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AN A,, VERSION OF THE POINCARE LEMMA

CAMILO ARIAS ABAD, ALEXANDER QUINTERO VELEZ
AND SEBASTIAN VELEZ VASQUEZ

We prove a categorified version of the Poincaré lemma. The natural setting
for our result is that of co-local systems. More precisely, we show that any
smooth homotopy between maps f and g induces an A, -natural transfor-
mation between the corresponding pullback functors. This transformation
is explicitly defined in terms of Chen’s iterated integrals. In particular, we
show that a homotopy equivalence induces a quasiequivalence on the DG
categories of co-local system.

1. Introduction

Higher versions of local systems on a smooth manifold has been considered in
several recent works. Some of the references include [Block and Smith 2014;
Arias Abad and Schitz 2018; 2013; Holstein 2015; Malm 2011; Ben-Zvi and Nadler
2012; Brav and Dyckerhoff 2019; Rivera and Zeinalian 2018]. These references con-
tain different points of view on such oco-local systems, as they are now called. Cru-
cially, each of the points of view can be used to define a DG category of co-local sys-
tems, and it has been shown that all resulting DG categories are A,;-quasiequivalent
[Holstein 2015; Arias Abad and Schitz 2013; Block and Smith 2014].

In this paper, we take the de Rham point of view that an co-local system on
a manifold M is a Z-graded vector bundle equipped with a flat Z-graded super-
connection. We denote the corresponding DG category by Locs (M) and study
its behavior with respect to homotopies. It has been proved by Holstein [2015],
using a different but equivalent version of oco-local systems, that the pullback by a
homotopy equivalence induces a quasiequivalence on local systems. We use the
de Rham point of view on oco-local systems to provide a more explicit version of
this homotopy invariance property. The precise result is as follows:

Theorem 4.5. Let M, N be smooth manifolds, and let h be a smooth homotopy
between maps f,g : M — N. Then there exists an Ax-natural isomorphism
hol: f* = g* between the pullback functors f*, g* : Locs(N) — Loceo (M). Such

MSC2010: primary 55P65; secondary 51H25.
Keywords: oo-local system, DG category, DG functor, Axo-natural transformation, iterated integral.
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an Aso-natural isomorphism depends only on h and is given explicitly by Chen’s
iterated integrals.

This result should be contrasted with the Ay, version of de Rham’s theorem
due to Gugenheim [1977], which plays a key role in the construction of the higher
Riemann-Hilbert correspondence given in [Block and Smith 2014; Arias Abad and
Schitz 2018]. There are also some important corollaries that follow directly from
it, including the following:

Corollary 5.1. If f : M — N is a smooth homotopy equivalence, then the pullback
functor f* : Locs(N) — Locs (M) is a quasiequivalence.

Corollary 5.2. If M is contractible, then Locs, (M) is quasiequivalent to DG Vectp.

The latter should be thought of as a categorified version of the Poincaré lemma.
It provides a local normal form for flat superconnections, which we believe is of
independent interest.

Corollary 5.4. For an arbitrary manifold M, any oco-local system (E, D) is lo-
cally isomorphic to a constant oo-local system, that is, every point has an open
neighborhood U in which (E|y, D|y) is isomorphic to a constant co-local system.

We remark that an analogous result in the complex-analytic context has been
established by Bondal and Rosly [2011]. Some other related results are also
considered in [Demessie and Sdmann 2015].

The paper is organized as follows. Some preliminaries on DG categories,
DG functors, Ay-natural transformations, and co-local systems are presented in
Section 2. In Section 3, we describe some properties of Chen’s iterated integrals
that are used in our construction. The main section of the paper is Section 4, which
contains the proof of the homotopy invariance of the DG category of oco-local
systems. In Section 5, we derive some corollaries of our main result, including the
categorified version of the Poincaré lemma. Finally, Appendix A contains some
technical computations which are essential for the proof of the main result and
Appendix B a short compilation of the basic definitions of A,,-categories.

Note added. While we were writing this paper, the work [Chuang et al. 2018]
appeared. Among other results, this paper discusses a higher version of the Riemann—
Hilbert correspondence which generalizes and extends the results of [Block and
Smith 2014]. In this reference the notion of oo-local system is replaced by that of
cohomologically locally constant DG sheaf with cohomology sheaves of finite rank,
and their results are therefore closely related to ours.

Notation and conventions. 1f K is a field and V = @, , V* is a Z-graded K-
vector space, we denote by sV its suspension, that is, the Z-graded K -vector space
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with grading defined by
(S V)k — Vk-‘rl .

Vector spaces and tensor products are defined over the real numbers unless otherwise
stated.
fE=@,, E kis a Z-graded vector bundle over a smooth manifold M, we define

Q(M,E)=T(A'T*"MQE).
This space is graded by the total degree

QM. E)'= P QM. EY).
ptg=n

Given an element w € QP (M, E?) we will say that w is of partial degree p.

2. Preliminaries

In this section we review some facts regarding DG categories and higher local
systems that will be used throughout the paper. For a more thorough discussion on
the topics treated here, see for example [Keller 2006; Positselski 2011; Block 2010;
Block and Smith 2014; Arias Abad and Crainic 2012; Arias Abad and Schétz 2013].

2A. DG categories, DG functors, and A-natural transformations. A DG cate-
gory (where DG stands for “differential graded”) over a field K is a K -linear category
% such that for every two objects X and Y the space of arrows Home (X, Y) is
equipped with a structure of a cochain complex of K-vector spaces, and for every
three objects X, Y, and Z the composition map

Home (Y, Z) ® x Hom¢ (X, Y) — Homg (X, Z)
is a morphism of cochain complexes. Thus, by definition,

Home (X, Y) = @ Hom’, (X, Y)
nez

is a Z-graded K -vector space with a differential d : Hom{ (X, Y) — HomféJrl (X,Y).

The elements f € Homg (X, Y) are called homogeneous of degree n, and we write
| f| = n. We shall denote the set of objects of € by Ob €.

The prototypical example of a DG category is the category of cochain com-
plexes of K-vector spaces, which we denote by DG Vectg . Its objects are cochain
complexes of K-vector spaces and the morphism spaces Hompgvect, (X, ¥) are
endowed with the differential defined as

d(f)=dyo f—(=1)"fodx,

for any homogeneous element f of degree n.
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Let 6 be a DG category, and let X € Ob%6. Given a closed morphism f €
Hom%(Y, Z) we define f, : Homg(X,Y) — Homg (X, Z) by f.(g) = f o g for
g €Homg (X, Y). Itis not difficult to see that f, is a morphism of cochain complexes.
Similarly, if we define f* : Hom¢(Z, X) — Homg (Y, X) by f*(h) = ho f for
h € Homg(Z, X), then f* is a morphism of cochain complexes.

Given a DG category € one can define an ordinary category Ho(€) by keeping
the same set of objects and replacing each Hom complex by its O-th cohomology.
We call Ho(%) the homotopy category of €.

If € and 9 are DG categories, a DG functor F : € — % is an K -linear functor
whose associated map for X, Y € Ob €,

Fx.y : Homg (X, Y) — Homg (F(X), F(Y)),

is a morphism of cochain complexes. Notice that any DG functor F : € — &
induces an ordinary functor

Ho(F) : Ho(¢) — Ho(9)

between the corresponding homotopy categories. A DG functor F : € — 9 is said
to be quasi fully faithful if for every pair of objects X, Y € Ob € the morphism Fy y
is a quasi-isomorphism. Moreover, the DG functor F is said to be quasi essentially
surjective if Ho(F) is essentially surjective. A DG functor which is both quasi fully
faithful and quasi essentially surjective is called a quasiequivalence.

Let F and G be two functors between two DG categories ¢ and %. We want
to define the notion of an Ay -natural transformation A from F to G. A thorough
discussion of this in connection with the theory of A.-categories is presented in
Appendix B. Here, we want to be explicit, and motivate the definition as follows. If
X,Y e Ob¢ and f € Homg (X, Y), we can consider the standard diagram

A(X)
F(X)— G(X)

F(f)l lG(f)

F(Y) W G()

Normally one would require this diagram to commute. However, in our case we
will only require this diagram to be commutative up to homotopy. To make precise
what this means we need one piece of notation.

Let € be a DG category, and let Xy, ..., X, be a collection of objects of €. We
endow

sHome¢ (Xn—1, X») @k - - - ®k sHome(Xo, X1)
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with a differential b defined as

n—1
b(fu-1®---® fo) = Z(—l)zy;ilﬂ|fj|+"_i_1fn_l R --Rdfi®---® fo
i=0

n—2
F DTS . (fii0 )@ B fo
i=0
for homogeneous elements fy € sHome(Xg, X1), ..., fn—1 € sHomeg(X,—1, Xp).
Here d denotes indistinctly the differential in any of the spaces Homg (X;, X;+1). A
direct calculation shows that indeed 5> = 0. Notice that the definition of b resembles
that of the differential of the Hochschild chain complex of a DG algebra.
Armed with this notation, the formal definition of an A,-natural transformation
is given as follows. Let 6 and 9 be DG categories, andlet F: € — @ and G : € — D
be DG functors. An Aso-natural transformation A : F = G is the datum of a closed
morphism Ag(X) € Homgb(F(X), G (X)) for each X € Ob“€ and a collection of
K -linear maps of degree 0

An i sHome (X1, X)) ®k - - - @k sHome(Xo, X1) — Homg (F (X)), G(X,))

for every collection Xy, ..., X, € Ob%, such that for all composable chains of
homogeneous morphisms fy € sHome (X, X1), ..., fu—1 € sHomg(X,_1, X,) the
relation

G(fro1) 0t (fr2®- - ® fo) = (DI A=t (f 1@ ® fi) o F(fo)
=Ab(fro1® - ® f0)) +dOun(fu1 ® - -- ® f0))

is satisfied for any n > 1. The A on the right denotes the direct sum of the various A,,.
For n = 1 this yields the condition

G (fo) o 2o(Xo) — 20(X1) o F(fo) = 21(d(fo)) +d (A1 (f0)).
Since the map A1 : sHome (Xo, X1) — Homg (F (Xg), G(X1)) has degree —1 when

considered as a map defined over Home (X, X1), this implies that the diagram

F(Xo) 2% G (x,)

F(f())l lG(fo)

F(X G(X
(X1) m (X1)
commutes up to a homotopy given by A;. More generally, for n > 2, one may say
that A,,_; “commutes” with G(f,,—1) and F (fp) up to a homotopy given by A,,.
As usual, Aso-natural transformations can be composed: if F: € — %, G : € — 9,
and H : € — 9 are three DG functors from the DG category 6 to the DG category 9,
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and A: F = G and . : G = H are two Ay -natural transformations, then the formula

n
(LoA), = ZM;’ 0 Ap—i
i=0
defines a new Ay-natural transformation o A : F = H. An Ay -natural isomor-
phism between functors from € to & is an Ay-natural transformation A such that
Ao(X) is an isomorphism for all X € Ob €.
We close this section with the following observation.

Lemma 2.1. Let € and & be DG categories, and let F : € — % be a DG func-
tor. Suppose that there is a DG functor G : 9 — € together with Ax-natural
isomorphisms A : Go F = id¢ and v : F o G = idg. Then F is a quasiequivalence.

Proof. Let us first prove that F is quasi essentially surjective. Given any object
Y € Ob% the morphism po(Y) € Homgb(F(G(Y)), Y) is an isomorphism. In
particular it descends to an isomorphism in the homotopy category. Let us show
that F is quasi fully faithful. By definition, if f € sHom¢ (X, Y) is a homogenous
element, the Ayo-natural isomorphism X : G o F = id¢ produces the relation

for(X) —2ro(Y) o G(F(f)) =r1(d(f)+di(f)).
This, in turn, may be written as
Ao (X)*oidg —Ag(Y)xo(GoF)=Ajod+doAiq,

for any pair of objects X, Y € Ob €, where Aqg(X)™ is the pullback of 1¢(X) by X and
Ao (Y ), is the pushforward of Ao(Y) by G(F (Y)). Hence, the morphisms of cochain
complexes Lo(X)* oidg and Ag(Y ), o (G o F) are homotopic, and therefore, they
induce the same morphism in cohomology. But clearly 1o(X)*, Ao(Y), and ide
induce isomorphisms in cohomology, and thus so does G o F'. It follows that G o F'
is a quasi-isomorphism. By an entirely analogous argument, using the A,.-natural
isomorphism u : F o G = idg, one may prove that F o G is a quasi-isomorphism.
The desired implication follows at once. (]

2B. oo-local systems. Let E = @, ., E* be a Z-graded vector bundle over a man-
ifold M. We consider the space of E-valued differential forms Q2*(M, E) to be
Z-graded with respect to the total degree. A Z-graded superconnection on E is an
operator D : Q*(M, E) — Q*(M, E) of degree 1 which satisfies the Leibniz rule

D(oc ANw) =do /\a)—l—(—l)ko AN Dw,

for all 0 € Q¥(M) and w € Q*(M, E). The curvature of D is the operator D>,
This is an Q*(M)-linear operator on Q2*(M, E) of degree 2 which is given by
multiplication by an element of Q*(M, End(E)). If D? =0, then we say that D is
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a flat 7Z-graded superconnection. By an oco-local system on M we mean a Z-graded
vector bundle E equipped with a flat Z-graded superconnection D. We will denote
such an co-local system by (E, D).

As a simple example, consider a trivial vector bundle M x V with fiber V =
Dicr V¥ a Z-graded vector space. It is an easy matter to verify that the de Rham
differential d : Q*(M) — Q*(M) can be extended to an operator d : Q*(M, V) —
Q*(M, V) of degree 1. With the identification Q2*(M, V) = Q*(M, M x V) in mind,
one can readily show that (M x V, d) defines an co-local system on M. We will
refer to it as a constant co-local system on M.

For convenience of reference, we make the following observation. Suppose that
(E, D) is an oo-local system on M. The Leibniz rule implies that D is completely
determined by its restriction to Q°(M, E). Then we may decompose

D:ZDk,

where Dy, is of partial degree k with respect to the Z-grading on Q°*(M). It is clear
that each Dy for k # 1 is Q°(M)-linear and therefore it is given by multiplication
by an element —oy € QK(M, End(E)'*) (the minus sign is only a matter of
convention). On the contrary, D; satisfies the Leibniz rule on each of the vector
bundles EX, so it must be of the form dy, where V is an ordinary connection on E
which preserves the Z-grading. We can thus write

D=dy—ay—ar—oa3—---.

From this formula, it is straightforward to check that the flatness condition becomes
equivalent to

oc(% =0,
del() = 0,
[ag, 2]+ Fy =0,
n—1
(oo, otpt1] +dvo, + Zak Noppi—k =0, n>2,
k=2

where Fy is the curvature of the connection V. The first identity implies that we
have a cochain complex of vector bundles with differential «y. The second equation
expresses the fact that o is covariantly constant with respect to the connection V.
The third equation indicates that the connection V fails to be flat up to terms
involving the homotopy «, and the differential .

Now let us assume that E is trivialized over M. This means £ = M x V for some
Z-graded vector space V=D, ., V*. In this case, we have o € Q¥ (M, End(V)! %)
for k # 1. Moreover, we can write dy = d — «; for some «; € Q' (M, End(V)?).
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Thus, the Z-graded superconnection D may be expressed as D = d — «, where
o € Q*(M, End(V)) is the homogenous element of total degree 1 defined by o =
Zkzo ay. In addition, a straightforward calculation gives

D?>=da —a Aa.

Consequently, the totality of equations of the flatness condition is equivalent to the
single statement that o satisfies

do —ana=0.

This is known as the Maurer—Cartan equation.

Suppose we have another trivialization of £ over M such that E = M x W for
some Z-graded vector space W = P, W¥ and D = d — B for some homogenous
element 8 € Q*(M, End(W)) of total degree 1 satisfying the Maurer—Cartan equa-
tion. Then, we have a transition isomorphism between the two trivializations, which
is realized by a linear isomorphism g : Q°(M, V) — Q°(M, W) that commutes with
the operators d —« and d— . If we think of g as an element of QY%(M, Hom(V, W)),
the latter condition is equivalent to the requirement that

a=g 'Bg—g 'dg.

The change from S to o given in this equation goes by the name of a “gauge
transformation”.

For a pair of co-local systems (E, D) and (E’, D’) there is a natural notion of a
morphism from (E, D) to (E’, D"). Namely, such a morphism is a degree-0 linear
map ® : Q*(M, E) — Q*(M, E’) which is Q*(M)-linear and commutes with the
Z-graded superconnections D and D'. If both (E, D) and (E’, D’) are trivialized
over M in such a way that E = M x V and E' = M x V' for some Z-graded
vector spaces V and V', and D =d — « and D’ =d — o’ for some homogeneous
elements o € Q*(M, End(V)) and o’ € Q*(M, End(V")) of total degree 1 satisfying
the Maurer—Cartan equation, then this condition is

d—a)o®P=do(d—a)
or, interpreting ® as an element of Q*(M, Hom(V, V')),
dP=ad'AD—-D Aa.

A morphism from (E, D) to (E’, D’) is called an isomorphism if the underlying
map & : Q*(M, E) — Q*(M, E') is an isomorphism. Two oco-local systems (E, D)
and (E’, D') are said to be isomorphic if there is an isomorphism from (E, D)
to (E', D).

As mentioned in the introduction, all co-local systems on a manifold M can be
naturally organized into a DG category, which we denote by Locs, (M). Its objects
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are, of course, oo-local systems (E, D) on M. Given two oo-local systems (E, D)
and (E’, D) we define the space of morphisms to be the Z-graded vector space
Q*(M,Hom(E, E")) with the differential dp p- acting as

dppw=D ro—(—D)foAD,

for any homogenous element w of degree k. If (E, D) and (E’, D’) are trivialized
over M as in the previous paragraph, then dp p may be expressed by

8D,D/w=da)—a’/\a)+(—1)ka)/\o¢.

Notice that what we call a morphism from (E, D) to (E’, D’) is simply a closed
element of Q*(M, Hom(E, E")) of degree 0.

Finally, to close this section, let us briefly recall the pullback operation of oo-
local systems. For a smooth map f : M — N between two manifolds M and N,
there is a DG functor f* : Loco (N) — Locs, (M) which sends E with structure
superconnection

D=dyv—ap—ar—a3—-
to f*E endowed with
f*D=dpv— ffag— ffaa— ffaz—---,

where f*E is the pullback of £ and f*V is the pullback connection on f*E. One
can easily check that (f*E, f*D) is indeed an oco-local system on M, so the DG
functor f* is well defined. We refer to it as the pullback functor induced by f.

3. Some generalities on Chen’s iterated integrals

In this section, we state some properties of the type of iterated integrals that appear
in our study. We make use of the notation and conventions of Sections 2A and 2B.

Let M be a smooth manifold, and let V =&, _, V¥ be a Z-graded vector space.
We denote by t; : M — M x [1, 0] the inclusion at height s given by ¢;(x) = (x, ).
For an element w of Q2°(M x [0, 1], End(V)) we define for all ¢ € [0, 1] the elements
of Q*(M,End(V))

g (1) =idy,
t
(1) :/O i 9 wdsy,

BN
t S1 Sn—1
CIJZ‘)(I):/ / / Gia @A g @A~ A1 g wds,---dsadsy, n>2,
0 JO 0 951 as2

s,

where in the definition of & (¢), t > s; > --- > 5, > 0. The following lemma is
easy to verify.
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Lemma 3.1. The series
o
OU(1) =Y DY)
n=0
converges for all t € [0, 1] and defines a smooth map from [0, 1] to Q*(M, End(V)).
We call ®“(¢t) the iterated integral of the element w. Compare this with the
definitions of [Igusa 2009] and the more classical reference [Chen 1977].

These iterated integrals define solutions to differential equations we are interested
in. More precisely, we have the following:

Proposition 3.2. Consider an element w of 2*(M x [0, 1], End(V)) and the smooth
map from [0, 1] to Q*(M, End(V)) given by t +— ®“(t). Then

d%@ _ i wn o)
— =y w ,
dr Fa
®“(0) =idy,

forallt €0, 1].

Proof. 1t is clear that ®“(0) = idy. Let us calculate the derivative with respect to .
According to Lemma 3.1, we have

t
<I>‘“(t)=idv+/ Ly 13wds1—|—// 0 13a)/\t 1awdszds1
s,

as1

// / Llaa)/\t 13a)/\L“1ia)ngdszds1+
ds2 953

Therefore,

q)w(t) t
_Llaa)—i—tlaa)/\ tlia)dSZ
dr o ar s,

+Lt10wAff lea)/\t J g wdszdsy+ -
P s

t
=t:(iaa)/\ idv-f—/tlaa)dsl—l-// Llaa)/\L laa)dSstl-i-
En 0 381 sy

=iy wADPU(r),
at

as asserted. O

Another important result that we need is the following gauge invariance property
of iterated integrals.

Proposition 3.3. Let W =, _, W be another Z-graded vector space, and let
w€ Q' (M x][0, 1], End(V)) and n € Q*(M x [0, 1], End(W)). Suppose that there is
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an invertible element g € Q°(M x[0, 1], Hom(V, W)) such that o =g 'ng—g~'dg.
Then

dU(1) = (o) DT,
forallt € [0, 1].

Proof. The strategy of the proof is to show that the right-hand side of the given
formula satisfies the initial value problem of Proposition 3.2. Uniqueness will
then tell us that both sides of the formula are equal. To start with, it is clear that
(« g)*1d>’7(t)tf; g satisfies the initial condition. Let us calculate its derivative with
respect to . By Proposition 3.2, we have

don(r)
L
dr 08

d _ d _ _
L TGl = () O (Ge + ()T
d _ 1 ke
=5 GO P0G+ () (Gian AP ()5
d _ 1 ks _
= 50O YOG+ i gl AL ) T P (gl
On the other hand, a straightforward calculation shows that
d _ ., d _
T =— T @)
Furthermore, using the assumption, we have
: . 1 d
G~ Giangg =i 0+ (9T — ().
ar ar dr
Substituting into our previous equation we get
d * N—1 g0 * * \—1 d * * o\~ L *
E[(t’g) D7 (1)pgl = —(;8) a(ttg)(t,g) Q718
+ t;kiaia) Al DT (1)ihg]
t
* —li * * =1 gn *
+ (8 ” (88 PN g
= L;"iaia)/\ [(Fe) ' d7(1)ihgl,
t
as required. U

It will be convenient for our purposes to give an equivalent alternative expression
for ®“(¢) in the special case in which w is homogeneous. To do this we need some
notation. For each ¢ € [0, 1], we write A, (¢) for the n-simplex of width ¢. The
geometric realization of A, (¢) that we take is

Ap(@) ={(s1,....5) R [t =51 = =5, 20}
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Foranyi=1,...,n, we also denote by 7; : M x A,(t) — M x [0, t] the natural
projection defined by m; (x, (51, ...,5,)) = (x,s;) forall x e M and (s1, ..., s,) €
A, (t). Instead of A, (1), we will simply write A,,.

With this notation, we have the following:

Proposition 3.4. If w is a homogeneous element of Q°(M x [0, 1], End(V)), then

o0
V(1) =idy + Y _(=1)F™N f Tro ATIOA - AT 0,

n=1 An(0)

where g(n) = Zl'-’:_ll (n—1i).

Proof. For each (s1,...,5,) € Ap(2), let ¢, y: M — M x A,(t) denote the

natural inclusion given by sy, (X) = (x, (sl, ..., 53)). Then, by definition,

/ T{OAT QN AT, ®
Ap (1)

Sn—1
// / sy S")lailai'” ‘(7'[10)/\7T20)/\ AT W) dsy - - - dsydsy.

But i,y nja) is equal to iy/y,, 7w if i = j and is equal to 0 otherwise. Moreover,
since 7; ol(y,,....5,) = Ls;» WE also have that LZ,]
the integrand above becomes

1- * — % P
sl0/0s: T 0 = 11555, 0. Therefore,

.....

s (MfoATyON- - AT )
051 082 05,

— (_1)(n—1)|w|+(n—2)|(D|+m+|(u|t:‘li 5 WA L’;i 9 WA AL iy w.
3 8—“ L W n 8—
The desired conclusion now follows from the definition of ®“(z). U

We now provide a simple observation which will be useful in its own right.

Lemma3.5. Ifwy,...,w, is a collection of homogeneous elements in Q*(M x [0, 1],
End(V)), then

d/ T WINA- - - ATT, Wy
An(t)

n

i1,

- Z(—l)”*zﬁl""f‘ / TFOIA- AT @i A AT A AT @11 A - AT 0
P Ay (1)

i=1

+Z( 1)/ TFOIA- - AT 0 | AT (@i A1 ) AT Wi A - AT @y
i=1 n 1(1)

+(=D" (f nf‘wl/\---An,;"Iw,,_l)/\LSwn
An—l(t)

+(—1)("_1)w'|t;ka)1/\(/ 7-[1*0)2/\. . '/\77:_10)n>-
n l(t)
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Proof. 1t is straightforward to check that

/ T{OIA - AT Wy,
A ()

t
= (=) Dlenl f Gig w1 A </ Tiwy A~ /\n,fla)n> ds,
0 ds Ap—1(s)

so the result follows by induction on 7. O

As a direct consequence of Lemma 3.5, we can prove the following formula,
which will be used in what follows.

Proposition 3.6. If w is a homogeneous element of Q2*(M x [0, 1], End(V)), then
do“ (1)

o0 n
=) > (—prtisiremlel / TrOA AT AT doAT oA AT @

n=1i=I An()

oo n—1

D) (=il / TFONA AT AT (@A) AT OA- AT @

n=2i=1 An-1(1)

o
+Z(_1)n+s(n)|w| (/
n=1 Ap—1 (1)
o
+Z(_1)(n—]+€(n))|w|L;kw/\(/
A
n=1

* * k
7T1 (1)/\ * ~/\7Tn_1a)) /\Loa)

T WA -/\n:_lw>.
n—1(1)

4. The A, -natural transformation and homotopy invariance

In this section we prove the main result of the paper, which is the construction of
an As.-isomorphism between the pullback functors associated to homotopic maps.
This may be thought of as a categorified version of what is called the homotopy
invariance of the de Rham cohomology.

Let M be a smooth manifold, and let (E, D) be an oo-local system on M x [0, 1].
Our first task is to show that there is an isomorphism of oco-local systems between
the restrictions of (E, D) to M x {0} and M x {1}. The following two preliminary
results will clear our path.

Lemma 4.1. Suppose that the co-local system (E, D) is trivialized over M x [0, 1],
that is to say, E = (M x [0, 1]) x V for some Z-graded vector space V =P, _, vk
and D =d — « for some homogeneous element a € Q*(M x [0, 1], End(V)) of total
degree 1 satisfying the Maurer—Cartan equation. Then the iterated integral ®*(1)
of a defines an isomorphism of oo-local systems from (j(E, D) onto ({(E, D).
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Proof. We first show that ®* (1) is a morphism of oo-local systems from (;(E, D)
to (] (E, D). To this end, we need to check that (d—(ja) o ®*(1) = ®*(1) o (d — )
or, what is the same,

dD%(1) = tfa A D*(1) — D¥(1) A iar.

Using the formula given in Proposition 3.6, we find

n

o n
dq>a(1)=ZZ(—1)"+il+€(")/ TN AT @ AT da AT J A AT
A

n=1 i=l1 n
oo n—1
i+¢ * * * * *
+ZZ(—1)’ (”)/A TraA - AT @ AT (@A) AT oA - AT
n=2 i=1 n—1

00

+ (— 1)n+s(n) (/
00

3 e
n=1 A

Next, notice that £(n) = &(n — 1) +n — 1, from which we obtain (—1)"~1+¢® =
(_l)e(nfl) and (_1)n+e(n) — (_1)s(n71)+1‘ Therefore,

* * *

Jrl*a/\~-/\7r:_1a).

n—1

o0 n
do*(1) = Z Z(—l)"“(”*l) / AN AT e AT da AT e A AT

n=lI i=I An
oo n—l1
—ZZ(—I)”“"‘”f TIAAN - AT @ AT (@A) AT A AT o
. A
n=2i=1 n=1

o0

_Z(—l)s(nl)(/ JTTOl/\---/\JT,TIa)/\téa
n=1 An-i
[e.¢]

+ ) =D e A ( /
n=1 A

But « satisfies the Maurer—Cartan equation, so that do —a A ¢ = 0. Thus, the first
and second terms on the right-hand side of this equality cancel out, leaving us with
n—1

o0
do®(1) = cfa A (Z(—l)"("“) /
n=1
- <2:(—1)8(”_1)/A QA /\J'r:_loe) Ao

n=1 n—1

=fa ADP*(1) — ®*(1) A,

n{ka/\--‘/\n:_la).

n—1

nl’"a/\--‘/\n:_la>

as desired.
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It remains to show that (1) is invertible. For this, we decompose ®*(1) =
> p=0 P (1), where @7 (1) is of partial degree p with respect to the total Z-grading
on °(M, End(V)). From the definition, it is plain to see that ®y(1) = &% (1),
with o) being the component of o of partial degree 1 with respect to the total
Z-grading on Q2*(M x [0, 1], End(V)). Since the latter defines a connection which
preserves the Z-grading, ®g(1) is nothing but the parallel transport with respect
to such connection along the paths ¢ = M x {t}. Thus, as is well known, @ (1)
is invertible. Therefore, ®“(1) is the sum of an invertible element and a nilpotent
element. From this it follows easily that ®“(1) must necessarily be invertible. [

Lemma 4.2. Suppose that the co-local system (E, D) is trivialized over M x [0, 1]
as both E=(M x[0,1]) x V and E = (M x [0, 1]) x W for some Z-graded vector
spaces V =P ; V¥ and W = @, ., W* with D =d — o« and D = d — B for some
homogenous elements o € Q2*(M x [0, 1], End(V)) and g € Q2*(M x [0, 1], End(W))
of total degree 1 satisfying the Maurer—Cartan equation. Let g € QO(M x [0, 1],
Hom(V, W)) be a transition isomorphism associated with these trivializations. Then

d*(1) = (o) ' PP (Digg.

Proof. As explained in Section 2B, the transformation rule from f to o can be
expressed as = g~ ! Bg—g~'dg. Hence, the desired conclusion follows by applying
Proposition 3.3 with r = 1. U

As an easy application of the above, we derive the following:

Proposition 4.3. Let (E, D) be an co-local system over M x [0, 1]. Then there is
an isomorphism of oo-local systems from 1(E, D) onto 1 (E, D).

Proof. Suppose that the oo-local system (E, D) is trivialized on an open cov-
ering {U;} of M. Thus, E|y, = (U; x [0, 1]) x V; for some Z-graded vector
space V; = @kez Vik and D|y, = d — o; for some homogeneous element «; €
Q*(U; x [0, 1], End(V;)) of total degree 1 satisfying the Maurer—Cartan equation.
By virtue of Lemma 4.1, the iterated integral ®% (1) € Q*(U;, End(V;)) determines
an isomorphism of oco-local systems from ¢;(E|y,, D|y;) onto ¢ (E|y,, D]y,). On
the other hand, if U; NU; # @ and g;; € Q°((U; NU;) x [0, 1], Hom(V;, V;)) is
the corresponding transition isomorphism, then by Lemma 4.2, we have

Q% (1) = (Ggji) @Y (1)igi-

Hence, the various ®% (1) piece together to yield a well defined element ¢ €
Q*(M,Hom(,jE, 1] E)), which is an isomorphism of co-local systems from (j(E, D)
onto (j(E, D). [l

From this result it would seem reasonable to assume that there is a natural
isomorphism between the pullback functors (7, ¢} : Locs (M x [0, 1]) — Loco (M).
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However, with a careful juggling we can show that this is not the case. In fact,
something more precise holds.

Proposition 4.4. There exists an A-natural isomorphism A : 15 = (].

Proof. For every oo-local system (E, D) on M x [0, 1], we let Ag(E, D) €
700 (M, Hom(jE, (] E)) be the isomorphism given by Proposition 4.3. We need
to define linear maps of degree —n

Jn 1 Q1 (M x [0, 1], Hom(E,_1, E,)) ® - ® Q' (M x [0, 1], Hom(Ey, E))
— Q*(M,Hom({Eo, ({E,))

for every collection of oco-local systems (Eg, Dy), ..., (E,, D,) on M x [0, 1]. As
with the argument that led to the proof of Proposition 4.3, we construct such maps
by assuming first that each oo-local system (E;, D;) is trivialized over M x [0, 1],
that is, E; = (M x [0, 1]) x V; for some Z-graded vector space V; = @kez Vik
and D; = d — «; for some homogeneous element o; € Q*(M x [0, 1], End(V}))
of total degree 1 satisfying the Maurer—Cartan equation. On that account, let
us take homogeneous elements &y € Q°(M x [0, 1], Hom(Vy, V1)), ..., &—1 €
Q*(M x [0, 1], Hom(V,,_1, V). If we put V = @_, V;, then both the elements
oo, . . ., &, and the elements &, . . ., £,_1 may be seen as elements of Q2*(M x [0, 1],
End(V)). Thus, if we set w = Z?:o o —i—Z?:_Ol &;, the corresponding iterated integral
®“(1) determines an element of Q*(M, End(V)). With this understood, we define
Al e, ®- - ®E) € (M, Hom(Vy, V,)) to be the (0, n) block entry of ®¢(1),
and it is straightforward to verify that this prescription determines a linear map

M@ Q (M x [0, 1], Hom(V,,—1, Vo)) ® - - ® Q°(M x [0, 1], Hom(Vp, V1))
— Q*(M,Hom(Vy, V,,)).

We must check that this map has degree —n. To this end, notice )\j,a”} E—1®- - ®&))
is an infinite sum of terms that contain integrals of the form

in—l_l in—2_]
* *k k
[ (A me)ai in( A e

g\ =l jmin 1+
io—1 q
/\---/\( /\ njal)/\n;gso/\< /\ n;.kao)
j=ii+1 j=ig+1

where g >nand 1 <i,_| <i,_p <---<ij] <ip<gq. Since the total degree of each
of the integrands above is Z;:ol |&i| + g — n, it follows that the total degree of these
terms is Z?;ol |&;| — n. From this we conclude that the map Ai,a“} has degree —n.



AN Ay VERSION OF THE POINCARE LEMMA 401

Next, we must show that the linear maps A,i“t*} satisfy the required relations to
be an A -natural transformation. As indicated in Section 2A, these relations read

e AN E 2 ® @) — (—DEREITT 6 e @6) Ak

=2 b(E -1 ® - ®50) + py,p, 1 (a1 ® - - ® o),
for every composable chain of homogenous elements
& € Q' (M x [0, 1], Hom(Vy, V1)), ..., & —1 € Q*(M x [0, 1], Hom(V,,_1, V},)),

where, bearing in mind the notations and definitions of Section 2B,

n—1
b(E1®- - Q&) = Z(—1)2?21'1+1|€j|+”_i_15n—1®~ ®E11QAE®E 1R Q&)
i=0

n—1
n—1 X i
—E (—DZimlEtn e @ @41 ® (g AE)®E1® - ®E
i=0

n—1
n—1s e
+Z(—1)ZF"|§’|+” e 1@ ®ELNRQE A RE 10 ®&
i=0

n—1
+ Z(_I)Z'};-l|§_,’|+n—i—1§n71 R Q&1 QENE-1)®E2®- - B,
i=1
and
0y DM E 1 ®- - ®E0) =AM (€, 1@ - ®E0) — e AL (€, 1@ - ® )
F (DXl 5, @ @) A .
Therefore, we are led to verify that
A E 1 ® - ® )
= o AL E1 ® - ®E0) — (~DZHEI T 6, - @ 80) Ao
+E i AV 2@ @8) — (—DEHETR ¢ o @E) Al
— AN b &1 @ ® &),
for homogenous elements
£ € Q*(M x [0, 1], Hom(Vy, V1)), ..., En_1 € Q°(M x [0, 1], Hom(V,_1, V,))).

We relegate the proof of this identity to Appendix A.

We now examine what happens to the above construction when we change
the trivialization of each oco-local system (E;, D;). So assume that also E; =
(M x 10, 1]) x W; for some Z-graded vector space W; = @kez Wl.k and D; =d—g;
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for some homogeneous element g; € Q*(M x [0, 1], End(W;)) of total degree 1
satisfying the Maurer—Cartan equation. We let g; € Q%M x [0, 1], Hom(V;, W;))
denote the associated transition isomorphisms, so that the transformation rule
from B; to «; is expressed as «o; = gi_lﬁ,-gl- — gi_ldg,-. Consider a composable
chain of homogenous elements &y € Q*(M x [0, 1], Hom(Vy, V1)), ..., &—1 €
Q' (M x [0, 1], Hom(V,_1, V,,)), and set up another composable chain of homoge-
nous elements ¢y € Q*(M x [0, 1], Hom(W,, Wy)), ..., -1 € Q°(M x [0, 1],
Hom(W,_1, W,,)) by means of the formula & = gl._+]1{,~g,- fori =0,...,n—1.
Similarly as above, we put W = @/_, W; and n =Y ""_, B; + Y1, & and define
AP 1 ® - ® ) € QU (M, Hom(Wp, W,)) to be the (0, 1) entry of the iterated
integral ®"(1) € Q*(M, End(W)). We claim that the following relation holds:

Mol 1@ ®8) = g WP Gm1 - ® Lo)igo.

To substantiate the claim, we set g = Y '_, gi € Q¥(M x [0, 1], Hom(V, W)) and
observe that, by definition, v = g ~'ng — g ~'dg. Hence, by applying Proposition 3.3
with t = 1, we have that

(1) = (ijg) " (Digg.

By taking the (0, n) entry to both sides of this equality, we get the desired relation.

Finally, to deal with the general situation, the foregoing argument shows that, just
as with the proof of Proposition 4.3, the linear maps A, may be defined by piecing
together linear maps defined locally on a trivializing cover for the (E;, D;). U

Finally, we can state and prove our main result.

Theorem 4.5. Let M, N be smooth manifolds and h be a smooth homotopy between
maps f, g : M — N. Then there exists an Ax-natural isomorphism hol : f* = g*
between the pullback functors f*, g* : Locoo(N) — Locs (M). Such Ax-natural
isomorphism depends only on h and is given explicitly by Chen’s iterated integrals.

Proof. By hypothesis, there is a smooth homotopy # : M x [0, 1] — N with
h(x,0) = f(x) and h(x,1) = g(x) for all x € M. So we have ho(y = f and
hot = g, and thus, f* = (5o h* and g* = (] o h*. On the other hand, by
Proposition 4.4, there is an A-natural isomorphism A : ¢j = (]. By restricting
the latter to the full DG subcategory of Loc., (M x [0, 1]) consisting of objects of
the form A*(E, D) with (E, D) an object of Locs(N), we obtain an As.-natural
isomorphism between f*, g* : Locso(N) — Locs (M), as wished. O

Remark 4.6. Given a smooth manifold M, the usual de Rham map ¢ : Q*(M) —
C*(M) from differential forms to singular cochains is not an algebra map. However,
it does induce an algebra map in cohomology. This curiosity was clarified by Gugen-
heim [1977], who extended ¢ to an explicit Ay-quasi-isomorphism given by certain
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iterated integrals. This map plays a crucial role in the higher Riemann—Hilbert
correspondence [Block and Smith 2014]. As explained in [Arias Abad and Schitz
2013], the higher-dimensional holonomies that arise in the higher Riemann—Hilbert
correspondence arise via pushforward of a Maurer—Cartan element along an A-
morphism constructed from that of Gugenheim. In the particular case where M is an
interval I, the pushforward along the A,,-morphism produces the ordinary solutions
to the parallel transport equations and realizes an Ay-morphism g : Q*(I) — C*(1).
The differential equations for parallel transport that arise in the computations above
are solved explicitly by Chen’s iterated integrals. The solutions can also be regarded
as arising from the map ¢, which allows one to replace C*(/) in the definition of
the path algebra by the algebra of differential forms. This can be regarded as the
moral reason why the A -natural transformation defined above arises.

5. The categorified Poincaré lemma

In this section we derive a series of corollaries of the results obtained in the previous
section. Among other things we establish the categorified version of the Poincaré
lemma for oco-local systems.

Our first corollary is the following:

Corollary 5.1. If f : M — N is a smooth homotopy equivalence, then the pullback
functor f* : Locs(N) — Locs (M) is a quasiequivalence.

Proof. By definition, there exists a smooth map g : N — M such that f o g and
go f are smoothly homotopic to idy and id, respectively. Hence, by Theorem 4.5,
we obtain two Axo-natural isomorphisms A : g* o f* = idpec (v) and p: f*og* =
idpoc (m). Therefore, the desired conclusion follows by appealing to Lemma 2.1. [J

The above has as an immediate consequence the following:

Corollary 5.2 (categorified Poincaré lemma). If M is contractible, then Loc, (M)
is quasiequivalent to DG Vectg.

Proof. Since M is contractible, it has the same homotopy type as a point. Thus,
according to Corollary 5.1, there is a quasiequivalence between Loc,, (M) and
Locs ({*}). Because Locy ({x}) = DG Vectg, the desired assertion follows. (|

It is now quite easy to see that the following result holds.

Corollary 5.3. On a contractible manifold M, every oo-local system (E, D) is
isomorphic to a constant co-local system.

We can strengthen the previous corollary and derive a local normal form for flat
superconnections. The following result confirms that locally, all flat superconnec-
tions are isomorphic to a constant one.
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Corollary 5.4. For an arbitrary manifold M, any oo-local system (E, D) is lo-
cally isomorphic to a constant oo-local system, that is, every point has an open
neighborhood U in which (E|y, D|y) is isomorphic to a constant co-local system.

Any contractible open neighborhood U will obviously work.

Remark 5.5. Some of the results of the paper apply to contexts more general than
higher local systems on manifolds, for instance Block’s cohesive modules [2010] or
representations up to homotopy of Lie algebroids [Arias Abad and Crainic 2012].
For the sake of concreteness we have decided to remain in the context of co-local
systems.

Appendix A: Calculation of dk,{,a”}(ﬁn—l ®--- Q&)

In this appendix we embark on the calculation of dA\*"(£,_; ® - -+ ® &). The
notation and symbols are as in the proof of Proposition 4.4.

To begin with, since Afza“}(én_l ®---®E&p) is defined as the (0, n) block entry
of iterated integral ®“(1) of the element w = Z?:o o; + Z:’;Ol &;, it is an infinite
sum of terms of the form

1 psy Sg—1
/ / f bl g o1 ALl g a)z/\---/\tsql 9wy dsy - --dsydsy,
o Jo 0 as1 dso dsg

where g > n and there is a strictly decreasing n-tuple 1 <i,_| <i,_p <---<i] <
io<gsuchthatw; =§ for0<k<n—1,w;=a,forl <j<i,_1—1,0; =0,
fori, x+1=<j <ip_—1— 1 with k running from 1 to n — 1, and w; = g for
ip+ 1 < j <g. We want to compute the exterior derivative of each of these terms.
For this purpose, by applying an argument similar to that presented in the proof of
Proposition 3.4, we rewrite the latter as

gq—1 . .
(_1)2,‘:1(4 Dlw;l / nikwl /\77;‘02 N /\7'[;0),].
Ay

Next, we observe that, by virtue of Lemma 3.5, we have

* k
d/A TIOLA - AT g
P
il i1
+) o) * * * * *
:Z(—l)q 2=l Jl/ TLWIA- AT _ Wi AT da),'/\JTi_,_la),'Jrl/\”-/\JTqa)q
i=1 q
g—1
+) (=1 TFOIA - AT 0 | AT (0 AW+ 1) ATTE ida A- - - ATCE
R 1 W1 i— 1 Wi— 1IN (Wi AW 41 i+1@i+2 g—1%q
i=1 q—1

+(—1)q</

Ay

+(—1)(q_1)wlll>1ka)1/\(/
A

TN - -/\nq*_la)q_l)/\téwq

ES *
T[] a)Z/\ . ‘/\T[q_]a)q>.
g—1
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Therefore, by the foregoing, we find that

// / j aiwl/\L;iiwﬂ\ AL lad wq dsg - --dsydsy
s Sq

d
_ ( 1)21 1|‘“1|*’ e AL AALS ]
ls, iwl 51 8 W2 sl Wi-1

3 TS‘Z aS,',l

* * s
AT g da),-/\tsl_Hl' 3 Wit A /\t 1 o wydsg - -dsydsy
as; 9Si+1 Sq

+Z( 1)21 1w]|+z// / f ia)l/\t;i 9 wZ/\"‘/\‘;,li 9 Wil

3 TS‘Q 33‘1‘,1

Al i(a)i/\a)i_,_])/\t* liaa Wi42 N\ /\L liaa wgdsg_1---dsadsy
Sg—1

as;
(= 1)2, 1|w/|+q(f / / i g @INGT g o
51 0s2

: *
/\---/\Lf711 3 a)q 1dsg—1- -dszdsl)/\toa)q

+ijwiA / f / i o oA g w3
051 B

A -/\L;‘q_li 9 wgdsg_1 ~--dszds1>.
dsq-1
Let us analyze each of the terms on the right-hand side of this relation separately.
Consider the term inside the first sum. We distinguish two cases. First, assume

that w; = «;. Then the sign in front is
(_1)Zﬂ;ln|w./|—i — (_1)2?;} |5/‘|—”+"—1’

and so the term reduces to

S - 1 ps; Sg—1
(A-1) (_1)2_,4=,'|$]|*n+17 / / / L;“' o o AL RN
0 JO 0 sy Tsz

Ao A b oii Al g dag AL (1 @i A AL T g g dsg - dsadsy.
058;_1 as; 0Si+1 Sq

Second, suppose that w; = &;. Then the sign turns out to be
(—DZimleil= = (Xl

and consequently the term becomes

Sl g | —nti b Sg-1 % - % - £ -
(=1)&i=i+115) byl g I AL g WA+ Alg 1 5 Wi
0 Jo 0 ds 0952 T Bsin

* 2 * :
/\Lsilidgi /\LSHII 9 Wirl A\~ /\L 1 9 Wy dsg - - - dsy dsy.
as; 05i+1 Sq
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If we add these overallg >nand all 1 <i,_| <i,—p <---<i] <ip<gq, we get

(A2)  (=DZEaltilalE @ Qb ®dE @1 ® - ®&).

We now turn to the term inside the second sum. We have four cases to consider.
In the first case, w; = w;+1 = ;. Then the sign in front is

(—1)ZimtleilHi = ()il

and thus, the term becomes

1 ps1 S,
n—lye . 9= .
(A-3) (_1)2,-:,-\5;\ n+1/ / f L 1 5 WAL laiwz/\"'/\tjiqlaa wi_1
0 JO 0

asl Si—1

Atsil%(alA(xl+1)ALsi+llaa a)l+2/\-~/\tsq_1183 wg dsg—1 - --dsydsy.

Si+1 Sg—1

In the second case, w; = ;41 and w; = &;. Then the sign comes out to be
(_1)Z§:1|w,—|+i _ (_I)Z’};gﬂléjlfnﬂfl’

and as a result the term becomes

(— 1)2, ZalE- n+z—1f / / ;k iwl/\%iiwl/\"'/\‘;,li 9 Wi
951 52 981

. .
/\le_l%(aprl NE) /\LSHII Sa la),+2/\ /\qufll3 3 1a)q dsg—1 ---dsadsy.
Si i+ Sq—

Adding these over allg >n and all 1 <i,_| <i,—» <---<i] <ip<gq, we obtain
(A4) (—D)Zmn&H e, @ @81 ® (@ A& B @ - ®).
For the third case, we take w; = &; and w;4+| = «;. Then the sign in front is

(= DZimtloil+i — () Eini gl

and hence, the term becomes

(— I)leléfl n-H// / :lawl/\t*iaa)z/\-“/\t*, 19 wi_|
17 o2 52750 Sic1m 52—
kR 952 0si—1

i(S,Aotl)/\L 1i 9 Wigo A - /\Ljf}i 9 wgdsg_q---dsydsi.
s; St+l ? aSqfl

Once again, adding over allg >nand all 1 <i,_| <i,_» <--- <ij <ip <gq, this
yields

YIZHIE I —ntiy fo)
(A-5) (=D==" M E1® 6§11 QEN)®E1®---®&)).
In the fourth and last case, w; = &; and w;4+; = &;_. Then the sign results in

(=D Zimiloil+i — (XISl
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and the term becomes

(— 1)2, ZHEjl- n-H// / ;k ) a)l/\f;i g Wy A AL i g oy
as1 T s T Bsio

AL i (ngSz—l)/\Lu,i 8 Wi AN AL i g wgdsg - dsydsy.
as; Isiv1 R

Thus, adding over allg >nand all 1 <i,_| <i,—p <--- <i] <ig<g, we obtain
Yl E I —nti {o)
(A-6) (—=1)==" A En—1® Q& QENE_1D)RE 2R ®&)).

Finally, let us consider the two remaining terms. Here we identify two cases. First,
assume that w; = a, and w, = . Then the sign in front of the first summand is

(_1)2?;1' lwjl+q _ (_I)Z'};(])\é?jl—n+l’

and therefore, these two terms become

a1 . 1 S1 Sqg—2
(—1)Xj=oléjl—n+ / / / i ol ACH g o
0 Jo 0 as1 ds2

*

Ao /\qu_lia 9 wg—1dsg_---ds ds1> A L5

Sq—1

i - % -
—Hlan (// / byl o @A g W3A-- AL (1 5wy dsg_1---dspdsy|.
8 3S2 356171

Thus, if we add these overallg >nandall 1 <i,_| <i,—2<---<i] <ip<gq,
we get

n—1
(A7) G AL (51 ®- - ®80) + (=D el (6, @ - @60 Adgan.
Second, suppose that w; =&, and w,; = &y. Then the relevant sign is
(_I)Z?;}le\ﬂl — (_1)2'};}|§f|—n’

and so these two terms become

(— 1)2 Z1IE - n(/ / / ;k 3 a)l/\L;i 9 Wy
st 52

/\”./\Lj"’lia 9 a)q_ldsq_l --~dS2dS1> /\Lgfo

Sq—1

1 psy Sg—2
+LT§n_1A(f / f L;iia)z/\tfziiwy\-u/\tjqqi 5 wquq_1-~-dszds1>.
o Jo 0 dsi 352 5q1

Adding these over allg >n and all 1 <i,_| <i,—p <---<i] <ip<gq, yields

(A-8) &, ALY (6, 2@ @) +(— DT @ 6 @ @) AL
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Having paved the way, we are at last in a position to explicitly give the full
expression for dki,a”} (¢1-1® - ®E&y). The first thing to notice is that, owing to the
Maurer—Cartan equation satisfied by each «;, when we add over all ¢ > n and all
1 <iy_| <ip_p<---<ij <ip<gq, the terms associated with the contributions
(A-1) and (A-3) cancel out. Next, observe that, thanks to the definition of the
differential b, if we add together the contributions (A-2), (A-4), (A-5), and (A-6),
the result of exactly Ao pE, @ ® &)). Taking into account the two
remaining contributions (A-7) and (A-8), we thus obtain

A, ® - ®&)
= oy AN, 1 @ @) — (— DI 6, @ @80) A Lo
FE AN G @ @) — (D EEE L ¢ o) Ak
— M b ®- ®&)),

which is the relation we wanted to verify.

Appendix B: A -categories, A, -functors, and A,,-natural transformations

In this appendix, we review the basic notions of the theory of A,-categories. A
full treatment of the subject can be found in [Seidel 2008].

An nonunital A-category € over a field K consists of a set of objects Ob 6,
a Z-graded K-vector space Home (X, Y) for any pair of objects X, ¥ € Ob ‘¢, and
composition maps of degree 2

m,; : sHome(X,_1, X,) ® - - - ® sHomg (X, X1) — Home (Xo, X,,)

for every collection Xy, ..., X, € Ob<¢, such that for all chains of homogeneous
elements a; € sHomg(Xg, X1), ..., a, € sHomg(X,,_1, X,,) the Ay -associativity
equation

n n—i

n—1 .
PRI
i=1 j=0

X (@ ® @it jr1 @M (iyj® ®ai4+1)Ra; @+ ®ar) =0

is satisfied for any n > 1.

The first two Aso-associativity equations say that m(lg squares to zero and is
a derivation with respect to the composition on € defined via m(f. One may
hence consider the associated homotopy category Ho(%), with the same objects
as ¢, morphisms spaces the O-th cohomology group H°(Homg (X, Y), m(f), and

composition given by

[b]o[al = (=1)?[m% (a ® b)].
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Along the same lines, in the case that all higher compositions vanish, the third
Ao-associativity equation simply says that m;@ is associative. We thus find that a
nonunital DG category is a special case of a nonunital A,,-category 6 with mf =0
for all n > 2.

If € and 9 are nonunital Ay,-categories, a nonunital A -functor F : € — P
consists of a map Fp: Ob€ — Ob P and K -linear maps of degree 1

Fy, i sHome (X, -1, X)) ® - - - ®g sHome (Xo, X1) — Homg (F(Xo), F(X,))

for every collection Xg, ..., X, € Ob 6, such that for all chains of homogeneous
elements a; € sHomg (Xo, X1), ..., a, € sHomeg (X, _1, X,) the polynomial equation

n n—i

SN DTN E, 1 (00 ® @i 1@ (G4 ® - ®ai41) R4 @ ®ar)
i=1j=0

:Z Z m,g»b(Fsr(an®"'®an—sr+1)®"'®Fs1(aS|®"'®a1))

=1 s, =n

is satisfied for any n > 1. If 6, 9, and € are three nonunital A,,-categories, and
F:€— % and G : 9 — ¢ are two nonunital A,.-functors, then F and G can be
composed as

(GoF)p(a,®---®ay)
=Y Y G(F(a® - ®ay 41)® - ® Fy (4, ®- - ®ay)).

r>1si+-+s,=n

Composition is strictly associative, and the identity functor is a neutral element.
Any nonunital A-functor F : € — 9 induces an ordinary nonunital functor

Ho(F) : Ho(¢) — Ho(%)

between the corresponding homotopy categories, acting in the same way on objects
and on morphisms by Ho(F)([a]) = (= 1) [ F; (a)].

Nonunital As-functors between two nonunital A,-categories € and % can be
naturally organized into a nonunital As-category P = A-Fun(€, 9). An element
S Homg}l,(F , G) of the Z-graded K -vector space in this Ay -category is a family
of K-linear maps of degree d

An sHome (X, 1, X)) ®k - - - ®x sHomg (Xo, X1) = Homg (F(Xo), G(X,))

for all Xy, ..., X, € Ob“6. In particular, Ag is a family of elements in Hong(F (X),
G (X)) for each object X € Ob“6. We call such A an Ay, -prenatural transformation
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of degree d from F to G. The derivation m?’ is given by

r Sptetsi i—1
Iy W@ ® - ®@an=Y_ > Y. (—1)@=DEL el = Yo )

r>1 i=1 si+-+s=n
xm) (G, (an ® @ n—s5,41) @+ ® Gy, (Ag oty @+ + @ gy oty 1)
® As; (s 4ovts; @+ @ gy oty +1)
® Fy_y (A @ @ gy gy 5+1) @+ ® Fyy (a5, ® -~ ®ar))

n n—i
— Z Z(_l)zz;élak\—jﬂl—l
i=1 j=0
X hd—it1(an @ - ® i j41 @M (A14; ® - ®dj11)Qa; ®---®ay).
The formulae for the m? with n > 2 follow a much simpler pattern and can be
consulted in [Seidel 2008].

With the above understood, an Ay-natural transformation between two nonunital
Aso-functors F : € — % and G : € — 9 is a closed Ao-prenatural transformation
A € Homg (F, G) of degree 0. We simply write A : F = G to indicate that we have
such a transformation.

Given an Ay-natural transformation A : F = G between nonunital A,,-functors
F, G : € — 9, consider the elements [1o(X)] € Homye ) (F (X), G(X)) for each
X € Ob ‘6. These satisfy the natural condition

[Fo(M)] o [Fi(@)] =[G 1(a)] o [Ao(X)]

for all [a] € Hompe) (X, Y). Hence, they constitute a natural transformation,
which we may denote by Ho()), between the ordinary nonunital functors Ho(F)
and Ho(G).

To close we would like to clarify the connection between the previous definition
and the one given in Section 2A. Suppose that € and & are nonunital A,,-categories
with m¢ =0 and m? = 0 for all n > 2. Thus, as already remarked, both ¢ and % are
nonunital DG categories, where the differential and composition in 6 are given by
da = (=1)1m¥(a) and boa = (—1)*m¥(a, b), respectively, and similarly for %.
If F:€9— % and G : € — 9 are two nonunital DG functors, then the closeness
condition for an As-natural transformation A : F = G is equivalent to the defining
relation presented in Section 2A, with the replacements fy =ay, ..., fu—1 = an.

Remark B.1. As suggested by the referee, in the latter context, the definition of
an Aso-natural transformation can be described in terms of the path algebra. For
simplicity, we discuss the case of DG algebras. So let us assume that € and & are
DG algebras, and let F': € — % and G : ‘€ — 9 be DG maps. If we denote by
A the DG algebra of cellular cochains on the interval I = [0, 1], the inclusion of
the endpoints induces natural maps 7o : A — R and 7; : A — R. Moreover, if B
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denotes the bar construction functor, the DG maps F and G induce maps of DG
coalgebras B(F) : B(€) — B(9) and B(G) : B(€) — B(9). Then, an alternative
definition of an A..-natural transformation from F to G is a DG coalgebra map

n:B(€) > B@®A),

such that the map B(idg ® ) o 17 is equal to B(F'), and the map B(idg ® 1) o1 is
equal to B(G). The reason that this definition is equivalent to the previous one is the
following. As described in Section 2A, an As-natural transformation A : F = G is
given by a sequence K -linear maps of degree 0

At (5€)®" - 9,

satisfying the defining relations. Given such a sequence of K -linear maps, one can
construct a DG coalgebra map 7 : B(€) — B(2 ® A) as follows. Since B(9 ® A)
is cofree, 7 is determined by a K -linear map

7:B(€) > s(IRA).
If we denote by (0), (1), (0, 1) the three natural generators in A so that
DOA=(DR(0)®@DR(1) ® D0, 1)),

then the projections of 7 onto s(% ® (0)) and s(¥ ® (1)) are determined by F
and G, respectively, while the maps 7 : (s6)®" — (2 ® (0, 1)) are determined by
the A,. The relations satisfied by the maps A, guarantee that , is indeed a map of
DG coalgebras. Reciprocally, it is clear that the maps A, can be recovered from 7
so that the two definitions are equivalent.
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WONDERFUL COMPACTIFICATION
OF CHARACTER VARIETIES

INDRANIL BISWAS, SEAN LAWTON AND DANIEL RAMRAS
APPENDIX BY ARLO CAINE AND SAMUEL EVENS

Using the wonderful compactification of a semisimple adjoint affine alge-
braic group G defined over an algebraically closed field k of arbitrary
characteristic, we construct a natural compactification Xr(G) of the G-
character variety of any finitely generated group I'. When T is a free group,
we show that this compactification is always simply connected with respect
to the étale fundamental group, and when k = C it is also topologically
simply connected. For other groups I', we describe conditions for the com-
pactification of the moduli space to be simply connected and give examples
when these conditions are satisfied, including closed surface groups and free
abelian groups when G = PGL,(C). Additionally, when T is a free group
we identify the boundary divisors of Xr(G) in terms of previously studied
moduli spaces, and we construct a family of Poisson structures on Xr(G)
and its boundary divisors arising from Belavin—Drinfeld splittings of the
double of the Lie algebra of G. In the appendix, we explain how to put a
Poisson structure on a quotient of a Poisson algebraic variety by the action
of a reductive Poisson algebraic group.

1. Introduction

To understand how groups I' act on spaces X one considers homomorphisms
' - Aut(X). When Aut(X) is an algebraic group G, the collection of homo-
morphisms Hom(I", G) is an algebraic variety and so deformation techniques are
available. From the associated study of G-local systems, two homomorphisms are
equivalent when they are conjugate via an element of G. In this case, the quotient
space Hom(I", G)/G is naturally considered. Unfortunately this quotient space
is not generally algebraic and so deformation techniques are not available. An
approximation to this space, that often has better properties, is called the G-character
variety of I. It will be denoted by X (G).

When G is a reductive algebraic group over an algebraically closed field k, the
above mentioned space X (G) is precisely the geometric invariant theoretic (GIT)

MSC2010: 14D20, 14F35, 14130, 14M27, 53D17.
Keywords: character variety, wonderful compactification, moduli space, fundamental group, Poisson.

413


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2019.302-2
http://dx.doi.org/10.2140/pjm.2019.302.413

414 INDRANIL BISWAS, SEAN LAWTON AND DANIEL RAMRAS

quotient Hom(I", G) / G; in other words, it is the spectrum of the ring of invariants
k[Hom(T", G)1°.

Considering families lying in X (G) demands an understanding of (geometrically
meaningful) boundary divisors, and as such compactifications of Xr(G) arise
naturally.

For example, in [Morgan and Shalen 1984], a compactification of SL,(C)-
character varieties by actions on R-trees gave a new proof of Thurston’s theorem that
projective measured geodesic laminations give a compactification of Teichmiiller
space; the latter gives a classification of surface group automorphisms. Extensions
of these ideas to real Lie groups were considered by Parreau [2012]. More recently,
in [Manon 2015], it was shown that each quiver-theoretic avatar of a free group char-
acter variety developed in [Florentino and Lawton 2013] determines a natural com-
pactification, under the assumption that G is simple and simply connected over C.
And in [Komyo 2015], compactifications of relative character varieties of punctured
spheres are considered in order to understand the relationship between the Dolbeault
moduli space of Higgs bundles and the Betti moduli space of representations.

In this paper, we prove the following theorem:

Theorem 1.1. Let G be a semisimple algebraic group of adjoint type defined
over an algebraically closed field K. Then the wonderful compactification of G
determines a compactification of Xr(G) for any finitely generated group T. If T is
a free group, then this compactification is étale simply connected. Moreover, when
k = C there exists a compactification of Xr(G) that is both topologically and étale
simply connected whenever Xr(G) is simply connected and normal.

This result follows from Theorem 3.5, Corollary 4.2 and Lemma 4.3. Let X (G)
denote the compactification of X (G) from Theorem 1.1. In Proposition 4.5, we
apply Theorem 1.1 to prove the following corollary.

Corollary 1.2. Let G be a semisimple algebraic group of adjoint type over C. Then
Xr(G) is both topologically and étale simply connected if

(1) T is a free group,
(2) T is a surface group and G = PGL, (C), or
(3) T is free abelian and G does not have exceptional factors.

In Sections 5 and 6 we further study the case in which I' is a free group. We
identify the boundary divisors of X (G) (Theorem 5.2) in terms of the parabolic
character varieties studied by Biswas, Florentino, Lawton and Logares [Biswas et al.
2014], and we construct a Poisson structure on .’WG) and on its boundary divisors
(Theorem 6.5) using work of Evens and Lu [2001; 2006], who constructed a Poisson
structure on G. To show there is a Poisson structure on X (G), we utilize recent
work of Lu and Mouquin [2017] to equip G” with a Poisson structure for which



WONDERFUL COMPACTIFICATION OF CHARACTER VARIETIES 415

the diagonal conjugation action of G is a Poisson action (for an appropriate Poisson
Lie group structure on G). To show that this Poisson structure descends to Xr(G),
we use the fact that when a reductive algebraic Poisson group acts on a projective
Poisson variety and the action is Poisson, then the GIT quotient inherits a Poisson
structure. This fact, although known to experts, does not appear in the literature.
The Appendix, written by Arlo Caine and Sam Evens, provides a proof of this fact.

2. Wonderful compactification of groups

Let G be a connected affine algebraic group defined over an algebraically closed
field k; there is no condition on its characteristic. Let g = Derk(K[G], k)¢ be the
Lie algebra of G, where G acts on the derivations via the left-translation action
of G on itself. The group G is said to be of adjoint type if the adjoint representation

2-1 p:G— GL(g)

is an embedding. The center of a group of adjoint type is trivial.

We will always assume that G is semisimple of adjoint type. Therefore, G is of
the form []7_,(G;/Z;), where each G; is a simple simply connected group and Z;
is the center of G;.

A compactification of a variety X is a complete variety ¥ with X as a dense
open subset. In [De Concini and Procesi 1983], assuming the base field is of
characteristic 0, a compactification of G is constructed, called the wonderful com-
pactification. In [Strickland 1987] the construction is generalized to arbitrary
characteristic. Denote the wonderful compactification of G by G. In [Evens and
Lu 2001; 2006], a Poisson structure on G is constructed when the characteristic of
the base field is zero.

We now describe the construction of G, following the exposition in [Evens and
Lu 2001; Evens and Jones 2008]. Let n be the dimension of G. The general linear
group GL(g @ g) acts on the space of n-dimensional subspaces of g @ g transitively
with the stabilizer of a point being a parabolic subgroup P. The Grassmannian
Gr(n,g® g) = GL(g @ g)/P of dimension (2n)> — 3n?> = n? parametrizes the
n-dimensional subspaces of g @ g. Consider the composition homomorphism

G x G 2“2 GL(g) x GL(g) — GL(g®g),

where p is the homomorphism in (2-1) and GL(g) x GL(g) is the subgroup of
automorphisms of g @ g that preserves its decomposition. This homomorphism
produces an action of G x G on Gr(n, g&® g). Let

gr = {(x,x)|x€g) C gDy

be the diagonal subalgebra, which is an n-dimensional subspace and hence a point
in Gr(n, g @ g). The stabilizer of ga with respect to the above action of G x G on
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Gr(n, g ® g) is
Ga =1 8 1g€G}.

Therefore, the orbit of g is
(GxG)-gr =(GxG)/Gpar =G.

The wonderful compactification of G is then G = (G x G) - ga, where the
closure is taken inside Gr(n, g ® g), making G an irreducible projective variety
containing G = (G x G) - ga as a Zariski open subvariety.

Theorem 2.1 [Strickland 1987; De Concini and Procesi 1983]. The following
properties hold for the wonderful compactification G:

(1) The action of G x G on G, defined by (g1, g2) - x = glxggl, extends to a
G x G action on G with 2" orbits, where r = rank(G);

2) G is smooth, as is each G x G orbit closure in G

(3) The complement G\ G consists of r smooth divisors Dy, ..., D, with simple
normal crossings, each of which is the closure of a single G x G orbit.

Remark 2.2. In [De Concini and Procesi 1983], a canonical compactification
(called the wonderful compactification) is constructed for certain homogeneous
spaces H/K called symmetric varieties, where K is the fixed locus of an involution.
The wonderful compactification of G above is a special case of this more general
construction since the diagonal copy of G inside G x G, denoted G 4, is the fixed
locus of the involution (a, b) — (b, a). Then G = (G x G)/ G A, and the left action of
H on H/K extends to the wonderful compactification of H/K and becomes the G x
G action on G after passing through this isomorphism. We note this generalization
since we will be referring to properties about this more general construction later.

Note that the diagonal G 5 = G acts by conjugation on G. We now show that G
is simply connected, after reminding the reader of requisite terms.

A morphism of irreducible normal projective varieties f : Y — X is étale if the
induced map O/f;) — (7); between complete local rings is an isomorphism for all
points y € Y. An étale morphism f is Galois if the induced injection on quotient
fields k(X) — k(Y) is a Galois extension. The Galois group for this extension acts
on Y with X being the quotient. A Galois covering of X is a finite Galois étale
map Y — X. We say X is étale simply connected if it does not admit any nontrivial
Galois coverings. Over C, if the topological fundamental group of X (in the strong
topology) is trivial, then the étale fundamental group is trivial [Milne 1980].

Corollary 2.3. The variety G is étale simply connected. When K = C, the topolog-
ical fundamental group of G is trivial.
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Proof. Recall that G is an open dense affine subvariety of G. Since we are over
an algebraically closed field, the Bruhat decomposition gives an affine cell in G
that is open and dense [Borel 1991]. So G is birational to affine space, which itself
is birational to projective space. Therefore, G is a rational variety. In general a
projective, smooth, rational variety over an algebraically closed field is étale simply
connected [Kollar 2003]. Thus, G is étale simply connected.

When k = C, the topological fundamental group of G is trivial, because G is a
rational variety [Serre 1959, p. 483, Proposition 1]. ]

Remark 2.4. Our proof of Corollary 2.3 shows that any smooth compactification
of G is étale simply connected, and topologically simply connected over C.

Example 2.5. In the case of G = PSL,(C) = PGL,(C), we have that G =
P(M;,(C)) = CP? where M,(C) is the monoid of 2 x 2 complex matrices. Naturally
PSL,(C) Cc P(M5»(C)) and the action of PSL,(C) x PSL,(C) on PSL,(C) defined
by (g1, 82) - x = gi1xg, I extends to an action on P(M,(C)). The complement
D = P(M;,(C)) \ PGL,(C) is the divisor

({X € Ma(C) | det(X) = 0}\ {0))/C* = ({(a, b, c,d) € C*|ad = bc}\ {0})/C*

which is the image of CP! x CP! under the Segre embedding. In this divisor, the
locus of a # 0 is an affine open C2 and when a = 0 we have two copies of CP!
intersecting at the point [(0, 0, 0, 1)].

3. Wonderful compactification of character varieties

In this section, given a finitely generated group I' and a semisimple algebraic
group G of adjoint type we construct a compactification of the G-character variety
of I". There is no assumption on the characteristic of the algebraically closed base
field k.

First however we remind the reader of the basic terms and theorems of projective
GIT. A G-linearized line bundle over a G-variety X is a line bundle L over X
such that the projection map L — X is G-equivariant, and where the zero section
of L is G-invariant. A point x € X is semistable with respect to L if there exists a
G-invariant section s : X — L®™ 50 s(x) # 0 and the principal open U defined
by s is affine. If additionally the stabilizer at x is finite and all G-orbits in Uy are
closed then x is called stable. Any point that is not semistable is called unstable.
If there exists a basis {so, ..., s,} for the space of sections of L over X such that
the map x — (so(x), ..., s,(x)) is a closed embedding into P" then we say L is
very ample. If L®" is very ample for some positive m, then we say L is ample.
An algebraic variety X is isomorphic to a quasiprojective variety if and only if
there exists an ample line bundle over X. Given a G-linearized line bundle L over
X, there always exists a GIT quotient X}* — X /1 G := X}/ G, where X7’ is the
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set of semistable points in X. Moreover, X /; G is in general quasiprojective (see
[Mumford et al. 1994, Theorem 1.10] or [Dolgachev 2003, Theorem 8.1]) and is
projective if X was projective and L was ample to begin with (see [Dolgachev 2003,
Proposition 8.1]).

We begin constructing our compactifications with the case of a free group. Let
[' = F, be the free group of rank r (we call the standard presentation of F, the one
with no relations). With respect to the standard presentation, the evaluation map
gives a bijection Hom(F,, G) = G". Therefore, as the adjoint action of G on G
extends to G, the diagonal adjoint action of G on G’ also extends to the product G
Precisely, the action of g € G sends any (x1,...,x,)€G"to (gx;g~ ', ..., gx,g7 ).
Thus, Hom(F,, G) is an affine Zariski open G-invariant subset of the G-variety G ’;
thatis, G is a compactification of Hom(F,, G).

With respect to an ample line bundle L, the GIT quotient G” /; G is a projective
variety. We claim there is a line bundle that makes it a compactification of Xf, (G).

To establish this we prove a lemma that will also be relevant in Section 5, where
we discuss divisors.

Lemma 3.1. Let G be a semisimple algebraic group of adjoint type, and let G be
the wonderful compactification of G. Then there is an ample line bundle L on G so
the divisors G \ G are the zero locus of a G x G-invariant section of L.

Proof. We follow the discussion in Section 3 of [De Concini et al. 2008], making
some slight notational changes.

Let H be a semisimple adjoint-type algebraic group over a field K of arbitrary
characteristic (not equal to 2) and let Hbea simply-connected cover of H. Let
.: H— H be the corresponding central isogeny. Let o be an involution of H
and let K = (" '(H?), where H? is the fixed locus of o. Define X := ﬁ/K; a
symmetric variety. In [De Concini and Procesi 1983; De Concini and Springer
1999], a compactification of X, denoted X, is constructed called the wonderful
compactification. It is a compactification of X that is a H-wonderful variety in the
sense of Luna [2001].

As noted in Remark 2.2, we can think of G as an example of the wonderful
compactification of a symmetric variety where H =G x G, o is the involution
(a,b) — (b a) H? = G, and K is the inverse image of G by the central
isogeny ¢ : G x G — G x G. Then H/K = (G XG)/L H(GA) = (G x G)/GA =G.

Returning to the more general setting, let S be a maximal torus in H such that
o(s) =s~ ! forall s € S. Denote A4 = Hom(A, k*) for any abelian group A,
and let Sx = §/(S N K). In [De Concini et al. 2008, Sections 2.2 and 3.1],
the authors construct a basis for Ag, consisting of simple restricted roots A =
{ai, ..., ae}, where £ is the dimension of S. Let A be the irreducible components
of codimension 1 in X \ X (i.e., the divisors). They show (Theorem 3.2 of the same
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work) that there is a bijection between Az and A given by D — j(O(D)), where
j: Pic(X) — A sx 1s a monomorphism and O(D) is the line bundle over X with
section whose zero locus is D. This correspondence extends to a bijection between
subsets I' C A and the set of H-orbit closures defined by Xr := ﬂ{DU(O(D))EF} D.

From this, for each & € A there is a line bundle £ over X and an H-invariant
section sz of Lz whose divisor is Xz. In our setting, G and each of its divisors
are embedded in a Grassmannian, and so we may take Ly to be ample. Therefore,
Lz ® -+ ® L, is an ample line bundle over X whose section sz, ® - - - ® s, is
H-invariant and whose nonzero locus is exactly X.

Therefore, the same holds for the special case when X = G. We note that
the G x G-action on G factors through the G x G-action we consider given the
isomorphism (G x G)/t™ (Ga) = (G x G)/Ga. O

Theorem 3.2. There exists an ample line bundle £ on G” so that G” J/;G is a
compactification of Xf, (G).

Proof. Let L be the line bundle on G and s the invariant section from Lemma 3.1.
Then £ := L* is an ample line bundle on G” with a G x G-invariant section s*"
whose nonvanishing locus is G”. Therefore the GIT quotient G’ /G, which is a
projective variety, is a compactification of Xr, (G). (]

Remark 3.3. As in [He and Starr 2011], which concerned the case of r = 1, we
suspect the above construction is independent of £. Regardless, we will always use
the line bundle £ in our constructions, even if the notation is suppressed.

Now let I" be a finitely generated group, say with r generators. Fixing r genera-
tors, there is a surjection ¢ : F,. — I that induces an inclusion ¢4 : X1 (G) — X, (G).

Definition 3.4. The wonderful compactification of Xr(G) is the closure of X (G)
in G’ /G with respect to the above inclusion ¢4. This compactification will be
denoted by Xr(G).

Up to isomorphism X (G) does not depend on ¢4, however the compactification
Xr(G) does depend on the choice of ¢; see [Martin 2011] for example. In other
words, since a presentation of I' is equivalent to ¢, the compactification depends
on a choice of a presentation for I'.

It would be interesting to explore how different presentations of I" change the
geometry of the resulting divisors (the Zariski open subvariety Xr(G) does not
change up to isomorphism).

With that said, it is perhaps surprising that some of our theorems concerning
Xr(G) do not depend on the presentation of I'. Because of this, we will not always
specify the presentation of I' in the statement of our theorems.
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Theorem 3.5. With respect to the standard presentation of F,, the wonderful com-
pactification X, (G) is normal and étale simply connected. When K = C it is
topologically simply connected.

Proof. Since the GIT quotient of a smooth variety is normal, and G” is smooth, it
follows that X (G) = G /-G is normal.

The quotient map G — G " /G induces an isomorphism of étale fundamental
groups (and topological fundamental groups when k = C) by [Biswas et al. 2015a,
Theorem 1]. From Corollary 2.3 we know that G is étale simply connected and
therefore the product G is also étale simply connected. Consequently, X F(G)=
G" /G is étale simply connected.

If k = C, then G’ is topologically simply connected by Corollary 2.3. Hence
Xr.(G) is topologically simply connected when k = C. U

Example 3.6. By [He and Starr 2011, Theorem 0.7], in arbitrary characteristic
Xr(G)= T// W, where T is the closure of a maximal torus 7 C Gin G, W C G
is the Weyl group, and the quotient is independent of the line bundle.

Example 3.7. Let K := Z/27 x 7 /27 be the Klein 4-group. Consider
Xp,(PSL2(C)) = X, (SL2(C) /K.
By [Sikora 2015],

Xp,(PSLy(C)) = C? /K = Spec(Clg1, g2, g3, 841/ (818283 — &3)),

where

XF,(SLo(C)) = {(tr(A), tr(B), tr(AB)) | A, B € SLL(C)} = C’,

and g; corresponds to tr(A)? g> totr(B)? g3 to tr(AB)? and g4 to tr(A)tr(B)tr(AB).
Given Example 2.5, X, (PSL,(C)) = (CP? x CP?)/:PSLy(C).

Remark 3.8. In [Florentino and Lawton 2013, Theorem 3.4] it is shown that to
each connected quiver Q and connected reductive complex algebraic group G, there
is an algebraic variety M (G) isomorphic to Xr, (G), where r is the first Betti
number of Q. In [Manon 2015, Theorem 1.1] it is shown, in the case where G is
simple and simply connected, that each such M o (G) determines a generally distinct
compactification of X, (G). When Q has exactly one vertex the compactification
in [Manon 2015] reduces to the GIT quotient of a product of compactifications of G,
similar to the construction considered here for I' = F;,.. Now the compactification
of the group G considered in [Manon 2015] comes from its so-called Rees algebra.
As shown in [Kaveh and Manon 2019, Example 8.1], this compactification of G
coincides with the wonderful compactification of G. Therefore, our construction
is a special case of the construction in [Manon 2015] in the overlapping situation
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when I is free, and G is a simple, simply connected, complex algebraic group of
adjoint type (exactly if G is one of G;, Fy, or Eg; see [Hu 2013] for example).

Remark 3.9. In [Senthamarai Kannan 1999, Remark 4.6] it is shown that there
is a natural isomorphism G’ — G’. For any semisimple algebraic group H of
adjoint type over an algebraically closed field, Lusztig [2004a; 2004b] introduced a
partition of H into finitely many H-stable pieces (where H acts by conjugation).
Applied to the group H = G” = Hom(F,, G), this gives a partition of G" = G into
G'-stable pieces, which are automatically stable under the diagonal conjugation
action of the diagonal subgroup G = G C G". The closures of these G"-stable
pieces were investigated by He [2007]. It would be interesting to understand the
images of these sets in Xf, (G).

4. Simply connected compactifications over C

In this section we work over C, and argue that in some cases we can normalize the
wonderful compactification of X (G) and obtain simply connected compactifica-
tions of character varieties when I' is not free.

We need the following standard result; see [Arapura et al. 2016].

Proposition 4.1. If Z is a normal projective variety, and A C Z is a closed

=

subvariety, then the natural homomorphism w1 (Z \ A) — m1(Z) is surjective.

Corollary 4.2. Let G be a semisimple algebraic group of adjoint type over C,
and let T be either a finitely generated free or free abelian group of rank r, or
the fundamental group of a closed, orientable surface. If Xr(G) is a normal
compactification of X1 (G), then Xr(G) is simply connected. Consequently, Xr(G)
is also étale simply connected.

Proof. For the allowed G and T, it is shown in [Biswas and Lawton 2015; Biswas
et al. 2015b] that 71 (X (G)) = 1. The result now follows from Proposition 4.1. [J

The following two lemmas are standard.

Lemma 4.3. If A C Z is a nonempty Zariski open normal subset of an irreducible
projective variety Z, then the normalization Z of Z contains an open subset isomor-
phic to A. In particular, Z is still a compactification of A.

Lemma 4.4. Let X and Y be normal varieties over an algebraically closed field K.
Then X x Y is also normal.

With the above lemmas and corollary in mind, we define the normalized wonder-
ful compactification of a normal character variety X (G) to be the normalization
of Xr(G).
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Proposition 4.5. Let %IQ(G) denote the component of Xr(G) that contains the
trivial representation. In the following cases, the normalized wonderful compactifi-
cation of }ZIQ (G) is a simply connected compactification of %lq (G) independent of
the presentation of I":

(1) ' = Z" and G is any semisimple algebraic adjoint group with no exceptional
factors;

) T' = m1(X), with ¥ a closed orientable surface, and G = PGL,,.

Proof. We will show that in both these cases, the character variety Xr(G) is normal.
The result will then follow from Corollary 4.2 and Lemma 4.3.

When G = SL,, GL,, SO,, or Sp,,, Sikora [2014, Theorem 2.1] has shown
that %%, (G) is normal. Now since the left action of the center of G, denoted
Z(G), commutes with the conjugation action of G on Hom(Z", G), we conclude
Xz (G/Z(G)) =Xz (G)/Z(G)". In view of this, since normality is preserved under
GIT quotients Xz- (G) is likewise normal for G = PSL,, = PGL,, PSO,,, or PSp,,,.

Now let G be a semisimple algebraic adjoint group with no exceptional factors.
Then G = G| x --- x G, where each G; is isomorphic to a simple algebraic
adjoint group of type A,, B,, C,, D,. By Lemma 4.4 and the previous paragraph
X7 (G x---xGp) E Xpr(Gy) X -+ X Xpr(Gp) is normal.

In the second case, Simpson [1994a; 1994b] has shown that Hom(r; (X), GL,,)
is a normal variety. The group Z = Hom(mr(X), Z(GL,)), which is isomorphic
to Gfﬁ;(z), acts on Hom(r;(X), GL,) by left multiplication, and we have

Hom(m £, GL,) /2 = Hom’(7(Z), PGL,),

where the right-hand side denotes the identity component. Since the GIT quotient
of a normal variety is normal, we find Hom®(r;(Z), PGL,,), and consequently
X2 ) (PGL,), are normal. O

We have conjectured that for certain groups I" whose abelianization is free abelian
(which we call exponent canceling groups), that %g(G) is simply connected; see
[Biswas et al. 2015b, Conjecture 2.7]. We also expect that %lq (G) is normal in
these cases. Consequently, we now make:

Conjecture 4.6. The normalized wonderful compactification of %(11 (G) is a sim-
ply connected compactification of %IQ(G) for all exponent canceling I" and any
semisimple adjoint type complex algebraic group G.

5. Boundary divisors

In this section we continue to work over C. Given a complex projective variety X
with a distinguished dense open affine subvariety A C X, we will use the term
boundary divisor to refer to hypersurfaces of X (that is, irreducible codimension 1
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subvarieties) contained in X \ A. By Theorem 2.1, the complement G \ G is a union
of r = rank(G) smooth boundary divisors, and each of these divisors is the closure
of a G x G-orbit.

Now let D; be a boundary divisor of G. Then there exist

my, ..., my, €Gr(n, gxg),
where each I; C {1, ..., r}, so that
D; = | J(GxG)-my, = | J(G x G)/Stab(m;).
J J

In particular, each boundary divisor is isomorphic to a union of homogeneous
spaces, each a quotient by a closed subgroup (since stabilizers of algebraic group
actions are always algebraic subgroups).

Given a surjective, continuous map g : X — Y, we say that A C X is saturated
with respect to ¢ if A =g~ !(g(A)).

Lemma 5.1. Let V be an affine G-variety and W a compactification of V on
which the G-action extends. Let L be an ample line bundle with a G-invariant
section whose nonzero locus is exactly V. Assume that each boundary divisor
of W is saturated with respect to the GIT quotient map W — W 1 G. Then the
boundary divisors of W |/ L G, with respect to the open subvariety V [/ G, are exactly
the components of ( W\ V) /LG.

Proof. As the G-action extends to W, we see that V is a G-stable affine open subset
of W, and the boundary divisors in W \ V are unions of G-orbits. The usual gluing
construction for the GIT quotient (see [Dolgachev 2003, Section 8.2]) shows that
V /G is an affine open subvariety in W/ G. Since the boundary divisors in W\ V
are saturated, W\ V is itself saturated, so we find that (W /. G) \ (V /G) is exactly
(Ui Di) /G where the D;’s are the boundary divisors in W\ V. U

In [Biswas et al. 2014] parabolic character varieties of free groups are defined
and studied. We recall their definition. Let G be a complex reductive group, and let

Gy, ..., Gy be closed subgroups. Then G acts on the product
G¢"x [ ¢/6;
I<j<m
by
g(hi,....hn. 1G1, ..., gmGm) = (gh1g™". ... ghug ™", 881G1. ... 88mGnm).

The quotient (G" x [, j<m G/G )/ G is the parabolic character variety of the
free group of rank n with parabolic data {G/G j}T:r We note that when the G;’s
are reductive, as assumed in [Biswas et al. 2014], the homogeneous spaces G/ G,
are affine, and when the G;’s are parabolic, the homogeneous spaces G/G; are
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projective. In general, the homogeneous spaces G/ G, are quasiprojective [Borel
1991, Theorem 6.8].

Theorem 5.2. The boundary divisors in G” || -G are unions of parabolic character
varieties of free groups.

Proof. As noted above the boundary divisors in G are unions of homogeneous
spaces of G x G, and by Theorem 2.1 each boundary divisor is the closure of a
single G x G-orbit. Therefore, G” \ G" consists of unions of products of G x G-
homogeneous spaces. Since the conjugation action is a restriction of the G x G-
action and by Lemma 3.1 there exists a G x G-equivariant section s to £ such
that G” is the nonvanishing locus of s, the boundary divisors of G are saturated
with respect to the GIT quotient map for the conjugation action. The action of
conjugation on an orbit corresponds, under the isomorphism between the orbit and
the corresponding homogeneous space, to the left action on the homogeneous space.
Thus, by Lemma 5.1 and the definition of parabolic character variety of free groups,
the result follows. O

Remark 5.3. As shown in [Esposito 2012], the closure of an orbit in G under the
conjugation action need not be a finite union of suborbits. Therefore, the boundary
divisors in Theorem 5.2 need not be finite unions of parabolic character varieties.

Example 5.4. In Example 2.5 we see that the sole boundary divisor of the won-
derful compactification of PSL,(C) is isomorphic to CP! x CP!, a product of
homogeneous spaces. Therefore, in Example 3.7, given Theorem 5.2, we have
that X, (PSL,(C)) \ XF,(PSL,(C)) consists of GIT quotients of the diagonal left
multiplication action of PSL,(C) on products of CP!' x CP!. This is an example
of a parabolic character variety as it is a left diagonal quotient of a product of
homogeneous spaces.

It would be interesting to work out more examples (especially when I' is not
free), or the above examples in more detail. We leave this to future work.

6. Poisson structures

Recall that a Poisson algebra is a Lie algebra in which the Lie bracket is also a
derivation in each variable. We call a quasiprojective variety X over C a Poisson
variety if the sheaf of regular functions on X, denoted O(X), is equipped with the
structure of a sheaf of Poisson algebras. In this case, the sheaf of holomorphic
functions on X*™ (where X™ is the smooth locus of X) becomes a sheaf of Poisson
algebras as well, making X*™ a complex Poisson manifold.

The Poisson bracket on the algebra of holomorphic functions O(X*™) is induced
by an exterior bivector field A € A%(T10x5m) see for instance [Polishchuk 1997].
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In other words, if f, g € O(X®™), then the bracket is given by { f, g} = A(df, dg).
In local (complex) coordinates (z1, ..., zx) the bivector takes the form

and so

a a f g
6-1 A— —d dz;
©-1) U1 = Z( "oz az,-) <az, 495 Z])
_ Z ( of og _ of 3_5’)
b 0z; 07 az,- azi )

In general, complex Poisson manifolds admit (2, 0)-symplectic foliations; see
[Laurent-Gengoux et al. 2013]. For f, g € O(X*™), the Hamiltonian vector field
H associated to f is defined by Hy(g) = {f, g}. Restricting the bivector A to
symplectic leaves gives the symplectic form w(H,, Hy) = {f, g}.

For the rest of the section, G will denote a semisimple algebraic group of adjoint
type over C, with Lie algebra g. Let ({, )) denote the Killing form on g. Following

[Evens and Lu 2006], we give the double 0 := g @ g the symmetric, nondegenerate,
and Ad-invariant bilinear form

(6-2) ((x1, x2), (¥1, y2)) = ({x1, y1)) — ({x2, y2)).

A Lie subalgebra [ C 0 is said to be Lagrangian if [ is maximal isotropic with
respect to the form (6-2). In other words, [ is Lagrangian if dimc [ = dim¢ g and
(x,y)=0forallx,y el

A Lagrangian splitting of 0 = g g is a vector space decomposition d = [} + 1, in
which both [; and [, are Lagrangian (note that it is not assumed that 0 is isomorphic
to [} @ I, as Lie algebras). It will be helpful to observe that the form (6-2) yields
an isomorphism [, = (I1)* It is clear that the diagonal Lie subalgebra ga =
{(x,y) € 0| x =y} is Lagrangian in 0. A Belavin—Drinfeld splitting, or just BD
splitting, is a Lagrangian splitting 0 = [; + [, where [; = ga. In [Evens and Lu
2006, Example 4.4] BD splittings are classified via [Belavin and Drinfeld 1998].
There is always at least one such splitting, namely the standard Lagrangian splitting
[, Cb@® b~ where b, b~ are opposite Borel subalgebras of g (see [Evens and Lu
2006] for details).

Evens and Lu [2001; 2006] show that each Lagrangian splitting of @ endows G
with a Poisson structure. Moreover, they show that each of these Poisson structures
restricts to a Poisson structure on each (G x G)-orbit, and hence to each boundary
divisor in G. We now review this construction.

For a complex manifold M, a bracket on the ring of holomorphic functions is
a Poisson bracket if and only if the associated bivector A satisfies [A, A] = 0,
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where [A, A] € A3(T"9M) is the Schouten bracket of A with itself; see [Dufour
and Zung 2005, Theorem 1.8.5]. We will say that A is a Poisson bivector when
[A, A]=0. To simplify notation, given a holomorphic map f : M — N of complex
manifolds, we write f, to denote both the derivative Df of f and the maps on
higher-order tensor fields induced by Df.

Let £, C Gr(n, 0) be the space of Lagrangians in 8 = g @ g. Clearly £; is a
subvariety of the Grassmannian Gr(n, 0). Following the construction in [Evens and
Lu 2001; 2006], the Evens—Lu bivector A on L; is defined by choosing a basis
{x;}; for [1, and letting {y;} be the dual basis for [, = [] (that is, {y;} is the basis
satisfying (x;, §;) = 6;;). Now define

r=31Y xiny €A (g®g)
i

and
A= () = 3 Y (004 (x) A (04 (3i) € AX(TiLo),

where py is defined below. We note A is independent of the choice of basis {x;};: for
instance, using the form (6-2), we may view r = %Z, X; A y; as an element of
(A9)* and evaluating 7 on an element (vy, f)A(v2, fo) € A2({ = A?(D) gives
f1(v2)— f2(v2), as can be checked on the basis for A (L [7) constructed from {x;};.

As discussed in [Evens and Lu 2006, Examples 4.3 and 4.4], this bivector induces
a Poisson structure on £ and on each G x G orbit in Ly, as well as on the closure
of each orbit. In particular, A induces a Poisson structure on G, which is the closure
of the orbit (G x G) - ga of the diagonal ga € Ly.

Our next goal is to understand how the Evens—Lu Poisson structure interacts
with the action of G x G on G, which is induced by the inclusion

G x G — Aut(g) x Aut(g) C Aut(gd g).

We recall some terminology regarding Poisson Lie groups and Poisson actions.
Let M; and M, be two Poisson varieties. A morphism M; — M, is called a
Poisson morphism (or ichthyomorphism) if the dual morphism O(M,) — O(M)) is
a morphism of Poisson sheaves. A Poisson algebraic group is an algebraic group G,
equipped with a Poisson structure for which the group multiplication G x G — G is
a Poisson map. The action of a Poisson algebraic group G on a Poisson variety M
is a Poisson action when the action map « : G x M — M is a Poisson map, where
G x M has the product Poisson structure (defined by the sum of bivectors).

We introduce some notation that will be needed in the next lemma. Consider the
(left) action of G x G on L;. For each [ € £y, let

p:GxG— Ly

be the map
pi(g, ) =(g,h)-L
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For each (g, h) € G x G, let
Pg.hy Lo —> Lo
be the map
Py = (g, h) -1,
and let
M@’h):GxGerG and ,u(Lg’h):GxG—>GxG

be the maps given by right- and left-multiplication by (g, 2) (respectively).
Define the BD-bivector on G x G associated to the data {x;};, {y;}; by

(6-3) Maniy =3 D [G)s (i A YD) = (i) (i A D]
i
Similar to the discussion of the Evens—Lu bivector, the BD-bivector is indepen-
dent of the choice of basis and so only depends on the BD splitting.
We will need the following standard fact.

Lemma 6.1. The bivector Il is Poisson, and induces a Poisson—Lie group structure
on G x G called the BD—Poisson structure.

This fact is discussed in various places in the literature. As discussed in [Lu

and Mouquin 2017, Section 2], the element % > Xi @yi € 0Q®0 is a quasitriangu-
lar r-matrix, and a quasitriangular r-matrix always induces a Poisson Lie group

structure via the construction (6-3); see [Kosmann-Schwarzbach 1997, pp. 46—47].
Another discussion of this fact can be found in [Korogodski and Soibelman 1998,
Proposition 3.4.1].

The next lemma is a version of Proposition 2.17 in [Evens and Lu 2001].

Lemma 6.2. For any BD-splitting of g @ g, the action of G x G on Ly is a Poisson
action, where G x G has the BD—Poisson structure and Ly has the Evens—Lu Poisson
structure.

Proof. Written in terms of bivectors, the condition for the action to be Poisson is
(6-4) A g 1 = (g, (A1) + (o)« (TT(g )

(see, for instance, [Dufour and Zung 2005, 5.4.5]).
To prove (6-4), observe that

Ple.m 1= PLofily y and  pegny 0 pr=pro iy -
We now have
Ag.myt — (0g.m) (A1) = (Pg,m)-D+ (1) — (Pg.n) (D)« (r))
= (0 (e ) (1)) = (PO (i 1))+ ()
= (P« (TL(g.n))- O
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We now turn to the conjugation action of G on G, which extends the conjugation
action of G on itself. Recall that G is the closure of (G x G)-ga inside £,. The map

G— (GxG) -ga
defined by g — (g, e) - ga is a diffeomorphism. If we give G the G x G action
(h.k)-g=hgk™",

then this diffeomorphism is G x G-equivariant. In particular, the action of the
subgroup G, C G x G on G corresponds, under this diffeomorphism, to the (left)
conjugation action of G on itself; i - g = hgh™\.

We wish to study the conjugation action of G on G" and its interaction with
the Evens—Lu Poisson structure. However, a subtlety arises: if we equip G” and
(G x G)* with the direct product Poisson structures arising from a BD-splitting
of 0, then the action of (G x G)" on G" is Poisson, but this does not imply that
the action of the diagonal subgroup {(g, g, ..., &)} C (G x G)" is Poisson, as this
diagonal subgroup need not be a Poisson Lie subgroup.

Recent work of Lu and Mouquin [2017] provides a way to avoid this problem
by using the mixed product Poisson structure on G ". We briefly explain the setup,
specialized to our situation. Details may be found in Section 6 of the same work.
Let G be as above, and equip D = G x G with the above Poisson structure. Given
a Poisson D-space (Z,mz), let A:0 — V1 (Z) be the map induced by the action,
sending x € 0 to the vector field (d/dt)|;—o exp(tx)y; see [Lu and Mouquin 2017,
Section 1.4].

Lu and Mouquin define the mixed product Poisson bivector on Z” by the formula

T =z, T+ D Y e A )L (),

1<j<k<n i

where r = ), x; ® y; is the r-matrix defining the Poisson structure on D and
i; 1 Z — Z" is the inclusion into the /-th factor of the product. By [Lu and Mouquin
2017, Theorem 6.8 and Lemma 2.13], the diagonal action of D on (Z", wz») is a
Poisson action. In particular, letting Z = G with 77 = A (the Evens—Lu Poisson
bracket), we find that the diagonal action of D on (G", A,) is Poisson, where A, is
the mixed product Poisson structure on G” associated to A. The diagonal subgroup
G A C D (corresponding to the Lagrangian subalgebra ga C 0 =g g) is a Poisson
Lie subgroup of D, as explained (for instance) in [Evens and Lu 2007, Appendix].
Returning to the general setting above, this implies that the diagonal action of D
on Z" restricts to a Poisson action of G = G on (Z", mz»); note that this is
precisely the action of G given by the diagonal embedding of G into D" = G**. In
our case, these facts lead to the following result:
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Proposition 6.3. Let G be a semisimple group of adjoint type, and fix a BD-splitting
of 9 ® g, with associated quasitriangular r-matrix r € A*(g ® g). Equip G with
the Poisson structure induced by r, and equip G™ with the mixed product Poisson
structure associated to the Evens—Lu Poisson structure on G. Then the diagonal
action of G on G" is Poisson, and restricts to the diagonal conjugation action of G
on G" C G".

It is well known that if X is a Poisson manifold and a Lie group G acts on X
through Poisson maps, then the G-invariant functions on X form a Poisson algebra;
see for instance [Dufour and Zung 2005, p. 24]. The following proposition is a
version of this statement.

Proposition 6.4. Let X be a quasiprojective Poisson variety and let G be a reductive
algebraic group that is a Poisson Lie group. If G acts on X and the action map
X x G — X is Poisson, then with respect to any G-linearized ample line bundle L,
the GIT quotient X J/1 G is a Poisson variety and the quotient map X — X /1 G is a
Poisson map.

Proof. This is a consequence of Property (1) of Lemma 5.4.5 in [Dufour and
Zung 2005] which characterizes Poisson actions in terms of bivectors. The explicit
statement, in the affine case, is given in [Laurent-Gengoux et al. 2013, Proposi-
tion 5.33]. In the quasiprojective case, X/ G is built from open affine subvarieties;
see [Dolgachev 2003, Section 8.2], so one can apply the affine case locally. A
detailed discussion is provided in the Appendix. (Il

Theorem 6.5. There exists a Poisson structure on the wonderful compactification
of a free group character variety over C, and also on its boundary divisors.

Proof. The Poisson structure on Xf, (G) follows directly from Propositions 6.3
and 6.4.

Since each boundary divisor of G is a union of products of orbits where each
admits a Poisson structure (restricted from that on G), the same argument as above
shows that the Poisson structures on the boundary divisors of G descend to the
boundary divisors of Xr, (G). U

Since the boundary divisors of Xf, (G) are unions of parabolic free group char-
acter varieties, we immediately conclude:

Corollary 6.6. There exists a Poisson structure on those parabolic character vari-
eties of free groups that lie inside the boundary divisors of Xr,(G).

We call the Poisson structures shown to exist above the wonderful Poisson
structures.

In [Goldman 1984; 1986] it was shown that there is a Poisson structure on
Hom(m((Z,,,), G)J G where ¥, , is an orientable surface of genus g with n disjoint
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boundary components; see also [Lawton 2009]. Moreover, the Casimirs (those
functions that Poisson commute) are exactly the invariant functions restricted to the
boundary components.

Question 6.7. How does Goldman’s Poisson structure on G" |G relate to the
wonderful Poisson structures on G ||+ G, and G” ) G?

Remark 6.8. Given an affine Poisson variety V, the Poisson bracket { , }y is
determined by its action on the coordinate ring C[V] by the Stone—Weierstrass
theorem. Suppose V has Casimirs {cy, ..., ¢, }. Then the algebra

A:=C[V]/(c1 = A1, ..y e — M),

where A1, ..., Ay € C, is a Poisson algebra with bracket defined by { f+1, g+ 1} =
{f, g}v + I where I is the ideal (¢ — Ay, ..., cx — Ar). Therefore, the variety
Spec(A) is an affine Poisson variety.

Now applying Remark 6.8 to the setting of parabolic character varieties of
free groups we see that whenever the parabolic data {G/H;} are isomorphic to
G-conjugation orbits (equivalently H;’s are isomorphic to conjugation stabilizers),
then the Goldman Poisson bracket on G” /G with some set of its Casimirs fixed
(fixing some set of the boundaries up to conjugation is equivalent to fixing some set
of the Casimirs) determines a Poisson structure on the parabolic character variety of
a free group resulting from fixing some (but not all) the boundaries to conjugation
orbits. Therefore, we have a Goldman-type Poisson structure on certain parabolic
character varieties of free groups.

Question 6.9. How does this Goldman-type Poisson structure compare to the won-
derful Poisson structures from Corollary 6.67

Appendix: Poisson structures on GIT quotients
by Arlo Caine and Sam Evens

We explain how to put a Poisson structure on a quotient of a linearized irreducible
Poisson algebraic variety by the action of a reductive Poisson algebraic group G. We
discuss the affine setting, and then we apply the affine case to the general situation.

Quotient of an affine variety. We explain how to put a Poisson structure on the
quotient of an affine variety. These results are in [Yang 2002] and in [Laurent-
Gengoux et al. 2013].

As above, let (G, ) be a reductive Poisson linear algebraic group. Denote
the Poisson Lie algebra structure on the coordinate ring K[G] by {¢1, ¢2}¢ for
é1, ¢2 € KIG].

Let (X, {, }x) be a Poisson algebraic variety, i.e., {, } makes the sheaf of regular
functions Oy into a Poisson algebra. Assume that X is a G-variety with action
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map a : G x X — X, and denote by p : G x X — X the projection p(g, x) = x.
The sheaf of functions Og«x = Og ®k Ox then acquires the structure of a Poisson
Lie algebra, which is uniquely determined by the property (see [Korogodski and
Soibelman 1998], Proposition 1.2.10, p. 9):

(*) {91® f1, 2R fo} ={P1, P2} ® f1 L2 +d12&{ f1, f2}x,  ¢i €Og, fi € Ox.

Suppose for the remainder of this subsection that X is affine, so we may work
with regular functions K[G x X] = K[G] ®k K[X]. Note that p*(f) =1 ® f using
this identification. By formula (x), it follows that p : G x X — X is Poisson.

Remark A.1. Let f € K[X], and K[X]€ the ring of G-invariant functions on X.
Then f € k[X]C if and only if p*(f) =a*(f).

Lemma A.2. Let X be an affine Poisson G-variety. If a : G x X — X is a Poisson
morphism, then K[X1© is a Poisson subalgebra of K[ X].

Proof. Since a is a Poisson morphism, we have a*{ f1, f2}x = {a* f1, a* f2}cxx for
f1, f>€k[X]. Suppose fi, f> €K[X]C. Using Remark A.1, a*(f;) = p*(f)) =1Q f;.
It follows that

a*{fi, LIx ={1® fi,1® filoxx = 1@ f1, olx = p*{f1, f2)x.
Again by Remark A.1, {f, f>}x € K[X]°. O

Now assume that G is reductive. Then K[X] is a finitely generated k-algebra,
and by definition the geometric invariant theory quotient X /G = Spec(K[X]€), or
in other words, X/ G is the affine variety with ring of regular functions K[X /G] =
K[X]C. There is a quotient morphism ¢ : X — X /G with the property that
g* : K[X/ G] — K[X] is the inclusion of invariant functions.

By Lemma A.2, K[ X/ G] is a Poisson algebra, so X /G is a Poisson algebraic
variety. Since the inclusion ¢* : K[X/G] — K[X] is Poisson, it follows that
q : X — X/ G is Poisson. Therefore we have proved the following proposition:

Proposition A.3. If (G, ng) is a reductive Poisson linear algebraic group and
(X, {, }x) is an affine Poisson algebraic variety, and the action map G x X — X is
Poisson, then X || G is a Poisson algebraic variety, and the morphismq : X — X G
is Poisson.

Quotient of a G-linearized variety. In this section, we explain how to put a Poisson
structure on a GIT quotient of a linearized irreducible G-variety X. Recall the
notions of G-linearized line bundle L on X and semistable locus from Section 3. The
semistable locus X7* = ;. X, is a finite union of open affine G-stable subsets Uy,
of X, where Uy, is the nonvanishing locus of the section s; of a power of L. Let
Y, := Uy, J G be the quotient of the affine G-variety Us,. Then the quotient X /1 G
has an open affine cover X /1 G = |JY,,; see [Dolgachev 2003, Theorem 8.1].
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We remark that if we are given a Poisson structure on a variety Z, there is an
induced Poisson structure on any open set U of Z. Indeed, we may assume that Z
is affine and U is covered by affine open sets Zy := {x € Z : f(x) # 0}. The
Poisson structure on Z induces a Poisson Lie algebra structure on K[Z], and we
can define a Poisson Lie algebra structure on K[Z ¢] by the formula given in the
proof of Lemma 1.3 in [Kaledin 2009]. These Poisson structures glue together on
ZyNZg = Zy, and hence define a Poisson structure on the open set U.

Proposition A.4. Let X be an irreducible Poisson G-variety with G-linearization L,
where (G, mtg) is a reductive Poisson algebraic group and the action morphism
a: G x X — X is a Poisson morphism. Then X}* and X |1 G are Poisson and
q : X" — X/1G is a Poisson morphism.

Proof. There is a finite set of G-invariant sections s; with the property that the
nonvanishing locus X, of s;, is open, affine and G-stable. Hence by Proposition A.3,
Y; := U, /G is an affine Poisson variety. Thus, we have a Poisson structure ; on
each open set ¥; in the open cover X /; G =] ¥;. The functions on the intersections
Y; NY; form a subring in the fraction field k(Y;), and the above formula from
[Kaledin 2009] implies that 7r; and 7; coincide on the sheaf of functions on ¥; NY;
and thus glue to give an induced Poisson structure on X /; G. Since the morphism
q : X — Y is Poisson on the affine cover U; — Y; for each of our invariant sections s;,
it follows that ¢ is a Poisson morphism. U
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WHAT DO FROBENIUS’S, SOLOMON’S, AND IWASAKT’S
THEOREMS ON DIVISIBILITY IN GROUPS
HAVE IN COMMON?
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Our result contains as special cases the Frobenius theorem (1895) on the
number of solutions to the equation x” =1 in a group, the Solomon theorem
(1969) on the number of solutions in a group to a system of equations having
fewer equations than unknowns, and the Iwasaki theorem (1985) on roots
of subgroups. There are other curious corollaries on groups and rings.

0. Introduction

The following result was proved in the nineteenth century.

Frobenius theorem [1895]. The number of solutions to the equation x" =1 in a
finite group is divisible by GCD(|G|, n) for any integer n.

This theorem was generalized in different directions; see, e.g., [Hall 1936;
Kulakoftf 1938; Sehgal 1962; Brown and Thévenaz 1988; Yoshida 1993; Asai and
Takegahara 2001; Asai et al. 2013], and references therein. For example, Frobenius
[1903] himself obtained the following generalization:

for any positive integer n and any element g of a finite group G, the
number of solutions to the equation x" = g in G is divisible by the
greatest common divisor of n and the order of the centralizer of g.

P. Hall [1936, Theorem II] showed that

in any finite group, the number of solutions to a system of equations in one
unknown is divisible by GCD(|C|, ny, na, ...), where C is the centralizer
of the set of all coefficients and n; are exponent sums of the unknown in
the i-th equation.
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Here as usual, an equation over a group G is an expression of form v(xy, ..., x,;) =1,
where v is a word whose letters are unknowns, their inverses, and elements of G
(called coefficients). In other terms, the left-hand side of an equation is an element
of the free product G * F'(xy, ..., x,) of G and the free group F(xy, ..., x;) of
rank m (where m is the number of unknowns).

The following theorem is also about equations in groups and divisibility, but on
first view, it is not similar to the Frobenius theorem and its generalizations.

Solomon theorem [1969]. In any group, the number of solutions to a system of
coefficient-free equations is divisible by the order of the group provided the number
of equations is less than the number of unknowns.

This theorem was also generalized in different directions; see [Isaacs 1970;
Strunkov 1995; Amit and Vishne 2011; Gordon and Rodriguez-Villegas 2012;
Klyachko and Mkrtchyan 2014; 2017], and references therein. For instance, in
[Klyachko and Mkrtchyan 2014], it was shown that

in any group, the number of solutions to a system of equations (with
coefficients from this group) is divisible by the order of the intersection of
centralizers of all coefficients provided the rank of the matrix composed
of the exponent sums of the j-th unknown in the i-th equation is less than
the number of unknowns.

Solomon [1969] himself wrote:

“There seems to be no connection between this theorem and the Frobenius
theorem on solutions of x* =1

Nevertheless, a connection between the Frobenius and Solomon theorems exists.

Theorem 0. In any (not necessarily finite) group, the number of solutions to a (not
necessarily finite) system of equations in m unknowns is a multiple of the greatest
common divisor of the centralizer of the set of coefficients and the number AAm'j -
where A; is the greatest common divisor of all minors of order i of the matrix of the
system, and the following conventions are assumed: A; =0 ifi is larger than the

. _ 0_
number of equations, Ao =1, and 5 = 0.

We define the greatest common divisor GCD(G, n) of a group G and an integer n
as the least common multiple of orders of subgroups of G dividing n. The divisibility
is always understood in the sense of cardinal arithmetic: each infinite cardinal is
divisible by all smaller nonzero cardinals (and surely zero is divisible by all cardinals
and divides only zero). This means that GCD(G, 0) = |G| for any group G and, e.g.,
GCD(SL;(Z), 2018) = 2. Although, the reader will not lose much by assuming all
group to be finite; in this case, GCD(G, n) = GCD(|G|, n) by the Sylow theorem
(and because a finite p-group contains subgroups of all possible orders).
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The matrix of a system of equations over a group is the integer matrix A = (a;;),
where a;; is the exponent sum of the j-th unknown in the i-th equation. For example,
the matrix of the system

xay’[x, yP*P (xby)* =1,
bx3y[x, y]loo()cby)4 =1,
[x, yx 2 =1

(where x and y are unknowns, and a and b are coefficients, i.e., some fixed group
elements) has the form

45
75
-20

As usual, the minors of order i are determinants of submatrices composed of entries
at the intersections of some i rows and i columns. In the example above, there are
three minors of order m (up to signs),

45 45 75
det (7 5) = —15, det (_2 0) =10, det (_2 O) =10,

and six minors of order m — 1: 4,5, 7,5, —2, 0. Thus, the theorem asserts that (in
this example) the number of solutions is divisible by

GCD(-15, 10, 10)
GCD(4,5,7,5, -2,0)

GCD( IC(a)ﬂC(b)I) =GCD(5, |C@)NC®B))).

Note that the agreements about boundary cases in Theorem 0 are natural. Indeed,
we always can add a fictitious equation 1 = 1 to make the number of equations
larger than m. We can also add a new variable z and the equation z = 1 (this does
not affect the number of solutions and makes m > 1). As for the philosophical
question on the interpretation of the fraction g, it can be understood arbitrarily, e.g.,
the reader may assume that g =2019; in any case, Theorem O remains valid (but
weaker than under the suggested interpretation).

The meaning of the value ﬂ is as follows. It is well known (see, e.g., [Vinberg
2003]) that invertible integer elementary transformations of rows and columns can
transform any integer matrix A into a diagonal matrix, where the diagonal entries
divide each other (each diagonal entry divides the next one). This diagonal matrix is
uniquely determined up to the signs of diagonal elements (and is sometimes called
the Smith form of A); the diagonal elements of the Smith form (sometimes called
the invariant factors of A) equal the ratios %. Thus, in these terms, Aﬁ’f 1 is the
m-th invariant factor of the matrix of the system of equations. One can also say that
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the absolute value of ﬁ’jl is the period (exponent) of the quotient of the
free abelian group 7™ by the subgroup generated by the rows of the matrix

of the system of equations

(with the stipulation that this ratio vanishes if and only if the period is infinite).
The Frobenius and Solomon theorems as well as their generalizations stated
above are special cases of Theorem O.
The following theorem is on first view similar to neither the Frobenius theorem
nor the Solomon theorem.

Iwasaki theorem [1982]. For any integer n, the number of elements of a finite
group G whose n-th powers lie in a subgroup H C G is divisible by |H |.

This beautiful theorem remains (for some reason) not widely known. In [Sato
and Sakurai 2007], it was noticed that the divisibility by |H| still holds for the
number of solutions to the “equation” x"* € HgH, where HgH is any double coset
of a subgroup H. Clearly, the Iwasaki theorem and its generalizations deal with
predicates that are not equations in the usual sense. Let us say that a generalized
equation over a group G is an expression of the form w(xy, ..., x,) € HgH, where
H is a subgroup of G > g, and w(xy, ..., x;) is an element of the free product
G % F(x1,...,x,) of G and a free group; in other terms, w is a word in the
alphabet G U {xfﬂ, ..., xE1}. The elements of G occurring in this word are called
the coefficients of the generalized equation. A system of generalized equations, a
solution to this system, and a matrix of this system are defined in a natural way.

In [Klyachko and Mkrtchyan 2017], the following generalization of the Iwasaki
theorem was obtained:

the number of solutions to a system of generalized coefficient-free equa-
tions whose right-hand sides are double cosets of the same subgroup H
(e.g., {x190y201x y1* e Hg H, [x°, y°1"(xy)d € HgoH, ...}) is divisi-
ble by |H|.

The following theorem includes all results stated above.

Theorem 1. Let S be a (not necessarily finite) system of generalized equations in
finitely many unknowns xi, . .., X, over a group G and let P be its subsystem:

S:{ui(xl,...,xm)eHigiHiIiEI}QP:{uj(xl,...,xm)EngjHjIjEJ},

(where J C I, u; € Gx F(x1,...,Xn), & € G, and H; are subgroups of G). Then
the number of solutions to S in G is divisible by the greatest common divisor of the
subgroup

ﬁ=(ﬂ N(ngjHj))ﬂ(

ﬂ H,-) N(the centralizer of the set of coefficients of S)
jeJ

iel\J
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and the number AA , where Ay is the greatest common divisor of all minors of

order k of the matrix of the subsystem P. Henceforth, N(A):={ge G|g 'Ag=A}
is the normalizer of a subset A in a group G.

To deduce Theorem O from Theorem 1, we rewrite the system of equations
in the “generalized” form, i.e., we put S = P = {u1(x1, ..., x) € {1}1{1} and
uy(xy, ..., xy,) € {1}1{1}, ...} and note that the normalizer of the trivial subgroup
is the whole group.

On the other hand, setting

S={ur(x1,....,xm) € Hg1H, uz(xy, ..., xn) € Hg2H, ...}
(where u; € F(x1,...,%n)),
P =g,

we obtain the above-mentioned generalization (from [Klyachko and Mkrtchyan
2017]) of the Iwasaki theorem.

As a matter of fact, a relation between Solomon’s and Iwasaki’s theorems was
established in [Klyachko and Mkrtchyan 2014; 2017]; our achievement consists
only of adding “Frobeniusness”. The main theorem of [Klyachko and Mkrtchyan
2017] says that, if we have a group F with a fixed epimorphism onto Z and some
set of homomorphisms from F into another group G, and this set is invariant with
respect to some natural transformations (depending on the epimorphism F — Z
and a subgroup H of G), then the number of these homomorphisms F — G is
divisible by |H|. Choosing suitable sets of homomorphisms, the Klyachko and
Mkrtchyan [2017] obtained Solomon’s and Iwasaki’s theorems as special cases of
their main theorem.

Our main theorem (see Section 1) is a modular analogue of the main theorem
of [Klyachko and Mkrtchyan 2017]: we take an epimorphism F — Z/nZ instead
of F— Z. One can say that the main theorem of this paper is related to the main
theorem of [Klyachko and Mkrtchyan 2017] in the same way as Theorem O to the
generalization (from [Klyachko and Mkrtchyan 2014]) of the Solomon theorem
mentioned in the beginning of this paper. An important role in our argument is
played by an elementary (but nontrivial) lemma due to Brauer [1969]. Actually,
we need this lemma not to prove the main theorem but rather to explain that its
statement per se makes some sense. For readers’ convenience, we give a proof of
the Brauer lemma. Section 5 contains the proof of the main theorem.

In Section 2, we deduce Theorem 1 from the main theorem. As another corollary,
we obtain a theorem on equations in rings (Theorem 4 in Section 3) that implies,
e.g., the following fact, which can be considered as a generalization of the Frobenius
theorem in another direction:
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for any representation p : G — GL(V) of a group G and any words
ui(xy, ..., xm) € F(x1,...,Xn), the number of solutions to the equation

k
D (pGuiCxr, ... xa)) =id
i=1

is divisible by
GCD(G, GCD{[;}) always,
GCD(G, LCM{;}) ifk <m,
|G| ifk <m.

In Section 4, we show that the main theorem implies some fact about the number
of crossed homomorphisms, generalizing earlier known results. In the last section,
we discuss open questions.

Notations and conventions. We use mainly standard notations and conventions.
Note only that, if k € Z and x and y are elements of a group, then x”, x*, and x
denote y~'xy, y~'x¥y, and y~'x~!y, respectively. The commutator subgroup of
a group G is denoted by G’ or [G, G]. If X is a subset of a group, then | X|, (X),
(X)), C(X), and N(X) are the cardinality of X, subgroup generated by X, normal
closure of X, centralizer of X, and normalizer of X. The index of a subgroup H
of a group G is denoted by |G : H|. The letter Z denotes the set of integers. If R
is an associative ring with unity, then R* denotes the group of units of this ring.
GCD and LCM are the greatest common divisor and least common multiple. The
symbol exp G denotes the period (exponent) of a group G if this period is finite;
we assume exp G = 0 if the period is infinite. The symbol (g), denotes the cyclic
group of order n generated by an element g. The free group of rank # is denoted
by F(xi,...,x,) or F,. The symbol A % B denotes the free product of groups A
and B.

Let us recall once again that the finiteness of groups is not assumed by default;
the divisibility is always understood in the sense of cardinal arithmetic (an infinite
cardinal is divisible by all nonzero cardinals not exceeding it), and GCD(G, n) :=
LCM{|H| | H is a subgroup of G, and |H| divides n}.

1. Main theorem

A group F equipped with an epimorphism F — Z/nZ (where n € Z) is called
an n-indexed group. This epimorphism F — Z/nZ is called degree and denoted
deg. Thus, to any element f of an indexed group F, an element deg f € Z/nZ is
assigned; the group F contains elements of all degrees and deg(fg) =deg f+deg g
forany f,ge F.



FROBENIUS’S, SOLOMON’S, AND IWASAKI’S THEOREMS ON DIVISIBILITY 443

Suppose that ¢ : F — G is a homomorphism from an n-indexed group F to a
group G and H is a subgroup of G. The subgroup

Hy= ﬂ H?Y) N C(¢(kerdeg))
feF
is called the ¢-core of H [Klyachko and Mkrtchyan 2017]. In other words, the

¢-core Hy of H consists of elements & such that h*) e H forall f, and h?) =h
if deg f =0.

Main theorem. Suppose that an integer n is a multiple of the order of a subgroup H
of group G and a set ® of homomorphisms from an n-indexed group F to G satisfies
the following conditions.

(D) @ is invariant with respect to conjugation by elements of H:
ifh € H and ¢ € ®, then the homomorphism - f +— ¢ ()" lies in ®.
(II) For any ¢ € ® and any element h of the ¢-core Hy of H, the homomorphism
Y defined by

¢(f) forall elements f € F of degree zero,
v (f)={¢(f)h forsome element f € F of degree one
(and, hence, for all degree-one elements)
belongs to @ too.
Then |®| is divisible by |H |.

Note that the mapping ¥ from condition (I) is a homomorphism for any /# € G, and
the formula for v from condition (II) defines a homomorphism for any 4 € Hy (as
explained below). Thus, conditions (I) and (II) only require these homomorphisms
to belong to ®.

Lemma 2. Suppose that ¢ : F — G is a homomorphism from an n-indexed group
F to a group G, fi1 € F is an element of degree one, and g € G. Then the
homomorphism  : F — G such that W (f) = ¢ (f) forall f € F of degree zero and

Vv (f1) = ¢ (f1)g exists if and only if g € C(¢p(kerdeg)) and (¢ (f1)8)" = (¢ (f1))".
Proof. The group F can be presented in the form

F >~ (Fy#* (x)oo)/{({u¥u="" | u € Fy} U {x" f"}), where Fy =kerdeg.

Therefore, the mapping ¢ : Fy U {x} — G can be extended to a homomorphism if
and only if its restriction to Fy is a homomorphism and the relations u* = ult (for
u € Fy) and x" = f" are mapped to true equalities in G:

() Y@V =y @) and Y@)" =y ().
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If the restrictions of ¢ and ¢ to Fy coincide and ¥ (x) = ¢ (f1)g, then the first
equality of (%) says that g commutes with ¢ («) (for all u € Fy), while the second
equality of (x) takes the form (¢ (f1)g)" = (¢ (f1))". U

Recall also the following beautiful (but not widely known) fact.

Brauer lemma [1969]. If U is a finite normal subgroup of a group V, then, for all
veVandu e U, the elements v'V! and (vu)\V! are conjugate by an element of U.

Proof. The group Z acts by permutations on the subgroup U:
aoi = v*"a(vu)" (wherei € Z and a € U).

Let m be the minimum length of an orbit. In other words, m is the minimum length
of a cycle in the decomposition of the permutation a — v~ 'avu (of U) into the
product of independent cycles. The set X = {a € U | a om = a} is the union of
all orbits of length m; therefore, |X| is divisible by m. On the other hand, (by
definition of the action) X ={a € U | v "a(vu)" =a}={a e U |a~'v"a = (vu)"}
and, hence, |X| is the order of the centralizer of v in U (because, in any group, a
nonempty set of the form {x | x~lyx =z} is a coset of the centralizer of y). Thus,
| X| divides |U| and, therefore, m divides |U| and a o |U| = a (if a lies in an orbit
of length m). U

These two lemmata imply immediately that the mapping i from condition (II)
is a homomorphism for any & € Hy because (¢(f)h)" = (¢(f))" by the Brauer
lemma applied to U = Hy C V = Hy - (¢(f1)) > ¢(f1) = v. Indeed, we obtain
the equality (¢ (f1)h)! el = (¢ (f1))!He! for some u € Hy and, hence, (¢ (f1)h)" =
(@(f))™ = (¢(fi"))" (because |Hy| divides n). It remains to note that u € Hy
commutes with ¢ (f]') because deg f' =n = 0 € Z/nZ. Thus, we obtain the
equality (¢ (f1)h)" = (¢ (f1))". It remains to refer to Lemma 2.

In the case n = 0 the main theorem was proved by Klyachko and Mkrtchyan
[2017]. So, our theorem is a “modular analogue” of their main result. On the other
hand, our main theorem is deduced (in Section 5) from this special case n = 0.

Lemma 3. In condition (1) of the main theorem, y (f) € ¢ (f)Hy forall f € F.

Proof. Indeed, if deg f = d, then f = f 1d fo, where f; is the (fixed) element of
degree one (from condition (II)) and fj is an element of degree zero. Then

(E)

V(=Y (DY) =@ (DR @ (fo) = ¢ (f) ! (fo)h = (f{ fo)h = ()N,

where the equality (E) is valid for some i’ € Hy because h € Hy and ¢(F)
normalizes Hy. g
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2. Proof of Theorem 1

Let L € G be the subgroup generated by all coefficients of the system S. Take

as H any subgroup of the group H whose order divides n := AA—’:, and put

F=LxF(xy,...,xn),
O={p:F—>G|op(f)=ffor feLand ¢p(u;) € Hig;H, fori € I}.

As the indexing deg : F — Z/nZ, take an epimorphism whose kernel contains L
and all uj, where j € J. Such an epimorphism exists because 7 is the period of the
finitely generated abelian group F/([F, F]-L-({u; | j € J})).

Let us verify that the conditions of the main theorem hold. Condition (I) holds
obviously for all 4 € H (and even for all i € H ) because (by definition) H centralizes
L and normalizes double cosets H;g; H;.

Condition (II) holds also for all » € Hy because

e on L, the homomorphism ¥ coincides with ¢ as L consists of zero-degree
elements,

e Y(u;)=¢(uj) for j € J because again degu; =0, and

o fori e I'\ J, we have ¥ (u;) € ¢(u;)Hy < ¢ (u;)H; (where the inclusion e
follows from Lemma 3).

Thus, the main theorem implies that |®| is divisible by the order of any subgroup
H C H whose order divides n, i.e., |®| is divisible by GCD(H, n). It remains to
note that |®| is the number of solutions to S.

3. Rings and representations

A generalized homogeneous modulo n equation with a set of unknowns X over an
associative unital ring R is a finite expression of the form

k::
> [Tauy =0
i

where coefficients c;j € R, unknowns x;; € X, and exponents k;; € Z,

such that, for some mapping deg: X — Z/nZ, the value ) j kij degx;j (called the
degree of the equation) does not depend on i (i.e., the “polynomial” in the left-hand
side of the equation is homogeneous with respect to some assigning of degrees to
variables), and ({degx | x € X}) = Z/nZ. (This means that the free group F(X) is
n-indexed with respect to the map deg.)

A system of equations is called generalized homogeneous modulo » if all equa-
tions of this system are generalized homogeneous modulo n (of possibly different
degrees) with respect to the same function deg : X — Z/nZ.
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As we explain below, the set M = {n € Z | a given system is generalized homo-
geneous modulo n} consists of all divisors of a number ng, called the homogeneity
modulus of the system. In other words, the homogeneity modulus is the maximal
number from M or zero if M is infinite.

To find the homogeneity modulus, consider a homogenous system of linear
equations, where unknowns are degrees of variables and also (the negations of)
degrees of equations; these linear equations say that the degree of each monomial
equals the degree of the corresponding equation. The matrix of this system (called
the homogeneity matrix of the initial system of equations) has the following form.
Suppose that X = {xy, ..., x,}. The homogeneity matrix of p-th equation is the
integer matrix A, = (ax) of size

(the total number of monomials in the system) x (m+ (the number of equations)),

where, for [ < m, the (k, [)-th entry is the exponent sum of the /-th unknown in the
k-th monomial, the (m 4+ p)-th column consists of ones, and the remaining columns
are zero for [ > m. The homogeneity matrix of the system of equations is composed
from the matrices A, written one under another: A = (Al Ay - -)T. For example,
the system of equations {ax3y? +y’bx —1 =0, xy?x + y’x> =0} (where x and y
are unknowns and a, b € R are coefficients) has the homogeneity matrix

3210
1710 3210
A=|0010 =<;‘1), where Ay =17 10 andAZ:(iggi).
2201 2 0010
5701

Homogeneity-modulus lemma. The homogeneity modulus of a system of s equa-
tions in m unknowns over an associative ring with unity is %, where A; is
the greatest common divisor of all minors of order i of the homogeneity matrix of
the system. As always, the following conventions are assumed: A; = 0 if the total
number of monomials in all equations is less than i, Ag = 1, and % =0.

Proof. Let A be the homogeneity matrix. We have to find the maximal number n
such that the system of linear homogeneous equations AX = 0 (in m + s variables)
has a solution in Z/nZ whose components generate Z/nZ as an additive group
(or, equivalently, the first m components of the solution generate Z/nZ, because
the equations say that the last s components are combinations of the first m ones).
In other words, n is the largest order of cyclic quotient of the finitely generated
group Z™*5 /N, where N is the subgroup generated by rows of A. As noted already,

the largest cyclic quotient n of Z*5 /N is %, as required. (]

Theorem 4. Let R be an associative ring with unity and let G be a subgroup of
the multiplicative group of this ring. Then, for each system of equations over R in
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m unknowns, the number of its solutions lying in G™ is divisible by the greatest
common divisor of the homogeneity modulus of the system and the intersection of G
with the centralizer of the set of coefficients of the system.

Proof. Let G be the intersection of G and the centralizer of the set of coefficients
and let n be the homogeneity modulus. Consider the free group F = F(X) (where
X is the set of unknowns) and an epimorphism deg : F — Z/nZ.

Let us apply the main theorem taking ® to be the set of all homomorphisms
¢ : F — G such that the tuple (¢ (x1), ..., d(xy)) is a solution to the system of
equations (so, the number of solutions is |®|). Take H to be any subgroup of G
of order dividing n. Condition (I) of the main theorem obviously holds. To verify
condition (II), choose an element ¢ € F of degree one and write each variable x; in
the form x; = rde8*i yi, where y; =t~ 9% x; has degree zero. In new notation, each
equation w(xy, ..., X,) = 0 takes the form v(¢, yy, ..., y,,) = 0 and the exponent
sum of ¢ in each term of this equation is the same (modulo n). Now, note that, if
V(@ (), ¢(1), ..., ¢ (ym)) =0and h € Hy, then v(p (), ¢ (y1), ..., ¢(ym)) =0.
This result follows from the (right) divisibility of v(¢ (t)h, ¢ (y1), ..., d(ym)) by
v (@), p(y1), ..., d(ym)) due to the following fact.

Fact [Klyachko and Mkrtchyan 2017, Lemma 1]. If M is a monoid, b;,a, h € M,
elements a and h are invertible, and the elements a *ha®, where s € Z, commute
with all b;, then, for any expression of the form u(t) = bot™'b; - - - t" by, where
m; € Z, we have
Tk @) ifk=Ym; >0,
u(@h) = Yh'h=. .. h="“u@) ifk=Ym; <0,
u(a), ifk=>)"m; =0.

We apply this fact to each term of v; we also use that t* has degree zero and
(p(@)h)" = (¢(¢))" according to Lemma 2.

Thus, the main theorem implies that |®| (i.e., the number of solutions to the
system of equations) is divisible by |H| as required (because H is an arbitrary
subgroup of Gy whose order divides the homogeneity modulus). (I

Example. If p : G — R* is a homomorphism from a finite group G to the multi-
plicative group of an associative ring R with unity (e.g., p : G — GL(V) is a linear

representation of G), then, for any words u; (x1, ..., x,) € F(x1, ..., Xpn),
k
the number of solutions to the equation Z(,o (ui(xp, ..., xm)))l" =1

i=1
GCD(G, GCD{l/;}) always,
is divisible by { GCD(G,LCM{/;}) ifk <m,
|G| if k <m.
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To show this, it suffices to apply Theorem 4 to the subgroup p(G) € R*. The
homogeneity matrix of this equation has the form
A 1
B = s
0---01

where the last row corresponds to 1 in the right-hand side of the equation, and the
i-th row of the matrix A corresponds to the i-th term in the left-hand side of the
equation and, therefore, all elements of this row are divisible by /;. It remains to
note that the j-th invariant factor of the matrix B coincides with the (j — 1)-th
invariant factor of A and use the following fact, which we leave to readers as an
easy exercise:

if the i-th row of an integer matrix k x m is divisible by l;, then the m-th
invariant factor of this matrix

is divisible by GCD{l;} always,
is divisible by LCM{l;} fork =m,
vanishes fork <m.

Note that Theorem O can be obtained as a corollary of Theorem 4. Indeed, take
R = 7G; the group ring contains G as a subgroup of the multiplicative group. Any
system of equations over G can be rewritten in “ring” form: {w;(x1,...) —1=0}.
Aﬁz 1 from Theorem O becomes exactly the homo-
geneity modulus from the homogeneity-modulus lemma.

It remains to note that the value

4. Crossed homomorphisms

Suppose a group F acts (on the right) on a group B by automorphisms: (f, b) > b/
Recall that a crossed homomorphism from F to B with respect to this action is a
mapping o : F — B such that a(ff") = a(f) a(f’) for all f, f’ € F. Saveliy
Skresanov noted that the main theorem easily implies the following fact proved in
[Asai et al. 2013] (using character theory) for finite groups F and B.

Theorem S. If a group F admitting an epimorphism onto Z /nZ acts by automor-
phisms on a group B, then the number of crossed homomorphisms F — B is
divisible by GCD(B, n).

Proof. The set of crossed homomorphisms is in one-to-one correspondence with
the set @ of (usual) homomorphisms from F to the semidirect product G = F X B
(with respect to the given action) such that their compositions with the projection
7w : F A B — F is the identity mapping F — F. We have to show that |®] is a
multiple of |H| for any subgroup H € B whose order divides n (by definition of
GCD(B, n)).
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The group F is n-indexed by the hypothesis of Theorem 5. Therefore, the
assertion follows immediately from the main theorem. Conditions of the main
theorem hold by trivial reasons: condition (I) is fulfilled because 7 (h~'gh) = n (g),
and condition (II) follows immediately from Lemma 3 because w(gh) = m(g) (for
geGand h e H). (Il

5. Proof of the main theorem

Take an element fi € F of degree one, put Fy = kerdeg C F, and consider the
semidirect product F= (@)oo X Fy, Where a acts on Fy as fi does: u® = u/1 for
u € Fy. The group F admits a natural indexing (0-indexing) deg : F — Z (denoted
by the same symbol deg). The kernel of this map is Fy and dega = 1. Moreover,
there is a natural epimorphism « : F—>F mapping a to f] and identity on Fp. Let
us verify that the conditions of the main theorem hold for the set b= {poa | € D}
of homomorphisms from FtoG.

Condition (I) holds obviously. To Verlfy condition (II), take the degree-one
element a € F and some homomorphism ¢ = ¢ o € P (where ¢ € ®). Then the
homomorphism 10 from condition (II) has the form

. ¢(f) for all elements fe Fy, ~
(xx) Y(f)= {¢(f1)h forf:a, where ¢ € ® and h € Hy.

We have to show that ¥ lies in @, i.e., has the form ¥ = ¢’ o, where ¢’ € ®. Note
that Hy = Hy, because the images of é = ¢oa and ¢ coincide, and the images of zero-
degree elements for these homomorphisms coincide: & (ker deg) = d(Fo) = ¢ (Fy).
Equation () takes the form

¢(f) for f e Fy,

w(f):{qb(fl)h for f = a. where ¢ € ® and h € Hy.

This means that ¥ = ¥ o a, where

é(f)  for f € Fo,
é(foh for f = fi,

The homomorphism i : F — G lies in @ by condition (II) of the theorem we are
proving. Therefore, ¥ € ®. Thus, the conditions of the main theorem hold for
the set ® of homomorphisms from the 0-indexed group F to G. Therefore, |q~)| is
divisible on | H| by virtue of the main theorem of [Klyachko and Mkrtchyan 2017].
It remains to note that |®| = |EIV>| since « is surjective. This completes the proof.

Note that we do not verify here that ¢ defines a homomorphism; this is non-
obvious but true; see Section 1.

1/’(f)={ where ¢ € ® and h € Hy.
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6. Open questions

Theorems 0, 1, 4, and 5 assert that some numbers are multiples of the ratios of
two integers. Oddly, we do not know whether these ratios can be replaced by their
numerators.

Questions 6 and 7. Is it possible to replace the ratio A,/ Apy—1 by its numerator
A, in Theorems 0 and 1?

For coefficient-free systems of equations, Question 6 is equivalent to the following
question posed in [Asai and Yoshida 1993] (for finite groups F and G):

is the number of homomorphisms from a finitely generated group F to a
group G divisible by GCD(|F/F'|, G)?

This problem remains unsolved even for finite groups (as far as we know). A survey
of some results can be found in [Asai and Takegahara 2001]; e.g., the answer is
positive if F is abelian [ Yoshida 1993].

Theorem 4 suggests a similar question.

Question 8. Is it possible, in Theorem 4, to replace the homogeneity modulus by its
numerator Ay, 4 (see the homogeneity-modulus lemma)?

As for Theorem 3, it also leads us to a similar question. Indeed, Theorem 5
implies, in particular, the following corollary.

Corollary. If a finitely generated group F acts by automorphisms on a group B,
then GCD(exp(F/F"), B) divides the number of crossed homomorphisms F — B.

Question 9. Is it possible, in this corollary, to replace the period exp(F /F') by the
order of this quotient group?

This question was posed for the first time in [Asai and Yoshida 1993] (for finite
groups F and B). To show the similarity of Questions 9 and 6, we recall that the
absolute value of the ratio A,,/A,,—1 in Question 6 is the period of the quotient
group of the free abelian group Z™ by the subgroup generated by the rows of the
matrix of the system of equations, while the absolute value of the numerator A, is
the order of this quotient group.
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ON HOMOGENEOUS AND INHOMOGENEOUS
DIOPHANTINE APPROXIMATION OVER
THE FIELDS OF FORMAL POWER SERIES

YANN BUGEAUD AND ZHENLIANG ZHANG

We prove over fields of power series the analogues of several Diophantine
approximation results obtained over the field of real numbers. In partic-
ular we establish the power series analogue of Kronecker’s theorem for
matrices, together with a quantitative form of it, which can also be seen
as a transference inequality between uniform approximation and inhomo-
geneous approximation. Special attention is devoted to the one-dimensional
case. Namely, we give a necessary and sufficient condition on an irrational
power series « which ensures that, for some positive &, the set

lim inf - min o—0— >e
P i ol Sin o yi

has full Hausdorff dimension.

1. Introduction

Let g be a power of a prime number p and [F, the finite field of order . Recall that
F,[z] and [, (z) denote the ring of polynomials and the field of rational functions
over [, respectively. Let [Fq((z_l)) denote the field of formal power series x =
Z?i_n a;z~" over the field [,. We equip [Fq((zfl)) with the norm || x| = ¢”", where
a_, # 0 is the first nonzero coefficient in the expansion of the nonzero power
series x. This integer n is called the degree of x and denoted by deg x.

The sets [, [z], F4(z), and [Fq((z_l)) play the roles of Z, Q, and R, respectively.
A power series x in [Fq((z_l)) but not in [, (z) is called irrational. We denote
by [x] and {x} the “integral part” and the “fractional part” of the power series
x=Y 2 aiz " inF,((z™")), defined as

0

[x]= Z aiz”', {x}= Zaiz_i.
i=1

In particular, [x] is a polynomial in z.

MSC2010: primary 11KS55; secondary 11J04, 28 A80.
Keywords: Diophantine approximation, power series field, exponent of homogeneous approximation,
exponent of inhomogeneous approximation, Hausdorff dimension.
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Letl={x € [Fq((z_l)) . lx|| < 1} be the open unit ball. A natural measure on [
is the normalized Haar measure on []}2, F,, which we denote by ;. Observe that
w(@) =1.1If B(x, g™") is the open ball of center x in [ and radius ¢ ~", namely,

Bx,r)y={yel:|ly—xll<q"},

then u(B(x,qg~ ")) =q . Since the norm || - | is non-Archimedean, any two balls
C1 and C, satisfy either C;NCr, = @, C; C Cy, or Cy C Cy. This is sometimes
referred to as the ball intersection property. Moreover, the distance between any
two disjoint balls is not less than the maximal radius of the two balls.

For any (column) vector 8 in [Fq((zfl))”, we denote by |6 the maximum of the
norm of its coordinates and by

)| = Xerqul[g]n 1€ = yll
the maximum of the distances of its coordinates to their integral parts.

There are numerous results on Diophantine approximation in the fields of formal
power series, see [Lasjaunias 2000] and Chapter 9 of [Bugeaud 2004] for references;
more recent works include [Bank et al. 2017; Ganguly and Ghosh 2017; 2019;
Kristensen 2003; Zhang 2012; Zheng 2017]. However, few results are known on
the relation between homogenous and inhomogeneous Diophantine approximation.
Our first result is the analogue of Kronecker’s theorem over fields of formal power
series. As far as we are aware, it has not yet been proved in such a generality
(see, however, [Carlitz 1952; Mahler 1941] for the case of column matrices). The
transposed matrix of a matrix A is denoted by A”.

Theorem 1.1. Let m, n be positive integers. Let A be in Mn,m([Fq((z_l))) and 6
in [, ((z=Y)". Then the following two statements are equivalent:

(1) For every ¢ > 0, there exists a polynomial vector x in F,[z]™ such that
[(Ax —0)| <e.
) Ifu=(uy,...,uy)" is any polynomial vector such that ATu is in Fy[z]™, then
u16y +- - +u,b, € Fylzl.

As in [Bugeaud and Laurent 2005], which deals with the real case, our aim is to
give a quantitative version of Theorem 1.1. Following [Bugeaud and Laurent 2005],
we introduce several exponents of homogeneous and inhomogeneous Diophantine
approximation. Let n and m be positive integers and A a matrix in M, ,,, (I, ( (z=H)).
Let bein [, ((z~1))™. We denote by w(A, 6) the supremum of the real numbers
for which, for arbitrarily large real numbers H, the inequalities

ey (Ax —0)| <H™® and |x| <H
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have a solution x in [F,[z]™. Let (A, 6) be the supremum of the real numbers
for which, for all sufficiently large positive real numbers H, the inequalities (1)
have a solution x in F,[z]™. It is obvious that

w(A,0) > (A, 0)>0.

We define furthermore two homogeneous exponents w(A) and @(A) as in (1) when
6 is the zero vector, requiring moreover that the polynomial solution x should be
nonzero.

Our second result is the power series analogue of the main result of [Bugeaud and
Laurent 2005]. Throughout this paper, the quantity 1/4 oo is understood to be 0.

Theorem 1.2. Let m, n be positive integers. Let A be in ./\/ln,m([Fq((z_l))) and 0
in I]:q((z_l))”. Then, we have the lower bounds

2 w(A,0) = and  @(A,0) =

o(AT) w(AT)’

with equalities in (2) for almost all § with respect to the Haar measure on [ ((z~H)n
If 6 is not in AF,[z]" +[Fy[z]", then we also have the upper bound

(A, 0) < w(A).

If the subgroup G4 = AT[Fq [z]" + F4[z]™ of [Fq((z_l))m has rank rk[pq[z](GA)
smaller than m + n, then there exists x in [, [z]" with arbitrarily large norm such
that [(AT x)| = 0 and we have

oA =w(AT) = +00.

Throughout the paper, we avoid this degenerate case and consider only matrices A
for which rk[Fq[z](GA) =m —+n.
Kim and Nakada [2011] proved that, for any « in [, we have

lim inf(g" dergnélln I{Qa} = BII) =0

for almost all 8 in [. In a subsequent paper [Kim et al. 2013], the authors comple-
mented this result in showing that, for any irrational power series « in [, the set

{B €l:liminf(¢g" min |{Qa}— Bl > 0}
n—oo deg O=n

has full Hausdorff dimension. Our next result generalizes this statement to matrices
of arbitrary dimension. Before stating it, we introduce the following notation.
Let m, n be positive integers and A in ./\/ln,m([Fq((z_]))). For ¢ > 0, we define
the set
Bad®(A):={0 €l": liminf [x|™"-|(Ax —0)| > ¢}

xelF,[z]™, |x]|l—o00
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and we put

>0 xelfy[z]", |lx]|—o0

When n =m =1 and A = («) we simply write Bad®(«) and Bad(«) instead of
Bad®(A) and Bad(A).

Theorem 1.3. Let m, n be positive integers. For any matrix A in M,, ,, (F, ((z=H)),
the set Bad(A) has full Hausdorff dimension. More precisely, there exists a continu-
ous function f : Ry — Ry such that f(0) =0 and the Hausdorff dimension of the
set Bad®(A) is at least n — f (¢), for every positive ¢ < q~"/"~°,

If the sequence of the norms of the best approximation vectors associated to A
(see Definition 3.3) increases sufficiently rapidly, then the above results can be
strengthened as follows. Similar results in the real case have been established in
[Bugeaud et al. 2019].

Theorem 1.4. Let m, n be positive integers. Let A be in Mn,m(ﬂ:q((z_l))) and
(Yi)x=1 the sequence of best approximation vectors associated to A. If || yi||'/*
tends to infinity with k, then there exists a positive real number & such that the
set Bad®(A) has full Hausdorff dimension. More precisely, ¢ can be taken to be
any positive real number less than g~*~™/". Moreover, ifm =n =1, A = (a),
and the degree of the partial quotients in the continued fraction expansion of « in
[Fq((z_l)) tends to infinity, then the set Bad®(«) has full Hausdorff dimension for
every € < q_z.

Except for (m, n) = (1, 1) (see the next section), we do not know whether the
condition “||yx||'/* tends to infinity with k£ is necessary to ensure that Bad®(A)
has full Hausdorff dimension for some positive €.

The present paper is organized as follows. In Section 2, we give additional
results in the one-dimensional case, including necessary and sufficient conditions to
ensure that the set Bad®(«) has full Hausdorff dimension. In Section 3, we present
some auxiliary results. A transference lemma is established in Section 4, where
we also give the proof of Theorem 1.1. The proofs of Theorem 1.2, Theorem 1.3,
and Theorem 1.4 are given in Sections 5, 6, and 7, respectively. We use similar
arguments to those in the real case. In Section 8, we prove Theorem 2.3. The proofs
of Theorem 2.1 and Theorem 2.2 are postponed to Sections 9 and 10.

2. One-dimensional case

In the one-dimensional case, Theorem 1.4 can be complemented as follows.

Theorem 2.1. Let o be an irrational power series in I]:q((z_l)) and Qy the denom-
inator of its k-th convergent for k > 1. Then, there exists ¢ > O such that the set
Bad® () has full Hausdorff dimension if and only if limg_, o || Qk||'/* = o0.
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In addition, we give a third condition equivalent to those occurring in Theorem 2.1.
For an irrational power series « in [ and a positive real number c, let Ay (o) denote
the number of integers / in {1, ..., N} for which the inequality ||{Qa}|| < 27 has
asolution Q in F,[z] withO < || Q] < 2'. Then, the power series « is called singular
on average if, for every ¢ > 0, we have limy_, %AN,C(oe) = 1. As far as we are
aware, this notion was introduced in [Kadyrov et al. 2017].

Theorem 2.2. Let o be an irrational power series. There exists ¢ > 0 such that the
set Bad® () has full Hausdorff dimension if and only if « is singular on average.

Theorems 2.1 and 2.2 are the power series analogues of Theorem 1.1 of [Bugeaud
et al. 2019]. In the proof of Theorem 2.1, our method is different: we replace the
use of the three-distance theorem in [Bugeaud et al. 2019] by that of Ostrowski
expansions; see Theorem 9.1 and its proof. Theorem 2.2 is proved in a similar way
to that in the real case.

Our last result gives additional information about the relation between the
exponents of homogeneous and inhomogeneous Diophantine approximation in
dimension one. Its first statement has already been established in Theorem 1.2.

Theorem 2.3. Let & in [, ((z™YY) be an irrational power series. For any element 0
in I]:q((z_l)) not in Fy[z] +&F,[z], we have

1 ~
(@) =w((§),0) <w((§)).

Let  denote +00 or a real number greater than or equal to 1; then there exists
atinl, ((z™YY) for which w((§)) = w and the set of values taken by the function
o((£), ) is equal to the interval [é, a)]

Theorem 2.3 is the power series analogue of Proposition 8 of [Bugeaud and
Laurent 2005] and its proof uses similar arguments.

3. Preliminaries

In this section, we briefly recall some notation and classical results which will be
used later in the proofs of our theorems.

In the setting of formal power series, every irrational element « in [ has a unique
infinite continued fraction expansion over the field [, ((z™1)), which is induced by

the map
Ta= 1_ [l]
o o
The reader is referred to Artin [1924a; 1924b] or Berthé and Nakada [2000] for more
details. For every irrational power series « in [, we denote by « =[0; Ay, Ap, ... ]1its
continued fraction expansion, where Ay = Ag (o) :=[1/ (T*'a)] is called the k-th
partial quotient of «. For each k > 1, Pi()/Qr(e) =[0, Ay, Ay, ..., Ag] is the
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k-th convergent of . This defines Py («) and Qy (o) up to a common multiplicative
factor. To define numerator and denominator of the k-th convergent of «, we set
P_1(¢) = Qp(e) =1and Q_ () = Py(e) =0, and, for any k > 0,

Pry1(a) = Apyr1 (o) Pr(a) + Pr—q (o),
Oiy1(a) = Apy1(a) Or (@) + Qi1 ().

The following elementary properties of continued fraction expansions of formal
power series are well known (see Fuchs [2002] for details).

Lemma 3.1 [Fuchs 2002]. Under the above notation, we have for k > 1:
(1) (Pr(a), Qi) = 1.

@) 1=11Qo@ < 1@l < Q2 <---.

3) 1@l =TTy 14i @)l

(4) Proi(e) Qi(@) = Pr(@) Qr—1(a) = (=D~

We also need a version of Dirichlet’s theorem in the fields of formal power series.
The next statement follows from Theorem 2.1 of [Ganguly and Ghosh 2017].

Theorem 3.2. Let m, n be positive integers. Let A be in M,,,m(ﬂ:q((z_l))). Then,
for any positive integer c, there is a nonzero polynomial vector u such that

(Au)| < g7 and 1< |ul| <q".

In dimension greater than one, we deal with sequences of vectors having similar
properties to the sequence of convergents in dimension one. For this purpose, for a

SI=R ==

n
Mi(y) = ey, y=On....y)", 1<j<m,
i=1

the linear forms determined by its columns. Then, for y in I, ((z71)", we set
M(y)= max |(M;(y))|=[(ATy)I.
- 1<j<m - -
Definition 3.3. For a sequence of polynomial vectors (Xi) i>1, write
lyill =Y, M;=M(®)).
If the sequence satisfies
1=Y1<Y2<-", M]>M2>---

and M (X) > M; for all nonzero polynomial vectors Y of norm || y || < Yiy1, then
it is called a sequence of best approximations related to the matrix A’ (or to the
linear forms My, M>, ..., M,,).
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Now we construct inductively a sequence of best approximations related to the
matrix AT,

Let Yy = [Iyill = 1, and M(y) = M(y,) = M, for any polynomial vector y in
Fylz]" with [yl = 1.

Suppose that Y1, ..., y; have already been constructed in such a way that M (y) >
M; for all nonzero poly_nomial vectors y with ||y|| < Y;. Let Y be the smallest
integer power of ¢ greater than Y; and for which there exists a polynomial vector z
with ||z|| =Y and M (z) < M;. Since M; is positive, the integer ¥ does exist by
Theorem 3.2. Among those points z, we select an element y for which M (z) is
minimal. Then we set a

Yit1 =Y, Yiq1 =Y, and M1 =M(y).

The sequence (y;);>1 constructed in this way enjoys the desired properties.
The following two lemmas collect some properties of the sequence of best
approximations.

Lemma 3.4. Let (y;)i>1 be the sequence of best approximations related to the
linear forms My, ..., M,,. Then we have:

() Y >q fori>1.
(i) M; <qh Y7 fori>1.
(iii) For w <®(AT), M; < Yl:‘]) holds for any sufficiently large i.
(iv) For w < w(AT), M; < Y.~ holds for infinitely many i.
Remark. In the special case m = 1, (ii) can be replaced by the large inequality
M; <q" 'Y
Proof. (i). This is immediate since Y;1 > ¢qY;.

(>ii). It follows from Theorem 3.2 that the system of inequalities
et
M(y) <g~m and [y| <¢°

has a nonzero polynomial y for ¢© = g~ 'Y;,1. This implies M; < (g~ 'Y 1)="/™,
as asserted.

(iii). Let @ with 0 < w < ®(AT). Then, the system of inequalities
M(y)<H™ and |y|l<H

has a nonzero solution for any sufficiently large real number H. In particular, for
every sufficiently large integer i, the system of inequalities

M(y)<Y7$ and |yl <Yis
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has a nonzero solution z;, satisfying
—w

(iv). For w < w(AT), there are infinitely many polynomial vectors 4 in [Fq((z_l))”
such that M (h) < ||h||~®. For every such & in Fq((zfl))”, there exists an index i

such that ¥; < ||A|| < Y;41. Then, M; < M(h) < |||~ <Y “. O
Lemma 3.5. Let (y;)i>1 be the sequence of best approximations related to the
linear forms My, ..., My, Then, for almost all = (61, ...,0,)7T in [Fq((z_l))”,
we have

1(yi @) =Y,

for any § > 0 and any index i which is sufficiently large in terms of 6 and 6.

Proof. For any § > 0 and any i > 1, consider the set
B(y)=1{0= 1 ....00" : [(yi )] < ¥},

It follows from equality (2.3) in [Kristensen 2003] that the Haar measure of B(y;) is
bounded from above by Yf‘s times some absolute, positive constant. Combined with
the fact that ¥; > ¢’ for i > 1, which ensures that the series Y ois1 Y;‘S converges, we
deduce from the Borel-Cantelli lemma that the set of & which belong to infinitely
many sets B(y;) has Haar measure zero. This implies the lemma. O

Let o be in [. Denote by [0; A{, A», ...] its continued fraction expansion and
by (Px)/(Qy) its k-th convergent, for k > 0. Set

Dy = Qra— P, fork=>1.
Lemma 3.6 [Fuchs 2002]. Under the above notation, we have
(1) Dit1 = Ak41Di + Dy—1,
@) 1D¢ll = Qs — Pill = {Quar}l| = 1.

In addition to continued fractions, we also make use of the Ostrowski expansion
of the elements of [ with respect to an irrational power series «.

Lemma 3.7 [Kim and Nakada 2011]. Under the above notation, for every pos-
itive integer k and every Q in F4[z] with deg Q < deg Qyy1, there is a unique
decomposition

Q=B1Qo+B01+-- -+ Biy1 0k,

where B; is in F,[z] and deg B; < deg A; for 1 <i <k+1.
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Lemma 3.8 [Kim et al. 2013]. Under the above notation, for every 8 in |, there is
a representation of B under the form

3) B=> or1(B)Dy =01(B)Do+02(B) D1+ -,
k=0

where 0;(B) is in F,[z] and deg 0;(B) < deg A; () for i > 1. The representation (3)
is called the Ostrowski expansion of B with respect to a or an a-expansion for B.

For simplicity, we write
B=1lo1(B),02(B), ..., 0u(p), ... la

and call the sequence (0,(8)),>1 the sequence of digits of 8. To facilitate the
exposition, we make use of a kind of symbolic space defined as follows.
For any n > 1, set

L.(a) ={(o1,...,00) :0; € Fylz] and dego; < deg A;(x) for 1 <i <n}

L(a) = U L, (a).
n=1

Then, for any (o7, ..., 0,) in L, (o), there exists an element 8 in | whose sequence
of digits begins with (oy, ..., 0,).
For an n-tuple 0 = (04, ..., 0,) in L, (), we call

I,(o1,...,0n)={B €l:ox(B) =0y for 1 <k <n}

a cylinder of order n; this is the set of formal power series in | which have an
a-expansion beginning with o1, ..., 0.
For the size of the cylinder, we have the following lemma.

Lemma 3.9 [Kim et al. 2013]. For any o = (o4, ..., 0,) in L, («), the n-th cylin-

der I,(01,...,0,) is a closed disc centered at ZZ;(]) ok+1 Dy and of diameter
q_deg Qn_l

4. A transference lemma and the proof of Theorem 1.1

Recall that

n
Mj(z)=zai,j)% y=01 -7, l<j=m,
i=1

are the linear forms determined by the columns of the matrix A = (¢; ), and
m
Li(£)=zai,jxj, x=p, s Xm), l<i=<n,

j=1
are the linear forms determined by its rows.
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In this section, by using a similar method to that in the real case (see [Cassels
1957]), we prove a transference lemma, which establishes a relation between
inhomogeneous simultaneous approximation and homogeneous approximation. To
give the proof, we need some auxiliary results. We first state a power series analogue
of Theorem XVI on page 97 of [Cassels 1957].

Theorem 4.1. Let [ be a positive integer and fi(0), gk(§) for 1 <k <1 be linear
formsinf = (6y,...,0) and§ = (&1, ..., &), respectively. Suppose that

) 1
€ D AO®uE) =) bk
k=1 k=1

identically. Let = (B1. ..., By) be a vector in Fy((z~H)" If

!
<Z gk<§)ﬁk>
k=1

holds for all polynomial vectors &, then there exists a polynomial vector b in F, [z]!
such that

(6) (B = fi@)] =1, l<k=L

Proof. We regard § as a row vector and ¢ and 8 as column vectors. Let G = (g;, ;) be
the / x [ square matrix whose k-th column is the coefficients of g and F = (f; ;) be
the [ x [ square matrix whose k-th row is the coefficients of f;. Then, (4) becomes

&)

< max
= max g (@)l

g g -+ gn\ [Jfu fiz oo fu\ [ l
(61,82,....6) g.]z g'22 ng f:21 f:22 f:ﬂ 0:2 :Ze"s"’
g.ll 8'21 8'11 Su fo o fu) \b .
This implies that
(7 G=F""

By the analogue of Minkowski’s theorem in [Fq((z_l)) proved in Section 9 of
[Mahler 1941] and applied to the convex body max;<;< [|g; (g )|| <1, there is a
polynomial / x / matrix W with || det W|| = 1 whose k-th row w® satisfies

I
g (W = g = | det G|,
®) max, [lg; ()l = k]j[luk | det G|

where the positive real numbers p, 1 <k </, are the successive minima for the
function max; << [|g;()ll.
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By (5), (8), and the definition of g (§), we have

M(I)G
w(Z)G

\@’.)G
gDy D) - g\ (B
g w®) @) - g || A
g g® - g ) \g

le:l Bigjwh)
e Bigiw®)

= =a+3,
lezl Bigj(w®)
where a is polynomial vector and
) 6kl < forl <k <L

Hence, by (7), we get
(10) B=Fb+y,

where b = W~lg and § = WGy. Here, b is also a polynomial vector since
|l[det W| = 1. By the matrix operation on the ring of matrices whose coordinates
are in the fields of power series, we get
_ det((WG);)
YIT de (w1
where
giw®) - g @) 8 gip@®) - g@h)
) . (2) . (2) 2)
w DR _ w 6 w ... w
WG); = 81(? ) § gj 1(:_ ) :2 g,+1(:_ ) . gl(_' )
grw® - g @) & g - @)
By (8), the norm of the k-th row of the W G is at most ;. Combined with (9), we get

l
(11) lyill < Il det Gl e < 1.
k=1

which gives
(B — fu@)] <1, l<k<l O
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Corollary 4.2. Let L;j(x) and M;(u) be as above and set | = m +n. Let o =

(a1, ...,0p) in [Fq((zfl))", and s and t be positive integers. Suppose that
(12) (ot + - - -+ upory)| < max{q’ max (M), ¢~ max |lu;ll}
1<i<m 1<j<n

holds for all polynomial vectors u. Then, there exists a polynomial vector b =
(b1, ..., by) with

(LB —apl =g, bl 4", j=1...,m.

Proof. This is a special case of Theorem 4.1. Let C and X be in [Fq((zfl)) with
ICll=¢~*and [ X|| =q". Let

Q:('E’g):(xlv"'vxnl?Zlv"'vZn)v

E=@, W)= V1,..., Un, UL, ..., Un),

C Y Li(x)+2zr) fork <n,
H@=y__,

X" " xp_n forn <k <lI,

Cuy, fork <n,
gr() =

X (Vk—pn — My—n(w)) forn <k <I,

and g = (C ~la, 0). The corollary then follows from Theorem 4.1. O

Lemma 4.3 (transference lemma). Let s and t be positive integers. Suppose that
the inequality

M(y)=q™"
holds for any nonzero polynomial n-tuple y of norm || y|| < g*. Then, for all n-tuples
©1,...,0,) in [Fq((z_l))”, there exists a polynomial vector x with || x| < q' such
that

max [(L;(x) —6;)] <q°.

I<i<n
Proof. We apply Corollary 4.2 with u =y and « =6. If |ly|| > ¢°, then the
inequality (12) holds, since the left-hand side of inequality (12) is not greater than 7
If Iyl < q°, then, since M (y) > ¢, the right-hand side of (12) is greater than 1
and (12) holds. By Corollary 4.2, the proof is established. U

Proof of Theorem 1.1. First of all, we suppose that for every ¢ > 0, there is a
polynomial vector x such that simultaneously [(L;(x) —6;)| <e, (1 <i <n). If
w=(uy,...,u,)" is any polynomial vector such that ATy is in [F,[z]™, then

i Ly(x) 4+ + iy Ly (x) = u” Ax € Fyz].
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It follows that
w101 + - - -+ unOp) | = [(u1 (L1 (x) =01+ - +un(Ly(x) — 0,))]
< max{[{u1(L1(x) =0, ..., {un(Ln(x) — 6)) 1}
=< [lulle.

Since ¢ is arbitrary, we have

[(u161 + - - - +u,0,)| =0.

Thus,
uibp+---+u,b, € [Fq[Z].

Now we turn to proving that (2) implies (1), with the help of Corollary 4.2.

For every ¢ > 0, there is a positive integer s such that g—° < ¢.

If |[(u1601 + - - - +u,6,)| =0, then the inequality (12) obviously holds. Otherwise,
we have maxj<j<p, [(M;(1))| > 0 by the assumption.

Since |(u101 + - - - +u,6,)| < g~ (12) is satisfied if [Ju| > ¢*. For the finitely
many polynomial vectors ¥ whose norm is less than ¢°, (12) still holds if we choose
the integer ¢ large enough. Then the proof is completed by using Corollary 4.2. [J

5. Proof of the Theorem 1.2

We begin by proving that the inequalities

(13) (A, 0) = and  ®(A,0) >

1
w(AT)
hold for all vectors 8 = (61, ..., 60,)T in F,((z"H)".

For the first inequality, we can clearly assume that (A7) is finite. Let w > @(AT)
be a real number. By the definition of the exponent w(A”), there exists a real
number H, which may be chosen arbitrarily large, such that

w(AT)

(14) M(y)=H™

for any nonzero polynomial vector y of norm at most equal to H. Let s,  be positive
integers such that H=® > ¢g~' >_q*1H*“’ and ¢° < H < ¢**!. Then we have
M(y) > H~® > g~ for any nonzero polynomial vector y of norm at most equal
to qT. By Lemma 4.3, there exists a polynomial n-tuple )_c_with lx|l < g such that

1 1 1 1
max |[(L;(x) —60;)| <q* <qH ' <q'Togo <q'to|x| .

1<i<n
This shows that w(4, ) > L.
For the second inequality of (13), we can clearly assume that w(AT) is finite.
For > w(AT) and all real numbers H with sufficiently large, the inequality (14)
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is satisfied for any nonzero polynomial vector y of norm ||y|| < H. We argue in a
similar way as in the proof of the first inequality. We omit the details.
We now prove that

1

15 A,0) < ——— and @(A,0) <

(15) o( J_wm” and (A, 0) w(AT)
hold for almost all vectors § = (61, ..., 6,)7 in F,((z~H)™

By the formula XTAg = iTArx, it is easily seen that
VOt A ynn =Y XM ) — Y i (Lix, LX) = 60),
i=1

Jj=1

from which it follows that

(16)  [(y161 4+ -+ yubp)| < max{]||y|l max I(Li(x) = i), lx[1 M (y)}

for all polynomial vectors x = (x1, ..., Xu)" and y = (y1, ..., ya)".
We follow the notation in Section 3 and denote by

yi= it yin)’ and Yi=|yil, i1,

the sequence of best approximations associated with the matrix A7.
By Lemma 3.5, for almost all 8 in [Fq((z_l))”, the inequality

(17) (3101 + - - -+ Yinba)| > ¥,

holds for all § > 0 and any index i large enough. Let us fix two real numbers é and
o such that

0<8<w<a(AD).

Let x be a polynomial m-tuple with sufficiently large norm | x||, and let k be the
index defined by the inequality

1
Vi <|lx]|o=8 < Yiqr.

This gives

Ve, > @ > )y,
By (iii) of Lemma 3.4, we have
XM (i) < N2 Y < Y.
Using (16) with Y=Yk and (17) with i = k, we deduce that

Y, % < [lyxll max [(L;(x) —6;)] < Y¥; max [(L;(x) —6;)],
- 1<i<n 1<i<n
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which gives

~1-5 =
[(Ax —0)] = max |(L;(x) —0;)| =Y, " =[x ©=9
1<i<n

This implies
1+46
w(A,0) < < —
-8
Let 6 and w be arbitrarily close to 0 and to @(AT), respectively. Then, it is immediate
that the first inequality of (15) holds.
The second upper bound can be handled in the same manner. Let us fix now two

real numbers § and w such that
0<8<w<w(Al).

Let x be a polynomial m-tuple with ||x|| < Hy := Y,;"’S/Z. By (iv) of Lemma 3.4,
there exist infinitely many integers k > 1 such that M (Xk) < Yk_w, thus, for which,

y-?
Ix 1M (ye) < llx[ Y < kT
Applying again inequality (16), we obtain

Y < llyll max [(Li (o) = 6)] < Yy max |(Li(x) = 6)],
- lsizn 1<i<n
which yields
[(Ax —0)] = max |(Li(x) —6,)| = o=

Since the above lower bound holds for any polynomial x whose norm is less than
Hj, and for infinitely many k& > 1, noting that the sequence (H;);>; tends to infinity,

it follows that
1+6
(A, 0) < < —_—
-8
Choosing 8 and w arbitrarily close to 0 and to w(AT), respectively, we get the

second inequality of (15), and the proof of the first assertion is completed.

It only remains to prove that

(A, 0) <w(4),

when @ = (61, ...,6,)7 is not in AF,[z]™ + F,[z]".

For any x in F4[z]", set L(x) = [{Ax — 0)|. By the denseness of AF,[z]"
Fy ((z~1))" (which is implied by Theorem 1.1) and following the same method as in
the homogeneous case, we can construct a sequence of polynomial vectors x;, i > 1,
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in F,[z]™ associated with L(x,), L(x,), ... which satisfy the following properties.
Set ||x;|| = H; and L; = L(x;), then we have

l=Hi<H)<--- and L;>Ly>---
and L(x) > L; for all polynomial vectors x with || x| < H;+1. Here we also call the

above sequence (x;);>1 a sequence of best approximations related to Ly, Ly, .... By
definition of @(A, 6) and best approximation, for any w < @(A, 6), the inequality

0 < [(Ax; —0) < H Y
holds for any index i sufficiently large in terms of w. By using the triangle inequality,
we conclude that
(A —x;_ ) = [{Axi =0 — (Ax;_; — 0))
= max{[(Ax; —0)|, [(Ax;_, — O)[}
S Hi_w,

which gives that w(A) > w. Choosing w arbitrarily close to @(A, ), we complete
the proof.

6. Proof of Theorem 1.3

Before proving Theorem 1.3 we establish an auxiliary lemma.

Lemma 6.1. Let [ > 2 be an integer. For a sequence (hy)r>1 of polynomial vectors
such that |hgl| = ¢' -1 || for k =2, set

Sty =10 € 1" : there exists ko(0) such that |(hy 0)| > q_l forall k > ky(6)}.

Then we have dimp Sip,y > n — %

Proof. Our strategy to prove this lemma is as follows. First, we define some
partitions of " and construct a family of balls covering the points which do not
satisfy the condition in the definition of the set Sy;,;. Then we delete the family of
balls from the partitions to construct a Cantor subset contained in Sy, .

For any i > 1, define d; by ||h;|| = g% and set

T =z % 'F,[z]"NI"
It is clear that all distinct elements x, y in I'; satisfy

(18) lx =yl =g %"

Now we define a partition of [”. For each i > 1, let &; be the family of balls
B(c, g~%~1) centered at some point ¢ in T, i.e.,

G ={B(c,q % Y :cel}.
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By (18) and the ball intersection property, any two distinct balls in %; have empty
intersection. Each ball in %; has measure ¢‘~%~D", Since there are exactly g%+
of these balls, they do indeed define a partition of [".
For any i > 1, we consider the resonant set
R; ={x €l": hj x = p for some p € F,[z]}.
Since x is in [", each resonant set R; is contained in one of the affine spaces

Ri(r)y={xel":hjx=r}, whererisin[F,[z] with ||| <A

In each R;(r), we choose a subset A;(r) such that the distance between any two
different points in A;(r) is at least q_d"_l and such that, for any point & in R;(r),
there is a point 1 in A;(r) at a distance to & less than g %1 Let A; be the union
of the sets Ai(rjwhere 7|l < |k ]l. Set B

Gi={B(c,qg " N:ce A}

If 6 in [" satisfies |[(h; 0)| < %, then we have
. 1
;1 dists (8, R;) < [(hi0)] < P

where dist, denotes the distance associated with the supremum norm. Then,
distoo (0, R;) < g~

which implies that there exists € in R; such that

1o —&ll<q %",

and, consequently, 0 is contained in some ball which belongs to G;.
Let D; ={B € ¢; : BNG; = @}. Define

[o,0)
E; = U B and E:ﬂEi.
i=1

BeD;
Then, E C S{ﬁk}'

Now we determine the Hausdorff dimension of the set E. By the ball intersection
property, the distance between any two balls in D; is €; = ¢4~ Since %; is a
partition of [", for any ball B in D;, the number of balls of % contained in B is
q (div1—din.

For any g in Rj11(r), 6 in R;1(t), where r and ¢ are in [,[z], we obtain

L<lr =t < 18 =i 01l < Ml 11E =615

hence
Ig -0l =

[yl
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Consequently, the number of affine spaces which can intersect a ball B in D; is
at most g%+ =% =1 Since every such affine space contains ¢4+ =4 "=D points of
A1 N B, the number of balls of D; 1| contained in the ball B is at least

(div1—di)n _

miv1=q q(di+l_di)”_] — q(di+1—d[)n(1 ) > -1 (d1+1 din.
Since |||l = g' || hx—1 ]| for k >2, we have dy > (k—1)l. By this fact and Example 4.6
of [Falconer 1990], we have

logmlmz e Mp—q

dimgy E > liminf m -n
k—+o0 —log mye€;

klogé—l—ndk 1logg

> lim inf -n
k>+o0 —log L +n(d_i +1)logg
ndi,_1—k
>11n11nfk—1 -n
k—+oo n(dy_1 +2)
ndi_1— 7(drk—1) —2 1
> lim inf ——— i) nEn—-. 0
k—+00 n(dy_1+2) l

Now we prove Theorem 1.3.

For a positive integer [ > 2, we extract a subsequence (yy,))k>1 from the
sequence of best approximations (yi)r>1, where the index function is an increasing
function ¢; : Z>1 — Z> satisfyiné ¢1(1) =1 and, for any integer i > 2,

(19) Yoy =4 Yoi-y and  Yyi-11 =g Y.

Let
Jo=1j:Yj41>4'Y;}.

To define the function ¢; we distinguish two cases, according to whether the set 7
is finite or not.

If Jo is an infinite set, then set ¢;(1) = 1. Suppose that ¢; (i) has already been
defined for 1 <i <1/, and define ¢;(h) to be the smallest element of 7, greater than
@i(h'). We let ¢y (h—1) be the largest index ¢ > ¢; (h") for which Y, ) > ¢'Y;, we let
@i (h—2) be the largest index ¢ > ¢; (k") for which Y, ,—1) > q’ Y,, and so on until an
index ¢ as above does not exist. We have just defined ¢;(h), ¢;(h—1), ..., g;(h—hy).
Then, we set h = h' + ho + 1, and the inequalities (19) are satisfied for i =
W4+1,...,h+hy+1.

If Jp is a finite set, we denote by g the largest of its elements, putting g = 1
if Jo is empty. We apply the above process to construct the initial values of the
function ¢ up to g = ¢;(h). Then, we define ¢;(h + 1) as the smallest index ¢
for which Y, > ¢'¥,,). We observe that Yy, ¢11)-1 < ¢' Y and Yymy41 >
Yo > 4 Yomt—1 > a7 Yy m+1), as required. We continue in this way, by
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defining ¢;(h +2) as the smallest index ¢ for which Y; > q’ Yy, (h+1), and so on. The
inequalities (19) are then satisfied.
By Lemma 6.1, for any ¢ in Sy, ). it follows that

1

Y ),101 + - -+ Yo, i),0n0n) | = 7 for sufficiently large i.

Let x be a nonzero polynomial m-tuple whose norm is sufficiently large and let £
be the index defined by the inequalities

2041) 1
(+)qn|

m
Yo =q Xl < Y41

By Lemma 3.4 and inequality (16) with y = y,, ), we have

@141y, M o |

< max{g“ Vg ||x|7(Ax =), lxllgm Y, 7

Q| =

By construction of the subsequence (Y, (;))i>1, we have Y, ¢; (lk) Yokt < qu, SO

no_n , _@4bn a2
||)_C||qu¢,(k)+1<q q ™ qmqmn" =q ,

then
m m
< g g |x|Im |(Ax — )],

Q| =

which gives
_ _m _m
(Ax —0)| = g~ ® g n||x||"n.

From this, we deduce that Sy, .} C Bad®(A) with & = g~?*2)¢~"/", and then

1
dimy Bad®(A) > n — 7

which implies the second assertion.
Recall that

>0 xeFy[z]™, [l x]|—>o00

We have just proved that, for any integer [ > 2, we have
Sy, o) C Bad(A).
Letting / tend to infinity, we obtain
dimy Bad(A) =n.

This completes the proof of the theorem.
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7. Proof of Theorem 1.4

We use the same method as in the last section. The next lemma can be seen as a
sharpening of Lemma 6.1 when the sequence of norms of the polynomial vectors
increases very rapidly.

Lemma 7.1. Forany § in (0, g1, let (hi)i>1 be a sequence of polynomial vectors
such that ||y, |/ 1kl > g8~ for k > 1 and limy_, o || hx||'/* = co. Then, the set

Ss = {0 € 1" : there exists ko(0) such that |{h;6)| > 8 for all k > ko(0)}

has full Hausdorff dimension.

Proof. Since the proof is very similar to that of Lemma 6.1, we just give the
necessary modifications here.

Let § be in (0, g~']. For any k > 1, set ||h]| = g%. We note that § plays the
role of g~! in the proof of Lemma 6.1. The remaining part of the construction of
a suitable subset can be done in a similar way. Notice that, since di/k tends to
infinity with k, we have

logmymy - --my_;

dimg E > liminf P ‘n
k—+o0 —log myey

o klog % + ndy_1logq
= lim inf 1 ‘n=n
k—+oo —log 5 +n(di—1 + 1) logg

which completes the proof. (]

Let us begin the proof of Theorem 1.4.
Let
Xk=(yk17"'aykn)T7 kzla

be the sequence of best approximations associated to the matrix A7, and set Y} :=
ll ykll for k = 1.

Let § be in (0, ¢! and set R =¢8~". Since Ykl/k tends to infinity with &, the set
Jr=1{j:Yj41 = RY;}.

is an infinite set. In the same way as in the proof of Theorem 1.3, we can extract a
subsequence (yyk))k>1 Of (yi)i>1 with the property that

(20) Yot) = RYpe—1ys  Ypt—1y41 = R Yy, for k > 2.

We apply Lemma 7.1 to (yy))k>1 and take & = (61, ..., 6,) in the corresponding
set S5, that is, satisfying

21) {Yo)101 + -+ -+ Yoynbn)| = &  for sufficiently large k.
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Let & be a nonzero polynomial m-tuple whose norm is sufficiently large and let k
be the index defined by the inequality

_m m
Yoy qRS™ Al n < Yoty

By (16), (20), and (ii) of Lemma 3.4 with Y=Yk and x =, since
n

n_ I _n n_-—n n
1AM (pow) < g ¥, 1, < 8(qR) Tgmy m Y <3,

we have
_m m
8§ <Yy [(Ah —0)| <qRS™ n ||kl " |{AR —0)].

Consequently, we get
m 81+% 82+%
Al (AR —6)] = =
gR q
By letting § = ¢/, this gives the first assertion of Theorem 1.4.

If m=n=1, A= (x), and the degrees of the partial quotients of « tend to
infinity, then the assumption of Lemma 7.1 is satisfied for h; = Qy4y for some
constant N > 0. Forany 0 < § < %, the set Sy has full Hausdorff dimension. Let x
be in [ and let & be a polynomial. Then, for every y in F,[z], we have

5 -

(22)  [(yx)l = [{yx — yah + yah)| < max{||y[[[{(ho — x)|, [2]|[(ye)|}.

Now we assume that ||/ is large enough and let / be the integer with || Q| <
STl < |l Qi+1|l. For any 6 in Ss, letting y = Q; and x = @ in the inequality (22),
since [|[[I{ Qra}ll = 121/ Qi411l < &, we have

8 < [(Qi0)| < 1 Qilll{ha — 6)| < 87 ||| (ha — 6)).

This gives ||h|||(ha — 0)] > 82 Setting § = %, the proof is complete.

8. Proof of Theorem 2.3

Since we always have w((£)) = 1 for any irrational power series £ whose partial
quotients have bounded degree, we may assume that w > 1.

If w((£)) is finite and equal to w, then let (w,),>0 be the constant sequence equal
to w, otherwise, put w, = n for any n > 0. Let £ be an element in I]:q((z_l)) such
that the sequence of the denominators (Q,),>¢ of its convergents P,/ Q, satisfies
the growth condition

1Qnll® = 1Qns1ll < qllQnll™.

By Theorem 1.2, we have @((§), ) = 1/w((&)) for almost all § in [Fq((z_l)). Letv
be a nonnegative real number. If w((§)) is finite, then assume furthermore that
i < v < w. We construct an element 6 in Fq((z_l)) for which @((£¢), 8) = v. When
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w((§)) = 400, our process furnishes moreover some 6 not in F,[z] +&F,[z] with
w((§),0) = +oo.
Let (u,)n>0 be a sequence of polynomials with

Wy —V Wy —V
[Onll V1 < lunll < gllQnll v+1, forn>1.

Set
6= u(Qi — Po).
k>0
For any n > 0, set
n n
Vn = Zquk and Wn = Zukpk.
k=0 k=0

Then we have

IVall = luallllQull  and Vo — Wy — 61 = luns1 11 Quiall ™,

SO
w,+1 wp+1
1Qnll vH1 < ([ Vall < qllQnll v+!
and
1 _v(@p41t+l) _v(@pt1t1)
g N1Qunt1ll vl < |[IVu§ =W, =0l <qllQun1ll  vHI
hence
_v(@ni+]) ~
(23) IV = Wy =01l < qll Qut I vHT < g™V |7

which implies that @((£), #) > v. When w((£)) = +00, we construct 6 in [Fq((z_l))
not in F,[z]+&F,[z] and with @((§), #) = +o0 exactly in the same way, by taking
u, =1 for any n > 0.

Next we prove that for infinitely many n and all polynomials x and y with
IXIl < 21 Vall, we have

(24) Ixg —y =61l = g IVl ™.
It follows that @((§), 8) < v, and therefore that @((§), ) = v.

To obtain a contradiction, we suppose inequality (24) does not hold for some
polynomials x and y with || x| < éll V. |l. Then we deduce from (23) and the triangle
inequality that

[(x = Vi) = (v =WpDl = IxE =y =0 = (V41§ = W1 —0)|
< max{|[x§ —y = 0|, |Va—1§ — Wy—1 —0|I}

1 —
<q lIVal™"
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Set
a=—P,(x=V,—1)+0n(y—Wp—1) and b=P,_1(x=Vp1) = Qu-1(y—Wp_1)
if n is even (the case n is odd can be handled in the same way). Then we have
x=Vi1=a0, 1+bQ, and y—-W, =aP, 1+DP,.
A trivial verification shows that
b=x—=Vy )Pt — Qu1(y = Wy1)
=X = Vo) (Po1 =6 Qn—1) = @1 (y = Wyt — (x = Vi1)§).
This gives
151l < max{g "V Qu-t 11 Vall ™ ¢~ IVl @l ™)
=g IValllQull ™" < ¢ Mluall-
Now we use the formula

x§ —y—0=a(Qn-1§ — Po—1) — (un —b)(Qné — P) — Z ur(Qr§ — Pr).

k>n+1
When a # 0, we bound from below

v(wy+1

_v(@ut]) B
>0l v =Vl

q
—y—0|= n—18 — Py = =
x§ —y =0l =lla(Qn-1§ DIl = 10

When a = 0, we obtain
Ix& —y — 01l = Il tn — b)(Qn&E — PN = lutnllll @t |7
-1 - Eut
>q  1Qnll™ "1 Qnll v+1
>q IVl

We have reached the expected contradiction.

9. Proof of Theorem 2.1

We only need to establish the implication “="" in Theorem 2.1 and it can be restated
as follows.

Theorem 9.1. Under the assumption that lim infy_, oo % log || Qkll < oo, we have
dimy Bad®(ax) <1 foranye > 0.
Proof. For positive integers K and ¢, set

Bad (@) = {0 € 1: || QllI{Qa} — 6]l > ¢~ for all Q in F,[z] with | Q]| > | Qk I}
For k > 1, set ny = deg Q.
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We define a sequence (k;);>o as follows. Set ko = K and, fori > 1, let k; | be the
smallest integer k for which ny —ny, >t +4. Since || Qx+1|l > gl O ||, the sequence
(ki+1 — ki)i>o0 is uniformly bounded from above by an absolute constant and we
deduce from our assumption on the growth of the sequence ((log || Qkll)/k)i>1 that

1
A :=liminf - log || O, || < +o00.
1—>o0 1

Setting §2(i) = Udeg QO=n, ny; <n<ng,_,—t B({Qa}, g ™+1), we have

lJ  BU{Qah.g7'IQITH= U  B{Qat.g"HDQ0>).
deg Q=n, ny, <n<nj, deg O=n, ny, sn<ny_,
Write
Clk)={I(o1,...,01) : (01, ...,00%) € Lk(a)},
where I (oy, ..., ox) is the cylinder of order n with respect to the «-expansion (see

the end of Section 3), and

H; ={B €C(kj+1) : BNQ{) = o}

E; = U B and E=ﬂE,-.

BeH; i>1

Let

Then we have
Bad} (@) C E.

Every ball B in C(k;) can be written as B =1 (o1, ..., oy;) for some (o1, ..., oy;)
in L, (o). For any Q with deg Q = n where ny, <n < ny,, —t, it follows from
Lemma 3.7 that

(25) {Qa} =01Dy+ 02D+ 40k, Di;—1 + - - - + 0k, +d Dij+a—1,

where d is defined by || Qx, +a—11l < g™+ ™" < || Qs +all. Then, the element of such
{Qa} contained in the ball B is at least g8 Ak+1+-+dee Ak+a which is greater than
g"i+1 7" In the same way as one gets (25), we deduce that, for any distinct Q
and Q' in F,[z] with deg Q and deg Q' < ny,,,, we have

1{Qar} —{Qa}ll = | Dy, 1]l = g "1

Thus the number of balls B({Q«}, g~ "“i+') with deg Q =n and ny, <n <ny,,, —t
which are contained in the ball B is at least g™ i+1 " ",
Then the number of balls in E;;; contained in a ball of E; is at most

i+1

Mk~ q”ki+1 =l — 1- q_’)q"kwrl ;|

q
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For a real number s in (0, 1), let H® denote the Hausdorff s-measure. For any M
satisfying log M > A, for any s with 1 > s > 1 +1log(1 —¢~")/log M, we have
H'(E)< ) [B=(1—¢7g"iq™™)
Beﬂ_i/=| Ej
<(A—g )M <1.

Then dimpy (E) < 1 +1log(l — ¢~ ")/log M < 1; this completes the proof. O

10. Proof of Theorem 2.2

By Theorem 2.1, we only need to prove the following statement.

Theorem 10.1. Let o in [, ((z™Y)) be an irrational power series and (Pe/Qii>1
the sequence of its convergents. Then « is singular on average if and only if | Qx ||/
tends to infinity with k.

Proof. First, we prove that « is singular on average under the condition that || Q|| 1/k

tends to infinity with k.
Let0<c < é and k > 3 be an integer. By Lemmas 3.6 and 3.7, for any Q in
Fqlz] with O < [[Q| < | Qk+1ll, we have Q = B1 Qo+ B2Q1+- -+ Bit1 Q- Then

{Qa} = B1Do+ BaDy+ -+ + Byi1 Dk,
which gives
I{Qa}ll = [1B1Do + B2 Dy + - - - + Bi1 Dic|| = || Diell = [{Qiea}ll = [(Qkex) |-
In this way, for each integer X with || Q|| < X < || Q+1l, the inequalities
(26) l{ha}l <eX™' and O <Al <X

have a solution in [, [z] if and only if [[{Qra}| < cX L.
Thus for each integer / in [log, || Ok ||, log, || Qk+1l), inequalities (26) have no
solution for X = 2 if and only if

I{Qra}ll
—log, e = [ <log, [ Qk+1ll-
Since |[{Qra}ll = || Ok+1 | !, the number of integers [ in [log, || Okll, log, || Qk+11)
such that inequalities (26) have no solution for X = 2! is at most

I{Qka} I
logy | Qk+1ll +1og, e

+l§log%+l.

Therefore, for an integer N with log, || Okl < N < log, || Qk+1l|, the number of
integers / in {1, 2, ..., N} such that inequalities (26) have no solution for X is
not greater than (log L +1)(k 4 1). Recalling that Ay () denote the number of
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integers [ in {1, ..., N} for which the inequality ||[{Qa}|| < 2! has a solution with
0 < |0l <2 we have

N—Ayc@ _(ogi+1)(k+1) _(log¢+1)(k+1)
N N ~ log 10kl

Using the assumption that || Q|| 17k tends to infinity with k, we can deduce that
%(N — Ay .(a)) converges to 0. Therefore, « is singular on average.

Suppose that « is singular on average, and choose ¢ = g —>. Let [ be an integer
satisfying ¢ || Qx41 ]l < 2! < || Qk1]l for some k > 1. Then, we have
9> ¢
o T
Since ||[{ha}|l = ||{Qka}]| for any polynomial # with 0 < ||k < || Qk+1ll, we
conclude that inequalities (26) have no solution for X = 2/, if / is an integer in

[log, | Qk+1ll —21log; g, log, [ Qk+11)-
By Lemma 3.6, [| Qx+1] =[]+ |A;|| and deg Ay > 1, we have that

I Qks1ll = g*11 Qk—1ll,

k)l =11 Qes1ll ™! =

which implies that

[log, [| Qk—1ll—2log, q,10g; | Qk—1]l) and [log, || Qk+1l[—21og, g, 10g; || Q1 1)

are disjoint for k > 1. Let N be an integer with log, || Qx| < N <log, || Q2+21l;
it follows that the number of integers [ in {1, 2, ..., N} such that inequalities (26)
have no solution for X =2/ and ¢ = ¢~ is at least 2k. In this way,

2k < 2k < N — AN,C(“)
log, | Qok42ll = N N '

The condition of singularity on average implies that the right-hand side of the above
inequality goes to 0 as N tends to infinity. By the monotonicity of (|| Qkl|)x>1, we
conclude that (|| Q¢ ||'/*)x=1 tends to infinity. O
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TORSION OF RATIONAL ELLIPTIC CURVES
OVER THE MAXIMAL ABELIAN EXTENSION OF Q

MICHAEL CHOU

Let E be an elliptic curve defined over Q, and let Q* be the maximal
abelian extension of (0. In this article we classify the groups that can arise as
E (@) ors up to isomorphism. The method illustrates techniques for finding
explicit models of modular curves of mixed level structure. Moreover, we
provide an explicit algorithm to compute E(Q?"), for any elliptic curve
E/Q.

1. Introduction and notation

Let K denote a number field, and let E be an elliptic curve over K. The Mordell-
Weil theorem states that the group of K -rational points on E form a finitely generated
abelian group. In particular, letting E(K) denote the K-rational points on E, we
have that

E(K) = ZrK EB E(K)tors

for some finite group E(K )y, called the torsion of E over K. In fact, due to
a theorem of Merel [1996], there is a bound on the size of the torsion subgroup
that depends only on the degree of K over Q. Thus, there is a finite list of torsion
subgroups that appear as E (K ) rs as K varies over number fields of a fixed degree d
and E/K varies. Let ®(d) denote the set of torsion subgroups (up to isomorphism)
that appear as E (K )ors for some elliptic curve E/K as K ranges over all number
fields of a fixed degree d over Q. In particular, Mazur [1978] determined & (1). Not
many other values of ®(d) have been determined. The set ®(2) was classified by
Kamienny [1992] and Kenku and Momose [1988], and the set @ (3) was classified by
Derickx, Etropolski, Morrow, van Hoeij, and Zureick-Brown [Derickx et al. > 2019].

Classifying torsion subgroups of elliptic curves over number fields is equivalent
to classifying points on the modular curves X (M, N) defined over these number
fields. Thus, the classification of ® (d) involves determining all such modular curves
with K -rational points for any number field K of degree d over Q.

MSC2010: primary 11G05; secondary 14HS52.
Keywords: elliptic curves, torsion, abelian, extension.
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One may also ask a more refined question. Let ®g(d) denote the set of torsion
subgroups (up to isomorphism) that appear as E (K )ors for some elliptic curve E/Q
as K ranges over all number fields of degree d over Q. Notice that necessarily
dp(d) C d(d) since we are restricting the set of elliptic curves we are considering.
Of course, ®g(1) = P (1). The sets Pg(2) and Pg(3) were determined by Najman
[2016]. A subset of ®g(4), namely E (K )i for [K : @] = 4 and K /Q abelian,
was classified by the author [Chou 2016], and ®g(4) has been determined by
Gonzélez-Jiménez and Najman [2016]. For a more in-depth summary of what is
known about torsion of elliptic curves over number fields of a fixed degree d, see
for instance the introduction of [Chou 2016].

In the setting of modular curves, these torsion subgroups can be viewed as K -
rational points for some [K : @] =d on X (M, N) whose image under the j-map
is in Q. These elliptic curves obtain the torsion structure Z/MZ & Z/NZ over a
degree-d number field as they correspond to a K -rational point on X (M, N), but
their j-invariants are in Q, as each elliptic curve can be defined over ().

One can also consider torsion over an infinite extension L of @. For a fixed
algebraic extension L of Q, let ®g (L) denote the set of torsion subgroups E (L)tors
up to isomorphism that appear as E/Q varies. The Mordell-Weil theorem no longer
applies, and so a priori it is not guaranteed that the size of E (L) is finite, let
alone uniformly bounded as E varies. Even so, in certain infinite extensions the
number of torsion points is finite and, in fact, uniformly bounded as E varies. Fujita
determined ®g(Q(2%°)) where Q(2%°) is the compositum of all degree-2 extensions

of Q, i.e.,, QR®) := Q({/m : m € 7}).
Theorem 1.1 [Fujita 2005, Theorem 2].

Z/N\Z, Ni=1,3,5,7,9, 15,
7/2Z x ZJ2N-Z, N»=1,2,3,4,5,6,8,
Z/AZ x Z/ANsZ, Ni=1,2,3,4,

7/37 x 732,

7/67 x 7/6Z,

7/87 x 7/87.

Po(Q2%)) =

Torsion over a similar infinite extension, @Q(3°°), the compositum of all cubic
number fields, was studied by Daniels, Lozano-Robledo, Najman, and Sutherland
[Daniels et al. 2018]. They classify ®g(Q(3°°)). Moreover, they determine which
of these torsion structures appear infinitely often and which appear for only finitely
many isomorphism classes of elliptic curves.

Here is some notation that will be used throughout the paper: E[p>] denotes
torsion points of order a power of p and Q® denotes the maximal abelian extension
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of Q. By the Kronecker—Weber theorem we have that Q* = Q({¢, : n € Z*})
where ¢, denotes a primitive n-th root of unity.

Given an abelian variety A/Q, the torsion subgroup of A(Q?) is finite (this is
due to a theorem of Ribet [1981]). Thus, one can ask if there is a uniform bound
for the size of such a torsion subgroup or whether there are possibly infinitely
many torsion structures that appear. If we restrict to genus-1 abelian varieties, we
prove there are only finitely many groups that appear as E(Q), for any elliptic
curve E/Q. In fact, we completely determine ®g(Q%).

Theorem 1.2. Let E/Q be an elliptic curve. Then E (@) ors is isomorphic to one
of the following groups:

Z/N\Z, Ni=1,3,5,7,9,11,13,15,17,19,21,25,27, 37,43, 67, 163,
7/2Z x ZJ2N»Z, N,=1,2,....9,

Z/3Z xZ/3NsZ, N;=1,3,

Z/AZ x ZJANAZ, Ns=1,2,3,4,

7/57 x 752,

7/67 x 7/6Z,

7/87 x 7/8Z.

Each of these groups appears as E(Q™) s for some elliptic curve over Q.

A uniform bound on the size of E(Q?%), for all elliptic curves E /Q is an easy
corollary of the classification.

Corollary 1.3. Let E/Q be an elliptic curve. Then #E (@) ors < 163. This bound

is sharp, as the curve 26569al has a point of order 163 over Q.

In Section 2 we discuss what is known about isogenies of elliptic curves over Q.
We then discuss the intimate connection between isogenies and torsion points
over Q. In Section 4 we use the results from Section 2 to prove bounds on the
group E (@), based on the isogenies E has over Q. In Section 5 we further refine
the bounds to eliminate the possibility of any group not appearing in Theorem 1.2.
In Section 6 we construct an algorithm to determine E (@) s for any elliptic
curve £/Q. Finally, Section 7 has, for each subgroup T appearing in Theorem 1.2,
an example of an elliptic curve E/Q such that E(Q®) = T, completing the
proof of Theorem 1.2. We use Cremona labels for our elliptic curves, and more
information on each curve can be found on the LMFDB [2013].

2. Isogenies

In the rest of the paper, when we refer to an isogeny, we will mean a cyclic Q-
rational isogeny. The classification of QQ-rational n-isogenies is an integral part of
the classification of torsion of elliptic curves E/Q over Q.
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Theorem 2.1 (Fricke, Kenku, Klein, Kubert, Ligozat, Mazur, and Ogg, among
others). If E/Q has an n-isogeny, n <19 orn € {21,25,27,37,43,67,163}. If E
does not have complex multiplication, then n < 18 or n € {21, 25, 37}.

See [Lozano-Robledo 2013, §9] for a more detailed discussion of this theorem.
Moreover, there is a detailed bound on the number of (D-isogenies an elliptic curve
can have. The following theorem is from [Kenku 1982], combining Theorem 2 and
the surrounding discussion.

Theorem 2.2 [Kenku 1982]. There are at most eight Q-isomorphism classes of
elliptic curves in each Q) isogeny class.

Let C,(E) denote the number of distinct Q-rational cyclic subgroups of order p"
foranyn > 0 of E. Then, we have the following table for bounds on C, for any
elliptic curve over Q:

5 7 11 13 17 19 37 43 67 163 else
322 2 2 2 2 2 2 2 1

p |2
C, |8

B~ W

In particular, fix a Q-isogeny class and a representative E of that class. Let
C(E)= ]_[p C,(E).
o If C,(E) =2 for some prime p > 11, then C,(E) = 1 for all other primes. So
C(E)=2.

o If C7(E) = 2, then Cs(E) = 1 and either C3(E) < 2 and Cy(E) = 1 or
C3(E) =1 and Cy(E) < 2. All these yield C(E) < 4.

o If Cs5(E) =3, then C,(E) =1 for all primes p # 5.

o If Cs(E) = 2, then either C3(E) < 2 and Cy(E) = 1 or C3(E) = 1 and
Cy(E) <2. Hence, C(E) <4.

o If C3(E) = 4, then there exists a representative of the class of E with a Q-
rational cyclic subgroup of order 27, and Cr(E) =1 s0 C(E) < 4.

e If C3(E) =3, then C2(E) <2 so that C(E) <6.
e If C3(E) <2, then Cy(E) <4 so that C(E) <8.

Note the fact that C(E) = 8 is possible only if C;(E) = 8 or C3(E) = 2 and
Co(E)=4.

The first connection between isogenies and points over @ is shown in the
following lemma.

Lemma 2.3. If E/Q has an n-isogeny defined over Q, then E(Q™) has a point of
order n.
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Proof. Let ¢ denote the n-isogeny over . Then ker(p) = (P) for some point
P € E(Q) of order n such that (P)° = (P) for all o € Gal(Q/Q). This induces a
character

¥ : Gal(Q/Q) — (Z/nZ)*

defined by o — a mod n where a is given by o (P) = aP. The kernel of ¢ is
precisely Gal(Q/Q(P)), and thus, we have that Gal(Q(P)/Q) is isomorphic to a
subgroup of (Z/nZ)*, and hence abelian. Therefore, P € E(Q%). O

Given an elliptic curve E/Q, due to Ribet’s theorem we know that there exists
m, n € ZZ° such that E(Q»)0ps = Z/mZ x Z/mnZ. We wish to understand what
possible m and n can occur together.

In regards to the values of m, normally one could use an argument via the
Weil pairing which implies that our field must contain ¢,,; however, this is not
very restrictive when looking at torsion over Q2. Instead, we have the following
theorem.

Theorem 2.4 [Gonzalez-Jiménez and Lozano-Robledo 2016, Theorem 1.1]. Let
E/Q be an elliptic curve. If there is an integer n > 2 such that Q(E[n]) = Q(¢,),
thenn=2,3, 4, or5. More generally, if Q(E[n])/Q is abelian, thenn=2, 3,4, 5, 6,
or 8. Moreover, Gal(Q(E[n]/Q)) is isomorphic to one of the following groups:

n 2 3 4 5 6 8
Gal(Q(E[n]/Q)) | {0y z/2z  7)27 7/47 (Z)22)* (Z)22)*
7/27 (Z)27)* (Z)22) Z)27 x7)47 (Z)27)° (Z)27)°
Z/37 (Z)27)°  (Z/47)* (2/)27)°
Z)22)*

Furthermore, each possible Galois group occurs for infinitely many distinct j-
invariants.

In fact, if E(Q™®)rs = Z/mZ x Z/mnZ, both values m and n are controlled
primarily by isogenies. For instance, in the proof of Theorem 2.4, Gonzélez-Jiménez
and Lozano-Robledo make use of a key corollary relating full- p-torsion over Q2
to Q-rational p-isogenies.

Corollary 2.5 [Gonzélez-Jiménez and Lozano-Robledo 2016, Corollary 3.9]. Let
E/Q be an elliptic curve, let p > 2 be a prime, and suppose that Q(E[p])/Q
is abelian. Then, the Q-isogeny class of E contains at least three distinct Q-
isomorphism classes, and C,(E) > 3. In particular p <5.

In particular, the proof of Corollary 2.4 in [Gonzdlez-Jiménez and Lozano-
Robledo 2016] shows that for all p > 2, if Q(E[p])/Q is abelian for some E/Q,
then E has two independent p-isogenies over Q. Note that the converse is also true.



486 MICHAEL CHOU

Lemma 2.6. Let E/Q be an elliptic curve, let p be a prime, and suppose that E
has two distinct p-isogenies over Q. Then Q(E|[p])/Q is abelian.

Proof. Let pg p : Gal(Q/Q) — Aut(E[p]) = GL(2, p) denote the mod p Galois
representation associated to E. Since E has two independent p-isogenies, there
exists a basis { P, Q} of E[p] so that the image of pf_, is contained in a split Cartan
subgroup of GL(2, p). Now, since ker pg, , = Gal(@/@(E[p])), it follows that

Gal(Q(E[p])/Q) = Gal(Q(P, 0)/Q) = pE ,(Gal(@/Q))
which is contained in split Cartan subgroup and thus abelian. U

Note that we can see in [Gonzdlez-Jiménez and Lozano-Robledo 2016, Table 1]
a complete table showing which elliptic curves with complex multiplication (CM)
can have Q(E[n]) abelian for which n. We also have the following lemma to help
understand the possible values of 7.

Lemma 2.7. Let K be a Galois extension of Q and E an elliptic curve over Q. If
E(K)ors =2Z/mZ x Z/mnZ, then E has an n-isogeny over Q.

Proof. Suppose E(K)ors =Z/mZ x Z/mnZ = (P, Q) where P has order m and Q
has order mn. Then [m]E (K )iors = (mP,mQ)=(mQ)=7/nZ. Let o € Gal(Q/Q).
Since K is Galois over Q and E is defined over Q, we have

Q(I € E(K)t0r59

and since the action of Galois commutes with multiplication by m,

(mQ)” =m(Q%) € [ImE(K)ors = (mQ).

Thus, (mQ) is a cyclic subgroup of order n that is stable under the action of
Gal(Q/Q), which implies E has an n-isogeny over Q. O

Thus, the possible values for m (up to a power of 2) and n are controlled by the
(D-isogenies of the elliptic curve.

3. Points of order 2"

In order to understand E(Q,,)[2°°] and its connection to isogenies, we will use
the database of Rouse and Zureick-Brown [2015]. First we prove a simple lemma
concerning quadratic twists.

Lemma 3.1. Let E/Q be an elliptic curve, let d be a square-free integer, and let
E, denote the quadratic twist of E by d. Then E(Q™)ors = Eq(Q™)ors.

Proof. Since E and E; become isomorphic over Q(v/d) and Q(v/d) € Q® for
any d, the lemma follows immediately. U



TORSION OF RATIONAL ELLIPTIC CURVES 487

Note that the minimal field of definition of the torsion for £ and E; may differ,
but by the previous lemma their torsion over Q% will always be isomorphic. In
particular, when examining elliptic curves with j-invariant not equal to 0 or 1728,
it suffices to fix a specific curve FE, and examine E (@) ors.

The following lemma gives a criterion for a point to be halved which will be
handy to explicitly compute Q(E[2¥]) for various k:

Lemma 3.2 [Knapp 1992, Theorem 4.2, p. 85]. Let K be a field of characteristic not
equal to 2 or 3 and E an elliptic curve over K given by y> = (x —a)(x — B)(x —y)
witha, B,y in K. For P = (x,y) € E(K), there exists a K -rational point Q =
(x', y") on E such that [21Q = P if and only if x —a, x — B, and x — y are all
squares in K. In this case, if we fix the sign of /x — o, /x — B, and \/x — y, then

x" equals one of

Vx—ayx—BEVx—ax—yE£Jx—BJSx—y +x
T ar BT —ayT =7 x—BVE =7 +x

where the signs are taken simultaneously.

or

In particular, we can prove a nice criterion for an elliptic curve having a point
of order 4 over @, but not full 4-torsion. We will make use of the following
proposition describing the Galois group of various degree-4 polynomials.

Proposition 3.3 [Conrad 2012, Corollary 4.5]. Let f(X) = X* 4+ bX? 4+ d be
irreducible in K| X], where K does not have characteristic 2. Its Galois group
over K, denoted Gy, is /24 x Z/2Z, Z/4Z, or Dy according to the following
conditions:

(1) Ifd € (K*)?, then Gy =727 x 7/27.
(2) Ifd ¢ (K*)? and (b*> —4d)d € (K*)?, then Gy = 7 /4Z.
(3) Ifd ¢ (K*)? and (b* —4d)d ¢ (K*)?, then Gy = Dy.
We combine this result with Lemma 3.2 to prove the following lemma.

Lemma 3.4. Suppose E is an elliptic curve over Q that has a point of order 4
over Q® but does not have full 4-torsion defined over Q2. Then, either C,(E) > 4,
or there is a model of E of the form

E: y2 =x(x>+bx+d)
and either d or (b* — 4d)d is a nonzero perfect square in Q.

Proof. Suppose that C>(E) < 4. By Lemma 2.7 if E has a point of order 4 but not
full 4-torsion defined over @, then E has at least one 2-isogeny over Q. Thus, there
exists a point P of order 2 defined over @, and by moving that point to P = (0, 0)



488 MICHAEL CHOU

we obtain a model for E of the form y> = x(x? + bx +d) = x(x — ) (x — &) with
b,deQanda,a ¢ Q. If o,x € Q, then E(Q)[2] = Z/27 x 727, which would
imply C>(E) > 4.

Over @* we have a point of order 4, say Q. Suppose first that this point lies above
a rational point of order 2. Without loss of generality we have 20 = P = (0, 0).
Writing E : y? = x(x —a)(x —&), Lemma 3.2 says that we have that o/—« and v/—&@
must be elements in Q. Notice that /—a and «/—& satisfy the polynomial

f=x*—bx’+d.

We prove that this polynomial is irreducible, and hence the minimal polynomial of
—a and v/—a over Q.

Suppose f is reducible; then [Q(x(Q)) : Q@] =1 or 2. If [Q(x(Q)) : Q] =1,
then there is a quadratic twist of E, say E’, with E’(Q)os having a point of order 4.
Then, E’ has a 4-isogeny, so E’ is 2-isogenous to an elliptic curve E” with full
2-torsion over Q by [Gonzélez-Jiménez and Najman 2016, Lemma 8.14]. Since
E” has full 2-torsion over Q, it has isogenies of degrees 1, 2, 2, and 2, with one of
those curves being E’. Therefore, E’ has isogenies of degrees 1, 2, 4, and 4. Since
E is a quadratic twist of E’, it also has isogenies of degrees 1, 2, 4, and 4. This
contradicts the assumption that Co(E) < 4. If [Q(x(Q)) : Q] = 2, then f factors
over Q[x] as

f=0x*+a)(x*+a),

which implies & € Q. As mentioned above, this contradicts C,(E) < 4. Thus, f is
irreducible, and is the minimal polynomial of «/—a and v/—& over Q.

Since Q € E(Q™®), the Galois group of f over Q is abelian. Therefore, G f=
Z/27 x 727 or Z/4Z. Now by Proposition 3.3 the two cases above follow.

Suppose instead that our point of order 4 is halving a point of order 2 that is not
rational. Without loss of generality we may assume 20 = («, 0). By Lemma 3.2
we have that « and o — & are squares in Q2. However, since ~/—1 € Q@ it also
follows that —a and —& are squares in @*. Thus, the point (0, 0) is also halved
in @, contradicting our original assumption that E does not have full 4-torsion
over Q. O

We now prove our proposition relating 2-powered torsion to the isogenies of an
elliptic curve.

Proposition 3.5. Let E/Q be an elliptic curve. Table 1 gives the possibilities for
E(Q®)[2%°], the 2-powered isogenies attached to each case, and also C,(E).

Proof. If E does not have CM, it must be in one of the families given in the
Rouse—Zureick-Brown database [2015]. We compute for each family the 2-powered
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E(Q*)[2%] isogeny degrees Co(E)
{0} 1 1
7)27 x7)27 I I
1,2 2
7/27 x 747 1,2 2
1,2,4,4 4
7]27 x 787 1,2,4,4 4
1,2,4,4,8,8 6
Z2/47 x 7]AZ 1,2,2,2 4
1,2,4,4 4
7/27 x7/16Z 1,2,4,4,8,8, 16, 16 8
Z7/47 x 787 1,2,2,2,4,4 6
1,2,4,4,8,8,8,8 8
7/47 x 7167 1,2,2,2,4,4,8,8 8
Z/87x7/87  1,2,2,2,4,4,4,4 8

Table 1. Possible 2-primary torsion over Q2.

torsion over @2°. We do this as follows: for each family let G be the image of pg 32,
that is G = pg 32(Gal(Q/Q)). In fact,

G = pr.32(Gal(Q/Q)) = Gal(Q(E[32])/Q)

since ker pg 32 = Gal(@/ Q(E[32])). Then the commutator subgroup [G, G] has
fixed field equal to Q(E[32]) N Q%. We fix a Z/327Z-basis {P, Q} of E[32] and
identify G with a subgroup of GL(2, 32). We then compute the vectors fixed in
(Z/327)* by [G, G], which gives the structure of the points on E defined over
Q(E[32])NQ%, that is the structure of E (Q%)[32]. Here, a vector [a, b] € (Z/327)>
corresponds to a point aP + bQ € E[32]. Since the largest-order point found
in E(Q%)[32] has order 16, we see that E(Q%®)[2%°] = E(Q®)[16].

For elliptic curves with CM we examine the finitely many j-invariants over Q
[Gonzélez-Jiménez and Lozano-Robledo 2016, Table 1]. The table is broken up
into quadratic twist families by j-invariant. For j #~ 0, 1728, there are only finitely
many quadratic twist families, and so by Lemma 3.1 it suffices to fix a single curve
within each family and examine its torsion over Q.

Let E be such a curve. From that table we can see the largest m such that
Q(E[2™]) is abelian, as well as the isogenies each Q-isomorphism class has. Let
2" denote the largest degree-2-powered isogeny E has. Then from Lemma 2.7 it
follows that E(Q™)[2%°] C Z/2"7Z x Z/2"+"Z.
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Thus, to find the structure of E(Q)[2°°] it simply remains to find the largest
2-powered torsion E has over some abelian number field, up to 2"+, We do this
by using the division polynomial method. For each 0 < k < n 4+ m we use Magma
[Bosma et al. 1997] to compute the (2%)-th-division polynomial of E, whose roots
are the x-coordinates of the points of order 2X on E. From the x-coordinates, we can
compute the corresponding y-coordinates and get a list of all points of order 2% on E.
Now we simply compute the field of definition of these points and check whether
each field is abelian or not. If k is the first value where no points of order 2% are
defined over an abelian extension, then E(Q™)[2%°] = 7/2"7Z x 7 /2"~17.

We run through each quadratic twist family. Once computed we find that we
do not gain any new groups nor do we add any new 2-powered isogeny degree
combinations to the list originally found for non-CM curves. Note that the code used
to do these computations is available at https://sites.tufts.edu/michaelchou/research/.

For j =0, the cases y?> = x> 413 and y? = x> 4 1613, where ¢ € Q, are single
quadratic twist families, so may be treated as above. For the case y> = x3 + s with
s % 13,1613, [Gonzdlez-Jiménez and Lozano-Robledo 2016, Table 1] already shows
that E(Q%)[2] = {0} for any of these quadratic twist families.

Similarly for j = 1728, the cases y?> = x> & ¢?x for € Q are in two separate
quadratic twist families, so may be treated as before. Finally, we consider the case
E :y?> = x> 4 sx, with s # %12 for any ¢ € Q. We see from [Gonzélez-Jiménez
and Lozano-Robledo 2016, Table 1] that the largest division field that is abelian
is @Q(E[2]). Suppose that E has a point of order 4 over Q®; then since C»(E) < 4,
Lemma 3.4 gives that s is a square in Q or —4s? is a square in @, contradicting our
assumption that s % £¢2 for any ¢ € Q. Thus, E(Q%)[2*°] = Z/2Z x Z/2Z. Thus,
the table above is complete. U

From Table 1 we can make a simple observation:

Lemma 3.6. Let E/Q be an elliptic curve and suppose that E(Q*)[2°°] % {0} or
Z/27 x Z]2Z. Then E has at least one 2-isogeny over Q, that is, Co(E) > 2.

4. Bounding torsion

We begin with a proposition that bounds E(Q32)[p>] for all primes p.

Proposition 4.1. Let E/Q be an elliptic curve, and Q™ be the maximal abelian
extension of Q. Then the following table gives a bound on E(Q®)[p*] for all
primes p, i.e., the p-power torsion is contained in the following subgroups:

)4 2 3 5 7,11, 13, else
17, 19, 37,
43, 67, 163

E@®)[p®]C | Z/4Z xZ/167 Z/3Z xZ)277 7)SZ xZ/25Z Z/pZ {0}
7/87 x 7/87
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Proof. Note that E(Q)[p"1=Z/p"ZxZ/p"Z; thus, E(Q®)[p"|CZ/p"ZxZ]p"Z
for any n. However, by Theorem 2.4, if Q(E[p”"]) is abelian, then p =2, 3, or 5,
and therefore, for any prime except 2, 3, and 5, we must have that £ does not have
full p torsion defined over Q®. Thus, if p > 5, then E(Q®)[p>] C Z/p"Z for
some n. However, since Q is a Galois extension of @, Lemma 2.7 combined with
Theorem 2.1 shows that E(Q™)[p>] C Z/pZ for p =7, 11, 13,17, 19, 37,43, 67,
and 163, and for all other primes / larger than 5, E (@)[1*°] = {0}.

For the prime p = 2, we simply refer to Table 1.

For the prime p = 3, first notice that E cannot have full 9-torsion over Q2
because of Theorem 2.4. Thus, E(Q®)[3%] C Z/37Z x 7/3°Z for some natural
number e. By Lemma 2.7 if E(Q®)[3%°] = Z/3Z x Z/3¢Z, then E has a 3¢~!
isogeny. By Theorem 2.1, the largest 3-power degree rational isogeny is 27, and
soe—1<3,ie., E(@Q®)[3®]CZ/3Z x 7Z/81Z. However, suppose that in fact
E(Q™)[3%®] = Z/3Z x Z/81Z. Then by the above argument, E has a rational
27-isogeny. However, the only elliptic curves over @ that have a 27-isogeny are CM
curves (those with j-invariant —215.3.53 [Lozano-Robledo 2013, Table 4]). By
[Gonzalez-Jiménez and Lozano-Robledo 2016, Table 1] we see that such a curve
does not have Q(E[n]) abelian for any n > 2. Thus, E(Q%)[3®°] C Z/3Z x 7/277.

For the prime p = 5, first notice that E cannot have full 25-torsion over Q*
because of Theorem 2.4. By an identical argument as in the p = 3 case, we have that
E(Q™)[5%°] € Z/57 x 7Z/125Z, since the largest 5-power degree rational isogeny
is 25. However, suppose that Z /57 x Z /257 < E(Q¥)[5*]. Consider the Galois
representation pg 25 : Gal(@/ Q) — Aut(E[25]) = GL(2, 25). Let G denote the
image of pg »s. Since full 5-torsion is defined over @, Corollary 2.5 says there is a
basis of E[5] such that G mod 5 is contained in a split Cartan subgroup of GL(2, 5).
Thus, we have that

G<G:= {[“ Sb} ta,d € (Z)257)%, b, c e Z/SZ}.
S5c¢ d

Now, let H denote the image pg 25(Gal(Q/Q(E[25]) N Q™)). Notice that H =
[G, G], the commutator subgroup of G. Since E has a point of order 25 over Q,
we have that H must fix a vector of order 25 in (Z/ 257)2, and therefore, [G, G]
must also fix a vector of order 25 in (Z/ 257)2.

By the Weil pairing the image of pg 25 must have determinant equal to the full
group (Z/257)*, and therefore, G must be a subgroup of % with full determinant,
and whose commutator subgroup fixes a vector of order 25 in (Z/257)?. Using
Magma we can compute all such subgroups of GL(2, 25), and further we can
also compute, given a subgroup of GL(2, 25), the isogenies of an elliptic curve
associated with that image.
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We thus compute that in fact all subgroups of % with the described properties all
yield a 25-isogeny, and thus, any elliptic curve with such an image must in fact have
a 25-isogeny. However, since full 5-torsion was defined over Q%, Corollary 2.5
gives two isogenies of degree 5 and thus it is impossible for £ to have a 25-
isogeny, otherwise Cs(E) = 4 contradicting Theorem 2.2. Thus, E (@Q*)[5%]
7/57 x 7)57. (]

To prove bounds on the structure of E(Q%),s we will need a lemma about full
6-torsion.

Lemma 4.2 [Gonzalez-Jiménez and Lozano-Robledo 2016, Lemma 3.12]. Let
E /Q be an elliptic curve. If Q(E[6])/Q is abelian, then Gal(Q(E[2])/Q) = Z7/27.
As has been noted in Section 2, the structure of torsion over @ is closely tied

to the (D-isogenies an elliptic curve has. We now prove bounds on £ (Q%) ors based
on these isogenies.

Proposition 4.3. Let E/Q be an elliptic curve. Suppose C,(E) =1 for all primes
p # 2. Then E(Q™) s = E(Q%)[2%°] and is contained in either Z /47 x Z/16Z
orZ/82 x Z/8Z

Proof. By Corollary 2.5 and Lemma 2.7 it follows that E(Q®)s = E(Q%)[2%].
Thus, E (Q),s is one of the groups on Table 1 from Proposition 3.5. U

Proposition 4.4. Let E/Q be an elliptic curve. Suppose E has a 3-isogeny and
C,(E) =1 for all primes p > 3. Then

Z/27 x Z]2N>Z, N, =12,18,
7]37 x 7]277,
E@®)r € { 73052
ZJ/AZ x Z]AN4Z, N4y=1,3,0r
7/6Z x 7]127.
Proof. By Theorem 2.2 we have either

e C3(E)=4and C,(E) =1 for all primes p # 3,

e C3(E)=3and C,(E) <2, or

e C3(E)=2and Co(E) <4.

Suppose C3(E) =4 and C,(E) =1 for all primes p # 3. Then by Proposition 4.1
we know that E(Q)[3%°] C 7/37Z x Z/277. Suppose E has full 3-torsion over Q.
If E also has full 2-torsion over Q®, then it has full 6-torsion over Q2. Thus, by
Lemma 4.2 we must have Gal(Q(E[2])/Q) = Z/2Z. This is possible only if E has
a point of order 2 defined over Q, but that would give a Galois stable subgroup
of order 2, and hence C,(E) > 2, a contradiction. Therefore, by Lemma 3.6 we

have that E(Q)[2%°] = {0} and so E(Q®)s € Z/3Z x Z/277. Suppose instead
that E does not have full 3-torsion over Q. Then E(Q®)[3%°] € 7/27Z. If
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E(Q™)[3%°] = Z/27Z, then E has a 27-isogeny and all such curves have CM (for
instance see [Lozano-Robledo 2013, Table 4]). By [Gonzilez-Jiménez and Lozano-
Robledo 2016, Table 1] we see that such a curve does not have full n torsion defined
over Q% for any n. Thus, E(Q™), = E(Q™®)[3%°] = Z/27Z or E(Q™)[3%] C
7/97 and E(Q™)[2%°] C 7/27 x Z /27, which yields E (Q®) s € Z/27 x 7 /187.
Suppose C3(E) =3 and C>(E) < 2. Then we have that E(Q%)[3®] = Z/3Z x
Z/37Z or Z/9Z. From Table 1 the largest E(Q®)[2°°] can be so that C2(E) =2 is
727 x 7 /4Z. Therefore, E(Q™) s € Z/67 x Z/127 or 7 )27 x 7 /36Z.
Suppose that C3(E) = 2 and C,(E) < 4. Then E(Q®)[3®°] = Z/3Z. From
Proposition 3.5 the largest E(Q)[2°°] can be so that Co(E) =4 is Z/4Z x 7 /47
or Z/2Z x 7/8Z. Thus, E(Q™) s CZ/4Z x 7127 or 7 /27 x 7/247. ]

Proposition 4.5. Let E/Q be an elliptic curve. Suppose E has a 5-isogeny. Then

7/57 x 7/5Z,
7/27 x 7/50Z,
7/27 x 7/30Z, or
7/27 x 7/20Z.

E (Qab)tors g

Proof. By Theorem 2.2 we have either

e Cs5(E) =3 and C,(E) =1 for all primes p # 5,
e C5(E)=2,C3(E)<2,and C2(E) =1, or
e C5(E)=2,C3(E)=1,and Cr(E) < 2.

Suppose Cs(E) =3 and C,(E) = 1 for all primes p # 5. By Corollary 2.5 we see
that E does not have full 3-torsion over @%*. By Lemma 3.6 we have E (Q%)[2%°] =
{0} or Z/2Z x7)27. If E(Q™)[5®]=Z/5ZxZ/5Z, then E(Q¥)[2>°]= {0}, since
otherwise E would have full 10-torsion over Q2, contradicting Theorem 2.4. Thus,
if E(Q™)[5®]=Z/5Z x Z/5Z, then E(Q™)rs = E(Q™)[5®] = 7/57 x 7/57.
If E does not have full 5-torsion over @, then E (Q)[5*°] = Z /257 in order for
Cs5(E) =3. Then E(Q™®) s = 7/257 or 7/27 x 7 /50Z.

Suppose Cs(E) = 2 and C3(E) < 2 and Co(E) = 1. Then E(Q™)[5®] =
Z/57 and E(Q™)[3%] C Z/3Z by Lemma 2.3. Again by Lemma 3.6 we have
E(Q™)[2°] = {0} or Z/2Z x Z/2Z. Thus, E Q™) € Z/27 x Z/30Z.

Suppose Cs(E) =2 and C3(E) =1 and C(E) < 2. Then again E(Q®)[5%°] =
Z/5Z. By Table 1, the largest E(Q%)[2°°] can be so that Co(E) =2 is Z/2Z x Z /4Z.
Further, E does not have full torsion of any order prime to 2 by Corollary 2.5. Thus,
E(Q®)rs € 7/27 x 7/207. O

Proposition 4.6. Let E/Q be an elliptic curve. Suppose E has a 7-isogeny. Then
either E(Q™®) s € Z/217 or Z/27 x 7/287.
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Proof. By Theorem 2.2 we have C,(E) =1 for all primes p # 2, 3,7 and either
C3(E)<2and Cr(E)=1,0r C3(E) =1and Co(E) < 2.

Suppose C3(E) =2 and C,(E) =1. Then E has a 7-isogeny and a 3-isogeny and
so E has a 21-isogeny. Since there are only finitely many rational points on Xo(21),
there are only a finite number of j-invariants for elliptic curves over @ with a
21-isogeny. We can fix a model for each of these curves and explicitly check that
none of these families have full m-torsion for any 2 < m < 8. Thus, by Lemma 2.3,
Lemma 2.7, and Theorem 2.4 we have E(Q%®) = 7/217.

Suppose instead that C3(E) =1 and C»(E) = 2. Since C3(E) =1, Corollary 2.5
tells us that £ does not have full 3-torsion. Further, since C>(E) =2, by Proposition
3.5, it follows that E(Q)[2%°] C Z/27 x Z/4Z. Therefore, by Lemma 2.7 we
have that E(Q®) s € Z/27 x 7/287.

Finally if C3(E) = C,(E) =1, then by Lemma 2.7, Corollary 2.5, and Lemma 3.6
we have that E(Q%)s € 7/27 x 7]147. O

Proposition 4.7. Let E/Q be an elliptic curve, let p=11, 17, 19, 37, 43, 67, or 163,
and suppose that E has a p-isogeny. Then E(Q™) = 7/ pZ.

Proof. By Lemma 2.3 we have that E(Q®),,s 2 Z/pZ. For these values of p,
note that there are no rational isogenies of degree divisible by p besides isogenies
of degree exactly p, and therefore, by Lemma 2.7 it follows that E (Q) s €
Z/mZ x Z/mZ x Z] pZ for some m with (m, p) = 1. However, from Theorem 2.2
it follows that E has no other rational isogenies. Thus, Corollary 2.5 implies that
m is a power of 2. Combining that with Lemma 3.6 shows that m =1 or 2.

For any given p in this list there are only finitely many j-invariants of elliptic
curves having a p-isogeny, as Xo(p) has genus greater than 0. Given that these
J-invariants are not 0 or 1728, by Lemma 3.1 it suffices to fix a representative E;
and compute (via Magma) that E; does not have full 2-torsion defined over Q®. 0O

Proposition 4.8. Let E/Q be an elliptic curve. Suppose E has a 13-isogeny. Then
E(Q™)ors £ Z/13Z or Z)27 x Z/26Z.

Proof. Since there are no curves over () with rational isogenies of degree properly
divisible by 13, it follows from Lemma 2.7 that £ Q) ors = Z /mZ x Z/mZ x
Z/13Z for some m > 1. However, by Theorem 2.2 we have that C,(E) = 1 for all
primes p # 13. Thus, by Corollary 2.5 and Lemma 3.6 we have that m =1 or 2. [J

Note that from here a quick count of the possible sizes of the torsion subgroups
along with Lemma 2.3 for the example of 26569al having a point of order 163
over Q@ is already enough to prove Corollary 1.3.

5. Eliminating possible torsion

We restate the classification theorem for convenience.
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Theorem 5.1. Let E/Q be an elliptic curve. Then E (Q) o is isomorphic to one
of the following groups:

Z/N\Z, N1 =1,3,5,7,9,11,13,15,17,19,21,25,27,37,43, 67, 163,
7/2Z xZJ2N-Z, N»=1,2,...,9,

Z/3Z xZ/3NsZ, N;=1,3,

7/4Z x ZJ4N4Z, Ni=1,2,3,4,

7/57 x 752,

7/67 x 7/6Z,

7/87 x 7/8Z.

Each of these groups appear as E(Q™) s for some elliptic curve over Q.

We now eliminate the possibility of many of the groups appearing in the previous
propositions as possible torsion subgroups over @ for some elliptic curve E/Q.
We begin with a simple observation about 2-torsion over @ from Proposition 3.5.

Lemma 5.2. Let E/Q be an elliptic curve. If E(Q™)[2] # {0} then E(Q™)[2] =
Z/27 x Z/27Z. Thus, E(Q®)tors 2 Z/2NZ for any N > 1.

This eliminates many possible torsion structures over Q. In particular, after
we combine the possibilities for E (Q%)ors from Propositions 4.8, 4.6, 4.5, 4.4, 4.3,
and 4.7, and eliminate those groups ruled out by Lemma 5.2, we can compare them
to the classification in Theorem 1.2 to see that it remains to rule out the following
groups as possibilities for E(Q%®) o

Z/2Z x ZJ2N-Z, N> = 10, 12,13, 14, 15, 18, 25,
7/3Z x7/27Z,
7/6Z x Z/127.

Proposition 5.3. Let E/Q be an elliptic curve. Then E (Q™)o is not isomorphic
toZ/27 x Z/287 or Z /27 x Z]30Z.

Proof. In the case Z/27 x Z/287 the curve has a 14-isogeny by Lemma 2.7 of
which there are only two possible isomorphism classes of curves given by the
Jj-invariants —3353 and 3353173 (see for instance [Lozano-Robledo 2013, Table 4]).
Using division polynomials we can check that in both cases there are no points of
order 4 defined over an abelian extension of Q.

In the case Z/27 x Z/30Z the curve has a 15-isogeny by Lemma 2.7. Here there
are four possible j-invariants, —5%2/2, —52.2413/23, —5.293/23 and 5-2113/213.
Again using division polynomials we can check that none of these curves have a
point of order 2 defined over an abelian extension of Q. (I

Proposition 5.4. Let E/Q be an elliptic curve. Then E (Q*®)ors Z7Z /27 x 7]267.
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Proof. Suppose that E (Q®) s =Z /24 x Z/26Z. Then E has a 13-isogeny, and so
by [Lozano-Robledo 2013, Table 3] the curve has a j-invariant of the form

(h? 4 5h + 13)(h* + Th> +20h% + 19k + 1)3
h

for some h € Q@ with 2 # 0. Thus, E must be a twist of the curve

P 3 36 1
E :y " +xy=x"— - X — = .
J(E)—1728 J(E)—1728

J(E) =

Since E(Q™)[2%°] = Z/2Z x Z/2Z but E does not have any 2-isogenies by
Theorem 2.2, we must have Gal(Q(E[2])/Q) = Z/3Z by Theorem 2.4, implying
that the discriminant of E is a square. Since E is a twist of E’, the discriminant
of E differs from the discriminant of E’ by at most a square. Thus, we obtain a
formula y? = Disc(E’), which we compute in terms of /. By absorbing squares
into the y? term we obtain a curve

C:Y?=h(h®+6h+13)

which is a modular curve describing precisely when E has a 13-isogeny and
Gal(Q(E[2])/Q) = Z/3Z. This curve is actually an elliptic curve with C(Q) =
{(0:0:1),(0:1:0)} =2Z/2Z, both points being cusps. Therefore, there are no
elliptic curves with E(Q®) = 7/27 x 7/26Z. (]

Proposition 5.5. Let E/Q be an elliptic curve; then E(Q™) s Z 7/27 x 7/507.

Proof. Suppose that E(Q%) = Z/27 x Z/50Z. Then E has a 25-isogeny, and so
by [Lozano-Robledo 2013, Table 3] the curve has a j-invariant of the form

(h'0 4 10h8 4+ 35K% — 1247 + 50h* — 60K + 25h% — 60h + 16)3

.
J(E) (h — D)(h*+ 13 + 6h2 + 6h + 11)

for some h € Q) with & # 1 By a similar argument made in Proposition 5.4 we
have that the discriminant of E must be a square. We again obtain a formula
y? = Disc(E), and by absorbing squares into the y? term we obtain a curve

C:Y%>=h"+9n° +25n° — 11h% +20h — 44

which is a modular curve describing precisely when E has a 25-isogeny and

Gal(Q(E[2])/Q) = Z/37Z. This is a genus-3 hyperelliptic curve. We write the

curve in projective coordinates using h = %

We can construct a map v from C to an elliptic curve C: y? =x34x>—x given by

(%) (X:Y:Z)—> (&3 —xPz44xz> =427 1 y2?2  x?r — 222 + 2.
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The curve C has Cremona label 20a2 and rank 0 with torsion isomorphic to Z/67Z.
It has rational points

C@ ={0:1:0),0:0:1),(=1:=1:1),(1:=1:1),(=1:1:1),(1:1:1)}

and we can use () to explicitly compute the preimage of each point under 7 to see
that the only rational points on C are (1:0:1) and (0:1:0). Note that h = % for
points (X : Y : Z) € C. The first point corresponds to & = 1, which is a zero of the
denominator of j (E), and the second point is the point at infinity, which corresponds
to h = 0o, which is not a value we can consider. Thus, both of these points are
cusps, and therefore, there are no elliptic curves with E(Q%) = 7/27 x 7/507. O

Proposition 5.6. Let E/Q be an elliptic curve; then E(Q™) s Z 7/27 x 7 /207.

Proof. Suppose for the sake of contradiction that E is an elliptic curve over @ such
that E(Q) s = Z/27 x Z/20Z. Then, E has a Q-rational 10-isogeny, and so by
[Lozano-Robledo 2013, Table 3] the curve has a
(h® —4h° 4+ 16h + 16)°
(h+12(h —4h>
for some & € Q with & £ —1, 0, 4. Thus, E must be a twist of the curve
36 1

E :y? =x> - — .
Y= st T () — 1728

J(E) =

Moving the 2-torsion point to (0,0) yields a model of E’ of the form
E':y? =x3+b(h)x*+d(h)x
for the rational functions
—9h'2 +72h° — 1441 — 144

h12 —8h? —8h3 —8
d(h) = (1296h*" — 19440n** + 62208h°' + 124416A'® — 24883211

— 6220801 "% +9953281° 4995328k + 331776)
/(1% =241 + 19210 — 464" — 720h%* 4 23040*" + 211248
+5760h'° + 14400h'% 4 11776h° + 12288h° + 12288h° + 4096).

El

b(h) =

Note that j(E) # 0, 1728 since E has a 10-isogeny, and thus, E is a quadratic twist

of E’. By Lemma 3.1 we have that E’(Q®) s = E (Q%)0rs = Z/27 x 7 /20Z. Now,

since E/(Q™)[2°] = 7/27 x 7 /4Z, Lemma 3.4 tells us that either C»(E) > 4 or
d(h) € (@)% or (b(h)*—4d(h))d(h) € (Q*)%.

Note that since Cs(E) > 2, by Theorem 2.2 it is impossible for Co(E) > 4. Denote
the 4-torsion point over Q% by Q.


http://www.lmfdb.org/EllipticCurve/Q/20a2
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Suppose d(h) € (@*)2. We obtain a formula Y2 = d(h), and by absorbing
squares we obtain the curve

C:Y?’=h+h’>+4h+4

which is a modular curve describing precisely when E has a 10-isogeny and
Gal(Q(x(Q))/Q) =7Z/27Z x Z/2Z. This is the elliptic curve with Cremona label
20al and rational points

C(@)={(0:1:0), (0: =2:1),(0:2:1), (4:—10:1), (4:10: 1), (=1:0:1)}=2Z/6Z.

However, all of these points are cusps as they correspond to 2 =0, —1, 4, which are
all zeros of the denominator of j(E). Therefore, there are no such elliptic curves.

Suppose instead that (b(h)> — 4d(h))d(h) € (Q@*)%. Again we obtain a formula
Y2 = (b(h)> —4d(h))d(h), and by absorbing squares we obtain the curve

C:Y?=h —3h2—4n

which is a modular curve describing precisely when E has a 10-isogeny and
Gal(Q(x(Q))/Q) = Z/4Z. This is an elliptic curve with Cremona label 40al and
rational points

6(@)2{(0:0:1),(0:1:0),(—1:0:1),(4:0:1)}%Z/ZZXZ/ZZ.

Again, all of these points are cusps as they correspond to 7 = 0, —1, 4. Therefore,
there are no such elliptic curves. Thus, we can conclude that no such curve E
exists. (]

Proposition 5.7. Let E/Q be an elliptic curve; then E(Q™) s Z 7/27 x 7/36Z.

Proof. Suppose for the sake of contradiction that E is an elliptic curve over (2 such
that E(Q)s = 7/27 x 7Z/36Z. Then, E has a Q-rational 18-isogeny, and so by
[Lozano-Robledo 2013, Table 3] the curve has a j-invariant of the form

(h3 —2)3(h® — 6h° — 12h3 — 8)3

J(E) = RO (h3 — 8) (I3 + 1)?

for some h € Q with & # —1, 0, 2. Thus, £ must be a twist of the curve

E vy +xy=x"—- X — — .
J(E)—1728 J(E)—1728

Moving the 2-torsion point to (0,0) yields a model of E’ of the form

E :y? =x(x*>+b(h)x +d(h))


http://www.lmfdb.org/EllipticCurve/Q/20a1
http://www.lmfdb.org/EllipticCurve/Q/40a1
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for the rational functions
(h3 —=2)(h° — 6h° — 12h3 — )
h'2 —8h% —8h3 —8 ’
(h+D(h*> —h+ 1) (h3 —2)2(h° — 6h° — 12h3 — 8)?
(h® — 4h3 —8)2(h12 — 8h® — 8h3 — §)?2 ’
Note that j(E) # 0, 1728 since E has an 18-isogeny, and thus, E is a quadratic

twist of E’. By Lemma 3.1 we have that E’(Q®) s = E (Q®) s = 7 /27 x 7/20Z.
Now, since E’(Q®)[2%°] =7 /27 x 7 /47, Lemma 3.4 tells us that either C»(E) > 4,

b(h) =

dh) =

d(h) € (@)%, or (b(h)>—4d(h))d(h) € (Q%)%.

Note that, since C3(E) > 3, Theorem 2.2 implies that C»(E) < 4. Denote the
4-torsion point over Q% by Q.
Suppose d (h) € (@* )2. We obtain a formula Y> =d(h), and by absorbing squares
we obtain the curve
C:Y?=h"+1

which is a modular curve describing precisely when E has an 18-isogeny and
Gal(Q(x(Q))/Q) = 7Z/2Z x Z/2Z. This is an elliptic curve with Cremona label
36al and rational points

C@) ={(0:1:0),(0:1:1), (0:—1:1),(2:3:1), (2: =3:1), (=1:0: 1)} =Z/6Z.

However, all of these points are cusps as they correspond to 2 = —1, 0, 2. Therefore,
there are no such elliptic curves.
Suppose instead that (b(h)*> — 4d (h))d(h) € (Q*)?. Again we obtain a formula
Y2 = (b(h)? —4d(h))d(h), and by absorbing squares we obtain the curve
C:Y?=h"—7h*—8h

which is a modular curve describing precisely when E has an 18-isogeny and
Gal(Q(x(Q))/Q) = 7Z/47Z. This is a genus-3 hyperelliptic curve with an automor-
phism ¢ defined by

(x:y:2)
> 2x*—10x3 24+ 12x2 22+ 8x23 —162* : 36y - x* —8x3z+24x% 72 —32x 3 +162%)

and taking the quotient of C by ¢ gives a map 7 from C to an elliptic curve

~

Cy: y? = x? —x? + x given by
(%) x:y: ) (xz(x2 — X7 — 2z2) : yz3 :xz(x —|—z)2).
The curve ap has Cremona label 24a4 and has rational points

ap(@):{(O:1:0),(0:0:1),(1:1:1),(1:—1:1)}.


http://www.lmfdb.org/EllipticCurve/Q/36a1
http://www.lmfdb.org/EllipticCurve/Q/24a4
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We can use (xx) to explicitly compute the preimage of each point under 7 to
compute the rational points on C. We find that 6(@) ={(—=1:0:1),(0:0:1),
(2:0:1),(0:1:0)}. These points correspond to & =0, —1, 2, which are zeros of
the denominator of j(E) and so are cusps. Thus, we can conclude that no such
curve E exists. ([

Proposition 5.8. Let E /Q be an elliptic curve; then E(Q™) s 2 7/67 x 7/127.

Proof. Suppose that E(Q) s =7 /67 x Z/12Z. Since E(Q™)[31=Z/3Z x 737,
Corollary 2.5 gives that C3(E) > 3. In particular, the comment after Corollary 2.5
shows that E has two independent 3-isogenies over Q. Thus, Theorem 2.2 gives
that C>(E) < 2, and so E(Q)[2%°] € Z/27. By Lemma 4.2 we also have that
Gal(Q(E[2])/Q) = Z/2Z, and thus, E has a single nontrivial point P of order 2
over Q. Therefore, E corresponds to a point on the modular curve X(3, 6). We
can find the j-map for X, (3, 6) as follows. Start with the j-map for Xy(18) via
[Lozano-Robledo 2013, Table 3] and create an elliptic curve over the function field
Q(h) as done in previous propositions. This curve has a 9-isogeny. We can factor
this 9-isogeny as the composition of two 3-isogenies and, using Velu’s formulas,
compute a model and the j-invariant for the intermediate elliptic curve, which has
two independent 3-isogenies. The point of order 2 is preserved under the 3-isogeny,
and so this is the j-map from X (3, 6). Note that Magma has the functionality to
do these computations.

We arrive at the following: an elliptic curve with two independent 3-isogenies
has j-invariant of the form
(h3 —2)3(h® +6h —2)3(h® — 6h* — 4h> +36h% + 12k + 4)3

(h—=23n3(h+ 1)0(h? —h+ 1)°(h2 +2h + 4)3
for some h € Q with & # 2,0, —1. Thus, E must be a twist of the curve
E y?+xy=x>— - 36 X — = : .
J(E)—1728 J(E)—1728

Moving the 2-torsion point to (0,0) yields a model of E’ of the form

J(E) =

E':y? =x(x*+b(h)x +d(h))
for the rational functions
b(h) = (W3 =2)(h3+6h—2)(h® —6h* —4h3 +36h%>+12h+4) ’
(h* =213 —8h—2) (h8+2h7 +4h° — 1675 — 14h* +8h3 +64h2 — 16h+4)

d(h) = ((h+1)*(h*—h+1)*(h* =2)*(h* +6h —2)*

x (h® —6h* —4h*+36h*+12h+4)?)

/((h*+2h—2)*(h* —2h* — 81 —2)* (h* —2h> +6h* +4h+4)?
x (h®+2h" +-4h° —16h° —14h* +8h> +64h* — 16h +4)?).
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Note that j(E) # 0, 1728 since E is a quadratic twist of E’. By Lemma 3.1 we
have that E/(Q%) s = E(Q®)ors = Z/67 x 7/127. Now, since E’(Q*)[2°] =
Z/27 x Z/AZ, Lemma 3.4 tells us that

d(h) € (@92, or (b(h)?—4d(h)d(h) € (@)%

Suppose d(h) € (@*)2. We obtain a formula Y2 = d(h), and by absorbing
squares we obtain the curve

C:Y?=n¥+1.

If instead (b(h)? —4d(h))d(h) € (Q*)?2, then we obtain Y2 = (b(h)*> —4d(h))d (h)
and by absorbing squares we obtain the curve

C:Y?=n" —7n*—8h.

Notice that both of these are the exact same hyperelliptic curves that appeared in
the proof of Proposition 5.7. We have already found all rational points on these two
curves, and again they all correspond to cusps. Thus, we can conclude that there do
not exist any E/Q with E(Q®) s = Z/67Z x 7/127Z. O

Note that it should not be too surprising that the same modular curves appear in
the proof of Proposition 5.7 and Proposition 5.8. Indeed, elliptic curves with these
torsion subgroups are linked via a 3-isogeny. One may attempt an alternative proof
of Proposition 5.8 by making this connection rigorous and explicit.

Proposition 5.9. Let E/Q be an elliptic curve; then E(Q™®) s Z 7/27 x 7/247.

Proof. Suppose for the sake of contradiction that E is an elliptic curve over QQ such
that E (Q%) s =7/27 x 7 /247. Since E (Q®)[2°]=7 /27 x 7 /87, Table 1 shows
that £ has 2-powered isogenies of degrees 1,2,4,4 or 1, 2, 4,4, 8, 8. However,
Lemma 2.7 implies that £ has a 12-isogeny as well. Thus, Theorem 2.2 gives that
the 2-powered isogenies of £ must be restricted to ones of degree 1, 2, 4, and 4.
Hence, E(Q)[2%°] € Z/4Z, and E has a point of order 2 over Q. Moving the point
of order 2 to (0, 0) we obtain a model for E of the form

E:yzzx(xz—i-bx—i-d).

A similar argument to that made in the proof of Lemma 3.4 shows that any point
Q € E(Q™) of order 4 must lie over a Q-rational point of order 2, otherwise
E[4] € E(Q®). The argument is as follows: let « and & be the two roots of
x% +bx +d. By Lemma 3.2, a point that halves (0, 0) € E[2] is defined over
Q@ if and only if —« and —& are squares in Q. Similarly, a point that halves
(a, 0) € E[2] is defined over @ if and only if @ and o« — & are squares in Q.
However, if « is a square in Q2 then since +/—1 € Q, it follows that —« and —&
are also squares in Q. Thus, if a point of order 4 that halves («, 0) exists in Q,
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then so does a point of order 4 that halves (0, 0), implying that E has full 4-torsion
over Q.

Now, E has a Q-rational 12-isogeny, and so by [Lozano-Robledo 2013, Table 3]
the curve has a j-invariant of the form

(h* —3)°(h® — 9h* 4+ 3h* —3)°
h*(h?2 —9)(h2 —1)3
for some i € Q with & # 0, =1, £3. Thus, E must be a twist of the curve
36 1

E' :y? =x3— - .
Y= e Tt T (B — 1728

J(E) =

Moving the 2-torsion point to (0,0) yields a model of E’ of the form
E':y*=x(x*>+b(h)x +d(h))
for the rational functions
b(h) = (h* —3)(h® — 9h* + 3h* —3)
1% — 1244 30h* — 3612 + 9’
h*(h?* —3)?(h® — 9h* + 3n* — 3)*

(h* — 6h% — 3)2(h8 — 12h° + 30h* — 36h% +9)2"
For ease of notation going forward, we will write b = b(h) and d = d(h), and it
should be understood that many of the following variables are functions of 4. Let
a and @ be roots of x> + bx +d (over Q[h]) so that E": y? = x(x — a)(x — &@).

From our argument above we may assume that any point Q of order 4 in E’(Q)

satisfies 20 = (0, 0). Then, from Lemma 3.2 we have (without loss of generality)
that Q has x-coordinate

(V0 —0)(v0 —a)£(+v0 = 0)(v0 — @) £ (V0 — ) (V0 —@)+0=F+vaa =+Vd.

Suppose that the x-coordinate of Q is +/d. Since there is a point of order 8
in E(Q%), there exists a point R € E(Q®) such that 2R = Q. Denote

~b+Vb—dd b b—4d
e —— [ A ——
2 2

d(h) =

o

so that we have
E:y’=x(x —a)(x —@).

Since E does not have full 2-torsion over @, neither does E’, and so in particular
o ¢ Q. For ease of notation we denote 8 = +/d. We can apply Lemma 3.2 again
to deduce that since such an R exists, we must have that §, § — «, and § — & are all
squares in Q2. Notice that through some simplification we have that (§ —«) (§ —@) =
(b 4+ 26)8 and so it suffices to prove that &, (b 4 28)8, and § — « are squares in Q.
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For any h € Q we have § € Q and so clearly /8 € Q. Similarly, for all & € Q,
we have that (b 4 26)8 € @, and so /(b + 26)5 € Q.

To see when § — « is square in @* we will find the minimal polynomial of
+/6 —a over (1, and find when this defines an abelian extension of (). Notice that
§—a=3(b+25—b>—4d). Let

— 2 _
£ = r_az\/b-i-% 2\/b 4d.

We claim that [Q(&) : Q(«)] = 2, which we will justify at the end of the proof, and
[Q(a) : Q@] =2, so [Q(§) : @] = 4. Moreover, we find that & satisfies the polynomial

f(X)=X*—(b+28)X* + (b +26)8,

and so this is a minimal polynomial of £ over Q.
Now, we apply Proposition 3.3 and see that f defines an abelian extension of Q
if and only if

(b +28)8 € (@%)2
or
(b +28) — 4(b +28)8) (b +28)8 € (@),

which by absorbing squares is equivalent to
(b—28)8 € (@)%
These yield the curves
Ci:y>=h>—2hn>—-3h and C,:y>=h>+2h>—-3h,

respectively.
Now it remains to classify all rational points on C and C,. These are curves with
Cremona labels 48al and 24al, respectively, and have rank 0 with rational points

Ci(@={0:0:1),(0:1:0),(3:0:1),(—1:0:1)}
and

Cz(@)={(0:0:1),(011:O),(—l:—2:1),(3:—6:1),(1:0:1),
(3:6:1),(=1:2:1),(=3:0: }.
Note that all of these points correspond to 4 = 0, 1, £3, which are zeros of the

denominator of j(E) and hence are cusps. Therefore, there are no curves over (
with E(Q®) s = 7 /27 x 7/247.


http://www.lmfdb.org/EllipticCurve/Q/48a1
http://www.lmfdb.org/EllipticCurve/Q/24a1
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To see that [Q(§) : @(«)] =2, suppose otherwise, that § —« was a square in Q ().
Then the norm of § — «,

Nmg(y),0(8 —a) = (b +25)6,

would be a square in (2. This is precisely what we checked above, that this does
not happen for any noncuspidal values of 4. (]

The following theorem applies broadly to any elliptic curve over @ with complex
multiplication, but we will use it to show specifically that the torsion subgroup
7/37 x 7/277 does not appear over Q.

Theorem 5.10 [Bourdon and Clark 2016, Theorem 2.7]. Let Ok denote the ring of
integers of a quadratic imaginary number field K. Let E /C be an Og-CM elliptic
curve, and let M C E(C) be a finite O -submodule. Then:

(a) We have M = E[ann M ]; hence,
(b) M =0k /(ann M) and
(c) #M = |ann M |.
This gives us an understanding of O -submodules of E(C) for an elliptic curve

with CM by the maximal order. We use these results to prove the following
proposition.

Proposition 5.11. Let E/Q be an elliptic curve; then E(Q™) s & 7/37 x Z/277Z.

Proof. Suppose that E(Q™) = Z/3Z x Z/27Z. Then by Lemma 2.7 the curve E
has a 9-isogeny over (). By the discussion in the paragraph following Corollary 2.5,
E has an independent 3-isogeny as well. Thus, we have the isogeny graph

E« 2 ,E"

Taking the dual isogeny also of degree 3 from E’ to E and composing it with
9-isogeny from E to E” shows that E’ has a 27-isogeny. Note that this degree-27
isogeny is cyclic as the 9-isogeny and 3-isogeny are independent, i.e., their kernels
have trivial intersection. The modular curve X¢(27) has genus 1, and there is
a unique 27-isogeny class of elliptic curves up to isomorphism. Examining the
27-isogeny class shows that E has CM by the maximal order of K = Q(v/—3).

Now, notice that E (Q®),o is an O -submodule of E (C), since K Q. Since
the prime p = 3 ramifies in K, there is a unique prime ideal p of Ox with |[p| =3
and we have (3) = p?. By Theorem 5.10(b) we have that E[27] =0k /(3)> = 0 /pS.
Suppose I is an ideal of Ok /p®. Then p® C I so I | p°® and therefore I = p? for
some 0 < b < 6 by the unique factorization of ideals into prime ideals. Thus, the
Ok -submodules of E[27] are all of the form pb /p6 for some 0 < b < 6. Moreover,
the exponent of O /p” is the smallest power of 3 contained in p”. Since (3)¢ =p2?,
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this smallest power is 3/%/?1. Further, by Theorem 5.10(c) we have #0x /p? = 3,
and we deduce that

Ok /p? =7 2/3%27 x 7/3"/%17.

Notice that since E (Q®)[27] is an O -submodule of E[27], we have that |_%’J =1,
implying b =2 or b = 3, but also |_§-| =3, implying b =5 or b = 6, a contradiction.
Thus, no such curve exists. |

6. Algorithm

We can combine our results to form an explicit algorithm to compute E (@)
for any elliptic curve E/Q. Note that this algorithm only relies on the information
about subgroups excluded from appearing as E(Q),s by Sections 4 and 5. See
https://sites.tufts.edu/michaelchou/research/ for the Magma code that implements
this algorithm.

The algorithm uses Lemma 2.3 and Lemma 2.6 repeatedly, as well as Table 1.
Moreover, the algorithm works for any elliptic curve E/Q because we exhaustively
deal with all isogeny graphs possible by Theorem 2.2. We denote T := E (Q%),yrs.

o Compute the isogeny graph of E. Let I denote the degrees of the isogenies E
has. Let N denote the largest value in /. Let I, and 7, denote the 2-primary
part of [ and 7', respectively.

e Lemmas 2.3 and 2.6 show that:

- IfN=11,13,15,17,19, 21,25,27,37,43,67,0r 163, then T = Z/NZ.

- IfN=10,14,16,0r 18, then T =7/27 x Z/NZ.

- If I =[1,55],thenT =27/57 x 7/57Z.

-If71=[1,3,3,9],then T = Z/37Z x 7/94.

-If I =1[1,3,3], then T = Z/37Z x Z/3Z. Note that we cannot have
T =7/6Z x Z/6Z because Lemma 4.2 would imply a 2-isogeny.

-If1=[1,2,3,3,6,6],then T =7Z/6Z x Z/6Z.

o Table 1 shows that:

-If1=11,2,2,2,4,4,4,4),then T =7/87Z x Z/8Z.
-If1=11,2,2,2,4,4,8,8],then T =Z/47Z x Z/16Z.
-If71=11,2,4,4,8,8,8,8]or[1,2,2,2,4,4],then T =7Z/47Z x 7/8Z.
-If1=11,2,4,4,8,8,16,16],then T = Z7/27 x 7/164.
-If1=1[1,2,4,4,8,8],then T =7/27 x 7/87.
-I1fr=1,2,2,2,3,6,6,6],then T, =7/47 x Z/4Z and 3 € I shows that
T=7/47 x 7/127.
-Ift1=11,2,2,2],then T, =7/4Z x Z/4Z.
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« The remaining cases require extra steps beyond simply computing 7, as I does
not uniquely determine 7.

-IfN=1,3,5,7,0r9, then compute E[2] to check whether Q(E[2]) is
abelian or not. If not, then T = Z/NZ. If so,then T =7 /27 x Z2NZ.

- If I, =1, 2, 4, 4], then compute E[8] and E[4] to determine whether E
has a point of order 8 over @ and whether Q(E[4]) is abelian. This
distinguishes between the following three cases:

« Th=7/2Z xZ/4Z.If3 eI, then T =7/2Z x Z/12Z. If 3 ¢ I, then
T =7/27 x 7/47.

% Tr = 7/27 x Z/8Z. This implies T = 7 /27 x 7/8Z.

« Th=7/4Z xZ/4Z. If3 e I,then T =Z/4Z x Z/12Z. If 3 ¢ I, then
T =7/4Z x 7/47.

- If I, =[1, 2], then we compute E[4] to determine whether E has a point
of order 4 defined over Q. This distinguishes between the following two
cases:

x h=7/22x72/2Z.1f3e€l,thenT =7/27 x Z/6Z. If 5 € I, then
T=72/2Zx7Z/10Z.1f1 =1, =1,2thenT =7/27Z x Z/27Z.

x Hh=Z/27 x7/4Z. If3 eI, then T =7/27 x Z/12Z. 1f 3 ¢ I, then
T=7/27 x7]47.

7. Examples

We first examine all examples of curves with an n-isogeny where X((n) has finitely
many noncuspidal points over QQ in Table 2. We refer to Table 4 of [Lozano-Robledo
2013] for the j-invariants. We give the torsion subgroup over @2, the j-invariant,
the Cremona labels of the elliptic curves, and the Galois group of the field of
definition of the abelian torsion. We then find examples for all the other torsion
subgroups appearing in Theorem 1.2 in Table 3, computing the torsion subgroup
over Q% using the method described in Section 6.
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E(Q%)0r J(E) Cremona label ~ Gal(Q(E (Q™),0r5)/@Q)
7/117 —11-1313 121al 7/10Z
121c2 7/57
—215 121b1 7/57
12162 Z/10Z
—112 121cl 7107
121a2 7/57
7/15Z —52/2 50al 7/47
50b3 Z/47
—5%.2413 /23 50a2 7/27 x 747
50b4 Z)27 x 747
—5.293/2° 50a3 7/27
50b1 z/27
5.2113/21 50a4 727 x 727
50b2 z/27
z/177 —17%-1013/2 14450p1 7/16Z
—17-3733 2V 14450p2 7/87
7/19Z —215.33 361al Z/97
361a2 7/187
z7/)21Z —32.56)23 162b1 7/37
162c2 7/6Z
33.53)2 162b2 Z/6Z
162c1 7/67
—32.53.1013 /2% 162b3 7/67
162c4 Z)27 x 767
—33.53.3833/27 162b4 7/27 x 7)67
162¢3 7/6Z
7/217 —215.3.5° 27a2 7/187
27a4 7/97
z/37Z —7-113 1225h1 7127
—7-137°.20833 1225h2 7/36Z
7/437 —218.33.53 1849al 7217
1849a2 7/427
7/67Z —215.33.5%.113 4489al 7/33Z
448922 7/667
7/163Z —218.33.53.233.293 26569al 7/81Z
26569a2 7/162Z
Z)27 x 7/147 —33.53 49al Z/6Z
49a3 7/67
—33.53.17° 4922 Z)27 x 767
49a4 7/6Z
7/37 x 7/97 0 27al 7/67
27a3 7/67

Table 2. Torsion from n-isogenies with X¢(n) genus > 0.
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http://www.lmfdb.org/EllipticCurve/Q/121b1
http://www.lmfdb.org/EllipticCurve/Q/121b2
http://www.lmfdb.org/EllipticCurve/Q/121c1
http://www.lmfdb.org/EllipticCurve/Q/121a2
http://www.lmfdb.org/EllipticCurve/Q/50a1
http://www.lmfdb.org/EllipticCurve/Q/50b3
http://www.lmfdb.org/EllipticCurve/Q/50a2
http://www.lmfdb.org/EllipticCurve/Q/50b4
http://www.lmfdb.org/EllipticCurve/Q/50a3
http://www.lmfdb.org/EllipticCurve/Q/50b1
http://www.lmfdb.org/EllipticCurve/Q/50a4
http://www.lmfdb.org/EllipticCurve/Q/50b2
http://www.lmfdb.org/EllipticCurve/Q/14450p1
http://www.lmfdb.org/EllipticCurve/Q/14450p2
http://www.lmfdb.org/EllipticCurve/Q/361a1
http://www.lmfdb.org/EllipticCurve/Q/361a2
http://www.lmfdb.org/EllipticCurve/Q/162b1
http://www.lmfdb.org/EllipticCurve/Q/162c2
http://www.lmfdb.org/EllipticCurve/Q/162b2
http://www.lmfdb.org/EllipticCurve/Q/162c1
http://www.lmfdb.org/EllipticCurve/Q/162b3
http://www.lmfdb.org/EllipticCurve/Q/162c4
http://www.lmfdb.org/EllipticCurve/Q/162b4
http://www.lmfdb.org/EllipticCurve/Q/162c3
http://www.lmfdb.org/EllipticCurve/Q/27a2
http://www.lmfdb.org/EllipticCurve/Q/27a4
http://www.lmfdb.org/EllipticCurve/Q/1225h1
http://www.lmfdb.org/EllipticCurve/Q/1225h2
http://www.lmfdb.org/EllipticCurve/Q/1849a1
http://www.lmfdb.org/EllipticCurve/Q/1849a2
http://www.lmfdb.org/EllipticCurve/Q/4489a1
http://www.lmfdb.org/EllipticCurve/Q/4489a2
http://www.lmfdb.org/EllipticCurve/Q/26569a1
http://www.lmfdb.org/EllipticCurve/Q/26569a2
http://www.lmfdb.org/EllipticCurve/Q/49a1
http://www.lmfdb.org/EllipticCurve/Q/49a3
http://www.lmfdb.org/EllipticCurve/Q/49a2
http://www.lmfdb.org/EllipticCurve/Q/49a4
http://www.lmfdb.org/EllipticCurve/Q/27a1
http://www.lmfdb.org/EllipticCurve/Q/27a3
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E (Q™) 41 J(E) Cremona label  Gal(Q(E (Q™) )/ Q)
(0} 212.33/37 37al {1}
7/37 213/11 44al {1}
z)57 —1/2°-19 38b1 {1}
777 33.43/27.13 26b1 {1}
7/97 —3.733/2° 54b3 {1}
7/137 —212.7/3 147b1 7/37
7)257 —212/11 11a3 Z/57
Z7/27 x 727 —50/32.23 69al 7/27
7/27 x 7 /A7 11/3.5.7 315bl Z)27 x 7)27
7/27 x 767 28.7 196al 7/67
727 x7/87 | 127213/3-5-7-112 3465¢l (Z)27)?
727 xZJ10Z | 21613/2'0.35.11 66¢1 7/27
7/)27 x7)127 713/24.33.5 30al 7)27 x 7)27
7)27 x 7]167Z 1036813/3*-5 15a5 Z7/27 x7)27 x 7 )4
727 xZ)187 | —5°-16373/2'8.7 14a3 727 x 7)67
7/37 x7/37 —218.73/193 19al 7/27
7/AZ x 7 /A7 190/32.52.72 315b2 z)27)*
Z/AZ x 787 | 37°-1093/2%.3%.72 126b2 (z)272)*
Z)AZ xZ)12Z | 73-1273/2%.30.52 30a2 z)272)*
Z/47 x 7]16Z 2413/32.52 735¢2 (Z)27)° x 747
Z/57 x7)5Z —212.313/11° 11al 7/47
Z7/67 x 767 53.43%/20.73 14al 727 x 727
7/87 x7/87 133.173/3%. 5% 735¢4 (z)2z2y°

Table 3. Examples of remaining torsion subgroups
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LOCAL ESTIMATES FOR HORMANDER’S OPERATORS
OF FIRST KIND WITH ANALYTIC GEVREY COEFFICIENTS
AND APPLICATION TO THE REGULARITY
OF THEIR GEVREY VECTORS

MAKHLOUF DERRIDJ

Following our preceding papers devoted to the case of general Hormander’s
operators P with analytic-Gevrey coefficients on an open set 2 in R”, for
which we established local relations of domination by powers of P and
derived from it local s’-Gevrey regularity of local s-Gevrey vectors of P
(with, furthermore, suitable relations between s, s’ and the coefficient of the
Sobolev estimate satisfied by P), this article deals with the case of Horman-
der’s operators of first kind (or of degenerate elliptic kind). We establish,
in this case, precise local relations of domination by powers of P which
give, when applied to the s’-Gevrey regularity of s-Gevrey vectors of P, in
Qy, with €y C 2, an optimal relation between s, s’ and the type of £, with
respect to the system X of vector fields whose sum of squares is the leading
part of P.

1. Introduction

Since the paper of T. Kotake and N. S. Narasimhan [1962] on the analytic regularity
of analytic vectors of elliptic operators with analytic coefficients, many articles
were published, trying to generalize their result in different directions such as
nonelliptic operators, systems, s-Gevrey vectors (which generalize the notion of
analytic vectors for s > 1, analytic corresponding to s = 1). The property proved
by Kotake and Narasimhan for elliptic operators with analytic coefficients (also
named “iteration property” or even “Kotake—Narasimhan property”) was sought to
be true for more general operators than elliptic ones and also for systems (see a
survey on this subject in [Bolley et al. 1987] or in [Derridj 2017] for a more recent
but short one). The “iteration property” is also true for s-Gevrey vectors of elliptic
operators with s-Gevrey coefficients, s > 1, but it was proved by G. Métivier [1978]
that it cannot be true for nonelliptic operators, meaning more precisely that if P

MSC2010: primary 35B65, 35J70; secondary 35G99.
Keywords: Gevrey vectors, degenerate elliptic-parabolic differential operators.
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is not elliptic, even with analytic coefficients, then an s-Gevrey vector of P is not
necessarily in s-Gevrey class if s > 1.

For the value s = 1, M. S. Baouendi and Métivier [1982] proved that the iteration
property is true for the class of hypoelliptic operators of principal type with analytic
coefficients, showing a difference between the cases s =1 and s > 1, in this question.

There are also many papers concerning systems of vector fields with analytic
coefficients: M. Damlakhi and B. Helffer [1980] showed the “iteration property,”
in the case s = 1, for such real systems satisfying Hérmander’s condition, followed
by a more precise version of Helffer and C. Mattera [1980].

When the iteration property is not true one can ask for the s’-Gevrey regularity
of s-Gevrey vectors of an operator or system, s’ > s. There is a series of papers
studying the case of systems of analytic complex vector fields, concerning analytic
or Gevrey vectors [Barostichi et al. 2011; Castellanos et al. 2013], where the authors
prove such s’-Gevrey regularity of analytic or s-Gevrey vectors with some relation
between s, s” and the structure of the system under study.

A more recent paper by N. Braun Rodrigues, G. Chinni, P. Cordaro and M. Jahnke
[Braun Rodrigues et al. 2016] was partly devoted to the global Gevrey regularity
of global analytic Gevrey vectors of some subclass of Héormander’s operators on a
product of tori. In that situation they showed global s’-Gevrey regularity of global
analytic or s-Gevrey vectors of such operators, with an optimal result. A little
later, we studied in [Derridj 2019b] the case of local Gevrey regularity of local
k-Gevrey vectors (k € N*) of Hormander’s operators of first kind obtaining also
the same relation between s’, k and the type of Qp, with Qy open set in £ on
which we consider the k-Gevrey vectors. More recently, we studied the case of
general Hormander’s operators P satisfying an a priori Sobolev estimate done by
L. Hérmander [1967] for which we established local relations of domination by
powers of P, when the coefficients of P are in G*(2), s > 1. From such local
relations we deduced the s’-Gevrey regularity of s-Gevrey vectors, with a suitable
relation between s, s’ and the coefficient o of the Sobolev estimate, o = %, p € N*
[Derridj 2019a].

Here we study the same question for Hérmander’s operators of first kind for
which we give precise local relations of domination by powers of P, when the
coefficients of P are in G°(2). From these local relations we deduce an optimal
relation between s', s and the type of Q, with respect to the system X of the vector
fields whose sum of squares is the leading part of P (see detailed theorems in the
next sections).

In Section 2 are given some notation and definitions, with some preliminary
facts. We recall in Section 3 the basic subelliptic estimate satisfied by Hérmander’s
operators, established by Hormander [1967], J. J. Kohn [1978], and L. Rothschild
and E. Stein [1976].
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We use this basic estimate in order to give in Section 4 a finite family of localized
estimates needed in the proof of our local relations of domination by powers of P,
when the coefficients of P are in G*(€2p). Then in Section 6, we prove a theorem
(Theorem 6.1) which gives as a corollary the s’-Gevrey regularity in 2, of s-Gevrey
vectors of P (s > 1) on © with s” optimal and a relation between s’, s and the type
of Qo with respect to X (Theorem 6.3).

2. Some notations, definitions and preliminary facts

The differential operators we deal with in this paper are defined in an open set €2 of
R" and have the form:

m
(2-1) P:ZX§+Y+b,
j=1
where
X =(X1,..., X)) is a system of real smooth vector fields in €2,
2-2) Y is a smooth vector field in €2 such that its imaginary part
ImY is a linear combination with smooth real coefficients in
2 of the vector fields X;, j=1,...,m,
and
m
(2-3) ImY:ijX, bj € C*(Q2,R), b e C®(Q,0).

j=1
In the case Y is real and P satisfies the following “Hormander’s condition for
hypoellipticity:”

The Lie algebra, Lie(Y, X1, ..., X,;), generated by the smooth

2-4
(2-4) real vector fields Y, X1, ..., X,;, is of maximal rank in €2,

P is hypoelliptic in 2 [Hormander 1967].

We studied in [Derridj 2019a] the case where the coefficients of the vector fields
Y, X1,..., X, and b are in some Gevrey class, and established, under condition
(2-4), local relations of domination by powers of P, with application to the Gevrey
regularity of analytic-Gevrey vectors of P.

Here we prove precise local relations of domination by powers of P in the case
of Hormander’s operators of first kind:

The Lie algebra, Lie(Xy, ..., X,,), generated by the smooth
(2-5) real vector fields X1, ..., X,;, is of maximal rank in €2,
P given by (2-1), satisfying (2-3).

More details are given in the next sections.
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Let A be now a linear operator on % (£2), then

(2-6) [P, A]= Z(Xj[Xj, Al—=[X;,[X;, AlD +[Y + b, A]
j=1 with [X, A] = XA — AX.

In the sequel, our operators will be ordinary derivatives 9%, with « € N", or some
elementary pseudodifferential operators 7, or ¥ T, with ¢ € 9(£2). Let us recall
them and give some related facts.

Given o € R, one defines 7, as operator acting on ¥(R") (the Schwartz space
on R") by:

2-7) SR sur> Touc PRY), with T,uE) =1+ |ED%E).

As we will work locally, generally in relatively compact open sets in €2, we
consider elementary pseudodifferential operators ¥ T, u, with ¥ in 2(£2). Moreover
when working on local regularity of a function u, knowmg a property of Pu or of
the sequence P*u, k € N, we can assume by taking X =vX;, Y= VY, b=1yb,
and P = > i1 X f +Y +b, that the X;’s,Yand b have compact support, specifying
the following:

¥ € D(Q), ¥ =1on V(Q), with Q; C Q, then

(2-8) - — -
Pu=Pu onV(Q) =, Q2 CQ.

The Hormander’s hypothesis will be the same on €2; and so, all the inequalities
obtained when using such hypothesis. Coming back to our operator T,, we re-
mark that, for u € @(R"), T,u is not necessarily in @(R"), but ¢ T,u is, when
Y e D(R) CDR").

The following facts, which we will use along the proof, are, of course, common
in the theory of pseudodifferential operators, but here can be proved easily as we
work with the above defined simple operators. The Sobolev norms are:

(2-9) lvlle = I Txv]l, | -]l being the L?> —norm, veYR".

In particular, 7, and so {7, are linear continuous operators from H*(R") to
H*7%(R"). The operator T, is of order o. As we assumed the coefficients of the
X;’s, Y and b with compact support (as we used the cut-off function, which has
value 1 on €27), we may consider the following:

[X;, T5] and [Y, T, ] are of order o, satisfying
I[X;, To1vllp < Cpollvllpto  forall v e D(L2),
(2-10) same for [Y + b, T, ],
I[X, [Xj, Tolvllp < Cpollvllpro  forall v e B(L2),
I[Y, To1vll, < Cllvllp+o-1-
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The properties in (2-10) are the same replacing T, by ¥ T,.

We will use in the next sections the following facts:
(2-11) If 2 is relatively compact in 2; and ¢ € (€22), ¥|q, =1, then

Ivlle <Y Tovll+ Cllvllg—1, forallve (), C=C(Y).

Equation (2-11) follows from: ||[T,v| = T ¥ v < v Tov| + [ Ts, ¥]v].

If (-,-) denotes the scalar product in L?(R") then

(Tyv, w) = (v, Tyw), v, w € PR
(2-12) 7 7
(v, W] <s.clvlls +1lelwl—, seR,

where s.c. stands for a small constant and I.c. for a corresponding large constant.
As we will need it in the next sections, we recall a relation between the scalar
product (Pv, v), v € 9(£2) and the norms || X v, j=1,...,m, for v e D(Q):

m m
@2-13)  (Pv,v)=—>) X+ 0(2 I1Xjvllllv]l + ||v||2> +(Yv,v).
j=1 j=1

Now from hypothesis (2-5), made on Y, we see that

m m
(2-14) —Re (Pv.v) =Y [Xv|*+ O(Z IXjvllvl + ||v||2).
j=1 j=1
Hence one gets, using that, if X; is real, Re (X v, v) = o(|lvl?:
(2-15) Z ||va||2 < C(I(Pv,v)|+|lv]*), forallved(L).
j=1

We finish this section recalling definitions of “analytic and Gevrey spaces” and
“analytic and Gevrey vectors of an operator.”

Definition 2.1. Given an open set €2 in R”, an analytic (s = 1) (respectively Gevrey,
s > 1) function in €2 is a smooth function in €2 such that for every compact K in €2,
there exists Cy > 0 such that

n
(2-16) 10%ull 2y < Ci¢ at®,  foralla eN", Ja| =) a;.
i=1
Definition 2.2. Given an operator P, of order m in €2, an analytic vector (case

s = 1) and a Gevrey vector (s > 1) of P, in €2, is a function u € L%OC(Q) such that,

for every compact K C €2, there exists a constant Cg > 0 such that
(2-17)  PfueL*(K) and [[PXullp2x) < CRM (mk)?, for all k € N.
Remark 2.3. When 2 is compact, just take K = €2 in (2-16) or in (2-17).
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In our case, in the sequel, m =2, with P given by (2-4) and, as P is hypoelliptic
[Hormander 1967], or using directly the basic estimate, one can take u € C*°(£2), in
Definition 2.2. We write u € G°(2) (Definition 2.1), u € G*(P, 2) in Definition 2.2.

3. The Hormander-Kohn—-Rothschild—-Stein basic estimate

In his paper on hypoellipticity, Hormander [1967] introduced his condition, known
as the bracket condition. in the case of operators P of first kind, it reads concretely
as follows. Let, forany i, j € {1,...,m}and I = (i1, ..., i¢)

G-1) [Xi,Xj1=XioX;—X;0X;,
X =[X;,....[Xi, ,, X;,1]...], |I|=Iengthof I =¢.

For any open subset QC Q, we set
(3-2) (Hg) : Forevery x € SNZ, span{X;(x), VI} = TX(SNZ) ~ R".

Given any subset V contained in $, one can define its type relative to the system
X as follows:

(3-3) typeyx (V) =sup{typex(x) :x € V} € Ry U {400},
where typey(x) = inf{k e N* : span{X ; (x), |J| <k} = [R{”}.

Then, for the system X = (Xy, ..., X;»), one has the following basic subelliptic
estimate:

Theorem 3.1. Let Q; open, Q1 € Q, such that typey (1) = p < +oo. Then, if
o= %, one has

(3-4) IIv||a§C<levall+lleI>, C=C(21, X), forallveD(S2).
j

The estimate (3-4), proved by Hormander [1967] for o < i, was improved

by Rothschild and Stein [1976]. Kohn [1978] gave a subelliptic estimate with o
smaller, but with a simpler proof (in case p=2, 0 = % also).
In the next sections, once 21 with | € Q2 is fixed, one can assume that the X ;’s,
Y and b have compact support as we mentioned in (2-8) in the preceding section.
One may deduce from Theorem 3.1 an estimate involving P, which will be more
useful to us, as we have information on the Pu = f, rather than on the X ju’s. This
estimate is

m
3-5) vl + ) IX0lP < CAP, v) [+ [v]?),  forall v e B(R).
j=1
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Now, given u such that Pu is known, u € C*°(£21), one way to use (3-5) with u play-
ing some role, is to localize u by a cut-off function ¢ € 9(2), with p|q, =1 (so pu =
u on £27). So, taking v = gu in (3-5) we will have (Ppu, ¢u) in the second member.

In order to have information on Pgu, knowing Pu or ¢ Pu, if we look at it on
2,, 1S to write

(3-6) Pou =[P, ¢lu+¢Pu,
which gives, using (2-6),
(3-7) Pou=73"(2X; 0 X;(¢) — X;(@)u) + ¢ Pu.

In the sequel, when we study estimates on derivatives of u, knowing locally deriva-
tives of Pu, we will have to deal with the brackets of P with the operators 0*. So,
from (2-6) we will face the brackets [X;, 0], [Y, 0*], [X;, [X;, 3*]]. These are
obviously differential operators of order «. As in our preceding paper [Derridj
2019a], we write them as:

[X;,091= D ajuped, [¥,0°1= D bape 0P,

B<a B<a
=1,..., n l=1,..., n
(X5 (X5 0% = > diap®+ D Cluap 0P,
(3-8) B<a B<a, |Bl<la|-2
k=1,...n kt=1,....,n

where B + ¢ is the multiindex defined by
B+Oi=pi, i #L B+Oc=Be+1,
(6,01 =Yg bap 9”.
We, often, delete the first subscript j in these coefficients, in the proofs of our
estimates, writing for example X instead of X;’s. Let us now recall a proposition
giving estimates for the coefficients in (3-8), when the coefficients of P are analytic

(s = 1), or generally in the Gevrey class G°(21) (s > 1), ; open set in ; we
proved this proposition in [Derridj 2019a], see also [Derridj and Zuily 1973].

Proposition 3.2. Assume the coefficients are in G*(21), Q1 C Q. For every compact
K C 2y, there exists B = By such that, if V denotes the gradient operator,

gl -+ bapeli +lajepelx < B S0, peal<tsn l<j<m,
[Vbupli + Vbupelic + Vajapelic < B*(%2)), p<al=t=n l=j=m,
Icjeaplk +1VCjaplx < (B! 1Bl <la|—2, 1 <€ =<n,

tapli + Vel < B (ol + D).

i
(3-9) ((a +k)! )
(
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n
Here we recall that ! = [[;_; o;!,
B<asfi<a forl<i<n; B<asB<a pFoa.

As a corollary of Proposition 3.2, we get:

Proposition 3.3. Assume that the coefficients of the X ;’s, Y and b are in G*(Qo),
for some s > 1. Then there exists a constant B > 0 such that for j =1, ..., m and
B<oa, 1<l k<nand0<t<1:

a_plfa\*
Ibagvlle + apevle + lagapevle < B (53) ol
_ +k)I\*
3-10 CitkapVlls < B ﬁ‘((“—) vll,
( ) llcjerapll (B! lv]|
al(lal+1)

B!

4. The basic localized estimates

s
Idjtapvlle = BI( ) vl forall v e B ().

We want to derive from the basic subelliptic estimate (3-5) with o = %, peN,a
finite family of localized estimates, which we will use in order to prove our local
relations of domination by powers of P. These localized estimates are expressed in
the following result.

Proposition 4.1. Let Q1, Q| C Q, and assume that (3-5) is true on Qq. Then there
exists a constant C > 0 such that for all (u, ¢) € C*(21) X D(R2) and a € N":

@1 ledullo

sC{<||¢8“Pu||||<aa“u||>”2+ > U o%ul P a%ul)'/?
[B11+1B21<2

m
+ ( > ePIx;, 0l 2+ llelX i 1X L 9%
IBI<1 j=1

+ llplY +b, a“]unl”) : ||¢a“u||l/2}
andforl1 <t <p-—1,

4-2) led®ullesno

< C{ngoa“PunMa + Y NP 0%ulleo + Y e 0%ull 1o
1B1<1 " 1B1=2

+ Y lePIX;. 0% ulle-no + D N@lX;. (X, 0% Tulle—1yo
BI=1 j=1

+ lelY + b, 3% Tull -1y }
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It is important to note the difference between the two cases (4-1) and (4-2). The
first one has in the second member terms which are square roots of products of two
factors and the second one has just norms, but in suitable Sobolev spaces which
permit to obtain an optimal result.

Proof of Proposition 4.1. We begin with the proof of (4-1). We first mention that
the constant C > 0, in the following, may vary from line to line, but as ¢ is in
{0, ..., p}, at the end we will have a constant C > 0, valid for all the estimates in
(4-2). Moreover, in all the proof of our proposition, s.c. will denote a small constant
and l.c. a large constant, which will be determined along the proof; in order to get
a fixed constant C > 0, valid for all £ € {0, ..., p} and all @ € N, we use the basic
estimate (3-5) for v = pd%u. So

4-3)  lled“ulls + Z 1X j93%ull < Co(I(P9d*u, p3*u)|'/? + lld“ull).
=1
Then write :
4-4) [P, pd%lu
=[P, 910%u + ¢[P, 3%]u
m
:Z(ijoxj(go)—xi(go)) 0%u+g Z(ZXJ-[X]', 3 u—[X;, X, 0%1lu)

=1
+Y(p)3%u+¢lY +b,3%u

Now the only terms which are not trivially bounded by the second member of
(4-1) are

12X - X (9)0%u, p3“w)|'* and | X[X, 01, 9%u)|".

But

4-5) (X 0 X(9)3%u, p3*w)|"? = (X (9)3%u, (=X +a)pd*u)|'/?
<s.c.)| X@d%u +Lc.(||@d%ull + [|X (@)9%ul))

4-6) |(@X[X, 3*Tu, 93 u)|'/?
< (X @IX, 3N, p3*w)|'* + (X 0 p[X, " Tu, 93“u)|'/?
< IX@IX, 3 Tull2llpd*ull'* + (o[ X, 3%Tu, (—X +a)pd”u)|'/?
<s.c.||X 0 pd%ul +Le.(lolX, 3%1u)|| + [l9d%ul)
+ 1 X (@)X, 3 Tull' 2l pd*u|'/?

Now taking the small constant s.c. less than %CO, in view of (4-3), s.c.|| X (¢)o%u||
will be absorbed by the left hand, which will be bounded by the right member of
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(4-1). Once s.c. is so well chosen, the constant l.c. will be fixed and so get our
constant C, needed in (4-1).

In order to prove (4-2), we need our hypothesis that the subelliptic estimate is
valid in ¢: so in all the sequel we fix a test function ¢ € D(R2), Vo, = 1.

We will prove in fact the following estimate:

m
4-7) led“ulle+1)s + Z X j99%ull¢o < C{second member in (4-2)}.
j=1

Now we set v = d%u, and then we get from (2-9)

m
4-8) lovlesne + D I1Xj0vle0
j=1

< Wevlierne + Y IX ¥l
j=1

m
< Tew¥ovllo + Y 1T X v
j=1

m
< Teo, Yol + 1¥ Teo@vllo + D (I Teo, X100l + 1 X9 Tespull).
j=1

Now, using that [Ty, , ¥] is of order fo — 1 <0, as £ < p and [Ty,, X ;3] is of
order Lo, we get:

m
49) levliesne + > I1X vl
j=1

m
<s.clovllesne +Lelovl + 1Y Twevlle + Y 1X¥ Tiopvll.
j=1
Now we apply the basic estimate to the last two terms:

4-10) ¥ Tewpvlle + D I1X ¥ Toopv]
J

< Co(|(PY Tis v, ¥ Tooov)|'/2 + ll@v]l o)
< Co(I(PY Teo pv, ¥ Teo )| + s.c @l 4110 + L ll@v]l).
Gathering (4-8), (4-9) and (4-10), we obtain

@11 fovllesne + Y _ IX 90l

j=1
< Col(PY Ty v, Y Teoov)|' +s.c.llpvlle+170 +Le.lovll,  with v = 3%u.
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So we are reduced to study the term | (P Tyy 98%u, ¥ Trs 9d%u)|'/*. We decompose
Py Tis00%u as follows:

(4-12) Py T;o0d°u
=Y Toopd” Pu+ [P, Y Toolod“u+ Y Too [P, 910“u + Y Too o[ P, 0 u.

So we are led to bound the following expressions:

(A) A bound to |(V Tyo 0% Pu, ¥ Toed®u)|'/> = Ej.
The term E; can be bounded as follows, using (2-12):

(4-13) Ej <s.c.llod®ulle+1)o +1.c.ll9d” Pull¢—1)o-

B) A bound to |([P, ¥ Tox19d%u, ¥ Toe0d®u)|'/* = E,.

Using the expression of the bracket given in (2-6), we have to bound the following
three terms E3 1, E2 2, E3 3.

m
(2) Ex1 < ) IOXGIX G, ¥ Teolod®u, ¥ Teo 3 u)| /2.
j=1
Using that Xj =—X;+ajand [X;, YTy, ] is of order £o:

m
Eyy <5 ) I1X¥ Teopd“ull +1c.|90%ull o
j=1
Similarly:
(b) Eap <Y (X} [X;. ¥ Teo NN@d“u, ¥ Tropd®w)|* < s.c.|0d“ul| 10 +1.c. 190" u].
j=1
©  Ex3 (Y +b, ¥ Tiol9d®, 90*u)|'/> < s.c.pdulle41)0 +1.c.llpd®ul.

Hence, as E; = E> 1 + E» 2 + E» 3, we obtain
(4-14) E> <s.c.ll@d®ullg+1)o +1.c.llod®ull.

©) A bound to | (Y Tys [P, 918%u, ¥ Tye9d®u)|'/? = Ej.
Using the expression of the bracket [P, ¢] given in (2-6) we have to bound the
following three terms.

m
(a) E31 <2 (YT Xjo X j(9)0%u, ¥ Teepdu)| /2.
j=1

m
Esn <2 |(¥TewXj o X;(@)0%u, ¥ T pd“u)|>
i=1

j:
m
< (s XY Too0d®ull +1e. (X (9)0%ulleo + 19071l 6o)),
j=1
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where we have used that X7 = —X; +a;.
m

(b) E32 <Y 1 Teo X5(@)0%u, ¥ Trgpd“u)|'2.
=1

and hence:

m
Esp <s.c.l90%ullerne +1.c. ) 1 X5(@)0%u ] -1)o-
j=1

©) Ezz <|(WTilY +b,01d%u, ¥ To0d%u)|"/* < |Y (©)3%ulleo + 9% ull o
Therefore, as E3 = E3 1 + E35 + E3 3, we get

(4-15) E;

m
< s.c.(nwa“un(wa +> ||X,,»<pa“u||ea)

J=1

+le. (Z 1X (@) 0%ull oo+ 1Y (©)0°ulleo + 1100 e +Y _ I1X5()0“u ||(£1)a>-
j=1 j=1

(D) A bound to |(¥ Tye @[ P, 0% u, Y Tys0d*u)|'/> = Ey.
Using again the expression of [P, 0¢], we get

m
Z QY T 0 X j[X . 0u, ¥ Teg @ u)| />

+ (W Tl X j, [Xj, 3 1Nu, ¥ Toe0d“u)|'/?),
=FE41+ E4,

modulo a term trivially bounded by the second member of (4-2). Now,

E4

=23 10 Too X @)X, 0T, W Tio 90%u)| 12
=1
(¥ Teo, X 100X j, 8%, ¥ Teo 0d*u)| '/
(XY Tro 0l X ;. 8%, szpra‘”u)l”z}

m
< s.c.<||<oa“u||<e+1)o +) ||X,~<oa°‘u||eo)
j=1
+1c. (Z I1X (@)X, 0 Tull -1y + ) ol X, a“]unza),
Jj=1 Jj=1
E4p <s.cllod®ulle+no +1LcllolX;[X;, 0“Null¢-1)o-
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Hence

m
(4-16) Ey< S-C-(I|§03aul|<z+1)a +> ||Xj<oa°‘u||za)
j=1

m
+1.c.{||¢a“u||w +Z(||X,~ (@)X, 0" Tulle—1yo + 191X, 9“Tulleo
j=1

+ llolX;, [X;, 3“]]””(6—1)0)},

modulo a term trivially bounded by the second member of (4-2).
Therefore from (4-13)—(4-16), we obtain
@17)  |[(PYTeopd“u, Y Tropd“u)|'"?

m
< S-C-<||<P3abi||(z+1)a +)° ||X,<oa“u||@a>
j=1

m
" l.c.{ngoa“uneo 31X @0l + 1Y (@)Ul o
j=1

m m
+ D IX3 @)% ulle—1ys + DN X (@)X, 8 Tuell ¢=1)0
Jj=1 Jj=1

m
+ D llelX X, 0 Nulle-1yo |
j=1
modulo a term trivially bounded by the second member of (4-2).

Now, coming back to (4-11), (4-17) and taking “s.c.” small enough, say %, one
gets with the corresponding “l.c.” a constant C > 0 in the estimates (4-2) (as the
coefficients of the X; and their first derivatives are bounded on €2¢). The proof of
Proposition 4.1 is complete. U

5. Precise local relations of domination by powers of P

Before stating our main theorem, in case P has analytic (s = 1) or Gevrey coefficients
(s > 1), giving suitable local bounds of ordinary derivatives of functions under
study, let us give some further notations of expressions needed in its proof. As s > 1
will be fixed, in the statement of the theorem, we do not include it in the notation
below, except when it is really needed. First we recall the expression Nj.’y (u, )
we introduced in [Derridj 2019a]:

(5-1) Fore>0, 2 €Q,jeN, yeN" and (u, ¢) € C*(Q)) x D(2),
NS, (u, @) = 21y 17 )1 9P Pl
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Now, in this work, we introduce new expressions:
Given p € N, for every k, we denote

(5-2) 9k={(jl,...,jzk,yl,...,yzk)=(j,y)eNzkX(N")zk st
2k ok

if 1= jor V1= _1¥ols 1vsl < (p+ DK, Yo, ly|+2l/] szkpk}

p=1 p=1

Of course, p in (5-2) will be the type of our considered relatively compact set,
as 21, we spoke about.
Then we introduce

(5-3) Fore >0, pasabove, k eN, (u,p) € C¥(Q) x D(Q)),

2k 271{
Nz’l’w,@:( > l_[ij,W,fp)) :

(J. 7)€ p=1

(5-4) Fore>0, pasabove,keN, £=1,...,p, (u,p) € C®(Q) x D(Q),

ok+1 9—(k+1)

N;g@,,@:( > HN,p,ypw,so)) :

(J,v)€Ik e p=1
where stuz{(jl,...,j2k+1,y1,...,y2k+1): Yol < (p+ Dk+L+1, ¥p,
vl+21j1 =2 (pk+ 0.

Remark 5.1. As p will be fixed with the relatively compact open set considered
(say mostly €2 but it may be €2, ...), it will be deleted in the notation (5-3), (5-4).

Sometimes we denote also, when (u, ¢) are specified,
(5-5) Ne=Ne" =Neo.

When there is no ambiguity we delete €. But looking at the Ni,e’ £=0,...,p,
there is a difference in the expressions, between the case £ =0 and 1 < ¢ < p. Of
course, there are some relations between these expressions which we give in the
following lemma.

Lemma 5.2. We have the following inequalities:
(5-6) Nie =N = =N = N

Proof. The inequalities Ny | < --- < Ny , are trivial as $y ¢ C F ¢4 for £ =
1,..., p—1,and Ny , = N4 is clear. So what needs a proof is the first inequality.
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. k+1 k+1 . . .
In order to prove it, we compare N % " and N ,% 1+ , meaning establishing whether or
not the following inequality is true:

2k 2 2k+1
(5_7) ( Z l_[ijva> = Z l_[ijva'
(J.y)edr p=1 (J.y)€dk1 p=1

In the first member of (5-7), we have the following products:

2k ok
(l_[ ijvyp) (l_[ Nip’,(sp/)7 with (]’ 7/) € yka (la 5) € ‘Qk-
p=1 =1

These products are contained in the products in the right member of (5-7), via the
map

(5—8) N] Vo . Niﬂ”(sp/ — qu//,l)p//v

o

q:(jl,...,jzk,il,...,i2k), V:()/l,...,)/zk,81,...,521\'),
after observing that (g, v) € 9 1. O

Now, we will need, in the sequel, to compare the preceding expressions, when
one has different couples (u, ¢). More precisely, denoting Nf, , = N \Gal, ¢,» We have:

Lemma 5.3. (1) Let (i, B) e N x N" and n € N. Then, for (j,y) € N x N*,
(5-9)  wNS, (Plu, @P) < e VP20 (18] 4+ 20)° Ny y 4 p(u, )
Jor [yl +2j <, (u, 9) € C(Q) x D(Q).
(2) For (u, p) € C™(R)) X D(Q),
(Pla)PNG (Pu, @) < e (plal+2)P NG (. ¢),
(plal+OFNG  (Pu, 9) < e (plal+L+2)P NG 4o, 9), (+2<p,
(Pl DN (u, ) < e Pl(plal + B! N | (1, @), 1Bl <2,
(plal+OPNG @, 0Py < e Pl(pla| + €+ BDING 115w, 9), €41l < p.

(5-10)

For the proof of Lemma 5.3, we need a simple lemma, for which, we give a
proof, in order to be complete.

Lemma 5.4. Letq € Nand (ay, ..., ay) € (R})?. Then

4 4 N\
(5-11) [T < (M) ,
i=1

q

Proof of Lemma 5.4. The inequality is trivial for ¢ = 1. Assume it is true for g.
Considering the function f: Ry — R given by

_ Z‘faj)q _(Zi]aﬂrk)‘”]
f()»)—( p A o :
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and computing its derivative, one can see that f takes its maximum value at
A= qTHZ‘II.:laj, which is zero. Hence f <0 on R,. Then taking A = a,1, one
deduces (5-11) for g + 1. O

Proof of Lemma 5.3. The proof of (5-9) is easy to see:
(5-12) N5, (P'u, ¢!P)

= Py |+D) - (y[+1BD@J+D -+ Qj+2D NS, g ).
Then, if |y |4+ 2j < u, (5-12) gives (5-9).

Now, looking at the expresswn of N, forany p € {1, ..., 2121} we use (5-12)
and consider the product ]_[ - (Pu, ¢):
2lel 2lel
5-13) [N, (Pu, o) =[] e Qo+ Do +2DF Ny 41y, (1, ¢)
— p=I

Then using Lemma 5.4, for A =1, 2,

2l 2l i 2
. ), + 1) 21| + 22/
(5-14) 1_[(2Jp+)‘)5(%) —<JT> ’

p=1

A=1,2.

Moreover, in the expression of N7, we have 2|j| < 21l pla| and Vol < (p+ Dlaf,
pef{l,..., 2%} So, from (5-14), we get

2 2l
(5-15) [T]1Ci+» =< H<p|a| +12"
r=1p=1
So
2lel 2lal
o _lal+1
5-16) [ Nj, (Pu. ¢)<]'[(p|a|+x>32" 2 T Ny, (9
p=1 p=1

So coming back to the expression of N, (Pu, ¢):

2 s 2le] olal
(5-17)  Ne(Pu,9) < ez(]"[<p|a| +A)) { Yo TV w)}
r=1 (. y)€I ) p=1
Now we want to prove
2lal Dlaf+1
(5-18) < > TNy, @, w)) ST Vi, . 0.
(J,¥)EF i p=1 (i,8)eIq,1 p'=1

But this is like what we did in (5-7), after observing that (j, + 1, k41, ¥p, Vo) €
$1a1,1 When (j,y) € Fjaf, (k, ) € Ija-
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Taking the two members in (5-18) at a power 2-(el+D " we obtain the first
inequality in (5-10), using

2 s
(5-19) (p|a|)!S(1_[(p|a|+x)) < (pla|+2)P.

=1

The proofs of the other inequalities are similar. Let us give that of the last line
which seems the “worst.” Using (5-9) or (5-12), we get

(5-20) NS, o) =e Pyl + 1) - (1 +1BD) NS, 4 5 (. ).
So, looking at the expression of N ,, forany p € {1, ..., 2lal+1y
olerl+1 olerl+1
(5-21) 1‘[ s e =TT e ((rl+ D Arpl +1BD)' NS, 45, @),
p=1

Using Lemma 5.4, we get, as in (5-14),

1B 2lelt! 18]
kzlal—t—l
(5-22) I1 ]_[(Iyler)»)<]_[(|y|+|0[|+l )

r=1 p=1

2lal+1

Now, in the expression of NG, , one has
I <2 (plal+© and |y, < (p+Dlal+L+1.

So, from (5-22), we obtain

1B 2lel+1 1B
(5-23) [T1I] v+ = H<p|a| +e+2)2
r=1 p=1
So,
lor|+1 18 olal+1
524) [T Njpop e 0®) < [J(plert + €422 B2 TT Wy, a5 ).
p=1 r=1 p=1

So, coming back to the expression of N, ,(u, e®)y:

(5-25) N @, 0P)

1B 2lel+l 9—(lel+1)
se—'ﬁ'l_[(p|a|+z+x)S{ > Hij,yﬁ,g(u,w)}
r=1 (U, V)ESare p=1

1Bl 2lel+1 2= (lel+1)

se—'ﬂ'l_[<p|a|+z+x>S{ > ﬂNip,a,,(u,so)}

r=1 (0.8)€Sae+1p1 p=1
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Hence the proof is finished using

1B
(5-26) (plap¥ l_[(P|Ol| +L+2)" < (plal+L+]18DY. U
=1

Let us now state our main theorem.
Theorem 5.5. Let Q2 be a relatively compact open subset in Q2 such that
typey (Q0) = p

and set o = 1/ p. Assume that the coefficients of P are in G* () for some s > 1.
For every 1 > € > 0, there exists M. = M (2, P, €) such that, for every a € N,
every couple (u, ) € C*(20) X D(R),

(5-27) lpd®ul < M2PIH (plaPNE (u, @)
and
(5-28) lpd®ulles < M2PHE (pla| + PN J(u, @), €=1,...,p.

Proof of Theorem 5.5. Our proof will be inductive on |x|. In each step of the
induction, we will find a condition or conditions on M in order (5-27) and (5-28),

£=1,..., p,are valid. The key point is to show that these conditions do not depend
on |o|.
(A) Proof of (5-27) and (5-28), fora =0and £ =1, ..., p.

(1) Proof of (5-27) for « = 0: We have just to observe that

o, @) = Ng o(u, ) = |lpull.

So we just need
(5-29) M > 1,

for the validity of (5-27).

(2) Proof of (5-28),a =0and £ =1, ..., p: In view of the above, M, > 1 gives
(5-27); so we have to show (5-28) for £ = 1 and, by induction on £ (finite induction
here), show that if (5-28) holds for 1 < £ <, then (5-28) holds for £ =i + 1, under
a condition or conditions on M,. In order to prove (5-28) for £ = 1, we use the
localized estimate (4-1), which is

1/2
(5-30) ||sou||nsC(||¢Pu||||gou||+ > ||<p<ﬁ”||||<p<ﬂ2>u||) :
IBil+B21=2
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But since
2 1/2
(5-31) No1 = ( > T NW> :
(J,¥)€S0,1 o=1
we see that
(5-32) lpully < Ce™" NG | (1, @).

Hence we get (5-28) for £ =1 if
(5-33) M, > (Ce Hl/2,

To continue the proof of A), we assume that (5-28) istrue for 1 </ <i, 1 <i<p—1;
we want to prove (5-28) for £ =i + 1. For that, we use the localized estimate (4-2)
for £ =i:
(5-34) lgpullatns < C<||¢Pu||<,~_1)g + Y lePullis+ Y ||<p<ﬂ>"||(,~_1)a).
1B1=<1 |B1=2
Applying induction to the terms in the second member of (5-34):
lg Pulla-1yo < MG — DENG,;_ (Pu, @).

Then, using properties in (5-10), we get

lePulli-1yo <€ *MLG + DN, (u, @), and similarly have
(5-35) loPullic < M e G+ DENG 4 (1, 0), 1Bl 1,

loPulli-1yo <€ MUG+DING,(w, 0),  |Bl=2.

So, coming back to (5-34), we obtain

(5-36) lpullg+e < CU(L+n*e M4+ (L+n)e ' MY G+ DENG L (u, ¢)
<MD+ DENG L (L @),

if the following condition is satisfied, as 1 +n < 1 +n?:
(5-37) CA+nH) (M) (eM) ' +1) < 1.

So, summarizing the conditions needed in order to prove (A), namely (5-27) and
(5-28),£=1,..., p, these are given in (5-29), (5-33) and (5-37). It is easy to see
that (5-37) is deduced from

5-38 CeM)™ < ———,
(5-38) G Tes
So, the simple condition (5-38) imply (5-27) and (5-28).

(B) Proof of (5-27) and (5-28) for || > 1.

ie(l,...,p—1).
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As we saw above, (5-27) and (5-28) are true for o« = 0. So we will use induction
on || = w; more precisely, assuming that (5-27) and (5-28), £ =1, ..., p, are true
for |a| < u, we will prove them for |o| = u + 1.

(1) Proof of (5-27) fora =B +k for |B]| = and k € {1, ..., n}: We have

8% = 9Pt = 5,08, where 9 = 9

0Xk
So
(5-39) P ull = lladPull < 13k (@)d ull + [|8kpdP ull.
So,
(5-40) P ull < llo®dPull + 9o’ ullpo,  with 9™ = 0.

We see that is suffices to apply (5-27) (with « replaced by ) for the couple (u, *))
and (5-28) with £ = p for the couple (u, ¢). Hence,

(5-41) lp®@0Pull < MZPPH (pIBNENG (. ).
So from (5-10), we get:

(5-42) lp® P ull < MZPVPIH e (p|BI+ DENG | (u, @).
Now,

(5-43) lpdPull po < MZPPIHPH (p|BI+ p)P NG, (u. @)

< MZPPHDHMEP (p (18] 4+ 1)) N (u, )

The last line in (5-43) is true using Ng’p = N§+k (see (5-6)).
Then gathering (5-42) and (5-43), we get, using (5-6),

(5-44) NpdPHu| < MZPIPHDT M 720 4 MDY (p (1B + D)FNG , (u, @),
Hence, finally, we obtain (5-27) for @ = 8 + k if

(5-45) (e 'M7P+1)M;P <1,

For that, it suffices to take the simple condition

(5-46) (eM))™' <4,
as it is easy to see that (e M/)~! < % and M. < % (e < 1). So under the condition

(5-46), the inequality (5-27) holds true for |o| = u + 1.

(2) Proof of (5-28) for |o| = o + 1: It will be the longest proof of our theorem. Let
us stay a moment, saying that we proved (5-27) and (5-28) for |o| <, £=1=
1,..., p and also (5-27) for |o| = u + 1, properties that we will use in the sequel.
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As there is a difference between the localized estimate (4-1) and the localized
estimate (4-2) for £ =1,..., p — 1, we first prove (5-28) with ¢ = 1, for all «
satisfying || =+ 1. For that, we apply (4-1) in order to bound ||¢0“u||,. Looking
at the second member, we need:

(i) A bound on Ey = (||@d% Pu||||¢d%ul|)!/>. We have to bound two terms, using
(5-27) with |a| = i + 1 respectively to the couple (Pu, ¢) and (¢, u). So, using
(5-10), we obtain
(5-47) lpd® Pull < MZP“*! (pla) P NE (Pu, @)

< e M (plal + 2)PNE  (u, @).

So we deduce
(5-48)  [l@d® Pullllpd®ull < (M"Y 2e2(pla] +2)1 (pla NG (u, @) NG 1 (u, 9).
Then, using (5-6), we obtain

(5-49)  (lld” Pullllpd®ul)'? < €= M (pla| + DNplaDHYANG, 1 (. @)
<2 M (plal + DYPNG | (u, @)
< 2s/26—lM€—1 (Mézf’|"‘|+‘+‘((p|a| + 1)!)!“'N;q1(u, (,0))

(ii) A bound on E, = Z|I31|+|,32|52(||§0(ﬂ‘)u||||g0(’32)u||)1/2. Similarly, we get, us-
ing (5-10),

(5-50) (e ullloPul)'/?
<e "M ((plal + 181D (plal + 1B DDIANE | (u, @)

<22 e M N (MEPEH I (plal + DDENG 1 (u, 9))

(iii) A bound on E3 = )5 - (lP[X, 3*Jul|lld*ul))'/*. There are m(n + 1)
terms in (iii) as X represents the vector fields X1, ..., X,,. So, let us bound any
one of them. Moreover in (3-8), we delete the subscript “;j” in the expression of
[X, 00 3°, o e=1....n Gyt 37 and the estimates (3-9) and (3-10). So we have
(5-51) lo P 1X, 0°%ull < D llaayep® 9 ull.

y <a
l=1,...,n

Hence, using the estimates in Proposition 3.3, we get, with v = <p<ﬂ>ay+€u,

1\ §
o PIX, 0Nl = 3 BEI(Z) o0 ul, 1< 1.

y<a
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Asy <a, |y +4£ =|y|+1 <|x|. So we have, using (5-27) for the multiindex
Yy +4,

I\ S
(5-52) ||§0(ﬂ)[X, 8a]u|| <n Z BIa—yI(%) M€2p(|y\+l)+l(p(|y| + 1))!SN|€)/\+1(”’ (p(ﬂ)).
y<a
Now, one has, easily,
'
(5-53) %(p(m +1)! < (pla + 1!

Hence (5-52) and (5-53) yield

(5-54) llpP1X, 9°%ul <n Y BV MZPW O (pla| + DINT, (1, 0'P)

Yy <a

<n Z B|GV|E*1M€2P(|V|+1)+1 (ple| +2)!SN2’1(M, ®).

y<a

The last line is derived from (5-10) and the fact |y| + 1 < |«|. Now we use the
following

(5-55) Z Blevip2p v+ — p Z( %p)'a_y‘_]MezpmHl
M

Yy <a Yy <a
Let us recall now the following lemma we proved in [Derridj 2019a, Lemma 4.3].

Lemma 5.6. There exists 6y > 0, independent of o, such that

(5-56) Dol <1, if0<i <6y

y<a
So, taking B < OoMezp, we get from (5-54)—(5-56)

(5-57)  NeP[X, 0°ull < ne™ ' B(n+ DM (pla| + 2)FNG, (1, ).

We rewrite the above condition we used to get (5-57) as follows:

(5-58) M2 > By

Now we deduce from (5-57),

(5-59) Y (le®1x, 0*Tullllga*ul)'/?
1BI=1
< (n+ Dfne "B+ DM (pla] + 2PN (1, )}

. {M3P|Ot|+1(p|a|)!SNZ(u’ g0)}1/2
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Using again properties in (5-6) and (5-10) we get

Ez < (n+ D+ De 'B) 2M*PH (pla)t (plal +2)FNE | (1, ¢)
< (n+ D@+ De ' B 222 (pla| + DENG | (u, ).

Now taking into account that X stands for all X;’s, j=1,...,m and Y, we finally
get

- 1/2
(5-60) 33 (9P, 0 Tullllodul) ' < ).

Jj=11BI1=1

where () =m(n+ 1DQnn+ De 'B)/2M !
MR (pla | + DENS | (1, @),
and [lp[Y +b, 3*Tullll9d“ul'/* < ().

(iv) A bound on E4 = (||@[X[X, 8%1]ul| l9d%u]))'/?. It will be done as for (iii), the
only difference being in the expression

(5-61) [X.[X.0°N= > dioy® 4+ D corayd’ T,

with estimates given in Proposition 3.3.
As in (iii) we have
(5-62)  llplX, [X, 0°Ilull
1S ,
< ZnB|a—)/|((|a| + l)%) M?P(U’H‘l)-‘rl(p('yl 4 l))!.&‘N-ley‘Jrl (Ll, g0)

y<a

o— Ol+k' s S \[€
+n ), B yl(ﬁ) MV Py 142N 2 ).
y<a,|y|<|a|-2 '

k=1,...,n

All we have now to use are the following ingredients:

(Ja| + 1)%!!(”(')/' + )< (p(al+2)!,  when [y|+1 <ol

(a+k)!
(y+k)!

and under condition (5-58)

(5-63)

(p(yl+2)! < (p(jaf +2))!,  when [y|+2 < |al.

> Bl = gy sz>la_y|_1M3”‘“‘“ < (n+ 1) BMPT,
M

Y=<« y<a
(5-64)

lo—y|=2
Z Bla—7 pp2p(ly1+2)+1 SBZ(A/ﬁp) MRl < (g2 4 1) BAp2PIIH
<a

Y
lyIslel=2
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The second line (5-64) follows from Lemma 5.6 with
Z el <p? 41,
y<a
[y |<le| =2
So from (5-62)-(5-64), we obtain
(5-65) (ol X, [X, 0*Tlull |00 ul)'/?
< (((m+ 1B +n*n*+ DB (plal +2)F)
(M2 (2P (pla) 1) 2N (u, ).

as N, | (u, @) < NG@u, @), |yl+1<|al, N, 1, @) <N, @), [y|+2 <]l
Then finally we get

1/2

(NplX, [X, 0% Tullla®ul)/? < 2°n(n+1) BM - MZPH I (pla|+ 1) NG (u, ).
Now, collecting the bounds obtained in (i)—(iv), we obtain
(5-66) ll@d“ulls
< {22 e 12 2 mn(n + D)*(e ' B)' /2 + 2°n(n + 1) B}
. CMe_l . M3p|a|+l+1(p|0l| + 1)!S‘N‘;’1(u’ (p)’

under the condition (5-58), and C given in (4-1). Now we rewrite in a simpler
manner

(5-67)  llpd®ulls < Als, €, Qo, PYCM_ - MZPH I (pla| + DIENE | (u, 9).
So we see that (5-28) for £ = 1 is true under the condition
(5-68) M. > sup{CA(s, €, Qo, P), (BO; H/*P},

in view of (5-58), (5-67).

So, our work now will be the proof of (5-28) for |¢|=u+1, £=1,..., p. For
that, we assume that (5-28) is true for || =u+1, 1 <f€<i,ie{l,..., p—1}; we
want to prove (5-28) for £ =i+ 1. Here the proof will be simpler than the preceding,
as when using the localized estimate (4-2) with £ € {1,..., p — 1}, one has no
square root of products of norms. Moreover, some estimates are quite done in the
preceding proof of (5-28) for £ = 1. We first use (4-2) for £ =i then looking at the
second member of (4-2) with £ =i, we have, as in the preceding, to bound terms,
which are, here, simpler as they are norms of some functions in some Sobolev
spaces, in place of square roots of products. Let us list them.

(i) A bound on ||@d* Pul|i—1ys. The bound is, simply, given by applying (5-28)
with £ =i — 1 to the couple (Pu, ¢). So

(5-69) l@d® Pulli—nye < MZP*H (plal+i — DENE,;_ (Pu, ¢).



LOCAL ESTIMATES FOR HORMANDER’S OPERATORS OF FIRST KIND 535

Then using (5-10), we get,as i —14+2=i+1 < p,
(5-70)  ll9d* Pulli—1)e <€ *M>P " (plaf+i+ DENG . 9)
E 6—2M6—2M€2p|05|+i+]+1 (p|a| +l + 1)!S‘N‘fx’i+1(u’ g0)

(i) A bound on )", ll9P3%ullis. Similarly, we have by applying (5-28) for
L=ito (u,p®),

(5-71) lp®9%ullie < MZP*IHHY (plor| + i) NS (u, ).
Then using (5-10), one has, asi + |B]| <i+1 < p,

5-72) Y MeP%ullic < (n+ e M7 MEPITTH (plar| i + DIENG 4 (1, ).
IBl=<1

(iii)) A bound on Z|ﬁ|=2 ||go(/3)8°‘u||(i_1)g. We use exactly the same way, getting
successively:

(5-73) Nl P a%ullg-1yo < M (plal+i— DIENS,_ (u, P,
asi—1+|Bl<i+1,
574 Y P o%ullg-1)o
|B1=2 < n2€_2ME_2M€2plaH_i+l+l(p|a| +i4 1)‘SN€ (u’ (p)

a,i+1
@iv) A bound on

> lePIX;. 0% Tulli—1ye  and  [l@lY +b, 0 ullG-1)s-

We have just to consider [P [X, 8%]u||;—1)0» |8] < 1. So:
(5-75) leP[X, 3 Tulli-1)0

1\ S
< 2 BU(S]) 100 o (see (-8))

Yy <a

So applying (5-28) with £ =i — 1 and o = y + £ ((5-27) with @ = y 4+ £ when
i=1)to (u, e®):
(5-76) Nl P[X, 3 Tulli-1)0
I\NS ,
<y B'“*V'(%) M2 DRy [ D= DN o, o),

y<a

=l Bl<1.

Then using

(5-77) ‘;‘—’!<p<|y|+1>+i_1)!§<p|oc|+i>!,
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(5-76) gives, with |8] < 1,

(5-78) NP [X, 3*Tulli—1)0

<n Z B'a_ylpr(|y|+l)+i(p|a|+i)!SN;+Z’i71(u, (p(’B))
y<a
<n Y e 'BlVIMPU DY (pla|Hit DENS (@), (5-10)
y<a
lo—y|—1 :
<n)_ B(izp) e MV (pla|+i+ DN ;(u, @) (5-6)
y<a Ah

<nm+De ' BM72 M (pla|+i+ DENG (@) (5-6)

Hence

579 D lePIX, 0% Tullg-1o

|Bl=1 .
<+ DY ' BMIPMZP T (pla| 40 + DENG L (1, @)

Of course the term ||@[Y + b, 0% ]u|| is easier to handle.

(v) A bound on ZT:1 lo[X;, [ X, 0%1ulli-1)o. As in (5-62) where i corresponds
to 1, we get

(5-80) llolX, [X, 3% ulli-1)o

I\* .
EZnB|d—/3|<(|a|+l)%> M€2p(|y|+l)+l(p(|y|+1)+i_1)!S"N‘|€y‘+|,i—](u’(p)

Yy <o
N )
) B“"’”(%) M2P D (p (] 42) 40 — 1P
y<a, ly|<la|-2 ’
k=1,...,n 'N\y|+2,i—l(u’ (0)

Here, ingredients replacing (5-63) and (5-64) are

|
(|a|+1)%<p<|y|+1>+i—1)!s(p|a|+i—1>!, lyl+1< |al,

(a+k)!
(y +k)!

(5-81)

(pUyI+D)+i-D!=(plal+i—-DL |y|+2 =]l

Hence, under condition (5-58), we get

. la—y|—1 .
la—y| pp2p(y|+D+i _ B 2plal+i
(5-82) § B M: _BE ( SP) M;

y<a y <o

< (n+ 1)BMZPlIH,
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And, again under condition (5-58), we have

: lo—pl—2 .
_ le—y| a2y 2+ _ p2 B 2plal+i
(5-83) 3 By S <_M3P) M?
Y <a y<a
ly|<|a|-2 ly|<|a|=2

S (nz + 1)BZM€2[7\05|+1"
From (5-80)—(5-83), we deduce

(5-84) [|lo[X, [X, 80{]]14“(1'—1)(7 < (n(n + I)B]WE_2 +l’l(l’12 + 1)B2M€_2)
MZPTEE (plal i+ DENE oy (1, 9),

under condition (5-58). Now we collect all bounds in (i)—(v) to obtain

(5-85)  ll@d*ulli+1)o
< C{G_ZME_Z + (n+ l)e_lME_1 —I—nze_zME_2 + (n+ 1)36_1
BM2(m+1) + (m + D)(n + 1)3BZM;2}

M 4 DENG i1, @)

So we see that in order to have (5-28) for £ =i + 1, we need that the factor of

MPPIHF2 (plo| +i 4 DPNG 41 (u, @) in (5-85) be less than 1. As M > 1, e <1,

so M2 < M7, it suffices that
(5-86) CM "' {e (424 (m+D(n+1)*B)+n° + (m+ D(n+ 1)’B*} < 1.
So, denoting by D(e, B) the factor of Me_1 in (5-86):

MeZD(G,B)’ D(G,B):D(e, QOa P)a

5-87
(5-57) M, > (BO;H)"/?P)  (which is condition (5-58)).

Now summarizing all conditions needed along our proof of the theorem, we have:

M. >1, for validity of (5-27),

M. > (Ce M2, for validity of (5-28), £ =1,

M. > (1 +n*e P71, giving condition (5-38),i =1,..., p—1,
(5-88) M. > (2¢"HY/P which is condition (5-46),

M. > (BO;HV P which is condition (5-58),

M. > sup{CA(s, €, Q, P), (BO; )"/}, which is (5-68),

M. > D(e, Qp, P), givenin (5-87).
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Then, denoting by M (e, s, 2o, P) the maximum of all numbers in the list above,
any M. > M (e, s, Qp, P) satisfies the estimates (5-27) and (5-28) for « € N"* and
£=1,..., pand (u, ) € C*(R) x D(2); so our theorem is completely proved. [J

6. Application to Gevrey regularity of analytic (Gevrey) vectors

Before applying Theorem 5.5 to Hormander’s operators of first kind, we want to
state a theorem for more general operators of order m satisfying localized estimates
that are similar to (5-5) but with a modified definition of N, due to the order m of
the differential operator still denoted by P, on the open set 2. The modifications
are done in the following, where (u, ) € C*®(Q2g) x D():

For jeN, y eN" e€[0,1], NS, (u, @)=y mj)! " |¢” P/ul,

2lel

6.1 For o € N”, N;(u,w):{ Z ]_[

2-lel

€
ij’yp(l’h §0)} )
(U, V)EI p=1
where $1o = (j, v), J=(j1, ..., jo), ¥ = (¥, ..., Vo) satisfying

ly|+mj <2 plal, |y, < qlal, for (p,q) given in N2,
So we define property (?;) for the operator P by:
For every € € [0, 1], there exists M., such that,
@) fora € N", (u, ) € C*(R) x D().
lpa®ull < M (pla )P NG (u, @).

Theorem 6.1. Assume that P satisfies (P), for some s > 1. Then every analytic
(case s = 1) or s-Gevrey vector of P in Q, is in GP* ().

Proof. We distinguish between the cases s > 1 and s = 1. The case s > 1 is simpler
as there exist elements in G*(£2p) with compact support. More precisely, let u be a
s-Gevrey vector.

(1) Case s > 1. In order to prove that u is in G?*°(£2p), we take any relatively
compact open set €21 in ¢ (i.e., ] € 2p) and want to find a constant D = D(2)
(depending on €2;) such that, for every o € N",

(6-2) 18%ull 20,y < D (plaht.

For that, we pick a function ¢ € G*(20) N D(2p), Qo € 21, ¢ =1 on 2. So,
there exists B > 0 such that

(6-3) P < BIFFL g5 g eN".
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Moreover as u is an s-Gevrey vector of P in 2y (u € G°(P, 2p)), we have, enlarging
B if necessary,

(6-4) IP/ull 20, < B™ T (mj),  jeN.
So
(6-5) lo® PIu) < B*BYH™ 1811 (m))1*,  BeN", jeN.
Hence
(6-6) NS, (u, 9) < B(eB)lrHmil B = B2,
Therefore
2lel 2 lel

(6-7) Nﬂm@f[E: HE@EW”ﬂ

(J,¥)€I ) p=1

—lel
55[ ) (E§)|y|+m./|]2_

[y mlj1<2¢ pla]
Now choose ¢ such that
(6-8) «B=1se=02B",
we get
) 2~ lal
69  Nowg<B Y <a”<9mm}

ly|<2 plal
m|j1<2 pla|

SE Z (%)IVI Z (%)MIJ'I}Z_Q.

ly1<21 pla m|jl<21 plal

Now in the two sums, y € N"2* and j € N2“'. So

21l pla 21 pla
Z (%)\ylz Z (Z 1)(%)1(5 Z (k+1)n2\a\(%)k
ly|<2lel plal k=0 “lyl=k k=0
< @“plal+ D" (1)
(6-10) — 2
<202 plal+1)"",
o

> )" =@l + 1™ Y (3) =22 plal + 1)

m|j|<2l pla| k=0
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Hence (6-9) and (6-10) imply
(6-11) NO(u, ¢) < B2 pla| + 1)" - 22 pla| + 1) < 4B pla| 4 1)"F!

< Al

for some A. Now using property (P;), we get
(6-12) 18%ull 2 < ll9d“ull < AL MEM (pla)! = (AMe) ! (plat.

This ends the proof in case s > 1, as €2 is any relatively compact open set in €2p.

(2) Case s = 1. Now, let u be an analytic vector of P in g, and let 2, €2, with
Q1 € Q» C Q) C Q. As, now, we can not consider an analytic function with compact
support, we supply by an Ehrenpreis sequence associated to the couple (€21, €2;)
(we used such a sequence in our preceding work concerning general Hormander’s
operators, but with a less precise result [Derridj 2019a, Proposition 5.1]). Let us
recall the proposition of L. Ehrenpreis [1960], giving the precise details regarding
this sequence:

Proposition 6.2. Letr (21, Q) be as above. Then there exists a constant C>0
such that

(6-13) forall N e N, there exists on € D(22), ¢nle, =1, such that
o1 < CPHINIPL for Bl < N.

In our proof below, in order to bound [|0%ul|z2(q,), We use, in place of ¢ used in
case (1), the function ¢4, where g is given in the definition of $y| in (6-1) :

(6-14) 10%ull 20,y < I@giad“ull < M (plaD!® NE W, gqla)-

In view of the definition of N, (u, ¢4|«|), We have

(6-15) (NS (ut, @gia)®”

2lel
~nla| ~ ; ~ ~ —
< ) BUEB Y TICEO™qglad ™ iy
m|j|<21l pla] lVol=gqlal p=1
ly1<2® plal
2lel
<BO? > @By Y [eCalaply,
m|jl<21 pla] lyl<2lplal p=1
[Vpol=qlal

where B is given by (6-6). Choosing €, such that

(6-16) €0B <

=
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we have

6-17) (N, ggia))>"
2lal

~~ 9l o] ~ —
<(BC) 2029 plal+ D>+ Y J]eoCqlah) !y, ™"
ly|=2plal p=1

So from Lemma 5.4 with D = 255,

(6-18) (N (i, 9gra))>"

2lel 2lal
~sla| lof 1 ~ _
<D™ @ plal+1)*" - Y > (eoCqlal) !y, |! 1)

2lal
ly|<2 pla] p=1
~oll o 1 =~ 2
=D plal+ 1 Y (Garexpelalad)
ly1<2ll plal|

Hence with €gCqla| < 2B)~'Cqla| = Ala|, we get

- - slal 2-lal
(6-19) N;O(u,¢>sD<2“p|a|+1>-{ > (G es(dlen) }

ly|<2ll pla|
<5 al eZm 2
<D p|a|+1>w{ > 1} :
ly|<2lel pla|
But
219 plo| 21l plo|
(6-20) Yooy (Z 1)5 3 k+1m"
ly|<2 pla| k=0 yl=k k=0
< @ plal+ 1) plaf+ 1)
Hence
2—lel
(6-21) [ > 1] < @“plal+ 12",
ly|<2¥lpla|
SO

~ AN la|
N, @ga) < D™ pla] + 1)”+2(%) < AT for some A > 0.

Then in view of (6-14),
(6-22) 10Ul 120,y < (AMe) ™ (plah¥,  aeN".

This finishes the proof of Theorem 6.1 in the remaining case s = 1. ]
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As a corollary of Theorems 5.5 and 6.1, we have:

Theorem 6.3. Let P be given by (2-1) satisfying (2-2) and (2-3) in an open set
Q C R" Let Qg be a relatively compact open subset of Q2 and s > 1. Assume
that the coefficients of Y, X ;’s and b are in G*(RQo) and typey (Q0) = p. Then any
s-Gevrey vector of P in Qg (analytic vector when s = 1) belongs to the Gevrey class
GP*(Qo).

Remark 6.4. In [Braun Rodrigues et al. 2016], the authors showed for a partic-
ular class of Hormander’s operators in a product of two tori, a global version of
Theorem 6.3, also proving its optimality. This implies that Theorem 6.3 is optimal.

Remark 6.5. We proved Theorem 6.3, in case s € N* (in particular for analytic
vectors of P in () using the method of addition of one variable in [Derridj 2019b].
Let us mention that D. Tartakoff [2018] suggests a different way to attack this
question (without a complete proof).

Remark 6.6. Theorem 6.1 shows that estimates (5-27) imply the ps-Gevrey regu-
larity in €2¢ of any s-Gevrey vector of P in 2. As the ps-Gevrey regularity in €2
is optimal (Remark 6.4), we deduce that the integer p is optimal in the estimates
(5-27), so giving optimal (5-27) estimates in that sense.
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BOUNDEDNESS OF SINGULAR INTEGRALS WITH FLAG
KERNELS ON WEIGHTED FLAG HARDY SPACES

YONGSHENG HAN, CHIN-CHENG LIN AND XINFENG WU

We establish a weighted Hardy space theory associated with flag structures.
This theory differs from those in the classical one-parameter and the prod-
uct settings, and includes weighted Hardy spaces H j’;’w, weighted Carleson
measure spaces CMO”T,W (the dual spaces of H,’ﬁ_-,w), and the boundedness
of singular integrals with flag kernels on these spaces. We also derive a
Calderén-Zygmund decomposition and provide interpolation of operators
acting on Hf,_.’w. Examples and counterexamples are constructed to clar-
ify the relations between classes of one-parameter, product and flag A,
weights. The main tool for our approach is the weighted Littlewood—Paley—
Stein theory associated with the flag structure.
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1. Introduction

The classical singular integral operators are extensions of the Hilbert transform,
which have singularity at the origin only. The nature of this singularity leads to the
invariance of these singular integral operators under the classical dilations on R”"
given by éx = (8xy, ..., dx,) for § > 0. On the other hand, the Calder6n—Zygmund
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product theory of singular integral operators on R” is concerned with those singular
integral operators which are invariant under the n-fold dilations:

dx = (81x1, 82x2, ..., 8uXn),

d; > 0 for 1 < j < n. The product theory of R" began with the strong maximal
function studied by Zygmund, then continued with the Marcinkiewicz multiplier
theorem and has been studied in a variety of directions; for example, product
singular integrals and Hardy and BMO spaces studied in [Chang 1979; Chang and
Fefferman 1980; 1982; 1985; Fefferman 1986; 1987; 1988; Fefferman and Stein
1982; Gundy and Stein 1979; Journé 1985; 1988; Pipher 1986]. Multiparameter
analysis appeared implicitly in [Phong and Stein 1982] and has come to light with
the proof by Miiller, Ricci and Stein [1995] for the L? boundedness, 1 < p < oo,
of Marcinkiewicz multipliers on the Heisenberg group H”". This is surprising since
Marcinkiewicz multipliers, which are invariant under a two-parameter group of
dilations on C" x R, are bounded on L? (H"), despite the absence of a two-parameter
automorphic group of dilation on H". Moreover, Miiller, Ricci and Stein showed
that Marcinkiewicz multipliers can be characterized by a convolution operator
of the form f * K, where, however, K is a flag kernel. Sharp L? estimates for
Marcinkiewicz multipliers on H-type groups were established in [Miiller et al. 1996].
Nagel, Ricci and Stein [2001] proved that product kernels can be written as finite
sums of flag kernels and that flag kernels have good regularity, restriction and
composition properties. Applying the theory of singular integrals with flag kernels
to the study of the [,-complex on certain quadratic CR submanifolds of C”, they
obtained L” regularity for certain derivatives of the relative fundamental solution
of [, and for the corresponding Szeg6 projections onto the null space of [, by
showing that the distribution kernels of these operator are finite sums of flag kernels.
Applying a type of singular integral operators whose novel features are related to
singular integrals with flag kernels, Nagel and Stein [2006] provided the optimal
estimates for solutions of the Kohn—Laplacian for certain classes of model domains
in several complex variables. These operators differ essentially from the standard
Calder6n—Zygmund operators that have been used in these problems hitherto. More
recently, Nagel et al. [2012; 2018] further generalized the theory of singular integrals
with flag kernels to a more general setting, namely, homogeneous group. They
proved that on a homogeneous group, singular integral operators with flag kernels
are bounded on L”, 1 < p < 00, and form an algebra. See also [Glowacki 2007]
and [Gtowacki 2010] and the correction to the latter. Weighted norm inequalities
for flag singular integrals on homogeneous groups were established in [Wu 2014a].

As mentioned in [Nagel et al. 2001], on the Euclidean space a singular integral
with a flag kernel is a special case of product singular integrals. As a consequence,
the L?, 1 < p < 0o, boundedness of singular integrals with flag kernels follows
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automatically from the same result for product singular integrals (see [Fefferman
and Stein 1982]). Note that the product theory is not available on the Heisenberg
groups; it is interesting to ask: Can one provide the Hardy space boundedness for the
Marcinkiewicz multiplier on the Heisenberg groups [Miiller et al. 1995]? To answer
this, the multiparameter Hardy spaces associated with the flag structure on the
Heisenberg groups were developed in [Han et al. 2014]. A kind of atomic decompo-
sition for flag Hardy spaces was provided in [Wu 2014b]. For related function spaces
on Euclidean spaces, we refer to [Ding et al. 2010; Han and Lu 2010; Yang 2009].

Another interesting class of operators are flag paraproducts. Such operators were
studied in [Muscalu 2007; 2010; Muscalu and Schlag 2013], and are closely related
to the lacunary version of bilinear Hilbert transform. Miyachi and Tomita [2016]
investigated L°° and H? estimates for trilinear flag paraproducts. Flag paraproducts
also appear naturally and play an important role in the study of nonlinear dispersive
PDEs; see the work of Germain, Masmoudi and Shatah [2012a; 2012b] and Muscalu
and Schlag [2013].

The purpose of this paper is to establish a weighted Hardy space theory associated
with flag structures. This theory differs from those in the classical one parameter
and the product settings, and includes weighted Hardy spaces H féyw and weighted
Carleson measure spaces CMOfT’w (the dual spaces of H fp’w), and the boundedness
of singular integrals with flag kernels on these spaces. We will also derive a
Calder6n—Zygmund decomposition and provide interpolation of operators acting
on H ;,w- To achieve this goal, we will employ the following approaches.

(1) Introduce a test function space and distributions: It is well known that in the
classical case, the test function space and distributions are important for the devel-
opment of the Hardy space theory. As in the remarkable work of C. Fefferman and
Stein [1972], these are just the Schwartz test functions and tempered distributions.
To introduce the Hardy spaces associated with flag kernels, in the current paper,
we shall use the partial cancellation conditions to define a new test function space,
which is different from that used in [Han et al. 2014]. Roughly speaking, any
test function satisfies the cancellation conditions in one subvariable only. Such
cancellation conditions are fulfilled by flag atoms (see [Wu 2014b]) and were also
used by Nagel, Ricci, Stein and Wainger in [Nagel et al. 2012].

(2) Establish discrete Calderén’s reproducing formulae: The classical Calderén
reproducing formula was first introduced in [Calder6n 1964]. Various forms of
Calderén reproducing formulae proved to be very powerful tools in both harmonic
analysis and wavelet analysis; see, for instance, [David et al. 1985; Frazier and
Jawerth 1990; Han 2000; Meyer 1992]. To show the L? (1 < p < 00) estimates
of flag singular integrals, Nagel, Ricci, Stein and Wainger [Nagel et al. 2012]
established a continuous Calderén reproducing formula on homogeneous groups.



548 YONGSHENG HAN, CHIN-CHENG LIN AND XINFENG WU

In this paper, we shall build two kinds of discrete Calderén’s reproducing formulae
associated with the flag structure. The first one is expressed in terms of Schwartz
functions whose Fourier transforms are compactly supported, and it converges in
the above-mentioned test function space and distributions. The second one involves
bump functions and converges in L? norm. Both formulae will be the main tools
for developing the whole theory.

(3) Provide a Plancherel-Pdlya type inequality and develop a Littlewood—Paley—
Stein theory: The classical Plancherel-Pdlya inequality says that the L? norm
of f whose Fourier transform has compact support is equivalent to the £ norm
of the restriction of f at appropriate lattices (see [Plancherel and Pélya 1936]).
It is well known that the classical and product Plancherel-P6lya inequalities play
a crucial role for developing the Littlewood—Paley—Stein theory (see [Han 1998;
Ding et al. 2012]). In this paper, we will provide the Plancherel-Pé6lya inequality
associated with the flag structure and develop the Littlewood—Paley—Stein theory.
As a consequence, the weighted flag Hardy spaces are well defined.

(4) Introduce generalized Carleson measure spaces: In the classical one parameter
case, it is well known that BMO, the dual of H', can be characterized by the Carleson
measures. Moreover, applying atomic decompositions of product Hardy spaces,
Chang and R. Fefferman [1980] proved that the dual of the product H! can be
characterized by the product Carleson measure. In this paper, we will characterize
the dual of the weighted flag Hardy spaces via generalized Carleson measures. Our
approach involves applying techniques of weighted sequence spaces, which enables
us to avoid using the atomic decompositions.

(5) Prove a Calderén—Zygmund decomposition for H ][-Z,w: The Calder6n—Zygmund
decomposition plays a crucial role in developing the Calder6n—-Zygmund oper-
ator theory and has many applications in harmonic analysis and PDEs. Such a
decomposition in the product Euclidean spaces was first provided by Chang and
R. Fefferman [1982] via atomic decompositions. In this paper, Calder6n—Zygmund
decomposition is achieved by applying the discrete Calderén’s reproducing formula
and the weighted flag version of Fefferman—Stein vector-valued maximal inequality.
As an application, we derive interpolation results for sublinear operators on H. .

We would like to remark that R. Fefferman [1987] established a criterion for the
product H? to L? boundedness of product singular integral operators in Journé’s
class by considering their actions only on rectangle atoms via Journé’s lemma.
However, R. Fefferman’s criterion cannot be extended to three or more parameters
without further assumptions on the nature of the operators as shown in Journé
[1988]. In fact, Journé provided a counter-example of singular integral operators in
the three-parameter setting such that R. Fefferman’s criterion breaks down. This
means that in the classical product theory, there are substantial differences between
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the two-parameter case and the setting for three or more parameters. However, our
approach works for any parameter case, and hence we shall focus on the case of
three parameters and from the proofs given in this paper it is straightforward to
extend the theory to the case of k (k =2 and k > 3) parameters.

To describe the main results in this paper, we first recall some definitions and
notation. A rectangle R in R" x R"> x R" := RV is called an acceptable rectangle
(or a flag rectangle) if R = Q1 x Qs x Q3, where Q;’s are cubes in R* with
side-length satisfying

0(Q1) < £(Q2) < (Q).

Denote by R r the set of all flag rectangles associated with F and by Rg’r the set
of all dyadic flag rectangles associated with F. For J = (ji, j», j3), the set R}
consists of all dyadic flag rectangles R = Q1 x Q> x Q3 of side-length £(Q;) =2/,
0(Qr) =21V, £(Q3) = 2/1V12Vi3 where a V b denotes max{a, b}.

The following flag maximal function was introduced in [Nagel et al. 2012]:

1
Mr(f)(x) = sup — / )l dy.
rRox, IR| JR
ReRr

The Muckenhoupt weight class associated with F can be defined as follows.

Definition 1.1. Let 1 < p < oo and w be a weight function on R”"; that is, a
nonnegative locally integrable function on RV that take values in (0, c0) almost
everywhere. We say that w is a flag A, weight, denoted by w € A7 (RY), if

1 1 -l
[w]sF := sup (—/ w(x)dx) (—/ w(x)l/(pl)dx> < 00.
A rers \IRI Ji IRl Jr

We say that w is in Alf (RV) if there is a constant C such that
Mrw)(x) <Cw(x)  ae xeRY.
Let ALRY) := <00 A7 ®RY). If w € AL, the critical index of w is defined by
qw =inf{g: we AqF(RN)}.

We remark that this class of Muckenhoupt weights is different from the classical
weight class A p([RN ) and the product weight class Af,’,ro([RN ). More precisely, their
relations are as follows (see Section 5 for more details):

APPRY) C AT RY) C A,(RY) for 1 < p < o0.

To develop the weighted Hardy space theory associated with flag singular inte-
grals, as in the classical case, appropriate test functions and distributions are needed.
For this purpose, we define flag test functions as follows.
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Definition 1.2. A Schwartz function f on R" is said to be a flag test function in
S#(RY) if it satisfies the partial cancellation conditions

f(x1, x2, x3)x5 dx3 =0 for all multi-indices o and every (x1, x2) € R+
R"3

The seminorms on Sz(R") are the same as the ones on S(R") and these seminorms
make Sr a topological vector space. Let S }(IRN ) denote the topological dual space
of Sz(RM).

Recall that a Schwartz function f is called a classical test function, denoted by
[ € Su(RY), if

/ f(x1, x, x3) x¥ xf x¥ dxidxydx3 =0 for all multi-indices e, S, y.
Rn1+n2+n3

We say that a Schwartz function f is a product test function, denoted by f €
So (R x R™ x R™), if

f(x1, x2, x3)x7 dx; =0 for all multi-indices « and all x, € R"?, x3 € R™,
R

f(x1, x2, X3)x2’? dx, =0 for all multi-indices 8 and all x; € R"', x3 € R",
R"2
and
fx1, x2, x3)x§/ dx; =0 for all multi-indices y and all x; € R"', x, € R™.
R"3

Clearly, Soo(R™ x R™ x R™) C Sr(RV) C Soo (RM).
Let Ny =n|+no+n3, No=ns+n3and N3=n;3. Fori=1,2, 3,let ) e S(RM)
satisfy

(1-1) supp D C (&7 e RV 1 1/2 < 57| <2)

and

(1-2) Z YDQIEN? =1 forall & € RM\{0}.
Ji€Z

Define v/ (x') =27 iNiyy @ (27Jixl), x' € RM and () = sp-n, @Y, i=1,2,3.
For J = (]1, jo, 3) €23, set Yy = w(l) w(z) w(3) The departure of our approach
is the Calderén reproducing formula (see Theorem 2.1 below)

FE =" 3" IR (x = xp)¥y * f(xR).

JEZ? ReRL

where xz denotes the “lower left corner” of R (i.e., the corner of R with the least
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value of each coordinate component), and the series converges in L2(R"), Sz(R")
and S/F([RRN ) whenever f is in the corresponding space.

Based on the above reproducing formula, the Littlewood—Paley—Stein square
function of f € S%(RV) is defined by

1
2
gr(fHx) = (Z > I x f(xR>|2xR(x)) :
J€Z? ReR:
where yg is the indicator function of R.

Definition 1.3. Let 0 < p < oo and w € A7 (R"). The weighted flag Hardy space
HY7 (R") is defined by

HE  RY) ={f € SERY): gr(f) € L (RY)}
with quasinorm ”f”Hjﬁ_,w(lRN) = gxr(N e wyy-

To see that the definition of H ;w is independent of the choice of {i;}, we will
prove the following theorem:

Theorem 1.4. Let0 < p <ocoandw € Ag:o (RM). Suppose that both {{;} and {¢;}
satisfy conditions (1-1) and (1-2). Then for [ € S}([RRN),

1 1
HZ ) |wf*f<xR>|2xR}2 {Z » |<pf*f<xR>|2xR}2

JE€Z? ReRY; JEZ? ReRY:

~

LY (RN)

L{(RY)

Remark. Note that S }([R{N ) can be identified as the space of tempered distributions
on RY modulo the tensor product of tempered distributions on R"'*"2 and polyno-
mials on R"3, and thus each element in H J@’w is given by an equivalent class. As in
the classical case, using the equivalent classes rather than distributions ensures that
| - ||H;‘w is a quasinorm (a norm if 1 < p < 00) and that Hﬁ’w is a quasi-Banach
space ( a Banach space if 1 < p < 00). We shall prove in Corollary 2.6 below that
L> N Hf , is dense in HY , so that each element f € H7 , can be identified as
the limit in H7  of some sequence {f,} C L* N H7. . See [Frazier and Jawerth
1990] for similar results in the classical case.

Remark. As mentioned before, it was shown in [Nagel et al. 2001] that flag
kernels form a subclass of product kernels. Therefore, singular integrals with
flag kernels are bounded automatically on the weighted product Hardy spaces
HJ (R™ x R"™ x R™), when w is a product Ay, weight (see [Ding et al. 2012]).
However, by Proposition 5.1, a flag weight is not necessarily a product weight,
so our theory of weighted flag Hardy spaces does not fall under the scope of the
product theory. Moreover, all functions f € L2(RY) N HZ(RY) (the unweighted
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flag Hardy space) fulfill the partial cancellation condition

f(x1, x2,x3)dx3 =0 for almost every (x, xp) € R™ x R"2,
R"3

which is different from the cancellation properties for product Hardy spaces; for
more details, see the remark after the proof of Theorem 1.10 on page 585. This is
an indication that weighted flag Hardy spaces are strictly larger than product ones.
Nevertheless, we will prove, in Theorem 1.9 below, that singular integrals with flag
kernels are bounded on these larger spaces H Jﬁ’w([R{N ). This, indeed, was the main
motivation to develop the weighted Hardy space theory.

Remark. If 1 < p < oo and w € A7(RY), then, by a result in [Wu 2014a] and
an argument similar to the proof of Theorem 1.4, the two spaces H Jﬁ_’w(RN ) and
L1 (RN) coincide with comparable norms. However, if p > 1 thereis a w ¢ A p such
that H ]’,_z’w # L1 . To see this, refer to the work of Stromberg and Wheeden [1982].
Indeed, if u(x) = |g(x)|Pw(x), where g(x) is a polynomial and w(x) satisfies
the Muckenhoupt A, condition, they proved that H! and L} can be identified
when all the zeros of g (x) are real and that otherwise H/ can be identified with a
certain proper subspace of L. Similar results in product spaces were obtained in
[Stromberg and Wheeden 1989].

To study the dual of H7 , (R"), we introduce the following weighted Carleson
measure spaces CMO%w(RN ).

Definition 1.5. Let 0 < p < 1, w € AZ (RY). Suppose that {1,} satisfies (1-1)
and (1-2). We say that f € S%(R"Y) belongs to CMOY-  (RN) if

1
1 [R|? ,)2
I fllemor. @vy = sup {— E E |Yy* f(xR)|"p < o0,
Fow 2/p—1
acry L [w(€2)] J 2 rem, w(R)
RCQ

where the supremum is taken over all open sets 2 with w(£2) < oo.

Note that the flag structure is involved in the definition of CMO’. . To see
that the weighted Carleson measure spaces CMOif—_’w are well defined, we need the
following theorem:

Theorem 1.6. Let w € AL (RN). Suppose that both {1} and {¢;} satisfy (1-1)
and (1-2). Then, for f € SE(RV),

| —

1 IRI? 2
sup {W Z Z ml‘ﬂf*f(xR)l }

N
QCR Je73 RE’Ré_—,
RCQ
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1
mgsgrglv{ w(SZ)]Z/p 1122:3 Z WVPJ f(xRp)] }
RCQ

where the suprema run over all open sets Q2 with w(£2) < oo.
The duality between HY. , and CMOY.  can be stated as follows.

Theorem 1.7. Let0 < p <1. Then (ng’w([R{N))* = CMO;’w([R{N). More precisely,
ifge CMO;’w(RN), the mapping €4 given by £y (f) = (f, g), defined initially for
f € SF(RYN), extends to a unique continuous linear functional on H ]’;yw(RN ) with
1€l < S ||g||CM01’ R’V

Conversely, for every { € (Hﬁ (RNY)*, there exists a unique g € CMO%w([R{N)
such that £ = £, with ||g||CM0prw <]l

In order to state the boundedness results for singular integrals with flag kernels
on H ]Ir_f’w(lRN ), we need to recall some definitions from [Nagel et al. 2001]. A
k-normalized bump function on R" is a C* function supported on the unit ball
with norm bounded by 1. As pointed out in [Nagel et al. 2001], the definitions
given below are independent of the choices of &, and thus we will simply refer to
“normalized bump function” without specifying k.

In this paper, we will consider the singular integrals with the following flag
kernels. See [Nagel et al. 2012] for this definition on homogeneous groups.

Definition 1.8. A flag kernel is a distribution K on R" which coincides with a C*
function away from the coordinate subspace x; = 0 and satisfies the following:

(1) (differential inequalities) For each o = (o1, an, @3) € 73,

182182293 KC(x) | < foer |71 ey | e ) 271920 (g | 4 e |+ [z ]) T 1]

X1 TX2 A3

for x; #O.
(i1) (cancellation conditions)

(a) Given normalized bump functions v;, i =1, 2, 3, on R" and any scaling
parameter r > 0, define a distribution Ky, , by setting

(1-3) (Kyro @) = (K, (¥i)r @ @)

for any test function ¢ € S(R¥~"). Then the distributions /Cy, , satisfy
the differential inequalities

1092031y, (2, x3)| S Joc2] T2 71920 (g | 4 [z ]) 371,

X2 TX3

1041831y, (1, x3)] S ey |71 (Lo | 4 s ) 1

X1 X3

1091822 Cy, » (x1, X2)] S Jed |7 7190 (g | 4 e [) 72712,

X1 X2
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(b) For any bump functions ¥; on RV~ and any parameters r = (ry, 1),
we define the distributions K. . by (1-3). Then the distributions K. .,
i =1, 2,3, are one-parameter kernels and satisfy

102Ky, ()| S x| 71l
(c) For any bump function v on RY and r{, r», r3 > 0, we have

|<IC’ w(rl" r2'9r3')>| 5 1

Moreover, the corresponding constants that appear in these differential inequal-
ities are independent of r, r1, r».

A flag singular integral Tr is of the form Tx(f) = K % f, where K is a flag
kernel on RV defined as above.
A typical example of flag kernel adapted to the flag F,

{(0,0,0)} C {(0,0,2)} C {(0, y,2)} C R,
s sgn(y) sgn(z)
X\/X2+y2\/)€2+y2+22

(see [Nagel et al. 2001]).
The following result establishes the boundedness of flag singular integrals on
the weighted flag Hardy spaces.

Theorem 1.9. Let 0 < p < 0o and w € AL (RN). Then the flag singular integral
operator Tr is bounded on H]g’w(RN). Moreover, for f € Hj—f’w([RN) there exists
a constant C, such that

||T}'(f)||H:L__w(RN) = Cp”f”H;L__w(RN)-

Remark. As a consequence of Theorem 1.9 and the remark on page 552, we can
obtain the boundedness of flag singular integrals on the weighted Lebesgue spaces;
that is,

ITF(O e wyy = Cpll fllpp@myy, 1< p<oo,

provided that w € A?([RN) and f € LL(RM).

The following result gives a general principle on the H ;, w([R{N )y — LL(RY)
boundedness of operators.

Theorem 1.10. Suppose w € Afo (RV) and 0 < p < 1. For any linear operator T
which is bounded on both L*(RN) and H Fp’w([R?N ), T is bounded from H Fp’w([R?N )
to LL(RN). As a consequence, the flag singular integral operator Tr is bounded
from HY.  (RY) 10 Ly, (R").

Theorem 1.11 gives the CMOY- , (R") boundedness of flag singular integrals.
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Theorem 1.11. Let Tr be a singular integral with flag kernel. For 0 < p <1
and w € A;(RN ), Tr extends uniquely to a bounded operator on CMOff—_’w([RN ).
Moreover, for any f € CMOgc’w([RiN ) there exists a constant C, such that

||T]-'(f)||CMO§_.,w(H‘\PN) = Cp“fHCMOg_-,w(RN)'

Note that CMO% , (R) = BMOF.,,(RY), the dual of H}. , (RV). Therefore,
Theorem 1.11 provides the endpoint estimate for singular integrals with flag kernels
on BMOx ,,(RV).

Our last main results are the Calder6n—Zygmund decomposition and interpolation
for H J,gw.

Theorem 1.12. Let w € AL (RY), p1 €(0,1]and py < p < pa < 00. Given f €
Hﬁ’w(RN) and o > 0, we have the decomposition f = g+ b, where g € Hﬁ?w(RN)
and b € Hﬁfw([RN) with
P < PPy £1P i < gP1—P p
”gl H;%HJ(RN) ~ o ”f”Hj,’f',w(RN) and ||b||H]PL_l,w(RN) ~ o ||f||H;_-w(RN)
We would like to point out that the above result was first proved by Chang and
Fefferman [1982] for the product Hardy spaces on the product of upper half space.

As an application of Theorem 1.12, we immediately have the following interpo-
lation of operators.

Theorem 1.13. Let w € AL (RY) and 0 < py < py <oc. If T is a sublinear operator
bounded from HY', (R") to L} (RN) and bounded from HY (RN) 1o L} (RY),
then T is bounded from Hﬁ’w(RN) to LL,(RN) for all p € (p1, p2). Similarly, if T
is bounded both on H;fw (RN) and Hﬁ’zw (RN), then T is bounded on Hﬁ’w(RN)
Jorall p € (p1, p2).

Finally, we make the following remark. In contrast with the product case and the
unweighted flag case (see [Ding et al. 2012; Han et al. 2014]), the whole theory of
weighted flag Hardy spaces is built on the acceptable rectangles. A typical example
is the strong maximal operator, which is bounded on the L?, 1 < p < oo, but is
not bounded on L}, if w € A7 \AL?(RY) (see Section 5 for examples of weight
functions in Af: \Al;,ro([RiN )). In the current paper, we shall use the intrinsic maximal
operator M r, which reflects the geometry of the flag multiparameter structure.

This paper is organized as follows. In Section 2, we establish the weighted theory
of flag Hardy and Carleson measure spaces. The boundedness of flag singular
integrals on these spaces are proved in Section 3. Section 4 is devoted to the
Calderén—Zygmund decomposition and interpolation in these spaces. Finally, in
Section 5, we give some examples and counterexamples to clarify the relationships
among the classes of flag weights, classical weights and product weights.
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2. Weighted Hardy spaces, Carleson measure spaces and the dual theorem
The main purpose of this section is to prove Theorems 1.4, 1.6 and 1.7. To this end,
we need the following discrete Calderon reproducing formula.

Theorem 2.1. Suppose that {1;} satisfy (1-1) and (1-2). Then
Q-1 f@=) > 2"y x=2" 0y, 270
Je73 tezN
=3 ) R (x —xR)Yy x f(xR),

JEZ3 ReRY

where 270 = (27141, 211V 1205, 21V 12VI303) = xp denotes the lower left corner of
R, 271 = 2hmAGVRInat GV s the measure of R € R;,-, and the series
converges in L>(RY), Sr(RN) and S}(RN ) (whenever f is in the corresponding
space).

Proof. The proof of the convergence of the series in L? is similar to the classical
case. Assume f € L>(R"Y). By Fourier transform, f = Y jezs Vs f with the
series convergent in L?(R"). Similar to the method used in [Frazier et al. 1991],
set g =y % f and h = ;. For & € RV, the Fourier transforms of g and # are,
respectively, given by

861, 5.6) =y D21, 215, 215y D226, 226)Y D 2 6) f (61, &, &),
hE1, 6. 8) =y D@18, 25, 215y D (226, 226)Y O (218).

Note that the Fourier transforms of g and / are both compactly supported in

Ry :={6 RN : |&| <27, |&] <27/WVig, |&| <27 /ViVisgy,

By first expanding g in a Fourier series on the rectangle R},

2=y 2'"@m™" (/ g(s/)ei[@’f)-é’]dg/)ei[(2’2)-s]’

tezV Rj
and then replacing the domain R; by RV as g is supported in R, we get
§6) =) 2 "g e 108,
tezN
Multiplying both sides by /(£) and noticing A(&)e~12" 051 = [n(. — 27 0)]"(&)
yields

(gxh)x)=Y_2""g2 Oh(x —2"0).
LeZN

Substituting g by ¥; * f and & by ¥, into the above identity gives the discrete
Calderén reproducing formula (2-1) and the convergence in L?(RM).
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To finish the proof, we only need to show that the series in (2-1) converges in
Sr(RN) if f € Sx(RN); the convergence in S}([RRN ) then follows from a standard
duality argument. The key to doing this are the following almost-orthogonality
estimates: for any L, M > 0 and f € Sr(R"),

1
(1+|xpM-

Assume that (2-2) holds for the moment. Then for any multi-index o € NV,

(2-2) | fsyry(x)] < o= jtl+li2l+13DL

Yo 2P @y =2 Oy, f(2]€)‘
LezZN |

A+ A+ VR G 1 [ B G
1
X A " " n T n
(L4 [x1 — 2708y | + |xp — 271V 285 | + |x3 — 211V 2V i3 g5 )M

< 2—(|j1|+|jz|+|j3|)L’(1 + |x|)_M for some L' > 0,

< o= (jil+lp2l+1sDL Z o Jn
LezZN

which would further imply that
Yoo D 2y =20y, FQ10) - 0 in SFRY)
il 2l sl>k eezN

as k — +oo.

It remains to verify (2-2) under the assumption f € S(R"). We note that for
any (x1,xp) € R £(x1, x2, - ) € Soo(R™), the space of Schwartz functions
with all vanishing moments. It follows from the classical almost-orthogonality
estimate on R"? (see [Han et al. 2010, p. 2840]) that

9 1 S 270 e,

which implies

(2-3) [y % f ()] S 27RIERAAIHADM (1 ) =21,
Likewise, using the fact f(xy, -, ) € Seo(R™1) for any x; € R"!, we can derive
(2-4) |JJ % f(x)] 5 2—|j2|L2(\1'1|+|j3\)M(1 + |x|)_M.

We finally use f € Soo(RY) to get
(2-5) |{Z,JJ % f(0)] < 2—|j1|L2(\jzl+|j3DM(1 + |x|)_M.
Choosing L > 100M in (2-3)—(2-5) and taking the geometric mean, (2-2) follows. [J

The following almost orthogonality estimate will be frequently used in the
subsequent part of this section. The proof follows directly from the one-parameter
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orthogonality estimate (see [Han et al. 2010]); see also [Nagel et al. 2012] for
similar estimates on homogeneous groups.

Lemma 2.2. Given positive integers L and M, there exists some constant C =
C(L, M) > 0 such that

max <g<; 20kVI0M

(maxy <e<i 27V 4 [ )M

3
[y @y (x)] < c2—Ui=i{l+l2=isl+ls= iDL 1_[
i=1

where {r;} and {@ '} are Schwartz functions satisfying (1-1).

Remark. The conclusion of Lemma 2.2 remains valid if the Schwartz functions
{y} and {9}, where i = 1, 2, 3, have vanishing moments up to order M (see
Theorem 3.3 for choosing such an My). In such a case, the above inequality holds
forany M > 0 and L < M+ 1.

The following maximal function estimate is also frequently needed.

Lemma 2.3. Let J, J' € 7%, R = Q1 x Q2 x Q3 € Ry and M > 2N. Then, for
anyx,x € Rand§ € (%, 1], we have

3

i 20KV
26 Y. |R’|[]_[ ks

== :
// 1 (max < <; 29890 |5 — x[|)ritM
ReRE = -

M

}Ig(X')I

1

3 1 ) 1
5C{1_[[23”"”""'1‘”1]}‘S {MfKZlg(x’)lzx;e)z](m}a, Vx'eR,

i=1 R’ERJJE/
where C is a constant depending only on N and M.

Proof. The proof of this lemma is similar to the classical case. We fix an x" € R’
for each R’ € RJJT/ Fori=1,2,3, set

. _ . ./
AL =1{Q): % —x]| < max PN
<k<i

and .
|%; — x{|

Aiiz{Q§:2’i_1< <2’f}, VrieZy.

max; < <; 206V T
For any fixed r = (r1,r2, r3) € N3, fori =1, 2, 3, we set

E, = {(w, wa, w3) e RM x R x R™ : w; — X;| <212V lmlflx,{z(jkvj’i)ﬂ}}-
<k<i

Then for each R’ ¢ R;, R' C E, for some triple r = (ry,r2,r3). Also, if

R € o, = A}l X A%Z X Af3, then R" C E,. Obviously, E, € R and |E,| <

C2(nvravr)N ]—[1‘3:1 max, <;<; 2" UkVJ) . Hence, for any & € (&£, 1], the left-hand
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side of (2-6) is dominated by

Q7 > |R|[1‘[ T 18(x)]|
1

(JNJ )
ReRY (maxj<x<; 2 K4 X —

1
L 5
ri(M+n;) —n; GV j) / N8
<C E [| |2 (123;2 k)]IRI(REQY Ig(X)I)
=y A

reN3

- C Z |:l_[ 2~ rz(M‘i”ni)(max. 2ni(jk\/j1:)):| |Rl|1751 |Er|%

1<k<i
reN3

(|E|/ 3 15 my)dy)

Er R ed,

where C = 23M+N_ For any x € R, since x is also in R, we see that |x; —x;| < 2Ji for
i =1,2,3; hence x € E, for any r € N3, by the definition of E,. The expression in
the last parentheses above is the average of the function y > ), e | g P xr ()
over a flag rectangle E, containing x, therefore being bounded by the flag maximal
function M;(ZR,GMT/ |g(x)|°xg')(x). Hence we can continue the estimate in
(2-7) as

3 1
SC(ZHzri(M+ni1§)> <H[23n i (i J')\/l]) (M]:(

1

> |g<x’>|5xR) (x))‘S

reN3 i=1 R/ERjT,
3 %—1 %

SC/(H[23ni(]i—Ji)vl]) (M;( Z |g(x/)|5xR/>(x)> ;
i=1 R'€RY

where C’ depends only on M and N. This completes the proof of Lemma 2.3. [J

For x = (x1, X2, x3) € R" x R™ x R™, we denote x' =x e RV, x2=(x2, x3) €
RM2 and x* = x3 € R, Fori = 1,2, 3, write x = (x', x') € RNV x RM. We say
that w € AY (RV) if w(¥', -) is a classical A,(R™) uniformly in %'; that s,

1 1 o A\
esssup sup (—f w(x, xHdx! )( /w()?’,x’)l/(pl)dx‘) < 00.
$eRN-Ni QCRNI' |Q| 0 |Q|

Let M, denote the Hardy—Littlewood maximal operator on R":. The lifted maximal
operator M; on R was introduced in [Nagel et al. 2012] by

M,’ = SRN—Ni R M,;,

where Sgv-v; is the Dirac mass at 0 € RN,
The following result was proved in [Wu 2014a].
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Lemma 24. Let 1 < p < 00 and w be a weight function. Then the following
statements are equivalent:
(i) w e A (RY).
(i) we AV NAP NAYRY).
(iii) M3 o0 My o M is bounded on LE(RN).
(iv) M x is bounded on L% (RM).

Using Lemma 2.4 and applying Rubio de Francia’s extrapolation (see [Garcia-
Cuerva and Rubio de Francia 1985]), one can easily obtain the following weighted
Fefferman—Stein vector-valued inequality.

Corollary 2.5. LetweAF([RN) and{fj}JezeL (£%). Then, forall 1 < p, q < o0,

/RN HME{fiD ) g wx)dx < C/RN 11 G0} w (x)dx,

where | - |¢a means the classical £9-norm.
We now are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let f € S}(RN) and w € AOFO(IRN). In what follows, we
use a A b to represent min{a, b}. Denote xp = 27¢ and xp = 21 Applying
Theorem 2.1, Lemma 2.2 with

M > N[((qu/p)+ 1) V2

and L = 10M and Lemma 2.3, we obtain that, for % <8< (ﬁ A1) and for any
X €R,

(Y * f)(xR)l
> D IR * e (xr — xR)@s * f (xR)
J'ez3 R’ER%
< Z 2—(|j1—j{|+|jz—j2’|+|j3—j§|)L
J'e7? 3 L
max<j<; 20KV jIM
x Y |R’|[]‘[ o @ f (o)
, - max1<k< 2UkV i +|XQ —xQ/|)”'+M
R'eR’: =
AL
S 2 2‘”1"f'f'+'f2—fz"+'f3-fél>ﬂ{Mf[< 2 |w*f<xR/>|2xR) }(x)}
Jer? R'eRY

where L' = L —3N(1/8 — 1) > TM > 0.
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Squaring both sides, then multiplying x &, summing over all J € Z* and R € R,
and finally applying Holder’s inequality, for all x € RV and % <§< (qﬁ A 1),

DO W f )P xr

JE€Z} ReRY
S Z{ Z2—(|j1—j{|+|j2—j2/|+|j3—j3’|)L’}
Jez3 " J'er?
A WIRLi
X{ZT“’"J’“*J‘Z—fz’+'f'3—fél>L’{Mf[( le*f(xle/nzm) ](x)} }
J'er? R'eRY
37 13
<) {Mf[( > |<pw*f<xR/>|2xR/) ](x)} :
Jer’ R'eRY

where we used the estimates
S o Uit < ¢ and Y 2m WA BIADY < ¢
J'ez3 Je73

in the last inequality. Note that (2 A p)/8 > ¢, implies w € Af /S(IRN ). Applying
Corollary 2.5 with L2/°(¢2/%) yields

1 1
HZ ) |wj*f<xR>|2xR}2 HZ ) |go/*f<xR)|2xR}2

< .
J€Z3 ReR - L RN) JeZ® ReRL. L (RY)
The converse inequality follows by symmetry. U

As a consequence of Theorem 1.4, we obtain a density result of H ;f’w which
will be useful to show the H ]’é,w — L% boundedness of operators, the weak density
of CMOY.  and the Calderén-Zygmund decomposition for H7. .

Corollary 2.6. Let 0 < p < 0o and w € AL (RY). Then Sz(RV) is dense in
Hﬁ’w(RN) and, in consequence, L2 (RM) N H;f’w([R{N) is dense in H;f’w([R{N).

Proof. Let f € Hj@’w([RN). For any fixed L > 0, denote

& ={(J,R): j1l,ljal, I3l <L, Re€R%, R C B(0, L)}

and

fr)= " IRV (x —xp)¥y* f(x).

(J.R)esL

Since f; is a finite linear combination of ¥y (- — xg) € SF(RY), it is obvi-
ous that f; € Sr(R"). Repeating the proof of Theorem 1.4, we conclude that

AP A P



562 YONGSHENG HAN, CHIN-CHENG LIN AND XINFENG WU

To see that f;, tendsto f in H ﬁv »(RY), we use the discrete Calderén reproducing
formula to write

[gr(f — fL)()T?

=2 2

re73 J!
J'el’ ReR’:

2
D ARIW # Y er = xR) (Y % ) (&R)| X (X).

(J,R)e&S

Now repeating the same argument as in the proof of Theorem 1.4, we get

k]

L{(RY)

1
||gf<f—fL>||L5<R~>§H{ 3 |(wj*f><xR>|2xR}2

(J,R)e&ES

where the last term tends to 0 as L goes to infinity. This implies that f; tends to f
in Hﬁ’w(RN) and hence the proof is finished. O

We follow the classical case (see [Stein 1993; Garcia-Cuerva and Rubio de
Francia 1985]) to get the following lemma.

Lemma 2.7. Suppose w € AL (R") and q > q,,. There exist0 <8 <1 < g < o0
such that, for all flag rectangles R and all measurable subsets A of R,

q 8
GOSN
|R| w(R) IR|
In particular, the measure w(x)dx is doubling with respect to flag rectangles.

Lemma 2.8. Let w € AL (RN). Then, for all flag rectangles R and R' and for

q >Qw’
w(R) (IQ il |Q§|>q<1 Ixg; —x¢!l )"iq
+—— .
w(R) ™~ l_[ 10;1 10l Qi) Vv L(Q))
Proof. Observe that Q; CA;Q;, i =1,2,3, where

Aj = CIL(Qi) v L(Q)) +|xg, —x011/€(Q0).

This implies R’ C R, where R = C[(A1 Q1) X (A207) x (A303)]. By Lemma 2.7,
for any g > qy,

wR) _w(®) _ [i} ll[[agi)vagg)ﬂxgi —xQ;l]"fq
R

w(R) ~ w(R) ™~ Q)

i=1

|Q; | |0} "[ lxg, —x¢ ]"""
14+ — .
H[IQ AT N ] T on Ve

Hence the proof is concluded. (]
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We now prove Theorem 1.6.

Proof of Theorem 1.6. For R € R} and R’ € RJJT,, set

Sg =¥y * f(xp)* and Tr =gy * f(xr)]*

Theorem 2.1 and Lemma 2.2 yield

1
7 _
Sp =

YD IRk f @RI QxR — XR)
J'el’ R'eRY,
< Z Z 2~ Ui =il 2= p i =i3DNL | R/)

J'el’ Rrer

3 L
« [ maleku 2(]kv]]é)M

. ./
i (maxg<x<; 20890 4 |x g, — xgr [yt M

Sy r(R,R/)P(R,R/)TR%/,

re73 J!
J'eZ’ ReR’:

}IW * f(xp)l

where
3

10:1 10;17"
r(R, R := |: //\—’]
E 10/ 101

and
3

N e X0, _le/'| o
p(R,R)._H(l-i-mamikii[g(Qk)vﬁ(Q}c)]) .

i=1

Squaring both sides, multiplying by |R|>/w(R), adding up all the terms over J € Z>,
R e RJJT R C Q and applying Holder’s inequality, we obtain

1
2| X s

ReRL,
RCQ
1 2 —1 / /
SSEP{W Z |RPPw(R) [ Zd r(R,R)P(R,R)]
ReR%, R'eR%
RCQ
x|: > r(R,R/)P(R,R’)TR/“

R'eR%L

1 _
SS?ZP{W Z Z |RI*w(R) 1F(R,R/)P(R,R/))TR/}-
ReRY%, R'eR4L
RCQ
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Here and hereafter, we use ) pcpe to denote 3 3 ) pers and similarly for
> rers.- Applying Lemma 2.8, we get

1 2 -1
(2-8) sup{w Y. IRPw(R) SR}

ReR%L,
| RCQ
im Z Z IR')*w(R)"'F(R, R)P(R, R))TR’}
ReRY%, ReR%:
RCQ

Here the definition of 7(R, R') and P(R, R’) are defined as r(R, R') and P(R, R')
with smaller L and M. Since L and M can be chosen arbitrarily large, in what
follows, we still use 7(R, R') and P(R, R') to denote #(R, R') and P(R, R)),
respectively.

To finish the proof, it suffices to show the right-hand side of (2-8) is bounded by

> |R’|2w(R’)_1TR/}.
R'eR%L,
R'CQ

1
¢ S‘ép{ [w(Q)/r-1

We point out that r(R, R’) and P(R, R’) characterize the geometrical properties
between two flag rectangles R and R’. Namely, when the difference of the sizes
of R and R’ grows bigger, (R, R") becomes smaller; when the distance between
R and R’ gets larger, P(R, R’) becomes smaller. The following argument is quite
geometric. More precisely, we shall first decompose the set of dyadic flag rectangles
{R’} into annuli according to the distance of R and R’. Next, in each annulus, precise
estimates are given by considering the difference of the sizes of R and R’. Finally,
add up all the estimates in each annulus to finish the proof.
We now turn to details. For J = (ji, J2, J3) € N3 and R € R‘}, denote

Ry=Rj, jp jy=2" Q1)x (22 Q) x @MV EVE Q3), Q) =@/ = | 3R,
RcCQ
For any flag rectangle R C Q and J = (ji, jo, J3) € Zi, let

,00(R) ={R":3Rj,,N3R # &},
j00(R) ={R":3R o oN3R # @ and 3R}, _, ,(N3R =2},
40,j00(R) ={R":3R; ;, yN3R # @ and 3Ry, ;, | (N3R =},

h0.j;(R)=1{R':3R(, ;,N3R # @ and R, ;,_, N3R =2},
Dji jn, o(R)

]y, 0j3(R)
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0, . j (R)
. / — —
= {R, . 3R(,),j2,j3 m3R # @, 3R0,j2_1,j3 ﬂ?)R = Q and 3R6,j2,j3_1 m3R = Q},
Fji jo.js(R)

={R':3R/, N3R # 3, 3R]

JisJ2:J3 N3R = 9, 3R/

Ji—Lj2.j3 Jiaja— 1,j3m3R=®
and 3le’]2,]3_1 N3R = I},
where all R’ are dyadic flag rectangles.

Let R C Q be any fixed dyadic flag rectangle. For any flag rectangle R’, there
exists a J € N3 such that R’ € «/;(R), where «7;(R) represents one of the sets
defined above; therefore R% = |, s #7 (R). Hence,

;1 Z Z IR >w(RY"'r(R,R)P(R, R Ty
[w(€)]7 ReR%, ReR%
RCQ

> > IRPw®) (R, RYPR, R Tx

a2
[ ()17 ReR%, R'€a,00(R)

RCQ
+Y ———= > > IRPw®)rRR)PRR)Tr
ez, [wE)]? ReR%L, R'edji 00(R)
RCO
+ Z Z Z IR >w(R)"'r(R,R)P(R, R )Ty
pez, W@ (55 pedormotey
Rc$
+ Z 7, Z Z IR'>w(R)~'r(R,R)P(R, R Ty
J3EZ+ [w(Q)]P RER?,_-, R,EJ‘{O,O,JQ (R)
RCQ
+ Z Z Z IR'Pw(R)~'r(R,R")P(R, R") Ty
1€l [w(Q)]I RGRd R’ jp 0(R)
RCQ
+ > = > > IRPw®) 'R RP(R Rk
irisezy [WEDIP " pepd Rew o5 (R)
RCQ
+ Z 2 Z Z IR'|>w(RY™'r(R,R)YP(R, R T
jrisez, [W(S2)]7 ReR4L, R’ jy j3 (R)
RCQ
712 N—1 7 ’
+ Z D) Z Z |IR'"w(R)"'r(R,R"P(R,RTr
JisJ2s J3€L4 [w(Q)] ReRd R’ €y jp.jy(R)
RCO

= I1+1I+HT+-1V+V +VI+-VII+ VI
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In the sequel, we always assume R, R’ € R‘}. To estimate /, we denote
Po.0.0=1{R :3R'NQY"0 £ &}, For any R’ & %00, we have 3R’ N Q00 = &
This implies that 3R’ N 3R = @ for every R C Q and thus R’ & % 0(R). This
shows that URCQ .0.0(R) C %o.0.0- Hence

J<—— Z Z IR |>w(R)~"r(R, R)P(R, R)Ty.
[U)(Q)] €%o.00 R:RCQ
R G,Q/()_()V()(R)

For each integer 1 > 1, let #""" = {R' € %00, 3R’ N QY00 > 1/273R'|),
73" = 7 N750 and @0 = U g gpoo R’ Note that Zo,00 = U1 2"
and that P(R, R’) <1 for any R, R". Thus

1< Z > IRPw®) 'Te Y r(R.R).

w(Q)]7” h=1 gregD 00 R:RCS,
R'e,0,0(R)

Note that for x € 522’0’0, there exists a dyadic flag rectangle R C 522’0'0 such
that x € R. Therefore Mx(xg000)(x) > [3R' N Q%%0/|3R’| > 27", For q ¢
(qw, pL/(2— p)), we apply the L% (R") boundedness of Mz and Lemma 2.7 to
obtain

w0 < w(fx : Mr(xgo00)(x) =27} < 2Muw(Q000) < 2y (Q).

We claim that if L is sufficiently large, there is a sequence {o7(/)},>1 such that

2_
(2-9) > r(R.R)Soi(h) and Zal(h)th(l’ 1)51.
R:RCQ, h>1
R'edt0,0(R)

Assume this claim holds for the moment, we can conclude the proof for / as follows.

I |R/|2
_12 2, ol mnTr

[w()]7 h=z1 g gt

2 1 |R/|2
10 Acs) R —— ~Tk
[w(€)]> " ; [w(2) 017! R,CXQ:%O_O w(R")
S e w(smpl( p—— TR,)
(w17~ =1 & [w@]r ' S wR)

_ 1 3 R
=~ sup R -
o @1 g R
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It is sufficient to show claim (2-9). Note that R’ € 7 9 o(R) implies 3RN3R’ # &.
Using an idea of Chang and R. Fefferman [1980], for each R, we consider the
following eight cases:

Case 1: [Q)| =101l 105 = 102, [Q3] =103l
Case 2: [Q)| =101l 105 = 10al, |Q5] < 103].
Case 3: |Q] = |01l 1Q5] <Qal, 1051 = 1Q3].
Case 4: |Q| <|Q1l, 1051 =102, 1051 = 103l.
Case 5: [Q)| = 1011, 1051 <10Qal, 105 <103l
Case 6: |Q| <|Q1l, 1051 =102, 105 <10Q3l.
Case 7: |Q]] <|Q1l, 1Q5] < 1Q2l, 105] = 10Q3].
Case 8: |Q| <|Q1l, 05| <@l 1051 <Q3l.

It suffices to verify (2-9) in each case.
We first consider Case 1. In this case,

IR| <|3RN3R'| < |3R' N0 < 27" 3R < 22N+ R/,

which implies that |R’| = 2"~1=2N+0| R| for some integer 6 > 0. For each fixed 6,
the number of such R’s must be less than C(6 + h)V2°+". Consequently,

1 \* ,
r(R,R)<C — ) @+ n)N20th < c27h
20+h

ReCase 1 6>0

where L' = L — (N + 1) > 0. This gives (2-9) with oy (h) = 27",
We next deal with Case 2. We have

13R'||Q1 x Qal/(2*N Q) x Q5 <I3RN3R| <2'7"3R|,

which implies that |Q] x Q)| = 2MH0-1=2N 10 % Q5| for some integer 6 > 0. For
each fixed @, the number of such Q; x Q»’s must be less than C (0 + k)N - 20+",
Similarly, | Q3| = 2*| Q| for some A > 0. For each A, 303N3Q% # @ implies that
the number of such Q3’s is less than 5V. It follows that

1\ oy
Z r(R,R/)S/ZZ(W) (9+h)N29+h§2 hL’

ReCase 2 6>0 A>0

which verifies (2-9) with o (h) = 2~"L" Cases 3 and 4 can be handled by symmetry.

For Case 5, by the same argument as in Case 2, we get |Q| = 2h+9/_1_2N|Q1|
and Q) x O3] = 2X|Q/2 x Q| for some #’, A’ > 0. Moreover, for each 6" and 1/,
the number of Qs is less than C (0 + h)" - 2°*" and the number of Q5 x Q3 less
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than C. Then (2-9) follows in the same way as in Case 2. Cases 6 and 7 can be
treated similarly.
For Case 8, we have

IR'| <|3RN3R'| < |3R' NQY0| < 217" 3R"| < 2172V R/,

which implies 4 < 2N + 1. Since in this case |R’| < |R|, we have |R| =2°|R’| for
some integer 8 > 0. For each fixed 6, the number of such R’s must be less than
5N, Therefore,

L\E
Y. r(R.R) S xznoan+n(h) 2(2—9) S xznoa2nv+11(h),

ReCase 8 6>0

which verifies (2-9) with o1 (h) = xzn (0,2n+17(h). This concludes all estimates for .
We next deal with VIII. For J = (ji, jo, j3) with ji, jo, j3 > 1, set

1

> IRTPw®)'r(R, RYP(R, R) Tk

Ay =4jijp.js "=~ 37
(w17 rca rew;(R)

and B; :={R': R, N Q%*% £ &}. For any R’ ¢ %,, we have R, N Q*00 = &
Thus for every R C €2, we have R, N 3R = @, which implies R’ ¢ </;(R) and
therefore |z <77 (R) C 4,. Hence,

1

ajs———— Y > IRPw®)'r(R RYP(R, R)Tr.
[w(2)]”? ~ rez, R:Rce,
R'edj(R)

Let Z] = (R € %, : IR, N Q"0 > 12" R/ |} for h > 0, 7] = 7]\ 7/,
for h > 1, and 2§ = @. Note that 2; =, 2. Thus,

1
ay < = > |R/|2w<R/>—1TR/< 3 r(R,R’)P(R,R’)).
[w(Q)]I’ h>1 R’G_@hj R:RCQ,

R'edl)(R)

Define 9,{ =Uregy Riforh=1.1fx € Q] then x € R’ for some dyadic flag
rectangle R’ € @hj ; therefore

MF(Xgooo)(x) = |R) N Q"0 /|R)| = 27",

Taking L > nlqw(% — 1) +2N, g € (qw, %) and applying the L}, bounded-

ness of M r and Lemma 2.7, we get
w(€)) < w({x : Mr(xgooo)(x) =271 < 2Mw(Q00) < 2Mw(Q).

We claim that for L large enough, M > NL, and any R’ € 9;[ , there exists some
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sequence {og(h, j1, j2, j3)}n, ji, jp,j5>1 such that

2_
Z zqh(P l)ag(h,jl,jz,js)s 1,
hjis j2s j3=1
S° FRRYP(R R Sogh, jis s jo)s Vi g ja = 1.

R:RCS,
R'edj(R)

(2-10)

Assuming (2-10) holds for the moment, we can conclude the proof for VIII as
follows.

>

J1.j2,j3>1

2
o (w@DN\PT 1 _
< ) a(h,11,12,13)< ! ) — > IRPw(R) ' T

jrepash=1 w(s2) [w(QiD17 ™ grcgy

L aah(E-1 1 _
S Y. ol 2! (7 )<SUP_—2_IZ|R’|2w(R’) 1TR’>

Jidndsh=1 o [w@I"  pcg

1 _
Ssup———— > IRTPw(R) ' Tr.

2 [w@" pea

To finish the estimate of VIII, it suffices to show (2-10). For any ji, j», j3 > 1,
R’ € &5 (R) implies

(2-11) lxg, — x| > [2T¥1=k= e(QDIvL(Q;) fori=1,2,3.
Similar to the proof for 7, we consider the following eight cases:

Case 1: 271 Q1| > |Q1l, 12/V2 Q)] = | Qal, 127V2Y5 Q4] > | Q3]

Case 2: [2/' Q1| = |Q1l, 12772 Q4] > |Qal, [27V2V1 Q)] < | Q5.

Case 3: [2/' Q)| = |Qil, 12'V2 Q)| < |Qal, |27V QL] > | Q5]

Case 4: 271 Q1| < [Q1l, 12/"2 Q4] = |Qal, [27WV2Y5B QL] > | Q3.

Case 5: [2/' Q1| = |Q1l, 12772 Q4] < |Qal, 127V72Y5 Q)| < | Q5.

Case 6: [2/' Q)| < |Q1l, [2/V2 Q)] = |Qal, [2/VV72V5 Q4] < | Q5]

Case 7: [2/' Q1| < [Qil, 12712 05| < |Qal, [2/V/2V5 Q] = | Q5.

Case 8: [2/' Q)| < |Ql, [2/V2 Q)] < |Qal, |27V QL] < | Q5]

We shall handle Case 5 first. Since |(2/1Y/2 Q) x (2/1V2Y5 QL) <02 x Q3],
there exists some « > 0 such that 2U1V/2mriVRVRnste| g) x QL =05 x Q3.
And for each «, the number of such Q; x Q3’s must be < 1.
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Foreachh>1and R’ € 7}, since | Q) x [2/1V/2 Q}]x [2/1V/2V53 QL] < 3R, N3R],
we get

1
91 3g1) < 3R, "3RI < 13R, N Q000 <

e — 3R],
327 0]] = gt PR

which yields 2" 711 Q| < 3m2/"| Q)| < 2U1T2m| Q" |. We consider two subcases.

Subcase 5.1: |Q}] = |Q;l. In this subcase, since 2h=1=im 9| < |Q}], we have
| Q)| ~ 2h=1=/m+k| 0| for some integer k > 0. And for each fixed k, the number
of such Qs must be < (k+r)N2K" By (2-11), [xg, — x| = 27€(Q").

Subcase 5.2: |Q]| < |Q1]. In this subcase, |Q)| < |Q1| < |21 Q/l. So 2IZ(Q’1) =
£(Q1) for some integer [ satisfying 1 <[ < j;. For each /, the number of Q;’s
must be < 1. Moreover, 2h=lgim Q)| = 2h=110,| < 201+2m | Q' |, which implies
h <3nyji. By (2-11),

X0, —xg| _ Ixo, — X0, £(Q)) S il
£(Q1) 0oy e~ .

These considerations imply that, for M > n; L,

> r(R.RHP(R, R

Subcase 5.1

< Z <|Q1|)L(|Q/2XQ/3|>L<1_|_|xQ1_xQ’1|)_("‘+M)
- Subcase 5.1 |Q/1| |Q2 x Q3| Z(Q/l)
< Z (k + h)N2k+h2—[h+k—jlnl]L2—[(}1ij)n2+(j1Vj2Vj3)n3+K]L2—(n1+M)j1

k,c>0
< p=h(L=N=Do=ji(M=n1L)o=[(/1V)na+(1V 2V j3nslL

and

> r(R.R)P(R.R)

Subcase 5.2
|Q/l|>L(|Q/2X le)L<1 |)CQ1 —xQ/l|>—(n1+M)
=L B
= Z (|Q1| |0 x O3] 2(01)

Subcase 5.2

J1
< X200.3N) (h) Z Z = mlLy=[G1Vina+(iVjaVjans+rlLo—M(ji=1)
=1 k>0

5 XZ0 03N (h)2_j'"1 Loy=[G1Vi2Ina+(i ij\/js)nle’

both of which satisfy the required estimates for oy in (2-10). Cases 6 and 7 can be
treated similarly by symmetry.
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We next deal with Case 2. Since [2/1V2Y53 Q)| < |Q3], there exists some k > 0
such that | Q3| = 2U1V2ViInms+c| 9l | From

S 1
Q1% Q2 x (@/PYP QY| < 3R N3R| < BR) N Q0| < 13K,

it follows that
(2-12) 2h71|Q1 x 05| < 2j1n1+(j1\/jz)nz|Qf1 x Qf2|

We consider four subcases by comparing | Q| with |Q[, and | Q5| with |Q/].
Subcase 2.1: |Q}| = |Q1] and | Q)| > |0>|. By arguments similar.to'those used
in Subcase 5.1, we get | Q)| ~ 28~ 1=/m¥k |0, | and | Q)| ~ 28~ 1-Uvimath g, |
for some ki, k, > 0. For each k;, i = 1, 2, the number of Q;’s is smaller than
C (ki + h)2%+" Hence

> r(R.R)HP(R,R
Subcase 2.1

g Z (kl + h)N(k2 + h)N2k1+/’l2k2+h2—(h+k1—jlnl)Lz—(h—i-kz—(j]\/jz)nz)L

ki,k2,6>0 L
x 2 LGV RV s +k]Ly —ji(i+M)=(1v j2) (2 +M)

< p=h(L=N=Do=ji(M=n1L)y=(j1Vj2)(M=n2L)y=(j1Vj2Vj3)nsL
Subcase 2.2: |Q}] > |Q1| and | Q5| < |Q2|. By (2-12),
2h—1|Q1| < 2/1n1+(j1Vj2)n2|Q/1|’

and therefore 281K Q| ~ 2/1m+1V2n2 | 9! | for some k > 0. Moreover, for each
k > 0, the number of Q;’s is less than C (h + k)¥2"** On the other hand, since
|05] < Q2| < [27V72Q)|, we see that £(Q2) = 2'¢(Q}) for some 1 <1 < ji V ja.
For each [, the number of Q,’s must be < 1. Moreover, by (2-11),

. = xoil _ oo = Xgsl 60Q0) o v
"0 0oy o~ '

By the above considerations, we can deduce that

> r(R.RHP(R.R)

Subcase 2.2
< ¥ (|Q1| 105 |Q§|>L<|XQ1 —qu|>‘(”1+M)<|xgz —XQ;|>‘("2+M)
T, , Q111021103 €]Qy) €(02)

J1Vj2
S Y Y ke Nk Ttk i =Gl y—inaL
k20 1=1 s 2LV iV jaIns+rlLy—(ni+M) jio=M (j1Vj2=1)

g 2*h(L*N*1)2*j1 (M—=n1L)o=[(j1v )2+ ij\/js)ns]L.
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Subcase 2.3: |Q]] < Q1| and |Q}| > |Q>]. This is symmetric to Subcase 2.2, and
similar arguments yield

Z r(R,RH)P(R,R) < 2=h(L=N=1)o=(j1Vj)(M=—n2L)y—Ljimi+(1VjaVinslL
Subcase 2.3
Subcase 2.4: |Q1| < |Q1] and |Q)| < |Q3|. Since |Q}] < Q1] < |21 Q)| and
|05 < Q2| <1277V Q)|, we see that £(Q) = ZIIE(Q’I) for some 1 <I; < j; and
that £(Q»3) = 212€(Q’2) for some 1 <l < j; Vv j,. For each /| and [, the numbers
of Q1’s and Q,’s are both < 1. Moreover, by (2-11),

[xg, — x| - X0, —xgs S Vit
(o - ()
By (2-12), 2h—12[1n1+lzn2|Q/l X Q/zl — 2/1—1|Ql x Q3] S 2j1n1+(.i1V,i2)n2|Q/] X Q’2|,

and thus 2/ < 2/1m+UivVin2  Hence

Z r(R,R)P(R, R

Subcase 2.4

|Q/1 X Q/2|)L<|Q/3|>L<1 M)(n1+M)
S <|Q1><Q2| o) ' econ

Subcase 2.4
|xQ2 _xQ/ | _(n2+M)
£(0Q2)
J1 J1viz
< Z Z Z2—(ﬂ111+n212)L2—[(j1ijvjs)n3+K]L2—M(j1—11)
Li=1 =1 k>0

x 27 MUV ¥ 6 iy i (B)

5 2_j]nlL2_(jlij>n2L2_(lej2Vj3)n3LXZﬁ(O, C[jlvjz])(h)-

Cases 3 and 4 can be treated by symmetry. Case 8 is easier, and can be handled
similarly. For Case 1, we consider eight subcases by comparing |Q;| with | Q| for
i =1,2,3; in each subcase the desired estimate can be proved by using arguments
given in Subcases 2.1-2.4. This concludes all estimates for VIII.

Finally, the remaining terms //-VII can be handled similarly. We only consider
VII and indicate the necessary modifications. As before we consider eight cases
by comparing | Q|| with [Q1], |2/2Q)]| with |Q5|, and |2/2¥/3 Q| with | Q3], and
matters are reduced to showing certain decay estimates for

> r(R.R)P(R.R)

R:RCS2,
R/Esfoﬂ Jn (R)

in each case. Recall that, in dealing with VIII, we used (2-11) to derive certain
decay factors in jj, in order to sum over j; € Z,. But for VII, the decay factors
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in j; are no longer needed, and we use the trivial inequality instead
— —(n1+M)
X X!
o —xgl ?' 0! ) <1.
Q) Vv E(Q1)

The rest of the proof is similar to that for VIII, and we omit the details.
This completes the proof of Theorem 1.6. (I

Pi(Q1, Q) = (1 +

To show that CMO”.  (RY) is the dual space of H} , (R"), we introduce the
multiparameter flag weighted sequence spaces.

Definition 2.9. Let0 < p <1l and w € A;(RN ). We use s5,(R"Y) to express the
collection of all sequences {sr} satisfying

g 5 el

JEZ3 ReRY%:

< Q.

I{sr} 2 P(RN) =
Ly (RY)

We also use ¢l (RY) to denote the collection of all sequences {¢g} such that
1

2
IR} I oo vy = SuP {[w(Q) 2/p-1 Z Z (R)} =%

JeZ3 ReRY,
RCQ

where the supremum runs over all open sets 2 with w(£2) < oo.
We will show the duality relationship between s{, and cJ,.

Theorem 2.10. Let 0 < p < 1. Then (sh(RVN)* = cl (RN). More precisely, for
every {tr} € ch (RN), the mapping Ly : {sp} — ZR SRrIg defines a continuous linear
functional on s (RN) with operator norm || €| < 71l @ny. Conversely, for every
L e (sE RN Y)Y there is a unique {tg} € ek (RN such that £(sg) = Dok Spir and
I{r}rllcp < M€

Proof. We first prove cb(RY) c (s?(RV))*. Suppose that {tz} € & (RY). For
{sr} € s, (RV), let

1
g({sR}><x>={Z > |sR|2|R|—1xR(x>}2.

JEZ? ReRL

Fori €Z, set @ ={x e RV :G({sg})(x) > 2/}, Qi ={x e RN : Mz(xq,)(x) > 1/2},
and Z; = {R € Rr:|RNQ;i| > 1/2|R|, IRNQ11| < 1/2|R|}. If x € R € %;, then
Mz(xa,)(x) > ﬁ o X2, ("dy = |RN;|/|R| > 1/2, which implies

(2-13) | Rc &

Re%B;
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Moreover, for g > q,,, by the L% (R") boundedness of M,

(2-14) w(Q) < w(),

and by Lemma 2.7,

(2-15) w(RN(2; \ Riy1) _ w(R\ 241) > <|R\Qi+1|>q - i
w(R) w(R) |R| 2

Suppose {tz} € ch(RY). By (2-13)—(2-15) and Schwarz’s inequality,

Z Z SRIR| S Z/Q ZIRI (R)|SR||R| 2 xR (D w(x)dx

JEZ3 ReRY ieZ Qi1 Re%;

<Z{Z|R|2 Al } {/Q %m(x)w(x)dx}z

ieZ \Qit1 Re,
2 1 %
<l Y @) {/~ [g<{sR})<x>]2w<x>dx}
iz G\Qins
S I e ZZ"[w(Q,-)]%
ieZ

S IR e 1GUsD L = el ep IHsr g2,

which implies the inclusion cy, PR C (sB(®RN))*

For the converse, we assume that £ € (s& (R"Y))* Then it is clear that £({sg}) =
>z Srig for some {rg}. Now fix an open set 2 C RN with w(2) < oo. Let  be a
measure of R such that u(R) = [w(2)]'~?/?|R|[w(R)]™" if R C Q and otherwise
W(R) =0. Set

_2 |R| |2
||{SR}“€2(Q,M):{Z Z sl (Q)]l l(IL)}Z.

JeZ? ReRY,
RCQ
Then
1
> IR| |2
[w(Q)2/P—1 Z Z ItR| }
w(Q) J€eZ? ReRY, w(R)
RCQ
IR
= [{tr}l 2@y = sup > srirlw(@))' P —- R
{SR}”@Z(Q I‘-)f JEZ} RGRJ, ( )
RCQ
_ |R|
<lel sup  [sglw()]' Z/P—R :
sk}l 20 <1 w(R) |5

where {sp} satisfies sg = 0 if R is not contained in 2. However, for such {sy},
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Holder’s inequality yields

1-2/p |R|
srlw(€2)] wR)

st (RN)

4p IR
= {/Q[Z > IsrlPw(@)P “/pmmm]

J€Z3 ReRY:
RCQ

(SIS}
S

w(x)dx}

N[—

1_1 R
< [w@J { f S selrw@p ! xR(x)w(x)dx}
Q

.~ w(R)?
JeZ’ ReR%,
RCQ

= [{sr 2@, = 1.

Combining the above estimates yields

I{zR 2wy < NI€11,
and hence {tg} € ch (RV). O

Now we define a lifting operator L on S’F(RN ) and a projection operator T on
sequence spaces by

L) :={IR|>¥y = f(xg)} for f € SHRY)

and

TURD@) = > > IR Yy (x — xp)tr,

JEI3 ReRY:

where {1} satisfies (1-1) and (1-2).
To prove Theorem 1.7, we need the following:

Theorem 2.11. The lifting operator L is bounded from Hﬁ’w (RN to sb(RN) and
bounded from CMO;’w(IRN ) to ch(RN). The projection operator T is bounded
from sk (RM) 10 H]I;’w(IRN) and bounded from c}, (RM) 10 CMO?_-’w (RM). Moreover,
T o L is the identity both on HY. , (RN) and CMOY. , (R").

Proof. The boundedness of £ from H ]’_37 w(IRN ) to s4(RY) and from CMO; w(RN )
to cf) (RV) follows directly from the definition of L.
We now show that 7" is bounded from s, (RY) to H7  (R"). By definition,

1
{Z > lwx*T({m})(xR)FxR}z

JeZ3 ReRYL

||T({TR})||H;_w(RN) = ’ .
L RN)
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A similar argument to the proof of Theorem 1.4 yields

§ 2 1
21612
1Tt g, H{ {M;[ )3 z,%,m—lXR,] } } ,,
1’623 R'e Ré__/ Lu)
H{Z > IR xR/} =Tl
J'e7? R'e ’RJ/ Ly

Next, we prove that the operator 7 is bounded from cf, (R") to CMO;’w([R{N ).
Suppose {tg} € ¢l (RY). Then, for any open set Q@ C RY with w(2) < oo,

> Ikl '<R)_ Clw@] ™!

Jez3 RERJ,
RCQ
Therefore,
2 |IRIT 2
Y W TN R — o B
JeZ3 ReRY,
RCQ | |2

_Z Z (Z Z Wy *x Yy (xp —xg)| - tR/~|R|2) e

JeP3 ReRY, el ReRY
RCQ

Repeating the same argument as in Theorem 1.6, we obtain

D —

1Tt Dl cpror, (RN)Nsup{ (Q) o Z Itr (R/ } ~ R ef ) -

Finally, the fact that 7 o £ is the identity both on H ;’W(RN ) and CMOfT’w (RM)
follows directly from the discrete Calderdn identity in Theorem 2.1. (]

Proof of Theorem 1.7. We first prove the inclusion CMOY%.  (RY) C (HZ ,(RV))*.
Let g € CMO%.  (RY). For f € Sx(RY), define the mapping £,(f) := (f. g).
Applying Theorems 2.1, 2.10 and 2.11, we obtain

e (HI=1(f, ) = <Z > |R|w1(-—xR>wJ*f(xR>,g>‘

JEZ3 RCRE:

= [>T IRV« FGRIRIEY * g(x)

JEZ? RCRY:
= L) LN S NLD s wvy 1L et vy
S ”f”H]’}.w(RN)”g”CMOPF.w(RN)’

where we have chosen () (—x) = ¢V (x) and @ (—x) = @ (x). Since Sx (RY)
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is dense in Hf , (RY) (by Corollary 2.6), it follows that the mapping £,(f) =
(f, g) can be extended to a continuous linear functional on H ﬁ,w(RN ) and [[£g]| S

||g||CM0§1w(RN)-
Conversely, let £ € (ng’w (R¥))* and £ =£oT. For {sg} € s (RY), Theorem 2.11

gives
16 ({srDI = 16T {seDI < €1 - 1T UseD gz @y S NET- R vy

which implies that £; € (s5(RY))*. Then by Theorem 2.10, there exists {tg} €
cu(RY) such that £1({sg}) = Y_ g srig for all {sg} € s{;(RY) and [[{rg}| .2 wy) S
1€1]] < |1€]]. By Theorem 2.10 again, £ = £o 7T o L = £; o L. Hence,

) = (L) = (L. 1) = ([, 8)

where g = 21523 ZRER# |R|% tg ¥j(xg — x). This implies that £ = £, and, by
Theorem 2.10,

lglcmor. @vy S IHERMI 2 @vy S N€gll-
b W ®Y) I (RY)

This concludes the proof of Theorem 1.7. (Il

3. Weighted boundedness of singular integrals with flag kernels

This section is devoted to proving the boundedness results given in Theorems 1.9,
1.10 and 1.11 for flag singular integrals. To prove Theorem 1.9, we need the
following orthogonality estimates.

Lemma 3.1. Let ¢ € S(RY) satisfy
/ @(x1, x2,x3)dx; =0 for almost every (x3, x3) € RT3,
R

(3-1) / @(x1,x2,x3)dx2 =0 for almost every (x1, x3) € RM*7,
R"2

/ o(x1,x2,x3)dx3=0 for almost every (x1, x,) € RM*72,
R"3

and define ¢y by @ (x) :=27 /"R ), 272 xy, 275 x3). Also let €
S(R"™) be defined as in Section 1. Then there exists € > 0 such that, for any M > 0,

3
(3-2) |osx Wy (x)] < y—€lji=jil+lia—il+1j3—jzh |: l_[

i=1

./
max < <; 2/xM ]

(max <g<; 2% + |x;|)ni+M

Proof. We consider eight cases separately.
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Case 1: ji < j{, jo < Jj5 J3 < Jj; By (3-1),
1 1 1
|¢J*w§l><x>|=‘ / o1 Y =)=y (0)]1dy
RN

2(ivipM 2(avViNM 2(3VipM

IV oy YMAT (272VIE 4| xp [ yM+m2 (23VIT A x5 )M A3

==l
<27lhi

This together with
2isM 20VisM

(27 + [xa|)MHn2 (27355 4 |x3]) M+

2 3
W s v (6, x)| S
2 3
yields

G-3) s xYr ] =lles# v T 0]+ ¢ 100)]
3

< oLl [ max << 2VkVioM i|

o (max) << 270V | )t M

3 .
_o—li—i I[ max <k<; 2 }

o (max) o< 20 + [x; [y tM

The same techniques yield

G4 e = s xs ¥ T 15 #9100

iy (maxg << 2%k + |x; )i tM
and
G-5)  psx v @I =lles w11y %50 1))

3

-/
. . max 'ZJkM
—1j3—l 1<k<i
S 2 J j3 *

i) (max) << 20t + |x; )i tM
Taking the geometric mean of (3-3)—(3-5), we obtain (3-2) with ¢ = 1/3.

Case 2: ji > ji, j» < j}» Jj3 < j;- We use the moment condition of ¢! and
Taylor’s remainder theorem to get

s x5 ()]

| o= = Pt lon) 02y
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g( Z 2|j1]{|L12|j2j{|L2)

Li+L,=L
2GIViM 202viM 2UsviM
X — — —
@IVI DM @RV L) M RV 4 [ M
Givipm (GaviDM GavipM
< y-li—ipe 2 2 25

~

QI ey YU RV 4 [xp M2 IV g )M

where in the last inequality we have used the fact that |j; — j{| > |j» — j{| and
Pr_1[f]is the (L—1)-th order Taylor’s polynomial of f. It follows that

1 3
9t Ol = llgsry ol 42y 1))
M 2 VipM 2 G ViRV iHM

QI |xy M+ (23D |xp [YM A2 (2I1V IRV 4| x5 )M 13
3

—L|ji—jil
<ot

| (max << 20| [y tM

The other cases, {ji < ji, 2 > Jy, 3 < j3}, v > ji, 2 > J5, J3 < J3h
U1 <ijts 2=y J3<ishs Ur>Ji» 2 <z J3<ishs L <Ji» 2> oy J3 < J3)>
and {j; > j{, j2 > j5, j3 < j3}, can be handled in the same manner and details are
left to the reader. O

Lemma 3.2. Let K be a flag kernel. We have

max1<k<l 2J1£M
(maxl<k<z 2]k+|x |)1+M

(3-6) |1ﬁJ*/C*1//J/(x)|<2_]OM(|“ Jil+ 2=+ j3— Jg\)l_[

Proof. It is well known that K/f(l) * K/f(l) and 2~ LVi—Ji |1/f( )j satisfy the same differ-

i

ential inequalities and moment condltlons on RV, Thus
1 1 2 2 3 3

Vs =50« v Teas ) s v DT 0y« )]

satisfies the same properties as 2L/ —jil+l2=ilHisViby ., where

2 3
Vovr =9 sy syl

AV J2Vis B3V
By [Nagel et al. 2001, Corollary 2.4.4],
K= > ¢
N=p<j3

where {¢(/)} is a bounded collection of C* functions, each of which is supported on
{lxi| <c,i=1, 2, 3} with (3-1), and the series converges in the sense of distributions.
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Lemma 3.1 yields

Woskspp @)<Y @ x e )

=1 =1 1y
1= =3

< Z =Ly =G ViDI+1i = GaVip 175 =GV i)D
~Y

=1 1 =1
J1Z1 =3

3 GVl
L L L A GkViM
)2 LU=+ =D T maxi<k<i2

——
i (maxy << 27 e [x ) 1M

URViOM
<2—<j1—j.’+|jz—j§|+|j3—j_4|>L[ max; k< 2 }

o (max =i 208V |x; [yritM
This finishes the proof of (3-6). O

Proof of Theorem 1.9. By the discrete Calderén reproducing formula,

TPz,
.12
= {Z Y sk Kk f(xp)] xR}
JEZ® ReRY; LY
2%
IS SIS T wwre s skevs o 1)
LY

J€Z? ReRY J'el’ R'eR%

Equation (3-6) says that, for each J, J € 73, ;% K %y satisfies the same
orthogonality estimate as vy * ¥ ;.. Thus, repeating the same argument as in the
proof of Theorem 1.4, we obtain

“Tf”Hj’T’w([RN)

§_2.1
218)2
< H{ > [Mf( > W f(xR/)Ffo) ] } Sz, @y
Jer’ R'eR% Lu®Y '
This concludes the proof of Theorem 1.9. U

To prove Theorem 1.10, we need a new Calderdn type identity in terms of bump
functions. Fori = 1, 2, 3, let ¢\, ¢’ € S(RV/) be such that supp ¢ is compact
and bounded away from origin, ¢’ is supported on B(0, 2), and they satisfy

» ¢/(i)(xi)(xi)ai dx' =0 for 0 < la| = My,
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where M is a large positive integer given in Theorem 3.3 below, and
> ¢ @IENgD@IEN) =1 for g’ e RM\(0;
Ji€Z
see [Frazier and Jawerth 1990, Theorem 4.2]. For J = (ji, j2, J3) € 73, set ¢y =
(¢§|1) * ¢(2) * ¢(3)) where ¢( D — = Sprv-N; @ ¢(.f,), and ¢ is defined similarly in terms
of ¢
Theorem 3.3. Let0 < p <1and w e AL (RV). Let My > 10(N{[qu/p—1]V2}+1)
(here [ - 1 means the greatest integer function). For a fixed sufficiently large integer K,
let RJJE’K = RﬁfK’szK’“*K and let xg denote the lower left corner of R. Then, for
every f € L*RMNH ﬁ’ w(RN ) there exists some function
h=hye L*®R")nHE (RY)
depending only on f such that
FOES S RIS (x = xp)ds xh(xp).
JeZ? ReREK

Moreover,

(3-7) 1 la, ~ Wl

Proof. For f € L>(RV) N H; (RV), applying the Fourier transform gives f =
Yo jer qb 7 % ¢y * f, where the series converges in L?(R") norm. Using Coifman’s
idea of the decomposition of the identity operator, we have

f =" > |RIs(x —xp)ps * f (xg)

Jez3 ReRé_:K
+Y > / (¢ (x —x') (@ ))& — s (x —xp) (D * £)(xr)] dx’
JeZ3 Re ,RJK

= Tx(f)(x)+ Rx(f)(x),

where K is a fixed large integer to be determined later.
We can decompose R (f) further as

Re(H) =) Y. f (¢ (x —x") = Gy (x — xR))(, * [)(x') dx’

Jer? ReRLK

+> > /¢>J(x—xR)[<¢J*f)(x)—(asj*f)(x,e)]dx

Je73 Re RJ K

Ry (f)(x) + R (f)(x).
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We claim that for k =1, 2,

(3-8) IR (Pllaz, <C27 5N fllue,.

where C is a constant independent of f, K and xg.

Assume the claim for the moment. Then choosing sufficiently large K such that
C27% < 1 implies that both Tx and T)c' = 3°°° [ (Rg)" are bounded on L>(R")
and on H}  (RY). Setting h = R (f) gives (3-7). Moreover,

F=Te@ (=" Y [RIGs(-—xp)($s *h)(xR),

3 J.K
JeZ ReRZ

where the series converges in L2(RM).

To finish the proof of Theorem 1.10, it suffices to verify the claim. Since
the proofs for R }< and R%( are similar, we only treat R}<. The discrete Calderén
reproducing formula in Theorem 2.1 yields

(3-9) Yy * R (f)(x)
=2 X [ =) = =06 5 £

Jer3 ReRLK
= > /W*[cﬁf( —x) = ¢s(- = xp)I(x)
JeZ3 Re RJK
X ( ST ARk f Ry x Y (x —XR”)> dx’,
e’ RrerY!

where xgr = (xgr, xgy, xg7) denotes the lower left corner of R”. Set
¢y () =y —x") =y u—xp).

Applying Lemma 2.2 with M sufficiently large (which will be determined later)
and L = 10M, we obtain that for some constant C (depending only on M, ¥ and ¢,
but independent of K),

Wy gy ()| 3

kM
< €2 K 10M(Uir—J{ 2=+~ ’3‘)]_[ max ) <i<i 2
| (max)<k<; 2k +|x; — x] M

and, similarly,

|y Yy (x" — xgr)l

. 17 . 17 . max1<k<' 2‘]{M
< 27 1IOM(j1=j{ 1+ 2=y 1+1 7= l_[ !
| (max<k<; 2% + |x; _XQ”|)1+M
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Substituting both estimates into the last term of (3-9) yields

W R () ()]
SO D AR f (g

" 3 J"
J'eZ R"eRY:

3 v
. . iM
D O KX | R - R
R i=1

!
JeP3 RerlK (maxj<x<; 2%k +|x; _xl{|)l+M
F

11
maX1SkSl 2Jk M

x 2~ lii—ji'13M
=1
(maxj<x<; 2/ + |x] —XQ;/|)1+M
< -k E E 2—(|j{—jf’\+|j2/—j§/\+|j3/—j§/|)M|R//|
J'"e73 R”ER;_-U

3 i"M

=/ 4
( maxj<g<i 2(]kvjk
<(T1 -

./ ./
iy (maxg << 25k 4 |y — xgr)1HM

)WJ” * f(xg)|.

Now we may choose M = N{[g,,/p+1]1Vv2}+1, L=10M and N/M <§ < 1.
Then p/§ > gy, so that w € Af /s (RM). Arguing as in the proof of Theorem 1.4, we
obtain

IRk (N,
3
S27F { > {M;( > W f(wa>|xR~) } } S27 80 f e, -
]//623 RNGR_jFH Li
This verifies claim (3-8) and hence Theorem 3.3 follows. O

Using a similar argument to the one in the proof of Theorem 1.4, one can prove
the following:
Corollary 3.4. Suppose w € AL (R"). Then, for f € H} ,(RY) N L*RY) and
0< p<1,we have

Nf—

’

LL(RN)

{Z > |¢J*h(xR)|2xR}

3 1K
JeZ® ReR%Z

1z, vy ~ 187l @) = ‘

where h = hy and K are the same as in Theorem 3.3.
The key to the proof of Theorem 1.10 is the following.
Lemma 3.5. Suppose 0 < p < 1and w € AL (RN). If f € HY  (RV)NL2[RY),

then f € LY, (RN) and there is a constant C » > 0 independent of the L2(RN) norm
of f such that

Iy = Cpll Iz, @my-
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Proof. Without loss of generality, we may assume w € Aqf (RN) for some g € [2, 00).
Given f € LARN)NHZ  (RV), set Q; = {x € RN : g (h)(x) > 2'} where h = h
is given by Theorem 3.3, and

U={J,R): JeZ’, ReREX, IRNQi| > (1/2)|R], IRNQi11] < (1/2)|R]}.
By the discrete Calder6n reproducing formula in Theorem 3.3,

F=Y" " IRI$s(-—xp)ps*h(xp).

ieZ (J,R)e;

We claim that

p .
(3-10) < 27w ().

L RN)

> IRIGs (- —xp)$y *h(xR)

(J,R)e;

Since 0 < p < 1, the above claim together with Theorem 3.3 yields

P
11 p gy D2 | Do IRIGSC —xR)dy xh(xp)| )
ieZ "(J,R)e% Ly (RY)
<327 @) SIEIT, o ~ IR ~ I £117
~ £ ~ e LE(RN) HY  (RV) HE  (RY)
S

and Lemma 3.5 follows.
To show claim (3-10), we note that if (J, R) € %;, the function x — ¢;(x — xg)
is supported in €2; := {x : M z(xg,)(x) > 1/100}. By Holder’s inequality,

- p
G-11) | D IRIGs (- —xR)ps *h(xR)
(J,R)e%% LI (RN)
o o p
Sw@)'"PDN N RIG (- — xR)ps *h(xR)
L3 (RN)

(J,R)e;

We now estimate the last LY,-norm by a duality argument. For { € Lg,_q/ (RV) with

||{ I|L‘i/17q/ (RN) S 1’

K > |R|$,<-—xR>¢J*h(xR),c>‘=

Z /al*f(xR)fﬁj*h(XR)XR(X)dx

(J,R)e; (J,R)e;
1 1
=< { Z |</51>l<h(3€1e)|2XR}2 { Z |$J*§(XR)|2XR}2 ,
(J.RYE Ly®) UL Ryew LY, ®Y)
=11 x1p,

where ¢, (x) = ¢y (—x).



BOUNDEDNESS OF SINGULAR INTEGRALS WITH FLAG KERNELS 585

We first estimate /. Since w € A; (RV) implies w!—¢ e A?(RN ), Corollary 3.4
and the remark on page 552 yield

1
{Z Z |$J*§(XR)|2XR}2

3-12) LS ‘
Jez3 RER;’-K

~ ¢l o <1
LY ®Y) Loy ®
e

As for I, note that 2; C ?2,- and w(fzi) < w(£2;) due to the L% (RN) boundedness
of Mr. For any (J,R) € % and x € R, Mr(Xpng,\q,,,)*) > % Applying
Corollary 2.5 again, we have

T

a1y = { > |¢J*h<xR>|2xR(x>} w(x) dx

(J,R)e;

[NS1ASY

< / { > |¢J*h(wa;(xm,.\Qm><x>|2} w(x) dx
RY L ryew
q

S/N { ) |¢]*h<xR>|2xR(x>}2w<x>dx

Qi\Qi+1 (J,R) e,
S 29w () $ 24w ().

Combining both estimates (3-12) and (3-13), we obtain

< 21w (Q;).
L RY)

> IRIG (- = xR)s *h(xR)

(J.R)e;

Plugging this estimate into (3-11) yields claim (3-10), and so Lemma 3.5 follows. [J

Proof of Theorem 1.10. For f € L*(RV) N H]@’w(RN), by Theorem 1.9 and
Lemma 3.5,

ITPNg@my < CITH gz @y < ClF g, o

w

Corollary 2.6 together with a limiting argument yields Theorem 1.10. (Il

We remark that, as mentioned before, the flag Hardy space H ﬁ(RN ) (where
w = 1) differs from those of the classical one parameter and the product Hardy
space. To see this, by Lemma 3.5, if f € L2 RY)NHEZ(RY), then f € L'(R") and

(3-14) / f(x1,x2,x3)dx3 =0 for almost every (x, x2) € R* x R"2.

Indeed, for f € L2(RN) N HZ(RY), Lemma 3.5 gives that f € LP(RY) N L*(RY),
and hence f € L'(RM) by interpolation. To see [ f(x1, x2, x3) dx3 = 0, applying
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the Calderén reproducing formula in Theorem 2.1,
FO=Y" " IR (x —xp)¥s * f(xg)

3 J
JeZ ReR%

where the series converges in both L*>(RY) and H ]’;([R{N ). Let & and f; be defined
as in the proof of Corollary 2.6. Therefore,

f=fL=>_|RIYs(x = xp)¥s * f(xr)

oC
gL

converges to zero in both LZ(R") and H J,@(IRN ) as L tends to infinity. Applying
Lemma 3.5 and interpolation, we obtain

L!

D IR (x = xp)¥ * f (xR)

S +

L2

’

P
H}_

D IR (x = xp)¥y * f (xk) D IR (x — xp) ¥ * f (xk)
&f &t

which implies that || f — fr||;1 tends to zero as L tends to infinity. Therefore, for
almost every (x, x2) € R" x R"2,

R"3

f(X1,Xz,X3)dx3=L1er;O[n D IRy (x — xp)Yy * f (xg) dx3 =0,
3 L

where the last equality follows from the cancellation property of v (x — xg). This
indicates that all L? elements in H ]’; satisfy only “partial” cancellation property
(3-14), which is different from cancellation conditions for classical one parameter
and the product Hardy spaces.

Finally, we prove Theorem 1.11. It is known that L* RN H f.’w([RN ) is dense
in H ;w (RN). This allows us to use the discrete Calderén reproducing formula in
Theorem 3.3, which plays a crucial role in the proof of the boundedness of flag
singular integral operators on HY , (RY). For CMOY. . we prove the following
so-called weak density result which will offer the same service as the above density
does in H ;,w'

Lemma 3.6. Let 0 < p < 1 and w € AL (RY). Then L*(RY)NCMOY.  (R")
is dense in CMO%. | (RN) in the weak topology (HY. ,,(RY), CMOY.  (RY)). More
precisely, for any f € CM Og_-’w(lRN ), there exists a sequence

{fu} C L*®Y)nCMO%. , (RY)
satisfying ||fn||CM0ff4w(RN) S ”f”CMOI},w(RN) and

lim (fu.8)=(f.g) foranyge HE ,(R").
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Proof. Suppose f € CMOY-  (RV). Set

L@ =Y > R * f&R)Vs(x —XkR),

|jl<n,|k|<n RCB(0,n)

where {1} satisfy (1-1) and (1-2). It is easy to see that f;, € L2(RM). Repeating the
same proof as the one in Theorem 1.6, we have || f, IICMOPJr @) = Clf ||CMO; L ®Y)
and hence f, € L*(RN )ﬂCMO‘;—_’w (R™). For any g € Seo (R™), the discrete Calderén
reproducing formula given in Theorem 2.1 yields

<f—fn,g>=< 3 |R|x/u*f(xR>1/u<-—xR>,g>

|jl>n, or |k|>n, or RGB(0,n)

= <f, > |RIV *g(xr) W (- —xR)>.

|jl>n, or |k|>n, or R&B(0,n)

By Corollary 2.6, the function
> R % g(xR) ¥y (x — xg)

|jl>n, or |k|>n, or RGB(0,n)
belongs to Hﬁ’w(RN) and its H]’;w([RN) norm tends to O as n — o0. Hence,
Theorem 1.7 implies that ( f — f,,, g) tends to zero as n — 0o. Since S (R") is dense
in H ; »(RY), a standard limiting argument finishes the proof of Lemma 3.6. O

Now let us show how a flag singular integral operator 7~ acts on CMO;’w(RN ).
Given f € CMO?;’w([RN ), by Lemma 3.6, there is a sequence

{fu} C LP®RV)NnCMO% , (RY)
such that

”fn”CMOj’T,w(RN) =< C”f”c}v[opf‘w(RN),

(3-15) li>nolo<f"’ g)=(f,g) foranyge L*®RY)n pr,w(RN)'

We thus define
(TF(f). 8) = lim (Tr(f,).g) forany g € LARY)NHE , (RY).

To see that the limit exists, write ((T7)(f; — fi), &) = (fj — fe. (TF)*(g))
since both f; — fi and g belong to L2(RYN), and T is bounded on LZ(RM).
By Theorem 1.9, (Tx)* is bounded on H]’;’w(IRN), and therefore (Tr)*(g) €
L*®RY) N HZ ,(RN). Thus, by Lemma 3.6, (f; — fi. (T)*(g)) tends to zero
as j, k — oo. Itis also easy to verify that the definition of 7= ( f) is independent of
the choice of the sequence f; satisfying the conditions in Lemma 3.6.

We are now ready to prove Theorem 1.11.
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Proof of Theorem 1.11. We first show that for f € L*(RY) N CMOY%-  (RY) and
any open set 2 with w(2) < oo,

1
1 , IR )2
(3-16) {WJZHX; Wy % Kz f(xg) |2 (R)} S llewor. , @v)-

RCQ

Using the discrete Calderén reproducing formula given in Theorem 2.1, we write

> W xKrx fap)lP - IR

R
JeZ3 ReRY, w(R)
RCQ | |2
=5 3 Y IR kK (g — xp) B’
JeZ3 ReRY%, J'el’ g RJ'
RCQ

where g = Yy % f(xR/)|R/|%. By (3-6), ¥j x IC ;s satisfies the same almost-
orthogonality estimate as v * ;.. Repeating the same argument as in Theorem 1.6
yields (3-16).

For f € CMOY.  (RY), there is a sequence

{fa} C L*®RY)nCMO%  (RY)

satisfying (3-15). By the definition of T=(f) and the boundedness of Tx on
L*®RY)NCMOY. (RY),
ITF (Pl emor, , @vy < iminf 177 (f)llcmor, , @y

S hnniicgf”fn”c/vm” RV ||f||CM0” NGUE

which concludes the proof of Theorem 1.11. U

4. Calderén-Zygmund decomposition and interpolation
We first prove the Calderén—Zygmund decomposition for H ;,w

Proof of Theorem 1.12. According to Corollary 2.6, L>(RY) N H};)w(IRN) is dense
in H?  (R™). Thus it suffices to prove Theorem 1.12 for f € L*(RN) N HY. , (RY).
Given any fixed o > 0, let ; = {x e RV : g=(f)(x) > a2/}, I € N, where g7 (f)
and K are the same as in Corollary 3.4. For J € 77, set

J.K
7?'O

J.K
R,

[ReREX: IRNQ| < LIRI}, and
IReREX D IRNQ_1|1 = LRI, IRNS| < LIRI} forl>1.
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It follows from Theorem 3.3 that there exists some h € L2N H ﬁy » such that

f)=)" Y IRIgsxh(xp)$s(x —xr)

JeZ? Rery ¥

+ 33 S RIgs #h(xr)s (x — xg) =t g(x) + b(x).

Jez? =1 ReR,"K

We first estimate || g|| H, Repeating the same argument as in the proof of
Theorem 1.4, we deduce that for N/M < § <min{(p2/qw), 1},

3
Yo |wf*g(xR>|2xR<x)§Z{Mf[< > |¢J/*g<xR/>|2xR/> }(x)}

J€Z3 ReRY; Jer’ R’ER({/’K

2
1)

Take the square root on both sides and apply Corollary 2.5 on Lﬁz/ ) (£2/%) (note
that w € A7 ;) to derive

HZ > I xhixp)] xR/}

]/623 R'e ] K

gl e @y S .
Hrw®) L2 ®N)

We claim

(4-1) [gr(f) (D) w(x) dx

{gr(H(xX)=a}
2 ‘ { YooY e *h(xRoFfo}

J'er? RGR({/’K

P2

Bl—

LI RY)
which implies
18172 ) S [ (1P ) d
{87 ()=}

< 0[172—17/ [g]_-(f)(x)]pw(x) dx < aPZ p”f”HP (RN)
gr(fH(x)=a}

F.w

as desired. It suffices to verify claim (4-1). Choose § < min{p>/qy, 1} and get

/ (87 (D] w(x) dx
g (N)(x)=a)
%

/{Z Z P h(xp)l XRHCQO(X)} w(x)dx

Jez3 RERJ K
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P2
2

Z/RN{Z Z (|¢’J*h(xR)|8Mf(XRmEQO)(X))§} w(x) dx

3 J.K
JeZ RERZ

1
{Z 3 |¢J*h(xR>|2xR}2

3 1K
JeZ’ ReR%

P2

’

> ‘
~Y
L2 ®N)

where in the last inequality we used the estimate xz(x) < 2/ Mr(xg OEQO)I/‘S (x)
for R € R:X, and the first inequality follows from Corollary 2.5 with ¢ =2/8 and
P =p2/é. _

Now, we turn to the estimate for the H7', (RY) norm of b. Set ; = {x e R" :
Mr(xq,) > %}, [ € 7. Then the desired estimate follows from

pP1

(4-2) < QayPrw(-y),

Pi
H]:,w

D > IRIgs #h(xr)s (- — xp)

JeL3 ReR) K

forany 0 < p; < 1 and /> 1. Indeed, by the L%, (RY) (¢ > ¢,,) boundedness of M r,
w@) S [ IMrOta ) 01w dr S w(@in).
R
This fact together with (4-2) yields

117y S D@ w@) £ Q') w(Si1)
I>1 I>1

5/ [Er (/O w(x) dx
Er(H>a)

Sahr f [Er (N W) dx SaP PIFID, o
{8r(H(x)>a} Fow

Thus to finish the proof, it remains to establish (4-2). Following the same argument
as in the estimation of || g|| H2, > We get that for any [ > 1,

@3) 1Y D IRIgs xh(xr)$s (- —xk)
Jer3 ReR)¥ H.Qu:
1
2
S {Z > |¢J*h<xR>|2xR} )
J€Z3 RG'RIJ'K Lml

Note that R C ;_; for R € R;"X. Thus, |[R N (;_1 \ /)| > L|R|, which implies

1 1
XR(X) S 25 MF(Xpn @, ) ® ().
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As in the proof of claim (4-1), picking § <min{2, p;/q,} and applying Corollary 2.5,
we have

P
Q 2
! ) i
2 oz)le(Qz—l)Z/RN{Z Z |psxh(xR)] XRm(Q,l\Ql)(x)} w(x)dx
JeZ3 ReR LK
B
2
2/{RN{ Z Z |¢J*h(xR)|2Mf(XRm(s~z,I\Q,))‘S(X)} w(x)dx
JEI? ReR} K
) % P1
>
R ‘ { Yo D Igsxhxp)l XR} =
Jje73 RG,R]J,K Ly (RY)
Combining this with (4-3) yields (4-2), and hence Theorem 1.12 follows. O

Proof of Theorem 1.13. Suppose that T is bounded from H7', (RV) to L} (RY)
and bounded from H}? (RY) to L{}(RY). Given f € H} ,(RY), py < p < pa,
the Calderén—Zygmund decomposition shows that f = g + b with

2 < P2 P P P Salt™? b
1812 gy S U Mgy vy a0d WD gy S @™ PIf gy vy

Moreover, in the proof of Theorem 1.12, we have shown that

1817 g, S f (3501 w(x) dx
Fow (g7 (fH(x)=<a}
and
IS f 27N w(x) dx.
Fow {gr(H(x)>a}
Therefore,

ITF1y g, < p/o o w({x: 1T > § ) da
+ ! ST (b 2 g
p [ arto({r e §]) da
S/ooap—l(”T(g)“Li?)m da+/ooal’—‘<—”T(b)”L5' )171 do
0 o 0 o
< / aP~r! / [87(f)()1P2w(x) dx d
0 {(gr(f)(x)=<a}

+ f aP—ri—l / [g7(f) ()" w(x) dx da
0 {gx(Hx)>a}

< p
~ ||f”H]1i_w(RN)
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Hence T is bounded from H7 , (RY) to L} (RY).

To prove the second assertion that 7 is bounded on H7. , (RV), for any given
a>0and f e H Jf—_”w(RN ), we apply the Calderén—Zygmund decomposition again
to obtain

w(lx : g TN > < w({x: 1zl > 51)

"

SaEIT@ I g, te " ITOIY

+a P b|?)

HY (RN

S PUgl g,

505_’72/ [ (f)(D)]?w(x) dx
gr(Hx)=a

HY L (RY)

+a™? f [87(f) ()] w(x)dx,
(Er(H0>a)

which, as above, implies that ”g]-'(Tf)”L!’(RN) S ||f||Hp L (RY)> and therefore
||Tf||Hp L®Y) < ||f||Hp LRV by Corollary 3.4. The proof “of Theorem 1.13 is
complete U

5. Relations between different classes of weights

In this section, we clarify the relations between different classes of weights by
constructing some examples and counterexamples. Our aim is to show the following:
Proposition 5.1. For 1 < p < oo, A}°(RY) C AT®RY) C A,(RY).

A positive measure u on R” is called doubling if there exists a constant 0 < C < 00,
depending only on n, such that

(5-D n(@2B) < Cuu(B)

for all balls B

To prove this proposition, we need the following lemmas.
Lemma5.2. Let 1 < p <oo. Ifa> —nand A >0, then (|x|4+ A)* dx is a doubling
measure on R" with doubling constant depending on a and n, but independent of A.
Proof. If A = 0, the conclusion above is well known. If A > 0, following the
arguments given in [Grafakos 2014, pp. 505-506], we divide all balls B(xgp, R) in
R" into two categories: balls of type I that satisfy |xg| + A > 3R and type II that
satisfy |xo| + A < 3R.

For the balls of type I, we have

/ (5] + A dx {WQR)WOHA”R)“ ifa>0,
B(x0,2R)

W(2R) (|x0] + A —2R)* ifa <0,
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and
v R"(|Jxo| +A—R)* ifa >0,

/ (Ix|+A)* dx > { .
B(x0.R) nR"(|xol + A+ R)* ifa <0,
where v, denotes the volume of the unit ball in R”. Since |xo| + A > 3R, we have
[xo|+A4+2R <4(]xg| +A—R) and |xg| + A —2R > %(|X0| 4+ A + R). The required
doubling property (5-1) then follows with C = 234l4],

For balls of type II, |xo| + A < 3R implies B(xo, 2R) C B(0, 5R). Therefore

/ (x| +A)%dx < / (x| 4+ A)*dx < R,
B(x0,2R) B(0,5R)

On the other hand, using the fact that (|x| + A)“ is rapidly increasing if a > 0, and
the inequality |x|4+ A < |xo| + A+ R < 4R if a <0, we have

./ (Ix]+A)* dx = Jo.r) X1 dx %fa >0,
B(xo,R) fB(xo,R)(4R)a dx ifa <0,

> Rn—i—a.
This concludes the proof of Lemma 5.2. U

Lemma5.3. Let 1 < p <o0. If wy, wy € Ap(R"), then w(x) = min{w; (x), wa(x)}
is also in A, (R") with [w]a, <max(1,27"?)([wi]a, + [w2la,).

Proof. This lemma slightly generalizes a result in [Grafakos 2014, p. 513], where
the case of w, being a constant was considered. For any O C R",

(o) e )’

<|Q|f“"”w2><|l|wil5+|Q|/ _),,/
mt27 (g /Q““)A(@lfg )] ,
()" G fy=))

5max(1,2p2){(if w1)<L wl_”)pl
10l Jo 10|

<max(1, 277 ([wila, + [wala,).
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where in the second inequality we used the basic inequality

¥ 4 4
(a1 +ax)? §max(1,2p_2)(a1" +a;)

for a;, a; > 0. Hence the required result follows. O

Proof of Proposition 5.1. By definition, it is clear that A}°(RY) c A7 (RN) C
Ap(RN).

Now, let us show that these inclusions are proper. For simplicity, we only
consider the biparameter case on RV = R™ x R™, where we denote the flag
{(0,0)} C {(0, y)} CR" ™™ by Fi.

We first show that A)°(RY) C A71(RY). Let 1 —ny < a < ny(p —1). For
x=0cD o xM)eRM, y=oW,. .., y™) e R™, we define

w(x, y) = y[*(x P+ 1yD 7

Since w is independent of (x?, ..., x), for notational simplicity, we may assume
n1 = 1 and write x instead of x"). We claim that

(5-2) esssup[w(-, M4, @) = 00
yERnZ

(5-3) sup [w(x, -)]a,®2) < 00,
xeR!

(5_4) [w]A (Rl+n2) < OO,

where [ - ]4, denotes the classical A, characteristic constant. Assume (5-2), (5-3)
and (5-4) hold for the moment. Then (5 3) and (5-4) imply w € A (RY)NAY (RY),
and therefore w € A’T ' by Lemma 2.4; while (5-2) implies w ¢ Ap °. Hence
ADP(RY) € ATVRY )

Now let us prove (5-2), (5-3) and (5-4). We prove first (5-2). Given any y € R"?
with y # 0, we choose an interval I = (0, r) with » = |y|% Then

1 1 _r %
<|1|/w(x y)dx><|1|/ [w(x, y)] pdx)
1 » [ ’
=(—f e+ 1y dx)(—f (x4 IyD dx)
rJo rJo

1
> —ln(l +|r—|> r=1In(1 +|y]) = +o0,
r y

U]

as |y| goes to 400, which establishes (5-2).

Next, let us show (5-3). For x =0, w(0, y)=|y|* e A, (R"). For any fixed
x #0, wi(y):=|yl* " and wa(y) := |y|*lx|~" are both in A, (R™), with A,
characteristic constants being independent of x. Since w(y) ~ min(w(y), w2(y)),
(5-3) follows immediately from Lemma 5.3.
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We now verify (5-4). For any n € Z ., we divide all cubes Q (xg, [) (centered at xq
of side length /) in R" into two categories: cubes of type I that satisfy |xo| > 3/n [
and type II that satisfy |xo| < 33/n/. For any Q C R, write Q = Q; x 0>,
where

O1=xo—L,xo+)CR and Qs = Q2(yo,]) CR™
We consider the following four cases.

Case 1: If both Q; and Q; are of type I, then for any (x,y) € Q, w(x,y) =
1yol%(|xo] + | yo) ™", and hence the desired result follows easily.

Case 2: If Q; is of type I and Q» of type II, then for any (x, y) € Q, we have
|x| & |x0| > |y| and thus w(x, y) & |y|*|xo| ~!. Moreover, |y|* is in A,(R"). Hence,

)4
1 1 _r i
—_— ,v)dxd — , »dxd
<|Q|//Q“’(x y)ax y)(|Q|/wi(’“ y) v dx y)

P
7

<1/||“d)(1f||‘”"/d>”<[||“] <1
| — y y — yl ray =LY 1A, Ry S5 L.
1021 Jo, 1021 Jo, PR

Case 3: If Qg is of type II and Q» of type I, then for any (x, y) € Q, we have
ly| & |x| 4+ |y]| & |yo| and therefore w(x, y) & |yo|*~!. Hence the required estimate
follows easily.

Case 4: If both Q| and Q5 are of type II, then by Lemma 5.2,

)4
1 1 _r P
— ,y)dxd — , P dxd
(|Q|//Qw(x y)dx y)(|Q|//Qw(x y) v dx y)
51

: /
S yl“dy | Ge+1yD™! dx)
(l”2+1 B(0.5/m3 1) 0

1 / _a 3 I
X\ =7 Iyl 7 dy (x+|y|)ﬂdx)
<l”2+1 B(0.5./31) 0

p
1 P _ap’ Vi

S (—/ Iyl“_ldy) (li "2/ Iy~ dy)p
" Jpo.5m0 B(0.5 /1)

N N b v

SUS]

where B(0, 5./ny[) denotes the ball of radius 5,/n, [ centered at origin of R"2 This
concludes the proof of (5-4), and hence AI;,IO([RN ) C A; H(RM).

Finally, let us show Af RV c A p([RiN ). From (5-4) and (5-2), interchanging
the roles of x and y, we see that for | —n; <b <ni(p—1), |x|°(yP|+|x])~"is
in A, (R"), but not in A71(RY). This completes the proof of Proposition 5.1.  [J
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EXCEPTIONAL SEQUENCES AND SPHERICAL MODULES
FOR THE AUSLANDER ALGEBRA OF k[x]/(x?)

LuTtz HILLE AND DAVID PLOOG

We classify spherical modules and full exceptional sequences of modules
over the Auslander algebra of k[x]/(x"). We categorify the left and right
symmetric group actions on these exceptional sequences to two braid group
actions: of spherical twists along simple modules, and of right mutations. In
particular, every such exceptional sequence is obtained by spherical twists
from a standard sequence, and likewise for right mutations.
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Acknowledgments 624
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Introduction

In this text, we study the Auslander algebras A, of k[x]/(x"). This family of
finite-dimensional algebras is well known in representation theory. It also occurs
for certain matrix problems, i.e., actions of linear groups on flags [Hille and Rohrle
1999, §4]. In previous work [Hille and Ploog 2019], we link A, to (¢t — 1)-chains
of (—2)-curves on projective surfaces.

We classify exceptional and spherical modules over A; in Theorem 2.2, and
full exceptional sequences of modules in Theorem 4.4. Below, we just state the
enumerative consequences of these classification results:

MSC2010: primary 16D90; secondary 16G20, 16S38, 18E30.
Keywords: Auslander algebra, full exceptional sequence, exceptional module, spherical module.

599


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2019.302-2
http://dx.doi.org/10.2140/pjm.2019.302.599

600 LUTZ HILLE AND DAVID PLOOG

I L ]

i:.iLuI ST So

\/\ /N /

I .I...

i:.L:mfm&.
\z. /H/
mfme

Figure 1. Right mutation graph of size-4 worm diagrams. The

twenty-four worm diagrams of size 4, i.e., all full exceptional

sequences of .44-modules. Downwards edges are right mutations:
, Ro, R3. See Section 4B.

Theorem. The numbers of the following types of objects over the algebra A, are

2F—1 exceptional modules,
2" —1—1t 2-spherical modules,

t! full exceptional sequences of modules.

Moreover, we describe full exceptional sequences of modules combinatorially by
worm diagrams in Corollary 3.6. In Theorem 4.4, we establish a natural bijection
of these diagrams with the symmetric group. Hence, this group acts, from both
sides, on worm diagrams, i.e., on full exceptional sequences of A;-modules.

We categorify both symmetric group actions to braid group actions. For the right
action, this is done by right mutations of exceptional sequences; see Section 4B.
For the left action, we use the twist functors along the spherical simple modules;
see Section 4C. Figures 1 and 2 show these braid group actions for Aj4.
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Figure 2. Spherical twist graph of size-4 worm diagrams. The
twenty-four worm diagrams of size 4, i.e., all full exceptional
sequences of .44-modules. Downwards edges are spherical twists:
Ts1), TS(Q), . See Section 4C.

Related classification results. On terminology: a tilting module T in this text means
a generator of the module category with Ext™*(7, T) = 0. When the additional
condition pd(7T) < 1 is included, we say classical tilting module.

The algebra A, is quasihereditary, and by [Briistle et al. 1999], there are ¢! tilting
modules which are A-filtered. This class of modules coincides with classical tilting
modules, and with t-tilting modules; the latter have been studied in [Ilyama and
Zhang 2016]. See also [Eisele et al. 2018, Example 3].

Next, there are 2/+! —¢ —2 bricks over A, i.e., modules M with Hom(M, M) =k.
This has been worked out as follows: the algebra A; is t-tilting finite, and for any
such algebra, there is a bijection between indecomposable 7-rigid modules and
bricks [Demonet et al. 2019, Theorem 4.1]. Now bricks for .4; are in bijection
with bricks of the preprojective algebra of type A;, and those in turn have been
parametrized by join-irreducible elements of the Weyl group [Iyama et al. 2018,
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Theorems 1.1 and 1.2]. The combinatorics for type A are in [Iyama et al. 2018,
§6.1]. We give a quick count of bricks in Corollary 2.4.

Semibricks, i.e., sets of Hom-orthogonal bricks, have been classified in [Asai
2016]; there are (¢ + 1)! of them. They correspond to support t-tilting modules
[Iyama and Zhang 2016].

Recently, tilting modules have been classified in [Geuenich 2018]. In particular,
the number of basic tilting .4;-modules is determined by an intricate recursive
formula.

Conventions. We fix an algebraically closed field k. All algebras, categories, and
functors are over k. Occasionally, we abbreviate dimensions of Hom spaces as
hom(A, B) :=dim Hom(A, B), and likewise for Ext”. The shift (or translation, or
suspension) functor of a triangulated category is denoted [1]. For objects A, B of a
triangulated category, we write Hom*(A, B) := @iez Hom(A, B[i])[—i] for their
Hom complex; it is a complex of vector spaces with zero differential.

Modules are always left modules. We compose arrows in a path algebra like
functions, from right to left. Given a vertex i for a bound quiver, we denote
the corresponding simple, projective, and injective modules by S(i), P (i), I (i),
respectively. If M is a module, i.e., a representation of the bound quiver, we
write M; for the vector space of M at the vertex i. Here, ® = ®j throughout.

The symmetric group on ¢ letters is denoted by Sym(t). It is generated by simple
transpositions 7; := (i, i +1). We write wq := (: IEI - i) € Sym(t) for the longest
word. The braid group on ¢ strands is denoted Br(¢).

1. Definition and basic properties of A,

1A. The algebra A,. The algebra A, is defined as the path algebra of the quiver
with ¢ vertices and 2t — 2 arrows

o o o o o
1 2 3 t—1_—_—1t
B B B B B

bound by a zero relation S = 0 at 1, and commutativity relations ¢ = B at
intermediate vertices 2, ..., ¢t — 1. We emphasize that there is no relation at ¢; this
distinguishes 4, from the preprojective algebra of the A,-quiver.

As is well known, A, occurs as the Auslander algebra of the ring R := k[x]/(x").
This means that R has finitely many indecomposable (finitely generated) mod-
ules —these are M (i) := R/(x') = k[x]/(x") fori =1, ..., t—and that A, is the
endomorphism algebra of their direct sum: A; = Endg(M (1) ®--- D M(2)).

Moreover, A; also occurs as the endomorphism algebra of a very special tilting
object of geometric nature. See Appendix B and [Hille and Ploog 2019].
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Remark 1.1. Reverting all arrows gives the opposite algebra, hence A; = A*. In
particular, the abelian categories of left and right .4,-modules are equivalent.

1B. The projective-injective module P(t), and the rank of A;-modules. By a
straightforward calculation of the injective hull and of the projective cover for the
simple module S(¢), one finds P(¢t) = I(t). Moreover, P(¢) is the unique indecom-
posable projective-injective 4,-module. We have dim(P(¢)) = (1,2, ...,1).

Definition 1.2. The rank of an A;-module M is
rk M := dim M, = dimHom(P(¢), M) = dim Hom(M, I (t)).
Note that by definition, the rank is additive on short exact sequences of A4;-
modules, and thus induces rk : Ky(A;) — Z.
Remark 1.3. The subcategory of .4,;-mod of rank-0 modules is equivalent to the

module category over the preprojective algebra of kA,_1, and in particular abelian.

1C. Euler pairing and quadratic form. We recall the projective resolutions of the
simple A,-modules. In particular, S(1), ..., S(t — 1) have projective dimension 2,
whereas S(¢) has projective dimension 1. Hence, A; has global dimension 2.

Lemma 1.4. The simple representations S(1), ..., S(t) have projective resolutions
P(1)—> P2)— P(1) —> S(1),
Pi)— PG—-1)®P>i+1)— PG — SGE) fori=2,...,t—1,
Pit—1)— P(@) — S@).
The Euler pairing of two A,;-modules M and N is defined as
x (M, N) :=hom(M, N) —ext' (M, N) +ext>(M, N),
and y (M, N) only depends on the classes of M and N in the Grothendieck group
Ko(A;) = 7'. The associated quadratic form is given by g(M) := x (M, M).
Lemma 1.5. Writing dim(M) = (my, ..., m;) and dim(N) = (ny, ..., ny),

-1
XM, N) =men;+ Y (mi(ni —ni1) +ni(mi —mi11).
i=1
Proof. Given any representation M, we can apply the resolutions of Lemma 1.4
via the horseshoe lemma to a composition series of M, and obtain a projective
resolution for M (where we put P(0) = P(t + 1) = 0):

t—1 t t
Proem—>Pri-neMePi+HM — P PiHOM — M.
i=1 i=1 i=1
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Using the functor Hom( -, N) on this resolution produces a complex with terms

t t—1 t—1
D Hom(M;, N;) — D Hom(M;+1, N;) @ Hom(M;, Ni+1) — () Hom(M;, N;)
i=1 i=1 i=1

whose cohomologies are Ext” (M, N). Hence,

t t—1 t—1
X(M,N)Y =" min =Y (miani +minigr) + Y min

i=1 i=1 i=1
which translates to the formula of the proposition. U

Corollary 1.6. The quadratic form of A, is positive definite:
q(di, ... d) =di + (di —d2)* + (s —d3)* + -+ -+ (1 — d)’.

1D. Homomorphisms and extensions. We next show that homomorphisms and
extensions among .A;-modules are computed explicitly by the complex

0 1 d'
C*(M,N):C°"(M,N) —-C'(M,N) — C“(M,N)

for M, N € A;-mod, with the terms already seen in the proof of Lemma 1.5

t 0 t 1 t—1
€D Hom(M;. Ny) > €D Hom(M;. Ni_1)@Hom(M;_1, N;) > CP) Hom(M;. N;)
i=1 i=2 i=1

whose differentials are induced by the arrows of the representations M and N:

d°(f) = B fi = fiBY. & fi = fially)  for fi: M — N,
d'(gi.0) =a g +gia}, for g : M; - Ni_i,
d'(0,h;) = BNhi +hi M for h; : Mi_; — Nj.
Thus, C*(M, N) becomes a complex of vector spaces. Note that C*(M, N) is not
symmetric: CO(M, N) =C*(M, N) ® Hom(M,, N;). In the proof of Lemma 1.5,

we computed y (M, N) abstractly, i.e., without explicit differentials. Below, we
will use this information to show that (C*(M, N), d) really calculates Ext” (M, N).

Lemma 1.7. The functors H (C*(-, N)) : A;-mod®® — A,-mod form a §-functor,
for a fixed A;-module N.

Proof. By construction, C*(M, N) is covariantly functorial in N and contravariantly
functorial in M. An exact sequence M’ — M — M" of modules induces an exact
sequence C*(M", N) — C*(M,N) — C*(M’, N) of complexes. Hence, a short



EXCEPTIONAL SEQUENCES 605

exact sequence 0 > M’ — M — M” — 0 yields a long exact sequence of modules

0= HOM") = HOM) — HOM') > H' (M") — H' (M)
S 1 (M) S HEM) = HEM) — HEM') — 0

where we set H/(-):= H'(C*(-, N)). This long exact cohomology sequence means
that the H(C*(-, N)) form a contravariant §-functor. O

Proposition 1.8. Ext”(M, N) = H'(C*(M, N)) for M, N € A;-mod and p € Z.

Proof. Comparing the differential d° : C°(M, N) — C'(M, N) with morphisms
of A,-representations gives H 0(C*(M, N)) = ker(d®) = Hom(M, N) right away.
Next we claim that H?”(C®(-, N)) is an erasable §-functor, i.e., H?(C*(P, N)) =0
for projective .A;-modules and p > 0. For this, first take P = P(j) and N = S(I).
Then

CHP(), SW) =[P} 4 PN ® PG, it P();]

(with the obvious modifications if / = 1 or [ = t). To check that d' is surjective,
we use three facts: generally for path algebras, the projective representation P ()
corresponding to a vertex j of the quiver is obtained by following arrows emanating
out of j; the special form of the quiver for A;; and the definition of 4.

Since the simple modules generate .A;-mod via extensions, the surjectivity of d!
for all N follows, i.e., H2(C*(P, N)) = 0. We then get H'(C*(P, N)) = 0 because
the Euler pairings for Hom®*(M, N) and for C*(M, N) coincide. Finally, the claim
follows from the universal property of derived functors [Weibel 1994, §2]. ]

Proposition 1.9. Let M, N be A;,-modules. Then
(1) hom(M, N) > ext’(N, M),
(2) hom(M, M) = ext>*(M, M) if and only iftk M = 0.
For a geometric proof of the crucial inequality (1), see [Hille and Ploog 2017].

Proof. (1) Consider the symmetric subcomplex S*(M, N) C C*(M, N), with terms
S%(M, N) := @iZ} Hom(M;, N;) € C°(M, N) and S?(M, N) := C?(M, N) for
p = 1,2, and the differentials of C*(M, N). Then S*(M, N) is self-dual in the
sense S*(M, N) = §*(N, M)*[—2]; for the isomorphism one needs to change one
sign in the differential. Therefore, the following inclusion yields the claim:

Ext®*(N,M)*=H*(S*(N,M))*=H°(S*(M,N))C H°(C*(M,N))=Hom(M, N).

(2) If tk M =0, i.e., M; = 0, then End(M) = Ext*(M, M)* from C*(M, M) =
S*(M, M) and the proof of (1). Conversely, if M, # 0, then idy, ¢ H(S*(M, N)),
so Ext?(M, M)* = HY(S*(M, N)) C HY(C*(M, M)) =End(M). [l
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1E. Serre functor and Calabi-Yau objects. Because A; is an algebra of finite
global dimension, its bounded derived category D”(A,) has a Serre functor S or,
equivalently, Auslander—Reiten sequences (see [Reiten and Van den Bergh 2002,
Theorem 1.2.4] for the equivalence). Therefore, S is the derived Nakayama functor
[Happel 1988, page 37, theorem and proof].

An object M € DP(A,) is called d-Calabi—Yau (often abbreviated to d-CY) if
S(A) = A[d], where d € Z.

Proposition 1.10. The projective-injective module P(t) € D’ (A;) is 0-CY, and the
simple modules S(1), ..., St —1) € D’(A;) are 2-CY.

Proof. There is the unique indecomposable projective-injective module P (t) = I (¢),
which is thus fixed by the Nakayama functor: SP(t) = I(t) = P (¢).

The projective resolutions of the simple modules S(1), ..., S( — 1) are given
by Lemma 1.4. Their injective resolutions are — as is easily checked by hand —
SH—=ID)—-IQRQ)—IMand SG) - I —IG(—-1D®IGG+1)— I@) for
i=2,...,t— 1. Hence, the Nakayama functor S sends S(i) to S(i)[2]. O

Remark 1.11. It is actually true that the triangulated category Dg (A;) of rank-0
objects is a 2-CY category, i.e., it has Serre functor [2]. For a geometric proof of this
fact, see [Hille and Ploog 2017]. It does not follow formally from the proposition.

1F. The modules A(i) and V (i). For any i € {1, ...,1t}, the A,;-representation
V(i) is defined as follows: V(i); = 0 for j < i and V(i); = k for j > i, with
V(i); DLy V(i)41 fori < j <t, and all other maps zero.

The representation A(i) has the same vector spaces as V(i) on all vertices, but
with aj = 1 wherever possible. See Example 2.7 for visualizations of these modules.
They are characterized by the resolutions 0 — P(i — 1) — P(i) - A(i) — 0 and
0—>V(@G@ —->IG)—>1(—-1)— 0. NotedimA@()=dimV(@)=¢t+1—1i and
top A(i) =soc V(i) = S(i) and soc A(i) =top V(i) = S(¢).

These modules form chains of injections A(¢) — A(t —1) — --- — A(1) and
of surjections V(1) - V(2) —» - - - — V(¢). We will see in Section 3 that these are
full exceptional sequences, A := (A(?), ..., A(l)) and V := (V(1), ..., V(1)).

2. Exceptional and spherical modules

An object M € DP(A;) is called exceptional if Hom®*(M, M) = k. And M is
called e-spherical if S(M) = M[e] and Hom®*(M, M) = k & k[—e]. Also recall
rk M = dim M; = dim Hom(P (¢), M).

Definition 2.1. A module M is called thin if dim(M) has entries only zero or one.
Theorem 2.2. Let M be an A;-module.
(1) M is exceptional if and only if M is indecomposable and thin and k(M) = 1.
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(2) M is 2-spherical if and only if M is indecomposable and thin and k(M) = 0.

Remark 2.3. The 0-CY module P (¢) has dim End(P (¢)) =t; hence, the A,-module
P(2) is O-spherical of rank 2.

Proof. (1) Let M be an exceptional module, with dimension vector d := dim(M).
Then g(d) = x (M, M) = 1, and by Corollary 1.6 this forces d, =---=d; =1 for
somea €{l,...,t} and d; =0 fori < a. Hence, M is thin of rank 1.

Conversely, let M be an indecomposable, thin module of rank 1. Computing
endomorphisms of M as a representation yields End(M) = k. Now Proposition 1.9
implies ext>(M, M) < hom(M, M) = 1, by the assumption of tk(M) = 1. We
finally get ext!(M, M) = 0 from x(M, M) = qg(M) = 1, as dim(M) is of type
©,...,0,1...,1), possibly without leading zeroes.

(2) Let now M be a 2-spherical module. We see rk(M) = 0 from
Hom(P (1), M)=Hom(M[-2], P(t))* =Hom(P(¢), M[—2]) =Ext™2(P(t),M)=0

where we have used Serre duality twice: first for the 2-CY object M and then for
the 0-CY object P(¢); see Proposition 1.10. Moreover, we have g (M) = 2 which,
together with rk(M) =0, yields dim(M) = (0, ...,0,1,...,1,0,...,0), possibly
without leading zeroes. In particular, M is thin of rank 0.

Conversely, if M is an indecomposable, thin module of rank 0, then we again find
End(M) = k from checking representation endomorphisms. Proposition 1.9 now
gives ext>(M, M) =hom(M, M) =1, and then ¢g(M) =2 gets us Ext!(M, M) =
0. It remains to show that M is 2-CY. By Proposition 1.10, the simple rank-0
modules S(1), ..., S(z—1) are 2-CY. Any simple, rank-0 module M is a consecutive
extension of S(1), ..., S(t —1). Therefore, we can assume that M occurs in an
extension 0 - M’ — M — S(i) — 0 with S(M’) = M’[2]. Moreover, because M
is thin, ext! (S(i), M’) = 1. Hence, applying the autoequivalence S to the essentially
unique (up to scalars) extension leads to S(M) = M[2]. O

Corollary 2.4. An A;-module is a brick if and only if it is indecomposable and thin.
Moreover, over A; there are 2' — 1 exceptional modules and 2! +1 _ ¢ — 2 bricks,
and the number of 2-spherical modules is 2' —t — 1.

Proof. (<) Recall that M is a brick if End(M) = k. By the theorem, indecompos-
able thin modules are either 2-spherical or exceptional, and therefore bricks.
(=) We have 2 =2hom(M, M) > hom(M, M) +ext>(M, M) > g(M) > 1 for a
brick M, using Proposition 1.9(1) and that g is positive definite. If g(M) = 1, then
M is thin by Corollary 1.6. Otherwise, g(M) =2 and hom(M, M) = ext>(M, M);
hence, rk(M) = 0 by Proposition 1.9(2), and again M is thin by Corollary 1.6.
The dimension vector of an exceptional module is (0,...,0,1,..., 1), possibly
with no leading zeroes. For each map in the representation, there are two choices,
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o or B. Thus, there are 2/~ ! exceptional modules of dimension i. Altogether, there
are Y i_; 2/~1 = 2! — 1 exceptional modules.
Any brick, i.e., an indecomposable thin module, has the dimension vector of

some exceptional .A;-module, for an/ € {1, ..., t}. Hence, their number is given by
the sum Y j_; (2! — 1) =2'*! — — 2. Finally, the number of 2-spherical modules
is the difference 2t —r —2)— 2= 1) =2" —¢r — 1. O

Lemma 2.5. Let M and N be two exceptional A;-modules.
(1) Ifdim M #dim N, then x (M, N) = 0; otherwise, x (M, N) = 1.

2) If (M, N) is an exceptional pair, i.e., Ext’ (N, M) =0 for p =0, 1, 2, then
Ext’?(M, N) =0 and hom(M, N) = ext' (M, N) < 1.

Proof. (1) This follows from the formula of Lemma 1.5 and that dim(M), dim(N)
are of the form (0, ..., 0, 1, ..., 1), possibly without leading zeros, by Theorem 2.2.

(2) We start with Proposition 1.9(1): ext? (M, N) <hom(N, M) =0.

Next, assume there is a nonzero morphism ¢ : M — N. Consider a vertex i with
0#¢;: M =k — k= N;, using that M and N are thin. And again by thinness,
the scalar ¢; € k propagates in a unique fashion to adjacent vertices, either by 0 or
by the same value @;. In other words, if Hom(M, N) # 0, then hom(M, N) = 1.
Now, ext! (M, N) =hom(M, N) +ext>(M, N) — x(M, N) =hom(M, N) < 1. O

The spherical twist functors T ;) associated to the 2-spherical simple modules
S(1), ..., S(t—1) generate a subgroup Br(t) :=(Ts(1), ..., Tse—1)) C Aut(DP(A))).
This subgroup is isomorphic to the braid group on ¢ strands; see Appendix A. We
now show that the braid group action is transitive on spherical modules. This fact
is interesting in itself and will be used in [Hille and Ploog 2017].

Lemma 2.6. For a 2-spherical A;-module M, there is b € Br(t) with b(M) = S(1).

Proof. By the theorem, M is a thin module. Let i > 1 be minimal with M; #~ 0, and
J <t maximal with M; # 0. If i # j, consider two cases:

(i) M; =k % k = M; ;. Then Hom(M, S(i)) = k; hence, Ext>(M, S(i)) =
Hom(S (@), M)* = 0, and finally Ext!(M, S(i)) = 0 from x(M,S@)) = 1. Put
M = Tg(ll.)(M ). Plugging Hom®*(M, S(i)) = k into the triangle describing the
inverse spherical twist functor (see Appendix A), we obtain a short exact sequence
0O—->M —>M-— S@i)— 0.

G) M; =k L= Mi,i. Then Hom(S(i), M) = k, and Ext'(S(i), M) =
Ext?>(S(i), M)) = 0 as above. Put M’ := Tsi)(M). The spherical twist triangle
reduces to the short exact sequence 0 — S(@) - M — M’ — 0.

In both cases, M’ is a 2-spherical module supported on vertices i + 1, ..., j.
Repeating this process, we see that a combination of spherical twists along S(i)
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together with their inverses send M to a simple module. In the final step, we move
this simple module via Br(z) to S(1), using T (S(i)) = S(@)[—1] and

S(i)

S(i+1)) =59 and T (SG+1) =SHI-1]. O

Ts@(SGE+1) = (
2A. Representing thin modules by worms. A nonzero, indecomposable thin rep-
resentation of A, is a sequence of maps k < k and k Lok Therefore, it is
uniquely encoded by a word in the letters o and S, together with the last index of a
nonzero vector space in the representation. For exceptional modules, the encoding
is particularly simple, since the index of the last nonzero vector space is always .

We will depict these modules by reading the word from left to right, and draw «
as a line going right and § as a line going up. This we call a worm.

Example 2.7. The seven exceptional .A3-modules, as representations and worms,
are:

S3=vV@3)=A3)=[0 0 k].

AR =[0 k%K V) =k Lk Lk
A =Tk % k% k] e V(2) = [0 kik]l
[ki>k<£k]._l [k&k%k]l_'

3. Full exceptional sequences of modules

3A. Worm diagrams. We now define worm diagrams as certain collections of
worms. Worms will always be conflated with exceptional modules, as explained in
Section 2A. We consider Z x Z as a lattice grid in the obvious way.

Definition 3.1. A worm diagram of size t is a graph with the following properties:
(1) the vertex set is the triangle {(m,n) e Zx Z|m+n <t+1and m,n > 1},

(2) the edges lie on the lattice,

(3) the connected components are t worms of lengths 1, 2, ..., ¢, respectively,
(4) every worm has one vertex on the diagonal {(m,t+1—m) | m=1,...,t}.
Lemma 3.2. Let £ = (E', ..., E") be a worm diagram of size t. Then

(1) BxtP(E/, E'y=0for p=0,1,2ifi < j,
(2) Hom(E!, E/) = Ext!(E!, E/) = k and Ext*(E', E/) =0 if i < j,
(3) nonzero morphisms E' — E't1 are either injective or surjective.

Recall that (E!, ..., E') is an exceptional sequence in DP(A,) if each E! €
DP(A,) is an exceptional object and if Hom®*(E/, E') = 0 whenever i < j. See
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[Rudakov 1990] or [Huybrechts 2006, §8] for greater generality. If all E' happen
to be modules, then the vanishing conditions are just Ext’(E/, E') = 0 for all
pe{0,1,2} and i < j. The sequence is full if it generates D (A,); if all E? are
modules, this just means that the dimension vectors dim(E!), ..., dim(E’) form a
basis of the K-group K (A;) = Z7".

The dimension vectors of the ¢ worms in a worm diagram obviously span Z’;
hence, the next statement is tantamount to clause (1) of the lemma.

Proposition 3.3. Every worm diagram of size t gives rise to a full exceptional
sequence of A;-modules.

Example 3.4. There are 6 = 3! worm diagrams of size 3:

ol S TR SONE SO o8

By the proposition, each worm diagram corresponds to a full exceptional sequence
of Az-modules. We will see later, in Proposition 3.5, that in fact all full exceptional
sequences of modules come from worm diagrams. And in Remark 4.5, the sym-
metric group Sym(¢) is seen to act simply transitively on exceptional sequences of
A;-modules; hence, there are ¢! such sequences.

Proof of Lemma 3.2. (1), (2) Recall that the i-th worm E’ in the worm diagram
(E', ..., E") ends at the point (i, ¢ + 1 —i) on the diagonal. Fix i < j, so that E'
is to the left of E/. Let the vertex index k € {2, ..., t} be minimal such that the
worms coincide at vertices k, . . ., t, i.e., the two representations have the same «/8
maps along the subquiver on this vertex set. Hence, E' and E/ differ at the vertex
k — 1, and by the shape of worm diagrams, precisely one of the following cases
occurs:

o (EV)—1 =0; then (E/)g_1 % (E/ )i

o (EV)i1 =0; then (EN)—y < (E');

o (ENj—1#0and (EV);_1 # 0; then (EV)i_y < (E') and (E/)i—1 %> (EV);.
For any A € k, the map (E?), =k A k = (E/), of the vector spaces of E' and E/

in the vertex ¢ can be uniquely extended to the left: by A for each vertex where the
maps in E' and E/ coincide, and by 0 once they differ.

o B B o
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This argument shows Hom(E’, E/) = k and, similarly, Hom(E/, E') = 0. More-
over, we have x (E', E/) = x(E/, E") = 0, using the Euler pairing for A, (Lemma
1.5) and the dimension vectors of E/ and E/ (Theorem 2.2). Next, we use the general
inequality ext>(E?, E/) <hom(E/, E") = 0 of Proposition 1.9. Combining these,
we get ext! (E', E/) =hom(E', E/) +ext*(E', E/) — x(E', E/) =14+0—-0= 1.

This proves (2); we also know ext!(E/, E'y =ext>(E/, E') <hom(E!, E/) = 1.
For (1), it remains to show ext>(E/, E') = 0. Here we employ the symmetric
subcomplex S*(E’, E/) C C*(E', E/) introduced in the proof of Proposition 1.9(2).
These two complexes differ just in conomological degree 0, using rk E! =1k E/ = 1:

CUE', E)y=8%E", E/Y®Hom((E'),, (E'),) = S"E', E/) k.

Given 0 # ¢ € Hom(E', E/) = k, we have seen that ¢, : (E'), — (E/), is
nonzero. The differential d° : C°(E?, E/) — C'(E', E/) is not injective with
kernel H(C*(E', E/)) = Hom(E', E/) = kg; hence, H*(S*(E', E/)) =0, i.e.,
d0|50 is injective. By duality S*(E', E/)* = S*(E/, E")[—2] (see Proposition 1.9)
we find

Ext’(E/, E')y = H*(C*(E/, E")) = H*(S*(E’, E")) = HY(S*(E', E/))* = 0.

(3) The additional feature of adjacent worms E’, E/*! is that, starting along the
diagonal, they run in parallel until one of them stops. If E’ stops first, i.e., dim E? <
dim E'*!, then it embeds into E'*!, whereas if E*! stops first, i.e., dim E! >
dim E’*!, then E’ surjects onto it. O
3B. Filtrations of the projective-injective module.
Proposition 3.5. If F! C ... C F' = P(t) is a filtration such that

(i) each F' is indecomposable of rank i and

(ii) each graded piece F'/F'~! is exceptional,
then (E', E?, ..., E') is a full exceptional sequence, where E' := F'+1=i JF!=i,

Moreover, any full exceptional sequence of A;-modules occurs in this way.

Proof. (=) Assume that F" is a filtration as in (i), i.e., each graded piece F'/F'~!

is exceptional. Since dim(P(¢)) = (1,2,...,1t), the filtration induces a worm
diagram of size ¢, with worms E', ..., E', where E/ = F'*!=7 /F'~ is the worm
ending in (i, + 1 — i). By Proposition 3.3, (E', ..., E) is a full exceptional
sequence.

(«<=) Given two A,-modules M, N, their universal coextension U is defined by
the exact sequence 0 — N — U — Ext! (M, N) ® M — 0 which corresponds to
id € End(Ext' (M, N)) = Ext' (Ext!(M, N) ® M, N). Crucially, if (M, N) is an
exceptional pair with ExtZ?(M, N) = 0, then M @ U is a partial tilting module.
See [Hille and Perling 2011] or [Hille and Ploog 2019, §1.2].
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For an exceptional sequence of A;-modules £ = (£ I ..., E", form its iterated
universal coextension 7 =T!@--- @ T by 0 — T~ = T/ — (ETI=H®a 5 0
with T! = E" and ¢; := ext'(E"*'~7, T=1). Then T is a partial tilting module
because Ext?(E’, E/) =0 for all i, j by Lemma 2.5 and A, has global dimension 2.
Moreover, E', ... E' generate Db (A), hencesodo T', ..., T!, and T is tilting.

By Lemma 2.5, we have hom(E!, E/) = extl(Ei, EJ)<1and extz(Ei, E=0
for i < j. Recursively applying Ext! (E"+1~7 . ) to the exact sequences defining the
coextensions 701, 712 . T1=E! we get

[ eth(El+1_i, Ti_l) —_— .. — eXt] (Et+1—i’ Tl) — extl(El-‘r]—i, El) S 1'

Hence, in each iteration step, the coextension is either trivial or unique up to scalars.
Now by construction of iterated universal coextensions, we have 7! C --- C T*,
and the maximal summand 7 is the universal coextension of (E1)®@ ... (E")®%
with g; € {0, 1}. But P(¢) is the unique indecomposable injective-projective A;-
module; hence, it must occur as a summand of any tilting object. This forces
a; =---=a; = 1 (and subsequently ¢; = 1 at all steps), i.e., T' = P().
Therefore, we find the smaller direct summands as Jordan—Ho6lder subquotients
for the filtration F' = T' of P(t). Note dim(P (1)) = (1,2, ..., t), corresponding
to the triangle grid of worm diagrams. (]

Corollary 3.6. There is a bijection between worm diagrams of size t and full
exceptional sequences of A;-modules.

Corollary 3.7. Let (E', ..., E") be a full exceptional sequence of A;-modules.
Then hom(E!, E/) =ext' (E', E/) = 1 and ext*(E', E/) = Oforanyi < j.

Proof of Corollary 3.7. The Hom and Ext dimensions among worms have been
computed in the proof of Proposition 3.3. These dimensions then apply to all full
exceptional sequences of modules, by the previous corollary. U

Example 3.8. Consider the standard exceptional sequence A = (A(3), A(2), A(1))
of A3-mod. Its associated iterated universal coextension and the worm diagram are

AQ3) .
T=T1€BTZEBT3=A(1)®(A(2)>® AQ) . —

We mention in passing that the maps A(3) — A(2) — A(1) are all injective, so
that condition () of [Hille and Ploog 2019, §1.3] is satisfied, i.e., T is an exact
tilting object.
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10y
Example 3.9. Forr =2, wehave T =T' ® T2 with T2 = P(2) = [k —— k?].

There are two filtrations meeting the conditions of Proposition 3.5: on

F'l=E*=A)=[k2klICF*=PQ2), E'=52) =[07k], o
F'=E*:=82) =[0PkICF*=P2), E'=V(1)=[k k] l.

Example 3.10. The regular behavior of Corollary 3.7 only applies to modules
occurring in a full exceptional sequence. Consider the exceptional modules E’
and E given by the displayed zigzag worms. Then it can be immediately checked
that hom(E’, E) = 3 and hom(E, E’) = 2. Obviously, longer worms can produce

arbitrarily high Hom dimensions.
o

ol

Arguing as in the end of proof of Lemma 3.2, we find in this case Ext’(E’, E) =
H?*(C*(E', E)) = H*(S*(E', E)) = H)(S*(E, E"))* #0.

4. Group actions on exceptional sequences

Denote by Exc(t) the set of full exceptional sequences in D?(A,), up to isomorphism,
and by mExc(t) the subset of sequences of modules. Let Br(¢) be the braid group
on ¢ strands, and Sym(¢) the symmetric group of ¢ letters. There is a canonical
surjective homomorphism Br(#) — Sym(?).

The braid group Br(z) naturally acts in two ways on Exc(?): first, exceptional
sequences can be mutated (we will always deal with right mutations in this article).
Second, the 2-spherical modules S(1), ..., S(t — 1) form an A;_;-chain, and thus
give rise to a Br(#)-action on the whole derived category (see Section A2), and in
particular on Exc(t). Moreover, the symmetric group Sym(#) acts simply transitively
on mExc(t) from the left and from the right, in a combinatorial fashion.

The Sym(¢)-action on mExc(t) does not extend to Exc(t), and the Br(z)-actions
on Exc(t) do not restrict to mExc(t). Nevertheless, we will prove that the two braid
group actions lift the symmetric group actions. In order to see this, we introduce a
count of all vertical edges in a worm diagram:

fimExe@)—{0,1,..., ()}
E=(E',..., E")— f(€)is the number of A-maps among E', ..., E’.

Clearly, minimum and maximum are uniquely achieved by f(A) =0 (no vertical
edges) and f(V) = (3) (all edges vertical), respectively.
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4A. Symmetric group action. We define two permutations o (£), A(E) € Sym(¢)
for any full exceptional sequence £ of A,-modules. Mostly, we employ o (£).

Definition4.1. Let £ = (E!, ..., E") be a full exceptional sequence of .A,-modules.

(1) The (start) permutation of £ is o (£) := (0(EY), ..., 0(E")) € Sym(t), where

o(E"):=t+1—dim E' is the starting vertex of the representation E'.

(2) The length permutation of £ is A(E) := (dim E!, ..., dim E?) € Sym(¢).
Example 4.2. Since 0 (A(i)) =i and A(A(i)) =t+1—1i, the exceptional sequence
A = (A(t), ..., A(1)) has length permutation A(A) = id and its start permutation
o(A)=(;,2, 1) =wo € Sym(r) is the longest word.

Lemma4.3. Let £ = (E', ..., E") e mExc(t) and o = o (€) € Sym(¢).

(1) A(&) =wp -0 (E).

2) Fori < j fixed,o(i) <o (j) <= (Ei)a(j),l £ (Ei)a(j) is a vertical edge.

G fEO=HEG HII<i<j=<t,o@l) <o)}

Proof. (1) This follows at once from A(i) = dim E’, o(i) =t 4+ 1 —dim E’, and
wo(i)=t+1—1i.

(2) Any worm diagram of size ¢ has a unique worm of length 1; call this worm E¥.

The worms to its left, E!, ..., E¥~! end at vertex 7 in a vertical edge; and the
worms to its right, EKt1 . E' end in a horizontal edge.

Given j, consider the worm subdiagram of size o (j). Its boundary diagonal
(1,00()),2,0(j)—1),...,(c(j), 1) intersects precisely j worms, and contains

the head (starting vertex) of E/ at the point (j, o(j)+ 1 — j). This forces all edges

left of j along the boundary to be vertical. Another worm E’ leaves a trace on the

subdiagram precisely if o (i) < o (j), and it is left of E/ if and only if i < j.

(3) This follows from (2). U

Theorem 4.4. For fixed t € N, there are bijections between the following sets:

(1) full exceptional sequences of A;-modules,

(ii) ascending filtrations F* of P(t) withtk F' =i and F'/F'~" exceptional,

(i) worm diagrams of size t,

(iv) the symmetric group Sym(t).

Proof. The bijection (i) <> (ii) was established in Proposition 3.5, and the proof of

that statement contained the bijection (ii) <> (iii), as mentioned in Corollary 3.6.
Mapping a full exceptional sequence of modules or, equivalently, the correspond-

ing worm diagram to its permutation is obviously injective. Moreover, every per-

mutation comes from a worm diagram: given ¢ € Sym(t), we start drawing a worm
diagram with the leftmost worm, which begins in (1, ¢) and goes A(1) =¢+1—0(1)
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steps downwards. Given a partially completed worm diagram, the i-th worm starts
in (i,t4+1—1) and is of length A(i) =t + 1 — o (i); its shape is determined by the
worms already drawn and the definition of worm diagrams. (]

Remark 4.5. Assigning start permutations induces left and right actions of the
symmetric group on full exceptional sequences of modules. By the above theorem,
these actions are simply transitive.

Example 4.6. We consider again the six worm diagrams of size 3. Below each
worm diagram, we give its start permutation, and we show how left multiplications

by transpositions move between the diagrams, e.g., (12) - (é g ?) = (é ? ;)

o o
(12)- (23)- (12)- (12)-

- e el el el el

(CEH) N CY ) B ) B (FH) I (E T I CEY

4B. Braid group action from right mutations. Our next aim is to categorify the
right action, using the well known braid group action on £xc(¢) from mutating
exceptional sequences [Rudakov 1990].

Given an exceptional pair (E’, E) in D (A,), its right mutation (E, RE') is again
an exceptional pair, defined by the canonical triangle

RE' - E' — Hom*(E,E)*®E

where we slightly deviate from the standard definition, by taking RE’ as the cocone
of the canonical morphism rather than the cone.
An exceptional sequence £ = (E ' ..., E") in D"(A,) has a right mutation at E",

RE:=(E',...,EF- E*Y RE!, E'Y?, ... E") fori=1,...,t—1,

and it is well known that R;£ is again an exceptional sequence, so that we get
Ri : Exc(t) = Exc(t); the inverses are left mutations. Mutations satisfy the braid
relations, R;R;+1R;€ = R;+1R;R; 1€, leading to an action Br(z) x Exc(t) — Exc(t).

Lemma 4.7. Let (E’, E) be an exceptional pair of A;-modules withhom(E’, E) =
ext' (E’, E) = 1 such that nonzero morphisms E' — E are surjective. Then the
right mutation RE' is the module given by the extension

0— E— RE = ker(E' - E) = 0.

Proof. First observe that the notation in the statement is slightly abusive but
unambiguous: ker(E’ — E) = ker(¢) for any 0 # ¢ € Hom(E’, E). Now using
Ext=?(E’, E) = 0 from Lemma 2.5, the long exact cohomology sequence of the
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triangle defining RE’ is
0— Ext'(E', E)*®E — H'(RE') > E' > Hom(E', E)Y*® E — H'(RE") — 0.

This exact sequence reduces to 0 - E — HY(RE') — E’ 5 E— H'RE)—0
due to Hom(E’, E) = Ext!(E’, E) =k. Finally, the canonical map ¢ is surjective;
hence, H'(RE’) =0 and RE’ is indeed a module, sitting in the stated extension. [l

Lemma 4.7 applies to full exceptional sequences £ = (E', ..., E') of modules,
because hom(E’, E/) = ext! (E', E/) =1 forall i < j by Corollary 3.7.

Corollary 4.8. Let £ = (E', ..., E") e mExc(t) andi € {1,...,t — 1}. Then the
following conditions are equivalent:

(1) R;E € mExc(t).

(ii) There exists a surjection E' — E'*1,
(iii) The worm E' is longer than the worm E'*1,

Proof. Implication (ii) => (i) is Lemma 4.7, while (i) => (ii) follows from the exact
sequence in its proof; (ii) = (iii) is obvious, and (iii) = (ii) is Lemma 3.2(3). [J

Clause (3) of the following statement says that right mutations R; categorify
right multiplications by 7;.

Proposition 4.9. Let £ = (E', ..., E") be a full exceptional sequence of A;-
modules with f(£) > 1. If E' is longer than E'*!, then

(1) Ri& is a full exceptional sequence of A;-modules,

@ fRE=[f(E) -1,
(3) o(Ri&) =0 (&)1

Proof. (1) This is the content of Corollary 4.8.

(2) R;E modifies only the module E‘, so we compare this module to RE!. Now
E' surjecting onto E‘*! means that the worm E*! sits as a copy in the worm E',
i.e., the representations have the same «/f maps in degrees j, ..., t, where j :=
o (E'™™!) > o (E") is the starting vertex of the shorter worm. Then (E?);_; £ (E%);
is necessarily a vertical edge. The inclusion E‘*! < RE’ from Lemma 4.7 shows
that in the representation RE’, the corresponding map is &, i.e., (RE') j_1 % (RE');.
Hence, f(R,E) = f(&) —1.

(3) 0(R;€) has the same values as o (£), with o (£) (i) and 0 (£) (i + 1) interchanged.
This amounts to precomposition o (R;€) =0 (£) - ;. U

We are ready to show that right mutations can transform any full exceptional
sequence of modules into the standard sequence A = (A(t), ..., A(1)).
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Theorem 4.10. Let &€ be a full exceptional sequence of A;-modules with f(£) > 1,
and write its length permutation A(E) = t;(y) - - - Ti(1) as a minimal product of simple
transpositions. Setting recursively & := & and £; := R;(;)€j_1, each &; is a full
exceptional sequence of A;-modules, and £ = A.

Proof. The basic step to mutate £ towards A is this equivalence: for 1 <i <,
fe@ m)=f(E -1 < E —E".

Here, we identify exceptional sequences of .A,-modules with elements of Sym(¢)
and with worm diagrams of size ¢, as in Theorem 4.4.

The two worm diagrams £ =(E!, ..., E") and o (§)-1; =:(F!, ..., F') € Sym(t)
are identical, except for the pairs (E’, E‘*!) and (F, Fi*1). Each pair occupies
the same space in the worm diagram grid. The shorter worms have the same form,
whereas the longer worms differ. There is one more vertical edge if the longer worm
comes first. Since dim E! > dim E’*! translates to E/ — E'*! by Lemma 3.2(3),
the equivalence is established.

By Proposition 4.9, any surjection E/ — E'*! gives rise to the mutated ex-
ceptional sequence R;E of modules with one less vertical edge. In this way we
can proceed to obtain a sequence of mutations R;(s) - - - R;(1)€ = A ending in the
standard sequence with f(A) = 0. The number of mutations is f = f(£). Then

wy=0(A)=0Rip) - -Riyé) =0 (&) - Tiq1y - - - Ti(y)»

using o (R;€) =0 (£)-1; from Proposition 4.9. Thus, 7;(s) - - - Ti(1y = w0 (£) = A(E).
These two arguments combine to the statement of the theorem. U

Example 4.11. We illustrate right mutations with our running example r = 3. Below
each worm diagram, we show its start permutation.

! R,

by 1
. oY 0 05

o8 = I

W N

21) G12)

(5

—~~
N —
—
~—

4C. Braid group action from spherical twists. Now we turn to the left action of
Sym(t) on mExc(t). We use spherical twist functors (see Appendix A for details)
along the simple modules of rank 0, for which we introduce shorthand notation:

T, i=Tsu : DP(A) = DP(A) fori=1,...,t—1.
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Since the T; are autoequivalences, out of any exceptional sequence £ =(E', ..., E')
in Db (A,), we get another one: T;& := (T;(EY, ..., T;(EY)). In particular, each
twist yields a bijection T; : Exc(t) = Exc(t). Spherical twists satisfy the braid
relations, T; T; -1 T;E = T; 11 T;T;+1&, leading to an action Br(t) x Exc(t) — Exc(t).

In the following counterpart to Theorem 4.10, again a permutation is decomposed
into transpositions t; = (i, i + 1), but now for wpo (£ )~! rather than A(E) = wyo (£).

Theorem 4.12. Let £ be a full exceptional sequence of A;-modules with () > 1,
and write the permutation woo &= Ti(f) - - Ti) Ti(1) as a minimal product of
simple transpositions. Setting recursively & =& and £; :=T;(jEj_1, each £ is a
full exceptional sequence of A;-modules, and £y = A.

Note that while right mutations of worm diagrams change the shape of pre-
cisely one worm, a spherical twist may modify any number. Because of this, the
combinatorial details become slightly more involved.

Fix an exceptional module E, and recall that E is thin, i.e., has dimension vector
©,...,0,1,..., 1), possibly without any zeroes at the front. We think of E as a
worm crawling from the bottom left towards the top right, ending in the vertex ¢.

Recall that FE starts ati if o (E) =i, 1.e., E; # 0 and E;_; = 0. Also note that
dim E is the length of the worm; hence, E; #0<=dimE >t+1—i <o (E) >1i.
Let us introduce some graphical terminology:

e E has a horizontal startati if E;_y =0and E; % E;;1. o
e E has avertical startati if E;_1 =0 and E; £ Eii. l

o E has aleft hookati if Ei_1 £ E; & E;.,. -
e E has a right hook ati if E;_1 % E; £ Eii1. |

Lemma 4.13. Let E be an exceptional module, and let S(i) be a simple module of
rank 0, i.e.,i € {1,...,t —1}. Then dimExt”(S(i), E) <1 for all p, and

Hom(S(i), E) #0 <= E has a vertical start or a right hook at i,
Ext’(S(i), E) #0 <= E has a horizontal start or a left hook at i.

IfExt>(S(i), E) =0, then
Extl(S(i), E)#0 <= cither E starts ati + 1 or E has a right hook at i.

Proof. Considering S(i) and E as representations computes Hom(S(7), E) readily,
and likewise by Serre duality Ext>(S(i), E) = Hom(E, S(i))*, using that S(i) is
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2-spherical according to Proposition 1.10:

Hom(S(i), E) = k if E; L Eiy1,and E;_=0or E;_1 % E;,
0 else,
EXt2(S(l-)’ E) _ k if Ei % Ei+1, and Ei*l =0or Ei,l <£ Ei7
0 else.
The formulas translate to the first two statements made in the proposition.

Puts:=¢t+4+1—dim E, so that E; # 0 and E;_; = 0. We claim that, under the
assumption Ext>(S(i), E) =0,

0 ifi <s-—2,
Liase ifi=s5s-—1,
ext (S(), E) = .
xXC(50), E) 0 ifi =s,

hom(S(@@), E) ifi>s+1.

To see this, start with the Euler pairing ext!(S(i), E) =hom(S(i), E) — x (S(i), E),
making use of the assumption. In the next step, we invoke Lemma 1.5 to write
x(S@), E) =2¢; —e;j—1 —ej+1, Where dim(E) = (eq, ..., e;). In the first two cases
of the statement, hom(S(i), £) = 0 from the formula above.

If i =y, i.e., the worm starts at vertex i, then we have hom(S(i), E£) = 1 because
the assumption ext>(S(i), E) = 0 means that the first nonzero map of E is 8. Then
ext!(S(@), E)y=1-(2-0—1)=0. O
Corollary 4.14. Let £ = (E', ..., E") e mExc(t) andi € {1, ... ,t —1}. Then the
following conditions are equivalent:

(1) T;& e mExc(t).
(2) Bxt*(S(), E/y=0forall j=1,...,t.
(3) The worm starting at i does so vertically.

Proof. Implication (1) = (2) is Lemma A.1 and (2) = (1) is Corollary A.2. Since
a worm starting vertically at i prevents other worms from having left hooks at i,
Lemma 4.13 gives (2) <= (3). O

Recall that f(€) was defined as the number of vertical edges among all worms.
We now show that a suitable spherical twist of an exceptional sequence of mod-
ules reduces the f-invariant by one. Moreover, the twist T; categorifies the left
multiplication by the transposition t; = (i, i + 1) € Sym(z).

Proposition4.15. If=(E', ..., E') is a full exceptional sequence of A,-modules
with f(€) > 1 and the worm starting at i does so vertically, then

(1) T;€ is a full exceptional sequence of A;-modules,

@) f(T&=fE) -1,
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3) o(T;E) =1 -0().

Proof. Statement (1) is part of Corollary 4.14.

We turn to the computation of f(T;£). Let E = E/ for some j. According
to Lemma 4.13, there are the following four possibilities for Hom(S(i), E) and
Ext!(S(i), E), for which Lemma A.1 gives the exact sequence containing T; E:

case Hom(S(i), E) Ext'(S(), E) exact sequence for T; E

0) 0 0 0> E—TE—O0

(H) k 0 0—->SG)>E—->T,E—>0

(E) 0 k 0O—-E—->T,E—>Si)—0
(HE) k k 0—-SG)—-E—->T,E—Si)—0

We examine the cases separately. In (O), the exceptional module is unchanged.

In (H), the condition Hom(S (i), E) # 0 implies that E either starts vertically
in i or has a right hook at i, by Lemma 4.13. However, Ext! (S(), E) =0 prevents
the right hook. Hence, E starts vertically in i, and the spherical twist strips off the
simple S(7) from E. Thus, the number of vertical edges decreases by one.

In (E), the worm E starts at i 4+ 1, and the spherical twist prolongs E by the
simple S(i) with a horizontal edge: (T;E); =k “ k= E; 1 = (T;E);y1; this is
forced by the morphism T; E — S(i). The number of vertical edges is unchanged.

In (HE), E has a right hook at i which is replaced under T; by a left hook at .
Again, the number of vertical arrows is unchanged.

By assumption, the worm starting at i does so vertically. The shape of worm
diagrams means that no worm has a left hook at i. Therefore, by Lemma 4.13
case (H) occurs exactly once, and f(T;&) = f(€) — 1.

Since case (E) occurs precisely if E starts at vertex i + 1, this case appears
exactly once, too. We now relate o := o (€) and ¢’ := o (T;E). Recall o (j) =
0(E’)y =t +1—dimE/ is the starting vertex of the worm E/. By the above,
there are exactly two positions j, ! where o and o’ differ because cases (O) and
(HE) do not change worm lengths, and cases (H) and (E) occur once each. Then
o'(j)=i+1=0(j)+ 1 for the unique E/ starting in i; this is case (H). In turn
for case (E), the module E' with starting vertex i + 1 becomes prolonged by S(i),
ie,o/()=i=0o()—1.Hence, t;-0 =(@,i+1)-0() =0 =0(T;€). So we
have also proved (3). O

Proof of Theorem 4.12. As before, we identify exceptional sequences with worm
diagrams and permutations. We start by showing, forany i € {1, ..., —1},

f(Ti-o(€)=f(E)—1 <= the worm starting at i does so vertically.

Write £ = (E', ..., E") and 0 := (), and let EX, E! be the worms such that
o (E* =i and o (E') =i + 1. By definition, (F', ..., F') :=1; -0 (£) is the worm
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diagram obtained from £ by o (F¥) =i + 1 and o (F') = i; all other worm lengths
are unchanged. Recall the formula for f (o) from Lemma 4.3(3):

fl@)=#(j,k)|1=<j<k=tando(j) <o(k)}
f@i-o)=#(j.k)|1=j<k<rand70(j) <7o(k)}

For j, k witho(j) ¢ {i,i + 1} or o (k) ¢ {i, i 4+ 1}, the conditions in both sets are
identical: 0(j) < (k) <= t1;0(j) < t;0(k). Thus, |f(c) — f(rio)| =1. And
f(o) = f(rio)+1if and only if k <, i.e., the worm starting at i sits on the left
of the worm starting at i + 1. With 0 (E¥) =i <i+1=0(E') and k < I, we find
that (EX), gry_ = (E*); <= (E*);11 by Lemma 4.3(2), i.e., E* starts vertically.

By Proposition 4.15, any vertically starting worm E' gives rise to the twisted
exceptional sequence T;E of modules with one fewer vertical edge. In this way we
can proceed to obtain a sequence of f = f (&) spherical twists T;(r)--- T;(n€ = A
ending in the standard sequence A = (A(t), ..., A(1)). Then

wo=0(A)=0(Tip) - Ti)€) =Ti(p) - Ty -0 (£),

using o (T;€) = 1; - 0 (£) from Proposition 4.15. Hence, 7;(s) - - Ti(1) = woo ()7L
The theorem follows from this computation and the above equivalence. (I

Example 4.16. We illustrate the proposition with our running example ¢ = 3. Note
how this hexagon is different from the one of Example 4.11. Below each worm
diagram, we show its start permutation. This example categorifies Example 4.6,
replacing left multiplications with 7; by spherical twists T;.

T, (213) (123) (i32) T,

Appendix A: Spherical twist functors

Let A be a finite-dimensional algebra of finite global dimension, and D = D?(A)
the bounded derived category of left A-modules with Serre (Nakayama) functor S.

An object S of D is e-spherical if S(S) = S[e] and Hom*(S, S) = k @ k[—e].
Consider the complex of bimodules S* ® S; it corresponds to the endofunctor
Hom*(S, - )® S of D. There is the canonical evaluation morphism 7 : §* ®x S — A,
where A is a bimodule in the natural way, corresponding to the identity functor.
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Denoting the functor associated to cone(n) by T, we obtain a triangle of functors
Hom*(S, ) ® S —->id— Tg —

and Ty is called the spherical twist functor along S.

By construction, we have Tg(S) = S[1 —e], and Ts(M) = M forall M € S+ =
{M € D |Hom*(S, M) = 0}. These two properties remind us of reflections and can
in fact be used to prove that Tg : D = D is an autoequivalence [Huybrechts 2006,
§8]. At one place, we will need the inverse functor, which is given by

T§1—>id—>H0m’(-,S)*®S—>.

Al. Special case: modules. We describe a situation when the spherical twist of a
module is again a module.

Lemma A.1. Let S be a simple module, and M any module. Then H' (Ts(M)) =
Ext*(S, M) ® S. Moreover, ifExtzZ(S, M) = 0, then Tg(M) is a module, and
occurs in the exact sequence

0 — Hom(S, M)® S — M — Ts(M) — Ext!(S, M)® S — 0.

Proof. The triangle Hom*(S, M) ® S — M — Tg(M) — defines Tg(M) € DP(A).
Its long exact cohomology sequence gives H L(TeM)) = Extz(S , M) ® S right
away.

If Ext=%(S, M) = 0, then Hom*(S, M) = Hom(S, M) & Ext! (S, M)[—1], and
the long exact cohomology sequence of the triangle is

0— H ' (Tg(M))— Hom(S, M)®S > M — HO(Ts(M))— Bxt (S, M)®S — 0.

Put /2 :=hom(S, M). The map ¢ : S®" — M is injective because it is the canonical
evaluation and S is simple. Thus, H ~1(Ts(M)) =0 and Tg(M) is concentrated in
degree 0, i.e., a module. |

Corollary A.2. Let E be an exceptional A;-module, and leti € {1,...,t —1}. If
Ext>(S(i), E) =0, then Tsi)(E) is an exceptional A;-module.

Proof. The algebra A; has global dimension 2. Thus, the only Ext vanishing of the

lemma to be checked is in degree 2. Hence, T(;)(E) is a module by the lemma.
Finally note that images of exceptional objects under any fully faithful functor

(e.g., an autoequivalence such as the spherical twist) are again exceptional. (]

A2. Braid relations. We briefly return to the general setting: if S, S’ € D are e-
spherical objects such that Hom* (S, S’) = k[—n] for some n, then the twist functors
Ts and Ty satisfy the braid relations: TgTgTg = TgTsTg. Clearly, this can be
iterated to chains of e-spherical objects Sy, ..., S, such that dim Hom*(S;, S;) =1
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if |i — j| = 1 and zero else. Such a chain induces an action of the n-stranded braid
group Br(n) on D, i.e., a group homomorphism Br(n) — AutD.

We apply this fact to the situation of this text: the ¢ — 1 simple modules S(1), ...,
S(t — 1) are 2-spherical objects of DP(A;) and the only nonvanishing extensions
among different simple modules are Ext' (S(), SG + 1)) =k.

Corollary A.3. There is a braid group action Br(t) — Aut(D?(A,)), mapping the
braid intertwining strands i and i 4+ 1 to T ).

Appendix B: Dictionary algebra—geometry

The algebra A; occurs in a geometric guise in our previous article [Hille and
Ploog 2019]. Let X be a smooth, projective surface such that all line bundles are
exceptional (this holds if X is a rational, e.g., toric, surface), and let Cy, ..., C;_
be an A,_;-chain of (—2)-curves in X, i.e., C; = P! and Cl.2 = —2for all i. Then

E=(0x(=Ci—---—=Ci_1),...,0x(=Cr—Cy), 0x(—=Cy), Ox)

is an exceptional sequence in DP(Coh(X)), and we also denote by £ the triangulated
subcategory it generates. Define an additive category Cohg(X) := £ N Coh(X).
Denote by T the iterated universal extension of the exceptional sequence. Then:

(1) T €& is a tilting bundle such that End(7") = A;.

(2) The derived tilting equivalence RHom(7, -) : £ = DP(A,) restricts to an
equivalence of abelian categories Hom(7, -) : Cohg(X) => A;-mod.

Statement (2) holds more generally for self-intersection numbers < —2. The
tilting functor Hom(7', - ) produces right modules whereas in this article we always
consider left modules. However, this is not a concern because of A; = A;’; see
Remark 1.1. We list some geometric counterparts to algebraic notions:

sheaf F € Coh(X)N¢&E representation M € A,;-mod

rank of the sheaf F rk M = dim M; = hom(P(t), M)

locally free sheaf (vector bundle) F M with all M;_; % M, injective

torsion subsheaf of F maximal M’ € M with o' M’ =0 for all i

exceptional sequence of line bundles exceptional sequence of A-modules
Ox(=Ci—=---=Ciy),...,O0x(=C1),0x)  (A@), A —1),..., A(D))

simple sheaves in £ simple modules
Oc,_(=1),...,0c¢c,(=1),O¢, (rank 0) S(),...,St—-2),S¢t—-1
Ox(=Cy—---=Ci—1) (rank 1) S(1)

projective objects Oy, (OX((Q;CI)), . projective modules P (1), P(2), ...
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THE TOPOLOGICAL BIQUANDLE OF A LINK

EvA HORVAT

To every oriented link L, we associate a topologically defined biquandle gL,
which we call the topological biquandle of L. The construction of EL is
similar to the topological description of the fundamental quandle given by
Matveev. We find a presentation of the topological biquandle and explain
how it is related to the fundamental biquandle of the link.

1. Introduction

A biquandle is an algebraic structure with two operations that generalizes a quandle.
The axioms of both structures represent an algebraic encoding of the Reidemeister
moves, and study of quandles and related structures has been closely intertwined
with knot theory.

It is well known that every knot has a fundamental quandle, that admits an
algebraic as well as a topological interpretation. Its topological description is due
to Matveev [1982], who called it the geometric groupoid of a knot and proved that
the fundamental quandle is a complete knot invariant up to inversion (taking the
mirror image and reversing orientation).

The fundamental biquandle of a knot or link, however, is purely algebraically
defined. It is not clear whether it also admits a topological interpretation [Kauffman
et al. 2012]. Various other issues concerning biquandles have not yet been resolved,
see [Fenn et al. 2005].

To any classical oriented link, we associate a topologically defined biquandle
B, which we call the topological biquandle of the link. Our construction is similar
to Matveev’s construction of the geometric groupoid of a knot. The topological
construction enables us to visualize the biquandle operations directly and improves
our understanding of the biquandle structure. Another advantage of this construction
is that it defines a functor from the (topological) category of oriented links in S> to
the category of biquandles.

We show that the topological biquandle BLisa quotient of the fundamental
biquandle, but its structure is simpler than that of a general biquandle.

MSC2010: primary 57M25; secondary 57M05.
Keywords: biquandle, quandle, fundamental biquandle, topological biquandle.
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This paper is organized as follows. In Section 2, we give the definition of a
biquandle, recall some of its basic properties, define biquandle presentations and
the fundamental biquandle of a link. Section 3 is the core of the paper, in which we
define the topological biquandle of a link, prove that it is a biquandle and study some
of its properties. In Section 4, we investigate the topological biquandle from the
perspective of a link diagram. We find a presentation of the topological biquandle
and show that it is a quotient of the fundamental biquandle.

2. Preliminaries

For an introduction to biquandles, we refer the reader to [Fenn et al. 2004; Hrencecin
and Kauffman 2007; Kauffman and Manturov 2005].

Definition 2.1 (Biquandle axioms). A biquandle is a set B with two binary opera-
tions, the up operation ~] and the down operation _|, such that B is closed under
these operations and the following axioms are satisfied:

(1) For every a € B, the maps f,,g,: B — Band S: B x B— B x B, defined
by fa(x) =xal, g,(x) =xal and S(x, y) = (yx], xy]), are bijections.

(2) For every a € B, we have fa_1 (a) = afa_l(a) and ga_1 (a) = aga_l(a) .
(3) For every a, b, c € B, the equalities
up interchanges ablel = acbl|bel,

rule of five ablcbal| =acibeal,
down interchanges  ablc] =acbl|bc||
are valid.

A biquandle (B, 71, _J) in which ab| = a for all a € B is called a quandle.
It follows from the first biquandle axiom that the map S : B x B — B x B has
an inverse. Define two new operations [~ and | on B by

S~ Ya,b) = (bla,alb) .

Remark 2.2. This “corner” notation was introduced by Kauffman [Fenn et al.
2004]. Another alternative is the “exponential notation” that was used by Fenn and
Rourke [1992], and avoids brackets. One may translate between the two notations
using equalities: a® = abl, a® =alb, ay =abl and a; =alb.

Lemma 2.3. For every a, b € B, the equalities

abllbal =alb bla|=ablbal =albbla|=a

are valid.
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Proof. We compute

(a,b)=S""(S(a,b)) = S~ (bal, abl) = (abl[bal, ballabl),
(a,b)=S(S""(a, b)) = S(b@, alb) = (alb b@|, bi@ alb |)

and the desired equalities follow. O

Lemma 2.4. Let X and Y be two biquandles. If f : X — Y is a biquandle

homomorphism, then f(alb) = f(a)[f(b) and f(alb) = f(a)|f(b) for every
a,beX.

Proof. Let f : X — Y be a biquandle homomorphism. Choose elements a, b € X and
denote f(bj@)=x and f(alb)=y. By Lemma 2.3 we have alb b[a|=a, and since
f is a biquandle homomorphism, it follows that f (alb) f (bj@)|=yx|= f(a). Also
by Lemma 2.3, we have bﬁm = b, and since f is a biquandle homomorphism,
it follows that f(b[@) f(alb)| = xy] = f(b). Putting those two equalities together,
Lemma 2.3 gives

y=yapy = f@f®) and x=xyyE = fO)f@. O

The fundamental biquandle of a link is usually defined via a presentation, coming
from a link diagram. Following [Ishikawa 2018], we define biquandle presentations
categorically.

Definition 2.5. Let A be a set. A free biquandle on A is the biquandle Fpg(A)
together with an injective map i : A — Fpq(A), characterized by the following.
For any map f : A — B, where B is a biquandle, there exists a unique biquandle
homomorphism f : Fgo(A) — B such that f = f oi.

For a biquandle X, let j : A — X be a map and let j : Fpq(A) — X be the
induced biquandle homomorphism. Let R C Fpg(A) x Fpq(A) be a relation on
the set Fpg(A). We say that (A|R) is a presentation of the biquandle X if

(1) (j x )(R) C Ax (here Ax C X x X is the diagonal),

(2) for any biquandle Y and for any map f : A — Y such that (f_ X f)(R) C Ay,
there exists a unique biquandle homomorphism f : X — Y such that f = fo .

Any classical oriented link may be given by its diagram, i.e., the image of a
regular projection of the link to a plane in R?. A link diagram D is a directed
4-valent graph, whose vertices contain the information about the over- and under-
crossings. The edges of the graph are called semiarcs, while the vertices are called
crossings of the diagram. Denote by A(D) the set of semiarcs and by C(D) the set
of crossings of the diagram D. In any crossing, the four semiarcs are connected by
two crossing relations, depicted in Figure 1.
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c=ab| d=bal d

A X

Figure 1. Crossing relations between the semiarcs of D.

Definition 2.6. The fundamental biquandle BQ(L) of a link L with a diagram D
is the biquandle, given by the presentation

(A(D) |crossing relations for every ¢ € C(D)) .

3. The topological biquandle of a link

By a link we will mean an oriented subspace of S3, homeomorphic to a disjoint
union of circles |_|f: 1S !. For a link L, denote by N, a regular neighborhood of L
in 3 and let E; = closure(S® — N;). The orientation of L induces an orientation
of its normal bundle using the right-hand rule.

Choose a 3-ball B3 c §3 such that N; C B3, then let zg and z; be two antipodal
points of §? = 3 B3. Define

B = {(ao, ap) | a; : [0, 1] — E apath from a point on d Ny, to z;
for i =0, 1 and ap(0) = a; (0)}.

Ifa:[0,1] — E is a path, we denote by a : [0, 1] — E the reverse path, given
by a(t) =a(l —t). Given paths a, b: [0, 1] - E with a(1) = b(0), their combined
path a - b is given by

a(2t), 0
b2t —1), 1

We say that two elements (ag, a1), (bg, b1) € By are equivalent if there exists
a homotopy H, : [0, 1] — E; such that Hy = ay - a1, Hy = by - by, H,(0) = zo,
H;(1) = z; and H,(%) € N for all + € [0,1]. It is easy to see this defines
an equivalence relation on the set By. The quotient set 5; = B/~ will be the
underlying set of the topological biquandle of L.

(a-b)(t)={

Remark 3.1. Observe that every element of ;. is given by a pair of paths (ag, a;)
in E;. The homotopy class of the path a; is an element of the fundamental quandle
Q (L) with the basepoint z; for i = 0, 1. We thus obtained the set B, by taking
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pairs of representatives of the fundamental quandle Q (L), and then imposing on
those pairs a new equivalence relation.

The set By is closely related to the group of the link L. For any point p € N,
denote by m , the loop in d Ny, based at p, which goes once around the meridian of
L in the positive direction according to the orientation of the normal bundle. Define
two maps p; : B — m(EL, z;) by pi(ao, a1) = [a; - mg,(0) - a;] fori =0, 1.

Lemma 3.2. If (ag, a) ~ (bo, b1), then p;(ag, a1) = p;i(by, b1) fori =0, 1.

Proof. Let (ag, a1) ~ (bg, by) be two equivalent elements of 5. Then there exists
a homotopy H, : [0, 1] — E; such that Hy = ay - a1, H = by - by, H,(0) = zo,
H,(1) =z, and H,(}) € 3N, for all ¢ € [0, 1]. It follows that ag(0) and by(0) lie in
the same boundary component of d Ny,. Since m ) and mp ) are two meridians
of the same component of L, we may choose a homotopy G, : [0, 1] = dN, such
that Gy = Ma0(0)> G = Mpy(0) and G,(0) =G,(1) = Ht(%) for ¢t € [0, 1]. Similarly,
we may choose a homotopy J; : [0, 1] — 9N such that Jo =m0y, J1 = mp,(0)
and J;(0) = J,(1) = H,(3) for t € [0, 1]. Define amap S, : [0, 1] — E, by

H,(3u/2), 0<u<i,
Si(u) =G Bu—1), I<u<i,
H@G1-u)/2), 3<u<l.

Now S; is a homotopy between the loops ay - m40) - ao and bo - M p0) - bo, which
thus represent the same element of the fundamental group i (EL, zo). It follows
that po(ag, a;) = po(bo, b1). The proof for i = 1 is similar. ]

o~

Corollary 3.3. The map p; induces a map p; : B — mi1(Er, z;) fori =0, 1.

Denote by [ag, a;1] € Z?L the equivalence class of the element (ag, a;) € Br.
We have found a way to associate to each element [ag, a;] of the set BL two
elements of the fundamental groups 71 (E, zo) and 71 (EL, z1), namely polag, ai]
and p1[agp, a1]. Using this association, we will now define the operations on EL.

Define two binary operations (called the up- and down-operation) on B, by

(ao, a)) PPV := (ag - po(bo, b1), a1) and  (ao, 1)) := (@0, a1 - p1(bo, br)).

We intend to show that these operations induce operations on the quotient space BL,
and that By, equipped with those operations forms a biquandle.

Lemma 3.4. If (ag, a1) ~ (co, c1) and (bo, b1) ~ (do, dy), then (ag, ar) ") ~
(co, €)M and (ag, ar) po.by) ~ (€0, €1)do.dy)-

Proof. Let (ag, a;) ~ (co, c1) and (bg, b1) ~ (dy, d1) in By. There is a homotopy
H, :[0,1] — Ef suchthat Hy=agy-a;, Hy =c¢y-c1, H;(0) =z9, H;(1) = z1 and
H,(}) eaN, forallz €0, 1]. Since (bo, b1) ~ (do, d), it follows by Lemma 3.2 that
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there exists a homotopy G, : [0, 1] — E such that Go = po(bg, b1), G1= po(do, d1)
and G,(0) = G,(1) = zo for all ¢ € [0, 1]. Define a map S; : [0, 1] — E by

G/(1—4u), O0<u<l

4
Ssu)y={H2u-3), r<u<i,
H, (), 1<u<l.

Now S§; is a homotopy from ag - po(bo, b1)-aj to co - po(do, d1)-c1, for which S;(0) =
20, S;(1) =z; and S,(3) € N, for all ¢ € [0, 1]. It follows that (ag, ar) ) ~
(co, c1) @4V The proof is similar for (ag, @1)y.s;) ~ (€0s €1)(dy.dy)- O

Corollary 3.5. There are induced up- and down-operations on B, defined by

lag, a)?P1V := [ag - po(bo, b1), a1l and [ao, ailipy.p,1 = lao, a1 - p1(bo, b1)].

Lemma 3.6. The maps f,, g, : B, — BL, defined by f,(x) =x% and g,(x) = x4,
are bijective for any a € By.

Proof. Define maps f;, g, : By — Br, by f.(lbo. bi]) = [ao - po(bo, b1), ai] and
g, ([bo, b1]) = [ao, ai - p1(bo, by)]. It is easy to see that f; is the inverse of f, and
g, is the inverse of g,, thus f, and g, are bijective. U

Theorem 3.7. The set By, equipped with the induced up- and down-operations, is
a biquandle.

Proof. For any a, b € /BL, denote ab] := a® and ab| := a,. We need to show that
BL equipped with those operations satisfies all the biquandle axioms.

(1) Leta EBL The maps f;, g4: BL — BL, defined by fa(x) xm and g,(x)=xal,
are bijective by Lemma 3.6. The map S : BL X BL — BL X BL is defined by
S(a, b) = (bal, abl). Consider another map T : BL X BL — BL X BL, defined by
T ([ao, a1], [bo, b11) = ([bo - po(ao, a1), b11, [ao, a1 - p1(bo, b1)]), and compute

T (S(lao, a1l, [bo, b1]))
= T ([bo. b1 - pi(ao, )], lao - po(bo. b1), a1])
= ([ao - po(bo, b1) - po(bo, by - pi(ao, ar)), a1l
[bo. b1 - p1(ao, a) - pi(ao - potbo, br), an)])

= (Laobomp(0)bobotipy0)bo, ail, [bo, bidima, oya1diiia, yail)
= ([ao, a1], [bo, b1]).

A similar calculation shows that ST = id, thus S is bijective with inverse 7.
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(2) Leta =ag,a1] € @L. We calculate

17N @) = [ag, 111 = [agdomtay0)do, @11 = [agydo, a1,
a f; ' (@)] = [ao, 1] (40.ap@any = (40> @1liagaora0a0.a11 = [0, @raima, oyail
= [ao, mq,0)ail-
Since ao(0) = a;(0), we have mg, ) = mq, o) and therefore the path mg,)aoa; is
homotopic to the path agmg, ya;. It follows that fu_1 (a)=a fa_1 (a)|. The proof
of ga_l(a) = am is similar.
(3) Leta =lag, a1], b =1[bg, b1] and c = [cg, c1] be elements ofgL. Then we have
achl|ba] = @) = (lao, ayLco-c1bims, @bily[bodomey o co.bi]
= [agComey(0)Co, ar ]P0 0Pl
= [@0C0M ¢0(0)COCOM ¢ (0) COPOM by (0)POCOM 0 (0)CO5 A1 ]

= [aobompy0yPoCom ey 0)co, a1] = ([ag, ar1Po-rhlcocl = g i@,

am@ — (ab)C(ba) = [ao, all;lmb](O)bl][COvcl]lboéomzzo(O)HO‘[’lJ
= [ao, a151mb1(O)bl][co’clglmb'(‘”bl] = [aoComey(0)co, a1b1mp, ©)bi]
= [a0CoMcy(0)€05 a1libozomeqyo)co.b11
= laocome0)co, a1l g, 4, jeocrama @,

= ([ao, al][CO’CI])([bo’bl]lfoﬂJ[ao.a]]) = aab@ .

A similar calculation proves the down interchanges equality acbl|bcl| = ablcl.
Therefore By is a biquandle. (I

Since EL is a biquandle, there are two more operations [~ and | _ on EL, defined
by S~'(a, b) = (bf@, alb). We call those operations the up-bar and the down-bar
operation, respectively. It follows from the proof of Theorem 3.7 that the bar
operations are computed as

[bo.b1] — [

[ao, a1]|[bo, b1] = [ao, a1] ap - po(bo, b1),a1] and

lao, a11[[bo, b1] = [ao, a1l 57 = lao, a1 - pi(bo, bi)].
Definition 3.8. Biquandle By is called the topological biquandle of the link L.

Observe that in the case of the topological biquandle, the name biguandle becomes
further justified, since every element of By is represented by an ordered pair of
paths (whose homotopy classes represent the elements of the fundamental quandle).
We might ask ourselves which biquandles could be constructed from two quandles
in a similar way. In [Horvat 2018] it is shown that given two quandles Q and K, one
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may construct a product biquandle with underlying set Q x K, whose operations
are induced by the operations on Q and K. Product biquandles are classified in
[Horvat 2018, Theorem 5.3].

In the remainder of this Section, we study properties of the topological biquan-
dle B... It turns out that its structure is simpler than that of a general biquandle.

Lemma 3.9. In the topological biquandle, for any a, b, c € By the following hold:

(1) Any up-operation commutes with any down-operation.

2) abllb =alb bl=abl|lb =alb bl =a.
(3) abcl|=ablc|=abl, albcl =albic =alb,

abe|=abic|=abl, albel =albic =alb.

Proof. (1) For any [ag, a1, [bo, b1, [co, c1] € B, we have

(Lao, 11 (0 11 = [ao - po(bo, b1), ai - p1(co, 1)1 = ([ao, atlicy.e;) P02,

and similar equalities hold for the up-bar and down-bar operations.

(2) Leta, b e EL, a = lag, a1], b = [by, b1], and compute

abllb = (lag, ar1Po-PhPo-brd = [aq - bomy,0ybo - boripy0ybo, a1l = [ao, a1l = a,

and similarly in the other three cases.

(3) We have
[ao, al]([bo,bﬂ[co,ql) = [ao, al][bo,bl-m(co,m)] = [ag - l;Ombo(O)bO, a1] = [ao, al][ho’b'],
and similar calculations settle the other cases. O

Proposition 3.10. Let (X, 71, _|) be any biquandle in which the equalities abc|| =
abl, albc| =alb, abcl|=abland albe] = alb are valid for any a, b, c € X. Then
(1) the equalities (3) from Lemma 3.9 are valid for any a, b, c € X,
(2) foranya,b € X we have abllb = alb bl =abllb =alb bl =a,
(3) any up-operation on X commutes with any down-operation,
(4) forany a, b, c € X we have abe|| = alc blcl and abc|| = alc blc|.

Proof. Let X be a biquandle with the prescribed property. To prove (1), we use
Lemma 2.3 to compute ablc| = abc c[b || = abl and similarly for the other three
cases.

To prove (2), choose elements a, b € X and use Lemma 2.3 to compute

abllb =abllba) =a, albbl=albbla]=a,
abllb =ablbal =a, albbl=albba|=a.
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To prove (3), choose elements a, b, c € X and use the second equality of biquandle
axiom (3) to compute

(D aclbl| =acibcall|=ablcbal| = ablel.

Now write x = a[b |c and use (2) together with Equation (1) to obtain a = x ¢|b] =
xb|cl, which implies x = alc[b =alb|c.
Writing y = afc b, we use (2) and the second equality of biquandle axiom (3) to

compute
ycl=ycbal||=alc blcball| = alc elbeall| = abl,

which implies y = ablic = alc bl.

Finally, write z = abl|c and use the previously proved equality to obtain a =
zcllb = z[b cl, which implies z = alc bl = ablic.

To prove (4), choose elements x, y, z € X and use the first equality of biquandle
axiom (3) to compute XYZY|| =xyzl|Zy]| = XZ1Y] and putting a = xy], b=z and
¢ =y gives abgcl| = alc blel. Similarly, the third equality of biquandle axiom (3)
gives x y|zy|| = x yz]jzy|| = xz] y| and putting a = x y|, b =z and ¢ =y implies
abcl| = alc blcl. O

Part (3) of Lemma 3.9 together with Proposition 3.10 implies:

Corollary 3.11. Let A be a generating set of the topological biquandle B.. Any
element of By can be expressed in the form awy|wa|, where a € A and w; is a word
in F(A) fori =1, 2.

4. Presentation of the topological biquandle

Recall the setting described at the beginning of Section 3. For a link L in S3, we have
chosen a regular neighborhood Ny, and fixed an orientation of the normal bundle of L.
We have also chosen the basepoints zo and z1, which represent two antipodal points
of the boundary sphere of a 3-ball neighborhood of N . Choose a coordinate system
in which the points zg and z; have coordinates (0, 0, 1) and (0, 0, —1) respectively,
and let D be the diagram of L obtained by projection to the plane z = 0.

As before, we denote by A(D) the set of semiarcs and by C(D) the set of
crossings of the diagram D. We would like to find a presentation of the topological
biquandle EL in terms of the link diagram.

For any a, b, c € A(D), denote by R, ;. the set of relations

Rap.c={abc|=abl, albc) =alb, abel] =abl, albel =alb}.
Theorem 4.1. Let D be a diagram of a link L in S>. Then
<A(D) | crossing relations for each c € C(D), R, . foreacha, b, c € A(D))

is a presentation of the topological biquandle B..
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Proof. Let R = {crossing relations for each ¢ € C(D), R, for each a, b, c €
A(D)}. We will define a map j : A(D) — By, such that

(1) (j x )(R) C Ag,,

(2) for any biquandle Y and for any map f : A(D) — Y such that (f X f)(R) C Ay,
there exists a unique biquandle homomorphism f BL — Y such that f= f oj.

For a semiarc a € A(D), let j(a) = [ag, a1], where ag is any path from the parallel
curve to the semiarc a to z( that passes over all the other arcs of the diagram, and
ap is a path from ag(0) to z; that passes under all the other arcs of the diagram.

Proof of 1. By definition of a free biquandle, there exists a unique biquandle
homomorphism j : Fgq(A(D)) — By that extends the map j, and it is given by

j@bl) = j(@)?® =lag, 1P, jabl) = j(@);m) = lao, alipe.p1-

It follows from Lemma 2.4 that ; also satisfies
jalb) = j@y? =lap, ™, j(alb) = j(@);q = lao, a1l

For any a, b, c € A(D), we use part (3) of Lemma 3.9 to compute

jlabcl)) = j(@) jb) j(o)|| = ja)jb)| = j(abl),
and a similar computation shows that the homomorphism j preserves every relation
from the set R, p c.

At every positive crossing of the diagram D, the outgoing semiarcs ¢ and d are
related to the incoming semiarcs a and b by two crossing relations ¢ = ab| and
d = bal (see the left part of Figure 1). Figure 2 shows a homotopy between j (a b))
and ]T(c) and another homotopy between f(b a)) and f(d).

At every negative crossing of the diagram D, the outgoing semiarcs ¢ and d are
related to the incoming semiarcs a and b by two relations, c = a[b and d = bL (see
the right part of Figure 1). Figure 3 shows a homotopy between j (ar) and j(c) and
another homotopy between j(bla ) and j(d). This shows that (j x j)(R) C Az B,

Proof of 2. Suppose Y is a biquandle and choose any map f : A(D) — Y such that
(f_ X f)(R) C Ay. An element of EL is represented by a pair (yp, y1), where y; is
a path in £ from a point in d Ny, to z; for i =0, 1 and y4(0) = y1(0). Project the
paths yp, y1 in general position onto the plane of the diagram D. Suppose that the
initial point 1(0) = y1(0) lies on the parallel curve to the semiarc a and suppose
that 14 subsequently passes under the semiarcs labeled by by, b», ..., by, while y,
subsequently passes over the semiarcs labeled by ¢y, ¢z, .. ., ¢,;. Define

Flvo. D) == F@FONT - fBm)| f ) -+ flen)®],

where ¢€; denotes the sign of the crossing between yy and its overlying semiarc b;,
while ¢; denotes the sign of the crossing between y; and its underlying semiarc c;.
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co X apbompy0)bo

21
Figure 2. An illustration of the crossing relations [ay, ajp|tbo:brl =
[co, c1] and [bo, b1]{ag,a1 = [do, d1].

20

co == aoboripy 0)bo

12
S
SI
3
2
E)

2

21

Figure 3. An illustration of the crossing relations [ay, aj]bo-brl =
[co, 1] and [bo, b1z a = [do, di].

It follows from the above definition of f that for any a € A(D), we have
(foj)a)= f(lao,a1]) = f(a), therefore f o j = f. We need to show that f is a
well defined map on 5, and that it is a biquandle homomorphism. To show that f
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20

Figure 4. The invariance of f — change of initial point.

20

<1

Figure 5. The invariance of f — change of initial point.

is well defined, we have to check that any representative of the equivalence class
[0, 1] gives the same value of f. During a homotopy from (yp, y;) to another
representative (g, 1), the following critical stages may occur:

(a) The initial point y(0) = y;(0) moves to another semiarc.

First suppose that the initial point of y; is at the semiarc a, while the initial point
of «; is at the semiarc d where ac] = d (see Figure 4). Since (f X f) (R) C Ay, we
have f(a) f(c)| = f(d). Writing flyo, v = f(a)wy]wy|, we use Lemma 2.3
to obtain f(lwo, 1) = f()|f(ca) Wijwz| = f(@ F©)[f(c) f(@)] wijwa) =
flaywiiwa) = f(lyo, 1)
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Figure 6. The invariance of f under a homotopy — first case of (b).

Second, suppose that the initial point of y; is at the semiarc a, while the initial
point of «; is at the semiarc d where ac| = d (see Figure 5). Since f preserves
the crossing relations, we have f(a) f(c)] = f(d). Since f preserves the rela-
tions R, p ., it follows by Proposition 3.10 that any up-operation on f (A(D))
commutes with any down-operation. Write f ([yo, v1]1) = f(a) w1 w2) and it fol-

lows that f(leo, a1]) = f(wi|f(ca) o = f(a) f()]|f () F@)] wijwa) =
f@wiwa) = f (o, v

For the two remaining cases, we prove the invariance in a similar way.

(b) The arc yy, overcrossed by the same semiarc b twice, homotopes to an arc
o that is not crossed by b (or the arc y;, overcrossing the same semiarc b twice,
homotopes to an arc «; that does not cross b).

For the first case, see Figure 6. We have

Flvo. D) = f@wn fF®)|[fB) walws| and  f(lao, 1]) = f(a)wr|wa) w3)-

Since f preserves the relations R, ., it follows by Proposition 3.10 that

Fvo, i) = (oo, a1]).

For the second case, see Figure 7. We have

F(vo, mD) = f@wnwal fB)||fB) wi] and  f ([, a1]) = f(a) Wi wa|ws).

Since f preserves the relations R, ., it follows by Proposition 3.10 that

F(yvo, viD) = f (o, a1]).
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20

Figure 7. The invariance of f under a homotopy — second case of (b).

(c) yo passes under a crossing between two semiarcs (or y| passes over a crossing
between two semiarcs).
For the first case, see Figure 8. We write

Fvo. ) = f(@wi FB)] f(©)wz)wsl,
fao, arl) = f(@w1] £ (e) f ]| F () F(©)] [z ws)-

Since f preserves the relations R, ., we may use the first equality of biquandle
axiom (3) to compute

F@w1 £(0) f®)] f ) F )] = f(@wn) FB)] F(©)]

and therefore f (Iyo, 1) = f ([etg, 1]). The remaining cases are settled in a similar
way.
To show that f is a biquandle homomorphism, choose two elements
[0, @11, [Bo, Bi] € Br.
Let flao, a1l = f(a)wr|wz| and f[Bo, B1] = f(D)Z1]z2)- Using Proposition 3.10,

we calculate
f (oo, o 1Py = Flag Bom o0y Bos 11 = f (@) wnzT £ (B)|Z1 w2l
= f(@wnwyrr FB)|z1 = fleo, a1l FB) 7]
= flao, a1] f1Bo, B1ll;
Flewo, arligo,p1) = fleo, a1 Bimp, o) fil = f(@)wrwaliz2 f(B)|z2)
= flao. 011 £ (b) 22]| = flew. 1] £ (B) 22]71]

= Flao, 11 f1o, Bull,
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20

21

Figure 8. The invariance of f under a homotopy — first case of (c).

thus f is indeed a biquandle homomorphism.
To prove uniqueness of f, observe that by Corollary 3.11, any element of BL

can be written as [y, y1] = j(a) f(wl) f(wz) , where a € A(D) and w;, wy are
elements of the free group, generated by A(D). If g : By — Y is any biquandle
homomorphism for which g o j = f, then we have

glvo, yil = flao, a1l f (wy)| f(w2)| = flyo, v1]. 0

Corollary 4.2. For any link L, the topological biquandle BLisa quotient of its
fundamental biquandle BQ(L).

Corollary 4.3. The topological biquandle is a link invariant.
Example 4.4. Consider the link L = L6n1 in the Thistlethwaite Link Table, whose

diagram is depicted in Figure 9. Denoting the semiarcs of the diagram as shown in
Figure 9, the fundamental biquandle of L is given by the presentation

BQ(L):<a,b,c,d,e,f,g,h,i,j,k,l|1m:i,aﬁ:b,fm:g,kﬁ:l,
gdl=h,dg|=a,cjl=d, jcl =k,
im=j,hﬂ=e,ba=c,em=f>,

that reduces to
BQU) =(b. £.1 [0 RS o F]| ST = b SILJPL]FILE] 1L =
l@@@ﬁ =l>‘
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Figure 9. A diagram of the link L6n1 from Example 4.4.

The topological biquandle By is given by the presentation

/B\L:(a,b,c,d,e,f,g,h,i7j,kvl|lm:iaaﬁzb’fH:g7kﬁ:lvgm:h’
dg|=a,cj|=d, jc=k,ihl=j, hil=e,
bel=c,eb|=f, R),

where R denotes all relations Ry , . for x,y,z € {a,b,c,d,e, f, g, h,i, j, k,1}.
These relations include: x y[x]=xy], x y|z [wz]|=xY] and x yZ]| = x y| for every
x,y,z,w € {b, f,1}. Since none of these new relations is implied from the relations
in the presentation of BQ(L), it follows that the topological biquandle BLisa
quotient of the fundamental biquandle BQ(L). The presentation of the topological
biquandle thus reduces to

Bu=(b. .1 IbTN S|l =b, fTBILE = f, IBIF|bl f| =1, R).

Remark 4.5. A presentation of the topological biquandle B, is obtained from a
presentation of the fundamental biquandle BQ(L) by adding relations

Rapc={abc]=abl, albc) =alb, abe|=abl, albel =alb}

for every ordered triple of generators (a, b, ¢). Seeing BLasa subbiquandle of the
fundamental biquandle BQ(L), we may talk about the corresponding ‘“‘sections.”
For any a € BQ(L), the section ELa is given as ELa ={xal,xal | x € EL}. The
quotient set BQ(L) /BL is generated by

BQ(L)/B. = (BLabl, BLabl, Balb, Bralb |a, b € BQ(L)).
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Denoting by n the number of generators of BQ(L), the quotient set BQ(L) /EL has
4n? generators, which indicates the “index” of the topological biquandle inside the
fundamental biquandle. In Example 4.4, the quotient BQ(L) /B has 36 generators.

One might question the need for the topological biquandle, when the fundamental
quandle is already a complete invariant of knots up to inversion. In a more sophisti-
cated study of links (e.g., virtual links), however, we sometimes need to combine
two or more different link invariants to yield a stronger invariant. Some examples of
this are the quantum enhancements using biquandles, see [Nelson et al. 2017; 2019;
Nelson and Oyamaguchi 2017; Ilyutko and Manturov 2017]. In the study of virtual
links, Manturov [2010] introduced the concept of parity, that induces a function
on the set of crossings of any virtual link diagram. Parity allows constructions of
new link invariants and also improvement of the existing invariants (e.g., Kauffman
bracket). As was shown in [Ilyutko and Manturov 2017, Example 2.3], a parity
of knots may be induced by a certain coloring of the fundamental biquandle of
the knot. It might be possible to define other parities of virtual knots using the
fundamental or topological biquandle.

The topological biquandle may just as well be defined for links in other 3-
manifolds, virtual links, or higher-dimensional links, and it might lead to interesting
new invariants.
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AN ENDPOINT ESTIMATE OF THE
KUNZE-STEIN PHENOMENON ON SU(#n, m)

TAKESHI KAWAZOE

The endpoint estimates for the Kunze-Stein phenomenon associated with
real rank one semisimple Lie groups and the Jacobi hypergroup were ob-
tained by A. Ionescu and J. Liu respectively. Recently, a modified endpoint
estimate was also proved for complex semisimple Lie groups by J. Liu and
the author. Hence the original estimate seems not to be valid for general
semisimple Lie groups with higher rank. We treat the case of SU(n, m) and
obtain a modified estimate similarly to the complex case. The process using
the Abel transform makes it clear why the original endpoint estimate might
not be valid for general semisimple Lie groups.

1. Introduction

Let G be a noncompact connected semisimple Lie group with finite center and
1 < p < 2. Then the convolution * on G satisfies

ey ILf*gllx < cll fllxllgllxs

when the Banach spaces X, X», X3 are L%(G), LP(G), L*(G), respectively. This
inequality was established by Kunze and Stein in the case of G = SL(2, R) and by
Cowling [1978] in the general case stated above. Moreover, if G is of real rank one,
he deduced the Lorentz space version, that is, (1) holds when the spaces X, X», X3
are L7 (G), LP"*(G), L?Y(G), respectively, where ] < p <2, 1 <u,v, w < 00,
and 1+% = %—i— %; see [Cowling 1997]. Ionescu [2000] proved the endpoint estimate
at p =2 when the spaces X1, X», X3 are L?>%(G), L*1(G), L*1(G), respectively.
This covers Cowling’s result by interpolation. For the Jacobi hypergroup (R4, A, %)
the same endpoint inequality was obtained by J. Liu [2005]. However, if G is of
higher rank, we don’t know whether or not the endpoint estimate holds on G.

In this paper, as in [Kawazoe and Liu 2018], we shall obtain a modified endpoint
estimate for K-bi-invariant functions on G = SU(n, m). Let M be a multiplier

MSC2010: primary 22E30; secondary 43A80, 43A90.
Keywords: Kunze-Stein phenomenon, semisimple Lie group, Abel transform, Lorentz space, Fourier
multiplier.

645


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2019.302-2
http://dx.doi.org/10.2140/pjm.2019.302.645

646 TAKESHI KAWAZOE

operator on G which will be specified later. Then we shall obtain

) | f* Mgl < cllfllrzielgllieie)

for K-bi-invariant functions f, g on G. In Theorem 4.1, when m > n > 2, we shall
prove that (2) holds for the multiplier M whose spherical transform is given by

(3) M) =] [sin*(hi — &) sin® (i + ).

i<j
To deduce this modified inequality, we use the inverse Abel transform expressed in
terms of Euclidean fractional derivatives (see (10)) and transfer the convolution %
on G to the Euclidean convolution ® on R” (see (12)). According to this process,
when n =1, (2) holds without modification (see [Kawazoe 2018, §7]) and when n > 2,
our modification with the multiplier M is essential and unavoidable (see Section 5).

2. Notations

Let G = SU(n, n + k) be the group of all complex (n + m) x (n + m) matrices
with determinant 1 (m =n + k, k > 0), which leave invariant the Hermitian form
Yo xiki — ZTZI XnijXntj. Let K =S(U(n) x U(m)) and a be the set of all
matrices of the form

0,, diagt 0,
H, = diag ¢ 7

Om,m

Ok,n

where 0,, , denotes the p x g zero matrix and diag ¢ the n x n diagonal matrix with
diagonal t = (11, t, ..., 1), t; € R. Letas = exp Hy and A =expa={a; | t € R"}.
We identify Hy, a; with ¢. In particular, functions on R” are identified with functions
f(Hy) and f(a;) on a and A, respectively, which are also denoted by f(¢). Let a*
be the dual space of a and «; € a* be defined by «;(H;) = ¢;. Let X, denote
the set of all positive roots of (g, a), which consists of ¢;, 2¢; (1 <i <n) and
a; ta; (1 <i < j <n) with multiplicities mq, = 2k, may, = 1 and me, +4; = 2; see
[Hoogenboom 1982; Meaney 1986]. We put

A@) = [ [ —eOyme,

OZEE+
n
o i (£) = 2" D [ T(sinh® (1) sinh(2,)),
i=1

w, (1) = 23n(n=1) H(cosh(Zti) — cosh(2t))).

i<j
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Then A = 0, yw? and A(t) = O (e*»+V), where

Pk =3 Y moa(t) =) piti.  pi=k+1+2(n—1i).

D[EE+ i=1

In the following, we omit the subscripts of o, i, @y, pn x for simplicity and we regard
functions and operators which depend on 1 <i < j <n as identities when n = 1.
The Weyl group W of G and the positive Weyl chamber C* of R” are given by

W ={w | wt = (e1t5(1), €2152)s - - - » €nton)), 0 € Sy, € = 1},

Ct={teR"|ti>tr>--->1,>0}.

We put R}, ={t € R" |#; >0, 1 <i <n}. Then for K-bi-invariant functions f on G,
it follows that

| r@wdg=c [ soawar="5 [ roaoar.
G ct n: R:

where dg is a Haar measure on G and dt = dtdt, - - - dt,. Let LP(A), 1 < p < o0,
denote the space of K -bi-invariant functions on G with finite L#-norm with respect
to dg, and L”9(A) the A-weighted Lorentz space consisting of K-bi-invariant
functions on G; see [Hunt 1966]. For a positive function w on R” , we denote by
L?(w) the space of K-bi-invariant functions of G satisfying

/ | £ (OPw(t) dt < oo.
Rn

+

For A e a* = R" let ¢y (¢), t € a=R", denote the spherical function on G. Then it
is known that, as a function of A, A(#)¢y (¢) is the Fourier transform of a compactly
supported function A(s, ¢) of s on a (see [Flensted-Jensen and Ragozin 1973]):

) At (t) = 2m)™"/? f A(s, t)e *®) ds,

C(t)

where C(t) is the compact support of A(s, ¢) of s, which depends on ¢, and ds is
a Lebesgue measure on R". For a K-bi-invariant function f on G, the spherical
transform f on a* and the Abel transform Fy on A are respectively defined by

far= [ romwawar,

Fp(t) =e’® / f(agn)dn,
N
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where dn is a normalized invariant measure on a maximal nilpotent subgroup N
of G. Fy and f are W-invariant on A and a*, respectively. Then it follows that

5) Fp(s) = Qm)™"/? /R xcw)(8) f(H)A(s, t) dt,

where x is the characteristic function of § C R". In particular the classical Fourier
transform Fy of Fy coincides with the spherical transform of f:

©) f=Fp
see [Warner 1972, Proposition 9.2.2.3]. Especially, since m = f -, it follows that
(7) Frog=Fr ® F,,

where * and ® denote convolutions on G and R" respectively.

According to [Meaney 1986], we shall express the Abel transform F; in terms
of fractional integral operators, and its inversion formula in terms of fractional
differential operators. First we define the Weyl type fractional integral operators
W/”f and W . For functions g on R, > 0 and o > 0, we put

WEDO =T [ g -0 ds,

W,f @) =T(w)™ foo g(s)(cosh(os) — cosh(at))*~'d cosh(os)

(see [Koornwinder 1975, §3]). As functions of u, these operators can be analytically
extended on u € C by integration by parts. For functions g on R”, we put

We@ O =r@ ™" [ [ g [Joshos) - coshiory)!

j=1
x d cosh(osy) - - -d cosh(osy,)
_ wo 1
=W oo W ()(),

where Wlf’i indicates that Wlf acts on the i-th variable ¢; of £. Then the Abel
transform Fy satisfies

®) []@F =) Frt) =cW) o Wi, (fo) (@)
i<j
(see [Meaney 1986, Theorem 21]) and thus, the inverse Abel transform is given as

©) f@)=co®™' W2, o0 Wlk< [ @7 - a,?)Ff> (t).

i<j
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Here, applying the relation between WE and W obtained in [Kawazoe 2009, §3]
to every W,j’i on the right-hand side of (9), we can express the inversion formula in
terms of W5 as follows. We define for y = (y1, y2, ..., ¥») in R”,

R_yRn R
Wy =W, o-oW, ",

(tht)? = (th,)" - - (tht)”,

where tanh is abbreviated to th. Let P (n) denote the power set of {1, 2, ..., n} and
P(n) = P(n)—{o}. For I ={i, iz, ..., i} € P(n), lett; = (4, t,, ..., t;) and

/f(S)dS1=/oo"-/oof(S)dSi1"'dSiz-
t l‘;l I;l

Then it follows from Theorem 3.6 in [Kawazoe 2009] that

(10)  f(&)=cA™2(@#)(th t)(k+1/2>< > ¢y WE DFs(t)(tht)”
yvel

o.¢]
+ Y (the? [ WE DFp(s)Ay (s, t,)ds,),
yel,,I1eP(n) I

where D =[] (812 — 81.2) and

i<j
I={yeR'|y=5+ 1<l <k},
Lo={yeR'|y;=lory+1, 1<l <k}

Here each /; is an integer and /; = 0 when k = 0. Moreover, there exists a constant ¢

such that for all # € R’ ,

o0
(11) / |Ay(s1. 1) dsy < c.
t

Since D is a differential operator with constant coefficients, by applying the inversion
formula (10) to f * g, we see from (7) that

(12)  fxg(t)=cA™"2(t)(th t)—<k+1/2>( > ¢y WE,DFy @ Fy(t)(th t)
vel

(o)
+ > (tht)yf WE,DFf®Fg(s)Ay(sl,tI)dsl).
yela,IeP(ny 2

3. Multiplier

We shall define some multipliers which will be used to modify the endpoint estimate
for the Kunze—Stein phenomenon on SU(n, n + k), n > 2. Let M and My be the
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functions on a* defined by
M) = [ [sin® (i — &) sin* (A + 1)),

i<j

Mo(A) =

S I sin®(A; — A;) sin®(A; 4 A)
[lic; 07 =23 5 =% At A

Let M denote the corresponding multiplier. Since M is W-invariant, according
to (6), we need not distinguish the multiplier M for the Fourier transform and the
multiplier for the spherical transform. Let Mg be the multiplier for the Fourier
transform. Since the differential operator D corresponds to the Fourier multiplier
of DA) =T],. j(/\? — )@), it follows that

Mf() =M@Q)f(A) = MyAW)DF(X) = (MoDF5)~(A).

Let xo be the function on R defined by

Son x T
g T oxl<2

Xo(x) = 2 2’
0, x| > 2.

Since o(%) = sin® A /(i 1), it follows that
Mo) =i"" "D T T RoOui = ) Ko (ki + 1))
i<j
Now we show that M is realized in terms of convolution with a compactly

supported bounded kernel.

Lemma 3.1. For each n > 2, there exists a compactly supported bounded func-
tion m, on R" such that

(13) MoF =m, ®F.

Proof. When n =2, we put

my(x, y) = —%m(%)m(xgy)-

Then it follows that
A2 (M, A2) = — Ko — A2) oM + A2) = Mo(A1, A2)

and thus, Mo F = my ® F. Clearly m, is a compactly supported bounded function
on R?. When n = 3, we put

x—l—y—z) (x—i—y—i—z)
) X0 3 )

. 1 —y— -
ms(x,y,z)=§X0(y)Xo<x ; Z)Xo(x ;+Z>-

my(x,y,z)= %XO(X)XO<
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Then it follows that

iy (M, 2, A3) =i KoM — A2) Xo(ha — A3) Ko (A2 + A3),

my (A1, A2, A3) = Xo(A1 + A2) Xo(A1 — A3) Xo (A1 + A3)
and thus, ﬁi;{ﬁi; — M. Hence My F =m;r®m3_®F =m3® F where m3 =m§r®m3_.
Since each mgt is a compactly supported bounded function on R?, it follows that 3
is also compactly supported and bounded on R>. When n > 4, we see that My(X)

is in L!(R") and of exponential type. Hence, by the Paley—Wiener theorem, there
exists a compactly supported bounded function m, on R" satisfying (13). U

In order to obtain a modified estimate (2) by applying the inversion formula (12)
to the convolution f * Mg, we need to estimate WE‘E), DF;® MF,. We note that,
when M is given by (3) and one of the entries y; of y equals k + %, we cannot
control the L*°-norm of W”_-‘P},M Fg; see Lemma 3.3. Hence, when k > 1, we rewrite

WLRVDFfC@MFg as W“_QIDFf(@W“_%yHMFg, where 1=(1, 1, ..., 1). Each factor

of this convolution is estimated as follows.
Lemma 3.2. Letk > 1. Let f € L'(A).
i) Forl=(,1,...,1),
IWEDF sl ey < cllfllp )
(i) Fory =1 V2. va) withl <y; <k+3,
IWE, A DFfllemny < cl Fll v
where yy = (k—i—%—yl,k—{—%—yz,...,k—l—%—yn).
Proof. It follows from (8) that
(14) DFs(t)=c(W " oo W) o (Wi oo Wi (fo) ()
=c(W "o W) o o (W) o Wi (fo)(t).

We recall, for even functions u# on R, that chl o W12/2 (u)(t) is the Abel transform F,,
on SU(1, 1 + k). Therefore, from Propositions 3 and 4 in [Kawazoe 2018] with
o =k and p = k 4 1 for the Jacobi hypergroup it follows that

IWE Full ey < ellullninxpstensin,

R
IWZ, Fullzo@y) < cllullpi i x2retrn

for 0 <y <k+ 1. Here the weight functions satisfy (th x)**1e®+tD* < /57 and
(th x)% =7 e®+Dx = (th )k =127 /573 Since [T/, Vo (1) = 0 @)™ VA®),
applying these estimates to WE‘E}’,’; 41 (Wk1 o Wl%)( fow) repeatedly (see (14)), we
can deduce the desired results. ]
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Lemma 3.3. Letk > 1 and y, y, be as above. Let f € L'(A). Then
(15) IWE, A MFplle@ny < el f Il va-
Proof. It follows from (13) and Lemma 3.2 (ii) that
|WE y A MFgllLomn) = |WE y 1 MoDFy|l Loy = |lmy & WiRy+1DFf||L°°(R"
< Imall 1 IWE, i DFplleny < el f o v O
Proposition 3.4. Let f, g € L'(A). Suppose k > 1. Then for each y € 'y and T,

IWE,DFy @ MFgllL~@y) < cll fll a8l va)-

When k = 0, the same estimate holds under the assumption that f, g are supported
in [1, co)".

Proof. First we suppose that k > 1. Since 1 < y; <k + % forall y = (y;) € 'y,
j =1,2, it follows from Lemmas 3.2 (i) and 3.3 that

IWE,DFy @ MFg||~@y) = |WS DFy @ WE, |\ MFg|l L~ @)
< |WE 1DFrllpiwn)ll _,,+1MF Il oo
§c||f||Ll(\/Z)||g||Ll(ﬁ)

Next let k = 0. Then it follows that y; = % fory =(y;) el and y; =0 or % for
y = (i) €'z, and
IWE, DFp & M Fglli=@y) = | W2, DFy @m, ® D Fyll o)
< |WE,DFf ® DFgllzqwey lmall i )
R

<cllWZ,DFy® DFgll L)
Similarly as in the proof of Lemma 3.2, we use (14) to estimate the L°°-norm
of WR yDFf ® DF,. We note that each W 2 is the Abel transform on SU(1, 1).
For even functions u#, v on R supported in [1 o0), let F,, F, denote their Abel

transforms on SU(1, 1). Then, letting @ = 0 in the case of (iii) in [Kawazoe 2018,
8§71, we see that for § =0, %,
IWESF @ Fyllem,) < cllull iz 0l o

Hence, applying these estimates to W”_%;,f. (le/’z( fo)® le/’;(ga))) repeatedly (see
(14)), we can deduce that

(16) W DFf®DF ||L°°([R{+) <C||f||Ll(f)||g||Ll(f)

Hence the desired result follows. O
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4. A version of the endpoint estimate

Now we shall give a version of the endpoint estimate of the Kunze—Stein phenome-
non on SU(n, m).

Theorem 4.1. Let G = SU(n,m) (m > n > 2) and M be the multiplier defined
by (3). Let f, g € L*>Y(A). Then

| f % Mgl p20oay < cll fllzzrayllgllLzray-

Proof. Similarly as in the proof of [Liu 2005], by the duality of Lorentz spaces, it
suffices to prove that for all 2 € L>!(A),

(17) ’/f*Mg(x)h(x)A(x) dx| <cll fllr21ayllgllizziayllnllz21(a)-

Moreover, we may suppose that f, g, h are supported in [1, 00)”. Actually, we
decompose each f, g, h as the sum of the local and the global parts. Then the
left-hand side of (17) is divided into 8 integrals. Any of integrals containing the

local part, say fy where f = fy+ f1, supp(fo) C [0, 1] and supp(f1) C [1, 00), is
estimated as

]/ fo*Mg(x)h(x)Mx)dx\ = |M(fo*g*h)(0)] =|(fo*g)* Mh(0)|
= |l fo*gllL2(a)IMhllz2(a)
< follraylghizealilizza)

1
3
< <f A(x)dx) I F 2yl 2 a1l L2 A
[0,1]"

because M is bounded. Since L2 (A) C L*(A), the desired estimate follows. Now
we suppose that f, g, h are supported in [1, oo)". It follows from (12) that

/f*Mg(x)h(x)A(x)de > fWE,(DFf@MFg)(x)H(x)dx

yel

- Z /(/ts WLRV(DFf@)MFg)(S)Ay(ss,xs)dsS>H(x)dx,

yel,,SeP(n)
where H(x) = h(x)+«/A(x). Since
IWE (DFy ® MF)ll @) < cll flliyml8liva

by Proposition 3.4, it follows from (11) that

as) | f 8@ A®) dx| < cll £l ym I8l v 1l yz)-
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If a function a is supported in [1, co)”, then it follows that

lall iz < cllallpierwy < cllallpzi 2wy < cllallzziay;

see [Ionescu 2000, Lemma 3; Kawazoe and Liu 2018, Lemma 2]. Therefore, (17)
follows from (18). (|

5. A remark on the Abel transform

In the process of obtaining the modified endpoint estimate in Theorem 4.1 the
key is (15) if k > 1 and (16) if k = 0. When n = 1, since M and D are identity
operators, these inequalities hold and thus, the original endpoint estimate follows
without modification; see [Kawazoe 2018, §7]. Similarly, when n > 2 and k£ > 1, if
fe L'(A), which is supported in [1, 0o0)", satisfies

(19) IWE, L Frllee@n) < cllfll i ya-

then the endpoint estimate holds without modification. We note that y —1 for y € I'»
have the opportunity to be (0, 0, ..., 0). Therefore, to obtain the endpoint estimate
without modification by our process, at least, f € L'(A), which is supported in
[1, 00)", satisfies

(20) IE ey <l fllLicyay-

We calculate the Abel transform Fy explicitly and show that the estimate (20) might
be not true.

First we obtain the kernel function A(s, ) of A(¢)¢y(¢); see (4). The spherical
function ¢, (¢) on SU(n, n + k) is explicitly given by

c det(¢y, (1))

Hr(2) =
Hi<j()‘i2_)‘§) w(t)

’

where ¢, (¢) is the spherical function on SU(1, 1 + k); see [Hoogenboom 1982, §4;
Meaney 1986, (13)]. Then

co(t)w(t)

Ammm=E;@:@

det(¢y, (z;)).
Since o (¢) = 2"Ck+D T, (sinh® (#;) sinh(2;)) = o1 x(t1) - - 01 & (t,) and, as a

function of A;, o1«(t;)¢;,(t;) is the Fourier transform of a compactly supported
function on Ry such as

qmmmm=ﬁlwmmwmmm
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(see [Koornwinder 1975, (2.16)]), it follows that

N 15 I
o@de@ ) = [ [ Mo m At A )
o Jo 0
x det(cos(A;s;)) dsy, - - - dsyds;
(see [Meaney 1985, (5.10)]). Let us suppose that n = 2. Then we see that

det(cos(A;s;))

__|cos(Ays1) cos(Ais2)
" |cos(A2s1) cos(Aas?)

cos(A1sy) cos(A1s2)
cos(Aasp)—cos(Ays1) cos(Aasy)—cos(Ais2)

=112

cos(Aqty) cos(A1tr)
X sin(%(k2+kl)s1) sin(%(kz—kl)sl) sin(%(k2+k1)s2) Sin(%(kz—kl)éj) .
5(Aa+A1) 3(A2—A1) 5(a+21) 5(a=Ap)

On the other hand, we note that

L // ze*i()nluﬁL)hZU) du dv
2 lu+v|<t),|lu—v|<t> 2

=1L/ \/Ee—i(;(xlﬂz)s) dsL‘/. \/Ee—i(g(xl—xz)t) dt
22w Jisi<n ¥ 2 V2r Jinsn V 2

_ lsin(%(k2+)u1)t1) Sin(%()uz—)ul)l‘z)
2 30241 7(ha—41)

Hence, if we set

T, lx—=yl<s, x+yl =t
X5t (X, y) = .
0, otherwise,

then we see that

cos(Aysy) cos(Ais2)
Xsl,m ()\1 s )\2) st,sz ()\1 s )\2)

det(cos(ris;)) = (A3 —13)

Therefore, it follows that

A(t)¢x(t)=cw(t)f0 /0 Ar0(s1, 11) Ak, 0(s2, 12)

COS()\.1S1) COS()\.]SQ)

~ - dsy ds;.
Xs1,s1 ()\1 s )LZ) Xs2,50 ()\1 s )“2) 2 !
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Here, regarding Ak o(s1, ¢1) as an even function of 51, we see that
1 153
/ f Ak 0081, 1) Ag,0(52, 12) COS(A1S1) X555, (A1, A2) ds1 ds2
o Jo

T f2 -
=,/ 5}'1 (X1, Ak,0(-5 1)) (A1) / Ak ,0(52, 12) Xs53,50 (A1, A2) ds2
0

%)
= (\/gf Ar,0(8, 2) (Xt Ak,0(-, 1)) ®1 X, ds)~(?»1,)»2),
0

where F] and ®; denote respectively the Fourier transform and the convolution with
respect to the first variable. Hence the above function is the Fourier transform of

T 1% o0
\ —/ Ago(s, 1) (/ (X1, Ak,0) (U, 1) Xs,5 (X1 — 1, X2) du) ds.
2 0 —00

Since |x; —u+xp| < s and |x; —u—x;| <syieldthat x| +x; —s <u <x;—x2+s
and x, < s, this integral is equal to

T 153 X1—x2+s
2D H(xi,x,01,0) =,/ = / A o(s, fz)(/ (X1, Ak,0) (U, tl)du)ds.
2 X2 X1+x2—s

Finally, we can deduce that

(22) AOG () =co@®)(H(-, -, t1, ) —H(-, -, 1, 1)) (M1, A2)
and thus,

(23) A(x,t) =co(tr, ) (H(x1, x2, 11, 1) — H(x1, x2, 1, 11)).

It is quite clear that, as a function of (x, x»), this function is supported on
[—(t1 + 1), 1 + 1] X [—(t1 + 1), 1 + 12]. Since Ak (s, t) on [F\R%r satisfies

|Ar.o(s, )] < ce'/? sinh(cosht — coshs) =12 ~ (th )k =12 [oy 1 (1)
(see [Koornwinder 1975, (2.19)]), it follows from (21) and (23) that
|A(x, B)] < china(th )2 (th )2V A@).
Hence we see from (5) that
||Ff'||Lw(Ri) = C”f“Ll(x,m\/Z(x))-
Therefore, (20) might be not true.
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MABUCHI METRICS AND PROPERNESS
OF THE MODIFIED DING FUNCTIONAL

YAN L1 AND BIN ZHOU

In this paper, we study Mabuchi metrics on Fano manifolds. We prove that
Mabuchi metrics exist if and only if the modified Ding functional is proper
modulo the automorphism group. As an application, we establish a crite-
rion for the existence of Mabuchi metrics on Fano group compactifications.

1. Introduction

The existence of canonical metrics has been a fundamental and longstanding problem
in Kihler geometry. On Fano manifolds, Kéhler—Einstein metrics have been studied
extensively. The most remarkable progress is the resolution of Yau-Tian—Donaldson
conjecture which relates the existence of Kédhler—Einstein metrics to the K-stability
of the Fano manifold [Tian 2015; Chen et al. 2015a; 2015b; 2015c¢]. It has been
known early in the 1980s that the existence of Kdhler—Einstein metrics fails when
the Fano manifold has nonvanishing Futaki invariant. In this case, other canonical
metrics, such as extremal metrics and Kéhler—Ricci solitons have attracted much
attention.

Mabuchi [2001a; 2001b; 2002; 2003] studied a generalized Kihler—Einstein
metric, which is neither an extremal metric nor a Kdhler—Ricci soliton. Following
[Yao 2017], we call this metric the Mabuchi metric for simplicity. Let M be a
compact Fano manifold of complex dimension n. Let

w=~—1g;dz' ndZ/ € 2mc) (M)
be a Kidhler metric and 4, be its Ricci potential. w is a Mabuchi metric if
R VA
1-1 X, i=—A—1g" ——
- ¢ 8 %7 oz

is holomorphic [Mabuchi 2001a]. The uniqueness of Mabuchi metrics has been
proved in [Mabuchi 2003]. Recently, Donaldson [2017] introduced a new GIT
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(geometric invariant theory) picture, in which the corresponding moment map is
given by the Ricci potential. Then Yao [2017] observed that in this picture X, is
holomorphic if and only if w is a critical point of the norm square of the moment
map, given by the following energy

(1-2) ¢P () :/ (" — 1)?".
M

This brings new interest in the study of Mabuchi metrics. On toric Fano manifolds,
the notion of relative Ding stability has been introduced by Yao [2017]. He has also
established the existence of Mabuchi metrics when the toric Fano manifold is rela-
tively Ding stable. The purpose of this paper is to discuss the existence of Mabuchi
metrics on general Fano manifolds through properness of energy functionals.
According to [Mabuchi 2001a], if w is a Mabuchi metric, then (1-1) coincides
with the extremal vector field [Futaki and Mabuchi 1995]. To state the main results,
we first recall notions on the extremal vector field. Denote by Auty(M) the identity
component of its holomorphic transformation group. Its Lie algebra n(M) consists
of all holomorphic vector fields on M. Auty(M) admits a semidirect decomposition

Auty(M) = Aut, (M) x R,,

where Aut, (M) C Auty(M) is a reductive group and R, is the unipotent radical of
Autg(M). Denote by 7, (M) the reductive part of n(M). For any v € n(M), let K,
be the one parameter group generated by the image part Im(v). For a Kihler metric
wo € 2 c1 (M), by Hodge theorem, there is a unique normalized potential given by

(1-3) oo =V To6, o). [ (e =0,
M
Then 6, (w) is real valued if and only if w is K,-invariant. For any

¢ € Hy(wo) :={p € C°(M) | wg := wy+~/—103¢ > 0, ¢ is K,-invariant},

the normalized potential 8, (wg) = 6,(wo) + v(¢). Denoted by Fut(v) the Futaki
invariant of v € n(M). The extremal vector field X is the holomorphic vector field
uniquely determined by [Futaki and Mabuchi 1995]

(1-4) Futyx (v) := Fut(v) +/ Oy (w0)Ox (wo)wy =0, forall v e n(M).
M
Moreover, X € n.(M), the center of (M) and Kx lies in a compact Lie group.

From now on, we assume that wq is K x-invariant unless otherwise claimed. As
pointed by Mabuchi [2003], both miny; Ox (wg) and max s Ox (wg) are independent
of the choice of wy € 2w ci(M). For convenience, we write

cx :=min{l —Ox(wy)}, Cx :=max{l —0x(wy)}.
M M



MABUCHI METRICS AND PROPERNESS OF THE MODIFIED DING FUNCTIONAL 661

By [Mabuchi 2001a], Mabuchi metrics exist only if cx > 0, and wy € 2mwc1 (M) is
a Mabuchi metric if

(1-5) Ric(wp) — wp = ~/—109 log(1 — Ox (w)).

Tian [1997] introduced the notion of properness of energy functionals as an
analytic characterization of existence of Kdhler-Einstein metrics. When the auto-
morphism group of M is not discrete, a notion of properness modulo a subgroup
of Autg(M) was reformulated [Cao et al. 2005; Darvas and Rubinstein 2017; Tian
1996; Zhou and Zhu 2008]. In particular, Darvas and Rubinstein [2017] established
a properness principle and solved Tian’s properness conjecture. It is natural to ask
the analogous problem for Mabuchi metrics. By [Mabuchi 2001b], the Mabuchi
metric is a critical point of the following modified Ding functional

1
(1-6) 9x(@) =1 /0 fM ¢3.v(1—9x(a)¢x))wgs/\ds—log(% fM eho_d’a)g),

where V = fM g, {Ps}sefo,17 is any smooth path in #x (wp) joining 0 and ¢, and
hg is the Ricci potential of wp, normalized by

/ehoa)gz/ w;.
M M

In view of [Cao et al. 2005; Darvas and Rubinstein 2017; Tian 1997; 1996; Zhou
and Zhu 2008], we have the following definition of properness.

Definition 1.1. Suppose H€ is a reductive subgroup (which is the complexification
of a compact Lie group H) of Autyg(M) which contains K x. The modified Ding
functional @ (-) is said to be proper modulo H € if there exists an increasing function
f(t) = —c for t € R and some constant ¢ > 0 such that lim,_, ; o, f(#) = +00 and

Dx(¢) = inf f(Ix(do) — Ix(s)),
oeH¢
where ¢, is defined by o *(wg) = wo + +/ —185(]50. Ix and Jx are modified Aubin
functionals (see Section 2B).
Our first main result is the following properness theorem.

Theorem 1.2. Suppose cx > 0 and Auté‘ (M) is the centralizer of K5, in Auty(M).
Then M admits Mabuchi metrics if and only exists C, C' > 0, such that

Dx()=C inf Jx(¢o)—C', forall ¢ €¥x(wy).
oeAutl (M)
Remark 1.3. One can show that the existence of Mabuchi metric implies the
properness of @ (-) modulo the automorphism group of M following the argu-
ments for Kihler—Ricci solitons [Cao et al. 2005]. However, the theorem gives an
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optimal properness can be obtained by using the properness principle of Darvas
and Rubinstein [2017].

Remark 1.4. Suppose wy is a Mabuchi metric on M. We can define

00 X
(1-7) ALX={ueC (M)!Awou—%u:—u}.
Then by the similar argument as in [Wang et al. 2016, Lemma 3.2], one can show
that the properness modulo Autg (M) is equivalent to the properness for Kéhler
potentials that are perpendicular to A x with respect to the weighted inner product

(@, ¥) = /M ¥ (1 — Ox (wo))wy.

The properness condition can be verified for some special Fano manifolds.
A characterization for the properness of the modified Ding functional on toric
Fano manifolds has been given by [Nakamura 2017]. We consider more general
Fano group compactifications by using the ideas of [Li et al. 2018], in which the
modified K-energy is discussed. Let G be a connected, complex reductive group
of dimension n, we call M a (biequivariant) compactification of G if it admits a
holomorphic G x G action on M with an open and dense orbit isomorphic to G
as a G x G-homogeneous space [Alexeev and Katzarkov 2005; Delcroix 2017a].
(M, L) is called a polarized compactification of G if L is a G xG-linearized
ample line bundle on M. In particular, when L = — K, we call M a Fano group
compactification. We establish the criterion for the existence of Mabuchi metrics
on Fano group compactifications.

Theorem 1.5. Let (M, —Kys) be a Fano compactification of G and P be the
associated polytope. Then M admits Mabuchi metrics if and only if cx > 0 and
(1-8) bx —4p € E,
where

by =

<|=

/ y[I=0x(»)]m(y)dy,
2P,

r) =[] (@ szzp 7 (y)dy,

aed

E is the relative interior of the cone generated by positive roots @, p= % D co,
and 0x (y) is the normalized potential of X viewed as a function on 2 P,., which will
be described in Lemma 4.2 below. For notation on group compactifications, see
Section 2C.

The paper is organized as follows: In Section 2, we first review some preliminaries
on energy functionals and the definition of properness modulo an automorphism
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group. Then we recall basic properties of polarized compactifications. Theorem 1.2
will be proved in Section 3. In Section 4, we obtain Theorem 1.5. The sufficient part
will be proved by the verification of properness of the modified Ding functional.

2. Preliminaries

In this section, we first review the notions of energy functionals associated to
Mabuchi metrics. Then we recall the basic knowledge for group compactifications
for later use.

2A. Reduction to the complex Monge—Ampére equations. It is clear that (1-5) is
equivalent to the following equation

(2-1) oy (1= Ox () = wfje™ .

We consider the following continuity path

(2-2) ol (1= Ox (wy,)) = e’ ™%, 1€[0,1].

Let 7 := {t € [0, 1] | (2-2) has a solution for ¢}. Then J is open by the implicit
function theorem. For the starting point t = 0, we have

Theorem 2.1. When cx > 0, (2-2) has a solution at t = 0.

Since we did not find a reference for this result, we give a proof of it for
completeness in the Appendix. Hence, O € J and there exists an €y > 0 such that
(2-2) has a solution for ¢ € [0, €g]. For the closedness of 7, it suffices to establish
the C%-estimate of (2-2). The following lemmas will be used later.

Lemma 2.2. Let ¢, be a solution of (2-2) at t. Then the first eigenvalue of —L, for

X

(2-3) Lt = Aw@ — m

+t

is nonnegative for t € [0, 1] and equals 0 only if t = 1. Consequently, we have the
following weighted Poincaré inequality:

(2-4) / 0y 5, (1—6x(wp,) o},
M

2
> z[/ Y21 = Ox (@4, — %(/ va —9X<w¢,>>wg,> ]
M M

for any K x-invariant € C?.

Remark 2.3. We remark that L, is self-dual on the space of real-valued Kx-
invariant functions, equipped with the weighted inner product (see [Mabuchi 2003,
Lemma 2.1])

(f, &)= /M FLi(8)(1 = Ox (wg,)wp, -



664 YAN LI AND BIN ZHOU

Proof of Lemma 2.2. Without loss of generality, we may choose a local coframe
{©'}1_, such that wg, = v/—1)"_, ©' A ®'. Suppose L,y = —Ay. Then

(2-5) )»fMl//,ﬂlf,;-(l—Gx(w@))wg,

X . )
=—\/1‘4|:(Aw¢, _m_{—t)'lﬁ]’lw (I_OX(C’)@))‘U(/),
M M w

+/ X ()0x (wg,).i
m [1=0x(wp)T?
here and below, we denote ¢ ; for covariant derivatives with respect to wy,, similar

conventions are used for covariant derivatives of other tensors.
By the Ricci identity and integration by parts, we have

V(1= Ox (wg, )y — 1 /M V¥ (1 = Ox(wy,) g,

—/ V¥ (1—Ox(wg,))wy,
M
=- /M ¥ (1= Ox (), + /M ¥ 797 Ric;5(1 — Ox (w5,
:/ w,ij@[/,{j(l _QX(C%,))C‘)Z, —/ Xilﬁ,ijlﬁja)gl
M M
+f v,y ;i Ric;;(1 — Ox (wg,))wy, .
M
Substituting this into (2-5) and using (2-2), it follows that
) / Vv (1 — Ox ()l
M
= / V.ij ¥ i7(1 = Ox () g, + (1 — t)/ v i,8i7(0)(1 — Ox (wy, )y, ,
M M
where wg = v/—1g;7(0)0" A 6/, O
2B. Energy functionals. Recall that the Aubin’s functionals are given by
1 .
1) = / bt —al). ()= / / d(wh — ofl,) Ads,
M 0JMm

where {¢;}sc[0,1] s any smooth path in #x (wp) joining 0 and ¢. It is known [Tian
2012] that

(2-6) OE%J(¢)§1(¢)—1(¢)§M(¢)-
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To deal with Mabuchi metrics, the following modified functionals were introduced
in [Mabuchi 2003]:

In(¢) = /M B1(1 — bx (w0 — (1 — bx (wp) ],

1
Jx(d>)=/0/M¢'>s[(1—6’x(wo))w8—(1—9X(w¢s))w$s]/\ds.

By [Mabuchi 2003, Remark A.1.9], when cx > 0,

(2-7) 0<1Ix(¢) =(n+2)(Ux(¢) — Ix(¢)) < (n+ 1)Ix(¢).
Lemma 2.4. There are positive constants cy, ¢y > 0 such that
(2-8) cl(¢) < Ix(p) — Jx(P) <2l ().

Proof. Take a path ¢; = s¢. Then

Lt~ Ix@=-s [ o (A% )¢ (1= (@) ),

M o 1-— HX(des)
=S/M|3¢|i¢s<1—Qx(%))w«'ix’
Note that p
— 2 n
G0 = 1@l =s [ 10F, o]

When cx > 0, it follows that

0< cX%U(qbs) — T < j—s[lx(ﬁbs) —Ix(@)] < cx%[uw — ().
Thus the lemma follows from (2-6). O

For convenience, we write the modified Ding functional (1-6) as D x(¢) =
N(¢) + D% (¢), where

(2-9) N (@) =—1og($ fM ehO“”wS),

1
1 .
(2-10) QD?((qb) = _V/ / s (1 —Ox(wy,)) a)gs Ads.
0JMm

It is known that N'(-) is convex with respect to geodesics [Berndtsson 2015]. In the
later proof of Theorem 1.2, we need the convexity of Dx(-).
Lemma 2.5. The functional QD?((-) satisfies:

(1) When cx > 0, QD())((-) is monotonic, that is for any ¢g < @1, QD?( (o) = QD())( (¢1).

2) Qb())((-) is affine along any C-'-geodesic connecting two smooth potentials in
Hx (wo).
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Proof. To see (1), by definition we have

1
DY) =3 @) — ~ | | b1 = Ox(wg)) s, Ads,
vV 0JM

where ¢, is any smooth path in #x(wg) joining ¢g and ¢;. Take in particular
¢s = s(¢p1 — ¢p) + ¢o and note that cx > 0; we have

1
W (1) = B 0) — /0 /M (1 — o) (1 — Ox (wg,)) f}, Ads < T (o).

Next we prove (2). Let {¢;} be the Cl’l—geodesic connecting ¢y, ¢1 € Hx (wp).
By [Chen 2000], {¢;} can be approximated by a family of smooth e-geodesic
{¢; |t € Q}in #Hx(wp) connecting ¢>0 and ¢, satisfying

92 d -
(2-11) ¢ — i} (wo + /' —100¢;)" = € - g,
0707 AT/ lwy,
on M x , where  :=[0, 1] x S' ¢ C and r = Re(7). For each €, we have

0 1 0 "
5@%(¢;)=—7/M 3297 (1= Ox (@) g

It follows that

(2-12) i D% (F) = 1/ 82qb’e(l Ox (wye))
12 Grar x @) =y | arer T Ox(@sn) oy
8¢f 89)((60@ n
v = Wy

_ 0 €

- —1 ¢f Ox (wye)) na) d)’ )

M 0T

Recall that Oy (a)¢;) = Ox(wo) + X (¢; ). One gets

3¢f 90x(@pr) 3¢t a¢, n
1% PERC AT o

On the other hand, by integration by parts, we have

SEyL 20

:EU - 9T 9t

0 0 !
:__f‘ < ¢’) (1—0x(w¢,e))w$; _/ a?x((fj?) g’

Plugging these into (2-12), by (2-11), we have
82
ot

Ox (wgp)) nalye !

) naly ' no—+ ¢’ —/ il 30 (wgg) nelye d’f}
M T

DY (@) = —€ <
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Thus QD(;((-) is concave along ¢;. Let € — 0. Then «/—185,@9{(@ ) converges
weakly to +/ —188,@?((@) as Monge—Ampere measures. It follows that

V=100, %% (¢) = 0;
thus QD?((QS,) is affine as desired. ]

Remark 2.6. Indeed, one can improve Lemma 2.5(2) to any bounded geodesic in fi-
nite energy spaces %}(X(M ). See [Berman and Witt Nystrom 2014, Proposition 2.17],
where we take g(t) = 1 — ¢ in their settings.

2C. Group compactifications. As an application of Theorem 1.2, we will study
the existence of Mabuchi metrics on group compactifications by testing properness
of the modified Ding functional. The existence of Kihler—FEinstein metrics on these
manifolds has been solved by [Delcroix 2017a] by using the continuity method,
while the properness of K-energy was studied in [Li et al. 2018]. We will prove
Theorem 1.5 by ideas therein later. In this subsection, we recall some facts of group
compactifications from [Delcroix 2017a; Li et al. 2018].

2C1. Notation on Lie groups. Choose a maximal compact subgroup K of G such
that G is its complexification. Let 7" be a chosen maximal torus of K and T° its
complexification. Then 7°¢ is the maximal algebraic torus of G. Denote their Lie
algebras by the corresponding Fraktur lower case letters. Assume that @ is the root
system of (G, T¢) and W is the Weyl group. Choose a set of positive roots ®.
Set p = % Yo co, @ and let & be the relative interior of the cone generated by ®...
Let J be the complex structure of G. Then

g=tpJt
Set a = Jt, it can be decomposed as a toric part and a semisimple part:
a=a; P ays,

where a; := 3(g) Na and ag ;= aN[g, g]. We extend the Killing form on ay to a
scalar product (-, -) on a such that a, is orthogonal to a,,. The positive roots &
define a positive Weyl chamber ay C a, and a positive Weyl chamber a* on a*,
where

at ={yla@y) = (ay) >0, Ya e D},

it coincides with the dual of a; under (-,-). For later use, we fix a Lebesgue
measure dy on a* which is normalized by the lattice of the characters of T°.

2C2. K x K-invariant Kdhler metrics. Let Z be the closure of T¢ in M. It is
known that (Z, L|z) is a polarized toric manifold with a W-action, and L|z is a W-
linearized ample toric line bundle on Z [Alexeev and Brion 2004a; 2004b; Alexeev
and Katzarkov 2005; Delcroix 2017a]. Let wy € 2mc(L) be a K x K-invariant
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Kéhler form induced from (M, L) and P be the polytope associated to (Z, L|z),
which is defined by the moment map associated to wy. Then P is a W-invariant
Delzant polytope in a*. By the K x K-invariance, for any

¢ € Hgxig(wy) := {¢ e C®(M) | wy >0, ¢is KxK—invariant},

the restriction of wy on Z is a toric Kihler metric. It induces a smooth strictly
convex function ¥4 on a, which is W-invariant [Azad and Loeb 1992; Delcroix
2017a].

By the KA K-decomposition [Knapp 1996, Theorem 7.39], for any g € G, there
are k1, kp € K and x € a such that g =k exp(x)k,. Here x is uniquely determined up
to a W-action. This means that x is unique in ay. Thus there is a bijection between
smooth K x K-invariant functions W on G and smooth W-invariant functions on a
which is given by

Y(exp(:) =y ():a—>R.

Clearly when a W-invariant v is given, W is well-defined. In the following, we will
not distinguish ¢ and W. The following K A K-integral formula can be found in
[Knapp 1986, Proposition 5.28] (see also [Hu and Yan 2005]).

Proposition 2.7. Let dVg be a Haar measure on G and dx the Lebesgue measure
on a. Then there exists a constant Cy > 0 such that for any K x K-invariant,
dV¢-integrable function ¥ on G,

fG\p(g)dvG:cH/ ¥ () J(x) dx,

where J(x) = ]—[ae¢+ sinh? a(x).

Without loss of generality, we can normalize Cy = 1 for simplicity.
Next we recall local holomorphic coordinates on G used in [Delcroix 2017a].
By the standard Cartan decomposition, we can decompose g as

g=(t®a0) & (Dyco Vo),

where V, = {X e g|adyg(X) =a(H)X, VH € t® a}, the root space of complex
dimension 1 with respect to «. By [Helgason 1978], one can choose X, € V,, such
that X _, = —1(X,) and [ Xy, X_,] =", where ¢ is the Cartan involution and " is
the dual of o by the Killing form. Let £, := X, — X_y and E_, :=J(Xo + X_4).
Denote by &,, £_, the real line spanned by E,, E_,, respectively. Then we have
the Cartan decomposition of €:

=10 (Do, (ta ®E0)).

Denote by r the dimension of 7', and choose a real basis {EO, R E?} of t. Then
(EY, ..., E?} together with {Ey, E_4}oco, forms areal basis of £, which is indexed
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by {E1, ..., E,}, which can also be regarded as a complex basis of g. For any

.....

(Zég)) i eXP(ZEg)Ei)g-

It is easy to see that Qilg = dzig)lg, where 9’: is the _dual of E;, which is a right-
invariant holomorphic 1-form. Thus A;_, (dz’( A dZ’( g)) |¢ is also a right-invariant
(n, n)-form, which defines a Haar measure dV;.

The derivations of the K x K-invariant function 1 in the above local coordinates
was computed by Delcroix [2017a, Theorem 1.2] as follows.

Lemma 2.8. Let iy be a K x K invariant function on G. Then for any x € a,

EX(W)lexpery =dV(AmM(ED) |y, 1<i<r,  Exq(¥)lexpr) =0

Lemma 2.9. Let  be a K x K-invariant function on G. Then for any x € a,., the
complex Hessian matrix of \ in the above coordinates is diagonal by blocks, and

equal to
%HessR(w)(x) 0 0
0 My, (x) 0
(2-13)  Hessc(¥)(exp(x)) = 0 o . : :
: L0
0 0 Moy ) (X)
where & ={a), ..., Au—r)/2)} is the set of positive roots and

th o —1

By (2-13) in Lemma 2.9, we see that a ¥ induced by some wy is convex on a. The
complex Monge—Ampere measure is given by 0" = (+/—1 851%)” =MAc(¥y) dVg,
where

C14)  MACWEP) = 3 MAa(le) () i [ e Vi),

aed

2C3. Legendre functions. By the convexity of ¥4 on a, the gradient V4 defines
a diffeomorphism from a to the interior of the dilated polytope 2P.! Let P :=
P Na’. Then by the W-invariance of ¥4 and P, the restriction of Vi on a, is a
diffeomorphism from a to the interior of 2 P;. Let ug be the standard Guillemin
function on 2P [Guillemin 1994]. Set

@w = {u | u is strictly convex, u —ug € C®(2P) and u is W-invariant}.
y

We remark that the moment map is given by %V‘gﬁ(ﬁ, whose image is P.
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It is known that for any K x K-invariant @ = +/ —1851// € 2mci (L), its Legendre
function u is given by

, Y

(2-15) u(y(x)) =x'y;(x) — ¢ (x), Vi) =) ==
l

and is a function in €y (see [Abreu 1998]). By a similar argument to that in [Guan

1999] for toric manifolds, we have:

Lemma 2.10. For any ¢o, ¢1 € Hx«x(wo), there exists a geodesic {¢;}ieci0,1] in
Hk xk (wo) joining them, and the Legendre function of Yy is given by

Up, = (11— t)u¢0 +tug,.

3. Proof of the properness theorem

We always assume cy > 0 in this section.

3A. We first prove the properness modulo an arbitrary reductive subgroup H“of

Autg(M) which contains Ky implies the existence of Mabuchi metrics. It will be

proved by steps as for Kihler—Ricci solitons [Cao et al. 2005; Tian and Zhu 2000].
First, we have:

Lemma 3.1. Let ¢, be a solution of (2-2) at t. If Ix(¢;) is uniformly bounded, then
there is a uniform constant C such that

l¢p:| < C, forall te[0,]1].

Proof. This estimate was essentially obtained in [Mabuchi 2003]. Here we will
give a different proof following the arguments of [Tian and Zhu 2000]. In view
of Kotodziej’s L>°-estimate [1998] for the complex Monge—Ampere equation, it
suffices to obtain the L”-estimate of e /% for some p > 1.

By the assumption, 0 < Ix(¢,) < C; for some uniform C;. By (2-2), we have

/ eh()—t¢tw8 :f (1 — QX((’U¢[)) w(};t :f thwg’
M M M

inf ¢, <0 < sup¢,.
M M

thus

While by (2-2),

ho tg;
—t = Wl > —Cot Pt > —C;.
/ Prs, = / ) S /{¢,Zo} fre T =6
Thus

(3-1) t/ ¢ wf) < Cy.
M
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Let I'(-,-) be the Green function of wg. Then by A, ¢; > —n, ' + Cr > 0 for
some Cr > 0. By (3-1) and Green’s formula, we have

(32)  tsupgy < %/ &, wg—%min(/ (C(x, )+ Cr) Ay by wS) < Cs.
M M M M

By the boundedness of Ix(¢;), we have

1 1
(3-3) ——/«»w"scl——fqbw"sce.
V " t ¢t V " t 0
Moreover,
(3-4) —[/ ¢l‘ a)gt = —t/ ¢[ a)g)t + tf ¢l‘ a)gt
{¢: <0} M {¢: >0}
eho—f¢t i
5tVC6+t/ ¢ ——— o < C.
=00 1—0x(w4)

By (3-2), there is a uniform C > 0 such that ¢3, =¢, —C/t <—1. By (3-4), it
follows that

—t/ ¢ (1 —Ox(wy,)) wy, < —t/ ¢ (1 = 0x(wg,)) wy < CxC7,
M {¢: <0}
and consequently,
(3-5) —t / ¢ (1 — Ox (wy,)) W}, < Cs.
M

On the other hand,

f ‘é<—<;3t>”?l
M

n ”(p 1)2/ NP (R n—1
wy = —l —@ Wy — @ A\ W
b, M( l) ( b, [0 0)

n(p+1)7? S
= T/M(—dh)p Wg, -

Recall that 0 < cx < 1 —60x(wy,) < Cx. Combining the above inequality with (2-4),

2
Wy

f (=" (1 = Ox (wg,) 0},
M
<& / (—d)" (1 — Ox (w,)) &} +i( f (=) PTI2(1 — Ox (wy ))w">2
- t M t ¢I V M 1 ¢t
C o
<=L / (=$0)P (1 —Ox ()
I Jm

- ( /M (=07 (1 = Ox (@5) w:;,) ( fM (=$)(1 = Ox (@) w;’s,)

C’ N
i / (=P (1 Ox (@)
I Ju

=<
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where we used (3-5) in the last line. By iteration and using (3-5), we have

. . CP(p+1)! A \
/ (=) (1 = Ox () oy < —L T f (=h (1 —bx (w4,)) o,
M tP M
p+1
- c’H(p+1)!
- t[J-H
Thus for 0 <€ < 1/c,

—ted n ~ (l‘E)p 2 n
/Me f(l—ex<w¢,>>w¢,=27/M<—¢t>f’<1—ex<w¢,)>w¢,<

pard T 1l—ce
It follows that
/ eI (IFr gy :/ eI IFOP o =ho=190 (1 _ 9y (wy,)) wf,
M M
< c9/M 7P (1 — Oy () @)}, < C.
Then the lemma then follows from Kotodziej’s result. (]

Lemma 3.2 [Li 2007]. Fix €y € (0, 1). Then the modified Ding functional % x (¢,)
is uniformly bounded from above for t > €.

The proof follows from the above and the next lemmas.

Lemma 3.3. For any solution ¢; of (2-2) witht < 1,
JQ}?C{IX((@)“) —JIx((P1)o)} = Ix (&) — Ix ().

Proof. We will use the argument of Tian [2012] to prove this lemma. For any
Y € b, let o (s) be the one parameter group generated by Re(Y) with o (0) = id.
For a solution ¢; of (2-2), set ¢;s = (¢;)s(s). Note that (2-2) is equivalent to

hi 4 (1 = 1)y = log(1 — Ox (wy,)) +c1,

where A, is the normalized Ricci potential of wy, and ¢, is a constant depending
on ¢. Thus

(3-6) (Ix = Jx)(Prs)

|

as 1s=0
9 ik n

= [ | #iduig (0 —bx @) ),

Mas

1 . 0 ;
B viln, + x (@g,) i
1—1¢ M ’ 1—9)((0)@)

1 1 .
e p—— Y(h,)a)g +— / Y(ht)QX(a)@) a)g —/ Ylex(a)@),i a)g .
1—1t¢ M ol —t M d M g

:|(1 — Ox(wy,)) @y,
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Recall that Oy (wy,) satisfies

Ay, Or (@g,) + Y (hy) + 0y (wg,) = const.,

thus

/ Y (h)0x (g,) of), = — / Ox (05,)0y (w5 ) — f Ox (04,) Dy, Oy (05,) .
M M M

Substituting this into (3-6) and by integration by parts, yields

0 1 1
(3-7) a‘s:o(’)“’x)(%):‘ﬁ /M Y (ho) o —— /M Ox (w4,)0y (04,) @l
=0.

The last equality follows from (1-4). This shows that s = 0 is a critical point of
(Ix — Ix)(Prs)-

To prove the lemma, it suffices to show that (/x — Jx) (¢, s) is convex with respect
to s. It is direct to check that

9?2 v
(3-8) brs = ‘8(—8 ¢ts>
S

352

2

Wy

Thus ¢, ; gives a geodesic in the space of Kéhler potentials. In the following, we
denote ¢, = ¢, for fixed ¢ for simplicity and wg,, = v/ — lgi]v(s)dziA dz’. Then

d

3-9) 5By, b =—8"8" b iy i+ Doy B

Note that
d ; n / n
(3-10) - (Ix = Jx) () = - f Beyy, $(1 —Ox (w3)) )+ / B X () ..
§ M ‘ M
We want to differentiate the above equality. For the first term, we have by (3-9)
D[ 60,00~ 305 )
ds M ST wgg TS X\ Loy Os
= / b5 D, &5 (1 — Ox (wp,)) W) — / X' i, Gss @,
M M
+ / Bs Dy, B, B (1 = Ox () ) + / b5 D,y s (1 — Ox (wp,)) )
M M

— fM s By 17055788 (1 — O (4,)) ..
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Substituting (3-8) into the first term and by integration by parts, it follows that
d .
G-11) /M Beyy, $e(1 = Ox ()
=— / Bsbs.i (Do, ) 18" (1 = Ox (wp,)) 0,
M

- / b 1, 1384 (1 — O (w5.)) ),
M

+ f b5 Dy, b5 (1 — Ox (wp,)) 0},
M
= /M G510y i by178" 8" (1= Ox (wp,)) Wl — fM ¢ X'y 19, ;78" @,
+ / b5 D,y s (1 — Ox (wp,)) ),
. .
= [ Guadc(6.45 - e (1 0@ of,
M
_f d.)inqu,l¢syifglj wgr+/ Xiés,iﬁbsngs
M M

where g; Pi=g; Jv(s). The second term in (3-10) gives

d . ; .o . . . -
%/ Gs X' s.i Wy, :/ s X' ¢s.i C‘)¢S+/ Gs X' ¢s.i CUZ)_('F/ ¢le¢s,iAw¢s bs We,-
M M M M

Substituting (3-8) into the above equality and by integration by parts again, we
have

d . , .. . 7 . .
(3’12) _/ ¢SXl¢s,iwn = _/ ¢s¢x,l(Xl¢s,i) i8 ! wy +f ¢SX1¢S,1' wy .
ds M &s M 5] &5 1, &5

Combining (3-10)—(3-12), we get

d? .o o
W(IX - JX)(¢S) = / ¢s,1€¢s,1gif(0)glkg”(1 — 9)((60%)) a)gs > 0. O
M

3B. The converse part of Theorem 1.2 can be proved by using the properness
principle of [Darvas and Rubinstein 2017]. Since the pluripotential theory for
Mabuchi will be used, we first recall some results in [Berman and Witt Nystrom
2014].

Let T be the (closed) torus generated by the imaginary part of X. Let PSHy (wp)
be the set of T-invariant wg-plurisubharmonic functions. According to [Berman and
Witt Nystrom 2014], for any continuous nonnegative function g and ¢ € PSHr (wy),
one can define a g-Monge—Ampere measure MA,(¢) and the measure has weak
continuity. When ¢ is smooth, MA, (¢) = MA(¢)g(my), where m is the moment
map of the torus action with respect to wy. In particular, when g(r) = ¢', it
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corresponds to the case of Kidhler—Ricci solitons; when g(¢#) = 1 — ¢, it corresponds
to the case of Mabuchi metrics. Based on the pluripotential theory of g-Monge—
Ampere measure, the existence and uniqueness theory for Kéhler—Ricci solitons is
obtained by a variational approach. The approach also applies to Mabuchi metrics.
Write wg = /—1 851&0 locally. Following [Berman and Witt Nystrom 2014], we
call ¢ € PSHy (wg) a weak Mabuchi metric if

(3-13) MA, (¢) = e~ V0t

Let %]T(M ) be the set of T-invariant metrics with finite energy [Berman et al.
2013]. Then by the same argument as in [Berman and Witt Nystrom 2014] with
the modified Ding energy @ x(-) in this paper, we have

Proposition 3.4. ¢ € %IT(M ) is a weak Mabuchi metric if and only if it minimizes
the modified Ding functional Dx (-).

Proof of the converse part of Theorem 1.2. We take R = Hx(wp), d = d; as in
[Darvas and Rubinstein 2017, Definition 4.2], F = %x(-) and G = Aut()f (M) in
the setting of [Darvas and Rubinstein 2017, §3].

Suppose wg is the Mabuchi metric and Isog(M, wp) is the identity component
of the corresponding isometry group. By a Calabi—-Matsushima type theorem of
Mabuchi [2002], we have

(3-14) autX (M) = iso(M, wy) ® Jiso(M, wp),

where autX (M) and iso(M, wg) are Lie algebras of Aut(’)( (M) and Isog(M, wyp),
respectively. We will check that Dx(-), AutX (M) satisfy (P1)—(P7) in the Hypoth-
esis 3.2 of [Darvas and Rubinstein 2017], which are enough for the “existence =
properness” direction:

(P1) This is confirmed by [Berndtsson 2015, Theorem 1.1] and Lemma 2.5(2).

(P2) This can be shown by using Lemma 2.5(1) and Lemmas 5.15, 5.20, 5.29 of
[Darvas and Rubinstein 2017], where we replace AMx(-) and FX(-) in [Darvas
and Rubinstein 2017] by —9259((-) and 9 (-), respectively. The monotonicity of
—21)9(( -) is confirmed by Lemma 2.5(1). The proof then follows exactly those in
[Darvas and Rubinstein 2017].

(P3) This can be proved similarly to [Berman and Witt Nystrém 2014, Theorem 1.3]
by using Proposition 3.4, we will finish it in the proof of (P5).

(P4) This is [Darvas and Rubinstein 2017, Lemma 5.9].

(P5) We mainly use the arguments of [Berman and Witt Nystrom 2014] by tak-
ing g(t) = 1 —t in the g-Monge—Ampere equation there. By Corollary 2.9 and
Theorem 2.18 of [Berman and Witt Nystrom 2014], we see that any weak solution
wy 1s locally bounded and minimizes % x (-). Hence any two weak solution wy,
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and wg, can be connected by a bounded geodesic ¢; C PSHr (wp). By Remark 2.6
and [Berndtsson 2015, Theorem 1.2], @ x(¢,) is affine and there is a family of
{07} C Autg(M) such that wy, = 0,"(wg,). In particular, we can take wg, = wy, the
smooth Mabuchi metric on M. Thus for any ¢, wg, is a smooth Mabuchi metric.
This confirms (P3).

It remains to show that {o;} C Aut(}f (M). Write wy = ~/—1 851&0 locally and
denoted by MA(¢) the Monge—Ampére operator of ¥ + ¢. Since wy, is smooth,
(3-13) reduces to

MA(@) (1 = Ox (w4)) = V077,

which is equivalent to
0, (MA(¢0) (1 — 6, -1 (w4,)) = 0, (e~V~™)
since wg, = 0,"(wg,). Thus
o' X=X
for all ¢+ which proves {o;} C Autg (M). Thus (P5) is proved.

(P6) This can be shown exactly as in [Darvas and Rubinstein 2017, Theorem 8.1],
by using (3-14) instead of [Darvas and Rubinstein 2017, Proposition 6.10];

(P7) This follows from the cocycle condition of Dy (-).

The theorem then follows from the second part of [Darvas and Rubinstein 2017,
Theorem 3.4]. ]
4. Existence criterion on Fano group compactifications

In this section, we will prove Theorem 1.5. Let M be a group compactification and
wo be a K x K-invariant Kéhler metric in 277¢;(M). Assume wy = +/—193vo on G.
For ¢ € ¥k «k (wo), we will write ¥4 in short for ¥y + ¢ and u, the Legendre
function of .

4A. Reduction of the modified Ding functional. We will give a formula of @ x (¢)
in terms of ¢ and uy. First, we compute the Futaki invariant of a vector field in 3(g).

Lemma 4.1. Let Y be a vector field of the form

(4-1) Y =v—IY'E), l1<i<r
for some Y' € C such that a;Y' = 0 for any o € ®. Then
(4-2) Fut(Y)=—-V-Y'b;,

where b= (1/ V)fZP+ yr(y) dy is the barycenter of 2 P with respect to the measure
m(y)dy
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Proof. Since Y € 3(g), it is K x K-invariant, so is its potential. Recall that
(4-3) Fut(Y) = — / Oy (o) @,
M
where Oy (wp) is the potential of Y normalized by
(4-4) / by (wp)e™ ol = 0.
M
By wp =+/— 1990 and Lemma 2.8, it is not hard to see that

A .0
4-5) Oy (wg) = Y’Wwo +C, forall x €ay,
x

where C is a constant determined by (4-4). On the other hand, we have

@ [ e detting) [T fo Voo
0+ ax a€<1>+ i 8 _w
zf Y gwoe OJ()C) dx

-
=_/ Yi— (e " J(x))dx.
a, 0x!

Here we used the fact that

i 0 i _
i) _2J(x)a§ Yia; - coth{a, x) = 0.

Note that when M is Fano, 4p € Int(2P1) (see [Delcroix 2017b, Remark 4.10] or
[Li et al. 2018, §3.2]), by [Delcroix 2017a, Proposition 2.10]. Hence, we have

—2a(x)

e J(x) =% T (1—6

2
5 )—)0, X — o0oin ay.

aed

Also recall the fact that J(x) = 0 on d(ay). By integration by parts in (4-6), we
see that

.0
/ Y’Wwoeh‘) det(yo;) [ (e Vio)2dx =0.

&+ aedy

Thus by Proposition 2.7, we get C =0 in (4-5). Equation (4-2) then follows from
(4-3). ]

Then we use (1-4) to determine the potential of the extremal vector field X.

Lemma 4.2. Under the coordinates chosen in Section 2C, the extremal field X,
when restricted on Z, can be expressed as

(4-7) X=+v-1X'E}, 1<i<r
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for some X' € R such that a(X) = 0, for all @ € ®. Furthermore, the X' are
determined by the condition

(4-8) /2P v'yi(1=0x ()7 (y)dy =0, forall v € (g),

where Ox(y) = X'y; — X'b;.

Proof. Since the Futaki invariant is a character on 7, (M), it suffices to consider
(1-4) for all v € 3(n,(M)) C 3(g). We may assume X is of the form (4-7). Since
Ky lies in a compact group, we have X' € R.

For ¢ € #x x k (wp) and v € (M), 6,(wy) is K x K-invariant, so it can be written
as

9y
0y (wg) = v’a—x? + ¢y,

where v’ and ¢, are constants with via; = 0 for any & € .. By the second equality
of (1-3), the potential is determined by

(4-9) 0,(y) =v'y; —v'b;.

Let r, = dim(3(g)) and suppose EV, ..., E?Z is a basis of 3(g). We claim that the
extremal vector field X is given by X = Y7 /= 1X'E? € 3(g) such that

1

(4-10) bi=7(/ yiyjn(y)dy—Vbibj>X-’, 1<i,j<r,.
2P,

In view of (4-9) and Lemma 4.1, it is direct to check that X given by (4-10)
satisfies (1-4). Hence X must be extremal by the uniqueness. To see that (4-10)
has a unique solution, it suffices to check that the matrix (a;;) given by

1
ajj = — yiyjm(y)dy —b;b;
V)ap,

is invertible. In fact, for any vector v = (v'), consider the convex function f,(y) =
(v'y;)?. By Jensen’s inequality,

vivla;; = %/2 )P (y) dy — [v(®)F =0,
Py

with equality if and only if f,(y) is affine on 2 P,. However, this forces v = 0, thus
(a,-j) > 0. U

Proposition 4.3. For ¢ € # g« x (wo), the modified Ding functional is given by

Dx () =Lx(ug) + F(ug) + const.,
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where uy is the Legendre function of ¥4 and

(4-11) Lx(ug) = %/21) ug(MmT (M —0x () 1dy —ug(4p),
(4-12) F(uy) = —log ( / e J(x) dx> Fup(4p).

Proof. By (1-6), Proposition 2.7 and (2-14), it follows that?

1
@%(q&):—%/o/ bs[1 — Ox (wp,)] det(Wg, i) [ | (et Vg, ) dx A ds + const.,

(4-13) aed
N(p) =— log(%/ eV J(x) dx).
a4
By differentiation with Legendre transformations, we have i, (ys(x)) = —z/}S (x).

Then by (4-13), 9°(¢) equals

1
/ / ug[1 —0x (W) r(y)dy nds = / ugll —6x(y)lmw(y)dy +const. [
0 Jar, 2P,
Remark 4.4. The functionals

Lx(u) = %/ZP u() I —0x(]1dy —u(4p),

F(u) = —log</ eV J(x) dx) +udp),

a4+

where 1 is the Legendre function of u, are well-defined on
Gy = {u e C'2P)NC™®(2P) | u is strictly convex, W-invariant]}.

First, we deal with the case when u € C Oo(2_P) N Sw. In this case, we can choose
the function U; constructed in [Donaldson 2002, Proposition 3.3.11]. Then us =
u+ Us € Gy and us converges uniformly to # on 2P. On the other hand, let v, Y
be the Legendre functions of u, us. It follows s converges uniformly to yr. Hence,
by definition,

(4-14) Px(us) — Lxw) and F(us) — F(u) as 8§ — 07,

Thus £x (1) and F(u) are well-defined.
For an arbitrary u € 6;,, consider u“(y) = u(cy)|,p for ¢ € (0, 1). Then u¢ €
C®(2P)N (G/W Let ¥¢ be the Legendre functions of u¢. As before, as ¢ — 17, we

2Since we have assumed Cpg =1, it follows that V := fM a)g = f2P+ 7 (y) dy by Proposition 2.7.
Similarly f2P+ [1—-0xMIr(y)dy=V.
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have that u¢ and ¢ converge uniformly to u# and i, respectively. Again, we have
(4-15) ExWw®) — Lxw) and F(u) — F(u) asc— 1.

Hence, £x (u) and F(u) are well-defined. Moreover, by (4-14) and (4-15), it follows
that

(4-16) inf @Dy(u)= inf Dyx(u)
MG(@W

ueey,
as proved in [Donaldson 2002, Proposition 3.3.11] for K-energy.

4B. The linear part. In this part, we deal with the linear part £x(-). First, we
introduce the spaces of normalized functions. Let O be the origin of a*. Note that
a; is the fixed point set of the W-action. Thus Vu(O) € a; for any u € €w. We
normalize u € €y by

u(y) =u(y) —(Vu(0), y) —u(0).

Clearly &t € 6y and

4-17) minua = u(0) =0.
2P

The subset of normalized functions in €y will be denoted by Q%W.

Proposition 4.5. Under the assumption cx > 0 and (1-8), there exists a constant
A > 0 such that

(4-18) Lx(u) 2)\/ ur (Y)[1 —0x(y)ldy, forall u E(%W.
2P,

Proof. Suppose the proposition is not true. Then there is a sequence {uy} C Cy
such that

@419 Py —0 and /2 ur I —Ox (] dy = 1.
Py

By cx > 0 and the argument of [Li et al. 2018, Lemma 6.1], the second equality
implies there is a subsequence (still denoted by {u;}) which converges locally
uniformly to some u, € %W.

For any u € 6y, by convexity, we have

(4-20) u— (Vu(byx),y —bx)—u(byx) > 0.
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Thus

(4-21)  Zxw)

=4[ = (Vu®y), y —bx) — w0l )1 — 65 ()1 dy
2P,
o [ (Va0 y =)+ a1 =5 )] dy —athp)
= % p [u— (Vu(bx),y —bx) —u(bx)lr(y)[1 —0x(y)]dy +u(bx)
+ — u(4p)
Z % p [l/t - <Vu(bx), y _bX> - M(bx)]ﬂ'(y)[l — ex(y)] dy
+ +(Vu(4p), bx —4p)
Z Oa

where the last inequality follows from (1-8), (4-20) and the fact that Vu(4p) € a,.
Applying the above inequality to uy, by (4-19), we have

(4-22) 0< /2. [k — (Vur(bx), y —bx) —ux(bx)1w (y)[1 —Ox (y)1dy — 0,
Py
(4-23) 0<(Vur(4p),bx —4p) — 0.

By (4-22), we see that u,, must be affine linear. Since uz(O) = 0, we have
Uso(y) =& i y; for some (¢ he a.4. Since U 1s normalized and O lies in the interior
of 2P, NaY, it holds that § € a,s. Otherwise u« is not nonnegative. Substituting
U into (4-23), we see that (¢, by —4p) =0. But £ e a; and by —4p € E. Hence
£ = 0 and consequently s, (y) = 0.

Since uy(4p) = us(4p) =0, by (4-11) and the second line of (4-19), we have
Ex(ur) — 1 by the second line of (4-19), which is a contradiction. O

Yao [2017] uses (4-18) to define the “uniform relative Ding stability” in the toric
case. In [Yao 2017], it is shown the condition cxy > 0 is a necessary condition
of (4-18). Since those arguments can be generalized to group compactifications
with no difficulties, we omit the details.

Proposition 4.6. Inequality (4-18) can not hold if cx < 0.

4C. Sufficiency. We first show the sufficient part of Theorem 1.5 using Theorem 1.2.
It suffices to prove the following theorem.

Theorem 4.7. If cx > 0 and (1-8) hold, then the modified Ding functional is proper
modulo Z(G). Consequently, M admits Mabuchi metrics, by Theorem 1.2.

First we have the following lemma on the nonlinear part.
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Lemma 4.8. For any ¢ € #g g (wo), let

I}q) = lﬁqj —4,0,-xi, X eay.

Then
- _ 1_672a,-xi 2
_ - _ —(Yp—infa, ¥y)
(4-24) F(ug) = log(/a+e p=infa, ¥ H( > )dx).
aed
Consequently, for any ¢ > 0,
)
4-25 F >%F —— ) —n-log(l .
(4-25) (ug) = (1+C) n-log(l+c)

Proof. Since 4 is convex, so is 1/7¢. Thus if x* € a;. satisfies ViJ4(x*) = 4p, then
Vo (x) = Yo (") = inf P,
By the definition of Legendre transformation, we have
Vip () + g (49) =Yg () + 4x™ pi — s (") =Yg (x) — inf .

Substituting this into (4-12), it follows that

F(uy) = — log</ e-(l//¢+u¢(4p))J(x) dx)
a4

- _ log(/ e—(%—infu+ !Z¢)e—4pixi1(x) dx)

a4+

- - —2a;x*
— —log</ o~ (Wo—infa, V) 1—[ <%)2 dx).
a4

aed
This proves (4-24).
Then we prove (4-25). For u.(y) = ﬁu(y), its Legendre function ¥.(x) =

T ¥ (14 0)x) satisfies Yo (x) = ¥ ((1+¢)x). In particular,

—inf e (x) = — inf .
1£w(x) 1+Cl£w

By the above relations and (4-24), one gets

Fuc)

L g ; 7 —20;x'\2
— _log / o~ Te o (el —infa, ) l_[ (l—e ox ) "
at 2

acd

17 ) > 1_6_1%%"‘”“" 2
— _ log(/ e*m(‘ﬁ(#(X)*lnfa-p ‘/ftb) 1_[ (_) dx> _|_r . log(l + C).
at

2
aed
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Note that #® = (n —r)/2. Combining the above inequality and relations

log(1+¢) >log(1 —e™") —log(1 —e™ /1%y >0, forall t>0,c>0

and _
1 5 . - _ o 20x"\2
F(u) > —log(/ ¢~ Tc Vo) —infa, ¥iy) 1_[ <—1 62 ) dx),

0+ O[G‘:D+

we have (4-25). [l

Proposition 4.9. Suppose cx > 0 and (1-8) holds. Then there are positive constants
c and C such that

(4-26) Dy (1) > c/ ull —0x(y)In(y)dy —C, forall u E%W.
2P,

Proof. Let wg = «/—1851&0 be a fixed smooth background metric with hg its
normalized Ricci potential. Let uy be the Legendre function of . Define a
function A by

_ 4 ho (Vo (1)) _
A(y) = fa+ e—WOJ(x)dxe , y(x)=Viyp(x).

It is clear that

/ eV J(x)dx :/ ehOwS =V.
M

a+
Hence, A is a bounded smooth function.
Let

Dalup) =D (up) +N(@), forall ¢ € Hxxx(wo),
where

DY (u) = % uA(y)m(y)dy.
2P,

It is obvious that ug is a critical point of %4 (-). On the other hand, along any
geodesic, 92)9‘(-) is affine by Lemma 2.10 and N'(-) is convex by [Berndtsson 2015,
Theorem 1.1]. Hence,

Da(ut) > Da(ug), forall uecby.

Furthermore, by a similar argument as in Remark 4.4, we can extend @4(-) to a
functional defined on 6;,. Moreover, analogous to (4-16), we have

(4-27) min D4 (u) = D4 (uo).

!
ueey,

Rewrite DA () =LA () + F(-), where

Latu) =7 /2 AT dy —uldp).



684 YAN LI AND BIN ZHOU
By Proposition 4.5 and the boundedness of A, it is clear that for any § > 0

P 0) = L () = fz (1 =6x() = AGDA() dy

- CA/ ull — x (N1 (y) dy
2P,

- Ca(1+9)

< - §Ex(u)—CA8/ ull—0x(y)]m(y)dy,

2P,

for all u € %W and some constant C4 > 0. Thus

La(u)+Cyd /

ull —0x(y)]m(y) dy},
2P,

Exu)> ———
xl) = /\+CA(1+6)[
for all u € C%W. Hence, taking C = C4(1 +8)/A, we have for any u € %W,
(4-28) Dx(u)

C 46
zseA(H”fC)wm jcf ull — Oy (M1 (y) dy
u CA8
2$A<1+C> (1+C>+1+C ull —0x ()1 (y) dy
—nlog(1+C)
—ag, Cad 1—0 dy —nlog(14+C
=9 (e +1+c/2P+“[ Oy (I (y) dy —nlog(1+C),

where we used (4-25). By using (4-27)

@A(ljc) > G4 (u0).

Thus, combining with (4-28), we have

C4é

9 >
X(M)_1+C

| ull =63 010 dy + (@4000) =~ nlog1 -+ C).
Py

O

To use Theorem 1.2, we introduce the following normalization: for any ¢ €
#Hxxk (wo), let ug be the Legendre function of 4. Take a v € n.(M) such that

Re(v) = —Vuy(0). Let 0,(7) be the one parameter group generated by Re(v).

Then o,(¢) € Z(G). It follows that
(oy(D)) 0wy = wo+~/— 193¢

induces a K x K-invariant Kéhler potential $. Since we may also normalize @/f@ SO

that W@(O) = (0, the Legendre function u é of wdg is given by

(4-29) ug(y) =ugp(y) = (Vug(0), y) —ug(0),
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which satisfies u $€ %W. Then we have:

Lemma 4.10. Under the above normalization, we have QDX(M(Z,) =Dy (ugp).

Proof. Let a' = —Re(uy.;(0)); then (a') € a; and consequently a(a) = 0 for all
o € . On the other hand, we have

V() = Yo —a) +uy (0).

Taking the change of variables x — (x — a) in (4-24), by the above relations, we
see that F(uy) = @(u(,;). By (a') € a; and (4-8), Lx(a'y; — ugs(0)) =0. Hence,
by (4-29) £x(uy) = Lx (u¢;). The lemma is proved. [l

The following lemma is analogous to [Li et al. 2018, Lemma 4.14; Wang et al.
2016, Lemma 3.4], we omit the proof.

Lemma 4.11. There exists a uniform C; > 0 such that

Jx(dg)—/ ugll =O0xWMIn(y)dy| = Cy, forall ¢ € Hgxk(wo),
2P,

where u $€ C%W and Y 5 IS the Legendre function of u b
Proof of Theorem 4.7. For any ¢ € # g« x (wo), there exists o € Z(G) such that
0¥ wy = wo + V=133
as above. Applying Proposition 4.9, we have
@X(”tﬁ) > 8/ uym dy — Cs.
2P,

Thus by Proposition 4.3 and Lemmas 4.10, 4.11,

Dy (¢) =Dx () = Dx(ug) = 8- Jx(§) — C; — Cs.
The theorem then follows from (2-7). O

4D. Necessity. To complete the proof of Theorem 1.5, we will show that (1-8) is
also a necessary condition of the existence of Mabuchi metrics. It is equivalent to
show that

(4-30) (,by —4p) >0, forall & €a,.

We will adopt the method used in [Delcroix 2017a].
By the K x K-invariance, (2-1) can be reduced to the following Monge—Ampére
equation on a,

o~ (Wot¢—logJ)
1—6Ox(w0) — X(¢)

@31)  detWo+¢i) [] @ Vo +)2=C

aed
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Suppose ¢ is a solution, for any £ € a, we have
0 —org—logJ
0=— g —e Yo+¢—log J)
ap 0x!

:/ g o~ Wo+o-log ) dWo+é—log J)
a4

ox!

]3(1//o+¢—10g D

ox!

=/ Sidet(lﬁo,ij+¢,ij)( I1 (Ot,V(lﬁo+¢)>2)[1—9X(w¢)

acdy

<V g E (vi—4p) T (N1 —0x (V)1 dy
=V bx—4p),

where in the fourth line we used the fact that for any &, x € a4

_51'%105;] =-2 Z a(&) -cotha(x) < —2 Z a(§) =—4p(8).

aed aed

Then we have (4-30).

Appendix: Proof of Theorem 2.1

In this appendix, we solve (2-2) at t = 0. Following [Zhu 2000] for the Kihler—Ricci
soliton case, we introduce the following path,

(A-1) (1—0x(wg)) 0y =e"wf, 1€[0,1].

Set J:={t € [0, 1] | (A-1) has a solution for #}. The Calabi—Yau theorem implies
that O € J. We shall prove J is both open and closed in [0, 1].

Openness. Define a functional

1
Ji(¢) = / / By (1 —0x(p,) @l Ads,
0JM

where ¢ is any smooth path joining ¢ and 0 in #x (wg). It is standard to show that
Ji () is well-defined. Thus by taking ¢, = s¢, we have

1
Ji(9) =/ / ¢ (1 = Ox (wsp,))" Wiy Ads.
0JMm
Replacing hg by ho + J;(¢;) in (A-1), we have the operator L, defined by

= ) / V(1 =Ox(wy)) @, forall ¥ €3y ().
M

Li(y):=20,, ¥ — m
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Then for any K x-invariant smooth real functions f and g, it is easy to see

(A-2) /M Li(f)g(1 —Ox(wg)) wly = /M L)1 = Ox(wy,) @l .

Lemma A.1. Suppose ¢, is a smooth solution of (A-1) for some t € [0, 1). Then,
the first eigenvalue of L, is positive.

Proof. Suppose A is the first eigenvalue and ¢ is an eigenfunction. Then by

Ltlﬁ:_)ﬂ/f,
A / Y (1~ Ox () o}, = / Y (1 — b () o, - / U (1 — b () .
M M M

By the assumption cx > 0, if ¥ = ¢ for some constant ¢ # 0, so A > 0. Thus we
may assume that ¥ # const. below.
As before, we may choose a local coframe {©'} such that

n
=V-1> 0 rE".
i=1
By (3-2) and integration by parts, it follows that
(A-3) )»/ Vit (1= Ox (wp,) )
M

- f Li(¥) iy ;(1 = Ox(wg,)) @,

' XV )
=- /1;[ W,,j,-lﬂ,;-(l - QX(CU(}),))[C%, + f/ m(l - QX((UdJ,))tw(pt

XXy »
+t‘/M (1 —0x(wg,))? (1= Oxl@g)) e,

X i) o
+ /M m(l —Ox(wg,)) Wy, .

By the Ricci identity and integration by parts, the first term on the right-hand
side

— [ v - xs) e,
M
~ [ = R 00 = 0y ))
= [ Rieig 501 = x0p)) 0, + [ g1 =g,

- t/ ViV i X7 (1= Ox (wp) '] .
M
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Plugging the above equality into (A-3), one gets

(A4) A / Vi (1—0x (wp,)) oy,
M
_ Ric. - tXf,i (1—6 t.n
—\//w( ICij +m>w,]w,l( - X(w¢l)) w¢t
XIX !y 5
ol (1 t n I Y
+/M Vij ¥ (1= 0x (@) g, +1 /M (1—6x (wg,))?

On the other hand, by (A-1),

(1 —GX(a)@))’a):; .

Ric. (o0 1 Xi,f N X,iX,f
1C; 7wy, ) = &;71) — .
ij (o gl] 1_9X(a)¢t) (1 _QX((’()¢I))2

Plugging this into (A-4), one gets

A/ Vi (1 —Ox (wg,) W, =/ 87OV, (1 —Ox (w4))
M M
+/ ViV 57 (1 = Ox (wg,) @l .
M
Since i = const., it must hold that A > 0. U

The openness then follows from the above lemma and implicit function theorem.

Closedness. For the closeness, it suffices to establish the a priori estimates for
(A-1).
First, we prove the C-estimate.

Proposition A.2. Let ¢; be a solution of (A-1) at t. Then there exists a uniform
constant C such that |¢;| < C.

Proof. Consider the equation
(A-5) det(g, (1)) (1 — Ox (wg,))" = det(g, ;(0))e" ).
By integration,
[ a-ox@pyaf, =y,
M
we have
Ji(¢) = IOg/ (1 —Ox () wy —log V.
M
This implies
(A-6) tlogex < Ji(¢y) <tlogCyx.

Equation (A-5) can be rewritten as

det(g; 7(1)) = det(g;7(0))e”,
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where f, i=ho+ Ji (¢;) —tlog(1 —Ox(wy,)). Let ¢3t = ¢y —c¢;. Then sup,, (;3, =—
Since

| /il < Ilhollco 42 max{[log cx|, |log Cx|},

by the argument for the C O_estimate in [Tian 1996], we see that |¢A)t| < C’ for some
uniform C’ > 0. On the other hand,

(A-7) c,/f (1—9X(a)s¢,)) wwf) Ads
—Jt(¢l)_// b (1 — Ox (ws9,)) w0l Ads.

Combining (A-6), (A 7) and the fact that 0 < ¢, <1 —0x(w,¢,) < Cx, one gets a
uniform constant C such that lc| < C. This implies

] < || +C < C"+C. O
Next we consider the C2-estimate.

Proposition A.3. Let ¢ = ¢, be a solution of (A-1) at t. Then there exist two
uniform positive constants C and c such that

n+ A, ¢ < Ce¢@r—infu ¢1)
0P = .

Proof. Following the computations of [Zhu 2000, Section 6], at the point where
(n+ Aw0¢>)e_c¢ takes its maximum, we have

Apybx(@g) 106x (wy) |*
1 —0x(wy) (1 —0x(wy))? ~

for some constants Cy, C; independent of ¢. Then as in [Zhu 2000, (6.2)], we see
that at this point,

Ay log(l — Ox(wy)) = — =Ci(n+2,9)+C

(A-8) A, (n+ A, p)e?)
> (D, (ho — tlog(1 — Ox (wg))) — n* li;g Rizip)

(e inf Rip) -+ B, @)e ™ (Z ) —en(n+ Byp)e

1+ ¢,ii
> —e Y (C3+cCy(n + Ay ) + Cse “®(n + Aw0¢)n/(n—1)

for sufficiently large constant ¢ and some uniform constants C3—Cs. The proposition
then follows from (A-8) in a standard way. O

The higher order estimates then follow from nonlinear elliptic equation theory
and we omit the details.
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A GENERALIZATION OF MALOO’S THEOREM
ON FREENESS OF DERIVATION MODULES

CLETO B. MIRANDA-NETO AND THYAGO S. SOUzZA

Let A be a Noetherian local k-domain (k is a Noetherian ring) whose deriva-
tion module Dery (A) is finitely generated as an A-module, and let P4, C A
be the corresponding maximally differential ideal. A theorem due to Maloo
states that if A is regular and height‘}34,; < 2, then Der;(A) is A-free. In
this note we prove the following generalization: if projdim , (Der;(A)) < oo
and grade‘P ,,x = height B4, < 2, then Der;(A) is A-free. We provide
several corollaries —to wit, the cases where A contains a field of positive
characteristic, A is Cohen—Macaulay, or A is a factorial domain — as well as
examples with Der; (A) having infinite projective dimension. Moreover, our
result connects to the Herzog—Vasconcelos conjecture, raised for algebras
essentially of finite type over a field of characteristic zero, which we show to
be true if depth A < 2 in a much more general context.

1. Motivation: Maloo’s theorem

The investigation about either necessary or sufficient conditions for the freeness
of derivation modules, in the algebrogeometric setting of local rings which are
essentially of finite type over a field of characteristic zero, has attracted attention
for decades. One of the natural reasons is the fact that derivations can be realized
as tangent vector fields on the given algebraic variety. Several conjectures have
been proposed on the theme, such as the famous Zariski—Lipman conjecture, which
remains open in the nongraded 2-dimensional case, and the so-called Herzog—
Vasconcelos conjecture, which is homological in nature and, unlike the former, is
known to be true in a few specific situations.

Beyond the traditional context of localizations of affine rings, the problem of
understanding freeness of derivation modules of more general Noetherian local
algebras has been poorly tackled and is, at present, far from being well understood.
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One of the few results in this direction is given in [Maloo 1999, Theorem 4] in the
case of (commutative, unital) Noetherian regular local algebras. In order to state
Maloo’s theorem, let k be a Noetherian ring and let A be a Noetherian regular local
k-domain for which the A-module Der;(A) formed by the k-derivations of A is
finitely generated. Let B4/« be the corresponding maximally differential ideal (it
exists and, in the local case, is unique). Assume that 334/, has height at most 2.
Then Dery (A) is free as an A-module.

In the present paper our main goal is to generalize Maloo’s theorem. After
invoking in Section 2 a couple of preparatory facts, due to Maloo himself and to
Lequain, we give in Section 3 our central result (Theorem 3.1) which establishes the
following: Let k be a Noetherian ring and let A be a Noetherian local k-domain such
that Dery (A) is a finitely generated A-module and grade ‘B4, = height P4/, < 2.
If projdim 4 (Dery (A)) < oo then Der(A) is free as an A-module.

From this result we derive corollaries where we get rid of the hypothesis
grade P4/, = heightP, /. Namely, if A is a Noetherian local k-domain such
that Der (A) is a finitely generated A-module of finite projective dimension and
height*B 4/, < 2, then Dery (A) is a free A-module in the following cases:

e k is a field of positive characteristic contained in A (Corollary 3.3),
o A is Cohen—Macaulay (Corollary 3.5),
o A is a factorial domain (Corollary 3.6).

Note that the last two corollaries independently recover Maloo’s theorem (which
we state as Corollary 3.8), since a regular ring A is necessarily Cohen—Macaulay,
factorial, and satisfies the property that all finitely generated A-modules have
finite projective dimension. It is also worth mentioning that factorial non-Cohen—
Macaulay domains of characteristic zero do exist (see Remark 3.7).

In Remark 3.9 we point out, for completeness, that the converse of Maloo’s
result is false; we give an instance in characteristic p > 0, and we mention that
there exists a difficult example in characteristic zero constructed by Maloo.

In Section 4 we employ our results in order to present explicit examples of
hypersurface rings A over a field k, in characteristic zero as well as in prime
characteristic, satisfying the property that

projdim 4 (Der (A)) = co.

An auxiliary tool is Lemma 4.1, which furnishes a set of generators together with a
test for the nonfreeness of Derg (A) in this setting. We are also able to describe the
ideal B4, in the examples.

Section 5 deals with the aforementioned Herzog—Vasconcelos conjecture, which
precisely predicts that if & is a field with chark =0 and A is a local ring which is
essentially of finite type over k, with the property that projdim 4 (Dery(A)) < oo,
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then Der; (A) must be free as an A-module. Herzog provides an excellent survey
[Herzog 1994] on homological problems related to certain modules (we point out
that in [Vasconcelos 1985, p. 373] there is also a related conjecture which says
that under the above conditions the ring A must be a complete intersection). The
Herzog—Vasconcelos conjecture has been settled in a few specific cases, and its
hypotheses force A to be a normal domain (as well as Gorenstein if A is Cohen—
Macaulay; see Remark 5.1). Our contribution is Corollary 5.2, which is stated
in greater generality and solves the problem in the case where depth A < 2. As
a consequence, the conjecture is true for the local ring of any point of an affine
algebraic surface over a ground field of arbitrary characteristic. We finish the
paper by illustrating Corollary 5.2 in Example 5.3, which gives a three-dimensional
non-Cohen—Macaulay normal domain A, essentially of finite type over a field k
with char k = 0, such that Der; (A) has infinite projective dimension over A.

2. Preliminaries and auxiliary results

All rings in this paper are tacitly assumed to be commutative, unital, and Noetherian.
If Ais aring and M is an A-module, a derivation of A into M is an additive map
A : A — M such that

A(ab) = aA(b) +bA(a) foralla,b e A.

We denote by Der(A, M) the set of all derivations of A into M, which is an A-
module in a natural way. If A is a k-algebra via a ring homomorphism ¥ : k — A, an
element of Der(A, M) is a k-derivation if it vanishes on the image of i (a typical
situation is when ¥ is an inclusion). The set formed by all k-derivations of A into
M is denoted by Dery (A, M), which is seen to be an A-submodule of Der(A, M).
If €24/« is the module of Kihler k-differentials of A, it is well known that

HomA(QA/k, M) ~ Derk(A, M)

We refer, e.g., to [Matsumura 1986, Chapter 9]. In the case M = A we simplify
the notation to Derx(A) (which is then the A-dual of €4 /¢). If for instance A is
a polynomial ring k[ X1, ..., X,] —or a localization thereof — then Der;(A) is a
free A-module on the partial derivations 9y, ..., 0.

We invoke a few specific concepts and facts that will play a fundamental role in
the sequel.

Definition 2.1. Given a k-algebra A, we say that an ideal a € A is Dery(A)-
differential (differential, for short) if

A(a) Ca forall A € Derg(A).
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Remark 2.2. By Zorn’s lemma, the family
Sa/k = {b | b is a proper differential ideal of A}

contains maximal elements. If A is local, then § 4/« has a unique maximal element
[Maloo 1997, p. 82], the so-called maximally differential ideal of the k-algebra A,
denoted herein by P4 /«. This ideal has interesting properties; besides the results
given in the present paper, we mention for example [Brumatti and Lequain 1994;
Singh 1983], as well as the connection between 334/« and Hironaka’s concept of
permissibility [Seibt 1980, Theorem 1.2]. On the other hand, certain features of this
ideal are quite subtle, for instance its behavior under completion [de Souza Doering
and Lequain 1986; Patil and Singh 1983].

Lemma 2.3 [Maloo 1997, Theorem 5]. If A is a local k-algebra such that Dery (A)
is a finitely generated A-module, then Dery (A) /*Bax Dery(A) is freeasan A /B o /-
module. In particular, if B, = (0), then Dery (A) is free as an A-module.

Lemma 2.4 [Lequain 1971, Theorem 1.4]. Let (A, m) be a local k-algebra.
(1) If A/Bayk has positive characteristic, then rad* 4/ = m.
(i) If A/*Ba,k has characteristic zero, then B /i is prime.

3. Main result and corollaries

If A is aring, by a finite A-module we shall mean, as usual, a finitely generated
A-module, and the grade of an ideal a C A is the number grade a defined as the
maximal length of an A-sequence contained in a. Recall that grade a is bounded
above by the height of a. Basic facts can be found in [Bruns and Herzog 1998].

In the sequel, k denotes a ring. A k-domain is an integral domain with a structure
of k-algebra. Our central result is the following:

Theorem 3.1. Let A be a local k-domain such that Dery(A) is a finite A-module
and grade*P 4/ = height*P,,x < 2. If projdim 4 (Dery (A)) < 0o, then Dery(A) is
free as an A-module.

Proof. For simplicity we write 3 =3 4/« (which exists and is unique, as mentioned
in Remark 2.2) and D = Der;(A). We may suppose that D £ 0. As recalled
in Section 2, if = Q4 is the module of Kéhler k-differentials of A, we have
Homu (2, M) >~ Dery (A, M) for every A-module M.

If p stands for the characteristic of the residue ring A /13, we distinguish two
cases:

(i) p > 0. Let m be the maximal ideal of A. By Lemma 2.4(i), we have rad*J3 = m.
Hence, dim A = height*[3 < 2, which yields

depth A < 2.
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On the other hand, we may assume that depth A > 1, as otherwise the domain A
must a field K; hence, D = Der(K) is a (finite-dimensional) K -vector space and
we are done. Let a € m be a nonzero element. Applying Hom4 (€2, -) to the short
exact sequence

0>A5 A A/(a)—>0
we get an exact sequence of derivation modules
0— D5 D — Dery(A, A/(a)).

In particular, a is D-regular and the quotient D /a D can be regarded as a submodule
of Dery (A, A/(a)). Now if {a, b} C m is an A-sequence, then in order to conclude
that {a, b} is a D-sequence it suffices to show that b is Dery (A, A/(a))-regular. Also
note that D/(a, b) D # 0 because of Nakayama’s lemma. Applying Hom4 (€2, )
to the exact sequence

0— A/@) 2 A/@)
we obtain an exact sequence

0 — Dery(A, A/(a)) > Dery(A, A/(a))

as needed. Thus, we have shown that depth D > depth A. Since projdim, D < oo,
the Auslander—-Buchsbaum formula forces D to be free.

(ii) p = 0. According to Lemma 2.4(ii), the ideal B3 is prime. Consider the local
ring (Asy, PAsx). First we claim that the Ag-module Dy = D ® 4 Ay is free. Note
that Dyy may not be isomorphic to Der; (Asgz) since we are not requiring €24/ to
be finitely presented.

Let a be an A-sequence of maximal length contained in ‘3. By hypothesis, this
length is at most 2. Of course we may assume that Dy # 0. Using the same
argument employed in the previous case (i), we get that a is a D-sequence. Hence,

a/lcC ‘BA(B
is a Dyg-sequence [Bruns and Herzog 1998, Corollary 1.1.3(a)], and we obtain
depth Dy > grade 3 = height‘P = dim Az > depth Agp.

The hypothesis projdim 4 D < oo yields projdim , p Dp<o0 and then the Auslander—
Buchsbaum formula guarantees the freeness of Dy, as claimed.

We proceed to prove that D itself is free as an A-module. As a matter of notation,
if (B, n) is a local domain, then we denote by vg(/N) and rankp N the minimal
number of generators and the generic rank of a finite B-module N, respectively.
The former is the dimension of the B/n-vector space N/nN, and the latter is the
dimension of the L-vector space N ® g L, where L = B (the fraction field of B).
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It is a standard fact that vp(N) > rankp N, with equality if and only if N is a free
B-module.

As the domains A and Asg have clearly the same field of fractions, it is easy to
see that ranky D = rankAq3 Dy, and since the Asz-module Dy is free, we get

ranky D = VAg (Dgp).

Therefore, in order to prove that D is free, it suffices to verify that v Ay (Dp) =va (D).
To this end, we apply Lemma 2.3, which gives

D/BD = (A/P)*

for some integer » > 1. Thus,
va(D) =va(D/BD) =vap(D/PBD) =r.

On the other hand, if we denote

k(B) = Ap/PBAxy

(the residue field of Asxz), we can write

Vag (D) = Vay (Dp/B Do) = vaypag (Dp/BDy) = v (K () =r
so that va, (Dg) = va(D), as needed. O
Remark 3.2. If we assume that k C A and

Pask Nk =(0)

(e.g., if the subring k is a field), then we have a natural embedding

k— A/Bayk

and hence char(A/*4,x) = chark. Now notice that, in the case (i) of the proof
of Theorem 3.1, the hypothesis grade334,x = height’B 4/, is not needed. An
immediate byproduct of these observations is Corollary 3.3 below.

Corollary 3.3. Let A be a local domain containing a field k with char k > 0, such
that Dery (A) is a finite A-module and height*B 4/« < 2. If projdim (Der; (A)) < oo,
then Dery (A) is free as an A-module.

We believe that Corollary 3.3 holds in the case chark = 0 as well. It is easy to
see that the issue relies on the following question, for which we expect a negative
answer.

Question 3.4. Let k be a field with char k = 0. Is it possible for a local k-domain A,
with Der (A) a finite A-module with finite projective dimension, to be such that
grade P4/, = 1 and height*B 4/, =27



A GENERALIZATION OF MALOO’S THEOREM 699

It is a standard fact that in a Cohen—Macaulay local ring A we have grade a =
height a for every ideal a C A. Thus, we also readily derive from Theorem 3.1 the
following consequence.

Corollary 3.5. Let A be a Cohen—Macaulay local k-domain such that Dery (A) is
a finite A-module and height*B 5/, < 2. If projdim 4 (Der(A)) < 00, then Dery (A)
is free as an A-module.

Furthermore, we consider the class of factorial domains, also called unique factor-
ization domains. We mention en passant that, among several important properties,
one of the nice features of a factorial local domain (B, n) with depth B > 2 is that
its punctured spectrum Spec(B) \ {n} has trivial Picard group (the same happens to
Spec B itself).

Corollary 3.6. Let A be a factorial local k-domain such that Dery(A) is a finite
A-module and height*B 4/ < 2. If projdim 4 (Der (A)) < 00, then Dery(A) is free
as an A-module.

Proof. Write B/ = P. If P = (0), then Dery(A) is free by Lemma 2.3. If
height 3 = 1, then (since A is a domain) we must have grade 3 = height ‘3, and
the assertion follows from Theorem 3.1. So we may assume that height ‘3 = 2.
Moreover, by part (i) in the proof of Theorem 3.1 (since this part does not depend on
the condition grade I3 = height‘}3), we are reduced to the case where char(A /) =0,
so that 3 is prime by Lemma 2.4(ii). Therefore, we can guarantee that Q C 3 for
some prime ideal Q C A with

height Q = 1.

Since A is factorial, we have Q = (a) for some (prime) element a [Matsumura
1986, Theorem 20.1]. It follows that any given

b e B\ (a)

is a non-zero-divisor of A/(a), i.e., {a,b} C B is an A-sequence and hence
grade *J3 > 2, which forces grade 3 =2 = height 3, so that we can once again apply
Theorem 3.1. U

Remark 3.7. In virtue of the cases treated in Corollaries 3.3 and 3.5, it is natural to
ask about the existence of factorial non-Cohen—Macaulay domains of characteristic
zero (and dimension necessarily greater than or equal to 3, since a factorial —
hence normal — domain of dimension 2 is Cohen—Macaulay). This is a nontrivial
problem but fortunately such rings do exist, as shown by [Freitag and Kiehl 1974,
Theorem 5.8], which thus justifies our Corollary 3.6. We also refer the reader to
the survey given in [Lipman 1975].
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Finally, recall that every regular local ring A is a factorial Cohen—Macaulay
domain, and that every finite A-module has finite projective dimension. Thus, both
Corollaries 3.5 and 3.6 independently recover [Maloo 1999, Theorem 4], which we
state below.

Corollary 3.8. Let A be a regular local k-algebra such that Dery(A) is a finite
A-module and height*B 4 /x < 2. Then Dery(A) is free as an A-module.

This result can be illustrated simply by taking A as the local ring of a nonsingular
point of an affine algebraic (or algebroid) surface over a perfect field k£ of any
characteristic.

Remark 3.9. As expected, the converse of Corollary 3.8 does not hold. A simple
example is the nonregular 2-dimensional local domain

A=k[X,Y, Zlxy,z)/(XY = Z7)

where k is a field with chark = p > 0. Letting x, y, z denote the residue classes
of the variables, the A-module Dery(A) is seen to be free, a basis being {A1, Aj},
where

Ay =(p—1)x0x + ydy, Ay = 0,.

The case of characteristic zero is much harder, but [Maloo 1997, p. 84] presents a
1-dimensional nonregular Noetherian local ring containing a field £ with chark =0,
such that Der, (A) is a finite free A-module.

Remark 3.10. One of the ingredients used by Maloo in the proof of his the-
orem is [Maloo 1999, Lemma 3], which he proves essentially by using that
depth(Der (A)) > min{2, depth A} (this is easy to see in the special situation where
the differential module €24 is a finite A-module, and can be derived from [Bruns
and Herzog 1998, Exercise 1.4.19]). However, no proof of this property in generality
was given therein. The argument is, indeed, basic — relies on the fact that Dery (A) is
a dual — and is supplied in the proof of our Theorem 3.1. Later on, in Corollary 5.2,
this general fact will be used crucially.

4. Examples: derivation modules with infinite projective dimension

Our goal in this section is to apply our results in order to furnish explicit examples
of algebras over a field k, in characteristic zero as well as in prime characteristic,
whose module of k-derivations has infinite projective dimension. Note that this
could not be achieved solely by means of Maloo’s theorem (Corollary 3.8).

In order to satisfactorily clarify the examples, which will be built on hypersur-
face rings, we provide first a (characteristic-free) useful tool. As in the proof of
Theorem 3.1, we use rank(-) and v(-) to denote rank and minimal number of
generators of finite modules over a specified base ring, respectively.
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Lemma 4.1. Let k be an arbitrary field and let S be the localization of a polynomial
ring over k at the ideal generated by the indeterminates. Let {01, . .., d,} be the nat-
ural free basis of Dery (S). For a noninvertible f € S such that 9;(f) #0 for some j,
let J C S be the ideal generated by the (ordered, signed) set {01(f), ..., 0,(f), f},
giving rise to a free presentation

Smi)S"+]—>3—>0

where we regard ¢ as a matrix (taken in the canonical bases). Let ¢’ be the
submatrix of ¢ resulting from deletion of its last row, and if A = S/(f), let ¢4
be the matrix formed by the nonzero columns of the matrix ¢’ @ 1d4 obtained by
reducing the entries of ¢' modulo f. We have:

(i) Dery(A) is generated as an A-module by the derivations corresponding to the
column-vectors of ¢ 4.

(i) If f is irreducible and v4(Dery(A)) > n, then Dery(A) cannot be free as an
A-module.

Proof. (i) Consider the tangential idealizer

Ts/i(f) ={A € Deri(S) | A(f) € ()},

which is a submodule of Der (), also known as the module of logarithmic deriva-
tions of f. By [Miranda-Neto 2017, Proposition 2.3], the derivations corresponding
to the column-vectors of ¢’ generate Ts/x(f) as an S-module. Now, if as above
A = S/(f), there is an isomorphism of A-modules

Dery (A) >~ T/ (f)/f Deri(S)

[Miranda-Neto 2016, Proposition 2.6], where clearly

fDer(S) =(f)or®---®(f)o, = fS".

Therefore, under the natural identification, the A-module Dery(A) can generated
by the derivations given by the (nonzero) column-vectors of ¢’ ® Id.

(i1) It suffices to show that the rank of the A-module Dery (A) is at most n — 1. This
is certainly known (notably in characteristic zero) but it is instructive to write down
an independent, general proof. As the ideal (f) C S is prime and f is not killed by
some d;, we can easily check that

Ts/i(f) :s Dere(S) = (f),

which means that (f) lies in the support of the S-module € = Der(S)/Ts,/«(f).
Because € is also an A-module, isomorphic to the cokernel of the injection
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t:Dery(A) — A" given by
Der(A) > Ts/i(f)/f Derx(S) C Derg(S)/f Der(S) >~ S"/fS" = A",

we get that (0) C A lies in the support of €~ A" /i(Der (A)). This yields rank4 € >0
and consequently

rank 4 (Dery(A)) =n —ranks € <n

as needed. O

Example 4.2. Let k be a field with char k = 3 and let A be the 2-dimensional local
domain A = S/(f), where S =k[X,Y, Z](x,v,z) and

f=X*Y+XyYz+2.
Consider the Jacobian ideal

The given generators yield, explicitly, a (minimal) free presentation of the form

S4£>S4—>3—>0

where

X x Z7? 0

Yy 0 Y* —f

Z X-2 7? 0

0 0 -Y X’+XZ

Reducing, modulo f, the matrix ¢" (with notation as in Lemma 4.1) and denoting by
x, v, z the residue classes of the variables, Lemma 4.1(i) guarantees that Dery (A)
can be generated by the derivations corresponding to the columns of the matrix

2

x X z
pa=|y 0 »°
Z x—27 72

which are seen to be minimal generators. Thus,
va(Derg(A)) =3 =dim S

so that Dery(A) is not free as an A-module by Lemma 4.1(ii). The condition
height*P 4/x < 2 is automatic since dim A = 2 (here we clearly have B4, = m).
By Corollary 3.3 — or, alternatively, by Corollary 3.5 — we get

projdim 4 (Dery (A)) = oo.
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Remark 4.3. The first-named author claimed in [Miranda-Neto 2017, Example
2.10(ii)] that, if as above chark =3 and f = XY + XY Z + Z?, then the ideal J =
(&8, f)=(0x(f), ov(f), 9z(f), f) satisfies, in particular, v(J) = 3, by implicitly
assuming that it coincides with the gradient ideal &. However, this is not true, since
the conductor of f into & is the proper ideal

G ()=, X*+X2)

so that f ¢ & (for a weighted polynomial of weight &, this pathology may only
occur if char k divides §). Precisely, by Example 4.2, JJ has 4 minimal generators,
and moreover, it can be easily verified that the kernel of the presentation map ¢ is
free of rank 1, which yields that J has projective dimension 2. As a consequence of
this correction, f is not a free divisor (i.e., its logarithmic derivation module cannot
be free) by [Miranda-Neto 2017, Proposition 2.7].

Example 4.4. Let us investigate an example in higher dimension. Let k be a field
with char k = 0. Consider the 3-dimensional local domain

A=k[X,Y,Z, Wlxyzw)/ X+ XY +YZ+Y>*W)

and write A = k[x, y, z, Wl(x,y,z,w), in terms of the residue classes of the variables
modulo the defining equation of A. After computing a free presentation matrix of
the Jacobian ideal (built from the natural generators as in Lemma 4.1), deleting its
last row and taking images in A, we obtain the matrix

0 —y 0 —X 3xy2 4z 4+ 2yw

0 O —y —3y —3x2—y?
¢A = 2

—y 3x Z 0 0

1y 3xy+2w Txy+3w 0

whose columns give generators for the A-module Dery(A), by Lemma 4.1(i). Such
generators are seen to be minimal. Thus,

va(Dery(A) =5>4=dimS

and hence, Dery(A) is not free as an A-module, by Lemma 4.1(i1).
Notice, moreover, that the maximal ideal m = (x, y, z, w) C A is not differential.
In fact, if
A= —yd;+ 0y

is the derivation corresponding to the first column of ¢4, then
Aw)=1¢m

which implies B 4 /1 # m. Since P4, is prime (by Lemma 2.4(ii)) and dim A = 3,
we get heightB 4/, < 2 (here indeed we have P4 ,/r = (x, y, 2), so that, precisely,
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height*B 4/ = 2). By Corollary 3.5, we conclude that
projdim 4 (Dery (A)) = oo.

Remark 4.5. In the case of a complete local algebra of characteristic zero, there is
a serious constraint imposed on its structure if the maximally differential ideal is
not equal to the maximal ideal. To be more precise, let (A, m) be a local k-algebra
whose m-adic completion A satisfies char A = 0 and

%A/k 75{1\1

(a word of caution: the ideal % ; /¢ may differ from the completion of B4,k
[de Souza Doering and Lequain 1986; Patil and Singh 1983]), or what amounts to
the same, there exists @ € Dery(A) such that & (M) ¢ m. Then, by [Zariski 1965,
Lemma 4], we have that A is a power series ring

A=AT]

in 1 indeterminate T over a suitable subring 2 C {a € A|9@) =0} CA. Asa
consequence, we get that if A cannot be expressed as a power series ring over a
subring 20 C A, then height ‘BA/,{ =dim A.

5. Connection to the Herzog—Vasconcelos conjecture

We recall below a well known — but mostly open — conjecture in the algebrogeo-
metric setting of localizations of affine rings over a field containing the rationals,
independently raised by Herzog and Vasconcelos. Notice that, if A is such a k-
algebra, then the module of differentials €24, is automatically a finite A-module
and hence so is its A-dual Der;(A).

Conjecture (Herzog and Vasconcelos). Let k be a field with chark = 0, and let A
be a local ring which is essentially of finite type over k. If projdim 4 (Der (A)) < oo,
then Dery (A) is free as an A-module.

If as above A is a localization of a finite-type algebra over a field, Der;(A) can
be regarded as a module of second-order syzygies (being isomorphic to the kernel
of the A-linear map of free modules induced by a Jacobian matrix corresponding
to A), and therefore, in case A is Cohen—Macaulay with dim A < 2, the conjec-
ture is true and follows trivially from the Auslander—Buchsbaum formula. Apart
from this easy instance, the problem has been settled in a few situations, to wit,
quasihomogeneous complete intersections with isolated singularity [Herzog 1994,
Theorem 2.4], Stanley—Reisner rings [Brumatti and Simis 1995], and Buchsbaum
affine semigroup rings [Miiller and Patil 1999].

Remark 5.1. In the setting above, the celebrated Zariski—Lipman conjecture pre-
dicts that A must be regular if Deri(A) is free [Lipman 1965]. As in [Herzog



A GENERALIZATION OF MALOO’S THEOREM 705

1994, p. 6], we may combine the two conjectures and ask whether A is regular if
projdim 4 (Dery (A)) < oo. By [Scheja and Storch 1972, Satz 9.1], the finiteness
of projdim 4 (Dery (A)) forces A to be a normal domain, and according to [Herzog
1981, Corollary 3.3] it also implies

d
Homy (/\ Der; (A), A) ~ A

where d = dim A > 1 —the rank of Der;(A) in this case. But, if moreover A is
Cohen—Macaulay, the dual module above is isomorphic to a canonical module of A,
so that A is in fact Gorenstein (it is conjectured in [Vasconcelos 1985, p. 373] that
A must be a complete intersection). This observation gives an analogue, in the case
of the Herzog—Vasconcelos conjecture, of the statement [Hochster 1977, Remark 2]
to the effect that if the Zariski-Lipman conjecture admits a Cohen—Macaulay
counterexample, then there is also a Gorenstein counterexample.

Here, our contribution to the Herzog—Vasconcelos problem is Corollary 5.2
below, which is essentially contained in the proof of Theorem 3.1 and solves the
conjecture in case depth A < 2. Our statement is indeed more general since the
k-algebra A is not necessarily essentially of finite type, and moreover kK — which is
allowed to have any characteristic —is not required to be a field.

Corollary 5.2. Let A be a local algebra over a ring k such that Der(A) is a finite
A-module. Assume that depth A < 2. If projdim 4 (Dery(A)) < oo, then Dery (A) is
free as an A-module.

Proof. If depth A = 0, then by the Auslander—Buchsbaum equality, the hypothesis
projdim 4 (Dery (A)) < oo yields that Derg (A) is free. Now assume that depth A is
either 1 or 2. Thus, just as in part (i) in the proof of Theorem 3.1, we readily
derive that a maximal A-sequence is necessarily a Dery(A)-sequence, so that
depth(Dery(A)) > depth A and once again the Auslander—Buchsbaum formula
does the job. U

In particular, we get that the Herzog—Vasconcelos conjecture is true for the local
ring A of any point of an affine algebraic surface over a ground field k of arbitrary
characteristic. If char k = 0 as in the original statement, this follows alternatively
from the fact (recalled in Remark 5.1) that a ring satisfying the conditions of the
conjecture must be normal.

We close the paper by working out an instance in higher dimension satisfying
the property that the corresponding module of derivations has infinite projective
dimension — which, by the preceding discussion, occurs automatically if the ring
is nonnormal. It follows that, in order to produce an interesting example by means
of Corollary 5.2, we need to start from a (non-Cohen—Macaulay) normal domain.
Using Serre’s normality criterion it is easy to see, for instance, that if B is a local
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isolated singularity (i.e., B is a local ring which is locally regular at the nonmaximal
prime ideals) with depth(B) > 2, then B is a normal domain.

Example 5.3. Let X, Y, Z, T, U, V be indeterminates over a field k with char k =0.
Let (S, 91) denote the localization of the polynomial ring k[X, Y, Z, T, U, V] at
the ideal generated by the indeterminates. Set A = S/J, where J C S is the ideal
generated by the 7 polynomials

XT—-YZ, XV —-YU, ZV —TU, X3+ 734+ U°,
XY + Z3T + UV, XY2+ZT?>+UV?, Y3 4+13+ V3.

This is a particular situation of the example given by [Roberts 2010, §6], where
it is stated that (the completion of) A is a normal domain. Let us indicate how to
verify this feature in the present case. Denote by ® the Jacobian matrix of the given
generators of J. We have height J = 3 (hence A is 3-dimensional). The ideal 15(®)
generated by the minors of order 3 of ® satisfies

rad(/3(®) +3J) =M,

and therefore, A is an isolated singularity. Since projdimg A = 4, the Auslander—
Buchsbaum formula gives

depth A =2,

and thus, A is indeed a (non-Cohen—Macaulay) normal domain.

Since A is a domain which is essentially of finite type over a field containing
the rationals, the rank of 6 = ® ® Id4 (i.e., the Jacobian matrix with entries taken
modulo J) is known to be equal to the height of J, and then, as

Dery (A) ~ ker(A% 5 A7)

we get rank(Dery(A)) = 6 — height J = 3.

Now, let T/« (J) be the S-module formed by the A € Der (S) such that A(J) C 7.
We can employ the method presented in [Miranda-Neto 2011, §2] in order to de-
scribe generators for T/, (J), and recall the fact that Dery (A) 2~ T/ (J) /T Der (S)
[Miranda-Neto 2016, Proposition 2.6]. Thus, writing x, y, z, ¢, u, v for the residue
classes of the indeterminates, we obtain that the A-module Dery (A) is (minimally)
generated by the derivations corresponding to the columns of the matrix

00xy —zt 0 —uv —u®> 0 =22
xy00 -2 0 —v® —uv 0 —zt
100zt xy —uv O 0 —u® x?
v= 2t 00 y> —2 0 0 —uv xy
0O0uv 0 =zt xy x> z2 0
uv00 0 2 y> xy zz 0
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so that v(Dery(A)) = 10 > rank(Der; (A)) and hence Dery(A) cannot be free as an
A-module. By Corollary 5.2, we finally obtain that

projdim 4 (Dery (A)) = oo.

Notice that this cannot be detected by means of the results given in Section 3; indeed,
in this example we have height*P 4/« = 3 > 2, since 4/« equals the maximal ideal
of A, as we can immediately observe from the structure of ¢.

References

[Brumatti and Lequain 1994] P. Brumatti and Y. Lequain, “Maximally differential ideals”, J. Algebra
168:1 (1994), 172-181. MR Zbl

[Brumatti and Simis 1995] P. Brumatti and A. Simis, “The module of derivations of a Stanley—Reisner
ring”, Proc. Amer. Math. Soc. 123:5 (1995), 1309-1318. MR Zbl

[Bruns and Herzog 1998] W. Bruns and J. Herzog, Cohen—Macaulay rings, 2nd ed., Cambridge Stud.
Adv. Math. 39, Cambridge Univ., 1998. MR Zbl

[Freitag and Kiehl 1974] E. Freitag and R. Kiehl, “Algebraische Eigenschaften der lokalen Ringe in
den Spitzen der Hilbertschen Modulgruppen”, Invent. Math. 24 (1974), 121-148. MR Zbl

[Herzog 1981] J. Herzog, “Homological properties of the module of differentials”, pp. 33—64 in Atas
da 6a Escola de Algebm (Recife, Brazil, 1980), Colecdo Atas 14, Soc. Bras. Mat., Rio di Janeiro,
1981.

[Herzog 1994] J. Herzog, “The module of differentials”, lecture notes from Workshop on Com-
mutative Algebra and its Relation to Combinatorics and Computer Algebra (Trieste, 1994), 1994,
Available at http://indico.ictp.it/event/a02275/contribution/0/material/0/0.pdf.

[Hochster 1977] M. Hochster, “The Zariski—Lipman conjecture in the graded case”, J. Algebra 47:2
(1977),411-424. MR Zbl

[Lequain 1971] Y. Lequain, “Differential simplicity and complete integral closure”, Pacific J. Math.
36 (1971), 741-751. MR Zbl

[Lipman 1965] J. Lipman, “Free derivation modules on algebraic varieties”, Amer. J. Math. 87 (1965),
874-898. MR Zbl

[Lipman 1975] J. Lipman, “Unique factorization in complete local rings”, pp. 531-546 in Algebraic
geometry (Arcata, CA, 1974), edited by R. Hartshorne, Proc. Sympos. Pure Math. 29, Amer. Math.
Soc., Providence, RI, 1975. MR Zbl

[Maloo 1997] A. K. Maloo, “Differential simplicity and the module of derivations”, J. Pure Appl.
Algebra 115:1 (1997), 81-85. MR Zbl

[Maloo 1999] A. K. Maloo, “The module of derivations of regular local rings”, Comm. Algebra 27:12
(1999), 6123-6126. MR Zbl

[Matsumura 1986] H. Matsumura, Commutative ring theory, Cambridge Stud. Adv. Math. 8, Cam-
bridge Univ., 1986. MR Zbl

[Miranda-Neto 2011] C. B. Miranda-Neto, “Vector fields and a family of linear type modules related
to free divisors”, J. Pure Appl. Algebra 215:11 (2011), 2652-2659. MR Zbl

[Miranda-Neto 2016] C. B. Miranda-Neto, “Tangential idealizers and differential ideals”, Collect.
Math. 67:2 (2016), 311-328. MR Zbl

[Miranda-Neto 2017] C. B. Miranda-Neto, “Free logarithmic derivation modules over factorial
domains”, Math. Res. Lett. 24:1 (2017), 153-172. MR Zbl


http://dx.doi.org/10.1006/jabr.1994.1225
http://msp.org/idx/mr/1289096
http://msp.org/idx/zbl/0840.13014
http://dx.doi.org/10.2307/2161115
http://dx.doi.org/10.2307/2161115
http://msp.org/idx/mr/1243162
http://msp.org/idx/zbl/0826.13006
http://dx.doi.org/10.1017/CBO9780511608681
http://msp.org/idx/mr/1251956
http://msp.org/idx/zbl/0909.13005
http://dx.doi.org/10.1007/BF01404302
http://dx.doi.org/10.1007/BF01404302
http://msp.org/idx/mr/0347823
http://msp.org/idx/zbl/0304.32018
http://indico.ictp.it/event/a02275/contribution/0/material/0/0.pdf
http://dx.doi.org/10.1016/0021-8693(77)90232-0
http://msp.org/idx/mr/0469917
http://msp.org/idx/zbl/0401.13006
http://dx.doi.org/10.2140/pjm.1971.36.741
http://msp.org/idx/mr/0284422
http://msp.org/idx/zbl/0188.09702
http://dx.doi.org/10.2307/2373252
http://msp.org/idx/mr/0186672
http://msp.org/idx/zbl/0146.17301
https://www.math.purdue.edu/~lipman/papers-older/%5B1975%5D%20Unique%20factorization%20in%20complete%20local%20rings.pdf
http://msp.org/idx/mr/0374125
http://msp.org/idx/zbl/0306.13005
http://dx.doi.org/10.1016/S0022-4049(96)00003-5
http://msp.org/idx/mr/1429300
http://msp.org/idx/zbl/0876.13012
http://dx.doi.org/10.1080/00927879908826810
http://msp.org/idx/mr/1726296
http://msp.org/idx/zbl/0963.13023
http://dx.doi.org/10.1017/CBO9781139171762
http://msp.org/idx/mr/879273
http://msp.org/idx/zbl/0603.13001
http://dx.doi.org/10.1016/j.jpaa.2011.03.009
http://dx.doi.org/10.1016/j.jpaa.2011.03.009
http://msp.org/idx/mr/2802155
http://msp.org/idx/zbl/1229.13021
http://dx.doi.org/10.1007/s13348-015-0134-2
http://msp.org/idx/mr/3484022
http://msp.org/idx/zbl/1342.13039
http://dx.doi.org/10.4310/MRL.2017.v24.n1.a7
http://dx.doi.org/10.4310/MRL.2017.v24.n1.a7
http://msp.org/idx/mr/3662278
http://msp.org/idx/zbl/1390.13079

708 CLETO B. MIRANDA-NETO AND THYAGO S. SOUZA

[Miiller and Patil 1999] G. Miiller and D. P. Patil, “The Herzog—Vasconcelos conjecture for affine
semigroup rings”, Comm. Algebra 27:7 (1999), 3197-3200. MR Zbl

[Patil and Singh 1983] D. P. Patil and B. Singh, “Remarks on maximally differential prime ideals”, J.
Algebra 83:2 (1983), 387-392. MR Zbl

[Roberts 2010] P. C. Roberts, “Fontaine rings and local cohomology”, J. Algebra 323:8 (2010),
2257-2269. MR Zbl

[Scheja and Storch 1972] G. Scheja and U. Storch, “Differentielle Eigenschaften der Lokalisierungen
analytischer Algebren”, Math. Ann. 197 (1972), 137-170. MR Zbl

[Seibt 1980] P. Seibt, “Differential criteria on the permissibility of a blowing-up”, J. Algebra 66:2
(1980), 484-491. MR Zbl

[Singh 1983] B. Singh, “Maximally differential prime ideals in a complete local ring”, J. Algebra
82:2 (1983), 331-339. MR Zbl

[de Souza Doering and Lequain 1986] A. M. de Souza Doering and Y. Lequain, “Maximally differen-
tial prime ideals”, J. Algebra 101:2 (1986), 403—417. MR Zbl

[Vasconcelos 1985] W. V. Vasconcelos, “The complete intersection locus of certain ideals”, J. Pure
Appl. Algebra 38:2-3 (1985), 367-378. MR Zbl

[Zariski 1965] O. Zariski, “Studies in equisingularity, I: Equivalent singularities of plane algebroid
curves”, Amer. J. Math. 87 (1965), 507-536. MR Zbl

Received October 3, 2018.

CLETO B. MIRANDA-NETO
DEPARTAMENTO DE MATEMATICA
UNIVERSIDADE FEDERAL DA PARAIBA
JOAO PESsoA, PB

BRAZIL

cleto@mat.ufpb.br

THYAGO S. SOUZA

DEPARTAMENTO DE MATEMATICA
UNIVERSIDADE FEDERAL DA PARAIBA
JOAO PESSOA, PB

BRAZIL

thyago.lunes @gmail.com


http://dx.doi.org/10.1080/00927879908826621
http://dx.doi.org/10.1080/00927879908826621
http://msp.org/idx/mr/1695307
http://msp.org/idx/zbl/0938.13009
http://dx.doi.org/10.1016/0021-8693(83)90225-9
http://msp.org/idx/mr/714251
http://msp.org/idx/zbl/0514.13020
http://dx.doi.org/10.1016/j.jalgebra.2010.01.024
http://msp.org/idx/mr/2596378
http://msp.org/idx/zbl/1191.13023
http://dx.doi.org/10.1007/BF01419591
http://dx.doi.org/10.1007/BF01419591
http://msp.org/idx/mr/0306172
http://msp.org/idx/zbl/0223.14002
http://dx.doi.org/10.1016/0021-8693(80)90098-8
http://msp.org/idx/mr/593605
http://msp.org/idx/zbl/0469.13002
http://dx.doi.org/10.1016/0021-8693(83)90153-9
http://msp.org/idx/mr/704757
http://msp.org/idx/zbl/0514.13018
http://dx.doi.org/10.1016/0021-8693(86)90201-2
http://dx.doi.org/10.1016/0021-8693(86)90201-2
http://msp.org/idx/mr/847167
http://msp.org/idx/zbl/0591.13018
http://dx.doi.org/10.1016/0022-4049(85)90023-4
http://msp.org/idx/mr/814190
http://msp.org/idx/zbl/0574.13013
http://dx.doi.org/10.2307/2373019
http://dx.doi.org/10.2307/2373019
http://msp.org/idx/mr/0177985
http://msp.org/idx/zbl/0132.41601
mailto:cleto@mat.ufpb.br
mailto:thyago.lunes@gmail.com

PACIFIC JOURNAL OF MATHEMATICS
Vol. 302, No. 2, 2019

dx.doi.org/10.2140/pjm.2019.302.709

7-TILTING FINITE GENTLE ALGEBRAS
ARE REPRESENTATION-FINITE

PIERRE-GUY PLAMONDON

We show that a gentle algebra over a field is z-tilting finite if and only if it
is representation-finite. The proof relies on the ‘“brick-z-tilting correspon-
dence” of Demonet, Iyama, and Jasso and on a combinatorial analysis.

1. Introduction and main result

The theory of 7-tilting was introduced in [Adachi et al. 2014] as a far-reaching gen-
eralization of classical tilting theory for finite-dimensional associative algebras. One
of the main classes of objects in the theory is that of t-rigid modules: a module M
over an algebra A is t-rigid if the space of morphisms Homp (M, T M) vanishes,
where t is the Auslander—Reiten translation. In [Demonet et al. 2019], conditions
were established for an algebra A to admit only finitely many isomorphism classes
of indecomposable t-rigid modules. Such an algebra is called t-tilting finite.

An obvious sufficient condition for an algebra to be t-tilting finite is for it to
be representation-finite. This is not a necessary condition: for instance, if k is a
field, then the algebra k(x, y)/(x2, y2, xy, yx) is representation-infinite (since it
is a string algebra in the sense of [Butler and Ringel 1987] and admits at least
one band, namely xy~!), but it is 7-tilting finite (since it is local). Our aim in
this note is to prove that, for a certain class of algebras called gentle algebras,
representation-finiteness and t-tilting finiteness are equivalent conditions.

Gentle algebras form a subclass of the class of string algebras. They enjoy a
simple definition in terms of generators and relations: a gentle algebra is a finite-
dimensional algebra isomorphic to a quotient of a path algebra of a finite quiver Q
by an ideal I generated by paths of length two, satisfying the condition that for every
vertex v of Q, the minimal full subquiver with relation of Q = (Q, I) containing v
and all arrows attached to v is a full subquiver with relations of the one depicted
below, where dotted lines indicate relations and where the e vertices may not all be
distinct:
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01) and by a Projet Exploratoire Premier Soutien “Jeune chercheuse, jeune chercheur” grant.
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Despite their simple definition, gentle algebras are encountered in many different
contexts. They were introduced in [Assem and Skowronski 1987] in the study
of iterated tilted algebras of type A, but have recently appeared in connection
with dimer models [Bocklandt 2012; Broomhead 2012], enveloping algebras of
some Lie algebras [Huerfano and Khovanov 2006], cluster algebras and categories
arising from triangulated surfaces [Labardini-Fragoso 2009; Assem et al. 2010],
m-Calabi—Yau tilted algebras [Garcia Elsener 2017; 2018], nonkissing complexes
of grids and associated objects [McConville 2017; Garver and McConville 2018;
Palu et al. 2017; Briistle et al. 2019], noncommutative nodal curves [Burban and
Drozd 2018], and partially wrapped Fukaya categories [Haiden et al. 2017; Lekili
and Polishchuk 2019]. Surface models have been introduced to study the category
representations of a gentle algebra and associated categories [Baur and Simdes
2018; Opper et al. 2018; Palu et al. 2018].

In this note, we prove the following theorem on gentle algebras. It is proved for
Schurian gentle algebras in [Demonet et al. > 2019] (see also [Demonet 2017]).

Theorem 1.1. A gentle algebra is t-tilting finite if and only if it is representation-
finite.

The proof of the theorem uses the “brick-t-tilting correspondence” of [Demonet
et al. 2019] (recalled in Section 2), and applies a reduction of any gentle algebra to
two classes of examples (studied in Section 3).

Conventions and a note on terminology. All algebras in this paper are finite-
dimensional over a base field k, which is arbitrary. We compose arrows in quivers
from left to right: if 1 = 2 LA 3 is a quiver, then «f is a path, while B« is not. For
any arrow « of a quiver, we denote its source by s(«) and its target by 7 («); we
extend this notation naturally to the formal inverse o' of a.

In order to keep this note short, the notions of strings, bands, and string modules
from [Butler and Ringel 1987] will be used freely and without further introduction.
We note that the above convention for composition of arrows differs from the one
used in [Butler and Ringel 1987].

2. The “brick-z-tilting correspondence” and two reduction results

We will be using two results, Corollaries 2.3 and 2.4, allowing us to reduce the
number of vertices of our bound quivers. They will both follow from the following
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consequence of the brick-t-tilting correspondence. Recall that a brick is a module
whose endomorphism algebra is a division algebra.

Theorem 2.1 [Demonet et al. 2019, Theorem 1.4]. A finite-dimensional algebra A
is T-tilting finite if and only if there are only finitely many isomorphism classes of
A-modules which are bricks.

Corollary 2.2. Let A and A’ be two finite-dimensional algebras, and assume that
there exists a fully faithful functor F : mod A — mod A’. If A’ is t-tilting finite,
then so is A.

Proof. If B is a brick over A, then FB is a brick over A’, since Endy (B) is
isomorphic to End,/(F B). Moreover, two bricks B and B’ over A are isomorphic
if and only if FB and FB’ are isomorphic. Therefore, if A admits infinitely many
bricks, then so does A’. The result then follows from Theorem 2.1. |

Corollary 2.3 (first reduction [Demonet et al. 2017, Theorem 5.12(d)]). If A is
T-tilting finite and I is an ideal in A, then A/I is t-tilting finite.

Proof. Apply Corollary 2.2 to - @/ A/l :mod A/I — mod A. ]

Corollary 2.4 (second reduction). If A is t-tilting finite and e € A is an idempotent,
then e Ae is T-tilting finite.

Proof. Apply Corollary 2.2 to Hom,.(Ae, - ) : modeAe — mod A. Alternatively,
apply [Pilaud et al. 2018, Theorem 1.1] for a proof which does not use the brick-t-
tilting correspondence. ]

Remark 2.5. In practice, Corollary 2.3 implies that erasing arrows or vertices from
a t-tilting finite algebra yields another 7-tilting finite algebra, and Corollary 2.4
implies that erasing a vertex v and replacing any path of length two without relation
of the form
o B
U—v—>w

29 [ ] . . .
by a “shortcut” arrow u Lop] w also preserves t-tilting finiteness.

3. Two classes of examples
Our strategy to prove Theorem 1.1 will be to reduce any gentle algebra of infinite-
representation type to one of the two classes of examples presented in this section.

Example 3.1 (type Ay). Let Qbea quiver of type Ay, that is to say, an orientation
of the following diagram with m + 1 vertices, where m > 1:
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The representation theory of the path algebra A = kQ is very well understood in
this case; see for instance [Assem et al. 2006, § VIIL.2]. In particular, this algebra is
7-tilting infinite.

Example 3.2. The second class of examples that we will consider will be given by
the path algebras of quivers Q defined by any orientation of the diagram

or—1 Y2
[ ]

o B B . B V]T"_

£} .
o

Sl VtT".

[ ]
o Yi—1

modulo the relations o« and y;y; (note that the orientations of «y, ¢, y1, and y;
are imposed, while those of other arrows can be arbitrary). We allow r =1 (in
which case o = «, is a loop whose square vanishes); we allow the same for 7.
We also allow s = 0; in this case, we require that the cycle on the left and the
cycle on the right are not both oriented cycles; otherwise, the algebra would be
infinite-dimensional.

Proposition 3.3. The algebras defined in Example 3.2 are t-tilting infinite.

Proof. Let A be an algebra in the class defined in Example 3.2.

We first deal with the case where s = 0. In this case, let v be the vertex common
to both cycles. Let e = 1 —e,,. Then the algebra eAe is of type A,,, so it is T-tilting
infinite. By Corollary 2.4, A is t-tilting infinite.

Assume, therefore, that s > 1. We will construct an infinite family of bricks
for A; by the brick-t-tilting correspondence (see Theorem 2.1), this will imply that
A is t-tilting infinite.

Let b’ = alagz . -oef’: 1‘ o, be the string corresponding to the cycle on the left,
b’ =y yfz ‘.- yffl' ¥; be the one corresponding to the cycle on the right, and
w= f‘ .-+ B be the middle string followed from left to right, where the §;, ¢;,
and ¢; are the appropriate signs.

Define b = (b')*'w(b")*'w~". We claim that the string module defined by b is a
brick. To prove this, we need to prove that the only substring of b appearing both on
top of and at the bottom of b is b itself, so that the endomorphism ring of the string
module is isomorphic to the base field k (using the description of all morphisms
between string modules obtained in [Crawley-Boevey 1989]). Here, we say that a
substring o’ of a string o is on top of o if the arrows in o adjacent to o’ are leaving o,
and that it is at the bottom of o if the arrows in o adjacent to o’ are entering o”.

Note first that the middle copy of w is neither on top of nor at the bottom of b.
Indeed, if &; = 1, then w is not at the bottom, since the first arrow of (b”)! is direct,
and w is not on top, since the last arrow of (b)°! is direct; if & = —1, then w is
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not at the bottom, since the last arrow of (b’)°! is inverse, and w is not on top, since
the last arrow of (b”)°! is inverse.

Next, let us deal with the substrings of length O of 5. The starting point of b is
on top if & = 1 or at the bottom if &y = —1. It appears twice more in b: at the end
of b" and the end of b. At the end of b’ it is neither on top nor at the bottom, and at
the end of b it is on top if &1 = 1 or at the bottom if ¢; = —1. Therefore, this vertex
does not occur both on top and at the bottom of b. The other vertices appearing
several times in b are the vertices of w and the starting/ending points of b”. The
former appear either twice at the top or twice at the bottom of b. The latter cannot
be both on top and at the bottom, since it appears in the middle of paths of length
two of the following form: if &; = 1, then these paths are B;°y; and y, s °*, and
if &1 = —1, then they are 85°y,' and y; ' B;*. In both cases the middle vertices
are either on top of b or at the bottom of b, but not both. Thus, no substring of
length zero appears both at the top and the bottom of b.

Assume that there is a substring p of length at least one, different from b, which
appears both on top and at the bottom of b. Since the only arrows of b that are used
twice are those of w, p has to be a substring of @ and of w~!. Since w does not
go twice through the same vertex, the only substring both on top and at the bottom
of w is w itself. Hence, p = w. But we saw above that the middle substring w is
neither on top nor at the bottom of b. This is a contradiction.

Thus, the string module defined by b is a brick.

Using the above arguments, one can also check that all powers of b define bricks
as well. Thus, A admits infinitely many pairwise nonisomorphic bricks, and by the
brick-t-tilting correspondence (see Theorem 2.1), it is T-tilting infinite. O

4. Proof of the main theorem

We now prove Theorem 1.1. Let 0=(0,I)bea gentle bound quiver. Assume
that the algebra A = kQ/1 is of infinite representation type. Let us show that it is
7-tilting infinite.

By [Butler and Ringel 1987], there exists a band » on Q. Our strategy will be to
reduce to one of the two cases in the following lemma.

Lemma 4.1. The algebra A is t-tilting infinite if Q admits a band b satisfying one
of the following conditions:

(1) b does not go through the same vertex twice (except for the starting and ending
points of b) or
(2) b has the form b =b'wb"w™", where

e b’ and b" are strings such that s(b') = t(b') and s(b") =t (b"),
o (b")? and (b")? are not strings,
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e w is a possibly trivial string,

e none of b', b", and w go through the same vertex twice (except for the
endpoints of b’ and b"), and

e the only vertices that b', b", and w may have in common are their ending
points.

Proof. Let I be the ideal generated by all arrows and vertices through which b
does not go. If we are in case (1), then A/ is isomorphic to the path algebra of a
quiver of type A,,. These algebras are t-tilting infinite, so the result follows from
Corollary 2.3. If we are in case (2), then A /[ is isomorphic to an algebra in the
class defined in Example 3.2. By Proposition 3.3, these are t-tilting infinite, so the
result follows again from Corollary 2.3. O

To prove Theorem 1.1, it is therefore sufficient to show that a band as in
Lemma 4.1 always exists.

Let b be a band of minimal length on Q. If b does not go through the same
vertex twice (except at its endpoints), then by Lemma 4.1(1), the theorem is proved.

Assume, therefore, that there is a vertex u through which b passes twice. Up to
cyclic reordering of b, we can assume that this vertex is the starting point of b. Up
to choosing another such vertex u, we can also assume that b = b'b”, with " and b”
nontrivial strings starting and ending at u and such that " does not go through
the same vertex twice (except at its endpoints). Note that, by minimality of b, the
string b’ cannot be a band; that is, (b')?> cannot be a string. The same is true for b”.

Lemma 4.2. Let b = b'b" be as above. Then b’ and b” cannot have a vertex in
common apart from their starting and ending points.

Proof. Assume that b’ and b” have another vertex in common, and let v be such a

vertex. Write b’ = 0‘1 ol and b = By -- 583 where the «; and f; are arrows
and the §; and ¢; are £1, and assume that s(oz N=v= t(,B ¥, withi # 1, r and
j # 1,s. By minimality of b, « . ozj’jll a ,8 . ,Bk cannot be a band. This
implies that §; = & and that the composmon of a 7 and ﬂ is a relation in Q. But
then a; 8’1 o 2 8’2 2., _5‘ ,3 -+ Bi* is a band, smce B;* cannot be in a relation

both with o) % and w1th o . This again contradicts the minimality of b. U

Now, if b does not go twice through the same vertex (except for its endpoints),
then we are in case (2) of Lemma 4.1 with w trivial, and the theorem is proved.
Assume thus that »” does go twice through a vertex v outside its endpoints (or three
times through v if it is the endpoint of 5”). Up to choosing another vertex v, we
can assume that there is a substring " = ,Bj.f ﬁ;ﬂ:ll -+ Bi* of b” which starts and
ends in v, does not go through the same vertex twice outside its endpoints, and is
such that  := " - - ] 1 ' does not go through the same vertex twice.

If By and B;_; form a relation of 0, then 8; ; and By cannot form a relation, since

there is at most one involving S and B;_, B; are distinct. Thus, b is a band with
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no repeated vertices (except for its endpoints), and we have reduced to case (1) of
Lemma 4.1, proving the theorem.

If, on the other hand, B¢ and B;_; do not form a relation, then b'wb”»~! is a
band satisfying the conditions of case (2) of Lemma 4.1.

This finishes the proof of Theorem 1.1.
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YAMABE EQUATION
ON SOME COMPLETE NONCOMPACT MANIFOLDS

GUODONG WEI

We consider the Yamabe equation on a complete noncompact Riemannian
manifold and find some geometric conditions on the manifold such that the
Yamabe problem admits a bounded positive solution.

1. Introduction

Let (M, g) be a complete Riemannian manifold of dimension n > 3. The Yamabe
problem on a compact Riemannian manifold without boundary consists of finding
a constant scalar curvature metric g which is pointwise conformally related to g. It
is well known that this problem is equivalent to showing the existence of a positive
solution to the equation

n—2

Ay — — =
T A=)

Rgu 4 Ku(n+2)/(n—2) — 0’

if one sets g = u*/ =2 g. Usually, one writes this equation as
(1-1) Agut —c(n)Ryu+Ku?"' =0 on M,

where A, is the Laplace-Beltrami operator associated with g, R, is the scalar
curvature of g, c(n) = (n—2)/(4(n—1)), p=2n/(n—2), and K is a constant
satisfying K = c(n) Rz, where Rj is the scalar curvature of g. As is well known,
the existence of minimizing solution to the Yamabe problem on a compact manifold
was established through the combined works of Yamabe [1960], Trudinger [1968],
Aubin [2001] and Schoen [1984].

Yau [1982] and Kazdan [1985] suggested the study of (1-1) in a noncompact
complete manifold. This study was proposed again in the book by Aubin [2001].
For the case where (M, g) is a noncompact complete manifold with nonpositive
scalar curvature, Aviles and McOwen [1988] have established some existence
results. However, the understanding on the case where (M, g) is of nonnegative
scalar curvature is still rather limited. Some existence and nonexistence results on

MSC2010: primary 53C21; secondary 35B40, 35J61, 35R01.
Keywords: Yamabe problem, noncompact manifold, Yamabe constant, blow-up analysis, pointed
Cheeger—Gromov topology.
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the case (M, g) of positive scalar curvature have been established in [Kim 1996;
Zhang 2003; 2004; Grosse 2013; Jin 1988]. S. Kim [1996; 1997] introduced a
functional Y, (M) (which may be called the Yamabe constant at infinity) to study
the Yamabe problem on a complete noncompact manifold and got an existence
result merely under the assumption Y(M) < Yo (M) for such a manifold (M, g)
with positive scalar curvature. However, Zhang [2003] found a gap in Kim’s proof,
and fixed the gap under an additional assumption on the volume growth of geodesic
balls. Zhang [2004] also studied the existence of positive solutions of (1-1) with
K a prescribed nonnegative function under certain conditions. N. Grosse [2013]
studied the existence of positive solutions of (1-1) by assuming (M, g) is of bounded
geometry (here bounded geometry means g is complete and the curvature tensor
and all its covariant derivatives are bounded) via weighted Sobolev embeddings.

In this paper, we focus on the solvability of the Yamabe problem on a complete
noncompact Riemannian manifold without the nonnegativity assumption on its
scalar curvature, and intend to improve and generalize some results obtained in
[Zhang 2003; Kim 1997]. More concretely, first, we try to prove a similar existence
result to that in [Zhang 2003] under weaker assumptions on the volume growth of
geodesic balls without the assumption that the scalar curvature of (M, g) is non-
negative. Then, we try to replace the hypothesis on the volume growth of geodesic
balls of M by some other geometric hypotheses to derive some existence results.

In order to state our results, we need to clarify some notation. Generally, (M, g)
denotes a complete noncompact manifold with dim(M) > 3. O is a fixed point in
M and d(x) = d(x, O) denotes the distance from O to any x € M with respect
to g, R, is the curvature tensor, inj(M) is the injective radius of M and V, (B, (x))
denotes the volume of B, (x). Let Y(M) and Y., (M) be the Yamabe constant and
the Yamabe constant at infinity on M, respectively.

Throughout this article, we always assume M satisfies the following conditions:

(1-2) YM) <Yo(M) and Yoo(M)>0.

It is worth pointing out that Yo (M) > 0 implies that Y(M) > —oo by Theorem 1.7
in [Grosse and Nardmann 2014]. Now we are ready to state our main results.

Theorem 1.1. Let (M, g) be a complete noncompact Riemannian manifold of
dimension n > 3 satisfying (1-2). Suppose that there exists a positive constant
C such that Ry > —Cd (x)2 when d(x) is large . Then there exists a constant
po(n, Y(M), Yoo (M)) > 0 such that, if Vo(B(O,r)) < Cr"*? for all large r, where
p is a number with p < pg, then the Yamabe equation (1-1) admits a positive
solution u with K =1, 0, —1 corresponding to Y(M) being positive, 0, and negative,
respectively. Moreover, with o = a(n, p) > 0, we have

lim dx)%u(x)=0(1).

)—>o00

d(x)—
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The method we used here is inspired by Zhang [2003] and Kim [1996]. Under
the control condition on volume growth stated in the above theorem, we can derive
a priori decay estimates of the “approximate solutions {u;}” (see the details in
Proposition 2.2). Hence, it follows that, if the sequence {u;} blows up, then the
blow up points must lie in a compact subset of M.

Remark 1.2. In the case p < 0 and the scalar curvature of (M, g) is nonnegative,
we have
lim dx)"22u(x) = o(1),

d(x)—00
which is just the main result in [Zhang 2003].

Remark 1.3. There are a lot of manifolds satisfying the condition Y(M) < Yoo (M),
such that M is not locally conformally flat and there exists a compact subset M
such that M\ My admits a conformal map to S” (see [Schoen and Yau 1988; Kim
1996]). Zhang [2003] constructed a explicit example on a warped product manifold.

By the volume comparison theorem, the following corollary is an immediate
consequence of Theorem 1.1.

Corollary 1.4. Let (M, g) be a complete noncompact Riemannian manifold of
dimension n > 3 with nonnegative Ricci curvature. Suppose Y(M) < Yoo(M). Then
the Yamabe equation admits a positive solution u with K = 1 and
lim dx)"22u(x)=0().
d(x)— 00

It is natural to ask what happens without the assumption on volume growth. In
this situation, one will encounter a new difficulty that, if {u;} blows up, maybe
the blow up points tend to infinity of M. To overcome this difficulty, we need
to analyze the convergence of the pointed manifolds induced by {u;} under the
pointed Cheeger—Gromov topology by providing certain suitable conditions, then
we discuss the blowup behavior of u; on the limit pointed manifold. We obtain the
following results.

Theorem 1.5. Let (M, g) be a complete noncompact Riemannian manifold of
dimension n > 3 satisfying (1-2). Assume |Ric(M)| < Co and inj(M) > iy, where
Co and iy are positive constants. Then (1-1) has a positive solution with K =1, 0, —1
corresponding to Y(M) being positive, 0, and negative, respectively. Moreover,
lim wu(x)=0().
d(x)—00

If we do not have an a priori positive lower bound on the injective radius, by

[Anderson 1989; 1990] we can also get the following conclusion.

Theorem 1.6. Let (M, g) be a complete noncompact Riemannian manifold of
dimension n > 3 satisfying (1-2). Suppose
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(1) there exist positive constants Cy, vo and C such that
|Ric(M)| < Co, Vo(B(p,1))=vy forany peM,

and /M |Rn|"?dV, < C,  respectively;

(i1) the length of the shortest inessential (null-homotopic) geodesic loops, denoted
by ly, is positive, i.e., lyy > | > 0, or M is an odd-dimensional, oriented
manifold.

Then, the Yamabe equation (1-1) has a positive solution.

The paper is organized as follows: In Section 2, we recall some basic notation,
prove some basic facts about the Yamabe functional and discuss the variational
approach as in the compact case. In Section 3, we give the proof of Theorem 1.1.
In Section 4 we prove Theorems 1.5 and 1.6 by analyzing the blowup behavior of
{u;} under the pointed Cheeger—Gromov topology.

2. Some basic notation and known results

In this section, we will recall some basic notation and definitions such as the
Yamabe constants Y (M) and Yo (M). Then we discuss the existence of “smooth
approximate solutions u;” corresponding to the exhaustion of M. The main methods
and techniques used in this section can be found in the survey paper [Lee and Parker
1987]. For the sake of clarity and completeness, we shall still write it down. Finally,
we recall the definition of pointed Cheeger—Gromov topology.

Yamabe constant on noncompact manifold. For any v € C2°(M)\{0}, define
Eew) = [ (V0P +cR,o?) av,.
M

where c(n) = (n —2)/(4(n — 1)). Then the Yamabe constant of (M, g) is defined
by
E,(v)

Y(M) = inf{ 5
vl LP(g)

(uecfmnwm}

Kim [1996; 1997] defined a new functional called the Yamabe constant at infinity
for noncompact manifolds as follows: choose an exhaustion {K;};cn of M, which
is composed of bounded sets, and define

Yoo(M) = lim Y(M\K;).

Obviously Y. (M) does not depend on the exhaustion we choose.
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Lemma 2.1. For any complete noncompact manifold M, it always holds that
—c(M)[(Rg) g2 = Y(M) < Yoo (M) < A,

where A = (n(n —2)) /4a),3/ " is the best Sobolev constant on R" and (Rg)_ is the
negative part of the scalar curvature on M.

Proof. The first inequality is derived from the Holder inequality and the second
holds evidently by the definition of Y(M) and Yoo (M).
In order to prove the inequality on the right hand side, we need to make the

following arguments. Let
o (n-2)/2
Uy = ——— .
T \a?+x)?

It is well-known that we may obtain the best Sobolev constant in R" by this
family {u,}. In other words,

2/p
i |Vuo,|2dx:A</ uﬁdx) .

For any g € M\ K;, we choose the normal coordinates around g. It is well-know
that, in the normal coordinates, dV, = (1 + O(r)). Given € > 0, let B, denote the
ball of radius € in R". We choose a smooth radial cutoff function 0 < n(r) <1
which is supported in By, and with n =1 on B.. Setting ¢ = nuy, we have

(2-1) IVo|*dx = / (1?1 Vg |* + 2nuqe (Vn, Vug) +ul|Vn|?) dx
R" B¢
< |wa|2dx+C/ (| Vit | +u?) dx,
Rn A

where A, denotes the annulus By \ B.. Since
Uy < aD/2p27n and [Vug| < (n— 2)a("_2)/2r1_",

then, for fixed €, the second term on the right hand side of inequality (2-1) is
O (" %) as @ — 0. For the first term of (2-1), we have

2/p
|Vug|?dx = A(/ u{;dx+/ ugdx)
R B. R\ B,
2/p
A(/ P dx —i—/ o' dx)
BZ( Rn\Be

2/p
A(/ @? dx) + 0" 2.
BZe

IA

IA
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Therefore, on M, we have

(IV@|? + c(n)Rgp®) dV,

BZe 2e
5(1+Ce)(A||go||ip+Ca"—2+Cf / uir"—ldwdr).
0 S,

The last term on the right hand side of the above inequality is actually bounded by
a constant multiple of «. Obviously,

2e 2¢/a
/ uérn_ldr =(x2/ " Y o?+ 1) " do,
0 0

and noting that 02 <0?41<20?%foro > 1 we can see that

2¢/a 2¢/a
Ci (C +a2/ o3 dcr) < azf " No?+ 1) "do
1 0

2¢/a
§C2<C+a2/ o3 do).
1

A simple computation shows

2e/a o if n =3,
o / o> "do < {—a’loga ifn=4,
! o? ifn>5.

Thus, choosing first € and then o small, we can arrange that

L) _ (14 copn+Ca.
lellze

Since € and « can be arbitrarily small, it follows that

E
_g(<2p) <A O
lell7

Note that the proof of the above lemma does not assume that the injective radius
of M has a positive lower bound.

The variational approach. In this subsection, let B, (O) denote the geodesic ball
centered at O with radius » on M (M is noncompact), where O is a fixed point
in M. Denote

Eq () }

Y‘ = 1n i 5
wewy 28,00 LI Ls )

J

We have the following proposition:
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Proposition 2.2. Assume Y; < A. Then, the following Dirichlet problem admits a
positive solution uj with ||luj|lL»r = 1:

(2-2) Auj — c(n)Rouj + Yju? "' =0, in B;(0),
(2-3) uj=0, ondB;(0).

To prove this proposition, we need to establish some lemmas. First, for s € (2, p],
we define

Eg(u)
el

Os(u) =

and A, =inf{Q,(u) | u € Wy >(B;(0)\{0}}.
(€3]

Lemma 2.3 [Aubin 1976]. For Qg (u) and A defined as above, we always have

limsup A, <Y;.

s—>p

Moreover, if Ay >0, then Ay — Y.

Lemma 2.4. For any s € (2, p), there exists us € COO(EJ-(O)), us > 0in B;(0),
us=00n9B;(0) and ||lus| s =1 such that Q(us) = A and the following equation
is satisfied:

(2-4) Aug —c(n)Rgus +rgul~ " =0.

Proof. Take a minimizing sequence {u;} C WOI’Z(BJ (0))\{0} such that Qg (u;) — As.
Since O, (Ju|) < O;(u) and Q;(tu) = Q(u), we can assume u; > 0 and ||u;||zs = 1.
Then we have

Qs (ui) = Eg(u;) = [ Vui |15+ c(n) Rgui dVg — ).
B;(0)
Hence we have || Vu; ||%2 <c1+colu; ||%2. By the Holder inequality, we also have

luill72 < C(Ve(Bj(O)luil7. = C(Vg(B;(0)).

Therefore, {u;} is a bounded sequence in Wol’z(B ;(0). Then, neglecting a subse-
quence, there exists u; € WO1 ’2(B ;(0)) such that {u;} converges weakly to u, in
Wl’z(Bj(O)). On the other hand, we also know that W2 < L7 is compactly
embedded when O < r < p. Hence we have

(2-5) [Vugllz2 < liminf Va2,
11— 00
(2-6) / Rou?dV, — / R,u?dV,,

(2-7) lugllLs = Hm flu; |z = 1.
1—> 00
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Combining the above three inequalities we infer
Os(us) < h,n_l)g.}f Os(u;i) = As.

Then, the definition of A, tells us Q;(u;) = Ay;. This means that u, is the weak
solution of (2-4). Using an L” estimate and the Schauder estimate (see [Gilbarg
and Trudinger 1998]), we take a standard boot-strapping argument to deduce
us € C**(B;(0)).

Since u; > 0, it follows that u; > 0. Hence, it is easy to see that there exist
some constant ¢ > 0 such that Aug; — cuy; < 0. By the maximal principle, we
have u; > 0 in B;(0). Since *~1 is a smooth function when ¢ > 0, it follows
that u$~! is a smooth function. Hence, the standard elliptic theory tells us that
uy € C*(B;(0)). O

Lemma 2.5. The set {ug | so <s < p} is uniformly bounded with respect to s for
some constant so € (2, p).

Proof. Each u; satisfies Equation (2-4) and u; =0 on 0B;(0). Let b > O be a
constant which will be determined later. Multiplying both sides of (2-4) by u S”%
and integrating by parts, we obtain

/ ((Vug, (1+2b)u;’Vug) + c(n)Roui t2") dVy = Ay / ul T av,.
B;(0) B;(0)

1+b
s

14+2b
+ 2/ [Vw|?dV, =/ ()\swzui_z—c(n)ngz) dv,.
(1+0)° Jp;0) B;(0)

Now, applying the sharp Sobolev inequality, for any € > 0, there exists some C(¢)
such that

If we set w = u ™", then the above equality can be written as

|
(2-8) jwz, < L9 IVw[2dV, + C(e) w?dV,
A U0 B;(0)

(1+b)2/ As 5 o 2
< (1 _— — S=2dV, C’
<(+e) %25 )0 o . +C' (O llwl7,

(1+5)* A
1+2b A

Since s < p, we have (s —2)n/2 < s. By the Holder inequality, we have

2 s—2 2
<(1+e€) ”w”Lﬁ [|ues ||2n(.§—2)/2 + C/(E) ”w”Lz-
usllprs-22 < C(s)|lusllLs = C(s),

where C(s) — 1 as s tends to p.
Now, we need to consider the following two cases:
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Case 1: 0 <Y; < A. In this case we have A; > 0. Moreover, by Lemma 2.3 we
know that there exists some sg € (0, p) such that A;/A < u < 1 for any s € [sg, p).
Thus, we can choose € and b small enough such that

(1+b)* A
— <

1
IO

So, it follows from (2-8) that

2 2
lwllz, = Cllwllz..

Case 2: Y; < 0. For this case the same result holds obviously. Indeed, as Y; is less
than zero, it follows from Lemma 2.3 that there exists some sg € (0, p), such that
As < 0 for any s € [so, p). We apply the Holder inequality to derive

1+b 1+b
lwllz2 = llusll 2000 < Clluslls™ < C.

Therefore, we have that ||w||zr = |Jus]| 1;;3 +» 1s bounded uniformly with respect to s.

By L? estimates and the Sobolev embedding theorem, we know that the lemma is
true. (]

Proof of Proposition 2.2. By Lemma 2.5, we know u; is uniformly bounded in
ck*(B ;(0)). Hence, there exists a subsequence of {uy} which converges to a
solution of (2-2) and (2-3). O

Pointed Cheeger—Gromov topology. At the last part of this section, we recall the
definition of convergence of manifolds under the pointed Cheeger—Gromov topology.

Definition 2.6 (see [Petersen 2006]). A sequence of pointed complete Riemann
manifolds is said to converge in pointed C"% Cheeger—Gromov topology

(M;, pi, &) — (M, p, g)

if for every R > 0 we can find a domain Br(p) C 2 C M and embeddings
F; : Q© — M; for large i such that F;(2) D Bgr(p;) and Fg; — g on & in the C"™*
topology.

Note that C"™“ type convergence implies pointed Gromov—Hausdorff conver-
gence.

3. Proof of Theorem 1.1

We proceed now to the proof of Theorem 1.1, which will be divided into four steps.
The basic idea we used here is to employ the finite domain exhaustion of M and
then consider the subsolution sequence u; of Yamabe equations corresponding to
this exhaustion. A crucial step is to establish a decay estimate of u; near infinity.
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Step 1. By the condition Y(M) < Yoo (M) and Lemma 2.1, we have Y(M) < A. On
the other hand, by the definition of Y;, we know that {Y;} converges decreasingly
to Y(M). So, when j is large enough, we have Y; < A. Using Proposition 2.2, we
know there is a positive solution u; solving

Auj —c(n)Rguj + Yju! "' =0, in B;(0),
uj=0, on aBJ(O)
Next, we extend u; to the whole manifold by defining u;(x) =0 when x ¢ B;(0).
The extended function, we still denote it by u;, is continuous and a subsolution to
the equation
Au—c(n)Rou + Yju"’_l =0, onM.
Step 2. In this step, we will establish an a priori decay estimate for {u;}.
Lemma 3.1. There exists a po(n, Y(M), Yoo (M)) > 0, such that for any p < po, if
V. (B(O,r)) < Cr"*° for all large r, we have

lim  lim d(x)%u;(x) = O(1),

d(x)—00 j—00
where p can be negative and « = a(p, n) > 0.

Proof. Given R > 1, first we fix a point xo € M such that d(xg) = 2R?, then we
scale the metric by g = g/R*. Let d;, V|, Rz, Ay and d'V; be the corresponding
distance, gradient, scalar curvature, Laplace—Beltrami operator and volume element
with respect to the rescaled manifold (M, g). Define v;(x) = R" 2y j(x). Since

Auj—c(n)Rgu; + Yjuf_l >0, onM.
A direct computation shows

G-1) Ay —cm)Rgv; + Vvl ™ = R™2(Au; — c(n)Ryu; + Yjul ™) > 0,

(3-2) / vf dVg =/ uf dVOlg 5/ uf dVg =1.
dy(x0,x)<1 d(x0,x)<R? M

Take ¢ € C*°[0, 00) such that 0 < ¢ <1 and |¢’(r)| < C, which satisfies ¢ (r) =1
when r € [0, 3], ¢(r) =0 when r € [1, 00). Let G(s) = s# and define

t 2
F(t)= | G'(s)*ds= 2P
() /O (5)"ds =7 51
By a simple computation, we see that, as § > 1,
(3-3) sF(s) <s2G'(s)> = B*G(s)>.

Let n(x) = ¢(d)(xo, x)); we know the support spt(n>F (v)) € M \ Bg2/»(0).
We multiply (3-1) by #?F (v) and then integrate by parts to obtain that, for some
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€>0,
(-0 / V102G () dVs

< P! / VinPG W) dv;
2

281

f c(m)RzG(v)*n*dV; +Y; f vP2F (v) dV;,

where € may be chosen arbitrarily small. By the condition R, > —Cd ~2(x, 0), we
have that, when R is large enough, R; > —C. Hence, from the above inequality it
follows that

G-4) ViGNl +/C(H)Rg(G(v)n)2 dV;

Y
< CBIVinlix /G(U)zdvg-i-l ! /UP_IF(v)ndeg,.

Next, we need to consider the following two cases:

Case 1. Y(M) > 0. Since Y; converges decreasingly to Y(M), it follows that
Y; > 0. On the other hand, by the assumption Yo, (M) > 0 and the fact Y(M\ B, (0))
increases with respect to r, we have Y(M\ B, (O) > 0 when r is large enough. Let
1
Co= .
" Y(M\Bg:/5(0))

It is easy to see that Co > 0 as R is large. Since spt(n>F (v)) C M\Bg2/,(0), by
the definition of the Yamabe quotient we have

IG)nl7, < CollVi(GN)3, + Co f c(n)Rz[G (v)n)* dV;.

dy(x0,x)<1
Here, all the norms were taken on the domain d;(xg, x) < 1 with respect to the
rescaled metric g. By the fact that ¥; > 0 and (3-3), we obtain

(3-5) 1IGw)nl3,
< CCoB IV inl2 / G2 dV; +CoY; (B + ©) / 0P 2G (w22 dV;

2/n
< CCop?IVinl7e f G)? dV;+CoY; (B> +)G)nl2, ( f UpdVg)

< CCoB?IIVinlli« / G@)?dV; + CoYi (B> + )G @)nl7,.

Here we have used inequality (3-2) in the last inequality.
By the assumption Y(M) < Y (M), we have, when R sufficiently large,

Y(M) < Y(M\Bg2/5(0)).
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Noting Y; | Y(M) as j — oo, we have that, when j is large enough,
(3-6) Y < YOM\Breo(0)) = -

Hence, there exists Bp > 1 such that, for all j and small enough e,
(3-7) (B +€)CoYj < 1.

Substitute (3-7) into (3-5) to obtain

(3-8) Rl < IVt [ vhav.

By the definition of n and the Holder inequality, we infer from (3-8),

(n—2)/n
(3-9) ( / p2no/ (+=2) dvg)
Bi(x0,1/2)

< Pl < C / V0 4V,
Bi(xo,1)

Bo(n=2)/n ——2p/
§C</ vpdVg,) (Vz(Bi (xo, 1)))" 77"
By (xo,1)

< C(Vz(Bi(xg, 1))~ 2P/,

Now, we proceed to a consideration of the possible growth rate of volumes
of geodesic balls such that the Yamabe equation (1-1) on M is solvable. If
V. (B(O,r)) < Cr"*P for all r large, then we have

Ve (Br2(x0)) _ Vg(Byg2(0))
Vi(Bixo, ) = ~—Es < =T < CRY.
Therefore, we obtain
(n—=2)/n
(3-10) (/ p2nbo/ (1=2) dVg) < CR?*PIn=(=2)ol/n
Bi(x0,1/2)

Subsequently we will use a standard Moser iteration argument to finish the proof
the lemma. Given 0 <r; <r; < % by taking G (v) = vP we have

/ vPrG(v)? dV;
B (x0,r1)

2/(npo) (nBo—2)/(nPo)
< < / 2o/ (n=2) dVg) ( / G (v)2Po/ (1po=2) dVg,)
Bi(xo,r1) Bi(x0,r1)

2/(nfi) (1-2)/(n8)
< ( / 2o/ (n=2) dVg) ( / G (0) 218/ (1=2) dVg) ,
By (xo,r1) Bi(xo,r1)

where
5 (n—=2)Bo
= <
nBo —2

1.



YAMABE EQUATION ON SOME COMPLETE NONCOMPACT MANIFOLDS 729

Therefore, by combining (3-10) with the above inequality we have
(3-11)

4p_n=(n—=2)f 208 (n=2)/(nd)
/ VPG W) dVg < CRAZ2 o ( / G (v)n=2 dVg) :
BiGxo.r1) By (x0,r1)

Noting that
né nBo

n—2:n,80—2

we use again the Holder inequality to obtain

> 1,

(3-12) G(v)?dV;

By (x0,r1)

(n—2)/(ns)
< (/ G(U)ZnS/(n—Z) dVg,) V§(B] (an 1))(n8—n+2)/(n5)
By (x0,r1)

< c( / G (v)?/ =2 qv;
Bi(xo,r1)

ForO<rm <r; < %, we choose 7 to be a radial function, supported in B (xg, r1),

such that n = 1 if x € By(xg, rp) and |Vin| < 2/(r; —rp). We also note that (3-5)
remains valid for such n and any fixed 8 > 1, i.e.,

(n—2)/(nd)
) R0/ (bo)

(3-13) 1G@NIE, < CCoB2 I Vinln / G av,
+CoY; (B> +€) / vP2G(v)*n* dV;.

Substituting (3-11) and (3-12) into the right hand side of (3-13), we obtain

RZP/("ﬂO),B
(3-14) G () xr, | p2nsni—2 < C# G () xr, | L2n/0—2) .
1=

Here y,, is the characteristic function of Bj(xo, r;).
By taking 8 =6 and r,,, = r1(2+27") /4, the standard Moser iteration shows
that
vl oo (B, (xour1 /2)) < C R2P8/mpo(1=8)) — o p(n=2)p/(n(fo—1))

Note that, if (n —2)p/(n(Bp — 1)) <n—2,1.e., p <n(By—1),

v;j (x0) o
uj(x0) = 5 < Cd ™ (xo),

where
n—2 n—2)p
o= — .
2 2n(Bo— 1)

From the above arguments, we know that py can be chosen as n(fy — 1). Here,
Bo should be chosen such that (3-7) holds as well as By < n/(n —2). So, by a
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simple computation, we have

— min(n [ Yo _p 2
po= ym)y " n—2)

Case 2. Y(M) < 0. In this case, we have ¥; < 0 when j is sufficiently large,
since {Y;} converges decreasingly to Y(M). Thus we can directly drop the last term
in (3-4). Then (3-5) turns out to be

(3-15) IG )|, < CCoB?|IVinll? / G(v)? dV;.

For the present situation, we may directly choose py = 2n/(n — 2) and take the
same argument as in Case 1 to deduce

lim  lim d(x)%u;(x) = O(1),

d(x)—00 j—00
where o = (n —2/(4n))(2n — p(n — 2)), completing the proof of Lemma 3.1. [
Step 3. Now we turn to showing {u;} is uniformly bounded with respect to j. For

this purpose, we prove it by contradiction. If not, then there exists a subsequence
{k} € {j}, zx € M, such that

ur(zx) = max uy = my, — —+00.

By Lemma 3.1, we know there exists a sufficiently large Ry such that zx € Bg,(O).
Thus we can assume z; — zo. Take a normal coordinate system at zg. It is well-
known that, in the normal coordinate system, we have

gii(x)=38;+0(x», and det(g;(x))=1+0(x*.

Denote the coordinates of z; at this atlas by x;. Then, x; — 0 as k — oco. With
respect to this coordinate chart, u; satisfies the following equation:

1 pp -1
3-16 ————3;(y/det gg" d;up) — c(n) Ry (x)uy + Yiul ™" =0
(3-16) ml( 88" djur) — c(n)Rg(x)uy + Yyuy
Without loss of generality, we may assume the above equation can be defined in
{x :|x] < 1}. Now define
ve = my ug (Sx + xp),
where §; = m,lc_p /2 0. Then v can be defined on the ball centered at O with
radius p; = (1 — |x])/8;r — oo in R". Moreover, vy satisfies

(3-17) ia,- Bral? 9;00) — cove + Yol ™ =0,
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where

(3-18) @ (x) = g (8x + x¢) — 85,

(3-19) bi(x) = y/det g (8xx +x1) — 1,
(3-20) cr(x) = cmym; P Ry (8px +x1) = 0.

The above convergence is actually C' uniform convergence on any finite domain
of R". Noting that

0<w <w(0) =1,

by L? and Schauder estimates we obtain that, for any R > 0, there exist C(R) > 0
and k(R) > 0, such that

Vil 2oz, < C(R).  forall k > k(R).

Picking R,, — 400, we make a standard diagonal argument to show that there
exists a subsequence {vy,}, such that v,, — v € C%(R") with respect to the C2-norm
on every B R, - Let m — oo. In view of Equations (3-17)—(3-20) we know that v is
a nonnegative solution of

(3-21) Av+Y(M)wP~ ' =0,

with v(0) = 1. By the maximal principle, we have v > 0.
By changing of the variables, we obtain

(3-22) / v by dx = / up/detgdx < [luglly, =1.
Ix|<38; ! By 2 (x)

Since {v}b,,} converges to v” uniformly on any bounded domain in R", by
Fatou’s lemma we obtain

(3-23) / vPdx < 1.

Similarly, we have
(3-24) / |V |2by dx :/ |Vug|?y/detg dx < ||Vuk||§2(3 0"
|x|§%3[1 By (xp) fo

By L? estimate, we have

”uk”WZ'Z"/("H)(BRO(O)) <C.

Then the Sobolev embedding theorem yields

IVurll L2, 0y = C-
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Combining the above inequality and (3-24), by Fatou’s lemma again we obtain
(3-25) |Vo|? dx < o0.
Rn

Choose n € Cj°(R") such that 0 < n <1, n =1 when x € B(0), n =0 when
x € R"\ B,(0). Define

Ve (x) = n(%)v(x).
Then, obviously we have
(3-26) (|V(v—vR)|2+|v—vR|p)dx—>O, as R — oo.
Rn

Multiplying (3-21) by v, and integrating by parts, we get

(3-27) / Vo -Vugdx =Y(M) | vP lvpdx.
n RIZ
In view of (3-26), we let R — o0 in (3-27) to obtain
(3-28) IVv|?dx =Y(M) | v”dx.
Rn Rn

Now, by virtue of (3-23), (3-28) and the Sobolev inequality we get

2/p
(3-29) A(/ vP dx) <[ |VvjPdx=YM) | vPdx.
n Rn Rn
So we have
2/n
(3-30) A <Y(M) ( / vP dx) <Y(M).

This contradicts the assumption Y(M) < A.

Step 4. The convergence of {u;}.
By the standard elliptic theory, u; is uniformly bounded in Ccke, for all k € N.
Hence, there exists a subsequence of {u;} which converges to u satisfying

Au —c(n)Ryu + Y(M)uP~! = 0.

However, we do not know whether or not u % 0. The next theorem tells us that,
under the hypothesis Y(M) < Y (M), there holds such a u # 0.

Proposition 3.2. Assume that u is the limit function of {u;} as above. If Y(M) <
Yoo (M), then u % 0.
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Proof. We prove this proposition by contradiction. If u = 0, then we know u;
converge to 0 on any compact set of M. For any fixed R, let n(r) be a smooth
function such that n(r) = 1 when r > 2R, n(r) =0 when r < %R. Then we have

(3-31) /(|Vuj|2+c(n)Rgu§)dVg
M
:/ (|wj|2+c(n)Rgu})dVg+/ (IVuj)> 4+ c(n)Rgu7) dV,
M\Bg Br

:/ (|vnuj|2+c(n)Rgn2u})dVg+/ (IVuj)> +c(n)Rgu?) dV,
M\Bpg Byr\Br

—/ (Vnu;* + c)Rgn*up) dVg + | (IVu;]* + c(n)Rgu7) dV,
Bar\Br Br ‘

2/p
> Y(M\BR)</ |17uj|”dVg> —l—/ (|Vuj|2 —I—c(n)Rgujz) dv,
M\Bpg Byr\Br

—/ (IVnuj* +cRyn*ui) dVg + | (Vuj|* +c(n)Ryu3) dVs,
Bar\Br ’ Br

and

(3-32) / |nuj|l’dvg=1—/ u]’.’dVng/ (nu;)? dV,.
M\Bpr Bar Byr\Bg
Substitute (3-32) into (3-31), then let j — oo to get
Y(M) = Y(M\BR).

Since the above inequality holds for any fixed R, let R — 00, we obtain

(3-33) Y(M) > Yoo (M).
So we have
Y(M) =Yoo (M),
which contradicts to the hypothesis. (I

By Proposition 3.2 we know u # 0. Using the maximal principle, we obtain
u(x) > 0. Now after a suitable dilation, we can obtain a positive solution to (1-1)
with K = 1,0, —1 when Y(M) is positive, 0, and negative, respectively. This
completes the proof.

4. Proof of Theorems 1.5 and 1.6

In this section, we will study the blowup behavior of {u;} under the pointed Cheeger—
Gromov topology. First of all, we prove a uniform estimate of #; near the boundary.
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The method used here is the Giorgi-Nash—Moser iteration just as in the argument
in Step 2 of Section 3.
Let u; be the positive solution obtained in Proposition 2.2 and

Uj={x € B;(0) | d(x,3B;(0)) < {].
In order to prove Theorem 1.5 and 1.6, we need to establish the following theorem.

Theorem 4.1. There exists a positive constant C which does not depend on j such
that uj(x) < C for all x € U; when j is large enough.

Proof. Extend u; to the whole manifold by defining u;(x) = 0 when x ¢ B;(0).
The extended function, still denoted by u;, is continuous and satisfies

4-1) Auj—c(n)Reu;+Yju? "' >0 on M.

Let G(s) = s# and define

2

t
Fity= [ G'(s)*ds= 2P
() /O (5)"ds =7 51
By a simple computation, we have that, as 8 > 1,
(4-2) sF(s) < s2G'(s)> = B>G(s).

Take ¢ € C*°[0, o0) suchthat 0 < ¢ <1, ¢(r) =1 whenr € [0,1/2], ¢(r) =0
whenr €[1, 00), and |¢'(r)| < C. For any fixed x; €9 B; (0), let n(x) =¢(d(x;, x)).
Obviously, spt(nzF (v)) € M\ Bj;»(0). Multiplying the both side of (4-1) by
n>F (v) and integrating by parts yields that, for some € > 0,

IV (G @pmlig. + / c(n) R (G (uj)n)* dV,
< CBIVnlli~ f Guj)* dVy + (B> +€)Y; / W 2Guy)*n? dV,

where € can be chosen arbitrary small.
Since Y(M\ B, (0)) is increasing with respect to r, we infer from the assumption
Yoo (M) > 0 that Y(M\B,(0O)) > 0 when r is large. Let

_ 1
€I = YOI\B; 2(0))

Noting spt(n*F (u 1)) € M\ Bj»(0), by the definition of the Yamabe quotient we
have

(4-3) IIG(uj)nllipSCJIIV(G(uj)n)II%z+Cj/B( )C(n)Rg[G(uj)n]deg-
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By a similar argument with that in Step 2 of Section 3, we derive from the above
inequality

@-4) Gl
<CC;B V3 /G(u{,)deg+C.,-Y,~(ﬂ2+e)/ujp_zG(uj)zndeg
<CCiBHIVillis | Guj*d Y (82 Inll?
< CC;B IV~ | Gup)® dVe+C,Y; (B> + )G upnliy.

By the hypothesis, we have

Y(M
J—>+oo Yoo (M)

Hence, we can choose B sufficiently close to 1, j sufficiently large and € sufficiently
small such that

(4-5) (Bi+e)C;Yi<r<1.

Substituting (4-5) into (4-4) leads to
(4-6) i3, < € / V2 d V.

By the definition of n and the Holder inequality

5 ) (n—2)/n 5
</ ujnﬂ()/(n— )dVOIg) < ”uf()n”%p < C/ uj,BO dVg
Bia(xj) By (xj)

< C(Vg(Bi(xj)"~ "= 2h/n < C.

Here we have used the volume comparison theorem in the above inequality. Then,
by almost the same iteration argument as in the previous section we can show that

lujllLos,, p0e) < C,

where r| < % is any fixed positive number, completing the proof. ]

Proof of Theorem 1.5. It is sufficient to show that {u;} is uniformly bounded on any
given compact set on M. If not, then the following two situations appear.

Case 1. The sequence {u;} blows up at the “interior” of M, i.e., there exists a
subsequence {k} C {j}, zx € M, such that

ur(zx) = max uy = my — 400,

where z; € K and K € M is a compact subset. By the same arguments as in Step 3
of Section 3, we know this is impossible.
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Case 2. The sequence {u;} blows up at “infinity” of M, i.e., there exists a subse-
quence {k} € {j}, zx € M, such that

ur(zx) = max uy = my — 400,

where z; — oo. If this case occurs, we can not choose a normal coordinate system at
“infinity” just as in Case 1. To overcome this difficulty, we consider the sequence of
pointed manifold (M, z;, g). By Theorem 1.1 and Remark 2.4 in [Anderson 1990],
we know there exists a subsequence denoted by {z;} such that {(M, z;, g)} converges
in the C* topology to a complete pointed Riemann manifold (M., Zoo, goo) under
the assumption | Ric | < c and inj(M) > a > 0.

Take a normal coordinate system {x; } around z, on Mo,. Without loss of general-
ity, we can assume this coordinate chart is defined on Bj,16(2~). By Definition 2.6,
we know there exist F; such that F;(zo0) = zi, Fi(B1/16(20)) C Bi/8(z;) when i
is sufficiently large, and F;*g — goo On Bj/16(2c0) in the C Le topology. Moreover,
by Theorem 4.1, we have Bj/3(z;) C B;(O) when i is large enough. Define

4-7) Ffg=g and vj=ujoF;.
Then v; satisfies the following equation on Bj/16(Z00):
(4-8) Ag,vj —c(n)(Rg o Fy)v + Yol ™' =0,

Let v, = mk_lvk (8xx), where my and & are the same as in Case 1. Obviously, the
definition domain of v; is the ball centered at 0 with radius p; = 1/(168;) — oo
in R". Moreover vy satisfies

(4-9) g—lka,- (et 0;50) — G + Yol ™ =0,
where

(4-10) ay (x) = g (Bex) > 8,

(4-11) bi(x) = /det g (8x) — 1,

(4-12) & (x) = c(mymy P (Rg o Fy)(8px) — 0.
Here,

(4-13) 0 < U < 0x(0) = 1.

By L? estimate we obtain that, for any R > 0 and ¢ > 0, there exist C(R) > 0 and
k(R) > 0 such that

||'l~)k||W2,q(BR) 5 C(R), for all k Z k(R)
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The Sobolev embedding theorem yields 7 € C1%(Bg(0)). Hence, by taking a
subsequence we get
Uk — v in CM*.

It is easy to see that v is a C'® weak solution of
Av+Y(M)w? ' =0 in Bg(0).

Since v < 1, the standard elliptic theory tells us that v is smooth.

Choosing R,, — +0o0 and taking a standard diagonal argument we know that
there exists a subsequence {v,,} such that v,, — v with respect to the C La horm
on every compact subset in R”. Letting m — 00, in view of (4-9)—(4-12) we know
that v is a nonnegative solution with v(0) = 1 of the following equation:

(4-14) Av+Y(M)vP~ ! =0.

The maximal principle yields v > 0.
Similarly, we have

fvpdxfl and /|Vv|2dx<oo.

For the present situation, it is easy to see that v also satisfies (3-26)—(3-30). Thus
we can get the same contradiction.

From now on we know {u;} is uniformly bounded on M. By the standard elliptic
theory, u; is uniformly bounded in C?>“ on any compact set K € M. Hence, there
exists a subsequence which converges to u satisfying

Au —c(n)Rgu +Y(M)u?~" = 0.

By Proposition 3.2 again, we know u is a positive solution. Then, by a suitable
scaling we can obtain a positive solution to (1-1) with K = 1,0, —1 when Y(M) is
positive, 0, and negative, respectively, thus completing the proof. U

Proof of Theorem 1.6. By Theorem 2.6 in [Anderson 1990], we know pointed
manifolds (M;, z;, g;) satisfying the condition (i) in Theorem 1.6 will converge in
the pointed Gromov—Hausdorff topology, to an n dimensional orbifold (V, g) with a
finite number of singular points, each having a neighborhood homeomorphic to the
cone C(5"~!/T") with I a finite subgroup of O (n). Furthermore, this convergence
is C1@ off the singular points. However, if these manifolds satisfy the additional
condition (ii) in Theorem 1.6, then the singularities of this orbifold do not arise,
see Theorem A’ in [Anderson 1989], Remark 2.7 and Corollary 2.8 in [Anderson
1990]. All in all, we have that the (M;, z;, g;) converge in the C** topology to a
complete pointed Riemann manifold (M, Zco, §oo)- The proof of this theorem is
exactly the same as the proof of Theorem 1.5. U
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ON ROOTED FORESTS AND WEIGHTED COCYCLES
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In this paper, we define a new coproduct on the space of decorated planar
rooted forests to equip it with a weighted infinitesimal unitary bialgebraic
structure. We introduce the concept of 22-cocycle infinitesimal bialgebras of
weight A and then prove that the space of decorated planar rooted forests
Hgr(X, ), together with a set of grafting operations { B} | w € 2}, is the free
Q-cocycle infinitesimal unitary bialgebra of weight A on a set X, involving
a weighted version of a Hochschild 1-cocycle condition. As an application,
we equip a free cocycle infinitesimal unitary bialgebraic structure on the
undecorated planar rooted forests, which is the object studied in the well-
known (noncommutative) Connes—Kreimer Hopf algebra.
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1. Introduction

An infinitesimal bialgebra is a module A which is simultaneously an algebra
(possibly without a unit) and a coalgebra (possibly without a counit) such that
the coproduct A is a derivation of A in the sense that

(1) A(ab)y=a-Ab)+ A(a)-b fora,beA.

When an infinitesimal bialgebra has an antipode, it will be called an infinitesimal
Hopf algebra. Infinitesimal bialgebras, first introduced by Joni and Rota [1979], are
in order to give an algebraic framework for the calculus of Newton divided differ-
ences. The basic theory of infinitesimal bialgebras and infinitesimal Hopf algebras
was developed in [Aguiar 2000; 2001; 2004]. Furthermore, infinitesimal bialgebras

Gao is the corresponding author.
MSC2010: 16S10, 16T10, 16T30, 16W99, 17B60.
Keywords: rooted forest, infinitesimal bialgebra, cocycle condition, operated algebra.
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are also closely related to associative Yang—Baxter equations, Drinfeld’s doubles,
pre-Lie algebras and Drinfeld’s Lie bialgebras [Aguiar 2001]. Recently, Wang and
Wang [2014] generalized Aguiar’s results by studying the Drinfeld’s double for
braided infinitesimal Hopf algebras in Yetter—Drinfeld categories. Another different
version of infinitesimal bialgebras and infinitesimal Hopf algebras was defined by
Loday and Ronco [2006] and further studied by Foissy [2009; 2010], in the sense
that

) A@ab)=a-Ab)+A(a)-b—a@®b fora,beA.

In 2010, the relationship between classical rime solutions of the Yang—Baxter
equation and Bézout operators was investigated by Ogievetsky and Popov [2010],
who turned the associative Yang—Baxter equation [Bai et al. 2012a; 2012b] into a
general structure, called the nonhomogeneous associative classical Yang—Baxter
equation. Surprisingly, in the spirit of the well-known fact that a solution of the
associative Yang—Baxter equation gives an infinitesimal bialgebra [Aguiar 2000],
Ogievetsky and Popov [2010] clarified an algebraic meaning of the nonhomogeneous
associative classical Yang—Baxter equation, involving a coproduct given by

3) Ar(@):=a-r—r-a—ia®1l) foraeA.

Here A e k and r € A® A is a solution of the nonhomogeneous associative classical
Yang—Baxter equation. Note that, by [Ogievetsky and Popov 2010], Equation (3)
satisfies

“) Ay(ab)y=a-A.(b)+ Ar(@)-b+Ar(a®b) fora,beA,

which is precisely a uniform version of the two compatibilities — Equations (1)
and (2). Such an algebraic structure was called an infinitesimal unitary bialgebra of
weight A in [Gao and Zhang 2018; Zhang et al. 2018]. We would like to point out that
weighted infinitesimal unitary bialgebras have a close connection with pre-Lie alge-
bras. For example, Aguiar [2004] constructed a pre-Lie algebra from an infinitesimal
bialgebra of weight zero. Motivated by Aguiar’s construction, a pre-Lie algebra from
a weighted infinitesimal unitary bialgebra was derived in [Gao and Zhang 2018].
The rooted forest is a significant object studied in algebra and combinatorics.
One of the most important examples is the Connes—Kreimer Hopf algebra of rooted
forests, which was introduced and studied extensively in [Connes and Kreimer 1998;
Grossman and Larson 1989; Hoffman 2003; Kreimer 1998; Moerdijk 2001]. In
particular, the Connes—Kreimer Hopf algebra serves as a “baby model” of Feynman
diagrams in the algebraic approach of the renormalization in quantum field theory
[Brouder and Frabetti 2003; Brouder et al. 2010; Connes and Kreimer 2000; Guo
et al. 2011; 2017; Guo and Zhang 2008]. It is also related to many other Hopf
algebras built on rooted forests, such as those studied by Foissy [2002a; 2002b] and
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Holtkamp [2003], Grossman and Larson [1989], Loday and Ronco [1998]. One
reason for the significance of these algebraic structures on rooted forests is that
most of them possess universal properties, involving a Hochschild 1-cocycle, which
have interesting applications in renormalization. For example, the Connes—Kreimer
Hopf algebra of rooted forests inherits its algebra structure from the initial object
in the category of (commutative) algebras with a linear operator [Foissy 2002a;
Moerdijk 2001]. Recently this universal property of rooted forests was generalized
in [Zhang et al. 2016] in terms of decorated planar rooted forests, and the universal
property of Loday—Ronco Hopf algebra was investigated in [Zhang and Gao 2019]
in terms of decorated planar binary trees.

The concept of algebras with (one or more) linear operators was first introduced
by Kurosh [1960] but forgotten until it was rediscovered by Guo [2009], who
constructed the free objects of such algebras in terms of various combinatorial
objects, such as Motzkin paths, rooted forests and bracketed words. There such
structure was called an Q-operated algebra, where 2 is a set to index the linear
operators. See also [Bokut et al. 2010; Gao and Guo 2017; Guo 2012; Guo
et al. 2013]. It has been observed that the decorated planar rooted forests Hgrr(€2)
whose vertices are decorated by a set €2, together with a set of grafting operations
{B} | w € Q}, is a free object on the empty set in the category of Q2-operated algebras
[Kreimer and Panzer 2013; Zhang et al. 2016]. Particularly, the noncommutative
Connes—Kreimer Hopf algebra Hgr of planar rooted forests equipped with the
grafting operation B is a free operated algebra [Guo 2009].

As a related result, an infinitesimal unitary bialgebra of weight zero on rooted
forests has been established in [Gao and Wang 2019]. Using an infinitesimal version
of the Hochschild 1-cocycle condition, they showed that the space of decorated
planar rooted forests is the free cocycle infinitesimal unitary bialgebra of weight zero.
However, this infinitesimal 1-cocycle condition is not a real Hochschild 1-cocycle
condition. It is almost a natural question to wonder whether we can construct an
infinitesimal (unitary) bialgebra of weight A on decorated rooted forests, by using
a Hochschild 1-cocycle condition. The present paper gives a positive answer to this
question. Namely, we first propose the concept of weighted 2-cocycle infinitesimal
unitary bialgebras, involving a weighted version of a Hochschild 1-cocycle condition.
Then we prove that the space of decorated planar rooted forests Hrr(X, €2) is the
free objects in this category, provided suitable operations are equipped. This freeness
characterization of decorated planar rooted forests gives an algebraic explanation
of the fundamental roles played by these combinatorial objects.

Structure of the Paper. In Section 2, we recall the concept of a weighted infin-
itesimal (unitary) bialgebra and show that some well-known algebras possess a
weighted infinitesimal (unitary) bialgebra.
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In Section 3, after summarizing concepts and basic facts on decorated rooted
forests, we construct a new coproduct by a weighted version of a Hochschild 1-
cocycle condition (Equation (13)) on decorated planar rooted forests Hrr(X, 2)
to equip it with a new coalgebra structure (Theorem 3.8). Further Hrr(X, 2) can
be turned into an infinitesimal unitary bialgebra of weight A with respect to the
concatenation product and the empty tree as its unit (Theorem 3.9).

In Section 4, under the framework of operated algebras, we propose the concept
of weighted 2-cocycle infinitesimal unitary bialgebras (Definition 4.3(a)), involv-
ing a weighted 1-cocycle condition. Having this concept in hand, we prove that
Hgrr(X, Q2) is the free Q2-cocycle infinitesimal unitary bialgebra of weight A on a set
X (Theorem 4.5). As an application, we obtain that the undecorated planar rooted
forests is the free cocycle infinitesimal unitary bialgebra of weight A on the empty
set (Corollary 4.7).

Notation. Throughout this paper, let k be a unitary commutative ring unless the
contrary is specified, which will be the base ring of all modules, algebras, coal-
gebras, bialgebras, tensor products, as well as linear maps. By an algebra we
mean an associative algebra (possibly without unit) and by a coalgebra we mean a
coassociative coalgebra (possibly without counit). We use the Sweedler notation:

Aa) = Z an) ®ae).
(a)

For a set Y, denote by M(Y) and S(Y) the free monoid and semigroup on Y,
respectively. For an algebra A, A ® A is viewed as an (A, A)-bimodule in the
standard way,

(5 a-b®c):=ab®c and (BbRc)-a:=bQca,

where a, b, c € A.

2. Weighted infinitesimal unitary bialgebras and examples

In this section, we recall the concept of a weighted infinitesimal unitary bialgebra
[Gao and Zhang 2018; Ogievetsky and Popov 2010], which generalize simultane-
ously the one introduced by Joni and Rota [1979] and the one initiated by Loday
and Ronco [2006]. Based on the mixture of Equations (1) and (2) into Equation (4)
by Ogievetsky and Popov [2010], we propose:

Definition 2.1 [Gao and Zhang 2018]. Let A be a given element of k. An infinitesi-
mal bialgebra (abbreviated e-bialgebra) of weight A is a triple (A, m, A) consisting
of an algebra (A, m) (possibly without a unit) and a coalgebra (A, A) (possibly
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without a counit) that satisfies
(6) A(ab) =a-Ab)+ A(a) -b+A(a®b) fora,beA.

If, further, (A, m, 1) is a unitary algebra, then the quadruple (A, m, 1, A) is called
an infinitesimal unitary bialgebra of weight ).

Definition 2.2 [Gao and Zhang 2018]. Let A and B be two e-bialgebras of weight A.
A map ¢ : A — B is called an infinitesimal bialgebra morphism if ¢ is an algebra
morphism and a coalgebra morphism.

We shall use the infix notation e- interchangeably with the adjective “infinitesimal”
throughout the rest of this paper.

Remark 2.3. (a) Let (A, m, 1, A) be an e-bialgebra of weight A. Then A(1) =
—A(1®1),as

A =A0-D=1-AM)+AMD - 1+A2(1& 1D =2A0)+212(1Q1).

(b) The e-bialgebra introduced by Joni and Rota [1979] is the e-bialgebra of
weight zero, and the e-bialgebra originated from Loday and Ronco [2006] is
the e-bialgebra of weight —1.

(c) Twenty years after Joni and Rota [1979], Aguiar [2000] introduced the concept
of an e-Hopf algebra and pointed out that there is no nonzero e-bialgebra which
is both unitary and counitary when A = 0. Indeed, it follows the counicity that

I®1=>10d®e)A(1)=0
andso 1 =0.
(d) Let (A, i, A) be an e-unitary bialgebra of weight A. Denote by
(7) >:A®A—> A, a®br>a>bi=Y buabg),
)

where b(1) and b(y) are from the Sweedler notation A(b) =}, by ® b(2)-
Then A equipped with the > in (7) is a pre-Lie algebra [Gao and Zhang 2018].

Some well-known algebras possess weighted infinitesimal bialgebraic structures,
via constructions of suitable coproducts.

Example 2.4. Here are some examples of weighted e-bialgebras.

(a) Any algebra (A, m) is an e-bialgebra of weight zero when the coproduct is
taken to be A = 0.

(b) [Aguiar 2000, Example 2.3.2]. A quiver Q = (Qo, Q1, s, t) is a quadruple
consisting of a set Qg of vertices, a set Q; of arrows, and two maps s, ¢ :
Q1 — Qo which associate each arrow a € Q; to its source s(a) € Q¢ and
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its target t(a) € Qp. The path algebra kQ can be turned into an e-unitary
bialgebra of weight zero with the coproduct A given by

0 ifn=0,
t ifn=1,
A ---a,) = s(a)) ®t(ay) ifn
s(a))®az -+-ap+ay -+ -ay—1 t(ay)
Y a4 ®aiyn - ay ifn =2,
where a; - - - a, is a path in k Q. Here we use the convention that a; - - - a, € Qg
when n = 0.

(c) [Foissy 2008, Section 1.4]. Let (A, m, 1, A, €, c) be a braided bialgebra with
A =k @ker e and the braidingc: A® A — A ® A given by

I1l—1®1,
a®l— 1Qa,
1®b—>b®1,
a®b— 0, where a, b € kere.

Then (A, m, 1, A.) is an e-unitary bialgebra of weight —1.

3. Weighted infinitesimal unitary bialgebras
of decorated planar rooted forests

In this section, we first show a general way to decorate planar rooted forests that
generalizes the constructions of decorated rooted forests introduced and studied in
[Foissy 2002a; Guo 2009; Stanley 1986]. Using a weighted 1-cocycle condition,
we then define a coproduct on the space of new decorated planar rooted forests to
equip it with a coalgebraic structure, with an eye toward constructing a weighted
infinitesimal unitary bialgebra on it.

New decorated planar rooted forests. A rooted tree is a finite graph, connected
and without cycles, with a distinguished vertex called the root. A planar rooted
tree is a rooted tree with a fixed embedding into the plane. The first few planar
rooted trees are listed below:

Cnovov b by b

where the root of a tree is on the bottom. Let T denote the set of planar rooted trees
and M (7) the free monoid generated by T with the concatenation product, denoted
by mgr and usually suppressed. The empty tree in M (7) is denoted by 1. A planar
rooted forest is a noncommutative concatenation of planar rooted trees, denoted by
F=T.--T, with Ty, ..., T, € T. Here we use the convention that ' = 1 when
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n = 0. The first few planar rooted forests are listed below:
 PUUUUURES S SR SURL VAR SUNE SUR VA 3

Let €2 be a nonempty set, and let X be a set whose elements are not in the set €2.
For the nonempty set X LI, let T(X L) (resp. F(XuRQ) := M(T(XuR))) denote
the set of planar rooted trees (resp. forests) whose vertices (leaf vertices and internal
vertices) are decorated by elements of X LI Q2. Define Hrr(X U Q) :=kF(X LU RQ)
to be the free k-module spanned by F(X U 2).

Let T(X, ©2) (resp. F(X, 2)) denote the subset of T(X L Q) (resp. F(X L R))
consisting of vertex decorated planar rooted trees (resp. forests) whose internal
vertices are decorated by elements of €2 exclusively and leaf vertices are decorated
by elements of X LI 2. In other words, all internal vertices, as well as possibly some
of the leaf vertices, are decorated by €2. The only vertex of the tree e is taken to be
a leaf vertex. The following are some decorated planar rooted trees in T (X, €2):

p /Y Y
) . ox . ox . xe )
*y * Xy Iga I;’ yvot k) yvat 9 yva k) vot k) \/Gt 9 }va k)

with o, B, ¥ € Q and x, y € X. Define
Hrr(X, Q) :=kF (X, Q) =kM(T(X, Q)
to be the free k-module spanned by F(X, €2). For each w € 2, define
B : Hrr(X, Q) — Hgr(X, Q)

to be the linear grafting operation by taking 1 to e, and sending a rooted forest in
Hgr(X, Q) to its grafting with the new root decorated by w. For example,

. . o e “
B (1) =.0, Bj(xey)="Vo, Bi(.:12)="Vo, B (1§.x)="V,,
where o, 8, w € Q and x, y € X. Note that Hrr(X, €2) is closed under the concate-

nation mgr.

Remark 3.1. Here are some special cases of our decorated planar rooted forests.

(a) If X =@ and 2 is a singleton set, then all decorated planar rooted forests in
F (X, 2) have the same decoration, which is the object studied in the well-
known Foissy—Holtkamp Hopf algebra— the noncommutative version of the
Connes—Kreimer Hopf algebra [Foissy 2002a; Holtkamp 2003].

(b) If X = @, then F(X, Q) was studied by Foissy [2002a; 2002b], in which a
decorated noncommutative version of the Connes—Kreimer Hopf algebra was
constructed.
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(c) If © is a singleton set, then F(X, ©2) was introduced and studied in [Zhang
et al. 2016] to construct a cocycle Hopf algebra on decorated planar rooted
forests.

(d) The rooted forests in F(X, 2) with leaf vertices decorated by elements of X
and internal vertices decorated by elements of 2 were introduced in [Guo
2009]. However, this decoration can’t deal with the unity and the algebraic
structures on this decorated rooted forests are all nonunitary. The distinction
between unitary and nonunitary for F(X, €2) is more significant than for an
associative algebra, because of the involvement of the grafting operation.

The following are two basic definitions that will be used in the remainder of the
paper. See [Gao and Zhang 2018; Guo 2009] for detailed discussions. For F =
T,---T,eFX,2 withn>0and T}, ..., T, € T(X, Q), we define bre(F) :=n
to be the breadth of F. Here we use the convention that bre(1) =0 when n = 0. In
order to define the depth of a decorated planar rooted forests, we build a recursive
structure on F(X, Q). Define oy :={e, | x € X} and set

Fo:=M(ex) = S(ox) {1},

where M (ex) (resp. S(ex)) is the submonoid (resp. subsemigroup) of F(X, 2)
generated by ex. Here we are abusing notion slightly since M (ex) (resp. S(ex)) is
also isomorphic to the free monoid (resp. semigroup) generated by ex. Suppose
that F,, has been defined for an n > 0, then define

Fpg1 = M('X U (I_lweQ BJ(?")))

Thus we obtain F, € F,,;; and can define
[e.e]

(8) FX. Q) :=limF, =] F.
n=0

Now elements F € F, \ F,,_; are said to have depth n, denoted by dep(F') = n. For
example,

dep(1) =dep(sx) =0, dep(s,) =dep(B; (1)) =1,
dep(12) =dep(B, (sy)) =1, dep(.x1})=dep(..B; () =1,
dep(“V, ) =dep(B, (By (1)ey)) =2,
where o, w € Q and x, y € X.

Cartier—Quillen cohomology. Given an algebra A and a bimodule M over A. Let
H*(A, M) denote the Hochschild cohomology of A with coefficients in M which
was defined from a complex with maps A®" — M as cochains, see [Loday 1992] for
more details. Let (C, A) be a coalgebra and (B, §g, §p) be a bicomodule over C.
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The Cartier—Quillen cohomology of C with coefficients in B is a dual notation
of the Hochschild cohomology. Explicitly, it is a cohomology of the complex
Homy (B, C®") with the maps b, : Homy (B, C®") — Homy (B, C®"*+D) given by

n
ba(L)=({d®L)osc+ Y (—1) (d2" " @A®idg" ") L+(—1)" (L®id)osp,
i=1
where L : B — C®". In particular, a linear map L : B — C is the 1-cocycle for this
cohomology precisely when it satisfies the following condition:

AoL=(L®id)odp+ (id® L) odg,

see [Foissy 2013; Moerdijk 2001] for more details. Let e be a group-like element of
weight A of C, that is, A(e) = L(e ® e). We consider the bicomodule (C, A, §p)
with §p(x) =A(x®e) for any x € C. Then the 1-cocycle L is a linear endomorphism
of C satisfying

9 AoL(x)=L(x)® e+ (AdQ®L)oA(x) forxeC.
We call Equation (9) the I-cocycle condition of weight .

Remark 3.2. (a) The group-like elements in infinitesimal unitary bialgebras al-
ways exist. Indeed, the unit of an infinitesimal unitary bialgebra is a group-like
element of weight —A.

(b) When L = B and A = 1, the weighted 1-cocycle condition in Equation (9) is
(10) Art(F)=ArrBT(F)=F®1+({d® B")Arr(F) for F=B"(F)e7,

which is the usual 1-cocycle condition employed in [Connes and Kreimer
1998; Foissy 2013; Zhang et al. 2016]. Here the empty tree 1 is the unique
group-like element in the Connes—Kreimer Hopf algebra.

Weighted infinitesimal unitary bialgebras on decorated planar rooted forests. In
this subsection, we shall equip a weighted infinitesimal unitary bialgebraic structure
on decorated planar rooted forests.

Let us define a new coproduct A, on Hgr(X, 2) by induction on depth. By
linearity, we only need to define A.(F') for basis elements F' € F(X, ). For the
initial step of dep(F) = 0, we define

(11) -2(1®1) if F=1,
Qe if F =, for some x € X,

.xl ' Af(.XZ o ..Xm)+A€(.X1) ‘ (.)(2 o '.xm)
+)\.X1®‘X2"'.Xm ifF:.xl....x’n WlthmZZ

A(F) =
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Here in the third case, the definition of A, reduces to induction on breadth and the
dot action is defined in Equation (5).

For the induction step of dep(F') > 1, we reduce the definition to the induction
on breadth. If bre(F) =1, we write F = B;F(F) for some w € Q and F € F(X, Q),
and define

(12) Ac(F)=AB}(F):=F® (A1) + (id® B} )A(F).
In other words
(13) A¢B} = B} @ (A1) + (id® B))A..

If bre(F) > 2, wewrite F=T\T,---T,, withm>2and Ty, ..., T, € T(X, Q),
and define

14 AF)=T1- ATy Tp) +Ac(T) - (T2 Tp) + AT Ty - - - Ty

Remark 3.3. By Remark 2.3(a), the empty tree 1 € Hrr(X, 2) is a group-like
element of weight — A, and so Equation (13) is the 1-cocycle condition of weight —A.

Example 34. Let x, y € X and «, 8, y € Q2. Then

Ae(-a):Ae(B(j(l)):_k(1®-a+-a®l),
A1) =AcBf () =—21: 0D +..® 1%,
A =AcBF () =-2M1Q +.5®.a+ 1/ ®1),

Ae(w'y)=—)~(1®°V'y)+-y'y®-y,

A1) =100y Q@+ ® 1.y,

Ac(x18) = —A(x 15 @14 erea ®up) 4 ox @i 1%,

Ac"NT ) = Ac(Bf (cpex)) = =210V 47V @D+ @ 11

To show (Hrr(X, 2), A¢) is a coalgebra, we need the following two lemmas.

Lemma 3.5. Lete, ---o, € Hrr(X, Q) withm > 1and xy,...,x, € X. Then

m m—1
Ae(.xl .. .xm) B E ._xl DY .x’ ® .x’ ... .xm +A‘ E ._xl ... .xl ® .x1+1 ... .xm .
i=1 i=1

Proof. We prove this result by induction on m > 1. For the initial step of m =1,
we have

A¢ ('xl) = *x ® ®x1»
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and the result is true trivially. For the induction step of m > 2, we get

Ae ('x1 T ‘xm)

= ® " Ae('xz ce 'xm) + Ae('xl) : ('xz cee 'x,,,) +)\'x1 ®'x2 % (by (1 1))

=% Ae(’xz ce ’xm) + (°x1 ® 'xl) : ('xz te 'xm) +A ®x1 ® ®xy " ®xpy (by (11))

=% Aé('xz T 'xm) + ®xy X ®x1 ®x2 " Cx +A ®xy X ®xo " %xp (by (5))
m m—1

=" (Z LIEERY ®.xi SRR —{—)\, Z LI ..xi®.xi+l e .Xm)+.xl ®.X] LTORRRR I
i=2 i=2

+ Aoy, Qey, ---o.  (by the induction hypothesis)

xp o Qo e, T @y ey,

Il

I
S

m—1
+)‘Z'X| e @y oy TA Sy By ey,
i=2

I

m—1
.xl‘.‘.xi®.xi”..xm+)\' E .xl"‘.xi®.xi+l”..xm’
1 i=1

1

as required. U
Lemma 3.6. Let Iy, F, € Hrr(X, 2). Then

Ac(F1F2) = F1 - Ac(F2) + Ac(Fy) - Fo + A(F1 ® F).
Proof. It suffices to consider basis elements Fy, F> € F(X, 2) by linearity. We have
two cases to consider.
Case 1. bre(F1) =0 or bre(F,) = 0. In this case, without loss of generality, letting
bre(F;) =0, then F; = 1 and by Equation (11),

Ac(F1F) = Ac(1F) = Ad(F) —A(1Q F,) +A(1Q F,)
=A(FR)—-A1Q®D - F+A(1® F)
=A(F)+AQ)-F2+2(1Q F,)
=1 Ad(F)+ A - >+ A(1Q F2)
=F1-Ac(F2) + Ac(F1) - F, +A(F1 @ F,).

Case 2. bre(F;) > 1 and bre(F,) > 1. In this case, we prove the result by induction
on the sum of breadths bre(F}) + bre(F,) > 2. For the initial step of

bre(F) + bre(F>) =2,
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we have F| = T} and F, = T, for some decorated planar rooted trees 71, T, €
T (X, ). By Equation (14),

Ac(MF)=A(NTD)=T1-Ac(D)+A(T) - Hh+MT1 ®T>)
=F1-Ac(F) +Ac(F1) - B, +A(F1 ® F2).

For the induction step of bre(F}) 4 bre(F,) > 3, without loss of generality, we may
suppose bre(F,) > bre(F) > 1. If bre(F;) = 1 and bre(F>) > 2, we may write
F) = T for some decorated planar rooted trees 77 € T(X, 2). By Equation (14),

Ac(MF) =AM BP) =T - Ac(F) + Ac(T) - B+ AT ® Fo)
=F-Ac(F)+Ac(Fy) - o +A(F1 @ F).

If bre(F;) > 2, we can write Fy =T, F,’ with bre(T;) =1 and bre(F;") =bre(F;) —1.
Then

Ac(FyF2)
= A(T1F\' Fy)
=T -Ac(FI'F)+ Ad(Th) - (FI'F) + AT Q@ FI' ) (by (14))
=Ti-(FI'" - Acd(F) + Ac(FY) - B+ A(FI' @ F2))

+A(Ty) - (F)'F) + AT ® Fi'F,)  (by the induction hypothesis)
=(TiF\)-Ac(F) +T1 - Ac(F)) - B, + M(T1 Fi' @ F2) + Ac(Ty) - (Fy'F»)

+ AT @ Fi'F)

=(TiF)-Ac(F)+ (T Ac(F)+Ac(T) - FY +M(T1 Q FY)) - K, + AT Fi' @ F»)
= (T F) - Acd(F) + ATV FY) - B+ 0T FY @ F»)
=F1-Ac(F)+A(F)) - Fo+A(F) Q@ F») (by the induction hypothesis). [

The following lemma shows that Hrr(X, €2) is closed under the coproduct A..
Lemma 3.7. For F € Hrr(X, ),
(15) Ac(F) € Hrr(X, ) ® Hrr(X, ).
Proof. We prove the result by induction on dep(F) > 0 for basis elements F €
J(X, 2). For the initial step of dep(F) =0, we have F =, - --o, for some m >0,

with the convention that F = 1 when m = 0. If m =0, then

Ac(F)=Ac(1)=-2(1®1) € Hrr(X, ) ® Hrr(X, £2).
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If m > 1, then by Lemma 3.5,

AG(F) = Ae('xl o ’xm)

m m—1
=Z°X1 ey, Doy ey +)‘Z°x1 ey Doy ey,
i=1 i=1
’ l € Hyr(X, @) ® Hrr(X, Q).
Suppose that Equation (15) holds for dep(F) < n for an n > 0 and consider
the case of dep(F) = n + 1. For this case, we apply the induction on breadth
bre(F). Since dep(F)=n+1> 1, we get F # 1 and bre(F) > 1. If bre(F) =1,

since dep(F) > 1, we have F = B} (F) for some w € Q and F € Hgr(X, Q). By
Equation (12), we have

Ac(F)=Ac(B}(F)) =F @ (—A1) + (id ® B})Ac(F).
By the induction hypothesis on dep(F),
Ae(F) € Hrr(X, Q) ® Hrr(X, ),
and so  (id® B} )A(F) € Hrr(X, Q) ® Hrr(X, Q).
Moreover, —A(F ® 1) € Hrr(X, Q) ® Hrr(X, ) follows from F € Hgrr(X, 2).
Hence

F®(—21)+ (id® B} )A(F) € Hrr(X, Q) ® Hrr(X, Q).

Assume that Equation (15) holds for dep(F) = n + 1 and bre(F) < m, in
addition to dep(F) < n by the first induction hypothesis, and consider the case of
dep(F)=n+1and bre(F) =m + 1 > 2. Then we may write F = T1T, - - - T41
for some Ty, ..., T;,+1 € T(X, ) and so by Equation (14)

Ae(F) = AE<T1T2 tee Tm—H)

=T - Ac(Ta- Ty ) + Ac(T) - (T2 - - Ty 1) F AT @ T - - - Tipt1)-
By the induction hypothesis on breadth, we have
Ae(Ta -+ - Tint1) € Hrr(X, 2) ® Hrr(X, €2),
and  A(T;) € Hrr(X, ©2) ® Hrr(X, 2),
whence by Equation (5),

T\ -Ac(Tr - - - Tuy1) € Hrr(X, Q) @ Hrr(X, 2),

and A (Ty) - (Tz- -+ Ty1) € Hrr(X, 2) ® Hrr(X, 2).
Thus
Ac(F) = Ac(T Ty - - - Tyuy1) € Hrr(X, 2) ® Hrr(X, €2).
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This completes the induction on the breadth and hence the induction on the depth. [
We now state our first main result in this subsection.

Theorem 3.8. The pair (Hrr(X, 2), A¢) is a coalgebra (without counit).

Proof. By Lemma 3.7, we only need to verify the coassociative law

(16) MA@ ANA(F) = (A ®id)A(F) for F € F(X, Q),

which will be proved by induction on dep(F’) > 0. For the initial step of dep(F) =0,
we have F =, o, .- for some m > 0, with the convention that F =1 if m =0.
When m = 0, we have
(d® A)A(F) = (@ A)A(D) =-11R®A(D) =1(1Q181)
= _)\Ae(l) XK1= (Ae ® ld)Ae(l)

When m > 1, on the one hand,

(1d® AG)AG(.Xl ®xp 'xm)

m

m—1
= (id@Ae)(Z'Xl ey @y e A Z.XI ey ® e ....xm>
i=1 i=1
' ' (by Lemma 3.5)

m—1
= Z‘m e @A (o, ""xm)+)~2‘x1 e @A (o o)
i=1

m m m—1
= E 'X1""x,-®<§ ooy, Qe ey +A E e @y "”xm>
i=1 Jj=i j=i
m—1 m m—1
+A E ®xp "xi®< § : Sxiy1 " %% ®.x./' oy, TA E : CXit1 " "x_i®'x,/+1' e 'xm)
i=1 y=i+1 Jj=i+l
m m
= § § ®xp c Ox; ® Xi °x; ®'x, %%
i=1 j=i
/ m m—1
_|_)L§ E D T < LI SRTRY
=1 i
! I= m—1 m
+)\‘ : : : : .xl .xt ® Xi+1 Xj ®.x/ '.xm
i=1 j=i+1

2
+)\' Z Z .xl”'.xi®.xi+1.”.xj®.xj+l.”.xm
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m m
e E E .xl....xi®.xi-...xj®.xj....xm

i=lj=i m m—1
+)LZZ.XI e @ ey @ e
i=lJj=i m—1 m
+A Z Z *x1 *x @ *xipg x; @ ox; $xm
i=lj=itl
+)\.2 Z ®x ®x; ® Xit1 °x; ® Xjt1
i=1 j=i+1
On the other hand,

(Ae ®id)Ae('x1 ®xy 'x,,,)

m

m—1
= (Ae ®1d) (Z ®x1 " ®x; &® ®xi " ®x; +A Z ®x1 7t %x; ® ®xit1 T °xm>

i=1 i=1

755

(by Lemma 3.5)

m—1
= Z Ae(‘xl .. ..x’_) ®.xi e +k Z Ae(‘xl .. '.xi) ®.xi+l R
i=1

m i i—1
:Z(Zoxl ....xj®oxj....xl_ +)\'Z.xl .”.xj®.xj+l ....xi>®.xi....xm
X =1

i=lJj=1 m i—1
+AZZ.’”‘ XJ® Xj+1 e @y ®Xm
i=lj=1 m—1 i
+)‘ZZ'X1"'°XJ'®°X/‘ "x,-®°x,-+1 ®m
i=1 j=1

+)‘ZZZ.X1 ey @y ey ey

m—1 i i—1
+)\‘ Z(Z.xl .. '.-xj®.xj .o ‘.xi +)\'Z.xl .. ‘.xj®.xj+l .. ..xi>®.xi+l .

Xm

Xm
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m—1 i
+)LE E oy Qe ey Qe ey

i=1 j=1
/ m—1i—1

2
F32IY e e @y o @y e
i=2 j=1

m
— E .xl..'.xj®.xj”'.xi®.xi”'.xm

j=li=i m—1 m
+A Z Z e @y ey Doy ey,
j=li=j+l m—1m—1
A Z Z *xi Xj ® Sxj 0 Qe *xXm
j=li=i m—2 m—1
+ 12 *x o oy, o Doxiyy ®Xm
j=li=j+1

m m
= E E oxl...oxi®oxi--..xj®oxj...gxm

i=l =i m—1 m
+ A Z Z . oy (4 Xit1 'x, ®°xl e
i=lj=it1
+)‘ZZ°"1 ey @y e @ ey,

i=lJj=i m—2 m—1
+k22 Z e @ ey @y ey

i=1 j=i+l
(by exchanging the index of i and j).

Thus

(ld® AE)AG(.XI ®xp "t 'xm) = (Ae ®id)Ae('x1 ®xy "t 'xm)-

Suppose that Equation (16) holds for dep(F) < n for an n > 0 and consider
the case of dep(F) = n + 1. We now apply the induction on breadth. Since
dep(F)=n+1>1, we have F # 1 and bre(F) > 1. If bre(F) = 1, then we may
write F' = B;F(F) for some F € F(X, Q) and w € Q. Hence

(Id® A Ac(F)

=({d® A)A(BF (F))

= ([1d® A)(F ® (=11) + (d ® BJ) Ac(F)) (by (12)
= —AF Q@A (1) + (i[d® (AB)A(F)

=F®1®1+ (d® (AB)))A(F) (by (11))



WEIGHTED INFINITESIMAL UNITARY BIALGEBRAS 757

=MFR101+
=MFR1e1+
=MFR101+
=MFR1e1+

d® (B} ® (—A1) 4+ (d ® B} )Ac))Ac(F) (by (13))
id® B} ® (A1) + ([d®id® B,))(id® Ao)) Ac(F)
(id® B} )Ac(F)) ® (—11) + ([d ®id ® B, ) (id ® Ac) Ac(F)

(d® BJ)A(F)) ® (=21) + ([d ®id ® B,))(Ac @ id) Ac(F)
(by the induction hypothesis)

=FR101+((d®B))A(F)) ® (—11) + (Ac ® B ) Ac(F)
= (F® (A1) + (id® B Ac(F)) ® (—A1) + (Ac ® B} Ac(F)

A~ N S /N

= Ac(F)® (—21) + (Ac ® B))A(F) (by (12))
= (A ®id)(F ® (—A1) + (id ® B} ) A (F))
= (A ®id)Ac(F) (by (12)).

Assume that Equation (16) holds for dep(F) =n+ 1 and bre(F) < m, in addition to
dep(F') <n by the first induction hypothesis. Consider the case when dep(F) =n+1
and bre(F) = m + 1 > 2. Then F = F|F, for some F|, F, € F(X, Q) with
0 < bre(F1), bre(F,) < bre(F). Using the Sweedler notation, we may write

Ac(Fy) = Z Fiy®Fie) and  Ad(F) = Z Fo1) ® Fa2).

(F1) (F2)
Then
(1d® A Ac(F1 F2)
=({(d® A)(F1 - Ac(F2) + Ac(F1) - F2 + AM(F1 ® F2)) (by Lemma 3.6)
= (1d® A) (Z FiF0)® Py + Y Figy ® Fig) Fa + M(Fi ® Fz)) (by (5))
(F2) (F1)

= Z Fi1Fo0) ® Ac(Fo) + Z Fi1) @ Ac(Fi2) ) +A(F1 @ Ac(F2))
(F) (F1)
= Z FiFy1) ®@ Ac(Fa2))
(F)
+ Z Fiy ® (Fie) - Ac(F) + Ac(Fio) - B2+ A(Fio) ® F))

(F1)
1 £ A(Fi ® Ac(F>))  (by Lemma 3.6)

= Z Fibho)® ( Z o0 ® Fz(z)(z)) + Z Fiy® (Z Fio k1) ® F2(2)>

(F2) (F22)) (F1) (F2)

+ Z Fiayy® < Z Fioym ® F1<2)(2>F2> +A Z Fia)y ® Fio ® F2
(F1) (F12)) (F1)

+ A Z F1 ® F1)® F>2)  (by the Sweedler notation and (5))
(F2)
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= Z Z FiF20) ® Fa2)1) ® Fa2)0) + Z Z Fiay ® Fi) o) ® Fo)

(F2) (Fa) (F1) (F2)
+ Z Z Fiay @ Fiom ® Fioo F2 + 4 Z Fiay® Fio ® F2
(F1) (Fi2)) (F1)
+ A Z F1® 1) ® Fa).
(F2)

Similarly, we have

(Ae ®1d)Ac(F1 F2)
= Z Z FiFmm) ® Faaye) ® Fae) + Z Z Fiay ® Fie) Fa) ® Fa)

(F2) (F21)) (Fy) (F2)
+ Z Z Finyay ® Fiye) ® Fio k> + A Z Finy® Fip) ® F»
(F1) (Fi1y) (F1)
+A Z Fi1 ® Fo1) ® Fo2).
(F2)

By the induction hypothesis, we have

(id®Ae)Ae(Fl):Z Z Fiy ® Fiom ® Figo
(F1) (Fi2)

= (A Q@id)Ac(F) = Z Z Fiiya) @ Fine) Q Fio)
(F1) (F101))

and
(d®A)A(F) =) > Fa1)® Py ® Fo
(F) (F22))

= (Ac®IDA(F) =) Y Faoyn ® Py ® Fa.-
(F2) (F21))

Thus
(d® A)A(F1F2) = (A ®id) A (F1 F2).

This completes the induction on the breadth and hence the induction on the depth. [
Now we arrive at our second main result in this subsection.

Theorem 3.9. The quadruple (Hrr(X, 2), mgrr, 1, A¢) is an e-unitary bialgebra
of weight A.

Proof. Note that the triple (Hrr(X, 2), mgr, 1) is a unitary algebra. Then the
result follows from Lemma 3.6 and Theorem 3.8. U
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4. Free R-cocycle infinitesimal unitary bialgebras

In this section, we conceptualize the combination of operated algebras and weighted
infinitesimal unitary bialgebras, and show that Hrr(X, 2) is a free object in such
category. Let us start with the following concepts.

Definition 4.1 [Guo 2009, Section 1.2]. Let 2 be a nonempty set.

(a) An Q-operated monoid is a monoid M together with a set of operators P, :
M— M, we.

(b) An Q-operated algebra is an algebra A together with a set of linear operators
P,:A— A, we Q.

Definition 4.2 [Gao and Zhang 2018, Definition 3.17]. Let A be an element of k.

(a) An Q-operated e-bialgebra of weight A is an e-bialgebra H of weight A
together with a set of linear operators P, : H — H, w € Q2.

(b) Let (H, {P,|weQ})and (H', {P) | w e Q}) be two Q-operated e-bialgebras
of weight A. A linear map ¢ : H — H' is called an Q-operated €-bialgebra
morphism if ¢ is a morphism of e-bialgebras of weight A and ¢ o P, = P, o ¢p
for w € Q.

By Remark 2.3(a), the unit of an infinitesimal unitary bialgebra is a group-like
element of weight —A. Involving a weighted 1-cocycle condition, we then propose

Definition 4.3. (a) An Q-cocycle e-unitary bialgebra of weight A is an Q-operated
e-unitary bialgebra (H, m, 1, A, {P, | v € 2}) of weight A satisfying the
weighted 1-cocycle condition:

(17) AP, = Py ®(—A1)+ (id® P,)A forallwe Q.

(b) The free Q2-cocycle e-unitary bialgebra of weight A on a set X is an Q-cocycle
e-unitary bialgebra (Hyx, myx, 1x, Ax, {P, | ® € Q}) of weight A together
with a set map jx : X — Hy with the property that, for any Q2-cocycle e-unitary
bialgebra (H, m, 1, A, {P) | w € Q}) of weight A and any set map f: X — H
whose images are group-like (thatis, A(f(x)) = f(x) ® f(x) for x € X), there
is a unique morphism f : Hy — H of Q-operated e-unitary bialgebras such
that f o jx = f.

Remark 4.4. Note the subtle difference between the weighted cocycle condi-
tion (17) and the e-cocycle condition in [Gao and Zhang 2018, Definition 3.17]:

AP,=id®1+ (id® P,)A forall w e 2.

The following results generalizes the universal properties which were studied in
[Connes and Kreimer 1998; Foissy 2013; Guo 2009; Moerdijk 2001; Zhang et al.
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2016]. Recall from Equation (8) that
FX. Q) =lim7F, = F..
n=0

Theorem 4.5. Let jx : X — F(X, Q), x > o, be the natural embedding and mgt
the concatenation product.

(a) The quadruple (F(X, Q), mgr, 1, {B] | w € Q}) together with the jx is the
free Q-operated monoid on X.

(b) The quadruple (Hrr(X, ), mgr, 1, {B;r | w € QY}) together with the jx is
the free Q2-operated unitary algebra on X.

(¢) The quintuple (Hrr(X, ), mgr, 1, A, {BZ)r | w € Q}) together with the jx
is the free Q-cocycle e-unitary bialgebra of weight A on X.

Proof. (a) We only need to verify that (F(X, Q2), {B;r | w € Q}) satisfies the
universal property. Let (S, {P, | @ € Q}) be a given Q-operated monoid and
f X — § agiven set map. We will use induction on n to construct a unique
sequence of monoid homomorphisms

fu:Fn— S,n>0.

For the initial step of n = 0, by the universal property of the free monoid
M(ex), the map ex — S, o, — f(x) extends to a unique monoid homomorphism
fo: M(ex) — S. Assume that f; : F — S has been defined for a k > 0 and define
the set map

firt tox U (Upeq BS(F)) = S, o> f(x), BE(F)— P,(fu(F)),

where x € X, w € Q and F € F. Again by the universal property of the free monoid
M (. x U,eo B (ffk)), frs1 is extended to a unique monoid homomorphism

fir1 2 Fopr = M(ox U (Uyeq BS (F0)) — S.
Define
f::li_r)nfn F(X,Q)— S.
Then by the above construction, f is th_e required homomorphism of 2-operated
monoids and the unique one such that f o jx = f.
(b) It directly follows from Item (a).
(c) By Theorem 3.9, (Hrr(X, 2), mgrt, 1, Ac) is an e-unitary bialgebra of weight A.

Moreover by Equation (12), (Hrr(X, 2), mgr, 1, A, {B;r | w € R2}) is an Q-
cocycle e-unitary bialgebra of weight A.
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For the freeness, let (H, m, 1, A, {P, | @ € 2}) be an Q2-cocycle e-unitary
bialgebra of weight A and f : X — H a set map such that

A(f(x)=f(x)® f(x) forall x € X.

In particular, (H, m, 1, {P,|w € 2}) is an Q2-operated unitary algebra. By Item (b),
there exists a unique Q-operated unitary algebra morphism f : Hrr(X, Q) — H
such that f o jx = f. It remains to check the compatibility of the coproducts A
and A, for which we verify

(18) Af(F)=(f® f)A(F) forall F e F(X, Q),

by induction on the depth dep(F) > 0. For the initial step of dep(F) = 0, we have
F =e, ---e for some m > 0, with the convention that F =1 when m = 0. If
m = 0, then by Remark 2.3(a) and Equation (11),

Af(F)=AfLH)=AD)=-21Q1D)=-AfDQ fL)=(fQ H(—r1®1)

=(f® /AD).
If m > 1, then
Af('xl t 'x,,,)

A(f(or) - flon,)
=Y (FCx) For))  AFr)) - (flor) - Flox,))

m—1
2D o) for) ® o) -+ flor,)  (by (6))
i=1

=Y (FGx) For ) (For) ® For)) - (Flon) -+ o))
m—1

2D o) o) ® o) -+ flo,)
i=1

(by A(f(ex) =A(f@x)) = fFx) @ f(x) = f(xi) ® f(x))
:Zf(°x1)""f(’xi)(g)f('xi)"'f(’xm)

m—1
FAD o) o) ® o) oo flon,)

i=1

m m—1
= Zf(.x] e )@ foy e ) A Z Flog o) ® fony o)
i=l i=1

(by f being a unitary algebra morphism)



762 YI ZHANG, DAN CHEN, XING GAO AND YAN-FENG LUO

m m—1
=(f®f)<2'xl e @yt ey, "H‘Z'xl ey & ey ""x"‘>
i=1

i=1
=(f® [)Ac(ox, +2x,) (by Lemma 3.5).
Suppose Equation (18) holds for dep(F) < n for an n > 0 and consider the case
of dep(F) = n + 1. For this case we apply the induction on the breadth bre(F).

Since dep(F) =n+1> 1, we have F # 1 and bre(F) > 1. If bre(F) = 1, we have
F = B} (F) for some F € F(X, Q) and w € Q. Then

Af(F)=Af(BS(F) = APu(f(F))
(by f being an operated unitary algebra morphism)
= P,(f(F)) ® (=A1) + (ild ® P,) A(f (F)) (by (17))
= Po(f(F)® (—A1) 4+ (id ® P,)(f ® f)Ac(F)
(by the induction hypothesis on dep(F’))
= Po,(f(F) ® (A1) + (f ® P, f)Ac(F)
= fBE(F) ® (=D +(f ® fB)A(F)
(by f being an operated unitary algebra morphism)
=(f® f)(B}(F)®(—11) + (id ® B} ) Ac(F))
= (f ® NABF(F)) (by (12))
= (f ® HHA(F).
Assume that Equation (18) holds for dep(F) = n 4+ 1 and bre(F) < m, in
addition to dep(F) < n by the first induction hypothesis, and consider the case
when dep(F) =n+ 1 and bre(F) =m + 1 > 2. Then we can write F = F| F, for

some F1, F, € F(X, Q) with 0 < bre(F}), bre(F>) < m + 1. Using the Sweedler
notation, we can write

Ac(Fy) = Z Fiy® Fiy and A (F2) = Z Fy1y ® Fa).
(F1) (F2)
By the induction hypothesis on the breadth, we have
AFFD) = (F® HAF) =Y f(Fia) ® f(Fi).
(F1)
A(F(F)) = (f® HHIA(F) =Y f(Fa0) ® f(Fa).
(F2)
Thus
Af(F)=Af(FiF) =A(f(F) f(F))
= f(F))- A(F(F) + A(F(FD)) - f(B) +Af(F)® f(F)  (by (6)
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= f(F)- (Z f(Fa) ® f(Fz(z))) + (Z f(Fia) ® f(Fl(z)))
(F) (F1) _ _ _
f(F) +Af(F1)® f(F2)

=Y JFDF(F) ® f(Fa) + Y f(Fi0) ® f(Fi2) f(F2)
" LAY e F(B) by (5)
=Y f(FIF0) ® f(F) + Y f(Fi0) ® f(Fio) Fa)

(F2) (F1) _ -
+Af(F1)Q f(F2)
=(f®f) (Z FiF0)® Fz(z)) +(f®f) (Z Fiay® FI(Z)FZ)
(F2) (F1) o
+(f® NHAFi ® F)

=(f®f) (Z FiFy1) @ Fao) + Z Fiy®@ FiogFa +AF1 ® Fz)
(F2) (F1)

=(f® f)(Fl Z i) ® Fop) + (Z Fin)® FI(Z)) P+ AR ® Fz)
(F2) (F1)
o (by (5))
=(f @ N(F1-Ac(F) + Ac(F1) - F, + A(F1 ® F))
=(f® [AFI F) (by Lemma 3.6)
= ([ ® HA(F).

This completes the induction on the breadth and hence the induction on the depth. [J

Let X = @. Then we obtain a freeness of Hgrr(&, 2), which is the infini-
tesimal version of decorated noncommutative Connes—Kreimer Hopf algebra by
Remark 3.1(b).

Corollary 4.6. The quintuple (Hrr(9, ), mgr, 1, A, {BZ)r | w € Q}) is the free
Q-cocycle e-unitary bialgebra of weight A on the empty set, that is, the initial object
in the category of Q-cocycle e-unitary bialgebras of weight A.

Proof. 1t follows from Theorem 4.5(c) by taking X = @. |

Taking 2 to be singleton in Corollary 4.6, all vertices of planar rooted forests
have the same decoration. In other words, in this case planar rooted forests have
no decorations and that are precisely the one in the classical noncommutative
Connes—Kreimer Hopf algebra, introduced by Foissy [2002a] and Holtkamp [2003].

Corollary 4.7. Let F be the set of planar rooted forests without decorations. Then
the quintuple (kF, mgr, 1, Ac, BY) is the free cocycle e-unitary bialgebra of
weight ) on the empty set, that is, the initial object in the category of Q2-cocycle
€-unitary bialgebras of weight .
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Proof. It follows from Corollary 4.6 by taking €2 to be a singleton set. U
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