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PSEUDOINDEX THEORY AND NEHARI METHOD
FOR A FRACTIONAL CHOQUARD EQUATION

MIN L1U AND ZHONGWEI TANG

We study the following nonlinear fractional Choquard equation:
*®) XA w+V@w=e" W)+ Ww")]w" w, xeR",

where ¢ >0, s € (0, 1), N >2s, I is the Riesz potential with order 6 € (0, N),
p € [2,2*), mingy V > 0 and infyy W > 0. By specifying the ranges
and interdependence of linear and nonlinear potentials, we achieve the ex-
istence, convergence, concentration, and decay estimate of positive ground-
states for (x). The multiplicity of semiclassical solutions is established via
pseudoindex theory. The existence of sign-changing solutions is constructed
by minimizing the energy on Nehari nodal set.

1. Introduction and main results

This paper contributes to the multiplicity of semiclassical solutions and the con-
vergence, concentration, decay estimate of positive groundstates for the nonlinear
fractional Choquard equation,

(1-1) ¥ (=AY w+V@)w=e W) [Igx(W|w|")]|w|” 2w, we H ®RY),

where e >0, s €(0,1), N>2s,0€(0,N), pe [2, %), V and W are Holder
continuous bounded positive functions, and the Riesz potential I is defined as

follows:

r(%9)

PP ()

The Choquard equation first appeared in Frohlich and Pekar’s model of polaron
[Pekar 1954] and was afterwards introduced by Ph. Choquard in the modeling of a
one-component plasma [Lieb 1977]. It can be regarded as Schrodinger—Newton
equation in models coupling the Schrodinger equation of quantum physics with

Ag N
(1-2) Ip(x) := Hﬂ, x € R"\ {0}, where Ag :=
by
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nonrelativistic Newtonian gravity and it also associates with the Einstein—Klein—
Gordon and Einstein—Dirac system [Moroz and Van Schaftingen 2017].
Solitary wave solution with the type

Y(x, 1) =e MEyw(x)

for the time-dependent Hartree equation with (¢, x) € (0, oo) x RV,

0
i 2 = 2 (A Y+ (V) R — e W = WYy

corresponds to the solution of Equation (1-1). In this sense, Choquard equation is
known as stationary Hartree equation.

Concerning the early works on Choquard equation, we can go back to E. H. Lieb
[1977] and P. L. Lions [1980], where they both dealt with the following equation

(1-3) —Au+au=2(ﬁ*|u|2)u, xeR®

with a € R. Moreover, Lieb proved the existence and uniqueness of solutions by
using symmetric decreasing rearrangement inequalities and Lions obtained the
existence of infinitely many radially symmetric solutions.

Thereafter, the study about Choquard equation has grown steadily. Ma and Zhao
[2010] settled the classification of all positive solutions to Equation (1-3) witha =1
and proved that all the positive solutions of this equation must be radially symmetric
and monotone decreasing about some fixed point by moving plane method. Moroz
and Schaftingen [2013] and Ghimenti and Schaftingen [2016] studied Equation (1-1)
with s = ¢ = V(x) = W(x) = 1 successively, the former proved the existence,
regularity, symmetry and decay asymptotics of positive groundstates, and the latter

constructed minimal energy odd solutions for p € (N—+6 N—+9) and minimal energy

N * N=-2
N+0

nodal solutions for p € (2, N72). Alves, Gao, Squassina and Yang [Alves et al.

2017] considered
1
—2Au+ V@)= e‘W(x)(m * (WG(u)))g(u), x € R?,
X

where € > 0, 6 € (0, 3), V, W are continuous real functions, G is the primitive of g
with a critical growth due to the Hardy—Littlewood—Sobolev inequality, and they es-
tablished the existence and multiplicity of semiclassical solutions and characterized
the concentration behavior by variational methods.

Recently, the discussion about fractional Choquard equation has also appeared
gradually. Lenzmann [2009] proved the uniqueness of groundstate for the pseu-
dorelativistic Hartree equation

V—A+m?iu+au= (ﬁ * |u|2>u, xeR?
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in the regime of u with sufficiently small LZ?-mass, where m > 0, a € R. Cingolani
and Secchi [2015] studied the semiclassical limit for the pseudorelativistic Hartree
equation

V=2A4+m2u+Vx)u = p*|ul”)|u’*u, xeRV,
where e >0, m >0, p € [2, %), e ((N—1)p— N, N) and V is a continuous
and bounded function with infgy V > —m. d’Avenia, Siciliano and Squassina
[d’ Avenia et al. 2015] investigated

(—A)Su—l—au:( *Iulp)lulp_Zu, x e RV,

| x |N —6
where s € (0,1), a>0, p>1, N>3, 6 € (0, N), and they obtained the regularity,
existence, nonexistence, symmetry as well as decay properties of groundstates.
Bhattarai [2017] obtained the existence and stability results of solutions for the
following fractional Choquard equation with combined power and Hartree type
nonlinearities

(—A)Su+au=b|u|’—2u+/\< *|u|p)|u|p_2u, x eRY,

|x|N70

where s € (0,1), N>2, 0 € (0, N), re (2,24 2), pe[2, 1+ %), acRand
b, XA are nonnegative constants satisfying b + A # 0.

For more results about Choquard equation, see [Belchior et al. 2017; Moroz and
Van Schaftingen 2017; Zhong and Tang 2018]. For classical local case, we mainly
refer to [Ding and Wei 2017]. For fractional elliptic problems, we refer to [Ao et al.
2017; Bréndle et al. 2013; Davila et al. 2014; Dipierro et al. 2017; Fall et al. 2015;
Felmer et al. 2012; Jin et al. 2014].

Ding and Wei [2017] considered the following Schrodinger equation:

—PAw+V@)w=Wu)|w/’ 2w, xeRY,

where ¢ > 0, p € (2, %) and V, W are continuous bounded positive functions.

They studied the existence and concentration of positive groundstates and they also
constructed the multiplicity of semiclassical solutions including at least a pair of
sign-changing solutions by pseudoindex theory and Nehari method.

With regard to the multiplicity of solutions for fractional elliptic problems,
Lyapunov—Schmidt reduction is also an important method. We can take [Ao et al.
2017; Dévila et al. 2014] as examples. Ddvila, del Pino and Wei [Dévila et al. 2014]
considered the following fractional nonlinear Schrodinger equation

e (=AY u+V@u=ul"u, xeRV,
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where ¢ > 0, s € (0,1), p € (1,323) and V € C™*®RY) N L®RY) with
infgy V' > 0. For any positive integer k, the authors proved the existence of k-spike
solution in H* (R") by applying Lyapunov—Schmidt variational reduction together
with appropriate assumptions. Ao, Wei and Yang [Ao et al. 2017] later studied
the above equation with ¢ = 1, N = 2 and constructed infinitely many nonradial
high energy positive solutions for it by using an intermediate Lyapunov—Schmidt

reduction and assuming

a
V(x):Voo+—+0(

N ), as |x| — oo.

| X |m+a

Motivated by the works cited above, we wish to study the multiplicity and
concentration of solutions for the nonlinear fractional Choquard equation (1-1) by
using pseudoindex theory and the Nehari method. Referring to [Ding and Wei 2017],
we shall consider the ranges and interdependence of linear and nonlinear potentials
to be the essential assumptions. According to [Felmer et al. 2012], we will suppose
the two potentials to be Holder continuous in order to lift the regularity of solutions
and ensure the representation (2-2) holds. Compared with [Ding and Wei 2017],
there appear two nonlocal terms in our equation, which are fractional Laplace
operator and convolution type Hartree term, which bring us more difficulties. In
order to overcome the nonlocality of the fractional Laplace operator, in some cases
we will adopt the extension method proposed in [Caffarelli and Silvestre 2007]. On
the Hartree term, the Hardy-Littlewood—Sobolev inequality and the Brézis—Lieb
type lemma (see Lemma 3.5) play an important role. We finally obtain the existence
of multiple solutions, groundstates and sign-changing solutions for Equation (1-1).
In addition, we prove the positive groundstate concentrates in a special set related
to the minimum of linear potential and the maximum of nonlinear potential.

Now we state our assumptions and main results.

(A0) V, W € CO*(RM, R) are bounded with some A € (0, 1), V achieves a global
minimum on RY with mingy V > 0, and W achieves a global maximum on
RV with infgy W > 0.

To describe our results and proofs, denote

T:=minV, V¥ := {x eRN: Vx)= ‘E}, Too ;= liminf V (x);

RN [x]—o00
ki=max W, 7 = [x eRY :W(x) =k}, koo :=limsup W(x);
R |x]—o00

Xp €V 1 ky =W(xy) = mya/lx w;

Xw €W Ty = Vixy) :mWin V.

(A1) Either (i) or (ii) holds, where
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(1) T < T, and there exists R, > 0 such that W (x) <k,, for all |x| > R;
(i) k > koo, and there exists R,, > 0 such that V (x) > 1, for all |x| > R,,.

If (A1)(i) holds, define &, :={x € ¥ : W(x) =k,}U{x ¢ ¥V : W(x) > k,}.

If (A1)(ii) holds, define &7, :={x € # : V(x) =1, U{x ¢ # : V(X) < Ty}.

In what follows, <7 stands for <7, in the case (A1)(1) and 7, in the case (A1)(ii).
Clearly, <7 is bounded. Moreover, & =¥ NW if ¥ N # &.

Theorem 1.1. Assume that (AO) holds and
(1-4) T < Tooy, ky=>koo.
Then for the maximal integer m € N with

0425
(1-5) m< (Tio)zs(p_l)

T

N-2s _2
2s kv p—1
()"

Equation (1-1) possesses at least m pairs of solutions for small ¢ > 0. Furthermore,

N+0
whenm >2and p € (2, N_2s
negative and two change sign.

Theorem 1.2. Assume that (AO) holds and

), among the solutions, at least one is positive, one is

(1-6) Ty < Toos k> koo

2
k \p-1
koo ’
all the conclusions of Theorem 1.1 remain true.

Theorem 1.3. Assume that (AO)—(A1) hold. Then for sufficiently small ¢ > 0,
Equation (1-1) has a positive groundstate w,. If additionally V, W € C'(RY, R)
and VV VW are bounded, then w, satisfies:

Then for the maximal integer m € N with
042s N-2s

(1 7) <‘L’OO>2s(p—1) 2s

Tw

(i) (concentration) There exists a maximum point X of w, with
lim dist(x,, /) = 0.
e—0

N+6

(i) (decay estimate) For p € (2, 45

large R > 0 such that

), there exist Cy > Cy > 0 and sufficiently

C18N+2S C28N+2s

<w

—— <w,(x) £ ————-, forall |x| > R.
v = O S e S

(iii) (convergence) Setting u.(x) := w.(ex + x.), for any sequence x, — Xxg
(as e — 0),
u, — u in H(RY),
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where u is a groundstate of
(1-8) (=AY u+Vxo)u = W(xo) (g *uP)u?™',  u>0.

In particular, if ¥V N\W # &, then lim,_, ¢ dist(x., ¥ N#') =0 and up to a sequence,
us — u in H*(RV) as ¢ — 0, with u being a groundstate of

(1-9) (=AY u+tu=k>(p xuP)uP~', u=>0.

Our paper is organized as follows: Section 2 is a review of the fractional Sobolev
space and the fractional Laplace operator. Section 3 offers some valuable informa-
tion about the Riesz potential. Section 4 contains some preliminary results which
are established by variational methods and play a key role in the proofs of main
theorems. Sections 5 and 6 contribute to the proofs of main results. In Section 5,
we prove the multiplicity of semiclassical solutions via Benci pseudoindex theory
and show the existence of the groundstates and the sign-changing solutions. In
Section 6, we discuss the convergence, concentration and decay estimate of the
positive groundstate.

2. Fractional Sobolev space and fractional Laplace operator

In this section, we shall recall some important facts about the fractional Sobolev
space and the fractional Laplace operator.
For any s € (0, 1), the fractional Sobolev space H*(R") is defined by

|u(x) —u(y)l

s Ny 2/mNy . 2 /N N

endowed with the natural norm

1/2
_ 2 u@) —u()?
lleell s vy = (/RN” d”/w mdxdy ’

where the term

Ju () —u ()| 2
[M]HS([RN) = (/RzN m dx dy

is the Gagliardo seminorm of u.
For any u € H*(R"), the fractional Laplace operator (—A)* is defined via Fourier
transform by

(2-1) (CAYu = [£]¥0 e L2RY),
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where = stands for the Fourier transform. When u is assumed additionally smooth,
one can obtain the direct representation

Cn.s / u(x +y) +ulx —y) —2u(x)
dy
RN

(2—2) (—A)Su(x) = - 7 |y|N+2s ’

where Cy s := (fpn (1 —cos §1) /[N T2 d;)_1 is the dimensional constant.

Lemma 2.1 [Di Nezza et al. 2012]. Let s € (0, 1) and u € H*(RN). Then
[u1s @y = 2C5 fR IEPIAE)I dE =20 (= A) 2wl ]

Thus one can see the fractional Sobolev space H* (R") defined as above coincides
with

H®RY) = {u e L*(RY): /RNu +IEP)aE)* ds < oo}.

Obviously, the following norms on H*(R") are all equivalent:

_ 2 1/2
U / uzdx-i-/ —|u(x) uQ)l dxdy )
RN R2V |x_y|N+2s
1/2
ul—)(/ uzdx+/ |g|2S|ﬁ(g)|2dg> ;
RV RY
1/2
un—)(/ uzdx—i-/ |(—A)S/2u|2dx) .
RV RN

The dual space H*(R") of H*(R") is defined in the standard way.
Caffarelli and Silvestre [2007] introduced another valuable local representation
of (—A)®, which is via the following boundary value problem

div(y'"»Vi) =0 inRY™ :={(x,y):x e RV, y > 0},
u(x,0)=u(x) on RV.

There, # is called the s-harmonic extension of u, and & belongs to

X.Y(Rﬁ-i-l) = Cgo(Rﬁ—H)” ’ ”XS(IR{{XH)

with the norm
12
~ ._ 1-2s o2
”””XS([R{Q’“) = (Cs ‘/[MH Y172V dxdy)
and the inner product

(it D) g 1) = cs/ y' "B Vii - Vi dx dy,

N+1
RJr
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where C :=T'(s)/ (2'=2(1 —5)), is a normalization constant ensuring

(2-3) il e,y = /R IEP1A©) dE = (=) ul T g
Moreover, i can be explicitly expressed by
(2-4) u(x,y) =/ Ps(x —z, y)u(z) dz,
RN
where )
dv v
Py(x,y) = Noo)

(|x|2+y2)(N+2s)/2
is the s-Poisson kernel. It has been proved in [Caffarelli and Silvestre 2007] that

(2-5) (=A)'u(x) = =C; lim Y THoyd(x, ).
y—

The characterizations (2-1), (2-2) and (2-5) are equivalent, for instance, in
Schwartz’s space of rapidly decaying C* functions on R". For more properties of
the fractional Laplace operator, we refer readers to Section 2 of [Silvestre 2007]. In
the following, we set 27 :=2N /(N — 2s).

Lemma 2.2 [Di Nezza et al. 2012]. Let s € (0, 1). Then H*(R") is continuously
embedded into LY (RN) for g €2, 27] and compactly embedded into LfOC(RN ) for
q €12,2).

Lemma 2.3 [d’Avenia et al. 2015]. Lets € (0, 1), 0 > 0, g € [2,2}). If {u,} is
bounded in H* (RN) and

sup / lu,|?dx — 0, asn— oo,
yERN Bg(y)

then u, — 0in L"(RN) for any r € (2, 2%).
Lemma 2.4 [Brindle et al. 2013]. Let s € (0, 1) and U € X*(RY*!). Then

2/2§
lu|> dx <kn y!=2|VU|? dx dy,
RN ’ Rﬂ“

I'(s)I'(Y%52) [ I'(N) TS/N
2m5T(1 — )T (252) [T(N/2)

where

ulx)=trgpvy U =:U(x,0) and kys;=

Lemma 2.5 [Dipierro et al. 2017]. Letr >0, B :={(x, y) € Rf“ e, )| <}
and 7 be a subset of X* (Rﬁ“) such that

sup f yI=2IVU P dx dy < oo.
Uez JRYH!
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Then J is precompact in LZ(B;F, y1=2). Namely, X* ([R_[XH) is compactly embed-
ded into L2, (RY 1!, y1=2%) with

loc

12
R 1-2s772
U 2y yi-aey o= (/M“ y' THU(x, y) dx dy) )

Now we define a Hilbert space

E:= {U e X*(RYth: / U%(x,0)dx < oo}
RN

with norm

1/2
U g = (C/ y1_23|VU|2dxdy+/ Uz(x,O)dx)
R RN

and inner product

(U1, Un)E := Cs/

N+1
R+

yI==vu, - VUzdxdy—i—/ Ui (x, 0)Us(x, 0) dx.
RN

Clearly, trgy E = H*(R"). By Lemma 2.4, E is continuously embedded into
L4(RM) for q € [2,27]. Moreover, E is compactly embedded into Lf’oc([RN ) for
q €12,27).

In the following, we drop the constant C, for simplicity and without destruction.
Moreover, we shall use different patterns of C to denote various positive constants,
and o(1) to denote the quantities that tend to 0 as n — oo or j — oco. Meanwhile,
set

lulls == llull gs@ny,  lulg = llullpa@ny,
lullx = ||u||Xs(|R1+')v (u, v)x == (u, U)X“(Rf“)’
ut :=max{0, u}, u~ :=minf{0, u}, Ry := (0, 00).

3. Riesz potential

In this section, we shall review and prove some useful results about the Riesz
potential.

The Riesz potential with order 8 € (0, N) of a function f € LIIOC(IRN ) is defined
by

Agf(y) d
v —yNe

(3-D (To * f)(x) :Z/R

where Ay is the same as in (1-2). The integral in (3-1) converges in the classical
Lebesgue sense for a.e. x € RV if and only if

(3-2) feL'®Y, 1+ xp?M).
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Moreover, if (3-2) doesn’t hold, then (3-1) diverges everywhere on R" . In addition,
if £ e C%"(RY) with v € (0, 1), then either Iy * f € C*(RN) for v+0 € (0, 1) or
Iy f € COHRYN) for v+6 €[1, N+1) (see Theorem 1 and its proof in [du Plessis
1955]).

The Riesz potential I, is well-defined as an operator in L9(R") if and only if
q € [1, %) Furthermore, if g € (1, %) and r := NIX—Z,q, then

Iy : LYRN) — L™ (RV)
is a bounded linear operator, which can be disclosed by the Hardy—Littlewood—
Sobolev inequality.
Lemma 3.1 [Hardy et al. 1952]. Let 0 € (0, N), g € (1, %) Then for any f €
LY(RN), Ig % f € LNY/N=80RNY and
1_90

1 1

q N q

(f |19*f|N‘“<“q>dx> scN,e,q(/ Ifl"dX)-
RN RN

Applying Lemma 3.1 to the function f = |u|? € L*/V+)(RV), we get the
following result.

Lemma 3.2 [Moroz and Van Schaftingen 2017]. Let 6 € (0, N). Then for any
ue LZNp/(N—FG)(RN)’

/ (Ip * [u|P)|u|? dx < Cy. </ |u|2Np/(N+9) dx
RN RN

I in particular, s € (0, 1), N >2s, 0 € (0, N), pe[2, 242 ] and u € H*(RVY),
then

)(N+9)/N

2
fN(Ie £ lulP)lul? dx < Crvg.p ]2,
R

As a matter of fact, p € [%, 1</vj20s] if and only if I%ILJFI; €[2,2!].
It’s worthwhile to mention that the Brézis—Lieb type lemma holds for the Riesz

potential. To prove this lemma, we need two essential results.
Lemma 3.3. Let Q be a domain on RN and q,r € (1,00), é + % =1 Ifu, > u
in L1(2) and v, — v in L"(Q) as n — oo, then

lim unvndx=/ uvdx.
Q Q

n—oo
Lemma 3.4. Let Q be a domain on RN, r € [1, 00) and {u,} be a bounded sequence
in L"(). If u, — u a.e. in Q as n — o0, then for any q € [1, r],

lim / it = it — ul? — |u]?]”7 dx = 0,
Q

n—oo

lim /||ujf|q—|(u,,—u)i|q—|ui|q|’/qu:0.
n—oo Q
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We would like to point out that the constraint p € [2, %) is only needed

for the second part of the following Brézis—Lieb type lemma, while the first part
permits p € [, AL,

Lemma 3.5. Let s € (0,1), N > 25, 0 € (O,N), p € [2, 222, Ifu, — u in
H*(RN) as n — oo, then

1) D(u,) — D, —u) — D(u) as n — o<;
(i) D' (up) —D (up, —u) — D'(u) in H*RY) as n — oo,
where
D(u) ::f (Ip * |u|?)|ul? dx.
RN
Proof. The proof is similar to that of Lemma 2.5 in [Liu and Tang 2019] with
Lemmas 3.3 and 3.4 being used, and so it is omitted. (]
In terms of Lemma 3.5, the following result is absolutely true.

Lemma 3.6. Let s € (0,1), N > 2s, 0 € (O,N), p € [2, 222, Ifu, — u in
H*(RN) as n — oo, then for any v € H(RV),

(D' (u,), v) = (D'(u),v) asn— oo,

where D(u) is defined as in Lemma 3.5.

4. Preliminary results

In this section, we establish some results which are necessary for the arguments of
our main results. Let us first consider the following two equations for s € (0, 1),

N>2s,0€(0,N), pe [2’ 11vvj29s)’

(4-1) (=AY v+av=">0>Uyx|v|P)|v]P v, veH'RY),

where a > 0, b > 0, and

42)  (=A)'v+ VE@Y =W @+ (W )Py, ve H' ®RY),
where T < a < Tog, koo < b <k and

V@ (x) :=max{a, V(x)}, Vi(x):=V9ex),
WP (x) ;= min{b, W(x)}, W’ (x) :=W’(ex).

Definition 4.1. (i) v € H*(R") is a weak solution of Equation (4-1) if for any
¢ € H*(RY),

/ ((=AY?v(=A)"p + avp) dx = / b* (I * [v]")[v]P?vg dx.
RN RN
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(i) v, € H*(R") is a weak solution of Equation (4-2) if for any ¢ € H*(R"),
fR (=8P (=8) 20 + VE (x)vep) d
- fR WU % W el g .

Associated with Equation (4-1) and Equation (4-2) respectively, we define the
energy functionals for each v € H*(RY),

. 1 ) 1
J () = E/N(K_A) /2v|2+av2)dx— E/Nb2(19*|v|”)|v|”dx,
R R

J% (v) ::1/ (1(=2)"2v]* + VA (x)v?) dx—lf W2 () [Ty % (WP |v|P)]|v]? dx;
2 RN 217 RN

the Nehari manifolds
A= {v e H*®Y)\ {0} : (V) (v), v) =0},
A= {v e H*®M)\ {0} : (U (v), v) = O;

&

the least energies
9 .= inf J*°, 9 := inf J;
_yab _y.ab
and the sets of least energy solutions
" = {ve H'R"): J?(v) = 9**, (J**)(v) =0},
% = {v, € H'(RY) : I (v,) = 0%, (J2*) (ve) = 0}.
In particular, we set
J® = Jrookoo N = JVfwkoc 5P = ﬁfookoo VX .— Yo
= , = , = , o=V,
. sokoo - sokoo . 9 Tookso e Wkeo
0= Jretee 0 = Tt 9 0 = R WO = W,

Moreover, J, J;"’ e CY(H*(R"), R). The critical points of J ab and Jgab corre-
spond to the weak solutions of Equation (4-1) and Equation (4-2), respectively.
Additionally, Equations (4-1) and (4-2) can be reformulated as

diviy'=»v9) =0 in RY*1,
4-3) v(x,0) =v(x) on RV,
lim, o+ y' 728,80 = av — b2 (Ig * [v|P)|v|P"2v  in RY T,
and
div(y!"»V§) =0 in RYt1,
(4-4) {0(x,0) =v(x) on RV,

lim, g+ y' 28,0 = VE(@x)v— W2 () Igx (WP v|P)]|v[P~ v in RYT

respectively, where © € E is the s-harmonic extension of v € H*(R").
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Definition 4.2. (i) v € F is a weak solution of problem (4-3) if for all ¢ € E
/ yI=BVE-V@dx dy + / avpdx = / b2 Iy * [v|P)|v|” " >ve dx,
R+ RN RN
(ii) v, € E is a weak solution of problem (4-4) if for all ¢ € E
f Y2V, - Vg dx dy—i—/ VI (x)vep dx
RY*! RN
= [ W W20 0 .
R

where v = trgy U, v, = trgy Uy, @ = trpn @.
Associated with (4-3) and (4-4) respectively, we define the energy functionals
for each v € E,

f“b(ﬁ):lf y1—2S|v5|2dxdy+1/ auzdx—i/ b2 (Ip*|v|P)|v|P dx,
2 RT’I 2 RN 2[) RN

J (@) =1 y1*25|v5|2dxdy+l VA (x)v? dx
& 2 RIJ‘r/+1 2 RN €

1
oo [ W@ W o
P Jry

and we denote the Nehari manifolds by Nab , J@“b ; the least energies by Bab , ﬁgb ;
and the sets of least energy solutions by Z, ,9??1’ .

In addition, J4°, J;“b e C!(E, R). The critical points of J%* and J;“b correspond
to the weak solutions of (4-3) and (4-4), respectively.

In terms of (2-3), we find that

JP@) =% w), JP@) =J" )
for any v € E as the s-harmonic extension of v € H S(RV). And v € 4 if and
only if o € 4%, v e # if and only if © € .#*". Hence
éab — ﬁab 5ab _ ﬂab
’ e T Ye -
Indeed, v € E is a solution of (4-3) if and only if v = trpw~ ¥ is a solution of (4-1),
and v, € E is a solution of (4-4) if and only if v, = trg~ U, is a solution of (4-2).

Since (4-1), (4-2) and (4-3), (4-4) are equivalent, respectively, we shall take some
advantages in different cases.

Equation (4-1). In this subsection, we will derive some results for Equation (4-1),
and the corresponding results are also true for (4-3).

Lemma 4.3. There exist p > 0 and o > 0 such that

(i) JPW) >0, foral|vl,=p; (i) lim J(tvy = —c0  if v #£0.
— 400
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Lemmad.d. 9% = inf max J%(tv) = inf max J(y(1)) >0,
veHs (R¥)\(0} >0 yerab 1e[0,1]

where
r*:={y e ([0, 11, H*(R")) : ¥ (0) = 0, J*(y (1)) <0}.
Lemma 4.5. Let v € H*(RV)\ {0}. Then

—1
max J% (tv) = pz—(sab(v))!’/ (p=1),
p

t>0

where
Sab(v) o fRN(|(_A)S/2v|2 +av2) dx
(Jr D2 [P v]P dx) 7

From the proof of Theorem 1 in [Moroz and Van Schaftingen 2013], the following
result is true.

Lemma 4.6. Both ¢ and 9" are attained in H* (RN), where
¢ =inf{S*(v) : v e H'(RY)\ {0}}

=inf{S“h(v):/ b* (I % |v|P)|v|P dx = 1, veHS(RN)}
RN

with S (v) defined as in Lemma 4.5.
In view of Theorem 1.1 in [d’ Avenia et al. 2015], we have the following result.

Lemma 4.7. There exists a groundstate v € H*(R") for Equation (4-1), where
v is positive, radially symmetric and decreasing. Moreover, if s € (0, %], then
ve LY RM)NCO*RY) for p € (0, 2s); if s € (%, 1), then v e L'(RY) N CTH(RN)
foru e (0,25 —1).

Lemma4.8. Leta; > 0and b; > 0fori =1, 2.
() If min{ay, —ay, by — by} > 0, then 9101 < b2,

(i) If min{a, —ay, by — by} > 0 and max{a, —ay, by — by} > 0, then 91?1 < 9©b2,

5 0(+2s1) _N2s . 2
S(p— S —
Lemma 4.9. 9t = (i) g . (io)p 0.
Too b
Moreover, (1-5) holds if and only if m9™ < 9°°; (1-7) holds if and only if
my Tk < 9,

Proof. Setting
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then Equation (4-1) is equivalent to
(=A)*u+ Toou = k2 (I * [u|”)|u|Pu, ue H RY).
One can check that v € 4% if and only if u € A4, and for any v € b
29(+2s1)_N52s X %
AY — ) -
J% () = (i> ! : (ﬁ) "W). O
Too b
Lemma 4.10. For any given r > 2 and a > 0, there exists a continuous function
v e H*(RV) satisfying
(=AY’v+av=0, |x|>r
and
€2 Il x| >
LS =v(x) < X[V forall |x| =r,
where Cy > C| > 0 dependent on s, a,r, N.

Proof. Consider the function v := K, * xp, 1 where K, is the fundamental solution
of (—A)* +a with K,(x) = 1/(|&|* +a), and XB,, 1s the characteristic function
of the ball B, ;. For any |x| > r,

v(x)=/ Ko(x —z)dz and (—A)v+av=0.
lz|<r/2

According to Felmer, Quaas and Tan [Felmer et al. 2012], K, is positive, radially
symmetric and smooth in R" \ {0}, moreover,

Cy

2
e >
Vs < Ka(x) = N for all |x|>1

with C, > C; >0 dependent on s, ¢, N. Thus for all |x| > r,

61 / 62
————dz < ’C(X—Z)dsz ————dz,
fmsr/z |x — z| N+ =2 l<r/2 1x — z|N T2

where

/ CIN+2 dZZ/ < Vi &2
lel<rj2 |X — 2|V T lz1<r/2 (x4 [z)N =

Ci C
= i 42= v
lz1<r/2 (X[ 4 [x|/2)N+=s x| V=S

and

Cc C
/ g dz = / s
lel<r/2 1X —Z|NF iel<r2 (Ix| — |z])N+2s

C C
5/ - N 42 = N2+2 : 0
lz1<rs2 (|x] — [x]/2)N+= | [V Hes
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Equation (4-2). In this subsection, we will establish some results for Equation (4-2),
and the corresponding results are also true for (4-4).

Lemma 4.11. There exist p > 0 and o > 0 both independent of ¢, a, b and just
dependent on N, 0, p, t, k, such that

() JPw) >0, forall |v|y=p; (i) Jim J(tv) = —00 if v#0.
——+00

Lemma 4.12. 198“1’ = inf max J“ (tv) = 1nf max J“b(y(t)) >0,
veHS RV\{0} t=0 yelab te0,

where
rev:={y e ([0, 11, H*(R")) : y(0) = 0, J**(y (1)) <0}.

Lemma 4.13. If J° possesses a (PS). sequence, then either ¢ = 0 or ¢ > ¥2°.
Moreover, ¥7° > ¥°°.

Proof. Let {v,} C H*(RV) and J2(,) = ¢, (J)(vy) = 0in H(RN) as
n — oo. Assume ¢ # 0, we will prove ¢ > ¥°.

Since {v,} is bounded in H*(R"), we may assume v, — v in H*(R") asn — oo
along a subsequence. Set z,, := v, — v. By the Brézis—Lieb lemma, we have

@) [ (020, P 4 Vi) da
= /RN(|(—A)S/211|2 + Vgoo(x)vz) dx
+ /R (=AY P + V@) dr +o(1).
By slight amendment in the proof of Lemma 3.5, we get that
@6 [ W W) d
= [ WE@U W0l dx
/ W2 () g * (W |za|")] 2017 dx + 0(1),
and for any ¢ € H*(RV),
(47) /R W W )l g da

_ / Wo () (W20l 1]P~ve dx
RN

+/N W) Up % (WeSlzal ) Izal P20 dx 4+ o(1) [l
R
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As the proof of Lemma 3.6, we get that for any ¢ € H*(R"V),
f WE) Uy % (W 0al")]unl " *vnp dx

R

— [ W)y x (W v|P)]|v|P v dx  asn — oo,
RN
which ensures that (J2°)'(v) = 0. In virtue of (4-5), (4-6) and (4-7), we obtain that
I () = J7° () + I (z0) +0(1),
(J22) (W) = (I (0) + (I) (za) + o(1),

which imply that
(4-8) I (zn) = ¢ — I (v), as n — oo,
(4-9) (J)(z) = 0 in H*[RY), asn— oo.

If there exists z,, =0, that is v,, = v, then J>°(v) =c # 0 and v € A4,*°. Thus
c> 0.

If z, # 0, for all n € N, then there exists #, > 0 such that 1,2, € .#,°°. Hence

(4-10) Jfo(tnz,,) > 15‘800.

It follows from ((J2°) (t4zn), taza) = 0 and ((J°)'(z,), zx) = o(1) that

(4-11) (1—12P72) f W2 () [p % (W2, ") 24P dx = o(1).
R

Additionally,

a2 < C/ (1(=A) 322 + VX (0)22) da
IRN

=C [ W2y * (W |za")]|znl” dx + o(1).
RN

IffRN(Ig *|z2,|P)|zn|? dx — 0 as n — oo, then ||z, ||s — 0 as n — co. Thus v, — v
in H*(RY) as n — oo and ¢ = J®(v) > 9°. If fRN(Ig #1221 |za|P dx = 8 > 0,
then 1, — 1 as n — oo by (4-11). Hence J°(t,2,) — ¢ — J°(v) as n — o0
by (4-8), which implies ¢ > J°(v) + 9° > 92° by (4-10).

Finally, it follows from V°(x) > 7o, and W2°(x) < koo for any x € RY that

JOw) > J®(u), forallue H'(RY).

In virtue of Lemmas 4.4 and 4.12, ¢#2° and ©9*° are mountain pass levels of J*
and J°°, respectively. Therefore, ¥° > 9°. O

Remark 4.14. Similarly, if J;‘b has a (PS). sequence, then either c =0 or ¢ > ﬁgb.

Lemma 4.15. Jfb satisfies the (PS). condition for all ¢ < ¥°.



120 MIN LIU AND ZHONGWEI TANG

Proof. Let {v,} € H*(RY) and J*(v,) — ¢, (J) (v,) — 0 in HS(R") as
n— oo.

Since {v,} is bounded in H*(R"), we may assume v, — v in H*(R") asn — oo
along a subsequence. Then (Jfb)/(v) =0 by Lemma 3.6.

Set z,, := v, —v. Then z, — 0 in H*(R") as n — oo and

(4-12) Zn— 0 inL!

lOC([RN) asn — oo, forge€l[2,2]).

Due to the classical Brézis—Lieb lemma and Lemma 3.5, we have
@-13)  J%(z) = c— I W), (@) =0 in H RY) asn— oco.
Now we prove

JX () = c—J%W), () () =0 in H*RY) asn— oco.
By definition, we can get that

lxl‘i_r)noo(Vsoo(x) — V& (x) =0, lxlli_r)noo(Wfo(x) — W) =
which imply that for all § > 0, there exists R > 0 such that
[Ve@x) — Vi) <8, |[WPx)—WP(x)| <8, forall x| > R.
Therefore, by Lemma 3.2 and the Holder inequality, we get that
|12 @) = 2 (2| < (%|Zn|§ |Zn|sz/(N+9>)‘S +C(1znlj2 g, + |2l anpsv 4 5 )
which jointly with (4-12) and (4-13), implies that
(4-14) JX(z) = ¢ — J%(v), asn— oo.
For any ¢ € H*(R"), by the Holder inequality and Lemma 3.1, we have
((J2) @) = (I (@), 9]
< [ v = veeo iz ligldx
+k/ W) = WP % 12017207 o] de
/ [ W22 ) = W00 |U * (12~ @112 | dx

< C18(Iznl2 + 1230 191 F Ca(12nl 208 + 120 Dantinson )12 s
which together with (4-12) and (4-13), implies that

(4-15) () (z)) = 0 in H*®RY), asn— oo.
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It follows from (4-14) and (4-15) that {z,} is a (PS)._ Jab(y) Sequence of J°. By
Lemma 4.13, either ¢ = Js"b(v) orc > Jg"b (v) + 92°. But the latter contradicts the
assumption ¢ < ¥° in this lemma. Thus ¢ = Jfb (v) and

(4-16) J () = J(v), asn— oo.

Next, since ((J#)'(v,), v,) = o(1) and ((J¢*) (v), v) =0, we have
sy =1 f (1= A, 2 + V2 (2) dx +o(1),
2p RN

p—1
2p
which together with (4-16) imply that ||v, || — ||v|ls as n — oo. Therefore,

0w =2 [ (180 V)

vy — v in HSRY), asn— oco. O

Lemma4.16.  limsup 9 <9’ where a = V*(0), p = W’ (0).

e—>0

Proof. Let Vo (x) := V4(x) —a and W (x) := 8 — W2(x). Then
(4-17) Ve(x) >0, W.x)—0, ae onRY, ase—0.

Meanwhile,

(4-18) J:”(v):J“ﬂ(le/ Ve(x)vzdx+é/ We(x)(Ig % |v|P)|v|P dx
2 Jry P Jrv

— g [ W (Wopol 1o d,
D Jry

By Lemma 4.6, there exists e € P Lett, >0 satisfy t.e € %ab , then

(4-19) max J(te) = I (t.e) > 9.

Since Jaab (te) > —o0 as t — 400, there exists Ty > 0 such that
(4-20) J%(te) <0, forallt > Tp.

By (4-19) and (4-20), we get t. < Tp. Without loss of generality, we can assume
te — tg as € — 0. Noting (4-17), (4-18) and (4-19), it follows from the Lebesgue
dominated convergence theorem that

2 2p
t — t —

90 <P (1) = TP (tee)+ = / Ve(x)e? de+—— f We(x)(Igxle|?)]e]” dx
2 RN p RN

2p
f — _
- —; We(xX)[1g % (Wele|”)]le|” dx
P JrV

— J(1e) < JP(e) =9 ase— 0.
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Thus lim sup,_, , 94> < 9%6. |
Lemma 4.17. Let 1 <a < T, koo <b <k. If

0+2s _(N=2s)(p—1)
4s

Va(o)> 45

Too

W (0)
koo ’

<

(4-21) <

then there exists £*® > 0 such that 9% is attained at v?® > 0 for all & < .

Proof. Noting Lemma 4.9 and (4-21), we have 9% < 9°°, where o = V¢(0) and
B = Wb(0). By Lemmas 4.16 and 4.13, there exists ¢’ > 0 such that

99 < 9™ <9>®,  forall & < e,

By Lemma 4.15, Jeub satisfies the (PS)ya» condition for all & < £ which together
with Lemmas 4.11 and 4.12 implies that 92 is attained at v?* € H*(RV).

Next we shall prove v > 0. Let %” € E be the s-harmonic extension of v?,
then 172”’ is a groundstate of problem (4-4). Since J;"h(f)g’b )= fe"b(lﬁgh ), we may
assume 99> > 0. Then v?(x) = 99 (x, 0) > 0. As in Theorem 3.2 in [d’ Avenia
et al. 2015], we have v?* ¢ L'(RY) N CO*(RY) with u € (0, 1), which implies
|98 (x)| — 0 as |x| — oco. Hence v?” € L>°(RN). Then Iy * |[v??|7 € CO*+0(RN)
for ;146 € (0, 1) or Iy x v |P € CO'(R") for w46 € [1, N + 1). Noting that
V,W e C%*(RN), we can use a similar proof as Theorem 1.4 in [Felmer et al.
2012] to obtain that v¥? € CO2+(RN) for 25 +v < 1 and v?® € CT-2HV=1(RN)
for 2s + v > 1, where v = min{A, n}. This regularity makes sure (2-2) holds. If
v (x0) = 0 for some xo € RY, then (4-2) implies that ((—A)*v??)(xp) = 0. Due
to (2-2), we get v = 0, which is impossible. Hence v¢® > 0. g

In order to prove the existence of sign-changing solutions for Equation (1-1), we
turn to problem (4-4) and define the Nehari nodal set

M =0 e E:vF £0, (™) (@), 7F) =0}
and the least energy nodal value

¢ = inf J9°.
AEE

Indeed, J@“b D //Zfb # & and ész = ﬁgb > 0.

Lemma 4.18. For any v € E with vF # 0, there exists a unique pair of (I3, t;) €
R4 x Ry such that

LT+ 607 € 4%, TPt +1507) = max JATT 17).
g
Proof. For any ¥ € E with oF # 0, consider the mapping

P, 0 = ({2 A5 +657), 157, (e (5 +157),157))
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for (I, 1) € Ry x R4. Since

(&Y vt +157),107) =17 (/
RN

+1
+

y1_2S|V5+|2dxdy+/RN V;(x)|v+|2dx)
—lptp/ W2 () [Ip % (W2 v |P)]|v P dx
RN

P / W2 @) g+ (W, vt )] v P dx,
R

yl—ZS|w—|2dxdy+f V;(x)|v—|2dx>
RN

(T2 At +107), 107 ) =12 (/N

+1
Ry

—zPlP/N W2 () [Ig * (W2t |P)] v~ |7 dx
R
_42p b by—1p —\P
£r [ W (W a,
R

+

where vF = trgy 0T = 97 (x, 0), there exist R > r > 0 such that for any [, ¢ € [r, R],

(T2 (rot +157),r0%) > 0, (I (RO +107), RiT) <0,
(&Y 5t +r7), 7o) >0, ((J#)' (15T + R57), RI™) <0,
By Miranda’s theorem [1940], there exists (I3, t;) € (r, R) x (r, R) such that
(T2 U50F +1507), 157 ) = 0 = ((J22) (L5 F +1507), t507).

That is I;0F + ;07 € A.
Noting p > 2 and J;"b(ll/lpﬁ+ +11/P7) is strictly concave for (I, 1) € Ry x R,
it follows from

I Pot 411/ P

1, -
7((J§b)’(155+ +1;07), l51) =0,

al . -
dJLAVPE 4 11/Py) o e
: o7 = tp((J“ ) (50" +1507), 1507) =0
that (lv, U) is the unique maximum point of J“b(ll/pvJr + /P57 for (I,1) €

R4+ x R;. Hence

TPt +1507) = max TPyt 4 Py = max Just 4197y, O
> =

Now we define for any #, v € E and u = trgny i1, v = trgw 0,
Jan WE QO Uy (WY (] +[v]P)lu|” d
£, 5) == { Jayer YTHIVER dx dy+ fon Ve (u dx

0 ifu=0.
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Obviously, ¥ € .Z¢ if and only if f* (@, 57) = f*@~, %) = 1.
Set

U ={oe E:|f @ 0) — 1l < 3, 1f°@ 0H = 1] < 3},

L
P
then ./Z%% C U2 # @. Moreover, one can verify that for p € (2, 222),

(4-22) 3, € U and ||3,]|g < C = |35||g = C > 0.

We continue to denote P := {v € E : v > 0} and let Q be the set of mappings ¢
such that

1) qgeC(D,E), where D:=][0,1]x [0, 1],
and for all 7 € [0, 1],
(ii) q(t,0) =0,
(iii) q(0,1) € P,
@iv) q(l,t)e —P,
(v) T oq)t, 1) <0,  f(q(t,1),0) > 2.

Then Q # @. By a standard proof (see Lemma 3.2 in [Cerami et al. 1986]), we
have the following result.

Lemma 4.19. inf sup J(@)= inf JU(D).
9€Q jeq(D) de.de
5. Proofs of multiplicity of semiclassical solutions
Setting v(x) := w(ex), the Equation (1-1) is equivalent to
(5-1) (=AY v+ V(ex)v=W(ex)[Ig (W (e v(MIM)|P?v, veH'RY).
If v.(x) is a solution of Equation (5-1), then w.(x) = v.(x/¢) is a solution of
Equation (1-1).
By extension, we can reformulate Equation (5-1) as
div(y!"»Vi) =0 in RY 1,
(5-2) {9(x,0)=0v(x) on RV,
lim, o+ y'729, = V(ex)v — W(ex)[Lp * (W (en)[vIM)]v[P~2v  in RYT.
Noting V(ex) = VS (x), W(ex) = ng (x), we find that Equation (5-1) and

problem (5-2) are particular forms of Equation (4-2) and problem (4-4), respectively.
For simplicity, we denote

Je = ];k’ N = ,/Vsrk, Ve 1= l?;k, Ry = %;k,
o= M= AT D=0, Be=F Ve= VY,

fe = f;k, My = ///E’k, Lo = {;k, U, =0 w,:=wk
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Proof of Theorem 1.1. Without loss of generality, we may assume x, = 0. Then
V() =17, W(0) =k,. By (1-4) and (1-5), we get m > 1.

Step 1. We shall construct an m-dimensional subspace E,,, of E such that

sup Jo(0) <9, forallr>ry,, € <ep,
veE,,

where r,, and ¢, are existing constants depending on m.

Choose a = t, b = k, in Equation (4-1), by Lemmas 4.6 and 4.7, there exist
veZ™ and v(x) = v(]x|) > 0. Let ? € E be the s-harmonic extension of v, then
b€ %™ and ¥(x,0) =v(x). Letr > 0, x, € Co°(Ry) satisfy x, (1) =1fort <r
and x, (1) =0 for ¢t > r 41 with |, (¢)| <2. Set

B (x, y) == % (1, MDOCx, y),  (x,y) e REFL

Taking into account Lemmas 2.5, 2.2, 3.1 and 3.3, it follows from

15, —311% =/ Y EIV (D, —ﬁ>|2dxdy+/ v, — v|* dx
Rﬁ-%—l RN

<C f y1—2sm|2dxdy+/ Y7252 dx dy
RYFN\BF(0) BY (0)\B7(0)
+/ v dx
|x|>r
55(/ y1_23|V5|2dxdy+/ vzdx)—>0, as r — 0o
RYTN\BF(0) x|>r

v, —> v inkE, as r — 00,

that

v, > v in H(RV), as r — 00,

v, = v in LNP/NEO RN as r — oo,

f (Ip x vP)vP dx — (Ig % vP)v? dx, as r — 00,
RN RV

where v, := trpy v,. Therefore, we obtain that as r — oo,

p—1 fRylyl*ZSIVﬁrlzdxdy—i-fRN TUerx %
2p ( (fan K2(Ig % v 0] dx)l/” )

L p-l (fmﬂ Y2V dr dy + [ rvzdx>p’jl
2p (frn K2(Ig % vP)VP dx)l/’7

=max J™* (17) = J™h (§) = 0% = 97k,
t>0

(5-3) max J™R(13,) =
[2=e
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Additionally,
(5-4) Ve(x) > V() =1, Wolx) > W)=k,

as ¢ — 0 uniformly on any bounded set of x. Thus (5-3) and (5-4) imply that

p—1(Jave ¥RV P dedy + [ Vvl day 55
2P ( (Jiaw We o) 5 (WeoP)of dx) 7 )
p—1(Jayn Y TEIVEP dedy + foy Tof day 55T
2p( (fRNkﬁ(le*vf)vfdx)l/p )

=max J ™ (t7,) > 9% ase — 0, r — oo, respectively.
t>0

(5-5) max Jo(10,) =
t=

Define
¢~>rj(x,y) :=17r(x1—2j(r+1),xz,...,xN,y), for j=0,1,...,m—1

and set

E.. = span{cﬁ,j(x, y):j=0,1,...,m— 1}.

One can check that ((f&,i, ¢3r )E=0ifi # j. Thus dim E,,,, = m. Similarly as (5-5),
forall j=1,2,...,m—1and ¢,; = trgy ¢/,

p—1 [ Javet V' TEIV P du dy + fon Vo)) dxy 551
2P ( (Jaw We QO % (WegE g1 dx) /7 )
p—1(Javs Y TEIVE, P dxdy + fon 67 dxy5ET
2p < (Jr k2T % 9797 dx) /7 )

= max J ™% (t&,j) = max J ™% (13,)
t>0 t>0

max Je(t ) =

— 0™ ase— 0, r — oo, respectively.

Consequently, for all § > 0, there exist rs > 0, &5 > 0 such that

(5-6) magig(z&,j)gﬂf"wa, forall r >rs, e<es, j=0,1,...,m—1.
1>

For any v € E,,,,, we may assume 0 = toqgro + t1<§,1 4+ 4 z,,,_IqS,(m_l), where
tjeRfor j=0,1,...,m—1. Then

m—1
s % (W BIDITIP = > " Up # (Weltjr 1)1t ibrj 17
j=0
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Hence by (5-6),

Je (D) < Je(todro) + Je(t11) + - - -+ Je(tm—1Drm—1))
<m@®@™* +6), forall r>rs, & <es,

which implies that

sup Jo (D) <m@* 48), forallr >rs, & <es.
veE,

Noting Lemma 4.9, we can choose 0 < § < % — 97k then there exist r,, > 0,
&n > 0 such that

(5-7) sup J, (D) <%, forallr>ry,, & <eép.
ﬁeErm
Step 2. We will define constants ¢y, ¢a, ..., ¢, and verify that they are critical

values of J~8.
Consider the symmetric group Z, = {id, —id} and denote

Y:={ACE:Aisclosedand A = —A}.
For any A € X, the Krasnoselskii genus of A is defined by

gen(A) (= inf{n : there exists g € C(A, R"\ {0}) and g is odd}.
Set
H:={heC(E, E):his an odd homeomorphism}

and for any Ae E, define
] A = Ill.ll cn h A aB .

where p > 0 is a constant defined in Lemma 4.11. Thus i (A) is a version of Benci
pseudoindex of A. Let

c;:= inf su j(ﬁ), i=1,2,...,m.
ATV /

Clearly, ¢; < ¢y <--- < cp. Next we will show ¢; > o and ¢, < SUP;cE, fg(ﬁ),
where o > 0 was defined in Lemma 4.11.

For any A € ¥ and i(A) > 1, we have gen(A N 0B,) > 1, which implies
ANdB, # . It follows from Lemma 4.11(i) that

Je(@) = Jo(v) > 0, forall [3]z = |vlly = p,

where v = trpy v. Hence sup;c4 J-(V) >0 and ¢; > 0.
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Taking into account that the Krasnoselskii genus satisfies the dimension property
(see [Benci 1982]), we get

gen(h(E;,) N0B,) =dimE,,, =m, forall he™H,

which implies i (E;,) = m. Thus ¢;, < supjcg, fs(ﬁ).
Noting (5-7) and Lemma 4.13, we get that for any r > r,,, € < &,

(5-8) o<ci<e < <en < sup J(D) <9 <9
VEE,
Now we prove cy, ¢2, ..., ¢y are critical values of A by applying the Theorem 1.4

in [Benci 1982]. Set

Co:=0, Cxo:= sup Je(v),
ﬁEErm

(J)={0eE:J.(D)<c}, K.={leE:J{®)=c, (J) @ =0}
Since fg is an even functional,
(5-9) (J)ex, K.ex, forallcelco, ool

By (5-8) and Lemma 4.15, J; satisfies the (PS). condition for any ¢ € [cg, cool,
which implies that

(5-10) K. is compactin E, for all ¢ € [cg, cxo]-

For any ¢ € [cg, ¢oo], d > 0 and (K.)q := {v € E : dist(v, K.) < d}, choose § = %,
then by the contradiction method we can get that there exists £ > 0 such that

(5-11) I1(J) ()] > 88—8 for all § € J, '([c — 28, ¢ +28]) \ (K2

Choose S := E \ (K.)4 and by the deformation lemma (see Lemma 2.3 in [Willem
1996)), there exists 7 € C ([0, 1] x E, E) such that 7 (¢, -) is an odd homeomorphism
of E forany ¢ € [0, 1] and 7i(1, (Jo)°TE N S) C (J) ¢ Set n(-) :=7j(1, -); then n
is an odd homeomorphism of £ and

(5-12) 1((Je) TN\ (Ka) C (Je) .

Forany A€ ¥ and A C (fg)CU, it follows from Lemma 4.11(i) that AN9B, = &.
Thus gen(ANdB,) =0 and

(5-13) i(A)= Elmvr-tl gen(h(A)NadB,) =0.

Choose A = E,,., then

(5-14) Ac (J) and i(A)=i(Em)=m> 1.
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Uniting (5-9), (5- 10) (5-12), (5-13) and (5-14), we obtain that ¢y, ¢p, ..., ¢y
are critical values of J,, and gen(K J>r+1ifc:=cp =cp+1 = = Ckyr With
k >1and k +r < m. Since J, is even, we conclude that J, has at least m pairs of
critical points which are also solutions of Equation (5-2). Consequently, J; has at
least m pairs of critical points being solutions of Equation (5-1).

Step 3. We will prove Equation (5-1) has at least one positive and one negative
groundstate.
Noting (1-5) and m > 1, we get that

0+2s _ (N=2s)(p—1)
T 4s 4s kv
[ES— < _’
Too koo

which together with V (0) =, W(0) = k,, implies that

9+2s (N=25)(p—1) X
vV (0) 4s W(0)
< .
Too kOO
By Lemma 4.17, there exists £ > 0 such that ¥, is attained at v, > 0 forall ¢ <¢
Therefore, v, and —v, are positive and negative groundstates of Equation (5-1).

Tk

Step 4. We will prove Equation (5-1) has at least one pair of sign-changing solutions

N+6
whenm >2and2 < p < 75,

Firstly, let e € 27 with e > 0 and ¢ € E be the s-harmonic extension of e. Then
¢ € Z™ with & > 0. Let x, € C°(Ry) satisfy x,(t) = 1 for t <r and x,(t) = 0
fort > r + 1 with |x/(¢)| <2. Choose r > 0 and X, := (x,, y,) € [R?f“ satisfying
| X,| large and

dist(B,(0), B, (X)) >0
Define for (x, y) € [Rf“,

&t (x, ) = x-(I(x, y)Déx, y) > 0,
& (x,y) 1= —x(|(x —xr, y — y))E(x, y) <0,

Then supp &;” Nsupp e, = & and
(5-15) éf—e, & ——e inE, asr— oo.

By Lemma 4.18, there exists (/,, t,) € Ry x Ry such that

(5-16) Let +1.e € M.
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Secondly, since ((J,) (&} +t.6,), 1.&F) = ((J.) (1.&f +1,6,),1,6;) =0, we
have

(5-17) YIEIVE P dxdy + | Velo)le P dx
Ry R¥
=27 [ Wl x (Weler 1D)jef 1 d
R

+ir / WeOUp x (Welef IM)]le] |7 dx
R

and
(5-18) / y1_25|VE,_|2dxdy+/ Ve(x)le |*dx
RYT! RY
=2 [ Wl x (Wele 1Dl 1 d
R
L f W (Weley 1P lley 1P d,
R

where e = trpy €%, which imply that /, and ¢, are bounded for r € (0, 00). Without
loss of generality, we may assume that

L, —>1ly, t—1t), asr— 0.

Letting ¢ — 0 in (5-17) and (5-18), we get that
(5-19) f yl_ZSIVé:rIzdxdy+/ tlel|? dx
R§+1 RN

=1P"2tP /RN k2 (Ig % |e|7) e |P dx + 12P~> fRN k2(Ig % |e|7) e |P dx

and
(5-20) / y!I=25| Ve |2 dx dy +[ tle > dx
Ry RN
=t;’—2l;’f K2 (Ig % e |P) e |P dx+t,2p—2/ k2 (Ig % ey |P)|e|P dx.
RN RN
Letting r — oo in (5-19) and (5-20), by (5-15) we obtain
/ Y72 Ve dx dy + f te?dx = (187 +15777) f K2(Ig  eP)eP dx,
R RN RN
/ y!=2|veé)? dx dy —i—f re? dx = (té’ﬁé’ + t§p72) / k2 (Ip * eP)eP dx.
RY*! RN RV

Since & € 4™ we have [y = 1) = 21/@22P),
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Thirdly, by (5-16) we have

(5-21) & < J.(.eh +1.e)
-1 ! - -
= p2_</ yl_2°|V(l,ef +t,er_)|2dx dy —}—/ Ve(x)|lef +t,er_|2dx)
p [RﬁJrl RN
p—1

1-2 < ~ 2 -2
— 7</{M+l Y EIVAE +1e)) dxdy+/RN t|l.ef +tre; | dx)

-1
— p—(l§+t§)(/ yl—z-‘|v5|2dxdy+/ Tezdx)
2p Rﬂ“ RN

= (13 +t§)f7”‘“ <20%, ase—0 and r— oo.
Noting m > 2, due to Lemma 4.9 and Lemma 4.13, we get
(5-22) 207R < 9> <.

In view of (5-21) and (5-22), we conclude that Ee < v° for ¢ small enough, which
implies that J, satisfies the (PS) i condition for & small enough.

Fourthly, consider a minimizing sequence {,} C .#, of £, and denote by {g,} C O
a mapping sequence satisfying

gn(D) C (@b, + B, :a, f € Ry U{0}).
Then
(5-23) lim max J.(3)= lim J.(3,) = .
n—o0 jeg, (D) n—00

By Lemma 4.19, (5-23) and a similar statement in [Cerami et al. 1986], there exists
{i,} C E such that

(5-24)  lim dist(iiy, go(D)) =0, lim J,(ii,) =2, lim (J,) (i,) =0.
n—oo n—oo n—-oo
Next we will show i, € U, for n large enough. Indeed we only need to prove
ﬁ,jf # 0 for n large enough, which jointly with lim,,—, oo ((Je)' (#,), ﬁ,jf) = 0 ensures
that
lim £, i) = lim [y, @) =1.

By (5-24), there exists Z, = o, ;" + B4V, € gn(D) such that

lim |, —Zullg =0.

n—oo
Thus it suffices to show «,, 0" # 0 and B, # O for n large enough. It follows

from ¥, € .4, and (5-24) that 0 < C; < ||17,T||E < C,. We turn to show «;, 4 0 and
B, #> 0 as n — oo. For a contradiction, assume that lim,,_, o, o, = 0, then

0 <= lim J.@3) = lim J.(B,7,).
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Hence {8,} is bounded and lim,_, - 8, # 0. Noting p > 2, we have

L. = lim J (v,) = lim max J (otv +pBv,) > lim maxJ (otv + Bnv,)
n— o0 n—00 o, B> n—oo a>0

2 2
— lim max “—/ y1—2S|v5n+|2dxdy+“—/ Ve (0)lv; 2 dx
n—o0 >0 | 2 RTH 2 RN
a?P
" 2p Jw

o By

|, We@)Up * (W, v, 1P)]u, |7 dx

f We (x)[1g * (We v 1P)]]v, |de}+ lim_ Je(Bu®y)
> mag)a(cgoz2 — Cya? — Csa®P) + & > &,

which is impossible.
Finally, noting that both of the above sequences {v,} and {u,} are related to ¢,
going if necessary to a subsequence, for ¢ small enough we can assume

U, —> i, inE, asn— 00,
which together with (4-22) and (5-24) implies that
e € Mo, Jelle) =Co,  (J) (@) =0
That is +ii, are a pair of sign-changing solutions for problem (5-2). Hence we con-

clude that +u, = =+ trpw i, are a pair of sign-changing solutions for Equation (5-1).
This completes the proof. ]

Proof of Theorem 1.2. We can assume without loss of generality that x,, = 0. Then
V() =1y, W) =k. By (1-6) and (1-7), we get m > 1. Taking a =1, b =k in
Equation (4-1), there exists v € Z™*. The following arguments are similar to the
proof of Theorem 1.1, thus the details are omitted. O

6. Proofs of convergence, concentration and decay estimate of groundstates

In this section, we shall prove the convergence, concentration and decay estimate
of the positive groundstates for Equation (1-1). Namely we offer the proof of
Theorem 1.3.

Proof of Theorem 1.3. We shall deal with the case (A1)(i), the other case can be
handled similarly. Without loss of generality, we assume x, = 0. Then V (0) =,
W (0) =k,. Obviously, (A1)(i) implies that (1-4) holds. It follows from Theorem 1.1
that Equation (1-1) has a positive groundstate w, (x). Moreover, Equation (5-1) has
a positive groundstate v, (x) = w.(ex), and problem (5-2) has a positive groundstate
Ue(x, y) which is also the s-harmonic extension of v,.
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Step 1. We shall prove the convergence of v, as ¢ — 0 up to a sequence after
translations.
Letej — 0 (as j — 00), vj :=ve; € Ze; With v; > 0. Since

p—1
O, = Je; (vj) = 2—/ (1=, > + Vi, (x)v7) dx > Cllv; 13,
P JRN

it follows from Lemma 4.16 that {v;} is bounded in H*(RV). By vj € Mg, and
Lemma 3.2, we have

©) o2 =C [ Uowofof s < Ty .

Suppose lim;j_, o SUPy ey fBl(y) vjz. dx =0, then by Lemmas 2.3, 3.1 and 3.3, we
have

v; =0 in L2NP/NFO RNy a5 j — o0,

f (Ig*vf)vfdx — 0, asj— oo,
RN
which contradicts (6-1). Therefore, there exist § > 0 and y} € RY such that
(6-2) f vidx > 6.
Bi1(y})
Set uj(x) 1= v;(x +y)), Ve, (x) 1= Vi, (x +¥)), We, (x) 1= Wy, (x +¥}). Then u;
solves
63) (=) uj+ Ve, (O = We, () g (We,uD 1l ™", uj >0

with least energy

1

(64) Do, = o (uj) =5

fRN(|<—A)S/2u,~|2+ Ve, (x)u?) dx

1 ~ ~
p p
_ Z . We,; (x)[ 1o * (Wg_/.uj)]uj dx
= 2L W @)+ (W) d.
2P RN J 70 J

Moreover, [ I * (ng v‘/.”)](x +y}) =[lg* (ng ull.))](x) forany x € RY, which ensures
that ‘ '

(6-5) ﬂé‘j:‘]fij(uj):‘]gj(vj):ﬁé‘j‘
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In view of the boundedness of {u}, we can assume without loss of generality that

(6-6) uj—u in H(RY), as j — 0o,
(6-7) uj—u in LI (RY), asj— oo, forqel2,2)),

loc

which together with (6-2) implies u # 0.
Since V and W are bounded, going if necessary to a subsequence, we assume

(6-8) Ve, ) — Vo and W, (y)) — Wo, asj— oo.

By the boundedness of VV : |[VV(x)| < M, for all x € RV, we get that for any
given r > 0,

1
|V€j(x) — ng(y})| = '/ VV(ejy;. +tejx)ejxdr| <ejMr, forall x € B,(0).

Thus V,. ;(x) = Vp as j — oo uniformly on any bounded set of x. Similarly,
Ws (x) &> Wy as j — oo uniformly on any bounded set of x. As in the proof of
Lemma 4.16, we have

(6-9) lim sup 9, < "™,

Jj—00

By (6-3), (6-6), (6-7), and Lemmas 3.1 and 3.3, we obtain that for any ¢ € C§° (RM),

0= lim | [(=A)2u;j(—=A)Po+V, (X)ujo—We, (x) Tgx(We,u? ))u ™ ¢] dx

Jj—>00 JRN
= fR [ Pu=8) P+ Voug—Wolp(Wou? ))ul o] dx,
which implies that u solves
(6-10) (=AY u+ Vou = Wi(Ig xuP)u?"',  u>0
with energy

6-11) 7%y ::1/ (|(—A)S/2u|2+vou2)dx—L/ W (Ip%u?yu” dx
2 RN 2p RN

—1
= p—f W()z(lg*u”)u” dx > VoW,
2p RN
According to Fatou’s Lemma,

(6-12) / W2 (Ig % uP)uP dx < liminff vT/Ej (x)[ 1 * (nguf Tu jdx.
RN j—0oo JrN
Uniting (6-4), (6-9), (6-11) and (6-12), we obtain
pVoWo < JVoWo ) < 11m1an ;) < lim supﬂ < VoW,

]—)OO
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Therefore,

(6-13) lim 9, = 0" = j¥oWo(y),

j—o00
Let i; and u be the s-harmonic extension of u; and u, respectively. Then as
Jj — oo,
uj—u, inE andin XS([R{T”).

Let n € C3°(Ry) satisfy n(z) =1 for t < 1 and n(¢) = 0 for > 2 with 7' ()] < 2.
Define

ﬂj(x,y)::n('(x’jy)')a(x,y) and  ;(x, y) 1= ii; (x, ¥) — fi (5, ¥)

for (x, y) € [Rﬁf“ and denote p; :=trgy [Lj, Z; :=trgy Zj. Then as j — oo,

fij =@ in E and in X*(RYT),
wj—u in H (R"Y),

pj—u in LYRY), forq e[2,2],
Wj—u a.e. on RY,

and
ZjAO il’lE,
z;j—0 in HR"Y),
(RY), forq e[2,2)),

. ; q
zj—>0 in L.

zj—~> 0 ae. on RV,

Next we will show fgj (zj) = 0 and ((jgj)/(Zj), Zj) — 0 as j — oo, where

X 1 _ - 1 —~
7@ ‘=§/RN+. ! 2‘|Vz,-|2dxdy+§/w T, (0lz, P dx
+
1 W I W. 1z:1P AP dx
_5 . sj(x)[e*( 8j|Zj| )]le| .
Firstly, we claim

(6-14) 1Z;1% = it 1% — Il I + o(D).

Indeed, ||ii;11% — 115 — I1Z;1% =2, ;) x — 2012 j11%. where [|ijllx — llillx
and

[, jaj)x — (@, u)x| < |, pj —u)x|+|(u; —u,u)x| -0, asj— oo.
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Secondly, we claim
(6-15) / Vs,(x)IZJIdezf Vg,.<x)|uj|2dx—f V. 0l 2 dx +o(1).
RN RN RN

Indeed, {z;} is bounded in H*(R") and in L4(R") for any g € [2, 2¥]. Moreover,
for all § > 0, there exists ¢(8) > 0 such that

|7 =1z = llzj 4+ w17 = 1217 < 8lz;17 +c(8) |17
and

g% 1= ([luj17 = 12j17 = 11119] = 812;19) " < A+ @)1 < 1+ (@)l

By the Lebesgue dominated convergence theorem, /RN gf. dx — 0 as j — oco. Thus

(6-16) f||uj|q—|zj|q—luj|q|dx§/ gf-dx+8/ |zj|7dx = o(1).
RN RN RV

Choose g =2 in (6-16), we find (6-15) holds.
Thirdly, we claim

(6-17) /R ey (Ol (e 217112517 dx

= [ W O (7, )1 7
R

- fR Wy (O 5 (e i) 1 01,

Indeed, taking into account that {z,} is bounded in L2NP/N+9(RN) it follows from
(6-16) with g = p that

| —u;? —|zj1P =0 in LN/ VEORNY - ag j — oo,

I (|uj|” — | j1P —12;17) = 0 in LN/ V=D @RNY - as j — oo,
which together with

zj|? =0 in L2NV/NFO®RNY as j— oo,
ul — uP in LN/ (@RNY - as j— oo,

Ig*ufelg*u” in L2N/WV=O@®RN), as j— o0
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and Lemma 3.3 imply that

fN Wsj(x>[(19 s (We, luj 1) |17 — (Ig % (W, i 1P) s 1P
R _~
— Uy (We, Iz ") 1217 | dx
= / We, (O Io % (We, (17 = 11217 — 12;17)) ] Qus 1P = 117 = |z;17) dx
R
F2 [ W, (0O Io % (We, (uj 1P — 1217 — 12;17)) ] 112517 dx

RN

+2/N WSj(x)[le*(Wsj(lujlp—|Mj|p—|Zj|p))]|Zj|pdx
R

+2/N W, (Ol % (We, 11711217 d
R

—0 asj— oo.

Fourthly, it follows from the Lebesgue dominated convergence theorem that
(6-18) / Ve, ()3 dx :/ Vou? dx + o(1),
RN RN

(6-19) f We, (X)[ g * (We, )] dx =/ WE (Ig % u”)uP dx + o(1).
RN RN

Moreover,

(6-20) [(=A)2u;i13 = 1(=A)ul3 +o(1).

Uniting (6-14), (6-15), (6-17), (6-18), (6-19), (6-20), (6-13), (6-3) and (6-10),
we obtain

(621)  J, G = Je @) — ey () +o(1) = Be, — 100w + (1) = o(1)
and
(622) (o)) G 3)) = (o) @), i) — (T, (i) i)+ 0(1)
= ((Je)) (uy), uj) = ((T0) (), u) + o(1) = ().
Finally, by (6-21) and (6-22), we obtain that
L 1,5 - -
o) = 4o, G) = 5 () G- 2)

p—1 s . 3
= YIEIVE P dxdy 4+ | Ve, (0)lz; P dx ) = ClIZIIE
2p RY ! RN

which implies Z; — O0in E and z; — O in H’(RV) as j — oo. Thus

luj—ulls < llzjlls +llej —ully =0, as j— oo.
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That is
uj—u in HRY), asj— oo.
Step 2. We claim uj(x) — 0 as |x| — oo uniformly in j € N.

We can use the contradiction method to obtain that

(6-23) sup/ u? dx — 0, asr— oo.
o Jixl=r

Moreover, noting that (—A)*u; — ng () [Ip * (nguf)]uf_l <0onR" and

[Iy * (nguf)]uf_z eL!

]OC([REN) for some g >

Zv

we deduce from Proposition 2.6 in [Jin et al. 2014] that for any compact set K,

172
max u;(x) < C</ u?dx) ,
K K

which together with (6-23) ensures the claim true.

Step 3. We claim {§; y} }; 1s bounded on RN,

Otherwise, there exists |; y;.| — 00 as j — oo along a subsequence. Hence
Vo > oo > T and Wy < ko < k,, which together with Lemma 4.8, imply that
pVoWo > 97k However, by (6-5), (6-13) and Lemma 4.16,

VoW — lim ¥, = lim ¥, <limsupd;, < pThe

That is a contradiction.
Therefore, without loss of generality we may assume

(6-24) €jy; = X0, as j —> 00.
Noting (6-8), we have
(6-25) V() = V(XQ) and W() = W(X()).

By (6-10), we find that u is a groundstate of Equation (1-8).

Step 4. We claim {ey.}. is bounded, where y. € RY is a maximum point of v,.

For a contradiction, assume that there is & ; — 0 with [e;y ;| — 0o, where y; 1=y,
is a maximum point of v; := v,;. Repeating Steps 1, 2, 3, one can get that there
exists y} € RY such that

(6-26) uj=v;j(-+y) > u#0 in H*RY), asj— oo,
uj(x)— 0, as|x|]— oo, uniformlyin jeN,

{e;¥}}; is bounded on R".
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Thus |e;y; — &;¥;| = le;jy;l — lej¥;l — oo, as j — oo, which implies that
lyj — y;.| — 00 as j — oo. Then maxpy v; = v;(y;) = u;j(y; — y}) — 0 as
J — oo. Hence maxgy u; — 0 as j — oo. Noting u; > 0, one has u;(x) — 0 as
j — oo uniformly in x € RV, which contradicts (6-26).

Step 5. We claim lim,_,( dist(ey,, <) = 0.
By Step 4, there exists ¢; — 0 with

(6-27) Ejyj —> Yo, as ] — OQ,

where y; := y,; is a maximum point of v; := v,;. It is sufficient to verify that
Yo € Fy.

By Step 1 and Step 3, there exists y; € RY satisfying u;(x) = v;(x + y}) and
(6-24). By Step 2, we can assume uj(x}) = maxgy u; and {x;}j is bounded on RY.
Thus y; =x} +yj; and &;y; —¢;y; = ¢x; = 0 as j — oo, which together with
(6-24), (6-25) and (6-27), imply that

(6-28) yo=x0, V(yo)=WVo, W(yo)=Wp.

For a contradiction, assume that yg ¢ <%,. Then either V (y9) =1, W(yy) < ky
or V(yp) > 1, W(y) <k,. By Lemma 4.8,

(6-29) Y OoOWho) o gtk
Uniting (6-5), (6-13), (6-28), (6-29) and Lemma 4.16, we obtain

lim ¥, = lim 195,- = "oWo — pVOIWO0) 5 97k > Jim sup D,
j—o00 j—o00 j—oo

That is impossible.
In particular, if ¥ N%# # &, then xo € o, = ¥ N# . Hence

lin})dist(sys, YN#)=0 and V(xg) =71, W(xo) =k,

which jointly with Equation (1-8) imply that u is a groundstate of Equation (1-9).

Step 6. For p € (2, ]C’jgv), we claim there exist C, > C; > 0 and r > 2 large

enough such that for all small ¢ > 0,

Cy - o)

W_ S(X)SW, for all |x|2r.

We verify its correctness for any sequence.
Now choose a =supgw Ve, (x) and r =2 in Lemma 4.10, then there is a continuous
function v; € H*(RY) such that

Cy
(6-30) (=A)’vi+avy =0 and vi(x)> m, for all |x| > 2,
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where C; depends on a, N, s. By the continuity of ue; and vy, there is My > 0 such
that
ug; —Myvy >0, forall x| <2.

Additionally, by (6-3) and (6-30), we have

((—A)'+a) (e, ~Mivi) = / We, () Ugx(We,ul )lul ™' dx =0, for all x| =2.
RN :

Hence u;; — Myvy > 0 for any |x| > 2, which together with (6-30) implies that

Ue, for all |x|>2, where C;=M,C;.

1
(x) = |x|N+2s ’

Next, by Step 2 and (6-3), choose 0 < a < t and r > 2 sufficiently large such
that
(6-31)  (=A)'ug; +aue,
=W, (0)[1p * (ngugl_)]ugj—l +(a—Ve,(0))us, <0, forall [x|>r.

By Lemma 4.10, there is a continuous function v, € H*(R") such that

(6-32) (=AYvy+avy, =0 and vy(x) < vaﬁ’ for all |x| > r,
where C, depends on a, N, s, r. Moreover, there is M, > 0 such that
ug, — Myvy <0, for all |x| <r.
By (6-31) and (6-32), we have
(=A) +a)(ue; — Mavy) = (=A)'ug; +aue, <0, forall [x|>r.
Thus ug, —Myvy <0 for any |x| > r, which together with (6-32) implies that

C —
ug, (x) < m, for all |[x| >r, where Cy; = M,C>.

Step 7. Set x; = €y,. Then w,(x;) = v.(ye). By Step 4, x, is a maximum point of
w, and {x,}, is bounded on R . By Step 5, lim,_, ¢ dist(x,, <) = 0. By Step 1 and
Step 2, us(x) = ve(x +y.) = we(ex + x, —ex]), where x, = y, — y, is a maximum
point of u, with ex, — 0 as ¢ — 0. By Step 6,

N+2s N+2s
Cie Cre

— < < — >
P r <we(x) < P = forall |x| > R,

where R = 2r 4 sup, |x.| and C;, C; depend on R, N, s, T, supgwy V (x).
The proof is completed. O
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