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ON THE GLOBAL WELL-POSEDNESS
OF ONE-DIMENSIONAL FLUID MODELS
WITH NONLOCAL VELOCITY

ZHUAN YE

In this paper, we consider one-dimensional fluid models with nonlocal ve-
locity, and establish the global well-posedness of classical solutions to such
models with large initial data in suitable Sobolev spaces.

1. Introduction and main results

The Euler equations are the classical model for the motion of an ideal incompressible
fluid. When it comes to the issue of global existence and regularity of solutions to
the three-dimensional (3D) Euler equations, the question of whether solutions of
the 3D Euler equations blow up in finite time from smooth data with finite energy
is a profound, as of yet unanswered, question, except for the axi-symmetric case
(see the recent work by Elgindi and Jeong [2018]). The key reason is due to the
stretching term w7 () in the vorticity @ of the 3D Euler equations, namely,

o+ u-Vio =0T (),

where T (w) is a singular integral operator of w.

In order to get a better understanding of the nonlinear and nonlocal structure
of the 3D Euler equations, considerable one-dimensional (1D) fluid models were
proposed and analyzed. These models arise in different contexts to characterize
nonlocal and nonlinear behaviors. In order to present these models, we first recall
some properties of the 1D Hilbert transform. The 1D Hilbert transform A is defined
by
V. S dy

RX—)V
where p.v. stands for Cauchy’s principal value. For the 1D Hilbert transform, we
have the following identities (see, e.g., [Chae et al. 2005; Stein 1970; Pandey

Hf() = Lp.

’
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1996)):
(1-1) Af =Hixf = dx(H[),
(1-2) H(0x f(H(Ox /) = 2((AS)* = (0x )?).

where the Zygmund operator A := (—0y x)% and the more general fractional Lapla-
cian operators AY := (—Bxx)% with y € (0, 2) are defined by

AY f(&) = Cy p.v. A M

x —y|t+r
for a normalized constant C), > 0. For general y € R, the operator AY can also be
defined through a Fourier transform, namely,

AV () = €] [ ().

Now we are in the position to review the 1D fluid models. The first model is due
to Constantin, Lax and Majda [Constantin et al. 1985]

dy

(1-3) dqw—wHw = 0.

In [Constantin et al. 1985], the authors proved that most of the solutions blow-up
in finite time (see [Silvestre and Vicol 2016] for four essentially different proofs of
this fact, each one based on a different mathematical argument). From the point of
view of the existence of a smooth solution, (1-3) can be seen as a simplified model
of the 3D Euler equations. Inspired by this work, De Gregorio [1990] proposed
and investigated the following model

0rw +udxw —dxuw =0, dyu=Hw.

We remark that at present the question of the smooth solution global existence or
finite time blow-up from smooth initial data remains unknown. Later, Cérdoba,
Cérdoba, and Fontelos [Cérdoba et al. 2005] investigated the following equation

(1-4) 0w —udxw =0, u=Hw,

where they showed that, for a generic family of initial data, local smooth solutions
to Equation (1-4) may blow up in finite time (see [Baker et al. 1996; Morlet 1998]
for the local existence of smooth solution). By adding a fractional dissipation term
AYw to Equation (1-4), namely

(1-5) 0w —udxw+AYw=0, u=Hw,

it is shown [Cérdoba et al. 2005] that Equation (1-5) is globally well-posed for
y > 1, as well as in the case y = 1 with small initial data. Subsequently, the global
well-posedness for the case y = 1 with general initial data was obtained by Dong
[2008]. Here it is worthwhile to mention that Li and Rodrigo [2008] proved the
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formation of singularities in finite time of solutions when 0 < y < 1, by adapting the
method developed in [Cdrdoba et al. 2005]. The inviscid and viscous blowup proofs
have been revisited in [Kiselev 2010] by using elementary and elegant methods.
However, it is not known if finite time blow up is possible for the case % <y<l.
Escher and Yin [2008] considered the b-equation in the form

d;w+udxw +bdyuw =0, u=(1- 8xx)_1w.

They obtained the global well-posedness for nonnegative initial data for general b
or for general initial data with b € (0, 1] or b = —ﬁ for each n € N.

Many other closely related hydrodynamical models with nonlocal velocities
have also been proposed and analyzed in the literature. We do not attempt to
exhaust the literature. One can refer to [Alibaud et al. 2007; Bae and Granero-
Belinchon 2015; Carrillo et al. 2012; Castro and Cérdoba 2009; Cérdoba et al.
2006; De Gregorio 1996; Do 2014; Do et al. 2016; Dong and Li 2014; Hou and Luo
2013; Granero-Belinchdn and Orive-Illera 2014; Kiselev et al. 2007; Lazar 2016;
Lazar and Lemarié-Rieusset 2016; Li and Rodrigo 2011; Okamoto et al. 2008] for
details.

This paper studies the global in time solvability of the Cauchy problem for the
following 1D fluid model with nonlocal velocity

Yw =
(1-6) {8,w+u8xw+88xuw+vA w =0,

u=(1- 8xx)_ﬂw»

where § € R, v, y, 8 > 0. We make the convention that by y = 0 we mean that
there is no dissipation in the first equation of (1-6). We remark that there is ample
physical motivation justifying consideration of the nonlocal Equation (1-6). For
example, when 8 =0, (1-6) is equivalent to the Burgers’ equation with the fractional
Laplacian (see, e.g., [Biler et al. 1998; Kiselev et al. 2008]). When 8 =1, v =0and
8 =2, (1-6) reduces to the following inviscid Camassa—Holm equation [Camassa
and Holm 1993; Constantin and Escher 1998]

(1-7) {atw—i—uaxw—i—Zaxuw:O,

w = u_axxu,

which was originally proposed as a model for the shallow-water waves, and has
attracted considerable attention for more than twenty years because of its many
remarkable properties, for example conservation laws and complete integrability,
existence of peaked solitons and multipeakons, well-posedness and breaking waves
[Camassa and Holm 1993; Fuchssteiner and Fokas 1981/82; Alber et al. 1994;
Constantin 2000; Constantin and Escher 1998; Li and Olver 2000]. For the system
(1-6) with § =2 and B = 1, it is globally well-posed for y = 2 [Xin and Zhang
2000], while the wave-breaking phenomena may appear for § = 0 [Constantin
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and Escher 1998; Constantin 2000]. Moreover, (1-6) is also closely related to
the following generalized Proudman—Johnson equation [Okamoto and Zhu 2000;
Wunsch 2011] (by denoting w = 0xx f)

Orxx [+ fOxxx f +080x fOxx f = Vxxxx f.
A multidimensional version of (1-6) is the Navier—Stokes-o system given by

(1-8) w4+ -V w+w-Vu' —vAw+Vp =0,
w=u—o?Au, V-w=0.

The above system (1-8) was derived through a variational formulation and a La-
grangian averaging, and also viewed as a filtered Navier—Stokes equations with the
parameter « in the filter, which obeys a modified Kelvin circulation theorem along
filtered velocities [Holm et al. 1998].

Very recently, the authors of [Bae et al. 2018] showed the global existence of
several weak solutions of (1-6) depending on the range of §, y and B. Here we
remark that Bae, Chae and Okamoto [Bae et al. 2017] established the local well-
posedness results, the blow-up criteria and the global well-posedness of (1-6) for
smooth initial data. More precisely, the results in [Bae et al. 2017] can be stated as
follows.

¢ The model (1-6) with § = 0.

(1) Local well-posedness and blow-up criterion in terms of

t
/O (19xu(5) im0 + 10w (s)lmvio) ds.

(2) Global well-posedness with v =0 and B € (. 1].

(3) Global well-posedness with v >0, y € (1,2] and 8 > max{ZTTy, %}.
~ 1

4 ¢ The model (1-6) with § # 0 and § > 3.

(4) Local well-posedness and blow-up criterion in terms of

t
/0 (lw(s)|lsmo + [|0xw(s)|lBMO) ds.

(5) Global well-posedness with v >0, y € (1,2], 8 > % and § € (0, %] oré§=2.
In this paper, we also consider the following model

(1-9) {8,w+u3xw+88xuw+vAyw=O,
u="™Huw.

In recent years, the study of the model (1-9) has been attracting many mathemati-
cians, and many results have been achieved, because the model (1-9) can be viewed
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as a 1D model of the dissipative surface quasigeostrophic equation (see [Constantin
et al. 1994]). One particular feature of the model (1-9) with 6 = 1, v > 0 is related
with the complex inviscid Burgers equation (see [Castro and Cérdoba 2008]). There
has been considerable work concerning the mathematical studies on the model (1-9)
with v =0 or v > 0, see for example [Baker et al. 1996; Castro and Cérdoba 2008;
Chae et al. 2005; Cérdoba et al. 2005; Li and Rodrigo 2008; Morlet 1998] for the
singularity formation results. Recently, Bae, Chae and Okamoto [Bae et al. 2017]
established the local well-posedness results, the blow-up criteria and the global
well-posedness of (1-9) for smooth initial data.

& The model (1-9) with § > 0 and y > 1.

(1) Local well-posedness and blow-up criterion in terms of

/(IIAzw(S)||L4+IIw(S)II >+ IAw(S) Lo + 9xw(s) L) ds

(2) Global well-posedness with v > 0, y > Tz with § € (0, 5).
&& The model (1-9) with § > 0, y = 1 and nonnegative initial data.

(3) Local well-posedness and blow-up criterion in terms of

/O (IAw(S) 530 + 85 (5) mm0) ds.

(4) Global well-posedness with v > 0, § > % and y = 1.

The main goal of this paper is to improve the results of [Bae et al. 2017]. More
precisely, we consider the viscous equations to see when these equations have
global classical solutions depending on the parameters 8, y and 8. Our first result
reads as follows.

Theorem 1.1. If 8,y and § satisfy one of the following three conditions:
(1) X < g < S, y)withO <y <1+8andb € (0,1];
2) ,3>0w1th1—|—8<y<2and86( 1

(3),3> wzth0<)/<10r,3> wzth1<y<—0r,3>0w1th <y=<2
for the case 6 =2,

then for wg € H™(R) with m > 2, there exists a unique global solution of (1-6)
such that for any given T > 0

w e C([0, T]: H"(R)),
where f(6, y) is given by

f, y):= min{

1+@B5—1)y 1468 24+ 3By +2)8
2(1=28) ~ 2 24y '
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Remark. In the above theorem, we need 8 smaller than a complicated explicit
function (8, y) given by (2-17). Tt is a technical assumption. It is commonly
believed that the diffusion term is always a good term and the larger the power B is,
the better the effects it produces. Therefore, our result strongly suggests that all the
cases f > 1= "J”S should be globally well-posed.

Considering the model (1-9), we have the following two theorems.

Theorem 1.2. Consider (1-9) with y = 1, namely,

(1-10) {8,w+u8xw+88xuw+vAw=O,

u==Huw.

Letv=1and§ € (0, %) Then for 0 < wg € H™(R) with m > 2, there exists a
unique global solution of (1-10) satisfying for any given T > 0,

w € C([0, T]; H™(R))
provided that (% — 8) lwo |l Lo is sufficiently small.

Theorem 1.3. Letv=1andy > 1+ withé € (O, %] Then for wg € H™(R) with
m > 2, there exists a unique global solution of (1-9) such that for any given T > 0,

w e C([0, T]; H™(R)).
Our last result concerns the global regularity result of (1-6) with § = 0.
Theorem 1.4. Consider (1-6) with § = 0, namely,

Yw =
(1-11) {Btw—i-uaxw —EUA w =0,
u=(1—0xx) Buw.

Letv=1and,32I_TywithOSyflor,BEOWithl<y§2. Then for
wo € H™(R) with m > 2, there exists a unique global solution of (1-11) such that
for any given T > 0,

w € C([0, T]; H™(R)).

Remark. Based on a novel nonlocal weighted inequality, Dong and Li [2014] also
obtained a global well-posedness result for 8 > 1= y with 0 <y <1. Quite differently,
our argument relies heavily on the Holder estlmate and the differentiability of the
drift-diffusion equation. Moreover, in the full supercritical range 0 < g < — with
0 < y =1, the formation of singularities in finite time for a class of smooth initial
data was established in [Dong and Li 2014].

Remark. For simplicity, we just consider the initial data in H™ for the integer
m > 2. As a matter of fact, one can also prove the same results for the initial data
in H® with s > % although we shall not do it here.
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The rest of this paper is divided into four sections and an appendix. Section 2
provides the proof of Theorem 1.1 while Section 3 proves the proof of Theorem 1.2.
The proof of Theorem 1.3 is presented in Section 4. Next, Section 5 is devoted to
the proof of Theorem 1.4. Finally, the definitions of Besov space and the fractional
Gagliardo—Nirenberg inequality are collected in the Appendix.

2. The proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. In what follows, C stands for
some real positive constant which may be different in each occurrence and may
depend on ¢, initial data and so on. We shall write C(A1, A5, ..., Ax) as the constant
C depends on the quantities A1, A,, ..., Ax. We begin with the local well-posedness
result and blow-up criterion.

Proposition 2.1. Let§€R, v>0, B> I_Ty withO<y <lorB>0withl <y <2.
Then for wy € H™(R) with m > 2, there exists T* = T*(||wo||gm) such that a
unique solution of (1-6) belongs to

w e C([0,T%); H™(R)).
Moreover, we have the following blow-up criterion

-1 limsup |w(®)|| gm = oo  if and only if
t—>T

T y
/0 (10xw ()] zoo + 19xu($) | F oo + 1w ()| o+ w(s) | 257" ) ds = o0.

Proof of Proposition 2.1. Applying A¥ on (1-6), taking its L? inner product with

Akw, and summing over k =0, 1, ..., m yields
1 d 2 -
@2 LNl + 1A Wl

m m
=—Z/Ak(uaxw)Akwdx—SZ/Ak(axuw)Akwdx
k=0'R k=0"R

= N1 +N2.

Now we recall the Kato and Ponce [1988] commutator estimate and the bilinear
estimate

2-3) A%, flgller < C(I10x S NLe 1A gllLrz + IA° fllLrs Igllzra),
24 A =C(I1f L 1A glLr2 + 1A* fllLesligllLes).
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with s >0, 1 < p;, p3 <00, 1 < py, ps < oo such that

1_1 . 1 _1 1

P P P2 Dy oDpa

We point out that (2-3) and (2-4) are also true if one replaces A by J, where

1
J = (1—0xx)2.
By (2-3), we arrive at

m m
2-5 M :—Z/Ak(uaxw)Akwdx—i—Z/(uaxAkw)Akw dx
k=0"R k=0"R

m
—Z/(uaxAkw)Akw dx
k=0"R

m m
1
=—§ /[Ak, u]3XUJAkwdx+§ E /8qukwAkwdx
0”R k=0"R

w‘
II

m
AR, woxwl 2 A w2+ C Y loxullLe [ A*w] ],
k=0

I
a
NE

bl
Il
<)

<C Y (loxul oo AR w2 + [dxw] Lo | AR Ul L2) | AF w2

NE

bl
Il
<)

m
+C Y (sl Lo [ A*w])7
k=0

< C(|19xull oo + 195wl Loo) Wl 3m-

Thanks to (2-4), it yields

m
(2-6) N2=—SZ/Ak_z(axuw)Ak"'gwdx—/ Oxuww dx
i1 /R R

A

m
_x Y
C SIS @uw) | L2 AR w]l 2+ Cllaxull oo ] 3
1

k=
m
k=%
<C Y (Nl A% F w2
k=1 Y Y
+lwlzoo|A*F dxull 2 ) A E w2 +Cllaxull oo w ] Fpm

Y
< C(I19xullzoolwll ey Hlwllzoe lwll i1 -25-3 ) IAZw ] Frm

+Claxu] oo llwl Frm
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< C(HaxU”LOO||w||Hm+||w||L°°||w||H’"
4B+2y—2 2— 4ﬂ 4
Flwllzee lwll gm”  llw]

m+y

Y
A B wl g +Cllaulls w)Fm

Y
= C(loxull oo llwllgrm +wll oo w grm) |AZw |l grom
48+2y—2
Hlwlzeellwll g™

+Cloxu] oo lwl Frm
= 2||A2wIIHm+C(1+||8xu||Loo+||w||Loo+||w||2‘3“ 157 ) lwl gm,

where we have used the following facts (see Lemma A.3)

4p+2y=2 dpoy -y 2—y
Wl ymr1-2p-3 < Cllwligm™ Nwl 0y i —=<f=—
. 2—
Il mti—26-% = Cllwllgm, iff>——.

We remark that if 1 < y < 2, then the above two interpolation inequalities hold for
B = 0. Gathering the upper estimates leads to

d 2
2-7) EHU)U)”Hm
< C(1+ [0xwllLoe + 10xull 7o + w70 + ”w||23+,, Nwllzzm.

By the embedding, it is easy to show

2+
IIw(t)IIHm < Cllwligm

with some constant 1 > 0. By the simple ODE theorem, we have
lwol Fym
[lwlagm = —————5—, forall0 </ < ———0p—.
1= Crllwo | Fm Cnllwo | gm

In the functional space H™(R) with m > 2, the uniqueness is easy to obtain.
Actually, let w; and w, be two solutions of (1-6), and let w := w; — w;, and
i :=uy —uy. Then, (w, u) satisfies

{8;17) F U 0xW + U0y Wy + 605U W + 80xiw, + VAYW =0,
i =(1-0xx) Pw.

Taking the L? product of the equation with @ and using the above argument yields
d, — Y _
%Ellw(t)lliz +vlAZ®D|],

:—/ulaxwwdx—/ﬁaxwzwdx—S/8xulﬁ)ﬁ)dx—5[8xﬁw2wdx
R R R R
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Via¥— C(B, _
< ZIAZ D)2, + C(I18xur oo + [3xwallroe + w2 | SEV) @112,
2

) Y _ Cc(B, C(B, —
< SIAZ D)7, +C(1+ il + w2l 50 117,

where C(B,y) > 1. Let us say some words about the estimate of the term
—8 [ Oxitwy W dx. Actually, it can be bounded by

v _y
s / Bxitwyi dx < C02 (wa)| 2105 2l
R

5= - bl 1-¥—28—
= C(lwallzee 0z Lz + @lr 19z wall 2o )17 727wl L2

1— v _
<C(IlwzllLoollAzwlle+||w|| SNz DT lwa | )
x (l@ g2 + @]l 2p2IIA7_|| )
L

Vya%— , _
< SIAZ D[ 3gm + C(1+ w2 |07 D],

where we have applied the same argument adopted in proving (2-6). This implies
that

C(B.y)

C ’
—||w(z>||L2 <C(1+ willy By

=12
+ lwall g™ MW7 2

Due to w(0) = 0, the uniqueness follows directly from the Gronwall inequality. To
obtain the blow-up criterion, we deduce from (2-7) that

d 2
(2-8) %Hw(t)”[{m
<C(1+10xwlroe + 9xt]F o0 + Wl 7o + ||w||25+y MwllFm,

which together with the Gronwall inequality yields
lw (@) || m
t
< [lwoll zrm exp[Cfo (1 Nwlloo + [0xtloo + 0] 3w + N0 Z57") d ]

Consequently, we derive the blow-up criterion expressed in (2-1). The proof of
Proposition 2.1 is completed. O

Proof of Theorem 1.1. Now we are ready to prove Theorem 1.1. The proof of
Theorem 1.1 is divided into three cases. Let us begin with the first case.

Case 1. Lz—'_g<,3<f(5,y), with 0 < < 1+8and § (0, 1].

The proof of Case 1 of Theorem 1.1 is divided into three steps.
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Step 1. This step is to derive the following bound
1 2 ! )4 12 Y 2
29) w2y + wlz2 + A (JAZ w25 ] 72 + 1A Zw(s)]|72) ds

< C(l,ll)()).

As § € ( ,2] we have % € [2,00). Now multiplying (1-6) by |w|%_2w and

integrating it over the whole space, it yields

5w, +/ A (w3 2w dx
dt LS R
——/(uaxw)|w|é_2w dx—S/(axuw)|w|z§_2wdx,
R R

Turning now to the lower bound (see for example [Ju 2005]), we compute
[ Arwguit-uyax =T [ (aFwph)? ae=CJaE b |}
R R
Direct computation implies

/(uaxw)|w|8 2wdx — 8/(8xuw)|w|5 2w dx
:—5/u8x(|w| )dx — 5/8xu|w|6 dx
=0.

Consequently, we arrive at

d 1 v, 12

2w @y, + |AZ|wl2s ], <0
Integrating the above differential equation yields

1 Y 12 1
(2-10) lw@l5, + [ [AZlw(s)|25 ]2 ds < llwoll3,

Ls 0 L3S
Next we multiply (1-6) by w and integrate it over the whole space to get
1) AL w2, + 1A% w2, = - [ @iswwdx—5 [ (@ d

- 2 77w Ollz- w72 = Ruxwwx i xuw)w dx
—8)/ (Oxuw)w dx.
R

We remark that if § = % then the term at the right hand side of (2-11) is absent.
We thus focus on § € ( % For § € ( ) and f > 1= VH , it admits the following
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bound by (2-4):

3 —5 /(8xuw)w dx

< 1-% 5
CI7Full, 1T )l 2
=Clw] 1—21%—1+6||w||L%||~72w||L2
9 D X
<Clwl;> ||w|| ylwl y 172wz

<C(||w||Lz+Ilele""IIAzwlle)llwll ;Iljzwlle

<C(||w||L2+IIwIILz"’XII/\2w||L2)||w|| l(||w||L2+||A2w“L2)
Y2 25 2

EZIIA2w||L2+C(1+IIwIIL‘% w2,

where we have applied the following fact:

Nw|? ,, =rts 2—y+28

||w||H1—2B—%+5 —C”w”Lz ||w|| . =5 < p< ==
2—y+28

lwll 1-26-34+5 = Cllwll 2, p = =Lk,

As aresult, we get
w2, + 1A 5 w]?, < C(1 =) w2
27 1wz +AZw]7, = C(1+ IIwIIL% Mwllz..
We deduce from (2-10) and the Gronwall inequality that
t
Y
(2-12) w7 +/ IAZw(s)|72 ds < Ct, wo).
0
This concludes the desired bound (2-9).
Step 2. This step is to establish the following bound:
t
@13 OB+ [ 1430wl ds < C. o)
0
Applying 9 on (1-6) yields
(2—14) ataxw + UAyaxw - _(5 + l)axuaxw - uaxxw - Saxxuw.
Taking the L? inner product of (2-14) with d,w gives

d b2
215)  § 10wl 72+IAZ 2wl

= —(5+1)/ Oxudxwoxw dx—/
R

UOxx W5 W dx—&/ OxxUWOxW dX
R R

= —5/ OxxUWOx W dx—(5+%)/ Oxudxwdxw dx := N3+ Njy.
R R
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For § € ( ) and 8 > 1= y+8 , the Gagliardo—Nirenberg inequality gives directly

——éfaxxxu(ww)dx
<C||~71_73xM|| 7||L71+2(wW)||

L 25

1
= Cloxwll i-ap-y4sllwll 4 117 T

HI—Z
<C(IlawaIL2+||3xw||Lzﬁ||1\Zaxwlle)IIWIl 7||»723xw||L2
<C(IlaxwlleJr||3xw||Lz§||A23xw||L2)||w|| l(||3xw||L2+”A28xw”L2)

%IIAzaxwlle+C(1+llwll DxwlZ 2,

Oo

As for § = %, we modify the above estimate as

—% / Oxxxu(ww) dx

<Cllaxull 1y [lww] g%
002 12
1 Y
= Clloxwl 12—y 4sllwll 1 1T 2wl

< 4IAZ0w]3, +CO+ lwl y ”)Ila wl 7.,
where we have applied the fact (see [Chae 2004, Lemma 2.2]) that

1+%
IIwwllBl% <Clw 2T 2wl 2,
1.2

(see the Appendix for the definition of the Besov space Bls,’,). By integrating by
parts, the term N4 can be written as

= ((3 + %)/ OxxUWIxw dx + (5 + %)/ OxUWIyxW dx := N4y + Ny».
R R
The term N4; admits the same bound as N3, namely,
Nap < HIAZ 0 w2, +C(1 + ||w||1 ﬁ)llaxwlle

By means of (2-4), one thus deduces from the Gagliardo—Nirenberg inequality that

Nay < C|TZ0xw] 2| T 72 @ruew)| 12

Y 1-% 1-%
< CIT 2wl 2 (17" Foxull, 2wl 4 + 17wl foxul 2, )
LP1—~
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z 1-%
< CIT20xwll2 7" 2ol 2wl

Y X —
+C1T2 0wl 21T 2wl pen | TP w]| 20
L

p1—

¥ 25
Sfdmﬁaﬂﬂﬁx+CU4JWM;;NWﬂﬂﬁz
Y 1—-A V4 A 1-A ¥ A
+(7W723waLﬂMwHL%‘HJYBxuWLEXHwHL%zﬂjfaxuﬂLél

where 2 < p; < oo and

24+2-y—= 28+ 1—48+ 2

0,1), A= 2L c0,1).
268+1+y €D A2 268+1+y 0.1

(2-16) Ay =

In order to ensure the Gagliardo—Nirenberg inequality applied above, A1 and A,
should further satisfy

)\1 > —y, )\.2 > max{O,

2—45}
>y :

2+y

Tedious computations yields that A, A, would work as long as

1+@B5—1)y 1+8 24+ @By +2)6
2(1-28 ° 2 ° 2+y

(2-17) 1"3)/<,3<min{

, }ﬁ=f®,y)

Let us say some words about (2-17). Actually, recalling (2-16) and keeping in mind
the restriction

2—
1>X12—y, 1>k22max{0
2+y

2—48 }
b 2 + V b
it is not difficult to check that

2— 1-2 1 24+ (45—-1
I1>A > ]/:> y<_<u’

T 24y 2 P1 22+ y)
2—4
1>k22max{0, +'B}
YV
4B—1-28 (1—
:max{ B « 25)(4ﬁ+y)}<i<4ﬂ+[
2 22+y) 4 2

Keeping in mind 2 < p; < oo, we therefore obtain that p; should be satisfied
1

D<—< 5,
P1
where
1-2y 486—1-256 (1-28)4B+vy)
D := max , , )
- 2 2 22+y)

— . [2+@45—Dy 48+y 1
D :=min , , = 0.
22+vy) 2 2
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By direct computations, we can show that

1—22)/ <4,32+y Sp 1—43)/’
4,8—21—28 - 2—;((;1—)3))/ S p< 2+;3—+)i;-2)8
o ) e
S roR RS )

Consequently, if 8 satisfies the following restriction, then the above p; would work

, {1+(35—1)y 148 2+(3y+2)8}

1-3
y<,8<m1n ) ;
2(1-26) 2 24y

4

1— y+5

This is the desired (2-17). Now concerning 8 > , we know

)»1 + )\,2 < 1.
It is easy to observe that

1-3 1—
Y y+6
4 2

As a result, we have

< f(@8,y), forally>0,§>0.

1—y+5
S <B< S,

As a consequence, for 1= VJ“S < B < f(6, y) we obtain
_4B8+3y—1_

Naz = 8||A23xw||Lz—|-C(1—}—||w||1 §)||axw||L2+C|| ||2B+y 5

We eventually obtain

d 2 y 2 =5 2%5;;31,1#8
%llaxw(t)lle +[[AZ0xw|;, =C(1+ ||w|| )||3xw||Lz + C||w||

Combining (2-10), (2-12) and the Gronwall inequality, we immediately have the
desired bound (2-13).

Step 3. This step is to establish the following global H"-bound

lw@llm = C(t, wo).
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It follows from (2-2) that
d v
;EIIW(I)II%W + A2 wllFm = Ny + N,

Thanks to (2-6), we obtain for 8 > I_TV

< HIAZ wl3m + C(1+ [9xulFoo + 0] 7o + IIwIIZB’LV D llwl -

According to (2-5) and the Gagliardo—Nirenberg inequalities, one thus deduces

m
Ny <C Y (loxullse [A*wllp2 + [0xwllzoe A% ul p2) | A% w]| 2

k=0 m
+C Y xullLoe [ AF w7
k=0
< cuaxwum||J’"u||Lz||f"w||Lz + Clloxul Lo | T w7

%er 2 4 2 ! 2
< C(Hawa m+y— ||Jm+7w|| m+y— )

+48 2m—4p—2
(Ilaxw||2m+V 2||~7m+2wll NI wllz + Cllxull e | T w7
<1 x 22(2y4'11+ 22)3 2
< 1T 2w 7, 4+ Claxwl| 7 1T ™ w5527 4 Cllaxull Lo | T wll7 -
< Az w|3pm +Cllwl g2 +Clldx wl|Z o (1 [[wl Fpm) + Cllxull oo [ wl|Fym
%IIAZwIIHm+C(||w||L2+||3xw||Lz+||3xu||Loo)(1+|IWI|Hm)

where we have used the following Gagliardo—Nirenberg inequalities:

2m+y—3
19xwllzee < Clldxwll;3 ™ ZIIJ’"”wIIM” 5

v+48 2m—4B8-—2
1T7™ul g2 < CIlT™2Pw| 2 < Cllaxw] 5" 22| g Sy [
and the fact that
22m+y—=2) -
2m+4+2y —3

due to g > —* 1 Y Combining the above estimates implies that
d v

@-18) WOl Fm + A2 wl[Em
<C(1+”w||L2+||axw||L2+||ax”||Loo+||w||Loo+”w”26+y L ) lwllzpm-

It is easy to show that if 8 > = y , then it holds

[oxullLee = Clldxw] 5
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This along with (2-13) gives
t
/ [0xu(s) |7 00 ds < C(t, wo).
0
According to (2-12) and (2-13), we obtain

(2-19) lwllzee = Cllwli} z||3xw|| < C(t, wo).

L2 —

Thanks to (2-19), one has

t
/0 (w2 + 1w 7Y ds < C(t. wo).

Consequently, we conclude

t
/0 (14 lwllz2 + 19xwl7 2 + 13xullFoo + w70 + IIWIlz‘HV ") ds = C(t, wo).

Taking advantage of the above bound, one gets by applying the Gronwall inequality
to (2-18) that

lw(@llm = C(t, wo).

We thus conclude the desired result of Theorem 1.1 under the Case 1.
Case 2. B=0with1+8<y<2and§e(0.5]

According to Step 1 of the Case 1, it is not difficult to conclude that for § € (0, %]

(2-20) ||w<r>||8 / [A3 [w(s)[%5 |2, ds < C(t. wo).

Moreover, if it further satisfies § > 0 with 1 +§ < y < 2, then one deduces from
Step 1 of the Case 1,

t
@-21) @ + [ 1A% w1 ds < Cwo)

Now let us verify that (2-21) holds true for 8 = 0 with 1 +§ < y < 2. It should be
mentioned that in this case f = 0, we always have the relation u = w. Multiplying
(1-6) by Aw, using the Gagliardo—Nirenberg inequality and the fact y > 1 44, it
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leads to
222) 14 Aty Az
( - ) Ed_” (t)||L2+|| w”Lz
——/(uaxw)Aw dx—é/ (Oxuw)Aw dx
R R

—/(waxw)Aw dx—c?/ (Oxww)Aw dx
R R

= ClwlzelAwlL2ldxwll 2

2

= Cllw|lLelAw|72
2(v=1 2
v+l b
<C\Ilwlm HLOOIIMwIILz A2 w”Zz

y 1)

28(y—1) vl 2
<C|lwl*],,” \|Az|w|zauL2nAzwn 1A% w7,

; 1 2(y—1) yt1 2
| A% w|2 HLZIIAZwIILz |A%E w”Zz

= Cllw| )

~
oo X

IA

2IA” wlle+CIIWII 7\|/\2|w|25 H IIAZwlle

1
21a”

IA
N‘Jr N‘Jr

wlle +Cllwl 4 (1+ | A% w2 7)1 AZw]2,.
This implies

LNAS w22 + 1A F w2y < Clwl_y (14 |AF i |7.) 1A 2w] 2.
Recalling (2-20) and the Gronwall inequality, we may deduce
(2-23) 1A w ()2, + / 1A ()12, ds < C(t. wo).
We get from (1-6) that
%%”w(,)”iz + ||A%w||i2 = —/R(waxw)w dx—5/R(8xww)w dx
< ClAZw] 2| A% (ww)] 2
< Clwlr=llAzw|?,
< Clwl 73T 1A w ||V+1||A%w||§2
< CIAS w2, (1 + 1A w2 )1+ [w]2,).

In view of the Gronwall inequality and the estimate (2-23), this easily yields

t
(2-24) lw®)ll7 +/0 IAZw(s)[|2, ds < C(t. w).
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It is not difficult to show that noting the proof of (2-22) and using (2-21), the desired
estimate (2-23) also holds true for the case f > 0 with 1 4+ <y < 2. Therefore,
for § > 0 with 1 +6 <y <2, we have

2 p=2
(2-25) [w(@®)llLr = IIw(t)IllelA%w(t)llL‘z’ =C(t,wp), forall2=<p <oo.

Multiplying Equation (1-6) by A%w and integrating the resultant over the whole
space, it implies
d
(226) 1S Aw@®)]3,+]A w2,
= —/ (udxw)Aw dx—S[ (O uw)A%w dx
R R
—/ Awoxw)Aw dx—&/ (O uw)A?w dx
R R

= —/[A,u]axwl\w dx—/ udyAwAw dx—S/ (Oxuw)A*w dx
R R R

—/ [A, u]dxwAw dx + %f dxuAwAw dx—8/ (Oxuw)Aw dx.
R R R
By (2-3) and the Gagliardo—Nirenberg inequality, we infer

— | [A,uldxwAw dx
R
< A, uldxwll 2 [Aw| L2
= C(llaxullpallAwllps + | Aull Lalldxw] La) I Aw] L2
SClll\ullu||/\w||L4||/\w||L2
2)/ 1
= CllAul 3 IIAiull IIAU)II IIA7WII s Aw] 2

1

2y— 1
<ClAw|,J ||ATw||gz||Aw||Lz

< {AF WI|L2+C||Aw||2V lII/\u)IILz

2(y—1)

< LAF WI|L2+C||A2w|| 5

II” HAwl,
2(y=1)

< AF w||L2+C||A wlZ A+ A wlle)IIAwIILz

Similarly, the second term admits the same bound

/8 uAwAw dx
=< CIIAu||L4IIAw||L4||Aw||L2
2(y—1)
<

1A WI|L2+C||AZWII T+ wlle)IIAWIle
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According to (2-4) and the Gagliardo—Nirenberg inequality, one concludes
—5/ (0xuw)A*w dx
R

— +
< CIA*Z" (04 uw>||Lz||AVT2w||Lz
< C(loxullzo A T wlize + wll o NAZ ull o )IA T w2

y=Uo L, 11y yot
<c(lauls 1A™% u||V2||A2w||V2||A Zwll,;
L L L L

3yv—=1)

v+2 2 y+2
+||w|| 7||Au|| > IAT2 u||L22”)||A 2w g2

y—1

J’_

L v vy r=l
C(IIAwIILZ A2 wIILzlll\ZwllellA w5

3y—

R 2 = 2 y+2
+||w|| %IHAWHLZZV A2 w] 2zy)lll\ w2

IA

gllA 2wlleJrCIIAZwII AT wllellAwlle+Cllwll3W 1)Ill\wll

IA
00—

r+2 1

1A wl|7, + C(IIA2w|| A wlle + IIwII D 1))Ill\wlle
Lv—

Plugging the above estimates into (2-26) yields that

||Aw(t)||L2+”A w”Lz

22; = 1 3(y 3—=D
C(IAz2w] 2 +||A2w|| +||w|| )(1+IIA w2 Aw]2,.
Owing to (2-23)—(2-25) and the Gronwall inequality, one thus obtains
2 Z 2
(2-27) [Aw@O)72+ | A2 ws)|72ds = C(t, wo).
0
By using the Gagliardo—Nirenberg inequality
a2 AT
loxwlLee = CllAw] 5 A2 w5, [wlLe = Cllwl,[Aw];,,

it follows from (2-23), (2-24), (2-25) and (2-27) that

t t
/ [0xu(s)l|Loe ds =C [ 3xw(s)|[Loe ds <C(t,wo),  [[w(r)]Loo = C(t, wo).

0 0

Obviously, it implies

t
/0 (195w (s) I zoe + 13xu(s)[Zo0 + ()70 + IIW(S)Ilz‘HV ') ds = C(t, wo).
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Hence, recalling the blow-up criterion (2-1), we conclude the desired result of
Theorem 1.1 under the Case 2.

Case 3. The case § = 2.

In this case, taking L? inner product of (1-6) with u gives (see [Bae et al. 2017,
4.13)])

[

_B v _B
3= "2 w72 + IAZ (1 = 8xx) " Zwl|7, =0,

U

t
which leads to
_B8 2 ! Y _B 2
(2-28) (1 = 0xx)" 2w ()|} + 2[ [AZ(1—0xx)" 2w(s) |72 ds
0
_B
= [[(1 = 0xx)~ 2 wO”iz-

Thanks to 8 > Z_Ty, we deduce

t t
B
(2-29) f l0:u(s)lI72 ds = C f 11 =0) 2wy ds < C(t,wo).
0 0

Recalling (2-11) and the Gagliardo—Nirenberg inequality, it can be obtained that
d v
%EHw(I)Hi2 + ||AZ w||]2d2 = —/R(uaxw)w dx — 2/;%(8xuw)w dx

= —%/ Oxuww dx
R

2
< Clloxullzlwllza

1 v 1
< Cllaxull 2wl 5" 1A Zw]?,

2y

1 X2 — 2
< sIAZw|7, + Clldxul 57" wl7-
1 X2 2 2
<5lIAZw|7, + COA+ [[oxull ) [wll;2-

On the other hand, one has an alternative estimate for § > %

d v
2:30) 37 lw@llz2 + A2 w7,

= —2/ OxuUww dx
2 Jm

= Cldxull -3 llww]

0.2

Y
2

B1,2

_B b4
= CI(A =0xx) 2w Ly w21 T2 w] L2

Y _8
=< glIAZwlZ + C(L+ 10 = e 72wl 5 ) [wiiZa,

Y
2
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This implies that for § > mln{T, —}

d v
EHw(f)Hiz +IAZwll7, < C+ [[0xul2) w7,
or
d 2 Y 2 —B 2 2
E”w(t)||L2+||A2w||L2EC(1+||(1_axx) 2wHH%)HwHLz-

By (2-29) or (2-28) and the Gronwall inequality, it follows that
t
e
@-31) w1+ [ 1A% w1 ds < CCwo).
0

The remainder proof is divided into two cases: 0 <y <land 1 <y <2.

For the case 1 <y < 2, we keep in mind (2-15) that
L Joxw ()2, + 1A S 0xwl22 = Ny + N,

For B > 372¥ we obtain

N3 = —§/ Oxxxu(ww) dx

< Cllsull g lwwl 1y
002 1.2
1
= Clwwll 3 spylwlz2l T F w2

sc(||axw||Lz+||axw||le’9||Afa wl?) w2175 w2
<c(||axw||Lz+||axw||L;’||A2aanLz)nwu L (103wl 2+ AZ 05w 2)
< A% 0w )2+ C+ w20 facw]2,,
where we have applied the facts
105wl 30y = Clloxwl 27 IAR0wl],, 22 <p< 2L,
loxwll 3 25—y = ClldxwlL2, p=3r

It should be remarked that 1f <y =<2, the above facts are true for § > 0. On the
other hand, according to (2- 30) we infer that for 8 > 3= 27

Ny < JIAZ 0w, +Cl(1 - 3xx)_7WIIiI% 19xw]75-

Combining the above estimates and making use of the Gronwall inequality yields

t
(2-32) 19xw ()72 +/ ||A%axw(5)||iz ds = C(t, wo).
0
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The above estimates allows us to deduce
b
[wlze = Cllwl /5 ll0xwl;, = C,
(2-33) t t
[ s ds = [ osutol? s <c.
0 0 H?2

Due to 1 <y <2, it is easy to observe
t t Vv
[ 1w o ds = [ 1A% w1, ds = Clw). ity =1
0 0
t t
[ Moxw i ds = [ Noxu)l? y ds <) it1<y <2
0 0 2
Recalling (2-8), one has

d
@2-34) - w(®) [ 3m
e R P N P N I s [

Here we would like to state that it suffices to consider the case y = 1. Otherwise,
we directly have

t t
[ 19xw(s) Lo ds < C / (19xws) 2 + 1A% dxw(s)ll2) ds < C(t. wo).
0 0

To bound the term ||0xw| z.o~ for the case y = 1, we need the following version of
the logarithmic Sobolev inequality (see for example [Brézis and Gallouet 1980])

(2-35) I/ lLoe < CU+IAZ fll2v/In(e + [ fTm). s> %
Applying (2-35) to (2-34), we find that the following is immediate
IIw(l)IIHm <C(1+ A Z0w]|2s + 10xul} oo + W] oo + w75 T Y
xIn(e + [wllgm)wll g
This together with (2-32), (2-33) and the Gronwall inequality leads to the bound
lw(@llam = C(, wo).

For the case 0 < y < 1, we first recall (2-15) that

o w2, + 1A ¥ 8xw]Za = Ny + N,
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For § > Z_Ty, one thus deduces from the Gagliardo—Nirenberg inequality that

N3 < Clldxull 3 10xwll 2wz
1—y Y
SCI|T 7 xxull2|AZ0xwl| 2 |lwll 2
1=y v
<Cll7 = P20, w 2 AT 0w 2wl g2
6
< C(loxwlzz + loxwl 5 3||A28xw|| DIAZ 8wl 2wl
9
< 1IA%d, w32+ CU+ lw] 5™ 10xwl}

and
Ny < Cllaxull 2 9xwl*
LV L2—y

Y
= Cllwll | s=gp=y [0xwl L2l A2 0xwll 2
Y
= Cllwll ,y ldxwllg2[[A 2 dxw] L2
Y
< 3IAZ 0w 7, + Cllwllj{% 19xw]7 -

This further leads to

d
Ellaxw(t)lle+ IAZ0 w2, <C(1+ Ilelee"’ + ||w||2 V)”axw”L2

It follows from (2-31) and the Gronwall inequality

t
mﬂunﬁf+ﬁlm5mwuw;dsscmww.

Finally, the left part of the proof proceeds by the same manner as that of Case 1.
Thus, to avoid redundancy, the details are omitted here. We thus conclude the
desired result of Theorem 1.1 under the Case 3. O

3. The proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. It should be noted that in
Theorem 1.2, we have restriction on the sign of initial data wy. The following
is the local well-posedness result and blow-up criterion (see [Bae et al. 2017,
Theorem 5.3]).

Proposition 3.1. Letv =1 and § > 0. Then for 0 <wg € H™(R) with m > 2, there
exists T* = T*(||wol|| gm) such that a unique solution of (1-10) belongs to

w e C([0, T*): H™(R)).
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Moreover, we have the following blow-up criterion

T
(3-1) limsup [lw(®) | gm = 00 & / (19xw(s) lsmo + | Aw(s) [smo) ds = oo.
T 0

Next we state the minimum and maximum principles to the system (1-10).

Lemma 3.2. Let v =1 and § > 0. Then for 0 < wy € L°°(R), the solution w of the
system (1-10) admits the bound

(3-2) 0=w(, x) = [[wollLoe-

Proof of Lemma 3.2. The proof is a consequence of many previous works (see, e.g.,
[Cérdoba and Cérdoba 2004; Bae and Granero-Belinchéon 2015]). For the sake of
simplicity, we provide the details. By (1-1), we rewrite (1-10) as

(3-3) 0rw +udxw + sAww + Aw = 0.
Let X; and x; be points such that
M(t) =maxw(t,x) = w(t, X;), m(t)=minw(t,x)=wlt,x;).
X€ER x€R -
Since M (¢) and m(t) are continuous Lipschitz functions, they are differentiable at
almost every ¢ by Rademacher’s theorem. Thanks to the definition of A, we have

ot Lo — —C8w(l,§t)p-v-/ w(t,zt)—wz(z,y)
dt R |xe—yl

t, — t,
—Cp.V./ wit, xp) ~wit, y) dy
R

X — y|?

t, — t,

z[—c5p.v.f wlt, x1) wz( Y) dy]m(t).
R lxt —

Due to the fact that the quantity in the bracket of (3-4) is nonnegative, we conclude
that m(¢) is nondecreasing in time if wy > 0 and thus w(¢, x) > 0 for all time.
Similarly, one gets

t,x;)—wl(t,
35 Lp) = —C8w(l,)7t)p.v./ wit. xr) wz( Y gy
dt R Xz =yl _
/ w(t, X;)—w(t,y)
—Cp.v. — > dy
R | Xz =yl
t,X;) —w(t,
< |:—C5 p.V./ w x_t) wz( Y) dy]M(t).
R | Xz =yl

Since the quantity in the bracket of (3-5) is nonpositive, we have that M () is
nonincreasing in time and thus w(z, x) < ||wg|| Lo~ for all time. Therefore, this ends
the proof of Lemma 3.2. O
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Proof of Theorem 1.2. Multiplying Equation (3-3) by w and integrating the resultant
over R, it follows from integration by parts and (1-1) that

(3-6) ;5 ||w(t)||L2—|—||A2w||L2—— /Hwa (ww) dx — 8/ Aw(ww) dx

= (% —8)/R Aw(ww) dx.
According to (2-4), it leads to

1 1
(% —8)/R Aw(ww) dx < C(% —8)||A2u)||Lz||A2(ww)||Lz
1 1
<C(z=8)IA2wll2llwlzeAZwllL
1
< Ci (5 =8)lwollL=lA2 w7,
where C; > 0 is an absolute constant. Consequently, we obtain

1
2dt IIw(l)Ile +IAZw]2, < Cr (3= 8)[woll Lo [ AZw]2,.

Under the assumption that (% — 8) lwo || Lo~ is sufficiently small, one deduces

d 1
@Iz + A2 w7, <0,
which yields

t
1
lw@)17» +f0 IAZw(s)II7> ds < [[woll»-

Now multiplying Equation (3-3) by Aw, integrating the resultant over R and taking
advantage of (1-1)—(1-2), we infer

37 1

Q.lQ‘

”Azw(t)“Lz"‘”Aw”Lz
—/ HwixwAw dx—8/ w(Aw)? dx
R R
——/ Hwaxw’}{axwdx—éf w(Aw)? dx
R R
=/ wH(BXwHE)xw)dx—(S/ w(Aw)? dx
R R

= (%—S)Aw(AwAw) dx—%/ﬂ_\ew(axwaxw) dx

IA

(3 —5)[ w(AwAw) dx
R

C(z =) llwlelAwll7

Ca(3 = 8)lwoll Lo [ Aw] 7,

A

IA
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where C, > 0 is an absolute constant and we have used w > 0 due to (3-2). Thanks
to the assumption that (% —8)|lwol| o is sufficiently small, we have

d .1
CNATwOI2, + [Aw]2, <0,
which yields

1 ! 1
(3-8) IAZw(@)]72 +/O IAw)|172 ds < [|AZwo|7 5

Multiplying Equation (3-3) by A?w and integrating the resultant over the whole
space, it implies

39 1L IAw@+IA w2,
= —/RHwawazw dx—(s/R wAwA?w dx
= —/RA(Hwaxw)Aw a’x—S/R wAwA?w dx
= —/R[A,Hw]awaw dx—/R Hwix AwAw dx—S/R wAwA?w dx
= —/R[A,%w]awaw dx+%/R”H,8wawAw dx—(S/R wAwA?w dx.

On account of (2-3) and the Gagliardo—Nirenberg inequality, it is not difficult to
check

—/[A,Hw]awaw dx
: < A, Hwldxwl| 2| Aw] 2
< C(IHoxwll s | Awll s + [HAw] 4| dxwl] o) [Aw]l 2
< CllAw]2. ) Aw]
< CllAw| 2 A3 w2 Aw] >
< L3 w]?, + ClAw|2, ) Aw],.

Direct computation yields

%/ HIywAwAw dx < C|Hdxw| sl Aw| pal|Aw| 2
R
< ClAw|.llAwllz:
3
= ClAwl2|A2 w2 [Aw] g2

TiA2, 2 2 2
< glA2w| i, + CllAw|| 2 [[Aw]|;»-
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Recalling w > 0 and using the following pointwise inequality (see [Cérdoba and
Cérdoba 2004; Ju 2005] for example)

TAf =M,

we thus have

2 8 LiAZ, 12 2 2
-6 i wAwWA“w dx < ) i AwAwAw dx < gl|A2w];, +CllAw|; 2 [[Aw]|; .
Combining all the above estimates, it follows that

d 3
E”Aw(t)”iz +IA2w|7, = CllAw| 7 Awl]]7 ..
Thanks to (3-8) and the Gronwall inequality, we deduce
t
3

(3-10) IAw(@)|72 +/ IA2w(s)l|7 2 ds < C(z, wo).

0
By the classical embedding H 2 (R) = BMO(R), it follows from (3-10) that

t
fo (193w (s) o + | Aw(s) lswo) ds < C(t. wo).

Applying the blow-up criterion (3-1), we immediately complete the proof of
Theorem 1.2. U

4. The proof of Theorem 1.3
This section is devoted to the proof of Theorem 1.3. We first prove the following
local well-posedness result and blow-up criterion.
Proposition 4.1. Let § € R and v > 1. Then for wy € H™(R) with m > 2, there
exists T* = T*(||wol|| gm) such that a unique solution of (1-11) belongs to
w e C([0, T%); H™(R)).
Moreover, we have the following blow-up criterion

T v
(4-1)  limsup [w(@)| gm = oo ©/0 (lw)llfe + lAw(s)lsmo) ds = oco.

t—T

Proof of Proposition 4.1. Recalling (2-2), one has

|

Y
1w (@)1 7pm + A2 wl|Fm

m m
=—Z/Ak(uaxw)Akwdx—SZ/Ak(axuw)/\kwdx
k=0'R k=0"R

= N1 +N2.

1
2

QL

t
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According to (2-5), we have
2 2
Ny = C([9xul|Loe + [10xwllLoo) [wllgrm = C[Aw]|Loo + [[dxwlLoo) [w [ zpm-

It follows from (2-4) and the Gagliardo—Nirenberg inequality that

m
Ny=-6 Z/ﬂQAk_é(Aww)Ak+éw dx—/RAwww dx

<C Z IAR=2 (Aww) [ 2 | AR 3w 2 + Cl AW oo w] 2,

3

1
=<C Aw A2y
— kX:l(” ||L2k+1|| ||L2(221£c_-1-11)
- B )
+ lwllzoe [ AF=E Aw] 2 ) [AK+ 2w 2 + Cll AW Lo w3

1 2k—1
<C (” ”L 2k+1 ||Ak+2w|| 2A+1 ” ||L 2k+1 ”Ak-i-jw”z/;-i-l

Ms

E
I
—_

1 1
+ lwllzoe K20l 2 ) 1A% wll 2 + CllAw ] oo 0]

2
= Clwlzeelwll s g 1wl sy + CllAWI Lo [[w0 [
2(y—1 2

¥ 2
= Cllwlrellwlligm [AZw| gm + ClAW[ Lo [w | zzm
)4
1 X2 = 2
< SIAZw(gm + C(|AwllLoo + [wll ] s ) lwllFm.

where we have applied the fractional type Gagliardo—Nirenberg inequalities (notice
that they can be deduced from [Bahouri et al. 2011, Theorem 2.42])

”Aw”L2k+1 < CHw”L 2k+1 ||Ak+2 ||2k+1’

AR 2w|| 23t < Cllw|yu | Ak ||2k“.

Summing up the above estimates yields

d
(4-2) T wOlzm = C(l0xwllze + [AwllLee + w]l 7~ )IIwIIHm

3y—2
= Clwllgm -

Notice that

0
X Aw

A < CllAwl[smo

BMO

19w lmvo = ‘
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and the following logarithmic Sobolev inequality [Kozono and Taniuchi 2000,
Theorem 1]

(4-3) Ifllee = C(1+ 11 fllBmoln(e + | f | as)), s> 3.

one thus deduces from (4-2) that

IIw(Z)IIHm =C(+ ||w|| '+ | Awllsmo) In(e + 1wl grm) Wl 3m-

Consequently, the local well-posedness and the blow-up criterion hold true. This
ends the proof of Proposition 4.1. O

Proof of Theorem 1.3. The proof of Theorem 1.3 can be deduced from that of Case 2
of Theorem 1.1. For the sake of completeness, we provide the details. According
to Step 1 of the Case 1, we have that

1 ! V4 1
@) WOl + [ IAE w51, ds = Cwo).
0
In view of (3-7), we conclude

IASw@)2, + 1A w]2,

14
= (5—8)/ w(AwAw) dx—%/ w(0xwdxw) dx := N.
R R

It follows from the Gagliardo—Nirenberg inequality, we get by direct computation
N = Clw| Lol Aw]3,

2(v—=1) 2
<CH|w|28HLoo||A wll,.” ||A wllzz

1 2= 2=l vl 2
scH|w|zauL2 HA2|w|zs|\L2||AzwnL2 A )|,
y—1 1 2(y—1)
<C||w||L IS A T A
< 1A w)d, + Clwll, ,HAz|w|zs|\ TR w2,
< A w2, + Cllul (14 [ A )3 |7) 1A Zw] 2.,

where in the last line we have used the fact y > 1 + §. It should be noted that this
is the only place in the proof where we use the main assumption of the theorem,
namely y > 14 §. We therefore arrive at

—||A w3, + A7 WIIiz<CIIWII l(l+||AZIWI25||L2)IIA2w||Lz
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Making use of (4-4) and the Gronwall inequality yields

1 byt
(4-5) IAZw)7 + / 1A w(s)lI72 ds < C(t,wo).
0
Coming back to (3-6) and using (2-4), we have
O+ 185wl = (3-9) [ Awww dx
1 1
= ClAzw] 2 [|A2 (ww)| L2
1
= Cllwlze IIAZwIIEZ
V 1
<Cllwlly“ A2 ||erl 1AZw]7,
<ClAZw] 2,01+ AT WIle)(1+Ilele)
which together with the Gronwall inequality and the estimate (4-5) leads to
t
e
(4-6) lw(®)|72 +/ IAZw(s)]72 ds < C(t, wo).
0

Combining (4-5) and (4-6) gives

p—2

2 p=2
@7 Mw@llzr = lwOll:I1A2w@] 2 = C(t,wo), forall2=p <oo.

Recalling (3-9), it gives

IIAw(t)IILz + 1A w)2, < CllAw|. | Aw] 2 —5/R wAwA?w dx.

Employmg the Gagliardo—Nirenberg inequality, it follows that

2y—1

2 v+2 1
ClAwl allAwl 2 = CllAw]l, )" [|A™2 w||y2||Aw||L2

1 2y—1
= sllA 32 w||L2+CIIA wll 2 a [Aw ”Lz
1 2()/ 1) 2y—1 2
<sllA 32 WI|L2+C||A2w|| TarE wl;2 - IAwl7»
2(y—1)

743

<1|a"% UJII +C||A2w|| 2T+ 1A )lAwl,

Taking account of (2-4), we conclude that
—8/ wAwA?w dx
< ClIA2 (wAw)| L2 IA 3wl 2
< C(lwlzellAZw] g2 + | A 2w gol Aw] ) [ A2 w]l 2

3 2 3 1 1 3 2 3
<C(lwlollA2wlp2 + [wll oo IAZw] 5 Wl oo |AZwI ) A2 W]l 2

3
< ClwllzellAZw]|7,
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where we have applied the fractional type Gagliardo—Nirenberg inequalities (see
also [Bahouri et al. 2011, Theorem 2.42])

1 2 3 1 1 3 2
[A2wrs = ClwlzscllAZwl;,, AWl = CllwljllAZwl] ],

It follows from the Gagliardo—Nirenberg inequality that

3 -1 y+2 L
||1\2w||L2SCIIAwlleVIIA 2 wIIZz,

< V;(?EI)-Z Vp0+2
[wlizee = Cllwllppy 1A 2 wll 5"
Consequently, we deduce
—8/ wAwA?w dx
R Vpiz +2 2 + 2
vD vD —
<Clwlign 1A w5 |Aw IIL/II > wl,

Vzpo

2y
1A X2 2 ThoFDO=D || YEL | ThgIDT=D 5
< glA 2wl +Cllwll g7 A2 w]| 520777 [ Aw]l7,

Vzpo

1 ( +2)(v—1)
<zlA 2wlleJrCII AR e VN wlle)llAwlle,

where in the last line p satisfies max{2 } po < oo. Finally, we get by

putting the above estimates together

V()’ 1)

IIAw(t)IILz +1A72 wlle
y—1) Vzpo

<C(lAZw| 3 Lo + [wl TR0y (1 AT w2, [Aw]2,.

With help of (4-5)—(4-7) and the Gronwall inequality, it yields
t
2 riz 2
@-8) 1Aw@ s+ [ 1 w12, ds = Clewo),
0

The simple Gagliardo—Nirenberg inequalities allow us to conclude

y—1 v42 1
IAwlsmo = [AwllLee = CllAw]l 3 A2 wl /5,

1 1
[wllLee = Cllwll;, [ Aw] .
Thanks to the above estimates (4-5), (4-7) and (4-8), one infers that

/ (w7 + [ Aw(s) svo) ds < C(t. wo).

Therefore, taking advantage of the blow-up criterion (4-1), we immediately complete
the proof of Theorem 1.3. O
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5. The proof of Theorem 1.4

This section is devoted to the proof of Theorem 1.4. We begin with the following lo-
cal well-posedness result and blow-up criterion (see [Bae et al. 2017, Theorem 3.1]).

Proposition 5.1. Letv >0, 8> 0 and y > 0. Then for wg € H™(R) withm > 2,
there exists T* = T*(||wg || gm) such that a unique solution of (1-11) belongs to

w e C([0, T*); H"(R)).

Moreover, we have the following blow-up criterion

T
limsup [|w(?)||gm = 00 & / (19xu(s)IBmo + [0xw(s)[lBMO) ds = oo.
t—>T 0

The following lemma plays a crucial role in proving Theorem 1.4 (see [Silvestre
2012a)).

Lemma 5.2. Consider the following advection fractional-diffusion equation with
0<B=<1inR
30 +ud0 + APO = 7,
{9()6, 0) = bo(x).
Let T > 0 be given. Suppose that the 0 is bounded and the drift u satisfies u €
L®((0,T],C*=P(R)) as well as € L®((0, T] x R). Then the solution 0 is
Holder continuous for any positive time 0 <t < T'. Moreover, it holds

101l Looo.11:c¢ @y = C (101l oo o, 71xR) + IS |20 (0, T1xR))
where the constant C and £ > 0 depend on 8 and ||u||-1-p only.

We remark that for the case 8 > 1, Lemma 5.3 holds true if u € L°°([0, T] x R).
To prove Theorem 1.4, we shall use the following lemma (see [Silvestre 2012b;
Xue and Ye 2018]).

Lemma 5.3. Consider the following advection fractional-diffusion equation with
0<B=<1inR
39:0 4+ udx0 + APO = f,
{9()6, 0) = o(x).

Let T > 0 be given and
ue L®((0,T),C' P (R)), feL®((0, TL,C'™PTEWR)), foranye(0,p),

then any bounded solution 6 in (0, T]x R actually belongs to space C! £ Moreover,
it holds for any 0 < v <,

101l Loo 0. 1.0t v @y = C (101l Looo,71xm) + |/ I Lo qo.71.01 ¢ ®)))-
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where the constant C depends on B and |u|| c1-s+¢ only.

We remark that for the case § > 1 Lemma 5.3 holds true if u € L°°([0, T'] x R)
and f € L*°([0, T] x R).

Proof of Theorem 1.4. We begin with the case § > I_Ty with 0 < y < 1. By the
maximum principle applied to Equation (1-11) (see Section 2.2 of [Bae et al. 2017]),
we have

(5-1) [w®)Lee = [lwolLoo-
Recalling (1-11), one has
(5-2) 0w+ udyw+AYw =0.
Thanks to 8 > I_Ty, we obtain by direct computation
lullcr-y < 1(1 =820 Pwlciy
< Clwlci—v-26
< Cllwllre = C(t, wo).
Applying Lemma 5.2 to (5-2) implies that
lw®)|c: = C(t,wp), forsome!/ > 0.
This allows us to conclude
lullen < 11 =dxx)Pwllen
= Cllwllgn—26
<Cllw®)llct = C(t, wo),
where 1| —y <n = %2’3” </4+26 dueto = I_TV and / > 0. Applying
Lemma 5.3 to (5-2) implies that

[w®)|cre < C(t, wo), for some ¥ > 0.
Therefore, we have
[9xu(s)IBMo + [[9xw(s)[IBMo < C(|0xu(s)|[Loo + [[0xw(s)|[Loo)
<Clw(@)|cre = C(t, wy).

By Proposition 5.1, we conclude the proof of the case § > I_Ty with 0 <y < 1.

Next, we will consider the case § > % with y = 0. Moreover, it suffices to deal
with 8 = % as the remainder case 8 > % is relatively easy (see [Bae et al. 2017,
Theorem 3.3]). Thus, the corresponding equation is

(5'3) 8,w+u8xw :0, u:(l—axx)_%w.
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It still holds true that
[w(@)l|Lee < [|wollLee-

Applying J™ on (5-3), taking its L? inner product with 7™ w and using (2-3)
yields

d
3wz

z—/ T (udxw) I w dx

R

=—/[Jm,u]8ijmwdx—/ udy J"wImw dx
R R

< NIT™ uldxw| 2 |T"wl 2 + %/ OxuJ"wI™w dx
R

< C(lxulzoolwlam + 10wl 2m | T Wl 2 ) lwll e

m— —

1 1 1 m
< C(l9xullLoollwlmm + wll 2 1T wl s llwl fell T wll 5

< C(I19xullzoe + llwlLoo) [wllzm.

)lwllm

By means of (4-3), we obtain

d
27 1wOlam = C(|9xulleymo + [wllzee) InCe + [[w il gm)[[w ] g
= C(lwlismo + l[wllzee) In(e + [[wl| gm) [w | 5rm
= Cllwllzee In(e + lwllgm) [wll &m,
where we use the fact that the pseudodifferential operator (1 — 0y x)_% dx maps
space BMO into itself boundedly and L°° < BMO. By the Gronwall inequality, it
implies
lw@) [ gm = C(t, wo).

Finally, let us say some words about the case 8 > 0 with 1 <y < 2. As a matter
of fact, the remark of Lemma 5.3 and (5-1) allow us to show that

lw®)||cr.o < C(t,wp), for some ¥ > 0.

Therefore, we conclude the desired result for the case § > 0 with 1 <y < 2. This
eventually ends the proof of Theorem 1.4. O

Appendix: Besov spaces and fractional Gagliardo—Nirenberg inequality

This appendix provides the definition of Besov spaces and the fractional Gagliardo—
Nirenberg inequality. We denote the function spaces of rapidly decreasing functions
by S(R"), tempered distributions by S’(R"), and polynomials by P(R"). Now let
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us begin with the Littlewood—Paley theory (see for instance [Bahouri et al. 2011]).
We choose some smooth radial nonincreasing function y with values in [0, 1] such
that x € C5°(R") is supported in the ball B := {5 eR":&| < %} and with value
1 on {€ € R":|§| < 3}, then we set p(€) = X(%) — x(£). One easily verifies that
@ € C3°(R") is supported in the annulus C := {é e R” :% <& =< %} and satisfies

x(&) + Z(p(Z_jé) =1, forall&eR".
Jj=0

Let h = F~!(¢) and h=rF"1 (x), then we introduce the dyadic blocks A; of our
decomposition by setting

Aju=0, j<-%  A_ju=x(Dyu= /R R — ) dy:
Aju =@ Dyu=2/" /R” h(2’ y)u(x — y)dy, forall j e N.
We shall also use the following low-frequency cut-off:
Sjiu=xQ2/ Dyu= Z Agu=2'" /R" hQ27 y)u(x—y)dy, forall jeN.

—1<k<j-1

Meanwhile, we define the homogeneous dyadic blocks as
Aju =2/ Dyu=2" / h(2 yyu(x — y)dy, forall jeZ.
Rl’l

Let us recall the definition of homogeneous and inhomogeneous Besov spaces
through the dyadic decomposition.

Definition A.1. Lets € R, (p,r) €[l, +00]?. The homogeneous Besov space B};,r
is defined as a space of f € S/(R")/P(R") such that

By, ={f € S'®)/P@E"): ] 4, < oo}
where
(Xjez 2jrs||Ajf||er)1/r for all r < oo,
SUPjez 2js||Ajf||Lp for all r = oo.

1/l 5, = {

Definition A.2. Let s € R, (p,r) €[1, +00]?. The inhomogeneous Besov space
B, is defined as a space of "€ S"(R") such that

By, ={f €S’ ®");| /s, <oo}
where
()= 2jrs”Ajfllz,,)l/r for all r < oo,
sup;>_1 2/°|Aj f e for all r = oo.

1/, = {
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For s > 0, (p,r) € [1,400]?, the inhomogeneous Besov space norm By, is
equal to

1SNy, = NS M + 117N g5 -

For any s e Rand 1 < p < oo, we have

BS

pmm{pZ};)W — B,

p,max{p,2}*

For any noninteger o > 0, the Holder space C? is equivalent to B, .,
Let us recall the following fractional type Gagliardo—Nirenberg inequality due
to Hajaiej, Molinet, Ozawa and Wang [Hajaiej et al. 2011].

Lemma A.3. Let 0 < p, po, P1,9.90,91 < 00, 8,50,51 €E Rand 0 <% < 1. Then
the following fractional type Gagliardo—Nirenberg inequality

. 1—9 9
”U”B}g’q(Rn)§C”U”B R”)” || Ilql(Rn)
holdsforallveI.Bls,((’),qoﬂB;;ll,q1 if and only if
n n n .
——s=(1-9 (——s)+z9(——s) if s <(1—=73)so+ sy,
» ( ) e 50 oy o if s < ( )So 1
15_1—19+i if po# prands=(1—17)sg+ sy,
q 0 q1
1 _1-9 0 .
So#Ssy or —=<——+— if po=prands=(1—-13)so+ ¥sy
q qo0 q1
so—iswés—z or lfﬂ-i—i if s <(1—=1)s9+ vsy.
Do )4 q qo q1

Remark. Lemma A.3 is also true in the nonhomogeneous framework.
Lemma A4. Let p,q,r € (1,00), 0 €[0,1] and s, 51,52 € R, then
IA%ullzr < Cllull g I A ullz.

:_1q9+9(__~‘_1), 5 < s,

r n

where

S |«

1
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