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We show that local-global compatibility (at split primes) away from p holds
at all points of the p-adic eigenvariety of a definite n-variable unitary group.
We do this by interpolating the local Langlands correspondence for GL,
across the eigenvariety by considering the fibers of its defining coherent
sheaf. We employ techniques of Chenevier and Scholze used in Scholze’s
proof of the local Langlands conjecture for GL,,.
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1. Introduction

The goal of this paper is to study the interpolation the local Langlands correspon-
dence across eigenvarieties of definite unitary groups, in the spirit of earlier works
[Paulin 2011; Bellaiche and Chenevier 2009; Chenevier 2009]. Our approach
is based on the construction of eigenvarieties in [Emerton 2006¢] and utilizes
techniques from Scholze’s proof [2013b] of the local Langlands conjecture for GL,,.
In the next few paragraphs we introduce notation in order to state our main result
(Theorem 1.1 below).
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Let p > 2 be a prime, and fix an unramified CM extension F/F* which is split
at all places v of F™ above p. Suppose U, g+ is a unitary group in n variables which
is quasisplit at all finite places and compact at infinity (see 2A for more details).
Throughout ¥ is a finite set of finite places of F* containing ¥, = {v : v| p}, and
we let g = X\ X,. We assume all places v € X split in F and we choose a divisor
v|v once and for all, which we use to make the identification U (FUJr ) = GL, (Fy).
We consider tame levels of the form K? = KZOKE, where K= = ]_[U¢2 K,isa
product of hyperspecial maximal compact subgroups, and Ks, =[], es, Ko

Our coefficient field is a sufficiently large finite extension £/Q, with integers
O and residue field k = kg, and we start off with an absolutely irreducible! Galois
representation 7 : Galp — GL,, (k) which is automorphic of tame level K”. We let
m = m; be the associated maximal ideal, viewed in various Hecke algebras (see
Sections 2C and 2D for more details). In Sections 2E and 3B we introduce the
universal deformation ring R; and the deformation space X; = Spf(R;)"2. Each
point x € X; carries a Galois representation r,, which is a deformation of r, and
we let p, C R; be the associated prime ideal. The Banach representation of p-adic
automorphic forms S (K?, E)y inherits a natural Ry-module structure, and we
consider its p,-torsion S (K?, E)alpy] and its dense subspace of locally analytic
vectors S’(KP, E)m[px]*", see Section 2B.

The eigenvariety Y (K”,r) C X5 X T equals the support of a certain coherent
sheaf M on X7 x T. Here T denotes the character space of the p-adic torus
T CU(F* ® Q) isomorphic to Hvlp TGLm) (F3), see Section 3C below. We have
T ~W x (Gp)"=»!, where W is weight space (parametrizing continuous characters
of the maximal compact subgroup of T') which is a disjoint union of finitely many
open unit balls of dimension n[F* : @]. By definition a point y = (x, §) € X; x T
belongs to the eigenvariety Y (K7, r) if and only if the fiber M, is nonzero. If y is
E-rational the E-linear dual of M, can be described as

M, = TRS(K?, E)ulpa]™,

where Jp denotes Emerton’s [2006a] locally analytic variant of the Jacquet functor
and J g means the §-eigenspace. Morally our main result states that lim K, M’y
interpolates the local Langlands correspondence for GL,, across the eigenvariety.
In our formulation below we let . , be the irreducible smooth representation of
U (FUJr ) = GL,,(F3) associated with ry|Gal F; via the local Langlands correspon-
dence, i.e.,

WD(rx|GalFD)F_SS ~ rec(BCyyy (y,4) ® | det |(1—n)/2)

I This is mostly for convenience. The automorphic O-lifts of r then arise from cusp forms on
GL, (AF), see Lemma 3.3.
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with rec(-) normalized as in [Harris and Taylor 2001]. The notation BCy, (7 ) sig-
nifies local base change, which simply amounts to viewing 7, ,, as a representation
of GL, (Fj) via its identification with U (F,).

Here is the precise formulation of our main result.

Theorem 1.1. Let y = (x, ) € Y(K?P, r) be an arbitrary point on the eigenvariety.

(1) lim /\/l’y has finite length as a U (F;0 )-representation, and every irreducible
0

subquotient thereof has the same supercuspidal support as ) Ty v

VE X
(2) Ify is a point such that r, is strongly generic at every v € X (see Definition 9.4
in the main text), then there is an my € Z- such that up to semisimplification

§§

thzO M~ (®ue20 ”x,v)@my'

: /
When Q)¢5 7x.v is supercuspidal h_r)nK20 M

(3) If y is any point which appears at Iwahori level (i.e., where the factors of
K7 at places in X are all Iwahori subgroups) then @), %o 7§ is the only
generlc irreducible subquotient of lim lim g M y —and it does appear — where
nx o denotes the generic representation with the same supercuspidal support

is semisimple.

as My y.

Before proceeding we remark that part (1) is also know due to work of Bellaiche
and Chenevier [2009] (finiteness) and Chenevier [2009] (compatibility with local
Langlands).”> A more detailed discussion of these works in relation to ours can
be found in Section 10. Moving on, we note that part (1) of the theorem implies,
in particular, that lim lim M/ lies in the Bernstein component R*(U (Fy! iy )) for the
inertial class s determined by y (see Section 9A). Our methods are based on p-adic
interpolation of traces and do not give us any information about the monodromy
operator.

The control of generic constituents in the case where Ky is a product of Iwahori
subgroups (part (3) of the main theorem) is the most novel aspect of our paper;
it employs a genericity criterion of Barbasch—Moy, recently generalized by Chan
and Savin [2019]. In part (2) of Theorem 1.1 when y = (x, §) is a point for which
7y ,v 18 supercuspidal for all v € £y we can remove the “ss” since there are no self-
extensions with central character that of 7, ,, (see Remark 9.6) by the projectivity
and/or injectivity of my , in this category — this requires some attention to how the
central character varies on the eigenvariety, see Section 8.

We expect that the length m, of h_anzoM/y asaU (F;0 )-representation can
be > 1 at certain singular points. If y is a classical point of noncritical slope
(automatically étale by [Chenevier 2011, Theorem 4.10]) m, =1, see Proposition 4.2

2The latter part is [Chenevier 2009, Remarque 3.13], which the authors were unfortunately unaware
of when making this paper public. We thank Chenevier for pointing it out to us.
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below. Under certain mild nondegeneracy assumptions, m, should be closely
related to dimg Jg(l'l(gx)a“), which is finite by [Emerton 2007, Corollary 0.15].
Here o, := {rlealpﬁ}veE,, and Tl(oy) = ®v|p H(rx|GalpD)9 where T1(-) is the p-
adic local Langlands correspondence for GL, (F;) — as defined in [Caraiani et al.
2016] say, to fix ideas.> This expectation is based on the strong local-global
compatibility results of [Emerton 2011; Chojecki and Sorensen 2017], which
also seem to suggest that lim M’} should in fact be semisimple — for generic
points (otherwise the “generic” focal Langlands correspondence gives a reducible
indecomposable representation). We are not sure if this is an artifact of the n =2 case,
or if it is supposed to be true more generally. It is certainly not true for trivial reasons
since 7, , does admit nontrivial self-extensions. For example, by [Orlik 2005,
Corollary 2] we have dim ExtiGL'1 (St, St) = (). Even when x, , is parabolically
induced from a supercuspidal it does happen that ExthLn( Fﬁ)(nx,v, Ty ) # 0 (see
Remark 9.6.).

We briefly outline the overall strategy behind the proof of Theorem 1.1: For
classical points y = (x,d) (i.e., those corresponding to automorphic represen-
tations) local-global compatibility away from p essentially gives an inclusion
Rex, Trw < lim K, M/y which is an isomorphism if § moreover is of noncritical
slope. We reinterpret this using ideas from Scholze’s proof [2013b] of the local
Langlands correspondence: he works with certain elements f; in the Bernstein
center of GL, (F),), associated with T € W, , which act on an irreducible smooth
representation I via scaling by tr(z| rec(IT)); here and throughout this paragraph we
ignore a twist by | det |!="/2 for simplicity. For each tuple 7 = (t;) € [] W,
we thus have an element f; := ), ex, Jr; of the Bernstein center of

veX)

U(F) = [] GLa(Fy),
vEX)
which we know how to evaluate on all irreducible smooth representations. In par-
ticular f; acts on li_n)lK20 M’) via scaling by Hvezo tr(t,;l rec(BC,~,|v(nx,U))) —still
assuming y is classical and noncritical. Those points are Zariski dense in Y (K7, r),
and using this we interpolate this key scaling property to all points y as follows.
By mimicking the standard proof of Grothendieck’s monodromy theorem one can
interpolate WD (7 |Gal Fﬁ) in families. Namely, for each Sp(A) C X7 we construct a
Weil-Deligne representation WD; ; over A which specializes to WD (ry|Gar,. ) for
all x € Sp(A). Around the point y we find a neighborhood Q C Sp(A) x T and
use the weight morphism w : Y (K7, ) — W, or rather its restriction w|g, to view
(2, M) as a finite type projective module over Oy (w(£2)), which allows us to
show that f; acts on h_r)nKZO (2, M) via scaling by [] tr(ty| WD5 ). This is

VEX

3 At least for the choice of Roo — O in [Caraiani et al. 2016] compatible with x : Rz — O via the
projection Roo — Rj.
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the most technical part of our argument; in fact we glue and get the scaling property
on the sheaf M itself. By specialization at y we deduce that f; acts on lim K, M
via scaling by [],cx, tr (z5] rec(BCsjy (77x,,))) as desired. This result tells us that
every irreducible constituent ), ex, T Of lim /\/l’ has the same supercuspidal
support as ®v€20 7Ty v, and therefore is 1somorpf11c to it if x is a strongly generic
point. We also infer that lim limg, M/ has finite length since dim M’ < oo and the
constituents ), exy v have conductors bounded by the conductors of WD (7 |ga P ).

Before finishing this introduction by discussing the structure of the paper, we
wish to mention that Theorem 1.1 was motivated in part by the question of local-
global compatibility for the Breuil-Herzig construction I1(p)°", see [Breuil and
Herzig 2015, Conjecture 4.2.5]. The latter is defined for upper triangular p-adic
representations p of Galg,, and is supposed to model the largest subrepresentation
of the “true” p-adic local Langlands correspondence built from unitary continu-
ous principal series representations. We approach this problem starting from the
inclusion (for unitary &)

(1-2) T5(S(KP, E)mlp ™) < ord%(S(KP, O)mlp D1/ p]1™,

as shown in [Sorensen 2017, Theorem 6.2]. Here ordg is Emerton’s functor of
ordinary parts [Emerton 2010], which is right adjoint to parabolic induction Indz.
If y = (x, ) lies on Y (K7, r) the source of (1-2) is nonzero, and we deduce the
existence of a nonzero map Indz(8) — S (K?, E)alpx]. If one could show that
certain Weyl-conjugates y,, = (x, wé) all lie on Y (K?, r) one would infer that
there is a nontrivial map socgy,, @) l'[(,o)"rd -8 (K?, E)q[px] which one could
hope to promote to a map 1'[(,0)0rd — S(KP, E)ul p,] using [Breuil and Herzig
2015, Corollary 4.3.11]. Here we take p = ry |Gal. (up to a twist which we ignore
here) for some v|p such that F; = Q,,, and x isLa point where Flealpﬁ is upper
triangular with §5 on the diagonal. In light of these speculations it is conceivable
that Theorem 1.1 can be used to show strong local-global compatibility, in the sense
that there is an embedding

®uex,r,u <> limHomer, @, (TM(0)*, S(K”, E)wmlpx])-
K3,

Finally, we make a few remarks on the structure of the paper. In our first (rather
lengthy) Section 2 we introduce in detail the notation and assumptions in force
throughout; the unitary groups U, r+, automorphic forms S(KP, E), Hecke algebras,
Galois representations and their deformations. Section 3 then defines the eigenva-
rieties Y (K7, r) and the sheaves Mg, essentially following [Breuil et al. 2017]
and [Emerton 2006c]. In Section 4 we recall the notion of a noncritical classical
point, and prove Theorem 1.1 for those. Section 5 interpolates the Weil-Deligne
representations across reduced Sp(A) C X7 by suitably adapting Grothendieck’s
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argument. We recall Scholze’s characterization of the local Langlands correspon-
dence in Section 6, and introduce the functions f; in the Bernstein center. The goal
of Section 7 is to show Proposition 7.9 on the action of f; on an; Ky, ', Mgr),
where €2 is a neighborhood of y as above. Finally in Section 9 we put the pieces
together; we introduce the notion of a strongly generic point, and prove our main
results. Section 9B focuses on the case where K's,, is a product of Iwahori subgroups;
we recall and use the genericity criterion of Chan—Savin to show the occurrence of

ez, Trw-
2. Notation and terminology

We denote the absolute Galois group Gal(F*P/F) of a field F by Galp.

2A. Unitary groups. Our setup will be identical to that of [Breuil et al. 2017]
although we will adopt a slightly different notation, which we will introduce below.

We fix a CM field F with maximal totally real subfield F* and Gal(F/F*) =
{1, c¢}. We assume the extension F/F™ is unramified at all finite places, and split
at all places v|p of F' above a fixed prime p.

Let n be a positive integer. If n is even assume that 5[ F *t:Q] =0 mod 2. By
[Clozel et al. 2008, §3.5] this guarantees the existence of a unitary group U, p+ in n
variables such that

e U xp+ F = GL,,
e U is quasisplit over F,\ (hence unramified) for all* finite places v,
e U(Ft ®gR) is compact.

We let G = Resg+,g U be its restriction of scalars.

If v splits in F the choice of a divisor w|v determines an isomorphism i, :
U(F, ) = GL,(F,) well-defined up to conjugacy. Throughout we fix a finite
set ¥ of finite places of F* such that every v € ¥ splits in F, and ¥ contains
¥, ={v:v|p}. Welet Xy = X\X,. We emphasize that unlike [Clozel et al. 2008]
we do not assume the places in X are banal.

For each v € ¥ we choose a divisor 7|v once and for all and let &~ = {# : v € X}.
We also choose an embedding Gal s, < Galr for each such v. Moreover, we choose
isomorphisms i3 which we will tacitly use to identify U (F,") with GL, (F;). For
instance the collection (i3)y|, gives an isomorphism

@2-1) G(Q,) =U(F*®qQ,) => [ [ GLa(Fy).

vlp

4Convenient in Lemma 3.3 when considering local base change from U (Fv+ ) to GL, (F) —for
unramified representations.
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Similarly U (Fg ) = [1,es GL,(F5) and analogously for U (F;O). When there is
no risk of confusion we will just write G instead of G(Q,). We let B C G be the
inverse image of the upper-triangular matrices under (2-1). In the same fashion T
corresponds to the diagonal matrices, and N corresponds to the unipotent radical.
Their opposites are denoted B and N.

Below we will only consider tame levels K? C G(A?) of the form K7 =], ip K,
where K, C U (F;") is a compact open subgroup which is assumed to be hyperspecial
for v ¢ =. Accordingly we factor it as K” = K K*, where K* = Hv¢>: K,isa
product of hyperspecials, and Ky, =[] K

veEX) MU

2B. Automorphic forms. We work over a fixed finite extension £/Q,, which we
assume is large enough in the sense that every embedding F," <— Q p factors through
E forall v| p. We let O denote its valuation ring, @ is a choice of uniformizer, and
k=0O/(w) ~ [, is the residue field. We endow E with its normalized absolute
value |-| for which | | :q_l.

For a tame level K? C G(A?) we introduce the space of p-adic automorphic
forms on G (A) as follows (see Definition 3.2.3 in [Emerton 2006c¢]). First let

S(KP?,0) =C(G@\GA,)/KF,0) = Li;_nCOO(G(@)\G(Af)/KP, 0/w'0).

Here C is the space of continuous functions, C* is the space of locally constant
functions. Note that the space of locally constant functions in S(K?, Q) is w-
adically dense, so alternatively

S(KP,0)=C®(G@\GA)/K?,0)"
=1imC®(G@\GA[)/K?, 0) ®p O/w' 0.

—

1

These two viewpoints amount to thinking of S(K”, O) as H(K?) or H(K?)
respectively in the notation of [Emerton 2006c], see (2.1.1) and Corollary 2.2.25
there. The reduction modulo @ is the space of mod p modular forms on G (A),

S(KP, k) =C®(G@\GA[)/KP, k) ~ 8(K”, 0)/wr S(KP, 0),

which is an admissible (smooth) k[G]-module with G = G(Q)) acting via right
translations. Thus S(K”, O) is a w -adically admissible G-representation over O,
i.e., an object of Modg’*“dm((’)) (see Definition 2.4.7 in [Emerton 2010]). Since it
is clearly flat over O, it is the unit ball of a Banach representation

S(K?, E)=S(K”, 0)[1/p] =C(G@\G(Af)/K". E).

Here we equip the right-hand side with the supremum norm || f|| = sup,c(a » |f(2)l,
and S(K?, E) thus becomes an object of the category Bang(E)=! of Banach
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E-spaces (H, ||-||) for which ||H| C |E| endowed with an isometric G-action.
S(KP, E) is dubbed the space of p-adic automorphic forms on G(A).

The connection to classical modular forms is through locally algebraic vectors
as we now explain. Let V be an absolutely irreducible algebraic representation of
G xqg E. Thus V is a finite-dimensional E-vector space with an action of G(E),
which we restrict to G(Q,). If K, C G(Q,) is a compact open subgroup we let it
act on V and consider

Sv(K,K?, E) = Homg,(V, (K", E)).

If we assume E is large enough that Endg (V) = E, the space of V-locally algebraic
vectors in S(K?, E) can be defined as the image of the natural map

limV ®g Sy(K,K?, E) = S(K”, E)" ™2 < S(K?, E)
KP

(see Proposition 4.2.4 in [Emerton 2017]). Then the space of all locally algebraic
vectors decomposes as a direct sum S (KP, E)¥2 = Dy S (KP, E)V 22, Letting 1%
denote the contragredient representation, one easily identifies Sy (K,K?, E) with
the space of (necessarily continuous) functions

f:G@\GA)/KP -V, f(gk)=k'f(g), forallkeK,.

In turn, considering the function h(g) = gf(g) identifies it with the space of
right K, K P-invariant functions & : G(Ay) — V such that h(yg) = yh(g) for all
y € G(Q). If we complexify this space along an embedding ¢ : E < C we obtain
vector-valued automorphic forms. Thus we arrive at the decomposition

(2-2) Sv(KpK?, E)®p, C=@Pme)-7p" @ ()X’

with 7 running over automorphic representations of G(A) with 7o, ~ V ®f, C.
It is even known by now that all mg () = 1, see [Mok 2015] and “the main
global theorem” [Kaletha et al. 2014, Theorem 1.7.1, p. 89] (both based on the
symplectic/orthogonal case [Arthur 2013]). Multiplicity one will be used below in
Lemma 3.3.

Remark 2.3. For full disclosure we will only use multiplicity one for representa-
tions 7 whose base change IT = BCp,p+ (1) to GL,(AF) is cuspidal (see the proof
of Lemma 3.3 below). Since Il is V-cohomological the Ramanujan conjecture
holds in this case, i.e., IT is tempered. Therefore the packets in [Kaletha et al.
2014, Theorem 1.7.1] do not overlap and consist of irreducible representations; in
particular mg (;r) = 1. Some of the authors of [Kaletha et al. 2014] have informed
us that multiplicity one even holds for nontempered representations 7, the point
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being that the groups SFpU in [loc. cit.] are abelian. As mentioned in the introduction
to [loc. cit.], the nontempered case is the topic of a sequel.

2C. Hecke algebras. At each vfp we consider the Hecke algebra H(U (F,"), K,)
of K,-biinvariant compactly supported functions ¢ : U(F,})) — O (with K,-
normalized convolution). The characteristic functions of double cosets [K,, K, ]
form an O-basis.

Suppose v splits in F and K, is hyperspecial. Choose a place w|v and an isomor-
phism i,, which restricts to i,, : K, => GL,(OF, ). Then we identify H(U(F;“), K,)
with the spherical Hecke algebra for GL, (F,,). We let y, j € U (FUJr ) denote the
element corresponding to

iw(]/w,j) = diag(wpw, ey WE,, 1, ey 1).
—

J
Then let Ty, ; = [K,Yw,j Kv] be the standard Hecke operators; HWU(F)), Ky) =
OlTw1. ... i)l
For a tame level K? as above, the full Hecke algebra is the restricted tensor
product relative to the characteristic functions charg, (below V runs over all finite
sets of places v{p):

HGAD), K = @) HWU(F)), Ky) = h_rg(@ HU(FD), Kv>>.

vip vV Npev

It acts on S(K?, E) by norm-decreasing morphisms, and hence preserves the unit
ball (K7, O). This induces actions on S(K?, k) and Sy (K,K?”, E) as well given
by the usual double coset operators. Let

H(Ksy) = Q) HWUFH, K,), H(KZ) = Q) HUF), K)
veX) v ¢ X split

be the subalgebras of H(G(A?), K?) generated by Hecke operators at v € X,
respectively Ty, 1, ..., Tuﬂ for v ¢ X split in F and w|v (the subscript s is for
“split”). In what follows we ignore the Hecke action at the nonsplit places v ¢ X.
Note that #,(K ¥) is commutative, but of course H (K 5,) heed not be.

We define the Hecke polynomial P, (X) € Hy(K*)[X] to be
P,(X)=X"+.. ._|_(_1)J' (Nw)j(j_l)/sz’jX"_j 4. -+(—1)"(Nw)"(”_1)/2Tw,n,

where Nw is the size of the residue field Of, /(@F,).

We denote by Ty (K,K?, O) the subalgebra of End (SV(KPKP, E)) generated
by the operators H;(K *). This is reduced and finite over ©. In case V is the
trivial representation we write To(K,K?”, O). As K, shrinks there are surjective
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transition maps between these (given by restriction) and we let

T(K?,0) =limTo(K,K?, 0),
KP
equipped with the projective limit topology (each term being endowed with the
w -adic topology). We refer to it as the “big” Hecke algebra. T(k?r,0) clearly acts
faithfully on S (K”, E) and one can easily show that the natural map (K *) —
TAT(K P O) has dense image, see the discussion in [Emerton 2011, 5.2].

A maximal ideal m C H,(K¥) is called automorphic (of tame level K ?) if it
arises as the pullback of a maximal ideal in some Ty (K,K?”, O). Shrinking K, if
necessary we may assume it is pro-p, in which case we may take V to be trivial
(“Shimura’s principle”). In particular there are only finitely many such m, and
we interchangeably view them as maximal ideals of TAT(K 7 ) (and use the same
notation), which thus factors as a finite product of complete local O-algebras

T(k?,0)=[[T(K", O).

Correspondingly we have a decomposition S(KP,E) = D S(KP, E)m, and simi-
larly for S(K”, ©). This direct sum is clearly preserved by H(Kx,).

2D. Galois representations. If R is an O-algebra, and r : Galp — GL,(R) is an
arbitrary representation which is unramified at all places w of F lying above a split
v ¢ X, we associate the eigensystem 6, : H(K ~) — R determined by

det(X — r(Froby)) = 6, (P, (X)) € R[X]

for all such w. Here Frob,, denotes a geometric Frobenius. (Note that the coefficients
of the polynomial determine 6, (T, ;) since Nw € O*; and 6,(T,,,,) € R*.) We say
r is automorphic (for G) if 6, factors through one of the quotients Ty (K ,K?, O).

When R = O this means r is associated with one of the automorphic repre-
sentations 7 contributing to (2-2) in the sense that 7, ; acts on K by scaling
by ¢(6,(Ty,;)) for all wlv ¢ X as above. Conversely, it is now known that to
any such 7 (and a choice of isomorphism ¢ : @ » = C) one can attach a unique
semisimple Galois representation 7y, : Galp — GL,(Q p) with that property, see
[Thorne 2012, Theorem 6.5] for a nice summary. It is polarized, meaning that
r;,[ ~ rfm ® e ! where € is the cyclotomic character, and one can explicitly write
down its Hodge—Tate weights in terms of V.

When R =k we let m, =ker(6,) be the corresponding maximal ideal of H; (K .
Then r is automorphic precisely when m, is automorphic, in which case we tacitly
view it as a maximal ideal of Ty (K ,K?, O) (with residue field k) for suitable V
and K. In the other direction, starting from a maximal ideal m in Ty (K ,K?, O)
(whose residue field is necessarily a finite extension of k) one can attach a unique
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semisimple representation
Fm : Galp — GL,(Ty(K,K”, O)/m)

such that 67 (T, ;) = Ty, ; +m (and which is polarized), see [Thorne 2012, Propo-
sition 6.6]. We say m is non-Eisenstein if 7y, is absolutely irreducible. Under this
hypothesis 7, admits a (polarized) lift

rm 1 Galp — GL,(Ty(K,K”, O)n)

with the property that 6, (T, ;) = Ty, j; it is unique up to conjugation, see [Thorne
2012, Proposition 6.7], and gives a well-defined deformation of r,. If we let K,
shrink to a pro-p subgroup we may take V to be trivial, i.e., m C T{(K,K?, O).
Passing to the inverse limit yields a lift of r, with coefficients in T(KP?, ©) which
we will denote by 7,,. Throughout [Thorne 2012] it is assumed that p > 2; we
adopt that hypothesis here.

All the representations discussed above (v, I'm, I'm €tc.) extend® to continuous
homomorphisms Galg+ — G, (R) for various R, where G, is the group scheme
(over Z) defined as a semidirect product {1, j} x (GL, x GL;), see [Thorne 2012,
Definition 2.1]. We let v : G, — GL; be the natural projection. Thus v ory =
el_"éﬁ;‘“ (and similarly for ry,), where 8/ p+ is the nontrivial quadratic character
of Gal(F/F™) and jun € {0, 1} is determined by the congruence py, =n mod 2 (see
[Clozel et al. 2008, Theorem 3.5.1; Bellaiche and Chenevier 2011, Theorem 1.2]).

2E. Deformations. Now start with r : Galgp+ — G, (k) such that its restriction
r : Galp — GL, (k) is absolutely irreducible and automorphic, with corresponding
maximal ideal m = m;, and vor = 61_"8¢'/“F+. In particular 7 is unramified
outside X.

We consider lifts and deformations of 7 to rings in Cp, the category of complete
local Noetherian -algebras R with residue field k => R/mg, see [Thorne 2012,
Definition 3.1]. Recall that a lift is a homomorphism r : Galp+ — G, (R) such that
r reduces to ¥ mod mg, and vor = 61_”8@‘“ (thought of as taking values in R*).
A deformation is a (1+mgM,, (R))-conjugacy class of lifts.

For each v € X consider the restriction 7j; = 7|Gal,. and its universal lifting
ring RFDﬁ. Following [Thorne 2012] we let R;EaI denote its maximal reduced p-torsion
free quotient, and consider the deformation problem

S= (F/F+v Ea iv O’ f’ 617"8/;‘7F+7 {R;%}UEE)-

The functor Defs of deformations of type S is then represented by an object Rg“i"
of Co, see [Thorne 2012, Proposition 3.4] or [Clozel et al. 2008, Proposition 2.2.9].

3Once a choice of yo € Galp+ — Galp is made, see [Clozel et al. 2008, Lemma 2.1.4]. See also
Proposition 3.4.4 therein.
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In what follows we will simply write R; instead of Rg“i", and keep in mind the
underlying deformation problem S. Similarly, R;D is the universal lifting ring of
type S (which is denoted by RE in [Thorne 2012, Proposition 3.4]). Note that
R;D is a power series O-algebra in | |n? variables over Rr ([Clozel et al. 2008,
Proposition 2.2.9]); a fact we will not use in this paper.

The universal automorphic deformation ry, is of type S, so by universality it
arises from a local homomorphism

1// . R; — Tv(Kpr, O)m

These maps are compatible as we shrink K ,. Taking V to be trivial and passing to
the inverse limit over K, we obtain a map ¥ : R; — T(K?, O),, which we use to
view S(K?, E)y as an Rrp-module.

3. Eigenvarieties

3A. Formal schemes and rigid spaces. In what follows (-)"¢ will denote Berth-
elot’s functor (which generalizes Raynaud’s construction for topologically finite
type formal schemes X over Spf(Q), see [Raynaud 1974]). Its basic properties are
nicely reviewed in [de Jong 1995, Chapter 7]. The source FSy is the category of
locally Noetherian adic formal schemes X which are formally of finite type over
Spf(O) (i.e., their reduction modulo an ideal of definition is of finite type over
Spec(k)); the target Rig, is the category of rigid analytic varieties over E, see
Definition 9.3.1/4 in [Bosch et al. 1984]. For example, B = (Spf(’){y})rig is the
closed unit disc (at 0); U= (Spf O[[x]])"e is the open unit disc. For a general affine
formal scheme X = Spf(A), where

A:O{yl’"'7yr}[[xlv--~7xs]]/(glv "'vgt)y

X' C B x U is the closed analytic subvariety cut out by the functions g1, ..., g,
see [Bosch et al. 1984, 9.5.2]. In general X" is obtained by gluing affine pieces
as in [de Jong 1995, §7.2]. The construction of X" in the affine case is actually
completely canonical and free from coordinates: If I C A is the largest ideal of
definition, A[I" /@] is the subring of A ® E generated by A and all i /o with
iel". Let A[I"/w]” be its [-adic completion (equivalently, its o -adic completion,
see the proof of [de Jong 1995, Lemma 7.1.2]). Then A[I" /@ ]" ®o E is an affinoid
E-algebra and there is an admissible covering

x
X2 = Spf(A)ie = U Sp(A[I" /= ]" ®0 E).
n=1
In particular A" := O(Spf(A)"e) = lim, A[I"/@]" ®o E. The natural map
A®p E — A" factors through the ring of bounded functions on Spf(A)"¢; the
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image of A lies in O°(Spf(A)"¢), the functions whose absolute value is bounded
by 1, see [de Jong 1995, 7.1.8].

3B. Deformation space. We let X; = Spf(R;)rig (a subvariety of U* for some
s). For a point x € X; we let k(x) denote its residue field, which is a finite
extension of E, and let « (x)° be its valuation ring; an 0-algebra with finite residue
field k(x). Note the different meanings of «(x) and k(x). The evaluation map
Ri — O%(X;) = k(x)° corresponds to a deformation

ry . Galp+ — gn(/c(x)o)

of ¥ ® k(x). (We tacitly choose a representative r, in the conjugacy class of lifts.)
We let p, = ker(R; — «(x)?) be the prime ideal of R; corresponding to x, see the
bijection in [de Jong 1995, Lemma 7.1.9]. We will often assume for notational
simplicity that x is E-rational, in which case x(x) = E and k(x) = k; so that r, is
a deformation of 7 over « (x)? = O.

3C. Character and weight space. Recall our choice of torus T C G(Q),), and let
Ty be its maximal compact subgroup. Upon choosing uniformizers {@ g}, |, we
have an isomorphism T ~ Ty x Z"!®»! of topological groups. Moreover,

TO ~ H(O;ﬁ)n ~ <1_[ /»LOO(FINJ)”> X ZZ[F*’@]
v|p vlp
_\/_/
"
Let T :=W x (GpE)"*¥rl where W := (Spf(@[[To]]))ng. The weight space W is
isomorphic to |x| copies of the open unit ball U"1F @l From a more functorial
point of view T represents the functor which takes an affinoid E-algebra to the set
Homeoni (T, A*), and similarly for W and Ty. See [Emerton 2017, Proposition 6.4.5].
Thus 7 carries a universal continuous character 8" : T — O(T)* which restricts
to a character Top — O°(W)* via the canonical morphism 7 — W. Henceforth we
identify points of 7' with continuous characters § : T — «(§)™ for varying finite
extensions « (§) of E (and analogously for W).

3D. Definition of the eigenvariety. We follow [Breuil et al. 2017, §4.1] in defining
the eigenvariety Y (K7, r) as the support of a certain coherent sheaf M = Mg,
on X7 x T. This is basically also the approach taken in Section (2.3) of [Emerton
2006c], except there X; is replaced by Spec of a certain Hecke algebra. We define
M as follows.

Let (-) be the functor from [Schneider and Teitelbaum 2003, Theorem 7.1].
It takes an object H of Ban*gjm(E ) to the dense subspace H" of locally analytic
vectors. H?®" is a locally analytic G-representation (over E) of compact type
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whose strong dual (H*")’ is a coadmissible D(G, E)-module, see [Schneider and
Teitelbaum 2003, p. 176].

We take H = S(K?, E),, and arrive at an admissible locally analytic G-represen-
tation S (KP, E)a which we feed into the Jacquet functor Jp defined in [Emerton
2006a, Definition 3.4.5]. By Theorem 0.5 of [loc. cit.] this yields an essentially
admissible locally analytic T-representation J, 3(S(KP?, E )al). See [Emerton 2017,
Definition 6.4.9] for the notion of essentially admissible (the difference with admis-
sibility lies in incorporating the action of the center Z, or rather viewing the strong
dual as a module over O(Z2) & D(G, E)).

We recall [Emerton 2006¢, Proposition 2.3.2]: If F is a coherent sheaf on f", see
[Bosch et al. 1984, Definition 9.4.3/1], its global sections F(f, JF) is a coadmissible
O(f)-module. Moreover, the functor F ~» I‘(f, F) is an equivalence of categories
(since T is quasi-Stein). Note that F(f, F) and its strong dual both acquire a
T-action via 8", Altogether the functor F ~ I(T, F) sets up an antiequivalence
of categories between coherent sheaves on T and essentially admissible locally
analytic T -representations (over E).

As pointed out at the end of Section 2E, S (K?, E)y is an Ry-module via lﬁ,
and the G-action is clearly Rj-linear. Thus Jp (S(K P, E)a) inherits an Rr-module
structure. By suitably modifying the remarks of the preceding paragraph (as in
Section 3.1 of [Breuil et al. 2017] where they define and study locally R;-analytic
vectors, see Definition 3.2 in [loc. cit.]) one finds that there is a coherent sheaf
M = Mg» on X; x T for which

Jp(S(KP, E)™) ~T'(X; x T, M)’

The eigenvariety is then defined as the (schematic) support of M, see [Bosch et al.
1984, Proposition 9.5.2/4]. Le.,

Y(KP,F) :=sup(M) = {y = (x,8) : M, #0} C X; x T.

Thus Y(K?,r) is an analytic subset of X; x T with structure sheaf Ox;xf /Z,
where 7 is the ideal sheaf of annihilators of M. That is Z(U) = Annp)I"(U, M)
for admissible open U. One can show that Y (K7, r) is reduced, see part (3) of
Lemma 7.7 below for precise references.

The fiber M, = (li_n)any r'wu, ./\/l)) Q0ykp 5,k (¥) s finite-dimensional over k().
Suppose k(y) ~ E solely to simplify the notation. Then the full E-linear dual

M’) = Homg (M, E) has the following useful description.

Lemma 3.1. Letr y = (x,6) € (X5 X f)(E) be an E-rational point. Then there is
an isomorphism

(3-2) My > TE(S(KP, E)m[ps]™).
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(Here J g means the §-eigenspace of Jp, and [p, ] means taking p,-torsion.)

Proof. First, since Xj x T is quasi-Stein, M, is the largest quotient of I" (X x T, M)
which is annihilated by p, and on which T acts via §, see [Breuil et al. 2017, §5.4].
Thus M:), is the largest subspace of J 5(S(KP, E )al) with the same properties,
ie., Jg(S(Kp, E)iDIpx], as observed in Proposition 2.3.3(iii) of [Emerton 2006c].
Now,

TRSK?, EYaDp] = Jp(S(KP, E)mlps]™

as follows easily from the exactness of (-)?" and the left-exactness of Jp (using that
p, is finitely generated to reduce to the principal case by induction on the number
of generators), see the proof of [Breuil et al. 2017, Proposition 3.7]. ([

The space in (3-2) can be made more explicit: Choose a compact open subgroup
Ny C N and introduce the monoid 7+ = {t € T : t Not ! C Ny}. Then by [Emerton
20064, Proposition 3.4.9],

TS SK?, E)mlps ™) = (S(KP, E)mlps ™M =2,

where T acts by double coset operators [ Nyt Ny on the space on the right. Observe
that y lies on the eigenvariety Y (K?, r) precisely when the above space M; is
nonzero.

Note that the Hecke algebra (K, ) acts on J B(S‘ (K?, E)a), and therefore on
M and its fibers M, (on the right since we are taking duals). The isomorphism (3-2)
is H(Kx,)-equivariant, and our first goal is to describe M’) as a H(Kx,)-module.

3E. Classical points. We say that a point y = (x, §) € Y(K?, r)(E) is classical (of
weight V) if the following conditions hold (see [Breuil et al. 2017, Definition 3.14]
or the paragraph before [Emerton 2006¢, Definition 0.6]):

(1) 6 = daigdsm» Where 8y is an algebraic character which is dominant relative
to B (i.e., obtained from an element of X*(T xg E)* by restriction to T),
and Jg;, is a smooth character of T'. In this case let V denote the irreducible
algebraic representation of G x g E of highest weight J.

(2) There exists an automorphic representation 7 of G (A) such that
(a) (njf' YK £ 0 and the #,(K *)-action on this space is given by the eigen-
system to 6, ,
(b) T =V ®E,C,
(c) mp is a quotient of Indg (SSmégl).

These points comprise the subset Y (K7, r).;. Note that condition (a) is equivalent
to the isomorphism r, > r, , (both sides are irreducible since r, is a lift of r). In
(c) 8 denotes the modulus character of B; the reason we include it in condition (c)
will become apparent in the proof of Proposition 4.2 below.
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Lemma 3.3. There is at most one automorphic w satisfying (a)—(c) above; and
mg(m) = 1.

Proof. Let I1 = BCp/p+ (i) be a (strong) base change of 7 to GL,(Ar), where we
view 7 as a representation of U (Ag+) = G(A). For its existence see [Labesse 2011,
§5.3]. Note that IT is cuspidal since r,, is irreducible. In particular IT is globally
generic, hence locally generic. By local-global compatibility, see [Barnet-Lamb
et al. 2012; 2014; Caraiani 2014] for places w|p; [Taylor and Yoshida 2007; Shin
2011] for places w1p,

L WD(rz | Gaty, )F ™ > rec(TT, ® | det |1 77/%)

for all finite places w of F, with the local Langlands correspondence rec(-) normal-
ized as in [Harris and Taylor 2001]. This shows that IT,, is completely determined
by r, at all finite places w. Moreover, we have IT,, = BC,,,, (7r,) whenever the local
base change on the right is defined, i.e., when either v splits or m, is unramified.
Our assumption that ¥ consists of split places guarantees that BC,,, (77,) makes
sense locally everywhere. Furthermore, unramified local base change is injective
according to [Minguez 2011, Corollary 4.2]. We conclude that 7 is determined by
Fyx, and meo >~ V @, C. Thus 7 is unique. Multiplicity one was noted earlier at the
end of Section 2B above, see Remark 2.3. (]

4. The case of classical points of noncritical slope

Each point x € X carries a Galois representation r, : Galp — GL,, (k (x)) which
we restrict to the various decomposition groups Galg, for v € . When v € Xy
there is a corresponding Weil-Deligne representation, see Section (4.2) in [Tate
1979], and we let 7, , be the representation of U (Fv+ ) (over k(x)) such that

(4-1) WD(ry |Ga1F,;)F_SS = reC(BCf)\v(ﬂx,v) ® | det |(1_")/2)

Note that the local base change BCy,, (71x,») is just 7 ,, thought of as a representation
of GL, (Fy) via the isomorphism i3 : U(FU+) = GL,(F3). We emphasize that r, ,,
is defined even for nonclassical points on the eigenvariety. If y = (x, §) happens
to be classical, 7, , ®g, C >~ m,, where 7 is the automorphic representation in
Lemma 3.3. Below we relate ®U620 Ty to the fiber ./\/l/y

Proposition 4.2. Let y = (x,8) € Y(K?,r)(E) be a classical point. Then there
exists an embedding of H(K,)-modules ), 620”55 — /\/l’y which is an isomor-
phism if § is of noncritical slope, (see [Emerton 2006a, Definition 4.4.3], which is

summarized below).

Proof. According to (0.14) in [Emerton 2006a] there is a closed embedding

In(BEKP, E)nlpi™) ) = Jp(SK. E)alp )" .
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Note that VV ~ a1g SO after passing to §-eigenspaces we get a closed embedding
4-3) Tp(SK?, Eyulpx ™)) > T3 (S(KP, E)mlp:]™).
The target is exactly /\/l/y by (3-2). On the other hand

(SK?, EYulp: ™"~ =~ PV ©p 7)) ©F (1/)*

with 7 running over automorphic representations of G(A) over E with wo, >~ V
and such that 6, gives the action of H,(K ~) on (nfp yK”. As noted in Lemma 3.3
there is precisely one such = which we will denote by m, throughout this proof
(consistent with the notation m, , introduced above). Note that ®U ¢ nf; is a line
SO

SK?, E)ulp ™)V~ = (V @F 72 p) ® (@ ey, 7XY)-

Since Jp is compatible with the classical Jacquet functor, see [Emerton 2006a,
Proposition 4.3.6], we identify the source of (4-3) with

(VN ®F (7'[x,p)N)T=(S QF (®v620 T[XI%J)

. . . . T=5, .
Now V¥ ~ §,, is one-dimensional, and so is (7x,,)y . Indeed, by Bernstein
second adjointness,

(Txp)y ™ 2 Homg (Ind§ (8smd5 "), 7x. ).

The right-hand side is nonzero by condition (c) above, and in fact it is a line
since Indg (Ssmégl) has a unique generic constituent (namely 7, ,, see the proof of
Lemma 3.3) which occurs with multiplicity one; this follows from the theory of
derivatives [Bernstein and Zelevinsky 1977, Chapter 4]. From this observation we
immediately infer that Homg (ﬁx, P> Indg ((SS_H} 1) B)) is one-dimensional. To summa-
rize, (4-3) is an embedding X) ko s /\/l/y Finally, since S’(K”, E)m[px]*

veXy tx,v
clearly admits a G-invariant norm (the sup norm), Theorem 4.4.5 in [Emerton
2006a] tells us that (4-3) is an isomorphism if § is of noncritical slope. U

To aid the reader we briefly recall the notion of noncritical slope: To each
S f(E) we assign the element slp(8) € X*(T xg E) defined as follows, see
[Emerton 2006a, Definition 1.4.2]. First note that there is a natural surjection
T(E) — X.(T xqg E); the cocharacter u; € X, (T xg E) associated with ¢t € T(E)
is given by (x, u;) = ordg x (¢) for all algebraic characters x (here ordg is the
valuation on E normalized such that ordg(zg) = 1). Then the slope of § is the
algebraic character slp(8) satisfying (slp(8), u;) = ordgé(¢) forallt € T.

Definition 4.4. Let o = % Y o=0@. We say that § = 841084, is of noncritical slope
if there is no simple root « for which the element s, (821 + ©) + SIp(dsm) + © lies in
the (D>¢-cone generated by all simple roots.
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5. Interpolation of the Weil-Deligne representations

Our goal in this section is to interpolate across deformation space X;, the Weil—
Deligne representations WD(ry|Gal Fﬁ), for a fixed v € ¥y. More precisely, for any
affinoid subvariety Sp(A) C X7 we will define a rank n Weil-Deligne representation
WD; ; over A such that

(5-1) WD [Gal,,) = WD 5 @ 4,5k (x)

for all points x € Sp(A). The usual proof of Grothendieck’s monodromy theorem
(see [Tate 1979, Corollary 4.2.2]) adapts easily to this setting, and this has already
been observed by other authors. See for example [Bellaiche and Chenevier 2009,
7.8.3-7.8.14; Paulin 2011, 5.2; Emerton and Helm 2014, 4.1.6]. To make our article
more self-contained (and to point out the “usual” assumption that A is reduced is
unnecessary) we give the details for the convenience of the reader.

Proposition 5.2. Let w be a place of F not dividing p, and let A be an affinoid E -
algebra. For any continuous representation p : Galg, — GL, (A) there is a unique
nilpotent N € M, (A) such that the equality p(y) = exp(t,(y)N) holds for all y in
an open subgroup J C If,. (Here t), : I, — Z, is a choice of homomorphism as
in Section (4.2) of [Tate 1979].)

Proof. Choose a submultiplicative norm ||-|| on A relative to which A is complete
(if A is reduced one can take the spectral norm, see [Bosch et al. 1984, 6.2.4]). Let
A° be the (closed) unit ball. Then I 4+ p' M, (A°) is an open (normal) subgroup
of GL,(A°) for i > 0, so its inverse image oI + p'M,(A°)) = Galp, for some
finite extension F; of F,,. Note that F;,/F; is a Galois extension whose Galois
group is killed by p. Let us fix an i > 0 and work with the restriction p|Ga, . Recall
that wild inertia Pr, C I, is the Sylow pro-£ subgroup where w|¢. Since £ # p we
deduce that Pr, C Galp, for all j >i. That is p factors through the tame quotient
Ir,/Pr, =] g2t Zq- For the same reason p factors further through ¢, : I'r, — Z,,.
Therefore we find an element « € I + p' M, (A°) (the image of 1 € Z, under p)
such that p(y) = a’»") forall y € Ir,. We let N :=log(c). If we choose i large
enough (i > 1 suffices, see the discussion in [Schneider 2011, p. 220]) all power
series converge and we arrive at p(y) = exp(f,(y)N) for y € Ir,. We conclude
that we may take J := If,. (The uniqueness of N follows by taking log on both
sides.)

To see that N is nilpotent note the standard relation p(w)Np(w)™!' = ||w| N
for w € Wg,. If we take w to be a (geometric) Frobenius this shows that all
specializations of N at points x € Sp(A) are O (by considering the eigenvalues
in « (x) as usual). Thus all matrix entries of N" are nilpotent (by the maximum
modulus principle [Bosch et al. 1984, 6.2.1]). Therefore N itself is nilpotent since
A is Noetherian. 0
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If we choose a geometric Frobenius ® from Wr, (keeping the notation of the
previous Proposition) we can thus define a Weil-Deligne representation (o, N) on
A" by the usual formula [Tate 1979, 4.2.1]:

p(®°y) = p(P°y) exp(tp(y)N),

where s € Z and y € Ir,. With this definition p : Wg, — GL, (A) is a representation
which is trivial on the open subgroup J C Wp, (so continuous for the discrete
topology on A).

As already hinted at above we apply this construction to r'"V|g,,. for a fixed
place v € Xy, and an affinoid Sp(A) C X7. We view the universal deformation 7™ :
Galrp — GL, (Ry) as arepresentation on A” by composing with R; — O(X;) — A.
This gives a Weil-Deligne representation WD; ; over A with the interpolative
property (5-1).

6. The local Langlands correspondence for GL,, after Scholze

Scholze [2013b] gave a new purely local characterization of the local Langlands
correspondence. His trace identity (see Theorem 1.2 in [loc. cit.]) takes the following
form. Let IT be an irreducible smooth representation of GL, (F,), where w is an
arbitrary finite place of F'. Suppose we are given t = ®°y with y € Ir, ands € 7o,
together with a Q-valued “cut-off” function 4 € C°(GL,(OF,)). First Scholze
associates a (Q-valued function ¢, € C°(GL,(Fy)), where F, ; denotes the
unramified degree s extension of F,,. The function ¢, , is defined by taking the trace
of T xh" on (alternating sums of) certain formal nearby cycle sheaves a la Berkovich
on deformation spaces of @ -divisible Of, -modules; and 1" (g) = h( g_l). See
the discussion leading up to [Scholze 2013b, Theorem 2.6] for more details. Next
one selects a function f; , € C°(GL,(F,)) which is associated with ¢ j, in the
sense that their (twisted) orbital integrals match. More precisely, with suitable
normalizations one has the identity 705 (¢ ) = O, (fr5) for regular y = N6, see
[Clozel 1987, Theorem 2.1]. With our normalization of rec(-), Scholze’s trace
identity reads

tr(fon|TD) = tr(z| rec(IM ® | det |1 =/2)) - tr(h|T1).

We will make use of a variant of f; ; which lives in the Bernstein center of GL,, (F,).
We refer to Section 3 of [Haines 2014] for a succinct review of the basic properties
and different characterizations of the Bernstein center. This variant f; has the
property that tr( fz |IT) = tr(f7 * h|I1) and is defined for all T € W, by decreeing
that f; acts on any irreducible smooth representation IT via scaling by

fe(ID) = tr(7| rec(TT @ | det |1 /2)).
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For the existence of f; see the proofs of [Scholze 2013b, Lemma 3.2; 2013a,
Lemma 6.1; 2011, Lemma 9.1]. These f; also appear in [Chenevier 2009, Proposi-
tion 3.11], see Section 10 below for a more thorough discussion.

We apply this construction to each of the places v with v € £y. Now t = (13)
denotes a tuple of Weil elements 7; € Wg,. Via our isomorphisms i; we view fz,
as an element of the Bernstein center of U (F,"), say 3(U (F;")), and consider the

element f; := @ c5, fr; € Rpex, 3(U(F)).

Lemma 6.1. Let x € X; be arbitrary. Then f; acts on ®U€EO 7Ty .y Via scaling by

fr@vezymrn) = [ | tr(zsl WDClGar,))-

UGEO

Proof. If {m,},ex, is a family of irreducible smooth representations, f; acts on
@yes, 7o Via scaling by

Jr(®uvex,mv) = l_[ tl‘(‘L’{,| rec(BCj), (7r,) ® | det |(1—")/2))‘

veEX)

Now use the defining property (4-1) of the representations 7, , attached to the
point x. (|

7. Interpolation of traces

As above let 3(U (F,;")) denote the Bernstein center of U (F,"), and Z(U (F,}), Ky)
the center of the Hecke algebra H(U (F,"), K,). There is a canonical homo-
morphism 3(U (FUJr ) — Z(U (Fv+ ), K,) obtained by letting the Bernstein center
act on CSO(KU\U(FUJF)), see [Haines 2014, 3.2]. We let ft'?’ be the image of
fr, under this map, and consider f,KZO = Quex, frlﬁ(" belonging to Z(Ky,) :=
X, exy 2 U (FUJr ), K,) which is the center of #(Kx,). In particular this operator
ffKEO acts on the sheaf M and its fibers M.

If y=(x,8) € Y(K?,r)(FE) is a classical point of noncritical slope, and we
combine Proposition 4.2 and Lemma 6.1, we deduce that fTKEO acts on /\/lg ~

KY . .
Ryes, Ty Via scaling by

H tr(t5| WD(rlGalr)-

veEYX)

The goal of this section is to extrapolate this property to all points y. As a first
observation we note that the above factor can be interpolated across deformation
space Xr. Indeed, let Sp(A) C X7 be an affinoid subvariety and let WD;. 5 be the
Weil-Deligne representation on A” constructed after Proposition 5.2.
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Lemma 7.1. For each tuple v = (t3) € [ | Wk, the element

UEE()

ar = [ tr(rs| WDy 5) € A

UGEO

satisfies the following interpolative property: For every point x € Sp(A) the function
a; specializes to

ar(x) = [ ] tr(rsl WD(re[Galy, ) € ke (x).

veEYX)

Proof. This is clear from the interpolative property of WD; ; by taking traces
in (5-1). 0

Our main result in this section (Proposition 7.9 below) shows that a, extends
naturally to a function defined on the whole eigenvariety Y (K7, r) in such a way
that £X% : M — M is multiplication by a;.

First we need to recall a couple of well-known facts from rigid analytic geometry.

Lemma 7.2. Let X be an irreducible rigid analytic space (over some unspecified
nonarchimedean field) and let Y C X be a nonempty Zariski open subset (see [Bosch
et al. 1984, Definition 9.5.2/1]). Then Y is irreducible.

Proof. Let X — X be the (irreducible) normalization of X. The pullback of Y to
X is a normalization ¥ — Y and it suffices to show that the Zariski open subset
Y C X is connected (see [Conrad 1999, Definition 2.2.2]). Suppose Y=U [TV
is an admissible covering with U, V proper admissible open subsets of Y. By
Bartenwerfer’s Hebbarkeitssatz [1976, p. 159] the idempotent function on Y which
is 1 on U and O on V extends to an analytic function on X, which is necessarily a
nontrivial idempotent by the uniqueness in Bartenwerfer’s theorem “Riemann 1.”
This contradicts the irreducibility of X (by [Conrad 1999, Lemma 2.2.3]), so Y
must be connected. U

Definition 7.3. A Zariski dense subset Z of a rigid space X is called very Zariski
dense (or Zariski dense and accumulation, see [Chenevier 2011, Proposition 2.6])
if for z € Z and an affinoid open neighborhood z € U C X, there is an affinoid open
neighborhood z € V C U such that Z NV is Zariski dense in V.

Lemma 7.4. Let X be a rigid space and let Z C X be a very Zariski dense subset.
Let Y C X be a Zariski open subset which is Zariski dense. Then Y N Z is very
Zariski dense in Y.

Proof. We first note that it suffices to prove that Y N Z is Zariski dense in Y. Very
Zariski density then follows immediately from very Zariski density of Z in X. We
show that Z is Zariski dense in every irreducible component of Y. By [Conrad
1999, Corollary 2.2.9] these irreducible components are given by the subsets Y N C,
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where C is an irreducible component of X. Denote by C° the Zariski open subset
of X given by removing the intersections with all other irreducible components
from C. Then Y N C° is irreducible by Lemma 7.2 and meets Z since it is Zariski
open in X. It follows from very Zariski density of Z in X that Z is Zariski dense
in Y N C°. We deduce that Z is Zariski dense in Y N C, as desired. O

In order to deal with the non étale points below, the following generic freeness
lemma will be crucial.

Lemma 7.5. Let X be a reduced rigid space and let M be a coherent Ox-module.
Then there is a Zariski open and dense subset X py C X over which M is locally

free.

Proof. We follow an argument from the proof of [Hansen 2017, Theorem 5.1.2]:
The regular locus X™¢ of X is Zariski open and dense, by the excellence of affinoid
algebras. If U C X is an affinoid open M is locally free at a regular point x € U if
and only if x is not in the support of @?‘ZHI’U Extz(U)(./\/l(U), O(U)). This shows
that M is locally free over a Zariski open subset Xy, which is the intersection
of X™2 and another Zariski open subset of X — the complement of the support.
Namely, if U C X™® is a connected affinoid open (so O(U) is a regular domain)
then the support of @fh:nil] Ext"@(U)(M(U ), O(U)) in Spec(O(U)) has dimension
< dim(U), by [Bruns and Herzog 1993, Corollary 3.5.11(c)] and therefore its
complement is dense. We deduce that X  is dense in X. U

The following observation lies at the heart of our interpolation argument.

Lemma 7.6. Let w: X — W be a map of reduced equidimensional rigid spaces and
let M be a coherent Ox-module. We assume that X admits a covering by affinoid
opens V such that

(1) w(V) C W is affinoid open,
(2) The restriction w|y : V — w(V) is finite,
3) M(V) is a finite projective O(w(V))-module.

Let Z C X be a very Zariski dense subset, and suppose ¢ € Endp, (M) induces the
zero map ¢, = 0 on the fibers M; = M Qo, k(z) forall z € Z. Then ¢ = 0.

Proof. First we restrict to the Zariski open and dense set X 4 from Lemma 7.5.
Since M is locally free over X 4, the locus in X »; where ¢ vanishes is a Zariski
closed subset. By Lemma 7.4, this locus also contains a Zariski dense set of points
(namely Z N X p() so we infer that ¢|x,, = 0.

Now we let V C X be an affinoid open forming part of the cover described in
the statement. Let w(V)o C w(V) be the (Zariski open and dense —since W is
reduced) locus where the map V — w(V) is finite étale.



LOCAL LANGLANDS CORRESPONDENCE IN RIGID FAMILIES 87

Since X\ Xy C X is a Zariski closed subset of dimension < dim X, the set
Wi = w(V N (X\ X)) is a Zariski closed subset of w(V) with dimension <
dim X =dim W. So w(V)\ W, is Zariski open and dense in w(V).

We deduce that w(V)oN(w(V)\ W1) is a Zariski dense subset of w(V). Moreover,
¢ induces the zero map on the fibers M (V) @ ow(vy) k() for all y in this dense
intersection: Use that w|y is étale at y, so if x1, ..., x, are the preimages of y in V,
then

-
MV) oy k() = P MV) ®ow) x (xi)
i=1
and we know that ¢ acts as zero on each M(V) Qo) k(x;) since x; € X
(otherwise y = w(x;) € Wj), as observed in the first paragraph of the proof. We
conclude that =0 on M(V): Indeed M (V) is a finite projective O(w(V))-module
so the points y € w(V) where ¢ vanishes on the fiber form a Zariski closed subset
which contains w(V)o N (w(V)\Wi). Since W is reduced ¢ vy =0. Since V was
arbitrary, we must have ¢ = 0 on M as desired. ([

We now return to the notation of Section 3. We have defined the eigenvariety
Y(K?,r) to be the (scheme-theoretic) support of the coherent sheaf M over X; x T.
It comes equipped with a natural weight morphism w : Y (K?, r) — W defined as
the composition of maps

A can

Y(KP, Py X; xT 5 TS w.
The following lemma summarizes some important facts about Y (K”, r) and w.
Lemma 7.7. The eigenvariety Y (K?, r) satisfies the following properties.

(1) Y(K?,r) has an admissible cover by open affinoids (U;);c; such that for all i
there exists an open affinoid W; C W which fulfills (a) and (b) below:

(a) The weight morphism w :Y (KP?,r) — W induces, upon restriction to each
irreducible component C C Uj, a finite surjective map C — W;.

(b) Each O(U;) is isomorphic to an O(W;)-subalgebra of Endpw,)(P;) for
some finite projective O(W;)-module P;.

(2) The classical points of noncritical slope are very Zariski dense in Y (K7, r).

(3) Y(K?,r) is reduced.

Proof. These can be proved in a similar way to the analogous statements in [Breuil
et al. 2017]. More precisely, we refer to Proposition 3.11, Theorem 3.19 and
Corollary 3.20 of that paper. (Note that in the proof of Corollary 3.20 we can, in
our setting, replace the reference to [Caraiani et al. 2016] with the well-known
assertion that the Hecke operators at good places act semisimply on spaces of
cuspidal automorphic forms.) (I
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Remark 7.8. In [Breuil et al. 2017, p. 1610] there is a “neatness” assumption on
the tame level K”. Namely that (in our notation) G(Q) NhK,K” h=' = {1} for all
h € G(Ay), which can always be ensured by shrinking K”. This assumption is
necessary for the patching argument of [Caraiani et al. 2016]. However, to avoid
future potential confusion, we stress that neatness is not essential in the context of
eigenvarieties — such as [Breuil et al. 2017, Proposition 3.11] which we cited in
the proof of Lemma 7.7 above. This observation is crucial in Section 9B below,
where the level is hyperspecial/Iwahori at all places and therefore not neat.

Since Y (K7, r) projects to X7, its ring of functions O(Y (K?, r)) becomes an
Ri-algebra via the natural map R; — 0% (X5). Pushing forward the universal
deformation of 7 (with a fixed choice of basis) then yields a continuous representation

r: Galp — GL, (O(Y (K", 7))).

In particular, for every open affinoid U C Y (K7, r) we may specialize r further
and arrive at a continuous representation r : Galp — GL,,(O(U)). We may in fact
take O%(U) here (the functions bounded by one), but we will not need that.

It follows from Proposition 5.2 that for v € X, an open affinoid U C Y (K?,r),
and a fixed choice of lift of geometric Frobenius ® = ®; in Wg,, we obtain a
Weil-Deligne representation WD; 5(U) over O(U). Moreover, this construction is
obviously compatible as we vary U in the sense that if U’ C U, then WD; ;(U)
pulls back to WDy 5(U’) over U’ (by the uniqueness in Proposition 5.2). To be
precise, there is a natural isomorphism of Weil-Deligne representations over O(U’),

WD; 5(U") ~ WDy 5(U) Qow) OU").

Now, for a tuple of Weil elements t = (t3) € [ | Wp, we obtain functions

vEX)

ary =[] r(xIWDy5(U)) € OU),

UEEQ

as defined above in Lemma 7.1. By the compatibility just mentioned, a, y» =
resy.y'(ar,y) when U’ C U. It follows that we may glue the a, y and get a function
ar = aryk»,7) on the whole eigenvariety Y (K7, r) with the interpolation property
in Lemma 7.1.

Proposition 7.9. The operator fTKZO acts on M via scaling by a., for every T €
Hve)io WFﬁ‘

Proof. We must show the endomorphism ¢ := ffK %0 —a,; of M equals zero. By the
discussion at the beginning of this section (just prior to 7.1) we know ¢ induces the
zero map on the fibers of M at classical points of noncritical slope. We are now
done by Lemma 7.6 (together with Lemma 7.7). U
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By specialization at any point y = (x, §) € Y(K?, r) we immediately find that
fTKEO acts on the fiber M, (and hence its dual ./\/l’y) via scaling by a;(x). We
summarize this below.

Corollary 7.10. Let y € Y(K?,7) be an arbitrary point. Then fIKZO acts on M/y
via scaling by

[ ] tr(zsl WDGrslGary, ).

VEX)

Proof. This is an immediate consequence of Proposition 7.9. ([

8. Interpolation of central characters

In this section we will reuse parts of the argument from the previous Section 7
to interpolate the central characters w,, , across the eigenvariety. We include it
here mostly for future reference. It will only be used in this paper in the very last
paragraph of Remark 9.6 below.

For v € £y we let Z(U (F,)) be the center of U (F,") (recall that its Bernstein
center is denoted by 3). There is a natural homomorphism

Z(UF)) = Z(UF)), K™

which takes &, to the double coset operator [K,&,K,]. Taking the product over
v € X we get an analogous map Z(U(F;:"O)) — Z(Kx,)* which we will denote
& =(y)ves, — hgzo = ®U620[KUSUKU]. Thus hgzo operates on M and its fibers.

If y=(x,8) e Y(KP,r)(E) is a classical point of noncritical slope the action of
hfzo on M), ~®, x5, Xy is clearly just multiplication by [], 5, @x,,(&). This
property extrapolates to all points y by mimicking the proof in Section 7, as we
will now explain.

For Sp(A) C X; we have the Weil-Deligne representation WD; ; on A”. Consider
its determinant det(WDj; 5) as a character Ff)>< — A via local class field theory.
Note that Z(U(F;")) >~ Z(GL,(Fy)) ~ FﬁX which allows us to view the product
Hvezo det(WD; ;) as a character w : Z(U (F;(J )) — A*. Clearly the specializa-
tion of w at any x € Sp(A) is w, = Q) W, - Z(U(F;O)) — k(x)* by the
interpolative property of WDy 3.

By copying the proof of Proposition 7.9 almost verbatim, one easily deduces the
following.

UEEO

Proposition 8.1. There is a homomorphism w : Z(U(F;O)) — OY(KP,r))* such
that hgzo : M — M is multiplication by w (&) for all §&. In particular, for any point
y=(x,8) € Y(KP,F), the action ofhgzo on /\/l/) is scaling by [ [,cx, @z, (Ev).
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9. Proof of the main result

We now vary Ky, and reinstate the notation Mg, (instead of just writing M) to
stress the dependence on K” = Ky K . Suppose K /20 C Ky, is a compact open
subgroup, and let K ?=Ky K %, Recall that the global sections of M is the dual
of Jp (S (K P, E)a). Thus we find a natural transition map M g» — Mg of sheaves
on X; xT. Taking their support we find that Y (K?,7) < Y(K'?, 7). Passing to
the dual fibers at a point y € Y(K”,7) yields an embedding M, y — My )
which is equivariant for the Hecke action (i.e., compatible with the map H (K 50)
H(Ks,) given by e Ks, * (-) % €Ky, ). The limit lim limg, M thus becomes an
admissible representation of U (Fy, +) = ]_[v €% GL, (F ) Wlth coefﬁcients in x(y).
Subsequently we will use the next lemma to show it is of finite length.

Lemma 9.1. Let y € Y(K?,r) be any point. Let ®v620 m, be an arbitrary irre-
ducible subquotient® of th M,
isomorphism

- Then for all places v € Xg we have an

WD(ry|Gal,)** = rec(BCjj, (77,) ® | det 1= /2),

(Here ss means semisimplification of the underlying representation p of Wr;, and
setting N =0.)

Proof. By Corollary 7.10 we know that f; acts on lim, M, y via scaling by
az (x). On the other hand, by the proof of Lemma 6.1 we know what f; (Ryesx, )
is. By comparing the two expressions we find that

[ ] trrsl WD (s lGary ) = [ ] tr(sl rec(BCiyy () @ | det |1 /%))

veX) vEX)
for all tuples 7. This shows that WD(rx |Gai,. ) and rec(BCjy () ® | det |1 77/2)
have the same semisimplification for all v € Xy by “linear independence of charac-
ters.” ]

We employ Lemma 9.1 to show lim M, y has finite length (which for
0 .
an admissible representation is equivalent to being finitely generated by Howe’s
Theorem, see [Bernstein and Zelevinskii 1976, 4.1]).
Lemma 9.2. The length of lim_ M/KP 5
uniformly bounded in y on quaszcompact subvarletles of Y(KP,r).

asa U(Fy, Y ,)-representation is finite, and

Proof. We first show finiteness. Any admissible smooth representation contains a

simple subrepresentation. Therefore, if lim M »,y 1s of infinite length we can
Zo

write down an infinite proper ascending chain of U (F = ,)-invariant subspaces

0=V0CV1CVQCV3C"-C11_I‘I>1MK,;J, Vig1/ Vi # 0 simple.
Kz,
6Such exist by Zorn’s lemma; any finitely generated subrepresentation admits an irreducible
quotient.
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Taking Ky, -invariants (which is exact as charg = 0) we find an increasing chain
of H(Ksx,)-submodules V,-K20 C M/K,,ﬁy. The fiber is finite-dimensional so this
chain must become stationary. IL.e., V;;+1/V; has no nonzero Ky -invariants for
i large enough. If we can show that every irreducible subquotient ®v620 7, of
li_r)n Ks M’K ry has nonzero K -invariants, we are done. We will show that we can
find a small enough K5, with this last property.

The local Langlands correspondence preserves e-factors, and hence conductors.
(See [Jacquet et al. 1981] for the definition of conductors in the GL,-case, and [Tate
1979, p. 21] for the Artin conductor of a Weil-Deligne representation.) Therefore,
for every place v € Xy we get a bound on the conductor of BCy,, (7):

(9-3) c(my) = c(BCyy (11y))
= c(rec(BCy), () ® | det |1 77/2))

< ¢(rec(BC, (,) ® | det |17/ 4y
9.1

= C(WD(rx |GalFﬁ)ss) +n.

In the inequality we used the following general observation: If (5, N) is a Weil-
Deligne representation on a vector space S, its conductor is

c(p) +dim 8 — dim(ker N)/,

where [ is shorthand for inertia; ¢(p) is the usual Artin conductor, which is clearly
invariant under semisimplification: ¢(p) only depends on p|; which is semisimple
because it has finite image. This shows c(ir,) is bounded in terms of x. If we take
Ks, small enough, say K, = [],cx, Kv, Where

Ky =i;'{¢g € GL.(OFR) : (gu1. ... gun) = (0, ..., 1) mod w}! }

with N greater than the right-hand side of the inequality (9-3), then every constituent
@ yex, v as above satisfies 7 Ko £ 0 as desired. This shows the length is finite.

To get a uniform bound in K7 and r we improve on the bound (9-3) using [Livné
1989, Proposition 1.1]: Since rxl(;alpi is a lift of f|Ga1Fﬁ, that proposition implies
that

c(WD(rxlGaly, ) < ¢(FlGais,) + 1.

(One can improve this bound but the point here is to get uniformity.) Taking Kz, as
above with N greater than c(r|gal Fﬁ) + 2n the above argument guarantees that the
U(F;O)—length of li_n)l,(20 M’Kp’y is the same as the H(Kx,)-length of M’Kzokz’y,
which is certainly at most dimg /\/l’K2 KTy This dimension is uniformly bounded
when y is constrained to a quasicompoact subspace of Y (K7, r). U
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9A. Strongly generic representations. Fix a place v € ¥, and recall the definition
of m, , in (4-1). We call x a generic point if 7, , is a generic representation (i.e.,
when it has a Whittaker model) for all v € ¥y. For instance, all classical points
are generic (see the proof of Lemma 3.3). We will impose a stronger condition on
I'x|Gal. Which ensures that 7, , is fully induced from a supercuspidal representation
of a Levi subgroup (thus in particular is generic, see [Bernstein and Zelevinsky
1977]). This rules out that y ,, is Steinberg for instance, and bypasses difficulties
arising from having nonzero monodromy.

Definition 9.4. Decompose WD(r|Gal P S~ p1B---Pp; into a sum of irreducible
representations p; : Wr, — GL,,(Q,). We say rxlglleﬁ is strongly generic if
pi = pj@e€ foralli # j, where € : Galp, — Z is the cyclotomic character.

For the rest of this section we will assume ry is strongly generic at each v € X.
In the notation of Definition 9.4, each p; corresponds to a supercuspidal represen-
tation 77; of GL,,. (F;). More precisely WD(;) = rec(7; ® | det |1 =%)/2), Letting
Ind%L" . denote normalized parabolic induction from the upper block-triangular
parabldiic subgroup with Levi GL,, x - - - x GL,,, we have
e ®|det| 12 2 Indp (@ @ det] T @ @ (7 ® [det 1))

,,,,, nt

since the induced representation is irreducible, see [Bernstein and Zelevinsky 1977].
Indeed 7; ~ (1) for all i # j. (The twiddles above p; and 7; should not be
confused with taking the contragredient.)

By Lemma 9.1, for any irreducible subquotient ), .5, 7, of lim Kz, M, ., the
factor m, has the same supercuspidal support as 7, ,. Since the latter is fully
induced from P, ., they must be isomorphic. In summary we have arrived at
this result:

.....

Corollary 9.5. Let y = (x,8) € Y(K?, r) be a point at which ry is strongly generic
at every v € Xg. Then li_r>n,<ZO M’Kp’y has finite length, and every irreducible

subquotient is isomorphic to @) Ty v

veX)

Altogether this proves Theorem 1.1 in the Introduction.

Remark 9.6. Naively one might hope to remove the “ss” in Theorem 1.1 by showing
that 7, , has no nonsplit self-extensions; ExtéLn( Fﬁ)(nx,v, 7y ») = 0. However, this
is false even if we assume 7 , = InleDL” (o) with o = ®’j:1 7 j supercuspidal (as
above). Let us explain why. For simplicity we assume o is regular, which means
wo ~o = w =1 for all block-permutations w € S,. In other words 77; %7 ; fori # j
with n; =n ;. Under this assumption the “geometric lemma” (see [Casselman 1995,
Proposition 6.4.1]) gives an actual direct sum decomposition of the N-coinvariants:

(ﬁx,v)N ~ @w wo
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with w running over block-permutations as above. The usual adjointness property
of (-)n is easily checked to hold for Ext' (see [Prasad 2013, Proposition 2.9]).
Therefore

ExtéLn (TTx v, Ty p) Ext}u((nx,v)N, o)~ 1_[ Ext}w(wa, o)~ Ext}w(a, o).
w

In the last step we used [Casselman 1995, Corollary 5.4.4] to conclude that
Ext}w(wa, o) = 0 for w # 1. However, Ext}w(a, o) is always nontrivial. For
example, consider the principal series case where P = B and o is a smooth
character of 7. Here ExtlT (0,0) >~ ExtlT(l, 1) @~ Hom(T, E) >~ E". In general, if
o is an irreducible representation of M with central character w, there is a short
exact sequence

0 — Exty, (0, 0) > Exty, (0, 0) = Hom(Zy, E) > 0

(see [Paskiinas 2010, Proposition 8.1] whose proof works verbatim with coefficients
E instead of Fp). If o is supercuspidal it is projective and/or injective in the
category of smooth M -representations with central character w, and vice versa
(see [Casselman 1995, Theorem 5.4.1; Adler and Roche 2004]). In particular
dimg Ext), (0, o) = dim(Zy).

By Proposition 8.1 all the self-extensions of =, , arising from li_r)nK20 M’K,,’ y
actually live in the full subcategory of smooth representations with central charac-
ter wy, . As we just pointed out, supercuspidal is equivalent to being projective
and/or injective in this category. Thus at least in the case where ) Ty 1S
supercuspidal we can remove the “ss” in Theorem 1.1.

UEE()

Remark 9.7. We comment on the multiplicity m in the analogous case of GL(2) q.
Replacing our unitary group U with GL(2) @, and replacing S (K?, E) with the com-
pleted cohomology of modular curves H! (KP)g with tame level K? C GL, (A?),
a statement analogous to Theorem 1.1 is a consequence of Emerton’s local—global
compatibility theorem [Emerton 2011, Theorem 1.2.1], under the assumption that
F|Galg, is not isomorphic to a twist of (3%) or ({%). With this assumption, the
multiplicities m, are (at least predicted to be) equal to 2 (coming from the two-
dimensional Galois representation r, ), and the representations of GL2(Qyx,) which
appear are semisimple.

Indeed, it follows from [loc. cit.] that we have m, =2 dimg J g (IT(ox)™), where
Ox =Ty |Ga]@p . When g, is absolutely irreducible, it follows from [Dospinescu 2014,
Theorems 1.1 and 1.2] (see also [Colmez 2014, Theorem 0.6]) that J g (TT(ox)™) has
dimension at most 1. If g, is reducible, then [Emerton 2006b, Conjecture 3.3.1(8),
Lemma 4.1.4] predicts that Jg(l'[(g +)*") again has dimension at most 1, unless g,
is of the form n & n for some continuous character n : Galg, — E*.
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In the exceptional case with o, >~ n @ n scalar, where [Emerton 2011, Theo-
rem 1.2.1(2)] does not apply, we have

dimg J}(M(0,)™) =2, when § =n|-|®@nel-|~",

and therefore [Emerton 2011, Conjecture 1.1.1] predicts that we have m, = 4 for
y=(x, ]| Qnel-|7H. Again the representation of GL,(Qy,) which appears is
predicted to be semisimple.

9B. The general case at Iwahori level. In this section we assume 7 is automorphic
of tame level K” = Ky, K¥, where K5, = [Tyex, Kv is a product of Iwahori
subgroups. This can usually be achieved by a solvable base change; i.e., by replacing
r with its restriction 7|Ga,, for some solvable Galois extension F '/F (see the
“Skinner—Wiles trick” [Skinner and Wiles 2001]). We make this assumption to
employ a genericity criterion of Barbasch and Moy [1994], which was recently
strengthened by Chan and Savin [2018; 2019].

9B1. Genericity and Iwahori-invariants. The setup of [Chan and Savin 2018] is
the following. Let G be a split group over a p-adic field F', with a choice of Borel
subgroup B = TU. We assume these are defined over O = O, and let I C G(O)
be the Iwahori subgroup (the inverse image of B over the residue field [,;). The
Iwahori—-Hecke algebra H has basis T, = [[wl], where w € W runs over the
extended affine Weyl group Wex = Ng(T)/T(O). The basis vectors satisfy the
usual relations

Tw, Tw, = Twyw,»  When £(wiws) = £(wr) + £(w2),
(Ts —g)(T; +1) =0, when £(s) = 1.
Here ¢ : Wex — Z denotes the length function defined by ¢*™) = |TwI/I|. Inside
of H we have the subalgebra Hy of functions supported on G (QO), which has basis
{Ty}wew where W is the (actual) Weyl group. The algebra Hy carries a natural

one-dimensional representation sgn : Hy — C which sends T,, to (—1)¢™, and
we are interested in the sgn-isotypic subspaces of 7{-modules.

Definition 9.8. For a smooth G-representation 7 (over C) we introduce the follow-
ing subspace of the Iwahori-invariants

S(JT) = ﬂ (nI)T,,,:(_])Z(w).
weW

In other words the (possibly trivial) subspace of 7/ where Hy acts via the sgn-
character.

Fix a nontrivial continuous unitary character ¢ : F — C* and extend it to a char-
acter of U as in [Chan and Savin 2018, Section 4]. For a smooth G-representation
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m we let Ty y be the “top derivative” of 1/-coinvariants (whose dual is exactly the
space of yr-Whittaker functionals on ).

Theorem 9.9 (Barbasch—Moy, Chan—Savin). Let w be a smooth G-representation
which is generated by w'. Then the natural map S(w) — w —» Ty, IS an isomor-
phism.

Proof. This is [Chan and Savin 2018, Corollary 4.5] which is a special case of
[Chan and Savin 2019, Theorem 3.5]. O

In particular, an irreducible representation = with 7/ # 0 is generic if and only
if S(;r) # 0, in which case dim S(r) = 1. This is the genericity criterion we will
use below.

9B2. The S-part of the eigenvariety. We continue with the usual setup and notation.
We run the eigenvariety construction with S(KP?, E)m replaced by its S-subspace.
More precisely, for each v € ¥y we have the functor S, (Definition 9.8) taking
smooth GL,, (F;)-representations to vector spaces over E. We apply their composi-
tion S = oyex, Sy to li—n>1Kzo S‘(K”, E)n. Le., we take

M=) () S«&”. E)y) =D

veXo weW,

Clearly IT is a closed subspace of S(KP, E)q, and therefore an admissible Banach
representation of G = G(Q,). As aresult Jg(IT*")" is coadmissible (see [Breuil
et al. 2017, Proposition 3.4]) and hence the global sections I' (X7 x f, Mip) of a
coherent sheaf Mp on X; x T. We let

Yn(K?,r) = sup(Mn)

be its schematic support with the usual annihilator ideal sheaf. Mimicking the proof
of Lemma 3.1 we obtain the following description of the dual fiber of M at a
point y = (x, 8) € Yn(K?,7);

Mily = ]g(n[px]an) = m ﬂ ]g(S(KP’ E)m[px]an)Tw:(*l)“w).

veXy weW,

This clearly shows Y (K7, r) is a closed subvariety of Y (K7, r). Our immediate
goal is to show equality.

Lemma 9.10. Yn(K?,F)=Y(K?,F).

Proof. Since the classical points are Zariski dense in Y (K?, r) we just have to
show each classical y = (x, §) in fact lies in Y (K7, r). Let & be an automorphic
representation such that r, >~ r,,. This is an irreducible Galois representation
(since 7 is) and thus BCr,p+ () is a cuspidal and therefore generic automorphic

representation of GL, (Ar). In particular the factors of ) T, are generic.

UEE()
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Taking T,,-eigenspaces of the embedding ), esy Ty <> /\/l’} from Proposition 4.2
yields a map @), 5, So(ry) < My . Finally, by Theorem 9.9 we conclude that
Qyes, Svlmy) # 0 so that My | # 0. O

9B3. Conclusion. Now let y € Y(K?,r) be an arbitrary point. By Lemma 9.10
we now know Mp ;é 0. Note that /\/l/ = S(lim lim . M y) and we immediately
infer that lim /\/l does have some generlc constituent (by Theorem 9.9).
Suppose ®U€E JTU is any generic constituent of lim limg, /\/l’ Lemma 9.1 tells
us 7, and 7, , have the same supercuspldal support. By the theory of Bernstein-
Zelevmsky derivatives IndC'L” (m ® - ® 71,) has a umque generlc constituent

Consequently, there is a unique generlc representation £, with the same supercus-

pidal support as 7w, ,, and 7, =~ 71,%? . Of course, under the Iwahori assumption the

~ . en . . . .
77; are unramified characters, so here 7 f,v is the generic constituent of an unramified

principal series. Note however that this does not mean ¥, is necessarily a twisted
Steinberg representation (when the principal series is reducible). For instance, for
GL(3) one could have an induced-from-Steinberg representation xi StgL2) X X2
and so on, see [Sorensen 2006, Table A, p. 1757].

We summarize our findings:

Theorem 9.11. Let y = (x,8) € Y(K?,r) be an arbitrary point, where Ky, is a
product of Iwahori subgroups. Then the following holds:

1) yex, &%) oceurs as a constituent of lim limg, M, (possibly with multiplicity).

gen

(2) Every generic constituent of lim lim g, /\/l is lsomorphlc to @ Txp-

Here nf’v is the generic representanon of GL,, (Fy) with the same supercuspidal

UEE()

SUpport as Ty .

It would be interesting to relax the assumption that K, is Iwahori for v € X.
In [Chan and Savin 2019] they consider more general s in the Bernstein spectrum
of GL,,, (where the Levi is GL, x - -- x GL, and the supercuspidal representation
is T ®---®71). For such an s-type (J, p) one can identify the Hecke algebra
‘H(J, p) with the Iwahori—Hecke algebra of GL,, —but over a possibly larger p-
adic field. This is used to define the subalgebra Hs, C H(J, p) which carries the
sgn-character. If 7 € R°(GL,,,) is an admissible representation, [Chan and Savin
2019, Theorem 3.5] shows that a certain adjunction map S, () — 7y, is an
isomorphism, where S, (r) denotes the sgn-isotypic subspace of Homy (p, 7). (In
the case r = 1 and t =1 this recovers Theorem 9.9 above; the type is (/, 1).) In-
stead of considering S(K 5, K%, E)n in the eigenvariety construction one could take

]_[ve):o Jyand p=@), ex, Pv for certain types (Jy, py) and consider the space
Hosz (p, S (K%, E)yn) which would result in an eigenvariety Y »(Ks, K 5
which of course sits as a closed subvariety of Y (K5 OK % 7) for K5 5, C ker(p).
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If we take an arbitrary point y € Y, (Kx,K*,7) we know lim M/y lies in the
sy,-component (for each v € ¥y) and it is at least plausible the above arguments
with S replaced by S, would allow us to draw the same conclusion: lim /\/l’y
admits &), €S0 7§ as its unique generic irreducible subquotient (up to multiplicity).
The inertial classes s considered in [Chan and Savin 2019] are somewhat limited.
However, Savin has communicated to us a more general (unpublished) genericity

criterion — without restrictions on §.

10. A brief comparison with work of Bellaiche and Chenevier

As noted in the introduction, the papers [Bellaiche and Chenevier 2009; Ch-
enevier 2009] contain results of the nature of those of this paper. In particular,
Theorem 1.1(1) appears as [Chenevier 2009, remarque 3.13]. This section is an
attempt to give a slightly more detailed comparison. The theory of eigenvarieties
used by Bellaiche and Chenevier are those constructed in [Chenevier 2004]. In
[Bellaiche and Chenevier 2009, §7.4], they construct, on an eigenvariety X, a
sheaf I[1g of admissible G (Ag)-representations, where S is a finite set of places
away from p. As in our paper, this sheaf is constructed using the natural coherent
sheaf coming from their construction.” Bellaiche and Chenevier then study how
the fibers Ilg , vary with x € X, and in particular show the finiteness property
stated in Theorem 1.1(1). Each point x has an associated Hecke eigensystem
V. : H — Kk (x) and one considers a certain generalized eigenspace SY* of p-adic
automorphic forms; H?‘ is then the G (Ag)-representation over Oy , /Mg, x)Ox x
generated by S¥*. A rough “dictionary” between this paper and [Bellaiche and
Chenevier 2009] is

G(Ag) e U(Fg), sy o mM),  TI§" o @pexy .
K

We remark that the eigenvarieties used irfo[Bella'l‘che and Chenevier 2009] are
isomorphic to those used here (when one uses the same input data in terms of
groups, Hecke operators and so forth) by work of Loeffler [2011]. In fact even more
is true, the coherent sheaves produced by the two different constructions agree.’

Let us now discuss the local-global compatibility of [Chenevier 2009]. Both
his and our approach rely on the use of Bernstein center elements. Chenevier’s
very elegant approach is to build the elements he needs into his eigenvariety; this
new eigenvariety is then an open and closed subset of the original eigenvariety. By
contrast, we use the action on the coherent sheaf on an eigenvariety without any
Hecke operators at ramified places.

"Recall that all known eigenvariety constructions equip the eigenvariety with a coherent sheaf that
remembers the finite slope part of the spaces used to construct it.

8This is presumably well known to experts, and can be deduced from an extension of the method
of [Loeffler 2011], though as far as we know this result does not currently appear in the literature.
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We now go into slightly more detail. In this paragraph we work locally and let
GL,, denote GL,, (Fj3) for some v € X. For a fixed Bernstein component R°(GL,,)
with center 3° Chenevier defines a continuous n-dimensional pseudocharacter

T*: VVE7 —> 35

uniquely characterized by the following property (see [Chenevier 2009, Proposi-
tion 3.11]): For every irreducible 7 in R*(GL,), on which 3° acts via the character
7z + 3° — E, one has the identity

(zz 0 T°)(7) = tr(z| rec(r ® | det |1 7/2))

for all T € Wg,. (Note the different normalizations of the local Langlands corre-
spondence; Chenevier takes the trace of T on Ly (1) = rec(m ® | det |(17/2)%5 ) In
particular our Bernstein center element f; coincides with 7°(t) on representations
in R*(GL,,).

As mentioned earlier, in [Chenevier 2009] the eigenvariety Y comes with a
choice of Bernstein components (s, )ycx, and a homomorphism

H=M"Q(Ryez, 3”) = OF)

(where H¥ is the product of the spherical Hecke algebras away from X). For
each v € Xy one composes T* with 3> — O(Y) and gets a pseudocharacter
T, : Wg, — O(Y). On the other hand, one can restrict the Galois pseudocharacter
T : Galp — O(Y) to the Weil group. By [Chenevier 2009, Lemma 3.12] they
coincide:

Tlw,, =T, .
Consequently, to any T € W, one can attach a function a, € O(Y') which specializes
to tr (rx (r)) for any y = (x,§) € Y. (Simply take a, to be the image of T°(7)
under the map 3 — O(Y).)

The goal of [Chenevier 2009] is to use the p-adic deformation arguments above
to remove a regularity assumption on the weight, and attach Galois representations
rr, to any automorphic representation 7w of G(A). Théoreme 3.3 in [loc. cit.]
achieves this goal and proves local-global compatibility (up to semisimplification):

(10-1) WDzl )™ = rec(BCiy () ® | det |1 7/2).

In fact Bellaiche and Chenevier can prove a stronger result and even compare the
monodromy operators with respect to the usual partial order on partitions, see
[Chenevier 2009, Theorem 3.5]. With our definition of my ,, (10-1) amounts to 7y ,
and m, having the same supercuspidal support, for classical points y = (x, §).



LOCAL LANGLANDS CORRESPONDENCE IN RIGID FAMILIES 99

Acknowledgments

We would like to thank Hauseux and D. Prasad for their assistance with Ext’, as well
as Kaletha, Minguez, and Shin for helpful conversations and correspondence on
the details of [Kaletha et al. 2014]. Many thanks are due to Savin for his thorough
answers to our questions on types and genericity, and to Chenevier and Hellmann
for sharing their expertise on eigenvarieties. Finally a thank you to the anonymous
referee for thoughtful feedback; especially his/her help with proof of Lemma 9.2
and the clarification of the “neatness” issue discussed in Remark 7.8. Johansson
was supported by the Herchel Smith Foundation during the work on this paper.
Sorensen acknowledges the support from the Simons Foundation (award number
521961).

References

[Adler and Roche 2004] J. D. Adler and A. Roche, “Injectivity, projectivity and supercuspidal
representations”, J. London Math. Soc. (2) 70:2 (2004), 356-368. MR Zbl

[Arthur 2013] J. Arthur, The endoscopic classification of representations: orthogonal and symplectic
groups, American Mathematical Society Colloquium Publications 61, American Mathematical
Society, Providence, RI, 2013. MR Zbl

[Barbasch and Moy 1994] D. Barbasch and A. Moy, “Whittaker models with an Iwahori fixed vector”,
pp- 101-105 in Representation theory and analysis on homogeneous spaces (New Brunswick, NJ,
1993), edited by S. Gindikin et al., Contemp. Math. 177, American Mathematical Society, Providence,
RI, 1994. MR Zbl

[Barnet-Lamb et al. 2012] T. Barnet-Lamb, T. Gee, D. Geraghty, and R. Taylor, “Local-global
compatibility for / = p, I”, Ann. Fac. Sci. Toulouse Math. (6) 21:1 (2012), 57-92. MR Zbl

[Barnet-Lamb et al. 2014] T. Barnet-Lamb, T. Gee, D. Geraghty, and R. Taylor, “Local-global
compatibility for [ = p, I1”, Ann. Sci. Ec. Norm. Supér. (4) 47:1 (2014), 165-179. MR Zbl

[Bartenwerfer 1976] W. Bartenwerfer, “Der erste Riemannsche Hebbarkeitssatz im nichtarchimedis-
chen Fall”, J. Reine Angew. Math. 286(287) (1976), 144-163. MR Zbl

[Bellaiche and Chenevier 2009] J. Bellaiche and G. Chenevier, Families of Galois representations
and Selmer groups, Astérisque 324, Société Mathématique de France, Paris, 2009. MR Zbl

[Bellaiche and Chenevier 2011] J. Bellaiche and G. Chenevier, “The sign of Galois representations
attached to automorphic forms for unitary groups”, Compos. Math. 147:5 (2011), 1337-1352. MR
Zbl

[Bernstein and Zelevinsky 1977] 1. N. Bernstein and A. V. Zelevinsky, “Induced representations of
reductive p-adic groups, I”’, Ann. Sci. Ecole Norm. Sup. (4) 10:4 (1977), 441-472. MR Zbl

[Bernstein and Zelevinskii 1976] 1. N. Bernstein and A. V. Zelevinskii, “Representations of the group
GL(n, F), where F is a local non-Archimedean field”, Uspehi Mat. Nauk 31:3(189) (1976), 5-70.
In Russian; translated in Russian Math. Surv. 31:1 (1976), 1-68. MR

[Bosch et al. 1984] S. Bosch, U. Giintzer, and R. Remmert, Non-Archimedean analysis: a systematic
approach to rigid analytic geometry, Grundlehren der Math. Wissenschaften 261, Springer, 1984.
MR Zbl

[Breuil and Herzig 2015] C. Breuil and F. Herzig, “Ordinary representations of G(Q)) and funda-
mental algebraic representations”, Duke Math. J. 164:7 (2015), 1271-1352. MR Zbl


http://dx.doi.org/10.1112/S0024610704005617
http://dx.doi.org/10.1112/S0024610704005617
http://msp.org/idx/mr/2078898
http://msp.org/idx/zbl/1067.22006
http://dx.doi.org/10.1090/coll/061
http://dx.doi.org/10.1090/coll/061
http://msp.org/idx/mr/3135650
http://msp.org/idx/zbl/1297.22023
http://dx.doi.org/10.1090/conm/177/01917
http://msp.org/idx/mr/1303602
http://msp.org/idx/zbl/0854.22019
http://dx.doi.org/10.5802/afst.1329
http://dx.doi.org/10.5802/afst.1329
http://msp.org/idx/mr/2954105
http://msp.org/idx/zbl/1259.11057
http://msp.org/idx/mr/3205603
http://msp.org/idx/zbl/1395.11081
http://dx.doi.org/10.1515/crll.1976.286-287.144
http://dx.doi.org/10.1515/crll.1976.286-287.144
http://msp.org/idx/mr/422680
http://msp.org/idx/zbl/0332.32019
http://msp.org/idx/mr/2656025
http://msp.org/idx/zbl/1192.11035
http://dx.doi.org/10.1112/S0010437X11005264
http://dx.doi.org/10.1112/S0010437X11005264
http://msp.org/idx/mr/2834723
http://msp.org/idx/zbl/1259.11058
http://dx.doi.org/10.24033/asens.1333
http://dx.doi.org/10.24033/asens.1333
http://msp.org/idx/mr/0579172
http://msp.org/idx/zbl/0412.22015
http://mi.mathnet.ru/umn3720
http://mi.mathnet.ru/umn3720
https://iopscience.iop.org/article/10.1070/RM1976v031n03ABEH001532
http://msp.org/idx/mr/0425030
https://www.springer.com/gp/book/9783540125464
https://www.springer.com/gp/book/9783540125464
http://msp.org/idx/mr/746961
http://msp.org/idx/zbl/0539.14017
http://dx.doi.org/10.1215/00127094-2916104
http://dx.doi.org/10.1215/00127094-2916104
http://msp.org/idx/mr/3347316
http://msp.org/idx/zbl/1321.22019

100 CHRISTIAN JOHANSSON, JAMES NEWTON AND CLAUS SORENSEN

[Breuil et al. 2017] C. Breuil, E. Hellmann, and B. Schraen, “Une interprétation modulaire de la
variété trianguline”, Math. Ann. 367:3-4 (2017), 1587-1645. MR Zbl

[Bruns and Herzog 1993] W. Bruns and J. Herzog, Cohen—Macaulay rings, Cambridge Studies in
Advanced Mathematics 39, Cambridge Univ. Press, 1993. MR Zbl

[Caraiani 2014] A. Caraiani, “Monodromy and local-global compatibility for / = p”, Aigebra Number
Theory 8:7 (2014), 1597-1646. MR Zbl

[Caraiani et al. 2016] A. Caraiani, M. Emerton, T. Gee, D. Geraghty, V. Paskiinas, and S. W. Shin,
“Patching and the p-adic local Langlands correspondence”, Camb. J. Math. 4:2 (2016), 197-287.
MR Zbl

[Casselman 1995] W. Casselman, “Introduction to the theory of admissible representations of p-
adic reductive groups”, preprint, 1995, Available at https://www.math.ubc.ca/~cass/research/pdf/
p-adic-book.pdf.

[Chan and Savin 2018] K. Y. Chan and G. Savin, “Iwahori component of the Gelfand—Graev repre-
sentation”, Math. Z. 288:1-2 (2018), 125-133. MR Zbl

[Chan and Savin 2019] K. Y. Chan and G. Savin, “Bernstein—Zelevinsky derivatives: a Hecke algebra
approach”, Int. Math. Res. Not. 2019:3 (2019), 731-760. MR

[Chenevier 2004] G. Chenevier, “Familles p-adiques de formes automorphes pour GL,,”, J. Reine
Angew. Math. 570 (2004), 143-217. MR Zbl

[Chenevier 2009] G. Chenevier, “Une application des variétés de Hecke des groupes unitaires”,
preprint, 2009, Available at http:/gaetan.chenevier.perso.math.cnrs.fr/articles/famgal.pdf. Version
of 2009/04/15, to appear in Shimura varieties, Cambridge Univ. Press, edited by T. Haines and M.
Harris.

[Chenevier 2011] G. Chenevier, “On the infinite fern of Galois representations of unitary type”, Ann.
Sci. Ec. Norm. Supér. (4) 44:6 (2011), 963-1019. MR Zbl

[Chojecki and Sorensen 2017] P. Chojecki and C. Sorensen, “Strong local-global compatibility in the
p-adic Langlands program for U (2)”, Rend. Semin. Mat. Univ. Padova 137 (2017), 135-153. MR
Zbl

[Clozel 1987] L. Clozel, “Base change for GL(n)”, pp. 791-797 in Proceedings of the International
Congress of Mathematicians (Berkeley, CA, 1986), vol. 1, edited by A. M. Gleason, American
Mathematical Society, Providence, RI, 1987. MR Zbl

[Clozel et al. 2008] L. Clozel, M. Harris, and R. Taylor, “Automorphy for some /-adic lifts of
automorphic mod ! Galois representations”, Publ. Math. Inst. Hautes Etudes Sci. 108 (2008), 1-181.
MR Zbl

[Colmez 2014] P. Colmez, “La série principale unitaire de GL;(Q),): vecteurs localement analy-
tiques”, pp. 286358 in Automorphic forms and Galois representations, vol. 1, edited by F. Diamond
et al., London Math. Soc. Lecture Note Ser. 414, Cambridge Univ. Press, 2014. MR Zbl

[Conrad 1999] B. Conrad, “Irreducible components of rigid spaces”, Ann. Inst. Fourier (Grenoble)
49:2 (1999), 473-541. MR Zbl

[Dospinescu 2014] G. Dospinescu, “Equations différentielles p-adiques et modules de Jacquet
analytiques”, pp. 359-374 in Automorphic forms and Galois representations, vol. 1, edited by F.
Diamond et al., London Math. Soc. Lecture Note Ser. 414, Cambridge Univ. Press, 2014. MR Zbl

[Emerton 2006a] M. Emerton, “Jacquet modules of locally analytic representations of p-adic re-
ductive groups, I: Construction and first properties”, Ann. Sci. Ecole Norm. Sup. (4) 39:5 (2006),
775-839. MR Zbl

[Emerton 2006b] M. Emerton, “A local-global compatibility conjecture in the p-adic Langlands
programme for GLyq”, Pure Appl. Math. Q. 2:2 (2006), 279-393. MR Zbl

[Emerton 2006c] M. Emerton, “On the interpolation of systems of eigenvalues attached to automor-
phic Hecke eigenforms”, Invent. Math. 164:1 (2006), 1-84. MR Zbl


http://dx.doi.org/10.1007/s00208-016-1422-1
http://dx.doi.org/10.1007/s00208-016-1422-1
http://msp.org/idx/mr/3623233
http://msp.org/idx/zbl/06706039
http://msp.org/idx/mr/1251956
http://msp.org/idx/zbl/0788.13005
http://dx.doi.org/10.2140/ant.2014.8.1597
http://msp.org/idx/mr/3272276
http://msp.org/idx/zbl/1310.11061
http://dx.doi.org/10.4310/CJM.2016.v4.n2.a2
http://msp.org/idx/mr/3529394
http://msp.org/idx/zbl/1403.11073
https://www.math.ubc.ca/~cass/research/pdf/p-adic-book.pdf
https://www.math.ubc.ca/~cass/research/pdf/p-adic-book.pdf
http://dx.doi.org/10.1007/s00209-017-1882-3
http://dx.doi.org/10.1007/s00209-017-1882-3
http://msp.org/idx/mr/3774407
http://msp.org/idx/zbl/06851621
http://dx.doi.org/10.1093/imrn/rnx138
http://dx.doi.org/10.1093/imrn/rnx138
http://msp.org/idx/mr/3910471
http://dx.doi.org/10.1515/crll.2004.031
http://msp.org/idx/mr/2075765
http://msp.org/idx/zbl/1093.11036
http://gaetan.chenevier.perso.math.cnrs.fr/articles/famgal.pdf
http://msp.org/idx/mr/2919688
http://msp.org/idx/zbl/1279.11056
http://dx.doi.org/10.4171/RSMUP/137-7
http://dx.doi.org/10.4171/RSMUP/137-7
http://msp.org/idx/mr/3652872
http://msp.org/idx/zbl/06735312
http://msp.org/idx/mr/934282
http://msp.org/idx/zbl/0666.22004
http://dx.doi.org/10.1007/s10240-008-0016-1
http://dx.doi.org/10.1007/s10240-008-0016-1
http://msp.org/idx/mr/2470687
http://msp.org/idx/zbl/1169.11020
http://msp.org/idx/mr/3444228
http://msp.org/idx/zbl/1377.11069
http://dx.doi.org/10.5802/aif.1681
http://msp.org/idx/mr/1697371
http://msp.org/idx/zbl/0928.32011
http://msp.org/idx/mr/3444229
http://msp.org/idx/zbl/1377.11070
http://dx.doi.org/10.1016/j.ansens.2006.08.001
http://dx.doi.org/10.1016/j.ansens.2006.08.001
http://msp.org/idx/mr/2292633
http://msp.org/idx/zbl/1117.22008
http://dx.doi.org/10.4310/PAMQ.2006.v2.n2.a1
http://dx.doi.org/10.4310/PAMQ.2006.v2.n2.a1
http://msp.org/idx/mr/2251474
http://msp.org/idx/zbl/1254.11106
http://dx.doi.org/10.1007/s00222-005-0448-x
http://dx.doi.org/10.1007/s00222-005-0448-x
http://msp.org/idx/mr/2207783
http://msp.org/idx/zbl/1090.22008

LOCAL LANGLANDS CORRESPONDENCE IN RIGID FAMILIES 101

[Emerton 2007] M. Emerton, “Jacquet modules of locally analytic representations of p-adic reductive
groups, II: The relation to parabolic induction”, preprint, 2007, Available at https:/tinyurl.com/
EmertonJacquetTwo.

[Emerton 2010] M. Emerton, “Ordinary parts of admissible representations of p-adic reductive
groups, I: Definition and first properties”, pp. 355-402 in Représentations p-adiques de groupes
p-adiques I1I: Méthodes globales et géométriques, edited by L. Berger et al., Astérisque 331, Société
Mathématique de France, Paris, 2010. MR Zbl

[Emerton 2011] M. Emerton, “Local-global compatibility in the p-adic Langlands programme for
GL,/Q”, preprint, 2011, Available at http://www.math.uchicago.edu/~emerton/pdffiles/lg.pdf.

[Emerton 2017] M. Emerton, Locally analytic vectors in representations of locally p-adic analytic
groups, Mem. Amer. Math. Soc. 1175, 2017. MR Zbl

[Emerton and Helm 2014] M. Emerton and D. Helm, “The local Langlands correspondence for GL,,
in families”, Ann. Sci. Ec. Norm. Supér. (4) 47:4 (2014), 655-722. MR Zbl

[Haines 2014] T. J. Haines, “The stable Bernstein center and test functions for Shimura varieties”,
pp. 118-186 in Automorphic forms and Galois representations, vol. 2, edited by F. Diamond et al.,
London Math. Soc. Lecture Note Ser. 415, Cambridge Univ. Press, 2014. MR Zbl

[Hansen 2017] D. Hansen, “Universal eigenvarieties, trianguline Galois representations, and p-adic
Langlands functoriality”, J. Reine Angew. Math. 730 (2017), 1-64. MR Zbl

[Harris and Taylor 2001] M. Harris and R. Taylor, The geometry and cohomology of some simple
Shimura varieties, Annals of Mathematics Studies 151, Princeton University Press, 2001. MR Zbl

[Jacquetetal. 1981] H.Jacquet, L. I. Piatetski-Shapiro, and J. Shalika, “Conducteur des représentations
du groupe linéaire”, Math. Ann. 256:2 (1981), 199-214. MR Zbl

[de Jong 1995] A.J. de Jong, “Crystalline Dieudonné module theory via formal and rigid geometry”,
Inst. Hautes Etudes Sci. Publ. Math. 82 (1995), 5-96. MR Zbl

[Kaletha et al. 2014] T. Kaletha, A. Minguez, S. W. Shin, and P.-J. White, “Endoscopic classification
of representations: inner forms of unitary groups”, preprint, 2014. arXiv

[Labesse 2011] J.-P. Labesse, “Changement de base CM et séries discretes”, pp. 429—470 in On the
stabilization of the trace formula, edited by L. Clozel et al., Stab. Trace Formula Shimura Var. Arith.
Appl. 1, International Press, Somerville, MA, 2011. MR

[Livné 1989] R. Livné, “On the conductors of mod / Galois representations coming from modular
forms”, J. Number Theory 31:2 (1989), 133-141. MR Zbl

[Loeffler 2011] D. Loeffler, “Overconvergent algebraic automorphic forms”, Proc. Lond. Math. Soc.
(3) 102:2 (2011), 193-228. MR Zbl

[Minguez 2011] A. Minguez, “Unramified representations of unitary groups”, pp. 389410 in On the
stabilization of the trace formula, edited by L. Clozel et al., Stab. Trace Formula Shimura Var. Arith.
Appl. 1, International Press, Somerville, MA, 2011. MR

[Mok 2015] C. P. Mok, Endoscopic classification of representations of quasi-split unitary groups,
Mem. Amer. Math. Soc. 1108, 2015. MR Zbl

[Orlik 2005] S. Orlik, “On extensions of generalized Steinberg representations”, J. Algebra 293:2
(2005), 611-630. MR Zbl

[Paulin 2011] A. G. M. Paulin, “Local to global compatibility on the eigencurve”, Proc. Lond. Math.
Soc. (3) 103:3 (2011), 405-440. MR Zbl

[Paskiinas 2010] V. Paskiinas, “Extensions for supersingular representations of GL;(Qp)”, pp. 317-
353 in Représentations p-adiques de groupes p-adiques III: Méthodes globales et géométriques,
edited by L. Berger et al., Astérisque 331, Société Mathématique de France, Paris, 2010. MR Zbl

[Prasad 2013] D. Prasad, “Ext-analogues of branching laws”, preprint, 2013. arXiv

[Raynaud 1974] M. Raynaud, “Géométrie analytique rigide d’apres Tate, Kiehl, ...”, Bull. Soc. Math.
France Mém. 39-40 (1974), 319-327. MR Zbl


https://tinyurl.com/EmertonJacquetTwo
https://tinyurl.com/EmertonJacquetTwo
http://msp.org/idx/mr/2667882
http://msp.org/idx/zbl/1205.22013
http://www.math.uchicago.edu/~emerton/pdffiles/lg.pdf
http://www.math.uchicago.edu/~emerton/pdffiles/lg.pdf
http://dx.doi.org/10.1090/memo/1175
http://dx.doi.org/10.1090/memo/1175
http://msp.org/idx/mr/3685952
http://msp.org/idx/zbl/07069266
http://msp.org/idx/mr/3250061
http://msp.org/idx/zbl/1321.11055
http://msp.org/idx/mr/3444233
http://msp.org/idx/zbl/1377.11064
http://dx.doi.org/10.1515/crelle-2014-0130
http://dx.doi.org/10.1515/crelle-2014-0130
http://msp.org/idx/mr/3692014
http://msp.org/idx/zbl/06778775
http://msp.org/idx/mr/1876802
http://msp.org/idx/zbl/1036.11027
http://dx.doi.org/10.1007/BF01450798
http://dx.doi.org/10.1007/BF01450798
http://msp.org/idx/mr/620708
http://msp.org/idx/zbl/0443.22013
http://www.numdam.org/item?id=PMIHES_1995__82__5_0
http://msp.org/idx/mr/1383213
http://msp.org/idx/zbl/0864.14009
http://msp.org/idx/arx/1409.3731
http://msp.org/idx/mr/2856380
http://dx.doi.org/10.1016/0022-314X(89)90015-2
http://dx.doi.org/10.1016/0022-314X(89)90015-2
http://msp.org/idx/mr/987567
http://msp.org/idx/zbl/0674.10024
http://dx.doi.org/10.1112/plms/pdq019
http://msp.org/idx/mr/2769113
http://msp.org/idx/zbl/1232.11056
http://msp.org/idx/mr/2856377
http://dx.doi.org/10.1090/memo/1108
http://msp.org/idx/mr/3338302
http://msp.org/idx/zbl/1316.22018
http://dx.doi.org/10.1016/j.jalgebra.2005.03.028
http://msp.org/idx/mr/2173717
http://msp.org/idx/zbl/1080.22008
http://dx.doi.org/10.1112/plms/pdr007
http://msp.org/idx/mr/2827001
http://msp.org/idx/zbl/1290.11080
http://msp.org/idx/mr/2667891
http://msp.org/idx/zbl/1204.22013
http://msp.org/idx/arx/1306.2729v1
http://msp.org/idx/mr/0470254
http://msp.org/idx/zbl/0299.14003

102 CHRISTIAN JOHANSSON, JAMES NEWTON AND CLAUS SORENSEN

[Schneider 2011] P. Schneider, p-adic Lie groups, Grundlehren der Math. Wissenschaften 344,
Springer, 2011. MR Zbl

[Schneider and Teitelbaum 2003] P. Schneider and J. Teitelbaum, “Algebras of p-adic distributions
and admissible representations”, Invent. Math. 153:1 (2003), 145-196. MR Zbl

[Scholze 2011] P. Scholze, “The Langlands—Kottwitz approach for the modular curve”, Int. Math.
Res. Not. 2011:15 (2011), 3368-3425. MR Zbl

[Scholze 2013a] P. Scholze, “The Langlands—Kottwitz approach for some simple Shimura varieties”,
Invent. Math. 192:3 (2013), 627-661. MR Zbl

[Scholze 2013b] P. Scholze, “The local Langlands correspondence for GL,, over p-adic fields”, Invent.
Math. 192:3 (2013), 663-715. MR Zbl

[Shin 2011] S. W. Shin, “Galois representations arising from some compact Shimura varieties”, Ann.
of Math. (2) 173:3 (2011), 1645-1741. MR Zbl

[Skinner and Wiles 2001] C. M. Skinner and A. J. Wiles, “Base change and a problem of Serre”,
Duke Math. J. 107:1 (2001), 15-25. MR Zbl

[Sorensen 2006] C. M. Sorensen, “A generalization of level-raising congruences for algebraic modular
forms”, Ann. Inst. Fourier (Grenoble) 56:6 (2006), 1735-1766. MR Zbl

[Sorensen 2017] C. Sorensen, “A note on Jacquet functors and ordinary parts”, Math. Scand. 121:2
(2017),311-319. MR Zbl

[Tate 1979] J. Tate, “Number theoretic background”, pp. 3—-26 in Automorphic forms, representations
and L-functions (Corvallis, OR, 1977), vol. 2, edited by A. Borel and W. Casselman, Proc. Sympos.
Pure Math. 33, American Mathematical Society, Providence, RI, 1979. MR Zbl

[Taylor and Yoshida 2007] R. Taylor and T. Yoshida, “Compatibility of local and global Langlands
correspondences”, J. Amer. Math. Soc. 20:2 (2007), 467-493. MR Zbl

[Thorne 2012] J. Thorne, “On the automorphy of /-adic Galois representations with small residual
image”, J. Inst. Math. Jussieu 11:4 (2012), 855-920. MR Zbl

Received October 12, 2018. Revised July 15, 2019.

CHRISTIAN JOHANSSON

DEPARTMENT OF MATHEMATICAL SCIENCES

CHALMERS UNIVERSITY OF TECHNOLOGY AND THE UNIVERSITY OF GOTHENBURG
SE-412 96 GOTHENBURG

SWEDEN

chrjohv@chalmers.se

JAMES NEWTON

DEPARTMENT OF MATHEMATICS
KING’S COLLEGE LONDON
STRAND

LONDON

UNITED KINGDOM
j-newton@kcl.ac.uk

CLAUS SORENSEN

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALIFORNIA, SAN DIEGO
LA JoLLA, CA

UNITED STATES

csorensen @ucsd.edu


http://dx.doi.org/10.1007/978-3-642-21147-8
http://msp.org/idx/mr/2810332
http://msp.org/idx/zbl/1223.22008
http://dx.doi.org/10.1007/s00222-002-0284-1
http://dx.doi.org/10.1007/s00222-002-0284-1
http://msp.org/idx/mr/1990669
http://msp.org/idx/zbl/1028.11070
http://dx.doi.org/10.1093/imrn/rnq225
http://msp.org/idx/mr/2822177
http://msp.org/idx/zbl/1309.14019
http://dx.doi.org/10.1007/s00222-012-0419-y
http://msp.org/idx/mr/3049931
http://msp.org/idx/zbl/1309.14020
http://dx.doi.org/10.1007/s00222-012-0420-5
http://msp.org/idx/mr/3049932
http://msp.org/idx/zbl/1305.22025
http://dx.doi.org/10.4007/annals.2011.173.3.9
http://msp.org/idx/mr/2800722
http://msp.org/idx/zbl/1269.11053
http://dx.doi.org/10.1215/S0012-7094-01-10712-6
http://msp.org/idx/mr/1815248
http://msp.org/idx/zbl/1016.11017
http://dx.doi.org/10.5802/aif.2226
http://dx.doi.org/10.5802/aif.2226
http://msp.org/idx/mr/2282674
http://msp.org/idx/zbl/1214.11056
http://dx.doi.org/10.7146/math.scand.a-26363
http://msp.org/idx/mr/3722570
http://msp.org/idx/zbl/1403.11044
http://msp.org/idx/mr/546607
http://msp.org/idx/zbl/0422.12007
http://dx.doi.org/10.1090/S0894-0347-06-00542-X
http://dx.doi.org/10.1090/S0894-0347-06-00542-X
http://msp.org/idx/mr/2276777
http://msp.org/idx/zbl/1210.11118
http://dx.doi.org/10.1017/S1474748012000023
http://dx.doi.org/10.1017/S1474748012000023
http://msp.org/idx/mr/2979825
http://msp.org/idx/zbl/1269.11054
mailto:chrjohv@chalmers.se
mailto:j.newton@kcl.ac.uk
mailto:csorensen@ucsd.edu

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Wee Teck Gan

Mathematics Department
National University of Singapore

Singapore 119076

matgwt@nus.edu.sg

Sorin Popa

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing

Department of Mathematics
University of California
Santa Cruz, CA 95064
qing @cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ

CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV.

UNIV.

OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2020 is US $520/year for the electronic version, and $705/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.
PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

Local Langlands correspondence in rigid families
CHRISTIAN JOHANSSON, JAMES NEWTON and CLAUS SORENSEN

Pseudoindex theory and Nehari method for a fractional Choquard equation
MIN L1U and ZHONGWEI TANG
Symmetry and nonexistence of positive solutions for fractional Choquard
equations
PEI MA, XUDONG SHANG and JTHUI ZHANG

Decomposability of orthogonal involutions in degree 12
ANNE QUEGUINER-MATHIEU and JEAN-PIERRE TIGNOL
Zelevinsky operations for multisegments and a partial order on partitions
PETER SCHNEIDER and ERNST-WILHELM ZINK
Langlands parameters, functoriality and Hecke algebras
MAARTEN SOLLEVELD

On the archimedean local gamma factors for adjoint representation of GL3, part

I
FANGYANG TIAN

An explicit CM type norm formula and effective nonvanishing of class group

L-functions for CM fields
LIYANG YANG

65

103

143

169

181

209

303

347

0030-8730(2020)304:1;1-S



	1. Introduction
	2. Notation and terminology
	2A. Unitary groups
	2B. Automorphic forms
	2C. Hecke algebras
	2D. Galois representations
	2E. Deformations

	3. Eigenvarieties
	3A. Formal schemes and rigid spaces
	3B. Deformation space
	3C. Character and weight space
	3D. Definition of the eigenvariety
	3E. Classical points

	4. The case of classical points of noncritical slope
	5. Interpolation of the Weil–Deligne representations
	6. The local Langlands correspondence for GLn after Scholze
	7. Interpolation of traces
	8. Interpolation of central characters
	9. Proof of the main result
	9A. Strongly generic representations
	9B. The general case at Iwahori level
	9B1. Genericity and Iwahori-invariants
	9B2. The S-part of the eigenvariety
	9B3. Conclusion


	10. A brief comparison with work of Bellaïche and Chenevier
	Acknowledgments
	References
	
	

