequence since otherwise, by the
control (7-4) at p» ; in Lemma 7.2 and the rescaling, the upper bound of v; in the %—
geodesic ball centered at y, ; under /; is controlled by the lower bound of v; in it up
to a uniform multiplier, and thus by the Harnack inequality (5-1) in B4/5(0)—Bj/5(0)
and Proposition 5.3, v; — 0 in Bj,2(p>, ), contradicting v;(y2, ;) > C3. The claim
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is established. If v; are uniformly bounded on any fixed compact subset of R", then

as discussed in Lemma 7.1, v; — v in Cﬁ)C(IR{”) with v > 0 and

n—4 n+4

A2= n—4
v 5 Qv

in R". Also, 0 and y are local maximum points of v. That contradicts the classifica-
tion theorem in [Lin 1998]. Therefore, the set (denoted as Kj) of isolated blowup
points of {v;} is nonempty. Hence v; is uniformly bounded on any compact subset
in R" — K. By a similar argument as the claim, there are at least two points in Ky
and for any two distinct points y, z € K, |y —z| > 1. Also, by Proposition 6.1 (see
also the remark on page 159), K is a set of isolated simple blowup points.

Choose any two blowup points y,, ; — y, and yx ; — yx € Ko. For j large, we
pick a point p on the %—geodesic sphere of yi ;. Now we apply Theorem 3.3 (see also
the remark on page 138) about the blowup point y,, of v; at p and Proposition 5.3
about the blowup point y; of v; at p; then we have that there exists a constant C > 0
independent of j such that

Vi (Y, j) = Cvj(x, j)-
Similarly, there exists a constant C’ > 0 independent of j such that
Uj(yk,j) = C/Uj(Ym,j)-

For any point y € R" — K), let y; be one of the nearest points to y in Ko. Let Q2 be
the convex hull of Bj/»(y) U By ,2(yx). The argument in Lemma 5.1 still holds with
By, (xj) and By, (x;) — B, /2(x;) replaced by €2 and any compact subset of € — {yy ;}
containing y, and therefore the Harnack inequality holds uniformly for v; on each
compact subset of R* — Ky when j is large. Therefore, by Proposition 5.3, for a
given blowup point yi ; — yx € Ko, v;(yk,;j)v;j is uniformly bounded in any fixed
compact subset of R" — K. Multiplying v;(yx, ;) on both sides of (7-6) and (7-7),
we have that, up to a subsequence,

lim v (. ;)vj=F >0 in Cp (R" — Ko),
j—oo

such that
(7-9) A’F =0 inR"— Ky,
(7-10) AF <0 inR"—K,.

Pick a point y,, € Ko — {yx}. Since all the blowup points in K are isolated simple
blowup points, by Proposition 5.3,

F) =ally — w4+ 01(0) =aily — yel " +azly — yu[* 7" + D2(y)
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for y € R" — K with the constants a;, a; > 0. Moreover,

®, € CHR" — (Ko — {yk» ym})

and @, satisfies (7-9) in R” — (Ko —{yk, ym}). Define £ = A® in R" — (Ko —{y«}).
By (7-10), F > 0in R" — Kj. Therefore,

(7-11) liminf ®(y) = liminf(F(y) —aily —»[*™) >0,
|y|—00 |y|—00

(7-12) limsup&(y) = limsup A(F(y) —aily — wl*™) <0,
[y[—00 |y|—00

where for (7-12) we have used (7-10). Moreover, & < 0 near any isolated singular
point in Ko — {yx} by Proposition 5.3. Applying the strong maximum principle to &
and the equation

Ag =N F —aily = y*™") =0

in R" — (Ko — {y})s
S = ACD] <0

in R" — (Ko — {yx}). Since ®; > 0 near any isolated singular point in Ko — {yx} by
Proposition 5.3, and also (7-11) holds, applying the strong maximum principle to @
and A®; <0in R"—(Ko—{yx}), we have ®| > 0in R" —(Ko—{yx}). It follows that

F)=aily — "™+ @1(0) + O(ly — yi|) with @ (yx) > 0 near y = yy,

contradicting Proposition 5.9 (It is easy to check that Proposition 5.9 applies for the
scaled metrics /; instead of g.). Here in the statement of Proposition 5.9, H = H = F.
Indeed, for 5 <n <7, after rescaling, for each j the conformal metric g; = ,oj'/ =9 g

corresponding to the conformal normal coordinates centered at x; becomes

g =7 " Vewy)

and the functions p; (y) = p;(y;¥) = p(y) = 1 locally uniformly in CVas j — +o0.
Proposition 7.3 is then established. U

We are now ready to prove the compactness theorem of positive solutions to (1-2).

Proof of Theorem 1.2. By Lemma 2.3 and the ellipticity of (1-2), we only need to
show that there is a constant C > 0 depending on M and g such that

u<cC.

Suppose the contrary, then there exists a sequence of positive solutions u; to (1-2)
such that

maxu; — o0
peEM

as j — oo. By Proposition 7.3, after passing to a subsequence, there exist N distinct



166 GANG LI

isolated simple blowup points py ; — p1, ..., py,j — py With N > 1 independent
of j. Applying Proposition 5.3, we have that up to a subsequence,

N

uj(p1,j)uj(p) = F(p) = Zang(Pk, p)+b(p) in Cioo(M —{p1,.... px},
k=1

where a; >0, a; >0, ..., ay > 0 are some constants, G is the Green’s function

of Py under the metric g and b(p) € C*(M) satisfying
Psb=0

on M. Since Q, > 0 on M with Q, > 0 at some point, by the strong maximum
principle of Py, b > 0 in M. We know that G,(py, p) > O for 1 <k < N by

Theorem 2.1. Let x = (x', ..., x™) be the conformal normal coordinates centered at
p1,j for each j (respectively, p1) constructed in [Lee and Parker 1987] with respect
to the conformal metric h; = p._4/ (=4 g (respectively, h = p~%/ =% g) such that

det(h;;) = 1+ O(|x|').

Then there exists C; > 0 independent of j such that

C;l<pj <G,
and
loj —plleviry = 0 as j — oo.
As shown in Theorem 2.1, under the conformal normal coordinates x = (x!, ..., x")

centered at pj, the Green’s function under metric / satisfies

Gu(p1, p) = p*(P)Gy(p1, p) = di(p1, P+ A+o0(1)

near p; with the constant A > 0 and o(1) — 0 as p — p;. Therefore,
p(p)’F(p) = aidu(p1, p)* " + B +o(1)

B =aqA+ Z,Icvzzakp(pl)ng(pk, pl) 4+ b(p1) > 0 and o(1) — 0 as p — pi.
That contradicts Proposition 5.9 with H = F' in (5-49). Therefore, Theorem 1.2 is
established. O

Appendix A: Positive solutions of certain linear fourth order elliptic
equations in punctured balls

Assume Bs(x) is a geodesic §-ball on a complete Riemannian manifold (M", g)
with 2§ less than the injectivity radius. For application, for 5 <n <9, (M, g) could
either be the closed manifold in Proposition 5.3, or the Euclidean space.
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Lemma A.l. Let u € C*(B;s(X) — {x}) be a solution to
(A-1) Pou =0 in Bs(x) — {x}.

Ifu(p) =o(dy(p, )4 as p— X,thenu € C4’“(Bg(i))f0r0 <a<l.

loc

Proof. Step 1. We show that (A-1) holds in B;s(x) in the distribution sense.
To see this, given any small € > 0, we define the cutoff function 5, on Bs(x)
with 0 < n <1 so that
ne(p) =1 fordg(p, x) <e,
ne(p) =0 for dy(p, x) > 2e,
|Vne(p)l < Ce™! fore <d,(p, ) <2e.

For any given ¢ € C>°(B;(x)) we multiply by ¢ (1 —n.) on both sides of (A-1) and
do integration by parts,

| P =nouav,=o.
Bs(x)

Let € — 0, then

f (1 —ne)u Pg¢dVg=0(l)(Ce_4/ |u|)+C/ lu| — 0,
Bs(x) Boe (X)—Be(X) Be(x)

where in the last step we have used u(p) = o(d,(p, X)*™). Therefore, Step 1 is
established.
p

Step 2. The assumption of u near x implies thatu € L (Bs(X)) forany 1 < p < .
By W*P estimates of the elliptic equation we obtain that u € Wli’cp (Bs(x)); see [Ag-

mon 1959] for instance. The standard bootstrap argument gives u € Cﬁ)’f (Bs(x)). O

For later use, we now present Lemma 9.2 from [Li and Zhu 1999] without proof.

Lemma A.2. There exists some constant 0 < 8o < & depending onn, | gijllc2(p, )

and || Rg || Lo (Bs(x)) such that the maximum principle for —4(:__21) Ag + R, holds on

B;,(x), and there exists a unique G1(p) € CZ(B(;0 (x) — {x}) satisfying

4n—1) . - -
_—zAgGl +R,G1 =0 in Bs,(x) — {x},

n —_—

G1=0 ondBs (%),
lim d,(p, X)"2G1(p) = 1.
p—>x

Furthermore, G1(p) =d,(p, x)2 " +R(p) where, forall 0 <€ < 1, R(p) satisfies
dg(p, X)" " TIR(P) +dg(p, D" IVR(p) < C(e),  p € Bsy(¥), n>4,

where C(€) depends on €, n, | gijllc2(pyx)) and || Rgll Lo (B, (%))-
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Lemma A.3. Suppose a positive function u € C 4(Bs(x) — {x}) satisfies (A-1) in
Bs(x) — {x}, and assume that there exists a constant C > 0 such that for 0 <r <4,
the Harnack inequality holds:

max u(p) < Cd min  u(p).

dy(p.X)=r (P, X)=r
If moreover,
4n—1) n=2 n=2 . - -
——zAgu"*“-i-RgM”*“ ZO in Bé(x)_{x}v
n—
then

a =limsupdy(p, ©)"*u(p) < +oo0.

p—Xx
Proof. If the lemma is not true, then for any A > 0, there exists r; — 0T satisfying

4—n

u(p) > Ar; for all dg(p, x) =7;.

Let vy = %A(”*Z)/ =9 G, with G, in Lemma A.2. For i large, by the maximum
principle,

w(p)i=t = va(p) forry <dy(p,3) <.
Asi — o0,

u(p)% > va(p) for 0 <dg(p,x) < do.

Since A can be arbitrarily large, u(p) = 00 in 0 < d,(p, X) < 8o, which is a
contradiction. O

Proposition A.4. Let u be as in Lemma A.3. Then there exists a constant b > 0
such that

(A-2) u(p) =bG(p,x)+ E(p) for p € Bs,(x) —{x},

where G is the Green’s function of P, (for the existence of the Green’s function
in our application, G is the limit of the Green’s function of the Paneitz operator
of a sequence of metrics on M restricted to certain domains, and when g is the
flat metric, let G(x,y) = cp|lx — y|*™), and 8 is defined in Lemma A.2. Here
E e C4(B(;0 (%)) satisfies PgE =0 in Bs,(X).

Proof. We rewrite (A-1) as
—4
Ag(Agtt) = divg(ayRyg — byRicy) Veut — ”Tqu.

By Lemma A.3, 0 < u(p) < a1G(p, x) with some constant a; > a in Bs,(x) — {x}
with §p > 0 in Lemma A.2. Combining this with the interior estimates, there exists
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a constant C > 0 such that
. ) n—4 _ _
(A-3) dive(a,Reg — byRicg)Veu — Tqu < Cd; "(p, X),
(A-4) |Agu(p)l < Cdy ™" (p. %),

for p e E,;O()E) — {0}. We define G to be a Green’s function of A, on Ego (x) such
that

(A-5) 0 < Ga(p, q) < Cdy(p, )™ ",

for some constant C > 0 and any two distinct points p and g in Bj,(x). Then
) ) n—4
010 = [ Gapu) (ivetan R = bR V@)~ 5 Q@) Vi@
Bs, (3)
is a special solution to the equation
. . n—4 . o=
Agp =divg(a,Reg — byRicy)Veu — Tqu in Bs,(x) — {x}.

Combining (A-3) and (A-5), we have that there exists a constant C > 0 such that

$1(p)| < Cdy(p, $)*"
for p € Bs,(x) — {x}. Therefore,
Ag(Agu—¢1) =0 in Bs (x) — {x}.

Since we also have (A-4), the proof of Proposition 9.1 in [Li and Zhu 1999] applies
and there exists a constant —C < b, < C such that

(Agu(p) —¢1(p)) =b2G1(p) +¢@1(p) in Bs)(x) — {x},

with G| as in Lemma A.2 and ¢; a harmonic function on E(;O (x). Therefore,

Agu(p) =b2G1(p) +¢1(p) +@1(p) in B, (X) — {x}.

By the same argument, there exists b3 € R such that

u(p) =b3G1(p)+<pz(p)+f _Ga(p, P26 1(g) + 1(q) + 91(9)]dV,(q)

Bsy (%)
=b3G1(p) +¢2(p) + Oy (p, ©)*™)

in Bs,(x) — {x}, with ¢, a harmonic function on Bs,(x). But since 0 < u(p) <
a1G(p, x), we have b3 =0 and

u(p)=b2/3 Ga(p, 9)G1(q) dVg(q) +oldg(p, )*")

50 (%)
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in Bs,(x) — {x}. Therefore, there exists a constant b > 0 such that
u(p) = bdg(p, ¥)* ™" +0(dg (p, )*™")
=bG(p. %)+ o(dy(p. ¥)* ™).
Then by Lemma A.1, there exists a function E € C 4(B(50 (x)) satisfying (A-1) and

u(p) =bG(p,x)+ E(p)

for p € Bs,(x) — {x}.
This completes the proof of the proposition. ([

Using Proposition A.4, we immediately conclude the following corollary.
Corollary A.5. Forn > 5, assume that u € C 4(350 (x) — {x}) is a positive solution
of (A-1) with x a singular point, and also that the assumptions in Lemma A.3 hold
for u. Then

. n—4 _
lim (Pgu - Qu) dv,
r=0JB, ) 2

d 0
= lim — A u— (anRy—u — byRic, (V,u, d
r1—>0 aBr(,;)(av gt (a ga\)u ! g( gt U))> 5¢

ad
— b lim L AG(p, D) dsy(p) = 2(n — 2)(n — 4)|S" 1 b > 0,
r—0 3B, (%) ov

where v is the outer unit normal and b > 0 is as in (A-2).

Appendix B: Classification of solutions with decay at infinity for a fourth
order linear equation

Let n > 5. It is easy to check that Uy = (1 + 4=1x|2)~=%/2 {5 a solution to the

Q-curvature equation
n— 4 . ntd

Uy~

AUy =

on R" with 0 = {n(n*—4).
We now consider bounded solutions to the linearized equation

(B-1) A2 (x) = #QUO"%‘d)(x), X eR".

Chen and Lin [1998] classified bounded solutions to the linearized equation of the
Yamabe equation in R" with certain decay near infinity. Similarly, we want to show
that if a solution ¢ to (B-1) has the decay ¢ — 0 uniformly as |x| — oo, then

n—4 .
¢ =co|x-VUy+ > Uy —I-ZCjaijo.
j=1
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Let {£t.n}m be the eigenfunctions of the Laplacian on S$"~!, with respect to the
eigenvalue Ay = k(n + k —2). Let x = r@ with r = |x|. Then we have the decom-
position

Pr0) =" Gt ()em®),

k=0 m

which converges locally uniformly, with ¢ ,,(r) = f 1 @ (r0)sk m(0)dS. Let
g (r0) = ¢ m (r)&x.m (0). Then uy ,, satisfies the equation

4 _
(B-2) A2t (x) = %QUou)ﬁuk,m(x), X e,

and ¢y, satisfies
_ A A

(B-3) (83+uar ")(82 n=ly ——’;)m,m—”“QU" G, 70,
r r2 r r

with ¢, (0) =0 and ¢,’c’m(0) = 0. Equivalently, ¢ », is a solution to the equation

(B-4) (A - ﬁ) (A - %)¢k,m S
I" r

Denote
n—1 )\.k
Ve (r) = (83 0, — —2>¢k,m.
r r

8
- ¢k,m~

Then

(B-5) (a} 4+ ; Lo, — i—'z‘)d)k,m = Ve,

(B-6) (83+n;18r_%)vk,m—n+4QUn84¢km7
where

(B-7) km©0) =0, ¢, (0)=0, vew(©0) =0 and v, (©0) =

By (B-2), we know that uy ,, is analytic locally in R”". Then the solutions ¢y ,, to
(B-3) and (B-7) are generated linearly by the two solutions

o0
k k+4 k+2+2j
Grim(r) =r"+ Eprtt +§ E;rktata,
j=2

o0
¢2,k,m(r) — rk+2 + Clrk+6 + Z erk+4+2]’
=

with E; > 0 and C; > 0. The constants E; and C; can be calculated inductively
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using (B-3). It is easy to check that the radius of convergence of ¢; i ,, is positive
fori = 1,2 and k > 1. Therefore,

¢k,m = Cd)l,k,m(r) + C/¢2,k,m (r),

with C and C’ constants.
Now we employ a useful comparison theorem motivated by [Grunau et al. 2008];
see also [McKenna and Reichel 2003] and [Choi and Xu 2009].

Theorem B.1. Let ¢ and v be a solution to (B-5) and (B-6) in r > 0. If it holds
that for some r; > 0,

¢@(r1) =0, ¢'(ri))=0, v(r)=>=0 and V'(r)=0,
with one of them nonzero, then
(B-8) o(r)>0, ¢'r)>0, vr)>0 and V()>0

for r > r1, and there exists a constant C > 0 such that ¢(r) > C(r —r; — 1)?
for r > ri + 1. Moreover, there exists a positive constant C' = C'(k) such that
d(r) < C'(r"HF2 1 1), In particular, ¢ (r) is positive and exists for all r > r.

Proof. By the equations (B-5) and (B-6),

)
8, ("9, ) = r" v+ S prn
r

4_ s A
3 (r"1o,v) = _n—2k QU r" ' + —];vr"_l.
r

Using integration,

" A
rn—l /(r) :rn—l /(rl)+ rn—lv+_k¢rn—l dr,
1 r2

r

44 8 A
r”—‘u/(r)zr?—lu’(rl)Jrf ";r QU(;-4¢>;~"—‘+—’2‘ur"—‘dr.
ry r

Then it is easy to see that (B-8) holds for r > ry. Also, forr > r; +1,

r

A
P+ —I;qﬁr”_l dr
r

P =i+ DT+ D + /
ri+1

> (41 + 1>+/ P+ 1) dr
ri+1

| n
> 0y + 1) (" = 5 1+ D),
with v(ry + 1) > 0. Therefore, for r > r; + 1,

§'() = Su(r+ 1 — i+ Do + 1),
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Therefore, ¢ grows at least quadratically.
Now let’s see the upper bound of growth of ¢. It is easy to check that

(A—ﬁ)(A_)”;) n+k-+2 n;4QU” Skt L,

r? r
Also,
d A d A
d_rn+k+2 >0, ( - §>r"+k+2 >0, and o (A——"z{)r"JrkJr2 >0 forr>0.
- r r r

Therefore, for any r; > 0, there exists a constant § = §(r1) > 0 such that the function
o(r) = r"T* 2 _ 8¢ (r) satisfies (B-8) at r = r|. Note that

A Ak
(‘7)( ——)(ﬂ(r)_—QU "o(r), r>0.

- Ak
v(r) = (A - r—2><0(r)

(—K—>()>—QU Yo(r), r>0.

Denote

so that

Using the same integration argument starting from » = r|, we obtain that ¢(r) > 0
for r > ry. This completes the proof of Theorem B.1. ([

Now we consider the behavior of @1 x ,, and @2k .
Let vy xm and v i », be defined as above with respect to ¢, and @2 x -

n—1 )\k
Ul,k,m(r) = <ar2 + Tar - r_2)¢1,k,m7

A
Vo () = (af + k)¢2 .

By the Taylor expansion, for r > 0 close to 0, ¢ x.m(r) > 0, d);’k’m(r) > 0,
V1 k.m(r) > 0and v;,k,m (r) > 0. Then by Theorem B.1, ¢y k. (r) keeps increasing
at least quadratically as r increases. Also, for any € > 0, there exists C = C (¢, k)
such that ¢ ¢, (r) is bounded from above by Cr"t*+2 with some constant C
for r > €. In particular, ¢; i, (r) is positive and exists for any r > 0. The same
holds for ¢ k.m-

For any r1 > 0, we know that ¢; x », satisfies (B-8) atr =ry,fori =1,2and k > 1.
Then there exists C > 0 such that both (¢; ¢ —C! ®2.k.m) and (P2 k.m —C! Dl.kcm)
satisfy (B-8) at r =r;. Then by Theorem B.1, for r > ry,

1am () —C  opm() >0 and  Gopm(r) — C 1 am(r) > 0.
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That is to say, ¢1 k., and @2 k., are both positive on (0, o) and they go to infinity
as r — oo in the same order. This leads to the following corollary.

Corollary B.2. For any k > 1, there is at most one constant C > 0 such that
O1.k.m — Cd2k.m is bounded on r € (0, +00).

Now we consider the asymptotic behavior of bounded solutions to (B-3) and
(B-7) which vanish at infinity.

Lemma B.3. Let ¢i yy = 1. k.m — CP2.k.m be a bounded solution to the initial value
problem (B-3) and (B-7) such that ¢y, (r) = o(1) as r — oo. Then ¢y ,n(r) =
Or* "y asr — +o0.

Proof. We introduce

i) =", >0,

to be the Kelvin transformation of ¢y , and

* )Vk %
Vem(r) = (A — r_2>¢k'm(r)’ r>0.

Also, for ug p, (r0) = ¢r.m (r)&k.m(0), we denote

4_ -x
”z,m(x)=|xl nuk,m(|x|2)’ xeRn,

to be the Kelvin transformation of u; ,. Then it is easy to check that d)}:’m is a
solution to (B-3) and equivalently a solution to (B-4) in (0, +00) and ui,m is a
solution to (B-2) in R” — {0}. By our assumption on the decay of ¢, near infinity,

up ,(x) = o(x[*™")

as x — 0. Then using the proof of Lemma A.1 in Appendix A we have that O is a
removable singularity of uz’m and uz’m(x) = ¢;m(r)ék,m (0) is a solution to (B-2)
in R". Therefore, ¢; , and v{ , satisfy

Gem @ =0, (¢,) 0 =0, v, (0)=0, (v,) () =0.
Also, by the definition,
() = ”4_n¢k,m(”_]) =00r** ") asr— +o0.

Recall that ¢ x ,, and ¢2  ,, form a basis of the solution space to the problem
(B-3) and (B-7). Since ¢y ,, and ¢,’:’ . are both bounded solutions to (B-3) and (B-7),
by Corollary B.2 there exists a constant a € (—oo, +00) such that ¢,’;m(r) =
ady.m(r) for r > 0. Note that qﬁ;m(l) = ¢x.m(1). If g m(1) #0, then a = 1.
Otherwise, if also qb,/(,m(l) # 0, then by L’Hospital’s Rule, a = —1; else, if also
®r.m (1) =0but v 1, (1) #0, then by L’Hospital’s rule, a = 1; else, if also ¢, (1) =0,
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Ve.m (1) = 0 but v,/cym(l) # 0, then by L’Hospital’s rule, @ = —1 (In fact, by the
comparison theorem Theorem B.1, since ¢, is bounded in (0, 4-00), this could
not happen). Since ¢ ,, is assumed not to be identically zero, it is not possible that
all the four data vanishes at » = 1. Therefore, a is either 1 or —1. Therefore,

bem(r) =r*+ 00" ) asr — 0,
Gem() =2 0E*H) asr > 40 O

Let ¢ be a solution to (B-1) with the decay ¢ — 0 uniformly as |x| — oco. Let

i (r0) = G (1)&km (0) = [gu1 @ ()&xm(0) dS & (0), k > 1. Then ¢y (r) =
o(1) as r — oo. Using the energy method, in the following theorem we show that
for5<n <8, ¢r.m =0fork>2.

Theorem B.4. Let ¢y, with k > 2 be a bounded solution to the initial value
problem (B-3) and (B-7) for 5 < n < 8 such that ¢y ,,(r) = o(1) asr — oo. Then
¢k,m =0.

Proof. By Lemma B.3, it is easy to check that ¢ , € HZ(R”), for k > 2.
By (B-4), for any € > 0,

Ak Y n+4_ 8 2
o, (A——)( ——)qﬁk,m dx:/ QU ¢y . dx.
/R"—Be«» " r? r? RI_B.(0) 2 0 Thm

Using integration by parts and letting € — 0, we have that

Ak Ak n+4 P
(B-9) /R (A - r—2)¢k,m (A - r—2>¢k,m dx = / ) QU 4‘7>Iz,m dx.

Note that

A A
/ n (A - r—’;)m,m (A - r—’;)m,m dx

= / [(Adem)? — 2047 b m A + Agr i, ] dx,

where by integration by parts,

/ —2hkF 2 P A dx = / 20 2|V | > dx+ f 20 PkmVbkm-Vr 2 dx
n Rn

n

208 "2V | > dx+ f MV (@) Vr—2dx
Rn

J,
J

208 2 Ve |> dx — / Me@p  AF 2 dx

n

Rn

/ 20 Ve P dx+(2n—8) | dr g, dx
R~ R
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for n > 6. Therefore,

A A
fn (A_r_l;>¢km (A_r_];>¢km dx

= / (Adm)*dx+ f 20 2|V > dx+Q2nix—8ri+23) | rep,, dx
R~ Rn R~
> Qnig—8r+A7) | rie,, dx.
Rn
Since (1+4" 172" ' <r~lforr >0and, fork >2and 5 <n <8,

n+4 nn>-4)
x :
2 8

4 _
2mk—8xk+xi=(2n—8)k(n+k—2)+k2(n+k—2)2>"Jzr xQ=

we have that

Ak Ak n+4 _— £
/n (A— r—2>¢km <A — r—2)¢km dx > /" TQUO 4¢]%,m dx,

which contradicts (B-9) for k > 2 and 5 <n < 8. Therefore, there exists no nontrivial
bounded solution ¢y to (B-3) such that ¢ (r) = o(1) as r — 4o for k > 2 and
5<n<8. O

It is easy to check that
n—4 ‘
uo—i—;ul,m:co(x-VUo—{— 5 Uo)—i-;Cjaijo

with ¢, ..., ¢, some constants. As a direct corollary of Theorem B.4, we have:

Corollary B.5. Let ¢ be a solution to (B-1) with the decay ¢ — 0 uniform as
|x| = oo. Then for 5 < n < 8, we have that

n—4 .
¢d=colx-VUy+ 5 Uy +ZCj8ij()
j=1

for some constants cy, ci, ..., Cp.
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