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We consider integral and irreducible binary quartic forms whose Galois
group is isomorphic to a subgroup of the dihedral group of order eight. We
first show that the set of all such forms is a union of families indexed by
integral binary quadratic forms f(x, y) of nonzero discriminant. Then, we
shall enumerate the GL;(Z)-equivalence classes of all such forms associated
to a fixed f(x, y).
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1. Introduction

The problem of enumerating GL, (Z)-equivalence classes of integral and irreducible
binary forms of a fixed degree has a long history. The quadratic and cubic cases were
solved in [Gauss 1801; Siegel 1944] and [Davenport 1951b; 1951c], respectively,
where the forms are ordered by the natural height, namely the discriminant A(—).
The quartic case turns out to be more challenging. This is because the ring of
polynomial invariants of quartic forms have two independent generators, usually
denoted 7 (—) and J(—). For

(1-1) F(x,y) = amx* + a3xy + axx®y? + ayxy® + apy?,
they are given by the explicit formulae
[(F) = 12a4a0 — 3aza; + a3,

J(F) =T2aq4ara0 + 9azara — 27a4af — 27a§a0 — 2a§,
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which are of degrees two and three, respectively. Bhargava and Shankar [2015],
instead of using the discriminant, introduced the height function
(1-2) Hgs(F) = max{|I(F)]*, J(F)*/4}.
For X > 0, let us define

Nz(X) = #{[F ] :integral and irreducible binary quartic forms F
such that Hgg(F) < X},

where [—] denotes GL,(Z)-equivalence class. In [loc. cit.], they proved that

44¢(2) s 3
12(5 )X% + OG(X%“) for any € > 0.

This is the first result ever obtained, and as far as we know, the only known result
in the literature, for the quartic case.

(1-3) Nz(X) =

1A. Set-up and notation. In this paper, we shall also be interested in the quartic
case, but only the integral and irreducible binary quartic forms F with small Galois
group Gal(F), which is defined to be the Galois group of the splitting field of
F(x, 1) over Q. We know that Gal(F') is isomorphic to one of the following:

S4 = the symmetric group on four letters,
A4 = the alternating group on four letters,
D, = the dihedral group of order eight,
C4 = the cyclic group of order four,

V4 = the Klein-four group.

We shall say that Gal(F) is small if it is isomorphic to D4, Cy4, or V4. Recall that
the cubic resolvent of F is defined by

Qr(x) = x> =31(F)x + J(F).
Then, equivalently, we have the classical characterization that for irreducible F
Gal(F) is small if and only if Qr(x) is reducible.

It turns out that whether Gal(F') is small or not may also be characterized in terms
of binary quadratic forms and the following so-called twisted action of GL,(R).
Given a complex binary form &(x, y), let GL,(R) act on it via

ft
Er(x,y) = E(ix + 1y, t3x +14y) for T=(1 2)~

1
det(T)d%g/2 13 1y

Observe that this is only an action up to sign when deg £ is odd, in the sense that
for T, T, € GL,(R), we only have &7,17, = £(&r1,)7, in general. Now, given a real
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binary quadratic form f(x, y) = ax?+ Bxy + yy* with A(f) # 0, write

(B 2
My = (—Za —ﬂ)

for its associated matrix in GL,(R). Its action on binary quartic forms clearly
remains unchanged if we scale f(x, y) by a constant in R*. The second author,
Xiao, proved [2019] that for any real binary quartic form F with A(F) # 0, elements
of

{T € GL(R) : T is not a scalar multiple of I,x, and Fr = F}

all arise from binary quadratic forms in this way; see Proposition 2.1. Recall that
an integral binary quadratic form is called primitive if its coefficients are coprime.
Using this result from [Xiao 2019], in Section 2, we shall first show:

Theorem 1.1. Let F be an integral binary quartic form with A(F) # 0. Then, the
following are equivalent.

(1) Qr(x) is reducible.

(2) Fr = F for some T € GL,(Q) which is not a scalar multiple of Ix>.

(3) Fm, = F for an integral and primitive binary quadratic form f with A(f) # 0.
Moreover, in the case that Qg (x) is reducible:

(a) If A(F) # U, then there is a unique such f up to sign.

(b) If A(F) =0, then there are exactly three such f up to sign, among which one
is definite and two are indefinite.

Given a real binary quadratic form f(x, y) with A(f) # 0, let us further make
the following definitions. First put

VR, r = {real binary quartic forms F such that F, ,=F 1
Vz.r = {integral binary quartic forms F* such that Fj,, = F}.

Clearly Vg, s is a vector space over R and V7, ; a lattice over Z. A straightforward
calculation shows that dimg Vg, r is three; see (3-1) and (3-2) below. Also, put

Ve ={Fe€Vrys:A(F)#0} and V) ,={F € Vzs:A(F)#0}.

For F e Vﬂgy powe shall define two new invariants as follows. As we shall see in (2-3),
there is a unique root ws(F) of Qp(x) corresponding to f. Let a)/f(F ), a)}(F )
denote the other two roots of Qg (x) and define

(1-4) Li(F)=w;(F) and Ks(F)=—o/(F)w}(F).
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By Proposition 3.2 below, they have degrees one and two, respectively, in the
coefficients of F. Following (1-2), let us define the height of F associated to f by

Hy(F) =max{L ;(F)*, |K ;(F)|},
This is comparable to the height (1-2) because by comparing coefficients in
22— I(F)x +J(F) = (x — 07 (F))(x = o (F))(x = o/} (F)),
we easily deduce the relations
(1-5) 3I1(F)= Lf(F)2 +Kp(F) and J(F)=Ly(F)Kz(F),
which in turn imply that
(1-6) (Hy(F)/10)’ < Hys(F) < Hp(F)’.

Let us note that
41 (F)? — J(F)?
27
B (Lf(F)2 +4Kf(F)) <2Lf(F)2 - Kf(F)>2

(1-7) A(F) =

9 9

where the first equality is well-known, and the second equality holds by (1-5). Also,
our height Hy(—) is an invariant in the sense that for any 7" € GL,(R), we have

Hy (Fr) = Hy(F),
as shown in Proposition 3.1 below. This implies that the map
(1—8) VR’f —> VR,fTs F— FT,

which is a well-defined bijection because M, = T-'M ¢ T, is height-preserving
when restricted to the forms of nonzero discriminant.

Now, let us return to the integral and irreducible binary quartic forms with small
Galois group. Write V™ for the set of all such forms and set

Vit = (F e V5™ Gal(F) # Vi)
By Theorem 1.1, we know that

V"= | J(F e V) ;: F is irreducible},
fes*
vym = | |{F e V{ ;: F is irreducible and Gal(F) % Vi),
fes

(1-9)
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where §* denotes the set of all integral and primitive binary quadratic forms of
nonzero discriminant, up to sign. In particular, given F € V5™, there is a unique
f eg* suchthat F € VZO’ Iz and we may define the height of F by setting

H(F)=H(F).
For X > 0, let us define
NI (X) =#{[F]: F € V3™ such that H(F) < X},
Nj ((X)=#{[F]:F € V;'" NV} | such that H(F) < X}.
Then, by (1-8) and (1-9), we have

Ny (X) =D N; (X),
fe§
where § denotes a set of representatives of the GL,(Z)-equivalence classes on
§*. In Theorem 1.2, which is our main result, for f € §*, we shall determine the
asymptotic formula for N£ ¥ (X). In fact, we shall consider the finer counts
NP2(X) =#{[F]: F € V;" N V)  such that Gal(F) ~ D4 and H (F) < X},
NP (X) =#{[F]: F € V;" NV ; such that Gal(F) ~ Cy and H(F) < X},

N (X) =#{[F1: F € V;" 0V} , such that Gal(F) ~ V, and Hy(F) < X},

and show that the latter two are negligible compared to Ng)]i‘)(X ). This means that

most of the forms in V;™ N VZO’ 7 have Galois group isomorphic to D4. However, all
of our error estimates depend upon f. Currently, we do not know how to control
them in a uniform way, and so we are unable to obtain an asymptotic formula for
N%(X) by summing over f € §.

Finally, let us explain, for each f € §*, how counting forms in V;™ N VZO’ ¢ may
be reduced to counting lattice points. Write f(x, y) = ax? + Bxy + yy2 with
a, B,y € Z. By (3-1) and (3-2), the set Vg, ¢ is a vector space isomorphic to R3 via

O1 :asx* + a3’y +ax®y? +aixy +agy* v (as, a3, an) ifa #£0,

0yt asx* +asxy +ax?y? +aixy® +agy* — (as, az, ap) if B, pE+4ay #0.
Recall that the subset V7  has the structure of a rank-three Z-lattice, which may
be identified with the lattices

(1-10) Af,l :®1(Vl,f) and Afy2=®2(VZ,f)

in Z3. Let us mention here that we shall use the isomorphism

1 if f is irreducible,

Ou(sy,  wh =
w(p),  Wwhere w(f) {2 if f is reducible.
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Thus, the problem is reduced to counting points in A 7 or A 5, and then sieving
out those which come from reducible forms. In turn, counting lattice points amounts
to computing certain volumes by a result of Davenport [1951a]; see Proposition 5.1.

1B. Statement of the main theorem. 1t is clear that we may choose the set § of
representatives to be such that for all f € §, the x>-coefficient is positive, and

(1-11) flx,y)= ax? + Bxy, where ged(a, B) =1landO<a <pB
when f is reducible. Let ~ denote GL;(Z)-equivalence. Then, our main result is:

Theorem 1.2. Let f(x, y) be an integral and primitive binary quadratic form of
nonzero discriminant and with positive x>-coefficient. Write Dy = |A(f)|, and put
8 if Dy is odd,
= {1 if Dy is even.
(a) Suppose that f is positive definite. Then, we have
1 13z
sfry 21D}

N(D“)(X) X324+ 0p(X'€)  forany e >0,

where
6 if f(x,y) ~ P+ xy+)7,
rr=12 if f(x,y) ~ax®>+cy? or f(x,y) ~ax>+bxy+ay* witha # b,
1 otherwise.
(b) Suppose that f is reducible and that f has the shape (1-11). Then, we have
8
sfrf 983/2
B {1 ifBta’+1landBtoa?—1,

2 otherwise.

NP2V (X) = —— 35 X log X + 0,(X*%),

where

(¢) Suppose that f is indefinite and irreducible. Define tp, € R to be such that
e'” is the fundamental unit of the quadratic order ZI(Dy + /Dy)/2], or
equivalently

tp, =log((up, +vp,+/Dy)/2),

where (up,, vp,) € N? is the least solution to x> — ny2 = =44. Then, we have

1 32tp
(D4)(X) i 9D3/f2 X324 0p(X'T€)  forany e >0,

where
2 if f(x,y) ~ax*+bxy —ay?
ry= or f(x,y) ~ax>+bxy+cy> witha|b,
1 otherwise.
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(d) In all three cases, for any € > 0, we have

N(V4)(X) f,e(X1+€)a
and also
Ope(X'Fe) if —A(f) #0,

Ny (X) = { .
07 (X) NGE
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Notice that the error terms in Theorem 1.2 depend upon f. Hence, we are unable

to obtain an asymptotic formula for N%(X ) by summing over f € §. However,

there are only three f € § that need to be considered if we restrict to the forms in

Vo ={F € V;™: Fr = F for some T € GLy(Z) \ {£L2}}.

This is because by Proposition 2.1 below, such a matrix 7 must be of the shape

My or M /2 up to sign, where f € §*. From (1-9), we then deduce that

stm,* _ U {F € VZ({ i F is irreducible},
feg*
A(f)e{—4,1,4}
stm’*f" = |_| (F e VZO, ¢ ¢ F is irreducible and Gal(F) % Va}.
feg*
A(f)e{—4,1,4}

For X > 0, let us put
N3T(X) =#{[F]: F € V;™*" such that H(F) < X}.
Then, by (1-8) and the above discussion, we have

N;ﬁ'(x): Zf“)(X)—i—NZ }(2)(X)—|-N*1

7 f(3) (X)’

where we may take
fPa =24y [P0y =x+xy, O y) =x>+2xy,
whose discriminants are —4, 1, and 4, respectively. We have:

Corollary 1.3. We have
NyT(X) = 5X3log X + 0(X*/%).

Proof. Theorem 1.2 implies that

N; so(X)=0(X*? and N 30X =X log X+0(X¥?)  fori=2,3.

Summing these terms up then yields the claim.

Finally, as a consequence of the proof of Theorem 1.2, we also have:

O
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Theorem 1.4. Let D = ,82—|—4oz2, where a, B € N are coprime and D is not a square.
Then, the negative Pell’s equation x> — Dy*> = —4 has integer solutions if and only
if the integral binary quadratic form ax® + Bxy — ay?® is GLy(Z)-equivalent to a
form of the shape ax® + bxy + cy* with a dividing b.

We now discuss some potential applications of our Theorem 1.2 and Corollary 1.3.

First, it is natural to ask whether the asymptotic formula (1-3), which was proven
using Proposition 5.1, admits a secondary main term. From the arguments in
[Bhargava and Shankar 2015], we see that the error term arising from volumes
of the lower dimensional projections in Proposition 5.1 is only of order O (X3/4).
Thus, possibly X3/ is the order of a second main term, but it is dominated by
another error term coming from

N7 ps(X) =#{[F]: F € V;™* such that Hgs(F) < X}.
In particular, it was shown in [Bhargava and Shankar 2015, Lemma 2.4] that
N7 gs(X) = 0. (X**¢)  for any € > 0.
Our Corollary 1.3 removes this obstacle, because
NyT(X13) < N3 ps(X) < N3 110X 13) 4+ 0. (X 1/3+9)
by (1-6) and Theorem 1.2(d), whence we have
N} ps(X) < X' log X.

This improvement potentially allows one to prove a secondary main term for (1-3)
by using similar methods from [Bhargava et al. 2013], where it was shown that
the counting theorem in [Davenport and Heilbronn 1971] for cubic fields has a
secondary main term of order X>/°; this latter fact was proven independently in
[Taniguchi and Thorne 2013] as well.

Next, integral binary quartic forms are closely related to quartic orders, and
maximal irreducible quartic orders may be regarded as quartic fields. More generally,
by the construction of Birch and Merriman [1972] or Nakagawa [1989], any integral
binary form F gives rise to a Z-order O r whose rank is the degree of F, where
GL;(Z)-equivalence class of F corresponds to isomorphism class of Q. By
[Delone and Faddeev 1964], it is well-known that all cubic orders come from
integral binary cubic forms, which enabled the enumeration of cubic orders having a
nontrivial automorphism as well as cubic fields by their discriminant; see [Bhargava
and Shnidman 2014] and [Davenport and Heilbronn 1971], respectively. But this is
not true for orders of higher rank. Parametrizations of quartic and quintic orders
were given by Bhargava in his seminal work [2004; 2008]. Wood [2012] further
showed that the quartic orders arising from integral binary quartic forms are exactly
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those having a monogenic cubic resolvent; see [Bhargava 2004] for the definition.
This implies that the forms in

V" ={F € V;™: QF is maximal}

correspond to quartic Dy-, C4-, and Vy-fields whose ring of integers has a monogenic
cubic resolvent. In our upcoming paper [Tsang and Xiao 2017], we shall enumerate
GL,(Z)-equivalence classes of forms in V,™* with respect to a height corresponding
to the conductor of fields, as motivated by [Altug et al. 2017]. In fact, we shall that
show that

forall feF : FeV,™"N VZOJ #@ ifandonly if A(f)e€{—4,1,4}.

Thus, our counting theorem in [Tsang and Xiao 2017] may be regarded as a
refinement and an extension of Corollary 1.3 above.

Last but not least, binary quartic forms are connected to elliptic curves as well.
In particular, any integral binary quartic form F gives rise to an elliptic curve
defined over Q. Bhargava and Shankar [2015] applied (1-3) as well as a parametriza-
tion of 2-Selmer groups due to Birch and Swinnerton-Dyer to show that the average
rank of elliptic curves over , when ordered by a naive height analogous to (1-2),
18 at most % This result is remarkable in that it is the first to show, unconditional
on the BSD-conjecture and the Grand Riemann Hypothesis, boundedness of the
average rank of large families of elliptic curves over . Conditional bounds were
obtained by Brumer [1992], Heath-Brown [2004], and Young [2006] previously.
Now, the relations in (1-5) imply that for F' € V,;" N VZO’ ¢ with f € §*, we have

Er: y2 = (x—l——Lf?EF))(xz — Lf;F)x — ng(F)),

which has a rational 2-torsion point. Hence, our Theorem 1.2 potentially allows
one to study arithmetic properties of elliptic curves with 2-torsion over ). Let
us remark that unlike a large family of elliptic curves over (Q, in the sense of
[Bhargava and Shankar 2015, Section 3], the family consisting of those curves
with a rational 2-torsion exhibits a rather peculiar behavior. Indeed, Klagsbrun and
Lemke Oliver [2014] proved that the average size of the 2-Selmer groups in this
family is unbounded, and they conjectured an asymptotic growth rate. One might
be able to obtain such an asymptotic growth rate using our Theorem 1.2 and a sieve
that detects local solubility; this line of inquiry is pursued in an upcoming paper
due to D. Kane and Z. Klagsbrun.
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2. Characterization of forms with small Galois groups

2A. Cremona covariants. Let F be a real binary quartic form with A(F) #0. As
Cremona defined [1999], we have three quadratic covariants €r ,(x, y), each of
which is associated to a root w of Qf(x); see [Xiao 2019, Subsection 4.2] for the
explicit definition. They satisfy the syzygy

(2-1) Cru(x, y)? = H(Fy(x,y) +4oF (x, ),
where Fy is the Hessian covariant of F and is given by
Fi(x,y)= 3(a§ — 8a4a2)x4 +4(aza — 6a4a1)x3y + 2(2a§ —24aq4a0 — 3a3a1)x2y2
+4(ara; — 6a3ao)xy3 + (3a12 — Sazao)y4.
We shall label the roots w; (F), w>(F), w3(F) of Qr(x) such that
Cror(x,y)=Cpi(x,y) foralli=1,2,3,

where €r;(x, y) is defined as in [Xiao 2019, (4.6)]. Then, from (2-1) and the
explicit expressions for € ,(x, y) given in [Xiao 2019], we have the following
observations:

(1) For w = w(F), the binary quadratic form € ,(x, y) has real coefficients.
(2) For w = w(F), w3(F), we have:
o If A(F) > 0, then A, - €F ,(x, y) has real coefficients for some A, €

{1, v—1}
o If A(F) <0, then A - €f ,(x, y) does not have real coefficients for all
A e Cx.

Also, it is easy to check that
(2-2) A(€F w(F))s ACFwyr) >0 and  A(Cp () <O0.
We shall require the following result by Xiao [2019].

Proposition 2.1. Let F be a real binary quartic form with A(F) # 0. Then, a set
of representatives for the quotient group

{T EGLQ(R)IFT = F}/{)\.-szzi)\. € RX}
is given by

{2, My f €{CF 0 (F)s Aan(F) * CFon(F)s dan(F) - CRan)}}  if ACF) >0,
{2, My f €{€Fop)}} if A(F) <.

Furthermore, the quadratic forms Cr o, (r)(X, y), €F.wy(F) (X, ), and Cr oy (r) (X, y),
are pairwise nonproportional over C*.
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Proof. For the first statement, see [Xiao 2019, Proposition 4.6]. As for the second
statement, since Cr ., (r)(x, y) are covariants, replacing F' by a GL,(R)-translate
if necessary, we may assume that

F(x,y) = asx* + apx?y* L asy*.

In this special case, it is not hard to verify the claim using the explicit expressions
for €r , (F)(x, y) in [Xiao 2019, (4.6)]. O

Let F be a real binary quartic form with A(F) # 0. Proposition 2.1 implies
that for any real binary quadratic form f with A(f) # 0, we have F € VR r if and
only if

(2-3) f(x,y) is proportional to €r ,(x, y) for a root w of Qr(x).

Moreover, this root w is unique, and we shall denote it by w ¢ (F'). This was required
in order to define the L ;- and K g-invariants in (1-4).

2B. Proof of Theorem 1.1. The key is the following lemma.

Lemma 2.2. Let F be an integral binary quartic form with A(F) % 0 and let w be
a root of Qr(x). Then, the quadratic form € ,(x, y) is proportional over C* to a
form with integer coefficients if and only if w € Z.

Proof. If w € Z, then we easily see from (2-1) that A - € ,(x, ¥) has integer
coefficients for some A € C*. Conversely, if A - € ,(x, y) has integer coefficients
for some A € C*, then consider the action of an element o € Gal(Q /@), where Q
is an algebraic closure of @. It is clear from the definition of ¢, (x, y) that A € Q.
From (2-1), we have

)\’2

Y@= @)F () =Crox, 1) =0 @Cru(x, ») = (1 - o()?

)€ro, 2,

and this last binary quartic form has zero discriminant. This shows that w —o (w) =0
for all 0 € Gal(Q/Q). Thus, we have w € @, and so w € Z since Qp (x) is monic. [J

The first claim in Theorem 1.1 now follows from Proposition 2.1, Lemma 2.2,
and (2-3). Note that
A(F) =27*A(Qp),

which means that Qr(x) has three integer roots if and only if Qf(x) is reducible
and A(F) = [. The second claim then follows from this fact and (2-2).
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3. Basic properties of forms in Vi ; of nonzero discriminant

Throughout this section, let f(x, y) = ax? + Bxy + yy? be a real binary quadratic
form with A(f) # 0. It is not hard to check, by a direct calculation, that

4By A — (B> +2ay)B +2
3-1) VR,.fz{Ax4+Bx3y+Cx2y2+( By (B +2ay)B+ O!,BC>xy3

202

2 _ 2 2
+(4y(ﬁ +2ay)A ﬁg(fS tday)B+2af c>y4:A, B.Ce R]

if @ # 0, and similarly that

y(4ﬂ2+8ay)A+2aﬁ23—8a3c) 3 5 5
32) Ver=1{A 4+( +B
G20 Vis { ) BB +day) ey
8y3A—2B2y B—a(4B82+8ay)C
_(V ,3V2 o(4B+8ay) >xy3+Cy4:A,B,CE[R§
B(B>+4ay)

if B, B2+ 4ay # 0. Below, we shall give some basic properties of Vﬂg’ ¢ and VZO’ r

3A. The two new invariants. Recall the definitions of the L ;- and K ;-invariants
given in (1-4). First, we shall show that they are indeed invariants under the twisted
action of GL,(R) in the following sense.

Proposition 3.1. Forall F € Vﬂg’ ¥ and T € GL,(R), we have
LfT(FT) = Lf(F) and KfT(FT) = Kf(F).

Proof. Notice that Qr (x) = QF, (x). For any root @ of Qr(x), because €r ,(x, y)
is a covariant up to sign by (2-1), if € ,(x, y) is proportional to f(x, y), then
Cr,.0(x,y) is proportional to fr(x,y). It then follows from the definition that
Ly (Fr)=L¢(F). Since I (Fr) =1(F), we also have K s, (Fr) = K¢(F) by the
first equality in (1-5). (]

We shall give explicit formulae for L s(—) and K y(—) in two special cases.
Proposition 3.2. The following holds.

(a) Assume that o # 0. Then, for all F € V[g,f as in (3-1), we have
Lf(F)=—(12yA—38B+2aC)/Qa),
K¢ (F) = (72B*y A%+ 9a(B* + 4ay) B> + 8a°C?
—18B(B> +4ay)AB + 12a(38% — 4ay)AC — 24> BBC) / (4a).
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Moreover, we have

4(Lp(F)*+4K;(F))  Lyi(F)?—A(f)Lsa(F)?
9 o at ’

where
Lp1(F)=4(8*—ay)A—3aBfB+2a>C and Ljy»(F)=22BA—aB).
(b) Assume that y = 0. Then, forall F € Vﬂg’ pas in (3-2), we have
Ly(F)=(2B°B—122°C)/B",
K;(F)=(—p*B*+ 144a*C? +368*AC — 24a*B*BC) / 8*.

Moreover, we have

4(Lp(F)*+4Ks(F)  8C (o 2 p , 400
5 :F<8ﬂ A—8aB+7C).
Proof. This may be verified by explicit computation. ([

We shall also need the following observation.

Proposition 3.3. Assume that f is integral. Then, for all F € VZ({ G have
L(F),K¢(F),(Ls(F)*+4K;(F))/9, QL (F)* =K (F))/9 € Z.
Moreover, when f is primitive in addition, we have
4Q2Ls(F)* = K7 (F))/OA(f)) €Z.

Proof. We have L y(F) € Z by Lemma 2.2. Since I (F) € Z, we deduce from the
first equality in (1-5) that K s (F') € Z holds as well. Observe that
I(F)+ Ky (F) = (Ly(F)* +4K ;(F))/3,
2I(F)—Ky(F) = (2Lf(F)2 — K¢ (F))/3,
both of which are integers. Since A(F) € Z, we deduce from (1-7) that at least one
of the above expressions is divisible by 3. But again by (1-5), we have

3[(F) = (Lf(F)2 +4K(F))/3+ (ZLf(F)2 — Ky (F))/3,

so in fact both expressions are divisible by 3. This proves the first claim.

Next, assume that f is primitive in addition. In view of Proposition 3.1, by
applying a GL,(Z)-action on f if necessary, we may assume that o # 0 and that «
is coprime to A( f). Using Proposition 3.2(a), we then compute that

4L (F)* — K¢(F))
9

a(B?> —4AC)+2A(BB — 4yA))

o3

=A(f)(
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This expression is an integer by the first claim, and hence must be divisible by
A(f), because « is taken to be coprime to A(f). This proves the second claim. [

3B. Determinants of the two lattices. In this subsection, assume that f is integral
and primitive. Let A sy and A 7> denote the lattices defined in (1-10). Below, we
shall compute their determinants in terms of the number s/ as in Theorem 1.2.

Proposition 3.4. We have det(A 1) =5y la|? and det(Asp) =5y |B(B%+4ay)|/8.
Proof. Observe that the linear transformation defined by the matrix
1 00

0 0 1], whereB=
* —B %

B(B2 +4day)
8ar3 ’

has determinant B, and it sends A 1 to A y>. Thus, it suffices to prove the first
claim. Recall from (3-1) that A s is the set of tuples (A, B, C) € 73 satisfying
4By A — (B> +2ay)B +2aBC =0 (mod 2a?),
4y (B> 4 2ay)A — B(B% + 4ay)B + 2aB>C =0 (mod 8a>).

If By =0, then it is easy to check that det(A s1) =5 la|3. If By #0, then we shall
use the fact that

det(Ag) =] deta’f) =[] det(a’?).  where AY) =7, @z A1,
P

pl2a
and so det(A 1) = sy |oe|? indeed holds by Lemma 3.5 below. O
Lemma 3.5. Let p be a prime dividing 2« and let p*||a. Then, we have

det(ASf,’l)) = s;”pSk, where €, = {(1) ZZ]I; i i’
Proof. For brevity, write B
a=p‘a and B =p'h, wherek,{ a,beZwithk, £>0and pta,b.
Then, the claim may be restated as
k43¢, if g =0
det(A f)) = {;k o> 1
By definition, the lattice A(fp f is the set (A, B, C) € Zf, of tuples satisfying
Ti(A, B,C) =0 (mod p**€) and T:(A, B, C) =0 (mod p¥**+3),

where
Ti(A, B,C) = p'b(4y A — p*bB) —2p*ay B +2p*+tabC,
T>(A, B, C) = (p*b> +4p*ay)(4y A — p*bB) —8pFay? A +2p* 2 ab*C.
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Observe that we have the relation
(3-3) T>(A, B, C) — p*bTi(A, B, C) =2pFay 4y A — p'bB).
For ¢ = 0, we deduce from (3-3) that Ag,p f is defined solely by
T2(A, B, C) =0 (mod p¥*+3r).
For £ > 1 and £ > k + 2¢,, it is easy to see that A(f{’ f is in fact defined by
A=0 (mod p?*) and B =0 (mod p~).
For £ > 1 and £ < k + €, we shall first show that Agf’? is also defined by

A=0 (mod p2t=2¢r),
B=0 (mod p*=<r),
(AyA—p'bB)/p* < =0 (mod p*—t+er),
To(A, B, C)/pkt2t+er =0 (mod p?—20+2€r),

(3-4)

If (3-4) is satisfied, then from (3-3), it is easy to see that (A, B, C) € A;{)l). Con-
versely, if (A, B, C) € A;’f 1) , then the assumption £ < k + €, implies that

Ti(A, B,C)=0 (mod pkH) and 72(A, B,C) =0 (mod pk+2i+e,,),
while reducing (3-3) mod p?**t*<» also yields
4y A —p'bB =0 (mod p**).

From these three congruence equations, it follows that (3-4) is indeed satisfied. In

all cases, we then see that det(A(f{7 f) is as claimed. O

3C. Forms with abelian Galois groups. In this subsection, assume that f is inte-
gral. Consider an irreducible form F € VZO, 2 By Theorem 1.1, we have Gal(F) =~ Dy,
Cy4, or V4. To distinguish among these three possibilities, note that the cubic
resolvent polynomial of F, defined by

Rp(x) = al;?X3 — afazX2 + a4(azay — 4agap) X — (a%ao + a4af —4dagaragp)

when F has the shape (1-1), is reducible since Gal(F’) is small. Also, it has a unique
root rp € Q precisely when A(F) # [, in which case we define

01(F) = (a3 —4as(ay —rras)) A(F) and  6y(F) = as(rpas —4ag) A(F).
Then, we have the well-known criterion
Gal(F) = Vy <= A(F) =01,
Gal(F) ~ Cy <= A(F) #Uand 6,(F), 6,(F) =0 in Q.
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See [Conrad 2012], for example. We then deduce:
Proposition 3.6. Let F € VZO’ ¥ be an irreducible form. Then, we have
Gal(F) ~ Vy <= L;(F)*> +4K ;(F) =],

as well as

Ly(F)*+4K(F) #0,

Gal(F) >~ C
A== {(Lf(F)2 +4K ;(F)(RLf(F)* — K ;(F))/A(f) =0

Proof. Observe that by (1-7), we have
A(F)=0 ifandonlyif L (F)*+4K(F)=0.

The first claim is then clear. Next, suppose that A(F) # . By Proposition 3.1, we
may assume that o # 0. For F in the shape as in (3-1), a direct computation yields

Using Proposition 3.2 (a), we further compute that
01(F) = 40> 2L 1 (F)* — K f(F))A(F)/OA(f)),
0:(F) = B*QL s (F)* — K s (F)) A(F)/(OA(f)).

By (1-7) and the criterion above, it follows that 6, (F), 6,(F) are squares if and
only if (L f(F)*>+4K ;(F))2L¢(F)*— K (F))/A(f) is a square, as desired. [J

3D. Reducible forms. In this subsection, assume that f is integral. We shall study
the reducible forms in VZO’ r Let us first make a definition and an observation.

Definition 3.7. Let F € VZO, / be a reducible form.

(1) We say that F is of type 1 if F =m - ppy, for some m € @* and integral
binary quadratic form p.

(2) We say that F is of type 2 if F = pq for some integral binary quadratic forms
p and g satisfying py, = —p and gy, = —q.

Lemma 3.8. For all reducible forms F € V%)’ ¥ of type 1, we have
Li(F)*+4Ks(F)=0.
Proof. This may be verified by a direct computation. (]

Below, we shall show that the two reducibility types in Definition 3.7 are in fact
the only possibilities. We shall require two further lemmas.
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Lemma 3.9. Let £(x, y) =£1x+ £y be a nonzero complex binary linear form, and
suppose that Ly, = A - £ for some ) € C*. Then, we have . = £+/—1, with

s {—\/—_1 if and only if bo = (B + v A(f)) 41/ (),
V=1 ifandonly if ty = (B — VA()E1/Qw),
in the case that o # 0.

Proof. The hypothesis implies that

s oy Z6) () =+ ()
—A(H 2y —B) \& 2y
Then, by computing the eigenvalues and eigenspaces of the 2 x 2 matrix above, we

see that the claim holds. |

Lemma 3.10. Let p(x, y) = pax>+ pixy + poy* be a nonzero complex binary
quadratic form, and suppose that py, = A - p for some A € C*. Then, we have
A= =1, with

o, |~1 ifandonlyif po=(Bpi —2yp2)/(20),
L ifand only if p = (p2/e) f.
in the case that o # 0.

Proof. The hypothesis implies that

. (P "2 de?\ (p P2
—a \*BY —(B>+4ay) 4o | [ p1| =2 M
=28y B) \mo Po
Then, by computing the eigenvalues and eigenspaces of the 3 x 3 matrix above, it
is not hard to check that the claim holds. (]

Proposition 3.11. Any reducible form F € Vg’ pis either of type 1 or of type 2.

Proof. Write F = g0 g@¢® ¢® where the g are complex binary linear forms,
and are pairwise nonproportional because A(F) # 0. Since F is reducible, by
renumbering if necessary, we may assume that

2),0)

g(l), g7 g(4) when F' has exactly one rational linear factor,
g, g?, ¢g®eg®  when F has exactly two rational linear factors,
g(l) g(z), g(3)g(4) when F has no rational linear factor,

g(l), g(z), g(3), g(4) when F has four rational linear factors,
have integer coefficients and are irreducible. We have M ? = A(f) - Ix» and

Fuy, = F by definition. Hence, up to scaling, the matrix Mf‘ acts on the g® via a
permutation o on four letters of order dividing two. This has two consequences.
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By (1-8), without loss of generality, we may assume that o # 0. First, the form
F cannot have exactly one rational linear factor, for otherwise

o(1)=1 and o(ky) = ko for at least one kg € {2, 3, 4}.

From Lemma 3.9, it would follow that A( f) is a square and that g ¥ is proportional
to a form with integer coefficients, which is a contradiction. Second, when F has
four rational linear factors, by further renumbering if necessary, we may assume
that

o €{(1),(12), (12)(34)}.

Now, in all three of the possible cases for the factorization of F, define

p=2Vg® and g=gPg®,

which are integral binary quadratic forms by definition. We then deduce that
(Puyoam) =g, 27" p) or  (puyqm)=0-p, A" q)
for some X € Q. In the former case, it is clear that F' is of type 1. In the latter case,
we have L = —1 by Lemma 3.10 and the fact that A(F) # 0, so F is of type 2. [J
4. Parametrizing forms in V ;s of nonzero discriminant

Throughout this section, let f(x, y) = ax?+ Bxy + yy? be a real binary quadratic
form with A(f) #0 and « > 0. We shall give an alternative parametrization of V[Fg’ Iz
different from (3-1) and (3-2), in terms of the regions

QY ={(L,K)eR?*:L*+4K #0and 2L* — K # 0},
(4-1) Qt ={(L, K) € R*: L*+4K > 0 and 2L> — K #0),
Q ={(L,K)eR*:L?>+4K <0and 2L> — K > 0},

corresponding to the L ¢- and K y-invariants, as well as a parameter ¢ € R arising
from the orthogonal group of f, defined by

Or(R) ={T € GLy(R) : det(T') = %1 and f7 =L f}.
Note that by (1-7), for any F € Vﬂg’ Fowe have

(L(F),K¢(F)) e Q" < A(F) >0,
(Lf(F),Kf(F)) € Q™ < A(F) <0.

First, we shall show that it suffices to consider x> + y? and x2 — y2. It shall be
helpful to recall (1-8) as well as the isomorphisms ®; and ®; defined in Section 1A.
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Lemma 4.1. Define a matrix

—1/4
Tf — (‘Sfo 10/4) \1/_ <2Ol ,3) where 8f = |Aif)|
f

Then, we have a well-defined bijective linear map
{\I!f Ve = Ve, Wp(F) = Fr, if f is positive definite,
Vit Vraeoy = Vry, We(F)=Fr, if fisindefinite,
and we have det(W ) = 8a3| A(f)|73/2,
Proof. The first claim holds by (1-8) and the fact

5712 f= (x2 + y2)Tf if f is positive definite,
f (x2—y?)g, if f is indefinite.

Identifying Vi 24,2 and Vg ¢ with R3 via ©1, we see from (3-1) that

ag 052/ (Sf 0 0 ay
(4-2) Veilas || 228/8 a/S3r  Of|a3].
a 382/28; 3B/(2y/8p) 1) \a
from which the second claim follows. O

In the subsequent subsections, we shall prove the following propositions.

Proposition 4.2. There exists an explicit bijection
©: QY X [—7/4,7/4) > Vg oo,
defined as in (4-4), such that
(a) we have Ly>1 2(P(L, K, 1)) =L and K,2, 2(P(L, K, 1)) =K
(b) the Jacobian matrix of ®1 o ® has determinant —%

Proposition 4.3. There exist explicit injections
oM, 0@t xR —> VY and &P, 0W Q7 xR— Vg o,
defined as in (4-6), with
V[g’xz_yz =dD Q" xR LUPPQT xR UPP(Q xR LOPD(Q™ xR)
such that, foralli =1, 2, 3, 4,
(a) we have L2 2 (®D(L, K, 1)) =L and K,>_ 2(®V(L, K, 1)) = K
(b) the Jacobian matrix of © o D has determinant T

In view of (1-11), we shall give another parametrization of Vg s when y =0,
which does not require reducing to the form x> — y? via Lemma 4.1.
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Proposition 4.4. Suppose that y = 0. Then, there exist explicit injections
oV P QxR VY .
defined as in (4-9), with
1 2
Ve = 0@ xRy uedP (@’ x R)

such that, for bothi =1, 2,

(a) we have L ((®V (L, K, 1)) =L and K ;(®V(L, K, 1)) =K,

(b) the Jacobian matrix of ©, o CID(;) has determinant —%.

For ¢t € R, we shall use the notation

(4-3) T+(t)=(COSt sint) and T_(t)z(cosht sinht>’

—sint cost sinht cosht
which is an element of O, ,>(R) and O,2_2(R), respectively.
4A. Positive definite case. Define
@4 QN x[—w/4 /B = Vg o b O KD = (Fuk)+),
where

F,ky(x,y)
—3L+~L?>+4K , —L—-~L?>+4K , , —-3L++L?>+4K ,
= X+ xX°yT+ y.
24 4 24
The image of @ lies in Vi ,2, > by (3-1) and (1-8). Using Propositions 3.1 and 3.2(a),
it is easy to check that Proposition 4.2(a) holds.
Now, by (3-1), an arbitrary F € Vﬂg has the shape

x24y?
F(x,y) = asx* + azx®y + apx?y? — azxy® + asy*.

Write L = L,2; 2(F) and K = K,2»(F). Note that (L, K) € Q1 because
A(F) > 0by (1-7). For ¢t € R, a direct computation yields

Fre(x, y) = A(x* + B)xy + C(1)x*y* — B(t)xy> + A(t)y*,

where 5
Ar) = Qatdr | 204=ay oy B3 Goapy,
8 8 4
B(t) = a3 cos(4t) + 2“42_ 9 §in(4t),
C@t)= 6a42—a2 — 3(202_612) cos(4t) + 3% sin(4t).



BINARY QUARTIC FORMS WITH SMALL GALOIS GROUPS 269

It is not hard to show that there exists a unique #g € (—m /4, /4] such that B(tp) =0
and 2A(tp) — C(tp) > 0. Put (A, C) = (A(t), C(t0)). Then, we have

(L, K) = (Ly24,2(Fr+()s Ky y2(Fre()) = (—6A — C, =2C(6A — C))
by Propositions 3.1 and 3.2(a). We solve that Fr+,) = F(1 k), or equivalently
F = (F.x)1+(—19) = ©(L, K, —10).

Since —t9 € [—m /4, 7/4) is uniquely determined by F, this shows that ® is a
bijection.
Finally, the above calculation also yields

(©10®)(L,K,1)=(Pi(L,K, 1), P2(L, K, 1), P3(L, K, 1)),

where
L VL2 +4K
CDI(La K7 t) - — + —+ COS(4I),
8 24
VL2 +4K
(4-5) Oy (L. K.1) = —6+ sin(41),
L VL2 44K
Os(L. K.y == = T cosdn.

By a direct computation, we then see that Proposition 4.2(b) holds.

4B. Indefinite case. Define

OO xR VY, o OOL K D= (F( g1 fori=1.2,

(4-6) . . : .
PV Q" xR— v&xz_yz, OO(L, K, 1) = (F) g)r-@y fori=34,
where
o 3L+ (-1)'WL*+4K , —L+(-1'VL*+4K , ,
F(L’K)(X,y)= 24 X+ 4 A7y
3L+ (-1)'VL2+4K
+ y
24
fori =1, 2, and

L

(-)IV2L2—K , s o (=DIW2L2-K
3 Xy —Lx7y"+ 3 Xy

F((IIJ)’K)(X’ y) =

for i =3, 4. The images of 1V, @@, @ &@ lie in Vi ,2_,2 by (3-1) and (1-8).
Using Propositions 3.1 and 3.2(a), it is easy to check that Proposition 4.3(a) holds.
Now, by (3-1), an arbitrary F € Vﬂg JER has the shape

F(x,y) = asx* + a3x’y + apx?y* + azxy® + asgy*.
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Write L = L,>_2(F) and K = K,>_,2(F). For t € R, a direct computation yields

Fr-u)(x,y) = A()x* + B(t)x>y + C()x*y* + B(t)xy> + A(t)y*,

where
At) = 6““8_ @y 2“4;“2 cosh(41) + i—3 sinh(47),
B(t) = a3z cosh(4t) + 204+ a2 sinh(41),
Ct) = —6a44_ 4 3Ca 4+ %) osh(dr) + 322 sinh(4r).

Note that < 7A@ = 1B(t) It is not hard to check that:

o If A(F) > 0, then there is a unique 7y € R such that B(z) =0

o If A(F) <0, then B(t) # 0 for all # € R, and there is a unique #y € R such that
A(ty) =0

Put (A, B, C) = (A(ty), B(ty), C(tp)). Then, we have

(L’ K) = (sz—yz(FT_(to))’ sz—y2(FT_(t0)))
_ (6A—C,2C(6A+C)) if A(F) >0,
| (=cC, —9B2+2C?) if A(F) <0.

by Propositions 3.1 and 3.2(a). We solve that Fr- () = F((R K> Or equivalently

F=(F7 )1 (- =L, K. —19), forexactly onei € {1,2,3,4}.
Since #y is uniquely determined by F, this shows that oD @ d® D™ are all
injections, and that the stated disjoint union holds.

Finally, the above calculation also yields

©100)(L, K, 1)= (O (L. K.0), (L. K. 1), 8 (L. K. 1)),

where
SO(L, K, 1) = L 4 CDWVI2HAK VL 4K osh(dn),
(4-7) o (L, K, t)—( D' VL +4K sinh(47),

cosh(4t),

' — 2
(L, K, t):_z+w
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fori =1,2, and

(L, K, 1) = ¢ — < cosh(dn) + CDW2LE-K VéLZ_K sinh(41),
4-8)  YoV(L, K, 1) = CD'W2E-K V32L2‘K cosh(4t) — % sinh(41),

(L, K, 1) = —% - % cosh(dr) 4 EDV2LE—K ”22L2_K sinh(47),

for i =3, 4. By a direct computation, we then see that Proposition 4.3(b) holds.

4C. Reducible case. Suppose y =0. For ¢ € R, put

e’! 0
T(t) = | 2o sinht o)
B

which is an element of Of(R). Define

49 0P:Q'xR— VY, (L. K.0)=(F}) )@ fori=12,

where
: L?+ (—1)I720%L + 4K + 144a* oL + (—1)'4a?
(@) _ 4 3
Ff‘L’K)(x’y)_( (—1)7 14457 )x +( p )x ’
L+ (—1)12a? ; ;
+ (%)xzyz + (=Didapxy’® + (= 1) B2y*.

The images of @5}), CID?) lie in Vg s by (3-2) and (1-8). Using Propositions 3.1
and 3.2(b), it is easy to check that Proposition 4.4(a) holds.
Now, by (3-2), an arbitrary F' € V”g’ ¥ has the shape

20(B2ay — 4ata 4
( 2/33 0))x3y+a2x2y2+(—ol;ao)xy3+aoy4.

Write L = Ly(F) and K = K ¢(F). For t € R, a direct computation yields

(4-10) F(x, y)=a4x4+(

Fra(x, ) = A@Ox* + 0%y + BOx*y* + (0)xy° + C(0)y*,
where
A(t) =e Hay+ “—Z(e“’ —De ¥ay + “—4(e4f — (" —5)ea
- 4 132 2 ,34 05
6 2
B(t) =ar+ %(e‘” ~ Dao,

C(t) =e*ay.
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Since A(F) # 0, we have (—1)'ao > 0 for a unique i € {1, 2}, and there is a unique
fo € R such that C(fg) = (—1)! 82. Put (A, B) = (A(ty), B(ty)). Then, we have
(L, K)=(L¢(Fruy), Kf(Fry)))
= (2B — (=1)'120%, =B + (= 1)'368%A — (—1)'24a* B + 144a*),

by Propositions 3.1 and 3.2(b). We solve that Fr(,) = F ;’ 2 L.x)» Of equivalently

= (Ff{

fi(L, KT (1) = ®?)(L, K, —1).

Since #y and i are uniquely determined by F, this shows that CI>§}) and CD?) are both
injections, and that the stated disjoint union holds.
Finally, the above calculation also yields

(©200P)(L, K. 1) = (P, (L. K. 1), ®05(L, K. 1), ®YL(L. K. 1)),
where
OO (L. K. =0T g2y gy @ g CDT
144,32 282 B2
“4-11) cb(’) (L, K, 1) = _+( 1)i6a?e™,

YL (L. K. 1) = (~1)Ip2e™.

By a direct computation, we then see that Proposition 4.4(b) holds.

5. Definition of a bounded semialgebraic set

Throughout this section, let f(x, y) = ax?+ Bxy-+yy? be an integral and primitive
binary quadratic form with A(f) # 0 and « > 0, in the shape (1-11) whenever f is
reducible. As we have already explained in Section 1A, the proof of Theorem 1.2
is reduced to counting points in the lattices in (1-10), which in turn amounts to
certain volume computations, by the result below.

Proposition 5.1 (Davenport’s lemma). Let R be a bounded semialgebraic multiset
in R" having maximum multiplicity m and which is defined by at most k polynomial
inequalities, each having degree at most L. Then, the number of integral lattice
points (counted with multiplicity) contained in the region R is

Vol(R) + O (max{Vol(R), 1}),

where Vol(R) denotes the greatest d-dimensional volume of any projection of R
onto a coordinate subspace by equating n—d coordinates to zero, with 1 <d <n—1.
The implied constant in the second summand depends only on n, m, k, .

Proof. This is a result of Davenport [1951a], and the above formulation is due to
Bhargava and Shankar [2015, Proposition 2.6]. U
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For X > 0, define
Ve ,(X)={FeVg ,:Hf(F)<X} and V) (X)={F eV, :H;(F)<X}.
However, to prove Theorem 1.2, we cannot apply Proposition 5.1 directly to
1 if f is irreducible
® v9 (X)), where w(f)= ’
weH (Ve ¢ (X)) () {z if f is reducible,

as in Section 1A, to count the lattice points in ©, f)(VZO’ (X)) C Afuy) because
(1) the set Oy f)(Vﬂg’f (X)) is unbounded when f is indefinite,
(2) distinct forms in VZO’ f(X ) might be GL,(Z)-equivalent.
Recall (4-1) and define
Q*(X)={(L, K) € Q*: max{L?, |K|} < X} for« € {0, +, —}.
In the notation of Lemma 4.1 as well as Propositions 4.2, 4.3, and 4.4, we have
(W0 ®)(QF(X) x [—7/4, 7/4)),
4

2
LW 0@ (QT(X) xR)UL] (W r0dD)(Q7(X) xR),
i=1

(5-1) Vg ((X)= ;

1

2 .
LI @ (Q°(X) xR),

i=1
respectively, if f is positive definite, indefinite, and reducible. We shall overcome

the two issues above by restricting the values for t € R.
For brevity, in this section, write

Dy =[A(f)| and & = Dy/4,
as in Theorem 1.2 and Lemma 4.1, respectively.
Definition 5.2. If f is positive definite, define
Sr(X) = (Vro®)(QT(X) x [-7/4, w/4)).
If f is reducible, define

2
; log 8 log(5X/18)
500 =|_| o @X) x 171, 172D for 1y = ——= andzf,zng.
i=1

If f is indefinite and irreducible, define

2 4
Sr(X) = |_|(\pf 0 ®D)(QT(X) x [0, 1p,)) U |_|(xpf 0 ®D)(Q7(X) x [0, 1p,)).
i=1 i=3

where 7p, is defined as in Theorem 1.2(c).



274 CINDY (SIN YI) TSANG AND STANLEY YAO XIAO

The goal of this section to prove the following preliminary results and estimates:

Proposition 5.3. The set ©,(r)(S7 (X)) is bounded, semialgebraic, and definable
by an absolutely bounded number of polynomial inequalities whose degrees are
absolutely bounded.

Proposition 5.4. The following statements hold.

(a) A formin VZO’f(X) is GL,(Z)-equivalent to at least one form in Sy(X).

(b) A form in Vzo,f(X) for which A(F) # [ is GLy(Z)-equivalent to exactly r ¢

forms in Sy(X), where ry is defined as in Theorem 1.2.

5A. Alternative description. First, we shall give an alternative description of the
set Sy(X) in terms of the coefficients of the forms in V[Fg’ f(X ).
Lemma 5.5. If f is positive definite, then Sy (X) = Vg (X).
Proof. This is clear from (5-1). Ul
Lemma 5.6. If f is reducible, then

Sp(X)={F € Vg ;(X):*/8 < |Cr| < 58°X/18},

where Cr denotes the y*-coefficient of F.

Proof. Fori = 1,2 and for any F = CI>§£)(L, K,1), we have Cr = (—1)! g%e by
(4-11), and the claim is then clear from (5-1). U

Lemma 5.7. If f is an indefinite and irreducible, then

Sr(X)={F € Vug,f(X) A <Ep(F)Zy(F)/Ef2(F) < My,
where in the notation of Proposition 3.2(a), we define
Epi(F)=Ls1(F)—/DfLs2(F) and Epp(F) =Ly (F)++/DsLo(F),
and for F in the image of W o ®D we define

1 fori=1,2,
Z¢(F)= Ly(F)’ 44K (F) fori=3,4.
(4L (F)—(=1)2y2L;(F)? =K ;(F))? ’

Proof. Fori = 1,2, 3,4, consider F = (W;0®D)(L, K, 1). For k =1, 2, we have

(=120 /L (F)2 + 4K (F)e 43 ifi=12,

Eo(F) = »
HEY =N 202 GBL (F) 4+ (<142 2L (FY = K (FDeV /3 ifi =34,

by a direct computation using (4-2), (4-7), and (4-8). We then see that
Ef\(F)Zy(F)/Efa2(F) =e",

from which the claim follows. O
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5B. Proof of Proposition 5.3. From (4-5), (4-7), (4-8), and (4-11), it is clear that
the set Sy (X) is bounded. Thus, it remains to show that Sy (X) is a semialgebraic
set definable by an absolutely bounded number of polynomial inequalities whose
degrees are absolutely bounded.

S5B1. The case when f is positive definite or reducible. The claim follows immedi-
ately from Lemmas 5.5 and 5.6 as well as Proposition 3.2.

5B2. The case when f is indefinite and irreducible. The only problem is that, for
F in the image of W7 o ®© for i = 3, 4, the expression Z ¢(F) is not a polynomial
in the x*, x3y, and x?y?-coefficients of F. We shall resolve this issue in Lemma 5.8
below. The claim then follows from Lemma 5.7 and Proposition 3.2.

Lemma 5.8. Fori =3,4,let F € (W70 ®V)(Q™ x R). Then, the condition
1 < Ef((F)Z(F)/Epa(F) < e

is equivalent to an absolutely bounded number of polynomial inequalities in the
variables L ¢ (F), K¢ (F), Ef(F), E2(F) whose degrees are absolutely bounded.

Proof. For brevity, define
Y1 (F) = —Ez (F)(Ly(F)’+4K(F)+E;2(F)(17L ;(F)* —4K 4 (F)),
Yio(F)= —Ef,l(F)(Lf(F)2+4Kf(F))+€8IDf E 2 (F)YTL ¢(F)*—4K s (F)),
as well as write
(L,K,E|,Ey, Z,Y1,Y2)
=(Ls(F),Ki(F), Ef1(F), Efa(F), Z§(F), Ys1(F), Y7o(F)).

Note that L2 +4K <0 by (1-7) because A(F) < 0. This implies that Z < 0 and so
the stated condition may be rewritten as
{Ez <E|Z< eSr E, if E; > 0, which is equivalent to i = 3,

E,>E|Z > s E, if E; <0, which is equivalent to i = 4.

By rearranging, we may further rewrite the above as

12E,LV2L02 — K < (=1)'Y; and 1282 E5LV2L2 — K > (—1) Y.

From here, we shall consider the different possibilities for the signs of E», L, Y1, Y.

For example, when E, > 0 and L > 0, the above is equivalent to Y; < 0 and
(12E;L)*(2L* —K) <Y} if ¥, >0,
(12E,L)*(2L* — K) < Y? and (1257 E,1)2 (2L — K) > Y; if¥, <0.

The other cases are analogous. We then see that the claim holds. U
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5C. Integral orthogonal groups. We shall require an explicit description of
Or(Z) = 0y (R) NGLy(Z).
In the notation of Lemma 4.1, observe that

T; (0,24, (R)Ty i f is positive definite,

(5-2) Or(R) = {Tf1(0x2—y2(R))Tf if f is indefinite.

Moreover, it is well-known that
0,242 (R) = (kT () 1k e{l,4)and t € R},
Oy 2(R) ={=LT () :ke{l,2,3,4} and t € R},

where T7(¢) and T~ (¢) are defined as in (4-3), and

10 01 0 1 10
69 Jl:(o 1)’ Jz:(l o)’ J3:(—1 o>’ J4:<o —1)‘

We shall need the following lemma.

Lemma 5.9. Suppose that T € Oy (Z) \ {122} has finite order. Then, the form f
is GLy(Z)-equivalent to a form of the shape

x? +y2, x? +xy +y2, or ax? +bxy —ay2 if det(T) =1,
xy, x2—y2, ax*+cy?, or ax®> +bxy+ay* if det(T) = —1,

for some integers a, b, and c.

Proof. By [Newman 1972, Chapter IX], for example, a finite cyclic subgroup of
GL;(Z) not contained in {#1,4>} is conjugate to the subgroup generated by one of
the following:

G Go) )6 2) (o)

We then deduce that there exists P € GL,(Z) such that Q = P~!TP is equal to
one of the following matrices up to sign:

0 1 -1 -1 0 1 10 01
-1 -1/7\1 0)°\-10)7\0—-1/)"\10)
Since f is primitive with o > 0 by assumption and (fp)o = % fp, we then check

that fp must have one of the stated shapes. U

Proposition 5.10. Suppose that f is positive definite. Then, we have

Or(Z2) = {x1rx2}
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if f is not GLy(Z)-equivalent to the forms below, and the group Oy (Z) is equal to

{£huo. £( 2 §).£(6 %) (00} if fe.yy=x2+)2
7)) (Vo) =7 D)}
if f(x,y)=x*+xy+y%
{£h. £(§ %)} if f(x,y)=ax?+yy* fora £y,
{£he2. (%)} if f(x,y) =ax?+ Bxy+ay® for p ¢ {0, a).

Proof. Elements in Oy (Z) have finite order by (5-2) and so the first claim follows
from Lemma 5.9. Using (5-2), we compute that elements in Oy (R) are of the forms

ﬁwt )”Pt b — ,BWz ,3(¢t B > VWt
IR R AV A |
_ayy _ B a; _ B

NN o Ty
where ¢ € R and (¢, V) = (cost, sint). With the help of the proof of Lemma 5.9,
it is not hard to check that Oy (Z) is as claimed. [l

Proposition 5.11. Suppose that f is reducible. Then, the group O¢(Z) is equal to

{0} ifBta’+1and pta*—1,
{Fha £ +1>/ﬁ o) ifBle’+landpfe®—1,
(£, (2l 5 o) if o’ +1and pla®—1,
{£hx2, £(3'9). (L ) (6 1)) T fG ) =22+,
{Fh £(19). (1 %), (6 2)} #Ffxy)=x"+2xy.

Proof. Using (5-2), we compute that elements in Oy (R) are of the forms

b—v 0 S+ (Bl +vn)
jE(zoum/ﬁ ¢t+w,) and i(—zawﬁ b — )

where ¢t € R and (¢;, ¥;) € {(cosht, sinht), (sinh#, cosht)}. For the matrix on the
left to have integer entries, necessarily

2cosht,2sinht € Z, so (2cosht,2sinht) = (2,0).
Similarly, for the matrix on the right to have integer entries, necessarily

2 cosht, 2a sinh ¢, (cosht 4 sinh¢) /a € Z,
so (2acosht,2asinht) = (oz2 +1,02— 1).
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We then deduce that
-1 0 o B
Of(Z) = {:I:IQ,X27 j:(2a/ﬂ 1 )7 (7((){2:‘:1)//3 70()} N GLZ(Z)
Since f has the shape (1-11) by assumption, we have
Blo*+1land Bla®—1<=a=1and B e(l,2},
and we see that the claim indeed holds. [l

Proposition 5.12. Suppose that f is indefinite and irreducible. Define

1
5(up, —Bvp,) —YUp )
Gr(2) ={£T": :ne?), whereTp, =2"" ! 4
f(2) = {+Tp, J by ( avp, %(qu+,3va)

and (up,, vp,) € N? is the least solution to x* — ny2 = +4. Then, we have
Of(2) = Gy(2)
if f is not GLy(Z)-equivalent to the forms below, and the group Oy (Z) is equal to

{Gf(Z) UGr@D)(oP%) if f(x.y) =ax?+ Bxy+yy* witha | B,
Gr@uGrD)( 2 ¢) i flx,y)=ax®+pxy —ay”.

Proof. By (5-2), elements in O (R) of infinite order are of the shape

i(‘bz‘ﬁ‘/ft/(z\/g) _V‘ﬁt/\/@ )
O“/fz/\/g ¢t+:3¢t/(2\/$) '

where ¢ € R and (¢, ¥;) € {(cosht, sinht), (sinh?, cosht)}. We then see that
Gr(Z) ={£hx2} U{T € O¢(Z) : T has infinite order}.

Hence, the first claim follows from Lemma 5.9 and the fact that ax? + bxy + ay?
is GL,(Z)-equivalent to the form

(5-4) (2a—b)x> + (2a —b)xy +ay* via (7} 7).

Now, again by (5-2), elements in O (R) of finite order have the shape

B _ 2 ba BU By BU vl
_ N NN
(5-) 2% B and oy, 5 LU

NN N

where t € R and (¢, ¥;) € {(cosht, sinht), (sinh?, cosh?)}. Notice that the ma-
trix on the left cannot lie in GL;(Z) because Dy is not square when f is irre-
ducible. Using the description of O,2_,2(R), it is then not hard to check that
[07(Z):G(Z)] < 2, from which the second claim follows. U
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5D. Proof of Theorem 1.4. Suppose that f(x, y) = ax”+ Bxy —ay?* and that Dy
is not a square. In the notation of Proposition 5.12, we have

x?— ny2 = —4 has integer solutions if and only if ~det(7p,) = —1
by definition. But Proposition 5.12 also implies that det(Tp,) = —1 is equivalent to
O (Z) has an element of finite order and negative determinant.
The theorem now follows from Lemma 5.9 and (5-4).

5E. Proof of Proposition 5.4. We shall need the following lemma.
Lemma 5.13. For all F € VZOJ with A(F) #0 and T € GLy(Z) \ {£1x2}, we

have
(a) FreVy), ifandonlyif T € 0s(Z),
(b) Fr=F ifandonly if T = :I:Df_l/sz.

Proof. Note that Fr € V7 , by (1-8). By Theorem 1.1(a), we then have Fr € V)  if
and only if fr == f, whence part (a) holds. By Theorem 1.1(a) and Proposition 2.1,
we have Fr = F if and only if T is proportional to M s, from which part (b) follows
since det(T) = =£1. U

SE1. The case when f is positive definite or reducible. Let us first observe that:
Lemma 5.14. We have V) F(X) CSpX).

Proof. Let F € ng (X)) be given. If f is positive definite, then clearly F € Sy (X)
by Lemma 5.5. If f is reducible, then recall Lemma 5.6, and we have F' € Sy (X)
since

8C 4(Ls(F)?+4K ¢ (F
Fe7 and 8Cr - (Ly(F)"+4Ks(F)) S20X
B* B> 9 9
by (4-10) and Proposition 3.2(b), respectively. O

Lemma 5.14 implies that part (a) holds. Together with Lemma 5.13(a), it further
implies that for F € VZO’ f(X) with A(F) # L], the number of forms in Sy (X) which
are GL,(Z)-equivalent to F is equal to

[Of(Z) : Stabo, z)(F)].
By Lemma 5.13(b), we in turn have

[04(Z) : Stabo, @) (F)] = [04(Z) : 04 (Z) V(Lo D7 2 M )],

which may be verified to be equal to ¢ using Propositions 5.10 and 5.11.
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SE2. The case when f is indefinite and irreducible. We shall use the notation from
Lemma 4.1, Proposition 5.12, (4-3), and (5-3). Then, by definition, we have

L ifuj, — Dpvp, = —4,

Tp, = T; "Jepy T (tp, )T, where k =
Dy f k(f) (Df) f (f) {2 if u%f — va%)/ =4,

Now, by (5-1) and (4-6), a form in V£ f(X ) is of the shape
F=(Fy g)rwr,. where (L, K,1)eQ(X)xRandie(l,2,3,4}.

Observe that J; and J, commute with 77 (¢) as well as fix the forms in Vi 2_ 2.
For any n € Z, we then deduce that

(i) ()
FTgf = (F(L’K))T‘(t)],:’(f)T‘(nth)Tf = (F(L’K))T‘(t-i-ntpf)Tf-

Let ny € Z be the unique integer such that 0 <7+ nitp, <1tp;. The existence of n
then implies part (a).
Next, suppose that A(F) # U, in which case

for T €GLy(Z):  FreV), ifandonlyif T € Os(2)

by Lemma 5.13(a). If Of(Z) = G¢(Z), then part (b) holds by the uniqueness of n;.
If Or(Z) # G¢(Z), then recall from Proposition 5.12 that

Or(Z) =Gs(Z)uGp(Z)M, where M has finite order.
From (5-2), we see that
M =+T; ' Ji, T~ (10)Ty, where 1o € R and ko € {3, 4}.
Then, for any n € Z, it is straightforward to verify that
Fry m= (F((z),K))T*(t+nth)JkOT*(tO)T,»

_ (F((z_),K))T*(—(t+ntuf)+to)Tf fori € {I, 2},
(F )77, fori € (3,4}, where j € (3, 4}\ {i}.

There is a unique ny € Z such that 0 < —(¢ + nzth) +1 <tp,. Observe that

Frm = FTE;M would imply FT;} = (FTE})

nyp—nj .
b T "M

But Tg;_"' M has finite order, and so it cannot proportional to My by (5-5), which
is a contradiction by Lemma 5.13(b). Then, we conclude from Proposition 5.12
that part (b) indeed holds.
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6. Error estimates and the main theorem

Throughout this section, let f(x, y) = ax?+ Bxy+yy? be an integral and primitive
binary quadratic form with A(f) # 0 and « > 0, in the shape (1-11) whenever f is
reducible. Let Dy, ry and s be as in Theorem 1.2.

In Subsections 6A and 6B, respectively, we shall first prove:

Proposition 6.1. For any € > 0, we have

#HF eSr(X)NV, i Ly(F)? +4Kp(F) =0} = 0. (X'F9),
and
#{F €SNV,

(Ly (F)? +4K ;(F) QL (F) = K ;(F)/A(f) =Dand L ;(F) 0
_ 0f(X1/2+6).

Further, the number

#HF eSp(X)NVy 12 —4K(F)?/A(f) =0and Ly (F) =0}
is equal to zero if —A(f) # U, and is bounded by Oy (X) otherwise.

Propositions 6.1, 3.6, and 5.4 then imply part (d) of Theorem 1.2.

Proposition 6.2. We have

Of(X(log X)?) if f is irreducible,

#HF e S(X)NVY ,: F is reducible} =
{ r(X)NVz p: F is reducible) {Of(X(logX)3) if f is reducible.

Now, from Propositions 5.4, 6.1, and 6.2, we also easily see that
6-1)  NPOx) = %#(Sf(X) NV )+ O (X'+)  forany € > 0.

Let £ f.,(f) be a linear transformation on R which takes A 7., f) to Z°, and define

1 if f is irreducible,

R (X) = (L pw(r) 0 Oup)(Sp(X)), wh =12 if £i i
X)) = (Lruwr) o Oun)(Sr(X)), where w(f) {2 if f is reducible,

as before. Observe that then

#SrX)NVY ) =#Ou) (SrXD) N A fup) = #Rp(X)N D).
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By Proposition 5.3, we may apply Proposition 5.1 to obtain

(6-2) #(Sp(X)NVy) )
= Vol(R ¢ (X)) + O (max{Vol(R 7 (X)), 1})

= det(A fuir) Vol(®u( 1) (S (X)) + O (max{Vol(By 1) (S (X)), 1}),

where by Proposition 3.4, we know that

sra® if f is irreducible,

!
det(A =
(A fw(n) {sfﬁ3/8 if f is reducible.

Hence, it remains to compute the above volumes, which we shall do in Section 6C.

6A. Proof of Proposition 6.1. Recall the notation from Proposition 3.2. By defi-
nition and Proposition 3.3, we then have a well-defined map

L V) > 2 W(F)=(Lg(F),Lyi(F), Lya(F)).

Using Proposition 3.2, it is easy to verify that ¢ is in fact injective. We shall also
need the following result.

Lemma 6.3 [Heath-Brown 2002, Corollary 2]. Let £(x1, x2, x3) be a ternary qua-
dratic form such that its corresponding matrix Mz has nonzero determinant. For
B1, By, B3 > 0, let N¢(B1, By, B3) denote the number of tuples (x1, x2, x3) € 73
such that

lx1| < B1, |x2| < Bz, |x3| < B3, ged(xy, x2,x3) =1, §&(x1,x2,x3) =0.

Then, we have

deto(Ms)2\ '/3F¢
Ne(By, By, Bs) <« (1 + <313233 : ldeot(—Mi)J d3(| det(Mz))),

where detg(Mg) denotes the greatest common divisor of the 2 x 2 minors of Mg,
and d3(| det(Mg)|) is the number of ways to write | det(M¢)| as a product of three
positive integers.

In what follows, consider F' € Sy (X) N VZO’ Iz and for brevity, write
(L,K,Ly, L) =(Ly(F),Ky(F),Ly1(F),Lyga(F)).

Since ¢ is injective, it is enough to estimate the number of choices for (L, Ly, L»).
To that end, let us put Dy = A(f). Recall from Propositions 3.2 and 3.3 that

L,K,Li,LyeZ, aswellas L7—DyL5=4a*(L*+4K)/9,
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which is nonzero by (1-7). By the definition of our height, we also have

6-3) :L = 0p(X"?) and K =0/(X) in all cases,

Li=0¢X"Y%) and Ly= 0p(X'/?) if fisirreducible.
The latter estimate holds by

{(4—5), 4-2) if f is positive definite,
(4-7), (4-8),(4-2), and 0 <7 <tp, if f is indefinite and irreducible,

as well as the fact that L| and L, are linear in the coefficients of F. Finally, we
shall write d(—) for the divisor function.

Proof of Proposition 6.1: first claim. Suppose that L? +4K = [J. Then, we have
L3 —DfL2 =U?, where U € N is such that U = Of(Xl/z).
If f is reducible, then Dy = [ and so clearly there are
X' X'
Of(z d(U2)> = of,e(z X€> = Of.(X1/*)
U=1 U=l
choices for the pair (L1, Ly). If f is irreducible, then note that
(Ly/n)* —Ds(Ly/n)* = (U/n)*,  where n = ged(Ly, Lo, U),
and applying Lemma 6.3 to the ternary quadratic form & with matrix

1 0 O

det(Mg) = Dy,
Mz=10 —=Dy 0 ]|, with {de( A/EI) B lf
0 0 -1 Ct()( 5)— s
we deduce from (6-3) that there are
X172 x1/2
x1/2 x1/2 xl1/2 x 1/2+¢ e
Of(Z:Né( ) = o Z;(”W) = OreX)
n= n=

choices for the pair (L1, Ly). In both cases, we see that there are
Of(X]/z) . Of’e(Xl/ere) — Of,e(XH_e)
choices for (L, L1, L») in total, whence the claim. O

Proof of Proposition 6.1: second claim. Suppose that (L>+4K)(2L> — K)/Dy =0
By Proposition 3.3, we may write

gcd(L2 +4K,4Q2L% — K)/Dy) = 9ma®, where m,a € N and m is square-free.
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From the hypothesis, we then easily see that
L*+4K =9mU? and 4(Q2L*—K)/Dy =9mV?, ~ where U,V €N,
as well as that m divides L. In particular, a simple calculation yields
L>= m(U2+Df Vz), whence mW? = U2+Df V2, where W € Z with L=mW.

Now, suppose also that L # 0, in which case m = Oy (X 172y by (6-3). Note also
that

m(W/n)? = (U/n)* +Dp(V/n)?, where n =ged(W, U, V).

Applying Lemma 6.3 to the ternary quadratic form &,, with matrix

m 0 0
det(Mg ) =mD
Mg, =0 -1 0 |, with{e( ta) =m0,
0 0 -D deto(Mg, ) = ged(m, Dy) < |Dy|,

we then see from (6-3) that there are

X2 /m X2 /m

x1/2 x12  xl2 x1/2+4€ .
0f< Zl N§m< mn  m'/2n’ m1/2n> = Ore Zl <1+ (mn)He)m
n= n=
X]/2 X1/2+6
- 0f’6<ml*6 + m )
choices for (x, u, v) when m is fixed. It follows that we have
x1/2
X1/2 X1/2+€ 12
Of;e(Z(ml_e + p ) = Of,e(X / +e)
m=1

choices for (m, x, u, v) and hence for (L, K).
Next, regard (L, K) as being fixed, and recall that

LI —D;L5=T, where T =da*(L*+4K)/9.

We claim that there are Of(d(T)) choices for (L1, Ly). If f is positive definite
or if f is reducible, then this is clear. If f is indefinite and irreducible, then by
Definition 5.2 as well as Propositions 3.1 and 4.3, we have

F=W;00")(L,K,1), where0<t<tp andie€{l,2,3,4}.

Since Dy > 0, we must have L?+4K > 0 by the hypothesis, and so in fact i € {1, 2}.
From the proof of Lemma 5.7, we know that

Ly —/DfLy=(=1)'VTe* and L+ /DLy =(—1)'VTe ™,
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which implies that
Ly =(—1)'V/Tcosh(4r) and L, = (—1)'+/T sinh(4t)/\/Ds.

Since t = Oy (1), we then deduce that indeed there are Of(d(T)) choices for
(L1, Ly). Using the bound d(T') = Oc(T€) = Oy, (X¢), we conclude that there are

Of,e(X1/2+€) i Of,E(Xe) — Of,e(X1/2+e)
choices for (L, L1, L») in total, whence the claim. O

Proof of Proposition 6.1: third claim. Suppose that L = 0 and that F is in the shape
as in (3-1). Using Proposition 3.2, we then deduce that

C=(—12yA+3B8B)/(2x), andso K =-9Dy(aB*—4BAB+16yA?)/(4a?).
Clearly —4K2/A(f) =0 1if and only if —A(f) =0.
We now suppose that —A(f) = [J, so in particular f is positive definite. The
form F is then determined by (A, B) € Z?, and that |K | < X implies
28 \° 4D
oy
o2

X.
oz <5

Hence there are Or(X) choices for (A, B). It follows that the claim holds. O

6B. Proof of Proposition 6.2. By Lemma 3.8 and Proposition 6.1, we have
(6-4) #{F € Sp(X)N V3 ;: F is reducible of type 1} = Oy (X'7),

whence it is enough to consider the reducible forms in Sy (X) N VZO’ 7 of type 2;
recall Definition 3.7. By definition, such a form has the shape

F(x, y) = p2gox* +(p2g1+p192)x>y+(pago+ P11+ pog2) x>y + () xy> + () y*,

where p2, p1, po, 92, q1, qo € Z, and we have

po=(Bp1 —2yp2)/Qa) and qo=(Bq1—2yq2)/(2a)

by Lemma 3.10. We have the condition

(6-5) |(ap? —2Bp1p2+4yp3)/al, [(ag? —2Bq1q2 + 4y 42 /al, | pal,
lap1 — Bp2l, 1q2l, legr — Bgz| > 1

since the above numbers are all integers. Using Proposition 3.2(a), we compute that

Li(F) +4K(F) _api —2Bpip2+4yp; aqi —2Bq192+4y43
9 B o a '

Now, by the definition of our height, we clearly have

(6-6) [(ap? —2Bp1p2+4yp3)/al, |(ag? —2Bq192+ 4y q3) /| < X.
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Observe also that
(6-7)  paga, p2q1 + p1q2, prgi = Op(X'/?) if f is indefinite and irreducible
by (4-7), (4-8), (4-2), and the bound 0 < ¢ < 7p,. We then deduce that
(6-8)  #{F €S;(X)NVy ,: F is reducible of type 2} < #(R';(X) NZ*),
where we define

R (X) = {(p2. P1. 42, 1) € R*:(6-5), (6-6), and (6-7)}.

It is clear that this set is bounded and semialgebraic. Hence, we may apply
Proposition 5.1 to estimate the number of integral points it contains.

6B1. The case when f is irreducible. Let us define

JDr0o 0 0

" = ! _| B« 0 0
Ry (X) = Lp,(Ry(X)), where Lp, = " " 50

0 0 -8 «

Applying Proposition 5.1, we then obtain
#(R/f(X) Nz = Vol(R/f(X)) + O (max{Vol(R s (X), 1})

1 1 //—
= det(Lp,) VOI(Rf(X)) + Of(maX{Vol(T\’,f(X)), 1)

For any (uy, uy, v2, v1) € R’} (X), from (6-5) and (6-6), we deduce that

lual, luil, [v2f, o1 > 1
as well as that
1< |u% + u%l, |v12 + v%l <ao*X if f is positive definite,
1< |u% —u%l, |v12 — v%l <o*X if f is indefinite.

(6-9) {
This, together with (6-7), implies that in fact
12

1 < |uzl, luil, [v2l, [vil, luaval, lugvr| L5 X

We then compute that

2 XI/Z/U[
Vol(R'} (X)) = Oy (]_[ f du; dv,-) = 07 (X (log X)?),
=171

Vol(R/jﬁ-(X)) = Or(X log X).

The claim now follows from (6-4) and (6-8).
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6B2. The case when f is reducible. Let us define

1
—1

00 D;0 0 0
o ) B 00l =g« 0 o0
R (X) = Lo.p, (R (X)), where Lo p, = 11 0 0./Ds0
1

1
1
0
0 0 0 -8 «

0
00-1
Since Dy = U in this case, we see that
Lo.p,(Rpy(X)NZH CRG(X)NZ* andso #(R(X)NZY <#R}[(X)NZY.
Now, applying Proposition 5.1, we have

#(R/}(X) N Z*) = Vol(R'} (X)) + O (max{Vol(R} (X)), 1}).
For any (z1, 22, 23, 24) € R/}(X ), the conditions (6-5) and (6-6) imply that

4
|z1l, |z2l, 1231, 1z4] = 1 and  |z1z02324] < o7 X,

which is analogous to (6-9). We then compute that

X rX/za pX/(z324) pX/(222324)
VoI(R'} (X)) = Oy ( [ [ dadnda dZ4>
1 1 1 1

= 07 (X (log X)*),
Vol(R; (X)) = Of (X (log X)?).
The claim now follows from (6-4) and (6-8).

6C. Proof of Theorem 1.2. We have already proven part (d). To prove parts (a)
through (c), it remains to compute the volumes in (6-2).

6C1. The case when f is positive definite. We have

8 3
Vol(0 (S (X)) = # : % VOl (X) x [—7 /4, 71/4))
'

by Lemma 4.1 and Proposition 4.2(b), as well as

X1z nx
Vol(QF (X) x [~7/4, w/4)) = / f T gk dr = BT x32,
_X1/2 _L2/4 2 12

Observe also that
Vol(©1(S¢(X))) = Op(X)

because © (S (X)) lies in the cube centered at the origin of side length Oy (X 172y
by (4-5) and (4-2). We then deduce part (a) from (6-1) and (6-2).
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6C2. The case when f is reducible. We have

Vol(©2(S (X)) = 7 -2 Vol(QU(X) x [t£.1. 15.2])
by Proposition 4.4, as well as

20X

Vol(QO(X)x[tfl,tfz)_/ m/ dK dL = X*?10g(20X/9).
X

We then deduce part (b) from Lemma 6.4 below as well as (6-1) and (6-2).

Lemma 6.4. We have Vol(©,(S;(X))) = O¢(X>/?).

Proof. By Definition 5.2, an element in ®>(S¢(X)) takes the form
(A,B,C)=(©20d/)(L,K,t), where(L,K,t)€ Q0 (X) x (171, tr2l

Let us recall that

6-10)  |L|<X'Y? |K|<X, 4tp1=—1log8, 4t;2=1og(5X/18).

Then, from (4-11), we see that 1-dimensional projections of ©,(S7(X)) have
lengths of order Oy (X). As for the 2-dimensional projections, note that (5-1) and
(6-10) yield

ICl=p%" and 1<;|C|<K; X,

as well as the estimates

6a2C 1y1/2 ‘ OZC‘ x1/2
s B2 =8x!? and 4 F | = Taarc)” +2,82 ‘

Hence, the projections of ®,(S (X)) onto the BC-plane and AC-plane, respectively,
have areas bounded by

(0] XXI/de d X(l 172
' an Of CX-l—X dcC).
1 1

Similarly, from (5-1) and (6-10), we deduce that
2B—L|=12a%", 1<«;2B-LI<sX, |Bl<;X,

as well as the estimate

1
6,32 _12ﬂ2<|23 Ll

‘A X+X1/2).
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Note that |L| < X'/? also implies that
2B—L|>|2|B|—|L||>2|B|—X'? when |B|> X'/?)2.
Hence, the projection of ®,(S7(X)) onto the A B-plane has area bounded by
1+Xx12/2 X 1
Of(/o (X+X1/2)dB+/1+XI/Z/Z<WX+X”2> dB).

It follows that all of the 2-dimensional projections of ®,(Sy(X)) have areas of
order Oy (X 3/2) and this proves the lemma. O

6C3. The case when f is indefinite and irreducible. We have

8o 1|

3/2 18
Dy

Vol(©1(S5(X))) = 2-(Vol(RF(X) x [0, tp,)) + Vol(2™ (X) x [0, 1p,)))

by Lemma 4.1 and Proposition 4.3, as well as

x1/2
Vol (2+(X) x [0, 1p,)) =

’ _x12
x1/2

X 13¢
/ ip, dK dL = —2L X3/,
—L2/4 6

- —L%/4 11th 3
Vol(Q™(X) x [0, 1p,)) =/ / tp, dK dL = TX ,
-X

_Xl/2
Observe also that
Vol(©1(Sf(X))) = Or(X)

because ®(S¢(X)) lies in the cube centered at the origin of side length Of(X'/?)
by (4-7), (4-8), (4-2), and the bound on 7. We then deduce part (c) from (6-1) and
(6-2).

Acknowledgments

Tsang was partially supported by the China Postdoctoral Science Foundation Special
Financial Grant (grant number: 2017T100060). We would like to thank the referee
for many useful suggestions which helped improve the exposition of the paper
significantly.

References
[Altug et al. 2017] S. A. Altug, A. Shankar, I. Varma, and K. H. Wilson, “The number of quartic
Dy4-fields ordered by conductor”, preprint, 2017. arXiv

[Bhargava 2004] M. Bhargava, “Higher composition laws, III: The parametrization of quartic rings”,
Ann. of Math. (2) 159:3 (2004), 1329-1360. MR Zbl

[Bhargava 2008] M. Bhargava, “Higher composition laws, IV: The parametrization of quintic rings”,
Ann. of Math. (2) 167:1 (2008), 53-94. MR Zbl


http://msp.org/idx/arx/1704.01729
http://dx.doi.org/10.4007/annals.2004.159.1329
http://msp.org/idx/mr/2113024
http://msp.org/idx/zbl/1169.11045
http://dx.doi.org/10.4007/annals.2008.167.53
http://msp.org/idx/mr/2373152
http://msp.org/idx/zbl/1173.11058

290 CINDY (SIN YI) TSANG AND STANLEY YAO XIAO

[Bhargava and Shankar 2015] M. Bhargava and A. Shankar, “Binary quartic forms having bounded
invariants, and the boundedness of the average rank of elliptic curves”, Ann. of Math. (2) 181:1
(2015), 191-242. MR Zbl

[Bhargava and Shnidman 2014] M. Bhargava and A. Shnidman, “On the number of cubic orders
of bounded discriminant having automorphism group C3, and related problems”, Algebra Number
Theory 8:1 (2014), 53-88. MR Zbl

[Bhargava et al. 2013] M. Bhargava, A. Shankar, and J. Tsimerman, “On the Davenport—Heilbronn
theorems and second order terms”, Invent. Math. 193:2 (2013), 439-499. MR Zbl

[Birch and Merriman 1972] B.J. Birch and J. R. Merriman, “Finiteness theorems for binary forms
with given discriminant”, Proc. London Math. Soc. (3) 24:3 (1972), 385-394. MR Zbl

[Brumer 1992] A. Brumer, “The average rank of elliptic curves, 1", Invent. Math. 109:1 (1992),
445-472. MR Zbl

[Conrad 2012] K. Conrad, “Galois groups of cubics and quartics (not in characteristic 2)”, expository
notes, 2012, http://www.math.uconn.edu/~kconrad/blurbs/galoistheory/cubicquartic.pdf.

[Cremona 1999] J. E. Cremona, “Reduction of binary cubic and quartic forms”, LMS J. Comput.
Math. 2 (1999), 64-94. MR Zbl

[Davenport 1951a] H. Davenport, “On a principle of Lipschitz”, J. London Math. Soc. 26:3 (1951),
179-183. MR Zbl

[Davenport 1951b] H. Davenport, “On the class-number of binary cubic forms, I”, J. London Math.
Soc. 26:3 (1951), 183-192. MR Zbl

[Davenport 1951c] H. Davenport, “On the class-number of binary cubic forms, 11", J. London Math.
Soc. 26:3 (1951), 192-198. MR Zbl

[Davenport and Heilbronn 1971] H. Davenport and H. Heilbronn, “On the density of discriminants of
cubic fields, II”, Proc. Roy. Soc. London Ser. A 322:1551 (1971), 405-420. MR Zbl

[Delone and Faddeev 1964] B. N. Delone and D. K. Faddeev, The theory of irrationalities of the third
degree, Trans. Math. Monographs 10, Amer. Math. Soc., Providence, RI, 1964. MR Zbl

[Gauss 1801] C. F. Gauss, Disquisitiones arithmeticae, Fleischer, Leipzig, 1801.

[Heath-Brown 2002] D. R. Heath-Brown, “The density of rational points on curves and surfaces”,
Ann. of Math. (2) 155:2 (2002), 553-598. MR Zbl

[Heath-Brown 2004] D. R. Heath-Brown, “The average analytic rank of elliptic curves”, Duke Math.
J. 122:3 (2004), 591-623. MR Zbl

[Klagsbrun and Lemke Oliver 2014] Z. Klagsbrun and R. J. Lemke Oliver, “The distribution of the
Tamagawa ratio in the family of elliptic curves with a two-torsion point”, Res. Math. Sci. 1:1 (2014),
art. id. 15. MR Zbl

[Nakagawa 1989] J. Nakagawa, “Binary forms and orders of algebraic number fields”, Invent. Math.
97:2 (1989), 219-235. Correction in 105:2 (1991), 443. MR Zbl

[Newman 1972] M. Newman, Integral matrices, Pure Appl. Math. 45, Academic Press, New York,
1972. MR Zbl

[Siegel 1944] C. L. Siegel, “The average measure of quadratic forms with given determinant and
signature”, Ann. of Math. (2) 45:4 (1944), 667-685. MR Zbl

[Taniguchi and Thorne 2013] T. Taniguchi and F. Thorne, “Secondary terms in counting functions for
cubic fields”, Duke Math. J. 162:13 (2013), 2451-2508. MR Zbl

[Tsang and Xiao 2017] C. Tsang and S. Y. Xiao, “The number of quartic Dy4-fields with monogenic
cubic resolvent ordered by conductor”, preprint, 2017. arXiv


http://dx.doi.org/10.4007/annals.2015.181.1.3
http://dx.doi.org/10.4007/annals.2015.181.1.3
http://msp.org/idx/mr/3272925
http://msp.org/idx/zbl/1307.11071
http://dx.doi.org/10.2140/ant.2014.8.53
http://dx.doi.org/10.2140/ant.2014.8.53
http://msp.org/idx/mr/3207579
http://msp.org/idx/zbl/1298.11102
http://dx.doi.org/10.1007/s00222-012-0433-0
http://dx.doi.org/10.1007/s00222-012-0433-0
http://msp.org/idx/mr/3090184
http://msp.org/idx/zbl/1294.11191
http://dx.doi.org/10.1112/plms/s3-24.3.385
http://dx.doi.org/10.1112/plms/s3-24.3.385
http://msp.org/idx/mr/0306119
http://msp.org/idx/zbl/0248.12002
http://dx.doi.org/10.1007/BF01232033
http://msp.org/idx/mr/1176198
http://msp.org/idx/zbl/0783.14019
http://www.math.uconn.edu/~kconrad/blurbs/galoistheory/cubicquartic.pdf
http://dx.doi.org/10.1112/S1461157000000073
http://msp.org/idx/mr/1693411
http://msp.org/idx/zbl/0927.11020
http://dx.doi.org/10.1112/jlms/s1-26.3.179
http://msp.org/idx/mr/0043821
http://msp.org/idx/zbl/0042.27504
http://dx.doi.org/10.1112/jlms/s1-26.3.183
http://msp.org/idx/mr/0043822
http://msp.org/idx/zbl/0044.27002
http://dx.doi.org/10.1112/jlms/s1-26.3.192
http://msp.org/idx/mr/0043823
http://msp.org/idx/zbl/0044.27002
http://dx.doi.org/10.1098/rspa.1971.0075
http://dx.doi.org/10.1098/rspa.1971.0075
http://msp.org/idx/mr/0491593
http://msp.org/idx/zbl/0212.08101
http://msp.org/idx/mr/0160744
http://msp.org/idx/zbl/0133.30202
https://gdz.sub.uni-goettingen.de/id/PPN235993352
http://dx.doi.org/10.2307/3062125
http://msp.org/idx/mr/1906595
http://msp.org/idx/zbl/1039.11044
http://dx.doi.org/10.1215/S0012-7094-04-12235-3
http://msp.org/idx/mr/2057019
http://msp.org/idx/zbl/1063.11013
http://dx.doi.org/10.1186/s40687-014-0015-4
http://dx.doi.org/10.1186/s40687-014-0015-4
http://msp.org/idx/mr/3375649
http://msp.org/idx/zbl/1349.11094
http://dx.doi.org/10.1007/BF01389040
https://doi.org/10.1007/BF01232275
http://msp.org/idx/mr/1001839
http://msp.org/idx/zbl/0647.10018
https://www.sciencedirect.com/bookseries/pure-and-applied-mathematics/vol/45
http://msp.org/idx/mr/0340283
http://msp.org/idx/zbl/0254.15009
http://dx.doi.org/10.2307/1969296
http://dx.doi.org/10.2307/1969296
http://msp.org/idx/mr/0012642
http://msp.org/idx/zbl/0063.07007
http://dx.doi.org/10.1215/00127094-2371752
http://dx.doi.org/10.1215/00127094-2371752
http://msp.org/idx/mr/3127806
http://msp.org/idx/zbl/1294.11192
http://msp.org/idx/arx/1712.08552

BINARY QUARTIC FORMS WITH SMALL GALOIS GROUPS 291

[Wood 2012] M. M. Wood, “Quartic rings associated to binary quartic forms”, Int. Math. Res. Not.
2012:6 (2012), 1300-1320. MR Zbl

[Xiao 2019] S. Y. Xiao, “On binary cubic and quartic forms”, J. Théor. Nombres Bordeaux 31:2
(2019), 323-341.

[Young 2006] M. P. Young, “Low-lying zeros of families of elliptic curves”, J. Amer. Math. Soc. 19:1
(2006), 205-250. MR Zbl

Received February 27, 2018. Revised October 21, 2018.

CINDY (SIN YI) TSANG

YAU MATHEMATICAL SCIENCES CENTER
TSINGHUA UNIVERSITY

BEIJING

CHINA

Current address:

SCHOOL OF MATHEMATICS (ZHUHATI)
SUN YAT-SEN UNIVERSITY
TANGJTAWAN, ZHUHAI

GUANGDONG

CHINA

zengshy26 @mail.sysu.edu.cn

STANLEY YAO XIAO
MATHEMATICAL INSTITUTE
UNIVERSITY OF OXFORD
UNITED KINGDOM

Current addpress:

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF TORONTO
CANADA

syxiao @math.toronto.edu


http://dx.doi.org/10.1093/imrn/rnr070
http://msp.org/idx/mr/2899953
http://msp.org/idx/zbl/1254.11094
http://dx.doi.org/10.5802/jtnb.1083
http://dx.doi.org/10.1090/S0894-0347-05-00503-5
http://msp.org/idx/mr/2169047
http://msp.org/idx/zbl/1086.11032
mailto:zengshy26@mail.sysu.edu.cn
mailto:syxiao@math.toronto.edu




PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Wee Teck Gan

Mathematics Department
National University of Singapore

Singapore 119076

matgwt@nus.edu.sg

Sorin Popa

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing

Department of Mathematics
University of California
Santa Cruz, CA 95064
qing @cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ

CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV.

UNIV.

OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2019 is US $490/year for the electronic version, and $665/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.
PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
©2019 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

A compactness theorem on Branson’s Q-curvature equation 119
GANG LI

A characterization of Fuchsian actions by topological rigidity 181
KATHRYN MANN and MAXIME WOLFF

Fundamental domains and presentations for the Deligne—-Mostow lattices with 2-fold 201

symmetry
IRENE PASQUINELLI

Binary quartic forms with bounded invariants and small Galois groups 249
CINDY (SIN Y1) TSANG and STANLEY YAO XIAO

Obstructions to lifting abelian subalgebras of corona algebras 293
ANDREA VACCARO

Schwarz lemma at the boundary on the classical domain of type $V° 309
JIANFEI WANG, TAISHUN LIU and XIAOMIN TANG

Cyclic n-parallel shape and Ricci operators on real hypersurfaces in two-dimensional 335

nonflat complex space forms
YANING WANG

Finsler spheres with constant flag curvature and finite orbits of prime closed 353
geodesics

MING XU
Degeneracy theorems for two holomorphic curves in P”(C) sharing few 371
hypersurfaces

KAI ZHOU and LU JIN

0030-8730(201909)302:1;1-F



	1. Introduction
	1A. Set-up and notation
	1B. Statement of the main theorem

	2. Characterization of forms with small Galois groups
	2A. Cremona covariants
	2B. Proof of 0=theorem.71=Theorem 1.1

	3. Basic properties of forms in VR,f of nonzero discriminant
	3A. The two new invariants
	3B. Determinants of the two lattices
	3C. Forms with abelian Galois groups
	3D. Reducible forms

	4. Parametrizing forms in VR,f of nonzero discriminant
	4A. Positive definite case
	4B. Indefinite case
	4C. Reducible case

	5. Definition of a bounded semialgebraic set
	5A. Alternative description
	5B. Proof of 0=theorem.941=Proposition 5.3
	5B1. The case when f is positive definite or reducible
	5B2. The case when f is indefinite and irreducible

	5C. Integral orthogonal groups
	5D. Proof of 0=theorem.281=Theorem 1.4
	5E. Proof of 0=theorem.951=Proposition 5.4
	5E1. The case when f is positive definite or reducible
	5E2. The case when f is indefinite and irreducible


	6. Error estimates and the main theorem
	6A. Proof of 0=theorem.1241=Proposition 6.1
	6B. Proof of 0=theorem.1251=Proposition 6.2
	6B1. The case when f is irreducible
	6B2. The case when f is reducible

	6C. Proof of 0=theorem.221=Theorem 1.2
	6C1. The case when f is positive definite
	6C2. The case when f is reducible
	6C3. The case when f is indefinite and irreducible


	Acknowledgments
	References
	
	

