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ON HOMOGENEOUS AND INHOMOGENEOUS
DIOPHANTINE APPROXIMATION OVER
THE FIELDS OF FORMAL POWER SERIES

YANN BUGEAUD AND ZHENLIANG ZHANG

We prove over fields of power series the analogues of several Diophantine
approximation results obtained over the field of real numbers. In partic-
ular we establish the power series analogue of Kronecker’s theorem for
matrices, together with a quantitative form of it, which can also be seen
as a transference inequality between uniform approximation and inhomo-
geneous approximation. Special attention is devoted to the one-dimensional
case. Namely, we give a necessary and sufficient condition on an irrational
power series « which ensures that, for some positive ¢, the set

lim inf . min =0 —vll>e
QE[Fq[ZL deg Q— o0 " Q" yE[Fq[z] " Q y" =

has full Hausdorff dimension.

1. Introduction

Let g be a power of a prime number p and [, the finite field of order g. Recall that
F,[z] and [, (z) denote the ring of polynomials and the field of rational functions
over [, respectively. Let [, ((z7")) denote the field of formal power series x =
Zfifn a;z~" over the field [,. We equip [I:q((z_l)) with the norm ||x|| = ¢", where
a_, # 0 is the first nonzero coefficient in the expansion of the nonzero power
series x. This integer n is called the degree of x and denoted by deg x.

The sets [, [z], F,(z), and [Fq((zfl)) play the roles of Z, Q, and R, respectively.
A power series x in Fq((zfl)) but not in [, (z) is called irrational. We denote
by [x] and {x} the “integral part” and the “fractional part” of the power series
x=32 aiz7 inFy((z71)), defined as

0 o)
[x]= Z aiz”", {x}= Zaiz_i.
i=—n i=1

In particular, [x] is a polynomial in z.
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Letl={x e [Fq((z_l)) . lx|| < 1} be the open unit ball. A natural measure on [
is the normalized Haar measure on [];2, F,, which we denote by 1. Observe that
w(@) =1.1If B(x, g™ ") is the open ball of center x in [ and radius ¢ ", namely,

B(x,r)={yel:lly—xll<q™"},

then w(B(x,q~")) = q~". Since the norm || - | is non-Archimedean, any two balls
C) and C; satisfy either CiNCr, =, C; C Cy, or C; C Cy. This is sometimes
referred to as the ball intersection property. Moreover, the distance between any
two disjoint balls is not less than the maximal radius of the two balls.

For any (column) vector € in [, ((z~1)", we denote by [|6|| the maximum of the
norm of its coordinates and by

©)l = min 16
the maximum of the distances of its coordinates to their integral parts.

There are numerous results on Diophantine approximation in the fields of formal
power series, see [Lasjaunias 2000] and Chapter 9 of [Bugeaud 2004] for references;
more recent works include [Bank et al. 2017; Ganguly and Ghosh 2017; 2019;
Kristensen 2003; Zhang 2012; Zheng 2017]. However, few results are known on
the relation between homogenous and inhomogeneous Diophantine approximation.
Our first result is the analogue of Kronecker’s theorem over fields of formal power
series. As far as we are aware, it has not yet been proved in such a generality
(see, however, [Carlitz 1952; Mahler 1941] for the case of column matrices). The
transposed matrix of a matrix A is denoted by A”.

Theorem 1.1. Let m, n be positive integers. Let A be in Mn,m([Fq((Z_l))) and 0
in [, ((z"Y)". Then the following two statements are equivalent:

(1) For every & > 0, there exists a polynomial vector x in F,[z]™ such that
[(Ax —0)[ <e.
Q) Ifu=(uy,...,uy)" is any polynomial vector such that ATu is in Fqlz]™, then
urh +-- - +u,b, € Fylzl.

As in [Bugeaud and Laurent 2005], which deals with the real case, our aim is to
give a quantitative version of Theorem 1.1. Following [Bugeaud and Laurent 2005],
we introduce several exponents of homogeneous and inhomogeneous Diophantine
approximation. Let n and m be positive integers and A a matrix in M,, ,, (F, ((z=Y).
Let 6 be in Fq((zfl))". We denote by w (A, 8) the supremum of the real numbers w
for which, for arbitrarily large real numbers H, the inequalities

(D (Ax—0)| <H™ and |x||<H
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have a solution x in F,[z]™. Let @(A, §) be the supremum of the real numbers
for which, for all sufficiently large positive real numbers H, the inequalities (1)
have a solution x in F,[z]™. It is obvious that

w(A,0)>d(A,0)=0.

We define furthermore two homogeneous exponents w(A) and @(A) as in (1) when
6 is the zero vector, requiring moreover that the polynomial solution x should be
nonzero.

Our second result is the power series analogue of the main result of [Bugeaud and
Laurent 2005]. Throughout this paper, the quantity 1/4 oo is understood to be 0.

Theorem 1.2. Let m, n be positive integers. Let A be in Mn,m([Fq((Z_l))) and 6
inl, ((z~Y)™ Then, we have the lower bounds

2 w(A,0) =

and (A, 0) >

1
(A7) w(AT)’

with equalities in (2) for almost all @ with respect to the Haar measure on [, ((z=)n
If 0 is not in AF,[z]" + [y [z]", then we also have the upper bound
(A, 0) < w(A).

If the subgroup G4 = ATFy[z]" + F4[z]™ of F,((z~"))™ has rank rkg,:](G 4)
smaller than m + n, then there exists x in [, [z]" with arbitrarily large norm such
that [(AT x)| = 0 and we have

(AT = w(AT) = +00.

Throughout the paper, we avoid this degenerate case and consider only matrices A
for which rkg ;1(Ga) =m +n.
Kim and Nakada [2011] proved that, for any « in [, we have

liminf(¢g" min [[{Qa}—BI)=0
n— 00 deg O=n

for almost all 8 in [. In a subsequent paper [Kim et al. 2013], the authors comple-
mented this result in showing that, for any irrational power series « in [, the set

{B €l:liminf(g" dmin I{Qa} — Bl) > 0}
n—00 eg Q=n

has full Hausdorff dimension. Our next result generalizes this statement to matrices
of arbitrary dimension. Before stating it, we introduce the following notation.
Let m, n be positive integers and A in Mn,m([Fq((z_l))). For ¢ > 0, we define
the set
Bad®(A):={0 €I": _liminf  [lx|™/" |(Ax—0)| > ¢}

xelFq[z]™, [|x]|—o00
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and we put

Bad(A) := U Badf(A) = = 0" . liminf ”£”m/n {Ax — 6)| > 0}.
>0 x€lq[z]™, |lx]l—00

When n =m =1 and A = (@) we simply write Bad®(«) and Bad(«) instead of
Bad®(A) and Bad(A).

Theorem 1.3. Let m, n be positive integers. For any matrix A in M, (T, ((z™hH)),
the set Bad(A) has full Hausdorff dimension. More precisely, there exists a continu-
ous function f : Ry — Ry such that f(0) = 0 and the Hausdorff dimension of the
set Bad® (A) is at least n — f(¢), for every positive ¢ < q~"/"~,

If the sequence of the norms of the best approximation vectors associated to A
(see Definition 3.3) increases sufficiently rapidly, then the above results can be
strengthened as follows. Similar results in the real case have been established in
[Bugeaud et al. 2019].

Theorem 1.4. Let m, n be positive integers. Let A be in /\/l,,,m([Fq((z_l))) and
(Yi)k=1 the sequence of best approximation vectors associated to A. If || yi||"/ k
tends to infinity with k, then there exists a positive real number ¢ such that the
set Bad®(A) has full Hausdorff dimension. More precisely, ¢ can be taken to be

—4=m/n - Moreover, ifm =n=1, A= (a),

any positive real number less than ¢
and the degree of the partial quotients in the continued fraction expansion of « in
[Fq((z_l)) tends to infinity, then the set Bad® («) has full Hausdorff dimension for
everye < q~>

Except for (m, n) = (1, 1) (see the next section), we do not know whether the
condition “[yx||'/* tends to infinity with k” is necessary to ensure that Bad®(A)
has full Hausdorff dimension for some positive &.

The present paper is organized as follows. In Section 2, we give additional
results in the one-dimensional case, including necessary and sufficient conditions to
ensure that the set Bad®(«) has full Hausdorff dimension. In Section 3, we present
some auxiliary results. A transference lemma is established in Section 4, where
we also give the proof of Theorem 1.1. The proofs of Theorem 1.2, Theorem 1.3,
and Theorem 1.4 are given in Sections 5, 6, and 7, respectively. We use similar
arguments to those in the real case. In Section 8, we prove Theorem 2.3. The proofs
of Theorem 2.1 and Theorem 2.2 are postponed to Sections 9 and 10.

2. One-dimensional case

In the one-dimensional case, Theorem 1.4 can be complemented as follows.

Theorem 2.1. Let o be an irrational power series in [Fq((z_l)) and Qy the denom-
inator of its k-th convergent for k > 1. Then, there exists € > 0 such that the set
Bad® () has full Hausdorff dimension if and only if limg_ o || Qx||'/* = oo.
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In addition, we give a third condition equivalent to those occurring in Theorem 2.1.
For an irrational power series « in [ and a positive real number c, let Ay (o) denote
the number of integers / in {1, ..., N} for which the inequality ||[{Qa}| < c27! has
asolution Q in F,[z] with0 < || Q| < 2! Then, the power series « is called singular
on average if, for every ¢ > 0, we have limy_ #AN,C(a) = 1. As far as we are
aware, this notion was introduced in [Kadyrov et al. 2017].

Theorem 2.2. Let o be an irrational power series. There exists € > 0 such that the
set Bad® () has full Hausdorff dimension if and only if « is singular on average.

Theorems 2.1 and 2.2 are the power series analogues of Theorem 1.1 of [Bugeaud
et al. 2019]. In the proof of Theorem 2.1, our method is different: we replace the
use of the three-distance theorem in [Bugeaud et al. 2019] by that of Ostrowski
expansions; see Theorem 9.1 and its proof. Theorem 2.2 is proved in a similar way
to that in the real case.

Our last result gives additional information about the relation between the
exponents of homogeneous and inhomogeneous Diophantine approximation in
dimension one. Its first statement has already been established in Theorem 1.2.

Theorem 2.3. Let& in [, ((z™")) be an irrational power series. For any element 0
in [Fq((z_l)) not in Fy[z] +&F,[z], we have

1 ~
(@) =w((§),0) =w((§)).

Let w denote +00 or a real number greater than or equal to 1; then there exists
a&in [Fq((z_l)) for which w((§)) = w and the set of values taken by the function
®((§), ) is equal to the interval [i, a)]

Theorem 2.3 is the power series analogue of Proposition 8 of [Bugeaud and
Laurent 2005] and its proof uses similar arguments.

3. Preliminaries

In this section, we briefly recall some notation and classical results which will be
used later in the proofs of our theorems.

In the setting of formal power series, every irrational element ¢ in [ has a unique
infinite continued fraction expansion over the field [F, ((z™1)), which is induced by

the map
Ta = 1_ [l]
o o
The reader is referred to Artin [1924a; 1924b] or Berthé and Nakada [2000] for more
details. For every irrational power series « in [, we denote by « =[0; Ay, Ay, ...]1its
continued fraction expansion, where Ay = Ag (o) :=[1/ (T*'&)] is called the k-th
partial quotient of «. For each k > 1, Pi(a)/Qr(e) = [0, Ay, As, ..., Ag] is the
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k-th convergent of «. This defines Py («) and Q (o) up to a common multiplicative
factor. To define numerator and denominator of the k-th convergent of «, we set
P_1(¢) =Qp(e) =1and Q_ (@) = Py(a) =0, and, for any k > 0,

Pry1(a) = Agyr1 (o) Pr(a) + Pr1 (@),
Oir1(a) = App1 (@) Or (@) + Qk—1(a).

The following elementary properties of continued fraction expansions of formal
power series are well known (see Fuchs [2002] for details).

Lemma 3.1 [Fuchs 2002]. Under the above notation, we have for k > 1:
(1) (Px(a), Qi(er)) = 1.

@) 1=11Qo@)l <121l < Q2| <---.

3 2@l =TTi_; 1Ai @)

(4) Pr_i(e) Qu(@) — Pr(@) Qr—1(a) = (=D~

We also need a version of Dirichlet’s theorem in the fields of formal power series.
The next statement follows from Theorem 2.1 of [Ganguly and Ghosh 2017].

Theorem 3.2. Let m, n be positive integers. Let A be in anm([Fq((z*I))). Then,
for any positive integer c, there is a nonzero polynomial vector u such that

(Au)| <q~7 and 1< |ul <q°.

In dimension greater than one, we deal with sequences of vectors having similar
properties to the sequence of convergents in dimension one. For this purpose, for a

==, 1=/ =

n
Mi(y) =Y ey, y=0i ...y, 1<j<m,
i=1

the linear forms determined by its columns. Then, for y in [Fq((z_l))”, we set
M(y) = max |(M; ()] = (A" ).
Definition 3.3. For a sequence of polynomial vectors (Yidiz1s write
lyill =Yi, Mi=M(y;).
If the sequence satisfies
I=Y1<Yr<---, My>M;>---

and M (y) > M; for all nonzero polynomial vectors y of norm || y|| < Y41, then
it is called a sequence of best approximations related to the matrix A’ (or to the
linear forms My, M», ..., M,,).
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Now we construct inductively a sequence of best approximations related to the
matrix AT,

Let Y = ||y1ll =1, and M (y) > M(y;) = M, for any polynomial vector y in
Fylz]" with [|y]| = 1.

Suppose that Y1, ..., y; have already been constructed in such a way that M (y) >
M; for all nonzero poly_nomial vectors y with || y|| < Y;. Let Y be the smallest
integer power of ¢ greater than Y; and for which there exists a polynomial vector z
with ||z|| =Y and M (z) < M;. Since M; is positive, the integer ¥ does exist by
Theorem 3.2. Among those points z, we select an element y for which M (z) is
minimal. Then we set B

yitr =Yy, Yip1 =Y, and My = M(y).

The sequence (y;);>1 constructed in this way enjoys the desired properties.
The following two lemmas collect some properties of the sequence of best
approximations.

Lemma 3.4. Let (y;)i>1 be the sequence of best approximations related to the
linear forms My, ..., M,,. Then we have:

G) Yi >q' fori>1.

(1) M; < q% Y;j fori>1.
(iii) Forw < @(AT), M; < Y holds for any sufficiently large i.
(iv) Forw < w(AT), M; < Y~ holds for infinitely many i.

Remark. In the special case m = 1, (ii) can be replaced by the large inequality
M; < q" 'Y

Proof. (1). This is immediate since Y1 > q¥;.
(>ii). It follows from Theorem 3.2 that the system of inequalities
el c
M(y)<g“m and |yl =g¢

has a nonzero polynomial y for ¢° = g~ 'Y;,1. This implies M; < (g~ 'Y; ) ~"/™,
as asserted.

(iii). Let @ with 0 < @ < @(AT). Then, the system of inequalities
M(y)<H™ and |yl<H

has a nonzero solution for any sufficiently large real number H. In particular, for
every sufficiently large integer i, the system of inequalities

M) <Y79 and |yl <Y
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has a nonzero solution z;, satisfying

M; < M(Zl) <Y l+1

(iv). For w < w(AT”), there are infinitely many polynomial vectors A in [, (z7H)y"
such that M (h) < ||h||~®. For every such & in I]:q((z_l))”, there exists an index i
such that ¥; < [|h]| < Y41 Then, M; < M(h) < |||~ < ¥, O

Lemma 3.5. Let (y;)i>1 be the sequence of best approximations related to the
linear forms My, ..., M,,. Then, for almost all § = (61, ...,6,)7 in [Fq((z_l))”,
we have

i )] = ¥,
for any § > 0 and any index i which is sufficiently large in terms of 6 and 6.

Proof. For any 6 > 0 and any i > 1, consider the set
By)={0=0....00" : 1{y: ) <Y °}.

It follows from equality (2. 3) in [Kristensen 2003] that the Haar measure of B(y,) is
bounded from above by Y times some absolute, positive constant. Combined with
the fact that ¥; > ¢ for i > 1, which ensures that the series Y=Y - converges, we
deduce from the Borel-Cantelli lemma that the set of 8 which belong to infinitely
many sets B(y;) has Haar measure zero. This implies the lemma. U

Let o be in [. Denote by [0; Ay, A», ...] its continued fraction expansion and
by (Pr)/(Qy) its k-th convergent, for k > 0. Set

= Qra— P, fork>1.
Lemma 3.6 [Fuchs 2002]. Under the above notation, we have
(1) Di+1 = Ag41Dk + Dy,
@) I1Dell =11 Qe — Prell = I{ Qe } || = m-

In addition to continued fractions, we also make use of the Ostrowski expansion
of the elements of [ with respect to an irrational power series «.

Lemma 3.7 [Kim and Nakada 2011]. Under the above notation, for every pos-
itive integer k and every Q in [F,[z] with deg Q < deg Qyy1, there is a unique
decomposition

O0=B10o+B01+---+ Byy10k,

where B; is in F4[z] and deg B; < deg A; for1 <i <k+1.



ON DIOPHANTINE APPROXIMATION OVER THE FIELDS OF FORMAL POWER SERIES 461

Lemma 3.8 [Kim et al. 2013]. Under the above notation, for every B in |, there is
a representation of B under the form

3) B=> 0kt1(B) Dk = 01(B) Do+ 02(B)D1 +- -+,
k=0

where 0;(B) is in Fy[z] and deg o;(B) < deg A; () for i > 1. The representation (3)
is called the Ostrowski expansion of B with respect to a or an a-expansion for B.

For simplicity, we write
B=1[01(B),02(B),....0u(p),...1u

and call the sequence (0,(8)),>1 the sequence of digits of 8. To facilitate the
exposition, we make use of a kind of symbolic space defined as follows.
For any n > 1, set

L,(a) ={(o1,...,0,) :0; € Fy[z] and dego; < deg A;(a) for 1 <i <n}

L(a) = U L, ().
n=1

Then, for any (o1, ..., 0,) in L, («), there exists an element 8 in [ whose sequence
of digits begins with (oy, ..., g,).
For an n-tuple 0 = (o1, ..., 0) in L, (o), we call
Li(or,...,on) ={B €l:ox(B) =0y for 1 <k <n}

a cylinder of order n; this is the set of formal power series in | which have an
a-expansion beginning with oy, ..., 0.
For the size of the cylinder, we have the following lemma.

Lemma 3.9 [Kim et al. 2013]. Forany o = (o1, ..., 0y) in (), the n-th cylin-

der I,(01,...,0,) is a closed disc centered at ZZ;(l) ox+1 Dy and of diameter
qi deg anl

4. A transference lemma and the proof of Theorem 1.1
Recall that

n
Mj(X)=Zai,jYi» X=(y1,---,yn)T, 1<j=<m,

i=1

are the linear forms determined by the columns of the matrix A = (¢;, ), and
m
Li(&)ZZOti,jxj, x =10y X)), 1<i<n,
j=1

are the linear forms determined by its rows.
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In this section, by using a similar method to that in the real case (see [Cassels
1957]), we prove a transference lemma, which establishes a relation between
inhomogeneous simultaneous approximation and homogeneous approximation. To
give the proof, we need some auxiliary results. We first state a power series analogue
of Theorem XVI on page 97 of [Cassels 1957].

Theorem 4.1. Let | be a positive integer and f(9), gk(§) for 1 <k <1 be linear
Jormsin® = (01, ...,0;) and § = (&1, ..., &), respectively. Suppose that

) l
) PR AOIAGED I
k=1 k=1

identically. Letﬁ = (B1,..., B1) be avector in [Fq((z_l))l. If

l

<Z gk(g)ﬂk>

k=1

(&)

< ma
< max Jg(®)l

holds for all polynomial vectors &, then there exists a polynomial vector b in T, [z]!
such that

(6) [(Br — fr(D) = 1, l<k=l

Proof. We regard § as a row vector and ¢ and 8 as column vectors. Let G = (g;, ;) be
the / x I square matrix whose k-th column is the coefficients of g and F = (f; ;) be
the [ x [ square matrix whose k-th row is the coefficients of fr. Then, (4) becomes

g g - gn\ (Jfu fiz - fu\ (6 1
) Rl | KAl I el I 37y
8'11 8.21 g'n fu Joooo- fu) \O .
This implies that
(7 G=F"

By the analogue of Minkowski’s theorem in [Fq((z_l)) proved in Section 9 of
[Mahler 1941] and applied to the convex body max;<;<; [|g;(§)[| < 1, there is a
polynomial [ x [ matrix W with || det W|| = 1 whose k-th row w® satisfies

[

8 max (W) = , = | detG|,
) max llg; (™) = e l[[luk | det G|

where the positive real numbers pg, 1 <k </, are the successive minima for the
function max; << [lg; (§)]l.
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By (5), (8), and the definition of gi(§), we have

w6
w?G
B

E(I)G
gDy @by - g\ (A
gw?) ow?) - gw?) || A

\e1@®) g@®) - g™ ) \p

le=1 Bigj (w?)
Yo Bigiw®)

= =a+3,
KZ%,’:1 Bigj (w®)
where a is polynomial vector and
)] 16kl < forl <k <L

Hence, by (7), we get
(10) B=Fb+y,

where b = W~'g and § = WGy. Here, b is also a polynomial vector since
|l[det W|| = 1. By the matrix operation on the ring of matrices whose coordinates
are in the fields of power series, we get
_ det((WG);)
"I det(wG) 1

where
gDy g D) & gjp®) o g (w®)
WGy, — grw®) - g @®) & g @®) - gw®)
] : " : : : - :
g - g & g - gw®)

By (8), the norm of the k-th row of the W G is at most ;. Combined with (9), we get

I
(11) lyill < Il det Gl JTme < 1,
k=1

which gives
(B = fi@)] <1, l<k=L O
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Corollary 4.2. Let L;j(x) and M;(u) be as above and set | = m +n. Let o =

(a1, ...,0p) in [Fq((z_]))”, and s and t be positive integers. Suppose that
(12)  Hwion +- - +upay)| < max{g" max [(M;@)|,¢* max |lu;||}
1<i<m 1<j<n

holds for all polynomial vectors u. Then, there exists a polynomial vector b =

(b1, ..., by) with
HL;®) —ap)l=q™", bl =q". j=1....m.

Proof. This is a special case of Theorem 4.1. Let C and X be in [Fq((z_l)) with
ICll=¢~*and | X| =q" Let

0= (X.2) = (X1 Xons Z0s - -2 Zn)s
gz(y’ﬂ):(vl?""v’n’ul"“’un)5
C U (Lp(x)+2x) fork <n,
JAGOEE
X 'xp_p forn <k <lI,
&) = Cuy, fork <n,
T X (v — Micw @) forn <k <1,

and B = (C ~la, 0). The corollary then follows from Theorem 4.1. U

Lemma 4.3 (transference lemma). Let s and t be positive integers. Suppose that
the inequality

M(y)=q™"
holds for any nonzero polynomial n-tuple y of norm ||y || < g°. Then, for all n-tuples
01, ...,6,) in I]:q((z_l))", there exists a polynomial vector x with || x| < q' such
that

max [{Li(x) — )] < q".
Proof. We apply Corollary 4.2 with u =y and ¢« = 6. If ||y|| > ¢° then the
inequality (12) holds, since the left-hand side of inequality (12) is not greater than 37.
If ||y|| < ¢°* then, since M(y) > g, the right-hand side of (12) is greater than 1
and (12) holds. By Corollar§ 4.2, the proof is established. (]

Proof of Theorem 1.1. First of all, we suppose that for every ¢ > 0, there is a
polynomial vector x such that simultaneously |[(L;(x) — ;)| <e, (1 <i <n).If
u=(uy,...,u,)" is any polynomial vector such that A7y is in F,[z]™, then

ur Ly (x) 4+ u Ly (x) =u” Ax € Fylz].
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It follows that
[(u161 + -+ -+ unb)| = (w1 (L1(x) —01) + - - -+ un(Ln(x) — 6p))]
< max{[(u1(L1(x) =), ..., [{un(Ln(x) —6p))I}
< llulle.

Since ¢ is arbitrary, we have

[(u101 + - - - +u,0,)| = 0.

Thus,
uibh+ - +uyb, € [Fq[Z]-

Now we turn to proving that (2) implies (1), with the help of Corollary 4.2.

For every ¢ > 0, there is a positive integer s such that g—* <e.

If |(u161+- - -+ u,6,)| =0, then the inequality (12) obviously holds. Otherwise,
we have maxi<;<p, [(M;(1))| > 0 by the assumption.

Since |[{(u161 4+ - - -+ u,60,)| < q_l, (12) is satisfied if ||#|| > ¢°. For the finitely
many polynomial vectors ¥ whose norm is less than ¢°, (12) still holds if we choose
the integer ¢ large enough. Then the proof is completed by using Corollary 4.2. [J

5. Proof of the Theorem 1.2

We begin by proving that the inequalities

(13) w(A,0) = and @(A,0) >

O(AT) w(AT)

hold for all vectors @ = (61, ..., 0,)T in F,((z~1))".

For the first inequality, we can clearly assume that (A7) is finite. Let w > @(AT)
be a real number. By the definition of the exponent @(A”), there exists a real
number H, which may be chosen arbitrarily large, such that

(14) M(y)=H™

for any nonzero polynomial vector y of norm at most equal to H. Let s, ¢ be positive
integers such that H=% > g~ >_q_1H_“’ and ¢* < H < ¢**!. Then we have
M(y) > H=® > q~' for any nonzero polynomial vector y of norm at most equal
to q_s. By Lemma 4.3, there exists a polynomial n-tuple g_with lx|l < g" such that

1 1 1 1
max [(L;(x) —6;)| <q* <qH ' <q'tog™'o <q'To|x| .

1<i<n
This shows that w(A, ) > L.
For the second inequality of (13), we can clearly assume that w(AT) is finite.
For w > w(AT) and all real numbers H with sufficiently large, the inequality (14)
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is satisfied for any nonzero polynomial vector y of norm | y|| < H. We argue in a
similar way as in the proof of the first inequality. We omit the details.
We now prove that

15) w(A,0) < and  &(A,0) <

1
w(AT) w(AT)

hold for almost all vectors @ = (61, ..., 6,)7 in Fy((z~H)"

By the formula y” Ax = x" Ay, it is easily seen that

m n
101+ 4 yuby = ijMj(yl, ces Yn) — Zyi(Li(xl, ce Xm) —07),
j=1 i=1
from which it follows that
(16) [{(y1601 + -+ -+ yu6n)| < max{]ly|| lfg?lél {Li(x) =), llx 1M (y)}

for all polynomial vectors x = (x, ..., xm) and y= TS L
We follow the notation in Section 3 and denote by

yi= it yin)’ and Y=yl ix=1,

the sequence of best approximations associated with the matrix A”.
By Lemma 3.5, for almost all 6 in [Fq((z_l))”, the inequality

(17) |(Di161 + - - - + Yinb)| = ¥

holds for all § > 0 and any index i large enough. Let us fix two real numbers § and
o such that
0<8<w<a(A).

Let x be a polynomial m-tuple with sufficiently large norm ||x||, and let k be the
index defined by the inequality

1
Vi < llx[lo=8 < Yiyr.

This gives

w L 8
Yl > llxlleo=d = [lx||Yy.
By (iii) of Lemma 3.4, we have
IxlIM (ye) < XN YSG < Y.
Using (16) with Y=Yk and (17) with i = k, we deduce that

Y, % < |lyxll max [(L;(x) —6;)| < ¥ max [(L;(x) — 6;)],
- 1<i<n 1<i<n
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which gives
[(Ax = 6)] = max |(L;(@) —6)] = ¥ = x) "o,
<i<n

This implies
1+94
w(A,0) = —.
w—204

Let § and w be arbitrarily close to 0 and to @(AT), respectively. Then, it is immediate
that the first inequality of (15) holds.

The second upper bound can be handled in the same manner. Let us fix now two
real numbers § and o such that

0<d8<w<w(Al).

Let x be a polynomial m-tuple with || x|| < Hy := Yk“’_‘S/Z. By (iv) of Lemma 3.4,
there exist infinitely many integers k > 1 such that M (Xk) <Y, k_“’, thus, for which,
v, ?
XM (ye) < llx[ Y, < —5
Applying again inequality (16), we obtain
Y, ® < llykll max [{L;(x) —6;)] <Y max |[(L;(x) —6)],
- 1<i<n 1<i<n

which yields

148 140
[(Ax —6)| = max [(L;j(x) —6;)| > ¥, 70 =27 w=s
1<i<n

Since the above lower bound holds for any polynomial x whose norm is less than
Hj and for infinitely many k£ > 1, noting that the sequence (H;);> tends to infinity,

it follows that

146
DA, 0) < 2.
w—30

Choosing 8 and w arbitrarily close to 0 and to w(AT), respectively, we get the
second inequality of (15), and the proof of the first assertion is completed.

It only remains to prove that
(A, 0) < w(A),

when 0 = (01, ..., 0,)T is notin AF,[z]" +F,[z]".

For any x in F,[z]™, set L(x) = [(Ax —0)|. By the denseness of AF,[z]" in
Fy ((z~"))" (which is implied by Theorem 1.1) and following the same method as in
the homogeneous case, we can construct a sequence of polynomial vectors x;, i > 1,
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in F,[z]™ associated with L(x,), L(x,), ... which satisfy the following properties.
Set ||x;|| = H; and L; = L(x;), then we have

1=H1<H2<--- and L1>L2>~--
and L(x) > L; for all polynomial vectors x with ||x|| < H;+;. Here we also call the

above sequence (x;);>1 a sequence of best approximations related to L, Lj, .. .. By
definition of @(A, @) and best approximation, for any w < @(A, 0), the inequality

0<[(Ax; —0)| = H Y
holds for any index i sufficiently large in terms of w. By using the triangle inequality,
we conclude that
(A —x;_ D) = [(Ax; =0 — (Ax;_; — 0))|

< max{[{Ax; —0)|, [{Ax;_, —0)[}

E Hl'_w9
which gives that w(A) > w. Choosing w arbitrarily close to @(A, ), we complete
the proof.

6. Proof of Theorem 1.3

Before proving Theorem 1.3 we establish an auxiliary lemma.

Lemma 6.1. Let [ > 2 be an integer. For a sequence (hy)r>1 of polynomial vectors
such that | el = g' |1 for k =2, set

Sty =10 € 1" : there exists ko(0) such that |(h; 0)] > g~ forall k = ko(8)}.

Then we have dimy Sip,, > n — %

Proof. Our strategy to prove this lemma is as follows. First, we define some
partitions of [" and construct a family of balls covering the points which do not
satisfy the condition in the definition of the set Sy, ;. Then we delete the family of
balls from the partitions to construct a Cantor subset contained in Sy, .

For any i > 1, define d; by ||h;|| = ¢% and set

T =z % F,[z]" nIm.
It is clear that all distinct elements x, y in I'; satisfy

(18) lx =yl =g %"

Now we define a partition of I". For each i > 1, let %; be the family of balls
B(c, g~%~") centered at some point ¢ in I';, i.e.,

G ={B(c,q % " :cel}.
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By (18) and the ball intersection property, any two distinct balls in %; have empty
intersection. Each ball in %; has measure ¢‘~%~D", Since there are exactly g%+
of these balls, they do indeed define a partition of [”.

For any i > 1, we consider the resonant set

R ={xel":h;x = p for some p € F,[z]}.
Since x is in [", each resonant set R; is contained in one of the affine spaces
Ri(ry={xel":hix=r}, wherer isin[F,[z] with |[r| < |h;].

In each R;(r), we choose a subset A;(r) such that the distance between any two
different points in A; () is at least q*di ~! and such that, for any point & in R; (r),
there is a point 1 in A;(r) at a distance to £ less than q_d"_l. Let A; be the union
of the sets A;(r) where ||| < ||h:]|. Set

Gi={B(c,qg “ N:cen.

If 6 in " satisfies |[(h; 0)| < é, then we have
. 1
;]| disteo (8, R;) < [(hi0)| < 7

where dist,, denotes the distance associated with the supremum norm. Then,
distoo (8, R) < ¢~ ",

which implies that there exists g in R; such that

10 —&<q~ %",

and, consequently, 0 is contained in some ball which belongs to G;.
Let D; ={B € &; : BNG; = @}. Define

E; = U B and E=ﬁEi.
i=1

BeD;
Then, E C Sthey-

Now we determine the Hausdorff dimension of the set E. By the ball intersection
property, the distance between any two balls in D; is €; = ¢~%~!. Since %; is a
partition of [”, for any ball B in D;, the number of balls of ¢;,; contained in B is
q(di+1—di)n_

For any & in R;11(r), € in R;11(7), where r and 7 are in [, [z], we obtain
L<|lr—tll <h; 1§ —h; 101 < llh;  I1IE =65

hence

1€ =6l > .
- ||ﬁ,'+1 I
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Consequently, the number of affine spaces which can intersect a ball B in D; is
at most g%+1~4~1_ Since every such affine space contains g%+ =4~ points of
Aj11 N B, the number of balls of D;; contained in the ball B is at least

(dig1—di)n (dig1—d)n—1 _ q(di+1—di)n(1 q- ) >0~ (dz+l —din

mi+1=4g —q
Since ||hk|l = g' | hx—1 || for k >2, we have dy > (k—1). By this fact and Example 4.6
of [Falconer 1990], we have

logmlmg e Mp_—q

dimy E > liminf m -n
k—+00 —log mye€;

klog X +ndy_;lo
> lim inf 23 S n
k=00 —log2 +n(dr-1+1)logg

ndy_1—k
> liminf —— -
oo n(de1 +2)

nde_1 — Y(dy_1) =2 1
> liminf ko1 1) n>n——. O
k=400 n(di—1+2) [

Now we prove Theorem 1.3.

For a positive integer [ > 2, we extract a subsequence (yy,«))k>1 from the
sequence of best approximations (y)r>1, where the index function is an increasing
function ¢; : Z>1 — Z> satisfyiné ¢;(1) =1 and, for any integer i > 2,

(19) Yoi) = q'Ya-n and Y6101 = q Y.

Let
Jo=1{J: ]+l>qY}

To define the function ¢; we distinguish two cases, according to whether the set Jy
is finite or not.

If Jy is an infinite set, then set ¢;(1) = 1. Suppose that ¢; (i) has already been
defined for 1 <i <&/, and define ¢;(h) to be the smallest element of 7, greater than
@i(h'). Welet ¢;(h—1) be the largest index r > ¢; (h") for which Y, ) > q'Y,, we let
@i (h—2) be the largest index t > ¢; (h") for which Y, (n—1) > ql Y;, and so on until an
index t as above does not exist. We have just defined ¢;(h), ¢;(h—1), ..., ¢;(h—hy).
Then, we set h = h' + hg + 1, and the inequalities (19) are satisfied for i =
W4+1,...,h+hy+1.

If Jy is a finite set, we denote by g the largest of its elements, putting g = 1
if Jy is empty. We apply the above process to construct the initial values of the
function ¢ up to g = ¢;(h). Then, we define ¢;(h + 1) as the smallest index ¢
for which Y, > qlY(p,(h). We observe that Y(pl(h-i-l)—l < qle(h) and Y(pz(h)—H >
Yo > ¢ Yo m+1)-1 > ¢ Y411y, as required. We continue in this way, by
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defining ¢;(h +2) as the smallest index ¢ for which Y; > ql Yy, (h+1), and so on. The
inequalities (19) are then satisfied.
By Lemma 6.1, for any 0 in Sy, ). it follows that

1

|{¥1(i).101 + - + Y, (i).nOn )| = p for sufficiently large i.

Let x be a nonzero polynomial m-tuple whose norm is sufficiently large and let k
be the index defined by the inequalities

QI+1)

m m
Yo <q gnlixllm < Yy usn-

By Lemma 3.4 and inequality (16) with y = y,, k), we have

1 m.oom n I
5snmdqg””qﬂuﬂ"HAi—QmHymmY@$+d~
By construction of the subsequence (Y, (;))i>1, we have Y (lk) 1Yo k+1) < g%, so

no_n L, _@4bn o 2m
||£||qu¢,(k)+1<q q ™M™ qmqm =q ,

then ]
m m
— =g Vg |x]|" |(Ax —0)],
q
which gives
—Q242), -1 -
[{Ax —6)| =g g llxll

From this, we deduce that Sy, o) C Bad®(A) with ¢ = g~ **2¢="/" and then
1
dimy Bad®(A) > n — 7

which implies the second assertion.
Recall that

Bad(A) := | J Bad*(A) = {0 €I": _liminf _ [lx||"/"- |(Ax —6)| > O}.
= xeFy [, x> o0

We have just proved that, for any integer / > 2, we have

Sty o] C Bad(A).

Yoy (i)
Letting / tend to infinity, we obtain
dimy Bad(A) =n.

This completes the proof of the theorem.
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7. Proof of Theorem 1.4

We use the same method as in the last section. The next lemma can be seen as a
sharpening of Lemma 6.1 when the sequence of norms of the polynomial vectors
increases very rapidly.

Lemma 7.1. For any 8 in (0, g1, let (hi)r=1 be a sequence of polynomial vectors
such that |\hy |/ 1kl = g8~ for k > 1 and limy_, o || Ak ||'/* = co. Then, the set

Ss = {0 € 1" : there exists ko(0) such that |{(hi0)| > 8 for all k > ko(0)}

has full Hausdorff dimension.

Proof. Since the proof is very similar to that of Lemma 6.1, we just give the
necessary modifications here.

Let 8 be in (0, g~ ']. For any k > 1, set |||l = g%. We note that § plays the
role of ¢!
a suitable subset can be done in a similar way. Notice that, since di/k tends to
infinity with k, we have

in the proof of Lemma 6.1. The remaining part of the construction of

logm1m2 e Mp—1

dimy E > liminf
k— 00 —logmyey
. klogj+ndi_logq
= liminf ; .
k—+oo —log 5 +n(de—1 + 1) logg

which completes the proof. (]

Let us begin the proof of Theorem 1.4.
Let
Vi = Okts -+ Yin) k>1,

be the sequence of best approximations associated to the matrix A7, and set ¥} :=
Iyl for k= 1.

Let 8§ bein (0, ¢~'] and set R = ¢8~". Since Ykl/k tends to infinity with k, the set
Jr=1{j:Yj+1 = RY;}.

is an infinite set. In the same way as in the proof of Theorem 1.3, we can extract a
subsequence (yy))k>1 Of (yx)k>1 with the property that

(20) Yot = RYp—1ys  Ypt—1y41 = R Yo, for k > 2.

We apply Lemma 7.1 to (Xgo(k))kzl and take 6 = (04, ..., 6,) in the corresponding
set S5, that is, satisfying

2D {Yp()161 + - - -+ Yonbn)| = 8  for sufficiently large k.
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Let & be a nonzero polynomial m-tuple whose norm is sufficiently large and let £
be the index defined by the inequality

m
|

_ m
Yoy <qRS™n||h| 7 < Y.

By (16), (20), and (ii) of Lemma 3.4 with Y= Yok and x = h, since

n

n —n _n on_—a I
||ﬁ||M(X<p(k)) <|hlgm Yw(/?;+1 <d(gR) mgm Y¢(/’<7;+1Y¢n(1k+1) <3,

we have
m m
8§ < Yyml(Ah —0)| <gqRS™ 7 ||h|| 7 [(Ah —0)].

Consequently, we get
S +2 52+ =

m
h|| 7 |[(Ah —6)] > = .
Il (AR —0)] = R 7
By letting § = ¢!, this gives the first assertion of Theorem 1.4.
If m=n=1, A= (x), and the degrees of the partial quotients of « tend to
infinity, then the assumption of Lemma 7.1 is satisfied for iy = Qyy for some
constant N > 0. Forany 0 < § < é, the set Sy has full Hausdorff dimension. Let x

be in [ and let & be a polynomial. Then, for every y in [F,[z], we have

22) (X = Kyx = yah+ yah)| < max{|[y||[{ha —x)|, | 2][[{ya)}.

Now we assume that ||/ is large enough and let / be the integer with || Q;| <
8 Uh|l < | Q141 For any 6 in S, letting y = Q; and x = 6 in the inequality (22),
since [|A[|I{ @i}l = 1211/ Qi+1]l < &, we have

8 < (Qi0)] < I1Qilll(ha — )| < 8 ||All|(ha — 6)].

This gives ||a|||{(ha —8)] > 582 Setting § = L—;, the proof is complete.

8. Proof of Theorem 2.3

Since we always have w((§)) = 1 for any irrational power series £ whose partial
quotients have bounded degree, we may assume that w > 1.

If w((&)) is finite and equal to w, then let (w,),>0 be the constant sequence equal
to w, otherwise, put w, = n for any n > 0. Let £ be an element in [Fq((z_l)) such
that the sequence of the denominators (Q,),>o of its convergents P,/Q, satisfies
the growth condition

1Qnll”" < 11Qnt1ll < qll Qnll™-

By Theorem 1.2, we have @((£), 0) = 1 /w((£)) for almost all 6 in [Fq((z_l)). Let v
be a nonnegative real number. If w((§)) is finite, then assume furthermore that

i < v < w. We construct an element 6 in [Fq((z_l)) for which @((§), 8) =v. When
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w((§)) = 400, our process furnishes moreover some 6 not in [F,[z] + &F,[z] with
a((§),6) = +oo.
Let (u,)n>0 be a sequence of polynomials with

wp—V wp—V
[Qnll v+1 < llunll <qllQull v+, forn=1.

Set
0= (Ot — Pp).

k>0
For any n > 0, set

n n
Vn :Zquk and Wn :ZukPk.
k=0 k=0
Then we have

IVall = lun 1 Qull - and  [[Va§ = Wy — 61| = llups1 1l Quall =,

SO
wp+1 wp+1
1Onll v+1 < [[Vull < gl Qnll v+!
and
1 _v(@ug1+D _ v(@p+1D)
g N1Qutall vl < |[IVu§ =W, =0l <qllQut1ll vH
hence
_U(wn+1+1) 1+v v
(23) Vi = Wi =01l <qllQn1ll vt =g 7" [|Vapll

which implies that @((£), 6) > v. When w((§)) = +00, we construct 6 in [Fq((z_l))
not in [y [z] +&F,[z] and with @((§), 0) = +o0 exactly in the same way, by taking
u, =1 for any n > 0.

Next we prove that for infinitely many n and all polynomials x and y with
Il < Z1IVall, we have

(24) |x& —y =60l =g 2| Vall™".

It follows that @((§), #) < v, and therefore that @((§), ) = v.

To obtain a contradiction, we suppose inequality (24) does not hold for some
polynomials x and y with || x| < %H V. Then we deduce from (23) and the triangle
inequality that

[ = Vi)E = (y = WaD) = Ix§ =y =0 — (Vh1§ — Wyt — 0)|
< max({|lx =y = Oll, Va1 — Wo1 — 61}

1 —
<q IVl
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Set
a=—P,(x=Vy,—1)+0n(y—Wy—1) and b=PFP,1(x—Vy—1)—Qn1(y—Wy_1)
if n is even (the case n is odd can be handled in the same way). Then we have
x=Vi1=a0p,1+bQ, and y—-W, 1=aP, 1+bP,.
A trivial verification shows that
b= (x—Vy_1)Pr—1 — Qn-1(y = Wy—1)
=X = Vo) (Puo1 —EQn—1) — Q-1 (y = W1 — (x — Vi1)8).
This gives
151 < max{g ™I Quor Vil ™, g~ IVallll @l ™)
=g IValllQull ™" < ¢ lunll.

Now we use the formula

XE—y—0=a(Qn1& = Poo1) = (un —b)(QuE — P) — Y ur(Qi& — Po).

k>n+1
When a # 0, we bound from below
q _U(wn+1) —v
x§ —y =0l =lla(Qn-15 — Pl = oL =10l v = (IVall ™
n

When a = 0, we obtain
IxE —y =61l = | (un — bY(QnE — PN = lltn || Qg1 ||
a)n—u
> g Qa1 Q| VFT
>q M Val ™.

We have reached the expected contradiction.

9. Proof of Theorem 2.1

We only need to establish the implication “="" in Theorem 2.1 and it can be restated
as follows.

Theorem 9.1. Under the assumption that lim infy_ o % log || Okl < 0o, we have
dimy Bad®(x) <1 foranye > 0.

Proof. For positive integers K and ¢, set

Bady (o) = {0 € 11 | QIlll{Qa} — 0| = ¢ for all Q in Fy[z] with [| Q| > [ Ok I}

For k > 1, set ny = deg Q.
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We define a sequence (k;);>¢ as follows. Set ko = K and, fori > 1, let k; be the
smallest integer k for which ny —ny, >t +4. Since || Qk+1l = gl Ok ||, the sequence
(kix+1 — ki)i>o is uniformly bounded from above by an absolute constant and we
deduce from our assumption on the growth of the sequence ((log || Qkll)/k)k>1 that

1
A :=liminf —log || O, || < +o0.
1—oo 1

Setting (i) = Udeg O=n, ny; <n<nj  —t B({Qa}, g "+1), we have

U  BdQa).q 101 = U  BUQal.g >0
deg Q=n, ny; =n<ng, deg Q=n, ny; <n<np,,
Write
Ck)={I(o1,...,01) : (01, ..., 0p) € Lr(a)},
where I (01, ..., o) is the cylinder of order n with respect to the «-expansion (see

the end of Section 3), and

H; ={B € C(kir1) : BNQ>) = @).

E; = U B and E=ﬂEl~.

BeH,; i>1

Let

Then we have
Bad} (@) C E.

Every ball B in C(k;) can be written as B =1 (o7, ..., ox,) for some (oy, ..., o%,)
in Ly, (). For any Q with deg Q = n where ny, <n < ny,, —t, it follows from
Lemma 3.7 that

(25) {Qa}=01Dy+ 02D+ -+ 0y, Di,—1 + - + 0k 4a Disya—1,

where d is defined by || Ok, +a—11| < g™iw T < Ok, +dll. Then, the element of such
{Qa} contained in the ball B is at least g9 Ak+1++de2 A+ \which is greater than
g™ i+1 7™~ In the same way as one gets (25), we deduce that, for any distinct Q
and Q" in F,[z] with deg Q and deg Q" < ny,

_nki

.+1» we have

I{Qa} — {Q'a}ll > || Dy, —1ll = g~ ™1

Thus the number of balls B({Qa}, g~ i+1) with deg Q =n and ny, <n < Mjyy — 1
which are contained in the ball B is at least g"%i+1 ~" ',

Then the number of balls in E;;; contained in a ball of E; is at most

ani+] Nk _ q"ki+1 i 1- q_t)aniJr] G
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For a real number s in (0, 1), let H® denote the Hausdorff s-measure. For any M
satisfying log M > A, for any s with 1 > s > 1 +1log(1 —g~")/log M, we have
HYE)< Y IBF <(1—g ")g"i(g ")
Beﬂﬂ-:l Ej
S (1 _q—t)iM(l—S)i S 1

Then dimgy (E) < 1+1log(l —g~")/log M < 1; this completes the proof. O

10. Proof of Theorem 2.2

By Theorem 2.1, we only need to prove the following statement.

Theorem 10.1. Let o in I]:q((zfl)) be an irrational power series and (Py/Qi)i>1
the sequence of its convergents. Then « is singular on average if and only if | Q ||'/*
tends to infinity with k.
Proof. First, we prove that « is singular on average under the condition that || Oy ||'/*
tends to infinity with k.

LetO<c < % and k£ > 3 be an integer. By Lemmas 3.6 and 3.7, for any Q in

Fylzl with O < [| Q| < | Qk+1l, we have Q = B1 Qo+ B2Q1 +- - -+ Biy1 Qk. Then
{Qa} = B1Do+ B2Dy+ -+ Byt1Dg,
which gives
I{Qa} |l = [1B1 Do+ Bo2Di + - - - + By 1 Dicll = | Diell = I{ Qi } | = [{Qreex) |-
In this way, for each integer X with || Q|| < X < || Qk+1]|, the inequalities
(26) Itha} <cX~' and 0<|All <X

have a solution in [, [z] if and only if [[{Qra}| < cX L
Thus for each integer [ in [log, || Okll, log, || Qk+11l), inequalities (26) have no
solution for X = 2! if and only if

I{Qkal
—logy = <l <logy [| Q1.
Since ||{Qra}]l = | Qr+11I~", the number of integers [ in [log, || Qkll, 10g; || Ok+1ll)
such that inequalities (26) have no solution for X = 2/ is at most
I{Qka}l 1
log, | Q11 +1og, e +1<log =T L.

Therefore, for an integer N with log, || Qx| < N < log, || Qk+1l, the number of
integers / in {1, 2, ..., N} such that inequalities (26) have no solution for X is
not greater than (log % + 1)(k 4+ 1). Recalling that Ay () denote the number of
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integers / in {1, ..., N} for which the inequality ||{Qa}| < 27! has a solution with
0 < |0l <2, we have

N~ Anc(@) _ (log2 +1)(k+1) - (log L +1)(k+1)
N B N - oy IOkl

Using the assumption that || Q|| 17k tends to infinity with k, we can deduce that
%(N — Ay .(a)) converges to 0. Therefore, « is singular on average.

Suppose that « is singular on average, and choose ¢ = ¢, Let [ be an integer
satisfying q_2|| Oit1ll < 2L < Qk+1] for some k£ > 1. Then, we have

-2

_ q C
QO = Qe l™" = o>

E.
Since |{ha}|| > |[{Qka}]|| for any polynomial 2 with O < ||k < || Qk+1ll, we
conclude that inequalities (26) have no solution for X = 2L if I is an integer in

[log, | Qk+1ll —21log; g, 1og, [ Q+11D-
By Lemma 3.6, || Qk+1]] = ]_[fill |A;|| and deg Ax > 1, we have that

I Qks1ll = %1 Qk—1ll,

which implies that

[log, [| Qk—1ll—2log; q.10g; | Qk—1ll) and [log, || Qk+1l—2log, g, 1og; || Q1 1)

are disjoint for k > 1. Let N be an integer with log, || Qx| < N <log, || Q2+21l;

it follows that the number of integers / in {1, 2, ..., N} such that inequalities (26)
have no solution for X =2/ and ¢ = g3 is at least 2k. In this way,
2k - % - N — AN,C(a)‘
log, [|Qok2ll = N N

The condition of singularity on average implies that the right-hand side of the above
inequality goes to 0 as N tends to infinity. By the monotonicity of (|| Qkl|)x>1, we
conclude that (|| Qg ||"/ k)kzl tends to infinity. U
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