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BOUNDS OF DOUBLE ZETA-FUNCTIONS
AND THEIR APPLICATIONS

DEBIKA BANERIJEE, T. MAKOTO MINAMIDE AND YOSHIO TANIGAWA

In this paper, we shall improve the bounds on Euler-Zagier type double
zeta-functions in the region 0 < Res; < 1 (j = 1,2) which provides a
positive answer to a conjecture posed by Kiuchi and Tanigawa (2006). As
an application, we improve the error term that appears in the asymptotic
formula for the moment of the double zeta-function.

1. Introduction

The Euler—Zagier type multiple zeta-functions are defined by

(1—1) é‘k(sl""’sk) = Z nl_sl ,..n;Sk’

O<ny<w-<ny

where s; =0 +1it; (j =1,...,k) are complex variables. The series in (1-1) is
absolutely convergent for oy > 1 and oy _j +0x_j 1 +---+o0x > j+ 1 forall
j =1,...,k—1. Euler first studied values of the double zeta-function at positive

integers in the eighteenth century. It came into more prominence after Atkinson
[1949] investigated the analytic properties of ,(s1, $2) in his study on the explicit
representation of the error term in the asymptotic formula for the mean square of
the Riemann zeta-function ¢(s) on the critical line.

Zhao [2000] and Akiyama, Egami and Tanigawa [Akiyama et al. 2001] proved
the analytic continuation of ¢ (s, ..., sk) to the whole C¥. They determined the
location of singularities. Many kinds of multiple zeta-functions are defined and
their algebraic and analytic properties have been studied extensively. See, e.g.,
[Matsumoto and Tsumura 2006].

In the theory of zeta-functions, the order of a zeta-function on the vertical line
in the critical strip plays an important role in various arithmetical problems. It
is natural to study the order of the multiple zeta-functions. Kiuchi and Tanigawa
[2006], applying the methods of double exponential sum of Titchmarsh, obtained
upper bounds for {5 (s, s2) for 0 < 0; < 1 under the conditions |f;| =< |t;| and
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|t +2| > 1 (Jt1], |£2] = 2). Two special cases of their results are as follows [Kiuchi
and Tanigawa 2006, (1.9)]:

S . . K
Gain.it) <|nllog*|nl. &z +in. g +it) <|nlilog?|n].
In [loc. cit., p. 448, Remark 1.3], based on these bounds they conjectured that
(-2) Ea(51,52) K |t |[HOVTE| 1y |1(02)+e

under the above conditions, where 11 (o) is the infimum of ¢ such that {(o +it) < |t]¢,
& > 0 is any positive constant. In [Kiuchi et al. 2011], however, it is noticed that
(1-2) does not hold in general if we do not assume such conditions like |¢1| < |t |
and |t; + 25| > 1. In fact, it is shown that

1 1_
(1-3) L +in, +in)=Q(u]37°) for |n] < |n]o~"

The purpose of this paper is to derive more general upper bounds of {» (s, s») and
apply it to give sufficient conditions so that (1-2) holds with the function p(o)
(defined in (2-7) below) as exponent instead of (o).

We shall also apply our result for the mean square of double zeta-function which
is a recent topic in the theory of multiple zeta-functions. In fact, Matsumoto and
Tsumura [2015] studied the mean value of {,(s1,s,) with respect to ¢, for various
03. Recently Kiuchi and Minamide [2016], using the expression of {;(s1, 53) in
[Kiuchi et al. 2011], obtained a good mean square estimate of {, (s, s) in the cases
o1 +0,=1,and % <o1+o0y< % and oy + 0, # 1. For instance, if 0 < 0; < 1,
l<o1+0,< % and 2 <ty < Tl_%("lJr"Z), they showed that

T
(1-4) /2 1£2(s1, 82)|? dty

5(4—20'1 —20’2)
(4—20’1 —202)|S2— 1|2

— (27)201+20273 74201 —202+O(I;%T%—01—62)'

See [Kiuchi and Minamide 2016, Theorem 2]. By applying our result we shall
obtain an improvement of (1-4).

2. Preliminaries

In this section we recall a formula for ¢, (s, ) in a certain region obtained by
Kiuchi, Tanigawa and Zhai [Kiuchi et al. 2011]. We also discuss the bounds on the
zeta-function in the critical region which we use later to improve the bounds of the
double zeta-function.
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Theorem [Kiuchi et al. 2011, p. 17, Theorem 2]. Let 0 <o; <1 (j =1,2) and
& > 0 any small constant. We have

C(sy+s2—1)

2-1) $a(s1,82) = —

— 28(s1 +52) + I (s1.52),

where J(s1, 57) is expressed by

O1—g,— n
22) Jsrs) = xsm) Y == o pre)
Il
n= 2

and

X(52) = 22m)*> " sin(rs2 /DT (1= 52). 0an) = Y d°,
d|n
and 6 =max(0,1 -0, —02).

The function x(s) is the function which appears in the functional equation of
the Riemann zeta-function:

(2-3) §(s) = x()¢(1 —).
It is well-known that [Ivié¢ 1985, p. 9]

L—o—it
2-4)  x(o+it)= (%)2 e“fiii)(l + 0(1)) (7] > 2o > 0)

l¢]

or more precisely

1 .
. 1\ 2777 e i@ —o+¢) 1
= D1-——"T o[ —)).

x(o+it) (27r e o + TE

We always understand that 1 + 7 = + sgn(?) 7.
In [Kiuchi et al. 2011], they estimated the sum in (2-2) trivially and derived

(2-5) J(51,82) < || 240Fe,

[loc. cit., (1.6)], where 6 is defined in the above Theorem.
In this paper we shall derive sharper upper bounds for J(s1, s2). See Theorems 1
and 2 in Section 3. To evaluate J(s1, ), let us consider the sum

O1—s51—s2 (I’l)
nl—S2

(2-6) E(x;s1,82) = Z

n=x
It is natural to apply Perron’s formula to get an estimate for such a sum. We get an
integral expression of E(x; sy, s,) involving the Riemann zeta-function, and from
which we can find a new kind of estimate by using the bounds of the Riemann
zeta-function.
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Let p(o) be the function defined by
2-7) to+it) < |t|P@Te,

where ¢ is an arbitrary small positive number which needs not to be the same at
each occurrence. We assume that p(o) satisfies the relation

(2-8) 1—o+p(l—0)=p(o),

which is required by (2-3) and (2-4). We shall fix p(o) as p(o) = % —oforo <0
and p(o) = 0 for 0 > 1. Hereafter, we take p(o) for0 <o <1 as

(0) {%—(1—219(%))0' for0 <o <1,
plo) =

2-9
@9) 2p(%)(1—a) for%<0§1.

Itis known that p(3) <+ (Hardy and Littlewood), p(3) < 2% =0.156.... [Huxley
{

2005] and p(3) < &2 =0.1547... [Bourgain 2017]. If the Lindel6f hypothesis is
true we can take p(o) = %—0 for0 <o < % and p(0) =0f0r%<o§ 1.

3. Statement of main results

In this section we will state our main results. The first two theorems deal with the
bound on J(sq, ;) defined in (2-2).

Theorem 1. Let 0 <oj <1 (j =1, 2) and assume that 61 + 02 > 1. Then we have
(3-1) J(51,82) K |tp|PO1TO2DFe,

To state the next theorem we need to prepare two notations. Let

(3-2) Quy(s1.52) = {g(sl)é(sz) o <0,
otherwise
and
_ _ 1—s1
(3-3) 0.(x) = $(2—51—s82)x

1—S1

Theorem 2. Let 0 <o <1 (j =1,2), 51 + 52 # 1, and let ug be a real number
such that ug < 1 —o0y, ug # 0, and ug # 0.
8+1/2—p(oy—ug)
(a) Suppose that |t| > |t,| 'TP@otoD | Then we have

J(s1,52) = Quy(s1,52) + 0(|f2|p(02_u°)+8|f1 |pluoton)te 4 |f2|8+8)-

8+1/2-ploy=ug)
(b) Suppose that |t;| < |tp| FTr@otoD
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1) If%fuo—i—al < 1, we have

J(s1,52) |
— Quo(S13S2)+X(S2)Q1( )+0(|t |p(az uo)+8|t |p(”°+°1)+|t |8+s)

() Ifug+o1 < %, we have

J61.52) = Qus1:52) + 16201 (52 ) + 0l )

ploz2—uo)+e|;, |puo+o1)+e
O (|ip|[Plo2mt0T ey | Ploton)Te) (1/2—(g+01)(8+1/2—p(os—ug))
if |[1| > |12| pug+o1)3/2—(ug+o1))

+ B+1/2)(1/2—wg+o))+plor—ug)

+e&
3/2—(ugFop)
0(|l2| “oTal ) (1/2—(ug+01))E+1/2—p(oy—ug))
if In] < ip| - PeoFener=toTo

By (2-4), we observe that

3
2_ _ ¢ 5—S1—S2 . x
CRENT N o) e A N
1—sq 2w
+ O(Mhzﬁ_m_az).
[T —s1]
We shall prove Theorems 1 and 2 in Section 5. It seems to be useful to specialize
the choice of uy. We shall give several cases as Corollaries in Section 6.
As an application of Theorem 2, we shall give sufficient conditions for (1-2).
More precisely, we shall prove

Theorem 3. Let 0 <oj <l and |t; + 1| > 1.

1/2—p(op) p(op)+1
@) Ifo1 + 03 > 1and |t;| TP L |t| K [tp|PO1FTo2=D=r@D ywe have

$a(s1,52) K |1y |p(‘71)+3|12|17(02)+8_

() Ifo; + 02 <1 and

1—01—0p—p(0)) 3/2—01—0—p(02) p(o)+1
max{||  PO0 || RO L | K |32 mren)

we have
$a(s1,82) < |1 |p(01)+8|12|17(02)+8.
As complementary cases to Theorem 3(a) we can show the following theorem.

Theorem 4. Let 0 <oj < 1 and |t; + 1| > 1.

p(op)+1
(@) If 12 P05 D7D & [y, then

E2(s1,52) < |ty |P@1 o= D+e,
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p(oy) 1/2—p(op)

(b) I +02 > 3 and [1] FTVFT < [1y] < [1z] TPV then

2 (51, 52) <K |11 |POTE |y | PO FE,

po1+or—1)—p(0o3) 1/2—p(op)
(©) 1]”1501+02<%, %501 <1and |t [ENIC) <0l < || FED
then

Ca(s1, 52) K |11|P@VFe |y PO Fe,

dIfl<oi+0,<3, 0<0y<3and

(1/2—01)(1/2—p(03)) p(o1+o—D—p(02) 1/2—p(o3)
max{|6,| " POOBZTOD || D &L | < 1] TTPOD

then we have
Ea(s1. 52) K |11|POVFe |y | PO Fe,
There are other cases.

Theorem 5. Let 0 <oj < 1 and |t; + 1| > 1.

3/2—01—0p—p(03)
(@ Ifor+0, <1, 1 5 <0p<landl < || < |t I+plop) , then we have

£a(51.52) < [t 27170 Fe gy |7
(b) Ifo1 +0,<1,0<0y < 1 and

3/2=01—0p—pl0]—03—1/2) 3/2—01—03—p(o3)
1 < |ty < min{|ty | 15172 Jta| T THRGD

then we have
£a(51.87) <K || 3701702 e 171

Theorems 3, 4 and 5 will be proved in Section 7.
Finally we shall apply Theorem 1 to obtain the mean square of {, (s, s2) in case
of 1 501—|—02<%.

Theorem 6. Let 1 <oy +0, < % and t, > 2. Then we have

(27)201 4202730 (4= 201 —202) 450,
(4—201 —207)|s2 — 112
+ O(X%_Ul—cﬂ"'etép(al+02_1)_1+8)

—20>

X
(3-5) /2 62 (51, 52)| 2 dty =

3/2—01—0o
lftz &K X t+ploptor—1)
Theorem 6 will be proved in Section 8. Note that this (3-5) is an improvement
of Kiuchi and Minamide’s result (1-4).
After a slight modification, our method can be applied to the mean square of
£5(s1, 52) for the case a7 + 05 < 1, which will be treated in our next paper.
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4. Some Lemmas

To prove Theorems 1 and 2 we need to recall the following Lemmas. To express
E(x;s1,52) as an integral of zeta-functions, we first require Perron’s formula
[Tenenbaum 2015, p. 220, Corollary 2.4].

Lemma 7. Let F(s) := )_,~; ann™* be a Dirichlet series with an abscissa of
absolute convergence o,. Suppose there exists a real number o > 0 such that
Z lann™® K (0 —04)"% (04 <0 <04+ 1),
n=1
and that B is a nondecreasing function satisfying
lan| = B(n) (nz=1).

Then,forx >2, T >2, 6 <04, Kk =04—0 + 1/log x, we have

k+iT W
4-1) Z——% F(s+w)”— dw

k—iT
1 ®“ B2 log T
+0(xga U(ng) ( )c)(1 xOg ))

n=<x

T b

In order to prove Theorem 2 in Section 3 we need some results on the mean
square of the Riemann zeta-function:

T
(4-2) / }{(%—i-it)\zdz Tlog -~ T +(2y—1)T+0(T3+8)
1
and
T 2 2
(4-3) / 160 +i1)]2dt =&Q20)T + A(0)T* 2 + O(T39" 10gd T)
1

for 5 <0 < 1. The formula (4-2) was shown by Balasubramaman [1978]. Later
Heath Brown and Huxley [1990] improved the error term to O(T 22)

Lemma 8 [Kiuchi and Minamide 2016, Lemma 3]. Let 0 < 0 < % For any

sufficiently large positive number T , we have

2—20
Using (4-2), (4-3) and Lemma 8 we obtain the following:

T
/ G0 +inPde = ry 1 B2 1220 oy T 4 (11 H0),
2

Lemma 9. Let s = 0 + it be fixed and u a real number. Suppose that |t| < T,
u+o<landu #0. Let
u+iT
1= /
u—iT

L(w+s)

w

dw).
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Then we have

jt|plutorte 4 T ifl<uto<l,
1 < |t|p(u+a)+8 + T%—(u—}-a)—}-s if0<u+o < l’
T3—(to)+e ifu+o <0,

where ¢ is any small positive constant.

Proof. 1t is easy to prove for u + o < 0. Suppose that 0 < u + o < 1. It is enough
to consider the integral

K__/T |§(u+o+i(v+z))|dv
T 0 1+U

for ¢+ > 0. We divide the path of integration as

t T
K=/ —|—/ :§K1—|—K2,
0 t

K| < |t|p(u+0)+8.

say. It is trivial that

Since v > %(v +t) in K,, we have

p <</T |;(u+<r+i(v+t))|dv:/T+r |§(u+a+iv)|dv
2 ¢ v+t 2t v

T . T . %
</2 Mdv«aogn;(/z |f<“+“+’v>|2dv) -
1

= . v

In the last step we have used Cauchy’s inequality. Let

T
Fy(T) = / |€(o +i1)|* dt.
1
By integration by parts and (4-2), (4-3) and Lemma 8, we see that

2T 2T
F
1 1

/ZT |§(”+U+iv)|2 dv — Fyuis(v)
1

v v v?
T1720t0) ify 4o <1,
L log® T ifu+o=3,
logT ifu4+o> %
Thus we get the assertion of Lemma 9. O

In Lemma 9 it is easy to improve 7°¢ to some power of log 7', but this is enough
for our present purposes.



BOUNDS OF DOUBLE THE ZETA-FUNCTIONS AND THEIR APPLICATIONS 23

To complete the proof of Theorem 2, we require another lemma which is
Lemma 2.4 of [Graham and Kolesnik 1991] (originally, Srinivasan [1962/63, p. 179,
Lemma 3]).

Lemma 10. Suppose that

m n
L(H)=Y A;H% + BjH ",
i=1 j=1
where A;, Bj,a; and bj are positive. Assume that Hy < H,. Then there is some H
with Hi < H < H, and

m n m n
L(H) <Y Y (Al BV @+bD 5™ g, 1% " B Hy
i=1j=1 i=1 j=1

5. Estimations of J(s1,52)

In this section we give proofs of Theorem 1 and 2. To begin with we shall consider
the Dirichlet series F'(w) defined by

Fon = 30 272 pen— (-5 52,

n=1
The abscissa of absolute convergence of F(w) is given by

1 ifor4+0,>1,

og=0+1=
“ {2—0’1—0’2 if0'1+0'2<1

and B(n) < n®d(n). We apply Lemma 7 to F(w) with s = 1 —s,. Here for the
sake of simplicity we shall take x = 0, +§ + &, where ¢ is an arbitrary small positive
number. We note that this choice gives a slightly weaker error term in (4-1) but it is
of no harm for our present purposes. Let E(x; 51, s2) denote the quantities defined
by (2-6). Then it follows from Lemma 7 that

1 k+iT W
(5-1) E(x:51.82) = 5— . C(w+1—52)(w +sl)?dw

2ri J_;
+ 0(x”2+5+8(—1°g Ty l))
T X

Hereafter we shall assume that 7 < |t |4, |2|4, x4, where A > 0 is a certain
positive constant.

In (5-1), w is in the domain of the absolute convergence of {(w + 1 —s5) and
¢(w + s1), so if we evaluate the above integral trivially we get

E(|ta]/27; 51, 82) < |1|°2F0e,
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which gives the bound (2-5) by (2-2). To get sharper estimates, we move the line
of integration to the left hand side of Re w = «.

5.1. Proof of Theorem 1. 1f 61 + 0, = 1 the assertion of Theorem 1 is the same
as that of (2-5). Assume that o; + 0, > 1. We move the line of integration to
Rew =1—01 + ¢ in (5-1). Since ¢{(w + s1) converges absolutely, we get

logT 1
E(x:51,52) < |np|PEo1—0) ey l-o1te 100 T 4 x”2+8(—0§ + —)
X

+ l max (|l2|p(u+l_02)+8xu)
T 1—0)+e<u=«

for T <|tp|—1.
Let x = |£;|/2m and T = |t,| — 1. By the relation

pQ2—01—03)=po1+02—1)+01+02—3,
the first term on the right-hand side is < |£2|P©1+92=D+02=3+¢ The Jast term on
the right-hand side becomes

max (|12|p(u+1—02)+u—1+8) — max (|l2|p(02—u)+02—%+e)
1—o14+e<u=zk 1—o1+e<u=zk

3
< |[2 |p(—8)+02—§ +e&

< |tz|02_1+8,
where in the last step we use the fact p(o) = % —o for 0 < 0. Hence we get

E(|ta]/27: 51, 52) < |ta|P@1F02=DF02=3+e
and by (2-2) and (2-4), we get
J(s1,52) K |[2|P(01 +02—1)+8. -

We note that the right hand side of (3-1) does not depend on |¢;| and improves
the trivial estimate (2-5) for o7 + 0, > 1.

5.2. General formulation (Proof of Theorem 2). In order to prove Theorem 2, we
move the line of integration of (5-1) to the left-hand side of that in Theorem 1. The
residues of the integrands in (5-1) at w = 1 — 1,55 and 0 are

1—s1

Ql(x)=z(z—s1—s2>f ,
_Sl

52

02(x) = ¢(sy +s2>’;—2,

03 = ¢(1 —s2)¢(s1),
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respectively. The function Q;(x) is the same as that defined in (3-3).
Let ug be a real number such that ug < 1 —oy, ug # 0, and ugy # 0. In (5-1),
we move the line of integration to Re w = uy. By using Cauchy’s theorem we get

logT 1
(52)  E(x,s1,52) = G(T,x) + V(T,x) + H(T, x) + 0(x02+5+6(% 4 ;))

=:G(T,x)+ R(T,x) (say),

where
1 u0+iT xw
V(T,x) = 37 - C(w+1—s)¢(w +s1)F dw,
1 uo—iT k+iT W
H(T,X)=—.{/ +[ }{(w+1—s Y (w+51)=— dw,
270\ Jie—it ug+iT 2 Y w
G(T,x) = Q1(T,x)+ Q2(T,x) + Q3(uo)
with
O1(x) if T >l
T,x)=
Q:(T.x) {O otherwise,
0,(x) if T > |tp| and ug < 05,
T,x)= .
Q2T x) {0 otherwise,
3 if Ug < 0,
u =
Q3(uo) {0 otherwise.

For the integral over the horizontal line we have
H(T.x) < & max (T + |to])P@F =028 (T 4 |gy yPuton+e gy
T Uo=u=<k

To derive the estimate of V(7, x) we divide into two cases.
Case 1. First we choose
T < min(|t1], |t2]) — 1.

In this case we have
G(T,x) = Q3(up).

As for V(T, x) we have

V(T, x) < |t2|P(”°+1_02)+8|t1 |P(”0+01)+8xu0 log T.
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Therefore we have

R(T’ x) < |Z2|P(140+1—0’2)+8|11 |p(u0+gl)+8xuo

+L max (|12|p(u+1—02)+8|t1|p(u+01)+exu)

ug=<u=<k
+ x0’2+8+6(£ + l)
T X

< |t2|p(uo+l—o’2)+8|ll |p(u0+01)+8xu()

A —

£ |ty |PAFOFe |, |p(01+0'2+8)+£x02+5+8}

+ x02+8+s(10g T + l)
T X

< |[2|p(u0+1—0'2)+8|t1 |p(u0+a1)+sxu0 + x02+5+8(% + %)

In the right-hand side of the above formula, there are no terms with positive powers
of T', so we can choose 7" as large as possible.

Put xg = |t2]/27 for short. By (2-8) we have
(5_3) |12|p(u0+1—02)x30 < |12|p(u0+1—0'2)+u0

< |12|02—%+1)(02—u0).

Hereafter when we take x = x(, we change the term |z, |? (”0+1_“2)xg° as in the
right-hand side of (5-3) without referring (2-8).
Suppose that |t,| < |#1| and take T = |t,| — 1. Then we have

(54)  R(|tz] — 1. x0) < |1| 7272 Plozmto) by |plUoto)te )y joati=i+e

< |t2|02—%+1)(02—u0)+8|t1 |p(uo+01)+8‘

The second inequality is verified as follows. If § = 0, it is trivial. So assume that
6 = 1—01 — 0. Since |tp| < |t1], it is enough to show that

02—%+p(02—u0)+p(u0+01)+01 > 0.

Since 0 + p(0) > % for any o, we can see easily that the left-hand side of the above
is greater than %
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Suppose next that |¢1| < |¢;|. Taking T = |¢1| — 1, we have

(5-5)  R(|t1] =1, x0)
< |l2|02—%+p(0’2—u0)+8|ll|p(u0+0’1)+8 + |lz|0’2+5+6|l1|—1

|t2|02—%+17(02—u0)+8|t1 |p(u0+0'1)+8
8+1/2—p(or—ug)
< if [f2] = [t1] > |1a]  THP@oFoD
3+1/2-ploy—ug)
|ta|o2F0Fe |7y~ if |11] < |tp| TFP®0TOD

From (5-4) and (5-5) we obtain

(5-6) 8+1/2-p(oy—ug)
—plop—Ug

|t2|oz—%+p(crz—uo)+8|t1 |[Ploto)te if 1] > |tp] Fr@oToD
R(T, xy) K §4+1/2—p(oa—tg)

12|72 8%y |7 if || < [tp]  'Hroton
for T <min(|t1], |z2]) — 1.
Case 2. To improve the latter estimate of (5-6) we assume that

8+1/2—p(op—ug)
| L fta]  1HPU0ToD)

and take
t|+1 =T <|tz] - 1.
In this case
G(T,x) = Q1(x) + Q3(uo).
As for H(T, x) and V (T, x) we have

H(T, x) K |[2|P(u0+1—0‘2)+8Tp(u0+01)—1+8xu0 4 o2 tdtep—1

and by using Lemma 9, we get

(-7
uo+iT w s
V(T, x) < |ty|PUoF1=02)Fe o / §wts1) |dw|
u()—iT w
|lz|p(uo+1—02)+s|t1 |p(uo+01)+sxu0 for % <ug+oy<l,

|l‘2 |p(u0+1—02)+e(|tl |p(u0+01)+8 + T%—(uo+01))xu0

< .

for 0 <ug+o1 <3,
|t2|p(uo+1—02)+8T%—(u()+01)+8xu0 for up+oq <0.
We find that H (T, x) is absorbed in V(T x) + O(x°2T3%2(1/T + 1/x)) in each

case.
Now we will treat each case in (5-7) separately.



28 DEBIKA BANERJEE, T. MAKOTO MINAMIDE AND YOSHIO TANIGAWA

(i) The Case % <ug+o; <1. Wetake T = |t,| — | as before. Then we have

_1 _ —
R(|t2|_1’x0) < |t2|02 2+p(0'2 u0)+8|l‘1|p(u0+al)+8+|Z2|02+8 1+£‘

We shall show that the first term is greater than the second term. If o1 + 0, > 1,
it is trivial since § = 0. So we assume that oy +05, <land é =1—0; —0y. If
% <01 4 03 < 1, then it is again trivial. Assume that 0 <oy + 0, < % Then from
% <ug+oy <1,wehave —1 <oy, —ug <0, hence p(or —ug) > % This shows
that o, — % + p(0y —ug) > —oy. Therefore we have

(5-8) R(ta] = 1.x0) < |g|727 2 FP(@27t0) ey, plotor)+e
(i1) The Case 0 < ug + 07 < % In this case we have

R(T, xo)
< |t2|az—%+p(az—u0)+a(|tl|p(uo+01)+s + T%—(uo+01)+e) + |12|02+5+8T_1.

By Lemma 10, there exists Ty € [|¢1] + 1, |t2] — 1] such that

R(To. x0) < |1a|72~ 3+ PO2mU0) b2y pluoton)+e
+ |[2|02—%+P(02—u0)+8|11 |%—(u0+01)+8 + |t2|02+5—1+8
8+1/2—p(or—up)
|| e
=1R1 +R2+R3+R4,
say. It is clearly seen that Ry << R;. In order to show that R3 < Ry, it is enough
to check that
1—(uo+01)—8+ ploa —ug) > 0.

If § = 0 itis trivial. If § = 1 — o1 — 03, the left-hand side of the above is equal to
0y —ug + p(oy —ug), which is positive. Therefore we have Rz <« R4 and

1
(5-9) R(Ty, x0) < |tz|02—§+p(02—uo)+e|tl |p(uo+01)+€
o+t 2mploamug) 4
+ |£2]7? 3/2=g+op) .

From this expression we conclude that

It |02—%+p(02—uo)+8|11 |puotor)+e
(1/2=(ug+01)($+1/2=p(03—1t))
if |l‘1| > |l‘2| pug+o1)3/2—wp+o1))

(5-10) R(Tp, x9) K

8+1/2—p(op—ug)
|t2|02+8_—3/27(u0+01) +¢
(1/2—(ug+o1)(8+1/2—p(oa—ugp))
if |11| < |[2| pug+o1)3/2—(wg+o1))
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(iii) The Case ug + o1 < 0. Similarly to the case 0 < uy + 01 < %, there exists
T1 €[|t1| + 1, |t2| — 1] such that

_1 _ 1_ _
R(T],X()) < |Z2|0’2 2+p(02 u0)+8|tl|2 (u()+01)+8+|t2|0’2+5 1+e¢

8+1/2—p(op—ug)
o2 +8——=— iy - tE
+ |[2| 3/2—(p+oy)

§+1/2—p(oy—ug)
1 _ 1_ op 8- Lo o) | o
& |t]7 5+p(o2 u°)+8|t1|2 (uo+01)+s+|t2| 2 3/2—(wp+o1) .

Therefore we have
|t2|02—%+p(02—u0)+8|t1 |%—(u0+01)+s
8+1/2—p(02—u0)

(5-11) R(Ty,xp) K if |t1] > || 3/2@otoD

8+1/27p((727u0) 8+1/27p(027u0)
o2+ ——5— 1 - +e¢ . R —(unto)
T e D L TR P e

However, since p(ug +01) = % —(ug +oq) for ug + o1 <0, (5-11) has the same
form as the estimate (5-10) in the previous case.

Now from (5-2), (5-6), (5-8), (5-10), and the remark after (5-11), we can sum-

marize the above calculations as follows.
8+1/2—p(op—ug)
(1) Suppose that |¢1] > |t| 'TP@oFoD | Then we have

B($2li51.52) = 0atuo) + Ol P ey o),
T

8+1/2—p(az—ug)
(2) Suppose that |t;| < |t 'TrP@otoD)

@) If% <up+oq <1, we have
|22
E(E;sl,sz = 01(1al/27) + O3 (u0)

+ O(|lz |0’2—%+p(02—u0)+8|t1 |p(u0+01)+s).

(1) fug4+o0; < %, we have

£(2lis1.52) = 01(l/27) + 03000
T

0(|12 |02—%+p(02—u0)+8|t1 |p(u0+0'1)+8)

(1/2—(ug+071))(+1/2—p(op—ug))
if |tll > |[2| pug+o1)3/2—(ug+oy))

+ 8+1/2—p(or—ug)
O(|np| 207wt +e)

(1/2—(ug+o1)(+1/2—p(or—ugp))
if |[1| < |12| pug+o1)3/2—(ug+o1))
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In the case (ii) of (2), it is not difficult to see that

(3 — (uo +01)) (8 + 3 — plo2 — uy)) - §+ 3 — plor —ug)

pug+01)(3—(uo +01)) 1+ puo +01)
hence the range of |#{| is not empty.
Recalling
S152) = 6 E( 2s1.52) + O
and noting

x(52) Q3(uo) = Quy(s1,52)
by (2-3), we get Theorem 2.

6. Some special cases

In this section, we shall give several concrete evaluations of J(sy, s») by taking
special u¢, which may be useful when we consider applications. Since it is obtained
from Theorem 2, we only give simple remarks.

Corollary 11. Let 0 <oj <1 for j =1,2and s, + s, # 1.

541/2-p(0)
@) If |t1] > |tz TPV we have

J(51,52) K |ta|PODFE|gy |PODFE 4|y 5Fe,

. 8+1/2—p(oy)
®) If 3 <01 <land|t1| K |tz] 'F7@D , we have

|12
J(Sl,Sz) = X(SZ)QI (E —+ 0(|[2|P(0'2)+6‘|t1 |17(0'1)+8 + |lz|8+8).

(1/2-01)(1/2—p(o)+8) 8+1/2-p(o)
© If0<o; <> and |ty|  PloD@/2=on) L || K |ty PO we have

|t
J(s1,52) = x(s2) 01 (E + O(|tg|PODFe gy | Plo)Fe |1y 5Fe),

(1/2—01)(8+1/2—p(07))

@ Ifo<or < % and |t1| < |t] peG/2=0)) , we have
|2, | po+1/248U/2=0p) |
J(s1.52) = X(Sz)Ql( + O(|12] 2o +162]7%).

Proof. We take uy = ¢ such that
0 <& <min(oy,1 —0y).

In this choice we have Q3(¢) = 0. In Theorem 2, the exponents of |¢;] in the
assumption on |¢1| and |#,| have factors like p(0, —¢) and p(o; + €), but we see
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easily that we can replace these factors by p(o;) and p(oy), respectively. We
always make such a simplification. Then the assertions are derived by Theorem 2
immediately. O

Corollary 12. Let 0 <oj <1 for j =1,2and sy + s, # 1.
_ st1/2
@) If |t1] > |ta|P01Fo2=D+1 'we have

J(51,82) = L(51)E(s2) + O([ty [PO1TO27DFE 1y, 0e),

1/2
(b) If o1 + 03 > % and |t)| K |tp| P@1ro2=D+L ywe have
|12
J(s1.52) —c(sl)i(sZHx(sz)Ql( + O(|ty[Plrto2=Fe 4 gy 18),
(1/248)(3/2— g1—0) )

+1/2
(C) IfUI +0y < 5 and |[2|p(01+02 D(/2=(01+02) |l‘1| < |t2|p(01+02 DFIL e
have

1,59 = E608 6 + 601 (52 + 010w g fo7)

(1/248)(3/2—0 | —07)
A Ifor+0,< 3 and |t1| K |tp| Plo1to2=DG/2=(@1+92) ywe have

J(s1.52) = E(s1)E(52) + x(52) 01 (' 2')

(6+1/2)(3/2—(01+02))
+O(|a FEEFen gy 5,

Proof. We take 1o = 0, — 1 in Theorem 2. Since 1y < 0, we have Q(s1,52) =
£(s1)¢(s2). In the case (b) which corresponds to the case (b)(i) in Theorem 2, we
have5:Osinceal+UZZ%. O

Corollary 13. Let 0 <oj <1 for j =1,2and sy + s, # 1.

2641/2-p(oy +02)
@) If [t1] > |12 3 , we have

1
J(51,52) = £(51)8(52) + O (1| PC1HODFE gy |28 g 58),

2641/2-p(01 +02)
(b) If |t] < |12 3 , we have

J(s1.52) = £(s1)E(52) + X(52) O (%)

+ O(|r2]

(6+1/2)+2p(0o)t+0o3)
3

+e + |t2|8+€).

Proof. We take uy = —o in Theorem 2. Since ug <0, Qu, (51, 52) = £(51)(52).
The case of (i) and the upper case of (ii) in (b) of Theorem 2 do not occur. O
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Corollary 14. Let 0 <oj <1for j =1,2 and s; +s3 # 1. Suppose that 01+ 05 < %
and o,y # %

_8+1/2—p(/2)
(@) If |t1] > |ta] 1FPle1Fto2=1/2) "ywe have

J(s1.52) = Qg1 (51.52) + O(|to| P8y POr+o2=D)e ||y B,

1/2—p(1/2)
®) If1<o1+o02<3 3 and |t] < |t o1+ 172 , we have

J(s1.52) = @y, 1(51,52) + x(52) Q1 (l jtl)

+ O(n PO [P DR o ),

(1—01—02)(3/2+01—0p—p(1/2)) 3/2—01—0p—p(1/2)
(©) Ifor+0y<land || PerFo—/DE=c=0 || < || FP@Fm1/D

we have

J(s1.52) = Qgpy (51.52) + X(52) Q1 (' 2')

+ 0(|t2|p(§)+8|t1 |p(0‘1 +0’2—%)+8 + |l2|1_01_02+6).

(1—01—02)(3/2—0 1 —o—p(1/2))
d) Ifor+0p < land |t)| K |ty| PlO1to2=1/2C—01—02)  "we have

I61:52) = Oy o105+ 62001 (22

(3/2—01—0p+1/2)(1—01—0p)+p(1/2)
+ 0(|[2| 2—0,—0, +8+|l2|1—01—02+€)'

Proof. We take ug = 0, — 5 in Theorem 2. In (b), we have 8 =0 and in (c) and (d)
we have § = 1 — oy — 05. O

Corollary 15. Let 0 <oj <1 for j = 1,2 and sy + 52 # 1. Let Qu, (51, 52) be the
function defined by (3-2). Suppose that o1 + 0, # % and oy # % Then we have

8+1/2—p(o1+op—1/2)
@) If [t1] > |12 p/2)+1 we have

J(51.52) = Oy, _1 (51,52) + O(|a PO Ho2m D2y |PDIF2) 4 0(|1y ),

8+1/2—p(oy+op—1/2)
b) If |t K |12 p(A/2)+1 we have

J(s1,52) = Qg _1(s1,52) + x(52) Q1 (l jtl)

+ O(|ip| PO T P |y ),

Proof. We take uy = % — o0 in Theorem 2. As uy = % — 01, only possible subcase

is (i) of (b) in Theorem 2. O
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In the above corollaries we recall that x(s) Q1 (|t2]/27) is given by

x(s2) 01 (|Z2|) = M(@) TS]_szei(tzi%)

E 1—S1 2r .
+0(1C2 =51 =)l 27771 [71)  (see (3-4)).

7. Proof of Theorems 3, 4 and 5
We shall give sufficient conditions for
(7-1) $2(s1.52) < |1y [POVFe |1y | PODFe,

In view of (2-1) and (2-2), we need at least the following three conditions for (7-1).

(7-2) |ty + 12 [PCFO27D 1|71 1y POV |1y P (02
(7-3) |t + [2|1’(01+02) <L n |P(01)|12|p(02)7
(7-4) |12|5 < |[1|P(01)|t2|1)(02).

Since p(o) is monotonically decreasing, (7-3) is automatically satisfied. For (7-2)
and (7-4), we divide into two cases.

The case 01 + 05 > 1. Since § = 0 in this case, (7-4) is trivial. We have to consider
(7-2) only.
(i) We assume that |t;| < |¢1]|. Then (7-2) follows from the fact

(o)+1
p(oy -if)azz—l)—p(ol)
1] < 2 :

(i1) Next we assume that |#;| < |¢2|. Then the left-hand side of (7-2) is bounded by
|t,|P@1F+02=1D=1 "whose exponent is negative, hence (7-2) holds trivially.

The case 061 + 0, < 1. In this case we have § = 1 —0; — 0, and p(oy +01—1) =

% — 01 —01.

(i) Firstly we assume that |#;| < |1]. Then (7-2) and (7-4) follow from
1137772 ] 7 < iy | P01 7

and

2|71 <y [P P2,

respectively. Since 1 —o1 —0, < p(01) + p(03) and |t5| < |#1], the latter condition
is automatically satisfied. The former one becomes

_ plop+l
(7-5) ty| < |t1] < |tp| 3770 1=2=P@D) |
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(i1) Secondly we assume that |#1| < |t|. Then (7-2) and (7-4) follow from
y
|[2|%—01—02 < |t |p(01)|[2|p(02)

and
|t2|1—01—02 & |t1 |P(Ul)|l2|P(02),

respectively. Clearly the latter is stronger than the former, hence they are unified as
1—01—0p—p(02)
| Pev L ] L .
The above consideration leads to the following lemma.

p(op)+1
Lemma 16. (a) If o1 + 0, > 1 and |t;| < |t|P©@1Fo2=D=r©D then (7-2) and

(7-4) hold.
1—01—0p—p(03) p(op)+1
(b) Ifor +oy <land|ty| ?C0D L ] K |ta]3/27017927P@0  then (7-2)
and (7-4) hold.

We remark again that (7-3) is automatically satisfied.

We note that in (b) above we have
1—01—02—17(02)515 p(o2) +1 ’

p(o1) 3 —01—02— p(oy)

since we always have o + p(0) = % +p(l—0)> % Furthermore if

l1—01—02—p(02) 20,
. 1
o1 must satisfy o7 < 5.

Proof of Theorem 3. We shall combine Lemma 16 and Corollary 11(a). The
8+1/2—p(oy)
additional condition is |t1| > |t,| 'TPC€D | Thus we get

1/2—p(03) p(op)+1
(a) If 01 + 0 = 1 and |tp]| P00 L || K |tp|P@1to2—D=pD) | we have

$a(s1,52) K |1y |p(‘71)+3|12|1’(02)+6‘

(b) If 01 +0, <1 and

1—01—0p—p(0)) 3/2—01—0p—p(03) p(op)+1
max{l| PO0 || RO | L |32 mren

we have
$a(s1,82) K |1y |1’(01)+8|t2|p(02)+s‘

This proves Theorem 3. O
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Proof of Theorem 4. (a) We shall use Corollary 12(a) where the condition is
|12|% < |t1|. From the assumption on |#;| and |z;| and the inequality
p(o2) = § — 5, the above condition is always satisfied. Hence we get

J(sm) = £(51)¢(s2) + O(|ty|PO1Fo27DFe 411, 1€)
< |t1 |p(01+0’2—1)+8'

By (2-1) we also find that
Ea(s1, 82) <K |ty |PO1 o2 DFe,

which proves (a) of Theorem 4.

(b) For the proof, we shall use Corollary 12(b) where the addltlonal condition to

Lemma 16 is |t;| < |f2] P for D (L |t2])- Slnce o1 +0; > by assumption,
we have ; <oj<l(j=1,2)ando; +0,—-1= 5 fromwhlchp(al +o,—1)=
p(o1) + p(o,) follows. This implies that

%—P(U2) < %

1 +p(01) -1 +p(01 + 05 — 1)’
therefore the condition of Corollary 12(b) is satisfied by the assumption. Further-
more

|t1|p(01+02—1) < |t1|1)(01)|[2|p(02)
holds true. Hence we get

J(s1.52) = x(52) 0 (' ') + 0| | POV |1y PODF),
2
By (3-4) and the relation

3—01—02+ p2—01—03) = p(oy + 02— 1) = p(o1) + p(02).

where we used (2-9) in the latter equality, we find that

(52)Q1(| |) < |4 |p(‘71)+3|t |P(02)+8
r(oy)

if |12|1”(‘71)4rl < |t1]. Also conditions (7-2), (7-3) and (7-4) are automatically
satisfied, thus we get

Ea(s1, 52) K |11|POVFe |y | PO Fe,

1/2—p(op)
, % <oy < land |t1| < [tp| TFPlD |

(c) We assume that 1 < o1 + 0y <
Corollary 11(b) gives

J(s1.52) = x(52) 01 (' 2') Oty P ey o0 ),
T[

\S1[8}
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By (3-4) and 11| < |£2], we see that

(sz)Ql(' ') & || 3or-ortpC-er=0n) | |
= |t P@1FO27 Dy 7L,

p(o1+or—1)—p(o))
Hence if we assume |z;| I+pop) < |t1], we get

J(s1,52) < |ty |P(Ul)+8|t2|p(o’2)+8.

By |t1]| < |t2] and p(o1 4+ 0, — 1) < 1, the condition (7-2) is satisfied. Conditions
(7-3) and (7-4) are also trivially satisfied, hence we get

$2(s1,82) < |1 |1’("1)+8|t2|p(02)+s‘

1/2— 17(02)

(d) We assume that 1 <0y +03 < 3, 0 <oy < 3 and |1y| < |rp| TF2@D | If
(1/2—01)(1/2—p(03))

|t PEDE2Z=oD  « |1y, we have

t
S5 = 6201 (2]) + 0o o)
b4
by Corollary 11(c). As in the case (c), if we combine the condition

x(52) Q1 (12]/27) < |t1]|PC@VFE gy | Plo2)Fe

we get the assertion (d) of Theorem 4. O

Proof of Theorem 5. (a) Since § = 1—01—07 in this case, we can use Corollary 11(b).
By (3-4) and p(2 — 07 —0,) =0, we get

3
J(s1.52) K e 27NTOREE 1y [T |1y [POVHE| 1 POREE o gy 12k,

By assumption, the middle term on the right-hand side is smaller than the first term.

We also observe that 2/2=01=02=p(@2) 1 1 from 1 < oy < 1. Therefore
1+ p(o1) 2=

J(51.52) < |27 702 e gy |7

Furthermore we can see easily that
3 g _
(st +s2— 1)/ (s2— 1) K |1 2701 702F8 1y |71,
3
C(s1 +52) K |27 702 F 8 1y |7
This proves (a) of Theorem 5.

(b) Similarly to the above, this can be proved by using Corollary 15(b), and we
omit the details. O

Examples. We assume that |¢; 4 #5| > 1 in this example.
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(1) The case 01 =0y = 5
By Theorem 3(a) we get the following estimates.

(i) Take p(3) = L (Hardy and Littlewood). Then if )7 < |t] < |6]?, we
have
1 1
(3 +it 3 +it) <ot |n|ote.

(ii) Take p(%) ) L (Phragmén—Lindeldf bound). Then if |z | s« It1] < |t2]°, we
have
1 1
CZ(% +itg, % +il2) < |tl|4+€|lz|4+6.

(iii) Assuming the Lindelsf hypothesis for {(s), we take p(3) = 0. Then if
1
212 < |t1]| < |t2]?, we have

é‘z(l +itq, % +it2) L |t |¥]ta .
1
6"

(2) The case 01 = 2, 0y =% 3 and p( )=
The condition of Theorem 3(a) is |t,| 14 < 1] < |t2] %, while the condition
of Theorem 4(c) is |1, | 1« 1] < |t2] 74 . Therefore if £2] 1%4 < | < |12|%, we
have
G +in G +in) < lnletn] e,

(3) The case 07 = i, = 2 and p( ) %.

The condition of Theorem 3(a) is || 5 < 1] < |t2] 3 , while the condltlon
of Theorem 4(c) is |t5| &« |t1| < |t2] 15 . Therefore if |25 &« |t | < |t2] 5 , we
have

LG +in, d+in) <|nl2 et

(4) The case 01 =0y = and p( )= l
By Theorem 3(b), if |t2|2 <L |y < |t2|2 we have

1 1
L +it,t+in) < IRt ERed

In Examples 5 and 6, &g is a fixed small positive constant.

(5) The case 01 = 1 —&g, 0 = 5 and p(3) =1

The condition of Theorem 3(a) is |, |1/<23+80) & |t1] K |t2]7/(0+220) while the
condition of Theorem 4(c) is |t |2£0/G+e0) « |1] <« |£,|1/C+20) . Therefore if
|15]260/BF0) « |1y | < |t,|7/(1+220) | we have

. . C
Ll —eo+ity, S +it) < || F Teln|oTe.

(6) The case 01 = 2, 0y =1—¢p and P( ) %

The condition of Theorem 3(a) is |tz|(3 220/7 « 1| < |t2|28°+2 while the
condition of Theorem 4(c) is |t;|(17260/7 « |#)] « |t,|G~280)/7 . Therefore if
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1] +260)/7 |1y | < 1]3%0F 3, we have
G it 1—e+in) < |u|6te|n| 3 Te.
(7) Theorem 4(a) with 04y = 0, = % and p(%) = 0 gives
G +it, L +in) < |n|7te for |n|> < |n].

This does not conflict with (1-3).

8. The mean square of the double zeta-function

In this section we shall prove Theorem 6 as an application of Theorem 1. First we
recall (2-1). Let

. x
[1=—2/ 18 (s1 + 52— D)? dry,
ls2—11% J,
L X
B=j [ KGR dn,
2

X
I3 =/2 | (s1,52)| dty.

From (2-1) we have

X
(8-1) /2 1G2(s1.s)Pdty =+ L+ I+ O(VI1 L + V11 I3 + VI I3).

As for I1 we have

1 X ,
5712 / $(01+or—1+i(t2+11))|* diy
2112 )2

1 X+t 2+t
(f |§(01+02—1+iv)|2dv—/ |§(01+02—1+iv)|2dv)
2 2

sp—12

I, =

1
= m(hl—llz)-

By Lemma 8, we find that

2 201+202-3 4—20, =2
I = (27) §( 01 02) Y 4201202 +¢(201 4+ 205 —2)X
4—20; —20,
5

+O(XP727172720) 4 0(12) + O(X $73(140D),

and
112 — 0(13_201_202).
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Hence we get

(2n)201+202—3§‘(4—20’1 —20’2)X4_261_202 n §(20'1 + 20'2 —2)X
(4—201 —203)[1 — 522 |1 —s,]2
7_4

+ 0(X3—20’1—202t2—1) + 0([2_1) + 0(X§—§(01+02)t2—2)
+ 0([22—201—202).

8-2) I =

Similarly we have

(8-3) I = 35201 +202) X + O(ty).
For I3 we apply Theorem 1 and get

(8-4) I; < |t2|2p(01+02_1)+€X.

By (8-2), (8-3) and (8-4) we have

(8-5) VI <5 X300,
(8-6) /1, 1; < tév(cn +02_1)_1+8X%—01—02’
(8-7) I 1; < tP(Ul"rO'z—l)-i-sX.

By (8-1)—(8-7), we obtain
(2m)?01120273¢(4 — 201 — 207)
(4—2(71 —20’2)|1 —S2|2
+ 0([21)(01 +O'2—1)+8X)
2
+ O(ZQD(UI+02_1)_1+8X%_01_02)'

4—201—20;

X
(8-8) /2 82 (s1,52)| 2 dty =

In (8-8), the second O-term is bigger than the first O-term if and only if

3/2—01—0p
1 K X +plop+oa—1)

Theorem 6 is now proved.
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