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REAL STRUCTURES ON POLARIZED DIEUDONNE MODULES

MARK GORESKY AND YUNG SHENG TAI

We define an “antiholomorphic involution” of a module M over the Dieudonné
ring £ (k) of a finite field k with ¢ = p“ elements to be an involution t : M — M
that switches the action of ¢ with that of V. The definition extends to in-
clude quasi-polarizations of Dieudonné modules. Nontrivial examples exist.
The number of isomorphism classes of quasi-polarized Dieudonné modules
within a fixed isogeny class is shown to be given by a twisted orbital integral
over the general linear group. Earlier (Pacific J. Math. 303:1 (2019), 165-215)
we considered these notions in the case of ordinary abelian varieties over k, in
which case the contribution at p to the number of isomorphism classes within
an isogeny class was shown to be given by an ordinary orbital integral over
the general linear group. The definitions here are shown to be equivalent to
those in our previous paper and, as a consequence, the equality of the orbital
integrals of both types is proven.

1. Introduction

Locally symmetric spaces associated to the group GL, (R) for n > 3 do not carry a
complex structure and do not admit an obvious reduction to characteristic p > 0.
However, it is known ([Adler 1979; Gross and Harris 1981; Comessatti 1925;
1926; Goresky and Tai 2003a; 2003b; Milne and Shih 1981; Shimura 1975; Silhol
1982; Seppild and Silhol 1989]) that such locally symmetric spaces parametrize
real polarized abelian varieties (possibly with level structures). In an effort to
find a characteristic p analog for such moduli spaces in [Goresky and Tai 2019]
we introduced the notion of a real structure on an ordinary abelian variety A (or,
rather, on its associated Deligne module T,4) defined over a finite field k: it is an
“antiholomorphic” involution, that is, a linear involution that switches the action
of the Frobenius and the Verschiebung. If A is the good, ordinary reduction of a
CM variety A/C defined over R then complex conjugation of A/C induces such
an involution on the Deligne module 74. Over a finite field there are finitely many
isomorphism classes of principally polarized ordinary abelian varieties with real
structure and the number of isomorphism classes is given ([Goresky and Tai 2019])
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by a certain sum of orbital integrals over the general linear group GL, x GL;. It is
expected that these (or similar) definitions make sense beyond the “ordinary” case.

In Section 3.2, we extend the notion of a “real structure” to the case of (not
necessarily ordinary) Dieudonné modules. We give examples (Section 3.3) to show
that real structures often exist, even on supersingular Dieudonné modules. Then
we show (Proposition 4.4) that the number of isomorphism classes of principally
polarized “real” Dieudonné modules within a single isogeny class is given by a
“twisted” orbital integral TO(§) over the same general linear group GL,, x GL;.

We show that the constructions in this paper are compatible with those in [Goresky
and Tai 2019], which requires an explicit description (Proposition 6.8) of the
Dieudonné module (and its polarization) of an ordinary polarized abelian variety.
Then we use this description to show (Proposition 6.12) that a real structure in the
sense of [Goresky and Tai 2019] on an ordinary abelian variety determines a real
structure (in the sense of this paper) on its Dieudonné module. This last step is
not automatic: it requires a universal choice of involution on the Witt vectors, as
constructed in Appendix A.

The compatibility between these two notions of real structure leads to a simplifi-
cation of the twisted orbital integral 7O(8). The number of isomorphism classes of
“real” Deligne modules (over Z ) is given by an (ordinary) orbital integral O (y):
it is the component at p in the adelic orbital integral of [Goresky and Tai 2019].
Using a linear algebra argument, we show (Section 7.5) that the orbital integral
O (y) (which counts Deligne modules with real structure) coincides with the twisted
orbital integral 7O(§) (which counts Dieudonné modules with real structure). This
equality of orbital integrals is reminiscent of the results in [Kottwitz 1992] (for the
symplectic group rather than the general linear group) in which the fundamental
lemma for Levi subgroups is used in order to evaluate stable sums of twisted orbital
integrals in terms of ordinary orbital integrals (and presumably a similar argument
would work in our case as well).

2. Notation and terminology

Throughout this paper we fix a finite field k = [, (¢ = p“) of characteristic p.
Let W denote the Witt ring functor, so that W (k), W (k) are the rings of (infinite)
Witt vectors over k, k, respectively, with fraction fields K (k) = W(k) ® Q p and
K(k)y=W (k) ®Q p» respectively. We may identify K (k) with the unique unramified
extension of Q,, of degree a = [k : [, ]. Let Wy (k) denote the maximal unramified
extension of W (k). We may identify W (k) with the completion of Wo(k). Let
o : W(k) — W (k) be the lift of the Frobenius mapping o : k— k, o(x)=xP
and let 7 = o be the topological generator for the Galois group Gal(k/k) =
Gal(K (k) /K (k)). Fix an identification, @, = K (F,) of the p-adic numbers with
the fraction field of the Witt vectors of the prime field.
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Let R be an integral domain with fraction field K. Let M be a free R-module of
rank 2n and V = M ® K. An alternating bilinear form w : M x M — R is symplectic
ifo®K :V®V — K is nondegenerate. It is strongly nondegenerate if the resulting
M — Homg(M, R) is an isomorphism. It is symplectic up to homothety if there
exists ¢ € K* such that cw is strongly nondegenerate. The standard symplectic
form @ on R*" x R*" is that whose matrix is J = (PI (I)) Set G = GSp,,, and for
convenience denote

(2.0.1) I,=G(Z, and Ty=G(W(k)).

The standard involution 1o : R — R?" is the linear map with matrix (_01 (1))
Conjugation by 19, which we denote by
g g =gty
defines an action of the group (7o) =7 /27 on GSp,,,. If 2 € K * the fixed subgroup is

(202) H=GL} = {(g N tgl) € GSp,,

AeGL,; xe Gm} =GL, xGy,.

If C is a Z-linear category then the associated category up to R isogeny is
the category C ® R with the same objects but with morphisms Homegr (x, y) =
Home(x, y) ® R.

3. Dieudonné modules

3.1. Notation. Let £ = E(k) denote the Cartier—Dieudonné ring, that is, the ring of
noncommutative W (k)-polynomials in two variables F, V, subject to the relations
F(wx) =0 w)F(x), V(wx)=0c""(w)V(x), and FV =VF = p, where w € W (k)
and x € £. A Dieudonné module M is a module over the ring £(k) that is free and
finite rank over W (k).

The covariant Dieudonné functor (see, for example, [Chai et al. 2014, §B.3.5.6]
or [Goren 2002, p. 245] or [Pink 2005]) assigns to each p-divisible group

G=...2 G, Gy ...

a corresponding module M (G) = limM (G,) over the Dieudonné ring £.

A quasi-polarization (in the sense of [Moonen 2001; Oort 2001] and [Li and
Oort 1998, §5.9] following [Oda 1969, p. 101]) of a Dieudonné module M is
an alternating W (k)-bilinear form w : M x M — W (k) such that w ® K (k) is
nondegenerate and w(Fx, y) = cw(x,Vy). (The use of “quasi” reflects the fact
that there is no p-adic counterpart to the “positivity” condition found in the definition
of a polarization for abelian varieties.) A K (k)-isogeny of polarized Dieudonné
modules (M, w) — (M', @) is an element ¢ € Homg(M, M') ® K (k) such that
¢*(@') = cw for some ¢ € K (k)*.
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3.2. Real structures. Let M be a Dieudonné module of finite rank over W (k) (with
k=TF,; g = p®). Let w be a quasi-polarization on M. Define a real structure on
(M, w) to be a W (k)-linear mapping 7, : M — M such that for all x, y € M,

(3.2.1) ri:l, rp]-"”rp_] =V w(tx, 1py) = —o(x, y).

As in [Kottwitz 1990, §12] the action of F may be expressed as §o for some
8 € GSp(M ® K (k), w), so its norm
N(@S) =80(8)---091(8) e GSp(M ® K (k), w)
coincides with the W (k)-linear action of F“ The second condition in (3.2.1) gives
T, N, =qN©)~".
3.3. Manin modules. Following [Manin 1963], let us define Dieudonné modules
My = EK)EWR)(F + V)

for nonnegative integers r, s. If k is an algebraic closure of k and if we extend
scalars to
Eb=whd|y ],

itis shown in [Manin 1963] that if gcd(r, s) = 1, the resulting modules E(l;)@g(k)Mr, s
are simple and they account for all the simple Dieudonné modules. Elements of
M, ¢ may be represented by (noncommutative) polynomials
s—1 r
x = Za_,-Vi +ao+ Zaj]-'j
i=1 Jj=1
(with a; € W (k) and with identifications 7" = —)*).
In the following paragraphs we will show that the Manin modules M, ; ® M ,
and the Manin modules M, , admit quasi-polarizations and real structures.
First suppose r # s. The elements {1, 7/, V} (1<j<r; 1<i<s—1)forma
basis of M, s over W (k). The module M, , admits a dual basis by setting

(FI)V — Vr—i’ (V])\/ — ‘/—_\Y—j.
This gives rise to a W (k)-linear pairing 7" : M, ; x M, , — W (k) with

1 ifi+j=r,
0 otherwise,

1 ifi4j=s,

T(F V)= .
0 otherwise,

TV, F)= {
such that T (Fx, y) = o (T (x, Vy)). It follows that the alternating bilinear form
o(x®y, X' ®y)=T(x,y) =T, y)

defines a quasi-polarization on M, ;@ M, ,. A real structure on this sum is defined by
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switching the factors and exchanging 7 with V. Explicitly, define 7, : M, s — M , by

s—1 s—1

r r
rp<2a_,-vi +a0+2aj]-"j) = Za_,-]-"i +a0+ZajVj

i=1 j=1 i=1 j=1
and similarly for 7, : My, — M, ;. Then rﬁ =1 and

,(Fx@y) =0 V(r,(x D y))

which implies that 7, 7 = V“z,. Finally, one verifies for x, y € M, s and x", y’ €
M; , that
(T (x &), T, (X ®Y)) =~ ®y,x' Y.

Now suppose r = s. The Manin module
M, =ER)/ER(F +V)

is the Dieudonné module of a supersingular abelian variety. It has a W (k)-basis
congisting of i, Fi, YOo=F0=1, V= —F"}with 1 <i, j <r—1. It admits a
quasi-polarization which for 0 < i, j <r is well defined as

1 if i+j=r,
0 otherwise,

—1 ifit+j=r

oWV, Fl)= .
0  otherwise.

o(F, V)= {
Then w(x, y) = —w(y, x) and w(Fx,y) =ocw(x,Vy) forall x,y € Mi’l. This
module admits a real structure by setting 7, (t F HN=tViforte Wk)and0<i<r
(and in particular, 7,(tF") = —tF"). It is easy to check that 7,(F“x) = V“1,(x)
foralla >0 and all x € M/ ,.

3.4. In [Manin 1963] the isogenous module £ (k)/E(k)(F" — V*¥) is used to replace
the module M, ;. However the “+” sign in the preceding example is crucial.

4. Counting Dieudonné modules

As in (2.0.1) let 'y = G(W (k)) with the standard symplectic form wy = (_0, (I))
Let [, = ((I) p01)~ By the theory of Smith normal form for the symplectic group (see
[Spence 1972] or [Andrianov 1987, Lemma 3.3.6]), or by the Cartan decomposition

for p-adic groups, we have the following:

Lemmad.1. Let Lo=W (k)*" C K (k)*" denote the standard lattice. Let L C K (k)*"
be a W (k)-lattice. Then L = hLq for some h € G(K (k)) and the following state-
ments are equivalent.

(1) pLo ChLg C Lo.
(2) hLy C Loy, ph~ 'Ly C L.
(3) he leprw. O
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4.2. Assume p # 2. In this section we fix a Dieudonné module (M, F, V) with
a quasi-polarization wy; and a real structure ty : M — M. Then M is a free
module over W (k) of some even rank, say 2n. Let Mg = M ® K (k). We wish to
understand the set Xy, of (real) isomorphism classes of principally (quasi-)polarized
Dieudonné modules that are K (k)-isogenous to M. In Proposition 4.4 below we
show that the cardinality | X | is given by a twisted orbital integral over the group
H =GL, x GL; of (2.0.2).

Following the method of [Kottwitz 1990] let X, denote the set of isomorphism
classes in the category Cj; whose objects consist of tuples (P, wp, ¥, Tp) where P
is a Dieudonné module, wp is a principal quasi-polarization of P, where tp is a real
structure on P and where ¥ € Homy (P, M) ® K (k) is a K (k) isogeny (meaning
that ¥ ® K (k) : Pp — Mg is an isomorphism) that commutes with F, V), takes 7p
to Ty, and satisfies ¥ *(wy) = cwp for some ¢ € K (k)*. A morphism ¢ : P — P’
between left £(k) modules is in Cy, if it is compatible with w up to scalars, and it
commutes with 7, V and the involutions tp.7p:. So there is a natural identification

Xy =1(M)\Xy,
where I (M) denotes the group of K (k) self-isogenies of (M, wyy, Tyr).

4.3. The mapping (P, wp, ¥, Tp) +— L = Y (P) determines an identification
between the set Xy and the set of W (k)-lattices L C Mg that are preserved
by Fu, Vu, Ty and such that L is symplectic up to homothety meaning that LY =cL
for some ¢ € K (k)*, where

LY ={xeMg|wy(x,y) € Wk)forall y e L}.

By [Goresky and Tai 2019, Proposition B.4] there exists a K (k)-linear iso-
morphism Mg — K (k)*" which takes the quasi-polarization wy to the stan-
dard symplectic form wg and takes the involution 7, to the standard involution
0=(7 ) € G(Z). From Section 3.2 the action of F oo ~! becomes some element
8 € G(K (k)) with multiplier p, that is well defined up to o-conjugacy. The group
1 (M) of self-isogenies becomes identified with the twisted centralizer (note that
§ ¢ H(K (k))):

Ss(K (k) = {z € H(K (k) | 2”80 (2) = 5.
Normalize the Haar measure on H (K (k)) so that H(W (k)) has volume one.

Proposition 4.4. The choice of isomorphism Mg — K (k)*" determines a one-to-
one correspondence between the set of lattices L C Mg, symplectic up to homothety,
that are preserved by F,V, Ty and the set

(4.4.1) (¢ € H(K(k)/H(W(K)) | g~'80(g) € TwI,Tw).
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Consequently the number of isomorphism classes
| Xm| = IS5 (K (kK)\Xn]

of principally quasi-polarized real Dieudonné modules within the K (k)-isogeny
class of M is given by the twisted orbital integral over H = GL;,,

(4.4.2) TOS) = / kw (g™ 80 (2)) dg,
Ss(K)\H(K)

where kw is the characteristic function of I'w [,I'w C G (K (k)).

Proof. Let Lo = W(k)*" C K (k)*" be the standard lattice. If L C K (k)" is a
W (k)-lattice, symplectic up to homothety, then L = gL for some g € G(K (k)). If
it is preserved by F, V then

(4.4.3) pLo C g '80(g)Lo C Lo

which, by Lemma 4.1, is equivalent to g 80 (g) e Tyl pI'w. (In the case of an
“ordinary” Dieudonné module, a simpler formula holds; see Proposition 7.3).

If the lattice L is also preserved by the involution g then g~'gLy = L so
that @« = g~'g is a 1-cocycle, defining a class in H'({tp), G(W (k))), which is
trivial by [Goresky and Tai 2019, Proposition B.4] since p # 2. Thus, there exists
h e G(W(k)) so that g=' g =h~'h, hence g’ = gh~' € H(K (k)) = GL} (K (k)) and
L = g'Ly. Thus we may assume that g € H (K (k)), while elements of H (W (k))
act trivially on the homothety class of the lattice Lg. If we normalize Haar measure
so that H(W (k)) has volume one then the number of such lattices is given by the
integral in (4.4.2). [l

5. Deligne modules and ordinary abelian varieties

5.1. Recall from [Deligne 1969] that a Deligne module of rank 2n over the field
k =T, of g elements is a pair (T, F') where T is a free Z-module of dimension 2n
and F : T — T is an endomorphism such that the following conditions are satisfied:

(1) The mapping F is semisimple and all of its eigenvalues in C have magnitude ,/g.

(2) Exactly half of the eigenvalues of F in @p are p-adic units and half of the
eigenvalues are divisible by g.

(3) The middle coefficient of the characteristic polynomial of F is coprime to p.
(4) There exists an endomorphism V : T — T such that FV =V F =gq.

A morphism (T4, F4) — (Tg, Fp) of Deligne modules is a group homomorphism
¢ : Tp — Tp such that Fpep = ¢ F4. A polarization ([Howe 1995]) of a Deligne

module (7, F) is a symplectic form w : T x T — Z (alternating and nondegenerate
over Q) such that w(Fx, y) = w(x, Vy) for all x, y € T, and such that the form
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R(x,y) =w(x,ty) is symmetric and positive definite, where ¢ is some (and hence,
any) totally positive imaginary element of Q[ F'] (see [Howe 1995, §4.7]).

5.2. Following [Deligne 1969], for the rest of this paper we fix an embedding
(5.2.1) e:W(k)— C.

By a theorem of Serre and Tate, [Drinfeld 1976; Katz 1981; Messing 1972; Nori
and Srinivas 1987] an ordinary abelian variety A/k has a canonical lift A over
W (k) which, using (5.2.1) gives rise to a complex variety Ac over C (which
depends only on the restriction ¢ | Wo(k) (see [Deligne 1969, p. 239]), which in
turn, is determined by ¢ | W(k)). Let & € Gal(k / k) denote the Frobenius. The
corresponding morphism 74 /¢ (which on the structure sheaf of A is given by the
k-linear ring endomorphism f +— f?) lifts to an automorphism Fq on T = T4 =
H\(Ac, Z), and the pair (T4, F4) is a Deligne module.

Theorem 5.3 [Deligne 1969; Howe 1995]. The association A — (T4, Fya), deter-
mined by the embedding (5.2.1), induces an equivalence between the category of
n-dimensional ordinary abelian varieties (resp. polarized abelian varieties) over
k = [, and the category of Deligne modules (resp. polarized Deligne modules)

over k, of rank 2n. [l

5.4. In [Goresky and Tai 2019], we define a real structure on a polarized Deligne
module (7, F, w) to be a group homomorphism t : T — T such that

=1, tFt'=v, w(tx,ty) =—w(x,y).

The involution t is a characteristic p analog of complex conjugation. There are
finitely many (“real”) isomorphism classes of principally polarized Deligne modules
(of dimension 2n over k = [, ) with real structure and principal level N structure,
and a formula for this number is given in [Goresky and Tai 2019]. There, we follow
the method of Kottwitz [1990] and show that the number of isomorphism classes
of principally polarized Deligne modules with real structure is finite and is given
by an adelic orbital integral.

5.5. In order to conceptualize the contribution at p to this formula it is convenient to
define a Deligne module at p (over [, of rank 2n) to be a pair (T),, F),) where T, is a
free Z, module of rank 2n and F), : T, — T, is a semisimple endomorphism whose
characteristic polynomial Z?Zo a;x' is g-palindromic,! with middle coefficient
a, a p-adic unit, half of whose roots in @ p are p-adic units and half of which
are divisible by p, such that there exists V), : T, — T, with F,V, = V,F, = q.
(This implies that if A is a root then so is g/A.) A polarization of (T}, F),) is a

'Meaning that a; = ¢" ag,_; for0<i <n—1.
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Z ,-valued symplectic form w, such that w(F,x, y) = w(x, V,y). (The “positivity
condition” does not make sense in this setting.) A real structure 7, on (T}, F), wp)
is a symplectic involution of T, with multiplier —1 that exchanges F,, and V,,. If
(T, F,w, 7) is a (real, polarized) Deligne module then tensoring with Z, gives a
(real, polarized) Deligne module at p.

5.6. The Tate module. Let (T, F) be a Deligne module over k = [ ,«. From this
we define a Gal(k/k) module, for £ # p a (rational) prime,

T,(TY=T®z7Z,

with Galois action determined by the rule that 7 € Gal(k/k) acts by F ® 1. A
polarization and/or a real structure on (7', F) induces one on T ® Z, in an obvious
way.

Let £ # p be prime. If A is an ordinary abelian variety with Tate module 7;(A)
and Deligne module (T4, F4) then there is a natural isomorphism of Gal(lg/ k)
modules Ty (A) ET(Tx) =Ts R Zy.

6. The Dieudonné module of an ordinary variety

6.1. Let A be an ordinary abelian variety over k = [ .. Denote by M(A) :=
M (A[p®>]) the covariant Dieudonné module associated to the p-divisible group
A[p®]. In this section we explicitly construct this Dieudonné module M (A) (and
quasi-polarization) directly from the Deligne module (74, F4) (and a polarization).
In fact, the Dieudonné module M (A) depends only on the associated Deligne
module (T, =Ta®Z,, F, = FA®Z,) at p. Although this material is well known
to experts, we require specific equations for these modules that do not appear to be
in the literature.

Given a universal choice of involution 7 of the Witt vectors (as in Appendix A)
we show, in Section 6.11, that a real structure on (7),, F),) determines a real structure
on M(A).

6.2. Let (T}, F)) be a Deligne module at p, over k = [ ,«. The same argument as in
[Deligne 1969] shows that the endomorphism F}, determines a unique decomposition

6.2.1) T, =T &T"

preserved by F), and V), such that F), is invertible on 7" and is divisible by ¢ on T".
In fact, the module 7’ ® Q p 1s the sum of the eigenspaces of F}, whose eigenvalues
inQ p» are p-adic units while 7" ® Q p 1s the sum of the eigenspaces of F, whose
eigenvalues are divisible by p. For t = (¢',t") € T}, set

(6.2.2) Ayt ")y =(',qt") and A, 1")=(, pt").
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Then FI,A;1 = A(;IFI7 : T, — T} is an isomorphism. Extend Fj, and o to T, ® W (k)
by F,t @w)=F,(1)Qwand o (t @ w) =1 @ o (w).

6.3. The Dieudonné module of a Deligne module. For a Deligne module (7),, F),)
at p as above, define the covariant Dieudonné module M (T),, F),) (which we denote
simply by M(T})) to be the Gal(k / k)-invariant submodule of 7, ® W (k) where
T E Gal(lg/k) acts as

(6.3.1) rt@w)= A, F,() @0 (w),

so to be explicit,

(6.3.2) M(T,) ={x e T,®W(k) | F,(x) = Ajo~“(x)}

with actions F(r @ w) = pA;l(t) ®o(w) and V(t @ w) = A, (1) ® 0~ H(w).

6.4. The mapping A, preserves the splitting of 7}, which gives a splitting M (7)) =
M(T") ® M(T"). The operator F is o-linear; it is invertible on M (T") and it is
divisible by p on M(T"). If @« € M(T') then

Fp(a) =Va),

that is, the mapping F), has been factored as F,, = V“. (The preceding paragraphs
may be dualized so as to define the contravariant Dieudonné modules N(T') =
N(T")@®N(T") corresponding to the splitting (6.3.2), in which case the mapping 7,
is invertible on N (7"), divisible by p on N(7") and one has F,, = F* Despite this
confusion we use the covariant Dieudonné module because the equations are a bit
simpler.)

Proposition 6.5. Let (T, F},) be a Deligne module at p with Z ,-rank equal to 2n.
Then its Dieudonné module M (T),) is a free module over W (k) whose W (k)-rank
also equals 2n and in fact there exists a W (k)-basis of M (T),) whose elements also
forma W (k) basis of T, ® W (k).

The proof will appear in Appendix B. The following lemma will be needed in
the proof of Proposition 7.3.

Lemma 6.6. Let (T, F),) be a Deligne module at p. The operator o(t @ w) =
tQ@o(w)onT,® W (k) preserves the Dieudonné module M(T,) C T, ® W (k).
Suppose A C M(T,) ® Q, is a W(k)-lattice. Then the following statements are
equivalent.

(1) The lattice A is preserved by F and V.
(2) pACFACA.

(3) pPACVACA.

4) A'VA = A
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Such a lattice is also preserved by o.

Proof. The equivalence of (1), (2), (3) is straightforward. (See also the related (4.4.3)
when A is symplectic). Such a lattice A is also preserved by F,, V), so by the
argument of [Deligne 1969] it decomposes as A = A’ @ A” with A" = Mg (T,)' N A
and A" = Mg(T,)" N A. Then V| A’ is invertible: Since F, = V“ is invertible
on A’ it follows that V is surjective on A’, and it is injective because it is injective on
Mq(T),)". Similarly F | A” is invertible which implies (4). Conversely, suppose that
AJ'WA =A.Then VA C ApA C Aand FA = pV~'A = (pA,")A C A. Finally,
the action of A;l V on M(T)) coincides with that of o1, 50 (4) impliessc A=A. O

6.7. Let A/k be an ordinary abelian variety with Deligne module (74, F4). The
associated finite group scheme A[p"] = ker(-p”) decomposes similarly into a
sum A'[p"] ® A”[p"] of an étale-local scheme and a local-étale scheme, with a
corresponding decomposition of the associated p-divisible group, A[p™®]=A'®A".
Over W (k) the finite étale group scheme A’[p”] becomes constant so there is a
canonical isomorphism

6.7.1) AP 1= p T,/ Th.

Proposition 6.8. The isomorphism A'[p"]1 = p~"T, /T, induces an isomorphism
of covariant Dieudonné modules

M(A) = M(Ty®Z,).

6.9. Proof of Proposition 6.8. The module M (T4 ®Z,) was defined in Section 6.3,
so we need to determine the Dieudonné module M (A) of the abelian variety A.
First let us show that

(6.9.1) M(A") = (T} ® W (k))%Y,

where the action of 7 = 0% € Gal, of F and V is given by
7.(t' Qw) = Fa(t) @ c%(w),

(6.9.2) F{t'@w) = pt' @c(w),
V' @w)=1t®c ' (w).

From (6.7.1), over W (k), the covariant Dieudonné module of the finite group
scheme A'[p"] is:

(6.9.3) MA'[p' )= (p"Ty/Ty) @z Wk) = (Tx/p"Ty) ®z W (k)

with F(' @ w) = pt’ ® o (w); see [Demazure 1972, p. 68]. Then (see [Demazure
1972, p. 71] or [Chai et al. 2014, §B.3.5.9, p. 350)),

(6.9.4) M(A) = liinM(A/[ .
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Therefore
M(A') = (im(T}/p"Tj) ® W (k)™
= (1im(T}, ® W(K)/p' (T} ® W (K)))) ™
= (Ty @ W (k)™
with (étale) Galois action
(6.9.5) 7' @w)=7{)@n(w)=Fa(t) @ (w).
Next, using double duality, we will show that M (A”) = (T ® W (k))®¥ where
2" @w)=q""FA(t") @0 (),
(6.9.6) Ft"ow)=t"®@o(w),
V(' @w) = pt" @ o (w).

Let B denote the ordinary abelian variety that is dual to A with Deligne module
(Tg, Fp) and corresponding p-divisible groups B, B”. Then B’ is dual to A” (and
vice versa), hence it follows from (6.9.1) (see also [Chai et al. 2014, §B.3.5.9],
[Demazure 1972, p. 72] and [Howe 1995, Proposition 4.5]) that:

M(B') =Ty ®z, W(k),>
M(A") = Homy, 3, (M (B'), W (k)),’
Ty =Homg (T}, Z,)*
From this, we calculate that the isomorphism
W : T) ® W(k) - Homy,,(Homgz, (T}, Z,) @ W (k), W (k)) = M(A")
defined by
W (P @ u) = ¢ (t").wu
(fort” € Ty, for ¢ e Hom(T, Z,) and for w, u € W (k)) satisfies:
(1 Wyrgw) (@ @ u) = 0" Vg, (15 (¢ @u))
= o’alIJt//®w(FB_l¢ ® O'_au)
=0 ((F5')(t").w.0 ™ "u)
= ¢(V;l #").0%w).u) = (lpV;'t”®a“(w))(¢ Ru).
2n(f' @w) = Fp(t) @ (w), F(' @w)=pt' @c(w).

Spav(m) = oY (g (), Fy(m)=oy(Vm)).
4Fpp () = V().
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Therefore 7 (¢’ @ w) = VA_1 (") ®@c%(w) =g ' Fy(t") ® 0%(w). Similarly,

(FVrguw) (@ @u) =Wigow) (@ @u),

hence F(t" ® w) =t” ® o (w), which proves (6.9.6). Since M (A”) = (M(A"))%,
this together with (6.9.1) verifies that M (A) satisfies the condition in (6.3.2) (with
T, replaced by Ty ® Z,,). U

Proposition 6.10. Let (T, F},) be a Deligne module at p. Letw : T, x T, — Z,,
be a symplectic form such that o (Fx, y) = w(x, Vy) forall x,y € T),. Extending
scalars to W (k) then restricting to the Dieudonné module M(T,) C T, ® W (k)
gives a quasi-polarization

w,: M(T,) x M(T,) — W (k)

of M(T)). If the original form w is nondegenerate up to homothety then the same is
true of the form w,, with the same homothety constant.

Proof. The proof is a direct computation using the decomposition 7, = 7' @ T". O

6.11. Real structures. Let (T, F,) be a Deligne module at p, with a polarization
w:T, xT,— Z,. Let w, denote the resulting quasi-polarization on the covariant
Dieudonné module M (T),). Let T : T, — T, be a real structure on (7),, F,) that is
compatible with the polarization w. Unfortunately, the mapping t does not induce
an involution on the Dieudonné module M (T),) without making a further choice.

Following Appendix A, choose and fix, once and for all, a continuous K (k)-
linear involution 7 : K (k) — K (k) that preserves W (k), so that To%(w) =0 ~“T(w).
Then the following construction provides a functor from the category of polarized
Deligne modules with real structure to the category of quasi-polarized Dieudonné
modules with real structure.

Proposition 6.12. With (T, F,, o, T) as above, the mapping
1, : T, @ W(k) — T, ® W (k)

defined by t,(x @ w) = 7(x) ® T(w) is continuous and W (k)-linear. It preserves
the Dieudonné module M (T,) and it satisfies T, F* = V“t, and

(6.12.1) wp(Tpx, Tpy) = —wy(x,y) forallx,y e M(T,).

Proof. The mapping 7 takes T’ to T"” (and vice versa) because it exchanges the
eigenvalues of F and V. If x¥’ @ w € T’ ® W (k) then

T,7.(x' QW) =1,(Fx)®@0c“(w)) = Vi(x) Qo “T(w)

=7 () @TW) =7""7,(' Qw)
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which shows that 7, takes M (T") to M(T") (and vice versa). Similarly,

T, Fx' @w) =1,x' ®qo“(w)) =1(x) ® qo “T(w)
=V ®T(w) =V, @w).

Similar calculations apply to any element x” @ w € T” @ W (k).

We now wish to verify (6.12.1). Let ¥ =T, ® Q. It is possible to decompose
Y =Y, ®--- @Y, into an orthogonal direct sum of simple Q,[F] modules that
are preserved by t (see, for example, [Goresky and Tai 2019, Lemma 4.3]). This
induces a similar w,-orthogonal decomposition of

MY)=M(T,) Qwx) K (k)
into submodules M; = M (Y;) over the rational Dieudonné ring
Ag=A® K (k) = K(k)[F, V]/(relations),

each of which is preserved by 7,. Since this is an orthogonal direct sum, it suffices
to consider a single factor, that is, we may assume that (V),, F,,) is a simple Q,[F]-
module.

As in (6.2.1) the Q, vector space Y decomposes, ¥ = Y’ @ Y” where the
eigenvalues of F | Y’ are p-adic units and the eigenvalues of F | Y” are divisible
by p. Then the same holds for the eigenvalues of F“ on each of the factors of

MY)=MY)Y®MY").

Moreover, these factors are cyclic 7“-modules and 7, switches the two factors. It is
possible to find a nonzero vector y’ € M (Y') so that y" is F*-cyclic in M (Y’) and so
that y” = 7, (y) is F¢-cyclic in M (Y"). It follows that y = y’@® y"” is a cyclic vector
for M(Y) which is fixed under 7, that is, 7,(y) = y. We obtain a basis of M (Y):

y, ];-ay, . ];-a(Zn—l)y‘

The symplectic form w), is determined by its values w, (y, F ayyforl<j<2n—1.
But . ' . .
wp(Tpy, HFYY) = wp(y, 7 FY1py) = ¢/ 0p(y, Fy)

=q'q 7wy (FYy,y) = —w,(y, F¥y). O

7. Comparing lattices in the ordinary case

7.1. A twisted orbital integral (4.4.2) “counts” (real, symplectic) lattices in a
Dieudonné module while an untwisted orbital integral counts (real, symplectic)
lattices in a Deligne module. In this section we show that such lattices are in natural
one-to-one correspondence. Let (T),, F),, w, T) be a polarized Deligne module (at p)
with a real structure. By [Goresky and Tai 2019, Proposition B.4] there exists an
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isomorphism & : T, ® Q, — @i” which takes w to the standard involution wy
and takes 7 to the standard involution 7. It takes F), to some element y € G(Q),)
and it takes the decomposition (6.2.1) to a decomposition @i” =V @ V" where
y is invertible on V' and is divisible by ¢ on V”. It also takes the operator A,
of (6.2.2) to an element o, € G(Q) in the centralizer Z, (Q) such that o, |V’ =1
and | V" =¢ql.

The mapping ® = ® ® K (k) is compatible with the action (see Lemma 6.6) of o,
that is, ®(r ® o (w)) = o ®(r ® w), and it takes the rational Dieudonné module
Mo(T,) = M(T,) ® Q, to the K (k)-vector space (see Section 6.3)

Ja() ={x € K™ | yx = ago ™" (0)}.
In Corollary B.5 we construct a symplectic basis ¥ of Jg(y) giving the diagram

T, 02 KB 2o k(o —YEKO_ gy
(7.1.1) b I . 1
Mo (Ty) —— Jo(y) K (k)*"

The involution 7, = T ® T in the first column becomes 7p = 7o ® T in the second
and third columns. The mapping ¥ ® K (k) € G(K (k)) satisfies U= fo\IJro_l =Ww,
As in Sections 3.2 and 4.3, the operator Fo~! (in the first column) on Mg(T)y)
becomes (in the third column) multiplication by § € G(K (k)). Let u, = Vo p\IJ_l.
Then §o (w) = \Ilflpoeljla(\llw) S0 § = pu;llpfla(\ll) and its norm

N@)=680(8)---0" ' (®) =¥ "ga, 0" (W) =V gy~'¥

is G(K (k))-conjugate to gy ~'. Similarly, the action of Vo becomes (in the third
column) multiplication by n = ¥~ !« po_l (W) whose norm is stably conjugate to y.
Notations for these operators are summarized in Table 1.

T®Z,| TOWKE — WK™ < Wk)?™
Mo(T) Ja(y) K (k)™
F, F, % vlyw
A, A, ap Up
F potgla o
vV apo*_l po~ls!
w wp o o
T T, =TT TH=7QT )

Table 1. Notations for corresponding operators.
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7.2. For each Z ,-lattice L C T, ® Q,, that is preserved by F), and V), we obtain a
W (k)-lattice i
A= (L®WK)FHD < Mo(T,)

where the Galois action is given by 7.(f @ w) = FA;l(t) ® oc%(w) for t € L and
w € W(k) and where F is given by F(f ® w) = pA;l(t) ® o (w) from (6.9.2)
and (6.9.6).

Proposition 7.3. Suppose p # 2. This association L — A induces a one-to-one
correspondence between

(A) the set of Z,-lattices L C T, ® Q,, symplectic up to homothety, that are
preserved by F,, V, and T, and

(B) the set of W (k)-lattices A C Mg(T), symplectic up to homothety, that are
preserved by F,V, .

The choice of basis ® determines a one-to-one correspondence between (A) and
(C) the set{z € H(Q))/H(Z)) |z o) vz € G(Z))}

with H as in (2.0.2). The basis ¥ determines a one to one correspondence between
B) and

(D) the set {w € H(K (k))/H(W(k)) | w™' p~lu,d0 (w) € Ty}

Conjugation by ¥ € Sp,, (K (k)) takes the centralizer Z,(Q,) C H(Q)) isomor-
phically to the twisted centralizer

Ss(K (k) = {w € H(K (k) | z7'80(z) =8} C H(K (k)).

The correspondence (C) <> (D) is equivariant with respect to the action of these
centralizers.

Proof. Using the symplectic isomorphism @ (and ®) the set (A) may be identified
with

(A") the set of Z ,-lattices L C Q2", symplectic up to homothety (with respect to
the standard symplectic form wy), preserved by the standard involution 7y and

the mappings y, gy ..

Step 1. Let us show that (A") <> (C). As in [Deligne 1969], the special properties
(Section 5.5) of y determine a decomposition @f," = V'@ V" where y is invertible
on V' and is divisible by ¢ on V”. Then o, | V' =1 and oy | V"' = gI. The same
holds for any lattice L C @f,” = L' @ L" that is preserved by y and by gy ~!. Such a
lattice L is also preserved by gy ~! if and only if ozq_l y : L — L is an isomorphism.

Write L = gL for some g € G(Q,). If L is also preserved by the involution 7
then g~ 'gLo= Lo (Where § = ‘L’og‘L'O_l) so g~ 'gisa l-cocycle for H'((1o), Sp,,.(Z))),
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which is trivial (by [Goresky and Tai 2019, Proposition B.4], and using the fact
that p # 2). So there exists h € Sp,,(Z,) such that h'h=g7'g, thus L = zL,
where 7 = gh™! € GL;(Q)). Therefore we have that a;lyzLO = zLo so that
Z_laq_l)/z € G(Z,). Replacing z by zt (for any t € H(Z,) gives the same lattice
L = ztLy. This proves (C).

The correspondence (B) — (D) is similar (compare Proposition 4.4). By
Lemma 6.6, if a lattice A C Mq(T) is preserved by F,V then it splits A =
A’ @ A”; both factors are preserved by F, V; and p~'A,F(A) = A. Translating
this into the third column of Table 1, we have a W (k)-lattice, wAy C K (k)"
(where Ag = W (k)% is the standard lattice) such that p‘lu p0o(WAg) =wAg or
w ! p~lu,80 (w) € G(W(k)), which is condition (D).

Step 2. Next, we claim the mapping L — A = L ® W (k) determines a correspon-
dence between the set (A’) and

(A”) the set of W (k)-lattices A C K (k)*", symplectic up to homothety, that are

preserved by y, gy !, 19, and 0.

Given A from (A”) write A = BA( for some B € G(K (k)), where Ay = W (k)*"
is the standard lattice. Then B8~ 'o(B) € szn(W(lz)z”) is a l-cocycle for the
Galois cohomology H 1(Gal(Fp /Fp), Spy, (W(-))), that is, the cohomology which
forms an index set for the collection of all [ ,-isomorphism classes of [ ,-forms of
nondegenerate skew symmetric bilinear forms on W (k)?", of which there is only
one, by [Milnor and Husemoller 1973, §3.5]. So it is trivial, which implies that
A =zA( for some z € G(Q,). (Thatis, B~ lo(B)=s"'o(s) for some s € G (W (k));
take z = Bs~ )

The element z_laq_l yz is in G(W (k)) and it is fixed under o so it lies in G(Z,).
This implies aq_l vzLo = zLo, hence L is preserved by y and by gy ~!. Moreover,
A+ =cA where ¢! € Q,, is the multiplier of z, so the lattice A comes from the
lattice L = sz," and the homothety constant may be taken to lie in Q. Finally,
since 1p(A) = A, the same argument as in Step 1 implies that z may be chosen to
lie in H(Q),), hence the lattice L is also preserved by Ty.

Step 3. According to Section 6.3, the mapping ® : T,®K (k) = K (k)™ takes the
Dieudonné module M(7T,) ® Q,, to the module

Ja(y) ={x e K)* | yx = ago ~*(x)}

on which the mappings F, V become the following (for which we use the same
symbols): F(x) = pa,'o(x) and V(x) = a,0 "1 (x). Consider

(B’) the set of W (k)-lattices A C Jo(y), symplectic up to homothety, that are
preserved by F, V, 1.
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We claim functors (A”) <> (B’) defined by
A= A=ANTa(y)
A=AQW(k) < A

define a one-to-one correspondence between lattices A of (A”) and lattices A
of (B).

Given A from the set (A”), the set A = ANJTg(y) is clearly preserved by F, V, 19,
but we need to prove that it is a lattice. In fact, it is a free W (k)-module of maximal
rank, which follows from the same proof (Appendix B) as that of Proposition 6.5.

On the other hand, given a lattice A from the set B’ we obtain a lattice

A=A®W(k) C Kk

It is clearly preserved by F, V, tg. It follows from Lemma 6.6 that it is also

preserved by o, so it is in the set A”. We claim that AN (Ja(y))) = A. Choose a

W(k)-basis by, by, -+ , by, €T, ® K(IE) of A.Ifv=7),sb; € AN (Jo(y)) with

s; € W(k) then

V= Zsibi =y oy Zsibi = Zﬁ_a(si))/_laqa_a(bi) = Za_a(si)bi
i i i

1

which implies that s; € W (k). Therefore v € A.

In fact every lattice in the set (A”) arises in this way: given Alet A=A NJa(y).
Then Proposition 6.5 implies that A admits a W (k) basis whose elements form a
W (k) basis of A. So the inclusion A — A induces an isomorphism A ® Wk) = A.
This completes the verification of (A”) <> (B).

Step 4. The correspondence between (B) and (B’) is straightforward.

Step 5. Suppose z € Z,,(Q,). Then z preserves the eigenspace decomposition
@%” = V'@ V" so it commutes with . Then w = U170 e S5 because

wdo (w)™' =W pa;lo (W) =3.

Conversely if w € Ss(K (k)), applying the norm gives wN@@w '=N(@)soz=
Ul e Z,(K (IE)). Moreover z commutes with o, (as above). Substituting § =
lIJ_lpa;la(\IJ) into the equation wdo(w) '=w gives zo0(z) '=1,s0z¢ Z,(Qp).

The equivariance statement in Proposition 7.3 is easily verified. U

7.4. As in Lemma 4.1, the theory of Smith normal form (or rational canonical
form) gives a one-to-one correspondence between the set (A’) and

(C') the set {g € H(Q,)/H(Z,) | g 'vg € Tp1,T,},

where I', = G(Z,), and as in (4.4.1), an identification between (B’) and

(D') the set {g € H(K (k))/H(W (k) | g~ '80(g) € TwA,Tw}.
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7.5. Using the same procedure (due to [Kottwitz 1990]) as in Sections 4.2 and 4.3,
we may identify the set of isomorphism classes of principally polarized Deligne mod-
ules at p with real structure that are Q) ,-isogenous to (7, F},, ®, T) with the quotient

Y(Tp) = I(T)\V(T)),

where Y(T),) denotes the set of Z,-lattices L C T, ® Q,, that are symplectic up
to homothety (that is, LY = ¢L for some ¢ € Q) and preserved by F},, Vp, and t
(that is, the set (A) of Proposition 7.3), and where I(T),) denotes the group of self
isogenies of (T}, Fy, , 7).

So the correspondence (A) <> (C) <> (C) <> (B) < (B)' of Proposition 7.3
and 7.4 means that the number of such isomorphism classes

1Y (Tp)l =12y (@p\Y(T))]

is given by any of the integrals

© / x(z_laq_lyz)dz
Z,(Q)\H(Q)p)
() = / k(g 'yg) dg
Z, (Q)\H(@Q)p)
®B) _ / s (™" plu, 50 (w)) duw
Ss(K (k)\H (K (k))
B) - / cw(s'80(g)) dg
Ss(K (k)\H (K (k))

where x is the characteristic function on G(Q,) of I', = G(Z,), xw is the charac-
teristic function of G(W (k)), « is the characteristic function on G(Q,) of I', 1,T",,
kw is the characteristic function on G (K (k)) of I'w I,I'y and where H =GL; C G
(note that y, 6 ¢ H).

Appendix A: Involutions on the Witt vectors

A.1l. Fix a finite field k of characteristic p > 0 having ¢ = p“ = |K| elements.
Fix an algebraic closure k and let W (k), W (k) denote the ring of (infinite) Witt
vectors. These are lattices within the corresponding fraction fields, K (K) and K (k).
Let Wy(k) be the valuation ring in the maximal unramified extension Ko(k) of
Q, C K (k). We may canonically identify W (K) with the completion of Wy(K).
Denote by 7 : k — K the Frobenius 7 (x) = x%. It has a unique lift, which we
also denote by 7 : W(k) — W (K), and the cyclic group () = Z is dense in the
Galois group G = Gal(Ko (k) /K (k)) = Gal(k/k). If L D K is a finite extension, for
simplicity we write Gal(L /K) in place of Gal(K (L)/K (K)) and we write Tracey /k
for the trace W (L) — W (K).
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Proposition A.2. There exists a continuous W (K)-linear mapping 7 : W (k) — W (k)
such that:

() t2=1

(2) tn=n"'1.

(3) For any finite extension E /K, the mapping © preserves W(E) C W (K).

(4) For any finite extension L O E D K, the following diagrams commute:

W(L) Z W(L) W(L) Z W(L)
Trace; /g Trace; /g
W(E) E W(E) W(E) E W(E)

Such an involution will be referred to as an antialgebraic involution of the Witt
vectors.

Proof. Let E D K be a finite extension of degree r. Recall that an element 8z € W (E)
is a normal basis generator if the collection 0g, 70g, 720, -+, 7" 10p forms a
basis of the lattice W (E) over W (k). By simplifying and extending the argument
in [Lenstra 1985], P. Lundstrom [1999] showed that there exists a compatible
collection {6} of normal basis generators of W (E) over W (K), where E varies over
all finite extensions of K, and where “compatible” means that Tracer /£ (01) = 6
for any finite extension L O E D K. Let us fix, once and for all, such a collection
of generators. This is equivalent to fixing a “normal basis generator” 6 of the free
rank one module
I%W(E )
over the group ring

WG] = lir_nW(k) [Gal(E/K)].
E

For each finite extension E /K, define tz : W(E) — W(E) by

r—1 r—1 r—1
‘EE( E al‘JTIQE) = E a,'T[_l@E = E aiJTr_lQE,
i=0 i=0 i=0

where ag, ay, - -+ , a,—1 € W(K). Then ré =] and 1z = 7~ 'tg. We refer to g
as an antialgebraic involution of W(E). The mapping tg is an isometry (hence,
continuous) because it takes units to units. To see this, suppose v € W (E) is a unit
and set Tz (v) = p"u where u € W(E) is a unit. Then

v="17() = p'Te() € p'W(E)

is a unit, hence r = 0.
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Next, we wish to show, for every finite extension L D E DK, that 7, |W(E) = tg
(so that tg is well defined) and that Ty o Trace; r = Trace, /g ot;. We have an
exact sequence

1 - Gal(L/E) — Gal(L/k) - Gal(E/k) — 1.
For each h € Gal(E /k) choose a lift h € Gal(L /K) so that
Gal(L/K) = {hg : h € Gal(E/K), g € Gal(L/E)).
Letx =, cqae k) @nhOr € W(E) where a, € W(K). Then
x = Z aph Z gor = Z ap Z ﬁg@L
heGal(E/K)  geGal(L/E) heGal(E/K)  geGal(L/E)
so that

w= Y a Y, hlg7'o

heGal(E/K)  geGal(L/E)

= Y ah™t > gloe= > ah e =1e(x).

heGal(E/k) geGal(L/E) heGal(E /k)

To verify that g o Trace; /g (x) = Trace, /g oty (x), it suffices to consider basis vec-
tors x =hgf;, where g € Gal(L/E) and h € Gal(E /K). Then Trace;, /g (x) =h6f and

Trace/p(to(x)= Y yh'gloo=h"" Y z0.
yeGal(L/E) 2€Gal(L/E)

=p! Trace(01) = tg Tracer /g (x).
It follows that the collection of involutions {tg} determines an involution
7 Wo(k) = Wo(k)

of the maximal unramified extension of W (K). It is a continuous isometry (so it
takes units to units) and it satisfies the conditions (1)—(4). Therefore it extends
uniquely and continuously to the completion W (K). ]

Appendix B: Applications of Galois cohomology

B.1. Throughout this section let k be a finite field with an algebraic closure k with
Galois group Gal =Gal(k/ k). Let W (k) be the ring of Witt vectors over k. A bilinear
form on a free finite-dimensional W (k) module V is (strongly) nondegenerate
if it induces an isomorphism V — Homy ), (V, W(k)). Let wg be the standard
symplectic form whose matrix is J = (PI (I)) In this section we recall some
standard facts and applications from Galois cohomology.

Proposition B.2. The Galois cohomology set H' (Gal(k /k), GL, (W (k))) is trivial.
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Proof. The proof follows from [SGA 3 1970] Exp. XXIV, Prop. 8.1(ii) and
[Grothendieck 1968] Thm. 11.7 and Remark 11.8.3 although it takes some work to
translate these very general results of Grothendieck into this setting. ([

Proposition B.3. The Galois cohomology set H'(Gal(k/k), Sp,, (W (k)) is trivial.

Proof. The proof also follows from [SGA 3; 1970] and [Grothendieck 1968] but
it also follows directly from Proposition B.2 as follows. There is a natural one-to-
one correspondence between the set of W (k)-isomorphism classes of (strongly)
nondegenerate alternating bilinear forms on W (k)*" and elements of

ker(H'(Gal(k/k), Sp,, (W (k))) — H'(Gal(k/k), GLa, (W (k)))).

In fact, if {&5} is a 1-cocycle (with 6 € Gal) which lies in this kernel then there exists
g€ GLZn(W(IE)) so that &y = Q(g)g_1 (for all 8 € Gal). It may be used to twist the
standard symplectic form wy to give a new symplectic form with matrix B = ‘gJg~'.
Then 6(B) = B so it defines a symplectic form on W (k)*" which is nondegenerate
over K (k) and also over W (k), which implies that it is nondegenerate over W (k),
i.e., strongly nondegenerate.

If R is a principal ideal domain, it is well known (see, for example, [Goresky and
Tai 2019, Lemma B.2]) that all strongly nondegenerate symplectic forms on R>"
are isomorphic over R. It follows that the above kernel contains a single element.
By Proposition B.2 above, this implies that H 1 (Sp2n(W(l€)) is trivial. O

Proposition B.4. Define an action of the group (to) = Z/(2) on Sp,, (W (k)) where
the nontrivial element acts as conjugation by 1ty = (_01 (1)) If char(k) # 2 then the
nonabelian cohomology set H L (1), Sp,, (W (k)) is trivial.

Proof. This follows from the same method as [Goresky and Tai 2019, Proposi-
tions B.4 and D.2]: since W (k) is a principal ideal domain containing 1/2, every
involution of Sp,, (W (k)) with multiplier equal to —1 is conjugate to the standard
involution g = TogT, ! The above nonabelian cohomology set counts the number
of conjugacy classes of such involutions. (]

Corollary B.5. Let V be a finite-dimensional free W (k) module together with a
semilinear action of Gal(k/k). Let VSl be the W (k)-module of Galois invariant
elements.

(1) The module V5 i_s free over W (k) and there exists a W (k)-basis of VO
which is also a W (k)-basis of V.

(2) If w is a (strongly nondegenerate) W (k)-valued symplectic form on V such that
w(Ox,0y) =0w(x, y) for all 6 € Gal(k/k) then w restricts to a strongly non-
degenerate W (k)-valued symplectic form on VO and there exists a symplectic
W (k)-basis of VO that is also a symplectic W (k)-basis of V.
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(3) In addition to (2), if char(k) #2, ift,: V — V is an involution such that t,0 =
Q*Ir,, forall 6 € Gal(lz/k) and w(t,x, Tpy) = —w(x, y) then T, restricts to
an involution on V% and the symplectic basis {ey, - - -, en, €], -+, ey} of y Gal
may be chosen so that t,(e;) = —e; and T,(e}) = e}.

Proof. For part (1), let m = rank(V). Since the conclusion holds in the case that

V = W (k)™ it suffices to show that there exists a Gal(k / k)-equivariant isomorphism

V — W (k)™ Choose any W (k) isomorphism ¢ : V — W (k)" where m = dim(V).

Then 6 — 0(¢)¢p~' € GL,,(W(k)) is a 1-cocycle so it equals 6(B)B~! for some
B € GL,,(W (k)) by Proposition B.2. It follows that the isomorphism

¢ =B l¢p:V > Wk)"

is Galois equivariant.

For part (2), let m = 2n in the preceding argument. The conclusions of the
argument hold for the standard symplectic form wy on W (k)" so it suffices to
construct a Gal(k/k)-equivariant symplectic isomorphism V — W (k)?". The same
argument works: choose the original isomorphism ¢ : V — W (k)*" so as to take the
symplectic form w to the standard symplectic form wy. The same argument (using
Proposition B.3 this time) gives B € Sp,, (W (k)) so the resulting isomorphism
¢ =B~ '¢:V — W(k)" is equivariant and symplectic.

For part (3), first use (2) to obtain a symplectic isomorphism ¢ : Vol s W (k)
The conclusions of the argument hold for the standard involution 7 so it suffices
to modify this isomorphism so as to be equivariant with respect to the involutions
7, and 79. The same argument (using Proposition B.4 this time) also works: set
¢ = roqﬁr;l. Then ¢¢~! € Sp,, (W (k)) is a 1-cocycle for the action of () and
since the cohomology vanishes, the mapping ¢ may be modified so as to become
equivariant with respect to the involutions. ([
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