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Let 2 be an open set in a metric space H, 1 < py, p <q <00, a, b,y € R,
a > 0. Suppose o, i1, w are Borel measures. Combining results from earlier
work (2009) with those obtained in work with Wheeden (2011) and with
Rodney and Wheeden (2013), we study embedding and compact embed-
ding theorems of sets & C L; ,,.(2) x L} (2) to L}, () (projection to the
first component) where S (abstract Sobolev space) satisfies a Poincaré-type
inequality, o satisfies certain weak doubling property and u is absolutely
continuous with respect to o. In particular, when H = R", w, u, p are
weights so that p is essentially constant on each ball deep inside in 2\ F, and
F is a finite collection of points and hyperplanes. With the help of a simple
observation, we apply our result to the study of embedding and compact
embedding of L,‘:Q (2) N EY »(2) and weighted fractional Sobolev spaces to
L;IL ot (2), where E,ﬁpb (R2) is the space of locally integrable functions in
such that their weak derivatives are in L »(€2). In R", our assumptions are
mostly sharp. Besides extending numerous results in the literature, we also
extend a result of Bourgain et al. (2002) on cubes to John domains.

1. Introduction

Sobolev embedding, compact embedding and Poincaré inequalities are essential
tools in the study of elliptic partial differential equations (including Yamabe-type
problems)

(1-1) VAVl 2Vu) + AulPPu=ul"u (g >p> 1),

where ¢ is less than the critical exponent in the Sobolev embedding and A(x) is a
uniformly (or at least locally) positive definite matrix valued function. However,
stronger (for example weighted) Sobolev (and compact) embedding is needed if
A(x) fails to be uniformly positive definite or degenerate. In this direction, Caffarelli,
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Kohn and Nirenberg [Caffarelli et al. 1984] studied the following weighted Sobolev
interpolation inequalities

N1l gy < C OV 0l gy + 1617 V]

L' (R LP(R"))‘

It has been extended to Lipschitz (and C%*) domains and various distant weights
by Gurka and Opic [1988; 1989; 1991] and Kufner [1985] (see also Brown and
Hinton [1988]). More recently, it has also been generalized to domains satisfying
chain conditions (such as John domains and generalized John domains [Hajtasz and
Koskela 1998; Chua 2005; 2009]).

Together with the Poincaré inequality, embedding and compact embedding
on Sobolev spaces are used in the studies of elliptic [Saloff-Coste 2002; Brezis
and Nirenberg 1983] and degenerate elliptic partial differential equations [Chua
and Wheeden 2017; Rodney 2010; Sawyer and Wheeden 2006]. For example,
boundedness and regularity of solutions can be obtained if the associate operator of
equations satisfies some structure conditions [Monticelli et al. 2012; 2015] while
existence of solutions can be assured by embedding and compact embedding [Chua
and Wheeden 2017]. Indeed, just Sobolev embedding alone (for the associated
operator) will lead to boundedness of solutions of degenerate equations [Chua
2017a]. We will study the counterpart of embedding and compact embedding
on abstract Sobolev spaces which include degenerate Sobolev spaces (including
weighted fractional Sobolev spaces) on irregular domains. We are able to obtain such
embeddings for (Borel) measures that need not be doubling nor reverse doubling
(on €2). We will always assume a simple Poincaré-type inequality (1-4) and use it
to obtain various Poincaré inequalities via a standard technique of self improving
[Franchi et al. 2003; Chua and Wheeden 2008] on (weak) John domains and balls
without any chain or geodesic path condition (see Remark 2.8(3)). Such inequalities
are then used to obtain embedding and compact embedding on domains which are
a countable union of bounded overlapping (weak) John domains with the same
parameters (for example, a generalized John domain). We further provide a unified
approach for weights that are essentially constant (1-21) on §-balls (balls that
are “deep” inside the domain). In particular, in case of Euclidean spaces, our
assumptions turn out to be simple (and sharp) for such an embedding to hold. As
applications, we extend many known results in the literature; for example, [Chanillo
and Wheeden 1992; Gatto and Wheeden 1989] (see Corollary 1.6, Remark 1.7);
Bourgain, Brezis and Mironescu [Bourgain et al. 2002] (that has been improved
by Mazya and Shaposhnikova [2002]). For the latter, we extend it to weighted
fractional Sobolev inequalities on John domains in Remark 1.7(3). Furthermore,
we extend a weighted Sobolev interpolation inequality by Caffarelli, Kohn and
Nirenberg [Caffarelli et al. 1984] to a weighted fractional interpolation inequality
with much more complicated weights that may not be doubling (see Theorem 1.14).



EMBEDDING AND COMPACT EMBEDDING FOR SOBOLEV SPACES 521

In what follows, C will denote a generic positive constant while C (¢, 8, v, ...)
will denote a constant that is depending only on «, 8, y, .... When u and w are
weights (nonnegative locally integrable Borel measurable functions), by abusing the
notation, du and dw will denote the measure © dx and w dx respectively. When
Q is a domain in the Euclidean space, EL(S2) will denote the class of locally
Lebesgue integrable functions on  with weak derivatives in L%, (£2). We will write
Wulj’p(Q) = LY (Q) N EL(Q). This space could be just a normed space (it is a
Banach space if w™!/?=1 is locally integrable in Q [Kufner and Opic 1984]). We
will also work on (weighted) fractional Sobolev spaces (0 <« < 1)

Wer(Q) = {f € Lioo ()t [ fller g =

_ 1/p
</f [ f(x) f(y)lpd w(x)dx) ool
Bx.pa(v)/) X —y["ter

where po(x) = inf{|x — y| : y € Q¢} (pa(x) = oo if Q¢ = &). Note that a more
common (weighted) fractional Sobolev space is usually defined as

Wi () = {f € Ligo() | fllyer ) =

_ 1/p
(/ Lf ()= fIP dyw(x)dx) ool
elo |x—y[rter

While it is clear that Wo'? (Q) ¢ WP (), the converse is in general not true even

when w = 1 [Dyda et al. 2016]. In Euclidean spaces, we usually assume (Q is any
ball in R" )

(1-2) |Q|Ilf follig) SaDIVE, fll o) Where fQ—fde/IQI

a(Q) is a ball set function and ng » f (0 <a <1) could be either the usual gradient
|V f| (when « = 1) or the “fractional derivative,” that is

— 1/p
Ve () = VS, f(x) = ( / Mdy> |
B(x,pa(x)/2)

x—ylrer

For example, when 50 C €2, (1-2) is known to hold for w = 1 with a(Q) =
C|Q|%/"=1/P and hence also holds for any weight w with

a(Q) = ClQI" 1wl -

For 0 < o < 1, see Remark 1.2(5). The case where o = 1 is well-known (for all
balls Q).
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Equation (1-2) can be used to obtain

where B’ is a “central ball” in © (see Theorem 1.8). Hence (if () < 00)

1£19.0) < CUFNL g+ 1Vaf Nl q)-

Moreover, as (1-3) will always imply the inequality (1-3) with fp' being replaced
by [q f du/in(R2), we also have

1/ 5.0y < CU1F N gy + 1V N 0)-

The case where du = dist(x, €20) dx and dw = dist(x, Qo)’ dx, a > 0,b € R,
o =1, Qp C Q° has been studied in [Chua and Wheeden 2011] when €2 is an
s-John domain (s > 1). See [Gurka and Opic 1988; 1989; 1991] for some other
weights on C%!/* domains. For negative @ and 0 < « < 1, see [Chua 2016; 2017b].
In this note, we will discuss the case where €2 (an open set in a metric space) is a
bounded overlapping countable union of weak John domains (see (1-7)) with a fixed
parameter. This includes generalized John domains [Chua 2009, Definition 1.2]
which include bounded and unbounded John domains [Viisidld 1989]. We also
allow Q¢ ¢ ¢ and more complicated weights which may degenerate (0 or co) in €2.
Most of the previous studies assumed u to be doubling or at least reverse doubling;
see [Chua and Wheeden 2011; Hajtasz and Koskela 1998; Hurri-Syrjinen 2004].
Indeed, they considered mostly the case a > 0. Even though there were studies
for the case a < 0, the weight u was known to be doubling (i.e., udx is doubling)
[Chua 2009; 1995; Chua and Wheeden 2011]. For simplicity, we discuss only a few
typical applications that include the case where the power @ may be negative and
may neither be §-doubling (see below) nor reverse doubling. In order to overcome
this problem, we first observe that a John domain is still John domain after a finite
number of points is removed. We then see that the Sobolev space on the resulting
smaller domain contains the original Sobolev space.

For simplicity, we will consider mostly metric spaces where Sobolev spaces
are well studied [Cheeger 1999; Heinonen 2001; Hajtasz 1996; Keith 2004; Keith
and Zhong 2008] instead of quasimetric spaces even though the technique can be
extended to quasimetric spaces as in [Chua and Wheeden 2011; Chua et al. 2013;
Sawyer and Wheeden 2010]. Indeed, given any quasimetric d, there exists € > 0
such that d? is bi-Lipschitz equivalent to a metric [Heinonen 2001, Proposition 14.5].
Note that our study will also include Alexandrov spaces and Carnot—Carathéodory
metric spaces.

Let0<d < % and €2 be an open set in a metric space. B(x, r) or B, (x) will denote
the metric (or quasimetric) ball with center x and radius r(B) = r. Furthermore,
CB = CB(x, r) will denote the ball B(x, Cr). We say B is a §-ball of Q2 if B/§ C 2.
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We say o is a §-doubling measure on €2 if o (2¥BN Q) < (D,)*o (B) for all §-balls
B of ©2 and k € N. Moreover, we say it is doubling on €2 if the above holds for all
balls with center in 2. We say o is doubling if it is doubling on the whole metric
space. Let w be a Borel measure on 2 and 1 < 7 < 1/(2§). We will be interested
in (abstract Sobolev space) G C LG 1oc (§2) X Lw loc (§2) (or L' (Q)x Lw 1oc (82)™)
that satisfies the following Poincaré-type inequality:

o,loc

1
(1) 51T = follyy g =a(@ligl g o)
for all §-balls Q of Q and (f, g) € G,

where fo ., = f fdo/o(Q) and a(Q) is a ball set function (independent of
(f,8) By f e LJ 1oc (§2), we mean f € L] ,(B) for all 5-balls B. The definition
will be independent of § < 2 as €2 in this note is assumed to be at most a countable
union of bounded overlapping weak John domains €2; such that o is §-doubling
on each ;. Such a simple Poincaré inequality is known to hold in Riemannian
manifolds with g = |V f| and Sobolev space on Carnot—Carathéodory metric spaces
with Hormander vector fields [Lu 1992b; 1996; Franchi et al. 1995] with g = | X f],
where X is the “differential operator” associated to the vector field. Indeed, in the
later case, it holds with 0 = w =1 and p = 1 on metric (associated to the vector
field) balls. Furthermore, similar to [Chua and Wheeden 2011], for any function f,
b € R and w > 0, we define (the truncation of | f — b|)

fi = min{max{0, | f - b| - w}, 0}.

We say that G satisfies (1-4) with the truncation property if forall (f, g) € S, beR
and w > 0, there exists g;’ € L% () such that ( fys &) satisfies the inequality (1-4)
and

(1-5) wp 31k 2y g < €D Ngl?, o (er = D).

Li(Q)
w>0,beR k=1

For example, if (1-4) holds for all Lipschitz functions u and their derivative |Vu| on
a Riemannian manifold, it will satisfy (1-4) with the truncation property. Similarly,
when X is a “differential operator” and g =| X f|, (1-4) also holds with the truncation
property. A more subtle (and not obvious) example will be the fractional derivatives
defined above; see Proposition 2.14. Note that our truncation property seems to be
weaker than the truncation property introduced in [Hajtasz and Koskela 2000]. For
example, fractional derivatives satisfy our truncation property while it is not clear
that they satisfy that of [Hajtasz and Koskela 2000].

Following [Hajtasz and Koskela 2000, p.39], given 0 < ¢ < 1, we say that a
domain €2 in a metric space (H, d) (or quasimetric space) is a weak John domain
if there is a fixed “center” x’ € Q such that for any x # x" in , there exists
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y :[0,1] — € such that y (0) = x, y(I) = x" with

(1-6) d(y (1), y (o)) < |ty —to| forall 11,179 € [0,/]

and y satisfies the weak John condition

(1-7) dy®), Q) =infld(y(@),y):y €Q}>cd(y(t),x) forall r.

We will write € J'(c). The corresponding definition in [Chua and Wheeden 2008;
2011] replaces (1-7) by p(y(¢)) > ct, which is nominally a stronger assumption
since d(x, y(t)) =d(y(0), y(t)) <t by (1-7). The weak version (1-7) was first
given by Viisild in R” [Hajtasz and Koskela 2000, Theorem 9.6; Viisald 1988,
Theorem 2.18] and shown to be equivalent to the strong version in R". It was
extended to metric spaces in [Hajtasz and Koskela 2000; Chua and Wheeden 2015].
We do not know an example when the weak version is true and the strong version
is false. In general, the weak version is easier to apply. See also [Martio and Sarvas
1979] for the definition and studies on John domains in Euclidean spaces. More
properties of weak John domains can be found in Section 2 and [Chua and Wheeden
2015, Section 2]. Note also that Lipschitz continuity (1-6) could be replaced by
just continuity. We now state the main theorem of this paper. The assumptions may
look complicated on general metric spaces, but most of them become simple (and
sharp) or redundant on Euclidean spaces.

Theorem 1.1. Let 1 < p < g < o0. Let Q2 be an open set in a metric space H and
let) <6 < l 1 <t <1/(268), u,w, o be Borel measures on H such that | is
absolutely contlnuous with respect to o. Suppose there exists 0 < c < 1 such that Q is
a countable union of sets Q2 € J'(c) with Z Xg, <M, M eN and o is §-doubling
on each Q; with doublmg constant D, mdependent of j,ie,oc(QBNQ; )=
(Ds )ka(B)for all §-balls B of Q; and k € N. Let & C L(T 1oc (82) X Lw 1oc (§2)
satisfy the Poincaré inequality (1-4) with the truncation property (1-5). Suppose
there exists a ball set function u* with w(B N Q;) < u*(B) for all balls B and 2,
and

(i) w* satisfies Condition (R) on each Q2; (with parameters independent of j):

Condition (R) There exist 0 < 6 < 6, < 1, Ay, Ay > 0 such that for each x €
Q;, there is a strictly decreasing sequence {r;,}men of positive real
numbers such that r;, — 0, ri‘ =diam(82;), r;,/2 < rr’,‘hLl <r, and

1B, rE L)) )
— T < A50 orallm, k € N.
B,y =S

(i1) There exists C1 > 0 such that for all j,

(1-8) A0k <

(1-9) ,u*(B)l/qa(Q) < Cy forall balls B with center in Q; and
QCB, Q/6C; withr(Q)=>cér(B)/(41).
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(iii) There exists V,, > 1 such that for all j, given any collection of balls B =
{B, (x):x € E}with E C Qj, it has a subfamily By, of pairwise disjoint balls such
that

(1-10) WE) <V Y 1n*(B).

BeBj
(We will say (1, u*) satisfies the Vitali-type property on £2; with constant V,.)
(I) Then

(1) Nf = fyollq, < CerCiV, gl pq , forall jand (f.g) €&

where B;. = B(x;., Sd(x;., Qj.)), x} is the center of Q; and C depends on q, p, 0,
05, A1, As, ¢, 8, T and Dy.

(ID(a) Ifin addition 1 < pg < g and there exists C > 0 such that

(1-12) w(QNY < Cro (@)Y forall j,
then
(1-13) ”f”LZ(Q) < C(Cle/pOHf”Lgo(Q) + ClCTV/l/qu/p”g”Lﬁ(Q))

forall (f, g) € G where C depends on py and all those parameters given in ().

(b) Furthermore, if w(2) < oo, then for every sequence {(fyn, g,)} in & such
that { f,} and {g,} are bounded in L2(Q) and LY(Q) respectively, { f,} has a
subsequence that converges in L}, (Q) for 1 < § < q to a function in L ().

(¢) If po < q and instead of (1-12), we have
(1-14) w@pta=tirm < ¢, forall j,

then (1-13) and the conclusion in (a) will hold with LY°(Q2) being replaced by
LI’ (Q). Moreover, conclusion in (b) will hold with o being replaced by w (if
U(2) < 00).

Remark 1.2. (1) If & only satisfies (1-4) without the truncation property and
n(2;) < C3 < oo for all j, then (1-13) holds with ”f”L;i(Q) being replaced by
”f”Li(Q)’ P, po < q < q. Thus, (II)(b) remains true if w(2) < oo, i.e., for every
sequence {(f,, gx)} in & such that { f,,} and {g,,} are bounded in L2 (Q)and LY (Q)
respectively, { f,} has a subsequence that converges in L}, (€2). A similar conclusion
holds for the case py < g under the assumption (1-14) for (II)(c).

(2) The case where u is reverse doubling on 2 C R" has been discussed in [Chua and
Wheeden 2011, Remark 1.7(3)] when €2 is an s-John domain; see also [Drelichman
and Duran 2008] for 1-John domains.
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(3) Condition (1-9) can often be simplified. For example, it can be simplified to
(1-15) w (Q)Va(Q) < C; forall §-balls Q

when p* is doubling. For more discussion, see [Chua and Wheeden 2011, Re-
mark 1.7(4)].

(4) In particular, (1-11) holds with Q; = Q € J'(c) when p is §-doubling, under
the assumption (1-4) with the truncation property and 1(Q)"?a(Q) < C; for all
8-balls Q. Note that in this case p will satisfy Condition (R) and (u, n) will satisfy
Vitali-type property (1-10).

(5) Incase QC H=R", S={(f. V5, /) : f € 6a(R), VE, f € L{,(Q)}, where
Gu() = L] (Q) for 0 < « < 1 and &1(Q) = Lip,, () the space of locally
Lipschitz continuous functions on €2, then (1-4) is known to hold with do = dx,
g = V(ffpf (see (1-2)), w a Muckenhoupt A, weight (w € A,) and a(Q) =
Cur(Q)*w(Q)~P (C, = C(w)). Indeed, it holds for general weight w with

a(Q)=Cr(Q* w5 (Where 1/p+1/p'=1)

provided lw™! < 00. The case o = 1 is well-known. For 0 < «a < 1, first

observe that

1-16 — dyd
(116 17~ follg, = |Q|fQ|Q|f|f<> FO)ldydx

1/p
5|Q|‘H/Pf(f If(x)—f(y)l”dy) dx
(@) (@)

_ 1/p
sc|Q|“/"—1f< Mdy) dx.
0 0 y|n+olp

|x —

r I )

Now if Q is any ball with 50 C €2, then Q C B(x, p(x)/2) for all x € Q. Finally,
just apply Holder’s inequality again. Some other discussion on fractional Poincaré
inequalities can be found in [Chua 2016; Mazya and Shaposhnikova 2002; Bourgain
et al. 2002]. Moreover, if a =1, w = |J¢|1_p/", 1 < p < n, where Jy is the
Jacobian of a quasiconformal map ¢, (1-4) is known to be true with do = dw and
a(Q) = Cr(Q)w(Q)~!/? [Heinonen et al. 1993, p. 10].

In case where © = w € A, and o = 1, compact embedding has already been
discussed in [Chua et al. 2013, Theorem 2.2] when 2 C R” is a John domain.

(6) When X is a “differential operator” such that

1
(1-17) oy~ feelly o S a@IXS Ny,

for all f € Lip,,.(€2) and §-balls O, then Theorem 1.1 applies to any doubling
measure  such that ©(Q)9a(Q) < C. For example, when a domain is equipped
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with Carnot—Carathéodory metric and X associated with a Holmander’s vector
field, (1-17) is known to hold with w =0 =1 and p = 1 by [Jerison 1986]; see
[Franchi et al. 1995] for more literature review. Indeed, a complete study can be
found in [Franchi et al. 1995] when weights are in (Muckenhaupt) A ,. We are able
to reproduce all results in [Franchi et al. 1995] by Theorem 1.1 since the Carnot—
Carathéodory metric balls are known to be Boman domains [Lu 1994, Lemma 3.1]
and (1-17) is known to hold when o = 1 and w € A, with a(Q) = Cr(Q)w(Q)~V/».
In particular, we obtain [Franchi et al. 1995, Theorem 2] with © = w, and w; = w.
However, instead of assuming w € A, together with the balance condition [Franchi
et al. 1995, (1.5)], we only need to assume that u is doubling and

M(Q)l/‘lr(Q)||w*1/P||Lp,(Q) < C for all §-balls in a given ball B.

On the other hand, if we take u© = w € A, we then obtain the compact embedding
given in [Lu 1992a, Lemmas 2.6, 2.9 and Corollary 2.10], where it uses a quite
complicated method involving lifting and the Ascoli theorem. Indeed, it will
follow from our theorem that if D is a finite union of sets ; € J'(c), then the
embedding W,L’p (D) to LL (D) is compact for 1 < g < d/(d — 1) (where d is
the homogeneous dimension of the Carnot—Carathéodory metric) when p = 1
and 1 < g <dp/(d—1) + ¢ for some ¢ > 0 depending on w when 1 < p < d.
Furthermore, when w € Ay, the embedding of WL},’p (D) to L{(D) is compact for
1 <g <dp/(d— p). To see that, it suffices to note that w € A implies w € A,
and

(1-18) w(tB) < Crdw(B) for any ball B and 7 > 1,
and hence if B, (x) is a é-ball in a John domain D and R = diam(D), then
w(B (N rw(B,(x)) " < Cw(Br(x)/1~ VP (r/RY 14y,

The above is bounded if d/q —d/p + 1 = 0. The claim will now follow from
Theorem 1.1. The rest of our observations can be done similarly. Furthermore, in
view of our theorem, we only need w to be A, restricted to just -balls in the domain
and (1-18) instead of assuming w € A;. A similar conclusion can be extended to
weighted fractional Poincaré inequalities (see Theorem 1.8). In particular in R”,
taking w = 1, we have the classical Rellich compact embedding. Note that some
studies on certain nonsmooth domains using a quasi-isometrical homeomorphism
can be found in [Goldshtein and Ukhlov 2009] for A, weights.

(7) A not so refined Condition (R) was introduced in [Chua and Wheeden 2011,
(1-5)] where it was assumed without constants A, A,. The present Condition (R)
appears to be weaker and easier to verify than that of [Chua and Wheeden 2011].
It is easy to see that a “reverse doubling weight” (on R") will induce a ball set
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function that satisfies Condition (R). For more discussion, see [Chua and Wheeden
2011, Remark 1.7(2)]. Indeed, in general, u* satisfies Condition (R) on Q2 C R” if
w*: Q x diam(2) — R (written usually as p*(B,(x))) is positive continuous and
reverse doubling (i.e., there exists Rc > 1 such that ©*(Ba,(x)) > Reu*(B,(x))
for all r < diam(€2)/2 and x € Q); see [Chua and Wheeden 2011, Remark 1.7(2)]
when p* is a measure. The assumption r{ = diam(£2) is not essential. Indeed we
need only that () < Cu*(B(x,ry)) forall x € Q.

(8) If u* satisfies Condition (R) on €2, then for any fixed 0 < § < %

lirr(l) sup{u*(B,(x)) : x € Q, B, (x) is a §-ball of 2} =0.
r—

(9) If either the Besicovitch covering property holds or p (or u*) is doubling, then
(u, p*) will satisfy the Vitali-type property. In particular, in R”, (u, n) (and hence
(u, n*)) will always satisfy the Vitali-type property (with parameter depending
only on n) by Besicovitch covering.

(10) In general, for any Borel measure i, by the triangle inequality and Holder’s
inequality, if D’ C D with u(D’) > 0, then (for any constant C)

— — 1/ =

1/q 1/q
<If~Cllyypy+ “((D,)l/q(/ - C|qdu)

< (L4 w®D/u@N)If = Clig -

Applying the above to (1-11) with D =Q; and C = fB}’(,, we have

(1200 If = forull g gy < CerCiV, /" (14 D)/ (@N) 181l p (-
for all (f, g) € & and D' C D with (D) > 0.

Next we will consider weighted versions of Theorem 1.1. We will be interested
in weights p being essentially constant on §-balls of €2, i.e., for all §-balls of €2,

p(B) =sup{p(y):ye B} <C(p,d8)p(x) forall x € B.

Furthermore, as we always assume § < 5, we have

27

(1-21) p(B) <ey,p(x) forall x € Bwith2B C Q.

Indeed, many weights that have been studied in the literature satisfy (1-21). Let
us look at some examples.
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Example 1.3. (i) (1-21) holds if p(x) = inf{d(x, y) : y € Qo}, with Q¢ C Q€. In
general, it holds if

l/

ni (x) a I ) a;
I (m) [T a+mnice,

i=l+1 i=l'+1

I
(1-22) p(x) =[] mix)"
i=1
where n;(x) =d(x, S;) =inf{d(x, y) : y € §;} with §; C Q°. A special case in R”,

! o
lx — z;] '
1-23 1+ |x|)* <—) , leN, o >0, z; eR",
(1-23) (1+1x]) 1} T — ; ;
has been considered in [Chanillo and Wheeden 1992; Gatto and Wheeden 1989];
see Remark 1.7.

(i) We say V¥ : [0, o) — [0, 00) is doubling if it is a monotone increasing continuous
function such that there exists Cy > 1 with W (2¢) < Cy W (¢) for all > 0. Then

l
(1-24) p(x)= 1_[ Wi (x)*,  a €R, o #0,
i=1

will satisfy (1-21) if all W; are doubling and #; are as in (1-22). In particular, when
a; > 0 for all i in (1-24), if @ is -doubling on €2 with doubling constant D,
then pdu is §-doubling on 2 with doubling constant C ({ai, Cy, }ﬁz 1)Du- Thus,
weights in (1-23) are clearly §-doubling (indeed, they are doubling on R"). In
general, we will let I~ = {i : @; < 0} and " be its complement. Then we know
[Tic;+ Wi(ni(x))* is doubling on .

(iii) In case H =R" and S;’s are finite and disjoint (i.e., $; NS; = & fori # j). Let

1
p(x) = l—[d(x, SH%, —n<a; <0 foralli.
i=1

Then p dx is 6-doubling on any bounded domain; see Proposition A.4. However,
this weight is neither doubling nor reverse doubling on any unbounded domain
when )" a; < —n as p(R") = [p, p(x) dx < oo.

@iv) In R" (or other “nice” metric spaces), we do not need to assume U§:1 S C Q°
(@if S;’s are finite) since we can consider €2\ Uﬁzl S; in view of the fact that a weak
John domain with finitely many points being removed is still a weak John domain
by Proposition 2.9.

Theorem 1.4. Let \V; be as in Example 1.3(ii) and n; be as in (1-22). Let n;(B) =
sup{n;(x) : x € B} and

) ) I
pr(0) =[[@m@) o) = Wi ), pox) =] [ Wi(ni(x))”

i=1 i=1 i=1
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with a;, b;, y; € R, a; > 0 for all i. Under the assumption of Theorem 1.1(1), except
that (1-9) in condition (ii) is being replaced by

I
(1-25) foreach j, p*(B)/1a(Q) [ [ Wi (@)“/4~"/" < ¢,
i=1

for all balls B with center in 2
and balls Q C B, Q/8 C Q; withr(Q) > cdr(B)/(41);

and the Vitali-type property holds for (p\j, i) on each Q; (where wi(B) =
1 (B) [Tl Wi (77 (B))®) instead of (1-10).
(I) Then (denoting p; diu by p1u and similarly for pg do and pr dw)

- _ , 1/q .

where the constant C depends also on {a;, b;, Cy, }ﬁzl besides those listed in
Theorem 1.1 for (1-11).

(ID(a) If (1-12) is being replaced by (again 1 < py < q)

l

127 w@pio@) e [T wiGB) /4P < ¢y forall j,
i=1

then

1/p 1/q pg1/p
(1-28)  Ufllg (@ = CCM NSl o)+ Crer VMY Pligly o))

forall (f, g) € G where C depends on {Cy,, a;, b;, yi}ﬁzl besides those parameters
listed in Theorem 1.1.

(b) Furthermore, if p1u(2) < 00, then for every sequence {(f,, g,)} in G such
that { f,,} and {g,} are bounded in Lﬁgc (R2) and Lﬁzw(Q) respectively, { f,} has a
subsequence that converges in LY, ,(Q) for 1 < qo < q to a function in L}, ,,(Q).

(c) If,olu(Qj)l/q_l/po < C, instead of (1-27) (and 1 < pg < q), then similar
conclusions hold as in part (a) and (b) with Lf;g(, (2) being replaced by Lﬁ?u(ﬂ).

Remark 1.5. Similarly, if we only assume (1-4) holds without the truncation prop-
erty, then for any 1 < ¢ < ¢, any Lf,’gg (2) x Lﬁzw(Q) bounded sequence {( f,, gx)}
in G has a subsequence { f,,,} that converges in LZ? 1 (§2) provided p1 u(£2) < o0
see Remark 1.2(1).

As mentioned earlier, assumptions become simpler and sharp in R". In particular,
the following is an extension of [Chanillo and Wheeden 1992, Theorem 1; Gatto
and Wheeden 1989, Corollary 1.4].

Corollary 1.6. Let Qe J'(c) O <c<1), QCR", 1 <p<g <oo, weA,and
v = pw such that p is essentially constant on §-balls of Q2 (1-21). Suppose | is
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any Borel measure such that there is a doubling ball set function u* (with doubling
constant Dy ) with (B N $2) < u*(B) for all balls B with center in Q. If

(1-29) w*(B)V9B|1Y" < Cru(B)P for all $-balls in 2,
then for all f € Wﬁ’p(ﬂ) when 0 <a <1 (f € E}(Q) when a = 1), we have

(1-30) If = follg g < Cle g n. Dy)e P CECuIIVE , flp -
where B’ is the “central” ball of 2 (see Remark 1.2(5) for C,) and hence
(1-31) If = fenlg g = Cle. p.q.n. Dp)e/PCECulIVE, fll p g

Moreover, if D € J(c, 00) is a generalized John domain [Chua 2009, Definition 1.2]
such that (1-29) holds for all 5-balls in D, and

(1-32) lingo inf{ (B, (x)) : x € D} = 00,

then forall 1 < py < q, f € LP(D)N EY(D) ifa =1, (LP°(D) N W,f"p(D) if
O<a<l),

(1-33) 1 £l 0y = €. pog. e "CLCull Ve, fl -

Proof. We will use Theorem 1.1 with do = dx, the Lebesgue measure and § = % It
is clear that (1, u*) satisfies the Vitali-type property (1-10). Next, since w € A, we
have the Poincaré inequality (1-2) with a(Q) = C,|Q|*/"w(Q)~/? (C, = C(w))
for all balls Q with 50 C Q; see Remark 1.2(5). Next, since p is essentially
constant on §-balls of €2, we have for all §-balls Q of €2,

1
|0
Let G ={(f,g): f € 6,4(R), V(ffpf e LY(Q)} (see Remark 1.2(5)). Then &
satisfies (1-4) (with do = dx, Tt = 1, w = v) with the truncation property by
Proposition 2.14. Next, (1-29) implies (1-9) with C; = C(D;)Cwe,l/pCi‘ as u*is
doubling. Indeed,

(1-34) Lf = fell i) < CWe, P Cul Q1" v (D™ VPIVE, Fll o -

1w Q)10 v(@)P < C(D})CY.

Moreover, (1-8) holds with Ay, A, 01, 6, depending on D;i (r;;, = diam(£2) /2’"*1).
Furthermore, (1-10) holds with V,, = C (D/’j). We can then conclude (1-30) for
f € 64(2) by Theorem 1.1(I). For o < 1, it is then clear that (1-30) holds for
fe Wﬁ“p(Q). For o = 1, first recall that for any ball B,

1f = fowllyp g < Cul BV IV fllp 5 for f e ELQ) aswe A

By Propositions 2.12 and 2.11, we conclude by a density argument that (1-30) holds
for all f € E}(Q). Next, (1-30) implies (1-31) by Remark 1.2(10). For the second
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assertion, note that as D e J(c, 00), for all K > 0, there exists {QK } € J'(c) such
that dlam(QK) ~ K, “center ball” BK of QK with r(BK) ~ K, U QK D and
> XQK < M C(n) From the first part we have (1- 31) for Q2 = QK for each j.
Hence by the triangle inequality and Holder’s inequality, (and VQ f f )

< w@la=try r -%ca;mzzq,D;yimcucTMV£pﬂhﬁQ§y

Lﬁo(ﬂf )
Now using the fact that ¢ > pg, p and summing up the above with respect to j, we
have

I f 119 <29~ lM(sup M(QK)I q/po”f”LpO(D) +C|V, f”L”(D))

Li(D) —
Letting K — oo, we conclude (1-33) by (1-32). U

Remark 1.7. (1) In [Chanillo and Wheeden 1992; Gatto and Wheeden 1989], p
has been assumed to be a very special case (1-23) while we allow any general
weight that is essentially constant on §-balls and we only assume (1-29) for §-balls.
Moreover, [Chanillo and Wheeden 1992] only consider €2 to be balls, p > 1, o =1
and p is doubling. By using Corollary 1.6, we are able to extend the weight p
to (1-22) with each S; consisting of finitely many points. However, we need to
observe that Q2 = B\ (U Si ) eJ’ (c) for some fixed constant ¢ depending only
the total number of dlstlnct points in U _1 Si (Proposition 2.9) and the fact that p
is essentially constant on §-balls of 2. Hence (1-30) will hold with o« = 1 for balls
B if we assume the following balanced condition (given in [Chanillo and Wheeden
1992]):

1/n 1/q 1/p
(135) Gg) Cu@> §C<M®)
|B] n(B) v(B)
for all §-balls Q in B\ (Uf;] Si) (instead of all balls Q in B given in [Chanillo and

Wheeden 1992]). Next, as R" \ (Uf;l Si) € J(c, 00) [Chua 2009, Proposition 2.24],
we obtain [Gatto and Wheeden 1989, Corollary 1.4].

(2) It has been observed that if both © and v are doubling, « = 1 and 2 is a
ball, then (1-35) is indeed necessary for (1-31) to hold for all Lipschitz continuous
functions [Chanillo and Wheeden 1992]; see also [Chanillo and Wheeden 1985,
p. 1192]. Note that (for « = 1) it is enough to assume only u = u* is doubling
without assuming v be doubling so that (1-29) is necessary for (1-31) to hold for all
Lipschitz continuous functions. To this end, first observe that when p is doubling,
suppose f is a Lipschitz function that vanishes on a §-ball By C €2, by (1-19),
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taking D’ = By and D = Q, (1-31) will imply
(1-36)

c poyererc, (14 (HE2 Y v
114, < Cle.p.g.n. Dpe, Hosy) ) WVerllie

We now fix a Lipschitz function ¢ (x) on [0, co) such that x;g ; P =¢= Xo.1] with
¢(x)=2—2xon [%, 1]. Given any §-ball B in €2, by translation, we may assume
0 is the center of B. Let f(x) = ¢(|x|/r), where r = r(B). Then f vanishes
outside B. In particular, it vanishes on a ball B such that Q c C (c, S)E . Hence by
(1-36) and (1-31), we have

w(B/)YP <cr-wB)1  (ifa=1).

Since u is doubling, we have (1-29) with u* = . Unfortunately, for 0 < « < 1, the
same method only produces (1-29) for §-balls with radius comparable to po(xp)
(xp is the center of B). This is not really surprising in view of the definition of our
fractional Sobolev norm.

(3) For 0 < o < 1, we can extend a result of Bourgain, Brezis, and Mironescu.
In [Bourgain et al. 2002], they discuss what happens in the fractional Poincaré
inequality on unit cubes when o — 1. Recall that in [Mazya and Shaposhnikova
2002, Corollary 2 (see also the Erratum)] when ap < n, # =1_2 0jsaunit

p
cube in R" and f € LI(Q),

1-37 —— I fIP
137 11f = follfyr g, = € ) o= ),, L FA TN
1— — p
=C(n. p)— 1/ 700 = SO ﬁz)l dydx.
(n—ap)? o |lx—y|rter
Hence by dilation, for any cube O, we have by Jensen’s inequality,
138 (S0r = folpg) = ()1 = fol?
- ol el 0] F=Tol g
a 1—
P _q P
< n B ———
< o PRI S U s

Now let € J'(¢). and suppose p is a weight that is essentially constant on §-balls
of 2 (1-21). As cubes are metric balls under the metric

doo(x, y) = max {|x; — yil},
1<i<n

for easy computation, we will use this metric instead of the Euclidean metric. Then
O C B(x, pa(x)/2) for all x € Q whenever 50 C 2. Using (1-21) for p, we have

ap/n 1_05 4
(1-39) @Ilf folliigy = (CONOI" (@ eyt ) TIVE, F gy
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If we assume that 1 (Q)'/4p(Q)~1/7|Q|*/" < C, (with g > p) for all cubes Q with
50 C L and p is doubling with doubling constant D), then we can use Theorem 1.4
(by similar argument as in the proof of Corollary 1.6) to get

1—
(140) 11f = o]y g < Cne. p.g. Dep(CoCo) el
—Cn,c D,)e,(CopyCo)P —— %
= P} ) pv qv n P w * ( o{p)p_l

Lf @) = fmI? f(Y)lp
dx,
/ /Boc pat0)/2) X =y dy plxydx

where Q' is the “central cube” in Q2. Thus, we have extended the results of [Mazya
and Shaposhnikova 2002; Bourgain et al. 2002] to weighted fractional Sobolev
inequalities on John domains. Again, by Remark 1.2(10) we can replace fo’ in

(1-40) by fa.u-

We now discuss applications on R”. As mentioned earlier, conditions are now
simpler and mostly sharp.

Theorem 1.8. (I) Ler 2 C R", Q € J'(c) (hence a John domain), 0 < ¢ < 1. Let
1 <p<q<oo. Let Qo C QF and define p(x) = d(x, Qo) =inf{|x — y| : y € Qo}.
Let G,(2) be as in Remark 1.2(5). Let w be a weight on 2 and 0 < o < 1 such that
the Poincaré inequality (1-2) holds for all balls Q with2Q C Q and f € &,(X2).
Suppose C, > 0, B € R such that

(1-41) a(Q) < Cr(Q)?  forall balls Q with2Q C Q.
Suppose  is another weight on R" such that there exist C,,, N > 0 with
(1-42) wW(BNR) < Cur(B)N for all balls B.

Leta >0, b € R. We define u,(E) = fE o (x)* du and wy, similarly. Suppose

(1-43) g+ 4 minfo, ¢ - L1 >0
q q D
Then
(1-44) 1f = Follyy (g < COCLIp@PHH OBV Tl (g

forall f € 64(R), where fp =fB, fdx/|B'|, B =B, d(x', Q) /4), x' is the
center of Q2 where C depends onlyonc, N,n, p,q,a,b and B.

(I) Suppose D is a countable union of Q; € J'(c) (0 < ¢ < 1 is fixed) such that
Zj Xo. <M, MeNand M| <|Q;| <M, forall j, My, M> > 0. Assume 2o C D¢
J
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and

(1-45) forallj, w(BNQ;) < C,min{r(B)Y, r(B)' p(B)"?}
for all balls B, r(B) < diam(£2;),

where p(B) = sup{p(x) : x € B}, N1, N, € R, (usually N > N; + Ny, N; > 0,
N> < 0) and

(1-46) a(Q) < Cur(Q)P p(Q)P2  for all balls Q such that 2Q C Q;,

where B1, o € R. Moreover, for any y € R, we use p? to denote the measure
defined by p? (E) = fE o (x)Y dx. Suppose 1 < py < g such that

@ B+ +minf0, B+ % — 2} > 0; and

(i1) both min{a, Ny +a}/q < y/po and B, + £ ; <0 in case p is unbounded
on D.

Then for all f € G,(2),

A-47) S llyg, iy = COL I MYP Nl iy + CM IV, Fllp 1)

where C depends also on Ny, Ny, po, v, M1 and M, besides those listed above
for (1-44). Furthermore, if we have strict inequalities in both (i) and (ii) and
Uafx € D:p(x) <r} < oo for any r > 0, then given any sequence { fi.} C S4(2)
such that both || f || L7(D) and ||V, @p Dl L2, (D) are bounded, it has a subsequence
that converges in L, (D)

Remark 1.9. (1) In view of the fact that a John domain with finitely many points
removed is still a John domain (see Proposition 2.9), instead of assuming 2g C ¢,
it suffices to assume Qg \ F' C Q€ (or D°), where F is a set of finite points. Note
that Lip,,.(R2) C Lip,,.(R2\ F) and L (Q) N EL(RQ) € L(Q\ F)NEL(Q\ F).

(2) Any finite union of John domains is an example of domain D for the above
theorem. Indeed, D can be a generalized John domain [Chua 2009, Definition 1.2
and Proposition 2.21].

(3) Strict inequalities in conditions (i) and (ii) will ensure that (1-47) holds with
some § > g instead of ¢. Note that L 1 (D) C LZu (D) when (D) < oo and g > q.

(4) Similar to the previous two theorems, we can replace fp' by fq ., in (1-44).
Equation (1-47) will then also hold with || f|| L") (D) being replaced by || f || L (D)
if 1 < po <q and sup; 11 (2))"/471/7 < o0. Conditions involving y will then be
redundant.

(5) By a standard density argument, one could obtain compact embedding result
for the closure of Lip;,.(D) N Lﬁ? (D)NEL, (D) in L/’;(y’ (D) N EL, (D).
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(6) Some discussions of power-type weights (including logarithm) on special union
of C%* domains (bounded and unbounded) can be found in [Gurka and Opic 1988;
1989; 1991]. Note that weights are assumed to be positive and continuous on the
domain there.

(7) For the necessity of conditions, see Remark 1.11.

(8) If du = dw = dx is the Lebesgue measure, then N = N; =n, f=o — % and
N = 0. The case o = 1 has already been studied in [Chua and Wheeden 2011;
Hajtasz and Koskela 1998].

(9) In most cases, Ny =n, N> <0 and N < n in the above theorem. A typical
example (a special case of Example 1.3(iii)) of u will be

M(E)=/ lx —z1|“|x —z2|®dx, where —n <aj,ax <0, z1 # 25.
E

Note that #(R") < oo (and hence u cannot be doubling on R") if a; +a, < —n.
Indeed, if p(B) = sup{min{lx —zil, |lx—z2|}:x € B}, then for any ball B with
r(B) < Cy, we have

w(B) < C(Co) min{r(B)N, r(B)"5(B)} with N =min{n+ay, n+as).

For more details, see Proposition A.4.

(10) When €2 is a John domain, the case du = p5dx, a < 0 such that pg,(R2) < oo
but pg, may not be doubling has been studied in [Chua 2016].

In particular, when Q¢ \ ¥ C G where G is the graph of a Lipschitz function
¥ : R"! — R with F being a finite set of points and D = R" \ (GU F), we have
an extension of [Mazya 2011, Theorem 1.4.2.1]. Indeed, we use only the fact that
R"\ G € J(c, 00) (generalized John domain). For example G can be a finite union
of hyperplanes that pass through a fixed point.

Corollary 1.10. Let 1 < p,po<qand0 <a < 1. Let F, G, 2 be as above. Let
px)=inf{|x —z|:z2€ R}, N>0,a>0, y,beRand u be a weight on R" such
that

w(B) < Cr(B)N  forall balls B.

Recall that pa(E) = [ p(x)* du and p¥ (E) = [ p(x)? dx. If ¥4 — 2L < 0,

and
(1-48) a+w—m=0 and g—min{é,l}
q p q P Po

then for all f € L (R")N Ef)’,, (D) when o =1 and f € L}y (R") N Wg‘b”’(D) when
a<1,where D=R"\(GUF),

(1-49) 171, @y = CUVEp S s, o

<0,



EMBEDDING AND COMPACT EMBEDDING FOR SOBOLEV SPACES 537

Furthermore, (1-49) also holds for f € Lﬁg ([RR")HE/’:,, (D) (or Lﬂ‘; (R”)OWZ,;’?(D)
when o < 1) provided

(1-50) qpNEE 1D o gy G0 g
q p q9 P
(1-51) and rl_i)n;oinf{ua(Br(x)) tx e R"} =o0.

Remark 1.11. (1) Mazya [2011] considered the special case wherea =1, a=b=0
and f € C°(R"). Of course, C°(R") C Lf)"%([R") NESR") C Lﬁ% (RMHNEL (D)
when p? and p? are both locally integrable. In general, C;°(D) C Lf)"; (RHNE gb (D).

(2) The above result is sharp. For example, when p(B) > Cr(B)" for all §-balls
B of @, then (1-50) is indeed necessary. It can be done by a standard translation
and dilation technique. We will only demonstrate the case where 0 <« < 1. Fix a
Cg° (or Lipschitz) function ¢ as in Remark 1.7(2). For simplicity, let us assume
Qo ={(x1,...,x,) € R": x; =0 for some i} and F is a finite set. Suppose (1-49)
holds. Then we have if B is any é-ball in D = R" \ (G U F), as any appropriate
translation and dilation of ¢ is C° (or Lipschitz with compact support), we have

1a(B/2)!4 < Cr(B) ™ (p"(B))"/*.
Hence,

p(BY1r(BYN4 < Cr(B)™ /P 5(B)"/".

As we can take §-balls B with p(B) comparable to r(B), the first condition of
(1-50) must hold. If we fix »(B) but let p(B) — 0o, we see that g — % <0.

Next we have another application that extends a compact embedding result of
[Xuan 2005, Theorem 2.1]. For simplicity, we shall only state that for Sobolev
space (i.e., @ = 1).

Corollary 1.12. Let 1 < p < g, i and p be as in Corollary 1.10. Suppose D is a
bounded domain. If

(1-52) 1+ﬁ—ﬂ+min{ﬁ—é,o}zo,
q p g p

then

(1-53) g, 00 = CIV i,

forall f € C°(D). Furthermore, if in addition we have strict inequality in (1-52),
then the embedding of the closure of C°(D) in E P (D) to an (D) is compact.
P

Remark 1.13. (1) In particular, the above can be applied to compact embedding
of Cg°(D)N Els(D) to L9 (D) when Qo = F = {0} C D. Note that EJs(D) C
EBs (D \ {0}). To apply Corollary 1.12, we will take du = dx when B > 0 and
w(B) = [z |x|? dx when —n < B <0. If B is any ball, it is clear that p# (BNQ) <
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Cr(B)"*# when —n < B < 0 (and hence N = n + g in (1-52)). We obtain the
same conclusion as [Xuan 2005, Theorem 2.1] for 8 > —n. However, [Xuan 2005]
further assumes that 8 > p —n, p > 1 and D has C! boundary.

(2) From the same construction as in Remark 1.11, (1-53) will imply (1-52) and
thus (1-52) is necessary. Note that p(B) will be bounded when B is a ball inside D.

Finally, we discuss an application related to Caffarelli, Kohn and Nirenberg-type
inequalities [Caffarelli et al. 1984]. Instead of considering only powers of |x| (i.e.,
Qo = {0}), we will consider more general power weights and include fractional
derivatives. The next theorem allows the case p = g as we will apply results from
[Chua 2009] instead of Theorem 2.4. For a more general extension, see Remark 3.2.

Theorem 1.14. Let D CR", O <a <l and 1 < p, po < q. Suppose there exist
M >0, 0<c<1suchthat D= U 12, QjeJ (c)witheg/co <diam(2;) < coeo,
(co, €0 > 0) forall j andZ)(Q <M. Let{zl}l | CR", 1 eN (z; # 2 fori #m)
and

1 l I
(1-54) pr)y =Tl =zl @ =[]k-zl", po)=]]x—-zl",

i=1 i=1 i=1

with a;, b;, y; € Rand a; > —n for alli. Let [~ = {i : a; < 0}. Suppose further that

() b:min{a—ﬂ+ﬂ:i=1,...,z}zo and
P q
) )
(ii) Zﬁimin{zﬁ’zﬁ} (a=n+2,.:1 L —”+Z"=1“").
PO q

Then for all f € LE(D) N ES,(D) when a =1 (f € LL(D) N We” (D) when
o< 1),

1/ —a 1/
(1-55) 1 fllg iy = COMYPeg 1l oy + M PGV, F )
where C depends only on

c.{ai,bi, viYi_i.n,p.q, po.l and max{diam(Q;): j e N}/¢

(where ¢ = min{|z; — z,»| : {1 #m,i,m € [7}, taking { = oo when /I~ has < 1
element). Furthermore, if we have strict inequalities in both (1) and (i1), then the
natural embedding of L 2 (D) N E ,(D)) (or L 0 (D) N Wgzp (D) when o < 1) to
L%l (D) is compact.

Finally, if D € J(c, g9) (generalized John domains [Chua 2009]), then

(1 56) ”f”L‘] (D) < Cg_a||f||Lp0(D) +C8 || f”LP (D) fOr all S (0’ 80)7

with C depending on c, {a;, b;, yi}i:l’ n, p,q, po,l and gy/¢.
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Remark 1.15. (1) If in addition a, b > 0, then (1-56) is equivalent to

a/(a+b) D a—b b/(a+b)
(1-57) IIfIIL%1 o = C(IIfIIng(D)) * (IIVa,,,fIILzz(D) +e" ISl po(D)) ;
see [Chua 2009, Remark 1.8(4)] for details.

(2) We may assume [~ in the above has more than one i. In [Chua 2009, The-
orem 4.3; Caffarelli et al. 1984], the case with /[ = 1 in (1-54) and z; = 0 was
considered, while we allow / > 1. Caffarelli et al. [1984] also showed that the
conditions (i) and (ii) are necessary. The main difference (for / > 1) is that when
[ =1 the measure induced is doubling (|x|* is doubling on R”" if « > —n) while
it may not be doubling when / > 1 (see Example 1.3(iii)). This creates a problem
for necessity of conditions. However, it is still possible to see that some of the
conditions remain necessary. Indeed, condition (i) is necessary for the following
weighted Poincaré inequality:

for any John domain 2. To see this, just use the same Lipschitz function ¢
constructed in Remark 1.7(2) to see that

01(Q/2)V1 < Cr(Q) ™ pa(B)/7

for all é-balls Q in 2\ {zi}le. For each fixed i, one could choose r(Q) ~ ozi(Q) =
SUP,cp |* — zi| and let 7(Q) — 0. It is now clear that (i) holds. It will be more
complicated if we only assume (1-56) holds. Condition (i) is still necessary for
(1-55) provided the L%, norm is not dominated by the L5 norm. Indeed using ¢ as
above again, for any 5 ball Q in D\ {z; }121, (by translatlon and dilation) we may
assume ¢ has support in Q/2 and vanishes outside Q, we have by using (1-56),

p1(Q/2)'1 < Cey®po(Q)'/P0 + Cebr(Q) ™ pa(Q) /7.

As d;(x) = |x — z;| are essentially constant on §-balls, we have
01" [Tdi(@)" < Ceg1 Q170 [T di (@)™ + Cegl @™/ 17 [ Tdi (@) /7.

For each fixed i we could let 7(Q) — 0 with d;(Q) ~ r(Q). So if "+“’ < ";V’ we
must have =% > ’H;’ —a.

Next, if we assume (1-56) holds for all D € J(c, &), then for any ball Q with
r(Q) > g such that 2Q C R"\ {Z,}izl, we may assume that Q is a connected
component of some D € J(c, &). Taking f = x o’ since (1-56) holds, we have

101V [T @ < ceg1QIV™ [ i@y /™.

It is then easy to see that ) % <>y % as we could let d;(Q) — oo (while fix-
ing r(Q)).
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2. Preliminaries

For easy reference, we collect in this section some definitions and terminology from
[Chua 2009; Chua and Wheeden 2008; 2011].

Definition 2.1. A function d is called a (symmetric) quasimetric on a given set H
ifd: H x H— [0, 00) and there is a constant ¥ > 1 such that for all x, y, z € €,

d(x,y)=d(y, x),
2-D) dx,y)=0x=y, and
d(x,y) <«ld(x,z)+d(z, y)l.

If d is a quasimetric on H, we refer to the pair (H, d) as a quasimetric space.
In this section, unless otherwise mentioned, H will always be a quasimetric space
with quasimetric d and quasimetric constant «. All measures on H will be defined
on a fixed o-algebra X that includes all balls. When « = 1, H will be a metric
space and we will just assume X to be the Borel algebra on H.

First, similar to [Chua and Wheeden 2008] for John domains, we see that §-
doubling is equivalent to doubling on weak John domains.

Proposition 2.2. Let0 < § < %Kz. IfQ C H, Qe J'(c) with center x', then
1 d(x', Q) > cdiam(2)/(2«);

(ii) for any x € Q, 0 < rg < diam(2), B(x, ro) contains a 6-ball Q with r(Q) >
Crg, where C depends only on k, § and c, hence, a measure |1 is §-doubling
on 2 if and only if it is doubling on 2.

Proof. Given any ¢ > 0, there exist zy, zo € Q with d(z1, z2) > diam(£2) — ¢. But
d(z1, 22) < k(d(z1, x') +d (22, X)).

Hence, without loss of generality, we may assume d(z1, x") > d(z1, z2)/(2x). By
the weak John condition (1-7), we have

dx) =d(x', Q) = cd(z1,x") = m,
2k

and (i) will then follow as ¢ > 0 is arbitrary.

For part (ii), recall from (i) that d(x") > ikdiam(SZ). It suffices to show that if
x € Q and §d(x) <r < cdiam(£2)/(2«), then B,(x) contains a §-ball with radius
comparable to r (with constant independent of r and x). The case when x = x’
in the above is easy. Now suppose x # x’. It is again clear if x’ € B, (x). So we
may assume d(x, x’) > r. Next, we need only a continuous path y : [0,]] —
connecting x to x’ such that d(y (1), Q) > cd(y(t), x). Since d(y(t),x) is a
continuous function on [0, /], there exists 7y such that d(y (t), x) = r/(2«) and
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hence d(y (ty)) > cr/(2k). We now observe that the 5-ball B, (y (ty)) C B,(x) with
r’ = ¢8r/(2«). This concludes the proof of part (ii). U

Remark 2.3. Doubling or §-doubling will imply reverse doubling if €2 is assumed
to have the “nonempty annuli property” (on symmetric quasimetric space; see [Chua
and Wheeden 2008, Proposition 2.3]). Clearly, any weak John domain satisfies this
“nonempty annuli property.”

Now, let us state a theorem that is similar to [Chua and Wheeden 2011, Theo-
rem 1.6].

Theorem 2.4. Let Q C H, Q € J'(c) with central point x', let 0 < § < 1/(2/{2),
1 <7 <1/(28k%). Let 1 < p < g < 00. Suppose ju, o and w are measures (defined
on a fixed o -algebra that includes all balls and 2) where o is 6-doubling on Q2 and
is absolutely continuous with respect to o. Let (f, g) € Ltlr,loc(Q) X LZJOC(Q) such
that (1-4) holds. Suppose there exists a ball set function u* satisfying Condition (R)
such that (B N Q) < w*(B) for all balls B with center in Q and (i, ™) satisfies
the Vitali-type property on 2 ((1-10) in Theorem 1.1). Suppose further that for any

ball B with center in Q and r(B) < diam(£2),

(2-2) W (B)1a(Q) < Cy

for all §-balls Q C B such that r(Q) > cér(B)/(4tk). Then

(23)  px €Q:If @)~ faol > 1) = CCIV,lgll, o /17 forall 1>0,

where B’ = B(x', 8d(x")), and C depends on c, Ay, A, 01,0, 8, 7, k, p, q and the
doubling constant D, of o but is independent of Cy, V,, and diam(2). Moreover,
if G satisfies (1-4) with the truncation property, then the following strong-type
inequality also holds:

- — fur 1/q
where C depends on the parameters as above.

Remark 2.5. It follows from standard interpolation argument that (2-3) will imply
I = foallyg g < COIVIu@Y T g o

for any 1 < g < ¢, where the constant C now also depends on g; see [Chua and
Wheeden 2008, Remark 1.3].

In order to prove the above theorem, we will first extend a Whitney-type lemma
similar to [Chua and Wheeden 2008, Proposition 2.6]. For simplicity, we will let
A=k + 2>
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Proposition 2.6. Let 0 < § < 1/(2«?). Suppose Q C H such that d(x, Q°) > 0 for
any x € Q2 (when Q2 # H) and there is a §-doubling measure o on 2 with doubling
constant D,. Then there exists a covering W = {B;} of 2 by §-balls B; such that:

(a) r(B;) <dd(xp,) < 22r(B;), where Xp, is the center of B; for all B e W =
{2k B; : B; € W} and given x € Q there exists B € W such that (§' = 8/)»3)

(2-5) B(x,8d(x))C B and B(x,A8'd(x)) C 2«B C B(x, 8d(x)) C 2kA%B.

(b) For every T > 1 that satisfies 18 < 1/(2k?), there is a constant K depending
only on t, k and D, so that the balls {t B; : B; € W} have bounded intercepts
with bound K (i.e., each T B; intersects at most K — 1 other t B; in the family);
in particular, the balls {t B; : B; € W} also have pointwise bounded overlaps
with overlap constant K. Indeed, the existence of the §-doubling measure o
guarantees that any collection of {t B : B € §} has bounded intercepts whenever
§ consists of disjoint §-balls.

Now suppose further that Q € J'(c) with center x'. Then:

(c) For any x € Q, x # x', there exists a finite chain of §-balls {B,-}I-L:0 cWw,
depending on x and with L = L, such that x € By, x' € By, By is independent
of x and satisfies . >B(x', 8d(x')) C By, C B(x', 8d(x")), B; N B, contains
a 8-ball B} with B; U Biy C A*B] for all i, and

Vs )
(2-6) By C TBi foralli.
Furthermore, there is a finite chain of 5-Whitney balls (B(x, r) is said to be a
8-Whitney ball if r = §d(x)) {Qi}iLzo depending on x with bounded intercepts
such that Qy = B(x, 8d(x)), Qr = B(x', 8d(x")), (1/A*)Q; C B; C Q;, and
Q; N Q;41 contains a §-ball Q) with Q; U Q; 41 C A°Q.

() If Q; & B(x,r), thenr(Q;) > cér/(2x) where x and Q; are given in (c).

(e) For all ¢ > 0, the number of disjoint Q; (in (c)) having radius between ¢ and
2¢ is at most C (depending only on §, «, D, and c).

Proof. The proof of this proposition is just a simple modification of that of [Chua
and Wheeden 2008, Proposition 2.6] even though the assumption on €2 is now
weaker. For completeness, we provide this proof in Appendix B; see also [Chua
and Wheeden 2015]. U

Proof of Theorem 2.4. The proof of this theorem is indeed similar but much
simpler than that of [Chua and Wheeden 2011, Theorem 1.6]. However, as weak
John domains are weaker than John domains, we will prove it using [Chua and
Wheeden 2008, Theorem 1.2]. For easy reference, we have stated it as Theorem A.1
in Appendix A, where we have changed the notation slightly. First as in [Chua
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and Wheeden 2011, (1-6)], for each x € , since u* satisfies Condition (R), let
B}‘ = B(x, r;‘ ) as in (1-8), condition (2) of Theorem A.1 will then hold with p =
w(2)/(B’). Moreover, Proposition 2.6(c) enable us to construct (see [Chua and
Wheeden 2011, (1-6)]) a sequence { Q7] }{2, of 8-balls such that Q7 = B(x’, 8d (x"))
and {Q7} has the intersection property

Q7 N Q7 contains a §-ball O} with Q7 U Q7,, C NQ;

for some positive constant N independent of x and i. Equation (A-1) will then hold
as o is §-doubling. Moreover, for large i, Q7 is centered at x; in fact, for balls
B}‘ = B(x, r}‘), there exist K, K € N such that ‘L'Q;‘JFKX = B;C+K!c fori > 0. B}C
is a é-ball if j > K, and Q7 is not centered at x if i < K, (indeed, such Q7 are
8-Whitney balls constructed in Proposition 2.6(c)). We associate with each ball
B}‘ = B(x, r;? ), J = 1, the following special subcollection of {Q7} as in [Chua and
Wheeden 2011, (1-6)]:

2-7) C(BY) ={Q} :7Q} C B and 7 Q] ¢ BY,}}.

In case j > K, then C(B;) consists of just the single ball r_lB; = Q)J?. By
Proposition 2.6(d)—(e), we know that each C(B) has a bounded number (denoted
by L = C(6, k, Dy, ¢)) of §-balls Q and each §-ball has radius > cér(B)/(4tk).
Hence if I = {B,} is a countable collection of pairwise disjoint balls B}Y in the
above, then with the notation of condition (3) in Theorem A.1, we have by (2-2),

taking @.(Q) = a(Q)gll ., o

q,,* r/q r/q p r rla P P
> (AB) W Ba)P < LV Y TN, < LPICT gl
B,el Byl

Thus, (A-4) holds with 6 = p/q and (C n(R2))P/1 = C(8, «, Dy, c)CT || gll?, @
Finally, (A-2) holds with

J

as fo’U — f(x), o-a.e. (and hence u-a.e.) by the Lebesgue differentiation
theorem as o is §-doubling and note that a Vitali-type property (1-10) holds with
u = u* = o (on metric spaces, see [Heinonen 2001]). Condition (4) holds because
we have assumed the Vitali-type property (1-10) holds. (2-3) now follows from
Theorem A.1.

Moreover, if the truncation property holds, the proof of the strong-type inequality
(2-4) follows exactly the same argument as in [Chua and Wheeden 2008, proof of
Theorem 1.10] (and has been used in many other papers listed there) and hence
omitted here. We shall only note that our conclusion follows from [Chua and
Wheeden 2011, Theorem 1.9]. O



544 SENG-KEE CHUA

Next, we prove a self improving Poincaré-type property for balls. Note that a
metric ball will be a weak John domain if we assume certain geodesic path property.
However, we will establish it without such an assumption.

Proposition 2.7. Let 1 < p < q and D be a measurable subset in H such that
d(x,D > 0forall x € D (when D #£ H). Let

0<8<1/2«k* and 1<t <1/Q28k?).

Let o, u, w be measures on D such that o is 5-doubling on D and | is abso-
lutely continuous with respect to o. Suppose (1-4) holds for all (f,g) € & C
L}LIOC (D) x Li,loc (D) and §-balls B in D. Suppose there exists a ball set function

w* such that u(B) < uw*(B) for all §-balls B in D and such that Condition (R)
holds for any §-ball B, (xo) with r{ = 2«r. Suppose further that

(2-8) u*(Q)a(Q) < Cy forall 8-balls O, O, N N
Q CQandr(Q)=r(Q)/(2).

If (u, w*) satisfies the Vitali-type property (1-10) on D, then for any ball B such
that At B is a 5-ball, we have

- . — "~ q
(29) plx € B:1f ()~ faal > 1) < — -

forall t >0, (f, g) €&,

cclv,
. sl

where C depends on Ay, Az, 01,601,6, 1, kK, c, p, q and the doubling constant D,
of o. Furthermore, if G satisfies (1-4) with the truncation property, then we also
have the following strong-type inequality:

(2-10) If = fo.ollg g < CerCiV, U8l p . forall (f.8) € G.

Proof. This is again a consequence of Theorem A.1 [Chua and Wheeden 2008,
Theorem 1.2]. For each ball B, (xg) such that B;,(xg) is a é-ball, we will apply
Theorem A.1 with Q = B, (x¢). For each x € B,(x¢), we define Q7 = B, (xo),

5 = B(x, 2«r) and let r{ =2«r. By Condition (R), there exists a sequence rj? —0
such that r}“/2 < r}CH < rj.‘ and (1-8) holds. We now take Bj.‘ = ’;H = By (x)
for all j > 1 and define C(B;.‘) = {B;‘} for j > 1 and C(By) = {By, B,(x0)}. Note
that B}‘ are §-balls and (A-3) holds with g = 1 by Condition (R). Moreover, (A-1)
holds since o is §-doubling. Also, let

a.(0) =a(@)lIgl 5, o)

Similar to the proof of Theorem 2.4, (A-2) holds with pg = 1 by (1-4). Take
6 = p/q. We now observe that if / is a subcollection of pairwise disjoint balls B}“
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defined above, we have

> (auBY Wt (B)P'1 = "a(B)|gl?,  u*(B)

L (xB)
Bel Bel

p
= Z G ”g“fg,(um)
Bel

< P p
=CC “g“Lg(uB,(xo»

since {7 B}pe; has bounded overlap (see Proposition 2.6(b)) and 7 B;” C At B, (xo)
(see [Chua and Wheeden 2008, Observation 2.1(1)]). Equation (A-4) will then hold
with
q — 9 4q q
. Con(R2) =29CC IIgIILI,;(MBr(XO))
since

a(B o) g7y 1 (Baer )P < CTIY, - for any x € Br(xo).
Again, note that fp (v), — f(x) for o-a.e. x as r — 0. The first part of the
proposition then follows from Theorem A.1 and once again the second part will
follow from the standard truncation argument. (]

Remark 2.8. (1) A =3 when H is a metric space as x = 1. Moreover, checking
through our proof, A can be replaced by (1 + ¢) (for any fixed ¢ > 0) provided for
all x € B, (xp) such that B(j1¢)(xo) is a 6 ball, we have

(i) o (Ber (x) N B, (x0)) = Co0 (Ber (x) U By (x0));
(ii) W (Ber (x)4a (B, (x0)) < Cr;
(iii) (B, (x0)) < pu* (Ber (x)).

Indeed, we will then choose Q7 to be B(x, er) instead of B(x, 2r). The rest of the
proof is similar with the help of (i)—(iii).
(2) A similar inequality has been obtained in [Hajtasz and Koskela 2000, Theo-

rem 5.1] on metric spaces with A being replaced by 5 and © = w being doubling
and a(Q) = Cr(Q)u(Q)~V/r [Hajtasz and Koskela 2000, (22)].

(3) It is often true that metric balls are weak John domains; for example, when
the ball satisfies the “geodesic path property.” In that case, ||g|| L2 6o B) in (2-9) and
(2-10) can be replaced by just || g]| L2(B) using Theorem 2.4; see also [Heinonen
2001, Theorem 9.5] when u = w is doubling and the main results in [Franchi
et al. 2003] for quasimetric balls. Indeed, in particular we obtain the main result of
[Franchi et al. 2003] without the assumption of “geodesic path property” or “chain
condition.”

(4) Equation (2-10) will imply

If = ol g gy < CCLVL N8N p oy forall (f.g) €6
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and hence by Holder’s inequality,

@10 f = Sl g = CO1V 0BT Ngl Ly forall (f.g) € 6.

The idea of John domains has been extended to generalized John domains which
include bounded and unbounded John domains in [Chua 2009]. It has been shown
in [Chua 2009, Proposition 2.24] that a generalized John domain in a metric space
that satisfies some “path property” is still a generalized John domain if a point is
being removed. Indeed, by a simple modification of that proof, we can also show
that a weak John domain in a metric space satisfying a “path property” (which is
slightly weaker than that of [Chua 2009]) is still a weak John domain if a point
has been removed. In particular, a John domain in R"” with finite number of points
being removed will still be a John domain.

Proposition 2.9. Let Q be a subset of a metric space H and Q2 € J'(c). Suppose Q2
satisfies the following path property:

Given any two points x, y € B, (2) with By, (2) C R, there exists a contin-
uous path n : [0, 1] — By, (z) \ By, /6(z) such that n(0) = x and n(1) =y
where ri = min{d(x, z), d(y, z)} and r, = max{d(x, z), d(y, z)} and 6 is
a fixed constant > 1.

Then Q\ {z} € J'(C(c, 9)) is also a weak John domain.

Proof. As the proof is very similar to the proof of [Chua 2009, Proposition 2.24],
we shall only provide it in Appendix B. ([

Remark 2.10. (1) The above mentioned path property is weaker than the one used
in [Chua 2009, Proposition 2.24]. Indeed, this property is a consequence of the
“linearly connected property” defined in [Heinonen 2001, p. 64].

(2) Consequently, if 2 C R" is a weak John domain, then €2\ {z,-}ﬁzl, [ € Nis also
a weak John domain. Indeed, if Q € J'(c), then Q\ {zi}f:1 eJ'(©)with0<c¢ <c
depending only on ¢, [ and n.

Finally, let us discuss a density theorem that is an extension of [Hajtasz and
Koskela 1998, Theorem 3] (see also [Hajtasz 1993]). For convenience, we say
C*> () (or Lip;,.(£2)) is dense in a norm space W if C*°(2)N'W (or Lip,,.(2)NW)
is dense in W.

Proposition 2.11. Ler 1 < pg, p < 00. Let Q2 be a domain in R", u, w, p, po be
weights on Q such that p, p~' € L%, () (locally bounded with respect to the

w,loc

measure dw) and py, ,00_1 € L% (). Suppose C*°(R2) (or Lip,,.(2)) is dense in

1 ,loc
P Po .
ww,loc(Q) N LMOC(Q), ie.,

(A) Given any x € Q, there exists B, (x) C 2 such that for all

fewh @nL™ (Q),

w,loc u,loc
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and e > 0, there exists ¢ € C*°(£2) (or Lip,..(£2)) such that

(2_12) ||f - ¢||Wul,va(BrX (x) <é& and ”f - ¢”LPO(BVX (x)) <é&
Then C*°(L2) (or Lipy,.(£2)) is dense in Ww ()N Lupo ().
Proof. For each x € Q, let B, (x) C €2 such that (A) holds and B, (x) C Q. Since
Q = J,cq B(x,7¢/2), there exists countable subfamily of bounded overlapping
balls {B;}?°, (B; = B(x, ry/2) for some x) such that 2 C | J; B;. We will then choose
a partition of unity. Indeed, for each B;, we find h; € C3°(D) with xp, < h; < X2,
and deﬁne wi=h;/ Y, hi (u; =0if h; =0). Next, for any f € Wul,,f’(sz)mL” . (),
since p~ ! e L;OIOC(Q) ,(fl € LZOIOC(Q) it is clear that f € W lOC(Q) ﬂLM 1oe (S2).
Since p € Lw 1oc(£2) and pg € LM loc (§2), for each B, there exists A; > 0 such that
p < A; on2B; w-a.e. and pp < A; on 2B; p-a.e. Now, by (A), given any ¢ > 0,
there exists g; € C*°(£2) such that
1S = 8ill g g, IV =81 p gy < €/(2 (ADY7 max{I Vi o g 1))

and || f = gill ropp ) <€/ (2"Ai1 /P0) Thus, by the triangle inequality and estimates
on p, /

= NwiV(f =g+ (f =8 Vuilp op,

< APV =8l p oy + A IV

<2g/2%.
Hence if g =) giu;, then g € C*°(2) (or Lip,,.(2) when g; € Lip,,.(2)) and

L52B) ol = 8illp s,

IV = )lyg, 0= IV (/S = T, - sinee Ty =1
=12V (s = giu )”Lap(sz)
< Vi = giunllyy g < 2.
Finally, it is easy to see that

It is often true that the Poincaré inequality holds. The following observation is
useful in applying the density theorem.

Proposition 2.12. Let 1 < p, pg <00, T > 1 and [, w be locally integrable weights
on a domain Q C R". Suppose for all balls B with 2t B C Q and f € C*(L2),
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where a(B) is a finite ball set function that is independent of f. Suppose also
C™(R) is dense in E¥ | (), i.e., given any x € Q, there exists B, (x) C Q such

(R2), there exists ¢ € C°(R2) such that

w, loc

that for any ¢ > 0, f € E?

w,loc
(2-14) IV =), ) <&
Then C°°(R2) is also dense in EI7 0c(82)N Lu 1oc (£2).
Proof. The conclusion follows from (2-13) and (2-14). U

Remark 2.13. (1) One could generalize the above density theorem to domains in
Riemannian manifolds where there are partitions of unity.

(2) Under the assumptions of Proposition 2.11, C*°(£2) is also dense in

(Q)DW

wp,loc

(), LL, (QNEL(Q), ..., et

wpo loc wpo

To see this, just check through the proof.

(3) If (2-13) holds and w € A, then it follows from Proposition 2.12 that C*°(£2)
is dense in L1’(Q2) N EL () as C®(R) is dense in W7 (L) [Turesson 2000].

(4) Condition (2-12) holds for example when w € A, and u € A,,. Itis then easy
to see that C*°(2) is dense in LWO(Q) N E{,jp(Q). The case where w = u =1,

po = p and p, pg are positive continuous on €2 has been obtained in [Hajtasz and
Koskela 1998, Theorem 3].

(5) The density theorem for weighted Sobolev spaces of different definitions has
been studied in [Chiado Piat and Serra Cassano 1994].

Finally, note that derivatives and the fractional derivatives satisfy the truncation
property.
Proposition 2.14. Let Q2 be an open set in R" and 1 < p <ooand 0 <a < 1. Let

w be any Borel measure on Q. Then for any f € L\ () (or Lip;,.(2) if & = 1),

loc
we have

(2-15) Zn 12, < CPIVE,fI?

LP(Q) forany w > 0 and b € R.

Li(Q)

Proof. The case o = 1 is well-known and obvious as

[o.¢]
2%w ) p
2VIEN, o SIVIE =B, < IV, o

For 0 < o < 1, a result has been stated in [Dyda et al. 2016, Theorem 4.1].
Unfortunately, the statement is not quite the same as ours. So we will provide the
details here. Fix any w > 0 and b € R, let

Ai={xeQ: 27w < |f(x)—b| < 2w}
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Then
ad k
Q 2o p
DIVEL N, o
k=1
) x) — A p
_Z// (x) fﬁ. 63] dy dw(x)
B(x,pa(x)) |x — y|"*er

oo
(Z / /A JNB(x.pa(x)

k=1i<k<j

+ZZ//

AjNB(x,pa(x))

2% _ 2w
)Ifb @ = 1O i,

|x — y[rrer

1) = FODI = 1f) = bl — | f(x) —b| > 2/ 2w,
and | f29x) — 2 <20 <425 £ (x) — F().

On the other hand |fb2k“’(x) — szk“’(y)| <|f(x)— f(y)| for all k. Hence,

@2-16)  |fFew) — fRo(y) <4251 f(x) = ()| foralli <k < j.

Using the above (2-16), we have

fEew) — fremr
Z / /A |nl_’m,, dy dw(x)

k=1 i<k<j JNB(x.pa(x) X —

=< PZ Z o (k— j)P/ / —lﬂix)_;giil))'p dy dw(x)

AjNB(x,pa(x))

k=1i<k<j
4pr X p
= // |f(x) — fiy)l dy dw(x).
B(x.po()) X — yI"TP
A similar estimate can be done for the remaining term. ]

3. Proof of the main theorem and related results
Proof of Theorem 1.1. First, on each Q;, by Theorem 2.4, for any (f, g) € G,

(3-1) ”f_fB},a”LZ(Qj)

S C(glv 92, A15 AZ’ DU, 5, T,C, Qa p)CTCI Vllll/q”g”Lﬁ(Qj)
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Hence by the triangle inequality and Holder’s inequality,

(2 Iflyq, = W50l +1F = fr0lly )

(@)
= g(B})l/Po

< C(c, Do)l fl

1F 100, + CerCiV, Mgl g

1
LgO(Qj) + CCTCI Vu/q ||g||L5)(QJ)

by (1-12) since o is §-doubling on 2; (with doubling constant D,) and ©2; C
C(c, S)B}. Hence,

(A1 o ) = COS A M )+ CerCV (S sty o, )

L(’r]O(Qj) L{;(Qj)
1/ 1 1/
< COZ IS Mo )"+ CerCVi (L el o )7

since 1 < p, po < q. Thus since ZXQA <M,
J

(3-3) ”f”LZ(Q) < C[Cle/pOHf”Lgo(Q) +erCy V;i/qu/p”g”L{;(Q)]

for all (f, g) € &. We will now apply Theorem A.2 to prove Theorem 1.1(II)(b)

and (I)(c).
First, by Proposition 2.7 and Remark 2.8(4) and Holder’s inequality, we have

(3-4) | f— fB,MllLﬁ(B) < CM(B)l/P—l/q”g”Lﬁ(SrB)

for all (f, g) € G and any é-ball B of any ;. Now suppose {(f,, g,)} C & such
that { f,} and {g,} are bounded in L5°(Q) and L% () respectively. Then {f,} is
also bounded in LZ(Q) by (3-3). Since ©(£2) < oo, given any ¢ > 0, there exists
L e N such that /,L(Q\UJL~=1 Qj) <e¢&/2. Next,foreach1 < j <L,let{Q; ;}72 bea
collection of bounded intersecting §-balls of Q; such that Q; = Q; ; guaranteed
by Proposition 2.6(a). Then there exists k; € N such that

w(@\UiL, 0i)) <e/QL).
For each
(3-5) O<r< 8min{d(£2;1, Uf{le Qi,j) 1<j< L}/(6r),

we choose any maximum family of pairwise disjoint balls {B(x,,, r/ 3)}’”(121 con-
tained in (J, U:Z, Qi,;. Then it is easy to see that each B, (x,,) is a §-ball in
some £2; and

K kj
Um:l By (xm) D Ulgng Uijzl Qi,j'
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Note that the family {B(x,,, 3rr)}£:1 has bounded overlaps. It is now clear by
(3-4) that

L1 (B (xm)) L1 (B(xy,37r))

K K
3B-6) D fu— (f)Bcxmnll? <D CuBr () Pl gy1?
m=1

m=1

< Csup (B, (xu)' P gall?, .
up By (X Sl @

We now choose r smaller if necessary such that the right hand side of (3-6) is
less than ¢”, which is possible by Remark 1.2(8) and the fact that {g,} is bounded
in LL ().

Taking {E,} as {B, (xm)}n’le, by Theorem A.2, we conclude the proof of (II)(b).
Part (¢) of (II) is similar but easier; see Remark 1.2(10).

Finally, note that if we only assume (1-4) without the truncation property, then
instead of (3-3), we will only have (if po, p < g < ¢q)

(3-7) ”f”Lz(Q) <C sup M(Qj)l/éfl/q [Cle/pOHf”Lgo(Q) +C Vli/qu/p”g”La(Q)]
J

for all (f, g) € & while (3-4) remains valid. Remark 1.2(1) is now clear.

Proof of Theorem 1.4. First, clearly,

l
P (BNQ)) < pu*(B) [ [ Wi (B))*  forany Q.
i=1
We now see that p*(B) Hi:l W; (n;(B))% satisfies Condition (R). Indeed since W;’s
are monotone increasing, a; > 0 and W, (2¢) < Cy, ¥;(¢) for all r > 0 and all i, we
have

W;(17;(B)" <W;(n;(2B))* < C,,W;(n;(B))* for all balls B with center in £,

where C,, = C({C\pi,ai}ﬁzl). Given any x € Q;, suppose B; = B(x,r}) is
the sequence given in Condition (R) for u*. The sequence will then work for
w*(B) ]_[f: 1 Wi (n;(B))“. That is, it satisfies Condition (R) (but with smaller con-
stant Ay and 0 on the left). Next, for any §-ball Q of €2;, we have by (1-4),

G-8)  Mf = ool =aDlgllp .0
o w l

< C({Cy,, bi}, p, t8)a(Q) [ ] Wi (@ (@) """ g

' Lipyu(Q)
as 7Q is a té-ball and p; is essentially constant on T Q. Moreover, if Q C B,
where Q is a §-ball, B is a ball with center in €2; such that r(B) < diam(£2;)

and r(Q) = cér(B)/4, then since r(Q) =< 1;(Q) < 1:(B) < C(8, c)n;(Q) and
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W;(2t) < Cy,¥;(t), a; > 0 for all i, we have by (1-25),

! I
Wi (B)'9a() [ T Wi B)“/ [T wiG@)="""
i=1 i=1
)
<C@,q,c, {ai, b;, C\pi}),u*(B)l/qa(Q) 1_[ W, (7;(Q)) /470l p

i=1

S C(61 q’ C? {alv bl7 C\I/l})cl'

Hence, we have by Theorem 2.4 that (1-26) holds. Next, by the triangle inequality
and Holder’s inequality,

piu(2))"

s = Z gy M vy H1F = Tyl q) =1 +11

Using (1-27), noting that o is §-doubling on £2; on each j with doubling constant
D, and ; C C(c, 8)B}, we have

()Y Tz, Wi (i (B}))*/a

1<C(8,7,¢, {Cy;, ai}, q, po) o (B ”f”Lf;O(B})
1_[$=1\Iji(ﬁi(B}))ai/q_yi/PO'u(Qj)l/q
<C(c.8, 7. {Cy, ai. i} po. q) o (B ||f||nga(B})

S C(C, 89 t’ DO‘# {C‘Ifia aiv yl}7 va q)CZHf”LZ(())«’T(Q/),
Combining with (1-26), we have

Il @) = C(c, 8,7, Dy, {Cy;, ai, bi, vi}, p, po, q)
1/q

Finally, we can conclude Theorem 1.4 by an argument as in the proof of Theorem 1.1.

Proof of Theorem 1.8. We will only prove the second part where D = |_J Q;. We
will use Theorem 1.4 with do = dx the Lebesgue measure, ¥ =1, n=p, § = %
and u*(B) = Cur(B)N. Since Q2; C R", (uq, 1) (Where uy(B) = p(B)*u*(B))
satisfies the Vitali-type property (1-10) with parameter depending only on n. Let &
be as in the proof of Corollary 1.6. Then the Poincaré inequality (1-4) holds for &
with o =1 and g = Vi f by (1-2). Note that V2 f < VP f. Again, & satisfies
(1-4) with the truncation property by Proposition 2.14.

Next, if B is a ball with center in ;, r(B) < diam(2;) and Q is a §-ball in B
such that r(Q) > c r(B)/8, by the fact that p(Q) > Cr(Q) and (1-46),

w (BY1a(Q)p(B)17b/P < CC*Cll/qr(Q)N/qu‘ﬁ(Q)ﬂera/q*b/p
S C(M29 a7 b’ p, q7 N! ﬂl! ,BZ)C*CIILM
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since B; + = +m1n{0 ,32—1—— — ;} >0 (by (1)) and ,32+— — F < 0 when p is
unbounded (by (i1)). Hence (1 25) holds. We now check that (1-27) holds. As
Q; C C(c)B’, by (1-45),

(3-9)  w()Y9Q; VP p(2)Ha/Po
< ccl/ min{r(BYN, r(BYN p(B)N} (BT M p() /ey o

< CC}/" min{r(B})N/q—”/Pola(B})a/q—V/po’
r(B)M /q‘"/PO/B(B/.)(Nz+a>/q—y/po}
J J ’

which is bounded by C (M, Ma, a, b, po, g, N, N2, Ny, y)C,/ using (i), (i) and
the fact that r(B;.) > C(c, My). Equation (1-47) will then hold for all f € G,(D)
by Theorem 1.4.

For the part of compact embedding, as we now allow u, (D) = 0o, we cannot
use Theorem 1.4 directly, we will use Theorem A.3 instead of Theorem A.2. Now,
suppose we have strict inequalities in conditions (i) and (ii). Then we can find
g > q and a > a such that conditions (i) and (ii) hold with a and ¢ being replaced
by a and g respectively. We can then apply the first part of the theorem to conclude
that (1-47) holds with either a being replaced by a or ¢g being replaced by g.

Now suppose {u;}7°, C &4 (D) such that both ||u; ||L 9(p) and ||V pillzy (D)
are bounded. Then {u;} is a bounded sequence in both Lq (D) and Lq (D) Hence
it has a weakly convergent subsequence (in both an(D) and LY 1, (D)) and for
convenience, we will still denote the subsequence by {u;} and we may also assume
that |u;l|4_(p) < Aforalli. Now, givenany n >0, let D, ={x €D: p(x) < na/(@=ay
and D; =D\ Dy,. Then,

(3-10)  lu; — uj; ”Lq (D)) :/ |ut; _uj|q/0(x)a_&dp£ﬁ < nq/ |u; —uj|qd/j,gz
D, D

< A)In?

Again, by Proposition 2.7, for all i, we know inequality (2-11) holds with f = u;,
g:VO?pui, W=z W=wp, A=3and v = 1. Next, given any ¢ > 0, as g > p,
by Remark 1.2(8), we see that there exists . > 0 such that (A-7) holds with f =u;
if r(B) < d; and 6B C D. Further, since u,(D;) < oo by assumption, as {u;} and
{ VD? pui} are bounded in L .(Dy) and Lh w;, (Dyy) respectively, using Theorem A.3,
{u;} has a subsequence (st111 denoted by {u;}) converging in an(D ) and hence
Cauchy. Thus, there exists N, such that

(3-11) lleei —ujl| <e ifi,j=N,.

L;ita (D'i)

It is now clear that {u;} is a Cauchy sequence in Lza (D).
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Proojj\of Corollary 1.10. Let f € Lip,,.(D) N LZ‘; (R if a =1 (or, if @ < 1,
f e Wil (D)N LY (R™)). Tt is known that R \ G € J (¢, 00) [Chua 1995, Proposi-
tion 2.7; 2009, Proposition 2.21]. Moreover, D =R"\ (GU F) € J(¢, 0co) [Chua
2009, Proposition 2.24]. Thus, given any K > 0, there exists {QK } € J/(¢) such
that dram(QK) ~ K, center ball BK of QK with r(BK) ~ K, U QK D and
Z XQK = C(l’l)

By’(1-44), in Theorem 1.8(I), taking dw = dx, f =« —n/p and we have

If = Fa g, qx) = Cp<R>“+N+“/‘f mIr VD

f”LP QK)

Hence, by the triangle 1nequa11ty, Holder S 1nequa11ty, the fact that ,o(BK) >
C dram(QK ) and p is essentially constant on BK we have

(1) 11£ 1y,

< CM (BK)I/q|BK|71/pO (BK) J//p()”f”Lp(,l(BK) +C|VE f”L” (QK)
J
§C|Q§(IN/nq ”pop(BJK)“/q y/p0||f”L"9(BK)+C” flle @)
PV N0
; Ky(N+a)/q—(n+y)/po

since a/q < y/po. Finally, as ¢ > p, po, we have by summing over QK ,

(3_13) ”f”Lq (R < CK(N+a)/q_(”+y)/PO||f” + C||VDpf||
Ha

Ly9(D) Lh, R

Taking K — oo, as (N +a)/q < (n+7y)/po, we obtain (1-49) for ¢ < 1. Fora =1,
recall that by Remark 2.13(4), we know Lip,..(D) is dense in Lf;? (D)NE /[;h (D) and
this concludes the proof of the first part. Finally, the last part of the corollary follows
from Remark 1.2(10) and is similar to the proof of the second part of Corollary 1.6.

Indeed, instead of (3-12), we will have
ky\1/q—1/p D
115, oty = CHa@) TP Ny g+ CIVE, s, e

Summing up as before, by (1-51), again letting K — oo, we now see that (1-49)
holds if f e Lip,,.(D) N LZ(; (R") or f € L ' (R™) N W %P (D). Obviously, the
condition involving y is now redundant. Furthermore for a =1, (1-49) holds for
all feL’®R)N E}) (D) by Propositions 2.11 and 2.12.

Proof of Corollary 1.12. Since D is bounded, there exists a finite collection of
dyadic cubes {R;} of the same size such that D C | J 17, and the center ball B} of
each R; \ F does not intersect D. In particular fB} =0 for each j if f € C3°(D).
Hence, for each R; \ F, by Theorem 1.8(I), we have (note that R; \ F € J'(c) with
¢ independent of j by Proposition 2.9 since F is finite),

< CC:L/‘I,E(R,-)1+(N+“)/q_("+b)/p IVF£I
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And hence

(3-14) 113, = CIV s,

since ¢ > p. Now if the inequality in (1-52) is strict, we can find ¢ > ¢ such
that the above inequality (3-14) holds with ¢ being replaced by g. We can then
apply Theorem A.3 to conclude that the embedding of C5°(D) (and hence also the
closure of Cg°(D) in E 5;; (D)) to an (D) is compact. This completes the proof of
Corollary 1.12.

Remark 3.1. If D is unbounded but there exists a collection of countable dyadic
cubes {R;} of the same size such that D C | J R;j, |Rj| > |DNR;|/2 for all j and p
is bounded on  J R;, then by taking the “parents” of those R; (for convenience, we
will still denote them by {R;}), we may assume that the center ball B’ of R;\ F does
not intersect D. We could then derive (3-14). Compact embedding of Cy°(D) (and
hence also the closure of C;j°(D) in E gh (D)) to an (D) can again be established
under similar assumptions if u,{x € D: p(x) < r} < oo for any r > 0.

Proof of Theorem 1.14. Instead of applying Theorem 1.8, we will apply techniques
similar to those of [Chua 2009, Theorem 4.1, 4.3]. Moreover, we will also need
either [Chua and Wheeden 2008, Theorem 2.9] or [Chua 2009, Theorem 2.11].
Note that a weak John domain is a Boman domain (see Proposition 2.6(c)). Next,
by Proposition 2.9, there exists ¢ depending only on /, ¢ and n such that for each j,
ﬁj = Q;\F € J'(¢), where F = {z,-}ﬁzl. For convenience, we will let

(3-15) d;(B) =sup |x —z;| for each i.

xeB

If Q is a §-ball (6 = —) of ’SVZ for any j, then by Remark 1. 2(5) (1-2) will hold with
a(Q) =C(n)|Q|¥/n-1/p andw = 1. Hence for all f € G, (D), where D =D\ F,
since p1, pp are both essentially constant on é-balls with constant depending only
on {a;} and {b;} respectively,
I/ = folly (o) )

< C(n. p. g Aar, itz ) | Q1" oy () 5o (@ TPIVG  fl g

where p; (Q) = sup,p pi(x). Thus,
(3-16) If = follg (o)

< C(n, p,q. {ai biYi_)r(Q)*~ "“’*"/ql_[d(Q)“l/f'—bf”’||va?pf||L52(Q)
i=1

= C(&n, P, (i, bikicys 0)eg I Vap fll 5 o)
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since

I
r(Q)* P [T di (@) 7="/P < C(E.n. p.q.{ai. biYie))r(Q)

i=1

as d;(Q) > r(Q) and assumptions (i) and (ii).
By Proposition A.4, p; is §-doubling on €2; with doubling constant

C({ai}iy. coso/¢. n).

we can conclude (by either [Chua 2009, Theorem 2.11] or [Chua and Wheeden
2008, Theorem 2.9] as John domains are Boman domains [Buckley et al. 1996])
that

G-I I f = Follyg @, < C(En P g Hai bikicy cos0/8, o)1 Ve p Fll 1y -
Using the triangle inequality and Holder’s inequality, we have
Sl -1 b oD
1£ 1l @,y = @D BT Wy gy + CoGI Ve, Sy )y =1+ 11
Using the fact that pg is essentially constant on B;., we have

1= C(po, (yilizy, &)o1 (2] B; |—‘/”°]_[d(B) NS o
i=1

<C(po.q.¢ {ai, vi}i_,) B9~ 1/"01_[d<B YN L g g,
i=1

~ 1/g—1 + i/d—Vi
E C(C, D0, 4, {ai, yz}f:],CO)go/q /po Z(d /q y/pO)”f”

Ly
~ 1
= C(C7 Po, 4, {(l,‘, )/i},':p CO)Egllf”LZ(())(B{)
J

as diam(SNZj) ~ go (with constant c¢o) and Y_a;/q < yi/po. Since 1 < p, po <gq,
we have

1/q
1f1lg ) < (Z 171 &, )>
1/q
<c80(2||f||Lpo(B,)) +C80(Z|| A (Q)>
1/po
<c80<2||f||p,,0(3,) +c83(2n apf 117, (m>
J

<CegM'/™| 1|

1/q

1/p

basl/p oD
ng(p) + CSOM ||va,pf||L52(zD)-
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Hence we have (1-55) when 0 < o < 1. If o = 1, we use density of Lip; (13) in
L2 (D) N EX, (D) which contains LY (D) N EX,(D); see Remark 2.13(4).

Next, if we have strict inequalities in both conditions (i) and (ii), we can find
g > q and «; > a; such that both conditions (i) and (ii) hold with g being replaced
by ¢ and a; being replaced by «;. We define

!
pr(x) =[x —zl“,
i=1
where o; = a; fori =2, ..., and o is chosen above. Then (1-55) holds with either
q being replaced by g or p; being replaced by p;. In case p; (D) < oo, the fact
about compact embedding will follow from Theorem A.3. Next, in case p; (D) = oo,
clearly D is unbounded. Suppose { f;} is a bounded sequence of functions in L5 (D)
and E 52 (D) (or Wgz P(D)). We will show that it has a subsequence that is Cauchy
in L? (D). First, as (1-55) holds with either ¢ being replaced by G or p; being
replaced by p;, we know the sequence is also bounded in LZI (D) and LZI (D).
Thus it has a weakly convergent subsequence (still denoted by { f;}) in L,q)I (D) and
IIfill L4, (D) < A. Similar to the proof of Theorem 1.8, given any n > 0, we define

Dy={xeD:lx—z|< n‘i/(“l_“‘)}

and D;) =D\ D,,. As the rest of the proof is almost identical to that of Theorem 1.8,
we will not repeat it here.

Finally, if in particular D € J(c, &g) (see [Chua 2009]), we have (1-55) for all
0 < & < gy with ¢ being replaced by ¢.

Remark 3.2. Suppose wu, w are Borel measures such that u is §-doubling on D
with D given in Theorem 1.14. Checking through the proof above, we see that

1/po .- 1/p b
(3-18) 1705, o) < COMPeG Uf g oy + M 7eGl8 1)
provided f and g are measurable functions on D such that
- — B -
(3-19) If fQJv‘”L;i(Q) <Cr(Q) ||g||Lg(Q) for all §-balls Q of D

and condition (i) in Theorem 1.14 holds with « being replaced by 8 (8 > 0). See
also Theorem 1.8.

Appendix A.

For convenience, we state [Chua and Wheeden 2008, Theorem 1.2] here for easy
reference.

Theorem A.l. Let o and (. be measures on a o-algebra X of subsets of X. Let
Q2 be a measurable subset of X and f a fixed measurable function which satisfies
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the following assumptions for some constants 0 < pg,q <00, 0 <0 <1, C, > 1,
0<0<br<1,0<A|,Ay<ocoand p > 1:

(1) For each x € Q, there is a sequence of measurable sets {Q7 )72, depending
on x, and a fixed set B' C X such that 01 = B/,

(A-1) 0< O’(Q;C U Qf_H) < C(,(T(Q;C N Q;‘_H) <oo, 1=1,2,...,
and
1 1/po
(A-2) ( < f |f = C(f, DI d0> <a.(0;),
(01 Jor

where {C(f, Q7)} is a sequence of constants that converges to f(x) and {a.(Q7)}
is a sequence of nonnegative numbers.

(2) For each x € Q2, there is a sequence {B}‘ ;’i | of measurable sets and a sequence
{/,L*(B}C)} of positive numbers such that

*

127 (B}C+k)
w*(B7)
3) Let§ = {B;}XGQ’J‘GN. Assume for any Bj.‘ € 3§, there is C(B;-‘) C {QOj }ieN such
that for each x € Q, UjeN C(B}) ={Qj }ien and C(B) NC(B}) = & when i # j.
Further, for any countable subcollection I of pairwise disjoint sets {By} in §, let

AB) = ) a.lQ)

QeC(Ba)

(A-3) W) <pu*(Bf) and A6} < < Ax05, j.keN.

and assume that
(A-4) 3 (AB) 0¥ (Ba)” < (Chn()’.
B,el

(4) Suppose the collection § is a cover of Vitali-type of subsets of Q2 with respect to
(m, u*), i.e., given any measurable set E C Q and a collection Bg = {Bix(x) :x e E},
there is a countable pairwise disjoint collection By, C Bg such that

WE)SVy Y w*(Bw), V=l
By eBl
Then

(A-5)  suptpfx e Q:|f(x) — fo| >t} < CColpV, ()19,

t>0

where C depends on C,, pg, q, A1, Az, 0,01 and 6,.

We will now state a general theorem that gives a necessary condition for precom-
pact subsets of L? spaces.
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Theorem A.2 [Chua et al. 2013, Theorem 1.2]. Let w be a finite measure on a
o-algebra X of subsets of a set Q, with Q € . Let 1 < p <00,1 < N <00 and P
be a bounded subset of Lﬁ’ (2). Suppose there is a positive constant C so that for
every ¢ > 0, there are a finite number of sets E;, € ¥ with

(6)) n(\U, E¢) <& and u(Eg) > 0;
(ii) for every f € P,

(A6) SIS Fronllyp, = Ce? where fro= [ fdnfnEn.
¢ ! E¢

Then for every sequence {fi} C P, there is a single subsequence {fi,} and a
function f € LPZ\L’(Q) such that fy, — f pointwise j-a.e. in Q and in LZ (2) norm
for1<g <N.

Next, we state a useful special case of the above on Euclidean spaces. It is an
extension of [Chua et al. 2013, Theorem 2.1]. Here we include the case of fractional
derivatives. As almost the same proof as in [Chua et al. 2013] will give us the
theorem, we shall not prove it.

Theorem A.3 [Chua et al. 2013, Theorem 2.1]. Let Q C Q be both open sets
in R". Let i, w be Borel measures on 2 with /L(’SVZ) =u(2) <oo. Let 1 < p < 00,
O<a<1,1<N<oo, 59=1land & C L) (Q)NEL) or L) (2)N WP (Q),
and suppose that for all € > 0, there exists 6. > 0 such that

(A7) L = Foull gy < eWVap Fllpp forall fe

and all Euclidean balls B with r(B) < §, and 2t9B C Q. Then for any sequence
{fi} C © that is bounded in L} () N Ef () or LY (2) N WP (Q), there is a
subsequence { fy,} and a function f € Lﬁ’ (2) such that f, — f pointwise p-a.e.
in Q and in LY () normfor1 <§ < N.

Finally, note that p; in Theorem 1.14 is §-doubling with doubling constant
independent of €2;. Indeed, we have the following more general result.

Proposition A.4. Let {Si}le, [ € N be such that each S; is a set of finite points
inR" and $; N S; = D ifi # j. Suppose Q is an open set with diam(Q2) < d,
a; > —n forall i and 7 € Q° for all z €\ J'_, S;. Then the weight [T._, d(x, S;)% is
8-doubling on Q with doubling constant depends only on n, {ai}le, and d /¢, where
¢=min{lz—yl:z#y, 2.y € U;je;- Si =8}, I~ ={i : a; < 0} (independent of
d when S’ has < 1 point).

Proof. The result is easy when S has < 1 point; recall that |x|* is doubling on R”

for « > —n and see Example 1.3(ii). Moreover, again by Example 1.3(ii), we only
need to show that [ [,.,- d(x, S;)* is §-doubling on 2. Thus, we will only show
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that p(x) =[];c;- d(x, S;)* induces a §-doubling measure on 2. For convenience,
we will let
di(B) =supd(x, S;).

xeB

Let 8 = Ziel_ a;. Given any ball B with 2B C €, clearly (as a; < 0 for all i)

A8)  p(B)=C, {m})(]‘[ g,.<3)w)r(3)n > C(n. {a;))d’r (BY".

iel™

Now, let B be a ball with the same center as B and r(§) > 2r(B). Since

BcC (U(B(z,§/2)ﬂ§))u{x €B:lx—zl>¢/2Vze S},

zes’

For the first term note that the number of such balls B(z, {/2) that intersect B is
less than C(n) max{1, (4r(B)/§)”)} Now suppose B(z, {/2) intersects B z€8.
We see that as —n < a; <0,

p(B(Z,£/2)ﬂ§)SC(H,{ai})(§/2)‘3_“‘/ |x —z|" dx

B(z,¢/2NB
< C(n, {@ D&~ min{r(B)", (¢/2)"}.
Hence if r(g) > ¢ /4, we have
p(B) <> p(B(z.c/QNB)+plx €B:|x—z|>¢/2Vz €S}

zes’
< C(n, {a; )P @r(B) /D))" + C(n, {a;))Pr(B)"
< C(n, {a;))¢Pr(B)".

On the other hand, if r (§) < /4, then there is at most one z; € " with d (zy, E) < /4.
For simplicity, let us assume z; € S;. We have

p(B) < p(B(z1,¢/2)NB)+plx € B:|x —z| > ¢/2Vz € ')
< C(n, (@ )P~ 1r(B)"+ + C(n, {ai))¢Pr(B)"
< C(n, (@)~ “r(B)y+a.

Moreover, if d(z, B) > ¢ /4 for all z € S’, we have p(§) <C(n, {ai})gﬂr(g)”. It
is now easy to see that

p(B)/p(B) = C(&.n. {aikier) max{(r(B)/r(B)Y"™*. (¢ /d)*~}.

In the above, we have assumed that the total number of points in (] S; is more
than 1. If there is only one point z, it is well-known that the weight [x — z|* induces
a measure that is doubling on R" if a > —n. (]



EMBEDDING AND COMPACT EMBEDDING FOR SOBOLEV SPACES 561

Appendix B.

Proof of Proposition 2.6. In this proof, we will only assume the following condi-
tion:

There is a fixed “center” x” € 2 such that for any x # x’ in 2, there exists
y 1[0, 1] — 2 such that y (0) = x, y(1) =x" and y is “continuous,” i.e.,

(B-1) forall e > 0 and g € [0, [], there exists § > 0 such that
d(y(t),y (o)) <& when |t —1| <6, 1 €[0,!];

and y satisfies the weak John condition
(B-2) d(y (1), Q) =infld(y (1), y) 1y € 2} = cd(y (1), x) forallr.

Note that while (B-2) remains the same, the main paper assumes y is Lipschitz
continuous instead of (B-1).

Even though we have allowed té < 1/ (2«?) here instead of 8 < 1/(2«k?)
in [Chua and Wheeden 2008, Proposition 2.6], the proof of part (a) and (b) are
essentially the same. For (2.5), just see [Chua and Wheeden 2008, (2.6)]. However,
the assumptions in (c)—(e) are more different from those of [Chua and Wheeden
2008, Proposition 2.6]; we will provide a proof here. We will now prove (c). Fix
a point x € ©, and let y(¢), t € [0, /], be a curve connecting x and x’ satisfying
conditions guaranteed by the weak John property (B-2). With 8’ =§/A>, we begin by
constructing a special sequence of 8’-Whitney balls centered along y. For ¢ € [0, ],
let

Ry = B(y(1),8'd(y1))).
Use (2-5) to pick E() ew containing R, (o), and let
11 =sup{t € [0, 11: y(t) € By}.

Note that #y > 0 by continuity of . Moreover, R, ) intersects Bo by definition
of #; and continuity of y. We then use (2-5) again to choose a ball BieWw
containing R, ;). Then clearly Eo intersects §1. If t; =1, we stop the construction
process. If | < [, we define

t, =sup{t € [t1,1]:y(t) € By}

and choose Ez e W containing R, ,). Again, t; < t» </ and El N Ez # J. In
general, if 0=1y <t <--- <t and By, By, ..., By with B; N B;1| # & have been
constructed and if #; < [, we continue by defining

(B-3) fre1 =sup{t € [, []: y(t) € By}
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and using (2-5) to pick §k+1 cew containing R, ). As before, we have 1 <
ter1 <[ and Ek N §k+ 1 # . We stop the construction if #41 = L.

Let us show that the process must end after a finite number of steps, i.e., that
there is a positive integer L = L, such that r; = [. To see this, note that since y is
continuous, taking & = min{cd’d(y (¢1), x), 8'd(x)}, we can find > 0 such that

(B-4) d(y(s1),y(s2)) <e if [s; —s2] <nandsy, s €[0,[].

Claim: |ty — trr1| =n for all k > 1 such that ¢, < [.

Note that we are done if #,11 = [. Suppose |tx+1 — x| < 7, then there exists
>t >ty and |t/ — t;] < n. But by (B-4), we have d(y(t'), y (t)) < €. On the
other hand by (B-2)

8'd(y () = c8'd(y (tr), x) > c8'd(y(n), x) > &,

as y () & Ry if k > 1 and hence y(¢') € Ry () C B, while ¢’ > fry1 and it is a
contradiction to (B-3). This proves the claim. It is now easy to see that L —1 <//n.

For each §,- constructed above, let B; = 2« Ei just as in the proof of [Chua and
Wheeden 2008, Proposition 2.6(c)], we see that except for (2-6), the first part of (c)
is proved.

Let us now prove (2-6). The case when ByN B; # O is easy since then By C A*B;
(see [Chua and Wheeden 2008, p.2996]) and hence (2-6) is obvious.

Next, suppose that Bp N B; = &. The following is just a simple modification
of [Chua and Wheeden 2008, p.2996]. Due to the construction of B;, there is
a point & € Ei Ny[0,1]. Since & ¢ By and x € Eo = By/(2x), the quasitriangle
inequality gives d(§, x) > r(Byp)/(2«). Similarly, since x ¢ B; and § € E,-, we have
d&, x) > r(B;)/(2k). Hence,

d(,x) > L max{r(Bo), r(B;)}.
2K

We can use this to show that

AdE, x)
Bo C WBZ

In fact, if z € By then

d(Z, xB,‘) = K[d(Z7 )C) +d(x’ xB,')]
<«[r{d(z, xp)) +d(x, xp)} +x{d(xp,, &) +d(&, x)}]
< k[2kr(Bo) +kr(B;) +kd (€, x)],

and thus by the previous estimate for d (&, x), we have

d(z,xp) < (43 + 22 d(E, x) < A2d(€, x)
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as desired. To complete the proof of (2-6), we now recall from (B-2) that d(§) >
cd(x, ). Butsince £ € B; and B, is a §-ball (8 < 1/(2«?)), triangle inequality and
(a) give

d(§) <2kd(xp) = 2’(%2”(31')-

Combining estimates, we obtain d (&, x) < 2k A2 /(cd))r(B;), so that

A%d 2uc 0t
€% p o2

By C ,
0= "B 8

which proves (2-6) in all cases.

To prove the last statement in (c), we return to the §’-Whitney balls {R, ¢}~
centered on the weak John curve y from x to x’, and define balls Q; by

Qi = )‘37?'}’(11')'

Then Q; has center on y and is a §-Whitney ball since r(Q;) = A38/d(y(ti)) =
8d(y(t;)). The same argument as in the proof of [Chua and Wheeden 2008, Propo-
sition 2.6(c)] then establishes the second part of (c).

To verify part (d), note that the hypothesis Q; ¢ B(x, r) implies there exists z € Q;
such that d(z, x) > r. Let x; = y (t;) be the center of Q; and r; =r(Q;). Then by the
triangle inequality and the fact that d(x;, x) =d(y (t;), x) <d(y(t;))/c =r;/(cd),
we have
cs+1 2Kr;

P r < 7

r=d(z,x) <«(d(z,x;) +d(x;,x)) <k

This completes the proof of (d).
To prove part (e), we will again use the estimate

r(Qi) =48d(y (1)) = c¢dd(y (t:), x),
which follows from the weak John condition (B-2). Thus if r(Q;) < 2e, then
2e > céd(y(t;),x) and hence QO C B(x,4ke/(cd)).

However, as there is a §-doubling measure o on €2, the number of disjoint Q of
radius between ¢ and 2¢ is bounded with bound depending only on D, «, § and c.
This completes the proof of Proposition 2.6.

Proof of Proposition 2.9. For this proof, we will be again assuming only (B-1)
instead of Lipschitz continuity.

Let x” be the central point of € and let d(z, Q) = (0 + 2)e. We will consider
two cases:

Case (i): x’ € B.(z). We will assume B,(z) # Q as the case B.(z) = Q2 follows
immediately from the path property. Using the path property, we know that there
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exists x”” & B (z) such that d(x”, z) = ¢. Moreover, note that
d(x', Q) <d(x',2) +d(z, Q) < (6 +3)e.

For any x € Q\{z}, x # x”, we will now construct a continuous path connecting
x to x”. First suppose x € B.(z). By assumption, there exists continuous

n: [0,1] — By (2) \ Bd(x,z)/G(Z)-
Clearly d(n(t), Q°) > 2¢ > %d(n(z), z) and d(n(t), z) > ﬁd(n(z), Xx) since
dn(),x) <dn(),z) +d(x,2) < (1+60)d(n), 2).

Next, suppose x & B.(z). Since 2 € J'(c), there exists continuous y : [0, [] — Q
such that ¥ (0) = x, y(!) = x" and

(B-5) d(y®), Q%) >cd(y(t),x) forallrel0,I].
Since y (I) € B(z, €), we now define
t =inf{t € [0,1]: y(t) € Bs(2)}.

Note that by continuity, we know d(y (t'), z) = ¢. Since t' < 1, by the path property,
there exists a continuous 7 : [t', I1 — Bg:(z) \ Bep(z) such that n(z’) = y(t') and
n(l) = x". Note that d(n(z), ), d(n(t), z) > /6. Since

(B-6) d(n(t),x) <dn(t),z) +d(z, x)+d(x,x") <Oe+e+ %d(x/, Q°)

- 20+38’
c
it is now clear that
C
dn(®), RUZ) > cod(n(d), ithco= ———.
() 7) = cod(n(t), x) withco 20 13)6

Combining y with 1, we obtain a continuous curve satisfying (B-2) connecting
x to x".

Case (ii): x" € B.(z). Again, there exists a continuous y : [0, ] — € such that
y(0) = x and y (I) = x’ satisfies (B-5). We now consider two subcases.

Subcase (a): y[0,l]N B.(z) = <. Then d(y(t), z) > ¢ for all t. Moreover,
(B-7) d(y(@®), Q) <d(y(@),z2) +d(z, Q) < (0 +3)d(y (@), 2).

Hence

c 1 c C
d(y(1), Q2" U{z}) = md(y(t), Q) = 13

Subcase (b): y[0, 1N B.(z) # @. Similar to case (i), we will let

d(y (1), x).

t'=inf{t: y(t) € B:(2)}.
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Moreover, we also let
1" =supfr : y (1) € B:(2)}.

Again, there exists n : [t', t""] = Bg:(2) \ Bgjo(2) with n(t’) =y (t'), n(t") =y (t").
We now define

. {y(t) for t € [0, t'TU ", 1],
n() forrelt,t"].

The case ¢ € [0, t'TU[¢t”, I] follows from (B-7) and the case ¢ € [/, t’] follows
from (B-6).
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