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DEGREE-ONE, MONOTONE SELF-MAPS OF THE
PONTRYAGIN SURFACE ARE NEAR-HOMEOMORPHISMS

ROBERT J. DAVERMAN AND THOMAS L. THICKSTUN

We prove that a self-map of the closed Pontryagin surface can be approxi-
mated by homeomorphisms if and only if it is monotone and has degree £1.
This adds to a body of theorems, each of which characterizes for some space or
class of spaces those self-maps which are approximable by homeomorphisms.

1. Introduction

Given a topological space X, one can ask, “Which surjective self-maps of X are
near-homeomorphisms (i.e., approximable by homeomorphisms)?” For X either
an n-manifold (n = 2 [Daverman 1986, §25], n = 3 [Armentrout 1971] (in case
X is noncompact, this also depends on the solution to the 3-dimensional Poincaré
conjecture), n = 4 [Freedman and Quinn 1990], and n > 4 [Siebenmann 1972]) or
a Hilbert cube manifold [Chapman 1973], the answer is the cell-like self-maps. For
X an n-dimensional Menger manifold it is the U V”_lself—maps [Bestvina 1988].
This paper establishes a monotone approximation theorem (Theorem 2.2 here)
attesting that, for a (connected) Pontryagin surface P of [Mitchell et al. 1992], the
near-homeomorphisms are the self-maps which are monotone and have degree plus
or minus one.

Not surprisingly, the proof hinges on a shrinking argument, which appears in
Section 10 here. The crucial result toward this end, Corollary 10.5, promises
that decompositions induced over finite graphs in the target of the usual type of
map are shrinkable. That corollary combines with a homeomorphism extension
theorem for maps between Pontryagin disks to complete the proof of the monotone
approximation theorem. The section also contains a related theorem for maps
between Pontryagin disks that restrict to homeomorphisms between their boundaries.

To set up the shrinking argument a great deal of preliminary effort is required.
Most of that effort is directed toward the following intermediate result, called the
factor theorem: given a self-map f as in the hypothesis and a locally separating,
simple arc A in the Pontryagin surface P, the decomposition space X obtained
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from the decomposition of P whose elements are the point-preimages under f of
the points in A and singletons in P — f~'(A) is a Pontryagin surface. The factor
theorem is stated formally in Section 3; its proof appears at the end of Section 6,
based on a related result called the factor reduction theorem. The latter, in turn, is
proved in Section 7. Section 8 introduces the notion of a Pontryagin disk, which
is a compact subset of a Pontryagin surface that behaves much like a 2-disk in a
genuine surface. The main result of the section establishes a controlled equivalence
of Pontryagin disks; it has the useful corollary that all homeomorphisms between
the boundary curves of Pontryagin disks extend to homeomorphisms between the
Pontryagin disks themselves; that result is an essential component of the proof of the
monotone approximation theorem. Section 9 introduces the notion of Pontryagin
cellularity, a natural analog to the concept of cellularity in 2-manifolds, and a key
ingredient in the shrinking arguments.

Pontryagin surfaces and, in particular, Pontryagin disks were introduced by
Mitchell, Repovs, and Séepin [Mitchell et al. 1992], building on a related con-
struction of Pontryagin [1930]. We define Pontryagin surfaces in the next section
in a slightly different way than they did, using decompositions into points and
figure-eights. Proposition 2.1 attests to the equivalence of this formulation with the
original treatment as controlled inverse limits of monotone maps between closed,
orientable surfaces. These objects have several interesting features. Connected
Pontryagin surfaces are homogeneous [Jakobsche 1991]. A loop L in a locally
compact, locally path-connected, locally homologically 1-connected metric space S
is null homologous (Borel-Moore homology with Z coefficients throughout) if and
only if it bounds a singular Pontryagin disk in S [Mitchell et al. 1992]. Any map of
a Pontryagin disk or Pontryagin surface into a generalized n-manifold, n > 4, can
be approximated arbitrarily closely by embeddings [Gu 2017].

Any monotone map between closed orientable surfaces must have absolute
degree one [Lacher 1977, §7], which might suggest that the degree-one hypothesis
in the statement of the monotone approximation theorem is redundant. It is not.
However, the construction of the relevant example is quite intricate and the authors
will present it in a separate article.

2. Terminology, notation, conventions, and statement of the main result

All maps of spaces will be continuous. A map is proper if the preimage of every
compact subset of the target is compact. A surjective map is monotone if every
point preimage is connected. A homotopy f; of a map fy: X — Y is supported
in asubset U of Y if, forall t € [0, 1] and x € X — fo_l(U), fi(x) = fo(x) and
f,(fO_I(U)) CU. Amap f: (X,A) — (Y, B) is split if f‘l(B) = A, and a
homotopy of such a split map is admissible if it is supported in ¥ — B. Given
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f:X—Yand B CY, wesay f is one-to-one, bijective, onto, etc. over B if
flf~YB): f~Y(B) — B is one-to-one, bijective, onto, etc.

A space is nice if it is locally compact, locally path-connected, separable, and
metrizable (recall that any connected, nice space has an end-point compactification).
For a connected, nice space X we denote the one- point compactification, end-
point compactification, and space of ends by X, X, and e(X), respectively (by
convention, if X is compact, then X = X =X and e(X) = ). Note that if U is
an open, connected subset of a connected, nice space X, then the quotient space
X / (X —U) is homeomorphic to U. We will often refer to the “quotient-map”’
XU, by which we mean the composition XX / (X —U) - U (the maps
being those referred to above).

An exhaustion of a set X is a sequence {X;} of subsets of X satisfying X = J; X;
and, for all i, X; € X;41.

We often refer to a collection £ of pairwise-disjoint compacta in a nice space X
as a decomposition of X. This means the partition of X whose elements are the
elements of £ together with all singletons, each of which is contained in no element
of £. This partition (or decomposition) is upper semicontinuous (and hence, the
associated decomposition space is metrizable) whenever the elements of £ form a
null sequence with respect to some metric on X. Such a decomposition space will
be denoted as X/€.

Any space homeomorphic to the wedge of two circles is a figure-eight.

Definition. A connected, nice space P is a Pontryagin surface if there exists a
countable family £ of pairwise-disjoint figure-eights in P such that £ is null in P
and, for any cofinite subfamily D of £, the image of P under the decomposition map
P—>P /D is an orientable surface without boundary. Such a family £ is a sufficient
family for P. (Observe that any closed orientable surface Q is a Pontryagin surface
and that any finite family of pairwise-disjoint figure-eights in Q is a sufficient
family if and only if it satisfies the following condition: for any element e of the
family, the quotient space Q/e is a surface). If, in addition, the image of P in P /€
is either planar or a 2-sphere, then £ is a full family for P. A nice space is a
Pontryagin surface if each of its components is a Pontryagin surface, and a family £
of figure-eights in a Pontryagin surface is a sufficient family if the elements of £
in each component Y constitute a sufficient family for Y. A Pontryagin surface is
closed if it is compact; otherwise, it is open.

A subspace C of a Pontryagin surface X is P-negligible if X has a sufficient
family no element of which meets C. The manifold set of X, denoted M (X), is
{p € X | p has a neighborhood homeomorphic to R?}. X is rich if M(X) = @. It
should be noted that, unlike [Mitchell et al. 1992], in order to promote greater
generality and to accommodate some of our constructions, we do not assume all
Pontryagin surfaces have empty manifold set.
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A compact space D is a Pontryagin disk if it is homeomorphic to the closure
of some complementary component of a separating simple closed curve in a rich,
connected Pontryagin surface. (It is important to keep in mind that Pontryagin disks,
unlike Pontryagin surfaces, never contain open 2-disks.) Note that, by Corollary 3.2,
the frontier of a Pontryagin disk in a Pontryagin surface is P-negligible.

A compact 1-manifold A in a space X is locally separating if, given p e A—0A
and any neighborhood U of p, there exists a connected neighborhood V of p such
that V C U, VN A is connected, and V — A is not connected.

The Cech n-homology with G coefficients of a compact, metrizable space X
will be denoted ﬁn (X; G) (however, if G = Z, the coefficient group will not be
indicated).

A map f:X — Y of compact, metrizable spaces is an Hy-isomorphism, monomor-
phism, etc. if it induces an isomorphism, monomorphism, etc. on Cech 2-homology.

A surjective map of closed, orientable surfaces is standard if it is bijective over
the complement of a finite subset F of the target and the preimage of each point
in F is a figure-eight.

A map f: X — Y of one compact, metrizable space onto another is a near-
homeomorphism if, given a metric p on Y and ¢ > 0, there exists a homeomorphism
h:X — Y such that, for all x € X, p(f(x), h(x)) < €.

The following proposition provides, in effect, an alternate definition of “closed,
connected Pontryagin surface”.

Proposition 2.1. A space X is a closed, connected Pontryagin surface if and only if
it is the inverse limit of a sequence {p, : R,y1 — R,}72 | of standard maps between
closed, connected, orientable surfaces such that if, for each n € N, F,, denotes the
finite subset of R, referred to in the definition of standard map, then, for all n = m,
Pt (Fp) N F1 = ppu 1 (F) O pp 1 (Fy) = @ (Where py1 = p1opro---0py_1).
Proof. (Only if) Suppose £ = {ey, €2, ...} is a sufficient family for X. Set &, =
{en, €n+1, ...} and form the decomposition space R, = X/&,. Note that R, =
Ryi1/en. Let p, 1 Ryy1 — R, be the obvious map.

(If) Clearly
& ={e C X | there exist n € N and x € F;, such that pgol’n(x) =e}

(where ps.,, denotes the projection of X to R;) is a countable, pairwise-disjoint,
null family of figure-eights in X. To verify that it is sufficient, let £ be a cofinite sub-
family of £ and denote F =& —&’ and F,, ={e € £ | e is a component of pgo{n(Fn)}.
Choose N € N such that 7 C U,]:Izl Fy. The decomposition space X/ |-y 1 Fn
is Ry whose decomposition space obtained from the decomposition {po n(€) |
ec U,llvzl Fa} 1s Ry. Apply the parenthetical observation in the above definition of
Pontryagin surface to complete the proof. (]
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Definition. We have from Proposition 2.1 that if P is a closed, connected Pontryagin
surface, then FIZ(P) =/ and, form e N, Flz(P; Zyn)=42,. Givenamap f: P — Q
of closed, connected Pontryagin surfaces and choices Op and Og of generators
of Hy(P) and Hy(Q) (but Op = Oy if P = Q), the degree of f is the integer n
such that the induced homomorphism on Cech 2-homology sends Op to nOg. Note
that the absolute value of the degree is independent of the choice of generators. Our
interest focuses on maps of degree one, by which we really mean maps of absolute
degree one.

Theorem 2.2 (monotone approximation theorem). A map f : P — Q of closed,
connected, rich Pontryagin surfaces is a near-homeomorphism if and only if it is
monotone and has (absolute) degree one.

Proof of “only if ”. That a near homeomorphism must be monotone follows from
the well known result [Kuratowski and Lacher 1969] that any uniformly convergent
sequence of monotone maps between compact, locally connected metric spaces
has a monotone limit. To show that f must have degree one, let p : Q — S?
be a map arising as the inverse limit of standard maps between closed orientable
surfaces and let f = lim;_ - h; where the {h; : P — Q} are homeomorphisms.
Then po f =lim;_oo(poh;).

Since S? is an ANR there exists an integer k > 0 such that p o & is homotopic to
pof. Hence, deg(po f)=deg(p)-deg(f)=deg(p)-deg(hy)=1. Sodeg(f)=1.01

Applying the Vietoris—Begle mapping theorem, we obtain:

Corollary 2.3. All cell-like maps between closed, connected, rich Pontryagin sur-
faces are near-homeomorphisms.

We adopt the following notational conventions. If A is a subset of a topological
space X, then Fr A and Int A will denote the frontier and interior of A in X. If
A is a manifold, then A denotes A — 9A. [ = [—1,4+1] C R (but we will also
consider I to be the set [—1, +1] x {0} in R?). S' = the unit circle in R%. §? =
the one-point compactification of R? (so we can regard R? as a subset of $?).
H={(x,y)eR*|y=0}

Remarks. Existence, uniqueness up to homeomorphism, and homogeneity of the
connected, closed, rich Pontryagin surface (denoted by P in these remarks) are well
known. However, it is worth noting that existence follows easily from Proposition 2.1
while uniqueness and homogeneity follow from Corollary 8.2 of this paper (we
leave this as an exercise). Note also that any self-map of P constructed as follows
is monotone and degree-one but not cell-like. Let £ be a sufficient family for P and
F C & such that the image of £ — F is dense in P /€ (e.g., F is finite). It follows
that P/F is a rich Pontryagin surface, so the composition P — P/F % P where
d is the decomposition map and /2 a homeomorphism is the desired map.
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Let S be a compact metric space, G an upper semicontinuous decomposition of S,
and 7 : § — §/G the decomposition map. Then G is shrinkable if the following
condition, called the Bing shrinkability criterion, is satisfied: for each ¢ > 0 there
exists a homeomorphism 4 : S — S such that each #(g) (g € G) has diameter less
than ¢, and 7w and 7 h are e-close.

The notion of shrinkability was introduced by R. H. Bing [1952]. He exploited
it to provide an effective general method for determining the topological type of
certain decomposition spaces. R. D. Edwards [1980] gave an elegant proof for the
crucial compact case mentioned below; his proof also can be found in [Daverman
1986, Lemma 6.1].

Theorem 2.4. An upper semicontinuous decomposition G of a compact metric
space S is shrinkable if and only if the decomposition map w : S — S/G is a
near-homeomorphism.

Another setting in which upper semicontinuous decompositions arise involves
a proper map f : X — Y defined on a nice space X and a subset C of Y. The
decomposition G (C) of X induced over C is the partition consisting of the sets
{f‘l(c) | ¢ € C} and the singletons from X — f‘l(C). Here G(C) is upper
semicontinuous (and X/G(C) is metrizable) whenever C is closed in Y.

Corollary 2.5. Let f : X — Y be a surjective mapping between compact metric
spaces and C a closed subset of Y. If the decomposition G(C) induced over C is
shrinkable, then f can be approximated, arbitrarily closely, by a surjective map
that is injective over C.

Proof. If 6 : X — X/G(C) is a homeomorphism very close to the decomposition
map 7 : X — X/G(C), then F = f7~'6 is a map close to f whichis 1-1 over C. O

3. The factor theorem

The theorem stated below is a key technical ingredient in the proof of the approxi-
mation theorem. Its proof occupies the following four sections.

Theorem 3.1 (the factor theorem). Suppose the commutative diagram
X
AN
f
P——Q

of maps and spaces satisfies the following conditions:
(1) P and Q are closed, connected Pontryagin surfaces.

(2) All maps are surjective and f is both monotone and degree one.
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(3) There is a subspace A of Q which is either a locally separating simple arc
or a separating simple closed curve such that ¢ is injective over A and  is
injective over X — ¢~ (A).

Then X is a Pontryagin surface and ¢~ (A) is P-negligible in X.

Note. We will prove the factor theorem in detail only for the case in which A is an
arc. The proof for A a simple closed curve is essentially the same except for some
minor details which we leave to the reader.

Corollary 3.2. Any locally separating arc or separating simple closed curve in a
closed Pontryagin surface is P-negligible.

Proof. Let Q be the closed Pontryagin surface and apply the factor theorem to the
diagram

4. Sufficient families

In this brief section we state and prove some results and their consequences con-
cerning sufficient families. First we present some definitions and notation.

A family D of compacta in a locally compact space X is locally finite if, for any
compact subset C of X, the set {e € D | eNC # I} is finite. If £ is a family of
compacta in X and D C &, we say D is a locally cofinite subfamily of £ if £ —D is
locally finite. We denote, for a subset U of X, E(U) ={ec|eC U}.

Observation. Any locally cofinite subfamily of a sufficient family is sufficient.

Proposition 4.1. Any open subset U of a Pontryagin surface P is a Pontryagin
surface. Furthermore, if £ is a sufficient family for P, then £(U) is a sufficient
Sfamily for U.

Proof. We can assume that U is connected. Let D be a locally cofinite subfamily
of £(U). It will suffice to show that if V is an open, connected subset of U such
that V C U and V is compact, then the image of V under the decomposition map
PP /D is a surface. Denote

.F:{eeé'lemeetsbothP—Uand\_/oreCVandegéD}.

Note that F is finite and D C £ — F. The image of V in P /D is sent homeomor-
phically by the obvious decomposition map onto its image in P /(€ — F), which
must be a surface since £ — F is sufficient for P. (]
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Lemma 4.2. Suppose U is a Pontryagin surface with sufficient family D. If A is a
closed subset of U with A C M (U), then the family {e € D | e N A = @} is sufficient
for U.

Proof. Verify that {e € D | e N A # @} is locally finite and apply the above
observation. O

Proposition 4.3. A connected, nice space U is a Pontryagin surface if and only if
U is a Pontryagin surface.

Proof. (If) This follows from the previous proposition.

(Only if) Let & be a sufficient family for U and let R denote the image of U under
the decomposition map d : U— U /€. So R is an open, connected, orientable
surface whose end-point compactification is U /€. From the classification theorem
for open surfaces [Richards 1963] we obtain a locally finite (in R) family D of
figure-eights in R such that R/D is planar and R is null in U /€. By a standard
general position argument we can choose these ﬁgure eights to avoid |, d(e).
Then EU {d~'(e) | e € D} is a sufficient family for U. [l

5. 2-coherence

This section includes a series of lemmas, propositions, and theorems to be used in
the proof of the factor theorem, most of which take as their hypotheses only certain
Cech-homological properties of Pontryagin surfaces. Any nice space having these
properties will be termed 2-coherent.

Definition. Suppose X is a connected, nice space and HX)=7. A family U of
open, connected, nonempty subsets of X is a coherence family if, for any U € U,
the following conditions are satisfied:

(1) The quotient map X — Uisan Pvlz—isomorphism.

(2) ForneN—{1}, Hy(U; Z,) = Z,, and the homomorphism H,(U)— H>(U; Z,,)
(induced by the coefficient group epimorphism Z — Z,,) is an epimorphism.

(3) Any open, connected, nonempty subset of X is exhausted by elements of /.

Definition. A connected, nice space X with I-vlz()A( ) =7 is 2-coherent if the class of
all open, connected, nonempty subsets of X is a coherence family. Among its other
benefits, 2-coherence characterizes the 2-manifolds within the class of 2-complexes.

A proper map f 1 X — Y of 2-coherent spaces has (absolute) degree one if
f X — Y induces an isomorphism on Cech 2-homology with Z coefficients.
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Observation. If U is a coherence family for X and V, U € U with V C U, then the
quotient map U — Visan H,- isomorphism. (To see this, apply H> to the diagram

N\,

14

b's U

where the maps are quotient maps.) Moreover, for n € N — {1}, H,(U;Z,) —
Hy(V; Z,) is an isomorphism. To see this consider the commutative diagram

Hy(U) ——————— Hy(V)

|

Hy(V; Z,)

Hy(U; 7,)

Lemma 5.1. If a connected nice space X with H> ()A( ) = Z has a coherence family,
then it is 2-coherent.

Proof. Let V denote the coherence family and let U be an open, connected subset
of X. Let {V;}72, be an exhaustion of U with V; € V for all i. To verify that (1) (in
the definition of coherence family) holds for U, apply the continuity axiom for Cech
homology to the diagram obtained by applying H> to the following commutative
diagram of spaces and maps:

U

5)

§>

)%/ |

Vi

All maps are quotient maps. Note that U= hm(V] <V« <),

One obtains from the same diagram that H,(U; Z,) = Z,. To verify that
HQ(U) — HZ(U, Z,) is onto first note that, for all i, the composition ﬁz(f]) —
PVIZ(\A/,-) — fIZ(V,-; Z,) is onto (the first homomorphism is an isomorphism and the
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second is onto by hypothesis). Now consider the commutative diagram

Hy(U; Z,,)

; |
Hy(Va; Z,,)

l

Hy(U) Hy(Vy: Z,)

The “vertical” maps are isomorphisms and the others (with the possible exception
of p) are onto. Hence, p is onto. [l

The proof of the following lemma is left to the reader.

Lemma 5.2. If C is a closed O-dimensional subset of a compact, metrizable space
X, then the quotient map X — X /C is an Hy-isomorphism.

Proposition 5.3. A connected nice space U is 2-coherent if and only if U is 2-
coherent.

Proof. (If) This part is left to the reader.
(Only if) We claim that

V={VC U | V is connected and open, and V Ne(U) is compact}

is a coherence family. We verify only condition (1) in the definition of coherence
family and leave the rest to the reader. Consider the commutative diagram

UO—— U/ U0-v)=V

U 14

where V € V and the maps are the obvious quotient maps (the “vertical” map on
the right sends e(U) NV to vV —V). Applying H, to the diagram we have, by
hypothesis, that the bottom horizontal homomorphism is an isomorphism and the
vertical homomorphisms are isomorphisms by Lemma 5.2, so the top horizontal
homomorphism is an isomorphism. ]

Proposition 5.4. Every connected Pontryagin surface is 2-coherent.
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Proof. Observe first that since the end-point compactification of a Pontryagin
surface is a Pontryagin surface (Proposition 4.3) and any open connected subset
of a 2-coherent space is 2-coherent, we can assume without loss of generality that
the Pontryagin surface P of the hypothesis is compact. Use Proposition 2.1 to
express P as the inverse limit of standard maps {p, : R,+1 — R,};2 . We leave it to
the reader to verify that the following class of open sets is a coherence family for P:

{V | there exists a connected compact subsurface M, of R, such that

Doo.n 1S one-to-one over d M, and V is the interior of pgol,n(M,,)}. |

Lemma 5.5. The proper cell-like image of a 2-coherent space is 2-coherent.
Proof. Apply the Vietoris—Begle theorem. (]
Lemma 5.6. Suppose X is a connected 2-coherent space. Then:

(1) X contains no locally separating point.
(2) X contains no separating, closed 0-dimensional subset.

(3) X contains no separating set which is the union of a simple arc and a closed
0-dimensional set.

(4) If X is separated by a set which is the union of a simple closed curve o and a
closed O-dimensional set, then a separates X.

Proof. (1) Suppose U is a connected open set in X and p € U such that U — {p}
is not connected. Since U is 2-coherent we have that U is compact, 2-coherent,
and separated by p. Denote by C the closure of a component of U—{ p} and
let D be the closure of the union of all other components of U-— {p}. Then
I—VIz(fJA )= I-VIZ(C )b ﬁz(D) and so one of the two summands must be trivial, which
is impossible by the 2-coherence of U.

(2) The proof is similar to that of (1).

(3) Suppose otherwise and let A denote the arc. By Lemma 5.5, X /A is 2-coherent
and is separated by a closed 0-dimensional set, which contradicts (2).

(4) Since X is 2-coherent by Proposition 5.3 we can assume without loss that X
is compact. Denote the 0-dimensional set by C and suppose « does not separate X .
Denote U = X —« and note that, by connectivity of U, U is 2-coherent. Since X Jais
the one-point compactification of X —« we have the natural map ¢ : U—X /o (from
the end-point compactification of any nice space to the one-point compactification of
that space). Let x denote the image of « under the quotient map X — X/« and note
that the map ¢ : (ﬁ, e(U)UC) — (X/a, {x}UC) is split (by abuse of notation C is
considered to be a subset of both U and X /o). However, e(U)UC cannot separate U
by (2) and hence {x}UC cannot separate X /. But then « UC cannot separate X. [J
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Corollary 5.7. If X is compact and 2-coherent and A is a cell-like subset of X,
then X — A has one end.

Proof. Otherwise, A would be a locally separating point in X/A (which is 2-
coherent by Lemma 5.5). (]

Corollary 5.8. Suppose A is a separating simple closed curve in a compact 2-
coherent space X.

(1) If U is any component of X — A, then U = U U A.

(2) A is locally separating.

Proof. (1) Suppose A ¢ U. Then UNA is contained in some arc « in A which would
make « a separating point in the quotient space X/« (which would be 2-coherent).
(2) Use (1). O

Lemma 5.9. Suppose X is a compact metrizable space, S is a simple closed curve
in X, and A and B are the closures in X of two distinct components of X —S. Then
the inclusion-induced homomorphism H2(A) ® H2(B) — HZ(X) is injective.

Proof. There exists a sequence of nerves {p,+1.n : (Xn+1, Anti1s Bnt1, Snt1) =
(Xy, An, By, Sp)}o2, such that, for each n, S, is a simple closed curve, A, and
B, are closed components of X, — S, and for Z = X, A, B, or S, hﬁ{an,n :
Zn+1 — Zy} is Z. Now conclude from a Mayer—Vietoris sequence that, for each n,
H,(A,)® Hy(B,) — H>(X,) is injective. Since the inverse limit of monomorphisms
is a monomorphism, the conclusion follows. ([

Observation. If E is a compact subspace of a 2-coherent space X with E # X,
then the inclusion-induced homomorphism Hy(E; G) — Hy(X; G) (where G =7
or Z, for some n € N — {1}) is trivial.

Proof Let U be a component of X — E and note that the composmon H>(E; G) —
HZ(X G)— HZ(U G) (induced by the obvious maps £ — X — U) is trivial and
the second of the two homomorphisms is an isomorphism. (]

Lemma 5.10. Suppose S is a separating simple closed curve in a compact 2-
coherent space X and U is a component of X — S. Then:

(1) Hy(U)=0

(2) 04 : 1:12(17, S) — I-VIl(S) is an isomorphism.

(3) X — S has two components.
Proof. (1) By Lemma 5.9 (where A = U) we have H,(U) — H,(X) is injective.
But, by the observation, it is also trivial.

(2) We have homomorphisms f]z(f] ) LY Fvlz(l_] , ) E) I-?l (S) where ¢ is the inverse
of the isomorphism induced by the quotient map U — U/S = U. Let a € H>(U)
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be a generator and denote 8 = (9, o ¢)(cr). We will show that 8 is a generator
of H{(S) (which we identify with Z). We can assume without loss of generality
that 8 > 0. If 8 =0, then ¢(«) is in the image of HZ(U) — Hz(U S) and hence
H2(U ) is nontrivial (impossible by (1)). If 8 > 1, we have a nontrivial element
of H2(U Zg) again Vlolatmg (1) (note that nontriviality of the element follows
from the surjectivity of HZ(U ) — HZ(U Zp)).

(3) Assume X — S has at least two components Uy and U,. If (X — §) # U; U Uy,
use (2) to argue that H» (U U U,) must be nontrivial, contradicting (1). U

Corollary 5.11. If X is a noncompact 2-coherent space and R is a separating
closed subset of X homeomorphic to R, then X — R has two components.

Proof. Let o denote the closure in X of R. By Lemma 5.10 it will suffice to show
that « is a simple closed curve, but if o« were an arc, then the 2-coherent space X /o
would contain a separating point. ([

Definition. A simple arc A in a 2-coherent space X is 2-sided if, given any subarc o
of A, there exists a neighborhood V such that VNA =¢&, V — A has two components,
and denoting the two components by V| and V>, ViNV, =« and Fr(‘7,-) =V:-V,
(i =1,2). (Such a neighborhood V of & will be called dichotomous.)

Proposition 5.12. Any locally separating arc A in a 2-coherent space X is 2-sided.

Proof. By Corollary 5.11 it will suffice to show that A separates some open
connected neighborhood of itself. We briefly outline the proof. Construct a family
U = {Uy}nez of open connected sets covering A and satisfying the following
properties:

(1) For each n, U,, — A is disconnected.

(2) For each n, U, N A is an open subarc of A whose closure in A is disjoint from
0A.
(3) UinU; # @ ifand only if |i — j| < 1.

Now, by a Lebesgue number argument applied infinitely many times, we can
choose a second covering {V,,},,cz satisfying the same three properties and, in
addition, for |i — j| = 1, V; U V; is contained in some element of /. Prove by
induction on N € N that UnA;:_ ~ Vi is separated by A. Then | J,,.; Vin is the
desired neighborhood. ([

Observation. If A is a 2-sided simple arc in a 2-coherent space X, then any subarc
of A is also 2-sided. Also note that if U is a dichotomous neighborhood of A and
V is a connected, open set with V. C U such that V N A is connected, then V is a
dichotomous neighborhood of V N A.

The following observation is used in the proof of Proposition 5.13. Its proof is
left to the reader.
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Observation. The absolute degree of a map of compact 2-coherent spaces is “de-
termined locally”; i.e., if f : X — Y is such a map and V is an open, nonnull,
connected subset of Y such that f~1 (V) is connected, then the absolute degree of f
is the same as the absolute degree of the one-point compactification of the map
flef~iv)y—v.

Proposition 5.13 (degree-one proposition). If X is a compact 2-coherent space,
then amap f : X — S? has degree one if the following conditions are satisfied:

M f ~1(SY) is the union of a simple closed curve A and a closed O-dimensional
setand f|A: A — S!is bijective.

(2) For C either component of S*> — S, f~1(C) # @.

Proof. First note that since f~'(S') separates X we have, by Lemma 5.6, that A
separates X and hence, by Lemma 5.10, that X — A has two components. Let U be
one of them and let D be that component of $2 — S! which contains fU) (and
hence by condition (2) we have f~!(D) = U). Consider the commutative diagram

v 0% v
Hy(U, A) ———— H;(A)
(f1U)x (fl1A)x
v = Oy v
Hy(D, S") H(Sh

By Lemma 5.10, (f|A)4 o 04 is an isomorphism and 9, at the bottom of the
diagram is obviously an isomorphism. Hence, (f|U)s is an isomorphism. So the
map ﬁg(U/A) — 1:12(5/51) (induced by f) is also an isomorphism. To see this,
note that U /A = U and apply the above observation. U

The rest of this section is devoted to the proof of the following theorem.

Theorem 5.14. If A is either a locally separating simple arc or a separating simple
closed curve in a compact 2-coherent space X, then there exists a split, degree-one
map (X, A) > (S2, B) which is bijective over B, where B is either I or st

The principal ingredients in the proof are Proposition 5.13 and the strong gener-
alized Tietze extension theorem (SGTE) stated below.

Theorem 5.15 (SGTE). If A is a closed subset of a compact metrizable space X,
then any map f : A — S"~' (n € N) has a split extension g : (X, A) — (B", $"~1).
Furthermore, that extension is unique up to admissible homotopy.

Proof. The so-called generalized Tietze extension theorem guarantees an extension
h:(X,A) — (B" $"!) (which however is not, in general, split). Define g as
follows. First choose a metric p for X and define a second metric p’ by p’(x, y) =
min{l, p(x, y)}. Now let g(x) = (1 — p'(x, A)) - h(x) (where B" is viewed as
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vectors of norm at most one in R", and the dot in the preceding equation indicates
scalar multiplication).

Now suppose that gg and g; are two such split extensions of f. Define ¢ :
(A x [0, 1D U(X x {0,1}) = (8" ' x [0, 1]) U (B" x {0, 1}) by
(f(x),t) ifxeA,
(gi(x),i) ifxeXandie{0,1}.

The desired homotopy is a split extension of ¢ to

p(x,t)= {

(X xI,(AxHU(X x{0,1})) = (B" x I, 3(B" x I)). O

Proof of Theorem 5.14. We consider only the case in which A is an arc (the argument
for A a closed curve is similar and easier). By Proposition 5.12 we can choose
two dichotomous neighborhoods V and U of A in X such that U C V U dA.
Hence, if U; and U, are the components of U — A, we have that FrU; — A
and Fr U, — A are disjoint (since they are in different components of V — A).
Let Cy and C, denote FrU; — A and Fr U, — A, respectively (note that FrU =
CiUCyand C;NCy =0A). Leta : A — I be any homeomorphism and apply the
SGTE (Theorem 5.15) to «|0A : dA — 91 to obtain a split map B : (C, 0A) —
(S'N{(x1,x2) e RZ C 8% | x, > 0}, 9]). Let Bi and B2 be the upper and lower
2-disks in B? containing I in their boundaries. Apply the SGTE again to extend
aUB:FrU; — S? to obtain a split map ¢; : (U, FrU,) — (B2, aBi). Similarly
we obtain ¢, : (U,, FrU,) — (B2, 3B%). We have ¢|A = ¢2|A = o. Denote
¢ = @1 Ug,. Apply SGTE a final time to extend ¢| Fr U : Fr U — S? to a split map
V(X —U,FrU) — (82— B2, 9B?%). Then ¢ Uy is the desired map.

It remains only to verify that the degree of ¢ U is one. To see this, consider the
end-point compactification of the map ¢|U : U — B? which we denote by n: U— 0.
The target is a 2-sphere and the domain a 2-coherent space by Proposition 5.3. It
follows easily from the definition of 2-coherence that n and ¢ U i have the same
degree. Denote by L the closure of [inQ(soLisa simple closed curve) and note
that ! (L) is the union of a closed set of dimension zero and the closure of AinU
(which must be either a simple arc or a simple closed curve). Since n~'(L) must
separate U, we conclude from Lemma 5.6 that the closure of A in U is a simple
closed curve. Apply the degree-one proposition to 1 to complete the proof. ([

6. A reduction of the factor theorem

In this section we show that the following result, whose proof is deferred to Section 7,
implies the factor theorem. The crucial difference between the factor theorem and
this factor reduction theorem is that in the former the complement of the arc (in
the intermediate space) is an open Pontryagin surface whereas in the latter the
analogous space is a genuine surface.
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Theorem 6.1 (factor reduction theorem). Suppose Y is a compact, connected,
metrizable space, A is a closed subset of Y such that Y — A is an open surface, each
component of which is orientable, and f : (Y, A) — (S2, C) is a split, surjective
map which is injective over C and such that one of the following conditions is
satisfied:

(1) C =1, Ais2-sidedinY,Y — A has one end (hence is connected), and
fIY —A:Y — A — S —C has degree one.

(2) C =S, Ais2-sidedin Y, and if R denotes either component of S* — C, then
f*I(R) has one end and the map flf*I(R) : f*I(R) — R has degree one.

Then Y is a Pontryagin surface and A is P-negligible.

(Note that in what follows we will verify the conclusion only for the first of
the two conditions in the statement. The proof given the second condition is very
similar, though slightly easier at certain points, and is left to the reader.)

We introduce some terminology which will be used only in this section.

Definition. Suppose v : X — Z is a map of compact, metrizable spaces and U
is an open subset of Z such that ¥/~ (U) is a Pontryagin surface with a sufficient
family £ which is null in X. If there exist D C £ with D sufficient for v~ 1(U) and
a homotopy of ¥ supported in U to a map ' having a factorization

(where d is the decomposition map), then we say « is a Euclideanization of
over U using £. (Note that the existence of the factorization for v is equivalent to
the condition that for all e € D, ¥’ (e) is a singleton.)

Lemma 6.2. Suppose ¥ : (Y, C) — (B, 0 B) is a split map where B is a 2-disk, Y is
a compact, metrizable space, and 1~ (é ) is a Pontryagin surface with sufficient
family € which is null in Y. Then { has a Euclideanization over B using &.

Proof. Letd : Y — Y /& be the decomposition map, and note that d is injective
over d(C). Apply the SGTE (Theorem 5.15) to ¢ o d='1d(C) : d(C) — 8B to
obtain a split map « : (Y/&,d(C)) — (B, aB). To obtain the homotopy, apply the
uniqueness provision of the SGTE to the maps ¢ and « o d ([

Proposition 6.3. Suppose that X is a connected, compact, metrizable space, ¢ :
(X,A) —> (S%, Disa split surjective map which is one-to-one over I, X — A is an
open Pontryagin surface, and £ is a sufficient family for X — A which is null in X.
Then ¢ has a Euclideanization over S* — I using .



DEGREE-ONE, MONOTONE SELF-MAPS OF THE PONTRYAGIN SURFACE 109

Proof. The idea is to choose two 2-disks in S? such that the union of their interiors
is S — I and then Euclideanize the map over each of the 2-disks in succession.
Some care is required.

Choose three disks D, E, and F in S? such that F C E C D and any two of the
disks have boundaries intersecting in / as shown below, where [ is the horizontal
line segment and 0 D is the outermost simple closed curve:

=

From Proposition 4.1 we have that (¢! (D)) is sufficient for ! (D). Apply
Lemma 6.2 to the map

ol(e~ (D), ' (3D)) : (o' (D), ¢~ (dD)) — (D, dD)

to obtain a Euclideanization « of that map using £ (go_1 (f))). Letd : X —
X/E(p~ 1 (D)) be the decomposition map and denote D = {d(¢) | e € E—E (@~ ' (D))
and d(e) e a1 (S? — E)}. By Lemma 4.2, D is a sufficient family for a Y(S?—F)
(where in the application of that lemma we use U = a ISP, A=a " (F-1),
and B =a ' (E — I)). Now Euclideanize « over S? — F using D. U

Proof that the factor reduction theorem implies the factor theorem. As usual we
consider only the case in which the set A C Q in the hypothesis of the factor theorem
is a simple arc. Note at the outset that monotonicity of f implies monotonicity
of ¢. As aresult, 9~ ' (A) must be 2-sided in X. Set A’ = ¢~ !(A).

Let £ be a sufficient family for P. Hence, E(P — f~'(A)) is sufficient for
P — f~1(A). Form & = {y/(e) | e € E(P — f~1(A))} and note that &£’ is sufficient
for X — A’ (since the restriction of i to P — ffl(A) is 1-1) and is null in X. Here
Y restricts to a homeomorphism

P—flA>X—-p'A)=Xx—-A.

Hence, both the end-point and one-point compactifications of X — A’ have H>
isomorphic to Z. As f = ¢ oy has degree one, ¢ : (X, A’) — (Q, A) must also
have degree one.

Use Theorem 5.14 to obtain a split, degree-one map « : (Q, A) — (S2,1). Its
composition with ¢ yields a degree-one map ¢ o : (X, A") — (S2,1).

Apply Proposition 6.3 to obtain a Euclideanization ¢’ : X/D — S§% of a0 ¢
over S — I using £&'. Letd : X — X/D =Y be the decomposition map and let
A* = d(A’). Note that degree ¢’ = degree o o ¢ = 1. We leave it to the reader
to verify that A* is 2-sided in Y (hint: use the fact that the image under d of a
dichotomous neighborhood of A’ in X which is saturated with respect to D must
be a dichotomous neighborhood of A* in Y).
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Consequently, the hypotheses of the factor reduction theorem are satisfied. From
it we conclude that Y is a Pontryagin surface and A* is [P-negligible in Y. By a
standard general position argument, we can choose a sufficient family F for Y,
each element of which is disjoint from A* U {d(e) | e € D}. It follows easily that
{d~(e) | e € F}UD is a sufficient family for X, no element of which meets A’. [J

7. Proof of the factor reduction theorem

We prove the factor reduction theorem (Theorem 6.1) by first producing a convergent
sequence of admissible homotopies, starting with the map of the hypothesis, which
progressively enlarge the 1-dimensional subspace of S? over which the map is
bijective. The initial step (the “arc proposition”) is the most difficult. It produces an
admissible homotopy of the map of the hypothesis to a map which is bijective over
the union of C (either I or S') and an arc meeting C in a preassigned point. In the
proofs of both the arc proposition and the subsequent factor reduction theorem, we
consider only the case C = I. We leave it to the reader to make the modifications
necessary for the case I = S'. In what follows recall that H denotes closed upper
half-space in R?.

Proposition 7.1 (arc proposition). Let f : (Y, A) — (52, 1) be a map as in the
hypothesis of the factor reduction theorem. Given ¢ > 0 and a € (—1, +1) there
exists a homotopy of f to a map g supported in a neighborhood U C H for which
diam U < ¢ and U N (R x {0}) = {(a, 0)}, such that g is bijective over {a} x [0, r]
for some r > Q.

Before proving the arc proposition we introduce some terminology and notation.
Suppose f : X — Y is a map of spaces and V C U are subsets of Y. The pair
(U, V) is good for f (or merely good when no ambiguity can result) if f (V) is
contained in a component of f~!(U). If Y is a metric space, then the diameter of
the pair (U, V) is the diameter of U. For a point p in a metric space (Y, p), B[p, €]
will denote the closed ball of p-radius ¢ centered at p.

The proof of the arc proposition requires the following five lemmas. The proofs
of all but the last are left to the reader.

Lemma 7.2. Suppose f : X — Y is a map from a compact nice space to a metric
space which is one-to-one over the singleton {p} in Y. Then given ¢ > 0 there exists
8 > 0 such that (B[ p, €], Blp, 8]) is good.

Lemma 7.3. Suppose X is a nice space and A C U C X with A compact and U
open and connected. Then there exists a compact, connected subset C of X with
AcCcCcCU.

Lemma 7.4. Suppose f : R — Q is a proper, boundary-preserving map of surfaces
and (D1, D) is a pair of 2-disks in Q satisfying the following:
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(1) DcDyc D C Q.
(2) Both f_l(Dl) and f_l(Dz) are surfaces.

Then, if C denotes the union of the components of f~'(Dy) meeting f~'(D»), there
exists a homotopy of f supported in any preassigned neighborhood of D to a
map g such that g~'(D,) = C.

Lemma 7.5. Any degree-one, split map ¢ : (Q, dQ) — (B2, dB?) of a compact,
connected, orientable surface Q is admissibly homotopic to a map which is bijective
over a preassigned disk in B>.

Note. Lemma 7.5 follows easily from the classification theorem for compact,
orientable surfaces and is also an immediate consequence of the principal theorem
in [Epstein 1966].

Lemma 7.6. Suppose Q is a noncompact, one-ended, connected, orientable surface
such that 0 Q has one noncompact component, ¢ : (Q, dQ) — (H, dH) is a proper,
degree-one, split map, and Q2 is a collar on d H in H. Then ¢ is properly, admissibly
homotopic to a map which is bijective over H — 2.

Proof. We will treat the case where Q has infinitely many boundary components
and infinitely many handles; strategies for dealing with the other possibilities can be
inferred from what we do in that slightly more complicated case. For definiteness
we assume that Q2 =R x [0, 3] C H. The proof requires some care because d Q has
two ends while Q has only one.

Let S be the subset of Z determined as follows (and here we denote by L
the noncompact component of dQ). If there exists a real number b such that
(@0 — L) C (b, +00) C 0H, then S = N; if there exists a number &’ such that
@00 — L) C (—o00,b), then S = Z — N; otherwise, S = Z. Now foreachn € §
let D, be a 2-disk in the interior of [n,n + 1] x [0, 1] and let E, be a 2-disk in
the interior of [n,n + 1] x [2,3]. Also for each n € S, let T,, be a punctured
torus in [n,n + 1] x [2,3] x [0, 1] with T, " H = 9T, = 0E, and let A,, be an
annulus in [n,n + 1] x [0, 1] x [0, 1] with one component of dA,, equal to 0D,
d0A,—0D, C(n,n+1)x{0}x (0, 1), and An C(n,n+1)x(0,1)x (0, 1). Denote
Q' = [H — UneS(Don Uén)] U [UneS(An U T,,)]. Let @ : Q' — H be the restriction
to Q' of the projection map H x [0, 1] — H. Note that ® is an admissible map.

By the classification theorem for noncompact surfaces [Prishlyak and Mischenko
2007; Richards 1963], there is a homeomorphism 6 : Q — Q’. Modify 0, if
necessary, so that ®0|L, ¢|L : L — dH are properly homotopic. Then modify
further so that, for each compact component J of dQ, ®0(J) C [0, +00) C 0H
if and only if ¢ (J) C [0, +00). Now it follows that the straight line homotopy 1,
is a proper homotopy between ®0|00, ¢|0Q : dQ — dH (as maps to H). By
construction, ®0 is injective over H — 2.
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Pass to the one-point compactifications Q, A , and BQ of O, H, and 00, re-
spectively (the third of these is an admitted abuse of notation), and observe that
H is a 2-cell. Name compactification points oo and oo’ in Q and H, respectively.
Let A C Q x [0, 1] be the subset (Q x {0, 1}H U (8Q x [0, 1]). Define a map
fiA—> H x [0, 1] as ®6 on QxO (poanl and u; on dQ x [0, 1] C8Q><[0 1],
and as the map (o0, t) — (o', 1) on 0o x [0, 1]. Apply the SGTE (Theorem 5.15)
to extend f to a split map F : (Q x [0, 1], A) = (H x [0, 1], 3(H x [0, 1])). A
restriction of F gives a proper homotopy between ®6 and ¢. (]

Proof of the arc proposition. Note first that we can assume that ¢ is small enough
so that f~!(B[(a, 0), ]) is contained in a dichotomous neighborhood of A. We
will also assume without loss of generality that f is transverse to all subsurfaces of
$2 — I constructed below. We denote, fora € (=1, +1)and 8 >r >0, M(a, 8, r) =
Bl(a,0),81N{(x,y) e R?*| y = r}.

Claim 1. Given a € (—1, +1) and ¢ > 0 there exists é € (0, ) such that for any
r < & there exists s < r so that (M (a, ¢, s), M(a, 6, r)) is good.

Proof. From Lemma 7.2 there exists § > 0 such that (B[(a, 0), €], B[(a, 0), §])
is good. Since the preimages of these sets lie in a dichotomous neighborhood
of A—9dA we can conclude that (B[(a, 0), e]N H, Bl(a, 0), 1N ﬁ) is also good.
Hence, (B[(a, 0), e]N I-OI, M(a, §,r)) is good. To finish the proof of Claim 1, apply
Lemma 7.3 to conclude that, for some s > 0, (M (a, ¢, s), M(a, §,r)) is good. [

Now continuing with the proof of the arc proposition, choose decreasing se-
quences {§;}, {r;} in (0, +00) converging to 0 and such that, forall i, §; 11 > r; > §; 2.

Denote N; = M(a, §;, r;) and observe that, for all i, N;\N; ;1 isadisk, N;N\N; =
@ if |i — j| > 1, and lim(diam ;) = 0. From Claim 1 we can find (after, in
general, deleting the first K entries for some K € N and reindexing) a sequence
{(&i, 5i)}72, of pairs of positive real numbers such that lime; = 0 and, for all 7,
& > &it+1, & > Si, i > S;, and denoting M; = M (a, ¢;, s;), the pair (M;, N;) is good.
Denote by Y and Z the components of [—1, +1] x [0, +00) — TM, containing
{(x,0) | =1 < x < a} and {(x,0) | a < x < 1}, respectively. Applying Claim 1
infinitely many times we can choose sequences {(A;, B;)} and {(C;, D;)} of good
pairs of disks in ¥ and Z, respectively, satisfying the following conditions:

(I) Foralli #j,AiNAj=and C;NC; = 2.
(2) Given & > 0 there exists N € N such that A; U C; C BJ(a, 0), €] whenever
i>N.
Now by Lemmas 7.4 and 7.5, we can assume, without loss of generality, that for
all i, f is bijective over B; U D;.
Let R be a closed subset of H — I satisfying the following conditions:

(1) The closure of R in H is RU {(a, 0)} and that closure is a disk.
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(2) For every i, d R meets each of B; and D; transversely in an arc.

(3) U, M; C R.

Denote Q = ' (R). From bijectivity of f over ({J; B:)U(UJ; D;) we conclude
that 0 O has one noncompact component. Denote by Qg that component of Q
containing the noncompact component of Q. Then f|Qg: O¢p — R has degree
one and is therefore surjective. So for all i, f(Qp) N N; # @ and hence, from
goodness of the pairs {(M;, N;)} we have f(Q — Qo) N (Uloil N,-) = . Now,
because R — Uf’i 1 Ni is homeomorphic to R x [0, 1), all components of Q — Q¢ can
be “eliminated” (i.e., in the image, “pushed out of”” R) by an admissible homotopy
of f fixing f outside any preassigned neighborhood of O — Q¢ in X — A (the details

of this argument are left to the reader). So we have established the following claim.
Claim 2. We can assume without loss of generality that Q is connected.

We will show that we can also assume without loss of generality that Q has
one end which, by Lemma 7.6, will complete the proof of the arc proposition. To
establish this, let {W,}>° | be an exhaustion of R satisfying the following conditions,
where Z, denotes the closure in R of R — W,,:

(1) For all n, W), is a disk such that W, N9 R is an arc and W,, C Int W, 1| (where
the interior is with respect to R).

(2) Given n there exists j such that

[o¢]
AW, N (U N,-) =W, N[N; — (N1 UN;_)]

i=1
and this set is an arc.
3) If, for some n and i, Z, " N; # &, then M; C Z,,_;.

Now, by an argument similar to that which established Claim 2, we can assume the
following without loss of generality: (x) for all 7, no component of f~!(Z,) is sent
by f into Z,, — (U;’il Ni) (we leave this to the reader, but note first that the closure
of Z,— (U2, Ni) in R has two components, each of which is homeomorphic to H).

Now, for a given n, there must exist a component C of f ~1(Z,) such that fIC:
C — Z, has nonzero degree and is therefore surjective. If C’ is another component of
f~Y(Z,), we have by (%) that, for some j €N, f(C")NN; # &. By condition (3) for
{W,} we then have M ; C Z,,_ and hence, by goodness of the pair (M ;, N;), we have
that C' U C is contained in a component of f~'(Z,_;). Hence, Q has one end. [J

Notation. To avoid ambiguity in the sequel, the notation (a, b) (where a, b € R)
will be used exclusively for open intervals in R. The map p; : R? — R is projection
to the second coordinate.
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In the observations below (used in the proof of Lemma 7.7), R is a compact,
orientable surface with boundary.

Observation. (1) If two split maps from (R, dR) to (B>, dB?) are equal over
d B2, then they are admissibly homotopic.

2) If0<a<b<landg:9dR— 9(]0, 11%) isa map bijective over {0, 1} x [0, 1],
then ¢ extends to a split map from (R, OR) to ([0, 112, 8([0, 11%)) which is
bijective over [0, 1] x [a, b].

Proof. (1) The straight line homotopy between f and g is admissible.

(2) We leave this to the reader except noting that we can assume without loss
of generality that R is planar. To see this, first use the classification of compact
surfaces to show that R contains a compact surface S such that R/S is a planar
surface. ]

Lemma 7.7. Suppose R is a connected, orientable, noncompact surface having
one end. Also suppose that ¢ : (R, dR) — (Q, 0Q) is a proper, split map where
0 =la, b] x (0, c] (for some a, b, c with a < b and ¢ > 0) which is bijective over
{a, b} x (0, c]. Then there exists s < ¢ such that foranyt <s and(0 < ¢ < % there
is a proper, admissible homotopy of ¢ supported in (a, b) X (t, ¢) to a map which is
bijective over [a,b] X [t +¢&,c —¢].

Addendum. There is a straightforward generalization of Lemma 7.7 which we
will need. In the hypothesis of that generalization connectivity of R is replaced by
the following: R has finitely many components only one of which is noncompact.
Then in the conclusion the number c is replaced by r with 0 < r < ¢ such that no
compact component of R meets (p‘l ([a, b] x (0, r]).

We leave the full statement and proof of the generalization to the reader. In the
sequel, it will be understood that “Lemma 7.7 ” refers to this generalization.

Proof. By one-endedness of R we can choose s so that if # <, then the image of only
one component of (p_l ([a, b] x [t, c]) meets both components of [a, b] x {t, c}. Let
C denote that component. We can assume without loss of generality that the images
of all other components of o '([a, b] x [t, c]) are in [a, b] x ([t, t + &)U (c —¢, c]).
We leave it to the reader to complete the proof using the above observations. [

Now for the remainder of the proof of the factor reduction theorem we adopt
the following notation: fora > 0O and n e N, E, = {2% k € Z and zﬁn < 1},
M, =max E,, W(n,a) = [—-M,, M,] x (0,a], and Z{n,a) = (E, x (0,a]) U
([—M,, M,] x {a}); for b <0, Z{(n,b) = {—X | X € Z(n, —b)} (and similarly for
W(n, b)).

We will show that, for some strictly decreasing sequence {a,},- , converging to
zero, f is admissibly homotopic to a map which is bijective over | Ji=, Z (k, ax).
We construct such a map as the limit of a sequence { f,,}°° ; of split maps where, for
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each n, f, is bijective over UZ:1 Z(k, ai) (for appropriately chosen {ay, as, ..., a,})
and f,4 is admissibly homotopic to f;,. The following observation will be used to
ensure convergence of { f,,}°° .

Observation. A sequence {g,: (Y, A) — (52,1 V102 | of admissible maps converges
to a map admissibly homotopic to g if, for each n > 1, g, is homotopic to g,
by a homotopy supported in an open subset U, of S* — I having finitely many
components and compact closure in S* — I and satisfying the following: for all
n*m,U,NU, =3, and

lim max{diam(C) | C is a component of U, } = 0.
n—>oo

Now, applying the arc proposition infinitely many times, construct a monotone
strictly decreasing sequence {b,}°°, of real numbers converging to zero and a
map fo admissibly homotopic to f and bijective over U;’;l E, x [0, b,]. The
map fy is itself the limit of a sequence of maps each of which is obtained by an
application of the arc proposition to its predecessor. The above observation is used
to ensure convergence and to verify that the limit is admissibly homotopic to f.
The details are left to the reader.

Now given fy we will construct f, then briefly indicate the construction of f.
The induction step in full generality we leave to the reader.

To construct fi, let F' denote the closure in H — d H of one of the components
of W(1, by) — Z(1, by) (which is [(—, 0) U (0, 3)] x (0, by)). Apply Lemma 7.7
to folfo_l(F) : fo_l(F) — F for each choice of F. Choose the r and ¢ (as in
Lemma 7.7) to be the same for both applications. We are free to choose r small
enough so that each of the two homotopies has support in an open rectangle whose
diameter is less than one. Let f; be the map which results from the composition of
the two homotopies. From the conclusion of Lemma 7.7 we can choose a; < b
such that fi is bijective over [—1, 1] x {a1}.

Now to construct f, apply Lemma 7.7 to each map f; |ffl(F) : fl’l(F) — F
where F = [%, ]‘2%1] x (0, c2] where ¢; = min{a,, b} and k is an integer with
—3 <k < 2. Choose a common r and ¢ for the six applications of the lemma and
furthermore choose » small enough so that each of the homotopies has support in
a rectangle of diameter one half and furthermore that support is disjoint from the
support of the previously constructed homotopy of fy to f;. The composition of
the six homotopies is the homotopy from f; to f,. The conclusion of Lemma 7.7
allows us to choose a; < ¢y such that f; is bijective over Z(1, a;) U Z(2, a»).

By “symmetry” we can now assume without loss of generality that the map f of
the hypothesis is bijective over |, [Z (n, a,) U Z(n, b,)] where {a,} and {b,} are
monotone strictly decreasing and monotone strictly increasing, respectively, and
both sequences converge to zero. Note that the closure in S? of Ur2 [Win, a,) U
W {n, b,)] is a 2-disk and denote the closed complement of that 2-disk minus the
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endpoints of / by Q (it is homeomorphic to [—1, +1]xR). Denote R = f “1(0). We
have that f|R: R — Q is a proper map of noncompact surfaces and f|dR:9R— 30
is bijective. Furthermore, it follows from one-endedness of ¥ — A that f|R: R — Q
is bijective on ends. It follows from the classification theorem for noncompact
surfaces [Richards 1963; Prishlyak and Mischenko 2007] (and the special case
required here can also be proven by applying Lemma 7.7 infinitely many times) that
R can be constructed by first deleting the interiors of a proper family of pairwise-
disjoint 2-disks in R x [0, 1], none of which meets R x {0, 1}, and then attaching to
the boundary of each 2-disk a once-punctured torus. Denote by S the decomposition
space obtained from the decomposition of R whose only nondegenerate elements are
the punctured tori. Up to admissible homotopy fixing f|d R, the map f|R: R — Q
factors through a map g : § — O whose end-point compactification is a split
boundary-to-boundary map of 2-disks. Hence, from the observation preceding
Lemma 7.7, that map is admissibly homotopic (fixing g(9S) to a homeomorphism).
So we can assume without loss that the map f sends each punctured torus to a point
and is injective over the complement of the image of the union of all the punctured
tori. So we can easily choose a proper, split embedding (Z x [—1, +1],Z x
{—1,4+1}) — (Q, 0Q) such that f is injective over the image of the embedding
(which we denote by E). So now we can assume without loss of generality that the
map f is bijective over I UEU (Uiil [Z(n,a,)UZ(n, bn)]), which we denote by Z.

Note that the closure of any component C of the complement of Z in S2 is a
2-disk and that f|f~!(C): f~1(C) — C is a boundary-preserving map of compact,
connected orientable surfaces which is bijective over dC and hence is homotopic
(fixing £]df~1(C)) to a standard map. It follows easily that Y is a Pontryagin
surface and A is P-negligible.

8. Pontryagin disks

Recall that a Pontryagin disk D is a compact, connected subset of a rich Pontryagin
surface P whose frontier relative to P is a simple closed curve. That curve is called
the boundary of D and is denoted 0). The subset D — 0D is the interior of D,
written IntD. By Corollary 3.2 every Pontryagin disk D has a rich family £ of
figure-eights, all of which lie in Int D; we shall assume that every sufficient family
for a Pontryagin disk used here has this property.

Theorem 8.1. Suppose D and D' are Pontryagin disks equipped with sufficient
Sfamilies £ and &', respectively. Let S = D/E and S' = D'/E' be the associated
decompositions and letd : D — S and d’' : D' — S’ be the quotient maps. Let Z be a
closed subset of S such that ZNd(E) = &, and let h : S — S’ be a homeomorphism
such that h(Z) Nd' (") = @. Then for any ¢ > 0 there exists a homeomorphism
H :D — DV such that hd and d'H are e-close and equal on d='(Z).



DEGREE-ONE, MONOTONE SELF-MAPS OF THE PONTRYAGIN SURFACE 117

The proof of the above theorem, which occupies most of this section, is deferred.

Corollary 8.2. Every homeomorphism v : 9D — 3’ between the boundaries of
Pontryagin disks D, D' extends to a homeomorphism ¥ : D — D'

Proof. Let £ and &' be full families for D and D, respectively. Recall that by
convention no elements of £ or £ meet 9D or dD'. Let B=D/€ and B’ =D'/&’
denote the usual decompositions and d : D — B and d’: D’ — B’ the quotient maps.
Since B and B’ are 2-disks the homeomorphism d’ o ¢ o (d|dB)~! : 9B — 9B’
extends to a homeomorphism 4 : B — B’. Apply Theorem 8.1 with Z=09S. O

Corollary 8.3. Let J and J* denote separating simple closed curves in closed, rich
Pontryagin surfaces P and P*, respectively. Then any homeomorphism h : J — J*
can be extended to a homeomorphism H : P — P*.

Proof. Each of J and J* bounds two Pontryagin disks in their respective Pontryagin
surfaces. Apply Corollary 8.2. ]

Theorem 8.1 also supplies an affirmative answer to a question raised by D. Repov§
on several occasions back in the 1990s. The argument for Corollary 8.4 below also
yields that Cantor sets in connected rich Pontryagin surfaces are homogeneously
embedded.

Corollary 8.4. Suppose that D and D' are Pontryagin disks and that K C Int D and
K’ C IntD' are Cantor sets. Then each homeomorphism h : dIDU K — 0D’ U K’
extends to a homeomorphism H : D — D).

Proof. Here K is P-negligible in Int D, so there exists a full collection £ of figure-
eights for D, all of which lie in Int D — K. Similarly, there exists a full collection &’
of figure-eights for [, all of which lie in IntD’ — K’. Apply Theorem 8.1 using
the obvious decompositions. ([

Definition. Let D, &, and d be as in Theorem 8.1. A utilitarian web W for S is a
finite collection {B;} of 2-cells in S that cover S, whose boundaries miss d(£), and
for i # j, B; N B; is either empty or a connected subset of the boundary of each.
(A utilitarian web is a generalized triangulation.) We define utilitarian webs W on
appropriate quotients of closed Pontryagin surfaces similarly. We will refer to the
union of the boundaries as the 1-skeleton of W. We will call two such webs W, W’
for S equivalent if there exists a homeomorphism £ : § — S that induces a bijection
from the cells of W to the cells of W',

The following is an immediate consequence of Theorem 8.1:

Corollary 8.5. Under the hypotheses of Theorem 8.1, let W be a utilitarian web
for S and let h : S — S’ be a homeomorphism that carries the 1-skeleton T of W
into 8" — d'(€"). Then there exists a homeomorphism H : D — ) such that
hd(t)=d H(t) forall t € d~(T) U dD.



118 ROBERT J. DAVERMAN AND THOMAS L. THICKSTUN

We state several definitions before returning to the proof of Theorem 8.1.

Definition. A PreP space X is a space equipped with two subspaces denoted E (X)
and C(X) satisfying the following: X is a compact, connected, orientable surface
with connected boundary; E(X) is the union of a finite family of pairwise-disjoint
figure-eights in X such that, for each figure-eight e € E(X), X/e is a surface; C(X)
is a countable dense subspace of X disjoint from E(X).

A map f: X — Y of PreP spaces is a Pre[® map if it is standard and satisfies
yeY||f'»#1}CCY)and f(E(X)UC(X)) = E(Y)UC(Y). Note that
compositions of Pre® maps are PrelP.

A diagram is a set D of surjective maps of compact metric spaces satisfying the
following conditions: the range of no element of D is the same space as its domain;
no two elements of D have both the same domain and the same range. A derived
map of a diagram D is a map which is the composition of elements of D such
that no element of D appears more than once in the factorization and the domain
and range of the composite map are different (subsequently, when we refer to a
“factorization” of a derived map, it will be understood that the factorization satisfies
this condition).

A modulus of continuity of a diagram is a function § : (0, +00) — (0, +00)
which is a modulus of continuity for every derived map of the diagram (i.e., given
a derived map f of the diagram, ¢ > 0, and points x and y in the domain of f
which are §(e)-close we have that f(x) and f(y) are e-close). Note that any finite
diagram has afmodulus of continuity.

A pair X = Y of derived maps of a diagram is allowable if f and g have
factorizations such that if 4 and B denote the sets of spaces appearing in the
factorizations of f and g, respectively, then AN B = {X, Y}.

A diagram D is e-commutative if the two maps of any allowable pair are e-close.
An infinite diagram is asymptotically commutative if, given ¢ > 0, there exists a
finite subset D¢ of D such that D — D¢ is e-commutative.

Observation. Given an inverse sequence {p, : X,4+1 — X,}2 | of surjective maps
of compact metrizable spaces with limit X o, there exist metrics {p,},- | for {X,}72,
and po for Xoo so that, for any x, y € X oo, the sequence {0, (Poo,n(X), Poon(¥))} oo
(where poo.n : Xoo = Xy, is the projection map) is strictly increasing and has limit
Poo (X, y). (We leave the proof to the reader.)

Definition. Diagrams of the following two forms will be referred to as fype A and
type B diagrams if, in each case, the metrics in the vertical columns (which are
inverse sequences) satisfy the condition stated in the above observation:
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(A) : : B)
Pn+1 P Pn+1 Ppsi
fn+1 fn+1
/ /
Xn+1 Xn+l Xn-‘rl Xn—',—l
8n
Pn Pn Pn Pn
Jn In
X, X! X, X!
/ /
Pn—1 Py Pn—1 / Pn_1
f2 /
X5 X/2 X2 X/Z
p / gl /
1 2 P 2
h S
X, X/ X, X/

Lemma 8.6. Given an asymptotically commutative type A diagram D (with notation
as in the definition) there exists a map fs: Xoo — XL, having the following property:
for any & > 0 there exists N € N such that if n > N, then p , o foo and f, © poon
are g-close.

Proof. From asymptotic commutativity of D we have that, for any k € N, the
sequence of maps { p; %© JaoPoon: Xoo—=> X ,/{}n>k converges uniformly. Denoting
the limit by o, we have that the diagram

commutes. The inverse limit is f. O
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Note. We will refer to the map fo, in the conclusion of Lemma 8.6 as the limit of D.

Lemma 8.7. Suppose D is an asymptotically commutative type B diagram and let
Jfoo and goo be the limits, respectively, of the two type A diagrams obtained when
the {g;} are deleted from D and when the { f;} are deleted from D. Then f and g~
are inverses.

Proof. To show that g is a left inverse for f. it suffices to show, given ¢ > 0 and
a € Xoo, that (g5 0 fxo)(a) is within ¢ of a. To see this, extract the subdiagram

foo
/
Xoo —_— X5
’
poo,nJrl
/
Poo,n Xn+1

/

We can choose n large enough so that the following conditions are satisfied:

Xn

(1) There exists 6 > 0 such that if £ C X, has diameter less than 2§, then pgo{,l(E )
has diameter less than e.

(2) The subdiagram is §-commutative.

By condition (2), then (poo.» © goo © foo) (@) is within § of (g, Opéo,n-‘rl 0 foo)(a) and
the latter is within § of po n(a). The desired inequality follows from condition (1).
The proof that f is a left inverse for g, is similar. ([

Lemma 8.8. Suppose X is a compact metric space, R is an open surface which
is an open subset of X, A and B are countable, dense subsets of R, and ¢ > 0.
Then there exists a split homeomorphism ¢ : (X, R) — (X, R) supported in R and
e-close to the identity such that ¢(A) = B.

Proof. Brouwer [1913] and Fréchet [1910], independently, proved that Euclidean
space is countable dense homogeneous. This is a mild generalization of their result.
We provide some details for completeness.

The idea is to produce ¢ as a limit of a sequence ¢, : X — X supported in R.
For each k > 1 we will determine a homeomorphism 4, : X — X supported in a
very small 2-disk Ay in R and then will set ¢ = hi@i—1 (here ¢o = Identity).

List the elements {a;, a», ...} of A and likewise the elements {b;, b,, ...} of B.

When k =2m — 1, Ay will be centered at ¢y (a,,) and will contain no other
point of

pr—1{ar, a2, ..., am_1H)U{b1,by, ..., b1} C B.
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If px—1(an) € B. then h; will be the identity; otherwise, apply density of B to
obtain b; € B NInt Ay and choose Ay s0 hygr—1(am) = b;.
When k = 2m, Ay will be centered at ¢_1(b,,) and contain no other point of

(pk—]({alva27"'9am})U{b]ab29"'abm—l} CB

If there exists a; € A such that ¢, _1(a;) = b,,, then hy will be the identity; otherwise,
apply density of A to obtain a; € ANInt Ay and choose Ay so hipi—1(a;) = by,.

In short, at odd-numbered stages of the process, a point of A is shifted into B,
in orderly fashion, and at even-numbered stages a point of B is caused to be the
image of some point of A. Once such arrangements are made, no further adjustment
of those special points is allowed at later stages, so those arrangements persist to
the limit map ¢. Eventually all points of A are moved into B and all from B are
covered.

Simply by choosing the A of diameter less than /2%, we can assure that the
sequence {¢y } converges uniformly to a continuous function ¢ e-close to the identity.
Furthermore, ¢ will restrict to the identity on X — R and will be surjective over X.

At any stage k > 1 in this process, we can determine 7;_; > 0 such that points of X
at least 1/k apart have image under ¢;_| at least nx_; apart. Thus, by requiring A
to have diameter less than n,-/2k_i fori=1,2,...,k—1, we assure injectivity of ¢.
As aresult, ¢ is a split homeomorphism of (X, R) to itself. U

Lemma 8.9. Suppose f : X — X' and p : Y — X' are PreP maps such that
xeX |If " £ SixeX | Ip~ ()| # 1} and Z is a closed subset of X’
disjoint from E(X")U C(X"). Then given &' > 0 there exists aPreP map g : Y — X
such that p and f o g are €'-close and equal over Z.

Proof. Denote {x1, x2, ..., x,} ={x € X' ||p~'(x)| #1}. Let {D;}!_, be a pairwise-
disjoint family of 2-disks in X’ such that for each i

x; € D;, diam D; < €', ID;N[EXHUCXHUZ]=2.

Define g as follows. For x ¢ Ule p‘l(Dol-) we define g(x) = f~'(p(x)) (this can
be done since f is injective over the complement of D;). For each i we define
ai=g|lp YD) : p~1(D;) — f~1(D;) as follows. Note first that, for all i, p~'(D;)
is a disk with a handle and f~'(D;) is either a disk with a handle or simply a disk.
In the first case choose a homeomorphism «; satisfying the following conditions:

(1) ailp~'@Dy) = f~'oplp~ (D).
(2) «; carries p~'(x;) onto f~!(x;).
B) w(CY)Np I (D)) =CX)N (D).

Note that (2) can be achieved since the figure-eight in a disk with a handle is unique
up to homeomorphism fixing the boundary and (3) can be achieved using Lemma 8.8.
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In the second case (f~'(D;) is a disk), just choose o; so that o; ' (f~'(x;)) =
p~!(x;) and p~'(x;) is the only nontrivial point preimage. Again Lemma 8.8
allows us to achieve condition (3) above. O

Lemma 8.10. Suppose D is a finite e-commutative diagram, § is a modulus of
continuity for D, and f : Z — Y and p : X — Y are maps in D such that X is
neither the domain nor codomain of any map in D other than p. If r > 0, & < §(r),
and g : X — Z is a map not in D and such that f o g is €' -close to p, then the
diagram DU {g} is o -commutative where o = max{e’, ¢ +r}.

Proof. Suppose {¢, ¥} is an allowable pair in D U {g}. If each of p, f, and g
is a factor of ¢ or a factor of ¢, then they must be the only factors in the two
factorizations and we are done by hypothesis. If neither of the factorizations of ¢
and ¢ include g, then {¢, ¥} is an allowable pair in D and again we are done. The
remaining possibility is that g and p are the initial factors of ¢ and ¥ and f is a
factor of neither. We will show that, in this case, ¢ and ¥ are (¢ + r)-close. We
can write ¢ = o g and Y = B o p where o and § are derived maps of D. Consider
the three maps o p, Bo fog, and o o g. The first and second are r-close because
p and f o g are ¢'-close (and & < §(r)). The second and third are e-close since
the distance between them is the same as the distance between 8 o f and o (an
allowable pair in D). The triangle inequality concludes the argument. (|

Proof of Theorem 8.1. First note that we can assume (without loss of generality)
a8 C Z. Using Proposition 2.1 we write

00
n=1>

D=Xyx= (h_m{pn P Xng1 —> Xa}

o0

D' = Xo = lim{p, : X, = X, )0ls,

where X1 = S and X ’1 = S’. Furthermore, we can assume that the metrics for these
spaces satisfy the conditions stated in the observation following the definition of
e-commutative. For each n € N we set

C(Xy) = poo,n({e el | |poo,n(€)| =1},
E(Xn) = poon{e € & | |poc.n(e)| # 1})

and similarly for C (X)) and E(X),). This makes the maps {p,} and {p,} PreP.
Note also that d = ps,; and d’ = Péo,r

The following argument shows that 4 can be approximated by Pre[® maps and
hence we can assume without loss that it is Pre[®. Applying Lemma 8.8 to the pair
(X, X{—h(Z)) and the subsets 2(C (X)) and C(X]) we obtain a homeomorphism
¢ : X| — X fixing h(Z) and throwing #(C (X)) onto C(X}) and e-close to the
identity for any preassigned €. So g oh is PreP and arbitrarily close to 4. We denote
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h = f1 and assume f] is Pre[®. So we have an infinite diagram of Pre® maps:

Pn+l Pt
/!
Xnt1 Xn+1
Pn p;,
X, X/
/
Pn—1 Pn_1
1 1
X, X}

m[ ‘pé
h

S = X] — X/l =9
We will construct the infinite diagram of Pre[® maps (denoted D),

n+1
Xaenyy ——— X//S(n+1)

8n ’
Pa(n+1),a(n) / PBn+1),8(n)
b

’
B(n)

f/2
Xa(g) _ X!

B2

81 ’
Pa(2),a(l) Pg2),8(1)

f1

X

Xa() B

where o and B are increasing functions from N to N with ¢ (1) = (1) = 1.

123
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Before listing the properties which D will have, we adopt some notation: D,({")
(for 1 <k < n) will denote the finite subset of D consisting of all maps, each of
which is either fi, f,;, or a map in D above f; and below f,; define Z,, inductively
by Zi=Z and Zus1 = Doy i1y ain) (Zn)-

The diagram D will satisfy the following two conditions:

(1) Forallnand 1 <k <n, D,E") ise-[Ym_s zim]—commutative.

(2) fn and g, are injective over f,(Z,) and Z,, respectively.

It follows immediately from the above properties that D is asymptotically com-
mutative and that the map f,, provided by Lemma 8.6 and guaranteed to be a
homeomorphism by Lemma 8.7 will serve as the desired H.

The construction of D is accomplished by producing inductively the sequence
{DY’)}Z":2 of subdiagrams. The construction of DY’H) from Dg”) is carried out in
two stages. First 8(n+ 1) and g, are chosen, then «(n+ 1) and f,,+;. In each stage,
Lemma 8.9 is used to construct the desired map. The choices of ¢’ (as in Lemma 8.9)
which will ensure the necessary approximate commutativity of D,(C"H)(k < n) are
dictated by Lemma 8.10.

So in determining B(n + 1) first note that given any finite subset S of C(X //3(n))
there exists m € N with m > B(n) such that, for each x € S, (p,’n’ﬂ(n))_l(x) isnota
singleton. Let 8(n+ 1) be such an m for the set S = {x € C(X/’g(n)) | |fn_1(x)| #£ 1}.
This ensures that the maps f, and p;g (n+1), B(n) satisfy the hypothesis of Lemma 8.9
(where D%") U { p,/B(n 4, ﬂ(n)} plays the role of D and Z, plays the role of Z in the
application of that lemma). For the & we choose min{z,fw, 80(#)} where &y
is a modulus of continuity for DY') U { p//S(n 4, ﬁ(n)} (and hence also for D,({”) for
any k < n). The application of Lemma 8.9 produces the map g, and Lemma 8.10
guarantees that, for any k < n, D,E") ULPhur 1) gy &nld 18 € (% 2,1—1“ )
commutative. Now to construct f,, first choose o (n + 1) larger than «(n) and large
enough so that the maps g, and py(s+1),a(n) satisfy the hypothesis of Lemma 8.9.

In preparing to apply Lemma 8.10 we choose r = £/2"*? and choose &’ =
min{r, 8;(r)}, where &, is a modulus of continuity for Din) U {p/,ﬂ(n+l),ﬂ(n)’ gn}-
Upon applying Lemma 8.9 we obtain the map f;,+1. We conclude from Lemma 8.10
that, fork <n+1, D,({"H) is¢- (% . 2,,% + % . 2,,% + Z:;:k %)—commutative. O

9. Pontryagin cellularity

A compact subset of a Pontryagin surface is Pontryagin cellular if it can be expressed
as a nested intersection of Pontryagin disks D, D5, ... where D, C IntD; for all ;.

Pontryagin cellular subsets of Pontryagin surfaces have some features analogous
to those of cellular subsets of genuine surfaces.
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Proposition 9.1. Let C be a compact subset of a rich Pontryagin surface P. Then
the decomposition G ¢ of P whose only nondegenerate element is C is shrinkable if
and only if C is Pontryagin cellular in P.

Proof. The forward implication follows immediately from [Daverman 1986, Propo-
sition 5.12]. For the reverse, given a neighborhood U of C, find a Pontryagin disk D
such that C C IntD C D C U. Let &€ be a full family of figure-eights for D and
letd : D — B = D/ denote the quotient map to the resulting disk B. Cover B
with a utilitarian web of four disks By, By, By, B3, as shown below, where By C B
contains d(C):

Specify a homeomorphism % : B — B that restricts to the identity on 0 B, that carries
By to a disk Bj whose preimage in P is small, and that sends each of the 9 B; into
B —d(&). Then Corollary 8.5 promises a homeomorphism H : D — D that restricts
to the identity on 9D and that carries d~'(By) to the small set d*I(Bé). Finally, H
extends to the rest of P via the identity to give a homeomorphism showing that G ¢
is shrinkable. O

Proposition 9.2. A compact subset C of a rich Pontryagin surface P is Pontryagin
cellular if and only if C is connected and P — C has an isolated end corresponding
to C.

Proof. The forward implication is routine. For the reverse, note that we can assume
P is compact (in view of Proposition 4.3) and connected. Then P/C is both the
one-point and end-point compactification of P — C. As such, it has a sufficient
family £c of figure-eights, each of which is contained in P — C. Name the quotient
map ¥ : P — P’ = P/C and the decomposition map d': P’ — P’/Ec. Given any
open subset U of P containing C, one can find a small 2-disk neighborhood B of
the point d’v(C) in P’/Ec whose frontier is a simple closed curve missing d’(E¢),
where B satisfies
CcWy By c@y) (B CU.

Clearly (d’y)~'(B) is a Pontryagin disk. Hence, C is Pontryagin cellular. O

The following observation is used in the proof of the corollary below (other
details of which are left to the reader).



126 ROBERT J. DAVERMAN AND THOMAS L. THICKSTUN

Observation. Suppose X and Y are connected, nice spaces and e is an isolated
endof Y. If f: X — Y is a proper, surjective map which is monotone over some
neighborhood of e, then only one end of X is sent to e by f.

Proof. First note that we can assume without loss that e is the only end of Y (consider
fl X — (33)_1 (e) —> Y — {e}). Supposing that X has more than one end, there
exists a neighborhood W of oo in X having at least two components which meet oo.
By one-endedness of Y we can find neighborhoods M and N of infinity such that f
is monotone over M, N C M, M — N is connected, and f~Y(M —N) C W. Hence,
f~Y(M — N) is not connected but f|: f~'(M — N) — M — N is monotone, thus
contradicting the Vietoris—Begle mapping theorem. O

Corollary 9.3. Let f : P — Q be a proper, monotone map between Pontryagin
surfaces, with P a rich Pontryagin surface. Then each f~'(q), q € Q, is Pontryagin
cellular.

10. Decompositions induced over 1-dimensional subsets
and proof of the monotone approximation theorem

The final section of this paper culminates in a proof of the monotone approximation
theorem. A key step involves showing how to approximate a given monotone map
by one that is injective over certain graphs in the target space.

Proposition 10.1. Suppose X and Y are compact metrizable spaces and Cy, C», . ..
are closed subsets of Y such that, for any surjective monotone map f : X — Y,
each of the decompositions G(C;) induced by f over C; is shrinkable. Then any
such map f can be approximated by a monotone map F that is 1-1 over | J; C;.
Moreover, if K is a closed subset of Y such that f is 1-1 over K and each of the
G (C;) can be shrunk keeping points over K fixed, then F can be obtained which
agrees with f over K.

Proof. This is a standard Baire category argument. In the complete metric space .
of all surjective, monotone maps X — Y, the collection O; , of maps f such that
diam ffl(c) < 1/n for all ¢ € C; is open, for the usual reasons, and is dense by
hypothesis. Any map from the dense subset [ jn Ojnis 1-1 over U ;i Cj.

For the additional control over K, take F' as above but form the complete metric
subspace of . consisting of monotone maps X — Y that agree with f over K. [J

Proposition 9.1, Corollary 9.3, and Proposition 10.1 combine to yield:

Corollary 10.2. Let f: P — Q be a monotone map between rich, closed Pontryagin
surfaces, Z a countable subset of Q, and K a closed subset of Q such that f is 1-1
over K. Then f can be approximated, arbitrarily closely, by a monotone map F
that is 1-1 over Z U K and agrees with f over K.



DEGREE-ONE, MONOTONE SELF-MAPS OF THE PONTRYAGIN SURFACE 127

It might be worth mentioning that the next lemma does not show the decomposi-
tion under consideration to be shrinkable. The output is merely a homeomorphism
that carries decomposition elements to sets of small size — it is not subject to any
motion control. A closely related shrinkability result will be established in the
subsequent proposition using additional considerations.

Lemma 10.3. Suppose D is a Pontryagin disk, £ is a full family of figure-eights
forD,d : D — B =D/€& is the decomposition map, and G is a monotone upper
semicontinuous decomposition of D such that the union N¢ of all nondegenerate
elements of G is a subset of IntD and the closure of d(Ng) meets 0B in at most
two points. Then for each € > 0 there exists a homeomorphism H, : D — D such
that H, restricts to the identity on 0D and diam H,(g) < € for all g € G.

Proof. Name the points z, z* of d B containing 0 BNd(CINg) and let yy, y» denote
the subarcs of d B bounded by these two points.

Identify a disk By C B — y, containing y; such that él contains the image
under d of every e € £ with diameter ¢/6 or more. Identify another disk B, C B
containing y, that meets B only at the points z and z*. Cover the rest of B by a
chain of 2-cells By, B, ..., Bax—1 such that B; and B; meet if and only if |i — j| <,
the intersection of successive cells 8; and 8;; is an arc in the boundary of each,
z € By and z* € Byx—_1, these B; together with By, B, form a utilitarian web for B,
and each d~! (Bi) has diameter less than /3. Furthermore, we can ensure that the
1-skeleton of this utilitarian web avoids the countable set d(£). See:

Now produce an equivalent utilitarian web (equivalent via a homeomorphism
fixing dB) in B involving 2-cells Bj, B}, B1, B5, ..., By,_,- Here B{, B} should
lie very close to y1, 2, respg:ctively, so as to miss d(Ng). The !, except for B
and B}, _,, are contained in B. In the construction procedure g; should be chosen
first, and it should meet each of Bj and B in an arc. Next, 8, _, and 8, 1 should
be chosen so that any d(g) (g € G) that meets f; lives in f;_, U B, UB; . (This is
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possible since, by upper semicontinuity and the hypothesis that d(Ng) N 0B = &,
elements of G with image near z or z* are small.) That exposes the general strategy:
the 2-cells B, _, and B, , should be chosen, respectively, so that any d(g) that meets
By, but not B; is contained in 8;_, U, _, and so that any d(g) that meets f8; | but
not B is contained in B, ; U B, ,. The cells B;_3, B3, ... should be chosen in
turn so that, ultimately, any d(g) (g nondegenerate) lies either in g;_, UB, UB; | or
in the union B;_, U B/ of two successive /3;.. Specify a homeomorphism 4 : B — B
taking B to B; and ﬁ}. to B; and fixing points of d B. The homeomorphism H;
provided by Corollary 8.5 keeps points of dD) fixed and shrinks elements of G
to size less than &, since the image of each nondegenerate g € G lies in some ¢
diameter set of the form d~! (BjUBjr1UBjt2). U

Proposition 10.4. Let f : P — Q be a degree-one, monotone map between rich,
closed Pontryagin surfaces and let A denote any locally separating arc or separating
simple closed curve in Q. Then f can be approximated, arbitrarily closely, by
monotone maps F that are 1-1 over A. Furthermore, the approximations F can be
chosen to equal f over any closed subset K of Q such that f is 1-1 over K.

Proof. We will treat only the case in which A is a locally separating arc in Q. The
proof for simple closed curves is similar, or can be obtained from the result for arcs
plus Proposition 10.1.

By Corollary 10.2 we can approximate f by another monotone map, which we
continue to call f, that is 1-1 over a countable, dense subset of A containing 0 A
and that agrees with the original f over K. Let G(A) denote the decomposition
of P induced by the modified f over A, and let p: P — X = P/G(A) denote the
decomposition map. We show that G(A) is shrinkable fixing points of K.

By the factor theorem (Theorem 3.1) X is a Pontryagin surface and has a full
family £ of figure-eights, each of which lives in X — pf~1(A). Letd : X — X/&
denote the decomposition map associated with the decomposition of X into points
and these figure-eights.

Fix ¢ > 0. Note that d is 1-1 over A’ =dpf~'(A). Note also that the closure of
each component of A — K has endpoints in K U d A over which f is one-to-one. It
follows easily that only a finite number of components of A — K have preimage
under f with diameter at least €. We let y denote one of those components. Since
we will perform the same operations near each of these components, we assume y
is the only one.

Cover y' = dpf~'(y) C A’ by a finite collection By, ..., B,, of 2-cells in
the surface X /€. These 2-cells should have pairwise-disjoint interiors and those
interiors should miss dpf ' (K), each B; should meet ' in an arc whose interior
lies in Int B;, and should be small enough to assure that d ~1(B;) has diameter less
than e. The collection should be arranged so that dp is 1-1 over each dB; N A’. As
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a consequence, each D; = (dp)_1 (B;) and each ID; = f(dp)_1 (B;) is a Pontryagin
disk, with 0D); missing all the nondegenerate elements of G(A).

Now apply Lemma 10.3 m times, using the decomposition induced by f|D; :
D; — D; on each D;, to obtain a homeomorphism H, : P — P that sends each D; to
itself, restricts to the identity on each 8D; as well as outside |_J; D;, and sends every
nondegenerate g € G(A) to a set of diameter less than ¢. Note that, by construction
of the D}, f and H; are s-close. Hence, H, establishes that G(A) satisfies the
shrinkability criterion via shrinking homeomorphisms that reduce to the identity
over K.

As in the proof of Corollary 2.5,if 8 : P — P/G(A) is a homeomorphism very
close to p, then F = fp~'6 is a monotone map close to f which is 1-1 over A and
which agrees with f over K. ]

Corollary 10.5. Let f : P — Q be a degree-one, monotone map between rich,
closed Pontryagin surfaces, let £ be a sufficient family of figure-eights for Q, with
d: Q — §S= Q/E the quotient map, and let I" denote the 1-skeleton of a utilitarian
web for S. Then f can be approximated, arbitrarily closely, by a monotone map F
that is 1-1 over d='(I"). Furthermore, if K is a closed subset of T such that f is
1-1 over K, then F can be chosen to be equal to f over K.

Proof. Specify locally separating arcs Ay, ..., Ag in I" covering I' and then employ
Propositions 10.4 and 10.1. ]

Proof of the monotone approximation theorem (Theorem 2.2). Let f : P — Q be a
degree-one, monotone map between closed, connected, rich Pontryagin surfaces.
Given ¢ > 0, specify a full family £p of figure-eights for Q, and let £ ’Q denote
the cofinite subcollection consisting of figure-eights of diameter less than ¢/4. Let
do:0—S8S=0 /S/Q be the associated quotient map to a closed surface S. Find a
utilitarian web W = {By, ..., B,;} in S with such small mesh that each (dQ)_l(Bl-)
has diameter less than /2.

Use Corollary 10.5 to obtain another monotone map F : P — Q such that F is
1-1 over dél(f‘), where I is the 1-skeleton of W, and p(F, f) < &/2.

At this juncture Q has been split into m Pontryagin disks [I]); = (dQ)_l(Bi)
with pairwise-disjoint interiors, each of diameter less than ¢/2. The map F lifts
them to Pontryagin disks D; = F~! (D7) in P, and F determines monotone maps
F,=F|D; :D; —» IDQ that restrict to homeomorphisms 0D); — 8[[]);. Corollary 8.2
promises the existence of homeomorphisms ®; : D; — ID); that agree with F; on dD);.
By construction of I} each ®; is ¢ /2-close to F;. Hence, =, ®; : D=, D; —
D’ = |J; D; is a homeomorphism which is &/2-close to F and e-close to f.  [J

Theorem 10.6. Let f : (D, 0D) — (D', dD') be a split monotone map between
Pontryagin disks and K D 0D’ a closed subset of D' such that f is 1-1 over K. Then
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f can be approximated, arbitrarily closely, by a homeomorphism ® : D — D) such
that | f~1(K) = f1f~'(K).

Proof. The only change to the proof of the monotone approximation theorem
required in the Pontryagin disks setting is that in applying Corollary 10.5 one
should obtain a monotone map F : D — D’ that is 1-1 over the 1-skeleton as before
and agrees with f over K. (|

References

[Armentrout 1971] S. Armentrout, Cellular decompositions of 3-manifolds that yield 3-manifolds,
Mem. Amer. Math. Soc. 107, Amer. Math. Soc., Providence, RI, 1971. MR Zbl

[Bestvina 1988] M. Bestvina, Characterizing k-dimensional universal Menger compacta, Mem.
Amer. Math. Soc. 380, 1988. MR Zbl

[Bing 1952] R. H. Bing, “A homeomorphism between the 3-sphere and the sum of two solid horned
spheres”, Ann. of Math. (2) 56 (1952), 354-362. MR Zbl

[Brouwer 1913] L. E.J. Brouwer, “Some remarks on the coherence type n”’, KNAW Proc. 15:2 (1913),
1256-1263.

[Chapman 1973] T. A. Chapman, “Cell-like mappings of Hilbert cube manifolds: applications to
simple homotopy theory”, Bull. Amer. Math. Soc. 79 (1973), 1286—-1291. MR Zbl

[Daverman 1986] R. J. Daverman, Decompositions of manifolds, Pure and Appl. Math. 124, Aca-
demic, Orlando, FL, 1986. MR Zbl

[Edwards 1980] R. D. Edwards, “The topology of manifolds and cell-like maps”, pp. 111-127 in
Proceedings of the International Congress of Mathematicians (Helsinki, 1978), vol. I, edited by O.
Lehto, Acad. Sci. Fennica, Helsinki, 1980. MR Zbl

[Epstein 1966] D. B. A. Epstein, “The degree of a map”, Proc. London Math. Soc. (3) 16 (1966),
369-383. MR Zbl

[Fréchet 1910] M. Fréchet, “Les dimensions d’un ensemble abstrait”, Math. Ann. 68:2 (1910),
145-168. MR JFM

[Freedman and Quinn 1990] M. H. Freedman and F. Quinn, Topology of 4-manifolds, Princeton Math.
Series 39, Princeton Univ., 1990. MR Zbl

[Gu 2017] S. Gu, “Approximating resolutions by cell-like maps with codimension-three point in-
verses”, Topology Appl. 232 (2017), 22-28. MR Zbl

[Jakobsche 1991] W. Jakobsche, “Homogeneous cohomology manifolds which are inverse limits”,
Fund. Math. 137:2 (1991), 81-95. MR Zbl

[Kuratowski and Lacher 1969] K. Kuratowski and R. C. Lacher, “A theorem on the space of monotone
mappings”, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 17 (1969), 797-800. MR Zbl

[Lacher 1977] R. C. Lacher, “Cell-like mappings and their generalizations”, Bull. Amer. Math. Soc.
83:4 (1977), 495-552. MR Zbl

[Mitchell et al. 1992] W. J. R. Mitchell, D. Repov, and E. V. S&epin, “On 1-cycles and the finite
dimensionality of homology 4-manifolds”, Topology 31:3 (1992), 605-623. MR Zbl

[Pontryagin 1930] L. Pontrjagin, “Sur une hypothése fondamentale de la théorie de la dimension”, C.
R. Acad. Sci. Paris 190 (1930), 1105-1107. Zbl

[Prishlyak and Mischenko 2007] A. O. Prishlyak and K. I. Mischenko, “Classification of noncompact
surfaces with boundary”, Methods Funct. Anal. Topology 13:1 (2007), 62-66. MR Zbl


http://links.jstor.org/sici?sici=0002-9890(196503)72:3<334:ITGT>2.0.CO;2-N&origin=MSN
http://msp.org/idx/mr/0413104
http://msp.org/idx/zbl/0221.57003
http://dx.doi.org/10.1090/memo/0380
http://msp.org/idx/mr/920964
http://msp.org/idx/zbl/0645.54029
http://dx.doi.org/10.2307/1969804
http://dx.doi.org/10.2307/1969804
http://msp.org/idx/mr/0049549
http://msp.org/idx/zbl/0049.40401
http://www.dwc.knaw.nl/DL/publications/PU00013058.pdf
http://dx.doi.org/10.1090/S0002-9904-1973-13417-2
http://dx.doi.org/10.1090/S0002-9904-1973-13417-2
http://msp.org/idx/mr/0326740
http://msp.org/idx/zbl/0289.58003
https://www.sciencedirect.com/bookseries/pure-and-applied-mathematics/vol/124
http://msp.org/idx/mr/872468
http://msp.org/idx/zbl/0608.57002
http://msp.org/idx/mr/562601
http://msp.org/idx/zbl/0428.57004
http://dx.doi.org/10.1112/plms/s3-16.1.369
http://msp.org/idx/mr/0192475
http://msp.org/idx/zbl/0148.43103
http://dx.doi.org/10.1007/BF01474158
http://msp.org/idx/mr/1511557
http://msp.org/idx/jfm/41.0102.03
https://www.jstor.org/stable/j.ctt7ztz2d
http://msp.org/idx/mr/1201584
http://msp.org/idx/zbl/0705.57001
http://dx.doi.org/10.1016/j.topol.2017.10.001
http://dx.doi.org/10.1016/j.topol.2017.10.001
http://msp.org/idx/mr/3720877
http://msp.org/idx/zbl/1380.55001
http://dx.doi.org/10.4064/fm-137-2-81-95
http://msp.org/idx/mr/1113561
http://msp.org/idx/zbl/0727.57018
http://msp.org/idx/mr/0275386
http://msp.org/idx/zbl/0195.24401
http://dx.doi.org/10.1090/S0002-9904-1977-14321-8
http://msp.org/idx/mr/0645403
http://msp.org/idx/zbl/0364.54009
http://dx.doi.org/10.1016/0040-9383(92)90054-L
http://dx.doi.org/10.1016/0040-9383(92)90054-L
http://msp.org/idx/mr/1174262
http://msp.org/idx/zbl/0769.55003
http://msp.org/idx/zbl/56.0503.01
http://mfat.imath.kiev.ua/article/?id=855
http://mfat.imath.kiev.ua/article/?id=855
http://msp.org/idx/mr/2308580
http://msp.org/idx/zbl/1114.57020

DEGREE-ONE, MONOTONE SELF-MAPS OF THE PONTRYAGIN SURFACE 131

[Richards 1963] I. Richards, “On the classification of noncompact surfaces”, Trans. Amer. Math. Soc.
106 (1963), 259-269. MR Zbl

[Siebenmann 1972] L. C. Siebenmann, “Approximating cellular maps by homeomorphisms”, Topol-
ogy 11 (1972), 271-294. MR Zbl

Received June 19, 2017. Revised March 27, 2019.

ROBERT J. DAVERMAN
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF TENNESSEE
KNOXVILLE, TN

UNITED STATES

rdaverma@utk.edu

THOMAS L. THICKSTUN
DEPARTMENT OF MATHEMATICS
TEXAS STATE UNIVERSITY

SAN MARCOS, TX

UNITED STATES

tt04 @txstate.edu


http://dx.doi.org/10.2307/1993768
http://msp.org/idx/mr/0143186
http://msp.org/idx/zbl/0156.22203
http://dx.doi.org/10.1016/0040-9383(72)90014-6
http://msp.org/idx/mr/0295365
http://msp.org/idx/zbl/0216.20101
mailto:rdaverma@utk.edu
mailto:tt04@txstate.edu

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Wee Teck Gan

Mathematics Department
National University of Singapore

Singapore 119076

matgwt@nus.edu.sg

Sorin Popa

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing

Department of Mathematics
University of California
Santa Cruz, CA 95064
ging@cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2019 is US $490/year for the electronic version, and $665/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.
PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

LASzLO FucHS and BRUCE OLBERDING

Ordinary points mod p of GL, (R)-locally symmetric spaces
MARK GORESKY and YUNG SHENG TAI
Real structures on polarized Dieudonné modules
MARK GORESKY and YUNG SHENG TAI
Spectrahedral representations of plane hyperbolic curves
MARIO KUMMER, SIMONE NALDI and DANIEL PLAUMANN
Deformations of linear Lie brackets
PIER PAOLO LA PASTINA and LUCA VITAGLIANO
A mod-p Artin—Tate conjecture, and generalizing the Herbrand—Ribet theorem
DIPENDRA PRASAD
Transitive topological Markov chains of given entropy and period with or without
measure of maximal entropy
SYLVIE RUETTE
Restricted sum formula for finite and symmetric multiple zeta values
HIDEKI MURAHARA and SHINGO SAITO
Frobenius—Schur indicators for near-group and Haagerup—Izumi fusion categories
HENRY TUCKER
Compactness theorems for 4-dimensional gradient Ricci solitons
YONGIJIA ZHANG

165

217

243

265

299

317

325

337

361



	1. Introduction
	2. Terminology, notation, conventions, and statement of the main result
	3. The factor theorem
	4. Sufficient families
	5. 2-coherence
	6. A reduction of the factor theorem
	7. Proof of the factor reduction theorem
	8. Pontryagin disks
	9. Pontryagin cellularity
	10. Decompositions induced over 1-dimensional subsets and proof of the monotone approximation theorem
	References
	
	

