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Let X be a compact connected CR manifold of dimension 2rn+1, n > 1. Let
X be a paracompact CR manifold with a transversal CR S!'-action, such
that there is a discrete group I" acting freely on X having X = X /T'. Based
on an asymptotic formula for the Fourier components of the heat kernel
with respect to the S'-action, we establish the Morse inequalities for Fourier
components of reduced L?-Kohn—Rossi cohomology with values in a rigid
CR vector bundle over X. As a corollary, we obtain the Morse inequali-
ties for Fourier components of Kohn—Rossi cohomology on X which were
obtained by Hsiao and Li (2016) by using Szeg6 kernel method.

1. Introduction and statement of the results

Gromov, Henkin and Shubin [Gromov et al. 1998, Theorem 0.2] considered covering
manifolds that are strongly pseudoconvex of complex manifolds and analyzed the
holomorphic L2-functions on the coverings. Todor, Chiose and Marinescu [Todor
et al. 2001] generalized in a similar manner the Morse inequalities of Siu [1984] and
Demailly [1985] on coverings of complex manifolds; they also considered coverings
of weakly pseudoconvex domains in [Marinescu et al. 2002]. The study of problems
on CR manifolds with S'-action became active recently, see [Cheng et al. 2019;
Hsiao 2018; Hsiao and Huang 2019; Hsiao and Li 2016; 2018; Hsiao and Shao
2019]. In particular, Hsiao and Li [2016] established the Morse inequalities for
Fourier components of Kohn—Rossi cohomology on X by using the Szeg6 kernel
method. In [Hsiao and Marinescu 2012] general Morse inequalities for CR bundles
are proved, generalizing [Getzler 1989]. Inspired by the results of [Gromov et al.
1998; Hsiao and Li 2016; Todor et al. 2001; Siu 1984; Demailly 1985], we establish
Morse inequalities for Fourier components of reduced L2-Kohn—Rossi cohomology
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with values in a rigid CR vector bundle on a covering manifold over a compact
connected CR manifold with S'-action. This generalizes the results of [Hsiao and
Li 2016] to CR covering manifolds with S'-action. We present a proof by the heat
kernel method, which is inspired by Bismut’s proof [1987; Ma and Marinescu 2007]
of the holomorphic Morse inequalities. The crucial estimate for Fourier components
of the heat kernel of Kohn Laplacians was given in [Hsiao and Huang 2019].
Now we formulate the main results. We refer to other sections for notation and
definitions (see Definition 2.1, 2.2, 2.3, 2.5 and (3-1), (3-25)) used here. Let X be
a compact connected CR manifold of dimension 2n + 1, n > 1 with a transversal
CR S'-action ¢’ on X. For x e X we say that the period of x is 2%, ¢ € N, if

ox #x, forevery 0 <6 < 2, and ¢/>"/* o x = x. For each £ € N put
(1-1) Xg:{xeX|theperiod of x is 27”}
and let
(1-2) p=min{t € N | X; £ ).

It is well-known that if X is connected, then X, is an open and dense subset of X
(see [Duistermaat and Heckman 1982, p.265]). Assume X =X, UX, U---UX,,
p=:p1 <p2<--<p Set Xpg := X ;. We call x € X, a regular point of the
S action. Let X sing be the complement of X .

Let X be a paracompact CR manifold, such that there is a discrete group I
acting freely on X having X = X /. Letm: X — X be the natural projection
with the pull-back map 7*: TX — TX. Then X admits a pull-back CR structure
T10X := 7*T10X and, hence, a CR manifold. We assume that X admits a
transversal CR locally free S! action, denote by ¢'?. We further assume that the
map

Fx§—>)?, (y,X)—~> yox, foralliei, yel.

is CR, see (2-6), and
e?oyoi=yoeloi, forallieX, 0€[0,2n[, yeT.

Let E := 7*E be the pull-pack bundle of a rigid CR vector bundle E over X. Then
E is a I-invariant rigid CR vector bundle over X. We denote by Xreg the set of
regular points of the S'-action on X. Note that since I" acts on X freely so that
X/ I' = X, hence, we have Xreg/ [' = Xieg = X,. We denote by X (g) a subset of
X such that

X(q):= {x € X | L, has exactly g negative eigenvalues
and n — g positive eigenvalues}.

We refer to Section 2 for more details. Our main theorem is:
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Theorem 1.1. With the above notation and assumptions, as m — 00, for g =
0,1, ...,n, the m-th Fourier components of reduced L?-Kohn—Rossi cohomology
(see (3-25)) satisfy the following strong Morse inequalities:

q
(1-3) Y (=17 dimr H} ), (X, E)

—
! prm" il - i
g+l Z(_l) ! | det(Ly)| dvx (x) +o(m"), for p|m,
< . 0. | )
Z(_l)q_] dimr Hj ), (X, E) = o(m"), for ptm,
j=0

where r denotes the rank of E , dimr denotes the von Neumann dimension (see
Section 2C, [Ma and Marinescu 2007, §3.6.1] or [Atiyah 1976, §3]) and L, is
the Levi form at x € X. When p |m, q = n, as m — 00, we have the asymptotic
Riemann—Roch—Hirzebruch theorem:

n
(1-4) > (=1 dimr Hj, 5, (X, E)
j=0

_ prm” j n
e § D /X 14Ul dux () o)
In particular, we get the weak Morse inequalities,

. — ~ o~ rm"
-5 dime By, (X B = T / | det(L,)] dvx (x) +o(m™).
T X(q)

By the standard argument in [Hsiao and Li 2016; Hsiao et al. 2017], we de-
duce easily the following Grauert—Riemenschneider criterion on coverings of CR
manifolds.

Corollary 1.2. With the notation and assumptions of Theorem 1.1, we also assume
that X is weakly pseudoconvex and strongly pseudoconvex at a point. Then

(1-6) dimp HY) 5, (X, EY~m",  for p|m.
In particular, dimp ﬁg’(z)(f, E) =00

When ' ={e}, p=1and E is a trivial line bundle, we deduce the following
Morse inequalities of Hsiao and Li [2016, Theorems 2.2 and 2.5].

Corollary 1.3. With the above notation and assumptions, as m — 00, for ¢ =
0,1,...,n, the m-th Fourier components of Kohn—Rossi cohomology satisfy the
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following strong Morse inequalities:

q
(1-7) > (=1~ dim H] , (X)
j=0

m & :
DG / | det(L,)] dvy (x) +o(m").
T =0 X()

where L, is the Levi form at x € X. In particular, we get the weak Morse inequalities,

n

(1-8) dimH! (X) < ——— [ |det(C,)|dvx(x) + o(m™).
sm 2gn+l X(q)

Let X be a compact CR manifold of dimension 2rn+-1, n > 1. A classical theorem
due to Boutet de Monvel [1975] asserts that X can be globally CR embedded
into CV, for some N € N, when X is strongly pseudoconvex with dimension n > 5.
Epstein [1992] proved that if X is strongly pseudoconvex with dimension 3 and a
global free transversal CR S!-action, then X can be embedded into C" by positive
Fourier components of CR functions. Corollary 1.3 guarantees the abundance of
positive Fourier components of CR functions to do embedding in general cases
(e.g., the S'-action can be only locally free). The proofs of Hsiao and Li [2016],
include localization of analytic objects (eigenfunctions, Szegé kernels), Kohn L?
estimates and scaling techniques. A more general version of Corollary 1.3 (with
X being weakly pseudoconvex) is proved by Cheng, Hsiao and Tsai [Cheng et al.
2019, Proposition 1.20 and Corollary 1.21] in a different way. By using the Morse
inequalities, (1-7) and (1-8), Hsiao and Li [2016, Theorem 2.6] proved that there
are abundant CR functions on X when X is weakly pseudoconvex and strongly
pseudoconvex at a point. Corollary 1.2 generalizes Theorem 2.6 of [Hsiao and Li
2016] to CR covering manifolds.

This paper is organized as follows. In Section 2 we introduce some basic notation,
terminology and definitions. In Section 3 we study the asymptotic behavior of heat
kernels of Kohn Laplacians. Section 4 is devoted to the heat kernel proof of the
main theorem.

2. Preliminaries

2A. Some standard notation. We use the following notation: N={1, 2, ...}, Ny=
NU{0}, R is the set of real numbers, R, :={x e R| x > 0}, @+ ={xeR| x>0}

For a multiindex o = (e, ..., ®,) € Nj we set |a| = o) + -+ a,. For x =
(x1,...,X,) we write
ot
o o] [3 il o o (% ad
xE = x,t, Oy =, 0y =0y 0 =

7o 0x; o gxe”
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Letz=(z1,...,20), 2j =X2j—1 +ixpj, j=1,...,n, be coordinates of C". We
write
Za:ZTl-..ZZ”’ Zazz‘i{l-..zg"’

1/ @ .0 9 1, 9 .0
|e| |
R T L R =3

Let X be a C* orientable paracompact manifold. We let 7 X and T*X denote the
tangent bundle of X and the cotangent bundle of X, respectively. The complexified
tangent bundle of X and the complexified cotangent bundle of X will be denoted
by CT X and CT*X, respectively. We write (-, - ) to denote the pointwise duality
between T*X and T X. We extend ( -, - ) bilinearly to CT*X xCT X. Foru e CT*X,
v e CT X, we also write u(v) := (u, v).

Let Y C X be an open set. The spaces of smooth sections of E over Y and
distribution sections of E over Y will be denoted by C*°(Y, E) and D'(Y, E),
respectively.

2B. CR manifolds with S Laction. Let (X, T"°X) be a compact CR manifold of
dimension 2n + 1, n > 1, where T"9X is a CR structure of X. Thatis, T'%X is a
subbundle of rank n of the complexified tangent bundle CT X, satisfying

T Nn1%'Xx = {0},

where 701X = TlTX, and [V, V] C V, where V = C®(X, T"X). We assume
that X admits a S! action: S' x X — X. We write ¢'? to denote the ' action. Let
T € C®(X, T X) be the global real vector field induced by the S' action given by
(Tu)(x) = & u(e ox))lg—o, u € C*(X).

Definition 2.1. We say that the S' action ¢ is CR if [T, C®(X, T'X)] C

C>®(X, T!0x ) and the S I action is transversal if for each x € X,
CTx)®T''XoT™' X =CT, X.

Moreover, we say that the S' action is locally free if 7 # 0 everywhere.

Note that if the S' action is transversal, then it is locally free. We assume
throughout that (X, T19X) is a connected CR manifold with a transversal CR S!
action e and we let T be the global vector field induced by the S! action. Let
wp € C®°(X, T*X) be the global real one form determined by (wy, 1) =0, for every
ueT" X T X and (wy, T) = —1.

Definition 2.2. For p € X, the Levi form £, is the Hermitian quadratic form on
T1OX givenby £,(U, V) = —3:-(dwo(p), U AV), U,V € T)OX.
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Definition 2.3. If the Levi form £, is positive definite, we say that X is strongly
pseudoconvex at p. If the Levi form is positive definite at every point of X, we say
that X is strongly pseudoconvex.

Denote by 7*1-9X and 7*%-! X the dual bundles of 71:°X and 7%! X, respectively.
Define the vector bundle of (0, ¢) forms by 7*%9X = A?(T*%1X). Put T*%*X :=
D jel0.1..n) T*0%JX. Let D C X be an open subset Let Q%9(D) denote the space
of smooth sections of 7*%4 X over D and let Q (D) be the subspace of QY4 (D)
whose elements have compact support in D. Put

o i e 0,
QD)= P D). D= P D).
j€{0,1,...,n} je{0,1,...,n}

Similarly, if E is a vector bundle over D, then we let Q%4(D, E) denote the space
of smooth sections of 7*%9X @ E over D and let Qg’q(D, E) be the subspace of
Q%4 (D, E) whose elements have compact support in D. Put

Q% (D, E) = @ Q"(D,E), QU(D,E):= @ Q)Y (D, E).
jel0.1,....n} jelo.1,...n)
Fix 6y € |-, [, 6y small. Let
de'® : CT, X — CT,ie, X
denote the differential map of ¢’ : X — X. By the CR property of the S' action,
we can check that
de'® : TMOX - T30 X, de'™:T0'X — 1% X,

160 190

(2-1)
de'®(T (x)) = T (%x).

Let
@) AJ(CT*X) — A (CT*X)
be the pull-back map by et j=0,1,...,2n+1. From (2-1), it is easy to see that
foreveryg=0,1,...,n
(2-2) (%) T X — T09X.

100

Let u € Q%9(X). Define
(2-3) Tui= L (€Y wlsmo € 21X,

For every 6 e R and every u € C°(X, A/ (CT*X)), we write u(e ox) := (¢!?)*u(x).
Let 9, : Q%9(X) - Q%9+ (X) be the tangential Cauchy—Riemann operator.
From the CR property of the S! action, it is straightforward to see that

T3, =0,T on Q" (X).
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Definition 2.4. Let D C U be an open set. We say that a function u € C*°(D) is
rigid if Tu = 0. We say that a function u € C*°(X) is Cauchy—Riemann (CR for
short) if d,u = 0. We call u a rigid CR function if d,u = 0 and Tu = 0.

Definition 2.5. Let F be a complex vector bundle over X. We say that F is rigid
(CR)if X can be covered with open sets U; with trivializing frames { f jl, f jz’ o f j’ 1,
j=1,2,..., such that the corresponding transition matrices are rigid (CR). The
frames {fjl, f.z, ey fj’}, j=1,2,..., are called rigid (CR) frames.

Definition 2.6. Let F be a complex rigid vector bundle over X and let {-|-)p
be a Hermitian metric on F. We say that (- |-)r is a rigid Hermitian metric if
for every rigid local frame fi, ..., f, of F', we have T(f; | fi)r = 0O, for every
Jok=1,2,...,r.

It is known that there is a rigid Hermitian metric on any rigid vector bundle F
(see [Cheng et al. 2019, Theorem 2.10; Hsiao 2018, Theorem 10.5]). Note that
Baouendi, Rothschild and Treves [Baouendi et al. 1985] proved that 710X is a
rigid complex vector bundle over X.

From now on, let E be a rigid CR vector bundle over X and we take a rigid
Hermitian metric (-|-)g on E and take a rigid Hermitian metric (-|-) on CT X
such that 710x 1 7%'x, 7 1L (T'"9X @ T*'X), (T |T) = 1. The Hermitian
metrics on CT X and on E induce Hermitian metrics (-|-) and (-|-)g on T*0*X
and 7*%*X ® E, respectively. We denote by dvy = dvx(x) the volume form on X
induced by the fixed Hermitian metric (- |-) on CT X. Then we get natural global
L? inner products (-|-)g, (+]-) on QY (X, E) and Q%*(X), respectively. We
denote by L*(X, T"%X ® E) and L*(X, T*%9X) the completions of QY4 (X, E)
and Q%9 (X) with respectto (- |-)g and (- |- ), respectively. Similarly, we denote by
L*(X, T*** X ® E) and L?>(X, T***X) the completions of Q**(X, E) and Q%*(X)
with respect to (- |-)g and (-|-), respectively. We extend (-|-)g and (-|-) to
L*(X, T***X ®@ E) and L>(X, T***X) in the standard way, respectively. For f
L*(X, T**XQE), we denote (f | £)£ by || f11%. Similarly, for f € L2(X, T**X),
we denote (f | f) by II 1>

We also write 9 to denote the tangential Cauchy—Riemann operator acting on
forms with values in E:

3, Q" (X, E) —> Q" (X, E).
Since E is rigid, we can also define Tu for every u € Q%9(X, E) and we have
(2-4) Td,=0,T on Q" (X, E).
For every m € Z, let
QU(X,E):={ueQ®X,E)| Tu=imu}, ¢=0,1,2,...,n,

(2-5) 0 0 :
QX E)={ueQ*(X,E)| Tu=imu}.
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For each m € Z, we denote by L2 (X, T**YX ® E) and L2 (X, T**9X) the com-
pletions of qu(X E) and QY q(X ) with respect to (- |-)g and (- |- ), respectively.
Similarly, we denote by Li (X, T*%*X ® E) and Li (X, T*%*X) the completions
of Q?,;’(X, E) and Q%'(X) with respect to (- |-)g and (- |-), respectively.

2C. Covering manifolds, von Neumann dimension. Let (X, T'°X) be a compact
CR manifold of dimension 2n 41, n > 1. Let X be a paracompact CR manifold,
such that there is a discrete group I acting freely on X havmg X=X / I'. Let
7 : X — X be the natural projection with the pull-back map 7*: T X — TX. Then
X admits a pull-back CR structure T 0X := 7*T10X and, hence, a CR mamfold
We assume that X admits a transversal CR locally free S! action, denoted by ¢'?
We further assume that the map

I'xX—>X, (y,X)—>yok, forallieX, yel.
is CR, i.e.,

(2-6) v(T°X) € T) 20X,

and
e?oyoi=yoelox, forallieX, 6el0,2x], yel.

It is easy to see that the S'-action ¢/® on X induces a transversal CR locally free
S! action, also denoted by ¢!. We denote by T := n*T the pull-back one form
on X, then T is the global real vector field induced by the S'-action on X. Let
@o := 1 *wq be the pull-back one form on X , where wyg is the global real one form
on X as defined in Section 2B. Then, for p € X , the Levi form L 5 1s the Hermitian
quadratic form on Tﬁl’o)? given by

1 doom(p)), 1.0 Am. D),

~ o~ =~ 1 ~ ~ =~
@7 ET, V)= 5 i), U A T) =

where ﬁ, Ve Tﬁl’o)?.

As usual, let Q04 (i ) denote the space of smooth sections of /\q(T*O’l)? ). We
also denote by 9 b Q04 ()Nf ) — QUatl (}? ) the tangential Cauchy—Riemann operator.
Then Tab = abT on Q0* (X ). Let E be a rigid CR vector bundle over X, then
E := 7*E is a [-invariant rigid CR vector bundle over X. Again let Q04 (X E )
denote the space of smooth sections of A? (7% 'X)Q E. We again denote by 3, :
QO4(X, E) > QU4T(X, E) the tangential Cauchy—Riemann operator. Then again
Td,=03,T on Q*(X, E). We denote by L2(X, T**4X ® E) and L*(X, T**1X)
the completions of Qovq()? , E) and Qo’q()? ) with respect to the corresponding
pull-back metrics (- |-)z and (- |-). Similarly, we denote by Lz(}?, 70X ® E)
and LZ()? , T*0X ) the completions of QO”()? , E ) and QO”()? ) with respect to the
corresponding pull-back metrics (-|-)z and (-|-).
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As usual, for every m € Z, let

QX E):={uecQ"X,E) | Tu=imu}, ¢=0,1,2,....n

(2-8) I e
QU (X, E) = {ue Q" (X, E)| Tu=imu).

For each m € Z, we denote by L,zn (X, 704X E) and L,zn(X, T7*0.4 X) the comple-
tions of QO A (X E ) and QO 4 (X ) with respect to the corresponding pull -back metrics
(-l )gand (-|-). Slmllarly, we denote by L2 (X 70 ’X®E) and L (X 70 ‘X)
the completions of Q% (X JE ) and le (X ) with respect to the correspondmg pull-
back metrics (-|-)z and (-|-).

Recall that U C X is called a fundamental domain of the action of I" on X if the
following conditions hold:

1) X =Uyer v (@),
(2-9) 2) nWU)NrWU)=2 for yi,nel, yi #r.
(3) U\U is of measure 0.

We can take U to be S'-invariant and with the pull-back S!'-action e’?. We
construct such a fundamental domain in the following: From the discussion in
the proof of [Cheng et al. 2019, Theorem 2.11], we can find local trivializations
Wi, ..., Wy such that X = U '_, W, and each W; is S!-invariant. For each j, let
W C X be an S'-invariant open set such that 7 : W — W;isa dlffeomorphlsm
and a CR map with inverse ¢; : W; — W;. Define U; = W\ (U,_; W: N W;).
Then U :=J X% (Uj) is the fundamental domain we want.

It is easy to see that

i<j

(2-10) L*X,E)~L*T®L*(U, E)~ LT ® L*(X, E).

We then have a unitary action of I" by left translations on L’T" by 1,8, =46,,, where
{8, | n € I'} is the orthonormal basis of L°T formed by the delta functions. It
induces a unitary action of I" on L2(X E )byy =T, =1 ®Id

Let us recall the definition of the von Neumann dimension or I'-dimension of
a I'-module V C LZ(X , T09X ® E ), see also [Ma and Marinescu 2007, Defini-
tion 3.6.1]. We shall denote by .Z(A) the space of bounded operators of the Hilbert
space H. Let @ C Z(LT") be the algebra of operators which commute with all left
translations and denote the unit element of I" by e. We define Trr[A] := (AS,, &),
A € <. Note that a I'-module is a left I-invariant subspace V C L’T". The
orthogonal projection Py on V is in @4 for a I'-module V. Set dimp V :=
Trr[Py]. Now we replace LT by LZ(X, T4 ® E). Then to any operator
Ae X(LZ(X, 704X @ E)), we associate Operators a,, € L(L*(U, 704X @ E))
such that a,,(f) is the projection of A(§, ® f) on C8, ® L*(U, 704X ® E). In
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addition, if A € o/ and A is positive, then a,, =a and

ey~'n
Trr[A] .= Trlae.] > 0,

is well-defined. The orthogonal projection Py on V C Lz(y ,T*04X ® E) is in

2/ for a I'-module V.

Definition 2.7. The von Neumann dimension or I'-dimension of a I'-module V is
defined by
dimr V :=Trr[Py].

3. Asymptotic expansion of heat kernels of Kohn Laplacians

In this section, we recall the definition of heat kernels. Then we give a new version
of asymptotic expansions of heat kernels of Kohn Laplacians.

3A. Asymptotics of heat kernels of Kohn Laplacians on a compact CR manifold.
Since T9;, = 3, T and E is a rigid CR vector bundle with a rigid Hermitian metric,
we have

Bpm =0 : Q2 (X, E) — Q%*(X, E), forallmeZ.
The m-th Fourier component of Kohn—Rossi cohomology is given by

Kerdp : Q29(X, E) — Q%X E)

(3-1) H! (X,E):=—— — :
bm ma,: Q% (X, E) — Q%9(X, E)

We also write
35 Q%" (X, E) > Q" (X, E)

to denote the formal adjoint of ), with respect to (- |-)g. Since (-|-)g and (-|-)
are rigid, we can check that

32) _Téi = ?ZT, on Q% (X, E),
3y =05 QUN(X, E) > Q)(X, E), forallmeZ.

Now, we fix m € Z. The m-th Fourier component of Kohn Laplacian is given by
(3-3) Oy = @p.m + 355,07 1 Q0 (X, E) > QU (X, E).

We extend [y, ,, to L;f1 (X, T*** X ® E) by

(3-4) Opm : Dom Oy, € L2 (X, T X @ E) — L2(X, T X ® E),

where Dom U, ,,, 1= {u € Lfn (X, T**XQE) | Op nuc L%(X, T*O"X®E)}, where
for any u € L;f1 X, T X®E), Up.mu is defined in the sense of distributions. We
recall the following results (see Section 3 in [Cheng et al. 2019]).
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Theorem 3.1. The Kohn Laplacian U, ,, is self-adjoint, Spec Uy, ,, is a discrete
subset of [0, ool and for every v € Spec L, ,,, v is an eigenvalue of U, , with finite
multiplicity.

For every v € SpecUp m, let {fY, ..., f; } be an orthonormal frame for the
eigenspace of [J, ,, with eigenvalue v. The heat kernel e "™ (x, y) is given by

dv
(3-5) e, yy= Y D e @ )T,

veSpec Ty, j=1
where f ]V (S ]?’ (y))Jf denotes the linear map:
FTO U oN T XQE, > T} X QE,,
u(y) €Ty XQE, — f} @) u() | ff(0))e e T X ®E,.

Lete "Hom: L2(X, T**XQE) — Li(X, T*%+X ® E) be the continuous operator
with distribution kernel e "Pom (x| y).

We denote by R the Hermitian matrix R € End(7"°X) such that for V, W €
T'0X,

(3-6) idwo(V, W)= (RV | W).

Let {;}_, be a local orthonormal frame of 719X with dual frame {w’ Vi Set

n
3-7) ya=—i Y doy(w;, @)@ Atg,
1,j=1

where (5, denotes the interior product of @;. Then y; € End(7*%*X) and —idwy
acts as the derivative y; on T*%*X. If we choose {w j}?:l to be an orthonormal
basis of 719X such that

(3-8) R(x) = diag(a; (x), - .., a,(x)) € End(T,"*X),
then )
(3-9) Ya(x) = — Zaj (X)) A L@, -

j=1

Define det R(x) := ay(x) - - - a, (x).
Fix x, y € X. Let d(x, y) denote the standard Riemannian distance of x and y
with respect to the given Hermitian metric. Take ¢
0<§<inf{2—n, . _2¢ ‘,
Pk Pr Pr+1

r:l,...,k—l}.
For x € X, put

d(x, Xsing) = inf{d(x, e %) | <6< 2?77 - ;}
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The following result generalizes Theorem 3.1 in [Hsiao and Huang 2019].

Theorem 3.2. With the above notation and assumptions, for every ¢ > 0, there are
mo > 0, &g > 0 and C > 0 such that for all m > mgy, we have

p .
_ _ : o det(R) exp(tya)
3_10 (t/m)0y ; _ § Qr(s—1)/p)mi 2 n—1_n ! Id
( )| (x, %) = ¢ (2m) " det(1 — exp(—tR)) () ®1dg,

j Y
<em" 4+ Cm"t e mdCXan /1 for qll (1, x) € Ry X Xreg.

Proof. We use the notation from Section 3 in [Hsiao and Huang 2019]. Recall that
', is defined in [Hsiao and Huang 2019, (3.31)] (see also (3-29)). For x € Xeg,
we have

(3-11) Tjp(t, x, x)

N
= %Z Hj’m(t,x,ei”ox)eim” du
. 0

2 (s—1)
P

1
2

N ron/p
" Z/ Hjp,(t,x,e" ox)e™" du
j=1""

N
Zﬂ(s—l)ml
12

)4

s=1

1 < . _

2_26 / Hj,m(t, X, emo)C)elmu du
T o Juetc.en/m—c)

L 27'[(s 2m(s—1)
e ’"’Z )

where H ;, is defined in [Hsiao and Huang 2019, (3.30)] (see also (3-29)). From
[Hsiao and Huang 2019, (3.29), (3.34); Cheng et al. 2019, (6.4)], there are g9 > 0
and Cy independent of j, x, m, ¢t such that, for all r € R, and for all m € N, we
have

i/ Hj,m(t,x,ei”ox)eim” du| < Com"t™"e”
uele, 2 —¢]

somdA(x,Xsmg)Z/t
2

(3-12)

Then the proof is completed by applying [Hsiao and Huang 2019, (3.32), (3.39)]
and (3-12). O

Remark 3.3. It is easy to check that

(3-13) Ze 0 plm

s=1
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3B. BRT trivializations. To prove Theorem 3.2, we need some preparation. We
first need the following result due to Baouendi, Rothschild and Treves.

Theorem 3.4 [Baouendi et al. 1985]. For every point xg € X, we can find local
coordinates x = (X1, ..., Xu41) = (2,0) = (21, ..., 2, 0), 2 = X2j—1 + ix2},
j=1,...,n, xon+1 =0, defined in some small neighborhood

D=A{(z,0):|z| <8, —e0 < 0 < &0}
Of X0, >0,0< o< T, such that (Z(_XO), 9()60)) = (O, O) and

0 0 .0y 0 -
(3_14) T_E’ Z]—azj+lazj(z)809 ]_17"'7’17

where Z;j(x), j =1,...,n, form a basis of TXI’OX,for each x € D, and ¢(z) €
C>®(D, R) is independent of 0. We call (D, (z,0), ¢) a BRT trivialization.

By using a BRT trivialization, we get another way to define Tu, for all u €
QY4(X). Let (D, (z, 0), ¢) be a BRT trivialization. It is clear that

{dzjin---nNdzj 11 <1< <jgs<n}
is a basis for T;%7 X, for every x € D. Let u € 2%9(X). On D, we write

(3-15) u= Y uj..j,dz; A AdZ,.

1§j1<--~<jq§n
Then, on D, we can check that

(3-16) Tu= Y (Tuj.;)dZj, A~ AdZj,

I<ji<-<jg=n

and Tu is independent of the choice of BRT trivializations. Note that, on the BRT
trivialization (D, (z, 6), ¢), we have

R U A TN
(3-17) 8b_;dzj/\<azj ’azj(Z)ae)‘

3C. Local heat kernels on BRT trivializations. Until further notice, we fix m €
Z. Let B := (D, (z,0), ¢) be a BRT trivialization. We may assume that D =
U x ]—¢, ¢[, where ¢ > 0 and U is an open set of C". Since F is rigid, we can
consider E as a holomorphic vector bundle over U. We may assume that E is
trivial on U. Consider a trivial line bundle L — U with nontrivial Hermitian
fiber metric |1]7, =e~2¢. Let (L™, h*") — U be the m-th power of (L, h"). Let
Q% (U, E® L™) and Q¥4 (U, E) be the spaces of (0, ¢) forms on U with values
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in EQ L™ and E, respectively, g =0, 1,2, ..., n. Put

QY U,EQL™) = @ QY (U, E®L™),

jefo.1,....n}
Q" (U, E) = @ Q%I (U, E).
jefo.1,....n}

Since L is trivial, from now on, we identify QY (U, E) with QU*(U, E ® L™).
Since the Hermitian fiber metric (- |-)g is rigid, we can consider (-|-)g as a
Hermitian fiber metric on the holomorphic vector bundle £ over U. Let (-, -) be
the Hermitian metric on CT U given by

d 9, .0¢

. a\_ 09
(azj’azk>_< T @ i

9 .
AN k=12 ....n
dz; | az, 92k azk(Z)ae> J "

(-,-) induces a Hermitian metric on T***U := @'}_o T**/U, where T**/ U is
the bundle of (0, j) formson U, j =0, 1, ..., n. We shall also denote this induced
Hermitian metric on 7*%*U by (-, -). The Hermitian metrics on T7*0+U and E
induce a Hermitian metric on 7***U ® E. We shall also denote this induced metric
by (-|-)g. Let (-, -) be the L? inner product on Q% (U, E) induced by (-,-),
(-|-)E. Similarly, let (-, -),, be the L? inner product on Q% (U, E® L™) induced
by (-.-), (+]-)g and RL".

The curvature of L induced by A’ is given by RE :=233d¢. Let RL € End(T'°U)
be the Hermitian matrix given by

REW,Y)=(R'W,Y), Ww,YyeT!'OU.

Let {w;}_, be a local orthonormal frame of 70U with dual frame {w/ Vi Set

(3-18) wg=—Y R:w;, w)D' A,
Lj

where (5, denotes the interior product of w ;.
Let

3:Q" U, EQL™) — Q" (U, EQL™)
be the Cauchy—Riemann operator and let
QY (U, E®L™) — Q" (U, E®L™)
be the formal adjoint of  with respect to (-, - ),,. Put
(3-19) Opm =@+ : Q" U, E® L™ — Q" (U, EQL™).

We need the following result (see Lemma 5.1 in [Cheng et al. 2019])
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Lemma 3.5. Let u € Q%*(X, E). On D, we write

u(z,0) =e™u(z), Uz e Q" (U, E).
Then,

(3-20) e g (&™) = e ™00, (u).

Let z,w € U and let T(z, w) € (T;**U ® E,) K (T}"*U ® E;). We write
|T (z, w)| to denote the standard pointwise matrix norm of 7' (z, w) induced by
(-] )g. Let Qg"(U , E) be the subspace of Q0+ (U, E) whose elements have com-
pact support in U. Let dvy be the volume form on U induced by (-, - ). Assume
T(z,w) € C®(U x U, (T}**U ® E,,)) R(T3*U ® E,)). Letu € Q" (U, E). We
define the integral f T (z, w)u(w) dvy (w) in the standard way. Let G(z, z, w) €
C®(Ry x U x U, (T U ® Ey,) X(T*U ® E;)). We write G (1) to denote the
continuous operator

G(1): Q)" (U, E) » Q" (U. E), uw> f G(t. 2. wyu(w) dvy (w)

and we write G'(¢) to denote the continuous operator

0G(t, z, w)

o1 u(w) dvy (w).

G'(1): Q) (U, E) - Q" (U,E), urs /

We consider the heat operator of U ,,. By using the standard Dirichlet heat
kernel construction (see [Grigoryan and Saloff-Coste 2002]) and the proofs of
Theorem 1.6.1 and Theorem 5.5.9 in [Ma and Marinescu 2007], we deduce the
following:

Theorem 3.6. There is
Apm(t,z,w) € CO(Ry x U x U, (T**U ® E,) R(T}**U ® E,))

such that
lim Apn(0)=1, in D'(U, T UQE),
t—0+

(3-21)
Alg (O + %Ag,m(t)(mg,mu) =0, forallue QY (U, E), t >0,

and Ap n(t, z, w) satisfies the following:

(I) For every compact set K € U, and a1, az, B1, o € N, there are constants
Cay,a0.1.8..k > 0 and gy > 0 independent of t and m such that

(3-22)  [0919220810% (A (t, 2, w)e™ @ =¢@))|
m )ﬂ-Hal [+loz2|+B11+1B2]
e

= Calﬂzﬁh&ﬁ(?

—meglz—w|?/t
9

forall (t,z,w) e Ry x K x K.
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) Apn(t, z, 2) admits an asymptotic expansion:
det(RL) exp(twy)
det(1 — exp(—tRL))
in C* (U, End(7*%*U) ® E) locally uniformly on Ry x U, for every £ € N. Here we

use the convention that if an eigenvalue a;(z) of RL (2) is zero, then its contribution
for (det(R%)/det(1 —exp(—tR"))) (2) is

(3-23) Apm(t,z,2) = Q2m) "m" (2) ®Idg, +o(m")

3D. L? Kohn-Rossi cohomology on a covering manifold. Let
B, : Dom 3, € LA(X, T X) — LA(X, T X)

be the Gaffney extension of the pull-back Kohn Laplacian on X. By a result of
Gaftney, Elh is a positive self-adjoint operator (see Proposition 3.1.2 in [Ma and
Marinescu 2007]). That is, ﬁb is self-adjoint and the spectrum of ﬁb is contained
in @Jr. Now, we fix m € Z. As in (3-3), we introduce the m-th Fourier component
of the Kohn Laplacian ﬁb,m on Qgi'(g , E ). We can easily see that ﬁb,m is also
self-adjoint. By the second isomorphism of (2-10), we can see that, for any y € I',

(3-24) T, (Dom(Ty,m)) € Dom(Ty), Ty Tpm =0y,  on Dom(Cy,).

Consider the spectral resolution EY () of (I, acting on L2 (X, T**4 X Q E).
(See [Ma and Marinescu 2007, Appendix C.2]). The proof of the following lemma
is similar to Lemma 3.6.3 in [Ma and Marinescu 2007].

Lemma 3.7. Foranyq =0,1,...,nand ) € R, then E;’ (ﬁb,m) commutes with T,
its Schwartz kernel is smooth and

dimr E7 (Op.m) < +00.

Proof. By (2-10) and (3- 24) we can see that, for any A € R, E (Db m) commutes
with I'. We claim that Db m— T2 = A is a second order elhptlc operator, so is
A —m?. Tts principal symbol is locally written as

n
oa(%, &) =o0p, (X6 —op(E 6) =) oL, & )" — o7, £)°,
j=1
where & = (&1, ..., 24, 52441) and {L;} is an orthonormal basis of T)?’IJN(. It is
well-known that the characteristic manifold of [J;, is

T ={(&, c@y(¥)) € T*X | ¢ #0}.

It means that oty (x,&) > 0if and only if (&, .. 52,,) ;é 0. Meanwhile, in a local
BRT coordinate [Baouendi et al. 1985], we have T = 30, then o5 = i&2,4+1. That
is, 052 = _522,, +1- Then the claim is proved. By the spectral theorem, see [Ma and
Marinescu 2007, Theorem C.2.1], we have Im(E; (A —m?)) C Dom((A — m?)¥)
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for k € N. Using the uniform Sobolev spaces [Shubin 1995, pp. 511-512], it is easy
to see that Im(E; (A —m?)) C Q*(X, E), so that

Ex(A—m?) : L*(X, T***X®E)—> Q(X,E)
is linear continuous. Hence,
Im E; (Op. ) = Im(E, (A —m?) N L2 (X, T***X Q E)
CcX, ENLLX, T XQE) =X, E)

and E; (Db m) . L2 (X T X ® E) — Q (X E) is also linear continuous. By the
Schwartz kernel theorem, the kernel E; (Db,m)(x, x) of Ey (Db, m) With respect to
dvy(x) is smooth. By [Ma and Marinescu 2007, (3.6.12)],

dimp E5(Cp.m) =/ Tr[ 5 (Op. ) (5, $)]1dvg () < +00. O
U

Definition 3.8. (a) The m-th Fourier component of the space of harmonic forms
H* (X, E) is defined by
,Hizm(i’ E) = Ker(ﬁlb’m) = {S € Dom ﬁb,m | ﬁb,ms = O}

(b) The m-th Fourier component of the ¢-th reduced L?> Kohn-Rossi cohomology
is given by

Kerd, N L2 (X, T*9X ® E)

[Imd, N L2(X, T*4X ® E)]’

(3-25) HY oy (X E) =

where [V] denotes the closure of the space V.

We can easily obtain the following weak Hodge decomposition
(3-26) LL(X, T X ® E) =" (X, E) ® [Im(3,,,)] ® [Im(3}, )]
By (3-26), we get the isomorphism
(3-27) Hy o) (X, E) = H1;(X, E).

3E. Asymptotics of heat kernels of Kohn Laplacians on a covering manifold. As-
sume that X =D |J D> |- - - U Dw, where B :=(Dj, (z,0), ¢;) is a BRT trivial-
ization, for each j. We may assume that, foreach j, D; =U; x]-2§;, 25 [CC'xR,
8>06>0U {zeC" | |z| <;}. Foreach j, putD _Ux 8/28/2
where U ={zeC"||z] <l;/2}. We may suppose that X = D, U D2 U---u Dy.
Let {v;} be a partition of unity subordinate to {D }. Then {wy ji= 1,0, om}
is a partltlon of unity subordinate to {D .j}» where 1(D )= Uy T Dy ; and
Dm j and Dy2 ; are disjoint for y; # y». For each y € I' and each j, we have
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D,;=U,;x1-8,;/2, 8, /2, where U, j = {z € C" | |z| <l,.;/2}. Then X =

N
Uyer Uj:l D%j-
Fixyeland j=1,2,...,N. Put

K, ;={z€U,|thereisad €1-8, /2, b, ;/2[ such that ¥, ;(z, 6) #0}.
Lett, ;(z) € C(‘)’O(ﬁy,t) with 7, ; = 1 on some neighborhood W, ; of K, ;. Let
oy.j € C3°(1-8y,;/2, 8y,;/2[) with [0y ;(0)d6 = 1. Let
ANB%J.,m(t, Z, U)) € COO(R+ X i}y,j X fj}/,j’ (TI:O’.ﬁy’j X Ew) X (T;O’.ﬁyyj ® EZ))
be as in Theorem 3.6. Put
(3-28) Hy jm(t,%,5)

=y, j(B)e OO Ly (1, 2, w)e™ s T, (e, (),

where X = (z,0), y = (w, n) € C" x R. Let

N m
(3-29) T, %, ) = % > /_ ) Hy jm(t, %, e"o3)e™ du.
yel j=1

Note that when I = {e}, Fm (t,x,y)=T,(t,7(x), m(y)) is defined in [Hsiao
and Huang 2019, (3.31)].

From Lemma 3.5, with off-diagonal estimates of A B;.m(t, X, y) (see (3-22)), we
can repeat the proof of Theorem 5.14 in [Cheng et al. 2019] with minor change
and deduce that

Theorem 3.9. For every £ € N, £ > 2, and every M > 0, there are &g > 0 and

mqo > 0 independent of t and m such that for every m > mgy, we have

(3-30) ||e—%ﬁb,m (%, 7) =Tl %, 9)| ClEx) = e~ T, forallt € (0, M).
From [Ma and Marinescu 2007, Theorem 3.6.4], we have

Proposition 3.10. Foranyty >0, e >0andany y €', j=1,2,..., N, there
exists C > 0 such that for any z € U,, j,m € N, t > 1,

|8, (22 = At 7@ 7@ | i, wr, ) = Cexp(—% )

From (3-11) (see [Hsiao and Huang 2019, (3.31)]), (3-28), (3-29), Proposition 3.10
and the fact that vy, ; = ¥; o 7w, we can easily deduce:

Lemma 3.11. With the notation and assumptions as in Theorem 3.9, we have
[Tt . 8) = Tt 7 @), 7@ | o 7, = Cexp(—"e0 ).

From Theorem 3.9, Lemma 3.11 and Theorem 3.5 of [Hsiao and Huang 2019],
we have:
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Theorem 3.12. For every £ € N, £ > 2, and every M > 0, there are gy > 0 and
mq > 0 independent of t and m such that for any X € X and m > mg, we have

10 ~ ~ _r ~ ~
|emmrn (%, %) — e m (%), 1) | 17
< Cexp(—%so), forallt € (0, M).

By Theorems 3.2 and 3.12, we have:

Theorem 3.13. With the above notations and assumptions, for every € > 0, there
are mg > 0, &9 > 0 and C > 0 such that for all m > mg, we have

2 (;7 D det(R) exp(tya)

det(1 —exp(—tR))

p
ST
e~ mom (x, x)—Ze
s=1

s y N
<em" 4+ Cm"t e 0TI Xaind "/t for qll (£, %) € Ry X Xpeq.
+ 2

(3-31)

mi (zn)fnflmn

(7 (®)®Id,

Recall that since I acts on X freely so that X /' = X, hence, )?reg /T = Xieg.

4. Heat kernel proof

In this section, we will present the heat kernel proof of the main theorem.
We denote by Trr, the I'-trace of operators acting on L2(X, T*" X ®E), see
Section 2C or [Ma and Marinescu 2007, Subsection 3.6.1].

Lemma 4.1. Foranyt >0, meN, 0 <q <n, we have

q q
i =i S = _; t =~

@1 Y0 dimp H] ), (R, B) = 30 (=107 Trry[exp (=L 0,) |,

j=0 j=0
with equality for g = n.
Proof. Let Eim be the spectral resolution of ﬁb,m acting on Li ()? , T*0.9X ® E ).
We consider the projectors E/™ (A1, A2]) = Eizm — Eilm, where A, > A; > 0.
Then, by the Hodge decomposition (3-26), Z?ZO(—l)q_fEf’m(]kl, A2]) is the
projection on the range of 5;,,mE M , A2]) and thus a positive operator. Hence
the I'-invariant measure Z?ZO(—I)‘I ~J/dEJ{™ is positive on {A > 0}. It follows that

q
(4-2) R ;=/ et Z(-l)‘l*de{"” >0,
A>0 =0

and R commutes with I". On the other hand,

43) Trrjexp(=L 0, ) | =dimp B ), (%, B) + Try A Oe‘wdE{’m-

By (4-2) and (4-3), we obtain the result. U
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Let Try[exp(—-£0,m)] be the trace of the operator exp(— %[, ) acting on
Q?,;q (X, E). It is well-known (see Theorem 8.10 in [Roe 1998]) that

4 — _
4-4) Tr, [exp(—EDb,m)] = /XTrq [exp( me,m> (x,x)] dvy(x).
By [Ma and Marinescu 2007, (3.6.7) and (3.6.8)], as in (4-4), we obtain:

Proposition 4.2. We have
r ~ o -
@s) T ewp(— 580 | = [ oo B 0] dug
U

Now we are in a position to give the heat kernel proof of the Morse inequalities
for the Fourier components of reduced L> Kohn—Rossi cohomology.

Proof of Theorem 1.1. Denote by Tr 0., the trace on 7*%4 X. The basis for 7*%9X
is

(4-6) @ A-na ) i< < gl
We write for the index (1, ..., q)

q
4-7)  expty) (@' A---A@T) = ]_[(1 + (e = Da! Agi) (@ A Ad?)
j=1

= Z Ck]...kq(x)cT)kl VAN /\cT)kq.
ky<---<kg

From direct calculations, we see that

q
(4-8) Clq(xX) = eXp(—t > _q) (x)>-
j=1

Then we have

q
(4-9) Trpoalexpty)l = Y exp(—t T (x)>.
i=1

J1<<Jq
Hence
. Trpoqlexp(tyq)] Dy, exp(—t X1, aj,(x))
(4-10) lim — = lim =
i—oo det(l —exp(—tR)) 1= [ (1 —exp(—ta;(x)))
= (—D71x),
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where the function X (¢) is defined by 1 on X (g), 0 otherwise. As usual, for x € X ,
7(x) =x € X. It follows from Theorem 3.13, (4-5) and Lemma 4.1 that

4-11) Z( D7~ dimp H) 5, (X, E)
j=0
q

Z —1)7= JTrrq[exp( ﬁb,m)]

q

Z —1)t- J/ Trr,q[exp(—%ﬁb,m(x,i))]dv;((i)

=0
<Qm)™" IZ i Z( 14

/ det(R) Ter,q [exp(tyq) ® 1dE, ]
X ;
X det(l —exp(—tR))

dvyx(x)

+e) (=17 Vol(X)+C) (=1)77 / 1 eomdo-Xsn*/1 gy ().
> z [

j=0 =0

Note that ¢ is arbitrarily small. By the dominant convergence theorem with # — oo,
we have

hmsup—Z( 1?77 dimr Hb omX. E)

m—00

j=0
(=17 f/ | det(R)| dvx (x), for p|m,
(4_12) (27‘[)”"‘1 Z X(j)
hmnl)solip — ZO( 1)4~/ dimp Hb @mX, E)=0, for ptm.
J

From Definition 2.2, (3-6) and (4-12), we finally get

Z( )¢~ dimp H}, 5 (X, E)

j=0
< —f I G f | det(L,)] dvx (x) +o(m™), for p|m.
413) = "
q
Z( l)q j dlmF Hb (2) m(X’ E) = O(mn)’ fOr p’i’m

j=0
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Let ¢ = n in (4-1), by applying Theorem 3.13, we obtain for p | m,

n

1 L — ~ o~

(4-14) -2 > (=) dimp H} ), (X, E)
j=0

#i(—l)”‘j/UTrr,j[eXp(—%ﬁb,m(f,f))]dv}?(ﬁz)
j=0

e . . det(R) Tr o0, [exp(tys) ® Idg, ]
n—1 _1\n—J x
G ]2::0( b /X det(l —exp(—1R))

A%

A%

—enVol(X) — Cn / 11 e—eomd (o Xsng 2/t gy ().
X

Note that ¢ is arbitrarily small. By the dominant convergence theorem with t — oo,
we have

(4-15)  liminf Z( "~ dimp B} 5, (X, E)

m—o0, p|lm m s
> Li(—l)”_j / | det(R)| dvx (x)
= (27T)n+1 = X()
Then

(4-16) hmmf Z( "~ dimp H}, 5, (X, E)

m—0Q,

= on )nﬂ Z( 1y /X | det®ldvx).

We finally get

(4-17) Z( )"~/ dimp H}, 5, (X, E)

j=0
rm"
= S Z( D fx et du () + o™ for plm.
J
Then the proof is completed. ([
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