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We prove that modules over an Artinian Gorenstein local ring R have ra-
tional Poincaré series sharing a common denominator if R/socle(R) is a
Golod ring. If R is a Gorenstein local ring with square of the maximal
ideal being generated by at most two elements, we show that modules over
R have rational Poincaré series sharing a common denominator. By a
result of Şega, it follows that R satisfies the Auslander–Reiten conjecture.
We provide a different proof of a result of Rossi and Şega (Adv. Math. 259
(2014), 421–447) concerning rationality of Poincaré series of modules over
compressed Gorenstein local rings. We also give a new proof of the fact
that modules over Gorenstein local rings of codepth at most 3 have rational
Poincaré series sharing a common denominator, which is originally due to
Avramov, Kustin and Miller (J. Algebra 118:1 (1988), 162–204).

1. Introduction

Let R be a commutative Noetherian local ring with maximal ideal m and residue
field k = R/m. Let M be a finitely generated module over R. The Poincaré series
of M over R is a formal power series in Z[|t |] defined as

P R
M(t)=

∑
i≥0

βR
i (M)t

i
∈ Z[|t |],

where βR
i (M)= dimk TorR

i (M, k) denotes the i-th Betti number of M. We say that
a formal power series P(t)∈Z[|t |] is a rational function if there exists a polynomial
g(t) ∈ Z[t] such that g(t)P(t) is a polynomial in Z[t]. An example due to Anick
[1982] shows that the Poincaré series P R

k (t) is not a rational function in general.
Bøgvad [1983] observed that P R

k (t) may not be a rational function even if R is a
Gorenstein ring.

Following Roos [2005, Definition 2.1], we say that a ring R is good if there
exists a polynomial dR(t) ∈ Z[t] such that dR(t)P R

M(t) ∈ Z[t] for every finitely
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generated R-module M and bad otherwise. Roos proved that bad rings exist [2005,
Theorem 2.4]. Nevertheless there are an abundance of good rings, e.g., regular local
rings, local complete intersections; see [Gulliksen 1974, Corollary 4.2]. We refer
to [Avramov et al. 1988; 1994] for more examples of good rings and a detailed
account of applications of rationality of Poincaré series.

We use µ(−) to denote the minimal number of generators. The embedding
dimension of R (= dimk m/m

2) is denoted by edim(R). Let R̂ denote the m-adic
completion of R. By Cohen’s structure theorem, there is a regular local ring Q with
maximal ideal n and a surjective ring homomorphism η : Q→ R̂ such that ker η =
I ⊂ n2. The map η is called a minimal Cohen presentation of R. The Loewy length
of R is defined as ll(R)=max{i :mi

6= 0} if R is Artinian and infinity otherwise.
We recall a few more examples of good rings collected from existing literature.

Precise references are given with each of the examples.

Examples. Let R be a Gorenstein local ring such that edim(R)= n ≥ 2, ll(R)= s
and µ(I ) = r . If R satisfies one of the conditions (1)–(3) below, then P R

k (t) =
(1+ t)n/dR(t) for some polynomial dR(t) ∈ Z[t] and dR(t)P R

M(t) ∈ Z[t] for every
finitely generated R-module M.

(1) R is a compressed Artinian Gorenstein ring (see Definition 4.3) and s≥2, s 6=3.
If η : Q → R is a minimal Cohen presentation of R, then the polynomial
dR(t) is given by 1− t (P Q

R (t)− 1)+ tn+1(1+ t); see [Rossi and Şega 2014,
Theorem 5.1].

(2) R is an Artinian Gorenstein ring and µ(m2) = 1. The polynomial dR(t) is
given by 1− nt + t2; see [Sally 1980, Theorem 2] and [Croll et al. 2018,
Theorem 5.4]

(3) R is not a complete intersection and codepth(R)= edim(R)− depth(R)≤ 3.
The polynomial dR(t) is equal to 1− r t2

− r t3
+ t5; see [Wiebe 1969, Satz 9]

and [Avramov et al. 1988, Theorem 6.4].

The main objective of the present article is to give a criterion for Gorenstein local
rings to be good, which provides a common method to prove the good property in
each of the above examples. As a new application we show that if R is an Artinian
Gorenstein ring and µ(m2)= 2, then R is a good ring.

We recall a few definitions. Let φ : R→ S be a surjective homomorphism of
local rings and k be the common residue field of R and S. From the standard change
of rings spectral sequence of Tor, Serre proved the following term-wise inequality
of power series:

P S
k (t)≺

P R
k (t)

1− t (P R
S (t)− 1)

.

The homomorphism φ is called a Golod homomorphism if the above inequality
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is an equality. The most widespread method to show that a ring R is good is to
use a result of Levin (Theorem 2.2) which states that a ring R is good if there is a
surjective Golod homomorphism from a complete intersection onto R.

Let η : Q � R̂ be a minimal Cohen presentation of R. We say that R is a Golod
ring if η is a Golod homomorphism. Let edim(R)= n and K R denote the Koszul
complex of R on a minimal set of generators of maximal ideal m. It follows that R
is a Golod ring whenever one has

P R
k (t)=

(1+ t)n

1−
∑n

i=1 dimk Hi (K R)t i+1 .

We refer to [Avramov 1998, §3] for more details on Golod rings and Golod homo-
morphisms. The main result of the present article is the following:

Theorem I. Let R be an Artinian Gorenstein local ring of embedding dimension
n ≥ 2 such that R/ socle(R) is a Golod ring. Let η : Q→ R be a minimal Cohen
presentation, n denote the maximal ideal of Q and I = ker(η) ⊂ n2. Then the
following hold.

(1) For any f ∈ I \ nI, the induced map Q/( f )� R is a Golod homomorphism.

(2) Let dR(t) = 1− t (P Q
R (t)− 1)+ tn+1(1+ t). Then for any R-module M we

have dR(t)P R
M(t) ∈ Z[t].

It is worth noting that if R is an Artinian Gorenstein ring, edim(R) ≥ 2 and
R/ socle(R) is a Golod ring, then with the notation used in the above theorem,

P R
k (t)=

(1+ t)n

dR(t)

by a result of Rossi and Şega [2014, Proposition 6.2]. Therefore, statement (2) is
an immediate consequence of statement (1) and the result of Levin.

The following is proved as an application of Theorem I.

Theorem II. Let R be an Artinian Gorenstein local ring with maximal ideal m and
residue field k. Let M be a finitely generated R-module. Assume that edim(R)= n
and µ(m2)≤ 2. Then the following hold.

(1) If n = 1, then P R
k (t)=

1
1−t and (1− t)P R

M(t) ∈ Z[t].

(2) If n ≥ 2, then P R
k (t)=

1
1−nt+t2 and (1+ t)n(1− nt + t2)P R

M(t) ∈ Z[t].

(3) If Exti (M,M)= 0 for all i ≥ 1, then M is a free R-module.

Statement (3) follows from statements (1) and (2) by an argument of Şega [2003].
It implies that R satisfies the Auslander–Reiten conjecture [1975].

The rings considered in Theorem II are called stretched when µ(m2) = 1 and
almost stretched when µ(m2)= 2 (see Definition 3.11). Stretched Cohen–Macaulay
local rings were introduced by Sally [1980]. She proved that P R

k (t) is rational
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for such a ring R [1980, Theorem 2]. Later Elias and Valla introduced almost
stretched Cohen–Macaulay local rings. They proved that if R is an almost stretched
Gorenstein local ring and the residue field k of R has characteristic zero, then P R

k (t)
is rational [Elias and Valla 2009, Theorem 1.1]. In a recent article [Croll et al.
2018, Corollary 5.6], stretched Cohen–Macaulay local rings are shown to be good.
Using Theorem II, we prove that stretched Cohen Macaulay and almost stretched
Gorenstein rings are good without any assumption on residue fields. We also prove
that such rings satisfy the Auslander–Reiten conjecture.

Now we briefly describe the organisation of the article. In Section 2, we prove
Theorem I. The proof extensively uses a characterisation theorem for Golod algebras
(see Theorem 2.1) and chain derivations on acyclic closures whose construction
dates back to the work of Gulliksen. The connected sum of Gorenstein local rings
was introduced in [Ananthnarayan et al. 2012] (see Definition 3.2). In Section 3,
we provide a criterion for connected sum decompositions of Gorenstein local rings.
We show that if R is an Artinian Gorenstein local ring with maximal ideal m and
µ(m2)≤ 2, then R decomposes as a connected sum unless µ(m)≤ 2 (Corollary 3.5).
We use this decomposition to show that quotients of such a ring R by nonzero
powers of maximal ideal m are Golod rings (Lemma 3.8). This fact is crucially used
in the proof of Theorem II. Finally, Section 4 contains new proofs of Examples (1)
and (3) using Theorem I. We identify a certain quotient C of the Koszul algebra K R

of an Artinian Gorenstein ring R such that R is a surjective image of a complete
intersection under a Golod homomorphism whenever C is a Golod DG algebra
(Section 2B). We show that for the ring considered in Examples (1) and (3), this
quotient is a Golod algebra. We make it a point to advertise here that our versions are
slightly stronger than the earlier ones in both examples since we constructed Golod
homomorphisms from hypersurfaces given by any choice of generator belonging to
a minimal generating set of the defining ideal.

We conclude with a remark that our approach only constructs Golod homo-
morphisms from hypersurface rings. We hope that the present approach can be
generalised further to find criteria for existence of Golod homomorphisms from
complete intersections of higher codimension.

All rings in this article are Noetherian local rings with 1 6= 0. All modules are
nonzero and finitely generated. Throughout this article, the expression “local ring
(R,m, k)” refers to a commutative Noetherian local ring R with maximal ideal m
and residue field k = R/m. When information on the residue field is not necessary,
we denote a local ring R with maximal ideal m simply by (R,m).

2. The main result

Let (R,m, k) be a local ring. A DG algebra (A, ∂) over the ring R consists of a
nonnegatively graded strictly skew-commutative R-algebra A =⊕i≥0 Ai such that
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A0= R/I for some ideal I of R and an R-linear differential map ∂ of degree−1 sat-
isfying the Leibniz rule. A DG-algebra homomorphism φ : A→ B is a chain map of
complexes which induces a ring homomorphism φ#

: A#
→ B# between underlying

skew-commutative rings A# and B# after forgetting the differential maps on A and B.
The DG-algebra B is called a semifree extension of A if B# is a free module over A#.

The DG algebra (A, ∂) is augmented if it is equipped with a surjective DG algebra
homomorphism ε : A � k. If ε̃ : H(A)→ k is the induced map on homology, we
set I A = ker ε, IH(A) = ker ε̃ and IZ(A) = I A ∩ Z(A). We say that the DG
algebra (A, ∂) is minimal if ∂(A)⊂mA. A minimal DG algebra A is augmented
naturally with the surjective map ε = q ◦ pr where pr : A � A0 is the projection
and q : A0 � k is the natural quotient map. We refer to [Avramov 1998] for more
information on DG algebras and related terminologies.

2A. Tate resolutions. Tate described a method to construct a DG algebra resolution
of the residue field k over R. The method involves an iterated process of adjoining
exterior variables to kill cycles of even degrees and divided powers variables to kill
cycles of odd degrees starting from R. In literature, this construction is known as
Tate resolution. Later Gulliksen proved that if the number of variables added at
each step of killing cycles of a certain degree is the minimum possible, the resulting
Tate resolution becomes a minimal free resolution of the residue field k. In this
case, the DG algebra is called the acyclic closure of k over R which is unique up
to isomorphism of DG0 algebras. We refer the reader to [Avramov 1998, §6] and
[Gulliksen and Levin 1969, Chapter 1] for more details.

In this article, by Tate resolution we mean a surjective R-linear quasi-isomorphism
ε : R〈X〉� k where R〈X〉 is the acyclic closure of k. The adjoined set of variables
X = {X i : i ≥ 1} is ordered such that 1≤ deg(X i )≤ deg(X j ) for i < j. Note that
by construction the acyclic closure R〈X〉 is a semifree extension of R.

An R-linear derivation of degree n on the acyclic closure R〈X〉 is an R-linear
map η : R〈X〉 → R〈X〉 of degree n satisfying the following properties:

(1) η(R)= 0 (R-linearity).

(2) η satisfies the Leibniz rule; that is, η(uv) = η(u)v + (−1)n deg(u)xη(v) for
u, v ∈ R〈X〉.

(3) η(X (i)
i ) = η(X i )X

(i−1)
i , with X (i)

i being the i-th divided power of a variable
X i of even positive degree.

The derivation η is called a chain derivation if it commutes with the differential ∂
of R〈X〉 in the graded sense, i.e., η ◦ ∂ = (−1)n∂ ◦ η.

Gulliksen and Levin [1969, Theorem 1.6.2] constructed a sequence of R-linear
chain derivations η j on the acyclic closure R〈X〉 such that η j (X j )=1 and η j (X i )=0
for i < j.
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2B. Golod algebras. An augmented DG algebra A over R with augmentation map
ε : A � k is called a Golod algebra if A admits a trivial Massey operation, i.e., there
are a graded k-basis bR = {hλ}λ∈3 of IH(A), a function µ :

⊔
∞

i=1 b
i
R→ A such that

µ(hλ) ∈ IZ(A) with cls(µ(hλ))= hλ, and setting ā = (−1)i+1a for a ∈ Ai one has

∂µ(hλ1, . . . , hλp)=

p−1∑
j=1

µ(hλ1, . . . , hλ j )µ(hλ j+1, . . . , hλp).

The following is proved in [Levin 1976, Theorem 1.5] and also follows from
[Levin 1985, Theorem 1.1].

Theorem 2.1. Let f : (R,m)� (S, n) be a surjective homomorphism of local rings
with common residue field k and ε : R〈X〉� k be a DG algebra resolution of k
over R. Set A= R〈X〉⊗R S. Consider A augmented with the augmentation ε⊗R S.
Then the following are equivalent:

(1) The DG algebra A is a Golod algebra.

(2) The map f is a Golod homomorphism.

(3) The induced maps TorR(k, k)→ TorS(k, k) and TorR(n, k)→ TorS(n, k) are
injective.

We recall the following result of Levin recorded in [Avramov et al. 1988, Propo-
sition 5.18].

Theorem 2.2. Let (R,m, k) be a local ring and φ : P � R be a surjective Golod
homomorphism from a local complete intersection P of embedding dimension
n onto R. Then there exists a polynomial dR(t) ∈ Z[t] such that for any finitely
generated R-module M, we have dR(t)P R

M(t)∈Z[t]. Further, dR(t)P R
k (t)= (1+t)n.

We are now equipped to prove the main result.

2C. Proof of Theorem I.

Proof. Let the maximal ideal of R be m and k = R/m denote the residue field
of R. We know that H1(K R)∼= I/nI. Therefore, the minimal generators of I are
in one-to-one correspondence with the generators of H1(K R). Let the maximal
ideal n of Q be minimally generated by y1, . . . , yn . The Koszul complex of Q
is K Q

= Q〈X i : ∂(X i ) = yi , 1 ≤ i ≤ n〉. Let f =
∑n

i=1 ai yi and P = Q/( f ).
Note that K P

= K Q
⊗Q P and K R

= K Q
⊗Q R are Koszul complexes of P

and R, respectively. Set z =
∑n

i=1 ai X i ∈ K Q
1 . Then its residue class z̄ is a cycle

in Z1(K P). Let V = K P
〈T : ∂(T ) = z̄〉 be the extension of K P by adjoining a

divided powers variable T of degree 2 to kill the cycle z̄. By [Avramov 1998,
Theorem 7.3.3], the natural augmentation V � k is the Tate resolution of k over P.

Set U = V ⊗R R = K R
〈T : ∂(T ) = z̄〉. Since f ∈ I \ nI, we have z̄ ∈

Z1(K R) \ B1(K R). Therefore, we can adjoin variables to U to obtain the acyclic
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closure X of the residue field k over R. The augmentation map ε : X � k is the
Tate resolution of k over R.

By Theorem 2.1, to show that P � R is a Golod homomorphism, we need to
prove that the induced maps TorP(k, k)→TorR(k, k) and TorP(m, k)→TorR(m, k)
are injective. Both V and X are minimal algebras. Therefore, the first map is
U ⊗R k→ X⊗R k which is obviously injective since X is a semifree extension
of U. The second map is i∗ : H(mU )→ H(mX) which is induced by the inclusion
i :mU →mX. We prove that i∗ is an injective map.

We have an R-linear chain derivation v :X→X of degree−2 such that v(T )= 1.
Set R = R/ socle(R). Note that socle(R)⊂m2, so K R

= R⊗R K R is the Koszul
complex of R. Now K R can be extended to the acyclic closure Y over R. Let
j : K R

→Y denote the inclusion. The augmentation εY : Y � k is an algebra
homomorphism over K R. The acyclic closure X is semifree over K R. Therefore, the
augmentation εX :X� k lifts to a DG algebra homomorphism β :X→Y over K R

[Avramov 1998, Proposition 2.1.9]. Let α : K R
→ K R denote the quotient map.

By abuse of notation we denote restriction of a map by the same symbol. We have
the following commutative diagram:

mK R

α
��

i
// mX

β

��

mK R j
// mY

A cycle y in mU can be written as y=
∑m

k=0 ak T (m−k), ai ∈mK R. Suppose i(y)
is in the boundary of mX. We prove by induction on m that y is in the boundary
of mU.

First assume that m = 0. Then y ∈mK R. Since i(y) is in the boundary of mX,
j ◦α(y) is in the boundary of mY by the commutative diagram. Now R is a Golod
ring, so j induces an injective map j∗ : H(mK R)→ H(mY). Therefore, α(y) is in
the boundary of mK R. This implies that y= sy1+∂(y2) where y1 ∈ K R, y2 ∈mK R

and socle(R)= (s).
We know from [Levin and Avramov 1978, Lemma 1.2] that socle(R)K R

i ⊂

(0 :m2)Bi (K R) for 1≤ i ≤n−1. If deg(y)=deg(y1)<n, then sy1∈ (0 :m2)B(K R)

and consequently y ∈mB(K R)⊂mB(U ). On the other hand if deg(y)= n, then
y2 = 0 and y = sy1 = as X1 · · · Xn , a ∈ R. Since H(K R) is a Poincaré algebra
[Avramov and Golod 1971], there is a z′ ∈ Zn−1(K R) such that z̄z′ = s X1 · · · Xn .
We conclude y= az̄z′= ∂(aT z′)∈mB(U ). Therefore, the induction step for m= 0
follows.

Now we assume that m>0. Note that a0=v
m(i(y)). Since i(y)∈mB(X) and the

chain derivation v commutes with the differential of X, we have a0 ∈mK R
∩B(mX).

We consider two cases.
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Suppose deg(a0) = n. Then a0 ∈ Zn(mK R) = socle(R)K R
n . Therefore, a0 =

as X1 · · · Xn , a ∈ R. One observes a0T (m)
= az̄z′T (m)

= ∂(az′T (m+1)) ∈mB(U ).
Therefore, i

(∑m−1
k=0 ak T (m−k)

)
= i(y)− a0T (m) is in the boundary of mX. Conse-

quently,
∑m−1

k=0 ak T (m−k) is in the boundary of mU by the induction hypothesis.
We conclude that y is in the boundary of mU.

Suppose deg(a0) < n. Then by the argument in the induction step m = 0, one
has a0 = ∂(y3) for y3 ∈mK R. We can write

y=∂(y3)T(m)+
m−1∑
k=0

ak T(m−k)
=∂(y3T (m))+

[
(−1)deg(y3)+1 y3 z̄T (m−1)

+

m−1∑
k=0

ak T (m−k)
]
.

The first summand is in mB(U ). This implies that the second summand is in the
boundary of mX and therefore also in the boundary of mU by induction hypothesis.
We conclude that y is in the boundary of mU. This completes the induction step.
Hence i∗ is an injective map and statement (1) follows.

The ring R is Golod. The Poincaré series of R is computed in [Rossi and Şega
2014, Proposition 6.2] as

P R
k (t)=

(1+ t)n

1− t (P Q
R (t)− 1)+ tn+1(1+ t)

so statement (2) follows from Theorem 2.2. �

3. Stretched and almost stretched rings

Our aim in this section is to prove that stretched and almost stretched Gorenstein
rings are good. The key step is to show that rings of these types decompose as
connected sums. If the residue field is infinite, then Lemma 3.1 follows from [Eakin
and Sathaye 1976, Theorem 1]. The proof of the lemma was suggested by the
anonymous referee.

Lemma 3.1. Let (R,m, k) be a local ring such that µ(m2)≤ 2. Then there exists
an x ∈m \m2 such that m2

= xm. Furthermore, if ll(R)≥ 3, then x2
6∈m3.

Proof. If m2
= xm+m3 and x ∈ m \m2, then by Nakayama’s lemma we have

m2
= xm. Therefore, to prove the first assertion, it is enough to assume that m3

= 0,
i.e., m2 is a k-vector space. If m2

= 0, then m2
= xm = 0 for all x ∈ m \m2. If

µ(m2)= 1, then for any x ∈m\m2 such that xm 6= 0, we have m2
= xm. Therefore,

we only need to consider the case when µ(m2) = 2, i.e., m2 is a vector space of
dimension two.

Let x1, . . . , xn be a minimal generating set of m. Let r be such that xim 6= 0 for
all i with 1≤ i ≤ r but xim= 0 for i > r . Assume, by way of contradiction, that
m2
6= xm for all x ∈ m \m2. Thus, if i ≤ r then xim is a one-dimensional vector
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space. We may also assume m2
= x1m+ x2m. Clearly x1m 6= x2m since otherwise

m2
= x1m, a contradiction to our assumption.

If i ≤ r , j ≤ r and xi x j 6= 0, then one observes that xim = x jm. This is true
because xim and x jm are both one-dimensional vector spaces and they share the
nonzero element xi x j . Since x1m 6= x2m, we must therefore have x1x2 = 0. Now
x1m 6= 0 and x2m 6= 0, so there exist i, j with i ≤ r , j ≤ r such that x1xi 6= 0
and x2x j 6= 0. This implies x1m= xim and x2m= x jm. In particular, xim 6= x jm

and hence xi x j = 0. We have (x2+ xi )x1 = x1xi 6= 0 and (x2+ xi )x j = x2x j 6= 0,
hence (x2+ xi )m= x1m and (x2+ xi )m= x jm= x2m. This yields x1m= x2m, a
contradiction. Therefore, the first part of the lemma follows.

If x2
∈m3, then m3

= x2m⊂m4. By Nakayama’s lemma, m3
= 0 which implies

ll(R)≤ 2. Therefore, x2
6∈m3 if ll(R)≥ 3. �

We recall definitions of fibre products and connected sums [Ananthnarayan et al.
2012].

Definition 3.2. Let (R,mR, k) and (S,mS, k) be local rings with a common residue
field k. Let πR : R→ k and πS : S→ k be natural quotient maps from R and S
onto k, respectively. The fibre product of R and S is defined as the ring R×k S =
{(r, s) ∈ R × S : πR(r) = πS(s)}. The ring R ×k S is local with maximal ideal
mR ⊕mS .

Now assume that both R and S are Artinian Gorenstein local rings with one-
dimensional socles socle(R)= 〈δR〉 and socle(S)= 〈δS〉. Then the connected sum
of R and S is defined as

R#S =
R×k S
〈(δR,−δS)〉

.

We say a Gorenstein local ring Q is decomposable as a connected sum if there
are rings R and S such that Q = R#S, l(R) < l(Q) and l(S) < l(Q). Here l(−)
denotes the length function.

Define a left module structure on the polynomial ring T = k[Y1, . . . , Yn] over
the ring S= k[X1, . . . , Xn], X i = Y−1

i , by defining the action of X i on a monomial
M ∈ T as the usual multiplication if X i M ∈ T and zero otherwise. Macaulay’s
inverse system establishes a one-to-one correspondence between local Artinian
Gorenstein algebras

R =
k[X1, . . . , Xn]

I
such that I ⊂ (X1, . . . , Xn) and polynomials F in the ring T up to a unit multiple.
The correspondence is given by I = ann F; see [Eisenbud 1995, Theorem 21.6].
If Gorenstein local rings R and S correspond to F ∈ k[Y1, . . . , Ym] and G ∈
k[Ym+1, . . . , Yn], respectively, then the connected sum R#S corresponds to F+G ∈
k[Y1, . . . , Yn]; see [Ananthnarayan 2009, Remark 4.24].
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The following result follows from [Ananthnarayan et al. 2019, Proposition 4.1]
and can be proved easily for Artinian k-algebras using Macaulay’s inverse system.

Theorem 3.3. Let (Q, n, k) be a regular local ring and I ⊂ n2 be an ideal
such that R = Q/I is an Artinian Gorenstein local ring. Let n be minimally
generated by x1, . . . , xm, y1, . . . , yn such that (x1, . . . , xm)(y1, . . . , yn) ⊂ I. Let
max{i : (x1, . . . , xm)

i
6⊂ I } = s and max{i : (y1, . . . , yn)

i
6⊂ I } = t . Then there are

ideals I1 and I2 in Q containing (x1, . . . , xm) and (y1, . . . , yn), respectively, such
that the following hold.

(1) The rings S=Q/I1 and T =Q/I2 are Gorenstein rings. Further, edim(S)=n,
edim(T )= m, ll(S)= t , and ll(T )= s.

(2) R = S#k T.

The next theorem is the key to decomposing an Artinian Gorenstein local ring
(R,m, k) with µ(m2)≤ 2 as a connected sum. When edim(R)= 2 and char(k)= 0,
the theorem follows from [Elias and Valla 2008, Theorem 4.1].

Theorem 3.4. Let (R,m, k) be a local Artinian Gorenstein ring. Let edim(R)= n,
ll(R) ≥ 3 and dimk m

2/m3
= m < n. Assume that m admits a generator x1 such

that m2
= x1m. Then there exists a minimal generating set {x1, x2, . . . , xn} of m

extending x1 such that the following hold.

(1) m2
= (x2

1 , x1x2, . . . , x1xm).

(2) (x1, . . . , xm)(xm+1, . . . , xn)= 0.

(3) (xm+1, . . . , xn)
2
= socle(R).

The ring R decomposes as a connected sum R = S#T such that edim(S) = m,
edim(T )= n−m, ll(S)= ll(R) and ll(T )= 2.

Proof. Since ll(R)≥ 3, we have x2
1 6∈m

3. Therefore, we can choose a minimal gener-
ating set {x1, x2, . . . , xn} of m such that m2

= (x2
1 , x1x2, . . . , x1xm). Statement (1)

follows.
We have x1x j = α1 j x2

1 +α2 j x1x2+ · · ·+αmj x1xm , αi j ∈ R for 1≤ i ≤ m and
m+ 1≤ j ≤ n. This gives x1(x j −α1 j x1−α2 j x2− · · ·−αmj xm)= 0. Replacing
x j−α1 j x1−α2 j x2−· · ·−αmj xm by x j , we assume that x1x j = 0 for m+1≤ j ≤ n.

If m = 1, property (2) is satisfied. We assume that µ(m2)= m ≥ 2. Since m2 is
minimally generated by {x2

1 , x1x2, . . . , x1xm} and x1(xm+1, . . . , xn)= 0, we have

(0 : x1)⊂m(x1, . . . , xm)+ (xm+1, . . . , xn).

This implies that the residue classes of elements xm+1, . . . , xn form a k-basis of
((0 :R x1)+m2)/m2. Therefore, dimk(((0 :R x1)+m2)/m2)= n−m.

Claim 1: m[(0 :R x1)∩m
2
] = socle(R).
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Proof. Note m2(0 :R x1) = x1m(0 :R x1) = 0. This implies m[(0 :R x1)∩m
2
] ⊂

socle(R). Therefore, it is enough to prove that m[(0 :R x1)∩m
2
] 6= 0. We have

mi+1
= x1m

i for i ≥ 1. This means that µ(mi+1) ≤ µ(mi ), i ≥ 1. Let t =
max{i : µ(mi ) = m}. Then t ≥ 2. Since m ≥ 2, we have ll(R) ≥ t + 1. The map
mt/mt+1 ·x1

−→mt+1/mt+2 is not injective since dimk(m
t/mt+1)>dimk(m

t+1/mt+2).
Therefore, we find y ∈mt

\mt+1 such that yx1 ∈m
t+2. Note that mt+2

= x1m
t+1. It

follows that yx1 = x1m for some m ∈mt+1. Consequently x1(y−m)= 0. Clearly,
y − m ∈ [(0 :R x1) ∩ m2

] and y − m 6∈ mt+1. Since socle(R) ⊂ mt+1, we have
y − m 6∈ socle(R). Therefore, [(0 :R x1) ∩ m2

] 6⊂ socle(R). We conclude that
m[(0 :R x1)∩m

2
] 6= 0 and the claim is proved. �

Claim 2: dimk
(
[(0 :R x1)∩m

2
]/(m[(0 :R x1)∩m

2
])
)
= m− 1.

Proof. We know that (0 :R x1)=HomR(R/(x1), R). We have m2
= x1m⊂ (x1). By

Matlis duality l(0 :R x1)= l(R/x1 R)= l(R/m2)−l((x1 R+m2)/m2)=1+n−1=n.
Now we have

l[(0 :R x1)∩m
2
] = l(0 :R x1)+ l(m2)− l[(0 :R x1)+m2

]

= l(0 :R x1)− l
[
(0 :R x1)+m2

m2

]
= n− (n−m)= m.

Therefore,

dimk
[(0 :R x1)∩m

2
]

m[(0 :R x1)∩m2]
= l
(
[(0 :R x1)∩m

2
]

m[(0 :R x1)∩m2]

)
= l[(0 :R x1)∩m

2
]−1=m−1. �

Claim 3: The pairing

(x2, . . . , xm)

m(x2, . . . , xm)
×
[(0 :R x1)∩m

2
]

m[(0 :R x1)∩m2]
→ socle(R)

given by (x̄, ȳ)→ xy is well defined and nondegenerate.

Proof. We have m(x2, . . . , xm)(0 :R x1) = 0 since m2
= x1m. This implies that

(x2, . . . , xm)[(0 :R x1)∩m
2
] ⊂ socle(R). Therefore, the above pairing exists. Note

that m2(xm+1, . . . , xn)=0. As a result, if y ∈[(0 :R x1)∩m
2
] and y(x2, . . . , xm)=0,

we have y ∈ socle(R)=m[(0 :R x1)∩m
2
]. This implies that the map

[(0 :R x1)∩m
2
]

m[(0 :R x1)∩m2]
→ Hom

(
(x2, . . . , xm)

m(x2, . . . , xm)
, socle(R)

)
induced by the above pairing is injective. We have

dimk
(x2, . . . , xm)

m(x2, . . . , xm)
= dimk

[(0 :R x1)∩m
2
]

m[(0 :R x1)∩m2]
= m− 1.

Therefore, the above map is an isomorphism and consequently the pairing is nonde-
generate. �
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Note that m(x2, . . . , xm)(xm+1, . . . , xn)= 0 so

(x2, . . . , xm)(xm+1, . . . , xn)⊂ socle(R).

The multiplication by x j defines a map (x2, . . . , xm)/(m(x2, . . . , xm))→ socle(R)
for m+1≤ j ≤ n. Since the pairing in Claim 3 is nondegenerate, we have x̂ j ∈ [(0 :R
x1)∩m

2
] such that x j xi = x̂ j xi for 2≤ i ≤m and m+1≤ j ≤n. We also have x1x j =

x1 x̂ j = 0 for m+1≤ j ≤n. It follows that (x j− x̂ j )(x1, . . . , xm)= 0, m+1≤ j ≤n.
Therefore, replacing (x j − x̂ j ) by x j we have (x1, . . . , xm)(xm+1, . . . , xn)= 0 and
property (2) is satisfied.

Let socle(R) = 〈δ〉 and K = (xm+1, . . . , xn). We have m2K = x1Km = 0, so
K 2
⊂mK ⊂ socle(R). Note that K 2

6=0 for otherwise each of the x j , m+1≤ j ≤n,
is in socle(R) ⊂ m2, a contradiction. Therefore, K 2

= mK = socle(R) and the
property (3) is satisfied.

The last statement follows from Theorem 3.3. �

The following is a consequence of Lemma 3.1 and Theorem 3.4.

Corollary 3.5. Let (R,m) be an Artinian Gorenstein local ring such that ll(R)≥ 3
and µ(m2) ≤ min{2, edim(R)− 1}. Then R = S#T where (S, p) and (T, q) are
Gorenstein local rings, edim(S)= µ(m2), ll(S)= ll(R) and ll(T )= 2.

Lemma 3.6. Let (R,m) be an Artinian Gorenstein local ring such that edim(R)≥2
and ll(R)= s. Then the quotient ring R/mi is not a Gorenstein ring for 2≤ i ≤ s.

Proof. If possible assume that R/mi is a Gorenstein ring for some i satisfying
2 ≤ i ≤ s. Then the injective hull of k over R/mi is ER/mi (k)∼= R/mi. We know
that ER/mi (k)∼= HomR(R/mi , R)= (0 :R mi ). Consequently (0 :R mi ) = (x), a
principal ideal for some x ∈ R. Now ms−i+1

⊂ (0 :R mi ) and ms−i+1
6⊂m(0 :R mi ) for

otherwise ms−i+1
⊂m(0 :R mi )⊂ (0 :R mi−1) which implies ms

=ms−i+1mi−1
= 0,

a contradiction. Since (0 :R mi ) is principal, we have (0 :R mi )=ms−i+1
= (x).

Apply Macaulay’s theorem characterising Hilbert function [Bruns and Herzog
1993, Theorem 4.2.10] to the associated graded ring grm(R). We obtain µ(mn+1)≤

µ(mn)〈n〉 for all n ≥ 1. We already have µ(ms−i+1)= 1. This implies that m j is a
principal ideal for j satisfying the inequality s− i + 1≤ j ≤ s and so l(0 :R mi )=

l(ms−i+1)= i . By Matlis duality, l(R/mi )= l Hom(R/mi , R)= l(0 :R mi )= i . We
have

∑i−1
j=0[l(m

j/m j+1)−1] = l(R/mi )− i = 0 and each summand is nonnegative.
This shows that edim(R)= l(m/m2)= 1, a contradiction. �

The following theorem is proved in [Dress and Krämer 1975, Satz 2].

Theorem 3.7. Let (S,mS, k) and (T,mT , k) be two local rings and R = S ×k T.
Then,

1
P R

k (t)
=

1
P S

k (t)
+

1
PT

k (t)
− 1.
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If M is an S-module, then

1
P R

M(t)
=

P S
k (t)

P S
M(t)

(
1

P S
k (t)
+

1
PT

k (t)
− 1
)
=

P S
k (t)

P S
M(t)P

R
k (t)

.

The following is a consequence of Lemma 3.1 and Theorem 3.4.

Lemma 3.8. Let (R,m, k) be an Artinian Gorenstein local ring such that µ(m)=n,
ll(R)≥ 2 and µ(m2)≤ 2. Let i be an integer satisfying 2≤ i ≤ ll(R). Then R/mi

is a Golod ring and P R/mi

k (t)= 1
1−nt .

Proof. Fix i satisfying 2 ≤ i ≤ ll(R) and set R = R/mi . The result is clear
when n = 1 or ll(R) = 2. First we assume that n = 2 and ll(R) > 2. A result of
Scheja [1964] states that a codepth 2 local ring is either a Gorenstein (equivalently
complete intersection) or a Golod ring. The ring R cannot be a Gorenstein ring
by Lemma 3.6 so R is a Golod ring. Since R is a complete intersection, the
defining ideal of R is minimally generated by three elements. It follows that
κ R(t)=

∑
i≥0 dimk Hi (K R)t i

= 1+ 3t + 2t2 and

(1− t (κ R(t)− 1))= 1− t (1+ 3t + 2t2
− 1)= (1+ t)2(1− 2t).

We have

P R
k (t)=

(1+ t)2

1− t (κ R(t)− 1)
=

1
1− 2t

.

Now we assume that n > 2 and ll(R) > 2. By Corollary 3.5, it follows that
R= S#T where (S, p) and (T, q) are Gorenstein local rings, edim(S)=µ(m2)≤ 2,
ll(S)= ll(R)≥ 3 and ll(T )= 2. One has R= S×k T where S= S/pi and T = T/q2.
Both S and T are Golod rings. The ring R is a Golod ring because a fibre product
of Golod rings is Golod; see [Lescot 1983, Theorem 4.1].

P S
k (t)= 1/(1− edim(S)t) by the case n = 2 and PT

k (t)= 1/(1− edim(T )t)
([Avramov 1998, Example 4.2.2]). The formula for the Poincaré series follows
from Theorem 3.7. �

The following is a well known fact.

Lemma 3.9. Let (R,m, k) be a local ring, x be a nonzero divisor of R and S =
R/(x). If there exists a polynomial d(t) ∈ Z[t] such that d(t)P S

M(t) ∈ Z[t] for all
S-modules M, then d(t)P R

M(t) ∈ Z[t] for all R-modules M. Now assume further
that x ∈m \m2, then P S

k (t)= P R
k (t)/(1+ t). The ring S is Golod if and only if R

is so.

Proof. Let M be an R-module and N be the first syzygy of M. We have the exact
sequence

0→ N → Rµ(M)→ M→ 0.
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This implies that P R
M(t) = µ(M)+ t P R

N (t). Therefore, it is enough to show
that d(t)P R

N (t) ∈ Z[t]. Let F∗ � N be the minimal free resolution of N over
R. Note that x is also a nonzero divisor of N. This implies that S ⊗R F∗ �
S⊗R N is a minimal free resolution of S⊗R N = N as an S module. As a result,
we have P R

N (t) = P S
N
(t). Therefore, the first part of the lemma follows from

the hypothesis.
The assertions regarding Poincaré series and Golod property follow from Propo-

sitions 3.3.5 (1) and 5.2.4 in [Avramov 1998], respectively. �

The following is due to Şega [2003, Proposition 1.5].

Proposition 3.10. Let R be a local ring such that there is a dR(t) ∈ Z[t] satis-
fying dR(t)P R

M(t) ∈ Z[t] for each finitely generated R-module M. Let dR(t) =
p(t)q(t)r(t) where p(t) is 1 or irreducible, q(t) has nonnegative coefficients, r(t)
is 1 or irreducible and has no positive real root among its complex roots of minimal
absolute value. Then the following hold for each pair of R-modules M, N.

(1) If TorR
i (M, N )= 0 for i � 0, either M or N has finite projective dimension.

(2) If ExtiR(M, N )= 0 for i � 0, either M has a finite projective dimension or N
has a finite injective dimension.

We are ready to prove Theorem II.

3A. Proof of Theorem II.

Proof. The case n = 1 is easy. We skip the details.
Now we assume that n ≥ 2. The quotient map R � R

socle(R) is a Golod homo-
morphism and

P R/ socle(R)
k (t)=

P R
k (t)

1− t2 P R
k (t)

[Levin and Avramov 1978, Theorem 2]. Therefore, we have

P R
k (t)=

P R/ socle(R)
k (t)

1+ t2 P R/ socle(R)
k (t)

=
1

1/(P R/ socle(R)
k (t))+ t2

=
1

1− nt + t2 .

The last equality follows from Lemma 3.8. The same lemma states that R/ socle(R)
is a Golod ring. By Theorem I, the ring R is a surjective image of a complete
intersection under a Golod homomorphism. The second part of statement (2) is a
consequence of Theorem 2.2.

Now we prove (3). If the projective dimension pdR(M) of M is finite, then
ExtpdR(M)

R (M,M) 6= 0. Therefore, it is enough to show that pdR(M) <∞. When
n≤2, R is a complete intersection. The statement follows from [Avramov and Buch-
weitz 2000, Theorem 4.2]. When n ≥ 3, the polynomial (1− nt + t2) is irreducible.
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The statement follows from Proposition 3.10 (take p(t) = (1− nt + t2), q(t) =
(1+ t)n and r(t)= 1). Here one uses the fact that a module over a Gorenstein ring
has a finite projective dimension if and only if it has a finite injective dimension. �

Stretched and almost stretched rings were introduced by Sally [1980] and Elias
and Valla [2008], respectively.

Definition 3.11. An Artinian local ring R with maximal ideal m is called stretched
if m2 is a principal ideal and almost stretched if m2 is minimally generated by two
elements.

Let R be a Cohen–Macaulay local ring of dimension d with maximal ideal m.
Then R is called stretched (almost stretched) if there exists a minimal reduction
x = x1, . . . , xd of m such that R/(x) is a stretched (almost stretched) Artinian ring.
Here by minimal reduction we mean that x satisfies mr+1

= (x1, . . . , xd)m
r for

some nonnegative integer r .

Stretched Cohen–Macaulay local rings were shown to be good in [Croll et al.
2018, Corollary 5.6]. We outline a different method. In statement (2) of the
following corollary, we find a more efficient common denominator of Poincaré
series of modules over such rings.

Corollary 3.12. Let (R,m, k) be a d-dimensional stretched Cohen–Macaulay local
ring and M be an R-module. Let n = dimk m/m

2 and r = dimk ExtdR(k, R) denote
the type of R. Then the following hold.

(1) If r = n − d, then R is a Golod ring, P R
k (t) = (1+ t)d/(1− (n − d)t) and

(1− (n− d)t)P R
M(t) ∈ Z[t].

(2) If r 6= n−d , then (1+ t)n−d−r+1(1− (n−d)t+ t2)P R
M(t) ∈ Z[t] and P R

k (t)=
(1+ t)d/(1− (n− d)t + t2).

(3) If Exti (M,M ⊕ R)= 0 for all i ≥ 1, then M is a free R-module.

Proof. To prove statements (1) and (2), it is enough to assume that R is a stretched Ar-
tinian ring, i.e., d=0 (see Lemma 3.9). We have edim(R)=n and dimk socle(R)=r .
Let m= (x1, . . . , xn) and ll(R)= s. The ideals mi , i ≥ 2, are principal ideals. If
socle(R)⊂m2, then socle(R)=ms is a principal ideal, so R is a Gorenstein ring.
Both statements (1) and (2) follow from Theorem II.

Otherwise assume that x1∈socle(R)\m2. One observes that (x1)∩(x2, . . . , xn)=0
and (x1)+ (x2, . . . , xn) = m. For any two ideals I, J in a ring R, we know that
R = R/I ×R/I+J R/J. Therefore, it follows that R = R/(x1)×k R/(x2, . . . , xn).

The maximal ideal of the ring R/(x2, . . . , xn) is generated by the residue class
of x1, so its square is zero since x1 ∈ socle(R). On the other hand, the ring R/(x1)

is a stretched Artinian ring. If the socle of R/(x1) is contained in the square of its
maximal ideal, it is a Gorenstein ring. Otherwise we decompose R/(x1) again as
before.
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After a finite number of steps, we have R = S×k T where (S,mS) is a stretched
Artinian Gorenstein ring and (T,mT ) is a local ring with m2

T = 0. Clearly r =
1+edim(T ). This implies that edim(T )=r−1 and edim(S)=edim(R)−edim(T )=
n− r + 1. By Theorem II, we have

P S
k (t)=

{
1

1−t (n−r+1)+t2 when n ≥ r + 1,
1

1−t when n = r.

On the other hand T is a Golod ring and PT
k (t)=

1
1−(r−1)t . The rational expression

of P R
k (t) follows by the following computation:

1
P R

k (t)
=

1
P S

k (t)
+

1
PT

k (t)
− 1

=

{
(1− t)+ 1− (r − 1)t − 1 when n = r,
(1− t (n− r + 1)+ t2)+ 1− (r − 1)t − 1 when n ≥ r + 1,

=

{
1− nt when n = r,
1− nt + t2 when n ≥ r + 1.

If n = r , then edim(S) = 1. This implies that S is a Golod ring. Therefore, R
is also a Golod ring since a fibre product of Golod rings is Golod [Lescot 1983,
Theorem 4.1].

Now we find a polynomial dR(t) ∈ Z[t] such that dR(t)P R
M(t) ∈ Z[t] for any

R-module M. The second syzygy of M is a direct sum of two modules, one is
over S and another over T; see [Dress and Krämer 1975, Remark 3]. Therefore, it
suffices to assume that M = M1⊕M2 where M1 and M2 are modules over S and
T , respectively. By Theorem 3.7 we have

P R
M(t)

P R
k (t)
=

1
P R

k (t)
(P R

M1
(t)+ P R

M2
(t))=

P S
M1
(t)

P S
k (t)

+
PT

M2
(t)

PT
k (t)

.

We observe that

PT
M2
(t)

PT
k (t)

=
1

PT
k (t)

(1+ t PT
SyzT

1 (M2)
(t))= 1− (r − 1)t + t

PT
SyzT

1 (M2)
(t)

PT
k (t)

.

Since the square of the maximal ideal of T is zero, the first syzygy SyzT
1 (M2) is a

k-vector space. Therefore, PT
M2
(t)/PT

k (t) is a polynomial in Z[t].
If n = r , we have edim(S) = 1. By (1) of Theorem II, P S

M1
(t)/P S

k (t) is a
polynomial. Hence we conclude that (1−nt)P R

M(t)= P R
M(t)/P R

k (t)∈Z[t] if n= r .
If n ≥ r + 1, we have edim(S)= n− r + 1. By (2) of Theorem II, we have

(1+ t)(n−r+1) P S
M1
(t)

P S
k (t)

∈ Z[t].
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Hence we conclude that

(1+ t)(n−r+1)(1− nt + t2)P R
M(t)= (1+ t)(n−r+1) P R

M(t)
P R

k (t)
∈ Z[t]

if n ≥ r + 1.
Therefore, both statements (1) and (2) follow. To prove statement (3), it suffices

to show that pdR(M) <∞. If n− d = 2, then R is either a complete intersection
or a Golod ring; see [Scheja 1964]. In both cases, rings are known to satisfy
statement (3); see, for instance, [Avramov and Buchweitz 2000, Theorem 4.2]
when R is a complete intersection and [Jorgensen and Şega 2004, Proposition 1.4]
when R is a Golod ring. If n− d > 2, then we see at once that pdR(M) <∞ from
Proposition 3.10. Here one observes that if the injective dimension of M⊕R is finite
then R is Gorenstein and both projective and injective dimensions of M are finite. �

The following result follows from Lemma 3.9 and Theorem II.

Corollary 3.13. Let (R,m, k) be an almost stretched Gorenstein local ring of
dimension d and embedding dimension n. Let M be a finitely generated R-module.
Then the following hold.

(1) If n− d = 1, then P R
k (t)= (1+ t)d/(1− t) and (1− t)P R

M(t) ∈ Z[t].

(2) If n − d ≥ 2, then (1+ t)n−d(1− (n − d)t + t2)P R
M(t) ∈ Z[t] and P R

k (t) =
(1+ t)d/(1− (n− d)t + t2).

(3) If Exti (M,M)= 0 for all i ≥ 1, then M is a free R-module.

4. Revisiting known results

In this section, we provide proofs of Examples (1) and (3) in the introduction. As the
section title suggests, these examples were found by other authors. Our proofs are dif-
ferent and obtained using Theorem I. Further, our versions are slightly stronger; see
Remark 4.7. We recall the following from [Levin and Avramov 1978, Theorem 1].

Theorem 4.1. Let (R,m) be an Artinian Gorenstein local ring of embedding di-
mension n and K R be the Koszul complex on a minimal set of generators of the
maximal ideal m. Set socle(R)= (s), R = R/s R and K R

= R⊗R K R, the Koszul
complex of R. Define a DG algebra structure on

K R
⊕

K R

mK R [−1]

with multiplication (k, l̄)(k ′, l̄ ′)= (kk ′, lk ′+(−1)deg(k)kl ′) and differential ∂(k, l̄)=
(∂(k)+ sl, 0). Then the chain map

K R
⊕

K R

mK R [−1] → K R, (k, l̄) 7→ k̄,
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is a quasi-isomorphism. If

H =
H(K R)

Hn(K R)
and K =

K R
⊗R k

K R
n ⊗R k

[−1],

then H(K R)= H n K .

Lemma 4.2. Let (R,m) be an Artinian Gorenstein local ring of embedding dimen-
sion n ≥ 2. Let K R denote the Koszul complex on a minimal set of generators of m
and C denote the quotient of K R defined by

Ci =


K R

i for 0≤ i ≤ n− 2,
K R

n−1/Bn−1(K R) for i = n− 1,
0 for i = n.

Then C has a DG algebra structure. Assume that C is a Golod DG algebra with
natural augmentation. Then R/ socle(R) is a Golod ring and R satisfies assertions
(1) and (2) of Theorem I.

Proof. The fact that C is a DG algebra is straightforward because K R
n ⊕Bn−1(K R)

is a DG ideal of the Koszul algebra K R. Let q : K R � C be the quotient map and
socle(R)= (s). Let G : K R/(mK R)→ K R and H :C/mC→C denote chain maps
induced by multiplications by s on K R, C respectively. We have q ◦G = H ◦ q̄
where q̄ : K R/(mK R)� C/(mC) is the map induced by q . Let

c(G)= K R
⊕

K R

mK R [−1] and c(H)= C ⊕
C
mC
[−1]

be the cones of G and H respectively. Define α : c(G) � c(H) by α(k, l̄) =
(q(k), q̄(l̄)). Both c(G) and c(H) have DG algebra structure and α is a surjective
DG algebra homomorphism. The kernel of α is the complex

0→
K R

n

mK R
n

·s
−→ K R

n
∂
−→ Bn−1(K R)→ 0

which is exact. Thus, α are a quasi-isomorphism of DG algebras. By Theorem 4.1,
c(G) is quasi-isomorphic to K R/ socle(R). Therefore, to show that R/ socle(R) is a
Golod ring it is enough to prove that c(H) is a Golod algebra.

Since C is a Golod algebra, there are a k-basis bC = {hλ}λ∈3 of H≥1(C) and a
function (trivial Massey operation) µ :

⊔
∞

i=1 b
i
C → C such that µ(hλ) ∈ Z≥1(C)

with cls(µ(hλ))= hλ for all λ ∈3 and

∂µ(hλ1, . . . , hλp)=

p−1∑
j=1

µ(hλ1, . . . , hλ j )µ(hλ j+1, . . . , hλp).

By (2) of [Avramov 1998, Lemma 4.1.6], {x ∈ C : ∂(x) ∈ m2C} ⊂ mC . Since
µ(hλ) ∈mC , by induction on p we conclude that µ(hλ1, . . . , hλp) ∈mC .
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By [Levin and Avramov 1978, Lemma 1.2], socle(R)K R
i ⊂ (0 :m

2)Bi (K R) for
1 ≤ i ≤ n − 1 and so we have sC ⊂ (0 : m2)B(C). Let z ∈ Z(C) be such that
(z, 0) = ∂(y1, ȳ2) for (y1, ȳ2) ∈ c(H). Then z = ∂(y1)+ sy2 ∈ B(C). Therefore,
the inclusion C ↪→ c(H) induces an injective map H(C) ↪→ H(c(H)). By abuse of
notation we write (c, 0) as c. It follows that bC = {hλ}λ∈3 is a linearly independent
set in H≥1(c(H)) and µ(hλ1, . . . , hλp)∈mc(H), p≥1, satisfy the properties above.

We extend bC to a basis bc(H) = {hλ}λ∈3t3′ of H≥1(c(H)). Let hλ′ , λ′ ∈ 3′,
be the homology class of (cλ′, d̄λ′) ∈ Z≥1(c(H)). Now ∂(cλ′, d̄λ′) = 0 implies
that ∂(cλ′)+ sdλ′ = 0. We have sdλ′ = ∂(eλ′) for some eλ′ ∈ (0 : m2)C . We write
(cλ′, d̄λ′)= (cλ′+eλ′, 0)+(−eλ′, d̄λ′). Note that cλ′+eλ′ ∈Z(C). Therefore, after sub-
tracting suitable R-linear combinations of hλ, λ∈3, from each hλ′ , λ′ ∈3′, if nec-
essary, we may assume that hλ′ is a homology class of some cycle in (0 :m2)C ⊕ C

mC .
We define µ(hλ′), λ′ ∈ 3′, to be an element in (0 :m2)C ⊕ C

mC whose ho-
mology class is hλ′ . We extend µ from bi

C to a Massey operation on bi
c(H),

i > 1, such that µ : bi
c(H) \ b

i
C → (0 :m2)C , i > 1, by induction on i . Note that

µ(hλ)µ(hλ′) ∈ sC ∈ (0 : m2)B(C) for (λ, λ′) 6∈ 3×3. We choose µ(hλ, hλ′) ∈
(0 :m2)C such that ∂(µ(hλ, hλ′))= µ(hλ)µ(hλ′). Now assume µ(hδ1, . . . , hδi ) ∈

(0 : m2)C , with (hδ1, . . . , hδi ) ∈ b
i
c(H) \ b

i
C satisfying the desired relations, are

constructed for all i ≤ p. We choose (hδ1, . . . , hδp+1) ∈ b
p+1
c(H) \ b

p+1
C and observe

that
∑p

j=1 µ(hδ1, . . . , hδ j )µ(hδ j+1, . . . , hδp+1) is an element in sC . Therefore,
we can choose µ(hδ1, . . . , hδp+1) ∈ (0 : m

2)C such that ∂(µ(hδ1, . . . , hδp+1)) =∑p
j=1 µ(hδ1, . . . , hδ j )µ(hδ j+1, . . . , hδp+1). Thus by induction µ extends to a trivial

Massey operation on bc(H). Therefore, c(H) is a Golod algebra and the result
follows. �

We recall the definition of compressed Gorenstein local rings.

Definition 4.3. Let (R,m, k) be an Artinian Gorenstein local ring of Loewy length s
and embedding dimension n ≥ 2. Set

εi =min
{(

n− 1+ s− i
n− 1

)
,

(
n− 1+ i

n− 1

)}
for all i with 0≤ i ≤ s. Then it is shown in [Rossi and Şega 2014, Proposition 4.2]
that l(R)≤

∑n
i=0 εi . The ring R is called a compressed Gorenstein ring if equality

holds.

We provide a different proof of the result of Rossi and Şega [2014, Theorem 5.1]
in Theorem 4.4.

Theorem 4.4. Let R be a compressed Gorenstein local ring such that edim(R)=
n≥ 2 and ll(R)= s, s ≥ 2, s 6= 3. Then R/ socle(R) is a Golod ring. Consequently,
R satisfies assertions (1) and (2) of Theorem I.
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Proof. We follow notation as set in the proof of Theorem I and Lemma 4.2. Let
t = max{i : I ⊂ ni

}. It is proved in [Rossi and Şega 2014, Proposition 4.2] that
t=

⌈ s+1
2

⌉
, the least integer not less than s+1

2 . By [Rossi and Şega 2014, Lemma 1.4],
the map H≥1(R/mt

⊗Q K Q)→ H≥1(R/mt−1
⊗Q K Q) induced by the surjection

R/mt � R/mt−1 is a zero map. This implies that Z≥1(K R)⊂ B≥1(K R)+mt−1K R
≥1

and therefore Z≥1(C) ⊂ B≥1(C)+mt−1C . Thus we find a basis b = {hλ}λ∈3 of
H≥1(C) represented by cycles in mt−1C .

Lemma 4.4 in [Rossi and Şega 2014] proves that the map ψ : H<n(m
r+1K R)→

H<n(m
r K R) induced by the inclusion mr+1 ↪→mr is zero for r = s+ 1− t . Since,

s ≥ 2, s 6= 3, we have t − 1 ≤ r ≤ r + 1 ≤ 2(t − 1). This implies that the
map H<n(m

2(t−1)K R)→ H<n(m
t−1K R) is also zero since it factors through ψ .

Therefore, we have Z<n(m
2t−2K R) ⊂ B(mt−1K R) which implies Z(m2t−2C) ⊂

B(mt−1C). It is worth pointing out that both the lemmas used here are independent
of all other results in [Rossi and Şega 2014].

We construct inductively a trivial Massey operationµ :
⊔
∞

i=1 b
i
→mt−1C . Define

µ(hλ) to be a cycle in mt−1C such that the homology class of µ(hλ) is hλ. Now
µ(hλ)µ(hλ′)∈Z(m2t−2C)⊂B(mt−1C), and so we chooseµ(hλ, hλ′)∈mt−1C such
that ∂(µ(hλ, hλ′))=µ(hλ)µ(hλ′). The method carries over to the next steps of con-
struction. Thus, C is a Golod DG algebra and the result follows from Lemma 4.2. �

Lemma 4.5. Let (R,m, k) be an Artinian Gorenstein local ring but not a complete
intersection. Let η : Q � R be a minimal Cohen presentation of R and I = ker(η).
Assume that µ(I )= r and edim(R)= n ≤ 3. Then R/ socle(R) is a Golod ring, so
R satisfies both assertions (1) and (2) of Theorem I. If dR(t)= 1−r t2

−r t3
+t5, then

for any finitely generated R-module M, we have dR(t)P R
M(t) ∈ Z [t]. The Poincaré

series of k is given by

P R
k (t)=

(1+ t)n

1− r t2− r t3+ t5 .

Proof. As before, we follow notation as set in the proof of Theorem I and Lemma 4.2.
By [Wiebe 1969, Satz 7], we have H1(K R)2=0 giving H1(C)2=0. For a proof writ-
ten in English, we refer to [Bruns and Herzog 1993, Corollary 3.4.8]. Now C is a DG
algebra of length 2. Therefore, any basis of H≥1(C) admits a trivial Massey opera-
tion and so C is a Golod algebra. The first part of the result follows from Lemma 4.2.

We compute the denominator. The Koszul complex of R is of length 3. We see
dimk H0(K R)= 1, dimk H1(K R)= µ(I )= r , dimk H3(K R)= dimk socle(R)= 1
and so dimk H2(K R) = r since

∑
i≥0(−1)i dimk Hi (K R) must be zero. With the

notation used in Theorem I, we have P Q
R (t)=

∑3
i=0 dimk Hi (K R)= 1+r t+r t2

+t3.
Therefore, we have

dR(t)=1−t (P Q
R (t)−1)+tn+1(1+t)=1−t2(r+r t+t2)+t4(1+t)=1−r t2

−r t3
+t5.

The formula for P R
k (t) follows from in [Rossi and Şega 2014, Proposition 6.2]. �
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If (R,m, k) is a Gorenstein local ring satisfying the hypothesis of the theorem
below, then the rational expression of P R

k (t) was computed by Wiebe [1969, Satz 9].
It was proved in [Avramov et al. 1988, Theorem 6.4] that if (R,m) is any Artinian
ring such that edim(R)− depth(R)≤ 3, then all R-modules have rational Poincaré
series. We prove a weaker version.

Theorem 4.6. Let (R,m, k) be a Gorenstein local ring but not a complete intersec-
tion such that edim(R)− depth(R) = n ≤ 3. Let η : Q � R̂ be a minimal Cohen
presentation of R, ker η = I and µ(I ) = r . Then for any f ∈ I \ nI, the induced
map Q/( f )� R̂ is a Golod homomorphism.

Let dR(t) = 1− r t2
− r t3

+ t5. Then P R
k (t) = (1+ t)edim(R)/dR(t) and for any

R-module M we have dR(t)P R
M(t) ∈ Z[t].

Proof. Let dim(R)=depth(R)=d and the maximal ideal m be minimally generated
by x1, . . . , xe such that x1, . . . , xd form an R-sequence. Then S = R/(x1, . . . , xd)

is an Artinian Gorenstein local ring and edim(S) = e − d = n ≤ 3. Let K R
=

R〈X i : ∂(X i )= xi , 1≤ i ≤ n〉 and K S
= S〈X i : ∂(X i )= xi , d + 1≤ i ≤ n〉 denote

the Koszul complexes. The quotient map q : K R � K S is a quasi-isomorphism;
see [Avramov 1998, Lemma 4.1.6].

To prove that the map Q/( f )� R̂ is a Golod homomorphism for any f ∈ I \nI,
it is equivalent to show that for any cycle z ∈ Z1(K R) \ B1(K R), the semifree
extension K R

〈T | ∂(T )= z〉 is a Golod algebra. Now one observes that q extends
to a surjective quasi-isomorphism

q̃ : K R
〈T | ∂(T )= z〉� K S

〈T | ∂(T )= q(z)〉;

see, for instance, [Gulliksen and Levin 1969, Proposition 1.3.5]. Lemma 4.5
applies to S. We conclude that the image of q̃ is a Golod algebra. Therefore,
K R
〈T | ∂(T )= z〉 is a Golod algebra.

The statement about Poincaré series is an immediate consequence of Lemmas 3.9
and 4.5. �

Remark 4.7. In both Theorems 4.4 and 4.6, we constructed a Golod homomorphism
from a hypersurface ring which is a quotient of an arbitrary generator belonging
to a minimal generating set of the defining ideal. Thus both theorems are slightly
stronger than their earlier versions.
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