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We establish a weighted Hardy space theory associated with flag structures.
This theory differs from those in the classical one-parameter and the prod-
uct settings, and includes weighted Hardy spaces H ,",_-,w, weighted Carleson
measure spaces CMO",_-,W (the dual spaces of Hf,_-,w), and the boundedness
of singular integrals with flag kernels on these spaces. We also derive a
Calderén-Zygmund decomposition and provide interpolation of operators
acting on ij,_.’w. Examples and counterexamples are constructed to clar-
ify the relations between classes of one-parameter, product and flag A,
weights. The main tool for our approach is the weighted Littlewood—Paley—
Stein theory associated with the flag structure.
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1. Introduction

The classical singular integral operators are extensions of the Hilbert transform,
which have singularity at the origin only. The nature of this singularity leads to the
invariance of these singular integral operators under the classical dilations on R"
given by éx = (8xy, ..., 8x,) for § > 0. On the other hand, the Calder6n—Zygmund
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product theory of singular integral operators on R” is concerned with those singular
integral operators which are invariant under the n-fold dilations:

dx = (81x1, 82x2, ..., 8uXn),

d; > 0 for 1 < j < n. The product theory of R" began with the strong maximal
function studied by Zygmund, then continued with the Marcinkiewicz multiplier
theorem and has been studied in a variety of directions; for example, product
singular integrals and Hardy and BMO spaces studied in [Chang 1979; Chang and
Fefferman 1980; 1982; 1985; Fefferman 1986; 1987; 1988; Fefferman and Stein
1982; Gundy and Stein 1979; Journé 1985; 1988; Pipher 1986]. Multiparameter
analysis appeared implicitly in [Phong and Stein 1982] and has come to light with
the proof by Miiller, Ricci and Stein [1995] for the L? boundedness, 1 < p < oo,
of Marcinkiewicz multipliers on the Heisenberg group H". This is surprising since
Marcinkiewicz multipliers, which are invariant under a two-parameter group of
dilations on C" x R, are bounded on L” (H"), despite the absence of a two-parameter
automorphic group of dilation on H". Moreover, Miiller, Ricci and Stein showed
that Marcinkiewicz multipliers can be characterized by a convolution operator
of the form f * K, where, however, K is a flag kernel. Sharp L? estimates for
Marcinkiewicz multipliers on H-type groups were established in [Miiller et al. 1996].
Nagel, Ricci and Stein [2001] proved that product kernels can be written as finite
sums of flag kernels and that flag kernels have good regularity, restriction and
composition properties. Applying the theory of singular integrals with flag kernels
to the study of the [,-complex on certain quadratic CR submanifolds of C”, they
obtained L” regularity for certain derivatives of the relative fundamental solution
of [, and for the corresponding Szegd projections onto the null space of [J, by
showing that the distribution kernels of these operator are finite sums of flag kernels.
Applying a type of singular integral operators whose novel features are related to
singular integrals with flag kernels, Nagel and Stein [2006] provided the optimal
estimates for solutions of the Kohn—Laplacian for certain classes of model domains
in several complex variables. These operators differ essentially from the standard
Calder6n—Zygmund operators that have been used in these problems hitherto. More
recently, Nagel et al. [2012; 2018] further generalized the theory of singular integrals
with flag kernels to a more general setting, namely, homogeneous group. They
proved that on a homogeneous group, singular integral operators with flag kernels
are bounded on L?, 1 < p < 0o, and form an algebra. See also [Glowacki 2007]
and [Glowacki 2010] and the correction to the latter. Weighted norm inequalities
for flag singular integrals on homogeneous groups were established in [Wu 2014a].

As mentioned in [Nagel et al. 2001], on the Euclidean space a singular integral
with a flag kernel is a special case of product singular integrals. As a consequence,
the L?, 1 < p < 0o, boundedness of singular integrals with flag kernels follows
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automatically from the same result for product singular integrals (see [Fefferman
and Stein 1982]). Note that the product theory is not available on the Heisenberg
groups; it is interesting to ask: Can one provide the Hardy space boundedness for the
Marcinkiewicz multiplier on the Heisenberg groups [Miiller et al. 1995]? To answer
this, the multiparameter Hardy spaces associated with the flag structure on the
Heisenberg groups were developed in [Han et al. 2014]. A kind of atomic decompo-
sition for flag Hardy spaces was provided in [Wu 2014b]. For related function spaces
on Euclidean spaces, we refer to [Ding et al. 2010; Han and Lu 2010; Yang 2009].

Another interesting class of operators are flag paraproducts. Such operators were
studied in [Muscalu 2007; 2010; Muscalu and Schlag 2013], and are closely related
to the lacunary version of bilinear Hilbert transform. Miyachi and Tomita [2016]
investigated L°° and H? estimates for trilinear flag paraproducts. Flag paraproducts
also appear naturally and play an important role in the study of nonlinear dispersive
PDEs; see the work of Germain, Masmoudi and Shatah [2012a; 2012b] and Muscalu
and Schlag [2013].

The purpose of this paper is to establish a weighted Hardy space theory associated
with flag structures. This theory differs from those in the classical one parameter
and the product settings, and includes weighted Hardy spaces H ﬁ,w and weighted
Carleson measure spaces CM O?w (the dual spaces of H Fp,w), and the boundedness
of singular integrals with flag kernels on these spaces. We will also derive a
Calder6n—Zygmund decomposition and provide interpolation of operators acting
on H ;w. To achieve this goal, we will employ the following approaches.

(1) Introduce a test function space and distributions: It is well known that in the
classical case, the test function space and distributions are important for the devel-
opment of the Hardy space theory. As in the remarkable work of C. Fefferman and
Stein [1972], these are just the Schwartz test functions and tempered distributions.
To introduce the Hardy spaces associated with flag kernels, in the current paper,
we shall use the partial cancellation conditions to define a new test function space,
which is different from that used in [Han et al. 2014]. Roughly speaking, any
test function satisfies the cancellation conditions in one subvariable only. Such
cancellation conditions are fulfilled by flag atoms (see [Wu 2014b]) and were also
used by Nagel, Ricci, Stein and Wainger in [Nagel et al. 2012].

(2) Establish discrete Calderén’s reproducing formulae: The classical Calderén
reproducing formula was first introduced in [Calderén 1964]. Various forms of
Calderén reproducing formulae proved to be very powerful tools in both harmonic
analysis and wavelet analysis; see, for instance, [David et al. 1985; Frazier and
Jawerth 1990; Han 2000; Meyer 1992]. To show the L? (1 < p < 00) estimates
of flag singular integrals, Nagel, Ricci, Stein and Wainger [Nagel et al. 2012]
established a continuous Calderén reproducing formula on homogeneous groups.
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In this paper, we shall build two kinds of discrete Calderén’s reproducing formulae
associated with the flag structure. The first one is expressed in terms of Schwartz
functions whose Fourier transforms are compactly supported, and it converges in
the above-mentioned test function space and distributions. The second one involves
bump functions and converges in L? norm. Both formulae will be the main tools
for developing the whole theory.

(3) Provide a Plancherel-Pélya type inequality and develop a Littlewood—Paley—
Stein theory: The classical Plancherel-Pdlya inequality says that the L? norm
of f whose Fourier transform has compact support is equivalent to the £ norm
of the restriction of f at appropriate lattices (see [Plancherel and Pélya 1936]).
It is well known that the classical and product Plancherel-P6lya inequalities play
a crucial role for developing the Littlewood—Paley—Stein theory (see [Han 1998;
Ding et al. 2012]). In this paper, we will provide the Plancherel-P6lya inequality
associated with the flag structure and develop the Littlewood—Paley—Stein theory.
As a consequence, the weighted flag Hardy spaces are well defined.

(4) Introduce generalized Carleson measure spaces: In the classical one parameter
case, it is well known that BMO, the dual of H', can be characterized by the Carleson
measures. Moreover, applying atomic decompositions of product Hardy spaces,
Chang and R. Fefferman [1980] proved that the dual of the product H' can be
characterized by the product Carleson measure. In this paper, we will characterize
the dual of the weighted flag Hardy spaces via generalized Carleson measures. Our
approach involves applying techniques of weighted sequence spaces, which enables
us to avoid using the atomic decompositions.

(5) Prove a Calder6n—Zygmund decomposition for H ]’;’w: The Calder6n—Zygmund
decomposition plays a crucial role in developing the Calder6n—-Zygmund oper-
ator theory and has many applications in harmonic analysis and PDEs. Such a
decomposition in the product Euclidean spaces was first provided by Chang and
R. Fefferman [1982] via atomic decompositions. In this paper, Calder6n—Zygmund
decomposition is achieved by applying the discrete Calderén’s reproducing formula
and the weighted flag version of Fefferman—Stein vector-valued maximal inequality.
As an application, we derive interpolation results for sublinear operators on H. .

We would like to remark that R. Fefferman [1987] established a criterion for the
product H? to L? boundedness of product singular integral operators in Journé’s
class by considering their actions only on rectangle atoms via Journé’s lemma.
However, R. Fefferman’s criterion cannot be extended to three or more parameters
without further assumptions on the nature of the operators as shown in Journé
[1988]. In fact, Journé provided a counter-example of singular integral operators in
the three-parameter setting such that R. Fefferman’s criterion breaks down. This
means that in the classical product theory, there are substantial differences between
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the two-parameter case and the setting for three or more parameters. However, our
approach works for any parameter case, and hence we shall focus on the case of
three parameters and from the proofs given in this paper it is straightforward to
extend the theory to the case of k (k =2 and k > 3) parameters.

To describe the main results in this paper, we first recall some definitions and
notation. A rectangle R in R" x R"> x R" := RV is called an acceptable rectangle
(or a flag rectangle) if R = Q1 x O x Q3, where Q;’s are cubes in R* with
side-length satisfying

8(Q1) = UQ2) = £(Q3).

Denote by R r the set of all flag rectangles associated with F and by Rj’r the set
of all dyadic flag rectangles associated with F. For J = (ji, j», j3), the set R}
consists of all dyadic flag rectangles R = Q1 x Q> x Q3 of side-length £(Q) =2/,
0(Qn) =21V, £(Q3) = 2/1V2Vi3 where a V b denotes max{a, b}.

The following flag maximal function was introduced in [Nagel et al. 2012]:

I
Mr(f)(x) = sup — / )l dy.
rRox, IRl JR
ReRr

The Muckenhoupt weight class associated with F can be defined as follows.

Definition 1.1. Let 1 < p < oo and w be a weight function on R"; that is, a
nonnegative locally integrable function on RV that take values in (0, co) almost
everywhere. We say that w is a flag A, weight, denoted by w € A7 (RY), if

1 1 -l
[w]sF := sup (—/ w(x) dx) (—/ w(x)~ V=D dx) < 00.
A rers\IRI Jr IRI Jr

We say that w is in Af (RV) if there is a constant C such that
Mzw)(x) < Cw(x)  ae xeRY.
Let AL®RY) := U <00 A7 ®RY). If w € AL, the critical index of w is defined by
qw =inf{g: we A;(RN)}.

We remark that this class of Muckenhoupt weights is different from the classical
weight class A p([R{N ) and the product weight class Agm([RN ). More precisely, their
relations are as follows (see Section 5 for more details):

APPRY) C ATRY) C A,(RY) for 1 < p < o0.

To develop the weighted Hardy space theory associated with flag singular inte-
grals, as in the classical case, appropriate test functions and distributions are needed.
For this purpose, we define flag test functions as follows.
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Definition 1.2. A Schwartz function f on R" is said to be a flag test function in
S#(RY) if it satisfies the partial cancellation conditions

f(x1, x2, x3)x5 dx3 =0 for all multi-indices o and every (x1, x2) € R,
R3

The seminorms on Sx(R") are the same as the ones on S(R") and these seminorms
make Sr a topological vector space. Let S %([R{N ) denote the topological dual space
of Sz(RM).

Recall that a Schwartz function f is called a classical test function, denoted by
[ € Su(RY), if

/ f(x1, x2, x3) x¥ xf x¥ dxidxydx3 =0 for all multi-indices o, S, y.
Rn1+n2+n3

We say that a Schwartz function f is a product test function, denoted by f €
So (R x R™ x R™), if

f(x1, x2, x3)x7 dx; =0 for all multi-indices « and all x; € R"?, x3 € R™,
Rl‘ll

f(x1, x2, x3)xf dx, =0 for all multi-indices 8 and all x; € R"', x3 € R™,
R™
and
f(x1, x2, x3)x§/ dx; =0 for all multi-indices y and all x; € R"', x, € R".
R"3

Clearly, Soo(R™ x R™ x R™) C Sr(RY) C Soo (RM).
Let Ny =n;+n2+n3, No=ns+n3and N3=n3. Fori=1,2, 3,let ¥ e S(RM)
satisfy

(1-1) supp D C (&7 e RV 1 1/2 < 57| <2)

and

(1-2) Z YDQIEN? =1 forall & e RV\{0}.
Ji€Z

Define v (x') =27 iNiyy O (27Jixl), x' € RN and ) = sp-n, @Y, i=1,2,3.
For J = ( 1, jas J3) €23, set Yy = w(l) 1/f(2) WG) The departure of our approach
is the Calderén reproducing formula (see Theorem 2.1 below)

FE =" 3" IR (x = xp)y * f(xg).

JE€Z? ReRL

where xz denotes the “lower left corner” of R (i.e., the corner of R with the least
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value of each coordinate component), and the series converges in L2(R"), Sz(R")
and S/F([R{N ) whenever f is in the corresponding space.

Based on the above reproducing formula, the Littlewood—Paley—Stein square
function of f € S%(RV) is defined by

1
2
gr(fHx) = (Z LT f(xR>|2xR(x)) :
JE€Z? ReRY,
where xr is the indicator function of R.

Definition 1.3. Let 0 < p < oo and w € AL (R"). The weighted flag Hardy space
HY ,(RN) is defined by

HY  RY) ={f € SERY): gr(f) € L (RY)}
with quasinorm ”f”Hjﬁ_,w(lR{N) = gxr(HN e @y

To see that the definition of H ;’w is independent of the choice of {;}, we will
prove the following theorem:

Theorem 1.4. Let0 < p <ocoandw € Afo (RM). Suppose that both {\;} and {¢;)}
satisfy conditions (1-1) and (1-2). Then for f € S/F([R{N),

1 1
HZ ) m*f(xR)FxR}z {Z » |¢J*f<xR>|2xR}2

JEZ? ReRY: JEZ? ReRY;

o ‘

L RN)

Lj(RY)

Remark. Note that S ’F(RN ) can be identified as the space of tempered distributions
on RY modulo the tensor product of tempered distributions on R"'*"2 and polyno-
mials on R, and thus each element in H ;,w is given by an equivalent class. As in
the classical case, using the equivalent classes rather than distributions ensures that
-l HL, is a quasinorm (a norm if 1 < p < 0o) and that H Jﬁ,w is a quasi-Banach
space ( a Banach space if 1 < p < 00). We shall prove in Corollary 2.6 below that
L> N Hf , is dense in HY , so that each element f € H7 , can be identified as
the limit in H7  of some sequence {f,} C L* N H7. . See [Frazier and Jawerth
1990] for similar results in the classical case.

Remark. As mentioned before, it was shown in [Nagel et al. 2001] that flag
kernels form a subclass of product kernels. Therefore, singular integrals with
flag kernels are bounded automatically on the weighted product Hardy spaces
HJ (R™ x R"™ x R™), when w is a product Ay, weight (see [Ding et al. 2012]).
However, by Proposition 5.1, a flag weight is not necessarily a product weight,
so our theory of weighted flag Hardy spaces does not fall under the scope of the
product theory. Moreover, all functions f € L2(RY) N HZ(RY) (the unweighted
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flag Hardy space) fulfill the partial cancellation condition

f(x1, x2,x3)dx3 =0 for almost every (x, xp) € R" x R"2,
R

which is different from the cancellation properties for product Hardy spaces; for
more details, see the remark after the proof of Theorem 1.10 on page 585. This is
an indication that weighted flag Hardy spaces are strictly larger than product ones.
Nevertheless, we will prove, in Theorem 1.9 below, that singular integrals with flag
kernels are bounded on these larger spaces H J{T”w(RN ). This, indeed, was the main
motivation to develop the weighted Hardy space theory.

Remark. If 1 < p < oo and w € A7(RY), then, by a result in [Wu 2014a] and
an argument similar to the proof of Theorem 1.4, the two spaces H ;w(RN ) and
L% (RN) coincide with comparable norms. However, if p > 1 thereis a w ¢ A p such
that H j@’w # L1 . To see this, refer to the work of Stromberg and Wheeden [1982].
Indeed, if u(x) = |g(x)|Pw(x), where g(x) is a polynomial and w(x) satisfies
the Muckenhoupt A, condition, they proved that H! and L} can be identified
when all the zeros of g (x) are real and that otherwise H/ can be identified with a
certain proper subspace of L. Similar results in product spaces were obtained in
[Stromberg and Wheeden 1989].

To study the dual of H7 , (R"), we introduce the following weighted Carleson
measure spaces CMO%UJ(RN ).

Definition 1.5. Let 0 < p < 1, w € AZ (RY). Suppose that {1,} satisfies (1-1)
and (1-2). We say that f € S(R") belongs to CMO%.  (RV) if

N\»—-

I lemor @) = sup {[w(Q) 2/p-1 > 2 WWJ*f(XR)I }

N
QCR Je Z3R R_/
RCQ

where the supremum is taken over all open sets 2 with w(£2) < oo.

Note that the flag structure is involved in the definition of CMO’. . To see
that the weighted Carleson measure spaces CMO‘}’w are well defined, we need the
following theorem:

Theorem 1.6. Let w € AL (RN). Suppose that both {1} and {¢;} satisfy (1-1)
and (1-2). Then, for f € SE(RV),

)=

sup { w(Q)]Z/P 1 Z Z WWJ f(XR)|2}

N
QcR J€Z® ReRY,
RCO
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1

A ARI* ,]2
QCRN{ w(Q)]Z/p o> Z (R)|<PJ f xRl } )

JeZ3 R
RCQ

where the suprema run over all open sets 2 with w(£2) < oo.
The duality between HY , and CMOY.  can be stated as follows.

Theorem 1.7. Let0< p <1. Then (H;w([RN))* = CMO;,w([RN). More precisely,
ifge CMOfr,w([R{N), the mapping €4 given by £y (f) = (f, g), defined initially for
f € SF(RYN), extends to a unique continuous linear functional on H ;yw(RN ) with
1€l < S ||g||CM01’ R’V

Conversely, for every { € (Hﬁ (RM))* there exists a unique g € CMOi,l_’w([RN)
such that £ = L4 with ”g”CMO”}-_w < eyl

In order to state the boundedness results for singular integrals with flag kernels
on H ]I;’w(IRN ), we need to recall some definitions from [Nagel et al. 2001]. A
k-normalized bump function on R" is a C* function supported on the unit ball
with norm bounded by 1. As pointed out in [Nagel et al. 2001], the definitions
given below are independent of the choices of &, and thus we will simply refer to
“normalized bump function” without specifying k.

In this paper, we will consider the singular integrals with the following flag
kernels. See [Nagel et al. 2012] for this definition on homogeneous groups.

Definition 1.8. A flag kernel is a distribution K on R" which coincides with a C*®
function away from the coordinate subspace x; = 0 and satisfies the following:

(1) (differential inequalities) For each o = (a1, o, 3) € 73,

19505081 S beal ™ 7 (el + a7 ey |+ v o+ ) 7

X1 “X2 TX3

for x; # 0.
(i1) (cancellation conditions)

(a) Given normalized bump functions v;, i =1, 2, 3, on R" and any scaling
parameter r > 0, define a distribution Ky, , by setting

(1-3) (Kyir @) = (K, (Yi)r @ @)

for any test function ¢ € S(RY ™). Then the distributions /Cy, , satisfy
the differential inequalities

|00 K (2, 33)] S 2 27120 (] o )71,

X2 X3

1941831y, (1, x3)] S o |71 (g | 4 s ) 1

X1 7X3

1021822y (1, X2)] S It |7 7190 (g | 4 e [) 271,

X1 TX2
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(b) For any bump functions ¥; on RN~ and any parameters r = (1, 72),
we define the distributions K. . by (1-3). Then the distributions K. .,
i =1, 2,3, are one-parameter kernels and satisfy
0% Ky, (e S o |71,

(c) For any bump function v on RY and r{, rp, r3 > 0, we have

|<IC’ 1)0(}”1'7 r-, r3)>| 5 1.

Moreover, the corresponding constants that appear in these differential inequal-
ities are independent of r, ry, r».

A flag singular integral Tx is of the form Tx(f) = K % f, where K is a flag
kernel on RV defined as above.
A typical example of flag kernel adapted to the flag F,

{(0,0,0)} C {(0,0,2)} C {(0, y,2)} C R,
s sgn(y) sgn(z)
X\/X2+y2\/)€2+y2+Z2

(see [Nagel et al. 2001]).
The following result establishes the boundedness of flag singular integrals on
the weighted flag Hardy spaces.

Theorem 1.9. Let 0 < p < 0o and w € AL (RVN). Then the flag singular integral
operator Tr is bounded on H};’w(RN). Moreover, for f € Hﬁ’w(RN) there exists
a constant C, such that

1Tz, wyvy < Cpll f gz, @my-

Remark. As a consequence of Theorem 1.9 and the remark on page 552, we can
obtain the boundedness of flag singular integrals on the weighted Lebesgue spaces;
that is,

ITF(O e wyy < Cpll fllpp@yy, 1< p<oo,

provided that w e A?([R{N) and f € LL(RVM).

The following result gives a general principle on the H ; w(RN ) = LL(RY)
boundedness of operators.

Theorem 1.10. Suppose w € Afo (RV) and 0 < p < 1. For any linear operator T
which is bounded on both L*(RN) and H]";’w([R?N), T is bounded from Hﬁ’w(RN)
to LL(RN). As a consequence, the flag singular integral operator Tr is bounded
from HY.  (RY) 10 Ly, (RM).

Theorem 1.11 gives the CMOY.  (RY) boundedness of flag singular integrals.
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Theorem 1.11. Let Tr be a singular integral with flag kernel. For 0 < p <1
and w € A;(RN ), Tr extends uniquely to a bounded operator on CMOfc’w([REN ).
Moreover, forany f € CMOgr’w(RN ) there exists a constant C, such that

”T]:(f)”CMOp}-’w(RN) - Cp”f”CMOp}.,w(RN)'

Note that CMOY% ,(RY) = BMOF.,,(RY), the dual of H}. , (RY). Therefore,
Theorem 1.11 provides the endpoint estimate for singular integrals with flag kernels
on BMOx ,,(RV).

Our last main results are the Calder6n—Zygmund decomposition and interpolation
for H J,@’ w-

Theorem 1.12. Let w € AL (RY), p1 €(0,1]and py < p < pa < 00. Given f €
H]";’w([R{N) and o > 0, we have the decomposition f = g+ b, where g € H]";fw([R{N)
and b € H;fw([RN) with

”gl [:;%W(RN) S apz_p”f”[;[;_’_’w(RN) and ”b”l;]l]PJ (RN) S apl_p”f”[;;’__‘w(RN)'

W

We would like to point out that the above result was first proved by Chang and
Fefferman [1982] for the product Hardy spaces on the product of upper half space.

As an application of Theorem 1.12, we immediately have the following interpo-
lation of operators.

Theorem 1.13. Let w € AL (RY) and 0 < py < py <oc. If T is a sublinear operator
bounded from HY', (R") to LY} (RN) and bounded from HY (RN) 1o L} (RY),
then T is bounded from H]’;’w(IRN) to LL,(RN) for all p € (p1, p2). Similarly, if T
is bounded both on H;fw([RN) and ng’zw (RN), then T is bounded on Hﬁ’w(RN)

forall p € (p1, p2).

Finally, we make the following remark. In contrast with the product case and the
unweighted flag case (see [Ding et al. 2012; Han et al. 2014]), the whole theory of
weighted flag Hardy spaces is built on the acceptable rectangles. A typical example
is the strong maximal operator, which is bounded on the L?, 1 < p < oo, but is
not bounded on L}, if w € A7 \AD?(RY) (see Section 5 for examples of weight
functions in Af: \Al;,m([R{N )). In the current paper, we shall use the intrinsic maximal
operator Mz, which reflects the geometry of the flag multiparameter structure.

This paper is organized as follows. In Section 2, we establish the weighted theory
of flag Hardy and Carleson measure spaces. The boundedness of flag singular
integrals on these spaces are proved in Section 3. Section 4 is devoted to the
Calderén—Zygmund decomposition and interpolation in these spaces. Finally, in
Section 5, we give some examples and counterexamples to clarify the relationships
among the classes of flag weights, classical weights and product weights.
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2. Weighted Hardy spaces, Carleson measure spaces and the dual theorem
The main purpose of this section is to prove Theorems 1.4, 1.6 and 1.7. To this end,
we need the following discrete Calderon reproducing formula.

Theorem 2.1. Suppose that {ir;} satisfy (1-1) and (1-2). Then
QD) fy=) > 2"y =2" 0y, 270
Je73 tezN
=Y IR (x —xp)Yy x f(xR),

JEZ3 ReRY

where 270 = (27101, 211V 120, 21V 12VI303) = xp denotes the lower left corner of
R, 271 = 2hmA GV RInt GV s the measure of R € Rﬁ-, and the series
converges in L>(RY), Sr(RN) and S}(RN ) (wWhenever f is in the corresponding
space).

Proof. The proof of the convergence of the series in L? is similar to the classical
case. Assume f € L>(R"). By Fourier transform, f = Y jezs Yk f with the
series convergent in L2(RY). Similar to the method used in [Frazier et al. 1991],
set g = % f and h = ;. For & € RV, the Fourier transforms of g and / are,
respectively, given by

861, 5.6) =y D218, 215, 215y D226, 226)Y D 21 6) f (51, &2, &),
hE1, 6. 8) =y D218, 25, 215y D (226, 226)y O (218).

Note that the Fourier transforms of g and % are both compactly supported in

Ry :=={6 eRN: |&| <27, |&] <27/WVig, |&| <27 /ViVisgyy,

By first expanding g in a Fourier series on the rectangle R},

2@ =Y 2'"@m™ (/ g(g/)ei[@’f)-é’]dg/)ei[(zhz)-s]’
R

tezZN J

and then replacing the domain R; by RV as g is supported in R, we get

§E) =Y 2/g2 e 104,
LeZN
Multiplying both sides by /(&) and noticing A (£)e= 1051 = [n(- — 27 0)]'(§)
yields
(gxh)(x)=Y_2""g Oh(x —2"0).
tezZN

Substituting g by ¥, * f and & by ¥, into the above identity gives the discrete
Calderén reproducing formula (2-1) and the convergence in L*(RM).
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To finish the proof, we only need to show that the series in (2-1) converges in
Sr(RY) if f € S£(RY); the convergence in S}(RN ) then follows from a standard
duality argument. The key to doing this are the following almost-orthogonality
estimates: for any L, M > 0 and f € Sz(R"),

1
(1+|xpM-

Assume that (2-2) holds for the moment. Then for any multi-index o € NV,

(2-2) | fsyry(x)] < o= jtl+lj2l+13DL

Yo 2T @y =2 Oy, f(2’€)'
LezZN |

A+ 2] + VRG] + RV B G
1
X A " " n T T
(L4 [xy — 2708y | + |xp — 271V 285 | + |x3 — 211V 2V i3 45 )M

< 2—(|j1|+|jz|+\ja|)L’(1 + |x|)_M for some L' > 0,

< 2*(|j1|+|j2|+\13|)l/ Z 2Jn
tezN

which would further imply that
o D 2y =20y, FQ10) - 0 in SFRY)
il 2l 1 sl>k eezN

as k — +oo0.

It remains to verify (2-2) under the assumption f € Sx(R"). We note that for
any (x1,xp) € R £(x1, x2, - ) € Soo(R™), the space of Schwartz functions
with all vanishing moments. It follows from the classical almost-orthogonality
estimate on R"? (see [Han et al. 2010, p. 2840]) that

9 1 S 270 T,

which implies

(2-3) [V % f )] S 27RIERAAIHADM (1 ) =21,
Likewise, using the fact f(xy, -, ) € Seo(R™1) for any x; € R"!, we can derive
(2-4) |JJ * f(x)] 5 2—|j2|L2(|j1|+|j3|)M(1 + |x|)_M.

We finally use f € Soo(RY) to get
(2-5) [y % f )] S 27HERAAIHADM (1 4y =1,
Choosing L > 100M in (2-3)—(2-5) and taking the geometric mean, (2-2) follows. [J

The following almost orthogonality estimate will be frequently used in the
subsequent part of this section. The proof follows directly from the one-parameter
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orthogonality estimate (see [Han et al. 2010]); see also [Nagel et al. 2012] for
similar estimates on homogeneous groups.

Lemma 2.2. Given positive integers L and M, there exists some constant C =
C(L, M) > 0 such that

max <g<; 206VI0M

(max <g<; 20V 4 |x; )utM

3
[y @y (x)] < c2—Ui=iil+l=isl+lis= iDL 1_[
i=1
where {r;} and {@ '} are Schwartz functions satisfying (1-1).
Remark. The conclusion of Lemma 2.2 remains valid if the Schwartz functions
{y} and {9}, where i = 1, 2, 3, have vanishing moments up to order My (see

Theorem 3.3 for choosing such an My). In such a case, the above inequality holds
forany M >0 and L < M+ 1.

The following maximal function estimate is also frequently needed.

Lemma 2.3. Let J, J' € 73, R = Qi x Q2 x Q3 € Ry and M > 2N. Then, for
anyx,x € Rand§ € (%, 1], we have

3

I 10/37
26 Y. |R/|[]_[ ks

—— :
J/ 1 (max < <; 29890 |5 — x[|)nitM
R'eR% = -

M

}Ig(X’)I

1

3 14 ) 1
SC{HDMU[—%)V”}S {MF[(Z|g(x/)|2XR>2:|(X)}8, Vx'eR/,

i=1 R’ER}/
where C is a constant depending only on N and M.

Proof. The proof of this lemma is similar to the classical case. We fix an x" € R’
for each R’ € R; Fori=1,2,3, set

. ~ o
A6 = {Q; DX — xl/| < lmaX. 2(]1<V]k)}
<k<i

and .
|%; — x{|

Ai,_={Q;:2rf—1< <2’f}, VreZ,.

max; <j<; 208V T
For any fixed r = (r1, 2, 13) € N3, fori =1, 2, 3, we set

E, ={(wy, wy, w3) € R" x R™ x R™ : |w; — &;| <271V 1rlfllflx{z(f'kvf'i)“}}.
<k<i

Then for each R’ ¢ R;, R’ C E, for some triple r = (ry,r2,r3). Also, if

R € o, = A}l X Afz X Af3, then R" C E,. Obviously, E, € R and |E,| <

C2(nvrvr)N ]_[,‘3:l max <;<; 2" UkVJ) . Hence, for any & € (&%, 1], the left-hand
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side of (2-6) is dominated by

Q7 > |R|[1‘[ T 19|
1

f maxizez 20D 115
R'eRY

1
Ly 5

ri(M+n;) —n;(jxVJ.) ’ AT
<CZ[“2 i o)

reN3

-C Z |:l_[2 rz(M+ni)(maX zni(jk\/jk/))]lR/|1;|Er|;

1<k<i
reN3

(|E|/ 3 5@ XR/(y)dy>

E; R ed,

where C = 23M+N_ For any x € R, since x is also in R, we see that |x; —x;| < 2Ji for
i =1,2,3; hence x € E, for any r € N3, by the definition of E,. The expression in
the last parentheses above is the average of the function y > ), e | g xr ()
over a flag rectangle E, containing x, therefore being bounded by the flag maximal
function M;(ZR,GMT/ |g(x)|° xg')(x). Hence we can continue the estimate in
(2-7) as

3 1

3 l_l 1
S C( Z l_[2ri(M+ni1§)> (l_[[23nz(]lJ,/)v1])8 (M]__( Z |g(xl)|5XR) (x))8

reN3i=l1 i=1 R/ER%
3 14 1
<c'([ 2 =vij " > NP ’
i F g xr ) (X))
i=1

R/eR}/
where C’ depends only on M and N. This completes the proof of Lemma 2.3. [

For x = (x1, x2, x3) € R x R™ x R™, we denote x' =x e RV, x2=(x2, x3) €
RN and x° = x3 € R™. Fori = 1,2, 3, write x = (x', x') € RV ™V x RM. We say
that w € AY (RV) if w(¥', -) is a classical A,(R™) uniformly in %'; that s,

1 1 o A
esssup sup (—/ w(x, ’)dx)( /w(ﬁ‘,x’)l/(pl)dx’) < 00.
xieRN=Ni 9cRVNi |Q| 0 |Q|

Let M, denote the Hardy—Littlewood maximal operator on R™:. The lifted maximal
operator M; on RN was introduced in [Nagel et al. 2012] by

./T//li = (SRN—Ni R M,;,

where Sgv-v; is the Dirac mass at 0 € RV=V,
The following result was proved in [Wu 2014a].
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Lemma 2.4. Let 1 < p < 00 and w be a weight function. Then the following
statements are equivalent:
(i) w e AJ(RY).
(i) we AV NAY NAY RY).
(iii) M3 0 Ma o M is bounded on LL(RV).
(iv) M x is bounded on L (RV).

Using Lemma 2.4 and applying Rubio de Francia’s extrapolation (see [Garcia-
Cuerva and Rubio de Francia 1985]), one can easily obtain the following weighted
Fefferman—Stein vector-valued inequality.

Corollary 2.5. Let w € A;‘,—'(RN) and {fj}jez € LY £9). Then, forall1 < p, g < oo,

/RN HME{fiD )Y g wx)dx < CfRN 11 GO} lg w (x)dx,

where | - |¢a means the classical £9-norm.
We now are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let f € S}(RN) and w € AOFO([RN). In what follows, we
use a A b to represent min{a, b}. Denote xzp = 27¢ and xp = 21 Applying
Theorem 2.1, Lemma 2.2 with

M > N[((qu/p) + D V2]

and L = 10M and Lemma 2.3, we obtain that, for % <8< (q% A1) and for any
X €ER,

| % f)(xR)]
YD IR x e (xr — xR)@s * f (xR)
J'el’? Rrery,
< Z y—i=jilHl2=il+li3—isDL
Jer’ 3 o
maxl<k<. 2(.//(\/.1/{)M
x ) |Rl|[n G pl L ACT 0]
R'eR” io (Maxy<x<; 2V 4 |x g, — xgr )"
F
oy
< Z o= jt=Jjil+l2=js | +js= DL {Mf[( Z I(DJ/*f(XR’)|2XR/> i|(x)} ,
Jer’ R'eR%

where L' = L —3N(1/8 — 1) > TM > 0.
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Squaring both sides, then multiplying x &, summing over all J € Z* and R € R,
and finally applying Holder’s inequality, for all x € RV and % <§< (% A 1),

DO Wuxf xR xr

JEZ3 ReR %
S Z{ Z2—(|j1—jf|+|jz—jz’|+|j3—j3’|>L’}
Jez? " Jer’
O
X{ZT(""J"HZ—H+'f'3-fél>L’{Mf[( ZWJ’*JC(XR’NZXR) }(x)} }
J'er? R'eRY
ORY
S {Mf[( > lw*f(mexR/) ](x)} ,
Jer’ R'eRY

where we used the estimates
S o Uit < ¢ and Y 2m WA BIADY < ¢
J'ez3 Je73

in the last inequality. Note that (2 A p)/8 > ¢, implies w € A;‘,—' /s (RM). Applying
Corollary 2.5 with L2/°(¢2/%) yields

1 1
2 2
HZ > |wj*f(xR>|2xR} < HZ > |¢J*f<xR)|2xR} .
J€Z3 ReR - L (RN) JeZ® ReR LY, RN)
The converse inequality follows by symmetry. ([

As a consequence of Theorem 1.4, we obtain a density result of H }f’w which
will be useful to show the H ﬁ,w — L% boundedness of operators, the weak density
of CMOY.  and the Calderén-Zygmund decomposition for H7. .

Corollary 2.6. Let 0 < p < 0o and w € AL (RN). Then Sx(RV) is dense in
Hﬁvw(RN) and, in consequence, L>*(RM)N H]pr’w([R{N) is dense in H;f’w([R{N).

Proof. Let f € H ]@’w(RN ). For any fixed L > 0, denote

& ={(J,R): |j1l,|jal, I3l <L, ReR%, R C B(0, L)}

and

fr)= " IRV (x —xp)¥y * [ (xg).

(J,R)eér

Since f; is a finite linear combination of ¥;(- — xg) € SF(RY), it is obvi-
ous that f; € Sr(R"). Repeating the proof of Theorem 1.4, we conclude that

1z, @y S U az, @y
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To see that f; tendsto f in H ﬁy »(RY), we use the discrete Calderén reproducing
formula to write

[gr(f — fL)()T?

=) 2

/ 3 5 J!
J'el’ ReR’:

2
D ARIW s # W) Cer = XR) Wy * @R[ xr ().

(J,R)e&s

Now repeating the same argument as in the proof of Theorem 1.4, we get

’

L{(RY)

1
lgr(f = fllp@m S ”{ 3 |<wj*f>(xk>|2xR}2

(J,R)e&S

where the last term tends to 0 as L goes to infinity. This implies that f; tends to f
in H JQ w(IRN ) and hence the proof is finished. [l

We follow the classical case (see [Stein 1993; Garcia-Cuerva and Rubio de
Francia 1985]) to get the following lemma.

Lemma 2.7. Suppose w € AL (R") and q > q,,. There exist0 <8 <1 < g < o0
such that, for all flag rectangles R and all measurable subsets A of R,

q 8
TIPS
|R| w(R) |R|
In particular, the measure w(x)dx is doubling with respect to flag rectangles.

Lemma 2.8. Let w € AL (RN). Then, for all flag rectangles R and R’ and for

q >‘Iw’
w(R) (IQ il IQEI)q(1 Ixg; —x¢!l >"iq
+—— .
w(R) ™~ l_[ 10;1 10l Qi) Vv L(Q))
Proof. Observe that Q; CA;Q;, i =1,2,3, where

Aj = CIL(Qi) vV L(Q)) + |xg, —x01/€(Q0).

This implies R’ C R, where R = C[(A1 Q1) X (A205) X (A303)]. By Lemma 2.7,
for any g > qy,

w(R/) < W(Ié) < |:£i| li[[g(Ql)Vﬁ(Q;)+|le _XQ;|:|niC]
R

w(R) ~ w(R) ™~ €(Qi)

i=1

10| 10} q[ lxo, —x¢ ]"""
1+ — .
H[IQ AT ] o)

Hence the proof is concluded. (]
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We now prove Theorem 1.6.

Proof of Theorem 1.6. For R € R} and R’ € R},, set

Sg =Yy * f(xp)* and Tr =gy * f(xr)]*

Theorem 2.1 and Lemma 2.2 yield

1
7 _
Sp =

/
E E IR @y * f(xp) ¥y * @y (xr —xR7)

J'ez3 R/ERJF,

=L =jil+l2=J+j3=j3DNL | p!

< E E 2 i 2 3 |R'|
J'€l’ RreRY,

3 L

8 [ maxj<x<; 20V iIM

i1 (max<x<; 20KV 4 |xg, —xg/ mitM
= - = i

}IW * f(xpr)l

1
<> D r(R.RYP(R, R)TR,
Vel ReRY

where
3

10:1 10;11"
r(R, R := |: ; /\—’]
E 10/ 10l

and
3

N . |in _'X:Ql/'| o
P(R,R) '_H(1+maxlfkgi[g(Qk)\/E(Q;c)]> .

i=1

Squaring both sides, multiplying by |R|>/w(R), adding up all the terms over J € Z3,
R e R}, R C Q and applying Holder’s inequality, we obtain

1
2| X W s

ReRY,
RCQ
1 2 -1 / 1
SSEP{W Z |RI*w(R) [ Zd r(R,R)P(R,R>]
ReR%, R'eR%
RCQ
x[ > r(R,R’)P(R,R/)TR/]}

R/ER[]I_—
1 2 —1 / /

ReR%L, R'eR%:
RC$
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Here and hereafter, we use ) pcpe to denote 3 3 ) pers and similarly for
> rerd.- Applying Lemma 2.8, we get

1 2 -1
(2-8) sup{w > IRPw(R) SR}

ReRY,
) RcCQ
§sup{m Y Y IRPw®R)FR, RP(R, R))TRf}
ReRY%, ReR%:
I?CQ )

Here the definition of 7(R, R') and P(R, R’) are defined as r(R, R') and P(R, R')
with smaller L and M. Since L and M can be chosen arbitrarily large, in what
follows, we still use 7(R, R') and P(R, R') to denote #(R, R') and P(R, R)),
respectively.

To finish the proof, it suffices to show the right-hand side of (2-8) is bounded by

> |R’|2w(R’)_1TR/}.
R'eR%L,
R'CQ

1
¢ S‘ép{ [w(Q/r-1

We point out that r(R, R’) and P(R, R’) characterize the geometrical properties
between two flag rectangles R and R’. Namely, when the difference of the sizes
of R and R’ grows bigger, (R, R") becomes smaller; when the distance between
R and R’ gets larger, P(R, R’) becomes smaller. The following argument is quite
geometric. More precisely, we shall first decompose the set of dyadic flag rectangles
{R’} into annuli according to the distance of R and R’. Next, in each annulus, precise
estimates are given by considering the difference of the sizes of R and R’. Finally,
add up all the estimates in each annulus to finish the proof.
We now turn to details. For J = (ji, j2, J3) € N3 and R € Rdf, denote

Ry=Rj, jp jy=2" Q)x (22 Q) x @V EVB Q) @l =Q/vl= ] 3R,
RCQ
For any flag rectangle R C Q and J = (ji, jo, J3) € Zi, let

,00(R) ={R":3Rj (o N3R # @},
j00(R) ={R":3R o oN3R# @ and 3R}, _, ,(N3R =2},
'Q{O,jz,()(R) = {R/ : 3R6,j2,0 N3R ;é @ and 3R6,j2—1,0 N3R = @},

< 0.j;(R)={R :3R(;,N3R#@and R, ;,_, N3R =2},
s, o(R)

Ajy, Ojs(R)
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0, j,js (R)
. / _ / —
= {R, . 3R6,j2,j3 ﬂ 3R # @, 3R0,j2_1,j3 ﬂ 3R = @ and 3R0,j2,j3_1 ﬂ 3R = Q},
i1 jo.js (R)

={R':3R/, N3R # 3, 3R]

JisJ2.J3 N3R = 9, 3R/

Ji—Lj2.j3 Jiaja— 1,j3m3R=®
and 3R, ;, . | N3R =2},
where all R’ are dyadic flag rectangles.

Let R C Q be any fixed dyadic flag rectangle. For any flag rectangle R’, there
exists a J € N3 such that R’ € «/;(R), where «7;(R) represents one of the sets
defined above; therefore R% = |, ns #77 (R). Hence,

: > Y IRTPwR)'r (R, RYP(R, R)Tr

2
[wEDI? " rert, rrerd.
RCQ

Z Z IR )Pw(R)""r(R,RP(R, R Ty

[ (Q)]' ReRd R'€c4,0,0(R)

RCQ
+3 ——— > > IRPw®) R R)PR R
ez, [wE)]? ReR%L, R'edj; 00(R)
RCO
T Z Z Z IR'*w(R)'r(R,RYP(R, R Tg
J2€Ly [w(Q)]” ReR‘jf, R'edh,jp,0(R)
RCQ
+Y > Y IRPw®) R R)P(R.R)TR
ez, [wE)]7 ReRY, R'esfo,j3 (R)
RcCQ
+ Z Z Z IR'*w(R)'r(R,R)P(R,R)Tg
Jisj2€l+ [w(Q)]p ReRd R'edjy jp0(R)
RCQ
+ Y = > > IRPw®) 'R RIP(R Rk
jrisez [w(ED]? ReR%, R'edj0,j3(R)
RCQ
+ Z 2 Z Z |IR'*w(R)Y ™ 'r(R,R)P(R, R Tx
jrseze [WEDIP ™ pepd Reah ) 1, (R)
RCQ
+ Z Z Z IR |>w(R)"'r(R,R)P(R, RN Ty
J1s 2, 3€L+ [w(Q)] RG'Rd Red jp.i3(R)
RCO

= I+1+HT+1V+V +VI+-VII+ VI
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In the sequel, we always assume R, R’ € Rgﬂ. To estimate I, we denote
Bo.0.0=1{R :3R'NQY"0 £ &}, For any R’ & %00, we have 3R’ N Q00 = &
This implies that 3R’ N 3R = @ for every R C Q and thus R’ & % ¢ o(R). This
shows that URCQ .0.0(R) C %o.0,0- Hence

I<—— Z Z IR')>w(R)""'r(R, R)P(R, R Ty.
[w(Q)] R’eﬂooo R:RCQ
R GA(/()_(),()(R)

For each integer 1 > 1, let #""" = {R’ € %00, 3R’ N QY00 > 1/2"|3R')},
7000 = 70N 700 and )0 = gregpoo R Note that 2,00 = Uj 7700
and that P(R, R) < 1 for any R, R'. Thus

1< Z > IRPw®) 'Te Y r(R.R).

[w()]7~ h=1 gregD 00 R:RCS,
R'e,0,0(R)

Note that for x € 92’0’0, there exists a dyadic flag rectangle R C 92’0’0 such
that x € R. Therefore Mr(xgo00)(x) > |3R' N QY%0/|3R| > 27", For q ¢
(qw, pL/(2 — p)), we apply the L% (R") boundedness of Mz and Lemma 2.7 to
obtain

w(y") < w(fx : Mr(xge00)(x) =27 < 2Muw(Q000) < 2"y (Q).

We claim that if L is sufficiently large, there is a sequence {o}(/)},>1 such that

2_
(2-9) > r(R.R)Soi(h) and Zal(h)2hq<l’ 1)51.
R:RCS, h>1
R'edt0,0(R)

Assume this claim holds for the moment, we can conclude the proof for / as follows.

I |R/|2
_12 2. o mnTr

[w(Q)]p h>1 R’CQOOO

0.0.0y12~1 1 |R'|?
<—Zal(h)w(52 e 3 Tr

2_
[w()]7 " =1 (92,0,0)]p IR/CQ%‘"O w(R)

1 2 1 |R/|2
S ———= > A" [w@] ( : TR,>
[w()]» g Q [w(@)]7 ! % w(R")

< 1 Z |R'|? T
=~ sup R -
o [w(Q)]p Pe Qw(R/)
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It is sufficient to show claim (2-9). Note that R’ € % ¢ o(R) implies 3RN3R’ # &.
Using an idea of Chang and R. Fefferman [1980], for each R, we consider the
following eight cases:

Case 1: [Q)| =101l 1051 = 102, [Q53] =103l
Case 2: |Q)| =101l 1051 = 102l, |Q5] <103l.
Case 3: |Q]] = |01l 1Q5] <Qa2l, 1051 =103l
Case 4: |Q| <|Q1l, 1051 = 102l, 1051 = 10Q3l.
Case 5: |01 = 1011, 1051 <10Qal, 105 <1Q3.
Case 6: |Q| <|Q1l, 1051 =102, 105 <1Q3.
Case 7: |Q]] <|Q1l, 1Q5] < 1Q2l, 1051 = Q5]
Case 8: |Q| <|Q1l, 1051 < Q2! 1051 < Q3.

It suffices to verify (2-9) in each case.
We first consider Case 1. In this case,

IR| <|3RN3R'| < |3R' NQYO0| <2!=h3R/| < 22N+1-I R/,

which implies that |R’| = 2"~1=2N+0| R| for some integer 6 > 0. For each fixed 6,
the number of such R’s must be less than C(8 + )V 29+". Consequently,

1 \* ,
Z r(R, R ECZ(W) O +h)N20th < e~

ReCase 1 6>0

where L' = L — (N + 1) > 0. This gives (2-9) with oy (h) = 27"
We next deal with Case 2. We have

3R'||Q1 x Q21/(2*N Q) x Q5]) <13RN3R'| <2'7"3R|,

which implies that |Q] x Q)| = 2H0-1=2N 10 % Q5| for some integer 6 > 0. For
each fixed @, the number of such Q; x Q»’s must be less than C (0 + k)N - 20+",
Similarly, | Q3| = 2*| Q| for some A > 0. For each A, 303N3Q% # @ implies that
the number of such Q3’s is less than 5V. It follows that

1\ oy
> r(R,R/),SZZ(W) O +h)N20Th < omhE,

ReCase 2 6>0 1>0

which verifies (2-9) with o7 (h) = 2-"L" Cases 3 and 4 can be handled by symmetry.

For Case 5, by the same argument as in Case 2, we get |Q| = 2h+9/_]_2N|Q1|
and Q) x O3] = 2N|Q/2 x Q| for some #’, A’ > 0. Moreover, for each 6" and 1/,
the number of Q;’s is less than C (8 + k)N - 291" and the number of O, x Q3 less
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than C. Then (2-9) follows in the same way as in Case 2. Cases 6 and 7 can be
treated similarly.
For Case 8, we have

IR'| <|3RN3R'| <|3R' NQY0%0| <21=h3R"| < 2!=h+2N|R/|,

which implies & < 2N + 1. Since in this case |R’| < |R|, we have |R| =2°|R’| for
some integer & > 0. For each fixed 6, the number of such R’s must be less than
5N, Therefore,

I\
Y r(R.R) S xznoan+n(h) 2(2—9) S xznoa2n+11(h),

ReCase 8 6>0

which verifies (2-9) with o1 (h) = xzn (0,2n+17(h). This concludes all estimates for 1.
We next deal with VIII. For J = (ji, jo, j3) with ji, jo, j3 > 1, set

1

Y IRPw®)'r(R RYP(R. R)Tr

aj =aj, j.jz = 2,
[w()]7 " rca rew;(R)

and B; :={R': R, N Q%*0 £ &}. For any R’ ¢ %,, we have R, N Q*00 = &
Thus for every R C €2, we have R, N 3R = @, which implies R’ & <7;(R) and
therefore |z <77 (R) C ;. Hence,

1

aj s ———— Y > IRPw®)'r(R R)P(R, R)Tr.
[w()]? * rez, RRca,
R'edj(R)

Let Z] ={R € %, : IR, N Q%0 > 12" R/ |} for h > 0, 7] = 7]\ 7/,
for h > 1, and 2§ = @. Note that 2; = J,~, 2. Thus,

1

4y ——3—> ) |R/|2w(R/)_1TR/< > r(R,R’)P(R,R/)>.

[wEDI» " h=1 pegy R:RCQ,
' R'ed/;(R)

Define S},{ =Uregy Riforh=1.1fx € Q] then x € R’ for some dyadic flag
rectangle R’ € 9,{ ; therefore

MF(xguoo)(x) = |R; Q"0 /IR = 27",

Taking L > nlqw(% — 1) +2N, g € (qw, ‘;(IIE;_ZIIY))) and applying the L}, bounded-

ness of M r and Lemma 2.7, we get
w(}) < w{x : Mr(xgooo)(x) > 271} < 2Mw(Q000) < 2My(Q).

We claim that for L large enough, M > NL, and any R’ € .@hj , there exists some
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sequence {og(h, ji, j2, J3)}n, ji.jo.js>1 Such that

2_
Z zqh<P l)og(h,jhjz,Jé)Slv
b, j,j2. j3=1
S rRBVP(RR) Sosth jio o ji). Vi sz 1.

R:RCS,
R'ed;(R)

(2-10)

Assuming (2-10) holds for the moment, we can conclude the proof for VIII as
follows.

>

Ji1.j2, j3>1

2
o (w@DN\PT 1 _
< ) a(h,n,n,m< ! ) — > IRPw(R) T

jtpash=1 w(s) [w(QiD]7 ™ gicgy

o aah(E-1 1 _
S Y ol 2" )(sup—z_12|R’|2w<R/> 1TRf)

Jtd sz o W@ peg
1
Ssup———— > IR Pw(R) ' Tg.
a [w@1" pes

To finish the estimate of VIII, it suffices to show (2-10). For any ji, j», j3 > 1,
R’ € &5 (R) implies

(2-11) lxg, —xg| > [2T¥=k= e(QDIve(Q;) fori=1,2,3.
Similar to the proof for 7, we consider the following eight cases:

Case 1: 271 Q1| > |Q1l, 127V Q)] = | Qal, 127V2Y5 Q4] > | Q3]

Case 2: [2/' Q1| = |Q1l, 12772 04] > |Qal, [27V2V1 Q)] < | Q5.

Case 3: [2/' Q)| = |Qil, [2'V2 Q)| < |Qal, |27V QL] > | Q5.

Case 4: 271 Q1| < [Q1l, 12/"2 Q4] = |Qal, [2/WV2Y5 QL] > | Q3.

Case 5: [2/1 Q1| = |Q1l, 12772 Q4] < [Qal, 127V72Y5 Q)| < | Q5.

Case 6: [2/' Q)| < [Q1l, [2/V72 Q)| = |Qal, [27V2VE QL] < | Qs].

Case 7: [2/' Q1| < |Qil, 127V Q5] < |Qal, [2/V2V5 Q4] = | Q5.

Case 8: [2/' Q)| < |Ql, [2/V2 Q)] < |Qal, [27V2YE QL] < | Q5]

We shall handle Case 5 first. Since |(2/1Y/2 Q%) x (2/1V2Y5 QL) <02 x Q3],
there exists some « > 0 such that 201V2m VRV O) » QL = |0y x Q3.
And for each «, the number of such Q; x Q3’s must be < 1.
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Foreach > 1and R’ € 2}/, since | Q1 x [2/1V2 Q4] x [2/1V/2Vi3 Q]| < [3R),N3R|,
we get

101l

1
/ / / 0,0,0 l

= oh—1

which yields 2711 Q| < 3m2/1"| Q)| < 2U1T2m| Q" |. We consider two subcases.

Subcase 5.1: |Q}] > |Q1l. In this subcase, since 2h=1=hm 9| < |Q1], we have
| Q)| ~ 2h=1=/im+k| 0| for some integer k > 0. And for each fixed k, the number
of such Qs must be < (k+r)N2K+" By (2-11), [xg, — x| = 27€(Q").

Subcase 5.2: |Q| < |Q1]. In this subcase, |Q)| < |Qi| < |21 Q/l. So 2’£(Q’1) =
£(Q1) for some integer [ satisfying 1 <[ < j;. For each /, the number of Q;’s
must be < 1. Moreover, 2h=lgim 10| = 2h=110,| <201t2m | Q' |, which implies
h <3nyj1. By (2-11),

lxg, —xg| _ X0, —Xgi1 £(Q)) it
Q1) (oY LN~ '

These considerations imply that, for M > n; L,

> r(R.RHP(R, R

Subcase 5.1

< Z (|Q1|)L(|Q/2XQ/3|>L<1+Ile_xQH)_("‘JrM)
- Subcase 5.1 |Q/1| |Q2 X Q3| Z(Q/l)
< Z (k + h)N2k+h2—[h+k—jln1]Lz—[(jl\/jz)n2+(jlij\/j3)n3+K]L2—(n1+M)j1

k, k>0
< phL=N=Do=ji(M=n1L)y=[(/1V)na+(1V 2V j3nslL

and

> r(R.RHP(R, R

Subcase 5.2
|Q/l|>L<|Q/2XQ/3|)L(1 |XQ1—xQ/1|>—(n1+M)
T
= Z (|Q1| |0 x O3] 2(01)

Subcase 5.2

J1
< x200.3N) (h) Z Z =mlLy=[G1Vijna+(iVjaVjns+rllo—M(ji=1)
=1 k>0

5 X7n (0,3le)(h)z—junlLz—[(jl\/jz)nz-i-(jlvjz\/j3)n3]L’

both of which satisfy the required estimates for og in (2-10). Cases 6 and 7 can be
treated similarly by symmetry.
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We next deal with Case 2. Since [2/1V2Y53 Q)| < |Q3], there exists some k > 0
such that | Q3| = 2(11V12V13)n3+'<|Q/3|, From
Lo 1
Q1% Q2 x (@7PYP QY| < 3R N3R| < BR) N Q7] < 13K,
it follows that

(2-12) 2h71|Q1 x 05| < 2}'1nl+(jlvjz)n2|Q/l x Q/2|

We consider four subcases by comparing |Q| with |Q/[, and | Q5| with |Q/].
Subcase 2.1: |Q}| = |Q1] and | Q)| > |Q>|. By arguments similar to those used
in Subcase 5.1, we get | Q| ~ 28~ 1=1m+ki| 0| and | Q)| & 2" 1=Uivimth) g,
for some ki, k, > 0. For each k;, i = 1, 2, the number of Q;’s is smaller than
C (ki + h)2%*" Hence

> r(R.RHP(R. R
Subcase 2.1

S Z (kl + h)N(kz + h)N2k1+h2k2+h2—(h+k1—jln1)L2—(/1+k2—(j1\/j2)n2)L

ki,kz,6c>0 L
x 2 LGV 2V jp)ns+k]Ly = ji(+M) =1V j2) (2 +M)

< p=h(L=N=Dp=ji(M=n1L)g=(j1Vj2)(M=n2L)y=(j1Vj2Vj3)nsL
Subcase 2.2: |Q]] > |Q1| and |Q}| < |Q>|. By (2-12),
2h—1|Q1| < 2j1n1+(j1Vj2)n2|Q/1|’

and therefore 21~ 17K| Q| ~ 2/1m+1V2n2 | 9! | for some k > 0. Moreover, for each
k > 0, the number of Q;’s is less than C (h + k)N 2"tk On the other hand, since
1051 < Q2] <1271V Q)], we see that £(Q) = 2/¢(Q)) for some 1 <[ < ji V j.
For each /, the number of Q,’s must be < 1. Moreover, by (2-11),

vo: = xosl _ oo = Xgi 6020) o v
90 0oy U~ '

By the above considerations, we can deduce that

> r(R.RHP(R.R)

Subcase 2.2
< Y (lQlllQ/2||Q/3|)L(IXQ1_xQ’1|>_("1+M)<|XQz—XQ’2|>_("2+M)
s, \Q111Q2] Q3] €]Qy) 2(Q>)
J1Vj2
<SS S (ke myN ot i il -nal
kx>0 I=1 w 2~ LG1Viavj3Ins+klLy—(ni+M) ji =M (j1V jo—1)

5 2*/1(L*N*1)2*jl (M—=n1L)o=[(j1 ij)anr(lejz\/js)ns]L‘
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Subcase 2.3: [Q]] < |Q1| and |Q}| > [Q>]|. This is symmetric to Subcase 2.2, and
similar arguments yield

Z r(R,R)P(R,R) < 2=h(L=N=1) =1V )M —n2L)y—Ljimi+(1ViaViznslL
Subcase 2.3
Subcase 2.4: |Q1| < |Q1] and |Q)| < |Q2|. Since |Q}] < Q1] < |21 Q)| and
|05 < Q2| < 1277V Q)| we see that £(Q) = ZIIZ(Q’I) for some 1 <1I; < j; and
that £(Q»,) = ZZZE(Q’2) for some 1 <, < j; V j,. For each /| and [, the numbers
of Q1’s and Q5’s are both < 1. Moreover, by (2-11),

|xQI _xQ,II > 21'1_]1, |XQ2 _XQ/2| > 2j1\/j2—12‘
L(on - tQy ~
By (2-12), 2h—1211n1+12n2|Q/1 X Q/2| — 2h—1|Ql x Q3| S 2j1n1+(./1V,i2)n2|Q’] X Q’2|’

and thus 2" < 2/im+01vi2n  Hence

Z r(R,R)P(R, R

Subcase 2.4

|Q'1XQ'2|>L<IQ/3I)L<1 M>(m+m
= <|Q1><Qz| 0:) U o

Subcase 2.4
|xQ2 _xQ/ | _(n2+M)
£(Q2)
Ju iV
< Z Z Z2—(H111+n212)L2—[(j1Vj2Vj3)n3+K]L2—M(j1—l|)
Li=1 =1 k>0

x 27 MUY ¥ 6 iy it (B)

5 2—jln1L2—(j1Vj2)nzL2—(j1Vj2Vj3)n3LXZm(0’ C[jlvjz])(h)-

Cases 3 and 4 can be treated by symmetry. Case 8 is easier, and can be handled
similarly. For Case 1, we consider eight subcases by comparing |Q;| with | Q| for
i =1,2,3; in each subcase the desired estimate can be proved by using arguments
given in Subcases 2.1-2.4. This concludes all estimates for VIII.

Finally, the remaining terms I/-VII can be handled similarly. We only consider
VII and indicate the necessary modifications. As before we consider eight cases
by comparing | Q|| with [Q1], |22Q)]| with |Q5|, and |2/2¥/3 Q| with | Q3|, and
matters are reduced to showing certain decay estimates for

> r(R.R)P(R.R)
R:RCQ,
R,E‘%J']ufz (R)
in each case. Recall that, in dealing with VIII, we used (2-11) to derive certain
decay factors in jj, in order to sum over j; € Z,. But for VII, the decay factors
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in j; are no longer needed, and we use the trivial inequality instead
— —(n1+M)
X X!
o= ol oo | ) <1
Q) Vv E(Q1)

The rest of the proof is similar to that for VIII, and we omit the details.
This completes the proof of Theorem 1.6. ([

Pi(Q1, Q) = <1 +

To show that CMO , (R") is the dual space of H} , (R"), we introduce the
multiparameter flag weighted sequence spaces.

Definition 2.9. Let0 < p <land w € A;(RN). We use s}, (RV) to express the
collection of all sequences {sr} satisfying

= 5 )

J€Z3 ReR%

||{SR}||S;;(RN) = < 0.

Li,®RY)

We also use ¢, (RY) to denote the collection of all sequences {tg} such that

1

Iz e = sup, {[w(m]z/p T2 2 b <R>} -

JeZ3 R
RCQ

where the supremum runs over all open sets 2 with w(£2) < oo.
We will show the duality relationship between s{, and cJ,.

Theorem 2.10. Let 0 < p < 1. Then (sb,(RVN)* = ¢l (RN). More precisely, for
every {tr} € ch (RN, the mapping £s : {sp} — ZR Sgrtg defines a continuous linear
functional on sk (RN) with operator norm || €| < 71l wny. Conversely, for every
0 e (sb(RN))* there is a unique {tg} € ek (RN such that £(sg) = Dok spir and
e} rllez S NN

Proof. We first prove cb(RY) c (s?(RV))*. Suppose that {tz} € & (RY). For
{sr} € sh(RV), let
1

g({sR}><x>={Z 3 |sR|2|R|—1xR<x>}2.

JeZ3 ReR%

Fori€Z, set Q;={x eRY :G({sg})(x) > 2/}, Qi ={x e RN : Mz (xq,)(x) > 1/2},
and %; = {R € Rr:|RN;| > 1/2|R|, |IRNQi11| <1/2|R|}. If x € R € %, then
Mz(xg,)(x) > ﬁ o X2, ()dy = |[RN;|/|R| > 1/2, which implies

(2-13) U RC S,
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Moreover, for g > gy, by the L{,(R") boundedness of M,

(2-14) w(Q) < w(),

and by Lemma 2.7,

(2-15) w(RN(2; \ Ri41) _ w(R\ 211) > (|R\Qi+1|>q . i
w(R) w(R) |R| 24

Suppose {tz} € ch(RY). By (2-13)—~(2-15) and Schwarz’s inequality,

- _ IRz 1
SRIR| S / 7| skl [RI™2 & () w(x)dx
J§3R§Jf o ; Qi\ Qi1 R;%,- . w(R) K R
1 1
Zﬂ}z{/ lsg|? p }2
sgzj{ém 2@ U, 2 T racods
1
~ 2_1\1 2
S HerM ey Z[w(Qi)](” 1)2{/~ [g({sR})(x)]zw(x)dx}
ieZ Qi\ Qi
Slitrdlley 2 Tw(@)1?
ieZ

S IR e 1GUsrD Lz = e e Isr g2

which implies the inclusion c%, (RM) C (sERN)*

For the converse, we assume that £ € (s& (R"Y))* Then it is clear that £({sg}) =
>z Srig for some {rg}. Now fix an open set 2 C RN with w(2) < oo. Let w be a
measure of R such that u(R) = [w(2)]'~2/?|R|[w(R)]~" if R C Q and otherwise
W(R) =0. Set

_2 |R| |2
lslean={ X ¥ el L

JEZ? ReRYL, w(R)
RCQ
Then
|
1 , |R| ]2
_ t
{[w(Q)JZ/P—l 2, 2 I w(R)
JEZ? ReRY,
RCQ
- _2/p IR
= [{tr 2, = sup Z srir[w(Q)]" 2/p_R
Iorla,0=t j 75 pem, w(R)
RCQ
< 1—2/p IR
< el sup srlw(€2)] &l
Mkl 20 <1 w(R) |5

where {sp} satisfies sg = 0 if R is not contained in 2. However, for such {sz},
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Holder’s inequality yields

R
selw(@)] =7 R
w(R) ,{),(RN)
1
2y IR 5 ’
Z > IselPw()] DR R | wedx
J€Z3 ReRY
RCQ
1
o ) dx\’
< [w()] Z > IselPTw()] (R KR
Qe R R,
;CQ
= [{sr 2@, = 1.
Combining the above estimates yields
I{tr}lcp vy < NI€II,
and hence {tg} € ch (RM). O

Now we define a lifting operator L on S}(RN ) and a projection operator T on
sequence spaces by

L(f) = {IR|>¥y = f(xg)} for f € SHRY)

and

TURD@) = > > IR Yy (x — xp)tr,

JEI3 ReRY:

where {1;} satisfies (1-1) and (1-2).
To prove Theorem 1.7, we need the following:

Theorem 2.11. The lifting operator L is bounded from Hﬁ’w(RN) to sh(RN) and
bounded from CMOgr’w(RN ) to ch(RN). The projection operator T is bounded
from sE@®N) 1o H;-’w(RN) and bounded from ch (RN to CMO%w (RM). Moreover,
T o L is the identity both on HY.  (RN) and CMOY. , (R").

Proof. The boundedness of £ from H]’_Z’w([R{N) to sb (RY) and from CMO?-’U)([RN)
to cly (RV) follows directly from the definition of L.
We now show that 7 is bounded from s;,(RY) to H7  (R"). By definition,

1
{Z > ll/fJ*T({rR}xxR)FxR}z

||T({tR})||H;~',w(RN) = ‘
JeZ3 ReRL

Ly (RN)
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A similar argument to the proof of Theorem 1.4 yields

§ 2 1
215])2
2 /—1
||T({IR})||H.;',UJ S, ‘ { Z {M}'[ Z lR/|R | XR/] } } )
J'ez3 R’E'R;_-/ Ly
2
2 -1
S ‘ { > > nlIR] XR’} =lellyg-
J'er3 R/ER{F/ Ly

Next, we prove that the operator 7 is bounded from cf, (R") to CMO%w([RRN ).
Suppose {tg} € ¢l (RY). Then, for any open set @ C RY with w(2) < oo,

) Il '(R)<C[w<sz>]v

JeZ? ReRY,
RCQ
Therefore,
> ¥ Uk
R
JeZ3 ReRY, w(R)
RCQ | |2

_Z Z <Z Z Wy *x Yy (xp —xp)| - tR/~|R|2) D

JEZ3 ReRY, Jel? ReRY
RCQ

Repeating the same argument as in Theorem 1.6, we obtain

DI —

ITCtRD Nl emor, (RN)Nsup{ (Q) B Z [ (R/ } AU WACTE

Finally, the fact that 7 o £ is the identity both on H} ,,(R") and CMO’. ,(R")
follows directly from the discrete Calderdn identity in Theorem 2.1. ]

Proof of Theorem 1.7. We first prove the inclusion CMOY%. | (RY) C (HZ ,(RV))*.
Let g € CMO%. (RY). For f € Sx(RY), define the mapping £,(f) := (f. g).
Applying Theorems 2.1, 2.10 and 2.11, we obtain

(O =1(f, ) = <Z > |R|w1<'—xR>wJ*f<xR>,g>‘
J€Z? RCRY
=[>" >7 IRIEYs * FGRIRIE Y * g
J€Z? RCRY

= L) LN S NLD N vy 1L et vy
S ”f”H;-‘,w(RN)”g”CMOP}‘.w(RN)’

where we have chosen ¥ () (—x) = ¢V (x) and @ (—x) =¥ @ (x). Since Sso (RY)
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is dense in Hf , (RV) (by Corollary 2.6), it follows that the mapping £,(f) =
(f, g) can be extended to a continuous linear functional on H ﬁvw([R{N ) and [[4g]l S

”g”CMO’}yw(RN)'
Conversely, let £ € (H7. ,,(RY))* and £; =£oT. For {sg} € 55, (R"), Theorem 2.11

gives
[6i({sr DI = T {seI < 1€ - IT {seDImz, @vy S I HsrH s @)

which implies that £; € (s5(RY))*. Then by Theorem 2.10, there exists {tg} €
cu(RY) such that £1({sg}) = Y_ g srig for all {sg} € s{;(RY) and [[{zg}l|.p wy) S
1€1]] < |1€]|. By Theorem 2.10 again, £ = £o T o L = £; o L. Hence,

) = (L) = (L. 1) = (], 8),

where g = 21623 ZRER# |R|% tg ¥j(xg — x). This implies that £ = £, and, by
Theorem 2.10,

lglcaor. @vy S IHERMI 2 @vy S N1€gll-
h W ®Y) I (RY)

This concludes the proof of Theorem 1.7. ]

3. Weighted boundedness of singular integrals with flag kernels

This section is devoted to proving the boundedness results given in Theorems 1.9,
1.10 and 1.11 for flag singular integrals. To prove Theorem 1.9, we need the
following orthogonality estimates.

Lemma 3.1. Let ¢ € S(RY) satisfy
/ @(x1,x2,x3)dx; =0 for almost every (x3, x3) € RT3
R

(3-1) \ / @(x1,x2,x3)dx2 =0 for almost every (x1, x3) € Re1+n3
R™2

f o(x1, x2,x3)dx3 =0 for almost every (x1, xo) € RM*m2,
R"3

and define 9y by @ (x) := 27PN xy, 27 xy, 27 B x3). Also let Yy €
S(R™) be defined as in Section 1. Then there exists € > 0 such that, for any M > 0,

3
(3-2) oy Yy (x)| < y—€(ji=jil+lia—=il+1j3—jzh |: l_[

i=1

-/
max <;<; 2/xM ]

(max <g<; 2% + |x;|)ni+M

Proof. We consider eight cases separately.
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Case 1: ji < j{, jo < Jj5» J3 =< Jj; By (3-1),
1 1 1
|¢J*w§-l><x)|=' [ ertv -y o1y
RN

2GivipM 2(2VipM 2(3VipM

IV oy YMAT (272VIi 4| xp | yM 12 (203VI1 x5 )M A3

—lj1—Jil
<ol

This together with
2iM 20VinM

(27 + [xa )42 (272V55 4 |x3]) M+

2 3
W sy (6, x3)| S
2 3
yields

G-3) s xYr = lles# v T W) +2 ¢ 100)]

3 Ly
S UV )M
_|_/l_j/| maX]Skgl
S27li

o (max| i 270V | )t M

3 ./
_olii=Jil [ max <k<; 2% }

o (max) o<; 20 + [x; [y tM

The same techniques yield

G-4) s = llgs xs ¥ Tl 9 100)]

iy (maxg << 2% + |x;[)nitM
and
G-5)  prx v @I =lles w1y %30 1))

3

-/
. . max '2]kM
—1j3—l 1<k<i
5 2 / ]3 *

i1 (max) iz 20k + |x; )i tM
Taking the geometric mean of (3-3)—(3-5), we obtain (3-2) with € = 1/3.

Case 2: ji > ji, j» < j}» Jj3 < j;- We use the moment condition of ¢! and
Taylor’s remainder theorem to get

s x5 ()]

fR s =) — PLalys 1ol )y
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5( )3 2|jlj{|L12|jzj{|Lz>

Li+Ly=L
2(/1\//’1’)M 2(j2\/j1’)M 2(j3Vj[)M
X - v " ) . v
(2]1\/11 + |x1|)M+”1 (2]2\/]1 + |x2|)M+”2 (213\/]1 + |X3|)M+”3
(ivipM (aVipM (3vipM
< o-li—ipe__ F 22 2

@IVI 4 ey DM QYT 4 ey M QIVI 4 [y Mo

where in the last inequality we have used the fact that |j; — j{| > |j» — j{| and
Pr_1[f]is the (L—1)-th order Taylor’s polynomial of f. It follows that

[0t 1= gy Pl 42y 1))

<ol 2™ 201ViM 2UIVIVIIM
1
S (271 4|y NYMA (I I3 |y [YMAn2 (1Y IV I 4| )M A3
3 -
< 2—<L—M>|jl—j;|[ max; <<; 2’k }
./ .
- _y (max << 206+ [x; )t

The other cases, {ji < ji, 2 > Jy, 3 < Jj3}, v > ji, 2 > J5, J3 < J3h
1 <t 2=y J3<ish Ur>Ji» <z J3<ish L <Ji» 2>y J3 < J3)>
and {j; > j{, j2 > j5, j3 < j3}, can be handled in the same manner and details are
left to the reader. O

Lemma 3.2. Let K be a flag kernel. We have

maX] <k<l 2]/:M
L (max < <; 20+ [x; )1 HM

(3-6) |1ﬁJ*IC>k1//J/(x)|<2_]0M(|“ Ji 2=+ — ];I)l_[

Proof. 1t is well known that t/f(l) * t/f(l) and 2~ Lli—Ji |1/f( )j satisfy the same differ-

i

ential inequalities and moment COIldlthIlS on RV, Thus
1 1 2 2 3 3

Vs =50« v Teas ) s v DT 0y« )]

satisfies the same properties as 2~ L1 —Jil+l2=hlHisViy ., 1 where

2 3
v =y 231ﬁ() sy

AV 2V B3V
By [Nagel et al. 2001, Corollary 2.4.4],
K= > o5
=<3

where {¢(/)} is a bounded collection of C* functions, each of which is supported on
{lx;| <c,i=1, 2, 3} with (3-1), and the series converges in the sense of distributions.
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Lemma 3.1 yields

WK (0l <
jlllsjzl/fjél
S Y 2 BT UVIDIHE VDI =GV
~Y

/ 4

WW=<iy<ii

o5 %W 1(x)

3 vl
L L L A UkVipM
w2~ LUji=i{ 1+ =31+ max, << 2
i (maxy << 27 e[ ) 1M

3 Gevil
D UrViIM
< (i —j.’+|jz—j§|+|ja—j_g|)L[ max)<k<i 24 }
~ - " ] .
iy (max g <; 20690 4| |yt

This finishes the proof of (3-6). O

Proof of Theorem 1.9. By the discrete Calderén reproducing formula,

ITF(llas,

1
HZ 3 |wJ*K*f<xR>|2xR}2

3 J
JeZ’ ReR %

IS |8 5w s evscon—se)

J€Z3 ReRY J'el’ R'eR)

LY

1
2 2
XR

Equation (3-6) says that, for each J, J' € 73, ;% K %y satisfies the same

orthogonality estimate as vy * ¥ ;. Thus, repeating the same argument as in the
proof of Theorem 1.4, we obtain

u
L

“Tf”Hj’T.w(RN)

S H{ > [Mf( > s *f(xRoFxR/)

3 J ]
J'eZ R'eR%

\SE)
SN

]

To prove Theorem 1.10, we need a new Calderdn type identity in terms of bump
functions. Fori = 1, 2, 3, let ¢\, ¢’ € S(RM/) be such that supp ¢ is compact
and bounded away from origin, ¢’") is supported on B(0, 2), and they satisfy

LI” (RN) S ” f||HJp:4w(RN)'

This concludes the proof of Theorem 1.9. U

RN: ¢V dx' =0 for 0 < |a| < Mo,
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where M) is a large positive integer given in Theorem 3.3 below, and
3 p0@iENgD2ig) =1 forg e RV\(0);
Ji€Z

see [Frazier and Jawerth 1990, Theorem 4.2]. For J = (ji1, j2, j3) € 73, set ¢y =
(¢§.]1) jkgb;.f) * qﬁﬁ)), where ¢§:) = Sprv-N; @ ¢(.;), and ¢ is defined similarly in terms
of ¢'?. ‘

Ji

Theorem 3.3. Let0 < p <1and we€ AL (RV). Let My > 10(N{[qu/p—1]1V2}+1)
(here [ - 1 means the greatest integer function). For a fixed sufficiently large integer K,
let R;K = RﬁfK’”*K’”*K and let xg denote the lower left corner of R. Then, for
every f € L2(RM)N Hﬁ’w(RN) there exists some function

h=hse L*®RV)NHL (RY)

depending only on f such that
L? ~
FOOY=Y" D" IRIGs (x — xp)py *h(xp).
JeZ3 Re’RjT'K

Moreover,

(3-7) 1z, ~ Il -

Proof. For f € L>(RV) N H ﬁ,w(RN ), applying the Fourier transform gives f =
Y jezs @7 * ¢y * f, where the series converges in L?(RM) norm. Using Coifman’s
idea of the decomposition of the identity operator, we have

f =" > |RIs(x —xp)ps * f (xg)

3 1K
JeZ® ReR%:

#0200 =B =) @15 P
JEeI} ReREK

= Tx(fHxX)+Rx (/) (x),

where K is a fixed large integer to be determined later.
We can decompose Rk (f) further as

Re(Hx) =Y Y fR (¢ (x —x') = b (x — xR) 1, * £)(x) dx’

3 1K
J€Z’ ReR%:

+> > /R b (x —xp)[(ps % H(X') = (¢ % f)(xp)] dx’

3 J,K
JeZ’ ReR%:

= R (f)(x) + R (f)(x).
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We claim that for k =1, 2,

(3-8) IRk (Dllaz, <C27 5N fllue, .

where C is a constant independent of f, K and xg.

Assume the claim for the moment. Then choosing sufficiently large K such that
C27% < 1 implies that both Tx and T)e' = 3°°° [ (Rg)" are bounded on L>(R")
and on H} , (RY). Setting h = R (f) gives (3-7). Moreover,

F=Te@ (N =" Y [RIGs(-—xp)($s *h)(xR),

3 J.K
JeZ ReRZ

where the series converges in L2(RM).

To finish the proof of Theorem 1.10, it suffices to verify the claim. Since
the proofs for R}< and R%( are similar, we only treat R}<. The discrete Calderén
reproducing formula in Theorem 2.1 yields

(3-9) Yy * R (f)(x)
=2 X [ i) = =)@ 5 £

Jer3 ReREK
=y > /W*[dn( —x) = ¢s(- = xp)I(x)
JeZ3 Re RJK
X(Z 2. IR”|-vm*f(xm)m*W(x/—w)) dx’,
J'eD’ RreRy

where xgr = (xgr, xg1, xg7) denotes the lower left corner of R”. Set
¢y () =y (u—x") =y (u—xp).

Applying Lemma 2.2 with M sufficiently large (which will be determined later)
and L = 10M, we obtain that for some constant C (depending only on M, ¥ and ¢,
but independent of K),

Wy gy (x)] .

max <<; 2™
<C2” Ko—10M(lji— JilH 2=+ j3— 13\)1_[ !
| (max << 2k + |x; —x] PI+M

and, similarly,

gy * WY yr(x — xpr)l

. .1 . 17 . max1<k<' 2‘]{M
< 27 1IOM(j1=j{ 1+l 2=y 1+173= 3D l_[ i
| (maxi<k<; 20 + |x; _XQ”|)1+M
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Substituting both estimates into the last term of (3-9) yields

W R () ()]
SO D AR f (e

"e73 J"
J'eZ R'eR%:

3 -/
.. . ]kM
Y Y [
R i=1

-7
Je73 RERJ'K (maxlfkfi 2k + |-xi _-xl{|)l+M
F

11
max15k51 2Jk M

x 2~ lii—ji'13M
-1
(maxj<x<; 2% + |x] — xQ;/|)1+M
< -k E E 2—(|j{—jf’|+|j2/—j2”|+|j3/—j3”|)M|R//|
J"e73 R”ER;_-U

3 i"M

+! 4
( maxj<g<i 2(],(\/./,{
<(T1 -

./ Ly
iy (maxg << 2%k + [ — x o) 1M

)|WJ” * f(xg)|.

Now we may choose M = N{[g,,/p+1]1Vv2}+1, L=10M and N/M <§ < 1.
Then p/8 > gy, so that w € Af /s (RM). Arguing as in the proof of Theorem 1.4, we
obtain

IRk (Pl ,

59241
5)2
<27k { >, {Mf( D f(xR/f>|wa) } } S27 80 f e, -
J'e73 R"G'R;—” Li,
This verifies claim (3-8) and hence Theorem 3.3 follows. [l

Using a similar argument to the one in the proof of Theorem 1.4, one can prove
the following:

Corollary 3.4. Suppose w € AL (R"). Then, for f € H} ,(RY) N L*(RY) and
0< p <1, we have

=

’

LL(RN)

1Az, @y 2 N8F ()l Ly @y = H { Z Z o} *h(XR)|2XR}

3 7K
JeZ’ ReR%

where h = hy and K are the same as in Theorem 3.3.
The key to the proof of Theorem 1.10 is the following.
Lemma 3.5. Suppose 0 < p < 1and w € AL (RY). If f € HY  (RV)N L2[RY),

then f e LY, (RN) and there is a constant C » > 0 independent of the L2(RN) norm
of f such that

Iy wyy = Cpll Iz @my-
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Proof. Without loss of generality, we may assume w € Aqf (RM) for some g € [2, 00).
Given f € LARN)NHZ  (RV), set Q; = {x € RN : g (h)(x) > 2'} where h =h
is given by Theorem 3.3, and

U={J,R): Jel’, ReREX, IRNQi| > (1/2)|R], IRNQi11] < (1/2)|R]}.
By the discrete Calderén reproducing formula in Theorem 3.3,
F=Y"3" IRI$s(-—xp)ps*h(xp).
ieZ (J,R)eE

We claim that

p
< 2P w(K2).
L [RN)

(3-10)

> IRIGs (- = xR)$ps *h(xR)

(J,Ryew;

Since 0 < p < 1, the above claim together with Theorem 3.3 yields

P
p Y _
11 p gy <D | Do RIS —xR)dy xh(xp)| )
ieZ " (J,R) e Ly (RY)
< 327w (@) SUEWIT, oy 10N, e A IFI
~ L ~ o~ Li(RY) HY  (RV) HY  (@®N)
S

and Lemma 3.5 follows.
To show claim (3-10), we note that if (J, R) € %;, the function x — ¢;(x — xg)

is supported in €2; := {x : M z(xg,)(x) > 1/100}. By Holder’s inequality,

p

(3-11) Z [R|ps(-—xRr)Ps *h(xR)

(J,R)e

LI (RV)
Sw@)' PPN 3" |RIGs (- — xR)ps xh(xp)

(J,R)e

L},(RY)

We now estimate the last LY,-norm by a duality argument. For { € Lg,_q/ (RN) with

||§ ||Lq/1,q’ (RN) S 19

‘< > |R|$,(-—xR)¢J*h(xR>,¢>‘=

Z /EJ*E(XRWJ *h(xg) xr(x)dx

(J,R)e; (J,R)e;
9 2 _ 2 2
=< Z |psxh(xp)|" XR Z [P+ (xr)|"XR )
J Bew L @MY ey, LZ,H/ (RN)
= 11X12,

where ¢, (x) = ¢y (—x).
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We first estimate /. Since w € A;(RN) implies w7 e A;(RN), Corollary 3.4
and the remark on page 552 yield

1
{Z Z |$J*§(XR)|2XR}2

(3-12) LS ‘
JeZ® ReREX

~IEl e vy =1
LY Y Futeg
!

As for I, note that 2; C ’s”z,- and w(fz,-) < w(£2;) due to the L% (RN) boundedness
of Mr. For any (J,R) € % and x € R, Mr(Xpng,\a,,,)*) > % Applying
Corollary 2.5 again, we have

T

a1y = { > |¢J*h<xR>|2xR<x>} w(x) dx

(J.R)e

[NS1ASY

S / { > |¢J*h(m)Mf(xm@,.\Qm><x>|2} w(x) dx
RY Uy Ryew
q

S/N { 3 |¢J*h<xR>|2xR<x>}2w(x)dx

Qi\Qi+1 (J,R)EU;
S 29w () S 24w ().

Combining both estimates (3-12) and (3-13), we obtain

> IRIGs (- = xR)¢s *h(xR) S 2w ().

(J,R)e;

LY, (RY)
Plugging this estimate into (3-11) yields claim (3-10), and so Lemma 3.5 follows. [J

Proof of Theorem 1.10. For f € L*(RV) N H]’;’w(RN), by Theorem 1.9 and
Lemma 3.5,

IT O lg@my < CIT gz @y < Ol g, o

w

Corollary 2.6 together with a limiting argument yields Theorem 1.10. ([

We remark that, as mentioned before, the flag Hardy space H ﬁ(IR{N ) (where
w = 1) differs from those of the classical one parameter and the product Hardy
space. To see this, by Lemma 3.5, if £ € L2 (RY)N HZ(RY), then f € L'(RY) and

(3-14) / f(x1,x2,x3)dx3 =0 for almost every (x, x2) € R" x R"2.

Indeed, for f € L2(RY) N HZ(RY), Lemma 3.5 gives that f € LP(RY) N L*(RY),
and hence f € L'(RM) by interpolation. To see [ f(x1, x2, x3) dx3 = 0, applying
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the Calderén reproducing formula in Theorem 2.1,
F=Y" " IR (x —xp)¥s * f(xg)
JeZ3 ReR%:
where the series converges in both L*>(RY) and H ﬁ(RN ). Let & and f; be defined
as in the proof of Corollary 2.6. Therefore,
f=fr=>_|RIWs(x — xp)¥s * f (xr)
ér

converges to zero in both LZ(R") and H ]’;([R{N ) as L tends to infinity. Applying
Lemma 3.5 and interpolation, we obtain

L!

D IR (x = xp)¥ * f (xR)

< +

L2

’

14
H F

D IR (x = xp)¥ * f (xr) Y IR (x — xp) ¥ * f (x)
&f &t

which implies that || f — fr|/;1 tends to zero as L tends to infinity. Therefore, for
almost every (x1, xp) € R™ x R™,

R"3 R"3

J e, x2,x3) dx3 = Lli_)rr;of D IRy (x — xp)¥y * f (xg) dx3 =0,
8L

where the last equality follows from the cancellation property of ; (x — xg). This
indicates that all L? elements in H ]1; satisfy only “partial” cancellation property
(3-14), which is different from cancellation conditions for classical one parameter
and the product Hardy spaces.

Finally, we prove Theorem 1.11. It is known that L*RMNH ;f.’w([RN ) is dense
in H ; w(RN ). This allows us to use the discrete Calderén reproducing formula in
Theorem 3.3, which plays a crucial role in the proof of the boundedness of flag
singular integral operators on HY. , (RY). For CMOY. . we prove the following
so-called weak density result which will offer the same service as the above density
does in H ﬁ’w.

Lemma 3.6. Let 0 < p < 1 and w € AL (RY). Then L*(RY)NCMOY.  (R")
is dense in CMOY. | (RY) in the weak topology (HY. ,,(RY), CMO’.  (RY)). More
precisely, forany f € CM Og_-’w([RN ), there exists a sequence

{fa} C LP®Y)NnCMO%. , (RY)

satisfying || fallemor,.

lim (fo.8)=(f.g) foranyge HE ,([R").

®Y) S I £ lemor, , @y and
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Proof. Suppose f € CMOY-  (RV). Set

L&)=Y > IR fERV(x —xk),

ljl<n.lk|<n RCB(0,n)

where {1} satisfy (1-1) and (1-2). It is easy to see that f; € L2(RM). Repeating the
same proof as the one in Theorem 1.6, we have || f, IICMO;.W(RN) < CIIfIICMOgr L (®Y)
and hence f, € L*(RM) ﬂCMO%w (RM). For any g € Seo (R™), the discrete Calderén
reproducing formula given in Theorem 2.1 yields

(f = fur 8) =< 3 |R|x/u*f<xR>w,<-—xR>,g>

|jl>n, or |k|>n, or RGB(0,n)

:<f, Z |R|W1*g(XR)WJ('—XR)>-

|jl>n, or |k|>n, or RGB(0,n)

By Corollary 2.6, the function
> R % g(xp) ¥y (x — xg)

|jl>n, or |k|>n, or RGB(0,n)
belongs to Hﬁ’w(RN) and its H]pr’w(lRN) norm tends to O as n — o0. Hence,
Theorem 1.7 implies that ( f — f,,, g) tends to zero as n — 0o. Since S (R") is dense
in H ; ,»(RY), a standard limiting argument finishes the proof of Lemma 3.6. O

Now let us show how a flag singular integral operator 7~ acts on CMO%w([RN ).
Given f € CMOfT’w(IRN ), by Lemma 3.6, there is a sequence

{fu} C L*®Y)nCMO% , (RY)
such that

||f"||CM0§T,w(RN) =< C”f”CMO"f_w(RN)’

(3-15) 1L“§o<f"’ g)={(f,g) foranyge LZ(RN) N ng,w(RN)'

We thus define
(TF(f). 8) = lim (Tr(f,).g) forany g € LARY)NHE , (RY).

To see that the limit exists, write ((T7)(f; — fi), &) = (fj — fx. (TF)*(g))
since both f; — fi and g belong to L2(RYN), and T is bounded on LZ(RV).
By Theorem 1.9, (Tx)* is bounded on H};’w(IRN), and therefore (Tr)*(g) €
L*®RY) N HZ ,(RY). Thus, by Lemma 3.6, (f; — fi. (T)*(g)) tends to zero
as j, k — oo. Itis also easy to verify that the definition of 7= ( f) is independent of
the choice of the sequence f; satisfying the conditions in Lemma 3.6.

We are now ready to prove Theorem 1.11.
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Proof of Theorem 1.11. We first show that for f € L*(RY) N CMOY-  (RV) and
any open set Q with w(2) < oo,

1
1 , IRI* )2
(3-16) {WJXZ:,% [y Kr f(xg) |2 (R)} S llewor. , @v)-

RCSZ

Using the discrete Calderén reproducing formula given in Theorem 2.1, we write

> Wy xKpx fap)lP—— IR

R
JeZ3 ReRY, w(R)
RCQ | |2
=5 30U S IR kK (g — xp) R
JeZ3 ReR%, J'el3 Rie RJ'
RCQ

where tgr = Yy % f(xR/)lR’l%. By (3-6), ¥j % KC ¢ satisfies the same almost-
orthogonality estimate as v * ;.. Repeating the same argument as in Theorem 1.6
yields (3-16).

For f € CMOY.  (RN), there is a sequence

{fa} C L*®RY)NnCMO% , (RY)

satisfying (3-15). By the definition of Tx(f) and the boundedness of Tx on
L*®RY)NCMOY. (RM),
177 (P emos. , @y = Uminf [ T=(f)llemor. , @)

S lggicgf”fn”cmm” RN) S ||f||CM0" (@YY

which concludes the proof of Theorem 1.11. U

4. Calderén—-Zygmund decomposition and interpolation
We first prove the Calderén—Zygmund decomposition for H ﬂ,w

Proof of Theorem 1.12. According to Corollary 2.6, L>(RY) N H]’;’w(IRN) is dense
in HY.  (RY). Thus it suffices to prove Theorem 1.12 for f € L*RY)NHY  (RV).
Given any fixed o > 0, let ; = {x e RV : g=(f)(x) > a2/}, I e N, where g7 (f)
and K are the same as in Corollary 3.4. For J € 77, set

J.K
7?’0

J.K
R;

[ReRZX:IRNQ| < LRI}, and
[ReREX IRNQ_11= IRl IRNSI < LRI} forli>1.
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It follows from Theorem 3.3 that there exists some h € L2 N H ﬁ‘ » such that

f)=D" Y IRIgsxh(xp)$s(x — xr)

JeZ? Rery ¥

+ 33 S RIgs #h(xr)s (x — xg) =1 g(x) + b(x).

Jez? =1 RER,J‘K

We first estimate || g|| HE, - Repeating the same argument as in the proof of
Theorem 1.4, we deduce that for N/M < § < min{(p2/qy), 1},

3
Yo |¢J*g<xR>|2xR<x>§Z{MF[< > |¢f/*g<xR/)|2xR/> }(x)}

JeZ? ReR.. I'er’ Rery K

2
)

Take the square root on both sides and apply Corollary 2.5 on LﬁZ/ 5 (£2/%) (note
that w € A7 ;) to derive

H D DAY 1679] xR/}

J/€Z3 R'e ] K

gl ez S :
H.F.w(RN) Liz([RN)

We claim

(4-1) (g7 (/)] w(x) dx

{gr(H ()=}
2 ‘ { YooY e *h(xR/)FxR/}

J'er? RER({/’K

P2

=

LI @)
which implies
18172 g, S [ G (D) dx
{gr(HH(x)Za}
<l / BN W) dx S I, o
gr(fH(x)<a}
as desired. It suffices to verify claim (4-1). Choose § < min{p>/qy, 1} and get

/ 32O w(x) dx
{87 (f)(x)<a}
%

:/RN{Z Z |¢J*h(xR)|2XRmEQO(x)} w(x)dx

3 1K
J€Z’ ReR:
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P2
2] 2
Z/RN{Z > (|¢J*h(mef(ancQO)(x))s} w(x) dx

3 J.K
JezZ RER%

l 2
oy #heo el |
> >

P2 (N
JeZd Rer’K Ly (RY)

’

Z ‘

where in the last inequality we used the estimate xz(x) < ZI/SMF(XR ﬁmo)l/‘S (x)
for R € R:X, and the first inequality follows from Corollary 2.5 with ¢ =2/8 and
p=p2/s. ~

Now, we turn to the estimate for the H7', (R") norm of b. Set Q; = {x e R :
Mr(xq,) > %}, [ € Z. Then the desired estimate follows from

P1

(4-2) D> > IRIgs *h(xr)s (- — xk)

JeL3 ReR)K

< Qa)Prw(-y),
HY,

forany 0 < p; < 1 and /> 1. Indeed, by the L% (RY) (¢ > ¢,,) boundedness of M 7,
w@0 £ [ [Mra )00 dr S w(@),
R
This fact together with (4-2) yields

161 gy S 2 Q0" w(En) £ ) )" ()
" I>1 I>1

S / [Er (/O w(x) dx
(Er(H)>a)

Sal f [Gr (NP W) dx SaP PIFID, o
{gr(H(x)>a} Fow

Thus to finish the proof, it remains to establish (4-2). Following the same argument
as in the estimation of ||g|| HR, o We get that for any [ > 1,

@3) |>° D IRIgs#h(xp)ds(-—xp)|
J€Z3 Rele'K H.gf:lw
1
2
S HZ > |¢J*h<xR>|2xR} ‘ )
Je? ReR}K Ly

Note that R  ;_; for R € R}"®. Thus, |[R N (-1 \ /)| > L|R|, which implies

1 1
XR(X) <25 MF(Xpn @, ) ® ().
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As in the proof of claim (4-1), picking § <min{2, p;/q,} and applying Corollary 2.5,
we have

P1
~ 2
Q)" w( 1) > /R N{Z > |¢J*h<xR>|2me§,l\g,)m} w(x)dx

3 J.K
JeZ ReRFZ

P
2 ~ 2 2
2/;%1\/{ Z Z |psxh(XR)I"MF(XrA @&, \2)° (X)} w(x)dx
JeZ? ReR] K
) % P1

ZH{Z Z |psxh(xR)I XR} .

JeT® ReR)K LIV ®RY)
Combining this with (4-3) yields (4-2), and hence Theorem 1.12 follows. O

Proof of Theorem 1.13. Suppose that T is bounded from H7', (RV) to L} (RV)
and bounded from H%?, (RY) to Ly (RY). Given f € HY  (RY), p1 < p < pa,
the Calderén—Zygmund decomposition shows that f = g + b with

p2 < yP2—P p p1 < yP1—P p
I gy SO IS I gy a0d NI g S@” ISR vy

Moreover, in the proof of Theorem 1.12, we have shown that

18172 v, S f 37 ()01 w(x) dx
Fow {gr (/) (x)=a}

and
1615 vy S / [87(H 0 wx) dx.
Fow {gr(Hx)>a}

Therefore,
p * 1 (07
171 Sp/ a’ w(ix | T(Q)X)| > 5 )da
Lu(@®Y) 0 ({ 2})
o0
+p/ o w(x 1 TB) )| > 2Y) da
0 (1 3))
- /ooap_l IT@lgz\» /ooap_] IT®lg\"
~ 0 o 0 o
o
< f al~P2! / [E7(f)()1P2w(x) dx d
0 (g7 (H(x)<a}

+ f aP—ri—l / [g7(f) ()" w(x) dx da
0 {gx(Hx)>a}

< p
~ ||f||Hj]~Z-w(RN)



592 YONGSHENG HAN, CHIN-CHENG LIN AND XINFENG WU

Hence T is bounded from HY , (RY) to L} (RY).

To prove the second assertion that 7 is bounded on H7. , (R"), for any given
a>0and f e H ]’;’w(RN ), we apply the Calderén—Zygmund decomposition again
to obtain

w(lx : 12T N> < w({x: 15Tl > 51)

+u({x 1z anwi > £))

SaEIT@ I g, te " ITOI]

+a M p|")

HY RN

Sa gl

HE2, (RN) HY  (RY)

501_”2/ (87 (O] w(x) dx
(Er(Nw=a

+a f [gr (/) ()] w(x) dx,
{87 (H(x)>a}

which, as above, implies that ||g]-‘(Tf)”LP(RN) S ||f||Hp L (RY)> and therefore
||Tf||Hp L®Y) < ||f||Hp (RN by Corollary 3.4. The proof “of Theorem 1.13 is
complete U

5. Relations between different classes of weights

In this section, we clarify the relations between different classes of weights by
constructing some examples and counterexamples. Our aim is to show the following:
Proposition 5.1. For 1 < p < oo, A°(RY) C AT®RY) C A,(RY).

A positive measure u on R” is called doubling if there exists a constant 0 < C < 0o,
depending only on #n, such that

(5-D n(@2B) = Cuu(B)

for all balls B.

To prove this proposition, we need the following lemmas.
Lemma5.2. Let 1 < p <oo. Ifa> —nand A > 0, then (|x|4+ A)* dx is a doubling
measure on R" with doubling constant depending on a and n, but independent of A.
Proof. If A = 0, the conclusion above is well known. If A > 0, following the
arguments given in [Grafakos 2014, pp. 505-506], we divide all balls B(xp, R) in
R" into two categories: balls of type I that satisfy |xg| + A > 3R and type II that
satisfy |xg| + A < 3R.

For the balls of type I, we have

/ (x| + A)* dx {vn(ZR)"(|xo|+A+2R)“ ifa>0,
B(x0.2R)

v QRY' (Ixo| + A —2R)® ifa <0,
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and
v R"(Jxo| + A= R)* ifa >0,

/ (|x|—|—A)“dxz: _
B(x0.R) v R"(|xol + A+ R)* ifa <0,

where v, denotes the volume of the unit ball in R". Since |xg| + A > 3R, we have
|xo| +A+2R <4(Jxo|+A—R) and |x9| + A — 2R > %(|x0| + A + R). The required
doubling property (5-1) then follows with C = 234l4l,

For balls of type 11, |xo| + A < 3R implies B(xg, 2R) C B(0, 5R). Therefore

/ (x| + A)%dx < f (x| 4+ A)*dx < R".
B(x0,2R) B(0,5R)

On the other hand, using the fact that (|x| + A)“ is rapidly increasing if a > 0, and
the inequality |x|4+ A < |xo| + A4+ R <4R if a <0, we have

./ (x| +A)*dx > fB(O,R) x| dx %fa >0,
B(xo,R) fB(xO,R) (4R)a dx ifa <0,

> Rn—i—a‘
This concludes the proof of Lemma 5.2. U

Lemma5.3. Let 1 < p <o0. If wy, wy € Ap(R"), then w(x) = min{w; (x), wa(x)}
is also in A,(R") with [w]a, <max(1,27"?)([wi]a, + [w2la,).

Proof. This lemma slightly generalizes a result in [Grafakos 2014, p. 513], where
the case of w, being a constant was considered. For any O C R",

(o )G L)

—fJw)ll— [ w

101 Jo 101 Jo

, i P
<<L/[wl/\w2]) L/ wl_Z_i_L/ w2_7)>p/
“\IQl Jo 101 Jo 101 Jo
1 1

5max(1,2”2){(—|wi1>/\<@/Qw2>}

5max(1,2p2){(if w1><if wl_l;)p/
101 Jo 101 Jo

<max(1, 277 ([wila, + [w2la,).
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where in the second inequality we used the basic inequality

2 2
(a1+a2)p <max(1, 2P~ 2)(a1 +a2)

for a;, a; > 0. Hence the required result follows. O

Proof of Proposition 5.1. By definition, it is clear that A}°(RY) c A7 (RY) C
Ap(RN).

Now, let us show that these inclusions are proper. For simplicity, we only
consider the biparameter case on RV = R" x R™, where we denote the flag
{(0,0)} C {(0, y)} CR" ™™ by Fi.

We first show that A)°(RY) C A71(RY). Let 1 —ny < a < ny(p —1). For
x=0D . xM)eRM, y=GW, ..., y™) e R™, we define

w(x, y) = y[*(xP+yp~

Since w is independent of (x?, ..., x), for notational simplicity, we may assume
n; = 1 and write x instead of x"). We claim that

(5-2) ess sup[w( -, y)]Ap(R‘) =00
yeR"2

(5-3) sup [w(x, -)]a,®m2) < 00,
xeR!

(5—4) [u)]A <R1+n2) < 00,

where [ - ]4, denotes the classical A, characteristic constant. Assume (5-2), (5-3)
and (5-4) hold for the moment. Then (5 3) and (5-4) imply w € A (RV)NAY (RY),
and therefore w € A’T ' by Lemma 2.4; while (5-2) implies w ¢ Ap '°. Hence
ADP(RY) € ATVRY )

Now let us prove (5-2), (5-3) and (5-4). We prove first (5-2). Given any y € R"?
with y = 0, we choose an interval I = (0, r) with 7 = |y|>. Then

1 1 _r %
(m/w(x y)dx)(mf [w(x, )15 dx)
1 » G ’
=(—/ e+ 1y dx)(—f x4+ IyD dx)
rJo rJo

1
Z—ln(l—i—ﬁ) r=In(l + |y|) — +o0,
r y

U]

as |y| goes to +o00, which establishes (5-2).

Next, let us show (5-3). For x =0, w(0, y) =|y|* e A, (R"). For any fixed
x #0, wi(y):=|yl* " and wa(y) := |y|*lx|~" are both in Ap(R™), with A,
characteristic constants being independent of x. Since w(y) ~ min(w;(y), w2(y)),
(5-3) follows immediately from Lemma 5.3.
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We now verify (5-4). For any n € Z ., we divide all cubes Q (xg, [) (centered at xq
of side length /) in R" into two categories: cubes of type I that satisfy |xo| > 3/n [
and type II that satisfy |xo| < 34/nl. For any Q C R!*"™, write Q = Q| x Q»,
where

Qr=@o—IL,xo+)CR and Q>= 02(y0,!) CR™

We consider the following four cases.

Case 1: If both Q) and Q5 are of type I, then for any (x,y) € O, w(x,y) =~
1yol“(|xol + | y0) ", and hence the desired result follows easily.

Case 2: If Q; is of type I and Q; of type II, then for any (x, y) € Q, we have
|x| & |xo| > |y| and thus w(x, y) & |y|*|xo| ~'. Moreover, |y|* is in A,(R"™). Hence,

)4
1 1 _r i
— ,v)dxd — , »dxd
<|Q|//Q“’(’“ y)dx y)(|Q|//Q“’(x y) v dx y)

p

(1 /||“d>(1 /||‘“”/d>p/<[| “Ta o S 1
N Yy y — yl ray =LY lA, Ry S5 L.
1041 Jo, 1021 Jo, PR

Case 3: If Qg is of type II and Q» of type I, then for any (x, y) € Q, we have
ly| & |x| 4+ |y| & |yo| and therefore w(x, y) & |yo|*~!. Hence the required estimate
follows easily.

Case 4: If both Q| and Q5 are of type II, then by Lemma 5.2,

j4
1 1 _r P
— ,v)dxd — , P dxd
<|Q|//Qw(x y) dx y)(|Q|//Q“’(x y) v dx y)
51

: /
S Iyl%dy | (x+1yD~ dx)
(l"2+1 B(0.53 1) 0

1 / _a 3t v
X\ Iyl 7 dy (x+Iy|)de)
(l”2+1 B(0.5/3 1) 0

)
1 Y _ap r

S (7/ Iyl“_ldy> <li "2/ NG dy>p
" Jp.5m 1) B(0.5/m3 1)

~ el Um0y =,

Sk "'3

where B(0, 5./ny ) denotes the ball of radius 5,/n, [ centered at origin of R"2 This
concludes the proof of (5-4), and hence AEIO(IRN ) C Ai H(RM).

Finally, let us show Alf‘ R C AP(RN). From (5-4) and (5-2), interchanging
the roles of x and y, we see that for | —n; <b <ni(p—1), |x|°(yP|+|x])~"is
in A,(R"Y), but not in A71(RY). This completes the proof of Proposition 5.1.  [J
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