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DECOMPOSABLE SPECHT MODULES INDEXED BY BIHOOKS

LIRON SPEYER AND LOUISE SUTTON

We study the decomposability of Specht modules labeled by bihooks, bipar-
titions with a hook in each component, for the Iwahori-Hecke algebra of
type B. In all characteristics, we determine a large family of decomposable
Specht modules, and conjecture that these provide a complete list of decom-
posable Specht modules indexed by bihooks. We prove the conjecture for
small n.

1. Introduction

Specht modules are of fundamental importance in the study of reflection groups and
their deformations. We are particularly interested in the Iwahori—-Hecke algebras of
types A and B. In type B, these Hecke algebras have been studied from the point
of view of their decomposition numbers [Fayers 2006; Ariki and Jacon 2010] and
their Kazhdan—Lusztig theory [Geck et al. 2008; Jacon 2011] and via applications
from higher representation theory [Brundan and Stroppel 2011]. Nowadays, the
subject often takes on a more diagrammatic and categorical flavor, for example
with the inception of Elias and Williamson’s diagrammatic Hecke category [2016],
Webster’s diagrammatic Cherednik algebra [2017] and recent work of Elias and
Losev [2017].

It is known by [Dipper and James 1991; Rouquier 2008b; Fayers and Speyer
2016] that the Specht modules are indecomposable if the quantum characteristic e
is not 2, and under the further assumption in type B that the parameters x| and k>
are distinct. Rouquier’s work in fact gives us that the Hecke algebras admit faithful
quasihereditary covers, whence indecomposability follows easily by considering
the trivial endomorphism spaces of standard modules.

In type A, Murphy [1980] and Speyer [2014] completely determined the de-
composability of Specht modules indexed by hook partitions. The general case is
very difficult, owing to the complicated structure of the endomorphism rings of
Specht modules. In the case of the symmetric group, Dodge and Fayers [2012] give
the first new family of decomposable Specht modules in thirty years, which are
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indexed by partitions of the form (a, 3, 1°). Parallel to this, the graded composition
multiplicities for Specht modules indexed by hooks have been determined using
Fock space machinery in [Chuang et al. 2004].

Here, we take the natural first step in extending this study of decomposable Specht
modules to Iwahori-Hecke algebras of type B. We study Specht modules indexed
by bihooks, that is bipartitions for which both components are hook partitions. In a
certain subfamily of these, Sutton [2018; 2020] has determined graded decompo-
sition numbers, drawing an analogue in type B with the aforementioned work of
[Chuang et al. 2004]. As in [Speyer 2014], we study these Specht modules from
the perspective of the cyclotomic Khovanov-Lauda—Rouquier algebras that were
introduced by Khovanov and Lauda [2009] and Rouquier [2008a], an equivalent
point of view by virtue of the isomorphism theorem of Brundan and Kleshchev
[2009a]. In this framework, we investigate endomorphisms of Specht modules, and
obtain nontrivial generalized eigenspace decompositions for several large families
of Specht modules, which we conjecture are the only decomposable Specht modules
indexed by bihooks if e #~ 2 and char F #~ 2 (see Conjectures 4.2 and 5.5). In other
words, our main results prove one direction of our conjectural classification in
all of the cases where decomposable Specht modules may arise, and we prove
our classification in full in a few cases. For small n or ¢ = 2, we have some
extra decomposable Specht modules —see Theorems 3.8 and 5.4, respectively. We
summarize the majority of our decomposable Specht modules as follows.

Theorem 4.1. Suppose that we take a Hecke algebra of type B with parameters
K1 =ko. Let . = ((ke +a, 1°), (je+a, 1)) or (b+1, 17¢+a=1) (b4 1, 1keta=ly),
forsome j,k>1,0<a<e,and0<b<ewitha+b#e,orfora=b=0.

(1) For j,k > 1,if j + k is even and charF # 2, or if j + k is odd, then S, is
decomposable.

(ii) If j = L ork =1, then S, is decomposable if and only if charF { j + k.

Theorem 5.3. Let e =2, and suppose that v is a hook partition of n such that S, is
a decomposable Specht module over the Hecke algebra of type A (see Theorems 5.1
and 5.2). Then, for any partition v of m, the Specht modules S, .y and S, ) over
the Hecke algebra of type B are decomposable.

We now outline the layout of this paper. In Section 2, we will collect all necessary
definitions and background from the literature, before studying the case of “small
bihooks” (when n < 2¢) in Section 3. In this case, we are able to completely
determine the decomposability of Specht modules: we prove the above results in
this special case, and furthermore show the converse, that all other bihooks index
indecomposable Specht modules. Our method for this converse is a case-by-case
analysis examining the tableaux that can appear in endomorphisms of these Specht



DECOMPOSABLE SPECHT MODULES INDEXED BY BIHOOKS 657

modules. We emphasize that this method will not readily extend to large n. Next, we
conduct the majority of our study of Specht modules labeled by bihooks in Section 4,
finding the aforementioned families of decomposable Specht modules. Our method
here is to first use the divided power functors to reduce proving Theorem 4.1
to the case of bipartitions of the form ((ke), (je)), and then determine certain
endomorphisms for Specht modules in Theorem 4.13 indexed by these bipartitions.
We compute three eigenvalues for these endomorphisms, yielding at least two
distinct eigenvalues in any characteristic (with the exception of characteristic 2
when j + k is even), resulting in a generalized eigenspace decomposition for the
Specht modules having at least two nontrivial summands. Section 5 covers the
e = 2 situation, which makes use of previous work of Speyer [2014] to yield quick
results and prove Theorems 5.3 and 5.4. We leave some long technical calculations
for Section 6, where the keen reader may find the grittier details of our work.

2. Background

In this section we give an overview of KLR algebras, Specht modules labeled by
bihooks, and the associated combinatorics. Throughout, F will denote an arbitrary
field.

Lie theoretic notation. Let e € {2,3,...} U {oo}, which we call the quantum
characteristic. If e < oo, then we set I := Z/eZ, which we identify with the
set {0, 1, ..., e— 1}, whereas if e = 0o, we set I := Z. We let I' be the quiver with
vertex set [ and an arrow i — i — 1 for each i € I. If e = oo, then I is the quiver
of type A.o; otherwise I' is of type Agl_)l.

Following Kac’s book [1990], we recall standard notation for the Kac—Moody
algebra associated to the generalized Cartan matrix (a;;); je;. We have simple roots
{a; | i € I}, fundamental dominant weights {A; | i € I}, and the invariant symmetric
bilinear form (-, -) such that («;, ;) = a; j and (A;, ;) =;;, forall i, j € I. Let
O+ :=@,.; Z=ow; be the positive cone of the root lattice. If « =), _, ciot; € O,
then we define the height of o to be ht(a) = Ziel .

An e-bicharge is an ordered pair k = (1, k2) € [ 2. We define its associated
dominant weight A of level two tobe A = A, 1= Ay, + Ay,.

The symmetric group. Let G, be the symmetric group on n letters. We denote by
S1,...,Sy—1 the standard Coxeter generators, where s; is the simple transposition
(i,i+1) for 1 <i < n. We define a reduced expression for a permutation w € S,
to be an expression s;, ...s;, such that m is minimal, and call m the length of w,
denoted £(w).

We define the Bruhat order < on G,, as follows. If x, w € G,,, then we write
x < w if there is a reduced expression for x which is a subexpression of a reduced
expression for w.
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.. j ~
For I <i < j<n-—1, wedefine si:=s;s5j1...5 and SHI=SiSiq] .S
i

Bipartitions. A partition A of n is a weakly decreasing sequence of nonnegative
integers A = (A1, A2, ...) such that [A| := ) X; = n. We write & for the empty
partition (0,0, ...). A bipartition ) of n is a pair A = (A\(D, ) of partitions
such that |A| = AV 4+ AP | = n. We refer to AV and A® as the first and second
components, respectively, of L. We abuse notation and also write & for the empty
bipartition (&, @). We denote the set of all bipartitions of n by @,%

For A, 1 € 22, we say that A dominates (v, and write A > u, if for all k > 1,

n’

~

k k k

1 1 1 1 1 1
PIPULED SITUITIAIES SVIEMIIES St
j=1 j=1 j=1 j=1

The Young diagram of A = (A, .?) € 22 is defined to be
A= {G, j,m) e Nx N x {1,2} | 1< j <A™}

We refer to elements of [A] as nodes of .. We draw the Young diagram of a
bipartition as a column vector of Young diagrams [A("], [\(?]. We say that a node
A €[] is removable if [1]\ {A} is a Young diagram of a bipartition, while a node
A ¢ [A] is addable if [L\] U {A} is a Young diagram of a bipartition.

If A is a partition, the conjugate partition, denoted 1/, is defined by

M= =11 =i

If A € 22, then we define the conjugate bipartition, also denoted 1, to be A’ =
()L(Z)’, X(l)/).

Tableaux. Let A € 9,% Then a A-tableau is a bijection T : [A\] — {1,...,n}. We
depict a A-tableau T by inserting entries 1, ..., n into the Young diagram [X] with
no repeats; we let T(i, j, m) denote the entry lying in node (i, j, m) € [A]. We say
that T is standard if its entries increase down each column and along each row,
within each component, and denote the set of all standard A-tableaux by Std(}).

The column-initial tableau T, is the A-tableau where the entries 1, ..., n appear
in order down consecutive columns, working from left to right, first in component 2,
then component 1.

The symmetric group &, acts naturally on the left on the set of A-tableaux. For
T a A-tableau, we define the permutation wr € &, by wtT, =T.

Suppose A € @3 Let S and T be A-tableaux with corresponding reduced expres-
sions ws and wr, respectively. Then we say that T dominates S, written as T &> S, if
and only if wr > ws.
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Residues and degrees. Fix an e-bicharge x = («1, k). The e-residue of a node
A=(, j,m)eNxN x {1, 2} is defined to be

resA:=k,+ j—i (mode).

We call a node of residue r an r-node.
Let T be a A-tableau. If T(i, j, m) =r, we set rest(r) =res(i, j, m). The residue
sequence of T is defined to be

it = (rest(1), ..., rest(n)).

We denote the residue sequence of the column-initial tableau T by i) = ir,.
We now define the degree of a standard tableau, which is the codegree as given
in [Brundan et al. 2011, §3.5]. For A € @3 and an i-node A of A, we define

d*()) := #{addable i-nodes of A strictly above A}

— #{removable i-nodes of A strictly above A}.

Let T € Std(1) with T~'(n) = A. We define the degree of T, denoted deg(T),
recursively, by setting deg(<) := 0, and

deg(T) :=d* () + deg(T,).
where T_, is the standard tableau obtained from T by removing the node A.

Regular bipartitions. Let A € 22, We define the i-signature of ) by reading the
Young diagram [A] from the top of the first component down to the bottom of the
last component, writing a + for each addable i-node and a — for each removable
i-node. We obtain the reduced i-signature of A by successively deleting all adjacent
pairs +— from the i-signature of A, always of the form —--- —+4--- +.

The removable i-nodes corresponding to the — signs in the reduced i-signature
of XA are called the normal i-nodes of A, while the addable i-nodes corresponding
to the + signs in the reduced i-signature of A are called the conormal i-nodes of A.
The lowest normal i-node of [A], if there is one, is called the good i-node of A,
which corresponds to the last — sign in the i-signature of A. Analogously, the
highest conormal i-node of [A], if there is one, is called the cogood i-node of A,
which corresponds to the first 4 sign in the i-signature of A.

We say that a bipartition A € @3 is regular, or conjugate-Kleshchev, if [A] can be
obtained by successively adding cogood nodes to @. That is, we have a sequence
& = Ar(0),A(1), ..., A(n) = A such that [L({)]U{A} = [L(i + 1)], where A is a
cogood node of A(i). Equivalently, X is regular if and only if & can be obtained by
successively removing good nodes from [A]. Observe in level one that the set of all
regular partitions coincides with the set of all e-regular partitions.
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Cyclotomic Khovanov-Lauda—Rouquier algebras. Suppose a € O has height n,
and set

Iaz{iz(il’i2""’i”)eln|0li|+“'+ai,,=0!}-

Recalling that A = A, we define Z2 to be the unital associative F-algebra with
generating set

{e(i)|iEIa}U{ylv””yn}U{wl””vwnfl}
and relations
e(i)e(j) = d; je(i),

Ze(i): 1,
iel®

yre(@) =e(@)yr,
Yre(d) = e(s i)Yy,

YrYs = YsYrs
Yrys = YsV¥r ifs#rr+1,
Yy = Yy if [r —s|>1,

yrre(@) = (Yryre1 — 8i,,i,+1)e(i)s
Yr+1¥re(@) = (Yryr + 85,0, )e(@),

0 ifi, =ig1,
ey = | if ip 1 # dp ir £ 1,
' (V41— yr)e(@) if iy =iy 4+ 1,
(r = yr1)e(@) ifi, =i,41—1,

(wr+lwr¢r+l + l)e(l) if ir+2 =i, = ir—i—l +1,
Ve 1re@) = 3 (a1 VY — De(@)  if iy =iy = ipyq — 1,
Wr 1 g1)e(i) otherwise,
ey =0

for all admissible r, s, i, j. When e = 2, we actually have slightly different “qua-
dratic” and “braid” relations, which may be found, for example, in [Kleshchev
et al. 2012, §3.1]. We omit them here, as we will not explicitly calculate with these
relations when e = 2.

Lemma 2.1 [Brundan and Kleshchev 2009b, Corollary 1]. There is a unique Z-
grading on %’O‘l\ such that, for all admissible r and i,

deg(e(i)) =0, deg(y,) =2, deg ¥, (e(i)) = —ai, r, ., -
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The cyclotomic Khovanov-Lauda—Rouquier (KLR) algebra or cyclotomic quiver
Hecke algebra %} is defined to be the direct sum @, %2, where the sum is taken
over all « € Q% of height n.

Here we sum over all « € Q7 of height n, though in fact only finitely many of
the summands will be nonzero, so (even when e = 00) %,’l‘ is a unital algebra.

These Z-graded algebras are connected to the Hecke algebras of type B via (a
special case of) Brundan and Kleshchev’s graded isomorphism theorem.

Theorem 2.2 [Brundan and Kleshchev 2009a, Main Theorem]. If e = char(F) or
char(F) 1 e, then %’é\ is isomorphic to the integral Hecke algebra 5¢,(q, Q1, Q2)
of type B with parameters q € F a primitive e-th root of unity, Q1 = q*', and
Qo =q*2. That is, 74,(q, Q1, Q) has generators Ty, ..., T,_1 satisfying type B
Coxeter relations, with the quadratic relations replaced with

(To—g¢HVTo—q¢*) =0 and (T;—q)(T;+1)=0 foralll <i<n-—1.

Specht modules labeled by bihooks.

Definition 2.3. We call a bipartition A a bihook if it is of the form A = ((a, 19y,
(c, 14)) for some integers a,c > 1 and b, d > 0.

Definition 2.4. [Kleshchev et al. 2012, Definition 7.11] Let A = ((a, 17), (c, 19)) €
323 The (column) Specht module S, is the cyclic ,%’,/,‘ -module generated by z; of
degree deg(z, ) := deg(T,) subject to the relations

e e(i)zn =2,
e yyzu=0forallr e{l,...,n},
s Yron=0forallre{l,....n—1\{d+1,c+d,b+c+d+1},

s Y12 Yat1za = 0= Yerat1¥etd+2 - - - Yoteta+12a (these are the Garnir
relations arising from nodes (1, 1, 2) and (1, 1, 1), respectively).

For each w € &,,, we fix a reduced expression w = s;, ... s;, throughout. We
define the associated element of Z2 to be v, := V;, ... Vi, , which, in general,
depends on the choice of reduced expression for w. For A € @3 and a A-tableau T,
we define vr 1= ¥y, 2.

Whilst these vectors vr of S; also depend on the choice of reduced expression
in general, the following result does not.

Theorem 2.5 [Brundan et al. 2011, Corollary 4.6; Kleshchev et al. 2012, Proposition
7.14 and Corollary 7.20]. For A € 9,%, the set of vectors {vy | T € Std(A)} is a
homogeneous F-basis of S;, with deg(vr) = deg(T). Moreover, for any A-tableau S,
vg Is a linear combination of basis elements vt such that S &> T.

We record the following useful lemma that we will use frequently.
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Lemma 2.6 [Brundan et al. 2011, Lemma 4.4]. Let A € @3, and T € Std(L). Then
e(i)vr = &; i, V.

Of particular importance to the present paper is the following result on the
decomposability of Specht modules, which is a special case of a result for higher
level cyclotomic KLR algebras.

Proposition 2.7 [Fayers and Speyer 2016, Corollary 3.12]. If e # 2 and x| # k2,
then the Specht modules S, are indecomposable for all A € 3”3

The following useful result is obtained from [Kleshchev et al. 2012, Theorems
7.25 and 8.5].

Theorem 2.8. S, is decomposable if and only if S, is.

We know from [Brundan and Kleshchev 2009b, Theorem 5.10] that Specht mod-
ules S, indexed by regular bipartitions have simple heads, yielding the following:

Proposition 2.9. If . € 92 is a regular bipartition, then the Specht module S is
indecomposable.

Lemma 2.10 [Brundan et al. 2011, Lemma 4.9]. Let A € @3, 1<r <n,and
T € Std(A). If r and r + 1 lie in the same row or in the same column of T, then

Yrvr = Z asvs for some ag € F.

SeStd(A)
is=i, T
S<T

Definition 2.11. We define
1@: Yen—1... Wy and sz lﬁylﬂy_H R/

if x > y and set both equal to 1§ if x < y. Furthermore, we use the shorthand

x x+1 x+c x x+1 x+c x x—1 x—c x x—1 x—c
wfyil' b= wflpyil' .. w}ic’ 1//;‘&1. b= 1//};1//yf1. .. wyfc’

PERLOT =y T T, R T =y

x x+1 x+c X x+1 x+c xx—1 x—c x x—1 x—c

3. Small bihooks

In light of Proposition 2.7, we suppose that x| = k» throughout Sections 3 and 4. In
fact, we need only assume that « = (0, 0) since residue shifts do not change the iso-
morphism type of Z2. Here, we begin our examination of Specht modules labeled
by bihooks by completely determining which Specht modules are decomposable
when n < 2e. We first make the following easy observation.

Lemma 3.1. If k < e, then .. = ((k), (k)) is a regular bipartition. In particular, S,
is indecomposable.
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Proof. Starting from (@, &), we may add two cogood 0-nodes and then two cogood
1-nodes, and continue in this fashion until we have added two cogood (k — 1)-
nodes. The resulting bipartition is A. It follows from Proposition 2.9 that S; is
indecomposable. O

Remark. In the above proof, we may go so far as adding two cogood (e —2)-nodes
to reach the regular bipartition ((e — 1), (e — 1)), but can go no further. Adding
a cogood e-node yields the bipartition ((e), (e — 1)), but adding a second cogood
e-node results in the bipartition ((e, 1), (e — 1)), not ((e), (e)). One can check that
((k), (k)) is not regular for any k > e.

In fact, it is not difficult to see that we may generalize the previous lemma as
follows.

Lemma 3.2. Suppose a > 1 and b > O witha+b < e. Then . = ((a, 1°), (a, 1%))
is a regular bipartition, so S, is indecomposable.

Conversely, we will next show that if we instead have a + b = e, then the Specht
modules S, 15 (4,17)) are all decomposable.

Lemma 3.3. Supposea >1andb >0 witha+b < e, and let . = ((a, 1%y, (a, 1%)).
Then there is a unique standard \-tableau T # T) withresT = i,.

Proof. This is an easy consequence of the fact thati, = (0,e—1,...,e—b, 1,2, ...,
a—1,0,e—1,....,e—b,1,2,...,a —1). If we write T; = (T, T?®), then
T=(T®, ), O

Lemma 3.4. Supposea >1andb >0 witha+b =e, and let . = ((a, 1%, (a, 1%)).
There is an endomorphism ¢ of S, determined by ¢(z,) = vr, where T is the tableau
in Lemma 3.3.

Proof. The proof proceeds by checking that the annihilator of z, also annihilates vr.

We already know by Lemmas 2.6 and 3.3 that e(i)vr = 6; ;, vr. It is easy to
see that degT = 1 = deg T,, and therefore that deg(y,vr) = 3. However, y,vr €
e(i) Sy = (vr,, vr)F, so deg(y,vr) = 1. This contradiction gives us that y,vr =0
forallr € {1,...,n}.

Finally, we check the relations involving i generators. We know by Lemma 2.10
that ¥r,,vr = 0 if there exists no standard A-tableau with residue sequence wi; , for
any w € G,.

Observe that for 1 <r < b,

spi =0,e—1,e—2,...,e—r+2,e—r,e—r+1,i,40,...,0y).

It is clear that there is no standard A-tableau with residue sequence s,i,, and hence
Yrop=0forall 1 <r <b. Similarly, Y,vyr=0forallr e {(b+2,...,e—1}U
{fe+1,...,e+b}U{e+b+2,...,2¢e —1}.
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If a > 1, we must also check the longer Garnir relations arising from the
Garnir nodes (1,1, 1) and (1, 1,2). Applying s1s>...5p4+1 to i), we find that
the residue sequence 515, . . . Sp4+1i, begins with 1, and thus ¥y, ... Yp4125 = 0.
Similarly, if we apply Se+1Se42 - - - Seqb+1 t0 I, we find that the residue sequence
Se+1Se+2 - - - Se+p+11y contains 1 in its e-th and (e+1)-th positions, and the O residues
occur in the first and (e + 2)-th positions. Clearly there is no standard A-tableau
with this residue sequence, and thus ¥, 1Veis ... Yerpriza = 0. ([

Proposition 3.5. If ¢(z,) = vr as above, then
(=D ifa>1,
(=D 2up if k= (19, (19).

We prove Proposition 3.5 by a rather lengthy calculation, which we relegate to
Section 6.

Theorem 3.6. Supposea >1andb>0witha+b=e, and let . = ((a, 1%, (a, 1%)).
Then S, is decomposable if and only if char F # 2.

@(vr) = {

Proof. If charF # 2, then there is an endomorphism ¢’ of S; determined by
@ = (=1)&+D %(p, which is an idempotent. If char F = 2, then it is easy to see from
Lemma 3.3 and Proposition 3.5 that S has no nontrivial idempotent endomorphisms,
and the result follows. O

Next, we will generalize Lemma 3.2 and show that all Specht modules indexed by
“small” bihooks not appearing in Theorem 3.6 are indecomposable. More precisely:

Theorem 3.7. Suppose e # 2, and let ). = ((a, 1%), (c, 1)) € P2 such that either
a+b+c+d<2eo0ra+b+c+d=2ewitha #corb#d. ThenS, is
indecomposable.

Proof. We determine all of the possible standard A-tableaux with residue sequence
i,=0,-1,...,-d,1,2,...,c—1,0,—1,...,=b, 1,2, ...,a—1).

If no standard A-tableau other than T, has residue sequence i,, then there exists
no nontrivial endomorphism of S, and thus S, is indecomposable. For any other
standard A-tableau T distinct from T; such that it = i;, we show that there exists
no nontrivial endomorphisms of S, in each of these cases.

We fill [A] with 1, ..., n to find all standard A-tableaux with residue sequence i;.

(1) Suppose b < d < e. Since n < 2e, we must have that b < e — 2. First, we shall
assume that b <e—2. Since b Ze—1, e—2, it follows that —b—1£0o0r 1 (mod e),
so we cannot put 1, ..., b+ 1 down the first column of the first component, as b+ 2
would have nowhere to go. Thus, we must have 1, ..., b+ 2 down the first column
of the second component, and in fact the only way to fill in the remaining entries
yields T;, so there are no nontrivial endomorphisms of S;.
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If instead we assume b = e —2, then our conditions give A = ((a, 1¢72), (c, 1¢71y),
for which there are only 3 possible bihooks: ((1¢1), (1¢)), (17, (2, 1¢71)), and
((2, 1¢72), (19)). Itis easy to check that the first has no standard tableaux of residue
i, besides T, the second also has the standard tableau T = s, T;, and the third has the
standard tableau S = s?se;. .. sze; T,. Since Y,—1vr = v5, 1, and Y,_1vs = v, ;s
(plus possibly some lower order terms), while ,_;z, = 0, these cases yield no
nontrivial homomorphisms.

(i) Suppose b <d andd >e. If b=e—2, then we must have 1 = ((1¢~ "), (1°*1)), for
which we may easily see that only T, and s.4 T, have the correct residue sequence,
and that ¥ vs, 1, = Vy,s,,,1,, and therefore there are no nontrivial homomorphisms.
So we may assume that b < e —2. As in part (i), we must place 1, ..., b+ 2 down
the first column of the second component, and in fact must place 1,...,e—1in
there. If we place the entry e in node (e, 1, 2), we can either place e 4 1 in node
(e+1,1,2) or node (1, 1,1). One can check that in the former case, we may
only obtain T,. In the latter, we must then place e + 2, ...,d + 1 down the first
column of the first component, which is only possible if b > d — e. If so, we may
continue, placing d 4+ 2, ..., d + c in the first row of the second component, then
d+c+1,...,2d 4+ c — e+ 1 down the remaining nodes in the second component,
and 2d +c—e+2,...,n as in T,. Call this standard tableau R.

If a > ¢ > 2, we could have also placed d + 2, ..., d + c in the first row of the
first component, whence we are forced to place d +c+1,...,2d +c—e+ 1 down
the first column of the second component, then 2d +c—e+2,...,b+c+d+1
down the first column of the first component, then b+c+d+2,...,b+2c+d
in the first row of the second component, and then b +2c+d +1,...,n asin T,.
Call this standard tableau S.

Finally, suppose that ¢ > 2, and we instead placed the entry e in the node (1, 2, 2).
Then we must put the entries e 4 1, ...,d + 1 down the first column of the first
component, which is only possible if b > d — e. We must then place d + 2 in node
(e, 1,2) and place d +3, . .., d + ¢ along the first row of the second component and
thend +c+1,...,2d +c—e+ 1 down the first column of the second component,
and then 2d +c—e+2, ..., n are filled as in T,. Call this standard tableau T.

Then .z, =0, while ¥, vg = vy,g, YeVs = vs,s, and Y.vr = vg,1 (plus possibly
some lower order terms in this final case). It follows that there is no nontrivial
endomorphism of S, in any of these cases.

(iii) Suppose b > d. If ¢ < a, the result follows from parts (i) and (ii) by applying
Theorem 2.8. So we may assume that ¢ > a. The only bihook for fitting these
conditions with d > e — 1 is ((1°), (1¢)), so we may further assume that d < e — 2.
If we place 1,...,d 4+ 1 down the first column of the second component, then
d+2,...,d+ c must also be in the second component, if ¢ < e. If b # e — 1, then
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the only option at this pointisto fillind +c+1,...,nasinT,. f b=e—1 and
a > 2, we may also obtain the standard tableau R = spc44+1Ts. If ¢ > e (in which
case we alsohave b <e— 1 and ¢ > a), then we must filld + 2, ...,d + e in the
second component, but can place d +e+ 1, ..., d + c along the first row of the
first component, if ¢ < a + e. In this case, we may obtain a standard tableau U by
fillingind+c+1innode (1,e+1,2),thend+c+2,...,d +c+ b+ 1 down
the first column of the first component, and thend +c+b+2,...,d+2c+b—e
along the first row of the second component, with d +2c+b—e+1, ..., n being
in the first component, as in Ty. Since ¥g4.Vy = vy, v (plus possibly lower order
terms), there is no homomorphism mapping z, to vy.

If instead we place 1, ..., d + 1 down the first column of the first component,
then d+2, ..., d+a must be placed in the first row of the first component. If ¢ > a,
then we have nowhere left to put d +a + 1, so there is no such standard tableau.
If c = a, then we may placed +a+1,...,2d +a+ 1 down the first column of
the second component, then 2d +a + 2, ...d +a + b + 1 down the first column
of the first component, and the remaining entries along the first row of the second
component, obtaining a standard tableau we shall call S. If we further have that
b = e — 1, we also have the standard tableau T = s;4,+5+1S. There are no other
standard tableaux of the correct residue sequence.

We now show that there exists no homomorphism ¢ such that ¢(z,) = avg +
Bvs+yvr for some a, B, y € F. We observe that Y¥c124+ 108 = Ve p2d+1VetrdreZn =
YerdreWerrda+12x = 0, since d + 1 < e — 1, and we cannot have that d = e — 2,
b=e—1,and c > a > 2, while V. 12441vs = Vs, ,,,,,s (plus lower order terms), and
VYet2d+1VT = Vs, ,p,,, 7 (plus lower order terms). Thus, ¥eyo441(vr + vs + v7) =
Vs, 12018 T UsoyaaiT (Plus lower order terms), so that there exists no homomorphism
mapping z, to a linear combination of vs and vr. Furthermore, YV ygye—1vr =
Vst gse ks Whilst Yeygye 120 = Yey2a412 = 0. Hence, there is no nontrivial
endomorphism of S;. U

We summarize the results of this section in the following theorem.
Theorem 3.8. Letn <2eand e @3 be a bihook. If e £ 2, then S, is decomposable
if and only if charF # 2, n = 2e, and » = ((a, 1°), (a, 1%)) for some a > 1 and
b>0. Ife =2, then S, is decomposable if and only if char F # 2 and A = ((2), (2)),
((1%), (17)), ((2), (17)), or ((1%), (2)).
Remark. If e =2, the four decomposable Specht modules are pairwise isomorphic.
It is easy to check that no other small bihooks label decomposable Specht modules.

4. General bihooks

This section comprises our main body of work, where we determine several large
families of decomposable Specht modules in any characteristic when e is finite.
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Throughout this section, we will assume that k = (0, 0). We begin by applying
induction and restriction functors to reduce our proof to the case of Specht mod-
ules S(ke),(je))- We then show that these are decomposable by exploiting certain
endomorphisms, for which we determine at least two distinct eigenvalues, so that
the generalized eigenspace decompositions contain at least two summands. The
amalgamation of these results can be stated in our main theorem of this section as
follows.

Theorem 4.1. Let h=((ke+a,1”),(je+a,1%)) or (b+1,17¢F4=1) (b+1,1keFa=1y),
forsome j,k>1,0<a<e,and0<b<ewitha+b#e,orfora=b=0.

(i) For j,k > 1,if j + k is even and charF £ 2, or if j + k is odd, then S, is
decomposable.

(ii) If j = L ork = 1, then S, is decomposable if and only if charF { j + k.

Conjecture 4.2. When e # 2 and charF # 2, Theorems 4.1 and 3.8 provide a
complete list of decomposable Specht modules indexed by bihooks.

Remark. We have checked Conjecture 4.2 in GAP for all e € {3, 4, 5}, char[F
{0, 3,5}, and n < 22. In characteristic 2, we have found an extra handful of
decomposable Specht modules which our theorem and our methods do not de-
tect—namely those indexed by ((4e), (2¢)), ((2e), (4e)), ((8e), (2e)), ((2e), (8¢)),
((Se), (3e)), ((3e), (5¢)), their conjugates, and those bihooks obtained from these
by our induction functor arguments. It is tempting to speculate that the extra
decomposable Specht modules in characteristic 2 correspond to A as in Theorem 4.1
with j £k and j —k =2 (mod 4).

We begin with a reduction result, greatly simplifying the work we must do to
prove Theorem 4.1.

Proposition 4.3. Let k, j > 1, and 0 < a < e. The Specht module Se),(je)) is
decomposable if and only if S((keta),(je+a)) 15-

Proof. Our argument is similar to that in [Speyer 2014, Theorem 3.2], using the
graded “cyclotomic divided power functors” of [Brundan and Kleshchev 2009b,
§4.6], which we denote here by e( ") and f(r) Let A= ((ke), (] e)) and u = ((ke+a),

(je+a)). Then eel? .. e s =S, and £ 2, 2 ... f2'S;, =S, It follows
that S; and S, have the same composmon length, and that e(z) (2) eéz_)lD #0
for any composition factor D of S,,. Hence, by exactness, e(z) (2) . .egz_)lM #0
for any submodule M C S,. It follows that if S, is decomposable, then so is S;.
Repeating the argument the other way around completes the proof. ([

In fact, we may extend the above proposition as follows.

Proposition 4.4. Letk, j > 1,0<a <e,and 0 < b < e witha+b # e. The Specht
module Ske),(je)) is decomposable if and only if S (xe+a,1?),(je+a,1?)) IS-
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Proof. The argument is similar to the proof of Proposition 4.3. By Proposition 4.3,
we know that S((e),(je)) 18 decomposable if and only if S¢et1),(je+1)) 18
Let A = ((ke+ 1), (je+1)) and u = (ke +a, 1°), (je+a, 1?). Ifa+b <ee,

we find that e{”el” ... e? e e?, . e S, =S; and £, £ £
2) 2 2
FO @2, =,
If a+b > e, we find that
2 2 ) 2 @ (2) (4) 2 @ ) _
61 62 . aZee leeZ €, a 1 ea 26113 e—bsﬂ_s)‘

and

f(z) f(z) f(z) f(4) f(2)f(2) f(z) f(2) f(z) . f(2) SA — S,M

where we adopt the convention that fa(z) f a(i)l N @ —j 22)1622)2 éz) if
a=e.
We may now complete the proof identically to Proposition 4.3. (]

The following result handles some indecomposable Specht modules when # is
reasonably small, essentially extending Theorem 3.7.

Proposition 4.5. Let 1 < a <e,and 0 < b <ewitha+b # e, and let A =
((a, 1%), (a, 1%)). Then S, is indecomposable.

Proof. 1t is easy to see that A is regular, from which the result also follows: starting
with @, we may add two cogood 0-nodes, followed by two cogood 1-nodes, and so
on up to adding two cogood (a — 1)-nodes, then two cogood (—1)-nodes, and so on
up to adding two cogood (—b)-nodes. If n > 2e, then after adding the first 2e — 2
cogood nodes in the above, we must add four cogood nodes of the next residue
before reverting to adding two at a time. O

In view of the above results, we may assume that A = ((ke), (je)) as we prove
our main result. We fix this choice of A for the remainder of the section, and
compute an endomorphism of S, which we will use to prove our result.

We now introduce notation for the basis vectors vt of S;, analogous to [Sutton
2018, §5.2]. Observe that a standard A-tableau T is determined by the entries
a, :=T(1, r, 2) lying in its second component, for all » € {1, ..., je}. We can thus
write T = wrT,, where

aj—1 ay—

wT—s¢s¢. s¢€(‘5

It follows that vy = Y7z, where
aj—1 an—1 ajo—1
szlel,wsz,...lﬂjjJ; G%’,{\.

In order to distinguish our standard tableaux compactly, we will often write
v(ay, ay, ..., aj.) for the standard A-tableau with entries ay, as, ..., aj. in the
second component.
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Definition 4.6. Let T € Std(A). An e-brick is a sequence of e adjacent nodes
containing entries je+1, je+2, ..., (j+1)e for j > 0. We say that T is an e-brick
tableau if all entries of T lie in e-bricks. We denote the set of all standard e-brick
A-tableaux by 7.

Example. If e =3 and A = ((6), (6)), then 7, consists of the following six tableaux,
obtained by permuting the four e-bricks:

Ty = [7[8/910/11112] T, = [4]5]6l10l11]12] T3=[4][5]6]7]8]9]

[1[2]3]4]5]6] [1[2]3]7]8]9] L1[2]3]10f11]12]

Ty= [1[2[3]1011]12] Ts=[1[2]3]7]8]9] Te=[1]2]3]4]|5]6]

[4]5]6]7[8]9] [4]5]6]10[11]12] [7]8]9]10[11[12]

These tableaux correspond to vy, = v(1,2,3,4,5,6), vr, = v(1,2,3,7,8,9),
vr, = v(1,2,3,10, 11, 12), vy, = v(4,5,6,7,8,9), vr, = v(4,5,6, 10, 11, 12),
and Uty = U(7, 8, 9, 10, 11, 12) in S((ﬁ)’(é)).

The following easy lemma is our motivation for introducing this definition.
Lemma 4.7. For any T € Std()A), vy € e(iy) S if and only if T € 7.
In particular, this lemma tells us that for any endomorphism ¢ of S,,
0(z3) = Z arvy for some ar € F.
TeT,

Lemma 4.8. ForallTe 7,,degT = j.

Proof. Any nodes in the first component of T cannot contribute to the degree,
since there can’t be any nodes above them. In the second component, each e-brick
contributes +1 to the degree. If the first component is empty when adding such a
brick, this comes from only having an addable 0-node higher up in the diagram.
Otherwise, there is an addable 0-node, as well as one addable (e — 1)-node and one
removable (e — 1)-node. (]

Lemma4.9. ForallTeT,and 1 <r <n, y,vr =0.

Proof. Since vt has degree j, deg(y,vr) = j+2. But y,vr € e(i,) S;, sodeg(y,vr) =
Jj. This contradiction yields the result. ([

Similarly, the following result computes the actions of many 1, generators on
UT € e(ix) S)w

Lemma 4.10. ForallTe T, and 1 <r <n withr #0 (mod e), Y, vy =0.
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Proof. We know that

Yrvr = E asvg for some ag € F,
TeStd(A)
iS:i.rrT

and the result follows since no standard A-tableau can have residue sequence is, . [

In order to calculate an endomorphism of S, it remains to understand the action
of the generators v, on basis vectors vr. In general, ¥, does not annihilate vr.
We will find an endomorphism of S; which maps z, to a linear combination of
elements vy which we will show is annihilated by . if r % j. First, we will
introduce some necessary notation for working with tableaux in 7.

For any T € 7., we number the e-bricks in the order of their entries, i.e.,
T comprises bricks 1,2, ..., j + k. Then we have brick transpositions and their
corresponding i expressions, which we will denote by W,.. In particular, the brick
transposition which transposes the r-th and (r 4 1)-th bricks corresponds to

‘Ifr=1ﬁ

As with our i generators, we introduce the shorthand \Ili =V, ¥, ;... ¥, and
lI'%:\Ily\IlyH...\IJx. '
"Note that for any T € 7., wr is fully commutative since the reading word is 321-

re re+1 (r+1)e—1
+ + PN + .
(r—De+1 (r—1)e+2 re

avoiding. We can write vt in terms of the e-bricks lying in the second component
of T; i.e., we may write vr =v(B;,, Bi,, ..., Bi,), for1<iy<ip<---<ij<j+k.
Then

v =W WL

Analogously, we write v(B;,, B;,, ..., B;,) for the standard basis vector of S,
indexed by the standard A-tableau that has the e-bricks B;,, B;,., ..., B;, lying in its
first component.

Example. As in the previous example, let e = 3 and 1 = ((6), (6)). Then, for
example,

W =Yyl = Ysvnvn vy sya s,

The six tableaux in 7, given in the previous example, are determined by which
two bricks (from the available bricks 1, 2, 3, 4) are in the second component, and
correspond to the basis elements

Za W25, ‘Ilgm = W3Wyz;,
UiWsrz,, qungA =W W3Wsr7;, W?‘D;ZA =UOoW W3 Wsz7,.

The following lemma is easy to see from the relations in the KLR algebras and
their Specht modules, and we will use it frequently without reference.
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Lemma4.11. () If |r —s| > 1, then V, W, = U,
(i) If A = ((ke), (je)), for some j, k> 1 andr # j, then V,z; = 0.

The following proposition will be crucial in our computations, particularly when
e > 2. For e =2, it follows from the proof of [Speyer 2014, Lemma 5.5], where
the result for hook partitions in level one is proved, assuming that the residue

sequence i, alternates between O and 1. Its proof for e > 3 is long and technical,
requiring many preliminary lemmas, and we relegate this to Section 6.

Proposition 4.12. Suppose that e € {2, 3, ...}, and let .. = ((ke), (je)), for some
Jok=11Ifvee(@i)S,and1 <r < j+k—1,then

@) YreWrv = =29,
(ii) forr < j+k—1, YW, 1W,0 = Yy,0,
(i) forr > 1, YW,V 0 = Yppv.
Theorem 4.13. Suppose thatk > j > 1.
(1) Let . = ((ke), (je)). Then there is an endomorphism of S, defined by

o)=Y (G-Dk-DWT Wiz,
0<i<k—1 o
0<I<j—1

(i1) Let . = ((je), (ke)). Then there is an endomorphism of S, defined by
o)=Y (k=D(-D¥F vz

0<i<j—1

0<i<k—1
Proof. (i) By Lemmas 4.7, 4.9, and 4.10, we just need to show that ¥,.¢(z,) =0,
forallre{l,...,j—1}U{j+1,...,k+j—1}. So we shall fix r and look at the
action of ¥, on each summand of ¢(z;). We will use Proposition 4.12 many times
in this proof, without further reference.

We first suppose that r € {1, ..., j —1}. If j —] <r — 1, we observe that

Yre W U G = e W Wy g W B W Wy W W 2 =0,
Similarly, if j — > r 4+ 1, we have

YreW's
0

1 1

i 1t
] L= v ¢ Yoz = 0.
. j— .

1 1

If j — I/ =r — 1, we obtain the reduced expression
VreWr 1 W W1 Wign . \Ijj—lqﬂ; . =YreVrt1Wria ... ‘Ifj—l‘lf',; 2
If j — 1 =r, we obtain the reduced expression

l//re\ljr\pr-i-l\Ijr-i-Z cee \'Ijj—lqﬂ;l = _2‘//re\ljr+l\ljr+2 cee \Dj—l\lj'/; o
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If j —1 =r+ 1, we immediately obtain the reduced expression

wre\pr-‘rlwr-i-Z cee \Ijj—l\p # ZA-

Thus, the only summands of ¢(z;) which are not killed by ¥, are those corre-
sponding to j —/ € {r — 1, r,r + 1}, and for a fixed i all three yield the same basis
vector, so we must check the coefficients to show that they cancel. If r > 1, then
the corresponding coefficients are (r — 1)(k — i), —2r(k — i), and (r + 1)(k —0),
respectively, so they cancel. If r = 1, we do not have a term corresponding to
j —1=r—1, so we only have the latter two terms, which clearly cancel.

We now suppose thatr e {j +1,..., j+k—1}. If j+i <r —1, we have

j-1 j-1
‘/fre‘lljjl Wi Wi, ¥z, = ‘I’jjl Wi iWiig...VYYez =0.

Similarly, if j +i > r + 1, we have

1 J+i 1 J+i

j— r—1 j— r—1
0 = W 5 =0

4
r+3
If j +i =r — 1, we see that the following expression is reduced:

z/fre\yg U, .. ;.
If j +i =r, we obtain the reduced expression
w,ewfﬁ; VW, Wz, = —2%6\11’/3 Woop .. Wz
If j +i =r + 1, we obtain the reduced expression
YreW s W Wl Wr g Wz = e Wl W W W2

As in the previous case, it is easy to verify that the coefficients (j —/)(k—r+j+1),
—2(j—D(k—r+j),and (j—1)(k—r+j—1) cancel. We note thathere r = j+k—1
is the exceptional case, for which there is no term corresponding to j+i =r+1, but
the j+i=r—1and j+i =r terms contribute 2(j —[) and —2(j —[), respectively,
so that the terms still cancel.

(i) The proof is similar to that of the first part. [l

Example. Lete=3,«x=(0, 0),and A=((9), (9)). Then we have the endomorphism
of S)L

©(25) =932, + 6V W3z) + 3Ws Wy W3z, +6Wr W3z, +4W, W3z,
+2WoWs Wy Wiz, + 30 W Wazy + 20 W Wy sz, + W W Ws Wy Wsz,
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where the summands correspond to the tableaux

9 |718]9[1314]15)16[17[18] 6 [7]8]9]10[11[12[16[17[18] 3 [7[8]9[i0[11][12]13[14]15]

[1[2]3]4]5]6toitf12] [1]2][3[4]5]6N1314]15] [1]2]3]4[5]6]16]17]18|

6 |4]5]6]13[14]15]16[17]18] 4 [4]5]6]10[11]12]16[17[18] 2 [4]5]6]10[11]12]13]14]15]

[1[2]3]7]s]otoit]i2] [1]2[3[7[8]913[14]15] [1][2][3]7][8]9]16]17]18|

3 [1]2]3N1314)15[16[17[18] 2 [1]2]3]1of11]12l16[17[18] 1 [1]2]3]10]11]12]13]14]15]

[4]5]6]7]8]9li0l11]12] [4]5]6|7]18[913[14[15] [4[5]6]7][8]9]i6]17]18]

Proposition 4.14. Suppose that A = ((e), (ke)) or .. = ((ke), (e)) withk > 1. Then
S, is decomposable if and only if char F 1 k + 1.

Proof. We first let A = ((e), (ke)). For any nontrivial endomorphism ¢ of S;, we
have
k
@(zy) = Zajlllﬁiz;\ for some a; € F.
=
Since Y. (z;) =0forallr € {1,2, ...,k — 1}, and by Proposition 4.12 we have
Yy Wiz, if j=r—Tlorr41,
J

wre\ljkTZA = _21//re\11§_zk ifj=r,
J J
0 otherwise,
it follows that a; = %az and 2a; =aj_1+ajq for j €{2,3,...,k—1}. One can

check that, up to scalar multiplication, the only nontrivial endomorphism of S, is
thus the one given in Theorem 4.13, which simplifies to

k

=) jViz.
p@)=) ] 122

j=1
Using Proposition 4.12, we find that
k k
2 Loy k
= v v
®°(25) (2] j) (X;J j)ZA
j= j=

k
= (ijpf)((k —DW + kW),

j=1
= (k= Do(z2) — 2k)e(z3),
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and so —ﬁ(p is an idempotent when char F k£ + 1, or equivalently, when (k + 1,
char F) = 1. Moreover, it is clear that > = 0 when char F | k + 1, so that there are
no nontrivial idempotent endomorphisms.

We now let A = ((ke), (e)). We similarly find that there exists only a single
nontrivial endomorphism of S, up to scalar multiplication, which is defined by

k
p() =) (k+1— Wiz,
Jj=1

Analogously, —klﬁw is an idempotent when charF { k + 1 and ¢?> = 0 when
charF | kK + 1. O

Corollary 4.15. Let 1 < a < e and 0 < b < e such that a +b < e. Then
S((e+a,lh),(ke+a,lb)) and S((ke+a,lb),(e+a,lb)) are decomposable ifand Ol’lly lf‘(k + 1,
charF) =1 withk > 1.

Proof. The result follows from Proposition 4.14 by applying Proposition 4.4. [

Theorem 4.16. Suppose that k > j > 1. Let A = ((ke), (je)), and let ¢ be the
endomorphism of S, from Theorem 4.13(i). Then

(1) @ has an eigenvalue — j (k + 1) with corresponding eigenvector

V(Bit1, Biy2, Begss .-y Bryj),

(i1) ¢ has an eigenvalue —(j — 1)(k + 2) with corresponding eigenvector
* v(Ba, B3, Biy2, B3, .., Bo—1) —v(B1, Bita, Biss, ..., Bo) ifk=J,
. Zf;ﬁz iv(By, B4, Bg, ..., Byj—2, Biyj—iv1) ifk > J,
(iii) ifk > j > 2, then ¢ has an eigenvalue —(j — 2)(k 4 3) with corresponding
eigenvector
k—j+3
Y 3ii+1)v(Ba, By, B, ..., Baja, Birjis Beyjit1)
i=1 k—j+2
+ Z i(i +1v(B2, By, Bs, ..., Baj 4, Biyj—i—1, Bryj—iv1)
i=1
k—j+1 i
+ Z Zl(i +2)v(By, B4, Bs, ..., Baj_4, Biyj—i—2, Bryj—14+1),
i=1 I=1
(iv) ifk > j =2, then ¢ has an eigenvalue 0 with corresponding eigenvector

k—

Z i+ 1) +2)v(Biit1, Bioita)+

1 k—1—
i=0 =0 i=

1
(+D (k=14 Dv(Bit1, Br—it2).
1

Analogously, we also have the following theorem.
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Theorem 4.17. Suppose that k > j > 1. Let L = ((je), (ke)), and let ¢ be the
endomorphism of S, from Theorem 4.13(ii). Then

(1) ¢ has an eigenvalue — j (k + 1) with corresponding eigenvector
V(Bi+1, Biy2, Biys, - .oy Bryj),

(1) ¢ has an eigenvalue —(j — 1)(k 4+ 2) with corresponding eigenvector

. y(fz,, 323, Biy2, By, - .. Ba—1) —v(B1, Bita, Biys, .., Bo) if k=],
. Z~71]+ iv(B2, B4, Bg, ..., Baj_2, Biyj_it1) ifk > J,

=

(iii) if k > j > 2, then ¢ has an eigenvalue —(j — 2)(k + 3) with corresponding
eigenvector

k—j+3
Z 5i(i + )v(Ba, Ba, Bs, ..., Baj—a, Biyjis Bivjit1)
i=1 k—j+2
+ Z i(i +1)v(B2, B4, Bg, ..., Baj_4, Biyj—i—1, Bt j—i+1)
i=1
k—j+1
+ Z Zl(i +2)u(Ba, B4, Bg, ..., Baj_4, By j—i—2, Biyj—i41),
i=1 =1

(iv) ifk > j =2, then ¢ has an eigenvalue 0 with corresponding eigenvector

k—1—1
(+Dk—=1+Dv(Biy1, Bk-it2)-
i=1

k—1
Z G+ DG +2u(Biit1, Biir2)+ )
=0

i=0

Below, we will prove Theorem 4.16(iii). This is the most difficult part of
Theorem 4.16 to prove, and the others are proved analogously. Likewise, similar
calculations prove Theorem 4.17.

Proof of Theorem 4.16(iii). Let n = W Wi Wi.. w”. W’ and
3 Jj—

Y, =W A< <k- j43),

J
k+j s—=2 k+j—s

Ve =n-¥ vy (AI<s<k—j+2),
Vi) =1 ‘P“’”‘lf“"i.'” (I<s<k—j+1, 3<r <s+2),

J

and define v, = v, 2, in all cases above. We can now write
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k—j+3
> 1s(s+1)v(Ba. By, Be. ..., Baja. Bt js. Bt j—ss1)

s=1

k—j+2
+ > s(s+1)v(Ba. By, Be. ... Baj4. By j—s—1. By josi1)
s=1
k—j+1 s4+2
+ Z 2(7—2)(8+2)U(32, B4, Bg, ..., Boj_4,Biyj_s_2, Biyj_ri3)
s=1 r=3
k—j+3 k—j+2 k—j+1 542
= > s+ Duy, + Z s+ Doy, + Y Y (r=2)(s +2)v,.
s=1 s=1 r=3

We want to show that

k—j+3 k—j+2 k—j+1 s+2
( > S+ DY, + Z SEFDVu,+ Y Y =2+, v)) 19(22)
s=1 s=1 r=3
k—j+3 k—j+2 k—j+1 s4+2
=—(j—2)(k+3)< > dsGs+ D+ Z s+ Y Y (- 2)(s+2)v,5)
s=1 s=1 r=3

First suppose we are in one of the following cases, where [ is the index in the
summation form for ¢(z,) from Theorem 4.13:

<k—jforall r and/,
es=k—j+landr=1lorr=2o0r(r 23 and! < j—2),
es=k—j4+2andl < j—2,
es=k—j+4+3and/ < j
In these cases, we will show that
—2v,, ifl=i,
Vi - V't T =1 v, ifl=itd,
0 otherwise.

Suppose that [ =0. If i =0 or 1, we have

Vg, Yizn = —2v,, or Yy, - Vier¥z, = v, respectively.

If i > 1, we have

J+i

Vi - W5 =0 WO W =0,
Now suppose [ = 1. If i =0, we have

ww(r,s) .MTZ)\ = Uy,
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If i =1, we have
Vs Vi1V Wiz =1 \Iﬂjg‘l" \If"]fji’l‘%\pj_qujzk
=-2n- lI” \IJ% 2 = —2v,,.
If i =2, we have
Vuey Vi1 VWiV =n- ‘I’ij;ilfl wiji;wijj—le+1WjZA
=n- lIJi‘f;J:IIIW\Di'/;lZA
=v,,.

s

If i > 2, we have
J+i ij_1— JHi— JHi—1
Vg Vj-1W ZA=77"IJ]jf W‘If h3 v v

jHi—2

:n.\y"f*j% LR TR Ty
ii_q—1 /+1—2 i—
= WL 2

=0.
Now assuming that / > 1, we have
J+i
ww(rs) \IJ \Ij¢ 2
3 2j-21—-1 2j-21+1 2j-2I+3 j+i
:\plmm...\pu v \p \IJ“ \pf \IJ’JZA
23 j—t j-1 j—+ j
3 5
=y iy
2 3
2j-21—1 _ 2j-2I+1 2j— 21+2
RO R (I PRI o \p xp“\p \Iwz,A
j—l+1 142 Jj— 1+1
3.5 2j-20—1 _ 2j-2I+1 2]721+3 21+5
= 4 /,;H‘gJP’/
Wiy Wy WY 2V 1+1‘I’ A
2j=5 =1 _i; j+i
B\ R\ \pf \quA
j=3 j-2
3.5 2j—2041 _ 2j—2143 21—21+s ,1+z 2, 21+7
S5\ 21 AV NN R R W\D
1553 j—l+1 J—l+5 j—l+6 J —i+4 J-l+4 - M
2j=5 =1 i +i
e \y’f ww'zk
i3 j—2

]+l 5 J+i

3 5
= \Ill\-ILZH-IJ%...\IJ , \I-‘JH S\IJ;H Wi 4W‘If \IJ R
AL 22 AN Jeal O TN S Y zww”i3\y’i’m

=w1w§xp§...\p2’ 7\112’ Sqﬂ 1’1\11 \Il]fz;\

3 —

If [ =i, observe
J+i

Wy xluzA 2w 7
Jj+ J
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Ifl =i —1, observe

Jei—

-
Uy W W
j+i—1 JFi-1 i

Ifl =i+ 1, observe

2 i;—1
=Y ’y 2.

If] >i+ 1, observe

ii—1 _ j+i ii—1 JHi
U W =w v, =0.
o <h JHHL JHZ

If ] <i—1, observe

J+i JjH—-1

ii—1 i ii—1 j+i jH-1 ij—1
W =0 W W T = U W, =0.
PRI JH 2 JHE L L JH A3 yoOEjHA2%

We now suppose that we are not in the listed cases and that we lie in the

exceptional cases.
Firstletr =1,s =k — j 43, and [ = j — 2. Similarly to above, we obtain

j—1 \y,Jti 3.5 2j-17 2j—4 _2j-3 _ j+i
Vs W W = = WU W Wy sWs oW W W
j—l J 2 4 j=3 j=2 j=1 J
3 5 2j-17 2j-17 2j-3 j+i
=W LWL UL U W g Wsj ¢ Woy s W e W W g
2 4 j-3 j=2 j—1 J
3 .5 2j-7 L 2j-5 2j-5 j+i
=3 78 23 SRR\ GRORR U Y SIS\ Oy (i A Y
2 4 -3 j-2 j—1 j

S 7R\ 0\ T Tl TRl TRl
2 4 j=3 j—2 j—1 J
If i > j — 3, then this expression is clearly reduced. If i < j — 3, we have

3.5 2j—7 L 2j=5 . 2j—4 _ j+i
\IJIKIJg\IJj. LU ) v yl Uy za
- J= J

Jj—3 J

3.5 2j—7 L 2j-5 _ 2j—4 JHi=2 o jti—1
=W, . Wy Wy Wy W 7

3 4 . ; e J+i J+i . v

j—3 j—2 JHi+1 Jj—1 J

3.5 2j—7 . 2j-5 jHi—4 -3 2j—4
=WWewy. . Wy Wy W, oW yET T A SR S 4Y

24 =3 j+i—1 ji-2 j—1 j

3.5 2j-2i—5 _ 2j-2i-3 2j—2i—1 2j—5 _2j-4
=YWy, Wy W W T L W g

2 4 j—i—2 j—it1 j—it1 j—1 j

3.5 2j—2i—T _ 2j-2i—5 _ 2j-2i-3 _ 2j-2i—1 2j-5 _2j-4
=W, . W v ¥ v LSRN A 2N SR 4)

2 4 j—i—3 j—i—1 j—i j—i+l j-1 j

=0.
If instead / = j — 1, we similarly obtain
V) ‘I’J]S ‘I’j}ri =1 ‘I’zj’{f ‘I-’j? Zhs
which is clearly reduced if i > j —2. If i < j — 2, then the expression becomes

ZE10.
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Letr=1,s=k— j+2,and !/ = j — 1. Then the above expression becomes
2j-3 i+
oW W 7,
J= J

which is clearly reduced if i > j —2. If i < j — 2, then the expression becomes
zero, as before.
Now letr =2,s =k— j+2,and [ = j — 1. Then the above expression becomes

2j-2 _ j+i
n-Ws Wiz,
J= J

which is clearly reduced if i > j — 1. If i < j — 2, then the expression becomes
zero, while for i = j — 2 we get

2j—4 _2j-2
n-w * vy zp.
J= J

Finally, let r > 2, s =k — j+ 1, and / = j — 1. Then the above expression
becomes

ktj—r+2

n-v 'y
Jj=1

J+i

\sz,\,

which is clearly reduced if i 2k —r+3. If j —2 <i <k —r+2, then

kj—r+2 i kj—r42 i

‘il )\ }L Zn=n-¥ j+4i'+l \I’j-‘riww /_;Ll

J

2 el
n-w vz
J

jfifz IIIkJr/;rJrz 2
j=1 J
which is reduced. If i < j — 2, then the expression becomes zero.

We summarize the exceptional cases. First suppose r =1, s =k — j + 3, and
[ =j—2. Then

0 ifi <j—4,

i1+ v, ifi =j—3,
A =l

Vi A V2, iti=j—2,

Vk—i42),, fi>j—1

Ifs=k—j+2ors=k—j+3and/=j—1,then

0 ifi <j-3,
i— j+i Vi, ifi:j—z,

. \IJ.]’TI \II/I ZA — k—j+2 .
Ywgg Wiy W Ve ifi=j—1,

Vik—i+2)i_ ifi > j.
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Now suppose that r =2. If s=k—j+2and [ = j — 1, then

V2, ifi =j—2,
Jj-1 J+i : L )
ww(z,J)'\IJT \IffZ)L: V1, ifi=j—1,
sz_z lfl :j,

Vk—i+2),5 fEZj+1

Finally, suppose that s =k — j+ 1. If r€{3,...,k—j+3}and !/ = j — 1, then

0 ifi<j—3,
Vn ifj—2<i<k—r4l,
; i ifi=k—r+2
, '\Ijj I\DJI 75 = V2., 1 5
ww(m) L= v, lfl:k—r+3,
v, ifi=k—r+4,
V(k—i+2),_s ifi >k—r+5.

In the nonexceptional cases, we determine the coefficient « € Z in

V., - P(20) = avy,.

If s <k—j, we obtain

Voo 0@ =V ) (G=DEk=DYT W g

0<i<k—1
0<I<j—1
j—1 j—1 j—1
=D 20 =Dk =Dvr + Y (G =Dk =1 =D, + Y (G =Dk~ + Dy,
1=0 1=0 I=1
=—jk+ Dov,,.
Similarly, we also obtain &« = —j (k 4+ 1) in the other nonexceptional cases.

By combining this with the exceptional cases, we now determine «,, where

k—j+3 k—j+2 k—j+1 542
( Y sGHDYu,,+ Z sGHDVug,+ Y Y = 2><s+2>www) 9 (23)
s=1 s=1 r=3
k—j+3 k—j+2 k—j+1 542

Z vy, + Z v+ Y Y v,

s=1 r=3
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We first let r = 1. If s =k — j + 3, we know from above that

ar v, = 56+ D, (Y. G =Dk =W W 7 25w/ w7 zx>
’ 0<ich—1 Jj—l J 1 J
0<I<j—3

= 1s(s + D(—jk+ Dy, +2svy))
=—(j—2)(k+3)- Ls(s + Duy;

hence a1, = —(j —2)(k+3) - %s(s + 1), as required.
If s =k — j +2, then we have

v, =556+ D¥ugy, [ D G=Dh—DWT W 5 4507 w7 zA)
0<i<h—1 !
0<i<j-2 | j—1 4,202
+ 56+ D +2)%uwg .0 'S\I"T v L

=1s(s+ D(—jtk+ 1) +s)vp, + 35+ (s +2)vy,
=—( —2)(k+3)- 3(s+ D(s +2)vy,.

If s =k — j+ 1, then we have

a1, o1, = 3505 + DVugy, 0@ + (s + D + 2, W7 W 2,

=—( —2)(k+3)-3s(s + Duy,.

For 1 <s <k —j, we have

jt+k—s

o, vt = 350+ Db, 9@ + 5+ Dk = +3)Vugau 0 YT W 2

=—(j—2)(k+3)- 3s(s + Dy,.

We now suppose that r =2. If s = k — j + 2, then

vy, =s(s+DVup, - Y, (G-Dk=DY3 W
0<i<k—1 !
0<I<j—2

3D+ V ) 2597 W s (s D, s W7 0742,

=—s(s+1Djk+1Dv, +s(s+1)(s+2)vy, —{—sz(s—{—l)vzs
=—((—2)(k+3)-s(s+1Dvy,.
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Ifs=k—j+1,then

i— 2j—1
Qp Uy = S(S+ I)Ww(z,k,jﬂ) ga(z)»)-i_%(s'i_ 1)(s+2)¢lw(1_s+1) 'SLIJ!TI v ]y YoN
R (CRe TG WARES oy qﬂ’g R ICE )/ s qf"g "2

=—jk+Ds(s+ Doy, +s(s+2)G(s+D+3(s+3)+5)vy,
=—(=2(k+3)-s(s+Duy,.

If s =k— j, then

. 2i
o vy, = S(s + 1)‘pw(2,s) @, F(+2)(s+ 3)¢w(2,S+2) 'SIIJJTI IIJJJ “
+ S(S + 3)‘//w(x+2.x+1) ’ S\Ijjfl \IJZJJ <

=—jk+1Ds(s+ Dvy, +5(s +3)(2s +2)vo,
== —=2)(k+3)-s(s+ Duy,.

Ifsef{l,...,k—j—1}, then

Jjtk—s

0525 UZS = S(S + 1)Ww(2,x, . QO(ZA) + S(k - ] + 3)‘/’w(s+2,k,j+1) . S\I”j'}l v j’ roN

Jtk—s

+ 6+ 2K = 3y, sW 0

=—jk+1Ds(s+ Dvy, +stk—j+3)2s +2)vy,
== —=2)(k+3)-s(s+ Duva,.

Finally, suppose that r € {3, ...,k — j+3}. If s =k — j + 1, then

v, = (=2 + DV, - Y G —Dk—iWT
0<i<k—1 !
0<I<j—2

i
Uy 7,
1 J

jk—r+2

+ 3 +2) 5+ 3V 20 =W YT

+ =D+ DV, 5+ DYV

== —=DC*+3)-r=2)(s+2vy_,-
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If s =k—j, then

o vy, = (r —2)(s + 2) Y, - 9(21)
+ 306 206+ DV =D qf”";'“ 2

+ 36 +3)6 + DV s =2 A

J

+ = 2)(5 43y, - (5 + DWY \pz"; "2
=(r =2 +2(—jtk+1)+2(s +3)vy,
=—( =2 (k+3)-(r—2(s +2)vy,.
Ifs=k—j—1,then

A, vr, = (r = 2) (s + DV (@) + (5 +3) S+ DV, - r=2DWT W g

J

+ =26+ W k= N 2
== =2*k+3)-(r=2)(s+2)v,,.
Ifsef{l,...,k—j—2}, then

O[rx Urs - (1 2) (S 2) ¢ W(r,s) : ¢ZA
: (r.k—j+1) 1 I 1 I <

J
jk—r+2

+ (5 +3) k= j+3D)Vursi - F— 2)\1@‘ v

= —=2)(—jtk+DE+2D)+*k—j+3)2s+d)v,,
=—{(—=2)k+3)-(r =2)(s +2)v,,.

Hence,
Is(s+1) ifr=1,
o, =—(—2)k+3)-{s(s+1) ifr=2,
(r—=2)(s+2) ifr >3,
for all s, as required. 0

Corollary 4.18. Let 1 = ((ke), (je)) or ((1%¢), (17¢)) with k, j > 1.
) If j +kisodd, then S, is decomposable.
(1) If j + k is even and char F # 2, then S, is decomposable.

Proof. By Theorems 4.16 and 4.17 parts (i) and (ii), there is an endomorphism ¢
of S, with two eigenvalues differing by j —k — 2. If j =k, then j + k is even and
these eigenvalues differ by 2, and hence are distinct if char F # 2.

If K > j > 2, then by part (iii), we have a third eigenvalue differing from the
second by j —k —4. If charF | (j — k —2), then the first two eigenvalues are equal,
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but the third is distinct if char F # 2. If char F = 2, then char F { (j — k — 2) when
j +k is odd.

If kK > j =2, then by part (iv), we have 0 as our third eigenvalue. If k is odd, we
have at least two distinct eigenvalues in any characteristic. Likewise, if k is even
and char [ # 2, we have at least two distinct eigenvalues.

Thus, in each case, the generalized eigenspace decomposition of S, has at least
two direct summands, which are easily seen to be Z*-modules. i

By applying Theorem 2.8 and the method in the proofs of Propositions 4.3
and 4.4, and combining with Theorem 3.8 and Proposition 4.14 and Corollary 4.15,
we obtain Theorem 4.1.

5. Quantum characteristic two

We now focus our attention on the case where e = 2.

Thankfully most of the difficult work here is already done, and we are able to
use results from [Speyer 2014; Murphy 1980; Fayers and Speyer 2016] on Specht
modules over the level-one cyclotomic quiver Hecke algebra to obtain a lot of
decomposable Specht modules with little effort. We collect the results we will need.

Theorem 5.1 [Murphy 1980, Theorem 4.5]. If e =charF =2, a > b, and either
L or ) is (a, 1°), then S;, is decomposable if and only if a + b is odd and a — 1 #
b (mod 2F), where 2571 < b < 2%,

Theorem 5.2 [Speyer 2014, Theorem 6.8]. Ife =2, charF # 2, a > b, and either
Xor ) is (a, 1°), then S, is decomposable if and only if a + b is odd and either

(i) a>b>=4o0r
(ii) a > b =2 or3, and char[F ¢ |_§—|

When looking for decomposable Specht modules, the cases k = (0, 1) and
k = (0, 0) must be treated separately. However, our first result is independent of this.

Theorem 5.3. Let k be arbitrary, with corresponding A = A,. Let u be a hook
partition of n such that S, is a decomposable R -module (see Theorems 5.1
and 5.2). Then for any partition v of m, the Specht modules S, .y and S, ., are
decomposable %% | p-modules.

Proof. Since S, is decomposable, it has a nontrivial idempotent endomorphism ¢
determined by

p(zu) = Z arvr for some ag € F.
TeStd(u)
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Via the embedding %,,, < Z+x, it is easy to see that ¢ also defines an idempotent
endomorphism of S, ;). For the other Specht module,

)= Y arshifty(Yr)z(u)
TeStd(w)

is a nontrivial idempotent endomorphism of S, ), where shift,, : Z,, <> %y 18
the shift map [Fayers and Speyer 2016, §2.6.1]. U

Remark. Theorem 5.3 readily extends to higher levels; i.e., we can use Theorems
5.1 and 5.2 to construct many decomposable Specht modules in higher levels,
regardless of the chosen «. Similarly, for any finite e, we may embed the bihooks
of Theorem 4.1 into higher levels whenever we have a repeat in the e-multicharge.

The following result is the ¢ = 2 extension of Theorem 4.1.

Theorem 5.4. Let k = (0, 0) and A = ((2k+a, 1%), (2j+a, 17)), (b+1, 1274~
(b+ 1, 12a=1y) (2k 4 a, 1%), (a, 127%P)), or ((a, 1%**?), 2] +a, 1)) for some
Jok>21,0<a<2,and0<b<2witha+b#2,orfora=b=0.

(1) For j,k > 1,if j + k is even and charF # 2, or if j + k is odd, then S, is
decomposable.

() If j = 1 ork =1, then S, is decomposable if and only if char F 1 j + k.

Proof. We extend Theorem 4.1 and use the fact that S(2x),2j)) = Sk, 12/y) When e =
2 and x| = k». (In general, their Specht presentations only differ in the idempotent
relation, and if e = 2, then the residues in the second components coincide.) [

Conjecture 5.5. Let e =2. If k1 # k2, then Theorem 5.3 provides a complete list of
decomposable Specht modules indexed by bihooks. If k1 = k>, and char F = 0, then
Theorems 3.8, 5.3, and 5.4 provide a complete list of decomposable Specht modules
indexed by bihooks.

Remark. For charF € {0, 2, 3, 5}, we have checked in GAP that Conjecture 5.5
holds for all (i) n < 14 if k1 # kp and (i) n < 13 if k1 = ko. If 61 = K
and charF = 2, we note that the decomposables appearing in the remark after
Conjecture 4.2 are also decomposable here. However, we have also found fur-
ther examples of decomposable Specht modules not accounted for. Namely the
bihooks ((3,1%), (3)), ((7,1%), (3)), ((5,1%), (3)), ((7), (3, 1%)), and ((5, 1%), (5))
if charF = 2, ((5, 1%), (3)), ((5, 1%), (5)), and ((3, 1%), (7)) if charF = 3, and
((9, 1%), (3)) if char F = 5, along with all bihooks obtained from these by conjugat-
ing, transposing, and our induction arguments, index decomposable Specht modules
if k1 = k. This list is exhaustive for charF € {0, 2, 3, 5} and n < 13.
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6. Proof of Propositions 3.5 and 4.12

In this section, we complete the long calculations necessary in proving Propositions
3.5 and 4.12. We begin by setting some notation which will hopefully help the
reader follow the calculations.

For any reduced expression w = s, ...s,, € &,, observe that

Vrr 1Y Yuwza = ¥r Y1 Yr e (i) 2
= wrwr:tlwre(srl e Sp, ix)llwaA
=Y Yrarre(in, oo by bty brg2s - oo ) Y Za

Since the KLLR “braid relations” only depend on the residues i,, i,+1, and i,47
of the idempotent e(s, ... sy, - i), we will instead write the above expression as

(wr wri] wr (ir, ir+1 s ir+2))¢wZA-

Similarly, since y,11v,e(i)yyz, only depends on the residues i, and i,41, we will
write this expression as (V1Y (iy, ir41))¥w2a.

In fact, whenever we apply the KLR relations in our computations, we will
analogously abbreviate idempotents to the two or three necessary, consecutive
residues, to help the reader identify which relations are being applied, and which
case of the relation is applicable.

For both propositions, we will break the calculation apart with several preliminary
lemmas. First, we will focus on Proposition 3.5.

Proof of Proposition 3.5.
Lemma 6.1. Suppose that e > 3.

(1) Letl<r<a—-2and1<s<e—r—1. Then

2e—2r—s—12e—2r—s 2e—r—s—1
Voe2r—s¥ ¢ Yoo v 7 =0.
e—r e—r+1 e
(1) Let 1 <r <a—1. Then
’([/ 2e—r—1 w25—2r+1 2e—2r42 2e—r—1 w 2e—=2r 2e—2r+1 2e—r—2
v ¥ vy o..s 4 == ¥ vooao .
2e—2r+1 e—r+2 e—r+3 e < e—r+2 e—r+3 e <h
(i) Let 1 <r <a—1. Then
e+b+1 e+b+2 2e—r—1 2e—2r 2e—2r+1 2e—r—1 2b+2 2b+3 e+b
4 A S — AR A S
b+2  b+3 e—r e—r+1 e—r+2 e b+2 b+3 e
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Proof. (1) We argue by reverse induction on s. For the base case, we lets =e—r —1.
Then

2e— 2r s—12e—2r—s 2e—r—s—1

1//2e 2r—s1// Yooeo v 2

r e—r+1 e

= We—rs1VerVerrila—r—1,a—1,0)Veri2V¥e—ry3... Velr
=YerVers1-- VeWerza

=0.

Now suppose that s < e —r — 1. Then

2e— 2r s—12e—2r—s 2e—r—s—1

¢2e 2r— ﬂ/f o Yo i

r e—r+1 e

2e— 2r §—2 2e—2r—s—1

= (Y2e—2r—sV2e—2r—s—1Y2e—2r—s(@—r—1,a—r,a—r—s—1)¢ e
2e—2r—s+1 2e—2r—s+2 2e—r—s—1
+ ¥ e v Ve
e—r+2 e—r+3 e
2e— 2r §—2 2e—2r—s—1 2e—r—s—2
= Ve—2r—s—1¥2e—2r—s - - - V2e—r—s—1V2e—2r—s—1¥ AT R 2

=0 by the induction hypothesis.

(ii)) We argue by induction on r. For the base case, when r = 1, both sides of the
inequality are equal to z, by definition. Thus, we may assume that » > 1. Then
2e—r—1 2e—2r+12e—2r+2 2e—r—1

oL oYy Yoo Y2

2e—-2r+1 e—r+2 e—r+3

2e—r—1 2r+2 2e—2r+3 2e—r—1
o wZe 2r+2(w26 2r+1 (Cl r + 1 a—-r= 1))w \rb-%—Zw e—r+3 e—f+4 U i L
2e— Zr 2e— r 1 2e—2r+2 2e—2r+3 2e—r—1
=Y 4 1// (/2 Loooo vz
e—r+2 2r+2 e—r+3 e—r+4 e
2e—2r 2e—2r+1 2e—r—2 . . .
=v + v+ _... v z, by the induction hypothesis.
e—r+2 e—r+3 e

(iii)) We argue by reverse induction on r. For the base case, when r = a — 1, both
sides of the inequality are equal by definition, so there is nothing to prove. So we
assume that r < a — 1. Then

e+b+1 e+b+2 2e—r—1 2e—2r 2e—2r+1 2e—r—1
vor v e v oo v 2
b+2  b+3 e—r e—r+1 e—r+2 e

e+b+le+h+2 2e—r—2 2e—r—1

= 4 e 4 a—r—l,a—r,a—r—1
o b Y b (Waear e —ar—1¥2e2r ( : )
2e—2r—22e—2r—1 2e—2r+12e—2r+2 2e—r—1
/A v ) Lo v
e—r e—r+1 e—r+2 e—r+3 e
e+b+1 e+b+2 2e—r—2 2e—r—1 2¢e— r 1 —2 2e— 2r 1 2e—r—2
= + voLolas 4 ¥ — cee ¥
w b+2  b+3 e—r—1 lpZe 2r+1 ‘(//2 1//26 2r llp r e— r+l e 22
e+b+1 e+b+2 2e—r—2 29 2r 2 2e—2r—1 2e—r—1 2e—=2r+12e—2r+2 2e—r—1
+ 4 4 + <+ oo ¢
+ w h+2 + e—r—1 w e—r e—r+1 (w23—2r+1 w e—, r+2 e—r+3 Zk)
e+b+] e+h+2 2e—r—2 2e—2r—22e—2r—1 2e—2r 2e—2r+1 2e—r—
=0 el 4 4 v Yo e by parts (i) and (ii
+ w +3 e—r—1 e—r e—r+1 we7,+2 e—r+3 Z)L y p ( ) ( )
2b+2 2b+3 e+b . . .
=Yy v by the induction hypothesis. ([
e
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Lemma 6.2. Suppose that e > 3.

() Let 1 <r<b,0<s<a—3,and 0 < k <b. Then
2b—r+s+2 e+b—r 2b—r+s+3—k 2b—r+s+4 2b—r+s+5 e+b |, b—r+s+1 e—r e—r+l e=2
L N/ /) R A o)
2b—r+s+3—k ° b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3 b—r+4" " b+l
2b— r+s+2 e+b—r 2b—r+s+2—k | 2b—r+s+42b— r+s+5 et+b |, b— r+s+l e—r e—r+l e—2
=y 1/ 1/ A v -~ v Yoy v 7.
2b— ;+s+2 k © b—r+s+2 b—r+s+3 b—r+s+4 b— r+s+5 b— r+2 b—r+3b—r+4  b+1
() Let 1 <r<band0<s <a—3. Then
2b—r+2 2b—r+3 2b—r—+s+1 et+b—r 2b—r—+s+3 2b—r+s+4 e+b | b—r+s+1 e—r e—r+l e=2
{1/ Yoo 4 v ooy N 1
b—r+2 b—r+3 b—r+s+1 b—r+s+2 b—r+s+3 b—r+s+4 e b—r+2 b—r+3 b—r+4 b+1

2b— r+22b r+3 2b—r+s+2 e+b—r 2b—r+s+42b—r+s+5 et+b | b—r+s+2 e—r e—r+l1 e—2
+ +

W R N T

.. <+ <+ N
b— r+2 b— )+3 b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3b—r+4 b+l

=¥

(iii) Let 1 <r < b. Then

e+b—r | 2b—r+32b—r+4  e+b e—r e—r+l1 e—=2 2b—r+22b—r+3  e+b , e—r—1 e-r e—2
L/ N A A | T S
b—r+2 b—r+3 b—r+4 e b—r+3b—r+4  b+1 b—r+2 b—r+3 e b—r+2b—r+3 b+1

(iv) The equation in part (i) also holds if r =b+1,5s =0,and 0 < k < b — 1. That
is,

b+2—k b+3 b+4 e+b a—la e=2
¢ ~b ~b i« N 2
warZ kw d’ d’ d’ 2 3 bJrIZ)L
b+1 -1 b+1—k b+3 b+4 e+b a—la e=2
= + <+ N R N S
1/fb+lfk1/f 1 w 2 w 3 4 e w 2 3 17+1Z)L
(v) We have
e—le e+b—1 2b+2 2b+3 e+b b+1 e—1 b+3 b+4 e+b , a—la e=2
yy.o.. ¥ N 2 = 4 ¥ LR A 2 Yoo 3
w 12 b+1 b+2 b+3 e <h w 2 w 1 wzw 3 4 e w 2 3 b+1 <
Proof. (i) We have
2b—r+s+2 e+b—r 2b—r+s+3—k 2b—r+s+4 2b—r+s+5 e+b b—r+s+1 e—r e—r+l e—2
1/ | A v o Yoy v vz
2b—r+s+3—k b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3 b—r+4 b+1

2b— r+t+2 e+b r
=¥, Vb (Wb Vab—r s 2k Vab—r+s+3-ke ()
2b—r+s—1—k 2b—r+s+2—k 2b—r+s+4 2b—r+s+5 et+b | b—r+s+1 e—r e—r+l e—2

ad b—ris+2 v b—ris+3 bfris+4 b—rix+5' Y W bjr'+2 wbjﬂ bjr'+4' ’ 'bil <

where positions 2b —r +s+2—k,2b—r+s+3—k,and2b—r+s+4—kof j
are positions b —r +2, b+s+2, and e+ b + 1 — k of i, respectively; i.e., the
corresponding residues are e —b+r — 1, s + 1, and e — b + k, respectively. Since
I<s+1<a—-2anda<<e—b+r—1<e—1,itis clear that the corresponding

braid relation never produces an error term, and the result follows:

=¥

2b— ;+s+2 e+b—r 2b—r+s4+2—k , 2b—r+s+42b—r+s+5 e+b |, b—r+s+1 e—r e—r+l1 e=2

v v /A P

<+ + <+ <+ cee b +
2b— r+v+2 k * b—r+s+2 b—r+s+3 b—r+s+4 b—r+s+5 e b—r+2 b—r+3b—r+4  b+1

(i1) Apply part (i) for k = 0, then k£ = 1, and so on up to and including the case
k=>.
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(iii) Apply part (ii) for s = 0, then s = 1, and so on up to and including the case
s=a—3.

(iv) The proof is identical to that of part (i), except now we notice that the third
residue of the relevant triple is e —b < e —b + k < e — 1, while the second is 1.

(v) Apply part (iii) for » = 1, then r = 2, and so on up to and including the case
r = b, to yield

e—1 e e+l e+b—1 2b+2 2h+3 e+b b+2 b+3 e+h a—la e—2
¥ D T 2 4 ¢ = ¢ ¢ ¢ D I 2
w 1 wz 3 b+1 b+2 h+3 o= w w w 2 37" bl <

Then, applying part (iv) for k = 0, then £ = 1, and so on up to and including the
case k = b — 1 gives

b+2 b+3 b a—1 2 b+3 b4 b a-1 -2
s wi G zx—w¢ v W,M STyl T O
2 37" bt e 2 3" bt
Lemma 6.3. Suppose that e > 3.
(1) For3<x <a-—1,we have
b+1 b+2 b+x—1 b+x b+x+1 e+b a—1la e—2
Ipbixw AR SRR v Yoaho v LR SRS
e—1 b+1b+2 b+x b+x+1 b+x+2 e+b a—la e—2
_whd{ﬂw% oo Yo xizjwﬁg ARss
(i) We have
b+1 b+3 b+4 e+b a—la e=2 b+1b+2 e—1 e e+l e+b a—la e=2
w“ﬁ“”¢ DA S SNl A I EEED I SR ATED S I 1 SR o2}
Proof. (i) We have
e—1 b+1b+2 b+x—1 b+x b+x+1 e+b a—la e—2
ViV g VY
e—1 b+1b+2 b+x—2
=l”hj L5 0SS - (Vbrx Vb x—1Vp4x(0, x — 1, =D))
x+l 7203
b+x—-2 b+x—1 b+x+1 b+x+2 e+b a—la e—2
RAE RS SR AR A S Rt
e—1 b+1 b+2 b+x—2
=Wb+j+11ﬁ Yoy Y Vorx—1Vbtx (Votx—1Vptx—2¥prx—1(0, x — 1, =b + 1))
b+x-3 b+x—2 b+x+1 b4+x+2 e+b a—la e—2
‘//¢w¢w 2"iw‘zbg"bilz}‘
e—1 b+1 b+2 b+x 2 b+x—1
=1ﬁb¢ vy Yoo W ¢ 1# (warlwxl/forl(O x—1,-1))
+x+l 723
b+x+1 b+»+2 e+b a—1la e—2
RELARREI S SRS
—1 [7+1 b+2 b+x b+x+1 b+x+2 e+b a—la e—2
=V, Y LR LY Y
b+1b+2 btx |, b4x+lbix+2  e4b  a—la  e=2
wb+x+11// gxill/f ol v R SRS
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(i) By applying part (i) repeatedly, we have

b+1 b+3b+4  e+b ,a—la e— b+1 |, b+2 |, b+3b+4 e+b a—la e—2
PIVEVTEIV T a =iy DIV TV
b+1b+2b+2 b+5 et+b ,a-la -2
—l//bhl/f 1// 104, ﬁl/fﬁf SR
b+1042  e— ee+l e+b la e—=2
=¥ T T T e O

Lemma 6.4. Suppose thate > 3. ForO<x <b—1land1 <y <b—x+1,we have

et+x+y e+x+)+l e+b a—la e=2
LY vy v 73 =0.
1//“+2x+yl/ja+x+\ a+x+)+l ¢ W 33 A

Proof. We fix x, and prove the statement by reverse inductionon y. If y=5b—x+1,
the expression is

a—la e—2
Yoo 4 = 0.
Verx1¥ IR SRRA IR 0
Ify<b—x+41,then
e+x+y e+)»+}+1 e+b a—la e—2
RN Y b4
wa+2x+y¢la+x+\ a+x+)+l e w 2 3 bJrIZ)L
etx+y
= a+2x+}+2(Wa+2x+ywa+2x+y+1Wa+2x+y (@, —x,—x—1))
a+2x+y—1 e+x+y+1 e+b a—1la e—2
0 VoYL vz
at+x+y at+x+y+1 e 2 3 b+1
e+x+y etx+y+l1 e+‘<+\+2 e+b a—la e—2
= ¥ Lot ey
wa“w\‘F ¢a+2x+)+l wa+x+}+l a+x+v+2 e 1/[ b1 <2
=0 by the induction hypothesis,
wherea =—y—x—1lify<b—x—landae=a—-1ify=>b—x. U

Lemma 6.5. Suppose thate >3. ForO0<x<b—1<e—20r0<x<b—2=¢-3,

we have
. a+2x—1 , a+2x—1 etx+1 et+x+2 e+b a—la e=2
1 1 4 + vooaa Ydooo 3
() (w a+x w a+x )wzl+x+lu+x+2 e w 2 3 bJrlZ)L
lpe-¢—x+1 etx+2 et+b lpa—l a e=2
= N R yyoold N
a+x+1 atx+2 e 23 b+1z)“
b+1 b+2 e+x—1 e+x e+x+1 e+b a—la e—2
1 \L ~b ~L . + v o..u 4 N S
( ) w waJrA a+x+1" a+2x a+x a+x+1 e 1// 23 b+lZ)L
b+1 b+2 e—2 e—1 e e+(x+1)—1 e+(x+1) e+(x+1)+1 e+b a—1la e=2
==Y+ v...v Y v Loy v A S T
2 a—1 a+(x+1) a+(x+1)+1 a+2(x+1) a+(x+1) a+(x+1)+1 e 2 3 b+1
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Proof. (i) Firstly, it is obvious that the statement holds when x = 0, since the term
Y w7 is trivial. Now assuming that x > 0, we have

a+2x—1 a+2x—1 e+x+1 e+x+2 e+b a—la e—2
+ + vooaa Y N2
w aIx w a+x wa+x+1 a+x+2 e w 2 3 b+1 2
a+2x-2 2 a+2t 2 e+x+1 e+x+2 e+b a—la e=2
= —x—1,—x+1 v R 1/ N
W ? (w”+2x*1( + ))w x wa+x+l a+x+2 e W 2 3 bt L
a+2x 3 a+2x 3 e+x+1 e+x+2 e+b a—la e—2
= x—1,—x42 A |/ A S
df (l/f“+2x 2(= + ))w et waﬂﬂ atxt2" " e v R SRR
2 etx+1 e+x+2 et+b a—la e—2
= —x—1,0 R 1 A
(w“"‘x( ))wcH»erl atx2" e W 2 3" bt <x
e+x+1 e+x+2 e+b a—la e—2
=Y R AR o
a+x+1 a+x+2 e 2 3 b+1
(ii) Applying Lemma 6.4, we have
b+1 b+2 e—2 e—1 e e+x—1 etx e+x+1 e+b a—la e—2
¢ ~L 4 v ool 4 4 i« ¥+ ¥,
w ‘a1 wu#—x a+x+1 a+2x wu-%—x a+x+1 w 2 3 +] MR
b+1b+2 e+x—2 etx—1 e+x e+x+1 e+b ,a—la e—2
= v Y., »L oo v + A ¥ Y. N
w 2 3 wa+xa+x+l a+2x—lwa+2x+lwa+2xwa+,\a+,\+l e w 23 b+1Z)L
b+1b42 e—=2 e—1 e e+x—2 et+x—1  etx
=Yy L v vy v
2 3 a—1 a+x a+x+1 a+2x—1 a+2x+1a+2x+2
“(YatoxVaroxet1Varor (—x — 1, =x, —x — 1))
a+2x—1 e+x+letx+2  et+b ja—la e—2
. + 4 vooood Yoo 3
w a+x wa+x+la+x+2 e 1// 23 bJrIZ)L
b+1b+2 e=2 e—1 e e+x—2
=0-— SO R O R L ST
w ‘a1 ll/aﬂ a+x+1 a+2x—1
e+x—1  etx a+2x—1 e+x+1 e+x+2 e+b a—la e—2
. + N + + +oaaoyd ¥y Yoo ¥
wa+2x+la+2x+2w a+x 1'[faJchJrlzﬁr)chZ e 1/f 2 3 b+1ZA
b+1b+2 e—2 e—1 11+2x 1 a+2x—1
=—Yy v Y LT v ¢)
2 3 a—1 a+x+1 a+x+2 a+2~c+2 a+x
e+x+1 E+‘C+2 e+ a—la e—2
- . w I8 SRERaEN
a+x+1 a+x+2 a8
b+1b+2 e—2 e—1 e e+(x+1)—1 e+(x+1) e+ (x+1)+1 e+b a—la e=2
=—Y 4+ ... vy L BURAR | A S
2 3 a—1 a+(x+1) a+(x+1)+1 a+2(x+1) a+(x+1)a+(x+1)+1 e 2 3 b+1
by part (i). U

Lemma 6.6. Suppose that e > 3. For2 < x < b+ 1, we have

wa+x_3 wa+xf3 a+x—2 e—2 waerfZ a+x—1 e—2
+ + voLL. 3+ = <+ +yoo.o 4 2.
X x x+1 b+1 A x+1 x+2 b+1 A

Proof. Firstly, if a < 3, then the left-hand side and the right-hand side are both
equal to the generator z,. If a > 3, we have
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a+x—3 a+x—3 a+x-2 e—=2
A

_ at+x—4 2 _ _ at+x—4 a+x—2 a+x—1 e—2

- W 'T (Wa+x—3( X + 1’ a 2))‘# J’ w xil xi o 'bil 2
a+x—5 a+x—5 a+x—2 a+x—1 e—2

- W (W(H»x 4( X +1 a— 3))‘# w +1 xiZ o 'bilz)L

a+x—2 a+x—1 e—2
=Wi(—x+1, 1))y R AP

a+x— 2a+x 1 e—2

=y ¢ b 2 O

Repeated application of Lemma 6.6 yields the following corollary.

Corollary 6.7. Suppose that e > 3. We have

1 e—2

a
dood =
3 b+1 Z)L Z}L

e—2e—3 a

w/r /F aglll,

¥
b+1 2

We are now ready to prove Proposition 3.5, using the above lemmas.

Proof of Proposition 3.5. In order to prove that ¢(vy) = (—1)?*12uvy, it suffices to
prove that

e e+l 2e—

v’ ¢ YL 2= (=P loy T ¢ o or (=D 2y’ ¢ Zi.
We first suppose that e = 3 and A = ((2, 1), (2, 1)) or ((1%), (1°)). Then we have
YL IYiYin = Y0, DYivivin =Yl — y)viviviz.

The first term becomes

V0320, 201 ¥ ¥z = Yiva (39 (0, 0)Yiviz,
=Yy + Dvivia
=YYy (2,0, 2) ¥ iz,
=Y iy — DYz
= Y iviYs(Ysvuys(l, 0, 2)z: — Ys(YFQ2, DYz
= YLY iUs(PaWsa) s — Us (s — Y ¥izs
=0—ys(ys¥s(L. D)W iz + Y2 Gura(l, 2) ¥z,
= —Ys(¥sy6 — DYz + ¥3¥iysz
=0+¥iz:+0.
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The second term becomes

— YL, IV IY iz = =Yyt vi(sys(, D)Yiz
= —Y LY LviPsys— DV iz
= =0+ Yy iuysva(2, 1, 2)avsz
=YL st — D¥aysz
= YL Y i YsYa(U3vnys 2, 1, 0)zs — Vi ¥2(0, 2, 0) sz
= VLYY (s z, — Vi vy — Disz,
=0-0+yiz.

We now suppose that either e = 3 and A = ((3), (3)), or ¢ > 3 and a > 2. Then we
have

2e—1

NG Z{ (X Bl D)L A A S
=y U Wi (—La—Dyiy T T g

e+2

=y 22 a1y Y

— 1#:;;:1 we;lg. ) ‘(’+j7/ Z(we+b(a a— 1))we+b leerr;rl e:i:Z‘ ) ‘2e£1 Z)L
VYT o VR
It thus suffices to show that
ye+b+1lﬂg¢]i .e-;—gl we-%—_l:l e:_l:z. ) .2?] = (—1)b+1 wgihz
— _ye+bwc\lbl§‘ ‘ezill 1)”eerJrl c+i:2 ) ‘Zegl Z)“

We will prove the first equality here, for which we have set up the relevant compu-
tational lemmas — the second equality may be proved in a similar manner.

e—le e+b—1 e+b+1 e+b+2 2e—1
ye+b+11ﬂ¢¢ e 1'0b+z RERERR RS
e—le e+b 1 e+b (’+h+2 e+1)+3 2e—1
=y Y e, (Ye+b+11ﬂe+b+1(1 a— 1))Wb+21ﬁ s V2
e—le e+b—1 e+17+1 e+b+1 e+b+3 e+b+4 2e—1
=Y iy ¥ OerptaVerp2(2a =)V vy v vz
e—1le e+b— e+l7+1 e+b+2 2e—2 2e—2
=Yy w b O2e-1V2e-1(@=la=1)y vz
e—le e+b—1 e+b+1 e+b+2 2e-2
__wf%"'bil e bia"'¢w¢z)‘
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If e = 3, then this expression becomes, as required,

—Y LYY iz@.6) = —VWasva(l, 2, D)Yasze).6)
= —Yi(Usvavs + DYz
= —lﬁ?i//31//4(¢31//21/f3(1, 2,00)z(3).3) — WY1 ¥2(0, 1, 0)¥32(3),3))
= —¢§W3¢4W2W3¢2Z((3),(3)) — Wiy + Dsz3),0)

=0-0—1Y3z(3),0)-

If e > 3, then the above expression becomes
e—le e+h 1 2b+2 2b+3 e+b

— iy ‘/fbiz RIERRE2Y by Lemma 6.1(iii)
= —‘/fbil s ¢ lﬁzlﬁbfm erlﬁa¢1§ bHZ* by Lemma 6.2(v)
==y Ty Gy, LoDy T Ty L
=LY G+ DY LT L
_0 warlw l)//_I713b4r4 eibl/fa\zllz e—ZZ)w

Now, we handle the case b = 0 separately. In this case, the above expression is
_wbjl w \L wh$3 17+4. ) .egh waglg Zi? 2 = _w 4/ wq\z)h
=V} EE0Y iz
e—1 e
=~V Y
= — (Y =2.0) vz
= _v/eZ}u

in which case our proof is complete here.
Now suppose that b > 0. Then by Lemma 6.3 followed by repeated application

of Lemma 6.5(ii),
b+1 b+3 b+4 b 1 2
—y Y wi A fot 2
b+1b+2 1 1 b —1 -2
=—v g J3r ei ‘/IEEI ’ ‘“er 1’[,“% ; 'Zilz)‘
b+lb+2 -2 1 +1 e+2 +b -1 -2
_( 1) w "7 w2+111i2w:i1:+2 "ci w“g ; ’ ':il L
) w"I‘ o VeV ey T T

b+1 b+1b+2 e—2 e+b a—la e—2
=(=1) W gu—lwiw%‘g R

b+1 b+1 h+2 e—2 a—1la e—2
=(—D 1// ‘/f S A R

_ b+1 e—2e— 3 a—1 , a—la e—2
=D w w “ZwJZ/:’:L.../;iIZ)"

= (=1 Hz// L2 by Corollary 6.7, completing the proof.
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If e >3 and A = ((2, 1°72), (2, 1°72)) or ((19), (19)), then we have

2e—1 e e+l 2e— 2e—1 e+l et2 2e—1

1//¢ 1//¢¢ .¢Z)L_W¢(1//(01))lp¢1ﬁ¢¢ .Jzk

e+1e+2 2e—1

=¢e£l( )’e+1)¢¢1/f¢ Yoo b 2,
and the proof may be finished in a similar manner to the other cases. ]

Proof of Proposition 4.12. Let .= ((ke), (je)) for some j, k > 1. In order to prove
Proposition 4.12, we now look at the action of the KLLR generators ¥y, ..., ¥,
on an arbitrary basis element vy € S;, where T does not necessarily lie in 7.

Lemma 6.8. Let T € Std(A), vt =v(ay, ..., aj.), 1 <r <n,and 1 <s < je such
that r # 2s (mod e).

() Ifay =r and agyy =r + 1, then Y,v(ay, ...,aj.) =0
(i) If s is maximal such that a;, < r—1, and r,r + 1 ¢ {ay,...,a;.}, then
Yrv(ar, ..., aj.) =0
Proof. We proceed by induction on r — s on both of the statements.

(i) For r = s, we observe that

-1 e—1 - e—1
Yrvlar, . aj) =Yy LN =y Y =0

r+2 ke r+2

Now assuming that » > s, we have

Yrv(a, ... »aje)

1//a| 1 ag_ | 1 r=2r—1 a/-,_,,fl
ap—1 r=2r—1 a5+2 1 ajo—
Y R Y

C WY = Lsr—s =Yyt
= Yo wr Wy J; he .r+2 he

s+2 je
1
=Y y... :}l; VoY Yr—iv(l, oo s = Lr— 1, r agg0, ... aje)

which is O by induction if r £ 25 + 1 (mod e) or if r = s + 1 as ¥,_; commutes
through to the right. If r =25 41 (mod e) and r > s 4 1, then we continue:

-1

v e (Y2 (s — L, s—l))w’{jjw‘“jg 1 ¢ 2
=y e W e+ DY L
The first term becomes
walll - Wr W oV 1 zlﬂr;r zw“sz‘ --a'jngx
=w{ S Y av(L s — Lr =20 — Laga.....aje)

=0 by induction.
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If s = je — 1, then the second term becomes

r?r2 ap—1 aje r—=3 r-2

ezx=1ﬂ¢ wr 11ﬁ¢ ¢1lfrzx—

1

‘//alf_l-” 75 2 I‘/fr 1%‘#

-1

If s < je — 1, then the second term becomes

1

Ty Ty eyt g

l j(’
- s—1—1 r=3
=”(ﬂ Jl, ...Asfl wr—lw }L wrv(l,...,s,r—l,as+2,...,aje)
=0

ap—1

vy

by the inductive hypothesis of (ii) as ;11 <r—1,a540 27r+2,and r #2(s+ 1)
(mod e).

(ii) For r = s+ 1, we have

1

agy1—1 ajo—
1//'S+]U(Cl], ey aje) = llfs—i-]w A:Ertl e j}e -

We observe that the first s+2 residues in the residue sequence of ss+1sa“:r£1_1. .. sajj{' T,
are 0,1,...,s5—1, 1, 0. There exists no S € Std(A) with such a residue sequence,
and hence ¥, v(ay, ..., aj.) =0

Now assuming that r > s + 1, we argue by induction on £(wr). For the base case,
the minimal length is obtained when s = je —1 and vy =v(1,2, ..., je—1,r —2).

Then

Vol 2, je=Lr+2) = W ¥ (L r + )YV 2
= Wr+1erﬁwrllﬁrjleI 7
= 1ﬂr+11ﬁr1//rj£l Vr 122
=0 sincer 4+ 1 —1 (mod e) by our residue hypothesis.

Now for £(wr) arbitrary, we have

Yrv(ay, ..., ajz.)
a;—1 (ly—l

:w¢

1

U W W s —s = L=y L

where r —s # s (mod e).

”je_l

/e
a —1
Y - wr+11//,1//r+1v(1 ey S T gy, oo, dje) =0

as—1

w¢...

)

a -1 r—1 a -1
W S:}}z Wr-i-lwrlpr-i-lw J’ lﬁ SH

ap—1 (Ag‘ 1

:¢¢

1
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by the inductive hypothesis if r +1 £ 2(s +1) (mod e). If r +1 =25 4+ 2 (mod e),
then

pr ‘<wr+1wr+zwr+1<s s s+ D)y Ly
=y Y W+ DY L
If s = je — 2, then this becomes
YO T Y Y+ DY 2 =
If s < je — 2, then the first term becomes
A w ety LY
=y L e Yeav(L s+ L ags, . age)
=0 by induction as r +2 # 25 +4 (mod e).
Now, the second term becomes
-1 —1 —1 -1 -1 ; —l
ERR A R S A SR
B TR
= 1{ .. .a.}— 1//“5:}1;1 wa'yjiz; Vo, ..., s, r+ 1 a3, ..., a,)

=0 by the inductive hypothesis on (i), as r # 2s +2 (mod e). [J

Corollary 6.9. Let 1 <r <nand1 <s < jewithr 2 s+ 1andr =2s (mod e).
Then

(1) er(la---,S,r+2aas+2a---,aje):v(la---,S,r,as+2,---7aje),
() yru(l,...,s=1Lr,r+l,a52,...,a)=v(l,...,s—=1,r—=1,r,a512,...,4aje).

Proof. (i) We have

Yru(l, ..., 8, r+2,a542,...,0aj.)

ai,—1

_ r+l1 agio—1 je
=V LY L
_ _ r—1 ago—1 aje—l
= (Vr¥r11¥r (s, s 1,5))w_yi]¢ siZ jt a
r—1 ago—1 a;,—1
= Wrn ¥ e + DY < v v-@ Lz
s+1 s+2 je
=Yoo s, asq, o, age) F (L L s agg0, -, dje),

and ¥, v, ..., 5,7 a542,...,aj.) =0 by Lemma 6.8(ii).
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(i1) We have

Yoo, ...,s—=1Lrr+1,a52,...,aj)

—1 -1 ie—1
=y LT Y g

s s+l s+2 je
—2r—1 —1 -1
=W (s —1, s, s — )Y v v Y L9 7,
s s+l s+2 je
—2r-1 -1 o1
=W Y1+ 1)1//r¢ v lﬁaﬁ—f .. .aji Za
s s+1 s+2 je

zlpr—ll//rwr—]v(la"'vs_17r_17r7as+2$"'aaj€)
+u(l,...,s—=Lr—1,ras02,...,aj),

and the first term is 0 by Lemma 6.8(i) since r — 1 % 2s (mod e). ([l

Lemma 6.10. Let 1 <s<i<r<n,s+r—i<je,as_1 <i,andi # x (mod e)
foranyx € {2s —2,2s —1,...,2s +r —i}. Then

r . .
wlyv(al,...,as_l,l—|—1,1+2,...,r+1,as+r_,-+1,...,aje)
:v(alv""as—l9iai+1’"'vrvas—i-r—l‘—ﬁ—lv~'~7aj€)'

Proof. Suppose that asy;_;—1 <l foralll €{i,i+1, ..., r}. Then the result follows
directly from the KLR relations since, for all /,

viv(a, ..., Gspi—i—1, L+ 1, Ggqg—iq1, Qspi—ig2, -, Aje)
=V WG i = Ly T
=y .“Sjﬁ:l" V(oo sl —i = 1L gy i1 Gssi—isas s dje)
ifi£2s+1—i—2,2s+1—i—1,2s+[—i (mod e). O

Corollary 6.11. Suppose that 1 < s <i<r<n,s+r—i < je, a1 <Ii—2,
i=2s (mode),andr —i+2 <e. Then

1/f:w(a1,...,as_l,i,i+1,i+2,...,r+1,as+r_,-+2,...,aje)
=v(ay,...,as_1, i =L, i+1,...,r a5, i12,...,aj).
Proof. Since i =2s (mod e), we apply Corollary 6.9(ii) to give us
‘”,};. ivay, ..., a1, 0, i+ 1,042, .+ L agpr—iga, s aje)
:wiglu(al,...,aH,i—1,i,i+2,...,r+1,a§+,,i+2,...,a,e).

We now obtain our desired result by applying Lemma 6.10 since i + 1 # x (mod e)
forall x € {2s,2s +1,...,2s+r —i + 1} (note that x runs over r —i +2 < e
terms). O

Lemma 6.12. Let 1 <r < je. If r #1 (mod e), then y, ¥, ¥r411 ... ¥ jezs =0.
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Proof. We proceed by induction on £(wr), where the minimal length is obtained
when r = je.
For r = je, we have

VjeVje(—=1,0))z0 = Vjeyjet12 = 0.
Now assuming that » < je,

Or e (r =L, OV 1 V42 - - - wjeZ)L =Y Yr+1Vr1¥r+2¥r43 - - Wjez)» =0

by induction if r #£ 0 (mod ¢). If » =0 (mod e), then this term becomes

Vr r+1¥r 410, )Yy 1243 - - V’jezk =V (Yr+1Yr+2+ D¥ri2¥ris . .. Wjez)w

The second term becomes ¥, 12V, 13 ... V¥ (¥,rz3) = 0, whilst the first term is 0
by induction. ([

Lemma 6.13. Let 1 <s <i<r <nands < je, and suppose that r = 2s (mod e)
andr —i+2 < e. Then

Varv(l, .o s, r 42, a040, . aje) =0(L, L s dgga, e, de).
Proof. The proof is similar to the proof of Corollary 6.11. O
Lemma 6.14. Let 0 < s < je—eand vr =v(ay, ..., aj.).

(1) If agre =7 for some 1 <r <nsuchthatr #2s,2s+1 (mode)andr—1,r+1,

r+2,r+3,....,r+e—2¢{ay,...,aj.}, then y,_jvr =0.

(i) If asye =7 for some 1 <r <nsuchthatr £2s,2s+1 (mode) andr+1,r+2,
r+3,....,r+e—=2¢{ay,...,aj.}, then y,vr =0.

(iii) If for some 1 <r < n, we have ag; =r —e—+i foralli € {1,...,e— 1},
Asre=r+1,r=2s (mode),andr+2,r+3,....,r+e ¢ {asret1,...,a}e),
then ¥,vr = 0.

Proof. We proceed by simultaneous induction on r —s on each of the three statements.
Note that we apply Corollary 6.9 without further reference.

(i) Our base case is whenr =s+e+1, sothats %0, 1 (mod e) and a54.—1 =s+e—1.
We prove this by induction on £(wr). For the base case, the minimal length is
obtained when s +e + 1 = je. We thus have

VetV = (Ve 1¥jem1 (=2, 00974 ' 25

aje—1 aje—1
=VYje 1V ;eﬁl VjeVje(=1,0)20 = Vje1V ;iH VieVjer12x = 0.
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Now suppose that s + e + 1 < je, and assume without loss of generality that
vr=v(,...,s+e—1,s+e+1,s+2e,...,je+e—1). Then we have

r+2e 1 r+2e jete=2

— = oo v
Vr—101 = (VsteVste(s — 1, 0)) Y vl s pA )
w v+2@ 1 v+2e jete=2
= e Y
S+eys+e+1 w r+e+1 v+e+2 je <
s+2z 1 s+2e s+2e+1 jete—-2
= vy ..o ¥
Ws+ew s+e +2 ys+e+lws+e+lws+e+2 s+e+3 je 2

s+2e 1

—\//H_elﬁ y;+e+1v(1 .s5te, s+e+2,s+2e+1,..., jete—3)

=0 by induction if s £ —1 (mod e).

If s =—1 (mod ¢e), then

wﬁ-e‘ﬁ T l(ys-i-e-i-l 1ﬁs—{—e-ﬁ-l( 1 0))‘:0 v:: Zizj-:—%l : 'jez_z n
- 1//S+ewsize+ll ys+e+21//:i; S:rz:;l . .']c;b:_z Zn
= et 0 Greratiresna @O0 L
= VstV 0 VL (Dsrerayopers — DY 2L ./eziz )
B %Jrewiill v :iz ii: 12:52 : 'J:;z Vs+et+3Vstet3Vstetd - - YjeZn
Ve L BT e

=0 by Lemma 6.12.

Next, we assume that r > s + ¢ + 1, and again argue by induction on £(wr).
For the base case, the minimal length is obtained when s + e = je and vy =
v(l,..., je—1,r). Then

yro1vr = Qoo (= 1r = )Y 5 =0,

Now for s + e < je, we may assume by induction (on £(wr)) that vt = v(1,
s+e—1,r,r+e—1,r+e,...,r+ je—s —2) and we have

r+e— 2r+e 1 r+je—s—3

Yre1vr = (YY1 (s —Lr —s — I)WYL Vo b B
r+e—2 r+e—1 r4e r+je—s—3
- wH—e W ril yer_H_l ws+j+2 .v+j+3. o ;t <

=y Y (s ter b L e, je—s—2),

s+e

=0 by induction if r #£ 2s + 2 (mod e).
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If r =25 4+ 2 (mod e), then we have

r+e—2 r+e—1 r+e r+je—s—3
1//siel’// 4 Orpr(s, s+ DY o ++11//S+e+2s+i/+3 o ]t <h
r=1  r+e=2 r+e—1 r+e r+je—s—3
- wxie I//-.v+j+1 Yrl wwﬁﬂ x+i+3' e fe 2

=0 ifs+e=je—1.

Now suppose that s +e < je — 1. Then the above term becomes

r+e—2 | r4e—1 r+e r+e+l r+je—s—3

wsie l//v+i/+l w (yr+1 Wr-l-l (S + 1 § + 1))w \L 1//S+e+3 ste+d ;Z’ <x
r+e—2 r+e—1 r+e )+e+1 r+je—s—3
- w ste wv+i+l w (Wr+l}’r+2 - l)wvﬁe@z wr+6+3 stetd " ]t» L

=0 ifs+e=je—2.

If s + e < je — 2, the first term becomes

r—1 r+e— 2;+e 1 r+e+1 r+e+2 r+je—s—3

VY v l// )’r+21/f FyUR Y Ty

st+e v+e+l r+e+2 +e+3 s+e+4 s+ets je
r4+e—2 r+e 1

=y’ YLy

s+e v+e+1 v+c+2 r+3
v, ....,s+e+2,r+3,r+e+2,...,r+je—s—2)
=0 by induction since r # 2s + 3, 25 +4 (mod e).

Then the second term above becomes

r—1 r+e—2 r r+e—1 r+e r+1 r+e+1r+e+2 r+je—s—3
/AR /O 1/ O /) Y L U S W
s+e s+e+1 s+e+2 r+3 r+4 s+e+3 s+e+4 s+e+5 je

which is zero if s +e = je — 3. If s + e < je — 3, then we continue

_erl '(//‘r+i72 1// i H\Ll 1//r+jr:1 rie l//r+i+l r+i+2. ) 'r+je;3'73 %

s+e s+e+1 s+e+2 s+e+3 r+3 r+4 s+e+4 s+e+5 je
r+e— 2)+e lr+e

== D Gy
r—2 r—1 r+l1 r+e+1r+e+2 r+je—s—3
’ w v+j+l w Y+Jc(+2 w.ﬁ+j+3 wkv+i+4 x+j+5‘ o jt Z)\'
r+e—2 r+e 1r+e
- _wfie(w riz ;+% r+4)’('0r+l

v, ...,s4+e,r—1,r,r+2,r+e+2,...,r+je—s—2)
=0 by the inductive hypothesis of part (iii) if e = 3.
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We apply Lemma 6.13 without further reference. If e > 3, we have

r4e—2 r+e 1 r+e r r+e+] r+e+2 r+je—s=3
—w (1# 1) Ww v o0y T
r+3 r+4 s+e+1 s+e+2 s+e+"€ A+c+4 stets j

Je

r+e 2r+e 1 r+e rte+l
- _l/lsie(w Y3 r+4 riS ri() )

-t//rﬁv(l,...,s—l—e,r—1,r,r—|—1,r—|—6,r+e—|—3,...,r—l—je—s—2)

r+e— 2r+e lr+e r+e+1
_w w r+4 r+5 rjr/())

-wr+2v(1,...,s+e,r—1,r,r+l,r+3,r+e+3,...,r+je—s—2)
=0 by the inductive hypothesis of part (iii) if e = 4

If e > 4, then we have

r+e—2 r+e 1 r+e r+e+l r=2  r—l1 r
—1/f v (w v R L/ A
s+e r+3 r+4 r+5 r+6 s+e+1 s+e+2 s+e+3

r+e+2 r+e+3 r+je—s—3
(W3O s
r+e+4 v+e+5 v+e+6 je
r+e—2r+e—1 r+e+2

=—wv+g(1ﬂ Lod o)

r+4  r+5 r+8

.w'{’v(l, coste,r—=1rr+1,r+2,r48, r+e+4,...,r+je—s—2)
r+

)+L —2r+e—1 r+e42
—_‘/f (w ris"'ris)

-w,+3v(l, conste,r—=1,rr+1,r4+2, r+4,r4+e+4,....r+je—s—2)
=0 by the inductive hypothesis of part (iii) if e = 5.

Continuing in this fashion, we eventually obtain

—y' wrm o, .. sder—1,r,. . r+e=3,r+2e—2,r4+2e—1,..., je+r—s—2)

ste ! rre-2
= ﬂ/’? Vrie—2
v, ..., s+e,r—=1,r,...,r+e=3,r+e—1,r4+2e—1, ..., je+r—s—2)
=0 by the inductive hypothesis of part (iii).

(ii) If r = 5 + e, then the term 1//21 is trivial so that

H—E-H -1 aje_l . agyet1—1 aje—1 .
VrUT = Yste¥ L =T LY Y.z = 0.
A+£+1 je s+e+1 je
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We now suppose that r > s + e, and assume without loss of generality that vy =
v(l,...,s+e—1,r,r+e—1,r+e,..., je—s+r—2). Then

YrUT
r+e—2r+e—1 je—s+r=3
(YrWr 1(s—1, F—S—l))wvﬂwwﬁlwgﬂ o fe <o
r4e— 2r+€ 1 e—s+r—3
—wr 1Yr— lw wv+c+1 stet2’ “/ /J/f o
B O ifr=S+€+1a
A Wmiyemiv(, L ste—1 =1 rte—1, ..., je—s+r—2) ifr > s+e+2

= 0 by induction if r £ 25 +2 (mod e).
Ifr >s+e+2andr =2s+2 (mode), then

r+e—2 je—s+r—3

Vr—1(Vr—1¥r—2(s — 1, s))lﬁ ¢ wmﬁl“" ﬁ Z
= 12 Or W3 — s = D)y Ly Ly
) ifr=s+e+2,
Wr 1% Z(Wr 3Vr—3+ l)wvﬂw:};j...ﬂ T:r 32)\ lfl" s +e+3.

Assuming r > s + e + 3, the first term of this is

Y1 Vr—o¥r_3y,—3v(,...,s+e—1,r—=3,r+e—1,...,je—s+r—2)=

by induction.

If je = s + e, then the second term becomes
r—4 r—4
Yr—1Yr—2¥ /t =Yy fe Yr 22, =0
Now suppose that je > s 4+ e. Then the second term becomes

r+e—2 r+e 1 rte je—s+r—=3
wr “// iﬂ’(// ¥ Wwwwl 3+e+2A+i+z R AR

je

r+e—2 r—4 r— "5 r+e 1 I+€ r+e+1 je—s+r—3
=Yy v Y b YT VY ARG o1
J+E 3+€+l A+€+2 A+e+3 a+e+4

je
r+e—2 r+e—1

1// w i Yr—_1v(,...,s+e—1,r=3,r=2,r,r+e+1,..., je—s+r—2)
=0 by the inductive hypothesis of part (iii) if e = 3.

From here, the proof concludes in a similar manner to the proof of part (ii).

(iii)) Our base case is when r = s + ¢, so that s = 0 (mod e). We prove this by
induction on £(wr), and assume without loss of generality that vt = v(1, ...,
s+e—1,s+e+1,s+2e+1,s+2e+2,...,je+e). For the base case, the
minimal length is obtained when s + ¢ = je:

Yrvr = (%2“(—1, 0)zx = (Yste — Ys+et1)25. = 0.
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Now suppose that s +e < je. Then we have

s+2e Y+2('+1 jete—1

Yrvr = (Y (=1, 009 'Y )

v+e+1 v+e+2 je
v+2e r+29+l jete—1

s+2@ s+2¢+] s+2¢+2 jete—1

:<YS+e )’s+e+1)w o Jt i
(Vs+et1Vstetr1(0, 0 vz

s+e+1 s+¢+2
- w s+e+2 +e+2 a+e+3 je

1// s+2e J+2£+1 s+2e+2 jete—1

(Vstet1Ystet2 — DY oo /t Zr.

A+€+2 A+€+2 3+e+3

The first term becomes

—¥ v

s+2e s+2¢+l s+2e+2 /e+e 1
¥

.. ieZn = Lemma 6.12.
J+e+1 s+e+3 s+€+4 Je+l yv+e+2w¥+e+2l//g+e+3 ‘(/IJEZ)L 0 by ¢ a6

The second term becomes

s+2e s+2e+1 s+2e+2 s+2e+3 Jjete—1
s+j+3 s+j+4 I/I‘H_e sFe+3 s+e+2w s+j+3 x+j+4 T }t <1
s+2e s+2e+1 s+2e+42 r+2e+3 s+2e+4 jete—1
= ws-%—e-%—%w s+j+5 stepe T 5te et> s+e+4ws+e+3w s+e+4 s+j+i o ﬁ 22

s+Ze s+2e+| s+2€+2

=y ¢ Ystersv(d,....s+e+2,s+e+4,s+2e+4,..., je+e)

=0 by induction if e = 3.

s+e+4 H»H»S A+£+6

If e > 3, then we have

s+2e A+2€+l 3+29+2 A+28+3 A+2e+4 Jjete—1
(" ()1 R &)
st+et+4 v+e+5 Y+€+6 +E+4 r+e+5 je

w s+Ze s+2e+| s+2e+2 s+2e+3 s+e+5 s+2e+4 s+2e+5 Jjete—1
= +
s+e+4 A+e+§ ste+7 s+e+8

Vs-te et S+e+6w;+e+4 ees shers’ fe <
s+2e a+2e+1 a+2e+2 a+2e+3 s+2e+4 A+2e+5 jete—1
- 1//s+e+4l/f s+et6 s+e+7 s+e+8 /5"“/‘(6/1//5_’_“_41'0 s+e+5 s+e+6 o fe <
s+2e s+2e+1 s+2e+2 S+29+3

= v v Ysperav(l, ..., s+e+3, s+e+5, s+2e+5, ..., jete)

s+e+5 s+e+6 s+et7 v+e+8

=0 by induction if e = 4.

If e > 4, then we have

4

s+2e+4 s4+2e+5 jete—1

e 1) 1 A

s+2e s+2e+1 s+2e+2 s+2e+3
¥ ¥ ¥ ¥
s+e+5 s+e+6 s+ed7 s+e+8

s+e+5 s+e+6 je
ws—%—h s+2t+1s+2¢+2ws+2e+3s+2e+4v/ lps+e+7’()[/s+2e'-%—is+26-%—6 Jjete—1
= 4 4 v v Z
SHELS shetb stetT T stet9 ster10SEe etV stet8Y VsV Ve srent e <A

s+2e v+2e+l v+23+2v+23+3 v+23+4 v+e+6 ?+2£+5s+28+6 Jjete—1
=Y 4 (/2 4
:+e+5 r+e+6 s+e+8 s+z+9 s+¢+1 s+z+5 s+e+6 s+e+7 je
w s+2e l//_s+26+ls+2e+25+29+3s+29+z/&"/(ﬂ/w ws+2€+5$+28+6 jete—1
— 1 ooy Z
er5 U HERT SHERS sS40 ster] e+6 stetS Y Vi6 srent o Sh
s+2e Y+2€+1 Y+2e+4 .
=y + Vstersv(l,...,s +e+4,s+e+6,5 +2e46,...,je +e)

=0 by induction if e =5.

r+e+6 v+e+7 : Y+E+]0
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If e > 5, we continue in this way until we obtain

s+2e  s+2e+1 a+3¢ 1

" Ysp2oV(, ..., 5+2e—1,54+2e+1,54+3e+1,..., je+e)=0

¥ o
s+2e+1 s4+2e+2 s

by induction.
We now suppose that r > s + ¢, and again we will use induction on £(wr), so we
may assume without loss of generality that vy = v(l,...,s,r —e+1,r —e+2,
r—1L,r+1l,r+e+1,r+e+2,...,je+r—s).
For the base case, we assume that s + e = je and hence r = s = 0 (mod e).
Applying Corollary 6.11, we have

Yvrvr =vYv(l, ..., je—e, r—e+1,r—e+2,...,r—1,r—|—1)

r— r—e+1

=9y v --¢ lﬁu/\

Jje— £+1 Jje— e+2 je—1

r—e r—e+l

PR U A C NN

je—e+1 je—e+2

r—e r—e+l

=y ¢+ ¢ ---H()’ yr+1)1l’¢ZA

je—e+1 je—e+2 je—1
r—e r—e+l — -
=Y + 4 ...¢yr1//¢zk—0
je—e+l je—e+2 je—1 je
r—e r—e+l

PR R (A T B DA

je—e+1 je—e+2

r—e r—e+l r—=2 r=2
_wle t-%—l Jje— c+2---,i|(WF—1yr—1+1)w I\t ZA
r— e r—e r—=2 r—=2 . . . :
=0+ v 112 . ¥+ z, by the inductive hypothesis of part (i)
je—e+1 je—e Jje— Je

r—e r— F+l r—3 r—4 r—3
= + cee — 4 N4
wje e+1 je— e+2 je72w/rz/‘¢fr_43/w je—1 je A

7@ r— e+l r—4 r—3 r—6 r—>5 r—4
=y R T /A &)
je— E+l je— e+2 je=3 4 r je=2 je—1 je
r—e r—e+l r—>5 r—4 r—8 r—7 r—6 r=>5
=y + 4 VYL v v LYy
je—e+1 je—e+2 jE —4 (] r—7" Jje=3 je=2 je—1 je

r— e+l — r—2e+2 r—2e+3 r—e—1
=y V¥ R R ¢ Z
je—e+1 47 ro2e+3” je—et2 je—et3  je—l
r—2e r—2e+l1 r—e—2 r—e
= 4 R 4 v Z
=Yr- e%w je—e+1 je—et2" T jeml 4 G XA
r 2e r—. 29+l r— e 2 r—e—1

=v, W Lo

je— <+I je— e+2

We repeat the above process s — j — 1 more times, until we reach

(W7 (=1, 0023 = (Vje — Vjer1) 21 =0.
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We now suppose that s +e < je. We thus have

r—er— e+l r—=2 r r+e r+e+l1 jetr—s—1
() Yrvr = wrwsﬂ s+2 0 'Hj—l 4 ie WH‘L_] s+i/+2' o ;i <
r—er— e+l r+e r+e+1 jet+r—s—1
- w (w (s =1, S))w wr+e+1 stet2” T /t 2
r—er— e+l r+e r+e+l jetr—s—1
1plsj:l s42 00 +:,L l(yr yr+1)w \1/ 1pls-*—e-%—l ste+2” ;t -

Applying the inductive hypothesis of part (i), the first term of the last line of ()
becomes

VT e s L
- w’ 0 eH' e 1(% 1Yr—1+ l)wwe wv:ril ::; ’ .]H}jil 2
SOV b A
b bt
- wrr;2: Zﬂ Gwr 31/,' 2 2" s+e— 1w 1//;:1::; "je“j{s*]z)“

1 -4
- wrr;z: :+1 ﬁl'llr

-v(,...,s,r—e—2,r—e—1,...,r—4,r—2,r+e+1,..., je+r—s)

=0 by induction on r —s if e = 3.

If e > 3, then by applying Corollary 6.11, we have

r—e r— l’+1 r—4 r—e—3r— L 2 r+e r+e+1 jetr—s—1
W'y oy . M DY w 0Tz
rleel s x a+el 3+€+15+e+2 je

r—e r— e+1 r—e—3r— e 2 r—
- (w; sz2r e—1 \L)Ilf vil x o s+j74wr_4

.w’gzv(l,,,.,s+e—4,r—6,r—5,r—4,r—3,r—|—e—|—1,...,je+r—s)

r—e r—e+l r—e—3r— E -2 r—8

=y )1,0

Lo
r—e—2r—e—1 s+e—4

“Yr_gqv(,...,s+e—4,r—"T,r—6,r =5, r—=3,r+e+1,...,je+r—s)
=0 by induction if e = 4.

As in parts (ii) and (i), we continue in this fashion for e > 4, until we eventually
obtain

Yr_ev(1,...,5,r—2e+1,r—2e+3,...,r—e—1,r—e+1,r+e+1,..., jet+r—s)=0

by induction. Applying the inductive hypothesis of part (ii), the second term of the
last line of (1) becomes
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r—er— e+l r+e+1r+e+2 jetr—s—1
—V ¢ S e (oY L T

s+1 H—L r+2 +c+1 s+<+2 s+et3 je
r—er— e+1 rde+1r+4e+2 jetr—s—1
=—y el 1 I 4
ws+l s+2 w (¢r+1yr+2 )d/ ws+e+2 s+L+3 je A
r—er—e+1 r—1 r+e r+e+1

=—Y+ 4+ .. Y LY b Vrov(l, ..., s+e+1,r4+3, r+e+3, ..., jetr—s)

s+l s+2 ste ' ste+l

+¢, 1'ﬁr er— e+1 w,HHM‘W r+c+2r+e+"§ jetr—s—1
.o o ¥ Z
s+1 3+2 A+€+l r+2 a+e+2 s+e+3 A+e+4 je A
rterte+l | r—er—e+l r+1 r+et+2r+e+3  jetr—s—1
=0+ v v Yy v Yy Ly
r+3 r+4 s+1 s+2 s+e+2 © ste+3stetd je
r+e , r+et+l  r—er e+1 r r+e+2 r+e+’% r+e+4  jetr—s—1
2 A Yerslrrstraal o T 4
r+3 r+5 v+l v+2 v+e+2 ;+5 s+e+3 v+e+4 s+ets je

r+e r+e+l r+e+2 r—er—e+lr—e+2

{1/ 30

<+ ¥
r+4 t+S r+6 s+1 s+2 543

=Yy
Yrav(l, .., s+3, r—e+4, r—e+S5, ..., r+2, r+4, r+e+4, ..., je+r—s)
=0 by induction if e = 3.

If e > 3, then we have

r+er+et+lrde+2 | r—er—e+l r+1 2 r+e+3 r+e+4 jetr—s—1
vy vy v ov (Y ))1// 1// v 2
r+4 r+5 r+6 s+ s+42 s+e+2 +e+"€ a+e+4a+c+i je
r+er+e+l r+e+2r+e+3  r—er— e+1 r+2 r+e+4r+e+5 Jjetr—s—1
=y Yoy v Yy . MW W Y2
r+4 r+5 r+7  r+8 s+1 v+2 Y+E+3 s+e+4 r+6+5 r+e+6 je
r+e+1 r+e+2r+e+3 r—er— e+1 r+2
—w w v N1/ ey 5+1))

r+6 r+7 r+8 s+1 S+2 s+e+3
r+4 r+et+dr+e+s  jetr—s—1

B A

stet+d © s+e+S5s+et6 je
r+er+e+l  r+edt2r+e+3 | r—er—e+lr—e+2r—e+3
=Y+ LY LY o4 Y
r+5 r+6 r+7  r48 s+l 542 543 s+4

v(,...,s+4,r—e+5,r—e+6,...,r+3,r+5,r+e+5,r+e+6,..., je+r—s)
=0 by induction if e = 4.

We continue for e > 4 in a similar manner until we reach

r—er— e+l r+e—2 r+e r+2e r+2e+1 jetr—s—1

VreeV it b Von Vb b B
=vYrrev(d,....5,r—e+1,r—e+2,....,r+e—1,
r+e+1,r+2e+1,r+2e+2,...,je+r—s)
=0 by induction. O

Proof of Proposition 4.12. (i) This in fact follows just like the proof of Proposition
3.5, with indices shifted by the corresponding multiples of e. In fact, that proof
gives that

Vi De—1Vi+De—2 -+ VreWrV = =2¥ (1 ye—1¥(r+1e—2 - - - YreVs

since there we allow each component to be an arbitrary (small) hook, not just the
trivial partition (e). If we follow the proof, setting b = 0, it may be considerably
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shortened and in fact the prefix of generators ¥(-+1)e—1¥(+1)e—2 - - - Yret1 1S NOL
needed at all —the special case b = 0 of that proof ends on page 694.

(i1) Without loss of generality, we will assume that W, W, v is reduced, i.e., v is a
linear combination of basis vectors indexed by standard tableaux that have brick r
in the second component and bricks » + 1 and » + 2 in the first. One can show that
if brick r is in the first component, the calculation of W, vr reduces to applying
part (i) of the proposition to basis vectors of the assumed form. If brick 7 is in the
second component but bricks » + 1 and r + 2 are not both in the first component,
then the calculation of W, W, vr reduces to applying part (iii) of the proposition
to basis vectors of the assumed form.
By repeatedly applying Corollary 6.9(i), we have

VreWr1Wrv
ret+e re+e+l ;e+25 1 re re+l rete—1
- wre(wre-H re+2 o re+e ) wre e+lre— e+2 o I%." )v
re+e re+(’+l re+2e—1
- wrewm e+lre— e+2 o tt v
re+e re+e+| ret+e+2  re+2e—1
wrcﬁZan e+1 rc c+2rc t+3 e ri‘ v
re+e n+¢+] re+1 rete+2rete+3  ret+2e—1
Tﬁ,M lﬁre bl lﬁ '€+4 Yy 3 re+2wrei+2 K//reiﬁmiﬂ. .. ri v
rc+e re+e+] re+| rL+c+2 re+3 re+2e—4 | re+2e—9
- (w lpre t+l)(w w )(l// w L+3) e (l//reJr%/efS ’([/ rei3 )
re+2e—7 re+2e—5 re+2e 3
Wreszes¥" W >Ww v
re+te re+e+1 ;e+e+2 re+42e— re+1 re+2e—5 | re+2e—3
(wre+3 w re+5 1[/ re+7 e lpre+2¢ 5wre+2€ 3)¢re e+1 wra c+2 e w re‘lil w r\be v
3r+1 3r43

If e =3, this becomes wg,Jrgw w w L. However, if e > 3, then by applying
Lemma 6.10, we have

ret+e re+e+1 re+e+2 re+2e— re+l re+2e—5 2 re+2e—4
Wy Ty Ty oy T e

re+3 re+5 +7 re+2e— re—e+1 re— e+2
1 2 1
= (w:}:: wri}t: o w:’i; 7)wre t-%—l wr:g:-f—Z
) 1pre;f—;:ez—7’()0%-%—12 : re+2e (wr(-%—Ze 6re+2e S)U
1 2 1
=@ Y

re+2e—9 re+2e—5 re+2e 8 re+2¢ —7 re+2e—6.
SR e U e
re—3 r e—7 re+2e l re
re+1 ret+e—1 re+. re42 re+3 rete—2 re+e
- v/re-i-el[’ re tJrl wre e+2w(1//re tﬁ»% re— e+4 " e \L )1// ¢
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For e > 3, the last terms become

re—1 re+l1 re+2 re+e -2 rete— l

/A . (Wre-i-e( L0)y b

re—e+l re—e+2re— e+3
re—1 re+1 re+2 ret+e—2 rete— 1

= Ipre:t+l 1//rej;'+2 rej;+3' " ore ¢ (yre-',-e yre+e+l)¢’ \L

We know from Lemma 4.9 that the second term becomes zero, whilst the first term
is

n+1 re+2 rete—2 re+e 2

Y ¢ Y MIREER (yre+ewre+e 1(—=1, _1))1//

re—e+1 re— e+2)e €+3

re+1 re+2 re+e 2 rete— 2
= 7 v ... 1 v
1ﬁre e+1 l//;e e+2 re— e+3 r (wre+e 1yre+e 1+ )l//
Now the first term is
re—1 re+1  re42 rete—2
« Yo L. v Yrete—1Vrete—1V(1, ..., re—1,re+e—1,ar041,...,0¢)

re—e+1 re—e+2re—e+3 re

=0 by Lemma 6.14(i) since re +e —1 0,1 (mod e).

If e = 3, then applying Corollary 6.9(ii) to the second term yields

3r+| 3r+1
1# 1/’ W ; U—‘// My’% 13,
= Y3, s a1 Y30 = Y30,

If e > 3, then repeatedly applying Corollary 6.11 to the second term yields

re—1 re+l  re+2 re+e—3 rete re+e—4 re+e—3
oL Y v v s b Yreqen 0 U
re—e+1 re—e+2 re—e+3 re=2 re+e—3 re—1 re
n+1 re+2 rete—4 rz+z -3 rete— 6n+e S rete—4
=y " v N /) ‘, v v
re—e+1 re— e+2 re— L+3 re=3 L —4 rg+g 5 re— refl re

'f+1 re re
=y " lﬁ T Yo+ v
re— e+1 e+4 re—e+3 re—e+2

rcl

= 1# e 5 r:t lwrev
= Yrev.
(iii) The proof proceeds analogously to part (ii), and is omitted for the sake of
brevity. U
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