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ON THE COMMUTATIVITY OF COSET PRESSURE

BING L1 AND WEN-CHIAO CHENG

We establish the conditional entropy with a coset partition and coset pres-
sure for subadditive potentials via separated sets on a compact metric group.
Analogues of the variational principle and thermodynamic formalism are
shown in this system. The major finding of this study consists of its presen-
tation of the commutativity proposition for those conjugate invariants.

1. Introduction

A basic issue in the theory of dynamical systems is the study of the complexity of
orbits. This has led to the development of many different subjects in mathematics. In
1958, Kolmogorov applied the notion of entropy from information theory to ergodic
theory. Since then, the notion of entropy has played an important role in understand-
ing the complexity of various dynamical systems. The two main types of entropy are
measure-theoretic (or metric) entropy and topological entropy. The former measures
the maximal loss of information of the iteration of finite partitions in a measure
preserving transformation. The latter measures the maximal exponential growth
rate of orbits for an arbitrary topological dynamical system. These two notions are
connected by the so-called variational principle. This relation states that the topo-
logical entropy is the supremum of the metric entropies for all invariant probability
measures of a given topological system, and has received considerable attention.
As a natural generalization of topological entropy, topological pressure is a
quantity which belongs to one of the concepts in the thermodynamic formalism.
The thermodynamic formalism itself is a generalization of the concepts of statistical
physics to the area of mathematical dynamical systems theory. Ruelle [1973] first
introduced the concept of topological pressure of additive potentials for expansive
dynamical systems. Walters [1982] then extended this concept to the compact
space with the continuous transformation. Moreover, in some cases, the values of
entropy functions can be expressed as the topological pressure of certain functions
related to dynamical systems. Numerous nonlinear physical problems involve a
complicated discrete dynamical system. Topological pressure contains information
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on the dynamics of the system; these dynamics can be extracted by varying the
potential energy function. Related studies include [Falconer 1988; Gelfert and
Wolf 2008; Huang et al. 2008; Huang and Yi 2007; Molaei 2008; Pollner and
Vattay 1996; Spandl 2008]. The framework presented by Bowen [1971] has caused
topological pressure to become a fundamental tool for studying the multifractal
formalism of dimension theory, especially for examining nonconformal dynamical
systems in statistical mechanics; see [Falconer 1988; Pesin 1997].

Furthermore, the notions of topological entropy and topological pressure intro-
duced above are applied to autonomous dynamical systems. Kolyada, Misiurewicz,
and Snoha [Kolyada et al. 1999; Kolyada and Snoha 1996] introduced topological
entropy for a nonautonomous dynamical system given by a sequence {f,}72;
of continuous self-maps of a compact metric space. More precisely, Kolyada
and Snoha [1996] showed that the topological entropy of the composition of two
continuous self-maps of a compact metric space does not depend on the order in
which functions compose, that is, (S o T) = hp(T o S). This fact demonstrates
that the dynamics of S o T must exhibit some common features with that of 7 o S,
although SoT and T o S do not usually coincide. Kong, Cheng, and Li [Kong et al.
2015] generalized topological entropy to the topological pressure of (X; fi o). They
analyzed those basic pressure propositions concerning a nonautonomous dynamical
system (X; f1,00) given by a compact metric space X and a sequence f1 oo ={fn},-
of continuous self-maps of X. They also showed that, for any continuous maps 7T
and S from a compact metric space into itself, the maps 7 o S and S o T have
the same topological pressure. Different propositions regarding nonautonomous
dynamical systems also can be found in [Canovas 2011; Kuang et al. 2013].

Essentially, the thermodynamic formalism can be described as a rigorous study
of certain mathematical structures inspired in thermodynamics. Balibrea, Lépez and
Pefia [Balibrea et al. 1999b] presented the commutativity proposition for topological
pressure by using thermodynamic formalism. The commutativity proposition for the
sequence entropy on the interval also can be obtained in [Balibrea et al. 1999a]. Here
we pursue the commutativity for coset pressure and conditional entropy function.
The outline of the paper is as follows. Section 2 establishes basic entropy with a coset
partition and shows the variational principle. Then we discuss the commutativity of
conditional entropy. Section 3 studies coset pressure with a sequence of subadditive
potential functions and demonstrates the thermodynamic formalism. Then, along
with [Balibrea et al. 1999b] and based on thermodynamic formalism, the main
result of the commutativity proposition also holds for the coset pressure.

2. Commutativity of entropy

In dynamical systems and ergodic theory it is understood that a reasonable measure-
theoretic or topological entropy should be a measure of the uncertainty of the
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system and that they should be invariant under measurable or topological change of
coordinates, respectively. This section reviews the concept of conditional entropy
in the context of a probability space and topological entropy in the context of the
compact metric space. We then show the commutativity property of conditional
entropy as follows.

Assume that (X, d) is a compact metric space with metricd and 7 : X — X isa
continuous selfmap. For any n € N, first we define the Bowen metric on X as

dy(x,y) = = max d(T'x,T'y) forallx,yeX.
<i<n-—1
Let K be a compact subset of X. For any n € N and € > 0, a subset F' of X is said
to be an (n, €)-spanning set of K with respect to T if for all x € K, there exists
y € F withd,(x, y) <e€,ie.,

n—1
kKc|JMN17'B(T'y:e).
yeF i=0
where B(T'y; €) represents the open ball with center 7'y and radius € in the
metric d, and B(T'y; €) is the corresponding closed ball. Let r(n, €, K) denote
the smallest cardinality of (n, €)-spanning set for K with respect to 7. A subset E
of K is said to be (n, €)-separated with respect to T if x, y € E, x # y, implies
d,(x,y) > €. In other words, for x € E, the set ﬂ,'-‘:_ol T~ B(T'x; €) contains no
other points of E except x itself. Let s(n, €, K) be the largest cardinality of a
(n, €)-separated subset of K with respect to 7.

In the compact metric space, the topological entropy of a set K introduced by
Bowen and defined by the separated or spanning sets can also be given using open
covers. Let o be an open cover of X and denote by R («|x) the number of sets in a
finite subcover of o with the smallest cardinality for K. The entropy of @ on K is de-
fined by H (¢|x) =log R(x|x), and the topological entropy of T for K is as follows:

htop(T|K)_11m hmsup—logr(n €, K)

€e—>0 p—oo

= lim lim sup 1 logs(n, €, K)
e=>0 p500 N

= sup hmsupllogN(\/”_oT "Bl ),

open cover f n—00

where
VIT  B={A;yNT Ay N---NT™ VA, 1A € B).

We assume throughout that (X, d, -) is a compact group with metric d and group
product -. T : X — X is a continuous endomorphism, and B is a closed T -invariant
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subgroup of X, where T-invariant means 7~'(B) = B. For convenience, some
more notations are as follows:

 [B] is the coset partition, i.e.,
[B]={B-x:x e X},
where B-x ={y-x:y € B}. Itis easy to check that the collection of sets B - x

forms a partition of X.

o M(X) is the set of all Borel probability measures on X. M (X, T) is the subset
of M(X) with all T-invariant measures. £(X, T) is the subset of M(X, T)
with all T -invariant ergodic measures.

« For any partition & of X,

" = \/:l:_olT_l%- ={A;, N T—lAi1 A AT-0-D 4.

In—1

(A €8 0<j<n—1).

Under the same assumption as above, the topological entropy of T for B - x is
defined to be

hiop(T | B-x) = hr%hmsupllogr(n €, B-x)

n—oo

= lim lim sup 1 logs(n, e, B-x)
e—>0 p500 N

= sup hmsupllogN(\/f OT_’,3|Bx)

open cover § n—>00

The conditional entropy is usually defined as follows. Let (X, B, ) be a probability
space, and let A and C be two partitions of (X, B, i) with

AI{A],...,Ak} and CI{Cl,...,Cp}.

The entropy of A given C is the number

n(A;NC; w(A;NC;
H,(A|C) = mez ((C)) og (mc')j)
J

omitting the j-terms when (C;) = 0. Here, the summation of each quantity is 1,
ie, 20 w(Cp =1,

Next, let T : (X, B, u) — (X, B, i) be a measure preserving transformation of
probability space (X, B, ) (i.e.,if A € B,then T™'A € Band u(T~'A) = u(A)).
For any finite partition « of X, we consider the refinement «” of o. Again, B is a
closed T -invariant subgroup. Then B-x is closed and [B] =T ~![B]. Therefore each
element in the partition [ B] belongs to 3. Then we consider the conditional entropy
given by the coset partition [B], defined by H, («" | [B]) = (\/"_0 T« | [B]).
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Good references for these entropy invariants are [Brucks and Bruin 2004; Katok
and Hasselblatt 1995], which contain many of the relevant earlier references.

Lemma 2.1 [Cheng 2006]. The sequence a, = H,(a" | [B]) is subadditive, that is,
Antm = Hu(an—‘rm | [B]) < Hu(an | [B]) + Hu(am | [B]) = au +ap.

The conditional entropy of « given [ B] with respect to 7 is the value
.1
hu(T | [B], @) = lim —H, (a" | [B])
n—oon
= inf lH,L(oz" | [B])
n>1n
and the conditional entropy of 7 with respect to u and [B] is defined to be
hy (T | [B]) =suphy(T | [B], @),
o

where o ranges over all finite partitions of X.

The well-known variational principle for entropy shows the relationship between
topological entropy and metric entropy. We only can obtain the variational inequality
for the invariant partition. However, under the condition of coset partition and using
Misiurewicz’s technique and more advanced ergodic analysis, a similar type of
local variational principle can be obtained as follows.

Theorem 2.2 [Cheng 2006] (variational principle). Let T : X — X be a continuous
endomorphism of the compact group (X, d, -) with closed T -invariant subgroup B.
Then we have

sup hyp(T | B-x) = sup  h,(T | [B]).

xeX HeEM(X,T)

Next, we investigate the invariant measure for the measurable selfmap. Assume
that S: X — X and T : X — X are functions. The composition of S and T is given
by SoT(x) = S(T(x)). It is obvious that M(X, S)NM(X,T) S M(X,SoT).
Let S : M(X) — M(X) be defined as follows. For any u € M(X), the measure
Su is defined by Su(E) = (S~ L(E)) for all measurable set E C X. If Juis an
invariant measure of S, then S,u w. Ifpe MX, Sy NM(X, SoT), then Su 7
and hence, T i = . Thus w is an invariant measure for S and 7.

Lemma 2.3 [Balibrea et al. 1999b]. Given the same conditions as indicated above,
we can see that SoT = SoT.

Lemma 2.4 [Walters 1982]. Given the same conditions as indicated above and that
¢ : X — R is a continuous real-value function, we can see that

/¢d(§u)=/¢05du-
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Lemma 2.5 [Balibrea et al. 1999b]. Given the same conditions as indicated above,
the maps

T|M(XSoT) M(X SOT)—)M(X TOS)
SlM(XToS) MX, ToS)—> M(X,SoT)
are well defined bijections.

Theorem 2.6. Assume that S, T : X — X are continuous endomorphisms and
let w €e M(X,SoT). Bisaclosed S, T-invariant subgroup of X, with coset
partition [ B). Then, we have

hy(SoT |[B]) = h;M(T oS |[B]).
Proof. Assume A is a finite partition of X, then we have that
H,(S~'A|[B]) = Hy, (A | [B])

and clearly that

h(SoT |[Bl, A)=h,(SoT |[B],(SoT) A).
Moreover,
Hy(VIZ5(SoT) A [B]) = H, (T V5 (S0 T) 7 (S7' A) | [B])
Hy(T7'VZ5(SoT) 7 (7 A) | T7'[B])
—HTM(V"_O(S oT)"(S7'A) | [B]).
We can divide by n and let n go to oo to obtain
hu(SoT |[Bl, A)=h7, (T oS|[B],S~'A).

This implies h,(SoT | [B], A) = h7, (T oS | [B] S71A) < hz,(T oS |[B]).
Furthermore, since u € M(X, SoT), we have S T/,L u, and

h#,(T oS |[Bl, A) =h,(SoT)|[Bl,T~"A) <h,(SoT |[B]).
Thus 1, (So T | [B]) = hz,(T o S | [B)). O

We have T;L = p if u € M(X, T). Therefore the commutativity for conditional
entropy holds under some situations.

Lemma 2.7. Assume that S, T : X — X are continuous endomorphisms and let
nweMX, Y NMX,T). If Bisaclosed S, T-invariant subgroup of X, with coset
partition [ B], then we have

hy(SoT |[B])=h,(T oS |[B]).



ON THE COMMUTATIVITY OF COSET PRESSURE 225

3. Commutativity of pressure

Topological pressure is an important generalization of topological entropy. It is well
known that the topological pressure with a potential function plays a fundamental
role in the study of the Hausdorff dimension of repellers and the hyperbolic set. It
roughly measures the orbit structure complexity of the iterated map on the potential
function. During this section, along with the discussion of the approximation
provided in the study by Cao, Feng and Huang [Cao et al. 2008], we define the
subadditivity of a sequence of functions and coset pressure in the following. Then
we state the thermodynamic formalism and use this formalism to demonstrate the
commutativity of coset pressure.

A sequence F = {log f,,}°2, of functions on X is called subadditive if each f,
is a positive real-valued continuous function on X with

Foam@) < fn(x) fi(T"x) forallx € X,m,n eN.

Assume [B] is a coset partition of this compact group X and 7 : X — X is a
continuous endomorphism. Therefore the coset pressure is defined as follows:

Py(T,F,e,B-x)= SUP{ Z fa(y) : E is an (n, €)-separated subset of B ‘x}.
E yeE
and
P(T,F,e,B-x) =1imsup,%10g P.(T, F,e,B-x).

n—>oo
Then
P(T,F,[Bl,e)=sup P(T, F,€e,B-x).
xeX
It is easy to show that P(T, F, [B], €) is a decreasing function of €. Therefore the
coset pressure of T with respect to F and [B] is defined as follows:

P(T,F,[B]) = lirr(l) P(T, F,[B], ¢).

Furthermore, we consider a sequence of positive real-valued functions { f;,} on X.
For a T-invariant Borel probability measure p, denote

.1
F*(M):nll)ngo;/bgfndﬂ-

A standard subadditive argument assures the existence of the above limit. When
n € E(X, T), by the subadditive ergodic theorem, the above limit exists w-almost
everywhere without integrating against u.

The basic propositions of coset pressure are provided in [Zhao and Cheng 2014].
The following thermodynamic formalism is the main finding of coset pressure, and
gives the relation among P (T, F, [B]), h, (T | [B]) and F, (). The process of the
proof is influenced by the methods in [Cao et al. 2008].
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Theorem 3.1. Let F ={log f,}72 | be a sequence of subadditive potential functions
on the compact group X and let T : X — X be a continuous endomorphism with a
closed T -invariant subgroup B. Then

—00 if Fu(u)=—00 forall ne M(X,T),

sup{h (T | [B)+Fu(u):ne M(X,T), Fi(u) # —00} otherwise.

In physics, a continuous function is regarded as a complicated potential function.

P(T,F, [B])={

Thus, setting F = ¢, the usual variational principle is as follows. Furthermore, we
can present the commutativity proposition for coset pressure by using thermody-
namic formalism.

P(T,¢,[B)= sup {h,(T | [B])+f¢du}-

peMX,T)

Theorem 3.2. Assume that both S, T : X — X are continuous endomorphisms and
¢ : X — R is a continuous real-value function. If B is a closed S, and T -invariant
subgroup of X, with coset partition [B]. Then, we have

P(SoT,$,[B]) = P(ToS,¢oS,[B]).

Proof. With the variational principle and Lemmas 2.4, 2.5, we have

P(ToS,¢o0S,[B]) = sup {hM(ToS)+f¢oSdu}
HEM(X,ToS)

= s (hg(SoT)+ / pd ()
LEM(X,ToS)

— s ligSen)+ [ ¢dGu)
SpeM(X,SoT)

=P(SoT,¢,[B]). O
Using Theorem 3.2, we have the following lemma:

Lemma 3.3. If M(X, T oS) = M(X, S), then
P(ToS,¢,[B])=P(SoT,¢,[B)).

Next, assume F = {log f,}72 , is a sequence of subadditive potential functions.
Let FoS ={log f,0S}72, and F,0S(u) = lim % f log f,, o S du. With the same
— 0
process as was used for the proof, the next [;lroposition is trivial.

Theorem 3.4. Assume that S, T : X — X are continuous endomorphisms and
that F = {log f,},2, is a sequence of subadditive potential functions. If B is a
closed S, T -invariant subgroup of X, with coset partition [ B], then we have

P(SoT,F,[B])=P(ToS,FoS,[B].
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Similarly, using Theorem 3.4, we have the following lemma:
Lemma 3.5. If M(X, T o S) = M(X, S), then

P(ToS,F,[B])=P(SoT, F,[B].
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