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ON THE GLOBAL WELL-POSEDNESS
OF ONE-DIMENSIONAL FLUID MODELS

WITH NONLOCAL VELOCITY

ZHUAN YE

In this paper, we consider one-dimensional fluid models with nonlocal ve-
locity, and establish the global well-posedness of classical solutions to such
models with large initial data in suitable Sobolev spaces.

1. Introduction and main results

The Euler equations are the classical model for the motion of an ideal incompressible
fluid. When it comes to the issue of global existence and regularity of solutions to
the three-dimensional (3D) Euler equations, the question of whether solutions of
the 3D Euler equations blow up in finite time from smooth data with finite energy
is a profound, as of yet unanswered, question, except for the axi-symmetric case
(see the recent work by Elgindi and Jeong [2018]). The key reason is due to the
stretching term !T .!/ in the vorticity ! of the 3D Euler equations, namely,

@t!C .u � r/! D !T .!/;

where T .!/ is a singular integral operator of !.
In order to get a better understanding of the nonlinear and nonlocal structure

of the 3D Euler equations, considerable one-dimensional (1D) fluid models were
proposed and analyzed. These models arise in different contexts to characterize
nonlocal and nonlinear behaviors. In order to present these models, we first recall
some properties of the 1D Hilbert transform. The 1D Hilbert transform H is defined
by

Hf .x/D 1

�
p:v:

Z
R

f .y/

x�y
dy;

where p:v: stands for Cauchy’s principal value. For the 1D Hilbert transform, we
have the following identities (see, e.g., [Chae et al. 2005; Stein 1970; Pandey
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1996]):

ƒf DH@xf D @x.Hf /;(1-1)

H
�
@xf .H.@xf //

�
D

1
2

�
.ƒf /2� .@xf /

2
�
;(1-2)

where the Zygmund operator ƒ WD .�@xx/
1
2 and the more general fractional Lapla-

cian operators ƒ
 WD .�@xx/


2 with 
 2 .0; 2/ are defined by

ƒ
f .�/D C
 p:v:
Z

R

f .x/�f .y/

jx�yj1C

dy

for a normalized constant C
 > 0. For general 
 2 R, the operator ƒ
 can also be
defined through a Fourier transform, namely,

1ƒ
f .�/D j�j
 Of .�/:
Now we are in the position to review the 1D fluid models. The first model is due

to Constantin, Lax and Majda [Constantin et al. 1985]

(1-3) @tw�wHw D 0:

In [Constantin et al. 1985], the authors proved that most of the solutions blow-up
in finite time (see [Silvestre and Vicol 2016] for four essentially different proofs of
this fact, each one based on a different mathematical argument). From the point of
view of the existence of a smooth solution, (1-3) can be seen as a simplified model
of the 3D Euler equations. Inspired by this work, De Gregorio [1990] proposed
and investigated the following model

@twCu@xw� @xuw D 0; @xuDHw:

We remark that at present the question of the smooth solution global existence or
finite time blow-up from smooth initial data remains unknown. Later, Córdoba,
Córdoba, and Fontelos [Córdoba et al. 2005] investigated the following equation

(1-4) @tw�u@xw D 0; uDHw;

where they showed that, for a generic family of initial data, local smooth solutions
to Equation (1-4) may blow up in finite time (see [Baker et al. 1996; Morlet 1998]
for the local existence of smooth solution). By adding a fractional dissipation term
ƒ
w to Equation (1-4), namely

(1-5) @tw�u@xwCƒ

w D 0; uDHw;

it is shown [Córdoba et al. 2005] that Equation (1-5) is globally well-posed for

 > 1, as well as in the case 
 D 1 with small initial data. Subsequently, the global
well-posedness for the case 
 D 1 with general initial data was obtained by Dong
[2008]. Here it is worthwhile to mention that Li and Rodrigo [2008] proved the
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formation of singularities in finite time of solutions when 0<
 < 1
2

, by adapting the
method developed in [Córdoba et al. 2005]. The inviscid and viscous blowup proofs
have been revisited in [Kiselev 2010] by using elementary and elegant methods.
However, it is not known if finite time blow up is possible for the case 1

2
� 
 < 1.

Escher and Yin [2008] considered the b-equation in the form

@twCu@xwC b@xuw D 0; uD .1� @xx/
�1w:

They obtained the global well-posedness for nonnegative initial data for general b

or for general initial data with b 2 .0; 1� or b D� 1
2n

for each n 2 N.
Many other closely related hydrodynamical models with nonlocal velocities

have also been proposed and analyzed in the literature. We do not attempt to
exhaust the literature. One can refer to [Alibaud et al. 2007; Bae and Granero-
Belinchón 2015; Carrillo et al. 2012; Castro and Córdoba 2009; Córdoba et al.
2006; De Gregorio 1996; Do 2014; Do et al. 2016; Dong and Li 2014; Hou and Luo
2013; Granero-Belinchón and Orive-Illera 2014; Kiselev et al. 2007; Lazar 2016;
Lazar and Lemarié-Rieusset 2016; Li and Rodrigo 2011; Okamoto et al. 2008] for
details.

This paper studies the global in time solvability of the Cauchy problem for the
following 1D fluid model with nonlocal velocity

(1-6)
�
@twCu@xwC ı@xuwC �ƒ
w D 0;

uD .1� @xx/
�ˇw;

where ı 2 R, �; 
; ˇ � 0. We make the convention that by 
 D 0 we mean that
there is no dissipation in the first equation of (1-6). We remark that there is ample
physical motivation justifying consideration of the nonlocal Equation (1-6). For
example, when ˇD0, (1-6) is equivalent to the Burgers’ equation with the fractional
Laplacian (see, e.g., [Biler et al. 1998; Kiselev et al. 2008]). When ˇD 1, �D 0 and
ı D 2, (1-6) reduces to the following inviscid Camassa–Holm equation [Camassa
and Holm 1993; Constantin and Escher 1998]

(1-7)
�
@twCu@xwC 2@xuw D 0;

w D u� @xxu;

which was originally proposed as a model for the shallow-water waves, and has
attracted considerable attention for more than twenty years because of its many
remarkable properties, for example conservation laws and complete integrability,
existence of peaked solitons and multipeakons, well-posedness and breaking waves
[Camassa and Holm 1993; Fuchssteiner and Fokas 1981/82; Alber et al. 1994;
Constantin 2000; Constantin and Escher 1998; Li and Olver 2000]. For the system
(1-6) with ı D 2 and ˇ D 1, it is globally well-posed for 
 D 2 [Xin and Zhang
2000], while the wave-breaking phenomena may appear for ˇ D 0 [Constantin
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and Escher 1998; Constantin 2000]. Moreover, (1-6) is also closely related to
the following generalized Proudman–Johnson equation [Okamoto and Zhu 2000;
Wunsch 2011] (by denoting w D @xxf )

@txxf Cf @xxxf C ı@xf @xxf D �@xxxxf:

A multidimensional version of (1-6) is the Navier–Stokes-˛ system given by

(1-8)
�
@twC .u � r/wCw � ruT � ��wCrp D 0;

w D u�˛2�u; r �w D 0:

The above system (1-8) was derived through a variational formulation and a La-
grangian averaging, and also viewed as a filtered Navier–Stokes equations with the
parameter ˛ in the filter, which obeys a modified Kelvin circulation theorem along
filtered velocities [Holm et al. 1998].

Very recently, the authors of [Bae et al. 2018] showed the global existence of
several weak solutions of (1-6) depending on the range of ı, 
 and ˇ. Here we
remark that Bae, Chae and Okamoto [Bae et al. 2017] established the local well-
posedness results, the blow-up criteria and the global well-posedness of (1-6) for
smooth initial data. More precisely, the results in [Bae et al. 2017] can be stated as
follows.

� The model (1-6) with ı D 0.

(1) Local well-posedness and blow-up criterion in terms ofZ t

0

.k@xu.s/kBMOCk@xw.s/kBMO/ ds:

(2) Global well-posedness with � D 0 and ˇ 2
�

1
2
; 1
�
.

(3) Global well-posedness with � > 0, 
 2 .1; 2� and ˇ �max
˚2�


4
; 4�3


4

	
.

�� The model (1-6) with ı ¤ 0 and ˇ � 1
2

.

(4) Local well-posedness and blow-up criterion in terms ofZ t

0

.kw.s/kBMOCk@xw.s/kBMO/ ds:

(5) Global well-posedness with � > 0, 
 2 .1; 2�, ˇ � 1
2

and ı 2
�
0; 1

2

�
or ı D 2.

In this paper, we also consider the following model

(1-9)
�
@twCu@xwC ı@xuwC �ƒ
w D 0;

uDHw:

In recent years, the study of the model (1-9) has been attracting many mathemati-
cians, and many results have been achieved, because the model (1-9) can be viewed
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as a 1D model of the dissipative surface quasigeostrophic equation (see [Constantin
et al. 1994]). One particular feature of the model (1-9) with ı D 1, � > 0 is related
with the complex inviscid Burgers equation (see [Castro and Córdoba 2008]). There
has been considerable work concerning the mathematical studies on the model (1-9)
with � D 0 or � > 0, see for example [Baker et al. 1996; Castro and Córdoba 2008;
Chae et al. 2005; Córdoba et al. 2005; Li and Rodrigo 2008; Morlet 1998] for the
singularity formation results. Recently, Bae, Chae and Okamoto [Bae et al. 2017]
established the local well-posedness results, the blow-up criteria and the global
well-posedness of (1-9) for smooth initial data.

| The model (1-9) with ı > 0 and 
 > 1.

(1) Local well-posedness and blow-up criterion in terms ofZ t

0

�
kƒ

1
2w.s/k4

L4 Ckw.s/k



�1

L1
Ckƒw.s/kL1 Ck@xw.s/kL1

�
ds:

(2) Global well-posedness with � > 0, 
 � 1
1�ı

with ı 2
�
0; 1

2

�
.

|| The model (1-9) with ı > 0, 
 D 1 and nonnegative initial data.

(3) Local well-posedness and blow-up criterion in terms ofZ t

0

.kƒw.s/kBMOCk@xw.s/kBMO/ ds:

(4) Global well-posedness with � > 0, ı � 1
2

and 
 D 1.

The main goal of this paper is to improve the results of [Bae et al. 2017]. More
precisely, we consider the viscous equations to see when these equations have
global classical solutions depending on the parameters ı, 
 and ˇ. Our first result
reads as follows.

Theorem 1.1. If ˇ, 
 and ı satisfy one of the following three conditions:

(1) 1�
Cı
2

< ˇ < f .ı; 
 / with 0< 
 < 1C ı and ı 2
�
0; 1

2

�
;

(2) ˇ � 0 with 1C ı � 
 � 2 and ı 2
�
0; 1

2

�
;

(3) ˇ � 2�

2

with 0< 
 < 1 or ˇ � 3�2

2

with 1� 
 � 3
2

or ˇ � 0 with 3
2
� 
 � 2

for the case ı D 2,

then for w0 2 H m.R/ with m � 2, there exists a unique global solution of (1-6)
such that for any given T > 0

w 2 C.Œ0; T �I H m.R//;

where f .ı; 
 / is given by

f .ı; 
 / WDmin
�

1C .3ı� 1/


2.1� 2ı/
;
1C ı

2
;
2C .3
 C 2/ı

2C 


�
:
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Remark. In the above theorem, we need ˇ smaller than a complicated explicit
function f .ı; 
 / given by (2-17). It is a technical assumption. It is commonly
believed that the diffusion term is always a good term and the larger the power ˇ is,
the better the effects it produces. Therefore, our result strongly suggests that all the
cases ˇ > 1�
Cı

2
should be globally well-posed.

Considering the model (1-9), we have the following two theorems.

Theorem 1.2. Consider (1-9) with 
 D 1, namely,

(1-10)
�
@twCu@xwC ı@xuwC �ƒw D 0;

uDHw:

Let � D 1 and ı 2
�
0; 1

2

�
. Then for 0 � w0 2 H m.R/ with m � 2, there exists a

unique global solution of (1-10) satisfying for any given T > 0,

w 2 C.Œ0;T �IH m.R//

provided that
�

1
2
� ı
�
kw0kL1 is sufficiently small.

Theorem 1.3. Let �D 1 and 
 � 1Cı with ı 2
�
0; 1

2

�
. Then for w0 2H m.R/ with

m� 2, there exists a unique global solution of (1-9) such that for any given T > 0,

w 2 C.Œ0;T �IH m.R//:

Our last result concerns the global regularity result of (1-6) with ı D 0.

Theorem 1.4. Consider (1-6) with ı D 0, namely,

(1-11)
�
@twCu@xwC �ƒ


w D 0;

uD .1� @xx/
�ˇw:

Let � D 1 and ˇ � 1�

2

with 0 � 
 � 1 or ˇ � 0 with 1 < 
 � 2. Then for
w0 2H m.R/ with m� 2, there exists a unique global solution of (1-11) such that
for any given T > 0,

w 2 C.Œ0;T �IH m.R//:

Remark. Based on a novel nonlocal weighted inequality, Dong and Li [2014] also
obtained a global well-posedness result for ˇ� 1�


2
with 0<
 �1. Quite differently,

our argument relies heavily on the Hölder estimate and the differentiability of the
drift-diffusion equation. Moreover, in the full supercritical range 0� ˇ < 1�


2
with

0< 
 � 1, the formation of singularities in finite time for a class of smooth initial
data was established in [Dong and Li 2014].

Remark. For simplicity, we just consider the initial data in H m for the integer
m� 2. As a matter of fact, one can also prove the same results for the initial data
in H s with s > 3

2
although we shall not do it here.
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The rest of this paper is divided into four sections and an appendix. Section 2
provides the proof of Theorem 1.1 while Section 3 proves the proof of Theorem 1.2.
The proof of Theorem 1.3 is presented in Section 4. Next, Section 5 is devoted to
the proof of Theorem 1.4. Finally, the definitions of Besov space and the fractional
Gagliardo–Nirenberg inequality are collected in the Appendix.

2. The proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. In what follows, C stands for
some real positive constant which may be different in each occurrence and may
depend on t , initial data and so on. We shall write C.�1; �2; : : : ; �k/ as the constant
C depends on the quantities �1; �2; : : : ; �k . We begin with the local well-posedness
result and blow-up criterion.

Proposition 2.1. Let ı 2R, � > 0, ˇ> 1�

2

with 0<
 � 1 or ˇ� 0 with 1<
 � 2.
Then for w0 2 H m.R/ with m � 2, there exists T � D T �.kw0kH m/ such that a
unique solution of (1-6) belongs to

w 2 C.Œ0;T �/IH m.R//:

Moreover, we have the following blow-up criterion

(2-1) lim sup
t!zT

kw.t/kH m D1 if and only if

Z zT
0

�
k@xw.s/kL1Ck@xu.s/k2L1Ckw.s/k

2
L1Ckw.s/k



2ˇC
�1

L1

�
dsD1:

Proof of Proposition 2.1. Applying ƒk on (1-6), taking its L2 inner product with
ƒkw, and summing over k D 0; 1; : : : ;m yields

(2-2) 1
2

d

dt
kw.t/k2H m Ckƒ



2wk2H m

D�

mX
kD0

Z
R

ƒk.u@xw/ƒ
kw dx� ı

mX
kD0

Z
R

ƒk.@xuw/ƒkw dx

WDN1CN2:

Now we recall the Kato and Ponce [1988] commutator estimate and the bilinear
estimate

kŒƒs; f �gkLp � C
�
k@xf kLp1kƒ

s�1gkLp2 Ckƒ
sf kLp3kgkLp4

�
;(2-3)

kƒs.fg/kLp � C
�
kf kLp1kƒ

sgkLp2 Ckƒ
sf kLp3kgkLp4

�
;(2-4)
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with s > 0, 1< p2, p3 <1, 1< p1, p4 �1 such that

1

p
D

1

p1
C

1

p2
D

1

p3
C

1

p4
:

We point out that (2-3) and (2-4) are also true if one replaces ƒ by J , where

J WD .1� @xx/
1
2 :

By (2-3), we arrive at

(2-5) N1 D�

mX
kD0

Z
R

ƒk.u@xw/ƒ
kw dxC

mX
kD0

Z
R

.u@xƒ
kw/ƒkw dx

�

mX
kD0

Z
R

.u@xƒ
kw/ƒkw dx

D�

mX
kD0

Z
R

Œƒk ; u�@xwƒ
kw dxC

1

2

mX
kD0

Z
R

@xuƒkwƒkw dx

� C

mX
kD0

kŒƒk ; u�@xwkL2kƒkwkL2 CC

mX
kD0

k@xukL1kƒ
kwk2

L2

� C

mX
kD0

.k@xukL1kƒ
kwkL2 Ck@xwkL1kƒ

kukL2/kƒkwkL2

CC

mX
kD0

k@xukL1kƒ
kwk2

L2

� C.k@xukL1 Ck@xwkL1/kwk
2
H m :

Thanks to (2-4), it yields

(2-6) N2 D�ı

mX
kD1

Z
R

ƒk�

2 .@xuw/ƒkC


2w dx�

Z
R

@xuww dx

� C

mX
kD1

kƒk�

2 .@xuw/kL2kƒkC


2wkL2CCk@xukL1kwk
2
H m

� C

mX
kD1

�
k@xukL1kƒ

k�

2wkL2

CkwkL1kƒ
k�


2 @xukL2

�
kƒkC


2wkL2CCk@xukL1kwk
2
H m

� C
�
k@xukL1kwk

H
m�



2
CkwkL1kwk

H
mC1�2ˇ�



2

�
kƒ



2wkH m

CCk@xukL1kwk
2
H m
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� C
�
k@xukL1kwkH mCkwkL1kwkH m

CkwkL1kwk
4ˇC2
�2




H m kwk
2�4ˇ�





H
mC



2

�
kƒ



2wkH mCCk@xukL1kwk

2
H m

� C
�
k@xukL1kwkH mCkwkL1kwkH m

�
kƒ



2wkH m

CkwkL1kwk
4ˇC2
�2




H m .kwkL2Ckƒ


2wkH m/

2�4ˇ�


 kƒ



2wkH m

CCk@xukL1kwk
2
H m

�
1
2
kƒ



2wk2H mCC

�
1Ck@xuk2L1Ckwk

2
L1Ckwk



2ˇC
�1

L1

�
kwk2H m ;

where we have used the following facts (see Lemma A.3)

kwk
H

mC1�2ˇ�


2
� Ckwk

4ˇC2
�2



H m kwk
2�4ˇ�





H
mC



2

; if
1� 


2
< ˇ �

2� 


4
I

kwk
H

mC1�2ˇ�


2
� CkwkH m ; if ˇ >

2� 


4
:

We remark that if 1< 
 � 2, then the above two interpolation inequalities hold for
ˇ � 0. Gathering the upper estimates leads to

(2-7) d

dt
kw.t/k2H m

� C
�
1Ck@xwkL1 Ck@xuk2L1 Ckwk

2
L1 Ckwk



2ˇC
�1

L1

�
kwk2H m :

By the embedding, it is easy to show

d

dt
kw.t/k2H m � Ckwk

2C�
H m

with some constant � > 0. By the simple ODE theorem, we have

kw.t/kH m �
kw0k

�
H m

1�C�kw0k
�
H m

; for all 0� t <
1

C�kw0k
�
H m

:

In the functional space H m.R/ with m � 2, the uniqueness is easy to obtain.
Actually, let w1 and w2 be two solutions of (1-6), and let w WD w1 � w2 and
Nu WD u1�u2. Then, .w; Nu/ satisfies�

@twCu1@xwC Nu@xw2C ı@xu1wC ı@x Nuw2C �ƒ

w D 0;

NuD .1� @xx/
�ˇw:

Taking the L2 product of the equation with w and using the above argument yields

1
2

d

dt
kw.t/k2

L2 C �kƒ


2wk2

L2

D�

Z
R

u1@xww dx�

Z
R

Nu@xw2w dx� ı

Z
R

@xu1ww dx� ı

Z
R

@x Nuw2w dx
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�
�

2
kƒ



2wk2

L2 CC
�
k@xu1kL1 Ck@xw2kL1 Ckw2k

C.ˇ;
 /
H m

�
kwk2

L2

�
�

2
kƒ



2wk2

L2 CC
�
1Ckw1k

C.ˇ;
 /
H m Ckw2k

C.ˇ;
 /
H m

�
kwk2

L2 ;

where C.ˇ; 
 / � 1. Let us say some words about the estimate of the term
�ı
R

R
@x Nuw2w dx. Actually, it can be bounded by

�ı

Z
R

@x Nuw2w dx � Ck@


2
x .w2w/kL2k@

1�

2

x NukL2

� C
�
kw2kL1k@



2
x wkL2 CkwkLpk@



2
x w2k

L
2p

p�2

�
kJ 1�


2
�2ˇwkL2

� C
�
kw2kL1kƒ



2wkL2 Ckwk

1��1

L2 kƒ


2wk

�1

L2kw2kH m

�
�
�
kwkL2 Ckwk

1��2

L2 kƒ


2wk

�2

L2

�
�
�

2
kƒ



2wk2H m CC.1Ckw2k

'.ˇ;
 /
H m /kwk2

L2 ;

where we have applied the same argument adopted in proving (2-6). This implies
that

d

dt
kw.t/k2

L2 � C
�
1Ckw1k

C.ˇ;
 /
H m Ckw2k

C.ˇ;
 /
H m

�
kwk2

L2 :

Due to w.0/D 0, the uniqueness follows directly from the Gronwall inequality. To
obtain the blow-up criterion, we deduce from (2-7) that

(2-8) d

dt
kw.t/k2H m

� C
�
1Ck@xwkL1 Ck@xuk2L1 Ckwk

2
L1 Ckwk



2ˇC
�1

L1

�
kwk2H m ;

which together with the Gronwall inequality yields

kw.t/kH m

� kw0kH m exp
�
C

Z t

0

�
1Ck@xwkL1Ck@xuk2L1Ckwk

2
L1Ckwk



2ˇC
�1

L1

�
ds

�
:

Consequently, we derive the blow-up criterion expressed in (2-1). The proof of
Proposition 2.1 is completed. �

Proof of Theorem 1.1. Now we are ready to prove Theorem 1.1. The proof of
Theorem 1.1 is divided into three cases. Let us begin with the first case.

Case 1. 1�
Cı

2
< ˇ < f .ı; 
 /, with 0< 
 < 1C ı and ı 2

�
0; 1

2

�
.

The proof of Case 1 of Theorem 1.1 is divided into three steps.
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Step 1. This step is to derive the following bound

(2-9) kw.t/k
1
ı

L
1
ı

Ckw.t/k2
L2 C

Z t

0

�

ƒ

2 jw.s/j

1
2ı



2

L2 Ckƒ


2w.s/k2

L2

�
ds

� C.t; w0/:

As ı 2
�
0; 1

2

�
, we have 1

ı
2 Œ2;1/. Now multiplying (1-6) by jwj

1
ı
�2w and

integrating it over the whole space, it yields

ı
d

dt
kw.t/k

1
ı

L
1
ı

C

Z
R

ƒ
w.jwj
1
ı
�2w/ dx

D�

Z
R

.u@xw/jwj
1
ı
�2w dx� ı

Z
R

.@xuw/jwj
1
ı
�2w dx:

Turning now to the lower bound (see for example [Ju 2005]), we computeZ
R

ƒ
w.jwj
1
ı
�2w/ dx � eC Z

R

.ƒ


2 jwj

1
2ı /2 dx D eC

ƒ


2 jwj
1

2ı



2

L2 :

Direct computation implies

�

Z
R

.u@xw/jwj
1
ı
�2w dx� ı

Z
R

.@xuw/jwj
1
ı
�2w dx

D�ı

Z
R

u@x.jwj
1
ı / dx� ı

Z
R

@xujwj
1
ı dx

D 0:

Consequently, we arrive at

d

dt
kw.t/k

1
ı

L
1
ı

C


ƒ


2 jwj
1

2ı



2

L2 � 0:

Integrating the above differential equation yields

(2-10) kw.t/k
1
ı

L
1
ı

C

Z t

0



ƒ

2 jw.s/j

1
2ı



2

L2 ds � kw0k
1
ı

L
1
ı

:

Next we multiply (1-6) by w and integrate it over the whole space to get

(2-11) 1
2

d

dt
kw.t/k2

L2 Ckƒ


2wk2

L2 D�

Z
R

.u@xw/w dx� ı

Z
R

.@xuw/w dx

D
�

1
2
� ı
�Z

R

.@xuw/w dx:

We remark that if ı D 1
2

, then the term at the right hand side of (2-11) is absent.
We thus focus on ı 2

�
0; 1

2

�
. For ı 2

�
0; 1

2

�
and ˇ > 1�
Cı

2
, it admits the following
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bound by (2-4):�
1
2
� ı
�Z

R

.@xuw/w dx

� CkJ 1�

2 uk

L
2

1�2ı
kJ



2 .ww/k

L
2

1C2ı

� Ckwk
H

1�2ˇ�


2
Cıkwk

L
1
ı
kJ



2wkL2

� Ckwk1�#
L2 kwk

#

H


2

kwk
L

1
ı
kJ



2wkL2

� C
�
kwkL2 Ckwk1�#L2 kƒ



2wk#

L2

�
kwk

L
1
ı
kJ



2wkL2

� C
�
kwkL2 Ckwk1�#L2 kƒ



2wk#

L2

�
kwk

L
1
ı
.kwkL2 Ckƒ



2wkL2/

�
1

4
kƒ



2wk2

L2 CC.1Ckwk
2

1�#

L
1
ı

/kwk2
L2 ;

where we have applied the following fact:

kwk
H

1�2ˇ�


2
Cı � Ckwk1�#

L2 kwk
#

H


2

; 1�
Cı
2

< ˇ < 2�
C2ı
4

;

kwk
H

1�2ˇ�


2
Cı � CkwkL2 ; ˇ � 2�
C2ı

4
:

As a result, we get

d

dt
kw.t/k2

L2 Ckƒ


2wk2

L2 � C.1Ckwk
2

1�#

L
1
ı

/kwk2
L2 :

We deduce from (2-10) and the Gronwall inequality that

(2-12) kw.t/k2
L2 C

Z t

0

kƒ


2w.s/k2

L2 ds � C.t; w0/:

This concludes the desired bound (2-9).

Step 2. This step is to establish the following bound:

(2-13) k@xw.t/k
2
L2 C

Z t

0

kƒ


2 @xw.s/k

2
L2 ds � C.t; w0/:

Applying @x on (1-6) yields

(2-14) @t@xwC �ƒ

@xw D�.ıC 1/@xu@xw�u@xxw� ı@xxuw:

Taking the L2 inner product of (2-14) with @xw gives

(2-15) 1
2

d

dt
k@xw.t/k

2
L2Ckƒ



2 @xwk

2
L2

D�.ıC1/

Z
R

@xu@xw@xw dx�

Z
R

u@xxw@xw dx�ı

Z
R

@xxuw@xw dx

D�ı

Z
R

@xxuw@xw dx�.ıC1
2
/

Z
R

@xu@xw@xw dx WDN3CN4:
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For ı 2
�
0; 1

2

�
and ˇ > 1�
Cı

2
, the Gagliardo–Nirenberg inequality gives directly

N3 D�
ı

2

Z
R

@xxxu.ww/ dx

� CkJ 1�

2 @xuk

L
2

1�2ı
kJ 1C


2 .ww/k
L

2
1C2ı

� Ck@xwk
H

1�2ˇ�


2
Cıkwk

L
1
ı
kJ 1C


2wkL2

� C
�
k@xwkL2Ck@xwk

1�#
L2 kƒ



2 @xwk

#
L2

�
kwk

L
1
ı
kJ



2 @xwkL2

� C
�
k@xwkL2Ck@xwk

1�#
L2 kƒ



2 @xwk

#
L2

�
kwk

L
1
ı
.k@xwkL2Ckƒ



2 @xwkL2/

�
1
8
kƒ



2 @xwk

2
L2CC.1Ckwk

2
1�#

L
1
ı

/k@xwk
2
L2 ;

As for ı D 1
2

, we modify the above estimate as

N3 D�
ı

2

Z
R

@xxxu.ww/ dx

� Ck@xuk
B

1�


2

1;2

kwwk
B

1C


2

1;2

� Ck@xwk
H

1�2ˇ�


2
Cıkwk

L
1
ı
kJ 1C


2wkL2

�
1
8
kƒ



2 @xwk

2
L2 CC.1Ckwk

2
1�#

L
1
ı

/k@xwk
2
L2 ;

where we have applied the fact (see [Chae 2004, Lemma 2.2]) that

kwwk
B

1C


2

1;2

� CkwkL2kJ 1C

2wkL2 ;

(see the Appendix for the definition of the Besov space Bs
p;r ). By integrating by

parts, the term N4 can be written as

N4 D
�
ıC 1

2

�Z
R

@xxuw@xw dxC
�
ıC 1

2

�Z
R

@xuw@xxw dx WDN41CN42:

The term N41 admits the same bound as N3, namely,

N41 �
1
8
kƒ



2 @xwk

2
L2 CC.1Ckwk

2
1�#

L
1
ı

/k@xwk
2
L2 :

By means of (2-4), one thus deduces from the Gagliardo–Nirenberg inequality that

N42 � CkJ


2 @xwkL2kJ 1�


2 .@xuw/kL2

� CkJ


2 @xwkL2

�
kJ 1�


2 @xuk
L

2
1�2ı
kwk

L
1
ı
CkJ 1�


2wkLp1k@xuk
L

2p1
p1�2

�
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� CkJ


2 @xwkL2kJ 1�


2 @xuk
L

2
1�2ı
kwk

L
1
ı

CCkJ


2 @xwkL2kJ 1�


2wkLp1kJ 1�2ˇwk
L

2p1
p1�2

�
1

16
kƒ



2 @xwk

2
L2 CC.1Ckwk

2
1�#

L
1
ı

/k@xwk
2
L2

CCkJ


2 @xwkL2.kwk

1��1

L
1
ı

kJ


2 @xwk

�1

L2/.kwk
1��2

L
1
ı

kJ


2 @xwk

�2

L2/;

where 2< p1 <1 and

(2-16) �1 D
2ıC 2� 
 � 2

p1

2ıC 1C 

2 Œ0; 1/; �2 D

2ıC 1� 4ˇC 2
p1

2ıC 1C 

2 Œ0; 1/:

In order to ensure the Gagliardo–Nirenberg inequality applied above, �1 and �2

should further satisfy

�1 �
2� 


2C 

; �2 �max

�
0;

2� 4ˇ

2C 


�
:

Tedious computations yields that �1; �2 would work as long as

(2-17)
1� 3


4
< ˇ <min

�
1C .3ı� 1/


2.1� 2ı/
;
1C ı

2
;
2C .3
 C 2/ı

2C 


�
WD f .ı; 
 /:

Let us say some words about (2-17). Actually, recalling (2-16) and keeping in mind
the restriction

1> �1 �
2� 


2C 

; 1> �2 �max

�
0;

2� 4ˇ

2C 


�
;

it is not difficult to check that

1> �1 �
2� 


2C 

H)

1� 2


2
<

1

p1

<
2C .4ı� 1/


2.2C 
 /
;

1> �2 �max
�

0;
2� 4ˇ

2C 


�
H)max

�
4ˇ� 1� 2ı

2
;
.1� 2ı/.4ˇC 
 /

2.2C 
 /

�
<

1

p1

<
4ˇC 


2
:

Keeping in mind 2< p1 <1, we therefore obtain that p1 should be satisfied

D <
1

p1
<D;

where

D WDmax
�

1� 2


2
;
4ˇ� 1� 2ı

2
;
.1� 2ı/.4ˇC 
 /

2.2C 
 /

�
;

D WDmin
�

2C .4ı� 1/


2.2C 
 /
;
4ˇC 


2
;
1

2

�
:
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By direct computations, we can show that

1� 2


2
<

4ˇC 


2
) ˇ >

1� 3


4
;

4ˇ� 1� 2ı

2
<

2C .4ı� 1/


2.2C 
 /
) ˇ <

2C .3
 C 2/ı

2C 

;

4ˇ� 1� 2ı

2
<

1

2
) ˇ <

1C ı

2
;

.1� 2ı/.4ˇC 
 /

2.2C 
 /
<

2C .4ı� 1/


2.2C 
 /
) ˇ <

1C .3ı� 1/


2.1� 2ı/
;

.1� 2ı/.4ˇC 
 /

2.2C 
 /
<

1

2
) ˇ <

1C ı


2.1� 2ı/
:

Consequently, if ˇ satisfies the following restriction, then the above p1 would work

1� 3


4
< ˇ <min

�
1C .3ı� 1/


2.1� 2ı/
;
1C ı

2
;

2C .3
 C 2/ı

2C 


�
:

This is the desired (2-17). Now concerning ˇ > 1�
Cı
2

, we know

�1C�2 < 1:

It is easy to observe that

1� 3


4
<

1� 
 C ı

2
< f .ı; 
 /; for all 
 > 0; ı > 0:

As a result, we have
1� 
 C ı

2
< ˇ < f .ı; 
 /:

As a consequence, for 1�
Cı
2

< ˇ < f .ı; 
 / we obtain

N42 �
1
8
kƒ



2 @xwk

2
L2 CC.1Ckwk

2
1�#

L
1
ı

/k@xwk
2
L2 CCkwk

4ˇC3
�1
2ˇC
�1Cı

L
1
ı

:

We eventually obtain

d

dt
k@xw.t/k

2
L2 Ckƒ



2 @xwk

2
L2 � C.1Ckwk

2
1�#

L
1
ı

/k@xwk
2
L2 CCkwk

4ˇC3
�1
2ˇC
�1Cı

L
1
ı

:

Combining (2-10), (2-12) and the Gronwall inequality, we immediately have the
desired bound (2-13).

Step 3. This step is to establish the following global H m-bound

kw.t/kH m � C.t; w0/:
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It follows from (2-2) that

1
2

d

dt
kw.t/k2H m Ckƒ



2wk2H m DN1CN2:

Thanks to (2-6), we obtain for ˇ > 1�

2

N2 �
1
4
kƒ



2wk2H m CC

�
1Ck@xuk2L1 Ckwk

2
L1 Ckwk



2ˇC
�1

L1

�
kwk2H m :

According to (2-5) and the Gagliardo–Nirenberg inequalities, one thus deduces

N1 � C

mX
kD0

�
k@xukL1kƒ

kwkL2 Ck@xwkL1kƒ
kukL2

�
kƒkwkL2

CC

mX
kD0

k@xukL1kƒ
kwk2

L2

� Ck@xwkL1kJ mukL2kJ mwkL2 CCk@xukL1kJ mwk2
L2

� C
�
k@xwk

2mC
�3
2mC
�2

L2 kJ mC

2wk

1
2mC
�2

L2

�
�
�
k@xwk


C4ˇ
2mC
�2

L2 kJ mC

2wk

2m�4ˇ�2
2mC
�2

L2

�
kJ mwkL2 CCk@xukL1kJ mwk2

L2

�
1
4
kJ mC


2wk2
L2CCk@xwk

2
L2kJ mwk

2.2mC
�2/
2mC4ˇC2
�3

L2 CCk@xukL1kJ mwk2
L2

�
1
4
kƒ



2wk2H mCCkwkL2CCk@xwk

2
L2.1Ckwk

2
H m/CCk@xukL1kwk

2
H m

�
1
4
kƒ



2wk2H m CC

�
kwkL2 Ck@xwk

2
L2 Ck@xukL1

�
.1Ckwk2H m/;

where we have used the following Gagliardo–Nirenberg inequalities:

k@xwkL1 � Ck@xwk
2mC
�3
2mC
�2

L2 kJ mC

2wk

1
2mC
�2

L2 ;

kJ mukL2 � CkJ m�2ˇwkL2 � Ck@xwk

C4ˇ

2mC
�2

L2 kJ mC

2wk

2m�4ˇ�2
2mC
�2

L2

and the fact that
2.2mC 
 � 2/

2mC 4ˇC 2
 � 3
� 2

due to ˇ � 1�

4

. Combining the above estimates implies that

(2-18) d

dt
kw.t/k2H m Ckƒ



2wk2H m

�C
�
1CkwkL2Ck@xwk

2
L2Ck@xuk2L1Ckwk

2
L1Ckwk



2ˇC
�1

L1

�
kwk2H m :

It is easy to show that if ˇ > 1�

4

, then it holds

k@xukL1 � Ck@xwk
H


2
:
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This along with (2-13) givesZ t

0

k@xu.s/k2L1 ds � C.t; w0/:

According to (2-12) and (2-13), we obtain

(2-19) kwkL1 � Ckwk
1
2

L2k@xwk
1
2

L2 � C.t; w0/:

Thanks to (2-19), one hasZ t

0

�
kw.s/k2L1 Ckw.s/k



2ˇC
�1

L1

�
ds � C.t; w0/:

Consequently, we concludeZ t

0

�
1CkwkL2Ck@xwk

2
L2Ck@xuk2L1Ckwk

2
L1Ckwk



2ˇC
�1

L1

�
ds �C.t; w0/:

Taking advantage of the above bound, one gets by applying the Gronwall inequality
to (2-18) that

kw.t/kH m � C.t; w0/:

We thus conclude the desired result of Theorem 1.1 under the Case 1.

Case 2. ˇ � 0 with 1C ı � 
 � 2 and ı 2
�
0; 1

2

�
.

According to Step 1 of the Case 1, it is not difficult to conclude that for ı 2
�
0; 1

2

�
(2-20) kw.t/k

1
ı

L
1
ı

C

Z t

0



ƒ

2 jw.s/j

1
2ı



2

L2 ds � C.t; w0/:

Moreover, if it further satisfies ˇ > 0 with 1C ı � 
 � 2, then one deduces from
Step 1 of the Case 1,

(2-21) kw.t/k2
L2 C

Z t

0

kƒ


2w.s/k2

L2 ds � C.t; w0/:

Now let us verify that (2-21) holds true for ˇ D 0 with 1C ı � 
 � 2. It should be
mentioned that in this case ˇ D 0, we always have the relation uD w. Multiplying
(1-6) by ƒw, using the Gagliardo–Nirenberg inequality and the fact 
 � 1C ı, it
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leads to

(2-22) 1
2

d

dt
kƒ

1
2w.t/k2

L2 Ckƒ

C1

2 wk2
L2

D�

Z
R

.u@xw/ƒw dx� ı

Z
R

.@xuw/ƒw dx

D�

Z
R

.w@xw/ƒw dx� ı

Z
R

.@xww/ƒw dx

� CkwkL1kƒwkL2k@xwkL2

� CkwkL1kƒwk
2
L2

� C


jwj 1

2ı



2ı

L1
kƒ

1
2wk

2.
�1/



L2 kƒ

C1

2 wk
2



L2

� C


jwj 1

2ı



 2ı.
�1/



L2



ƒ

2 jwj

1
2ı



 2ı



L2kƒ
1
2wk

2.
�1/



L2 kƒ

C1

2 wk
2



L2

� Ckwk

�1



L
1
ı



ƒ

2 jwj

1
2ı



 2ı



L2kƒ
1
2wk

2.
�1/



L2 kƒ

C1

2 wk
2



L2

�
1
2
kƒ


C1
2 wk2

L2 CCkwk
L

1
ı



ƒ

2 jwj

1
2ı



 2ı

�1

L2 kƒ
1
2wk2

L2

�
1
2
kƒ


C1
2 wk2

L2 CCkwk
L

1
ı

�
1C



ƒ

2 jwj

1
2ı



2

L2

�
kƒ

1
2wk2

L2 :

This implies

d

dt
kƒ

1
2w.t/k2

L2 Ckƒ

C1

2 wk2
L2 � Ckwk

L
1
ı

�
1C



ƒ

2 jwj

1
2ı



2

L2

�
kƒ

1
2wk2

L2 :

Recalling (2-20) and the Gronwall inequality, we may deduce

(2-23) kƒ
1
2w.t/k2

L2 C

Z t

0

kƒ

C1

2 w.s/k2
L2 ds � C.t; w0/:

We get from (1-6) that

1
2

d

dt
kw.t/k2

L2 Ckƒ


2wk2

L2 D�

Z
R

.w@xw/w dx� ı

Z
R

.@xww/w dx

� Ckƒ
1
2wkL2kƒ

1
2 .ww/kL2

� CkwkL1kƒ
1
2wk2

L2

� Ckwk



C1

L2 kƒ

C1

2 wk
1


C1

L2 kƒ
1
2wk2

L2

� Ckƒ
1
2wk2

L2.1Ckƒ

C1

2 wk2
L2/.1Ckwk

2
L2/:

In view of the Gronwall inequality and the estimate (2-23), this easily yields

(2-24) kw.t/k2
L2 C

Z t

0

kƒ


2w.s/k2

L2 ds � C.t; w0/:
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It is not difficult to show that noting the proof of (2-22) and using (2-21), the desired
estimate (2-23) also holds true for the case ˇ > 0 with 1C ı � 
 � 2. Therefore,
for ˇ � 0 with 1C ı � 
 � 2, we have

(2-25) kw.t/kLp � kw.t/k
2
p

L2kƒ
1
2w.t/k

p�2
p

L2 � C.t; w0/; for all 2� p <1:

Multiplying Equation (1-6) by ƒ2w and integrating the resultant over the whole
space, it implies

(2-26) 1
2

d

dt
kƒw.t/k2

L2Ckƒ

C2

2 wk2
L2

D�

Z
R

.u@xw/ƒ
2w dx�ı

Z
R

.@xuw/ƒ2w dx

D�

Z
R

ƒ.u@xw/ƒw dx�ı

Z
R

.@xuw/ƒ2w dx

D�

Z
R

Œƒ;u�@xwƒw dx�

Z
R

u@xƒwƒw dx�ı

Z
R

.@xuw/ƒ2w dx

D�

Z
R

Œƒ;u�@xwƒw dxC 1
2

Z
R

@xuƒwƒw dx�ı

Z
R

.@xuw/ƒ2w dx:

By (2-3) and the Gagliardo–Nirenberg inequality, we infer

�

Z
R

Œƒ;u�@xwƒw dx

� kŒƒ;u�@xwkL2kƒwkL2

� C
�
k@xukL4kƒwkL4 CkƒukL4k@xwkL4

�
kƒwkL2

� CkƒukL4kƒwkL4kƒwkL2

� Ckƒuk
2
�1

2


L2 kƒ

C2

2 uk
1

2


L2kƒwk
2
�1

2


L2 kƒ

C2

2 wk
1

2


L2kƒwkL2

� Ckƒwk
2
�1



L2 kƒ

C2

2 wk
1



L2kƒwkL2

�
1
8
kƒ


C2
2 wk2

L2 CCkƒwk
2


2
�1

L2 kƒwk2
L2

�
1
8
kƒ


C2
2 wk2

L2 CCkƒ
1
2wk

2.
�1/
2
�1

L2 kƒ

C1

2 wk
2

2
�1

L2 kƒwk2
L2

�
1
8
kƒ


C2
2 wk2

L2 CCkƒ
1
2wk

2.
�1/
2
�1

L2 .1Ckƒ

C1

2 wk2
L2/kƒwk

2
L2 :

Similarly, the second term admits the same bound

1
2

Z
R

@xuƒwƒw dx

� CkƒukL4kƒwkL4kƒwkL2

�
1
8
kƒ


C2
2 wk2

L2 CCkƒ
1
2wk

2.
�1/
2
�1

L2 .1Ckƒ

C1

2 wk2
L2/kƒwk

2
L2 :
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According to (2-4) and the Gagliardo–Nirenberg inequality, one concludes

�ı

Z
R

.@xuw/ƒ2w dx

� Ckƒ
2�


2 .@xuw/kL2kƒ

C2

2 wkL2

� C
�
k@xukL1kƒ

2�

2 wkL2 Ckwk

L
4

�1
kƒ

4�

2 uk

L
4

3�


�
kƒ


C2
2 wkL2

� C
�
kƒuk


�1



L2 kƒ

C2

2 uk
1



L2kƒ
1
2wk

1



L2kƒ

C1

2 wk

�1



L2

Ckwk
L

4

�1
kƒuk

3.
�1/
2


L2 kƒ

C2

2 uk
3�

2


L2

�
kƒ


C2
2 wkL2

� C
�
kƒwk


�1



L2 kƒ

C2

2 wk
1



L2kƒ
1
2wk

1



L2kƒ

C1

2 wk

�1



L2

Ckwk
L

4

�1
kƒwk

3.
�1/
2


L2 kƒ

C2

2 wk
3�

2


L2

�
kƒ


C2
2 wkL2

�
1
8
kƒ


C2
2 wk2

L2 CCkƒ
1
2wk

2

�1

L2 kƒ

C1

2 wk2
L2kƒwk

2
L2 CCkwk

4

3.
�1/

L
4

�1

kƒwk2
L2

�
1
8
kƒ


C2
2 wk2

L2 CC
�
kƒ

1
2wk

2

�1

L2 kƒ

C1

2 wk2
L2 Ckwk

4

3.
�1/

L
4

�1

�
kƒwk2

L2 :

Plugging the above estimates into (2-26) yields that

d

dt
kƒw.t/k2

L2 Ckƒ

C2

2 wk2
L2

� C
�
kƒ

1
2wk

2.
�1/
2
�1

L2 Ckƒ
1
2wk

2

�1

L2 Ckwk
4


3.
�1/

L
4

�1

�
.1Ckƒ


C1
2 wk2

L2/kƒwk
2
L2 :

Owing to (2-23)–(2-25) and the Gronwall inequality, one thus obtains

(2-27) kƒw.t/k2
L2 C

Z t

0

kƒ

C2

2 w.s/k2
L2 ds � C.t; w0/:

By using the Gagliardo–Nirenberg inequality

k@xwkL1 � Ckƒwk

�1



L2 kƒ

C2

2 wk
1



L2 ; kwkL1 � Ckwk
1
2

L2kƒwk
1
2

L2 ;

it follows from (2-23), (2-24), (2-25) and (2-27) thatZ t

0

k@xu.s/kL1 ds�C

Z t

0

k@xw.s/kL1 ds�C.t; w0/; kw.t/kL1 �C.t; w0/:

Obviously, it impliesZ t

0

�
k@xw.s/kL1 Ck@xu.s/k2L1 Ckw.s/k

2
L1 Ckw.s/k



2ˇC
�1

L1

�
ds � C.t; w0/:
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Hence, recalling the blow-up criterion (2-1), we conclude the desired result of
Theorem 1.1 under the Case 2.

Case 3. The case ı D 2.

In this case, taking L2 inner product of (1-6) with u gives (see [Bae et al. 2017,
(4.13)])

1
2

d

dt
k.1� @xx/

�
ˇ
2w.t/k2

L2 Ckƒ


2 .1� @xx/

�
ˇ
2wk2

L2 D 0;

which leads to

(2-28) k.1� @xx/
�
ˇ
2w.t/k2

L2 C 2

Z t

0

kƒ


2 .1� @xx/

�
ˇ
2w.s/k2

L2 ds

D k.1� @xx/
�
ˇ
2w0k

2
L2 :

Thanks to ˇ � 2�

2

, we deduce

(2-29)
Z t

0

k@xu.s/k2
L2 ds � C

Z t

0

k.1� @xx/
�
ˇ
2w.s/k2

H


2

ds � C.t; w0/:

Recalling (2-11) and the Gagliardo–Nirenberg inequality, it can be obtained that

1
2

d

dt
kw.t/k2

L2 Ckƒ


2wk2

L2 D�

Z
R

.u@xw/w dx� 2

Z
R

.@xuw/w dx

D�
3
2

Z
R

@xuww dx

� Ck@xukL2kwk2L4

� Ck@xukL2kwk
2� 1




L2 kƒ


2wk

1



L2

�
1
2
kƒ



2wk2

L2 CCk@xuk
2


2
�1

L2 kwk2
L2

�
1
2
kƒ



2wk2

L2 CC.1Ck@xuk2
L2/kwk

2
L2 :

On the other hand, one has an alternative estimate for ˇ � 3�2

2

(2-30) 1
2

d

dt
kw.t/k2

L2 Ckƒ


2wk2

L2

D�
3

2

Z
R

@xuww dx

� Ck@xuk
B
�


2
1;2

kwwk
B


2

1;2

� Ck.1� @xx/
�
ˇ
2wk

H


2
kwkL2kJ



2wkL2

�
1
2
kƒ



2wk2

L2 CC
�
1Ck.1� @xx/

�
ˇ
2wk2

H


2

�
kwk2

L2 :
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This implies that for ˇ �min
˚2�


2
; 3�2


2

	
d

dt
kw.t/k2

L2 Ckƒ


2wk2

L2 � C.1Ck@xuk2
L2/kwk

2
L2

or
d

dt
kw.t/k2

L2 Ckƒ


2wk2

L2 � C
�
1Ck.1� @xx/

�
ˇ
2wk2

H


2

�
kwk2

L2 :

By (2-29) or (2-28) and the Gronwall inequality, it follows that

(2-31) kw.t/k2
L2 C

Z t

0

kƒ


2w.s/k2

L2 ds � C.t; w0/:

The remainder proof is divided into two cases: 0< 
 < 1 and 1� 
 � 2.

For the case 1� 
 � 2, we keep in mind (2-15) that

1
2

d

dt
k@xw.t/k

2
L2 Ckƒ



2 @xwk

2
L2 DN3CN4:

For ˇ > 3�2

4

, we obtain

N3 D�
ı

2

Z
R

@xxxu.ww/ dx

� Ck@xuk
B

1�


2

1;2

kwwk
B

1C


2

1;2

� Ck@xwk
H

3
2
�2ˇ�



2
kwkL2kJ 1C


2wkL2

� C
�
k@xwkL2Ck@xwk

1�z#
L2 kƒ



2 @xwk

z#
L2

�
kwkL2kJ



2 @xwkL2

� C
�
k@xwkL2Ck@xwk

1�z#
L2 kƒ



2 @xwk

z#
L2

�
kwk

L
1
ı
.k@xwkL2Ckƒ



2 @xwkL2/

�
1
4
kƒ



2 @xwk

2
L2CC.1Ckwk

2=.1�z#/

L2 /k@xwk
2
L2 ;

where we have applied the facts

k@xwk
H

3
2
�2ˇ�



2
� Ck@xwk

1�z#
L2 kƒ



2 @xwk

z#
L2 ;

3�2

4

< ˇ < 3�

4
;

k@xwk
H

3
2
�2ˇ�



2
� Ck@xwkL2 ; ˇ � 3�


4
:

It should be remarked that if 3
2
� 
 � 2, the above facts are true for ˇ � 0. On the

other hand, according to (2-30), we infer that for ˇ � 3�2

2

N4 �
1
2
kƒ



2 @xwk

2
L2 CCk.1� @xx/

�
ˇ
2wk2

H


2

k@xwk
2
L2 :

Combining the above estimates and making use of the Gronwall inequality yields

(2-32) k@xw.t/k
2
L2 C

Z t

0

kƒ


2 @xw.s/k

2
L2 ds � C.t; w0/:
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The above estimates allows us to deduce

(2-33)
kwkL1 � Ckwk

1
2

L2k@xwk
1
2

L2 � C;Z t

0

k@xu.s/k2L1 ds � C

Z t

0

k@xw.s/k
2

H


2

ds � C:

Due to 1� 
 � 2, it is easy to observeZ t

0

k@xw.s/k
2
BMO ds �

Z t

0

kƒ


2 @xw.s/k

2
L2 ds � C.t; w0/; if 
 D 1IZ t

0

k@xw.s/k
2
L1 ds �

Z t

0

k@xw.s/k
2

H


2

ds � C.t; w0/; if 1< 
 � 2:

Recalling (2-8), one has

(2-34) d

dt
kw.t/k2H m

� C
�
1Ck@xwkL1 Ck@xuk2L1 Ckwk

2
L1 Ckwk



2ˇC
�1

L1

�
kwk2H m :

Here we would like to state that it suffices to consider the case 
 D 1. Otherwise,
we directly haveZ t

0

k@xw.s/kL1 ds � C

Z t

0

.k@xw.s/kL2 Ckƒ


2 @xw.s/kL2/ ds � C.t; w0/:

To bound the term k@xwkL1 for the case 
 D 1, we need the following version of
the logarithmic Sobolev inequality (see for example [Brézis and Gallouet 1980])

(2-35) kf kL1 � C
�
1Ckƒ



2 f kL2

p
ln.eCkf kH s /

�
; s > 1

2
:

Applying (2-35) to (2-34), we find that the following is immediate

d

dt
kw.t/kH m � C

�
1Ckƒ



2 @xwk

2
L2 Ck@xuk2L1 Ckwk

2
L1 Ckwk



2ˇC
�1

L1

�
� ln.eCkwkH m/kwkH m :

This together with (2-32), (2-33) and the Gronwall inequality leads to the bound

kw.t/kH m � C.t; w0/:

For the case 0< 
 < 1, we first recall (2-15) that

1
2

d

dt
k@xw.t/k

2
L2 Ckƒ



2 @xwk

2
L2 DN3CN4:
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For ˇ � 2�

2

, one thus deduces from the Gagliardo–Nirenberg inequality that

N3 � Ck@xxuk
L

2


k@xwk

L
2

1�

kwkL2

� CkJ
1�


2 @xxukL2kƒ


2 @xwkL2kwkL2

� CkJ
1�


2
C1�2ˇ@xwkL2kƒ



2 @xwkL2kwkL2

� C
�
k@xwkL2 Ck@xwk

1��3

L2 kƒ


2 @xwk

�3

L2

�
kƒ



2 @xwkL2kwkL2

�
1
4
kƒ



2 @xwk

2
L2 CC.1Ckwk

2
1��3

L2 /k@xwk
2
L2

and
N4 � Ck@xuk

L
2


k@xwk

2

L
4

2�


� Ckwk
H

3�4ˇ�

2
k@xwkL2kƒ



2 @xwkL2

� Ckwk
H


2
k@xwkL2kƒ



2 @xwkL2

�
1
4
kƒ



2 @xwk

2
L2 CCkwk2

H


2

k@xwk
2
L2 :

This further leads to

d

dt
k@xw.t/k

2
L2 Ckƒ



2 @xwk

2
L2 � C.1Ckwk

2
1��3

L2 Ckwk2
H


2

/k@xwk
2
L2 :

It follows from (2-31) and the Gronwall inequality

k@xw.t/k
2
L2 C

Z t

0

kƒ


2 @xw.s/k

2
L2 ds � C.t; w0/:

Finally, the left part of the proof proceeds by the same manner as that of Case 1.
Thus, to avoid redundancy, the details are omitted here. We thus conclude the
desired result of Theorem 1.1 under the Case 3. �

3. The proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. It should be noted that in
Theorem 1.2, we have restriction on the sign of initial data w0. The following
is the local well-posedness result and blow-up criterion (see [Bae et al. 2017,
Theorem 5.3]).

Proposition 3.1. Let �D 1 and ı > 0. Then for 0�w0 2H m.R/ with m� 2, there
exists T � D T �.kw0kH m/ such that a unique solution of (1-10) belongs to

w 2 C.Œ0;T �/IH m.R//:
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Moreover, we have the following blow-up criterion

(3-1) lim sup
t!zT

kw.t/kH m D1,

Z zT
0

.k@xw.s/kBMOCkƒw.s/kBMO/ ds D1:

Next we state the minimum and maximum principles to the system (1-10).

Lemma 3.2. Let � D 1 and ı > 0. Then for 0�w0 2L1.R/, the solution w of the
system (1-10) admits the bound

(3-2) 0� w.t;x/� kw0kL1 :

Proof of Lemma 3.2. The proof is a consequence of many previous works (see, e.g.,
[Córdoba and Córdoba 2004; Bae and Granero-Belinchón 2015]). For the sake of
simplicity, we provide the details. By (1-1), we rewrite (1-10) as

(3-3) @twCu@xwC ıƒwwCƒw D 0:

Let xt and xt be points such that

M.t/Dmax
x2R

w.t;x/D w.t;xt /; m.t/Dmin
x2R

w.t;x/D w.t;xt /:

Since M.t/ and m.t/ are continuous Lipschitz functions, they are differentiable at
almost every t by Rademacher’s theorem. Thanks to the definition of ƒ, we have

(3-4) d

dt
m.t/D�Cıw.t;xt / p:v:

Z
R

w.t;xt /�w.t;y/

jxt �yj2
dy

�C p:v:
Z

R

w.t;xt /�w.t;y/

jxt �yj2
dy

�

�
�Cı p:v:

Z
R

w.t;xt /�w.t;y/

jxt �yj2
dy

�
m.t/:

Due to the fact that the quantity in the bracket of (3-4) is nonnegative, we conclude
that m.t/ is nondecreasing in time if w0 � 0 and thus w.t;x/ � 0 for all time.
Similarly, one gets

(3-5) d

dt
M.t/D�Cıw.t;xt / p:v:

Z
R

w.t;xt /�w.t;y/

jxt �yj2
dy

�C p:v:
Z

R

w.t;xt /�w.t;y/

jxt �yj2
dy

�

�
�Cı p:v:

Z
R

w.t;xt /�w.t;y/

jxt �yj2
dy

�
M.t/:

Since the quantity in the bracket of (3-5) is nonpositive, we have that M.t/ is
nonincreasing in time and thus w.t;x/�kw0kL1 for all time. Therefore, this ends
the proof of Lemma 3.2. �
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Proof of Theorem 1.2. Multiplying Equation (3-3) by w and integrating the resultant
over R, it follows from integration by parts and (1-1) that

(3-6) 1
2

d

dt
kw.t/k2

L2 Ckƒ
1
2wk2

L2 D�
1
2

Z
R

Hw@x.ww/ dx� ı

Z
R

ƒw.ww/ dx

D
�

1
2
� ı
�Z

R

ƒw.ww/ dx:

According to (2-4), it leads to�
1
2
� ı
�Z

R

ƒw.ww/ dx � C
�

1
2
� ı
�
kƒ

1
2wkL2kƒ

1
2 .ww/kL2

� C
�

1
2
� ı
�
kƒ

1
2wkL2kwkL1kƒ

1
2wkL2

� C1

�
1
2
� ı
�
kw0kL1kƒ

1
2wk2

L2 ;

where C1 > 0 is an absolute constant. Consequently, we obtain

1
2

d

dt
kw.t/k2

L2 Ckƒ
1
2wk2

L2 � C1

�
1
2
� ı
�
kw0kL1kƒ

1
2wk2

L2 :

Under the assumption that
�

1
2
� ı
�
kw0kL1 is sufficiently small, one deduces

d

dt
kw.t/k2

L2 Ckƒ
1
2wk2

L2 � 0;

which yields

kw.t/k2
L2 C

Z t

0

kƒ
1
2w.s/k2

L2 ds � kw0k
2
L2 :

Now multiplying Equation (3-3) by ƒw, integrating the resultant over R and taking
advantage of (1-1)–(1-2), we infer

(3-7) 1
2

d

dt
kƒ

1
2w.t/k2

L2 Ckƒwk
2
L2

D�

Z
R

Hw@xwƒw dx� ı

Z
R

w.ƒw/2 dx

D�

Z
R

Hw@xwH@xw dx� ı

Z
R

w.ƒw/2 dx

D

Z
R

wH.@xwH@xw/ dx� ı

Z
R

w.ƒw/2 dx

D
�

1
2
� ı
�Z

R

w.ƒwƒw/ dx� 1
2

Z
R

w.@xw@xw/ dx

�
�

1
2
� ı
�Z

R

w.ƒwƒw/ dx

� C
�

1
2
� ı
�
kwkL1kƒwk

2
L2

� C2

�
1
2
� ı
�
kw0kL1kƒwk

2
L2 ;
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where C2 > 0 is an absolute constant and we have used w � 0 due to (3-2). Thanks
to the assumption that

�
1
2
� ı
�
kw0kL1 is sufficiently small, we have

d

dt
kƒ

1
2w.t/k2

L2 Ckƒwk
2
L2 � 0;

which yields

(3-8) kƒ
1
2w.t/k2

L2 C

Z t

0

kƒw.s/k2
L2 ds � kƒ

1
2w0k

2
L2 :

Multiplying Equation (3-3) by ƒ2w and integrating the resultant over the whole
space, it implies

(3-9) 1
2

d

dt
kƒw.t/k2

L2Ckƒ
3
2wk2

L2

D�

Z
R

Hw@xwƒ
2w dx�ı

Z
R

wƒwƒ2w dx

D�

Z
R

ƒ.Hw@xw/ƒw dx�ı

Z
R

wƒwƒ2w dx

D�

Z
R

Œƒ;Hw�@xwƒw dx�

Z
R

Hw@xƒwƒw dx�ı

Z
R

wƒwƒ2w dx

D�

Z
R

Œƒ;Hw�@xwƒw dxC1
2

Z
R

H@xwƒwƒw dx�ı

Z
R

wƒwƒ2w dx:

On account of (2-3) and the Gagliardo–Nirenberg inequality, it is not difficult to
check

�

Z
R

Œƒ;Hw�@xwƒw dx

� kŒƒ;Hw�@xwkL2kƒwkL2

� C
�
kH@xwkL4kƒwkL4 CkHƒwkL4k@xwkL4

�
kƒwkL2

� Ckƒwk2
L4kƒwkL2

� CkƒwkL2kƒ
3
2wkL2kƒwkL2

�
1
8
kƒ

3
2wk2

L2 CCkƒwk2
L2kƒwk

2
L2 :

Direct computation yields

1
2

Z
R

H@xwƒwƒw dx � CkH@xwkL4kƒwkL4kƒwkL2

� Ckƒwk2
L4kƒwkL2

� CkƒwkL2kƒ
3
2wkL2kƒwkL2

�
1
8
kƒ

3
2wk2

L2 CCkƒwk2
L2kƒwk

2
L2 :
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Recalling w � 0 and using the following pointwise inequality (see [Córdoba and
Córdoba 2004; Ju 2005] for example)

fƒf � 1
2
ƒ.f 2/;

we thus have

�ı

Z
R

wƒwƒ2w dx��
ı

2

Z
R

ƒwƒwƒw dx� 1
8
kƒ

3
2wk2

L2CCkƒwk2
L2kƒwk

2
L2 :

Combining all the above estimates, it follows that

d

dt
kƒw.t/k2

L2 Ckƒ
3
2wk2

L2 � Ckƒwk2
L2kƒwk

2
L2 :

Thanks to (3-8) and the Gronwall inequality, we deduce

(3-10) kƒw.t/k2
L2 C

Z t

0

kƒ
3
2w.s/k2

L2 ds � C.t; w0/:

By the classical embedding H
1
2 .R/ ,! BMO.R/, it follows from (3-10) thatZ t

0

.k@xw.s/kBMOCkƒw.s/kBMO/ ds � C.t; w0/:

Applying the blow-up criterion (3-1), we immediately complete the proof of
Theorem 1.2. �

4. The proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. We first prove the following
local well-posedness result and blow-up criterion.

Proposition 4.1. Let ı 2 R and 
 > 1. Then for w0 2 H m.R/ with m � 2, there
exists T � D T �.kw0kH m/ such that a unique solution of (1-11) belongs to

w 2 C.Œ0; T �/I H m.R//:

Moreover, we have the following blow-up criterion

(4-1) lim sup
t!zT

kw.t/kH m D1,

Z zT
0

.kw.s/k



�1

L1
Ckƒw.s/kBMO/ ds D1:

Proof of Proposition 4.1. Recalling (2-2), one has

1
2

d

dt
kw.t/k2H m Ckƒ



2wk2H m

D�

mX
kD0

Z
R

ƒk.u@xw/ƒ
kw dx� ı

mX
kD0

Z
R

ƒk.@xuw/ƒkw dx

WDN1CN2:
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According to (2-5), we have

N1 � C.k@xukL1 Ck@xwkL1/kwk
2
H m � C.kƒwkL1 Ck@xwkL1/kwk

2
H m :

It follows from (2-4) and the Gagliardo–Nirenberg inequality that

N2 D�ı

mX
kD1

Z
R

ƒk� 1
2 .ƒww/ƒkC 1

2w dx�

Z
R

ƒwww dx

� C

mX
kD1

kƒk� 1
2 .ƒww/kL2kƒkC 1

2wkL2 CCkƒwkL1kwk
2
L2

� C

mX
kD1

�
kƒwkL2kC1kƒk� 1

2wk
L

2.2kC1/
2k�1

CkwkL1kƒ
k� 1

2ƒwkL2

�
kƒkC 1

2wkL2 CCkƒwkL1kwk
2
H m

� C

mX
kD1

�
kwk

1� 2
2kC1

L1
kƒkC 1

2wk
2

2kC1

L2 kwk
1� 2k�1

2kC1

L1
kƒkC 1

2wk
2k�1
2kC1

L2

CkwkL1kƒ
k� 1

2 @xukL2

�
kƒkC 1

2wkL2 CCkƒwkL1kwk
2
H m

� CkwkL1kwk
H

mC 1
2
kwk

H
mC 1

2
CCkƒwkL1kwk

2
H m

� CkwkL1kwk
2.
�1/



H m kƒ


2wk

2



H m CCkƒwkL1kwk
2
H m

�
1
2
kƒ



2wk2H m CC.kƒwkL1 Ckwk




�1

L1
/kwk2H m ;

where we have applied the fractional type Gagliardo–Nirenberg inequalities (notice
that they can be deduced from [Bahouri et al. 2011, Theorem 2.42])

kƒwkL2kC1 � Ckwk
1� 2

2kC1

L1
kƒkC 1

2wk
2

2kC1

L2 ;

kƒk� 1
2wk

L
2.2kC1/

2k�1

� Ckwk
1� 2k�1

2kC1

L1
kƒkC 1

2wk
2k�1
2kC1

L2 :

Summing up the above estimates yields

(4-2) d

dt
kw.t/k2H m � C

�
k@xwkL1 CkƒwkL1 Ckwk




�1

L1

�
kwk2H m

� Ckwk
3
�2

�1

H m :

Notice that

k@xwkBMO D





@x

ƒ
ƒw






BMO
� CkƒwkBMO
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and the following logarithmic Sobolev inequality [Kozono and Taniuchi 2000,
Theorem 1]

(4-3) kf kL1 � C
�
1Ckf kBMOln.eCkf kH s /

�
; s > 1

2
;

one thus deduces from (4-2) that

d

dt
kw.t/k2H m � C.1Ckwk




�1

L1
CkƒwkBMO/ ln.eCkwk2H m/kwk

2
H m :

Consequently, the local well-posedness and the blow-up criterion hold true. This
ends the proof of Proposition 4.1. �

Proof of Theorem 1.3. The proof of Theorem 1.3 can be deduced from that of Case 2
of Theorem 1.1. For the sake of completeness, we provide the details. According
to Step 1 of the Case 1, we have that

(4-4) kw.t/k
1
ı

L
1
ı

C

Z t

0

kƒ


2 jw.s/j

1
2ı k

2
L2 ds � C.t; w0/:

In view of (3-7), we conclude

1
2

d

dt
kƒ

1
2w.t/k2

L2 Ckƒ

C1

2 wk2
L2

D
�

1
2
� ı
�Z

R

w.ƒwƒw/ dx� 1
2

Z
R

w.@xw@xw/ dx WDN:

It follows from the Gagliardo–Nirenberg inequality, we get by direct computation

N � CkwkL1kƒwk
2
L2

� C


jwj 1

2ı



2ı

L1
kƒ

1
2wk

2.
�1/



L2 kƒ

C1

2 wk
2



L2

� C


jwj 1

2ı



 2ı.
�1/



L2



ƒ

2 jwj

1
2ı



 2ı



L2kƒ
1
2wk

2.
�1/



L2 kƒ

C1

2 wk
2



L2

� Ckwk

�1



L
1
ı



ƒ

2 jwj

1
2ı



 2ı



L2kƒ
1
2wk

2.
�1/



L2 kƒ

C1

2 wk
2



L2

�
1
2
kƒ


C1
2 wk2

L2 CCkwk
L

1
ı



ƒ

2 jwj

1
2ı



 2ı

�1

L2 kƒ
1
2wk2

L2

�
1
2
kƒ


C1
2 wk2

L2 CCkwk
L

1
ı

�
1C



ƒ

2 jwj

1
2ı



2

L2

�
kƒ

1
2wk2

L2 ;

where in the last line we have used the fact 
 � 1C ı. It should be noted that this
is the only place in the proof where we use the main assumption of the theorem,
namely 
 � 1C ı. We therefore arrive at

d

dt
kƒ

1
2w.t/k2

L2 Ckƒ

C1

2 wk2
L2 � Ckwk

L
1
ı
.1Ckƒ



2 jwj

1
2ı k

2
L2/kƒ

1
2wk2

L2 :
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Making use of (4-4) and the Gronwall inequality yields

(4-5) kƒ
1
2w.t/k2

L2 C

Z t

0

kƒ

C1

2 w.s/k2
L2 ds � C.t; w0/:

Coming back to (3-6) and using (2-4), we have

1
2

d

dt
kw.t/k2

L2 Ckƒ


2wk2

L2 D
�

1
2
� ı
�Z

R

ƒwww dx

� Ckƒ
1
2wkL2kƒ

1
2 .ww/kL2

� CkwkL1kƒ
1
2wk2

L2

� Ckwk



C1

L2 kƒ

C1

2 wk
1


C1

L2 kƒ
1
2wk2

L2

� Ckƒ
1
2wk2

L2.1Ckƒ

C1

2 wk2
L2/.1Ckwk

2
L2/;

which together with the Gronwall inequality and the estimate (4-5) leads to

(4-6) kw.t/k2
L2 C

Z t

0

kƒ


2w.s/k2

L2 ds � C.t; w0/:

Combining (4-5) and (4-6) gives

(4-7) kw.t/kLp � kw.t/k
2
p

L2kƒ
1
2w.t/k

p�2
p

L2 � C.t; w0/; for all 2� p <1:

Recalling (3-9), it gives

1
2

d

dt
kƒw.t/k2

L2 Ckƒ

C2

2 wk2
L2 � Ckƒwk2

L4kƒwkL2 � ı

Z
R

wƒwƒ2w dx:

Employing the Gagliardo–Nirenberg inequality, it follows that

Ckƒwk2
L4kƒwkL2 � Ckƒwk

2
�1



L2 kƒ

C2

2 wk
1



L2kƒwkL2

�
1
8
kƒ


C2
2 wk2

L2 CCkƒwk
2


2
�1

L2 kƒwk2
L2

�
1
8
kƒ


C2
2 wk2

L2 CCkƒ
1
2wk

2.
�1/
2
�1

L2 kƒ

C1

2 wk
2

2
�1

L2 kƒwk2
L2

�
1
8
kƒ


C2
2 wk2

L2 CCkƒ
1
2wk

2.
�1/
2
�1

L2 .1Ckƒ

C1

2 wk2
L2/kƒwk

2
L2 :

Taking account of (2-4), we conclude that

�ı

Z
R

wƒwƒ2w dx

� Ckƒ
1
2 .wƒw/kL2kƒ

3
2wkL2

� C
�
kwkL1kƒ

3
2wkL2 Ckƒ

1
2wkL6kƒwkL3

�
kƒ

3
2wkL2

� C
�
kwkL1kƒ

3
2wkL2 Ckwk

2
3

L1
kƒ

3
2wk

1
3

L2kwk
1
3

L1
kƒ

3
2wk

2
3

L2

�
kƒ

3
2wkL2

� CkwkL1kƒ
3
2wk2

L2 ;
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where we have applied the fractional type Gagliardo–Nirenberg inequalities (see
also [Bahouri et al. 2011, Theorem 2.42])

kƒ
1
2wkL6 � Ckwk

2
3

L1
kƒ

3
2wk

1
3

L2 ; kƒwkL3 � Ckwk
1
3

L1
kƒ

3
2wk

2
3

L2 :

It follows from the Gagliardo–Nirenberg inequality that

kƒ
3
2wkL2 � Ckƒwk

1� 1



L2 kƒ

C2

2 wk
1



L2 ;

kwkL1 � Ckwk


p0

p0C2

Lp0
kƒ


C1
2 wk

2

p0C2

L2 :

Consequently, we deduce

�ı

Z
R

wƒwƒ2w dx

� Ckwk


p0

p0C2

Lp0
kƒ


C1
2 wk

2

p0C2

L2 kƒwk
2� 2




L2 kƒ

C2

2 wk
2



L2

�
1
8
kƒ


C2
2 wk2

L2 CCkwk


2p0
.
p0C2/.
�1/

Lp0
kƒ


C1
2 wk

2

.
p0C2/.
�1/

L2 kƒwk2
L2

�
1
8
kƒ


C2
2 wk2

L2 CCkwk


2p0
.
p0C2/.
�1/

Lp0
.1Ckƒ


C1
2 wk2

L2/kƒwk
2
L2 ;

where in the last line p0 satisfies max
˚
2; 2�


.
�1/

	
� p0 <1. Finally, we get by

putting the above estimates together

d

dt
kƒw.t/k2

L2 Ckƒ

C2

2 wk2
L2

� C
�
kƒ

1
2wk

2.
�1/
2
�1

L2 Ckwk


2p0
.
p0C2/.
�1/

Lp0

�
.1Ckƒ


C1
2 wk2

L2/kƒwk
2
L2 :

With help of (4-5)–(4-7) and the Gronwall inequality, it yields

(4-8) kƒw.t/k2
L2 C

Z t

0

kƒ

C2

2 w.s/k2
L2 ds � C.t; w0/:

The simple Gagliardo–Nirenberg inequalities allow us to conclude

kƒwkBMO � kƒwkL1 � Ckƒwk

�1



L2 kƒ

C2

2 wk
1



L2 ;

kwkL1 � Ckwk
1
2

L2kƒwk
1
2

L2 :

Thanks to the above estimates (4-5), (4-7) and (4-8), one infers thatZ t

0

�
kw.s/k




�1

L1
Ckƒw.s/kBMO

�
ds � C.t; w0/:

Therefore, taking advantage of the blow-up criterion (4-1), we immediately complete
the proof of Theorem 1.3. �
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5. The proof of Theorem 1.4

This section is devoted to the proof of Theorem 1.4. We begin with the following lo-
cal well-posedness result and blow-up criterion (see [Bae et al. 2017, Theorem 3.1]).

Proposition 5.1. Let � � 0, ˇ � 0 and 
 � 0. Then for w0 2H m.R/ with m� 2,
there exists T � D T �.kw0kH m/ such that a unique solution of (1-11) belongs to

w 2 C.Œ0; T �/IH m.R//:

Moreover, we have the following blow-up criterion

lim sup
t!zT

kw.t/kH m D1,

Z zT
0

.k@xu.s/kBMOCk@xw.s/kBMO/ ds D1:

The following lemma plays a crucial role in proving Theorem 1.4 (see [Silvestre
2012a]).

Lemma 5.2. Consider the following advection fractional-diffusion equation with
0< ˇ � 1 in R �

@t� Cu@x� Cƒ
ˇ� D f;

�.x; 0/D �0.x/:

Let T > 0 be given. Suppose that the � is bounded and the drift u satisfies u 2

L1..0;T �;C 1�ˇ.R// as well as f 2 L1..0;T � � R/. Then the solution � is
Hölder continuous for any positive time 0< t � T . Moreover, it holds

k�kL1..0;T �IC `.R// � C
�
k�kL1.Œ0;T ��R/Ckf kL1.Œ0;T ��R/

�
;

where the constant C and ` > 0 depend on ˇ and kukC 1�ˇ only.

We remark that for the case ˇ � 1, Lemma 5.3 holds true if u 2L1.Œ0;T ��R/.
To prove Theorem 1.4, we shall use the following lemma (see [Silvestre 2012b;

Xue and Ye 2018]).

Lemma 5.3. Consider the following advection fractional-diffusion equation with
0< ˇ � 1 in R �

@t� Cu@x� Cƒ
ˇ� D f;

�.x; 0/D �0.x/:

Let T > 0 be given and

u2L1..0;T �;C 1�ˇC�.R//; f 2L1..0;T �;C 1�ˇC�.R//; for any �2.0;ˇ/;

then any bounded solution � in .0;T ��R actually belongs to space C 1;� . Moreover,
it holds for any 0< � � �,

k�kL1..0;T �;C 1;�.R// � C
�
k�kL1.Œ0;T ��R/Ckf kL1.Œ0;T �;C 1;�.R//

�
;
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where the constant C depends on ˇ and kukC 1�ˇC� only.

We remark that for the case ˇ � 1 Lemma 5.3 holds true if u 2L1.Œ0;T ��R/

and f 2L1.Œ0;T ��R/.

Proof of Theorem 1.4. We begin with the case ˇ � 1�

2

with 0 < 
 � 1. By the
maximum principle applied to Equation (1-11) (see Section 2.2 of [Bae et al. 2017]),
we have

(5-1) kw.t/kL1 � kw0kL1 :

Recalling (1-11), one has

(5-2) @twCu@xwCƒ

w D 0:

Thanks to ˇ � 1�

2

, we obtain by direct computation

kukC 1�
 � k.1� @xx/
�ˇwkC 1�


� CkwkC 1�
�2ˇ

� CkwkL1 � C.t; w0/:

Applying Lemma 5.2 to (5-2) implies that

kw.t/kC l � C.t; w0/; for some l > 0:

This allows us to conclude

kukC� � k.1� @xx/
�ˇwkC�

� CkwkC��2ˇ

� Ckw.t/kC l � C.t; w0/;

where 1 � 
 < � D 1�
C2ˇCl
2

� l C 2ˇ due to ˇ � 1�

2

and l > 0. Applying
Lemma 5.3 to (5-2) implies that

kw.t/kC 1;# � C.t; w0/; for some # > 0:

Therefore, we have

k@xu.s/kBMOCk@xw.s/kBMO � C.k@xu.s/kL1 Ck@xw.s/kL1/

� Ckw.t/kC 1;# � C.t; w0/:

By Proposition 5.1, we conclude the proof of the case ˇ � 1�

2

with 0< 
 � 1.

Next, we will consider the case ˇ � 1
2

with 
 D 0. Moreover, it suffices to deal
with ˇ D 1

2
as the remainder case ˇ > 1

2
is relatively easy (see [Bae et al. 2017,

Theorem 3.3]). Thus, the corresponding equation is

(5-3) @twCu@xw D 0; uD .1� @xx/
� 1

2w:
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It still holds true that
kw.t/kL1 � kw0kL1 :

Applying J m on (5-3), taking its L2 inner product with J mw and using (2-3)
yields

1
2

d

dt
kw.t/k2H m

D�

Z
R

J m.u@xw/J mw dx

D�

Z
R

ŒJ m;u�@xwJ mw dx�

Z
R

u@xJ mwJ mw dx

� kJ m;u�@xwkL2kJ mwkL2 C
1
2

Z
R

@xuJ mwJ mw dx

� C
�
k@xukL1kwkH m Ck@xwkL2mkJ m�1wk

L
2m

m�1

�
kwkH m

� C
�
k@xukL1kwkH m Ckwk

m�1
m

L1
kJ mwk

1
m

L2kwk
1
m

L1
kJ mwk

m�1
m

L2

�
kwkH m

� C.k@xukL1 CkwkL1/kwk
2
H m :

By means of (4-3), we obtain

d

dt
kw.t/kH m � C.k@xukBMOCkwkL1/ ln.eCkwkH m/kwkH m

� C.kwkBMOCkwkL1/ ln.eCkwkH m/kwkH m

� CkwkL1 ln.eCkwkH m/kwkH m ;

where we use the fact that the pseudodifferential operator .1� @xx/
� 1

2 @x maps
space BMO into itself boundedly and L1 ,! BMO. By the Gronwall inequality, it
implies

kw.t/kH m � C.t; w0/:

Finally, let us say some words about the case ˇ � 0 with 1< 
 � 2. As a matter
of fact, the remark of Lemma 5.3 and (5-1) allow us to show that

kw.t/kC 1;# � C.t; w0/; for some # > 0:

Therefore, we conclude the desired result for the case ˇ � 0 with 1< 
 � 2. This
eventually ends the proof of Theorem 1.4. �

Appendix: Besov spaces and fractional Gagliardo–Nirenberg inequality

This appendix provides the definition of Besov spaces and the fractional Gagliardo–
Nirenberg inequality. We denote the function spaces of rapidly decreasing functions
by S.Rn/, tempered distributions by S 0.Rn/, and polynomials by P.Rn/. Now let
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us begin with the Littlewood–Paley theory (see for instance [Bahouri et al. 2011]).
We choose some smooth radial nonincreasing function � with values in Œ0; 1� such
that � 2 C1

0
.Rn/ is supported in the ball B WD

˚
� 2 Rn Wj�j � 4

3

	
and with value

1 on
˚
� 2 Rn Wj�j � 3

4

	
, then we set '.�/D �

� �
2

�
��.�/. One easily verifies that

' 2 C1
0
.Rn/ is supported in the annulus C WD

˚
� 2 Rn W

3
4
� j�j � 8

3

	
and satisfies

�.�/C
X
j�0

'.2�j�/D 1; for all � 2 Rn:

Let hD F�1.'/ and QhD F�1.�/, then we introduce the dyadic blocks �j of our
decomposition by setting

�j uD 0; j � �2I ��1uD �.D/uD

Z
Rn

Qh.y/u.x�y/ dyI

�j uD '.2�j D/uD 2jn

Z
Rn

h.2j y/u.x�y/ dy; for all j 2 N:

We shall also use the following low-frequency cut-off:

Sj uD�.2�j D/uD
X

�1�k�j�1

�kuD2jn

Z
Rn

Qh.2j y/u.x�y/ dy; for all j 2N:

Meanwhile, we define the homogeneous dyadic blocks as

P�j uD '.2�j D/uD 2jn

Z
Rn

h.2j y/u.x�y/ dy; for all j 2 Z:

Let us recall the definition of homogeneous and inhomogeneous Besov spaces
through the dyadic decomposition.

Definition A.1. Let s 2R, .p; r/2 Œ1;C1�2. The homogeneous Besov space PBs
p;r

is defined as a space of f 2 S 0.Rn/=P.Rn/ such that

PBs
p;r D ff 2 S 0.Rn/=P.Rn/ Wkf k PBs

p;r
<1g;

where

kf k PBs
p;r
D

��P
j2Z 2jrsk P�jf k

r
Lp

�1=r for all r <1;

supj2Z 2jsk P�jf kLp for all r D1:

Definition A.2. Let s 2 R, .p; r/ 2 Œ1;C1�2. The inhomogeneous Besov space
Bs

p;r is defined as a space of f 2 S 0.Rn/ such that

Bs
p;r D ff 2 S 0.Rn/I kf kBs

p;r
<1g;

where

kf kBs
p;r
D

��P
j��1 2jrsk�jf k

r
Lp

�1=r for all r <1;

supj��1 2jsk�jf kLp for all r D1:
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For s > 0; .p; r/ 2 Œ1;C1�2, the inhomogeneous Besov space norm Bs
p;r is

equal to
kf kBs

p;r
Ð kf kLp Ckf k PBs

p;r
:

For any s 2 R and 1< p <1, we have

Bs
p;minfp;2g ,!W s;p ,! Bs

p;maxfp;2g:

For any noninteger � > 0, the Hölder space C � is equivalent to B�1;1.
Let us recall the following fractional type Gagliardo–Nirenberg inequality due

to Hajaiej, Molinet, Ozawa and Wang [Hajaiej et al. 2011].

Lemma A.3. Let 0< p;p0;p1; q; q0; q1 �1, s; s0; s1 2 R and 0� # � 1. Then
the following fractional type Gagliardo–Nirenberg inequality

kvk PBs
p;q.Rn/

� Ckvk1�#
PB

s0
p0;q0

.Rn/
kvk#

PB
s1
p1;q1

.Rn/

holds for all v 2 PBs0
p0;q0

\ PB
s1
p1;q1

if and only if

n

p
� s D .1�#/

�
n

p0
� s0

�
C#

�
n

p1
� s1

�
if s � .1�#/s0C#s1;

1

q
�

1�#

q0
C
#

q1
if p0 ¤ p1 and s D .1�#/s0C#s1;

s0 ¤ s1 or 1

q
�

1�#

q0
C
#

q1
if p0 D p1 and s D .1�#/s0C#s1

s0�
n

p0

¤ s�
n

p
or 1

q
�

1�#

q0
C
#

q1
if s < .1�#/s0C#s1:

Remark. Lemma A.3 is also true in the nonhomogeneous framework.

Lemma A.4. Let p; q; r 2 .1;1/, � 2 Œ0; 1� and s; s1; s2 2 R, then

kƒsukLp � Ckuk1��Lq kƒ
s1uk�Lr ;

where
1

p
�

s

n
D

1��

q
C �

�
1

r
�

s1

n

�
; s � �s1:
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