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THE POINCARÉ HOMOLOGY SPHERE,
LENS SPACE SURGERIES, AND SOME KNOTS WITH

TUNNEL NUMBER TWO

KENNETH L. BAKER

APPENDIX WRITTEN JOINTLY WITH NEIL R. HOFFMAN

We exhibit an infinite family of knots in the Poincaré homology sphere with
tunnel number 2 that have a lens space surgery. Notably, these knots are
not doubly primitive and provide counterexamples to a few conjectures.
Additionally, we update (and correct) our earlier work on Hedden’s almost-
simple knots. In the appendix, it is shown that a hyperbolic knot in the
Poincaré homology sphere with a lens space surgery has either no symme-
tries or just a single strong involution.

1. A family of knots in the Poincaré homology sphere with
lens space surgeries

Figure 1 shows a one-parameter family of arcs κn , n ∈ Z, on the pretzel knot
P(−2, 3, 5)= P(3, 5,−2) for which a−1-framed banding produces the two bridge
knot B(3n2

+ n+ 1,−3n+ 2). Indeed,

[n,−1,−n, 3] = −3n2
+n+1
−3n+2

.

Through double branched coverings and the Montesinos trick, the arc κn lifts to a
knot Kn in the Poincaré homology sphere on which an integral surgery yields the
lens space L(3n2

+ n+ 1,−3n+ 2).
As presented, the arc κn lies in a bridge sphere that presents P(−2, 3, 5) as a

3-bridge link. Thus the knot Kn lies in a genus 2 Heegaard surface for the Poincaré
homology sphere P . Nevertheless, as we shall see, generically Kn does not have
tunnel number one.

Theorem 1. For each integer n, the knot Kn in the Poincaré homology sphere P
has an integral surgery to the lens space L(3n2

+ n+ 1,−3n+ 2). If |n| ≥ 4, then
Kn has tunnel number 2.

MSC2010: 57M27.
Keywords: Poincaré homology sphere, Dehn surgery, lens space, tunnel number.
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n n n n

−n −n −n −n

κn ≈ ≈

P(3, 5,−2)

≈

n
n n n

−n

−n −n −n

≈ ≈ ≈

[n,−1,−n, 3]

Figure 1. Top left shows a family of arcs κn with end points on
the pretzel knot P(−2, 3, 5). A numbered vertical box signifies a
stack of half-twists where the sign informs the handedness. We
perform a banding on κn (framed relative to the horizontal bridge
sphere) followed by a sequence of isotopies to recognize the result
as the two-bridge knot B(3n2

+ n+ 1,−3n+ 2). The arc κ∗n dual
to the banding is also carried along.

These knots arose from an application of the “longitudinally jointly primitive”
ideas presented in [Baker et al. 2019]. After observing that the negative White-
head link is a two-component genus 1 fibered link for which −1 surgery on both
components produces P , we found a family of jointly primitive knots in the twice-
punctured torus bundle that is the exterior of this Whitehead link. Our knots Kn

are the images of these jointly primitive knots in the P filling. This is discussed
further in [Baker et al. 2019, §2.3.3].

Previously, the only known knots in P admitting a surgery to a lens space are
surgery duals to Tange knots [2009a] and certain Hedden knots [Hedden 2011;
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Rasmussen 2007; Baker 2014b]. (See Section 5 for a discussion of the Hedden
knots.) These knots in P are all doubly primitive, they may be presented as curves
in a genus 2 Heegaard splitting that represent a generator in π1 of each handlebody
bounded by the Heegaard surface. We see this as Tange knots and Hedden knots all
admit descriptions by doubly pointed genus 1 Heegaard diagrams. (Tange knots are
all simple knots in lens spaces and Hedden knots are “almost simple”.) Equivalently,
they are all 1-bridge knots in their lens spaces. Any integral surgery on a 1-bridge
knot in a lens space naturally produces a 3-manifold with a genus 2 Heegaard
surface in which the dual knot sits as a doubly primitive knot.

The Berge conjecture posits that any knot in S3 with a lens space surgery is a
doubly primitive knot [Berge 1990]; see [Gordon 1991, Question 5.5]. It is also
proposed that any knot in S1

× S2 with a lens space surgery is a doubly primitive
knot [Baker et al. 2016, Conjecture 1.1; Greene 2013, Conjecture 1.9]. By analogy
and due to a sense of simplicity1, one may suspect that any knot in P with a lens
space surgery should also be doubly primitive. However this is not the case. Since
our knots Kn have tunnel number 2 for |n| ≥ 4, they cannot be doubly primitive.

Corollary 2. There are knots in the Poincaré homology sphere with lens space
surgeries that are not doubly primitive. That is, the analogy to the Berge conjecture
fails for the Poincaré homology sphere.

Corollary 3. [Greene 2013, Conjecture 1.10] is false. For example, the lens space
L(5, 1) contains a knot K ∗1 with a surgery to P but does not contain a Tange knot
or a Hedden knot with a P surgery.

Proof. For n = 1, surgery on K1 produces L(5,−1) as shown in Figure 1. A quick
check of [Tange 2009a, Table 2] shows that L(5,−1) contains no Tange knots.
The Hedden knots with surgery to ±P are homologous to Berge lens space knots
of type VII [Rasmussen 2007; Greene 2013]: one further observes that L(5,−1)
does not contain any of these knots since k2

+ k+ 1= 0 (mod 5) has no integral
solution. �

Remark 4. The knot K1 is actually the (2, 3)-cable of the knot J that is surgery
dual to the trefoil in S3.

As we shall see in Theorem 7(3), it is the (2g(Kn)−1)-surgery on our knots Kn

that produces a lens space; g(Kn) is the Seifert genus of the knot Kn . Hence they
also provide counterexamples to [Hedden 2011, Conjecture 1.7] (see [Baker et al.
2008, Conjecture 1.6]) and [Greene 2013, Conjecture 1.10]. It seems plausible
that it is the largeness of the knot genus with respect to the lens space surgery

1The manifolds S3, P , and its mirror−P are the only homology 3-spheres with finite fundamental
group (by Perelman) and the only known irreducible L-space homology 3-spheres, e.g., [Eftekhary
2009; Eftekhary 2018].
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slope that enables the failure of our knots to be doubly primitive. Hedden and
Rasmussen also observe a distinction at this slope for lens space surgeries on knots
in L-space homology spheres [Hedden 2011; Rasmussen 2007]. Indeed, from the
view of Heegaard Floer homology for integral slopes on knots in homology spheres,
this slope is right at the threshold at which a knot could have an L-space surgery
[Ozsváth and Szabó 2011, Proposition 9.6] (see also [Hedden 2009, Lemma 2.13])2

and just below what implies it has simple knot Floer homology [Eftekhary 2011]3.
With this in mind, we adjust and update [Greene 2013, Conjecture 1.10].

Conjecture 5. Suppose that p-surgery on a knot K in the Poincaré homology
sphere produces a lens space. If p > 2g(K )− 1 is an integer, then K is a doubly
primitive knot. Furthermore it is surgery dual to one of the Tange knots.

Conjecture 6. If a knot in the Poincaré homology sphere is doubly primitive, then
it is surgery dual to one of the Tange knots or one of the Hedden knots.

As mentioned in the paragraph following its statement, [Hedden 2011, Theorem
3.1] (presented here in Theorem 14) applies to any L-space homology sphere, not
just S3. Thus, since doubly primitive knots are surgery dual to one-bridge knots
in lens spaces, [Hedden 2011, Theorem 3.1] implies that such surgery duals are
either simple knots or one of the Hedden knots TL or TR . In Section 5 we clarify
and correct our work in [Baker 2014b] and further classify when Hedden’s knots
are dual to integral surgeries on knots homology spheres, P in particular. Tange
has produced a list of simple knots in lens spaces that are surgery dual to knots
in P [Tange 2009a], and it is expected that this list is complete. Verifying its
completeness will affirm Conjecture 6.

Let us collect various properties of our knots.

Theorem 7. Let p = 3n2
+ n+ 1 and q = −3n+ 2. Then the following hold for

our family of knots Kn in P:

(1) Positive p-surgery on Kn produces a lens space L(p, q).

(2) Kn is fibered and supports the tight contact structure on P .

(3) g(Kn)=
1
2(p+ 1)

(4) rk ĤFK(L(p, q), K ∗n )= p+ 2

(5) Let Tn be the (3n+ 1, n)-torus knot in S3, and note that p-surgery on Tn also
produces L(p, q). The surgery dual to Kn is homologous to the surgery dual
to Tn .

(6) 1Kn (t)=1Tn (t)− (t
(p−1)/2

+ t−(p−1)/2)+ (t (p+1)/2
+ t−(p+1)/2).

2This threshold may be lower for knots in homology spheres with τ(K ) < g(K ).
3A knot K ∗ in a rational homology sphere Y has simple knot Floer homology if rk ĤFK(Y, K ∗)=

rk ĤF(Y ). This definition does not require Y to be an L-space itself.
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Theorem 7(5) is given as Lemma 12. The remainder of Theorem 7 follows from
assembling the works [Hedden 2011; Rasmussen 2007; Tange 2011, 2009b]. In
fact, appealing to Greene’s proof of the lens space realization problem [Greene
2013], we tease out the following general theorem from which Theorem 7(3) and
(6) follow.

Theorem 8. Suppose that p-surgery on knot K in an L-space homology sphere Y
with d(Y )= 2 produces the lens space L(p, q). Then p = 2g(K )− 1 if and only
if p-surgery on some Berge knot B in S3 also produces the lens space L(p, q) in
which the surgery duals to K and B are homologous.

When this holds,1K (t)=1B(t)−(t (p−1)/2
+ t−(p−1)/2)+(t (p+1)/2

+ t−(p+1)/2).

2. Questions about knots in the Poincaré homology sphere with
lens space surgeries.

2.1. Homology classes of knots.

Question 9. (1) For which Berge knots B that have a positive, odd p-surgery
producing the lens space L(p, q), is there a knot K in P such that 2g(K )−1=
p, p-surgery produces the lens space L(p, q), and the surgery duals B∗ and
K ∗ are homologous?

(2) For a Berge knot B as above, can there be two distinct knots K1 and K2 in P
with p-surgery to L(p, q) such that the surgery duals B∗, K ∗1 , and K ∗2 are all
homologous?

Presently the only Berge knots known to answer Question 9(1) are the Berge
knots of type VII (those that embed in the fiber of the trefoil) due to [Hedden 2011;
Baker 2014b] and the (3n+1, n)-torus knots with p= 3n2

+n+1 due to our knots
introduced here. Indeed, what about the case of the (3n+ 1, n)-torus knots when
p = 3n2

+ n− 1?
To clarify the word “distinct” in Question 9(2), note that the mapping class group

of the Poincaré homology sphere is trivial [Boileau and Otal 1991, Thèorém 3 and
Corollaire 4]. Thus knots in P that are related by a diffeomorphism of P are also
isotopic.

2.2. Symmetries. One may observe that, thus far, all the known examples of knots
in P with a lens space surgery are strongly invertible. Hence there is an involution
of P taking each of these knots with some orientation to its reverse. Wang and
Zhou [1992] have shown that if a knot in S3 other than a torus knots has a nontrivial
lens space surgery, then its only possible symmetry is a strong involution.

Question 10. (1) Is every knot in P with a lens space surgery strongly invertible?

(2) What are the possible symmetries of a knot in P with a lens space surgery?
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In the appendix to this article, the author and Hoffman provide Theorem A.1 which
addresses Question 10(2): A hyperbolic knot in P with a lens space surgery either
has no symmetries or just a single strong involution.

2.3. Hopf plumbings. Let us inquire about another potential analogy with the
Berge knots in S3. The Giroux correspondence says that any two fibered knots
supporting the same contact structure are related by a sequence of plumbings and
de-plumbings of positive Hopf bands [Giroux 2002]. Since the Berge knots (with
positive surgeries to lens spaces) can all be expressed as closures of positive braids4,
each Berge knot can be obtained from the unknot by a sequence of plumbings of
Hopf bands. No de-plumbings are necessary.

In P the unknot is not fibered, but the knot J that is −1-surgery dual to the
(negative) trefoil is. As we shall see in Lemma 13, J is a reasonable surrogate for
the unknot in P: it is the unique genus one fibered knot in P , and it supports the tight
contact structure on P . Since a knot in P with a lens space surgery is fibered and
supports the tight contact structure (by Theorem 7(2)), the Giroux correspondence
says that it may be obtained from J by a sequence of plumbings and de-plumbings
of positive Hopf bands.

Question 11. If a knot in P has a lens space surgery, then can it be obtained from
J by a sequence of plumbings of Hopf bands?

We have yet to systematically check this question for the knots produced here or
for the duals to the Tange and Hedden knots. As noted in Remark 4, the knot K1

is the (2, 3)-cable of J . One may use this to show that K1 is indeed obtained by
plumbing two Hopf bands onto J .

3. Notation and conventions

Let K be a knot in an oriented 3-manifold M . Choose an orientation on K and let µ
be a meridian of K in the torus ∂N (K ) that positively links K . Let λ be an oriented
curve in ∂N (K ) that is isotopic to K in N (K ); if K is null-homologous in M , we
choose λ so that it is null-homologous in M −N (K ). If γ is an essential simple
closed curve in ∂N (K ), then when it is oriented [γ ] = p[µ]+ q[λ] ∈ H1(∂N (K ))
where p, q are coprime integers; changing the orientation of γ changes the signs
of both p and q . We refer to both the unoriented isotopy class of γ in ∂N (K ) and
the number p/q ∈Q∪ {∞} as a slope and (when λ is null-homologous) say it is
positive if 0< p/q <∞. If the slope is integral, we also say it is a longitude or a
framing of K .

The result of γ -Dehn surgery on the knot K ⊂M is the manifold MK (γ ) obtained
by attaching S1

× D2 to M −N (K ) along the torus ∂N (K ) so that pt× ∂D2 is

4This is remarked preceding the conjecture of Goda and Teragaito [2000], for example.
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identified with the slope γ . The image of the curve S1
× pt in MK (γ ) is a knot

called the surgery dual to K and denoted K ∗. Observe that γ is the meridian of
K ∗ and µ-surgery on K ∗ returns M with surgery dual K = (K ∗)∗.

If M is the double branched cover of S3 over a link L , an arc κ such that
κ ∩ L = ∂κ lifts to a knot K in the cover M . Via the Montesinos trick [1975],
each integral surgery on K corresponds to a banding along κ . With I = [−1, 1],
if R = I × I is a disk embedded in S3 such that R ∩ L = ∂ I × I and {0}× I = κ ,
then the link L ′ = (L − ∂ I × I )∪ I × ∂ I ) is the result of a banding along κ . The
arc κ∗ = I ×{0} is the dual arc of the banding. In the double branched cover over
L ′, κ∗ lifts to the dual knot K ∗ of the corresponding integral surgery on K .

The lens space L(p, q) is defined to be the manifold that results from −p/q-
surgery on the unknot in S3. The two-bridge link B(p, q) is the link in S3 whose
double branched cover is L(p, q) [Hodgson and Rubinstein 1985]. Using the
continued fraction [x1, x2, . . . , xn] = x1−1/(x2−1/(· · ·−1/xn)) to express −p/q
describes the two-bridge link B(p, q) geometrically in plat presentation as in the
lower left of Figure 1.

A nontrivial knot in a lens space L(p, q) is simple (or grid number one) if, in
the standard genus one Heegaard diagram of the lens space, it may be represented
by two of the p intersection points. The simple knot is then the union of the arcs
connecting those points in the two meridional disks whose boundaries are described
by the diagram. Equivalently, a simple knot (including the trivial knot) is a knot
represented by a doubly pointed genus 1 Heegaard diagram of L(p, q) that has
p intersection points. There is one for each homology class k ∈ H1(L(p, q)) in
L(p, q), denoted K (p, q, k). See for example [Rasmussen 2007; Hedden 2011;
Baker et al. 2008].

4. Proofs

Proof of Theorem 1. Figure 1 exhibits arcs κn on the pretzel knot P(−2, 3, 5) that
have a banding to a two-bridge link. By passing to the double branched covers
(and using the Montesinos trick), this describes knots Kn in P that have an integral
surgery to a lens space.

Since Kn lies in a genus 2 Heegaard surface, its tunnel number is at most 2.
If Kn were to have tunnel number one, then every surgery on Kn would have
Heegaard genus at most 2. However we will see that surgery along the framing
induced by the Heegaard surface produces a toroidal manifold which, according
to Kobayashi’s classification [1984], does not have Heegaard genus 2. (The same
scheme was recently employed in [Eudave-Muñoz et al. 2015] to demonstrate a
family of strongly invertible knots in S3 with a Seifert fibered surgery and tunnel
number 2.)
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n

n n n n

−n

−n
−n

−n −n

S
S

S

S

S

=

=

=

=

T αn

T βn

κn(0)

T (2, n+2)#T (2, 3)

P(1−n,−2, 2)

P(n+3, 3,−2)

T (2, 1−n)#T (2, 2)

Figure 2. Left: The bridge sphere S for P(−2, 3, 5) splits κn(0)
into two tangles, T α

n above and T β
n below. Middle: Filling T α

n

with a rational tangle to get T (2, n + 2)#T (2, 3) makes T β
n into

P(1− n,−2, 2). Right: Filling T β
n with a rational tangle to get

T (2, 1− n)#T (2, 2) makes T α
n into P(n+ 3, 3,−2).

Kobayashi shows that if M = Mα
∪T Mβ is a genus 2 manifold decomposed

along a torus T into two atoroidal manifolds, then one of Mα or Mβ admits a
Seifert fibering over the disk with 2 or 3 exceptional fibers or over the Mobius band
with up to 2 exceptional fibers such that filling the other along the slope induced by
a regular fiber in T produces a lens space. (This is more general than Kobayashi’s
classification but suitable for our needs.) The slope of a regular fiber may be
identified since filling one of these Seifert fibered spaces produces a reducible
manifold if and only if the filling is done along the slope of a regular fiber.

Figure 2 (left) shows that the result of a 0-framed banding along κn has a sphere
S dividing it into two 2-string tangles. Up to homeomorphism, these two tangles are
the tangle sums T α

n = 1/(n+ 2)+ 1
3 and T β

n = 1/(1− n)− 1
2 . Their corresponding

double branched covers, Mα
n and Mβ

n , are in general each Seifert fiber spaces
over the disk with exactly two exceptional (and nondegenerate) fibers: Mα

n has
type D2(|n + 2|, 3) and Mβ

n has type D2(|1 − n|, 2). This fails for Mα
n when

n =−1,−2,−3 and for Mβ
n when n = 0, 1, 2; in each, the middle value yields a

degenerate Seifert fibration while the other values yield solid tori. In these cases the
torus T that is the double branched cover of S is compressible and so Kobayashi’s
classification does not apply; moreover, one may observe that Kn has tunnel number
one in these cases. Hence we assume n 6∈ {−3,−2,−1, 0, 1, 2}.

When n =−1 or 3, Mβ
n has type D2(2, 2) and thus is a twisted I -bundle over

the Klein bottle. Therefore it has an alternative Seifert fibration over the Mobius
band with no exceptional fibers. We already assume n 6= −1. We shall assume
n 6= 3 as well.
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n n n n n

−n −n −n −n −n≈ ≈ ≈

two clasp
changes

crossing
change

dbc

clasp
change

Figure 3. Left: An isotopy of the arc κ∗n on the two bridge link
B(3n2

+ n+ 1,−3n+ 2) from the lower left of Figure 1 has two
clasp changes performed. The resulting arc τ ∗n is then isotoped
to lie in a bridge sphere. Right: A clasp change of an arc around
a segment of a branch locus lifts to a crossing change about a
segment of the fixed set in the double branched cover.

Figure 2 (middle) shows the results of filling T α
n and T β

n with the rational tangle
ρα defined by a pair of arcs in S so that T α

n (ρ
α) is composite. We then observe that

the filling T β
n (ρ

α) is the pretzel link P(1− n, 2, 2), and this is a two-bridge link if
and only if n = 0, 2. We have already omitted these values of n.

Figure 2 (right) shows the results of filling T α
n and T β

n with the rational tangle
ρβ defined by a pair of arcs in S so that T β

n (ρ
β) is composite. We then observe that

the filling T α
n (ρ

β) is the pretzel link P(n+ 2, 3,−2), and this is a two-bridge link
if and only if n =−1,−3. We have already omitted these values of n too.

Therefore, to conclude that the knot Kn has tunnel number 2, it is sufficient to
require that n 6∈ {−3,−2,−1, 0, 1, 2, 3}. �

Lemma 12. The knot K ∗n in L(3n2
+ n+ 1,−3n+ 2) that is surgery dual to Kn is

homologous to the knot T ∗n that is surgery dual to the (3n+ 1, n)-torus knot in S3.

Proof. Starting from the lower left of Figure 1 where the dual arc κ∗n is a presented
on a standard form of the two bridge link B(3n2

+ n+ 1,−3n+ 2), Figure 3 (left)
shows how two clasp changes (and isotopy) transforms κ∗n into an arc τ ∗n in a bridge
sphere. Since τ ∗n lies in the bridge sphere, its lift to the double branched cover is
a knot T ∗n in the Heegaard torus of the lens space. Lifting the transformation of
Figure 3 (left) to the double branched cover thus shows that K ∗n and T ∗n are related
by two crossing changes. (The clasp changes lift to crossing changes as indicated
in Figure 3 (right).) Hence these knots are homotopic, and therefore homologous,
in the lens space.
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n n n n n

−n −n −n −n −n≈ ≈

#

banding banding

Figure 4. Left: A banding of B(3n2
+ n + 1,−3n + 2) along

the arc τ ∗n produces the unknot. Right: A different banding of
B(3n2

+ n+ 1,−3n+ 2) along the arc τ ∗n produces the connected
sum of B(n,−1) and B(3n+ 1, 3).

Finally, Figure 3 (left) shows a banding of B(3n2
+n+1,−3n+2) along the arc

τ ∗n to the unknot. Thus we may identify T ∗n as surgery dual to a torus knot Tn in S3.
Because Figure 3 (left) shows a banding of B(3n2

+ n+ 1,−3n+ 2) along the arc
τ ∗n to the connected sum B(n,−1)#B(3n+ 1, 3), the torus knot Tn has a reducible
surgery to L(n,−1)#L(3n+ 1, 3) ∼= L(−n, 3n+ 1)#L(3n+ 1,−n) which is the
mirror of L(n, 3n+ 1)#L(3n+ 1, n). Thus Tn must be the (3n+ 1, n)-torus knot
(for example, see [Moser 1971]). �

Proof of Theorem 7. (1) Theorem 1 shows that either ±p-surgery on Kn is a lens
space. Tange shows that any integral lens space surgery on a knot in P must be
positive [Tange 2011, Theorem 1.1].

(2) In [Tange 2011, Theorem 3.1], the paragraph following, and its proof, Tange
further shows that if an L-space homology sphere Y contains a knot K with irre-
ducible exterior for which a positive integer surgery produces an L-space, then K is
a fibered knot supporting a tight contact structure. (Tange notes that the fiberedness
of K follows from the proof of [Ozsváth and Szabó 2005, Theorem 1.2] and [Ni
2007]. Tange then demonstrates that the Heegaard Floer contact invariant of the
contact structure supported by K is nonzero.)

(5) If Tn is the (3n+1, n)-torus knot in S3, then p-surgery on Tn produces the lens
space L(p, q). By Lemma 12, the surgery dual knot T ∗n is homologous to the knot
K ∗n that is surgery dual to Kn .

(3) and (6) Since the dual knots K ∗n and T ∗n are homologous, Theorem 8 implies
2g(K n) = p− 1 and the stated relationship of the Alexander polynomials of Kn

and Tn .
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K

λ

µ∗

µ

K ∗

µ

λ

µ∗

Figure 5. Left: A regular neighborhood of an oriented knot K
in a homology sphere Y has meridian µ linking K positively and
longitude λ oriented as the boundary of a Seifert surface. The
surgery curve µ∗ of positive slope 5/1 shown here is oriented as
[µ∗] = [λ]+ 5[µ] in H1(∂N (K )). Right: Performing µ∗-surgery
on K produces the rational homology sphere Z and surgery dual
knot K ∗. Orienting K ∗ to be linked positively by its meridian µ∗,
the boundary of the (rational) Seifert surface λ is homologous to
5[K ∗] in N (K ∗) while the longitude µ is homologous to −[K ∗].

(4) Knowing that g(Kn)= (p+1)/2 implies rk ĤFK(L(p, q), K ∗n )= p+2 [Hedden
2011, Theorem 1.4] (see also [Rasmussen 2007, Proposition 4.5]). �

Proof of Theorem 8. Let K ∗ be the surgery dual to K in L(p, q) and (for some
choice of orientations) let J ∗ be the simple knot in L(p, q) homologous to K ∗.
Then J ∗ has an integral surgery to an L-space homology sphere YJ [Rasmussen
2007, Theorem 2].

Since positive p-surgery on K gives L(p, q), then the self-linking number of
K ∗ is −1/p (mod 1); see [Rasmussen 2007, §2]. This is demonstrated in Figure 5:
If 6 is an oriented Seifert surface for K giving the oriented longitude λ = ∂6,
then the positively linking meridian µ of K is oriented as shown. In order for λ
to run positively along K ∗, we need µ∗ · λ > 0. Thus we must orient µ∗ so that
[µ∗] = [λ] + p[µ]. This forces µ to be an anti-parallel longitude of K ∗. Hence we
may use −µ to calculate the self-linking number of K ∗ as (−µ · λ)/p (mod 1).

With this set-up, µ-surgery on K ∗ may be regarded as −1-surgery on K ∗. This
means Y = K ∗

−1 in the notation of [Rasmussen 2007], though not explicitly stated.
Similarly we also have YJ = J ∗

−1.
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If 2g(K )− 1 6= p, then the knots J ∗ and K ∗ have isomorphic knot Floer ho-
mology [Rasmussen 2007, Theorem 2] (see also [Hedden 2011, Theorem 1.4]).
Having isomorphic (and simple) knot Floer homology would imply that the L-space
homology spheres YJ and Y have the same d-invariants. Hence d(YJ )= 2 too. But
now YJ cannot be S3 since d(S3)= 0.

If 2g(K )−1= p then width ĤFK(L(p, q), K ∗)=2p [Ni 2009]; see [Rasmussen
2007, Theorem 4.3]. Thus d(Y )= d(YJ )+2 by [Rasmussen 2007, Proposition 5.4]
and so d(YJ )= 0. Greene’s solution [2013] to the lens space realization problem
proceeds by first identifying the pairs (lens space, homology class) that contain
knots for which some integral surgery produces an L-space homology sphere with
d = 0, and then observing that each of these pairs contains the surgery dual to a
Berge knot. Since the lens space surgery duals to Berge knots are simple knots, we
have that in fact J ∗ is surgery dual to a Berge knot B and YJ = S3.

For the statement about Alexander polynomials, let us first summarize work of
Tange [2009b] on Alexander polynomials of knots in L-space homology spheres for
which a positive integral surgery yields a lens space. The symmetrized Alexander
polynomial of a knot K in an L-space homology sphere with a nontrivial L-space
surgery can be expressed as

1K (t)=
∑
i∈Z

ai (K )t i
= (−1)k +

k∑
j=1

(−1)k− j (tn j + t−n j ) ∈ Z[t±1
]

following the arguments of [Ozsváth and Szabó 2005]. For a given positive in-
teger p, pass to the quotient Z[t±1

]/(t p
− 1) to obtain a polynomial 1̃K (t) =∑

i∈Z/pZ ãi (K )t i with coefficients ãi (K ) =
∑

j=i mod p a j (K ). Assuming that p-
surgery gives a lens space Z , then 2g(K )− 1≤ p [Kronheimer et al. 2007]. Note
that K is fibered 5 and hence the degree of 1K (t) equals 2g(K ). Because of this
and that the coefficients of 1K (t) are ai (K ) = 0 or ±1 (and the nonzero ones
alternate in sign), it follows that ãi (K ) = 0, ±1, or 2 where ãi (K ) = 2 implies
that both p is even and i = 1

2 p [Tange 2009b, Corollary 2]. Furthermore, one may
determine that the coefficients ãi (K ) and the polynomial 1̃K (t) only depend on
the lens space Z and the homology class of the surgery dual knot K ∗ [Brody 1960]
(see [Rasmussen 2007, §5]). In particular, if p = 2g(K )− 1 then

1K (t)= 1̃K (t)− (t (p−1)/2
+ t−(p−1)/2)+ (t (p+1)/2

+ t−(p+1)/2)

where the indices for the coefficients of 1̃K (t) are taken to be the representatives
of Z/pZ from −1

2(p− 1) and 1
2(p− 1). See also the discussion preceding [Tange

2009a, Proposition 3.3].

5Since lens spaces are irreducible, a knot in a homology sphere with a lens space surgery must
have irreducible exterior. Thus K has irreducible exterior and so it is fibered by [Ozsváth and Szabó
2005, Theorem 1.2] and [Ni 2007]; see Theorem 7(2).
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Now in our present situation, since the Berge knot B in S3 has p-surgery to
L(p, q) in which the surgery dual is the simple knot J ∗, we therefore have 2g(B)<
p because p is odd [Hedden 2011, Theorem 3.1]6. Hence ãi (B) = ai (B) for all
i ∈ Z/pZ and 1B(t)= 1̃B(t). Because the surgery dual K ∗ is homologous to the
simple knot B∗ in L(p, q), 1̃K (t)= 1̃B(t). Therefore we have

1K (t)=1B(t)− (t (p−1)/2
+ t−(p−1)/2)+ (t (p+1)/2

+ t−(p+1)/2)

as claimed. �

Lemma 13. There is a unique genus one fibered knot J in P . As an open book, it
supports the tight contact structure on P . Furthermore, it is surgery dual to the
negative trefoil knot in S3.

Proof. This can be seen in the spirit of [Baker 2014a] which relates genus one
fibered knots to axes of closed 3-braids as follows: Noting that since P has a
unique genus 2 Heegaard splitting [Boileau and Otal 1991], P(−2, 3, 5) is the
only 3-bridge link whose double branched cover gives P . (In fact P is the double
branched cover of no other link.) Since P(−2, 3, 5) is isotopic to the (3, 5)-torus
knot, its 3-braid axis A lifts to a genus one fibered knot J ⊂ P . By [Birman and
Menasco 1993, classification theorem] and [Baker 2014a, Lemma 3.8], for instance,
A is the only 3-braid axis for P(−2, 3, 5) up to isotopy of unoriented links. Hence
J is the only genus one fibered knot up to homeomorphism in P . Since the mapping
class group of P is trivial [Boileau and Otal 1991], J is the only genus one fibered
knot in P up to isotopy.

In the double branched cover, a braid presentation of the branch locus lifts to a
Dehn twist presentation of the monodromy of the lift of the axis. Since the axis
A presents P(−2, 3, 5) as a positive braid (indeed, as the (3, 5)-torus knot), we
obtain a presentation of the monodomy of J as a product of positive Dehn twists.
Hence it supports the tight contact structure on P [Giroux 2002].

One may view J as surgery dual to the negative trefoil in several ways. Taking
the route through branched covers, this is demonstrated in [Baker 2014b, Proof 2],
though for the mirrored situation. �

5. Hedden’s almost-simple knots.

In each lens space L(p, q) with coprime p > q > 0, Hedden diagramattically
describes two unoriented 1-bridge knots TL and TR (the Hedden knots) via the
doubly pointed genus 1 Heeggaard diagrams of L(p, q) with p+ 2 intersection
points [Hedden 2011, Figure 3]. An alternative presentation of local pictures of
these diagrams near the two marked points are shown in the top row of Figure 6.

6See also [Greene 2013, Theorem 1.4].
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TL TR

K (p, q, q + 1) K (p, q, q − 1)

q − 1

−1

−q − 1

q

0

−q

q + 1

1

−q + 1

q − 1

−1

−q − 1

q

0

−q

q + 1

1

−q + 1

Figure 6. Local portions of the doubly pointed diagrams for the
almost-simple knots TL and TR and their associated simple knots
K (p, q, q + 1) and K (p, q, q − 1); see [Baker 2014b, Figure 1;
Hedden 2011, Figure 3]. In the bottom two pictures, the intersection
points of the red α-curve and blue β-curve are numbered in order
mod p along the α-curve.

Since the simple knots in L(p, q) are those that can be described via doubly pointed
genus 1 Heeggaard diagrams of L(p, q) with only p intersection points, we like
to regard the Hedden knots as almost-simple. The bottom row of Figure 6 shows
the same portion of the diagram for related simple knots. These knots are notable
because of the following theorem.

Theorem 14 [Hedden 2011, Theorem 3.1]. If K ∗ is a 1-bridge knot in L(p, q)
with an integral surgery to an L-space homology sphere, then either

• p > 2g− 1 and K ∗ is a simple knot, or

• p = 2g− 1 and K ∗ is either TL or TR ,

where g is the Seifert genus of the surgery dual knot.

Though the statement of this theorem in [Hedden 2011] is explicitly only for
surgeries to S3, Hedden notes that his proof applies for surgeries to any L-space
homology sphere.
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Here we would like to clarify a few points about these almost-simple knots,
correct a couple of misstatements in [Baker 2014b], and discuss the homology
spheres that may be obtained by integral surgery on them following the arguments
of [Baker 2014b]. Afterwards, we summarize these results in Proposition 15.

The knots TL and TR are not homologous in general, contrary to what was stated
in [Baker 2014b]. One can observe this directly from the descriptions in Figure 6 (or
[Hedden 2011, Figure 3]), noting that the magnitude of their algebraic intersection
numbers with the blue β-curve differ by 2. One may further observe that the mirror
of the knot TL in L(p, q) is the knot TR in L(p,−q).

Furthermore, the proof in [Baker 2014b] that TL differs from (and thus is ho-
mologous to) K (p, q, q + 1) by a crossing change also shows that TR differs from
K (p, q, q−1) by a crossing change. Unfortunately, [Baker 2014b, Figure 2] should
be mirrored through the Heegaard torus so that the red α-disks are below, the blue
β-disks are above, and the twist in TL is right-handed in order to be consistent with
the orientation conventions. In particular, the crossing change from K (p, q, q + 1)
to TL is achieved by a −1-surgery on a loop CL in the Heegaard that encircles
the two base-points in the diagram for K (p, q, q + 1) of Figure 6 (bottom left).
The crossing change from K (p, q, q − 1) to TR may be similarly achieved by a
+1-surgery on a loop CR .

A knot homologous to K (p, q, k) has an integral surgery to a homology sphere
if and only if its self linking is ±1/p (mod 1), or equivalently if and only if
k2
=±q (mod p) [Rasmussen 2007, Lemma 2.6]; see [Fintushel and Stern 1980].

Here the choice of sign of ± is consistent and agrees with whether this integral
surgery is a ±1-surgery; see Figure 5 and the discussion in the proof of Theorem 8.

If TL in L(p, q) is dual to positive p-surgery on a knot K in a homology sphere Y ,
then so is K (p, q, q+1) and hence (q+1)2=−q (mod p). Making the substitution
−k = q + 1 gives the equation k2

+ k + 1 = 0 (mod p). Thus K (p, q, q + 1) is
dual to a type VII Berge knot B, one that lies in the fiber of a trefoil knot; see
[Rasmussen 2007, §6.2; Greene 2013, §1.2]. Since its fiber positively frames B,
this trefoil knot is the negative trefoil (not the positive trefoil as stated in [Baker
2014b]), and it can be identified with CL under the S3 surgery on K (p, q, q + 1).
Performing −1-surgery on the negative trefoil CL in S3 produces P and takes
B ⊂ S3 to K ⊂ P . Since the linking of B and CL is 0, the positive p-surgery on
B becomes the positive p-surgery on K . Consequently, if −1-surgery on TL is a
homology sphere, it is P .

Similarly, if TR in L(p, q) is dual to positive p-surgery on a knot K ′ in a
homology sphere, then (q− 1)2 =−q (mod p). Making the substitution k = q− 1
gives the equation k2

− k− 1= 0 (mod p). Thus K (p, q, q − 1) is dual to a type
VIII Berge knot B ′, one that lies in the fiber of the figure eight knot. This figure
eight knot may be identified with CR . Performing+1-surgery on CR in S3 produces
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the Brieskorn sphere 6(2, 3, 7) taking the knot B ′ to the knot K ′. Consequently, if
−1-surgery on TR is a homology sphere, it is 6(2, 3, 7).

This coincides with the difference between the τ -invariants of these knots as noted
by Rasmussen in the last two paragraphs of [Rasmussen 2007, §5]: τ(TL , s0)=−1
and so τ(TR, s0) = +1. Rasmussen further shows that if integral surgery on TL

or TR produces a homology sphere, then it is an L-space homology sphere if and
only if the surgery is a −1-surgery on TL or a +1-surgery on TR [Rasmussen 2007,
Proposition 4.5].

In summary, the above discussion shows:

Proposition 15. (1) In L(p, q), TL is homologous to the simple knot K (p, q,
q + 1) and TR is homologous to the simple knot K (p, q, q − 1).

(2) The mirror of (L(p, q), TL) is (L(p,−q), TR).

(3) If −1-surgery on TL is a homology sphere, then it is P = 6(2, 3, 5) and
K (p, q, q + 1) is positive surgery dual to a type VII Berge knot.

(4) If −1-surgery on TR is a homology sphere, then it is 6(2, 3, 7) and K (p, q,
q − 1) is positive surgery dual to a type VIII Berge knot.

Appendix: Symmetries of knots with lens space and
Poincaré homology sphere surgeries

Kenneth L. Baker and Neil R. Hoffman

The aim of this appendix is to compute the symmetry group of a hyperbolic knot in
a lens space with a surgery to the Poincaré homology sphere P . Specifically, it will
provide a proof of the following theorem:

Theorem A.1. Let X be a one-cusped hyperbolic manifold admitting both a
Poincaré homology sphere filling and a lens space filling. Then the symmetry
group of X is trivial or generated by a single strong involution.

Our method blends the classification of spherical orbifolds with results involving
exceptional Dehn fillings. We refer the reader to [Boileau et al. 2012] for the most
closely related paper on this topic and Thurston’s notes [1979, Chapter 13] for a
more general introduction to orbifolds. In preparation, we first extend the notation
of Section 3 to address orbifolds and orbifold fillings and then discuss symmetries
and quotients of hyperbolic manifolds. Thereafter, the argument in this appendix
will gradually “whittle-down” the symmetry group of the exterior X of a hyperbolic
knot K in a lens space with a Dehn surgery to P . First, we give an argument which
eliminates orientation reversing symmetries so that Sym(X)= Sym+(X). Then we
proceed to analyze a subgroup Z(X) of Sym+(X), showing

(a) that it has index at most 2,
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(b) if the index is 2 then Sym(X) contains a strong involution, and ultimately

(c) that Z(X) is trivial.

This is pulled together in the proof of Theorem A.1 at the end of this appendix.

Background on orbifolds and symmetries. Let Q be a 3-dimensional manifold or
orbifold with singular set 6(Q), the set of points fixed by some nontrivial element
of πorb

1 (Q). (So Q is a manifold if 6(Q) = ∅.) If K is a knot in Q, then its
complement is Q−K while its exterior is X = Q−N (K ). We further assume that
K is either a component of 6(Q) or disjoint from 6(Q).

The torus ∂N (K ) represents the cusp of Q − K corresponding to K . In such
a torus we consider essential closed curves up to free homotopy. A primitive
curve is homotopic to an essential simple closed curve, and hence is a slope. Any
nonprimitive essential curve is a multiple of a primitive curve. Given two closed
curves α and β in the torus we say the distance between α and β, 1(α, β) is the
minimal (unoriented) geometric intersection number between the two curves. If α is
a curve in ∂N (K ) that is an n-fold multiple of a slope γ , then the result of α-Dehn
surgery on K ⊂ Q is the orbifold X (α) with underlying manifold |X (α)| obtained
as the γ -Dehn surgery on K ⊂ |Q| and a new singular set 6(X (α)) consisting of
6(X) and the core of the attached S1

× D2 with order n (unless n = 1 in which
case the singular set remains only 6(X)). The orbifold attached to X is a orbi-solid
torus of order n. An orbi-solid torus of order 1 is just a solid torus.

Following [Boileau et al. 2012, §3], an orbi-lens space is the quotient of S3 by a
finite cyclic subgroup of SO(4) and is consequentially a union of two orbi-solid
tori with coprime orders along their common boundary. Its singular set is the union
of the cores of these orbi-solid tori that have order at least 2.

A knot K in a closed 3-manifold M is hyperbolic if its complement M − K is a
hyperbolic 3-manifold with a single torus cusp. We also say the exterior X = M −
N (K ) of such a knot is hyperbolic if the interior of X is hyperbolic. For a hyperbolic
knot K with exterior X , the symmetry group Sym(X) of homeomorphisms modulo
isotopy is identified with the isometry group of the interior of X . The orientation
preserving symmetry group is denoted Sym+(X).

Within Sym+(X) is the subgroup Z(X), the maximal subgroup that acts freely
on ∂X . In particular, Z(X) is the maximal subgroup of Sym+(X) for which the
quotient orbifold (or manifold) X/Z(X) has a torus cusp.

Since X is hyperbolic, the quotient X/Sym+(X) is an orientable cusped hyper-
bolic 3-orbifold with vol(X/Sym+(X))= vol(X)/|Sym+(X)|. Since the minimal
volume of an orientable cusped hyperbolic 3-orbifold is positive (e.g., [Meyerhoff
1986]) and X has finite volume, it follows that Sym+(X) is a finite group.

In a knot exterior X , the homological longitude is the slope λ in ∂X so that
[λ] = 0 in H1(X;Q). This slope is unique up to sign as it is a generator of the
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kernel of the map i∗ : H1(∂X;Q)→ H1(X;Q) which has rank 1 by the half-lives,
half-dies lemma. Since it is unique, elements of Sym(X) must preserve the slope
λ up to sign. Elements of Sym+(X) of order 2 that reverse the orientation of the
homological longitude λ of the manifold X are called strong involutions.

If a group G acts on a hyperbolic knot exterior X , the cusp of the quotient
orbifold X/G records important information about the action of G on the cusp of
X . If the quotient X/G has a torus cusp, then G acts freely on ∂X . Furthermore,
each element of G restricts to a translation on ∂X . If X/G has an S2(2, 2, 2, 2)
cusp, then G contains an order 2 element which fixes a discrete set of points on
∂X . In particular, if X/Sym+(X) has an S2(2, 2, 2, 2) boundary, then such an
element of Sym+(X) must preserve isotopy classes of slopes in ∂X but reverse
their orientations. Hence Sym+(X) contains a strong involution. Furthermore, this
means that there is a degree 2 cover with a torus cusp, and hence Z(X) has index 2
in Sym+(X).

Whittling down the symmetry group.

Proposition A.2. Let X be the exterior of a knot in a lens space L(p, q) with p≥ 2
admitting a Dehn surgery to an integral homology sphere. Then either X is Seifert
fibered or Sym(X)= Sym+(X).

Proof. Assume X admits an orientation reversing symmetry τ , and let λ be the
homological longitude of X . Then τ(λ) is isotopic to ±λ in ∂X . Since τ restricts
to a homeomorphism on the boundary torus ∂X , there must be a slope δ with
1(δ, λ)= 1 such that τ(δ)=±δ. Because this restriction of τ to ∂X must also be
orientation reversing, τ reverses the orientation on exactly one of δ and λ.

Let µ be the slope in ∂X such that X (µ) = L(p, q). Since X has a filling
producing an integer homology sphere, X must be a homology solid torus. Thus,
µ = pδ + q ′λ in H1(∂X) for some integer q ′ coprime to p and p ≥ 2. Since
τ(µ)=±(pδ− q ′λ) and q ′ 6= 0, we have that 1(µ, τ(µ))= |2pq ′|> 2.

The symmetry τ implies X (µ)∼= X (τ (µ)) so that π1(X (µ)) and π1(X (τ (µ)))
are both cyclic. Thus, since1(µ, τ(µ))> 1, X must be Seifert fibered by the cyclic
surgery theorem [Culler et al. 1987]. �

We now further classify Z(X).

Lemma A.3. Let X be the exterior of a hyperbolic knot K in a lens space L(p, q)
with p ≥ 2 admitting a Dehn surgery to an integral homology sphere. Then the
following hold:

(1) Z(X) is cyclic.

(2) [Sym+(X) : Z(X)] ≤ 2.

(3) If [Sym+(X) : Z(X)] = 2, then X has a symmetry which is a strong involution.
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(4) In the quotient orbifold Z = X/Z(X), the meridian µ of K maps to a primitive
curve µ̄ in ∂Z .

(5) The Dehn filling Z(µ̄) is an orbi-lens space in which the core K̄ of the filling
is disjoint from the singular set of Z(µ̄).

Proof. We first utilize the fact that X is the exterior of a hyperbolic knot in an
integral homology sphere to show that the boundary of X/Sym+(X) is either a
torus or S2(2, 2, 2, 2).

Since X admits an integer homology sphere filling, X is a homology solid torus.
Furthermore, once oriented, the slope γ in ∂X of this filling generates H1(X). Thus
together with a choice of orientation on the homological longitude λ it forms a
basis (γ, λ) for H1(∂X).

Now consider the action of Sym+(X) on ∂X . Since the homological longitude
is the unique slope in ∂X that is null homologous in H1(X;Q), any element of
Sym+(X) must send λ to ±λ. Since Sym+(X) is finite because X is hyperbolic,
consideration of the action on H1(∂X;Q) shows that any element of Sym+(X)
must send γ to ±γ . Then, because Sym+(X) is orientation preserving on ∂X too,
any element of Sym+(X) must send the basis (γ, λ) to ±(γ, λ). Hence all slopes
in ∂X are preserved by the action of Sym+(X). Consequently, the restriction to ∂X
of a symmetry of X either is trivial, has no fixed point (and hence is a translation),
or has order 2. Therefore, by consideration of the Euclidean orbifolds which are
orientable quotients of the torus, the boundary of X/Sym+(X) is either a torus or
S2(2, 2, 2, 2).

We now further refine this analysis by incorporating the lens space filling. Since
its exterior X is a homology solid torus, the knot K in L(p, q) represents a generator
of H1(L(p, q),Z). Hence it lifts to a knot K̃ ⊂ S3 in the p-fold cyclic cover
S3
→ L(p, q). This cover restricts to a p-fold cyclic cover of knot exteriors X̃→ X

in which the meridian µ⊂ ∂X of K lifts to p disjoint copies of the meridian of K̃ .
(Here X̃ is the exterior of K̃ .) The deck transformation group H of this cover is
therefore isomorphic to the cyclic group Z/pZ and extends to an action on S3 that
is free on ∂ X̃ . Hence H is a subgroup of Z(X̃).

Consider the composition α : X̃ → X/Sym+(X) of the covers X̃ → X and
X→ X/Sym+(X) with deck transformation groups H and Sym+(X) respectively.
Let G be the deck transformation group of α. If α is regular, then G is a subgroup
of Sym+(X̃) and H must be a normal subgroup of G with Sym+(X)= G/H . As
the boundary of X/Sym+(X) is either a torus or S2(2, 2, 2, 2), we claim that α
is indeed a regular cover. If this boundary is a torus, then this follows directly
from [Reid 1991, Lemma 4]. However if this boundary is S2(2, 2, 2, 2), then
the argument of [Reid 1991, Lemma 4] extends to also show that the covering
α : X̃ → X/Sym+(X) is a regular cover as noted in the proof of [Neumann and
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Reid 1992, Proposition 9.1]. (Ultimately, this is because conjugation by an order
2 element of the peripheral subgroup π1(S2(2, 2, 2, 2)) inverts elements of the
maximal abelian subgroup. This maximal abelian subgroup contains the image of
the peripheral subgroup of X̃ .)

Because X̃ is the exterior of a hyperbolic knot in S3, we know that Sym+(X̃)
must be cyclic or dihedral [Boileau et al. 2012, p. 627] (see also [Neumann and Reid
1992, Proposition 9.1]). More specifically Z(X̃) is cyclic, [Sym+(X̃) : Z(X̃)] ≤ 2,
and [Sym+(X̃) : Z(X̃)] = 2 only if Sym+(X̃) contains a strong involution.

Since G is a subgroup of Sym+(X̃), either it is a subgroup of Z(X̃) and hence
cyclic and acting freely on ∂ X̃ itself, or it contains a strong involution. In the
former case, Sym+(X) = G/H is cyclic as it is the quotient of a cyclic group G
and X/Sym+(X) has torus boundary so that Sym+(X)= Z(X). In the latter case,
Sym+(X)= G/H must also contain a strong involution since H is a subgroup of
Z(X̃). Furthermore, because H ∼= Z/pZ is a nontrivial subgroup of Z(X̃) (since
p ≥ 2), G cannot be generated by a single strong involution. Thus G must be
a dihedral group (of order ≥ 4), and so Sym+(X) = G/H is a dihedral group
too (though possibly of order 2). Since X/Sym+(X) has S2(2, 2, 2, 2) boundary,
[Sym+(X) : Z(X)] = 2 as noted in the introduction to this appendix. Since Z(X)
cannot contain a strong involution, is a cyclic group. Consequently, in both cases
claims (1), (2), and (3) of the lemma hold.

Finally we examine the quotient orbifold Z = X/Z(X) and its filling Z(µ̄).
Since X̃ is the exterior of the knot K̃ ⊂ S3, Sym+(X̃) naturally identifies with
Sym+(S3, K̃ ). In particular, Z(X̃) acts freely on K̃ . Therefore, if µ̃ is the lift of the
slope µ to X̃ and µ̄ is its image in the quotient orbifold Z = X̃/Z(X̃)= X/Z(X),
then µ̄ must be a primitive slope and (4) holds.

Filling Z along the slope µ̄ produces

Z(µ̄)= X (µ)/Z(X),

which we recognize as an orbi-lens space since it is a cyclic quotient of S3
= X̃(µ̃)

(see [Boileau et al. 2012, §3] for context). Because µ̄ is a primitive slope, the core
of the solid torus in the filling Z(µ̄) is a knot K̄ that is disjoint from the singular
set 6(Z(µ̄)) of the orbi-lens space. In particular, Z is the exterior of a knot in
an orbi-lens space that is disjoint from the singular set. Thus (5) holds, which
completes the proof. �

In light of the above lemma which employs a classification of cyclic quotients
of S3, it will also prove useful to have a list of manifolds and orbifolds that
are cyclic quotients of P . This is accomplished by Lemma A.4 below which
essentially follows from combining the classification of elliptic manifolds with the
corresponding classification of elliptic orbifolds in Dunbar [1988].
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Figure 7. The possible singular sets of orbifolds cyclically covered
by P with underlying space S3. These are the relevant cases from
a more general classification in [Dunbar 1988]. Following the
notation of that paper, a link component labeled by n indicates a
cone angle of 2π/n along that component in the singular set of the
corresponding orbifold.

Lemma A.4. If the finite cyclic quotient of P by symmetries is an orbifold Q, then
Q is homeomorphic to one of the following:

(1) a manifold M with π1(M)∼= π1(P)×Z/nZ for some integer n coprime to 30,

(2) an orbifold that fibers over S2(2, 3, 5) where the singular set of Q has 1, 2, or
3 components, or

(3) an orbifold with base space S3 and singular set a knot or link as pictured in
Figure 7.

Moreover, in the case that Q is an orbifold, the components of its singular set are
fixed locally by finite cyclic groups of relatively prime orders.

Proof. By the orbifold theorem (see [Boileau et al. 2003; Cooper et al. 2000,
Chapter 7]), we know that Q is a spherical 3-orbifold.

Case 1 follows directly from the classification of elliptic manifolds (see for
example [Thurston 1997, Theorem 4.4.14]), while Cases 2 and 3 follow from a
careful reading of [Dunbar 1988]. Dunbar [1988] also classifies orbifolds covered
by elliptic manifolds where the singular sets are trivalent graphs. However, no
orbifold of this type can be cyclically covered by a manifold because the group of
isometries that fixes a vertex in the trivalent graph is never cyclic. �

A simple case analysis shows that drilling the singular sets of orbifolds from the
previous lemma results in several interesting manifolds.

Lemma A.5. In Cases 2 and 3 of Lemma A.4:
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• If |6(Q)| = 1, then the complement of 6(Q) is a Seifert fibered space over
the disk with two exceptional fibers.

• If |6(Q)| = 2, then the complement of 6(Q) is a Seifert fibered space over
the annulus with one exceptional fiber.

• If |6(Q)| = 3, then the complement of 6(Q) is F × S1, where F is a pair of
pants.

Lemma A.6. Let X be the exterior of a hyperbolic knot K in a lens space L(p, q)
with p≥ 2 admitting a Dehn surgery to P . Then every nontrivial subgroup of Z(X)
acts nonfreely on X.

Proof. Assume Z f ⊂ Z(X) is a nontrivial subgroup of elements that act freely on
X . Then the quotient X/Z f is a hyperbolic manifold with a torus boundary. Since
Z f is nontrivial, |Z f | ≥ 2. Since Z(X) is cyclic by Lemma A.3, the subgroup Z f

must be cyclic.
Assume µ is the meridian of the knot K in the lens space, and γ is the slope of

is P surgery. Let µ̄ and γ̄ be the images of µ and γ in the quotient X/Z f . Then
the orbifold fillings of X/Z f are quotients of the Dehn fillings of X . In particular,
(X/Z f )(µ̄) = X (µ)/Z f and (X/Z f )(γ̄ ) = X (γ )/Z f where the singular sets, if
nonempty, are connected, consisting solely of the cores of the filling orbi-solid
tori. Note that these quotients are manifolds exactly when their curves µ̄ and γ̄ are
primitive.

First we observe Lemma A.3 implies that µ̄ must be a primitive curve because
X/Z f is a quotient of X that covers the orbifold Z = X/Z(X). Thus we have two
cases depending on whether γ̄ is a primitive curve.

Case 1: γ̄ are primitive. Observe that 1(µ̄, γ̄ )= |Z f |1(µ, γ ), where 1(µ̄, γ̄ ) is
the distance in the boundary of the quotient and 1(µ, γ ) is measured in ∂X .

Since µ and γ have primitive images in the quotient manifold X/Z f , Z f acts
freely on the fillings X (µ) and X (γ ). Hence (X/Z f )(µ̄)= X (µ)/Z f is a manifold
quotient of the lens space X (µ) and (X/Z f )(γ̄ )= X (γ )/Z f is a manifold quotient
of P = X (γ ). Thus they are both covered by S3, and therefore they are both finite
manifolds (i.e., have finite π1). Since X (γ )/Z f is covered by P , |Z f | must be
relatively prime to |π1(P)| = 120 by Lemma A.4(1). Thus we must have |Z f |> 6.
Therefore 1(µ̄, γ̄ ) > 6 which contradicts the bound on distance between the slopes
of two finite surgeries on a hyperbolic knot provided by Boyer and Zhang [1996]

Case 2: γ̄ is not primitive. In this case (X/Z f )(γ̄ ) is an orbifold that is a cyclic
quotient of P whose singular set is the core of the filling of X/Z f . However
Lemma A.5 shows that the exterior of any such core would be the exterior of a torus
knot in S3 and hence Seifert fibered, contradicting that X/Z f must be hyperbolic. �
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The final lemma needed to establish the theorem can be proved in a similar
manner to the lemma above.

Lemma A.7. Let X be the exterior of a hyperbolic knot K in a lens space L(p, q)
with p ≥ 2 admitting a Dehn surgery to P . Then |Z(X)| = 1.

Proof. Set Z = Z(X) and assume |Z |> 1. Let µ be the meridian of K and let γ
be the slope of the surgery to P . Then let µ̄ and γ̄ be the images of µ and γ in the
quotient Z = X/Z .

By Lemma A.6, Z is an orbifold (with nonempty singular set). Since P is a
homology sphere, Z is the exterior of a knot K̄ in an orbi-lens space Z(µ̄) that
is disjoint from the singular set by Lemma A.3. Because Z is a suborbifold of
Z(µ̄), the singular set 6(Z) may be identified with the singular set 6(Z(µ̄)).
Thus 6(Z) has at most two components. Since P = X (γ ), the quotient orbifold
P/Z =Z(γ̄ ) has a singular set 6(Z(γ̄ )) consisting of one, two, or three embedded
circles according to whether the singular set 6(Z) has one or two components and
whether or not the slope γ̄ is a primitive curve.

Case 1: γ̄ is not primitive. Then Z is the exterior of one of the components of
6(Z(γ̄ )). Hence by Lemmas A.4 and A.5, Z must be Seifert fibered. Thus X must
be Seifert fibered contrary to K being a hyperbolic knot.

Case 2: γ̄ is primitive. Let K̄γ be the core of the filling solid torus in Z(γ̄ ) so that
the exterior of K̄γ is Z . Since γ̄ is primitive, the singular set6=6(Z(γ̄ )) of Z(γ̄ )
is contained in the knot exterior Z and thus has either one or two components. Since
Z is a hyperbolic orbifold in which 6 is a geodesic link of one or two components,
the exterior of 6 is a hyperbolic manifold X ′ = Z6 = Z −N (6) [Kojima 1988;
Sakai 1991].

Let us write X ′(α, β) (or X ′(α, β1, β2)) to denote the Dehn filling of X ′ along
the α and β (or α and β1, β2) slopes in the components of ∂X ′ corresponding
to ∂N (K̄γ ) = ∂Z and ∂N (6) respectively. We will use − to indicate that the
boundary component is left unfilled.

Case 2a: 6 has just one component. By Lemma A.4, X ′(γ̄ ,−) is a Seifert fibered
space over the disk with two exceptional fibers. Thus X ′(γ̄ ,−) has a one-parameter
family of slopes σi giving lens space fillings X ′(γ̄ , σi ). Since X ′(µ̄,−) is a solid
torus (as it is the complement of the core of an orbi-solid torus in an orbifold
lens space with connected singular set), X ′(µ̄, βi ) is also a lens space for each βi .
Hence, by Thurston’s hyperbolic dehn filling theorem [1979, Theorem 5.8.2], we
can choose βi so that X ′(−, βi ) is hyperbolic. However,1(µ̄, γ̄ )=|Z |1(µ, γ )≥2,
which contradicts the cyclic surgery theorem [Culler et al. 1987].

Case 2b: 6 has two components. This case is nearly identical to the previous.
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By Lemma A.5, X ′(γ̄ ,−,−) is a Seifert fibered space over the annulus with one
exceptional fiber. Then there are infinitely many pairs of slopes {(σn, σ

′
n,m)}(n,m)∈Z2

such that X ′(γ̄ , σn, σ
′
n,m) is a lens space. Since X ′(µ̄,−,−) is a thickened torus

(being the complement of the two cores of the orbi-solid tori in the orbi-lens space),
X (µ̄, σn, σ

′
n,m) is a lens space for all these pairs of slopes.

Using Thurston’s hyperbolic Dehn filling theorem twice, there are infinitely
many of these pairs of slopes such that X (−, σn, σ

′
n,m) is hyperbolic. Again, since

1(µ̄, γ̄ )= |Z |1(µ, γ )≥ 2, we obtain a contradiction to the cyclic surgery theorem
[Culler et al. 1987] for these pairs. �

It may be tempting to try to use |Z | ·1(µ, γ ) in the previous lemma place try
and improve the bound in [Boyer and Zhang 1996] that 1(µ, γ ) ≤ 2. However,
this bound is known to be sharp. Also, when Z(M) is trivial, we lose the ability
to “match up” the cores of the solid tori coming from the Heegaard splitting of the
lens space with the exceptional fibers in P , and so the arguments in this appendix
will not apply.

Proof of Theorem A.1. By Proposition A.2,

Sym(X)= Sym+(X).

From Lemma A.3(2), Z(X) has index at most 2 in Sym(X). Then since Z(X)=
1 by Lemma A.7, we see that Sym(X) is either trivial or Z/2Z. According to
Lemma A.3(3), the nontrivial element in this latter case must be a strong involution.

�
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FUSION SYSTEMS OF BLOCKS OF
FINITE GROUPS OVER ARBITRARY FIELDS

ROBERT BOLTJE, Ç İSİL KARAGÜZEL AND DENİZ YILMAZ

To any block idempotent b of a group algebra kG of a finite group G over a
field k of characteristic p > 0, Puig associated a fusion system and proved
that it is saturated if the k-algebra kCG(P)e is split, where (P, e) is a maxi-
mal kGb-Brauer pair. We investigate in the nonsplit case how far the fusion
system is from being saturated by describing it in an explicit way as being
generated by the fusion system of a related block idempotent over a larger
field together with a single automorphism of the defect group.

1. Introduction

Let k be a field of characteristic p, let G be a finite group and let b be a block idempo-
tent of kG. Puig defined a fusion system F(P,e)(kGb) associated to kGb after choos-
ing a maximal kGb-Brauer pair (P, e). Up to category isomorphism, this fusion
system does not depend on the choice of (P, e). Puig also proved that F(P,e)(kGb)
is saturated if the k-algebra kCG(P)e is split. It is known that in the nonsplit case
it can happen that the fusion system associated to kGb is not saturated. In fact, the
Sylow axiom can fail, while the extension axiom always holds. In the Main Theorem
of this paper (Theorem 5.2) we establish a precise connection between the fusion
systems of related blocks in a Galois extension L/K of fields of characteristic p with
Galois group 0. More precisely, let b be a block idempotent of LG and b̃ the unique
block idempotent of K G with bb̃ = b. Moreover, let (P, e) be a maximal LGb-
Brauer pair and let ẽ be the unique block idempotent of K CG(P) with eẽ= e. Then
(P, ẽ) is a maximal K Gb̃-Brauer pair and one has an inclusion of the fusion systems

F := F(P,e)(LGb)⊆ F(P,ẽ)(K Gb̃)=: F̃ .

Theorem 5.2 states that there exists an element σ ∈AutF̃ (P) such that F̃ = 〈F, σ 〉.
As consequences of the nature of σ we obtain that F̃ is saturated if and only if F is
saturated and p does not divide the index [0b :0e]= [K (e) : K (b)] of the stabilizers
of b and e under the Galois action, or equivalently the degree of the field extensions
after adjoining the coefficients of e and b to K. In the case that L is chosen such
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that LCG(P)e is split, this gives a particularly handy criterion for a fusion system
of a block K Gb̃ in the nonsplit case to be saturated; see Theorem 6.3. The main
result allows an alternative easy proof for the known fact that the extension axiom
holds also in the nonsplit case; see Theorem 6.2. Finally, the Main Theorem implies
that a weak form of Alperin’s fusion theorem holds also for arbitrary block fusion
systems; see Theorem 6.5.

Notation 1.1. We will use the following standard notations without further notice:
For a group G and x ∈ G, we denote by cx : G → G the conjugation map

g 7→ xgx−1. If k is a commutative ring, its k-linear extension to the group algebra
kG is again denoted by cx : kG → kG. We frequently will use left-exponential
notation x(−) := cx for these maps. The maps cx , x ∈ G, define an action of G on
kG via k-algebra homomorphisms.

For H 6 G, we denote by [G/H ] a set of representatives of the cosets G/H.
If a group G acts on a set X, we usually denote the stabilizer of an element x ∈ X

by Gx . Moreover, for H 6 G, we denote by X H the set of H -fixed points of X.

2. Brauer pairs

Throughout this section, G denotes a finite group, k denotes a field of characteristic
p > 0, and b denotes a block idempotent of kG, i.e., a primitive idempotent of
Z(kG). We recall the definition and properties of Brauer pairs for kG following the
treatment in [Aschbacher et al. 2011, IV.2]. We note that the blanket assumption
in [Aschbacher et al. 2011, IV.2] that k is algebraically closed is not used in the
proofs of any of the statements that we cite from there. Alternatively, see also
[Linckelmann 2018, Sections 5.9 and 6.3].

Recall that, for a p-subgroup P of G, the Brauer homomorphism with respect
to P is the k-linear projection map BrP : (kG)P

→ kCG(P),
∑

g∈G αgg 7→∑
g∈CG(P) αgg. This is a surjective k-algebra homomorphism which respects

G-conjugation: cx ◦ BrP = Br x
P ◦ cx : (kG)P

→ kCG(
xP) for x ∈ G. Thus,

BrP(b) is an idempotent of Z(kCG(P)) = (kCG(P))CG(P). Recall further that a
kG-Brauer pair is a pair (P, e) consisting of a p-subgroup P of G and a block
idempotent e of kCG(P). If e occurs in the unique decomposition of BrP(b) into a
sum of primitive idempotents of Z(kCG(P)) (that is, if BrP(b)e = e), then we call
(P, e) a (kG, b)-Brauer pair. We denote by BP(kG) the set of kG-Brauer pairs and
by BP(kG, b) the set of (kG, b)-Brauer pairs. Clearly, BP(kG) is the disjoint union
of the subsets BP(kG, b), where b runs through the block idempotents of kG. The
set BP(kG) is a G-set under the conjugation action given by x(P, e) := ( xP, xe),
and the subset BP(kG, b) is G-stable. Finally, we say that an idempotent i of
(kG)P is associated to a kG-Brauer pair (P, e) if

eBrP(i)= BrP(i) 6= 0.
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Note that if i is primitive in (kG)P then eBrP(i) 6= 0 implies that BrP(i) 6= 0 and
that BrP(i) is primitive in kCG(P). One writes (Q, f )6 (P, e) if Q6 P and if any
primitive idempotent i of (kG)P which is associated to (P, e) is also associated to
(Q, f ); see [Aschbacher et al. 2011, Definition 2.9]. This relation has the following
properties.

Theorem 2.1 [Aschbacher et al. 2011, Theorems IV.2.10 and IV.2.16]. (a) Let
(P, e) ∈ BP(kG) and let Q 6 P. Then there exists a unique block idempotent f of
kCG(Q) such that (Q, f )6 (P, e).

(b) Let (Q, f ) 6 (P, e) be in BP(kG) with Q E P. Then f is the unique block
idempotent of kCG(Q) which is P-stable and satisfies BrP( f )e = e.

(c) The relation 6 on BP(kG) is a partial order which is respected by the conjuga-
tion action of G.

Clearly ({1}, b) ∈ BP(kG, b) and part (b) of the above theorem implies that if
(P, e) ∈ BP(kG, b) then ({1}, b) 6 (P, e). Parts (a) and (c) further imply that if
(Q, f ) 6 (P, e) holds for elements in BP(kG) then (Q, f ) ∈ BP(kG, b) if and
only if (P, e) ∈ BP(kG, b).

For Brauer pairs (Q, f ), (P, e) ∈ BP(kG) one writes (Q, f )E (P, e) if Q E P,
f is P-stable and BrP( f )e = e, cf. [Aschbacher et al. 2011, Definition IV.2.13].

The following result is well-known to specialists. We state it for convenient future
reference and give a proof for the convenience of the reader.

Theorem 2.2. For (Q, f ), (P, e) ∈ BP(kG) with Q 6 P the following statements
are equivalent:

(i) One has (Q, f )6 (P, e).

(ii) There exist primitive idempotents i of (kG)P and j of (kG)Q such that
i j = j = j i , BrP(i)e 6= 0 and BrQ( j) f 6= 0.

(iii) There exist Brauer pairs (Qi , di ) ∈ BP(kG), i = 0, . . . , n, such that

(Q, f )= (Q0, d0)E (Q1, d1)E · · ·E (Qn, dn)= (P, e).

(iv) For all primitive idempotents i of (kG)P with BrP(i)e 6=0 one has BrQ(i) f 6=0.

(v) There exists a primitive idempotent i of (kG)P such that BrP(i)e 6= 0 and
BrQ(i) f = BrQ(i) 6= 0.

(vi) There exists a primitive idempotent i of (kG)P such that BrP(i)e 6= 0 and
BrQ(i) f 6= 0.

Proof. The equivalences (i)⇐⇒(ii)⇐⇒(iii) follow from [Aschbacher et al. 2011,
Proposition IV.2.14]. Further, the implications (i)⇒(iv) and (v)⇒(vi) are trivial and
the implication (i)⇒(v) follows from the fact that the image of a primitive idempo-
tent under a surjective k-algebra homomorphism is either 0 or a primitive idempotent.
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Next we show that (iv) implies (i). Let i be a primitive idempotent of (kG)P

such that BrP(i)e = BrP(i) 6= 0. By (iv), BrQ(i) f 6= 0. By Theorem 2.1(a)
there exists a block idempotent f ′ of kCG(Q) such that (Q, f ′) 6 (P, e). Thus,
BrQ(i) f ′ = BrQ(i) which implies that 0 6= BrQ(i) f = BrQ(i) f ′ f and further that
f = f ′ and thus (Q, f )6 (P, e).

Finally, we show that (vi) implies (i). Let i be as in (vi). By Theorem 2.1(a)
there exists a block idempotent f ′ of kCG(Q) such that (Q, f ′) 6 (P, e). This
implies BrQ(i) f ′ = BrQ(i) 6= 0 and 0 6= BrQ(i) f = BrQ(i) f ′ f . Thus f = f ′ and
(Q, f )6 (P, e). �

Recall that if I 6 H 6 G then we have a well-defined trace map

TrH
I : (kG)I

→ (kG)H , a 7→
∑

x∈[H/I ]

xa.

A subgroup P of G, minimal with the property that b∈TrG
P ((kG)P), is called a defect

group of the block idempotent b and of the block algebra kGb. The defect groups
of kGb form a single G-conjugacy class of p-subgroups of G. Maximal elements
in BP(kG, b) enjoy properties that resemble the Sylow theorem for finite groups.

Theorem 2.3 [Aschbacher et al. 2011, Theorem IV.2.20]. (a) The maximal elements
in BP(kG, b) with respect to 6 form a single G-orbit.

(b) For (P, e) ∈ BP(kG, b) the following are equivalent:

(i) (P, e) is a maximal element in BP(kG, b).

(ii) P is a defect group of kGb.

(iii) P is maximal among all p-subgroups of G with the property BrP(b) 6= 0.

3. Fusion systems of block algebras

Throughout this section, p is a prime. We first recall the basic notions and prop-
erties of fusion systems, a structure introduced by Puig. Our terminology follows
[Aschbacher et al. 2011, Chapter I].

For subgroups Q and R of a finite group G we denote by HomG(Q, R) the set
of all group homomorphisms ϕ : Q→ R with the property that there exists x ∈ G
with ϕ(u)= cx(u) for all u ∈ Q. Moreover, we set AutG(Q) := HomG(Q, Q).

Definition 3.1 [Aschbacher et al. 2011, Definition I.2.1]. Let P be a finite p-group.
A subcategory F of the category of finite groups whose objects are the subgroups
of P is called a fusion system over P if for any two subgroups Q and R of P, the
set HomF (Q, R) has the following properties:

(i) HomP(Q, R)⊆HomF (Q, R) and every element of HomF (Q, R) is injective.

(ii) For each ϕ ∈ HomF (Q, R), the group isomorphism Q→ ϕ(Q), u 7→ ϕ(u),
and its inverse are also morphisms in F.
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For instance, if G is a finite group and P is a p-subgroup of G, we obtain a
fusion system FP(G) over P by setting HomFP (G)(Q, R) := HomG(Q, R), for all
subgroups Q and R of P. Note that the intersection of two fusion systems over P
is again a fusion system and that a fusion system over P is determined by the
isomorphisms it contains. Thus the smallest fusion system over a finite p-group P
is the fusion system FP(P).

Definition 3.2 [Aschbacher et al. 2011, Definition I.2.4]. Let F be a fusion system
over a finite p-group P. A subgroup Q of P is called fully F-centralized if
|CP(Q)| > |CP(Q′)| for any subgroup Q′ of P which is F-isomorphic to Q.
Similarly, Q is called fully F-normalized if |NP(Q)|> |NP(Q′)| for any subgroup
Q′ of P which is F-isomorphic to Q.

Definition 3.3 [Aschbacher et al. 2011, Definition I.2.2]. Let F be a fusion system
on a finite p-group P and let ϕ :Q→ R be an isomorphism in F. One denotes by Nϕ
the set of all elements y ∈ NP(Q) for which there exists z ∈ NP(R)with the property

ϕ ◦ cy = cz ◦ϕ : Q→ R.

Note that QCP(Q) 6 Nϕ 6 NP(Q) and that Nϕ does not depend on F, but only
on ϕ and P.

If F is a fusion system over a finite p-group P and Q 6 P then we set
AutF (Q) := HomF (Q, Q), a subgroup of the automorphism group of Q. The
following definition of saturation goes back to Stancu and is an equivalent reformu-
lation of the original definition; see [Aschbacher et al. 2011, Proposition I.9.3].

Definition 3.4. A fusion system F over a p-group P is called saturated if the
following two conditions hold.

(i) Sylow axiom: The group AutP(P) is a Sylow p-subgroup of AutF (P).

(ii) Extension axiom: For every Q 6 P and every ϕ ∈ HomF (Q, P) such that
ϕ(Q) is fully F-normalized there exists a morphism ψ ∈HomF (Nϕ, P) whose
restriction to Q equals ϕ.

For instance, if P is a Sylow p-subgroup of a finite group G then the fusion
system FP(G) is saturated; see [Aschbacher et al. 2011, Theorem I.2.3].

Definition 3.5 [Aschbacher et al. 2011, Definitions IV.3.15 and IV.2.21]. Let G be
a finite group, let k be a field of characteristic p, let b be a block idempotent of kG,
and let (P, e) be a maximal (kG, b)-Brauer pair. We define a category F(P,e)(kGb)
as follows. First, for every Q 6 P denote by eQ the unique block idempotent of
kCG(Q) with (Q, eQ) 6 (P, e). The objects of F(P,e)(kGb) are the subgroups
of P and for subgroups Q and R of P let HomF(P,e)(kGb)(Q, R) denote the set of
group homomorphisms ϕ : Q→ R such that there exists x ∈ G with ϕ(u)= cx(u)
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for all u ∈ Q and x(Q, eQ) 6 (R, eR). Composition in F(P,e)(kGb) is the usual
composition of functions.

Remark 3.6. Let kG, b, and (P, e) be as in Definition 3.5.

(a) It is clear from the definition that F(P,e)(kGb) is a fusion system over P.

(b) If kGb is the principal block of kG, then by Brauer’s third main theo-
rem, F(P,e)(kGb) is equal to FP(G) and P is a Sylow p-subgroup of G. Thus,
F(P,e)(kGb) is saturated in this case.

(c) Example 3.8 below shows that in general the Sylow axiom does not hold for
F(P,e)(kGb). But we will show in Theorem 6.2 that the extension axiom holds for
F(P,e)(kGb).

The following theorem was first proved by Puig. It follows from Theorem IV.3.2
and Proposition IV.3.14 in [Aschbacher et al. 2011]. See also [Linckelmann 2018,
Theorem 8.5.2] and note that there the terminology is different: Fusion systems in
[Linckelmann 2018] are defined to be saturated fusion systems in our terminology.

Theorem 3.7. Let kG, b, and (P, e) be as in Definition 3.5 and suppose that the
k-algebra kCG(P)e is split, i.e., for every simple kCG(P)e-module V one has a
k-algebra isomorphism EndkCG(P)e(V ) ∼= k. Then the fusion system F(P,e)(kGb)
is saturated.

We are grateful to Radha Kessar who suggested the following example to us.

Example 3.8. Let p = 2, k = F2, the field with 2 elements, and G := D24 =

(C3 × C4)o C2, the dihedral group with 24 elements, with C2 acting by inver-
sion on C3 × C4. Let g denote a generator of C3. Then b := g + g2 is a block
idempotent of F2G and (P, e) := (C4, b) is a maximal (F2G, b)-Brauer pair. We
have AutP(P) = {1}, since P is abelian and an easy computation shows that
AutF(P,e)(F2Gb)(P) ∼= C2. Thus, the Sylow axiom does not hold for F(P,e)(F2Gb)
and therefore the fusion system F(P,e)(F2Gb) is not saturated.

4. Extension of scalars

Throughout this section L/K denotes a finite Galois extension of fields of charac-
teristic p > 0 and 0 denotes its Galois group. Moreover, G denotes a finite group.
0 acts via K -algebra automorphisms on the group algebra LG and also on

Z(LG) by applying γ ∈ 0 to the coefficients of an element in LG. Thus, 0
permutes the block idempotents of LG and fixes the block idempotents b of K G.
Since BrP : (LG)P

→ LCG(P) commutes with the 0-action, Theorem 2.3 implies
that any 0-conjugate of b has the same defect groups as b. We denote by 0b the
stabilizer of b in 0 and set

b̃ :=
∑

γ∈[0/0b]

γb.
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Clearly, b̃ is an idempotent in (Z(LG))0 = Z(K G). More precisely one has the
following:

Proposition 4.1. (a) Let b be a block idempotent of LG. Then b̃ :=
∑

γ∈[0/0b]
γb

is a block idempotent of K G.

(b) The map b 7→ b̃ induces a bijection between the set of 0-orbits of block idempo-
tents of LG and the set of block idempotents of K G.

(c) If b is a block idempotent of LG and b̃ is the block idempotent of K G associated
to it as in (a) then b and b̃ have the same defect groups.

Proof. (a) By definition, b̃ is the sum of the distinct 0-conjugates of b, thus an
idempotent of Z(K G). To see that b̃ is primitive in Z(K G), assume that b̃= c1+c2

for nonzero orthogonal idempotents c1, c2 ∈ Z(K G) and let I1 and I2 denote the set
of primitive idempotents of Z(LG) that occur in a primitive decomposition of c1

and c2 in Z(LG), respectively. Then I1 and I2 are disjoint and 0-stable. On the
other hand I1 ∪ I2 is the single 0-orbit of b. This is a contradiction.

(b) This is immediate from (a).

(c) Let P be a defect group of b̃. By Theorem 2.3, BrP(b̃) 6= 0 in K CG(P) ⊆
LCG(P). Thus 0 6= BrP(b̃)=

∑
γ∈[0/0b]

BrP(
γb) implies that some 0-conjugate

of b, and therefore also b, has a defect group Q containing P. Thus, 0 6= BrQ(b)=
BrQ(bb̃)=BrQ(b)BrQ(b̃), which implies that BrQ(b̃) 6= 0 and therefore |Q|6 |P|.
This implies P = Q. �

Note that 0 acts on BP(LG) via

(1) γ(P, e)= (P, γe),

for γ ∈ 0 and (P, e) ∈ BP(LG). Note that this action commutes with the G-action
on BP(LG) so that we obtain an action of 0×G on BP(LG). Moreover, since BrP

commutes with the action of 0 and since the G-action on LG commutes with the
0-action on LG, 0×G acts via poset isomorphisms on BP(LG). Thus, if b is a
block idempotent of LG and γ ∈ 0, the G-posets BP(LGb) and BP(LG γb) are
isomorphic via (1) and 0b×G acts via poset automorphisms on BP(LGb).

In the next proposition we write 6K and 6L for the poset structures of BP(K G)
and BP(LG), respectively. They are related as follows.

Proposition 4.2. For (Q, f ), (P, e) ∈ BP(LG) with Q 6 P, the following are
equivalent:

(i) One has (Q, f̃ )6K (P, ẽ) in BP(K G).

(ii) There exists γ ∈ 0 such that (Q, f )6L
γ(P, e) in BP(LG).

Proof. Assume first that (i) holds and let i be a primitive idempotent of (K G)P

such that BrP(i)ẽ = BrP(i) 6= 0. Then, by definition also BrQ(i) f̃ = BrQ(i) 6= 0.
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Let J be a primitive decomposition of i in (LG)P. Since BrP(i)ẽ 6= 0, there exists
j ∈ J such that BrP( j)ẽ 6= 0. Thus, there exists γ ∈ 0 such that BrP( j) γe 6= 0.
Since BrP( j) is primitive in LCG(P), we have BrP( j) γe = BrP( j). Let f ′ be the
block idempotent of LCG(Q) such that (Q, f ′) 6L (P, γe) = γ(P, e). Then, by
Theorem 2.2 also BrQ( j) f ′=BrQ( j) 6=0. Thus BrQ( j) f ′ f̃ =BrQ( j)BrQ(i) f ′ f̃ =
BrQ( j) f ′ BrQ(i) f̃ = BrQ( j)BrQ(i) = BrQ( j) 6= 0 which implies that f ′ f̃ 6= 0.
This implies f ′ = δ f for some δ ∈ 0. Thus δ(Q, f )6L

γ(P, e) and (ii) holds after
applying δ−1.

Next assume that γ ∈0 with (Q, f )6L
γ(P, e). By Theorem 2.1(a) there exists

a block idempotent f1 of LCG(Q) such that (Q, f̃1)6K (P, ẽ). Since we already
proved that (i) implies (ii), there exists δ ∈ 0 such that (Q, f1)6L

δ(P, e). Thus
we have (Q, γ

−1
f )6L (P, e) and also (Q, δ

−1
f )6L (P, e). The uniqueness part

of Theorem 2.2(a) now implies that f and f1 are 0-conjugate. Thus f̃ = f̃1 and
(Q, f̃ )6K (P, ẽ). �

The following corollaries are now immediate from Proposition 4.2.

Corollary 4.3. The map

BP(LG)→ BP(K G), (P, e) 7→ (P, ẽ),

is a surjective morphism of G-posets, which restricts to a surjective morphism of
G-posets BP(LGb)→ BP(K Gb̃) for every block idempotent b of LG.

Corollary 4.4. Let b be a block idempotent of LG and let (P, e) ∈ BP(LGb) be a
maximal LGb-Brauer pair. Then (P, ẽ) ∈ BP(K Gb̃) is a maximal (K Gb̃)-Brauer
pair and one obtains an inclusion of fusion systems

F(P,e)(LGb)→ F(P,ẽ)(K Gb̃)

which is the identity on objects and on morphisms.

5. The Main Theorem

We keep p, G, L/K, and 0 as introduced at the beginning of Section 4. Moreover
we fix a block idempotent b of LG and denote by 0b the stabilizer of b in 0. We fix
a maximal LGb-Brauer pair (P, e) ∈ BP(LGb). For every Q 6 P, let eQ denote
the unique block idempotent of LCG(Q) such that (Q, eQ)6 (P, e) in BP(LG).
By Proposition 4.2, one has (Q, ẽQ)6 (P, ẽ) so that ẽQ = ẽQ . This allows us to use
the notation ẽQ for both purposes. Recall that 0×G acts on BP(LG) and 0b×G
acts on BP(LGb) via poset isomorphisms. Note that for any (Q, f ) ∈ BP(LGb)
one has 0(Q, f ) = 0 f . For the stabilizer in G of a K G-Brauer pair or LG-Brauer
pair (Q, f ) we will write NG(Q, f ).
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Let p1 : G × 0 → G and p2 : G × 0 → 0 denote the projection maps. For
any subgroup X of G × 0, we set k1(X) := {g ∈ G | (g, 1) ∈ X} and k2(X) :=
{γ ∈ 0 | (1, γ ) ∈ X}. As explained in [Bouc 2010, p. 24], one has

(2) k1(X)E p1(X)6G, k2(X)E p2(X)60, and p1(X)/k1(X)∼= p2(X)/k2(X)

via gk1(X)↔ γ k2(X) if and only if (g, γ ) ∈ X.
We denote by K (b) and K (e) the subfields of L obtained by adjoining the

coefficients of the block idempotents b ∈ LG and e ∈ LCG(P). Thus, K (b) is the
fixed field of 0b in L and K (e) is the fixed field of 0e in L .

Proposition 5.1. Let b be a block idempotent of LG.

(a) For any (R, eR) 6 (Q, eQ) in BP(LGb) one has 0e = 0(P,e) 6 0(Q,eQ) 6
0(R,eR) 6 0({1},b) = 0b. In particular, K (b)⊆ K (e).

(b) Let X := stabG×0(P, e) be the stabilizer of the maximal LGb-Brauer pair
(P, e). One has

k1(X)= NG(P, e), p1(X)= NG(P, ẽ), k2(X)= 0e, and p2(X)= 0b.

(c) One has NG(P, e) E NG(P, ẽ) and NG(P, ẽ)/NG(P, e) ∼= 0b/0e. More-
over, K (e)/K (b) is a Galois extension with cyclic Galois group isomorphic to
NG(P, ẽ)/NG(P, e).

Proof. (a) It suffices to show that 0(Q,eQ) 6 0(R,eR). Let γ ∈ 0(Q,eQ). Then
γ(R,eR)6L

γ(Q,eQ)=(Q, γeQ)=(Q,eQ). The uniqueness part of Theorem 2.1(a)
implies that γeR = eR . Thus, γ ∈ 0(R,eR).

(b) The first equation is clear from the definition of k1(X). For the proof of the
second equation, let g ∈ p1(X). Then there exists γ ∈0 with (P, e)= (g,γ )(P, e)=
( gP, gγe). From gγe = e it follows that gẽ = ẽ. Thus g(P, ẽ) = (P, ẽ) and g ∈
NG(P, ẽ). Conversely, if g ∈ NG(P, ẽ) then gẽ = ẽ which implies that there exists
γ ∈0 with ge= γe. Thus, (g,γ

−1)(P, e)= (P, e) and g ∈ p1(X). The third equation
follows immediately from the definition of k2(X). For the proof of the fourth
equation let γ ∈ p2(X). Then there exists g ∈ G with (g,γ )(P, e)= (P, e). Since
({1}, b)6 (P, e), this implies (g,γ )({1}, b)6 (g,γ )(P, e)= (P, e). The uniqueness
part in Theorem 2.1(a) implies that (g,γ )({1}, b)= (1, b) and that γ ∈0b. Conversely,
assume that γ ∈ 0b. Then ({1}, b) 6 (P, e) implies ({1}, b) = (1,γ )({1}, b) 6
(1,γ )(P, e)= (P, γe). This implies that both (P, e) and γ(P, e) are maximal LGb-
Brauer pairs. By Theorem 2.3(a), there exists g ∈ G such that g(P, γe)= (P, e).
Thus (g, γ ) ∈ X and γ ∈ p2(X).

(c) The assertions of the first sentence follow from part (b) and (2). For the second
statement it suffices to show that 0b/0e is cyclic. Note that the coefficients of
e ∈ LCG(P) generate a finite field extension of the prime field Fp in L , which
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we denote by Fp(e). Since 0e E 0b, we have a Galois extension K (e)/K (b) with
Galois group1∼=0b/0e. Now, restriction from K (e) to Fp(e) is an injective group
homomorphism from 1 to the cyclic Galois group Gal(Fp(e)/Fp). In fact, if δ ∈1
restricts to the identity on Fp(e), then it is the identity on Fp(e) and on K, thus on
K (e). This completes the proof of Part (c). �

Next we give a more precise picture of the inclusion of fusion systems from
Corollary 4.4. In the following theorem the term 〈F, σ 〉 denotes the fusion system
generated by F and σ , i.e., the intersection of all fusion systems over P that
contain F and σ .

Theorem 5.2. Let L/K be a finite Galois extension of fields of characteristic p> 0
with Galois group 0, let b be a block idempotent of LG, and let (P, e) be a maximal
LGb-Brauer pair. Set F :=F(P,e)(LGb) and F̃ :=F(P,ẽ)(K Gb̃). Let g0∈NG(P, e)
be such that g0 NG(P, ẽ) generates NG(P, e)/NG(P, ẽ) (see Proposition 5.1(c))
and set σ := cg0 ∈ Aut(P). Then F̃ = 〈F, σ 〉.

More precisely, σ ∈AutF̃ (P) and, for any subgroups Q and R of P and any ϕ ∈
HomF̃ (Q, R), there exist i ∈Z,ψ ∈HomF (Q, σ−i (R)) andψ ′∈HomF (σ

i (Q), R)
with ϕ = σ i

|σ−i (R) ◦ψ = ψ
′
◦ σ i
|Q .

Proof. Since g0∈ NG(P, ẽ), we have σ = cg0 ∈AutF̃ (P). It follows that 〈F, σ 〉⊆ F̃ .
In order to prove the reverse inclusion, let Q and R be subgroups of P and
let ϕ ∈ HomF̃ (Q, R). Then there exists g ∈ G such that ϕ = cg : Q → R
and g(Q, ẽQ) 6K (R, ẽR). By Proposition 4.2 there exists γ ∈ 0 such that
g(Q, eQ)6L (R, γeR). Since ({1}, b)= g({1}, b)6L

g(Q, eQ)6L (R, γeR) and also
({1}, γb)6L (R, γeR), Theorem 2.1(a) implies ({1}, b)= ({1}, γb) so that γ ∈ 0b.
Thus, both (P, e) and (P, γe) are maximal LGb-Brauer pairs. Theorem 2.3(a) im-
plies that there exists h ∈ G such that h(P, e) = (P, γe) and we obtain (P, e) =
h−1
(P, γe)>L

h−1
(R, γeR)= (

h−1
R, h−1γeR). Again, Theorem 2.1(a) implies that

h−1γeR = eh−1 Rh and thus h−1g(Q,eQ)6L
h−1
(R, γeR)= (

h−1
R,eh−1 Rh). This in turn

implies that the homomorphism α := ch−1g : Q→
h−1

R belongs to HomF (Q, h−1
R)

and that the homomorphism ϕ = cg : Q→ R factors as

(3) ϕ = ch ◦α : Q→ h−1
R→ R.

Since h(P, e) = (P, γe), we obtain h ∈ NG(P, ẽ) and can write h = gi
0x for

some i ∈ Z and x ∈ NG(P, e). This implies that the map ch : P → P factors
as ch = σ

i
◦ β : P → P , where σ i

= cgi
0
: P → P and β := cx ∈ AutF (P),

since x ∈ NG(P, e). Restriction to h−1
R yields the factorization

ch|h−1 Rh = σ
i
|β(h−1 Rh) ◦β|h−1 Rh :

h−1
R→ β( h−1

R)→ R

with β( h−1
R)= σ−i (R) and β|h−1 Rh ∈HomF (

h−1
R, R). Setting ψ := β|h−1 Rh ◦α :

Q → σ−1(R) and using (3) we obtain the desired factorization of ϕ. This also
implies the inclusion F̃ ⊆ 〈F, σ 〉.
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In order to find ψ ′ with the desired property we use the elements g, h, x , and i
from the first part of the proof and note that

(P, e)= γ−1h(P, e)>L
γ−1

( hQ, heQ)= (
hQ, γ

−1heQ),

which implies that γ−1heQ = ehQh−1 . Thus,

gh−1

( hQ, ehQh−1)=
gh−1

( hQ, γ
−1heQ)= (

gQ, gγ−1
eQ)6L (R, eR),

which implies that α′ := cgh−1 :
hQ→ R belongs to HomF (

hQ, R). Thus, ϕ can
be factored as

(4) ϕ = cg = cgh−1 ◦ ch = α
′
◦ ch : Q→ hQ→ R.

We can rewrite h = gi
0x = x ′gi

0 for some x ′ ∈ NG(P, e) and obtain an element
β ′ ∈ AutF (P) together with a factorization ch = β

′
◦ σ i
: P→ P. Restricting this

equation to Q yields a factorization

ch = β
′
|σ i (Q) ◦ σ

i
|Q : Q→ σ i (Q)→ hQ.

Setting ψ ′ := α′ ◦β ′|σ i (Q) ∈ HomF (σ
i (Q), R), the factorization in (4) can now be

expressed as ϕ = ψ ′ ◦ σ i
|Q as claimed. �

6. Consequences of the Main Theorem

In this section we prove several consequences of Theorem 5.2.
Recall that if F is a fusion system over a p-group P, a subgroup Q of P is called

F-centric if CP(R)= Z(R) for all subgroups R of P which are F-isomorphic to Q.

Proposition 6.1. Let L/K, b, (P, e) and F ⊆ F̃ be as in Theorem 5.2.

(a) A subgroup Q of P is fully F-centralized if and only if it is fully F̃-centralized.

(b) A subgroup Q of P is fully F-normalized if and only if it is fully F̃-normalized.

(c) A subgroup Q of P is F-centric if and only it is F̃-centric.

Proof. The “if” parts follow immediately from the fact that the F-isomorphism
class of Q is a subset of the F̃-isomorphism class of Q. For the forward implica-
tions note that by Theorem 5.2 two subgroups Q and Q′ of P are F̃-isomorphic
if and only if there exists a subgroup Q′′ of P such that Q is F-isomorphic
to Q′′ and Q′ = σ i (Q′′) for some i ∈ Z. Moreover, σ i (CP(Q′′)) = CP(σ

i (Q′′)),
σ i (NP(Q′′)) = NP(σ

i (Q′′)), and σ i (Z(Q′′)) = Z(σ i (Q′′)), since σ i is an auto-
morphism of P. The result is now immediate. �

The following theorem is known to experts. See for instance the part of the proof
of [Linckelmann 2018, Theorem 8.5.2] dealing with the extension axiom and note
that it does not use any assumptions on the field of coefficients k. Below is a proof
with a different approach, using Theorem 5.2.
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Theorem 6.2. Let k be a field of characteristic p>0 and let c be a block idempotent
of kG. Then the extension axiom holds for the fusion system of kGc, for any choice
of maximal Brauer pair.

Proof. Let (P, f ) be a maximal kGc-Brauer pair. We apply Theorem 5.2 with
K = k, a splitting field L of K CG(P) f such that L/K is a finite Galois extension
with Galois group 0, and to a block idempotent b of LG with cb 6= 0. Then c = b̃.
Moreover, there exists a maximal LGb-Brauer pair (P, e) such that e f = e and
therefore f = ẽ. We aim to show that the fusion system F̃ = F(P,ẽ)(K Gb̃) satisfies
the extension axiom. Note that by Theorem 3.7, the extension axiom holds for
F = F(P,e)(LGb), since L is a splitting field of LCG(P)e. Let ϕ ∈ HomF̃ (Q, P)
be such that ϕ(Q) is fully F̃-normalized. By Theorem 5.2 we can factorize ϕ =
σ i
◦ψ for some ψ ∈ HomF (Q, P). With ϕ(Q) also ψ(Q) = σ−i (ϕ(Q)) is fully

F̃-normalized, since they are F̃-isomorphic and NP(ψ(Q)) = σ−i (NP(ϕ(Q))).
By Proposition 6.1(b), ψ(Q) is fully F-normalized. Since F satisfies the extension
axiom, there exists ψ̂ ∈ HomF (Nψ , P) such that ψ̂ |Q = ψ . It follows that ϕ̂ :=
σ i
◦ ψ̂ ∈ HomF̃ (Nψ , P) extends ϕ. To finish the proof it suffices to show that

Nϕ ⊆ Nψ . So let x ∈ Nϕ . Then x ∈ NP(Q) and there exists y ∈ NP(ϕ(Q)) with
ϕ ◦ cx = cy ◦ϕ : Q −→∼ ϕ(Q). But this implies

ψ ◦ cx = σ
−i
◦ϕ ◦ cx = σ

−i
◦ cy ◦ϕ = cσ−i (y) ◦ σ

−i
◦ϕ = cσ−i (y) ◦ψ,

with σ−i (y) ∈ σ−i (NP(ϕ(Q)))= NP(σ
−i (ϕ(Q)))= NP(ψ(Q)). Thus, Nϕ ⊆ Nψ

and the proof is complete. �

Theorem 6.3. Let L/K, b, (P, e) and F ⊆ F̃ be as in Theorem 5.2. The fusion
system F̃ is saturated if and only if the fusion system F is saturated and p does
not divide [NG(P, ẽ) : NG(P, e)] = [0b : 0e] = [K (e) : K (b)]. In particular, if
moreover L is a splitting field for LCG(P)e, then F̃ is saturated if and only if p
does not divide [NG(P, ẽ) : NG(P, e)] = [0b : 0e] = [K (e) : K (b)].

Proof. Note that the map NG(P, e)→ AutF (P), g 7→ cg, induces an isomorphism
NG(P, e)/CG(P)→ AutF (P) which maps PCG(P)/CG(P) to AutP(P). Thus,
the Sylow axiom holds for F if and only if p - [NG(P, e) : PCG(P)]. Similarly, the
Sylow axiom holds for F̃ if and only if p - [NG(P, ẽ) : PCG(P)]. By Theorem 6.2
it suffices to show that the Sylow axiom holds for F̃ if and only it holds for F
and p - [0b : 0e]. But, by Proposition 5.1(c), one has [0b : 0e] = [NG(P, ẽ) :
NG(P, e)] = [K (e) : K (b)] which implies the result. �

Next we will show that a weak form of Alperin’s fusion theorem holds for
arbitrary block fusion systems.

Definition 6.4. Let F be a fusion system over a p-group P. We say that Alperin’s
weak fusion theorem holds for F if F = 〈AutF (Q) | Q ∈ C〉, where C is the set of
subgroups of P which are F-centric and fully F-normalized.
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Theorem 6.5. Let k be a field of characteristic p and let c be a block idempotent
of kG. Then Alperin’s weak fusion theorem holds for the fusion system of kGc, for
any choice of maximal kGc-Brauer pair.

Proof. Set K := k and choose L , b, (P, e) as in the proof of Theorem 6.2 with
c = b̃ and apply Theorem 5.2 to this situation with F := F(P,e)(LGb) and F̃ :=
F(P,ẽ)(K Gb̃). We need to show that Alperin’s weak fusion theorem holds for F̃ .
Since F is saturated, Alperin’s weak fusion theorem holds for F, see for instance
[Linckelmann 2018, Theorem 8.2.8]. Thus, F = 〈AutF (Q) | Q ∈ C〉, where C
denotes the set of subgroups of P which are F-centric and fully F-normalized.
Moreover, by Proposition 6.1, C is equal to the set C̃ of subgroups of P which
are F̃-centric and fully F̃-normalized. Thus, by Theorem 5.2, we have

F̃ = 〈F, σ 〉 = 〈{AutF (Q) | Q ∈ C} ∪ {σ }〉 ⊆ 〈AutF̃ (Q) | Q ∈ C〉 ⊆ F̃ .

But this implies F̃ = 〈AutF̃ (Q) | Q ∈ C〉 = 〈AutF̃ (Q) | Q ∈ C̃〉, which means that
Alperin’s weak fusion theorem holds for F̃ . �
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TORSION POINTS AND GALOIS REPRESENTATIONS ON
CM ELLIPTIC CURVES

ABBEY BOURDON AND PETE L. CLARK

We prove several results on torsion points and Galois representations for
complex multiplication (CM) elliptic curves over a number field contain-
ing the CM field. One result computes the degree in which such an elliptic
curve has a rational point of order N , refining results of Silverberg (Com-
positio Math. 68:3 (1988), 241–249; Contemp. Math. 133 (1992)). Another
result bounds the size of the torsion subgroup of an elliptic curve with
CM by a nonmaximal order in terms of the torsion subgroup of an elliptic
curve with CM by the maximal order. Our techniques also yield a com-
plete classification of both the possible torsion subgroups and the rational
cyclic isogenies of a K -CM elliptic curve E defined over K ( j (E)).
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1. Introduction

Let F be a field of characteristic 0, and let E/F be an elliptic curve. We say E has
complex multiplication (CM) if the endomorphism algebra

End0 E = End(E/F )⊗Z Q

is strictly larger than Q, in which case it is necessarily an imaginary quadratic field
K and O := End(E/F ) is a Z-order in K.

The general theory of complex multiplication has a long and rich history, with
important contributions made by Kronecker, Weber, Fricke, Hasse, Deuring, and
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Shimura. For a summary of these foundational results, see [Silverman 1994,
Chapter 2]. More recent contributions to the study of torsion points and Galois
representations on CM elliptic curves defined over number fields have been made
by Olson [1974], Silverberg [1988; 1992], Parish [1989], Aoki [1995; 2006], Ross
[1994], Kwon [1999], Prasad and Yogananda [2001], Stevenhagen [2001], Breuer
[2010], Lombardo [2017], Lozano-Robledo [2018b], Gaudron and Rémond [2018]
and the present authors and our collaborators [Clark et al. 2013; 2014; Bourdon
et al. 2017a; 2017b; Clark and Pollack 2015; Bourdon and Pollack 2017]. In this
paper, we consider the case of a CM elliptic curve defined over a number field that
contains the CM field. The case in which the ground field is a number field not
assumed to contain the CM field is pursued in [Bourdon and Clark 2019]. There
is related work of Á. Lozano-Robledo [2018a] done concurrently with the present
work, which determines all possible images of the `-adic Galois representations of
a CM elliptic curve E over Q( j (E)) up to conjugacy.

Throughout this introduction we maintain the following notation: K is an imagi-
nary quadratic field, O is an order in K, f is the conductor of O, K (f) is the f-ring
class field of K (i.e., K (f) = K ( j (E)) for any O-CM elliptic curve E), F is a
number field containing K and N is a positive integer.

1A. The Torsion Degree Theorem. Let O be an order in the imaginary quadratic
field K, and let N ∈ Z+. The following result was first proven by Silverberg [1988;
1992] and then subsequently by Prasad and Yogananda [2001].

Theorem 1.1 (Silverberg). Let F ⊃ K be a number field, and suppose that there is
an O-CM elliptic curve E/F with an F-rational point of order N. Then

ϕ(N )≤ #O× · [F : K ].

Theorem 1.1 is a crucial result in the study of torsion subgroups of CM elliptic
curves over general number fields. For instance, it was the main tool in the complete
enumeration of torsion subgroups of CM elliptic curves defined over number fields
of small degree [Clark et al. 2013; 2014].

The hypotheses of Theorem 1.1 force F ⊃ K (f)= K ( j (E)). Thus it is natural
to define T (O, N ) to be the least degree [F : K (f)] of a number field F ⊃ K over
which some O-CM elliptic curve admits an F-rational point of order N. We show
in Theorem 6.2 that

(1) ϕ(N ) | #O× · T (O, N ),

i.e., Theorem 1.1 holds as a divisibility.
Our first main result computes T (O, N ) in all cases and gives the analogous

divisibility refinement.
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Theorem 1.2. Let O be an order in the imaginary quadratic field K, and let N be
a positive integer. There is an integer T (O, N ), explicitly computed in Section 7,
such that

(i) if F ⊃ K is a number field and E/F is an O-CM elliptic curve with an F-
rational point of order N, then T (O, N ) | [F : K (f)], and

(ii) there is a number field F ⊃ K and an O-CM elliptic curve E/F such that
[F : K (f)] = T (O, N ) and E(F) has a point of order N.

Equivalently, Theorem 1.2 determines the least degree of a closed O-CM point
on X1(N )/K and shows that this degree divides the degree of all closed O-CM
points.

1B. The Isogeny Torsion Theorem. A key feature of the present work is that we
work with all imaginary quadratic orders O, not just the maximal order OK . Working
with nonmaximal orders entails certain technical complications. For instance, if
F ⊃ K is a number field, then E(F)[tors] is a finite O-submodule of E(C). As we
will see in Section 2B, every finite O-submodule of E(C) is cyclic if and only if
the order O is maximal.

The phenomenon of “ascending isogenies” can sometimes be used to study O-
CM elliptic curves in terms of OK -CM elliptic curves, and this happens twice in the
present paper. Specifically, let E be an O-CM elliptic curve defined over a number
field F, and let f′ be a positive integer that divides f. Then by [Bourdon and Pollack
2017, Proposition 2.2], there is an elliptic curve (Ef′)/F such that O(f′) := End Ef′

is the order of conductor f′ in K and an F-rational isogeny ιf′ : E → Ef′ that is
cyclic of degree f/f′. There is an embedding F ↪→ C such that the base change of
ιf′ to C is the natural map C/O→ C/O(f′) of complex elliptic curves. The map ιf′
is universal for maps from an O-CM elliptic curve to an O(f′)-CM elliptic curve
[Bourdon and Clark 2019, §2.6] and is thus unique, up to isomorphism on the target.
Here is the first result making use of this canonical isogeny.

Theorem 1.3 (Isogeny Torsion Theorem). Let O be an order in an imaginary
quadratic field K, of conductor f, and let f′ be a positive integer dividing f. Let
F ⊃ K be a number field, and let E/F be an O-CM elliptic curve. Let ιf′ : E→ Ef′

be the F-rational isogeny to an elliptic curve Ef′ with CM by the order in K of
conductor f′, as described above. Then we have

#E(F)[tors] | #Ef′(F)[tors].

In particular, taking f′ = 1, we see that #E(F)[tors] is bounded by #E1(F)[tors],
where (E1)/F is an OK -CM elliptic curve. We give examples where the expo-
nent of Ef′(F)[tors] is strictly smaller than that of E(F)[tors], showing in gen-
eral we cannot view E(F)[tors] as a subgroup of Ef′(F)[tors], and we prove
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that #Ef′(F)[tors]/#E(F)[tors] can be arbitrarily large (see Propositions 6.8 and 6.9).
Moreover, the statement is false if we do not require F ⊃ K. Theorem 1.3 has
applications to determining fields of moduli of partial level N structures (Sections 6B
and 6C).

1C. The reduced Galois representation. There is a well-known interplay between
points on modular curves over number fields and Galois representations of elliptic
curves. The proofs of Theorems 1.2 and 1.3 make use of Galois representations,
and in the former case we build on a nearly complete description of the image of
the mod N Galois representation on an O-CM elliptic E/K (f).

For an elliptic curve E defined over a number field F and a positive integer N,
the Z-linear action of gF := Aut(F/F) on E[N ] gives rise to the mod N Galois
representation:

ρN : gF → GL2(Z/NZ).

When E does not have CM, a celebrated result of Serre [1972] asserts that as N
varies over all positive integers, the index [GL2(Z/NZ) : ρN (gF )] remains bounded.
This is certainly not the case when E has CM: as usual, here we consider the case
in which F is a number field containing the CM field K. Then for N ∈ Z+, Galois
acts by O-linear endomorphisms of E[N ], which is a free O/NO-module of rank
one. Thus the mod N Galois representation takes the form

ρN : gF → (O/NO)× ↪→ GL2(Z/NZ).

In the CM case, the analogue of Serre’s result is the boundedness of the index
of ρN in (O/NO)× as N varies. In fact more is true: a slight variant of ρN is
surjective for all O and N. To motivate this, observe that fixing O is the same
as fixing j (E) (up to Galois conjugacy), but fixing j (E) does not determine the
K (f)-rational model of E and thus not ρN . One gets from one model to another
via a twist by d ∈ K (f)×/K (f)×#O×. If E and Ed are elliptic curves over K (f)
and ρE , ρEd : gK (f) → (O/NO)× are their mod N Galois representations, then
ρEd = ρE ⊗χd , where χd : gK (f)→O× is the character corresponding to d. Thus
we define the reduced mod N Cartan subgroup

CN (O)= CN (O)/qN (O×)

to be the quotient of CN (O) = (O/NO)× by the image of O× under the natural
map qN : O → O/NO and the reduced mod N Galois representation to be the
composite homomorphism

ρN : gF
ρN
−→ CN (O)→ CN (O).

The key feature of ρN is that it is independent of the K (f)-rational model.
For an elliptic curve E defined over a field F of characteristic 0, there is an

F-rational isomorphism ι : E/Aut(E) −→∼ P1, and a Weber function on E is
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any function h : E → P1 obtained by composing the quotient map with such an
isomorphism ι. Then the field extension cut out by the reduced Galois representation
is the field obtained by adjoining to K (f) the values of the Weber function on the
N -torsion points of E :

Q
ker ρN

= K (f)(h(E[N ])).

When O = OK the first main theorem of complex multiplication tells us that for
any ideal I of OK we have that K (f)(h(E[I ])) is K (I ), the I -ray class field of K.
It turns out that

[K I
: K (1)

] = #CN (O)

and thus ρN is surjective. The case of an arbitrary order is much less classical but
still known: Stevenhagen [2001] used Shimura’s reciprocity law to show that for all
N ∈ Z+, the Weber function field K (f)(h(E[N ])) is K (f)NOK, the N-ray class field
of O — this is the finite abelian extension of K corresponding to the image of the
subgroup C××{x ∈ Ô× | x ≡ 1 (mod N )} in the norm one idèle class group of K.
Moreover, it follows from the adelic description [Stevenhagen 2001, p. 8] that

Aut(K (f)NOK /K (f))= CN (O).

Thus we have the following result.

Theorem 1.4 (Stevenhagen). Let O be an order in the imaginary quadratic field K,
and let N ∈ Z+. Then the reduced mod N Galois representation

ρN : gK (f)→ CN (O)

is surjective and Q
ker ρN
= K (f)NOK, the N-ray class field of O.

We will give a new proof of Theorem 1.4, as follows. Let E/K (f) be an O-CM
elliptic curve. Using the canonical isogeny ι1 : E → E1 to an OK -CM elliptic
curve, we show that the torsion field K (f)(E[N ]) contains the ray class field K NOK :
Theorem 2.11(b). Using an observation of Parish we show that K (f)(E[N ]) contains
the ring class field K (N f): Theorem 4.1. By Theorem 2.10(c), we have

K (f)(h(E[N ]))⊃ K NOK K (N f)= K (f)NOK ,

where the last equality can be shown using class field theory (Section 5A). Since

[K (f)(h(E[N ])) : K (f)] ≤ #CN (O)= [K (f)NOK : K (f)],

we get
Q

ker ρN
= K (f)(h(E[N ]))= K (f)NOK .

Theorem 1.4 has the following useful consequences:
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Corollary 1.5. For all number fields F ⊃ K and all O-CM elliptic curves E/F we
have

[CN (O) : ρN (gF )] | #O×[F : K (f)] ≤ 6[F : K (f)].

Remark 1.6. Corollary 1.5 strengthens a result of D. Lombardo [2017, Theo-
rem 1.5], who showed that [CN (O) : ρN (gF )] ≤ 6[F : K ].

Corollary 1.7. Let N ∈ Z+. There is a number field F ⊃ K and an O-CM elliptic
curve E/F such that E[N ] = E[N ](F) and [F : K ( j (E))] = #CN (O).

Corollary 1.8. For all N ∈ Z+, there is an O-CM elliptic curve E/K (f) such that
ρE,N (gK (f))= CN (O).

Using Theorems 1.2 and 1.4 we also obtain a complete classification of the set
of N ∈ Z+ such that an O-CM elliptic curve E/K (f) admits a K (f)-rational cyclic
N -isogeny, and of the possible torsion subgroups of an O-CM elliptic curve E/K (f).
See Sections 6F and 6G.

2. Preliminaries

2A. Foundations. We begin by setting some terminology for orders in imaginary
quadratic fields. Let K be an imaginary quadratic field, with ring of integers OK ,
and let wK := #O×K be the number of roots of unity in K. Let O be a Z-order in K.
Let f= [OK :O] be the conductor of O, and let 1 be the discriminant of O. Then

O = Z+ fOK , 1= f21K .

For fixed K and f ∈ Z+ there is a unique order O(f) in K of conductor f. Thus an
imaginary quadratic order is determined by its discriminant 1, a negative integer
which is 0 or 1 modulo 4. Conversely, for any negative integer 1 which is 0 or 1
modulo 4, we put

τ1 =
1+
√
1

2
,

and then Z[τ1] is an order in K =Q(
√
1) of discriminant 1.

Throughout this paper we will use the following terminological convention: by
“an order O” we always mean a Z-order O in an imaginary quadratic field, which is
determined as the fraction field of O and denoted by K. We may specify an order O
by giving its discriminant, which also determines K. If K is already given, then we
specify an order O in K by giving the conductor f.

For any O-CM elliptic curve E we have K ( j (E)) = K (f), the ring class field
of K of conductor f ([Cox 1989, Theorem 11.1]) Thus [K ( j (E)) : K ] is determined
via the following formula.
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Theorem 2.1. For N ∈ Z+, let K (N ) denote the N-ring class field of K. Then
K (1)= K (1) is the Hilbert class field of K, and for all N ≥ 2 we have

[K (N ) : K (1)
] =

2
wK

N
∏
p|N

(
1−

(
1K

p

)
1
p

)
.

Proof. See, e.g., [Cox 1989, Corollary 7.24]. �

For a number field F, N ∈ Z+ and E/F an elliptic curve, we denote by ρN the
homomorphism

gF → Aut E[N ] ∼= GL2(Z/NZ),

the modulo N Galois representation. If E/F has CM by the order O in K, then
E[N ] ∼=O O/NO — i.e., we have an isomorphism of O-modules (see [Parish 1989,
Lemma 1], generalized in Lemma 2.4 below) — and provided F ⊃ K we have

ρN : gF ↪→ AutO E[N ] ∼= GL1(O/NO)= (O/NO)×.

In other words, the image of the mod N Galois representation lands in the mod N
Cartan subgroup

CN (O)= (O/NO)×.

Lemma 2.2. Let O be an order of discriminant 1, and let N = par
1 · · · p

ar
r ∈ Z+.

(a) We have CN (O)=
∏r

i=1 C p
ai
i
(O) (canonical isomorphism).

(b) We have #CN (O)= N 2∏
p|N

(
1−

(
1
p

) 1
p

)(
1− 1

p

)
.

Proof. (a) It suffices to tensor the Chinese remainder theorem isomorphism Z/NZ=∏r
i=1 Z/pai

i Z with the Z-module O and pass to the unit groups.

(b) By [Clark et al. 2013], for any prime number p we have

#C p(O)= p2
(

1−
(
1

p

)
1
p

)(
1−

1
p

)
.

The natural map C pa (O)→ C p(O) is surjective with kernel of size p2a−2 [Clark
and Pollack 2015, p. 3]. Together with part (a) this shows that if N = pa1

1 · · · p
ar
r

then

#CN (O)=
r∏

i=1

p2ai−2
i (pi−1)

(
pi−

(
1

pi

))
= N 2

∏
p|N

(
1−

(
1

p

)
1
p

)(
1−

1
p

)
. �

2B. Torsion kernels. Let E/C be an O-CM elliptic curve. For a nonzero ideal I
of O, we define the I-torsion kernel

E[I ] := {P ∈ E | for all α ∈ I, αP = 0}.
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There is an invertible ideal 3⊂O such that

E ∼= C/3.

If we put
(3 : I ) := {x ∈ C | x I ⊂3} = {x ∈ K | x I ⊂3}

then we have (immediately) that

E[I ] = {x ∈ C/3 | x I ⊂3} = (3 : I )/3.

Let |I | := #O/I.

Lemma 2.3. Let I, J ⊂O be nonzero ideals and E/C be an O-CM elliptic curve.

(a) If I ⊂ J, then E[J ] ⊂ E[I ].

(b) We have E[I ] ⊂ E[|I |]. In particular,

#E[I ] ≤ |I |2.

Proof. (a) This is immediate from the definition.

(b) By Lagrange’s theorem, every element of O/I is killed by |I |, so |I | ∈ |I |O⊂ I.
Apply part (a). �

Lemma 2.4. If I is an invertible O-ideal, then

E[I ] = I−13/3∼=O O/I.

In particular, #E[I ] = |I | = #O/I.

Proof. An ideal I is invertible if and only if there is an O-submodule I−1 of K
such that II−1

=O. If so, then for x ∈ K we have

x I ⊂3⇐⇒ x II−1
= xO ⊂ I−13⇐⇒ x ∈ I−13,

giving E[I ] = I−13/3. Because 3 is a locally free O-module, for all p ∈ SpecO
we have 3p

∼= Op and thus (I−13/3)p ∼= (I−1/O)p ∼= (O/I )p. Thus I−13/3 is
locally free of rank one as an O/I -module. But the ring O/I is semilocal, and
hence has trivial Picard group: any locally free rank one O/I -module is isomorphic
to O/I [Clark 2015, Corollary 13.38]. �

Lemma 2.5. Let R be a Dedekind domain, and let M be a cyclic torsion R-module,
and let N ⊂ M be an R-submodule. Then:

(a) N is also a cyclic R-module.

(b) We have N ∼= R/ ann N.

Proof. Let I = ann M. Since M is a finitely generated torsion module over a domain,
we have I 6= 0 and M ∼= R/I. Thus N ∼= I ′/I for some ideal I ′ ⊃ I. The ring R/I
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is principal Artinian [Clark 2015, Theorem 20.11], so the ideal I ′/I of R/I is
principal. Thus N is a cyclic, torsion R-module, so N ∼= R/ ann N. �

Theorem 2.6. Let E/C be an OK -CM elliptic curve, and let M ⊂ E(C) be a finite
OK -submodule. Then M = E[ann M] ∼=OK OK /ann M and thus #M = |ann M |.

Proof. That M ⊂ E[ann M] is a tautology. Because OK is a Dedekind domain,
every nonzero OK -ideal is invertible, so Lemma 2.4 gives #E[ann M] = |ann M |.
On the other hand, let t = #M. Then M ⊂ E[t] ∼=OK OK /tOK , a finite cyclic
OK -module. By Lemma 2.5 we have M ∼= OK /ann M so #M = |ann M |. Thus
M = E[ann M], so Lemma 2.4 gives M ∼=OK / ann M and #M = |ann M |. �

Example 2.7. Theorem 2.6 fails for all nonmaximal orders. Indeed, let O be a
nonmaximal order in an imaginary quadratic field K. There is nonzero prime ideal p
of O such that the local ring Op is not a DVR. If p∩Z = (`), then O/p ∼= Z/`Z.
Since every ideal of O can be generated by two elements, we have dimO/p p/p

2
= 2.

Thus #O/p2
= `3 and (`3) ⊂ p2. It follows that in the quotient ring O/`3O, the

maximal ideal p+ `3O is not principal. Let E/C be an O-CM elliptic curve, so
E[`3
] ∼=O O/`3O. So the O-submodule M = pE[`3

] of E[`3
] is not cyclic and

thus not isomorphic to O/ann M.

For a nonzero ideal I of OK , let K I denote the I -ray class field of K.

Theorem 2.8 (first main theorem of complex multiplication). Let E/C be an OK -
CM elliptic curve, and let I be a nonzero ideal of OK . Let h : E→ P1 be a Weber
function. Then:

K (1)(h(E[I ]))= K I .

Proof. See, e.g., [Silverman 1994, Theorem II.5.6]. �

Combining Theorems 2.6 and 2.8, we get the class-field theoretic containment cor-
responding to any finite OK -submodule of E(F), for any OK -CM elliptic curve E
defined over a number field F ⊃ K.

For convenience, we record here the formulas for [K I
: K (1)

]. Here, ϕ denotes
Euler’s totient function and ϕK (I ) the natural generalization for a nonzero ideal I
of OK . That is,

ϕK (I )= #(OK /I )× = |I |
∏
p|I

(
1−

1
|p|

)
.

Lemma 2.9. Let I be a nonzero ideal of K. We put UI (K )={x ∈U (K ) | x−1∈ I }
and U (K )=O×K .

(a) We have

[K I
: K (1)

] =
ϕK (I )

[U (K ) :UI (K )]
.
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(b) If K 6=Q(
√
−1),Q(

√
−3), then

[K I
: K (1)

] =

{
ϕK (I ), I | (2),
ϕK (I )

2 , I - (2).

(c) If K =Q(
√
−1), then

[K I
: K (1)

] =


ϕK (I ), I | (1+ i),
ϕK (I )

2 , I - (1+ i) and I | (2),
ϕK (I )

4 , I - (2).

(d) If K =Q(
√
−3), then

[K I
: K (1)

] =


1, I = (1),
ϕK (I )

2 , I 6= (1) and I | (ζ3− 1),
ϕK (I )

3 , I = (2),
ϕK (I )

6 , otherwise.

Proof. Parts (b)–(d) can be deduced from (a), which appears as [Cohen 2000,
Corollary 3.2.4]. �

2C. On Weber functions. Let F be a field of characteristic 0. For an elliptic
curve E/F , let h : E→ P1 be a Weber function for E (cf. Section 1C).

Theorem 2.10 (Weber function principle). Let N ∈ Z≥2, let O be the order of
conductor f in K, and let F = K (f). For an O-CM elliptic curve E/F , fix an
embedding F ↪→ C such that j (E)= j (C/O). Define

W (N ,O)= K (f)(h(E[N ])).

(a) W (N ,O) is a subfield of F(E[N ]) and [F(E[N ]) :W (N ,O)] divides{
#O×, N ≥ 3,
#O×

2 , N = 2.

(b) There is an elliptic curve E/F such that

[F(E[N ]) :W (N ,O)] =

{
#O×, N ≥ 3,
#O×

2 , N = 2.

(c) As we range over all elliptic curves E/F with j (E)= j (C/O), we have⋂
E

F(E[N ])=W (N ,O).
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Proof. (a) Let

w =

{
#O×, N ≥ 3,
#O×

2 , N = 2.

Let µw be the image of O× → CN (O), a cyclic group of order w. The field
F(E[N ])/F is Galois with Galois group ρN (gF ) ⊂ CN (O). Since h(P) = h(Q)
for points P, Q on E if and only if there is ξ ∈O× such that ξ(P)= Q (e.g., [Lang
1987, Theorem I.7]), it follows that

W (N ,O)= F(E[N ])ρN (gF )∩µw .

Thus
[F(E[N ]) :W (N ,O)] | w.

(b) and (c) If E/F , E ′/F with j (E)= j (E ′), then K (f)(h(E[N ]))=K (f)(h(E ′[N ]))
by the model independence of the Weber function. So W (N ,O)⊂

⋂
E F(E[N ]).

To see that equality holds, let E/F have j (E)= j (C/O). Let p be a prime of OF

that is unramified in F ′= F(E[N ]). By weak approximation, there is π ∈ p\p2. Put
L = F(π1/w), and let χ : gF → µw be a character with splitting field F

kerχ
= L .

(Explicitly, we may take χ(σ) = σ(π1/w)/π1/w.) Then L/F is totally ramified
over p, so F ′ and L are linearly disjoint over F. It follows that

ρN ,Eχ (gF ′)= (ρN ,E/F ′
⊗χ)(gF ′)= χ(gF ′)= µw.

Thus

w = [F(Eχ [N ]) : F(E[N ])∩ F(Eχ [N ])] | [F(Eχ [N ]) :W (N ,O)] | w,

so F(Eχ [N ]) has degree w over W (N ,O)= F(E[N ])∩ F(Eχ [N ]). �

2D. A containment of Weber function fields.
Theorem 2.11. Let K be an imaginary quadratic field, and let O ⊂ O′ be orders
in K.

(a) For all N ∈ Z+ we have a containment of Weber function fields W (N ,O) ⊃
W (N ,O′).

(b) If E is a K -CM elliptic curve defined over a number field F ⊃ K, then we have

(2) F(h(E[N ]))⊃ K NOK .

Proof. (a) Let f (resp. f′) be the conductor of O (resp. of O′), so f′ | f. Let E/K (f) be
an O-CM elliptic curve. Let ι= ιf,f′ : E→ E ′ be the canonical cyclic f/f′-isogeny
to an O′-CM elliptic curve (E ′)/K (f). There is an embedding K (f) ↪→ C such that
E(C)∼= E/O and (E ′)(C)∼= E/O′ and ι : E/O→ E/O′ is the natural map. Then
ι maps 1

N +O to 1
N +O′, which generates E ′[N ] as an O′-module. Thus

K (f)(E[N ])⊃ K (f)(E ′[N ])⊃ K (f′)(E ′[N ])⊃W (N ,O′),
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and Theorem 2.10(c) gives

W (N ,O)⊃W (N ,O′).

(b) This follows from part (a) and Theorem 2.8. �

Though Theorem 2.11 is a consequence of Theorem 1.4, we prove it here as
an ingredient in our new proof of Theorem 1.4. Part (b) had been proved earlier
in [Bourdon et al. 2017b, Theorem 3.16], but the present argument seems more
transparent.

3. Proof of the Isogeny Torsion Theorem

For a quadratic field K and d ∈ Z+ we will write O(d) for the unique order in K
of conductor d. We recall the setup: let F ⊃ K be a number field, let E/F be an
elliptic curve with endomorphism ring an order O of conductor f in K, and let f′

be a positive integer that divides f. Then there is a canonical F-rational cyclic
f/f′-isogeny ι/f′ : E→ Ef′ such that End Ef′ =O(f′).

There is a field embedding F ↪→C such that E(C)∼=C/O(f), Ef′(C)∼=C/O(f′)
and (ιf′)/C is the quotient map C/O(f)→ C/O(f′). Put τK =

1
2(1K +

√
1K ), so

O(f)= Z[fτK ] and O(f′)= Z[f′τK ]. For N ∈ Z+, let

e1,f(N ) :=
1
N
+O(f), e2,f(N ) :=

fτK

N
+O(f),

e1,f′(N ) :=
1
N
+O(f′), e2,f′(N ) :=

f′τK

N
+O(f′).

Then ker(E[N ] ιf′
−→ Ef′[N ]) is cyclic of order gcd(N , f/f′), generated by

N

gcd
(
N , f

f′

)e2,f(N ),

and ιf′(e1,f(N ))= e1,f′(N ).
For finite commutative groups T1 and T2, we have #T1 | #T2 if and only if

#T1[`
∞
] | #T2[`

∞
] for all prime numbers `. So it suffices to show that for all prime

numbers `, we have #E(F)[`∞] | #Ef′(F)[`∞]. Write f= `c1f with gcd(f, `)= 1
and f′ = `c2f′ with gcd(f′, `)= 1. Then we have

#E(F)[`∞] = #E`c1 (F)[`∞], #Ef′(F)[`∞] = #E`c2 (F)[`∞],

so we may assume that f= `c1 and f′ = `c2. Indeed, it is enough to treat the case
c2 = c1 − 1, since repeated application of this case yields the general case. So
suppose f= `c for some c ∈ Z+ and f′ = `c−1. By, for example, the Mordell–Weil
theorem, there are integers 0≤ a ≤ b such that

E(F)[`∞] ∼= Z/`aZ⊕Z/`bZ.
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Let Q := 1
`a +O(f) ∈ E(F). Since ιf′ is F-rational, Q′ := ιf′(Q)= 1

`a +O(f′) lies
in Ef′(F) and generates Ef′[`

a
] as an O(f′)-module, so Ef′[`

a
] = Ef′(F)[`a

]. If
a = b, it follows that #E(F)[`∞] | #Ef′(F)[`∞], so we may assume b > a. Since
ker(E[`∞] ιf′

−→ Ef′[`
∞
]) has order `, we have Z/`aZ⊕Z/`b−1Z ↪→ Ef′(F)[`∞].

Thus it suffices to show that Ef′(F) has either a point of order `b or has full
`a+1-torsion.

Let P = E(F) be a point of order `b, and write P = αe1,f(`
b)+βe2,f(`

b) with
α, β ∈Z/`bZ. If ` -α then since f= `f′ we have that ιf′(P)=αe1,f′(`

b)+`βe2,f′(`
b)

has order `b and we are done, so we may assume that ` | α, in which case ` - β.
With respect to the basis e1,f(`

b), e2,f(`
b) of E[`b

], the image of the mod `b Galois
representation on E consists of matrices of the form

(3)

[
a b`2c1K−1

2
K

4

b a+ b`c1K

]
with a, b ∈ Z/`bZ.

Since E(F) has full `a-torsion, we have a ≡ 1 (mod `a) and b≡ 0 (mod `a). Thus

ρ`a+1(gF )⊂

{[
1+ `a A 0
`a B 1+ `a A

] ∣∣∣∣∣ A, B ∈ Z/`a+1Z

}
.

Since `b−a−1 P = αe1,f(`
a+1)+βe2,f(`

a+1) is F-rational, all such matrices in the
image of Galois satisfy [

1+ `a A 0
`a B 1+ `a A

][
α

β

]
=

[
α

β

]
,

and thus `aαB+β + `a Aβ ≡ β (mod `a+1). Since ` | α, we get

`a Aβ ≡−`aαB ≡ 0 (mod `a+1),

and thus ` | A and ρ`a+1(gF ) consists of matrices of the form[
1 0
`a B 1

]
for B ∈ Z/`a+1Z. It follows that for all σ ∈ gF , there is B ∈ Z/`a+1Z such that

σ(ιf′(e1,f(`
a+1)))= ιf′(e1,f(`

a+1)+ B`aιf′(e2,f(`
a+1))

= ιf′(e1,f(`
a+1))+ B`a(`e2,f′(`

a+1))= ιf′(e1,f(`
a+1)).

Thus e1,f′(`
a+1) = ιf′(e1,f(`

a+1)) ∈ Ef′(F). Since the O(f′)-submodule generated
by e1,f′(`

a+1) is Ef′[`
a+1
], we get Z/`a+1Z⊕Z/`a+1Z ↪→ Ef′(F), completing the

proof of Theorem 1.3.
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4. The projective torsion point field

Let F be a field. For a positive integer N not divisible by the characteristic of F
and E/F an elliptic curve, we define the projective modulo N Galois representation
as the composite map

PρN :gF
ρN
−→Aut E[N ]∼=GL2(Z/NZ)→PGL2(Z/NZ):=GL2(Z/NZ)/(Z/NZ)×.

The projective torsion field is

F(PE[N ])= F
ker PρN

.

Thus F(PE[N ]) is the unique minimal field extension of F on which the image
of ρN consists of scalar matrices. It follows that F(E[N ])/F(PE[N ]) is a Galois
extension with automorphism group a subgroup of (Z/NZ)×.

Observe that the projective Galois representation and thus the projective torsion
field are unchanged by quadratic twists. If E/F has CM by an order of discriminant
1 = f21K 6= −3,−4 and F ⊃ K, then the projective N -torsion field is a well-
defined abelian extension of K (f). When 1=−4 (resp. 1=−3) we have quartic
twists (resp. sextic twists) which can change the projective Galois representation
and the projective torsion field.

Theorem 4.1. Let O be an order of discriminant 1 = f21K . Let E be an O-CM
elliptic curve defined over F = K (f). Let N ≥ 2.

(a) ([Parish 1989]) We have F(PE[N ])⊃ K (N f). Thus we may put

d(E, N )= [F(PE[N ]) : K (N f)].

(b) ([Parish 1989]) If 1 /∈ {−3,−4}, then d(E, N )= 1, i.e., F(PE[N ])= K (N f).

(c) If 1=−4, then d(E, N ) | 2.

(d) If 1=−3, then d(E, N ) | 3.

Proof. For N ∈ Z+, let O(N ) be the order of conductor N in K. Thus O =O(f).
Step 1: We show that F(PE[N ])⊃ K (N f) in all cases.

There is a field embedding F ↪→ C such that E(C) ∼= C/O. The C-linear
map z 7→ N z carries O(f) into O(N f) and induces a cyclic N -isogeny C/O(f)→
C/O(N f). Let C be the kernel of this isogeny, viewed as a finite étale subgroup
scheme of E/C. Then C has a (unique) minimal field of definition F(C)⊂ F(E[N ]),
hence of finite degree over F. The field F(PE[N ]) is precisely the compositum of
the minimal fields of definition of all order N cyclic subgroup schemes C ⊂ E/C,
so F(C)⊂ F(PE[N ]). Since C is F(PE[N ])-rational, the elliptic curve E/C has
a model over this field, and thus

F(PE[N ])⊃ K ( j (E/C))= K (N f).
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Step 2: In view of Step 1, we have F(PE[N ]) ⊃ K (N f) ⊃ K (f) = K ( j (E)), so
we have F(PE[N ])= K (N f) if and only if [F(PE[N ]) : K (f)] ≤ [K (N f) : K (f)].
We have

[F(PE[N ]) : K (f)]=#PρN (gF )≤#(O/NO)×/(Z/NZ)×= N
∏
p|N

(
1−

(
1

p

)
1
p

)
.

• Suppose f>1. Using Theorem 2.1 to compute [K (N f) : K (1)
] and [K (f) : K (1)

]

gives

[K (N f) :K (f)]=
[K (N f) : K (1)

]

[K (f) : K (1)]
=N

∏
p|N , p-f

(
1−
(
1

p

)
1
p

)
=N

∏
p|N

(
1−
(
1

p

)
1
p

)
,

because 1−
(
1
p

) 1
p = 1 for all p | f. Thus d(E, N )= 1 in this case.

• Suppose f= 1, so 1=1K . Then

[K (N f) : K (f)] = [K (N ) : K (1)
] =

2
wK

N
∏
p|N

(
1−

(
1

p

)
1
p

)
.

If 1 /∈ {−3,−4} then 2
wK
= 1, and again we get d(E, N ) = 1. If 1 = −4 then

2
wK
=

1
2 , so the calculation shows d(E, N ) ∈ {1, 2}, and if 1 = −3 then 2

wK
=

1
3 ,

so the calculation shows d(E, N ) ∈ {1, 3}. �

Remark 4.2. (a) Theorem 4.1(a) and (b) are due to Parish [1989, Proposition 3].
However, he alludes to a calculation of the above sort rather than explicitly
carrying it out. Since Theorem 4.1 will play an important role in the proof of
Theorem 1.4, we have given a complete proof.

(b) Parish [1989, Proposition 3] assumes K 6=Q(
√
−1),Q(

√
−3). Later [1989,

p. 263], he claims
• if 1=−4 then F(PE[N ])= K (N ) for all N ≥ 3, and
• if 1=−3 then F(PE[N ])= K (N ) for all N ≥ 4.

As we will see shortly in Example 4.4, both claims are false.

The following result is an analogue of [Bourdon et al. 2017b, Theorem 5.6] for
higher twists.

Proposition 4.3 (higher twisting at the bottom). For M ∈Z+, we denote the mod M
cyclotomic character by χM .

(a) Let K = Q(
√
−1) and let ` ≡ 5 (mod 8) be a prime number. There is a

character 9 : gK → (Z/`Z)× of order `−1
4 and an OK -CM elliptic curve E/K

such that the mod ` Galois representation is

σ 7→ ρ`(σ )=

[
9(σ) 0

0 9−1(σ )χ`(σ )

]
.
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(b) Let K =Q(
√
−3) and let `≡ 7, 31 (mod 36) be a prime number. There is a

character 9 : gK → (Z/`Z)× of order `−1
6 and an OK -CM elliptic curve E/K

such that the mod ` Galois representation is

σ 7→ ρ`(σ )=

[
9(σ) 0

0 9−1(σ )χ`(σ )

]
.

Proof. (a) Let (E1)/K be an OK -CM elliptic curve. Because ` ≡ 1 (mod 4), the
Cartan subgroup C`(OK ) is split. It follows that there are precisely two C`(OK )-
stable one-dimensional Z/`Z-subspaces of E1[`], so we may take basis vectors e1

and e2 for E1[`] lying in these two subspaces. For such a basis, the mod ` Galois
representation has the form

σ 7→ ρ`(σ )=

[
91(σ ) 0

0 9−1
1 (σ )χ`(σ )

]
for a character 91 : gK → (Z/`Z)×. Under this isomorphism, the matrix represen-
tation of i ∈OK is a diagonal matrix[

z 0
0 z−1

]
,

where z is a primitive fourth root of unity in Z/`Z. A general OK -CM elliptic
curve over K is of the form Eψ1 for a character ψ : gK → µ4 ⊂ (Z/`Z)

×. Let
Q4(`)= (Z/`Z)

×/(Z/`Z)×4. Then the image of z in Q4(`) has order 4: if not, there
is w ∈ (Z/`Z)× such that z =w2, and then w has order 8 in (Z/`Z)×, contradicting
the assumption that ` ≡ 5 (mod 8). Thus the natural map µ4→ Q4(`) given by
i 7→ z (mod (Z/`Z)×4) is an isomorphism; we denote the inverse isomorphism
Q4(`)→ µ4 by ι. Now take

ψ : gK
9−1

1−→ (Z/`Z)×
q
−→ Q4(`)

ι
−→ µ4;

here q is the quotient map. Let 92 = ψ91. Then the twist Eψ1 has mod ` Galois
representation

σ 7→ ρ`(σ )=

[
92(σ ) 0

0 9−1
2 (σ )χ`(σ )

]
.

The composite 92 : gK → (Z/`Z)×→ Q4(`) is trivial, so 92(gK ) has order c | `−1
4 .

Thus

#ρ
`,Eψ1

(gK ) | c(`− 1) |
(`− 1)2

4
= [K (`)

: K (1)
] = [K (`)

: K ],

where the last equality holds since K has class number 1. Because K (Eψ1 [`])⊃ K (`),
we have #ρ

`,Eψ1
(gK )=

1
4(`− 1)2 and c = 1

4(`− 1).
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(b) Since `≡1 (mod 3), we have a primitive sixth root of unity z in Z/`Z. Since `≡
7, 31 (mod 36), we have 4, 9 - `−1, so z has order 6 in Q6(`)= (Z/`Z)

×/(Z/`Z)×6.
Also 1

6(`− 1)2 = [K (`)
: K (1)

]. The argument of part (a) carries over. �

Example 4.4. (a) Let K = Q(
√
−1), and let ` ≡ 5 (mod 8). Let E/K be an OK -

CM elliptic curve with mod ` Galois representation as in Proposition 4.3(a). Then
for a number field L ⊃ K, ρ`|gL has scalar image if and only if χ`9−2

|gL is
trivial. Since χ` : gK → (Z/`Z)× has order `−1 — that is, for all 1 ≤ k < `− 1,
χ k
` 6= 1 — and 9−2 has order dividing `−1

4 , the character χ`9−2 has order `− 1.
Thus [K (PE[`]) : K ] = `− 1, whereas [K (`) : K ] = `−1

2 . So d(E, `)= 2.

(b) Let K =Q(
√
−3), and let `≡ 7, 31 (mod 36). Let E/K be an O-CM elliptic

curve with mod ` Galois representation as in Proposition 4.3(b). As in part (a), we
have [K (PE[`]) : K ] = `− 1 and [K (`) : K ] = `−1

3 . So d(E, `)= 3.

Proposition 4.5. Let O be an order of discriminant1= f21K , and let N ∈Z+. Then
there is an O-CM elliptic curve E/K (N f) such that the mod N Galois representation
consists of scalar matrices.

Proof. When 1 /∈ {−3,−4}, this is immediate from Theorem 4.1(b): in that
case, the elliptic curve has a model defined over K (f). Thus we may assume that
1 ∈ {−3,−4}, so f= 1. Let ζ ∈O×K be a primitive wK -th root of unity. Let O(N )
be the order in K of conductor N, let Ẽ/K (N ) be an O(N )-CM elliptic curve, let
ι : Ẽ→ E be the canonical K (N )-rational isogeny to an OK -CM elliptic curve E , let
ι∨ : E→ Ẽ be the dual isogeny, and let C be the kernel of ι∨. Identifying E[N ] with
N−1OK /OK ⊂ C/OK , ι∨ : C/OK → C/O(N ) is the map z+OK 7→ N z+O(N ),
so C is the Z-submodule of C/OK generated by P1=

1
N +OK . Because C is stable

under the action of gK (N ), this action is given by an isogeny character, say,

σ(P1)=9(σ)P1.

Let P2 = ζ P1. Then {P1, P2} is a Z/NZ-basis for E[N ]. Moreover, for σ ∈ gK (N ),

σ P2 = σζ P1 = ζσ P1 = ζ9(σ)P1 =9(σ)ζ P1 =9(σ)P2.

It follows that σ ∈ gK (N ) acts on E[N ] via the scalar matrix 9(σ). �

5. Proof of Theorem 1.4 and its corollaries

5A. An equality of class fields. Let O and O′ be orders in an imaginary qua-
dratic field K of conductors f and N f, respectively. Here we prove K (f)NOK =

K NOK K (N f). We may assume that N ≥ 2. Class field theory (see, for example,
[Stevenhagen 2001, (3.2)]) gives a canonical isomorphism,

(4) 9 : Aut(K ab/K (f))−→∼ Ô×/O×.
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Thus it suffices to prove an equality of open subgroups of ÔK
×
/O×K . We abbreviate

Op :=O⊗Zp.

Put

A := {x ∈ Ô× | x ≡ 1 (mod N )} =
∏
p-N

O×p ×
∏
p|N

(1+ NOp), Ã := AO×K ,

B := Ô′× =
∏

p

(O′)×p , B̃ := BO×K ,

C := {x ∈ ÔK
×
| x ≡ 1 (mod N )} =

∏
p-N

(OK )
×

p ×
∏
p|N

(1+ N (OK )p), C̃ := CO×K .

Under class field theory, the field K (f)NOK corresponds to Ã (cf. [Stevenhagen
2001, p. 9]), the field K (N f) corresponds to B̃ and the field K NOK corresponds
to C̃ , so showing that K (f)NOK = K NOK K (N f) is equivalent to showing that

Ã = B̃ ∩ C̃ .

Step 1: We show that A= B∩C . Writing Ap, Bp and C p for the components of p
of each of these groups, it is enough to show that

Ap = Bp ∩C p for all primes p.

Case 1: Suppose p - N. Then

Ap =O×p ,

Bp = (O′)×p = Ap,

C p = (OK )
×

p ,

so C p ⊃ Ap = Bp and thus Bp ∩C p = Ap.

Case 2: Suppose p | N. Write OK = Z1+ZτK , so O = Z1+ZfτK . We have

Ap = 1+ NOp = 1+ NZp1+ N fZpτK ,

Bp = (1+Zp1+ N fZpτK )
×,

C p = 1+ N (OK )p = 1+ NZp1+ NZpτK ,

so indeed we have Bp ∩C p = Ap.
It follows that B̃ ∩ C̃ = BO×K ∩CO×K ⊃ AO×K = Ã, so it remains to show that

B̃ ∩ C̃ ⊂ Ã.

Step 2: Suppose 1K < −4, so O×K = {±1}. Then B̃ = B, so if z ∈ B̃ ∩ C̃ , then
there is ε ∈ {±1} such that z ∈ B, −z ∈ B and εz ∈C , so εz ∈ B∩C = A and thus
z ∈ Ã.
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Step 3: Suppose K = Q(
√
−1) and let ζ be a primitive fourth root of unity, so

OK = Z1 + Zζ and O×K = {1, ζ, ζ
2, ζ 3
}. Suppose z ∈ B̃ ∩ C̃ . Then there are

i, j ∈ {0, 1, 2, 3}, b ∈ B and c ∈ C such that

z = ζ i b = ζ j c.

We have z ∈ Ã if and only if ζ− j z ∈ Ã, so we may assume that j = 0. If i is even we
may argue as in Step 2, so assume that i ∈ {1, 3}, and thus we have either ζb= c or
ζc = b. But we claim that there are no such elements b and c, which will complete
the argument in this case. Indeed, choose a prime p dividing N, and let bp and cp

be the components at p. There is a reduction map

(OK )p→OK ⊗Z/pZ= Z/pZ1+Z/pZζ.

Under this map, every element of Bp ∪ C p lands in Z/pZ1, so bp, cp ∈ Z/pZ1
while ζbp, ζcp ∈ Z/pZζ . Thus we cannot have ζbp = cp or ζcp = bp.

If K =Q(
√
−3), then we let ζ be a primitive sixth root of unity, so OK =Z1+Zζ

and O×K = {1, ζ, ζ
2, ζ 3, ζ 4, ζ 5

}, and the argument is very similar: we cannot have
±ζbp = cp or ±bp = ζcp.

5B. Proof of Theorem 1.4. By Theorems 2.11 and 4.1(a) and Section 5A, we have

K (f)(h(E[N ]))⊃ K NOK K (N f)= K (f)NOK .

For any O-CM elliptic curve E/K (f), the splitting field K (f)
ker ρN of the reduced

mod N Galois representation ρN on E (cf. Section 1C) is K (f)(h(E[N ])), so

[K (f)(h(E[N ])) : K (f)] ≤ #CN (O).

As described in the introduction, it is immediate from (4) and the definition of
K (f)NOK that

Aut(HN ,O/K (f))= CN (O),

and thus it follows that

K (f)(h(E[N ]))= K NOK K (N f).

5C. Proof of Corollaries 1.5, 1.7 and 1.8.

Proof of Corollary 1.5. Theorem 1.4 implies that for any number field F ⊃ K ( j (E))
and N ∈ Z+, we have

[CN (O) : ρN (gF )] | [F : K ( j (E))]

and thus

[CN (O) : ρN (gF )] | #O×[F : K ( j (E))] ≤ 6[F : K ( j (E))]. �
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Proof of Corollary 1.7. We may assume that N ≥ 2. Let w = #qN (O×), so

w =

{
#O×, N ≥ 3,
#O×

2 , N = 2.

Once again we denote by µw the image of O× in CN (O), a cyclic group of order w.
Let E/K (f) be any O-CM elliptic curve. We may view G =Aut(K (f)(E[N ])/K (f))
as a subgroup of CN (O). Let H = G ∩µw and L = (K (f)(E[N ]))H, so a suitable
twist (E ′)/L of E/L has trivial mod N Galois representation. As shown in the
proof of Theorem 2.10, we have L = K (f)(h(E[N ])), so by Theorem 1.4 we have
[L : K (f)] = #CN (O). �

Proof of Corollary 1.8. We may assume that N ≥2. Let qN :O×→CN (O) be the nat-
ural homomorphism. By Theorem 2.10(b), there is an elliptic curve E/K (f) such that

[K (f)(E[N ]) : K (f)(h(E[N ]))] = #qN (O×)=

{
#O×, N ≥ 3,
#O×

2 , N = 2.

By Theorem 1.4, [K(f)(h(E[N ])):K (f)]=#CN (O). Thus ρE,N (gK (f))=CN (O). �

6. Applications

6A. Divisibility in Silverberg’s theorem.

Lemma 6.1. Let J,M be subgroups of a group G. If M is normal and J ∩M = {1},
then #J | [G : M].

Proof. The composite homomorphism J ↪→ G→ G/M is an injection. �

The following result extends [Bourdon et al. 2017a, Corollary 2.5] from maxi-
mal orders to all imaginary quadratic orders, thereby confirming the expectation
expressed in [Bourdon et al. 2017a, Remarks following the proof of Corollary 2.5].

Theorem 6.2. Let O be an order in an imaginary quadratic field K, and let E be
an O-CM elliptic curve defined over a number field F ⊃ K. If E(F) has a point of
order N ∈ Z+, then

ϕ(N ) |
#O×

2
[F :Q]
# PicO

.

Proof. Let IN = [CN (O) : ρN (gF )] be the index of the mod N Galois representation
in the Cartan subgroup. By Corollary 1.5 we have

IN | #O×[F : K ( j (E))] =
#O×

2
[F :Q]
# PicO

.

Since there is a rational point of order N, the subgroup ρN (gF ) contains no scalar ma-
trices other than the identity. Applying Lemma 6.1 with G =CN (O), M = ρN (gF )

and J the subgroup of scalar matrices, we get ϕ(N ) | IN , and we are done. �
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6B. A theorem of Franz. Let O be an order in K, of conductor f, and let E/K (f)

be an O-CM elliptic curve. Choose a field embedding K (f) ↪→ C such that
j (E) = j (C/O) and an isomorphism E(C) −→∼ C/O. This induces an isomor-
phism E(K (f))[tors] −→∼ C/O[tors], which we use to view (the image in C/O of)
τK =

1
2(1K +

√
1K ) as a point of E(K (f))[tors] of order f.

Theorem 6.3 [Franz 1935]. With notation as above, we have

K (f)(h(τK ))= K (f).

Proof. As in the proof of Theorem 1.3, over C we may view the canonical isogeny
as ι :C/O→C/OK . We take e1=

1
f +O and e2= τK +O as a basis for E[f]. Then

e2 generates ker(ι), a K (f)-rational cyclic subgroup of order f, and with respect to
{e1, e2} the image of the mod f Galois representation associated to E/K (f) consists
of matrices of the form[

a bf21K−1
2
K

4
b a+ bf1K

]
with a, b ∈ Z/fZ.

Viewing entries mod f, we see there is a character 9 : gK (f)→ (Z/fZ)× such that

ρE,f(σ )=

[
9(σ) 0
∗ 9(σ)

]
.

If f ≤ 2, then K (f)(h(τK )) = K (f) = K (f) and the result holds. Thus we may
assume f ≥ 3. Let L := K (f)(h(e2)). Since f ≥ 3, we have j (E) 6= 0, 1728, so
[L(e2) : L] divides 2 and the restriction 9|gL : gL → {±1} defines a quadratic
character χ . On the twist Eχ of E/L the point e2 becomes L-rational. As in the
proof of Theorem 5.5 of [Bourdon et al. 2017b], let 9± : gK (f)→ (Z/fZ×)/{±1}
denote the composition of 9 with the natural map (Z/fZ)×→ (Z/fZ)×/±1. Then
L ⊂ (K (f))ker9± , so [L : K (f)] | ϕ(f)2 . If ι : Eχ → E ′ is the canonical isogeny, then
the proof of Theorem 1.3 shows that ι(e1) is an element of E ′(L) which generates
E ′[f] as an OK -module. Thus E ′ has full f-torsion over L , so by Theorem 2.8,
K (f)
⊂ L . So

[L : K (f)] ≥ [K (f)
: K (f)] =

ϕ(f)

2
≥ [L : K (f)],

and thus K (f)(h(e2))= L = K (f). �

6C. The field of moduli of a point of prime order. Let K 6= Q(
√
−1),Q(

√
−3)

be an imaginary quadratic field, and let O ⊂ K be the order of conductor f. Here
we use Theorem 1.3 to determine the smallest field F ⊃ K for which there exists
an O-CM elliptic curve E/F with an F-rational point of order ` > 2.
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Lemma 6.4. Let K be an imaginary quadratic field, let f ∈ Z+, and let ` > 2 be
prime. Then K (`)

∩ K (`f)= K (`).

Proof. Let 1= f21K . The statement is immediate if f= 1, so suppose f> 1. By
Theorem 2.1,

[K (`f) : K (f)] = `−
(
1

`

)
.

Since [K (`)K (`f) : K (f)] = #C`(O)/2 by Theorem 1.4, in both cases we have

[K (`)K (`f) : K (`f)] =
#C`(O)

2[K (`f) : K (f)]
=

1
2(`− 1).

Thus [K (`)
: K (`)

∩ K (`f)] = [K (`)K (`f) : K (`f)] = 1
2(`− 1). As we have K (`)⊂

K (`)
∩ K (`f) and [K (`)

: K (`)] = 1
2(`− 1), the result follows. �

Theorem 6.5. Let K 6=Q(
√
−1),Q(

√
−3) be an imaginary quadratic field, and

let O be the order of conductor f in K. Let F ⊃ K.

(a) Let E/F be an O-CM elliptic curve such that E(F) contains a point of prime
order ` > 2. Then there is a prime p of OK lying over ` such that K (f)K p

⊂ F.

(b) If
(
1
`

)
6= −1, then there is a prime p of OK lying over ` and an O-CM elliptic

curve E/K (f)K p such that E(K (f)K p) has a point of order `.

If
(
1
`

)
=−1, then an O-CM elliptic curve E/F with an F-rational point of order `

must have full `-torsion (see [Bourdon et al. 2017b, Theorem 4.8] or Lemma 6.12).
In this case, K (`f)K (`)

⊂ F by Theorem 1.4. The existence of an elliptic curve
E/K (`f)K (`) with full `-torsion is guaranteed by Corollary 1.7.

Proof. (a) Let F ⊃ K and E/F be an O-CM elliptic curve with an F-rational
point of order `. By Theorem 1.3, there is an OK -CM elliptic curve E ′/F with an
F-rational point P of order `. If M is the OK -submodule of E ′(F) generated by P,
then M = E ′[ann M] and #M = |ann M | by Theorem 2.6. Since ` | #M, we must
have p | ann M for some prime p of OK above `. By Theorem 2.8 we have

K (f)K p
⊂ K (f)K ann M

= K ( j (E))K (1)(h(E ′[ann M]))⊂ F.

(b) If
(
1
`

)
6= −1, then an O-CM elliptic curve E/K (f) possesses a K (f)-rational

cyclic subgroup of order `. (See, e.g., [Clark et al. 2013, p. 13]. This is also a
special case of Theorem 6.18.) By [Bourdon et al. 2017b, Theorem 5.5], there is
an extension L/K (f) of degree (`− 1)/2 and a quadratic twist (E1)/L such that
E1(L) has a point of order `. By part (a), there is a prime p of OK lying over `
such that K (f)K p

⊂ L , so it will suffice to show that [K (f)K p
: K (f)] ≥ `−1

2 .
If ` - f, then primes above ` are unramified in K (f)/K (1). Thus K (f), K p are

linearly disjoint over K (1), and we have [K (f)K p
: K (f)] = [K p

: K (1)
] =

1
2(`− 1)
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since
(
1K
`

)
=
(
1
`

)
6=−1. If ` | f, then applying Lemma 6.4 with f

`
in place of f, we have

K p
∩ K (f)⊂ K (`)

∩ K (f)= K (`).

Thus K p
∩ K (f)= K p

∩ K (`), so

[K (f)K p
: K (f)] = [K p

: K p
∩ K (f)] = [K p

: K p
∩ K (`)] = [K (`)K p

: K (`)]

and it is enough to show that [K (`)K p
: K (`)] ≥ `−1

2 .

•

(
1K
`

)
= 1: We will prove that K p

∩ K (`) = K (1) using CM elliptic curves.
Let (E0)/K (1) be an OK -CM elliptic curve. Then E0[p] is stable under the action
of gK (1) and generated by a point P of order `. By [Bourdon et al. 2017b, Theo-
ream 5.5], there is an extension L/K (1) of degree (`− 1)/2 and a quadratic twist
(E1)/L such that P becomes L-rational. By Theorem 2.8 we have K p

⊂ L , and
K p
= L since [K p

: K (1)
] =

1
2(`− 1). Over K (`)K p, the curve E1 has a rational

point of order `, and the mod ` Galois representation is scalar by Theorem 4.1.
Thus E1 has full `-torsion over K (`)K p, and K (`)

⊂ K (`)K p. This implies
1
2(`− 1) | [K (`)K p

: K (`)] = [K p
: K p
∩ K (`)]. Since [K p

: K (1)
] =

1
2(`− 1), we

have K p
∩ K (`)= K (1), and [K (f)K p

: K (f)] = [K p
: K (1)

] =
1
2(`− 1).

•

(
1K
`

)
= −1: In this case, K p

= K (`), so K p
∩ K (`) = K (`). This implies

[K (f)K p
: K (f)] = [K p

: K (`)] = 1
2(`− 1).

•

(
1K
`

)
= 0: Since [K (`) : K (1)

] = ` and [K p
: K (1)

] =
1
2(` − 1), we have

K p
∩ K (`)= K (1). Thus [K (f)K p

: K (f)] = [K p
: K (1)

] =
1
2(`− 1). �

Remark 6.6. Assume the setup of Theorem 6.5 but take K = Q(
√
−1) or K =

Q(
√
−3). Then the assertion of Theorem 6.5(b) is false. Indeed, if ` ≥ 5 and(

1
`

)
6=−1, we have [K (f)K p

: K (f)] | 1
wK
(`−1). (See Lemma 2.9.) Suppose F ⊃ K,

and let E/F be an elliptic curve with CM by the order in K of conductor f. If E(F)
contains a rational point of order `, then Theorem 6.2 implies 1

2(`− 1) | [F : K (f)].
Thus F must properly contain K (f)K p.

6D. Sharpness in the Isogeny Torsion Theorem. The following result was estab-
lished during the proof of Theorem 1.3.

Lemma 6.7. Let E be an O-CM elliptic curve defined over a number field F
containing the CM field K, and for a positive integer f′ dividing the conductor f

of O, let ι : E→ E ′ be the canonical F-rational isogeny to an elliptic curve E ′ with
CM by the order in K of conductor f′. Write

E(F)[tors] = Z/sZ×Z/eZ, E ′(F)[tors] = Z/s ′Z×Z/e′Z,

where s | e and s ′ | e′. Then s | s ′.
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Ross [1994, §4], claims that if E is a CM elliptic curve defined over a number
field F containing the CM field, then the exponent of the finite group E(F)[tors]
is an invariant of the F-rational isogeny class. In the setting of Lemma 6.7, this
would give e = e′, and combining this with the conclusion of Lemma 6.7 we would
get an injective group homomorphism E(F)[tors] ↪→ E(F ′)[tors]. This conclusion
is stronger than that of Theorem 1.3. However Ross’s claim is false: in the setup
of Lemma 6.7, one can have e′ < e (in which case there is no injective group
homomorphism E(F)[tors] ↪→ E ′(F)[tors]), as the following result shows.

Proposition 6.8. Let `> 3 be a prime number, let K =Q(
√
−`), let n ∈Z≥3, let O

be the order in K of conductor f= `b
n
2 c, and let F = K (f). For any O-CM elliptic

curve E/F , there is an extension L/F of degree ϕ(`n) such that E(L) has a point
of order `n, and no OK -CM elliptic curve has an L-rational point of order `k for
k > 1

2

(
n+ 1+

⌊ n
2

⌋)
(hence no L-rational point of order `n).

Proof. Let E/F be an O-CM elliptic curve. As in (3) we may choose a basis {e1, e2}

for E[`n
] so that the image of the mod `n Galois representation consists of matrices[

a bf21K−1
2
K

4

b a+ bf1K

]
with a, b ∈ Z/`nZ.

Since ` ramifies in K and f= `b
n
2 c, we have ord`(bf2(1K−1

2
K )/4)= 1+2

⌊ n
2

⌋
≥ n,

so the matrices have the form[
a 0
b a+ bf1K

]
with a, b ∈ Z/`nZ.

The action of gF on 〈e2〉 gives a character8 :gF→ (Z/`nZ)×. Take M= (F)ker8.
Then [M : F] | ϕ(`n) and 8|gM is trivial. Thus there exists an extension L/F with
[L : F] = ϕ(`n) such that E(L) contains e2.

Let E ′/L be an OK -CM elliptic curve, and suppose E ′(L) contains a point P of
order `k. Let p be the prime ideal of OK such that `OK = p2. We claim that the
OK -submodule M = 〈P〉OK of E ′(L) generated by P contains E[p2k−1

] and so, by
Theorem 2.8, that K p2k−1

⊂ L . Indeed, by Theorem 2.6, we have M = E[I ] for
some ideal I of OK such that (OK /I,+) has `-power order and exponent `k. Since
` ramifies in OK , this forces I to be of the form pa for some a ∈Z+, and the smallest
a such that (OK /p

a,+) has exponent `k is a = 2k−1, establishing the claim. Thus

ord`([K p2k−1
: K (1)

])= 2k− 2≤ ord`([L : K (1)
])=

⌊n
2

⌋
+ n− 1,

so k ≤ 1
2(n+ 1+

⌊ n
2

⌋
). �

In the setting of Theorem 1.3, one wonders whether #E(F)[tors] = #E ′(F)[tors].
In fact #E ′(F)[tors]/#E(F)[tors] can be arbitrarily large:
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Proposition 6.9. Let ` be an odd prime, let K 6=Q(
√
−1),Q(

√
−3) be an imagi-

nary quadratic field, let O be the order in K of conductor `, and let F = K (`). For
any O-CM elliptic curve E/F there is an extension L/F such that if ι : E→ E ′ is
the canonical isogeny to an OK -CM elliptic curve E ′, then

` |
#E ′(L)[tors]
#E(L)[tors]

.

Proof. Let E/F be an O-CM elliptic curve. As above, there is a basis {e1, e2} for
E[`] such that

ρ`(gF )⊂

{[
a 0
b a

] ∣∣∣ a, b ∈ Z/`Z

}
and there is an extension L/F with [L : F] = `− 1 such that E(L) contains e2.
In fact, E(L)[`∞] ∼= Z/`Z. Indeed, E does not have full `-torsion over L since
Theorem 1.4 would imply K (`)K (`2)⊂ L and 1

2`(`− 1)= [K (`)K (`2) : K (`)]. In
addition, E(L) has no point of order `2 by Theorem 6.2.

Let ι : E→ E ′ be the canonical L-rational isogeny from E/L to E ′/L , where E ′

has OK -CM. Since e2 ∈ E(L), the second paragraph of Section 3 shows that ι(e1)∈

E ′(L), and ι(e1) generates E ′[`] as an OK -module. In other words, Z/`Z×Z/`Z ↪→

E ′(L)[tors]. It follows that ` | (#E ′(L)[tors]/#E(L)[tors]). �

Finally, Theorem 1.3 requires K ⊂ F. This hypothesis cannot be omitted:

Proposition 6.10. Let `>3 be a prime with `≡3 (mod 4) and let n∈Z≥3. Let K =
Q(
√
−`), and let O be the order in K of conductor f= `b

n
2 c. Let F =Q( j (C/O)).

There is an elliptic curve E/F and an extension L/F of degree ϕ(`n)
2 such that

(i) L 6⊃ K,

(ii) E(L) has a point of order `n, and

(iii) for every OK -CM elliptic curve E ′/L we have `n - #E ′(L)[tors].

Proof. Let E/F be an O-CM elliptic curve. By [Kwon 1999, Corollary 4.2], E has
an F-rational subgroup which is cyclic of order `n. It follows from [Bourdon et al.
2017b, Theorem 5.6] that there is a twist E1 of E/F and an extension L/F of degree
ϕ(`n)/2 such that E1(L) has a point of order `n. Note [L :Q] = hK `

b
n
2 c
ϕ(`n)

2 is odd
(see [Cox 1989, Proposition 3.11]), so K 6⊂ L .

Let E ′/L be an OK -CM elliptic curve. Since [L :Q] is odd, E ′(L)[`∞] must be
cyclic, as full `k-torsion would imply Q(ζ`k )⊂ L by the Weil pairing. As in the last
paragraph of the proof of Proposition 6.8, E ′(L K ) contains no point of order `n.
Hence E ′(L) contains no point of order `n, and `n - #E ′(L)[tors]. �
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6E. Minimal and maximal Cartan orbits. Let O be an order, let N ∈ Z+, and let
P ∈ O/NO be a point of order N. Since CN (O) contains all scalar matrices, if
P ∈O/NO has order N, then the orbit of CN (O) on P has size at least ϕ(N ). On
the other hand, the orbit of CN (O) on P is certainly no larger than the number of
order N points of O/NO.

In this section we will find all pairs (O, N ) for which there exists a Cartan orbit
of this smallest possible size and also all pairs for which there exists a Cartan orbit
of this largest possible size.

We introduce the shorthand H(O, N ) to mean: there is a point P of order N in
O/NO such that the CN (O)-orbit of P has size ϕ(N ).

Lemma 6.11. Let O be an order, and let N = `a1
1 · · · `

ar
r ∈ Z+. Then H(O, N )

holds if and only if H(O, `ai
i ) holds for all 1≤ i ≤ r .

Proof. This is an easy consequence of the Chinese remainder theorem. �

Lemma 6.12. Let O be the order of discriminant1, ` a prime number and a ∈ Z+.

(a) If
(
1
`

)
=1, there is an O-submodule of O/`aO with underlying Z-module Z/`aZ.

(b) If
(
1
`

)
= −1, then C`a (O) acts simply transitively on the order `a elements

of O/`aO.

Proof. (a) If
(
1
`

)
= 1, then O/`O = OK /`OK ∼= Z/`Z× Z/`Z, so O ⊗ Z` is

isomorphic as a ring to Z`×Z` (see, e.g., [Eisenbud 1995, Corollary 7.5]) and thus
O/`aO is isomorphic as a ring to Z/`aZ×Z/`aZ.

(b) If
(
1
`

)
=−1, then O⊗Z` =OK ⊗Z` is a complete DVR with uniformizer `,

so the ring O/`aO is finite, local and principal with maximal ideal 〈`〉. An element
of O/`aO has order `a if and only if it lies in the unit group C`a (O). �

Lemma 6.13. Let O be the order of discriminant 1, and let N ∈ Z+. The following
are equivalent:

(i) If 2 | N, then
(
1
2

)
6= 1.

(ii) The Z/NZ-subalgebra of O/NO generated by CN (O) is O/NO.

Proof. Using the Chinese remainder theorem we reduce to the case of N = `a a
power of a prime number `. Let B be the Z/`aZ-subalgebra generated by C`a (O),
so #B = `b for some b ≤ 2a.

(i)=⇒(ii) Since 0 ∈ B \C`a (O), we have

#B ≥ #C`a (O)+ 1

= `2a
(
1− 1

`

)(
1−

(
1

`

)1
`

)
+ 1≥

{
4
9`

2a
+ 1> `2a−1 if `≥ 3,

1
2`

2a
+ 1> `2a−1 if `= 2 and

(
1
2

)
6= 1.

Thus b = 2a and B =O/`aO.
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¬(i)=⇒¬(ii) If `= 2 and
(
1
2

)
= 1, then

O/2aO ∼=
{[
α 0
0 β

]
|α, β ∈ Z/2aZ

}
and C2a (O) consists of the set of such matrices with α, β ∈ (Z/2aZ)×. Thus C2a (O)
is contained in the subalgebra

B =
{[
α 0
0 β

]
|α, β ∈ Z/2aZ and α ≡ β (mod 2)

}
of order 22a−1, so B ⊂ B (O/2aO.1 �

Lemma 6.14. For an order O and N ∈ Z+, the following are equivalent:

(i) There is an ideal I of O with O/I ∼= Z/NZ.

(ii) There is an O-submodule of O/NO with underlying commutative group Z/NZ.

(iii) H(O, N ) holds.

Proof. (i)⇐⇒(ii) Step 1: Let 3 be a free, rank 2 Z-module, and let 3′ be a Z-
submodule of 3 containing N3. By the structure theory of modules over a PID,
there is a Z-basis e1, e2 for 3 and positive integers a | b such that ae1, be2 is a
Z-basis for 3′. Thus

3/3′ ∼= Z/aZ⊕Z/bZ, 3′/N3∼= Z/(N/b)Z⊕Z/(N/a)Z.

It follows that 3/3′ ∼= Z/NZ⇐⇒3′/N3∼= Z/NZ.

Step 2: If I is an ideal of O with O/I ∼= Z/NZ, then I ⊃ NO, so I/NO ∼= Z/NZ

by Step 1. Let M be an O-submodule of O/NO with underlying Z-module Z/NZ.
Then M = I/NO for an ideal I of O, and by Step 1 we have O/I ∼= Z/NZ.

(ii)=⇒(iii) Let P ∈O/NO have order N such that the subgroup generated by P
is an O-submodule. For all g ∈ CN (O), g P=ag P for ag ∈ (Z/NZ)×. Conversely,
since CN (O) contains all scalar matrices, the orbit of CN (O) on P has size ϕ(N ).

(iii)=⇒(ii) Case 1: Suppose 2 - N or
(
1
2

)
6= 1. Let P ∈ O/NO be a point of

order N with CN (O)-orbit of size ϕ(N ). There is a Z/NZ-basis e1, e2 of O/NO
with e1 = P, and our hypothesis gives that with respect to this basis CN (O) lies in
the subalgebra {[

a b
0 d

]
| a, b, d ∈ Z/NZ

}
of upper triangular matrices. By Lemma 6.13, O/NO also lies in the subalgebra of
upper triangular matrices, and thus 〈P〉 is an O-stable submodule with underlying
Z-module Z/NZ.

1Since #B ≥ #C2a (O)+ 1= 22a−2
+ 1> 22a−2, in fact we have B = B.
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Case 2: Suppose 2 | N and
(
1
2

)
= 1, and write N = 2a N ′ with 2 - N ′. By

Lemma 6.12 and the equivalence of (i) and (ii), there is an ideal I1 in O with
O/I1 ∼= Z/2aZ, and by Case 1 there is an ideal I2 in O with O/I2 ∼= Z/N ′Z. By
the Chinese remainder theorem, we have O/I1 I2 ∼= Z/NZ. Since (i)⇐⇒ (ii), this
suffices. �

Theorem 6.15. Let O be an order of discriminant1, and let N ∈Z+. The following
are equivalent:

(i) H(O, N ) holds.

(ii) 1 is a square in Z/4NZ.

Proof. Using Lemma 6.11, we reduce to the case in which N = `a is a power of a
prime number `.

Case 1 (` is odd): Since gcd(4, `a)= 1, we may put D = 1
4 ∈ Z/`aZ. Then 1 is a

square in Z/4`aZ if and only if D is a square in Z/`aZ, and

(5) O/`aO ∼= (Z/`aZ)[t]/(t2
− D).

If there is s ∈ Z/`aZ such that D = s2, then

O/`aO ∼= (Z/`aZ)[t]/((t + s)(t − s)),

so if I is the ideal 〈t + s, `a
〉 of O, then O/I ∼= Z/`aZ. By Lemma 6.14, H(O, `a)

holds. Conversely, suppose H(O, `a) holds, so by Lemma 6.14 there is an ideal I of
O with O/I ∼=Z/`aZ. Since `a

∈ I, we may regard I as an ideal of O/`aO such that
(O/`aO)/I ∼= Z/`aZ. In other words, we have a Z/`aZ-algebra homomorphism

f : Z/`aZ[t]/(t2
− D)→ Z/`aZ.

Then f (t)2 = D ∈ Z/`aZ, so D is a square in Z/`aZ.

Case 2 (`= 2, 1 is odd): Here,
(
1
`

)
=±1.

• If
(
1
`

)
= 1, then 1≡ 1 (mod 8); by Hensel’s lemma, 1 is a square in Z/`aZ.

On the other hand, by Lemmas 6.12(a) and 6.14, H(O, `a) holds.

• If
(
1
`

)
=−1, then 1≡ 5 (mod 8), so 1 is not a square modulo 8 and thus not

a square modulo 4 · 2a. On the other hand, by Lemma 6.12(b), H(O, `a) does
not hold.

Case 3 (`= 2, 1 is even): Again we may put D= 1
4 ∈Z/`aZ, and again (5) holds.

The argument of Case 1 shows that H(O, `a) holds if and only if D is a square
modulo Z/`aZ if and only if 1 is a square modulo Z/4`aZ. �

Proposition 6.16. Let O be an order, and let N ∈Z+. The following are equivalent:

(i) CN (O) acts simply transitively on order N elements of O/NO.
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(ii) CN (O) acts transitively on order N elements of O/NO.

(iii) For all primes ` | N we have
(
1
`

)
=−1.

Proof. As usual, we may assume N = `a is a prime power. Certainly (i) =⇒ (ii).

(ii) =⇒ (iii): We have

#C`a (O)= `2a−2(`− 1)
(
`−

(
1

`

))
,

whereas the number of elements of order `a in O/`aO is

N (O, `a) := #O/`aO− #`O/`aO = `2a−2(`− 1)(`+ 1).

Transitivity of the action implies #C`a (O)≥ N (O, `a), which holds if and only if(
1
`

)
=−1.

(iii) =⇒ (i): Since
(
1
`

)
6= 0, we have O/`aO ∼=OK /`

aOK , and thus also C`a (O)=
(O/`aO)× ∼= C`a (OK ). Thus O/`aO is a finite local principal ring with maximal
ideal m= 〈`〉 and unit group C`a (O)=O/`aO \m. The set of order `a elements
of O/`aO is O/`aO \m= C`a (O), so the action of the unit group C`a (O) on this
set is the action of C`a (O) on itself, which is simply transitive. �

Corollary 6.17. Let O an order of conductor f. Let N =
∏r

i=1 `
ai
i ∈ Z+ be such

that
(
1
`i

)
=−1 for all i . Let F be a number field, and let E/F be an O-CM elliptic

curve such that E(F) has a point of order N. Then

(6) #CN (O) | [F K : K (f)].

Further for all O and N satisfying the above conditions, equality can occur in (6).

Proof. Replace F by F K ; then F ⊃ K (f). By Proposition 6.16, CN (O) acts
transitively on order N elements of O/NO, so the O-submodule generated by any
one of them is O/NO. Thus the existence of one F-rational point of order N
implies that ρN is trivial. Applying Theorem 1.4 gives (6). That equality can occur
follows from Corollary 1.7. �

6F. Torsion over K ( j): Part I. Let O be an order of discriminant 1 = f21K .
We will give a complete classification of the possible torsion subgroups of O-CM
elliptic curves E/K (f). In this section we will treat the cases 1 6= −3,−4. For the
remaining cases we will make use of Theorem 7.2, so we will come back to those
cases in Section 7E.

If E(K (f)) has a point of order N, then since [CN (O) : ρN (gK (f))] | #O×, there
must be some P ∈O/NO of order N with a CN (O)-orbit of order dividing #O×.
• By Theorem 6.2, if E(K (f)) has a point of order N, then ϕ(N ) | 2, so

N ∈ {1, 2, 3, 4, 6}.
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• Lemma 2.2(b) implies that for all N ≥3, we have #CN (O)≥4 (equality holds if
N = 3 and 1≡ 1 (mod 3)). By Theorem 1.4 we cannot have E[N ] = E[N ](K (f)).

Thus E(K (f))[tors] is isomorphic to one of the groups in the following list:

{e}, Z/2Z, Z/3Z, Z/4Z, Z/6Z, Z/2Z×Z/2Z, Z/2Z×Z/4Z, Z/2Z×Z/6Z.

We will show that all of these groups occur.

Points of order 2. By Theorem 1.4, E(K (f))[2] has order 4 if 2 splits in O, order 2
if 2 ramifies in O and order 1 if 2 is inert in O. Thus:

E(K (f))[2] ∼=


{e}, 1≡ 5 (mod 8),

Z/2Z, 1≡ 0 (mod 4),

Z/2Z×Z/2Z, 1≡ 1 (mod 8).

Points of order 3, 4, or 6. Let E/K (f) be any O-CM elliptic curve. We claim that
for N ∈ {3, 4, 6}, there is a quadratic twist E D of E such that E D(K (f)) has a
point of order N if and only if H(O, N ) holds. Indeed, as above, since the index
of the mod N Galois representation in CN (O) divides 2, if some E D(K (f)) has a
point of order N, then O/NO has a point of order N with a CN (O)-orbit of size 2.
Since ϕ(N ) = 2, there is a Cartan orbit of size 2 if and only if H(O, N ) holds.
Conversely, if H(O, N ) holds then there is a point of order N with a CN (O)-orbit
of size 2, hence on some quadratic twist E D we have an F-rational point of order N.
Applying Theorem 6.15, we get:

• Some O-CM E/K (f) has a point of order 3 if and only if 1≡ 0, 1 (mod 3).

• Some O-CM E/K (f) has a point of order 4 if and only if1≡0, 1, 4, 9 (mod 16).

• Some O-CM E/K (f) has a point of order 6 if and only if 1≡ 0, 1, 2, 9, 12, 16
(mod 24).

Because the only full N -torsion we can have is full 2-torsion, and 2-torsion is
invariant under quadratic twists, we immediately deduce the complete answer in all
cases.

• If 1≡ 0 (mod 48), then there are twists E1, E2, E3 of E with

E1(K (f))[tors] ∼= Z/2Z, E2(K (f))[tors] ∼= Z/4Z, E3(K (f))[tors] ∼= Z/6Z.

• If 1≡ 1, 9, 25, 33 (mod 48) then there are twists E1, E2 of E with

E1(K (f))[tors] ∼= Z/2Z×Z/2Z, E2(K (f))[tors] ∼= Z/2Z×Z/6Z.

• If 1≡ 4, 16, 36 (mod 48), then there are twists E1, E2, E3 of E with

E1(K (f))[tors] ∼= Z/2Z, E2(K (f))∼= Z/4Z, E3(K (f))∼= Z/6Z.
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• If 1≡ 5, 29 (mod 48), then E(K (f))[tors] = {e}.

• If 1≡ 8, 44 (mod 48), then E(K (f))[tors] = Z/2Z.

• If 1≡ 12, 24, 28, 40 (mod 48), then there are twists E1, E2 of E with

E1(K (f))[tors] ∼= Z/2Z, E2(K (f))∼= Z/6Z.

• If 1≡ 13, 21, 37, 45 (mod 48), then there are twists E1, E2 of E with

E1(K (f))[tors] = {e}, E2(K (f))[tors] ∼= Z/3Z.

• If 1≡ 17, 41 (mod 48), then there are twists E1, E2 of E with

E1(K (f))[tors] ∼= Z/2Z×Z/2Z, E2(K (f))[tors] ∼= Z/2Z×Z/4Z.

• If 1≡ 20, 32 (mod 48), then there are twists E1, E2 of E with

E1(K (f))[tors] ∼= Z/2Z, E2(K (f))∼= Z/4Z.

6G. Isogenies over K ( j): Part I.

Theorem 6.18. Let O be an order of discriminant 1= f21K , and let N ∈ Z+.

• If1 6=−3,−4, then there is an O-CM elliptic curve E/K (f) with a K (f)-rational
cyclic N-isogeny if and only if 1 is a square in Z/4NZ.

• If 1 = −4, then there is an O-CM elliptic curve E/K (f) with a K (f)-rational
cyclic N-isogeny if and only if N is of the form 2ε`a1

1 · · · `
ar
r for primes `i ≡

1 (mod 4) and ε, a1, . . . , ar ∈ N with ε ≤ 2.

• If 1 = −3, then there is an O-CM elliptic curve E/K (f) with a K (f)-rational
cyclic N-isogeny if and only if N is of the form 2ε3a`

a1
1 · · · `

ar
r for primes `i ≡

1 (mod 3), ε, a, a1, . . . , ar ∈N with (ε, a) ∈ {(0, 0), (0, 1), (0, 2), (1, 0), (1, 1)}.

Proof. Step 1: Let E/K (f) be an O-CM elliptic curve. If 1 is a square in Z/4NZ,
then by Theorem 6.15 there is a point P of order N in O/NO such that C = 〈P〉
is invariant under CN (O), so C is gK (f)-stable and E → E/C is a cyclic N -
isogeny. If 1 /∈ {−4,−3}, then the projective Galois representation PρN : gK (f)→

CN (O)/(Z/NZ)× is a quotient of the reduced Galois representation, hence surjec-
tive. So K (f)-rational cyclic N -isogenies correspond to CN (O)-orbits on O/NO
of size ϕ(N ), which by Theorem 6.15 exist if and only if 1 is a square in Z/4NZ.

Step 2: If 1 ∈ {−4,−3}, then as above the condition that 1 is a square modulo 4N
is sufficient for the existence of a K (f)-rational cyclic N -isogeny, but it is no longer
clear that it is necessary, and in both cases it turns out not to be. The complete
analysis will make use of Theorem 7.2, so we defer the end of the proof until
Section 7F. �
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7. The Torsion Degree Theorem

7A. Statement and preliminary reduction. Throughout this section O denotes an
order of conductor f and discriminant 1= f21K .

For N ∈ Z≥2, let T̃ (O, N ) be the least size of an orbit of CN (O) on an order N
point of O/NO.

Lemma 7.1. We have T̃ (O, 2)=

{
1 if

(
1
2

)
6= −1,

3 if
(
1
2

)
=−1.

Proof. By Theorem 6.15, we have
(
1
2

)
6= −1 if and only if there is a C2(O)-orbit

of size ϕ(2) = 1 on O/2O if and only if T̃ (O, 2)= 1. In the remaining case,(
1
2

)
=−1, we have #C2(O)= 3 and no orbit of size 1, hence T̃ (O, 2)= 3. �

Theorem 7.2 (Torsion Degree Theorem). Let O be an order of conductor f, and let
N ∈ Z≥3.

(a) There is T (O, N ) ∈ Z+ such that
• if F ⊃ K (f) is a number field and E/F is an O-CM elliptic curve with an

F-rational point of order N, then T (O, N ) | [F : K (f)], and
• there is a number field F ⊃ K (f) with [F : K (f)] = T (O, N ) and an O-CM

elliptic curve E/F with an F-rational point of order N.

(b) If (1, N )= (−3, 3), then T (O, N )= 1.

(c) Suppose (1, N ) 6= (−3, 3). Let N = `a1
1 · · · `

ar
r be the prime power decompo-

sition of N. Then

T (O, N )=
∏r

i=1 T̃ (O, `ai
i )

#O×
.

(d) If `a
= 2, then T̃ (O, `a) = 2 is computed in Lemma 7.1. If `a > 2, then

T̃ (O, `a) is as follows, where k = ord`(f):

(1) If ` - f, then T̃ (O, `a)=


`a−1(`− 1) if

(
1
`

)
= 1,

`2a−2(`− 1) if
(
1
`

)
= 0,

`2a−2(`2
− 1) if

(
1
`

)
=−1.

(2) If ` | f, then T̃ (O, `a)=



`a−1(`− 1) if
(
1K
`

)
= 1,

`a−1(`− 1) if
(
1K
`

)
=−1 and a ≤ 2k,

`2a−2k−1(`− 1) if
(
1K
`

)
=−1 and a > 2k,

`a−1(`− 1) if
(
1K
`

)
= 0 and a ≤ 2k+ 1,

`2a−2k−2(`− 1) if
(
1K
`

)
= 0 and a > 2k+ 1.

Remark 7.3. The case N = 2 is excluded because of the somewhat anomalous
behavior of 2-torsion. But it is easy to see that Theorem 7.2(a) remains true when
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N = 2, and, moreover:

• If 1 ∈ {−4,−3} then T (O, 2)= 1.

• Otherwise, T (O, 2)=
{

1 if
(
1
2

)
6= −1,

3 if
(
1
2

)
=−1.

Let F ⊃ K (f) be a number field, and let E/F be an O-CM elliptic curve. As
usual, we choose an embedding F ↪→C such that j (E)= j (C/O). Let P ∈ E[tors]
have order N. We call the field

K (f)(h(P))

the field of moduli of P. It is independent of the chosen model of E/F , and there
exists an elliptic curve E ′/K (f)(h(P)) with an isomorphism ψ : E→ E ′ such that ψ(P)
is K (f)(h(P))-rational. Further, the pair (E, P) induces a closed point P on the
modular curve X1(N )/K , and K (f)(h(P)) is the residue field K (P). Theorem 7.2
concerns the degree [K (f)(h(P)) : K (f)]. Our setup shows that it is no loss of
generality to assume F = K (f).

Let qN : O→ O/NO be the natural map, and let q×N : O
×
→ CN (O) be the

induced map on unit groups. As in the introduction, we define the reduced mod N
Cartan subgroup:

CN (O)= CN (O)/qN (O×).

Let E[N ] be the set of O×-orbits on E[N ]. Then the action of CN (O) on E[N ]
induces an action of CN (O) on E[N ]. The field of moduli K (f)(h(P)) depends
only on the image P of P in E[N ]. By Theorem 1.4, the composite homomorphism

gF
ρE,N
−−→ CN (O)→ CN (O)

is surjective (and model-independent). Let HP = {g ∈CN (O) | g P = P}. It follows
that

Aut(K (f)(h(P))/K (f))∼= CN (O)/HP .

Thus [K (f)(h(P)) : K (f)] is the size of the orbit of the reduced Cartan subgroup
CN (O) on P . (As we will see, in almost every case this is the size of the orbit of
CN (O) on P divided by #O×.) This reduces the proof of Theorem 7.2 to a purely
algebraic problem.

7B. Generalities. For an order N point P ∈O/NO, let MP = {x P | x ∈O} be the
cyclic O-submodule of O/NO generated by P. If we put IP = {x ∈O | x P = 0},
then we have

MP ∼=O O/IP .

The isomorphism is canonical and determined by mapping P ∈MP to 1+ IP ∈O/IP .
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Lemma 7.4. (a) With notation as above, let

S(IP)= {g ∈ CN (O) | g ≡ 1 (mod IP)}.

Then with respect to the CN (O)-action, S(IP) is the stabilizer of P, so as a CN (O)-
set the orbit of CN (O) on P is isomorphic to CN (O)/S(IP).

(b) Further, there is a canonical isomorphism of groups CN (O)/S(IP)−→
∼ (O/IP)

×.

Proof. (a) For g ∈ CN (O), we have g P = P⇐⇒ (g− 1)P = 0⇐⇒ (g− 1) ∈ IP ,
giving the first assertion. The orbit stabilizer theorem gives the second assertion.

(b) The ring homomorphism f :O/NO→O/I induces a homomorphism on unit
groups f × :CN (O)→ (O/IP)

×, with kernel S(IP). Since O/NO has finitely many
maximal ideals, f × is surjective [Clark 2015, Theorem 4.32]. �

Lemma 7.5. There is a positive integer M | N such that

O/IP ∼=Z Z/NZ⊕Z/MZ.

Proof. As a Z-module, O/IP is a quotient of O/NO ∼=Z Z/NZ⊕Z/NZ, so

O/IP ∼=Z Z/N ′Z⊕Z/MZ

with M | N ′ | N. Since P has order N in (O/IP ,+), we have N ′ = N. �

The following result computes the size of the reduced Cartan orbit on an order N
point of O/NO in terms of the size of the Cartan orbit. We recall that we have
assumed N ≥ 3.

Lemma 7.6. (a) Suppose (1, N ) 6= (−3, 3), and let P ∈ O/NO have order N.
Then the orbit of CN (O) on P has size #O× times the size of the orbit of
CN (O) on P.

(b) Suppose (1, N )= (−3, 3). Then the order 3 points of O/3O lie in two orbits
under C3(O): one of size 2 and one of size 6. The corresponding reduced
Cartan orbits each have size 1.

Proof. (a) The Cartan orbit has size #(O/IP)
×, and the reduced Cartan orbit is

smaller by a factor of the cardinality of the image of O×→ (O/IP)
×.

• Suppose 1 /∈ {−4,−3}. Then O× = {±1}, and since N ≥ 3, we have −1 6≡
1 (mod IP).

• Suppose 1=−4. Since IP 6⊃ (2), by Lemma 2.9 the group UIP (K ) is trivial,
and thus the map O×→ (O/IP)

× is injective.

• Suppose 1 = −3. By assumption, N ≥ 4, so IP - (ζ3 − 1) and the map
O×→ (O/IP)

× is injective.
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(b) The assertion about Cartan orbits is a case of [Clark et al. 2013, Lemma 19].
(Another proof will be given in the next section.) The fact that both reduced Cartan
orbits have size 1 follows from the already established fact that there is an O-CM
E/Q(√−3) with full 3-torsion. �

In view of Lemma 7.6, to prove Theorem 7.2 it suffices to compute the least size
of an orbit of CN (O) on an order N point of O/NO and show that this divides the
size of every such orbit. The following result further reduce us to the case of N a
prime power.

Proposition 7.7. Let N ≥ 2 have prime power decomposition N = `a1
1 · · · `

ar
r . Let

P ∈O/NO have order N, and let IP = ann P. For 1≤ i ≤ r , let Pi = N/`ai
i P, and

let IPi = ann Pi . Then:

(a) The ideals IP1, . . . , IPr are pairwise comaximal, so IPi + IPj =O for all i 6= j.

(b) We have IP = IP1 · · · IPr .

(c) We have a canonical isomorphism of rings

O/IP −→
∼

r∏
i=1

O/IPi

which induces a canonical isomorphism of unit groups

(O/IP)
×
−→∼

r∏
i=1

(O/IPi )
×.

(d) The Cartan orbit of P is isomorphic, as a CN (O)-set, to the direct product of
the C`ai

i
(O)-orbits of the Pi ’s.

Proof. (a) For 1≤ i ≤ r , we have (O/IPi ,+)
∼= Z/`

ai
i Z⊕Z/`

bi
i Z with 0≤ bi ≤ ai ;

in particular it is an `i -group. Thus for i 6= j, (O/(Ii + I j ),+) is a homomorphic
image of an `i -group and an ` j -group, so it is trivial.

(b) By the Chinese remainder theorem, we have IP1 · · · IPn =
⋂n

i=1 IPi . Since Pi is a
multiple of P, we have IP ⊂ IPi for all i , and thus IP ⊂

⋂r
i=1 IPi . Conversely, choose

y1, . . . , yr ∈ Z such that
∑r

i=1 yi N/`ai
i = 1. If x ∈

⋂r
i=1 IPi then x N/`ai

i P = 0 for
all i , hence

0=
r∑

i=1

yi
N
`

ai
i

x P = x P,

so x ∈ IP . Thus IP =
⋂n

i=1 IPi = IP1 · · · IPn .

(c) The Chinese remainder theorem gives the first isomorphism; the second follows
by passing to unit groups.

(d) Apply Lemma 7.4 and part (c). �
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7C. The case ` - f.

Theorem 7.8. Let E/K (f) be an O-CM elliptic curve. Let `a > 2 be a prime power
such that ` - f. We will give the sizes and multiplicities of all orbits of C`a (O) on
order `a points of O/`aO.

(a) If
(
1
`

)
= 1, there are 2a + 1 orbits: two orbits of size `a−1(` − 1), for all

1≤ i≤a−1, two orbits of size `a+i−2(`−1)2, and one orbit of size `2a−2(`−1)2.

(b) If
(
1
`

)
= 0, there are two orbits: an orbit of size `2a−2(`− 1) and an orbit of

size `2a−1(`− 1).

(c) If
(
1
`

)
=−1, there is one orbit, of size `2a−2(`2

− 1).

Proof. Step 1: Suppose O =OK . Then every O-submodule of E[N ] is of the form
E[I ] for an ideal I ⊃ NO, and E[I ] ∼=O O/I : thus every submodule is of the form
MP = 〈P〉O and is determined by its annihilator ideal IP . Conversely, if I ⊃ NO
is an ideal, then Lemmas 2.3 and 2.4 give that E[I ] is an O-submodule of E[N ]
with annihilator ideal I.

Split case:
(
1
`

)
= 1. Here, `O = p1p2 for distinct prime ideals p1, p2 of norm `.

The ideals containing `aO are precisely pc
1p

d
2 with max(c, d) ≤ a. We have ring

isomorphisms

O/pc
1p

d
2
∼=O/pc

1×O/pd
2
∼= Z/`cZ×Z/`dZ,

and hence unit group isomorphisms

(O/pc
1p

d
2)
× ∼= (O/pc

1)
×
× (O/pc

2)
× ∼= (Z/`

cZ)×× (Z/`dZ)×,

so
#(O/pc

1p
d
2)
×
= ϕ(`c)ϕ(`d).

To get points of order `a we impose the condition max(c, d)= a. Thus O-modules
generated by the points of order `a are

E[pa
1], E[pa

1p2], . . . , E[pa
1p

a
2] = E[`a

], E[pa−1
1 pa

2], . . . , E[p1p
a
2], E[pa

2].

So there are 2a+ 1 Cartan orbits, one of size ϕ(`a)ϕ(`a) and, for all 0≤ i ≤ a− 1,
two of size ϕ(`a)ϕ(`i ). The smallest orbit size is `a−1(`− 1), and all the other
orbit sizes are multiples of it.

Ramified case:
(
1
`

)
= 0. Then `O = p2 for a prime ideal p of norm `. For any

b ∈ Z+, the ring O/pb is local of order `b with residue field Z/`Z, so the maximal
ideal has size `b−1 and thus

#(O/pb)× = `b
− `b−1

= `b−1(`− 1).

Since p2
= (`), the least c ∈ N such that `c

∈ pb is c =
⌈ b

2

⌉
. It follows that

(O/pb,+)∼=Z Z/`d
b
2 eZ⊕Z/`b

b
2 cZ.
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So the annihilator ideals of points of order `a in O/`aO are precisely p2a−1 and p2a.
We get two Cartan orbits, one of size #(O/p2a−1)× = `2a−2(`− 1) and one of size
#(O/p2a)× = `2a−1(`− 1). The smallest orbit size is `2a−2(`− 1), and the other
orbit size is a multiple of it.

Inert case:
(
1
`

)
=−1. Here, `O is a prime ideal, so the ideals containing `aO are

precisely `iO for i ≤ a. Clearly O/`iO has exponent `a if and only if i = a, so the
O-module generated by any point of order `a is E[`a

]. There is a single Cartan
orbit, of size #(O/`aO)× = ϕK (`

a)= `2a−2(`2
− 1).

Step 2: Now let O be an order with ` - f. The natural maps O/`aO→OK /`
aOK

and C`a (O)→ C`a (OK ) are isomorphisms, so the sizes and multiplicities of orbits
carry over from OK to O. �

7D. The case ` | f. Suppose ` | f. The ring O/`O is isomorphic to Z/`Z[ε]/(ε2)—
as one sees, e.g., using the explicit representation of (3) — and is thus a local Artinian
ring with maximal ideal p, say, and residue field Z/`Z. Because [p :`O]=`, the only
proper nonzero O-submodule of O/`O is p/`. Thus there are two Cartan orbits on
the order ` elements of O/`O: one of order `−1 and one of order `2

−`=#(O/`O)×.
For all a ∈ Z+, the ring O/`aO is local — for a maximal ideal m of O, we have

`a
∈m⇐⇒ `∈m— with residue field Z/`Z. In turn it follows that for any order `a

point P ∈O/`aO and IP = {x ∈O | x P = 0}, the ring O/IP is local with residue
field Z/`Z. By Lemma 7.5, we may write

(7) MP =O/IP ∼=Z Z/`aZ⊕Z/`bZ

for some 0≤ b ≤ a, and then

#(O/IP)
×
= #O/IP −

#O/IP

`
= `a+b−1(`− 1).

So the size of a Cartan orbit on an order `a element of O/`aO is of the form
(`− 1)`c for some a− 1 ≤ c ≤ 2a− 1. So in this case it is a priori clear that the
minimal size of a Cartan orbit divides the size of all the Cartan orbits. We want to
understand how Cartan orbits grow when we lift a point of order `a to a point of
order `a+1. First observe that x 7→ `x gives an O-module isomorphism

O/`aO −→∼ `O/`a+1O,

so we can view O/`aO as an O-submodule of O/`a+1O. With P as in (7), let
Q ∈O/`a+1O be such that `Q = P. Put

MQ = {x Q | x ∈O} and IQ = {x ∈O | x Q = 0},
and write
(8) MQ =O/IQ ∼=Z Z/`a+1Z⊕Z/`b′Z

for 0≤ b′ ≤ a+ 1. Because `Q = P, we have `MQ = MP . Thus we find: if b = 0,
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then b′ ∈ {0, 1}, whereas if b≥ 1 then necessarily b′= b+1. So: if the C`a (O)-orbit
on P has the smallest possible size ϕ(`a), then the C`a+1(O)-orbit on Q either has
size ϕ(`a+1) or size ϕ(`a+2) (as we will see shortly, both possibilities can occur),
whereas if the C`a (O)-orbit on P has size ϕ(`a+b) > ϕ(`a), then the C`a+1(O)-orbit
on Q has size ϕ(`a+b+2): i.e., upon lifting from P to Q the size grows by a factor
of `2.

Since H(O, `a+1) implies H(O, `a), for each fixed ` and O there are two possi-
bilities.

Type I: H(O, `a) holds for all a ∈ Z+.
In Type I, for all a ∈ Z+, the least size of a C`a (O)-orbit is ϕ(`a).

Type II: There is some A ∈ Z+ such that H(O, `a) holds if and only if a ≤ A.
In Type II, for 1 ≤ a ≤ A, the least size of a C`a (O)-orbit is ϕ(`a), but for

all a ≥ A, whenever we lift a point of order `a to a point of order `a+1 the size
of the Cartan orbit grows by a factor of `2, so for all a > A the least size of a
C`a (O)-orbit is `a−Aϕ(`a).

We now determine the smallest size of a C`a (O)-orbit on an order `a point of
O/`aO by using Theorem 6.15 to determine the type and compute the value of A
in Type II.

Case 1: Suppose
(
1K
`

)
= 1. Then H(OK , `

a) holds for all a ∈ Z+, so 1K is a
square modulo 4`a, hence 1 = f21K is also a square modulo 4`a, so H(O, `a)

holds, and we are in Type I.

Case 2: Suppose
(
1K
`

)
=−1, and put k = ord`(f).

• Let `>2. If a≤2k, then `a
|1, so1 is a square mod `a and hence also mod 4`a:

thus H(O, `a) holds. However, if a = 2k + 1 then we claim H(O, `a) does
not hold. Indeed, suppose there is s ∈ Z such that 1= f21K ≡ s2 (mod `a).
Then `k

| s; taking S = s/`k we have f2/`2k1K ≡ S2 (mod `a−2k), which
implies that 1K is a square modulo `, which gives a contradiction. So we are
in Type II with A = 2k.

• Let `= 2, and write f= 2k F. Suppose a ≤ 2k. Since 4 |1K − 1, we have

2a+2
| (2k F)2(1K − 1)=1− (2k F)2,

so H(O, 2a) holds. Suppose a ≥ 2k+ 1. If 1 is a square modulo 2a+2, then
we find that 1K ≡ 1 (mod 8), so

(
1K

2

)
= 1; this is a contradiction. So we are

in Type II with A = 2k.

Case 3: Suppose
(
1K
`

)
= 0, and put k = ord`(f).

• Let ` > 2. If a ≤ 2k + 1, then `a
| 1, so 1 is a square mod `a and hence

also mod 4`a: thus H(O, `a) holds. However, if a = 2k + 2 then we claim
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H(O, `a) does not hold. Indeed, ord`(1)= 2k+1< a, so if1≡ s2 (mod `a),
then ord`(s2)= 2k+ 2: contradiction. So we are in Type II with A = 2k+ 1.

• Let `= 2, and write f= 2k F. Suppose a ≤ 2k+1. Since 4 |1K , there is s ∈ Z

such that 8 |1K − s2, so

2a+2
| 22k+3

| (2k F)2(1K − s2)=1− (2k Fs)2,

so H(O, 2a) holds. Suppose a ≥ 2k+ 2. If 1 is a square modulo 2a+2, then
1K is a square modulo 2a+2−2k, hence modulo 16: contradiction. So we are
in Type II with A = 2k+ 1.

7E. Torsion over K ( j): Part II. We return to complete the classification of torsion
on O-CM elliptic curves E/K (f) begun in Section 6F.

Suppose 1=−4, so j = 1728 and K (f)= K =Q(
√
−1).

• By Theorem 6.2, if E(K ) has a point of order N, then ϕ(N ) | 4, so

N ∈ {1, 2, 3, 4, 5, 6, 8, 10}.

• Using Theorem 7.2 we get

T (O, 1)= T (O, 2)= T (O, 4)= T (O, 5)= T (O, 10)= 1,

T (O, 3)= T (O, 6)= 2, T (O, 8)= 4.

• We have C2(O)= µ4/{±1}. Thus #C2(O)= 2 so every O-CM elliptic curve
E/K has a K -rational point of order 2, and some O-CM elliptic curve E/K has
E[2] = E[2](K ).

• Because T̃ (O, 5)= 4, if an O-CM elliptic curve E/K has a K -rational point
of order 5, the index of the mod 5 Galois representation in C5(O) is divisible
by 4. Because #C2(O)= 2, if an O-CM elliptic curve E/K has full 2-torsion
then the index of the mod 2 Galois representation in C2(O) is divisible by 2.
Thus if an O-CM elliptic curve E/K had Z/2Z×Z/10Z ↪→ E(K )[tors], the
index of the mod 10 Galois representation in C10(O) would be divisible by 8,
contradicting Corollary 1.5.

• If N ≥ 3 then #CN (O) > #O×, so no O-CM elliptic curve E/K has E[N ] =
E[N ](K ).

• If there were a CM elliptic curve E/K with E(K )[tors] ∼= Z/4Z, then there
would be an ideal I of O such that O/I is isomorphic as a Z-module to Z/4Z.
But there is no such an ideal, a special case of the analysis done in the proof
of Theorem 7.8.

Thus the groups which can occur as E(K )[tors] are precisely

Z/2Z, Z/10Z, Z/2Z×Z/2Z, Z/2Z×Z/4Z.
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Example 7.9. For K =Q(
√
−1), every OK -CM elliptic curve E/K is isomorphic

over K to
E A : y2

= x3
+ Ax

for some A∈K×. We exhibit such elliptic curves with all possible torsion subgroups:

A E(Q(
√
−1))[tors]

2 Z/2Z

64− 128
√
−1 Z/10Z

1 Z/2Z×Z/2Z

4 Z/2Z×Z/4Z

For the groups Z/2Z, Z/2Z× Z/2Z and Z/2Z× Z/4Z, we have A ∈ Q× and thus E A

arises from an elliptic curve defined over Q via base extension. González-Jiménez [2019,
Theorem 1] has shown that for no A ∈ Q× do we have E A(K )[tors] ∼= Z/10Z. Najman
[2010; 2011] has classified the torsion subgroups of all elliptic curves (CM or otherwise)
defined over K.

Suppose 1=−3, so j = 0 and K (f)= K =Q(
√
−3).

• By Theorem 6.2, if E(K (f)) has a point of order N, then ϕ(N ) | 6, so

N ∈ {1, 2, 3, 4, 6, 7, 9, 14, 18}.

• Using Theorem 7.2 we get

T (O, 1)= T (O, 2)= T (O, 3)= T (O, 6)= T (O, 7)= 1,

T (O, 4)= 2,

T (O, 9)= T (O, 14)= 3,

T (O, 18)= 9.

• We have C2(O) = µ6/{±1}. Therefore as we range over all O-CM elliptic
curves E/K , the group E(K )[2] can be trivial (using Corollary 1.8) or have
size 4, but it cannot have size 2.

• We have C3(O)= µ6. Thus there is an O-CM elliptic curve E/K with E[3] =
E[3](K ).

• If N ≥ 4 then #CN (O) > #O×, so no O-CM elliptic curve E/K has E[N ] =
E[N ](K ).

Thus the groups which can occur as E(K )[tors] are precisely

{e}, Z/3Z, Z/7Z, Z/2Z×Z/2Z, Z/2Z×Z/6Z, Z/3Z×Z/3Z.

Example 7.10. For K =Q(
√
−3), every OK -CM elliptic curve E/K is isomorphic

over K to
E A : y2

= x3
+ B
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for some B ∈ K×. We exhibit such elliptic curves with all possible torsion sub-
groups:

B E(Q(
√
−1))[tors]

2 {e}
4 Z/3Z

6
√
−3− 54 Z/7Z

−1 Z/2Z×Z/2Z

1 Z/2Z×Z/6Z

16 Z/3Z×Z/3Z

For the groups {e}, Z/3Z, Z/2Z× Z/2Z, Z/2Z× Z/6Z and Z/3Z× Z/3Z, we have
B ∈ Q× and thus EB arises from an elliptic curve defined over Q via base extension.
Again González-Jiménez [2019, Theorem 1] has shown that for no B ∈ Q× do we have
EB(K )[tors] ∼= Z/7Z. And again Najman [2010; 2011] has classified the torsion subgroups
of all elliptic curves (CM or otherwise) defined over K.

Remark 7.11. (a) The calculations in Section 6F where 1 6= −3,−4 give a more
detailed and explicit version of one of the main results of [Parish 1989]. Parish
offers addenda on the cases where 1 = −3 and −4, but without proof, and the
possibilities E(K (f))[tors] ∼= Z/10Z when 1=−4 and E(K (f))[tors] ∼= Z/7Z and
E(K (f))[tors] ∼= Z/3Z×Z/3Z when 1=−3 are not mentioned.

(b) If 1=−3 or −4, a classification of the possibilities for E(K (f))[tors] apart
from the “Olson groups” {e}, Z/2Z, Z/3Z, Z/4Z, Z/6Z, Z/2Z× Z/2Z was
made in [Bourdon et al. 2017b, Theorem 1.4] using computer calculations on
degrees of preimages of j = 0 and j = 1728 on modular curves [Bourdon et al.
2017b, Table 2]. This result was used to find E A with E A(Q(

√
−1)[tors] ∼= Z/10Z

in Example 7.9 and EB with EB(Q(
√
−3)[tors] ∼= Z/7Z in Example 7.10.

7F. Isogenies over K ( j): Part II. We return to complete the classification of K ( j)-
rational cyclic isogenies for elliptic curves with CM by the orders of discriminants
1=−4 and 1=−3. Recall that these cases have additional complexity coming
from the fact that µK acts nontrivially on the projectivized torsion group PE[N ].
In this case, there is an O-CM elliptic curve (E0)/K for which the projective mod N
Galois representation

PρN : gK → CN (O)/(Z/NZ)×

is surjective. As we vary over the K -models of E0, the representation PρN twists
by a character

Pχ : gK → µK /{±1}.

Thus the index of PρN (gK ) in CN (O)/(Z/NZ)× divides 2 when wK = 4 and
divides 3 when wK = 6.
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We will rule out the existence of K -rational cyclic N -isogenies for various values
of N using the following “T̃ -argument”: suppose that T̃ (O, N ) > ϕ(N ) 1

2wK . Then
every CN (O)-orbit on a point of order N in O/NO has size a multiple of T̃ (O, N ),
so every CN (O)/(Z/NZ)×-orbit on PE[N ] has size a multiple of T̃ (O, N )/ϕ(N ),
which by our hypothesis is greater thanwK /2. So after passing to a field extension L
of degreewK /2 to trivialize Pχ , we find that gL acts without fixed points on PE[N ],
and there is no L-rational cyclic N -isogeny and thus no K -rational cyclic N -isogeny.

Let O be the order of discriminant 1 = −4, so K ( j) = K = Q(
√
−1) and

wK = 4.

• If `≡ 1 (mod 4), then for all a ∈ Z+ we have that −4 is a square in Z/4`aZ

so there is a K -rational cyclic `a-isogeny. In fact we get that every O-CM
elliptic curve E/K has a K -rational cyclic `a-isogeny.

• If `≡ 3 (mod 4), since

T̃ (O, `)
ϕ(`)wK

2
=

`2
− 1

2(`− 1)
=
`+ 1

2
> 1,

by the T̃ -argument there is no K -rational `-isogeny.

• If ` = 2, then since T (O, 4) = 1, we can have a K -rational point of order 4
(as already seen in Section 7E), hence a cyclic K -rational 4-isogeny. Since

T̃ (O, 8)
ϕ(8)wK

2
=

16
4 · 2

> 1,

by the T̃ -argument there is no cyclic K -rational 8-isogeny.

Any elliptic curve over a number field admitting a rational cyclic N -isogeny also
admits a rational cyclic M-isogeny for all M | N. Moreover, if an elliptic curve E/F

admits F-rational cyclic N1, . . . , Nr isogenies for pairwise coprime N1, . . . , Nr ,
then the subgroup generated by the kernels of these isogenies is F-rational and
cyclic of order N1 · · · Nr so E admits an F-rational cyclic N1 · · · Nr -isogeny. The
assertion of Theorem 6.18(b) now follows.

Let O be the order of discriminant 1 = −3, so K ( j) = K = Q(
√
−3) and

wK = 6.

• If `≡ 1 (mod 3), then much as in the 1=−4 case above we get that every
O-CM elliptic curve E/K has a K -rational cyclic `a-isogeny for all a ∈ Z+.

• If `≡ 2 (mod 3) and ` > 2, then since

T̃ (O, `)
ϕ(`)wK

2
=

`2
− 1

3(`− 1)
=
`+ 1

3
> 1,

by the T̃ -argument there is no cyclic K -rational `-isogeny.
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• If `= 2, then since T (O, 2)= 1 there is an O-CM elliptic curve E/K with a
K -rational 2-isogeny.

• Since
T̃ (O, 4)
ϕ(4)wK

2
=

12
2 · 3

> 1,

by the T̃ -argument there is no cyclic K -rational 4-isogeny.

• We claim that there is an O-CM elliptic curve E/K with a K -rational cyclic
9-isogeny. Let p be the unique prime ideal of O lying over 3, and let P
be a generator of the cyclic O-module E[p3

] ⊂ E[9], so P has order 9. By
Lemma 7.4, the C9(O)-orbit on P can be identified with the unit group (O/p3)×,
of order 18. The O-module generated by P is also isomorphic to (ζ3−1)O/9O,
and using this representation it is easy to compute that the group (O/p3)× is
generated by the images of the scalar matrices (Z/9Z)× and the cube roots of
unity. Thus Galois acts on the image of P in PE[9] via a character Pχ . After
twisting by the inverse of this character, the image of P in PE[9] becomes
fixed by Galois and we get a K -rational cyclic 9-isogeny.

• Since
T̃ (O, 18)
ϕ(18)wK

2
=

54
3 · 6

> 1,

by the T̃ -argument there is no K -rational cyclic 18-isogeny.

• Since
T̃ (O, 27)
ϕ(27)wK

2
=

162
3 · 18

> 1,

by the T̃ -argument there is no K -rational cyclic 27-isogeny.

• From Section 7E (or Theorem 7.2) we know there is an O-CM elliptic curve
E/K with a rational point of order 6, hence certainly a cyclic K -rational
6-isogeny.

Using the same considerations as in the 1=−4 case above we get the assertion of
Theorem 6.18(c).

Example 7.12. There are 13 imaginary quadratic discriminants 1 such that the
corresponding order O(1) has class number 1. For each such 1 we list in Table 1
the set of N > 1 for which there is an O(1)-CM elliptic curve E defined over
K =Q(

√
1) that admits a K -rational cyclic N -isogeny — otherwise put, for which

there is an O(1)-CM point on X0(N )(Q(
√
1)).
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1 N

−3 2a3b`
a1
1 · · · `

ar
r with `i≡ 1 (mod 3), (a, b) ∈ {(0, 0), (1, 0), (2, 0), (0, 1), (1, 1)}

−4 2a`
a1
1 · · · `

ar
r with `i≡ 1 (mod 4), a ≤ 2

−7 7a`
a1
1 · · · `

ar
r with `i/7= 1, a ≤ 1

−8 2a`
a1
1 · · · `

ar
r with `i≡ 1, 3 (mod 8), a ≤ 1

−11 11a`
a1
1 · · · `

ar
r with `i/11= 1, a ≤ 1

−12 2a3b`
a1
1 · · · `

ar
r with `i≡ 1 (mod 3), a ≤ 2, b ≤ 1

−16 2a`
a1
1 · · · `

ar
r with `i≡ 1 (mod 4), a ≤ 3

−19 19a`
a1
1 · · · `

ar
r with `i/19= 1, a ≤ 1

−27 2a3b`
a1
1 · · · `

ar
r with `i≡ 1 (mod 3), a ≤ 2, b ≤ 3

−28 7a`
a1
1 · · · `

ar
r with `i/7= 1, a ≤ 1

−43 43a`
a1
1 · · · `

ar
r with `i/43= 1, a ≤ 1

−67 67a`
a1
1 · · · `

ar
r with `i/67= 1, a ≤ 1

−163 163a`
a1
1 · · · `

ar
r with `i/163= 1, a ≤ 1

Table 1. Values of N > 1 with an O(1)-CM point on X0(N )(Q(
√
1)).
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1. Introduction

Based on the formulation of general relativity, our physical intuition leads us to
expect a close relationship between the ADM mass of an asymptotically flat Rie-
mannian manifold and its geometry. Recall that the ADM mass of an asymptotically
flat Riemannian manifold is defined to be

(1-1) m = lim
R→∞

1
16π

∫
SR

(gi j, j − g j j,i )ν
i .

In their celebrated positive mass theorem, Schoen and Yau [1979] proved that if an
asymptotically flat manifold has nonnegative scalar curvature, then the ADM mass
is nonnegative. They also proved the following rigidity theorem:

(1-2) m = 0=⇒ M is isometric to Euclidean space.
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It is natural to ask whether stability also holds; if M has small ADM mass, is M
close to Euclidean space? Lee and Sormani [2014] have shown that M need not be
smoothly, nor even C0, close to Euclidean space even in the spherically symmetric
setting; there could be increasingly deep thin gravity wells at the center. They
conjectured that M is close to Euclidean space in the Sormani–Wenger intrinsic flat
(SWIF) sense [Huang et al. 2017; Lee and Sormani 2014]. Proving it will require a
method for picking appropriate subregions geometrically and a way to show that
these regions converge in the SWIF metric to a subset of Euclidean space.

Lee and Sormani [2014] studied stability in the rotationally symmetric setting.
They showed that tubular neighborhoods of fixed radius D about coordinate spheres
of fixed area A converge to the Euclidean tubular neighborhood of radius D about
a sphere of area A. Earlier, Lee [2009] had proven convergence to Euclidean space
outside a compact set in the conformally flat setting. Assuming strong conditions on
sectional curvature, Corvino [2005] has proven that an asymptotically flat manifold
with nonnegative scalar curvature and small ADM mass must be diffeomorphic
to R3. Finster, Bray and Kath have papers bounding the L2 norm of the curvature
[Bray and Finster 2002; Finster and Kath 2002]. After the Lee–Sormani paper,
LeFloch and Sormani [2015] proved that metric tensors converge in the H 1

loc sense
in the rotationally symmetric setting. Huang, Lee, and Sormani [Huang et al. 2017]
proved SWIF convergence in the graph setting and Sormani and Stavrov Allen
[2019] proved it in the geometrostatic setting. Allen [2018] proved L2 convergence
in regions where the inverse mean curvature flow is smooth.

Here, we will study the question of stability in the presence of axisymmetry.
The class of axisymmetric metrics is both flexible enough to model a range of
physically interesting phenomena and restricted enough that we have powerful tools
at hand that are not available in the most general setting. Recall that the coordinate
expression for an axisymmetric metric in cylindrical coordinates is

(1-3) g = e2α−2u(dρ2
+ dz2)+ ρ2e−2u(dφ+ B dρ+ A dz)2,

where all the functions involved depend only on ρ and z. The killing field associated
with the axisymmetry of g is ∂

∂φ
.

Since we will be studying large families of asymptotically flat metrics, it is
natural to require that the family satisfy some type of uniform falloff condition.

Definition 1.1. Let M be a family of axisymmetric metrics. Suppose we can
parametrize M by the functions α, u, A, and B in cylindrical coordinates (1-3).
If there exist constants C and R0 such that if g is a metric in M, then for all√
ρ2+ z2 = r ≥ R0 we have

(1-4)–(1-7) |∂ I u|≤ C
r1+|I | , |∂

Iα|≤
C

r1+|I | , |∂
I A|≤ C

r1+|I | , |∂
I B|≤ C

r1+|I | ,
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then we shall call M uniformly asymptotically flat outside of radius R0

Chruściel [2008] shows that if (M, g) is a simply connected axisymmetric
manifold which is asymptotically flat, then there are cylindrical coordinates (ρ, z, φ)
in which g takes the form (1-3). In fact, Chruściel’s construction works for simply
connected axisymmetric manifolds with multiple asymptotically flat ends. In this
case, the additional “points at infinity” will be points removed from the z-axis at
which the coordinate function u will blow up. If the metric g is assumed to be
without conical singularities and smooth, then on the z-axis we will have

(1-8) α =
∂α

∂ρ
=
∂u
∂ρ
= 0,

away from the points of infinity removed from the z-axis. Chruściel’s construction
also works for axisymmetric manifolds with boundary, where the boundary has
the same killing field as does the rest of the manifold. One must perform a fill-in
so that the resulting manifold will have empty boundary [Chruściel 2008], then
construction proceeds as in the boundaryless case. However, generally this fill-in
will be unphysical. Thus, it is desirable to remove from consideration all points that
were filled in out of technical necessity. To accomplish this, one may observe that
the form of (1-3) is unchanged by a conformal transformation of the coordinates ρ
and z. This allows us to construct cylindrical coordinates for which the boundary of
the manifold lies on the axis of symmetry. However, the blow up of the functions
α and u at the boundary is much more severe than at points representing other
asymptotically flat ends. The effect this has on the analysis of these manifolds is
discussed more in Section 2 and Appendix A.

Suppose that g has the standard asymptotically flat falloff rate:

(1-9) |∂ I (g− δR3)| ≤
C

r1+|I | ,

where δR3 is the Euclidean metric. In general, the asymptotic falloff of the functions
α, u, A, and B will not be as strong as the those given in Definition 1.1. However,
we may make an additional assumption on the growth of the killing field of g in
the asymptotic limit which will imply that the functions α, u, A, and B do have the
same falloff as in Definition 1.1. Although, the author does not know if making
such an assumption uniform over a family of axisymmetric metrics will yield a
uniformly asymptotically flat family of axisymmetric metrics. This indicates that
there are many families of metrics satisfying the requirements of Definition 1.1,
although we do not have a geometric method for picking them out.

In Chruściel’s construction of cylindrical coordinates, the coordinate functions ρ
and z are both solutions to a PDE determined by the metric g. Specifically, if we
let η denote the killing field generating the axisymmetry of g and let q denote the
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metric on the orbit space induced by g, then both ρ and z solve

(1-10) 1qω =1gω−
1

2|η|2g
〈∇ω,∇|η|2g〉g = 0.

In fact, ρ and z are uniquely determined up to conformal maps in the plane. In
[Gibbons and Holzegel 2006, Section 2], it is noted that if we insist on mapping the
axis of symmetry to itself and preserving asymptotic flatness, then ρ is completely
fixed. In addition, we can see that z is unique up to translation. This uniqueness
justifies our choice to parametrize families of axisymmetric metrics as we did in
Definition 1.1

A major obstacle to proving the stability of the positive mass theorem, perhaps
the principal one, is that the ADM mass cannot control regions within outermost
minimizing surfaces. Classic examples depicting why the Penrose inequality de-
pends on the area of an outermost minimizing surface demonstrate this phenomenon.
One way to overcome this difficulty, which was applied in the work of Bray and
Finster [2002], Finster and Kath [2002], Huang, Lee, and Sormani [2017], and
Allen [2018], is to impose conditions which constrain the location, or prevent
the existence, of an outermost minimal surface. We shall follow this approach in
making the following definition.

Definition 1.2. Let M be a family of axisymmetric metrics and let η denote the
killing field generating their axisymmetry. Suppose that for each metric g ∈M we
have the following inequality

(1-11)
|η|g

|∇ρ|g
(ρ0, z)≥ ρ0.

Then we shall call M a family of area enlarging metrics at ρ0. If the inequality
holds for each ρ0, then we shall simply call the family area enlarging.

Uniqueness of solutions to (1-10) implies that the above is a condition imposed
on the family M and has significance beyond a coordinate condition. However, it is
useful to express the above in terms of cylindrical coordinates. In coordinates the
condition reads

(1-12) (α− 2u)(ρ0, z)≥ 0.

In the appendices we show that the Schwarzschild solution is area enlarging.
Suppose that M satisfies condition (1-11) for all ρ0. Let δR3 denote the back-

ground Euclidean metric given in the cylindrical coordinates (ρ, z, φ). Then in
Proposition 5.1 we show that

(1-13) Areag(6)≥ Areaδ
R3 (6)
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for axisymmetric surfaces 6. Together with the Penrose inequality, the above
area inequality works to constrain the location of outermost minimal surfaces. In
Corollary 5.2 we show that if 6 is an axisymmetric outermost minimal surface
which is also a sphere, then

(1-14) 6 ⊂ ρ−1(
[0, 2
√

2m)
)
,

where m is the ADM mass of the metric under consideration.
As in prior work on stability, we must judiciously decide which regions we will

study. In view of the above discussion, the regions

(1-15) �̃ρ1
ρ0
(σ )=

{
ρ0+ σ ≤ ρ ≤ ρ1, |z| ≤

ρ1
2

}
×[0, 2π),

for some fixed ρ0 and σ ≥ 0, are natural choices. If σ is identically zero, then
we shall write �̃ρ1

ρ0 . Since we mainly work in the orbit space, we shall often
only consider the image of �̃ρ1

ρ0(σ ) under the projection map, which is simply the
rectangle

(1-16) �ρ1
ρ0
(σ )=

{
ρ0+ σ ≤ ρ ≤ ρ1, |z| ≤

ρ1
2

}
.

If σ is taken to be zero, then we shall write �ρ1
ρ0 .

Instead of the area enlarging assumption (1-11), we will at first work with another
requirement.

Definition 1.3. Let M be a family of axisymmetric metrics. Suppose that for each
metric g ∈M we have the inequality

(1-17)
∂

∂ρ

(
1
ρ

|η|g

|∇ρ|g

)
≤ 0

on the set {ρ = ρ0}. Then we shall call the family radially monotone at ρ0. If M is
radially monotone at each ρ0, then we will simply call M radially monotone.

This too is a geometric condition on a family of axisymmetric metrics. In
Proposition B.3 we show that if g is an axisymmetric metric, and ρ is the solution
to (1-10), then g is radially monotone if and only if the level sets of the function ρ
form a sub-inverse-mean-curvature flow.

The radial monotonicity condition has a useful expression in cylindrical coordi-
nates:

(1-18) ∂(α−2u)
∂ρ

≤ 0.

In this form, a similar inequality to the above can be found in Section 3.2 of
[Chruściel and Nguyen 2011].

One could wonder if there is any relationship between the area enlarging condition
and the radial monotonicity condition. Pointwise, there is no such relationship.
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However, if radial monotonicity holds everywhere, then the area enlarging condi-
tion must also hold everywhere, see Proposition B.4. Thus, radial monotonicity
everywhere also constrains the location of minimal surfaces, as in (1-14).

In Appendix B we will show that the Kerr–Newman and axisymmetric ge-
ometrostatic metrics satisfy radial monotonicity and the area enlarging condition,
respectively. In fact, the Kerr–Newman metrics satisfy radially monotonicity strictly,
so that small perturbations of the Kerr–Newman metrics are also radially monotone.
The same is true for small perturbations of axisymmetric geometrostatic metrics with
regards to the area enlarging condition. However, there is an important difference
between the geometric static case and the Kerr–Newman metrics: although there is
a minimal surface in the geometric static case, the initial data is extended past this
surface “into the black hole,” while the explicit form of the Kerr–Newman metric
that we use is given only outside of the minimal surface, and the minimal surface is
located on the axis of symmetry. As discussed later, this changes the mass formula,
though it does not change how we use the mass formula. Until Appendix A, we
will assume all of our manifolds have empty boundary, but may have multiple
asymptotically flat ends.

We now state the stability of the positive mass theorem in the W 1,p sense.

Theorem 1.4. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose that M is radially monotone at ρ0 and that for each metric in
M, we have

(1-19) A = B = 0.

For every ρ1 >max{ρ0, R0}, ε > 0, σ > 0, and 1≤ p < 2 there exists a δ > 0 such
that if the ADM mass of g ∈M is less than δ, then

(1-20) ‖g− δR3‖W 1,p(�̃
ρ1
ρ0 (σ ))

< ε,

and

(1-21) ‖q − δR2‖W 1,p(�
ρ1
ρ0 (σ ))

< ε,

where δR3 denotes the Euclidean metric in cylindrical coordinates, δR2 denotes the
Euclidean metric in the (ρ, z) plane, and q denotes the orbit metric of g in the
(ρ, z) plane. �̃ρ1

ρ0(σ ) denotes the cylinder given in (1-15) and �ρ1
ρ0(σ ) denotes its

orbit space.

Remark 1.5. Although we are restricting our attention to metrics with no boundary,
we are still allowing the possibility of multiple asymptotically flat ends. Thus, there
may be closed embedded minimal surfaces in our metric. This shows, once again,
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how we are using the radial monotonicity condition to handle the presence of these
minimal surfaces.

The assumption that the functions A and B vanish is very likely unnecessary,
however it does simplify the analysis considerably. That the exponent p is required
to be less than two is natural to the problem at hand. Suppose we were able
to prove an analogous result for p > 2. Then, we would be able to apply the
Sobolev embedding theorem to conclude that the convergence was actually C0

convergence. However, as mentioned before, see [Lee and Sormani 2014], there
are counterexamples to C0 stability.

It is not yet known if W 1,p convergence implies SWIF convergence. However,
in the course of proving W 1,p stability, we obtain similar estimates to those Huang,
Lee, and Sormani [Huang et al. 2017] use to prove the stability of the positive mass
theorem in the SWIF metric for graphical manifolds. Let M be a family of three
dimensional asymptotically flat graphical manifolds in R4 and let Cr0 denote the
infinite cylinder with base a ball of radius r0 about the origin in R3

⊂ R4. Huang,
Lee, and Sormani studied the regions �r0 ⊂ M ∈M defined by

(1-22) �r0 := M ∩Cr0,

for some appropriately large r0. Additionally, they assume a uniform diameter
bound on the �r0 . They then show that as the ADM mass approaches zero, the
regions �r0 converge in the SWIF metric to a three dimensional Euclidean ball
in R4,

(1-23) B(0, r0)×{0}.

Their proof follows from three assertions. First, they showed that the volumes of
the �r0 converge to the volume of B(0, r0). Second, they showed that the area
of ∂�r0 approaches the area of ∂B(0, r0). Finally, they showed that ∂�r0 ∩ ∂Cr0

Lipschitz converges to ∂B(0, r0)×{0}.
We are able to establish volume convergence for the cylinders �̃ρ1

ρ0(σ ) defined as
in (1-15).

Theorem 1.6. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose also that M is radially monotone at ρ0. For any constants ε > 0,
σ > 0, and ρ1 >max{ρ0, R0}, there exists a δ > 0 such that if g ∈M and

(1-24) m(g) < δ,

then

(1-25) |�| + ε ≥ volg(�)≥ |�| − ε
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for any region � such that

(1-26) �⊂ �̃ρ1
ρ0
(σ ).

We are also able to establish control over areas inside our designated regions.

Theorem 1.7. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose also that M is radially monotone at ρ0. For any fixed axisym-
metric surface 6, constant ε > 0, and constant ρ1 > max{ρ0, R0}, there exists a
δ > 0 such that if m(g) < δ, then

(1-27) |6 ∩ �̃ρ1
ρ0
(σ )| + ε ≥ Areag(6 ∩ �̃

ρ1
ρ0
(σ ))≥ |6 ∩ �̃ρ1

ρ0
(σ )| − ε.

We obtain an estimate on distances between certain points in �̃ρ1
ρ0(σ ) which can

be used to give an upper bound on the diameter of �̃ρ1
ρ0(σ ).

Theorem 1.8. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose M is also radially monotone at ρ0. Additionally, assume that
A = B = 0 in the coordinate representations of the metrics under consideration.
Suppose we are given ε > 0, σ > 0, and ρ1 >max{ρ0, R0}. There exists a constant
δ > 0 such that if m(g)≤ δ and x and y are any points such that the Euclidean line
segment connecting them lies in �ρ1

ρ0(σ )×{φ0} for any φ0, then

(1-28) dg(x, y)≤ d(x, y)+ ε.

For more general pairs of points x and y in �̃ρ1
ρ0 we have a pointwise estimate

on their distance to each other.

Theorem 1.9. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose also that M is radially monotone at ρ0. Additionally, assume
that A= B = 0 in the coordinate representations of the metrics under consideration.
Suppose we are given ε > 0 and σ > 0 and points x and y such that the Euclidean
line segment connecting them lies in �̃ρ1

ρ0(σ ). There exists a constant δ > 0 such
that if m(g)≤ δ, then

(1-29) dg(x, y)≤ d(x, y)+ ε.

Finally, we are able to establish uniform convergence at large distances from the
origin.

Theorem 1.10. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
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radius R0. Suppose that M is radially monotone and that for all g ∈M we have

(1-30) A = B = 0.

Let R1 > R0 and let A(R0, R1) denote the coordinate spherical annulus centered
at the origin. For any given 0 < β < 1 and ε > 0 there exists a δ > 0 such that if
g ∈M and

(1-31) m(g) < δ,

then

(1-32) ‖g− δR3‖C0,β (A(R0,R1)) < ε.

These theorems are proven in Section 5 after we prove a series of lemmas
estimating various terms in the coordinate system. All of the above theorems hold if
we assume the area enlarging condition (1-11) instead of radial monotonicity (1-17).
The only change is that in addition to assuming (1-11), we must assume that our
family of manifolds satisfies a stronger uniform asymptotic falloff than the one
given in Definition 1.1.

Definition 1.11. Let M be an uniformly asymptotically flat family of metrics.
Suppose that in addition to the uniform asymptotic falloff (Definition 1.1), we have
some uniform τ > 0 such that

(1-33) |α| ≤
C

r1+τ .

Then we shall call M strongly uniformly asymptotically flat.

In the future we would like to prove the Lee–Sormani stability conjecture that
regions outside outermost minimizing surfaces converge in the SWIF sense to
regions in Euclidean space. Our volume, area, and distance controls should be
useful towards such a proof. Here we used an extra condition (1-11) to constrain, a
priori, the location of outer most minimal surfaces. Another approach would be
to actually locate outermost minimal surfaces without any assumption. This was
done easily in [Lee and Sormani 2014] thanks to spherical symmetry and was a
huge challenge in the work of Sormani and Stavrov Allen [2019]. Locating the
outermost minimal surfaces in an axisymmetric manifold is of independent interest
and would be worthy of a paper on its own.

2. Background information

The ADM mass is calculated by taking a limit of integrals over the boundaries of
increasingly large coordinate balls. Thus, it is unclear how the ADM mass should
control the geometry inside of these balls. In fact, arbitrary local perturbations of a
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metric would not change its ADM mass. However, if we restrict our attention to
metrics with nonnegative scalar curvature, then we are no longer entirely free in
our choice of local perturbation. This restores our hope that the ADM mass can
control geometry.

In an attempt to relate ADM mass and the interior geometry, it is natural to make
use of the divergence theorem,

(2-1) m(g)= lim
R→∞

1
16π

∫
∂BR

(gi j, j − g j j,i )ν
i
= lim

R→∞

1
16π

∫
BR

div(gi j, j − g j j,i ),

to get an integral over the interior. For now, we are ignoring the question of which
metric we should use to take the divergence. Intuitively, we think of scalar curvature
as a local energy density. As such, we would like to relate the divergence term to
the scalar curvature. Ideally, the nonnegativity of the scalar curvature should give
control over the integral of the divergence term. This approach can be successfully
carried out in the case of axisymmetric metrics. Furthermore, Witten [1981] used
a more sophisticated version of this idea to prove the positive mass theorem for
manifolds with spinors.

In cylindrical coordinates for axisymmetric metrics we have the following formula
for the scalar curvature [Brill 1959]:

(2-2) Rg = 4e2(u−α)
[
1R3

(
u− 1

2α
)
−

1
2 |∇u|2δ +

1
2ρ
∂α

∂ρ
−
ρ2e−2α

8

(
∂B
∂z
−
∂A
∂ρ

)2]
.

Here we can see that the scalar curvature is indeed closely related to a divergence,
namely 1R3

(
u− α

2

)
. This observation leads to a very useful formula for the mass

of an axisymmetric metric, including those with multiple asymptotically flat ends
[Brill 1959; Chruściel 2008]:

(2-3) m(g)=

1
16π

∫
R3

[
e−2(u−α)

[
Rg+

ρ2e−4α+2u

2

(
∂B
∂z
−
∂A
∂ρ

)2]
+2|∇u|2δ

]
ρ dρ dz dφ.

If there are multiple asymptotically flat ends, which will be points on the z-axis,
then the function u will blow up at these points. In fact, we see that u is roughly
the logarithm of the distance to these points in the Euclidean background metric.
Since we are integrating over R3, one may use polar integration to be convinced
that (2-3) is finite. For details of the case in which there are multiple asymptotically
flat ends, see [Chruściel 2008, Theorems 2.9 and 3.3].

Since all other terms are explicitly nonnegative, if we assume that R≥ 0, then the
ADM mass immediately gives control over the gradient of u. In an asymptotically
flat metric, u must be arbitrarily small on large coordinate spheres. It is therefore
reasonable to suppose that we can use the fundamental theorem of calculus to
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control u everywhere in the manifold. In order to make this precise, we will use
the following representation formula to express u in terms of its gradient and its
value on large coordinate spheres.

Suppose � is a compact region on which the divergence theorem holds and let 0
be the fundamental solution for the Laplacian. Assume further that u is a function
which is differentiable on CL(�). Then we have

(2-4) u(x)=−
∫
∂�

u(y)〈∇0(x, y), n〉 dy+
∫
�

〈∇u(y),∇0(x, y)〉 dy.

In order to see this, we follow the calculations appearing as 2.15 in [Gilbarg and
Trudinger 1998], except we use the divergence theorem on the vector field Z defined
by

(2-5) Z = u(y)∇0(x, y).

Since we should not expect to have any physically relevant information inside
of a minimal surface, it is reasonable to exclude from consideration all parts of
a manifold lying within the outermost minimal surface. As such, it is desirable
to include manifolds with minimal surface boundary in our analysis. In fact, we
will choose coordinates for which the boundary of the manifold is taken to lie
on the axis of symmetry: the boundary will consist of disjoint rods lying on the
z-axis. The function u will still blow up logarithmically, but now as the logarithm
of the distance to a rod on the axis. Integrating using cylinders should convince
one that (2-3) should no longer be finite. In modifying the mass formula to suit
manifolds with boundary, we pick up boundary terms which complicate our analysis
[Chruściel 2008; Khuri et al. 2019]. In the case of a connected boundary, see [Khuri
et al. 2019, Equations (2.10)–(2.12)], the mass formula becomes

(2-6) m(g)= 1
16π

∫
R3

2|∇ū|2+e2(u−α)Rg dx+ 1
4

∫ m0

−m0

ᾱ(0, z)−2ū(0, z) dz+m0,

where ū and ᾱ are appropriate regularizations of u and α, respectively. This formula
has a lot in common with the boundaryless case (2-3), however, to the best of the
author’s knowledge, it has not been demonstrated that

(2-7) 1
4

∫ m0

−m0

ᾱ(0, z)− 2ū(0, z) dz+m0 ≥ 0,

nor even a lower bound established in general. Thus, it is no longer clear that mass
controls the right hand side of (2-6). If (2-7) holds, then Sobolev stability, and all
of the related theorems, are still valid in the nonempty connected boundary case, as
will be detailed in Appendix A. For now, we will assume that we are in the case of
an empty boundary.
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The ease with which we can obtain estimates for u is encouraging, however there
is one more hurdle. If we want to use mass to control the metric (1-3), then we
must be able to turn our estimates for u into estimates for eu . Luckily, we may
use the well known Moser–Trudinger inequality [Gilbarg and Trudinger 1998] to
accomplish this.

In view of the coordinate expression for an axisymmetric metric (1-3), we know
that if we can control eα−2u as well as eu , then we have achieved good control over
the metric. Although it is less clear, it is possible to use the mass formula (2-3)
and the scalar curvature equation (2-2) to show that the ADM mass controls the
W 1,p norm of α−2u. The process is similar to what we do to estimate u. However,
we use Green’s representation formula, instead of (2-4), to express α − 2u as a
boundary term plus an integral of its derivatives. We recall Green’s representation
formula now.

Let � be a compact region on which the divergence theorem holds and let 0 be
the fundamental solution of the Laplacian. Suppose that ω is a twice differentiable
function on CL(�). Then we have the following representation of ω:

(2-8) ω(x)=
∫
∂�

[
ω(y)

∂0(x, y)
∂ν

−0(x, y)
∂ω(y)
∂ν

]
dy+

∫
�

0(x, y)1ω(y) dy.

This result appears in [Gilbarg and Trudinger 1998] as Equation 2.16.
With W 1,p estimates for α − 2u in hand, we might hope to use the Moser–

Trudinger inequality to get estimates for eα−2u . Unfortunately, the Moser–Trudinger
inequality doesn’t apply in this case. Luckily, because of axisymmetry, we are
essentially working in two dimensions. This gives us extra control that does not
exist in higher dimensions. In this setting we are able to prove a result similar to
the Moser–Trudinger inequality, which allows us to turn W 1,p estimates for α− 2u
into W 1,p estimates for eα−2u .

In using (2-4) and (2-8) to control the W 1,p norms of u and α− 2u, we rely on
estimates of the Riesz potential. Recall that the Riesz potential of a function f over
a region �, denoted (Vµ f )(x), is defined as

(2-9) (Vµ f )(x)=
∫
�

|x − y|n(µ−1) f (y) dy,

for µ ∈ (0, 1]. Let 0≤ δ = δ(p, q)= q−1
− p−1 <µ and let ωn denote the volume

of the unit n dimensional ball. The following inequality appears as Lemma 7.12 in
[Gilbarg and Trudinger 1998]:

(2-10) ‖(Vµ f )‖p ≤

(
1− δ
µ− δ

)1−δ

ω1−µ
n |�|µ−δ‖ f ‖q ,

where � is some open region in Rn with compact closure and f is in Lq(�).
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3. Sobolev estimates for u and eu

In this section we will see in greater detail the steps needed to estimate the W 1,p

norm of eu using the mass formula (2-3). Our end goal is to produce estimates over
the regions �ρ1

ρ0(σ ), see (1-16). In fact, we are always able to take σ to be zero. To
simplify notation, such rectangles will be denoted by �ρ1

ρ0 .
To start, the ADM mass only explicitly bounds the L2(R3) norm of ∇u. The

following lemma demonstrates that this is enough to get W 1,2(Br0) control over u
for a ball of fixed radius r0 about the origin in R3.

Lemma 3.1. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0, and let Br0 be the ball of radius r0 about the origin. For any ε > 0 there
exists a δ > 0 such that if g ∈M and

(3-1) m(g) < δ,

then

(3-2) ‖u‖W 1,2(Br0 )
< ε.

Proof. We note once again that control over ‖∇u‖L2(Br0 )
is an immediate con-

sequence of the mass formula and the nonnegative scalar curvature assumption.
In the calculations that follow we will denote the volume of a three dimensional
unit ball by ω3. First, we look at some very large coordinate ball B(0, r1) with
r1 >max{r0, R0}. If we let 0 be the fundamental solution for the Laplacian, then
using (2-4) we may express u as

(3-3) u(x)=−
∫
∂B(0,r1)

u(y)〈∇0(x, y), n〉 dy+
∫

B(0,r1)

〈∇u(y),∇0(x, y)〉 dy

Taking the absolute value of both sides and using the triangle inequality on the
right-hand side shows us that

(3-4) |u(x)| ≤
∫
∂B(0,r1)

|u(y)|
3ω3|x − y|2

dy+
∫

B(0,r1)

|∇u(y)|
3ω3|x − y|2

dy.

We now integrate |u|2 over B(0, r0) and use the well known inequality

(3-5) (a+ b)2 ≤ 2(a2
+ b2) for a, b ∈ R

to obtain

(3-6)
∫

B(0,r0)

|u(x)|2 dx

≤ 2
∫

B(0,r0)

(∫
∂B(0,r1)

|u(y)|
3ω3|x − y|2

dy
)2

+

(∫
B(0,r1)

|∇u(y)|
3ω3|x − y|2

dy
)2

dx .
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To bound the second integral on the right hand side we make use of the mass
formula (2-3) and the Riesz potential estimate (2-10) with µ= 1

3 and q = p = 2 to
get

(3-7)
∫

B(0,r1)

(∫
B(0,r1)

|∇u(y)|
3ω3|x − y|2

dy
)2

dx ≤ 8πr2
1 m.

Using uniform asymptotic flatness (Definition 1.1), we estimate the first integral on
the right as follows:

(3-8)
∫

B(0,r0)

(∫
∂B(0,r1)

|u(y)|
3ω3|x − y|2

dy
)2

≤
1

9ω2
3

∫
B(0,r0)

(∫
∂B(0,r1)

C
|x − y|2

1
r1

dy
)2

≤
ω3r3

0 C2r4
1

(r1− r0)4r2
1
.

Substituting the above two inequalities into (3-6), we obtain

(3-9)
∫

B(0,r0)

|u(x)|2 dx ≤ 2
[

C2ω3r3
0r4

1

(r1− r0)4r2
1
+ 8πr2

1 m
]

If we let r1 grow arbitrarily large, then the first term on the right will become
arbitrarily small. We may counter any growth in the second term on the right by
choosing the mass to be small enough. �

The next step is to estimate eu . In order to do that we will apply the Moser–
Trudinger inequality to u. Let us now recall the exact statement of the Moser–
Trudinger inequality. Let �⊂ Rn and ω ∈W 1,n

0 (�). Then there exists constants c1

and c2 depending only on n, such that

(3-10)
∫
�

exp
((

|ω|

c1‖∇ω‖n

)n/(n−1))
≤ c2|�|.

This inequality appears as Theorem 7.15 in [Gilbarg and Trudinger 1998]. Lemma 3.1
gives W 1,2 control over u, so if we want to apply the Moser–Trudinger inequality,
we will have to work over two dimensional domains. Luckily, we have the following
almost trivial corollary to Lemma 3.1.

Corollary 3.2. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Let �ρ1

ρ0 denote the region

(3-11)
{
ρ0 ≤ ρ ≤ ρ1, |z| ≤

ρ1

2

}
.



STABILITY OF THE POSITIVE MASS THEOREM FOR AXISYMMETRIC MANIFOLDS 103

For every ε > 0, ρ0 > 0 and ρ1 > ρ0 there exists a δ > 0 such that if the ADM mass
of g ∈M is less than δ, then

(3-12) ‖u‖W 1,2(�
ρ1
ρ0 )
< ε.

Proof. Consider the region �̃ρ1
ρ0 =�

ρ1
ρ0 ×[0, 2π). Choose r0 large enough that

(3-13) �̃ρ1
ρ0
⊂ Br0 .

In �ρ1
ρ0 we know that ρ0 ≤ ρ. Thus, we may observe that

(3-14)
∫
�
ρ1
ρ0

u2
+ |∇u|2 dρ dz ≤ 1

2πρ0

∫
�̃
ρ1
ρ0

[u2
+ |∇u|2]ρ dρ dz dφ

≤
1

2πρ0
‖u‖2W 1,2(Br0 )

.

Now we may apply Lemma 3.1. �

We’re now in a position to estimate the W 1,p norm of eu . For the L p norm of
eu the proof is an almost direct application of the Moser–Trudinger inequality. To
estimate the L p norm of ∇eu

= eu
∇u, we use Hölder’s inequality to analyze each

term separately For the eu term we will once again apply the Moser–Trudinger
inequality. To estimate ∇u we will rely on Corollary 3.2.

Lemma 3.3. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically outside of ra-
dius R0. Let �ρ1

ρ0 denote the region
{
(ρ, z) | ρ0 ≤ ρ ≤ ρ1, |z| ≤

ρ1
2

}
. For every

ρ1 > ρ0 > 0, ε > 0 and p < 2 there exists a δ > 0 such that if the ADM mass of
g ∈M is less than δ, then

(3-15) ‖e|u|− 1‖W 1,p(�
ρ1
ρ0 )
< ε.

Proof. Since g is smooth, u is bounded and has bounded derivatives in �ρ1
ρ0 , though

we have not made any assumption on what these bounds might be. Thus, e|u| is
Lipschitz, and so

(3-16)
∫
�
ρ1
ρ0

|∇(e|u|− 1)|p =
∫
�
ρ1
ρ0

|∇e|u||p =
∫
�
ρ1
ρ0

ep|u|
|∇u|p.

Now, we let r = 2
p and r ′ be the conjugate exponent to r . After applying Hölder’s

inequality with r , we get

(3-17)
∫
�
ρ1
ρ0

ep|u|
|∇u|p ≤

(∫
�
ρ1
ρ0

er ′ p|u|
)1/r ′(∫

�
ρ1
ρ0

|∇u|2
)p/2

.

Let D(0, r0) denote the two dimensional disk centered about the origin with ra-
dius r0. Choose r0 so that �ρ1

ρ0 ⊂ D(0, r0). We may extend u to a function ū in
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W 1,2
0 (D(0, r0)); see Theorem 4.7 in [Evans and Gariepy 2015]. We may choose

the extension ū such that

(3-18) ‖ū‖W 1,2
0 (D(0,r0))

≤ K‖u‖W 1,2(�
ρ1
ρ0 )
,

where the constant K is independent of the function u. A quick application of the
Cauchy–Schwarz inequality gives us the estimate

(3-19) r ′ p|ū| ≤ 1
4(r
′ pc1||∇ū||2)2+

(
|ū|

c1||∇ū||2

)2

,

where c1 is the constant appearing in (3-10). We may now use the Moser–Trudinger
inequality (3-10) to see that

(3-20)
(∫

�
ρ1
ρ0

er ′ p|u|
)1/r ′

≤

(∫
D(0,r0)

er ′ p|ū|
)1/r ′

≤ exp
( 1

4r ′(pc1||∇ū||2)2
)
(c2|D(0, r0)|)

1/r ′ .

When written entirely in terms of u, the above inequality becomes

(3-21)
(∫

�
ρ1
ρ0

er ′ p|u|
)1/r ′

≤ exp
[r ′

4
(
K pc1||u||W 1,2(�

ρ1
ρ0 )

)2
]
(c2|D(0, r0)|)

1/r ′ .

Combining this with Corollary 3.2 gives

(3-22)
∫
�
ρ1
ρ0

|∇e|u||p ≤ exp
[r ′

4
(
K pc1||u||W 1,2(�

ρ1
ρ0 )

)2
]
(c2|D(0, r0)|)

1/r ′
(4m
ρ0

)p/2

Now that we have successfully estimated ∇(e|u| − 1), we turn to estimating
e|u|− 1. We use the expansion of e|u| to get that

(3-23)
∫
�
ρ1
ρ0

|e|u|− 1|p =
∫
�
ρ1
ρ0

( ∞∑
1

|u|k

k!

)p

Factoring out |u| and over estimating the rest shows that the right hand side is
bounded above by

(3-24)
∫
�
ρ1
ρ0

|u|pep|u|

Now, we let r = 2
p and apply Hölder’s inequality to get

(3-25)
∫
�
ρ1
ρ0

|u|pep|u|
≤

(∫
�
ρ1
ρ0

|u|2
)p/2(∫

�
ρ1
ρ0

er ′ p|u|
)1/r ′

Finally, we may once again apply Corollary 3.2 and (3-21) to obtain the result. �
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4. Sobolev estimates for α− 2u and eα−2u

We must now concentrate on estimating α− 2u and eα−2u . We will try to imitate
as closely as possible the steps which let us successfully estimate u and eu . First,
we obtain W 1,p estimates for α− 2u from the mass formula (2-3). Unfortunately,
even at this early stage, the process is notably harder than it was for u.

In our attempt to estimate the W 1,2 norm of u we used a representation formula
to express u in terms of its values on a large sphere and its gradient in a large
ball. Then we used the asymptotic falloff and the mass formula to control these
quantities, respectively. This was a relatively simple process because ‖∇u‖ is a
term in the mass formula. However, the gradient of α− 2u does not appear directly
in the mass formula. Rather, it is the Laplacian of α−2u which appears in the mass
formula by way of the scalar curvature equation. We will see the precise nature
of this relationship in the following lemmas. For now, the important point is that
instead of using (2-4) to express α−2u, we should use Green’s representation (2-8).
It is widely known that one may replace the fundamental solution 0 in (2-8) with
a function G(x, y), the Green’s function of the domain, which vanishes on the
boundary of the domain. This choice simplifies Green’s representation formula
significantly. Unfortunately, the explicit formula for G(x, y) can be complicated
depending on the domain. Thus, although our representation formula has been
simplified, it is difficult to estimate G(x, y). Luckily, we are working over very
simple domains, namely the rectangles �ρ1

ρ0 . Therefore, a compromise is possible.
We may simplify the representation formula for any one side of the rectangle.
Specifically, we may choose a “Green’s” function which vanishes, or whose normal
derivative vanishes, on one side of the rectangle. Since we have the least amount of
a priori knowledge about the metric near the axis of symmetry, we will choose to
simplify our representation formula on the side nearest the axis of symmetry.

For the rectangle �ρ1
ρ0 , let x̄ denote the reflection of the point x about the vertical

line {ρ = ρ0}. We can define the following two functions

(4-1) HN (x, y)= 1
2π

log(|x − y|)+ 1
2π

log(|x̄ − y|)

and

(4-2) HD(x, y)= 1
2π

log(|x − y|)− 1
2π

log(|x̄ − y|).

A quick check shows that we may replace 0 by either HN or HD in (2-8). Further-
more, a calculation shows that

(4-3)
∂HN (x, y)

∂ν

∣∣∣
∂�

ρ1
ρ0∩{ρ=ρ0}

= 0
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and

(4-4) HD(x, y)|∂�ρ1
ρ0∩{ρ=ρ0}

= 0.

Since we will be integrating against the functions HN and HD in what follows, and
since HN and HD are sums of functions of the form log(|x − y|), it will be useful
in what follows to have an L p estimate for log(|x − y|) over bounded regions.

Lemma 4.1. Let � be a bounded region in R2 and let

(4-5) r0 =max{diam(�), 1}.

Then for y ∈ cl(�) we have

(4-6)
∫
�

|log(|x − y|)|k dx ≤
πk!
2k + 2π(r0− 1)r0 log(r0)

k

for positive integers k.

Proof. We observe that

(4-7)
∫
�

|log(|x − y|)|k dx ≤
∫

B(y,r0)

|log(|x − y|)|k dx

=

∫ 1

0
(−1)k2πr log(r)k dr +

∫ r0

1
2πr log(r)k dr

The second term on the right has the simple estimate

(4-8) 2π(r0− 1)r0 log(r0)
k .

To estimate the first term, one must carry out the integration. By induction, we have
the following result.

(4-9)
∫ 1

0
(−1)k2πr log(r)kdr =

πk!
2k . �

With all of this in mind, we begin the process of estimating the W 1,p norm of
α− 2u.

Proposition 4.2. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose in addition that M is radially monotone at ρ0. For every ρ1>ρ0,
ε > 0 and 1≤ p < 2 there exists a δ > 0 such that if the ADM mass of g ∈M is less
than δ, then

(4-10) ‖α− 2u‖W 1,p(�
ρ1
ρ0 )
< ε
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Applying Green’s representation formula to α− 2u over the domain �ρ1
ρ0 gives

us

(4-11) (α− 2u)(x)=
∫
∂�

ρ1
ρ0

[
(α− 2u)

∂HN (x, y)
∂ν

− HN (x, y)
∂(α− 2u)

∂ν

]
dy

+

∫
�
ρ1
ρ0

HN (x, y)1(α− 2u) dy.

The above representation breaks our problem into two pieces. First we must estimate
1(α− 2u) over �ρ1

ρ0 and then we must estimate α− 2u on the boundary of �ρ1
ρ0 .

The necessary estimates are the content of the following two lemmas.

Lemma 4.3. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. If g is a metric in M and

(4-12) m(g)≤ m,

then

(4-13) ‖1(2u−α)‖L1(�
ρ1
ρ0 )
≤

4m
ρ0
+

4
√
ρ1m
ρ0

for any ρ1 > ρ0 > 0.

Proof. We must relate 1(α − 2u) to the mass formula. First, we recall that the
scalar curvature equation is

(4-14) Rg = 4e2(u−α)
[
1R3

(
u− 1

2α
)
−

1
2 |∇u|2δ+

1
2ρ
∂α

∂ρ
−
ρ2e−2α

8

(
∂B
∂z
−
∂A
∂ρ

)2]
,

where we have written 1R3 to emphasize the fact that it is the three dimensional
Laplacian which appears, and not the two dimensional Laplacian 1. However, if
we remember that all of the functions involved don’t depend on φ, then we can see
that

(4-15) 1R3

(
u− α

2

)
=1

(
u− α

2

)
+

1
2ρ
∂(2u−α)

∂ρ
.

By plugging the above into the scalar curvature equation, we get

(4-16) Rg = 4e2(u−α)
[
1
(
u− 1

2α
)
−

1
2 |∇u|2δ +

1
ρ

∂u
∂ρ
−
ρ2e−2α

8

(
∂B
∂z
−
∂A
∂ρ

)2]
.
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We now solve the scalar curvature equation for 1(α− 2u) and integrate in order to
arrive at

(4-17)
∫
�
ρ1
ρ0

|1(α− 2u)| dρ dz

≤

∫
�
ρ1
ρ0

e2(α−u)

2
Rg + |∇u|2δ +

2
ρ

∣∣∣∣∂u
∂ρ

∣∣∣∣+ ρ2e−2α

4

(
∂B
∂z
−
∂A
∂ρ

)2

dρ dz.

Now, since we are integrating over a region in which ρ ≥ ρ0, we have from the
mass formula (2-3) that

(4-18)
∫
�
ρ1
ρ0

e2(α−u)

2
Rg + |∇u|2δ +

ρ2e−2α

4

(
∂B
∂z
−
∂A
∂ρ

)2

dρ dz ≤ 4m
ρ0
.

To estimate the final term on the right hand side of (4-17) requires only a little
more work. Namely, if we apply Hölder’s inequality to

(4-19)
∫
�
ρ1
ρ0

2
ρ

∣∣∣∣∂u
∂ρ

∣∣∣∣ dρ dz

and make the simple estimate
∣∣ ∂u
∂ρ

∣∣≤ |∇u|δ, then we obtain

(4-20)
∫
�
ρ1
ρ0

2
ρ

∣∣∣∣∂u
∂ρ

∣∣∣∣ dρ dz ≤
(∫

�
ρ1
ρ0

4
ρ2

)1/2(∫
�
ρ1
ρ0

|∇u|2δ dρ dz
)1/2

.

Using the mass formula once more, we see that

(4-21)
(∫

�
ρ1
ρ0

4
ρ2

)1/2(∫
�
ρ1
ρ0

|∇u|2δ dρ dz
)1/2

≤
4
√
ρ1m
ρ0

.

Putting each of these estimates together gives the desired result. �

We now want to estimate boundary terms on ∂�ρ1
ρ0 . Due to the asymptotic falloff

conditions (Definition 1.1), it is relatively straight forward to estimate terms on
(∂�

ρ1
ρ0)−{ρ = ρ0}. It is more difficult to estimate terms on (∂�ρ1

ρ0
)∩ {ρ = ρ0}.

Lemma 4.4. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Assume that M is also radially monotone at ρ0. For ρ1 >max{ρ0, R0},
if g ∈M and

(4-22) m(g)≤ m,

then

(4-23)
∫
(∂�

ρ1
ρ0 )∩{ρ=ρ0}

∣∣∣∣∂(α− 2u)
∂ν

∣∣∣∣≤ 4m
ρ0
+

4
√
ρ1m
ρ0

+
6πC
ρ1

,

where the constant C is the one appearing in Definition 1.1.
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Proof. It is an easy observation that

(4-24)
∂

∂ν

∣∣∣
∂�

ρ1
ρ0∩{ρ=ρ0}

=−
∂

∂ρ
.

If we write the radial monotonicity condition entirely in terms of coordinate func-
tions, then we may see that for g ∈M

(4-25)
∂(α− 2u)

∂ρ
(ρ0, z)≤ 0.

Thus, we observe that

(4-26)
∫
∂�

ρ1
ρ0∩{ρ=ρ0}

∣∣∣∣∂(α− 2u)
∂ν

∣∣∣∣=− ∫ ρ1/2

−ρ1/2

∂(α− 2u)
∂ρ

(ρ, z) dz.

A quick application of Stokes’ Theorem over the region

(4-27)
{
ρ0 ≤ ρ, |z| ≤

ρ1
2

}
gives

(4-28)
∫ ρ1/2

−ρ1/2

∂(α− 2u)
∂ρ

=−

∫
{ρ0≤ρ, |z|≤ρ1/2}

1(α− 2u) dρ dz+
∫
{ρ≥ρ0, |z|=ρ1/2}

∂(α− 2u)
∂z

.

We may estimate the second integral on the right by plugging in the asymptotic
estimates (Definition 1.1). The result is the following inequality

(4-29)
∣∣∣∣∫
{ρ≥ρ0, |z|=ρ1/2}

∂(α− 2u)
∂z

∣∣∣∣≤ ∫
{ρ≥ρ0, |z|=ρ1/2}

3C
|(ρ, z)|2

dρ.

We may see by a straightforward integration that

(4-30)
∣∣∣∣∫
{ρ≥ρ0, |z|=ρ1/2}

∂(α− 2u)
∂z

∣∣∣∣≤ 6πC
ρ1

.

The last piece of the puzzle is the term

(4-31)
∣∣∣∣∫
{ρ0≤ρ, |z|≤ρ1/2}

1(α− 2u) dρ dz
∣∣∣∣≤ ∫

{ρ0≤ρ, |z|≤ρ1/2}
|1(α− 2u)| dρ dz.

We now use the proof of Lemma 4.3 to bound this term. Putting everything together,
we get

(4-32)
∫
∂�

ρ1
ρ0∩{ρ=ρ0}

∣∣∣∣∂(α− 2u)
∂ν

∣∣∣∣≤ 4m
ρ0
+

4
√
ρ1m
ρ0

+
6πC
ρ1

. �

We have the necessary estimates to obtain W 1,p control over α− 2u.
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Proof of Proposition 4.2. Consider �ρ̃1
ρ0 for some ρ̃1 ≥ R0. We also choose ρ̃1 to be

much larger than ρ1. As before, we let

(4-33) HN (x, y)= 1
2π

log(|x − y|)+ 1
2π

log(|x̄ − y|),

where x̄ is the reflection of x about the line {ρ = ρ0}. Recall that Green’s represen-
tation gives us the following formula for α− 2u:

(4-34) (α− 2u)(x)=
∫
∂�

ρ̃1
ρ0

(α− 2u)(y)
∂HN

∂ν
(x, y)− HN (x, y)

∂(α− 2u)
∂ν

(y) dy

+

∫
�
ρ̃1
ρ0

HN (x, y)1(α− 2u)(y) dy.

We will imitate the estimates that we made for u in Corollary 3.2. Namely, we see
that

(4-35)
∫
�
ρ1
ρ0

|(α− 2u)(x)|p dx

is bounded above by

(4-36) C(p)
∫
�
ρ1
ρ0

(∫
∂�

ρ̃1
ρ0

∣∣∣∣HN
∂(α− 2u)

∂ν

∣∣∣∣+ ∣∣∣∣(α− 2u)
∂HN

∂ν

∣∣∣∣ dy
)p

+

(∫
�
ρ̃1
ρ0

|HN1(α− 2u)| dy
)p

dx,

for some constant C(p) depending only on p. We estimate each of the three terms
above in turn. For the first two terms, we will break ∂�ρ̃1

ρ0 into

(4-37) ∂�ρ̃1
ρ0
−{ρ = ρ0}

and

(4-38) (∂�ρ̃1
ρ0
)∩ {ρ = ρ0}.

Let’s start with (4-37). For this piece of the boundary we can use the uniform
asymptotically flat condition to obtain the required estimates. First, notice that for
x in �ρ1

ρ0 and y in (4-37) we have

(4-39) |HN (x, y)| ≤
log
(
2 diam(�ρ̃1

ρ0)
)

π
≤

log(2
√

2ρ̃1)

π
,

since ρ̃1 is much larger than ρ0. From the asymptotic falloff given in Definition 1.1,
we see that for y in (4-37)

(4-40)
∣∣∣∣∂(α− 2u)

∂ν
(y)
∣∣∣∣≤ 3C

ρ̃2
1
.
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Thus, we may see that

(4-41)
∫
�
ρ1
ρ0

(∫
∂�

ρ̃1
ρ0−{ρ=ρ0}

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν
(y)
∣∣∣∣ dy

)p

dx

≤

∫
�
ρ1
ρ0

(
9 log(2

√
2ρ̃1)C

πρ̃1

)p

dx

≤ ρ2
1

(
3 log(2

√
2ρ̃1)C

ρ̃1

)p

.

The other term has a similar estimate:

(4-42)
∫
�
ρ1
ρ0

(∫
∂�

ρ̃1
ρ0−{ρ=ρ0}

∣∣∣∣(α− 2u)
∂HN

∂ν

∣∣∣∣ dy
)p

dx ≤ ρ2
1

(
6C

ρ̃1− ρ1

)p

.

Using the two estimates above, we see that

(4-43)
∫
�
ρ1
ρ0

(∫
∂�

ρ̃1
ρ0−{ρ=ρ0}

∣∣∣∣HN
∂(α− 2u)

∂ν

∣∣∣∣+ ∣∣∣∣(α− 2u)
∂HN

∂ν

∣∣∣∣ dy
)p

≤ C(p)
(
ρ2

1

(
3 log(2

√
2ρ̃1)C

ρ̃1

)p

+ ρ2
1

(
6C

ρ̃1− ρ1

)p)
.

We can now move to the inner piece of the boundary, (4-38). We will further
divide ∂�ρ̃1

ρ0 ∩ {ρ = ρ0} into

(4-44) ∂�ρ̃1
ρ0
∩ {ρ = ρ0, |z| ≤ ρ1}

and

(4-45) ∂�ρ̃1
ρ0
∩ {ρ = ρ0, |z| ≥ ρ1}.

We now estimate

(4-46)
(∫

�
ρ1
ρ0

(∫
∂�

ρ̃1
ρ0∩{ρ=ρ0, |z|≤ρ1}

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν

∣∣∣∣ dy
)p

dx
)1/p

.

Here we apply Minkowski’s inequality for integrals [Folland 1999] to bound the
above by

(4-47)
∫
∂�

ρ̃1
ρ0∩{ρ=ρ0, |z|≤ρ1}

(∫
�
ρ1
ρ0

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν

∣∣∣∣p

dx
)1/p

dy.

We may rewrite this expression as

(4-48)
∫
∂�

ρ̃1
ρ0∩{ρ=ρ0, |z|≤ρ1}

∣∣∣∣∂(α− 2u)
∂ν

∣∣∣∣(∫
�
ρ1
ρ0

|HN (x, y)|p dx
)1/p

dy.
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In view of Lemma 4.4, we must estimate the L P norm of HN (x, y) as a function
of x over �ρ1

ρ0 for each y in

(4-49) ∂�ρ̃1
ρ0
∩ {ρ = ρ0, |z| ≤ ρ1}.

We see that the points x and y are both contained in �2ρ1
ρ0 , Which has diameter

2
√

2ρ1. Let

(4-50) F(x)= x̄ .

Since F is an isometry, if we apply the change of variable formula to F and note
that y = ȳ for y in {ρ = ρ0}, then we may see that for any q, we have

(4-51)
∫
�

2ρ1
ρ0

|log(|x̄ − y|)|q dx =
∫

F(�
2ρ1
ρ0 )

|log(|x − y|)|q dx .

Thus, we may use (4-6) to see that

(4-52)
∫
�
ρ1
ρ0

|HN (x, y)| dx ≤
∫
�

2ρ1
ρ0

|HN (x, y)| ≤ 1
2 + 16ρ2

1 log(2
√

2ρ1),

and

(4-53)
(∫

�
ρ1
ρ0

|HN (x, y)|2 dx
)1/2

≤

(∫
�

2ρ1
ρ0

|HN (x, y)|2 dx
)1/2

≤
1

2π

√
2π + 64πρ2

1 log(2
√

2ρ1)
2.

We do a simple interpolation between the above two estimates to get

(4-54)
(∫

�
ρ1
ρ0

|HN (x, y)|p dx
)1/p

≤
( 1

2+16ρ2
1 log(2

√
2ρ1)

)(2−p)/p

×

( 1
2π

√
2π+64πρ2

1 log(2
√

2ρ1)
2
)(2p−2)/p

,

We now combine the above with Lemma 4.4 to bound (4-48) by

(4-55)
[ 1

2 + 16ρ2
1 log(2

√
2ρ1)

](2−p)/p
[ 1

2π

√
2π + 64πρ2

1 log(2
√

2ρ1)2
](2p−2)/p

×

(
4m
ρ0
+

4
√
ρ̃1m
ρ0

+
6πC
ρ̃1

)
The term

(4-56)
(∫

�
ρ1
ρ0

(∫
∂�

ρ̃1
ρ0∩{ρ=ρ0, |z|≥ρ1}

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν

∣∣∣∣ dy
)p

dx
)1/p
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is much easier to estimate. In fact, for x in �ρ1
ρ0 and y in ∂�ρ̃1

ρ0 ∩{ρ = ρ0, |z| ≥ ρ1},
we have

(4-57) |HN (x, y)| ≤ 1
π

max
{∣∣∣log

(
ρ1
2

)∣∣∣, |log(2
√

2ρ̃1)|
}
.

Once again, combining the above with Lemma 4.4 bounds (4-56) by

(4-58)
(ρ1)

2/p

π
max

{∣∣∣log(ρ1
2
)

∣∣∣, |log(2
√

2ρ̃1)|
}(4m

ρ0
+

4
√
ρ̃1m
ρ0

+
6πC
ρ̃1

)
.

The final piece of the puzzle is the estimate of

(4-59)
∫
�
ρ1
ρ0

(∫
�
ρ̃1
ρ0

∣∣HN (x, y)1(α− 2u)(y)
∣∣ dy

)p

dx .

Here we may use Minkowski’s inequality for integrals once more to see that the
above is bounded by

(4-60)
(∫

�
ρ̃1
ρ0

|1(α− 2u)(y)|
(∫

�
ρ1
ρ0

|HN (x, y)|p dx
)1/p

dy
)p

.

Thus, we may bound (4-59) by

(4-61)
(∫

�
ρ̃1
ρ0

|1(α− 2u)(y)|
(∫

�
ρ̃1
ρ0∪F(�

ρ̃1
ρ0 )

|HN (x, y)|p dx
)1/p

dy
)p

.

Again, using the change of variable formula and (4-6), we bound (4-59) by

(4-62)

([1
2+16ρ̃2

1 log(2
√

2ρ̃1)
](2−p)/p

[ 1
2π

√
2π + 64πρ̃2

1 log(2
√

2ρ̃1)
2
](2p−2)/p

×
4m+ 4

√
ρ̃1m

ρ0

)p

.

Putting everything above together shows that

(4-63)
∫
�
ρ1
ρ0

|α− 2u|p ≤ C(p)2(4-43)+C(p)3
(
(4-55)p

+ (4-58)p)
+C(p)(4-62).

Thus, for any ε > 0 and ρ1 > ρ0 we can pick an appropriate ρ̃1 and ADM mass m
so that

(4-64) ‖α− 2u‖L p(�
ρ1
ρ0 )
<
ε

2
.
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We can get similar estimates for ∇(α− 2u) by differentiating the representation
formula:

(4-65) ∇(α− 2u)(x)=
∫
∂�

ρ̃1
ρ0

(α− 2u)∇x
∂HN

∂ν
−∇x HN (x, y)

∂(α− 2u)
∂ν

+

∫
�
ρ̃1
ρ0

(∇x HN )1(α− 2u).

We see that

(4-66)
∫
�
ρ1
ρ0

|∇(α− 2u)|p

≤ C(p)
∫
�
ρ1
ρ0

(∫
∂�

ρ̃1
ρ0

∣∣∣∣∂(α− 2u)
∂ν

∇x HN

∣∣∣∣+ ∣∣∣∣(α− 2u)∇x
∂HN

∂ν

∣∣∣∣)p

+

(∫
�
ρ̃1
ρ0

|∇x HN | |1(α− 2u)|
)p

.

As before, we will break ∂�ρ̃1
ρ0 into (4-37) and (4-38). We start with (4-37). A

quick calculation shows that

(4-67) |∇x HN | ≤
1

2π

( 1
|x−y|

+
1
|x̄−y|

)
and

(4-68)
∣∣∣∣∇x

∂HN

∂ν

∣∣∣∣≤ 3
2π

( 1
|x−y|2

+
1

|x̄−y|2
)
.

Estimating the integral over (4-37) now proceeds as before.
As a first step in estimating the integral over (4-38), we note that

(4-69) ∇x
∂HN

∂ν

∣∣∣
{ρ=ρ0}

= 0.

Next, we again break (4-38) into (4-44) and (4-45). For both pieces we proceed
much as we did before. On (4-44) it is crucial that p < 2, since it is only then that
the integral

(4-70)
∫
�
ρ1
ρ0

|∇x HN |
p

is bounded for all y in (4-44). For (4-45), the necessary changes in the argument
are straightforward.

Finally, to estimate

(4-71)
∫
�
ρ1
ρ0

(∫
�
ρ̃1
ρ0

|(∇x HN )1(α− 2u)|
)p

≤

∫
�
ρ̃1
ρ0

(∫
�
ρ̃1
ρ0

|(∇x HN )1(α− 2u)|
)p
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we may use the Riesz potential estimates (2-10) with the appropriate choice of
constants. Thus, for ρ̃1 chosen large enough and m chosen small enough, we may
conclude that

(4-72) ‖α− 2u‖W 1,p(�
ρ1
ρ0 )
< ε. �

In the course of proving Proposition 4.2 we actually proved a little more. For
future convenience, we record this result as the following corollary.

Corollary 4.5. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose also that M is radially monotone at ρ0. For any ρ1 > ρ0, ε > 0,
and 1≤ p < 2 there exists a δ > 0 such that if g ∈M and

(4-73) m(g) < δ,

then

(4-74)
∫
�
ρ1
ρ0

|α− 2u|p ≤
ε

ρ
p
0

and

(4-75)
∫
�
ρ1
ρ0

|∇(α− 2u)|p ≤
ε

ρ
p
0
.

Having successfully estimated the W 1,p norm of α− 2u, we must now turn to
estimating the W 1,p norm of eα−2u . As was noted earlier, control over the W 1,p

norm of α − 2u for 1 ≤ p < 2 falls short of what we need to apply the Moser–
Trudinger inequality to α−2u. It is thus not immediately clear how to turn estimates
for α− 2u into estimates for eα−2u . Luckily, the special nature of the fundamental
solution to the Laplacian in two dimensions allows us to prove a Moser–Trudinger
like inequality which we can use on α− 2u.

Lemma 4.6. Let � be a bounded domain in the plane on which the divergence
theorem holds and let 0 be the fundamental solution for the Laplacian. Suppose we
haveψ ∈C2(�)∩C1(�) and1ψ ∈ L1(�). Let�σ denote={x ∈� :d(x, ∂�)≥σ }
and let r0 =max{1, diam(�)}. Then we have the estimate:

(4-76)
∫
�σ

e|ψ | ≤
(
|�σ | +

π‖1ψ‖1

4π −‖1ψ‖1
+ 2π(r0− 1)r0[r

‖1ψ‖1/2π
0 − 1]

)
× sup

x∈�σ
exp

(∫
∂�

∣∣∣∣ψ(y)∂0∂ν (x, y)
∣∣∣∣+ ∣∣∣∣0(x, y)

∂ψ

∂ν
(y)
∣∣∣∣ dy

)
Proof. From Green’s representation we have

(4-77) ψ(x)=
∫
∂�

ψ(y)
∂0

∂ν
(x, y)−0(x, y)

∂ψ

∂ν
(y) dy+

∫
�

0(x, y)1ψ(y) dy
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Using the representation formula to rewrite
∫
�ε

e|ψ |, we obtain

(4-78)
∫
�σ

e|ψ(x)| dx ≤
∫
�σ

exp
[∫

∂�

∣∣∣∣ψ(y)∂0∂ν (x, y)−0(x, y)
∂ψ

∂ν
(y)
∣∣∣∣ dy

]
× exp

[∫
�

∣∣0(x, y)1ψ(y)
∣∣ dy

]
dx

We bound the first term on the right pointwise by its supremum over �σ . Then we
may take it outside of the integrand.

(4-79)
∫
�σ

e|ψ(x)| dx ≤ sup
x∈�σ

exp
[∫

∂�

∣∣∣∣ψ(y)∂0∂ν (x, y)
∣∣∣∣+ ∣∣∣∣0(x, y)

∂ψ

∂ν
(y)
∣∣∣∣ dy

]
×

∫
�σ

exp
[∫

�

∣∣0(x, y)1ψ(y)
∣∣ dy

]
dx

We may now concentrate on estimating

(4-80)
∫
�σ

exp
[∫

�

∣∣0(x, y)1ψ(y)
∣∣ dy

]
The strategy is to expand the above integral using the Taylor series for the exponential
function and then bound each term appearing in the expansion:

(4-81)
∫
�σ

(
e
∫
�
|0(x,y)1(α−2u)(y)| dy) dx =

∞∑
k=0

∫
�σ

(∫
�
|0(x, y)1ψ(y)| dy

)k

k!
dx .

First, recall that the fundamental solution of the Laplacian in two dimensions is
given by

(4-82) 1
2π

log|x − y|

Second, after observing that�σ ⊂�, and pulling constants out, we get the inequality

(4-83)
∫
�σ

∣∣∫
�
0(x − y)1ψ(y) dy

∣∣k
k!

≤
1

k!(2π)k

∫
�

(∫
�

|1ψ(y)| |log(|x − y|)| dy
)k

dx

We apply Jensen’s inequality to the integral on the right to obtain

(4-84) 1
(2π)kk!

∫
�

(∫
�

|log(|x − y|)| |1ψ(y)| dy
)k

dx

≤
‖1ψ‖k−1

1

(2π)kk!

∫
�

∫
�

|log(|x − y|)|k |1ψ(y)| dy dx

We now use Tonelli’s theorem to switch the order of integration to get

(4-85)
∫
�

∫
�

|log(|x − y|)|k |1ψ(y)| dy dx =
∫
�

|1ψ(y)|
∫
�

|log(|x − y|)|k dx dy
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Putting (4-6), (4-85), and (4-84) together gives

(4-86) 1
k!

∫
�

∣∣∣∣∫
�

1
2π

log(|x − y|)1ψ(y) dy
∣∣∣∣k dx

≤
‖1ψ‖k1

(2π)kk!

(
πk!
2k + 2π(r0− 1)r0 log(r0)

k
)

After a quick application of the monotone convergence theorem to the summation
over k from k = 1 to infinity of (4-83) we get

(4-87)
∫
�σ

e|
∫
�
0(x,y)1ψ(y)dy| dx

≤ |�σ | +
π‖1ψ‖1

4π −‖1ψ‖1
+ (r0− 1)r0

[
exp

(
log(r0)‖1ψ‖1

2π

)
− 1

]
. �

We have the following corollary, which is the actual inequality we will use.

Corollary 4.7. Supposeψ∈C2(�
ρ1
ρ0)∩C1(cl(�ρ1

ρ0)) and let r0=max{1, diam(�ρ1
ρ0)}.

Then

(4-88)
∫
(�

ρ1
ρ0 )σ

e|ψ |

is bounded above by

(4-89) eC(σ,ρ1)‖1ψ‖1

(
|(�ρ1

ρ0
)σ | +

π‖1ψ‖1

4π −‖1ψ‖1
+ r2

0 [r
‖1ψ‖1/2π
0 − 1]

)
× sup

x∈(�
ρ1
ρ0 )σ

exp
(∫

∂�

∣∣∣∣ψ(y)∂HN

∂ν

∣∣∣∣+ ∣∣∣∣HN
∂ψ

∂ν
(y)
∣∣∣∣ dy

)
,

where C(σ, ρ1)=
1

2π max{|log(σ )|, |log(2
√

2ρ1)|}.

Proof. If we replace 0 by HN in (4-77), then the right hand side of (4-79) becomes

(4-90) sup
x∈(�

ρ1
ρ0 )σ

exp
[∫

∂�
ρ1
ρ0

∣∣∣∣ψ(y)∂HN

∂ν

∣∣∣∣+ ∣∣∣∣HN
∂ψ

∂ν
(y)
∣∣∣∣ dy+

∫
�
ρ1
ρ0

|0(x̄, y)1ψ |
]

×

∫
(�

ρ1
ρ0 )σ

exp
[∫

�

|0(x, y)1ψ(y)| dy
]
.

We see that

(4-91) sup
x∈(�

ρ1
ρ0 )σ

∫
�
ρ1
ρ0

|0(x̄, y)1ψ | ≤ C(σ, ρ1)‖1ψ‖L1(�
ρ1
ρ0 )
.

The corollary now follows from Lemma 4.6. �

In order to apply Corollary 4.7 to α−2u, we need an L1 bound on1(α−2u) and
an uniform bound on the boundary. In Lemma 4.3 we established the necessary L1
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bound. Now, we will demonstrate the needed uniform control on the boundary. The
following result is very similar to Lemma 4.4, however, due to technical necessities,
the statement and proof are slightly different.

Lemma 4.8. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose also that M is radially monotone at ρ0. Let �ρ1

ρ0 denote the
region

(4-92)
{
(ρ, z) | ρ0 ≤ ρ ≤ ρ1, |z| ≤

ρ1
2

}
,

and (�ρ1
ρ0)σ denote {x ∈�ρ1

ρ0 | d(x, ∂�
ρ1
ρ0) > σ }. Let ρ1 ≥ R0. If g ∈M and the ADM

mass of g is less than m, then

(4-93) sup
x∈(�

ρ1
ρ0 )σ

exp
(∫

∂�
ρ1
ρ0

∣∣∣∣HN (x, y)
∂(2u−α)

∂ν
(y)
∣∣∣∣+∣∣∣∣(2u−α)(y)

∂HN

∂ν
(x, y)

∣∣∣∣ dy
)

≤ exp[C(m, σ, ρ1, ρ0)]

where

(4-94) C(m, σ, ρ1, ρ0)=max
{
|log 2

√
2ρ1|, |log σ |

}(4m+4
√
ρ1m

πρ0
+

9C
ρ1

)
+

3C
σ
.

Proof. As we observed earlier, for three sides of the rectangle �ρ1
ρ0 , the necessary

estimates to control the left-hand side of (4-93) follow from the uniformly asymp-
totically flat condition. Let’s make this more precise. First, consider those pieces of
the rectangle parallel to the ρ-axis.

From the definition of uniform asymptotic flatness, we know that

(4-95)
∣∣∣∣∂(α− 2u)

∂ν
(y)
∣∣∣∣= ∣∣∣∣∂(α− 2u)

∂z
(y)
∣∣∣∣≤ 3C
|y|2

Analogously, we have

(4-96) |α− 2u| ≤ 3C
|y|
.

In fact, the same is true on the final edge, so the above estimates are true on all of
∂�

ρ1
ρ0 −{ρ = ρ0}.
Armed with these estimates, let’s take a look at the integral

(4-97)
∫
∂�

ρ1
ρ0−{ρ=ρ0}

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν
(y)
∣∣∣∣+ ∣∣∣∣(α− 2u)(y)

∂HN

∂ν
(x, y)

∣∣∣∣ dy

Since the point x is at a distance of at least σ away from the boundary, we know
that

(4-98)
∂HN

∂ν
≤

1
σπ
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and

(4-99) |HN (x, y)| ≤ 1
π

max
{
| log(2

√
2ρ1)|, | log(σ )|

}
To start, we can bound

(4-100)
∫
∂�

ρ1
ρ0−{ρ=ρ0}

∣∣∣∣(α− 2u)(y)
∂HN

∂ν
(x, y)

∣∣∣∣ dy

from above by

(4-101)
∫
∂�

ρ1
ρ0−{ρ=ρ0}

3C
σπ |y|

dy ≤ 3C
σ
,

since |y| ≥ ρ1 for y in ∂�ρ1
ρ0 −{ρ = ρ0}. We now make a similar estimate for

(4-102)
∫
∂�

ρ1
ρ0−{ρ=ρ0}

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν
(y)
∣∣∣∣ dy.

As we did before, we may bound this quantity from above by

(4-103)
∫
∂�

ρ1
ρ0−{ρ=ρ0}

3C
π |y|2

max
{
|log 2

√
2ρ1|, |log σ |

}
dy

≤
3C
ρ1

max
{
|log 2

√
2ρ1|, |log σ |

}
.

We need to estimate

(4-104)
∫
(∂�

ρ1
ρ0 )∩{ρ=ρ0}

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν

∣∣∣∣
for x ∈ (�ρ1

ρ0)σ . Using (4-99) and Lemma 4.4 we get

(4-105)
∫
(∂�

ρ1
ρ0 )∩{ρ=ρ0}

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν

∣∣∣∣
≤

1
π

max
{
| log(2

√
2ρ1)|, | log(σ )|

}(4m
ρ0
+

4
√
ρ1m
ρ0

+
6πC
ρ1

)
.

Putting the estimates together gives

(4-106) sup
x∈(�

ρ1
ρ0 )σ

exp
(∫

∂�
ρ1
ρ0

∣∣∣∣HN (x, y)
∂(α− 2u)

∂ν
(y)
∣∣∣∣+ ∣∣∣∣(α− 2u)(y)

∂HN

∂ν
(x, y)

∣∣∣∣ dy
)

≤ C(m, σ, ρ1, ρ0). �

With all of the above estimates in hand, controlling the W 1,p norm of eα−2u is
relatively straightforward. The technical requirements of Corollary 4.7 force us to
consider regions �ρ1

ρ0(σ ) for positive σ , see (1-16).
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Lemma 4.9. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Let �ρ1

ρ0 denote the region
{
(ρ, z) | ρ0 ≤ ρ ≤ ρ1, |z| ≤

ρ1
2

}
. Suppose that

M is also radially monotone at ρ0. For every ρ1 >max{ρ0, R0}, ε > 0, σ > 0, and
1 ≤ p < 2 there exists a δ > 0 such that if the ADM mass of g ∈M is less than δ,
then

(4-107) ‖e|α−2u|
− 1‖W 1,p(�

ρ1
ρ0 (σ ))

< ε.

Proof. By assumption, α− 2u is bounded and has bounded derivatives, although
we make no assumption on what these bounds might be. Thus, we have that e|α−2u|

is Lipschitz. As in Lemma 3.3, we get

(4-108)
∫
�
ρ1
ρ0 (σ )

|∇e|α−2u|
− 1|p ≤

∫
�
ρ1
ρ0 (σ )

|∇(α− 2u)|pep|α−2u|.

Let r > 1 be such that r p < 2. Applying Hölder’s inequality to the above gives

(4-109)
(∫

�
ρ1
ρ0 (σ )

|∇(α− 2u)|r p
)1/r(∫

�
ρ1
ρ0 (σ )

er ′ p|α−2u|
)1/r ′

,

where r ′ is the conjugate exponent to r . In order to control the left hand side we
appeal to Proposition 4.2. In order to bound the right hand side we first note that

(4-110) �ρ1
ρ0
(σ )⊂ (�ρ1+σ

ρ0
)σ .

Thus

(4-111)
∫
�
ρ1
ρ0 (σ )

er ′ p|α−2u|
≤

∫
(�

ρ1+σ
ρ0 )σ

er ′ p|α−2u|.

We may apply Corollary 4.7 to the function r ′ p(α− 2u) and modify Lemma 4.8 as
necessary in order to see that

(4-112)
∫
(�

ρ1+σ
ρ0 )σ

er ′ p|α−2u|

is uniformly bounded for all m small enough. Thus, combining the two estimates
above shows that

(4-113) ‖∇e|α−2u|
‖L p(�

ρ1
ρ0 (σ ))

<
ε

2

for sufficiently small m. Similarly, for m small enough, we can show that

(4-114) ‖e|α−2u|
‖L p(�

ρ1
ρ0 (σ ))

<
ε

2
. �
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5. Proofs of the theorems

In this section we will apply the lemmas to prove the theorems stated in the
introduction. Most of the above lemmas analyzed functions over the rectangles �ρ1

ρ0 .
Now we move our focus to the cylindrical annuli

(5-1) �̃ρ1
ρ0
(σ )=�ρ1

ρ0
(σ )×[0, 2π),

see (1-15). Except for the final theorem, this change of focus doesn’t involve any
new difficulties.

Proof of Theorem 1.4: We first restate the theorem.

Theorem 1.4. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose that M is radially monotone at ρ0 and that for each metric in
M, we have

(1-19) A = B = 0.

For every ρ1 >max{ρ0, R0}, ε > 0, σ > 0, and 1≤ p < 2 there exists a δ > 0 such
that if the ADM mass of g ∈M is less than δ, then

(1-20) ‖g− δR3‖W 1,p(�̃
ρ1
ρ0 (σ ))

< ε,

and

(1-21) ‖q − δR2‖W 1,p(�
ρ1
ρ0 (σ ))

< ε,

where δR3 denotes the Euclidean metric in cylindrical coordinates, δR2 denotes the
Euclidean metric in the (ρ, z) plane, and q denotes the orbit metric of g in the
(ρ, z) plane. �̃ρ1

ρ0(σ ) denotes the cylinder given in (1-15) and �ρ1
ρ0(σ ) denotes its

orbit space.

Proof. Since we have assumed that A = B = 0, in order to show that g is W 1,p

close to δR3 for small ADM mass, we need only show that

(5-2) ‖ρ2e−2u
− ρ2
‖W 1,p(�̃

ρ1
ρ0 (σ ))

< ε

and

(5-3) ‖e2α−2u
− 1‖W 1,p(�̃

ρ1
ρ0 (σ ))

< ε

if the ADM mass is sufficiently small. For (5-2) this follows quickly from Lemma 3.3.
Demonstrating (5-3) is only a little more difficult.

As before, we see that

(5-4)
∫
�̃
ρ1
ρ0

|e2(α−u)
− 1|p ≤

∫
�̃
ρ1
ρ0

|2α− 2u|pe2p(α−u).
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After applying Hölder’s inequality to the above with some r > 1 such that r p < 2
we obtain

(5-5)
(∫

�̃
ρ1
ρ0

|2(α− u)|r p
)1/r(∫

�̃
ρ1
ρ0

e2pr ′(α−u)
)1/r ′

.

In order to estimate the above, we first observe that

(5-6) 2(α− u)= 2u+ 2(α− 2u).

We can now estimate the left hand term using the triangle inequality, Corollary 3.2,
and Proposition 4.2 for the exponent r p < 2. For the right hand side we have

(5-7)
∫
�̃
ρ1
ρ0

e2pr ′(α−u)
=

∫
�̃
ρ1
ρ0

e2pr ′ue2pr ′(α−2u).

After applying Hölder’s inequality, we may use Lemma 4.9 and Lemma 3.3 applied
to 2pr ′u and 2pr ′(α−2u), respectively, to bound the L p norm of e2α−2u . In fact, in
the same way, for any fixed q we can bound the Lq norm of e2α−2u for all m small
enough, depending on ρ1, ρ0, and q. For what follows, we pick q large enough,
depending on p. If we take the gradient of e2α−2u we get

(5-8) (e2α−2u)∇(2α− 2u)= e2α−2u(∇2u+ 2∇(α− 2u)).

We again use Hölder’s inequality, Lemma 3.3, Proposition 4.2 and Lemma 4.9
to control the L p norm of ∇e2α−2u . �

Proof of Theorem 1.6: Let us first restate the theorem:

Theorem 1.6. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose also that M is radially monotone at ρ0. For any constants ε > 0,
σ > 0, and ρ1 >max{ρ0, R0}, there exists a δ > 0 such that if g ∈M and

(1-24) m(g) < δ,

then

(1-25) |�| + ε ≥ volg(�)≥ |�| − ε

for any region � such that

(1-26) �⊂ �̃ρ1
ρ0
(σ ).

Proof. A quick calculation shows that the volume form of g in cylindrical coordinates
is

(5-9) ρe2α−3u dρ dz dφ.
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Thus, we have that

(5-10) |volg(�)− |�|| =

∣∣∣∣∫
�

(e2α−3u
− 1)ρ dρ dz dφ

∣∣∣∣
≤

∫
�̃
ρ1
ρ0

|e2α−3u
− 1|ρ dρ dz dφ.

As we have done before, we can see that

(5-11)
∫
�̃
ρ1
ρ0

|e2α−3u
− 1|ρ dρ dz dφ ≤

∫
�̃
ρ1
ρ0

|2α− 3u|e|2α−3u|ρ dρ dz dφ.

We may now apply Hölder’s inequality to the above in order to see that

(5-12)
∫
�̃
ρ1
ρ0

|2α− 3u|e|2α−3u|
≤

(∫
�̃
ρ1
ρ0

|2α− 3u|p
)1/p(∫

�̃
ρ1
ρ0

ep′|2α−3u|
)1/p′

,

where p and p′ are conjugate exponents and 1≤ p < 2. We may use the triangle
inequality to make the estimate

(5-13)
(∫

�̃
ρ1
ρ0

|2α− 3u|p
)1/p

≤ ‖u‖W 1,p + 2‖α− 2u‖W 1,p .

We may combine Corollary 3.2 and Proposition 4.2 to control the above. For the
exponential term, we use the estimate

(5-14) ep′|2α−3u|
≤ ep′|u|e2p′|α−2u|

and Hölder’s inequality once more to see that

(5-15)
∫
�̃
ρ1
ρ0

ep′|2α−3u|
≤ (e2p′|u|)1/2

(∫
�̃
ρ1
ρ0

e4p′|α−2u|
)1/2

.

We now wish to apply Lemma 3.3 and 4.9 to the above to see that it is uniformly
bounded for m small enough, depending on ρ1, ρ0 and p. Combining the two
estimates finishes the proof. �

Proof of Theorem 1.7: Let us first restate the theorem.

Theorem 1.7. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose also that M is radially monotone at ρ0. For any fixed axisym-
metric surface 6, constant ε > 0, and constant ρ1 > max{ρ0, R0}, there exists a
δ > 0 such that if m(g) < δ, then

(1-27) |6 ∩ �̃ρ1
ρ0
(σ )| + ε ≥ Areag(6 ∩ �̃

ρ1
ρ0
(σ ))≥ |6 ∩ �̃ρ1

ρ0
(σ )| − ε.
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Proof. Let s be a fixed curve in the (ρ, z) plane representing an axisymmetric
surface, which we will call 6. A calculation shows that the area form associated
with 6 is

(5-16) ρ ◦ s(t)e(α−2u)◦s
|ṡ|δ dt dφ.

Note that the Euclidean area form for 6 is

(5-17) ρ ◦ s(t)|ṡ|δ dt dφ.

From Lemma 4.9 we deduce that for any ε > 0

(5-18) ‖ρeα−2u
− ρ‖W 1,1(�

ρ1
ρ0 (σ ))

< ε,

if the ADM mass is small enough. Now, the curve segment s∩�ρ1
ρ0(σ ) is part of the

boundary of some region in �ρ1
ρ0(σ ). Thus, we may use the trace inequality [Evans

and Gariepy 2015] to conclude that

(5-19) ‖ρeα−2u
− ρ‖L1(s∩�

ρ1
ρ0 )
< ε.

This proves the theorem. �

If the family M is area enlarging everywhere, then we also have a stronger lower
bound on the area of axisymmetric surfaces than the one given above.

Proposition 5.1. Let g be an axisymmetric metric. Let (ρ, z, φ) be the cylindrical
coordinates for g, let δR3 be the flat metric in cylindrical coordinates, and let 6 be
a C1 axisymmetric surface. If g is area enlarging, then we have

(5-20) Areag(6)≥ Areaδ
R3 (6)

Proof. Let 6 be a C1 axisymmetric surface. Let s(t) be the C1 curve in the (ρ, z)
plane which, when revolved around the ρ-axis, gives 6. We get the following map

(5-21) (t, φ)→ (s(t), φ)

from I×[0, 2π) to6. Let Ag denote the area form of the surface with respect to the
metric induced by g, and let AδR3 denote the area form induced by the background
Euclidean metric. Then using (5-16) and (5-17) we see that

(5-22) Ag = eα−2u Aδ3
R
.

In coordinates, the area enlarging condition is equivalent to the nonnegativity of
α− 2u. Thus, we know that eα−2u is greater than 1. The result now follows. �

We may combine the well known Penrose Inequality with the above proposition
to constrain the location of outer most minimal surfaces.



STABILITY OF THE POSITIVE MASS THEOREM FOR AXISYMMETRIC MANIFOLDS 125

Corollary 5.2. Let M be a family of uniformly asymptotically flat metrics with
nonnegative scalar curvature. Suppose M is either radially monotone or area
enlarging. Let g be a metric in M and 6 be the outermost minimal surface. If 6 is
axisymmetric and topologically a sphere, and

(5-23) m(g)≤ m,

then

(5-24) 6 ⊂ ρ−1(
[0, 2
√

2m)
)
.

Proof. Let

(5-25) ρ0 =max{ρ : (ρ, z) ∈6},

let x0 be a point in 6 point at which ρ attains the maximum ρ0, and let [x0] denote
its orbit under the killing field. From the Penrose inequality, we know that

(5-26) m ≥

√
Areag(6)

16π
.

Since 6 is axisymmetric and topologically a sphere, it must be represented in the
(ρ, z) plane by a curve γ which intersects the axis of symmetry twice. In particular,
γ must emanate from the axis, then touch the point [x0] and then make its way
back to the axis. Let Dx0 denote the disk represented by a line connecting the axis
to the point [x0]. Since this disk has minimal Euclidean area among axisymmetric
surfaces with boundary [x0], we may conclude that

(5-27) Areaδ
R3 (6) > 2 Areaδ

R3 (Dx0)= 2πρ2
0 .

Thus, combining the Penrose inequality with the above and the area enlarging
inequality (5-20) gives

(5-28) m >
ρ0

2
√

2
. �

If the metric g in the above has positive scalar curvature, then it is a well known
result that the outermost minimal surface must be a sphere. The author does not
know if in an axisymmetric metric an outermost minimal surface must also be
axisymmetric, though it does seem plausible.

Proof of Theorems 1.8 and 1.9.

Theorem 1.8. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose M is also radially monotone at ρ0. Additionally, assume that
A = B = 0 in the coordinate representations of the metrics under consideration.
Suppose we are given ε > 0, σ > 0, and ρ1 >max{ρ0, R0}. There exists a constant
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δ > 0 such that if m(g)≤ δ and x and y are any points such that the Euclidean line
segment connecting them lies in �ρ1

ρ0(σ )×{φ0} for any φ0, then

(1-28) dg(x, y)≤ d(x, y)+ ε.

Proof. We use the extension theorem for Sobolev functions, appearing as Theo-
rem 4.7 in [Evans and Gariepy 2015]. Following the notation of [Evans and Gariepy
2015], if we let U =�ρ1

ρ0(6), V = 2�ρ1
ρ0(6), and p= 1, then we may see that there

is a constant K , depending on �ρ1
ρ0(σ ), and extensions of the functions eα−u

− 1,
also denoted eα−u

− 1, such that

(5-29) ‖eα−u
− 1‖W 1,1(R2) ≤ K‖eα−u

− 1‖W 1,1(�
ρ1
ρ0 (σ ))

.

In order to obtain an upper estimate for dg(x, y), it suffices to estimate the length
of one curve connecting the points x and y. Let γxy denote the Euclidean line in
�
ρ1
ρ0(σ )× {φ0} connecting x to y parametrized by Euclidean arc length In orbit

space

(5-30) γxy(t)= (γ ρxy(t), γ
z
xy(t)).

Every such curve lies on the boundary of a square of side length the diameter of
�
ρ1
ρ0(σ ). All such squares are rotations or translations of each other. Thus, there

exists a single constant C such that if � is a square with side length the diameter
of �ρ1

ρ0(σ ), then the trace inequality holds with constant C :

(5-31) ‖ω‖L1(∂�) ≤ C‖ω‖W 1,1(�).

Let lg(γ ) be the length of γ as measured in the metric g. Then we have

(5-32) lg(γ )=

∫ d(x,y)

0
e(α−u)◦γ (t) dt.

We now use the trace inequality [Evans and Gariepy 2015] to see that

(5-33) |d(x, y)− lg(γ )| ≤

∫ d(x,y)

0
|e(α−u)◦γ (t)

− 1| dt

≤

∫
∂�

|eα−u
− 1| ≤ C‖eα−u

− 1‖W 1,1(�),

where γ lies on the boundary of �. Furthermore, we have

(5-34) ‖eα−u
− 1‖W 1,1(�) ≤ ‖e

α−u
− 1‖W 1,1(R2) ≤ K‖eα−u

− 1‖W 1,1(�
ρ1
ρ0 (σ ))

.

We may now use Theorem 1.4 to conclude that

(5-35) |d(x, y)− lg(γ )|< ε

for small enough ADM mass. �
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Very similarly, we can prove a pointwise upper bound on dg(x, y) for more
general x and y in �̃ρ1

ρ0 .

Theorem 1.9. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose also that M is radially monotone at ρ0. Additionally, assume
that A= B = 0 in the coordinate representations of the metrics under consideration.
Suppose we are given ε > 0 and σ > 0 and points x and y such that the Euclidean
line segment connecting them lies in �̃ρ1

ρ0(σ ). There exists a constant δ > 0 such
that if m(g)≤ δ, then

(1-29) dg(x, y)≤ d(x, y)+ ε.

Proof. As before, let γ be the Euclidean line connecting x to y. Then we have that
(5-36)

|lg(γxy)− 1| ≤
∫ d(x,y)

0

∣∣√e2(α−u)◦γ ((γ ′ρ)
2
+ (γ ′z)

2)+ γ 2
ρ e−2u◦γ (γ ′φ)

2
− 1

∣∣ dt.

Let

(5-37) Z = eα−u
(
γ ′ρ
∂

∂ρ
+ γ ′z

∂

∂z

)
+ e−uγ ′φ

∂

∂φ
.

Using the reverse triangle inequality, we observe that

(5-38) ||Z | − 1| = ||Z | − |γ ′|| ≤ |Z − γ ′|,

where we are working with the Euclidean metric in cylindrical coordinates. Thus,
we may estimate the above integral by

(5-39)
∫ d(x,y)

0

√
(e(α−u)◦γ

− 1)2((γ ′ρ)
2
+ (γ ′z)

2)+ (e−u◦γ
− 1)2γ 2

ρ (γ
′

φ)
2 dt.

Using the triangle inequality and the bounds

(5-40) (γ̃ ′ρ)
2
+ (γ̃ ′z)

2
≤ 1,

and

(5-41) |γργ
′

φ| ≤ 1,

we see that the above is bounded in turn by

(5-42)
∫ d(x,y)

0
|e(α−u)◦γ

− 1| dt +
∫ d(x,y)

0
|e−u◦γ

− 1| dt.

Let γ̃ be the projection of γ to the (ρ, z) plane. γ̃ lies in the boundary of a region�.
Since u and α don’t depend on φ, we see that u ◦ γ = u ◦ γ̃ and α ◦ γ = α ◦ γ̃ . We
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can now use the trace theorem, and then apply Theorem 1.4 as we did before to
show that for ADM mass small enough, we have

(5-43)
∫ d(x,y)

0
|e(α−u)◦γ̃

− 1| dt +
∫ d(x,y)

0
|e−u◦γ̃

− 1| dt < ε. �

Proof of Theorem 1.10. We restate the theorem.

Theorem 1.10. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose that M is radially monotone and that for all g ∈M we have

(1-30) A = B = 0.

Let R1 > R0 and let A(R0, R1) denote the coordinate spherical annulus centered
at the origin. For any given 0 < β < 1 and ε > 0 there exists a δ > 0 such that if
g ∈M and

(1-31) m(g) < δ,

then

(1-32) ‖g− δR3‖C0,β (A(R0,R1)) < ε.

Proof. Since we have assumed that A = B = 0, the proof will be established if we
can show that

(5-44) ‖e2α−2u
− 1‖C0,β (A(R0,R1)) < ε

and

(5-45) ‖e−2u
− 1‖C0,β (A(R0,R1)) < ε

for small enough ADM mass. The above inequalities will follow if we can show
that

(5-46) ‖α− u‖C0,β (A(R0,R1)) < ε̃

and

(5-47) ‖u‖C0,β (A(R),R1) < ε̃

for small enough ADM mass, where ε̃ depends on ε above. Using the triangle
inequality, we see that it is sufficient to bound the C0,β norms of u and α − 2u.
These bounds are the content of Lemma 5.3 and Lemma 5.7 below, respectively. �

Lemma 5.3. Suppose M is a collection of axisymmetric metrics with nonnegative
scalar curvature and empty boundary which is uniformly asymptotically flat outside
a ball of radius R0. Let u be the function appearing in the axisymmetric coordinate
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representation of g. Let R1 be greater than R0 and A(R0, R1) be the spherical
annulus centered at the origin. For ε > 0 and 0< β0 < 1 there exists a δ > 0 such
that if g ∈M and

(5-48) m(g) < δ,

then

(5-49) ‖u‖C0,β (A(R0,R1)) < ε.

Proof. Since we are working in the asymptotically flat regime, we have uniform
upper bounds on the C1(A(R0, R1)) norms of the metric functions. From Lemma 3.1
we may bound the W 1,2(A(R0, R1)) norm of u. We now interpolate between these
two estimates to bound the W 1,q norm of u for arbitrarily large q . Specifically, we
write

(5-50)
∫

A(R0,R1)

uq
=

∫
A(R0,R1)

u2uq−2
≤ ‖u‖q−2

∞

∫
A(R0,R1)

u2

We may do the same for the derivatives of u. In the end, we get the following
bounds:

(5-51) ‖u‖q ≤ ‖u‖
2/q
2 ‖u‖

1−2/q
∞

and

(5-52) ‖∇u‖q ≤ ‖∇u‖2/q2 ‖∇u‖1−2/q
∞

.

By assumption ‖u‖∞ + ‖∇u‖∞ ≤ C . Furthermore, by Lemma 3.1, we know
‖u‖W 1,2(A(R0,R1)) < ε̃ for sufficiently small m. Thus, we obtain the estimate

(5-53) ‖u‖W 1,q ≤ C1−2/q ε̃2/q .

We may now choose q large enough and appeal to the Sobolev embedding theorem
to get C0,β0 bounds on u for β0 < 1. �

Remark 5.4. It is important to note that we didn’t use the hypothesis of radial
monotonicity in the above. We only need radial monotonicity to control α− 2u.

We will try to produce similar uniform estimates for α−2u. However, as before,
the process is harder. Whereas for u we started off with W 1,p

loc (R
3) control, for

α−2u we only have W 1,p
loc (R

2
+
) control. Even worse, the estimates we were able to

prove become weaker as we approach the axis {ρ = 0}, see Corollary 4.5. In order
to work our way around this conundrum, we must use the extra factor of ρ present
in integrating over BR in R3 to control the bad behavior seen in Corollary 4.5.
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Lemma 5.5. Let f be a measurable function on �ρ1
0 . Suppose for each t we have

the estimate

(5-54)
∫
�
ρ1
t

| f | ≤
ε

tq

for some ε > 0 and q > 0. Suppose σ > q. Then, there exists a constant, denoted
C(σ, q), depending only on σ and q such that

(5-55)
∫
�
ρ1
0

ρσ | f | ≤ C(σ, q)ε.

Proof. Let tn = 2−nρ1 and let �tn,tn−1 be the following rectangle:

(5-56) �tn,tn−1 =

{
tn < ρ ≤ tn−1, |z| ≤

ρ1
2

}
.

From the monotone convergence theorem we see that

(5-57)
∫
�
ρ1
ρ0

ρσ | f | =
∫
�0,t0

ρσ | f | =
∞∑
1

∫
�tn ,tn−1

ρσ | f |.

We now make the estimate

(5-58)
∫
�tn ,tn−1

ρσ | f | ≤ tσn−1
ε

tq
n
= 2σρσ−q

1 (2σ−q)−nε.

This gives a convergent series so long as σ > q. In total, we have the estimate

(5-59)

∫
�0,t0

ρσ | f |p ≤ C(σ, q)ε. �

We now make use of the above lemma to control the W 1,1 norm of α− 2u over
the ball of radius R about the origin in R3.

Lemma 5.6. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius R0. Suppose that M is also a radially monotone family of metrics. For any R
and ε > 0 there exists a δ > 0 such that if g ∈M and

(5-60) m(g) < δ,

then

(5-61) ‖α− 2u‖W 1,1(BR) < ε.

Proof. Let DR be the two dimensional half disk of radius R about the origin. Then

(5-62)
∫

BR

|α− 2u| = 2π
∫

DR

ρ|α− 2u|.
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For some µ > 0, to be specified later, we rewrite the above quantity as

(5-63)
∫

DR

ρ−µρ1+µ
|α− 2u|.

Let 1< q < 2 and q ′ be conjugate exponents. We apply Hölder’s inequality to the
above to get

(5-64)
(∫

DR

ρ−µq ′
)1/q ′(∫

DR

ρ(1+µ)q |α− 2u|q
)1/q

.

Choose µ small enough that

(5-65) µq ′ < 1.

We may pick large ρ1 enough that DR ⊂�
ρ1
0 . From Corollary 4.5 and Lemma 5.5,

we see that for some constant C(µ, q, R),

(5-66)
∫

DR

ρ|α− 2u| ≤ C(µ, q, R)ε

if m is chosen small enough. The same argument can be made for

(5-67)
∫

DR

ρ|∇(α− 2u)|. �

We now make an estimate on the uniform norm of α− 2u similar to Lemma 5.3.

Lemma 5.7. Suppose M is a collection of axisymmetric metrics with nonnegative
scalar curvature and empty boundary which is uniformly asymptotically flat outside
a ball of radius R0. Let R1 be greater than R0 and A(R0, R1) be the spherical
annulus centered at the origin. For ε > 0 and 0< β < 1 there exists a δ > 0 such
that if g ∈M and

(5-68) m(g) < δ,

then

(5-69) ‖α− 2u‖C0,β (A(R0,R1)) < ε.

Proof. We imitate the proof of Lemma 5.3. As before, we write

(5-70)
∫

A(R0,R1)

|α− 2u|q ≤ ‖α− 2u‖q−1
∞

∫
A(R0,R1)

|α− 2u|.

We also have

(5-71)
∫

A(R0,R1)

|∇(α− 2u)|q ≤ ‖∇(α− 2u)‖q−1
∞

∫
A(R0,R1)

|∇(α− 2u)|.
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By the asymptotic flatness assumption, we know that

(5-72) ‖α− 2u‖∞+‖(α− 2u)‖∞ ≤ C

For some C depending only on the uniform falloff in Definition 1.1. Thus, for any ex-
ponent q we can use Lemma 5.6 to control the Sobolev norm ‖α− 2u‖W 1,q (A(R0,R1))

by the ADM mass. Using the Sobolev embedding theorem, we see that

(5-73) ‖α− 2u‖C0,β ≤ C‖α− 2u‖1/qW 1,1(A(R0,R1))
,

where β=1− 3
q , the constant C depends only on the uniform falloff in Definition 1.1,

the region A(R0, R1), and q. Now we can use Lemma 5.6 to control the uniform
norm α− 2u on A(R0, R1). �

6. Area enlarging case

We now show that all the theorems stated hold when we assume our family of uni-
formly asymptotically flat metrics is area enlarging and strongly uniformly asymp-
totically flat, instead of radially monotone. The only steps required are to prove a
lemma analogous to Lemma 4.4 and a proposition analogous to Proposition 4.2.
The main difference between the radially monotone case and the area enlarging one
is in the choice of function for Green’s representation formula. Instead of working
with HN (x, y), we will use HD(x, y) (4-2). We also focus on slightly different
rectangles,

(6-1) �L
ρ0ρ1
:=

{
(ρ, z) : ρ0 ≤ ρ ≤ ρ1, |z| ≤

L
2

}
.

We now prove the first key lemma for the area enlarging and strongly uniformly
asymptotically flat case.

Lemma 6.1. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is strongly uniformly asymptotically flat
outside of radius R0. Suppose also that M is area enlarging at ρ0. For any ρ1 > ρ0,
L > 0, and ε > 0 there exists a δ > 0 such that if

(6-2) m(g) < δ,

then

(6-3)
∫
∂�L

ρ0ρ1
∩{ρ=ρ0}

|α− 2u|< ε.

Proof. Observe that if L̃ > L , then

(6-4)
∫
∂�L̃

ρ0ρ1
∩{ρ=ρ0}

|α− 2u| ≥
∫
∂�L

ρ0ρ1
∩{ρ=ρ0}

|α− 2u|.
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In order to take advantage of asymptotically flat conditions given in Definition 1.1
it we will often consider L̃ sufficiently larger than max{L , R0}. We will then use
the above inequality to relate any estimates we obtain back to our original situation.
Similarly, we will look at ρ̃1 >max{ρ1, R0}.

If we write the area enlarging condition (1-11) in terms of the coordinate functions,
then we see that

(6-5) (α− 2u)(ρ0, z)≥ 0.

From this, it quickly follows that

(6-6)
∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0}

|α− 2u| =
∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0}

α− 2u.

In order to estimate the above, we once again take advantage of the fundamental
theorem of calculus to write

(6-7)
∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0}

(α− 2u) dz

=

∫ L̃/2

−L̃/2

∫ ρ̃1

ρ0

−
∂(α− 2u)

∂ρ
dρ dz+

∫ L̃/2

−L̃/2
(α− 2u)(ρ̃1, z) dz.

We may switch the order of integration for the integral on the right to get

(6-8)
∫ ρ̃1

ρ0

∫ L̃/2

−L̃/2
−
∂(α− 2u)

∂ρ
dz dρ.

As before (4-24), from Stokes’ theorem we get

(6-9)
∫ L̃/2

−L̃/2
−
∂(α− 2u)

∂ρ
(ρ, z) dz

=

∫
{ρ≤s, |z|≤L̃/2}

1(α− 2u)(s, z)−
∫
{ρ≤s, |z|=L̃/2}

∂(α− 2u)
∂ν

.

Taking the absolute value of the above and plugging it into (6-7) gives us the
estimate

(6-10)
∫ L̃/2

−L̃/2
|α− 2u|

≤

∫ ρ̃1

ρ0

(∫
{ρ≤s, |z|=L̃/2}

|1(α− 2u)| +
∫
{ρ≤s, |z|=L̃/2}

∣∣∣∣∂(α− 2u)
∂z

∣∣∣∣ ds
)

dρ

+

∫ L̃/2

−L̃/2
|α− 2u|(ρ̃1, z) dz.

We now proceed to estimate the right hand side term by term.
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We start with the term

(6-11)
∫ ρ̃1

ρ0

∫
{ρ≤s, |z|=L̃/2}

∣∣∣∣∂(α− 2u)
∂z

∣∣∣∣ ds dρ.

Using the asymptotic flatness condition, we estimate

(6-12)
∫
{ρ≤s, |z|=L̃/2}

∣∣∣∣∂(α− 2u)
∂z

∣∣∣∣ ds ≤
∫
{ρ≤s, |z|=L̃/2}

3C
|(s, z)|2

ds.

Once more, a simple integration bounds the above by

(6-13)
6πC

L̃
.

Thus, we see that

(6-14)
∫ ρ̃1

ρ0

∫
{ρ≤s, |z|=L̃/2}

∣∣∣∣∂(α− 2u)
∂z

∣∣∣∣ ds dρ ≤
6πC ρ̃1

L̃
.

We may bound

(6-15)
∫ ρ̃1

ρ0

(∫
{ρ≤s, |z|=L̃/2}

|1(α− 2u)|
)

dρ

by modifying Lemma 4.3 slightly to get

(6-16)
∫
{ρ≤s, |z|=L̃/2}

|1(α− 2u)| ≤
4m+ 4

√
L̃m

ρ

and then integrating. We see that

(6-17)
∫ ρ̃1

ρ0

(∫
{ρ≤s, |z|=L̃/2}

|1(α− 2u)|
)

dρ ≤ (4m+ 4
√

L̃m) log
(
ρ̃1

ρ0

)
.

Finally, we must bound

(6-18)
∫ L̃/2

−L̃/2
|α− 2u|(ρ̃1, z) dz.

Oddly enough, this turns out to be the most delicate estimate, and the point where
we need our extra assumption on the asymptotic falloff of the function α. From
Lemma 5.3, we know that the C0,β norm of u is controlled by m. Recalling (5-49),
we see that there is a constant ε̃(ρ̃1,m) such that

(6-19)
∫ L̃/2

−L̃/2
|u(ρ̃1, z)| dz ≤ L̃ ε̃(m, ρ̃1).
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Again, looking at Lemma 5.3, we see that for fixed ρ̃1

(6-20) lim
m→0

ε̃(ρ̃1,m)= 0.

From the extra assumption on the asymptotic falloff of α, we see that

(6-21)
∫ L̃/2

−L̃/2
|α(ρ̃1, z)| dz ≤

∫ L̃/2

−L̃/2

C
|(ρ̃1, z)|1+τ

dz ≤ C(τ )(ρ̃1)
−τ ,

where C(τ ) is a constant depending only on τ . We may put all of this together to
see that

(6-22)
∫ L̃/2

−L̃/2
|α− 2u| dz

≤ (4m+ 4
√

L̃m) log
(
ρ̃1

ρ0

)
+

6πC ρ̃1

L̃
+ L̃ ε̃(ρ̃1,m)+C(τ )(ρ̃1)

−τ .

By choosing ρ̃1 and L̃ to be as large as necessary and choosing m to be as small as
necessary, we see that the above quantity can be made as small as we desire. �

The following corollary to Lemma 6.1 is analogous to Lemma 4.8.

Corollary 6.2. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is strongly uniformly asymptotically flat
outside of radius R0. Suppose also that M is area enlarging at ρ0. Let

�L
ρ0ρ1
:=

{
(ρ, z)

∣∣ρ0≤ρ≤ρ1, |z|≤
L
2

}
, and (�L

ρ0ρ1
)σ :=

{
x ∈�L

ρ0ρ1
|d(x, ∂�ρ1

ρ0
)>σ

}
.

Then for m>0, σ >0, L> R0, and ρ1> R0 there is a constant C(τ,m, σ, L , ρ1, ρ0)

such that if g ∈M and the ADM mass of g is less than m, then

(6-23) sup
x∈(�L

ρ0ρ1 )σ

exp
(∫

∂�L
ρ0ρ1

∣∣∣∣HD(x, y)
∂(α− 2u)

∂ν
(y)
∣∣∣∣+ ∣∣∣∣(α− 2u)(y)

∂HD

∂ν
(x, y)

∣∣∣∣ dy
)

≤ exp
[
C(τ,m, σ, L , ρ1, ρ0)

]
,

where τ is the constant appearing in (1-33) and C(, τ,m, σ, L , ρ1, ρ0) is a constant
depending on τ , m, σ , L , ρ1, and ρ0.

Proof. Much of the proof remains the same as it was in the radially monotone case.
The only difference is that we need to estimate

(6-24)
∫
∂�L

ρ0ρ1
∩{ρ=ρ0}

|α− 2u|,

instead of

(6-25)
∫
∂�L

ρ0ρ1
∩{ρ=ρ0}

∣∣∣∣∂(α− 2u)
∂ν

∣∣∣∣.
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This we did in Lemma 6.1. �

We now estimate the W 1,p norm of α− 2u. Using the function HD instead of
HN complicates our estimate of ‖∇(α− 2u)‖L p(�L

ρ0ρ1
). We resort to shrinking our

region a bit.

Lemma 6.3. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is strongly uniformly asymptotically flat
outside of radius R0. Suppose also that M is area enlarging at ρ0. For any ρ1 > ρ0,
L , 1≤ p < 2, σ > 0, and ε > 0 there is a δ > 0 such that if g ∈M and

(6-26) m(g) < δ,

then

(6-27) ‖α− 2u‖W 1,p((�L
ρ0ρ1

)σ )
< ε.

Here

(6-28) (�L
ρ0ρ1

)σ :=
{

x ∈�L
ρ0ρ1
: d(x, ∂�L

ρ0ρ1
)≥ σ

}
.

Proof. We may estimate the L p norm of α− 2u much as we did in Proposition 4.2.
We once again consider L̃ > L and ρ̃1 > ρ0. As before,

(6-29)
∫
(�L

ρ0ρ1
)σ

|α− 2u|p

≤ C(p)
∫
(�L

ρ0ρ1
)σ

(∫
�L̃
ρ0 ρ̃1

∣∣∣∣(α− 2u)
∂HD

∂ν

∣∣∣∣+ ∣∣∣∣HD
∂(α− 2u)

∂ν

∣∣∣∣)p

+

(∫
�L̃
ρ0 ρ̃1

|HD1(α− 2u)|
)p

dx .

On ∂�L̃
ρ0ρ̃1
−{ρ = ρ0} we have the following bound on the boundary terms

(6-30)
24C ρ̃1

π L̃|L̃ − L|
+

3C L̃
πρ̃1|ρ̃1− ρ1|

+
24C ρ̃1 log

(
2
√

L̃2
+ ρ̃2

1

)
π L̃2

+
3C L̃ log

(√
L̃2
+ ρ̃2

1

)
πρ̃2

1
.

Using the proof of Lemma 6.1 for terms on ∂�L̃
ρ0ρ̃1
∩{ρ = ρ0}, we have the estimate

(6-31) 1
πσ

((
4m+ 4

√
L̃m

)
log
(
ρ̃1

ρ0

)
+

6πC ρ̃1

L̃
+ L̃ ε̃(ρ̃1,m)+C(τ )(ρ̃1)

−τ

)
.
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If we let ρ̃1 = L̃2/3, then we may see that we may pick L̃ large enough and m small
enough to ensure

(6-32) ‖α− 2u‖L p((�L
ρ0ρq )σ )

<
ε

2
.

If we differentiate Green’s representation formula with HD we get

(6-33) ∇(α−2u)(x)=
∫
∂�L̃

ρ0 ρ̃1

(α−2u)∇x

(
∂HD

∂ν

)
−∇x(HD(x, y))

∂(α− 2u)
∂ν

dy

+

∫
�L̃
ρ0 ρ̃1

∇x(HD(x, y))1(α− 2u) dy.

On ∂�L̃
ρ0ρ̃1
∩ {ρ = ρ0} the above expression is particularly difficult to work with.

The issue is that we cannot integrate

(6-34)
∣∣∣∣∇x

(
∂HD

∂ν

)∣∣∣∣∼ 1
|x − y|2

for x near the boundary, and so we cannot complete the estimate of ‖α− 2u‖W 1,p

in the same way we proved Proposition 4.2.
As we have done before, we take the absolute value of both sides and raise the

result to the power p and then integrate to see that

(6-35)
∫
(�L̃

ρ0 ρ̃1
)σ

|∇(α− 2u)|p

is bounded above by

(6-36) C(p)
∫
(�L

ρ0ρ1
)σ

(∫
∂�L̃

ρ0 ρ̃1

∣∣∣∣∂(α− 2u)
∂ν

∇x HD

∣∣∣∣+ ∣∣∣∣(α− 2u)∇x
∂HD

∂ν

∣∣∣∣ dy
)p

+

(∫
�L̃
ρ0 ρ̃1

∣∣1(α− 2u)∇x HD
∣∣ dy

)p

dx .

We once again split the first term into the following two pieces:

(6-37) ∂�L̃
ρ0ρ̃1
−{ρ = ρ0}

and

(6-38) ∂�L̃
ρ0ρ̃1
∩ {ρ = ρ0}.

Both pieces are relatively easy to estimate. For the first piece the estimates are
similar to the above.
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As was noted earlier, the gradient of ∇x
∂HD
∂ν

isn’t integrable over �L
ρ0ρ1

for y in
∂�L̃

ρ0ρ̃1
∩ {ρ = ρ0}. However, ∇x

∂HD
∂ν

is much better behaved away from ∂�L
ρ0ρ1

.
We now attempt to estimate

(6-39)
∫
(�L

ρ0ρ1
)σ

(∫
∂�L̃

ρ0 ρ̃1

∣∣∣∣(α− 2u)∇x
∂HD

∂ν

∣∣∣∣ dy
)p

dx .

As we did before, we split ∂�L̃
ρ0ρ̃1
∩ {ρ = ρ0} into

(6-40) ∂�L̃
ρ0ρ̃1
∩ {ρ = ρ0, |z| ≤ L}

and

(6-41) ∂�L̃
ρ0ρ̃1
∩ {ρ = ρ0, |z|> L}.

We start with the piece (6-40). We may use Minkowski’s integral inequality [Folland
1999] to see that

(6-42)
(∫

(�L
ρ0ρ1

)σ

(∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0, |z|≤L}

∣∣∣∣(α− 2u)∇
∂HD

∂ν

∣∣∣∣ dy
)p

dx
)1/p

is bounded above by

(6-43)
∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0, |z|≤L}

|α− 2u|
(∫

(�L
ρ0ρ1

)σ

∣∣∣∣∇ ∂HD

∂ν

∣∣∣∣p

dx
)1/p

dy.

We now estimate

(6-44)
∫
(�L

ρ0ρ1
)σ

∣∣∣∣∇ ∂HD

∂ν

∣∣∣∣p

dx

for y in ∂�L̃
ρ0ρ̃1
∩{ρ = ρ0, |z| ≤ L}. Both ∂�L̃

ρ0ρ̃1
∩{ρ = ρ0, |z| ≤ L} and (�L

ρ0ρ1
)σ

are contained in �2L
ρ0ρ1

. Thus, if we let r0 be the diameter of �2L
ρ0ρ1

, then for all
y ∈ ∂�L̃

ρ0ρ̃1
∩ {ρ = ρ0, |z| ≤ L} we have

(6-45)
∫
(�L

ρ0ρ1
)σ

∣∣∣∣∇x
∂HD

∂ν

∣∣∣∣p

≤

∫
B(y,r0)\B(y,σ )

3p

π p|x−y|2p dx

= 3pπ1−p2
∫ r0

σ

Cr−2p+1 dr = C(p, L , ρ1, σ ).
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Thus, we may see that

(6-46)
(∫

(�L
ρ0ρ1

)σ

(∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0, |z|≤L}

∣∣∣∣(α− 2u)∇
∂HD

∂ν

∣∣∣∣ dy
)p

dx
)1/p

≤ C(p, L , ρ1, σ )
1/p

∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0, |z|≤L}

|α− 2u|.

Over (6-41) we have

(6-47)
∣∣∣∣∇ HD

∂ν

∣∣∣∣≤ 12
πL2 .

Thus, we have

(6-48)
(∫

(�L
ρ0ρ1

)σ

(∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0, |z|>L}

∣∣∣∣(α− 2u)∇
∂HD

∂ν

∣∣∣∣ dy
)p

dx
)1/p

≤

(
12ρ1

L

)1/p∫
∂�L̃

ρ0 ρ̃1
∩{ρ=ρ0, |z|>L}

|(α− 2u)| dy.

For the last term in (6-36) we may use the Riesz potential estimate as we have done
before. Putting everything together gives us the result. �

In fact, the steps required in the above proof give us a corollary analogous to
Corollary 4.5.

Corollary 6.4. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is strongly uniformly asymptotically flat
outside of radius R0. Suppose M is area enlarging as well. For any L , ρ1, 1≤ p<2,
and ε > 0 there exist a δ > 0 such that if g ∈M and

(6-49) m(g) < δ,

then

(6-50)
∫
�L
ρ0,ρ1

|α− 2u|p <
ε|log ρ0|

p

ρ
p
0

and

(6-51)
∫
�L
ρ0,ρ1

|∇(α− 2u)|p ≤
ε|log ρ0|

p

ρ
p
0

.

Proof. The proofs of (6-50) and (6-51) are similar. We only prove (6-51). Observe
that

(6-52) �L
2ρ0ρ1
⊂ (�L+σ

ρ0(ρ1+σ)
)σ .
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In particular, we see from the estimates in the above theorem that

(6-53)
∫
�L

2ρ0ρ1

|∇(α− 2u)|p ≤
∫
(�L+σ

ρ0(ρ1+σ)
)σ

|∇(α− 2u)|p

is bounded above by

(6-54) C(p, L , ρ1, σ )

[(
4m+ 4

√
L̃m

)
log
(
ρ̃1

ρ0

)
+ D(m, L̃, ρ̃1, τ )

]p

+ E(p, L̃, ρ̃1)

(
4m+ 4

√

L̃m
ρ0

)p

+ F(p, L̃, ρ̃1),

where C(p, L , ρ1, σ ) is a combination of the constants found in (6-46) and (6-48),
D(m, L̃, ρ̃1, τ ) is the remainder of (6-22), E(p, L̃, ρ̃1) comes from the Riesz po-
tential estimate, and F(p, L̃, ρ̃1) is the bound on the remaining boundary terms
estimated in (6-36). A simple calculation shows that for 1< p < 2

(6-55) C(L , ρ1, σ )≤ C(p)σ−p,

since 2− 2p >−p. For p = 1, we have

(6-56) C(L , ρ1, σ )≤ C(L , ρ1) log(σ ).

If we plug the above into (6-54) with σ = ρ0, then we may see that choosing L̃ and
ρ̃1 large enough, and choosing mass to be small enough gives the result. �

We may now prove a theorem analogous to Proposition 4.2.

Lemma 6.5. Let M be an uniformly asymptotically flat family of metrics with
nonnegative scalar curvature and empty boundary. Suppose that M is area enlarging.
Let �L

ρ0ρ1
denote the rectangle given by

{
(ρ, z) | ρ0 ≤ ρ ≤ ρ1, |z| ≤ L

2

}
and let

(�L
ρ0ρ1

)σ denote {x ∈ �L
ρ0ρ1
| d(x, ∂�L

ρ0ρ1
) > σ }. For any 1 ≤ p < 2, σ > 0,

ρ0 > 0, and ε > 0 there exists a δ > 0 such that if g is in our collection of
uniformly asymptotically flat metrics, the ADM mass of g is less than δ, and, in the
axisymmetric coordinate representation of g then

(6-57) ‖e|α−2u|
− 1‖W 1,p((�L

ρ0ρ1
)σ )
< ε.

Proof. The proof follows the same line as in the radially monotone case, except
we use Lemma 6.3 instead of Proposition 4.2. It can be shown that Corollary 4.7
can be adapted to the function HD. Thus, we also use Corollary 6.2 instead of
Lemma 4.8. �

Now that we have analogues of all the estimates we made in the radially monotone
case, the proofs of Theorems 1.4, 1.6, 1.7, 1.8 and 1.10 follow almost exactly as
they did in the radially monotone case. The only theorem whose modification to the
area-enlarging case requires a little care is Theorem 1.10. Since Corollary 6.4 has a



STABILITY OF THE POSITIVE MASS THEOREM FOR AXISYMMETRIC MANIFOLDS 141

slightly different hypothesis than Corollary 4.5, we must show that the conclusion
of Lemma 5.5 holds with a slightly weaker hypothesis.

Lemma 6.6. Let f be a measurable function on �L
0ρ1

. Suppose for each t we have
the estimate

(6-58)
∫
�
ρ1
t

| f | ≤
ε|log(t)|q̃

tq

for some ε > 0, q > 0, and q̃. Suppose σ > q. Then, there exists a constant, denoted
C(σ, q, q̃), depending only on σ , q, and q̃ such that

(6-59)
∫
�
ρ1
0

ρσ | f | ≤ C(σ, q, q̃)ε.

Proof. As before, let tn = 2−nρ1 and let �tn,tn−1 be the following rectangle.

(6-60) �tn,tn−1 =

{
tn ≤ ρ ≤ tn−1, |z| ≤

L
2

}
From the monotone convergence theorem we see that

(6-61)
∫
�0,t0

ρσ | f | =
∞∑
1

∫
�tn ,tn−1

ρσ | f |.

We now make the estimate

(6-62)
∫
�tn ,tn−1

ρσ | f | ≤ tσn−1
ε|log(tn)|q̃

tq
n

= 2qρ
σ−q
1 (2σ−q)−n

|log(2−nρ1)|
q̃ε.

This gives a convergent series so long as σ >q , where we have used that σ−q=λ>0
and

(6-63) lim
n→∞

ρ12−n
|log(ρ12−n)|2q̃/λ

= 0.

In total, we have the estimate

(6-64)

∫
�0,t0

ρσ | f | ≤ C(σ, q, q̃)ε. �

Now we can show that Lemma 5.6 holds in the area-enlarging case and so
Theorem 1.10 also holds in the area-enlarging case.

Appendix A: The case of nonempty boundaries

Recall that it is physically desirable to explicitly include manifolds with minimal
surface boundary, since we shouldn’t expect to have any physical knowledge of
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the metric inside of a minimal surface. It is possible to deduce the following mass
formula for axisymmetric manifolds with connected boundary [Khuri et al. 2019]:

(A-1) m(g)= 1
16π

∫
R3

2|∇ū|2+e2(u−α)Rg dx+ 1
4

∫ m0

−m0

ᾱ(0, z)−2ū(0, z) dz+m0,

where ᾱ and ū are regularizations of the coordinate functions α and u, respectively,
and m0 is a positive constant determined uniquely by the metric g. Explicitly, the
functions ᾱ and ū are given by

ū = u− u0,(A-2)

ᾱ = α−α0.(A-3)

where α0 and u0 are the coordinate functions associated to the Schwarzschild metric
of mass m0 in Weyl coordinates, coordinates in which the minimal surface is given
by a rod of length 2m0:

α0 =
1
2 log

[(√
ρ2
+ (z−m0)

2
+

√

ρ2
+ (z+m0)

2
)2
− 4m2

0

4
√

ρ2
+ (z−m0)

2
√

ρ2
+ (z+m0)

2

]
,(A-4)

u0 =
1
2 log

[√
ρ2
+ (z−m0)

2
+

√

ρ2
+ (z+m0)

2
− 2m0

√

ρ2
+ (z−m0)

2
+

√

ρ2
+ (z+m0)

2
+ 2m0

]
.(A-5)

Chruściel and Nguyen [2011] have shown that the constant m0 is bounded by

(A-6) m(g)≥ π
4

m0,

given the hypothesis of the positive mass theorem. We have the following theorem:

Theorem A.1. Let M be a family of axisymmetric uniformly asymptotically flat
metrics with nonnegative scalar curvature. Suppose that M is either area enlarging,
with the corresponding stronger asymptotic falloff , or radially monotone. Addition-
ally, we allow any (M, g) in M to have a connected minimal surface boundary. In
this case, we use the cylindrical coordinates for which the minimal surface is a rod
on the axis of symmetry of length 2m0 centered about the origin, and we assume
(M, g) satisfies the following inequality on its minimal surface boundary:

(A-7) 1
4

∫ m0

−m0

ᾱ− 2ū(0, z) dz+m0 ≥ 0,

where ᾱ and ū are as above. Then, for any ε > 0 there exists a δ > 0 such that if
(M, g) is in M and m(g) < δ, then

‖g− δR3‖W 1,p(�̃
ρ1
ρ0 (σ ))

< ε(A-8)

‖q − δR2‖W 1,p(�
ρ1
ρ0 (σ ))

< ε.(A-9)
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Remark A.2. It is important to note that in the case of a nonempty boundary, we
have had to specify the cylindrical coordinates for which the boundary is on the
axis. Then, the radial monotonicity and area-enlarging inequality are stated with
respect to these coordinates. These conditions are geometric, since in choosing
the boundary to be on the axis, we have removed any freedom in the choice of a
conformal transformation.

Proof. In Weyl coordinates, with the boundary of the manifold represented as a rod
on the axis, we see that for any fixed parameter ρ0> 0, we have that the functions α0

and u0, and their gradients, converge uniformly to zero on ρ−1
[ρ0,∞) as m0→ 0.

It thus follows that on any compact set away from the axis, say �, we have

‖α0‖W 1,2(�)→ 0,(A-10)

‖u0‖W 1,2(�)→ 0,(A-11)

as m0→ 0. Finally, we recall that m ≥ π
4 m0 [Chruściel and Nguyen 2011]. We

now have all the ingredients necessary to extend the proofs of this paper to the case
of manifolds with boundary. Note that an analogue of Corollary 3.2 holds for ū
by the mass formula (A-1) and (A-7). Thus, we may use the Cauchy–Schwartz
inequality to show that

(A-12) ‖u‖2
W 1,2(�

ρ1
ρ0 )
≤ 2

(
‖u0‖

2
W 1,2(�

ρ1
ρ0 )
+‖ū‖2

W 1,2(�
ρ1
ρ0 )

)
is bounded by the mass. At this point, the rest of the proof is the same as in the
case of empty boundary. �

As we see in the next section, the nonextreme Kerr–Newman metrics satisfy all
of the conditions in the above theorem strictly. Thus, small perturbations will also
satisfy these conditions.

Appendix B: Examples

Kerr–Newman. In this section, we show that the Kerr–Newman family of metrics
satisfy the radial monotone condition and the area enlarging condition, and (A-7).
This is done by a direct calculation. We take the familiar Brill–Lindquist coordi-
nates and transform them into cylindrical coordinates. Unfortunately, the simple
expression of the Kerr–Newman metric in Brill–Lindquist coordinates becomes
rather complicated when it is written in cylindrical coordinates. The procedure itself
is uncomplicated, since there is an explicit map between these two coordinates. The
change of coordinates depends on the charge, angular momentum, and mass of the
Kerr–Newman metric. Once the map has been constructed, we use the expression
for the metric in Brill–Lindquist to write down the expression for the metric in
cylindrical coordinates.
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We now describe in detail the coordinate change from Brill–Lindquist coordinates
to cylindrical coordinates and write down the exact formula for the metric functions
u and α. It is convenient to introduce a third coordinate system between Brill–
Lindquist and cylindrical. We shall use the prolate-spheroidal coordinates. We
will first consider the map from prolate-spheroidal coordinates to Brill–Lindquist
coordinates, and then pull back the metric. Let a denote the angular momentum
parameter, let e denote the charge parameter, and let m denote the mass parameter,
then, in Brill–Lindquist coordinates, the Kerr metric takes the form

(B-1) g = σ
γ

dr2
+ σ dθ2

+
sin2(θ)

σ

[
(r2
+ a2)2− a2 sin2(θ)γ (r)

]
dφ2

for

(B-2) γ (r)= r2
− 2mr + a2

+ e2

and

(B-3) σ(r, θ)= r2
+ a2 cos2(θ).

The map from prolate spheroidal coordinates (x, y, φ) to Brill–Lindquist coordi-
nates (r, θ, φ) is given by

r = x
√

m2− (a2+ e2)+m(B-4)

θ = cos−1(y)(B-5)

It turns out that the parameter m0 appearing in Appendix A is given by

(B-6) m0 =
√

m2− (a2+ e2).

The map from cylindrical coordinates to prolate spheroidal is, unfortunately, less
simple.

x =

√
ρ2+ (z+m0)2+

√
ρ2+ (z−m0)2

2m0
(B-7)

y =

√
ρ2+ (z+m0)2−

√
ρ2+ (z−m0)2

2m0
(B-8)

One may observe that the minimal surface in the Kerr–Newman metric is a rod on
the ρ axis.

We now pull back the Kerr–Newman metric twice to obtain the formulas for the
functions u and α in cylindrical coordinates. The end results of this process are the
following formulas:

(B-9) u(ρ, z)=− 1
2 log

[
(1−y2)

(
[(m0x+m)2+a2

]
2
−a2m2

0[1−y2
][x2
−1]

)
ρ2([m0x+m]2+a2 y2)

]
,
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(B-10) α(ρ, z)= 1
2 log

[
(m0x +m)2+ a2 y2

m2
0(x

2− y2)

]
+ u(ρ, z).

When written entirely in terms of (ρ, z), these two equations are very cumbersome.
Luckily, for the purpose of verifying the radial monotonicity condition and the
area enlarging condition, writing everything in terms of (ρ, z) turns out to be
unnecessary.

Proposition B.1. Nonextreme Kerr–Newman metrics are radially monotone in the
coordinates for which the minimal surface is a rod on the axis.

A straight forward calculation shows that

(B-11)
∂

∂ρ
=

ρ

(ρ2+ (z+m0)2)1/2(ρ2+ (z−m0)2)1/2

(
x
∂

∂x
− y

∂

∂y

)
.

Thus, we see that

(B-12)
∂(α− 2u)

∂ρ
= f (ρ, z)

(
x
∂

∂x
− y

∂

∂y

)
×

1
2 log

(
[(m0x +m)2+ a2

]
2
− a2m2

0[1− y2
][x2
− 1]

m4
0(x

2− 1)(x2− y2)

)
,

where f (ρ, z) is the nonnegative function appearing in front of the derivatives in
(B-11). Since f (ρ, z) is nonnegative, we may restrict our analysis to the second
term on the right. Taking the derivatives and collecting terms leaves us with

(B-13)
4m0x(m0x +m)[(m0x +m)2+ a2

] − 2a2m2
0x2(1− y2)

[(m0x +m)2+ a2]2− a2m2
0(1− y2)(x2− 1)

−
2x2((x2

− 1)+ (x2
− y2))

(x2− 1)(x2− y2)

−

[
2a2m2

0(x
2
− 1)y2

[(m0x +m)2+ a2]2− a2m2
0(1− y2)(x2− 1)

+
2y2

x2− y2

]
.

The third term in brackets is nonnegative, so we must analyze the interplay of the
first two terms.

We expand

(B-14)
2x2((x2

− 1)+ (x2
− y2))

(x2− 1)(x2− y2)

to

(B-15)
2x2

x2− 1
+

2x2

x2− y2 .
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From the range of values that x and y can take, we may deduce that the denominators
of both fractions are smaller than x2. Thus, we have

(B-16)
2x2

x2− 1
+

2x2

x2− y2 > 4.

We now observe that

(B-17) [(m0x+m)2+a2
]
2
−a2m2

0(1−y2)(x2
−1)≥ (m0x+m)4+a2(m0x+m)2.

As a consequence, we have that

(B-18)
4m0x(m0x +m)[(m0x +m)2+ a2

] − 2a2m2
0x2(1− y2)

[(m0x +m)2+ a2]2− a2m2
0(1− y2)(x2− 1)

≤ 4.

Putting everything together shows that

(B-19)
∂(α− 2u)

∂ρ
< 0.

Luckily, showing that Kerr–Newman metrics satisfy (A-7) follows quickly from
the above expressions for u and α. In fact, one may check that ᾱ−2ū is nonnegative
on the rod giving the minimal surface.

Proposition B.2. Let g be a nonextreme Kerr–Newman metric, and let ᾱ and ū be
as described above. Then, we have that

(B-20) (ᾱ− 2ū)(0, z)≥ 0,

for |z| ≤ m0. The inequality is strict, unless g is a Schwarzschild metric.

Proof. Once again, the proof consists of a calculation. Using the above expressions
for α and u coming from a Kerr–Newman metric, we see that

(B-21) ᾱ− 2ū = 1
2 log

[
([m0x +m]2+ a2)2− a2m2

0(1− y2)(x2
− 1)

m4
0(x + 1)4

]
.

In prolate spheroidal coordinates, the minimal surface rod is given by

{(x, y, φ) : x = 1}.

Thus, the above simplifies to

(B-22) 1
2 log

[
([m0+m]2+ a2)2

16m4
0

]
.

Since m ≥ m0 and a ≥ 0, it follows that the above is nonnegative, and only zero in
the case that the metric g is Schwarzschild. �
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It is interesting to explore some of the geometric meaning behind the condition
of radial monotonicity. In coordinates, radial monotonicity implies that

(B-23)
∂(α− 2u)

∂ρ
≤ 0.

Recall from the proof of Proposition 5.1 that the coordinate function α−2u controls
the area of axisymmetric surfaces. Thus, it is reasonable to suppose that the radial
monotonicity condition is an assumption on the mean curvature of the level sets
of the function ρ, which is the solution to (1-10). It turns out that this is the case,
although in a slightly round about way.

Proposition B.3. Suppose that g is an asymptotically flat axisymmetric metric and
ρ is the solution to (1-10) for g. The metric g is radially monotone if and only if the
level sets of ρ form a family of surfaces evolving by a sub-inverse-mean-curvature
flow.

Proof. Let η denote the killing field generating the axisymmetry of (M, g). We
start by observing that we may lift any function ω on M/S1 to a function on M ,
which we also denote ω. When considered as a function on M we have

(B-24) g(∇ω, η)= 0,

since we lifted ω by transporting it along the flow lines of η. Let q denote the orbit
metric of M/S1. Recall that

(B-25) q(X, Y )= g(X , Y )−
g(X , η)g(Y , η)

|η|2g
,

where X and Y are the images of X and Y under the projection map, respectively.
From the above, we may conclude that for any two functions ω and h on M/S1 we
have

(B-26) q(∇ω,∇h)= g(∇ω,∇h).

We have abused notation slightly in using∇ to denote both the gradient in (M/S1, q)
and in (M, g).

It is a standard computation to see that the mean curvature of the level sets of ρ
is given by

(B-27) H = divg

(
∇ρ

|∇ρ|g

)
.

We expand out the right hand side to get

(B-28) divg

(
∇ρ

|∇ρ|g

)
=

1
|∇ρ|g

(
1gρ−

g(∇ρ,∇|∇ρ|)
|∇ρ|

)
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We now use Equation (1-10) for ρ to rewrite the above as

(B-29) 1
|∇ρ|

(
g(∇ρ,∇|η|)
|η|

−
g(∇ρ,∇|∇ρ|)
|∇ρ|

)
=

1
|∇ρ|

g
(
∇ρ,∇ log

|η|

|∇ρ|

)
.

From axisymmetry, |∇ρ| and |η| are functions on M/S1. In particular

(B-30) g
(
∇ρ,∇ log

|η|

|∇ρ|

)
= q

(
∇ρ,∇ log

|η|

|∇ρ|

)
.

Recalling the radial monotonicity condition (1-17) and noting that log is a monotone
increasing function, we see that

(B-31) q
(
∇ρ,∇ log

(
|η|

ρ|∇ρ|

))
≤ 0,

since in the orbit space M/S1 we have

(B-32)
∂

∂ρ
=

∣∣∣∣ ∂∂ρ
∣∣∣∣2
q
∇ρ.

We may plug (B-29) and (B-27) into (B-31) to see that

(B-33) 0≥ q
(
∇ρ,∇ log

(
|η|

|∇ρ|

))
−q(∇ρ,∇ log ρ)= |∇ρ|H−|∇ρ||∇ log ρ|.

Dividing both sides by |∇ρ| and rearranging terms gives

(B-34) |∇ log ρ| ≥ H.

The above equation is precisely the statement that the level sets of ρ give a sub-
inverse-mean-curvature flow. �

It is relatively easy to see that if a metric is radially monotone everywhere, then
it must also be area enlarging everywhere. In particular, the following proposition
implies that Kerr–Newman metrics are area enlarging.

Proposition B.4. Let g be an asymptotically flat metric which is everywhere radially
monotone. Then g is everywhere area enlarging.

Proof. Since g is assumed to be globally radially monotone, we have

(B-35)
∂(α− 2u)

∂ρ
≤ 0.

As g is asymptotically flat, we know that

(B-36) lim
ρ→∞

(α− 2u)(ρ, z)= 0
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for all z. Thus, using the fundamental theorem, we may see that

(B-37) 0≤−
∫
∞

ρ0

∂(α− 2u)
∂ρ

(ρ, z) dρ = (α− 2u)(ρ0, z).

This is precisely the coordinate expression of the area enlarging condition. �

We now find several examples of metrics which are area enlarging and strongly
asymptotically flat.

Axisymmetric geometrostatic. Here we show that the axisymmetric geometrostatic
metrics are area-enlarging and strongly asymptotically flat. Recall that the general
form of a geometrostatic metric is

(B-38) (M, g)=
(
R3
\{xi }

n
1, (χψ)

2δR3
)
,

where for positive numbers {ai }
n
1 and {bi }

n
1 we have

(B-39) χ(x)= 1+
n∑

i=1

ai

|x − xi |

and

(B-40) ψ(x)= 1+
n∑

i=1

bi

|x − xi |
.

If the points {xi } lie on a common line, then the resulting metric will be axisymmetric.
The axis of symmetry will be the line on which the xi lie. After a rotation, we may
suppose that the axis of symmetry is the z-axis. We may now see that the usual
Euclidean cylindrical coordinates are also cylindrical coordinates for (M, g). In
particular

(B-41) g = (χψ)2(dρ2
+ dz2

+ ρ2dφ2).

A quick calculation shows that the coordinate function α vanishes and

(B-42) u =− log(χψ).

Since both χ and ψ are strictly larger than one, we see that u is negative. Since
α = 0, it is clear that

(B-43) α− 2u ≥ 0.

This is precisely the coordinate expression of the area-enlarging condition. That
(M, g) is also strongly asymptotically flat follows trivially from the fact that α = 0.
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Conformal metrics. Here we show that asymptotically flat axisymmetric metrics
with nonnegative scalar curvature which are conformal to Euclidean space and have
an axisymmetric, minimal, and connected boundary, or an empty one, satisfy the
area enlarging condition and the strongly asymptotically flat condition.

Suppose (M, g) is as above. Then there is some constant m1 [Chruściel and
Nguyen 2011] and function u such that

(B-44) (M, g)=
(
R3
\Bm1(0), e−2uδR3

)
.

Written in cylindrical coordinates

(B-45) g = e−2u(dρ2
+ dz2)+ ρ2e−2u dφ2

Since ∂Bm1 is a minimal surface, from the formula for mean curvature we see that
[Chruściel and Nguyen 2011]

(B-46)
∂u
∂ν

∣∣∣
∂Bm1

=
1

m1
.

Since we have assumed that the scalar curvature is nonnegative, we may use the
scalar curvature formula (2-2) together with the Hopf lemma and the maximum
principle to conclude that

(B-47) sup
Br0\Bm1

u = sup
∂Br0

u.

Since we know from the fact that g is asymptotically flat that u vanishes at infinity,
we may conclude that

(B-48) u ≤ 0,

and consequently (M, g) satisfies the area enlarging condition (1-11). In fact, if we
apply the strong maximum principle, we may see that

(B-49) u < 0,

unless we are dealing with flat space. Since α vanishes identically, we see that
(M, g) is also strongly asymptotically flat.
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INDEX ESTIMATES FOR FREE BOUNDARY
CONSTANT MEAN CURVATURE SURFACES

MARCOS P. CAVALCANTE AND DARLAN F. DE OLIVEIRA

We consider compact constant mean curvature surfaces with boundary im-
mersed in a mean convex region of the Euclidean space or in the unit sphere.
We prove that the weak Morse index is bounded from below by a linear
function of the genus and number of boundary components.

1. Introduction

Let W be a Riemannian manifold with nonempty boundary such that its boundary
∂W is a union of smooth hypersurfaces. Let M ⊂ W be a compact constant
mean curvature hypersurface such that M intersects the regular part of ∂W along its
boundary in a right angle. It is well known that such hypersurfaces are critical points
of the area functional for variations of M that preserve the enclosed volume and keep
the boundary freely on ∂W. We recall that the variations allowed of M are variations
φ : (−ε, ε)×M→W whose immersions φt :M→W satisfy φt(int M)⊂ int W and
φt(∂M)⊂ int ∂W for all t ∈ (−ε, ε); see [Ros and Vergasta 1995, Section 1]. These
hypersurfaces arise in many geometrical and physical problems and are referred as
free boundary CMC hypersurfaces (FBCMC hypersurfaces, for short). They have
been studied since the 19th century and still form a very active topic in differential
geometry. We refer the reader to the books of Finn [1986] and López [2013] for a
nice introduction to this subject.

An important problem about FBCMC hypersurfaces is to classify those ones that
are stable, that is, whose second variation of the area is nonnegative for volume
preserving variations. For instance, in the case that W is a geodesic ball in a
space form, a well-known conjecture asserts that the totally geodesic ball and the
spherical caps are the only solutions. It was confirmed by Ros and Vergasta [1995]
and Nunes [2017] in dimension two, and more recently by Wang and Xia [2019] in
any dimension and also for capillary hypersurfaces. Other results on stable FBCMC
hypersurfaces can be found for instance in [Ainouz and Souam 2016; Athanassenas
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1987; Barbosa 2018; Choe and Koiso 2016; Li and Xiong 2017; 2018; López 2014;
Ros 2008; Ros and Souam 1997].

When M is a stable FBCMC surface immersed in a mean convex region W ⊂R3,
Ros [2008, Theorem 9] showed that there are just a few possibilities for the genus
and the number of boundary components of M (see Corollary 1.2 below).

When M is not stable, there is a Schrödinger operator L associated to the second
variation of the area which has nonzero weak Morse index (see Section 2 for precise
definitions). Geometrically, the weak Morse index of M is the number of directions
whose volume preserving variations decrease area. It will be denoted by Indw(M).

The case of free boundary minimal surfaces is of special interest and the works
of Fraser and Schoen [2011; 2013; 2016] have motivated much research in this case.
For free boundary minimal hypersurfaces all variations keeping the boundary freely
in the boundary are allowed, not only volume preserving variations. In this setting
Sargent [2017] proved that if M is a free boundary minimal surface immersed in a
convex region W ⊂ R3 then the index is bounded from below by (2g+ k− 1)/3,
where g is the genus of M and k is the number of boundary components. In
[Ambrozio et al. 2018], Ambrozio, Carlotto and Sharp proved that it is valid in
weakly mean convex domains in R3. In fact, their results apply more generally
to domains in Riemannian manifolds with boundary satisfying suitable curvature
conditions. In higher dimensions, they also obtained lower bounds for the index in
terms of the dimension of the first relative homology group with real coefficients.
The technique presented in these results uses the coordinates of harmonic forms as
test functions and is inspired by previous works on eigenvalue estimates and index
estimates for minimal hypersurfaces without boundary; see [Ros 2006; Savo 2010;
Ambrozio et al. 2018].

Following these lines, in this paper, we obtain lower bounds for the weak Morse
index of FBCMC surfaces in weakly mean convex regions of the Euclidean space
or the unit sphere. More precisely, our results are the following.

Theorem 1.1. Let W be a region of R3 such that its boundary is a union of smooth
weakly mean convex surfaces, and let M2 be a compact, orientable, FBCMC surface
immersed in the mean convex side of W and whose boundary intersects the regular
part of ∂W. If M has genus g and k boundary components, then

Indw(M)≥
2g+k−4

6
.

As an immediate consequence we obtain the result of Ros cited above:

Corollary 1.2 [Ros 2008, Theorem 9]. Under the conditions of Theorem 1.1, if M
is stable, then the only possibilities for g and k are

(1) g = 0 and k ≤ 4;

(2) g = 1 and k = 1 or 2.
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In the case of FBCMC surfaces immersed in weakly mean convex domains of S3,
the result reads as follows:

Theorem 1.3. Let W be a region in the unit sphere S3 such that its boundary is a
union of smooth weakly mean convex surfaces, and let M2 be a compact, orientable,
FBCMC surface immersed in the mean convex side of W and whose boundary
intersects the regular part of ∂W. If M has genus g and k boundary components,

Indw(M)≥
2g+k−5

8
.

Corollary 1.4. Under the conditions of Theorem 1.3, if M is stable, then the only
possibilities for g and k are

(1) g = 0 and k ≤ 5;

(2) g = 1 and k ≤ 3;

(3) g = 2 and k = 1.

This paper is organized as follows. In Section 2, we present some definitions
and basic results to be used in the proofs. Section 3 is devoted to computing the
Jacobi operator of the test functions given by the coordinates of harmonic forms.
In Section 4, we present the proof of Theorem 1.1. The proof of Theorem 1.3 is
analogous and it is sketched in Section 5.

2. Preliminaries

Let us denote by W a connected domain of the Euclidean space R3 which is not
necessarily compact. For simplicity, let us assume that W has smooth boundary
and fix a unit normal vector field ν along each component of ∂W. We recall that
the second fundamental form and the mean curvature of ∂W with respect to ν are
defined respectively by

II ∂W (X, Y )= 〈−DXν, Y 〉, for X, Y ∈ T ∂W,

and
H ∂W

=
1
2 tr II ∂W ,

where D is the Levi-Civita connection in the Euclidean space. Since the boundary
∂W is orientable, at a point on ∂W we have two choices for ν, one pointing inward
from W and the other one pointing outward from W. From now on, we fix the vector
field ν pointing outward from W. In this case, we say that W is weakly convex if
II ∂W is nonpositive defined. If H ∂W

≤ 0, W is said to be weakly mean convex.
Let x : M→W be a compact oriented surfaced with boundary which is properly

immersed, that is, x(M)∩W = x(∂M). Fixing a unit normal vector field N along x ,
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we denote by A the shape operator associated to the second fundamental form II M

of M with respect to N, namely

AX =−DX N , for X ∈ T M,

II M(X, Y )= 〈AX, Y 〉, for X, Y ∈ T M.

We say that M is free boundary if x(∂M) meets ∂W orthogonally.
From now on, let us assume that W is a mean convex domain of R3 and M is a free

boundary constant mean curvature surface properly immersed in W. Such surfaces
are critical points of the area functional for normal variations whose variational
vector field is given by X = uN, where u ∈ F and

F =
{

u : M→ R : u is smooth up to the boundary and
∫

M
u d M = 0

}
.

The second variation of area functional is given by the quadratic form Q :C∞(M)×
C∞(M)→ R (see [Ros and Vergasta 1995; Ros 2008]),

Q(u, u)=
∫

M
(u1u−‖A‖2u2) d M +

∫
∂M
(uη(u)+ II ∂W (N , N )u2) ds.

Here η is the outward unit conormal vector field on ∂M, that is, the unique unit vector
field on ∂M that is tangent to M, normal to ∂M and pointing outward from M. Note
that, under our notations, the free boundary condition means that η = ν along ∂M.
We point out that in this paper we are using the geometric definition of the Laplacian
operator, that is, 1u = div∇u, where div X =− tr∇X.

The weak Morse index of M, denoted by Indw(M), is defined as the maximal
dimension of a subspace of F on which Q|F is negative definite. Geometrically,
the index indicates the number of directions whose variations decrease area. In
particular, we say that M is stable if the weak Morse index is zero.

We say that u ∈F is an eigenfunction of Q|F associated to the eigenvalue λ ∈R

if and only if Q|F (u, v)= λ
∫

M uv d M for all v ∈ F . This is equivalent to saying
that u solves the following eigenvalue problem:

(2-1)

{
Lu = λu in M,

∂u
∂η
=−II ∂W (N , N )u on ∂M,

where L : F→ F is given by

(2-2) Lu = Ju− 1
vol(M)

∫
M

Ju d M

and J =1−‖A‖2 is the Jacobi operator. We conclude that the weak Morse index
coincides with the number of negative eigenvalues of the boundary problem (2-1).
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Also, it is well known that such eigenvalues are given in a nondecreasing sequence
λL

1 ≤ λ
L
2 ≤ · · · ≤ λ

L
k ≤ · · · ↗∞ associated to a L2(M)-orthonormal basis,

{φ1, φ2, . . . , φk, . . .} of L2(M)∩F

of solutions of the eigenvalue problem (2-1), satisfying the min-max characterization

λL
k = min

u∈J k−1\{0}

Q|F (u, u)∫
M u2d M

,

where J k−1
= 〈φ1, . . . , φk−1〉

⊥.
In order to give lower bounds for the weak Morse index of M in terms of its topo-

logical invariants we will construct admissible eigenfunctions in F using harmonic
vector fields, or equivalently harmonic 1-forms. Let us denote by i : ∂M→ M the
inclusion map. We also set H1

T (M) the space of closed and coclosed 1-forms that
are tangential at ∂M, that is,

H1
T (M) := {w ∈�

1(M), dw = 0, δw = 0 and iηw = 0 along ∂M}.

Here d is the exterior derivative operator and δ is the interior derivative operator
defined by δ =− ? d?, where ? :�1(M)→�1(M) is the Hodge star operator.

It is important to note that H1
T (M) coincides with the space of harmonic 1-forms

satisfying the absolute boundary conditions, that is

H1
T (M)= {w ∈�

1(M),1w = 0, iηw = 0 and iηdw = 0 along ∂M}.

This space is closed related to the topology of the underline manifold. In fact
we have the following result; see [Ambrozio et al. 2018] or [Sargent 2017].

Lemma 2.1. Let M2 be a compact, orientable surface with nonempty boundary ∂M.
If M has genus g and k ≥ 1 boundary components, then

dimH1
T (M)= 2g+ k− 1.

3. Test functions and harmonic vector fields

Denoting by E = {E1, E2, E3} the canonical basis in R3 we will consider Ei :=

E i − 〈E i , N 〉N, the orthogonal projection of E i on T M. We also consider the
smooth support functions gi : M→ R, gi := 〈E i , N 〉, for 1≤ i ≤ 3.

Given a 1-form ω on M we denote by ξ its dual vector field, that is, ξ [ = ω.
Abusing notation slightly, we denote by ?ξ the vector field dual of ?ω. In the
following, we will use the coordinates of ξ and ?ξ as test functions. Namely, for
each 1≤ i ≤ 3, we define wi , wi : M→ R as

wi := ω(Ei )= 〈Ei , ξ〉 and wi := ?ω(Ei )= 〈Ei , ?ξ〉.

To compute the Jacobi operator of wi and wi we need the following lemma of
local nature proved in [Cavalcante and de Oliveira 2020]; see also [Ros 2007].



158 MARCOS P. CAVALCANTE AND DARLAN F. DE OLIVEIRA

Lemma 3.1. Let M2 be an orientable CMC surface in R3. Then, using the above
notation we have

1wi = (‖A‖2− 4H 2)wi + 2H〈AEi , ξ〉− 2gi 〈A,∇ξ〉+ 〈Ei ,1ξ〉,

1wi = (‖A‖2− 4H 2)wi + 2H〈AEi , ?ξ〉− 2gi 〈A,∇?ξ〉+ 〈Ei ,1?ξ〉,

for 1≤ i ≤ 3.

Now we note that when the vector field ξ is harmonic and tangential along ∂M
its coordinates are admissible functions to compute the weak Morse index of CMC
surfaces. More precisely we have:

Lemma 3.2. If ξ ∈ T M is a harmonic vector field which is tangential in ∂M, then
wi ∈ F, that is, ∫

M
wi d M = 0,

for 1≤ i ≤ 3.

Proof. Note that Ei = ∇xi , 1 ≤ i ≤ 3, where x = (x1, x2, x3) : M → W is the
immersion map. Then we have∫

M
wi d M =

∫
M
〈∇xi , ξ〉 d M

=

∫
M

xi div ξ d M +
∫
∂M

xi 〈ξ, η〉 ds = 0.

In fact, div ξ = 0 since ξ is harmonic, and 〈ξ, η〉 = 0 since ξ tangential to ∂M. �

Remark 3.3. In general the functions wi , 1≤ i ≤ 3, do not have mean value zero.
However, we will see in Section 4 that if dimH1

T (M) is large enough then we can
choose ξ such that ∫

M
wi d M = 0, for 1≤ i ≤ 3.

We conclude this section by computing the boundary term of the quadratic
form Q on wi and wi ,.

Lemma 3.4. If ξ ∈ T M is a vector field such that its dual 1-form satisfies the
absolute boundary condition, then∑

i

∫
∂M
(wiη(wi )+ II ∂W (N , N )w2

i ) ds = 2
∫
∂M

H ∂W
‖ξ‖2 ds,(3-1)

∑
i

∫
∂M
(wiη(wi )+ II ∂W (N , N )w2

i ) ds = 2
∫
∂M

H ∂W
‖ξ‖2 ds.(3-2)



INDEX ESTIMATES FOR FREE BOUNDARY CMC SURFACES 159

Proof. We first note that for any vector field X ∈ T M we have

〈∇ηEi , X〉 = η〈E i , X〉− 〈E i ,∇ηX〉

= 〈E i , DηX −∇ηX〉

= 〈E i , N 〉〈X, Aη〉.

Let ω be the dual 1-form of the vector field ξ . Since iηdω = 0 we have

0= dω(η, ξ)= 〈∇ηξ, ξ〉− 〈∇ξξ, η〉.

Thus, ∑
i

∫
∂M
wiη(wi ) ds =

∑
i

∫
∂M
wi (〈∇ηξ, Ei 〉+ 〈E i , N 〉〈ξ, Aη〉) ds

=

∫
∂M
〈∇ηξ, ξ〉 ds =

∫
∂M
〈∇ξξ, η〉 ds

=−

∫
∂M
〈∇ξη, ξ〉 ds =

∫
∂M

II ∂W (ξ, ξ) ds.

Since ξ and N form an orthogonal basis of the tangent space of ∂W along ∂M
we conclude the proof by noting that

II ∂W (ξ, ξ)+ II ∂W (N , N )‖ξ‖2 = 2H ∂W
‖ξ‖2.

The proof of assertion (3-2) follows the same steps as above, noting additionally
that the Levi-Civita connection ∇ commutes with the Hodge star operator ?. �

4. Proof of Theorem 1.1

Proof. The proofs follow the same spirit as our proofs in [Cavalcante and de Oliveira
2020] but take into account the boundary term. Let ξ1, ξ2, . . . , ξm , be the first m
eigenfunctions of the Hodge Laplacian1 on M, which satisfy the absolute boundary
condition [Gilkey et al. 1999, Theorem 1.5.4]. Set L1m = span{ξ1, . . . , ξm} the vector
space generated by these functions. By Lemma 2.1, we know that dimH1

T (M)=
2g+ k−1. Let us assume that m ≥ 2g− k−1, and so H1

T (M) is a subspace of L1m .
Next, we choose an orthonormal basis of L2(M) given by eigenfunctions of

the operator L defined in (2-2), say {φ1, φ2, . . . , φk, . . .}. We denote by J n
:=

〈φ1, . . . , φn〉
⊥ the linear subspace of F orthogonal to the first n eigenfunctions of L .

Initially, we look for harmonic forms ξ ∈L1m such that the functionswi , wi ∈J α−1,
for some α ∈ N and i ∈ {1, 2, 3}. It is equivalent to find a solution to the following
system with 6(α− 1) homogenous linear equations in the variable ξ :

(4-1)
∫

M
wiφk d M =

∫
M
wiφk d M = 0,

where 1≤ i ≤ 3 and 1≤ k≤α−1. In particular, if m(α) := dim L1m > 6(α−1), then
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the system (4-1) has at least one nontrivial solution ξ ∈L1m such that wi , wi ∈J α−1

for all 1≤ i ≤ 3. By min-max characterization we have

λJ
α

∫
M
w2

i d M ≤ Q(wi , wi ) and λJ
α

∫
M
w2

i d M ≤ Q(wi , wi ).

Now, using Lemma 3.1 we get

λJ
α

∫
M
w2

i d M ≤−4H 2
∫

M
w2

i d M + 2H
∫

M
〈Ei , Aξ〉wi d M

+

∫
M
〈Ei ,1ξ〉wi d M − 2

∫
M

gi 〈A,∇ξ〉wi d M

+

∫
∂M
(wiη(wi )+ II ∂W (N ,N )w2

i ) ds.

Summing up i = 1, 2, 3 and using Lemma 3.4 we obtain

λJ
α

∫
M
‖ξ‖2 d M ≤−4H 2

∫
M
‖ξ‖2 d M + 2H

∫
M
〈Aξ, ξ〉 d M

+

∫
M
〈1ξ, ξ〉 d M + 2

∫
∂M

H ∂W
‖ξ‖2 d M.

Applying the same arguments to the test functions wi we get

λJ
α

∫
M
‖ξ‖2 d M ≤−4H 2

∫
M
‖ξ‖2 d M + 2H

∫
M
〈A?ξ, ?ξ〉 d M

+

∫
M
〈1?ξ, ?ξ〉 d M + 2

∫
∂M

H ∂W
‖ξ‖2 ds.

Then, summing these last two inequalities and noting that 〈Aξ, ξ〉+〈A?ξ, ?ξ〉 =
2H‖ξ‖2, we have

(4-2) λJ
α

∫
M
‖ξ‖2d M ≤+2

∫
∂M

H ∂W
‖ξ‖2d M − 2H 2

∫
M
‖ξ‖2d M

+
1
2

∫
M
(〈1ξ, ξ〉+ 〈1?ξ, ?ξ〉)d M.

Finally, if ξ ∈ L1m we get ξ =
∑

i αiξi and therefore

(4-3)
∫

M
〈1?ξ, ?ξ〉d M =

∫
M
〈1ξ, ξ〉d M = λm(α)

∫
M
‖ξ‖2d M.

Substituting (4-3) into (4-2) and using the fact that H ∂W
≤ 0 we obtain

λJ
α ≤−2H 2

+ λ1m(α),

where m(α) > 6(α− 1). This concludes the first part of Theorem 1.1.
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In order to get the lower bound for the weak Morse index of M we take
J α−1

:= 〈φ1, . . . , φα−1〉, where φ1, . . . , φα−1 are the first eigenfunctions of the
eigenvalue equation (2-1). From Lemma 3.2 we know that if ξ ∈H1

T (M), then the
test functions w1, w2 and w3, belong to F .

We look for vector fields ξ ∈H1
T (M) such that for 1≤ i ≤ 3, the test functions

wi , wi are in J α−1, for some α ∈ N, and wi is in F . In this case, we have the
following system with 6α− 3 homogeneous linear equations in the variable ξ :

(4-4)
∫

M
wi =

∫
M
wiφk =

∫
M
wiφk = 0,

where 1≤ i ≤ 3 and 1≤ k ≤ α− 1.
If dimH1

T (M) = 2g + k − 1 > 6α − 3, then the system (4-4) has at least one
nontrivial solution ξ ∈H1

T (M). Following the same steps as above we get

λL
α

∫
M
‖ξ‖2 ≤−2H 2

∫
M
‖ξ‖2.

This implies that λL
α < 0 and then Indw(M)≥ α. Since α can be chosen as the

largest integer such that 2g+ k− 1> 6α− 3 we get

Indw(M)≥
2g+ k− 4

6
. �

5. Proof of Theorem 1.3

Proof. Composing the immersion x : M→W ⊂ S3 with the canonical immersion
of the unit sphere into the Euclidean space, we may consider x : M→ R4. Let E =
{E1, E2, E3, E4} be the canonical basis in R4 and Ei := E i−〈E i , N 〉N−〈E i , x〉x ,
the orthogonal projections of E i on T M. Choosing ν =−x as an orientation of S3

we have
DY X −∇Y X = 〈AX, Y 〉N +〈X, Y 〉ν, X, Y ∈ T M,

and also
〈∇X Ei , Y 〉 = X〈E i , Y 〉− 〈E i ,∇X Y 〉 = 〈E i , DY X −∇Y X〉

= 〈AX, Y 〉〈E i , N 〉+ 〈X, Y 〉〈E i , ν〉.

Using that 〈ξ, N 〉 = 〈?ξ, N 〉 = 〈ξ, ν〉 = 〈?ξ, ν〉 = 0 we get∑
i

∫
∂M
wiη(wi )ds=

∑
i

∫
∂M
wi (〈∇ηξ,Ei 〉)ds

+

∑
i

∫
∂M
wi (〈E i ,N 〉〈ξ, Aη〉+〈η,ξ〉〈E i ,ν〉)ds

=

∫
∂M
〈∇ηξ,ξ 〉ds+

∫
∂M
〈ξ,N 〉〈ξ, Aη〉+

∫
∂M
〈η,ξ 〉〈ξ,ν〉

=

∫
∂M
〈∇ηξ,ξ 〉ds,
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and analogously∑
i

∫
∂M
wiη(wi ) ds =

∫
∂M
〈∇η?ξ, ?ξ〉 ds =

∫
∂M
〈∇ηξ, ξ〉 ds.

So, Lemma 3.4 holds in the spherical case. The Laplacian of the test functions wi

and wi are given by (see [Cavalcante and de Oliveira 2020])

1wi = (‖A‖2−4H 2)wi+2H〈AEi ,ξ〉−2gi 〈A,∇ξ〉+〈Ei ,1ξ〉−2〈x,E i 〉divξ,

1wi = (‖A‖2−4H 2)wi+2H〈AEi , ξ̄〉−2gi 〈A,∇ ξ̄〉+〈Ei ,1ξ̄〉−2〈x,E i 〉div ξ̄ .

Under these considerations, and taking into account that the Jacobi operator for
immersions into S3 is given by J = 1− (‖A‖2 + 2) the proof follows as in the
proof of Theorem 1.1. �
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A CRITERION FOR MODULES OVER
GORENSTEIN LOCAL RINGS TO HAVE

RATIONAL POINCARÉ SERIES

ANJAN GUPTA

We prove that modules over an Artinian Gorenstein local ring R have ra-
tional Poincaré series sharing a common denominator if R/socle(R) is a
Golod ring. If R is a Gorenstein local ring with square of the maximal
ideal being generated by at most two elements, we show that modules over
R have rational Poincaré series sharing a common denominator. By a
result of Şega, it follows that R satisfies the Auslander–Reiten conjecture.
We provide a different proof of a result of Rossi and Şega (Adv. Math. 259
(2014), 421–447) concerning rationality of Poincaré series of modules over
compressed Gorenstein local rings. We also give a new proof of the fact
that modules over Gorenstein local rings of codepth at most 3 have rational
Poincaré series sharing a common denominator, which is originally due to
Avramov, Kustin and Miller (J. Algebra 118:1 (1988), 162–204).

1. Introduction

Let R be a commutative Noetherian local ring with maximal ideal m and residue
field k = R/m. Let M be a finitely generated module over R. The Poincaré series
of M over R is a formal power series in Z[|t |] defined as

P R
M(t)=

∑
i≥0

βR
i (M)t

i
∈ Z[|t |],

where βR
i (M)= dimk TorR

i (M, k) denotes the i-th Betti number of M. We say that
a formal power series P(t)∈Z[|t |] is a rational function if there exists a polynomial
g(t) ∈ Z[t] such that g(t)P(t) is a polynomial in Z[t]. An example due to Anick
[1982] shows that the Poincaré series P R

k (t) is not a rational function in general.
Bøgvad [1983] observed that P R

k (t) may not be a rational function even if R is a
Gorenstein ring.

Following Roos [2005, Definition 2.1], we say that a ring R is good if there
exists a polynomial dR(t) ∈ Z[t] such that dR(t)P R

M(t) ∈ Z[t] for every finitely
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generated R-module M and bad otherwise. Roos proved that bad rings exist [2005,
Theorem 2.4]. Nevertheless there are an abundance of good rings, e.g., regular local
rings, local complete intersections; see [Gulliksen 1974, Corollary 4.2]. We refer
to [Avramov et al. 1988; 1994] for more examples of good rings and a detailed
account of applications of rationality of Poincaré series.

We use µ(−) to denote the minimal number of generators. The embedding
dimension of R (= dimk m/m

2) is denoted by edim(R). Let R̂ denote the m-adic
completion of R. By Cohen’s structure theorem, there is a regular local ring Q with
maximal ideal n and a surjective ring homomorphism η : Q→ R̂ such that ker η =
I ⊂ n2. The map η is called a minimal Cohen presentation of R. The Loewy length
of R is defined as ll(R)=max{i :mi

6= 0} if R is Artinian and infinity otherwise.
We recall a few more examples of good rings collected from existing literature.

Precise references are given with each of the examples.

Examples. Let R be a Gorenstein local ring such that edim(R)= n ≥ 2, ll(R)= s
and µ(I ) = r . If R satisfies one of the conditions (1)–(3) below, then P R

k (t) =
(1+ t)n/dR(t) for some polynomial dR(t) ∈ Z[t] and dR(t)P R

M(t) ∈ Z[t] for every
finitely generated R-module M.

(1) R is a compressed Artinian Gorenstein ring (see Definition 4.3) and s≥2, s 6=3.
If η : Q → R is a minimal Cohen presentation of R, then the polynomial
dR(t) is given by 1− t (P Q

R (t)− 1)+ tn+1(1+ t); see [Rossi and Şega 2014,
Theorem 5.1].

(2) R is an Artinian Gorenstein ring and µ(m2) = 1. The polynomial dR(t) is
given by 1− nt + t2; see [Sally 1980, Theorem 2] and [Croll et al. 2018,
Theorem 5.4]

(3) R is not a complete intersection and codepth(R)= edim(R)− depth(R)≤ 3.
The polynomial dR(t) is equal to 1− r t2

− r t3
+ t5; see [Wiebe 1969, Satz 9]

and [Avramov et al. 1988, Theorem 6.4].

The main objective of the present article is to give a criterion for Gorenstein local
rings to be good, which provides a common method to prove the good property in
each of the above examples. As a new application we show that if R is an Artinian
Gorenstein ring and µ(m2)= 2, then R is a good ring.

We recall a few definitions. Let φ : R→ S be a surjective homomorphism of
local rings and k be the common residue field of R and S. From the standard change
of rings spectral sequence of Tor, Serre proved the following term-wise inequality
of power series:

P S
k (t)≺

P R
k (t)

1− t (P R
S (t)− 1)

.

The homomorphism φ is called a Golod homomorphism if the above inequality
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is an equality. The most widespread method to show that a ring R is good is to
use a result of Levin (Theorem 2.2) which states that a ring R is good if there is a
surjective Golod homomorphism from a complete intersection onto R.

Let η : Q � R̂ be a minimal Cohen presentation of R. We say that R is a Golod
ring if η is a Golod homomorphism. Let edim(R)= n and K R denote the Koszul
complex of R on a minimal set of generators of maximal ideal m. It follows that R
is a Golod ring whenever one has

P R
k (t)=

(1+ t)n

1−
∑n

i=1 dimk Hi (K R)t i+1 .

We refer to [Avramov 1998, §3] for more details on Golod rings and Golod homo-
morphisms. The main result of the present article is the following:

Theorem I. Let R be an Artinian Gorenstein local ring of embedding dimension
n ≥ 2 such that R/ socle(R) is a Golod ring. Let η : Q→ R be a minimal Cohen
presentation, n denote the maximal ideal of Q and I = ker(η) ⊂ n2. Then the
following hold.

(1) For any f ∈ I \ nI, the induced map Q/( f )� R is a Golod homomorphism.

(2) Let dR(t) = 1− t (P Q
R (t)− 1)+ tn+1(1+ t). Then for any R-module M we

have dR(t)P R
M(t) ∈ Z[t].

It is worth noting that if R is an Artinian Gorenstein ring, edim(R) ≥ 2 and
R/ socle(R) is a Golod ring, then with the notation used in the above theorem,

P R
k (t)=

(1+ t)n

dR(t)

by a result of Rossi and Şega [2014, Proposition 6.2]. Therefore, statement (2) is
an immediate consequence of statement (1) and the result of Levin.

The following is proved as an application of Theorem I.

Theorem II. Let R be an Artinian Gorenstein local ring with maximal ideal m and
residue field k. Let M be a finitely generated R-module. Assume that edim(R)= n
and µ(m2)≤ 2. Then the following hold.

(1) If n = 1, then P R
k (t)=

1
1−t and (1− t)P R

M(t) ∈ Z[t].

(2) If n ≥ 2, then P R
k (t)=

1
1−nt+t2 and (1+ t)n(1− nt + t2)P R

M(t) ∈ Z[t].

(3) If Exti (M,M)= 0 for all i ≥ 1, then M is a free R-module.

Statement (3) follows from statements (1) and (2) by an argument of Şega [2003].
It implies that R satisfies the Auslander–Reiten conjecture [1975].

The rings considered in Theorem II are called stretched when µ(m2) = 1 and
almost stretched when µ(m2)= 2 (see Definition 3.11). Stretched Cohen–Macaulay
local rings were introduced by Sally [1980]. She proved that P R

k (t) is rational
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for such a ring R [1980, Theorem 2]. Later Elias and Valla introduced almost
stretched Cohen–Macaulay local rings. They proved that if R is an almost stretched
Gorenstein local ring and the residue field k of R has characteristic zero, then P R

k (t)
is rational [Elias and Valla 2009, Theorem 1.1]. In a recent article [Croll et al.
2018, Corollary 5.6], stretched Cohen–Macaulay local rings are shown to be good.
Using Theorem II, we prove that stretched Cohen Macaulay and almost stretched
Gorenstein rings are good without any assumption on residue fields. We also prove
that such rings satisfy the Auslander–Reiten conjecture.

Now we briefly describe the organisation of the article. In Section 2, we prove
Theorem I. The proof extensively uses a characterisation theorem for Golod algebras
(see Theorem 2.1) and chain derivations on acyclic closures whose construction
dates back to the work of Gulliksen. The connected sum of Gorenstein local rings
was introduced in [Ananthnarayan et al. 2012] (see Definition 3.2). In Section 3,
we provide a criterion for connected sum decompositions of Gorenstein local rings.
We show that if R is an Artinian Gorenstein local ring with maximal ideal m and
µ(m2)≤ 2, then R decomposes as a connected sum unless µ(m)≤ 2 (Corollary 3.5).
We use this decomposition to show that quotients of such a ring R by nonzero
powers of maximal ideal m are Golod rings (Lemma 3.8). This fact is crucially used
in the proof of Theorem II. Finally, Section 4 contains new proofs of Examples (1)
and (3) using Theorem I. We identify a certain quotient C of the Koszul algebra K R

of an Artinian Gorenstein ring R such that R is a surjective image of a complete
intersection under a Golod homomorphism whenever C is a Golod DG algebra
(Section 2B). We show that for the ring considered in Examples (1) and (3), this
quotient is a Golod algebra. We make it a point to advertise here that our versions are
slightly stronger than the earlier ones in both examples since we constructed Golod
homomorphisms from hypersurfaces given by any choice of generator belonging to
a minimal generating set of the defining ideal.

We conclude with a remark that our approach only constructs Golod homo-
morphisms from hypersurface rings. We hope that the present approach can be
generalised further to find criteria for existence of Golod homomorphisms from
complete intersections of higher codimension.

All rings in this article are Noetherian local rings with 1 6= 0. All modules are
nonzero and finitely generated. Throughout this article, the expression “local ring
(R,m, k)” refers to a commutative Noetherian local ring R with maximal ideal m
and residue field k = R/m. When information on the residue field is not necessary,
we denote a local ring R with maximal ideal m simply by (R,m).

2. The main result

Let (R,m, k) be a local ring. A DG algebra (A, ∂) over the ring R consists of a
nonnegatively graded strictly skew-commutative R-algebra A =⊕i≥0 Ai such that



MODULES OVER GORENSTEIN LOCAL RINGS HAVING RATIONAL POINCARÉ SERIES 169

A0= R/I for some ideal I of R and an R-linear differential map ∂ of degree−1 sat-
isfying the Leibniz rule. A DG-algebra homomorphism φ : A→ B is a chain map of
complexes which induces a ring homomorphism φ#

: A#
→ B# between underlying

skew-commutative rings A# and B# after forgetting the differential maps on A and B.
The DG-algebra B is called a semifree extension of A if B# is a free module over A#.

The DG algebra (A, ∂) is augmented if it is equipped with a surjective DG algebra
homomorphism ε : A � k. If ε̃ : H(A)→ k is the induced map on homology, we
set I A = ker ε, IH(A) = ker ε̃ and IZ(A) = I A ∩ Z(A). We say that the DG
algebra (A, ∂) is minimal if ∂(A)⊂mA. A minimal DG algebra A is augmented
naturally with the surjective map ε = q ◦ pr where pr : A � A0 is the projection
and q : A0 � k is the natural quotient map. We refer to [Avramov 1998] for more
information on DG algebras and related terminologies.

2A. Tate resolutions. Tate described a method to construct a DG algebra resolution
of the residue field k over R. The method involves an iterated process of adjoining
exterior variables to kill cycles of even degrees and divided powers variables to kill
cycles of odd degrees starting from R. In literature, this construction is known as
Tate resolution. Later Gulliksen proved that if the number of variables added at
each step of killing cycles of a certain degree is the minimum possible, the resulting
Tate resolution becomes a minimal free resolution of the residue field k. In this
case, the DG algebra is called the acyclic closure of k over R which is unique up
to isomorphism of DG0 algebras. We refer the reader to [Avramov 1998, §6] and
[Gulliksen and Levin 1969, Chapter 1] for more details.

In this article, by Tate resolution we mean a surjective R-linear quasi-isomorphism
ε : R〈X〉� k where R〈X〉 is the acyclic closure of k. The adjoined set of variables
X = {X i : i ≥ 1} is ordered such that 1≤ deg(X i )≤ deg(X j ) for i < j. Note that
by construction the acyclic closure R〈X〉 is a semifree extension of R.

An R-linear derivation of degree n on the acyclic closure R〈X〉 is an R-linear
map η : R〈X〉 → R〈X〉 of degree n satisfying the following properties:

(1) η(R)= 0 (R-linearity).

(2) η satisfies the Leibniz rule; that is, η(uv) = η(u)v + (−1)n deg(u)xη(v) for
u, v ∈ R〈X〉.

(3) η(X (i)
i ) = η(X i )X

(i−1)
i , with X (i)

i being the i-th divided power of a variable
X i of even positive degree.

The derivation η is called a chain derivation if it commutes with the differential ∂
of R〈X〉 in the graded sense, i.e., η ◦ ∂ = (−1)n∂ ◦ η.

Gulliksen and Levin [1969, Theorem 1.6.2] constructed a sequence of R-linear
chain derivations η j on the acyclic closure R〈X〉 such that η j (X j )=1 and η j (X i )=0
for i < j.
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2B. Golod algebras. An augmented DG algebra A over R with augmentation map
ε : A � k is called a Golod algebra if A admits a trivial Massey operation, i.e., there
are a graded k-basis bR = {hλ}λ∈3 of IH(A), a function µ :

⊔
∞

i=1 b
i
R→ A such that

µ(hλ) ∈ IZ(A) with cls(µ(hλ))= hλ, and setting ā = (−1)i+1a for a ∈ Ai one has

∂µ(hλ1, . . . , hλp)=

p−1∑
j=1

µ(hλ1, . . . , hλ j )µ(hλ j+1, . . . , hλp).

The following is proved in [Levin 1976, Theorem 1.5] and also follows from
[Levin 1985, Theorem 1.1].

Theorem 2.1. Let f : (R,m)� (S, n) be a surjective homomorphism of local rings
with common residue field k and ε : R〈X〉� k be a DG algebra resolution of k
over R. Set A= R〈X〉⊗R S. Consider A augmented with the augmentation ε⊗R S.
Then the following are equivalent:

(1) The DG algebra A is a Golod algebra.

(2) The map f is a Golod homomorphism.

(3) The induced maps TorR(k, k)→ TorS(k, k) and TorR(n, k)→ TorS(n, k) are
injective.

We recall the following result of Levin recorded in [Avramov et al. 1988, Propo-
sition 5.18].

Theorem 2.2. Let (R,m, k) be a local ring and φ : P � R be a surjective Golod
homomorphism from a local complete intersection P of embedding dimension
n onto R. Then there exists a polynomial dR(t) ∈ Z[t] such that for any finitely
generated R-module M, we have dR(t)P R

M(t)∈Z[t]. Further, dR(t)P R
k (t)= (1+t)n.

We are now equipped to prove the main result.

2C. Proof of Theorem I.

Proof. Let the maximal ideal of R be m and k = R/m denote the residue field
of R. We know that H1(K R)∼= I/nI. Therefore, the minimal generators of I are
in one-to-one correspondence with the generators of H1(K R). Let the maximal
ideal n of Q be minimally generated by y1, . . . , yn . The Koszul complex of Q
is K Q

= Q〈X i : ∂(X i ) = yi , 1 ≤ i ≤ n〉. Let f =
∑n

i=1 ai yi and P = Q/( f ).
Note that K P

= K Q
⊗Q P and K R

= K Q
⊗Q R are Koszul complexes of P

and R, respectively. Set z =
∑n

i=1 ai X i ∈ K Q
1 . Then its residue class z̄ is a cycle

in Z1(K P). Let V = K P
〈T : ∂(T ) = z̄〉 be the extension of K P by adjoining a

divided powers variable T of degree 2 to kill the cycle z̄. By [Avramov 1998,
Theorem 7.3.3], the natural augmentation V � k is the Tate resolution of k over P.

Set U = V ⊗R R = K R
〈T : ∂(T ) = z̄〉. Since f ∈ I \ nI, we have z̄ ∈

Z1(K R) \ B1(K R). Therefore, we can adjoin variables to U to obtain the acyclic
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closure X of the residue field k over R. The augmentation map ε : X � k is the
Tate resolution of k over R.

By Theorem 2.1, to show that P � R is a Golod homomorphism, we need to
prove that the induced maps TorP(k, k)→TorR(k, k) and TorP(m, k)→TorR(m, k)
are injective. Both V and X are minimal algebras. Therefore, the first map is
U ⊗R k→ X⊗R k which is obviously injective since X is a semifree extension
of U. The second map is i∗ : H(mU )→ H(mX) which is induced by the inclusion
i :mU →mX. We prove that i∗ is an injective map.

We have an R-linear chain derivation v :X→X of degree−2 such that v(T )= 1.
Set R = R/ socle(R). Note that socle(R)⊂m2, so K R

= R⊗R K R is the Koszul
complex of R. Now K R can be extended to the acyclic closure Y over R. Let
j : K R

→Y denote the inclusion. The augmentation εY : Y � k is an algebra
homomorphism over K R. The acyclic closure X is semifree over K R. Therefore, the
augmentation εX :X� k lifts to a DG algebra homomorphism β :X→Y over K R

[Avramov 1998, Proposition 2.1.9]. Let α : K R
→ K R denote the quotient map.

By abuse of notation we denote restriction of a map by the same symbol. We have
the following commutative diagram:

mK R

α
��

i
// mX

β

��

mK R j
// mY

A cycle y in mU can be written as y=
∑m

k=0 ak T (m−k), ai ∈mK R. Suppose i(y)
is in the boundary of mX. We prove by induction on m that y is in the boundary
of mU.

First assume that m = 0. Then y ∈mK R. Since i(y) is in the boundary of mX,
j ◦α(y) is in the boundary of mY by the commutative diagram. Now R is a Golod
ring, so j induces an injective map j∗ : H(mK R)→ H(mY). Therefore, α(y) is in
the boundary of mK R. This implies that y= sy1+∂(y2) where y1 ∈ K R, y2 ∈mK R

and socle(R)= (s).
We know from [Levin and Avramov 1978, Lemma 1.2] that socle(R)K R

i ⊂

(0 :m2)Bi (K R) for 1≤ i ≤n−1. If deg(y)=deg(y1)<n, then sy1∈ (0 :m2)B(K R)

and consequently y ∈mB(K R)⊂mB(U ). On the other hand if deg(y)= n, then
y2 = 0 and y = sy1 = as X1 · · · Xn , a ∈ R. Since H(K R) is a Poincaré algebra
[Avramov and Golod 1971], there is a z′ ∈ Zn−1(K R) such that z̄z′ = s X1 · · · Xn .
We conclude y= az̄z′= ∂(aT z′)∈mB(U ). Therefore, the induction step for m= 0
follows.

Now we assume that m>0. Note that a0=v
m(i(y)). Since i(y)∈mB(X) and the

chain derivation v commutes with the differential of X, we have a0 ∈mK R
∩B(mX).

We consider two cases.
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Suppose deg(a0) = n. Then a0 ∈ Zn(mK R) = socle(R)K R
n . Therefore, a0 =

as X1 · · · Xn , a ∈ R. One observes a0T (m)
= az̄z′T (m)

= ∂(az′T (m+1)) ∈mB(U ).
Therefore, i

(∑m−1
k=0 ak T (m−k)

)
= i(y)− a0T (m) is in the boundary of mX. Conse-

quently,
∑m−1

k=0 ak T (m−k) is in the boundary of mU by the induction hypothesis.
We conclude that y is in the boundary of mU.

Suppose deg(a0) < n. Then by the argument in the induction step m = 0, one
has a0 = ∂(y3) for y3 ∈mK R. We can write

y=∂(y3)T(m)+
m−1∑
k=0

ak T(m−k)
=∂(y3T (m))+

[
(−1)deg(y3)+1 y3 z̄T (m−1)

+

m−1∑
k=0

ak T (m−k)
]
.

The first summand is in mB(U ). This implies that the second summand is in the
boundary of mX and therefore also in the boundary of mU by induction hypothesis.
We conclude that y is in the boundary of mU. This completes the induction step.
Hence i∗ is an injective map and statement (1) follows.

The ring R is Golod. The Poincaré series of R is computed in [Rossi and Şega
2014, Proposition 6.2] as

P R
k (t)=

(1+ t)n

1− t (P Q
R (t)− 1)+ tn+1(1+ t)

so statement (2) follows from Theorem 2.2. �

3. Stretched and almost stretched rings

Our aim in this section is to prove that stretched and almost stretched Gorenstein
rings are good. The key step is to show that rings of these types decompose as
connected sums. If the residue field is infinite, then Lemma 3.1 follows from [Eakin
and Sathaye 1976, Theorem 1]. The proof of the lemma was suggested by the
anonymous referee.

Lemma 3.1. Let (R,m, k) be a local ring such that µ(m2)≤ 2. Then there exists
an x ∈m \m2 such that m2

= xm. Furthermore, if ll(R)≥ 3, then x2
6∈m3.

Proof. If m2
= xm+m3 and x ∈ m \m2, then by Nakayama’s lemma we have

m2
= xm. Therefore, to prove the first assertion, it is enough to assume that m3

= 0,
i.e., m2 is a k-vector space. If m2

= 0, then m2
= xm = 0 for all x ∈ m \m2. If

µ(m2)= 1, then for any x ∈m\m2 such that xm 6= 0, we have m2
= xm. Therefore,

we only need to consider the case when µ(m2) = 2, i.e., m2 is a vector space of
dimension two.

Let x1, . . . , xn be a minimal generating set of m. Let r be such that xim 6= 0 for
all i with 1≤ i ≤ r but xim= 0 for i > r . Assume, by way of contradiction, that
m2
6= xm for all x ∈ m \m2. Thus, if i ≤ r then xim is a one-dimensional vector
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space. We may also assume m2
= x1m+ x2m. Clearly x1m 6= x2m since otherwise

m2
= x1m, a contradiction to our assumption.

If i ≤ r , j ≤ r and xi x j 6= 0, then one observes that xim = x jm. This is true
because xim and x jm are both one-dimensional vector spaces and they share the
nonzero element xi x j . Since x1m 6= x2m, we must therefore have x1x2 = 0. Now
x1m 6= 0 and x2m 6= 0, so there exist i, j with i ≤ r , j ≤ r such that x1xi 6= 0
and x2x j 6= 0. This implies x1m= xim and x2m= x jm. In particular, xim 6= x jm

and hence xi x j = 0. We have (x2+ xi )x1 = x1xi 6= 0 and (x2+ xi )x j = x2x j 6= 0,
hence (x2+ xi )m= x1m and (x2+ xi )m= x jm= x2m. This yields x1m= x2m, a
contradiction. Therefore, the first part of the lemma follows.

If x2
∈m3, then m3

= x2m⊂m4. By Nakayama’s lemma, m3
= 0 which implies

ll(R)≤ 2. Therefore, x2
6∈m3 if ll(R)≥ 3. �

We recall definitions of fibre products and connected sums [Ananthnarayan et al.
2012].

Definition 3.2. Let (R,mR, k) and (S,mS, k) be local rings with a common residue
field k. Let πR : R→ k and πS : S→ k be natural quotient maps from R and S
onto k, respectively. The fibre product of R and S is defined as the ring R×k S =
{(r, s) ∈ R × S : πR(r) = πS(s)}. The ring R ×k S is local with maximal ideal
mR ⊕mS .

Now assume that both R and S are Artinian Gorenstein local rings with one-
dimensional socles socle(R)= 〈δR〉 and socle(S)= 〈δS〉. Then the connected sum
of R and S is defined as

R#S =
R×k S
〈(δR,−δS)〉

.

We say a Gorenstein local ring Q is decomposable as a connected sum if there
are rings R and S such that Q = R#S, l(R) < l(Q) and l(S) < l(Q). Here l(−)
denotes the length function.

Define a left module structure on the polynomial ring T = k[Y1, . . . , Yn] over
the ring S= k[X1, . . . , Xn], X i = Y−1

i , by defining the action of X i on a monomial
M ∈ T as the usual multiplication if X i M ∈ T and zero otherwise. Macaulay’s
inverse system establishes a one-to-one correspondence between local Artinian
Gorenstein algebras

R =
k[X1, . . . , Xn]

I
such that I ⊂ (X1, . . . , Xn) and polynomials F in the ring T up to a unit multiple.
The correspondence is given by I = ann F; see [Eisenbud 1995, Theorem 21.6].
If Gorenstein local rings R and S correspond to F ∈ k[Y1, . . . , Ym] and G ∈
k[Ym+1, . . . , Yn], respectively, then the connected sum R#S corresponds to F+G ∈
k[Y1, . . . , Yn]; see [Ananthnarayan 2009, Remark 4.24].
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The following result follows from [Ananthnarayan et al. 2019, Proposition 4.1]
and can be proved easily for Artinian k-algebras using Macaulay’s inverse system.

Theorem 3.3. Let (Q, n, k) be a regular local ring and I ⊂ n2 be an ideal
such that R = Q/I is an Artinian Gorenstein local ring. Let n be minimally
generated by x1, . . . , xm, y1, . . . , yn such that (x1, . . . , xm)(y1, . . . , yn) ⊂ I. Let
max{i : (x1, . . . , xm)

i
6⊂ I } = s and max{i : (y1, . . . , yn)

i
6⊂ I } = t . Then there are

ideals I1 and I2 in Q containing (x1, . . . , xm) and (y1, . . . , yn), respectively, such
that the following hold.

(1) The rings S=Q/I1 and T =Q/I2 are Gorenstein rings. Further, edim(S)=n,
edim(T )= m, ll(S)= t , and ll(T )= s.

(2) R = S#k T.

The next theorem is the key to decomposing an Artinian Gorenstein local ring
(R,m, k) with µ(m2)≤ 2 as a connected sum. When edim(R)= 2 and char(k)= 0,
the theorem follows from [Elias and Valla 2008, Theorem 4.1].

Theorem 3.4. Let (R,m, k) be a local Artinian Gorenstein ring. Let edim(R)= n,
ll(R) ≥ 3 and dimk m

2/m3
= m < n. Assume that m admits a generator x1 such

that m2
= x1m. Then there exists a minimal generating set {x1, x2, . . . , xn} of m

extending x1 such that the following hold.

(1) m2
= (x2

1 , x1x2, . . . , x1xm).

(2) (x1, . . . , xm)(xm+1, . . . , xn)= 0.

(3) (xm+1, . . . , xn)
2
= socle(R).

The ring R decomposes as a connected sum R = S#T such that edim(S) = m,
edim(T )= n−m, ll(S)= ll(R) and ll(T )= 2.

Proof. Since ll(R)≥ 3, we have x2
1 6∈m

3. Therefore, we can choose a minimal gener-
ating set {x1, x2, . . . , xn} of m such that m2

= (x2
1 , x1x2, . . . , x1xm). Statement (1)

follows.
We have x1x j = α1 j x2

1 +α2 j x1x2+ · · ·+αmj x1xm , αi j ∈ R for 1≤ i ≤ m and
m+ 1≤ j ≤ n. This gives x1(x j −α1 j x1−α2 j x2− · · ·−αmj xm)= 0. Replacing
x j−α1 j x1−α2 j x2−· · ·−αmj xm by x j , we assume that x1x j = 0 for m+1≤ j ≤ n.

If m = 1, property (2) is satisfied. We assume that µ(m2)= m ≥ 2. Since m2 is
minimally generated by {x2

1 , x1x2, . . . , x1xm} and x1(xm+1, . . . , xn)= 0, we have

(0 : x1)⊂m(x1, . . . , xm)+ (xm+1, . . . , xn).

This implies that the residue classes of elements xm+1, . . . , xn form a k-basis of
((0 :R x1)+m2)/m2. Therefore, dimk(((0 :R x1)+m2)/m2)= n−m.

Claim 1: m[(0 :R x1)∩m
2
] = socle(R).
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Proof. Note m2(0 :R x1) = x1m(0 :R x1) = 0. This implies m[(0 :R x1)∩m
2
] ⊂

socle(R). Therefore, it is enough to prove that m[(0 :R x1)∩m
2
] 6= 0. We have

mi+1
= x1m

i for i ≥ 1. This means that µ(mi+1) ≤ µ(mi ), i ≥ 1. Let t =
max{i : µ(mi ) = m}. Then t ≥ 2. Since m ≥ 2, we have ll(R) ≥ t + 1. The map
mt/mt+1 ·x1

−→mt+1/mt+2 is not injective since dimk(m
t/mt+1)>dimk(m

t+1/mt+2).
Therefore, we find y ∈mt

\mt+1 such that yx1 ∈m
t+2. Note that mt+2

= x1m
t+1. It

follows that yx1 = x1m for some m ∈mt+1. Consequently x1(y−m)= 0. Clearly,
y − m ∈ [(0 :R x1) ∩ m2

] and y − m 6∈ mt+1. Since socle(R) ⊂ mt+1, we have
y − m 6∈ socle(R). Therefore, [(0 :R x1) ∩ m2

] 6⊂ socle(R). We conclude that
m[(0 :R x1)∩m

2
] 6= 0 and the claim is proved. �

Claim 2: dimk
(
[(0 :R x1)∩m

2
]/(m[(0 :R x1)∩m

2
])
)
= m− 1.

Proof. We know that (0 :R x1)=HomR(R/(x1), R). We have m2
= x1m⊂ (x1). By

Matlis duality l(0 :R x1)= l(R/x1 R)= l(R/m2)−l((x1 R+m2)/m2)=1+n−1=n.
Now we have

l[(0 :R x1)∩m
2
] = l(0 :R x1)+ l(m2)− l[(0 :R x1)+m2

]

= l(0 :R x1)− l
[
(0 :R x1)+m2

m2

]
= n− (n−m)= m.

Therefore,

dimk
[(0 :R x1)∩m

2
]

m[(0 :R x1)∩m2]
= l
(
[(0 :R x1)∩m

2
]

m[(0 :R x1)∩m2]

)
= l[(0 :R x1)∩m

2
]−1=m−1. �

Claim 3: The pairing

(x2, . . . , xm)

m(x2, . . . , xm)
×
[(0 :R x1)∩m

2
]

m[(0 :R x1)∩m2]
→ socle(R)

given by (x̄, ȳ)→ xy is well defined and nondegenerate.

Proof. We have m(x2, . . . , xm)(0 :R x1) = 0 since m2
= x1m. This implies that

(x2, . . . , xm)[(0 :R x1)∩m
2
] ⊂ socle(R). Therefore, the above pairing exists. Note

that m2(xm+1, . . . , xn)=0. As a result, if y ∈[(0 :R x1)∩m
2
] and y(x2, . . . , xm)=0,

we have y ∈ socle(R)=m[(0 :R x1)∩m
2
]. This implies that the map

[(0 :R x1)∩m
2
]

m[(0 :R x1)∩m2]
→ Hom

(
(x2, . . . , xm)

m(x2, . . . , xm)
, socle(R)

)
induced by the above pairing is injective. We have

dimk
(x2, . . . , xm)

m(x2, . . . , xm)
= dimk

[(0 :R x1)∩m
2
]

m[(0 :R x1)∩m2]
= m− 1.

Therefore, the above map is an isomorphism and consequently the pairing is nonde-
generate. �
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Note that m(x2, . . . , xm)(xm+1, . . . , xn)= 0 so

(x2, . . . , xm)(xm+1, . . . , xn)⊂ socle(R).

The multiplication by x j defines a map (x2, . . . , xm)/(m(x2, . . . , xm))→ socle(R)
for m+1≤ j ≤ n. Since the pairing in Claim 3 is nondegenerate, we have x̂ j ∈ [(0 :R
x1)∩m

2
] such that x j xi = x̂ j xi for 2≤ i ≤m and m+1≤ j ≤n. We also have x1x j =

x1 x̂ j = 0 for m+1≤ j ≤n. It follows that (x j− x̂ j )(x1, . . . , xm)= 0, m+1≤ j ≤n.
Therefore, replacing (x j − x̂ j ) by x j we have (x1, . . . , xm)(xm+1, . . . , xn)= 0 and
property (2) is satisfied.

Let socle(R) = 〈δ〉 and K = (xm+1, . . . , xn). We have m2K = x1Km = 0, so
K 2
⊂mK ⊂ socle(R). Note that K 2

6=0 for otherwise each of the x j , m+1≤ j ≤n,
is in socle(R) ⊂ m2, a contradiction. Therefore, K 2

= mK = socle(R) and the
property (3) is satisfied.

The last statement follows from Theorem 3.3. �

The following is a consequence of Lemma 3.1 and Theorem 3.4.

Corollary 3.5. Let (R,m) be an Artinian Gorenstein local ring such that ll(R)≥ 3
and µ(m2) ≤ min{2, edim(R)− 1}. Then R = S#T where (S, p) and (T, q) are
Gorenstein local rings, edim(S)= µ(m2), ll(S)= ll(R) and ll(T )= 2.

Lemma 3.6. Let (R,m) be an Artinian Gorenstein local ring such that edim(R)≥2
and ll(R)= s. Then the quotient ring R/mi is not a Gorenstein ring for 2≤ i ≤ s.

Proof. If possible assume that R/mi is a Gorenstein ring for some i satisfying
2 ≤ i ≤ s. Then the injective hull of k over R/mi is ER/mi (k)∼= R/mi. We know
that ER/mi (k)∼= HomR(R/mi , R)= (0 :R mi ). Consequently (0 :R mi ) = (x), a
principal ideal for some x ∈ R. Now ms−i+1

⊂ (0 :R mi ) and ms−i+1
6⊂m(0 :R mi ) for

otherwise ms−i+1
⊂m(0 :R mi )⊂ (0 :R mi−1) which implies ms

=ms−i+1mi−1
= 0,

a contradiction. Since (0 :R mi ) is principal, we have (0 :R mi )=ms−i+1
= (x).

Apply Macaulay’s theorem characterising Hilbert function [Bruns and Herzog
1993, Theorem 4.2.10] to the associated graded ring grm(R). We obtain µ(mn+1)≤

µ(mn)〈n〉 for all n ≥ 1. We already have µ(ms−i+1)= 1. This implies that m j is a
principal ideal for j satisfying the inequality s− i + 1≤ j ≤ s and so l(0 :R mi )=

l(ms−i+1)= i . By Matlis duality, l(R/mi )= l Hom(R/mi , R)= l(0 :R mi )= i . We
have

∑i−1
j=0[l(m

j/m j+1)−1] = l(R/mi )− i = 0 and each summand is nonnegative.
This shows that edim(R)= l(m/m2)= 1, a contradiction. �

The following theorem is proved in [Dress and Krämer 1975, Satz 2].

Theorem 3.7. Let (S,mS, k) and (T,mT , k) be two local rings and R = S ×k T.
Then,

1
P R

k (t)
=

1
P S

k (t)
+

1
PT

k (t)
− 1.
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If M is an S-module, then

1
P R

M(t)
=

P S
k (t)

P S
M(t)

(
1

P S
k (t)
+

1
PT

k (t)
− 1
)
=

P S
k (t)

P S
M(t)P

R
k (t)

.

The following is a consequence of Lemma 3.1 and Theorem 3.4.

Lemma 3.8. Let (R,m, k) be an Artinian Gorenstein local ring such that µ(m)=n,
ll(R)≥ 2 and µ(m2)≤ 2. Let i be an integer satisfying 2≤ i ≤ ll(R). Then R/mi

is a Golod ring and P R/mi

k (t)= 1
1−nt .

Proof. Fix i satisfying 2 ≤ i ≤ ll(R) and set R = R/mi . The result is clear
when n = 1 or ll(R) = 2. First we assume that n = 2 and ll(R) > 2. A result of
Scheja [1964] states that a codepth 2 local ring is either a Gorenstein (equivalently
complete intersection) or a Golod ring. The ring R cannot be a Gorenstein ring
by Lemma 3.6 so R is a Golod ring. Since R is a complete intersection, the
defining ideal of R is minimally generated by three elements. It follows that
κ R(t)=

∑
i≥0 dimk Hi (K R)t i

= 1+ 3t + 2t2 and

(1− t (κ R(t)− 1))= 1− t (1+ 3t + 2t2
− 1)= (1+ t)2(1− 2t).

We have

P R
k (t)=

(1+ t)2

1− t (κ R(t)− 1)
=

1
1− 2t

.

Now we assume that n > 2 and ll(R) > 2. By Corollary 3.5, it follows that
R= S#T where (S, p) and (T, q) are Gorenstein local rings, edim(S)=µ(m2)≤ 2,
ll(S)= ll(R)≥ 3 and ll(T )= 2. One has R= S×k T where S= S/pi and T = T/q2.
Both S and T are Golod rings. The ring R is a Golod ring because a fibre product
of Golod rings is Golod; see [Lescot 1983, Theorem 4.1].

P S
k (t)= 1/(1− edim(S)t) by the case n = 2 and PT

k (t)= 1/(1− edim(T )t)
([Avramov 1998, Example 4.2.2]). The formula for the Poincaré series follows
from Theorem 3.7. �

The following is a well known fact.

Lemma 3.9. Let (R,m, k) be a local ring, x be a nonzero divisor of R and S =
R/(x). If there exists a polynomial d(t) ∈ Z[t] such that d(t)P S

M(t) ∈ Z[t] for all
S-modules M, then d(t)P R

M(t) ∈ Z[t] for all R-modules M. Now assume further
that x ∈m \m2, then P S

k (t)= P R
k (t)/(1+ t). The ring S is Golod if and only if R

is so.

Proof. Let M be an R-module and N be the first syzygy of M. We have the exact
sequence

0→ N → Rµ(M)→ M→ 0.
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This implies that P R
M(t) = µ(M)+ t P R

N (t). Therefore, it is enough to show
that d(t)P R

N (t) ∈ Z[t]. Let F∗ � N be the minimal free resolution of N over
R. Note that x is also a nonzero divisor of N. This implies that S ⊗R F∗ �
S⊗R N is a minimal free resolution of S⊗R N = N as an S module. As a result,
we have P R

N (t) = P S
N
(t). Therefore, the first part of the lemma follows from

the hypothesis.
The assertions regarding Poincaré series and Golod property follow from Propo-

sitions 3.3.5 (1) and 5.2.4 in [Avramov 1998], respectively. �

The following is due to Şega [2003, Proposition 1.5].

Proposition 3.10. Let R be a local ring such that there is a dR(t) ∈ Z[t] satis-
fying dR(t)P R

M(t) ∈ Z[t] for each finitely generated R-module M. Let dR(t) =
p(t)q(t)r(t) where p(t) is 1 or irreducible, q(t) has nonnegative coefficients, r(t)
is 1 or irreducible and has no positive real root among its complex roots of minimal
absolute value. Then the following hold for each pair of R-modules M, N.

(1) If TorR
i (M, N )= 0 for i � 0, either M or N has finite projective dimension.

(2) If ExtiR(M, N )= 0 for i � 0, either M has a finite projective dimension or N
has a finite injective dimension.

We are ready to prove Theorem II.

3A. Proof of Theorem II.

Proof. The case n = 1 is easy. We skip the details.
Now we assume that n ≥ 2. The quotient map R � R

socle(R) is a Golod homo-
morphism and

P R/ socle(R)
k (t)=

P R
k (t)

1− t2 P R
k (t)

[Levin and Avramov 1978, Theorem 2]. Therefore, we have

P R
k (t)=

P R/ socle(R)
k (t)

1+ t2 P R/ socle(R)
k (t)

=
1

1/(P R/ socle(R)
k (t))+ t2

=
1

1− nt + t2 .

The last equality follows from Lemma 3.8. The same lemma states that R/ socle(R)
is a Golod ring. By Theorem I, the ring R is a surjective image of a complete
intersection under a Golod homomorphism. The second part of statement (2) is a
consequence of Theorem 2.2.

Now we prove (3). If the projective dimension pdR(M) of M is finite, then
ExtpdR(M)

R (M,M) 6= 0. Therefore, it is enough to show that pdR(M) <∞. When
n≤2, R is a complete intersection. The statement follows from [Avramov and Buch-
weitz 2000, Theorem 4.2]. When n ≥ 3, the polynomial (1− nt + t2) is irreducible.
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The statement follows from Proposition 3.10 (take p(t) = (1− nt + t2), q(t) =
(1+ t)n and r(t)= 1). Here one uses the fact that a module over a Gorenstein ring
has a finite projective dimension if and only if it has a finite injective dimension. �

Stretched and almost stretched rings were introduced by Sally [1980] and Elias
and Valla [2008], respectively.

Definition 3.11. An Artinian local ring R with maximal ideal m is called stretched
if m2 is a principal ideal and almost stretched if m2 is minimally generated by two
elements.

Let R be a Cohen–Macaulay local ring of dimension d with maximal ideal m.
Then R is called stretched (almost stretched) if there exists a minimal reduction
x = x1, . . . , xd of m such that R/(x) is a stretched (almost stretched) Artinian ring.
Here by minimal reduction we mean that x satisfies mr+1

= (x1, . . . , xd)m
r for

some nonnegative integer r .

Stretched Cohen–Macaulay local rings were shown to be good in [Croll et al.
2018, Corollary 5.6]. We outline a different method. In statement (2) of the
following corollary, we find a more efficient common denominator of Poincaré
series of modules over such rings.

Corollary 3.12. Let (R,m, k) be a d-dimensional stretched Cohen–Macaulay local
ring and M be an R-module. Let n = dimk m/m

2 and r = dimk ExtdR(k, R) denote
the type of R. Then the following hold.

(1) If r = n − d, then R is a Golod ring, P R
k (t) = (1+ t)d/(1− (n − d)t) and

(1− (n− d)t)P R
M(t) ∈ Z[t].

(2) If r 6= n−d , then (1+ t)n−d−r+1(1− (n−d)t+ t2)P R
M(t) ∈ Z[t] and P R

k (t)=
(1+ t)d/(1− (n− d)t + t2).

(3) If Exti (M,M ⊕ R)= 0 for all i ≥ 1, then M is a free R-module.

Proof. To prove statements (1) and (2), it is enough to assume that R is a stretched Ar-
tinian ring, i.e., d=0 (see Lemma 3.9). We have edim(R)=n and dimk socle(R)=r .
Let m= (x1, . . . , xn) and ll(R)= s. The ideals mi , i ≥ 2, are principal ideals. If
socle(R)⊂m2, then socle(R)=ms is a principal ideal, so R is a Gorenstein ring.
Both statements (1) and (2) follow from Theorem II.

Otherwise assume that x1∈socle(R)\m2. One observes that (x1)∩(x2, . . . , xn)=0
and (x1)+ (x2, . . . , xn) = m. For any two ideals I, J in a ring R, we know that
R = R/I ×R/I+J R/J. Therefore, it follows that R = R/(x1)×k R/(x2, . . . , xn).

The maximal ideal of the ring R/(x2, . . . , xn) is generated by the residue class
of x1, so its square is zero since x1 ∈ socle(R). On the other hand, the ring R/(x1)

is a stretched Artinian ring. If the socle of R/(x1) is contained in the square of its
maximal ideal, it is a Gorenstein ring. Otherwise we decompose R/(x1) again as
before.
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After a finite number of steps, we have R = S×k T where (S,mS) is a stretched
Artinian Gorenstein ring and (T,mT ) is a local ring with m2

T = 0. Clearly r =
1+edim(T ). This implies that edim(T )=r−1 and edim(S)=edim(R)−edim(T )=
n− r + 1. By Theorem II, we have

P S
k (t)=

{
1

1−t (n−r+1)+t2 when n ≥ r + 1,
1

1−t when n = r.

On the other hand T is a Golod ring and PT
k (t)=

1
1−(r−1)t . The rational expression

of P R
k (t) follows by the following computation:

1
P R

k (t)
=

1
P S

k (t)
+

1
PT

k (t)
− 1

=

{
(1− t)+ 1− (r − 1)t − 1 when n = r,
(1− t (n− r + 1)+ t2)+ 1− (r − 1)t − 1 when n ≥ r + 1,

=

{
1− nt when n = r,
1− nt + t2 when n ≥ r + 1.

If n = r , then edim(S) = 1. This implies that S is a Golod ring. Therefore, R
is also a Golod ring since a fibre product of Golod rings is Golod [Lescot 1983,
Theorem 4.1].

Now we find a polynomial dR(t) ∈ Z[t] such that dR(t)P R
M(t) ∈ Z[t] for any

R-module M. The second syzygy of M is a direct sum of two modules, one is
over S and another over T; see [Dress and Krämer 1975, Remark 3]. Therefore, it
suffices to assume that M = M1⊕M2 where M1 and M2 are modules over S and
T , respectively. By Theorem 3.7 we have

P R
M(t)

P R
k (t)
=

1
P R

k (t)
(P R

M1
(t)+ P R

M2
(t))=

P S
M1
(t)

P S
k (t)

+
PT

M2
(t)

PT
k (t)

.

We observe that

PT
M2
(t)

PT
k (t)

=
1

PT
k (t)

(1+ t PT
SyzT

1 (M2)
(t))= 1− (r − 1)t + t

PT
SyzT

1 (M2)
(t)

PT
k (t)

.

Since the square of the maximal ideal of T is zero, the first syzygy SyzT
1 (M2) is a

k-vector space. Therefore, PT
M2
(t)/PT

k (t) is a polynomial in Z[t].
If n = r , we have edim(S) = 1. By (1) of Theorem II, P S

M1
(t)/P S

k (t) is a
polynomial. Hence we conclude that (1−nt)P R

M(t)= P R
M(t)/P R

k (t)∈Z[t] if n= r .
If n ≥ r + 1, we have edim(S)= n− r + 1. By (2) of Theorem II, we have

(1+ t)(n−r+1) P S
M1
(t)

P S
k (t)

∈ Z[t].
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Hence we conclude that

(1+ t)(n−r+1)(1− nt + t2)P R
M(t)= (1+ t)(n−r+1) P R

M(t)
P R

k (t)
∈ Z[t]

if n ≥ r + 1.
Therefore, both statements (1) and (2) follow. To prove statement (3), it suffices

to show that pdR(M) <∞. If n− d = 2, then R is either a complete intersection
or a Golod ring; see [Scheja 1964]. In both cases, rings are known to satisfy
statement (3); see, for instance, [Avramov and Buchweitz 2000, Theorem 4.2]
when R is a complete intersection and [Jorgensen and Şega 2004, Proposition 1.4]
when R is a Golod ring. If n− d > 2, then we see at once that pdR(M) <∞ from
Proposition 3.10. Here one observes that if the injective dimension of M⊕R is finite
then R is Gorenstein and both projective and injective dimensions of M are finite. �

The following result follows from Lemma 3.9 and Theorem II.

Corollary 3.13. Let (R,m, k) be an almost stretched Gorenstein local ring of
dimension d and embedding dimension n. Let M be a finitely generated R-module.
Then the following hold.

(1) If n− d = 1, then P R
k (t)= (1+ t)d/(1− t) and (1− t)P R

M(t) ∈ Z[t].

(2) If n − d ≥ 2, then (1+ t)n−d(1− (n − d)t + t2)P R
M(t) ∈ Z[t] and P R

k (t) =
(1+ t)d/(1− (n− d)t + t2).

(3) If Exti (M,M)= 0 for all i ≥ 1, then M is a free R-module.

4. Revisiting known results

In this section, we provide proofs of Examples (1) and (3) in the introduction. As the
section title suggests, these examples were found by other authors. Our proofs are dif-
ferent and obtained using Theorem I. Further, our versions are slightly stronger; see
Remark 4.7. We recall the following from [Levin and Avramov 1978, Theorem 1].

Theorem 4.1. Let (R,m) be an Artinian Gorenstein local ring of embedding di-
mension n and K R be the Koszul complex on a minimal set of generators of the
maximal ideal m. Set socle(R)= (s), R = R/s R and K R

= R⊗R K R, the Koszul
complex of R. Define a DG algebra structure on

K R
⊕

K R

mK R [−1]

with multiplication (k, l̄)(k ′, l̄ ′)= (kk ′, lk ′+(−1)deg(k)kl ′) and differential ∂(k, l̄)=
(∂(k)+ sl, 0). Then the chain map

K R
⊕

K R

mK R [−1] → K R, (k, l̄) 7→ k̄,
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is a quasi-isomorphism. If

H =
H(K R)

Hn(K R)
and K =

K R
⊗R k

K R
n ⊗R k

[−1],

then H(K R)= H n K .

Lemma 4.2. Let (R,m) be an Artinian Gorenstein local ring of embedding dimen-
sion n ≥ 2. Let K R denote the Koszul complex on a minimal set of generators of m
and C denote the quotient of K R defined by

Ci =


K R

i for 0≤ i ≤ n− 2,
K R

n−1/Bn−1(K R) for i = n− 1,
0 for i = n.

Then C has a DG algebra structure. Assume that C is a Golod DG algebra with
natural augmentation. Then R/ socle(R) is a Golod ring and R satisfies assertions
(1) and (2) of Theorem I.

Proof. The fact that C is a DG algebra is straightforward because K R
n ⊕Bn−1(K R)

is a DG ideal of the Koszul algebra K R. Let q : K R � C be the quotient map and
socle(R)= (s). Let G : K R/(mK R)→ K R and H :C/mC→C denote chain maps
induced by multiplications by s on K R, C respectively. We have q ◦G = H ◦ q̄
where q̄ : K R/(mK R)� C/(mC) is the map induced by q . Let

c(G)= K R
⊕

K R

mK R [−1] and c(H)= C ⊕
C
mC
[−1]

be the cones of G and H respectively. Define α : c(G) � c(H) by α(k, l̄) =
(q(k), q̄(l̄)). Both c(G) and c(H) have DG algebra structure and α is a surjective
DG algebra homomorphism. The kernel of α is the complex

0→
K R

n

mK R
n

·s
−→ K R

n
∂
−→ Bn−1(K R)→ 0

which is exact. Thus, α are a quasi-isomorphism of DG algebras. By Theorem 4.1,
c(G) is quasi-isomorphic to K R/ socle(R). Therefore, to show that R/ socle(R) is a
Golod ring it is enough to prove that c(H) is a Golod algebra.

Since C is a Golod algebra, there are a k-basis bC = {hλ}λ∈3 of H≥1(C) and a
function (trivial Massey operation) µ :

⊔
∞

i=1 b
i
C → C such that µ(hλ) ∈ Z≥1(C)

with cls(µ(hλ))= hλ for all λ ∈3 and

∂µ(hλ1, . . . , hλp)=

p−1∑
j=1

µ(hλ1, . . . , hλ j )µ(hλ j+1, . . . , hλp).

By (2) of [Avramov 1998, Lemma 4.1.6], {x ∈ C : ∂(x) ∈ m2C} ⊂ mC . Since
µ(hλ) ∈mC , by induction on p we conclude that µ(hλ1, . . . , hλp) ∈mC .
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By [Levin and Avramov 1978, Lemma 1.2], socle(R)K R
i ⊂ (0 :m

2)Bi (K R) for
1 ≤ i ≤ n − 1 and so we have sC ⊂ (0 : m2)B(C). Let z ∈ Z(C) be such that
(z, 0) = ∂(y1, ȳ2) for (y1, ȳ2) ∈ c(H). Then z = ∂(y1)+ sy2 ∈ B(C). Therefore,
the inclusion C ↪→ c(H) induces an injective map H(C) ↪→ H(c(H)). By abuse of
notation we write (c, 0) as c. It follows that bC = {hλ}λ∈3 is a linearly independent
set in H≥1(c(H)) and µ(hλ1, . . . , hλp)∈mc(H), p≥1, satisfy the properties above.

We extend bC to a basis bc(H) = {hλ}λ∈3t3′ of H≥1(c(H)). Let hλ′ , λ′ ∈ 3′,
be the homology class of (cλ′, d̄λ′) ∈ Z≥1(c(H)). Now ∂(cλ′, d̄λ′) = 0 implies
that ∂(cλ′)+ sdλ′ = 0. We have sdλ′ = ∂(eλ′) for some eλ′ ∈ (0 : m2)C . We write
(cλ′, d̄λ′)= (cλ′+eλ′, 0)+(−eλ′, d̄λ′). Note that cλ′+eλ′ ∈Z(C). Therefore, after sub-
tracting suitable R-linear combinations of hλ, λ∈3, from each hλ′ , λ′ ∈3′, if nec-
essary, we may assume that hλ′ is a homology class of some cycle in (0 :m2)C ⊕ C

mC .
We define µ(hλ′), λ′ ∈ 3′, to be an element in (0 :m2)C ⊕ C

mC whose ho-
mology class is hλ′ . We extend µ from bi

C to a Massey operation on bi
c(H),

i > 1, such that µ : bi
c(H) \ b

i
C → (0 :m2)C , i > 1, by induction on i . Note that

µ(hλ)µ(hλ′) ∈ sC ∈ (0 : m2)B(C) for (λ, λ′) 6∈ 3×3. We choose µ(hλ, hλ′) ∈
(0 :m2)C such that ∂(µ(hλ, hλ′))= µ(hλ)µ(hλ′). Now assume µ(hδ1, . . . , hδi ) ∈

(0 : m2)C , with (hδ1, . . . , hδi ) ∈ b
i
c(H) \ b

i
C satisfying the desired relations, are

constructed for all i ≤ p. We choose (hδ1, . . . , hδp+1) ∈ b
p+1
c(H) \ b

p+1
C and observe

that
∑p

j=1 µ(hδ1, . . . , hδ j )µ(hδ j+1, . . . , hδp+1) is an element in sC . Therefore,
we can choose µ(hδ1, . . . , hδp+1) ∈ (0 : m

2)C such that ∂(µ(hδ1, . . . , hδp+1)) =∑p
j=1 µ(hδ1, . . . , hδ j )µ(hδ j+1, . . . , hδp+1). Thus by induction µ extends to a trivial

Massey operation on bc(H). Therefore, c(H) is a Golod algebra and the result
follows. �

We recall the definition of compressed Gorenstein local rings.

Definition 4.3. Let (R,m, k) be an Artinian Gorenstein local ring of Loewy length s
and embedding dimension n ≥ 2. Set

εi =min
{(

n− 1+ s− i
n− 1

)
,

(
n− 1+ i

n− 1

)}
for all i with 0≤ i ≤ s. Then it is shown in [Rossi and Şega 2014, Proposition 4.2]
that l(R)≤

∑n
i=0 εi . The ring R is called a compressed Gorenstein ring if equality

holds.

We provide a different proof of the result of Rossi and Şega [2014, Theorem 5.1]
in Theorem 4.4.

Theorem 4.4. Let R be a compressed Gorenstein local ring such that edim(R)=
n≥ 2 and ll(R)= s, s ≥ 2, s 6= 3. Then R/ socle(R) is a Golod ring. Consequently,
R satisfies assertions (1) and (2) of Theorem I.
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Proof. We follow notation as set in the proof of Theorem I and Lemma 4.2. Let
t = max{i : I ⊂ ni

}. It is proved in [Rossi and Şega 2014, Proposition 4.2] that
t=

⌈ s+1
2

⌉
, the least integer not less than s+1

2 . By [Rossi and Şega 2014, Lemma 1.4],
the map H≥1(R/mt

⊗Q K Q)→ H≥1(R/mt−1
⊗Q K Q) induced by the surjection

R/mt � R/mt−1 is a zero map. This implies that Z≥1(K R)⊂ B≥1(K R)+mt−1K R
≥1

and therefore Z≥1(C) ⊂ B≥1(C)+mt−1C . Thus we find a basis b = {hλ}λ∈3 of
H≥1(C) represented by cycles in mt−1C .

Lemma 4.4 in [Rossi and Şega 2014] proves that the map ψ : H<n(m
r+1K R)→

H<n(m
r K R) induced by the inclusion mr+1 ↪→mr is zero for r = s+ 1− t . Since,

s ≥ 2, s 6= 3, we have t − 1 ≤ r ≤ r + 1 ≤ 2(t − 1). This implies that the
map H<n(m

2(t−1)K R)→ H<n(m
t−1K R) is also zero since it factors through ψ .

Therefore, we have Z<n(m
2t−2K R) ⊂ B(mt−1K R) which implies Z(m2t−2C) ⊂

B(mt−1C). It is worth pointing out that both the lemmas used here are independent
of all other results in [Rossi and Şega 2014].

We construct inductively a trivial Massey operationµ :
⊔
∞

i=1 b
i
→mt−1C . Define

µ(hλ) to be a cycle in mt−1C such that the homology class of µ(hλ) is hλ. Now
µ(hλ)µ(hλ′)∈Z(m2t−2C)⊂B(mt−1C), and so we chooseµ(hλ, hλ′)∈mt−1C such
that ∂(µ(hλ, hλ′))=µ(hλ)µ(hλ′). The method carries over to the next steps of con-
struction. Thus, C is a Golod DG algebra and the result follows from Lemma 4.2. �

Lemma 4.5. Let (R,m, k) be an Artinian Gorenstein local ring but not a complete
intersection. Let η : Q � R be a minimal Cohen presentation of R and I = ker(η).
Assume that µ(I )= r and edim(R)= n ≤ 3. Then R/ socle(R) is a Golod ring, so
R satisfies both assertions (1) and (2) of Theorem I. If dR(t)= 1−r t2

−r t3
+t5, then

for any finitely generated R-module M, we have dR(t)P R
M(t) ∈ Z [t]. The Poincaré

series of k is given by

P R
k (t)=

(1+ t)n

1− r t2− r t3+ t5 .

Proof. As before, we follow notation as set in the proof of Theorem I and Lemma 4.2.
By [Wiebe 1969, Satz 7], we have H1(K R)2=0 giving H1(C)2=0. For a proof writ-
ten in English, we refer to [Bruns and Herzog 1993, Corollary 3.4.8]. Now C is a DG
algebra of length 2. Therefore, any basis of H≥1(C) admits a trivial Massey opera-
tion and so C is a Golod algebra. The first part of the result follows from Lemma 4.2.

We compute the denominator. The Koszul complex of R is of length 3. We see
dimk H0(K R)= 1, dimk H1(K R)= µ(I )= r , dimk H3(K R)= dimk socle(R)= 1
and so dimk H2(K R) = r since

∑
i≥0(−1)i dimk Hi (K R) must be zero. With the

notation used in Theorem I, we have P Q
R (t)=

∑3
i=0 dimk Hi (K R)= 1+r t+r t2

+t3.
Therefore, we have

dR(t)=1−t (P Q
R (t)−1)+tn+1(1+t)=1−t2(r+r t+t2)+t4(1+t)=1−r t2

−r t3
+t5.

The formula for P R
k (t) follows from in [Rossi and Şega 2014, Proposition 6.2]. �
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If (R,m, k) is a Gorenstein local ring satisfying the hypothesis of the theorem
below, then the rational expression of P R

k (t) was computed by Wiebe [1969, Satz 9].
It was proved in [Avramov et al. 1988, Theorem 6.4] that if (R,m) is any Artinian
ring such that edim(R)− depth(R)≤ 3, then all R-modules have rational Poincaré
series. We prove a weaker version.

Theorem 4.6. Let (R,m, k) be a Gorenstein local ring but not a complete intersec-
tion such that edim(R)− depth(R) = n ≤ 3. Let η : Q � R̂ be a minimal Cohen
presentation of R, ker η = I and µ(I ) = r . Then for any f ∈ I \ nI, the induced
map Q/( f )� R̂ is a Golod homomorphism.

Let dR(t) = 1− r t2
− r t3

+ t5. Then P R
k (t) = (1+ t)edim(R)/dR(t) and for any

R-module M we have dR(t)P R
M(t) ∈ Z[t].

Proof. Let dim(R)=depth(R)=d and the maximal ideal m be minimally generated
by x1, . . . , xe such that x1, . . . , xd form an R-sequence. Then S = R/(x1, . . . , xd)

is an Artinian Gorenstein local ring and edim(S) = e − d = n ≤ 3. Let K R
=

R〈X i : ∂(X i )= xi , 1≤ i ≤ n〉 and K S
= S〈X i : ∂(X i )= xi , d + 1≤ i ≤ n〉 denote

the Koszul complexes. The quotient map q : K R � K S is a quasi-isomorphism;
see [Avramov 1998, Lemma 4.1.6].

To prove that the map Q/( f )� R̂ is a Golod homomorphism for any f ∈ I \nI,
it is equivalent to show that for any cycle z ∈ Z1(K R) \ B1(K R), the semifree
extension K R

〈T | ∂(T )= z〉 is a Golod algebra. Now one observes that q extends
to a surjective quasi-isomorphism

q̃ : K R
〈T | ∂(T )= z〉� K S

〈T | ∂(T )= q(z)〉;

see, for instance, [Gulliksen and Levin 1969, Proposition 1.3.5]. Lemma 4.5
applies to S. We conclude that the image of q̃ is a Golod algebra. Therefore,
K R
〈T | ∂(T )= z〉 is a Golod algebra.

The statement about Poincaré series is an immediate consequence of Lemmas 3.9
and 4.5. �

Remark 4.7. In both Theorems 4.4 and 4.6, we constructed a Golod homomorphism
from a hypersurface ring which is a quotient of an arbitrary generator belonging
to a minimal generating set of the defining ideal. Thus both theorems are slightly
stronger than their earlier versions.
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conference in honour of Craig Huenke held in Ann Arbor in July 2016. I would like
to thank her for clarifications on her results about the Auslander–Reiten conjecture. I
sincerely thank the anonymous referee for suggesting the proof of Lemma 3.1. I owe



186 ANJAN GUPTA

many thanks to Matteo Varbaro for his inspiration and encouragement throughout.
This research is supported by the INdAM-COFUND-2012 Fellowship cofounded
by Marie Curie actions, Italy.

References

[Ananthnarayan 2009] H. Ananthnarayan, Approximating Artinian rings by Gorenstein rings and
3-standardness of the maximal ideal, Ph.D. thesis, University of Kansas, 2009, available at https://
search.proquest.com/docview/304917043.

[Ananthnarayan et al. 2012] H. Ananthnarayan, L. L. Avramov, and W. F. Moore, “Connected sums
of Gorenstein local rings”, J. Reine Angew. Math. 667 (2012), 149–176. MR Zbl

[Ananthnarayan et al. 2019] H. Ananthnarayan, E. Celikbas, J. Laxmi, and Z. Yang, “Decomposing
Gorenstein rings as connected sums”, J. Algebra 527 (2019), 241–263. MR Zbl

[Anick 1982] D. J. Anick, “A counterexample to a conjecture of Serre”, Ann. of Math. (2) 115:1
(1982), 1–33. MR Zbl

[Auslander and Reiten 1975] M. Auslander and I. Reiten, “On a generalized version of the Nakayama
conjecture”, Proc. Amer. Math. Soc. 52 (1975), 69–74. MR Zbl

[Avramov 1994] L. L. Avramov, “Local rings over which all modules have rational Poincaré series”,
J. Pure Appl. Algebra 91:1-3 (1994), 29–48. MR Zbl

[Avramov 1998] L. L. Avramov, “Infinite free resolutions”, pp. 1–118 in Six lectures on commutative
algebra (Bellaterra, 1996), edited by J. M. Giral et al., Progr. Math. 166, Birkhäuser, Basel, 1998.
MR Zbl

[Avramov and Buchweitz 2000] L. L. Avramov and R.-O. Buchweitz, “Support varieties and coho-
mology over complete intersections”, Invent. Math. 142:2 (2000), 285–318. MR Zbl

[Avramov and Golod 1971] L. L. Avramov and E. S. Golod, “The homology of algebra of the Koszul
complex of a local Gorenstein ring”, Mat. Zametki 9 (1971), 53–58. MR Zbl

[Avramov et al. 1988] L. L. Avramov, A. R. Kustin, and M. Miller, “Poincaré series of modules over
local rings of small embedding codepth or small linking number”, J. Algebra 118:1 (1988), 162–204.
MR Zbl

[Bøgvad 1983] R. Bøgvad, “Gorenstein rings with transcendental Poincaré-series”, Math. Scand.
53:1 (1983), 5–15. MR Zbl

[Bruns and Herzog 1993] W. Bruns and J. Herzog, Cohen–Macaulay rings, Cambridge Studies in
Advanced Mathematics 39, Cambridge University Press, 1993. MR Zbl

[Croll et al. 2018] A. Croll, R. Dellaca, A. Gupta, J. Hoffmeier, V. Mukundan, L. M. Şega, G. Sosa, P.
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Dedicated to professor Shing Tung Yau on the occasion of his 70th birthday

Let V be a hypersurface with an isolated singularity at the origin defined
by the holomorphic function f : (Cn, 0)→ (C, 0). The Yau algebra L(V ) is
defined to be the Lie algebra of derivations of the moduli algebra A(V ) :=
On/

(
f, ∂ f

∂x1
, · · · ,

∂ f
∂xn

)
, i.e., L(V ) = Der(A(V ), A(V )). It is known that

L(V ) is finite dimensional and its dimension λ(V ) is called the Yau number.
We introduced a new Lie algebra L∗(V ) which was defined to be the Lie
algebra of derivations of

A∗(V )=On

/(
f,
∂ f
∂x1

, . . . ,
∂ f
∂xn

,Det
(

∂2 f
∂xi∂x j

)
i, j=1,...,n

)
,

i.e., L∗(V )= Der(A∗(V ), A∗(V )). L∗(V ) is finite dimensional and λ∗(V ) is
the dimension of L∗(V ). In this paper we compute the generalized Cartan
matrix C(V ) and other various invariants arising from the new Lie algebra
L∗(V ) for simple elliptic singularities and simple hypersurface singularities.
We use the generalized Cartan matrix to characterize the ADE singularities.

1. Introduction

Recall that simple (Kleinian, rational double point) singularities, consist of two
series Ak : {x2

+ y2
− zk+1

= 0}, k ≥ 1, Dk : {x2
+ y2z + zk−1

= 0}, k ≥ 4 and
three exceptional singularities E6, E7, E8 defined by polynomials

x2
+ y3
+ z4, x2

+ y3
+ yz3, x2

+ y3
+ z5,

respectively. Ẽ6 is a simple elliptic singularity defined by

{(x, y, z) ∈ C3
| x3
+ y3
+ z3
= 0}.

Both Yau and Zuo are supported by NSFC Grants 11961141005 and 11531007. Zuo is supported by
NSFC Grant 11771231. Yau is supported by Tsinghua university start-up fund and Tsinghua university
education foundation fund (042202008), He is grateful to the National Center for Theoretical Sciences
(NCTS) for providing an excellent research environment while part of this research was done.
MSC2010: 14B05, 32S05.
Keywords: isolated singularity, Lie algebra, generalized Cartan matrix.
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Its (µ, τ)-constant family is given by

Vt =
{
(x, y, z) ∈ C3

| ft(x, y, z)= x3
+ y3
+ z3
+ t xyz = 0

}
,

with t3
+ 27 6= 0 (see [Yau 1983]). Ẽ7 is a simple elliptic singularity defined

by {(x, y, z) ∈ C3
| x4
+ y4

+ z2
= 0}. Seeley and Yau [1990] showed that its

(µ, τ)-constant family is given by

Vt =
{
(x, y, z) ∈ C3

| ft(x, y, z)= x4
+ y4
+ t x2 y2

+ z2
= 0

}
,

with t2
6= 4. The simple elliptic singularity Ẽ8 defined by

{(x, y, z) ∈ C3
| x6
+ y3
+ z2
= 0}.

In [Seeley and Yau 1990], the authors had studied the (µ, τ)-constant family of Ẽ8,
which is given by

Vt = {(x, y, z) ∈ C3
| ft = x6

+ y3
+ z2
+ t x4 y = 0},

with 4t3
+ 27 6= 0.

Finite dimensional Lie algebras are the semidirect product of the semisimple Lie
algebras and solvable Lie algebras. Brieskorn gave the connection between simple
Lie algebras and simple singularities. The Lie algebra L is called nilpotent if the
lower central series of ideals: L0 = L , L1 = [L , L], L i = [L , L(i−1)], i = 2, 3, . . .
terminates. Simple Lie algebras have been well understood, but not the nilpotent
Lie algebras.

The problem of classifying nilpotent Lie algebra was studied for the first time
by Umlauf [1891], a student of Engle. Umlauf gave the complete list over C up to
dimension 6 and a certain complex family at dimensions 7, 8 and 9. The introduction
of the root systems for the nilpotent Lie algebras was given by Bratzlavsky [1974]
and Favre [1972; 1973]. The concept of root system constitutes an important
step in the classification of nilpotent Lie algebras. By using these root systems,
Santharoubane [1983] established a link between the nilpotent Lie algebras and
the Kac–Moody Lie algebras (which generalize the semisimple Lie algebras and
are of infinite dimension). Yau [1986], introduced many numerical invariants,
namely, dimension of the Lie algebra L(V ); dimension of the maximal nilpotent
subalgebras (i.e., nilradical of nilpotent Lie algebra) g(V ) of L(V ); dimension of
the maximal torus of g(V ); generalized Cartan matrix C(V ) (see Definition 2.6);
type and nilpotency of singularity. Benson and Yau [1987] computed the generalized
Cartan matrix C(V ) for simple hypersurface singularities by using the Yau algebra.
Moreover, Seeley and Yau [1991] computed the generalized Cartan matrix C(V ) by
using Yau algebras of simple elliptic singularities. Thus it is extremely important
to establish connection between singularities and nilpotent Lie algebras.
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It is well-known that for any isolated hypersurface singularity (V, 0)⊂ (Cn, 0),
where V = V ( f )= { f = 0}, one can consider the finite dimensional moduli algebra

A(V ) :=On

/(
f,
∂ f
∂x1

, . . . ,
∂ f
∂xn

)
.

The On is the algebra of convergent power series in n indeterminates and f ∈On .
Mather and Yau [1982] proved that the complex structure of (V, 0) is determined by
its moduli algebra. Subsequently, Yau [1986] introduced the Lie algebra L(V ) to
(V, 0), which is the algebra of derivations of A(V ), i.e., L(V ) :=Der(A(V ), A(V )).
Yau and his collaborators have been systematically studied the Lie algebras of
isolated hypersurface singularities since the 1980s [Yau 1983; 1984; 1986; 1991;
Benson and Yau 1987; 1990; Seeley and Yau 1990; 1991, Yau and Zuo 2016a;
2016b; Chen et al. 1995; 2019; ≥ 2020a; ≥ 2020b; Hussain et al. 2018; 2020;
2019a; 2019b; Hussain 2018]. One can construct nilpotent Lie algebras from
the Yau algebras, however the Yau algebras can not be used to distinguish the
ADE singularities [Elashvili and Khimshiashvili 2006]. Recently, in [Chen et al.
≥ 2020b], a new natural connection between the set of complex analytic isolated
hypersurface singularities and the set of finite dimensional nilpotent Lie algebras has
been constructed. We introduced a new Lie algebra L∗(V ) :=Der(A∗(V ), A∗(V )),
to be the Lie algebra of derivations of the Artinian algebra

A∗(V )=On

/(
f,
∂ f
∂x1

, . . . ,
∂ f
∂xn

,Det
(
∂2 f
∂xi∂x j

)
i, j=1,...,n

)
,

and λ∗(V ) is the dimension of L∗(V ). In [Chen et al. ≥ 2020b], we have used it
to distinguish ADE singularities and prove Torelli-type theorems for some simple
elliptic singularities. This new Lie algebra is a subtle invariant associated to an
isolated hypersurface singularity. In this paper we shall study the new Lie algebra
L∗(V ) for simple hypersurface singularities and simple elliptic singularities. We
shall introduce many numerical invariants, namely, dimension of the maximal
nilpotent subalgebras (i.e., nilradical of nilpotent Lie algebra) g(V ) of L∗(V );
dimension of the maximal torus of g(V ); generalized Cartan matrix C(V ), etc. We
shall compute different numerical invariants such as dimension of maximal torus of
g(V ); type and nilpotency of singularity and generalized Cartan matrix C(V ) and
so on. We use the generalized Cartan matrix to characterize the ADE singularities
with one exceptional case (i.e, A6 and D5) and obtain the following result.

Theorem 1.1. The generalized Cartan matrix characterizes the simple (ADE) hy-
persurface singularities except A6 and D5 singularities. I.e., if X and Y are two
simple hypersurface singularities, then C(X) = C(Y ) if and only if X and Y are
analytically isomorphic.
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2. Preliminaries

2A. Isolated hypersurface singularities. Let C[x1, x2, . . . , xn] be the algebra of
complex polynomials in n indeterminates. Denote by On the algebra of germs
of holomorphic functions at the origin of Cn . Obviously, On can be naturally
identified with the algebra of convergent power series in n indeterminates with
complex coefficients. For a polynomial f ∈C[x1, x2, . . . , xn], denote by V = V ( f )
the germ at the origin of Cn of hypersurface { f = 0} ⊂ Cn . We say that V is a
germ of isolated hypersurface singularity if the origin is an isolated zero of the
gradient of f . The local (function) algebra of V is defined as the (commutative
associative) algebra F(V )∼=On/( f ), where ( f ) is the principal ideal generated by
the germ of f at the origin. According to Hilbert’s Nullstellensatz for an isolated
singularity V = V ( f )= { f = 0} the factor-algebra A(V )=On/

(
f, ∂ f
∂x1
, . . . ,

∂ f
∂xn

)
is finite dimensional. This factor-algebra is called the moduli algebra of V and its
dimension τ(V ) is called Tjurina number. The well-known Mather–Yau theorem
states that

Theorem 2.1 [Mather and Yau 1982]. The analytic isomorphism type of an isolated
hypersurface singularity is determined by the isomorphism class of its moduli
algebras i.e.,

(V1, 0)∼= (V2, 0)⇔ A(V1)∼= A(V2).

2B. Yau algebra. Recall that a derivation of commutative associative algebra A
is defined as a linear endomorphism D of A satisfying the Leibniz rule: D(ab)=
D(a)b + aD(b). Thus for such an algebra A one can consider the Lie algebra
of its derivations Der(A, A) with the bracket defined by the commutator of linear
endomorphisms.

Definition 2.2. Let f (x1, . . . , xn) be a complex polynomial and V = { f = 0} be
a germ of an isolated hypersurface singularity at the origin in Cn . Let A(V ) be
the moduli algebra and L(V ) := Der(A(V ), A(V )). Yu [1996] calls L(V ) the Yau
algebra of V . The dimension of L(V ) is called the Yau number by Elashvili and
Khimshiashvili [2006] and is denoted by λ(V ).

2C. New derivation Lie algebra. We recall the following beautiful theorem due
to Dimca.

Theorem 2.3 [Dimca 1984]. Two zero-dimensional isolated complete intersection
singularities X and Y are isomorphic if and only if their singular subspaces Sing(X)
and Sing(Y ) are isomorphic.

Remark 2.4. Let V = V ( f ) be an isolated quasihomogeneous hypersurface sin-
gularity. Assume that X defined by

(
∂ f
∂x1
, . . . ,

∂ f
∂xn

)
is a zero-dimensional isolated
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complete intersection singularity. Then Sing(X) is defined by(
f,
∂ f
∂x1

, . . . ,
∂ f
∂xn

,Det
(
∂2 f
∂xi∂x j

)
i, j=1,...,n

)
.

Theorem 2.3 implies that in order to study the analytic isomorphism type of zero
dimensional isolated complete intersection singularity X , we only need to consider
the Artinian local algebra A∗(V ) which is the coordinate ring of Sing(X). Thus
A∗(V ) is defined as the quotient

On

/(
f,
∂ f
∂x1

, . . . ,
∂ f
∂xn

,Det
(
∂2 f
∂xi∂x j

)
i, j=1,...,n

)
.

Combing Theorem 2.3 with the Mather–Yau theorem, we know that the A∗(V )
is a complete invariant of quasihomogeneous isolated hypersurface singularities
(i.e., A∗(V ) determines and is determined by the analytic isomorphism type of
the singularity). We call A∗(V ) the generalized moduli algebra of V. Based on
this important observation, we introduced the following new invariants for isolated
hypersurface singularities [Chen et al. ≥ 2020b].

Definition 2.5. Let V = { f = 0} be a germ of isolated hypersurface singularity at
the origin of Cn defined by f ∈C[x1, x2, . . . , xn]. The new Lie algebra arising from
the isolated hypersurface singularity V is defined as L∗(V ) :=Der(A∗(V ), A∗(V ))(
we simply denote it by Der(A∗(V ))

)
. The dimension of this new Lie algebra is

denoted by λ∗(V ).

2D. Kac–Moody Lie algebras and isolated hypersurface singularities. Let (V, 0)
be an isolated hypersurface singularity. Let g(V ) be the maximal ideal of L∗(V )
consisting of nilpotent elements. It is follows from [Santharoubane 1983] that a
generalized Cartan matrix C(V ), constructed from g(V ), is an invariant of (V, 0)
(see [Yau 1986]).

Definition 2.6. An l× l matrix with entries in Z, C = (ci j ) is a generalized Cartan
matrix if

(a) ci i = 2 for all i = 1, . . . , l,

(b) ci j ≤ 0 for all i, j = 1, . . . , l, i 6= j ,

(c) ci j = 0 if and only if c j i = 0 for all i, j = 1, . . . , l, i 6= j .

To each generalized Cartan matrix C(V ), one can associate a Lie algebra KM(C)
(called a Kac–Moody Lie algebra) defined by generators

{ f1, . . . , fl, h1, . . . , hl, e1, . . . , el}
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and relations:

[hi , e j ] = ci j e j , [hi , f j ] = −ci j f j , for all i, j = 1, . . . , l,

[hi , h j ] = 0, for all i, j = 1, . . . , l, [ei , fi ] = hi ,

[ei , f j ] = 0, (ad ei )
−ci j+1e j = 0= (ad fi )

−ci j+1 f j , for all i 6= j.

Let H = Chi + · · · +Chl ; denote ξ+(C) (resp. ξ−(C)) the subalgebra of KM(C)
generated by {e1, . . . , el} (resp. ( f1, . . . , fl)) one shows that:

KM(C)= ξ+(C)⊕ H ⊕ ξ−(C).

One can also define ξ+(C) by generators {e1, . . . , el}, and relations

(ad ei )
−ci j+1e j = 0 for all i, j = 1, . . . , l, i 6= j.

We shall construct the generalized Cartan matrix from an isolated hypersurface
singularity (V, 0). Let g(V ) be the set of all nilpotent elements in L∗(V ); then g(V )
is the maximal nilpotent Lie subalgebra of L∗(V ) and Der(g(V )) is its derivation
algebra.

Definition 2.7. A torus on g(V ) is a commutative subalgebra of Der(g(V )) whose
elements are semisimple endomorphism. A maximal torus is a torus not contained
in any other torus. The dimension of the maximal torus is called the generalized
Mostow number (GMN). The GMN is an invariant of the isolated singularity (V, 0).

Theorem 2.8 (Mostow’s theorem [Santharoubane 1983]). If T1 and T2 are maximal
tori of g(V ), then there exists ϕ ∈ Aut g(V ) (automorphism group of g(V )) such
that ϕT1ϕ

−1
= T2.

Let T be a maximal torus and consider the root space decomposition of g(V )
relative to T [Santharoubane 1983]:

g(V )=
∑

β∈R(T )

g(V )β,

g(V )β = {x ∈ g(V ) | t x = β(t)x, ∀t ∈ T },

and
R(T )= {β ∈ T ∗ | g(V )β 6= (0)} (root system) ,

R1(T )=
{
β ∈ R(T ) | g(V )β * [g(V ), g(V )]

}
,

lβ = dim
(

g(V )β

[g(V ), g(V )] ∩ g(V )β

)
, for all β ∈ R1(T ),

dβ = dim(g(V )β), β ∈ R1(T ).
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The map β 7→ dβ , R1(T )→ N∗ gives the partition

R1(T )= R1(T )p1 ∪ · · · ∪ R1(T )pq , p1 < · · ·< pq , R1(T )pi 6=∅,

R1(T )p = {β ∈ R1(T ) | dβ = p}.

Set si = ]R1(T )pi and s = s1+ · · ·+ sq . We let dβi = di and lβi = li .
Let f : {1, . . . , l} → {1, . . . , s} be defined by

fi =


1, 16 i 6 l1,

2, l1 < i 6 l1+ l2,
...

s, l1+ l2+ · · ·+ ls−1 < i 6 l.

Theorem 2.9 [Santharoubane 1983]. For i, j ∈ {1, . . . , l} i 6= j let

−ci j (T )=min
{
−n ∈ N | (ad v)−n+1w = 0, ∀v ∈ g(V )β f (i), ∀w ∈ g(V )β f ( j)

}
,

with (ad 0)0 = 0 and let ci i (T )= 2 for i = 1, . . . , l. Then

C(T )= (ci j (T ))1≤i, j≤l

is a Cartan matrix.

3. Main Results

Now we apply the above theory to study the new Lie algebra L∗(V ) of simple
hypersurface singularities and simple elliptic singularities. We use the following
convention: g1

= [g, g], . . . , g p+1
= [g, g p

]. We use N to denote the set of positive
integers.

Proposition 3.1. Let V = {x, y, z ∈C3
| x2
+ y2
− zk+1

= 0} be the Ak singularity,
k ≥ 1. Then

C(Ak)=



is not defined, k=1,2,3,4,(
2 0
0 2

)
, k=5,( 2 −1

−1 2

)
, k=6,( 2 −2

−1 2

)
, k=7,( 2 −(k−5)

−(k−5)/2 2

)
, k is odd and k ≥ 9,( 2 −(k−5)

−(k−4)/2 2

)
, k is even and k ≥ 8.

Proof. It is easy to see that A∗(V )= 〈1, z, z2, . . . , zk−2
〉 for k ≥ 2 with the multi-

plication rule zk−1
= 0, and A∗(V ) = 0 for k = 1. After a simple calculation we
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get

L∗(V )=
{
〈z∂z, z2∂z, . . . , zk−2∂z〉, k ≥ 3,
0, k = 1, 2,

and

g(V )=


〈z2∂z, . . . , zk−2∂z〉, k ≥ 4,
〈z∂z〉, k = 3,
0, k = 2.

It is easy to see the Cartan matrix is not defined when 1≤ k ≤ 4.
For the A5 singularity,

g(V )= 〈z2∂z, z3∂z〉.

By setting x1 = z2∂z , x2 = z3∂z , we get the multiplication table [x1, x2] = 0.
The type of A5 singularity = dim g(V )/[g(V ), g(V )] = 2. The nilpotency of A5

singularity =min{p ∈ N ∪ {0} | g(V )p+1
= 0} = 0. It is easy to see from ([Benson

and Yau 1987]) that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ),

x1 7→ x1, x1 7→ 0,

x2 7→ 0, x2 7→ x2.

Thus T = Ct1+Ct2. Since dim T = 2= the type of A5, T is the maximal torus of
g(V ). Let βi : T → C be a linear map with βi (t j )= δi j for i, j = 1, 2;

g(V )= gβ1 ⊕ gβ2

= Cx1⊕Cx2

(x1, x2) is a T-minimal system of generators. Therefore the generalized Cartan
matrix is

C(A5)=

(
2 0
0 2

)
.

For the A6 singularity, we have the following multiplication table [x1, x2] = x3.
The type of A6 singularity = dim g(V )/[g(V ), g(V )] = 2. The nilpotency of the
A6 singularity = min

{
p ∈ N ∪ {0} | g(V )p+1

= 0
}
= 1. It is easy to see from

[Benson and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ),

x1 7→ x1, x1 7→ 0,

x2 7→ 0, x2 7→ x2,

x3 7→ x3, x3 7→ x3.
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Thus T = Ct1+Ct2. Since dim T = 2= the type of A6, T is the maximal torus of
g(V ). Let βi : T → C be a linear map with βi (t j )= δi j for i, j = 1, 2;

g(V )= gβ1 ⊕ gβ2 ⊕ gβ1+β2

= Cx1⊕Cx2⊕Cx3.

Note that (x1, x2) is a T-minimal system of generators. The generalized Cartan
matrix is

C(A6)=

(
2 −1
−1 2

)
.

For the A7 singularity, we have the following multiplication table:

[x1, x2] = x3, [x1, x3] = 2x4.

The type of A7 singularity= dim g(V )/[g(V ), g(V )]= 2. The nilpotency of the A7

singularity =min{p ∈ N ∪ {0} | g(V )p+1
= 0} = 2. It is easy to see from [Benson

and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ),

x1 7→ x1, x1 7→ 0,

x2 7→ 0, x2 7→ x2,

x3 7→ x3, x3 7→ x3,

x4 7→ 2x4, x4 7→ x4.

Thus T = Ct1+Ct2. Since dim T = 2 = the type of A7, T is the maximal torus
of g(V ). Let βi : T → C be a linear map with βi (t j )= δi j for i, j = 1, 2;

g(V )= gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2

= Cx1⊕Cx2⊕Cx3⊕Cx4,

(x1, x2) is a T-minimal system of generators. The generalized Cartan matrix is

C(A7)=

(
2 −2
−1 2

)
.

For the Ak singularity k ≥ 8,

g(V )= 〈z2∂z, z3∂z, . . . , zk−2∂z〉.

By setting x1 = z2∂z, x2 = z3∂z, . . . , xk−3 = zk−2∂z , we have the following multi-
plication table:

[x1, x2] = x3, [x1, x3] = 2x4, . . . , [x1, xk−4] = (k− 5)xk−3,

[x2, x3] = x5, [x2, x4] = 2x6, . . . , [x2, xk−5] = (k− 7)xk−3.
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The type of Ak (k ≥ 8) singularity = dim g(V )/[g(V ), g(V )] = 2. The nilpotency
of the Ak (k ≥ 8) singularity is

min
{

p ∈ N ∪ {0} | g(V )p+1
= 0

}
= k− 5.

It is easy to see from [Benson and Yau 1987] that the torus T of g(V ) is spanned by

t : g(V )→ g(V ),

x1 7→ x1,

x2 7→ 2x2,

x3 7→ 3x3,
...

xk−3 7→ (k− 3)xk−3.

It is follows from [Benson and Yau 1987] that T is the maximal torus of g(V ). Let
β : T → C be a linear map with β(t)= 1;

g(V )= gβ1 ⊕ g2β2 ⊕ · · ·⊕ g(k−3)β1

= Cx1⊕Cx2⊕Cx3⊕ · · ·⊕Cxk−3,

(x1, x2) is a T-minimal system of generators. It is noted that (ad x1)
k−4x2 = 0, but

(ad x1)
k−5x2 6= 0. Therefore c12 =−(k−5). In order to compute the c21 we divide

it into two cases.

Case 1. k is odd and k = 2l + 7≥ 9, l ≥ 1, then

(ad x2)
l+1x1 =−(2 · 2− 1)(2 · 3− 1) · · · (2l − 1)x2l+3, (ad x2)

l+2x1 = 0,

⇒ c21 =−(l + 1)=−k−5
2
.

Case 2. k is even and k = 2l + 6≥ 8, l ≥ 1, then

(ad x2)
l+1x1 =−(2 · 2− 1)(2 · 3− 1) · · · (2l − 1)x2l+3, (ad x2)

l+2x1 = 0,

⇒ c21 =−(l + 1)=−k−4
2
.

Therefore the generalized Cartan matrix is

C(Ak)=



(
2 −(k− 5)

−
k−5

2 2

)
, k is odd and k ≥ 9,(

2 −(k− 5)

−
k−4

2 2

)
, k is even and k ≥ 8. �
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Proposition 3.2. Let V = {x, y, z ∈C3
| x2
+ y2z+zk−1

= 0} be the Dk singularity,
k ≥ 4. Then

C(Dk)=



is not defined, k=4,(
2 −1

−1 2

)
, k=5, 2 −1 0

−1 2 0

0 0 2

, k=6,


2 −1 0 0

−1 2 0 0

0 0 2 −1

0 0 −1 2

, k=7,


2 −1 0 0

−1 2 0 0

0 0 2 −2

0 0 −1 2

, k=8,


2 −1 0 0

−1 2 0 0

0 0 2 −(k− 6)

0 0 − k−5
2 2

, k is odd and k ≥ 9,


2 −1 0 0

−1 2 0 0

0 0 2 −(k− 6)

0 0 − k−6
2 2

, k is even and k ≥ 10.

Proof. It is easy to see from [Arnold et al. 2004, Theorem 13.1],

A∗(V )= 〈zi , 0≤ i ≤ k− 3, y〉.

After a simple calculation we get

L∗(V )= 〈y∂y, zk−3∂y, y∂z, zi∂z, 1≤ i ≤ k− 3〉,

g(V )= 〈zk−3∂y, y∂z, zi∂z, 2≤ i ≤ k− 3, k ≥ 5〉.

It is easy to see, the Cartan matrix is not defined when k = 4. For the D5 singularity,

g(V )= 〈y∂z, z2∂y, z2∂z〉.
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We set x1 = y∂z , x2 = z2∂y and x3 = z2∂z . we have following multiplication
table: [x1, x2] = −x3. The type of D5 singularity = dim g(V )/[g(V ), g(V )] = 2.
The nilpotency of the A5 singularity =min{p ∈ N ∪ {0} | g(V )p+1

= 0} = 1. It is
easy to see from [Benson and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ),

x1 7→ x1, x1 7→ 0,

x2 7→ 0, x2 7→ x2,

x3 7→ x3, x3 7→ x3.

Thus T = Ct1+Ct2. Since dim T = 2= the type of D5, T is the maximal torus of
g(V ). Let βi : T → C be a linear map with βi (t j )= δi j for i, j = 1, 2;

g(V )= gβ1 ⊕ gβ2 ⊕ gβ1+β2

= Cx1⊕Cx2⊕Cx3,

(x1, x2) is a T-minimal system of generators. The generalized Cartan matrix is

C(D5)=

(
2 −1
−1 2

)
.

For the D6 singularity, we have the following multiplication table: [x1, x2]=−x4.
The type of A6 singularity = dim g(V )/[g(V ), g(V )] = 2. The nilpotency of A6

singularity =min{p ∈ N ∪ {0} | g(V )p+1
= 0} = 1. It is easy to see from [Benson

and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ), t3 : g(V )→ g(V ),

x1 7→ x1, x1 7→ 0, x1 7→ 0,

x2 7→ 0, x2 7→ x2, x2 7→ 0,

x3 7→ 0, x3 7→ 0, x3 7→ x3,

x4 7→ x4, x4 7→ x4, x4 7→ 0.

Thus T = Ct1+Ct2+Ct3. Since dim T = 3= the type of D6, T is the maximal
torus of g(V ). Let βi : T → C be a linear map with βi (t j )= δi j for i, j = 1, 2, 3;

g(V )= gβ1 ⊕ gβ2 ⊕ gβ3 ⊕ gβ1+β3

= Cx1⊕Cx2⊕Cx3⊕Cx4,

(x1, x2, x3) is a T-minimal system of generators. The generalized Cartan matrix is

C(D6)=

 2 −1 0
−1 2 0

0 0 2

.
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For the D7 singularity, we have the following multiplication table: [x1, x2]=−x5,
[x3, x4] = x5. The type of D7 singularity = dim g(V )/[g(V ), g(V )] = 4. The
nilpotency of the D7 singularity =min{p ∈ N ∪ {0} | g(V )p+1

= 0} = 1. It is easy
to see from [Benson and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ), t3 : g(V )→ g(V ),

x1 7→ x1, x1 7→ 0, x1 7→ 0,

x2 7→ 0, x2 7→ x2, x2 7→ 0,

x3 7→ 0, x3 7→ 0, x3 7→ x3,

x4 7→ x4, x4 7→ x4, x4 7→ −x4,

x5 7→ x5, x5 7→ x5, x5 7→ 0.

Thus T =Ct1+Ct2+Ct3 is a unique maximal torus on g(V ). Let βi : T →C be a
linear map with βi (t j )= δi j for i, j = 1, 2, 3;

g(V )= gβ1 ⊕ gβ2 ⊕ gβ3 ⊕ gβ1+β2−β3 ⊕ gβ1+β2

= Cx1⊕Cx2⊕Cx3⊕Cx4⊕Cx5,

(x1, x2, x3, x4) is a T-minimal system of generators. The generalized Cartan matrix
is

C(D7)=


2 −1 0 0
−1 2 0 0
0 0 2 −1
0 0 −1 2

.
For the D8 singularity, we have the following multiplication table: [x1, x2]=−x6,
[x3, x4]=x5, [x3, x5]=2x6. The type of D8 singularity=dim g(V )/[g(V ), g(V )]=4.
The nilpotency of the D8 singularity =min{p ∈ N ∪ {0} | g(V )p+1

= 0} = 2. It is
easy to see from [Benson and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ), t3 : g(V )→ g(V ),

x1 7→ x1, x1 7→ 0, x1 7→ 0,

x2 7→ 0, x2 7→ x2, x2 7→ 0,

x3 7→ 0, x3 7→ 0, x3 7→ x3,

x4 7→ x4, x4 7→ x4, x4 7→ −2x4,

x5 7→ x5, x5 7→ x5, x5 7→ −x5,

x6 7→ x6, x6 7→ x6, x6 7→ 0.
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Thus T =Ct1+Ct2+Ct3 is a unique maximal torus on g(V ). Let βi : T →C be a
linear map with βi (t j )= δi j for i, j = 1, 2, 3;

g(V )= gβ1 ⊕ gβ2 ⊕ gβ3 ⊕ gβ1+β2−2β3 ⊕ gβ1+β2−β3 ⊕ gβ1+β2

= Cx1⊕Cx2⊕Cx3⊕Cx4⊕Cx5⊕Cx6,

(x1, x2, x3, x4) is a T-minimal system of generators. The generalized Cartan matrix
is

C(D8)=


2 −1 0 0
−1 2 0 0
0 0 2 −2
0 0 −1 2

.
For the Dk singularity k ≥ 9,

g(V )= 〈y∂z, zk−3∂y, z2∂z, z3∂z, z4∂z, . . . , zk−3∂z〉.

By setting x1 = z2∂z , x2 = z3∂z, . . . , xk−2 = zk−3∂z , we have the following
multiplication table:

[x1, x2] = −xk−2,

[x3, x4] = x5, [x3, x5] = 2x6, [x3, x6] = 3x7, . . . , [x3, xk−3] = (k− 6)xk−2,

[x4, x5] = x7, [x4, x6] = 2x8, [x4, x7] = 3x9, . . . , [x4, xk−4] = (k− 8)xk−2,

[x5, x6] = x9, [x5, x7] = 2x10, [x5, x8] = 3x11, . . . , [x5, xk−5] = (k− 10)xk−2.

The type of Dk singularity (for k ≥ 9) = dim g(V )/[g(V ), g(V )] = 4. The
nilpotency of the Dk singularity (for k≥9)=min{p∈N∪{0} | g(V )p+1

=0}=k−6.

Case 1. When k is odd:
It is easy to see from [Benson and Yau 1987] that the torus T of g(V ) is spanned

by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ),

x1 7→ (k− 4)x1, x1 7→ 0

x2 7→ 0, x2 7→ (k− 4)x2,

x3 7→ x3, x3 7→ x3,

x4 7→ 2x4, x4 7→ 2x4,

x5 7→ 3x5, x5 7→ 3x5,
...

...

xk−2 7→ (k− 4)xk−2, xk−2 7→ (k− 4)xk−2.
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Thus T =Ct1+Ct2 is a unique maximal torus on g(V ). Let βi : T →C be a linear
map with βi (t j )= δi j for i, j = 1, 2;

g(V )= g(k−4)β1 ⊕ g(k−4)β2 ⊕ gβ1+β2 ⊕ g2(β1+β2)⊕ g3(β1+β2)⊕ · · ·⊕ g(k−4)(β1+β2)

= Cx1⊕Cx2⊕Cx3⊕Cx4⊕Cx5⊕ · · ·⊕Cxk−2,

(x1, x2, x3, x4) is a T-minimal system of generators. Since (ad x3)
k−5x4 = 0, and

(ad x3)
k−6x4 6= 0, so c34 = −(k − 6). In order to compute the c43, we have k =

2l + 7≥ 9;

(ad x4)
l+1x3 =−(2 · 2− 1)(2 · 3− 1) · · · (2l − 1)x2l+5, (ad x4)

l+2x3 = 0,

⇒ c43 =−(l + 1)=−
k− 5

2
.

Therefore the generalized Cartan matrix is

C(Dk)=


2 −1 0 0
−1 2 0 0
0 0 2 −(k− 6)
0 0 − k−5

2 2

.
Case 2. When k is even:

It is easy to see from [Benson and Yau 1987] that the torus T of g(V ) is spanned
by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ),

x1 7→ (k− 4)2x1, x1 7→ 0,

x2 7→ 0, x2 7→ (k− 4)2x2,

x3 7→ (k− 4)x3, x3 7→ (k− 4)x3,

x4 7→ 2(k− 4)x4, x4 7→ 2(k− 4)x4,

x5 7→ 3(k− 4)x5, x5 7→ 3(k− 4)x5,
...

...

xk−2 7→ (k− 4)2xk−2, xk−2 7→ (k− 4)2xk−2.

Thus T =Ct1+Ct2 is a unique maximal torus on g(V ). Let βi : T →C be a linear
map with βi (t j )= δi j for i, j = 1, 2;

g(V )= g(k−4)2β1 ⊕ g(k−4)2β2 ⊕ g(k−4)(β1+β2)⊕ g2(k−4)(β1+β2)⊕ g3(k−4)(β1+β2)⊕· · ·

· · · ⊕ g(k−4)2(β1+β2)

= Cx1⊕Cx2⊕Cx3⊕Cx4⊕Cx5⊕ · · ·⊕Cxk−2,

(x1, x2, x3, x4) is a T-minimal system of generators. It is noted that (ad x3)
k−5x4=0,

but (ad x3)
k−6x4 6= 0. Therefore c34 =−(k− 6). In order to compute the c43, we
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have k = 2l + 8≥ 9;

(ad x4)
l+1x3 =−(2 · 2− 1)(2 · 3− 1) · · · (2l − 1)x2l+5, (ad x4)

l+2x3 = 0,

⇒ c43 =−(l + 1)=−k−6
2
.

Therefore the generalized Cartan matrix is

C(Dk)=


2 −1 0 0
−1 2 0 0
0 0 2 −(k− 6)
0 0 − k−6

2 2

. �

Proposition 3.3. Let V = {x, y, z ∈ C3
| x2
+ y3
+ z4
= 0} be the E6 singularity.

Then

C(E6)=


2 −1 0 0
−2 2 −2 −2

0 −2 2 0
0 −2 0 2

.
Proof. It is easy to see that A∗(V )= 〈1, y, z, yz, z2

〉 with the multiplication rules
y2
= 0= z3

= yz2. We have the following basis of the new Lie algebra of the E6

singularity:
L∗(V )= 〈y∂y, yz∂y, z2∂y, y∂z, yz∂z, z∂z, z2∂z〉.

The nilradical of the new Lie algebra of the E6 singularity is spanned by

g(V )= 〈yz∂y, z2∂y, y∂z, yz∂z, z2∂z〉.

We set x1 = yz∂y , x2 = z2∂y , . . . , x5 = z2∂z . The multiplication table of the
nilradical of the Lie algebra is given as

[x1, x3] = x4, [x2, x3] = −2x1+ x5, [x3, x5] = 2x4.

The type of E6 singularity = dim g(V )/[g(V ), g(V )] = 3. The nilpotency of
the E6 singularity =min

{
p ∈ N ∪ {0} | g(V )p+1

= 0
}
= 2. It is easy to see from

[Benson and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ), t3 : g(V )→ g(V ),

x1 7→ x1, x1 7→ x5, x1 7→ 0,

x2 7→ 2x2, x2 7→ −4x2, x2 7→ −x2,

x3 7→ −x3, x3 7→ 3x3, x3 7→ x3,

x4 7→ 0, x4 7→ 0, x4 7→ x4,

x5 7→ x5, x5 7→ 4x1, x5 7→ 0.



GENERALIZED CARTAN MATRICES FROM HYPERSURFACE SINGULARITIES 205

Thus T = Ct1+Ct2+Ct3. Since dim T = 3= the type of E6, T is the maximal
torus of g(V ). Let βi : T → C be a linear map with βi (t j )= δi j for i, j = 1, 2, 3;

g(V )= gβ1+2β2 ⊕ gβ1−2β2 ⊕ g2β1−4β2−β3 ⊕ g−β1+3β2+β3 ⊕ gβ3

= C
( x1

2
+ x5

)
⊕C

(
−

x1
2
+ x5

)
⊕Cx2⊕Cx3⊕Cx4,(

x2, x3,
x1
2 + x5,−

x1
2 + x5

)
is a T-minimal system of generators. The generalized

Cartan matrix is

C(E6)=


2 −1 0 0
−2 2 −2 −2

0 −2 2 0
0 −2 0 2

. �

Proposition 3.4. Let V = {x, y, z ∈ C3
| x2
+ y3
+ yz3

= 0} be the E7 singularity.
Then

C(E7)=


2 0 0 −1
0 2 −1 −1
0 −1 2 −1
−2 −2 −3 2

.
Proof. It is easy to see that A∗(V ) = 〈1, y, z, yz, y2, z2

〉 with the multiplication
rules

y2z = 0= y4
= z3, y3

+ 3z2
= 0, 6z2

− 3y3
= 0.

We have the following basis of the new Lie algebra of the E7 singularity:

L∗(V )= 〈z∂y, yz∂y, y2∂y, z2∂y, yz∂z, y2∂z, z2∂z, 3y∂y + 2z∂z〉.

The nilradical of the new Lie algebra of E7 singularity is spanned by

g(V )= 〈yz∂y, y2∂y, z2∂y, yz∂z, y2∂z, z2∂z, z∂y〉.

We set x1 = yz∂y , x2 = y2∂y , . . . , x7 = z∂y . The multiplication table of the
nilradical of the new Lie algebra is given as

[x1, x7] = −x3, [x1, x5] = 3x3, [x2, x5] = −6x6,

[x2, x7] = −2x1, [x4, x7] = x1− x6, [x4, x5] = 3x6,

[x5, x7] = x2− 2x4, [x6, x7] = x3.

The type of E7 singularity = dim g(V )/[g(V ), g(V )] = 3. The nilpotency of the
E7 singularity=min

{
p ∈ N∪{0} | g(V )p+1

= 0
}
= 3 It is easy to see from [Benson
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and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ),

x1 7→ 3x1, x1 7→ 0,

x2 7→ 2x2, x2 7→ −10x2− 3x4,

x3 7→ 4x3, x3 7→ −8x3,

x4 7→ 2x4, x4 7→ −12x2− 10x4,

x5 7→ x5, x5 7→ −8x5+ 3x7,

x6 7→ 3x6, x6 7→ 3x1− 12x6,

x7 7→ x7, x7 7→ 4x7.

Thus T = Ct1+Ct2 is a unique maximal torus of g(V ). Let βi : T → C be a linear
map with βi (t j )= δi j for i, j = 1, 2;

g(V )= g3β1 ⊕ g2β1−4β2 ⊕ g2β1−16β2 ⊕ g4β1−8β2 ⊕ gβ1−8β2 ⊕ g3β1−12β2 ⊕ gβ1+4β2

= C(4x1+ x6)⊕C
(
−

x2
2
+ x4

)
⊕C

( x2
2
+ x4

)
⊕Cx3⊕Cx5⊕Cx6

⊕C
( x5

4
+ x7

)
,(

x2/2+ x4,−x2/2+ x4, x5, x5/4+ x7
)

is a T-minimal system of generators. The
generalized Cartan matrix is

C(E7)=


2 0 0 −1
0 2 −1 −1
0 −1 2 −1
−2 −2 −3 2

. �

Proposition 3.5. Let V = {x, y, z ∈ C3
| x2
+ y3
+ z5
= 0} be the E8 singularity.

Then

C(E8)=


2 −1 0 0
−2 2 0 −1

0 0 2 −1
0 −1 −1 2

.
Proof. It is noted that A∗(V )= 〈1, y, z, yz, yz2, z2, z3

〉 with multiplication rules

y2
= 0= z4

= yz3.

We have the following basis of the new Lie algebra of the E8 singularity,

L∗(V )= 〈y∂y, yz∂y, yz2∂y, z3∂y, y∂z, yz∂z, yz2∂z, z∂z, z2∂z, z3∂z〉.
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The nilradical of the new Lie algebra of the E8 singularity is spanned by

g(V )= 〈yz∂y, yz2∂y, z3∂y, y∂z, yz∂z, yz2∂z, z2∂z, z3∂z〉.

We set x1 = yz∂y, x2 = yz2∂y, . . . , x8 = z3∂z . The multiplication table of nilradical
of new Lie algebra is given as

[x1, x4] = x5, [x1, x5] = x6, [x1, x7] = −x2,

[x2, x4] = x6, [x3, x4] = −3x2+ x8, [x4, x7] = 2x5,

[x4, x8] = 3x6, [x5, x7] = x6.

The type of E8 singularity = dim g(V )/[g(V ), g(V )] = 4. The nilpotency of
the E8 singularity = min{p ∈ N ∪ {0} | g(V )p+1

= 0} = 2 It is easy to see from
[Benson and Yau 1987] that the torus T of g(V ) is spanned by

t1 : g(V )→ g(V ), t2 : g(V )→ g(V ), t3 : g(V )→ g(V ),

x1 7→ −2x7, x1 7→ x1, x1 7→ 0,

x2 7→ −3x2, x2 7→ 2x2, x2 7→ 0,

x3 7→ 0, x3 7→ 0, x3 7→ x3,

x4 7→ −3x4, x4 7→ 2x4, x4 7→ −x4,

x5 7→ −5x5, x5 7→ 3x5, x5 7→ −x5,

x6 7→ −6x6, x6 7→ 4x6, x6 7→ −x6,

x7 7→ x1− 3x7, x7 7→ x7, x7 7→ 0,

x8 7→ −3x8, x8 7→ 2x8, x8 7→ 0.

Thus T = Ct1+Ct2+Ct3 is a maximal torus of g(V ). Let βi : T → C be a linear
map with βi (t j )= δi j for i, j = 1, 2, 3;

g(V )= g−3β1+2β2 ⊕ gβ3 ⊕ g−3β1+2β2−β3 ⊕ g−5β1+3β2−β3 ⊕ g−6β1+4β2−β3

⊕ g−β1+β2 ⊕ g−2β1+β2 ⊕ g−3β1+2β2

= Cx2⊕Cx3⊕Cx4⊕Cx5⊕Cx6⊕C(2x1+ x7)⊕C(x1+ x7)⊕Cx8,

(x3, x4, 2x1+ x7, x1+ x7) is a T-minimal system of generators. The generalized
Cartan matrix is

C(E8)=


2 −1 0 0
−2 2 0 −1

0 0 2 −1
0 −1 −1 2

. �

From Propositions 3.1–3.5, we have the following conclusion.
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Theorem 1.1. The generalized Cartan matrix characterizes the simple (ADE) hy-
persurface singularities except A6 and D5 singularities. I.e., if X and Y are two
simple hypersurface singularities, then C(X) = C(Y ) if and only if X and Y are
analytically isomorphic.

Remark 3.6. In Theorem 1.1, in order for the generalized Cartan matrix to make
sense, the simple singularities there should be Ak, k ≥ 5, Dk, k ≥ 5, E6, E7, E8.

However, Theorem 1.1 is not true for general singularities. In the following
Propositions 3.7, 3.8 and 3.9, we shall see that the generalized Cartan matrix is
constant for simple elliptic singularities. Therefore it does not characterize the
simple elliptic singularities.

Proposition 3.7. Let Vt = {(x, y, z) ∈ C3
| ft(x, y, z)= x3

+ y3
+ z3
+ t xyz = 0}

with t3
+ 27 6= 0, the Ẽ6 singularity. Then

C(Ẽ6)=



2 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0
0 0 0 0 2 0 0 0 0
0 0 0 0 0 2 0 0 0
0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 2


.

Proof. It is easy to see that new moduli algebra A∗(Vt) = 〈1, x, y, z, xy, xz, yz〉
with multiplication rules, x2

= −
t
3 yz, y2

= −
t
3 xz, z2

= −
t
3 xy. A basis for the

new Lie algebra L∗(Vt) (for t3
6= 0,−27, 216) is

e0 = x∂x + y∂y + z∂z, e1 = xy∂x , e2 = xy∂y, e3 = xy∂z, e4 = xz∂x ,

e5 = xz∂y, e6 = xz∂z, e7 = yz∂x , e8 = yz∂y, e9 = yz∂z.

For t = 0, {e0} is replaced by {e10= x∂x , e11= y∂y, e12= z∂z}. For t =−3, {e0}

is replaced by {e0, z∂x + x∂y + y∂z, y∂x + z∂y + x∂z}. For t = 6, {e0} is replaced
by {e0,−z∂x − x∂y − y∂z,−y∂x − z∂y − x∂z}.

The type and nilpotency of Ẽ6 singularity are zero.
The nilradical g(V ) of L∗(Vt) is spanned by 〈e1, . . . , e9〉 (for all t such that

t3
6= 0,−27, 216).
It is easy to see that multiplication table for nilradical of the new Lie algebra is

zero.
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It is follows from [Seeley and Yau 1991], in case of generic t the derivation of
the nilradical of L∗(Vt) has a basis of the form

f1 : a11 = 1, f2 : a22 = 1, f3 : a33 = 1, f4 : a44 = 1, f5 : a55 = 1,

f6 : a66 = 1, f7 : a77 = 1, f8 : a88 = 1, f9 : a99 = 1.

We have following decomposition of the nilradical of the new Lie algebra with
respect to the maximal torus [Seeley and Yau 1991]:

gβ1 = 〈e1〉, gβ2 = 〈e2〉, gβ3 = 〈e3〉, gβ4 = 〈e4〉, gβ5 = 〈e5〉,

gβ6 = 〈e6〉, gβ7 = 〈e7〉, gβ8 = 〈e8〉, gβ9 = 〈e9〉.

Therefore we have following Cartan matrix

C(Ẽ6)=



2 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0
0 0 0 0 2 0 0 0 0
0 0 0 0 0 2 0 0 0
0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 2


. �

Proposition 3.8. Let Vt = {(x, y, z) ∈C3
| ft(x, y, z)= x4

+ y4
+ t x2 y2

+ z2
= 0}

with t2
6= 4, be the Ẽ7 singularity. Then

C(Ẽ7)=





2 −1 −1 −1 −1 −1

−1 2 −1 −1 −1 −1

−1 −1 2 −1 −1 −1

−1 −1 −1 2 −1 −1

−1 −1 −1 −1 2 −1

−1 −1 −1 −1 −1 2


, t 6= 0,



2 −1 −1 0 −1 −1

−1 2 −1 −1 −1 −1

−1 −1 2 −1 −1 −1

0 −1 −1 2 −1 −1

−1 −1 −1 −1 2 0

−1 −1 −1 −1 0 2


, t = 0.
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Proof. In [Seeley and Yau 1990], the authors showed that (µ, τ)-constant family
for Ẽ7 is

Vt =
{
(x, y, z) ∈ C3

| ft(x, y, z)= x4
+ y4
+ t x2 y2

+ z2
= 0

}
,

with t2
6= 4. The moduli algebra

A∗(Vt)= A(Vt)/(x2 y2)= 〈1, x, y, x2, xy, y2, x2 y, xy2
〉,

with the multiplication rules

x3
=−

t
2

xy2, y3
=−

t
2

x2 y, x3 y = 0= xy3
= x2 y2.

A basis of the new Lie algebra L∗(Vt) (for t 6= 0,−6, 6) is:

deg0 : e0 = x∂x + y∂y,

deg1 : e1 = x2∂x , e2 = y2∂y, e3 = y2∂x , e4 = x2∂y, e5 = xy∂x , e6 = xy∂y,

deg2 : e7 = x2 y∂x , e8 = xy2∂y, e9 = xy2∂x , e10 = x2 y∂y .

For t =0, {e0} is replaced by {x∂x , y∂y}. For t =6, {e0} is replaced by {e0, y∂x+

x∂y}. For t =−6, {e0} is replaced by {e0, y∂x − x∂y}.
The type of Ẽ7 singularity = dim g(V )/[g(V ), g(V )] = 4.
The nilpotency of the Ẽ7 singularity =min

{
p ∈ N ∪ {0} | g(V )p+1

= 0
}
= 1

The nilradical g(V ) of L∗(Vt) is of dimension 10 and is spanned by 〈e1, . . . , e10〉

(for all t such that t2
6= 4). We have the following multiplication table:

[e0, ei ] = deg(ei ) ei , [e2, e3] = −te7, [e3, e4] = 2e8− 2e7,

[e1, e2] = 0, [e2, e4] = −2e10, [e3, e5] = −te7/2,

[e1, e3] = −2e9, [e2, e5] = e9, [e3, e6] = −2e9− te10/2,

[e1, e4] = −te8, [e2, e6] = −e8, [e4, e5] = −te9/2− 2e10,

[e1, e5] = −e7, [e5, e6] = e8− e7. [e4, e6] = −te8/2,

[e1, e6] = e10,

Other Lie brackets are 0. It follows from [Seeley and Yau 1991], that we can
consider derivations which preserve degree to find a maximal torus of derivations
on nilradical g(V ). Let δ be a such derivation;

δe1 =

6∑
j=1

a6 j e j , δe7 =

10∑
j=7

a10 j e j .

Case 1. In case of generic t the derivation of the nilradical of L∗(Vt) is spanned by

f1 :
a11

2
=

a22

2
=

a33

2
=

a44

2
=

a55

2
=

a66

2
= a77 = a88 = a99 = a10,10 = 1,
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and otherwise ai j = 0. In case of t = 0 the derivation of the nilradical of L∗(Vt) is
spanned by

f1 : a11 =−a33 = 2a44 = a66 = a77 = a88 = 2a10,10 = 1,

f2 : a22 = 2a33 =−a44 = a55 = a77 = a88 = 2a99 = 1,

and other ai j = 0. Thus for generic t we have a torus of dimension 1 spanned by
δ = ade0 :

δei =

{
ei , i = 1, 2, 3, 4, 5, 6,
2ei , i = 7, 8, 9, 10.

For generic t , let β(δ)= 1. Then we have the following decomposition of the
nilpotent Lie algebra with respect to the maximal torus:

gβ = 〈e1, e2, e3, e4, e5, e6〉,

Ci j =

{
2, i = j,
−1, i 6= j.

We have the following generalized Cartan matrix:

C(Ẽ7)=



2 −1 −1 −1 −1 −1
−1 2 −1 −1 −1 −1
−1 −1 2 −1 −1 −1
−1 −1 −1 2 −1 −1
−1 −1 −1 −1 2 −1
−1 −1 −1 −1 −1 2


.

Case 2. For t = 0 we have a torus of dimension 2, spanned by degree derivations
δ1 = ad(x∂x ) and δ2 = ad(y∂y):

δ1ei =


ei , i = 1, 5, 6, 8, 9,
2ei , i = 4, 7, 10,
0, i = 2, 3,

and δ2ei =


ei , i = 5, 6, 7, 10,
2ei , i = 2, 3, 8, 9,
0, i = 1, 4.

For t = 0, we have following decomposition of the nilpotent Lie algebra:

β1(δ1)= 1, β1(δ2)= 0 ⇒ gβ1 = 〈e1〉,

β2(δ1)= 1, β2(δ2)= 1 ⇒ gβ2 = 〈e5, e6〉,

β3(δ1)= 2, β3(δ2)= 0 ⇒ gβ3 = 〈e4〉,

β4(δ1)= 0, β4(δ2)= 2 ⇒ gβ4 = 〈e2, e3〉.
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It is easy to see that

f (1)= 1, f (2)= 2, f (3)= 2, f (4)= 3, f (5)= 4, f (6)= 4,

(ad e1)
2e5 = (ad e1)

2e6 = 0 ⇒ C12 = C13 = C21 = C31 =−1,

(ad e1)e4 = 0 ⇒ C14 = C41 = 0,

(ad e1)
2e2 = 0, (ad e1)

2e3 = [e1,−2e9] = 0 ⇒ C15 = C51 = C16 = C61 =−1,

(ad(γ e5+ e6))
2e5 = [γ e5+ e6, γ e8− γ e7] = 0, (ad e5)

2e6 = [e5, e8− e7] = 0
⇒ C23 = C32 =−1,

(ad e5)
2e4 = (ad e6)

2e4 = 0 ⇒ C24 = C34 = C42 = C43 =−1,

(ad e5)
2e2 = 0, (ad e6)

2e2 = 0, (ad e5)
2e3 = 0, (ad e6)

2e3 = 0
⇒ C25 = C26 = C35 = C36 = C52 = C53 = C62 = C63 =−1,

(ad e4)
2e2 = [e4, 2e10] = 0, (ad e4)

2e3 = [e4, 2e7− 2e8] = 0
⇒ C45 = C46 = C54 = C64 =−1,

(ad(γ e2+ e3))e2 = (ad e2)e3 = 0 ⇒ C56 = C65 = 0.

We have the following generalized Cartan matrix:

C(Ẽ7)=



2 −1 −1 0 −1 −1
−1 2 −1 −1 −1 −1
−1 −1 2 −1 −1 −1

0 −1 −1 2 −1 −1
−1 −1 −1 −1 2 0
−1 −1 −1 −1 0 2


. �

Proposition 3.9. Let Vt = {(x, y, z) ∈ C3
| ft = x6

+ y3
+ z2
+ t x4 y = 0} with

4t3
+ 27 6= 0, be the Ẽ8 singularity. Then

C(Ẽ8)=



 2 −3 −3

−3 2 −3

−3 −3 2

, t 6= 0,

 2 −1 −1

−1 2 −2

−1 −2 2

, t = 0.

Proof. In [Seeley and Yau 1990], the authors had studied the (µ, τ)-constant family
of Ẽ8, which is given by

Vt =
{
(x, y, z) ∈ C3

| ft = x6
+ y3
+ z2
+ t x4 y = 0

}
,
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with 4t3
+ 27 6= 0. The new moduli algebra

A∗(Vt)= 〈1, x, x2, y, x3, xy, x4, x2 y, x3 y〉,

with the multiplication rules y2
=−

t
3 x4, x5

=−
2t
3 x3 y, x4 y = 0.

By calculation, a basis of the new Lie algebra L∗(Vt) (for 4t3
+ 27 6= 0 and

t 6= 0), is the following:

deg 0 : e0 = x∂x + 2y∂y,

deg 1 : e1 = x2∂x + 2xy∂y, e2 = 3y∂x − 2t x3∂y, e3 = t y∂x − 3xy∂y,

deg 2 : e4 = x3∂x , e5 = xy∂x , e6 = x2 y∂y, e7 = x4∂y,

deg 3 : e8 = x4∂x , e9 = x2 y∂x , e10 = x3 y, ∂y,

deg 4 : e11 = x3 y∂x .

For t = 0, {e0} is replaced by {x∂x , y∂y}. Let g(V ) be the nilradical of L∗(Vt),
which is of dimension 11, spanned by 〈e1, e2, . . . , e11〉 (for all t such that 4t3

+27 6=
0). By calculation, the multiplication table of g(V ) is given as follows:

[e1, e2] = 0, [e1, e3] = −3e6+
2t2

3
e7, [e2, e3] = −2t2e4+9e5+6t2e6+9te7,

[e1, e4] = e8− 2e10 [e2, e4] = 9e9− 4t2e10, [e1, e5] = e9−
4t2

9
e10,

[e2, e5] = −3te8+ 6te10, [e1, e6] = 2e10, [e2, e6] = −3e9+
8t2

3
e10,

[e1, e7] = −
4t
3

e10, [e2, e7] = −3e8+ 12e10, [e1, e8] = −
4t
3

e11,

[e2, e8] = 12e11, [e1, e9] = 2e11, [e2, e9] =
8t2

3
e11, [e1, e10] = 0,

[e2, e10] = −3e11, [e3, e4] = 3te9+ 3e10, [e3, e5] = −
t2

3
e8− 3e9+

2t2

3
e10,

[e4, e5] = −2e11, [e3, e6] = −te9+
4t3

9
e10, [e4, e6] = 0,

[e3, e7] = −te8+ 2te10, [e4, e7] = 0, [e3, e8] = 4te11, [e5, e6] = −e11,

[e3, e9] =

(4t3

9
− 3

)
e11, [e5, e7] =

2t
3

e11, [e3, e10] = −te11, [e6, e7] = 0.

Other Lie brackets [ei , e j ] (i < j) are zero. It is follows from [Seeley and Yau
1991], that we can consider derivations which preserve degree to find a maximal
torus of derivations on the nilradical g(V ). Let δ be a such derivation:

δe1 =

3∑
j=1

a3 j e j , δe4 =

7∑
j=4

a7 j e j , δe8 =

10∑
j=8

a10 j e j , δe11 = a11,11e11.
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It is follows from the multiplication table that

[g(V ), g(V )] =
〈
−3e6+

2t2

3
e7,−2t2e4+ 9e5+ 6t2e6+ 9te7, e8, e9, e10, e11

〉
.

Therefore the type of Ẽ8 singularity= dim g(V )/[g(V ), g(V )] = 5. The nilpotency
of Ẽ8 singularity =min

{
p ∈ N ∪ {0} | g(V )p+1

= 0
}
= 4

Case 1. It is follows from [Seeley and Yau 1991] in case of generic t the derivation
of nilradical of L∗(Vt) is spanned by

f1 :
3a10,10

4
=

a11

4
=a11,11=

a22

4
=

a33

4
=

a44

2
=

a55

2
=

a66

2
=

a77

2
=

3a88

4
=

3a99

4
=1,

and other ai j = 0. In case of t = 0, the derivation of the nilradical of L∗(Vt) is
spanned by

f1 : − a11,11 =−a22 =−a55 = a77 =−a99 = 1,

f2 : −3a10,10 =−a11 = 3a22 =−a33 =−2a44 = 2a55 =−2a66 =−6a77 =−3a88

= a99 = 1,

and other ai j = 0. Thus for generic t we have a torus of dimension 1 spanned by
δ = ade0 ;

δei =


ei , i = 1, 2, 3,
2ei , i = 4, 5, 6, 7,
3ei , i = 8, 9, 10,
4ei , i = 11.

Let β(δ) = 1, and gβ = 〈e1, e2, e3〉. Since (ad e1)
4e2 = 0, (ad e1)

4e3 = 0 and
(ad e2)

4e3 = 0:

Ci j =

{
2, i = j,
−3, i 6= j.

So we have the following generalized Cartan matrix:

C(Ẽ8)=

 2 −3 −3
−3 2 −3
−3 −3 2

.
Case 2. For t = 0 we have a torus of dimension 2, spanned by degree derivation
δ1 = ad(x∂x ) and δ2 = ad(y∂y);

δ1ei =



ei , i = 1, 2, 3, 9,
2ei , i = 4, 6, 11,
3ei , i = 8, 10,
4ei , i = 7,
0, i = 5,

and δ2ei =

{
ei , i = 2, 5, 7, 9, 11,
0, i = 1, 3, 4, 6, 8, 10.
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For t = 0, we have the following decomposition of the nilpotent Lie algebra:

β1(δ1)= 1, β1(δ2)= 1 ⇒ gβ1= 〈e2, e9〉,

β2(δ1)= 1, β2(δ2)= 0 ⇒ gβ2= 〈e1, e3〉.

It is noted that e9 ∈ [g(V ), g(V )] and we have f (1)= 1, f (2)= f (3)= 2,

(ad e2)
2e1 = (ad e2)

2e3 = (ad e9)
2e1 = (ad e9)

2e3 = 0
⇒ C12 = C21 = C31 = C13 =−1,

(ad(γ e1+ e3))
3e1 = (ad e1)

3e3 = 0 ⇒ C32 = C23 =−2.

We have the following generalized Cartan matrix:

C(Ẽ8)=

 2 −1 −1
−1 2 −2
−1 −2 2

. �
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ON THE COMMUTATIVITY OF COSET PRESSURE

BING LI AND WEN-CHIAO CHENG

We establish the conditional entropy with a coset partition and coset pres-
sure for subadditive potentials via separated sets on a compact metric group.
Analogues of the variational principle and thermodynamic formalism are
shown in this system. The major finding of this study consists of its presen-
tation of the commutativity proposition for those conjugate invariants.

1. Introduction

A basic issue in the theory of dynamical systems is the study of the complexity of
orbits. This has led to the development of many different subjects in mathematics. In
1958, Kolmogorov applied the notion of entropy from information theory to ergodic
theory. Since then, the notion of entropy has played an important role in understand-
ing the complexity of various dynamical systems. The two main types of entropy are
measure-theoretic (or metric) entropy and topological entropy. The former measures
the maximal loss of information of the iteration of finite partitions in a measure
preserving transformation. The latter measures the maximal exponential growth
rate of orbits for an arbitrary topological dynamical system. These two notions are
connected by the so-called variational principle. This relation states that the topo-
logical entropy is the supremum of the metric entropies for all invariant probability
measures of a given topological system, and has received considerable attention.

As a natural generalization of topological entropy, topological pressure is a
quantity which belongs to one of the concepts in the thermodynamic formalism.
The thermodynamic formalism itself is a generalization of the concepts of statistical
physics to the area of mathematical dynamical systems theory. Ruelle [1973] first
introduced the concept of topological pressure of additive potentials for expansive
dynamical systems. Walters [1982] then extended this concept to the compact
space with the continuous transformation. Moreover, in some cases, the values of
entropy functions can be expressed as the topological pressure of certain functions
related to dynamical systems. Numerous nonlinear physical problems involve a
complicated discrete dynamical system. Topological pressure contains information

Cheng is the corresponding author.
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Keywords: thermodynamic formalism, coset pressure, conditional entropy, commutativity.
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on the dynamics of the system; these dynamics can be extracted by varying the
potential energy function. Related studies include [Falconer 1988; Gelfert and
Wolf 2008; Huang et al. 2008; Huang and Yi 2007; Molaei 2008; Pollner and
Vattay 1996; Spandl 2008]. The framework presented by Bowen [1971] has caused
topological pressure to become a fundamental tool for studying the multifractal
formalism of dimension theory, especially for examining nonconformal dynamical
systems in statistical mechanics; see [Falconer 1988; Pesin 1997].

Furthermore, the notions of topological entropy and topological pressure intro-
duced above are applied to autonomous dynamical systems. Kolyada, Misiurewicz,
and Snoha [Kolyada et al. 1999; Kolyada and Snoha 1996] introduced topological
entropy for a nonautonomous dynamical system given by a sequence { fn}

∞

n=1
of continuous self-maps of a compact metric space. More precisely, Kolyada
and Snoha [1996] showed that the topological entropy of the composition of two
continuous self-maps of a compact metric space does not depend on the order in
which functions compose, that is, htop(S ◦ T )= htop(T ◦ S). This fact demonstrates
that the dynamics of S ◦ T must exhibit some common features with that of T ◦ S,
although S ◦ T and T ◦ S do not usually coincide. Kong, Cheng, and Li [Kong et al.
2015] generalized topological entropy to the topological pressure of (X; f1,∞). They
analyzed those basic pressure propositions concerning a nonautonomous dynamical
system (X; f1,∞) given by a compact metric space X and a sequence f1,∞={ fn}

∞

n=1
of continuous self-maps of X. They also showed that, for any continuous maps T
and S from a compact metric space into itself, the maps T ◦ S and S ◦ T have
the same topological pressure. Different propositions regarding nonautonomous
dynamical systems also can be found in [Cánovas 2011; Kuang et al. 2013].

Essentially, the thermodynamic formalism can be described as a rigorous study
of certain mathematical structures inspired in thermodynamics. Balibrea, López and
Peña [Balibrea et al. 1999b] presented the commutativity proposition for topological
pressure by using thermodynamic formalism. The commutativity proposition for the
sequence entropy on the interval also can be obtained in [Balibrea et al. 1999a]. Here
we pursue the commutativity for coset pressure and conditional entropy function.
The outline of the paper is as follows. Section 2 establishes basic entropy with a coset
partition and shows the variational principle. Then we discuss the commutativity of
conditional entropy. Section 3 studies coset pressure with a sequence of subadditive
potential functions and demonstrates the thermodynamic formalism. Then, along
with [Balibrea et al. 1999b] and based on thermodynamic formalism, the main
result of the commutativity proposition also holds for the coset pressure.

2. Commutativity of entropy

In dynamical systems and ergodic theory it is understood that a reasonable measure-
theoretic or topological entropy should be a measure of the uncertainty of the
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system and that they should be invariant under measurable or topological change of
coordinates, respectively. This section reviews the concept of conditional entropy
in the context of a probability space and topological entropy in the context of the
compact metric space. We then show the commutativity property of conditional
entropy as follows.

Assume that (X, d) is a compact metric space with metric d and T : X→ X is a
continuous selfmap. For any n ∈ N, first we define the Bowen metric on X as

dn(x, y)= max
0≤i≤n−1

d(T i x, T i y) for all x, y ∈ X.

Let K be a compact subset of X. For any n ∈ N and ε > 0, a subset F of X is said
to be an (n, ε)-spanning set of K with respect to T if for all x ∈ K , there exists
y ∈ F with dn(x, y)≤ ε, i.e.,

K ⊂
⋃
y∈F

n−1⋂
i=0

T−i B(T i y; ε),

where B(T i y; ε) represents the open ball with center T i y and radius ε in the
metric d, and B(T i y; ε) is the corresponding closed ball. Let r(n, ε, K ) denote
the smallest cardinality of (n, ε)-spanning set for K with respect to T. A subset E
of K is said to be (n, ε)-separated with respect to T if x, y ∈ E, x 6= y, implies
dn(x, y) > ε. In other words, for x ∈ E , the set

⋂n−1
i=0 T−i B(T i x; ε) contains no

other points of E except x itself. Let s(n, ε, K ) be the largest cardinality of a
(n, ε)-separated subset of K with respect to T.

In the compact metric space, the topological entropy of a set K introduced by
Bowen and defined by the separated or spanning sets can also be given using open
covers. Let α be an open cover of X and denote by ℵ(α|K ) the number of sets in a
finite subcover of α with the smallest cardinality for K. The entropy of α on K is de-
fined by H(α|K )= logℵ(α|K ), and the topological entropy of T for K is as follows:

htop(T |K )= lim
ε→0

lim sup
n→∞

1
n

log r(n, ε, K )

= lim
ε→0

lim sup
n→∞

1
n

log s(n, ε, K )

= sup
open cover β

lim sup
n→∞

1
n

logℵ
(∨n−1

i=0 T−iβ|K
)
,

where ∨n−1
i=0 T−iβ = {Ai0 ∩ T−1 Ai1 ∩ · · · ∩ T−(n−1)Ain−1 : Ai j ∈ β}.

We assume throughout that (X, d, · ) is a compact group with metric d and group
product · . T : X→ X is a continuous endomorphism, and B is a closed T -invariant
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subgroup of X, where T -invariant means T−1(B) = B. For convenience, some
more notations are as follows:

• [B] is the coset partition, i.e.,

[B] = {B · x : x ∈ X},

where B · x = {y · x : y ∈ B}. It is easy to check that the collection of sets B · x
forms a partition of X.

• M(X) is the set of all Borel probability measures on X. M(X, T ) is the subset
of M(X) with all T -invariant measures. E(X, T ) is the subset of M(X, T )
with all T -invariant ergodic measures.

• For any partition ξ of X,

ξ n
=
∨n−1

i=0 T−iξ = {Ai0 ∩ T−1 Ai1 ∩ · · · ∩ T−(n−1)Ain−1 : Ai j ∈ ξ, 0≤ j ≤ n− 1}.

Under the same assumption as above, the topological entropy of T for B · x is
defined to be

htop(T | B · x)= lim
ε→0

lim sup
n→∞

1
n

log r(n, ε, B · x)

= lim
ε→0

lim sup
n→∞

1
n

log s(n, ε, B · x)

= sup
open cover β

lim sup
n→∞

1
n

logℵ
(∨n−1

i=0 T−iβ|B·x
)
.

The conditional entropy is usually defined as follows. Let (X,B, µ) be a probability
space, and let A and C be two partitions of (X,B, µ) with

A= {A1, . . . , Ak} and C = {C1, . . . ,C p}.

The entropy of A given C is the number

Hµ(A | C)=−
p∑

j=1

µ(C j )

k∑
i=1

µ(Ai ∩C j )

µ(C j )
log

µ(Ai ∩C j )

µ(C j )

omitting the j-terms when µ(C j )= 0. Here, the summation of each quantity is 1,
i.e.,

∑p
j=1 µ(C j )= 1.

Next, let T : (X,B, µ)→ (X,B, µ) be a measure preserving transformation of
probability space (X,B, µ) (i.e., if A ∈ B, then T−1 A ∈ B and µ(T−1 A)= µ(A)).
For any finite partition α of X, we consider the refinement αn of α. Again, B is a
closed T -invariant subgroup. Then B ·x is closed and [B]=T−1

[B]. Therefore each
element in the partition [B] belongs to B. Then we consider the conditional entropy
given by the coset partition [B], defined by Hµ(αn

| [B])= Hµ
(∨n−1

i=0 T−iα | [B]
)
.
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Good references for these entropy invariants are [Brucks and Bruin 2004; Katok
and Hasselblatt 1995], which contain many of the relevant earlier references.

Lemma 2.1 [Cheng 2006]. The sequence an = Hµ(αn
| [B]) is subadditive, that is,

an+m = Hµ(αn+m
| [B])≤ Hµ(αn

| [B])+ Hµ(αm
| [B])= an + am .

The conditional entropy of α given [B] with respect to T is the value

hµ(T | [B], α)= lim
n→∞

1
n

Hµ(αn
| [B])

= inf
n≥1

1
n

Hµ(αn
| [B])

and the conditional entropy of T with respect to µ and [B] is defined to be

hµ(T | [B])= sup
α

hµ(T | [B], α),

where α ranges over all finite partitions of X.
The well-known variational principle for entropy shows the relationship between

topological entropy and metric entropy. We only can obtain the variational inequality
for the invariant partition. However, under the condition of coset partition and using
Misiurewicz’s technique and more advanced ergodic analysis, a similar type of
local variational principle can be obtained as follows.

Theorem 2.2 [Cheng 2006] (variational principle). Let T : X→ X be a continuous
endomorphism of the compact group (X, d, · ) with closed T -invariant subgroup B.
Then we have

sup
x∈X

htop(T | B · x)= sup
µ∈M(X,T )

hµ(T | [B]).

Next, we investigate the invariant measure for the measurable selfmap. Assume
that S : X→ X and T : X→ X are functions. The composition of S and T is given
by S ◦ T (x) = S(T (x)). It is obvious that M(X, S)∩M(X, T ) ⊆M(X, S ◦ T ).
Let S̃ :M(X)→M(X) be defined as follows. For any µ ∈M(X), the measure
S̃µ is defined by S̃µ(E) = µ(S−1(E)) for all measurable set E ⊂ X. If µ is an
invariant measure of S, then S̃µ=µ. If µ∈M(X, S)∩M(X, S ◦T ), then S̃µ=µ
and hence, T̃µ= µ. Thus µ is an invariant measure for S and T.

Lemma 2.3 [Balibrea et al. 1999b]. Given the same conditions as indicated above,
we can see that S̃ ◦ T = S̃ ◦ T̃ .

Lemma 2.4 [Walters 1982]. Given the same conditions as indicated above and that
φ : X→ R is a continuous real-value function, we can see that∫

φ d(S̃µ)=
∫
φ ◦ S dµ.
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Lemma 2.5 [Balibrea et al. 1999b]. Given the same conditions as indicated above,
the maps

T̃ |M(X,S◦T ) : M(X, S ◦ T )→M(X, T ◦ S),

S̃ |M(X,T ◦S) : M(X, T ◦ S)→M(X, S ◦ T )

are well defined bijections.

Theorem 2.6. Assume that S, T : X → X are continuous endomorphisms and
let µ ∈ M(X, S ◦ T ). B is a closed S, T -invariant subgroup of X, with coset
partition [B]. Then, we have

hµ(S ◦ T | [B])= h T̃µ(T ◦ S | [B]).

Proof. Assume A is a finite partition of X, then we have that

Hµ(S−1A | [B])= HS̃µ(A | [B])

and clearly that

hµ(S ◦ T | [B],A)= hµ(S ◦ T | [B], (S ◦ T )−1A).

Moreover,

Hµ
(∨n−1

i=0 (S ◦ T )−iA | [B]
)
= Hµ

(
T−1∨n−2

i=0 (S ◦ T )−i (S−1A) | [B]
)

= Hµ
(
T−1∨n−2

i=0 (S ◦ T )−i (S−1A) | T−1
[B]

)
= HT̃µ

(∨n−2
i=0 (S ◦ T )−i (S−1A) | [B]

)
.

We can divide by n and let n go to∞ to obtain

hµ(S ◦ T | [B],A)= h T̃µ(T ◦ S | [B], S−1A).

This implies hµ(S ◦ T | [B],A)= h T̃µ(T ◦ S | [B], S−1A)≤ h T̃µ(T ◦ S | [B]).
Furthermore, since µ ∈M(X, S ◦ T ), we have S̃T̃µ= µ, and

h T̃µ(T ◦ S | [B],A)= hµ(S ◦ T ) | [B], T−1A)≤ hµ(S ◦ T | [B]).

Thus hµ(S ◦ T | [B])= h T̃µ(T ◦ S | [B]). �

We have T̃µ= µ if µ ∈M(X, T ). Therefore the commutativity for conditional
entropy holds under some situations.

Lemma 2.7. Assume that S, T : X → X are continuous endomorphisms and let
µ ∈M(X, S)∩M(X, T ). If B is a closed S, T -invariant subgroup of X, with coset
partition [B], then we have

hµ(S ◦ T | [B])= hµ(T ◦ S | [B]).
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3. Commutativity of pressure

Topological pressure is an important generalization of topological entropy. It is well
known that the topological pressure with a potential function plays a fundamental
role in the study of the Hausdorff dimension of repellers and the hyperbolic set. It
roughly measures the orbit structure complexity of the iterated map on the potential
function. During this section, along with the discussion of the approximation
provided in the study by Cao, Feng and Huang [Cao et al. 2008], we define the
subadditivity of a sequence of functions and coset pressure in the following. Then
we state the thermodynamic formalism and use this formalism to demonstrate the
commutativity of coset pressure.

A sequence F = {log fn}
∞

n=1 of functions on X is called subadditive if each fn

is a positive real-valued continuous function on X with

fn+m(x)≤ fn(x) fm(T nx) for all x ∈ X,m, n ∈ N.

Assume [B] is a coset partition of this compact group X and T : X → X is a
continuous endomorphism. Therefore the coset pressure is defined as follows:

Pn(T,F, ε, B · x)= sup
E

{∑
y∈E

fn(y) : E is an (n, ε)-separated subset of B · x
}
.

and
P(T,F, ε, B · x)= lim sup

n→∞

1
n

log Pn(T,F, ε, B · x).

Then
P(T,F, [B], ε)= sup

x∈X
P(T,F, ε, B · x).

It is easy to show that P(T,F, [B], ε) is a decreasing function of ε. Therefore the
coset pressure of T with respect to F and [B] is defined as follows:

P(T,F, [B])= lim
ε→0

P(T,F, [B], ε).

Furthermore, we consider a sequence of positive real-valued functions { fn} on X.
For a T -invariant Borel probability measure µ, denote

F∗(µ)= lim
n→∞

1
n

∫
log fn dµ.

A standard subadditive argument assures the existence of the above limit. When
µ ∈ E(X, T ), by the subadditive ergodic theorem, the above limit exists µ-almost
everywhere without integrating against µ.

The basic propositions of coset pressure are provided in [Zhao and Cheng 2014].
The following thermodynamic formalism is the main finding of coset pressure, and
gives the relation among P(T,F, [B]), hµ(T | [B]) and F∗(µ). The process of the
proof is influenced by the methods in [Cao et al. 2008].
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Theorem 3.1. Let F ={log fn}
∞

n=1 be a sequence of subadditive potential functions
on the compact group X and let T : X→ X be a continuous endomorphism with a
closed T -invariant subgroup B. Then

P(T,F, [B])=
{
−∞ if F∗(µ)=−∞ for all µ∈M(X,T ),
sup{hµ(T | [B])+F∗(µ) :µ∈M(X,T ),F∗(µ) 6=−∞} otherwise.

In physics, a continuous function is regarded as a complicated potential function.
Thus, setting F = φ, the usual variational principle is as follows. Furthermore, we
can present the commutativity proposition for coset pressure by using thermody-
namic formalism.

P(T, φ, [B])= sup
µ∈M(X,T )

{hµ(T | [B])+
∫
φ dµ}.

Theorem 3.2. Assume that both S, T : X→ X are continuous endomorphisms and
φ : X→ R is a continuous real-value function. If B is a closed S, and T -invariant
subgroup of X, with coset partition [B]. Then, we have

P(S ◦ T, φ, [B])= P(T ◦ S, φ ◦ S, [B]).

Proof. With the variational principle and Lemmas 2.4, 2.5, we have

P(T ◦ S, φ ◦ S, [B])= sup
µ∈M(X,T ◦S)

{hµ(T ◦ S)+
∫
φ ◦ S dµ}

= sup
µ∈M(X,T ◦S)

{h S̃µ(S ◦ T )+
∫
φ d(S̃µ)}

= sup
S̃µ∈M(X,S◦T )

{h S̃µ(S ◦ T )+
∫
φ d(S̃µ)}

= P(S ◦ T, φ, [B]). �

Using Theorem 3.2, we have the following lemma:

Lemma 3.3. If M(X, T ◦ S)=M(X, S), then

P(T ◦ S, φ, [B])= P(S ◦ T, φ, [B]).

Next, assume F = {log fn}
∞

n=1 is a sequence of subadditive potential functions.
Let F ◦ S = {log fn ◦ S}∞n=1 and F∗ ◦ S(µ)= lim

n→∞
1
n

∫
log fn ◦ S dµ. With the same

process as was used for the proof, the next proposition is trivial.

Theorem 3.4. Assume that S, T : X → X are continuous endomorphisms and
that F = {log fn}

∞

n=1 is a sequence of subadditive potential functions. If B is a
closed S, T -invariant subgroup of X, with coset partition [B], then we have

P(S ◦ T,F, [B])= P(T ◦ S,F ◦ S, [B]).
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Similarly, using Theorem 3.4, we have the following lemma:

Lemma 3.5. If M(X, T ◦ S)=M(X, S), then

P(T ◦ S,F, [B])= P(S ◦ T,F, [B]).
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SIGNATURE INVARIANTS RELATED TO
THE UNKNOTTING NUMBER

CHARLES LIVINGSTON

New lower bounds on the unknotting number of a knot are constructed
from the classical knot signature function. These bounds can be twice as
strong as previously known signature bounds. They can also be stronger
than known bounds arising from Heegaard Floer and Khovanov homology.
Results include new bounds on the Gordian distance between knots and in-
formation about four-dimensional knot invariants. By considering a related
nonbalanced signature function, bounds on the unknotting number of slice
knots are constructed; these are related to the property of double-sliceness.

1. Introduction

The unknotting number of a knot K ⊂ S3, denoted u(K ), is the minimum number
of crossing changes that is required to convert K into an unknot. This is among the
most intractable knot invariants. For instance, the unknotting numbers of several
10-crossing knots are still unknown. Scharlemann [1985] proved that the connected
sum of two unknotting number 1 knots has unknotting number 2, but little beyond
this is known concerning the additivity of the unknotting number.

Many knot invariants offer tools for estimating the unknotting number; these
include the rank of the homology of branched covers [Kinoshita 1957; Wendt 1937],
the Murasugi signature [1965], σ(K ), the Levine–Tristram signature function
[Levine 1969; Tristram 1969], σK (ω), defined for ω ∈ S1

⊂ C, and the Witt group
of the rational numbers, W (Q), studied in [Jabuka 2009]. Heegaard Floer homology
and Khovanov homology have provided smooth knot invariants τ , ϒ , and s (see
[Ozsváth and Szabó 2003; Ozsváth et al. 2017; Rasmussen 2010]) that also offer
lower bounds on the unknotting number. (See also [Cochran and Lickorish 1986;
2008; Owens 2010; Owens and Strle 2016].) The precise bound on the unknotting
number that has been known to arise from the signature function is easily described.
Let a =max(σK (ω)) and b =min(σK (ω)). Then u(K )≥ (a− b)/2. Here we will
observe that the knot signature function offers much stronger constraints on the
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unknotting number; in some cases the new bounds will be seen to be twice as strong
as this previously known bound. Examples also demonstrate that the new bounds
can exceed those arising from Heegaard Floer and Khovanov homology.

There is a refined version of the unknotting number that incorporates the signs
of the crossing changes that unknot K. Let U (K ) be the set of integer pairs
(p, n) for which K can be unknotted using p crossing changes from positive to
negative and n crossing changes from negative to positive. Then U (K ) is called
the signed unknotting set of K . Observe that u(K )=min{p+ n | (p, n) ∈U (K )}.
Finding constraints on U (K ) is especially difficult. The results we present here
depend critically on the signs of crossing changes, and thus they are able to extract
information about U (K ) that cannot be attained with previously known techniques.
In turn, these can be used to strengthen the bounds on u(K ).

The invariants we develop here also provide lower bounds on the Gordian distance
between knots K and J, denoted dg(K , J ); this is the minimum number of crossing
changes that are required to convert K into J. Clearly dg(K , J ) ≤ u(K )+ u(J );
lower bounds are more difficult to find.

The results presented here also have applications to four-dimensional knot invari-
ants. For instance, we provide new lower bounds on the clasp number of knots; this
invariant is defined to be the minimum number of transverse double points in an
immersed disk in B4 bounded by K ; it is also referred to as the four-ball crossing
number and is related to the notion of kinkiness defined by Gompf [1984].

The signature function is built from a nonbalanced signature function, sK (ω).
The two functions agree almost everywhere, but sK is not a concordance invariant.
In a final section we discuss how sK provides bounds on the unknotting number
that can be nontrivial for slice knots, and we present applications of this to double
slicing of knots, a concept dating to such work as [Sumners 1971; Terasaka and
Hosokawa 1961].

1.1. Outline and summary of results. In Section 2 we will review the definition
of the signature function of a knot, σK (ω). This is an integer-valued step function
on the set of unit length complex numbers ω ∈ S1

⊂ C; discontinuities can occur
only at roots of the Alexander polynomial, 1K (t). The definition of σK is such that
at each discontinuity its value is equal to its two-sided average at that point. There
is also a related jump function,

JK (e2π i t)= 1
2

(
lim
τ→t+

σK (e2π iτ )− lim
τ→t−

σK (e2π iτ )
)
.

The signature function is defined in terms of a Witt group; in Sections 2 and 3
we study this group and how crossing changes affect the Witt class associated to a
knot. Section 3 presents the proof of our key result. In the statement of the theorem
and throughout this paper, we denote the unit circle in the complex plane by S1.
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Proposition 1. Let K+ be a knot, let δ be an irreducible rational polynomial, and
let {α1, . . . , αk} ⊂ S1 with k > 0 satisfy δ(αi ) = 0 for all i . If a crossing in a
diagram for K+ is changed from positive to negative to yield a knot K−, then one
of the following two possibilities occurs.

(1) For every αi , JK−(αi )− JK+(αi )= 0 and σK−(αi )− σK+(αi ) ∈ {0, 2}.

(2) For every αi , JK−(αi )− JK+(αi ) ∈ {−1, 1} and σK−(αi )− σK+(αi )= 1.

In Section 4 we prove a corollary to this proposition.

Theorem 2. Let K ⊂ S3 be a knot, let δ(x) be a rational irreducible polynomial,
and let {α1, . . . , αk} ⊂ S1 with k > 0 satisfy δ(αi )= 0 for all i . Let Jδ denote the
maximum of {|JK (αi )|} and let Sδ and Sδ denote the minimum and maximum of
{σK (αi )}, respectively. Suppose that Sδ ≥ 0.

(1) If Sδ ≤ Jδ, then u(K )≥ Jδ + (Sδ −Sδ)/2.

(2) If Sδ ≥ Jδ, then u(K )≥ (Jδ +Sδ)/2.

Note. Letting −K denote the mirror image of K, we have that σ−K (ω)=−σK (ω).
We also have that u(−K ) = u(K ). Thus, the condition S ≥ 0 does not limit the
generality of Theorem 2. The set of polynomials that are relevant in applying this
theorem are symmetric factors of the Alexander polynomial of K, 1K (x). The
strongest obstructions arise by letting {α1, . . . , αk} be the full set of unit length
roots of δ.

Section 4 also presents an analog of Theorem 2 in the case of signed unknotting
numbers.

Theorem 3. Let K, Jδ,Sδ, and Sδ be as in the statement of Theorem 2. Suppose
that Sδ ≥ 0.

(1) If Sδ≤Jδ , then unknotting K requires at least (Jδ+Sδ)/2 negative to positive
crossings and (Jδ −Sδ)/2 positive to negative crossing changes.

(2) If Sδ≥Jδ , then unknotting K requires at least (Jδ+Sδ)/2 negative to positive
crossing changes.

In Section 5 we observe that the signed unknotting data obtained from different
choices of polynomials can be complementary. Using this, we provide examples for
which combining the bounds that arise from different polynomials yields bounds
on the (unsigned) unknotting number that are stronger than what can be obtained
from either one of the polynomials.

In Section 6 we construct explicit examples to demonstrate that the bounds on
the unknotting number provided by Theorem 2 can be twice as strong as previously
known signature bounds. We also prove that our new bounds cannot exceed twice
the classical bound.
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Section 7 discusses the application of these results to bounding the Gordian
distance between knots.

In Section 8 we describe a four-dimensional perspective on these results. The
obstructions we develop actually bound the number of crossing changes required
to convert K into a knot with trivial signature function. Thus, they also bound the
number of crossing changes required to convert K into a slice knot (the slicing
number of K ) and the number of crossing changes required to convert K into an
algebraically slice knot (the algebraic slicing number). Past work on these invariants
includes [Livingston 2002; Owens 2010; Owens and Strle 2016].

In the remainder of Section 8 the focus is on the clasp number [Murakami and
Yasuhara 2000] of the knot K, which is the minimum number of transverse double
points in an immersed disk bounded by K in the four-ball. In the course of the
work we also present a new simplified proof of a result in [Livingston 2011] that
offers strong bounds on the cobordism distance between knots K and J ; this is
the minimum genus of a cobordism (W, F) between (S3, K ) and (S3, J ) with
W ∼= S3

× I. References include [Baader 2006; 2012; Feller 2016; Feller and
Krcatovich 2017; Hirasawa and Uchida 2002; Kawamura 2002; Owens 2010;
Owens and Strle 2016].

In Section 9 we briefly discuss the nonbalanced signature function, sK (ω), defined
as the signature of the matrix denoted WF in Section 2. (The standard signature
function, σK (ω), is built as the two-sided average of σK (ω). The two functions
agree almost everywhere, but sK (ω) is not a concordance invariant. As explained in
the section, sK (ω) provides bounds on the unknotting number of slice knots; from
the four-dimensional perspective it is related to double-sliceness of knots.

1.2. Example. To conclude this introduction, we provide a simple example illus-
trating Theorem 2.

Example 4. We prove the knot 51 #10132 has unknotting number 3. To simplify our
work, we let K =−51 #−10132 and prove u(K )= 3. Working with the standard
diagrams for 51 and 10132, such as illustrated in [Cha and Livingston 2019; Rolfsen
1976], one can quickly show that their unknotting numbers are at most 2 and 1,
respectively, and thus u(K )≤ 3. We will prove that u(K )= 3 by showing u(K )≥ 3.

The signature functions for −51 and 10132 and the signature function for the
difference, K, are illustrated in Figure 1, graphed as functions of t , where ω =
e2π i t, 0 ≤ t ≤ 1/2. Let δ be the tenth cyclotomic polynomial, φ10, having roots
ω1 = e2π i(1/10) and ω2 = e2π i(3/10) on the upper half circle. As seen in Figure 1,
the jumps at ω1 and ω2 for K are 0 and 2, respectively. The signatures are 0 and 2
at these points.

In the notation of Theorem 2 we have Jδ = 2, Sδ = 0, and Sδ = 2, and from that
theorem we have u(K )≥ 2+ (2− 0)/2= 3, as desired. For this knot, the classical
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Figure 1. Signature functions for −51, 10132 and −51 #−10132.

lower bound on the unknotting number that arises from the signature function is 2.
(The Rasmussen invariant s, the tau invariant τ and the Upsilon invariant, ϒ , all
provide lower bounds of 1. For the first two, the values have been tabulated [Cha
and Livingston 2019]. Because 10132 is nonalternating, the computation of ϒK is
more complicated and will not be presented here.)

Applying Theorem 3, we see that to unknot 51 # 10132 requires at least two
crossing changes from positive to negative and one crossing change from negative
to positive.

2. Witt class invariants of knots and the signature function

2.1. The Witt class of a knot. Let F ⊂ S3 denote a genus g compact oriented
surface with connected boundary K. We will also write F to denote the surface along
with a choice of homology basis, calling this a based surface. Associated to F there
is a 2g× 2g Seifert matrix VF . Given VF , there is the matrix WF ∈ M2g,2g(Q(x))
defined by

WF = (1− x)VF + (1− x−1)V T
F .

Here Q(x) is the quotient field of Q[x, x−1
]. Elements of Q[x, x−1

] are Laurent
polynomials; we will refer to elements of Q[x, x−1

] simply as polynomials.
For future reference, we recall that the Alexander polynomial of K is given by

1K (x)= det(VF − xV T
F ) ∈ Z[x, x−1

] and note that det(WF )= (1− x)2g1K (x−1).
The Alexander polynomial is well-defined up to multiplication by ± xk for some k.

The Witt group W (Q(x)) is defined to be the set of equivalence classes of
nonsingular hermitian matrices with coefficients in Q(x), a field with involution
x→ x−1. Two such matrices, A and B, of ranks m and n, are called Witt equivalent if
m≡ n mod 2 and the form defined by A⊕−B vanishes on a subspace of dimension
(m+n)/2. The group structure on W (Q(x)) is induced by direct sums and inversion
is given by multiplication by −1. Congruent matrices represent the same element
in the Witt group. For details concerning this Witt group, see [Litherland 1984].
We have the following fundamental result of Levine [1969].

Proposition 5. If F1 and F2 are based Seifert surfaces for a knot K, then WF1 is
Witt equivalent to WF2 .

This permits us to define WK ∈W (Q(x)) to be the Witt class represented by WF

for an arbitrary choice of based Seifert surface F for K.
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2.2. The signature function of a Witt class. Suppose that w ∈ W (Q(x)) can be
represented by two matrices, A(x) and B(x). For almost all α ∈ S1, the matrices
A(α) and B(α) are defined and nonsingular. For all such α, the signatures of A(α)
and B(α), denoted σA and σB , will be equal. Thus for all real t , there is an equality
of limits:

1
2

(
lim
τ→t+

σA(e2π iτ )+ lim
τ→t−

σA(e2π iτ )
)
=

1
2

(
lim
τ→t+

σB(e2π iτ )+ lim
τ→t−

σB(e2π iτ )
)
.

For ω= e2π i t, we denote this limit σw(ω) and for w=WK , we denote it σK (ω). This
is a step function that is integer-valued except perhaps at its discontinuities, where
it equals its two-sided average. Modulo 2, its value (except at the discontinuities)
equals the rank of a representative; thus, for a knot, it is even-valued away from the
discontinuities and is integer-valued at the discontinuities. As in the introduction,
for such a w we write

Jw(e2π i t)= 1
2

(
lim
τ→t+

σw(e2π iτ )− lim
τ→t−

σw(e2π iτ )
)
,

and in the case w =WK we write JK (ω).
Both of the functions σK and JK are invariant under complex conjugation. They

are defined on the set of unit complex numbers, which we henceforth write as
S1
= {ω ∈ C | |ω| = 1}. A fairly simple exercise shows that for a knot K, the fact

that det(VK − V T
K ) = ±1 implies that σK (ω) = 0 for all ω close to 1. Given the

properties of σK , when we graph σK (e2π i t), we will restrict to t ∈ (0, 1/2).

2.3. The signature and the four-genus. We now briefly summarize a well-known
result that follows immediately from [Taylor 1979].

Theorem 6. If K bounds a surface of genus h in B4, for instance if g4(K ) = h,
then WK has a 2h-dimensional representative.

Proof. According to [Taylor 1979], if K bounds a Seifert surface of genus g and
bounds a surface of genus h ≤ g in B4, then with respect to some basis, the upper
left (g−h)×(g−h) block of the Seifert matrix VF has all entries 0. It then follows
that WF is Witt equivalent to a sum A⊕ B, where A is 2(g− h)× 2(g− h) and is
Witt trivial, and B is 2h× 2h. �

Corollary 7. For all t ∈ (0, 2), g4(K )≥ 1
2 |σK (e2π i t)|.

3. Diagonalization and crossing changes

3.1. Diagonalization. The field Q(t) has characteristic 0, and thus the matrix WF

associated to a Seifert surface F is congruent to a diagonal matrix; that is, it can
be diagonalized using simultaneous row and column operations. We will write a
diagonalization by listing its diagonal elements: [d1, d2, . . . , d2g]. By scaling the
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corresponding basis of the underling vector space, we can clear the denominators
of these diagonal elements and divide by factors of the form f (t) f (t−1). Thus, we
can assume that each di is a product of distinct irreducible symmetric polynomials
in Q[t, t−1

].
We now have the following.

Theorem 8. Let w ∈W (Q(t)), let δ be an irreducible symmetric polynomial, and
let α = {αi } ⊂ S1 denote a subset of the roots of δ that lie on the unit circle. Then if
w is represented by an N × N matrix, we have

N ≥
(
max
αi∈α
{|JK (αi )|} +max

αi∈α
{|σK (αi )|}

)
.

For all i and j, JK (αi )= σK (α j ) mod 2.

Proof. Choose a diagonal representation of w of the form [ f1δ, . . . , fmδ, g1, . . . , gn],
where the fk and gk are symmetric polynomials that are relatively prime to δ. The
jump at αi is given as the sum of the jumps, each ±1, arising from the diagonal
elements of the form fkδ. Thus, m ≥ |J (αi )| for all i . The signature is determined
by the signs of the gk at αi . Thus, n ≥ |σK (αi )| for all i . This completes the proof
of the inequality.

To prove the last statement, concerning the parities of the jumps and signatures,
we observe that modulo 2, JK (αi )=m mod 2 and σK (α j )= n mod 2. In addition,
m+n = N. Finally, for a knot K, WF is a 2g×2g matrix. The proof is completed
by noting that Witt equivalence preserves the rank of a representative, modulo 2. �

3.2. Crossing changes. In considering signed crossing changes, the following
result is useful. A proof can be constructed from a careful examination of Seifert’s
algorithm for constructing Seifert surfaces. One proof is presented in [Kim and
Livingston 2005], where the focus is on the effect of crossing changes on the
Alexander polynomial.

Theorem 9. If K+ and K− differ by a crossing change from positive to negative,
then they bound Seifert surfaces F+ and F− of the same genus, g, with the following
property: for appropriate choices of bases for homology, the Seifert forms are
identical except for the lower right entry: V 2g,2g

F− − V 2g,2g
F+ = 1.

Lemma 10. Let δ be a symmetric irreducible polynomial. The Witt classes for K+
and K− decompose as

WK± = [ f1δ, . . . , fmδ, g1, . . . , gn]⊕

(
a(x) b(x)
b(x) d(x)+ ε±(1− x)(1− x−1)

)
,

where the fi and gi are symmetric polynomials that are relatively prime to δ, ε+=0,
and ε− = 1. Furthermore, m+ n+ 2= 2g.
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Proof. Consider the matrix representation of WK± determined by the Seifert forms
given in Theorem 9. The determinant is nonzero: an elementary exercise in linear
algebra shows that the upper left (2g−1)×(2g−1) submatrix has nullity at most 1.
Thus, this block can be diagonalized via a change of basis so that the first (2g− 2)
diagonal entries are nonzero. The resulting 2g×2g matrix can have nonzero entries
in the last column and bottom row, but the diagonal entries can be used to clear
these out, with the possible exception of the last two rows and columns. This yields
the desired decomposition. �

We can now prove Proposition 1, which we restate.

Proposition 1. Let K+ be a knot, let δ be an irreducible rational polynomial, and
let {α1, . . . , αk} ⊂ S1 with k > 0 satisfy δ(αi ) = 0 for all i . If a crossing in a
diagram for K+ is changed from positive to negative to yield a knot K−, then one
of the following two possibilities occurs.

(1) For every αi , JK−(αi )− JK+(αi )= 0 and σK−(αi )− σK+(αi ) ∈ {0, 2}.

(2) For every αi , JK−(αi )− JK+(αi ) ∈ {−1, 1} and σK−(αi )− σK+(αi )= 1.

Proof. The difference WK− −WK+ is represented by the differences of the corre-
sponding 2× 2 block matrices given in Lemma 10, so we restrict our attention to
these, calling them w− and w+. If the entry a(x) is 0, then w+ and w− are both
Witt trivial, so the difference of jumps is 0, as is the difference of the signature;
thus Case (1) is satisfied.

If a(x) 6= 0, then the forms can be further diagonalized so that the only place at
which they differ is the last diagonal element. This diagonal element will be of the
form

p(x)
q(x)
+ ε±(1− x)(1− x−1),

for some p(x) and q(x). We write the 1× 1 matrices as

v+ =

(
p(x)
q(x)

)
and v− =

(
p(x)
q(x)
+ (1− x)(1− x−1)

)
.

We will refer to the entries of these two matrices as v+(x) and v−(x). It remains to
analyze the jump functions and signature functions associated to these two matrices.

For each value of i , we associate to v± the jump and signature of the form at αi ,
denoting these j i

±
and σ i

±
. We proceed in a series of steps.

Step 1: Consider v+. At points α close to but not equal to αi , the signature is either
1 or −1. If the signature changes sign at αi , then | j i

+
| = 1 and σ i

+
= 0. On the other

hand, if the signature doesn’t change sign, then | j i
+
| = 0 and σ i

+
=±1. The same

properties hold for v−.
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Step 2: Since (1− ω)(1− ω−1) > 0 for all ω ∈ S1 with ω 6= 1, we have that
σ i
−
− σ i
+
≥ 0.

Step 3: Given Steps 1 and 2, the only possible nontrivial changes of the pairs
(| j i
+
|, σ i
+
)→ (| j i

−
|, σ i
−
) are:

• Type 1: (0,−1)→ (0, 1).

• Type 2: (0,−1)→ (1, 0).

• Type 3: (1, 0)→ (0, 1).

These are consistent with the statement of Proposition 1.

Step 4: The proof of the proposition is completed by showing that if a nontrivial
change of Type 2 or Type 3 occurs at some αi , then the same change occurs at
all αi . After changes of basis, the forms can be written as Witt equivalent forms,
for which we use the same names,

v+ = ( f+(x)δ(x)ε+), v+ = ( f−(x)δ(x)ε−).

Here f± are symmetric polynomials that are relatively prime to δ and ε± are either
0 or 1. There are four cases to consider.

• If (ε+, ε−)= (0, 0), then there are no nontrivial jumps at any αi , so no changes
of Type 2 or 3 occur.

• If (ε+, ε−)= (1, 0), then at each αi there is a jump for v+ but not for v−, so
for all αi we see a change of Type 3.

• If (ε+, ε−)= (0, 1), then at each αi there is no v+ jump but for v− there is a
jump, so for all αi we see a change of Type 2.

• If (ε+, ε−)= (1, 1), then at each αi both v+ and v− have nonzero jumps, so
no change of Type 2 or 3 occurs at any of the αi .

Together, these steps complete the proof of the proposition. �

Proof. Changes of the first type in Proposition 1 clearly leave J unchanged and
leave each of S and S unchanged or increased by 2.

Changes of the second type, since they increase every signature by 1, increase
the minimum and maximum signature by 1. The condition on the change in J is
a little more subtle. For instance, if it were possible that one jump is 1 and one
jump is 2, then after the change, it might be that the first jump is 2 and the second
is 1, and thus the maximum absolute value would not change. However, as stated
in Theorem 8, the jumps all have the same parity. Thus, the parity of the jumps
switches for such a crossing change, so the maximum absolute value must also
change. �
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4. Bounds on the unknotting number and signed unknotting number

To begin, we have a corollary of Proposition 1.

Corollary 11. Let K ⊂ S3 be a knot and let {α1, . . . , αk} ⊂ S1 be a nonempty
subset of the complex roots of an irreducible rational polynomial. Let J denote
the maximum of {|JK (αi )|} and let S and S denote the minimum and maximum
of {σK (αi )}. A crossing change in K from positive to negative either leaves J

unchanged and leaves each of S and S unchanged or increased by 2; or it changes
J by 1 and increases both S and S by 1.

4.1. Unsigned unknotting number bounds. Our main goal in this section is the
following theorem, as stated in the introduction.

Theorem 2. Let K ⊂ S3 be a knot and let {α1, . . . , αk} ⊂ S1 be a nonempty
subset of the complex roots of an irreducible rational polynomial. Let J denote
the maximum of {|JK (αi )|} and let S and S denote the minimum and maximum of
{σK (αi )}. Suppose that S ≥ 0. If S ≤ J then u(K ) ≥ J+ (S−S)/2. If S ≥ J

then u(K )≥ (J+S)/2.

Proof. We consider the set

3= {(j, s, s) ∈ Z⊕Z⊕Z | j= s= s mod 2}.

We define two sets of functions from 3 to itself. The first set consists of what we
call F-type functions. These, which do not change the value of j, are as follows:

F−1 (j, s, s)= (j, s− 2, s), F−2 (j, s, s)= (j, s, s− 2),

F−3 (j, s, s)= (j, s− 2, s− 2), F+1 (j, s, s)= (j, s+ 2, s),

F+2 (j, s, s)= (j, s, s+ 2), F+3 (j, s, s)= (j, s+ 2, s+ 2).

Functions of the second type, G-type functions, change the value of j. These are
defined as follows:

G−1 (j, s, s)= (j− 1, s− 1, s− 1), G−2 (j, s, s)= (j+ 1, s− 1, s− 1),

G+1 (j, s, s)= (j− 1, s+ 1, s+ 1), G+2 (j, s, s)= (j+ 1, s+ 1, s+ 1).

For a given knot K, a crossing change affects the value of the associated pair
(J,S,S) by applying one of these functions. The superscripts+ and− correspond
to whether the crossing changes are positive to negative or negative to positive,
respectively. A sequence of crossing changes that results in an unknot yields a
sequence of these functions which in composition carry (J,S,S) to (0, 0, 0).

We now consider a given element (J,S,S) ∈3. For the proof of the theorem,
we can assume J≥ 0 and S≤S. We ask for the minimum length of a sequence of
these functions that can reduce (J,S,S) to (0, 0, 0). A simple observation is that
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the F-type functions commute with the G-type functions, so we can assume that a
minimal length sequence consists of a sequence of G-type functions followed by a
sequence of F-type functions. (Here, the order of the sequence is in terms of the
order of composition; in function notation, f ◦ g denotes g followed by f .)

Since the F-type functions do not change the value of j, the initial application of
the G-type functions reduces J to 0. It follows that by commuting elements in the ini-
tial sequence of G-type functions, we can assume the sequence begins with J terms
of type G±1 (which together decrease the j-coordinate to 0) followed by a sequence
of G-type functions that alternately increase and decrease the j-coordinate by 1.

Next observe that a pair of G-functions that raise and then lower the j-coordinate
compose to give a single function, either the identity or one of F−3 or F+3 . Thus, in
a minimum length sequence, such pairs do not appear, and hence there are precisely
J of the G-type functions followed by a sequence of F-type functions.

If one considers all possible sequences of G-type functions of length J that
convert (J,S,S) to a triple with j-coordinate 0, the possible ending values of
(s, s) are (S+ α,S+ α), where −J ≤ α ≤ J. Each F-type function reduces the
difference S−S by at most 2. Thus at least

((S+α)− (S+α))/2= (S−S)/2

applications of F-type functions are required to reduce this pair to (0, 0). In fact,
if for some α the interval (S+α,S+α) contains 0, a sequence of that length will
suffice. There will be such an α if S≤ J. Thus, in this setting the minimum length
sequence is J+ (S−S)/2, as desired.

On the other hand, if S> J, then we also have S> J. In this case, the sequence
of G-type functions has reduced the s-coordinate to no less than S− J, so at least
another (S− J)/2 steps are required. Thus, the minimal length of the sequence
is at least

J+ (S− J)/2+ (S−S)/2= (J+S)/2. �

4.2. Signed unknotting number bounds. In the proof of Theorem 2, at one step
we considered the condition that an interval [S+ α,S+ α] contained 0. If the
argument is examined closely, in the case that S<J there can be more than one α for
which this holds. This will complicate the count of negative and positive shifts that
will appear in the sequence of functions that reduce the jumps and signatures to 0.

Theorem 3. Let K and (J,S,S) be as in Theorem 2. Suppose that S≥ 0.

(1) If S ≤ J, then unknotting K requires at least (J+S)/2 negative to positive
crossings and (J−S)/2 positive to negative crossing changes.

(2) If S ≥ J, then unknotting K requires at least (J+S)/2 negative to positive
crossing changes.
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Proof. Suppose that the sequence of functions that reduces J to 0 has a terms that
lower the s and s coordinates. That sequence has J− a terms that increase the s

and s coordinates. The application of these functions carries the pair (S,S) to
(S+ J− 2a,S+ J− 2a). Assume this interval contains 0. Then the sequence of
F-type functions that carry this pair to (0, 0) must have −(S+ J− 2a)/2 terms
that increase the smaller coordinate and (S+ J− 2a)/2 terms that decrease the
larger coordinate. Summing these counts gives the desired result. �

Example 12. From Example 4 we see (J,S,S) is (2, 0, 2) or (2, 2, 4) for the
knots −51 #−10132 and −51, #10132, respectively. In both cases S≤ J. Applying
Theorem 3, we see unknotting −51 #−10132 requires at least two crossing changes
from negative to positive and one crossing change from positive to negative. To
unknot−51 #10132 requires at least three crossing changes from negative to positive.

5. Polynomial splittings and signed unknotting numbers

The bounds on the unknotting number developed in the previous sections depend on
a choice of polynomial. This section presents an example for which there are two
relevant polynomials to consider. Either one provides a lower bound of three for the
unknotting number. However, for one of the polynomials, when signs are considered
it will be seen that unknotting requires at least two changes from negative to positive
and one change from positive to negative. Using the other polynomial, we will see
that at least three changes from negative to positive are required. Combining these
two results, we see that at least three changes from negative to positive and one
change from positive to negative are required, and hence the unknotting number
must be at least four.

Example 13. We consider the knot K =2(31)−51−82+10132−11n6. Figure 2 illus-
trates the graph of its signature function. The scale is such that σK (α1)=2. The data
we use, including the signature function, can be found in [Cha and Livingston 2004].

The relevant roots of the Alexander polynomial are of the form e2π i t with
0< t < 1/2.

• K = 31:
(1) δ1 =1K (x)= x2

− x + 1.
(2) roots (γ ), t ≈ 0.167.

• K = 51 or K = 10132:
(1) δ2 =1K (x)= x4

− x3
+ x2
− x + 1.

(2) roots (α1, α2), t = 0.1, t = 0.3.

• K = 82 or K = 11n6:
(1) δ3 =1K (x)= x6

− 3x5
+ 3x4

− 3x3
+ 3x2

− 3x + 1.
(2) roots (β1, β2), t ≈ 0.132, t ≈ 0.322.
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Figure 2. Signature function for 2(31)− 51− 82+ 10132− 11n6.

The jump and signature data is as follows:

• Jδ1(K )= 2, Sδ1(K )= 2, Sδ1(K )= 2.

• Jδ2(K )= 2, Sδ2(K )= 0, Sδ2(K )= 2.

• Jδ3(K )= 2, Sδ3(K )= 2, Sδ3(K )= 4.

From the δ2 invariants and the δ3 invariants we see that at least three crossing
changes are required to unknot K. However, from the δ2 invariants we see that
an unknotting requires at least two negative to positive changes and at least one
positive to negative change is required. From δ3 we see that at least three negative
to positive changes are required. Combining these observations, we see that at least
three negative to positive changes are required, and at least one positive to negative
change is needed. Thus, the unknotting number is at least four.

Note. It is evident and can be proved in a number of ways that the unknotting number
of this knot is much greater than four. This example becomes more interesting
when considered from the four-dimensional perspective, as discussed in Section 8.
It follows from the results there that this knot does not bound an immersed disk
in B4 having fewer than four double points. The best lower bound on this clasp
number that can be obtained from previous signature based bounds is 2.

6. Comparison of bounds

Example 13 illustrates a general procedure for finding a lower bound on the un-
knotting number. For the moment we will call the outcome of that process u2(K ).
We will not present a formal definition of this invariant. (The reader is invited
to write down the details of the definition; it requires defining the invariant that
captures the minimum number of positive and negative crossing changes for each
symmetric irreducible δ and then taking the maximums of each of these separately
over all symmetric irreducible factors of 1K (x). One must also consider the case
Sδ(K ) < 0, which we did not write down.)

In this section we will compare u2(K ) with the classical knot signature bound
on u(K ); we will temporarily denote the classical bound by u1(K ).

Example 13 presented a knot for which u2(K )= 2u1(K ). By taking multiples of
K we can construct, for each N > 0, a knot for which the classical signature bound
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N ≥ P ≥
S≥ 0,S≤ J (J+S)/2 (J−S)/2
S≥ 0,S> J (J+S)/2 0

S< 0,−S≤ J (J+S)/2 (J−S)/2
S< 0,−S> J 0 (J−S)/2

Table 1. Bounds on required signed crossing changes.

on the unknotting number is u(K )≥ 2N, but for which our stronger invariants show
that u(K )≥ 4K. The next result states that this is the best possible.

Theorem 14. For all knots K, u1(K )≤ u2(K )≤ 2u1(K ).

Proof. Denote the minimum and maximum values of σK (ω) with a and A. Since
the signature function takes on the value 0 near ω = 1 (t = 0), we have a ≤ 0≤ A.
By definition, u1(K )= (A− a)/2.

For the convenience of the reader, we present the bounds on the signed number
of crossing changes in Table 1, covering the four possible cases. For the moment,
we let N denote the minimum number of required changes from negative to positive
and let P denote the minimum number of required crossing changes from positive
to negative. The table summarizes the result of Theorem 3, including the cases in
which S< 0.

Part 1: u2(K )≤ 2u1(K ). Our bound on the unknotting number is the sum of an
entry from the “N ” column in the table, arising from some polynomial δ1, and an
entry from the “P” column arising from a polynomial δ2, which might equal δ1.
This sum will involve either one or two values of J, each divided by two. Since
each J satisfies 0≤ J≤ (A− a)/2, the sum, after dividing by two, is less than or
equal to (A− a)/2.

The sum of two entries also involves terms of the form (S−S)/2, where each
term might arise from a different δi . (There are also cases in which either the S

or S terms are replaced with 0.) In any case, this sum is also bounded above by
(A− a)/2.

Adding together these two sums yields a total that is less than or equal to (A−a),
which is 2u1(K ), as desired.

Part 2: u1(K )≤ u2(K ). We observe first that A = |JK (ω)| + σK (ω) for some
value of ω. That value of ω is the root of an irreducible polynomial δ. For that δ,
we can consider the possibilities that are listed in Table 1 and with care find that
the bound on N must be of the form (J +S)/2. Since A ≥ 0, we must have
−σK (ω)≤ |JK (ω)|. Thus, the constraint that arises for N must be at least A/2.

In a similar manner, but working with −K, we see that the constraint on the P
must be at least −a/2. Thus, the total must be at least (A− a)/2, as desired. �
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7. Gordian distance

The Gordian distance between knots K and J, denoted dg(K , J ), is defined to be
the minimum number of crossing changes required to convert K into J. Initial
interest in dg arose in the classical knot theory setting, but as we will describe in
Section 8, it is related to four-dimensional properties of knots and in particular is
closely tied to a natural metric defined on the knot concordance group. References
include [Baader 2006; 2010; Blair et al. 2017; Borodzik et al. 2016; Feller 2014;
Hirasawa and Uchida 2002; Miyazawa 2011; Murakami 1985].

Theorem 15. dg(K , J )≥ u2(K #−J ).

Proof. Since u2 depends only on the signature function, it gives a lower bound on
the number of crossing changes required to convert a given knot into a knot with
trivial signature function. If K can be converted into J with u crossing changes,
then K #−J can be converted into J #−J with u crossing changes. The knot
J #−J is a slice knot, and thus has trivial signature. (We will say more about such
four-dimensional issues in Section 8.) �

Example 16. As our only application, we consider the connected sum of torus
knots

K = T (3, 10) #−T (2, 15) #−T (5, 6).

Its signature function is illustrated in Figure 3. The Alexander polynomial factors
as cyclotomic polynomials φ6(x)2φ10(x)2φ15(x)2φ30(x)3. In the graphs, the points
on the graph above these roots are marked, with the α points corresponding to
roots of φ30; similarly, β, γ , and η, points correspond to roots of φ15, φ10, and φ6,
respectively.

The classical signature bound on the unknotting number of K is 16/2 = 8.
Considering the polynomial φ30 we have the set of jumps {1, 1,−1, 3} and the

5

10

15

0.1 0.2 0.3 0.4 0.5
α

β
γ

β η α

β
γ

α

α

β

Figure 3. Signature function for T (3, 10) #−T (2, 15) #−T (5, 6).
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set of signatures is {1, 7, 11, 13}. Thus (J,S,S)= (3, 1, 13). Thus, we see that
unknotting K would require at least (3+13)/2= 8 crossing changes from negative
to positive, and at least (3− 1)/2= 1 crossing changes from positive to negative.
All together we have a total of at least 9 crossing changes required.

In conclusion, we have the bound on the Gordian distance

dg(T (3, 10), T (2, 15) # T (5, 6))≥ 9.

We will not compute Khovanov or Heegaard Floer invariants here, but note that the τ ,
ϒ and s-invariant bounds on the unknotting number and Gordian distances are all 8.

8. Four-dimensional perspective

If a knot K can be unknotted with k crossing changes, then it bounds an immersed
disk in B4 with k transverse double points. The minimum number of double points
in an immersed disk bounded by K in B4, taken over all such immersed disks, has
been called the clasp number, the four-dimensional clasp number or the four-ball
crossing number. For the moment, we denote this invariant c(K ). References
include [Kawamura 2002; Murakami and Yasuhara 2000; Owens and Strle 2016].
This invariant can be refined by considering the number of positive and negative
double points in the immersed disk.

In a similar way, if a sequence of crossing changes converts a knot K into a
knot J, then there is an immersion of S1

× I into S3
× I (a singular concordance)

with boundary K ×{0} ∪ J ×{1} such that the number of double points equals the
number of crossing changes. There is, in a way, a converse. From [Owens and Strle
2016, Proposition 2.1] we have the following.

Theorem 17. If K and J bound a singular concordance with p positive and n
negative double points, then there are knots K ′ and J ′, concordant to K and J,
respectively, such that K ′ can be converted into J ′ with p positive and n negative
crossing changes.

For knots K and J, we can define a distance dc(K , J ) as the minimum number
of double points in a singular concordance between the knots. This induces a metric
on the concordance group. For U the unknot, we have that the four-dimensional
clasp number is equal to dc(K ,U ).

Since concordant knots have the same signature functions, we have the following.

Theorem 18. For knots K and J, dc(K , J )≥ u2(K #−J ).

Example 19. The same computation as in Example 4 shows any singular concor-
dance from 51 to−10132 must have at least two positive double points and one nega-
tive double point. In particular, the four-dimensional clasp number of 51 #10132 is 3.

Example 20. From Example 16 we have that dc(T (3, 10), T (2, 15) # T (5, 6))≥ 9.
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8.1. The four-genus. The clasp number and four-genus of a knot are related by
the bound g4(K ) ≤ c(K ). This can be enhanced with the following observation:
If K bounds an immersed disk with p positive and n negative double points, then
g4(K )≤max(p, n). Thus, lower bounds on g4 provide lower bounds on the clasp
number (and unknotting number).

In the case that a knot is slice, g4(K )= 0, the clasp number is also 0. Multiples
of the square knot, T (2, 3) #−T (2, 3), provide examples of slice knots for which
the unknotting number can be arbitrarily large. In fact, using the homology of the
2-fold branched cover [Kinoshita 1957; Wendt 1937], one shows that

u(N (T (2, 3) #−T (2, 3)))= 2N.

It is unknown whether there exists a knot K with g4(K ) = 1, but c(K ) > 2; in
[Livingston 2002; Owens and Strle 2016] it is shown that there are knots with
four-genus 1 that cannot be converted into slice knots using one crossing change.
Owens [2010] has identified two-bridge knots Kn with g4(Kn)= n, σ(K )= 2n,
and which cannot be converted into a slice knot with n crossing changes from
negative to positive and any number of positive to negative crossing changes. In
particular, the knot K1 = −74 has g4(K1) = 1, σ(K1) = 2, but any sequence of
crossing changes that converts K1 into a slice knot must include at least two crossing
changes from negative to positive.

Our main results, since they are providing lower bounds on u(K ) and c(K ),
might not offer bounds on g4(K ). However, it is worth noting that the observations
made in this paper offer a much simpler proof of this result from [Livingston 2011].

Corollary 21. Let K ⊂ S3 be a knot and let {α1, . . . , αk} ⊂ S1 be a nonempty
subset of the complex roots of an irreducible rational polynomial δ. Then

g4(K )≥ 1
2(max{|JK (αi )|} +max{|σK (αi )|}).

Proof. As stated in Theorem 6, it follows from [Taylor 1979] that if g4(K ) = g,
then WK ∈W (Q(x)) has a 2g× 2g representative. Consider the diagonal form of
such a representative, WK = [ f1δ, . . . , fmδ, g1, . . . , gn]. It is clear that for all αi ,
|JK (αi )| ≤ m and max|σK (αi )| ≤ n. It follows that

max{|JK (αi )|} +max{|σK (αi )|} ≤ m+ n = 2g. �

9. The nonbalanced signature function

For a knot K with Seifert matrix VK , the signature of the matrix (1− ω)VK +

(1−ω)V T
K yields a well-defined function sK (ω) on the unit circle. The proof that

sK (ω) is a knot invariant is a consequence of the fact that any two Seifert surfaces
for a knot are stably equivalent [Murasugi 1965; Trotter 1962]. The signature
function we have been considering, σK , is defined by taking the two-sided average
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of sK . We have focused our attention on the balanced function because it defines a
homomorphism on the knot concordance group. There are examples of slice knots
for which sK is nontrivial [Cha and Livingston 2004; Levine 1989], and thus it
is not a knot concordance invariant. Here we briefly explore how sK can be used
to extract unknotting information that is not accessible via σK . Of course, these
results do not generalize to give concordance invariants.

Let δ(x) be an irreducible Alexander polynomial having roots {α1, . . . , αn} on
the unit circle. Let 3δ = Q[x, x−1

](δ) denote the ring formed by inverting all
irreducible elements in Q[x, x−1

] other than δ(x). The proof that hermitian forms
over Q(x) can be diagonalized is easily modified to the case of hermitian forms
over 3δ. One needs to check that the step-by-step diagonalization process can be
adjusted so that division by δ(x) is not required.

Given this, the proof of Lemma 10 generalizes to the setting of 3δ, and so the
effect of crossing changes is determined by the signature functions for a pair of
matrices of the form

W±1(x)=
(

a(x) b(x)
b(x) d(x)+ ε±(1− x)(1− x−1)

)
.

Here, all polynomials are in 3δ, ε− = 1, and ε+ = 0.
We now factor out powers of δ to rewrite this as(

a′(x)δ(x)i b′(x)δ(x) j

b′(x)δ(x) j d(x)+ ε±(1− x)(1− x−1)

)
.

Considering the difference of signatures, sign(W+(αi ))− sign(W−(αi )), yields
the following cases, all of which are easily analyzed by considering diagonalizations.

• If i = 0, the difference of signatures is determined by the difference of values of

d ′(αi )+ ε±(1−αi )(1−α−1
i )

for some d ′ ∈3δ.

• If i 6= 0 and j = 0, then both signatures are 0.

• If i 6= 0 and j 6= 0, then the difference of signatures is determined by the
difference of values of

d ′(αi )+ ε±(1−αi )(1−α−1
i )

for some d ′ ∈3δ.

The approach of our previous work now applies, and a simple consequence is
the following.

Lemma 22. If δ(x) ∈ Z[t, t−1
] has roots {α1, . . . , αn} on the unit circle and a

crossing change from positive to negative is made to a knot K, then either all the
values of sK (αi ) increase by 1, or some increase by 2 and others are unchanged.
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Rather than exploit the dependance of this result on the choice of δ, here we will
present an easily stated result, expressed in terms of the floor and ceiling function.
Recall that max{sK (ω)} ≥ 0 and min{sK (ω)} ≤ 0.

Theorem 23. For a knot K, let M = max{sK (ω)} and m = min{sK (ω)}. The
unknotting number satisfies

u(K )≥ dM/2e− bm/2c.

Example 24. The knot 820 is slice, and hence its signature function σK is identi-
cally 0. However, its Alexander polynomial is (t2

− t + 1)2, having a root at the
sixth root of unity, ξ6. A direct computation shows that sK (ξ6)= 1, and this is the
only nonzero value of the upper unit circle. It is shown in [Cha and Livingston
2004] that similar, but less explicit examples abound.

Using such knots as 820, one can construct a knot K for which there are two
numbers on the upper half circle, ω1 and ω2, with the property that sK (ω1) = 3,
sK (ω2) = −3, and sk(ω) = 0 for all other ω on the upper half circle. According
to Theorem 23, this knot has unknotting number at least 4. Notice that this is one
more than (max(sK (ω))−min(sK (ω)))/2, as might be expected from the classic
bound based on σK (ω).

9.1. Doubly slice knots. A knot K is called doubly slice if it is the cross-section
of an unknotted two-sphere embedded in S4. The first proof of the existence of
such knots appeared in [Terasaka and Hosokawa 1961]. Invariants of such knots
have since been studied in much finer detail; see for instance, [Kearton 1975; Kim
2006; Livingston and Meier 2015; Meier 2015; Stoltzfus 1978; Sumners 1971].
The nonbalanced signature function of a doubly slice knot is identically 0, and this
provides a means of proving that some slice knots are not doubly slice.

The slicing number of a knot and the algebraic slicing number of a knot are the
number of crossing changes required to convert a knot into a slice, respectively
algebraically slice, knot. One could similarly define a double slicing number of a
knot. Hence, we have:

Theorem 25. For a knot K, let M = max{sK (ω)} and m = min{sK (ω)}. The
number of crossing changes required to convert K into a doubly slice knot is greater
than or equal to dM/2e− bm/2c.
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THE GLOBAL WELL-POSEDNESS AND SCATTERING FOR
THE 5-DIMENSIONAL DEFOCUSING CONFORMAL
INVARIANT NLW WITH RADIAL INITIAL DATA IN

A CRITICAL BESOV SPACE

CHANGXING MIAO, JIANWEI YANG AND TENGFEI ZHAO

We obtain the global well-posedness and scattering for the radial solution
to the defocusing conformal invariant nonlinear wave equation with initial
data in the critical Besov space Ḃ3

1,1× Ḃ2
1,1(R

5). This is the 5-dimensional
analogue of Dodson’s result (2019), which was the first on the global well-
posedness and scattering of the energy subcritical nonlinear wave equa-
tion without the uniform boundedness assumption on the critical Sobolev
norms employed as a substitute of the missing conservation law with respect
to the scaling invariance of the equation. The proof is based on exploit-
ing the structure of the radial solution, developing the Strichartz-type esti-
mates and incorporation of Dodson’s strategy (2019), where we also avoid a
logarithm-type loss by employing the inhomogeneous Strichartz estimates.

1. Introduction

We consider the solutions u to

(1-1)
{
∂t t u−1u+µ|u|pu = 0, (t, x) ∈ R×Rd ,

(u(0), ∂t u(0))= (u0, u1), x ∈ Rd ,

where µ = ±1, d ≥ 1, and p > 0. If µ = 1, (1-1) is described as defocusing,
otherwise focusing. There is a natural scaling symmetry for (1-1), i.e., if we let
uλ(t, x)= λ2/pu(λt, λx) for λ > 0, then uλ is also a solution to (1-1) with initial
data (λ2/pu0(λx), λ(2/p)+1u1(λx)) preserving the Ḣ sp × Ḣ sp−1(Rd) norm of the
initial data, where we define the critical regularity as sp =

d
2 −

2
p . At least, the

solutions to (1-1) formally conserve the energy

(1-2) E(u(t), ∂t u(t)) :=
1
2

∫
R5
|∇x u(t)|2 dx

+
1
2

∫
R5
|∂t u(t)|2 dx + µ

p+2

∫
R5
|u(t)|p+2 dx,
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Keywords: nonlinear wave equation, Strichartz estimates, scattering, hyperbolic coordinates,

Morawetz estimates.
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which is also invariant under the scaling if sp = 1. In view of this, we say the
Cauchy problem (1-1) is energy critical when sp = 1, subcritical for sp < 1 and
supercritical when sp > 1.

Lindblad and Sogge [1995] proved the local theory of the Cauchy problem (1-1)
in the minimal regularity spaces. In fact, if d≥2 and p≥ (d+3)/(d−1), the Cauchy
problem (1-1) with initial data in the critical spaces Ḣ sp× Ḣ sp−1(Rd) is locally well-
posed. The global theory for the Cauchy problem (1-1) with µ= 1 and sp ≤ 1 has
been studied extensively. While for the focusing case, even the solution with smooth
initial data may blow up at finite time. For more related results see [Sogge 1995].

We will consider global existence and scattering of the solutions to (1-1). In
general, a solution u is said to be scattering if it is a global solution and approaches
a linear solution as t→±∞. In the cases of d ≥ 2 and p ≥ (d + 3)/(d − 1), the
solution to (1-1) with small initial datum in the critical Sobolev spaces is globally
well-posed and scattering; see [Lindblad and Sogge 1995].

For the defocusing energy critical wave equation (1-1), Grillakis [1990] first
established the global existence theory for classical solution when d = 3. The
results for other dimensions are proved in [Grillakis 1992; Shatah and Struwe 1993].
Scattering results for large energy data are proved in [Bahouri and Gérard 1999;
Bahouri and Shatah 1998; Nakanishi 1999] by establishing variants of the Morawetz
estimates [1968]

(1-3)
∫∫

R1+d

|u|
2d

d−2

|x |
dx dt ≤ Cd E(u0, u1),

where Cd is a constant depending on d. While in focusing energy critical cases,
the Morawetz estimates (1-3) fails. The scattering results do not hold in general,
since (1-1) has a ground state

W (x)=
(

1+
|x |2

d(d − 2)

)− d−2
2

.

In the cases of 3 ≤ d ≤ 5, Kenig and Merle [2008] proved the scattering result
for solution with initial data such that E(u0, u1) < E(W, 0) and ‖u0‖Ḣ1(Rd ) <

‖W‖Ḣ1(Rd ). In their proofs, the main ingredient is the concentration compact-
ness/rigidity theorem method introduced by [Kenig and Merle 2006]. This method
is powerful and plays an important role in study of many other nonlinear dispersive
equations. We refer to [Killip and Vişan 2013; Koch et al. 2014; Kenig 2015].

For the defocusing subcritical equation (1-1), the global existence has been
proved for solution with initial data in the energy space Ḣ 1

× L2(Rd) by Ginibre
and Velo [1985; 1989]. However, there are no scattering results even for solutions
with initial datum in (Ḣ 1

∩ Ḣ sp)× (L2
∩ Ḣ sp−1)(Rd).
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Recently, Dodson [2019] proved scattering results for the defocusing cubic wave
equation with the initial datum belonging to the space Ḃ2

1,1× Ḃ1
1,1(R

3), which is
a subspace of Ḣ 1/2

× Ḣ−1/2(R3). We remark that this is the first work that gives
scattering results for large data in the critical Sobolev space without any a priori
bound on the critical norm of the solution. Dodson’s strategy consists of three steps:

(1) By establishing some new Strichartz-type estimates, one can show that the
solution is in the energy space Ḣ 1

× L2(R3) up to some free evolutions. Then this
decomposition enables one to prove the global well-posedness of the solution.

(2) To obtain the scattering result, a conformal transformation is applied to show
that the energy part of the solution has finite energy in hyperbolic coordinates.
Then from the conformal invariance of the equation and a Morawetz-type inequal-
ity, one can deduce that ‖u‖L4

t,x (R×R5) ≤ C(‖(u0, u1)‖Ḃ3
1,1×Ḃ2

1,1(R
5), δ1), where the

parameter δ1 relies on the scaling and spatial profiles of the initial data.

(3) Finally, one can remove the dependence of δ1 by employing the profile decom-
position, which completes the proof.

Let S(t)( f, g) be the solution of Cauchy problem to the free wave equation

(1-4)
{
∂t tv−1v = 0, (t, x) ∈ R×R5,

(v, ∂tv)|t=0 = ( f (x), g(x)), x ∈ R5.

For the sake of statement, we introduce the following notation as

Ṡ(t)( f, g), ∂t S(t)( f, g), and ES(t)( f, g),
(
S(t)( f, g), Ṡ(t)( f, g)

)
.

We consider the Cauchy problem of nonlinear wave equation

(1-5)
{
∂t t u−1u+ |u|u = 0, (t, x) ∈ R×Rd ,

(u(0), ∂t u(0))= (u0, u1), x ∈ Rd ,

Our main result can be stated as:

Theorem 1.1. For any radial initial data (u0, u1) ∈ Ḃ3
1,1× Ḃ2

1,1(R
5), the solu-

tion u to (1-5) is globally well-posed and scattering, i.e., there exists (u±0 , u±1 ) ∈
Ḣ 1/2
× Ḣ−1/2(R5) such that

(1-6) lim
t→±∞

‖(u(t), ∂t u(t))− ES(t)(u±0 , u±1 )‖Ḣ1/2×Ḣ−1/2(R5)→ 0.

Furthermore, there is a function A : [0,∞)→ [0,∞), such that

(1-7) ‖u‖L3
t,x (R×R5) ≤ A(‖(u0, u1)‖Ḃ3

1,1×Ḃ2
1,1(R

5)).

Remark 1.2. (1) This theorem extends the results of [Dodson 2019] to the 5-
dimension case. The proof will utilize the strategy given in [Dodson 2019], but it is
highly nontrivial.
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(2) Unlike the 3-dimensional case, the dispersive estimate (see (2-20)) gives a decay
in time of order −2, which may cause a logarithmic failure when one estimates

‖u‖L4/3
t L4

x (J×R5)
+ sup

t∈J

(
t3/4
‖u‖L4

x (R
5)

)
,

where 0 ∈ J is a local time interval. We circumvent this difficulty by using the
inhomogeneous Strichartz estimates in [Taggart 2010] and prove the global well-
posedness of u.

(3) For the scattering result, by reductions, we need to bound the L3
t,x of w on the

light cone
{
|x | ≤ t + 1

2

}
. We will define the hyperbolic energy by rewriting (1-5)

as the form
∂t t(r2w)− ∂rr (r2w)=−2w− r2

|w|w.

Observing that the additional term 2w and the nonlinear term r2
|w|w enjoy the same

sign, we can bound the L3
t,x norm of w by applying a Morawetz-type inequality, if

we assume the hyperbolic energy of w is bounded.
(4) To certify the above assumption, we will make full use of (2-19) for radial

solution and the sharp Hardy inequality. In contrast to the 3-dimensional case, some
terms in (2-19) seem more difficult to dealt with. However, the integration domains
of these terms are symmetric about the radius r , which is also consistent with
the Huygens principle. This fact allows us apply the Hardy–Littlewood maximal
functions to verify the assumption.

Now, we give the outline of the proof. By the Strichartz estimates and a standard
fix point argument, for initial data (u0, u1), there exists a maximal time interval
I ⊂ R such that there exists a unique solution u (see Definition 2.9 in Section 2)
to (1-5) on I ×R5. We consider the global well-posedness by developing some
Strichartz-type estimates (3-30). Utilizing the standard blowup criterion, we can
show the global well-posedness of u.

Next, we claim the following proposition:

Proposition 1.3. For every radial initial data (u0, u1) ∈ Ḃ3
1,1× Ḃ2

1,1(R
5), let u be

the corresponding solution to (1-5). Then there exists a parameter δ1 depending the
initial data (u0, u1) and a function A : [0,∞)2→ [0,∞) such that

(1-8) ‖u‖L3
t,x (R×R5) ≤ A(‖(u0, u1)‖Ḃ3

1,1×Ḃ2
1,1(R

5), δ1).

We prove Theorem 1.1 by employing this and establishing Proposition 4.2, where
the proof provides an alternate proof of Lemma 6.2 in [Dodson 2019].

Finally, we need to prove Proposition 1.3. From the partition u = v + w, it
suffices to show the boundedness of L3

t,x norm of w. We prove the hyperbolic
energy of w is uniformly bounded. Then, a Morawetz-type inequality yields that
the L3

t,x norm of w is bounded in the cone, which finishes the proof.
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This paper is organized as follows: Section 2 gives some tools from harmonic
analysis and basic properties for the wave equation. In Section 3 we give the
decomposition of u and prove its global well-posedness. The existence of the
function A in (1-7) is shown in Section 4 based on the Proposition 1.3. Finally, in
Section 5, we complete the proof by showing Proposition 1.3.

We end the introduction with some notations used throughout this paper. We use
S(Rd) to denote the space of Schwartz functions on Rd. For 1≤ p ≤∞, we define
L p(Rd) by the spaces of Lebesgue measurable functions with finite L p(Rd)-norm,
which is defined by

‖ f ‖L p(Rd ) =

( ∫
Rd
| f (x)|p dx

)1/p
, for 1≤ p <∞,

and ‖ f ‖L∞(Rd ) = ess supx∈Rd | f (x)|. We let `p be the spaces of complex number
sequences {an}n∈Z such that {an}n∈Z ∈ l p if and only if

‖{an}‖`p
n (Z)
,
(∑

n

|an|
p
)1/p

<∞, for 1≤ p <∞

and ‖{an}‖`∞n (Z) := supn |an| < ∞. We use X . Y to mean that there exists a
constant C > 1 such that X ≤ CY, where the dependence of C on the parameters
will be clear from the context. We use X ∼ Y to denote X . Y and Y . X. A� B
denotes there is a sufficiently large number C such that A ≤ C−1 B.

2. Basic tools and some elementary properties for the wave equation

In this section, we recall some tools from harmonic analysis and useful results for
the wave equation.

2A. Some tools from harmonic analysis. Recall the Fourier transform of f ∈
S(Rd) is defined by

f̂ (ξ)= (2π)−d/2
∫

Rd
f (x)e−i xξ dx,

which can be extended to Schwartz distributions naturally. We will make frequent
use of the Littlewood–Paley projection operators. Specifically, we let ϕ be a radial
smooth function supported on the ball |ξ | ≤ 2 and equal to 1 on the ball |ξ | ≤ 1.
For j ∈ Z, we define the Littlewood–Paley projection operators by

P̂≤ j f (ξ) := ϕ(ξ/2 j ) f̂ (ξ),

P̂> j f (ξ) := (1−ϕ(ξ/2 j )) f̂ (ξ),

P̂j f (ξ) := (ϕ(ξ/2 j )−ϕ(ξ/2 j−1)) f̂ (ξ).
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The Littlewood–Paley operators commute with derivative operators and are
bounded on the general Sobolev spaces. These operators also obey the following
standard Bernstein estimates:

Lemma 2.1 (Bernstein estimates). For 1≤ r ≤ q ≤∞ and s ≥ 0,∥∥|∇|±s Pj f
∥∥

Lr
x (R

d )
∼ 2± js

‖Pj f ‖Lr
x (R

d ),∥∥|∇|s P≤ j f
∥∥

Lr
x (R

d )
. 2 js

‖P≤ j f ‖Lr
x (R

d ),

‖P> j f ‖Lr
x (R

d ) . 2− js
∥∥|∇|s P> j f

∥∥
Lr

x (R
d )
,

‖P≤ j f ‖Lq (Rd ) . 2(d/r−d/q) j
‖P≤ j f ‖Lr

x (R
d ),

where the fractional derivative operator |∇|σ is defined by |̂∇|σ f (ξ)= |ξ |σ f̂ (ξ),
for σ ∈ R.

Definition 2.2 (homogeneous Besov spaces). Let s be a real number and let
1≤ p, r ≤∞. We denote the homogeneous Besov norm by

(2-1) ‖ f ‖Ḃs
p,r (R

d ) :=
∥∥{2 js
‖Pj f ‖L p(Rd )}

∥∥
`r

j (Z)
,

for f ∈ S(Rd). Then the Besov space Ḃs
p,r (R

d) is the completion of the Schwartz
function under this norm.

We shall give the following radial Sobolev-type inequalities, which are analogous
to the 3-dimensional cases established in [Dodson 2019]. We denote radial derivative
by ∂r f (x)=

( x
|x | · ∇

)
f (x) for any function f defined on R5.

Lemma 2.3 (radial Sobolev-type inequalities in Besov spaces). For any radial
function f ∈ S(R5), we have

(2-2) ‖|x |2 f ‖L∞(R5) . ‖ f ‖Ḃ1/2
2,1 (R

5)
.

Let (u0, u1) ∈ Ḃ3
1,1× Ḃ2

1,1(R
5) be a radial function; then we have∥∥∥∥ 1

|x |2
∂r u0(x)

∥∥∥∥
L1

x (R
5)

+

∥∥∥∥ 1
|x |
∂rr u0(x)

∥∥∥∥
L1

x (R
5)

(2-3)

+

∥∥∥∥ 1
|x |3

u0(x)
∥∥∥∥

L1
x (R

5)

+
∥∥|x |3∂r u0

∥∥
L∞x (R5)

. ‖u0‖Ḃ3
1,1(R

5),∥∥∥∥ 1
|x |
∂r u1(x)

∥∥∥∥
L1

x (R
5)

+

∥∥∥∥ 1
|x |2

u1(x)
∥∥∥∥

L1
x (R

5)

+
∥∥|x |3u1(x)

∥∥
L∞x (R5)

. ‖u1‖Ḃ2
1,1(R

5).(2-4)
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Proof. We first consider (2-2). Since f is radial, using polar coordinates, we have

(2-5) Pj f (|x |)= Pj f (x)=
∫

R5
P̂j f (ξ)ei xξ dξ

=

∫
∞

0

∫
S4

P̂j f (r)r4eir xω dσ(ω) dr.

Recall the decay estimates of Fourier transform of the surface measure on the sphere

d̂σS4(ξ)≤ C(1+ |ξ |)−2,

which, with Hölder’s inequality, yields

(2-6) |Pj f (|x |)|.
∫
∞

0
|P̂j f (r)|r2

|x |−2 dr . |x |−22
1
2 j
‖Pj f ‖L2 .

Then the inequality (2-2) follows from (2-6) and the definition of the Besov space.
Next, we consider (2-3) and (2-4). By the density of Schwartz functions in

Ḃ3
1,1× Ḃ2

1,1(R
5), we may assume that u0, u1 ∈ S(R5). We claim it suffices to show∥∥∥∥ 1
|x |2

∂r u0(x)
∥∥∥∥

L1
x (R

5)

+

∥∥∥∥ 1
|x |
|1u0(x)|

∥∥∥∥
L1

x (R
5)

+

∥∥∥∥ 1
|x |3

u0(x)
∥∥∥∥

L1
x (R

5)

(2-7)

. ‖u0‖Ḃ3
1,1(R

5),∥∥∥∥ 1
|x |
∂r u1(x)

∥∥∥∥
L1

x (R
5)

+

∥∥∥∥ 1
|x |2

u1(x)
∥∥∥∥

L1
x (R

5)

. ‖u1‖Ḃ2
1,1(R

5).(2-8)

To see this, by using the fact 1 f = ∂rr f + 4
r ∂r f for radial function f (x) on R5,

we have

(2-9)

∥∥∥∥ 1
|x |
∂rr u0(x)

∥∥∥∥
L1

x (R
5)

.

∥∥∥∥ 1
|x |2

∂r u0(x)
∥∥∥∥

L1
x (R

5)

+

∥∥∥∥ 1
|x |
|1u0(x)|

∥∥∥∥
L1

x (R
5)

. ‖u0‖Ḃ3
1,1(R

5)

From the fundamental theorem of calculus and polar coordinates, for y ∈ R5
\{0},

(2-10) |y|3|∂r u0(y)|.
∫
∞

|y|

∫
S4

r3
|∂rr u0(r)| dσ(ω) dr

.

∥∥∥∥ 1
|x |
∂rr u0(x)

∥∥∥∥
L1

x (R
5)

. ‖u0‖Ḃ3
1,1(R

5)

and

(2-11) |y|3|u1(y)|.
∫
∞

|y|

∫
S4

r3
|∂rr u1(r)| dσ(ω) dr

.

∥∥∥∥ 1
|x |
∂r u1(x)

∥∥∥∥
L1

x (R
5)

. ‖u1‖Ḃ2
1,1(R

5).
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Hence, we are reduced to proving (2-7) and (2-8). We just give the estimate for
the first term on the left-hand side of (2-7), since others can be handled similarly.
For j ∈ Z, utilizing Bernstein’s estimates and polar coordinates, we obtain

(2-12)
∥∥∥∥ 1
|x |2

∂r Pj u0(x)
∥∥∥∥

L1
x (R

5)

.
∫
∞

0

∫
S4

r2∂r Pj u0(r)dσ(ω)dr

.
∫ 2− j

0

1
r2 |∂r (Pj u0)|r4 dr+

∫
∞

2− j

1
r2 |∂r (Pj u0)|r4 dr

. 2−3 j
‖∂r (Pj u0)‖L∞r (R+)+22 j

‖∂r (Pj u0)‖L1
x (R

5)

. 23 j
‖Pj u0‖L1

x (R
5).

Thus, we have ‖(1/|x |2)∂r u0(x)‖L1
x (R

5) . ‖u0‖Ḃ3
1,1(R

5). �

As a direct consequence of Lemma 2.3, we have

(2-13)
∥∥|x |1/2∂r u0(x)

∥∥
L2

x (R
5)
+
∥∥|x |−1/2u0(x)

∥∥
L2

x (R
5)
+
∥∥|x |1/2u1(x)

∥∥
L2

x (R
5)

. ‖(u0, u1)‖Ḃ3
1,1×Ḃ2

1,1(R
5).

Lemma 2.4. Suppose χ(x) ∈ C∞c (R
5). Let R = 2k be a dyadic number for k ∈ Z

and denote χR(x)= χ( x
R ). Then we have

‖χR(x) f ‖Ḃ1/2
2,1 (R

5)
. ‖ f ‖Ḃ1/2

2,1 (R
5)
,(2-14)

‖χR(x)g‖Ḃ−1/2
2,1 (R5)

. ‖g‖Ḃ−1/2
2,1 (R5)

,(2-15)

where the bound is independent of R. Furthermore, if χ(x)= 1 on |x | ≤ 1, then for
( f, g) ∈ Ḃ1/2

2,1 × Ḃ−1/2
2,1 (R5), we have

(2-16) lim
R→∞
‖(1−χR(x)) f ‖Ḃ1/2

2,1 (R
5)
+‖(1−χR(x))g‖Ḃ−1/2

2,1 (R5)
= 0.

Proof. By scaling, to prove the inequalities (2-14) and (2-15), it suffices to prove
the cases for R = 1, which follows from a similar proof of Lemma 2.2 in [Dodson
2019]. On the other hand, (2-16) follows from (2-14), (2-15), and the fact that
C∞c ×C∞c (R

5) is dense in Ḃ1/2
2,1 × Ḃ−1/2

2,1 (R5). �

Finally, we need the following chain rule estimates for later use.

Lemma 2.5 (C1-fractional chain rule [Christ and Weinstein 1991]). Suppose G ∈
C1(C), s ∈ (0, 1], and 1< q, q1, q2 <∞ satisfying 1

q =
1
q1
+

1
q2

. Then

(2-17)
∥∥|∇|s G(u)

∥∥
Lq (Rd )

.
∥∥G ′(u)

∥∥
Lq1 (Rd )

∥∥|∇|su
∥∥

Lq2 (Rd )
.
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2B. Fundamental properties of the wave equations. Throughout the paper, by
abuse of notations, we often write u(t)= u(t, x) for simplicity and u(t, r)= u(t, x)
when u(t, ·) is radially symmetric.

Recall the explicit formula for solution to the linear wave equation in 5 dimensions,

(2-18) S(t)( f, g)(x)= cos(t |∇|) f (x)+
sin(t |∇|)
|∇|

g(x)

=
1

3ω5
∂t

[
1
t
∂t

](
t3
∫
|y|=1

f (x + t y) dσ(y)
)

+
1

3ω5

1
t
∂t

(
t3
∫
|y|=1

g(x + t y) dσ(y)
)
,

where ω5 is the surface area of the unit sphere in R5. When ( f, g) is radially
symmetric, for t > 0, (2-18) can be rewritten as

(2-19) S(t)( f, g)(r)=
1

2r2

[
(r − t)2 f (r − t)+ (r + t)2 f (r + t)

]
−

t
2r3

∫ r+t

|r−t |
s f (s) ds+

1
4r3

∫ r+t

|r−t |
s(s2
+ r2
− t2)g(s) ds.

See also [Rammaha 1987; Lindblad and Sogge 1996; Colzani et al. 2002] for the
radial solutions to general dimensions linear wave equation. From the explicit
formula (2-18), we can obtain the following dispersive estimate.

Proposition 2.6 (dispersive estimate).

(2-20) ‖S(t)(u0, u1)‖L∞(R5) .
1
t2

[
‖∇

3u0‖L1(R5)+‖∇
2u1‖L1(R5)

]
.

Proof. We give the proof for completeness. A similar proof for the 3-dimensional
case can be found in [Killip and Visan 2011]. By (2-18), the free solution S(t)(u0,u1)

can be rewritten as

(2-21)
1
ω5

∫
|y|=1

u0(x+t y)dσ(y)+
5t

3ω5

∫
|y|=1

y(∇u0)(x+t y)dσ(y)

+
t2

3ω5

∫
|y|=1

y(∇2u0)(x + t y)y dσ(y)+
t
ω5

∫
|y|=1

u1(x + t y) dσ(y)

+
t2

3ω5

∫
|y|=1

y(∇u1)(x + t y) dσ(y),

which, with the fundamental theorem of calculus, yields (2-20). For instance, using
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polar coordinates, we can estimate the first term of (2-21) as

(2-22)
∣∣∣∣ 1
ω5

∫
|y|=1

u0(x + t y) dσ(y)
∣∣∣∣

=

∣∣∣∣ 1
ω5

∫
∞

t

∫
∞

s

∫
∞

τ

∫
|y|=1

d3

dρ3 [u0(x + ρy)] dσ(y) dρ dτ ds
∣∣∣∣

.
∫
∞

t

∫
∞

s

∫
∞

τ

∫
|y|=1
|∇

3u0|(x + ρy) dσ(y) dρ dτ ds

.
∫
∞

t

∫
∞

s

1
τ 4 dτ ds‖∇3u0‖L1(R5)

.
1
t2 ‖∇

3u0‖L1(R5).

The other terms can be dealt with similarly. �

We recall the Strichartz estimates of the wave equation in R5. Let I ⊂ R be an
interval. We denote the spacetime norm Lq

t W s,r
x (I ×R5) of a function u(t, x) on

I ×R5 by
‖u‖Lq

t W s,r
x (I×R5) :=

∥∥‖u(t, x)‖W s,r
x (R5)

∥∥
Lq

t (I )
,

for s ∈R, 1≤ q, r ≤∞. We denote that a pair (q, r) of exponents is admissible, if

(2-23) 2≤ q ≤∞, 2≤ r <∞, and 1
q
+

2
r
≤ 1.

Moreover, we say (q, r) is wave acceptable, provided

(2-24) 1≤ q <∞, 2≤ r ≤∞, 1
q
< 4

(1
2
−

1
r

)
,

or (q, r)= (∞, 2).

Proposition 2.7 (Strichartz estimates [Lindblad and Sogge 1995; Ginibre and Velo
1995; Keel and Tao 1998]). Let (u0, u1) ∈ Ḣ 1/2

× Ḣ−1/2(R5) and (q, r), (q̃, r̃) be
two admissible pairs. If u is a weak solution to the wave equation ∂t t u −1u =
F(t, x) with initial data (u0, u1), then we have

(2-25)
∥∥|∇|ρu

∥∥
Lq

t Lr
x (I×R5)

+ sup
t∈I
‖(u, ut)‖Ḣ1/2×Ḣ−1/2(R5)

. ‖(u0, u1)‖Ḣ1/2×Ḣ−1/2(R5)+
∥∥|∇|−µF

∥∥
L q̃′

t L r̃ ′ (I×R5)
,

provided that

(2-26) ρ =
1
q
+

5
r
− 2 and µ=

1
q̃
+

5
r̃
− 2.
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Proposition 2.8 (inhomogeneous Strichartz estimates [Taggart 2010]). Suppose
that the exponent pairs (q1, r1) and (q̃1, r̃1) are wave acceptable, and satisfy the
scaling condition

1
q
+

1
q̃
= 2− 2

( 1
r1
+

1
r̃1

)
and the conditions

1
q
+

1
q̃
< 1, 1

2
≤

r̃1
r1
≤ 2.

Let r ≥ r1, r̃ ≥ r̃1, ρ ∈ R be such that

ρ+ 5
(1

2
−

1
r

)
−

1
q
= 1−

(
ρ̃+ 5

(1
2
−

1
r̃

)
−

1
q̃

)
.

If F(t, x) is in L q̃ ′
t (R; Ḃ−ρ̃r̃ ′,2(R

5)) and u is a weak solution to the inhomogeneous
wave equation

(2-27) −∂2
t u+1u = F(t, x), u(0)= ut(0)= 0,

then

(2-28) ‖u‖Lq
t (R;Ḃ

ρ

r,2(R
5)) . ‖F(t, x)‖

L q̃′
t (R;Ḃ

−ρ̃

r̃ ′,2(R
5))
.

Next, we recall the well-posedness theory and the perturbation theory of the
Cauchy problem (1-5).

Definition 2.9 (solution). Let I be a time interval such that 0 ∈ I. We say function
u : I ×R5

→ R is a (strong) solution to the Cauchy problem (1-5) in I if it satisfies
(u, ut)(0)= (u0, u1),

(u, ut) ∈ C(I ; Ḣ 1/2
× Ḣ−1/2(R5)) ∩ L3

t,x(I ×R5),

and the integral equation

(2-29) u(t)= S(t)(u0, u1)−

∫ t

0
S(t − τ)(0, |u|u(τ )) dτ

for all t ∈ I.

Theorem 2.10 (local well-posedness [Lindblad and Sogge 1995; Rodriguez 2017]).
Let (u0, u1) ∈ Ḣ 1/2

× Ḣ−1/2(R5) with

‖(u0, u1)‖Ḣ1/2×Ḣ−1/2(R5) ≤ A.

There exists δ = δ(A) > 0 such that, if

(2-30) ‖S(t)(u0, u1)‖L3
t,x ([0,T ]×R5) ≤ δ, for some T > 0,

then there exists a unique solution u to (1-5) in [0, T ]×R5, such that

(2-31) sup
0≤t≤T

‖(u, ut)‖Ḣ1/2×Ḣ−1/2(R5)+‖u‖L3
t,x ([0,T ]×R5) ≤ C(A).
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In addition, if A > 0 is small enough, we can take T =∞.

We define T+(u0, u1) := sup I, where I is the maximal interval of existence of
the solution u.

Lemma 2.11 (standard blowup criterion). Suppose u is the solution to the Cauchy
problem (1-5) with initial data (u0, u1) ∈ Ḣ 1/2

× Ḣ−1/2(R5) and T+(u0, u1) <∞.
Then we have

(2-32) ‖u‖L3
t,x ([0,T+(u0,u1))×R5) =∞.

The proof is standard and similar to the energy critical case in [Kenig 2015].

We end this section by recalling the stability lemma for the Cauchy problem (1-5),
which plays an important role in the Theorem 4.1.

Theorem 2.12 (perturbation theory [Rodriguez 2017]). Let I ⊂R be a time interval
with 0 ∈ I. Let (u0, u1) ∈ Ḣ 1/2

× Ḣ−1/2(R5) and some constants M, A, A′ > 0 be
given. Let ũ be defined on I ×R5 and satisfy

sup
t∈I
‖(ũ, ∂t ũ)‖Ḣ1/2×Ḣ−1/2(R5) ≤ A,(2-33)

‖ũ‖L3
t,x (I×R5) ≤ M.(2-34)

Assume that ∂t t ũ−1ũ =−|ũ|ũ+ e on I ×R5,

(2-35)
∥∥(u0− ũ(0), u1− ∂t ũ(0)

)∥∥
Ḣ1/2×Ḣ−1/2(R5)

≤ A′

and that

(2-36) ‖e‖L3/2
t,x (I×R5)

+
∥∥S(t)

[
(ũ(0), ∂t ũ(0))− (u0, u1)

]∥∥
L3

t,x (I×R5)
< ε.

Then, there exist β > 0 and ε0 = ε0(M, A, A′) > 0 such that, for 0< ε < ε0, there
exists a solution u to (1-5) in I such that (u(0), ∂t u(0))= (u0, u1), with

‖u‖L3
t,x (I×R5) ≤ C(M, A, A′),(2-37)

sup
t∈I
‖(∂t ũ(t), ũ(t))− (u, ∂t u(t))‖Ḣ1/2×Ḣ−1/2(R5) ≤ C(M, A, A′)(A′+ εβ).(2-38)

3. Decomposition of the solution and global well-posedness

In this section, we will prove that for any given initial data (u0, u1)∈ Ḃ3
1,1× Ḃ2

1,1(R
5),

the corresponding solution u to (1-5) is globally well-posed. To prove this, we first
show the solution u belongs to some suitable Strichartz-type spaces on a local time
interval. Then, we split it into two parts: u = v+w. Based on the inhomogeneous
Strichartz estimates (2-28), we will derive a decay property for v and prove that w
is in the energy space Ḣ 1

× L2(R5). We remark that the constants in “ . ” in this
section depend upon ‖(u0, u1)‖Ḃ3

1,1×Ḃ2
1,1(R

5).
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For the sake of simplicity, we denote F(u) = |u|u. Recall that uλ is also a
solution to the Cauchy problem (1-5) with initial data (λ2u0(λx), λ3u1(λx)), where

(3-1) uλ(t, x)= λ2u(λt, λx).

Given (u0, u1)∈ Ḃ3
1,1× Ḃ2

1,1(R
5), for any η> 0, there exists j0= j0(u0, u1, η)<∞

such that

(3-2)
∑
j≥ j0

22 j
‖Pj u0‖L1(R5) < η.

Replace u by uλ for λ= 2− j0 , then we have

(3-3)
∑
j≥0

23 j
‖Pj u0‖L1(R5)+

∑
j≥0

22 j
‖Pj u1‖L1(R5) < η.

Lemma 3.1. Let ε0> 0 be a small constant and η� ε0. If the initial data (u0, u1)∈

Ḃ3
1,1× Ḃ2

1,1(R
5) satisfies (3-3) and u is the solution to (1-5) with initial data (u0, u1)

given by Theorem 2.10, then there exists

δ = δ(ε0, ‖(u0, u1)‖Ḃ3
1,1×Ḃ2

1,1
) > 0

such that

‖u‖L3
t,x ([−δ,δ]×R5) ≤

∑
j∈Z

‖Pj u‖L3
t,x ([−δ,δ]×R5) . ε0,(3-4)

‖u‖L∞t ([−δ,δ];Ḃ
1/2
2,1 (R

5))
.
∑
j∈Z

‖Pj u‖L∞t Ḣ1/2([−δ,δ]×R5) . 1.(3-5)

Proof. By Strichartz’s estimates in Proposition 2.7 and (3-3), we obtain

(3-6) ‖S(t)P≥0(u0, u1)‖L3
t,x (R×R5) ≤

1
2ε0.

On the other hand, for every t ∈ R, by Bernstein, we have

(3-7) ‖S(t)P≤0(u0, u1)‖L3
x (R

5) . 1.

Hence, taking δ small enough, we have,

(3-8) ‖S(t)(u0, u1)‖L3
t,x ([−δ,δ]×R5) ≤ ε0.

Then, by the Strichartz estimates, we have

(3-9) ‖u‖L3
t,x ([−δ,δ]×R5) . ‖S(t)(u0, u1)‖L3

t,x ([−δ,δ]×R5)+‖u‖
2
L3

t,x ([−δ,δ]×R5)
,

from which, by a standard continuity argument, we deduce that

(3-10) ‖u‖L3
t,x ([−δ,δ]×R5) . ε0.
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Let

ak = ‖Pku‖L3
t,x ([−δ,δ]×R5)(3-11)

+ 2
1
2 k
‖Pku‖L∞t L2

x ([−δ,δ]×R5)+ 2
1
4 k
‖Pku‖L6

t L12/5
x ([−δ,δ]×R5)

,

bk = 2
1
2 k
‖Pku0‖L2

x
+ 2−

1
2 k
‖Pku1‖L2

x
.(3-12)

By Young’s inequality, it suffices to show there is a recurrence relation

(3-13) ak . bk + ε0
∑

j

2−
1
4 | j−k|a j .

To prove this, making use of the Strichartz estimates, we have

(3-14) ak . bk + 2
1
4 k
‖Pk F(u)‖L2

t L4/3
x ([0,δ]×R5)

.

First, we consider the low frequency part of the second term in the right-hand
side of (3-14). By Lemma 2.5 and Hölder, we have

(3-15) ‖Pk F(u≤k)‖L2
t L4/3

x ([−δ,δ]×R5)

. 2−
1
2 k
‖Pk |∇x |

1
2 F(u≤k)‖L2

t L4/3
x ([−δ,δ]×R5)

. 2−
1
2 k
‖u‖L3

t,x ([−δ,δ]×R5)

∥∥|∇|1/2(P≤ku)
∥∥

L6
t L12/5

x ([−δ,δ]×R5)

. ‖u‖L3
t,x ([−δ,δ]×R5)

∑
j≤k

2−
1
2 (k− j)

‖Pj u‖L6
t L12/5

x ([−δ,δ]×R5)
,

from which it follows that

(3-16) 2
k
4‖Pk F(u≤k)‖L2

t L4/3
x ([−δ,δ]×R5)

. ε0
∑
j≤k

2−
1
4 (k− j)2

1
4 j
‖Pj u‖L6

t L12/5
x ([−δ,δ]×R5)

. ε0
∑
j≤k

2−
1
4 (k− j)a j .

On the other hand, by Hölder’s inequality,

(3-17) 2
1
4 k
‖Pk(F(u)− F(u≤k))‖L2

t L4/3
x ([−δ,δ]×R5)

. ‖u‖L3
t,x ([−δ,δ]×R5)2

1
4 k
‖P≥k+1u‖L6

t L12/5
x ([−δ,δ]×R5)

. ε0
∑

j≥k+1

2−
1
4 ( j−k)2

1
4 j
‖Pj u‖L6

t L12/5
x ([−δ,δ]×R5)

. ε0
∑

j≥k+1

2−
1
4 ( j−k)a j .

Then the recurrence relation (3-13) follows from (3-16) and (3-17). �

Note that by the inequality (3-5), the inequalities (3-16) and (3-17) yield that

(3-18)
∑
k∈Z

2
1
4 k
‖Pk(F(u))‖L2

t L4/3
x ([0,δ]×R5)

. ε0.
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As an application of Lemma 3.1 and the radial Sobolev inequality (2-2), we
will see that the solution u possesses some space decay property in the region
{|x | ≥ |t |+C} for some large constant C > 0. Let χ(x) be a smooth cutoff function
such that χ(x)=1 for |x |≤ 1

2 and χ(x)=0 for |x |≥1. By Lemma 2.4, there exists a
dyadic integer R= R(u0, u1, ε0) such that ‖(1−χ( x

R ))(u0, u1)‖Ḃ1/2
2,1 ×Ḃ−1/2

2,1 (R5)
≤ ε0.

Then by scaling, we have

(3-19)
∥∥(1−χ(2x))

(
(2R)2u0(2Rx), (2R)3u1(2Rx)

)∥∥
Ḃ1/2

2,1 ×Ḃ−1/2
2,1 (R5)

≤ ε0.

By abuse of notations, we will still use (u0, u1) to represent the initial data(
(2R)2u0(2Rx), (2R)3u1(2Rx)

)
. Then we have,

(3-20) ‖(1−χ(2x))(u0, u1)‖Ḃ1/2
2,1 ×Ḃ−1/2

2,1 (R5)
≤ ε0.

In addition, by Lemma 3.1, we have

‖u‖L3
t,x ([−δ/(2R), δ/(2R)]×R5) . ε0,(3-21)

‖u‖L∞t ([−δ/(2R), δ/(2R)];Ḃ1/2
2,1 (R

5))
. 1.(3-22)

Lemma 3.2. Let J ⊂ R be an interval such that u is a solution to (1-5) on J. Then

(3-23) ‖u‖L3
t,x ({(t,x)∈J×R5: |x |≥|t |+ 1

2 })
+ sup

t∈J

∥∥|x |2u(t, x)
∥∥

L∞x ({x∈R5: |x |≥|t |+ 1
2 })
. ε0.

Proof. Let U (t, x) be the solution to (1-5) with initial data (1−χ(2x))(u0(x), u1(x)).
Employing Theorem 2.10 and arguing by similar arguments in Lemma 3.1, one can
deduce (3-14) when u is replaced by U and [−δ, δ] is replaced by R. Thus

(3-24) ‖U‖L3
t,x (R×R5)+‖U‖L∞t Ḃ1/2

2,1 (R×R5)
. ε0.

Due to the finite propagation speed property of the wave equation (1-5), we have
u(t, x) = U (t, x) when |x | ≥ |t | + 1

2 . Then (3-23) follows from (3-24) and the
radial Sobolev inequality (2-2). �

Next, we want to show the following local properties, which will play an im-
portant role in Section 3B. Unlike the case of three dimensions in [Dodson 2019],
we will make use of the inhomogeneous Strichartz estimates (2-28) to conquer the
difficulties caused by the higher order decay of time.

Lemma 3.3. If ε0 is sufficiently small and δ is as given in Lemma 3.1, then, for
3< r < 4, we have

(3-25) sup
−

2δ
2R<t< 2δ

2R

t (2r−5)/r
‖u‖Lr

x (R
5)+‖u‖L5/4

t L25/6
x ([0, δ/(2R)]×R5)

. 1.

We remark that for 3< r <∞, the space Lr/(2r−5)
t Lr

x(R×R5) is Ḣ 1/2-critical
but not admissible.
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Proof. First, we consider the estimates for the linear part. Utilizing dispersive
estimate (2-20), we have

(3-26) ‖S(t)Pj (u0, u1)‖L∞x (R5) .
1
t2

[
23 j
‖Pj u0‖L1(R5)+ 22 j

‖Pj u1‖L1(R5)

]
.

By Bernstein, we have

(3-27)
‖S(t)Pj (u0, u1)‖L2

x (R
5) . ‖Pj u0‖L2

x (R
5)+ 2− j

‖Pj u1‖L2
x (R

5)

. 2
5
2 j
‖Pj u0‖L1(R5)+ 2

3
2 j
‖Pj u1‖L1(R5).

Interpolating this inequality with the estimate (3-26) yields that,

(3-28) ‖S(t)Pj (u0,u1)‖Lr
x (R

5).t−2(1− 2
r )2−

j
r
[
23 j
‖Pj u0‖L1(R5)+22 j

‖Pj u1‖L1(R5)

]
.

On the other hand, for r ≥ 5
2 , employing Bernstein’s estimates, we have

(3-29) ‖S(t)Pj (u0, u1)‖Lr
x (R

5) . 25( 1
2−

1
r ) j
‖S(t)Pj (u0, u1)‖L2

x (R
5)

. 2(2−
5
r ) j[23 j

‖Pj u0‖L1(R5)+ 22 j
‖Pj u1‖L1(R5)

]
.

This estimate and (3-28) yield that, for r ≥ 5
2 ,

(3-30) sup
t∈R

t (2r−5)/r
‖S(t)(u0, u1)‖Lr

x (R
5)+‖S(t)(u0, u1)‖Lr/(2r−5)

t Lr
x (R×R5)

. ‖(u0, u1)‖Ḃ3
1,1×Ḃ2

1,1(R
5).

By the reversal property of the wave equation, it suffices to prove (3-25) for
t ≥ 0. Using the inhomogeneous Strichartz estimates (2-28), Lemmas 2.5, 3.1, and
Hölder, we have

(3-31)
∥∥∥∫ t

0
S(t − τ)(0, F(u(τ ))) dτ

∥∥∥
L5/4

t L25/6
x ([0, δ2R ]×R5)

.
∥∥|∇|1/4 F(u)

∥∥
L30/29

t L300/197
x ([0, δ2R ]×R5)

.
∥∥|∇|1/2u

∥∥1/2
L∞t L2

x ([0,
δ

2R ]×R5)
‖u‖1/2

L3
t,x ([0,

δ
2R ]×R5)

‖u‖L5/4
t L25/6

x ([0, δ2R ]×R5)
.

This estimates together with the estimate (3-30) yields

(3-32) ‖u‖L5/4
t L25/6

x ([0, δ2R ]×R5)
. 1,

provided 0< ε0�min(1, ‖(u0, u1)‖
−1
Ḃ3

1,1×Ḃ2
1,1(R

5)
).
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Let c ∈ (0, 1) to be chosen later. First, employing the dispersive estimate (2-20),
Lemma 2.5, and interpolation, for r ∈ (3, 4), we have

(3-33) sup
t∈[0, δ2R ]

t
2r−5

r

∥∥∥∫ t

(1−c)t
S(t − τ)(0, F(u(τ ))) dτ

∥∥∥
Lr (R5)

. sup
t∈[0, δ2R ]

t
2r−5

r

∫ t

(1−c)t

1

(t − τ)2−
4
r

∥∥|∇|2− 6
r F(u(τ ))

∥∥
Lr ′ (R5)

dτ

. sup
t∈[0, δ2R ]

t
2r−5

r

∫ t

(1−c)t

1

(t − τ)2−
4
r

‖u(τ )‖
r−1
2r−5
Lr (R5)

×‖u(τ )‖
4− 12

r

Ḣ1/2
x (R5)

‖u(τ )‖
( 12

r −2− r−1
2r−5)

L5/2
x (R5)

dτ

.
(

sup
t∈[0, δ2R ]

t
2r−5

r ‖u(t)‖Lr (R5)

) r−1
2r−5 ‖u‖

4− 12
r

L∞t Ḣ1/2
x ([0, δ2R ]×R5)

×‖u‖
( 12

r −2− r−1
2r−5)

L∞t L5/2
x ([0, δ2R ]×R5)

·

∫ t

(1−c)t

1

(t − τ)2−
4
r

t1− 4
r dτ

. c4/r−1( sup
t∈[0, δ2R ]

t
2r−5

r ‖u(t)‖Lr (R5)

) r−1
2r−5 .

For the remainder part, we utilize the dispersive estimate (2-20), Lemma 2.5, the
Hölder inequality, and interpolation to obtain

(3-34) t
2r−5

r

∥∥∥∫ (1−c)t

0
S(t − τ)(0, F(u(τ ))) dτ

∥∥∥
Lr (R5)

. t
2r−5

r

∫ (1−c)t

0

1

(t − τ)2−
4
r

∥∥|∇|2− 6
r F(u(τ ))

∥∥
Lr ′

x (R
5)

dτ

. c
4
r −2∥∥‖∇|2− 6

r F(u)
∥∥

Lr ′
t,x (R×R5)

. c
4
r −2
‖u‖

Lr/(2r−5)
t Lr

x (R×R5)
‖u‖

4− 12
r

L∞t Ḣ1/2
x (R×R5)

‖u‖
12
r −3

L3
t,x (R×R5)

. c
4
r −2ε

159
7r −

39
7

0 ,

where in the last step we used the fact that

‖u‖
Lr/(2r−5)

t Lr
x ([0,

δ
2R ]×R5)

. ‖u‖
75
7 (

1
r −

6
25 )

L3
t,x ([0,

δ
2R ]×R5)

‖u‖
25
7 (1−

3
r )

L5/4
t L25/6

x ([0, δ2R ]×R5)
. ε

75
7 (

1
r −

6
25 )

0 .

Hence, by (3-30) and (3-32)–(3-34), taking c>0 small enough and using a continuity
method, there exists ε0 = ε0(‖(u0, u1)‖Ḃ3

1,1×Ḃ2
1,1
) > 0 such that

(3-35) sup
t∈[0, δ2R ]

t
2r−5

r ‖u‖Lr
x
. 1, for 3< r < 4. �
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We denote δ1 =
δ

2R for simplicity. Let ψ ∈ C∞0 (R
5) be supported in |x | ≤ δ1

10
and ψ(x)= 1 when |x | ≤ δ1

20 . Then we can assume that |(∇ψ)(x)|. 1
δ1

. For t ≥ δ1,
we split u(t, x)= v(t, x)+w(t, x), where

(3-36) v(t)= S(t)(ψu0, ψu1)−

∫ δ1/10

0
S(t − τ)(0, ψF(u(τ ))) dτ.

We will prove that v has a decay property and w has finite energy.

3A. The decay part of the solution u.

Lemma 3.4. For t ≥ δ1, we have

(3-37) ‖v(t)‖L∞x (R5) . δ
−1/2
1 t−2.

In addition, we have

(3-38) ‖v‖L∞t (R;Ḃ
1/2
2,1 (R

5))
+‖v‖L3

t,x (R×R5) . δ
−1/2
1 .

Proof. We first estimate the linear part of v. By the Huygens principle, the radial
Sobolev inequality (2-2) and Lemma 2.4, we have, for t ≥ δ1

(3-39) ‖S(t)(ψu0, ψu1)‖L∞x (R5) .
1
t2 ‖(u0, u1)‖Ḃ1/2

2,1 ×Ḃ−1/2
2,1
. 1

t2 .

For the second part of v and t ≥ δ1, using the Radial Sobolev inequality (2-2),
the Huygens principle and the Strichartz estimates, we obtain∥∥∥∫ δ1/10

0
S(t − τ)(0, ψF(u(τ ))) dτ

∥∥∥
L∞x (R5)

.
1
t2

∥∥∥∫ δ1/10

0
S(t − τ)(0, χ̃F(u(τ ))) dτ

∥∥∥
Ḃ1/2

2,1 (R
5)

.
1
t2

∥∥∥∫ δ1/10

0

sin(τ |∇|)
|∇|

(ψF(u(τ ))) dτ
∥∥∥

Ḃ1/2
2,1

(3-40)

+
1
t2

∥∥∥∫ δ1/10

0

cos(τ |∇|)
|∇|

(ψF(u(τ ))) dτ
∥∥∥

Ḃ1/2
2,1

.
1
t2

∑
j<0

2−
1
2 j
∥∥Pj

[
ψF(u(τ ))

]∥∥
L1

t L2
x ([0,δ1/10]×R5)

(3-41)

+
1
t2

∑
j≥0

2
1
4 j
∥∥Pj

[
ψF(u(τ ))

]∥∥
L2

t L4/3
x ([0,δ1/10]×R5)

(3-42)

For the low frequency part (3-41), by Bernstein’s estimates and Hölder’s inequality,
we have

(3-43) t2
×(3-41).

∑
j<0

2
j
3 ‖F(u)‖L1

t L3/2
x ([0,δ1/10]×R5)

. δ
1
3
1 ‖u‖

2
L3

t,x ([0,δ1/10]×R5)
.1.
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For (3-42), it suffices to estimate∑
j≥0

2
1
4 j
∥∥[Pj , ψ]F(u(τ ))

∥∥
L2

t L4/3
x ([0,δ1/10]×R5)

(3-44)

+

∑
j≥0

2
1
4 j
∥∥ψPj F(u(τ ))

∥∥
L2

t L4/3
x ([0,δ1/10]×R5)

.(3-45)

For (3-44), by commutator estimates, Young’s inequality, the Sobolev embedding
and Lemma 3.1, we have

(3-46) (3-44).
∑
j≥0

2−
3
4 jδ−1

1 ‖Q j F(u(τ ))‖L2
τ L4/3

x ([0,δ1/10]×R5)

. δ−1
1

∑
j≥0

2−
3
4 j 2

1
4 j
‖F(u(τ ))‖L2

τ L5/4
x ([0,δ1/10]×R5)

. δ
−

1
2

1 ‖u‖
2
L∞t L5/2

x ([0,δ1/10]×R5)
. δ
−

1
2

1 ,

where
Q j f (x)= 26 j

∫
R5
|y|φ(2 j y)| f |(x − y) dy

and in the first inequality we used the mean value theorem. For (3-45), by the
estimate (3-18), we have

(3-47) (3-45).
∑
j≥0

2
1
4 j
‖Pj F(u)‖L2

τ L4/3
x
. ε0.

Hence, by (3-39)–(3-47), we have ‖v(t)‖L∞x (R5) . δ
−

1
2

1 t−2.

Now we consider (3-38). For simplicity, we write

‖v‖S(R) := ‖v‖L3
t,x (R×R5)+‖v‖L∞t (R;Ḃ

1/2
2,1 (R

5))
.

For the linear part, by the Strichartz estimates and Lemma 2.4, we have

(3-48) ‖S(t)(ψu0, ψu1)‖S(R) . ‖(u0, u1)‖Ḃ1/2
2,1 ×Ḃ−1/2

2,1 (R5)
. 1.

By the Strichartz estimates and repeating the arguments that deal with (3-40),∥∥∥∫ δ1/10

0
S(t − τ)(0, ψF(u(τ ))) dτ

∥∥∥
S(R)

.
∥∥∥∫ δ1/10

0

sin(τ |∇|)
|∇|

(ψF(u(τ ))) dτ
∥∥∥

Ḃ1/2
2,1 (R

5)

+

∥∥∥∫ δ1/10

0

cos(τ |∇|)
|∇|

(ψF(u(τ ))) dτ
∥∥∥

Ḃ1/2
2,1 (R

5)
. δ
−

1
2

1 .

This completes the proof. �
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3B. The energy part of the solution u.

Lemma 3.5. We have

(3-49) ‖ Ew(δ1)‖Ḣ1×L2(R5) . δ
−1/2
1 .

Proof. By the definition of w, for t ≥ δ1, we have

(3-50) w(t)= S(t)
(
(1−ψ)u0, (1−ψ)u1

)
−

∫ δ1
10

0
S(t−τ)(0, (1−ψ)F(u(τ )))dτ−

∫ t

δ1
10

S(t−τ)(0,F(u(τ )))dτ.

First, we consider the contribution of the third term of (3-50). Taking r = 50
13

in (3-25), by interpolation, we have

(3-51) ‖u‖2L2
t L4

x ([δ1/10,δ1]×R5)

=

∫ δ1

δ1/10
‖u‖L50/13

x (R5)
‖u‖L25/6

x (R5)
dt

. δ
−

1
2

1 sup
t∈[ δ110 ,δ1]

[
t

7
10 ‖u(t)‖L50/13

x (R5)

]
‖u‖L5/4

t L25/6
x ([ δ110 ,δ1]×R5) . δ

−
1
2

1 .

From this inequality and Strichartz, we have

(3-52)
∥∥∥∫ δ1

δ1/10
S(δ1− τ)(0, F(u(τ )))dτ

∥∥∥
Ḣ1

x (R
5)

+

∥∥∥∥∂t

[ ∫ t

δ1/10
S(t − τ)(0, F(u(τ ))) dτ

]
t=δ1

∥∥∥∥
L2

x (R
5)

. ‖F(u)‖L1
τ L2

x([
δ1
10 ,δ1]×R5) . ‖u‖

2
L2
τ L4

x([
δ1
10 ,δ1]×R5)

. δ
−

1
2

1 .

By Strichartz, radial Sobolev inequality (2-2) and Hölder, the second term of (3-50)
can be estimated as

(3-53)
∥∥∥∫ δ1/10

0

ES(t − τ)
(
0, (1−ψ)F(u(τ ))

)
dτ
∣∣
t=δ1

∥∥∥
Ḣ1×L2(R5)

. ‖(1−ψ)F(u(τ ))‖L1
τ L2

x([0,
δ1
10 ]×R5)

. δ
1
2
1 ‖(1−ψ)u‖

1
2

L∞t,x([0,
δ1
10 ]×R5)

‖u‖
3
2

L3
t,x([0,

δ1
10 ]×R5)

. δ
−

1
2

1 ‖u‖
1
2

L∞t Ḃ1/2
2,1
. δ
−

1
2

1 .



5D DEFOCUSING CONFORMAL INVARIANT NLW IN A CRITICAL BESOV SPACE 271

Hence, it remains to estimate

(3-54) ‖(1−ψ)(u0, u1)‖Ḣ1×L2(R5).

For u0, by radial Sobolev inequality (2-2) and polar coordinates,

(3-55) ‖(∇ψ)u0‖
2
L2(R5)

. δ−1
1

∫ 2δ1

δ1/100

∫
S4

u2
0(r) dσ(ω)r4 dr . ‖u0‖

2
Ḃ1/2

2,1 (R
5)
. 1.

By the inequality (2-13), we have

(3-56) ‖(1−ψ)∂r u0‖L2
x (R

5) . δ
−

1
2

1 .

For u1, by the inequality (2-8) and polar coordinates, one can deduce that

(3-57) ‖(1−ψ)u1‖
2
L2

x (R
5)
.
∫
∞

δ1
10

∫
S4
|u1(r)|2r4dσ(ω) dr .

∫
∞

δ1
10

r−2 dr . δ−1
1 .

This inequality together with (3-55) and (3-56) implies that

(3-58) ‖(1−ψ)(u0, u1)‖Ḣ1×L2(R5) . δ
−

1
2

1 .

This completes the proof. �

3C. Global well-posedness. In this subsection, we prove that the solution u is
globally well-posed. We emphasize that the constants in “ . ” in this subsection
depend only upon δ1 and ‖(u0, u1)‖Ḃ3

1,1×Ḃ2
1,1(R

5).

Theorem 3.6. Let u be the solution to (1-5) with initial data (u0, u1) ∈ Ḃ3
1,1× Ḃ2

1,1.
Then u is globally well-posed and such that for any compact interval J ⊂ R,

(3-59) ‖u‖L3
t,x (J×R5) < C

(
J, ‖(u0, u1)‖Ḃ3

1,1×Ḃ2
1,1
, δ1
)
.

Proof. By Lemma 2.11, it suffices to show (3-59). By the time reversibility of the
wave equation, we just need consider the part of t ≥ 0.

For t ≥ δ1, by u(t)= w(t)+ v(t) and the formula (3-36) of v(t), we have

(3-60) wt t −1w =−|u|u.

We define the energy of w as (1-2) by

(3-61) E(w(t))= 1
2

∫
R5
|∇tw(t)|2 dx + 1

2

∫
R5
|∇xw(t)|2 dx + 1

3

∫
R5
|w(t)|3 dx .

By the estimates (3-22), (3-38), Lemma 3.5 and interpolation, we have

(3-62) E(w(δ1)). 1.
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Now, we consider

(3-63)
∣∣∣ d
dt

E(w(t))
∣∣∣

=

∣∣∣∫
R5
(|w|w−|u|u)wt dx

∣∣∣
. ‖v‖L6

x (R
5) ‖wt‖L2

x (R
5) ‖w‖L3

x (R
5)+‖wt‖L2

x (R
5) ‖v‖L6

x (R
5) ‖v‖L3

x (R
5).

By interpolation and the dispersive estimate (3-37) of v, we have

‖v‖L6
x (R

5)‖wt‖L2
x (R

5)‖w‖L3(R5) .
1
t
‖v‖

1
2
L3

x (R
5)
‖wt‖L2

x (R
5)‖w‖L3

x (R
5)(3-64)

. 1
t

E(w(t))
5
6 ‖v‖

1
2
L3

x (R
5)

. 1
t
[
E(w)(t)+‖v‖3L3

x (R
5)

]
,

‖wt‖L2
x (R

5) ‖v‖L6
x (R

5) ‖v‖L3
x (R

5) .
1
t

E(w(t))
1
2 ‖v‖

3
2
L3

x (R
5)

(3-65)

. 1
t
[
E(w)(t)+‖v‖3L3

x (R
5)

]
.

Substituting (3-64) and (3-65) into (3-63), we obtain

(3-66)
d
dt

E(w(t))≤ C
1
t
(E(w(t))+‖v‖3L3

x (R
5)
).

Hence,

(3-67)
d
dt
[t−C(E(w(t)))] ≤ t−C−1

‖v‖3L3
x (R

5)
.

This estimate and the inequality (3-38) imply that

(3-68) E(w(t))≤ C1(1+ |t |)C2 .

Thus, for any compact interval J ⊂ R, we have

(3-69) ‖u‖L3
t,x (J×R5) ≤ ‖v‖L3

t,x (J×R5)+‖w‖L3
t,x (J×R5) <∞. �

4. Scattering

In this section we prove Theorem 1.1 by assuming Proposition 1.3, that is, re-
moving the dependence of δ1 in (1-8). From the arguments in Section 3, we have
δ1 = δ/(2R), where δ and R depending the scaling and spatial profile of the initial
data, respectively. We give the heuristic idea of the proof by analyzing the effect of
the parameters δ and R on the critical norm L3

t,x(R×R5).
Note that the critical norm L3

t,x(R×R5) of the solution to the nonlinear equation
(1-5) is invariant under the scaling transform. Hence the parameter δ may not
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be the main difficulty in proving Theorem 1.1. On the other hand, the latter
parameter R relies on the spatial profile of the initial data. For example, let R be
the parameter corresponding to the initial data (u0, u1) with compact support. The
linear evolution ES(t) for t ∈ R does not change the critical norm Ḣ 1/2

× Ḣ−1/2 by
the Plancherel theorem, but owing to the Huygens principle for the odd-dimension
linear wave equations, it does change the spatial support of the initial datum. Thus,
for the initial data ES(t0)(u0, u1), the spatial parameter (may be chosen as R+ t0)
is likely very huge, when t0 is large enough. However, the Ḃ3

1,1× Ḃ2
1,1 norm may

become huge under the evolution of ES(t). Indeed, if ‖(u0, u1)‖Ḃ3
1,1×Ḃ2

1,1(R
5) = 1,

then ‖ES(t0)(u0, u1)‖Ḃ3
1,1×Ḃ2

1,1(R
5)→∞ as t0→∞.1 Hence, if∥∥ES(t0)(u0, u1)

∥∥
Ḃ3

1,1×Ḃ2
1,1(R

5)
. 1,

then t0 remains bounded. Taking account of this fact, one may conquer the difficul-
ties caused by the parameter R.

To finish the proof of Theorem 1.1, we need the following theorem of profile
decomposition.

4A. Profile decomposition. Now, we recall the linear profile decomposition from
[Ramos 2012] in the radial case. We refer to [Bahouri and Gérard 1999] for the
profile decompositions in the energy critical spaces.

Theorem 4.1 (profile decomposition). Let C>0 be a fixed number and let (un
0, un

1)n

be a sequence in Ḣ 1/2
× Ḣ−1/2(R5), with

(4-1) ‖(un
0, un

1)‖Ḣ1/2×Ḣ−1/2(R5) ≤ C.

Then there exist a subsequence of (un
0, un

1) (still denoted by (un
0, un

1)), a sequence

(φ
j
0 ,φ

j
1 ) j∈N⊂ Ḣ 1/2

×Ḣ−1/2(R5),

a sequence
(RN

0,n, RN
1,n)N≥1⊂ Ḣ 1/2

×Ḣ−1/2(R5)

and a sequence of parameters (tn
j , λ

n
j )⊂ R× (0,∞) such that for each N ≥ 1,

(4-2) S(t)(un
0, un

1)=

N∑
j=1

(λn
j )

2[S(λn
j (t − tn

j ))(φ
j
0 , φ

j
1 )
]
(λn

j x)+ S(t)(RN
0,n, RN

1,n)

with

(4-3) lim
N→∞

lim sup
n→∞

‖S(t)(RN
0,n, RN

1,n)‖L3
t,x (R×R5) = 0.

1By interpolation and density, it suffices to show that, for f ∈S(R5), lim
t→∞

∥∥ei t |∇| f
∥∥

Ḃ−2
∞,∞(R

5)
= 0,

which follows from the dispersive estimate (2-20) and Bernstein’s estimates.
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In addition, the parameters (tn
j , λ

n
j ) satisfy the orthogonality property: for any j 6= k,

(4-4) lim
n→∞

(
λn

j

λn
k
+
λn

k

λn
j
+ (λn

k )
1
2 (λn

j )
1
2 |tn

j − tn
k |

)
=∞.

Furthermore, for every N ≥ 1,

(4-5) ‖(un
0, un

1)‖
2
Ḣ1/2×Ḣ−1/2(R5)

=

N∑
j=1

‖(φ
j
0 , φ

j
1 )‖

2
Ḣ1/2×Ḣ−1/2(R5)

+‖(RN
0,n, RN

1,n)‖
2
Ḣ1/2×Ḣ−1/2(R5)

+ on(1).

4B. End of the proof of the main theorem. Now, we apply the strategy in [Dodson
2019] to finish the proof of Theorem 1.1, that is, remove the δ1 in Proposition 1.3.

We prove Theorem 1.1 by contradiction. We assume u is the solution to (1-5)
with the initial data such that (u0, u1) ∈ Ḃ3

1,1× Ḃ2
1,1(R

5). For M ≥ 0, let

(4-6) f (M)= sup{‖u‖L3
t,x (R×R5) : ‖(u0, u1)‖Ḃ3

1,1×Ḃ2
1,1(R

5) ≤ M}.

Then by Proposition 1.3, f is well defined. Also, by Bernstein and Theorem 2.10,
f (M) <∞ when M is small enough. From the definition, f (M) is nondecreasing
as M increases.

If Theorem 1.1 fails, then there exist M0 <∞ and a sequence {(un
0, un

1)}n∈N ⊂

Ḃ3
1,1× Ḃ2

1,1(R
5), such that

(4-7) ‖(un
0, un

1)‖Ḃ3
1,1×Ḃ2

1,1(R
5) ≤ M0,

and the solution un to (1-5) with (un(0), (∂t un)(0))= (un
0, un

1) satisfying

(4-8) ‖un
‖L3

t,x (R×R5)→∞,

as n→∞. By Theorem 4.1, we have

(4-9) S(t)(un
0, un

1)=

N∑
j=1

(λn
j )

2[S(λn
j (t − tn

j ))(φ
j
0 , φ

j
1 )
]
(λn

j x)+ S(t)(RN
0,n, RN

1,n).

In the proof of Theorem 4.1, Ramos [2012] actually proved that

(4-10) ES(t + tn
j λ

n
j )

[
(λn

j )
−2un

0

(
·

λn
j

)
, (λn

j )
−3un

1

(
·

λn
j

)]∣∣∣∣
t=0

⇀ (φ
j
0 , φ

j
1 ),

weakly in Ḣ 1/2
× Ḣ−1/2(R5) as n→∞. From this we can prove the following:

Proposition 4.2. For fixed j ∈N, if (φ j
0 , φ

j
1 ) 6= 0, then |tn

j λ
n
j | is bounded as n→∞.
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Proof. First, if tn
j λ

n
j is unbounded for n ∈N, then by taking a subsequence of n (still

denoted by n), we assume that |tn
j λ

n
j | →∞, as n→∞. In light of the heuristic

analysis at the beginning of this section, we have

(4-11) ES(tn
j λ

n
j )

[
(λn

j )
−2un

0

(
·

λn
j

)
, (λn

j )
−3un

1

(
·

λn
j

)]
→ (0, 0).

in L3
x×W−1,3

x (R5). In fact, using (4-7) and the estimate (3-30) in Section 3, we have

(4-12)
∥∥∥∥S(tn

j λ
n
j )

[
(λn

j )
−2un

0

(
·

λn
j

)
, (λn

j )
−3un

1

(
·

λn
j

)]∥∥∥∥
L3

x (R
5)

. |tn
j λ

n
j |
−

1
3

∥∥∥∥((λn
j )
−2un

0

(
·

λn
j

)
, (λn

j )
−3un

1

(
·

λn
j

))∥∥∥∥
Ḃ3

1,1×Ḃ2
1,1(R

5)

. |tn
j λ

n
j |
−

1
3 ‖(un

0, un
1)‖Ḃ3

1,1×Ḃ2
1,1(R

5)→ 0,

as n→∞. Similarly, by the dispersive estimate (2-20), Bernstein and interpolation,
we have

(4-13)
∥∥∥∥Ṡ(tn

j λ
n
j )

[
(λn

j )
−2un

0

(
·

λn
j

)
, (λn

j )
−3un

1

(
·

λn
j

)]∥∥∥∥
Ẇ−1,3

x (R5)

. |tn
j λ

n
j |
−

1
3 ‖(un

0, un
1)‖Ḃ3

1,1×Ḃ2
1,1(R

5)→ 0,

as n→∞. Hence, from the weak convergence relation (4-10), (4-12) and (4-13)
imply that (φ j

0 , φ
j
1 )= (0, 0). �

For simplicity, we assume that every (φ j
0 , φ

j
1 ) in (4-9) is nontrivial. By Proposition

4.2, tn
j λ

n
j is bounded for each fixed j, and therefore after taking a suitable subse-

quence of n (still denoted by n), we can assume tn
j λ

n
j → t j ∈ R as n→∞. Hence,

if we denote (ϕ j
0 , ϕ

j
1 )=

ES(−t j )(φ
j
0 , φ

j
1 ), then

(4-14) ES(−λn
j t

n
j )(φ

j
0 , φ

j
1 )− (ϕ

j
0 , ϕ

j
1 )→ 0,

in Ḣ 1/2
× Ḣ−1/2(R5) as n→∞. Let

(4-15)
{

R̃N
0,n = RN

0,n+
∑N

j=1(λ
n
j )

2
[
S(−λn

j t
n
j )(φ

j
0 ,φ

j
1 )
]
(λn

j x)−(λ
n
j )

2(ϕ
j
0 ,ϕ

j
1 )(λ

n
j x),

R̃N
1,n = RN

1,n+
∑N

j=1(λ
n
j )

3
[
Ṡ(−λn

j t
n
j )(φ

j
0 ,φ

j
1 )
]
(λn

j x)−(λ
n
j )

3
[(ϕ

j
0 ,ϕ

j
1 )](λ

n
j x),

then

(4-16) lim
N→∞

lim sup
n→∞

‖S(t)(R̃N
0,n, R̃N

1,n)‖L3
t,x (R×R5) = 0.
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Taking t = 0 in (4-9), by (4-14) and (4-15), we have

(4-17) (un
0, un

1)=

N∑
j=1

(
(λn

j )
2(ϕ j

0 (λ
n
j x), (λ

n
j )

3ϕ
j
1 (λ

n
j x)
))
+ (R̃N

0,n, R̃N
1,n).

In addition, by the orthogonality (4-4) and Proposition 4.2, we have for each j 6= k

(4-18) lim
n→∞

λn
j

λn
k
+
λn

k

λn
j
=∞,

as n→∞. Thus, for fixed j ∈ N, we have

(4-19)
(
(λn

j )
−2un

0

(
x
λn

j

)
, (λn

j )
−3un

1

(
x
λn

j

))
⇀ (ϕ

j
0 , ϕ

j
1 )

weakly in Ḣ 1/2
× Ḣ−1/2(R5) as n → ∞. By Fatou’s lemma, this fact and the

inequality (4-7) imply

(4-20) ‖(ϕ
j
0 , ϕ

j
1 )‖Ḃ3

1,1×Ḃ2
1,1(R

5) ≤ M0.

On the other hand, (4-5) and (4-14) yield that

(4-21)
∑
j≥1

‖(ϕ
j
0 , ϕ

j
1 )‖

2
Ḣ1/2×Ḣ−1/2(R5)

. sup
n≥1
‖(un

0, un
1)‖

2
Ḣ1/2×Ḣ−1/2(R5)

. C2
0 .

Hence, for fixed ε > 0, there exists a finite integer N0 such that

(4-22)
∑

j≥N0+1

∥∥(ϕ j
0 , ϕ

j
1 )
∥∥2

Ḣ1/2×Ḣ−1/2(R5)
≤ ε.

By the local well-posedness theory, if ε > 0 is small enough, then the solution v j

to (1-5) with the initial data (ϕ j
0 , ϕ

j
1 ) is globally well-posed and

(4-23) ‖v j
‖L3

t,x (R×R5) . ‖(ϕ
j
0 , ϕ

j
1 )‖Ḣ1/2×Ḣ−1/2(R5), for every j ≥ N0+ 1.

For 1≤ j ≤ N0, as a consequence of Proposition 1.3, the solution to (1-5) with
the initial data (ϕ j

0 , ϕ
j
1 ) is globally well-posed and such that

(4-24) ‖v j
‖L3

t,x (R×R5) .M0, j 1.

By the orthogonality property (4-18), for any j 6= k,

(4-25) lim
n→∞

∫∫
R×R5
|(λn

j )
2v j (λn

j t, λ
n
j x)|

2
|(λn

k )
2vk(λn

k t, λn
k x)| dx dt = 0.

This together with the estimates (4-22)–(4-24) implies

(4-26) sup
N≥N0+1

lim
n→∞

∥∥∥ ∑
1≤ j≤N

(λn
j )

2v j (λn
j t, λ

n
j x)
∥∥∥

L3
t,x (R×R5)
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is bounded. Similarly, as a consequence of the trivial estimate∣∣∣∣F( N∑
j=1

(λn
j )

2v j (λn
j t, λ

n
j x)
)
−

N∑
j=1

F((λn
j )

2v j (λn
j t, λ

n
j x))

∣∣∣∣
.

∑
1≤ j,k≤N , j 6=k

|(λn
j )

2v j (λn
j t, λ

n
j x))| |(λ

n
k )

2vk(λn
k t, λn

k x)|

and the orthogonality property (4-18), we have

(4-27) lim
n→∞

∥∥∥∥F
( N∑

j=1

(λn
j )

2v j (λn
j t,λ

n
j x)
)
−

N∑
j=1

F((λn
j )

2v j (λn
j t,λ

n
j x))

∥∥∥∥
L3/2

t,x (R×R5)

=0.

Let un
N be an approximate solution to (1-5) defined by

un
N =

N∑
j=1

(λn
j )

2v j (λn
j x)+ S(t)(R̃N

0,n, R̃N
1,n).

Then, recall the property (4-16) for (R̃N
0,n, R̃N

1,n) and the fact that (4-26) is uniformly
bounded for N ≥ N0+ 1, we obtain

(4-28) lim sup
N→∞

lim
n→∞
‖un

N‖L3
t,x (R×R5) . 1.

Moreover, combining (4-27), the property (4-16) for (R̃N
0,n, R̃N

1,n), and Hölder’s
inequality, we have

(4-29) lim sup
N→∞

lim
n→∞

∥∥∥F(un
N )−

N∑
j=1

F
(
(λn

j )
2v j (λn

j t, λ
n
j x)
)∥∥∥

L3/2
t,x (R×R5)

= 0.

Utilizing Theorem 2.12, by (4-17), (4-28) and (4-29), we have that for n large
enough, the solution un to (1-5) with initial data (un

0, un
1) is global and such that

(4-30) lim
n→∞
‖un
‖L3

t,x (R×R5)

is bounded, which contradicts the hypothesis (4-8) of un. Thus, we have proved
Theorem 1.1.

5. Hyperbolic coordinates and spacetime estimates

In this section, we will finish the proof of Proposition 1.3. We first reduce
Proposition 1.3 to estimating the L3

t,x norm of w on the region �2, which will be
defined below. Without loss of generality, we assume that δ1<

1
4 . As in Theorem 3.6,

we also note the constants in “.” in this section may be different in each step and
are dependent on δ1 and ‖(u0, u1)‖Ḃ3

1,1×Ḃ2
1,1(R

5).
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5A. Reduction of the proof of Proposition 1.3. Now we consider the L3
t,x norm

of u on R+×R5. First, we split time-spatial region R+×R5 as the union

(5-1) R+×R5
= �1 ∪�2 ∪�3,

where

�1 =
{
(t, x) ∈ R+×R5

: |x | ≥ t + 1
2

}
,

�2 = {(t, x) ∈ R+×R5
: (t + (1− δ1))

2
− |x |2 ≥ 1}.

Since δ1 <
1
4 , there exists a large constant C > 0, such that

�3 ⊂ {(t, x) ∈ R+×R5
: t + |x | ≤ C}.

Recalling the estimate (3-23) in Section 3, we obtain ‖u‖L3
t,x (�1)

. 1. For the
bounded region �3, Theorem 3.6 yields ‖u‖L3

t,x (�3)
. 1. Hence, we just need to

consider the L3
t,x norm of u on the region �2. By the estimate (3-38) for v, we are

reduced to showing ‖w‖L3
t,x (�2)

. 1.

5B. Hyperbolic coordinates. For the radial solution u(t, x) to (1-5), if we denote
u(t, r)= u(t, x) for r = |x |, then

(5-2) ∂t t(r2u)− ∂rr (r2u)=−2u− r2
|u|u.

Denote ū(t, r) = u(t − (1 − δ1), r) and denote v̄, w similarly. Let (t, r) =
(eτ cosh s, eτ sinh s); then drdt=e2τdτds. We denote the hyperbolic transforms by

ũ =
e2τ sinh2 s

s2 ū(eτ cosh s, eτ sinh s),(5-3)

ṽ =
e2τ sinh2 s

s2 v̄(eτ cosh s, eτ sinh s),(5-4)

w̃ =
e2τ sinh2 s

s2 w(eτ cosh s, eτ sinh s).(5-5)

Hence, we have

∂ττ (s2ũ)− ∂ss(s2ũ)=−
2s2

sinh2 s
ũ−

s4

sinh2 s
|ũ|ũ,(5-6)

∂ττ (s2ṽ)− ∂ss(s2ṽ)=−
2s2

sinh2 s
ṽ,(5-7)

∂ττ (s2w̃)− ∂ss(s2w̃)=−
2s2

sinh2 s
w̃−

s4

sinh2 s
|ũ|ũ.(5-8)
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Define the hyperbolic energy of w̃ by

(5-9) Eh(w̃)(τ )=

∫
∞

0

[
1
2
|(s2w̃)τ |

2
+

1
2
|(s2w̃)s |

2
+
|s2w̃|2

sinh2 s
+

1
3
|s2w̃|3

sinh2 s

]
ds.

5C. The hyperbolic energy for some τ0 ≥ 0. First, we want to prove Eh(w̃)(τ ) is
bounded for some τ0 ≥ 0. We claim that it suffices to show the boundedness of

(5-10)
∫
∞

0

[
|(s2w̃)τ (τ0, s)|2+ |(s2w̃)s(τ0, s)|2

]
ds

for some τ0 > 0.
To prove this claim, we need the sharp Hardy inequality,

(5-11)
(

d − 2
2

)2 ∫
Rd

| f (x)|2

|x |2
dx ≤

∫
Rd
|∇ f |2(x) dx .

By polar coordinates, we rewrite this inequality for radial functions,

(5-12)
(

d − 2
2

)2 ∫ ∞
0
| f (r)|2rd−3 dr ≤

∫
∞

0
|∂r f (r)|2(r)rd−1 dr.

Then, this inequality and integration by parts imply that

(5-13)
∫
∞

0
|(s2w̃(τ0))s |

2 ds

=

∫
∞

0
s4w̃2

s (τ0) ds+ 4
∫
∞

0
s2w̃(τ0)sw̃s(τ0) ds+ 4

∫
∞

0
s2w̃2(τ0) ds

=

∫
∞

0
s4w̃2

s (τ0) ds− 2
∫
∞

0
s2w̃(τ0)

2 ds ≥
1
9

∫
∞

0
s4w̃2

s (τ0) ds.

In addition, by Hölder and Sobolev in polar coordinates, we have

(5-14)
∫
∞

0

|s2w̃(τ0)|
3

sinh2 s
ds=

∫
∞

0

s2

sinh2 s
|w̃(τ0)|

3s4 ds

.

(∫
∞

0
|w̃(τ0)|

10
3 s4 ds

) 9
10
.

(∫
∞

0
|w̃s(τ0)|

2s4 ds
)3

2
.

By Hardy’s inequality, we have

(5-15)
∫
∞

0

|s2w̃(τ0)|
2

sinh2 s
ds .

∫
∞

0

1
s2 |w̃(τ0)|

2s4 ds .
∫
∞

0
|w̃s(τ0)|

2s4 ds.

Hence the claim follows.
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5C1. The hyperbolic energy for s > s0 > 0. For τ ∈ [0, 1] and sufficiently large
s0 > 0, we can assume that eτ−s0 < 1

2 − δ1. By the finite speed of propagation,
v(t, r) are supported in the region {(t, r) ∈ R× R+ : r − t . δ1/5}. Then, for
τ ∈ [0, 1] and s ≥ s0, we have

eτ sinh s− [eτ cosh s− (1− δ1)] = 1− δ1− eτ−s >
1
2
>
δ1
5
,

which leads to v(eτ cosh s− (1−δ1), eτ sinh s)= 0. Hence, for τ ∈ [0, 1], we have

(5-16)
∫
∞

s0

1
2 |(s

2w̃)τ (τ, s)|2+ 1
2 |(s

2w̃)s(τ, s)|2 ds

=

∫
∞

s0

1
2 |(s

2ũ)τ (τ, s)|2+ 1
2 |(s

2ũ)s(τ, s)|2 ds.

Since u is a radial solution to (1-5), we have, by (2-19),

(5-17) r2u(t, r)= 1
2
[(r − t)2u0(r − t)+ (r + t)2u0(r + t)]

−
1
2

tr−1
∫ r+t

r−t
su0(s) ds+ 1

4r

∫ r+t

r−t
s(s2
+r2
− t2)u1(s) ds

+
1
4r

∫ t

0

∫ r+t−s

r−t+s
ρ(ρ2
+ r2
− (t − s)2)|u|u(s, ρ) dρ ds,

for r ≥ t ≥ 0. Hence, by the hyperbolic transform (5-3), we have

s2ũ(τ,s)

=
1
2
[
(1−δ1−eτ−s)2u0(1−δ1−eτ−s)+(eτ+s

−(1−δ1))
2u0(eτ+s

−(1−δ1))
]

(5-18)

−
1
2
(eτ coshs−(1−δ1))(eτ sinhs)−1

∫ eτ+s
−(1−δ1)

1−δ1−eτ−s
ρu0(ρ)dρ(5-19)

+
1
4

∫ eτ+s
−(1−δ1)

1−δ1−eτ−s
ρ
ρ2
+(eτ+s

−(1−δ1))(1−δ1−eτ−s)

eτ sinhs
u1(ρ)dρ(5-20)

+
1
4

∫ eτ coshs

1−δ1

∫ eτ+s
−t

t−eτ−s
ρ
ρ2
+(eτ+s

−t)(t−eτ−s)

eτ sinhs
|ū|ū(t,ρ)dρ dt.(5-21)

For (5-18), by a direct calculation, we obtain

(∂τ + ∂s)(5-18)= 2(eτ+s
− (1− δ1))eτ+su0(eτ+s

− (1− δ1))(5-22)

+ (eτ+s
− (1− δ1))

2u′0(e
τ+s
− (1− δ1))eτ+s,

(∂τ − ∂s)(5-18)= 2(1− δ1− eτ−s)eτ−su0(1− δ1− eτ−s)(5-23)

+ ((1− δ1− eτ−s)2u′0(1− δ1− eτ−s)eτ−s .



5D DEFOCUSING CONFORMAL INVARIANT NLW IN A CRITICAL BESOV SPACE 281

Using the estimate (2-13) in Section 2 and polar coordinates, we deduce that∫
s0

∣∣(eτ+s
−(1−δ1))eτ+su0(eτ+s

−(1−δ1))
∣∣2ds.

∫
∞

0
|u0(r)|2r3d r . 1,(5-24) ∫

s0

∣∣(eτ+s
−(1−δ1))

2eτ+su′0(e
τ+s
−(1−δ1))

∣∣2ds.
∫
∞

0
|∂r u0(r)|2r5 dr . 1.(5-25)

By the radial Sobolev inequality (2-2), we have |u0(r)|. r−2. This estimate and
the inequality (2-3) imply

(5-26)
∫
∞

s0

∣∣(1− δ1− eτ−s)eτ−su0(1− δ1− eτ−s)
∣∣2 ds

+

∫
∞

s0

∣∣((1− δ1− eτ−s)2u′0(1− δ1− eτ−s)eτ−s
∣∣2 ds

.
∫
∞

s0

e−2s ds . 1.

We now take the derivatives of (5-19) with respect to τ and s,

∂τ (5-19)=
1− δ1

2eτ sinh s

∫ eτ+s
−(1−δ1)

1−δ1−eτ−s
ρu0(ρ) dρ+ I1+ I2(5-27)

∂s(5-19)= ∂s

(
eτ cosh s− (1− δ1)

2eτ sinh s

)∫ eτ+s
−(1−δ1)

1−δ1−eτ−s
ρu0(ρ) dρ+ I1− I2,(5-28)

where

I1 =
eτ cosh s− (1− δ1)

2eτ sinh s
eτ+s(eτ+s

− (1− δ1))u0(eτ+s
− (1− δ1)),(5-29)

I2 =
eτ cosh s− (1− δ1)

2eτ sinh s
eτ−s(1− δ1− eτ−s)u0(1− δ1− eτ−s).(5-30)

For the first term in the right-hand side of (5-27), by the inequality (2-3), we have

(5-31)
∫
∞

s0

∣∣∣e−s
∫ eτ+s

−(1−δ1)

1−δ1−eτ−s
ρu0(ρ) dρ

∣∣∣2ds .
∫
∞

s0

e−2s ds . 1.

By similar estimates, one can find that the contribution of the first term in the
right-hand side of (5-28) to (5-16) is finite. For I1, a change of variables and the
inequality (2-13) yield

(5-32)
∫
∞

s0

|I1|
2 ds.

∫
∞

s0

|e2su0(eτ+s
−(1−δ1))|

2 ds.
∫
∞

1
2 es0

ρ3
|u0(ρ)|

2 dρ.1.
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For I2, by (2-2), we obtain

(5-33)
∫
∞

s0

|I2| ds .
∫
∞

s0

|e−s
|
2 ds . 1.

Next, we consider the contribution of (5-20) to (5-16). For simplicity, we consider

1
2(∂τ − ∂s)(5-20)

= eτ−s(1− δ1− eτ−s)2u1(1− δ1− eτ−s)(5-34)

+
eτ−s(eτ+s

− (1− δ1))
2

(eτ+s − eτ−s)2

∫ eτ+s
−(1−δ1)

1−δ1−eτ−s
ρu1(ρ) dρ(5-35)

+
eτ−s

(eτ+s − eτ−s)2

∫ eτ+s
−(1−δ1)

1−δ1−eτ−s
ρ3u1(ρ) dρ,(5-36)

and

1
2(∂τ + ∂s)(5-20)

= eτ+s(eτ+s
− (1− δ1))

2u1(eτ+s
− (1− δ1))(5-37)

+
eτ+s(1− δ1− eτ−s)2

(eτ+s − eτ−s)2

∫ eτ+s
−(1−δ1)

1−δ1−eτ−s
ρu1(ρ) dρ(5-38)

+
eτ+s

(eτ+s − eτ−s)2

∫ eτ+s
−(1−δ1)

1−δ1−eτ−s
ρ3u1(ρ) dρ.(5-39)

Using the estimates (2-4) and (2-13), we can easily estimate the contributions of
(5-34)–(5-38) to (5-16). Let IJ (y) be the characteristic function of an interval J ⊂R.
For (5-39), by the inequality (2-13) and a change of variables, we see that∫

∞

s0

∣∣∣e−s
∫ eτ+s

−(1−δ1)

1−δ1−eτ−s
ρ3u1(ρ) dρ

∣∣∣2 ds .
∫
∞

s0

∣∣∣e−s
∫ 2es

0
ρ3
|u1(ρ)| dρ

∣∣∣2 ds

.
∫
∞

0

∣∣∣1
η

∫ 2η

0
ρ3
|u1(ρ)| dρ

∣∣∣2 1
η

dη

.
∫
∞

0

∣∣∣1
η

∫ 2η

0
ρ

5
2 |u1(ρ)| dρ

∣∣∣2 dη

.
∫
∞

0

∣∣M(
I[0,∞)(ρ)ρ

5
2 u1(ρ)

)∣∣2(η) dη

.
∫
∞

0
|u1(ρ)|

2ρ5 dρ . 1,(5-40)

where M is the Hardy–Littlewood maximal function and we used the fact that M
is bounded in L2.
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Next, we consider the contribution of (5-21) to the energy (5-16). Also, for
simplicity, we consider

(∂τ + ∂s)(5-21)

= eτ+s
∫ eτ cosh s

1−δ1

(eτ+s
− t)2(|ū|ū)(t, eτ+s

− t) dt(5-41)

+
eτ+s

(eτ+s − eτ−s)2

∫ eτ cosh s

1−δ1

∫ eτ+s
−t

t−eτ−s
ρ(t − eτ−s)2(|ū|ū)(t, ρ) dρ dt(5-42)

−
eτ+s

(eτ+s − eτ−s)2

∫ eτ cosh s

1−δ1

∫ eτ+s
−t

t−eτ−s
ρ3(|ū|ū)(t, ρ) dρ dt,(5-43)

and

(∂τ − ∂s)(5-21)

= eτ−s
∫ eτ cosh s

1−δ1

(t − eτ−s)2|ū|ū(t, t − eτ−s) dt(5-44)

−
eτ−s

(eτ+s − eτ−s)2

∫ eτ cosh s

1−δ1

∫ eτ+s
−t

t−eτ−s
ρ(eτ+s

− t)2|ū|ū(t, ρ) dρ dt(5-45)

+
eτ−s

(eτ+s − eτ−s)2

∫ eτ cosh s

1−δ1

∫ eτ+s
−t

t−eτ−s
ρ3
|ū|ū(t, ρ) dρdt.(5-46)

By the definition of ū, the inequality (3-23) and Hölder, the contribution of (5-41)
can be estimated as

(5-47)
∫
∞

s0

|eτ+s
∫ eτ cosh s

1−δ1

(eτ+s
− t)2|ū|2(t, eτ+s

− t) dt |2 ds

.
∫
∞

s0

∫ eτ cosh s

1−δ1

|ū|4(t, eτ+s
− t)e7s dt ds

.
∫
∞

1
4 es0

∫ ρ

1−δ1

|ū|4(t, ρ)ρ6 dt dρ .
∫
∞

0

∫
ρ>t+ 1

2

|u|4(t, ρ)ρ6 dρ dt

. ‖u‖3
L3({|x |>|t |+ 1

2 })
sup
t≥0

∥∥|x |2u(t, x)
∥∥

L∞x ({|x |>t+ 1
2 })
. 1.

Now, we consider (5-42) and (5-43). By Hölder, a change of variables, and the
inequality (3-23), we have∫

∞

s0

∣∣∣∫ eτ coshs

1−δ1

e−s
∫ eτ+s

−t

t−eτ−s
(t2ρ+ρ3)|ū|2(t,ρ)dρ dt

∣∣∣2ds(5-48)

.
∫
∞

s0

∣∣∣∫ eτ coshs

1−δ1

M
(
I
[t− 1

2+δ1,∞)
(ρ)ρ3

|ū|2(t,ρ)
)
(eτ sinhs)dt

∣∣∣2 ds
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.
∫
∞

s0

∫ eτ coshs

1−δ1

[
M
(
I
[t− 1

2+δ1,∞)
(ρ)ρ3

|ū|2(t,ρ)
)
(eτ sinhs)

]2eτ coshs dt ds

.
∫
∞

1−δ1

∫
∞

es0

[
M
(
I
[t− 1

2+δ1,∞)
(ρ)ρ3

|ū|2(t,ρ)
)
(r)
]2 dr dt

.
∫
∞

1−δ1

∫
r>t− 1

2+δ1

r6
|ū|4(t,r)dr dt

.
∫
∞

0

∫
ρ>t+ 1

2

|u|4(t,ρ)ρ6 dρ dt

. ‖u‖3
L3({|x |>|t |+ 1

2 })
sup
t≥0

∥∥|x |2u(t, x)
∥∥

L∞x ({|x |>t+ 1
2 })

. 1.

Thus, the contribution of (5-42) and (5-43) to (5-16) is finite.
For (5-44), by the fact that eτ−s0 < 1

2 − δ1, the definition of ū, and the inequality
(3-23), we have

(5-49)
∫
∞

s0

e−2s
∣∣∣∫ eτ cosh s

1−δ1

(t − eτ−s)2|ū|2(t, t − eτ−s) dt
∣∣∣2 ds

.
∫
∞

s0

e−2s
∣∣∣ ∫ eτ cosh s

1−δ1

t−2 dt
∣∣∣2 . 1.

Similarly, for (5-45) and (5-46), by the fact that eτ−s0 < 1
2 − δ1 and the inequality

(3-23), we can obtain that

(5-50)
∫
∞

s0

e−6s
∣∣∣∫ eτ cosh s

1−δ1

∫ eτ+s
−t

t−eτ−s
[ρ3
+ ρ(eτ+s

− t)2]|ū|2(t, ρ) dρ dt
∣∣∣2ds

.
∫
∞

s0

e−2s
∣∣∣∫ eτ cosh s

1−δ1

∫ eτ+s
−t

t−eτ−s
ρ|ū|2(t, ρ) dρ dt

∣∣∣2 ds

.
∫
∞

s0

e−2s
∣∣∣∫ eτ cosh s

1−δ1

∫ eτ+s
−t

t−eτ−s
ρ−3 dρ dt

∣∣∣2 ds

.
∫
∞

s0

e−2s
∣∣∣∫ eτ cosh s

1−δ1

t−2 dt
∣∣∣2 ds

. 1.

Hence, combining (5-24)–(5-50), we have

(5-51)
∫
∞

s0

1
2 |(s

2w̃)τ |
2
+

1
2 |(s

2w̃)s |
2 ds . 1.
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5C2. The hyperbolic energy for 0 ≤ s ≤ s0. By the hyperbolic transform (5-5),
we have

(s2w̃)τ (τ,s)= 2e2τ sinh2 sw(eτ coshs,eτ sinhs)(5-52)

+e3τ sinh2 s coshswt(eτ coshs,eτ sinhs)

+e3τ sinh3 swr (eτ coshs,eτ sinhs),

(s2w̃)s(τ,s)= 2e2τ sinhs coshsw(eτ coshs,eτ sinhs)(5-53)

+e3τ sinh3 swt(eτ coshs,eτ sinhs)

+e3τ sinh2 s coshswr (eτ coshs,eτ sinhs).

Hence∫ 1

0

∫ s0

0
|(s2w̃)τ |

2
+|(s2w̃)s |

2 ds dτ

.
∫ 1

0

∫ s0

0
e4τ sinh2 s(sinh2 s+cosh2 s)|w|2(eτ coshs,eτ sinhs)ds dτ(5-54)

+

∫ 1

0

∫ s0

0
e6τ sinh4 s(sinh2 s+cosh2 s)[w2

t+w
2
r ](e

τ coshs,eτ sinhs)ds dτ.(5-55)

Taking C0= e1+s0, by a change of variables, the Hardy inequality and the inequality
(3-68), we obtain

(5-56) (5-54).
∫∫
|x |+|t |≤C0

1
|x |2
|w|2(t, x) dx dt . sup

0<t<C0

‖∇xw‖L2
x (R

5) . 1.

Similarly, for (5-55), by a change of variables, we have

(5-57) (5-55).
∫∫
|x |+|t |≤C0

|∇t,xw|
2(t, x) dx dt . sup

0<t<C0

‖∇t,xw‖L2
x (R

5) . 1.

Then, by the mean value theorem, there exists τ0 ∈ [0, 1], such that

(5-58)
∫ s0

0
|(s2w̃)τ |

2(τ0, s)+ |(s2w̃)s |
2(τ0, s) ds . 1.

This estimate along with (5-51) implies

(5-59)
∫
∞

0
|(s2w̃)τ |

2(τ0, s)+ |(s2w̃)s |
2(τ0, s) ds . 1.

5D. Uniform boundedness of the hyperbolic energy of w̃. We are now going to
show that Eh(w̃)(τ ) is uniformly bounded for τ ∈ R+.
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A simple calculation gives

(5-60)
d

dτ
Eh(w̃(τ ))=

∫
|s2w̃|s2w̃− |s2ũ|s2ũ

sinh2 s
s2w̃τ ds.

Utilizing the decay property (3-37) of v, we have, for τ, s ≥ 0,

(5-61) (eτ cosh s− (1− δ1))
2v(eτ cosh s− (1− δ1), eτ sinh s). δ

−
1
2

1 .

The Huygens principle implies that v(eτ cosh s − (1− δ1), eτ sinh s) = 0 unless
1− 6

5δ1 ≤ eτ−s
≤ 1− 4

5δ1. Thus, for τ, s ≥ 0, we have

(5-62)
s2
|ṽ(τ, s)|

sinh2 s
= e2τ ∣∣v(eτ cosh s− (1− δ1), eτ sinh s)

∣∣
.

e2τ I
{s≥0: eτ−s≤1− 4

5 δ1}

(eτ cosh s− (1− δ1))2
. e−τ .

Hence, by Hölder and interpolation, we have∫
∞

0

1

sinh2 s
|s2w̃τ ||s2ṽ|2 ds(5-63)

.

(∫
∞

0
|s2w̃τ |

2 ds
) 1

2
(∫

∞

0

1

sinh2 s
|s2ṽ|3 ds

) 1
2
∥∥∥∥ s2

sinh2 s
ṽ(τ, s)

∥∥∥∥ 1
2

L∞s

. e−τ/2 Eh(w̃(τ ))
1
2

(∫
∞

0

1

sinh2 s
|s2ṽ|3 ds

) 1
2

,∫
∞

0

1

sinh2 s
|s2w̃τ ||s2ṽ||s2w̃| ds(5-64)

.

(∫
∞

0
|s2w̃τ |

2 ds
) 1

2
(∫

∞

0

1

sinh2 s
|s2w̃|3 ds

) 1
3

×

(∫
∞

0
|s2ṽ(τ, s)|6

1

sinh8 s
ds
) 1

6

. e−τ/2 Eh(w̃(τ ))
5
6

(∫
∞

0

1

sinh2 s
|s2ṽ|3 ds

) 1
6

.

Combining (5-63) with (5-64) and employing Hölder again, we have

(5-65)
d

dτ
Eh(w̃(τ ). e−τ/2

[
Eh(w̃(τ )+

∫
∞

0

1

sinh2 s
|s2ṽ|3 ds

]
.
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On the other hand, by a change of variables, we have

(5-66)
∫
∞

0

∫
∞

0

1

sinh2 s
|s2ṽ|3 ds dτ ≤

∫
∞

δ1

∫
∞

0
|v(t, r)|3r4 dr dt

≤ ‖v‖3L3
t,x ([δ1,∞)×R5)

. 1.

Hence, by Gronwall’s inequality, (5-65) and (5-66) yield that Eh(w̃)(τ ) is uniformly
bounded in R+.

5E. Conclusion of the proof of Proposition 1.3. We complete the proof by study-
ing the Morawetz action in hyperbolic coordinates.

Proposition 5.1. Let w̃ be defined in (5-5), then

(5-67)
∫∫

�2

|w(t, r)|3r4 dt dr =
∫
∞

0

∫
∞

0

|s2w̃|3

sinh2 s
ds dτ . 1.

Proof. Define the Morawetz action by

(5-68) M(τ )=
∫
∞

0
(s2w̃)τ (s2w̃)s ds =

∫
∞

0
w̃τ

(
w̃s +

2
s
w̃
)

s4 ds.

One can easily find that |M(τ )| ≤ Eh(w̃)(τ ). By (5-8), we have

(5-69)
d

dτ
M(τ )=−

∫
∞

0

2s2w̃

sinh2 s
(s2w̃)s ds−

∫
∞

0

s4

sinh2 s
|ũ|ũs2w̃s ds

=− 2
∫
∞

0

|s2w̃|2

sinh2 s

cosh s
sinh s

ds− 2
3

∫
∞

0

|s2w̃|3

sinh2 s

cosh s
sinh s

ds

+

∫
∞

0

s4

sinh2 s
(|w̃|w̃− |ũ|ũ)s2w̃s ds.

By Hölder, the estimate (5-62), and the fact that Eh(w̃(τ )) is uniformly bounded
for τ ≥ 0, we have

∣∣∣∫ ∞
0

∫
∞

0

s4

sinh2 s
(|w̃|w̃− |ũ|ũ)s2w̃s ds dτ

∣∣∣(5-70)

.
∫
∞

0

∫
∞

0

1

sinh2 s
|s2w̃τ ||s2ṽ|2 ds dτ

+

∫
∞

0

∫
∞

0

1

sinh2 s
|s2w̃τ ||s2ṽ||s2w̃| ds dτ
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.
∫
∞

0
e−τ Eh(w̃(τ ))

1
2

(∫
∞

0

1

sinh2 s
|s2ṽ|3 ds

) 1
2

τ

+

∫
∞

0
e−τ Eh(w̃(τ ))

5
6

(∫
∞

0

1

sinh2 s
|s2ṽ|3 ds

) 1
6

dτ

. ‖v‖3L3
t,x (R×R5)

. 1.

This together with the equality (5-69) and the fact M(τ ) is uniformly bounded for
τ ≥ 0, implies that

(5-71)
∫
∞

0

∫
∞

0

|s2w̃|3

sinh2 s

cosh s
sinh s

ds dτ . 1.

Thus, we have

(5-72)
∫
∞

0

∫
∞

0

|s2w̃|3

sinh2 s
ds dτ . 1.

This yields (5-67) by the definition of w̃. �
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[Killip and Vişan 2013] R. Killip and M. Vişan, “Nonlinear Schrödinger equations at critical regular-
ity”, pp. 325–437 in Evolution equations, edited by D. Ellwood et al., Clay Math. Proc. 17, American
Mathematical Society, Providence, RI, 2013. MR Zbl

[Killip and Visan 2011] R. Killip and M. Visan, “The defocusing energy-supercritical nonlinear wave
equation in three space dimensions”, Trans. Amer. Math. Soc. 363:7 (2011), 3893–3934. MR Zbl

[Koch et al. 2014] H. Koch, D. Tataru, and M. Vişan, Dispersive equations and nonlinear waves:
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LIOUVILLE-TYPE THEOREMS
FOR WEIGHTED p-HARMONIC 1-FORMS

AND WEIGHTED p-HARMONIC MAPS

KEOMKYO SEO AND GABJIN YUN

In this paper, we obtain Bochner–Weitzenböck formulas for the weighted
Hodge Laplacian operator acting on differential forms and more gener-
ally on vector bundle-valued weighted p-harmonic forms. Applying these
formulas, we prove Liouville-type theorems for weighted Lq p-harmonic
1-forms and for weighted p-harmonic maps in a weighted complete non-
compact manifold with nonnegative Bakry–Émery Ricci curvature, where
q = 2 p− 2 or q = p.

1. Introduction

The celebrated Liouville theorem states that every positive harmonic function on
Rn is constant. There have been a lot of effort over the years to generalize the clas-
sical Liouville theorem into complete noncompact Riemannian manifolds. Huber
[1957] proved that any negative subharmonic function on a complete surface with
nonnegative curvature is constant. Yau [1975] proved that any positive harmonic
function on a noncompact Riemannian manifold with nonnegative Ricci curvature is
constant. See also [Greene and Wu 1979; Hildebrandt 1982; Karp 1982] for further
related results. Moreover, Yau [1976] obtained an L p-Liouville type theorem. More
precisely, he proved that, for 1< p <∞, any L p harmonic function on a complete
Riemannian manifold is constant. Given a harmonic function f on a Riemannian
manifold M , we note that the differential d f is obviously a harmonic 1-form on
M . In the case where M is a complete noncompact Riemannian manifold, it is
natural to consider L2 harmonic forms on M because L2-Hodge theory remains
valid in complete noncompact manifolds as classical Hodge theory works well in
compact manifolds. It turned out that the theory of L2 harmonic 1-forms is useful
to investigate the geometry and topology at infinity. For example, Li and Tam
[1992] proved that if the space of L2 harmonic 1-forms on a complete Riemannian
manifold M is trivial, then M must have at most one nonparabolic end. Cao, Shen,

Yun is the corresponding author.
MSC2010: primary 53C20; secondary 58A10, 58E20.
Keywords: harmonic form, harmonic map, Liouville-type theorem, weighted manifold.
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and Zhu [Cao et al. 1997] also obtained an interesting topological result which
says that if M is a complete Riemannian manifold with all ends of infinite volume
supporting a Sobolev inequality and if the space of L2 harmonic 1-forms is trivial,
then M must have only one end. Their argument using the space of L2 harmonic
1-forms to study the geometry and topology at infinity has been extended in various
ways. We refer the readers to [Dung and Seo 2012; 2017; Li and Wang 2002; 2004;
Lin 2015; Pigola et al. 2005; Seo 2010; 2014; Vieira 2016; Yun 2002] for recent
developments on this topic.

In this paper, we study Liouville-type properties on p-harmonic 1-forms and
p-harmonic maps in weighted manifolds. Given a smooth Riemannian manifold
(M, g) and a smooth function f : M → R, a weighted manifold (or a smooth
metric measure space, also known as a manifold with density) is a triple M f :=

(M, g, e− f dvg), where dvg is the volume form induced by the metric g. Since the
geometry of weighted manifolds were developed by Bakry and Émery [1985], it
has been intensively studied by many authors (for instance, see [Lott 2003; Lott and
Villani 2009; Sturm 2006a; 2006b; Wei and Wylie 2009]). Moreover, it turned out
that the study of weighted manifolds is closely related with that of self-shrinkers
and gradient Ricci solitons.

An important geometric quantity on a weighted manifold M f known as Bakry–
Émery Ricci curvature is defined by

RicM
f = Ric+Hess( f ),

where Hess( f ) denotes the Hessian of f . Obviously, the Bakry–Émery Ricci
curvature is a generalization of Ricci curvature. In a weighted manifold, there is a
useful elliptic differential operator, the so-called f -Laplacian, 1 f which is defined
by

1 f u =1u−〈∇ f,∇u〉.

The f-Laplacian is a natural generalization of the Laplace–Beltrami operator 1 as
it is self-adjoint with respect to the weighted measure e− f dvg, i.e.,∫

M
v1 f ue− f dvg =

∫
M
(u1 f v)e− f dvg

and ∫
M
(v1 f u) e− f dvg =−

∫
M
〈∇u,∇v〉e− f dvg

for u, v ∈ C∞0 (M).
On the other hand, for a smooth map ϕ : (Mn, g, e− f dvg)→ (N m, h) from

an f-weighted manifold into a Riemannian manifold, and for a bounded domain
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�⊂ M , the f -weighted p-energy E f,p(ϕ;�) with p> 1 of ϕ over � is defined by

(1-1) E f,p(ϕ;�)=
1
p

∫
�

|dϕ|pe− f dvg,

where |dϕ| denotes the Hilbert–Schmidt norm of dϕ induced by the metrics g and h.
Namely, if {ei } is a local frame on M , |dϕ| is given by

(1-2) |dϕ|2 =
n∑

i=1

〈dϕ(ei ), dϕ(ei )〉

so that
|dϕ|2 = trg ϕ

∗h = 〈g, ϕ∗h〉.

A smooth map ϕ : (M, g, e− f dvg)→ (N , h) is called f -weighted p-harmonic if it is
a critical point of the f-weighted p-energy functional E f,p(ϕ;�) for any bounded
domain � ⊂ M . It can be easily shown that when ϕ is C2-regular, the Euler–
Lagrange equation for the f -weighted p-energy E f,p is the f -weighted p-harmonic
map equation

(1-3) τ f,p(ϕ)=−δ f (|dϕ|p−2dϕ)= |dϕ|p−2τ f (ϕ)+ dϕ(∇|dϕ|p−2)= 0.

Here δ f = δ+ i∇ f is the adjoint operator of the exterior derivative d with respect
to the measure e− f dvg, i∇ f denotes the interior product with the vector ∇ f ,
τ f (ϕ) = τ(ϕ)− i∇ f dϕ and τ(ϕ) is the classical tension field of ϕ. In the case
where p = 2 and f is a constant function, Schoen and Yau [1976] obtained the
following well-known Liouville-type theorem for harmonic maps between complete
Riemannian manifolds.

Theorem [Schoen and Yau 1976]. Let M be a complete Riemannian manifold
of nonnegative Ricci curvature and let N be a complete Riemannian manifold of
nonpositive sectional curvature. Then, for any constant function f , every harmonic
map u : M→ N with finite 2-energy E f,2(u) must be constant.

Recently, Rimoldi and Veronelli [2013] generalized Schoen and Yau’s Liouville-
type theorem for harmonic maps into f-weighted 2-harmonic maps between com-
plete Riemannian manifolds. More precisely, they showed that if

u : (Mn, g, e− f dvg)→ (N m, h)

is an f-weighted 2-harmonic map from a complete Riemannian manifold M with
nonnegative Bakry–Émery Ricci curvature into a complete Riemannian manifold
with nonpositive sectional curvature and if the f -weighted 2-energy E f,2(u) is finite,
then the harmonic map u must be constant. See also [Hua et al. 2017; Nakauchi
1998; Takeuchi 1991; Zhang and Wang 2016] for related previous results. In this
paper, we extend their result into f-weighted p-harmonic maps.
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The organization of this paper is the following. In Section 2 we derive a Bochner–
Weitzenböck formula for the weighted Hodge Laplacian 1 f on differential forms.
Applying this formula, we are able to show a Liouville-type property of weighted Lq

p-harmonic 1-forms on a complete noncompact weighted manifold with nonnegative
Bakry–Émery Ricci curvature (see Theorem 2.4 for q = 2p− 2 and Theorem 2.5
for q = p). In Section 3 we obtain a Bochner–Weitzenböck formula for vector
bundle-valued weighted p-harmonic forms (Lemma 3.1), which is an extension of
our previous results in Section 2. In Section 4 we prove Liouville-type theorems for
weighted p-harmonic maps. In fact, we prove that if u is a weighted p-harmonic map
from a complete noncompact weighted manifold with nonnegative Bakry–Émery
Ricci curvature into a Riemannian manifold with nonpositive sectional curvature
and if u has finite weighted q-energy, then u must be constant (see Theorem 4.1
for q = 2p− 2 and Theorem 4.2 for q = p).

2. Weighted p-harmonic forms

Let (Mn, g) be an n-dimensional complete noncompact Riemannian manifold and
let f : M→ R be a smooth function on M . We consider differential forms on the
f-weighted manifold (M, g, e− f dvg) and derive a Bochner–Weitzenböck formula
for the weighted Hodge Laplacian. Recall that the formal adjoint of the exterior
derivative d with respect to the measure e− f dvg is given by the formula

δ f = δ+ i∇ f .

Then the f-Hodge Laplacian 1 f on differential forms is defined by

1 f =−(dδ f + δ f d).

Lemma 2.1 (Bochner–Weitzenböck formula). Let (M, g, e− f dvg)be an f -weighted
manifold. If ω is a differential 1-form on M , then

(2-1) 1
21 f |ω|

2p−2
= 〈|ω|p−2ω,1 f (|ω|

p−2ω)〉+ |∇(|ω|p−2ω)|2

+ |ω|2p−4RicM
f (ω

], ω]).

Here ω] is the dual vector field to ω.

Proof. It is well-known (see [Chang and Sung 2011]) that

1
21|ω|

2p−2
=

1
21||ω|

p−2ω|2

= 〈|ω|p−2ω,1(|ω|p−2ω)〉+ |∇(|ω|p−2ω)|2+ |ω|2p−4Ric(ω], ω]).

Using the definition of the f-weighted Laplacian 1 f =1−〈∇ f,∇ ·〉, we have

1
21 f |ω|

2p−2
=

1
21|ω|

2p−2
−

1
2〈∇ f,∇|ω|2p−2

〉.
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Since RicM
f = Ric+Hess( f ) and 1 f =1− di∇ f − i∇ f d , we get

1
21 f |ω|

2p−2
= 〈|ω|p−2ω,1 f (|ω|

p−2ω)〉+ |∇(|ω|p−2ω)|2+|ω|2p−4RicM
f (ω

], ω])

+〈|ω|p−2ω, di∇ f (|ω|
p−2ω)〉+ 〈|ω|p−2ω, i∇ f d(|ω|p−2ω)〉

− |ω|2p−4Hess( f )(ω], ω])− 1
2〈∇ f,∇(|ω|2p−2)〉.

We claim that

(2-2) 〈|ω|p−2ω, di∇ f (|ω|
p−2ω)〉+ 〈|ω|p−2ω, i∇ f d(|ω|p−2ω)〉

− |ω|2p−4Hess( f )(ω], ω])− 1
2〈∇ f,∇(|ω|2p−2)〉 = 0.

Let {e1, . . . , en} be a local geodesic frame at a point p in M and {θ1, . . . , θn} its
dual coframe. Let {θi j } be the connection 1-form vanishing at the point p. Writing
ω = ωiθi with Einstein convention, we have

|ω|2p−4Hess( f )(ω], ω])= |ω|2p−4ωiω j fi j .

Since

di∇ f (|ω|
p−2ω)= fiω

i d|ω|p−2
+ |ω|p−2ωi fi jθ j + |ω|

p−2 fiω
i
; jθ j ,

we have

〈|ω|p−2ω, di∇ f (|ω|
p−2ω)〉

= |ω|p−2 fiω
i
〈ω, d|ω|p−2

〉+ |ω|2p−4ωiω j fi j + |ω|
2p−4ω j fiω

i
; j .

Here the semicolon means the covariant differentiation. Moreover,

d(|ω|p−2ω)= d|ω|p−2
∧ω+ |ω|p−2dω

= d|ω|p−2
∧ω+ |ω|p−2 dωi

∧ θi

which gives

(2-3) i∇ f d(|ω|p−2ω)

= d|ω|p−2(∇ f )ω−ωi fi d|ω|p−2
+ |ω|p−2ωi

; j f jθi − |ω|
p−2ωi

; j fiθ j .

Thus

〈|ω|p−2ω, i∇ f d(|ω|p−2ω)〉 = |ω|pd|ω|p−2(∇ f )− |ω|p−2ωi fi 〈ω, d|ω|p−2
〉

+ |ω|2p−4ωi
; jω

i f j − |ω|
2p−4ωi

; j fiω
j .

Next we have
1
2〈∇ f,∇|ω|2p−2

〉 =
1
2〈∇ f,∇(|ω|p · |ω|p−2)〉

=
1
2 |ω|

p
〈∇ f,∇|ω|p−2

〉+
1
2 |ω|

p−2
〈∇ f,∇|ω|p〉.

Since

∇|ω|2 = 2ωiωi
; j e j and ∇|ω|p =∇(|ω|2)p/2

=
p
2
|ω|p−2

∇|ω|2,
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we get

1
2 |ω|

p−2
〈∇ f,∇|ω|p〉 =

p
4
|ω|2p−4

〈∇ f,∇|ω|2〉 =
p
2
|ω|2p−4 f jω

iωi
; j

and
|ω|2p−4 f jω

i
; jω

i
=

1
2 |ω|

2p−4
〈∇ f,∇|ω|2〉.

Thus the left-hand side of (2-2) becomes

|ω|pd|ω|p−2(∇ f )+|ω|2p−4 f jω
i
; jω

i
−

1
2 |ω|

p
〈∇ f,∇|ω|p−2

〉−
1
2 |ω|

p−2
〈∇ f,∇|ω|p〉

=
1
2 |ω|

p
〈∇ f,∇|ω|p−2

〉+
2− p

4
|ω|2p−4

〈∇ f,∇|ω|2〉.

Since

∇|ω|p−2
=∇(|ω|2)(p−2)/2

=
p− 2

2
(|ω|2)(p−2)/2−1

∇|ω|2 =
p− 2

2
|ω|p−4

∇|ω|2,

the left-hand side of (2-2) vanishes, which completes the proof of Lemma 2.1. �

As a consequence of Lemma 2.1, we have the following.

Corollary 2.2. Letω be a differential1-form on a weighted manifold (M, g,e− f dvg).
Then

|ω|p−11 f |ω|
p−1
≥ 〈|ω|p−2ω,1 f (|ω|

p−2ω)〉+ |ω|2p−4 RicM
f (ω

], ω]).

Proof. Since

(2-4) 1
21 f |ω|

2p−2
= |ω|p−11 f |ω|

p−1
+ |∇|ω|p−1

|
2,

it follows from Lemma 2.1 that

|ω|p−11 f |ω|
p−1
+ |∇|ω|p−1

|
2

= 〈|ω|p−2ω,1 f (|ω|
p−2ω)〉+ |∇(|ω|p−2ω)|2+ |ω|2p−4 RicM

f (ω
], ω]).

From the generalized Kato type inequality, we have

|∇|ω|p−1
|
2
=
∣∣∇| |ω|p−2ω|

∣∣2 ≤ |∇(|ω|p−2ω)|2.

Thus we get

|ω|p−11 f |ω|
p−1
≥ 〈|ω|p−2ω,1 f (|ω|

p−2ω)〉+ |ω|2p−4RicM
f (ω

], ω]). �

Let φ : M→ R be a harmonic function. Since

d(dφ)= 0 and 1φ = δ(dφ)= 0,

the differential dφ is a harmonic 1-form. Similarly, if φ : M→ R is a p-harmonic
function, then

1pφ = div(|∇φ|p−2
∇φ)= 0,
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which is equivalent to the equation

δ(|dφ|p−2dφ)= 0.

In fact, this is the Euler–Lagrange equation of the p-energy functional Ep(φ) =
1
p

∫
M |dφ|

p dvg. Using this observation, one can define a p-harmonic form ω on
M as follows [Chang and Sung 2011]:

dω = 0 and δ(|ω|p−2ω)= 0,

which shows that, for any p-harmonic function φ on M , its differential dφ is a
p-harmonic 1-form. Motivated by this notion of p-harmonic differential forms in
[Chang and Sung 2011] and weighted harmonic forms in [Vieira 2013], we give
the definition of weighted p-harmonic forms on a weighted manifold.

Definition 2.3. A differential form ω on M is f -weighted p-harmonic if ω satisfies

dω = 0 and δ f (|ω|
p−2ω)= 0.

When f is constant, we note that the above definition of f-weighted p-harmonic
forms is equivalent to the definition of p-harmonic forms in the sense of [Chang and
Sung 2011]. Consider an f-weighted L2p−2

f p-harmonic 1-form ω on a weighted
manifold M f with nonnegative Bakry–Émery Ricci curvature, where the L2p−2

f
norm of ω is given by ∫

M
|ω|2p−2e− f dvg <∞.

Then we have the following Liouville-type theorem for weighted p-harmonic 1-
forms.

Theorem 2.4. Let (M, g, e− f dvg) be a complete noncompact f-weighted manifold
with nonnegative Bakry–Émery Ricci tensor, RicM

f ≥0. Suppose that f is a bounded
function. If ω is an f-weighted L2p−2

f p-harmonic 1-form on M for p > 1, then ω
vanishes.

Proof. Since ω is an f-weighted p-harmonic 1-form, we have

δ f (|ω|
p−2ω)= 0.

Thus Corollary 2.2 together with curvature condition implies

(2-5) |ω|p−11 f |ω|
p−1
≥ 〈|ω|p−2ω, δ f d(|ω|p−2ω)〉.

Fix a point p ∈ M and choose a cut-off function η satisfying

(2-6) 0≤ η ≤ 1, η = 1 on Bp(r), supp(η)⊂ Bp(2r), and |∇η| ≤
1
r
.
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Here Bp(r) denotes the geodesic ball of radius r centered at p. Multiplying (2-5)
by η2 and integrating it over M with respect to the measure e− f dvg, we obtain∫

M
η2
|ω|p−11 f |ω|

p−1e− f dvg

=−

∫
M
η2
|∇|ω|p−1

|
2e− f dvg − 2

∫
M
η|ω|p−1

〈∇η,∇|ω|p−1
〉e− f dvg

≤−

∫
M
η2
|∇|ω|p−1

|
2e− f dvg +

1
2

∫
M
η2
|∇|ω|p−1

|
2e− f dvg

+ 2
∫

M
|ω|2p−2

|∇η|2e− f dvg

=−
1
2

∫
M
η2
|∇|ω|p−1

|
2e− f dvg + 2

∫
M
|ω|2p−2

|∇η|2e− f dvg.

Moreover∫
M
η2
〈|ω|p−2ω, δ f d(|ω|p−2ω)〉e− f dvg

=

∫
M
〈d(η2

|ω|p−2ω), d(|ω|p−2ω)〉e− f dvg

= 2
∫

M
η|ω|p−2

〈dη∧ω, d(|ω|p−2ω)〉e− f dvg +

∫
M
η2
|d(|ω|p−2ω)|2e− f dvg

≥−

∫
M
η2
|d(|ω|p−2ω)|2e− f dvg −

∫
M
|∇η|2|ω|2p−2e− f dvg

+

∫
M
η2
|d(|ω|p−2ω)|2e− f dvg

=−

∫
M
|∇η|2|ω|2p−2e− f dvg.

Therefore

1
2

∫
M
η2
|∇|ω|p−1

|
2e− f dvg ≤ 3

∫
M
|∇η|2|ω|2p−2e− f dvg ≤

3
r2

∫
M
|ω|2p−2e− f dvg.

Since ω is an f-weighted L2p−2 harmonic 1-form, we obtain

∇|ω|p−1
= 0

by letting r→∞. Hence |ω|p−1 is constant. Since RicM
f ≥ 0 and f is bounded, the

f-volume of (M, g) is infinite (see [Wei and Wylie 2009], for example). Therefore
we see that ω = 0. �

Using the Bochner–Weitzenböck formula, we can also prove the following.

Theorem 2.5. Let (M, g, e− f dvg) be a complete noncompact f-weighted manifold
with nonnegative Bakry–Émery Ricci tensor. Suppose that f is a bounded function.
For p ≥ 2, if ω is an f-weighted L p

f p-harmonic 1-form on M , then ω = 0.
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Proof. Since δ f (|ω|
p−2ω)= 0, Corollary 2.2 and the curvature condition implies

(2-7) |ω|1 f |ω|
p−1
≥ 〈ω,1 f (|ω|

p−2ω)〉+ |ω|2p−4 RicM
f (ω

], ω])

≥ 〈ω, δ f d(|ω|p−2ω)〉.

Fix a point p ∈ M and choose a cut-off function η satisfying (2-6). Multiplying
(2-7) by η2 and integrating it over M with respect to the measure e− f dvg, we obtain

(2-8)
∫

M
η2
|ω|1 f |ω|

p−1e− f dvg ≥

∫
M
η2
〈ω, δ f d(|ω|p−2ω)〉e− f dvg.

Then the left-hand side of (2-8) is given by

(2-9)
∫

M
η2
|ω|1 f |ω|

p−1e− f dvg

=−

∫
M
η2
〈∇|ω|,∇|ω|p−1

〉e− f dvg − 2
∫

M
η|ω|〈∇η,∇|ω|p−1

〉e− f dvg

=−(p− 1)
∫

M
η2
|ω|p−2∣∣∇|ω|∣∣2e− f dvg

− 2(p− 1)
∫

M
η|ω|p−1

〈∇η,∇|ω|〉e− f dvg.

Note that

|ω|p−2∣∣∇|ω|∣∣2 = 4
p2

∣∣∇|ω|p/2∣∣2
and

(2-10) |ω|p−1
∇|ω| = |ω|p/2 · |ω|p/2−1

∇|ω| =
2
p
|ω|p/2∇|ω|p/2.

Substituting these two identities into (2-9), we obtain

(2-11)
∫

M
η2
|ω|1 f |ω|

p−1e− f dvg

=−
4(p− 1)

p2

∫
M
η2∣∣∇|ω|p/2∣∣2e− f dvg

−
4(p− 1)

p

∫
M
η|ω|p/2〈∇η,∇|ω|p/2〉e− f dvg

≤−
4(p− 1)

p2

∫
M
η2∣∣∇|ω|p/2∣∣2e− f dvg

+
2(p− 1)

p

{
ε

∫
M
η2∣∣∇|ω|p/2∣∣2e− f dvg +

1
ε

∫
M
|ω|p|∇η|2e− f dvg

}
,

where we used Young’s inequality in the last inequality for arbitrary ε > 0.
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On the other hand, applying the divergence theorem with respect to the measure
e− f dvg, the right-hand side of (2-8) becomes∫

M
η2
〈ω, δ f d(|ω|p−2ω)〉e− f dvg =

∫
M
〈d(η2ω), d(|ω|p−2ω)〉e− f dvg.

Since
|d(ϕω)| = |dϕ ∧ω| ≤ |dϕ||ω|

for any smooth function ϕ : M→ R and any closed 1-form ω (see Lemma 13 in
[Pigola et al. 2008]), using (2-10) and Young’s inequality again gives

(2-12)
∣∣〈d(η2ω), d(|ω|p−2ω)〉

∣∣≤ |d(η2ω)|
∣∣d(|ω|p−2ω)

∣∣
≤ |dη2

||ω|2
∣∣d|ω|p−2∣∣

= 2η|ω|2|∇η|
∣∣∇|ω|p−2∣∣

= 2(p− 2)η|∇η||ω|p−1∣∣∇|ω|∣∣
=

4(p− 2)
p

η|∇η||ω|p/2
∣∣∇|ω|p/2∣∣

≤
2(p− 2)

p

(
δη2∣∣∇|ω|p/2∣∣2+ 1

δ
|∇η|2|ω|p

)
for any δ > 0. Therefore

(2-13)
∫

M
η2
〈ω, δ f d(|ω|p−2ω)〉e− f dvg ≥−

2(p− 2)
p

δ

∫
M
η2∣∣∇|ω|p/2∣∣2e− f dvg

−
2(p− 2)

p
1
δ

∫
M
|∇η|2|ω|pe− f dvg.

Combining (2-8), (2-11) and (2-13), we obtain(
4(p− 1)

p2 −
2(p− 1)

p
ε−

2(p− 2)
p

δ

)∫
M
η2∣∣∇|ω|p/2∣∣2e− f dvg

≤

(
2(p− 1)

p
1
ε
+

2(p− 2)
p

1
δ

)∫
M
|∇η|2|ω|pe− f dvg.

Choose ε and δ sufficiently small so that

4(p− 1)
p2 −

2(p− 1)
p

ε−
2(p− 2)

p
δ > 0.

Since ω is an L p
f p-harmonic 1-form, as r tends to infinity, we see

∇|ω|p/2 = 0,

which implies that ω ≡ 0 as in the proof of Theorem 2.4. �
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Remark 2.6. In Theorems 2.4 and 2.5, the boundedness on the weighted function f
is only needed to guarantee that the weighted volume of (M, g, e− f dvg) is infinite.
In fact, we prove that any f -weighted L2p−2

f p-harmonic 1-form with p > 1 or L p
f

p-harmonic 1-form with p ≥ 2 on a complete noncompact f-weighted manifold
with nonnegative Bakry–Émery Ricci tensor has constant length, which implies
that ω is f-harmonic. Thus applying the standard Bochner formula for f-harmonic
1-forms (see Lemma 2.1 with p = 2, [Lott 2003] or [Vieira 2013]), one can see
that ω is parallel without the assumption that f is bounded. This result leads to
applications in gradient steady Ricci solitons or, more generally, to applications
in weighted manifolds with infinite weighted volumes (see [Vieira 2013]). Recall
that a gradient steady Ricci soliton is a manifold (M, g) together with a smooth
function f satisfying RicM

f = 0.
Furthermore, if we assume that RicM

f is nonnegative and positive at a point, it
is easy to see, from Corollary 2.2, that ω vanishes without assuming the bounded-
ness of f . This property leads to applications in gradient shrinking Ricci solitons
satisfying RicM

f = λg for some positive constant λ as follows.

Corollary 2.7. Let (M, g, e− f dvg) be a complete gradient shrinking Ricci soliton
satisfying Ric+Hess( f )= λg with λ > 0, constant. Then if ω is an L2p−2

f (p > 1)
or L p

f (p ≥ 2) p-harmonic 1-form on M , then ω = 0.

Proof. The proof follows from the argument in Remark 2.6. �

In case of gradient steady Ricci solitons, we also have the following same
vanishing property.

Corollary 2.8. Let (M, g, e− f dvg) be a complete gradient steady Ricci soliton
satisfying Ric + Hess( f ) = 0. Then if ω is an L2p−2

f (p > 1) or L p
f (p ≥ 2)

p-harmonic 1-form on M , then ω = 0.

Proof. For q = 2p− p or q = p, applying the same argument as in the proofs of
Theorems 2.4 and 2.5, we see that |ω| ≡ C for some constant C . Thus∫

M
|ω|qe− f dvg = Cq Vol f (M),

where Vol f (M) denotes the f-weighted volume of M .
On the other hand, it is well-known that the scalar curvature of a gradient steady

Ricci soliton is nonnegative and |∇ f | is bounded by a positive constant (see [Cao
2010] for example). Moreover, Munteanu and Wang [2011] proved that the first
eigenvalue of f-Laplacian 1 f on the nontrivial gradient steady Ricci solitons is
positive. Therefore, applying the result by Vieira [2013], we get Vol f (M) =∞.
This shows that ω = 0. �
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3. Vector bundle-valued weighted p-harmonic forms

In this section, we extend the notions discussed in Section 2 including the Bochner–
Weitzenböck formula to vector bundles over a weighted manifold.

Let π : E→M be a vector bundle of rank m over a smooth oriented Riemannian
manifold (Mn, g). We denote by 0(E) the vector space of smooth sections of E
over M . A Riemannian structure on the bundle E is a pair (∇E , ρ), where ρ is a
Riemannian metric on E , ∇E a connection and ∇Eρ = 0. Denoting ρ = 〈·,·〉, the
condition ∇Eρ = 0 means that, for each X ∈ 0(T M) and s1, s2 ∈ 0(E), we have

X · 〈s1, s2〉 = 〈∇
E s1, s2〉+ 〈s1,∇

E s2〉.

The curvature of the connection ∇E is the map RE
: 32T M ⊗ 0(E)→ 0(E)

defined by

RE(X, Y )s =−∇E
X∇

E
Y s+∇E

Y ∇
E
X s+∇E

[X,Y ]s.

Let ω be an l-form on M with values in the vector bundle π : E → M . Then,
choosing a (local) frame s1, . . . , sm on E , for each X1, . . . , Xl ∈ 0(T M), we can
write

ω(X1, . . . , Xl)=

m∑
α=1

aαsα

for some local smooth functions aα on M . For the Levi–Civita connection DM
= D

on (M, g), the induced connection ∇ on 0(3l T ∗M ⊗ E), the space of smooth
l-forms on M with values in the vector bundle π : E→ M , is given by

(∇Xω)(X1, . . . , Xl)=∇
E
X (ω(X1, . . . , Xl))−

l∑
i=1

ω(X1, . . . , DX X i , . . . , Xl)

and its associated curvature is given by

(R(X, Y )ω)(X1, . . . Xl)

= RE(X, Y )(ω(X1, . . . , Xl))−

l∑
i=1

ω(X1, . . . , RM(X, Y )X i , . . . , Xl).

For the induced connection ∇, the exterior differential operator

d : 0(3l T ∗M ⊗ E)→ 0(3l+1T ∗M ⊗ E)

is given by

(dω)(X1, . . . , Xl+1)=

l+1∑
i=1

(−1)i+1(∇X iω)(X1, . . . , X̂ i , . . . , Xl+1),
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where the symbol covered by X̂ i is omitted. The codifferential operator δ is given
by

(δω)(X1, . . . , Xl−1)=−

n∑
i=1

(∇eiω)(ei , X1, . . . , Xl−1),

where {ei } is a local frame on M . Finally the Laplacian 1 and the f-weighted
Laplacian 1 f are defined on E-valued differential forms by

1=−(dδ+ δd) and 1 f =−(dδ f + δ f d),

respectively.
For a vector bundle π : E→ M over a weighted manifold (M, g, e− f dvg), we

have the following Bochner–Weitzenböck formula for differential 1-forms on M
with values in E .

Lemma 3.1 (Bochner–Weitzenböck formula). Let π : E→ M be a vector bundle
of rank m over a smooth oriented Riemannian manifold (M, g), and let f : M→ R

be a smooth function. If ω is an E-valued 1-form on M , then

(3-1) 1
21 f |ω|

2p−2
= 〈|ω|p−2ω,1 f (|ω|

p−2ω)〉+ |∇(|ω|p−2ω)|2

+ |ω|2p−4
n∑

i=1

〈ω(RicM
f (ei )), ω(ei )〉

− |ω|2p−4
∑
i, j

〈RE(ei , e j )ω(ei ), ω(e j )〉,

where {ei } is a local frame on M and RicM
f (ei ) is a vector given by

RicM
f (ei )=

n∑
j=1

RicM
f (ei , e j )e j =

n∑
j=1

[
RicM(ei , e j )+Hess( f )(ei , e j )

]
e j .

Proof. It is well-known (see [Eells and Lemaire 1983]) that

(3-2) 1
21|ω|

2p−2
= 〈|ω|p−2ω,1(|ω|p−2ω)〉+ |∇(|ω|p−2ω)|2

+ |ω|2p−4
n∑

i=1

〈ω(RicM(ei )), ω(ei )〉

− |ω|2p−4
∑
i, j

〈RE(ei , e j )ω(ei ), ω(e j )〉.

By definition of weighted Laplacian 1 f =1−〈∇ f,∇ ·〉, we have

1
21 f |ω|

2p−2
=

1
21|ω|

2p−2
−

1
2〈∇ f,∇|ω|2p−2

〉.

Since
RicM

f = RicM
+Hess( f ) and 1 f =1− di∇ f − i∇ f d,
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we get

1
21 f |ω|

2p−2

= 〈|ω|p−2ω,1 f (|ω|
p−2ω)〉+ 〈|ω|p−2ω, di∇ f (|ω|

p−2ω)〉

+ 〈|ω|p−2ω, i∇ f d(|ω|p−2ω)〉+ |∇(|ω|p−2ω)|2

+ |ω|2p−4
n∑

i=1

〈ω(RicM
f (ei )), ω(ei )〉− |ω|

2p−4
〈ω(Hess( f )(ei )), ω(ei )〉

− |ω|2p−4
∑
i, j

〈RE(ei , e j )ω(ei ), ω(e j )〉−
1
2〈∇ f,∇(|ω|2p−2)〉.

We claim that

(3-3) 〈|ω|p−2ω, di∇ f (|ω|
p−2ω)〉+ 〈|ω|p−2ω, i∇ f d(|ω|p−2ω)〉

− |ω|2p−4
〈ω(Hess( f )(ei )), ω(ei )〉−

1
2〈∇ f,∇(|ω|2p−2)〉 = 0.

Let {e1, . . . , en} be a local geodesic frame at a point p in M , and {θ1, . . . , θn} be
its dual coframe. Let {θi j } be the connection 1-form vanishing at the point p. Let
{s1, . . . , sm} be a local frame on E such that

∇
E sα|p = 0.

Then ω can be expressed as

ω =

m∑
α=1

n∑
i=1

aiαθi ⊗ sα

so that

ω(e j )=
∑
α

a jαsα and |ω|2 =
∑
i,α

a2
iα.

Since

di∇ f (|ω|
p−2ω)= di∇ f (|ω|

p−2aiαθi ⊗ sα)

= d(|ω|p−2 fi aiαsα)

= fi aiαd|ω|p−2
⊗ sα + |ω|p−2aiα fi jθ j ⊗ sα
+ |ω|p−2 fi aiα; jθ j ⊗ sα + |ω|p−2 fi aiα∇

E sα,

we have

(3-4) 〈|ω|p−2ω, di∇ f (|ω|
p−2ω)〉 = |ω|p−2

〈a jαθ j ⊗ sα, di∇ f (|ω|
p−2ω) 〉

= |ω|p−2a jα fi aiαd|ω|p−2(e j )

+ |ω|2p−4a jαaiα fi j + |ω|
2p−4a jα fi aiα; j .
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Moreover

d(|ω|p−2ω)= aiα(d|ω|p−2
∧ θi )⊗ sα + |ω|p−2(daiα ∧ θi )⊗ sα

+ |ω|p−2aiαθi j ∧ θ j ⊗ sα − |ω|p−2aiαθi ∧∇
E sα

= aiα(d|ω|p−2
∧ θi )⊗ sα + |ω|p−2aiα; j (θ j ∧ θi )⊗ sα

which gives

i∇ f d(|ω|p−2ω)= d|ω|p−2(∇ f )ω− aiα fi d|ω|p−2
⊗ sα

+ |ω|p−2aiα; j f jθi ⊗ sα − |ω|p−2aiα; j fiθ j ⊗ sα.

Thus

(3-5) 〈|ω|p−2ω, i∇ f d(|ω|p−2ω)〉

= |ω|p−2
〈a jβθ j ⊗ sβ, i∇ f d(|ω|p−2ω〉

= |ω|pd|ω|p−2(∇ f )− |ω|p−2aiαa jα fi d|ω|p−2(e j )

+ |ω|2p−4aiα; j aiα f j − |ω|
2p−4aiα; j fi a jα

= |ω|p〈∇ f,∇|ω|p−2
〉− |ω|p−2aiαa jα fi d|ω|p−2(e j )

+
1
2 |ω|

2p−4
〈∇ f,∇|ω|2〉− |ω|2p−4aiα; j fi a jα.

Note that

(3-6) 〈ω(Hess( f )(ei )), ω(ei )〉 = fi j 〈ω(e j ), ω(ei )〉 = fi j a jαaiα.

From (3-4), (3-5), and (3-6), it follows that

〈|ω|p−2ω, di∇ f (|ω|
p−2ω)〉+ 〈|ω|p−2ω, i∇ f d(|ω|p−2ω)〉

− |ω|2p−4
〈ω(Hess( f )(ei )), ω(ei )〉

= |ω|p〈∇ f,∇|ω|p−2
〉+

1
2 |ω|

2p−4
〈∇ f,∇|ω|2〉.

We observe that
1
2〈∇ f,∇|ω|2p−2

〉 =
1
2〈∇ f,∇(|ω|p · |ω|p−2)〉

=
1
2 |ω|

p
〈∇ f,∇|ω|p−2

〉+
1
2 |ω|

p−2
〈∇ f,∇|ω|p〉.

Since
∇|ω|p =∇(|ω|2)p/2

=
p
2
|ω|p−2

∇|ω|2,

we have
1
2 |ω|

p−2
〈∇ f,∇|ω|p〉 =

p
4
|ω|2p−4

〈∇ f,∇|ω|2〉.

Thus the left-hand side of (3-3) becomes

1
2 |ω|

p
〈∇ f,∇|ω|p−2

〉+
2− p

4
|ω|2p−4

〈∇ f,∇|ω|2〉.
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Using
∇|ω|p−2

=∇(|ω|2)(p−2)/2

=
p− 2

2
(|ω|2)(p−2)/2−1

∇|ω|2

=
p− 2

2
|ω|p−4

∇|ω|2,

we see that the left-hand side of (3-3) vanishes, which completes the proof of
Lemma 3.1. �

As in the proof of Corollary 2.2, we can easily show the following by using
Lemma 3.1.

Corollary 3.2. Let π : E→M be a vector bundle of rank m over a smooth oriented
Riemannian manifold (M, g), and let f : M→ R be a smooth function. If ω is an
E-valued 1-form on M , then

|ω|p−11 f |ω|
p−1
≥ 〈|ω|p−2ω,1 f (|ω|

p−2ω)〉+ |ω|2p−4
n∑

i=1

〈ω(RicM
f (ei )), ω(ei )〉

− |ω|2p−4
∑
i, j

〈RE(ei , e j )ω(ei ), ω(e j )〉.

4. Weighted p-harmonic maps

In this section, we obtain some Liouville-type theorems for weighted p-harmonic
maps as an application of the Bochner–Weitzenböck formula stated in Section 3.
The following theorem shows that the same result holds for f -weighted p-harmonic
maps with L2p−2

f -finite energy for p > 1 as in the case of f-weighted L2p−2
f

p-harmonic 1-forms.

Theorem 4.1. Let u : (M, g, e− f dvg)→ (N , h) be an f-weighted p-harmonic map
from an oriented complete noncompact f-weighted manifold into a Riemannian
manifold for p > 1. Suppose that f is bounded. Assume that the Bakry–Émery
Ricci curvature of M is nonnegative, RicM

f ≥ 0, and the sectional curvature of N is
nonpositive, K N

≤ 0. If u has finite f-weighted (2p−2)-energy, i.e.,∫
M
|du|2p−2e− f dvg <∞,

then u must be a constant map.

Proof. Let du = ω. Then ω is an f -weighted p-harmonic 1-form with values in the
pull-back bundle u−1T N . In particular,

δ f (|ω|
p−2ω)= 0.
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From Corollary 3.2 together with curvature conditions, it follows that

(4-1) |ω|p−11 f |ω|
p−1
≥ 〈|ω|p−2ω, δ f d(|ω|p−2ω)〉.

From this, we can see that the same argument as in the proof of Theorem 2.4 shows
ω = 0. �

From Corollary 3.2, it follows that

(4-2) |ω|1 f |ω|
p−1
≥ 〈ω,1 f (|ω|

p−2ω)〉+ |ω|p−2
n∑

i=1

〈ω(RicM
f (ei )), ω(ei )〉

− |ω|p−2
∑
i, j

〈RE(ei , e j )ω(ei ), ω(e j )〉.

Applying the same argument as in Theorem 2.5 to (4-2), we are able to prove the
following theorem.

Theorem 4.2. Let u : (M, g, e− f dvg)→ (N , h) be an f-weighted p-harmonic map
from an oriented complete noncompact f-weighted manifold into a Riemannian
manifold. Suppose that f is bounded, and RicM

f ≥ 0 and K N
≤ 0. For p ≥ 2, if u

has finite f-weighted p-energy, then u must be a constant map.

Remark 4.3. In Theorems 4.1 and 4.2, without the boundedness of f , if we
assume that Ric f is nonnegative and positive at a point, we can conclude that any
f-weighted p-harmonic map u : (M, g, e− f dvg)→ (N , h) with finite f-weighted
(2p−2)-energy or p-energy for p > 1 from an oriented complete noncompact f-
weighted manifold into a Riemannian manifold of nonpositive sectional curvature,
K N
≤ 0, must be constant.

Applying the argument in Remark 4.3 to gradient shrinking Ricci solitons, we
have the following as in the case of L p

f p-harmonic 1-forms.

Corollary 4.4. Let (M, g, e− f dvg) be a complete noncompact gradient shrink-
ing Ricci soliton satisfying Ric + Hess( f ) = λg with λ > 0, constant. If u :
(M, g, e− f dvg)→ (N , h) is an f-weighted p-harmonic map into a Riemannian
manifold of nonpositive sectional curvature K N

≤ 0 with finite f-weighted (2p−2)-
energy or p-energy for p > 1, then u must be a constant map.
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REMARKS ON THE HÖLDER-CONTINUITY OF SOLUTIONS
TO PARABOLIC EQUATIONS WITH CONIC SINGULARITIES

YUANQI WANG

This is a note on work of Ladyzhenskaja et al. (AMS 1968) and of Ferretti
and Safonov (2013). Using their work line by line, we prove the Hölder-
continuity of solutions to linear parabolic equations of mixed type, assuming
the coefficient of ∂

∂ t has time-derivative bounded from above. On a Kähler
manifold, this Hölder estimate works when the metrics possess conic singu-
larities along a normal crossing divisor.

1. Introduction

Historically, Hölder-continuity of solutions to linear elliptic and parabolic equations
(in various cases) has been proved and extensively studied by De Giorgi [1957],
Nash [1958], Moser [1964], Krylov and Safonov [1980]. Many other experts have
contributed to this topic as well, for example, see [Caffarelli and Cabré 1995;
Ferretti and Safonov 2013; Gilbarg and Trudinger 1977; Ladyzhenskaja et al. 1968].
Ferretti and Safonov [2013] give a unified proof of the Hölder-continuity in both the
divergence case and nondivergence case. The key is to establish growth properties
for the (sub- and super-) level sets of the solutions.

We focus on divergence-form equations. The operator in our main parabolic
equation (3) below is exactly the one considered in [Ferretti and Safonov 2013].
The little difference is: the a0

(
coefficient of ∂

∂t

)
in [Ferretti and Safonov 2013,

line 11, page 89] is not allowed to depend on time, but here we allow a0 in (3) to
depend on time.

Our motivation is to study the heat equation associated to a Ricci flow. The Ricci
flow is a special time-parametrized family of Riemannian metrics g(t). Given a
time-family of Riemannian metrics g(t) over a Euclidean ball B, the associated
heat equation reads as

(1)
∂u
∂t
−1gu ,

∂u
∂t
−

1√
det gi j

∂

∂xi

(
gi j
√

det gi j
∂u
∂x j

)
= f,

MSC2010: 35K10.
Keywords: Hölder estimate, parabolic equations.
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where the xi are the Euclidean coordinates. To estimate the Hölder norm of u, we
only care about the L∞-norm of f , though we can assume that everything involved
has higher derivatives. Multiplying (1) by

√
det gi j , we get

(2)
√

det gi j
∂u
∂t
−

∂

∂xi

(
gi j
√

det gi j
∂u
∂x j

)
= F , f

√
det gi j .

Let a0 ,
√

det gi j and ai j , gi j√det gi j ; (1) is a special case of (3) and [Ferretti
and Safonov 2013, Equation (D), page 89]. Suppose det gi j is uniformly bounded;
the L∞-norm of f is equivalent to the L∞-norm of F , thus it makes no difference
for the Hölder estimate.

Our main observation (and a one sentence proof of Theorem 1.1) is that when a0

depends on time and ∂ log a0
∂t is bounded from above, the general energy estimates are

still true (Lemma 4.5). By the proof in [Ferretti and Safonov 2013], these energy
estimates imply the main growth theorem [Ferretti and Safonov 2013, Theorem 5.3].
Moreover, by an idea in [Ladyzhenskaja et al. 1968], [Ferretti and Safonov 2013,
Theorem 5.3] directly implies the Hölder continuity of solutions, without involving
the Harnack inequality in [Ferretti and Safonov 2013, Theorem 1.5]. We believe
these are known by experts. Let

• Y = (y, s) be a space-time point, and Cr (Y ) = By(r)× (s − r2, s) be the
parabolic cylinder centered at Y with radius r , where By(r) is the usual m-
dimensional Euclidean ball.

• Let [ · ]α denote the usual parabolic Hölder seminorm of exponent α (for
example, see [Lieberman 1996, (4.1)] for a definition).

The simplest version of our main theorem can be stated as follows.

Theorem 1.1. Suppose u ∈C∞[Cr (Y )] solves the following equation (or the metric
heat equation (1) via the correspondence in (2)) in the classical sense

(3) a0
∂u
∂t
−

∂

∂x j

(
ai j ∂u
∂xi

)
= f,

where a0, ai j (1≤ i, j ≤ m) are space-time smooth functions. Suppose

(4) 1
K
≤ a0 ≤ K ,

∂ log a0

∂t
≤ K , I

K
≤ ai j

≤ K I.

Then there exist constants α(m, K ) ∈ (0, 1) and N (m, K ) such that

rα[u]α,Cr/2(Y )+ |u|L∞[Cr/2(Y )] ≤ N
(
|u|L1[Cr (Y )]

rm+2 + r2
| f |L∞[Cr (Y )]

)
.

Remark 1.2. When ∂ log a0
∂t is not uniformly bounded from above (while the other

conditions in Theorem 1.1 hold true), the above uniform Hölder estimate does not
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hold in general. We refer the interested readers to the beautiful example constructed
by Chen and Safonov [2017, Theorems 4.1 and 4.2].

Remark 1.3. In view of the Riemannian geometry setting in (2) and the line right
below it, when gt is a Ricci flow, the upper bound on ∂ log a0

∂t means

(5)
∂

∂t
dvolgt ≤ K dvolgt ,

where dvolgt is the evolving volume form. The K is actually a lower bound for the
scalar curvature of gt . Fortunately, the scalar curvature is usually bounded from
below along Ricci flows without any additional condition, see [Cao and Chen 2012,
page 5; Hamilton 1995].

Therefore, when the scalar curvature of a Kähler–Ricci flow is not (assumed to
be) bounded from above, Theorems 1.1 and 2.2 (as well as the ideas in the proof)
might help in obtaining higher-order estimates (convergence) of the Kähler metric
as t approaches a singular time or as t→∞.

Theorem 1.1 can be generalized to heat equations of Kähler-metrics with conic sin-
gularities along normal-crossing divisors (Theorem 2.2). We only prove Theorem 2.2,
the proof of Theorem 1.1 is the same (by discarding the necessary techniques for
the conic singularities, see Claim 4.7 for example).

This note is organized as follows. In Section 2 we define Kähler metrics with conic
singularities, and state Theorem 2.2. In Section 3 we prove Theorems 1.1 and 2.2
assuming the main growth theorem (Theorem 5.7) on sublevel sets of subsolutions.
In Section 4, we define weak subsolutions and prove energy inequalities for them.
This is a preparation for the main growth theorem (Theorem 5.7). In Section 5,
we prove the main growth theorem using the energy inequalities and the measure
theoretic arguments in [Ferretti and Safonov 2013].

2. The more general version of Theorem 1.1 in
Kähler geometry involving conic singularity

In Kähler geometry setting, Theorem 1.1 holds even when the metrics possess
conic singularities along analytic hypersurfaces. To state the result, we first give
a geometric formulation following [Guenancia and Păun 2016]. Given a closed
Kähler manifold M and a divisor D =

∑N
j=1 2π(1− β j )D j , where each D j is

an irreducible hypersurface and may have self-intersection, suppose D has (no
worse than) normal crossing singularities, i.e., there is an open cover of supp D by
neighborhoods Ui such that in each Ui , supp D ∩ Ui = {z1z2z3 · · · zk = 0}, where
k ≤ n and z1 · · · zn are holomorphic coordinate functions in Ui .

Definition 2.1. A Kähler metric g (defined away from supp D) is said to be a weak-
conic metric with quasi-isometric constant K , if and only if it’s Hölder-continuous
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away from supp D and in each Ui ,

(6)

gk
β

K
≤ g ≤ K gk

β (quasi-isometric),

gk
β =

k∑
j=1

β2
j

|z j |
2−2β j

dz j ⊗ dz̄ j +

n∑
j=k+1

dz j ⊗ dz̄ j .

gk
β is one of the 2 model metrics on Cn we work with, and in this local setting we

abuse notation by denoting supp D as D.
Similarly, a Kähler metric g is called a ε-nearly-conic metric with quasi-isometric

constant K , if and only if it’s Hölder-continuous over the whole M (across supp D)
and in each Ui , for ε > 0,

(7)

gk
β,ε

K
≤ g ≤ K gk

β,ε,

gk
β,ε =

k∑
j=1

β2
j

(|z j |
2+ ε2)1−β j

dz j ⊗ dz̄ j +

n∑
j=k+1

dz j ⊗ dz̄ j ,

We recall the well known intrinsic polar coordinates of gk
β . Let

ξ j = r j e
√
−1θ j , r j = |z j |

β j , 1≤ j ≤ k.

In these polar coordinates the model cone gk
β is equal to

gk
β =

k∑
j=1

(dr2
j +β

2
j r

2
j dθ2

j )+

n∑
j=k+1

dz j ⊗ dz̄ j ,

and it’s quasi-isometric to the Euclidean metric, i.e.,

(8)
(
min j β

2
j
)
gE ≤ gk

β ≤ gE , gE =

k∑
j=1

(dr2
j + r2

j dθ2
j )+

n∑
j=k+1

dz j ⊗ dz̄ j .

This is important because we want to take advantage of the rescaling and translation
invariance of the Euclidean metric.

Similarly, we also have intrinsic polar coordinates for gk
β,ε . Let s j be the solution

to

(9)
ds j

dρ j
=

β j

(ρ2
j + ε

2)(1−β j )/2
, s j (0)= 0, ρ j = |z j |.
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Then ξ j = s j e
√
−1θ j , 1 ≤ j ≤ k defines the polar coordinates of gk

β,ε . By [Wang
2016, Lemma 4.3], in these coordinates we have

(10) gk
β,ε =

k∑
j=1

(ds2
j + a j,εs2

j dθ2
j )+

n∑
j=k+1

dz j ⊗ dz̄ j , β2
j < a j,ε ≤ 1.

Hence gk
β,ε is also quasi-isometric to the Euclidean metric in its polar coordinate,

i.e.,

(11)
(
min j β

2
j
)
gE ≤ gk

β,ε ≤ gE , gE =

k∑
j=1

(ds2
j + s2

j dθ2
j )+

n∑
j=k+1

dz j ⊗ dz̄ j .

Unless specified (via a parentheses or a subsymbol), the constants N and C in
this article depend on (at most) n, K ,M, D, β ′j s, and the open cover

⋃
i Ui . They

don’t depend on ε. Different N ′s could be different. The real dimension is m = 2n
in the Kähler setting.

Theorem 2.2. Let ε ∈ [0, 1].

Part I (local estimate). Suppose gt is a time-differentiable family of weak-conic
Kähler metrics or of ε-nearly-conic metrics, which is defined over a parabolic
cylinder Cr (Y ) in Cn under a polar coordinate as below (7) or (9), respectively.
Suppose the quasi-isometric constant of gt is K ,

(12)
∂

∂t
dvolt ≤ K dvolt .

and u is a bounded weak solution (in the sense of Definition 4.2) to

(13)
∂u
∂t
=1gt u+ f over Cr (Y ).

Then there exists α(n, β, K ) ∈ (0, 1) and N (n, β, K ) such that

rα[u]α,Cr/2(Y )+ |u|L∞,Cr/2(Y ) ≤ N
(
|u|L1[Cr (Y )]

r2n+2 + r2
| f |L∞[Cr (Y )]

)
.

Part II (global estimate). In the setting of (6) and paragraph above it, suppose all
the conditions in Part I hold globally on M ×[0, T ]. Then for all t0 ∈ (0, T ), there
exists an α(n, β, K ) and Ct0(n, β, K ) such that

[u]α,M×[t0,T ]+ |u|L∞(M×[t0,T ]) ≤ Ct0(|u|L1(M×[0,T ])+ | f |L∞(M×[0,T ])).

Remark 2.3. When the divisor is smooth, a weaker version of this Hölder estimate
is in section 4 of [Wang 2016]. We hope it’s still somewhat valuable to present
the proof separately here. The [u]α is the usual parabolic Hölder seminorm with
respect to gk

β (gk
β,ε) (see (8)). An important point is that Hölder continuity with

respect to the distance of gk
β (gk

β,ε) is equivalent to Hölder continuity in the usual
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sense in holomorphic coordinates (apart from a difference of Hölder exponents).
We refer interested readers to [Wang 2016, Lemma 4.4]. Please see Definition 4.2
for the definition of weak solutions (replace SCr by the underlying domain).

Remark 2.4. Using the Kähler structure, Equation (13) can be written in both
divergence and nondivergence form. In this case, we expect that Theorem 2.2 still
holds without condition (12).

3. Proof of the main results assuming Theorem 5.7

From now on (and in the subsequent sections), we work in the polar coordinates in
(8) and (11). In this coordinate, we do not “see” the conic singularity (except that
the coefficients of the equations and solutions are not defined on D).

Definition 3.1. Let C0
r denote Cr (y, s−3r2) (see above Theorem 1.1 on definition

of parabolic cylinders). We note that C0
r is “earlier” in time than Cr .

Let |�| denote the Euclidean measure of a set � ∈ Rm
×R, where Rm is the

spatial direction, and R is the time direction, i.e., Rm
× R is the full parabolic

cylinder.
Given a function u on an arbitrary set � ∈ Rm

×R, we define

osc� u , sup� u− inf� u.

Roughly speaking, to show parabolic Hölder continuity of a function u, it suffices
to show that comparing to the oscillation in an arbitrary parabolic cylinder (in the
domain of u), the oscillation in the concentric subcylinder of half radius decreases
by a fixed amount.

The idea in proving Theorems 1.1 and 2.2 can be explained as follows. For
simplicity, we assume f = 0 in the main heat equation (3).

For a subsolution to the homogeneous version of (3), the role of the main growth
theorem (Theorem 5.7) is to improve a bound on the measure of the superlevel set
in an “earlier” parabolic cylinder to a pointwise bound in a “later” cylinder.

The crucial observation is that for any solution u, either u or −u (adjusted by
proper constants) admits a bound on the measure of the superlevel set in the “earlier”
parabolic cylinder (see Cases 1 and 2 below (15)), hence the condition in the main
growth theorem is always satisfied, and it yields the desired decrease of oscillation.

Proof of Theorems 1.1 and 2.2. We only prove (Part I of) Theorem 2.2 as mentioned
at the end of the introduction. Notice that y does not have to be in supp D (as long
as integration by parts is true, see proof of Lemma 4.5). By the interior L∞-estimate
in Proposition 5.3 which holds for every cylinder and every subsolution, it suffices
to show the Hölder norm is bounded by the L∞-norm, i.e.,

(14) rα[u]α,Cr/2(Y ) ≤ N (|u|L∞[Cr (Y )]+ r2
| f |L∞[Cr (Y )]).
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By [Lieberman 1996, Lemma 4.6], it suffices to show the oscillation decays for
every cylinder C2r and every subsolution u, i.e.,

(15) oscCr u ≤ (1− b) oscC2r u+ 4r2
| f |0,C2r , b = b(n, β, K ) > 0.

By rescaling and translation invariance, it suffices to assume r = 1, s = 0. By
adding a constant, it suffices to assume 0 ≤ u ≤ h, where h , oscC2 u. As in
[Ladyzhenskaja et al. 1968], one of the following must hold:

Case 1:
∣∣∣{u > h

2

}
∩C0

1

∣∣∣≤ |C0
1 |

2
; Case 2:

∣∣∣{u < h
2

}
∩C0

1

∣∣∣≤ |C0
1 |

2
.

We only prove (15) in Case 1 in detail. Case 2 is similar by applying the proof in
Case 1 to h− u. Consider ū = u− t | f |0,C2r (t ∈ (−4, 0)). Then

(16)

∂ ū
∂t
−1gū ≤ 0, 0≤ ū ≤ h+ 4| f |0,C2 .

Moreover, ū >
h
2
+ 4| f |0,C2 ⇒ u >

h
2
.

Hence the assumption of Case 1 implies∣∣∣{ū ≥ h
2
+ 4| f |0,C2

}
∩C0

1

∣∣∣≤ ∣∣∣{u > h
2

}
∩C0

1

∣∣∣≤ |C0
1 |

2
.

Then Theorem 5.7
(
applied to ū − h

2 − 4| f |0,C2

)
, (16), and the above inequality

imply that there exists a(n, β, K ) > 0 such that

sup
C1

(
ū− h

2
− 4| f |0,C2

)
≤ (1− a) sup

C2

(
ū− h

2
− 4| f |0,C2

)
≤
(1−a)h

2
.

Then oscC1 ≤ supC1
u ≤ supC1

ū ≤
(
1− a

2

)
h+ 4| f |0,C2 . The proof of (15) (under

the normalization conditions below it) is complete. �

4. Energy inequalities

We follow closely the definitions and tricks in [Ferretti and Safonov 2013]; the
point is that they work equally well in the presence of conic singularity (Definitions
4.1, 4.2, and 4.4). The functions and integrations are all defined away from the
divisor D (see the content below (6)). If the notation of a function space does not
involve D, we mean the space satisfies the indicated asymptotic property (which
should be clear from the context). The sets and (slant) cylinders are standard ones
minus D. This does not affect any measure theory, integration, or technique in this
article, because the spacewise codimension of D is 2. For the proof of Theorem 1.1,
we don’t have to chop off any singularity.
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Definition 4.1. A slant cylinder SCr (y0, y1, T0, T1), which we abbreviate in most
the time as SCr , is the following set:

(17) SCr , {x | |x − y(t)|< r, T0 < t ≤ T1},

where y(t)= y0+ (t−T0)(y1− y0)/(T1−T0). When y1 = y0, SCr is just the usual
cylinder Cr defined above Theorem 1.1. We define l , r(y1− y0)/(T1− T0) as the
parabolic slope of SCr . The parabolic slope l is invariant under

• the usual parabolic rescaling (linear multiplication on y0, y1, r and quadratic
multiplication on T0, T1 by the same factor),

• the spacewise translation (on y0, y1 by the same displacement),

• and the timewise translation (on T0 and T1 by the same displacement).

Definition 4.2. We say u is a weak subsolution to

(18)
∂u
∂t
−1gu ≤ 0,

in a slant cylinder SCr if

(1) u ∈ C2+α,1+α/2
{SCr \D×[T0, T1]} ∩ L∞(SCr );

(2) Inequality (18) holds over SCr \D×[T0, T1] in the classical sense.

We call a function η (defined in any bounded space-time domain�∈Cn
×(−∞,∞))

tame if η ∈ C1,1
{� \ D×[T0, T1]} ∩ L∞(�) and the following holds:

(19)
∂η

∂t
∈ L1(�), ∇η ∈ L2(�).

Remark 4.3. The L∞(SCr )-requirement in Definition 4.2 is crucial, and is the
only global condition. It guarantees (18) holds across the singularity in the sense of
integration by parts.

Definition 4.4. Exactly as in [Ferretti and Safonov 2013, Corollary 2.3], we define
the cutoff function of u as

(20) uε = G(u),

where G is a function with one variable such that G(u)= 0 when u ≤ ε, G(u)=
u+G(2ε)− 2ε when u ≥ 2ε, and G,G ′,G ′′ ≥ 0. Consequently, we have

(21) G(2ε)≤ ε and max{u− 2ε, 0} ≤ uε ≤max{u− ε, 0}.

The most important feature of uε is that, if u is a solution to (18), so is uε , i.e.,

(22)
∂uε
∂t
−1guε ≤ 0.
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The cutoff function uε can be understood as the smoothing of u+ (nonnegative
part of u). We note that in the classical case, u+ is a subsolution (in proper sense)
if u is. The above smoothing is pointwise, thus works in the presence of conic
singularities.

Lemma 4.5. Under the same assumptions in Part I of Theorem 2.2 (for any r),
suppose u is a nonnegative weak solution to (18) in the sense of Definition 4.2 in a
slant cylinder SCr , r ≤ 1

100n . Then for any nonnegative tame function η which is
compactly supported in SCr spacewisely, we have

(23)
∫

Cn
uη2 dVg|

t2
t1 +

∫ t2

t1

∫
Cn
〈∇gu,∇gη

2
〉 dVg ds

≤

∫ t2

t1

∫
Cn

u
∂η2

∂t
dVg ds+ K

∫ t2

t1

∫
Cn

uη2 dVg ds.

Moreover, we have

(24)
∫

Cn
u2η2 dVg|

t2
t1 +

1
2

∫ t2

t1

∫
Cn
|∇gu|2η2 dVg ds

≤

∫ t2

t1

∫
Cn

u2 ∂η
2

∂t
dVg ds+ (2K + 200)

∫ t2

t1

∫
Cn

u2(η2
+ |∇gη|

2) dVg ds,

and therefore

(25)
∫
�

|∇gu|2 dVg ds<+∞, for any (parabolic) compact subdomain � of SCr .

Remark 4.6. By the same proof, the energy estimate of (3) is similar.

Proof of Lemma 4.5. Let ri be the distance function to the smooth hypersurface Di .
We consider Berndtsson’s cutoff function ψi,ε = ψ(ε log(− log ri )), ψ is the stan-
dard cutoff function such that ψ(x) ≡ 1 when x ≤ 1

2 , and ψ(x) ≡ 0 when x ≥ 4
5 .

Then

(26) ψi,ε ≡ 0 when ri ≤ e−e4/(5ε)
; ψi,ε ≡ 1 when ri ≥ e−e1/(2ε)

.

Let ψε =
∏

i=1,...,n ψi,ε .

Claim 4.7. We have

(27) lim
ε→0
|∇Eψε |L2(B(1/2)) = 0.

The proof of Claim 4.7 is elementary. We only verify it for ∂ψε/∂r1, the other
directional derivatives are similar. We compute

∂ψε

∂r1
=−ψ ′

ε

r1 log r1

∏
i 6=1

ψi,ε .
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Hence in polycylindrical coordinates we find∫
B(1/2)

|
∂ψε

∂r1
|
2 dvolE ≤ Cε2

∫ 1/2

0

1
r1(log r1)2

dr1 ≤ Cε2.

We first prove (24). By definition we have limε→0 ψε = 1 everywhere except on
supp D. We multiply both hand sides of (18) by uη2ψ2

ε , then integrate by parts and
integrate with respect to time. We obtain

(28) 1
2

∫
Cn

u2η2ψ2
ε dVg|

t2
t1 +

∫ t2

t1
|∇gu|2η2ψ2

ε dVg ds

≤
1
2

∫ t2

t1

∫
Cn

u2η2ψ2
ε

∂dVg

∂t
ds− 2

∫ t2

t1

∫
Cn
〈∇gu,∇gη〉uηψ2

ε dVg ds

+
1
2

∫ t2

t1

∫
Cn

u2 ∂η
2

∂t
ψ2
ε dVg ds− 2

∫ t2

t1

∫
Cn
〈∇gu,∇gψε〉uη2ψε dVg ds.

Using the Cauchy–Schwartz inequality we deduce that

(29)
∣∣∣∣2∫ t2

t1

∫
Cn
〈∇gu,∇gψε〉uη2ψε dVg ds

∣∣∣∣
≤

1
100

∫ t2

t1

∫
Cn
|∇gu|2ψ2

ε η
2 dVg ds+ 100

∫ t2

t1

∫
Cn

u2η2
|∇gψε |

2 dVg ds.

Similarly we have

(30)
∣∣∣∣2∫ t2

t1

∫
Cn
〈∇gu,∇gη〉uηψ2

ε dVg ds
∣∣∣∣

≤
1

100

∫ t2

t1

∫
Cn
|∇gu|2ψ2

ε η
2 dVg ds+ 100

∫ t2

t1

∫
Cn

u2ψ2
ε |∇gη|

2 dVg ds.

Notice that by (5) we have

(31)
∫ t2

t1

∫
Cn

u2η2ψ2
ε

∂dVg

∂t
ds ≤ K

∫ t2

t1

∫
Cn

u2η2ψ2
ε dVg ds.

Then

(32) 1
2

∫
Cn

u2η2ψ2
ε dVg|

t2
t1 +

∫ t2

t1

∫
Cn
|∇gu|2η2ψ2

ε dVg ds

≤ K
∫ t2

t1

∫
Cn

u2η2ψ2
ε dVg ds+ 1

2

∫ t2

t1

∫
Cn

u2 ∂η
2

∂t
ψ2
ε dVg ds

+
1

100

∫ t2

t1

∫
Cn
|∇gu|2ψ2

ε η
2 dVg ds+ 100

∫ t2

t1

∫
Cn

u2ψ2
ε |∇gη|

2 dVg ds

+
1

100

∫ t2

t1

∫
Cn
|∇gu|2ψ2

ε η
2 dVg ds+ 100

∫ t2

t1

∫
Cn

u2η2
|∇gψε |

2 dVg ds.
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We note that Definition 4.2 requires u ∈ L∞, then (27) implies

(33) lim
ε→0

100
∫ t2

t1

∫
Cn

u2η2
|∇gψε |

2 dVg ds = 0.

Let ε→ 0 in (32), the proof of (24) and (25) is complete.
Multiplying both hand sides of (18) by ηψε and integrating by parts over space-

time, (23) is proved similarly. �

By the same proof as for Lemma 4.5 (with Berndtsson’s cutoff function as
in (27)), the Sobolev embedding theorem is true.

Lemma 4.8 (Sobolev embedding). Given a function u ∈ C1
{B \ D} ∩ L∞(B), for

any cutoff function η ∈ C1
0(B), the following holds:(∫

B
|ηu|

2n
2n−1 dVE

)2n−1
2n
≤ N (β, n)

∫
B
|∇(ηu)| dVE .

Proof. It’s true when
∫

B |∇(ηu)| dVE = ∞. When
∫

B |∇(ηu)| dVE <∞, using
Berndtsson’s cutoff function ψε , Claim 4.7, and the same proof as for Lemma 4.5,
ηu belongs to W 1,1(B) in the usual sense. Then it follows from the usual Sobolev-
inequality. �

Remark 4.9. The N (β, n) above does not depend on the radius or center of the
ball. The only place where we use the Sobolev embedding is (41).

5. Proof of Theorem 5.7 by energy inequalities

Lemma 5.1 (Growth Lemma). Suppose u is a weak subsolution to (18) in a cylinder
C2r (Y ). Then there exists a µ2(n, β, K ) > 0 such that

(34)
|{u > 0} ∩C2r (Y )|
|C2r (Y )|

≤ µ2 implies supCr
u ≤ 1

2 supC2r
u+.

Proof. The proof is formally the same as for [Ferretti and Safonov 2013, Lemma 4.1].
Since condition (5) is involved, we still give a detailed proof for the reader’s
convenience. The point is to show that we don’t need more on the equation than the
energy estimates of subsolutions (Lemma 4.5 and the proof of it). The constants N
in this proof only depend on n, β, K .

By rescaling invariance of the subequation (18), it suffices to assume r = 1 and
supCr

u = 1. We let µ2 be small enough. It suffices to prove that for all Z /∈ D and
Z ∈ C1(Y )= C1, under the condition

(35)
|{u > 0} ∩C1(Z)|
|C1(Z)|

≤
22n+2

|{u > 0} ∩C2(Z)|
|C2(Z)|

≤ 22n+2µ2 , µ1,
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the following estimate holds

(36) u(Z)≤ 1
2 .

We only need to apply Lemma 5.2 (see [Ferretti and Safonov 2013, (3.8),
page 33]). Using exactly the induction argument [Ferretti and Safonov 2013,
from the last line of page 99 to line 16 of page 100] (only involving Lemma 5.2),
we deduce for any integer j ≥ 0, for some N (n, β, K ), the following estimate holds
when Nµ1/(2n+2)

1 < 1
2 .

(37)
∣∣∣∣{u >

1− ρ
2

}
∩Cρ(Z)

∣∣∣∣≤ µ1ρ
2n+2
|Cρ(Z)|, ρ = 2− j .

Since Z /∈ D, (37) directly implies that u(Z) ≤ 1
2 . Were this not true, u(Z) > 1

2
implies that there exists dyadic ρ0 small enough such that Cρ0(Z) does not touch
the singularity D, and u > 1

2 over Cρ0(Z). This contradicts (37). �

Lemma 5.2. Under the same setting as in Lemma 5.1 and its proof above, for any
constant A ≥ 0, we have∫

Cρ/2(Z)
(u− A)+ dVE ds ≤ N

ρ
|{u > A} ∩Cρ(Z)|1+1/(2n+2).

Proof. By linearity and rescaling invariance of the subequation (18), without
loss of generality we can assume A = 0 and ρ = 1 (note u ≤ 1). Denote the set
{(u> 0)∩C1(Z)} as Eu , and the spacewise set {x |(x, t)∈ (u> 0)∩C1(Z)} as Q(t).
Hence |Eu| =

∫ 1
0 |Q(t)|dt . We need to prove

(38)
∫

C1/2(Z)
u+ dVE ds ≤ N |Eu|

1+1/(2n+2)

To show (38) is true, it suffices to show that for any ε small enough, uε satisfies

(39)
∫

C1/2(Z)
uε dVE ds ≤ N |Euε |

1+1/(2n+2).

The advantage of uε is that it’s supported in Q(t), and 0≤ uε ≤ 1. Then integration
by parts implies the energy estimates in Lemma 4.5 holds true over Q(t). Let η be
the standard cut-off function in C1(Z) which vanishes near the parabolic boundary;
Hölder’s inequality and Lemma 4.5 imply

(40)
∫

B
ηuε dVE |t ≤ |Q(t)|1/2

(∫
B
η2u2

ε dVE

)1/2∣∣∣
t
≤ N E1/2

uε |Q(t)|
1/2.
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We also have the following bootstrapping estimate on the same term.

(41)
∫

B
ηuε dVE ≤

(∫
B
|ηuε |2n/(2n−1) dVE

)(2n−1)/(2n)

|Q(t)|1/(2n)

≤ N
(∫

B
|∇(ηuε)| dVE

)
|Q(t)|1/(2n)

≤ N
(∫

B
|∇(ηuε)|2dVE

)1/2

|Q(t)|1/(2n)+1/2,

since supp∇(ηuε)⊂ {u > 0} ∩ B.

By (40), (41), Lemma 4.5, and the Fubini theorem, with the help of (25),

(42)
∫ 0

−1

∫
B
ηuε dVE ds

=

∫ 0

−1

(∫
B
ηuε dVE

)1/(n+1)(∫
B
ηuε dVE

)n/(n+1)

ds

≤ N E1/(2n+2)
uε

∫ 0

−1
|Q(t)|(n+2)/(2n+2)

(∫
B
|∇(ηuε)|2 dVE

)n/(2n+2)

dt

≤ N |Euε |
1/(2n+2)

(∫ 0

−1
|Q(t)| dt

)(n+2)/(2n+2)(∫ 0

−1

∫
B
|∇(ηuε)|2 dVE dt

)n/(2n+2)

≤ N |Euε |
1+1/(2n+2)

Since η ≡ 1 over C1/2(Z), the proof is complete. As we’ve seen, nothing in this
proof involves more than Lemma 4.5 on the subsolutions. �

Proposition 5.3. Suppose u is a weak subsolution to (18) in a cylinder Cr (Y ),
y /∈ D. Then

(43) u(Y )≤
N
|Cr |

∫
Cr (Y )

u+ dVE

Proof. The proof is exactly as in [Ferretti and Safonov 2013, Theorem 3.4]. The only
thing worth mentioning is that we should deal with the singularity D. In [Ferretti
and Safonov 2013], they consider the maximal point of dγ u, where γ = (2n+2)/p
and d is the parabolic distance to the parabolic boundary of Cr (Y ). However, when
a singularity is present, dγ u might not attain maximum away from D. To overcome
this, we simply assume u(Y ) > 0, and use the fact that there exists an almost
maximal point away from D. Namely, there exists X0 = (x0, t0) such that x0 /∈ D
and

(44) dγ(X0)u(X0)≥
M
2
, M , supCr

dγ u

(we can assume M > 0 with out loss of generality). Then the rest of the proof is
line by line as [Ferretti and Safonov 2013, line 13 to proof end, page 101], except
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the µ1 on line 19 should correspond to β1 = 2−γ−2, because we have an additional
1
2 in (44). �

Remark 5.4. As mentioned in [Ferretti and Safonov 2013, Remark 3.5], this proof
does not involve explicitly the subequation (18). Instead, it only requires the growth
lemma (Lemma 5.1). Thus the condition (12) is not involved explicitly in this proof.

Lemma 5.5 (slant cylinder lemma). Suppose u is a weak subsolution to (18) in a
slant cylinder SCr . Suppose u ≤ 0 in Br ×{T0}. Then

(45) u(Y )≤ (1− λ) sup
SCr

u+,

where λ ∈ (0, 1) depends on n, β, an upper bound, |l|, on r |y1− y0|/(T1−T0), and
upper bounds on (T1− T0)/r2, and K .

Proof. The first paragraph in the proof of Lemma 5.1 also applies here. By
translation and rescaling (see Definition 4.1), without changing the parabolic slope,
we can transform SCr to a slant cylinder SC1 with r = 1, T0= 0, T1= T , y0= {0},
and y1 = y. We then pull back u and the matrix of the metric g on SCr to “u” (by
abuse of notation) and ĝ on SC1. Thus, u satisfies in SC1 the following:

∂u
∂t
−1ĝu ≤ 0 in the sense of Definition 4.2, and(46)

gE

K
≤ ĝ ≤ K gE in SC1 .(47)

It suffices to prove (45) for uε . By rescaling, we can assume u ≤ 1 and
supSC1

u = 1. Then 0≤ uε ≤ 1− ε and supSC1
uε ≥ 1− 3ε. It suffices to derive an

estimate for v =− log(1−uε) which is independent of ε. Since uε satisfies (46), v
satisfies

(48)
∂v

∂t
−1ĝv ≤−|∇ĝv|

2

in the sense of Definition 4.2. Let η be the standard cut-off function in the Euclidean
unit ball B(1) which only depends on |x |2. By (the proof of) Lemma 4.5 (replace
the 0 on the right hand side of (18) by −|∇ĝv|

2), using uε ≥ 0, uε |t=0= 0, by abuse
of notation with Lemma 4.5, we consider η = η[x − y(t)] and obtain (similarly
to (23))

(49)
∫

Cn
vη2 dVg|

t2
t1 +

∫ t2

t1

∫
Cn
〈∇gv,∇gη

2
〉 dVg ds+

∫ t2

t1

∫
Cn
|∇gv|

2η2 dVg ds

≤

∫ t2

t1

∫
Cn
v
∂η2

∂t
dVg ds+ K

∫ t2

t1

∫
Cn
vη2 dVg ds.
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We first estimate the term
∫ t2

t1

∫
Cn v

∂η2

∂t dVg ds. It’s the same as in [Ferretti and
Safonov 2013]. We note that |∂η2/∂t | ≤ |l||∇Eη

2
| (Definition 4.1). Then

(50)
∣∣∣∣∫ t2

t1

∫
Cn
v
∂η2

∂t
dVg ds

∣∣∣∣≤ |l|K 2n
∫ t2

t1

∫
Cn
v|∇Eη

2
| dVE ds.

Using [Ferretti and Safonov 2013, lines 14–23, page 103], we obtain

(51)
∫

Cn
v|∇Eη

2
| dVE ≤ N

∫
Cn
(|v| + |∇Ev|)η

2 dVE .

Then the Cauchy–Schwartz inequality and the quasi-isometric condition (47) imply

(52)
∣∣∣∣∫ t2

t1

∫
Cn
v
∂η2

∂t
dVg ds

∣∣∣∣
≤

1
100

∫ t2

t1

∫
Cn
|∇gv|

2η2 dVg ds+ N + N
∫ t2

t1

∫
Cn
vη2 dVg ds.

For the same reason we have

(53)
∣∣∣∣∫ t2

t1

∫
Cn
〈∇gv,∇gη

2
〉 dVg ds

∣∣∣∣≤ 1
100

∫ t2

t1

∫
Cn
|∇gv|

2η2 dVg ds+ N .

Then (49), (52), and (53) imply

(54)
∫

Cn
vη2 dVg|

t2
t1 ≤ N + N

∫ t2

t1

∫
Cn
vη2 dVg ds.

Let
∫

Cn vη
2 dVg|t = I(t). Since I(0)= 0, (54) implies I(t) satisfies the assumption

in Lemma 5.6. Hence Lemma 5.6 implies I(t) ≤ N for all t ∈ [0, T ]. Then
Proposition 5.3 implies v(Y )≤ N . Hence for some λ (as in Lemma 5.5) which is
independent of ε, uε(Y )≤ 1−2λ≤ (1−λ) supSC1

uε when ε is small enough. Let
ε→ 0; the proof of (45) is complete. Again, nothing in this proof involves more
than the energy estimates of the subsolutions. �

Lemma 5.6. Suppose I(t), t ∈ [T0, T1] is an everywhere defined L∞ function.
Suppose I(t)≥ 0 for all t , I(T0)= 0, and

(55) I(t)≤ I(t1)+ N1

∫ t2

t1
I(s) ds+ N2, for all t1, t2 and t ∈ [t1, t2].

Then there exists N depending on N1, N2, and T1− T0, such that I(t)≤ N.

Proof. Choose a such that a ≤ 1/(100N1) and (T1−T0)/a = k0 is an integer. Then
for k ≤ k0− 1, we deduce

max
ka≤t≤(k+1)a

I(t)≤ 1
2 max

ka≤t≤(k+1)a
I(t)+ N2+ I(ka),
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then

(56) max
ka≤t≤(k+1)a

I(t)≤ 2N2+ 2I(ka).

Since I(T0)= 0, the proof is complete by induction. �

Theorem 5.7 (main growth theorem). Suppose u is a weak subsolution to (18) in a
cylinder C2r (Y ). Suppose

(57)
|{u > 0} ∩Cr (y, s− 3r2)|

|Cr (y, s− 3r2)|
≤

1
2
.

Then

(58) supCr (Y ) u ≤ (1− λ) supC2r (Y ) u+, where λ ∈ (0, 1) depends on n, β, K .

Assuming the growth lemma and slant cylinder lemma, the proof in [Ferretti and
Safonov 2013] goes through without any change. We observe that

except measure theory which does not involve the subequation (18), the
proof of [loc. cit., Theorem 5.3] only depends on the fact that [loc. cit.,
Theorem 3.3] (Lemma 5.1) and [loc. cit., Lemma 4.1] (Lemma 5.5) hold
true for any subsolution (with suitable conditions on initial value or level
sets) in any scale.

Therefore, instead of directly quoting [loc. cit.], we sketch the proof of [loc. cit.,
Theorem 5.3] and Theorem 5.7 for the reader’s convenience.

Proof sketch. We screen the center of a parabolic cylinder, i.e., we denote Cr (Y )
by Cr . Again, by the rescaling and translation invariance, it suffices to prove it
assuming s = 0 and r = 1, i.e., we shall prove

(59) supC1
u ≤ (1− λ) supC2

u+.

• In view of Definition 3.1, let C0
1 denote the cylinder C1(y,−3) which is

“earlier” in t than the target cylinder C1 =C1(y, 0) on which we want to prove
the estimate.

• Let 0u , {u ≤ 0} ∩C0
1 , i.e., the subset of C0

1 on which u is nonpositive.

• Let A denote the set of all cylinders C ⊂ C2 such that |(C ∩0)/C | ≥ 1−µ2,
where µ2 is the one in Lemma 5.1 (i.e., any such C has a “sufficient large
portion” contained in 0).

The dimension n, cone angle β, K , and the µ2 in Lemma 5.1 determines 3
numbers ε0 > 0, R0 > 0, and 0< β2 < 1 with the following properties (which hold
without condition (57)). If there is a cylinder Cr0 ∈A with radius r0 ≥ R0, then the
growth lemma and slant cylinder lemma routinely yield the desired estimate (59).
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If the radius of any cylinder C ∈A is < R0, then measure theory and still the two
lemmas imply that

(60)
∣∣{u ≤ (1−β2) supC2

u+
}
∩C0

1

∣∣≥ (1+ ε0)|0u|.

This means that increasing the level by a fixed amount enlarges the sublevel set by
a fixed amount of measure.

Then we do an induction argument using the above paragraph successively. We
define uk inductively by

uk = uk−1− (1−β2) supC2
uk−1, u0 = u (consequently 0u0 = 0u).

Then uk = u − (1 − βk
2 ) supC2

u+. We note that for any k ≥ 0, uk is also a
subsolution, and the two alternative possibilities above (and including) (60) apply
to any subsolution, particularly to uk . Therefore for any integer k0 such that
(1+ ε0)

k0/2> 1, either

(1) 0uk ≥ (1+ ε0)|0uk−1 | for all k ≤ k0, or

(2) there exists a k ≤ k0 such that uk satisfies the desired estimate (59).

In case 2 above, u also satisfies the desired estimate (59). In case 1 above, note
that condition (57) says |0u| ≥ |C0

1 |/2; we get a contradiction because 0uk0
is a

subset of C0
1 , but

|0uk0
| ≥ (1+ ε0)|0uk0−1 | ≥ · · · ≥ (1+ ε0)

k0 |0u| ≥ (1+ ε0)
k0
|C0

1 |

2
> |C0

1 |. �
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DEFORMATION OF MILNOR ALGEBRAS

ZHENJIAN WANG

We investigate deformations of Milnor algebras of smooth homogeneous
polynomials, and prove in particular that any smooth degree d homoge-
neous polynomial in n+ 1 variables that is not of Sebastiani–Thom type is
determined by the degree k homogeneous component of its Jacobian ideal
for any d−1≤ k≤ (n+1)(d−2). Our results generalize the previous result
on the reconstruction of a homogeneous polynomial from its Jacobian ideal.

1. Introduction

The classical theory of variation of Hodge structures for smooth hypersurfaces in
a complex projective space gives a variation of Milnor algebras of homogeneous
polynomials. The celebrated generic Torelli theorem for hypersurfaces is almost
reduced to the study of injectivity of some mappings concerning the deformation
of Milnor algebras, see [Voisin 2003, Subsection 6.3.2, p. 179; Donagi 1983].
Nevertheless, the homogeneous components of the Milnor algebra involved there
are of specific degrees, namely degrees of the form pd − n− 1. In this note, we
will investigate homogeneous components of all degrees of the Milnor algebra.

To fix notation, let S = C[x0, . . . , xn] be the homogeneous coordinate ring of
the complex projective space Pn ,

S =
∞⊕

d=0

Sd ,

where Sd is the vector space of homogeneous polynomials of degree d. Given a
homogeneous polynomial f ∈ Sd , denote by J ( f ) the Jacobian ideal of f :

J ( f )= (∂ f/∂x0, ∂ f/∂x1, . . . , ∂ f/∂xn).

Set M( f ) = S/J ( f ), known as the Milnor algebra of f . The algebra M( f ) has
the natural grading

M( f )=
∞⊕

k=0

M( f )k,
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where M( f )k = Sk/(J ( f )∩ Sk).
We say that f ∈ P(Sd) is a smooth polynomial if the hypersurface V f : f = 0 in

Pn is a smooth hypersurface. The discriminant defines a divisor 1⊂ P(Sd) such
that the complement P(Sd)1 parametrizes smooth homogeneous polynomials of
degree d .

We say that a polynomial f ∈ Sd is of Sebastiani–Thom type (ST type) or a
direct sum if f can be represented as

(1) f (x0, . . . , xn)= f1(x0, . . . , x`)+ f2(x`+1, . . . , xn)

for a choice of homogeneous coordinates {xi }
n
i=0 of Pn and some 0 ≤ ` < n; see

[Ueda and Yoshinaga 2009; Wang 2015; Buczyńska et al. 2015]. For various
characterizations of polynomials of ST type, we refer to [Fedorchuk 2020]. Denote
by U ⊂ P(Sd)1 the set of all smooth homogeneous polynomials that are not of ST
type.

It is well-known that dim M( f )k does not depend on the concrete equation of
f for smooth f (see for instance [Dimca 1987, Proposition 7.22, p. 108]); we
denote this dimension by an,d(k). Let Grass(Sk, an,d(k)) be the Grassmannian
parametrizing all an,d(k) dimensional quotient spaces of Sk , then we have the
following map

(2) ϕk : P(Sd)1→ Grass(Sk, an,d(k)),

defined by f 7→ M( f )k .
More generally, denote Grass(n+1, Sd−1) the Grassmannian of linear subspaces

of dimension n+ 1 of the space of degree d − 1 homogeneous polynomials Sd−1.
Following [Fedorchuk 2017, Subsection 1.2], given W ∈ Grass(n+ 1, Sd−1), we
form the ideal IW := (W ) and the quotient algebra M(W )= S/IW . Let g0, . . . , gn

be a basis of W , then the sequence g0, . . . , gn is a regular sequence if and only if
IW is a complete intersection ideal if and only if M(W ) is a standard local Artinian
Gorenstein algebra of socle degree T := (n+ 1)(d − 2) if and only if the resultant
of g0, . . . , gn is nonzero; we refer to [Gelfand et al. 1994, Chapter 13] for the
definition and basic properties of the resultant. Therefore, there exists a divisor
Res ⊂ Grass(n + 1, Sd−1) parametrizing all W such that IW is not a complete
intersection ideal. We denote by Grass(n + 1, Sd−1)Res the affine complement
of Res. For more discussions about ideals of the form IW , see [Fedorchuk 2017,
Subsection 1.2] .

For W ∈Grass(n+1, Sd−1)Res, we have dim M(W )k = an,d(k) by [Dimca 1987,
Proposition 7.22, p. 108]. Hence the assignment W 7→ M(W )k defines a map

(3) 8k : Grass(n+ 1, Sd−1)Res→ Grass(Sk, an,d(k)).

Our first result is the following theorem.
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Theorem 1.1. For any d−1≤ k ≤ T = (n+1)(d−2), the map8k is an immersion,
that is, it is injective and the differential d8k is also injective at any point of
Grass(n+ 1, Sd−1)Res.

Using our previous result on determination of a polynomial by its Jacobian ideal
(see [Wang 2015, Theorem 1.1; Ueda and Yoshinaga 2009, Lemma 3]), we further
prove the following result.

Theorem 1.2. For d − 1 ≤ k ≤ T = (n+ 1)(d − 2), the restriction of the map ϕk

(defined in (2)) to U ,

ϕk : U → Grass(Sk, an,d(k)),

is an immersion.

In particular, we have that a smooth homogeneous polynomial f ∈ U can be
reconstructed from the degree k homogeneous component of its Jacobian ideal J ( f )
for any k satisfying d− 1≤ k ≤ T = (n+ 1)(d− 2). This gives a generalization of
the previous results, in the case of smooth polynomials, in [Wang 2015; Ueda and
Yoshinaga 2009].

We will also investigate the map ϕk defined in (2) and discuss its fibers over
ϕk( f ) for homogeneous polynomials f that are of ST type, see Section 4.

Our results are related to the problem of characterizing the hypersurface sin-
gularity V̂ f = {x ∈ Cn+1

| f (x) = 0} at the origin 0 of Cn+1 using the Milnor
algebra M( f ). In fact, the characterization problem of a singularity by its algebraic
data can be proposed and solved in a much more general setting, see [Gaffney and
Hauser 1985]. As a general philosophy in singularity theory, the Milnor algebra
M( f ) is closely connected to the topology and geometry of the hypersurface
singularity (V̂ f , 0)⊂ (Cn+1, 0). Instead of giving characterizations of a singularity
by algebras or modules derived from it, as in [Gaffney and Hauser 1985], here
using Theorem 1.2, we can give a characterization of the isolated hypersurface
singularity (V̂ f , 0) just by a single homogeneous component M( f )k of the Minor
algebra M( f ) for any d− 1≤ k ≤ (n+ 1)(d− 2) with d = deg f . This conclusion
can obviously be extended to an isolated complete intersection singularity by using
Theorem 1.1.

Of course, our results concern only the case when the hypersurface (V̂ f , 0) is
an isolated singularity. It is natural to extend these results to the case where the
singularities of the hypersurface V̂ f have positive dimension. However, the tools
used in this note cannot be directly applied in the extended case because they depend
heavily on the condition that M( f ) is a local Artinian Gorenstein algebra which
holds only when 0 is an isolated singularity of V̂ f . In addition, heuristically, the
results in [Gaffney and Hauser 1985] also show that any possible extension must
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be more complicated and more technical than our results above; see also the results
in [Wang 2015] concerning the nonsmooth homogeneous polynomials.

We hope the results in this note can be applied to the study of Lefschetz properties
for Milnor algebras. In fact, this is an important impetus to our present work. As
is well-known, the strong Lefschetz property holds for M( f ) for a generic f .
Our naïve idea is to investigate the Lefschetz properties by deforming the Milnor
algebras. For an excellent exposition for the Lefschetz properties, we refer to
[Harima et al. 2003; Migliore and Nagel 2013; Harima et al. 2013]. In addition,
the strong Lefschetz property for M( f ) where f is of ST type can be reduced to
that where f is not of ST type (see [Harima and Watanabe 2007, Theorem 3.10;
Harima et al. 2013, Proposition 3.77, p. 137]), since M( f ) is the tensor product
of M( f1) and M( f2) when f is represented as in (1). This is an important reason
why we specifically investigate the set U in this paper; another reason is about the
determination of a homogeneous polynomial by its Jacobian ideal, see the proof of
Corollary 3.2 below.

2. Polar paring and Macaulay inverse systems

2.1. Polar pairing. Let S = C[x0, . . . , xn] and R = C[z0, . . . , zn] be two polyno-
mial rings. There is a natural action of S on R by the “polar paring”

S× R→ R

defined by(
f (x0, . . . , xn), Q(z0, . . . , zn)

)
7→ f · Q := f (∂/∂z0, . . . , ∂/∂zn)Q(z0, . . . , zn).

It induces perfect parings Sρ × Rρ→ C for every ρ ∈ N. In particular, for f ∈ Sρ
written as

f (x1, . . . , xn)=
∑
|α|=ρ

aαxα

and Q ∈ Rρ written as

Q(z0, . . . , zn)=
∑
|α|=ρ

bαzα

we have

f · Q =
∑
|α|=ρ

α!aαbα.

Define the polynomial q =
∑
|α|=ρ bαxα, or equivalently

q(x0, . . . , xn)= Q(x0, . . . , xn),
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and define the inner product of f and q by

(4) 〈 f, q〉 =
∑
|α|=ρ

α!aαbα = f · Q.

For any linear space E ⊂ Sρ , with respect to the above inner product 〈·,·〉, we
have its orthogonal complement, denoted by E⊥.

2.2. Macaulay inverse system. Let I ⊂ S be a Gorenstein ideal and ν the socle
degree of the algebra A = S/I . Recall that a (homogeneous) Macaulay inverse
system of A is an element QA ∈ P(Rν) such that I is equal to the apolar ideal Q⊥A,
namely,

I = { f ∈ S | f · QA = 0}

(see [Iarrobino and Kanev 1999, Lemma 2.12] or [Eisenbud 1995, Exercise 2.17]).
Let W = span〈g0, . . . , gn〉 such that W ∈ Grass(n+ 1, Sd−1)Res, the associated

form AW := A(g0, . . . , gn) ∈ P(RT ) (recall that T = (n + 1)(d − 2)) gives the
Macaulay inverse system for SW = S/IW ; see [Alper and Isaev 2018, Proposi-
tion 2.1]. We write

AW =
∑
|α|=T

cαzα.

In this case, define BW ∈ P(ST ) by

BW =
∑
|α|=T

cαxα.

The polynomial BW , by definition, determines and is determined by AW . Moreover,
by the definition of Macaulay inverse systems, we have that (IW )

⊥

T =CBW , namely,
the line CBW is exactly the orthogonal complement of (IW )T with respect to
the inner product 〈·,·〉 on ST . Therefore, AW ∈ P(RT ) is uniquely determined
by (IW )T .

Lemma 2.3. For two points U,W ∈Grass(n+1, Sd−1)Res, the following statements
are equivalent:

(1) U =W .

(2) IU = IW .

(3) For any k satisfying d − 1≤ k ≤ T = (n+ 1)(d − 2), we have (IU )k = (IW )k .

(4) For some k satisfying d − 1≤ k ≤ T , we have (IU )k = (IW )k .

(5) (IU )T = (IW )T .

Proof. It is obvious that (1), (2), (3) are all equivalent and (3) implies (4).
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(4)⇒(5): Since IU is generated by polynomials all of which have degree d − 1,
we have that (IU )T is the image of ST−k × (IU )k under the multiplication map
ST−k× Sk→ ST . Hence (IU )T = (IW )T whenever (IU )k = (IV )k for d−1≤ k ≤ T .

(5)⇒(1): This is clear once we note that AU can be uniquely determined by (IU )T ,
and IU is the apolar ideal A⊥U . �

Recall that as it is shown in the introduction, an,d(k)= dim M( f )k for any f ∈
P(Sd)1, which is also the dimension of Sk/(IW )k for any W ∈Grass(n+1, Sd−1)Res.
Set bn,d(k) = dim Sk − an,d(k) and let Grass(bn,d(k), Sk) be the Grassmannian
parametrizing all bn,d(k) dimensional linear subspaces of Sk . For a subspace
E ⊂ Sk of dimension bn,d(k), we obtain the quotient space Sk/E of dimension
an,d(k); and the mapping Sk ⊃ E 7→ Sk/E clearly defines an isomorphism be-
tween the Grassmannians Grass(bn,d(k), Sk) and Grass(Sk, an,d(k)). Then to prove
Theorem 1.1, it suffices to prove the following theorem.

Theorem 2.4. For any d − 1 ≤ k ≤ T , the assignment W 7→ (IW )k defines an
immersion

(5) 9k : Grass(n+ 1, Sd−1)Res→ Grass(bn,d(k), Sk),

that is 9k is injective and the differential d9k is also injective at any point of
Grass(n+ 1, Sd−1)Res.

Proof. The injectivity of 9k follows from the equivalence (1)⇔(4) in Lemma 2.3.
Given W ∈ Grass(n + 1, Sd−1)Res such that W = span〈g0, . . . , gn〉. For any

h ∈ TW (Grass(n + 1, Sd−1)Res) ' Hom(W, Sd−1/W ), choose hi ∈ Sd−1 such
that h(gi ) = hi mod W for i = 0, . . . , n. Then if h ∈ Ker(d9k)W , we have
(d9k)W (h) = 0 as an element in Hom((IW )k, Sk/(IW )k). A direct computation
gives that

(d9k)W (h)((IW )k)= (IH )k + (IW )k mod (IW )k,

where H = span〈h0, . . . , hn〉. It follows from (d9k)W (h)= 0 that (IH )k ⊂ (IW )k .
For t ∈ C∗ and |t | sufficiently small, we have that

Wt := span〈g0+ th0, . . . , gn + hn〉

satisfies Wt ∈ Grass(n + 1, Sd−1)Res. It then follows from (IH )k ⊂ (IW )k that
(IWt )k ⊂ (IW )k , hence (IWt )k = (IW )k because dim(IWt )k = bn,d(k) = dim(IW )k .
Therefore Wt =W by (4)⇒(1) in Lemma 2.3. It follows that hi ∈W for i=0, . . . , n
and thus h = 0 as an element of TW (Grass(n+ 1, Sd−1)Res).

Since h can be arbitrarily chosen, (d9k)W is injective. We are done. �
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3. Variation of Milnor algebras

3.1. Polynomials not of ST type. Recall that U ⊂ P(Sd) denotes the space of
smooth homogeneous polynomials of degree d that are not of ST type, or equiva-
lently, the space of smooth hypersurfaces whose defining equations are not of ST
type. From the proof of [Wang 2015, Corollary 6.1], we have that U is a Zariski
open subset of P(Sd)1.

For f ∈U , recall that J ( f ) denotes the Jacobian ideal of f and M( f )= S/J ( f )
the Milnor algebra. For k ≥ d − 1, we denote by Ek( f ) = J ( f ) ∩ Sk . Then
dim Ek( f )= bn,d(k)= dim Sk−an,d(k) is independent of f ∈U . Moreover, since
∂ f/∂x0, . . . , ∂ f/∂xn form a regular sequence and J ( f )= IEd−1( f ), from Lemma 2.3,
we immediately get the following corollary.

Corollary 3.2. Given f, g ∈ P(Sd) and f ∈ U , the following conditions are equiv-
alent:

(1) Ed−1( f )= Ed−1(g).

(2) J ( f )= J (g).

(3) For any k satisfying d− 1≤ k ≤ T = (n+ 1)(d− 2), we have Ek( f )= Ek(g).

(4) For some k satisfying d − 1≤ k ≤ T , we have Ek( f )= Ek(g).

(5) ET ( f )= ET (g).

(6) f = g.

Proof. The equivalences among the first five statements follow from Lemma 2.3;
we here just note that any one of these conditions implies that ET+1(g) = ST+1,
hence g is also smooth and thus J (g) is a complete intersection ideal.

The equivalence (1)⇔(6) follows from [Wang 2015, Theorem 1.1] or [Ueda and
Yoshinaga 2009, Lemma 3]. �

Now we are ready to prove Theorem 1.2. Similar to the proof of Theorem 1.1, it
is sufficient to prove the following theorem.

Theorem 3.3. For any d − 1 ≤ k ≤ T , the assignment f 7→ Ek( f ) defines an
immersion

ψk : U → Grass(bn,d(k), Sk),

Namely, ψk is injective and its differential dψk is also injective at any point f ∈ U .

Proof. By the equivalence of (4) and (6) in Corollary 3.2, we have that ψk is
injective.

We will not distinguish an element f ∈ P(Sd) and its lifting in Sd . For f ∈ U ,
we have T f U = T f P(Sd)'Hom(C f, Sd/C f ). The mapping Hom(C f, Sd/C f ) 3
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η 7→ η( f ) ∈ Sd/C f then gives an identification T f U ' Sd/C f . With the help of
this identification, the differential of ψk at f ∈ U is given by

(dψk) f : T f U ' Sd/C f → Hom(Ek( f ), Sk/Ek( f )).

Therefore, we have (dψk) f (h) = 0 as an element of Hom(Ek( f ), Sk/Ek( f )) for
any h ∈ Ker(dψk) f . Represent h by an element in Sd/C f , and lift it to an element
in Sd which is still denoted by h. A direct computation gives that

(dψk) f (h)(Ek( f ))= Ek(h)+ Ek( f ) mod Ek( f ).

Hence it follows from (dψk) f (h)= 0 that Ek(h)⊂ Ek( f ).
From the semicontinuity of the dimension of Ek( f ) with respect to f ∈ Sd , we

obtain that for a small positive number ε > 0 and for any t ∈ C such that |t |< ε,
the following hold:

(i) dim Ek( f + th)= bn,d(k)= dim Ek( f );

(ii) Ek( f + th)⊂ Ek( f ).

Hence Ek( f + th)= Ek( f ) for any |t |< ε. In particular, choosing t0 6= 0 satisfying
|t0|< ε, we have Ek( f + t0h)= Ek( f ). Using (4)⇔(6) in Corollary 3.2 again, we
deduce that f + t0h = f in P(Sd), hence h = f in P(Sd) which implies that the
chosen tangent vector h ∈ Ker(dψk) f is equal to zero. Therefore (dψk) f is also
injective. �

The above proof also gives the following corollary, which is interesting in its
own right; compare with Corollary 3.2.

Corollary 3.4. Given f ∈ U and h ∈ P(Sd). Suppose Ek(h) ⊂ Ek( f ) for some
d − 1≤ k ≤ T , then h = f .

4. Polynomials of Sebastiani–Thom type

In this section, we give a brief discussion about the fibers of the map ϕk in (2) over
ϕk( f ) for a polynomial f of ST type.

By [Fedorchuk 2020, Proposition 4.8 or Corollary 3.15], a smooth homogeneous
polynomial f ∈ Sd admits a unique maximally fine “direct sum decomposition”

(6) f (x0, . . . , xn)

= f1(x0, . . . , xn1−1)+ f2(xn1, . . . , xn2)+ · · ·+ fs(xns−1, . . . , xn),

for a choice of linear coordinates {xi }
n
i=0, where 0≤ n1 ≤ n2 ≤ · · · ≤ ns−1 ≤ n and

none of the f j are of ST type. In addition, if g ∈ Sd satisfies Ed−1(g)⊂ Ed−1( f ),
then necessarily, g is of the following form

(7) g = λ1 f1+ · · ·+ λs fs, λi ∈ C,
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see [Fedorchuk 2020, Corollary 3.12]. In particular, if g is also smooth, then all the
λ j in (7) are nonzero. With these results at hand, we prove the following theorem.

Theorem 4.1. For any d − 1 ≤ k ≤ T = (n+ 1)(d − 1) and any f ∈ P(Sd)1, the
fiber over ϕk( f ) of ϕk defined in (2), namely,

ϕk : P(Sd)1→ Grass(Sk, an,d(k)),
is

ϕ−1
k (ϕk( f ))=

{
λ1 f1+ · · ·+ λs fs | λi ∈ C∗, i = 1, . . . , s

}
.

Proof. It is obvious that for the λ j nonzero, the polynomial λ1 f1+ · · · + λs fs is
smooth and is mapped under ϕk to ϕk( f ).

Conversely, if g ∈P(Sd)1 satisfies ϕk(g)= ϕk( f ), then we have Ek(g)= Ek( f ).
It follows by (4)⇒(1) in Lemma 2.3 that Ed−1(g)= Ed−1( f ). Hence by [Fedorchuk
2020, Corollary 3.12], we have that g is of the form λ1 f1+ · · ·+ λs fs for nonzero
λ j ’s. �

In conclusion, for the map ϕk , we can explicitly and completely determine all
the fibers.
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PRESERVATION OF LOG-SOBOLEV INEQUALITIES
UNDER SOME HAMILTONIAN FLOWS

BO XIA

We prove that the probability measure induced by the BBM flow satisfies a
logarithmic Sobolev type inequality. Precisely, we suppose the initial data u0

induces a Gaussian measure on H s with s ∈
[
1− γ

2 ,
γ

2

]
for γ ∈

( 3
2 , 2

]
. Then

the induced measure ν under BBM flow satisfies, for any ε small enough,

Eν

[
f 2 log

f 2

Eν[ f 2]

]
≤ Cε

(
Eν

[
|∇ f |2+εH s+γ/2

]) 2
2+ε ,

where Cε is an ε-dependent constant.

1. Introduction

(Gaussian) Logarithmic Sobolev inequalities were first introduced by Gross [1975]
for Gaussian measures on finite-dimensional spaces. They turned out to be effective
tools for analysis on manifolds. For infinite-dimensional manifolds, thanks to its
dimensionless character, logarithmic Sobolev inequalities seem to be similar to
these classical ones. Indeed, logarithmic Sobolev inequalities were proved for
infinite-dimensional spaces equipped with Gaussian measures [Da Prato 2006],
for some infinite-dimensional spaces equipped with certain weighted Gaussian
measures [Ledoux 2001], and even for some measures induced by certain transfor-
mations [Üstünel 2010] (these inequalities were also established on path spaces [Hsu
1997] and loop groups [Gross 1991]). Here we establish logarithmic Sobolev-type
inequalities for measures induced by some flows associated to BBM equation.

Consider the generalized BBM model equation

(1-1)
{
∂t u+ ∂t |∂x |

γ u+ ∂x(u+ u2)= 0,
u(0)= u0,

where u :(t, x)∈R×T 7→u(t, x)∈R.

One can find in Section 4A that (1-1) is quasiglobally well-posed. Precisely, for
fixed γ ∈

( 3
2 , 2

]
and s ∈

[
1− γ

2 ,
γ

2

]
, if u0 ∈ H s and T̃ ∈ (0,∞), then (1-1) has a

I am grateful to Nicolas Burq for his encouragement on this subject. I am also grateful to Chenmin
Sun and Jiqiang Zheng for discussions concerning this subject. I thank the anonymous referee for
useful suggestions.
MSC2010: 35B99.
Keywords: Hamiltonian flows, BBM equation, log-Sobolev inequalities.
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solution in C([0, T̃ ]; H s). We denote by 8(t) the flow associated to (1-1). Now
suppose that the initial data u0 is given by

u0 = φs(ω, x)=
∑
n 6=0

gn(ω)

|n|s+γ /2
einx ,

where gn = g−n and (gn)n>0 is a sequence of independent standard complex
Gaussian random variables on some proper probability space (�,A,P). Then
the map ω 7→ u0 induces a Gaussian measure on H s, which we denote by µs .
The classical theory asserts that µs satisfies a logarithmic Sobolev inequality (see
[Üstünel 2010] for a proof in the case of Wiener space)

Eµs

[
f 2 log

f 2

Eµs [ f 2]

]
≤ CEµs [|∇ f |2H s+γ /2]

for any f ∈W 1,2(H s,R), where C is a universal constant. In this manuscript, we
consider whether or not the measure ν := (8(t))∗µs satisfies inequalities of this
type. We here give some partial answer to this question and our main result is:

Theorem 1.1. Let γ ∈
( 3

2 , 2
]

and s ∈
[
1− γ

2 ,
γ

2

]
. Assume also t ∈ [0, T̃ ] is fixed

and denote T := 8(t). Then there exists some constant C , such that the induced
measure ν = T∗µs satisfies for functions defined on H s

Eν

[
f 2 log

f 2

Eν[ f 2]

]
≤ CEµs

[
|∇ f ◦ T |2H s+γ /2(1+‖ · ‖2H s )

]
.

Furthermore, by invoking Fernique’s theorem, for ε > 0, there exists Cε > 0 such
that ν satisfies a log-Sobolev type inequality with a loss of integrability

Eν

[
f 2 log

f 2

Eν[ f 2]

]
≤ Cε

(
Eν
[
|∇ f |2+εH s+γ /2

]) 2
2+ε ,

where f ∈W 1,2+ε(H s,R).

The article is organized as follows. In Section 2 and Section 3, we prove that the
logarithmic Sobolev inequality is preserved under the flows generated by certain
ODEs in finite and infinite-dimensional spaces respectively. That is, the induced
measures still satisfy logarithmic Sobolev inequalities both in finite and infinite
dimensional cases. Then in Section 4A we prove the existence of the dynamics of
BBM equation, and in Section 4B we prove Theorem 1.1.

2. The flow generated by vector fields in the finite-dimensional case

Let
(
Rd , dµ(x)= 1

(2π)d/2 e−x2/2 dx
)

be the Gaussian space, then there holds the
classical logarithmic Sobolev inequality

(2-1)
∫

f 2 log
f 2∫

f 2 dµ
dµ≤ 2

∫
|∇ f |2 dµ.
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Suppose T : Rd
→ Rd is an invertible diffeomorphism; then it induces a new

probability measure ν= T∗µ on Rd. By denoting Eµ[ · ]=
∫
· dµ, and applying (2-1)

with f ◦ T, we have

Eν

[
f 2 log

f 2

Eν[ f 2]

]
= Eµ

[
( f ◦ T )2 log

( f ◦ T )2

Eµ[( f ◦ T )2]

]
≤ 2Eµ[|∇( f ◦ T )|2]

≤ 2Eµ[|∇ f ◦ T |2 · |∇T |2]

≤ 2cEν[|∇ f |2],

provided that, for some constant c > 0,

(2-2) |∇T | ≤ c, µ− a.e.

We are now in a position to claim:

Proposition 2.1. Suppose T : Rd
→ Rd is an invertible diffeomorphism and it

satisfies the assumption (2-2). Then for the induced probability measure ν = T∗µ
there holds, for some other constant C ,

Eν

[
f 2 log

f 2

Eν[ f 2]

]
≤ CEν[|∇ f |2].

Next we suppose that the transformation Tt : R
d
3 x 7→Ut(x) ∈ Rd is the flow

map associated to the ODE

(2-3)

{ d
dt

Ut (x)= B(Ut (x)),

U0(x)= x

under the condition that B is C1 and also globally Lipschitzian. In the following,
we are going to seek some condition on the vector field B such that |∇T | is
(Tt)∗µ-almost surely bounded by some constant C . By differentiating the flow
equation (2-3) in the space variable, we arrive at

(2-4)

{ d
dt
∇Ut (x)=∇B(Ut (x)) · ∇Ut (x),

∇U0(x)= Id.

By the assumption that B is globally Lipschitzian, the ODE system (2-4) is
globally well-posed and its solution can be written as

(2-5) ∇Ut(x)= Id+
∫ t

0
∇B(Uτ (x)) · ∇Uτ (x) dτ.
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Hence we have

‖∇Ut‖ ≤ 1+
∣∣∣∫ t

0
‖∇B‖×‖∇Uτ (x)‖ dτ

∣∣∣.
With L being the Lipschitz constant of B, we have

‖∇Ut‖ ≤ 1+
∣∣∣∫ t

0
L‖∇Uτ (x)‖ dτ

∣∣∣.
By Gronwall’s inequality, we get

‖∇Ut‖ ≤ eL|t |.

This last estimate verifies the assumption (2-2), with an upper bound depending
on the time. Thus we can state:

Proposition 2.2. Let Tt : x 7→Tt(x)=Ut(x), where Ut(x) is the flow map defined by
(2-3). Assume that B is a C1 Lipschitz vector field with Lipschitz constant L. Then
for any t ∈ (−∞,+∞), the induced measure νt = (Tt)∗µ satisfies a logarithmic
Sobolev inequality with some constant depending on c and t. In particular, for some
given time T, and for any t ∈ [−|T |, |T |], the measure νt satisfies a logarithmic
Sobolev inequality with a uniform constant C = C(T ).

3. The flow generated by vector fields in the infinite dimensional case

Suppose that W = C0([0, 1];R) is the space of continuous functions vanishing
at 0. We equip W with supremum norm ‖ · ‖C0 , then (W, ‖ · ‖C0) is a Banach space.
Consider its Cameron-Martin space H defined by

H =
{

u ∈W : u′ exists and
∫ 1

0
|u′(τ )|2 dτ <∞

}
.

We supply H an inner product (u, v)=
∫ 1

0 u′(τ )v′(τ ) dτ for u, v ∈ H. We select
an orthonormal basis {e1, . . . , ek, . . . } in H, such that all these ek’s are from a
subspace H0 of H

H0 = {h ∈ H : h′′ is a signed measure}.

For example we can take this orthonormal basis to be the Faber–Schauder system.
Then the linear continuous functional x 7→ (x, ek) for any k defined on H can be
extended as a continuous functional defined on W. We also supply a Gaussian or
Wiener measure µ on W via the formula∫

W
ei(x,h) dµ(x)= e−

1
2 |h|

2
H for all h ∈ H.
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For any n ≥ 1, denote by Vn the linear envelope of {e1, e2, . . . , en}. Suppose that
we are given a function f (x)= F(x1, x2, . . . , xk, . . . ),1 where xi = (ei , x) for all
i ≥ 1, we define its restriction to Vn by

fn(x)= F(x1, x2, . . . , xn).

An equivalent way to define this restriction is via the Hermite polynomials. For any
k ≥ 0, the Hermite polynomial Hk(y) on R is defined by

Hk(y)=
(−1)k
√

k!
ey2/2 dk

dyk e−y2/2, y ∈ R.

We define the Hermite polynomials on W by

Hk(x)=5i Hki ((ei , x)),

where k = (k1, . . . , kn, . . . ), ki ≥ 0, |k| =
∑

ki < ∞. Then {Hk(x)}k∈NN is an
orthonormal basis of L2(W,R). We denote

Cn = {k = (k1, . . . , kn, . . . )|kq = 0, for all q > n}.

Then the restriction of f to Vn can be expressed as fn(x)=
∑

k∈Cn
ck Hk(x).

For any φ ∈ L2(W, µ), we define its H -derivative ∇hφ for any h ∈ H provided
that the following limit exists

d
dε
|ε=0 φ(x + εh)=: ∇hφ(x)= 〈∇φ, h〉.

We can see that ∇φ(x) is actually in H∗ = H, that is, it is an H -valued random
variable. More generally, if X is another Banach space, then ∇φ(x) is indeed an
element in L(H, X), the space of linear operators from H to X. We next define the
Sobolev spaces W 1,p on W as the collection of these functions f on W such that
f ∈ L p(W ) and their derivatives satisfy ‖∇ f ‖H ∈ L p(W, dµ).

With these notions and notations, we are ready to study the following infinite-
dimensional ODE

(3-1)

{ d
dt

Ut (x)= B(Ut (x)),

U0(x)= x,

where B is a vector field over W. We can write the equation in the integral form

Ut(x)= x +
∫ t

0
B(Uτ (x)) dτ.

Hence, by the Cameron–Martin theorem, it is expected that the induced measure
vt = (Ut)∗µ is absolutely continuous with respect to µ if B is Cameron–Martin
space-valued. Indeed this was studied by Cruzeiro [1983], and he obtained this

1This expression is unique due to the fact that {e1, e2, . . . } is a Schauder basis.
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absolute continuity under some exponential integrability condition, which gives a
sense of the Radon–Nikodym derivative. The successive question is whether or not
there exist some other properties of the measure, which remain (almost) invariant
under the flow associated to (3-1)? Notice that initially the measure is a Gaussian
one, which satisfies a logarithmic Sobolev inequality. We are thus lead to consider
the preservation of inequalities of this type.

To address this question, we begin with the statement of well-posedness of the
flow associated to (3-1), whose proof is standard.

Proposition 3.1. Let B : x ∈W 7→ B(x)∈W be C1, in the general sense rather than
H-derivative, and globally Lipschitzian. Then (3-1) defines an invertible global
flow on W. Moreover, for fixed t , the flow map is actually a C1-diffeomorphism,
and so is its inverse.

Under the conditions of the above proposition, the induced measure νt = (Ut)∗µ

is also a probability measure on W, but it may not be absolutely continuous with
respect to µ. For example, we take B(x)= x on W, and the flow Ut is

Ut(x)= et x,

and hence the induced measure is just a scaling of µ. In the infinite-dimensional
case, it is well-known that νt is singular to µ for any t 6= 0! But νt is still a Gaussian
measure, and hence it still satisfies a log-Sobolev type inequality.

In the rest of this section, B is assumed to be Lipschitzian and H -valued. In this
case, we can perform the trick used in the finite-dimensional ODE case. Substituting
the composed function f ◦ T in the log-Sobolev inequality for µ leads us to

Eν

[
f 2 log

f 2

Eν[ f 2]

]
= Eµ

[
( f ◦ T )2 log

( f ◦ T )2

Eµ[( f ◦ T )2]

]
≤ CEµ[|∇ f |2H · |∇T |2H ],

where T := Ut for fixed t . Then we are going to estimate the upper bound of
the operator norm of ∇T. For any h ∈ H, differentiating the ODE (3-1) in the
direction h, we get { d

dt
∇hUt (x)= (∇B(Ut (x)),∇hUt (x)),

∇hU0(x)= h,

or, the equivalent form in the space L(H, H),{ d
dt
∇.Ut (x)= (∇B(Ut (x)),∇.Ut (x)),

∇.U0(x)= Id.

The succeeding estimates are the same as that in the finite-dimensional ODE case.
Finally we get the desired result.
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4. The flow generated by the BBM model equation

4A. Existence of the global transformation. Consider the generalized BBM model
equation

(4-1)
{
∂t u+ ∂t |∂x |

γ u+ ∂x(u+ u2)= 0,
u(0)= u0,

where u is a real-valued function defined on Rt × T1. Observing that
∫

T
u dx is

preserved, we thus assume
∫

T
u dx = 0 and work on the space H s of functions

of Sobolev regularity s with mean zero. By denoting ϕ(∂x)= ∂x/(1+ |∂x |
γ ), we

rewrite (4-1) as

(4-2) ∂t u =−ϕ(∂x)(u+ u2).

By integrating on the time interval [0, t], we can also write the equation in the
integral form

(4-3) u(t)= u0−

∫ t

0
ϕ(∂x)(u(τ )+ u2(τ ))dτ.

We notice that, if we are using fixed point argument to solve (4-3), the main obstacle
is the one brought by the nonlinear term u2. To deal with this nonlinearity, we
invoke the following lemma.

Lemma 4.1. Fix γ > 3
2 . Let 0≤ α, β ≤ s such that 2s−α−β < γ − 3

2 . Then for
any u ∈ Hα, v ∈ Hβ, we have

‖ϕ(∂x)(uv)‖H s ≤ C‖u‖Hα ‖v‖Hβ ,

where C is a finite positive constant, depending on s, α and β.

Proof. We follow the ideas in [Bona and Tzvetkov 2009; Roumégoux 2010] to
prove this lemma. Indeed, it suffices to prove, for any w ∈ L2, there exists some
universal constant C such that

(4-4)
∣∣∣∣∑

k

〈k〉sk
1+ |k|γ

∑
l

û(k− l)v̂(l)ŵ(k)
∣∣∣∣≤ C‖u‖Hα ‖v‖Hβ ‖w‖L2 .

Denoting the left-hand side of (4-4) by I, we then do the following calculations:

I =
∣∣∣∣∑

l

〈l〉β v̂(l)
∑

k

1
〈k〉−s+α+β

〈k〉sk
(1+ |k|γ )

〈k〉−s+α+β

〈k− l〉α〈l〉β
(
〈k− l〉αû(k− l)

)
ŵ(k)

∣∣∣∣
≤ ‖v‖Hβ

∥∥∥∥∑
k

1
〈k〉−s+α+β

〈k〉sk
(1+ |k|γ )

〈k〉−s+α+β

〈k− l〉α〈l〉β
(
〈k− l〉αû(k− l)

)
ŵ(k)

∥∥∥∥
`2

l
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≤ C‖u‖Hα ‖v‖Hβ

∥∥∥∥ 1
〈k〉γ−1−2s+α+β ŵ(k)

∥∥∥∥
`1

k

,

where in the first inequality we used Hölder’s inequality, and in the second one we
used Young’s inequality and the fact that the quantity (〈k〉−s+α+β)/(〈k− l〉α〈l〉β)
is bounded by some constant C on (k, l) ∈ Z2 provided α, β ∈ [0, s]. To finish the
proof, we use Hölder’s inequality again∥∥∥∥ 1

〈k〉γ−1−2s+α+β ŵ(k)
∥∥∥∥
`1

k

≤ ‖w‖L2

∥∥∥∥ 1
〈k〉γ−1−2s+α+β

∥∥∥∥
`2

k

≤ C̃‖w‖L2,

where C̃=‖1/〈k〉γ−1−2s+α+β
‖`2

k
, which is finite provided that γ−1−2s+α+β> 1

2 ,
i.e., γ − 3

2 > 2s−α−β. This last condition is just the assumption in the statement
of the lemma. Thus this completes the proof of Lemma 4.1. �

Remark 4.2. In particular, if we take α = β = s, the inequality in the lemma reads

‖ϕ(∂x)(uv)‖H s ≤ C‖u‖H s ‖v‖H s .

Here we need γ to be strictly bigger than 3
2 . Furthermore, this inequality cannot

hold for γ ≤ 3
2 and s = 0, as shown by Chenmin Sun [2015]. In a later paper, we

will talk more about this inequality in more general cases.

With the help of these bilinear estimates, we prove the following local well-
posedness result.

Theorem 4.3 (local well-posedness). Fix γ > 3
2 and s ≥ 0. Then for any u0 ∈ H s,

(4-1) is locally well-posed in X s
T := C(0, T ; H s) provided T is sufficiently small.

Proof. Taking X s
T -norm on both sides of (4-3), we get the following estimates by

using Lemma 4.1 with α = β = s:

(4-5) ‖u‖X s
T
≤ ‖u0‖H s + T (‖u‖X s

T
+‖u‖2X s

T
).

By taking R = 2‖u0‖H s , the map defined by the right-hand side of (4-3) is onto
BR ⊂ X s

T for T sufficiently small. Suppose v is another solution with the same
initial data, we estimate

(4-6) ‖u− v‖X s
T
≤ T (1+‖u+ v‖X s

T
)‖u− v‖X s

T
≤ T (1+ 2R)‖u− v‖X s

T
.

Choosing T =C(1+‖u0‖H s )−1 with C a small constant, we see that the solution
map defined on the right-hand side of (4-3) is a contraction map. Therefore, by
the contraction mapping principle, there is a solution u to (4-3) in X s

T for T
sufficiently small. �

Remark 4.4. We see that the length of the time interval is just of size (1+‖u0‖H s )−1.
This contradicts the general expectation that we can get the solution on any long
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time interval if we let the size of the initial data be sufficiently small. To remedy
this expectation, we need to rewrite (4-2) in the Duhamel form as

u(t)= e−tϕ(∂x )u0−

∫ t

0
e−(t−τ)ϕ(∂x )ϕ(∂x)(u2(τ )) dτ.

Doing the same estimates as above, we have the following estimates analogous to
estimates (4-5) and (4-6):

‖u‖X s
T
≤ ‖u0‖H s + T ‖u‖2X s

T
,

‖u− v‖X s
T
≤ T

(
‖u‖X s

T
+‖v‖X s

T

)
‖u− v‖X s

T
.

Taking R = 2‖u0‖H s and then playing the fixed-point argument, we get the desired
size of the existence time interval. In particular, for any T > 0, there exists δ > 0,
such that for any data u0 ∈ H s, as long as ‖u0‖H s ≤ δ, there exists solution u(t)
to (4-1) up to time T.

Next we are going to study the large time existence. For any u0 ∈ H s and any
T > 0, we take N a sufficiently large positive integer such that∑

|k|≥N

〈k〉2s
|û0(k)|2 ≤ T−2.

Denote v0=
∑
|k|≥N û0(k)eikx. Then by Remark 4.4, there exists a unique solution v

in X s
T to (4-1), issued from v0. Furthermore, the solution v is of size 1

T in X s
T .

Decompose u0 = v0+w0. Then if we want to solve (4-1), we only need to solve

(4-7)
{
∂tw =−ϕ(∂x)(w+ 2vw+w2),

w(0)= w0.

Suppose w solves (4-7) up to time T. Then u := v+w solves (4-1) on the time
interval [0, T ]. As w0 consists of only the first N -frequencies, it belongs to H r

for any r > 0. But we only treat this in H
γ
2 , which is just what we need. In this

case (4-7) is locally well-posed. Indeed, by writing (4-7) in its Duhamel form

(4-8) w(t)=e−tϕ(∂x )w0−

∫ t

0
e−(t−τ)ϕ(∂x )φ(∂x)(2v(τ)w(τ)+w2(τ )) dτ =: L(w),

we play the fixed point argument as follows. Before doing this, we need the
following lemma, which allows us to deal with the nonlinear term ϕ(∂x)(vw).

Lemma 4.5. Fix α > 1
2 . Let s ∈ [0, α]. Then for any u ∈ Hα and v ∈ H s, we have

for some positive constant C(α, s)

‖ϕ(∂x)(uv)‖H s+γ−1 ≤ C(α, s)‖u‖Hα ‖v‖H s .



348 BO XIA

Proof. We prove this lemma essentially along the same lines as in [Bona and
Tzvetkov 2009]. By the smoothing effect of ϕ(∂x) in the L2-based Sobolev spaces,
we only need to show

‖uv‖H s ≤ C(α, s)‖u‖Hα‖v‖H s ,

for u ∈ Hα and v ∈ H s. This last inequality follows exactly from the fact that
elements of Hα are multipliers in H s for α > 1

2 and 0≤ s ≤ α. �

Suppose that S is a positive time to be selected. We estimate for t ∈ [0, S]

‖L(w)‖Xγ /2S
≤ ‖w0‖Hγ /2 +

∫ t

0
‖ϕ(∂x)(2vw+w2)‖Hγ /2 dτ

≤ ‖w0‖Hγ /2 +

∫ t

0
(‖ϕ(∂x)(wv)‖Hγ /2 +‖w‖2

Xγ /2S
) dτ

≤ ‖w0‖Hγ /2 + S(‖w‖2
Xγ /2S
+‖w‖Xγ /2S

‖v‖X1−γ /2
S

),

where in the last inequality, we have used Lemma 4.5. Under the assumption that
s ≥ 1− γ /2, we have

(4-9) ‖L(w)‖Xγ /2S
≤ ‖w0‖Hγ /2 + S(‖w‖2

Xγ /2S
+‖w‖Xγ /2S

‖v‖X s
S
).

A similar argument gives us the estimate

(4-10) ‖L(w1)− L(w2)‖Xγ /2S
≤C S(‖v‖X s

S
+‖w1‖Xγ /2S

+‖w2‖Xγ /2S
)‖w1−w2‖Xγ /2S

.

Thus by selecting

R = 2‖w0‖Hγ /2 ∼ N γ /2−s
‖u0‖H s ,

and choosing S ∼ c/(‖w0‖Hγ /2 + 1/T ) with c sufficiently small, the map L is a
contraction map onto BR ⊂ Xγ /2

S . Hence it has a solution w to (4-7) up to time S.
In order to establish the large time existence of the solution of (4-7), we need

to establish the following a priori estimate, which can be viewed as an almost
conservation law.

Multiplying the first equation in (4-7) by (1+ |∂x |
γ )w and integrating on the

circle, we get

d
dt

1
2
‖w‖2Hγ /2 =−

∫
T

ϕ(∂x)(w+ 2wv+w2)(1+ |∂x |
γ )w dx .

On one hand, by the definition of ϕ(∂x) and integration by parts, we have that∫
T

ϕ(∂x)(w
j )(1+ |∂x |

γ )w dx = 0 for j = 1, 2.
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On the other hand, by the self-adjointness of (1+|∂x |
γ )1/2 and the Cauchy–Schwartz

inequality, we have∣∣∣∫
T

ϕ(∂x)(wv)(1+ |∂x |
γ )w dx

∣∣∣≤ ‖ϕ(∂x)(vw)‖Hγ /2 ‖w‖Hγ /2 .

By using Lemma 4.5 with s = 1− γ

2 and α = γ

2 , we have∣∣∣∫
T

ϕ(∂x)(wv)(1+ |∂x |
γ )w dx

∣∣∣≤ ‖v‖H1−γ /2(‖w‖Hγ /2)2.

Thus, by combining these two points, and using the assumption that s≥1− γ

2 , we get

d
dt

1
2
‖w‖2Hγ /2 ≤ ‖w‖Hγ /2 +‖w‖2Hγ /2 ‖v‖H s .

A usage of Gronwall’s inequality gives us, for any t ∈ [0, T ],

(4-11) ‖w‖Hγ /2 ≤ ‖w0‖Hγ /2 e
∫ T

0 (1+‖v(τ)‖Hs ) dτ
≤ e1+T

‖w0‖Hγ /2 .

Therefore, by the a priori estimate (4-11), we can solve (4-7) on the interval [0, S],
with S of size

c
‖w0‖Hγ /2e1+T + 1/T

.

Thanks to this a priori bound, we can solve (4-7) on the succeeding interval [S, 2S]
with initial data w(S) obtained in the previous step. Because S does not depend at
which step we solve the equation, we can repeat the above procedure until we arrive
at some interval [kS, (k+1)S] such that (k+1)S ≥ T. That is to say, we can solve
(4-1) up to time T and also validate the estimate by using the assumption s ≤ γ

2

(4-12) ‖u‖X s
T
≤

1
T
+ N γ /2−se1+T

up to some constants. Therefore, we are in a position to state:

Theorem 4.6. Fix γ ∈
( 3

2 , 2
]
. Let 1− γ

2 ≤ s ≤ γ

2 . Then for any u0 ∈ H s and any
T > 0, there exists a unique solution u to (4-1) in C([0, T ]; H s). Furthermore,
there exists some N0 ∈ N such that for all t ∈ [0, T ], we have

‖u(t)‖H s ≤
1
T
+ e1+T N γ /2−s

0 .

Remark 4.7. To get long time existence, we used the local well-posedness and
Lemma 4.5. To establish the local well-posed result we need to use the assumption
γ > 3

2 , while we do not need the assumption in Lemma 4.5. This assumption just
arises when we use Lemma 4.1 to deal with the nonlinearity. So this motivates us
to seek some other conditions that are sufficient to achieve local well-posedness.
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There are two such conditions:

(1) γ ≥ 1 and s > 1
2 , which works due to the fact that H s is an algebra when s > 1

2
and ϕ(∂x) is a smoothing operator;

(2) γ > 5
4 and s > 1

4 , which works thanks to the fact that, in this case, u ∈ H s

implies u2
∈ H s−1/4 and hence ϕ(∂x)(u2) ∈ H s.

But both of the above conditions cannot guarantee the large time well-posedness
for the regularity s < (γ − 1)/2, so we omit the detailed discussion here.

4B. Some kind of LSI. In the following, we consider the special random initial data

u0 = φs(ω, x)=
∑
n 6=0

gn(ω)

|n|s+γ /2
einx ,

where gn = g−n and (gn)n>0 is a sequence of independent standard complex Gauss
random variables on a given probability space (�,A,P). Then one can show
that the map ω 7→ φs(ω, x) induces a Gaussian measure µs on H s, and the space
H s+γ /2 with γ > 1 is the Cameron–Martin space of the Gaussian probability space
(H s, µs). In this case, the triple (H s+γ /2, H s, µs) is called an abstract Wiener
space. Furthermore, one can also define the H -derivative as in the case of classical
Wiener space. Under these notions, we actually have an infinite-dimensional log-
Sobolev type inequality with some constant c

(4-13) Eµs

[
f 2 log

f 2

Eµs [ f 2]

]
≤ cEµs [|∇ f |2H s+γ /2],

for any f ∈ W 1,2(H s,R), the space of real functions on H s, which is L2(µs)-
integrable together with its H s+γ /2-derivatives.

As u0= φs(ω, x) lies in H s almost surely, the flow 8(t) is defined almost surely
everywhere. In order to study the preservation of log-Sobolev type inequalities, we
are going to study the linearization, in the direction v0, of the solution 8(t)(u0)

as follows.2

For brevity, we denote the solution 8(t)(u0) := S(t)(u0)+ K (t)u0 . Then

(D8(t))u0(v0)= S(t)(v0)+ (DK (t))u0(v0),

where

(DK (t))u0(v0)=−2
∫ t

0
S(t − τ)

(
(1+ |∂x |

γ )−1∂x(8(τ)(u0)v(τ ))
)

dτ,

where v(t) solves the linearized equation

(4-14)
{
∂tv+ ∂t |∂x |

γ v+ ∂xv+ 2∂x(8(t)(u0)v)= 0,
v|t=0 = v0.

2Here we follow [Tzvetkov 2015].
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Proposition 4.8. Let γ, s and u0 be as in Theorem 4.6, then for any v0 ∈ H s+γ /2,
we have that v(t) is also in H s+γ /2 for any t in the life span of u(t). Furthermore,
we have the bound

‖v(t)‖H s+γ /2 ≤ C(t)‖v0‖H s+γ /2 .

Next we are going to show that, as an operator parametrized by u0, (DK (t)) is
bounded from H s+γ /2 into itself.

‖(DK (t))u0v0‖H s+γ /2 ≤

∥∥∥∫ t

0
S(t − τ)ϕ(∂x)

(
8(τ)(u0)v(τ )

)
dτ
∥∥∥

H s+γ /2

≤

∫ t

0
‖ϕ(∂x)(8(τ)(u0)v(τ ))‖H s+1−γ /2+γ−1 dτ

≤

∫ t

0
‖8(τ)(u0)‖H s ‖v(τ)‖H s+1−γ /2 dτ.

Under the condition that γ > 3
2 and hence s− γ

2 + 1≤ γ

2 + s, we have

(4-15) ‖DK (t)u0‖H s+γ /2→H s+γ /2 ≤ C‖u0‖H s .

By denoting T :=8(t) :u→8(t)(u) for fixed t , we do the following calculations

Eν

[
f 2 log

f 2

Eν[ f 2]

]
= Eµ

[
( f ◦ T )2 log

( f ◦ T )2

Eµ[( f ◦ T )2]

]
≤ cEµ[|∇( f ◦ T )|2H s+γ /2] ≤ cEµ

[
|∇ f ◦ T |2H s+γ /2(1+‖ · ‖2H s )

]
.

Then thanks to Fernique’s theorem, we arrive at the following log-Sobolev type
inequality, with a loss of integrability:

Proposition 4.9. Let γ ∈
( 3

2 , 2
]

and s≥1− γ2 . Then for any ε>0, there exists Cε>0
such that the induced measure ν = (8(t))∗µs satisfies a log-Sobolev type inequality

(4-16) Eν

[
f 2 log

f 2

Eν[ f 2]

]
≤ Cε(Eν[|∇ f |2+εH s+γ /2])

2
2+ε .

Proof. Given ε > 0, we first estimate

Eν

[
f 2 log

f 2

Eν[ f 2]

]
≤ cEµ

[
|∇ f ◦ T |2H s+γ /2(1+‖ · ‖2H s )

]
≤ c

(
Eµ[|∇ f ◦ T |2+εH s+γ /2]

) 2
2+ε
(
Eν[(1+‖ · ‖2H s )

2+ε
ε ]
) ε

2+ε ,

where in the last inequality, we have used Hölder’s inequality. Noticing that(
Eµ[|∇ f ◦ T |2+εH s+γ /2]

) 2
2+ε =

(
Eν[|∇ f |2+εH s+γ /2]

) 2
2+ε ,

we only need to control (
Eν[(1+‖ · ‖2H s )

2+ε
ε ]
) ε

2+ε .
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Recall that Fernique’s theorem [Üstünel 2010, Chapter 9] states that for some
small positive c > 0,

Eµ[ec‖·‖2Hs ]<+∞.

Consequently, for any positive integer k, we have

(4-17) Eµ[‖ · ‖
k
H s ]<+∞.

Letting k be the smallest integer that is bigger than (2+ ε)/ε, we have

Eµ
[
(1+‖ · ‖2H s )

2+ε
ε

]
≤ Eµ

[
(1+‖ · ‖2H s )

k]
=

k∑
j=0

(2k
2 j

)
Eµ[‖ · ‖

2 j
H s ],

which is finite thanks to (4-17). This completes the proof of Proposition 4.9. �
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GROUND STATE SOLUTIONS
OF POLYHARMONIC EQUATIONS

WITH POTENTIALS OF POSITIVE LOW BOUND

CAIFENG ZHANG, JUNGANG LI AND LU CHEN

The purpose of this paper is threefold. First, we establish the critical Adams
inequality on the whole space with restrictions on the norm

.krmuk
n
m
n
m

C�kuk
n
m
n
m

/
m
n

for any � > 0. Second, we prove a sharp concentration-compactness princi-
ple for singular Adams inequalities and a new Sobolev compact embedding
in W m;2.R2m/. Third, based on the above results, we give sufficient con-
ditions for the existence of ground state solutions to the following polyhar-
monic equation with singular exponential nonlinearity

(0-1) .��/muCV.x/uD
f.x;u/

jxjˇ
in R2m;

where 0 < ˇ < 2m, V.x/ has a positive lower bound and f.x; t/ behaves
like exp.˛jtj2/ as t!C1. Furthermore, when ˇ D 0, in light of the prin-
ciple of the symmetric criticality and the radial lemma, we also derive the
existence of nontrivial weak solutions by assuming f.x; t/ and V.x/ are
radially symmetric with respect to x and f.x; t/D o.t/ at origin. Thus our
main theorems extend the recent results on bi-Laplacian in R4 by Chen, Li,
Lu and Zhang (2018) to .��/m in Rm.

1. Introduction and main results

The standard Sobolev space W
k;p

0
.�/ is defined by the completion of C1c .�/

equipped with the norm

kukW k;p D

�
kukpp C

kX
jD1

kr
j ukpp

�1
p

;
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where� denotes a smooth bounded domain in Rn. Basically, the Sobolev continuous
embeddings state that

W
k;p

0
.�/ ,!Lq.�/ for 1� q �

np

n� kp
; kp < n:

However, in the limiting case kp D n, many examples show that W
k; n

k

0
.�/ ª

L1.�/. In this case, the Trudinger–Moser inequality and the Adams inequality
serve as appropriate replacements. Research concerning the sharp constant for the
Trudinger–Moser inequality could be traced back to the 1960s and 1970s. Trudinger
[1967] proved there exists a constant ˛ > 0 such that the following inequality holds
(also see [Pohozaev 1965; Yudovich 1961]):

(1-1) sup
u2W

1;n

0
.�/; krukn�1

1

j�j

Z
�

e˛juj
n

n�1
dx � C0:

Nevertheless, the best constant for (1-1) is unknown. Later, Moser [1971] established
the sharp version of inequality (1-1) which can be stated as follows:

(1-2) sup
u2W

1;n

0
.�/; krukn�1

1

j�j

Z
�

e˛njuj
n

n�1
dx � C0;

where ˛n D n!
1=.n�1/
n�1

is the sharp constant in the sense that if ˛n is replaced
by any larger number, the supremum would become infinity. !n�1 denotes the
area of the surface of the unit ball in Rn. Estimate (1-2) is now referred as the
Trudinger–Moser inequality and plays an important role in geometric analysis
and partial differential equations (e.g., see [Moser 1973]). For more results of
Trudinger–Moser inequalities on compact Riemannian manifolds, one can refer
to [Li 2001; 2006; Li and Ndiaye 2007]. If we replace � with Rn, the Trudinger–
Moser inequality (1-2) makes no sense. Instead, a subcritical Trudinger–Moser type
inequality was proved by Adachi and Tanaka [2000]. By replacing the Dirichlet
norm with the standard Sobolev norm in W 1;n.Rn/, Cao [1992] (for nD 2), Panda
[1996] and J. M. do Ó [2014] (for general n) constructed the Trudinger–Moser
inequality in the whole space which states that for any ˛ < ˛n,

(1-3) sup
u2W 1;n.Rn/; jjujj

W 1;n.Rn/
�1

Z
Rn

ˆn;1.˛ju.x/j
n

n�1 / dx � Cn;

where ˆn;1.t/ WD et
�

n�2X
jD0

tj

j !
:

However, they did not prove the criticality of this inequality. Later, Ruf [2005]
(for the case n D 2), Li and Ruf [2008] (for the general case n � 3) proved that
Trudinger–Moser inequality (1-3) still holds in the critical case ˛ D ˛n by using
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the symmetrization argument and the blow-up procedure. Both the critical and
subcritical Trudinger–Moser inequalities on Rn given in the aforementioned works
are based on the Pólya–Szegő inequality and symmetrization argument which is
not available in other non-Euclidean settings. Lam and Lu [2012c] developed a
symmetrization-free argument on the Heisenberg group and established the critical
Trudinger–Moser inequality (see also Lam, Lu and Tang [Lam et al. 2014] for the
subcritical Trudinger–Moser inequality without using symmetrization argument). In
fact, the critical and subcritical Trudinger–Moser inequalities are proved equivalent
by Lam, Lu and Zhang [Lam et al. 2017b], where they also establish relationships
between supremums of the critical and subcritical Trudinger–Moser inequalities.
Such a relationship has been used to establish the existence of extremal functions
for subcritical Trudinger–Moser inequalities on the entire space Rn [Lam et al.
2019].

The above Trudinger–Moser inequalities and its generalizations are often applied
to derive the existence of weak solutions for the following n-Laplacian equations:

(1-4) � div.jrujn�2
ru/CV .x/jujn�2uD

f .x;u/

jxjˇ
C "h.x/;

where f W Rn �R! R is continuous and behaves like exp.˛jt j
n

n�1 / as t !C1,
h.x/ belongs to the dual space of W 1;n.Rn/. Adding some appropriate assumptions
on V .x/, one can see that the compact embedding

E D

�
u W

Z
Rn

jrujnCV .x/jujndx <C1

�
,�,!Lp.Rn/ for p � n

becomes admissible. The authors of [Adimurthi and Yang 2010; Alves and
Figueiredo 2009; do Ó et al. 2014; Lam and Lu 2013a; Yang 2012b] carried
out the standard mountain-pass procedure to obtain nontrivial weak solutions of
(1-4). When V .x/ is constant, there is a long way to go yet. In order to overcome
the possible failure of the Palais–Smale compactness condition which is caused
by the absence of a compact embedding W 1;n.Rn/ ,! Ln.Rn/, Masmoudi and
Sani [2015] applied a method involved with a constrained minimization argument
and the sharp Trudinger–Moser inequality with the exact growth condition to
investigate the existence of ground state solutions for (1-4) in the case of V .x/D 1,
f .x;u/D f .u/, ˇ D "D 0. By assuming f .x; t/D o.t/, J. M. do Ó et al. [2014]
employed a modified form of the Trudinger–Moser inequality and rearrangement
inequalities to give sufficient conditions for the existence of ground state solutions.
We also note that Lam and Lu [2014; 2013a] investigated the n-Laplacian equation
and polyharmonic operators without the Ambrosetti–Rabinowitz condition. For
more results about the Trudinger–Moser inequality and its application, we refer the
reader to [Adimurthi and Sandeep 2007; Adimurthi and Yang 2010; Atkinson and
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Peletier 1986; Carleson and Chang 1986; de Figueiredo et al. 2002; do Ó 1996;
Lam and Lu 2012a; Panda 1996; Silva and Soares 1999].

D. Adams [1988] established the sharp Trudinger–Moser inequality with higher
order derivatives. More precisely, he proved that

sup
u2W

m; n
m

0
.Rn/; krmuk n

m
�1

Z
�

eˇn;mjuj
n

n�m
dx <1;

where

ˇn;m D

8̂̂̂<̂
ˆ̂:

n

!n�1

�
�

n
2 2m�

�
mC1

2

�
�
�

n�mC1
2

� � n
n�m

; if m is odd,

n

!n�1

�
�

n
2 2m�

�
m
2

�
�
�

n�m
2

� � n
n�m

; if m is even.

and

r
muD

�
�

m
2 ; if m is even,
r�

m�1
2 ; if m is odd.

The above inequality was extended by Tarsi [2012] to a larger space W m;n=m
N .�/

containing the Sobolev space W
n;n=m

0
.�/ as a closed subspace, where W m;n=m

N .�/

is given by

W
m; n

m

N
.�/ WD

˚
u 2W n; n

m .�/ j�j uD 0 on @� for 0� j �
�

m�1
2

�	
:

Sharp singular Adams inequalities on W
m;n=m

N
.�/ were also established by Lam

and Lu [2012d]. We also mention that existence results concerning extremals of the
Adams inequality in the case nD 2mD 4 were established by Lu and Yang [2009].
Li, Lu and Q. Yang [Li et al. 2018a; Lu and Yang 2017] proved the Hardy–Adams
inequalities on hyperbolic spaces as a borderline case of the higher order Hardy–
Sobolev–Mazya inequalities established by Lu and Q. Yang [2019] on upper half
spaces.

After Adams, establishing Adams type inequalities in higher order Sobolev space
W m;n=m.Rn/ has attracted much attention. Ogawa and Ozawa [1991] (for nD 2m)
and Ozawa [1995] (for general n, m) proved that there exist positive constants ˛
and C˛ such thatZ

Rn

ˆn;m.˛juj
n

n�m / dx � C˛; for all u 2W m; n
m .Rn/; jujm;n � 1;

where

ˆn;m.t/D et
�

j n
m
�2X

jD0

tj

j !
; jn

m
Dmin

˚
j 2 N W j � n

m

	
and jujm;n is given by jujm;n D k.I ��/m=2ukn=m. Kozono et al. [2006] studied
the sharp constant problem by applying O’Neil’s results on the rearrangement of
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convolution functions. In fact, they proved that there exists a constant ˇ�n:m �
ˇ.n;m/, particularly, ˇ�

2m:m
D ˇ.2m;m/ such that if ˇ < ˇ�n:m, then

sup
u2W

m; n
m

0
.Rn/; jujm;n�1

Z
Rn

ˆn;m.ˇjuj
n

n�m / dx <1:

Ruf and Sani [2013] established the sharp Adams type inequality for the critical
case ˇD ˇn;m when m is an even integer, where the Talenti’s comparison principle
plays an important role in their proof. Lam and Lu [2012b; 2012d] proved the
above inequality for all integers m (including fractional order 
 ). More precisely,
they showed

sup
k.I��/

m�1
2 uk

n
m
n
m
Ckr.I��/

m�1
2 uk

n
m
n
m
�1

Z
Rn

ˆn;m.ˇn;mjuj
n

n�m / dx � C.m; n/;

for any odd integer m. Lam and Lu [2013b] further developed a rearrangement-
free approach. This method can help us to get rid of the symmetrization or the
comparison principle argument. Using this method, Lam and Lu established the
sharp Adams inequality which can be stated as follows:

(1-5) sup
u2W 
;p.Rn/; k.�I��/



2 ukp�1

Z
Rn

exp.ˇ0.n; 
 /juj
p0/ dx � C.n; 
 /;

where 0< 
 < n; p D
n



and ˇ0.n; 
 /D

n

!n�1

�
�

n
2 2
�

�

2

�
�
�n�


2

� �p0

:

Recently, Lam and Lu [2013b] obtained the Adams inequality involved with the
norm .k�uk

n=2

n=2
Ckuk

n=2

n=2
/2=n. Later, Fontana and Morpurgo [2015] extended Lam

and Lu’s results to higher order derivatives. They proved that there exists some
constant Cm;n such that

(1-6) sup
krmuk

n
m
n
m
Ckuk

n
m
n
m
�1

Z
Rn

ˆn;m.ˇn;mjuj
n

n�m / dx � Cm;n:

Note that in (0-1), we assume V .x/ has a positive lower bound, thus we need an
Adams inequality involved with the norm .krmuk

n=m

n=m
C �kuk

n=m

n=m
/m=n. We utilize

the change of variable to obtain the following result.

Theorem 1.1. For any � > 0 and 0 < ˛ � ˇn;m, there exists some constant Cm;n

such that for u 2W m;n=m.Rn/ with krmukn=m
n=mC �kuk

n=m
n=m � 1,

(1-7)
Z

Rn

ˆn;m.˛juj
n

n�m / dx � Cm;n:
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Theorem 1.2. For any � > 0, 0 � t < n and 0 < ˛ < ˇn;m, there exists some
constant Cm;n such that for u 2W m;n=m.Rn/ with krmukn=m

n=mC �kuk
n=m
n=m � 1,

(1-8)
Z

Rn

ˆn;m

�
˛
�
1� t

n

�
juj

n
n�m

�
jxjt

dx � Cm;n:

Remark 1.3. In fact, the inequality (1-8) still holds in the case of ˛ D ˇn;m.
However, in order to prove the concentration-compactness principle for the Adams
inequality, we only need inequality (1-5). For convenience, we also give the proof
of the critical case of Theorem 1.2.

The purpose of proving such inequalities is to prove the following sharp ver-
sion of concentration-compactness principle for weighted Adams inequalities in
W m;2.R2m/. For simplicity, we define a new function space

E D

�
u 2W m;2.R2m/ W kuk2E D

Z
R2m

jr
muj2CV .x/juj2 dx <1

�
;

where V .x/� c0 .c0 > 0/.

Theorem 1.4. For 0 � t < 2m, assume fukgk is a sequence in E satisfying
kukk

2
E
D 1 and uk * u 6� 0 in E. If

0< p < p2m;m.u/ WD
1

1�kuk2
E

;

then

(1-9) sup
k

Z
R2m

ˆ2m;m

�
ˇ2m;m

�
1� t

2m

�
pu2

k

�
jxjt

dx <1;

where ˆ2m;m.t/D et
� 1 and ˇ2m;m D

2m

!2m�1
�2m22m:

Furthermore, for any positive constant c, if V .x/ D c, the constant p2m;m.u/ is
sharp in the sense that if p � p2m;m.u/, the supremum will become infinite.

Remark 1.5. Theorem 1.4 is an extension of do Ó’s result [2014] which relies
heavily on the Pólya–Szegő inequality. Therefore, the methods they used cannot be
applied to obtain the concentration-compactness principle of the Adams inequal-
ity on Rn or the Trudinger–Moser inequality in settings where a rearrangement
argument fails such as the Heisenberg group Hn. Recently, Li, Lu and Zhu [Li
et al. 2018b] developed a symmetrization-free approach and established Lions
concentration-compactness of the singular Trudinger–Moser inequality on the
Heisenberg group H. The method is rearrangement-free and can be easily applied to
other settings. In the present paper, we use a different approach to prove Theorem 1.4.
This is due to the fact that the Sobolev space W m;2.Rn/ we are dealing with is a
Hilbert space. Analyzing the energy loss when taking the weak limit is an essential
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part in proving concentration-compactness principle and for the Hilbert space,
the weak limit is relatively simple and with the help of the Brezis–Lieb lemma
(Lemma 3.1), we are able to develop a different proof.

Remark 1.6. Nguyen [2016] took advantage of the Talenti comparison theorem
to obtain inequality (1-9) in the case of V .x/D 1 and t D 0. However, they did
not verify the sharpness of p2m;m.u/. By constructing a proper sequence, we also
verify that the supremum in (1-9) becomes infinite if p � p2m;m.u/.

Recently, another improved version of the sharp Adams inequality was investi-
gated by Lam, Lu and Tang [Lam et al. 2017a] in the spirit of Lions’ work [1985].
Their result can be stated as follows:

(1-10) sup
u2W 2;m.R2m/R

R2m j�ujmC� jujm dx�1

Z
R2m

ˆ2m;2

�
1=.2m�1˛/

.1Ck�ukmm/
1

m�1

juj
m

m�1

�
jxjˇ

dx � C.m; ˇ; �/

for 0 � ˇ < 2m, � > 0 and 0 � ˛ �
�
1� ˇ

2m

�
ˇ2m;2. It is easy to verify that the

above inequality is stronger than the general Adams inequalities in W 2;m.R2m/.
Adams inequalities (1-5) and (1-10) are often used to study nonlinear equations

related to the Bessel potential. Bao, Lam and Lu [Bao et al. 2016] considered
polyharmonic equations of the form

(1-11) .I ��/muD f .x;u/ in R2m:

Yang [2012a] exploited the following bi-Laplacian equation with small perturbation

(1-12) �2u� div.a.x/ru/C b.x/uD
f .x;u/

jxjˇ
C "h.x/ in R4;

where f .x;u/ has exponential growth and V .x/ satisfies limjxj!C1 V .x/DC1.
Recently, Chen, Li, Lu and Zhang [Chen et al. 2018] considered the following

equation in R4:

(1-13) .��/2uCV .x/uD
f .x;u/

jxjˇ
in R4; 0< ˇ < 4;

where V .x/ � c0 and f .x; t/ satisfies some critical exponential growth. They
established the existence of the ground state solutions.

Motivated by the work [Chen et al. 2018], we will study the existence of ground
state solutions for the following polyharmonic equations with singular nonlinear
term

(1-14) .��/muCV .x/uD
f .x;u/

jxjˇ
in R2m; 0< ˇ < 2m;
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where V .x/ � c0 and f .x; t/ has critical exponential growth. Furthermore, we
assume that f .x; t/ satisfies the following conditions.

(H0) The nonlinearity f .x; t/ W R2m �R! R is continuous, f .x; t/D 0 at .x; 0/,
and has exponential growth as t!C1, which means there exists a constant ˛0> 0

such that

lim
t!C1

f .x; t/e�˛jt j
2

D

�
0 for all ˛ > ˛0;

C1 for all ˛ < ˛0;

uniformly in x 2 R2m.

(H1) There exist constants ˛0, b1, b2> 0 such that for any .x; t/2R2m�.0;C1/,

0< f .x; t/� b1t C b2ˆ2m;m.˛0t2/; where ˆ2m;m.t/D et
� 1:

(H2) There exist constants t0 and M0 > 0 such that

0< F.x; t/ WD

Z t

0

f .x; s/ ds �M0f .x; t/ for all .x; t/ 2 R2m
� Œt0;C1/:

(H3) There exists a constant � > 2 such that for all x 2 R2m and t > 0,

0< �F.x; t/� f .x; t/t:

(H4) lim sup
t!0C

2F.x; t/

jt j2
< �ˇ uniformly in x 2 R2m,

where �ˇ D inf
u2E

R
R2m jr

muj2CV .x/juj2 dxR
R2m juj2=jxjˇ dx

:

(H5) There exist constants p > 2 and Cp such that for all .x; t/ 2 R2m � .0;C1/,

f .x; t/� Cptp�1;

where Cp >

�
ˇ2m;m

�
1� ˇ

2m

�
˛0

�.2�p/
2
�

p� 2

p

�p�2
2

Sp
p

and S2
p WD inf

u2E

R
R2m jr

muj2CV .x/juj2 dx�R
R2m jujp=jxjˇ dx

� 2
p

:

(H6) The function f .x;t/
t

is increasing for t > 0.
By (H2) and (H3), we can get that for all .x; t/ 2 R2m � Œ0;C1/, there exists

� > 0 such that
0< F.x; t/� �f .x; t/:

This result together with (H1) and the singular Adams inequality in W m;2.R2m/

yields the boundedness of F.x;u/ and f .x;u/v in L1.R2m; jxj�ˇdx/ for any
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u; v 2 E. Hence, one can easily find the functional related with polyharmonic
equation (1-14), given by

Iˇ.u/D
1
2
kuk2E �

Z
R2m

F.x;u/

jxjˇ
dx;

is well defined. With standard calculations, it is easy to obtain that Iˇ 2 C 1.E;R/

and

I 0ˇ.u/v D

Z
R2m

.rmurmvCV .x/uv/ dx�

Z
R2m

f .x;u/v

jxjˇ
dx; u; v 2E:

Since the weak solutions of (1-14) are equivalent to the critical points of func-
tional Iˇ , we focus our attention on critical points of functional Iˇ . Equation (1-14)
is different from Equations (1-11) and (1-12). Unlike Bao, Lam and Lu’s result [Bao
et al. 2016], we do not necessarily assume that f .x; t/ satisfies some periodicity
conditions. Moreover, the presence of potential V .x/ of (1-14) makes it difficult
to directly apply Yang’s argument in [Yang 2012a]. Thus a new compactness
embedding in W m;2.R2m/ must be established and we observe that the weight
term 1=jxjˇ provides a good control to the integral away from zero, which enables
us to establish the following compactness result.

Theorem 1.7. The Sobolev space W m;2.R2m/ can be compactly embedded into
Lq.R2m; jxj�s dx/ when q � 2 and 0< s < 2m.

Remark 1.8. In view of E ,!W m;2.R2m/ and Theorem 1.7, we can derive that
E can be compactly embedded into Lq.R2m; jxj�s dx/ for q � 2 and 0< s < 2m.

With the help of Theorem 1.7, our next result will concern the existence of the
ground state solution of polyharmonic equation (1-14).

Theorem 1.9. Assume f .x; t/ satisfies (H1)–(H6), then (1-14) has a ground state
solution.

In the case of ˇ D 0, (1-14) becomes the following nonsingular polyharmonic
equation

(1-15) .�4/muCV .x/uD f .x;u/ in R2m:

The existence of the ground state solution of (1-15) cannot be obtained immediately
from Theorem 1.9 due to the absence of compactness embedding. There is a
common constrained minimization theory to deal with this problem. Unfortunately,
this method crucially depends on the rearrangement inequality which is not obvious
available in W m;2.R2m/. In order to overcome this difficulty, we use the principle
of the symmetric criticality of the Hilbert space. By assuming f .x; t/ and V .x/ are
radially symmetric with respect to x, one can carry out the same process as what
we do in Theorem 1.9 to derive a nontrivial weak solution of the polyharmonic
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equation with nonsingular nonlinearity (1-15). However, whether there exists a
ground state solution to (1-15) is still open. In a very recent work of Chen, Lu and
Zhu [Chen et al. 2019], they made the first attempt in this direction. They derive the
existence of ground state solutions to (1-15) when mD 2, V is a trapping potential
and

f .x;u/D u exp.2u2/:

Theorem 1.10. Under the assumptions of Theorem 1.9, if we additionally assume
that V .x/ and f .x; t/ are radially symmetric in x, f .x; t/D o.t/ at origin, then
polyharmonic equation with nonsingular linearity (1-15) has a nontrivial weak
solution.

The plan of the paper is as follows. In Section 2, we employ the change of variable
to establish some weighted Adams inequalities in W m;2.R2m/ involved with the
norm .krmuk

n=m

n=m
C �kuk

n=m

n=m
/m=n for any � > 0. Sections 3 and 4 are devoted to

the concentration-compactness principle for the weighted Adams inequality and
a new compactness embedding in W m;2.R2m/. As an immediate application of
Theorem 1.4, in Section 5, we give sufficient conditions to guarantee the existence
of ground state solutions for the polyharmonic equation with singular exponential
nonlinearity term. Finally, in Section 6, we also derive the existence of a nontrivial
weak solution for the polyharmonic equation (1-15) through the principle of the
symmetric criticality.

2. Proof of Theorems 1.1 and 1.2

In this section, we will utilize a change of variable to establish Adams inequal-
ity (1-7).

Proof. For any � > 0, 0< ˛ � ˇn;m and u 2W m;2.R2m/ withZ
Rn

jr
muj

n
m C � juj

n
m dx � 1;

we denote a new function v.x/ given by v.�1=nx/Du.x/. Then direct computations
yield that Z

Rn

jr
mvj

n
m Cjvj

n
m dx D

Z
Rn

jr
muj

n
m C � juj

n
m dx � 1

and Z
Rn

ˆn;m.˛juj
n

n�m / dx D
1

�

Z
Rn

ˆn;m.˛jvj
n

n�m / dx:
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Combining this with inequality (1-6), we obtain

sup
krmuk

n
m
n
m
C�kuk

n
m
n
m
�1

Z
Rn

ˆn;m.˛juj
n

n�m / dx

�
1

�
sup

krmvk
n
m
n
m
Ckvk

n
m
n
m
�1

Z
Rn

ˆn;m.˛jvj
n

n�m / dx � C.m; n/:

Next, it suffices to show that inequality (1-8) still holds for any � > 0 and
0� t < n. In fact, we have

(2-1)
Z

Rn

ˆn;m

�
˛
�
1� t

n

�
juj

n
n�m

�
jxjt

dx

�

Z
jxj�1

ˆn;m

�
˛
�
1� t

n

�
juj

n
n�m

�
jxjt

dxC

Z
jxj�1

ˆn;m

�
˛.1� t

n
/juj

n
n�m

�
dx:

This together with (1-7) and the Hölder inequality leads to

sup
krmuk

n
m
n
m
C�kuk

n
m
n
m
�1

Z
Rn

ˆn;m

�
˛
�
1� t

n

�
juj

n
n�m

�
jxjt

dx . 1

for any 0< ˛ < ˇn;m.
Finally, we prove that inequality (1-8) still holds in the case of ˛ D ˇn;m.

Following the same line of the proof of Theorem 1 in [Fontana and Morpurgo 2015],
we can obtain that for any u2W m;n=m.Rn/ satisfying

R
Rn jr

muj
n
m Cjuj

n
m dx � 1,

(2-2)
Z
�

ˆn;m

�
ˇn;m

�
1� t

n

�
juj

n
n�m

�
jxjt

dx . .1Cj�j1�
t
n /;

where � is any bounded domain of Rn. Let

A WD fx 2 Rn
W ju.x/j � 1g:

Since u 2W m;n=m.Rn/, it is obvious that A is a bounded domain. Now, we split
the integral over Rn into two parts:Z

Rn

ˆn;m

�
ˇn;m

�
1� t

n

�
juj

n
n�m

�
jxjt

dx

D

Z
A

ˆn;m

�
ˇn;m

�
1� t

n

�
juj

n
n�m

�
jxjt

dxC

Z
RnnA

ˆn;m

�
ˇn;m

�
1� t

n

�
juj

n
n�m

�
jxjt

dx

D I1C I2:
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For I1, using the estimate (2-2), we obtain that

I1 D

Z
A

ˆn;m

�
ˇn;m

�
1� t

n

�
juj

n
n�m

�
jxjt

dx . 1:

For I2, sinceZ
RnnA

ˆn;m

�
ˇn;m

�
1� t

n

�
juj

n
n�m

�
jxjt

dx

.
Z
fjxj�1; juj�1g

juj
n
m

jxjt
dxC

Z
fjxj�1; juj�1g

juj
n
m

jxjt
dx . 1;

we derive that I2 . 1. Combining the above estimates, we derive inequality (1-8)
in the case of ˛ D ˇn;m, � D 1. Carrying out the same procedure as the proof of
Theorem 1.1, one can conclude that inequality (1-8) still holds for any � > 0. �

3. The proof of Theorem 1.4

Our purpose in this section is to prove Theorem 1.4. Namely, we will give the proof
of the concentration-compactness principle for weighted Adams inequalities. Our
proof relies on the following lemmas.

Lemma 3.1 [Brézis and Lieb 1983]. Let � be an open subset of Rn and fukgk �

Lp.�/ .1� p <1/. If fukgk satisfies the following conditions:

(i) fukgk is bounded in Lp.�/,

(ii) uk ! u almost everywhere in �,

then
lim

k!1
.kukk

p
p �kuk �ukpp /D kuk

p
p :

Lemma 3.2. Let � � Rn be an open domain and ffkgk � W m;n=m.�/ that
strongly converges to f in W m;n=m.�/. Then there exists a subsequence ffkj gj

and a positive function g 2W m;n=m.�/ such that

fkj .x/! f .x/ a.e. in � as j !C1;

and
jfkj .x/j � g.x/ a.e. in � for all j:

Remark 3.3. Since the proof of Lemma 3.2 is similar to that of Proposition 1 in
[do Ó et al. 2009], we omit the details.

Proof of Theorem 1.4. At first, we show the proof of inequality (1-9). It follows
from the semicontinuity of the norm in E that

kuk2E � lim inf
k
kukk

2
E D 1:
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We carry out the process by considering the following two cases.

Case 1. kuk2
E
D 1. Applying the Brezis–Lieb lemma (Lemma 3.1) on the Hilbert

space E, one can show that uk ! u strongly in E. In light of Lemma 3.2, we can
find a subsequence fukj gj and a positive function v 2E such that jukj .x/j � v.x/.
Then it follows that

(3-1)
Z

R2m

ˆ2m;m

�
ˇ2m;m

�
1� t

2m

�
pu2

kj

�
jxjt

dx

�

Z
R2m

ˆ2m;m

�
ˇ2m;m

�
1� t

2m

�
pv2

�
jxjt

dx <1:

Case 2. 0 < kuk2
E
< 1. Defining ‰.X /D ˆ2m;m

�
ˇ2m;m

�
1� t

2m

�
pX

�
for nota-

tional convenience, one can write that

(3-2) sup
k

Z
R2m

‰.u2
k
/

jxjt
dx

� sup
k

Z
R2m

‰
�
.1C "/.uk �u/2CC"u

2
�

jxjt
dx

D sup
k

Z
R2m

‰..1C "/.uk �u/2/‰.C"u
2/

jxjt
dx

C sup
k

Z
R2m

‰..1C "/.uk �u/2/

jxjt
dxC sup

k

Z
R2m

‰.C"u
2/

jxjt
dx

DW I1C I2C I3;

where we use the elementary inequality which states

.aC b/2 � .1C "/a2
CC"b

2 for a; b � 0 and " > 0:

For I1, as an immediately consequence of the Hölder inequality and the singular
Adams inequality, we can derive that

(3-3) I1 .
�

sup
k

Z
R2m

ˆ2m;m

�
ˇ2m;m

�
1� t

2m

�
pr.1C "/.uk �u/2

�
jxjt

dx

�1
r

;

where r is sufficiently close to 1. Noting that uk * u weakly in E and E is a
Hilbert space, one can apply the Brezis–Lieb lemma to derive that

kuk �uk2E D kukk
2
E �kuk

2
E D 1�kuk2E ;

which yields that

ˇ2m;m

�
1� t

2m

�
pr.1C "/.krm.uk �u/k2

2
C c0kuk �uk2

2
/ < ˇ2m;m

�
1� t

2m

�
:
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Combining this with Theorem 1.2 with �Dc0, we conclude that I1<C1. Similarly,
we can obtain that I2 <C1. Thus, we accomplish the proof of inequality (1-9).

Next, we are ready to show that p2m;m.u/ is sharp when V .x/ is constant.
Without loss of generality, we assume V .x/D 1. The idea of proving this sharpness
follows from the result of do Ó et al. [2014]. Similarly, we construct a sequence
fukgk �W m;2.R2m/ and a function u 2W m;2.R2m/ such that

kukk D 1; uk * u 6� 0 in W m;2.R2m/; kuk D ı < 1;

but Z
R2m

ˆ2m;m

�
ˇ2m;m

�
1� t

2m

�
p2m;m.u/u

2
k

�
jxjt

dx!1:

We denote a sequence fwkgk �W m;2.R2m/ by

wk.x/D

8̂̂̂<̂
ˆ̂:

1

.2m�2/!!.2m/
1
2

!
� 1

2

2m�1
k

1
2 if jxj 2 Œ0; re

�k
2m �;

!
� 1

2

2m�1
.2m/

1
2

.2m�2/!!
ln. r
jxj
/k�

1
2 if jxj 2 Œre

�k
2m ; r �;

0 if jxj 2 Œr;C1/;

where r > 0 to be chosen later. Simple calculations show that

wk * 0 in W m;2.R2m/; krmwkk
2
2 D 1; kwkk

2
2 DO.k�1/:

Next, we define a new function u W R2m! R given by

u.x/D

8<:
A if jxj 2 Œ0; 2R

3
�;�

1�
�

2
3

�m��1�
A� A

Rm jxj
m
�

if jxj 2 Œ2R
3
;R�;

0 if jxj 2 ŒR;C1/;

where RD 3r and A is a positive constant which needs to be chosen later. Then

(3-4) kuk2 D kuk22Ckr
muk22

D
!2m�1

2m

�
2
3
R
�2m

A2

C!2m�1

Z R

2R
3

��
1�

�
2
3

�m��1
�
A�

A

Rm
rm
��2

r2m�1 dr

C
�
1�

�
2
3

�m��2
�

A

Rm

�2
!2m�1

Z R

2R
3

m!!.3m� 2/!!

.2m� 2/!!
r2m�1 dr

D CA2:
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Picking A satisfying kuk D ı < 1, a direct application of the Hölder inequality
yields that

(3-5) kvkk
2
2 WD kuC .1� ı

2/
1
2wkk

2
2

D

Z
R2m

juC .1� ı2/
1
2wk j

2dx

D

Z
R2m

u2
C 2.1� ı2/

1
2 uwk C .1� ı

2/w2
kdx

D kuk22C �k ;

where

�k D

�
1

m
A.1� ı2/

1
2
.2m/

1
2

.2m� 2/!!
!

1
2

2m�1

�
r2me�k k

2m
C

r2m

2m
�

r2m

2m
e�k

��
k�

1
2

CO.k�1/:

It is clear that rmu and rmwk have disjoint supports, so

(3-6) kr
mvkk

2
2 D kr

muk22C .1� ı
2/ and kvkk

2
D 1C �k :

Let uk D vk=.1C �k/
1=2; one can easily see that

kukk D 1 and uk * u in W m;2.R2m/:

Consequently,

(3-7)
Z

R2m

ˆ2m;m

�
ˇ2m;m

�
1� t

2m

�
p2m;m.u/u

2
k

�
jxjt

dx

�

Z
Br e
�k
2m

exp
�
ˇ2m;m

�
1� t

2m

�
.1�ı2/�1u2

k

�
jxjt

dx�

Z
Br e
�k
2m

1

jxjt
dx

D

Z
Br e
�k
2m

exp
�
ˇ2m;m

�
1� t

2m

�
..1C�k/

� 1
2 .AC.1�ı2/

1
2wk//

2.1�ı2/�1
�

jxjt
dxCC

D

Z
Br e
�k
2m

exp
��

1� t
2m

��
.1C�k/

� 1
2

� ˇ1=2
2m;m

A

.1�ı2/1=2
Ck

1
2

��2�
jxjt

dxCC

& exp
��

1�
t

2m

���
.1C�k/

� 1
2

�
ˇ

1
2

2m;mA

.1�ı2/
1
2

Ck
1
2

��2

�k

��
r2m�t

CC !C1;

where r < 1 is selected in such a way that �k <
ˇ

1=2

2m;m
A

.1�ı2/1=2 k�
1
2 . Then Theorem 1.4

is completed. �
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4. the proof of Theorem 1.7

In this section, we begin with a simple fact that the norm .krmuk2
2
Ckuk2

2
/1=2 and

the standard Sobolev norm given by

kukW m;2 D

�jDmX
jD0

kr
j uk22

� 1
2

is equivalent. In fact, for any u 2 C1c .R2m/, through Caffarelli–Kohn–Nirenberg
inequalities [Lin 1986], one can derive that

(�)
Z

R2m

jr
j uj2 dx �

�Z
R2m

juj2 dx

� j
m
�Z

R2m

j�uj2 dx

�1� j
m

:

Then a simple density argument implies that (�) also holds for u 2W m;2.R2m/.
Now, we are in a position to show that a Sobolev space equipped with the norm
.krmuk2

2
Ckuk2

2
/1=2 can be compactly embedded into Lp.R2m; jxj�ˇdx/ for any

p � 2 and 0< ˇ < 2m.

Proof. Continuous embedding is an easy consequence of the Adams inequality (1-5).
Our aim is to show that the above continuous embedding is compact. In light of
W m;2.R2m/ ,�,!L

q
loc.R

2m/ for q � 1, one can find a subsequence fukj gj such that

ukj .x/! u.x/; strongly in Lq.BR.0// for any R> 0;

ukj .x/! u.x/; for almost every x 2 R2m:

Therefore, our purpose is to show that

(4-1) ukj ! u in Lq.R2m; jxj�sdx/:

Applying the Egorov theorem, we obtain that for any BR.0/ and ı > 0,

there exists Eı � BR.0/ satisfying m.Eı/ < ı;

such that

ukj uniformly converges to u in BR.0/ nEı:

Hence, it follows that

(4-2) lim
R!C1

lim
ı!0

lim
j!C1

Z
R2m

jukj �ujq

jxjs
dx

D lim
R!C1

lim
ı!0

lim
j!C1

Z
Eı

jukj �ujq

jxjs
dx

C lim
R!C1

lim
ı!0

lim
j!C1

Z
BR.0/nEı

jukj �ujq

jxjs
dx

C lim
R!C1

lim
ı!0

lim
j!C1

Z
R2mnBR.0/

jukj �ujq

jxjs
dx

DW I1C I2C I3:
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By the Hölder inequality and the Sobolev continuous embedding, one can derive
that

(4-3) I1 � lim
ı!0

lim
j!C1

�Z
Eı

1 dx

�1
t
�Z

Eı

jukj �ujqt 0

jxjst 0
dx

�1
t0

. lim
ı!0

sup
j

kukj k
q.m.Eı//

1
t

D 0;

where t > 1 and st 0 < 2m. For I2, the uniform convergence of ukj in BR.0/nEı
yields that I2 D 0. For I3, the Sobolev continuous embedding W m;2.R2m/ ,!

Lq.R2m/ for q � 2 yields that

(4-4) I3 � lim
R!C1

lim
ı!0

lim
j!C1

1

Rs

Z
R2mnBR.0/

jukj �ujq dx

. lim
R!C1

sup
j

kukj k
q 1

Rs

D 0:

Thus, we have accomplished the proof of Theorem 1.7. �

As a direct result of Theorem 1.7 and Remark 1.8, we can easily see that the
best constant Sp .p � 2/ in (H3) could be achieved (one can refer to [Zhang and
Chen 2018] for details).

5. The proof of Theorem 1.9

This section is devoted to the proof of Theorem 1.9. We carry out the proof in
three parts. In Part 1, we use the mountain-pass theorem without the Palais–Smale
compactness condition to derive the existence of weak solutions of (1-14) satisfying
hypotheses (H1)–(H4). Therefore, in Part 2, we utilize the method combining
the concentration-compactness principle and the new compactness theorem in
W m;2.R2m/ to verify that the functional Iˇ satisfies the Palais–Smale compactness
condition. Part 3 is devoted to showing that the critical point of the functional Iˇ is
actually a ground state solution of polyharmonic equation (1-14). Before starting
the proof, we need a couple of important lemmas for which we omit the proofs.

Lemma 5.1 [Badiale and Serra 2011]. Let X be a Hilbert space, ' 2 C 2.X;R/,
e 2X and r > 0 such that kek> r and b WD infkukDr '.u/ > '.0/� '.e/. Define

c D inf
g2�

max
s2Œ0;1�

'.g.s//;

where

� WD fg 2 C.Œ0; 1�;X / W g.0/D 0; g.1/D eg:
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Then there exists a sequence fukgk 2 X such that '.uk/ ! c, '0.uk/ ! 0 as
k!C1.

Remark 5.2. In the case of pD 2, one can use the property of the Hilbert space to
replace uk ! u almost everywhere in � with uk * u.

Now, we are ready to start the proof of Theorem 1.9.

Part 1. In this part, we first check that Iˇ.u/ satisfies geometric conditions without
the Palais–Smale compactness condition.

Lemma 5.3. Assume (H1)–(H4) hold. Then

(i) there exist constants ı; � > 0 such that Iˇ.u/� ı for any kukE D �,

(ii) there exists e 2E such that kekE > �, but Iˇ.e/ < 0.

Proof. According to (H4), there exist positive constants ", ı such that for any jt j � ı,

(5-1) F.x; t/� 1
2
.�ˇ � "/jt j

2 for x 2 R2m:

Moreover, by (H1), we derive that for any jt j� ı and x 2R2m, there exists constants
c1; c2 such that

(5-2) F.x; t/� c1jt j
2
C c2jt jˆ2m;m.˛0jt j

2/� Cıjt j
3ˆ2m;m.˛0jt j

2/;

where Cı D
c1

ıˆ2m;m.˛0jıj2/
C

c2

ı2
:

Then it follows from (5-1) and (5-2) that

(5-3) F.x; t/� 1
2
.�ˇ � "/jt j

2
CC jt j3ˆ2m;m.˛0jt j

2/ for all .x; t/ 2 R2m
�R:

For sufficiently small kukE , we claim that the following inequality holds:

(5-4)
Z

R2m

juj3
ˆ2m;m.˛0juj

2/

jxjˇ
dx � Ckuk3E :

For the continuity of our work, let us postpone the proof of (5-4).
Suppose (5-4) holds, we can combine (5-3) and (5-4) to arrive at

(5-5) Iˇ.u/D
1
2
kuk2E �

Z
R2m

F.x;u/

jxjˇ
dx

�
1
2
kuk2E�

1
2
.�ˇ�"/

Z
R2m

juj2

jxjˇ
dx�C

Z
R4

juj3
ˆ2m;m.˛0juj

2/

jxjˇ
dx

�
1
2
kuk2E �

1
2

�ˇ � "

�ˇ
kuk2E �Ckuk3E

D kuk2E

�
"

2�ˇ
�CkukE

�
:

When kukE � "=.2C�ˇ/, inequality (i) holds.
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Now, we give the proof of inequality (5-4). By applying the Hölder inequality
and considering the level sets of the function, one can obtain that for p > 1 and
1
p
C

1
p0
D 1,

(5-6)
Z

R2m

juj3
ˆ2m;m.˛0juj

2/

jxjˇ
dx

.
�Z

R2m

ˆ2m;m.p˛0juj
2/

jxjˇ
dx

�1
p
�Z

R2m

juj3p0

jxjˇ
dx

� 1
p0

.
�Z

R2m

ˆ2m;m.p˛0juj
2/

jxjˇ
dx

�1
p

kuk3
E

,

where the last inequality comes from the Sobolev continuous embedding E ,!

Lq.R2m; jxj�ˇdx/. Pick p > 1 sufficiently close to 1 such that

p˛0kuk
2 � ˇ2m;m

�
1� ˇ

2m

�
due to the fact that kuk�kukE is sufficiently small. The singular Adams inequalities
in R2m yield that

(5-7)
Z

R2m

juj3
ˆ2m;m.˛0juj

2/

jxjˇ
dx � Ckuk3E :

For (ii), it suffices to show that for a fixed u 2E,

Iˇ.su/!�1 as s!C1:

Without loss of generality, we may assume u has bounded support�. Through (H3),
one finds that for any t > 0,

@

@t
.ln F.x; t//�

�

t
;

which leads to the result F.x; t/�F.x; t0/t
��
0

t� for some t0 > 0. Therefore, there
exist positive constants c1; c2 such that

F.x; t/� c1t� � c2 for .x; t/ 2�� Œ0;1/:

Then,

(5-8) Iˇ.su/D
s2

2
kuk2E �

Z
�

F.x; su/

jxjˇ
dx

�
s2

2
kuk2E � c1s�

Z
�

juj�

jxjˇ
dxC c3j�j

1� ˇ
2m :

This inequality together with � > 2 implies that

Iˇ.su/!�1 as s!C1:
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The proof of Lemma 5.3 is finished. �

Lemma 5.3 shows that the functional Iˇ satisfies geometric conditions of the
mountain-pass theorem which yields that there exists a Palais–Smale sequence
fukgk which satisfies Iˇ.uk/! cˇ and I 0

ˇ
.uk/! 0 as k!C1, where

cˇ D inf
g2�

max
s2Œ0;1�

Iˇ.g.s//; � WD
˚
g 2 C.Œ0; 1�;E/ W g.0/D 0; I.g.1// < 0

	
:

Lemma 5.4. Assume (H1), (H2) and (H3) hold. Let fukgk � E be an arbitrary
Palais–Smale sequence, i.e.,

Iˇ.uk/! cˇ; I 0ˇ.uk/! 0; as k!C1:

Then there exists a subsequence of fukgk (still denoted by fukgk) and u 2E such
that 8̂<̂

:
f .x;uk/

jxjˇ
!

f .x;u/

jxjˇ
strongly in L1

loc.R
2m/;

F.x;uk/

jxjˇ
!

F.x;u/

jxjˇ
strongly in L1.R2m/:

Furthermore, u is a weak solution of (1-14).

Proof. At first, we prove that

(5-9)
Z

R2m

F.x;uk/

jxjˇ
dx � C and

Z
R2m

f .x;uk/uk

jxjˇ
dx � C:

Let fukgk denote a Palais–Smale sequence of the function Iˇ, i.e.,

(5-10) 1
2
kukk

2
E �

Z
R2m

F.x;uk/

jxjˇ
dx! cˇ as k!1

and

(5-11) jI 0.uk/vj � �kkvkE for all v 2E;

where �k ! 0 as k!1. Moreover, taking v D uk in (5-11), we get

(5-12)
Z

R2m

f .x;uk/uk

jxjˇ
dx�kukk

2
E � �kkukkE :

This together with (5-10) and (H4) leads to

�cˇC �kkukkE �

�
�

2
� 1

�
kukk

2
E �

Z
R2m

Œ�F.x;uk/�f .x;uk/uk �

jxjˇ
dx

�

�
��2

2

�
kukk

2
E :
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Thus, kukkE is bounded. Combine this with (5-10) and (5-12), we can get (5-9).
Since kukkE is bounded. Thanks to Theorem 1.7, we can assume that up to a
sequence,

uk * u; weakly in E;

uk ! u; strongly in Lq.R2m; jxj�ˇdx/ for all q � 2;

uk.x/! u.x/; for almost every x 2 R2m:

By hypothesis (H1), through similar arguments to Lemma 2.1 in [de Figueiredo
et al. 1995], we derive that

(5-13)
f .x;uk/

jxjˇ
!
f .x;u/

jxjˇ
strongly in L1

loc.R
2m/:

To show the convergence of
R

R2m
F.x;uk/

jxjˇ
dx, one can writeZ

R2m

jF.x;uk/�F.x;u/j

jxjˇ
dx

D

Z
BR

jF.x;uk/�F.x;u/j

jxjˇ
dxC

Z
R2mnBR

jF.x;uk/�F.x;u/j

jxjˇ
dx:

According to (H2) and (H3), there exists a positive constant R0 such that

(5-14)
F.x;uk/

jxjˇ
�

R0f .x;uk/

jxjˇ
for all x 2 R2m:

Together with the generalized Lebesgue dominated convergence theorem, we can
get that

(5-15) lim
R!C1

lim
k!C1

Z
BR

jF.x;uk/�F.x;u/j

jxjˇ
dx D 0:

Thus, it suffices to check that

(5-16) lim
R!C1

lim
k!C1

Z
R2mnBR

jF.x;uk/�F.x;u/j

jxjˇ
dx D 0:

By dividing the integral into two parts, we arrive atZ
R2mnBR

jF.x;uk/�F.x;u/j

jxjˇ
dx D

Z
fjxj�Rg

T
fjuk j>Ag

jF.x;uk/�F.x;u/j

jxjˇ
dx

C

Z
fjxj�Rg

T
fjuk j�Ag

jF.x;uk/�F.x;u/j

jxjˇ
dx

DW IAC IIA:
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For IA, it follows from (5-9) thatZ
fjxj�Rg

T
fjuk j>Ag

jF.x;uk/j

jxjˇ
dx �

R0

A

Z
fjxj�Rg

T
fjuk j>Ag

jf .x;uk/uk j

jxjˇ
dx

. R0

A
:

Thus, limA!C1 limR!C1 limk!C1 IA D 0.
For IIA, applying hypothesis (H1) and Theorem 1.7, one can derive that

(5-17) lim
A!C1

lim
R!C1

lim
k!C1

IIA

� lim
A!C1

lim
R!C1

lim
k!C1

C.˛0;A/

Z
fjxj�Rg

T
fjuk j�Ag

juk j
2

jxjˇ
dx

� lim
A!C1

lim
R!C1

lim
k!C1

C.˛0;A/

Rˇ=2
sup

k

kukk
2
E

D 0:

Hence,

(5-18) lim
k!C1

Z
R2m

jF.x;uk/�F.x;u/j

jxjˇ
dx D 0:

A simple application of (5-13) shows thatZ
R2m

.rmurm'Cu'/ dx�

Z
R2m

f .x;u/

jxjˇ
' dx D 0; for all ' 2 C10 .R2m/:

Thus, u is a weak solution of polyharmonic equation (1-14). �

Part 2. This part is devoted to showing that the Palais–Smale sequence fukgk

satisfies the Palais–Smale condition in light of the concentration-compactness
principle. We begin with a crucial fact:

0< cˇ <
�
1�

ˇ

2m

�
ˇ2m;m

2˛0
:

Recall that we have shown the attainability of Sp in Section 4, so there exists a
function u such that Z

R2m

jujp

jxjˇ
dx D 1 and kukE D Sp:

Through the definition of cˇ, we get

0< cˇ �max
t�0

Iˇ.tu/Dmax
t�0

�
t2

2
S2

p �

Z
R2m

F.x; tu/

jxjˇ
dx

�
:
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According to the definition of Cp, we can obtain that

(5-19) cˇ �max
t�0

�
t2

2
S2

p � tp Cp

p

�
D
.p� 2/

2p

S
2p=.p�2/
p

C
2=.p�2/

p

<
ˇ2m;m

�
1� ˇ

2m

�
2˛0

:

Now, we are in a position to verify that fukgk satisfies the Palais–Smale com-
pactness condition. We discuss this by the following two cases.

Case 1. .cˇ ¤ 0;uD 0/. We first claim that there exists some q > 1 such thatZ
R2m

ˆ2m;m.˛0juk j
2/q

jxjˇ
dx � C for all k 2 N:

Since uD 0, one can employ Lemma 5.4 to drive that

(5-20)
Z

R2m

F.x;uk/

jxjˇ
dx!

Z
R2m

F.x;u/

jxjˇ
dx D 0:

Together with (5-10), we obtain that

(5-21) kukk
2
E! 2cˇ as k!1:

Take q > 1 sufficiently close to 1 such that

(5-22) ˛0qkukk
2
� ˛0qkukk

2
E � ˇ0 <

�
1�

ˇ

2m

�
ˇ2m;m:

Then, it follows that

(5-23)
Z

R2m

ˆ2m;m.˛0juk j
2/q

jxjˇ
dx �

Z
R2m

ˆ2m;m.˛0juk j
2/q

jxjˇ
dx

.
Z

R2m

ˆ2m;m

�
ˇ0

�
uk

kukk

�2�
jxjˇ

dx

. 1:

Combining hypothesis (H1), the Hölder inequality and (5-23), one can derive
that

(5-24)
ˇ̌̌̌Z

R2m

f .x;uk/uk

jxjˇ
dx

ˇ̌̌̌

.
Z

R2m

juk j
2

jxjˇ
dxC

�Z
R2m

ˆ2m;m.˛0juk j
2/

q

jxjˇ
dx

�1
q
�Z

R2m

juk j
q0

jxjˇ
dx

� 1
q0

.
�Z

R2m

juk �uj2

jxjˇ
dx

�1
2

C

�Z
R2m

juk �ujq
0

jxjˇ
dx

� 1
q0

;

where q > 1 close enough to 1 and 1
p
C

1
p0
D 1.
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Thanks to Theorem 1.7 again, we arrive atZ
R2m

f .x;uk/uk

jxjˇ
dx! 0 as k!1:

Taking I 0
ˇ
.uk/uk ! 0 into consideration, we get limk!1 kukkE! 0, which is a

contradiction with cˇ > 0.

Case 2. .cˇ ¤ 0;u¤ 0/. We claim that limk!1 kukkE D kukE . We argue this
by contradiction. Suppose limk!1 kukkE > kukE , and define

vk WD
uk

kukkE
and v0 WD

u

limk!1 kukkE
:

We claim that for q > 1 sufficiently close to 1, there exists a constant ˇ0 > 0 such
that the following inequality holds.

(5-25) q˛0kukk
2
E � ˇ0 <

ˇ2m;m

�
1� ˇ

2m

�
1�kv0k

2
E

:

Indeed,

(5-26) lim
k!1

kukk
2
E.1�kv0k

2
E/

D lim
k!1

kukk
2
E

�
1�

kuk2
E

limk!1 kukk
2
E

�
D 2cˇC2

Z
R2m

F.x;u/

jxjˇ
dx�2Iˇ.u/�2

Z
R2m

F.x;u/

jxjˇ
dx

<
ˇ2m;m

�
1� ˇ

2m

�
˛0

;

where we apply Iˇ.u/�0. Then it follows from the above estimate and Theorem 1.4
that

(5-27)
Z

R2m

.ˆ2m;m.˛0juk j
2//q

jxjˇ
dx � C

Z
R2m

ˆ2m;m

�
ˇ0

ˇ̌
uk

kukkE

ˇ̌2�
jxjˇ

dx . 1:

Under hypothesis (H1), the Hölder inequality gives that

(5-28)
ˇ̌̌̌Z

R2m

f .x;uk/.uk �u/

jxjˇ
dx

ˇ̌̌̌

� b1

�Z
R2m

juk j
2

jxjˇ
dx

�1
2
�Z

R2m

juk �uj2

jxjˇ
dx

�1
2

C b2

�Z
R2m

juk �ujq
0

jxjˇ
dx

� 1
q0
�Z

R2m

.ˆ2m;m.˛0juk j
2//q

jxjˇ
dx

�1
q

:



GROUND STATE SOLUTIONS OF POLYHARMONIC EQUATIONS 377

Thanks to Theorem 1.7, we derive the following conclusion with inequalities (5-27)
and (5-28): Z

R2m

f .x;uk/.uk �u/

jxjˇ
dx! 0:

Together with I 0
ˇ
.uk/.uk �u/! 0, we getZ

R2m

r
muk.r

muk �r
mu/ dxC

Z
R2m

V .x/uk.uk �u/ dx! 0:

Since uk * u in E, we haveZ
R2m

r
mu.rmuk �r

mu/ dx! 0 and
Z

R2m

V .x/u.uk �u/ dx! 0:

Therefore

(5-29) lim
k!C1

kuk �uk2E D lim
k!C1

Z
R2m

.rmuk �r
mu/.rmuk �r

mu/ dx

C lim
k!C1

Z
R2m

V .x/.uk �u/.uk �u/ dx

D 0;

which arrives at a contradiction with limk!1 kukkE > kukE .

Part 3. In this part, we show that the critical point of functional Iˇ is actually a
ground state solution for the singular polyharmonic equation (1-14). Define

mD inf
u2s

Iˇ.u/ and S WD fu 2E W u 6� 0 and I 0ˇ.u/D 0g:

For all w 2 S , pick t0 sufficiently large such that Iˇ.t0w/ < 0. Denote h W

.0;C1/! R by h.t/D Iˇ.tw/ and g W Œ0; 1�! E by g.t/D t t0w. It is easy to
check that

h0.t/D I 0ˇ.tw/w D tkwk2E �

Z
R2m

f .x; tw/w

jxjˇ
dx; for all t > 0:

Combine this with I 0
ˇ
.w/w D 0, we easily see that

h0.t/D t

Z
R2m

�
f .x; w/

w
�
f .x; tw/

tw

�
w2

jxjˇ
dx;

which implies that h0.t/ > 0 for t 2 .0; 1/ and h0.t/ < 0 for t > 1 under hypothe-
sis (H6). Thus,

cˇ � max
t2Œ0;1�

Iˇ.g.t//�max
t�0

Iˇ.tw/D Iˇ.w/;

which concludes the proof of Theorem 1.9.
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6. The proof of Theorem 1.10

In this section, we will investigate the existence of the nontrivial weak solutions for
nonsingular polyharmonic equation (1-15). The presence of the constant potential
V .x/makes it hard to follow the same line of reasoning as for Theorem 1.9. In order
to overcome this difficulty, we need to use the principle of symmetric criticality.
We first introduce some background knowledge about the principle of symmetric
criticality.

Definition 6.1. The action of a topological group G on a normed space X is a
continuous map

G �X !X W Œg;u� 7! gu

such that

1 �uD u; .gh/uD g.hu/; u 7�! gu is linear.

The action is isometric if

kguk D kuk

The space of invariant points is defined by

Fix.G/ WD fu 2X W guD u;8g 2Gg:

A function ' WX ! R is invariant if ' ıg D ' for every g 2G.

Lemma 6.2 (principle of symmetric criticality [Badiale and Serra 2011]). Assume
that the action of the topological group G on the Hilbert space X is isometric. If
' 2 C 1.X;R/ is invariant and if u is a critical point of ' restricted to Fix.G/, then
u is also a critical point of '.

Lemma 6.3. For q � 2, W
m;2

r .R2m/ can be compactly embedded into Lq.R2m/

for any q > 2.

Remark 6.4. Through applying the radial lemma, one can easily get Lemma 6.3
with a slight modification of the proof of Theorem 1.7.

Now, we are in a position to prove Theorem 1.10. The functional related with
(1-15) is given by I.u/ D 1

2
kuk2

E
�
R

R2m F.x;u/ dx. Based on Lemma 6.2, we
can restrict the functional I to the subspace Er of E, where Er is the set of
all radial functions in E. It follows from same reasoning as for Lemma 5.3 that
functional I satisfies the geometric conditions which imply that there exists a
sequence fukgk 2Er such that I.uk/! c0, I 0.uk/! 0 as k!C1. Furthermore,
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we also can obtain

uk * u0; in Er ;

uk ! u0; in Lq.R2m/ for all q > 2;

uk.x/! u0.x/; almost everywhere in R2m:

We will use a new method based on Lemma 6.3 to prove thatZ
R2m

F.x;uk/ dx!

Z
R2m

F.x;u/ dx:

By splitting the integral into three parts, we have

(6-1) lim
R!1

lim
k!1

lim
A!1

Z
R2m

jF.x;uk/�F.x;u/j dx

D lim
R!1

lim
k!1

lim
A!1

Z
BR

jF.x;uk/�F.x;u/j dx

C lim
R!1

lim
k!1

lim
A!1

Z
jxj>R; juk j>A

jF.x;uk/�F.x;u/j dx

C lim
R!1

lim
k!1

lim
A!1

Z
jxj>R; juk j�A

jF.x;uk/�F.x;u/j dx

DW I1C I2C I3:

For I1, it directly follows from (5-13), (5-14) for the case ˇ D 0. For I2, in view
of hypotheses (H2) and (H3), we have

(6-2) I2 D lim
R!1

lim
k!1

lim
A!1

Z
jxj>R; juk j>A

jF.x;uk/�F.x;u/j dx

. lim
R!1

lim
k!1

lim
A!1

Z
jxj>R; juk j>A

jF.x;uk/j dx

. lim
R!1

lim
k!1

lim
A!1

1

A

Z
jxj>R; juk j>A

jf .x;uk/uk j dx

D 0:

For I3, combining the hypothesis f .x; t/D o.t/ and Lemma 6.3, one can obtain
that for any " > 0,

(6-3) I3 D lim
R!1

lim
k!1

lim
A!1

Z
jxj>R; juk j�A

jF.x;uk/�F.x;u/j dx

. lim
R!1

lim
k!1

lim
A!1

Z
jxj>R; juk j�A

jF.x;uk/j dx

. "kukk
2
E C lim

R!1
lim

k!1

Z
jxj>R

juk j
3 dx

. "kukk
2
E ;
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which leads to I3 D 0. Carrying out similar steps as we did in Section 4 (Part 1),
one can easily see that u is a weak solution of (1-15).

Next, we show uk satisfies the Palais–Smale compactness condition and u is a
critical point of functional I restricted in Er . The process of proof follows from
the similar argument of Section 4 (Part 2) as long as we can verify thatˇ̌̌̌Z

R2m

f .x;uk/.uk �u/ dx

ˇ̌̌̌
! 0:

Since f .x; t/Do.t/ at the origin, through hypothesis (H1) and the Hölder inequality,
we derive that for any " > 0, it holds that

(6-4)
ˇ̌̌̌Z

R2m

f .x;uk/.uk �u/ dx

ˇ̌̌̌

� "

�Z
R2m

juk j
2 dx

�1
2
�Z

R2m

juk �uj2 dx

�1
2

CC"

�Z
R2m

juk �ujq
0

dx

� 1
q0
�Z

R2m

.ˆ2m;m.˛0juk j
2//q dx

�1
q

:

Letting k!1 and "! 0, we arrives at the desired conclusion. Finally applying
the principle of symmetric criticality again, we see that u is also a critical point of
I in E.
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