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THE POINCARE HOMOLOGY SPHERE,
LENS SPACE SURGERIES, AND SOME KNOTS WITH
TUNNEL NUMBER TWO

KENNETH L. BAKER

APPENDIX WRITTEN JOINTLY WITH NEIL R. HOFFMAN

We exhibit an infinite family of knots in the Poincaré homology sphere with
tunnel number 2 that have a lens space surgery. Notably, these knots are
not doubly primitive and provide counterexamples to a few conjectures.
Additionally, we update (and correct) our earlier work on Hedden’s almost-
simple knots. In the appendix, it is shown that a hyperbolic knot in the
Poincaré homology sphere with a lens space surgery has either no symme-
tries or just a single strong involution.

1. A family of knots in the Poincaré homology sphere with
lens space surgeries

Figure 1 shows a one-parameter family of arcs k,, n € Z, on the pretzel knot
P(=2,3,5)=P(@3,5, —2) for which a —1-framed banding produces the two bridge
knot B(3n%> +n+ 1, —3n +2). Indeed,

3n’+n+1
32
Through double branched coverings and the Montesinos trick, the arc «,, lifts to a
knot K, in the Poincaré homology sphere on which an integral surgery yields the
lens space L(3n%>+n 41, —=3n +2).

As presented, the arc «, lies in a bridge sphere that presents P(—2,3,5) as a
3-bridge link. Thus the knot K, lies in a genus 2 Heegaard surface for the Poincaré
homology sphere P. Nevertheless, as we shall see, generically K, does not have
tunnel number one.

[nv _1’ —n, 3] =

Theorem 1. For each integer n, the knot K,, in the Poincaré homology sphere P
has an integral surgery to the lens space L(3n> +n+1, =3n+2). If |n| > 4, then
K,, has tunnel number 2.

MSC2010: 5TM27.
Keywords: Poincaré homology sphere, Dehn surgery, lens space, tunnel number.

1


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2020.305-1
http://dx.doi.org/10.2140/pjm.2020.305.1

2 KENNETH L. BAKER
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[n, —1, —n, 3]

Figure 1. Top left shows a family of arcs «,, with end points on
the pretzel knot P(—2, 3,5). A numbered vertical box signifies a
stack of half-twists where the sign informs the handedness. We
perform a banding on k,, (framed relative to the horizontal bridge
sphere) followed by a sequence of isotopies to recognize the result
as the two-bridge knot B(3n*> +n+ 1, —3n +2). The arc «;* dual
to the banding is also carried along.

’

These knots arose from an application of the “longitudinally jointly primitive’
ideas presented in [Baker et al. 2019]. After observing that the negative White-
head link is a two-component genus 1 fibered link for which —1 surgery on both
components produces P, we found a family of jointly primitive knots in the twice-
punctured torus bundle that is the exterior of this Whitehead link. Our knots K,
are the images of these jointly primitive knots in the P filling. This is discussed
further in [Baker et al. 2019, §2.3.3].

Previously, the only known knots in P admitting a surgery to a lens space are
surgery duals to Tange knots [2009a] and certain Hedden knots [Hedden 2011;
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Rasmussen 2007; Baker 2014b]. (See Section 5 for a discussion of the Hedden
knots.) These knots in P are all doubly primitive, they may be presented as curves
in a genus 2 Heegaard splitting that represent a generator in 771 of each handlebody
bounded by the Heegaard surface. We see this as Tange knots and Hedden knots all
admit descriptions by doubly pointed genus 1 Heegaard diagrams. (Tange knots are
all simple knots in lens spaces and Hedden knots are “almost simple”.) Equivalently,
they are all 1-bridge knots in their lens spaces. Any integral surgery on a 1-bridge
knot in a lens space naturally produces a 3-manifold with a genus 2 Heegaard
surface in which the dual knot sits as a doubly primitive knot.

The Berge conjecture posits that any knot in S with a lens space surgery is a
doubly primitive knot [Berge 1990]; see [Gordon 1991, Question 5.5]. It is also
proposed that any knot in S' x §? with a lens space surgery is a doubly primitive
knot [Baker et al. 2016, Conjecture 1.1; Greene 2013, Conjecture 1.9]. By analogy
and due to a sense of simplicity', one may suspect that any knot in 7 with a lens
space surgery should also be doubly primitive. However this is not the case. Since
our knots K, have tunnel number 2 for |n| > 4, they cannot be doubly primitive.

Corollary 2. There are knots in the Poincaré homology sphere with lens space
surgeries that are not doubly primitive. That is, the analogy to the Berge conjecture
fails for the Poincaré homology sphere.

Corollary 3. [Greene 2013, Conjecture 1.10] is false. For example, the lens space
L(5, 1) contains a knot K} with a surgery to P but does not contain a Tange knot
or a Hedden knot with a P surgery.

Proof. For n =1, surgery on K| produces L(5, —1) as shown in Figure 1. A quick
check of [Tange 2009a, Table 2] shows that L(5, —1) contains no Tange knots.
The Hedden knots with surgery to =P are homologous to Berge lens space knots
of type VII [Rasmussen 2007; Greene 2013]: one further observes that L(5, —1)
does not contain any of these knots since k> +k 4+ 1 =0 (mod 5) has no integral
solution. O

Remark 4. The knot K is actually the (2, 3)-cable of the knot J that is surgery
dual to the trefoil in S3.

As we shall see in Theorem 7(3), it is the (2g(K,,) — 1)-surgery on our knots K,
that produces a lens space; g(K,) is the Seifert genus of the knot K,,. Hence they
also provide counterexamples to [Hedden 2011, Conjecture 1.7] (see [Baker et al.
2008, Conjecture 1.6]) and [Greene 2013, Conjecture 1.10]. It seems plausible
that it is the largeness of the knot genus with respect to the lens space surgery

I'The manifolds $3, P, and its mirror —P are the only homology 3-spheres with finite fundamental
group (by Perelman) and the only known irreducible L-space homology 3-spheres, e.g., [Eftekhary
2009; Eftekhary 2018].
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slope that enables the failure of our knots to be doubly primitive. Hedden and
Rasmussen also observe a distinction at this slope for lens space surgeries on knots
in L-space homology spheres [Hedden 2011; Rasmussen 2007]. Indeed, from the
view of Heegaard Floer homology for integral slopes on knots in homology spheres,
this slope is right at the threshold at which a knot could have an L-space surgery
[Ozsvéth and Szabo6 2011, Proposition 9.6] (see also [Hedden 2009, Lemma 2.13])2
and just below what implies it has simple knot Floer homology [Eftekhary 20117]3.
With this in mind, we adjust and update [Greene 2013, Conjecture 1.10].

Conjecture 5. Suppose that p-surgery on a knot K in the Poincaré homology
sphere produces a lens space. If p > 2g(K) — 1 is an integer, then K is a doubly
primitive knot. Furthermore it is surgery dual to one of the Tange knots.

Conjecture 6. If a knot in the Poincaré homology sphere is doubly primitive, then
it is surgery dual to one of the Tange knots or one of the Hedden knots.

As mentioned in the paragraph following its statement, [Hedden 2011, Theorem
3.1] (presented here in Theorem 14) applies to any L-space homology sphere, not
just $3. Thus, since doubly primitive knots are surgery dual to one-bridge knots
in lens spaces, [Hedden 2011, Theorem 3.1] implies that such surgery duals are
either simple knots or one of the Hedden knots 7, or Tk. In Section 5 we clarify
and correct our work in [Baker 2014b] and further classify when Hedden’s knots
are dual to integral surgeries on knots homology spheres, P in particular. Tange
has produced a list of simple knots in lens spaces that are surgery dual to knots
in P [Tange 2009a], and it is expected that this list is complete. Verifying its
completeness will affirm Conjecture 6.

Let us collect various properties of our knots.

Theorem 7. Let p = 3n> +n+ 1 and g = —3n + 2. Then the following hold for
our family of knots K,, in P:

(1) Positive p-surgery on K, produces a lens space L(p, q).

(2) K, is fibered and supports the tight contact structure on P.

3) g(Kn)=3(p+1)

(4) Tk HFK(L(p, q), K}) = p +2

(5) Let T, be the (3n + 1, n)-torus knot in 3, and note that p-surgery on T, also

produces L(p, q). The surgery dual to K,, is homologous to the surgery dual
toT,.

6) Ak, (t) = Ar, (1) — (tP=D/2 4 ==D/2y 4 (1 (p+D/2 4 p=(p+1D/2)

2This threshold may be lower for knots in homology spheres with 7(K) < g(K).
3 A knot K* in a rational homology sphere Y has simple knot Floer homology if rk HFK(Y, K*) =
rk HF(Y). This definition does not require Y to be an L-space itself.
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Theorem 7(5) is given as Lemma 12. The remainder of Theorem 7 follows from
assembling the works [Hedden 2011; Rasmussen 2007; Tange 2011, 2009b]. In
fact, appealing to Greene’s proof of the lens space realization problem [Greene
2013], we tease out the following general theorem from which Theorem 7(3) and
(6) follow.

Theorem 8. Suppose that p-surgery on knot K in an L-space homology sphere Y
with d(Y) = 2 produces the lens space L(p, q). Then p =2g(K) — 1 if and only
if p-surgery on some Berge knot B in S also produces the lens space L(p, q) in
which the surgery duals to K and B are homologous.

When this holds, Ak (t) = Ag(t) — (tP=1D/2 41~ (P=D/2) 4 (1 (PHD/2 4 4=(p+D/2),

2. Questions about knots in the Poincaré homology sphere with
lens space surgeries.

2.1. Homology classes of knots.

Question 9. (1) For which Berge knots B that have a positive, odd p-surgery
producing the lens space L(p, q), is there a knot K in P such that 2g(K)—1=
p, p-surgery produces the lens space L(p, ¢), and the surgery duals B* and
K* are homologous?

(2) For a Berge knot B as above, can there be two distinct knots K| and K, in P
with p-surgery to L(p, g) such that the surgery duals B*, K, and K7 are all
homologous?

Presently the only Berge knots known to answer Question 9(1) are the Berge
knots of type VII (those that embed in the fiber of the trefoil) due to [Hedden 2011;
Baker 2014b] and the (3n+ 1, n)-torus knots with p = 3n%+n+ 1 due to our knots
introduced here. Indeed, what about the case of the (3n + 1, n)-torus knots when
p=3n+n—-1?

To clarify the word “distinct” in Question 9(2), note that the mapping class group
of the Poincaré homology sphere is trivial [Boileau and Otal 1991, Théorém 3 and
Corollaire 4]. Thus knots in P that are related by a diffeomorphism of P are also
isotopic.

2.2. Symmetries. One may observe that, thus far, all the known examples of knots
in P with a lens space surgery are strongly invertible. Hence there is an involution
of P taking each of these knots with some orientation to its reverse. Wang and
Zhou [1992] have shown that if a knot in S> other than a torus knots has a nontrivial
lens space surgery, then its only possible symmetry is a strong involution.

Question 10. (1) Is every knot in P with a lens space surgery strongly invertible?

(2) What are the possible symmetries of a knot in P with a lens space surgery?
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In the appendix to this article, the author and Hoffman provide Theorem A.1 which
addresses Question 10(2): A hyperbolic knot in P with a lens space surgery either
has no symmetries or just a single strong involution.

2.3. Hopf plumbings. Let us inquire about another potential analogy with the
Berge knots in S°. The Giroux correspondence says that any two fibered knots
supporting the same contact structure are related by a sequence of plumbings and
de-plumbings of positive Hopf bands [Giroux 2002]. Since the Berge knots (with
positive surgeries to lens spaces) can all be expressed as closures of positive braids®,
each Berge knot can be obtained from the unknot by a sequence of plumbings of
Hopf bands. No de-plumbings are necessary.

In P the unknot is not fibered, but the knot J that is —1-surgery dual to the
(negative) trefoil is. As we shall see in Lemma 13, J is a reasonable surrogate for
the unknot in P: it is the unique genus one fibered knot in P, and it supports the tight
contact structure on P. Since a knot in P with a lens space surgery is fibered and
supports the tight contact structure (by Theorem 7(2)), the Giroux correspondence
says that it may be obtained from J by a sequence of plumbings and de-plumbings
of positive Hopf bands.

Question 11. If a knot in P has a lens space surgery, then can it be obtained from
J by a sequence of plumbings of Hopf bands?

We have yet to systematically check this question for the knots produced here or
for the duals to the Tange and Hedden knots. As noted in Remark 4, the knot K
is the (2, 3)-cable of J. One may use this to show that K is indeed obtained by
plumbing two Hopf bands onto J.

3. Notation and conventions

Let K be a knot in an oriented 3-manifold M. Choose an orientation on K and let x
be a meridian of K in the torus ' (K) that positively links K. Let A be an oriented
curve in AN (K) that is isotopic to K in N'(K); if K is null-homologous in M, we
choose A so that it is null-homologous in M — N (K). If y is an essential simple
closed curve in dN (K), then when it is oriented [y ] = p[u]l+g[r] € H(ON(K))
where p, g are coprime integers; changing the orientation of y changes the signs
of both p and ¢g. We refer to both the unoriented isotopy class of y in dN(K) and
the number p/q € QU {oo} as a slope and (when A is null-homologous) say it is
positive if 0 < p/q < oo. If the slope is integral, we also say it is a longitude or a
framing of K.

The result of y-Dehn surgery on the knot K C M is the manifold Mk (y) obtained
by attaching §' x D? to M — N'(K) along the torus N (K) so that pt x dD? is

4This is remarked preceding the conjecture of Goda and Teragaito [2000], for example.
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identified with the slope y. The image of the curve S' x pt in Mg (y) is a knot
called the surgery dual to K and denoted K*. Observe that y is the meridian of
K* and p-surgery on K* returns M with surgery dual K = (K*)*.

If M is the double branched cover of S over a link L, an arc x such that
k N L = o« lifts to a knot K in the cover M. Via the Montesinos trick [1975],
each integral surgery on K corresponds to a banding along . With I =[—1, 1],
if R=1 x I is a disk embedded in S> such that RNL =9I x I and {0} x [ =«,
then the link L' = (L — 31 x I) U x 1) is the result of a banding along «. The
arc k* = I x {0} is the dual arc of the banding. In the double branched cover over
L', «* lifts to the dual knot K* of the corresponding integral surgery on K.

The lens space L(p, q) is defined to be the manifold that results from —p/g-
surgery on the unknot in 3. The two-bridge link B(p, ¢) is the link in S whose
double branched cover is L(p, g) [Hodgson and Rubinstein 1985]. Using the
continued fraction [x, x2, ..., x,]=x1—1/(x2—1/(---—1/x,)) to express —p/q
describes the two-bridge link B(p, q) geometrically in plat presentation as in the
lower left of Figure 1.

A nontrivial knot in a lens space L(p, q) is simple (or grid number one) if, in
the standard genus one Heegaard diagram of the lens space, it may be represented
by two of the p intersection points. The simple knot is then the union of the arcs
connecting those points in the two meridional disks whose boundaries are described
by the diagram. Equivalently, a simple knot (including the trivial knot) is a knot
represented by a doubly pointed genus 1 Heegaard diagram of L(p, g) that has
p intersection points. There is one for each homology class k € H;(L(p, q)) in
L(p, q), denoted K (p, g, k). See for example [Rasmussen 2007; Hedden 2011;
Baker et al. 2008].

4. Proofs

Proof of Theorem 1. Figure 1 exhibits arcs «, on the pretzel knot P(—2, 3, 5) that
have a banding to a two-bridge link. By passing to the double branched covers
(and using the Montesinos trick), this describes knots K, in P that have an integral
surgery to a lens space.

Since K, lies in a genus 2 Heegaard surface, its tunnel number is at most 2.
If K, were to have tunnel number one, then every surgery on K, would have
Heegaard genus at most 2. However we will see that surgery along the framing
induced by the Heegaard surface produces a toroidal manifold which, according
to Kobayashi’s classification [1984], does not have Heegaard genus 2. (The same
scheme was recently employed in [Eudave-Mufioz et al. 2015] to demonstrate a
family of strongly invertible knots in S* with a Seifert fibered surgery and tunnel
number 2.)
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P(1—n,-2,2) T2, 1-n)#T(2,2)

Figure 2. Left: The bridge sphere S for P(—2, 3, 5) splits «,(0)
into two tangles, 7* above and T,/ below. Middle: Filling T
with a rational tangle to get 7'(2, n + 2)#7T (2, 3) makes Tnﬁ into
P(1 —n,—-2,2). Right: Filling 7/ with a rational tangle to get
T(2,1—=n)#T(2,2) makes T,J into P(n+3, 3, —2).

Kobayashi shows that if M = M* Ur M? is a genus 2 manifold decomposed
along a torus T into two atoroidal manifolds, then one of M% or M# admits a
Seifert fibering over the disk with 2 or 3 exceptional fibers or over the Mobius band
with up to 2 exceptional fibers such that filling the other along the slope induced by
a regular fiber in 7" produces a lens space. (This is more general than Kobayashi’s
classification but suitable for our needs.) The slope of a regular fiber may be
identified since filling one of these Seifert fibered spaces produces a reducible
manifold if and only if the filling is done along the slope of a regular fiber.

Figure 2 (left) shows that the result of a O-framed banding along «, has a sphere
S dividing it into two 2-string tangles. Up to homeomorphism, these two tangles are
the tangle sums 7,* = 1/(n +2) + % and T,/ =1 /(1 —n)— % Their corresponding
double branched covers, M, and M,’f , are in general each Seifert fiber spaces
over the disk with exactly two exceptional (and nondegenerate) fibers: M, has
type D2(|n + 2|,3) and M’ has type D2(|1 — n|,2). This fails for M® when
n=-—1,-2,—3 and for M,’,g when n =0, 1, 2; in each, the middle value yields a
degenerate Seifert fibration while the other values yield solid tori. In these cases the
torus 7 that is the double branched cover of S is compressible and so Kobayashi’s
classification does not apply; moreover, one may observe that K, has tunnel number
one in these cases. Hence we assume n ¢ {—3, -2, —1, 0, 1, 2}.

When n = —1 or 3, M,f has type D?(2,2) and thus is a twisted 7-bundle over
the Klein bottle. Therefore it has an alternative Seifert fibration over the Mobius
band with no exceptional fibers. We already assume n # —1. We shall assume
n # 3 as well.
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crossing
change
—n ~[—n — 5 [—n ~ [—n ~ [—n ’ |: X
dbcT
»—2b
R
g
clasp
change
two clasp
changes

Figure 3. Left: An isotopy of the arc «,; on the two bridge link
B(3n?+n+1, —3n +2) from the lower left of Figure 1 has two
clasp changes performed. The resulting arc 7, is then isotoped
to lie in a bridge sphere. Right: A clasp change of an arc around
a segment of a branch locus lifts to a crossing change about a
segment of the fixed set in the double branched cover.

Figure 2 (middle) shows the results of filling 7,* and Tnﬁ with the rational tangle
p* defined by a pair of arcs in S so that 7, (p*) is composite. We then observe that
the filling Tnﬂ (p%) is the pretzel link P(1 —n, 2, 2), and this is a two-bridge link if
and only if n = 0, 2. We have already omitted these values of n.

Figure 2 (right) shows the results of filling 7,* and Tnﬂ with the rational tangle
p? defined by a pair of arcs in S so that T,,ﬂ (0?) is composite. We then observe that
the filling T (pP) is the pretzel link P (n + 2, 3, —2), and this is a two-bridge link

if and only if n = —1, —3. We have already omitted these values of n too.
Therefore, to conclude that the knot K,, has tunnel number 2, it is sufficient to
require that n ¢ {—3, -2, —1,0, 1, 2, 3}. U

Lemma 12. The knot K} in L3n?+n+1,=3n+2) that is surgery dual to K, is
homologous to the knot T that is surgery dual to the (3n + 1, n)-torus knot in S°.

Proof. Starting from the lower left of Figure 1 where the dual arc «, is a presented
on a standard form of the two bridge link B@n*+n+1,-3n+2), Figure 3 (left)
shows how two clasp changes (and isotopy) transforms «,; into an arc 7, in a bridge
sphere. Since 7, lies in the bridge sphere, its lift to the double branched cover is
a knot 7, in the Heegaard torus of the lens space. Lifting the transformation of
Figure 3 (left) to the double branched cover thus shows that K* and 7, are related
by two crossing changes. (The clasp changes lift to crossing changes as indicated
in Figure 3 (right).) Hence these knots are homotopic, and therefore homologous,
in the lens space.
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banding banding

Figure 4. Left: A banding of B(3n?> +n + 1, —3n + 2) along
the arc 7,7 produces the unknot. Right: A different banding of
B(3n?+n+1, —3n+2) along the arc t* produces the connected
sum of B(n, —1) and B(3n +1, 3).

Finally, Figure 3 (left) shows a banding of B(3n?+n+ 1, —3n+2) along the arc
7, to the unknot. Thus we may identify 7" as surgery dual to a torus knot 7, in § 3,
Because Figure 3 (left) shows a banding of B(3n> +n + 1, —3n + 2) along the arc
7, to the connected sum B(n, —1)#B(3n + 1, 3), the torus knot 7, has a reducible
surgery to L(n, —1)#L(3n+1,3) = L(—n,3n+ 1)#L(3n + 1, —n) which is the
mirror of L(n,3n + 1)#L(3n + 1, n). Thus T, must be the (3n + 1, n)-torus knot
(for example, see [Moser 1971]). O

Proof of Theorem 7. (1) Theorem 1 shows that either 4 p-surgery on K, is a lens
space. Tange shows that any integral lens space surgery on a knot in P must be
positive [Tange 2011, Theorem 1.1].

(2) In [Tange 2011, Theorem 3.1], the paragraph following, and its proof, Tange
further shows that if an L-space homology sphere Y contains a knot K with irre-
ducible exterior for which a positive integer surgery produces an L-space, then K is
a fibered knot supporting a tight contact structure. (Tange notes that the fiberedness
of K follows from the proof of [Ozsvath and Szabé 2005, Theorem 1.2] and [Ni
2007]. Tange then demonstrates that the Heegaard Floer contact invariant of the
contact structure supported by K is nonzero.)

(5) If T, is the (3n + 1, n)-torus knot in S3, then p-surgery on T, produces the lens
space L(p, g). By Lemma 12, the surgery dual knot 7, is homologous to the knot
K that is surgery dual to K.

(3) and (6) Since the dual knots K¥ and 7," are homologous, Theorem 8 implies
2g(K") = p — 1 and the stated relationship of the Alexander polynomials of K,
and T,,.
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Figure 5. Left: A regular neighborhood of an oriented knot K
in a homology sphere Y has meridian u linking K positively and
longitude A oriented as the boundary of a Seifert surface. The
surgery curve u* of positive slope 5/1 shown here is oriented as
[u*]=[A]+5[u] in H1(ON(K)). Right: Performing p*-surgery
on K produces the rational homology sphere Z and surgery dual
knot K*. Orienting K* to be linked positively by its meridian p*,
the boundary of the (rational) Seifert surface A is homologous to
5[K*]in N (K*) while the longitude u is homologous to —[ K*].

(4) Knowing that g(K,) = (p+1)/2 implies tk HFK(L(p, ¢), K*) = p+2 [Hedden
2011, Theorem 1.4] (see also [Rasmussen 2007, Proposition 4.5]). U

Proof of Theorem 8. Let K* be the surgery dual to K in L(p, ¢) and (for some
choice of orientations) let J* be the simple knot in L(p, g) homologous to K*.
Then J* has an integral surgery to an L-space homology sphere Y; [Rasmussen
2007, Theorem 2].

Since positive p-surgery on K gives L(p, q), then the self-linking number of
K*is —1/p (mod 1); see [Rasmussen 2007, §2]. This is demonstrated in Figure 5:
If ¥ is an oriented Seifert surface for K giving the oriented longitude A = 9%,
then the positively linking meridian p of K is oriented as shown. In order for A
to run positively along K*, we need pu* - A > 0. Thus we must orient u* so that
[*] = [A]+ plu]. This forces w to be an anti-parallel longitude of K*. Hence we
may use —u to calculate the self-linking number of K* as (—u -A)/p (mod 1).

With this set-up, p-surgery on K* may be regarded as —1-surgery on K*. This
means ¥ = K*, in the notation of [Rasmussen 2007], though not explicitly stated.
Similarly we also have Y; = J*,.
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If 2g(K) — 1 # p, then the knots J* and K* have isomorphic knot Floer ho-
mology [Rasmussen 2007, Theorem 2] (see also [Hedden 2011, Theorem 1.4]).
Having isomorphic (and simple) knot Floer homology would imply that the L-space
homology spheres Y; and Y have the same d-invariants. Hence d(Y;) = 2 too. But
now Y, cannot be S since d(S°) = 0.

If 2g(K)—1= p then width HFK(L(p, q), K*) =2p [Ni 2009]; see [Rasmussen
2007, Theorem 4.3]. Thus d(Y) =d(Y;)+2 by [Rasmussen 2007, Proposition 5.4]
and so d(Y;) = 0. Greene’s solution [2013] to the lens space realization problem
proceeds by first identifying the pairs (lens space, homology class) that contain
knots for which some integral surgery produces an L-space homology sphere with
d = 0, and then observing that each of these pairs contains the surgery dual to a
Berge knot. Since the lens space surgery duals to Berge knots are simple knots, we
have that in fact J* is surgery dual to a Berge knot B and Y; = §°.

For the statement about Alexander polynomials, let us first summarize work of
Tange [2009b] on Alexander polynomials of knots in L-space homology spheres for
which a positive integral surgery yields a lens space. The symmetrized Alexander
polynomial of a knot K in an L-space homology sphere with a nontrivial L-space
surgery can be expressed as

k
Ax(®) =) ai(K)r' = (=D + Y (=D 417 e Z(r*)
icz j=1

following the arguments of [Ozsvath and Szabé 2005]. For a given positive in-
teger p, pass to the quotient Z[r=']/(t? — 1) to obtain a polynomial Ag (1) =
> iez)pz @i (K)t' with coefficients @ (K) = Y ;_; yoq p @ (K). Assuming that p-
surgery gives a lens space Z, then 2g(K) — 1 < p [Kronheimer et al. 2007]. Note
that K is fibered > and hence the degree of Ak (¢) equals 2g(K). Because of this
and that the coefficients of Ag(t) are a;(K) = 0 or 1 (and the nonzero ones
alternate in sign), it follows that a; (K) = 0, &1, or 2 where a;(K) = 2 implies
that both p is even and i = % p [Tange 2009b, Corollary 2]. Furthermore, one may
determine that the coefficients a;(K) and the polynomial Ag (¢) only depend on
the lens space Z and the homology class of the surgery dual knot K* [Brody 1960]
(see [Rasmussen 2007, §5]). In particular, if p =2g(K) — 1 then

Ax(t) = Ag(t) — (t(P*U/Z + t*(P*I)/Z) + (t(PJrl)/Z + t*(P+1)/2)

where the indices for the coefficients of Ag (t) are taken to be the representatives
of Z/pZ from —%( p—1)and %( p — 1). See also the discussion preceding [Tange
2009a, Proposition 3.3].

5Since lens spaces are irreducible, a knot in a homology sphere with a lens space surgery must
have irreducible exterior. Thus K has irreducible exterior and so it is fibered by [Ozsvath and Szabd
2005, Theorem 1.2] and [Ni 2007]; see Theorem 7(2).
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Now in our present situation, since the Berge knot B in S° has p-surgery to
L(p, q) in which the surgery dual is the simple knot J*, we therefore have 2g(B) <
p because p is odd [Hedden 2011, Theorem 3.11°. Hence a;(B) = a;(B) for all
i € 7/pZ and Ag(r) = Ap(t). Because the surgery dual K* is homologous to the
simple knot B* in L(p, q), Ak (1) = Ag(r). Therefore we have

Ax () = Ag(t) — (t(P—l)/2 + t—([)—l)/z) + (t(P+1)/2 + t—(P-H)/Z)
as claimed. O

Lemma 13. There is a unique genus one fibered knot J in P. As an open book, it
supports the tight contact structure on P. Furthermore, it is surgery dual to the
negative trefoil knot in S°.

Proof. This can be seen in the spirit of [Baker 2014a] which relates genus one
fibered knots to axes of closed 3-braids as follows: Noting that since P has a
unique genus 2 Heegaard splitting [Boileau and Otal 1991], P(-2, 3,5) is the
only 3-bridge link whose double branched cover gives P. (In fact P is the double
branched cover of no other link.) Since P(—2, 3, 5) is isotopic to the (3, 5)-torus
knot, its 3-braid axis A lifts to a genus one fibered knot J C P. By [Birman and
Menasco 1993, classification theorem] and [Baker 2014a, Lemma 3.8], for instance,
A is the only 3-braid axis for P(—2, 3, 5) up to isotopy of unoriented links. Hence
J is the only genus one fibered knot up to homeomorphism in P. Since the mapping
class group of P is trivial [Boileau and Otal 1991], J is the only genus one fibered
knot in P up to isotopy.

In the double branched cover, a braid presentation of the branch locus lifts to a
Dehn twist presentation of the monodromy of the lift of the axis. Since the axis
A presents P(—2, 3, 5) as a positive braid (indeed, as the (3, 5)-torus knot), we
obtain a presentation of the monodomy of J as a product of positive Dehn twists.
Hence it supports the tight contact structure on P [Giroux 2002].

One may view J as surgery dual to the negative trefoil in several ways. Taking
the route through branched covers, this is demonstrated in [Baker 2014b, Proof 2],
though for the mirrored situation. ]

5. Hedden’s almost-simple knots.

In each lens space L(p, g) with coprime p > g > 0, Hedden diagramattically
describes two unoriented 1-bridge knots 77, and Tk (the Hedden knots) via the
doubly pointed genus 1 Heeggaard diagrams of L(p, g) with p + 2 intersection
points [Hedden 2011, Figure 3]. An alternative presentation of local pictures of
these diagrams near the two marked points are shown in the top row of Figure 6.

6See also [Greene 2013, Theorem 1.4].
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\

1
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| || | | [ |
—q—+1 —q)| —q+1 —g—+1

K(p,q,q+1) K(p,q,q—1)

Figure 6. Local portions of the doubly pointed diagrams for the
almost-simple knots 7T and Tk and their associated simple knots
K(p,q,q+1)and K(p, q,q — 1); see [Baker 2014b, Figure 1;
Hedden 2011, Figure 3]. In the bottom two pictures, the intersection
points of the red «-curve and blue B-curve are numbered in order
mod p along the a-curve.

Since the simple knots in L(p, q) are those that can be described via doubly pointed
genus 1 Heeggaard diagrams of L(p, ¢) with only p intersection points, we like
to regard the Hedden knots as almost-simple. The bottom row of Figure 6 shows
the same portion of the diagram for related simple knots. These knots are notable
because of the following theorem.

Theorem 14 [Hedden 2011, Theorem 3.1]. If K* is a 1-bridge knot in L(p, q)
with an integral surgery to an L-space homology sphere, then either

e p>2g—1and K* is a simple knot, or
o p=2g—1and K* is either Ty, or Tk,
where g is the Seifert genus of the surgery dual knot.

Though the statement of this theorem in [Hedden 2011] is explicitly only for
surgeries to S, Hedden notes that his proof applies for surgeries to any L-space
homology sphere.
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Here we would like to clarify a few points about these almost-simple knots,
correct a couple of misstatements in [Baker 2014b], and discuss the homology
spheres that may be obtained by integral surgery on them following the arguments
of [Baker 2014b]. Afterwards, we summarize these results in Proposition 15.

The knots T; and Tk are not homologous in general, contrary to what was stated
in [Baker 2014b]. One can observe this directly from the descriptions in Figure 6 (or
[Hedden 2011, Figure 3]), noting that the magnitude of their algebraic intersection
numbers with the blue g-curve differ by 2. One may further observe that the mirror
of the knot 77 in L(p, q) is the knot T in L(p, —q).

Furthermore, the proof in [Baker 2014b] that 7} differs from (and thus is ho-
mologous to) K(p, g, q + 1) by a crossing change also shows that Tk differs from
K(p,q,q—1) by acrossing change. Unfortunately, [Baker 2014b, Figure 2] should
be mirrored through the Heegaard torus so that the red «-disks are below, the blue
B-disks are above, and the twist in 77, is right-handed in order to be consistent with
the orientation conventions. In particular, the crossing change from K (p, ¢, q + 1)
to Tp is achieved by a —1-surgery on a loop Cy in the Heegaard that encircles
the two base-points in the diagram for K (p, g, g + 1) of Figure 6 (bottom left).
The crossing change from K(p, g,q — 1) to Tz may be similarly achieved by a
+1-surgery on a loop Ck.

A knot homologous to K (p, g, k) has an integral surgery to a homology sphere
if and only if its self linking is =1/p (mod 1), or equivalently if and only if
k2 = +¢g (mod p) [Rasmussen 2007, Lemma 2.6]; see [Fintushel and Stern 1980].
Here the choice of sign of + is consistent and agrees with whether this integral
surgery is a £ 1-surgery; see Figure 5 and the discussion in the proof of Theorem 8.

If T; in L(p, g) is dual to positive p-surgery on a knot K in a homology sphere Y,
then sois K (p, ¢, ¢+1) and hence (¢ +1)> = —¢g (mod p). Making the substitution
—k = g + 1 gives the equation k* +k + 1 =0 (mod p). Thus K(p,q,q + 1) is
dual to a type VII Berge knot B, one that lies in the fiber of a trefoil knot; see
[Rasmussen 2007, §6.2; Greene 2013, §1.2]. Since its fiber positively frames B,
this trefoil knot is the negative trefoil (not the positive trefoil as stated in [Baker
2014b]), and it can be identified with C; under the S surgery on K (p, g, q + 1).
Performing — 1-surgery on the negative trefoil C; in 3 produces P and takes
B C $3 to K C P. Since the linking of B and C; is 0, the positive p-surgery on
B becomes the positive p-surgery on K. Consequently, if —1-surgery on 77 is a
homology sphere, it is P.

Similarly, if Tg in L(p, ¢) is dual to positive p-surgery on a knot K’ in a
homology sphere, then (g — 1)> = —g (mod p). Making the substitution k = g — 1
gives the equation k2 —k — 1 =0 (mod p). Thus K (p, g, ¢ — 1) is dual to a type
VIII Berge knot B’, one that lies in the fiber of the figure eight knot. This figure
eight knot may be identified with Cg. Performing +1-surgery on Cg in S° produces
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the Brieskorn sphere X (2, 3, 7) taking the knot B’ to the knot K’. Consequently, if
—1-surgery on T is a homology sphere, it is X(2, 3, 7).

This coincides with the difference between the t-invariants of these knots as noted
by Rasmussen in the last two paragraphs of [Rasmussen 2007, §5]: t (7, s9) = —1
and so 7(Tg, 50) = +1. Rasmussen further shows that if integral surgery on T
or Tk produces a homology sphere, then it is an L-space homology sphere if and
only if the surgery is a —1-surgery on 7y, or a +1-surgery on 7 [Rasmussen 2007,
Proposition 4.5].

In summary, the above discussion shows:

Proposition 15. (1) In L(p, q), Ty is homologous to the simple knot K (p, q,
q + 1) and Tg is homologous to the simple knot K (p, q, g — 1).

(2) The mirror of (L(p, q), Tr) is (L(p, —q), Tg).

(3) If —1-surgery on Ty is a homology sphere, then it is P = X(2,3,5) and
K(p,q,q+1) is positive surgery dual to a type VII Berge knot.

4) If —1-surgery on Ty is a homology sphere, then it is £(2,3,7) and K (p, q,
q — 1) is positive surgery dual to a type VIII Berge knot.

Appendix: Symmetries of knots with lens space and
Poincaré homology sphere surgeries
Kenneth L. Baker and Neil R. Hoffman

The aim of this appendix is to compute the symmetry group of a hyperbolic knot in
a lens space with a surgery to the Poincaré homology sphere P. Specifically, it will
provide a proof of the following theorem:

Theorem A.l. Let X be a one-cusped hyperbolic manifold admitting both a
Poincaré homology sphere filling and a lens space filling. Then the symmetry
group of X is trivial or generated by a single strong involution.

Our method blends the classification of spherical orbifolds with results involving
exceptional Dehn fillings. We refer the reader to [Boileau et al. 2012] for the most
closely related paper on this topic and Thurston’s notes [1979, Chapter 13] for a
more general introduction to orbifolds. In preparation, we first extend the notation
of Section 3 to address orbifolds and orbifold fillings and then discuss symmetries
and quotients of hyperbolic manifolds. Thereafter, the argument in this appendix
will gradually “whittle-down” the symmetry group of the exterior X of a hyperbolic
knot K in a lens space with a Dehn surgery to P. First, we give an argument which
eliminates orientation reversing symmetries so that Sym(X) = Sym™ (X). Then we
proceed to analyze a subgroup Z(X) of Sym™(X), showing

(a) that it has index at most 2,
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(b) if the index is 2 then Sym(X) contains a strong involution, and ultimately
(c) that Z(X) is trivial.
This is pulled together in the proof of Theorem A.1 at the end of this appendix.

Background on orbifolds and symmetries. Let Q be a 3-dimensional manifold or
orbifold with singular set X (Q), the set of points fixed by some nontrivial element
of ﬂf’b(Q). (So Q is a manifold if X(Q) = &.) If K is a knot in Q, then its
complement is Q — K while its exterior is X = Q — N (K). We further assume that
K is either a component of X (Q) or disjoint from X (Q).

The torus AN (K) represents the cusp of Q — K corresponding to K. In such
a torus we consider essential closed curves up to free homotopy. A primitive
curve is homotopic to an essential simple closed curve, and hence is a slope. Any
nonprimitive essential curve is a multiple of a primitive curve. Given two closed
curves « and B in the torus we say the distance between « and 8, A(c, B) is the
minimal (unoriented) geometric intersection number between the two curves. If « is
a curve in N (K) that is an n-fold multiple of a slope y, then the result of ¢-Dehn
surgery on K C Q is the orbifold X («) with underlying manifold | X («)| obtained
as the y-Dehn surgery on K C |Q| and a new singular set X (X («)) consisting of
¥ (X) and the core of the attached S' x D? with order n (unless n = 1 in which
case the singular set remains only X (X)). The orbifold attached to X is a orbi-solid
torus of order n. An orbi-solid torus of order 1 is just a solid torus.

Following [Boileau et al. 2012, §3], an orbi-lens space is the quotient of S° by a
finite cyclic subgroup of SO(4) and is consequentially a union of two orbi-solid
tori with coprime orders along their common boundary. Its singular set is the union
of the cores of these orbi-solid tori that have order at least 2.

A knot K in a closed 3-manifold M is hyperbolic if its complement M — K is a
hyperbolic 3-manifold with a single torus cusp. We also say the exterior X = M —
N (K) of such a knot is hyperbolic if the interior of X is hyperbolic. For a hyperbolic
knot K with exterior X, the symmetry group Sym(X) of homeomorphisms modulo
isotopy is identified with the isometry group of the interior of X. The orientation
preserving symmetry group is denoted Sym™ (X).

Within Sym™ (X) is the subgroup Z(X), the maximal subgroup that acts freely
on 3X. In particular, Z(X) is the maximal subgroup of Sym™ (X) for which the
quotient orbifold (or manifold) X/Z(X) has a torus cusp.

Since X is hyperbolic, the quotient X/ Sym™ (X) is an orientable cusped hyper-
bolic 3-orbifold with vol(X/ Sym™ (X)) = vol(X)/| Sym™ (X)|. Since the minimal
volume of an orientable cusped hyperbolic 3-orbifold is positive (e.g., [Meyerhoff
1986]) and X has finite volume, it follows that Sym™ (X) is a finite group.

In a knot exterior X, the homological longitude is the slope A in dX so that
[A] =0 in H;(X; Q). This slope is unique up to sign as it is a generator of the
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kernel of the map i,.: H;(dX; Q) — H;(X; Q) which has rank 1 by the half-lives,
half-dies lemma. Since it is unique, elements of Sym(X) must preserve the slope
X up to sign. Elements of Sym™ (X) of order 2 that reverse the orientation of the
homological longitude A of the manifold X are called strong involutions.

If a group G acts on a hyperbolic knot exterior X, the cusp of the quotient
orbifold X /G records important information about the action of G on the cusp of
X. If the quotient X /G has a torus cusp, then G acts freely on d X. Furthermore,
each element of G restricts to a translation on dX. If X/G has an 5%(2,2,2,2)
cusp, then G contains an order 2 element which fixes a discrete set of points on
dX. In particular, if X/ Sym+ (X) has an 52(2, 2,2, 2) boundary, then such an
element of Sym™ (X) must preserve isotopy classes of slopes in X but reverse
their orientations. Hence Sym™ (X) contains a strong involution. Furthermore, this
means that there is a degree 2 cover with a torus cusp, and hence Z(X) has index 2
in Sym™ (X).

Whittling down the symmetry group.

Proposition A.2. Let X be the exterior of a knot in a lens space L(p, q) with p > 2
admitting a Dehn surgery to an integral homology sphere. Then either X is Seifert
fibered or Sym(X) = Sym™ (X).

Proof. Assume X admits an orientation reversing symmetry 7, and let A be the
homological longitude of X. Then t(A) is isotopic to A in d X. Since t restricts
to a homeomorphism on the boundary torus 0X, there must be a slope § with
A(8, A) = 1 such that 7(§) = £6§. Because this restriction of T to d X must also be
orientation reversing, T reverses the orientation on exactly one of § and A.

Let u be the slope in dX such that X(u) = L(p,q). Since X has a filling
producing an integer homology sphere, X must be a homology solid torus. Thus,
uw = pd+q'xin H(dX) for some integer ¢’ coprime to p and p > 2. Since
() = +(pd — q’'A) and g’ # 0, we have that A(u, T(w)) =2pq’| > 2.

The symmetry T implies X (1) = X (t(u)) so that (X (n)) and (X (z(w)))
are both cyclic. Thus, since A(u, T(®)) > 1, X must be Seifert fibered by the cyclic
surgery theorem [Culler et al. 1987]. ]

We now further classify Z(X).

Lemma A.3. Let X be the exterior of a hyperbolic knot K in a lens space L(p, q)
with p > 2 admitting a Dehn surgery to an integral homology sphere. Then the
following hold:

(1) Z(X) is cyclic.
(2) [Sym*(X): Z(X)] <2.
Q3 If [SymJr (X): Z(X)] =2, then X has a symmetry which is a strong involution.
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(4) In the quotient orbifold Z = X/ Z(X), the meridian |1 of K maps to a primitive
curve (L in 0Z.

(5) The Dehn filling Z(ji) is an orbi-lens space in which the core K of the filling
is disjoint from the singular set of Z(j1).

Proof. We first utilize the fact that X is the exterior of a hyperbolic knot in an
integral homology sphere to show that the boundary of X/ Sym™ (X) is either a
torus or 52(2, 2,2,2).

Since X admits an integer homology sphere filling, X is a homology solid torus.
Furthermore, once oriented, the slope y in d X of this filling generates H;(X). Thus
together with a choice of orientation on the homological longitude A it forms a
basis (y, A) for H{(0X).

Now consider the action of Sym™(X) on dX. Since the homological longitude
is the unique slope in d X that is null homologous in H;(X; Q), any element of
Sym™(X) must send A to 1. Since Sym™ (X) is finite because X is hyperbolic,
consideration of the action on H;(dX; Q) shows that any element of Sym™ (X)
must send y to y. Then, because Sym™ (X) is orientation preserving on 9X too,
any element of Sym™ (X) must send the basis (y, A) to £(y, A). Hence all slopes
in 3 X are preserved by the action of Sym™ (X). Consequently, the restriction to 3 X
of a symmetry of X either is trivial, has no fixed point (and hence is a translation),
or has order 2. Therefore, by consideration of the Euclidean orbifolds which are
orientable quotients of the torus, the boundary of X/ Sym™ (X) is either a torus or
52(2,2,2,2).

We now further refine this analysis by incorporating the lens space filling. Since
its exterior X is a homology solid torus, the knot K in L(p, g) represents a generator
of Hi(L(p,q),Z). Hence it lifts to a knot K c $% in the p-fold cychc cover
§3 — L(p, q). This cover restricts to a p-fold cyclic cover of knot exteriors X—>X
in which the meridian 4 C dX of K lifts to p disjoint copies of the meridian of K.
(Here X is the exterior of K.) The deck transformation group H of this cover is
therefore 1s0m0rphlc to the cyclic group Z/ pZ and extends to an action on S that
is free on 3X. Hence H is a subgroup of Z(X)

Consider the composition o : X—> X /Sym™(X) of the covers X - X and
X — X/ Sym™(X) with deck transformation groups H and Sym™ (X) respectively.
Let G be the deck transformation group of «. If « is regular, then G is a subgroup
of Sym™ (X) and H must be a normal subgroup of G with Sym™(X) = G/H. As
the boundary of X/Sym™(X) is either a torus or $%(2, 2, 2, 2), we claim that «
is indeed a regular cover. If this boundary is a torus, then this follows directly
from [Reid 1991, Lemma 4]. However if this boundary is 5%(2,2,2,2), then
the argument of [Reid 1991, Lemma 4] extends to also show that the covering
a: X > X / Sym™(X) is a regular cover as noted in the proof of [Neumann and
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Reid 1992, Proposition 9.1]. (Ultimately, this is because conjugation by an order
2 element of the peripheral subgroup m(S?(2, 2,2, 2)) inverts elements of the
maximal abelian subgroup. This maximal abelian subgroup contains the image of
the perlpheral subgroup of X))

Because X is the exterior of a hyperbolic knot in S, we know that Sym™ (X)
must be cyclic or dihedral [Boileau et al. 2012, p. 627] (see also [Neumann and Reid
1992, Proposition 9.1]). More specifically Z()Af) is cyclic, [Sym+()?) : Z(i)] <2,
and [Sym™ (i ): Z (f )] =2 only if Sym™ ()N( ) contains a strong involution.

Since G is a subgroup of Sym™ (X), either it is a subgroup of Z (X) and hence
cyclic and acting freely on X itself, or it contains a strong involution. In the
former case, Sym™*(X) = G/H is cyclic as it is the quotient of a cyclic group G
and X/ Sym™ (X) has torus boundary so that Sym™ (X) = Z(X). In the latter case,
Sym™(X) = G/H must also contain a strong involution since H is a subgroup of
Z (f ). Furthermore, because H = Z/pZ is a nontrivial subgroup of Z(? ) (since
p > 2), G cannot be generated by a single strong involution. Thus G must be
a dihedral group (of order > 4), and so Sym™(X) = G/H is a dihedral group
too (though possibly of order 2). Since X/ Smer (X) has $%2(2,2,2,2) boundary,
[Smer (X) : Z(X)] = 2 as noted in the introduction to this appendix. Since Z(X)
cannot contain a strong involution, is a cyclic group. Consequently, in both cases
claims (1), (2), and (3) of the lemma hold.

Flnally we examine the quotient orbifold Z = X / Z(X) and its filling Z(u).
Since X is the exterior of the knot K C S, Smer (X ) naturally identifies with
Sym™(S°3, 3K ) In particular, Z (X ) acts freely on K. Therefore, if 11 is the lift of the
slope u to X and [ is its image in the quotient orbifold Z = X/Z(X) X/Z(X),
then & must be a primitive slope and (4) holds.

Filling Z along the slope i produces

Z(n) =X(w)/Z(X),

which we recognize as an orbi-lens space since it is a cyclic quotient of 3 = X ()
(see [Boileau et al. 2012, §3] for context). Because i is a primitive slope, the core
of the solid torus in the filling Z(j) is a knot K that is disjoint from the singular
set X (Z(u)) of the orbi-lens space. In particular, Z is the exterior of a knot in
an orbi-lens space that is disjoint from the singular set. Thus (5) holds, which
completes the proof. ([

In light of the above lemma which employs a classification of cyclic quotients
of §3, it will also prove useful to have a list of manifolds and orbifolds that
are cyclic quotients of P. This is accomplished by Lemma A.4 below which
essentially follows from combining the classification of elliptic manifolds with the
corresponding classification of elliptic orbifolds in Dunbar [1988].
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Figure 7. The possible singular sets of orbifolds cyclically covered
by P with underlying space S°. These are the relevant cases from
a more general classification in [Dunbar 1988]. Following the
notation of that paper, a link component labeled by n indicates a
cone angle of 27 /n along that component in the singular set of the
corresponding orbifold.

Lemma A.4. [f the finite cyclic quotient of P by symmetries is an orbifold Q, then
Q is homeomorphic to one of the following:

(1) a manifold M with (M) = m(P) x Z/nZ for some integer n coprime to 30,

(2) an orbifold that fibers over S*(2, 3, 5) where the singular set of Q has 1,2, or
3 components, or

(3) an orbifold with base space S* and singular set a knot or link as pictured in
Figure 7.

Moreover, in the case that Q is an orbifold, the components of its singular set are
fixed locally by finite cyclic groups of relatively prime orders.

Proof. By the orbifold theorem (see [Boileau et al. 2003; Cooper et al. 2000,
Chapter 7]), we know that Q is a spherical 3-orbifold.

Case 1 follows directly from the classification of elliptic manifolds (see for
example [Thurston 1997, Theorem 4.4.14]), while Cases 2 and 3 follow from a
careful reading of [Dunbar 1988]. Dunbar [1988] also classifies orbifolds covered
by elliptic manifolds where the singular sets are trivalent graphs. However, no
orbifold of this type can be cyclically covered by a manifold because the group of
isometries that fixes a vertex in the trivalent graph is never cyclic. ([

A simple case analysis shows that drilling the singular sets of orbifolds from the
previous lemma results in several interesting manifolds.

Lemma A.5. In Cases 2 and 3 of Lemma A.4:
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o If |Z(Q)| =1, then the complement of X(Q) is a Seifert fibered space over
the disk with two exceptional fibers.

o If |Z2(Q)| =2, then the complement of £(Q) is a Seifert fibered space over
the annulus with one exceptional fiber.

o If |2(Q)| =3, then the complement of £(Q) is F x S, where F is a pair of
pants.

Lemma A.6. Let X be the exterior of a hyperbolic knot K in a lens space L(p, q)
with p > 2 admitting a Dehn surgery to P. Then every nontrivial subgroup of Z(X)
acts nonfreely on X.

Proof. Assume Z ¢ C Z(X) is a nontrivial subgroup of elements that act freely on
X. Then the quotient X /Z ¢ is a hyperbolic manifold with a torus boundary. Since
Z is nontrivial, |Z¢| > 2. Since Z(X) is cyclic by Lemma A.3, the subgroup Z
must be cyclic.

Assume p is the meridian of the knot K in the lens space, and y is the slope of
is P surgery. Let i1 and y be the images of u and y in the quotient X/Z ¢. Then
the orbifold fillings of X /Z ; are quotients of the Dehn fillings of X. In particular,
(X/Zg)(p) = X(w)/Zs and (X/Z¢)(y) = X (y)/Zy where the singular sets, if
nonempty, are connected, consisting solely of the cores of the filling orbi-solid
tori. Note that these quotients are manifolds exactly when their curves i and y are
primitive.

First we observe Lemma A.3 implies that 2 must be a primitive curve because
X/Zy is a quotient of X that covers the orbifold Z = X/Z(X). Thus we have two
cases depending on whether y is a primitive curve.

Case 1: y are primitive. Observe that A(it, y) =|Z¢|A(u, y), where A(j, y) is
the distance in the boundary of the quotient and A(u, y) is measured in 0 X.
Since u and y have primitive images in the quotient manifold X/Z s, Z acts
freely on the fillings X () and X (). Hence (X/Z¢)(jx) = X (u)/Z 7 is a manifold
quotient of the lens space X () and (X/Z¢)(y) = X(y)/Z s is a manifold quotient
of P = X (y). Thus they are both covered by S3, and therefore they are both finite
manifolds (i.e., have finite ;). Since X(y)/Zy is covered by P, |Z ;| must be
relatively prime to |71 (P)| = 120 by Lemma A.4(1). Thus we must have |Z¢| > 6.
Therefore A(ft, y) > 6 which contradicts the bound on distance between the slopes
of two finite surgeries on a hyperbolic knot provided by Boyer and Zhang [1996]

Case 2: y is not primitive. In this case (X/Z)(y) is an orbifold that is a cyclic
quotient of P whose singular set is the core of the filling of X/Z ;. However
Lemma A.5 shows that the exterior of any such core would be the exterior of a torus
knot in 3 and hence Seifert fibered, contradicting that X/ Z ¢ must be hyperbolic. [
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The final lemma needed to establish the theorem can be proved in a similar
manner to the lemma above.

Lemma A.7. Let X be the exterior of a hyperbolic knot K in a lens space L(p, q)
with p > 2 admitting a Dehn surgery to P. Then |Z(X)| = 1.

Proof. Set Z = Z(X) and assume |Z| > 1. Let u be the meridian of K and let y
be the slope of the surgery to P. Then let i and y be the images of u and y in the
quotient Z = X/Z.

By Lemma A.6, Z is an orbifold (with nonempty singular set). Since P is a
homology sphere, Z is the exterior of a knot K in an orbi-lens space Z(ji) that
is disjoint from the singular set by Lemma A.3. Because Z is a suborbifold of
Z(f), the singular set ¥(Z) may be identified with the singular set X(Z(i)).
Thus X (Z) has at most two components. Since P = X (), the quotient orbifold
‘P/Z = Z(y) has a singular set X (Z(y)) consisting of one, two, or three embedded
circles according to whether the singular set X (Z) has one or two components and
whether or not the slope y is a primitive curve.

Case 1: y is not primitive. Then Z is the exterior of one of the components of
% (Z2(y)). Hence by Lemmas A.4 and A.5, Z must be Seifert fibered. Thus X must
be Seifert fibered contrary to K being a hyperbolic knot.

Case 2:  is primitive. Let K , be the core of the filling solid torus in Z(y) so that
the exterior of K y 18 Z. Since y is primitive, the singular set ¥ = X (Z(y)) of Z(y)
is contained in the knot exterior Z and thus has either one or two components. Since
Z is a hyperbolic orbifold in which X is a geodesic link of one or two components,
the exterior of T is a hyperbolic manifold X' = Zy = Z — N (2) [Kojima 1988;
Sakai 1991].

Let us write X'(«, B) (or X'(«, B1, B2)) to denote the Dehn filling of X" along
the o and B (or o and 1, B>) slopes in the components of dX’ corresponding
to AN (K y) = 0Z and AN (X) respectively. We will use — to indicate that the
boundary component is left unfilled.

Case 2a: X has just one component. By Lemma A.4, X'(y, —) is a Seifert fibered
space over the disk with two exceptional fibers. Thus X’(y, —) has a one-parameter
family of slopes o; giving lens space fillings X’'(y, ;). Since X'(jx, —) is a solid
torus (as it is the complement of the core of an orbi-solid torus in an orbifold
lens space with connected singular set), X’(i, B;) is also a lens space for each f;.
Hence, by Thurston’s hyperbolic dehn filling theorem [1979, Theorem 5.8.2], we
can choose B; so that X'(—, ;) is hyperbolic. However, A(it, y) =|Z|A(u, y) >2,
which contradicts the cyclic surgery theorem [Culler et al. 1987].

Case 2b: X has two components. This case is nearly identical to the previous.
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By Lemma A.5, X'(y, —, —) is a Seifert fibered space over the annulus with one
exceptional fiber. Then there are infinitely many pairs of slopes {(0,, o, ,,,)}n.m)ez2
such that X'(y, o, 0, ) is a lens space. Since X'(ft, —, —) is a thickened torus
(being the complement of the two cores of the orbi-solid tori in the orbi-lens space),
X (@, o, 0, ) is a lens space for all these pairs of slopes.

Using Thurston’s hyperbolic Dehn filling theorem twice, there are infinitely
many of these pairs of slopes such that X (—, 0, 0,, ,,,) is hyperbolic. Again, since
A, y) =|Z|A(u, y) =2, we obtain a contradiction to the cyclic surgery theorem
[Culler et al. 1987] for these pairs. O

It may be tempting to try to use |Z| - A(u, y) in the previous lemma place try
and improve the bound in [Boyer and Zhang 1996] that A(u, y) < 2. However,
this bound is known to be sharp. Also, when Z (M) is trivial, we lose the ability
to “match up” the cores of the solid tori coming from the Heegaard splitting of the
lens space with the exceptional fibers in P, and so the arguments in this appendix
will not apply.

Proof of Theorem A.1. By Proposition A.2,
Sym(X) = Smer (X).

From Lemma A.3(2), Z(X) has index at most 2 in Sym(X). Then since Z(X) =
1 by Lemma A.7, we see that Sym(X) is either trivial or Z/2Z. According to

Lemma A.3(3), the nontrivial element in this latter case must be a strong involution.
O

Acknowledgments.

The main article benefited from Baker’s discussions with Joshua Greene and Tye
Lidman. Parts of this work and writing were done during his visits to the University
of Texas and Boston College in the winter of 2015; he thanks them for their
hospitality.

Baker was partially supported by a grant from the Simons Foundation (#209184).
Hoffman was supported by the Australian Research Council Discovery Grant
DP130103694 and by a grant from the Simons Foundation (#524123). The appendix
benefited from the thoughtful suggestions and corrections of the referee.

References

[Baker 2014a] K. L. Baker, “Counting genus one fibered knots in lens spaces”, Michigan Math. J.
63:3 (2014), 553-569. MR Zbl

[Baker 2014b] K. L. Baker, “The Poincaré homology sphere and almost-simple knots in lens spaces”,
Proc. Amer. Math. Soc. 142:3 (2014), 1071-1074. MR Zbl


http://dx.doi.org/10.1307/mmj/1409932633
http://msp.org/idx/mr/3255691
http://msp.org/idx/zbl/1304.57024
http://dx.doi.org/10.1090/S0002-9939-2013-11832-0
http://msp.org/idx/mr/3148540
http://msp.org/idx/zbl/1287.57016

THE POINCARE HOMOLOGY SPHERE, LENS SPACE SURGERIES, AND KNOTS 25

[Baker et al. 2008] K. L. Baker, J. E. Grigsby, and M. Hedden, “Grid diagrams for lens spaces and
combinatorial knot Floer homology”, Int. Math. Res. Not. 2008:10 (2008), art. id. rnm024, 39 pp.
MR Zbl

[Baker et al. 2016] K. L. Baker, D. Buck, and A. G. Lecuona, “Some knots in S 1y 52 with lens
space surgeries”’, Comm. Anal. Geom. 24:3 (2016), 431-470. MR Zbl

[Baker et al. 2019] K. L. Baker, N. R. Hoffman, and J. E. Licata, “Jointly primitive knots and surgeries
between lens spaces”, preprint, 2019. arXiv

[Berge 1990] J. Berge, “Some knots with surgeries yielding lens spaces”, preprint, 1990. arXiv

[Birman and Menasco 1993] J. S. Birman and W. W. Menasco, “Studying links via closed braids, III:
Classifying links which are closed 3-braids”, Pacific J. Math. 161:1 (1993), 25-113. MR Zbl

[Boileau and Otal 1991] M. Boileau and J.-P. Otal, “Scindements de Heegaard et groupe des homéo-
topies des petites variétés de Seifert”, Invent. Math. 106:1 (1991), 85-107. MR Zbl

[Boileau et al. 2003] M. Boileau, S. Maillot, and J. Porti, Three-dimensional orbifolds and their
geometric structures, Panoramas et Syntheéses 15, Société Mathématique de France, Paris, 2003.
MR Zbl

[Boileau et al. 2012] M. Boileau, S. Boyer, R. Cebanu, and G. S. Walsh, “Knot commensurability
and the Berge conjecture”, Geom. Topol. 16:2 (2012), 625-664. MR Zbl

[Boyer and Zhang 1996] S. Boyer and X. Zhang, “Finite Dehn surgery on knots”, J. Amer. Math. Soc.
9:4 (1996), 1005-1050. MR Zbl

[Brody 1960] E. J. Brody, “The topological classification of the lens spaces”, Ann. of Math. (2) 71
(1960), 163-184. MR Zbl

[Cooper et al. 2000] D. Cooper, C. D. Hodgson, and S. P. Kerckhoff, Three-dimensional orbifolds
and cone-manifolds, MSJ Memoirs 5, Math. Soc. Japan, Tokyo, 2000. MR Zbl

[Culler et al. 1987] M. Culler, C. M. Gordon, J. Luecke, and P. B. Shalen, “Dehn surgery on knots”,
Ann. of Math. (2) 125:2 (1987), 237-300. MR Zbl

[Dunbar 1988] W. D. Dunbar, “Geometric orbifolds”, Rev. Mat. Univ. Complut. Madrid 1:1-3 (1988),
67-99. MR Zbl

[Eftekhary 2009] E. Eftekhary, “Seifert fibered homology spheres with trivial Heegaard Floer homol-
ogy”, preprint, 2009. arXiv

[Eftekhary 2011] E. Eftekhary, “Knots which admit a surgery with simple knot Floer homology
groups”, Algebr. Geom. Topol. 11:3 (2011), 1243-1256. MR Zbl

[Eftekhary 2018] E. Eftekhary, “Bordered Floer homology and existence of incompressible tori in
homology spheres”, Compos. Math. 154:6 (2018), 1222-1268. MR Zbl

[Eudave-Muiioz et al. 2015] M. Eudave-Muiioz, E. Jasso, K. Miyazaki, and K. Motegi, “Seifert
fibered surgeries on strongly invertible knots without primitive/Seifert positions”, Topology App!.
196:B (2015), 729-753. MR Zbl

[Fintushel and Stern 1980] R. Fintushel and R. J. Stern, “Constructing lens spaces by surgery on
knots”, Math. Z. 175:1 (1980), 33-51. MR Zbl

[Giroux 2002] E. Giroux, “Géométrie de contact: de la dimension trois vers les dimensions supéri-
eures”, pp. 405—414 in Proceedings of the International Congress of Mathematicians (Beijing, 2002),
vol. II, edited by T. Li, Higher Ed. Press, Beijing, 2002. MR Zbl

[Goda and Teragaito 2000] H. Goda and M. Teragaito, “Dehn surgeries on knots which yield lens
spaces and genera of knots”, Math. Proc. Cambridge Philos. Soc. 129:3 (2000), 501-515. MR Zbl


http://dx.doi.org/10.1093/imrn/rnn024
http://dx.doi.org/10.1093/imrn/rnn024
http://msp.org/idx/mr/2429242
http://msp.org/idx/zbl/1168.57009
http://dx.doi.org/10.4310/CAG.2016.v24.n3.a1
http://dx.doi.org/10.4310/CAG.2016.v24.n3.a1
http://msp.org/idx/mr/3521314
http://msp.org/idx/zbl/1358.57011
http://msp.org/idx/arx/1904.03268
http://msp.org/idx/arx/1802.09722
http://dx.doi.org/10.2140/pjm.1993.161.25
http://dx.doi.org/10.2140/pjm.1993.161.25
http://msp.org/idx/mr/1237139
http://msp.org/idx/zbl/0813.57010
http://dx.doi.org/10.1007/BF01243906
http://dx.doi.org/10.1007/BF01243906
http://msp.org/idx/mr/1123375
http://msp.org/idx/zbl/0752.57006
http://msp.org/idx/mr/2060653
http://msp.org/idx/zbl/1058.57009
http://dx.doi.org/10.2140/gt.2012.16.625
http://dx.doi.org/10.2140/gt.2012.16.625
http://msp.org/idx/mr/2928979
http://msp.org/idx/zbl/1258.57001
http://dx.doi.org/10.1090/S0894-0347-96-00201-9
http://msp.org/idx/mr/1333293
http://msp.org/idx/zbl/0936.57010
http://dx.doi.org/10.2307/1969884
http://msp.org/idx/mr/116336
http://msp.org/idx/zbl/0119.18901
http://msp.org/idx/mr/1778789
http://msp.org/idx/zbl/0955.57014
http://dx.doi.org/10.2307/1971311
http://msp.org/idx/mr/881270
http://msp.org/idx/zbl/0633.57006
http://msp.org/idx/mr/977042
http://msp.org/idx/zbl/0655.57008
http://msp.org/idx/arx/0909.3975
http://dx.doi.org/10.2140/agt.2011.11.1243
http://dx.doi.org/10.2140/agt.2011.11.1243
http://msp.org/idx/mr/2801417
http://msp.org/idx/zbl/1258.57006
http://dx.doi.org/10.1112/s0010437x18007054
http://dx.doi.org/10.1112/s0010437x18007054
http://msp.org/idx/mr/3826457
http://msp.org/idx/zbl/06944047
http://dx.doi.org/10.1016/j.topol.2015.05.016
http://dx.doi.org/10.1016/j.topol.2015.05.016
http://msp.org/idx/mr/3431011
http://msp.org/idx/zbl/1331.57006
http://dx.doi.org/10.1007/BF01161380
http://dx.doi.org/10.1007/BF01161380
http://msp.org/idx/mr/595630
http://msp.org/idx/zbl/0425.57001
http://msp.org/idx/mr/1957051
http://msp.org/idx/zbl/1015.53049
http://dx.doi.org/10.1017/S0305004100004692
http://dx.doi.org/10.1017/S0305004100004692
http://msp.org/idx/mr/1780501
http://msp.org/idx/zbl/1029.57005

26 KENNETH L. BAKER

[Gordon 1991] C. M. Gordon, “Dehn surgery on knots”, pp. 631-642 in Proceedings of the Inter-
national Congress of Mathematicians (Kyoto, 1990), vol. I, Math. Soc. Japan, Tokyo, 1991. MR
Zbl

[Greene 2013] J. E. Greene, “The lens space realization problem”, Ann. of Math. (2) 177:2 (2013),
449-511. MR Zbl

[Hedden 2009] M. Hedden, “On knot Floer homology and cabling, II”, Int. Math. Res. Not. 2009:12
(2009), 2248-2274. MR Zbl

[Hedden 2011] M. Hedden, “On Floer homology and the Berge conjecture on knots admitting lens
space surgeries”, Trans. Amer. Math. Soc. 363:2 (2011), 949-968. MR Zbl

[Hodgson and Rubinstein 1985] C. Hodgson and J. H. Rubinstein, “Involutions and isotopies of lens
spaces”, pp. 60-96 in Knot theory and manifolds (Vancouver, 1983), edited by D. Rolfsen, Lecture
Notes in Math. 1144, Springer, 1985. MR Zbl

[Kobayashi 1984] T. Kobayashi, “Structures of the Haken manifolds with Heegaard splittings of
genus two”, Osaka J. Math. 21:2 (1984), 437-455. MR Zbl

[Kojima 1988] S. Kojima, “Isometry transformations of hyperbolic 3-manifolds”, Topology Appl.
29:3 (1988), 297-307. MR Zbl

[Kronheimer et al. 2007] P. Kronheimer, T. Mrowka, P. Ozsvith, and Z. Szabd, “Monopoles and lens
space surgeries”, Ann. of Math. (2) 165:2 (2007), 457-546. MR Zbl

[Meyerhoff 1986] R. Meyerhoff, “Sphere-packing and volume in hyperbolic 3-space”, Comment.
Math. Helv. 61:2 (1986), 271-278. MR Zbl

[Montesinos 1975] J. M. Montesinos, “Surgery on links and double branched covers of S 3 pp-
227-259 in Knots, groups, and 3-manifolds, edited by L. P. Neuwirth, Ann. of Math. Studies 84,
1975. MR Zbl

[Moser 1971] L. Moser, “Elementary surgery along a torus knot”, Pacific J. Math. 38 (1971), 737-745.
MR Zbl

[Neumann and Reid 1992] W. D. Neumann and A. W. Reid, “Arithmetic of hyperbolic manifolds”,
pp- 273-310 in Topology *90 (Columbus, OH, 1990), edited by B. Apanasov et al., Ohio State Univ.
Math. Res. Inst. Publ. 1, de Gruyter, Berlin, 1992. MR Zbl

[Ni 2007] Y. Ni, “Knot Floer homology detects fibred knots”, Invent. Math. 170:3 (2007), 577-608.
MR Zbl

[Ni 2009] Y. Ni, “Link Floer homology detects the Thurston norm”, Geom. Topol. 13:5 (2009),
2991-3019. MR Zbl

[Ozsvath and Szabd 2005] P. Ozsvéth and Z. Szabd, “On knot Floer homology and lens space
surgeries”, Topology 44:6 (2005), 1281-1300. MR Zbl

[Ozsvéth and Szab6 2011] P. S. Ozsvéth and Z. Szabd, “Knot Floer homology and rational surgeries”,
Algebr. Geom. Topol. 11:1 (2011), 1-68. MR Zbl

[Rasmussen 2007] J. Rasmussen, “Lens space surgeries and L-space homology spheres”, preprint,
2007. arXiv

[Reid 1991] A. W. Reid, “Arithmeticity of knot complements”, J. London Math. Soc. (2) 43:1 (1991),
171-184. MR Zbl

[Sakai 1991] T. Sakai, “Geodesic knots in a hyperbolic 3-manifold”, Kobe J. Math. 8:1 (1991), 81-87.
MR Zbl

[Tange 2009a] M. Tange, “Lens spaces given from L-space homology 3-spheres”, Experiment. Math.
18:3 (2009), 285-301. MR Zbl


http://msp.org/idx/mr/1159250
http://msp.org/idx/zbl/0743.57008
http://dx.doi.org/10.4007/annals.2013.177.2.3
http://msp.org/idx/mr/3010805
http://msp.org/idx/zbl/1276.57009
http://msp.org/idx/mr/2511910
http://msp.org/idx/zbl/1172.57008
http://dx.doi.org/10.1090/S0002-9947-2010-05117-7
http://dx.doi.org/10.1090/S0002-9947-2010-05117-7
http://msp.org/idx/mr/2728591
http://msp.org/idx/zbl/1229.57006
http://dx.doi.org/10.1007/BFb0075012
http://dx.doi.org/10.1007/BFb0075012
http://msp.org/idx/mr/823282
http://msp.org/idx/zbl/0605.57022
http://projecteuclid.org/euclid.ojm/1200777120
http://projecteuclid.org/euclid.ojm/1200777120
http://msp.org/idx/mr/752472
http://msp.org/idx/zbl/0568.57007
http://dx.doi.org/10.1016/0166-8641(88)90027-2
http://msp.org/idx/mr/953960
http://msp.org/idx/zbl/0654.57006
http://dx.doi.org/10.4007/annals.2007.165.457
http://dx.doi.org/10.4007/annals.2007.165.457
http://msp.org/idx/mr/2299739
http://msp.org/idx/zbl/1204.57038
http://dx.doi.org/10.1007/BF02621915
http://msp.org/idx/mr/856090
http://msp.org/idx/zbl/0611.57010
http://msp.org/idx/mr/0380802
http://msp.org/idx/zbl/0325.55004
http://dx.doi.org/10.2140/pjm.1971.38.737
http://msp.org/idx/mr/383406
http://msp.org/idx/zbl/0202.54701
http://msp.org/idx/mr/1184416
http://msp.org/idx/zbl/0777.57007
http://dx.doi.org/10.1007/s00222-007-0075-9
http://msp.org/idx/mr/2357503
http://msp.org/idx/zbl/1138.57031
http://dx.doi.org/10.2140/gt.2009.13.2991
http://msp.org/idx/mr/2546619
http://msp.org/idx/zbl/1203.57005
http://dx.doi.org/10.1016/j.top.2005.05.001
http://dx.doi.org/10.1016/j.top.2005.05.001
http://msp.org/idx/mr/2168576
http://msp.org/idx/zbl/1077.57012
http://dx.doi.org/10.2140/agt.2011.11.1
http://msp.org/idx/mr/2764036
http://msp.org/idx/zbl/1226.57044
http://msp.org/idx/arx/0710.2531
http://dx.doi.org/10.1112/jlms/s2-43.1.171
http://msp.org/idx/mr/1099096
http://msp.org/idx/zbl/0847.57013
http://msp.org/idx/mr/1134707
http://msp.org/idx/zbl/0749.57003
http://dx.doi.org/10.1080/10586458.2009.10129053
http://msp.org/idx/mr/2555699
http://msp.org/idx/zbl/1187.57011

THE POINCARE HOMOLOGY SPHERE, LENS SPACE SURGERIES, AND KNOTS 27

[Tange 2009b] M. Tange, “Ozsvéth Szabd’s correction term and lens surgery”, Math. Proc. Cambridge
Philos. Soc. 146:1 (2009), 119-134. MR Zbl

[Tange 2011] M. Tange, “On the non-existence of L-space surgery structure”, Osaka J. Math. 48:2
(2011), 541-547. MR Zbl

[Thurston 1979] W. P. Thurston, “The geometry and topology of three-manifolds”, lecture notes,
Princeton University, 1979, Available at http:/library.msri.org/books/gt3m/.

[Thurston 1997] W. P. Thurston, Three-dimensional geometry and topology, vol. 1, edited by S. Levy,
Princeton Mathematical Series 35, Princeton University Press, 1997. MR Zbl

[Wang and Zhou 1992] S. C. Wang and Q. Zhou, “Symmetry of knots and cyclic surgery”, Trans.
Amer. Math. Soc. 330:2 (1992), 665-676. MR Zbl

Received May 16, 2017. Revised June 27, 2019.

KENNETH L. BAKER
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MIAMI

CORAL GABLES, FL

UNITED STATES

k.baker@math.miami.edu

NEIL R. HOFFMAN
DEPARTMENT OF MATHEMATICS
OKLAHOMA STATE UNIVERSITY
STILLWATER, OK

UNITED STATES

neil.r.hoffman @okstate.edu


http://dx.doi.org/10.1017/S0305004108001679
http://msp.org/idx/mr/2461872
http://msp.org/idx/zbl/1171.57032
http://projecteuclid.org/euclid.ojm/1315318352
http://msp.org/idx/mr/2831985
http://msp.org/idx/zbl/1273.57010
http://library.msri.org/books/gt3m/
http://msp.org/idx/mr/1435975
http://msp.org/idx/zbl/0873.57001
http://dx.doi.org/10.2307/2153928
http://msp.org/idx/mr/1031244
http://msp.org/idx/zbl/0756.57008
mailto:k.baker@math.miami.edu
mailto:neil.r.hoffman@okstate.edu




PACIFIC JOURNAL OF MATHEMATICS
Vol. 305, No. 1, 2020

dx.doi.org/10.2140/pjm.2020.305.29

FUSION SYSTEMS OF BLOCKS OF
FINITE GROUPS OVER ARBITRARY FIELDS

ROBERT BOLTJE, CisiL KARAGUZEL AND DENiz YILMAZ

To any block idempotent b of a group algebra kG of a finite group G over a
field k of characteristic p > 0, Puig associated a fusion system and proved
that it is saturated if the k-algebra kCg (P)e is split, where (P, ¢) is a maxi-
mal kG b-Brauer pair. We investigate in the nonsplit case how far the fusion
system is from being saturated by describing it in an explicit way as being
generated by the fusion system of a related block idempotent over a larger
field together with a single automorphism of the defect group.

1. Introduction

Let k be a field of characteristic p, let G be a finite group and let b be a block idempo-
tent of kG. Puig defined a fusion system Fp .)(kGb) associated to kGb after choos-
ing a maximal kGb-Brauer pair (P, e). Up to category isomorphism, this fusion
system does not depend on the choice of (P, e). Puig also proved that Fp . (kGb)
is saturated if the k-algebra kC¢ (P)e is split. It is known that in the nonsplit case
it can happen that the fusion system associated to kGb is not saturated. In fact, the
Sylow axiom can fail, while the extension axiom always holds. In the Main Theorem
of this paper (Theorem 5.2) we establish a precise connection between the fusion
systems of related blocks in a Galois extension L /K of fields of characteristic p with
Galois group I'. More precisely, let b be a block idempotent of LG and b the unique
block idempotent of K G with bb = b. Moreover, let (P, e) be a maximal LGb-
Brauer pair and let ¢ be the unique block idempotent of K C;(P) with ee =e. Then
(P, &) is a maximal K Gb-Brauer pair and one has an inclusion of the fusion systems

F:=Fp.oy(LGb) C Fip.s)(KGb) =: F.

Theorem 5.2 states that there exists an element o € Autz(P) such that F= (F,o).
As consequences of the nature of o we obtain that F is saturated if and only if F is
saturated and p does not divide the index [[', : T'.] = [K (e) : K (b)] of the stabilizers
of b and e under the Galois action, or equivalently the degree of the field extensions
after adjoining the coefficients of e and b to K. In the case that L is chosen such
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that LCq (P)e is split, this gives a particularly handy criterion for a fusion system
of a block K Gb in the nonsplit case to be saturated; see Theorem 6.3. The main
result allows an alternative easy proof for the known fact that the extension axiom
holds also in the nonsplit case; see Theorem 6.2. Finally, the Main Theorem implies
that a weak form of Alperin’s fusion theorem holds also for arbitrary block fusion
systems; see Theorem 6.5.

Notation 1.1. We will use the following standard notations without further notice:

For a group G and x € G, we denote by ¢, : G — G the conjugation map
g+ xgx~ L If k is a commutative ring, its k-linear extension to the group algebra
kG is again denoted by ¢, : kG — kG. We frequently will use left-exponential
notation *(—) := ¢, for these maps. The maps c,, x € G, define an action of G on
kG via k-algebra homomorphisms.

For H < G, we denote by [G/H] a set of representatives of the cosets G/H.

If a group G acts on a set X, we usually denote the stabilizer of an element x € X
by G.. Moreover, for H < G, we denote by X H the set of H-fixed points of X.

2. Brauer pairs

Throughout this section, G denotes a finite group, k& denotes a field of characteristic
p > 0, and b denotes a block idempotent of kG, i.e., a primitive idempotent of
Z(kG). We recall the definition and properties of Brauer pairs for kG following the
treatment in [Aschbacher et al. 2011, IV.2]. We note that the blanket assumption
in [Aschbacher et al. 2011, IV.2] that k is algebraically closed is not used in the
proofs of any of the statements that we cite from there. Alternatively, see also
[Linckelmann 2018, Sections 5.9 and 6.3].

Recall that, for a p-subgroup P of G, the Brauer homomorphism with respect
to P is the k-linear projection map Brp : (kG)* — kCg(P), dec agg >
deCc( p)®gg- This is a surjective k-algebra homomorphism which respects
G-conjugation: ¢y o Brp = Brx, o ¢y : (kG)" — kCg(*P) for x € G. Thus,
Brp(b) is an idempotent of Z(kCg(P)) = (kCg(P))¢¢P). Recall further that a
kG-Brauer pair is a pair (P, e) consisting of a p-subgroup P of G and a block
idempotent e of kCg(P). If e occurs in the unique decomposition of Brp(b) into a
sum of primitive idempotents of Z(kCg(P)) (that is, if Brp(b)e = e), then we call
(P, e) a (kG, b)-Brauer pair. We denote by BP (kG) the set of kG-Brauer pairs and
by BP(kG, b) the set of (kG, b)-Brauer pairs. Clearly, BP(kG) is the disjoint union
of the subsets BP(kG, b), where b runs through the block idempotents of kG. The
set BP(kG) is a G-set under the conjugation action given by *(P, e) := (*P, “e),
and the subset BP(kG, b) is G-stable. Finally, we say that an idempotent i of
(kG)T is associated to a kG-Brauer pair (P, e) if

eBrp(i) = Brp(i) #0.
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Note that if  is primitive in (kG)” then eBrp (i) # 0 implies that Brp (i) # 0 and
that Brp (i) is primitive in kCg (P). One writes (Q, f) < (P, e) if QO < P and if any
primitive idempotent i of (kG)” which is associated to (P, e) is also associated to
(Q, f); see [Aschbacher et al. 2011, Definition 2.9]. This relation has the following
properties.

Theorem 2.1 [Aschbacher et al. 2011, Theorems 1V.2.10 and 1V.2.16]. (a) Let
(P,e) € BP(kG) and let Q < P. Then there exists a unique block idempotent f of
kCg(Q) such that (Q, ) < (P, e).

(b) Let (Q, f) < (P,e) be in BP(kG) with Q < P. Then f is the unique block
idempotent of kCs (Q) which is P-stable and satisfies Brp(f)e = e.

(¢c) The relation < on BP(kG) is a partial order which is respected by the conjuga-
tion action of G.

Clearly ({1}, b) € BP(kG, b) and part (b) of the above theorem implies that if
(P, e) € BP(kG, D) then ({1}, b) < (P, e). Parts (a) and (c) further imply that if
(Q, f) < (P, e) holds for elements in BP(kG) then (Q, f) € BP(kG, b) if and
only if (P, e) € BP(kG, b).

For Brauer pairs (Q, f), (P, e) € BP(kG) one writes (Q, f) J(P,e)if Q I P,
f is P-stable and Brp(f)e = e, cf. [Aschbacher et al. 2011, Definition 1V.2.13].
The following result is well-known to specialists. We state it for convenient future
reference and give a proof for the convenience of the reader.

Theorem 2.2. For (Q, f), (P, e) € BP(kG) with Q < P the following statements
are equivalent:
(1) One has (Q, f) < (P, e).
(ii) There exist primitive idempotents i of (kG)* and j of (kG)C such that
ij=j=Jji,Brp(i)e #0and Brgo(j) f #0.
(iii) There exist Brauer pairs (Q;,d;) € BP(kG),i =0, ..., n, such that

(Q, /) =(Qo,do) 4(Q1,d1) L--- 1(Qn,dn) = (P, e).
(iv) For all primitive idempotents i of (kG)¥ with Brp (i)e #0 one has Bro (i) f #0.
(v) There exists a primitive idempotent i of (kG)? such that Brp(i)e # 0 and
Bro(i) f =Brg(i) #0.
(vi) There exists a primitive idempotent i of (kG)¥ such that Brp(i)e # 0 and
Bro(i) f #0.
Proof. The equivalences (i)<=(ii)<=(iii) follow from [Aschbacher et al. 2011,
Proposition IV.2.14]. Further, the implications (i)=(iv) and (v)=(vi) are trivial and

the implication (i)=(v) follows from the fact that the image of a primitive idempo-
tent under a surjective k-algebra homomorphism is either O or a primitive idempotent.
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Next we show that (iv) implies (i). Let i be a primitive idempotent of (kG)”
such that Brp(i)e = Brp(i) # 0. By (iv), Bro(i) f # 0. By Theorem 2.1(a)
there exists a block idempotent f" of kC(Q) such that (Q, f') < (P, e). Thus,
Bro(i) f' = Brg(i) which implies that 0 # Bro (i) f = Bro (i) f' f and further that
f = f"and thus (Q, f) < (P, e).

Finally, we show that (vi) implies (i). Let i be as in (vi). By Theorem 2.1(a)
there exists a block idempotent f’ of kCs(Q) such that (Q, f') < (P, e). This
implies Bro (i) f' =Brg(i) # 0 and 0 # Bry (i) f =Bro (i) f'f. Thus f = f" and
(Q, /)< (P,e). U

Recall that if I < H < G then we have a well-defined trace map

Tr} - (kG)' - kG), ar—> > “a
xe[H/I]
A subgroup P of G, minimal with the property that b € TrIGJ ((kG)?), is called a defect
group of the block idempotent b and of the block algebra kGb. The defect groups

of kGb form a single G-conjugacy class of p-subgroups of G. Maximal elements
in BP(kG, b) enjoy properties that resemble the Sylow theorem for finite groups.

Theorem 2.3 [Aschbacher et al. 2011, Theorem I1V.2.20]. (a) The maximal elements
in BP(kG, b) with respect to < form a single G-orbit.
(b) For (P, e) € BP(kG, b) the following are equivalent:
(1) (P, e) is a maximal element in BP(kG, b).
(ii) P is a defect group of kGb.
(iii) P is maximal among all p-subgroups of G with the property Brp(b) # 0.

3. Fusion systems of block algebras

Throughout this section, p is a prime. We first recall the basic notions and prop-
erties of fusion systems, a structure introduced by Puig. Our terminology follows
[Aschbacher et al. 2011, Chapter I].

For subgroups Q and R of a finite group G we denote by Homg (Q, R) the set
of all group homomorphisms ¢ : Q — R with the property that there exists x € G
with ¢ (1) = ¢ (u) for all u € Q. Moreover, we set Autg(Q) := Homg(Q, Q).
Definition 3.1 [Aschbacher et al. 2011, Definition 1.2.1]. Let P be a finite p-group.
A subcategory F of the category of finite groups whose objects are the subgroups
of P is called a fusion system over P if for any two subgroups Q and R of P, the
set Homx(Q, R) has the following properties:

(1) Homp(Q, R) C Homx(Q, R) and every element of Homr(Q, R) is injective.

(i1) For each ¢ € Homz(Q, R), the group isomorphism Q — ¢(Q), u — ¢(u),
and its inverse are also morphisms in F.
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For instance, if G is a finite group and P is a p-subgroup of G, we obtain a
fusion system Fp(G) over P by setting Homz,)(Q, R) := Homg(Q, R), for all
subgroups Q and R of P. Note that the intersection of two fusion systems over P
is again a fusion system and that a fusion system over P is determined by the
isomorphisms it contains. Thus the smallest fusion system over a finite p-group P
is the fusion system Fp(P).

Definition 3.2 [Aschbacher et al. 2011, Definition 1.2.4]. Let F be a fusion system
over a finite p-group P. A subgroup Q of P is called fully F-centralized if
|ICp(Q)| = |Cp(Q")| for any subgroup Q' of P which is F-isomorphic to Q.
Similarly, Q is called fully F-normalized if [Np(Q)| > |Np(Q)| for any subgroup
Q' of P which is F-isomorphic to Q.

Definition 3.3 [Aschbacher et al. 2011, Definition 1.2.2]. Let F be a fusion system
on a finite p-group P andlet ¢ : Q — R be an isomorphism in F. One denotes by N,,
the set of all elements y € Np(Q) for which there exists z € Np(R) with the property

pocy=c0o9:0— R.

Note that QCp(Q) < N, < Np(Q) and that N, does not depend on F, but only
on ¢ and P.

If F is a fusion system over a finite p-group P and Q < P then we set
Autr(Q) := Homz(Q, Q), a subgroup of the automorphism group of Q. The
following definition of saturation goes back to Stancu and is an equivalent reformu-
lation of the original definition; see [Aschbacher et al. 2011, Proposition 1.9.3].

Definition 3.4. A fusion system F over a p-group P is called saturated if the
following two conditions hold.

(i) Sylow axiom: The group Autp(P) is a Sylow p-subgroup of Autz(P).
(ii) Extension axiom: For every Q < P and every ¢ € Homz(Q, P) such that

@(Q) is fully F-normalized there exists a morphism y» € Hom (N, P) whose
restriction to Q equals ¢.

For instance, if P is a Sylow p-subgroup of a finite group G then the fusion
system Fp(G) is saturated; see [Aschbacher et al. 2011, Theorem 1.2.3].

Definition 3.5 [Aschbacher et al. 2011, Definitions IV.3.15 and IV.2.21]. Let G be
a finite group, let k£ be a field of characteristic p, let b be a block idempotent of kG,
and let (P, e) be a maximal (kG, b)-Brauer pair. We define a category F(p ) (kGb)
as follows. First, for every Q < P denote by e the unique block idempotent of
kCqc(Q) with (Q, eg) < (P, e). The objects of F(p ) (kGb) are the subgroups
of P and for subgroups Q and R of P let Homgz, , «kGr) (Q, R) denote the set of
group homomorphisms ¢ : Q — R such that there exists x € G with ¢(u) = ¢ (u)
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for all u € Q and *(Q, ep) < (R, eg). Composition in F(p ) (kGb) is the usual
composition of functions.

Remark 3.6. Let kG, b, and (P, e) be as in Definition 3.5.
(a) It is clear from the definition that Fp () (kGb) is a fusion system over P.

(b) If kGb is the principal block of kG, then by Brauer’s third main theo-
rem, F(p,.)(kGb) is equal to Fp(G) and P is a Sylow p-subgroup of G. Thus,
F(p,e)(kGD) is saturated in this case.

(c) Example 3.8 below shows that in general the Sylow axiom does not hold for
Fp,e)(kGDb). But we will show in Theorem 6.2 that the extension axiom holds for
F(p.e)(kGD).

The following theorem was first proved by Puig. It follows from Theorem 1V.3.2
and Proposition 1V.3.14 in [Aschbacher et al. 2011]. See also [Linckelmann 2018,
Theorem 8.5.2] and note that there the terminology is different: Fusion systems in
[Linckelmann 2018] are defined to be saturated fusion systems in our terminology.

Theorem 3.7. Let kG, b, and (P, e) be as in Definition 3.5 and suppose that the
k-algebra kCg (P)e is split, i.e., for every simple kCg(P)e-module V one has a
k-algebra isomorphism Endic,p)e(V) = k. Then the fusion system F(p ., (kGb)
is saturated.

We are grateful to Radha Kessar who suggested the following example to us.

Example 3.8. Let p = 2, k = [F», the field with 2 elements, and G := Dy4 =
(C3 x C4) X C3, the dihedral group with 24 elements, with C, acting by inver-
sion on C3 x C4. Let g denote a generator of C3. Then b := g + g is a block
idempotent of F,G and (P, e) := (Cq4, b) is a maximal (F»G, b)-Brauer pair. We
have Autp(P) = {1}, since P is abelian and an easy computation shows that
Autz, , F,6b) (P) = C,. Thus, the Sylow axiom does not hold for F(p ) (F2Gb)
and therefore the fusion system F(p ) (F2Gb) is not saturated.

4. Extension of scalars

Throughout this section L/K denotes a finite Galois extension of fields of charac-
teristic p > 0 and I" denotes its Galois group. Moreover, G denotes a finite group.

I' acts via K-algebra automorphisms on the group algebra LG and also on
Z(LG) by applying y € I' to the coefficients of an element in LG. Thus, I
permutes the block idempotents of LG and fixes the block idempotents b of K G.
Since Brp : (LG)? — LCg(P) commutes with the I'-action, Theorem 2.3 implies
that any I"-conjugate of » has the same defect groups as b. We denote by I';, the
stabilizer of b in I" and set

Y€’/ Tp]
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Clearly, b is an idempotent in (Z(LG))" = Z(K G). More precisely one has the
following:

Proposition 4.1. (a) Let b be a block idempotent of LG. Then b := Zy €T/ Tyl b
is a block idempotent of K G.

(b) The map b — b induces a bijection between the set of T"-orbits of block idempo-
tents of LG and the set of block idempotents of K G.

(¢) If b is a block idempotent of LG and b is the block idempotent of K G associated
to it as in (a) then b and b have the same defect groups.

Proof. (a) By definition, b is the sum of the distinct I'-conjugates of b, thus an
idempotent of Z(K G). To see that bis primitive in Z (K G), assume that b=ci+c
for nonzero orthogonal idempotents ¢, ¢ € Z(K G) and let /1 and I, denote the set
of primitive idempotents of Z(LG) that occur in a primitive decomposition of ¢
and c; in Z(LG), respectively. Then I; and I, are disjoint and I'-stable. On the
other hand I} U I, is the single I'-orbit of b. This is a contradiction.

(b) This is immediate from (a).

(c) Let P be a defect group of b. By Theorem 2.3, Brp (5) #0in KCg(P) C
LCg(P). Thus 0 # Brp(b) = Zye[r/ r,) Brp(?b) implies that some I'-conjugate
of b, and therefore also b, has a defect group Q containing P. Thus, 0 # Bry(b) =
Brg (bb) = Brg (b)Brg(b), which implies that Bry (b) # 0 and therefore |Q| < |P|.
This implies P = Q. (|

Note that I' acts on BP(LG) via
(1 Y(P,e) = (P, "e),

for y € I' and (P, e) € BP(LG). Note that this action commutes with the G-action
on BP(LG) so that we obtain an action of I' x G on BP(LG). Moreover, since Brp
commutes with the action of I' and since the G-action on LG commutes with the
["-action on LG, I x G acts via poset isomorphisms on BP(LG). Thus, if b is a
block idempotent of LG and y € I', the G-posets BP(LGb) and BP(LG "b) are
isomorphic via (1) and I', x G acts via poset automorphisms on BP(LGD).

In the next proposition we write <x and <, for the poset structures of BP(KG)
and BP(LG), respectively. They are related as follows.

Proposition 4.2. For (Q, ), (P,e) € BP(LG) with Q < P, the following are
equivalent:

(i) One has (Q, f) <k (P, &) in BP(KG).
(ii) There exists y € I such that (Q, f) <t (P, e) in BP(LG).

Proof. Assume first that (i) holds and let i be a primitive idempotent of (K G)P
such that Brp(i)e = Brp(i) # 0. Then, by definition also Bro (i) f = Brg(i) # 0.
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Let J be a primitive decomposition of i in (LG)P. Since Brp(i)é # 0, there exists
J € J such that Brp(j)e # 0. Thus, there exists y € I' such that Brp(j)Ye # 0.
Since Brp () is primitive in LC(P), we have Brp(j)Ye = Brp(j). Let f/ be the
block idempotent of LCs(Q) such that (Q, f') < (P, Ye) = Y(P, e). Then, by
Theorem 2.2 also Bry (j) f' =Brg(j) #0. Thus Bro (j) f'f =Bro(j)Bro (i) f' f =
Bro(j) f’ BrQ(i)f = Brg(j)Brg(i) = Brg(j) # 0 which implies that f’f #0.
This implies f’ = °f for some 8 € . Thus X Q, f) < Y(P, ¢) and (ii) holds after
applying 8§,

Next assume that y € I" with (Q, f) <. Y(P, e). By Theorem 2.1(a) there exists
a block idempotent f; of LC(Q) such that (Q, fl) <k (P, e). Since we already
proved that (i) implies (ii), there exists § € I" such that (Q, fi) <p S(P, e). Thus
we have (Q, 7" f) <r (P,e) and also (Q, ® ' f) <r (P, e). The uniqueness part
of Theorem 2.2(a) now implies that f and f; are I'-conjugate. Thus f = f; and

Q. ) <k (P, ). O
The following corollaries are now immediate from Proposition 4.2.

Corollary 4.3. The map
BP(LG) — BP(KG), (P,e)r (P,e),

is a surjective morphism of G-posets, which restricts to a surjective morphism of
G-posets BP(LGb) — BP(K GDb) for every block idempotent b of LG.

Corollary 4.4. Let b be a block idempotent of LG and let (P, e) € BP(LGb) be a
maximal LGb-Brauer pair. Then (P, e) € BP(K Gb) is a maximal (K Gb)-Brauer
pair and one obtains an inclusion of fusion systems

Fip.oy(LGb) = Fip.5(KGb)

which is the identity on objects and on morphisms.

5. The Main Theorem

We keep p, G, L/K, and I" as introduced at the beginning of Section 4. Moreover
we fix a block idempotent b of LG and denote by I', the stabilizer of b in I'. We fix
a maximal LGb-Brauer pair (P, e) € BP(LGDb). For every Q < P, let eg denote
the unique block idempotent of LCs(Q) such that (Q, eg) < (P, e) in BP(LG).
By Proposition 4.2, one has (Q, €g) < (P, €) so that ég = €. This allows us to use
the notation e for both purposes. Recall that I' x G acts on BP(LG) and '), x G
acts on BP(LGb) via poset isomorphisms. Note that for any (Q, f) € BP(LGb)
one has I'(g sy = I' . For the stabilizer in G of a K G-Brauer pair or LG-Brauer

pair (Q, f) we will write Ng(Q, f).
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Let pj :GXxI' - G and p; : G x I' — T denote the projection maps. For
any subgroup X of G x I', we set k1(X) :={g € G| (g,1) € X} and kr(X) :=
{y eT"| (1, y) € X}. As explained in [Bouc 2010, p. 24], one has

2) kX)) Ip1(X)<G, (X)Ip(X)KT, and pir(X)/ki(X)=p2(X)/ ka2 (X)

via gk1(X) <> ykp(X) if and only if (g, y) € X.

We denote by K(b) and K (e) the subfields of L obtained by adjoining the
coefficients of the block idempotents b € LG and e € LCg(P). Thus, K (b) is the
fixed field of I';, in L and K (e) is the fixed field of ', in L.

Proposition 5.1. Let b be a block idempotent of LG.

(a) For any (R, egr) < (Q,eg) in BP(LGb) one has e =T'(p ) < I'(Q.ep) <
C(R.ex) < T1y,0) =T In particular, K (b) € K (e).

(D) Let X :=stabgx (P, e) be the stabilizer of the maximal LGb-Brauer pair
(P, e). One has

ki(X) =Ng(P,e), pi(X)=Ng(P,e), k(X)=T,, and pr(X)=T}.

(¢) One has Ng(P,e) I Ng(P,e) and Ng(P,e)/Ng(P,e) =T/ .. More-
over, K(e)/K(b) is a Galois extension with cyclic Galois group isomorphic to
NG (P,e)/NG(P, e).

Proof. (a) It suffices to show that I'g ;) < ['(rep)- Let ¥ € I'(ge,)- Then
Y(R,er) <1 7(Q,e0)=(Q, Yep)=(Q, ep). The uniqueness part of Theorem 2.1(a)
implies that Yep = eg. Thus, y € I'(g ¢p)-

(b) The first equation is clear from the definition of k;(X). For the proof of the
second equation, let g € p;(X). Then there exists y € I' with (P, e) = (g’V)(P, e)=
(8P, 87). From $&%e = e it follows that % = e. Thus (P,e) = (P,e) and g €
Ng (P, e). Conversely, if g € Ng(P, €) then ®¢ = ¢ which implies that there exists
y €I with 8 = Ye. Thus, (g’Vil)(P, e¢) = (P, e) and g € p(X). The third equation
follows immediately from the definition of k,(X). For the proof of the fourth
equation let y € p»(X). Then there exists g € G with ¢VX(P, ¢) = (P, e). Since
({1}, b) < (P, e), this implies ¢ 7)({1}, b) < €YYP, e) = (P, e). The uniqueness
part in Theorem 2.1(a) implies that ¢¥)({1}, b) = (1, b) and that y € T',. Conversely,
assume that ¥ € I'y,. Then ({1}, b) < (P, ¢) implies ({1}, ) = TV {1}, b) <
(LYXP, e) = (P, Ye). This implies that both (P, ¢) and (P, e) are maximal LGb-
Brauer pairs. By Theorem 2.3(a), there exists g € G such that 8(P, Ye) = (P, e).
Thus (g, y) € X and y € p2(X).

(c) The assertions of the first sentence follow from part (b) and (2). For the second
statement it suffices to show that I';/ ", is cyclic. Note that the coefficients of
e € LCg(P) generate a finite field extension of the prime field [, in L, which
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we denote by [, (e). Since I', I T, we have a Galois extension K (e)/K (b) with
Galois group A=T,/T',. Now, restriction from K (e) to [, (e) is an injective group
homomorphism from A to the cyclic Galois group Gal([F,(e)/F,). In fact, if § € A
restricts to the identity on [, (e), then it is the identity on [, (e) and on K, thus on
K (e). This completes the proof of Part (c). ([l

Next we give a more precise picture of the inclusion of fusion systems from
Corollary 4.4. In the following theorem the term (F, o) denotes the fusion system
generated by F and o, i.e., the intersection of all fusion systems over P that
contain F and o.

Theorem 5.2. Let L /K be a finite Galois extension of fields of characteristic p > 0
with Galois group T, let b be a block idempotent of LG, and let (P, e) be a maximal
LGb-Brauer pair. Set F :=Fp ¢)(LGD) andﬁ::]—"(p,g)(l( GI;). Let goe Ng(P, e)
be such that goN¢ (P, e) generates Ng (P, e)/Ng(P, e) (see Proposition 5.1(c))
and set 0 := cg, € Aut(P). Then F= (F, o).

More precisely, o € Autx(P) and, for any subgroups Q and R of P and any ¢ €

Hom#(Q, R), there existi € Z, e Homr(Q, o~(R)) and /' e Homz (o' (Q), R)
with ¢ =o'|,-igyoy =Y 00'|g.
Proof. Since gg € NG (P, e), we have 0 =, € Aut#(P). It follows that (F, o) C F.
In order to prove the reverse inclusion, let Q and R be subgroups of P and
let ¢ € Hom#(Q, R). Then there exists g € G such that ¢ = ¢, : 0 — R
and %Q,ép) <k (R,égr). By Proposition 4.2 there exists y € I' such that
8(Q,eg) <L (R, egr). Since ({1}, b) = ¥({1}, b) <1 4(Q, ep) <L (R, Yeg) and also
({1}, 7b) <r (R, Yer), Theorem 2.1(a) implies ({1}, b) = ({1}, 7b) so that y € I'.
Thus, both (P, e) and (P, Ye) are maximal LGb-Brauer pairs. Theorem 2.3(a) im-
plies that there exists 2 € G such that h(P, e) = (P, Ye) and we obtain (P, e) =
h_l(P, Ye) > h_l(R, Yer) = (lflR, hflVeR). Again, Theorem 2.1(a) implies that
"Yeg = ep-1py and thus " 4(Q,e0) <. " (R, eg) = (""'R,ej-igy). Thisinturn
implies that the homomorphism & :=¢;-1,: Q — ""'R belongs to Hom#(Q, " 'R)
and that the homomorphism ¢ = ¢, : O — R factors as

3) (pzchoa:Q—>h_1R—>R.

Since h(P, e) = (P, Ye), we obtain h € Ng(P,¢e) and can write h = géx for
some [ € Z and x € Ng(P, e). This implies that the map ¢, : P — P factors
asc, =0 of : P — P, where O’izcgé : P - P and B8 := ¢, € Autz(P),
since x € Ng (P, e). Restriction to " 'R yields the factorization

. —1 —1
chlp-1rn =" lgn-1ry © Bln-1ri : "R— B(" R)— R

with B(" 'R) =&~ (R) and Bl)-1 g, € Homz(" R, R). Setting ¥ := Bl;-1 g 0 :
Q0 — o~ (R) and using (3) we obtain the desired factorization of ¢. This also
implies the inclusion F C (F, o).
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In order to find ¥ with the desired property we use the elements g, &, x, and i
from the first part of the proof and note that

-1 -1 -1
(Poy="""(P,e)=>L " ("0, "eg)=("Q, " "ey).
which implies that VﬁlheQ = ey gp-1. Thus,

hl gh™! -1 -1

0 e = ("0, 7 eg) = (20, ¥ eg) <1 (R, er),

which implies that o := Coh1 " hQ — R belongs to Hom £ ( hQ, R). Thus, ¢ can
be factored as

4) (p=Cg=Cgh—IOCh=O[,OCh:Q—>hQ-)R.

We can rewrite h = g(i)x =x/ g(i) for some x’ € Ng(P, e) and obtain an element
B’ € Autz(P) together with a factorization ¢, = B’ o ol:P— P Restricting this
equation to Q yields a factorization

chn=PBloigod'lo: Q=o' (Q)— "0.

Setting ' :=a' o B']5i(g) € Homr(c!(Q), R), the factorization in (4) can now be
expressed as ¢ = ¥’ oo’ |o as claimed. [l

6. Consequences of the Main Theorem

In this section we prove several consequences of Theorem 5.2.
Recall that if F is a fusion system over a p-group P, a subgroup Q of P is called
F-centric if Cp(R) = Z(R) for all subgroups R of P which are F-isomorphic to Q.

Proposition 6.1. Let L/K, b, (P, e) and F C F be as in Theorem 5.2.
(a) A subgroup Q of P is fully F-centralized if and only if it is fully F-centralized.
(b) A subgroup Q of P is fully F-normalized if and only if it is fully F-normalized.
(c) A subgroup Q of P is F-centric if and only it is F-centric.
Proof. The “if” parts follow immediately from the fact that the F-isomorphism
class of Q is a subset of the F-isomorphism class of Q. For the forward implica-
tions note that by Theorem 5.2 two subgroups Q and Q' of P are F-isomorphic
if and only if there exists a subgroup Q" of P such that Q is F-isomorphic
to Q" and Q' = ¢’ (Q") for some i € Z. Moreover, ¢’ (Cp(Q")) = Cp(c'(Q")),
o' (Np(Q") = Np(c'(Q")), and ¢/ (Z(Q")) = Z(c'(Q")), since o' is an auto-
morphism of P. The result is now immediate. (|
The following theorem is known to experts. See for instance the part of the proof
of [Linckelmann 2018, Theorem 8.5.2] dealing with the extension axiom and note

that it does not use any assumptions on the field of coefficients k. Below is a proof
with a different approach, using Theorem 5.2.
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Theorem 6.2. Let k be a field of characteristic p >0 and let ¢ be a block idempotent
of kG. Then the extension axiom holds for the fusion system of kGc, for any choice
of maximal Brauer pair.

Proof. Let (P, f) be a maximal kGc-Brauer pair. We apply Theorem 5.2 with
K =k, a splitting field L of KCg(P) f such that L/K is a finite Galois extension
with Galois group T, and to a block idempotent b of LG with cb # 0. Then ¢ = b.
Moreover, there exists a maximal LGb-Brauer pair (P, e) such that ef = e and
therefore f = e. We aim to show that the fusion system F= Fp.e(K Gl5) satisfies
the extension axiom. Note that by Theorem 3.7, the extension axiom holds for
F = F(p,e)(LGD), since L is a splitting field of LCg(P)e. Let ¢ € Homz(Q, P)
be such that ¢(Q) is fully F-normalized. By Theorem 5.2 we can factorize ¢ =
o' oy for some ¥ € Homz(Q, P) With ¢(Q) also ¥ (Q) = o~ (¢(Q)) is fully
F -normalized, since they are F- -isomorphic and Np (¥ (Q)) = o " (Np(p(Q))).
By Proposition 6.1(b), ¥ (Q) is fully F-normalized. Since F satisfies the extension
axiom, there exists g?/ € Homz(Ny, P) such that 1/A/|Q = 1. It follows that ¢ :=
olo € Hom(Ny,, P) extends ¢. To finish the proof it suffices to show that
Ny, € Ny. Solet x € Ny. Then x € Np(Q) and there exists y € Np(¢(Q)) with
pocy=cyo@:Q > ¢(Q). But this implies

Yocy, =0 "'0@oc, =000y 090 =Cui(y)00 0@ =Cui(y) OV,

with 0~ (y) € 0 7 (Np(@(Q))) = Np(o " (¢(Q))) = Np(¥(Q)). Thus, N, € Ny,
and the proof is complete. O
Theorem 6.3. Let L/K, b, (P,e) and F C F be as in Theorem 5.2. The fusion
system F is saturated if and only if the fusion system F is saturated and p does
not divide [Ng(P,e) : Ng(P,e)] = [y : T.] = [K(e) : K(b)]. In particular, if
moreover L is a splitting field for LCg(P)e, then F is saturated if and only if p
does not divide [Ng(P,¢e) : Ng(P,e)]|=[Tp:T.]=[K(e): K(b)].
Proof. Note that the map Ng (P, e) — Autz(P), g = ¢4, induces an isomorphism
Ng(P,e)/Cs(P) — Auty(P) which maps PCs(P)/Cg(P) to Autp(P). Thus,
the Sylow axiom holds for F if and only if p1[Ng(P, e) : PCs(P)]. Similarly, the
Sylow axiom holds for Fifand only if pt[Ng(P,e): PCg(P)]. By Theorem 6.2
it suffices to show that the Sylow axiom holds for F if and only it holds for F
and p{[I'p : ,]. But, by Proposition 5.1(c), one has [’y : [',] = [Ng(P, ) :
Ng(P,e)] =[K (e) : K(b)] which implies the result. O
Next we will show that a weak form of Alperin’s fusion theorem holds for

arbitrary block fusion systems.

Definition 6.4. Let F be a fusion system over a p-group P. We say that Alperin’s
weak fusion theorem holds for F if F = (Autxz(Q) | Q € C), where C is the set of
subgroups of P which are F-centric and fully F-normalized.
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Theorem 6.5. Let k be a field of characteristic p and let ¢ be a block idempotent
of kG. Then Alperin’s weak fusion theorem holds for the fusion system of kGc, for
any choice of maximal kG c-Brauer pair.

Proof. Set K :=k and choose L, b, (P, e) as in the proof of Theorem 6.2 with
¢ = b and apply Theorem 5.2 to this situation with F := Fp.ey)(LGD) and F =
Fp,e(K Gl;). We need to show that Alperin’s weak fusion theorem holds for F.
Since F is saturated, Alperin’s weak fusion theorem holds for F, see for instance
[Linckelmann 2018, Theorem 8.2.8]. Thus, F = (Autz(Q) | Q € C), where C
denotes the set of subgroups of P which are F-centric and fully F-normalized.
Moreover, by Proposition 6.1, C is equal to the set C of subgroups of P which
are F-centric and fully F-normalized. Thus, by Theorem 5.2, we have

F=(F,0)=({Autz(Q)]| Q €C}U{o}) C (Autz(Q) | Q €C) C F.

But this implies F= (Autz(Q) | Q €eC) = (Autz(Q) | Q € 5), which means that
Alperin’s weak fusion theorem holds for F. (]
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TORSION POINTS AND GALOIS REPRESENTATIONS ON
CM ELLIPTIC CURVES

ABBEY BOURDON AND PETE L. CLARK

We prove several results on torsion points and Galois representations for
complex multiplication (CM) elliptic curves over a number field contain-
ing the CM field. One result computes the degree in which such an elliptic
curve has a rational point of order N, refining results of Silverberg (Com-
positio Math. 68:3 (1988), 241-249; Contemp. Math. 133 (1992)). Another
result bounds the size of the torsion subgroup of an elliptic curve with
CM by a nonmaximal order in terms of the torsion subgroup of an elliptic
curve with CM by the maximal order. Our techniques also yield a com-
plete classification of both the possible torsion subgroups and the rational
cyclic isogenies of a K-CM elliptic curve E defined over K (j (E)).
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1. Introduction

Let F be a field of characteristic 0, and let £, be an elliptic curve. We say E has
complex multiplication (CM) if the endomorphism algebra

End’ E =End(E, ;) ®7 @

is strictly larger than (D, in which case it is necessarily an imaginary quadratic field
K and O := End(E/F) is a Z-order in K.

The general theory of complex multiplication has a long and rich history, with
important contributions made by Kronecker, Weber, Fricke, Hasse, Deuring, and
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Shimura. For a summary of these foundational results, see [Silverman 1994,
Chapter 2]. More recent contributions to the study of torsion points and Galois
representations on CM elliptic curves defined over number fields have been made
by Olson [1974], Silverberg [1988; 1992], Parish [1989], Aoki [1995; 2006], Ross
[1994], Kwon [1999], Prasad and Yogananda [2001], Stevenhagen [2001], Breuer
[2010], Lombardo [2017], Lozano-Robledo [2018b], Gaudron and Rémond [2018]
and the present authors and our collaborators [Clark et al. 2013; 2014; Bourdon
et al. 2017a; 2017b; Clark and Pollack 2015; Bourdon and Pollack 2017]. In this
paper, we consider the case of a CM elliptic curve defined over a number field that
contains the CM field. The case in which the ground field is a number field not
assumed to contain the CM field is pursued in [Bourdon and Clark 2019]. There
is related work of A. Lozano-Robledo [2018a] done concurrently with the present
work, which determines all possible images of the ¢-adic Galois representations of
a CM elliptic curve E over Q(j(E)) up to conjugacy.

Throughout this introduction we maintain the following notation: K is an imagi-
nary quadratic field, O is an order in K, fis the conductor of O, K (§) is the f-ring
class field of K (i.e., K(f) = K(j(E)) for any O-CM elliptic curve E), F is a
number field containing K and N is a positive integer.

1A. The Torsion Degree Theorem. Let O be an order in the imaginary quadratic
field K, and let N € Z". The following result was first proven by Silverberg [1988;
1992] and then subsequently by Prasad and Yogananda [2001].

Theorem 1.1 (Silverberg). Let F D K be a number field, and suppose that there is
an O-CM elliptic curve E;r with an F-rational point of order N. Then

@(N) <#0* .[F: K].

Theorem 1.1 is a crucial result in the study of torsion subgroups of CM elliptic
curves over general number fields. For instance, it was the main tool in the complete
enumeration of torsion subgroups of CM elliptic curves defined over number fields
of small degree [Clark et al. 2013; 2014].

The hypotheses of Theorem 1.1 force F O K (f) = K (j(E)). Thus it is natural
to define 7 (O, N) to be the least degree [F : K (f)] of a number field F' D K over
which some O-CM elliptic curve admits an F-rational point of order N. We show
in Theorem 6.2 that

ey 9(N) | #0™ -T(O, N),

i.e., Theorem 1.1 holds as a divisibility.
Our first main result computes 7 (O, N) in all cases and gives the analogous
divisibility refinement.
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Theorem 1.2. Let O be an order in the imaginary quadratic field K, and let N be
a positive integer. There is an integer T (O, N), explicitly computed in Section 7,
such that

(1) if F D K is a number field and Er is an O-CM elliptic curve with an F -
rational point of order N, then T (O, N) | [F : K(})], and

(i) there is a number field F O K and an O-CM elliptic curve E;r such that
[F:K(f)]=T(O, N)and E(F) has a point of order N.

Equivalently, Theorem 1.2 determines the least degree of a closed O-CM point
on X{(N),g and shows that this degree divides the degree of all closed O-CM
points.

1B. The Isogeny Torsion Theorem. A key feature of the present work is that we
work with all imaginary quadratic orders O, not just the maximal order Ok . Working
with nonmaximal orders entails certain technical complications. For instance, if
F O K is a number field, then E (F)[tors] is a finite @-submodule of E(C). As we
will see in Section 2B, every finite O-submodule of E(C) is cyclic if and only if
the order O is maximal.

The phenomenon of “ascending isogenies” can sometimes be used to study O-
CM elliptic curves in terms of O -CM elliptic curves, and this happens twice in the
present paper. Specifically, let E be an O-CM elliptic curve defined over a number
field F, and let §' be a positive integer that divides f. Then by [Bourdon and Pollack
2017, Proposition 2.2], there is an elliptic curve (Ey),r such that O(f') := End Ey
is the order of conductor § in K and an F-rational isogeny ty : E — Ej that is
cyclic of degree §/f. There is an embedding F < C such that the base change of
ty to C is the natural map C/O — C/O(f") of complex elliptic curves. The map ¢y
is universal for maps from an O-CM elliptic curve to an O(f')-CM elliptic curve
[Bourdon and Clark 2019, §2.6] and is thus unique, up to isomorphism on the target.
Here is the first result making use of this canonical isogeny.

Theorem 1.3 (Isogeny Torsion Theorem). Let O be an order in an imaginary
quadratic field K, of conductor §, and let f be a positive integer dividing §. Let
F D K be a number field, and let E;r be an O-CM elliptic curve. Let 1y : E — Ey
be the F-rational isogeny to an elliptic curve Ey with CM by the order in K of
conductor f, as described above. Then we have

#E(F)[tors] | #Ey (F)[tors].

In particular, taking f = 1, we see that #E (F)[tors] is bounded by #E (F)[tors],
where (E1),r is an Og-CM elliptic curve. We give examples where the expo-
nent of Ey(F)[tors] is strictly smaller than that of E(F)[tors], showing in gen-
eral we cannot view E(F)[tors] as a subgroup of Ey(F)[tors], and we prove
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that#Ey (F)[tors]/#E (F')[tors] can be arbitrarily large (see Propositions 6.8 and 6.9).
Moreover, the statement is false if we do not require ¥ D K. Theorem 1.3 has
applications to determining fields of moduli of partial level N structures (Sections 6B

and 6C).

1C. The reduced Galois representation. There is a well-known interplay between
points on modular curves over number fields and Galois representations of elliptic
curves. The proofs of Theorems 1.2 and 1.3 make use of Galois representations,
and in the former case we build on a nearly complete description of the image of
the mod N Galois representation on an O-CM elliptic E /g ).

For an elliptic curve E defined over a number field F' and a positive integer N,
the Z-linear action of g := Aut(F /F) on E[N] gives rise to the mod N Galois
representation:

on :8F = GLa(Z/N2Z).
When E does not have CM, a celebrated result of Serre [1972] asserts that as N
varies over all positive integers, the index [GLo(Z/NZ) : pn (gF)] remains bounded.
This is certainly not the case when E has CM: as usual, here we consider the case
in which F is a number field containing the CM field K. Then for N € Z*, Galois
acts by O-linear endomorphisms of E[N], which is a free O/ N O-module of rank
one. Thus the mod N Galois representation takes the form

on i gr — (O/NO)Y* < GLy(Z/NZ).

In the CM case, the analogue of Serre’s result is the boundedness of the index
of py in (O/NO)* as N varies. In fact more is true: a slight variant of py is
surjective for all O and N. To motivate this, observe that fixing O is the same
as fixing j(E) (up to Galois conjugacy), but fixing j(E) does not determine the
K (f)-rational model of E and thus not py. One gets from one model to another
via a twist by d € K(f)*/K (f)x#ox. If E and E? are elliptic curves over K (§)
and pg, pga @ gx — (O/NO)* are their mod N Galois representations, then
PEd = PE @ X4, Where xq : gk — O is the character corresponding to d. Thus
we define the reduced mod N Cartan subgroup

Cn(0) =Cn(0)/gn(O7)

to be the quotient of Cn(0O) = (O/NO)* by the image of O under the natural
map gy : O — O/NQO and the reduced mod N Galois representation to be the
composite homomorphism

oy gr 2 Cy(0) — Cy(0).

The key feature of py is that it is independent of the K (f)-rational model.
For an elliptic curve E defined over a field F of characteristic 0, there is an
F-rational isomorphism ¢ : E/Aut(E) = P!, and a Weber function on E is
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any function h : E — P! obtained by composing the quotient map with such an
isomorphism ¢. Then the field extension cut out by the reduced Galois representation
is the field obtained by adjoining to K (f) the values of the Weber function on the

N-torsion points of E:
—ker oy

Q =K@ OGEIND).
When O = Ok the first main theorem of complex multiplication tells us that for
any ideal / of Ok we have that K (f)(h(E[I])) is KD, the I-ray class field of K.
It turns out that

(KT : KD =#Cy(0)

and thus py is surjective. The case of an arbitrary order is much less classical but
still known: Stevenhagen [2001] used Shimura’s reciprocity law to show that for all
N € Z*, the Weber function field K (f)(h(E[N])) is K (f)NOk, the N-ray class field
of O —this is the finite abelian extension of K corresponding to the image of the
subgroup C* x {x € O | x =1 (mod N)} in the norm one idele class group of K.
Moreover, it follows from the adelic description [Stevenhagen 2001, p. 8] that

Aut(K (YK /K () = Cn(0).
Thus we have the following result.

Theorem 1.4 (Stevenhagen). Let O be an order in the imaginary quadratic field K,
and let N € 7. Then the reduced mod N Galois representation

PN 8k — Cn(O)

is surjective and @kerm= K (HNOK, the N-ray class field of O.

We will give a new proof of Theorem 1.4, as follows. Let E/k ;) be an O-CM
elliptic curve. Using the canonical isogeny ¢; : E — E; to an Og-CM elliptic
curve, we show that the torsion field K (f) (E[N]) contains the ray class field K NOk.
Theorem 2.11(b). Using an observation of Parish we show that K (f) (E[N]) contains
the ring class field K (Nf): Theorem 4.1. By Theorem 2.10(c), we have

KHOEIND) > KYORK (V) = K (YO,
where the last equality can be shown using class field theory (Section 5A). Since

[KHHEIND) : K ()] < #Cn(0) = [K OV - K ()],

we get
—ker py

Q " =K{OEIND) = KGN,

Theorem 1.4 has the following useful consequences:



48 ABBEY BOURDON AND PETE L. CLARK

Corollary 1.5. For all number fields F > K and all O-CM elliptic curves E;r we
have

[CNn(O) : pn(gp)] | #O™[F : K()] < 6[F : K(§)].

Remark 1.6. Corollary 1.5 strengthens a result of D. Lombardo [2017, Theo-
rem 1.5], who showed that [Cn (O) : py(gr)] <6[F : K].

Corollary 1.7. Let N € Z*. There is a number field F D K and an O-CM elliptic
curve E;p such that E[N] = E[N](F) and [F : K(j(E))] =#Cn(O).

Corollary 1.8. For all N € Z*, there is an O-CM elliptic curve E k) such that
PE.N(8k () = Cn(O).

Using Theorems 1.2 and 1.4 we also obtain a complete classification of the set
of N € Z* such that an O-CM elliptic curve E k) admits a K (f)-rational cyclic
N-isogeny, and of the possible torsion subgroups of an O-CM elliptic curve E k).
See Sections 6F and 6G.

2. Preliminaries

2A. Foundations. We begin by setting some terminology for orders in imaginary
quadratic fields. Let K be an imaginary quadratic field, with ring of integers Ok,
and let wg = #O,X( be the number of roots of unity in K. Let O be a Z-order in K.
Let f =[Ok : O] be the conductor of O, and let A be the discriminant of O. Then

O=7+f0k, A=fAg.

For fixed K and f € Z" there is a unique order O(f) in K of conductor §. Thus an
imaginary quadratic order is determined by its discriminant A, a negative integer
which is 0 or 1 modulo 4. Conversely, for any negative integer A which is O or 1
modulo 4, we put

A+ VA

T
A 2

and then Z[ta] is an order in K = @(\/Z) of discriminant A.

Throughout this paper we will use the following terminological convention: by
“an order O” we always mean a Z-order O in an imaginary quadratic field, which is
determined as the fraction field of O and denoted by K. We may specify an order O
by giving its discriminant, which also determines K. If K is already given, then we
specify an order O in K by giving the conductor f.

For any O-CM elliptic curve E we have K (j(E)) = K (f), the ring class field
of K of conductor § ([Cox 1989, Theorem 11.1]) Thus [K (j(E)) : K] is determined
via the following formula.
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Theorem 2.1. For N € 7%, let K(N) denote the N-ring class field of K. Then
K (1) = KW is the Hilbert class field of K, and for all N > 2 we have

[K(N): KV]= 2N ]_[<1 -~ <ﬁ>l).
WK PIN p

D

Proof. See, e.g., [Cox 1989, Corollary 7.24]. |

For a number field F, N € Z* and E ; an elliptic curve, we denote by py the
homomorphism
gr > At E[N]=GLy(Z/N27),

the modulo N Galois representation. If E;r has CM by the order O in K, then
E[N]=» O/NO—i.e., we have an isomorphism of O-modules (see [Parish 1989,
Lemma 1], generalized in Lemma 2.4 below) —and provided F O K we have

ON :8F = Autp E[N]1=GL1(O/NO) = (O/NO)*.

In other words, the image of the mod N Galois representation lands in the mod N
Cartan subgroup

Cn(0O)=(O/NO)*.
Lemma 2.2. Let O be an order of discriminant A, and let N = p{" - - - p% € Z+.
(a) We have Cy(O) =]]i_,C i (O) (canonical isomorphism).

(b) We have #Cy(0) = N* ],y (1 - (%)%)(1 — %),

Proof. (a) It suffices to tensor the Chinese remainder theorem isomorphism Z/NZ =
[1:—, Z/ p{"Z with the Z-module O and pass to the unit groups.

(b) By [Clark et al. 2013], for any prime number p we have

wcior-r(-(2))(o-1)

The natural map C«(O) — C,(0O) is surjective with kernel of size pza—2 [Clark
and Pollack 2015, p. 3]. Together with part (a) this shows that if N = p{" - p%
then

o {1 n-sfo- () 10 ()0 <

2B. Torsion kernels. Let E,c be an O-CM elliptic curve. For a nonzero ideal /
of O, we define the I-torsion kernel

E[ll:={PeE |forallael, aP =0}.
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There is an invertible ideal A C O such that

E=C/A.

If we put
(A:D):={xeClxICA}={xeK|xI CA}

then we have (immediately) that
Elll={xeC/A|xI CA}=(A:])/A.
Let |I]| :=#0O/1.
Lemma 2.3. Let I, J C O be nonzero ideals and E ;¢ be an O-CM elliptic curve.
(a) IfI C J, then E[J] C E[I].
(b) We have E[I] C E[|I|]. In particular,
#E[T < |1]%.

Proof. (a) This is immediate from the definition.

(b) By Lagrange’s theorem, every element of O/1 is killed by |I|,so |I| € [[|O C I.
Apply part (a). ]

Lemma 2.4. If I is an invertible O-ideal, then
E[IN=1"'A/A=pO/I.
In particular, #E[1] = |I| = #0O/1.

Proof. An ideal I is invertible if and only if there is an @-submodule /~! of K
such that 71~! = O. If so, then for x € K we have

xICAxII"'=xO0CclI 'A=xel A,

giving E[I]1=1"'A/A. Because A is a locally free O-module, for all p € Spec O
we have Ay = O, and thus (I7'A/A), = (I71/0), = (O/1)y. Thus I7'A/A is
locally free of rank one as an O/I-module. But the ring O/ is semilocal, and
hence has trivial Picard group: any locally free rank one O/ I-module is isomorphic
to O/I [Clark 2015, Corollary 13.38]. U

Lemma 2.5. Let R be a Dedekind domain, and let M be a cyclic torsion R-module,
and let N C M be an R-submodule. Then:

(a) N is also a cyclic R-module.
(b) We have N = R/ ann N.

Proof. Let I =ann M. Since M is a finitely generated torsion module over a domain,
we have I 20 and M = R/I. Thus N = I’/I for some ideal I’ D I. The ring R/I
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is principal Artinian [Clark 2015, Theorem 20.11], so the ideal I’/I of R/I is
principal. Thus N is a cyclic, torsion R-module, so N = R/ann N. U

Theorem 2.6. Let E ;¢ be an O -CM elliptic curve, and let M C E(C) be a finite
Ok -submodule. Then M = E[ann M ] =p, Ok /ann M and thus #M = |ann M |.

Proof. That M C E[ann M] is a tautology. Because Ok is a Dedekind domain,
every nonzero Og-ideal is invertible, so Lemma 2.4 gives #E[ann M| = |ann M |.
On the other hand, let t = #M. Then M C E[t] =p, Ok /tOk, a finite cyclic
Ok-module. By Lemma 2.5 we have M = Ok /ann M so #M = |ann M|. Thus
M = Elann M], so Lemma 2.4 gives M = Ok /ann M and #M = |ann M. Ul

Example 2.7. Theorem 2.6 fails for all nonmaximal orders. Indeed, let O be a
nonmaximal order in an imaginary quadratic field K. There is nonzero prime ideal p
of O such that the local ring O, is not a DVR. If pNZ = (£), then O/p = Z /4.
Since every ideal of O can be generated by two elements, we have dimo /, p /p*=2.
Thus #O/p? = £3 and (£3) C p> It follows that in the quotient ring O/£30, the
maximal ideal p + €3O is not principal. Let E sc be an O-CM elliptic curve, so
E[03] =0 0/63(9. So the O-submodule M = pE[£3] of E[£%] is not cyclic and
thus not isomorphic to O/ann M.

For a nonzero ideal I of O, let K! denote the I-ray class field of K.

Theorem 2.8 (first main theorem of complex multiplication). Let E,¢c be an Ok-
CM elliptic curve, and let I be a nonzero ideal of O. Let by : E — P! be a Weber
function. Then:

KVWEUD) =K.
Proof. See, e.g., [Silverman 1994, Theorem I1.5.6]. O

Combining Theorems 2.6 and 2.8, we get the class-field theoretic containment cor-
responding to any finite Qg -submodule of E (F), for any Ox-CM elliptic curve E
defined over a number field F D K.

For convenience, we record here the formulas for [K' : K(1]. Here, ¢ denotes
Euler’s totient function and ¢k (/) the natural generalization for a nonzero ideal
of Ok. That is,

ok (1) =#(Ok /)" m]‘[(l——).
pll
Lemma 2.9. Let I be a nonzero ideal of K. Weput Uy (K)={x e U(K) |x—1€1}
and U (K) = Og.

(a) We have
My = ek (1)

[K': kD)= .
[U(K) : U(K)]
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() If K #Q(v—1), Q(v=3), then

Kkl kM7= ek (), 1](Q2),
[ lee. o

(c) If K = Q(/—1), then

(1), T[(+10),
(K':kD)1 =3B [y(1+i)and 1| (2),
§0K4(1)7 I"’(Z)

(d) If K = Q(/=3), then

L, I=(1),
I, () _ D T #£(yand 1| (53— 1),
[K K ]_ px () 1=
3 ( )7
Wﬁ( D otherwise.

Proof. Parts (b)—(d) can be deduced from (a), which appears as [Cohen 2000,
Corollary 3.2.4]. ([

2C. On Weber functions. Let F be a field of characteristic 0. For an elliptic
curve E/p,leth: E — P! be a Weber function for E (cf. Section 1C).

Theorem 2.10 (Weber function principle). Let N € Z=2, let O be the order of
conductor f in K, and let F = K(f). For an O-CM elliptic curve EF, fix an
embedding F — C such that j(E) = j(C/O). Define

W(N, O) = KHOH(EIND).
(a) W(N, O) is a subfield of F(E[N]) and [F(E[N]) : W(N, O)] divides

#0O>*, N =3,
B N=2

(b) There is an elliptic curve E,r such that

#0O*, N >3,

#OX _
5 N =2.

[F(E[N]D : W(N,O)] = {
(c) As we range over all elliptic curves E;r with j(E) = j(C/O), we have

ﬂF(E[N]) = W(N, O).
E
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Proof. (a) Let
#O*, N =3,

#OX _
" N=2.

w =

Let w,, be the image of O* — Cy(0O), a cyclic group of order w. The field
F(E[N])/F is Galois with Galois group py(gr) C Cy(O). Since h(P) = hH(Q)
for points P, Q on E if and only if there is £ € O such that £(P) = Q (e.g., [Lang
1987, Theorem 1.7]), it follows that

W(N, O) = F(E[N])mv(gp)ﬂuw.

Thus
[F(E[N] : W(N,O)] | w.

(b)and (c) If E/p, E)p with j(E)=j(E’), then K (F)(h(E[ND)=K ) (H(E'[ND)
by the model independence of the Weber function. So W(N, O) C (g F(E[N]).
To see that equality holds, let E,r have j(E) = j(C/O). Let p be a prime of Of
that is unramified in F' = F(E[N]). By weak approximation, there is 77 € p\ p> Put
L=F(@@'"), and let x : gr — pu be a character with splitting field Y=L,
(Explicitly, we may take x (o) = o ('/*)/m'/*.) Then L/F is totally ramified
over p, so F" and L are linearly disjoint over F. It follows that

PN Ex(@F) = (PN.E,pn ® X)(@F) = X (8F) = Hw-
Thus
w=[F(EX[N]): F(EIN)NF(EX[ND]|[F(EX[N]) : W(N, O)] | w,

so F(EX[N]) has degree w over W(N, Q) = F(E[N])N F(EX[NJ). ]

2D. A containment of Weber function fields.
Theorem 2.11. Let K be an imaginary quadratic field, and let © C O’ be orders
in K.
(a) Forall N € Z* we have a containment of Weber function fields W(N, O) D
W(N, O").
(b) If E is a K-CM elliptic curve defined over a number field F O K, then we have

2) F(h(E[N1)) D KNOx,

Proof. (a) Let f (resp. {') be the conductor of O (resp. of 0’), so §' | f. Let E k) be
an O-CM elliptic curve. Let 1 = (55 : E — E’ be the canonical cyclic §/f'-isogeny
to an O'-CM elliptic curve (E') k(. There is an embedding K (f) < C such that
EC)=ZE/Oand (EY(C)ZE/O and(: E/O — E /O is the natural map. Then
{ maps % + O to % + O/, which generates E'[N] as an O’-module. Thus

K{(EIND D KH(E'IND) D K(F)(E'IN) D WN, O,
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and Theorem 2.10(c) gives
W(N,O) D> W(N, ).
(b) This follows from part (a) and Theorem 2.8. U

Though Theorem 2.11 is a consequence of Theorem 1.4, we prove it here as
an ingredient in our new proof of Theorem 1.4. Part (b) had been proved earlier
in [Bourdon et al. 2017b, Theorem 3.16], but the present argument seems more
transparent.

3. Proof of the Isogeny Torsion Theorem

For a quadratic field K and d € Z™ we will write O(d) for the unique order in K
of conductor d. We recall the setup: let ' O K be a number field, let E,r be an
elliptic curve with endomorphism ring an order O of conductor § in K, and let §’
be a positive integer that divides f. Then there is a canonical F-rational cyclic
f/f'-isogeny ¢,y : E — Ey such that End Ey = O(f').

There is a field embedding F < C such that E(C) =C/0O(f), Ey(C)=C/O(f)
and (ty) ¢ is the quotient map C/O(f) — C/O(f"). Put ¢ = %(AK + /Ak), so
O(f) = Z[frx]) and O(f) = Z[f'tx]. For N € 71, let

1 frg
e j(N) == =+0(), exj(N):=—+0(),

N N
1 / f/TK /
el,fr(N) = N + O(f ), egyf/(N) = N + O(f )

Then ker(E[N] -L> Ey[N]) is cyclic of order gcd(N, §/{'), generated by

wcd(N, f_f/)em(N),
and Lff(€17f(N)) = el,f/(N).

For finite commutative groups 77 and T, we have #7) | #7, if and only if
#T1[£°°] | #T,[£°°] for all prime numbers £. So it suffices to show that for all prime
numbers £, we have #E (F)[£°] | #E; (F)[£*]. Write f = ¢'] with ged(], £) = 1
and f = £§ with gcd(f/, £) = 1. Then we have

HE(F)LZ] =#E (F)[€F],  #Ep(F)[L™] =#Ea (F)[£7],

so we may assume that f = £°! and §' = £2. Indeed, it is enough to treat the case
¢y = c¢1 — 1, since repeated application of this case yields the general case. So
suppose f = £¢ for some ¢ € ZT and § = ¢°~!. By, for example, the Mordell-Weil
theorem, there are integers 0 < a < b such that

E(F)(®127/0°767)¢07.
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Let Q := 4 + O(f) € E(F). Since ty is F-rational, Q' := 1y(Q) = & + O(F) lies
in Ey(F) and generates Ey[£?] as an O(f)-module, so Ep (€] = Ep(F)[£]. If
a = b, it follows that #E (F)[£*°] | #Ey (F)[£°°], so we may assume b > a. Since
ker(E[€>°] > Ep[€°°]) has order £, we have Z/Z & Z/¢*~'Z — Ey(F)[£*].
Thus it suffices to show that Ey(F) has either a point of order ¢ or has full
24+ _torsion.

Let P = E(F) be a point of order £°, and write P = ael,f(ﬁb) + ,Bez,f(ﬂb) with
o, BEZ/PZ. 1f £{a then since f = ¢§ we have that iy (P) = ae y (£0) +0Ber y (£0)
has order ¢’ and we are done, so we may assume that ¢ | «, in which case £ { .
With respect to the basis el,f(ﬁb ), e2,f(ﬂb ) of E[£"], the image of the mod £b Galois
representation on E consists of matrices of the form

2¢ A —A2
a bereBE 2k
b a—l—bECAK

(3) } witha, b e 7/0"7.

Since E (F) has full £%-torsion, we have a =1 (mod £%) and b =0 (mod £%). Thus

acl[rrea o
Peeri \QF ("B 14094

Since €279 P = ey j(L91!) + Bey j(£7 1) is F-rational, all such matrices in the
image of Galois satisfy

14+4¢9A 0 al |«
“B  1+09A [ﬂ}_[ﬂ}’

and thus ¢“aB + B +(“AB = B (mod £t1). Since ¢ | a, we get

A, B eZ/lz““Z}.

YA = —0aB =0 (mod ¢4T),

and thus £ | A and pge+1(gF) consists of matrices of the form

1 0
“B 1
for B € Z/£%*'Z. It follows that for all o € gr, there is B € Z/£%*'Z such that
o (i (e, (L°T1))) =1 (e1 (7T + BL 5 (e,5(£*T))

= (o1 j (€T + B (Eeap(0°) = 1p(en j(€H)).

Thus ey j (€4T1) = 1y (e1,;(€4T)) € Ey (F). Since the O(f')-submodule generated
by 1,y (¢ is Ep[€4T], we get Z/¢“T'Z @ Z/¢*T'Z < Ejy(F), completing the
proof of Theorem 1.3.
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4. The projective torsion point field

Let F be a field. For a positive integer N not divisible by the characteristic of F
and E/r an elliptic curve, we define the projective modulo N Galois representation
as the composite map

Poy:gr 2% Aut E[N1=GLy(Z/NZ) — PGLy(Z/NZ):=GLy(Z/NZ) /(Z/NZ)*.

The projective torsion field is

F(PE[N]) = F*"",

Thus F(PE[N]) is the unique minimal field extension of F' on which the image
of py consists of scalar matrices. It follows that F(E[N])/F(PE[N]) is a Galois
extension with automorphism group a subgroup of (Z/NZ)*.

Observe that the projective Galois representation and thus the projective torsion
field are unchanged by quadratic twists. If E,r has CM by an order of discriminant
A =f*Agx # -3, —4 and F D K, then the projective N-torsion field is a well-
defined abelian extension of K (f). When A = —4 (resp. A = —3) we have quartic
twists (resp. sextic twists) which can change the projective Galois representation
and the projective torsion field.

Theorem 4.1. Let O be an order of discriminant A = {*Ag. Let E be an O-CM
elliptic curve defined over F = K (). Let N > 2.

(a) ([Parish 1989]) We have F(PE[N]) D K(Nf¥). Thus we may put
d(E,N)=[F(PE[N]): K(N)].

(b) ([Parish 1989]) If A ¢ {—3, —4}, thend(E, N) =1, i.e., F(PE[N]) = K(N¥).
(¢c) If A=—4,thend(E,N) | 2.
(d) If A=—-3,thend(E,N)|3.
Proof. For N € 7%, let O(N) be the order of conductor N in K. Thus O = O(f).
Step 1: We show that F(PE[N]) D K (N¥) in all cases.

There is a field embedding F < C such that E(C) = C/O. The C-linear
map z — Nz carries O(f) into O(N{) and induces a cyclic N-isogeny C/O(f) —
C/O(NT). Let C be the kernel of this isogeny, viewed as a finite étale subgroup
scheme of Ec. Then C has a (unique) minimal field of definition F(C) C F(E[N]),
hence of finite degree over F. The field F(PE[N]) is precisely the compositum of
the minimal fields of definition of all order N cyclic subgroup schemes C C Ec,

so F(C) C F(PE[NY)). Since C is F(PE[N])-rational, the elliptic curve E/C has
a model over this field, and thus

F(PE[N]) D K(j(E/C)) = K(NY).



TORSION POINTS AND GALOIS REPRESENTATIONS ON CM ELLIPTIC CURVES 57

Step 2: In view of Step 1, we have F(PE[N]) D K(Nf) D K(J) = K(j(E)), so
we have F(PE[N]) = K(Nf¥) if and only if [F(PE[N]) : K($)] < [K(NF) : K(P)].
We have

A1
[F(PE[N]): K()]=#Ppn(gr) <#(O/NO)*/(Z/NZ)* =N ]_[<1— <;) ;).
PIN

« Suppose > 1. Using Theorem 2.1 to compute [K (Nf) : K D] and [K (f) : KV]
gives

e ( ( ) ) ( ( ) )
K(Nf):K(f)]l=——————=N 1— N ,
LK (NP K (D)= "oy ] )5 ]

pIN, pif pIN

because 1 — (%)% =1 for all p | f. Thus d(E, N) =1 in this case.
e Suppose f =1, so A = Ag. Then

2 A1
(KNP K=KV :KVT= =N 1—[(1 _ (;) ;)

If A gé {—3, —4} then = =1, and again we get d(E, N) = 1. If A = 4 then
wi , SO the calculatlon shows d(E, N) € {1,2}, and if A = —3 then = = %,
so the calculatlon shows d(E, N) € {1, 3}. O

Remark 4.2. (a) Theorem 4.1(a) and (b) are due to Parish [1989, Proposition 3].
However, he alludes to a calculation of the above sort rather than explicitly
carrying it out. Since Theorem 4.1 will play an important role in the proof of
Theorem 1.4, we have given a complete proof.

(b) Parish [1989, Proposition 3] assumes K # Q(y/—1), Q(+v/=3). Later [1989,
p. 263], he claims
e if A= —4then F(PE[N]) = K(N) for all N > 3, and
e if A= —3then F(PE[N]) = K(N) for all N > 4.
As we will see shortly in Example 4.4, both claims are false.

The following result is an analogue of [Bourdon et al. 2017b, Theorem 5.6] for
higher twists.

Proposition 4.3 (higher twisting at the bottom). For M € Z, we denote the mod M
cyclotomic character by xyy.
(@) Let K = Q(v/—1) and let £ = 5 (mod 8) be a prime number. There is a

character V : gx — (Z/¢Z)* oforder L and an Og-CM elliptic curve E/k
such that the mod € Galois representatzon is

(v 0
“H”‘(“)‘[ 0 ‘P‘I(G)Xe(a)]'
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(b) Let K = Q(«/—3) and let £ =7, 31 (mod 36) be a prime number. There is a
character V : gx — (Z/LZ)* of order % and an Ok -CM elliptic curve E g
such that the mod £ Galois representation is

V(o) 0 :|

“H”‘("):[ 0 U@

Proof. (a) Let (E1),x be an Og-CM elliptic curve. Because £ =1 (mod 4), the
Cartan subgroup C,(Ok) is split. It follows that there are precisely two C,(Ok)-
stable one-dimensional Z/£Z-subspaces of E[£], so we may take basis vectors e}
and e, for E[£] lying in these two subspaces. For such a basis, the mod ¢ Galois
representation has the form

W (o) 0 ]

o> pe(0) = [ 0 W (o) k(o)

for a character V| : gx — (Z/£Z)*. Under this isomorphism, the matrix represen-
tation of i € Ok is a diagonal matrix

z 0
0z M|

where z is a primitive fourth root of unity in Z/€Z. A general Og-CM elliptic
curve over K is of the form E ;/' for a character ¢ : gx — uq4 C (Z/€2)*. Let
Q4(0) =(Z/€2)* /(Z]€Z)** Then the image of z in Q4(£) has order 4: if not, there
is w € (Z/€Z)* such that z = w? and then w has order 8 in (Z/£Z)*, contradicting
the assumption that £ = 5 (mod 8). Thus the natural map pus — Q4(€) given by
i — z (mod (Z/ZZ)X“) is an isomorphism; we denote the inverse isomorphism
Q4(£) = 4 by . Now take

¥iox Yo @/ L 04(0) <>

here ¢ is the quotient map. Let Wy = ¢ \W,. Then the twist E 1# has mod ¢ Galois
representation
Wy (o) 0 ]

(’H’W’):[ 0 W '(0)x(0)

The composite W : gx — (Z/£7)* — Q4(£) is trivial, so W (gg) has order ¢ | %.
Thus

€ —1)?
#'OE,E;ﬁ(gK) lc(€—1)| T — [K(e) . K(l)] — [K(E) K],

where the last equality holds since K has class number 1. Because K (E iﬁ [£]) D K©,
we have #p, ,v(gx) =3 —1)* and c = 2 (£ —1).
By
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(b) Since £ =1 (mod 3), we have a primitive sixth root of unity z in Z/£Z. Since £ =
7,31 (mod 36), we have 4, 94¢—1, so z has order 6 in Q¢(£) = (Z)e7)* |(Z)eZ)*°,
Also %(Z —1)2=[K® :KD]. The argument of part (a) carries over. U

Example 4.4. (a) Let K = Q(+/—1), and let £ =5 (mod 8). Let E x be an Ok-
CM elliptic curve with mod ¢ Galois representation as in Proposition 4.3(a). Then
for a number field L D K, pglg, has scalar image if and only if Xg\IF2|gL is
trivial. Since x; : gx — (Z/€Z)* has order £—1—that is, forall 1 <k < £ —1,
Xé‘ # 1—and W2 has order dividing %, the character x,W 2 has order £ — 1.
Thus [K(PE[£]) : K]=4 — 1, whereas [K (£) : K] = %. Sod(E, ) =2.

(b) Let K = Q(+/=3), and let £ =7, 31 (mod 36). Let E x be an O-CM elliptic

curve with mod ¢ Galois representation as in Proposition 4.3(b). As in part (a), we
have [K (PE[€]): K]=¢—1and [K(0): K]=1. Sod(E, ) =3.

Proposition 4.5. Let O be an order of discriminant A=>Ag, and let N € Z*. Then
there is an O-CM elliptic curve E gy such that the mod N Galois representation
consists of scalar matrices.

Proof. When A ¢ {—3, —4}, this is immediate from Theorem 4.1(b): in that
case, the elliptic curve has a model defined over K (f). Thus we may assume that
A e€{-3,—4},s0f=1. Let { € O be a primitive wg-th root of unity. Let O(N)
be the order in K of conductor N, let E sk (V) be an O(N)-CM elliptic curve, let
1: E — E be the canonical K (N)-rational isogeny to an Og-CM elliptic curve E, let
1V : E — E be the dual isogeny, and let C be the kernel of ¢". Identifying E[N] with
N_IOK/OK CcC/Ok, tV:C/Og — C/O(N) is the map z+ Ok +> Nz+ O(N),
so C is the Z-submodule of C/Og generated by P; = ﬁ + Ok . Because C is stable
under the action of gg(n), this action is given by an isogeny character, say,

O'(P1)=\IJ(O')P1.
Let P, =¢ Py. Then {Py, P»} is a Z/NZ-basis for E[N]. Moreover, for o € gk (),
oPy=0(Pi=C(ocP=(V(0o)P1 =V (o) P =V(o)P>.

It follows that o € gk (n) acts on E[N] via the scalar matrix W (o). O

5. Proof of Theorem 1.4 and its corollaries

5A. An equality of class fields. Let O and O’ be orders in an imaginary qua-
dratic field K of conductors § and Nf, respectively. Here we prove K (f)N9« =
KNOK K (Nf). We may assume that N > 2. Class field theory (see, for example,
[Stevenhagen 2001, (3.2)]) gives a canonical isomorphism,

4) W Aut(K*®/K () => O%/0*.
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Thus it suffices to prove an equality of open subgroups of O /O . We abbreviate
0, =0Q12,.
Put

=(xe0* |x=1(mod M} =[]O; x[[1+NO,), A:= A0,
pIN PIN

B:=0" =[]}, B:=BOj,
={xeOx |x=1(mod N)} =[x} x [ [A+N(©Ox)p). C:=COf.
PIN PIN

Under class field theory, the field K ()N corresponds to A (cf. [Stevenhagen
2001, p. 9]), the field K (Nf) corresponds to B and the field KN« corresponds
to C, so showing that K (f)N Ok = KNOk K(N f) is equivalent to showing that

A=BnC.
Step 1: We show that A= BNC. Writing A, B, and C,, for the components of p
of each of these groups, it is enough to show that
A, =B, NC, for all primes p.

Case 1: Suppose p t N. Then

A, =0,
B,=(0): =
Cp = (0K,

soCp, DA, =B,andthus B,NC, =A,.

Case 2: Suppose p | N. Write Og = Z1 + Ztg, s0 O = Z1 + Zfrx. We have
A,=1+NO,=1+NZ,1+ NfZ,tk,
B, =(14+Z,1 + N§Z,tx)*",
C,=1+NOk)p,=1+NZ,1+NZ,tk,

so indeed we have B ﬂCp_A

It follows that BN C = BOgNCOg D AOg = A, so it remains to show that
BNC C A.

Step 2: Suppose Ag < —4, so O = {£1}. Then B =B, soifze BNC, then
thereis € € {1} suchthatze B, —z€ Bandez € C,so ez € BNC = A and thus
7€ A.
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Step 3: Suppose K = Q(+/—1) and let ¢ be a primitive fourth root of unity, so
Ok =71+ 7¢ and Og = {1, ¢, ¢%,¢3). Suppose z € BN C. Then there are
i,j€{0,1,2,3}, be B and c € C such that

=Cb=2¢'c

We have z € A if and only if { ~/z € A, so we may assume that j = 0. If i is even we
may argue as in Step 2, so assume that i € {1, 3}, and thus we have either ¢b = ¢ or
¢c = b. But we claim that there are no such elements » and ¢, which will complete
the argument in this case. Indeed, choose a prime p dividing N, and let b, and ¢,
be the components at p. There is a reduction map

Under this map, every element of B, UC), lands in Z/pZ1, so by, c, € Z/pZ1
while ¢b,, ¢c, € Z/pZ&. Thus we cannot have (b, =c, or {c, =b,,.

If K = Q(+/—3), then we let ¢ be a primitive sixth root of unity, so Ox =Z1+7Z¢
and Og = {1, ¢, ¢%,¢3,¢*, ¢}, and the argument is very similar: we cannot have
+¢by, =cp or b, ={cp.

5B. Proof of Theorem 1.4. By Theorems 2.11 and 4.1(a) and Section 5A, we have
KMOEIND) D KYOKK (N = K (VK.

For any O-CM elliptic curve E/k s, the splitting field K (f)kerpiN of the reduced
mod N Galois representation py on E (cf. Section 1C) is K (f)(H(E[N])), so

[KHOGEIND) : K (] < #Cn(0).

As described in the introduction, it is immediate from (4) and the definition of
K (HNOk that
Aut(Hy,0/K (§)) = Cn(0),

and thus it follows that
K (H(E[N]) = KNOK K (NF).

5C. Proof of Corollaries 1.5, 1.7 and 1.8.
Proof of Corollary 1.5. Theorem 1.4 implies that for any number field F' D K (j(E))

and N € Z, we have
[CN(O) :pon(gp)] | [F: K(j(E))]
and thus
[Cn(O): pn(gr)] | #O™[F : K(j(E))] <6[F : K(j(E))]. O
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Proof of Corollary 1.7. We may assume that N > 2. Let w = #gx5(0*), so

#0*, N =3,
w = x
-, N=2.

Once again we denote by u,, the image of O* in Cy (O), a cyclic group of order w.
Let E/k (5 be any O-CM elliptic curve. We may view G = Aut(K (f)(E[N])/K ()
as a subgroup of Cn(0). Let H=G Ny and L = (K(f)(E[N]))H, so a suitable
twist (E"),; of E;;, has trivial mod N Galois representation. As shown in the
proof of Theorem 2.10, we have L = K (f)(h(E[N])), so by Theorem 1.4 we have
[L:K()] = #Cn(O). O
Proof of Corollary 1.8. We may assume that N >2. Let gy : O* — Cy(O) be the nat-
ural homomorphism. By Theorem 2.10(b), there is an elliptic curve E/ g ) such that

. [#ox, N=3,
[KAEIND : KHOEINIDT=#gn(O7) = § 4ox N—2

2 ’

By Theorem 1.4, [K(f)(h(E[N]): K ()]=#Cn(O). Thus pg n (g ;) =Cn(0). U

6. Applications

6A. Divisibility in Silverberg’s theorem.

Lemma 6.1. Let J, M be subgroups of a group G. If M is normal and J M = {1},
then #J | |G : M].

Proof. The composite homomorphism J < G — G /M is an injection. ([

The following result extends [Bourdon et al. 2017a, Corollary 2.5] from maxi-
mal orders to all imaginary quadratic orders, thereby confirming the expectation
expressed in [Bourdon et al. 2017a, Remarks following the proof of Corollary 2.5].

Theorem 6.2. Let O be an order in an imaginary quadratic field K, and let E be

an O-CM elliptic curve defined over a number field F O K. If E(F) has a point of
order N € 7, then
#O* [F : Q]

2 #PicO’

Proof. Let Iy =[Cn(O) : py(gF)] be the index of the mod N Galois representation
in the Cartan subgroup. By Corollary 1.5 we have

#O* [F : Q]
2 #PicO’
Since there is a rational point of order N, the subgroup py (gF) contains no scalar ma-

trices other than the identity. Applying Lemma 6.1 with G = Cxn(O), M = pn(gF)
and J the subgroup of scalar matrices, we get ¢(N) | Zy, and we are done. (]

P(N) |

Iy [#OX[F : K(j(E)]=
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6B. A theorem of Franz. Let O be an order in K, of conductor f, and let E k)
be an O-CM elliptic curve. Choose a field embedding K (f) < C such that
J(E) = j(C/O) and an isomorphism E(C) = C/O. This induces an isomor-
phism E (Ff)) [tors] = C/O[tors], which we use to view (the image in C/O of)
T} = %(AK + /Ax) as a point of E (K (f))[tors] of order f.

Theorem 6.3 [Franz 1935]. With notation as above, we have

KM ®x) =KD,

Proof. As in the proof of Theorem 1.3, over C we may view the canonical isogeny
ast:C/O— C/Ok. Wetake e; = %—i—@ and e; = tx + O as a basis for E[f]. Then
ey generates ker(t), a K (f)-rational cyclic subgroup of order f, and with respect to
{e1, ez} the image of the mod f Galois representation associated to £k ) consists
of matrices of the form

2 Ag—A2
{Z bf+bf4AK} with a, b € Z/Z.
a K

Viewing entries mod f, we see there is a character W : gx ) — (Z/§Z)* such that

P [wf) \v(()(f)]

If f <2, then K({)(h(zx)) = K(§) = K® and the result holds. Thus we may
assume | > 3. Let L := K(f)(h(e2)). Since f > 3, we have j(E) # 0, 1728, so
[L(ez) : L] divides 2 and the restriction W|g, : g, — {&1} defines a quadratic
character x. On the twist EX of E/; the point e; becomes L-rational. As in the
proof of Theorem 5.5 of [Bourdon et al. 2017b], let W+ (9k( —> (Z)F27)/{£1}
denote the composition of W with the natural map (Z/§Z)* — (Z/§Z)* /£1. Then
LC (K_(f))kerq’i, so[L:K®]] %ﬁ. If « : EX — E' is the canonical isogeny, then
the proof of Theorem 1.3 shows that ((e;) is an element of E’(L) which generates
E'[f] as an Og-module. Thus E’ has full f-torsion over L, so by Theorem 2.8,

KD cL.So
. G _ e .
[L:K{]=I[K .K(f)]—Tz[L.K(f)],
and thus K (f)(h(e2)) =L = KD, O

6C. The field of moduli of a point of prime order. Let K # Q(v/—1), Q(v/=3)
be an imaginary quadratic field, and let O C K be the order of conductor f. Here
we use Theorem 1.3 to determine the smallest field F D K for which there exists
an O-CM elliptic curve E,r with an F-rational point of order £ > 2.



64 ABBEY BOURDON AND PETE L. CLARK

Lemma 6.4. Let K be an imaginary quadratic field, let f € Z+, and let £ > 2 be
prime. Then K© N K (£f) = K (£).

Proof. Let A = {2 Ak. The statement is immediate if f = 1, so suppose f > 1. By

Theorem 2.1,

Kep:Kpr1=e—(2).

Since [K QK (¢f) : K ()] = #C(O)/2 by Theorem 1.4, in both cases we have
#C(0)
2[K (€5) : K(§)]

Thus [K© : KO NKH]=[KOK ) : K(¢H]= 3¢ —1). As we have K (£) C
KONK(¢f) and [K© : K(£)] = (£ — 1), the result follows. 0

Theorem 6.5. Let K # Q(«/—1), Q(+/—3) be an imaginary quadratic field, and
let O be the order of conductor f in K. Let F D K.

[KOK () : K (L] = =5(—10.

(a) Let E;r be an O-CM elliptic curve such that E(F) contains a point of prime
order £ > 2. Then there is a prime p of Ok lying over £ such that K (f)K? C F.

) If (%) # —1, then there is a prime p of Ok lying over £ and an O-CM elliptic
curve E g kv such that E (K (f)K?) has a point of order £.

If (%) = —1, then an O-CM elliptic curve E,r with an F-rational point of order ¢
must have full £-torsion (see [Bourdon et al. 2017b, Theorem 4.8] or Lemma 6.12).
In this case, K (()K® C F by Theorem 1.4. The existence of an elliptic curve
E g ¢5) k@ with full £-torsion is guaranteed by Corollary 1.7.

Proof. (a) Let F D K and E,r be an O-CM elliptic curve with an F-rational
point of order £. By Theorem 1.3, there is an Og-CM elliptic curve E ; 7 With an
F-rational point P of order £. If M is the Og-submodule of E'(F) generated by P,
then M = E’[ann M| and #M = |ann M| by Theorem 2.6. Since £ | #M, we must
have p | ann M for some prime p of Ok above £. By Theorem 2.8 we have

KHK* c KHK™M = K(j(E) KV (H(E'[ann M])) C F.

(b) If (%) # —1, then an O-CM elliptic curve E g possesses a K (f)-rational
cyclic subgroup of order £. (See, e.g., [Clark et al. 2013, p. 13]. This is also a
special case of Theorem 6.18.) By [Bourdon et al. 2017b, Theorem 5.5], there is
an extension L/K (f) of degree (£ — 1)/2 and a quadratic twist (E7),, such that
E (L) has a point of order £. By part (a), there is a prime p of Ok lying over £
such that K (f)K* C L, so it will suffice to show that [K (f)KP : K ()] > %.

If £, then primes above ¢ are unramified in K (f)/ K. Thus K (f), K? are
linearly disjoint over KV, and we have [K(DKP : K(f)] =[KP : KD] = %(ﬂ -1
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since (ATK) = (%) # —1. If €|, then applying Lemma 6.4 with % in place of §, we have

KPNKF cKONK(F) =K(®).
Thus KP N K (f) = KP N K (£), s0
[KHKP: KH1=[K": K"NKH]=[K": K’ NK O] =[KO)K": K(0)]

and it is enough to show that [K (£)KP : K(£)] > %

. (%) = 1: We will prove that K* N K (£) = KV using CM elliptic curves.
Let (Ep) /KD be an Ok -CM elliptic curve. Then Eg[p] is stable under the action
of gxo and generated by a point P of order £. By [Bourdon et al. 2017b, Theo-
ream 5.5], there is an extension L/K " of degree (¢ — 1)/2 and a quadratic twist
(E1),r such that P becomes L-rational. By Theorem 2.8 we have K? C L, and
K? = L since [KP: KV = 1(¢—1). Over K(¢)KP, the curve E; has a rational
point of order £, and the mod ¢ Galois representation is scalar by Theorem 4.1.
Thus E; has full ¢-torsion over K(£)KP, and K© c K(¢£)KP. This implies
JC=D | [K@KP: K(@]=[K": K*NK()]. Since [KP: KD] =1 —1), we
have KP N K (¢) = KD, and [K H)KP: KH]=[KP: KD =1 —1).

* (8%) = —1: In this case, KP = K®, so KP N K (¢) = K (¢). This implies

[K(HKP: KH]=[KP: K@O)]=3(¢—1).
« (8%) = 0: Since [K(¢) : K] = ¢ and [KP : KD] = (¢ — 1), we have
K*NK©) =KD Thus [KHKP: KH1=[KP: KD =1 —1). O

Remark 6.6. Assume the setup of Theorem 6.5 but take K = Q(+/—1) or K =
Q(+/=3). Then the assertion of Theorem 6.5(b) is false. Indeed, if £ > 5 and
(%) #—1, we have [K (HKP : K ()] | - (£—1). (See Lemma 2.9.) Suppose F D K,
and let E,r be an elliptic curve with CM by the order in K of conductor f. If E(F)
contains a rational point of order £, then Theorem 6.2 implies %(E —D|[F: K]
Thus F must properly contain K (f) K*.

6D. Sharpness in the Isogeny Torsion Theorem. The following result was estab-
lished during the proof of Theorem 1.3.

Lemma 6.7. Let E be an O-CM elliptic curve defined over a number field F
containing the CM field K, and for a positive integer ' dividing the conductor §
of O, let1: E — E’' be the canonical F-rational isogeny to an elliptic curve E’ with
CM by the order in K of conductor §. Write

E(F)[tors]=7Z/sZ x Z/eZ, E'(F)[tors)=27Z/s'7 x Z/e'Z,

where s |eand s’ | €. Thens | s’
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Ross [1994, §4], claims that if E is a CM elliptic curve defined over a number
field F containing the CM field, then the exponent of the finite group E (F)[tors]
is an invariant of the F'-rational isogeny class. In the setting of Lemma 6.7, this
would give e = ¢/, and combining this with the conclusion of Lemma 6.7 we would
get an injective group homomorphism E (F)[tors] < E (F')[tors]. This conclusion
is stronger than that of Theorem 1.3. However Ross’s claim is false: in the setup
of Lemma 6.7, one can have ¢’ < e (in which case there is no injective group
homomorphism E (F)[tors] < E’(F)[tors]), as the following result shows.

Proposition 6.8. Let £ > 3 be a prime number, let K = Q=0 letn € ZZ3, let ©
be the order in K of conductor § = ¢35 and let F = K (J). For any O-CM elliptic
curve E, there is an extension L/ F of degree ¢ (L") such that E(L) has a point
of order €", and no Ok -CM elliptic curve has an L-rational point of order £* for
k > %(n +1+ L%J) (hence no L-rational point of order £").

Proof. Let E;r be an O-CM elliptic curve. As in (3) we may choose a basis {ey, e>}
for E[£"] so that the image of the mod £ Galois representation consists of matrices

2 Ak —A%
[Z bf b; } with a, b € 7/0"Z.
a—+ bfAg

Since € ramifies in K and f = ¢'2), we have ord, (bf*(Ax —A%)/4) = 14+2| 2| >n,
so the matrices have the form

a 0 . n
[b a+bfAK:| witha,be Z/0"Z.

The action of g on {e,) gives a character &:gr — (Z/€"Z)*. Take M = (F)ker®,
Then [M : F] | ¢(£") and ®|g,, is trivial. Thus there exists an extension L/F with
[L: F]=¢@") such that E(L) contains e;.

Let E ; ; be an Og-CM elliptic curve, and suppose E’(L) contains a point P of
order ¢*. Let p be the prime ideal of Og such that £Og = pz. We claim that the
Ok-submodule M = (P)p, of E'(L) generated by P contains E [kafl] and so, by
Theorem 2.8, that . C L. Indeed, by Theorem 2.6, we have M = E[I] for
some ideal I of Ok such that (Ok /I, 4) has £-power order and exponent 2% Since
¢ ramifies in O, this forces I to be of the form p“ for some a € Z™, and the smallest
a such that (Og /p®, +) has exponent £* is a = 2k — 1, establishing the claim. Thus

ord, ([KP* ™ : KMW]) =2k —2 < ord, ([L : KV]) = L%J +n—1,

sok < 3(n+1+[5). O

In the setting of Theorem 1.3, one wonders whether #E (F)[tors] =#E'(F)[tors].
In fact #E'(F)[tors]/#E (F)[tors] can be arbitrarily large:
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Proposition 6.9. Let £ be an odd prime, let K # Q(v/—1), Q(v/—3) be an imagi-
nary quadratic field, let O be the order in K of conductor £, and let F = K (£). For
any O-CM elliptic curve Ep there is an extension L/F such that if 1 : E — E’ is
the canonical isogeny to an Og-CM elliptic curve E’, then

#E'(L)[tors]

¢l #E(L)[tors]

Proof. Let E/r be an O-CM elliptic curve. As above, there is a basis {e}, e>} for
E[¢] such that

a

0
pe(gr) C {[b a] ‘ a,be Z/ZZ}

and there is an extension L/F with [L : F] = £ — 1 such that E(L) contains e;.
In fact, E(L)[{*°] = Z/¢Z. Indeed, E does not have full £-torsion over L since
Theorem 1.4 would imply K@K (¢2) C L and $£(¢ — 1) = [K DK (?) : K(0)]. In
addition, E (L) has no point of order ¢> by Theorem 6.2.

Let.: E — E’ be the canonical L-rational isogeny from E/., to E);, where E’
has Ok -CM. Since e, € E(L), the second paragraph of Section 3 shows that ((e}) €
E’(L), and t(e;) generates E'[£] as an Og-module. In other words, Z /¢Z x 7 /{7 —
E’(L)[tors]. It follows that £ | (#E'(L)[tors]/#E (L)[tors]). U

Finally, Theorem 1.3 requires K C F. This hypothesis cannot be omitted:

Proposition 6.10. Let £ > 3 be a prime with £ =3 (mod 4) and letn € 7=>. Let K =
Q(«/—12), and let O be the order in K of conductor §f = 0131, Let F = Q(j (C/0)).
There is an elliptic curve E,r and an extension L/ F of degree % such that

(i) L DK,
(1) E(L) has a point of order £", and
(iii) for every Og-CM elliptic curve E}L we have " { #E'(L)[tors].

Proof. Let E;r be an O-CM elliptic curve. By [Kwon 1999, Corollary 4.2], E has
an F-rational subgroup which is cyclic of order £". It follows from [Bourdon et al.
2017b, Theorem 5.6] that there is a twist £ of E,r and an extension L/ F of degree
@(£")/2 such that E{(L) has a point of order £". Note [L : Q] = thL%J %ﬂ) 1s odd
(see [Cox 1989, Proposition 3.11]),s0 K & L.

Let E;L be an O -CM elliptic curve. Since [L : @] is odd, E’(L)[£°°] must be
cyclic, as full £%-torsion would imply Q(¢yx) C L by the Weil pairing. As in the last
paragraph of the proof of Proposition 6.8, E’(LK) contains no point of order ¢".
Hence E’(L) contains no point of order £", and €" 1 #E'(L)[tors]. O
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6E. Minimal and maximal Cartan orbits. Let O be an order, let N € Z™T, and let
P € O/NO be a point of order N. Since Cy(O) contains all scalar matrices, if
P € O/NQO has order N, then the orbit of Cx(O) on P has size at least ¢(N). On
the other hand, the orbit of Cx(O) on P is certainly no larger than the number of
order N points of O/NO.

In this section we will find all pairs (O, N) for which there exists a Cartan orbit
of this smallest possible size and also all pairs for which there exists a Cartan orbit
of this largest possible size.

We introduce the shorthand H (O, N) to mean: there is a point P of order N in
O/NO such that the Cy(O)-orbit of P has size ¢(N).

Lemma 6.11. Let O be an order, and let N = ({' --- % € Z*. Then H(O, N)
holds if and only if H(O, £{*) holds for all 1 <i <.

Proof. This is an easy consequence of the Chinese remainder theorem. (]

Lemma 6.12. Let O be the order of discriminant A, £ a prime number and a € 7.
(a) If (%) =1, there is an O-submodule of O /€% O with underlying Z-module 7 [ {° 7.
) If (%) = —1, then Cu.(O) acts simply transitively on the order £ elements

of 0/£°0.

Proof. (a) If (£) = 1, then O/LO = Ok [tOx = Z/UZ x Z/1Z, s0 O Q 7y is

isomorphic as a ring to Zy x Z, (see, e.g., [Eisenbud 1995, Corollary 7.5]) and thus

O/€40O is isomorphic as aring to Z/¢°Z x 7 /7.

(b) If (%) =—1,then O®R Z; = Ox ® Z; is a complete DVR with uniformizer ¢,

so the ring O/¢40 is finite, local and principal with maximal ideal (£). An element

of O/£40O has order £¢ if and only if it lies in the unit group Cy. (O). (]

Lemma 6.13. Let O be the order of discriminant A, and let N € 7. The following
are equivalent:

(i) If2| N, then (§) # 1.
(ii) The Z/NZ-subalgebra of O/N O generated by Cn(O) is O/NO.

Proof. Using the Chinese remainder theorem we reduce to the case of N = £ a
power of a prime number £. Let B be the Z/£“Z-subalgebra generated by Cy. (O),
so #B = ¢? for some b < 2a.

(i)=(i1) Since 0 € B\ C(O), we have
#B > #Cpa(0) + 1
:eza<1—l><1_ (é)l>+1 > [ggzmrl > 7! i3,
¢ t/e T3+ 1> 271 ife=2and () # L
Thus b =2a and B =0/¢°0O.
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—(i)=> —(ii) If ¢=2and (§) =1, then

0200 = Hg 2] |oc,f}eZ/2“Z}

and C«(O) consists of the set of such matrices with «, 8 € (Z/2Z)*. Thus Ca(O)
is contained in the subalgebra

B= {[g g] |o.pez/2Zand o =B (modZ)}

of order 2?¢~!,s0 B C BC 0/2°0.! (]
Lemma 6.14. For an order O and N € 7™, the following are equivalent:

(1) There is an ideal I of O with O/ =Z/NZ.

(i1) There is an O-submodule of O/ N O with underlying commutative group Z/NZ.
(iii) H(O, N) holds.
Proof. (i)<=(ii) Step 1: Let A be a free, rank 2 Z-module, and let A’ be a Z-
submodule of A containing N A. By the structure theory of modules over a PID,

there is a Z-basis ey, e for A and positive integers a | b such that aey, be; is a
Z-basis for A’. Thus

AN =7/aZ®Z/bZ, N /NAZZ/(N/L)ZSZ/(N/a)Z.

It follows that A/A' = Z/NZ <= AN'/NA=Z/NZ.

Step 2: If I is an ideal of O with O/1 =Z/NZ,then I D NO,so [/[NO=Z/NZ
by Step 1. Let M be an O-submodule of @/N © with underlying Z-module Z/NZ.
Then M = 1/NQ for an ideal I of O, and by Step 1 we have O/ =Z/NZ.

(il)=-(iii) Let P € O/NQO have order N such that the subgroup generated by P
is an O-submodule. For all g € Cy(0), gP=a,P for a; € (Z/NZ)*. Conversely,
since Cn (O) contains all scalar matrices, the orbit of Cx(O) on P has size ¢(N).
(iii)=>(ii) Case 1: Suppose 2 { N or (%) #1. Let P € O/NO be a point of
order N with Cy(O)-orbit of size ¢(N). There is a Z/NZ-basis ey, e; of O/NO
with e; = P, and our hypothesis gives that with respect to this basis Cy(O) lies in

the subalgebra
ab
{[0 d] |a,b,deZ/NZ}

of upper triangular matrices. By Lemma 6.13, O/N O also lies in the subalgebra of
upper triangular matrices, and thus (P) is an O-stable submodule with underlying
Z-module Z/NZ.

ISince #B > #Cpa (0) + 1 =222 4 1 > 224=2 ip, fact we have B = B.



70 ABBEY BOURDON AND PETE L. CLARK

Case 2: Suppose 2 | N and (%) = 1, and write N = 2N’ with 2 { N". By
Lemma 6.12 and the equivalence of (i) and (ii), there is an ideal I} in O with
O/, =7/2%Z, and by Case 1 there is an ideal I in O with O/, =7 /N'Z. By
the Chinese remainder theorem, we have O/1,1, =7 /NZ. Since (i) <= (ii), this
suffices. ([l

Theorem 6.15. Let O be an order of discriminant A, and let N € Z™. The following
are equivalent:

(1) H(O, N) holds.
(i) A is a squarein Z/ANZ.
Proof. Using Lemma 6.11, we reduce to the case in which N = £¢ is a power of a
prime number £.
Case 1 (£ is odd): Since gcd(4, %) =1, we may put D = % €Z/¢°Z. Then A is a
square in Z/4£°7 if and only if D is a square in Z/¢*Z, and
5) OO = (Z/0°7)[t])(t* — D).
If there is s € Z/£Z such that D = s2, then
O/ 0 = (Z/ D]/ (X + ) — ),

so if [ is the ideal (¢ +s, £) of O, then O/ = Z/¢“Z. By Lemma 6.14, H (O, £%)
holds. Conversely, suppose H (O, £) holds, so by Lemma 6.14 there is an ideal I of
OwithO/I1=7Z/¢°Z. Since £ € I, we may regard / as an ideal of O/£O such that
(0/L°0)/1 = Z/€*Z. In other words, we have a Z/£“Z-algebra homomorphism

f:7/¢°Z[t))(t* — D) — 7/¢°Z.
Then f(t)> =D € Z/¢°Z, so D is a square in Z/{°Z.
Case 2 (£ =2, Ais odd): Here, (£) = =£1.

o If (%) =1, then A =1 (mod 8); by Hensel’s lemma, A is a square in Z/¢“Z.
On the other hand, by Lemmas 6.12(a) and 6.14, H(O, £¢) holds.

o If (%) = —1, then A =35 (mod 8), so A is not a square modulo 8 and thus not
a square modulo 4 - 2% On the other hand, by Lemma 6.12(b), H (O, £%) does
not hold.

Case 3 (£ =2, Aiseven): Again we may put D = % € Z/£%Z, and again (5) holds.
The argument of Case 1 shows that H(O, £9) holds if and only if D is a square
modulo Z/¢%7 if and only if A is a square modulo Z/4¢°7. ([

Proposition 6.16. Let O be an order, and let N € 7. The following are equivalent:

(1) Cn(O) acts simply transitively on order N elements of O/NO.
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(i) Cn(O) acts transitively on order N elements of O/ N O.

. A

(iii) For all primes £ | N we have (7) =—-1
Proof. As usual, we may assume N = £¢ is a prime power. Certainly (i) = (ii).

(i) = (iii): We have

#Cpa (0) = 02472 = 1) (z — (%))

whereas the number of elements of order £ in O/¢4O is
N(O, £4) :=#O /O —#LO /O = 029720 — 1) (L + 1).
Transitivity of the action implies #C« (O) > N (O, £%), which holds if and only if

(7)=-1

(iii) => (i): Since (£) # 0, we have 0/£40 = O /£* Ok, and thus also Cye(0) =
(0/L40)* =Z Cpa(Ok). Thus O/£40O is a finite local principal ring with maximal
ideal m = (£) and unit group C (O) = O/£4O \ m. The set of order £ elements
of 0/£40 is O/L4O\ m = Cya(0), so the action of the unit group Cya(O) on this
set is the action of Cy«(O) on itself, which is simply transitive. U

Corollary 6.17. Let O an order of conductor §. Let N = [];_, £ € Z* be such
that (eé) = —1foralli. Let F be a number field, and let E;r be an O-CM elliptic
curve such that E(F) has a point of order N. Then

(6) #Cn(O) [ [FK - K(j)].

Further for all O and N satisfying the above conditions, equality can occur in (6).

Proof. Replace F by FK; then F D K(f). By Proposition 6.16, Cy(O) acts
transitively on order N elements of O/N O, so the O-submodule generated by any
one of them is O/NQO. Thus the existence of one F-rational point of order N
implies that py is trivial. Applying Theorem 1.4 gives (6). That equality can occur
follows from Corollary 1.7. ([

6F. Torsion over K(j): Part I. Let O be an order of discriminant A = fZA K-
We will give a complete classification of the possible torsion subgroups of O-CM
elliptic curves E k. In this section we will treat the cases A # —3, —4. For the
remaining cases we will make use of Theorem 7.2, so we will come back to those
cases in Section 7E.

If E(K(f)) has a point of order N, then since [Cn(O) : py(gk )] | #O*, there
must be some P € O/NQO of order N with a Cy (O)-orbit of order dividing #O*.

o By Theorem 6.2, if E(K(f)) has a point of order N, then ¢(N) | 2, so
N e{l1,2,3,4,6}.



72 ABBEY BOURDON AND PETE L. CLARK

o Lemma 2.2(b) implies that for all N > 3, we have #C y (O) > 4 (equality holds if
N =3 and A =1 (mod 3)). By Theorem 1.4 we cannot have E[N] = E[N](K (})).

Thus E (K (f))[tors] is isomorphic to one of the groups in the following list:
{e}, 2/27, 7/37, 7/4Z, Z/6Z, Z]2Z x Z]2Z, Z]27 x Z]AZ, Z]2Z x Z]6Z.
We will show that all of these groups occur.

Points of order 2. By Theorem 1.4, E(K (f))[2] has order 4 if 2 splits in O, order 2
if 2 ramifies in O and order 1 if 2 is inert in O. Thus:
{e}, A =5 (mod38),
E(K(f)21=12/22, A =0 (mod4),
7]27 x 7]2Z, A =1 (mod8).
Points of order 3, 4, or 6. Let E i} be any O-CM elliptic curve. We claim that
for N € {3, 4, 6}, there is a quadratic twist EP of E such that ED(K(f)) has a
point of order N if and only if H(O, N) holds. Indeed, as above, since the index
of the mod N Galois representation in Cy (O) divides 2, if some EP (K (f)) has a
point of order N, then O/N O has a point of order N with a Cy (O)-orbit of size 2.
Since ¢(N) = 2, there is a Cartan orbit of size 2 if and only if H (O, N) holds.
Conversely, if H(O, N) holds then there is a point of order N with a Cy (O)-orbit
of size 2, hence on some quadratic twist E” we have an F-rational point of order N.
Applying Theorem 6.15, we get:
e Some O-CM E ks has a point of order 3 if and only if A =0, 1 (mod 3).
» Some O-CM E k) has a point of order 4 if and only if A=0, 1, 4,9 (mod 16).
» Some O-CM E g} has a point of order 6 if and only if A =0, 1,2,9, 12, 16
(mod 24).

Because the only full N-torsion we can have is full 2-torsion, and 2-torsion is
invariant under quadratic twists, we immediately deduce the complete answer in all
cases.

o If A =0 (mod 48), then there are twists E, E», E3 of E with
E\(K())ltors] = 2/272, E;(K(§)[tors]=2/4Z, E3(K(f))[tors] =Z/6Z.
o« If A=1,9, 25,33 (mod 48) then there are twists Eq, E; of E with
E\(K(M))tors] =2 Z/27 x 7/27, E»(K(f))[tors] =Z/27 x 7/6Z.
o If A=4,16,36 (mod 48), then there are twists E;, E», E3 of E with

E\(K(P)ltors] = 2/2Z,  Ex(K()) =Z/4Z,  E3(K(f)) =Z/6Z.
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If A =5,29 (mod 48), then E(K (f))[tors] = {e}.
o If A =8, 44 (mod 48), then E (K (f))[tors] = Z/27.
o If A =12, 24,28,40 (mod 48), then there are twists E;, E, of E with

E\(K())ltors] = 2/27Z, E(K(f)=2Z/6Z.
o If A=13,21, 37,45 (mod 48), then there are twists E, E, of E with
Ei(K(M)[tors] = {e}, Er(K{))[tors]=Z/3Z.
o If A=17,41 (mod 48), then there are twists Ey, E, of E with
E{(K(M))ltors] =Z/2Z x 2/27Z, E»(K({))ltors] =Z/27 x Z/AZ.

If A =20, 32 (mod 48), then there are twists £, E> of E with

E\(K(P)ltors] = Z/27Z, E»(K(§)) = Z/47.

6G. Isogenies over K (j): Part L.

Theorem 6.18. Let O be an order of discriminant A = {*Ag, and let N € 7.

o If A# =3, —4, then there is an O-CM elliptic curve E g ) with a K (f)-rational
cyclic N-isogeny if and only if A is a square in Z/4NZ.

o If A = —4, then there is an O-CM elliptic curve E k5 with a K (f)-rational
cyclic N-isogeny if and only if N is of the form 26661” <% for primes {; =
1 (mod4)ande,ay,...,a, € Nwithe <2.

o If A = =3, then there is an O-CM elliptic curve E k5 with a K (f)-rational
cyclic N-isogeny if and only if N is of the form 2¢3¢{" - - - £% for primes {; =
1 (mod3), €,a,ay,...,a € Nwith (¢, a) € {(0,0), (0,1), (0,2), (1,0), (1, D)}.

Proof. Step 1: Let E/k ;) be an O-CM elliptic curve. If A is a square in Z/4NZ,
then by Theorem 6.15 there is a point P of order N in O/NQO such that C = (P)
is invariant under Cn(O), so C is gkj-stable and E — E/C is a cyclic N-
isogeny. If A ¢ {—4, —3}, then the projective Galois representation Poy : gk ) —
Cn(O)/(Z/NZ)* is a quotient of the reduced Galois representation, hence surjec-
tive. So K (f)-rational cyclic N-isogenies correspond to Cy (O)-orbits on O/NO
of size ¢(N), which by Theorem 6.15 exist if and only if A is a square in Z/4NZ.

Step 2: If A € {—4, —3}, then as above the condition that A is a square modulo 4N
is sufficient for the existence of a K (f)-rational cyclic N-isogeny, but it is no longer
clear that it is necessary, and in both cases it turns out not to be. The complete
analysis will make use of Theorem 7.2, so we defer the end of the proof until
Section 7F. (]
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7. The Torsion Degree Theorem

7A. Statement and preliminary reduction. Throughout this section O denotes an
order of conductor f and discriminant A = f>A.

For N € ZZ?, let T((’), N) be the least size of an orbit of C(O) on an order N
point of O/NO.

7(3)=-
Proof. By Theorem 6.15, we have (4) # —1 if and only if there is a C>(0O)-orbit

of size ¢(2) = 1 on O/20 if and only if T((’) 2) = 1. In the remaining case,

(%) = —1, we have #C»(O) = 3 and no orbit of size 1, hence T(O, 2) =3. O

Theorem 7.2 (Torsion Degree Theorem). Let O be an order of conductor §, and let
N eZ7>
(a) There is T(O, N) € Z" such that
o if F D K(f) is a number field and Er is an O-CM elliptic curve with an
F-rational point of order N, then T (O, N) | [F : K(f)], and
o there is a number field F D K (f) with [F : K(f)] =T (O, N) and an O-CM
elliptic curve E,p with an F-rational point of order N.
() If (A,N)=(-3,3),then T(O,N) = 1.

(c) Suppose (A, N) # (—=3,3). Let N = E‘l” -+ - L% be the prime power decompo-
sition of N. Then

Lemma 7.1. We have T(O, 2) =

[T T©. ¢

#OX '

(d) If €% = 2, then T(O, LYY = 2 is computed in Lemma 7.1. If £* > 2, then
T (O, £%) is as follows, where k = ord,(}):

3 ele-n  if(4) =

(1) If L1, then T(O, €4 = {£2972(¢ = 1) if (§) =0,

£2a—2(£2 _ 1) lf(%)

T(O,N)=

ete -1 if (%)
e —1y if (%)
(2) If €| f, then T (O, €%) = { ¢2¢=2k=1(g _ 1) if (8£)=—1landa > 2k,
ele—1 if (55)=0anda <2k +1,
=220 — 1) if (8%)=0anda > 2k +1.

=—1landa <2k,

Remark 7.3. The case N = 2 is excluded because of the somewhat anomalous
behavior of 2-torsion. But it is easy to see that Theorem 7.2(a) remains true when
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N =2, and, moreover:
e If Ae{—4,-3}then T(0,2)=1.
it (4) # 1.
if (§)=-1.
Let F D K(f) be a number field, and let E,r be an O-CM elliptic curve. As

usual, we choose an embedding F' < C such that j(E) = j(C/O). Let P € E[tors]
have order N. We call the field

1
e Otherwise, T (0, 2) = {3

KH(h(P))

the field of moduli of P. It is independent of the chosen model of E,r, and there
exists an elliptic curve E } K(bP)) with an isomorphism v : E — E’ such that ¥ (P)
is K (f)(h(P))-rational. Further, the pair (E, P) induces a closed point P on the
modular curve X{(N) /g, and K (f)(h(P)) is the residue field K (P). Theorem 7.2
concerns the degree [K (f)(h(P)) : K(f)]. Our setup shows that it is no loss of
generality to assume F = K (§).

Let gy : O — O/NO be the natural map, and let g5, : O — Cn(O) be the
induced map on unit groups. As in the introduction, we define the reduced mod N
Cartan subgroup:

Cn(0) =Cn(0)/gn(07).

Let E[N] be the set of O*-orbits on E[N]. Then the action of Cn(O) on E[N]
induces an action of Cy(O) on E[N]. The field of moduli K (f)(h(P)) depends
only on the image P of P in E[N]. By Theorem 1.4, the composite homomorphism

gr 225 Cy(0) — Cn(0)

is surjective (and model-independent). Let Hy = {g € Cy(O) | gI3 = P}. It follows
that

Aut(K () (h(P))/K()) = Cn(O)/Hp.

Thus [K (H)(h(P)) : K(f)] is the size of the orbit of the reduced Cartan subgroup
Cyn(O) on P. (As we will see, in almost every case this is the size of the orbit of
Cn(O) on P divided by #0O*.) This reduces the proof of Theorem 7.2 to a purely
algebraic problem.

7B. Generalities. For an order N point P € O/NO, let Mp ={x P | x € O} be the
cyclic O-submodule of O/NO generated by P. If we put Ip ={x € O | xP =0},

then we have
Mp =0 O/Ip.

The isomorphism is canonical and determined by mapping P e Mpto1+Ip € O/Ip.
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Lemma 7.4. (a) With notation as above, let

S(p)={g € Cn(O)|g=1 (mod Ip)}.
Then with respect to the Cy(O)-action, S(Ip) is the stabilizer of P, so as a Cy(0O)-
set the orbit of Cn(O) on P is isomorphic to Cn(O)/S(Ip).
(b) Further, there is a canonical isomorphism of groups Cn(0)/S(Ip) = (O/Ip)™.
Proof. (a) For g e Cy(O), wehave gP =P <= (g—1)P =0 (g—1) € Ip,
giving the first assertion. The orbit stabilizer theorem gives the second assertion.

(b) The ring homomorphism f : O/NO — O/I induces a homomorphism on unit
groups f*:Cn(O) — (O/Ip)*, with kernel S(Ip). Since O/N O has finitely many
maximal ideals, f* is surjective [Clark 2015, Theorem 4.32]. U

Lemma 7.5. There is a positive integer M | N such that
O/Ip =7 Z/NZDZ/MZ.

Proof. As a Z-module, O/Ip is a quotient of O/ NO =3 Z/NZ S Z/NZ, so
O/lp=;7/N'7Z®7/M7

with M | N' | N. Since P has order N in (O/Ip, +), we have N' = N. O

The following result computes the size of the reduced Cartan orbit on an order N
point of O/N QO in terms of the size of the Cartan orbit. We recall that we have
assumed N > 3.

Lemma 7.6. (a) Suppose (A, N) # (=3, 3), and let P € O/NO have order N.
Then the orbit of Cn(O) on P has size #O0* times the size of the orbit of
Cn(O) on P.

(b) Suppose (A, N) = (=3, 3). Then the order 3 points of O /30 lie in two orbits
under C3(0): one of size 2 and one of size 6. The corresponding reduced
Cartan orbits each have size 1.

Proof. (a) The Cartan orbit has size #(O/Ip)*, and the reduced Cartan orbit is
smaller by a factor of the cardinality of the image of O™ — (O/Ip)*.

e Suppose A ¢ {—4, —3}. Then O* = {£1}, and since N > 3, we have —1 #
1 (mod Ip).

» Suppose A = —4. Since Ip 2 (2), by Lemma 2.9 the group Uy, (K) is trivial,
and thus the map O* — (O/Ip)* is injective.

o Suppose A = —3. By assumption, N > 4, so Ip { ({3 — 1) and the map
O* — (O/Ip)* is injective.
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(b) The assertion about Cartan orbits is a case of [Clark et al. 2013, Lemma 19].
(Another proof will be given in the next section.) The fact that both reduced Cartan
orbits have size 1 follows from the already established fact that there is an O-CM
E (=) with full 3-torsion. (]

In view of Lemma 7.6, to prove Theorem 7.2 it suffices to compute the least size
of an orbit of C(O) on an order N point of O/N QO and show that this divides the
size of every such orbit. The following result further reduce us to the case of N a
prime power.

Proposition 7.7. Let N > 2 have prime power decomposition N = {{" - - - {%. Let
P € O/NO have order N, and let Ip =ann P. For 1 <i <r,let P, = N/E?i P, and
let Ip, = ann P;. Then:

(a) The ideals Ip,, ..., Ip. are pairwise comaximal, so Ip, + Ip, = O foralli # j.
(b) We have Ip =1Ip, ---Ip,.

(c) We have a canonical isomorphism of rings

.
o/Ip = []0/1Ip,
i=1

which induces a canonical isomorphism of unit groups
r
O/1p) = [](O/1p)".
i=1

(d) The Cartan orbit of P is isomorphic, as a Cn(O)-set, to the direct product of
the C i (O)-orbits of the P;’s.

Proof. (a) For 1 <i <r, we have (O/Ip,,+) = Z/ﬁ?"ZEBZ/Zib"Z with 0 < b; < a;;
in particular it is an ¢;-group. Thus fori # j, (O/(l; +1;), +) is a homomorphic
image of an ¢;-group and an ¢ j-group, so it is trivial.
(b) By the Chinese remainder theorem, we have Ip, --- Ip, = ﬂ;’zl Ip,. Since P;isa
multiple of P, we have Ip C Ip, forall i, and thus Ip C ﬂle Ip,. Conversely, choose
Yi,...,yr €Zsuchthat Y i, yiN/€' =1.1f x € (;_, Ip, then xN/¢;' P =0 for
all i, hence
-
N
0= ZyinP =xP,
i=1 i

sox e lp. Thus Ip =m;1=1 Ipi =Ip1 "'Ipn.
(c) The Chinese remainder theorem gives the first isomorphism; the second follows
by passing to unit groups.

(d) Apply Lemma 7.4 and part (c). (]
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7C. The case £17.

Theorem 7.8. Let E k) be an O-CM elliptic curve. Let £* > 2 be a prime power
such that € 1§. We will give the sizes and multiplicities of all orbits of Cya(O) on
order £ points of O /L.

(a) If (%) =1, there are 2a + 1 orbits: two orbits of size L4~ (€ — 1), for all

1 <i <a-—1, two orbits of size 04120 —1)2 and one orbit of size 292 —1)%
(b) If(%) =0, there are two orbits: an orbit of size £2~2(£ — 1) and an orbit of
size 027 1(£ —1).

(©) If(%) = —1, there is one orbit, of size £27%(£> —1).
Proof. Step 1: Suppose O = Ok. Then every O-submodule of E[N] is of the form
E[I]for anideal I D NO, and E[I] =» O/I: thus every submodule is of the form
Mp = (P)o and is determined by its annihilator ideal /p. Conversely, if I > NO
is an ideal, then Lemmas 2.3 and 2.4 give that E[/] is an O-submodule of E[N]
with annihilator ideal /.
Split case: () = 1. Here, £O = p;p, for distinct prime ideals p;, p, of norm ¢.
The ideals containing £4O are precisely pﬁpg with max(c, d) < a. We have ring
isomorphisms

O/pips = O/pi x O/p3 ZZ/L x 2/,
and hence unit group isomorphisms
(O/pipy)* = (O/p)* x (O/p))* = (/D) x (2/t2)*
S0 dyx d
#(O/p1p3)™ = (L)p(L7).

To get points of order £ we impose the condition max(c, d) = a. Thus O-modules
generated by the points of order £¢ are

E[pS1, Epipal, ..., E[ppsl = E[€°], E[p¢~'psl, ..., Elpipsl, E[ps].

So there are 2a + 1 Cartan orbits, one of size ¢ (¢*)p(£%) and, forall 0 <i <a —1,
two of size ¢ (¢*)@(£"). The smallest orbit size is £4~' (¢ — 1), and all the other
orbit sizes are multiples of it.

Ramified case: (£) =0. Then £O = p? for a prime ideal p of norm £. For any

b € 7™, the ring O/’ is local of order £ with residue field Z/£Z, so the maximal
ideal has size ¢! and thus

#O/p") =00 =" =01,

Since p? = (£), the least ¢ € N such that £¢ € p’ is ¢ = [ £]. It follows that

b ~ 21 L)
O, H) =z 2/ 77/ 3 7.
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So the annihilator ideals of points of order £¢ in O/£4© are precisely p>*~! and p>“
We get two Cartan orbits, one of size #(O/ p%¢~1* = ¢2¢=2(¢ — 1) and one of size
#(O/p*)* = £2¢~1(¢ — 1). The smallest orbit size is £2¢~2(¢ — 1), and the other

orbit size is a multiple of it.

Inert case: (%) = —1. Here, £O is a prime ideal, so the ideals containing £ O are

precisely £/ O for i < a. Clearly ©/¢'O has exponent £¢ if and only if i = a, so the
O-module generated by any point of order £ is E[£]. There is a single Cartan
orbit, of size #(O/L4O0)* = g (£4) = £2972(£> — 1).

Step 2: Now let O be an order with £ 1 f. The natural maps O/£4O — Ok /€*Ok
and Cpa (O) — Cpa(Ok) are isomorphisms, so the sizes and multiplicities of orbits
carry over from Ok to O. U

7D. The case £ | §. Suppose £ | f. The ring ©/£0O is isomorphic to Z/¢Z[€]/(€*) —
as one sees, e.g., using the explicit representation of (3) — and is thus a local Artinian
ring with maximal ideal p, say, and residue field Z/£Z. Because [p: £ O] =£, the only
proper nonzero O-submodule of O/£0O is p/£. Thus there are two Cartan orbits on
the order £ elements of ©/£O: one of order £— 1 and one of order £2—£ =#(O/LO)*.

For all a € Z™, the ring O/£%O is local — for a maximal ideal m of O, we have
¢4 e m <= ¢ € m — with residue field Z/¢Z. In turn it follows that for any order £¢
point P € O/¢°0O and Ip = {x € O | x P =0}, the ring O/Ip is local with residue
field Z/¢Z. By Lemma 7.5, we may write

(7) Mp=0/1p =, Z/°7DZ/0°7
for some 0 < b < a, and then
#O/1
#O)Ip)< =#0/Ip — # — ¢atb=lg 1),

So the size of a Cartan orbit on an order £¢ element of O/£°0O is of the form
(€ —1)¢£¢ for some a — 1 < ¢ <2a— 1. So in this case it is a priori clear that the
minimal size of a Cartan orbit divides the size of all the Cartan orbits. We want to
understand how Cartan orbits grow when we lift a point of order £¢ to a point of
order ¢4+, First observe that x — £x gives an @-module isomorphism

O/0 =5 L0/ O,
so we can view O0/£9O as an O-submodule of ©/£¢T!©O. With P as in (7), let
Q € ©/£°F1O be such that £Q = P. Put
Mo={xQ|xe€O} and Ip={xecO|xQ=0},
and write
(8) Mo=0]Ip =7/t ' 207/0"7
for 0 <b’' <a+1. Because £Q = P, we have {Mg = Mp. Thus we find: if b =0,
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then b’ € {0, 1}, whereas if b > 1 then necessarily ' = b+ 1. So: if the Cya (O)-orbit
on P has the smallest possible size ¢ (£?), then the C.+1(O)-orbit on Q either has
size @(£4t1) or size @(£41?) (as we will see shortly, both possibilities can occur),
whereas if the Cya (O)-orbit on P has size ¢ (£41?) > ¢(£%), then the Cat1(O)-orbit
on Q has size (£2T°*2): i.e., upon lifting from P to Q the size grows by a factor
of ¢

Since H (O, £4*1) implies H (O, £%), for each fixed £ and O there are two possi-
bilities.

Type I: H(O, £%) holds for all a € Z™.

In Type I, for all @ € Z*, the least size of a Cya (O)-orbit is ¢ (£4).

Type II: There is some A € Z*1 such that H(O, £%) holds if and only if a < A.

In Type II, for 1 < a < A, the least size of a Cp«(O)-orbit is ¢(£%), but for
all a > A, whenever we lift a point of order £¢ to a point of order £**! the size
of the Cartan orbit grows by a factor of ¢ so for all @ > A the least size of a
Cya (O)-orbit is £ Ap(£%).

We now determine the smallest size of a Cy (O)-orbit on an order £ point of
O/£40O by using Theorem 6.15 to determine the type and compute the value of A
in Type 1L
Case 1: Suppose (ATK) = 1. Then H(Ok, £%) holds for all a € Z*, so Ak is a
square modulo 4¢¢, hence A = fZA k is also a square modulo 4¢¢, so H(O, £%)
holds, and we are in Type 1.

Case 2: Suppose (%) = —1, and put k = ord,(}).

o Letl>2. Ifa <2k, then £ | A, so A is a square mod £ and hence also mod 4£¢:
thus H (O, £%) holds. However, if a = 2k + 1 then we claim H (O, £%) does
not hold. Indeed, suppose there is s € Z such that A = A = s> (mod £4).
Then ¢* | s; taking S = s/£¢ we have §2/¢** Ax = S? (mod £4~2%), which
implies that Ak is a square modulo ¢, which gives a contradiction. So we are
in Type II with A = 2k.

e Let £ =2, and write f = 2X F. Suppose a < 2k. Since 4 | Ax — 1, we have
2 @' (Ak =) = A - 2°F),

so H (0O, 2%) holds. Suppose a > 2k + 1. If A is a square modulo 24*2, then
we find that Ag =1 (mod 8), so (%) = 1; this is a contradiction. So we are
in Type II with A = 2k.

Case 3: Suppose (%) =0, and put k = ord,(§).

eletl >2 Ifa<2k+1,then £% | A, so A is a square mod ¢“ and hence
also mod 4¢%: thus H (O, £) holds. However, if a = 2k + 2 then we claim
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H (O, £%) does not hold. Indeed, ord;(A) =2k+1 < a, so if A =s° (mod £%),
then ord, (s?) = 2k + 2: contradiction. So we are in Type II with A =2k + 1.

e Let £ =2, and write f = 2XF. Suppose a <2k +1. Since 4 | Ak, thereis s € Z
such that 8 | Ax — 52, so

2a+2 | 22k+3 | (2kF)2(AK _ S2) = A — (Zsz)Z’

so H (O, 2%) holds. Suppose a > 2k + 2. If A is a square modulo 24*2, then
A is a square modulo 2722k hence modulo 16: contradiction. So we are
in Type Il with A =2k + 1.

7E. Torsion over K (j): Part Il. We return to complete the classification of torsion
on O-CM elliptic curves E k) begun in Section 6F.
Suppose A = —4,s0 j =1728 and K (f) = K = Q(+/—1).

e By Theorem 6.2, if E(K) has a point of order N, then ¢(N) | 4, so

N e{l1,2,3,4,5,6,8, 10}.
o Using Theorem 7.2 we get

T0,1)=T0,2)=T0,4=T(0,5=T7T(0,10)=1,
7(0,3)=T(0,6)=2, T(0O,8)=4.

e We have C»(0) = p4/{x1}. Thus #C»(O) = 2 so every O-CM elliptic curve
E g has a K-rational point of order 2, and some O-CM elliptic curve E,k has
E[2] = E[2](K).

« Because T(0, 5) =4, if an O-CM elliptic curve E/ g has a K-rational point
of order 5, the index of the mod 5 Galois representation in Cs(Q) is divisible
by 4. Because #C»(0) =2, if an O-CM elliptic curve E,k has full 2-torsion
then the index of the mod 2 Galois representation in C(QO) is divisible by 2.
Thus if an O-CM elliptic curve E/x had Z/27 x 7/10Z — E(K)[tors], the
index of the mod 10 Galois representation in C19(Q) would be divisible by 8,
contradicting Corollary 1.5.

e If N > 3 then #Cn (O) > #0O*, so no O-CM elliptic curve E g has E[N] =
E[N](K).

o If there were a CM elliptic curve E,x with E(K)[tors] = Z/4Z, then there
would be an ideal I of O such that O/ is isomorphic as a Z-module to Z/47.
But there is no such an ideal, a special case of the analysis done in the proof
of Theorem 7.8.

Thus the groups which can occur as E (K )[tors] are precisely

7/2Z, Z/10Z, Z/2ZxZ/2Z, Z/27 xZ/4Z.
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Example 7.9. For K = Q(+/—1), every Og-CM elliptic curve E,g is isomorphic
over K to
Eq:y*=x>+Ax

for some A € K *. We exhibit such elliptic curves with all possible torsion subgroups:

A | E@(v/=1))[tors]
2 7/27

64 — 1281 7/10Z
1 7/27 x 7)27
4 7/27 x 7)47

For the groups Z/27, 7/27 x Z/2Z and Z/27Z x Z/4Z, we have A € Q* and thus E 4
arises from an elliptic curve defined over Q via base extension. Gonzalez-Jiménez [2019,
Theorem 1] has shown that for no A € @* do we have E 4 (K)[tors] = Z/10Z. Najman
[2010; 2011] has classified the torsion subgroups of all elliptic curves (CM or otherwise)
defined over K.

Suppose A = —3,50 j =0and K(f) = K = Q(+~/-3).
e By Theorem 6.2, if E(K (f)) has a point of order N, then ¢(N) | 6, so

Nefl,2,3,4,6,7,9, 14, 18}.
o Using Theorem 7.2 we get

TO,1H)=T0,2)=T(0,3))=T0,6)=T(0,7) =1,
T(O,4)=2,
T(0,9) =T(0,14) =3,
T(O,18)=09.
e We have C>(O) = ug/{£1}. Therefore as we range over all O-CM elliptic

curves E g, the group E(K)[2] can be trivial (using Corollary 1.8) or have
size 4, but it cannot have size 2.

e We have C3(0O) = ue. Thus there is an O-CM elliptic curve E,x with E[3] =
E[3](K).

o If N > 4 then #Cn (O) > #0O*, so no O-CM elliptic curve E g has E[N] =
E[N](K).

Thus the groups which can occur as E(K)[tors] are precisely
{e}, 2/37, 27/7Z, 7]27Zx72/2Z, Z]2Zx7Z]/6Z, Z/3ZxZ/3Z.

Example 7.10. For K = Q(+/—3), every Og-CM elliptic curve Ek is isomorphic
over K to
Ey: y2 =x*+B
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for some B € K*. We exhibit such elliptic curves with all possible torsion sub-
groups:

B E(Q(/—1))[tors]
2 {e}
4 7/37
6/ —3 — 54 7)77
—1 727 x 727
1 7)27 x 7)67
16 737 x7)37

For the groups {e}, Z/37Z, 7/27Z x Z/27Z, 7/2Z x Z/6Z and Z/3Z x Z/3Z, we have
B € Q@ and thus Ep arises from an elliptic curve defined over Q via base extension.
Again Gonzélez-Jiménez [2019, Theorem 1] has shown that for no B € Q@* do we have
Eg(K)[tors] = Z/7Z. And again Najman [2010; 2011] has classified the torsion subgroups
of all elliptic curves (CM or otherwise) defined over K.

Remark 7.11. (a) The calculations in Section 6F where A # —3, —4 give a more
detailed and explicit version of one of the main results of [Parish 1989]. Parish
offers addenda on the cases where A = —3 and —4, but without proof, and the
possibilities E (K (f))[tors] = Z/10Z when A = —4 and E(K ())[tors] = Z/77Z and
E(K(f))[tors] = Z/3Z x Z/3Z when A = —3 are not mentioned.

(b) If A = -3 or —4, a classification of the possibilities for E (K (f))[tors] apart
from the “Olson groups” {e}, Z/2Z, 7/37Z, 7)4Z, 7]6Z, 727 x Z/2Z was
made in [Bourdon et al. 2017b, Theorem 1.4] using computer calculations on
degrees of preimages of j =0 and j = 1728 on modular curves [Bourdon et al.
2017b, Table 2]. This result was used to find E 4 with E 4(Q(+/—1)[tors] = Z/10Z
in Example 7.9 and Ep with Ep (Q(v/=3)[tors] = Z/77 in Example 7.10.

7K. Isogenies over K (j): Part II. We return to complete the classification of K (j)-
rational cyclic isogenies for elliptic curves with CM by the orders of discriminants
A = —4 and A = —3. Recall that these cases have additional complexity coming
from the fact that pg acts nontrivially on the projectivized torsion group PE[N].
In this case, there is an O-CM elliptic curve (Eq),k for which the projective mod N
Galois representation

Poy :gx = Cn(O)/(Z/NZ)*
is surjective. As we vary over the K-models of Ey, the representation Ppy twists
by a character
Px :9x = nx/{£1}.

Thus the index of Poy(gg) in Cny(0O)/(Z/NZ)* divides 2 when wg = 4 and
divides 3 when wg = 6.
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We will rule out the existence of K -rational cyclic N-isogenies for various values
of N using the following “T—argument”: suppose that T(O, N) > (N )%wN k- Then
every Cy (0O)-orbit on a point of order N in O/N O has size a multiple of T (O, N),
so every Cy(0)/(Z/N Z)*-orbit on PE[N] has size a multiple of T((’), N)/@p(N),
which by our hypothesis is greater than wg /2. So after passing to a field extension L
of degree wg /2 to trivialize P x, we find that g, acts without fixed points on PE[N],
and there is no L-rational cyclic N-isogeny and thus no K -rational cyclic N-isogeny.

Let O be the order of discriminant A = —4, so K(j) = K = Q(+/—1) and
WK = 4,

o If £=1 (mod4), then for all a € Z* we have that —4 is a square in Z/40°7Z
so there is a K -rational cyclic £%-isogeny. In fact we get that every O-CM
elliptic curve E,g has a K-rational cyclic £-isogeny.

o If £ =3 (mod 4), since
TO.0  £2-1  t+1

— = 1,
O “20—-1) 2

by the T—argument there is no K -rational £-isogeny.
o If £ =2, then since T(O, 4) = 1, we can have a K -rational point of order 4
(as already seen in Section 7E), hence a cyclic K -rational 4-isogeny. Since
70,8 16
=— >
e®)F 42

1,

by the T—argument there is no cyclic K -rational 8-isogeny.

Any elliptic curve over a number field admitting a rational cyclic N-isogeny also
admits a rational cyclic M-isogeny for all M | N. Moreover, if an elliptic curve E, ¢
admits F-rational cyclic Ny, ..., N, isogenies for pairwise coprime Ny, ..., N,,
then the subgroup generated by the kernels of these isogenies is F-rational and
cyclic of order N - - - N, so E admits an F-rational cyclic Ny - - - N.-isogeny. The
assertion of Theorem 6.18(b) now follows.

Let O be the order of discriminant A = —3, so K(j) = K = Q(+/—3) and
WK = 6.
o If £=1 (mod 3), then much as in the A = —4 case above we get that every
O-CM elliptic curve E, g has a K -rational cyclic £“-isogeny for all a € Z™.
o If £ =2 (mod 3) and £ > 2, then since
TO.0  £2-1  t+1
O 3(¢-1 3

> 1,

by the T—argument there is no cyclic K -rational £-isogeny.
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If £ =2, then since T'(O, 2) = 1 there is an O-CM elliptic curve E,x with a
K -rational 2-isogeny.

Since

by the T—argument there is no cyclic K -rational 4-isogeny.

We claim that there is an O-CM elliptic curve E,x with a K-rational cyclic
9-isogeny. Let p be the unique prime ideal of O lying over 3, and let P
be a generator of the cyclic O-module E [p3] C E[9], so P has order 9. By
Lemma 7.4, the Co(O)-orbit on P can be identified with the unit group (O/ p3) X
of order 18. The O-module generated by P is also isomorphic to (£&3—1)O/90,
and using this representation it is easy to compute that the group (O/p3)* is
generated by the images of the scalar matrices (Z/97)* and the cube roots of
unity. Thus Galois acts on the image of P in PE[9] via a character Py . After
twisting by the inverse of this character, the image of P in PE[9] becomes
fixed by Galois and we get a K -rational cyclic 9-isogeny.

Since
T.18) 54
(18)2K ~ 3.6
4 2

1,

by the f—argument there is no K -rational cyclic 18-isogeny.

Since
TO,27) B 162

= 1,
PN 318

by the f—argument there is no K -rational cyclic 27-isogeny.

From Section 7E (or Theorem 7.2) we know there is an O-CM elliptic curve
E k with a rational point of order 6, hence certainly a cyclic K-rational
6-isogeny.

Using the same considerations as in the A = —4 case above we get the assertion of
Theorem 6.18(c).

Example 7.12. There are 13 imaginary quadratic discriminants A such that the
corresponding order O(A) has class number 1. For each such A we list in Table 1
the set of N > 1 for which there is an O(A)-CM elliptic curve E defined over
K = Q(+/A) that admits a K -rational cyclic N-isogeny — otherwise put, for which
there is an O(A)-CM point on Xo(N)(Q(V/A)).
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=3 [ 203b¢{t g with¢;=1 (mod3),  (a,b) € {(0,0), (1,0), (2,0), (0, 1), (I, 1)}
—4 | 20¢{" -0l withg;=1 (mod4), a<2

=7 790 with g /7=1, a<l
=8| 24¢{" -4 with¢;=1,3 (mod8), a<l
=11 | 1%t gl with £;/11=1, a<l

—12 [ 203000 g with ;=1 (mod3), a<2,b<1
—16 | 29¢{" -4 with¢;=1 (mod4), a<3

—19 | 19%{" -4 with ¢;/19=1, a<l
—27 [ 20300t g with¢;=1 (mod3), a<2,b<3
=28 | 79 47 with £;/7=1, a<l
—43 | 43" with ¢;/43=1, a<l1
—67 | 679014 with ¢;/67=1, a<l
—163 | 163%¢{" --- ¢/ with ¢;/163=1, a<l

Table 1. Values of N > 1 with an O(A)-CM point on Xo(N)(Q(WA)).
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STABILITY OF THE POSITIVE MASS THEOREM
FOR AXISYMMETRIC MANIFOLDS

EDWARD T. BRYDEN

Away from the central axis, we prove the stability of the positive mass theo-
rem in the W7 sense for asymptotically flat axisymmetric manifolds with
nonnegative scalar curvature satisfying some additional technical assump-
tions. We also derive estimates for the volumes of regions, the areas of ax-
isymmetric surfaces, and the distances between points within the manifolds.
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1. Introduction

Based on the formulation of general relativity, our physical intuition leads us to
expect a close relationship between the ADM mass of an asymptotically flat Rie-
mannian manifold and its geometry. Recall that the ADM mass of an asymptotically
flat Riemannian manifold is defined to be

(1-1) m = lim f (gljj g]jt)V

R—o00 167‘[

In their celebrated positive mass theorem, Schoen and Yau [1979] proved that if an
asymptotically flat manifold has nonnegative scalar curvature, then the ADM mass
is nonnegative. They also proved the following rigidity theorem:

(1-2) m = 0= M is isometric to Euclidean space.

MSC2010: 53C24, 53C80, 83C99.
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It is natural to ask whether stability also holds; if M has small ADM mass, is M
close to Euclidean space? Lee and Sormani [2014] have shown that M need not be
smoothly, nor even C?, close to Euclidean space even in the spherically symmetric
setting; there could be increasingly deep thin gravity wells at the center. They
conjectured that M is close to Euclidean space in the Sormani—Wenger intrinsic flat
(SWIF) sense [Huang et al. 2017; Lee and Sormani 2014]. Proving it will require a
method for picking appropriate subregions geometrically and a way to show that
these regions converge in the SWIF metric to a subset of Euclidean space.

Lee and Sormani [2014] studied stability in the rotationally symmetric setting.
They showed that tubular neighborhoods of fixed radius D about coordinate spheres
of fixed area A converge to the Euclidean tubular neighborhood of radius D about
a sphere of area A. Earlier, Lee [2009] had proven convergence to Euclidean space
outside a compact set in the conformally flat setting. Assuming strong conditions on
sectional curvature, Corvino [2005] has proven that an asymptotically flat manifold
with nonnegative scalar curvature and small ADM mass must be diffeomorphic
to R3. Finster, Bray and Kath have papers bounding the L? norm of the curvature
[Bray and Finster 2002; Finster and Kath 2002]. After the Lee—Sormani paper,
LeFloch and Sormani [2015] proved that metric tensors converge in the ngc sense
in the rotationally symmetric setting. Huang, Lee, and Sormani [Huang et al. 2017]
proved SWIF convergence in the graph setting and Sormani and Stavrov Allen
[2019] proved it in the geometrostatic setting. Allen [2018] proved L? convergence
in regions where the inverse mean curvature flow is smooth.

Here, we will study the question of stability in the presence of axisymmetry.
The class of axisymmetric metrics is both flexible enough to model a range of
physically interesting phenomena and restricted enough that we have powerful tools
at hand that are not available in the most general setting. Recall that the coordinate
expression for an axisymmetric metric in cylindrical coordinates is

(1-3) g =22 dp? +dz?) + pPe P (dp + Bdp + Adz)?,

where all the functions involved depend only on p and z. The killing field associated
with the axisymmetry of g is %.
Since we will be studying large families of asymptotically flat metrics, it is

natural to require that the family satisfy some type of uniform falloff condition.

Definition 1.1. Let Jl be a family of axisymmetric metrics. Suppose we can
parametrize Jl by the functions «, u, A, and B in cylindrical coordinates (1-3).
If there exist constants C and R such that if g is a metric in M, then for all

Vp?r+z72=r> Ry we have

(1-4)-(1-7) 18"u| < ¢

0" Al< . 197BI <

1 C
107 a| < ST

PRI YRRy
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then we shall call /it uniformly asymptotically flat outside of radius Ry

Chrusciel [2008] shows that if (M, g) is a simply connected axisymmetric
manifold which is asymptotically flat, then there are cylindrical coordinates (p, z, ¢)
in which g takes the form (1-3). In fact, Chrusciel’s construction works for simply
connected axisymmetric manifolds with multiple asymptotically flat ends. In this
case, the additional “points at infinity”” will be points removed from the z-axis at
which the coordinate function u will blow up. If the metric g is assumed to be
without conical singularities and smooth, then on the z-axis we will have

aa_au_

1-8 ===
(1-8) o o~ op

away from the points of infinity removed from the z-axis. Chrusciel’s construction
also works for axisymmetric manifolds with boundary, where the boundary has
the same killing field as does the rest of the manifold. One must perform a fill-in
so that the resulting manifold will have empty boundary [Chrusciel 2008], then
construction proceeds as in the boundaryless case. However, generally this fill-in
will be unphysical. Thus, it is desirable to remove from consideration all points that
were filled in out of technical necessity. To accomplish this, one may observe that
the form of (1-3) is unchanged by a conformal transformation of the coordinates p
and z. This allows us to construct cylindrical coordinates for which the boundary of
the manifold lies on the axis of symmetry. However, the blow up of the functions
o and u at the boundary is much more severe than at points representing other
asymptotically flat ends. The effect this has on the analysis of these manifolds is
discussed more in Section 2 and Appendix A.
Suppose that g has the standard asymptotically flat falloff rate:

C
1
(1-9) |8 (g_6R3)| = rl‘H[I’

where g3 is the Euclidean metric. In general, the asymptotic falloff of the functions
o, u, A, and B will not be as strong as the those given in Definition 1.1. However,
we may make an additional assumption on the growth of the killing field of g in
the asymptotic limit which will imply that the functions «, u, A, and B do have the
same falloff as in Definition 1.1. Although, the author does not know if making
such an assumption uniform over a family of axisymmetric metrics will yield a
uniformly asymptotically flat family of axisymmetric metrics. This indicates that
there are many families of metrics satisfying the requirements of Definition 1.1,
although we do not have a geometric method for picking them out.

In Chrusciel’s construction of cylindrical coordinates, the coordinate functions p
and z are both solutions to a PDE determined by the metric g. Specifically, if we
let  denote the killing field generating the axisymmetry of g and let ¢ denote the
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metric on the orbit space induced by g, then both p and z solve

(1-10) Aqw:Agw—ﬁ(Va),Vlnlf,)gzo.
In fact, p and z are uniquely determined up to conformal maps in the plane. In
[Gibbons and Holzegel 2006, Section 2], it is noted that if we insist on mapping the
axis of symmetry to itself and preserving asymptotic flatness, then p is completely
fixed. In addition, we can see that z is unique up to translation. This uniqueness
justifies our choice to parametrize families of axisymmetric metrics as we did in
Definition 1.1

A major obstacle to proving the stability of the positive mass theorem, perhaps
the principal one, is that the ADM mass cannot control regions within outermost
minimizing surfaces. Classic examples depicting why the Penrose inequality de-
pends on the area of an outermost minimizing surface demonstrate this phenomenon.
One way to overcome this difficulty, which was applied in the work of Bray and
Finster [2002], Finster and Kath [2002], Huang, Lee, and Sormani [2017], and
Allen [2018], is to impose conditions which constrain the location, or prevent
the existence, of an outermost minimal surface. We shall follow this approach in
making the following definition.

Definition 1.2. Let Jl be a family of axisymmetric metrics and let n denote the
killing field generating their axisymmetry. Suppose that for each metric g € M we
have the following inequality

nlg
[Volg

Then we shall call Al a family of area enlarging metrics at pg. If the inequality
holds for each py, then we shall simply call the family area enlarging.

(1-11) (00, 2) = po-

Uniqueness of solutions to (1-10) implies that the above is a condition imposed
on the family Jit and has significance beyond a coordinate condition. However, it is
useful to express the above in terms of cylindrical coordinates. In coordinates the
condition reads

(1-12) (o —2u)(po, z) = 0.

In the appendices we show that the Schwarzschild solution is area enlarging.

Suppose that Jl satisfies condition (1-11) for all py. Let Sgs denote the back-
ground Euclidean metric given in the cylindrical coordinates (p, z, ¢). Then in
Proposition 5.1 we show that

(1-13) Areay(X) > Area5R3 (%)
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for axisymmetric surfaces X. Together with the Penrose inequality, the above
area inequality works to constrain the location of outermost minimal surfaces. In
Corollary 5.2 we show that if ¥ is an axisymmetric outermost minimal surface
which is also a sphere, then

(1-14) T C p (10, 2v2m)),

where m is the ADM mass of the metric under consideration.

As in prior work on stability, we must judiciously decide which regions we will
study. In view of the above discussion, the regions
(1-15) 800 ={m+o=p=p lz= 2} x10.2m),
for some fixed pg and o > 0, are natural choices. If o is identically zero, then
we shall write ©27;. Since we mainly work in the orbit space, we shall often
only consider the image of 27 (') under the projection map, which is simply the
rectangle

(1-16) ) ={p+o<p=<p.lz =2}

If o is taken to be zero, then we shall write 0, .
Instead of the area enlarging assumption (1-11), we will at first work with another
requirement.

Definition 1.3. Let Jit be a family of axisymmetric metrics. Suppose that for each
metric g € Jl we have the inequality

5
(1-17) —(1—|"|g )50
dp \ P Vpl,

on the set {p = po}. Then we shall call the family radially monotone at pg. If M is
radially monotone at each py, then we will simply call Jl radially monotone.

This too is a geometric condition on a family of axisymmetric metrics. In
Proposition B.3 we show that if g is an axisymmetric metric, and p is the solution
to (1-10), then g is radially monotone if and only if the level sets of the function p
form a sub-inverse-mean-curvature flow.

The radial monotonicity condition has a useful expression in cylindrical coordi-
nates:
d(a—2u) <o

ap -
In this form, a similar inequality to the above can be found in Section 3.2 of
[Chrusciel and Nguyen 2011].

One could wonder if there is any relationship between the area enlarging condition

and the radial monotonicity condition. Pointwise, there is no such relationship.

(1-18)
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However, if radial monotonicity holds everywhere, then the area enlarging condi-
tion must also hold everywhere, see Proposition B.4. Thus, radial monotonicity
everywhere also constrains the location of minimal surfaces, as in (1-14).

In Appendix B we will show that the Kerr—-Newman and axisymmetric ge-
ometrostatic metrics satisfy radial monotonicity and the area enlarging condition,
respectively. In fact, the Kerr—Newman metrics satisfy radially monotonicity strictly,
so that small perturbations of the Kerr—-Newman metrics are also radially monotone.
The same is true for small perturbations of axisymmetric geometrostatic metrics with
regards to the area enlarging condition. However, there is an important difference
between the geometric static case and the Kerr—Newman metrics: although there is
a minimal surface in the geometric static case, the initial data is extended past this
surface “into the black hole,” while the explicit form of the Kerr—Newman metric
that we use is given only outside of the minimal surface, and the minimal surface is
located on the axis of symmetry. As discussed later, this changes the mass formula,
though it does not change how we use the mass formula. Until Appendix A, we
will assume all of our manifolds have empty boundary, but may have multiple
asymptotically flat ends.

We now state the stability of the positive mass theorem in the W7 sense.

Theorem 1.4. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose that M is radially monotone at py and that for each metric in
M, we have

(1-19) A=B=0.

For every p; > max{pg, Ro}, € >0, 0 >0,and 1 < p < 2 there exists a 6 > 0 such
that if the ADM mass of g € M is less than §, then

(1-20) 18 = S llwir @0 @) < €
and
(1-21) lg = dr2llwip @t @) <€

where 83 denotes the Euclidean metric in cylindrical coordinates, Si2 denotes the
Euclidean metric in the (p, z) plane, and q denotes the orbit metric of g in the
(p, 2) plane. ﬁﬁé (0) denotes the cylinder given in (1-15) and Qﬁ(') (o) denotes its
orbit space.

Remark 1.5. Although we are restricting our attention to metrics with no boundary,
we are still allowing the possibility of multiple asymptotically flat ends. Thus, there
may be closed embedded minimal surfaces in our metric. This shows, once again,
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how we are using the radial monotonicity condition to handle the presence of these
minimal surfaces.

The assumption that the functions A and B vanish is very likely unnecessary,
however it does simplify the analysis considerably. That the exponent p is required
to be less than two is natural to the problem at hand. Suppose we were able
to prove an analogous result for p > 2. Then, we would be able to apply the
Sobolev embedding theorem to conclude that the convergence was actually Cy
convergence. However, as mentioned before, see [Lee and Sormani 2014], there
are counterexamples to Cy stability.

It is not yet known if W!-? convergence implies SWIF convergence. However,
in the course of proving W7 stability, we obtain similar estimates to those Huang,
Lee, and Sormani [Huang et al. 2017] use to prove the stability of the positive mass
theorem in the SWIF metric for graphical manifolds. Let J( be a family of three
dimensional asymptotically flat graphical manifolds in R* and let C,, denote the
infinite cylinder with base a ball of radius r( about the origin in R> ¢ R*. Huang,
Lee, and Sormani studied the regions €2,, C M € .l defined by

(1-22) Q= MNCyy,

for some appropriately large rg. Additionally, they assume a uniform diameter
bound on the €2,,. They then show that as the ADM mass approaches zero, the
regions €2, converge in the SWIF metric to a three dimensional Euclidean ball
in R4,

(1-23) B(0, rp) x {0}.

Their proof follows from three assertions. First, they showed that the volumes of
the €2,, converge to the volume of B(0, rp). Second, they showed that the area
of 0€2,, approaches the area of 9 B(0, rp). Finally, they showed that 9$2,, N 9C,,
Lipschitz converges to d B(0, ry) x {0}.

We are able to establish volume convergence for the cylinders §~Zﬁ(‘) (o) defined as
in (1-15).

Theorem 1.6. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose also that M is radially monotone at pg. For any constants € > 0,
o >0, and p; > max{pg, Ro}, there exists a § > 0 such that if g € M and

(1-24) m(g) <4,
then

(1-25) 2] +€ = volg (L) > | —€
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for any region 2 such that
(1-26) QcC Qb (o).
We are also able to establish control over areas inside our designated regions.

Theorem 1.7. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose also that M is radially monotone at pg. For any fixed axisym-
metric surface X, constant € > 0, and constant p; > max{pg, Ry}, there exists a
& > 0 such that if m(g) < 8, then

(1-27) IZNQ0 ()] +€ = Areag(ENQ2 () = [Z N QL (0)| —e.

0

We obtain an estimate on distances between certain points in 's“zgg (o) which can

be used to give an upper bound on the diameter of ﬁﬁé (o).

Theorem 1.8. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose M is also radially monotone at po. Additionally, assume that
A = B = 0 in the coordinate representations of the metrics under consideration.
Suppose we are given € > 0, o > 0, and p; > max{pg, Ro}. There exists a constant
6 > 0 such that if m(g) < § and x and y are any points such that the Euclidean line
segment connecting them lies in Qg(‘) (o) x {¢o} for any ¢g, then

(1-28) de(x,y) <d(x,y)+e.

For more general pairs of points x and y in ﬁﬁé we have a pointwise estimate
on their distance to each other.

Theorem 1.9. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose also that M is radially monotone at py. Additionally, assume
that A = B =0 in the coordinate representations of the metrics under consideration.
Suppose we are given € > 0 and o > 0 and points x and y such that the Euclidean
line segment connecting them lies in QZ(‘J (0). There exists a constant § > 0 such
that if m(g) <6, then

(1-29) dg(x,y) <d(x,y) +e.

Finally, we are able to establish uniform convergence at large distances from the
origin.

Theorem 1.10. Let MM be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
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radius Ro. Suppose that M is radially monotone and that for all g € M we have
(1-30) A=B=0.

Let Ry > Rg and let A(Ry, Ry) denote the coordinate spherical annulus centered
at the origin. For any given 0 < 8 < 1 and € > 0 there exists a § > 0 such that if
geMand

(1-31) m(g) <3,
then
(1-32) lg — dm3llcosacry, k) < €

These theorems are proven in Section 5 after we prove a series of lemmas
estimating various terms in the coordinate system. All of the above theorems hold if
we assume the area enlarging condition (1-11) instead of radial monotonicity (1-17).
The only change is that in addition to assuming (1-11), we must assume that our
family of manifolds satisfies a stronger uniform asymptotic falloff than the one
given in Definition 1.1.

Definition 1.11. Let Jil be an uniformly asymptotically flat family of metrics.
Suppose that in addition to the uniform asymptotic falloff (Definition 1.1), we have
some uniform 7 > 0 such that

C
rltr’

(1-33) la| <

Then we shall call A strongly uniformly asymptotically flat.

In the future we would like to prove the Lee—Sormani stability conjecture that
regions outside outermost minimizing surfaces converge in the SWIF sense to
regions in Euclidean space. Our volume, area, and distance controls should be
useful towards such a proof. Here we used an extra condition (1-11) to constrain, a
priori, the location of outer most minimal surfaces. Another approach would be
to actually locate outermost minimal surfaces without any assumption. This was
done easily in [Lee and Sormani 2014] thanks to spherical symmetry and was a
huge challenge in the work of Sormani and Stavrov Allen [2019]. Locating the
outermost minimal surfaces in an axisymmetric manifold is of independent interest
and would be worthy of a paper on its own.

2. Background information

The ADM mass is calculated by taking a limit of integrals over the boundaries of
increasingly large coordinate balls. Thus, it is unclear how the ADM mass should
control the geometry inside of these balls. In fact, arbitrary local perturbations of a
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metric would not change its ADM mass. However, if we restrict our attention to
metrics with nonnegative scalar curvature, then we are no longer entirely free in
our choice of local perturbation. This restores our hope that the ADM mass can
control geometry.

In an attempt to relate ADM mass and the interior geometry, it is natural to make
use of the divergence theorem,
1) mg) = fim s [ (g =gt = fim [ diveg - g0

R—oo0 167 [yp. =" ’ R—o0 167 [p, ’ ’

to get an integral over the interior. For now, we are ignoring the question of which
metric we should use to take the divergence. Intuitively, we think of scalar curvature
as a local energy density. As such, we would like to relate the divergence term to
the scalar curvature. Ideally, the nonnegativity of the scalar curvature should give
control over the integral of the divergence term. This approach can be successfully
carried out in the case of axisymmetric metrics. Furthermore, Witten [1981] used
a more sophisticated version of this idea to prove the positive mass theorem for
manifolds with spinors.

In cylindrical coordinates for axisymmetric metrics we have the following formula
for the scalar curvature [Brill 1959]:

2 ,—2a 2
- | 1 5 1 da  p-e 0B 0A
(2—2) Rg:4€ ( a)[AR3(u—§Ol)—§|VM|5+%%—T(¥—% .
Here we can see that the scalar curvature is indeed closely related to a divergence,
namely Aps (u - %) This observation leads to a very useful formula for the mass
of an axisymmetric metric, including those with multiple asymptotically flat ends
[Brill 1959; Chrusciel 2008]:

(23) m(g) =

2 ,—da+2u 2
1 —2(u—a) p-e oB dA )
— R,+5— (= -== 2|V .
16”/@% [ 3 <3z ) | \Vul3 |pdpdzde

If there are multiple asymptotically flat ends, which will be points on the z-axis,
then the function u will blow up at these points. In fact, we see that u is roughly
the logarithm of the distance to these points in the Euclidean background metric.
Since we are integrating over R>, one may use polar integration to be convinced
that (2-3) is finite. For details of the case in which there are multiple asymptotically
flat ends, see [Chrusciel 2008, Theorems 2.9 and 3.3].

Since all other terms are explicitly nonnegative, if we assume that R > 0, then the
ADM mass immediately gives control over the gradient of u. In an asymptotically
flat metric, # must be arbitrarily small on large coordinate spheres. It is therefore
reasonable to suppose that we can use the fundamental theorem of calculus to
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control u everywhere in the manifold. In order to make this precise, we will use
the following representation formula to express u in terms of its gradient and its
value on large coordinate spheres.

Suppose 2 is a compact region on which the divergence theorem holds and let I
be the fundamental solution for the Laplacian. Assume further that u is a function
which is differentiable on CL(£2). Then we have

(2-4) u(x) =—/BQM(y)(VF(x,y),n)dy+/Q(VM(y),VF(x,y))dy-

In order to see this, we follow the calculations appearing as 2.15 in [Gilbarg and
Trudinger 1998], except we use the divergence theorem on the vector field Z defined
by

(2-5) Z=u(y)VI'(x,y).

Since we should not expect to have any physically relevant information inside
of a minimal surface, it is reasonable to exclude from consideration all parts of
a manifold lying within the outermost minimal surface. As such, it is desirable
to include manifolds with minimal surface boundary in our analysis. In fact, we
will choose coordinates for which the boundary of the manifold is taken to lie
on the axis of symmetry: the boundary will consist of disjoint rods lying on the
z-axis. The function u will still blow up logarithmically, but now as the logarithm
of the distance to a rod on the axis. Integrating using cylinders should convince
one that (2-3) should no longer be finite. In modifying the mass formula to suit
manifolds with boundary, we pick up boundary terms which complicate our analysis
[Chrusciel 2008; Khuri et al. 2019]. In the case of a connected boundary, see [Khuri
et al. 2019, Equations (2.10)—(2.12)], the mass formula becomes

mo
(2-6) m(g) = % 2|Vit|*+e*“ "R, dx+§/ @(0, 2)—2i(0, 7) dz+my,
T Jr —mo
where u and « are appropriate regularizations of u and «, respectively. This formula
has a lot in common with the boundaryless case (2-3), however, to the best of the
author’s knowledge, it has not been demonstrated that

o
(2-7) I / @(0, z) —2ii(0, z) dz +mg > 0,
—mo
nor even a lower bound established in general. Thus, it is no longer clear that mass
controls the right hand side of (2-6). If (2-7) holds, then Sobolev stability, and all
of the related theorems, are still valid in the nonempty connected boundary case, as
will be detailed in Appendix A. For now, we will assume that we are in the case of
an empty boundary.
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The ease with which we can obtain estimates for u is encouraging, however there
is one more hurdle. If we want to use mass to control the metric (1-3), then we
must be able to turn our estimates for u into estimates for e*. Luckily, we may
use the well known Moser—Trudinger inequality [Gilbarg and Trudinger 1998] to
accomplish this.

In view of the coordinate expression for an axisymmetric metric (1-3), we know
@=2u a5 well as e*, then we have achieved good control over
the metric. Although it is less clear, it is possible to use the mass formula (2-3)
and the scalar curvature equation (2-2) to show that the ADM mass controls the
WP norm of a — 2u. The process is similar to what we do to estimate u. However,
we use Green’s representation formula, instead of (2-4), to express o — 2u as a
boundary term plus an integral of its derivatives. We recall Green’s representation
formula now.

Let €2 be a compact region on which the divergence theorem holds and let I" be
the fundamental solution of the Laplacian. Suppose that w is a twice differentiable
function on CL(£2). Then we have the following representation of w:

o' (x, 0
2-8) w(x) =/ [w(y)—(ax Y) —F(x,y>—‘”(”]dy+/ F(x. y)Aw(y)dy.
a0 v av Q

that if we can control e

This result appears in [Gilbarg and Trudinger 1998] as Equation 2.16.

With W!P estimates for @ — 2u in hand, we might hope to use the Moser—
Trudinger inequality to get estimates for e*~2*. Unfortunately, the Moser—Trudinger
inequality doesn’t apply in this case. Luckily, because of axisymmetry, we are
essentially working in two dimensions. This gives us extra control that does not
exist in higher dimensions. In this setting we are able to prove a result similar to
the Moser-Trudinger inequality, which allows us to turn W!-? estimates for o — 2u
into WP estimates for e® 2,

In using (2-4) and (2-8) to control the W!? norms of u and « — 2u, we rely on
estimates of the Riesz potential. Recall that the Riesz potential of a function f over
a region €2, denoted (V) f)(x), is defined as

(2-9) V)@ = [y F o) dy.
Q
forue(0,1]. Let0<5=46(p,q) = q_l — p‘1 < 1 and let w, denote the volume

of the unit » dimensional ball. The following inequality appears as Lemma 7.12 in
[Gilbarg and Trudinger 1998]:

1—8\'7°
(2-10) II(VMf)IIPS(m) w,],_“IQI“_‘SIIfIIq,

where €2 is some open region in R" with compact closure and f is in L7 (£2).
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3. Sobolev estimates for z and e*

In this section we will see in greater detail the steps needed to estimate the W!-»
norm of e* using the mass formula (2-3). Our end goal is to produce estimates over
the regions Qﬁ(') (0), see (1-16). In fact, we are always able to take o to be zero. To
simplify notation, such rectangles will be denoted by %;.

To start, the ADM mass only explicitly bounds the L?(R*) norm of Vu. The
following lemma demonstrates that this is enough to get W!-2(B,,) control over u
for a ball of fixed radius r( about the origin in R>.

Lemma 3.1. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry, and let B, be the ball of radius ro about the origin. For any € > 0 there
exists a § > 0 such that if g € M and

(3-1) m(g) <4,
then
(3'2) ”u”WI'Z(B,O) < €.

Proof. We note once again that control over [[Vu/|| 2 Byy) is an immediate con-
sequence of the mass formula and the nonnegative scalar curvature assumption.
In the calculations that follow we will denote the volume of a three dimensional
unit ball by w3. First, we look at some very large coordinate ball B(0, r;) with
r1 > max{rg, Ro}. If we let I be the fundamental solution for the Laplacian, then
using (2-4) we may express u as

(3-3) ux)= —/

u<y><VF<x,y>,n>dy+f (Vu(y), VT (x, ) dy
dB(0,r1)

B(0,r1)

Taking the absolute value of both sides and using the triangle inequality on the
right-hand side shows us that

G s [ Ol [ T,
) B

B(0,r1) Swslx — y|2 0,r1) 3ws|x — y|2 )

We now integrate |u|? over B(0, rp) and use the well known inequality

(3-5) (a+b)*<2@*+b* fora,beR
to obtain
(3-6) lu(x)|* dx

B(0,rp)

2 2
Vv
52/ </ lu(y)l zdy) +(/ IVu(y)] zdy) .
B(0,r0) \J3B(0,r)) 3w3|x — y| B(0,r)) 3W3]X — Y]
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To bound the second integral on the right hand side we make use of the mass
formula (2-3) and the Riesz potential estimate (2-10) with u = %
get

v 2
(3-7) / (/ Ly)lz dy) dx < 8mrim.
B(0,r) \JB(0,r) 3w3|x — |

Using uniform asymptotic flatness (Definition 1.1), we estimate the first integral on
the right as follows:

2 2
1 C 1
B(0,r0)\J2B(0,r)) 3w3]X — ¥ 903 JB0.r)\JaB0.r1) |X — Y711

a)grgczrf

andg=p=2to

T (1 —ro)*rf
Substituting the above two inequalities into (3-6), we obtain

2 C2w3rgrf' 2
(3-9) lu(x)|“dx <2 —2+8nr1m
B(0,r0) (r1 —ro)*r;

If we let r; grow arbitrarily large, then the first term on the right will become
arbitrarily small. We may counter any growth in the second term on the right by
choosing the mass to be small enough. ([

The next step is to estimate ¢”. In order to do that we will apply the Moser—
Trudinger inequality to u. Let us now recall the exact statement of the Moser—
Trudinger inequality. Let 2 C R" and w € Wol’"(Q). Then there exists constants ¢
and ¢, depending only on r, such that

o] n/(n—1)
3-10 - < Ql.
(5-40) /&eXp((QHVamn> )"c” |

This inequality appears as Theorem 7.15 in [Gilbarg and Trudinger 1998]. Lemma 3.1
gives W12 control over u, so if we want to apply the Moser—Trudinger inequality,
we will have to work over two dimensional domains. Luckily, we have the following
almost trivial corollary to Lemma 3.1.

Corollary 3.2. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Let Q5 denote the region

(3-11) {mspstAS%}
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For every e > 0, pg > 0 and p; > po there exists a § > 0 such that if the ADM mass
of g € M is less than 8, then

Proof. Consider the region S~2ﬁ(') = Qb x [0, 27r). Choose r¢ large enough that

(3-13) 34! C By,

In Qf) we know that pg < p. Thus, we may observe that

(3-14) /
Q

u? +|Vul?dpdz < [u® + |Vu|*lpdp dz d¢

g 270 Jag,
1 2
=< m ||M || Wl’z(BrO)'
Now we may apply Lemma 3.1. U

We’re now in a position to estimate the W!? norm of ¢“. For the L” norm of
e" the proof is an almost direct application of the Moser—Trudinger inequality. To
estimate the L” norm of Ve* = e*Vu, we use Holder’s inequality to analyze each
term separately For the ¢ term we will once again apply the Moser—Trudinger
inequality. To estimate Vu we will rely on Corollary 3.2.

Lemma 3.3. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically outside of ra-
dius Ry. Let Qb denote the region {(,0, Dlpo<p=p,lzl < %} For every
p1 > po >0, € >0and p <2 there exists a § > 0 such that if the ADM mass of

g € M is less than §, then
(3-15) e~ Ly o <e.

Proof. Since g is smooth, u is bounded and has bounded derivatives in Q5}, though
we have not made any assumption on what these bounds might be. Thus, e/l is
Lipschitz, and so

(3-16) / |V(e”—1)|”:/ |Ve'“'|1’:/ ePll|vu|P,
Q! Q! Q!

P0 P0 P0

Now, we let r = % and 7’ be the conjugate exponent to r. After applying Holder’s
inequality with r, we get

) 1/r p/2
(3-17) / eP'“'|Vu|P5<f e’f"”'> (/ |Vu|2> .
) Qb )

PO 0

Let D(0, ro) denote the two dimensional disk centered about the origin with ra-
dius rg. Choose rq so that Qﬁé C D(0, rp). We may extend u to a function « in
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W01’2(D(0, ro)); see Theorem 4.7 in [Evans and Gariepy 2015]. We may choose
the extension u such that

(3-18) 1221l w2 2 p0.ryy = K llttllyr2etn)

where the constant K is independent of the function u. A quick application of the
Cauchy—Schwarz inequality gives us the estimate

_ 3 @\’
(3-19) r/p|u|s%(wpclnwnz)%(—_ ,
c1llVullz

where ¢ is the constant appearing in (3-10). We may now use the Moser—Trudinger
inequality (3-10) to see that

1/r 1/r
o (L) =(f e
o — \UD©.ro)

< exp(3r'(peil|Viil12)?) (2| D(O, r) )"

When written entirely in terms of u, the above inequality becomes

’ ]/r/ / /
(3-21) ) < expl T (Kperllullyiog)’ | @I DO D'
o 4 0

Combining this with Corollary 3.2 gives

] jul|p r d l/r’(4_m)"/2
(3-22) /Q , Ve < expl 5 (Kperllullynzayy) ] (DO ) (22

Now that we have successfully estimated V(e!“l — 1), we turn to estimating
el*l —1. We use the expansion of e/* to get that

(3-23) f |e'"—1|1’—f <i ﬂf
o) e k!

Pl

0 1
Factoring out |u| and over estimating the rest shows that the right hand side is
bounded above by

(3-24) f |u|P el
Q

Pl
P0

Now, we let r = % and apply Holder’s inequality to get

p/2 ) 1/r
(3-25) / |u|pep“|§(/ |u|2> (/ e”"”')
oA 2 oA

P
P0
Finally, we may once again apply Corollary 3.2 and (3-21) to obtain the result. [J
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4. Sobolev estimates for & — 2u and ¢*~2*

We must now concentrate on estimating o — 2u and e® 2%, We will try to imitate
as closely as possible the steps which let us successfully estimate u and e“. First,
we obtain W7 estimates for « — 2u from the mass formula (2-3). Unfortunately,
even at this early stage, the process is notably harder than it was for u.

In our attempt to estimate the W2 norm of u we used a representation formula
to express u in terms of its values on a large sphere and its gradient in a large
ball. Then we used the asymptotic falloff and the mass formula to control these
quantities, respectively. This was a relatively simple process because ||Vu|| is a
term in the mass formula. However, the gradient of o« — 2u does not appear directly
in the mass formula. Rather, it is the Laplacian of o — 2u which appears in the mass
formula by way of the scalar curvature equation. We will see the precise nature
of this relationship in the following lemmas. For now, the important point is that
instead of using (2-4) to express o — 2u, we should use Green’s representation (2-8).
It is widely known that one may replace the fundamental solution I" in (2-8) with
a function G(x, y), the Green’s function of the domain, which vanishes on the
boundary of the domain. This choice simplifies Green’s representation formula
significantly. Unfortunately, the explicit formula for G(x, y) can be complicated
depending on the domain. Thus, although our representation formula has been
simplified, it is difficult to estimate G (x, y). Luckily, we are working over very
simple domains, namely the rectangles 2. Therefore, a compromise is possible.
We may simplify the representation formula for any one side of the rectangle.
Specifically, we may choose a “Green’s” function which vanishes, or whose normal
derivative vanishes, on one side of the rectangle. Since we have the least amount of
a priori knowledge about the metric near the axis of symmetry, we will choose to
simplify our representation formula on the side nearest the axis of symmetry.

For the rectangle ©2/;, let x denote the reflection of the point x about the vertical
line {p = pp}. We can define the following two functions

1 1 _
(@-1) Hy(x, y) = 5—log(lx = y]) + 5 log(1E — )
and
4-2) Hp(x,y) = 2 log(lx — y]) — - log(| — y])

A quick check shows that we may replace I by either Hy or Hp in (2-8). Further-
more, a calculation shows that
dHN(x,y)

4-3 _— =0
) dv 928 N{p=po}
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and
4-4) Hp(x, y”aﬂﬁéﬂ{p:po} =0.

Since we will be integrating against the functions Hy and Hp in what follows, and
since Hy and Hp are sums of functions of the form log(|x — y|), it will be useful
in what follows to have an L? estimate for log(|x — y|) over bounded regions.

Lemma 4.1. Let Q be a bounded region in R* and let
4-5) ro = max{diam(£2), 1}.

Then for y € cl(2) we have
X k! X
(4-6) [log(lx — yDI" dx < St 27 (ro — Dro log(ro)
Q

for positive integers k.

Proof. We observe that
4-7) / llog(lx — yDI* dx 5/ llog(|x — y|)[* dx
Q B(y,ro)

1 ro
= / (—=D*27r log(r)* dr + / 27 log(r)k dr
0 1
The second term on the right has the simple estimate
(4-8) 27 (rg — 1ro log(ro)*.

To estimate the first term, one must carry out the integration. By induction, we have
the following result.
1
k!
(4-9) /0 (—D*2mrlog(r)*dr = TR O
With all of this in mind, we begin the process of estimating the W!-? norm of
o —2u.

Proposition 4.2. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose in addition that M is radially monotone at py. For every p1 > po,
€ >0and 1< p <2 there exists a § > 0 such that if the ADM mass of g € M is less
than 8, then

(4-10) ||a—2u||W1_,)(Q£(1)) <e€
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Applying Green’s representation formula to @ — 2u over the domain 2, gives

us

@-11) (Ot—2u)(x):/ [(“—ZM)M—HN(x,y)M]
Bl v p)

P0

dy

—I—/ Hy(x, y)Ala —2u) dy.
Qb

The above representation breaks our problem into two pieces. First we must estimate
A(o — 2u) over Q) and then we must estimate & — 2u on the boundary of Q7.
The necessary estimates are the content of the following two lemmas.

Lemma 4.3. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. If g is a metric in M and

(4-12) m(g) <m,
then
4 4./o1m
(4-13) I AQu )l gy < 22 4 2P
o) = po £0

for any p; > pg > 0.

Proof. We must relate A(x — 2u) to the mass formula. First, we recall that the
scalar curvature equation is

(4-14) Ry =4e* [AW (u—La)—3IV

da  p2e 2 (3B 9A\
2 ()]

where we have written Aps to emphasize the fact that it is the three dimensional
Laplacian which appears, and not the two dimensional Laplacian A. However, if
we remember that all of the functions involved don’t depend on ¢, then we can see
that

(4-15) AW(M—%):A(M—%)Jrﬁ%;a).

By plugging the above into the scalar curvature equation, we get

9 2 ,—2a OB 9A 2
(4-16) Rg=4e2(u—a)|:A(u—%a)—1|Vu|§—{—%—z_’oe—(___> ]
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We now solve the scalar curvature equation for A(x — 2u) and integrate in order to
arrive at

(4-17) / |A(a — 2u)| dp dz
o

2 2« 2
e 0B 0A
P (_ _ _) dp dz.

2(a—u) 2 ou
e 2
< Re+|Vul} +=|—
_/Q‘;é 2 ¢ IVals 4 dz  9p

p|ap

Now, since we are integrating over a region in which p > pg, we have from the
mass formula (2-3) that

dodz < —.
4 dz  dp pac=

£0

ple 2 (83 8A)2 4m
2

eZ(a—u) )
(4-18) Ry +|Vuls +
Qb

P0

To estimate the final term on the right hand side of (4-17) requires only a little
more work. Namely, if we apply Holder’s inequality to

9
(4-19) / 204
Q) P

ap
and make the simple estimate |g—Z’ < |Vuls, then we obtain

’ 4 1/2 1/2
(4-20) / £ dpdz < (/ —2) (/ |Vul3dp dz) .
QP QP ol

0]
Using the mass formula once more, we see that

4\1/2 12 4
4-21) (/ —2) </ |Vu|§dpdz) < vam
QP Q) Lo

0

dpdz

ou

ap

Putting each of these estimates together gives the desired result. U

We now want to estimate boundary terms on 3$2/,. Due to the asymptotic falloff
conditions (Definition 1.1), it is relatively straight forward to estimate terms on
(aszﬁg) — {p = pp}. It is more difficult to estimate terms on (0 Qg;) N{p = po}.

Lemma 4.4. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Assume that M is also radially monotone at py. For p; > max{pg, Ro},
if g € M and

(4-22) m(g) <m,
then
Ao —2 4
(4-23) / (ot —2u) S4_m+ «/le+671C,
@OH{p=po}| IV £0 00 01

where the constant C is the one appearing in Definition 1.1.
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Proof. 1t is an easy observation that
d 0
(4-24) — =——
v lapi N{p=po} ap

If we write the radial monotonicity condition entirely in terms of coordinate func-
tions, then we may see that for g € Jil

d(cx —2u)
(4-25) ——(p0, 2) 0.

Thus, we observe that

(4-26) /
Iy Nip=po}

A quick application of Stokes” Theorem over the region

(o —2u)

B fm/z 3(a — 2u)
av B

—pij2 0P

(p,2)dz.

(4-27) {po <p. 218 }
gives

n/2 g 2
(4-28) f (O‘ u)

p1/2

d(a —2u
_—/ A(oz—2u)d,0dz—|—f g
{po=<p, 1zI<p1/2} {0>po, 1zI=p1/2} 9z

We may estimate the second integral on the right by plugging in the asymptotic
estimates (Definition 1.1). The result is the following inequality

o —2
/ (o —2u) 5/ 3C _dp.
ozpo, ldl=p1/2) 02 to=po. lzl=p1/2) 1(P, 2]

We may see by a straightforward integration that

(o —2
(4-30) ‘/ (¢ —2u) < 6 C
{p=po, |zI=p1/2} 0z 01

(4-29)

The last piece of the puzzle is the term

(4-31) ‘f Al —2u)dpdz
po=p, |z|<p1/2}

5/ | Ao —2u)| dp dz.
{po=p, IzI<p1/2}

We now use the proof of Lemma 4.3 to bound this term. Putting everything together,
we get

(4-32) / ,
a9 Nlp=po)

We have the necessary estimates to obtain W!-? control over a — 2u.

d(a —2u) -

4
— 4_m+ \/le+6nC' 0

£0 £0 L1
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Proof of Proposition 4.2. Consider szf) for some p; > Ry. We also choose p; to be
much larger than p;. As before, we let

(4-33) Hy (x, ) = 5 log(lx = yI) + 5~ log(1% — y)),

where x is the reflection of x about the line {o = pp}. Recall that Green’s represen-
tation gives us the following formula for o — 2u:

d0Hy
(4-34) (Ot—2u)(X)—/aQ (Ot—ZM)(y)—(x y) — Hy(x, y)g()’)d

+ o Hy(x, y)A(a —2u)(y) dy.

We will imitate the estimates that we made for u in Corollary 3.2. Namely, we see
that

(4-35) /m [( —2u)(x)|? dx

P0

is bounded above by

@36) C(p) (/ 220
o \Joaap!

Hy

H p
'( —2u) )

p
+ (/p |HNA(a—2u)|dy) dx,
1

P0

for some constant C(p) depending only on p. We estimate each of the three terms
above in turn. For the first two terms, we will break 9QJ, into

(4-37) 9Q0! —{p = po}
and
(4-38) 20 N {p = po}.

Let’s start with (4-37). For this piece of the boundary we can use the uniform
asymptotically flat condition to obtain the required estimates. First, notice that for
x in Q5 and y in (4-37) we have

10g(2diam($2fg(]J ) - log(2+/261)
f— 7-[ ’

(4-39) |Hy(x, y)| <

since p; is much larger than py. From the asymptotic falloff given in Definition 1.1,
we see that for y in (4-37)

(4-40) ()

=

d(a —2u)
dv

3C
— -
1
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Thus, we may see that

(4-41) ( f ~
Qpp \J 9y —{o=po)

9(a —2u) P
Hy(x, )’)T(y)‘ dy) dx

~ P
5 / (9log<2ﬁpl>C) "
Qs T P1

2 (3 log(2v/251)C )p
1 - .

o1

=p
The other term has a similar estimate:

v [,
Q0 \Jaqpl —(p=po}

Using the two estimates above, we see that
9(a —2u) b
(4-43) ) Hy—— dy
ot \Jsofip=n) av

3log(2fp1)c) 2( 6C )P)
c e .
i )( ( P1 T P1— p1

We can now move to the inner piece of the boundary, (4-38). We will further
divide 9Q5, N {p = po} into

OH
(a0 — 2u) =
v

+‘( 2u)

(4-44) 09 N {p = po, |zl < p1}
and
(4-45) QL N {p=po, |z = p1}.

We now estimate

1/p
(4-46) ( / ( / y) dX) :
gl Qplﬂ{p ro, |zI<p1}

Here we apply Minkowski’s inequality for integrals [Folland 1999] to bound the

above by
p I/p
dx) dy.

I S
920 N{p=po, lz|<p1} \J 25

We may rewrite this expression as

(4-48) /
00N {p=po, IzI<p1)

Hy(x. y)w

d(a —2u)

Hy(x,y) ™

d(a —2u)
av

1/p
([, 1w vrrar) a.
Q

P0
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In view of Lemma 4.4, we must estimate the L¥ norm of Hy (x, y) as a function
of x over Q/; for each y in

(4-49) QL N {p = po, |z| < p1}.

We see that the points x and y are both contained in Q%g ', Which has diameter
2«/5,01. Let
(4-50) F(x)=x.

Since F is an isometry, if we apply the change of variable formula to F' and note
that y =y for y in {p = pp}, then we may see that for any g, we have

@sy [ ogi-ypirar=[ . flog(x—y)itax.
Q! F (")
Thus, we may use (4-6) to see that
(4-52) |Hy(x,y)ldx < [ | |Hy(x, )| < 5+ 16pf log(2v2p1),
o Q!
and

1/2 1/2
4-53) (/ |HN<x,y>|2dx) 5(/ |HN<x,y>|2dx)
Qll Q!

P0 P0

< %\/271 + 6471,012 log(2x/§p1)2.

We do a simple interpolation between the above two estimates to get

1/p
(4-54) ( / IHn(x, y>|f’dx> < (§+16p log(2v2p1)) @™ """
Ql

P0

’

1 2p-2)/p
x <Z‘/ 2 +647p° log(2\/§p1)2)

We now combine the above with Lemma 4.4 to bound (4-48) by

_ 1 2p-2)/p
4-55) [L+16p2log2v/2p1)] "/ ”[E\/zn +64mp? log(2\/§p1)2]
0T
y (4_m Lo 671_0)

£0 £0 o1

The term
o(a —2u)
(4-56) ( f ( / ~ Hy(r, y) 28— 2
oy \Jagiinto=po. 121} ov

p 1/p
dy) dx)
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is much easier to estimate. In fact, for x in Q/, and y in 852;';‘) N{p=po, |z| > p1},
we have

@-57) [y (r, )] = - max{[log (2 )], log2v/2501}.

Once again, combining the above with Lemma 4.4 bounds (4-56) by

. 4/p
, |10g(2«/§p1)|}<4;—’: e, 6’T—C)

4-58 =
( ) L0 L1

(p1)*P
T

max{‘log(%)

The final piece of the puzzle is the estimate of
P
(4-59) / (/ |HN(x,y)A(oe—2u)(y)|dy) dx.
o \Jafy

Here we may use Minkowski’s inequality for integrals once more to see that the
above is bounded by

1/p P
(4-60) (fg |A(a—2u)<y)|(/gm |Hy(x, y)|de) dy) :

L0 £0

Thus, we may bound (4-59) by

1/p P
(4-61) (fﬂ IA(a—Zu)(y)I(/- . IHN(x,y)I”dX) dy) :
Qb QUIUF Q)

P 0

Again, using the change of variable formula and (4-6), we bound (4-59) by

- - - ~ —12@p-2)/p
(4-62) ([%+16,012 log2v/25)]* " ”[%\/277 + 647 52 log(Zﬁpl)zJ

4m —|—4,/,51m)p
X ——— ] .
£0

Putting everything above together shows that
(4-63) / o —2u|? < C(p)*(4-43)+ C(p)*((4-55)7 + (4-58)) + C(p)(4-62).
Qp

Thus, for any € > 0 and p; > pg we can pick an appropriate p; and ADM mass m
so that
€

(4-64) lor = 2ull g, < 5-
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We can get similar estimates for V(a¢ — 2u) by differentiating the representation
formula:

(4-65) V(“‘Zu)(x)=f =20V 2 g e,y 220
BQ% av Py

—i—/_ (Vi Hy)A(a —2u).
ot
We see that

(4-66) [ |V (a —2u)|”
o

=) Q° </asz‘31
) £0

d(a —2u)
av

OH
(@ —2u)V, =X

)4

v )

p

+</ IV, Hyl |A(a—2u>|) .
Qh

0

VxI_IN +

As before, we will break 852,’?(‘) into (4-37) and (4-38). We start with (4-37). A
quick calculation shows that

(4-67) VeHy] < 50 (e + )
2r \|x—=y|  |x—y
and
JHy 3 1 1
4-68 & <—( _ )
(+-68) o | S iy T

Estimating the integral over (4-37) now proceeds as before.
As a first step in estimating the integral over (4-38), we note that
dHy

=0.
T oo ){p=po}

(4-69)

Next, we again break (4-38) into (4-44) and (4-45). For both pieces we proceed
much as we did before. On (4-44) it is crucial that p < 2, since it is only then that
the integral

(4-70) f IV, Hy|”
QZ(I)

is bounded for all y in (4-44). For (4-45), the necessary changes in the argument
are straightforward.
Finally, to estimate

)4 )4
@-71) (/ |<VXHN>A<a—2u>|) 5/- <f |<vaN)A<a—2u>|)
Qpp \Jap! Q oyl

Pl
P0 P0 P0
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we may use the Riesz potential estimates (2-10) with the appropriate choice of
constants. Thus, for p; chosen large enough and m chosen small enough, we may
conclude that

(4-72) ”O[ —2u ”Wlp(QZ(lJ) < €. D

In the course of proving Proposition 4.2 we actually proved a little more. For
future convenience, we record this result as the following corollary.

Corollary 4.5. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ro. Suppose also that M is radially monotone at py. For any p; > pg, € > 0,
and 1 < p < 2 there exists a § > 0 such that if g € M and

4-73) m(g) <4,

then

(4-74) f o —2ul? < —
o) Po

and

(4-75) / V(e —2u)|? < i,,
1
20 0

Having successfully estimated the W'-» norm of o — 2u, we must now turn to
estimating the WP norm of ¢®~2“, As was noted earlier, control over the W7
norm of @ — 2u for 1 < p < 2 falls short of what we need to apply the Moser—
Trudinger inequality to o —2u. It is thus not immediately clear how to turn estimates
for o — 2u into estimates for ¢*~2*. Luckily, the special nature of the fundamental
solution to the Laplacian in two dimensions allows us to prove a Moser—Trudinger
like inequality which we can use on o — 2u.

Lemma 4.6. Let 2 be a bounded domain in the plane on which the divergence
theorem holds and let I be the fundamental solution for the Laplacian. Suppose we

have yr € C2(Q)NCY(Q) and Ay € LY(Q). Let 2, denote ={x e Q:d(x, Q) >0}
and let ro = max{1, diam(L2)}. Then we have the estimate:

|| Ay Ay /27
(4-76) / el'/’|§<|Qg|+—+2JT(r — Drolr —1]
o, dr— Ayl TN

X sup exp(/
x€Q, aQ

Proof. From Green’s representation we have

oI’ 0
V()5 y)' + ’F(x, y>—"”(y)‘ dy)
v ov

ar 9
@77 Y(x) = 1/f(y)—8 (x,y)—F(x,y)—w(y)der/F(x,y)m/f(y)dy
i1} v dv Q
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Using the representation formula to rewrite fQ elV!, we obtain

(4-78) fe'W(x)ldxff exp|:/
Q Qo IQ

ol’ 0
YOI ()~ T, y)—"’(y)‘ dy]
v v

xexp[/ﬂ\l“(x,y)Aw(yﬂdy} dx

We bound the first term on the right pointwise by its supremum over €2,. Then we
may take it outside of the integrand.

(4-79) / eV@ldx < sup exp|:/
Qa XEQa 0Q

or oy
(Sl CE y)‘ + ’F(x, y)—(y)‘ dy]
v av
x f exp[/ INEROVNACH] dy} dx
Q0 Q
We may now concentrate on estimating

(4-80) f exp[ / TG, ) AY ()] dy]
Qs Q

The strategy is to expand the above integral using the Taylor series for the exponential
function and then bound each term appearing in the expansion:

00 k
(4-81) / (elall Gy AE=20()1dy) dsz/ (JoIT G, AP (y)|dy) dx.
QU k=0 QG k!

First, recall that the fundamental solution of the Laplacian in two dimensions is
given by

1
4-82 — 1 -
(4-82) = oglx — y|

Second, after observing that 2, C €2, and pulling constants out, we get the inequality

[T =AY dy[* ¢
R < o /Q ( /Q |Aw(y>||1og(|x—y|)|dy> dx

We apply Jensen’s inequality to the integral on the right to obtain

k
1
(4-84) ng(fguogux—m|Aw<y>|dy) dx

A k—1
= % / /g“"gﬂx —yDIFIAY () dy da

We now use Tonelli’s theorem to switch the order of integration to get

(4-85) //|log(|x—y|>|k|Aw<y>|dydx =/|Aw<y>|/|1og(|x—y|)|kdxdy
QJIQ Q Q
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Putting (4-6), (4-85), and (4-84) together gives

dx

k
@30 & [| [ oot snaviay

IIAllfIIk

k!
(Zn)kk' ( +2m (ro — Drolog(ro) )

After a quick application of the monotone convergence theorem to the summation
over k from k = 1 to infinity of (4-83) we get

(4-87) AlaTEnavmal 4,
Q
Tl Ay log(ro) | A |11
=Kt A -1 T )-1|. O
<| U|+4JT—||A1//||1+(rO )7’0|:6Xp( o

We have the following corollary, which is the actual inequality we will use.

Corollary 4.7. Suppose y € C*(Q2h)NC(cl(Q25))) and let ro=max{1, diam(Q25})}.
Then

(4-88) / oV
(Q))o
is bounded above by
ﬂllelh Ay | /27
(4-89) eCl@oDllAY (|(Q Do | _|_ - [ K
— Ayl 0

0
vy HNa—‘p(y)‘dy)
Vv

X sup exp<
xe(Qpd)o 3

where C (o, p1) = 5 max({|log(c)|, [log(2v/2p1)]}.
Proof. If we replace I" by Hy in (4-77), then the right hand side of (4-79) becomes

0Hy
(4-90)  sup exp tﬁ(y) -
xe(Qd)o klort)

0
‘HNa—w(y)‘dwf |F<x,y)Aw|]
V ol

P0

X/ , eXpU IF(x,y)Axlf(y)ldy]-
Qe Q
We see that

(4-91) sup /p [T VAP < Clo, pO AV Il Loy
xe( @)y Y U ’
The corollary now follows from Lemma 4.6. U

In order to apply Corollary 4.7 to « —2u, we need an L' bound on A (« —2u) and
an uniform bound on the boundary. In Lemma 4.3 we established the necessary L'
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bound. Now, we will demonstrate the needed uniform control on the boundary. The
following result is very similar to Lemma 4.4, however, due to technical necessities,
the statement and proof are slightly different.

Lemma 4.8. Let MM be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose also that M is radially monotone at po. Let Qb denote the
region

(4-92) {o.01p0=p=p 1212,

and (20} denote {x € Qb) | d(x, 320y) > o). Let p1 > Ro. If g € M and the ADM
mass of g is less than m, then

(4-93) sup exp ( /
xe(@h)s o7

PO

0Q2u — oH
M<y>‘+’(2u—oz><y> =

HN(x’y) 9

(x, y)' dy)

<exp[C(m, o, p1, po)]
where

m+4\/p1m 3C
(4-94) C(m,U,/01,,00)=max{|10g2\/§/01|,|10g0|}( ,01) —

PO o
Proof. As we observed earlier, for three sides of the rectangle 5, , the necessary
estimates to control the left-hand side of (4-93) follow from the uniformly asymp-
totically flat condition. Let’s make this more precise. First, consider those pieces of
the rectangle parallel to the p-axis.

From the definition of uniform asymptotic flatness, we know that

d(a —2u) d(a —2u) 3C
4-95 —_— =|—
(4-95) ‘ ™ ) ‘ 3z | = e
Analogously, we have
(4-96) oo — 2u] < %

In fact, the same is true on the final edge, so the above estimates are true on all of
I — {p = po}.
Armed with these estimates, let’s take a look at the integral

(4-97) / (@
Qs —{p=po}

Hy (x, y)—(y)‘
Since the point x is at a distance of at least o away from the boundary, we know
that

(o — 2u)(y)—(x y)|dy

aHN< 1

(4-98) <
ov o
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and
(4-99) [Hy (3, )| < = max{| log2v2p1)], |log()]}

To start, we can bound

(4-100) [ e 2om S| d
IR0 —{p=p0}
from above by
(@-101) / 3C gy <3€
09 —o=po} O TV o

since |y| > p; for y in dQ5, — {p = po}. We now make a similar estimate for

(4-102) /
928 —{p=po}

As we did before, we may bound this quantity from above by

d(o—2
Hy (e ) "2 )y

(4-103) SC max{Jlog2v/2p1]. llogo |} dy
09 —{p=po} 1
< ?O—C;max{ﬂog 27/2p11, |logo|}.

We need to estimate

(4-104) /
(89050 {o=po}

for x € (Qﬁé)a. Using (4-99) and Lemma 4.4 we get

d(a —2u)

Hy(x,y) o

o(a —2u)

4-105
( ) ™

HN()C, )’)

@2%))N{p=

‘;l|>—~_,-

=

max{| log(2v/2p1)]. |log(a>|}( 0 Hoim 6’“)

00 o1

Putting the estimates together gives

dHy
@106 s ep( [ e 200 42005 0| )
TE(Qph)o 9,
<C(m,o, p1,po). U
With all of the above estimates in hand, controlling the W7 norm of e®~* is

relatively straightforward. The technical requirements of Corollary 4.7 force us to
consider regions Qgé (o) for positive o, see (1-16).
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Lemma 4.9. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Let Q5 denote the region {(p, Dlpo<p=<pi,lz| < %} Suppose that
M is also radially monotone at py. For every p; > max{pg, Ry}, € >0, o > 0, and
1 < p < 2 there exists a § > 0 such that if the ADM mass of g € M is less than 8,

then
(4-107) ||e|oc72ul _ 1||W]‘p(95(1)(0)) <e€.

Proof. By assumption, « — 2u is bounded and has bounded derivatives, although
we make no assumption on what these bounds might be. Thus, we have that e/* =2
is Lipschitz. As in Lemma 3.3, we get

(4-108) / Velr=2 — 1P < / |V (o = 2u)| P12,
Qpp (@) Q0 (o)

Let r > 1 be such that rp < 2. Applying Holder’s inequality to the above gives

1/r 1/r
(4-109) (/ IV(a — 2u)|”’) (/ e P'“—2“'> ,
2 (@) Q@)

where r’ is the conjugate exponent to r. In order to control the left hand side we
appeal to Proposition 4.2. In order to bound the right hand side we first note that

+
(4-110) QL (o) C (257 )
Thus
(4-111) / e ple2ul < f e Pla2ul,
(o) —J@n ),

We may apply Corollary 4.7 to the function r’ p(« — 2u) and modify Lemma 4.8 as
necessary in order to see that

(4-112) / ¢! Pla—2ul

Qe

is uniformly bounded for all m small enough. Thus, combining the two estimates
above shows that

la—2u| €
(4-113) Ve Lot oy < 3

for sufficiently small m. Similarly, for m small enough, we can show that

€

o —2u|
4-114) e N @gon < 3
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5. Proofs of the theorems

In this section we will apply the lemmas to prove the theorems stated in the
introduction. Most of the above lemmas analyzed functions over the rectangles Q5.
Now we move our focus to the cylindrical annuli

(5-1) 30 () = Q81 (0) x [0, 27),

see (1-15). Except for the final theorem, this change of focus doesn’t involve any
new difficulties.

Proof of Theorem 1.4: We first restate the theorem.

Theorem 1.4. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose that M is radially monotone at py and that for each metric in
M, we have

(1-19) A=B=0.

For every p; > max{pg, Ry}, € >0, 0 >0, and 1 < p <2 there exists a 6 > 0 such
that if the ADM mass of g € M is less than §, then

(1-20) 18 = Sms lwir @ ) <€
and
(1-21) g = Srellw1p@ft o)) < €

where 83 denotes the Euclidean metric in cylindrical coordinates, Sg> denotes the
Euclidean metric in the (p, z) plane, and q denotes the orbit metric of g in the
(p, 2) plane. ﬁﬁé (0) denotes the cylinder given in (1-15) and Qﬁf) (o) denotes its
orbit space.

Proof. Since we have assumed that A = B = 0, in order to show that g is W!?
close to dps for small ADM mass, we need only show that

(5-2) ”;023_2” - p2||W1-P(§g(l)((j)) <€
and

200 —2,
(5-3) e~ — 1||W1<P(§Z(1)(g)) <€

if the ADM mass is sufficiently small. For (5-2) this follows quickly from Lemma 3.3.
Demonstrating (5-3) is only a little more difficult.
As before, we see that

(5-4) / |62(a—u) _ 1|17 < / 20 — 2u|p62p(a—u).
oA o

1
0
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After applying Holder’s inequality to the above with some r > 1 such that rp <2

we obtain

1/r 1/r

(5-5) ( f 12(a — u)|’P) ( / e2rr <°‘—">) .
ok Q

In order to estimate the above, we first observe that

Pl
P0 P0

(5-6) 2( —u) =2u +2(ox — 2u).

We can now estimate the left hand term using the triangle inequality, Corollary 3.2,
and Proposition 4.2 for the exponent rp < 2. For the right hand side we have

(5-7) / eZpr’(afu) — f eZpr’ueZpr’(a72u)‘

Q5 o
After applying Holder’s inequality, we may use Lemma 4.9 and Lemma 3.3 applied
to 2pr'u and 2 pr’(a —2u), respectively, to bound the L? norm of e2@=2u Tn fact, in
the same way, for any fixed g we can bound the L9 norm of ¢>*~2* for all m small
enough, depending on pj, po, and g. For what follows, we pick g large enough,
depending on p. If we take the gradient of ¢>*~2* we get

(5-8) (€272 (2o — 2u) = 272 (V2u + 2V (a — 2u)).

We again use Holder’s inequality, Lemma 3.3, Proposition 4.2 and Lemma 4.9
to control the L” norm of Ve?*~24, O

Proof of Theorem 1.6: Let us first restate the theorem:

Theorem 1.6. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ro. Suppose also that M is radially monotone at py. For any constants € > 0,
o > 0, and p; > max{pg, Ry}, there exists a § > 0 such that if g € M and

(1-24) m(g) <4,
then
(1-25) |2+ € > volg(2) > Q2] — €

for any region 2 such that
(1-26) QC Q0 (o).

Proof. A quick calculation shows that the volume form of g in cylindrical coordinates
is

(5-9) pe® 3 dpdzdg.
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Thus, we have that
(5-10) [voly (Q) — 12| = ‘ / (@ _ 1) pdpdzdg
Q
< / |23 _ 1lpdpdzdg.
Gh
As we have done before, we can see that

(5-11) ﬁ
Q

We may now apply Holder’s inequality to the above in order to see that

1/p 1/p
(5-12) f |2a—3u|e'2“3”5</ |2a—3u|p) (f eﬂm') ,
Ql oOx S

Pl
L0 0 P0

where p and p’ are conjugate exponents and 1 < p < 2. We may use the triangle

inequality to make the estimate

€273 _1|pdpdzdp < /m 120 — 3ule!®* " p dp dz d¢.

Pl
0 P0

1/p
(5-13) </~ 200 — 3u|p> < lullwrr + 2/l = 2u|| 1.0
)
We may combine Corollary 3.2 and Proposition 4.2 to control the above. For the
exponential term, we use the estimate

/ / /
(5_14) el |20 —3u| < el |u|e2p |t —2u|

and Holder’s inequality once more to see that

12
(5-15) / ep/IZa—3u| < (62[’/|“|)1/2 (/ e4p’|a—2u> ‘
& B &

We now wish to apply Lemma 3.3 and 4.9 to the above to see that it is uniformly
bounded for m small enough, depending on p;, pg and p. Combining the two
estimates finishes the proof. ([

Pl
0

Proof of Theorem 1.7: Let us first restate the theorem.

Theorem 1.7. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose also that M is radially monotone at py. For any fixed axisym-
metric surface X, constant € > 0, and constant py > max{pg, Ry}, there exists a
6 > 0 such that if m(g) < 8, then

(1-27) 12 NQA(0)| +€ > Areag (TN QL (0) = |ENQ0 (0)] —e.
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Proof. Let s be a fixed curve in the (p, z) plane representing an axisymmetric
surface, which we will call 2. A calculation shows that the area form associated
with X is

(5-16) p os()e 2% 5|5 dt do.
Note that the Euclidean area form for X is

(5-17) pos(t)|slsdtde.
From Lemma 4.9 we deduce that for any € > 0

(5-18) e = pllyri (@ o)) < €

if the ADM mass is small enough. Now, the curve segment s N Q5 (o) is part of the
boundary of some region in £/: (o). Thus, we may use the trace inequality [Evans
and Gariepy 2015] to conclude that

(5_19) ”peOZ—ZM - IOHLl(stﬁ(l)) < €.
This proves the theorem. O

If the family Jl is area enlarging everywhere, then we also have a stronger lower
bound on the area of axisymmetric surfaces than the one given above.

Proposition 5.1. Let g be an axisymmetric metric. Let (p, z, ¢) be the cylindrical
coordinates for g, let dps be the flat metric in cylindrical coordinates, and let & be
a C! axisymmetric surface. If g is area enlarging, then we have

(5-20) Areag(X) > Areas_; (X)

Proof. Let ¥ be a C! axisymmetric surface. Let s(z) be the C' curve in the (p, z)
plane which, when revolved around the p-axis, gives . We get the following map

(5-21) (t,9) = (s(1), $)

from I x [0, 27r) to X. Let A, denote the area form of the surface with respect to the
metric induced by g, and let As,: denote the area form induced by the background
Euclidean metric. Then using (5-16) and (5-17) we see that

(5-22) Ag=e""MA 5

In coordinates, the area enlarging condition is equivalent to the nonnegativity of
o — 2u. Thus, we know that ¢*~2* is greater than 1. The result now follows. [

We may combine the well known Penrose Inequality with the above proposition
to constrain the location of outer most minimal surfaces.



STABILITY OF THE POSITIVE MASS THEOREM FOR AXISYMMETRIC MANIFOLDS 125

Corollary 5.2. Let MM be a family of uniformly asymptotically flat metrics with
nonnegative scalar curvature. Suppose JM is either radially monotone or area
enlarging. Let g be a metric in M and X be the outermost minimal surface. If X is
axisymmetric and topologically a sphere, and

(5-23) m(g) <m,

then

(5-24) ® C p ([0, 2v2m)).
Proof. Let

(5-25) po =max{p: (p,z) € X},

let xo be a point in ¥ point at which p attains the maximum pg, and let [xo] denote
its orbit under the killing field. From the Penrose inequality, we know that

| Areay (%)

Since ¥ is axisymmetric and topologically a sphere, it must be represented in the
(p, 2) plane by a curve y which intersects the axis of symmetry twice. In particular,
y must emanate from the axis, then touch the point [xo] and then make its way
back to the axis. Let Dy, denote the disk represented by a line connecting the axis
to the point [xg]. Since this disk has minimal Euclidean area among axisymmetric
surfaces with boundary [x], we may conclude that

(5-27) Area3R3 (%) > 2Area(;R3 (Dy,) = 271,03.

Thus, combining the Penrose inequality with the above and the area enlarging
inequality (5-20) gives

L0
5-28 m>——. O
(5-28) 272

If the metric g in the above has positive scalar curvature, then it is a well known
result that the outermost minimal surface must be a sphere. The author does not
know if in an axisymmetric metric an outermost minimal surface must also be
axisymmetric, though it does seem plausible.

Proof of Theorems 1.8 and 1.9.

Theorem 1.8. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose M is also radially monotone at py. Additionally, assume that
A = B = 0 in the coordinate representations of the metrics under consideration.
Suppose we are given € > 0, o > 0, and p; > max{pg, Ro}. There exists a constant
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6 > 0 such that if m(g) < § and x and y are any points such that the Euclidean line
segment connecting them lies in Q0 (a) x {¢o} for any ¢y, then

(1-28) do(x,y) <d(x,y) +e.

Proof. We use the extension theorem for Sobolev functions, appearing as Theo-
rem 4.7 in [Evans and Gariepy 2015]. Following the notation of [Evans and Gariepy
2015], if we let U = Q53 (X), V =200 (), and p = 1, then we may see that there
is a constant K, depending on Qﬁé (0), and extensions of the functions ¢*™* — 1,
also denoted e*™* — 1, such that

(5-29) e ™ = Uiy < K 1™ = a2 o)

In order to obtain an upper estimate for d, (x, y), it suffices to estimate the length
of one curve connecting the points x and y. Let y,, denote the Euclidean line in
Qi (o) x {¢o} connecting x to y parametrized by Euclidean arc length In orbit
space

(5-30) Yay (1) = (2, (1), ¥, (1)),

Every such curve lies on the boundary of a square of side length the diameter of
Qﬁé (o). All such squares are rotations or translations of each other. Thus, there
exists a single constant C such that if 2 is a square with side length the diameter
of 0} (o), then the trace inequality holds with constant C:

(5-31) lollpiee) < Cllollyiig)-

Let /,(y) be the length of y as measured in the metric g. Then we have

d(x,y)
(5-32) lo(y) = / el@—woy ) g4
0
We now use the trace inequality [Evans and Gariepy 2015] to see that
d(x,y)
633w Lo [ 1O~
0
= 1 =1 = Clle* ™ = iy,
a0

where y lies on the boundary of 2. Furthermore, we have

(5-38) e ™ — Uy < 1™ = Hyiee) < KIe"™ = i o)
We may now use Theorem 1.4 to conclude that

(5-35) ld(x, y) =l (y)l <€

for small enough ADM mass. (]
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Very similarly, we can prove a pointwise upper bound on d,(x, y) for more
general x and y in Q).

Theorem 1.9. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ry. Suppose also that M is radially monotone at py. Additionally, assume
that A = B = 0 in the coordinate representations of the metrics under consideration.
Suppose we are given € > 0 and o > 0 and points x and y such that the Euclidean
line segment connecting them lies in ﬁg(‘) (0). There exists a constant § > 0 such

that if m(g) <6, then
(1-29) de(x,y) <d(x,y)+e.

Proof. As before, let y be the Euclidean line connecting x to y. Then we have that
(5-36)

40 2 N2 N2 2 2 N2
1l (Viy) — 1] 5/0 \x/e @0 (Y2 + (v)P) + vge 2 (vg)? — 1] dt.

Let

(537) 7 = a—u /__‘r_ /i 4 —u,,
- =e )/p )/Z aZ e y¢ .

Using the reverse triangle inequality, we observe that

(5-38) NZI =1 =1ZI=IY'11=1Z=Y'l,

where we are working with the Euclidean metric in cylindrical coordinates. Thus,
we may estimate the above integral by

d(x,y)
39 | V™ — D2 () + DD+ € = D2y () dr.

Using the triangle inequality and the bounds

(5-40) )7+ T <1,
and
(5-41) vyl <1,
we see that the above is bounded in turn by
d(x,y) d(x,y)
(5-42) /0 e @Y — 1] dt + /0 le™Y — 1| dt.

Let 7 be the projection of y to the (p, z) plane. y lies in the boundary of a region 2.
Since u and & don’t depend on ¢, we see thatuoy =uoy andaoy =aoy. We
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can now use the trace theorem, and then apply Theorem 1.4 as we did before to
show that for ADM mass small enough, we have

d(x,y) _ d(x,y) 5
(5-43) / le©@=°7 _ 1| dt + f le 7“7 — 1] dt <e. O
0 0

Proof of Theorem 1.10. We restate the theorem.

Theorem 1.10. Let MM be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ro. Suppose that M is radially monotone and that for all g € M we have

(1-30) A=B=0.

Let Ry > Ry and let A(Ry, Ry) denote the coordinate spherical annulus centered
at the origin. For any given 0 < 8 < 1 and € > 0 there exists a § > 0 such that if
g € M and

(1-31) m(g) <,
then
(1-32) g — O3 llcosacro.r)) < €-

Proof. Since we have assumed that A = B = 0, the proof will be established if we
can show that

(5-44) €272 — 1l concacry Ry < €
and
(5-45) le™" = 1llcosaro, k) < €

for small enough ADM mass. The above inequalities will follow if we can show
that

(5-46) lloe = ull co.pacry. ki) < €
and
(5-47) lullcosacr,.r) <€

for small enough ADM mass, where € depends on € above. Using the triangle
inequality, we see that it is sufficient to bound the C%# norms of u and « — 2u.
These bounds are the content of Lemma 5.3 and Lemma 5.7 below, respectively. [

Lemma 5.3. Suppose M is a collection of axisymmetric metrics with nonnegative
scalar curvature and empty boundary which is uniformly asymptotically flat outside
a ball of radius Ry. Let u be the function appearing in the axisymmetric coordinate
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representation of g. Let Ry be greater than Ry and A(Rg, Ry) be the spherical
annulus centered at the origin. For € > 0 and 0 < By < 1 there exists a § > 0 such
that if g € M and

(5-48) m(g) <8,
then
(5-49) lullcoscacro.ry) <€

Proof. Since we are working in the asymptotically flat regime, we have uniform
upper bounds on the C'(A(Ry, R1)) norms of the metric functions. From Lemma 3.1
we may bound the WLY2(A(Ry, R1)) norm of u. We now interpolate between these
two estimates to bound the W!¢ norm of u for arbitrarily large ¢. Specifically, we
write

R N L LIl G
A(Ro,Ry) A(Ro,Ry) A(Ro,R1)

We may do the same for the derivatives of u. In the end, we get the following
bounds:

2 _
(5-51) lally < ol lu) 252/
and

2 _
(5-52) IVull, < IVully I Vu) 5.

By assumption ||#||oo + [|[Vu]lco < C. Furthermore, by Lemma 3.1, we know
lullwi2a(r,.ryy) < € for sufficiently small m. Thus, we obtain the estimate

(5-53) lullwrg < C'3482/4,

We may now choose g large enough and appeal to the Sobolev embedding theorem
to get C%#0 bounds on u for By < 1. U

Remark 5.4. It is important to note that we didn’t use the hypothesis of radial
monotonicity in the above. We only need radial monotonicity to control o — 2u.

We will try to produce similar uniform estimates for o« — 2u. However, as before,
the process is harder. Whereas for u we started off with Wli)’cp (R3) control, for
’cp (IR%L) control. Even worse, the estimates we were able to
prove become weaker as we approach the axis {p = 0}, see Corollary 4.5. In order
to work our way around this conundrum, we must use the extra factor of p present

in integrating over By in R? to control the bad behavior seen in Corollary 4.5.

o — 2u we only have WIL
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Lemma 5.5. Let f be a measurable function on le. Suppose for each t we have
the estimate

€
(5-54) Lar=g

for some € > 0 and q > 0. Suppose o > q. Then, there exists a constant, denoted
C(o, q), depending only on o and q such that

(559) | i< ceae

Proof. Let t, =27"py and let 2, , , be the following rectangle:
(5-56) i = {1 < p < tar, 1212 51},

From the monotone convergence theorem we see that

5-57 o = o = 71 £].
(5-57) /Q%pm /Q%p|f| ;/ﬁ K

nstp—1
We now make the estimate
6 o— —_ —
(5-58) / I <10 =27 0oy e,
Q 1,

Inity—1 n

This gives a convergent series so long as o > ¢g. In total, we have the estimate
(5-59) [ i <o 0
QO.to

We now make use of the above lemma to control the W!:! norm of & — 2u over
the ball of radius R about the origin in R>.

Lemma 5.6. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is uniformly asymptotically flat outside of
radius Ro. Suppose that M is also a radially monotone family of metrics. For any R
and € > O there exists a § > 0 such that if g € M and

(5-60) m(g) <4,
then
(5-61) ||0(—2u||W1,1(BR) < €.

Proof. Let Dg be the two dimensional half disk of radius R about the origin. Then

(5-62) |a—2u|=27t/ ola —2ul.
Br Dg
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For some p > 0, to be specified later, we rewrite the above quantity as
(5-63) f o Fp T o — 2ul.
Dg

Let 1 < g < 2 and ¢’ be conjugate exponents. We apply Holder’s inequality to the
above to get

AV 1/q
(5-64) (/ p ) (/ p(1+u)q la — 2u|t1> )
DR DR

Choose p small enough that
(5-65) ug < 1.

We may pick large p; enough that Dg C Qg'. From Corollary 4.5 and Lemma 5.5,
we see that for some constant C(u, g, R),

(5-66) [ pla=2u = CGu.g. moe
Dpr
if m is chosen small enough. The same argument can be made for
(5-67) / pIV (o —2u)|. O
Dg

We now make an estimate on the uniform norm of o — 2u similar to Lemma 5.3.

Lemma 5.7. Suppose M is a collection of axisymmetric metrics with nonnegative
scalar curvature and empty boundary which is uniformly asymptotically flat outside
a ball of radius Ry. Let Ry be greater than Ry and A(Ry, R1) be the spherical
annulus centered at the origin. For € > 0 and 0 < B < 1 there exists a § > 0 such
that if g € M and

(5-68) m(g) <4,
then
(5-69) lloe = 2ullco.s(acry. Ry)) < €-

Proof. We imitate the proof of Lemma 5.3. As before, we write

(5-70) / | —2u|? < ||a—2u||go_1/ lo — 2u].
A(Ro,Ry) A(Ro,R1)
We also have

(5-71) f V(e —2u)|9 < ||V (e —2u) || 4! / IV (e —2u)|.
A(Ro,R1) A(Ro,R1)
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By the asymptotic flatness assumption, we know that
(5-72) llor = 2ulloo + I(@ = 2u) oo = C

For some C depending only on the uniform falloff in Definition 1.1. Thus, for any ex-
ponent g we can use Lemma 5.6 to control the Sobolev norm |[a — 2ul| w14 (a(ry. r,))
by the ADM mass. Using the Sobolev embedding theorem, we see that

!
(5-73) o — 2u||cop < Clla — zu“vé?,l(A(Ro,Rl))’

where 8 =1— %, the constant C depends only on the uniform falloff in Definition 1.1,
the region A(Rp, R;), and g. Now we can use Lemma 5.6 to control the uniform
norm « — 2u on A(Ry, Ry). O

6. Area enlarging case

We now show that all the theorems stated hold when we assume our family of uni-
formly asymptotically flat metrics is area enlarging and strongly uniformly asymp-
totically flat, instead of radially monotone. The only steps required are to prove a
lemma analogous to Lemma 4.4 and a proposition analogous to Proposition 4.2.
The main difference between the radially monotone case and the area enlarging one
is in the choice of function for Green’s representation formula. Instead of working
with Hy(x, y), we will use Hp(x, y) (4-2). We also focus on slightly different
rectangles,

L
(6-1) b, ={e.0:m=p=p 12125}

We now prove the first key lemma for the area enlarging and strongly uniformly
asymptotically flat case.

Lemma 6.1. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is strongly uniformly asymptotically flat
outside of radius Ro. Suppose also that M is area enlarging at py. For any p1 > po,
L > 0, and € > 0 there exists a § > 0 such that if

(6-2) m(g) <4,

then

(6-3) / |l —2u| < e.
QL | N{p=po}

POPL

Proof. Observe that if L > L, then

(6-4) / i |a—2u|2/ loe — 2u].
QL N{p=po} 3%, N{p=po}
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In order to take advantage of asymptotically flat conditions given in Definition 1.1
it we will often consider L sufficiently larger than max{L, Rp}. We will then use
the above inequality to relate any estimates we obtain back to our original situation.
Similarly, we will look at p; > max{p, Ro}.

If we write the area enlarging condition (1-11) in terms of the coordinate functions,
then we see that

(6-5) (@ —2u)(po, 2) = 0.

From this, it quickly follows that

(6-6) / |a—2u|=/ o —2u.
IR ﬂol’l N{p=po} 3950/)1 {p=p0}

In order to estimate the above, we once again take advantage of the fundamental
theorem of calculus to write

(6-7) i (¢ —2u)dz
QL - N{p=po}

P0h1 _ -
L2 3 D) L2
:/ / (“ ”)d dz+/~ (@ —2u)(p1, 2) dz.
00

—L)2 L/2

We may switch the order of integration for the integral on the right to get

L L2
(6-8) / p/ a(“ 2”’) dzdp.
po J-Lp2

As before (4-24), from Stokes’ theorem we get

i
(6-9) / G 2”)(p,z)dz

i
d(a —2u)

—/ Ae-wea- [
{p=s, |zI<L/2) {p<s,lal=L/2y OV

Taking the absolute value of the above and plugging it into (6-7) gives us the
estimate

L2
(6-10) /~ loe — 2u|
—L/2

pi
5/ (/ i |A(a—2u)|+/ ) ds)d,o
Po {p=<s, |z|=L/2} {p=<s,|z|=L/2}

in
+/ﬁ o — 2ul (51, 2) dz.
)

(e —2u)
0z

We now proceed to estimate the right hand side term by term.
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We start with the term

f1
(6-11) / / i
po J{p<s,|z|=L/2}

Using the asymptotic flatness condition, we estimate

d(a —2u)

dsdp.
0z sap

0 —2
(6-12) / e —2w) 4 < / T
{p<s, |zI=L/2} 9z {p<s, |z|=L/2} [(s, 2)]

Once more, a simple integration bounds the above by

6 C
(6-13) iy

L
Thus, we see that
o I —2 6mCp
(6-14) / / =2 o gp < O7EPL
po J{p<s,|zl=L/2} 0z L

We may bound

(6-15) /m (f ) |A(a—2u)|> dp
PO {p=<s, |z|=L/2}

by modifying Lemma 4.3 slightly to get

dm +4vV'L
(6-16) / |Ale —2u)| < HEEV M
{p<s,|zI=L/2} o

and then integrating. We see that

p1 _ -
(6-17) / (/ A~ 2u)|> dp < (4m +4+v Lm) 1Og(ﬂ)_
£0 {p=<s,|zl=L/2} £0

Finally, we must bound

L2
(6-18) / loe —2ul(p1, 2) dz.
L2
Oddly enough, this turns out to be the most delicate estimate, and the point where
we need our extra assumption on the asymptotic falloff of the function «. From
Lemma 5.3, we know that the C%# norm of u is controlled by m. Recalling (5-49),
we see that there is a constant € (01, m) such that

L2 _
(6-19) / lu(p1, z)|dz < Lé(m, py).
-L)2
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Again, looking at Lemma 5.3, we see that for fixed p;

(6-20) lim €(p1, m) =0.
m—0
From the extra assumption on the asymptotic falloff of «, we see that
L2 L2 C
(6-21) / la (o1, )l dz < / e dz = C(O (),
_ip —ip (o1, 2|

where C(7) is a constant depending only on 7. We may put all of this together to
see that

L2
(6-22) / loe —2u|dz

= ) 6xCp ~_ -
5(4m+4\/Lm)log(%)+ ”z‘” +LE(s, m)+C) (B
0

By choosing p; and L to be as large as necessary and choosing m to be as small as
necessary, we see that the above quantity can be made as small as we desire. [

The following corollary to Lemma 6.1 is analogous to Lemma 4.8.

Corollary 6.2. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is strongly uniformly asymptotically flat
outside of radius Ry. Suppose also that M is area enlarging at pg. Let

L
2, ={e.0lmzpzo =3} and (@F,)0={xeR, 140 020 > o).

Then form >0, o >0, L > Ry, and p1 > Ry there is a constant C(t, m, o, L, p1, po)
such that if g € M and the ADM mass of g is less than m, then

d(a—2
(6-23) sup  exp (/ Hp(x, y)u(y)‘ +
X€(Qb0))o 020y

ov

oH

(@ =200 D(x,y)‘dy)
V

<exp[C(zr,m, 0, L, p1, po)],

where T is the constant appearing in (1-33) and C(, T, m, o, L, py, po) is a constant
depending on t, m, o, L, p, and py.

Proof. Much of the proof remains the same as it was in the radially monotone case.
The only difference is that we need to estimate

(6-24) f loe — 2u],
Q% N{p=po}
instead of
o —2
(6-25) / da—2u))
09k, Nlp=po}| OV
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This we did in Lemma 6.1. O

We now estimate the W!” norm of o — 2u. Using the function Hp instead of
Hy complicates our estimate of |V (e — 2u) || Lr@L ) We resort to shrinking our
. . 0P1
region a bit.

Lemma 6.3. Ler M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is strongly uniformly asymptotically flat
outside of radius Ry. Suppose also that M is area enlarging at py. For any p1 > po,
L,1<p<2,0>0,ande > 0thereisaé > 0 such that if g € M and

(6-26) m(g) <34,

then

(6-27) llor = 2ullwrr (s, o) < €

Here

(6-28) Qo ={reQ  :dx QL )=0}.

Proof. We may estimate the L” norm of « — 2u much as we did in Proposition 4.2.
We once again consider L > L and p; > pg. As before,

(6-29) loe —2u|?
L, )o
dHp d(a —2u)|\?
<C(p) @-2) 2| [y
(Q:%OPI)” Q/L70:51 dv av
p
+ (/  |HpA(x —2u)|> dx.
QL .
P01
On 89%0 P {p = po} we have the following bound on the boundary terms

24Cp, N 3CL +24C/5110g(2\/L2+,512)

nLIL—L| mp1lp1— pil wL? -
N 3CLlog(VL?+ p?)

~2
0}

(6-30)

Using the proof of Lemma 6.1 for terms on 89/%0'51 N{p = po}, we have the estimate

(6-31) % ((4m +4v/Lm) log(%> + 6”;‘)‘ FPE(. m)+ C(t)(ﬁl)_’).
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If we let 5; = L/, then we may see that we may pick L large enough and m small
enough to ensure

€
(6-32) llor = 2ull Lot o) < 5

If we differentiate Green’s representation formula with Hp we get
dHp d(a —2u)
(@ =2u)Vy| —— | = Vx(Hp(x, y)) ——F——dy
Ql av av

£0P1

(6-33) V(ot—2u)(x)=/

9

L R AT AR N

Q/’oﬁl

On 89%0/31 N{p = po} the above expression is particularly difficult to work with.

The issue is that we cannot integrate

OH 1
v [ Z2) ~ -
v lx — y|

for x near the boundary, and so we cannot complete the estimate of ||oc — 2u || yy1.»
in the same way we proved Proposition 4.2.

As we have done before, we take the absolute value of both sides and raise the
result to the power p and then integrate to see that

(6-34)

(6-35) i |V (o —2u)|?

L
@k )

is bounded above by

(6-36) C(p) / (f .
QL e \JIQL

POPL 0P

9H
(@ —2u)V, =2
ov

d(a —2u)

V.H
av x D

+

p
dy)

p
+(f |A(oz—2u)VxHD|dy) dx.
L

P01

We once again split the first term into the following two pieces:

i
(6-37) 982, 5, — {0 = po}
and

L —
(6-38) 382, 5 N{p = po}.

Both pieces are relatively easy to estimate. For the first piece the estimates are
similar to the above.
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As was noted earlier, the gradlent of Vx isn’t integrable over QL popy fOT Y In

BQ/L)M N{p = po}. However, Vx is much better behaved away from dQ~

We now attempt to estimate

POL1 "

b P
(6-39) / (/ o |(x— dy) dx.
(SZ% Pl) 8S250ﬁ1
As we did before, we split GQ/L:Oﬁl N{p = po} into
(6-40) 0%2L 5 N{o = po. Izl < L}
and
(6-41) 02,5, 0 {p = po. I2] > L}.

We start with the piece (6-40). We may use Minkowski’s integral inequality [Folland

1999] to see that
p 1/p
D dy) dx)

oo ([, (L
@k )0 \JoRL S N{p=po. I21=L)

POP1

is bounded above by

8HD p 1/p
(6-43) / ) | —2u|</ V—— dx> dy.
9QL ; Nlp=po, l2I=L) @, )01 OV
We now estimate
0Hp|?
(6-44) \% dx
QL , o v
fory in 92, ; N{p = po. Iz| < L}. Both 9Q2f 5 N{p = po. Iz| < Ly and (25,)0
are contained in Q%Lpl Thus, if we let rg be the diameter of Q2L bop1® then for all
ye 8950/01 N{p = po, |z| < L} we have
dHp|? P

645 [ wiel < | B S

@001 OV BO.ro\B(y,0) TP 1X = V[P

POPL

ro
=3”711_p2/ Cr=2Ptlar=C(p, L, p1,0).
o
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Thus, we may see that

p 1/p
(6-46) ( f ( / _ dy) dx)
QL g a2 {p=po, |z|<L}

POP1 1L70/51m
<Cp. L. pl,a)l/f’/ o — 2.

L _
anﬁlm{p—pO’ |z|<L}

oHp
(¢ —2u)V——=
av

Over (6-41) we have

(6-47) yhp|_ 12
ov |~ wL?
Thus, we have
9H p 1/p
(6-48) (/ (/_ m—zmv—£¢w>¢0
@t ), \JagL . nip=po, lzI>L} dv

POP1 POPL

12/)1 1/p
_ (12 _ (e —2u)|dy.
L aQLO N{p=po, |z|>L}

0P
For the last term in (6-36) we may use the Riesz potential estimate as we have done
before. Putting everything together gives us the result. ([

In fact, the steps required in the above proof give us a corollary analogous to
Corollary 4.5.

Corollary 6.4. Let M be a family of axisymmetric metrics with nonnegative scalar
curvature and empty boundary which is strongly uniformly asymptotically flat
outside of radius Ry. Suppose M is area enlarging as well. Forany L, p;, 1 <p <2,
and € > O there exist a § > 0 such that if g € M and

(6-49) m(g) <4,
then

1 P
(6-50) / |a—mw<ﬂﬁ%@—

Q/%()431 0
and
1 P
(6-51) / |vm—mmﬂgﬂﬁ¥@<
Qﬁoypl 0

Proof. The proofs of (6-50) and (6-51) are similar. We only prove (6-51). Observe
that

L+o
(6-52) o C (o 10))o-
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In particular, we see from the estimates in the above theorem that

(6-53) / V(e —2u))? < / V(e — 2u))?
QL

(QL-HT

20001 po(p1+o))"

is bounded above by
5 p
(6-54) C(p, L, p1, o)[(4m + 4V Lm) log(&) +D(m, L, p1, r)}

£0

4m +4Lm
0

where C(p, L, p1, 0) is a combination of the constants found in (6-46) and (6-48),

D(m, L, 01, T) is the remainder of (6-22), E(p, L, p1) comes from the Riesz po-

tential estimate, and F(p, L, p1) is the bound on the remaining boundary terms

estimated in (6-36). A simple calculation shows that for 1 < p < 2

~ p ~
+E(P,L,/51)( ) + F(p, L, p1),

(6-55) C(L,p1,0) <C(p)o~7,
since 2 —2p > —p. For p =1, we have
(6-56) C(L, p1,0) =C(L, p1)log(o).

If we plug the above into (6-54) with o = py, then we may see that choosing L and
o1 large enough, and choosing mass to be small enough gives the result. (]

We may now prove a theorem analogous to Proposition 4.2.

Lemma 6.5. Let M be an uniformly asymptotically flat family of metrics with
nonnegative scalar curvature and empty boundary. Suppose that M is area enlarging.
Let Q/L)opl denote the rectangle given by {(,0, Dlpo=<p=p1lzl %} and let
(Q;L;Opl)a denote {x € Q/L)om | d(x, 852/1;0/)1) >0} Forany 1 < p <2, o >0,
po > 0, and € > 0 there exists a § > 0 such that if g is in our collection of
uniformly asymptotically flat metrics, the ADM mass of g is less than §, and, in the

axisymmetric coordinate representation of g then
le—2u|
(6‘57) ”e 1||Wl,p((g2§0pl)a) <€

Proof. The proof follows the same line as in the radially monotone case, except
we use Lemma 6.3 instead of Proposition 4.2. It can be shown that Corollary 4.7
can be adapted to the function Hp. Thus, we also use Corollary 6.2 instead of
Lemma 4.8. ([

Now that we have analogues of all the estimates we made in the radially monotone
case, the proofs of Theorems 1.4, 1.6, 1.7, 1.8 and 1.10 follow almost exactly as
they did in the radially monotone case. The only theorem whose modification to the
area-enlarging case requires a little care is Theorem 1.10. Since Corollary 6.4 has a
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slightly different hypothesis than Corollary 4.5, we must show that the conclusion
of Lemma 5.5 holds with a slightly weaker hypothesis.

Lemma 6.6. Let f be a measurable function on Qé - Suppose for each t we have
the estimate

(6-58) [ = et

14

for some € >0, q >0, and q. Suppose o > q. Then, there exists a constant, denoted
C(o,q,q), depending only on o, q, and q such that

(6:59) [ o1 = coa e

Proof. As before, let t, =27"p; and let €2, , , be the following rectangle.

(6-60) pirr = [tn=p <t Iz = 5

From the monotone convergence theorem we see that

6-61 e = 21 fl.
(6-61) /Q%pm ;/Q 1]

In—1
We now make the estimate

ellog(t,)]4
q

n

(6-62) / Pl =1, =27p] 71279 "log(2~" p1)|e.

nstp—1

This gives a convergent series so long as o > ¢, where we have used thatoc —g =A >0
and

(6-63) lim ;27" |log(p127")*/* = 0.
n—oo

In total, we have the estimate
(6-64) / p°1f1 <C(o,q,q)e. O
QO,IO

Now we can show that Lemma 5.6 holds in the area-enlarging case and so
Theorem 1.10 also holds in the area-enlarging case.

Appendix A: The case of nonempty boundaries

Recall that it is physically desirable to explicitly include manifolds with minimal
surface boundary, since we shouldn’t expect to have any physical knowledge of
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the metric inside of a minimal surface. It is possible to deduce the following mass
formula for axisymmetric manifolds with connected boundary [Khuri et al. 2019]:

mo

(A-1) m(g):#/ 2|Vﬁ|2+e2(“_“)Rgdx+}1/ @(0, 2)—2i(0, z) dz+my,
R3

—mo

where o and u are regularizations of the coordinate functions « and u, respectively,
and mg is a positive constant determined uniquely by the metric g. Explicitly, the
functions o and u are given by

(A-2) U=u—ugp,
(A-3)

Qi

=a —op.

where o and u( are the coordinate functions associated to the Schwarzschild metric
of mass mq in Weyl coordinates, coordinates in which the minimal surface is given
by a rod of length 2m:

. (VT + e —mo)2 + Vo2 + @+ mo)?)’ — 4m?

(A-4) ) =51
4 p? + (2 =mo)*V p* + (2 +mo)’

' V24 (2 —mo)? + v p? + (2 +mo)*> — 2my

(A-5) up = 5 log .
V% + (2 —mo)? + v p? + (z +mo)? +2mg
Chrusciel and Nguyen [2011] have shown that the constant m is bounded by

(A-6) m(g) = mo.

given the hypothesis of the positive mass theorem. We have the following theorem:

Theorem A.1. Let M be a family of axisymmetric uniformly asymptotically flat
metrics with nonnegative scalar curvature. Suppose that M is either area enlarging,
with the corresponding stronger asymptotic falloff, or radially monotone. Addition-
ally, we allow any (M, g) in MM to have a connected minimal surface boundary. In
this case, we use the cylindrical coordinates for which the minimal surface is a rod
on the axis of symmetry of length 2m centered about the origin, and we assume
(M, g) satisfies the following inequality on its minimal surface boundary:

o
(A-7) %/ a —2i(0, z) dz +mo >0,

—mo
where o and u are as above. Then, for any € > 0 there exists a § > 0 such that if
(M, g) isin M and m(g) < 8, then
(A-8) llg — Ops ||W1,p(§§(1)(g)) <€
(A-9) g — dpe ||WLP(QI'Z(])(O')) < €.
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Remark A.2. It is important to note that in the case of a nonempty boundary, we
have had to specify the cylindrical coordinates for which the boundary is on the
axis. Then, the radial monotonicity and area-enlarging inequality are stated with
respect to these coordinates. These conditions are geometric, since in choosing
the boundary to be on the axis, we have removed any freedom in the choice of a
conformal transformation.

Proof. In Weyl coordinates, with the boundary of the manifold represented as a rod
on the axis, we see that for any fixed parameter pp > 0, we have that the functions
and ug, and their gradients, converge uniformly to zero on ,o_1 [pg, 00) as my — O.
It thus follows that on any compact set away from the axis, say €2, we have

(A-10) loollwi2@) — 0,
(A-11) luollwiz@y — 0,

as mg — 0. Finally, we recall that m > %mo [Chrusciel and Nguyen 2011]. We
now have all the ingredients necessary to extend the proofs of this paper to the case
of manifolds with boundary. Note that an analogue of Corollary 3.2 holds for u
by the mass formula (A-1) and (A-7). Thus, we may use the Cauchy—Schwartz
inequality to show that

2 2 i)
(A-12) ||u||W1‘2(Q/€(1)) < 2(|Iuo||W.,z(Qgé) + ||u||W.,z(Qg(n)))

is bounded by the mass. At this point, the rest of the proof is the same as in the
case of empty boundary. ([

As we see in the next section, the nonextreme Kerr—Newman metrics satisfy all
of the conditions in the above theorem strictly. Thus, small perturbations will also
satisfy these conditions.

Appendix B: Examples

Kerr—-Newman. In this section, we show that the Kerr—-Newman family of metrics
satisfy the radial monotone condition and the area enlarging condition, and (A-7).
This is done by a direct calculation. We take the familiar Brill-Lindquist coordi-
nates and transform them into cylindrical coordinates. Unfortunately, the simple
expression of the Kerr—-Newman metric in Brill-Lindquist coordinates becomes
rather complicated when it is written in cylindrical coordinates. The procedure itself
is uncomplicated, since there is an explicit map between these two coordinates. The
change of coordinates depends on the charge, angular momentum, and mass of the
Kerr—Newman metric. Once the map has been constructed, we use the expression
for the metric in Brill-Lindquist to write down the expression for the metric in
cylindrical coordinates.
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We now describe in detail the coordinate change from Brill-Lindquist coordinates
to cylindrical coordinates and write down the exact formula for the metric functions
u and «. It is convenient to introduce a third coordinate system between Brill—
Lindquist and cylindrical. We shall use the prolate-spheroidal coordinates. We
will first consider the map from prolate-spheroidal coordinates to Brill-Lindquist
coordinates, and then pull back the metric. Let a denote the angular momentum
parameter, let e denote the charge parameter, and let m denote the mass parameter,
then, in Brill-Lindquist coordinates, the Kerr metric takes the form

(B-1) g= % dr’ + o do* + Sirl;&[(r2 +a*)? —a*sin’(0)y (r)] do*
for

(B-2) y(r) =r? =2mr +a*+¢*

and

(B-3) o (r,0) =r?+a”cos*(0).

The map from prolate spheroidal coordinates (x, y, ¢) to Brill-Lindquist coordi-
nates (r, 6, ¢) is given by

(B-4) r=xym?—(a’+e?)+m
(B-5) 6 =cos™'(y)
It turns out that the parameter m( appearing in Appendix A is given by

(B-6) mo = +/m? — (a% + e?).

The map from cylindrical coordinates to prolate spheroidal is, unfortunately, less
simple.

VP +mo? + Vo2 + (= mo)?

(B-7)
2mo
(B-8) _VPE 4 @+ mo)? =/ p*+ (2 —my)?
' 2m0

One may observe that the minimal surface in the Kerr—Newman metric is a rod on
the p axis.

We now pull back the Kerr—Newman metric twice to obtain the formulas for the
functions u and « in cylindrical coordinates. The end results of this process are the
following formulas:

(1—yz)([<mox+m)2+a2]2—a2m3[1—yz][xz—ll)]

] _ 1
(B-9)  ulp,2) zlog[ p2([mox +m]2+a2y?)
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(mox + m)2 + a2y2

m(x2 — y?)

(B-10) a(p,z)=%log[ }-Iru(p,z)-

When written entirely in terms of (p, z), these two equations are very cumbersome.
Luckily, for the purpose of verifying the radial monotonicity condition and the
area enlarging condition, writing everything in terms of (p, z) turns out to be
unnecessary.

Proposition B.1. Nonextreme Kerr—Newman metrics are radially monotone in the
coordinates for which the minimal surface is a rod on the axis.

A straight forward calculation shows that

0 0 B )
— = xX——y—|.
o (p2+<z+mo)2)1/2<p2+(z—mo>2>1/2( ox oy

Thus, we see that

o —2u) K
(B-12) T—f(P,Z)(Xax yay)
X [(mox +m)* +a*]* — a’m3[1 — y*|[x? — 1]
x§10g< 4.0 2 2 >’
my(x= —1)(x= —y)

(B-11)

where f(p, z) is the nonnegative function appearing in front of the derivatives in
(B-11). Since f(p, z) is nonnegative, we may restrict our analysis to the second
term on the right. Taking the derivatives and collecting terms leaves us with
4mox (mox +m)[(mox +m)? +a*] —2a’m3x*(1 — y?)
[(mox +m)? + a2 — a?m{(1 — y2) (x2 — 1)
232 = 1) + (x> — %))
(x2 = D (x2 = y?)
[ 2612141(2)(x2 — l)y2 n 2)’2 ]
[(mox +m)? +a?? —a?md(1 —yH)(x2—1)  x2—y2]

(B-13)

The third term in brackets is nonnegative, so we must analyze the interplay of the
first two terms.

We expand
2x2((x2 = 1)+ (x2 = y?)
(B-19 (x2 = D(x2 —y?)
to
2x2 2x2
(B-15)

+ .
x2—1 x2—y2
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From the range of values that x and y can take, we may deduce that the denominators
of both fractions are smaller than x2. Thus, we have

2x2 2x2

B-16
( ) xz—l—{_xz—y2

> 4.

We now observe that
(B-17) [(mox —l—m)2 +a*7? —azm%(l —yz) (x2 —1) = (mox +m)4+a2(m0x +m)2.
As a consequence, we have that

Amox (mox +m)[(mox +m)* +a?] — 2a2m%x2(l — y2) -
[(mox +m)? + a2 —a?mi(1 — y)(x2 — 1) -

(B-18)

Putting everything together shows that
d(a —2u)
— <

(B-19) o

0.

Luckily, showing that Kerr—Newman metrics satisfy (A-7) follows quickly from
the above expressions for « and «. In fact, one may check that @ —2u is nonnegative
on the rod giving the minimal surface.

Proposition B.2. Let g be a nonextreme Kerr—Newman metric, and let & and u be
as described above. Then, we have that

(B-20) (¢ —2u)(0,z) =0,
for |z| < my. The inequality is strict, unless g is a Schwarzschild metric.

Proof. Once again, the proof consists of a calculation. Using the above expressions
for o and u coming from a Kerr—Newman metric, we see that

22200 22
(B-21) 51—21/_t=%log|:([m0x +m]°+a”) a my(l —y“)(x 1):|

mé(x—i— )4

In prolate spheroidal coordinates, the minimal surface rod is given by

{(x,y,¢) :x=1].
Thus, the above simplifies to
(Imo +m]* +a2>2]
B-22 1o .
( ) 2 g[ 16mg

Since m > mg and a > 0, it follows that the above is nonnegative, and only zero in
the case that the metric g is Schwarzschild. ([l
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It is interesting to explore some of the geometric meaning behind the condition
of radial monotonicity. In coordinates, radial monotonicity implies that

o(a—2

o —2w) _
ap

Recall from the proof of Proposition 5.1 that the coordinate function o —2u controls

the area of axisymmetric surfaces. Thus, it is reasonable to suppose that the radial

monotonicity condition is an assumption on the mean curvature of the level sets

of the function p, which is the solution to (1-10). It turns out that this is the case,
although in a slightly round about way.

(B-23) 0.

Proposition B.3. Suppose that g is an asymptotically flat axisymmetric metric and
p is the solution to (1-10) for g. The metric g is radially monotone if and only if the
level sets of p form a family of surfaces evolving by a sub-inverse-mean-curvature

Sflow.

Proof. Let n denote the killing field generating the axisymmetry of (M, g). We
start by observing that we may lift any function w on M/S! to a function on M,
which we also denote w. When considered as a function on M we have

(B-24) gVw,n) =0,

since we lifted w by transporting it along the flow lines of 1. Let g denote the orbit
metric of M/S'. Recall that

g(X,mg¥,n)

(B-25) g(X,Y)=g(X,Y)— >
Inlg

where X and Y are the images of X and Y under the projection map, respectively.
From the above, we may conclude that for any two functions w and & on M/S' we
have

(B-26) q(Vw,Vh)=g(Vw, Vh).

We have abused notation slightly in using V to denote both the gradient in (M /S, ¢)
and in (M, g).

It is a standard computation to see that the mean curvature of the level sets of p
is given by

. Vp
(B-27) H = dwg( )
IVplg

We expand out the right hand side to get

\Y% Vo, VIV
(B-28) divg< p ) __1 (Agp _ w)
IVplg IVpelg Vol
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We now use Equation (1-10) for p to rewrite the above as

1 (&(Vp,VinD g(Vp,VIVpl)) 1 ( Inl )
B-29) ( — = Vp,Vio .
( Vol In| IVp| A 21vpl

From axisymmetry, |V p| and |7| are functions on M/S'. In particular

|n] |n]
(B-30) g<Vp, V log ) = q(Vp, V log .
Vol Vol

Recalling the radial monotonicity condition (1-17) and noting that log is a monotone
increasing function, we see that

(B-31) q(Vp, Vlog<i)) <0,
pIVpl

since in the orbit space M/S' we have

2
Vp.
q

We may plug (B-29) and (B-27) into (B-31) to see that

a a

B-32 — ==
(B-32) o~ |9p

Inl
(B-33) 0> q<Vp, V10g<m)) —q(Vp,Vlogp)=|Vp|H—|Vp||Vlogp|.

Dividing both sides by |V p| and rearranging terms gives
(B-34) |Vlogp| > H.

The above equation is precisely the statement that the level sets of p give a sub-
inverse-mean-curvature flow. ([

It is relatively easy to see that if a metric is radially monotone everywhere, then
it must also be area enlarging everywhere. In particular, the following proposition
implies that Kerr—Newman metrics are area enlarging.

Proposition B.4. Let g be an asymptotically flat metric which is everywhere radially
monotone. Then g is everywhere area enlarging.

Proof. Since g is assumed to be globally radially monotone, we have

d(a —2u) <0

(B-35) o

As g is asymptotically flat, we know that

(B-36) Jim (@ —2u)(p, 2) =0
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for all z. Thus, using the fundamental theorem, we may see that

(B-37) 05—/ M(p,z)dp=((x—2u)(po,2)-
0 o

This is precisely the coordinate expression of the area enlarging condition. U

We now find several examples of metrics which are area enlarging and strongly
asymptotically flat.

Axisymmetric geometrostatic. Here we show that the axisymmetric geometrostatic
metrics are area-enlarging and strongly asymptotically flat. Recall that the general
form of a geometrostatic metric is

(B-38) (M, g) = (R\{x: ¥, (x¥)*8s),

where for positive numbers {g;}| and {b;}] we have

n a;
(B-39) x(x) =1+ ; T
and
(B-40) ()—1+Xn: bi

' VOSIT LT

If the points {x;} lie on a common line, then the resulting metric will be axisymmetric.
The axis of symmetry will be the line on which the x; lie. After a rotation, we may
suppose that the axis of symmetry is the z-axis. We may now see that the usual
Euclidean cylindrical coordinates are also cylindrical coordinates for (M, g). In
particular

(B-41) g = (x¥)’(dp* +d* + p*dg?).
A quick calculation shows that the coordinate function « vanishes and
(B-42) u=—log(xy).

Since both x and y are strictly larger than one, we see that u is negative. Since
a =0, it is clear that

(B-43) o—2u>0.

This is precisely the coordinate expression of the area-enlarging condition. That
(M, g) is also strongly asymptotically flat follows trivially from the fact that @ = 0.
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Conformal metrics. Here we show that asymptotically flat axisymmetric metrics
with nonnegative scalar curvature which are conformal to Euclidean space and have
an axisymmetric, minimal, and connected boundary, or an empty one, satisfy the
area enlarging condition and the strongly asymptotically flat condition.

Suppose (M, g) is as above. Then there is some constant m; [ChrusSciel and
Nguyen 2011] and function u such that

(B-44) (M, g) = (R*\ By, (0), e *8p3).
Written in cylindrical coordinates
(B-45) g =e (dp*+dz?) + pe M d¢?

Since 9 B,,, is a minimal surface, from the formula for mean curvature we see that
[Chrusciel and Nguyen 2011]

u 1

(B-46) =—.
avlaB,, — my

Since we have assumed that the scalar curvature is nonnegative, we may use the
scalar curvature formula (2-2) together with the Hopf lemma and the maximum
principle to conclude that

(B-47) sup u =supu.
BI‘O\BH‘II aBI‘O

Since we know from the fact that g is asymptotically flat that # vanishes at infinity,
we may conclude that

(B-48) u =<0,

and consequently (M, g) satisfies the area enlarging condition (1-11). In fact, if we
apply the strong maximum principle, we may see that

(B-49) u <0,

unless we are dealing with flat space. Since « vanishes identically, we see that
(M, g) is also strongly asymptotically flat.
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INDEX ESTIMATES FOR FREE BOUNDARY
CONSTANT MEAN CURVATURE SURFACES

MARCOS P. CAVALCANTE AND DARLAN F. DE OLIVEIRA

We consider compact constant mean curvature surfaces with boundary im-
mersed in a mean convex region of the Euclidean space or in the unit sphere.
We prove that the weak Morse index is bounded from below by a linear
function of the genus and number of boundary components.

1. Introduction

Let W be a Riemannian manifold with nonempty boundary such that its boundary
oW is a union of smooth hypersurfaces. Let M C W be a compact constant
mean curvature hypersurface such that M intersects the regular part of 0 W along its
boundary in a right angle. It is well known that such hypersurfaces are critical points
of the area functional for variations of M that preserve the enclosed volume and keep
the boundary freely on d W. We recall that the variations allowed of M are variations
¢:(—e, e) x M — W whose immersions ¢, : M — W satisfy ¢, (int M) Cint W and
¢, (M) Cint OW for all t € (—¢, €); see [Ros and Vergasta 1995, Section 1]. These
hypersurfaces arise in many geometrical and physical problems and are referred as
free boundary CMC hypersurfaces (FBCMC hypersurfaces, for short). They have
been studied since the 19th century and still form a very active topic in differential
geometry. We refer the reader to the books of Finn [1986] and Lépez [2013] for a
nice introduction to this subject.

An important problem about FBCMC hypersurfaces is to classify those ones that
are stable, that is, whose second variation of the area is nonnegative for volume
preserving variations. For instance, in the case that W is a geodesic ball in a
space form, a well-known conjecture asserts that the totally geodesic ball and the
spherical caps are the only solutions. It was confirmed by Ros and Vergasta [1995]
and Nunes [2017] in dimension two, and more recently by Wang and Xia [2019] in
any dimension and also for capillary hypersurfaces. Other results on stable FBCMC
hypersurfaces can be found for instance in [Ainouz and Souam 2016; Athanassenas
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FAPEAL-Brazil (14/2016).
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1987; Barbosa 2018; Choe and Koiso 2016; Li and Xiong 2017; 2018; Lépez 2014;
Ros 2008; Ros and Souam 1997].

When M is a stable FBCMC surface immersed in a mean convex region W C R?,
Ros [2008, Theorem 9] showed that there are just a few possibilities for the genus
and the number of boundary components of M (see Corollary 1.2 below).

When M is not stable, there is a Schrodinger operator L associated to the second
variation of the area which has nonzero weak Morse index (see Section 2 for precise
definitions). Geometrically, the weak Morse index of M is the number of directions
whose volume preserving variations decrease area. It will be denoted by Indy, (M).

The case of free boundary minimal surfaces is of special interest and the works
of Fraser and Schoen [2011; 2013; 2016] have motivated much research in this case.
For free boundary minimal hypersurfaces all variations keeping the boundary freely
in the boundary are allowed, not only volume preserving variations. In this setting
Sargent [2017] proved that if M is a free boundary minimal surface immersed in a
convex region W C R? then the index is bounded from below by (2g +k — 1)/3,
where g is the genus of M and k is the number of boundary components. In
[Ambrozio et al. 2018], Ambrozio, Carlotto and Sharp proved that it is valid in
weakly mean convex domains in R>. In fact, their results apply more generally
to domains in Riemannian manifolds with boundary satisfying suitable curvature
conditions. In higher dimensions, they also obtained lower bounds for the index in
terms of the dimension of the first relative homology group with real coefficients.
The technique presented in these results uses the coordinates of harmonic forms as
test functions and is inspired by previous works on eigenvalue estimates and index
estimates for minimal hypersurfaces without boundary; see [Ros 2006; Savo 2010;
Ambrozio et al. 2018].

Following these lines, in this paper, we obtain lower bounds for the weak Morse
index of FBCMC surfaces in weakly mean convex regions of the Euclidean space
or the unit sphere. More precisely, our results are the following.

Theorem 1.1. Let W be a region of R® such that its boundary is a union of smooth
weakly mean convex surfaces, and let M* be a compact, orientable, FBCMC surface
immersed in the mean convex side of W and whose boundary intersects the regular
part of OW. If M has genus g and k boundary components, then

Indy, (M) > %.

As an immediate consequence we obtain the result of Ros cited above:

Corollary 1.2 [Ros 2008, Theorem 9]. Under the conditions of Theorem 1.1, if M
is stable, then the only possibilities for g and k are

(1) g=0and k<4,
2)g=1and k=1or2.
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In the case of FBCMC surfaces immersed in weakly mean convex domains of S°,
the result reads as follows:

Theorem 1.3. Let W be a region in the unit sphere S such that its boundary is a

union of smooth weakly mean convex surfaces, and let M* be a compact, orientable,

FBCMC surface immersed in the mean convex side of W and whose boundary

intersects the regular part of OW. If M has genus g and k boundary components,
Indy, (M) > %.

Corollary 1.4. Under the conditions of Theorem 1.3, if M is stable, then the only

possibilities for g and k are

(1) g=0and k<5;
2)g=1and k <3;
B)g=2and k=1.

This paper is organized as follows. In Section 2, we present some definitions
and basic results to be used in the proofs. Section 3 is devoted to computing the
Jacobi operator of the test functions given by the coordinates of harmonic forms.
In Section 4, we present the proof of Theorem 1.1. The proof of Theorem 1.3 is
analogous and it is sketched in Section 5.

2. Preliminaries

Let us denote by W a connected domain of the Euclidean space R* which is not
necessarily compact. For simplicity, let us assume that W has smooth boundary
and fix a unit normal vector field v along each component of d W. We recall that
the second fundamental form and the mean curvature of 0 W with respect to v are
defined respectively by

I1°Y(X,Y)=(—Dxv,Y), forX,YeToWw,

and
HY =1wi®v,

where D is the Levi-Civita connection in the Euclidean space. Since the boundary
oW is orientable, at a point on W we have two choices for v, one pointing inward
from W and the other one pointing outward from W. From now on, we fix the vector
field v pointing outward from W. In this case, we say that W is weakly convex if
11?Y is nonpositive defined. If H°Y <0, W is said to be weakly mean convex.
Let x : M — W be a compact oriented surfaced with boundary which is properly
immersed, that is, x(M)NW = x (0 M). Fixing a unit normal vector field N along x,
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we denote by A the shape operator associated to the second fundamental form 11"
of M with respect to N, namely

AX = —DxN, for X € TM,
Y (x,y)=(AX,Y), for X,Y € TM.

We say that M is free boundary if x(d M) meets 0 W orthogonally.

From now on, let us assume that W is a mean convex domain of R and M is a free
boundary constant mean curvature surface properly immersed in W. Such surfaces
are critical points of the area functional for normal variations whose variational
vector field is given by X = u N, where u € F and

F = {u : M — R: u is smooth up to the boundary and / udM = O}.
M

The second variation of area functional is given by the quadratic form Q : C*° (M) x
C*®°(M) — R (see [Ros and Vergasta 1995; Ros 2008]),

Q(u,u):/ (uAu—||A||2u2)dM+/ (un(u) + IV (N, N)u?) ds.
M oM

Here 1 is the outward unit conormal vector field on d M, that is, the unique unit vector
field on d M that is tangent to M, normal to d M and pointing outward from M. Note
that, under our notations, the free boundary condition means that n = v along 0 M.
We point out that in this paper we are using the geometric definition of the Laplacian
operator, that is, Au = div Vu, where div X = —tr VX.

The weak Morse index of M, denoted by Indy, (M), is defined as the maximal
dimension of a subspace of F on which Q| is negative definite. Geometrically,
the index indicates the number of directions whose variations decrease area. In
particular, we say that M is stable if the weak Morse index is zero.

We say that u € F is an eigenfunction of Q| associated to the eigenvalue A € R
if and only if Q|r(u, v) = A fM uvdM for all v € F. This is equivalent to saying
that u solves the following eigenvalue problem:

(2-1) du _ —II°"W(N,N)u on oM,

l Lu=X\u in M,
an

where L : F — F is given by

1
(2-2) LM_JM_VOI(M)LJMCZM

and J = A — ||A||? is the Jacobi operator. We conclude that the weak Morse index
coincides with the number of negative eigenvalues of the boundary problem (2-1).
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Also, it is well known that such eigenvalues are given in a nondecreasing sequence
AIL < )\5 <...< A,’; < ... /oo associated to a LZ(M)—orthonormal basis,

(b1, boy oo iy ...} of L*(M)NF

of solutions of the eigenvalue problem (2-1), satisfying the min-max characterization

L o Qlr(u,uw)
Ay = min ————
ueg*\(0} [y, u?dM

where 751 = (¢, ..., dp_1) .

In order to give lower bounds for the weak Morse index of M in terms of its topo-
logical invariants we will construct admissible eigenfunctions in F using harmonic
vector fields, or equivalently harmonic 1-forms. Let us denote by i : 9M — M the
inclusion map. We also set ’HlT(M ) the space of closed and coclosed 1-forms that
are tangential at 0 M, that is,

HIT(M) ={we Q' (M),dw=0,8w=0and iyw =0 along IM}.
Here d is the exterior derivative operator and § is the interior derivative operator
defined by § = — x dx, where x : Q! (M) — Q' (M) is the Hodge star operator.

It is important to note that HIT (M) coincides with the space of harmonic 1-forms
satisfying the absolute boundary conditions, that is

HIT(M) ={we Q' (M), Aw =0, iyw=0and i,dw =0 along dM}.
This space is closed related to the topology of the underline manifold. In fact
we have the following result; see [Ambrozio et al. 2018] or [Sargent 2017].

Lemma 2.1. Let M? be a compact, orientable surface with nonempty boundary d M.
If M has genus g and k > 1 boundary components, then

dimHL(M) =2g +k —1.
3. Test functions and harmonic vector fields

Denoting by £ = {E|, E», E3} the canonical basis in R? we will consider E; :=
E; — (E;, N)N, the orthogonal projection of E; on TM. We also consider the
smooth support functions g; : M — R, g; := (E;j, N),for1 <i<3.

Given a 1-form w on M we denote by & its dual vector field, that is, £" = w.
Abusing notation slightly, we denote by x«£ the vector field dual of xw. In the
following, we will use the coordinates of & and «£€ as test functions. Namely, for
each 1 <i <3, we define w;, w; : M — R as

w; ;=w(E;) =(E;, &) and w;:=x*w(E;)=(E;, %x£).

To compute the Jacobi operator of w; and w; we need the following lemma of
local nature proved in [Cavalcante and de Oliveira 2020]; see also [Ros 2007].
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Lemma 3.1. Let M? be an orientable CMC surface in R>. Then, using the above
notation we have

Aw; = (|A|> —4H®) w; +2H(AE;, £) — 28 (A, VE) + (E;, AE),
Aw; = (|A1* —4H?)W; +2H(AE;, x&) —2gi (A, V&) + (E;, AxE),
forl<i<3.

Now we note that when the vector field £ is harmonic and tangential along 0 M
its coordinates are admissible functions to compute the weak Morse index of CMC
surfaces. More precisely we have:

Lemma 3.2. If £ € TM is a harmonic vector field which is tangential in d M, then

w; € F, that is,
/ w; am =O,
M

forl <i <3.

Proof. Note that E; = Vx;, 1 <i <3, where x = (x1, x,x3) : M — W is the
immersion map. Then we have

/widM:/(in,S)dM
M M

:f xidiVSdM+/ xi{&,n)ds =0.
M

oM

In fact, div& = 0 since £ is harmonic, and (&, ) = 0 since £ tangential to oM. [J

Remark 3.3. In general the functions w;, 1 <i < 3, do not have mean value zero.
However, we will see in Section 4 that if dim ’HIT(M ) is large enough then we can
choose & such that

/ w;dM =0, forl<i<3.
M

We conclude this section by computing the boundary term of the quadratic
form Q on w; and w;,.

Lemma 34. I[f &€ € TM is a vector field such that its dual 1-form satisfies the
absolute boundary condition, then

Gh X[+ Nwddas=2 [ HY P,
i oM oM

(3-2) > / (@in(;) + 1" (N, N)w}) ds =2 / H g ds.
i oM oM
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Proof. We first note that for any vector field X € T M we have
(VyEi, X) =n(E;, X) — (Ei, V;X)
=(E;, DyX — V,;X)
= (Ei, N)(X, An).
Let w be the dual 1-form of the vector field &. Since i,,dw = 0 we have

0=dw®,§) =(V,§,&) — (Ve m).
Thus,

Z/ win(w;) ds = Z/ wi(Vy&, Er) +(Ei. N) (&, An)) ds
i oM i oM

:/ (V,ﬁ,é)dsz/ (Ve&, m)ds
M

oM
:_/ (Vgn,%‘)dszf %, £) ds.
oM oM

Since & and N form an orthogonal basis of the tangent space of W along dM
we conclude the proof by noting that

Ve o)+ 1°vV(N, Ny |g|1> =20V ||g||%.

The proof of assertion (3-2) follows the same steps as above, noting additionally
that the Levi-Civita connection V commutes with the Hodge star operator x.  [J

4. Proof of Theorem 1.1

Proof. The proofs follow the same spirit as our proofs in [Cavalcante and de Oliveira
2020] but take into account the boundary term. Let &1, &, ..., &, be the first m
eigenfunctions of the Hodge Laplacian A on M, which satisfy the absolute boundary
condition [Gilkey et al. 1999, Theorem 1.5.4]. Set E,ﬁ =span{éy, ..., &, ]} the vector
space generated by these functions. By Lemma 2.1, we know that dim HIT (M) =
2g+k—1. Let us assume that m >2g¢g —k — 1, and so HlT (M) is a subspace of [,,%.

Next, we choose an orthonormal basis of L?(M) given by eigenfunctions of
the operator L defined in (2-2), say {¢1, ¢2, ..., ¢, ...}. We denote by J" :=
(¢1, ..., ¢pp)" the linear subspace of F orthogonal to the first  eigenfunctions of L.

Initially, we look for harmonic forms & € £2 such that the functions w;, w; € 7%,
for some o € N and i € {1, 2, 3}. It is equivalent to find a solution to the following
system with 6(o — 1) homogenous linear equations in the variable &:

4-1) / w,d)de:/ wiprdM =0,
M M

where 1 <i <3 and 1 <k <o —1. In particular, if m(«) :=dim ﬁﬁ > 6(a—1), then
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the system (4-1) has at least one nontrivial solution & € £$ such that w;, w; € J*!
for all 1 <i <3. By min-max characterization we have

xg/ w?dM < Q(w;, w;) and Ag/ w?dM < Q(w;, ;).
M M
Now, using Lemma 3.1 we get
A;/ w}dM5—4H2/ w,-sz+2H/ (E;, AE)w; dM
M M M
+f (Ei, A§)w; dM—Z/ gi{A, V& w;dM
M M
+/ (win(w;) + IIaW(N’N)wiZ) ds.
oM
Summing up i = 1, 2, 3 and using Lemma 3.4 we obtain
W [ e am < —ar? [ gepam2n [ (ageam
M M M
+/ (AS,S)dM—{—Z/ HY g2 dM.
M M
Applying the same arguments to the test functions w; we get
W [ e am < —ar [ gePam2n [ (st am
M M M

+f <A*S,*S>dM+2/ HY &% ds.
M oM

Then, summing these last two inequalities and noting that (A&, &) + (Ax&, x&) =
2H|&||?, we have

42 2 / \E12dM < +2 / HY & |2dM — 21> / 1€ 12d M

M oM M

+%/ (AL, £) + (Axk, +E)dM.
M
Finally, if £ € Eﬁ we get £ = ) . ;& and therefore
4-3) / (A&, +E)dM = / (AE, £)AM = hnca) / €2 M.
M M M

Substituting (4-3) into (4-2) and using the fact that H W < 0 we obtain

Al < —2H? 40N

m(a)’

where m (o) > 6(o — 1). This concludes the first part of Theorem 1.1.
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In order to get the lower bound for the weak Morse index of M we take
= (@1, ..., Pq—1), Where ¢y, ..., P,—1 are the first eigenfunctions of the
eigenvalue equation (2-1). From Lemma 3.2 we know that if £ € HIT(M ), then the
test functions w, w, and ws, belong to F.
We look for vector fields & € HIT(M ) such that for 1 <i < 3, the test functions
w;, w; are in J*~ L, for some o € N, and w; is in F. In this case, we have the
following system with 6o — 3 homogeneous linear equations in the variable &:

(4-4) / wt:/ wi¢k=/ wigp =0
M M M

where ] <i<3and 1 <k<oa-—1.
If dim ’HIT (M) =2g +k— 1> 6a — 3, then the system (4-4) has at least one
nontrivial solution & € ’HlT (M). Following the same steps as above we get

Aé/ ||s||25—2H2/ €112,
M M

This implies that kg < 0 and then Ind,, (M) > «. Since a can be chosen as the

largest integer such that 2g +k — 1 > 6« — 3 we get
2¢+k—4

Indy (M) = == ——. O

5. Proof of Theorem 1.3

Proof. Composing the immersion x : M — W C S® with the canonical immersion
of the unit sphere into the Euclidean space, we may consider x : M — R* Let £ =
{E1, E,, E3, E4} be the canonical basis in R* and E; := E; — (E,-, N)N — (Ei, X)X,
the orthogonal projections of E; on T M. Choosing v = —x as an orientation of S°
we have

DyX —VyX =(AX,Y)N+(X,Y)v, X, YeTM,
and also

(VXE;,Y)=X(E;,Y)—(E;, VxY)=(E;, DyX — VyX)
= (AX,Y)Y(E;, N)+ (X, Y)(E;, v).
Using that (§, N) = (x§, N) = (§,v) = (x§, v) =0 we get

Z/ wln(w»ds—Z/ Wi (V6. Ei)ds

+Z/ ((Ei, N)(E, An)+(n, €)(E;, v))ds

=f (Vné,é)ds-i-/ (S,N)(S,AUH-/ (n,&)(&.v)
oM oM oM

_ / (V,E.8) ds
oM
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and analogously

S [ am@ids= [ (usserds= [ (veeas
— Jom M oM
So, Lemma 3.4 holds in the spherical case. The Laplacian of the test functions w;

and w; are given by (see [Cavalcante and de Oliveira 2020])
Aw; = (|AIP—4H?)wi+2H(AE;, £)—2g; (A, VE)+(E;, A§)=2(x, E;) divE,
Aw; = (|AIP—4H?)w;+2H (AE;, £)=2gi (A, VE)+(E;, AE)=2(x, E;) divE.

Under these considerations, and taking into account that the Jacobi operator for
immersions into S is given by J = A — (|| A||> 4+ 2) the proof follows as in the
proof of Theorem 1.1. O
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A CRITERION FOR MODULES OVER
GORENSTEIN LOCAL RINGS TO HAVE
RATIONAL POINCARE SERIES

ANJAN GUPTA

We prove that modules over an Artinian Gorenstein local ring R have ra-
tional Poincaré series sharing a common denominator if R/socle(R) is a
Golod ring. If R is a Gorenstein local ring with square of the maximal
ideal being generated by at most two elements, we show that modules over
R have rational Poincaré series sharing a common denominator. By a
result of Sega, it follows that R satisfies the Auslander—Reiten conjecture.
We provide a different proof of a result of Rossi and Sega (Adv. Math. 259
(2014), 421-447) concerning rationality of Poincaré series of modules over
compressed Gorenstein local rings. We also give a new proof of the fact
that modules over Gorenstein local rings of codepth at most 3 have rational
Poincaré series sharing a common denominator, which is originally due to
Avramov, Kustin and Miller (J. Algebra 118:1 (1988), 162-204).

1. Introduction

Let R be a commutative Noetherian local ring with maximal ideal m and residue
field k = R/m. Let M be a finitely generated module over R. The Poincaré series
of M over R is a formal power series in Z[|t|] defined as

PRy =Y R e z11)),

i>0

where ﬂiR (M) = dimy Torl-R (M, k) denotes the i-th Betti number of M. We say that
a formal power series P(t) € Z[|t|] is a rational function if there exists a polynomial
g(t) € Z[t] such that g(¢) P(¢) is a polynomial in Z[¢]. An example due to Anick
[1982] shows that the Poincaré series PkR (t) is not a rational function in general.
Bggvad [1983] observed that PkR () may not be a rational function even if R is a
Gorenstein ring.

Following Roos [2005, Definition 2.1], we say that a ring R is good if there
exists a polynomial dg(t) € Z[¢t] such that dg (t)PA’;(t) € Z][t] for every finitely

MSC2010: 13D02, 13D40, 13H10.
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generated R-module M and bad otherwise. Roos proved that bad rings exist [2005,
Theorem 2.4]. Nevertheless there are an abundance of good rings, e.g., regular local
rings, local complete intersections; see [Gulliksen 1974, Corollary 4.2]. We refer
to [Avramov et al. 1988; 1994] for more examples of good rings and a detailed
account of applications of rationality of Poincaré series.

We use ©(—) to denote the minimal number of generators. The embedding
dimension of R (= dimy m/mz) is denoted by edim(R). Let R denote the m-adic
completion of R. By Cohen’s structure theorem, there is a regular local ring Q with
maximal ideal n and a surjective ring homomorphism n : Q — R such that ker n=
I C n? The map 7 is called a minimal Cohen presentation of R. The Loewy length
of R is defined as 1I(R) = max{i : m’ # 0} if R is Artinian and infinity otherwise.

We recall a few more examples of good rings collected from existing literature.
Precise references are given with each of the examples.

Examples. Let R be a Gorenstein local ring such that edim(R) =n > 2, 1I(R) ==
and u(l) = r. If R satisfies one of the conditions (1)—(3) below, then PkR (t) =
(141)"/dgr(t) for some polynomial dr(¢) € Z[¢] and dR(t)PAI;(t) € /[t] for every
finitely generated R-module M.

(1) R isacompressed Artinian Gorenstein ring (see Definition 4.3) and s > 2, 5 # 3.
If n: Q — R is a minimal Cohen presentation of R, then the polynomial
dg(t) is given by 1 — t(PRQ(t) — 1)+ "1 (1 4 1); see [Rossi and Sega 2014,
Theorem 5.1].

(2) R is an Artinian Gorenstein ring and w(m?) = 1. The polynomial dg(¢) is
given by 1 — nt + t2; see [Sally 1980, Theorem 2] and [Croll et al. 2018,
Theorem 5.4]

(3) R is not a complete intersection and codepth(R) = edim(R) — depth(R) < 3.
The polynomial dg(t) is equal to 1 — rt?> —rt3 +17; see [Wiebe 1969, Satz 9]
and [Avramov et al. 1988, Theorem 6.4].

The main objective of the present article is to give a criterion for Gorenstein local
rings to be good, which provides a common method to prove the good property in
each of the above examples. As a new application we show that if R is an Artinian
Gorenstein ring and p(m?) = 2, then R is a good ring.

We recall a few definitions. Let ¢ : R — S be a surjective homomorphism of
local rings and k be the common residue field of R and S. From the standard change
of rings spectral sequence of Tor, Serre proved the following term-wise inequality
of power series:

PR
1—t(PE@®)—1)

P> (1) <

The homomorphism ¢ is called a Golod homomorphism if the above inequality
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is an equality. The most widespread method to show that a ring R is good is to
use a result of Levin (Theorem 2.2) which states that a ring R is good if there is a
surjective Golod homomorphism from a complete intersection onto R.

Letn: Q —» R be a minimal Cohen presentation of R. We say that R is a Golod
ring if 7 is a Golod homomorphism. Let edim(R) = n and KR denote the Koszul
complex of R on a minimal set of generators of maximal ideal m. It follows that R
is a Golod ring whenever one has

n
PO = i e
— >, dimy H; (KR)ri+

We refer to [Avramov 1998, §3] for more details on Golod rings and Golod homo-
morphisms. The main result of the present article is the following:

Theorem 1. Let R be an Artinian Gorenstein local ring of embedding dimension
n > 2 such that R/ socle(R) is a Golod ring. Let n: Q — R be a minimal Cohen
presentation, n denote the maximal ideal of Q and I = ker(n) C n> Then the
following hold.

(1) Forany f € I\ nl, the induced map Q/(f) — R is a Golod homomorphism.
2) Let dr(t) =1 — t(PRQ(t) — 1)+ "Y1 4+ 1t). Then for any R-module M we
have dg(t) PR (1) € Z[1].

It is worth noting that if R is an Artinian Gorenstein ring, edim(R) > 2 and
R/ socle(R) is a Golod ring, then with the notation used in the above theorem,
(1+1)"

dg(1)
by a result of Rossi and Sega [2014, Proposition 6.2]. Therefore, statement (2) is

an immediate consequence of statement (1) and the result of Levin.
The following is proved as an application of Theorem I.

PR(t) =

Theorem I1. Let R be an Artinian Gorenstein local ring with maximal ideal m and
residue field k. Let M be a finitely generated R-module. Assume that edim(R) =n
and p(m?) < 2. Then the following hold.

(1) If n=1,then PR(t) = 1= and (1 — )P (1) € Z[1].
(2) If n>2, then PR (1) = + m+r2 and (1+1)"(1 —nt +1*) PR (1) € Z]1].
(3) If Ext' (M, M) =0 foralli > 1, then M is a free R-module.

Statement (3) follows from statements (1) and (2) by an argument of Sega [2003].
It implies that R satisfies the Auslander—Reiten conjecture [1975].

The rings considered in Theorem II are called stretched when nw(m?) =1 and
almost stretched when p(m?) =2 (see Definition 3.11). Stretched Cohen—-Macaulay
local rings were introduced by Sally [1980]. She proved that PkR () is rational
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for such a ring R [1980, Theorem 2]. Later Elias and Valla introduced almost
stretched Cohen—Macaulay local rings. They proved that if R is an almost stretched
Gorenstein local ring and the residue field £ of R has characteristic zero, then PkR (1)
is rational [Elias and Valla 2009, Theorem 1.1]. In a recent article [Croll et al.
2018, Corollary 5.6], stretched Cohen—Macaulay local rings are shown to be good.
Using Theorem II, we prove that stretched Cohen Macaulay and almost stretched
Gorenstein rings are good without any assumption on residue fields. We also prove
that such rings satisfy the Auslander—Reiten conjecture.

Now we briefly describe the organisation of the article. In Section 2, we prove
Theorem I. The proof extensively uses a characterisation theorem for Golod algebras
(see Theorem 2.1) and chain derivations on acyclic closures whose construction
dates back to the work of Gulliksen. The connected sum of Gorenstein local rings
was introduced in [Ananthnarayan et al. 2012] (see Definition 3.2). In Section 3,
we provide a criterion for connected sum decompositions of Gorenstein local rings.
We show that if R is an Artinian Gorenstein local ring with maximal ideal m and
n(m?) <2, then R decomposes as a connected sum unless w(m) <2 (Corollary 3.5).
We use this decomposition to show that quotients of such a ring R by nonzero
powers of maximal ideal m are Golod rings (Lemma 3.8). This fact is crucially used
in the proof of Theorem II. Finally, Section 4 contains new proofs of Examples (1)
and (3) using Theorem 1. We identify a certain quotient C of the Koszul algebra K
of an Artinian Gorenstein ring R such that R is a surjective image of a complete
intersection under a Golod homomorphism whenever C is a Golod DG algebra
(Section 2B). We show that for the ring considered in Examples (1) and (3), this
quotient is a Golod algebra. We make it a point to advertise here that our versions are
slightly stronger than the earlier ones in both examples since we constructed Golod
homomorphisms from hypersurfaces given by any choice of generator belonging to
a minimal generating set of the defining ideal.

We conclude with a remark that our approach only constructs Golod homo-
morphisms from hypersurface rings. We hope that the present approach can be
generalised further to find criteria for existence of Golod homomorphisms from
complete intersections of higher codimension.

All rings in this article are Noetherian local rings with 1 £ 0. All modules are
nonzero and finitely generated. Throughout this article, the expression “local ring
(R, m, k)” refers to a commutative Noetherian local ring R with maximal ideal m
and residue field k = R/m. When information on the residue field is not necessary,
we denote a local ring R with maximal ideal m simply by (R, m).

2. The main result

Let (R, m, k) be a local ring. A DG algebra (A, d) over the ring R consists of a
nonnegatively graded strictly skew-commutative R-algebra A = @;>0A; such that



MODULES OVER GORENSTEIN LOCAL RINGS HAVING RATIONAL POINCARE SERIES 169

Ao = R/I for some ideal I of R and an R-linear differential map 9 of degree —1 sat-
isfying the Leibniz rule. A DG-algebra homomorphism ¢ : A — B is a chain map of
complexes which induces a ring homomorphism ¢* : A* — B* between underlying
skew-commutative rings A* and B after forgetting the differential maps on A and B.
The DG-algebra B is called a semifree extension of A if B¥ is a free module over A*.

The DG algebra (A, 0) is augmented if it is equipped with a surjective DG algebra
homomorphism € : A — k. If € : H(A) — k is the induced map on homology, we
set IA = kere, TH(A) = ker€ and 1Z(A) = 1A NZ(A). We say that the DG
algebra (A, 0) is minimal if d(A) C mA. A minimal DG algebra A is augmented
naturally with the surjective map € = g o pr where pr : A — Ay is the projection
and g : Ag — k is the natural quotient map. We refer to [Avramov 1998] for more
information on DG algebras and related terminologies.

2A. Tateresolutions. Tate described a method to construct a DG algebra resolution
of the residue field k over R. The method involves an iterated process of adjoining
exterior variables to kill cycles of even degrees and divided powers variables to kill
cycles of odd degrees starting from R. In literature, this construction is known as
Tate resolution. Later Gulliksen proved that if the number of variables added at
each step of killing cycles of a certain degree is the minimum possible, the resulting
Tate resolution becomes a minimal free resolution of the residue field k. In this
case, the DG algebra is called the acyclic closure of k over R which is unique up
to isomorphism of DGI" algebras. We refer the reader to [Avramov 1998, §6] and
[Gulliksen and Levin 1969, Chapter 1] for more details.

In this article, by Tate resolution we mean a surjective R-linear quasi-isomorphism
€ : R(X) — k where R(X) is the acyclic closure of k. The adjoined set of variables
X ={X; :i > 1} is ordered such that 1 < deg(X;) < deg(X;) fori < j. Note that
by construction the acyclic closure R(X) is a semifree extension of R.

An R-linear derivation of degree n on the acyclic closure R{X) is an R-linear
map 71 : R(X) — R(X) of degree n satisfying the following properties:

(1) n(R) =0 (R-linearity).

(2) 7 satisfies the Leibniz rule; that is, n(uv) = n(u)v + (—1)*9€® xp(v) for
u,v e R(X).

3) n(Xi(i)) = n(Xl-)Xi(i_l), with Xl.(i) being the i-th divided power of a variable
X, of even positive degree.

The derivation 7 is called a chain derivation if it commutes with the differential o
of R(X) in the graded sense, i.e., nod = (—1)"don.

Gulliksen and Levin [1969, Theorem 1.6.2] constructed a sequence of R-linear
chain derivations 7 ; on the acyclic closure R(X) such thatn;(X;)=1and n;(X;)=0
fori < j.
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2B. Golod algebras. An augmented DG algebra A over R with augmentation map
€:A — k is called a Golod algebra if A admits a trivial Massey operation, i.e., there
are a graded k-basis bg = {h; }rca of IH(A), a function u : |_|f>i1 b‘k — A such that
w(hy) € IZ(A) with cls(u(hy)) = h;, and setting a = (—=1)i*1q for a € A; one has

p—1
sy, b)) =l il hay).
j=1
The following is proved in [Levin 1976, Theorem 1.5] and also follows from
[Levin 1985, Theorem 1.1].

Theorem 2.1. Let f : (R, m) — (S, n) be a surjective homomorphism of local rings
with common residue field k and € : R{(X) — k be a DG algebra resolution of k
over R. Set A = R(X)®g S. Consider A augmented with the augmentation € Qg S.
Then the following are equivalent:

(1) The DG algebra A is a Golod algebra.
(2) The map f is a Golod homomorphism.
(3) The induced maps TorR (k, k) — Tor3(k, k) and TorR (n, k) — Tor’ (n, k) are
injective.
We recall the following result of Levin recorded in [Avramov et al. 1988, Propo-
sition 5.18].

Theorem 2.2. Let (R, m, k) be a local ring and ¢ : P — R be a surjective Golod
homomorphism from a local complete intersection P of embedding dimension
n onto R. Then there exists a polynomial dg(t) € Z[t] such that for any finitely
generated R-module M, we have dg (t)PA’; (t) € Z[t]. Further, dg(t) PkR &) =0+)"

We are now equipped to prove the main result.

2C. Proof of Theorem 1.

Proof. Let the maximal ideal of R be m and k = R/m denote the residue field
of R. We know that H; (K ®) = I /nI. Therefore, the minimal generators of I are
in one-to-one correspondence with the generators of H;(K ). Let the maximal
ideal n of Q be minimally generated by yi, ..., y,. The Koszul complex of Q
is K= 0Q(X;:0X)) =y, 1 <i<n). Let f=)"_ a;y; and P = Q/(f).
Note that K¥ = K¢ ®o P and KX = K? ®p R are Koszul complexes of P
and R, respectively. Set z = Z?:] a; X, e K IQ . Then its residue class 7 is a cycle
inZ;(K?). Let V= KP(T : 3(T) = 7) be the extension of K” by adjoining a
divided powers variable T of degree 2 to kill the cycle z. By [Avramov 1998,
Theorem 7.3.3], the natural augmentation V — k is the Tate resolution of k£ over P.

Set U =V ®r R =KRKT :93(T) =72). Since f € I\ nl, we have 7 €
Z1(K®) \ B1(K R). Therefore, we can adjoin variables to U to obtain the acyclic
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closure X of the residue field k£ over R. The augmentation map € : X — k is the
Tate resolution of k over R.

By Theorem 2.1, to show that P — R is a Golod homomorphism, we need to
prove that the induced maps Tor? (k, k) — Tor® (k, k) and Tor? (m, k) — Tor® (m, k)
are injective. Both V and X are minimal algebras. Therefore, the first map is
U ®r k — X ®pg k which is obviously injective since X is a semifree extension
of U. The second map is i, : HmU) — H(mX) which is induced by the inclusion
i:mU — mX. We prove that i, is an injective map.

We have an R-linear chain derivation v : X — X of degree —2 such that v(7) = 1.
Set R = R/ socle(R). Note that socle(R) C m? so KR = R®pz K¥ is the Koszul
complex of R. Now KX can be extended to the acyclic closure ) over R. Let
j: K® — ) denote the inclusion. The augmentation €y : ) —» k is an algebra
homomorphism over KX, The acyclic closure X is semifree over K. Therefore, the
augmentation ex : X — k lifts to a DG algebra homomorphism g : X — ) over K R
[Avramov 1998, Proposition 2.1.9]. Let o : KX — KR denote the quotient map.
By abuse of notation we denote restriction of a map by the same symbol. We have
the following commutative diagram:

mKR 1y mx

Ll
mkR mY)

Acycle y inmU can be writtenas y =) ;_ ay TP, a; e mKR. Suppose i(y)
is in the boundary of mX. We prove by induction on m that y is in the boundary
of mU.

First assume that m = 0. Then y € mKX®. Since i(y) is in the boundary of mX,
joa(y) is in the boundary of m%) by the commutative diagram. Now R is a Golod
ring, so j induces an injective map jy : H(mKR) — H(mY)). Therefore, a(y) is in
the boundary of mK ®. This implies that y = sy; +3(y2) where y; € KX, y, e mkR
and socle(R) = (s).

We know from [Levin and Avramov 1978, Lemma 1.2] that socle(R)K l-R -
(0:m?)B;(KR) for 1 <i <n—1. If deg(y) =deg(y;) <n, then sy; € (0:m?) B(K®)
and consequently y € m B(K®) C mB(U). On the other hand if deg(y) = n, then
y»=0and y =sy; =asX;---X,, a € R. Since H(K®) is a Poincaré algebra
[Avramov and Golod 1971], there is a 7 € Z,,_1(K®) such that 77/ = s X - - - X,,.
We conclude y =azz’ = 9(aTz’) € mB(U). Therefore, the induction step for m =0
follows.

Now we assume that m > (. Note that ag =v™ (i(y)). Since i(y) e m B(X) and the
chain derivation v commutes with the differential of X, we have ¢y € mKXNB(mX).
We consider two cases.
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Suppose deg(ap) = n. Then ag € Z, (mKR) = socle(R)K,’f. Therefore, ag =
asXy---Xu, a € R. One observes agT ™ = azz’T"™ = 3(az’ T"+V) e mB(U).
Therefore, i(ka;O1 ay T(’”_k)) =1i(y) —apT" is in the boundary of mX. Conse-
quently, ZZ:OI a; T™=0 is in the boundary of mU by the induction hypothesis.
We conclude that y is in the boundary of mU.

Suppose deg(ag) < n. Then by the argument in the induction step m = 0, one
has ag = 8(y3) for y3 € mKX. We can write

m—1 m—1

yza(y3)T(m)+ZakT(mk)=8(y3T(m))+[(—l)deg(y3)+ : y32T<m”+ZakT<mk>].
k=0 k=0

The first summand is in m B(U). This implies that the second summand is in the
boundary of mX and therefore also in the boundary of mU by induction hypothesis.
We conclude that y is in the boundary of mU. This completes the induction step.
Hence i, is an injective map and statement (1) follows.

The ring R is Golod. The Poincaré series of R is computed in [Rossi and Sega
2014, Proposition 6.2] as

a+n"
PE@) = 5
1—t(Pg () — D+ 1"t (1+1)
so statement (2) follows from Theorem 2.2. O

3. Stretched and almost stretched rings

Our aim in this section is to prove that stretched and almost stretched Gorenstein
rings are good. The key step is to show that rings of these types decompose as
connected sums. If the residue field is infinite, then Lemma 3.1 follows from [Eakin
and Sathaye 1976, Theorem 1]. The proof of the lemma was suggested by the
anonymous referee.

Lemma 3.1. Let (R, m, k) be a local ring such that w(m?) < 2. Then there exists
anx em\ m? such that m* = xm. Furthermore, if I(R) > 3, then x2 4 m3

Proof. If m*> = xm 4+ m? and x € m \ m? then by Nakayama’s lemma we have
m? = xm. Therefore, to prove the first assertion, it is enough to assume that m? =0,
i.e., m? is a k-vector space. If m?> =0, then m?> = xm = 0 for all x € m\ m? If
w(m?) = 1, then for any x € m\ m? such that xm 0, we have m> = xm. Therefore,
we only need to consider the case when nw(m?) =2, i.e., m? is a vector space of
dimension two.

Let x1, ..., x, be a minimal generating set of m. Let r be such that x;m # 0 for
alli with 1 <i <r but x;m =0 for i > r. Assume, by way of contradiction, that

m2 # xm for all x e m\ mZ Thus, if i < r then x;m is a one-dimensional vector
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space. We may also assume m? = x;m+ xom. Clearly x;m # xom since otherwise
m? = x;m, a contradiction to our assumption.

Ifi <r, j <randux;x; #0, then one observes that x;m = x;m. This is true
because x;m and x;m are both one-dimensional vector spaces and they share the
nonzero element x;x;. Since x;m # xm, we must therefore have x1x; = 0. Now
xym # 0 and xom # 0, so there exist i, j withi <r, j <r such that x;x; £ 0
and xpx; # 0. This implies x;m = x;m and xom = x;m. In particular, x;m # x;m
and hence x;x; = 0. We have (x +x;)x; = x1x; # 0 and (x2 +x;)x; = x2x; #0,
hence (x2 + x;)m =x;m and (x2 + x;)m = x;m = xom. This yields xym = x,m, a
contradiction. Therefore, the first part of the lemma follows.

If x> € m?, then m? = x’>m C m* By Nakayama’s lemma, m’> = 0 which implies
1I(R) < 2. Therefore, x> ¢ m3 if I(R) > 3. O

We recall definitions of fibre products and connected sums [Ananthnarayan et al.
2012].

Definition 3.2. Let (R, mg, k) and (S, mg, k) be local rings with a common residue
field k. Let mg : R — k and ms : S — k be natural quotient maps from R and S
onto k, respectively. The fibre product of R and S is defined as the ring R x; § =
{(r,s) e R x S :mr(r) =ms(s)}. The ring R x; S is local with maximal ideal
mp D mg.

Now assume that both R and S are Artinian Gorenstein local rings with one-
dimensional socles socle(R) = (6g) and socle(S) = (d5). Then the connected sum
of R and S is defined as

R x; S
R#S= ————.
((Br, —ds))

We say a Gorenstein local ring Q is decomposable as a connected sum if there
are rings R and S such that Q = R#S, I[(R) <[(Q) and [(S) < I(Q). Here [(—)
denotes the length function.

Define a left module structure on the polynomial ring T = k[Y1, ..., ¥,] over
the ring S = k[ X1, ..., X,], Xi= Yl.*l, by defining the action of X; on a monomial
M € T as the usual multiplication if X; M € T and zero otherwise. Macaulay’s
inverse system establishes a one-to-one correspondence between local Artinian
Gorenstein algebras
k[X1, ..., Xnl

1

such that I C (X1, ..., X;) and polynomials F in the ring 7" up to a unit multiple.
The correspondence is given by I = ann F; see [Eisenbud 1995, Theorem 21.6].
If Gorenstein local rings R and S correspond to F € k[Yy,...,Y,] and G €
kY41, ..., Yu], respectively, then the connected sum R#S corresponds to F 4G €
k[Yy, ..., Y,]; see [Ananthnarayan 2009, Remark 4.24].

R =
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The following result follows from [Ananthnarayan et al. 2019, Proposition 4.1]
and can be proved easily for Artinian k-algebras using Macaulay’s inverse system.

Theorem 3.3. Let (Q,n, k) be a regular local ring and I C n*> be an ideal
such that R = Q/I is an Artinian Gorenstein local ring. Let n be minimally

generated by x1, ..., Xm, Y1, ..., Yn such that (x1, ..., Xpu)(V1,...,Yn) C L Let
max{i : (x1, ..., xXn) ¢ I} =s and max{i : (y1,..., y,,)i ¢ 1} =t. Then there are
ideals I and I in Q containing (xy, ..., X;) and (y1, ..., Yn), respectively, such
that the following hold.

(1) Therings S= Q/1, and T = Q/ I, are Gorenstein rings. Further, edim(S) =n,
edim(7T) =m, 1(S) =t¢,and II(T) = s.

(2) R = S#T.

The next theorem is the key to decomposing an Artinian Gorenstein local ring
(R, m, k) with (m?) <2 as a connected sum. When edim(R) = 2 and char(k) =0,
the theorem follows from [Elias and Valla 2008, Theorem 4.1].

Theorem 3.4. Let (R, m, k) be a local Artinian Gorenstein ring. Let edim(R) = n,
1I(R) > 3 and dimy m?/m> = m < n. Assume that m admits a generator x| such
that m? = x;m. Then there exists a minimal generating set {x1,x2, ..., X} of m
extending x| such that the following hold.

(D m? = (xlza X1X2, + vy X1 X))

(2) (-xla . -a-xm)(xm-l,-], P ,xn) =0
(3) (Xptts -, Xn)> =socle(R).

The ring R decomposes as a connected sum R = S#T such that edim(S) = m,
edim(T) =n—m, II(S) =1(R) and I(T) = 2.

Proof. Since 11(R) > 3, we have xl2 ¢ m3. Therefore, we can choose a minimal gener-
ating set {x1, x2, ..., x,} of m such that m? = (xlz, X1X2, ..., X1X;). Statement (1)
follows.

We have xix; = ocljxlz +oanjx1xp 4+ ApjiX1X,, o € Rfor1 <i <m and
m~+1 < j <n. This gives x1(x; —aj;x1 —azjX2 — -+ — &ty Xy,) = 0. Replacing
Xj—0jX]—Q2jX)—" - —0yjXy by x;, we assume that x;x; =0form+1<j <n.

If m = 1, property (2) is satisfied. We assume that ;(m?) =m > 2. Since m? is
minimally generated by {xlz, X1X2, ..., X1Xn} and x; (Xp+1, ..., X,) =0, we have

O:x1) Cm(xl,...,xm)+(xm+1,...,xn).

This implies that the residue classes of elements x,,41, ..., x, form a k-basis of
((0:g x1) +m?)/m?. Therefore, dimy (((0 :g x1) + m?)/m?) =n —m.

Claim 1: m[(0 :z x;) Nm?] = socle(R).
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Proof. Note m?(0 :g x1) = x;m(0 :g x;) = 0. This implies m[(0 :g x1) Nm?] C
socle(R). Therefore, it is enough to prove that m[(0 :z x1) N m?] # 0. We have
mit! = xym’ for i > 1. This means that p(m'*!) < pu(m’), i > 1. Lett =
max{i : u(m’) = m}. Then t > 2. Since m > 2, we have lI(R) > ¢ + 1. The map
m’ /m ! Zs w1 /m*2 is not injective since dimy (m’ /m/*1) > dimy (m’ ! /m/+2).
Therefore, we find y € m’ \ m’*! such that yx; € m’*2 Note that m'*? = x;m'*L It
follows that yx; = x;m for some m € m’*!. Consequently x;(y —m) = 0. Clearly,
y—me[(0:gx))Nm?] and y —m & m'T!. Since socle(R) C m'*!, we have
y —m ¢ socle(R). Therefore, [(0 :g x1) N m?] ¢ socle(R). We conclude that
m[(0 :z x1) Nm?] # (0 and the claim is proved. |

Claim 2: dimy ([(0 :g x;) Nm?]/(m[(0:g x) Nm?])) =m — 1.

Proof. We know that (0:g x1) = Homg(R/(x1), R). We have m? =x;mcC (x1). By
Matlis duality /(0:z x1) =I(R/x; R) =1(R/m?*)—I((x; R+m?)/m*) =14+n—1=n.
Now we have

I[O0:g x1) NmM?] =1(0:g x1) +1(m?) — 1[0 :g x1) + m?]

) 2
=l(0:Rx1)—l[w:|=n—(n—m)=m.
m

Therefore,
. [Ogxpnm] O [O:gx)NmA 2 4
dimy W0 p ) Al —l<m[(0 - XI)mmz])—l[(O.Rxl)ﬂm ]-1=m—1. O

Claim 3: The pairing

(X2, .., Xm) [(0:5 x1) NmM?]
m(x2, ..., %)  m0:rx)NmM2]

— socle(R)

given by (x, y) — xy is well defined and nondegenerate.

Proof. We have m(xy, ..., x,)(0 :g x;) = 0 since m? = x;m. This implies that
(x2, ..., xm)[(0 :g x1) Nm?] C socle(R). Therefore, the above pairing exists. Note
that m2(xm+1, e, Xy)=0. Asaresult,if ye [(0:g x1)Nm?] and y(x2, ..., xm) =0,
we have y € socle(R) =m[(0:r x1) N m?]. This implies that the map
0: Nm? e
[0:px1)Nm 1 — Ho (—(x2 Xin) , socle(R))

m[(0:g x1) Nm?] m(xz, ..., Xm)
induced by the above pairing is injective. We have

. (X2, ..., Xp) . [0:rx)Nm?]

dimp ————— =dimy 5 = — 1.
m(xo, ..., Xy) m[(0:g x1) Nm?#]

Therefore, the above map is an isomorphism and consequently the pairing is nonde-
generate. (]
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Note that m(xa, ..., Xu) Xm+1, - - -, Xz) =0 s0
(x2, ..., Xm)(Xmt1, - - -, Xp) Csocle(R).
The multiplication by x; defines a map (x2, ..., x,)/(M(x2, ..., X)) — socle(R)

for m+1 < j <n. Since the pairing in Claim 3 is nondegenerate, we have X; € [(0:g
x1)Nm?] such that xjx; =X jx; for2<i <mandm+1< j <n. Wealsohave x;x; =
x1xj=0form+1 < j <n. Itfollows that (x; —X;)(x1, ..., x,) =0, m+1=<j<n.
Therefore, replacing (x; — X;) by x; we have (x1, ..., X)) (Xm+1, ..., X,) =0 and
property (2) is satisfied.

Let socle(R) = (§) and K = (x;+1, ..., X,). We have m?’K = x;Km =0, so
K2cmKC socle(R). Note that K? # 0 for otherwise each of the x;, m+1<j <n,
is in socle(R) C m? a contradiction. Therefore, K> = mK = socle(R) and the
property (3) is satisfied.

The last statement follows from Theorem 3.3. O

The following is a consequence of Lemma 3.1 and Theorem 3.4.

Corollary 3.5. Let (R, m) be an Artinian Gorenstein local ring such that 11(R) > 3
and pw(m?) < min{2, edim(R) — 1}. Then R = S#T where (S, p) and (T, q) are
Gorenstein local rings, edim(S) = u(m?), 11(S) = 1(R) and II(T) = 2.

Lemma 3.6. Let (R, m) be an Artinian Gorenstein local ring such that edim(R) > 2
and 1(R) = s. Then the quotient ring R/m' is not a Gorenstein ring for2 <i <s.

Proof. If possible assume that R/m'’ is a Gorenstein ring for some i satisfying
2 <i <s. Then the injective hull of k over R/m' is Eg i (k) = R/m'. We know
that Eg i (k) = Hompg(R/m', R) = (0:g m'). Consequently (0 :g m') = (x), a
principal ideal for some x € R. Now m* ' *1 C (0:p m’) and m* =+ ¢ m(0:z m’) for
otherwise m* 7! c m(0:x m’) C (0:x m’~!) which implies m* = m* it imi—l =,
a contradiction. Since (0 :z m’) is principal, we have (0 :x m’) =m?* i+ = (x).
Apply Macaulay’s theorem characterising Hilbert function [Bruns and Herzog
1993, Theorem 4.2.10] to the associated graded ring gr,, (R). We obtain w(mth <
w(m™) for all n > 1. We already have p(m*~+1) = 1. This implies that m/ is a
principal ideal for j satisfying the inequality s —i +1 < j < s and so [(0 :x m‘) =
[(m~i+1) =i, By Matlis duality, /(R/m’) =] Hom(R/m', R) =1(0:g m’) =i. We
have 23;10[1 (m//m/*1) — 1] =1(R/m') —i =0 and each summand is nonnegative.
This shows that edim(R) = I(m/m?) = 1, a contradiction. O

The following theorem is proved in [Dress and Kriamer 1975, Satz 2].

Theorem 3.7. Let (S, mg, k) and (T, my, k) be two local rings and R = S x; T.

Then,
1 1 1

= —1.
PRty  PS(r) * Pl
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If M is an S-module, then

1 _PkS(t)( 1 1 _1>_ PE(1)
PRk@y PSS\ PS(t) P CPL(OPRG)

The following is a consequence of Lemma 3.1 and Theorem 3.4.

Lemma 3.8. Let (R, m, k) be an Artinian Gorenstein local ring such that ju(m) =n,
1(R) > 2 and w(m?) < 2. Let i be an integer satisfying 2 < i <11(R). Then R /w

is a Golod ring and PkR/ml ) = 1_1,”.

Proof. Fix i satisfying 2 < i < II(R) and set R = R/m’. The result is clear
when n = 1 or lI(R) = 2. First we assume that n = 2 and 1I(R) > 2. A result of
Scheja [1964] states that a codepth 2 local ring is either a Gorenstein (equivalently
complete intersection) or a Golod ring. The ring R cannot be a Gorenstein ring
by Lemma 3.6 so R is a Golod ring. Since R is a complete intersection, the
defining ideal of R is minimally generated by three elements. It follows that
kR(t) =Yoo dimg H; (K®)t' =1+ 3¢ + 21> and

(I—tR@O) = 1)) =1—1(1+3c4+22— 1) = (14021 =21).

We have
(1+1)? 1
1—tR@y—1) 1-2t

PRt =

Now we assume that n > 2 and lI(R) > 2. By Corollary 3.5, it follows that
R = S#T where (S, p) and (T, q) are Gorenstein local rings, edim(S) = w(m?) <2,
11(S) =11(R) >3 and II(T) =2. One has R =S x; T where S=S/p' and T =T /q>
Both S and T are Golod rings. The ring R is a Golod ring because a fibre product
of Golod rings is Golod; see [Lescot 1983, Theorem 4.1].

P> (1) = 1/(1 —edim(S)?) by the case n = 2 and P/ (t) = 1/(1 —edim(T)t)
([Avramov 1998, Example 4.2.2]). The formula for the Poincaré series follows
from Theorem 3.7. U

The following is a well known fact.

Lemma 3.9. Let (R, m, k) be a local ring, x be a nonzero divisor of R and S =
R/(x). If there exists a polynomial d(t) € Z[t] such that d(t)PIEI (t) € Z[t] forall
S-modules M, then d (t)PA’; (t) € Z[t] for all R-modules M. Now assume further
that x € m\ m? then PkS (1) = PkR (t)/(1 +1t). The ring S is Golod if and only if R
is so.

Proof. Let M be an R-module and N be the first syzygy of M. We have the exact
sequence
0> N—> R 5 M0,
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This implies that PAI} (1) = u(M) + tPI{f (t). Therefore, it is enough to show
that d (t)PI{,e (t) € Z[t]. Let F, — N be the minimal free resolution of N over
R. Note that x is also a nonzero divisor of N. This implies that S ® F, —
S ®g N is a minimal free resolution of S ® g N = N as an S module. As a result,
we have ij,e (1) = P]% (t). Therefore, the first part of the lemma follows from
the hypothesis.

The assertions regarding Poincaré series and Golod property follow from Propo-
sitions 3.3.5 (1) and 5.2.4 in [Avramov 1998], respectively. O

The following is due to Sega [2003, Proposition 1.5].

Proposition 3.10. Let R be a local ring such that there is a dg(t) € Z[t] satis-
Jfying dg (t)PAI;(t) € Z[t] for each finitely generated R-module M. Let dg(t) =
p(t)q(t)r(t) where p(t) is 1 or irreducible, q(t) has nonnegative coefficients, r(t)
is 1 or irreducible and has no positive real root among its complex roots of minimal
absolute value. Then the following hold for each pair of R-modules M, N.

M If ToriR (M, N)=0fori> 0, either M or N has finite projective dimension.

Q) If EXtiR (M, N)=0fori> 0, either M has a finite projective dimension or N
has a finite injective dimension.

We are ready to prove Theorem II.

3A. Proof of Theorem II.
Proof. The case n =1 is easy. We skip the details.

Now we assume that n > 2. The quotient map R — ﬁ is a Golod homo-
morphism and
PR(t
PkR/ socle(R) (l‘) — k ( I)e
1—2Pf (1)
[Levin and Avramov 1978, Theorem 2]. Therefore, we have
R/ socle(R)
t 1 1
Pl = —+ ©

1—|—l2PkR/SOCle(R)([) - ]/(PkR/socle(R)(t))+t2 - 1 —nt+12

The last equality follows from Lemma 3.8. The same lemma states that R/ socle(R)
is a Golod ring. By Theorem I, the ring R is a surjective image of a complete
intersection under a Golod homomorphism. The second part of statement (2) is a
consequence of Theorem 2.2.

Now we prove (3). If the projective dimension pdg (M) of M is finite, then
Ext%dk (M)(M , M) # 0. Therefore, it is enough to show that pdz (M) < co. When
n <2, Risacomplete intersection. The statement follows from [Avramov and Buch-
weitz 2000, Theorem 4.2]. When n > 3, the polynomial (1 —nt + 12) is irreducible.
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The statement follows from Proposition 3.10 (take p(t) = (1 —nt + 2), q(t) =
(141)" and r(¢) = 1). Here one uses the fact that a module over a Gorenstein ring
has a finite projective dimension if and only if it has a finite injective dimension. [l

Stretched and almost stretched rings were introduced by Sally [1980] and Elias
and Valla [2008], respectively.

Definition 3.11. An Artinian local ring R with maximal ideal m is called stretched
if m? is a principal ideal and almost stretched if m? is minimally generated by two
elements.

Let R be a Cohen—Macaulay local ring of dimension d with maximal ideal m.
Then R is called stretched (almost stretched) if there exists a minimal reduction
X =Xx1,...,xg of msuch that R/(x) is a stretched (almost stretched) Artinian ring.
Here by minimal reduction we mean that x satisfies m"*! = (x{, ..., x;)m” for
some nonnegative integer r.

Stretched Cohen—Macaulay local rings were shown to be good in [Croll et al.
2018, Corollary 5.6]. We outline a different method. In statement (2) of the
following corollary, we find a more efficient common denominator of Poincaré
series of modules over such rings.

Corollary 3.12. Let (R, m, k) be a d-dimensional stretched Cohen—Macaulay local
ring and M be an R-module. Let n = dimy m/m? and r = dimy Extj’e (k, R) denote
the type of R. Then the following hold.

(1) If r =n —d, then R is a Golod ring, PkR(t) =+ t)d/(l —(n—d)t) and
(1—m—d)y)PE@) € Z[1].

(2) Ifr #n—d, then (1 +1)" 47" (1 —(n—d)t +t>) PE(t) € Z[t] and PR(1) =
1+ —(n—d)t+13).

Q3 If Ext(M,M®R)=0 foralli > 1, then M is a free R-module.

Proof. To prove statements (1) and (2), it is enough to assume that R is a stretched Ar-
tinian ring, i.e., d =0 (see Lemma 3.9). We have edim(R) =n and dimy, socle(R) =r.
Let m = (xq, ..., x,) and lI(R) = 5. The ideals m’, i > 2, are principal ideals. If
socle(R) C m?, then socle(R) = m* is a principal ideal, so R is a Gorenstein ring.
Both statements (1) and (2) follow from Theorem II.

Otherwise assume that x; € socle(R)\m? One observes that (x;)N(x2, ..., Xx,) =0
and (x1) + (x2, ..., x,) = m. For any two ideals I, J in a ring R, we know that
R =R/I xg/r+7 R/J. Therefore, it follows that R = R/(x1) Xx R/(x2, ..., X,).

The maximal ideal of the ring R/(x3, ..., x,) is generated by the residue class
of x1, so its square is zero since x; € socle(R). On the other hand, the ring R/(x1)
is a stretched Artinian ring. If the socle of R/(x;) is contained in the square of its
maximal ideal, it is a Gorenstein ring. Otherwise we decompose R/(x) again as
before.
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After a finite number of steps, we have R = S x; T where (S, mg) is a stretched
Artinian Gorenstein ring and (7, mr) is a local ring with mZT = 0. Clearly r =
1+edim(7). This implies that edim(7) =r—1 and edim(S) =edim(R)—edim(7) =
n —r + 1. By Theorem II, we have

1
— — 2
PkS(t) — { llt(n r-‘rl)-‘rt

1 when n =r.

On the other hand T is a Golod ring and PkT (1) =
of PkR (t) follows by the following computation:

whenn >r+1,

1 . .
T—¢—;- Ihe rational expression

1 1 1

PRGBSO PTw
_Jad=-D+1-0¢-Dr-1 whenn =r,
_!(1—t(n—r+1)+t2)+1—(r—l)t—l whenn >r+1,
_ 1—nt when n =r,
_!l—nt—i—z‘2 whenn >r+41.

If n =r, then edim(S) = 1. This implies that S is a Golod ring. Therefore, R
is also a Golod ring since a fibre product of Golod rings is Golod [Lescot 1983,
Theorem 4.1].

Now we find a polynomial dg(t) € Z[t] such that dR(t)P,f}(t) € Z[t] for any
R-module M. The second syzygy of M is a direct sum of two modules, one is
over S and another over T see [Dress and Kriamer 1975, Remark 3]. Therefore, it
suffices to assume that M = M; & M, where M, and M, are modules over S and
T, respectively. By Theorem 3.7 we have

ISHONEES!
PRty PR(r)

Py (1) Py (1)
pé(ty  Pl(t)

(Py (1) + Py (1) =

We observe that

Py _ 1 r Psyar aan®)
PkT(t) = PkT(t)(l—i-tP M))=1—@r—Dt+t PkT(t)

Syz{ (M>)

Since the square of the maximal ideal of T is zero, the first syzygy Syle (M) is a
k-vector space. Therefore, P{Iz )/ PkT (t) is a polynomial in Z[¢].
If n = r, we have edim(S) = 1. By (1) of Theorem II, Py, (1)/ P2 (1) is a
polynomial. Hence we conclude that (1 — nt)PAlj )= PAI} (t)/PkR (t)e”Z[t]ifn=r.
If n>r+1, we have edim(S) =n —r + 1. By (2) of Theorem II, we have

Py, (1)

(140D
PE (1)

e Zt].
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Hence we conclude that
(1) -

1+ (1 —nt +H PR = 1+
(I+0 ( VPy (1) = (1+1) PR()

Z[t]
ifn>r+1.

Therefore, both statements (1) and (2) follow. To prove statement (3), it suffices
to show that pdz (M) < oco. If n —d =2, then R is either a complete intersection
or a Golod ring; see [Scheja 1964]. In both cases, rings are known to satisfy
statement (3); see, for instance, [Avramov and Buchweitz 2000, Theorem 4.2]
when R is a complete intersection and [Jorgensen and Sega 2004, Proposition 1.4]
when R is a Golod ring. If n —d > 2, then we see at once that pd (M) < oo from
Proposition 3.10. Here one observes that if the injective dimension of M @ R is finite
then R is Gorenstein and both projective and injective dimensions of M are finite. [J

The following result follows from Lemma 3.9 and Theorem II.

Corollary 3.13. Let (R, m, k) be an almost stretched Gorenstein local ring of
dimension d and embedding dimension n. Let M be a finitely generated R-module.
Then the following hold.

() Ifn—d =1, then PR(t) = (1 +1)4/(1 — 1) and (1 — ) PE (1) € Z[1].

() Ifn—d>2,then 1 +1)""4(1 — (n—d)t +*)PR(t) € Z[t] and PR(t) =
A+0/(1 = (n—d)t+12).

(3) If Ext' (M, M) =0 foralli > 1, then M is a free R-module.

4. Revisiting known results

In this section, we provide proofs of Examples (1) and (3) in the introduction. As the
section title suggests, these examples were found by other authors. Our proofs are dif-
ferent and obtained using Theorem I. Further, our versions are slightly stronger; see
Remark 4.7. We recall the following from [Levin and Avramov 1978, Theorem 1].

Theorem 4.1. Let (R, m) be an Artinian Gorenstein local ring of embedding di-
mension n and K® be the Koszul complex on a minimal set of generators of the
maximal ideal m. Set socle(R) = (s), R = R/sR and KR = R Qg KX, the Koszul
complex of R. Define a DG algebra structure on

KR
—1
mKR[ 1

with multiplication (k, ) (k', ") = (kk', Tk’ +(—1)%2®kI") and differential 3 (k, 1) =
(0(k) +sl,0). Then the chain map
R

KR @

KR @ K
mKR

[—1] = K& k, 1) k,
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is a quasi-isomorphism. If

H(KR) 4R KR@pk

H= "7 _ - oRrR*
H, (k& " KE®xk

[—11,
then H(K®) = H x K.
Lemma 4.2. Let (R, m) be an Artinian Gorenstein local ring of embedding dimen-

sion n > 2. Let K¥ denote the Koszul complex on a minimal set of generators of m
and C denote the quotient of KR defined by

Kl.R forO<i<n-2,
Ci=1{ KR |/Buit(K®) fori=n-1,
0 fori=n.

Then C has a DG algebra structure. Assume that C is a Golod DG algebra with
natural augmentation. Then R/ socle(R) is a Golod ring and R satisfies assertions
(1) and (2) of Theorem 1.

Proof. The fact that C is a DG algebra is straightforward because KX @ B, (K*)
is a DG ideal of the Koszul algebra K¥. Let ¢ : KR — C be the quotient map and
socle(R) = (s). Let G : KR /(mKR) — K®and H : C/mC — C denote chain maps
induced by multiplications by s on K% C respectively. We have go G = Ho g
where g : KR /(mK®) — C/(mC) is the map induced by ¢. Let

«(G) =Kk

K2 and o= o -]
— and ¢ = —[—
mKR mC

be the cones of G and H respectively. Define o : ¢(G) — ¢(H) by a(k,l) =
(gk), c}(l_)). Both ¢(G) and ¢(H) have DG algebra structure and « is a surjective
DG algebra homomorphism. The kernel of « is the complex

R
Kn S

0— = kKRB, (KR >0

mK;

which is exact. Thus, « are a quasi-isomorphism of DG algebras. By Theorem 4.1,
¢(G) is quasi-isomorphic to K&/ socle(R) - Therefore, to show that R /socle(R) is a
Golod ring it is enough to prove that ¢(H) is a Golod algebra.

Since C is a Golod algebra, there are a k-basis bc = {h; },ea of H>1(C) and a
function (trivial Massey operation) u : |_|?i 1 bic — C such that pu(hy) € Z>1(C)
with cls(u(h;)) = hy, for all L € A and

p—1
8,&(1’!)\1, ey h)‘l’) = Z/’L(hll’ ey h)\,j)/’b(h)\.j+]’ ey h)»p)-
j=1
By (2) of [Avramov 1998, Lemma 4.1.6], {x € C : 9(x) € m?>C} ¢ mC. Since
p(hy) € mC, by induction on p we conclude that i (h;,, ..., hy,) € mC.
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By [Levin and Avramov 1978, Lemma 1.2], socle(R)KlR C (0:m?)B; (KX) for
1 <i <n-—1 and so we have sC C (0: m?)B(C). Let z € Z(C) be such that
(z,0) = 3(y1, y2) for (y1, y2) € ¢(H). Then z = 3(y;) + sy, € B(C). Therefore,
the inclusion C < ¢(H) induces an injective map H(C) < H(c(H)). By abuse of
notation we write (c, 0) as c. It follows that b = {h, },ca is a linearly independent
setin H>1(c(H)) and u(hy,, ..., hy,) emce(H), p > 1, satisty the properties above.

We extend be to a basis begy = {ha}reaua of H>1(c(H)). Let by, A € A/,
be the homology class of (c;/, dy) € Z=1(c(H)). Now d(cy,d;) = 0 implies
that d(cy) + sd;y = 0. We have sd;,» = d(e;/) for some e;; € (0: m?)C. We write
(¢, dy) = (ci+e5, 0)+(—ey, dyv). Note that c;,+e,, € Z(C). Therefore, after sub-
tracting suitable R-linear combinations of &;, A € A, from each h/, A’ € A, if nec-
essary, we may assume that /1 is a homology class of some cycle in (0 : m?)C @ mC—C

We define p(h;/), A € A', to be an element in (0:m?)C & mC_c whose ho-
mology class is hy. We extend pu from b, to a Massey operation on by
i>1, such that w : bi(H) \ bic — (0:m?)C, i > 1, by induction on i. Note that
w(h)pu(hy) € sC € (0: m?)B(C) for (A, 1)) € A x A. We choose p(h;, hy) €
(0: m?)C such that (i (hy, hy)) = ww(hy)w(h;r). Now assume ju(hs,, ..., hs,) €
O : mz)C , with (hs,, ..., hs) € bi(H) \ bic satisfying the desired relations, are
constructed for all i < p. We choose (45, .. ., h(;p 1) € bf'(J;,l) \ bg“ and observe
that Zle whs,, ..., h(;j)u(h‘;jﬂ, R /’Lgpﬂ) is an element in sC. Therefore,
we can choose w(hs,, ..., hs,,) € (0: m2)C such that d(u(hsy, ... hs,, ) =

i'):l whs,, ..., hgj)u(hgm, e h5p+1). Thus by induction p extends to a trivial
Massey operation on bezy. Therefore, ¢(H) is a Golod algebra and the result
follows. O

We recall the definition of compressed Gorenstein local rings.

Definition 4.3. Let (R, m, k) be an Artinian Gorenstein local ring of Loewy length s
and embedding dimension n > 2. Set

. n—14+s—1i n—1+41i
& = min ,
n—1 n—1

for all i with 0 <i <s. Then it is shown in [Rossi and Sega 2014, Proposition 4.2]
that [(R) <) !_,&;. The ring R is called a compressed Gorenstein ring if equality
holds.

We provide a different proof of the result of Rossi and Sega [2014, Theorem 5.1]
in Theorem 4.4.

Theorem 4.4. Let R be a compressed Gorenstein local ring such that edim(R) =
n>2andll(R)=s, s >2,s #3. Then R/ socle(R) is a Golod ring. Consequently,
R satisfies assertions (1) and (2) of Theorem 1.
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Proof. We follow notation as set in the proof of Theorem I and Lemma 4.2. Let
t =max{i : I C n'}. Itis proved in [Rossi and Sega 2014, Proposition 4.2] that
t= |_SJrl -| the least integer not less than SH . By [Rossi and Sega 2014, Lemma 1.4],
the map H> 1 (R/m' Q¢ K9) — Hzl(R/mt ! ®o K 2) induced by the surjection
R/m’ — R/m'~!is a zero map. This implies that Z- 1 (K®) C B> (K®) + m' "1 K &,
and therefore Z-(C) C B=1(C) + m'~!C. Thus we find a basis b = {/;},ca of
H.(C) represented by cycles in m'~1C.

Lemma 4.4 in [Rossi and Sega 2014] proves that the map v : H_,(m" T KR) —
H_,(m" K%) induced by the inclusion m’ ! < m’ is zero for r = s + 1 —r. Since,
s >2,5s #3, wehavet —1 <r <r+4+1 < 2(t —1). This implies that the
map H., (m2=DKRy — H_,(m'~'K*) is also zero since it factors through .
Therefore, we have Z_,(m*2K®) c B(m/~'K®) which implies Z(m*~2C) C
B(m/~!'C). It is worth pointing out that both the lemmas used here are independent
of all other results in [Rossi and Sega 2014].

We construct inductively a trivial Massey operation | |72, b’ — m/~!C. Define
w(hy) to be a cycle in m’~!C such that the homology class of (hy) is h;. Now
(b)) p(hy) € Z(m*=2C) c B(m'~1C), and so we choose i (h;., hy') em'~!C such
that 0 (e (hy, hy)) = p(hy)u(hys). The method carries over to the next steps of con-
struction. Thus, C is a Golod DG algebra and the result follows from Lemma 4.2. [

Lemma 4.5. Let (R, m, k) be an Artinian Gorenstein local ring but not a complete
intersection. Let n : Q — R be a minimal Cohen presentation of R and I = ker(n).
Assume that ;1(I) = r and edim(R) = n < 3. Then R/ socle(R) is a Golod ring, so
R satisfies both assertions (1) and (2) of Theorem L. If dg (t) =1 —rt> —rt3 +1>, then
for any finitely generated R-module M, we have dg (t)PAI; (t) € Z[t]. The Poincaré
series of k is given by
a+0"

L—rt2—r3 415
Proof. As before, we follow notation as set in the proof of Theorem I and Lemma 4.2.
By [Wiebe 1969, Satz 7], we have H; (K®)? =0 giving H; (C)? =0. For a proof writ-
ten in English, we refer to [Bruns and Herzog 1993, Corollary 3.4.8]. Now C isaDG
algebra of length 2. Therefore, any basis of H>(C) admits a trivial Massey opera-
tion and so C is a Golod algebra. The first part of the result follows from Lemma 4.2.

We compute the denominator. The Koszul complex of R is of length 3. We see
dimy Ho(K®) =1, dimg H{(K®) = u(I) =r, dimg H3(K®) = dimg socle(R) =1
and so dimy Hy(K®) = r since Y iso(— 1) dlmk H; (K®) must be zero. With the
notation used in Theorem I, we have PQ(t) = Z _o dim; H; (K®) = 1+rt+rt2 413
Therefore, we have

dr()=1=t(PR(O)=\)+t" (140) =1 =2 (r4rt4+e2) +* A1) = 1 =i —r 3427,

PR(t) =

The formula for PkR (t) follows from in [Rossi and Sega 2014, Proposition 6.2]. [J
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If (R, m, k) is a Gorenstein local ring satisfying the hypothesis of the theorem
below, then the rational expression of PkR (t) was computed by Wiebe [1969, Satz 9].
It was proved in [Avramov et al. 1988, Theorem 6.4] that if (R, m) is any Artinian
ring such that edim(R) — depth(R) < 3, then all R-modules have rational Poincaré
series. We prove a weaker version.

Theorem 4.6. Let (R, m, k) be a Gorenstein local ring but not a complete intersec-
tion such that edim(R) — depth(R) =n <3. Letn: Q —» R be a minimal Cohen
presentation of R, kern =1 and u(I) =r. Then for any f € I \ nl, the induced
map Q/(f) —» R is a Golod homomorphism.

Letdr(t) =1 —rt* —rt> + 1. Then PkR (1) = (1 4+ )%™ B) /d o (1) and for any
R-module M we have dR(t)P,f}(t) e Z][t).

Proof. Let dim(R) = depth(R) =d and the maximal ideal m be minimally generated
by x1, ..., x. such that xy, ..., x; form an R-sequence. Then S = R/(xy, ..., xq)
is an Artinian Gorenstein local ring and edim(S) = e —d =n < 3. Let KR =
R(X;:9(X))=x;,1<i<n)and KS=S(X;:9(X;) =x;,d+1<i<n) denote
the Koszul complexes. The quotient map ¢ : KR — K is a quasi-isomorphism;
see [Avramov 1998, Lemma 4.1.6].

To prove that the map Q/(f) — R is a Golod homomorphism for any f € I \nl,
it is equivalent to show that for any cycle z € Z;(K%) \ B1(KR), the semifree
extension KR(T | 9(T) = z) is a Golod algebra. Now one observes that ¢ extends
to a surjective quasi-isomorphism

g:KMT|3(T)=2) — KT | 9(T) =q(2));

see, for instance, [Gulliksen and Levin 1969, Proposition 1.3.5]. Lemma 4.5
applies to S. We conclude that the image of g is a Golod algebra. Therefore,
KR(T | 3(T) = z) is a Golod algebra.

The statement about Poincaré series is an immediate consequence of Lemmas 3.9
and 4.5. U

Remark 4.7. Inboth Theorems 4.4 and 4.6, we constructed a Golod homomorphism
from a hypersurface ring which is a quotient of an arbitrary generator belonging
to a minimal generating set of the defining ideal. Thus both theorems are slightly
stronger than their earlier versions.

Acknowledgements

Work on this article started as a result of discussions with Liana M. Sega during the
conference in honour of Craig Huenke held in Ann Arbor in July 2016. I would like
to thank her for clarifications on her results about the Auslander—Reiten conjecture. 1
sincerely thank the anonymous referee for suggesting the proof of Lemma 3.1. T owe



186 ANJAN GUPTA

many thanks to Matteo Varbaro for his inspiration and encouragement throughout.
This research is supported by the INAAM-COFUND-2012 Fellowship cofounded
by Marie Curie actions, Italy.

References

[Ananthnarayan 2009] H. Ananthnarayan, Approximating Artinian rings by Gorenstein rings and
3-standardness of the maximal ideal, Ph.D. thesis, University of Kansas, 2009, available at https://
search.proquest.com/docview/304917043.

[Ananthnarayan et al. 2012] H. Ananthnarayan, L. L. Avramov, and W. F. Moore, “Connected sums
of Gorenstein local rings”, J. Reine Angew. Math. 667 (2012), 149-176. MR Zbl

[Ananthnarayan et al. 2019] H. Ananthnarayan, E. Celikbas, J. Laxmi, and Z. Yang, “Decomposing
Gorenstein rings as connected sums”, J. Algebra 527 (2019), 241-263. MR Zbl

[Anick 1982] D. J. Anick, “A counterexample to a conjecture of Serre”, Ann. of Math. (2) 115:1
(1982), 1-33. MR Zbl

[Auslander and Reiten 1975] M. Auslander and I. Reiten, “On a generalized version of the Nakayama
conjecture”, Proc. Amer. Math. Soc. 52 (1975), 69-74. MR Zbl

[Avramov 1994] L. L. Avramov, “Local rings over which all modules have rational Poincaré series”,
J. Pure Appl. Algebra 91:1-3 (1994), 29-48. MR Zbl

[Avramov 1998] L. L. Avramov, “Infinite free resolutions”, pp. 1-118 in Six lectures on commutative
algebra (Bellaterra, 1996), edited by J. M. Giral et al., Progr. Math. 166, Birkhiuser, Basel, 1998.
MR Zbl

[Avramov and Buchweitz 2000] L. L. Avramov and R.-O. Buchweitz, “Support varieties and coho-
mology over complete intersections”, Invent. Math. 142:2 (2000), 285-318. MR Zbl

[Avramov and Golod 1971] L. L. Avramov and E. S. Golod, “The homology of algebra of the Koszul
complex of a local Gorenstein ring”’, Mat. Zametki 9 (1971), 53-58. MR Zbl

[Avramov et al. 1988] L. L. Avramov, A. R. Kustin, and M. Miller, “Poincaré series of modules over
local rings of small embedding codepth or small linking number”, J. Algebra 118:1 (1988), 162-204.
MR Zbl

[Bggvad 1983] R. Bggvad, “Gorenstein rings with transcendental Poincaré-series”, Math. Scand.
53:1(1983), 5-15. MR Zbl

[Bruns and Herzog 1993] W. Bruns and J. Herzog, Cohen—Macaulay rings, Cambridge Studies in
Advanced Mathematics 39, Cambridge University Press, 1993. MR Zbl

[Croll et al. 2018] A. Croll, R. Dellaca, A. Gupta, J. Hoffmeier, V. Mukundan, L. M. Sega, G. Sosa, P.
Thompson, and D. R. Tracy, “Detecting Koszulness and related homological properties from the
algebra structure of Koszul homology”, Nagoya Math. J. (online publication June 2018).

[Dress and Kriamer 1975] A. Dress and H. Kridmer, “Bettireihen von Faserprodukten lokaler Ringe”,
Math. Ann. 215 (1975), 79-82. MR Zbl

[Eakin and Sathaye 1976] P. Eakin and A. Sathaye, “Prestable ideals”, J. Algebra 41:2 (1976),
439-454. MR Zbl

[Eisenbud 1995] D. Eisenbud, Commutative algebra: with a view toward algebraic geometry, Gradu-
ate Texts in Mathematics 150, Springer, 1995. MR Zbl

[Elias and Valla 2008] J. Elias and G. Valla, “Structure theorems for certain Gorenstein ideals”,
Michigan Math. J. 57 (2008), 269-292. MR Zbl


https://search.proquest.com/docview/304917043
https://search.proquest.com/docview/304917043
http://msp.org/idx/mr/2929675
http://msp.org/idx/zbl/1271.13047
http://dx.doi.org/10.1016/j.jalgebra.2019.01.036
http://dx.doi.org/10.1016/j.jalgebra.2019.01.036
http://msp.org/idx/mr/3924433
http://msp.org/idx/zbl/1410.13014
http://dx.doi.org/10.2307/1971338
http://msp.org/idx/mr/644015
http://msp.org/idx/zbl/0454.55004
http://dx.doi.org/10.2307/2040102
http://dx.doi.org/10.2307/2040102
http://msp.org/idx/mr/389977
http://msp.org/idx/zbl/0337.16004
http://dx.doi.org/10.1016/0022-4049(94)90134-1
http://msp.org/idx/mr/1255922
http://msp.org/idx/zbl/0794.13010
http://msp.org/idx/mr/1648664
http://msp.org/idx/zbl/0934.13008
http://dx.doi.org/10.1007/s002220000090
http://dx.doi.org/10.1007/s002220000090
http://msp.org/idx/mr/1794064
http://msp.org/idx/zbl/0999.13008
http://msp.org/idx/mr/279157
http://msp.org/idx/zbl/0222.13014
http://dx.doi.org/10.1016/0021-8693(88)90056-7
http://dx.doi.org/10.1016/0021-8693(88)90056-7
http://msp.org/idx/mr/961334
http://msp.org/idx/zbl/0648.13008
http://dx.doi.org/10.7146/math.scand.a-12010
http://msp.org/idx/mr/733933
http://msp.org/idx/zbl/0527.13013
http://msp.org/idx/mr/1251956
http://msp.org/idx/zbl/0788.13005
http://dx.doi.org/10.1017/nmj.2018.20
http://dx.doi.org/10.1017/nmj.2018.20
http://dx.doi.org/10.1007/BF01351793
http://msp.org/idx/mr/369345
http://msp.org/idx/zbl/0287.13005
http://dx.doi.org/10.1016/0021-8693(76)90192-7
http://msp.org/idx/mr/419428
http://msp.org/idx/zbl/0348.13012
http://dx.doi.org/10.1007/978-1-4612-5350-1
http://msp.org/idx/mr/1322960
http://msp.org/idx/zbl/0819.13001
http://dx.doi.org/10.1307/mmj/1220879409
http://msp.org/idx/mr/2492453
http://msp.org/idx/zbl/1180.13033

MODULES OVER GORENSTEIN LOCAL RINGS HAVING RATIONAL POINCARE SERIES 187

[Elias and Valla 2009] J. Elias and G. Valla, “A family of local rings with rational Poincaré series”,
Proc. Amer. Math. Soc. 137:4 (2009), 1175-1178. MR Zbl

[Gulliksen 1974] T. H. Gulliksen, “A change of ring theorem with applications to Poincaré series and
intersection multiplicity”, Math. Scand. 34 (1974), 167-183. MR Zbl

[Gulliksen and Levin 1969] T. H. Gulliksen and G. Levin, Homology of local rings, Queen’s Paper in
Pure and Applied Mathematics 20, Queen’s University, Kingston, ON, 1969. MR Zbl

[Jorgensen and Sega 2004] D. A. Jorgensen and L. M. Sega, “Nonvanishing cohomology and classes
of Gorenstein rings”, Adv. Math. 188:2 (2004), 470-490. MR Zbl

[Lescot 1983] J. Lescot, “La série de Bass d’un produit fibré d’anneaux locaux”, pp. 218-239 in
Paul Dubreil and Marie-Paule Malliavin algebra seminar, 35th year (Paris, 1982), edited by M.-P.
Malliavin, Lecture Notes in Math. 1029, Springer, 1983. MR Zbl

[Levin 1976] G. Levin, Lectures on Golod homomorphisms, Matematiska institutionen, Stockholms
universitet 15, University of Stockholm, 1976. Zbl

[Levin 1985] G. Levin, “Modules and Golod homomorphisms”, J. Pure Appl. Algebra 38:2-3 (1985),
299-304. MR Zbl

[Levin and Avramov 1978] G. L. Levin and L. L. Avramov, “Factoring out the socle of a Gorenstein
ring”, J. Algebra 55:1 (1978), 74-83. MR Zbl

[Roos 2005] J.-E. Roos, “Good and bad Koszul algebras and their Hochschild homology”, J. Pure
Appl. Algebra 201:1-3 (2005), 295-327. MR Zbl

[Rossi and Sega 2014] M. E. Rossi and L. M. Sega, “Poincaré series of modules over compressed
Gorenstein local rings”, Adv. Math. 259 (2014), 421-447. MR Zbl

[Sally 1980] J. D. Sally, “The Poincaré series of stretched Cohen—Macaulay rings”, Canadian J.
Math. 32:5 (1980), 1261-1265. MR Zbl

[Scheja 1964] G. Scheja, “Uber die Bettizahlen lokaler Ringe”, Math. Ann. 155 (1964), 155-172.
MR Zbl

[Sega 2003] L. M. Sega, “Vanishing of cohomology over Gorenstein rings of small codimension”,
Proc. Amer. Math. Soc. 131:8 (2003), 2313-2323. MR Zbl

[Wiebe 1969] H. Wiebe, “Uber homologische Invarianten lokaler Ringe”, Math. Ann. 179 (1969),
257-274. MR Zbl

Received January 30, 2018. Revised September 21, 2019.

ANJAN GUPTA

DEPARTMENT OF MATHEMATICS

INDIAN INSTITUTE OF SCIENCE EDUCATION AND RESEARCH BHOPAL
BHOPAL

INDIA

agmath @gmail.com


http://dx.doi.org/10.1090/S0002-9939-08-09736-0
http://msp.org/idx/mr/2465637
http://msp.org/idx/zbl/1168.13014
http://dx.doi.org/10.7146/math.scand.a-11518
http://dx.doi.org/10.7146/math.scand.a-11518
http://msp.org/idx/mr/364232
http://msp.org/idx/zbl/0292.13009
http://msp.org/idx/mr/0262227
http://msp.org/idx/zbl/0208.30304
http://dx.doi.org/10.1016/j.aim.2003.11.003
http://dx.doi.org/10.1016/j.aim.2003.11.003
http://msp.org/idx/mr/2087235
http://msp.org/idx/zbl/1090.13009
http://dx.doi.org/10.1007/BFb0098933
http://msp.org/idx/mr/732477
http://msp.org/idx/zbl/0563.13007
http://msp.org/idx/zbl/0439.13016
http://dx.doi.org/10.1016/0022-4049(85)90017-9
http://msp.org/idx/mr/814185
http://msp.org/idx/zbl/0585.13005
http://dx.doi.org/10.1016/0021-8693(78)90191-6
http://dx.doi.org/10.1016/0021-8693(78)90191-6
http://msp.org/idx/mr/515760
http://msp.org/idx/zbl/0407.13018
http://dx.doi.org/10.1016/j.jpaa.2004.12.021
http://msp.org/idx/mr/2158761
http://msp.org/idx/zbl/1090.13008
http://dx.doi.org/10.1016/j.aim.2014.03.024
http://dx.doi.org/10.1016/j.aim.2014.03.024
http://msp.org/idx/mr/3197663
http://msp.org/idx/zbl/1297.13016
http://dx.doi.org/10.4153/CJM-1980-094-0
http://msp.org/idx/mr/596109
http://msp.org/idx/zbl/0449.13010
http://dx.doi.org/10.1007/BF01344078
http://msp.org/idx/mr/162819
http://msp.org/idx/zbl/0134.27203
http://dx.doi.org/10.1090/S0002-9939-02-06788-6
http://msp.org/idx/mr/1974627
http://msp.org/idx/zbl/1017.13008
http://dx.doi.org/10.1007/BF01350771
http://msp.org/idx/mr/255531
http://msp.org/idx/zbl/0169.05701
mailto:agmath@gmail.com




PACIFIC JOURNAL OF MATHEMATICS
Vol. 305, No. 1, 2020

dx.doi.org/10.2140/pjm.2020.305.189

GENERALIZED CARTAN MATRICES
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OF ISOLATED HYPERSURFACE SINGULARITIES
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Dedicated to professor Shing Tung Yau on the occasion of his 70th birthday

Let V be a hypersurface with an isolated singularity at the origin defined
by the holomorphic function f : (C*, 0) — (C, 0). The Yau algebra L(V) is
defined to be the Lie algebra of derivations of the moduli algebra A(V) :=
Ou/(fs 35, -++ 5 3L), ie, L(V) = Der(A(V), A(V)). 1Tt is known that
L(V) is finite dimensional and its dimension A (V) is called the Yau number.
We introduced a new Lie algebra L*(V) which was defined to be the Lie

algebra of derivations of

of of a?f ) )
A* V =O T g e e ey D t

i.e.,, L*(V) =Der(A*(V), A*(V)). L*(V) is finite dimensional and A*(V) is
the dimension of L*(V). In this paper we compute the generalized Cartan
matrix C (V) and other various invariants arising from the new Lie algebra
L*(V) for simple elliptic singularities and simple hypersurface singularities.
We use the generalized Cartan matrix to characterize the ADE singularities.

1. Introduction

Recall that simple (Kleinian, rational double point) singularities, consist of two
series Ag : {(x2+y2 =K1 =0}, k> 1, Dy : {(x?2+y*2+ 251 =0}, k > 4 and
three exceptional singularities Eg, E7, Eg defined by polynomials

4yt Py, Ry 42,
respectively. Egisa simple elliptic singularity defined by
{r.y,0eC | +y +2=0h
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(NCTS) for providing an excellent research environment while part of this research was done.
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Keywords: isolated singularity, Lie algebra, generalized Cartan matrix.
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Its (u, T)-constant family is given by
Vi={(x,y,0€C| filx,y,2) =x>+y’ +2° +1xyz =0},

with 3 4+ 27 # 0 (see [Yau 1983]). Ejisa simple elliptic singularity defined
by {(x,y,z) € C* | x* + y* 4+ 22 = 0}. Seeley and Yau [1990] showed that its
(i, T)-constant family is given by

Vi={(x,y,20€C| filx,y,2) =x* +y* +1x?y* + 2> =0},
with #2 = 4. The simple elliptic singularity Es defined by
{((x,y,20eC | x*+y +72=0).

In [Seeley and Yau 1990], the authors had studied the (u, 7)-constant family of Eg,
which is given by

Vi={(x, 5,200 €C| =x"+y’+ 2 +1x*y =0},

with 413 427 £ 0.

Finite dimensional Lie algebras are the semidirect product of the semisimple Lie
algebras and solvable Lie algebras. Brieskorn gave the connection between simple
Lie algebras and simple singularities. The Lie algebra L is called nilpotent if the
lower central series of ideals: Lo=L, Ly =[L,L], Ly=[L,Li-1)], i=2,3,...
terminates. Simple Lie algebras have been well understood, but not the nilpotent
Lie algebras.

The problem of classifying nilpotent Lie algebra was studied for the first time
by Umlauf [1891], a student of Engle. Umlauf gave the complete list over C up to
dimension 6 and a certain complex family at dimensions 7, 8 and 9. The introduction
of the root systems for the nilpotent Lie algebras was given by Bratzlavsky [1974]
and Favre [1972; 1973]. The concept of root system constitutes an important
step in the classification of nilpotent Lie algebras. By using these root systems,
Santharoubane [1983] established a link between the nilpotent Lie algebras and
the Kac—-Moody Lie algebras (which generalize the semisimple Lie algebras and
are of infinite dimension). Yau [1986], introduced many numerical invariants,
namely, dimension of the Lie algebra L(V); dimension of the maximal nilpotent
subalgebras (i.e., nilradical of nilpotent Lie algebra) g(V) of L(V); dimension of
the maximal torus of g(V); generalized Cartan matrix C (V) (see Definition 2.6);
type and nilpotency of singularity. Benson and Yau [1987] computed the generalized
Cartan matrix C (V') for simple hypersurface singularities by using the Yau algebra.
Moreover, Seeley and Yau [1991] computed the generalized Cartan matrix C (V) by
using Yau algebras of simple elliptic singularities. Thus it is extremely important
to establish connection between singularities and nilpotent Lie algebras.
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It is well-known that for any isolated hypersurface singularity (V, 0) C (C"*, 0),
where V =V (f) ={f =0}, one can consider the finite dimensional moduli algebra

3 3
A(V)::On/(f,a—i,...,af).

The O, is the algebra of convergent power series in n indeterminates and f € O,,.
Mather and Yau [1982] proved that the complex structure of (V, 0) is determined by
its moduli algebra. Subsequently, Yau [1986] introduced the Lie algebra L(V') to
(V, 0), which is the algebra of derivations of A(V), i.e., L(V):=Der(A(V), A(V)).
Yau and his collaborators have been systematically studied the Lie algebras of
isolated hypersurface singularities since the 1980s [Yau 1983; 1984; 1986; 1991;
Benson and Yau 1987; 1990; Seeley and Yau 1990; 1991, Yau and Zuo 2016a;
2016b; Chen et al. 1995; 2019; > 2020a; > 2020b; Hussain et al. 2018; 2020;
2019a; 2019b; Hussain 2018]. One can construct nilpotent Lie algebras from
the Yau algebras, however the Yau algebras can not be used to distinguish the
ADE singularities [Elashvili and Khimshiashvili 2006]. Recently, in [Chen et al.
> 2020b], a new natural connection between the set of complex analytic isolated
hypersurface singularities and the set of finite dimensional nilpotent Lie algebras has
been constructed. We introduced a new Lie algebra L*(V) :=Der(A*(V), A*(V)),
to be the Lie algebra of derivations of the Artinian algebra

9 9 92
A*(V):On/<f,—f,..., f,Det< f) )
0x1 0xy, 0x;0x; i j=1,.n

and A*(V) is the dimension of L*(V). In [Chen et al. > 2020b], we have used it
to distinguish ADE singularities and prove Torelli-type theorems for some simple
elliptic singularities. This new Lie algebra is a subtle invariant associated to an
isolated hypersurface singularity. In this paper we shall study the new Lie algebra
L*(V) for simple hypersurface singularities and simple elliptic singularities. We
shall introduce many numerical invariants, namely, dimension of the maximal
nilpotent subalgebras (i.e., nilradical of nilpotent Lie algebra) g(V) of L*(V);
dimension of the maximal torus of g(V); generalized Cartan matrix C(V), etc. We
shall compute different numerical invariants such as dimension of maximal torus of
g(V); type and nilpotency of singularity and generalized Cartan matrix C (V) and
so on. We use the generalized Cartan matrix to characterize the ADE singularities
with one exceptional case (i.e, Ag and Ds) and obtain the following result.

Theorem 1.1. The generalized Cartan matrix characterizes the simple (ADE) hy-
persurface singularities except A and Ds singularities. lLe., if X and Y are two
simple hypersurface singularities, then C(X) = C(Y) if and only if X and Y are
analytically isomorphic.
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2. Preliminaries

2A. Isolated hypersurface singularities. Let Clx, x, ..., x,] be the algebra of
complex polynomials in n indeterminates. Denote by O,, the algebra of germs
of holomorphic functions at the origin of C". Obviously, O, can be naturally
identified with the algebra of convergent power series in n indeterminates with
complex coefficients. For a polynomial f € C[xy, x2, ..., x,], denote by V =V (f)
the germ at the origin of C" of hypersurface {f = 0} C C". We say that V is a
germ of isolated hypersurface singularity if the origin is an isolated zero of the
gradient of f. The local (function) algebra of V is defined as the (commutative
associative) algebra F (V) = O, /(f), where (f) is the principal ideal generated by
the germ of f at the origin. According to Hilbert’s Nullstellensatz for an isolated
singularity V = V(f) = { f = 0} the factor-algebra A(V) = O,/(, %, . %)
is finite dimensional. This factor-algebra is called the moduli algebra of V and its
dimension t(V) is called Tjurina number. The well-known Mather—Yau theorem
states that

Theorem 2.1 [Mather and Yau 1982]. The analytic isomorphism type of an isolated
hypersurface singularity is determined by the isomorphism class of its moduli
algebras i.e.,

(V1,0) = (V2,0) & A(V1) = A(V2).

2B. Yau algebra. Recall that a derivation of commutative associative algebra A
is defined as a linear endomorphism D of A satisfying the Leibniz rule: D(ab) =
D(a)b + aD(b). Thus for such an algebra A one can consider the Lie algebra
of its derivations Der(A, A) with the bracket defined by the commutator of linear
endomorphisms.

Definition 2.2. Let f(xy, ..., x,) be a complex polynomial and V = { f =0} be
a germ of an isolated hypersurface singularity at the origin in C*. Let A(V) be
the moduli algebra and L(V) := Der(A(V), A(V)). Yu [1996] calls L(V) the Yau
algebra of V. The dimension of L(V) is called the Yau number by Elashvili and
Khimshiashvili [2006] and is denoted by A (V).

2C. New derivation Lie algebra. We recall the following beautiful theorem due
to Dimca.

Theorem 2.3 [Dimca 1984]. Two zero-dimensional isolated complete intersection
singularities X and Y are isomorphic if and only if their singular subspaces Sing(X)
and Sing(Y) are isomorphic.

Remark 2.4. Let V = V(f) be an isolated quasihomogeneous hypersurface sin-

gularity. Assume that X defined by (;-—L, ey %) is a zero-dimensional isolated
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complete intersection singularity. Then Sing(X) is defined by

9 d 92
f’_f“”,—f,Det f :
ax1 0xy, 0x;0x; ij=1,..n

Theorem 2.3 implies that in order to study the analytic isomorphism type of zero
dimensional isolated complete intersection singularity X, we only need to consider
the Artinian local algebra A*(V) which is the coordinate ring of Sing(X). Thus
A*(V) is defined as the quotient

9 ) 92
On/(f’_fa-"a f’Det< f ) )
axy dxy 0x:0x; /i j=1,..n

Combing Theorem 2.3 with the Mather—Yau theorem, we know that the A*(V)
is a complete invariant of quasihomogeneous isolated hypersurface singularities
(i.e., A*(V) determines and is determined by the analytic isomorphism type of
the singularity). We call A*(V) the generalized moduli algebra of V. Based on
this important observation, we introduced the following new invariants for isolated
hypersurface singularities [Chen et al. > 2020b].

Definition 2.5. Let V = {f =0} be a germ of isolated hypersurface singularity at
the origin of C" defined by f € C[x1, x2, ..., x,]. The new Lie algebra arising from
the isolated hypersurface singularity V is defined as L*(V) := Der(A*(V), A*(V))
(We simply denote it by Der(A*(V))). The dimension of this new Lie algebra is
denoted by A*(V).

2D. Kac-Moody Lie algebras and isolated hypersurface singularities. Let (V, 0)
be an isolated hypersurface singularity. Let g(V) be the maximal ideal of L*(V)
consisting of nilpotent elements. It is follows from [Santharoubane 1983] that a
generalized Cartan matrix C(V'), constructed from g(V), is an invariant of (V, 0)
(see [Yau 1986]).

Definition 2.6. An /[ x [ matrix with entries in Z, C = (¢;;) is a generalized Cartan
matrix if

(a) ciij=2 foralli=1,...,[,
(b) cij<0 foralli,j=1,...,1, i #],
(©) cij=0ifand only if c;; =0 foralli,j=1,...,1, i #].

To each generalized Cartan matrix C(V'), one can associate a Lie algebra KM(C)
(called a Kac—Moody Lie algebra) defined by generators

{(fi,..., fi,hi,.... ¢y, e1, ..., e}
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and relations:
[hivej]:Cijejv [hl’f]]:_cljf]’ foralli’jzl""’l’
[hi,hj]:O, foralli,j:l,...,l, [e,-,f,']:h,-,
lei, fi1=0, (ade) *e; =0=(ad f;))~*' f;, foralli#j.

Let H=Ch; +---+ Chy; denote &£, (C) (resp. £_(C)) the subalgebra of KM(C)
generated by {ey, ..., e/} (resp. (fi, ..., f1)) one shows that:

KM(C) =6, (C)® H®§-(C).
One can also define £, (C) by generators {ey, ..., ¢/}, and relations
(ade))“itle; =0 foralli,j=1,...,1, i # .

We shall construct the generalized Cartan matrix from an isolated hypersurface
singularity (V, 0). Let g(V) be the set of all nilpotent elements in L*(V); then g(V)
is the maximal nilpotent Lie subalgebra of L*(V) and Der(g(V)) is its derivation
algebra.

Definition 2.7. A torus on g(V) is a commutative subalgebra of Der(g(V)) whose
elements are semisimple endomorphism. A maximal torus is a torus not contained
in any other torus. The dimension of the maximal torus is called the generalized
Mostow number (GMN). The GMN is an invariant of the isolated singularity (V, 0).

Theorem 2.8 (Mostow’s theorem [Santharoubane 1983]). If T} and T, are maximal
tori of g(V), then there exists ¢ € Aut g(V) (automorphism group of g(V)) such
that T~ = T».

Let T be a maximal torus and consider the root space decomposition of g(V)
relative to T [Santharoubane 1983]:

gV)y= Y g(F,
BeR(T)
gV ={xeg(V)|tx=B(t)x, Vt €T},

and
R(T)={BeT*|g(V)f #(0)} (rootsystem) ,

RN T)={B e R(T)|g(V)F Zg(V), gV},

. g(v)? |
1’3_dlm<[g(V>,g(V)mg(V)ﬂ>’ forall e KT,

dg =dim(g(V)P), peRYT).
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The map B+ dg, R 1(T) — N* gives the partition
RN T)=R'(T), U---UR'(T),,, p1<-<pg RYD)p #2,
R(T),={Be R\ (T)|ds = p)}.

Sets; =4R'(T)), and s =51+ - +5,. We let dg, =d; and I, = ;.
Let f:{1,...,1} = {1, ..., s} be defined by

I, 1<i<ly,

2, h<i<h+l,
fi=1.

s., h4bh+--+1l_<i<l.
Theorem 2.9 [Santharoubane 1983]. Fori, je{l,...,1} i # j let
—¢;j(T) =min{-n e N | (adv) " w =0, Yv e g(V)P/0, Yw e g(V)P10},
with (ad 0)° = 0 and let ¢;; (T) = 2fori=1,...,1. Then
C(T) = (¢ij(TH))1<i,j<

is a Cartan matrix.

3. Main Results

Now we apply the above theory to study the new Lie algebra L*(V) of simple
hypersurface singularities and simple elliptic singularities. We use the following
convention: g' =[g, g],..., g”"! =[g, g”]. We use N to denote the set of positive
integers.

Proposition 3.1. Let V = {x, y, z € C | x2 4+ y? — z¥*1 =0} be the Ay singularity,
k> 1. Then

is not defined, k=1,2,3,4,
((2) (2))’ k:59
(%35 k=6,
C(Ax) = ;
(2 7) k=T,
(_als %), kisoddand k=9,
(—(kE4)/2 —(k2—5) ). kisevenandk > 8.

Proof. 1t is easy to see that A*(V) = (1, z, 2, ..., zk_z) for k > 2 with the multi-
plication rule z¥=! = 0, and A*(V) = 0 for k = 1. After a simple calculation we
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get
L*(V) = (20;,2%0;,...,25729;), k=3,
0’ k - 1, 2,
and
(Zzaz’ ---,Zk_zaz>a k 247
g(V) = (z9;), k=3,
0, k=2.
It is easy to see the Cartan matrix is not defined when 1 <k < 4.

For the As singularity,
g(V) = (229, 2°9,).

By setting x; = zzaz, Xy = z38Z, we get the multiplication table [x{, x] = 0.
The type of As singularity = dim g(V)/[g(V), g(V)] = 2. The nilpotency of As
singularity = min{p € N U {0} | g(V)erl =0} =0. It is easy to see from ([Benson
and Yau 1987]) that the torus T of g(V) is spanned by
n:gV)y—gv), n:g(V)—gV),

X1 — X1, X1 = 0,

X2 = 0, X2 = X).
Thus T = Ct; 4+ Ct,. Since dim T = 2 = the type of As, T is the maximal torus of
g(V).Let B; : T — C be a linear map with B;(¢;) = §;; fori, j =1, 2;

g(V)=g" @g”
=Cx1®Cx,

(x1,x2) is a T-minimal system of generators. Therefore the generalized Cartan

matrix is
20
As) = .
C(As) (O 2)

For the Ag singularity, we have the following multiplication table [x1, x2] = x3.
The type of Ag singularity = dim g(V)/[g(V), g(V)] = 2. The nilpotency of the
Ag singularity = min{p e NU{0} | g(V)PH! = 0} = 1. It is easy to see from
[Benson and Yau 1987] that the torus T of g(V) is spanned by

n:g(V)y—>gW), n:gV)—gl),
Xi = Xy, x1 =0,
x2 0, X2 = X2,

X3 — X3, X3 = X3.
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Thus T = Ct; + Ct,. Since dim T = 2 = the type of Ag, T is the maximal torus of
g(V). Let B; : T — C be a linear map with B;(¢;) = §;; fori, j =1,2;

g(V) = gﬂl D gﬂz @gﬁl+52
=Cx1 ®Cxy & Cxs.

Note that (x1, xp) is a T-minimal system of generators. The generalized Cartan

matrix is
2 —1
Ag) = .
C(Aé) (_1 2)

For the A7 singularity, we have the following multiplication table:
[x1, x2] = x3,  [x1, x3] = 2x4.

The type of A7 singularity =dim g(V)/[g(V), g(V)]=2. The nilpotency of the A;
singularity = min{p € N U {0} | g(V)PTl =0} =2. Itis easy to see from [Benson
and Yau 1987] that the torus 7" of g(V) is spanned by

t1:8(V)— g(V), 1:g(V)— g(V),

X1 — X1, x1+— 0,
x2 = 0, X2 = X2,
X3 = X3, X3 = X3,
X4 = 2)64, X4 > X4.

Thus T = Ct; + Ct,. Since dim T = 2 = the type of A7, T is the maximal torus
of g(V). Let B; : T — C be a linear map with g;(¢;) =§;; fori, j =1,2;

2(V) = gP @ g @ gf1+H2 @ g2P1HH2
=Cx; @Cx2® Cx3 @ Cxy,
(x1, x2) is a T-minimal system of generators. The generalized Cartan matrix is
C(A7) = <_21 _22>
For the Ay singularity k > 8,
(V) =(z%3,,229,,...,2"7%3,).

By setting x| = z29,, Xp = 2°0., . .., Xy_3 = 229, we have the following multi-
plication table:

[x1, X2l =x3,  [x1,x31=2x4, ..., [x1,Xk—4]l=(k —5)x;-3,

[x2, ;3] = x5,  [x2, x4]=2x6, ..., [x2, xk—5]= (k —T)x—3.
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The type of Ay (k > 8) singularity = dim g(V)/[g(V), g(V)] = 2. The nilpotency
of the Ay (k > 8) singularity is

min{p € NU{0} | g(V)"*!' =0} =k —5.
It is easy to see from [Benson and Yau 1987] that the torus 7" of g(V) is spanned by

1:8(V) — g(V),
X1 — X1,
X2 — 2X2,

X3 = 3X3,

X3 > (k= 3)x;_3.
It is follows from [Benson and Yau 1987] that T is the maximal torus of g(V). Let
B: T — C be alinear map with 8(¢) = 1;

g(V) — g,Bl @ g2,32 @ . @g(k—3),31
=Cx;®Cx2 @ Cx3®--- @ Cxy—3,
(x1, x2) is a T-minimal system of generators. It is noted that (ad x1)¥*x, = 0, but

(ad x))F 2 x, # 0. Therefore cj» = —(k —5). In order to compute the cp; we divide
it into two cases.

Case 1. kisodd and k=2[+7>9, [>1, then
(adx)Tx;=—2-2-1)@2-3—1)--- 2l — Dxgy3, (adx2) x; =0,
> en=—0+1)=-432
Case 2. kiseven and k=2[+6>8, [>1, then
(adx)Tx; =—2-2-1)@2-3—-1)--- 2l — Dxy43, (adx2)x; =0,
Sen=—(+h=-2

Therefore the generalized Cartan matrix is
2 (k=3 :
s , kisoddand k > 9,
-5 2

2 —(k-5
( 4 ( )), k is even and k > 8. O
—k=4 2
2
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Proposition 3.2. Let V ={x, y, z € C* | x> +y?z+ 75" =0} be the Dy, singularity,

k> 4. Then

C(Dy) =

is not defined,

!

2

2 -10
120),

0 0 2

2 =10 0
-1 2 0 0

0 0 2 —1}|
0 0 —1 2

2 -1 0 0
-1 2 0 0
0o 0 2 =2
00—12)

2 -1 0 0
-1 2 0 0
0 0 2 —(k—6)
0 0 -5 2
2 -1 0 0
-1 2 0 0
0 0 2 —(k—6)
0 0 —%¢6 2

k=4,

k=35,

k=6,

k=7,

k=8,

, kisoddandk >9,

. kisevenandk > 10.

Proof. 1t is easy to see from [Arnold et al. 2004, Theorem 13.1],

A*(V)=(,0<i<k—3,y).

After a simple calculation we get

L*(V) = (ydy, 25730y, yd,, 2'8,, 1 <i <k—3),
g(V) = (z"7%8y, yd,,2'8,, 2<i <k—3, k>5).

It is easy to see, the Cartan matrix is not defined when k = 4. For the D5 singularity,

g(V) = (yd,, 228y, 2°9;).
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We set x| = yd,, xo = 228y and x3 = z°d,. we have following multiplication
table: [x1, xo] = —x3. The type of D5 singularity = dim g(V)/[g(V), g(V)] = 2.
The nilpotency of the As singularity = min{p € N U {0} | g(V)PTl =0} =1. Itis
easy to see from [Benson and Yau 1987] that the torus 7 of g(V) is spanned by

t1:g(V) — g(V), r:g(V)— g(V),

X1 = X1, x1 =0,
x2 — 0, X2 > X2,
X3 = X3, X3 = X3.

Thus T = Ct; + Ct,. Since dim T = 2 = the type of Ds, T is the maximal torus of
g(V). Let B; : T — C be a linear map with B;(¢t;) =§;; fori, j =1, 2;
g(V) = gﬂl D gﬂz @gﬂﬁ—ﬂz
= Cx; ® Cx @ Cxs,

(x1, x2) is a T-minimal system of generators. The generalized Cartan matrix is

2 —1
C(Ds) = (_1 ) )

For the Dg singularity, we have the following multiplication table: [x;, x2] = —x4.
The type of Ag singularity = dim g(V)/[g(V), g(V)] = 2. The nilpotency of Ag
singularity = min{p € N U {0} | g(V)erl =0} = 1. It is easy to see from [Benson
and Yau 1987] that the torus T of g(V) is spanned by

t1:g(V)— g(V), h:g(V)— g(V), 13:8(V)— g(V),

X1 = X1, X1}—>0, xlr—>0,
X2 = 0, X2 = X2, X2 = O,
JC3I—>0, X3I—>0, X3 = X3,
X4 > X4, X4 = X4, X4 — 0.

Thus T = Ct; 4+ Ct; 4+ Ct3. Since dim 7' = 3 = the type of D¢, T is the maximal
torus of g(V). Let B; : T — C be a linear map with g;(¢;) = §;; fori, j =1, 2, 3;
sV =g @ogh@gh @ghth

=Cx; ®Cxy ®Cxz d Cxy,
(x1, x2, x3) is a T-minimal system of generators. The generalized Cartan matrix is
2 -1 0

CDg)=|-1 2 o0
0 0 2
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For the D7 singularity, we have the following multiplication table: [x1, x,] = —xs,
[x3, x4] = x5. The type of D7 singularity = dimg(V)/[g(V), g(V)] = 4. The
nilpotency of the D7 singularity = min{p € N U {0} | g(V)PHl =0} =1.Itis easy
to see from [Benson and Yau 1987] that the torus T of g(V) is spanned by

t1:g(V)— g(V), h:g(V)— g(V), 13:8(V)— g(V),

X1 = X1, x1— 0, x1 =0,
X2 0, X2 > X2, x2 0,
x3 0, x30 0, X3 = X3,
X4 > X4, X4 = X4, X4 —> —X4,
X5 > X5, X5 > X5, x5+ 0.

Thus T = Ct; 4 Ct, + Ct3 is a unique maximal torus on g(V). Let §; : T — Cbe a
linear map with B;(t;) =§;; fori, j =1,2,3;

g(V) = gﬂl @gﬂz D gﬂ3 @gﬂl-i-ﬂz—ﬁ% D gﬂl-i-ﬂz
=Cx; ®Cxy, ®Cx3 ® Cxq ® Cxs,

(x1, X2, X3, x4) is a T-minimal system of generators. The generalized Cartan matrix
is

2 -1 0 0
-1 2 0 0
COD=19 o 2 -
0 0 —1 2

For the Dy singularity, we have the following multiplication table: [x1, x,] = —xg,
[x3, x4]=x5, [x3, x5]=2x¢. The type of Dg singularity =dim g(V)/[g(V), g(V)]=4.
The nilpotency of the Dg singularity = min{p € N U {0} | g(V)PH =0} =2. Itis
easy to see from [Benson and Yau 1987] that the torus 7" of g(V) is spanned by

t1:g(V) — g(V), r:g(V)— g(V), r3:8(V)— g(V),

X1 X1, x1 0, x1 — 0,

xp > 0, X2 > X2, x2 0,

x3 0, x3 0, X3 > X3,
X4 > X4, X4 > X4, X4 > —2x4,
X5 = X5, X5 — X5, X5 —> —X5,

X6 > Xg, X6 > Xg, x¢ — 0.
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Thus T = Ct; 4 Ct, + Ct3 is a unique maximal torus on g(V). Let §; : T — Cbe a
linear map with B;(t;) = §;; fori, j =1,2,3;

g(V)= gﬁl D gﬂz @gﬂs ®gﬁ1+ﬁ2*2ﬁ3 D gﬂ1+ﬂ2*ﬁ3 ®gﬁ1+ﬁz

=Cx1 @ Cxy ®Cx3 P Cxs & Cxs ® Cuxs,

(x1, X2, X3, x4) is a T-minimal system of generators. The generalized Cartan matrix
is

2 -1 0 0
12 0 0
COI=14 o 2 2
0 0 —1 2

For the Dy singularity £ > 9,

(V) = (yd., 2573, 2%0,, 2°0., 2%0,, ..., 2730.).

By setting x; = zzaz, Xy = z3az, ey Xpen = K730

multiplication table:

., we have the following

[x1, x2] = —xk—2,

[x3, x4l = x5, [x3, x5]1=2x6, [x3,X6]1=3x7, ..., [x3, x¢—3]= (k—0)xx—2,
[x4, x5] = x7, [x4,x6] =2x3, [x4,x7] =3x9, ..., [x4, X4—a]= (k —8)xx—2,
[xs5, X6] = x9, [x5, x7] = 2x10, [x5, x8] =3x11, ..., [x5, xk—5] = (k — 10)x;—2.

The type of Dy singularity (for k > 9) = dimg(V)/[g(V), g(V)] = 4. The
nilpotency of the Dy, singularity (for k >9) =min{p € NU{0} | g(V)?+' =0} =k—6.

Case 1. When £ is odd:
It is easy to see from [Benson and Yau 1987] that the torus T of g(V') is spanned
by

g(V) —gV), n:g(V)—gV),
x1 = (k—4)xq, x1—0
X2 0, X2 = (k—4)xy,
X3 — X3, X3 > X3,
X4 > 2x4, X4 > 2x4,
x5 — 3xs, X5 > 3Xxs5,

Xk—a > (k—=Bxp—2, X2 > (kK —d)xp—2.
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Thus T = Ct; 4 Ct; is a unique maximal torus on g(V). Let B; : T — C be a linear
map with B;(z;) = 6;; fori, j =1, 2;
g(V) = g(k—4)/3| D g(k—4)ﬂ2 D gﬂ1+,32 D g2(5|+ﬂ2) ey g3(ﬂ|+52) DD g(k—4)(,31+ﬂ2)
=Cx1®Cx, DCx3PCxs PCxs5D - - - D Cxy—3a,

(x1, X2, x3, x4) is a T-minimal system of generators. Since (ad X3)k_SX4 =0, and
(ad x3)*Oxy # 0, s0 ¢34 = —(k — 6). In order to compute the c43, we have k =
214+7>09;

(adxy) a3 =—2-2-1DQ2-3—1)--- (2 — Dxgys, (adxg)x3=0,

scp=—l+1)=———.

2
Therefore the generalized Cartan matrix is
2 -1 0 0
-1 2 0 0
COI=10o 0 2 —k-6
0 0 -5 2

2

Case 2. When £ is even:
It is easy to see from [Benson and Yau 1987] that the torus T of g(V') is spanned
by

n:g(V)—g(v), 1:g(V) = g(V),
x1 > (k—4)2xy, x> 0,
x> 0, x2 > (k—4)x,,
x3 > (k—4)xs3, x3+— (k—4)xs3,
x4 > 2(k — d)xy, x4 > 2(k — 4)xy,
x5+ 3(k —4)xs, x5 3(k —4)xs,
Xk—2 '—> (k—4’xi—2, X2 '—> (k —4)%xi—2.

Thus T = Ct; + Ct, is a unique maximal torus on g(V). Let §; : T — C be a linear
map with B;(t;) =6;; fori, j =1,2;
g(V)= g(k*4)2ﬁ1 D g(k*4)2ﬁz D g(k*4)(ﬂ1+ﬁz) ey g2(k74)(/31+/32) oy g3(k*4)(ﬁ1+ﬂ2) D---
) g(k—4)2(ﬁ1+ﬁ2)
=Cx1BCx ®Cx3PCxs ®Cxs P - - - B Cxy—2,

(x1, X2, x3, x4) is a T-minimal system of generators. It is noted that (ad x3)k x4 =0,
but (ad x3)* x4 # 0. Therefore c34 = —(k — 6). In order to compute the c43, we
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have k =2/+8 > 9;

(adxy) a3 =—2-2—=1DQ2-3=1)--- (2 — Dxyys,  (adxy) ™ 2x3 =0,

S en=—+1) =32
Therefore the generalized Cartan matrix is
2 -1 0 0
-1 2 0 0
COI=1¢ o 2 —(k—6) -
k—

0 0 -5 2

Proposition 3.3. Let V = {x, v, z € C? | x> + y3 + z* = 0} be the E¢ singularity.
Then

|
(SN}
|

C(Ee) =

o O

(NS I ST S R
S NN O
N OO

Proof. 1t is easy to see that A*(V) = (1, y, z, yz, z?) with the multiplication rules
y? =0 = z° = yz%. We have the following basis of the new Lie algebra of the Eg
singularity:

L*(V) = (ydy, yzdy, zzay, y0;, ¥20;, 205, ZZBZ).

The nilradical of the new Lie algebra of the E¢ singularity is spanned by
g(V) = (yzdy, 229y, ¥z, y20;, 2°8;).

We set x1 = yzdy, x = z28y, e, X5 = zzaz. The multiplication table of the
nilradical of the Lie algebra is given as

[x1, x3] = x4,  [x2, x3] = —2x1+ x5, [x3, x5] = 2x4.

The type of E¢ singularity = dim g(V)/[g(V), g(V)] = 3. The nilpotency of
the Eg singularity = min{p e NU{0}| g(V)PT! = 0} = 2. It is easy to see from
[Benson and Yau 1987] that the torus T of g(V) is spanned by

1:8(V)— g(V), r:g(V)— g(V), 13:8(V)— g(V),

X1 — X1, X1 — X5, X1I—>0,
X2 = 2X2, X2 = —4X2, X2 = —Xo,
X3 = —X3, X3}—>3X3, X3 = X3,
x4 0, x4 0, X4 > X4,

X5 — X5, x5r—>4x1, X5I—>O.
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Thus T = Ct; 4+ Ct, + Ct3. Since dim T = 3 = the type of Eg, T is the maximal
torus of g(V). Let B; : T — C be a linear map with g;(¢;) = §;; fori, j =1,2,3;

g(V) = gﬂ1+2/32 D gﬂl—zﬁz fay g2/31—4/32—/33 D g—ﬁ1+3/32+ﬁ3 fay gﬁs

= C(% +X5> EBC(—% +X5> @D Cxr @ Cx3 @ Cxy,

(x2, x3, 5 + x5, — % +x5) is a T-minimal system of generators. The generalized
Cartan matrix is

[\S I \S]

C(Ee) =

o N o
N O NS
O

—1

2 _
-2
-2

(>R ]

Proposition 3.4. Let V = {x,y,z € C? | x?> + y3 + yz® = 0} be the E7 singularity.
Then

2 0 0 -1
0 2 -1 —1
CED=1 o _1 21
2 -2 -3 2

Proof. Tt is easy to see that A*(V) = (1, y, z, yz, y?, z?) with the multiplication
rules

y z:0:y4=z3, y3—|—3z2:0, 612—3y3=0.

We have the following basis of the new Lie algebra of the E7 singularity:
L*(V) = (2dy, yzdy, y*dy, 229y, y20;, y°0;, 228;, 3ydy + 220,).

The nilradical of the new Lie algebra of E7 singularity is spanned by

g(V) = (yzdy, 29y, 223y, y29,, y*d,, 2%, 29,).

We set x; = yzdy, xp = yzay, ..., X7 = zdy. The multiplication table of the
nilradical of the new Lie algebra is given as

[x1, x7] = —x3, [x1, x5] = 3x3, [x2, x5] = —6x6,

[x2, x7] = —2x1, [x4, x7] = x1 — X6,  [x4, x5] = 3xe,

[xs5, x7] = x2 — 2x4,  [x6, X7] = X3.

The type of E7 singularity = dim g(V)/[g(V), g(V)] = 3. The nilpotency of the
E7 singularity = min{p e NU{0} | g(V)PH! = O} =3 It is easy to see from [Benson
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and Yau 1987] that the torus 7" of g(V) is spanned by

t1:g(V) — g(V), rh:g(V)— g(V),

X1 — 3X1, X1 = O,

Xp = 2x7, xp > —10x7 — 3xy4,
x3 > 4x3, X3 — —8x3,

X4 > 2X4, X4 = —12x2 — IOX4,
X5 > X5, x5 > —8xs5 4+ 3x7,
X6 3)(6, X6 > 3X1 — 12x6,

X7 > X7, X7 = 4x7.

Thus T = Ct; + Cr, is a unique maximal torus of g(V). Let §; : T — C be a linear
map with B;(t;) = 6;; fori, j =1, 2;

g(V) = g3131 fay gzﬂ1*4ﬂ2 D g2/31*16/32 D 84/31*8/32 fan gﬂﬁSﬂz D g3/31*12/32 D g,31+4/32
= Cx +36) @ C(—2 + x4 ) © (22 + 14 ) T3 & Cxs & T
® C(% + X7>,

(x2/2+ x4, —x2/2 + x4, x5, X5/4 4 x7) is a T-minimal system of generators. The
generalized Cartan matrix is

2 0 0-1
0 2 -1 -1

C(E7) = 0-1 211 (]
-2 -2 -3 2

Proposition 3.5. Let V = {x, y,z € C | x> 4+ y> 4+ 27 = 0} be the Eg singularity.
Then

2-1 0

2 2 0-

CEI=1 o 0 2-
0 -1 —1

Proof. It is noted that A*(V) = (1, y, z, yz, yz%, z%, z°) with multiplication rules
V=0=27" =y
We have the following basis of the new Lie algebra of the Eg singularity,

L*(V) = (ydy, yzdy, yzzay, Z3ay’ 0., yzd;, y2°0;, 20;, 2°0;, 2°0:).
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The nilradical of the new Lie algebra of the Eg singularity is spanned by
g(V) = (y2dy, y2dy. 28y, yd;, y2ds, y2°0;. 20, 2°05).
We set x; = yz0,, xp = y228y, ..., Xg = 2°d,. The multiplication table of nilradical

of new Lie algebra is given as

[x1, xal = x5, [x1, x5] = xe, [x1, x7] = —x2,
[x2, xa] =x6,  [x3,xa] = =3x2+x3, [x4, x7] = 2xs,
[x4, x3] =3x6, [x5,x7] = x6.
The type of Eg singularity = dim g(V)/[g(V), g(V)] = 4. The nilpotency of
the Eg singularity = min{p € N U {0} | g(V)PHl =0} =2 1t is easy to see from
[Benson and Yau 1987] that the torus 7' of g(V') is spanned by

r1:8(V)— g(V), rh:g(V)— g(V), 13:8(V) — g(V),

X1 = —2)(7, X1 — X1, X1 = 0,
X2 = —3)62, X2 — 2)62, X2 — 0,
x3 0, x3 0, X3 = X3,
X4 = —3X4, X4 = 2X4, X4 > —X4,
X5 — —SX5, X5 — 3X5, X5 = —X5,
X6 > —6)(6, X6 4x6, X6 — —Xg,
X7I—>X1—3X7, X7 = X7, X7I—>0,
Xg = —3Xg, Xg — 2x8, Xg — 0.

Thus T = Ct; + Cr, + Ct3 is a maximal torus of g(V). Let 8; : T — C be a linear
map with B;(t;) =§;; fori, j =1,2,3;

g(V) = g—3l31+252 D gﬂ3 oy g—351+2,32—ﬁ3 D g—5,3|+3,32—ﬂ3 @ g—6,31+4/32—/33
@ g—ﬁl-l-ﬁz D g—2ﬁ1+/32 D g—3ﬁ1+2ﬂ2
=Cx2 ® Cx3 & Cx4 @ Cxs5 ® Cxg & C(2x1 4 x7) @ C(x1 + x7) & Cuxs,

(x3, x4, 2x1 + x7, X1 + x7) is a T-minimal system of generators. The generalized
Cartan matrix is

2 -1 0
2 2 0 -1

CEI=| o o 21 =
0—-1—-1 2

From Propositions 3.1-3.5, we have the following conclusion.
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Theorem 1.1. The generalized Cartan matrix characterizes the simple (ADE) hy-
persurface singularities except Ag and Ds singularities. Le., if X and Y are two
simple hypersurface singularities, then C(X) = C(Y) if and only if X and Y are
analytically isomorphic.

Remark 3.6. In Theorem 1.1, in order for the generalized Cartan matrix to make
sense, the simple singularities there should be Ay, k > 5, Dy, k > 5, Eg, E7, Es.

However, Theorem 1.1 is not true for general singularities. In the following
Propositions 3.7, 3.8 and 3.9, we shall see that the generalized Cartan matrix is
constant for simple elliptic singularities. Therefore it does not characterize the
simple elliptic singularities.

Proposition 3.7. Let V; = {(x, y,2) € C3 filx,y,2)= x3 —i—y3 +3+ txyz =0}
with t3 +27 # 0, the Eg singularity. Then

C(Eg) =

S OO O OO OO NN
SO O O O OO oo
SO O O O OO NN OO
SO O O OO NN O OO
S O OO NO O OO
elelel S NeBeoBolole)
S O N O OO O OO
SN O O OO O oo
N OO OO oo oo

Proof. 1t is easy to see that new moduli algebra A*(V;) = (1, x, y, z, Xy, xz, ¥2)
with multiplication rules, x* = —£yz, y? = —%xz, z2 = —{xy. A basis for the
new Lie algebra L*(V,) (for 13 %0, —27, 216) is

e)=x0y +ydy +20;, €1 =xy0y, er=xydy, e3=xy0d;, e4=x70x,

es = xz0y, e =x70;, e7=1yz0y, eg=yz0y,, e9=yz0,.

Fort =0, {eo} is replaced by {ejo =x0y, €11 = ydy, e12 =209 }. Fort =3, {ep}
is replaced by {eg, 20y +x0dy + y9;, yox + 29y +x9;}. For t = 6, {eg} is replaced
by {ep, —20x — xdy — y0d;, —ydy — 20, — x0.}.

The type and nilpotency of Eg singularity are zero.

The nilradical g(V) of L*(V;) is spanned by (ei, ..., e9) (for all ¢ such that
1340, -27,216).

It is easy to see that multiplication table for nilradical of the new Lie algebra is
Zero.
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It is follows from [Seeley and Yau 1991], in case of generic ¢ the derivation of
the nilradical of L*(V;) has a basis of the form

fitan=1, frran=1, fzian=1, farau=1, [fs:as5=1,
ferass =1, fr:a;7=1, fg:agg=1, fo:rag =1.

We have following decomposition of the nilradical of the new Lie algebra with
respect to the maximal torus [Seeley and Yau 1991]:

ghr=(e), P =l(e), P =(e3), gM=(es), 27 ={es),
gf =1(es), &P =1(er). &P ={(es). &P ={(ev).
Therefore we have following Cartan matrix
200000000
020000000
002000000
000200000
C(E)=[000020000 O

000002000
000000200
000000020
000000002

Proposition 3.8. Let V, = {(x, y,2) € C*| fi(x, y,2) = x*+y*+1x2y2 4+ 72 =0}
with t*> # 4, be the Eq singularity. Then

2 -1 -1 -1 -1 -1
-1 2 -1 -1 -1 -1

) t#()’
-1 -1-1 2 -1 -1
-1 -1 -1-1 2 -1
~ -1 -1 -1 -1-1 2
C(Ey) =
2 -1-1 0-1 -1
-1 2 -1-1-1 -1
-1 -1 2 -1 -1 -1
, t=0.
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Proof In [Seeley and Yau 1990], the authors showed that (u, 7)-constant family
for E7 is
Vi={(x,y,200€C| filx,y,2) =x* +y* +1x?y* + 22 = 0},
with 12 # 4. The moduli algebra
A*(V) = A(V)/ (%Y%) = (Loay, 2%y 2 22y, 0yP),
with the multiplication rules

3= —%xﬁ Y = —%xzy, Py =0=uxy’=x?y"

A basis of the new Lie algebra L*(V;) (for t # 0, —6, 6) is:
deg0: ey = x0dy + yd,,
degl: e; = xzax, e = y28y, ez = y28x, eq :xzay, es = xydy, e6 = XYy,
deg2: e; = xzyax, eg = xyzay, eg = xy28x, el = xzyay.
Fort =0, {eo} is replaced by {xd,, ydy}. Fort =6, {eo} is replaced by {eg, yo.+
x0dy}. For t = —6, {eo} is replaced by {eg, yd, — x09,}.
The type of E7 singularity =dim g(V)/[g(V), g(V)] =4.
The nilpotency of the E; singularity = min{p e NU{0}| g(V)erl = 0} =1
The nilradical g(V') of L*(V;) is of dimension 10 and is spanned by (e, ..., o)
(for all ¢ such that > # 4). We have the following multiplication table:

[eo, ei]l =deg(e;) ei, [ez,e3]=—te7, [e3, es] =2eg3—2e7,

[e1, e2] =0, le2, ea] = —2e19, [e3, es]=—te7/2,
le1, e3] = —2ey, [e2, es] = eo, les, ec] = —2e9 —te10/2,
le1, ea] = —tes, le2, ec] = —es,  lea, es] = —teg/2 —2e)o,
le1, es] = —er, les, ec] = es —e7. [es, €] = —tes/2,

le1, es] = eq0,

Other Lie brackets are 0. It follows from [Seeley and Yau 1991], that we can
consider derivations which preserve degree to find a maximal torus of derivations
on nilradical g(V). Let é be a such derivation;

6 10
561 = E aejej, 8672 E alojej.
j=1 j=7

Case 1. In case of generic ¢ the derivation of the nilradical of L*(V;) is spanned by

Jai _axp 433 aa d4ss  des

: = — = = = = :1’
N > > > 5 > 5 =77 = dgg = d99 = 10,10
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and otherwise a;; = 0. In case of t = 0 the derivation of the nilradical of L*(V;) is
spanned by

S1:a11 = —a33 = 2a44 = ae¢e = ay7 = agg = 2a10,10 =1,

friaxn =2a33 = —ass = ass = ay; = agg = 2ag9 = 1,

and other a;; = 0. Thus for generic ¢ we have a torus of dimension 1 spanned by
8 = ad,,:
eiv i:1’2a3747556’
Se,- = .
2¢;, 1=17,8,9,10.

For generic ¢, let 8(6) = 1. Then we have the following decomposition of the
nilpotent Lie algebra with respect to the maximal torus:

P = (e1, e, €3, €4, €5, €6),

C:: = 2, i=],
YTl =1, i #

We have the following generalized Cartan matrix:

2 -1 -1-1-1-1
-1 2 -1-1 -1 -1
-1 -1 2 -1 -1 -1
-1 -1-1 2 -1 -1
-1 -1-1-1 2 -1
-1 -1-1-1-1 2

C(E7) =

Case 2. For t =0 we have a torus of dimension 2, spanned by degree derivations
51 = ad(xax) and 52 = ad(ya),):

e, 1=1,56,8,9, e;, 1=5,6,7,10,
8161' = 26‘1', i = 4, 7, 10, and 326,‘ = 26,’, = 2, 3, 8, 9,
0, i=2,3, 0, i=1,4.

For t = 0, we have following decomposition of the nilpotent Lie algebra:

Bid) =1, Bi1(8)=0 =
B(81) =1, Ba(s) =1
B3(81) =2, PB3(82) =0
B1(81) =0, Pa(8) =2

ey),

g =

g7 = (es. e6).
8" = (es),
gM =

LR

e, €3).
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It is easy to see that

f=1 f@=2, fB) =2 [fA=3, [fOE)=4, [f(6)=4,
(ade;)’es = (ad e1)%eq = 0 = Cpp=C3=0C =C31=-1,
(ader)es =0 = C14 =Cy41 =0,
(ade)’e; =0, (ader)’es =[e1, —29]=0 = Ci5=Cs; =Cis=Ce =—1,
(ad(yes +e6))’es = [yes +eq, yes —ye;] =0, (ades)’eq = [es, e5 —e7] =0
= (3 =Cp=—1,
(ad es)?ey = (ad eg)’es = 0 = Cu=C34=Cp=Cp=-1,
(ades)?e; =0, (adeg)’es =0, (ades)’e3=0, (adeg)’e3 =0
= C25 = C26=C35=C36 = Csp = Cs3 = Cep = Ce3 = —1,
(ad eq)’er = [e4, 2e10] =0, (ades)’e3 = [eq, 2e7 — 2e5] =0
= Cy45 = Cy6 = C54 = Coy = — 1,
(ad(yex +e3))ex = (adep)es =0 = Cs56 = Ces5 = 0.

We have the following generalized Cartan matrix:

2 1 -1 0 —1 —1
1 2 =1 =1 =1 —1
~ 1 -1 2 -1 -1 -1
E) = . O
C(E7) 0 -1 -1 2 —1 —1
1 -1-1-1 20
1 -1-1-1 0 2

Proposition 3.9. Let V, = {(x,y,2) € C3 | fi = xO+ 322+ tx4y = 0} with
413 +27 # 0, be the Eg singularity. Then

2 =3 -3
-3 2 =31, t#0,
~ -3 -3 2
C(Es) = 5 1 1
-1 2 =21, t=0.
-1 -2 2

Proof. In [Seeley and Yau 1990], the authors had studied the (i, 7)-constant family
of Eg, which is given by

Vi={(x,5,0eC| fi=x+y + 2 +1x*y =0},
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with 4¢3 427 # 0. The new moduli algebra

A*(V) = (1, x, x%, y, x2, xy, x*, x2y, x3y),

with the multiplication rules y? = —4x*, x° = —%x3y, xty =0.

By calculation, a basis of the new Lie algebra L*(V;) (for 4¢3 +27 # 0 and
t #0), is the following:

degO: ey =x0x +2ydy,

degl: e =x%, +2xydy, exy=3y0— 2tx38y, e3 =1ydy —3xydy,

deg?2: e4=x38x, €5 = Xy0y, e6=x2y8y, e7=x48y,

deg3: eg=x48x, eg=x2y8x, elo=x3y, dy,

degd: eq =x3y8x.

For t =0, {eo} is replaced by {xd,, yd,}. Let g(V) be the nilradical of L*(V;),

which is of dimension 11, spanned by (ey, e2, ..., ey1) (for all ¢ such that 413427 #*
0). By calculation, the multiplication table of g(V') is given as follows:

2
le1, e21=0, [er, e3]=—3es+ %e% [e2, €3] = —2t%eq +9es + 612 e+ Ite,
2 4t2
[e1, es]l = eg —2e1p [e2, e4] =9eg —4t7e1g, [e1,es5] =e9— 5 €10,
812
[ea, es] = —3teg +6tern, [e1, es]l =2e10, [e2, e6] = —3e9+ 3 e,
4¢ 4¢
le1, e7] = —3 €10, [e2, e7] = —3eg +12e19, [e1, eg] = —zei
812
[e2, eg] =12e11, [e1, e9]l =2e11, [e2, e9] = 3 e [e1, e10] =0,
12 22
[ea, e10] = —3e11, [e3, e4]l =3teg +3e1g, [e3,es5] = —3es— 3eq + e,
4¢3
[es, es] = —2e11, [e3,ec]l = —teg+ g €10, [es, es] =0,
[es, e7] = —teg +2tern, [es,e71=0, [e3, eg] =4ter1, [es, esl = —ei1,
473 2t
[e3, e9] = <T — 3)6’11, les, e7] = 3 e [e3, elo] = —terr, e, e7]1 =0.

Other Lie brackets [e;, e;] (i < j) are zero. It is follows from [Seeley and Yau
1991], that we can consider derivations which preserve degree to find a maximal
torus of derivations on the nilradical g(V). Let § be a such derivation:

3 7 10

3€1=E asje;, 56’4=E azje;, 5€8=E aypjej, deyp=aryen-
=1 =4 =8
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It is follows from the multiplication table that

2
[g(V), g(V)]= (—366 + %67, —2t%e4 + 9es + 6t%e + 9ter, es, €9, €10, 611>-

Therefore the type of Evg singularity =dim g(V)/[g(V), g(V)] =5. The nilpotency
of Eg singularity = min{p € NU{0} | (V)™ =0} =4
Case 1. It is follows from [Seeley and Yau 1991] in case of generic ¢ the derivation
of nilradical of L*(V;) is spanned by

3ajo0  an Ay Az as  ass A a7 3ags  3dagg
fl =—:a11’11=—= = = = = = =—=1’
4 4 4 4 2 2 2 2 4 4

and other a;; = 0. In case of t = 0, the derivation of the nilradical of L*(V;) is
spanned by

fii —an1=—axn =—ass =a;7 = —ag =1,
f2: —=3ai0,10 = —ai1 =3axn = —azz = —2a44 = 2as5s = —2a¢6 = —6a77 = —3agg
=ag =1,

and other a;; = 0. Thus for generic ¢ we have a torus of dimension 1 spanned by
8 =ad,,;

€, i:13293’

2e;, i=4,5,6,7,
de; = .

3¢;, 1=28§,9,10,

de;, i=11.

Let B(8) = 1, and g? = (e, e, e3). Since (ade;)*e; =0, (ade;)*e3 =0 and
(adey)*e; = 0:

2, i=}],
Cij = =
=3, i#].
So we have the following generalized Cartan matrix:
2 -3 -3
CEg)=|-3 2 -3
-3 -3 2

Case 2. For t = 0 we have a torus of dimension 2, spanned by degree derivation
51 = ad(xax) and 52 = ad(ya),);

e, 1=1,2,3,9,

2e;,

i=4,6,11,

. €, i=27577597117
Si1ei = 43e;, i=8,10 d Sre; =
DU R ane e {o, i=1,3,4,68, 10.
de;, 1=1,
0, i=5
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For t = 0, we have the following decomposition of the nilpotent Lie algebra:
6D =1, B =1 = gP=(es e0),
BB =1, B(8)=0 = gl=(el e3).

It is noted that eg € [g(V), g(V)] and we have f(1) =1, f(2)= f(3) =2,

(ad e2)%e; = (ad e2)?e3 = (ad eg)?e; = (ad eg)?e3 =0
=Cpn=0=C3=Ci3=-1,
(ad(ye; +e3))3e; = (ade;)e3 =0 = Cyp = Cp3 = —2.

We have the following generalized Cartan matrix:

2 —1 —1
CEg)=|-1 2 =-2]. O
-1 -2 2
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ON THE COMMUTATIVITY OF COSET PRESSURE

BING L1 AND WEN-CHIAO CHENG

We establish the conditional entropy with a coset partition and coset pres-
sure for subadditive potentials via separated sets on a compact metric group.
Analogues of the variational principle and thermodynamic formalism are
shown in this system. The major finding of this study consists of its presen-
tation of the commutativity proposition for those conjugate invariants.

1. Introduction

A basic issue in the theory of dynamical systems is the study of the complexity of
orbits. This has led to the development of many different subjects in mathematics. In
1958, Kolmogorov applied the notion of entropy from information theory to ergodic
theory. Since then, the notion of entropy has played an important role in understand-
ing the complexity of various dynamical systems. The two main types of entropy are
measure-theoretic (or metric) entropy and topological entropy. The former measures
the maximal loss of information of the iteration of finite partitions in a measure
preserving transformation. The latter measures the maximal exponential growth
rate of orbits for an arbitrary topological dynamical system. These two notions are
connected by the so-called variational principle. This relation states that the topo-
logical entropy is the supremum of the metric entropies for all invariant probability
measures of a given topological system, and has received considerable attention.
As a natural generalization of topological entropy, topological pressure is a
quantity which belongs to one of the concepts in the thermodynamic formalism.
The thermodynamic formalism itself is a generalization of the concepts of statistical
physics to the area of mathematical dynamical systems theory. Ruelle [1973] first
introduced the concept of topological pressure of additive potentials for expansive
dynamical systems. Walters [1982] then extended this concept to the compact
space with the continuous transformation. Moreover, in some cases, the values of
entropy functions can be expressed as the topological pressure of certain functions
related to dynamical systems. Numerous nonlinear physical problems involve a
complicated discrete dynamical system. Topological pressure contains information

Cheng is the corresponding author.
MSC2010: 28D20.

Keywords: thermodynamic formalism, coset pressure, conditional entropy, commutativity.
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on the dynamics of the system; these dynamics can be extracted by varying the
potential energy function. Related studies include [Falconer 1988; Gelfert and
Wolf 2008; Huang et al. 2008; Huang and Yi 2007; Molaei 2008; Pollner and
Vattay 1996; Spandl 2008]. The framework presented by Bowen [1971] has caused
topological pressure to become a fundamental tool for studying the multifractal
formalism of dimension theory, especially for examining nonconformal dynamical
systems in statistical mechanics; see [Falconer 1988; Pesin 1997].

Furthermore, the notions of topological entropy and topological pressure intro-
duced above are applied to autonomous dynamical systems. Kolyada, Misiurewicz,
and Snoha [Kolyada et al. 1999; Kolyada and Snoha 1996] introduced topological
entropy for a nonautonomous dynamical system given by a sequence {f,}72;
of continuous self-maps of a compact metric space. More precisely, Kolyada
and Snoha [1996] showed that the topological entropy of the composition of two
continuous self-maps of a compact metric space does not depend on the order in
which functions compose, that is, (S o T) = hp(T o S). This fact demonstrates
that the dynamics of S o T must exhibit some common features with that of 7 o S,
although SoT and T o S do not usually coincide. Kong, Cheng, and Li [Kong et al.
2015] generalized topological entropy to the topological pressure of (X; fi o). They
analyzed those basic pressure propositions concerning a nonautonomous dynamical
system (X; f1,00) given by a compact metric space X and a sequence f1 oo ={fn},-
of continuous self-maps of X. They also showed that, for any continuous maps 7T
and S from a compact metric space into itself, the maps 7 o S and S o T have
the same topological pressure. Different propositions regarding nonautonomous
dynamical systems also can be found in [Canovas 2011; Kuang et al. 2013].

Essentially, the thermodynamic formalism can be described as a rigorous study
of certain mathematical structures inspired in thermodynamics. Balibrea, Lépez and
Pefia [Balibrea et al. 1999b] presented the commutativity proposition for topological
pressure by using thermodynamic formalism. The commutativity proposition for the
sequence entropy on the interval also can be obtained in [Balibrea et al. 1999a]. Here
we pursue the commutativity for coset pressure and conditional entropy function.
The outline of the paper is as follows. Section 2 establishes basic entropy with a coset
partition and shows the variational principle. Then we discuss the commutativity of
conditional entropy. Section 3 studies coset pressure with a sequence of subadditive
potential functions and demonstrates the thermodynamic formalism. Then, along
with [Balibrea et al. 1999b] and based on thermodynamic formalism, the main
result of the commutativity proposition also holds for the coset pressure.

2. Commutativity of entropy

In dynamical systems and ergodic theory it is understood that a reasonable measure-
theoretic or topological entropy should be a measure of the uncertainty of the
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system and that they should be invariant under measurable or topological change of
coordinates, respectively. This section reviews the concept of conditional entropy
in the context of a probability space and topological entropy in the context of the
compact metric space. We then show the commutativity property of conditional
entropy as follows.

Assume that (X, d) is a compact metric space with metricd and 7 : X — X isa
continuous selfmap. For any n € N, first we define the Bowen metric on X as

dy(x,y) = = max d(T'x,T'y) forallx,yeX.
<i<n-—1
Let K be a compact subset of X. For any n € N and € > 0, a subset F' of X is said
to be an (n, €)-spanning set of K with respect to T if for all x € K, there exists
y € F withd,(x, y) <e€,ie.,

n—1
kKc|JMN17'B(T'y:e).
yeF i=0
where B(T'y; €) represents the open ball with center 7'y and radius € in the
metric d, and B(T'y; €) is the corresponding closed ball. Let r(n, €, K) denote
the smallest cardinality of (n, €)-spanning set for K with respect to 7. A subset E
of K is said to be (n, €)-separated with respect to T if x, y € E, x # y, implies
d,(x,y) > €. In other words, for x € E, the set ﬂ,'-‘:_ol T~ B(T'x; €) contains no
other points of E except x itself. Let s(n, €, K) be the largest cardinality of a
(n, €)-separated subset of K with respect to 7.

In the compact metric space, the topological entropy of a set K introduced by
Bowen and defined by the separated or spanning sets can also be given using open
covers. Let o be an open cover of X and denote by R («|x) the number of sets in a
finite subcover of o with the smallest cardinality for K. The entropy of @ on K is de-
fined by H (¢|x) =log R(x|x), and the topological entropy of T for K is as follows:

htop(T|K)_11m hmsup—logr(n €, K)

€e—>0 p—oo

= lim lim sup 1 logs(n, €, K)
e=>0 p500 N

= sup hmsupllogN(\/”_oT "Bl ),

open cover f n—00

where
VIT  B={A;yNT Ay N---NT™ VA, 1A € B).

We assume throughout that (X, d, -) is a compact group with metric d and group
product -. T : X — X is a continuous endomorphism, and B is a closed T -invariant
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subgroup of X, where T-invariant means 7~'(B) = B. For convenience, some
more notations are as follows:

 [B] is the coset partition, i.e.,
[B]={B-x:x e X},
where B-x ={y-x:y € B}. Itis easy to check that the collection of sets B - x

forms a partition of X.

o M(X) is the set of all Borel probability measures on X. M (X, T) is the subset
of M(X) with all T-invariant measures. £(X, T) is the subset of M(X, T)
with all T -invariant ergodic measures.

« For any partition & of X,

" = \/:l:_olT_l%- ={A;, N T—lAi1 A AT-0-D 4.

In—1

(A €8 0<j<n—1).

Under the same assumption as above, the topological entropy of T for B - x is
defined to be

hiop(T | B-x) = hr%hmsupllogr(n €, B-x)

n—oo

= lim lim sup 1 logs(n, e, B-x)
e—>0 p500 N

= sup hmsupllogN(\/f OT_’,3|Bx)

open cover § n—>00

The conditional entropy is usually defined as follows. Let (X, B, ) be a probability
space, and let A and C be two partitions of (X, B, i) with

AI{A],...,Ak} and CI{Cl,...,Cp}.

The entropy of A given C is the number

n(A;NC; w(A;NC;
H,(A|C) = mez ((C)) og (mc')j)
J

omitting the j-terms when (C;) = 0. Here, the summation of each quantity is 1,
ie, 20 w(Cp =1,

Next, let T : (X, B, u) — (X, B, i) be a measure preserving transformation of
probability space (X, B, ) (i.e.,if A € B,then T™'A € Band u(T~'A) = u(A)).
For any finite partition « of X, we consider the refinement «” of o. Again, B is a
closed T -invariant subgroup. Then B-x is closed and [B] =T ~![B]. Therefore each
element in the partition [ B] belongs to 3. Then we consider the conditional entropy
given by the coset partition [B], defined by H, («" | [B]) = (\/"_0 T« | [B]).
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Good references for these entropy invariants are [Brucks and Bruin 2004; Katok
and Hasselblatt 1995], which contain many of the relevant earlier references.

Lemma 2.1 [Cheng 2006]. The sequence a, = H,(a" | [B]) is subadditive, that is,
Antm = Hu(an—‘rm | [B]) < Hu(an | [B]) + Hu(am | [B]) = au +ap.

The conditional entropy of « given [ B] with respect to 7 is the value
.1
hu(T | [B], @) = lim —H, (a" | [B])
n—oon
= inf lH,L(oz" | [B])
n>1n
and the conditional entropy of 7 with respect to u and [B] is defined to be
hy (T | [B]) =suphy(T | [B], @),
o

where o ranges over all finite partitions of X.

The well-known variational principle for entropy shows the relationship between
topological entropy and metric entropy. We only can obtain the variational inequality
for the invariant partition. However, under the condition of coset partition and using
Misiurewicz’s technique and more advanced ergodic analysis, a similar type of
local variational principle can be obtained as follows.

Theorem 2.2 [Cheng 2006] (variational principle). Let T : X — X be a continuous
endomorphism of the compact group (X, d, -) with closed T -invariant subgroup B.
Then we have

sup hyp(T | B-x) = sup  h,(T | [B]).

xeX HeEM(X,T)

Next, we investigate the invariant measure for the measurable selfmap. Assume
that S: X — X and T : X — X are functions. The composition of S and T is given
by SoT(x) = S(T(x)). It is obvious that M(X, S)NM(X,T) S M(X,SoT).
Let S : M(X) — M(X) be defined as follows. For any u € M(X), the measure
Su is defined by Su(E) = (S~ L(E)) for all measurable set E C X. If Juis an
invariant measure of S, then S,u w. Ifpe MX, Sy NM(X, SoT), then Su 7
and hence, T i = . Thus w is an invariant measure for S and 7.

Lemma 2.3 [Balibrea et al. 1999b]. Given the same conditions as indicated above,
we can see that SoT = SoT.

Lemma 2.4 [Walters 1982]. Given the same conditions as indicated above and that
¢ : X — R is a continuous real-value function, we can see that

/¢d(§u)=/¢05du-
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Lemma 2.5 [Balibrea et al. 1999b]. Given the same conditions as indicated above,
the maps

T|M(XSoT) M(X SOT)—)M(X TOS)
SlM(XToS) MX, ToS)—> M(X,SoT)
are well defined bijections.

Theorem 2.6. Assume that S, T : X — X are continuous endomorphisms and
let w €e M(X,SoT). Bisaclosed S, T-invariant subgroup of X, with coset
partition [ B). Then, we have

hy(SoT |[B]) = h;M(T oS |[B]).
Proof. Assume A is a finite partition of X, then we have that
H,(S~'A|[B]) = Hy, (A | [B])

and clearly that

h(SoT |[Bl, A)=h,(SoT |[B],(SoT) A).
Moreover,
Hy(VIZ5(SoT) A [B]) = H, (T V5 (S0 T) 7 (S7' A) | [B])
Hy(T7'VZ5(SoT) 7 (7 A) | T7'[B])
—HTM(V"_O(S oT)"(S7'A) | [B]).
We can divide by n and let n go to oo to obtain
hu(SoT |[Bl, A)=h7, (T oS|[B],S~'A).

This implies h,(SoT | [B], A) = h7, (T oS | [B] S71A) < hz,(T oS |[B]).
Furthermore, since u € M(X, SoT), we have S T/,L u, and

h#,(T oS |[Bl, A) =h,(SoT)|[Bl,T~"A) <h,(SoT |[B]).
Thus 1, (So T | [B]) = hz,(T o S | [B)). O

We have T;L = p if u € M(X, T). Therefore the commutativity for conditional
entropy holds under some situations.

Lemma 2.7. Assume that S, T : X — X are continuous endomorphisms and let
nweMX, Y NMX,T). If Bisaclosed S, T-invariant subgroup of X, with coset
partition [ B], then we have

hy(SoT |[B])=h,(T oS |[B]).
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3. Commutativity of pressure

Topological pressure is an important generalization of topological entropy. It is well
known that the topological pressure with a potential function plays a fundamental
role in the study of the Hausdorff dimension of repellers and the hyperbolic set. It
roughly measures the orbit structure complexity of the iterated map on the potential
function. During this section, along with the discussion of the approximation
provided in the study by Cao, Feng and Huang [Cao et al. 2008], we define the
subadditivity of a sequence of functions and coset pressure in the following. Then
we state the thermodynamic formalism and use this formalism to demonstrate the
commutativity of coset pressure.

A sequence F = {log f,,}°2, of functions on X is called subadditive if each f,
is a positive real-valued continuous function on X with

Foam@) < fn(x) fi(T"x) forallx € X,m,n eN.

Assume [B] is a coset partition of this compact group X and 7 : X — X is a
continuous endomorphism. Therefore the coset pressure is defined as follows:

Py(T,F,e,B-x)= SUP{ Z fa(y) : E is an (n, €)-separated subset of B ‘x}.
E yeE
and
P(T,F,e,B-x) =1imsup,%10g P.(T, F,e,B-x).

n—>oo
Then
P(T,F,[Bl,e)=sup P(T, F,€e,B-x).
xeX
It is easy to show that P(T, F, [B], €) is a decreasing function of €. Therefore the
coset pressure of T with respect to F and [B] is defined as follows:

P(T,F,[B]) = lirr(l) P(T, F,[B], ¢).

Furthermore, we consider a sequence of positive real-valued functions { f;,} on X.
For a T-invariant Borel probability measure p, denote

.1
F*(M):nll)ngo;/bgfndﬂ-

A standard subadditive argument assures the existence of the above limit. When
n € E(X, T), by the subadditive ergodic theorem, the above limit exists w-almost
everywhere without integrating against u.

The basic propositions of coset pressure are provided in [Zhao and Cheng 2014].
The following thermodynamic formalism is the main finding of coset pressure, and
gives the relation among P (T, F, [B]), h, (T | [B]) and F, (). The process of the
proof is influenced by the methods in [Cao et al. 2008].
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Theorem 3.1. Let F ={log f,}72 | be a sequence of subadditive potential functions
on the compact group X and let T : X — X be a continuous endomorphism with a
closed T -invariant subgroup B. Then

—00 if Fu(u)=—00 forall ne M(X,T),

sup{h (T | [B)+Fu(u):ne M(X,T), Fi(u) # —00} otherwise.

In physics, a continuous function is regarded as a complicated potential function.

P(T,F, [B])={

Thus, setting F = ¢, the usual variational principle is as follows. Furthermore, we
can present the commutativity proposition for coset pressure by using thermody-
namic formalism.

P(T,¢,[B)= sup {h,(T | [B])+f¢du}-

peMX,T)

Theorem 3.2. Assume that both S, T : X — X are continuous endomorphisms and
¢ : X — R is a continuous real-value function. If B is a closed S, and T -invariant
subgroup of X, with coset partition [B]. Then, we have

P(SoT,$,[B]) = P(ToS,¢oS,[B]).

Proof. With the variational principle and Lemmas 2.4, 2.5, we have

P(ToS,¢o0S,[B]) = sup {hM(ToS)+f¢oSdu}
HEM(X,ToS)

= s (hg(SoT)+ / pd ()
LEM(X,ToS)

— s ligSen)+ [ ¢dGu)
SpeM(X,SoT)

=P(SoT,¢,[B]). O
Using Theorem 3.2, we have the following lemma:

Lemma 3.3. If M(X, T oS) = M(X, S), then
P(ToS,¢,[B])=P(SoT,¢,[B)).

Next, assume F = {log f,}72 , is a sequence of subadditive potential functions.
Let FoS ={log f,0S}72, and F,0S(u) = lim % f log f,, o S du. With the same
— 0
process as was used for the proof, the next [;lroposition is trivial.

Theorem 3.4. Assume that S, T : X — X are continuous endomorphisms and
that F = {log f,},2, is a sequence of subadditive potential functions. If B is a
closed S, T -invariant subgroup of X, with coset partition [ B], then we have

P(SoT,F,[B])=P(ToS,FoS,[B].
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Similarly, using Theorem 3.4, we have the following lemma:
Lemma 3.5. If M(X, T o S) = M(X, S), then

P(ToS,F,[B])=P(SoT, F,[B].
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SIGNATURE INVARIANTS RELATED TO
THE UNKNOTTING NUMBER

CHARLES LIVINGSTON

New lower bounds on the unknotting number of a knot are constructed
from the classical knot signature function. These bounds can be twice as
strong as previously known signature bounds. They can also be stronger
than known bounds arising from Heegaard Floer and Khovanov homology.
Results include new bounds on the Gordian distance between knots and in-
formation about four-dimensional knot invariants. By considering a related
nonbalanced signature function, bounds on the unknotting number of slice
knots are constructed; these are related to the property of double-sliceness.

1. Introduction

The unknotting number of a knot K C S 3 denoted u(K), is the minimum number
of crossing changes that is required to convert K into an unknot. This is among the
most intractable knot invariants. For instance, the unknotting numbers of several
10-crossing knots are still unknown. Scharlemann [1985] proved that the connected
sum of two unknotting number 1 knots has unknotting number 2, but little beyond
this is known concerning the additivity of the unknotting number.

Many knot invariants offer tools for estimating the unknotting number; these
include the rank of the homology of branched covers [Kinoshita 1957; Wendt 1937],
the Murasugi signature [1965], o (K), the Levine—Tristram signature function
[Levine 1969; Tristram 1969], ok (w), defined for w € S ' C, and the Witt group
of the rational numbers, W (Q), studied in [Jabuka 2009]. Heegaard Floer homology
and Khovanov homology have provided smooth knot invariants 7, Y, and s (see
[Ozsvath and Szab6 2003; Ozsvath et al. 2017; Rasmussen 2010]) that also offer
lower bounds on the unknotting number. (See also [Cochran and Lickorish 1986;
2008; Owens 2010; Owens and Strle 2016].) The precise bound on the unknotting
number that has been known to arise from the signature function is easily described.
Let a = max(okg (w)) and b = min(og (w)). Then u(K) > (a — b)/2. Here we will
observe that the knot signature function offers much stronger constraints on the

This work was supported by a grant from the National Science Foundation, NSF-DMS-1505586.
MSC2010: 57TM25.
Keywords: knot, unknotting number, signature.
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unknotting number; in some cases the new bounds will be seen to be twice as strong
as this previously known bound. Examples also demonstrate that the new bounds
can exceed those arising from Heegaard Floer and Khovanov homology.

There is a refined version of the unknotting number that incorporates the signs
of the crossing changes that unknot K. Let U(K) be the set of integer pairs
(p, n) for which K can be unknotted using p crossing changes from positive to
negative and n crossing changes from negative to positive. Then U (K) is called
the signed unknotting set of K. Observe that u(K) =min{p +n | (p,n) € U(K)}.
Finding constraints on U (K) is especially difficult. The results we present here
depend critically on the signs of crossing changes, and thus they are able to extract
information about U (K) that cannot be attained with previously known techniques.
In turn, these can be used to strengthen the bounds on u(K).

The invariants we develop here also provide lower bounds on the Gordian distance
between knots K and J, denoted d, (K, J); this is the minimum number of crossing
changes that are required to convert K into J. Clearly d (K, J) < u(K) +u(J);
lower bounds are more difficult to find.

The results presented here also have applications to four-dimensional knot invari-
ants. For instance, we provide new lower bounds on the clasp number of knots; this
invariant is defined to be the minimum number of transverse double points in an
immersed disk in B* bounded by K it is also referred to as the four-ball crossing
number and is related to the notion of kinkiness defined by Gompf [1984].

The signature function is built from a nonbalanced signature function, sk (w).
The two functions agree almost everywhere, but sk is not a concordance invariant.
In a final section we discuss how sx provides bounds on the unknotting number
that can be nontrivial for slice knots, and we present applications of this to double
slicing of knots, a concept dating to such work as [Sumners 1971; Terasaka and
Hosokawa 1961].

1.1. Outline and summary of results. In Section 2 we will review the definition
of the signature function of a knot, ok (w). This is an integer-valued step function
on the set of unit length complex numbers w € S' C C; discontinuities can occur
only at roots of the Alexander polynomial, Ak (¢). The definition of ok is such that
at each discontinuity its value is equal to its two-sided average at that point. There
is also a related jump function,

Tk (@) = 1(1lim ok (e*™'7) — lim o (e*™'7)).
>t T—>1~
The signature function is defined in terms of a Witt group; in Sections 2 and 3
we study this group and how crossing changes affect the Witt class associated to a
knot. Section 3 presents the proof of our key result. In the statement of the theorem

and throughout this paper, we denote the unit circle in the complex plane by S'.
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Proposition 1. Let K be a knot, let § be an irreducible rational polynomial, and
let {ay, ..., ar} C S" with k > 0 satisfy 8(a;) = 0 for all i. If a crossing in a
diagram for K is changed from positive to negative to yield a knot K_, then one
of the following two possibilities occurs.

(1) Forevery a;, Jg_(o;) — Jk, (a;) =0and ox_(a;) — ok, (a;) € {0, 2}.
(2) Forevery a;, Jx_(a;) — Jg, (a;) € {—1,1} and og_(a;) — ok, (a;) = 1.
In Section 4 we prove a corollary to this proposition.

Theorem 2. Let K C S° be a knot, let §(x) be a rational irreducible polynomial,
and let {ay, ..., ar} CS' with k > 0 satisfy §(a;) = O for all i. Let J5 denote the
maximum of {|Jx («;)|} and let S5 and Gs denote the minimum and maximum of
{ok (i)}, respectively. Suppose that Sg > 0.

(1) If &5 < Js, then u(K) = Js + (&5 — S5) /2.
(2) If &5 > Js. then u(K) > (Js + S5) /2.

Note. Letting — K denote the mirror image of K, we have that o_g (w) = —og (w).
We also have that u(—K) = u(K). Thus, the condition & > 0 does not limit the
generality of Theorem 2. The set of polynomials that are relevant in applying this
theorem are symmetric factors of the Alexander polynomial of K, Ak (x). The
strongest obstructions arise by letting {«y, ..., o} be the full set of unit length
roots of §.

Section 4 also presents an analog of Theorem 2 in the case of signed unknotting
numbers.

Theorem 3. Let K, Js, S5, and &; be as in the statement of Theorem 2. Suppose
that Sg > 0.

(1) If &5 <Js, then unknotting K requires at least (Js+S5) /2 negative to positive
crossings and (Js — Gs) /2 positive to negative crossing changes.

(2) If Gs > Js, then unknotting K requires at least (Js +€_55) /2 negative to positive
crossing changes.

In Section 5 we observe that the signed unknotting data obtained from different
choices of polynomials can be complementary. Using this, we provide examples for
which combining the bounds that arise from different polynomials yields bounds
on the (unsigned) unknotting number that are stronger than what can be obtained
from either one of the polynomials.

In Section 6 we construct explicit examples to demonstrate that the bounds on
the unknotting number provided by Theorem 2 can be twice as strong as previously
known signature bounds. We also prove that our new bounds cannot exceed twice
the classical bound.
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Section 7 discusses the application of these results to bounding the Gordian
distance between knots.

In Section 8 we describe a four-dimensional perspective on these results. The
obstructions we develop actually bound the number of crossing changes required
to convert K into a knot with trivial signature function. Thus, they also bound the
number of crossing changes required to convert K into a slice knot (the slicing
number of K) and the number of crossing changes required to convert K into an
algebraically slice knot (the algebraic slicing number). Past work on these invariants
includes [Livingston 2002; Owens 2010; Owens and Strle 2016].

In the remainder of Section 8 the focus is on the clasp number [Murakami and
Yasuhara 2000] of the knot K, which is the minimum number of transverse double
points in an immersed disk bounded by K in the four-ball. In the course of the
work we also present a new simplified proof of a result in [Livingston 2011] that
offers strong bounds on the cobordism distance between knots K and J; this is
the minimum genus of a cobordism (W, F) between (S3, K) and (S3, J) with
W = §3 x I. References include [Baader 2006; 2012; Feller 2016; Feller and
Krcatovich 2017; Hirasawa and Uchida 2002; Kawamura 2002; Owens 2010;
Owens and Strle 2016].

In Section 9 we briefly discuss the nonbalanced signature function, sk (@), defined
as the signature of the matrix denoted Wy in Section 2. (The standard signature
function, ok (), is built as the two-sided average of ok (w). The two functions
agree almost everywhere, but sk (@) is not a concordance invariant. As explained in
the section, sk (w) provides bounds on the unknotting number of slice knots; from
the four-dimensional perspective it is related to double-sliceness of knots.

1.2. Example. To conclude this introduction, we provide a simple example illus-
trating Theorem 2.

Example 4. We prove the knot 5; #10;3, has unknotting number 3. To simplify our
work, we let K = —5; #—10;3; and prove u(K) = 3. Working with the standard
diagrams for 5; and 10735, such as illustrated in [Cha and Livingston 2019; Rolfsen
1976], one can quickly show that their unknotting numbers are at most 2 and 1,
respectively, and thus u(K) < 3. We will prove that #(K) = 3 by showing u(K) > 3.

The signature functions for —5; and 103, and the signature function for the
difference, K, are illustrated in Figure 1, graphed as functions of ¢, where v =
e?™ 0 <t < 1/2. Let § be the tenth cyclotomic polynomial, ¢;o, having roots
w; = 2™ /10 and @, = ¢?71G/19) on the upper half circle. As seen in Figure 1,
the jumps at w; and w, for K are 0 and 2, respectively. The signatures are 0 and 2
at these points.

In the notation of Theorem 2 we have Js =2, &5 =0, and 6_5,; =2, and from that
theorem we have u(K) > 2+ (2 —0)/2 = 3, as desired. For this knot, the classical
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Figure 1. Signature functions for —5;, 103 and —5; # —10;3;.

lower bound on the unknotting number that arises from the signature function is 2.
(The Rasmussen invariant s, the tau invariant T and the Upsilon invariant, Y, all
provide lower bounds of 1. For the first two, the values have been tabulated [Cha
and Livingston 2019]. Because 10;3; is nonalternating, the computation of Y is
more complicated and will not be presented here.)

Applying Theorem 3, we see that to unknot 5; # 103, requires at least two
crossing changes from positive to negative and one crossing change from negative
to positive.

2. Witt class invariants of knots and the signature function

2.1. The Witt class of a knot. Let F C S° denote a genus g compact oriented
surface with connected boundary K. We will also write F to denote the surface along
with a choice of homology basis, calling this a based surface. Associated to F there
is a 2g x 2g Seifert matrix Vy. Given V, there is the matrix Wr € My, 2,(Q(x))
defined by
Wr=(0-x)Vp+(1—-x"HV}.

Here Q(x) is the quotient field of @[x, x~']. Elements of Q[x, x~!] are Laurent
polynomials; we will refer to elements of Q[x, x '] simply as polynomials.

For future reference, we recall that the Alexander polynomial of K is given by
Ak (x) =det(Vp —x V) € Z[x, x~'] and note that det(Wr) = (1 —x)* Ag (x~1).
The Alexander polynomial is well-defined up to multiplication by 4 x* for some .

The Witt group W(Q(x)) is defined to be the set of equivalence classes of
nonsingular hermitian matrices with coefficients in Q(x), a field with involution
x — x~ L. Two such matrices, A and B, of ranks m and n, are called Witt equivalent if
m =n mod 2 and the form defined by A @ — B vanishes on a subspace of dimension
(m+n)/2. The group structure on W (Q(x)) is induced by direct sums and inversion
is given by multiplication by —1. Congruent matrices represent the same element
in the Witt group. For details concerning this Witt group, see [Litherland 1984].
We have the following fundamental result of Levine [1969].

Proposition 5. If F| and F, are based Seifert surfaces for a knot K, then W, is
Witt equivalent to WE,.

This permits us to define Wx € W (Q(x)) to be the Witt class represented by Wp
for an arbitrary choice of based Seifert surface F for K.
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2.2. The signature function of a Witt class. Suppose that w € W(Q(x)) can be
represented by two matrices, A(x) and B(x). For almost all o € S!, the matrices
A(a) and B(a) are defined and nonsingular. For all such «, the signatures of A ()
and B(«), denoted o4 and o, will be equal. Thus for all real ¢, there is an equality
of limits:
%( lim o4(e?™") 4+ lim 0,4(@2””)) = %( lim o5(*™*) + lim oB(ez”iT)).
Tt T—>1" Tt T—>1"

For w = ¥, we denote this limit o,, () and for w = Wk, we denote it o'k (w). This

is a step function that is integer-valued except perhaps at its discontinuities, where
it equals its two-sided average. Modulo 2, its value (except at the discontinuities)
equals the rank of a representative; thus, for a knot, it is even-valued away from the
discontinuities and is integer-valued at the discontinuities. As in the introduction,
for such a w we write
Ju (@) = 1( lim 0,(e”™7) — lim oy (™)),
Tttt Tt~

and in the case w = Wg we write Jg ().

Both of the functions o and Jg are invariant under complex conjugation. They
are defined on the set of unit complex numbers, which we henceforth write as
S' ={w e C| |w| = 1}. A fairly simple exercise shows that for a knot K, the fact
that det(Vg — V,;r) = =1 implies that og (w) = 0 for all w close to 1. Given the
properties of ox, when we graph ok (e?™"), we will restrict to € (0, 1/2).

2.3. The signature and the four-genus. We now briefly summarize a well-known
result that follows immediately from [Taylor 1979].

Theorem 6. If K bounds a surface of genus h in B, for instance if g4(K) = h,
then Wi has a 2h-dimensional representative.

Proof. According to [Taylor 1979], if K bounds a Seifert surface of genus g and
bounds a surface of genus & < g in B* then with respect to some basis, the upper
left (g —h) x (g — h) block of the Seifert matrix Vi has all entries 0. It then follows
that W is Witt equivalent to a sum A @ B, where A is 2(g — h) x 2(g — h) and is
Witt trivial, and B is 2k x 2h. |

Corollary 7. Forallt € (0,2), ga(K) > %k,K(ezm't)L

3. Diagonalization and crossing changes

3.1. Diagonalization. The field Q(¢) has characteristic 0, and thus the matrix Wp
associated to a Seifert surface F' is congruent to a diagonal matrix; that is, it can
be diagonalized using simultaneous row and column operations. We will write a
diagonalization by listing its diagonal elements: [d}, d>, ..., dag]. By scaling the
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corresponding basis of the underling vector space, we can clear the denominators
of these diagonal elements and divide by factors of the form f(¢) f (t~"). Thus, we
can assume that each d; is a product of distinct irreducible symmetric polynomials
in Q[z, 17'].

We now have the following.

Theorem 8. Let w € W(Q(¢)), let § be an irreducible symmetric polynomial, and
let a = {a;} C S! denote a subset of the roots of § that lie on the unit circle. Then if
w is represented by an N x N matrix, we have

N > (glgg{UK (@)} +gl€€1§{|01{(ai)|})-

Foralli and j, Jk(a;) = ok (aj) mod 2.

Proof. Choose a diagonal representation of w of the form [ f16, ..., fud, g1, ..., &l
where the f; and g; are symmetric polynomials that are relatively prime to §. The
jump at «; is given as the sum of the jumps, each %1, arising from the diagonal
elements of the form f;§. Thus, m > |J(¢;)| for all i. The signature is determined
by the signs of the g; at «;. Thus, n > |og (¢;)| for all i. This completes the proof
of the inequality.

To prove the last statement, concerning the parities of the jumps and signatures,
we observe that modulo 2, Jg (o;) =m mod 2 and og («;) =n mod 2. In addition,
m +n = N. Finally, for a knot K, W is a 2g x 2g matrix. The proof is completed
by noting that Witt equivalence preserves the rank of a representative, modulo 2. [

3.2. Crossing changes. In considering signed crossing changes, the following
result is useful. A proof can be constructed from a careful examination of Seifert’s
algorithm for constructing Seifert surfaces. One proof is presented in [Kim and
Livingston 2005], where the focus is on the effect of crossing changes on the
Alexander polynomial.

Theorem 9. If K and K _ differ by a crossing change from positive to negative,
then they bound Seifert surfaces Fy and F_ of the same genus, g, with the following
property: for appropriate choices of bases for homology, the Seifert forms are
identical except for the lower right entry: Vif 28 _ Vif 28— .

Lemma 10. Let § be a symmetric irreducible polynomial. The Witt classes for K ;
and K_ decompose as

a(x) b(x) )

Wi, =1hH8, ... fmd, 81, ... 8n] ® <b(x) d(x)+ex(1—x)(1—x71)

where the f; and g; are symmetric polynomials that are relatively prime to §, €+ =0,
and e_ = 1. Furthermore,m +n+2 =2g.
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Proof. Consider the matrix representation of Wk, determined by the Seifert forms
given in Theorem 9. The determinant is nonzero: an elementary exercise in linear
algebra shows that the upper left (2g — 1) x (2g — 1) submatrix has nullity at most 1.
Thus, this block can be diagonalized via a change of basis so that the first (2g — 2)
diagonal entries are nonzero. The resulting 2g x 2g matrix can have nonzero entries
in the last column and bottom row, but the diagonal entries can be used to clear
these out, with the possible exception of the last two rows and columns. This yields
the desired decomposition. ([l

We can now prove Proposition 1, which we restate.

Proposition 1. Let K. be a knot, let § be an irreducible rational polynomial, and
let {ot1, ..., o} C S" withk > 0 satisfy §(a;) = 0 for all i. If a crossing in a
diagram for K is changed from positive to negative to yield a knot K_, then one
of the following two possibilities occurs.

(1) Forevery a;, Jg_(o;) — Jk, (a;) =0and ox_(a;) — ok, (a;) € {0, 2}.
(2) Foreverya;, Jg_(o;) —Jk, (a;) € {—1,1} and og_(o;) — ok, (o;) = L.

Proof. The difference Wx_ — Wk is represented by the differences of the corre-
sponding 2 x 2 block matrices given in Lemma 10, so we restrict our attention to
these, calling them w_ and w,. If the entry a(x) is 0, then w4 and w_ are both
Witt trivial, so the difference of jumps is 0, as is the difference of the signature;
thus Case (1) is satisfied.

If a(x) # 0, then the forms can be further diagonalized so that the only place at
which they differ is the last diagonal element. This diagonal element will be of the
form

p(x)

= ter(l-x0)(1—x7h),
q(x)
for some p(x) and ¢g(x). We write the 1 x 1 matrices as

v+=<p(x)> and v=<@+(1—x)(1—x—1)).
q(x) q(x)

We will refer to the entries of these two matrices as v4 (x) and v_(x). It remains to
analyze the jump functions and signature functions associated to these two matrices.

For each value of i, we associate to vy the jump and signature of the form at «;,
denoting these j. and o}.. We proceed in a series of steps.

Step 1: Consider vy. At points o close to but not equal to «;, the signature is either
1 or —1. If the signature changes sign at «;, then | jj'r| =1 and ajr =0. On the other
hand, if the signature doesn’t change sign, then |/} | =0 and o = +1. The same
properties hold for v_.
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Step 2: Since (1 —w)(1 —w™!) > 0 for all w € S! with w # 1, we have that
ol — oi > 0.
Step 3: Given Steps 1 and 2, the only possible nontrivial changes of the pairs
(141, 03) = (IjL], ol) are:

e Type 1: (0, —1) — (0, 1).

e Type 2: (0, —1) — (1, 0).

e Type 3: (1,0) — (0, 1).

These are consistent with the statement of Proposition 1.

Step 4: The proof of the proposition is completed by showing that if a nontrivial
change of Type 2 or Type 3 occurs at some «;, then the same change occurs at
all ;. After changes of basis, the forms can be written as Witt equivalent forms,
for which we use the same names,

v = (f+()3)TF), vy = (f~()(x)).

Here fi are symmetric polynomials that are relatively prime to 6 and €4 are either
0 or 1. There are four cases to consider.

o If (e4, €e_) = (0, 0), then there are no nontrivial jumps at any «;, so no changes
of Type 2 or 3 occur.

o If (4, €_) = (1, 0), then at each «; there is a jump for v but not for v_, so
for all o; we see a change of Type 3.

o If (e4,€_) = (0, 1), then at each «; there is no vy jump but for v_ there is a
jump, so for all o; we see a change of Type 2.

o If (e4,€_) = (1, 1), then at each «; both v} and v_ have nonzero jumps, so
no change of Type 2 or 3 occurs at any of the «;.

Together, these steps complete the proof of the proposition. ([

Proof. Changes of the first type in Proposition 1 clearly leave J unchanged and
leave each of G and & unchanged or increased by 2.

Changes of the second type, since they increase every signature by 1, increase
the minimum and maximum signature by 1. The condition on the change in J is
a little more subtle. For instance, if it were possible that one jump is 1 and one
jump is 2, then after the change, it might be that the first jump is 2 and the second
is 1, and thus the maximum absolute value would not change. However, as stated
in Theorem 8, the jumps all have the same parity. Thus, the parity of the jumps
switches for such a crossing change, so the maximum absolute value must also
change. (]
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4. Bounds on the unknotting number and signed unknotting number

To begin, we have a corollary of Proposition 1.

Corollary 11. Let K C S3 be a knot and let {ay, ..., o} C S' be a nonempty
subset of the complex roots of an irreducible rational polynomial. Let J denote
the maximum of {|Jx (a;)|} and let G and S denote the minimum and maximum
of {og(a;)}. A crossing change in K from positive to negative either leaves J
unchanged and leaves each of & and & unchanged or increased by 2; or it changes
3 by 1 and increases both & and & by 1.

4.1. Unsigned unknotting number bounds. Our main goal in this section is the
following theorem, as stated in the introduction.

Theorem 2. Let K C S° be a knot and let {a, ...,ar} C S' be a nonempty
subset of the complex roots of an irreducible rational polynomial. Let J denote
the maximum of {|Jg («;)|} and let G and S denote the minimum and maximum of
{ok (e)}. Suppose that G > 0. If S <Jthenu(K) >J+ (S —-6)/2. & >7
then u(K) > (3 +&)/2.

Proof. We consider the set
A={(.5.5) €eZSZDZ|j=s=5 mod 2}.

We define two sets of functions from A to itself. The first set consists of what we
call F-type functions. These, which do not change the value of j, are as follows:

Fl_(j7§9§)=(j9§_29§)5 Fz_(]’§7§)=(]7§9§_2)9
F;(G.8.8)=3G5-25-2), F'(,88 =(,5+2,9),
F)(.5.%) =(.,8.5+2), F{(.5.5) =(,5+2,5+2).

Functions of the second type, G-type functions, change the value of j. These are
defined as follows:

Gl (.5.9)=(0—-1,s+1,5+1), G3(.5.8)=(G+1.s+1,5+1).

For a given knot K, a crossing change affects the value of the associated pair
(J. &, &) by applying one of these functions. The superscripts + and — correspond
to whether the crossing changes are positive to negative or negative to positive,
respectively. A sequence of crossing changes that results in an unknot yields a
sequence of these functions which in composition carry (J, S, 6_5) to (0,0, 0).

We now consider a given element (J, G, 6_5) € A. For the proof of the theorem,
we can assume J > 0and G < S. We ask for the minimum length of a sequence of
these functions that can reduce (J, S, 6_5) to (0, 0, 0). A simple observation is that
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the F-type functions commute with the G-type functions, so we can assume that a
minimal length sequence consists of a sequence of G-type functions followed by a
sequence of F-type functions. (Here, the order of the sequence is in terms of the
order of composition; in function notation, f o g denotes g followed by f.)

Since the F-type functions do not change the value of j, the initial application of
the G-type functions reduces JJ to 0. It follows that by commuting elements in the ini-
tial sequence of G-type functions, we can assume the sequence begins with J terms
of type G;—L (which together decrease the j-coordinate to 0) followed by a sequence
of G-type functions that alternately increase and decrease the j-coordinate by 1.

Next observe that a pair of G-functions that raise and then lower the j-coordinate
compose to give a single function, either the identity or one of F;™ or F3+ . Thus, in
a minimum length sequence, such pairs do not appear, and hence there are precisely
J of the G-type functions followed by a sequence of F-type functions.

If one considers all possible sequences of G-type functions of length JJ that
convert (J, S, &) to a triple with j-coordinate 0, the possible ending values of
(s,5) are (G + «, S+ a), where —J < o < J. Each F-type function reduces the
difference & — & by at most 2. Thus at least

(G +a)—(E+a)/2=(6-6)/2

applications of F-type functions are required to reduce this pair to (0, 0). In fact,
if for some « the interval (& 4+ «, & 4+ «) contains 0, a sequence of that length will
suffice. There will be such an « if & < J. Thus, in this setting the minimum length
sequence is J + (S — 6)/2, as desired.

On the other hand, if © > J, then we also have S > 3. In this case, the sequence
of G-type functions has reduced the 5-coordinate to no less than & — J, so at least
another (& — J)/2 steps are required. Thus, the minimal length of the sequence

is at least _ _
J+(E-N2+(6E-6/2=0+6)/2. O

4.2. Signed unknotting number bounds. In the proof of Theorem 2, at one step
we considered the condition that an interval [& + «, S + «] contained 0. If the
argument is examined closely, in the case that & < J there can be more than one « for
which this holds. This will complicate the count of negative and positive shifts that
will appear in the sequence of functions that reduce the jumps and signatures to 0.

Theorem 3. Let K and (3, G, é) be as in Theorem 2. Suppose that S >0.

(1) If & < 3, then unknotting K requires at least (3 + &) /2 negative to positive
crossings and (J — &) /2 positive to negative crossing changes.

() If & > 3, then unknotting K requires at least (J + &) /2 negative to positive
crossing changes.
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Proof. Suppose that the sequence of functions that reduces {J to 0 has a terms that
lower the s and s coordinates. That sequence has JJ — a terms that increase the s
and § coordinates. The application of these functions carries the pair (&, &) to
(E+J—2a, S +J —2a). Assume this interval contains 0. Then the sequence of
F-type functions that carry this pair to (0, 0) must have —(& + J — 2a)/2 terms
that increase the smaller coordinate and (S + J — 24a) /2 terms that decrease the
larger coordinate. Summing these counts gives the desired result. ([

Example 12. From Example 4 we see (J, G, (‘”_3) is (2,0,2) or (2,2,4) for the
knots —5; #—10132 and —51, #10;3;, respectively. In both cases G < J. Applying
Theorem 3, we see unknotting —5; # —10;3; requires at least two crossing changes
from negative to positive and one crossing change from positive to negative. To
unknot —5; #1013, requires at least three crossing changes from negative to positive.

5. Polynomial splittings and signed unknotting numbers

The bounds on the unknotting number developed in the previous sections depend on
a choice of polynomial. This section presents an example for which there are two
relevant polynomials to consider. Either one provides a lower bound of three for the
unknotting number. However, for one of the polynomials, when signs are considered
it will be seen that unknotting requires at least two changes from negative to positive
and one change from positive to negative. Using the other polynomial, we will see
that at least three changes from negative to positive are required. Combining these
two results, we see that at least three changes from negative to positive and one
change from positive to negative are required, and hence the unknotting number
must be at least four.

Example 13. We consider the knot K =2(3;)—5;—8,+41013p—11,,6. Figure 2 illus-
trates the graph of its signature function. The scale is such that og («;) =2. The data
we use, including the signature function, can be found in [Cha and Livingston 2004].
The relevant roots of the Alexander polynomial are of the form > with
O<t<1/2.
e K = 311
(1) 8 =Ax(x) =x2—x+1.
(2) roots (y), t = 0.167.
e K :51 or K = 101321
() =Ag(x)=x*—x3+x2—x+1.
(2) roots (ay, ap), t =0.1,1 =0.3.
e K=8,0or K =11,4:
(1) 83 =Ag(x) =x0—=3x+3x* —3x° +3x2 = 3x + 1.
(2) roots (B, B2), t = 0.132, ¢t ~ (0.322.
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Figure 2. Signature function for 2(3;) —5; — 8, + 10133 — 11,.

The jump and signature data is as follows:
« 35 (K) =2, G5,(K)=2, & (K)=2.
e J5,(K) =2, G5,(K) =0, &s,(K)=2.
e 35, (K) =2, 65(K) =2, &5(K)=4.

From the 4, invariants and the §3 invariants we see that at least three crossing
changes are required to unknot K. However, from the §, invariants we see that
an unknotting requires at least two negative to positive changes and at least one
positive to negative change is required. From §3 we see that at least three negative
to positive changes are required. Combining these observations, we see that at least
three negative to positive changes are required, and at least one positive to negative
change is needed. Thus, the unknotting number is at least four.

Note. Itis evident and can be proved in a number of ways that the unknotting number
of this knot is much greater than four. This example becomes more interesting
when considered from the four-dimensional perspective, as discussed in Section 8.
It follows from the results there that this knot does not bound an immersed disk
in B* having fewer than four double points. The best lower bound on this clasp
number that can be obtained from previous signature based bounds is 2.

6. Comparison of bounds

Example 13 illustrates a general procedure for finding a lower bound on the un-
knotting number. For the moment we will call the outcome of that process u,(K).
We will not present a formal definition of this invariant. (The reader is invited
to write down the details of the definition; it requires defining the invariant that
captures the minimum number of positive and negative crossing changes for each
symmetric irreducible § and then taking the maximums of each of these separately
over all symmetric irreducible factors of Ak (x). One must also consider the case
G5(K) < 0, which we did not write down.)

In this section we will compare u,(K) with the classical knot signature bound
on u(K); we will temporarily denote the classical bound by u(K).

Example 13 presented a knot for which u»(K) =2u(K). By taking multiples of
K we can construct, for each N > 0, a knot for which the classical signature bound
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N> P=
620,6<J|(+6)/2| 3-9)/2
§206>3|@+82| 0
6<0,-6=<3|F+6)/2| 3-9)/2
6<0,-6>7J 0 F-6)/2

Table 1. Bounds on required signed crossing changes.

on the unknotting number is u(K) > 2N, but for which our stronger invariants show
that u(K) > 4K. The next result states that this is the best possible.

Theorem 14. For all knots K, ui(K) < ur(K) <2u;(K).

Proof. Denote the minimum and maximum values of ok (w) with a and A. Since
the signature function takes on the value O near w =1 (t = 0), we have a <0 < A.
By definition, u;(K) = (A —a)/2.

For the convenience of the reader, we present the bounds on the signed number
of crossing changes in Table 1, covering the four possible cases. For the moment,
we let /' denote the minimum number of required changes from negative to positive
and let P denote the minimum number of required crossing changes from positive
to negative. The table summarizes the result of Theorem 3, including the cases in
which & < 0.

Part 1: u(K) < 2u;(K). Our bound on the unknotting number is the sum of an
entry from the “AN”’ column in the table, arising from some polynomial §;, and an
entry from the “P” column arising from a polynomial &, which might equal §;.
This sum will involve either one or two values of Jj, each divided by two. Since
each J satisfies 0 < J < (A —a)/2, the sum, after dividing by two, is less than or
equal to (A —a)/2.

The sum of two entries also involves terms of the form (& — &)/2, where each
term might arise from a different 8;. (There are also cases in which either the &
or G terms are replaced with 0.) In any case, this sum is also bounded above by
(A—a)/2.

Adding together these two sums yields a total that is less than or equal to (A —a),
which is 2u (K), as desired.

Part 2: u1(K) <u(K). We observe first that A = |Jg (w)| + o (w) for some
value of w. That value of w is the root of an irreducible polynomial §. For that §,
we can consider the possibilities that are listed in Table 1 and with care find that
the bound on A must be of the form (J + &)/2. Since A > 0, we must have
—ok (w) < |Jg (w)|. Thus, the constraint that arises for A" must be at least A /2.
In a similar manner, but working with —K, we see that the constraint on the P
must be at least —a /2. Thus, the total must be at least (A — a)/2, as desired. [
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7. Gordian distance

The Gordian distance between knots K and J, denoted d, (K, J), is defined to be
the minimum number of crossing changes required to convert K into J. Initial
interest in d, arose in the classical knot theory setting, but as we will describe in
Section 8, it is related to four-dimensional properties of knots and in particular is
closely tied to a natural metric defined on the knot concordance group. References
include [Baader 2006; 2010; Blair et al. 2017; Borodzik et al. 2016; Feller 2014;
Hirasawa and Uchida 2002; Miyazawa 2011; Murakami 1985].

Theorem 15. de(K,J) > u(K#-1J).

Proof. Since u;, depends only on the signature function, it gives a lower bound on
the number of crossing changes required to convert a given knot into a knot with
trivial signature function. If K can be converted into J with u crossing changes,
then K # —J can be converted into J # —J with u crossing changes. The knot
J #—J is a slice knot, and thus has trivial signature. (We will say more about such
four-dimensional issues in Section 8.) O

Example 16. As our only application, we consider the connected sum of torus
knots
K=T@G,100#-T2,15#-T(5,6).

Its signature function is illustrated in Figure 3. The Alexander polynomial factors
as cyclotomic polynomials ¢g (x)%P10(x)%P15(x)*P30(x)>. In the graphs, the points
on the graph above these roots are marked, with the o points corresponding to
roots of ¢3p; similarly, 8, v, and n, points correspond to roots of ¢;s, ¢19, and ¢,
respectively.

The classical signature bound on the unknotting number of K is 16/2 = 8.
Considering the polynomial ¢39 we have the set of jumps {1, 1, —1, 3} and the

B
15+
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10 3l
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Figure 3. Signature function for 7'(3, 10) # —T (2, 15)#—T (5, 6).
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set of signatures is {1, 7, 11, 13}. Thus (J, &, S) = (3, 1, 13). Thus, we see that
unknotting K would require at least (3 4+ 13)/2 = 8 crossing changes from negative
to positive, and at least (3 — 1) /2 =1 crossing changes from positive to negative.
All together we have a total of at least 9 crossing changes required.

In conclusion, we have the bound on the Gordian distance

dy,(T(3,10), T(2,15)#T(5,6)) > 9.

We will not compute Khovanov or Heegaard Floer invariants here, but note that the 7,
T and s-invariant bounds on the unknotting number and Gordian distances are all 8.

8. Four-dimensional perspective

If a knot K can be unknotted with k crossing changes, then it bounds an immersed
disk in B* with k transverse double points. The minimum number of double points
in an immersed disk bounded by K in B taken over all such immersed disks, has
been called the clasp number, the four-dimensional clasp number or the four-ball
crossing number. For the moment, we denote this invariant ¢(K). References
include [Kawamura 2002; Murakami and Yasuhara 2000; Owens and Strle 2016].
This invariant can be refined by considering the number of positive and negative
double points in the immersed disk.

In a similar way, if a sequence of crossing changes converts a knot K into a
knot J, then there is an immersion of S! x I into S* x I (a singular concordance)
with boundary K x {0} U J x {1} such that the number of double points equals the
number of crossing changes. There is, in a way, a converse. From [Owens and Strle
2016, Proposition 2.1] we have the following.

Theorem 17. If K and J bound a singular concordance with p positive and n
negative double points, then there are knots K' and J', concordant to K and J,
respectively, such that K' can be converted into J' with p positive and n negative
crossing changes.

For knots K and J, we can define a distance d.(K, J) as the minimum number
of double points in a singular concordance between the knots. This induces a metric
on the concordance group. For U the unknot, we have that the four-dimensional
clasp number is equal to d.(K, U).

Since concordant knots have the same signature functions, we have the following.

Theorem 18. For knots K and J, d.(K,J) > u(K #—J).

Example 19. The same computation as in Example 4 shows any singular concor-
dance from 5; to —10;3, must have at least two positive double points and one nega-
tive double point. In particular, the four-dimensional clasp number of 5; #10;3, is 3.

Example 20. From Example 16 we have that d.(T (3, 10), T (2, 15)#T (5, 6)) > 9.
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8.1. The four-genus. The clasp number and four-genus of a knot are related by
the bound g4(K) < c¢(K). This can be enhanced with the following observation:
If K bounds an immersed disk with p positive and n negative double points, then
g4(K) < max(p, n). Thus, lower bounds on g4 provide lower bounds on the clasp
number (and unknotting number).

In the case that a knot is slice, g4(K) = 0, the clasp number is also 0. Multiples
of the square knot, T'(2, 3)#—T (2, 3), provide examples of slice knots for which
the unknotting number can be arbitrarily large. In fact, using the homology of the
2-fold branched cover [Kinoshita 1957; Wendt 1937], one shows that

w(N(T(2,3)#—T(2,3))) =2N.

It is unknown whether there exists a knot K with g4(K) = 1, but ¢(K) > 2; in
[Livingston 2002; Owens and Strle 2016] it is shown that there are knots with
four-genus 1 that cannot be converted into slice knots using one crossing change.
Owens [2010] has identified two-bridge knots K,, with g4(K,) =n, o(K) = 2n,
and which cannot be converted into a slice knot with n crossing changes from
negative to positive and any number of positive to negative crossing changes. In
particular, the knot K| = —74 has g4(K;) =1, o(K;) =2, but any sequence of
crossing changes that converts K into a slice knot must include at least two crossing
changes from negative to positive.

Our main results, since they are providing lower bounds on u#(K) and c(K),
might not offer bounds on g4(K). However, it is worth noting that the observations
made in this paper offer a much simpler proof of this result from [Livingston 2011].

Corollary 21. Let K C S? be a knot and let {ay, ..., o} C S' be a nonempty
subset of the complex roots of an irreducible rational polynomial 5. Then

g4(K) = S (max{|Jx ()|} + max{|og (e:)[}).

Proof. As stated in Theorem 6, it follows from [Taylor 1979] that if g4(K) = g,
then Wx € W(Q(x)) has a 2g x 2g representative. Consider the diagonal form of
such a representative, Wg =[f18, ..., fmd, &1, --., gnl. It is clear that for all ¢;,
|Jk (;)] < m and max|og (o;)| < n. It follows that

max{|Jg (e;)|} + max{|og (a;)|} <m +n=2g. U

9. The nonbalanced signature function

For a knot K with Seifert matrix Vi, the signature of the matrix (1 — w)Vg +
(1—w) V,I yields a well-defined function sk (w) on the unit circle. The proof that
sk (w) is a knot invariant is a consequence of the fact that any two Seifert surfaces
for a knot are stably equivalent [Murasugi 1965; Trotter 1962]. The signature
function we have been considering, ok, is defined by taking the two-sided average
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of sx. We have focused our attention on the balanced function because it defines a
homomorphism on the knot concordance group. There are examples of slice knots
for which sk is nontrivial [Cha and Livingston 2004; Levine 1989], and thus it
is not a knot concordance invariant. Here we briefly explore how sx can be used
to extract unknotting information that is not accessible via og. Of course, these
results do not generalize to give concordance invariants.

Let §(x) be an irreducible Alexander polynomial having roots {«1, ..., «,} on
the unit circle. Let As = Q[x, x‘l](g) denote the ring formed by inverting all
irreducible elements in @[x, x '] other than §(x). The proof that hermitian forms
over Q(x) can be diagonalized is easily modified to the case of hermitian forms
over As. One needs to check that the step-by-step diagonalization process can be
adjusted so that division by §(x) is not required.

Given this, the proof of Lemma 10 generalizes to the setting of As, and so the
effect of crossing changes is determined by the signature functions for a pair of
matrices of the form

Wii(x) = (a(x) bx) )

b(x) d(x)+ex(l—x)(1—x"1)

Here, all polynomials are in As, e_ =1, and e, = 0.
We now factor out powers of § to rewrite this as

a’(x)8(x)! b'(x)8(x)/
b'(x)8(x) dx)+ex(1—x)(1—x"h)
Considering the difference of signatures, sign(W (¢;)) — sign(W_(«;)), yields
the following cases, all of which are easily analyzed by considering diagonalizations.
« Ifi =0, the difference of signatures is determined by the difference of values of
d'(e) +ex(1 —a)(1—a; )
for some d’' € As.
e If i 40 and j = 0, then both signatures are O.
e If i #0 and j # 0, then the difference of signatures is determined by the
difference of values of
d' () +ex(1—ap)(1—a; ")
for some d’' € As.

The approach of our previous work now applies, and a simple consequence is
the following.

Lemma 22. If §(x) € Z[t,t~'] has roots {ay, ..., o} on the unit circle and a
crossing change from positive to negative is made to a knot K, then either all the
values of sk («;) increase by 1, or some increase by 2 and others are unchanged.
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Rather than exploit the dependance of this result on the choice of §, here we will
present an easily stated result, expressed in terms of the floor and ceiling function.
Recall that max{sg (w)} > 0 and min{sg (w)} < 0.

Theorem 23. For a knot K, let M = max{sx(w)} and m = min{sg(w)}. The
unknotting number satisfies

u(K) = [M/2] = [m/2].

Example 24. The knot 8 is slice, and hence its signature function o is identi-
cally 0. However, its Alexander polynomial is (t> — ¢ + 1) having a root at the
sixth root of unity, &. A direct computation shows that sg () = 1, and this is the
only nonzero value of the upper unit circle. It is shown in [Cha and Livingston
2004] that similar, but less explicit examples abound.

Using such knots as 8, one can construct a knot K for which there are two
numbers on the upper half circle, w; and w,, with the property that s (w;) = 3,
sk (w2) = —3, and si (w) = O for all other w on the upper half circle. According
to Theorem 23, this knot has unknotting number at least 4. Notice that this is one
more than (max(sg (w)) — min(sg (w)))/2, as might be expected from the classic
bound based on ok (w).

9.1. Doubly slice knots. A knot K is called doubly slice if it is the cross-section
of an unknotted two-sphere embedded in S* The first proof of the existence of
such knots appeared in [Terasaka and Hosokawa 1961]. Invariants of such knots
have since been studied in much finer detail; see for instance, [Kearton 1975; Kim
2006; Livingston and Meier 2015; Meier 2015; Stoltzfus 1978; Sumners 1971].
The nonbalanced signature function of a doubly slice knot is identically 0, and this
provides a means of proving that some slice knots are not doubly slice.

The slicing number of a knot and the algebraic slicing number of a knot are the
number of crossing changes required to convert a knot into a slice, respectively
algebraically slice, knot. One could similarly define a double slicing number of a
knot. Hence, we have:

Theorem 25. For a knot K, let M = max{sg(w)} and m = min{sg(w)}. The

number of crossing changes required to convert K into a doubly slice knot is greater
than or equal to [M /2] — [m/2].
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THE GLOBAL WELL-POSEDNESS AND SCATTERING FOR
THE 5-DIMENSIONAL DEFOCUSING CONFORMAL
INVARIANT NLW WITH RADIAL INITIAL DATA IN

A CRITICAL BESOV SPACE

CHANGXING MIAO, JIANWEI YANG AND TENGFEI ZHAO

We obtain the global well-posedness and scattering for the radial solution
to the defocusing conformal invariant nonlinear wave equation with initial
data in the critical Besov space Bil X Blz’l(Rs). This is the 5-dimensional
analogue of Dodson’s result (2019), which was the first on the global well-
posedness and scattering of the energy subcritical nonlinear wave equa-
tion without the uniform boundedness assumption on the critical Sobolev
norms employed as a substitute of the missing conservation law with respect
to the scaling invariance of the equation. The proof is based on exploit-
ing the structure of the radial solution, developing the Strichartz-type esti-
mates and incorporation of Dodson’s strategy (2019), where we also avoid a
logarithm-type loss by employing the inhomogeneous Strichartz estimates.

1. Introduction

We consider the solutions u to
{8,tu—Au—|—p,|u|pu=0, (t,x) e Rx R,
((0), 3,u(0)) = (up, u1), xe€R9,

where u = £1,d > 1, and p > 0. If u =1, (1-1) is described as defocusing,
otherwise focusing. There is a natural scaling symmetry for (1-1), i.e., if we let
up(t, x) = A¥Pu(rt, rx) for A > 0, then u, is also a solution to (1-1) with initial
data (A% Puy(hx), A3/ P+, (x)) preserving the Hr x Hsp_l([R{d) norm of the
initial data, where we define the critical regularity as s, = %’ — % At least, the
solutions to (1-1) formally conserve the energy

(1-1)

(1-2)  E(u(r), du(t)) := %fw |Veu ()| dx

l 2 M p+2
+ 3 ,/I‘W [0;u(t)|” dx + 42 /RS lu(t)| dx,

MSC2010: primary 35B40, 35L05; secondary 35Q40.
Keywords: nonlinear wave equation, Strichartz estimates, scattering, hyperbolic coordinates,
Morawetz estimates.
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which is also invariant under the scaling if s, = 1. In view of this, we say the
Cauchy problem (1-1) is energy critical when s, = 1, subcritical for s, < 1 and
supercritical when s, > 1.

Lindblad and Sogge [1995] proved the local theory of the Cauchy problem (1-1)
in the minimal regularity spaces. In fact, if d >2 and p > (d+3)/(d —1), the Cauchy
problem (1-1) with initial data in the critical spaces H*» x H*»~1(R%) is locally well-
posed. The global theory for the Cauchy problem (1-1) with 4 =1 and s, < 1 has
been studied extensively. While for the focusing case, even the solution with smooth
initial data may blow up at finite time. For more related results see [Sogge 1995].

We will consider global existence and scattering of the solutions to (1-1). In
general, a solution u is said to be scattering if it is a global solution and approaches
a linear solution as t — F00. In the cases of d > 2 and p > (d +3)/(d — 1), the
solution to (1-1) with small initial datum in the critical Sobolev spaces is globally
well-posed and scattering; see [Lindblad and Sogge 1995].

For the defocusing energy critical wave equation (1-1), Grillakis [1990] first
established the global existence theory for classical solution when d = 3. The
results for other dimensions are proved in [Grillakis 1992; Shatah and Struwe 1993].
Scattering results for large energy data are proved in [Bahouri and Gérard 1999;
Bahouri and Shatah 1998; Nakanishi 1999] by establishing variants of the Morawetz
estimates [1968]

Ju| 72
(1-3) dxdt < C4E(ug, uy),
R1+d |)C |
where C, is a constant depending on d. While in focusing energy critical cases,
the Morawetz estimates (1-3) fails. The scattering results do not hold in general,
since (1-1) has a ground state

d-2

N
(x)_<+d<d—2>> '

In the cases of 3 < d < 5, Kenig and Merle [2008] proved the scattering result
for solution with initial data such that E(ug, u1) < E(W,0) and |luoll g1 ey <
W Al(Rd)- 10 their proofs, the main ingredient is the concentration compact-
ness/rigidity theorem method introduced by [Kenig and Merle 2006]. This method
is powerful and plays an important role in study of many other nonlinear dispersive
equations. We refer to [Killip and Visan 2013; Koch et al. 2014; Kenig 2015].

For the defocusing subcritical equation (1-1), the global existence has been
proved for solution with initial data in the energy space H' x L%(R?) by Ginibre
and Velo [1985; 1989]. However, there are no scattering results even for solutions
with initial datum in (H! N H*?) x (L2 N H»~1(RY).
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Recently, Dodson [2019] proved scattering results for the defocusing cubic wave
equation with the initial datum belonging to the space B1 | X B 1([RR%) which is
a subspace of H'/2 x H~1/2(R%). We remark that this is the ﬁrst work that gives
scattering results for large data in the critical Sobolev space without any a priori
bound on the critical norm of the solution. Dodson’s strategy consists of three steps:

(1) By establishing some new Strichartz-type estimates, one can show that the
solution is in the energy space H'! x L*(R?) up to some free evolutions. Then this
decomposition enables one to prove the global well-posedness of the solution.

(2) To obtain the scattering result, a conformal transformation is applied to show
that the energy part of the solution has finite energy in hyperbolic coordinates.
Then from the conformal invariance of the equation and a Morawetz-type inequal-
ity, one can deduce that ||u||L4 L®xRS) S C (|| (uo, ”1)”33 X B2 (RS)» 81), where the
parameter §; relies on the scahng and spatial profiles of the initial data.

(3) Finally, one can remove the dependence of §; by employing the profile decom-
position, which completes the proof.

Let S(r)(f, g) be the solution of Cauchy problem to the free wave equation
0;;v— Av =0, (t,x) e Rx R,

(0, 3)lr=0 = (f(x), g(x)), xR

For the sake of statement, we introduce the following notation as

S((f. ) =9 St)(f.8), and S@(f.8) = (SO ). S)(£. 9)).

We consider the Cauchy problem of nonlinear wave equation

(1-4) {

Ot — Au~+ |ulu =0, (t,x) e Rx R,

() {(M(O), 9u(0)) = (uo, ur), x€R?,

Our main result can be stated as:

Theorem 1.1. For any radial initial data (ug, u;) € B3l X BZI(IRS) the solu-

tion u to (1 5) is globally well-posed and scattering, i.e., there exists (uo s Uy e
HY2 x H=Y2(R5) such that

A-6)  lim [, () = SO@E, uH) gz ivzas) > O-
Furthermore, there is a function A : [0, co) — [0, 00), such that
(1-7) ||u||L?_x(R><[RE5) < A(|(uo, ”1)||Bf,1xBIZ.I(R5))'

Remark 1.2. (1) This theorem extends the results of [Dodson 2019] to the 5-
dimension case. The proof will utilize the strategy given in [Dodson 2019], but it is
highly nontrivial.
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(2) Unlike the 3-dimensional case, the dispersive estimate (see (2-20)) gives a decay
in time of order —2, which may cause a logarithmic failure when one estimates

3/4
el 213 4 sy +SuP (Nl L )
> ted

where 0 € J is a local time interval. We circumvent this difficulty by using the
inhomogeneous Strichartz estimates in [Taggart 2010] and prove the global well-
posedness of u.

(3) For the scattering result, by reductions, we need to bound the L,3’ . of w on the
light cone {|x| <t+ %} We will define the hyperbolic energy by rewriting (1-5)
as the form

0t (r*w) = By (rw) = 2w — r?|w|w.

Observing that the additional term 2w and the nonlinear term r%|w|w enjoy the same
sign, we can bound the Lt37 . horm of w by applying a Morawetz-type inequality, if
we assume the hyperbolic energy of w is bounded.

(4) To certify the above assumption, we will make full use of (2-19) for radial
solution and the sharp Hardy inequality. In contrast to the 3-dimensional case, some
terms in (2-19) seem more difficult to dealt with. However, the integration domains
of these terms are symmetric about the radius r, which is also consistent with
the Huygens principle. This fact allows us apply the Hardy-Littlewood maximal
functions to verify the assumption.

Now, we give the outline of the proof. By the Strichartz estimates and a standard
fix point argument, for initial data (ug, u), there exists a maximal time interval
I C R such that there exists a unique solution u (see Definition 2.9 in Section 2)
to (1-5) on I x R>. We consider the global well-posedness by developing some
Strichartz-type estimates (3-30). Utilizing the standard blowup criterion, we can
show the global well-posedness of u.

Next, we claim the following proposition:

Proposition 1.3. For every radial initial data (ug, u;) € Bl3 1 X Bl2 1 (R3), let u be
the corresponding solution to (1-5). Then there exists a parameter §| depending the
initial data (ug, u) and a function A : [0, 00)2 — [0, 00) such that

(1-8) ”””L,?X(RX[W) =< A(”(“O, ul)l|313,1X3|2,1(R5)’ 51).

We prove Theorem 1.1 by employing this and establishing Proposition 4.2, where
the proof provides an alternate proof of Lemma 6.2 in [Dodson 2019].

Finally, we need to prove Proposition 1.3. From the partition u = v + w, it
suffices to show the boundedness of Lf’ . norm of w. We prove the hyperbolic
energy of w is uniformly bounded. Then, a Morawetz-type inequality yields that

the L,3’ . horm of w is bounded in the cone, which finishes the proof.
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This paper is organized as follows: Section 2 gives some tools from harmonic
analysis and basic properties for the wave equation. In Section 3 we give the
decomposition of u and prove its global well-posedness. The existence of the
function A in (1-7) is shown in Section 4 based on the Proposition 1.3. Finally, in
Section 5, we complete the proof by showing Proposition 1.3.

We end the introduction with some notations used throughout this paper. We use
S(R?) to denote the space of Schwartz functions on R For 1 < p < 0o, we define
LP(RY) by the spaces of Lebesgue measurable functions with finite L? (R?)-norm,
which is defined by

1/p
I fllLr ey = (/d |f(x)|pdx) , forl<p<oo,
R

and || f|| oo (ray = €8S SUP, cga | f(x)]. We let £7 be the spaces of complex number
sequences {a,},ez such that {a,},cz € [? if and only if

1/p
ladlga 2 (D lanl”)  <oo, forl=<p<os
n

and |[{a,}llexz) := sup, la,| < co. We use X <Y to mean that there exists a
constant C > 1 such that X < CY, where the dependence of C on the parameters
will be clear from the context. We use X ~ Y todenote X <Y andY < X. ALK B
denotes there is a sufficiently large number C such that A < C~'B.

2. Basic tools and some elementary properties for the wave equation

In this section, we recall some tools from harmonic analysis and useful results for
the wave equation.

2A. Some tools from harmonic analysis. Recall the Fourier transform of f €
S(R?) is defined by

fE) =@n)~4? /R f@e ™ dx,

which can be extended to Schwartz distributions naturally. We will make frequent
use of the Littlewood—Paley projection operators. Specifically, we let ¢ be a radial
smooth function supported on the ball |§| <2 and equal to 1 on the ball |§] < 1.
For j € Z, we define the Littlewood—Paley projection operators by
Pif €)= 9E/2) &),
P (€)= (1-9E/2) [ (),
Pif (€)= (p/2)) —0€/2"NF®).
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The Littlewood—Paley operators commute with derivative operators and are
bounded on the general Sobolev spaces. These operators also obey the following
standard Bernstein estimates:

Lemma 2.1 (Bernstein estimates). For1 <r <g <ooands > 0,
N

[1VEP<j £ Ly oy S 2 1P flly oy
1P f i@y S 277 IVEPj £ L oy

d/r—d j
1P<; Loy S 2= 4DIN Pej £l ey

n
L7 (R9) ~2 js||ij||L_;(Rd),

where the fractional derivative operator |V|° is defined by |§|"\f(§) =& Igf(“;“),
foro eR.

Definition 2.2 (homogeneous Besov spaces). Let s be a real number and let
1 < p,r < o00. We denote the homogeneous Besov norm by

(2-1) 1 gy, ey = 127 1P; Il Loy @

for f € S(R?). Then the Besov space B;’ r(le ) is the completion of the Schwartz
function under this norm.

We shall give the following radial Sobolev-type inequalities, which are analogous
to the 3-dimensional cases established in [Dodson 2019]. We denote radial derivative
by 9, f(x) = (li‘—‘ . V) f(x) for any function f defined on R>.

Lemma 2.3 (radial Sobolev-type inequalities in Besov spaces). For any radial
function f € S(RY), we have

2
(2-2) Hx17 fll Lo sy S 11 322 s

Let (ug, up) € 313,1 X BIZ’I(IRS) be a radial function; then we have

1 1
(2-3) H—zaruo(x) + | — 310 (x)
|.X| L1 (Rd) |X| LL(R5)
1
3 .
+HWMO(X) LI(R5)+ i aruOHL?"(R5> S lluolliy @)
1 1
(2-4) |—0rui(x) + ||—=up (%) + 1P ) sy S Ml gs)-
|X| LL(RS) |)C|2 LAI,(RS) LP(R) ~ 1.1( )



5D DEFOCUSING CONFORMAL INVARIANT NLW IN A CRITICAL BESOV SPACE 257

Proof. We first consider (2-2). Since f is radial, using polar coordinates, we have
@-5) Pif () = P o) = [ FFee e
o
=/ / ij(r)r4e’”“" do(w)dr.
0 sS4

Recall the decay estimates of Fourier transform of the surface measure on the sphere
dosi(§) < C(1+1E) 2,
which, with Holder’s inequality, yields
o0
26) 1P f(xDI S / Py f()Ir? x| dr < 1x 72227 || Py f | 2.
0

Then the inequality (2-2) follows from (2-6) and the definition of the Besov space.
Next, we consider (2-3) and (2-4). By the density of Schwartz functions in
313’1 X 312’1 (R), we may assume that ug, u; € S(R’). We claim it suffices to show

1 1
2-7) “_zarMO(x) H—IAuo(x)l + ‘ —3o(x)
| x| LL(R5) LL(R5) x| LL(R%)
g ””0”1’313’1([&5),
1
(2-8) “—8 ui(x) + H—zul(x) Slluillge (ws)-
Liwsy | 1x] LL(RS) b

To see this, by using the fact Af = 0, f + ‘;*a, f for radial function f(x) on R>,
we have

1
|x| Opritg(x)

S [

H + || = [Aug(x)|

(2-9) LL(R?) LL(R?) LL(R?)

5 ||”0||B]3,(R5)

From the fundamental theorem of calculus and polar coordinates, for y € R>\{0},

o0
(2-10) P 18,u0() < f /4r3|arruo(r)|da<w>dr

| JS

H_arrMO(x) 5 ||u0||3?1(R5)
L}((R5) ’

and

o0
2-11) |y|3|u1<y>|§/ /4r3|arru1<r>|do<w>dr

) S

S ”ul”}}fl([RgS)-

H—a u(x)
LL(RS)
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Hence, we are reduced to proving (2-7) and (2-8). We just give the estimate for
the first term on the left-hand side of (2-7), since others can be handled similarly.
For j € Z, utilizing Bernstein’s estimates and polar coordinates, we obtain

o0
5/ /4r28,Pjuo(r)d0(a))dr
Li®s) Jo JS

! 4 > 4
< =10 (Pjuo)lr*dr+ | =8, (Pjuo)|r*dr
0 r 2—J r
S 2739, (Pjuo) | oo ) +22 110, (Pjuo) | 11 s
S22 Pjuoll 1 sy -

(2-12) H#&Pjuo(x)

Thus, we have [|(1/1x)d1t0(0) |1 a5y S oy s O
As a direct consequence of Lemma 2.3, we have
1/2 -1/2 1/2
(2_13) ” |X| 8,«14()(X) ” L%(R5) + ” |)C| MO()C) H L)Z((IRS) + H |X| I/ll(X) H L%(RS)
§ Il (uo, M1)||313YIX312_1(R5)-

Lemma 2.4. Suppose x(x) € CZ (RY). Let R = 2F be a dyadic number fork € Z
and denote yr(x) = x (%). Then we have

(2-14) ”XR(x)f”Bl/z(RS) ~ ||f||Bl/2(|Ri)’
(2-15) 1R8I 5125y S 18512y

where the bound i is independent of R. Furthermore, if x (x) =1 on |x| < 1, then for
(f.8) € 31/2 1/Z(RS) we have

216)  lim (= xR G Sl g as, + 10— xREDE 12 s, = 0.

Proof. By scaling, to prove the inequalities (2-14) and (2-15), it suffices to prove
the cases for R = 1, which follows from a similar proof of Lemma 2.2 in [Dodson
2019]. On the other hand, (2-16) follows from (2-14), (2-15), and the fact that
C2 x C2(RY) is dense in By'} x By |/ (RY). O

Finally, we need the following chain rule estimates for later use.

Lemma 2.5 (C'-fractional chain rule [Christ and Weinstein 1991]). Suppose G €
C'(C),s€(0,1], and 1 < q,q1, q2 < 00 satisfying é = qil + qiz Then

2-17) ” |V|SG(”)” La(RY) S ” Gl(”)” L1 (RY) ” |V|SM”L‘12([R")‘
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2B. Fundamental properties of the wave equations. Throughout the paper, by
abuse of notations, we often write u(t) = u(¢, x) for simplicity and u(t, r) = u(t, x)
when u(t, -) is radially symmetric.

Recall the explicit formula for solution to the linear wave equation in 5 dimensions,

(2-18) S(O)(f. §)(x) = cos(t|V]) f (x) + - I(V|I |)g(X)

S la 73 fx+1y)do(y)
305 t t it y y

+Lla,( / g<x+ry>do—<y>),
3ws t lyl=1

where ws is the surface area of the unit sphere in R3. When (f, g) is radially
symmetric, for r > 0, (2-18) can be rewritten as

(2-19) S(O)(f. 9)(r) = [(r—t) for=D+T+0>fr+1)]

r+t r+t

- — sf(s)ds+ —
2r3 Jjr 4r3 Jir

s(s2 +r— tz)g(s) ds.
See also [Rammaha 1987; Lindblad and Sogge 1996; Colzani et al. 2002] for the
radial solutions to general dimensions linear wave equation. From the explicit
formula (2-18), we can obtain the following dispersive estimate.

Proposition 2.6 (dispersive estimate).

1
(2-20) 1S(0) (o, uD) | Lo sy < —2[IIV woll gy + 1V2u1ll 1)

Proof. We give the proof for completeness. A similar proof for the 3-dimensional
case can be found in [Killip and Visan 2011]. By (2-18), the free solution S(¢) (uq, u1)
can be rewritten as

1 St
221) — / o (x-+1y) do ()4 — / (Vo) r41y) dor(y)
ws Jy|=1 3ws Jjy)=1

2

y(VZug)(x +ty)ydo (y) + — / ui(x+ty)do(y)

3ws lyl=1

lyl=1
2

t
+5 y(Vup)(x +ty)do(y),
@s Jiyl=1

which, with the fundamental theorem of calculus, yields (2-20). For instance, using
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polar coordinates, we can estimate the first term of (2-21) as

1
(2-22) |— f uo(x +1y) a’a(y)‘
@5 Jyl=1
43
- [ sttt ooy dp dr ds
yi=1 d
< / / f f IV3uol(x + py) do () dp dt ds
t K T |y|=1

/ / —d‘L’dS”V I/t()”Ll(RS

—||V uoll L1 ws)-
The other terms can be dealt with similarly. U

We recall the Strichartz estimates of the wave equation in R>. Let I C R be an
interval. We denote the spacetime norm L/ W (I x R3) of a function u(z, x) on
I x R’ by

leell owsr sy 2= [t D wer @)l o)

fors eR, 1 <gq, r <oo. We denote that a pair (g, ) of exponents is admissible, if

(2-23) 2<g<oo, 2<r<oo, and 54—%51,
Moreover, we say (g, r) is wave acceptable, provided
1 1 1
(2-24) l<g<oo, 2<r<oo, - 4<___),
q 2 r

or (q,r) = (00, 2).

Proposition 2.7 (Strichartz estimates [Lindblad and Sogge 1995; Ginibre and Velo
1995; Keel and Tao 1998]). Let (uq, u1) € H'? x H=V2(R%) and (¢, 1), (4, F) be
two admissible pairs. If u is a weak solution to the wave equation d;u — Au =
F (¢, x) with initial data (ug, u1), then we have

225 [IVIPu| o sy + Supll(ut )l 12
5 Il (o, M1)||H1/2XH—1/2(R5) + |||V|7MF||L;J’L;/(1><R5)’

provided that

(2-26) p=
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Proposition 2.8 (inhomogeneous Strichartz estimates [Taggart 2010]). Suppose
that the exponent pairs (q1, r1) and (41, 1) are wave acceptable, and satisfy the
scaling condition

Tyl=2-2(1+1)

q9 4 ry.orn

and the conditions B
Lilon 1cho
q 27 n

Letr >ry, ¥ >F, p€R besuch that
11y 1 3 11y 1
p+5(z—;)—5—1—(“5(5—?)—:;)-

If F(t,x) isin L?/(R; B;g(RS)) and u is a weak solution to the inhomogeneous
wave equation

(2-27) —du+Au=F(t,x), u(0)=u,0)=0,
then
(2-28) ”Lt ”L;’ (R;sz(RS)) 5 ” F(t, )C) ” L?/ (R,B;,'(SZ(RS)) .

Next, we recall the well-posedness theory and the perturbation theory of the
Cauchy problem (1-5).

Definition 2.9 (solution). Let / be a time interval such that 0 € 1. We say function
u: I xR’ — Ris a (strong) solution to the Cauchy problem (1-5) in I if it satisfies

(u, ur)(0) = (uo, ur),
(u,u) e C(I; H'? x HT'AR) N L] (I xRY),

and the integral equation

(2-29) u(t)=5(t)(uo,ul)—/ S —1)(0, [ulu(r)) dt
0

forall r € I.

Theorem 2.10 (local well-posedness [Lindblad and Sogge 1995; Rodriguez 2017]).
Let (ug, u1) € H'? x H=V2(R%) with

o, ul g2y g-12@s) < A
There exists § = §(A) > 0 such that, if
(2-30) IS () (ug, ul)”L?_x([o,T]xRS) <6, forsomeT >0,
then there exists a unique solution u to (1-5) in [0, T] X RS>, such that

(2-31) sup || (u, Mt)”Hl/ZXH—l/Z(RS) + ||“||L,3x([oj]x[|qgs) < C(A).
0=<t<T "
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In addition, if A > 0 is small enough, we can take T = oo.

We define T (1o, u1) := sup I, where [ is the maximal interval of existence of
the solution u.

Lemma 2.11 (standard blowup criterion). Suppose u is the solution to the Cauchy
problem (1-5) with initial data (ug, u1) € H'/? x H7V2(R%) and Ty (ug, uy) < oo.
Then we have

(2-32) ”u”L?,X([O,H(uo,ul))xRS) = 00.

The proof is standard and similar to the energy critical case in [Kenig 2015].

We end this section by recalling the stability lemma for the Cauchy problem (1-5),
which plays an important role in the Theorem 4.1.

Theorem 2.12 (perturbation theory [Rodriguez 2017]). Let I CR be a time interval
with 0 € I. Let (ug, up) € H'2 x H_l/z([RRS) and some constants M, A, A’ > 0 be
given. Let it be defined on I x R’ and satisfy

(2-33) S,‘;E’”(ﬁ’ W) 12 fr-12ms) < A

(2-34) il 3 sy < M-

Assume that 3,01 — Aii = —|ii|ii +e on I x R,

(2-35) [ (40 = C0), 1 = 0O [ 12,5125y = A

and that

(236) Nl 32 gy F+ SO, 8,0 — o, un)]| 13 g ps) <

Then, there exist B > 0 and g9 = so(M, A, A") > 0 such that, for 0 < ¢ < &, there
exists a solution u to (1-5) in I such that (u(0), 0,u(0)) = (ug, uy), with

(2-37) ”””LEX(IXRS) <CM,A, A/),
(2-38) sup||(0;u(t), u(t)) — (u, 8t"‘(t))”[{(1/2><1-'1*1/2(ﬂ1{5) <CM,A, A/)(A/—I—eﬂ).

rel
3. Decomposition of the solution and global well-posedness

In this section, we will prove that for any given initial data (ug, u;) € 313 | X Blz’l (R),
the corresponding solution u to (1-5) is globally well-posed. To prove7this, we first
show the solution u belongs to some suitable Strichartz-type spaces on a local time
interval. Then, we split it into two parts: ¥ = v + w. Based on the inhomogeneous
Strichartz estimates (2-28), we will derive a decay property for v and prove that w
is in the energy space H' x L2(R’). We remark that the constants in “ < ” in this
section depend upon || (uo, u1) ”B?,l X B2 (RS)"
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For the sake of simplicity, we denote F(u) = |u|u. Recall that u, is also a
solution to the Cauchy problem (1-5) with initial data (AMug(Ax), A3uy(rx)), where

(3-1) u; (1, x) = Au(rt, Ax).

Given (ug, uy) € Bil X BIZ’I(RS), for any n > 0, there exists jo = jo(uo, u1, n) < 00
such that

(3-2) > 2 1Pjuoll i gsy < -
jzJjo
Replace u by u; for A =27/, then we have
(3-3) Y 2N Puollp sy + D 2V 1P sy < -
jz0 Jj=0

Lemma 3.1. Let €y > 0 be a small constant and n < €g. If the initial data (ug, u) €
Blg1 X Blz’1 (RY) satisfies (3-3) and u is the solution to (1-5) with initial data (ug, u1)
given by Theorem 2.10, then there exists

§ = &(eo, l(uo, u)lig3 xi2) >0

such that

(3-4) el 23 r—5.51xm) = Z||PJ'”||L?,X([76,5]xR5> S €o,
jez

(3-5) ||u||L?o([75,5];321./12(R5)) S Z”Pju||L,°°H1/2([—6,8]><R5) 5 L.
jez

Proof. By Strichartz’s estimates in Proposition 2.7 and (3-3), we obtain
(3-6) 1S () P=ouo, 1)l 13 mxis) < 3€0-

On the other hand, for every ¢ € R, by Bernstein, we have

(3-7) I1S(1) P<o(uo, u)ll L3 ms) S 1

Hence, taking 6 small enough, we have,

(3-8) 1) w0, )l 3 (5,518 < €0-

Then, by the Strichartz estimates, we have

(B9) Nl s sy S ISOWo Dz s sy + 18153y s1m
from which, by a standard continuity argument, we deduce that

(3-10) ||”||L,3V\.([—8,8]><R5) S €o
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Let

(3-11) ax = ”Pku”L?’x([_a,g]xRS)
+ z%k”Pk”||L,°°L§([—5,8]><R5) +2:k I Pktell po 1265 (5 515
(3-12) by =23 Paoll 2 + 27 4 Prany 2.
By Young’s inequality, it suffices to show there is a recurrence relation
(3-13) a Sbete Y 274,

J
To prove this, making use of the Strichartz estimates, we have

1
(3-14) ax S bk + 23 PF @) 2,45 5185

First, we consider the low frequency part of the second term in the right-hand
side of (3-14). By Lemma 2.5 and Holder, we have

(B-15) IPF =0l 2955 518,

<273k Py |V, |2F(M<k)||L2 43 ([—8,8]1xRS)

5 ||u||1} N 53]XR5)H|V

Y-y p.
Sl qosonmsy D272 P NPul oy 5 s 51
j=k

2
| (P<1<“)||L6 PP ([-8,81xR)

from which it follows that

k BN
(3-16) 24 PeF =)l 245 (s gpemsy S €002 #C D28 N Pyutll oy s s 51,0,
J<k

1 .
,SGOZZ_ZU‘_J)LZJ

J<k
On the other hand, by Holder’s inequality,

(G-1T) 2 PeCF @) = F@=) 295 51,

N ”“”L?,x([—a,alxtﬂmzZ ”PZk‘Hu”L?Liz/s([fé,a]xﬂ%s)

—3(=hp3i Lk
< e€o Z 230 )241“PjuHLrGL}-Z/S([f(S,B]XH@)560 Z =30 )aj
Jj=k+1 i

Then the recurrence relation (3-13) follows from (3-16) and (3-17). [l
Note that by the inequality (3-5), the inequalities (3-16) and (3-17) yield that

1
(3-18) D 2 NP @) 2,45 0.51m5) S €0
keZ
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As an application of Lemma 3.1 and the radial Sobolev inequality (2-2), we
will see that the solution u possesses some space decay property in the region
{|x| = |t|+ C} for some large constant C > 0. Let x (x) be a smooth cutoff function
such that x (x) =1 for |x| < and x(x)=0for |x|>1. By Lemma 2.4, there exists a

dyadic integer R = R(ug, u, eo) such that || (1 — x (%)) (uo, M])”Bl/ZXB—l/Z(RS) < €p.
Then by scaling, we have >
(3-19) || = x2x)(2R)*up(2Rx), 2R)*u1 2Rx))| B BTV @) < €0-

By abuse of notations, we will still use (ug, #;) to represent the initial data
(2R)?uo(2Rx), (2R)*u1(2Rx)). Then we have,

(3-20) 1= X @) @0, )l e 12y < €0
In addition, by Lemma 3.1, we have

(3-21) ||u||L3 L([=58/(2R), 8/ (2R)|xR5) S o
(3-22) SRR

1/2

”u”LOO([ 8/(2R), 8/(2R)1; B [(RY) ~

Lemma 3.2. Let J C R be an interval such that u is a solution to (1-5) on J. Then
2
(3-23) Nullzz q.vresxws: xizi+ip + fg’” PO o rems: a1y S €0

Proof. Let U (¢, x) be the solution to (1-5) with initial data (1— x (2x)) (#o(x), u(x)).
Employing Theorem 2.10 and arguing by similar arguments in Lemma 3.1, one can
deduce (3-14) when u is replaced by U and [—3, §] is replaced by R. Thus

(3-24) 1N 3, mxrsy U N o112 sy S €0

Due to the finite propagation speed property of the wave equation (1-5), we have
u(t,x) = U(t,x) when |x| > |t] + % Then (3-23) follows from (3-24) and the
radial Sobolev inequality (2-2). ([

Next, we want to show the following local properties, which will play an im-
portant role in Section 3B. Unlike the case of three dimensions in [Dodson 2019],
we will make use of the inhomogeneous Strichartz estimates (2-28) to conquer the
difficulties caused by the higher order decay of time.

Lemma 3.3. If g is sufficiently small and § is as given in Lemma 3.1, then, for
3 <r <4, we have

(3-25) sup 12 I ull g sy Nl 50,250 10 sy sy S 1

28 28
—ﬁ<t<ﬁ

r/(2r—

We remark that for 3 < r < oo, the space L, S)L; (R x RY) is H'/2_critical

but not admissible.
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Proof. First, we consider the estimates for the linear part. Utilizing dispersive
estimate (2-20), we have

1
(326) ISP G0, un) ey S (2% 1 Pjuoll o sy + 27 1 P s )
By Bernstein, we have

IS@) Pj(uo, u)llz2ms) S 1 Pjuollp2@sy +27 7| P; uillz2 sy
N 27]||Pju0||L1(R5) +27]||PjM1||L1(R5)-

(3-27)

Interpolating this inequality with the estimate (3-26) yields that,
(3-28) I1S(1) P (o, | ey St 2070277 23 Pyoll sy + 22 1 Pyl ooy |
On the other hand, for r > § , employing Bernstein’s estimates, we have
(3-29) IS P; (o, u)lly sy S 227718 Py (o, un) 2 s

S22 11 Pjuol sy + 2 1 Pyl sy )
This estimate and (3-28) yield that, for r > 3

(3-30) fg[g’(z’ VNS @) o, 1)l @) + 1S @ o, uD)ll e )

S o, un)ll g3 i ws)-

By the reversal property of the wave equation, it suffices to prove (3-25) for
t > 0. Using the inhomogeneous Strichartz estimates (2-28), Lemmas 2.5, 3.1, and
Holder, we have

(3-31) ”/Ot St —1)(0, F(u(r)))dr‘

L5/4 25/6([0 5 51X RS)

1/4
< H V| / F<u>HLfo/sziOO/m([O,%]xR%

< 172, 111/2 1/2
S |Ivi uHLM[O,%W)||u||L;YX([O,%JxR; lall 370,296 10 5 1

This estimates together with the estimate (3-30) yields
(3-32) ||u||Lts/4L§5/6([0%]xR5) <lI,

provided 0 < o < min(l, llGuo, DIz s s))-
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Let ¢ € (0, 1) to be chosen later. First, employing the dispersive estimate (2-20),
Lemma 2.5, and interpolation, for r € (3, 4), we have

(3-33)  sup tzrrS“/] | Sa=00. Fu@)ds
c)t

ref0, ] L ®)
s ! 1
< sup 17 — = v TR gy d7
t€[0, 251 1-ot (t—1)
t
2-s 1
5 Supﬁ rr / THM(T)HL'(Rﬂ
1€[0, %1 1—o)t (t—r)
12 _r l
X “”(T)” 1/2(R5 lu(l 5 5/2(R5
2r=5 =l 412
< - , 2r=5
S (sup 5 ONr@n) ™ Ml e o s,

t€[0, 5]

12 o5 =L 4 1 1—4
x lull 75 Rs-/ P L
LELYA0, 2 xR J g _ oy (t—r)2*7

4/r—1 -5 Il
S sup £ @) @) T
1[0, 551

For the remainder part, we utilize the dispersive estimate (2-20), Lemma 2.5, the
Hoélder inequality, and interpolation to obtain

Y
(3-34) IH/O S(t — 1)(0, F(u(t)))dr”

L7 (RY)

. pa—on 1
SO [ VP @)y ey de
0 (t—1)?
4_ _6
S IVPTTEW| L s,
412 2_3

4
< cr 2
N ||u||Lr/(2r75)L;(RXR5) ”u”L?OH;}/Z(RXRS) ”uHL?,X([R{x[RS)

4 2 159 39
i T
Scr €9

El

where in the last step we used the fact that

75 1 6 _3
7G—2%) )

> (F=35)
7 < r 25
”M”L;/Q; S)L’([O 5] RS) ” ”L%x([o,%]xRS)” “ 5/4 25/6([0 ]x[R{5) S €

S

Hence, by (3-30) and (3-32)—(3-34), taking ¢ > 0 small enough and using a continuity
method, there exists €g = € (]| (uo, ul)llB?lXBlzl) > 0 such that

(3-35) sup IL’_SHMHL; S, for3<r <4 0

1€l0, %1
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We denote §; = 55 for 51mphclty Lety € C °°([R§5) be supported in |x| < 8]
and ¥ (x) = 1 when |x| < 55- Then we can assume that [(VY)(x)| < <. For ¢ > 61,
we split u(z, x) = v(¢, x) + w(t x), where

81/10

(3-36) v(1) = S@) (Yuo, wul)—/ St —1)0, Yy F(u(r)))dr.
0

We will prove that v has a decay property and w has finite energy.

3A. The decay part of the solution u.

Lemma 3.4. Fort > §;, we have

(3-37) Ol S 8772

In addition, we have

-1/2

(3-38) 1Vl o s 512y + 10023 sy S 81

Proof. We first estimate the linear part of v. By the Huygens principle, the radial
Sobolev inequality (2-2) and Lemma 2.4, we have, for t > §;

1
(3-39) IS (Yuo, Yu)llLems) S Pl ||(M0, M1)||Bl/2 S S S

For the second part of v and ¢ > §;, using the Radial Sobolev inequality (2-2),
the Huygens principle and the Strichartz estimates, we obtain

51/10
H/ S(t — 7)(0, wF(u(r)))drH .

51/10
H/ S(t —1)(0, XF(u(r)))drH e

(RS)

1 81/10 Vi
Gao sl [ SRR wm) "
31/10 cos(7|V])
—H/ R ZCOE
1
(3-41) _22 ]”P ‘/’F(”(T))]”L 1L2([0,81/10]x RS)
<0
(3-42) + 224]HP [‘pF(”(T))]HLZL“/’([051/101><R5)

j=0
For the low frequency part (3-41), by Bernstein’s estimates and Holder’s inequality,

we have

(3-43) *x(3-41) < Z 2 IE @l
j<0

6 ||u|| <.

(0,81 /10]xR>) ~ ~1 ([0,81/10]><R5)N
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For (3-42), it suffices to estimate

(3-44) Zﬁj [P}, w1F (@) L2LY (10,51 /10]xRS)
Jj=0

(3-45) "‘Zﬁj ”‘pPJ'F(”(T))||L,2Li/3([o,51/10]xR5)'
Jj=0

For (3-44), by commutator estimates, Young’s inequality, the Sobolev embedding
and Lemma 3.1, we have

_3i._
(3-46) (3-44) S Y278 NQ F @) 12,45 0.5, 10108)
Jj=0

S8 D272 F @) 12540 101y
Jj=0

1

-2 2
<8 i,

D=

<5
5/2([0,51/10]><R5)N81 ’

where

0, f(x)=25 /R VIV fICx — y)dy

and in the first inequality we used the mean value theorem. For (3-45), by the
estimate (3-18), we have

(3-47) (3-45) S Y25 P F )l 1290 S €0
j=0

_1
Hence, by (3-39)—(3-47), we have [|v(t) [l L) L) 242

Now we consider (3-38). For simplicity, we write
”U”S(R) = ”U”L?J(RXRS) + ”v”L,OO(R,BZI/IZ(RS))
For the linear part, by the Strichartz estimates and Lemma 2.4, we have
(3-48) 1S (@) (Yo, Yun)llsw < Il (uo, M1)||321/]2XB;:/2(R5) S

By the Strichartz estimates and repeating the arguments that deal with (3-40),
81/10
H / S(t =00, ¥ Fu() dr |
0 S(R)

81/10
S| PP rwondr
o VI

B} (R9)

+”/61/10 coS(TWD(wF( (t )))d7|
0 |V|

1
<),

Byl )

This completes the proof. (]
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3B. The energy part of the solution u.

Lemma 3.5. We have

(3-49) [EICH AR

Proof. By the definition of w, for t > §;, we have

(50 w(t) =S (A=, A=)

—f St—1)O0,1=yY)F(u(r)))drt— /It S(t—1)(0, F(u(t)))dr.

0 10

First, we consider the contribution of the third term of (3-50). Taking r = 22

13
in (3-25), by interpolation, we have

(3-51) |lu ||L2L4([81/10 811xR3)

81
-/ Tl s,

m\~

_1
<8, % sup [t10||u(t)||L50/13(R5]||u||L5/4L25/6([51 5] XRS)gs

[15|]

From this inequality and Strichartz, we have

(3-52) H/MO S81 —1)(0, F(u(r)))dt”

I(RS

+

8,[/ S —1)(0, F(u(r))) dr]
8

1/10

=8 Il L2 (®5)

(S1E

<IF@| <5

LILZ([‘SI 81 ]XRS) ~ || ” 2L ([61 5 ]XRS)

T

By Strichartz, radial Sobolev inequality (2-2) and Holder, the second term of (3-50)
can be estimated as

81/10
(3-53) ”/O St =)0, (1 =Y Fu(0))) dr|,_,, ”H'XLZ(RS)
<l - w>F(u(r)>||L1Lz([o,g]xR5)

<5 II(l—w)ull2 [[u ||

L5 ([0, 5 1xR%) 2o ([0.55]1xR%)

S 81 ||”||LooBl/2 SJ 81
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Hence, it remains to estimate

(3-54) (X =) (o, u)ll 1 e L2 (s)-
For u, by radial Sobolev inequality (2-2) and polar coordinates,

261

(3-55) I(V)uoljags S 87 up(rydo (@yr*dr < uoll% s S 1.
5 st B,/ (R%)

1/100

By the inequality (2-13), we have

=

(3-56) 1= ¥)druoll 2 @sy S 8
For uy, by the inequality (2-8) and polar coordinates, one can deduce that

o.¢] (o.¢]
B-57) N0 =)uillFags, S / f u1 () Prido (@) dr < f rdr Sert.
X % g4 9

0
This inequality together with (3-55) and (3-56) implies that

(3-58) 1L =) s w1 r2ms) S 6

This completes the proof. ]

3C. Global well-posedness. In this subsection, we prove that the solution u is
globally well-posed. We emphasize that the constants in “ < ” in this subsection
depend only upon §; and || (uo, ul)lll;i1 xB? (RS-

Theorem 3.6. Let u be the solution to (1-5) with initial data (ug, uy) € 313,1 X Blz’l.
Then u is globally well-posed and such that for any compact interval J C R,

(3-59) ”M”L?’X(jxﬂ@) < C(J, Il (uo, ul)”B?,IXB]Z,I’ 31)-

Proof. By Lemma 2.11, it suffices to show (3-59). By the time reversibility of the
wave equation, we just need consider the part of > 0.
For ¢t > 81, by u(t) = w(t) + v(¢) and the formula (3-36) of v(¢), we have

(3-60) Wy — Aw = —|ulu.
We define the energy of w as (1-2) by

1

(3-61) E(uw(n) =} fR V(o) dx + 1

/ Vew () dx + / lw()]® dx.
RS 3 RS
By the estimates (3-22), (3-38), Lemma 3.5 and interpolation, we have

(3-62) Ew@)) S 1.
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Now, we consider

(63 [ L e

)dt
= ‘f (wlw—|u|lu)w,dx
RS

S ||U||Lg(R5) ||wt||L§(R5) ||w||L§(R5)+||wt||L§(R5) ||U||L<;(R5) ||U||L;(R5)-

By interpolation and the dispersive estimate (3-37) of v, we have

(3-64) ||U||L§z(rR<5)||wt||L§(R5)||w||L3(R5) 5 %”UH L3(RY) ||wt||L2([R5)||U)||L“([R%i
< E@O) I g
< HE@® + ||v||L§(R5)],
(3-65) w2 10l os) vl 3ws) S %E(w(r)) ||v||L3(R5)
S HE@)O + 11 s )
Substituting (3-64) and (3-65) into (3-63), we obtain
(3-66) %E(w(x)) < c;w(w(r)) 100133 @sy)-
Hence,
(3-67) %[fcw(w(z)))} <t I sy

This estimate and the inequality (3-38) imply that
(3-68) Ew(®) < Ci(1+ 1),
Thus, for any compact interval J C R, we have

(3-69) el 3 sy < M0ML3 gy F 10023 sy < 00 O

4. Scattering

In this section we prove Theorem 1.1 by assuming Proposition 1.3, that is, re-
moving the dependence of §; in (1-8). From the arguments in Section 3, we have
81 =§8/(2R), where 6 and R depending the scaling and spatial profile of the initial
data, respectively. We give the heuristic idea of the proof by analyzing the effect of
the parameters 8 and R on the critical norm L; (R x R®).

Note that the critical norm L?’ (R x R®) of the solution to the nonlinear equation
(1-5) is invariant under the scaling transform. Hence the parameter § may not
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be the main difficulty in proving Theorem 1.1. On the other hand, the latter
parameter R relies on the spatial profile of the initial data. For example, let R be
the parameter corresponding to the initial data (¢, ©1) with compact support. The
linear evolution S(¢) for ¢ € R does not change the critical norm H'/2 x H~1/2 by
the Plancherel theorem, but owing to the Huygens principle for the odd-dimension
linear wave equations, it does change the spatial support of the initial datum. Thus,
for the initial data S (to) (ug, u1), the spatial parameter (may be chosen as R + #j)
is likely very huge, when #j is large enough However, the B 11X B1 | horm may
become huge under the evolution of S(t) Indeed if || (uo, up)|| BY < B (RS) = 1,
then ||S(t0)(u0, u1)||lesz (RS) —> 00 as fp — 00. ! Hence, if

|5 (t0) (o, MI)HBflefl(RS) Sh

then 79 remains bounded. Taking account of this fact, one may conquer the difficul-
ties caused by the parameter R.

To finish the proof of Theorem 1.1, we need the following theorem of profile
decomposition.

4A. Profile decomposition. Now, we recall the linear profile decomposition from
[Ramos 2012] in the radial case. We refer to [Bahouri and Gérard 1999] for the
profile decompositions in the energy critical spaces.

Theorem 4.1 (profile decomposition). Let C >0 be a fixed number and let (ug, u'f),
be a sequence in H'/2 x H_I/Z(RS), with

(4-1) ||(M8, M?)”Hl/sz—l/z(Rs) <C.
Then there exist a subsequence of (ug, u'l) (still denoted by (ug, u')), a sequence
(@, 91)jen C H' 2 H™2(RY),

a sequence
(Ré\,,n’ R{\,/n)Nzl C Hl/sz—l/Z(RS)

and a sequence of parameters (t}’, )J}) C R x (0, 00) such that for each N > 1,

(4-2)  S(t)(ug, Ml)—Z()»" S(k”(t—t))(% ¢1)]()»”X)+S(t)(Ro,,, n)

j=1

with

(4-3) Jlim lim sup|| S()(Rg,,» RY D13 @xs) = O-
—0 np—o00 ”

1By interpolation and density, it suffices to show that, for f € S (R, hm H eIV f ” B2 =0,

0o ()
which follows from the dispersive estimate (2-20) and Bernstein’s estimates.
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In addition, the parameters (t", )»7) satisfy the orthogonality property: for any j #k,

J

Furthermore, for every N > 1,

2
(4-5) ||(M3, urll)”Hl/zXH—l/z(Rs)
N
j N N N 2
=D 1@ SN2 2y + 1R s RYD g2 -2 sy + 0 (D).
Jj=1

4B. End of the proof of the main theorem. Now, we apply the strategy in [Dodson
2019] to finish the proof of Theorem 1.1, that is, remove the §; in Proposition 1.3.

We prove Theorem 1.1 by contradiction. We assume u is the solution to (1-5)
with the initial data such that (uo, u1) € B} | x B |(R%). For M > 0, let

@-6) M) =suplllull sy : o, D)1 iz sy < M-

Then by Proposition 1.3, f is well defined. Also, by Bernstein and Theorem 2.10,
f(M) < oo when M is small enough. From the definition, f (M) is nondecreasing
as M increases.

If Theorem 1.1 fails, then there exist My < oo and a sequence {(ug, u'})}nen C
313’1 X 312,1(”%5)’ such that

(4-7) G w3, 2, sy < Mo,
and the solution u" to (1-5) with (1" (0), (3;u")(0)) = (ug, u’f) satisfying
(4-8) 112 sy = 00
as n — 0o. By Theorem 4.1, we have
N . .
(4-9) SO@g. uh) =Y O[S — 1))y, D] V1) + SO (RY,. RY,).
j=1

In the proof of Theorem 4.1, Ramos [2012] actually proved that

J j

weakly in H'/2 x H='/2(R%) as n — oo. From this we can prove the following:

— (@), o)),

t=0

Proposition 4.2. Forfixed j €N, if (¢}, ¢]) #0. then |¢"\"| is bounded as n — oc.
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Proof. First, if t;’ k;? is unbounded for n € N, then by taking a subsequence of n (still
denoted by n), we assume that |t}1)\?| — 00, as n — oo. In light of the heuristic
analysis at the beginning of this section, we have

(4-11) §(I7A;?)|:()»7)2u8(k;n), ()»’})%7()7)] — (0,0).
j j

in L3 x W 13(R%). In fact, using (4-7) and the estimate (3-30) in Section 3, we have

(4-12) ”S(t A [(x") ( ’ ) WD u ( )]
)\. L?{(RS)
i (e ) o ())

1
< |\ 3 T u™l . . —
N|tj)‘j| 3||(MO,M1)||B§’1X312,1(R5) 0,

<"

23 P2
Bl,|XB|_1(R5)

as n — oo. Similarly, by the dispersive estimate (2-20), Bernstein and interpolation,
we have

(4-13) HS(r}lkﬁ)[(A’})—Zuﬁ(AJ an=? ”(F)]H
i/ A @)

1
nan|—x
,Sltj)\ﬂ 3||(M0’Ml)lle.1XBf,1(R5)_>0’

as n — oo. Hence, from the weak convergence relation (4-10), (4-12) and (4-13)
imply that (qbo ¢1) = (0, 0). [l

For simplicity, we assume that every (¢g, ¢>{ ) in (4-9) is nontrivial. By Proposition
4.2, t}‘)»’} is bounded for each fixed j, and therefore after taking a suitable subse-
quence of n (still denoted by n), we can assume t;’k’} — t; € Ras n — oo. Hence,

if we denote (¢, 91) = S(—1;)(¢], ), then
(4-14) S(— At )(¢o ¢ — (¢, ¢]) >0,

in H'/2 x H_I/Z(RS) as n — 00. Let

» Rgnzkgn+zyzl(x">2[8( X9 ] ) — (N (% o] o),

GV VRN, Z RN 45V 0[S @ 6D]00— I "
Ln = T2 j=1 0> w5, wl)](k X),

then

(4-16) Jlim limsup|| S() (Y, RY )13 sy = O-

n—oo
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Taking t =0 in (4-9), by (4-14) and (4-15), we have

N
(4-17) . uf) =Y (O (@) Wx), WD) (W1x))) + (RN, RY,).

j=1

In addition, by the orthogonality (4-4) and Proposition 4.2, we have for each j # k
(4-18) lim = + — = o0,

as n — oo. Thus, for fixed j € N, we have

(4-19) ((/\f})‘ (A) o3 "(;—H))A(wéw{)
J

weakly in H'/2 x H~Y/2(R%) as n — oo. By Fatou’s lemma, this fact and the
inequality (4-7) imply

(4-20) 105 D153, w2, 5y < Mo
On the other hand, (4-5) and (4-14) yield that

@20 D N6 oD, I/Z(Rs)Nsupu(uo,ul)uwxf, vaws) S Co-

Jj=1

Hence, for fixed € > 0, there exists a finite integer Ny such that

(4-22) > et oD e i s <«
J=No+1

By the local well-posedness theory, if € > 0 is small enough, then the solution v/
to (1-5) with the initial data (goé, <p{ ) is globally well-posed and

4-23) v’ [FERGISIS (@3- @D 172 fr-12@sy» for every j = No+ 1.

For 1 < j < Ny, as a consequence of Proposition 1.3, the solution to (1-5) with
the initial data ((pé, <pf ) is globally well-posed and such that

(4-24) 11123 sy SMo.s 1

By the orthogonality property (4-18), for any j # k,

(4-25) lim // |20 (W, 20017 [ > 0" (A, Afx)| dix di = 0.
RxR>

This together with the estimates (4-22)—(4-24) implies

(4-26) sup  lim H 3G G A )‘
N>Not+1 1= ®

L} (RxR)
<]< i
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is bounded. Similarly, as a consequence of the trivial estimate

N N
‘F(Z(Aﬁ)%i (A1, x;%x)> =Y F(hR o, x';x))’
Jj=1 j=I1
S D G WGLA)GDM (r, )]
~ Jj VARRAS| k k*s Mk
1<j,k<N,j#k
and the orthogonality property (4-18), we have

N N
(4-27) lim H F (Z(/\?)va (Wi, /\?x)) =D F(GD*) 0t 1))

Jj=1 J=l1

=0.
LY2(RxR5)

t,x

Let uy, be an approximate solution to (1-5) defined by

N
uly = Y 2T 00 + SORY,. RY,).
=l

Then, recall the property (4-16) for (Iéé\f 0 Iéf’ ,) and the fact that (4-26) is uniformly
bounded for N > Ny + 1, we obtain

(4-28) lim sup li)ngollu';vllL;.x(Rst) <1.
N—o00

Moreover, combining (4-27), the property (4-16) for (RéY 0 Iéf’ ,»)» and Holder’s
inequality, we have

N
. . 2
(429)  timsup lim | Faeh) — " F () uJ(x;%z,Agx))‘L?f(Rst)_

N—o0

j=1

Utilizing Theorem 2.12, by (4-17), (4-28) and (4-29), we have that for n large
enough, the solution " to (1-5) with initial data (ug, ) is global and such that

(4-30) im0 s s

is bounded, which contradicts the hypothesis (4-8) of u". Thus, we have proved
Theorem 1.1.

5. Hyperbolic coordinates and spacetime estimates

In this section, we will finish the proof of Proposition 1.3. We first reduce
Proposition 1.3 to estimating the L?’ . horm of w on the region €25, which will be
defined below. Without loss of generality, we assume that §; < %. As in Theorem 3.6,
we also note the constants in “<” in this section may be different in each step and
are dependent on 8 and || (ug, u1) ”313,1 x| (RS)"
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5A. Reduction of the proof of Proposition 1.3. Now we consider the L?’ . horm
of u on R, x R. First, we split time-spatial region R, x R> as the union

(5-1) Ry xR = QUQHUQ;,
where
Q ={(t,x) eRy xR : x| > 1+ 1],
Q={(t,x) Ry xR>: 1+ (1=581))" =[x > 1}.
Since §; < }L, there exists a large constant C > 0, such that
Qs C{(t,x)eRy xR : t +|x| < C}.

Recalling the estimate (3-23) in Section 3, we obtain ||u|| L3 () < 1. For the
bounded region €23, Theorem 3.6 yields ||u|| L3.(2) < 1. Hence, we just need to
consider the L?’x norm of u on the region 2. By the estimate (3-38) for v, we are
reduced to showing ||w|| L3 (@) <1

5B. Hyperbolic coordinates. For the radial solution u (¢, x) to (1-5), if we denote
u(t,r) =u(t, x) for r = |x|, then

(5-2) 3 (rPu) — 8,y (r’u) = —2u — r?|ulu.

Denote u(t,r) = u(t — (1 — 8;),r) and denote v, w similarly. Let (¢,r) =
(e” cosh s, €7 sinh s); then drdt = e dtds. We denote the hyperbolic transforms by

2T o hZ
(5-3) i= S 2i(et coshs, e sinhs),
S
2T oinh2
sinh
(5-4) U= %6(& coshs, e’ sinhs),
s
2T oinh2
- sinh .
(5-5) W= %ﬁ)(ér coshs, e” sinhs).
s
Hence, we have
(5-6) 3,1 (5201) — 0y, (s%00) = 2" s \ii|ii
o > ~ sinh?s sinh? s ’
2~ 2~ 25
(5-7) 077 (s70) — Oy (s7°0) = ————0,
sinh” s
~ ~ 257 A
(5-8) Do () — iy (°) = ——— >l

w J—
sinh? s sinh? s
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Define the hyperbolic energy of w by

59 5 I, 25 2 4 P02 LIs?wP ]
- E = 5 s 3 '
(5-9)  Ep(w)(r) /o [2|( D)+ 5 I(S W] +sinh2s+3Sinh25] §

5C. The hyperbolic energy for some 1y > 0. First, we want to prove Ej, (w)(t) is
bounded for some 7y > 0. We claim that it suffices to show the boundedness of

(5-10) / [1(52®)< (z0, )1 + | (s1)5 (z0, 5)|*] ds
0

for some 7y > 0.
To prove this claim, we need the sharp Hardy inequality,

_ 2 2
s () L g [ ppera
2 rRd |x] Rd

By polar coordinates, we rewrite this inequality for radial functions,

(d—2)2 * 2 .d-3 Oo 20 8,d—1
(5-12) - / P dr < / 19, £ P dr.
0

0

Then, this inequality and integration by parts imply that
(5-13) / (2T (z0))s P ds
[e.e] o
=/ wf(ro) ds+4/ $2W(10)s Ws (10) ds+4/ s2W2(1y) ds
0 0 0

o o0 1 [e.0]
= / s4ws2(‘co) ds — 2/ s2W(t)* ds > 5 / s4@s2(to) ds.
0 0 0

In addition, by Holder and Sobolev in polar coordinates, we have

00 3 o's) 2
(5-14) / 1578 (z0)| s:/ S [0 Ps* ds
0

smh2 sinh” s

9
<~ 10 4 10 <~ 2.4
S / [w(tp)|3s™ds ) < / |ws(t0)|“s™ds | .
0 0

By Hardy’s inequality, we have

0 |2 2 © 1 00
(5-15) / B g < / Sli)’stds < / | (o) 5™ ds.
0 o S 0

[\S1108}

sinh? s

Hence the claim follows.
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5C1. The hyperbolic energy for s > sy > 0. For t € [0, 1] and sufficiently large

so > 0, we can assume that e* ™% < % — &1. By the finite speed of propagation,

v(t, r) are supported in the region {(¢,r) € R x Ry : r — ¢t < 8;/5}. Then, for
T €[0, 1] and s > s¢, we have

e%sinh s — [e" coshs — (1 —8)] =1 — 8 —e™~ >%>551

which leads to v(e® coshs — (1 — &), e” sinhs) = 0. Hence, for 7 € [0, 1], we have

(5-16) / NS D). (z, )+ 3(s* W) (z, $)[* ds

- / . 3|20 (2, 91 + 31(s%0) (z, )| ds.

50

Since u is a radial solution to (1-5), we have, by (2-19),
(5-17) r*u(t,r) = %[(r —0%ug(r —1)+ (r + t)zuo(r +1)]
1 4 r+t 2
—ztr suo(s) ds+— s(s +7r? tu(s)ds

r+t—s
f/ p<p2+r2—(r—s)2>|u|u<s,p)dpds,

t+s
for r > t > 0. Hence, by the hyperbolic transform (5-3), we have

szﬁ(r, s)

(5-18) =%[(1—81—ef—S)Zuo(l—al—e’—S>+<ef+S—(1—81))2uo(ef+5—<1—61»]

et —(1-8))

(5-19) —%(e’coshs—(l—&l))(e’ sinhs)_1/ ouo(p)dop
1-8;—e™*
et —(1-8y) 2+ et _(1=§ 1—81—e™=
s 44 e U= D)y ap
4 )5 —ers e’ sinhs
eTcoshs pettS— T+s —s
p 24— (t—e") _

(5-21) / / pra— lulia(t, p)dod:t.

1 t—ets

For (5-18), by a direct calculation, we obtain
(5-22) (3 +0,)(5-18) =2(e™ ™ — (1 = 81))e" Fug(e™ — (1-481))
+(@ = (1= 81)ug(e™ — (1= 81))e"™,
(5-23) (3 —d)(5-18) =2(1 =81 —e"*)e" Sug(1 — 8 —e™ ™)
+ (1 =8 —e™ ™) up(1 — 8 —e™*)e™ ™.
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Using the estimate (2-13) in Section 2 and polar coordinates, we deduce that
) o0
(5-24) f (€ —(1=81))e" P ug(e™ —(1=81))| "ds < f uo(r)*ridr S 1,
0
S0 X -
(5-25) /|(ef+5—(1—31))2ef+sug(ef+s—(1—31))| ds 5/ 10,u0(r)|2r dr < 1.
S0 0

By the radial Sobolev inequality (2-2), we have |ug(r)| < r~2. This estimate and
the inequality (2-3) imply

(5-26) / |(1—=81—e" )" up(l — 8 — ef_s)|2ds
50

50
o
< / e ¥ds <1.
\

~
S0

We now take the derivatives of (5-19) with respect to T and s,

1 . 81 €T+S—(l—81)
(5-27) 8,(5-19) = ——°L_ / puo(p)dp + 1 + I
1

2e? sinhs Jj_g _prs
e’ coshs —(1—34 ==
(5-28) 3,(5-19) = &, —d=4) / puo(p)dp + I — by,
2e? sinh s 16, —e7—s
where
* coshs — (1 — 8
(529) 1= SO T T e et (1 sy pug(e™ — (1= 81)),
2eT sinh s
* coshs — (1 —8
(530) L= S OMSTUTO0 eos gt — 8y — e,

2e% sinh s
For the first term in the right-hand side of (5-27), by the inequality (2-3), we have
0 et —(1-61) 2 00
(5-31) / ‘e_s/ oug(p) d,o‘ ds SJ/ e ds < 1.
) 1-81—e™* S0

By similar estimates, one can find that the contribution of the first term in the
right-hand side of (5-28) to (5-16) is finite. For /1, a change of variables and the
inequality (2-13) yield

o0 o0 x0
(5-32) f LPds < / o€ —(1=81) P ds < f Pluo(2dp < 1.
S0 S0

S0 5€
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For I, by (2-2), we obtain

o0 [e.¢]
(5-33) f |12|ds§/ le™*>ds < 1.

S0 S0

Next, we consider the contribution of (5-20) to (5-16). For simplicity, we consider
5 (9 — 95)(5-20)
(5-34) =" (1 =8 —e" ) 2u (1 -8 —e*™)

er—S(eT-i-s _ (1 _ 51))2 et —(1-61)
(5-35) o | pu)dp
85—
et s e —(1-681) 3
5-36 _ dp,
(5-36) + (e F —ory? /wler—-r p ui(p)dp
and
5(9r 4 95)(5-20)
(5-37) =" (e — (1 =8)) ui(e™ — (1-81))
58 e‘L’-‘rS(l -8 — er—s>2 et —(1-681) 4
(5-38) (e _ ety S pui(p)dp
8 —eT—
et ts e —(1-81) 3
(5-39) +m/1 5 s p ui(p)dp.
85—

Using the estimates (2-4) and (2-13), we can easily estimate the contributions of
(5-34)—(5-38) to (5-16). Let [ ;(y) be the characteristic function of an interval J C R.
For (5-39), by the inequality (2-13) and a change of variables, we see that

o0 et —(1-81) 2 00 2e’ 2
/ e—“‘f pui(p) dp| dsS/ e—“/ plur () dp” ds
K 1-8;—e™* S0 0
o) 2n 2
1 1
Sf —/ p3lu1(p)ldp‘ —dn
o 'mJo n
00 1 2n 5 2
s [ oo an
o 'MJo

< /O | M (110.00) (0) 03 11 (0)) | (1) diy

o0
(5-40) < / lu1(p)1*0° dp S 1,
0

where M is the Hardy-Littlewood maximal function and we used the fact that M
is bounded in L2
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Next, we consider the contribution of (5-21) to the energy (5-16). Also, for
simplicity, we consider

(9 +9,)(5-21)

e® coshs
(5-41) :ef“fl 5 @ =) (ali)(t, '+ — 1) dt
—o1
e’ coshs pett—
64D+ e /1 [ pa—emraaan. pdpar
e’ coshs pe™™—
(543) =l [ waane papar

and

(0 — 95)(5-21)

e® coshs
(5-44) =e”/ (t —e")2|ialii(t, t —e" %) dt
1-6;

et coshs pett5— 5
5-45 - et — ) alut, p)dp dt
( ) (er+s — T s)2 /] »/t\ yios ) |M|”( )O) 1Y

efcoshs pe’™—
5-46 t, p)dpdt.
(5-46) +(em_e, s>2f1 / PHlala(t, p) dp

By the definition of u, the inequality (3-23) and Holder, the contribution of (5-41)
can be estimated as

et coshs
(5 47) / ‘E+S/ ‘E+S —t)2|ﬁ|2(t, eI+S —t) dt|2 dS
1

e’ coshs
// la|*(t, e —1)e* dr ds
1
o
5/ f |ﬁ|4<r,p>p6drdps// u|*(z, p)p® dp dt
%e“O 1-6; 0 p>t+%

< lu|? 2 <
S NN ety f‘jlg” Put, O] Loy S 1

Now, we consider (5-42) and (5-43). By Holder, a change of variables, and the
inequality (3-23), we have

T+s _

e coshs e t 2
(5-48) / | f / (p+o) il (e, p)dpdi| ds
1 t—et

e coshs 2
/ [, MOy @i p) e sinhs ar] s
1



284 CHANGXING MIAO, JJANWEI YANG AND TENGFEI ZHAO

e coshs
i} . 2
,Sf /; [,_%+31’oo)(p)p3|u|2(t,p))(ef sinhs)]"e coshsdt ds

S /1 [M(ﬂ[,_%+a,,oo)<p)p3|ﬁ|2<r,p>)<r>]2drdz

—81 Je%

[o,0)
5/ / rOlal* ¢, r)drdt
1-6; r>t——+51

5[ / ul*(t, p)p®dpdt
0 p>t+%

< 3 2
SN e o+ f‘jg” EIRIGE ] PN

<1.

Thus, the contribution of (5-42) and (5 43) to (5-16) is finite.
For (5-44), by the fact that e* <5 =91, the definition of u, and the inequality
(3-23), we have

(5-49) / -

e coshs

2
(t — e}t t — ") dt‘ ds

00 e’ coshs 2
< / e / t~2de] < 1.
) 1-6;

Similarly, for (5-45) and (5-46), by the fact that e* % < % — &1 and the inequality
(3-23), we can obtain that

(5-50) [

1-6;

efcoshs pe™™—

2
107+ ple™ — 2Nk, p)dp i ds

1-

te‘fA

00 et coshs pett5—

/ / / k. ,o)d,odt| ds
1 t—et s
efcoshs petts—

/ / f 3d,0dt‘ ds
1 t—et "
e coshs 2

f / t_zdt‘ ds
1-6;

Hence, combining (5-24)—(5-50), we have

2

8

AN

8

A

o0
(5-51) f L5202 + L(s2) P ds S 1.
S

0
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5C2. The hyperbolic energy for 0 < s < s9. By the hyperbolic transform (5-5),
we have

(5-52) (s*W), (1, s) =2¢*" sinh® s w(e" coshs, e” sinhs)
+e7 sinh? s cosh s W, (e” coshs, e” sinhs)
+e7 sinh® s W, (¢ coshs, e sinhs),
(5-53) (s*W)4(t,s) =2e% sinhs coshs w(e® coshs, e’ sinhs)
+e37 sinh® s W, (¢” coshs, e sinhs)

+e37 sinh® s coshs W, (e? coshs, €7 sinhs).

Hence
1 pso
/ f (22 P4 (52), P ds de
0 JO
1 S0
(5-54) < / / ¢*" sinh? s (sinh? s+cosh? s)|@|*(e" coshs, e” sinhs) ds dt
0 0
1 S0
(5-55) —I—// eﬁfsinh4s(sinh2s+cosh2s)[wtz+wf](e’coshs,e’sinhs)dsdt.
0 0

Taking Co = ' *%, by a change of variables, the Hardy inequality and the inequality
(3-68), we obtain

1
(5-56) (5-54) < f/ —|w|?(t, x) dx dt < sup IViwll L2 ws) <.
[x|+11=Co

|x|2 0<t<Cy

Similarly, for (5-55), by a change of variables, we have

(5-57) (5-55)§/f Ve @[*(t, x)dxdt < sup ||V, x®ll2gs) S 1.
x| +t1<Co !

0<t<Cy
Then, by the mean value theorem, there exists 7p € [0, 1], such that
50
(5-58) / |(s*W)<* (10, 5) + |(s* W), |* (0, 5) ds S 1.
0
This estimate along with (5-51) implies

(5-59) / |(s2@) ¢ (z0, 8) + |(s2W)5]* (70, ) ds S 1.
0

5D. Uniform boundedness of the hyperbolic energy of w. We are now going to
show that Ej,(w)(t) is uniformly bounded for t € R.



286 CHANGXING MIAO, JIANWEI YANG AND TENGFEI ZHAO
A simple calculation gives

|s2W|s%W — |s2i|s%id 5 .
s“weds.

d .
(5-60) T E(@() = —

Utilizing the decay property (3-37) of v, we have, for 7, s > 0,

D=

(5-61) (e coshs — (1 —81))?v(e” coshs — (1 — §8;), e” sinhs) < 81_ .

The Huygens principle implies that v(e* coshs — (1 — 8;), e* sinhs) = 0 unless
1— 281 <e'Tv <]-— %81. Thus, for 7, s > 0, we have

s2|o(t, )|

5-62
( ) sinh? s

= |v(eI coshs — (1 —68;), e* sinhs)|

2t
€ ”{szo:ef*sgl—g‘sl} < -t

~ (et coshs — (1—8))2 ~°¢

Hence, by Holder and interpolation, we have

©
(5-63) f ——— |52, ||s*0) ds
o sinh“s

=

2
‘ v(t,s)

1 1
[ele) - 3 o0 1 N 3 s
< (/ |s2W, |2 ds) (/ — |szv|3ds> ‘
0 o sinh“s sinh

1

- i *© 1] 2
ge’/th(wm)z( f 7|s25|3ds) :
o sinh”s

©
(5-64) / Sinh2s|s2ﬂ)}||s25||s2f5|ds
0

o Nbpeo1 N
,E(/ |s2wr|2ds) (/ — |s2w|3ds>
0 o sinh“s
0o 1 :
x(/ |s26(t,s)|6' g ds)
0 sinh® s

1

NN YNPORENTY B BN SR SOr S B
Se CE (w(T))s ———|s"0]7ds | .
o sinh

N

N L®

Combining (5-63) with (5-64) and employing Holder again, we have

d - - | -
(5-65) —Eh<w(r>§e"/2[Eh<w<r)+ / #|s2v|3ds].
dt o sinh“s
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On the other hand, by a change of variables, we have

o0 0 1 (e.0] o0
(5-66) / f — |s25|3dsdr§/ / lo(t, r)|’r* dr dt
o Jo sinh“s 5

< 1.

= ”U”L"F ([51 OO)XRS)

Hence, by Gronwall’s inequality, (5-65) and (5-66) yield that Ej,(w)(t) is uniformly
bounded in R,.

SE. Conclusion of the proof of Proposition 1.3. We complete the proof by study-
ing the Morawetz action in hyperbolic coordinates.

Proposition 5.1. Let w be defined in (5-5), then

34 |s w|3
(5-67) // lw(t, r|’r dtdr—f / dsdt <1
Q, sinh? s

Proof. Define the Morawetz action by

o0 o0 2
(5-68) M(t) = / (s2), (20), ds = / @ (w +—w)s4 ds.
0 0 S

One can easily find that |[M (t)| < E;(w)(t). By (5-8), we have

d © 9 2~ 0 4 N
(569)  —M() =—/ "2 (> i), ds—/ S |ilas’@, ds
dt 0 0

sinh? s sinh” s
2/°° |s2w|? cosh s 4 2 /°° |s2w |3 cosh s 4
=— ; s—= - ; s
o sinh%s sinhs 3Jo sinh%s sinhs

00 S4
+/ (i — @), ds.
o sinh“s

By Holder, the estimate (5-62), and the fact that Ej,(w(t)) is uniformly bounded
for T > 0, we have

00 00 S4
(5-70) \/ f ——— (1B — |ii|d)s* W, dsdr
o Jo sinh®s
o0 o0 l 5 5t
S —— 5”0 |[s*0]” ds dt
o Jo sinh“s
o) 00 1 2~ 9. 2~
+ ——|s“ W | [s"0| |s“W| ds dt
o Jo sinh“s
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Z o et (T L 253 :
S e "Ep(w(r)):? ——Is70l°ds | t
0 o sinh“s

R ~ 3 © 1 2~13 g
+ e "Ep(w(r))s #Is v|°ds | dt
0 o sinh”s

3 <
L} (RxR5) ~ L.

S vl

This together with the equality (5-69) and the fact M (7) is uniformly bounded for
7 > 0, implies that

o0 00 2513 h
(5-71) / f s w2| O dsdr < 1.
0 o sinh“s sinh s

Thus, we have

00 0 125713
(5-72) / / s w2| dsdr < 1.
o Jo sinh”s
This yields (5-67) by the definition of w. O
Acknowledgments

Miao is supported in part by the National Natural Science Foundation of China
under grant No. 11831004, No. 11926303 and No. 11671047. Yang is supported
by the NNSF of China under grant No. 11901032 and the Labex MME-DII. Zhao
is supported in part by the Chinese Postdoc Foundation Grant 2019M 650457 and
National Natural Science Foundation of China (NSAF-U1930402).

References

[Bahouri and Gérard 1999] H. Bahouri and P. Gérard, “High frequency approximation of solutions to
critical nonlinear wave equations”, Amer. J. Math. 121:1 (1999), 131-175. MR Zbl

[Bahouri and Shatah 1998] H. Bahouri and J. Shatah, “Decay estimates for the critical semilinear
wave equation”, Ann. Inst. H. Poincaré Anal. Non Linéaire 15:6 (1998), 783—789. MR Zbl

[Christ and Weinstein 1991] F. M. Christ and M. I. Weinstein, “Dispersion of small amplitude
solutions of the generalized Korteweg—de Vries equation”, J. Funct. Anal. 100:1 (1991), 87-109.
MR Zbl

[Colzani et al. 2002] L. Colzani, A. Cominardi, and K. Stempak, “Radial solutions to the wave
equation”, Ann. Mat. Pura Appl. (4) 181:1 (2002), 25-54. MR Zbl

[Dodson 2019] B. Dodson, “Global well-posedness and scattering for the radial, defocusing, cubic
wave equation with initial data in a critical Besov space”, Anal. PDE 12:4 (2019), 1023-1048. MR
Zbl

[Ginibre and Velo 1985] J. Ginibre and G. Velo, “The global Cauchy problem for the nonlinear
Klein—Gordon equation”, Math. Z. 189:4 (1985), 487-505. MR Zbl

[Ginibre and Velo 1989] J. Ginibre and G. Velo, “The global Cauchy problem for the nonlinear
Klein—Gordon equation, I1”, Ann. Inst. H. Poincaré Anal. Non Linéaire 6:1 (1989), 15-35. MR Zbl


http://dx.doi.org/10.1353/ajm.1999.0001
http://dx.doi.org/10.1353/ajm.1999.0001
http://msp.org/idx/mr/1705001
http://msp.org/idx/zbl/0919.35089
http://dx.doi.org/10.1016/S0294-1449(99)80005-5
http://dx.doi.org/10.1016/S0294-1449(99)80005-5
http://msp.org/idx/mr/1650958
http://msp.org/idx/zbl/0924.35084
http://dx.doi.org/10.1016/0022-1236(91)90103-C
http://dx.doi.org/10.1016/0022-1236(91)90103-C
http://msp.org/idx/mr/1124294
http://msp.org/idx/zbl/0743.35067
http://dx.doi.org/10.1007/s102310100025
http://dx.doi.org/10.1007/s102310100025
http://msp.org/idx/mr/1895024
http://msp.org/idx/zbl/1072.35106
http://dx.doi.org/10.2140/apde.2019.12.1023
http://dx.doi.org/10.2140/apde.2019.12.1023
http://msp.org/idx/mr/3869384
http://msp.org/idx/zbl/1403.35145
http://dx.doi.org/10.1007/BF01168155
http://dx.doi.org/10.1007/BF01168155
http://msp.org/idx/mr/786279
http://msp.org/idx/zbl/0549.35108
http://dx.doi.org/10.1016/S0294-1449(16)30329-8
http://dx.doi.org/10.1016/S0294-1449(16)30329-8
http://msp.org/idx/mr/984146
http://msp.org/idx/zbl/0694.35153

5D DEFOCUSING CONFORMAL INVARIANT NLW IN A CRITICAL BESOV SPACE 289

[Ginibre and Velo 1995] J. Ginibre and G. Velo, “Generalized Strichartz inequalities for the wave
equation”, pp. 153-160 in Partial differential operators and mathematical physics (Holzhau, Ger-
many, 1994), edited by M. Demuth and B.-W. Schulze, Oper. Theory Adv. Appl. 78, Birkhduser,
Basel, 1995. MR Zbl

[Grillakis 1990] M. G. Grillakis, “Regularity and asymptotic behaviour of the wave equation with a
critical nonlinearity”, Ann. of Math. (2) 132:3 (1990), 485-509. MR Zbl

[Grillakis 1992] M. G. Grillakis, “Regularity for the wave equation with a critical nonlinearity”,
Comm. Pure Appl. Math. 45:6 (1992), 749-774. MR Zbl

[Keel and Tao 1998] M. Keel and T. Tao, “Endpoint Strichartz estimates”, Amer. J. Math. 120:5
(1998), 955-980. MR Zbl

[Kenig 2015] C. E. Kenig, Lectures on the energy critical nonlinear wave equation, CBMS Regional
Conference Series in Mathematics 122, American Mathematical Society, Providence, RI, 2015. MR
Zbl

[Kenig and Merle 2006] C. E. Kenig and F. Merle, “Global well-posedness, scattering and blow-up
for the energy-critical, focusing, non-linear Schrédinger equation in the radial case”, Invent. Math.
166:3 (2006), 645-675. MR Zbl

[Kenig and Merle 2008] C. E. Kenig and F. Merle, “Global well-posedness, scattering and blow-up
for the energy-critical focusing non-linear wave equation”, Acta Math. 201:2 (2008), 147-212. MR
Zbl

[Killip and Visan 2013] R. Killip and M. Visan, “Nonlinear Schrodinger equations at critical regular-
ity”, pp. 325-437 in Evolution equations, edited by D. Ellwood et al., Clay Math. Proc. 17, American
Mathematical Society, Providence, RI, 2013. MR Zbl

[Killip and Visan 2011] R. Killip and M. Visan, “The defocusing energy-supercritical nonlinear wave
equation in three space dimensions”, Trans. Amer. Math. Soc. 363:7 (2011), 3893-3934. MR Zbl

[Koch et al. 2014] H. Koch, D. Tataru, and M. Visan, Dispersive equations and nonlinear waves:
generalized Korteweg—de Vries, nonlinear Schrodinger, wave and Schrodinger maps, Oberwolfach
Seminars 45, Springer, 2014. MR Zbl

[Lindblad and Sogge 1995] H. Lindblad and C. D. Sogge, “On existence and scattering with minimal
regularity for semilinear wave equations”, J. Funct. Anal. 130:2 (1995), 357-426. MR Zbl

[Lindblad and Sogge 1996] H. Lindblad and C. D. Sogge, “Long-time existence for small amplitude
semilinear wave equations”, Amer. J. Math. 118:5 (1996), 1047-1135. MR Zbl

[Morawetz 1968] C. S. Morawetz, “Time decay for the nonlinear Klein—-Gordon equations”, Proc.
Roy. Soc. London Ser. A 306 (1968), 291-296. MR Zbl

[Nakanishi 1999] K. Nakanishi, “Unique global existence and asymptotic behaviour of solutions
for wave equations with non-coercive critical nonlinearity”, Comm. Partial Differential Equations
24:1-2 (1999), 185-221. MR Zbl

[Rammaha 1987] M. A. Rammaha, “Finite-time blow-up for nonlinear wave equations in high
dimensions”, Comm. Partial Differential Equations 12:6 (1987), 677-700. MR Zbl

[Ramos 2012] J. Ramos, “A refinement of the Strichartz inequality for the wave equation with
applications”, Adv. Math. 230:2 (2012), 649-698. MR Zbl

[Rodriguez 2017] C. Rodriguez, “Scattering for radial energy-subcritical wave equations in dimen-
sions 4 and 57, Comm. Partial Differential Equations 42:6 (2017), 852-894. MR Zbl

[Shatah and Struwe 1993] J. Shatah and M. Struwe, “Regularity results for nonlinear wave equations”,
Ann. of Math. (2) 138:3 (1993), 503-518. MR Zbl


http://msp.org/idx/mr/1365328
http://msp.org/idx/zbl/0839.35016
http://dx.doi.org/10.2307/1971427
http://dx.doi.org/10.2307/1971427
http://msp.org/idx/mr/1078267
http://msp.org/idx/zbl/0736.35067
http://dx.doi.org/10.1002/cpa.3160450604
http://msp.org/idx/mr/1162370
http://msp.org/idx/zbl/0785.35065
http://dx.doi.org/10.1353/ajm.1998.0039
http://msp.org/idx/mr/1646048
http://msp.org/idx/zbl/0922.35028
http://dx.doi.org/10.1090/cbms/122
http://msp.org/idx/mr/3328916
http://msp.org/idx/zbl/1329.35005
http://dx.doi.org/10.1007/s00222-006-0011-4
http://dx.doi.org/10.1007/s00222-006-0011-4
http://msp.org/idx/mr/2257393
http://msp.org/idx/zbl/1115.35125
http://dx.doi.org/10.1007/s11511-008-0031-6
http://dx.doi.org/10.1007/s11511-008-0031-6
http://msp.org/idx/mr/2461508
http://msp.org/idx/zbl/1183.35202
http://msp.org/idx/mr/3098643
http://msp.org/idx/zbl/1298.35195
http://dx.doi.org/10.1090/S0002-9947-2011-05400-0
http://dx.doi.org/10.1090/S0002-9947-2011-05400-0
http://msp.org/idx/mr/2775831
http://msp.org/idx/zbl/1230.35068
http://msp.org/idx/mr/3618884
http://msp.org/idx/zbl/1304.35003
http://dx.doi.org/10.1006/jfan.1995.1075
http://dx.doi.org/10.1006/jfan.1995.1075
http://msp.org/idx/mr/1335386
http://msp.org/idx/zbl/0846.35085
http://dx.doi.org/10.1353/ajm.1996.0042
http://dx.doi.org/10.1353/ajm.1996.0042
http://msp.org/idx/mr/1408499
http://msp.org/idx/zbl/0869.35064
http://dx.doi.org/10.1098/rspa.1968.0151
http://msp.org/idx/mr/234136
http://msp.org/idx/zbl/0157.41502
http://dx.doi.org/10.1080/03605309908821420
http://dx.doi.org/10.1080/03605309908821420
http://msp.org/idx/mr/1671997
http://msp.org/idx/zbl/0926.35022
http://dx.doi.org/10.1080/03605308708820506
http://dx.doi.org/10.1080/03605308708820506
http://msp.org/idx/mr/879355
http://msp.org/idx/zbl/0631.35060
http://dx.doi.org/10.1016/j.aim.2012.02.020
http://dx.doi.org/10.1016/j.aim.2012.02.020
http://msp.org/idx/mr/2914962
http://msp.org/idx/zbl/1290.35150
http://dx.doi.org/10.1080/03605302.2017.1330343
http://dx.doi.org/10.1080/03605302.2017.1330343
http://msp.org/idx/mr/3683307
http://msp.org/idx/zbl/1395.35150
http://dx.doi.org/10.2307/2946554
http://msp.org/idx/mr/1247991
http://msp.org/idx/zbl/0836.35096

290 CHANGXING MIAO, JJANWEI YANG AND TENGFEI ZHAO

[Sogge 1995] C. D. Sogge, Lectures on nonlinear wave equations, Monographs in Analysis II,
International Press, Boston, 1995. MR Zbl

[Taggart 2010] R. J. Taggart, “Inhomogeneous Strichartz estimates”, Forum Math. 22:5 (2010),
825-853. MR Zbl

Received June 25, 2018.

CHANGXING MIAO

INSTITUTE OF APPLIED PHYSICS AND COMPUTATIONAL MATHEMATICS
BEIJING

CHINA

miao_changxing @iapcm.ac.cn

JIANWEI YANG

BEIJING INSTITUTE OF TECHNOLOGY
BEIJING

CHINA

jw-urbain.yang @bit.edu.cn

TENGFEI ZHAO

BEIJIING COMPUTATIONAL SCIENCE RESEARCH CENTER
BEDJING

CHINA

zhao_tengfei@csrc.ac.cn


http://msp.org/idx/mr/1715192
http://msp.org/idx/zbl/1089.35500
http://dx.doi.org/10.1515/FORUM.2010.044
http://msp.org/idx/mr/2719758
http://msp.org/idx/zbl/1213.35155
mailto:miao_changxing@iapcm.ac.cn
mailto:jw-urbain.yang@bit.edu.cn
mailto:zhao_tengfei@csrc.ac.cn

PACIFIC JOURNAL OF MATHEMATICS
Vol. 305, No. 1, 2020

dx.doi.org/10.2140/pjm.2020.305.291

LIOUVILLE-TYPE THEOREMS
FOR WEIGHTED p-HARMONIC 1-FORMS
AND WEIGHTED p-HARMONIC MAPS

KEOMKYO SEO AND GABJIN YUN

In this paper, we obtain Bochner-Weitzenbock formulas for the weighted
Hodge Laplacian operator acting on differential forms and more gener-
ally on vector bundle-valued weighted p-harmonic forms. Applying these
formulas, we prove Liouville-type theorems for weighted L? p-harmonic
1-forms and for weighted p-harmonic maps in a weighted complete non-
compact manifold with nonnegative Bakry—Emery Ricci curvature, where
q=2p—2o0rq=np.

1. Introduction

The celebrated Liouville theorem states that every positive harmonic function on
R" is constant. There have been a lot of effort over the years to generalize the clas-
sical Liouville theorem into complete noncompact Riemannian manifolds. Huber
[1957] proved that any negative subharmonic function on a complete surface with
nonnegative curvature is constant. Yau [1975] proved that any positive harmonic
function on a noncompact Riemannian manifold with nonnegative Ricci curvature is
constant. See also [Greene and Wu 1979; Hildebrandt 1982; Karp 1982] for further
related results. Moreover, Yau [1976] obtained an L”-Liouville type theorem. More
precisely, he proved that, for 1 < p < oo, any L? harmonic function on a complete
Riemannian manifold is constant. Given a harmonic function f on a Riemannian
manifold M, we note that the differential df is obviously a harmonic 1-form on
M. In the case where M is a complete noncompact Riemannian manifold, it is
natural to consider L2 harmonic forms on M because L>-Hodge theory remains
valid in complete noncompact manifolds as classical Hodge theory works well in
compact manifolds. It turned out that the theory of L? harmonic 1-forms is useful
to investigate the geometry and topology at infinity. For example, Li and Tam
[1992] proved that if the space of L? harmonic 1-forms on a complete Riemannian
manifold M is trivial, then M must have at most one nonparabolic end. Cao, Shen,

Yun is the corresponding author.
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and Zhu [Cao et al. 1997] also obtained an interesting topological result which
says that if M is a complete Riemannian manifold with all ends of infinite volume
supporting a Sobolev inequality and if the space of L? harmonic 1-forms is trivial,
then M must have only one end. Their argument using the space of L? harmonic
1-forms to study the geometry and topology at infinity has been extended in various
ways. We refer the readers to [Dung and Seo 2012; 2017; Li and Wang 2002; 2004;
Lin 2015; Pigola et al. 2005; Seo 2010; 2014; Vieira 2016; Yun 2002] for recent
developments on this topic.

In this paper, we study Liouville-type properties on p-harmonic 1-forms and
p-harmonic maps in weighted manifolds. Given a smooth Riemannian manifold
(M, g) and a smooth function f : M — R, a weighted manifold (or a smooth
metric measure space, also known as a manifold with density) is a triple My :=
(M, g, e Td vg), where dvy is the volume form induced by the metric g. Since the
geometry of weighted manifolds were developed by Bakry and Emery [1985], it
has been intensively studied by many authors (for instance, see [Lott 2003; Lott and
Villani 2009; Sturm 2006a; 2006b; Wei and Wylie 2009]). Moreover, it turned out
that the study of weighted manifolds is closely related with that of self-shrinkers
and gradient Ricci solitons.

An important geometric quantity on a weighted manifold M, known as Bakry—
Emery Ricci curvature is defined by

Ric}' = Ric+ Hess(f),

where Hess(f) denotes the Hessian of f. Obviously, the Bakry—Emery Ricci
curvature is a generalization of Ricci curvature. In a weighted manifold, there is a
useful elliptic differential operator, the so-called f-Laplacian, A y which is defined
by

Aru=Au—(Vf, Vu).
The f-Laplacian is a natural generalization of the Laplace—Beltrami operator A as
it is self-adjoint with respect to the weighted measure e~/ d Vg, 1.€.,

/ vAfue_f dvg =/ (uAfv)e_fdvg
M M
and
/ (VA ru) e_fdvg = —f (Vu, Vv)e_f dvg
M M

foru,ve Cg°(M).
On the other hand, for a smooth map ¢ : (M", g, e_fdvg) — (N™, h) from
an f-weighted manifold into a Riemannian manifold, and for a bounded domain
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2 C M, the f-weighted p-energy £y, ,(¢; 2) with p > 1 of ¢ over 2 is defined by

(1-1) Erp(@; m:l/ ldg|Pe™/ dvg,
P Ja

where |d¢| denotes the Hilbert—Schmidt norm of d¢ induced by the metrics g and 4.
Namely, if {e;} is a local frame on M, |d¢| is given by
n
(1-2) ol = (dg(e), dg(e:)
i=1
so that
|do|* = try *h = (g, 9*h).

A smoothmap ¢ : (M, g, e_fdvg) — (N, h) is called f-weighted p-harmonic if it is
a critical point of the f-weighted p-energy functional £, ,(¢; €2) for any bounded
domain © C M. It can be easily shown that when ¢ is C>-regular, the Euler—
Lagrange equation for the f-weighted p-energy &£y, , is the f-weighted p-harmonic
map equation

(1-3)  t5,(0) = —87(ldp|P2dg) = |dp|P >t (p) +de(V|de|P~%) =0.

Here § ; = 8 +iv is the adjoint operator of the exterior derivative d with respect
to the measure ¢~/ d Vg, ivy denotes the interior product with the vector V f,
T7(¢) = (@) —ivrdy and (@) is the classical tension field of ¢. In the case
where p =2 and f is a constant function, Schoen and Yau [1976] obtained the
following well-known Liouville-type theorem for harmonic maps between complete
Riemannian manifolds.

Theorem [Schoen and Yau 1976]. Let M be a complete Riemannian manifold
of nonnegative Ricci curvature and let N be a complete Riemannian manifold of
nonpositive sectional curvature. Then, for any constant function f, every harmonic
map u : M — N with finite 2-energy £y >(u) must be constant.

Recently, Rimoldi and Veronelli [2013] generalized Schoen and Yau’s Liouville-
type theorem for harmonic maps into f-weighted 2-harmonic maps between com-
plete Riemannian manifolds. More precisely, they showed that if

u:(M", g, e_fdvg) — (N™, h)

is an f-weighted 2-harmonic map from a complete Riemannian manifold M with
nonnegative Bakry—Emery Ricci curvature into a complete Riemannian manifold
with nonpositive sectional curvature and if the f-weighted 2-energy £ (u) is finite,
then the harmonic map u must be constant. See also [Hua et al. 2017; Nakauchi
1998; Takeuchi 1991; Zhang and Wang 2016] for related previous results. In this
paper, we extend their result into f-weighted p-harmonic maps.
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The organization of this paper is the following. In Section 2 we derive a Bochner—
Weitzenbock formula for the weighted Hodge Laplacian A ¢ on differential forms.
Applying this formula, we are able to show a Liouville-type property of weighted L9
p-harmonic 1-forms on a complete noncompact weighted manifold with nonnegative
Bakry—Emery Ricci curvature (see Theorem 2.4 for ¢ = 2p — 2 and Theorem 2.5
for ¢ = p). In Section 3 we obtain a Bochner—Weitzenbock formula for vector
bundle-valued weighted p-harmonic forms (Lemma 3.1), which is an extension of
our previous results in Section 2. In Section 4 we prove Liouville-type theorems for
weighted p-harmonic maps. In fact, we prove that if u is a weighted p-harmonic map
from a complete noncompact weighted manifold with nonnegative Bakry—Emery
Ricci curvature into a Riemannian manifold with nonpositive sectional curvature
and if u has finite weighted g-energy, then u must be constant (see Theorem 4.1
for ¢ =2p — 2 and Theorem 4.2 for g = p).

2. Weighted p-harmonic forms

Let (M", g) be an n-dimensional complete noncompact Riemannian manifold and
let f: M — R be a smooth function on M. We consider differential forms on the
f-weighted manifold (M, g, e~ /d ve) and derive a Bochner—Weitzenbock formula
for the weighted Hodge Laplacian. Recall that the formal adjoint of the exterior
derivative d with respect to the measure e~/ d v, is given by the formula

) f= S+iy f-
Then the f-Hodge Laplacian A  on differential forms is defined by
Ap=—(ddy+5¢d).

Lemma 2.1 (Bochner—Weitzenbock formula). Let (M, g, e~ /d vg) be an f-weighted
manifold. If w is a differential 1-form on M, then

21 A7l = (0" 0, As(lol"2w) + |V (o ?w)?
+ |o*P~*Ric} (o, o).
Here o is the dual vector field to w.
Proof. 1t is well-known (see [Chang and Sung 2011]) that
3807 = J Al ol
= ([0l 0, A(lo|"?w)) + [V (j0|"?0)|* + |o|*’ ~*Ric(@*, o).
Using the definition of the f-weighted Laplacian Ay = A —(V f, V-), we have

IAflofP™2 = LAloP72 = LV £, V]| 72).
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Since Ricjf” =Ric+Hess(f) and Ay = A —divy —ivyd, we get

YAl = (o]0, Ar(jo]" o) + IV (0lP o) * + o]~ *Ric} (o, oF)
+ (0P 20, div (0P 20)) + (]P0, iv rd(|o]? o))
— |w[*P~*Hess(f) (o, %) — 1V £, V(| 7)).
We claim that
2-2) (ol 2w, divs (0" 20)) + (0?20, ivrd(|o]? o))
— ||’ *Hess(f) (0", 0*) — 1V f, V(jw[*P 7)) = 0.

Let {ey, ..., e,} be alocal geodesic frame at a point p in M and {64, ..., 6,} its
dual coframe. Let {6;;} be the connection 1-form vanishing at the point p. Writing
® = w'6; with Einstein convention, we have

lw[*P~*Hess(f) (0, o) = ||’ o' o’ f;;.
Since
divy (|0’ w) = fio'dlo|’ 7 + |0’ fj6; +|o|" 7 fio! 6;,
we have
(lo” 0, div;(jo|"w))
= o|"? fio' (@, d|o|"?) + o o' e fij + 0P’ fiol;.
Here the semicolon means the covariant differentiation. Moreover,
d(lo|”?w) =d|o|” 2 Ao+ |l 2do
=d|w|P Ao+ |w|P 2 do’ A6
which gives
(2-3) ivsd(lo|’ o)
=d|w|" (Vo —o' fidlo’ + ||’ ol fi6; — o]’ ol £6;.
Thus
(lol” 2w, ivrd(jol’w)) = o]’ d|o|" (V) — o’ filo, dol”~?)
+ |w|2p—4a)fjwifj — |a)|21’_4a)fjf,'a)j.
Next we have
(Vf, Vo2 = 5V f, V(| - o]~
= Sl (V f. VIo|" ) + S|PV f, V|o|P).

1
2
Since

Vio|* =20'oe; and Vio|” =V(w)"?*= §|w|p_2V|w|2,
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we get

— P _ p _ .
2el” XV, Viel?) = 2ol PV £, Viel) = JlolP 7 fo'o)

and
2p—4 i i1y, 2p—d 2
w77 fijo! ;0" = 5|ol PV f, V]o]7).

Thus the left-hand side of (2-2) becomes
P d|wP > (V f)+lwlP~ fiol o =5|o|P(V f, Vio|P )=l (VY £, V]o]?)
_ 2— _
= 3lol” (V£ VIl 2) + P 0P UV £ Vo).
Since

-2 -2
P |y P21y 2 = pT|w|"—4V|w|2,

2
the left-hand side of (2-2) vanishes, which completes the proof of Lemma 2.1. [J

Vil = V(o) P72 =

As a consequence of Lemma 2.1, we have the following.

Corollary 2.2. Let w be a differential 1-form on a weighted manifold (M, g,e~fd Vg).
Then

I’ Aglol”! = (lo" 2o, A p(l0]" o)) + o4 Ric} (oF, o).
Proof. Since
(2-4) SAf0PP7? = ol AslwP T 4 Vi,
it follows from Lemma 2.1 that
P AflolP T 4 | V]wP
= (l0|"w, Ap(jo|"*0) + V(o] o) > + |0’ ~* Ric} (o, o).
From the generalized Kato type inequality, we have
VIo” 1P = |V |l 20l |* < |V (o 2w) .
Thus we get
P AflolP T = (0P o, A(jo]?w)) + 0P Ricl (o, oF). O
Let ¢ : M — R be a harmonic function. Since
ddp)=0 and A¢=258(d¢p)=0,

the differential d¢ is a harmonic 1-form. Similarly, if ¢ : M — R is a p-harmonic
function, then
App =div(|Vp|P V) =0,
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which is equivalent to the equation
5(ldg|"*dg) =0

In fact, this is the Euler-Lagrange equation of the p-energy functional £,(¢) =
% f v 1d®1P dvg. Using this observation, one can define a p-harmonic form @ on
M as follows [Chang and Sung 2011]:

do=0 and §(|w|’w)=

which shows that, for any p-harmonic function ¢ on M, its differential d¢ is a
p-harmonic 1-form. Motivated by this notion of p-harmonic differential forms in
[Chang and Sung 2011] and weighted harmonic forms in [Vieira 2013], we give
the definition of weighted p-harmonic forms on a weighted manifold.

Definition 2.3. A differential form w on M is f-weighted p-harmonic if w satisfies
do=0 and &7(jw|"2w)=0

When f is constant, we note that the above definition of f-weighted p-harmonic
forms is equivalent to the definition of p- harmonic forms in the sense of [Chang and
Sung 2011]. Consider an f-weighted Ly 2p= p -harmonic 1-form w on a weighted
manifold M; with nonnegative Bakry—Emery Ricci curvature, where the L fp 2
norm of w is given by

2p—2

lw|*P "2~/ dv, < o0.

M

Then we have the following Liouville-type theorem for weighted p-harmonic 1-
forms.

Theorem 2.4. Let (M, g, e /d vg) bea complete noncompact f-weighted manifold
with nonnegative Bakry—Emery Ricci tensor Ric¥ + = 0. Suppose that f is a bounded
Sfunction. If w is an f-weighted LY 2p- p -harmonic 1-form on M for p > 1, then o
vanishes.

Proof. Since w is an f-weighted p-harmonic 1-form, we have
$r(lwlP?w) =0

Thus Corollary 2.2 together with curvature condition implies

(2-5) "7 A ol = (o]0, §rd(Jo]"Pw)).

Fix a point p € M and choose a cut-off function 7 satisfying

(2-6) O0=n=1, n=1lonBy(r), supp(n) CB,(2r), and [Vn|

IA
N | =
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Here B, (r) denotes the geodesic ball of radius r centered at p. Multiplying (2-5)
by »? and integrating it over M with respect to the measure e~/ d Vg, We obtain

/ nlo|” A flolP e du,

M

=—/ 7’|V~ 2e‘fdvg—2/ nwl”~ (V. Vol Ye ! dv,
M M

< —/ | Viw|"!| e—fdvg+§/ |V]w|? "2~/ dv,
M M

+2f lw*P 2| Ve dv,
M
:_%/ n?|V|w|P™ e—fdvg+2f w72 |VylPe ™! dv,.

M M
Moreover
/M (|0’ 2w, §pd(jw|"2w))e™! du,

2 -2 -2 —

_ fM A loPw), d(olw)e dv,

:2/ nwl?~2(dn A w, d(|o|? 2w))e™ dvg+/ n?1d(lo|P )| e_fdvg
M M

Z_/ ld(o|” o) e dvg / VaPRlolP e du,
M M
+ f n’ld(lo]? ) Pe™/ dv,
M
=- / VPl 2™/ dv,.
M
Therefore

%/ n2|V|a)|p1|2efdvg§3/ |vn|2|w|21’2efdvg5%/ lw*P "2~ dv,.
M M r~Jm

Since w is an f-weighted L?7~2 harmonic 1-form, we obtain
Vie|P'=0

by letting » — oco. Hence |w|”~! is constant. Since Ric]]y >0 and f is bounded, the
f-volume of (M, g) is infinite (see [Wei and Wylie 2009], for example). Therefore
we see that w = 0. O

Using the Bochner—Weitzenbodck formula, we can also prove the following.

Theorem 2.5. Let (M, g, e /d v,) be a complete noncompact f-weighted manifold
with nonnegative Bakry—Emery Ricci tensor. Suppose that f is a bounded function.
For p>2,ifwis an f-weighted LI; p-harmonic 1-form on M, then o = 0.
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Proof. Since (Sf(|a)|p_2w) =0, Corollary 2.2 and the curvature condition implies

Q-7 olAslelP T = (@, Ao’ o) + 0P Ric) (of, oF)
> (0, 8pd(|o|"*w)).

Fix a point p € M and choose a cut-off function 5 satisfying (2-6). Multiplying
(2-7) by n? and integrating it over M with respect to the measure e~/ d Vg, We obtain

(2-8) / n*w|AflwlP e ™ dvg > / n*(w, 8 rd(lw|P~*w))e™ dv,.
M M
Then the left-hand side of (2-8) is given by
(2-9) /n2|w|Af|w|P—1e—fdvg
M
=- / n*(Viwl, Vie|” e dvg —2 / nlw|(Vn, Vie|? e/ du,
M M

=—(p—1>f |ol? 2| Vwl|’e™ dv,
—2<p—1>f Nol?~(Vn, Viwl)e ™ dv,.

Note that
lP 2|V ol = | Viw??]?
p
and
(2-10) lo|P 7' V]| = |o]P? - |o|?/* 7' V|w| = %|w|1’/2ww|”/2.

Substituting these two identities into (2-9), we obtain
(2-11) /n2|a)|Af|a)|p_le_fdvg

4 1
w/ |17/2<Vn V|a)|p/2) dvg
4(p—1
_Lz)/ 172|V|a)|p/2| e_fdvg

2(p—1
L2p=D /n2|V|w|P/2|2e—fdvg+l/ jwl?|Vn|*e™ dug ¢,
p M & Jm

where we used Young’s inequality in the last inequality for arbitrary ¢ > 0.
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On the other hand, applying the divergence theorem with respect to the measure
e 1d Vg, the right-hand side of (2-8) becomes

[ Pt ssdtor2one ! av, = [ aoto). gl e dv,
M M
Since

d(pw)] = dg Aol <1dgl|o]

for any smooth function ¢ : M — R and any closed 1-form w (see Lemma 13 in
[Pigola et al. 2008]), using (2-10) and Young’s inequality again gives

212 [(d0ro), d(|ol" )| < [d@*o)l|d(o]’ o)
< ldn*||w*|d|o]"~?|
= 2n|w|*|Vl|V]w|"~?|
=2(p = 2nIVnllo|” ! Vo]
= @mvm jl?2|V|w|"?|

2(p—2) 2, 1

< == (3 VIl 4§ Val el )
for any § > 0. Therefore

2(p-2
(2-13) fn2<w,3fd(|w|P—2w)>e—fdugz—M(S/ 2| Viw|P2|e~! dv,

M p M
2(p-2
_wl/ |V17|2|a)|pe_fdv
p 8 Jm

Combining (2-8), (2-11) and (2-13), we obtain
4(p—1 2(p—1 2(p—2
( (p )_ (p )8— (P )8>/ n2|v|w|l7/2|2€,fdvg
p M

p? p
S(2(10—1)1 2(p— 2)1>
p £

/ IV |w|Pe™ fdvg.

Choose ¢ and § sufficiently small so that

“p—D _2Ap=1) _2p-2)

5 6> 0.
p p p

Since w is an L? p-harmonic 1-form, as r tends to infinity, we see
Vio|"? =0,

which implies that @ = 0 as in the proof of Theorem 2.4. ]
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Remark 2.6. In Theorems 2.4 and 2.5, the boundedness on the weighted function f
is only needed to guarantee that the weighted volume of (M, g, e~/ dv ¢) 18 infinite.
In fact, we prove that any f-weighted L?f7 -2 p-harmonic 1-form with p > 1 or L?
p-harmonic 1-form with p > 2 on a complete noncompact f-weighted manifold
with nonnegative Bakry—Emery Ricci tensor has constant length, which implies
that w is f-harmonic. Thus applying the standard Bochner formula for f-harmonic
1-forms (see Lemma 2.1 with p = 2, [Lott 2003] or [Vieira 2013]), one can see
that w is parallel without the assumption that f is bounded. This result leads to
applications in gradient steady Ricci solitons or, more generally, to applications
in weighted manifolds with infinite weighted volumes (see [Vieira 2013]). Recall
that a gradient steady Ricci soliton is a manifold (M, g) together with a smooth
function f satisfying Ric¥ = 0.

Furthermore, if we assume that Ric?’l is nonnegative and positive at a point, it
is easy to see, from Corollary 2.2, that w vanishes without assuming the bounded-
ness of f. This property leads to applications in gradient shrinking Ricci solitons
satisfying Ric}l = Ag for some positive constant A as follows.

Corollary 2.7. Let (M, g, e~ /d vg) be a complete gradient shrinking Ricci soliton

satisfying Ric + Hess(f) = Ag with A > 0, constant. Then if w is an LipﬁZ (p>1)
or L? (p = 2) p-harmonic 1-form on M, then w = 0.
Proof. The proof follows from the argument in Remark 2.6. ]

In case of gradient steady Ricci solitons, we also have the following same
vanishing property.

Corollary 2.8. Let (M, g, e /d vy) be a complete gradient steady Ricci soliton
satisfying Ric + Hess(f) = 0. Then if o is an Licp_z (p>1or L? (p =2
p-harmonic 1-form on M, then @ = 0.

Proof. For ¢ =2p — p or g = p, applying the same argument as in the proofs of
Theorems 2.4 and 2.5, we see that |w| = C for some constant C. Thus

f lw|9e™ dvy = C1 Vol (M),
M

where Vol ¢ (M) denotes the f-weighted volume of M.

On the other hand, it is well-known that the scalar curvature of a gradient steady
Ricci soliton is nonnegative and |V f| is bounded by a positive constant (see [Cao
2010] for example). Moreover, Munteanu and Wang [2011] proved that the first
eigenvalue of f-Laplacian A ; on the nontrivial gradient steady Ricci solitons is
positive. Therefore, applying the result by Vieira [2013], we get Vol r (M) = oc.
This shows that w = 0. ([l
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3. Vector bundle-valued weighted p-harmonic forms

In this section, we extend the notions discussed in Section 2 including the Bochner—
Weitzenbock formula to vector bundles over a weighted manifold.

Let w : E — M be a vector bundle of rank m over a smooth oriented Riemannian
manifold (M", g). We denote by I'(E) the vector space of smooth sections of E
over M. A Riemannian structure on the bundle E is a pair (VE, p), where p is a
Riemannian metric on E, V a connection and VZp = 0. Denoting p = (-, ), the
condition V£ p = 0 means that, for each X € I['(T M) and s, s, € ['(E), we have

X - (s1,52) = (VEsy, s2) + (51, VEs).

The curvature of the connection V¥ is the map Rf : A2TM ® T'(E) — I'(E)
defined by

RE(X,Y)s =—ViVis+VEVEs + V&,Y]S-

Let w be an [-form on M with values in the vector bundle 7 : E — M. Then,
choosing a (local) frame sy, ..., s, on E, for each X1, ..., X; e '(T M), we can
write

m
o(Xy,..., X)) = Zaasa
a=1

for some local smooth functions a, on M. For the Levi—Civita connection DM = D
on (M, g), the induced connection V on C(A'T*M ® E), the space of smooth
[-forms on M with values in the vector bundle 7 : E — M, is given by

I
(Vxo)(X1.....X) =VE@X1.....X) = > o(X1,.... DxXi..... X))
i=1

and its associated curvature is given by
(R(X, Y)w)(Xy, ... X)) 1
=REX.V@X1, ... X)) = ) oK., RY X D)X, X)),

i=1
For the induced connection V, the exterior differential operator
d:TANT*"MQE)—>T(AT'T*"MQE)
is given by

I+1

o)Xy, ..., Xip) =Y (=D (Vx0) X1, ., Xy Xig),
i=1
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where the symbol covered by X; is omitted. The codifferential operator § is given
by
n
G) (X1, ..., X)) ==Y (Vo) (ei, X1, ..., Xi-1),
i=1

where {e;} is a local frame on M. Finally the Laplacian A and the f-weighted
Laplacian A ¢ are defined on E-valued differential forms by

A=—(ds+8d) and A;=—(dd;+35d),

respectively.

For a vector bundle 7 : E — M over a weighted manifold (M, g, e_fdvg), we
have the following Bochner—Weitzenbock formula for differential 1-forms on M
with values in E.

Lemma 3.1 (Bochner—Weitzenbock formula). Let w : E — M be a vector bundle
of rank m over a smooth oriented Riemannian manifold (M, g), and let f : M — R
be a smooth function. If w is an E-valued 1-form on M, then

G-1) $Af0lPP? = (ol ?0, A (o’ 2w) + |V (o’ 2w)*

+lol7* Y (o Ric) (), w(e))
i=l1
— 0P Y (R (ei, epw(en), wle))),

ij
where {e;} is a local frame on M and Ricj‘fl (e;) is a vector given by

n

Ric}/l(e,-) = ZRiC}/I(ei, ejej = Z[RicM(e,-, e;) +Hess(f)(e;, ej)]ej.
j=1 j=1

Proof. Tt is well-known (see [Eells and Lemaire 1983]) that

(3-2) 1A = (o]0, Ao’ ) + | V(oP o)

n
+1olP ) (o RicM (€)), o (e))
i=1
— ™Y (RE(ei, epw(er), o(e))).
iJ
By definition of weighted Laplacian Ay = A —(V f, V-), we have

IAflolP™ = LAloP72 = LV £, V]| 72).
Since
Ricy' =Ric" +Hess(f) and Ay =A—divs—ivyd,
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we get

1A sl
= (|ol" 20, As(|o]"20) + (|02, div (o] o)

+ (|0|" o, ivd(jo]” o) + V(o] o)

+ oY (o Ric (), w(e)) — oo (Hess(f)(e:), o (e)
i=1

— [P Y (R (ei, epw(en), wle;)) — 5(V £, V(P 77)).

i,J
We claim that

(33) (oI’ o, div (0] 20) + (0P 2o, ivsd (o]~ w))

— o~ Hess(f)(e;)), o(e)) — (Y f, V(w[*’2)) = 0.

Let {ey, ..., e} be a local geodesic frame at a point p in M, and {6y, ..., 6,} be
its dual coframe. Let {6;;} be the connection 1-form vanishing at the point p. Let
{s1,...,8,} be alocal frame on E such that

VEs,| »=0.

Then w can be expressed as
m n
w= E E Aie6; @ Sa
a=1i=1
so that
) — . d 2 _ 2
w(ej) = ajeSq and |o|®= ai,.
o i,

Since

div(lo|"*0) = div ;(|0]"aiab; ® s)
=d(|o|" 7 fiaiaSq)
= fiiad|0|" 7 @ 5o + |0|" aia fij0; ® sa
+ 10”72 fidia: j0; ® sa + 0|72 fiaia VE sq,
we have
G4 (o’ 0, divi (o’ o)) = 0|’ *(aju; ® sq. divs (o]’ o))
= 0|’ ajq fiaiad|o|" " (e;)

2p—4 2p—4
+ || P ajozaiafij+|w| P ajotfiaia;j'
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Moreover
d(|0|"20) = aia (d|0|P 2 A 0) ® so + |0]P 2 (daig A 6;) @ a4
+ " 2aigbij A} ® s¢ — |0|P2ai6; AV ESs,
= Gio (d|0|" > A 0) ® Sa + || i (O A O;) ® 5a
which gives
ivrd(jo|’*w) = d|w|P (Vo — aig fid|o]” > @ sq
+1o|P2aiq:; £i6: ® 5S¢ — 0" i £i0; ® g
Thus
(3-5) (o’ P, ivsd(o]’w))
= |o|”%(a;p0; ® sp. iv pd(|0]" *w)
= |w|Pd|w|P2(V f) — |o|"*aiaaja fid|o|P ()
+ o1 dia; jaia fj — |01 aia:j fia)a
= |w|”(V f, V|o|"?) — |’ aiqajq fid|o]” > (e))
+ o HV £, VIol?) — 0P aia: ) fidja-

Note that

(3-6) ((Hess(f) (). w(e) = fijlw(e)), w(e)) = fijajotia.
From (3-4), (3-5), and (3-6), it follows that
(lo” 0, div (0]’ w)) + (|0’ o, ivd(o]"v))
— [P o Hess(f)(e:). w(e;))
= |0|"(V f. V]o|"7?) + 50|V f, V]o]*).
We observe that
(V. VIolPP™?) = (V£ V(o - o”7))
= 310P(V . V|o|P ) + 3|olP XV £, V]w|”).

1
2

Since
Viwl? = V(lo)P? = §|w|"*2ww|2,

we have
NolP XV f, V]w|?) = flwlz”"‘(Vf, Viol).

Thus the left-hand side of (3-3) becomes

2_
Hol”(V £, VIo|”2) + Tp|w|2”—“<Vf, Viw|?).
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Using
ViwP~% = V(|w/*)P~2/2
_r-2
2

-2
= 22104y ef?,
2

(| P21V @]

we see that the left-hand side of (3-3) vanishes, which completes the proof of
Lemma 3.1. (]

As in the proof of Corollary 2.2, we can easily show the following by using
Lemma 3.1.

Corollary 3.2. Let 7w : E — M be a vector bundle of rank m over a smooth oriented
Riemannian manifold (M, g), and let f : M — R be a smooth function. If w is an
E-valued 1-form on M, then

P A gl 2 (oo, Ar(jol” ) + oY (o Ric) (), w(e))
i=l1
— [P Y (RE (i, ep)w (e, we))).

i,j
4. Weighted p-harmonic maps

In this section, we obtain some Liouville-type theorems for weighted p-harmonic
maps as an application of the Bochner—Weitzenbock formula stated in Section 3.
The following theorem shows that the same result holds for f-weighted p-harmonic
maps with L?p ~2_finite energy for p > 1 as in the case of f-weighted L?p -

p-harmonic 1-forms.

Theorem 4.1. Letu: (M, g, e_fdvg) — (N, h) be an f-weighted p-harmonic map
Jfrom an oriented complete noncompact f-weighted manifold into a Riemannian
manifold for p > 1. Suppose that f is bounded. Assume that the Bakry—Emery
Ricci curvature of M is nonnegative, Ric}l > 0, and the sectional curvature of N is
nonpositive, K < 0. If u has finite f-weighted (2p—2)-energy, i.e.,

/ |du|*P~2e~/ dv, < o0,
M
then u must be a constant map.

Proof. Let du = w. Then w is an f-weighted p-harmonic 1-form with values in the
pull-back bundle «~!T N. In particular,

8r(jw|P2w) = 0.
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From Corollary 3.2 together with curvature conditions, it follows that
(4-1) P~ Al = (oo, §rd(jo]"w)).

From this, we can see that the same argument as in the proof of Theorem 2.4 shows
w=0. ([l

From Corollary 3.2, it follows that

n
42) |olAslolP ™ = (@, Ar(jol" o) + 0”2 Y (o Ric) (¢)), w(e))
i=1
— P2 (RE(er, ej)a(en), we))).
iJ
Applying the same argument as in Theorem 2.5 to (4-2), we are able to prove the
following theorem.

Theorem 4.2. Letu:(M, g, e_fdvg) — (N, h) be an f-weighted p-harmonic map
Jfrom an oriented complete noncompact f-weighted manifold into a Riemannian
manifold. Suppose that f is bounded, and Ric?’l >0and KN <0. For p>2,ifu
has finite f-weighted p-energy, then u must be a constant map.

Remark 4.3. In Theorems 4.1 and 4.2, without the boundedness of f, if we
assume that Ricy is nonnegative and positive at a point, we can conclude that any
f-weighted p-harmonic map u : (M, g, e_fdvg) — (N, h) with finite f-weighted
(2p—2)-energy or p-energy for p > 1 from an oriented complete noncompact f-
weighted manifold into a Riemannian manifold of nonpositive sectional curvature,
KN <0, must be constant.

Applying the argument in Remark 4.3 to gradient shrinking Ricci solitons, we
have the following as in the case of L’f’ p-harmonic 1-forms.

Corollary 4.4. Let (M, g, e~ /d vg) be a complete noncompact gradient shrink-
ing Ricci soliton satisfying Ric + Hess(f) = Ag with A > 0, constant. If u :
M, g, e_fdvg) — (N, h) is an f-weighted p-harmonic map into a Riemannian
manifold of nonpositive sectional curvature KV < 0 with finite f-weighted (2p—2)-
energy or p-energy for p > 1, then u must be a constant map.
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REMARKS ON THE HOLDER-CONTINUITY OF SOLUTIONS
TO PARABOLIC EQUATIONS WITH CONIC SINGULARITIES

YUANQI WANG

This is a note on work of Ladyzhenskaja et al. (AMS 1968) and of Ferretti
and Safonov (2013). Using their work line by line, we prove the Holder-
continuity of solutions to linear parabolic equations of mixed type, assuming
the coefficient of % has time-derivative bounded from above. On a Kéhler
manifold, this Holder estimate works when the metrics possess conic singu-
larities along a normal crossing divisor.

1. Introduction

Historically, Holder-continuity of solutions to linear elliptic and parabolic equations
(in various cases) has been proved and extensively studied by De Giorgi [1957],
Nash [1958], Moser [1964], Krylov and Safonov [1980]. Many other experts have
contributed to this topic as well, for example, see [Caffarelli and Cabré 1995;
Ferretti and Safonov 2013; Gilbarg and Trudinger 1977; Ladyzhenskaja et al. 1968].
Ferretti and Safonov [2013] give a unified proof of the Hoélder-continuity in both the
divergence case and nondivergence case. The key is to establish growth properties
for the (sub- and super-) level sets of the solutions.

We focus on divergence-form equations. The operator in our main parabolic
equation (3) below is exactly the one considered in [Ferretti and Safonov 2013].
The little difference is: the ag (Coefﬁcient of %) in [Ferretti and Safonov 2013,
line 11, page 89] is not allowed to depend on time, but here we allow ag in (3) to
depend on time.

Our motivation is to study the heat equation associated to a Ricci flow. The Ricci
flow is a special time-parametrized family of Riemannian metrics g(¢). Given a
time-family of Riemannian metrics g(¢) over a Euclidean ball B, the associated
heat equation reads as

0 au N au 1 9 (i et ou f
—~ _Au2-~-__ - etg;i— | = f,
3t & 3t ‘/detgij ax, g glj a.x]

MSC2010: 35K10.
Keywords: Holder estimate, parabolic equations.
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where the x; are the Euclidean coordinates. To estimate the Holder norm of u, we
only care about the L°°-norm of f, though we can assume that everything involved
has higher derivatives. Multiplying (1) by ,/det g;;, we get

d 0 du
2) ,/detgija—b;—aég ,/detglja ) F= f,/detgl]

Let ag = \/det gij and a'l & gl /det gij;> (1) is a special case of (3) and [Ferretti
and Safonov 2013, Equation (D), page 89]. Suppose det g;; is uniformly bounded;
the L°°-norm of f is equivalent to the L°°-norm of F, thus it makes no difference
for the Holder estimate.

Our main observation (and a one sentence proof of Theorem 1.1) is that when ag
depends on time and ° gao is bounded from above, the general energy estimates are
still true (Lemma 4.5). By the proof in [Ferretti and Safonov 2013], these energy
estimates imply the main growth theorem [Ferretti and Safonov 2013, Theorem 5.3].
Moreover, by an idea in [Ladyzhenskaja et al. 1968], [Ferretti and Safonov 2013,
Theorem 5.3] directly implies the Holder continuity of solutions, without involving
the Harnack inequality in [Ferretti and Safonov 2013, Theorem 1.5]. We believe
these are known by experts. Let

e Y = (y,s) be a space-time point, and C,(Y) = B,(r) x (s — r2,s) be the
parabolic cylinder centered at Y with radius r, where B, (r) is the usual m-
dimensional Euclidean ball.

e Let [ -]y denote the usual parabolic Holder seminorm of exponent o (for
example, see [Lieberman 1996, (4.1)] for a definition).

The simplest version of our main theorem can be stated as follows.

Theorem 1.1. Suppose u € C*°[C,(Y)] solves the following equation (or the metric
heat equation (1) via the correspondence in (2)) in the classical sense

ou ad . o0u
3 — ——\ad"—) = f,
) a1 axj< 8x,-) f
where ag, a”’ (1 <i, j <m) are space-time smooth functions. Suppose
1 d log ag I y
4 —<ay<K <K, —=<d”<KI
4) x =d =K, o =K. p=a's

Then there exist constants o(m, K) € (0, 1) and N (m, K) such that

lulpc, o | 2
rélula.c, vy + lulLerc, por) = N(rmT + 1 fle=ie, o |-

Remark 1.2. When ° log % is not uniformly bounded from above (while the other
conditions in Theorem l 1 hold true), the above uniform Holder estimate does not
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hold in general. We refer the interested readers to the beautiful example constructed
by Chen and Safonov [2017, Theorems 4.1 and 4.2].

Remark 1.3. In view of the Riemannian geometry setting in (2) and the line right

below it, when g; is a Ricci flow, the upper bound on dlogag

ot means

0
(5) e dvol,, < K dvoly,,

where dvol,, is the evolving volume form. The K is actually a lower bound for the
scalar curvature of g;. Fortunately, the scalar curvature is usually bounded from
below along Ricci flows without any additional condition, see [Cao and Chen 2012,
page 5; Hamilton 1995].

Therefore, when the scalar curvature of a Kidhler—Ricci flow is not (assumed to
be) bounded from above, Theorems 1.1 and 2.2 (as well as the ideas in the proof)
might help in obtaining higher-order estimates (convergence) of the Kédhler metric
as t approaches a singular time or as ¢t — o0.

Theorem 1.1 can be generalized to heat equations of Kidhler-metrics with conic sin-
gularities along normal-crossing divisors (Theorem 2.2). We only prove Theorem 2.2,
the proof of Theorem 1.1 is the same (by discarding the necessary techniques for
the conic singularities, see Claim 4.7 for example).

This note is organized as follows. In Section 2 we define Kahler metrics with conic
singularities, and state Theorem 2.2. In Section 3 we prove Theorems 1.1 and 2.2
assuming the main growth theorem (Theorem 5.7) on sublevel sets of subsolutions.
In Section 4, we define weak subsolutions and prove energy inequalities for them.
This is a preparation for the main growth theorem (Theorem 5.7). In Section 5,
we prove the main growth theorem using the energy inequalities and the measure
theoretic arguments in [Ferretti and Safonov 2013].

2. The more general version of Theorem 1.1 in
Kaihler geometry involving conic singularity

In Kihler geometry setting, Theorem 1.1 holds even when the metrics possess
conic singularities along analytic hypersurfaces. To state the result, we first give
a geometric formulation following [Guenancia and Paun 2016]. Given a closed
Kahler manifold M and a divisor D = Z?l:l 27(1 — B;)D;j, where each D; is
an irreducible hypersurface and may have self-intersection, suppose D has (no
worse than) normal crossing singularities, i.e., there is an open cover of supp D by
neighborhoods U/; such that in each U;, supp D NU; = {z1z223 - - - zx = 0}, where
k <n and z; - - - z, are holomorphic coordinate functions in ;.

Definition 2.1. A Kihler metric g (defined away from supp D) is said to be a weak-
conic metric with quasi-isometric constant K, if and only if it’s Holder-continuous
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away from supp D and in each U,

k
8 . .
Eﬂ <g=<KkK gé (quasi-isometric),

g,’gzzw—f_zﬂjdq@dzﬁ Y dz;®dz;.
j=1"%

j=k+1

gll,g is one of the 2 model metrics on C" we work with, and in this local setting we
abuse notation by denoting supp D as D.

Similarly, a Kihler metric g is called a e-nearly-conic metric with quasi-isometric
constant K, if and only if it’s Holder-continuous over the whole M (across supp D)
and in each U;, for € > 0,

8h
€ k
K S g S Kgﬂ’€7
7 ‘ g ]
ko _ § I S o . 2 . z .
$pe = 2 ey p W BRIt 2, Az ®dz;,

j=1 j=k+1

We recall the well known intrinsic polar coordinates of gg. Let

g=rieV ™ ri=1gP, 1<j<k

In these polar coordinates the model cone gg is equal to

k n
gy=Y (@dri+piridoh)+ Y dz;®dzj,
j=1 j=k+1

and it’s quasi-isometric to the Euclidean metric, i.e.,

k n
®)  (min; B)gr <gf < 8w, gp =D (dri+r;do)+ Y dz; ®dz;.
=1 j=k+1

This is important because we want to take advantage of the rescaling and translation
invariance of the Euclidean metric.

Similarly, we also have intrinsic polar coordinates for gl/§ .- Let s; be the solution
to
ds; Bi

= ;o 5;(0)=0, p;=]z;l
do; ~ prrenimn Y I=te

(€))
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Then §; = sjemef, 1 < j <k defines the polar coordinates of g,lé,e- By [Wang
2016, Lemma 4.3], in these coordinates we have

k n
(10)  gf =) (dsi+ajesidd)+ Y dz;®dZ;, Bi<aje<l.
j=1 j=k+1

Hence gg . 1s also quasi-isometric to the Euclidean metric in its polar coordinate,
1.e.,

k n
(1) (min; B3)gy <gf . <gp. gp = @si+s7do+ Y dz;@d7;.
Jj=1 Jj=k+1
Unless specified (via a parentheses or a subsymbol), the constants N and C in
this article depend on (at most) n, K, M, D, ﬁ}s, and the open cover Ul- U;. They
don’t depend on €. Different N's could be different. The real dimension is m = 2n
in the Kéhler setting.

Theorem 2.2. Let € € [0, 1].
Part I (local estimate). Suppose g; is a time-differentiable family of weak-conic
Kdhler metrics or of e-nearly-conic metrics, which is defined over a parabolic

cylinder C,(Y) in C" under a polar coordinate as below (7) or (9), respectively.
Suppose the quasi-isometric constant of g, is K,

0
(12) Edvol, < K dvol,.
and u is a bounded weak solution (in the sense of Definition 4.2) to
ou
(13) m =Agu+f overC.(Y).

Then there exists a(n, B, K) € (0, 1) and N(n, B, K) such that

luleie, o | o
rlula,c,pv) + 1l ¢, pr) < N(,,ZnT +rolflr=ic. o )-

Part II (global estimate). In the setting of (6) and paragraph above it, suppose all
the conditions in Part I hold globally on M x [0, T]. Then for all ty € (0, T), there
exists an o(n, B, K) and Cy,(n, B, K) such that

(o, mcir, 71 F 1l Lo it 7 < Cro (el L1 prxpo.y) + | 1Looarxg0,71)-

Remark 2.3. When the divisor is smooth, a weaker version of this Holder estimate
is in section 4 of [Wang 2016]. We hope it’s still somewhat valuable to present
the proof separately here. The [u], is the usual parabolic Holder seminorm with
respect to gg (g/’;, o) (see (8)). An important point is that Holder continuity with
respect to the distance of gg (g/’; ) 1s equivalent to Holder continuity in the usual
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sense in holomorphic coordinates (apart from a difference of Holder exponents).
We refer interested readers to [Wang 2016, Lemma 4.4]. Please see Definition 4.2
for the definition of weak solutions (replace SC, by the underlying domain).

Remark 2.4. Using the Kihler structure, Equation (13) can be written in both
divergence and nondivergence form. In this case, we expect that Theorem 2.2 still
holds without condition (12).

3. Proof of the main results assuming Theorem 5.7

From now on (and in the subsequent sections), we work in the polar coordinates in
(8) and (11). In this coordinate, we do not “see” the conic singularity (except that
the coefficients of the equations and solutions are not defined on D).

Definition 3.1. Let C9 denote C,(y, s —3r?) (see above Theorem 1.1 on definition
of parabolic cylinders). We note that C? is “earlier” in time than C,.

Let |2| denote the Euclidean measure of a set 2 € R™ x R, where R" is the
spatial direction, and R is the time direction, i.e., R™ x R is the full parabolic
cylinder.

Given a function u on an arbitrary set 2 € R™ x R, we define

A .
0scq U = supg u — infg u.

Roughly speaking, to show parabolic Holder continuity of a function u, it suffices
to show that comparing to the oscillation in an arbitrary parabolic cylinder (in the
domain of u), the oscillation in the concentric subcylinder of half radius decreases
by a fixed amount.

The idea in proving Theorems 1.1 and 2.2 can be explained as follows. For
simplicity, we assume f = 0 in the main heat equation (3).

For a subsolution to the homogeneous version of (3), the role of the main growth
theorem (Theorem 5.7) is to improve a bound on the measure of the superlevel set
in an “earlier” parabolic cylinder to a pointwise bound in a “later” cylinder.

The crucial observation is that for any solution u, either u or —u (adjusted by
proper constants) admits a bound on the measure of the superlevel set in the “earlier”
parabolic cylinder (see Cases 1 and 2 below (15)), hence the condition in the main
growth theorem is always satisfied, and it yields the desired decrease of oscillation.

Proof of Theorems 1.1 and 2.2. We only prove (Part I of) Theorem 2.2 as mentioned
at the end of the introduction. Notice that y does not have to be in supp D (as long
as integration by parts is true, see proof of Lemma 4.5). By the interior L*°-estimate
in Proposition 5.3 which holds for every cylinder and every subsolution, it suffices
to show the Holder norm is bounded by the L°°-norm, i.e.,

(14) rlula,c,, vy < Nuleic, ) + 2| flLerc, ()
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By [Lieberman 1996, Lemma 4.6], it suffices to show the oscillation decays for
every cylinder Cy, and every subsolution u, i.e.,

(15) oscc, u < (1 —b)oscc, u +4r2|f|0,c2r, b=bn,B,K)>0.

By rescaling and translation invariance, it suffices to assume r = 1, s = 0. By
adding a constant, it suffices to assume 0 < u < h, where h £ oscc, 4. As in
[Ladyzhenskaja et al. 1968], one of the following must hold:

cY cY
Case 1: Hu> }HCO‘_| |, Case 2: Hu<%}ﬂC?‘§%.
We only prove (15) in Case 1 in detail. Case 2 is similar by applying the proof in
Case 1 to h —u. Consider u =u —t| flo,c,, (t € (—4,0)). Then

ou - -
——Agufo, 0§u§h+4|f|0,cz.

h h
Moreover, u > 5 +4|flo.c, = u> 5

Hence the assumption of Case 1 implies

h

CO
7z +arne)nct| <[fu=§]nei] = 5

Then Theorem 5.7 (applied to i — 4 — 4| flo.c,), (16), and the above inequality
imply that there exists a(n, 8, K) > 0 such that

- h B - h (1—=a)h
sup(ii = 5 —41floc:) = (1 =@ sup( =3 =41 loc, ) = 52

Then oscc, < supg, u < supg, i < (1 — %)h +4|flo.c,. The proof of (15) (under
the normalization conditions below it) is complete. U

4. Energy inequalities

We follow closely the definitions and tricks in [Ferretti and Safonov 2013]; the
point is that they work equally well in the presence of conic singularity (Definitions
4.1, 4.2, and 4.4). The functions and integrations are all defined away from the
divisor D (see the content below (6)). If the notation of a function space does not
involve D, we mean the space satisfies the indicated asymptotic property (which
should be clear from the context). The sets and (slant) cylinders are standard ones
minus D. This does not affect any measure theory, integration, or technique in this
article, because the spacewise codimension of D is 2. For the proof of Theorem 1.1,
we don’t have to chop off any singularity.
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Definition 4.1. A slant cylinder SC, (yo, y1, To, T1), which we abbreviate in most
the time as SC,, is the following set:

17) SC, 2 {x | lx =yl <r, Ty <t <T},

where y(t) = yo+ (t — To) (y1 — y0)/(T1 — Tp). When y; = yg, SC, is just the usual
cylinder C, defined above Theorem 1.1. We define / £ r(y1 — y0)/(T1 — Tp) as the
parabolic slope of SC,.. The parabolic slope / is invariant under

« the usual parabolic rescaling (linear multiplication on yg, y;, r and quadratic
multiplication on Ty, 77 by the same factor),

« the spacewise translation (on yy, y; by the same displacement),

 and the timewise translation (on 7y and 77 by the same displacement).

Definition 4.2. We say u is a weak subsolution to

(18) 5 Aeu =0,

in a slant cylinder SC, if
(1) u € C*+1F2{SC, \D x [Ty, T11} N L®(SC,);
(2) Inequality (18) holds over SC, \ D x [Ty, T1] in the classical sense.

We call a function 1 (defined in any bounded space-time domain 2 € C" x (—00, 00))
tame if n € C1{Q\ D x [Ty, T11} N L>®(R) and the following holds:

(19) g—’z eL(Q), VnelL*Q).

Remark 4.3. The L°°(SC,)-requirement in Definition 4.2 is crucial, and is the
only global condition. It guarantees (18) holds across the singularity in the sense of
integration by parts.

Definition 4.4. Exactly as in [Ferretti and Safonov 2013, Corollary 2.3], we define
the cutoff function of u as

(20) ue =Gu),

where G is a function with one variable such that G(u) =0 when u <¢, G(u) =
u—+ GQ¢€) —2¢ when u > 2¢, and G, G, G” > 0. Consequently, we have

2D GRe)<e and max{u —2¢,0} <u.<max{u—e,0}.

The most important feature of u. is that, if u is a solution to (18), so is u., i.e.,

(22)
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The cutoff function u, can be understood as the smoothing of ™ (nonnegative
part of u). We note that in the classical case, u™ is a subsolution (in proper sense)
if u is. The above smoothing is pointwise, thus works in the presence of conic
singularities.

Lemma 4.5. Under the same assumptions in Part 1 of Theorem 2.2 (for any r),
suppose u is a nonnegative weak solution to (18) in the sense of Definition 4.2 in a
slant cylinder SC,, r < 155 00 . Then for any nonnegative tame function n which is
compactly supported in SC, spacewisely, we have

(23) /undeg| ff (Vou, Ven*) dV, ds
Cll
15}
// u—dV ds—l—K// un dV ds.
n Cn

(24) uznde| // |Vou|*n* dV, ds

Moreover, we have

/ / dV ds+(2K+200)f / W + |Ven|®) dV, ds,

and therefore
(25) / |Vgu|2 dV,ds <+00, for any (parabolic) compact subdomain Q2 of SC,.
Q

Remark 4.6. By the same proof, the energy estimate of (3) is similar.

Proof of Lemma 4.5. Let r; be the distance function to the smooth hypersurface D;.
We consider Berndtsson’s cutoff function ¥; = v (€ log(—logr;)), ¥ is the stan-
dard cutoff function such that ¥ (x) = 1 when x < é and ¥ (x) =0 when x > %.
Then

(26) wi’é _ O When " < 6_64/(56); ]//l'f =1 When v > e—el/(ZE)‘
Let 1//6 = ]_[izl ,,,,, n Tﬁi,e

Claim 4.7. We have

@7 Eh_r)% IVEVelr2B(1/2)) = 0.

The proof of Claim 4.7 is elementary. We only verify it for dv/dr;, the other
directional derivatives are similar. We compute

8w€ Z—W € Hwi,e-

ory r1logry i1
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Hence in polycylindrical coordinates we find

Ve o 172 1
/ |—<|% dvolg < Ce? / —————dr| <Cé”.
B(1/2) Or1 o ri(logry)

We first prove (24). By definition we have lim¢_,¢ ¥ = 1 everywhere except on
supp D. We multiply both hand sides of (18) by unzl/ff, then integrate by parts and
integrate with respect to time. We obtain

15}
(28) %/ WPy dV,|? f \Veul*n*y2dV, ds

_2//u2n21ﬁ gds— f/ (Vou, Venyuny2 dV, ds
// 2dVd—2// (Vout, Ve )un*vre dVy ds.

Using the Cauchy—Schwartz inequality we deduce that
5]
(29) ‘2/ / (Vou, Vere)un*yre dVy ds
3] n

%) 15)
sﬁ// |vgu|2¢3n2dvgds+1oo// u'n?| Ve |* dV, ds.
n JC» n JCn

Similarly we have

5]
(30) ‘2//<vgu,vgn>un¢3dvgds
tl n

153 th
Sﬂm// |vgu|2¢3n2dvgds+1oo// u> Y2\ Ven|?dV, ds.
n JC» n JCr

Notice that by (5) we have

(31) // 2%y gds<K// n* Y2 dV,ds.

Then

(32) %/ R A // \Voul*n*y2dV, ds

<K//u2n2w dVeds + % f/ deds

+100// VeuPy2n>dv, ds+1ooff W2V dV, ds

+ ﬁ/{ /@n |Vgu|21ﬁ€2n2dVg ds + 100/; /a:" u2n2|Vg1p€|2dVg ds.
1 1
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We note that Definition 4.2 requires u € L™, then (27) implies

[5)
(33) lim 100[ f u*n? Ve |* dVy ds = 0.
n JC»

e—0

Let € — 0 in (32), the proof of (24) and (25) is complete.
Multiplying both hand sides of (18) by ny. and integrating by parts over space-
time, (23) is proved similarly. U

By the same proof as for Lemma 4.5 (with Berndtsson’s cutoff function as
in (27)), the Sobolev embedding theorem is true.

Lemma 4.8 (Sobolev embedding). Given a function u € C B\ D}NL*>®(B), for
any cutoff function n € C(l)(B), the following holds:

n—1

2
2n 2n
(/ u| 2T dvE) SN(ﬂ,n)/ IV ()] d V.
B B

Proof. 1t’s true when [, |V (nu)|dVg = oco. When [, [V(qu)|dVE < oo, using
Berndtsson’s cutoff function v, Claim 4.7, and the same proof as for Lemma 4.5,
nu belongs to WUL1(B) in the usual sense. Then it follows from the usual Sobolev-
inequality. U

Remark 4.9. The N (8, n) above does not depend on the radius or center of the
ball. The only place where we use the Sobolev embedding is (41).

5. Proof of Theorem 5.7 by energy inequalities

Lemma 5.1 (Growth Lemma). Suppose u is a weak subsolution to (18) in a cylinder

Cy-(Y). Then there exists a po(n, B, K) > 0 such that

[l > 0}N Cor (V] _
|Car (Y)] -

Proof. The proof is formally the same as for [Ferretti and Safonov 2013, Lemma 4.1].
Since condition (5) is involved, we still give a detailed proof for the reader’s

o implies supe u < 3supe, ut.

(34)

convenience. The point is to show that we don’t need more on the equation than the
energy estimates of subsolutions (Lemma 4.5 and the proof of it). The constants N
in this proof only depend on n, 8, K.

By rescaling invariance of the subequation (18), it suffices to assume r =1 and
supc, u = 1. We let 1, be small enough. It suffices to prove that for all Z ¢ D and
Z € Ci(Y) = Cq, under the condition

{u > 01N C1(Z)| 22n 2|{u>0}rlC2(Z)| )
35 92nt2 B, i
(35) |C1(2)| = |C2(2)] = 2 !
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the following estimate holds
(36) u(Z) < 1.

We only need to apply Lemma 5.2 (see [Ferretti and Safonov 2013, (3.8),
page 33]). Using exactly the induction argument [Ferretti and Safonov 2013,
from the last line of page 99 to line 16 of page 100] (only involving Lemma 5.2),
we deduce for any integer j > 0, for some N (n, 8, K), the following estimate holds

when Nui/(znﬂ) < %

37) <mp™ICy(2)], p=27.

{u > I_Tp}mcp(Z)

Since Z ¢ D, (37) directly implies that u(Z) < % Were this not true, u(Z) > %
implies that there exists dyadic pg small enough such that C,,(Z) does not touch
the singularity D, and u > % over Cp,(Z). This contradicts (37). O

Lemma 5.2. Under the same setting as in Lemma 5.1 and its proof above, for any
constant A > 0, we have

/ (M—A)+dVEdS§ﬁl{u>A}mcp(z)|1+1/(2n+2).
Co2(Z) 1Y

Proof. By linearity and rescaling invariance of the subequation (18), without
loss of generality we can assume A =0 and p = 1 (note u < 1). Denote the set
{(u>0)NC1(Z)} as E,, and the spacewise set {x|(x, 1) € (u >0)NC(Z)} as Q(¢).
Hence |E,| = fol |Q(t)|dt. We need to prove

(38) / uydVeds < N|E,|'TV/C+2

C12(Z)
To show (38) is true, it suffices to show that for any € small enough, u. satisfies
(39) / uedVe ds < N|E,, |'T1/Cn+2),

C12(2)

The advantage of u. is that it’s supported in Q(#), and 0 < u, < 1. Then integration
by parts implies the energy estimates in Lemma 4.5 holds true over Q(#). Let n be
the standard cut-off function in Cy(Z) which vanishes near the parabolic boundary;
Holder’s inequality and Lemma 4.5 imply

12
@y [waver ioor( [ dave) | <NEPIQ00"
B B !
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We also have the following bootstrapping estimate on the same term.

2n—1)/(2n)
) 1Q(r)|/@m

(41) /nuedvEs(/ Inue |/ =D dvg
B B

sN(f |V<nue)|dvE)|Q<t>|‘/<2">
B

1/

2
§N< / |V(nue>|2dvE> |Q ()| F0+1/2
B

since supp V(nue) C {u > 0} N B.
By (40), (41), Lemma 4.5, and the Fubini theorem, with the help of (25),

0
42) / /nuedVE ds
-1JB
0 1/(n+1) n/(n+1)
:/ </ nuEdVE) (/ nuedVE> ds
-1 B B

0 n/(2n+2)
= NE/ f IQ(t)I(””)/(Z””’( / |V(nue>|2dv5) di
-1 B

0 (n+2)/(2n+2) 0 n/(2n+2)
§N|Eu€|‘/<2"+2></ IQ(t)ldt> (f / |V<nu€>|2dvEdt>
—1 —-1JB

S N|Eu€ |l+1/(2n+2)

Since n = 1 over Cy/»2(Z), the proof is complete. As we’ve seen, nothing in this
proof involves more than Lemma 4.5 on the subsolutions. ]

Proposition 5.3. Suppose u is a weak subsolution to (18) in a cylinder C.(Y),
v & D. Then

(43) u(¥) <

ICrl Je, (v urdVe

Proof. The proof is exactly as in [Ferretti and Safonov 2013, Theorem 3.4]. The only
thing worth mentioning is that we should deal with the singularity D. In [Ferretti
and Safonov 2013], they consider the maximal point of d”u, where y = (2n+2)/p
and d is the parabolic distance to the parabolic boundary of C, (Y). However, when
a singularity is present, d” 1 might not attain maximum away from D. To overcome
this, we simply assume u(Y) > 0, and use the fact that there exists an almost
maximal point away from D. Namely, there exists X¢ = (xg, fp) such that xo ¢ D
and

(44) 4" (Xo)u(Xo) = % M 2 supe, d”u

(we can assume M > 0 with out loss of generality). Then the rest of the proof is
line by line as [Ferretti and Safonov 2013, line 13 to proof end, page 101], except
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the 11 on line 19 should correspond to 8 = 277~2 because we have an additional
1 in (44). O

Remark 5.4. As mentioned in [Ferretti and Safonov 2013, Remark 3.5], this proof
does not involve explicitly the subequation (18). Instead, it only requires the growth
lemma (Lemma 5.1). Thus the condition (12) is not involved explicitly in this proof.

Lemma 5.5 (slant cylinder lemma). Suppose u is a weak subsolution to (18) in a
slant cylinder SC,. Suppose u <0 in B, x {Ty}. Then

(45) u(¥y<d—=rsuput,
SC,

where A € (0, 1) depends on n, B, an upper bound, |l|, on r|y1 — yol/(T1 — Tp), and
upper bounds on (T) — Ty)/r?, and K .

Proof. The first paragraph in the proof of Lemma 5.1 also applies here. By
translation and rescaling (see Definition 4.1), without changing the parabolic slope,
we can transform SC, to a slant cylinder SCy withr =1, Ty =0, T1 =T, yo={0},
and y; = y. We then pull back u and the matrix of the metric g on SC, to “u” (by
abuse of notation) and g on SC;. Thus, u satisfies in SC; the following:
e}

(46) 8—”; — Az <0 inthe sense of Definition 4.2, and
8e
K

It suffices to prove (45) for u.. By rescaling, we can assume u# < 1 and
supgc, # = 1. Then 0 < ue <1 — € and supgc, ue > 1 — 3e. It suffices to derive an

47) <g<Kgp in SC;.

estimate for v = — log(1 — u.) which is independent of €. Since u. satisfies (46), v
satisfies

av 5
(48) E—Agvg—lvé;vl

in the sense of Definition 4.2. Let n be the standard cut-off function in the Euclidean
unit ball B(1) which only depend_s on |x|%. By (the proof of) Lemma 4.5 (replace
the 0 on the right hand side of (18) by — |ng|2), using ue >0, uc|,—0 =0, by abuse
of notation with Lemma 4.5, we consider n = n[x — y(¢)] and obtain (similarly
to (23))

t 4]
(49) /vnzdvg|§f+[/<vgv,vgn2>dvgds+// |Vov|*n* dVy ds
(B n JCn 1 JC"

%) anz %)
5// v—dngs—i—K// vn?dV, ds.
tl n 8t tl n
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We first estimate the term ftlz /@n v d V,ds. It’s the same as in [Ferretti and
Safonov 2013]. We note that |dn?/dt| < < 1]|Ven?| (Definition 4.1). Then

<|l|K2”// v|VEn?|d Vi ds.

Using [Ferrettl and Safonov 2013, lines 14-23, page 103], we obtain

v—dV ds

n

(50)

1) / o[Vl dV < N/ (Jo] + Vo) dVE.
n Cn

Then the Cauchy—Schwartz inequality and the quasi-isometric condition (47) imply

(52) LI
vV— S
T T

_]OO/f |Vv|2772d\/ ds+N+N// ] dV ds.

For the same reason we have

%)
/ / (Vov, Ven*) dV, ds
f (]:n

Then (49), (52), and (53) imply

(53)

%)
5ﬁ//6 |Vou|*n*dVyds + N.
tl n

[5)
(54) /vnzdvg|§f5N+Nf/ vn?dV, ds.
Ccn n JCr

Let fcn vn? dV,|; = I(t). Since 1(0) = 0, (54) implies I(¢) satisfies the assumption
in Lemma 5.6. Hence Lemma 5.6 implies I(r) < N for all t € [0, T]. Then
Proposition 5.3 implies v(Y) < N. Hence for some A (as in Lemma 5.5) which is
independent of €, u.(Y) <1—24 < (1 —2) supgc, ue when € is small enough. Let
€ — 0; the proof of (45) is complete. Again, nothing in this proof involves more
than the energy estimates of the subsolutions. U

Lemma 5.6. Suppose I(t), t € [Ty, T1] is an everywhere defined L™ function.
Suppose 1(t) = 0 forall t, I(Ty) =0, and

4]
(55) I(t)f[(t1)+N1/ I(s)ds + Np, forallt),t, andt € [t1, t2].
1

Then there exists N depending on N1, N», and Ty — Ty, such that I(t) < N.

Proof. Choose a such that a < 1/(100N1) and (T7 — Ty)/a = ko is an integer. Then
for k < ko — 1, we deduce

max I(t) <1 max I(t)+ N>+ I(ka),
ka<t<(k+1)a ka<t<(k+1)a
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then
(56) max () <2N, +21(ka).
ka<t<(k+1)a
Since I(Tp) = 0, the proof is complete by induction. ([

Theorem 5.7 (main growth theorem). Suppose u is a weak subsolution to (18) in a

cylinder Cy,(Y). Suppose

{u > 0}NCr(y, s —3r?)]
ICr (v, s = 3r2)|

(57)

A

1
X
Then

(58) supc, (yy # < (1 —2) supc,, (y) ut, where A € (0, 1) depends onn, B, K.

Assuming the growth lemma and slant cylinder lemma, the proof in [Ferretti and
Safonov 2013] goes through without any change. We observe that

except measure theory which does not involve the subequation (18), the
proof of [loc. cit., Theorem 5.3] only depends on the fact that [loc. cit.,
Theorem 3.3] (Lemma 5.1) and [loc. cit., Lemma 4.1] (Lemma 5.5) hold
true for any subsolution (with suitable conditions on initial value or level
sets) in any scale.

Therefore, instead of directly quoting [loc. cit.], we sketch the proof of [loc. cit.,
Theorem 5.3] and Theorem 5.7 for the reader’s convenience.

Proof sketch. We screen the center of a parabolic cylinder, i.e., we denote C,(Y)
by C,. Again, by the rescaling and translation invariance, it suffices to prove it
assuming s =0 and » = 1, i.e., we shall prove

(59) supe, u < (1 —A) supe, ut.

e In view of Definition 3.1, let C? denote the cylinder C;(y, —3) which is
“earlier” in ¢ than the target cylinder C; = C;(y, 0) on which we want to prove
the estimate.

o Letl', & {u<0}n CY, i.e., the subset of C? on which u is nonpositive.

o Let A denote the set of all cylinders C C C; such that [(CNT)/C|>1— uo,
where p; is the one in Lemma 5.1 (i.e., any such C has a “sufficient large
portion” contained in I').

The dimension n, cone angle 8, K, and the @, in Lemma 5.1 determines 3
numbers €y > 0, Ry > 0, and 0 < 8, < 1 with the following properties (which hold
without condition (57)). If there is a cylinder C,, € A with radius ro > Ry, then the
growth lemma and slant cylinder lemma routinely yield the desired estimate (59).
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If the radius of any cylinder C € A is < Ry, then measure theory and still the two
lemmas imply that

(60) [{u < (1= By supe, u™} N CY| = (1 +€0) Tl

This means that increasing the level by a fixed amount enlarges the sublevel set by
a fixed amount of measure.

Then we do an induction argument using the above paragraph successively. We
define u; inductively by

up =ug—1 — (I — Bo) supe, uk—1, uo=u (consequently I',, =I',).

Then uy = u — (1 — /35) supc, ut. We note that for any k > 0, uy is also a
subsolution, and the two alternative possibilities above (and including) (60) apply
to any subsolution, particularly to u;. Therefore for any integer ko such that
(14 €p)¥0/2 > 1, either

1) Ty, = (1 4+€9)|l'y,_, | for all k < ko, or
(2) there exists a k < kg such that uy satisfies the desired estimate (59).

In case 2 above, u also satisfies the desired estimate (59). In case 1 above, note
that condition (57) says || > |C?| /2; we get a contradiction because Fuko is a
subset of C¥, but

[
iy = (At €)ITuy | = - = () Tul = () =5 > (€] O
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DEFORMATION OF MILNOR ALGEBRAS

ZHENJIAN WANG

We investigate deformations of Milnor algebras of smooth homogeneous
polynomials, and prove in particular that any smooth degree d homoge-
neous polynomial in n + 1 variables that is not of Sebastiani—-Thom type is
determined by the degree k homogeneous component of its Jacobian ideal
foranyd —1 <k < (n+1)(d —2). Our results generalize the previous result
on the reconstruction of a homogeneous polynomial from its Jacobian ideal.

1. Introduction

The classical theory of variation of Hodge structures for smooth hypersurfaces in
a complex projective space gives a variation of Milnor algebras of homogeneous
polynomials. The celebrated generic Torelli theorem for hypersurfaces is almost
reduced to the study of injectivity of some mappings concerning the deformation
of Milnor algebras, see [Voisin 2003, Subsection 6.3.2, p.179; Donagi 1983].
Nevertheless, the homogeneous components of the Milnor algebra involved there
are of specific degrees, namely degrees of the form pd —n — 1. In this note, we
will investigate homogeneous components of all degrees of the Milnor algebra.

To fix notation, let S = Cl[xo, ..., x,] be the homogeneous coordinate ring of
the complex projective space P,

o)
S=@P Sa.
d=0

where S, is the vector space of homogeneous polynomials of degree d. Given a
homogeneous polynomial f € S;, denote by J(f) the Jacobian ideal of f:

J(f) = (df/dxp, 0f/0x1, ..., df/0xp).

Set M(f) = S/J(f), known as the Milnor algebra of f. The algebra M (f) has
the natural grading

M(f)=EP M

k=0

MSC2010: primary 14A25; secondary 14C34, 14J70.
Keywords: Homogeneous polynomials, Milnor algebras, Macaulay inverse system.
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where M (f)x = Sk/(J(f) N Sk).

We say that f € P(Sy) is a smooth polynomial if the hypersurface V;: f =0 in
P" is a smooth hypersurface. The discriminant defines a divisor A C P(S;) such
that the complement P(S;) o parametrizes smooth homogeneous polynomials of
degree d.

We say that a polynomial f € S; is of Sebastiani—Thom type (ST type) or a
direct sum if f can be represented as

(D f o, oo xn) = filxo, ..o x0) + f2(xegts ooy Xn)

for a choice of homogeneous coordinates {x;}7_, of P" and some 0 < £ < n; see
[Ueda and Yoshinaga 2009; Wang 2015; Buczynska et al. 2015]. For various
characterizations of polynomials of ST type, we refer to [Fedorchuk 2020]. Denote
by % C P(Sz)a the set of all smooth homogeneous polynomials that are not of ST
type.

It is well-known that dim M (f); does not depend on the concrete equation of
f for smooth f (see for instance [Dimca 1987, Proposition 7.22, p. 108]); we
denote this dimension by a, 4(k). Let Grass(Sk, a,.4(k)) be the Grassmannian
parametrizing all a, 4(k) dimensional quotient spaces of Sy, then we have the
following map

() @ : P(Sq) A — Grass(Sk, an,qa(k)),

defined by f +— M (f)x.

More generally, denote Grass(n+1, S;_1) the Grassmannian of linear subspaces
of dimension n 4 1 of the space of degree d — 1 homogeneous polynomials S;_1.
Following [Fedorchuk 2017, Subsection 1.2], given W € Grass(n + 1, Sy_1), we
form the ideal Iy := (W) and the quotient algebra M (W) = S/Iw. Let go, ..., g
be a basis of W, then the sequence go, ..., g, is a regular sequence if and only if
I is a complete intersection ideal if and only if M (W) is a standard local Artinian
Gorenstein algebra of socle degree T := (n + 1)(d — 2) if and only if the resultant
of go, ..., gy is nonzero; we refer to [Gelfand et al. 1994, Chapter 13] for the
definition and basic properties of the resultant. Therefore, there exists a divisor
Res C Grass(n + 1, Sz—1) parametrizing all W such that Iy is not a complete
intersection ideal. We denote by Grass(n + 1, Sy_1)res the affine complement
of Res. For more discussions about ideals of the form Iy, see [Fedorchuk 2017,
Subsection 1.2] .

For W € Grass(n+ 1, Sg—1)Rres, we have dim M (W) = a, 4(k) by [Dimca 1987,
Proposition 7.22, p. 108]. Hence the assignment W +— M (W), defines a map

3) @y : Grass(n + 1, Sy—1)Res — Grass(Sk, an,q4(k)).

Our first result is the following theorem.
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Theorem 1.1. Foranyd—1<k <T =m+1)(d —2), the map Oy is an immersion,
that is, it is injective and the differential d®y, is also injective at any point of
Grass(n + 1, Sg—1)Res-

Using our previous result on determination of a polynomial by its Jacobian ideal
(see [Wang 2015, Theorem 1.1; Ueda and Yoshinaga 2009, Lemma 3]), we further
prove the following result.

Theorem 1.2. Ford — 1 <k <T = (n+ 1)(d — 2), the restriction of the map @i
(defined in (2)) to %,

@i+ U — Grass(Sk, an.q4(k)),

is an immersion.

In particular, we have that a smooth homogeneous polynomial f € % can be
reconstructed from the degree K homogeneous component of its Jacobian ideal J (f)
for any k satisfyingd —1 <k <T = (n+ 1)(d —2). This gives a generalization of
the previous results, in the case of smooth polynomials, in [Wang 2015; Ueda and
Yoshinaga 2009].

We will also investigate the map ¢, defined in (2) and discuss its fibers over
@i (f) for homogeneous polynomials f that are of ST type, see Section 4.

Our results are related to the problem of characterizing the hypersurface sin-
gularity V; = {x € C**' | f(x) = 0} at the origin 0 of C"*! using the Milnor
algebra M (f). In fact, the characterization problem of a singularity by its algebraic
data can be proposed and solved in a much more general setting, see [Gaffney and
Hauser 1985]. As a general philosophy in singularity theory, the Milnor algebra
M(f) is closely connected to the topology and geometry of the hypersurface
singularity (Vf, 0) C (C"*!, 0). Instead of giving characterizations of a singularity
by algebras or modules derived from it, as in [Gaffney and Hauser 1985], here
using Theorem 1.2, we can give a characterization of the isolated hypersurface
singularity (\7f, 0) just by a single homogeneous component M ( f); of the Minor
algebra M(f) foranyd — 1 <k < (n+1)(d —2) with d = deg f. This conclusion
can obviously be extended to an isolated complete intersection singularity by using
Theorem 1.1.

Of course, our results concern only the case when the hypersurface (f/\f, 0) is
an isolated singularity. It is natural to extend these results to the case where the
singularities of the hypersurface Vf have positive dimension. However, the tools
used in this note cannot be directly applied in the extended case because they depend
heavily on the condition that M (f) is a local Artinian Gorenstein algebra which
holds only when 0 is an isolated singularity of \7f. In addition, heuristically, the
results in [Gaffney and Hauser 1985] also show that any possible extension must
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be more complicated and more technical than our results above; see also the results
in [Wang 2015] concerning the nonsmooth homogeneous polynomials.

We hope the results in this note can be applied to the study of Lefschetz properties
for Milnor algebras. In fact, this is an important impetus to our present work. As
is well-known, the strong Lefschetz property holds for M(f) for a generic f.
Our naive idea is to investigate the Lefschetz properties by deforming the Milnor
algebras. For an excellent exposition for the Lefschetz properties, we refer to
[Harima et al. 2003; Migliore and Nagel 2013; Harima et al. 2013]. In addition,
the strong Lefschetz property for M (f) where f is of ST type can be reduced to
that where f is not of ST type (see [Harima and Watanabe 2007, Theorem 3.10;
Harima et al. 2013, Proposition 3.77, p. 137]), since M (f) is the tensor product
of M(f1) and M (f>) when f is represented as in (1). This is an important reason
why we specifically investigate the set % in this paper; another reason is about the
determination of a homogeneous polynomial by its Jacobian ideal, see the proof of
Corollary 3.2 below.

2. Polar paring and Macaulay inverse systems

2.1. Polar pairing. Let S = C[xo, ..., x,] and R = Clzo, ..., 2,] be two polyno-
mial rings. There is a natural action of S on R by the “polar paring”

SXR—R
defined by

(fx0s ..oy xn), Q0 v 20)) > [+ Q= f(3/0z20,...,0/322) Q(Z0s - - -, Zn)-

It induces perfect parings S, x R, — C for every p € N. In particular, for f € S,
written as

fO1 LX) =) aax”
lot|=p
and Q € R, written as

0(z0, ..., 2n) = Z bez”
le|=p
we have

0= alagb,.

lot|=p

Define the polynomial ¢ = Zm\: o bax®, or equivalently

Q(XO, .. "xl’l) = Q(-XO, e ’xn)a
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and define the inner product of f and g by
) (fra)= Y alaghy=[-0.
le|=p

For any linear space E C S, with respect to the above inner product (-, -), we
have its orthogonal complement, denoted by E~.

2.2. Macaulay inverse system. Let I C S be a Gorenstein ideal and v the socle
degree of the algebra .A = §/I. Recall that a (homogeneous) Macaulay inverse
system of A is an element Q 4 € P(R,) such that [ is equal to the apolar ideal Qj,
namely,

I=(feS|f-Qa=0)

(see [Iarrobino and Kanev 1999, Lemma 2.12] or [Eisenbud 1995, Exercise 2.17]).

Let W = span(go, . .., g,) such that W € Grass(n + 1, Sy_1)Res, the associated
form Aw = A(go, ..., 8n) € P(Rr) (recall that T = (n + 1)(d — 2)) gives the
Macaulay inverse system for Sy = S/Iw; see [Alper and Isaev 2018, Proposi-

tion 2.1]. We write
Ay = Z cqZ”.

la|=T
In this case, define By € P(St) by

By = E cax?.
le|=T

The polynomial By, by definition, determines and is determined by Ay . Moreover,
by the definition of Macaulay inverse systems, we have that (I )+ = CBy, namely,
the line CBy is exactly the orthogonal complement of (I/y)r with respect to
the inner product (-,-) on Sy. Therefore, Ay € P(Rr) is uniquely determined

by (Iw)r.

Lemma 2.3. For two points U, W € Grass(n+1, Sg_1)Res, the following statements
are equivalent:

1) Uu=Ww.

2) Iy =1Iy.

(3) Forany k satisfyingd — 1 <k <T = m+1)(d —2), we have (1) = (Iw)¢-
(4) For some k satisfyingd —1 <k <T,we have (Iy)r = (Iw)r.

(5) Uv)r =Uw)r.

Proof. 1t is obvious that (1), (2), (3) are all equivalent and (3) implies (4).
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(4)=(5): Since [y is generated by polynomials all of which have degree d — 1,
we have that (Iyy)r is the image of S7_x X ({y)r under the multiplication map
S7T_r xSy — St. Hence (Iyy)r = (Iw)7 whenever (Iyy)y = (Iy)y ford—1<k <T.

(5)=(1): This is clear once we note that Ay can be uniquely determined by (Iy)7,
and Iy is the apolar ideal Ab. ([

Recall that as it is shown in the introduction, a, 4(k) =dim M (f); for any f €
P(S4) A, which is also the dimension of Si/({w )i for any W € Grass(n+1, Sg—1)Res-
Set b, 4(k) = dim Sy — a, 4(k) and let Grass(b, 4(k), Sx) be the Grassmannian
parametrizing all b, 4(k) dimensional linear subspaces of S;. For a subspace
E C Si of dimension b, 4(k), we obtain the quotient space Sx/E of dimension
an q(k); and the mapping Sy D E +— Si/E clearly defines an isomorphism be-
tween the Grassmannians Grass(b, 4(k), Sx) and Grass(Sk, a, q4(k)). Then to prove
Theorem 1.1, it suffices to prove the following theorem.

Theorem 2.4. For any d — 1 < k < T, the assignment W +— (ly); defines an
immersion

5 Wy : Grass(n 4 1, Sg—1)res = Grass(by q4(k), Sk),

that is V. is injective and the differential AWy is also injective at any point of
Grass(n + 1, Sg_1)Res-

Proof. The injectivity of W follows from the equivalence (1)<>(4) in Lemma 2.3.

Given W € Grass(n + 1, S;_1)res such that W = span(go, ..., g,). For any
h € Tw(Grass(n + 1, Sg—1)res) = Hom(W, S;_1/ W), choose h; € S;—1 such
that h(g;) = h; mod W fori = 0,...,n. Then if h € Ker(dW¥;)w, we have
(d¥r)w(h) = 0 as an element in Hom((/w)g, Sx/(Iw)k). A direct computation
gives that

@AY w () (Uw)) = Ua)k + Uw)  mod (Iw )k,

where H = span(hy, ..., h,). It follows from (dW;)w (h) = 0 that (Ig)x C (Iw)k.
For t € C* and |¢| sufficiently small, we have that

W; .= span(go + tho, ..., & + hy)

satisfies W, € Grass(n + 1, S;_1)res- It then follows from (Iy)r; C (Iw)i that
(Iw)x C (Iw), hence (Iw,)x = (Iw)x because dim(lw,)x = by q(k) = dim(Iy)i.
Therefore W, = W by (4)=(1) in Lemma 2.3. It follows that h; e W fori =0, ...,n
and thus & = 0 as an element of Ty (Grass(nz + 1, Sy—1)Res)-

Since & can be arbitrarily chosen, (d\Wy)w is injective. We are done. O



DEFORMATION OF MILNOR ALGEBRAS 335

3. Variation of Milnor algebras

3.1. Polynomials not of ST type. Recall that 7 C P(S;) denotes the space of
smooth homogeneous polynomials of degree d that are not of ST type, or equiva-
lently, the space of smooth hypersurfaces whose defining equations are not of ST
type. From the proof of [Wang 2015, Corollary 6.1], we have that % is a Zariski
open subset of P(Sy)A.

For f € %, recall that J (f) denotes the Jacobian ideal of f and M(f)=S/J(f)
the Milnor algebra. For k > d — 1, we denote by Ey(f) = J(f) N Sg. Then
dim Ey (f) = by, q4(k) =dim Sy —a, 4 (k) is independent of f € % . Moreover, since
af/0xo, ..., 0f/0x, form aregular sequence and J (f) = Ig, (s, from Lemma 2.3,
we immediately get the following corollary.

Corollary 3.2. Given f, g € P(Sy) and f € %, the following conditions are equiv-
alent:

(1) Eq—1(f) = Ea-1(8).

2) J(fH=J(.

(3) Forany k satisfyingd —1 <k <T = (n+1)(d —2), we have E(f) = Ex(g).
(4) For some k satisfyingd —1 <k <T,we have Ex(f) = Ex(g).

(5) Er(f)=Er(g).

©) f=gs

Proof. The equivalences among the first five statements follow from Lemma 2.3;
we here just note that any one of these conditions implies that E741(g) = Sr+1,
hence g is also smooth and thus J(g) is a complete intersection ideal.

The equivalence (1)< (6) follows from [Wang 2015, Theorem 1.1] or [Ueda and
Yoshinaga 2009, Lemma 3]. ]

Now we are ready to prove Theorem 1.2. Similar to the proof of Theorem 1.1, it
is sufficient to prove the following theorem.

Theorem 3.3. For anyd — 1 < k < T, the assignment f +— E;(f) defines an
immersion

Yy : % — Grass(b, q4(k), Sk),
Namely, Yy is injective and its differential Ay is also injective at any point f € % .
Proof. By the equivalence of (4) and (6) in Corollary 3.2, we have that i is
injective.
We will not distinguish an element f € P(S;) and its lifting in S;. For f € %,
we have Ty % = T¢P(S;) ~Hom(Cf, S4/C f). The mapping Hom(Cf, S;/Cf) >



336 ZHENJIAN WANG

n— n(f) e S;/Cf then gives an identification Ty % =~ S4/C f. With the help of
this identification, the differential of ¥, at f € % is given by

Y g : T >~ Sa/Cf — Hom(Er(f), Sk/Ex(f))-

Therefore, we have (dy) r(h) = 0 as an element of Hom(E(f), Sx/Ex(f)) for
any h € Ker(dy) r. Represent & by an element in S;/C f, and lift it to an element
in S; which is still denoted by 4. A direct computation gives that

(dvi) p (W) (Ex(f)) = Ex(h) + E¢(f) mod Ex(f).

Hence it follows from (dy) ¢ (h) = 0 that Ex(h) C Ex(f).

From the semicontinuity of the dimension of Ey(f) with respect to f € Sy, we
obtain that for a small positive number € > 0 and for any ¢ € C such that |¢| < €,
the following hold:

(1) dim Ex(f +1th) = by a(k) = dim Ex(f);

(i) Ex(f +th) C Ex(f).
Hence Ei(f +th) = Ex(f) for any |t| < €. In particular, choosing fy 7~ 0 satisfying
[to| < €, we have Ex(f +toh) = Ex(f). Using (4)< (6) in Corollary 3.2 again, we
deduce that f +th = f in P(S,), hence h = f in P(S,;) which implies that the

chosen tangent vector & € Ker(dyy) s is equal to zero. Therefore (dv) f is also
injective. (]
The above proof also gives the following corollary, which is interesting in its

own right; compare with Corollary 3.2.

Corollary 3.4. Given f € % and h € P(S;). Suppose Ey(h) C Ei(f) for some
d—1<k<T,thenh=f.

4. Polynomials of Sebastiani-Thom type

In this section, we give a brief discussion about the fibers of the map ¢y in (2) over
@i (f) for a polynomial f of ST type.

By [Fedorchuk 2020, Proposition 4.8 or Corollary 3.15], a smooth homogeneous
polynomial f € S; admits a unique maximally fine “direct sum decomposition”

6) f(xo,...,xn)
= fl(x05 ---’xn1—1)+f2(-xn1» ---axn2)+"'+fs(xns,p "~’-xn)a

for a choice of linear coordinates {x;};_,, where 0 <n; <ny <---<n, | <n and
none of the f; are of ST type. In addition, if g € S, satisfies E4_1(g) C Eq—1(f),
then necessarily, g is of the following form

(7) g:)\lfl+"'+)‘sfs» }\,[GG:,
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see [Fedorchuk 2020, Corollary 3.12]. In particular, if g is also smooth, then all the
Aj in (7) are nonzero. With these results at hand, we prove the following theorem.

Theorem 4.1. Foranyd — 1<k <T =m+1)d—1) and any f € P(Si)a, the
fiber over oi (f) of pi defined in (2), namely,

@i - P(Sa)a — Grass(Sk, an,qa(k)),
is
o (N ={mfi++af v eCi=1,.. s}

Proof. It is obvious that for the A; nonzero, the polynomial A1 f1 + - - - + A f; is
smooth and is mapped under ¢ to @r(f).

Conversely, if g € P(S4) a satisfies gr(g) = ¢r (f), then we have E(g) = Ex(f).
It follows by (4)=(1) in Lemma 2.3 that £;_1(g) = E4—1(f). Hence by [Fedorchuk
2020, Corollary 3.12], we have that g is of the form A f; + - - - + A; f; for nonzero
)\.j’S. O

In conclusion, for the map ¢, we can explicitly and completely determine all
the fibers.
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PRESERVATION OF LOG-SOBOLEV INEQUALITIES
UNDER SOME HAMILTONIAN FLOWS

Bo Xi1aA

We prove that the probability measure induced by the BBM flow satisfies a
logarithmic Sobolev type inequality. Precisely, we suppose the initial data u,
induces a Gaussian measure on H® with s € [1- %, 2] for y € (3, 2]. Then
the induced measure v under BBM flow satisfies, for any & small enough,
fZ
E.[f2]

where C. is an e-dependent constant.

2
E, |:f2 log :I < Ce([Ev[IVflfqtir/Z]) e

1. Introduction

(Gaussian) Logarithmic Sobolev inequalities were first introduced by Gross [1975]
for Gaussian measures on finite-dimensional spaces. They turned out to be effective
tools for analysis on manifolds. For infinite-dimensional manifolds, thanks to its
dimensionless character, logarithmic Sobolev inequalities seem to be similar to
these classical ones. Indeed, logarithmic Sobolev inequalities were proved for
infinite-dimensional spaces equipped with Gaussian measures [Da Prato 2006],
for some infinite-dimensional spaces equipped with certain weighted Gaussian
measures [Ledoux 2001], and even for some measures induced by certain transfor-
mations [Ustiinel 2010] (these inequalities were also established on path spaces [Hsu
1997] and loop groups [Gross 1991]). Here we establish logarithmic Sobolev-type
inequalities for measures induced by some flows associated to BBM equation.
Consider the generalized BBM model equation
(1-1) {8,u 0105w + B (u + ) =0, where u: (t, x) eRx T u(t, x) eR.
u(0) = uo,

One can find in Section 4A that (1-1) is quasiglobally well-posed. Precisely, for
fixedy € (3,2] ands € [ =%, L], if up € H* and T € (0, 00), then (1-1) has a

I am grateful to Nicolas Burq for his encouragement on this subject. I am also grateful to Chenmin
Sun and Jigiang Zheng for discussions concerning this subject. I thank the anonymous referee for
useful suggestions.
MSC2010: 35B99.

Keywords: Hamiltonian flows, BBM equation, log-Sobolev inequalities.
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solution in C ([0, T]; H?*). We denote by ®(¢) the flow associated to (1-1). Now
suppose that the initial data ug is given by

gn(a)) inx
|n|s+y/2e ’

up = ¢s(w, x) =
n#0
where g, = g—, and (g,).>0 1S a sequence of independent standard complex
Gaussian random variables on some proper probability space (€2, A, P). Then
the map w +— ug induces a Gaussian measure on H°®, which we denote by ;.
The classical theory asserts that p; satisfies a logarithmic Sobolev inequality (see
[Ustiinel 2010] for a proof in the case of Wiener space)
f2
Ep £
for any f € W2(H®, R), where C is a universal constant. In this manuscript, we
consider whether or not the measure v := (®(¢)),u; satisfies inequalities of this
type. We here give some partial answer to this question and our main result is:

Theorem 1.1. Let y € (% 2] and s € [1 -5, %] Assume also t € [0, T is fixed
and denote T := ®(t). Then there exists some constant C, such that the induced
measure v = T, satisfies for functions defined on H*®

fZ
Eu [ 2]
Furthermore, by invoking Fernique’s theorem, for € > 0, there exists C, > 0 such
that v satisfies a log-Sobolev type inequality with a loss of integrability

Ey, [ﬁ log ] < CE, IV f30iy]

Ev[ﬁ log ] < CEL[IVF oTmyp (L4 1 I70)]-

2 2
E”[f “log [Ev{le} = GBIV ISR

where f € WH2T¢(HS | R).

The article is organized as follows. In Section 2 and Section 3, we prove that the
logarithmic Sobolev inequality is preserved under the flows generated by certain
ODE:s in finite and infinite-dimensional spaces respectively. That is, the induced
measures still satisfy logarithmic Sobolev inequalities both in finite and infinite
dimensional cases. Then in Section 4A we prove the existence of the dynamics of
BBM equation, and in Section 4B we prove Theorem 1.1.

2. The flow generated by vector fields in the finite-dimensional case

Let (RY, du(x) = We*xz/ ?dx) be the Gaussian space, then there holds the
classical logarithmic Sobolev inequality

2
@-1) f Flog f]medu <2 / v £ dp.
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Suppose T : R? — R? is an invertible diffeomorphism; then it induces a new
probability measure v = T, 11 on R%. By denoting E.l-1= [ -du, and applying (2-1)
with f o T, we have

2

f
E,[f%]

oT)?
} =E, [(f o T)? log —[E,,L([J(Cf . ;)2]]

<2E,[IV(foT)*]
<2E,[|VfoT|*-|VT*]
< 2¢E,[|V fI7],

E, [f *log

provided that, for some constant ¢ > 0,
(2-2) VT | <c¢, wu—a.e.
We are now in a position to claim:

Proposition 2.1. Suppose T : R? — RY is an invertible diffeomorphism and it
satisfies the assumption (2-2). Then for the induced probability measure v = Ty
there holds, for some other constant C,

f2
E.[f%]

E, [f2 log ] < CEIIVfII.
Next we suppose that the transformation 7; : R 3 x — U, (x) € R? is the flow
map associated to the ODE

d —
03 {Eum = B(U,(x)),

Up(x) =x

under the condition that B is C' and also globally Lipschitzian. In the following,
we are going to seek some condition on the vector field B such that |VT]| is
(T}) «pu-almost surely bounded by some constant C. By differentiating the flow
equation (2-3) in the space variable, we arrive at

dt
VUy(x) =1d.

{iVU,(x) = VB(U;(x)) - VU, (x),
(2-4)

By the assumption that B is globally Lipschitzian, the ODE system (2-4) is
globally well-posed and its solution can be written as

(2-5) VUi (x) = Id—i—/ VBU.(x)) - VU, (x)dr.
0
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Hence we have
nkusLﬂA\Wwakuwdﬂ
With L being the Lipschitz constant of B, we have
HVMH§1+L£HWVUAMHdﬂ.

By Gronwall’s inequality, we get
IVU,|| < "',

This last estimate verifies the assumption (2-2), with an upper bound depending
on the time. Thus we can state:

Proposition 2.2. Let T, : x — T;(x) = U, (x), where U,(x) is the flow map defined by
(2-3). Assume that B is a C' Lipschitz vector field with Lipschitz constant L. Then
forany t € (—oo, +00), the induced measure v, = (T;) 4 satisfies a logarithmic
Sobolev inequality with some constant depending on c and t. In particular, for some
given time T, and for any t € [—|T|, |T|], the measure v, satisfies a logarithmic
Sobolev inequality with a uniform constant C = C(T).

3. The flow generated by vector fields in the infinite dimensional case

Suppose that W = Cy([0, 1]; R) is the space of continuous functions vanishing
at 0. We equip W with supremum norm || - ||¢c,, then (W, || - ||c,) is a Banach space.
Consider its Cameron-Martin space H defined by

1
H = {u € W :u' exists and f lu' () > dt < oo}.
0

We supply H an inner product (u, v) = fol u'(t)v'(t)dt for u, v € H. We select
an orthonormal basis {e, ..., e, ...} in H, such that all these ¢;’s are from a
subspace Hy of H

Hy=1{h € H:h" is a signed measure}.

For example we can take this orthonormal basis to be the Faber—Schauder system.
Then the linear continuous functional x > (x, e;) for any k defined on H can be
extended as a continuous functional defined on W. We also supply a Gaussian or
Wiener measure © on W via the formula

/ PUCHD) du(x) = e—%lhlﬁ forall 4 € H.
w
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For any n > 1, denote by V), the linear envelope of {ey, ea, .. ., e,}. Suppose that
we are given a function f(x) = F(xy, X2, ..., Xk, - - - ),! where x; = (e;, x) for all
i > 1, we define its restriction to V,, by

fo(x) = F(x1,x2,...,Xp).

An equivalent way to define this restriction is via the Hermite polynomials. For any
k > 0, the Hermite polynomial H(y) on R is defined by

(=DF epdt _ep
Hy(y)= T 22 4 =y
k) Vk! A ’

We define the Hermite polynomials on W by

yeR.

Hi (x) = I1; Hy, ((ei, x)),

where k = (ki, ..., kn,...), ki =0, [k| =Y k; < co. Then {Hy(x)}enn is an
orthonormal basis of L?(W, R). We denote

Co=t{k=(ki,....kn,...)|ky =0, forall g > n}.

Then the restriction of f to V,, can be expressed as f,(x) = ZkeC,, ci Hiy (x).
For any ¢ € L>(W, i), we define its H-derivative V¢ for any 4 € H provided
that the following limit exists

L |ocy $x+£h) = Vib(x) = (Vo h).

We can see that V¢ (x) is actually in H* = H, that is, it is an H-valued random
variable. More generally, if X is another Banach space, then V¢ (x) is indeed an
element in L(H, X), the space of linear operators from H to X. We next define the
Sobolev spaces W!:? on W as the collection of these functions f on W such that
f € LP(W) and their derivatives satisfy |V f|lz € LP(W, du).

With these notions and notations, we are ready to study the following infinite-
dimensional ODE

dt
Up(x) = x,

where B is a vector field over W. We can write the equation in the integral form

[iu,(x) — B(U,(x)),
(3-1)

Ux)=x —|—f B(U.(x))dr.
0

Hence, by the Cameron—Martin theorem, it is expected that the induced measure
vy = (Uy)«u is absolutely continuous with respect to u if B is Cameron—Martin
space-valued. Indeed this was studied by Cruzeiro [1983], and he obtained this

IThis expression is unique due to the fact that {ey, ep, ...} is a Schauder basis.
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absolute continuity under some exponential integrability condition, which gives a
sense of the Radon—Nikodym derivative. The successive question is whether or not
there exist some other properties of the measure, which remain (almost) invariant
under the flow associated to (3-1)? Notice that initially the measure is a Gaussian
one, which satisfies a logarithmic Sobolev inequality. We are thus lead to consider
the preservation of inequalities of this type.

To address this question, we begin with the statement of well-posedness of the
flow associated to (3-1), whose proof is standard.

Proposition 3.1. Let B:x € W B(x) € W be C', in the general sense rather than
H-derivative, and globally Lipschitzian. Then (3-1) defines an invertible global
flow on W. Moreover, for fixed t, the flow map is actually a C'-diffeomorphism,
and so is its inverse.

Under the conditions of the above proposition, the induced measure v, = (U;),
is also a probability measure on W, but it may not be absolutely continuous with
respect to w. For example, we take B(x) = x on W, and the flow U, is

U(x)=ex,

and hence the induced measure is just a scaling of . In the infinite-dimensional
case, it is well-known that v, is singular to u for any ¢ = 0! But v; is still a Gaussian
measure, and hence it still satisfies a log-Sobolev type inequality.

In the rest of this section, B is assumed to be Lipschitzian and H-valued. In this
case, we can perform the trick used in the finite-dimensional ODE case. Substituting
the composed function f o T in the log-Sobolev inequality for u leads us to

f2 :| |: 2 G )2 :|
E, 2] E o 1
[f og 123 (f ) 0og [Elu[(f o T)2]

E,[£2]
< CELIVfl3 - IVTI3],

where T := U, for fixed . Then we are going to estimate the upper bound of
the operator norm of V7. For any h € H, differentiating the ODE (3-1) in the
direction &, we get

dt
ViUp(x) = h,

or, the equivalent form in the space L(H, H),

{thUz(X) = (VB(Ui(x)), VaU;(x)),

dt
V.Up(x) = Id.

The succeeding estimates are the same as that in the finite-dimensional ODE case.
Finally we get the desired result.

{iv U,(x) = (VB(U,(x)), V.U, (x)),
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4. The flow generated by the BBM model equation

4A. Existence of the global transformation. Consider the generalized BBM model
equation

@1) iaf”+at|ax|yu+ax<u+u2> =0,

u(0) = uo,

where u is a real-valued function defined on R, x T Observing that fv udx is
preserved, we thus assume [ u dx = 0 and work on the space H* of functions
of Sobolev regularity s with mean zero. By denoting ¢(9,) = 9,/(1 4+ |9,|?), we
rewrite (4-1) as

(4-2) du = —@(dy) (u + u?).

By integrating on the time interval [0, #], we can also write the equation in the
integral form

(4-3) u(t) =uo—/ 0 (00) (u(7) + u*(1))d.
0

We notice that, if we are using fixed point argument to solve (4-3), the main obstacle
is the one brought by the nonlinear term u% To deal with this nonlinearity, we
invoke the following lemma.

Lemma 4.1. Fixy > % LetO<a,B <ssuchthat2s —oa—p <y — % Then for
anyu e H*, v e HP we have

@) (V)| s < Cllullpe vl ge,
where C is a finite positive constant, depending on s, @ and f.

Proof. We follow the ideas in [Bona and Tzvetkov 2009; Roumégoux 2010] to
prove this lemma. Indeed, it suffices to prove, for any w € L?, there exists some
universal constant C such that

(4-4)

(k)’k . o
; 1+ k7 ;Mk—l)v(l)w(k)‘ < Cllulizze 101 zo 1wl 2.

Denoting the left-hand side of (4-4) by I, we then do the following calculations:

A LRk (e I
— B — ]\ —
1= 20000 ) = o e K k= D)E®) '
S LWk W 1)5®
=Wl | 2 G=sa g ) e — g (€~ k= D)0 ¢

k
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< Cllullge l[vll g

9

1 =

T VW)
k
where in the first inequality we used Holder’s inequality, and in the second one we
used Young’s inequality and the fact that the quantity ( (k) ~STetBy 1 ((k — 1)*(1)P)
is bounded by some constant C on (k, ) € 7? provided «, B € [0, s]. To finish the
proof, we use Holder’s inequality again

w (k)

< llwllz2

‘ = Clwllz,

H (k>y7172s+a+,3 <k>y7172s+a+ﬂ 2

b
where 5 =||1/ (k)Y ~1-2sFe+h ll2, which is finite provided that y —1—2s+a+p >

ie.,y — > 2s —a — B. This last condition is just the assumption in the statement
of the lemma. Thus this completes the proof of Lemma 4.1. U

Remark 4.2. In particular, if we take @ = 8 = s, the inequality in the lemma reads

o (@) (uv)llgs < Cllullas Ivllas.

Here we need y to be strictly bigger than . Furthermore, this inequality cannot
hold for y < 5 3 and s = 0, as shown by Chenmln Sun [2015]. In a later paper, we
will talk more about this inequality in more general cases.

With the help of these bilinear estimates, we prove the following local well-
posedness result.

Theorem 4.3 (local well-posedness). Fix y > % and s > 0. Then for any ug € H®,
(4-1) is locally well-posed in X := C(0, T; H®) provided T is sufficiently small.

Proof. Taking X.-norm on both sides of (4-3), we get the following estimates by
using Lemma 4.1 witha = 8 = s:

(4-5) lullxs < lluoll s + T llull s, + lull%,)-

By taking R = 2||ug|| s, the map defined by the right-hand side of (4-3) is onto
Bgr C X7 for T sufficiently small. Suppose v is another solution with the same
initial data, we estimate

(4-6)  Nu—vlx; =T+ lu+vlx)llu—vix; <TA+2R)|u—vllx;.

Choosing T = C (1 + ||lug|| zs) " with C a small constant, we see that the solution
map defined on the right-hand side of (4-3) is a contraction map. Therefore, by
the contraction mapping principle, there is a solution u to (4-3) in X3 for T
sufficiently small. O

Remark 4.4. We see that the length of the time interval is just of size (1+]|uo]| z5) .
This contradicts the general expectation that we can get the solution on any long
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time interval if we let the size of the initial data be sufficiently small. To remedy
this expectation, we need to rewrite (4-2) in the Duhamel form as

t
u(t) = e "0y, — / e~ =@ (3, (4 (1)) dr.
0

Doing the same estimates as above, we have the following estimates analogous to
estimates (4-5) and (4-6):

2
lullxs < Nuollas + T llullys ,
lu —vllxy < T (lullxs + lvllxg) lu = vlix;.-

Taking R = 2||lug||gs and then playing the fixed-point argument, we get the desired
size of the existence time interval. In particular, for any 7 > 0, there exists § > 0,
such that for any data ug € H®, as long as ||ugl||gs < 8, there exists solution u(¢)
to (4-1) up to time 7.

Next we are going to study the large time existence. For any up € H® and any
T > 0, we take N a sufficiently large positive integer such that

> k)P o < T
|k|>=N
Denote vo =} _ >y ito(k)e'**. Then by Remark 4.4, there exists a unique solution v

in X7 to (4-1), issued from vy. Furthermore, the solution v is of size % in X7.
Decompose ug = vg + we. Then if we want to solve (4-1), we only need to solve

4-7) {8,w=—(p(8x)(w+2vw+w2),

w(0) = wo.

Suppose w solves (4-7) up to time 7. Then u := v 4+ w solves (4-1) on the time
interval [0, T]. As wg consists of only the first N-frequencies, it belongs to H”
for any r > 0. But we only treat this in H %, which is just what we need. In this
case (4-7) is locally well-posed. Indeed, by writing (4-7) in its Duhamel form

(4-8) w(t)=e ") yy— / e~ () 2u(T)w(T)+w? (7)) dT =: L(w),
0

we play the fixed point argument as follows. Before doing this, we need the
following lemma, which allows us to deal with the nonlinear term ¢ (3, ) (vw).

Lemma 4.5. Fix a > % Let s € [0, o). Then for any u € H* and v € H®, we have
for some positive constant C(«, )

9 (3) V)|l gs+r-1 < Cla, ) llullge [[V] fs-
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Proof. We prove this lemma essentially along the same lines as in [Bona and
Tzvetkov 2009]. By the smoothing effect of ¢(d,) in the L?-based Sobolev spaces,
we only need to show

luvllgs < Cla, ) lullgellviias,

for u € H* and v € H®. This last inequality follows exactly from the fact that
elements of H* are multipliers in H* for o > % and 0 <s <a. O

Suppose that S is a positive time to be selected. We estimate for ¢ € [0, S]
t
1@l < ol + / 10(0) Qvw + w) | vz d
0

t
2
< ol + [ o@Dl + 010 do
0 S
2
< ol + SRy + 0l ol 1),

where in the last inequality, we have used Lemma 4.5. Under the assumption that
s >1—y/2, we have

(49) L)l < ol + SUwlyn + lwl e lvlxg).
A similar argument gives us the estimate
(4-10) IIL(w1) = Lw2)ll gz = CSUllxg+lwill yyrztllwall gr) llwi—wall gz

Thus by selecting

2—s
R =2|lwoll gz ~ N> ug|| s,

and choosing S ~ ¢/(||wo|l gr2 + 1/ T) with ¢ sufficiently small, the map L is a
contraction map onto Bg C X g/ *. Hence it has a solution w to (4-7) up to time S.
In order to establish the large time existence of the solution of (4-7), we need
to establish the following a priori estimate, which can be viewed as an almost
conservation law.
Multiplying the first equation in (4-7) by (1 4 |d,|”)w and integrating on the
circle, we get

d1
Tl = - A 9 (3:) (w + 2wv +w?) (1 + |3 yw dx,
On one hand, by the definition of ¢(d,) and integration by parts, we have that

/ (@) w1+ 18, )wdx =0 for j=1,2.
:
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On the other hand, by the self-adjointness of (140 |”)1/2 and the Cauchy-Schwartz
inequality, we have

)Aw(axxwv)(l 1007w dx| < e @) W)l o Tl

By using Lemma 4.5 with s = 1 — % and « = %, we have

[ o@an a1 wds] < lol-sa Gl

Thus, by combining these two points, and using the assumption that s > 1—%, we get

dal1
dt 2

A usage of Gronwall’s inequality gives us, for any ¢ € [0, T],

2 2
w2 < lwllgve + wliz, . lvllas.

T o
(4-11) lwll v < llwoll o elo FFIV@NIAT < G+ T 101

Therefore, by the a priori estimate (4-11), we can solve (4-7) on the interval [0, S],

with S of size
c

lwoll grre™tT +1/T"

Thanks to this a priori bound, we can solve (4-7) on the succeeding interval [S, 25]
with initial data w(S) obtained in the previous step. Because S does not depend at
which step we solve the equation, we can repeat the above procedure until we arrive
at some interval [kS, (k4 1)S] such that (k+1)S > T. That is to say, we can solve

(4-1) up to time T and also validate the estimate by using the assumption s < %

(4-12) lullxy < o+ 7275

up to some constants. Therefore, we are in a position to state:

Theorem 4.6. Fix y € (3,2]. Let 1 =% <5 < L. Then for any ug € H*® and any
T > 0, there exists a unique solution u to (4-1) in C([0, T]; H®). Furthermore,
there exists some Ny € N such that for all t € [0, T1], we have

1 2—s
lu) e < 7 +e NG

Remark 4.7. To get long time existence, we used the local well-posedness and
Lemma 4.5. To establish the local well-posed result we need to use the assumption
y > %, while we do not need the assumption in Lemma 4.5. This assumption just
arises when we use Lemma 4.1 to deal with the nonlinearity. So this motivates us
to seek some other conditions that are sufficient to achieve local well-posedness.
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There are two such conditions:

(1) y>1lands > % which works due to the fact that H* is an algebra when s > 1

2
and ¢(d,) is a smoothing operator;

2) y > % and 5 > zlp which works thanks to the fact that, in this case, u € H*
implies u” € H*~1/* and hence ©(0,)(u?) € H'.

But both of the above conditions cannot guarantee the large time well-posedness
for the regularity s < (y — 1)/2, so we omit the detailed discussion here.

4B. Some kind of LSI. In the following, we consider the special random initial data

uo = ¢s(w, x) = We )
0

n
where g, = g_, and (g,),>0 1S a sequence of independent standard complex Gauss
random variables on a given probability space (€2, .4, P). Then one can show
that the map w — ¢, (w, x) induces a Gaussian measure uy on H*, and the space
H’*7/2 with y > 1 is the Cameron-Martin space of the Gaussian probability space
(H*, ). In this case, the triple (HStv/2 |, W) is called an abstract Wiener
space. Furthermore, one can also define the H-derivative as in the case of classical
Wiener space. Under these notions, we actually have an infinite-dimensional log-
Sobolev type inequality with some constant ¢

f2
Ep,[f%]
for any f € WL2(HS, R), the space of real functions on H*, which is L?(1s)-
integrable together with its H**7/2_derivatives.

As ug = ¢s(w, x) lies in H® almost surely, the flow ®(7) is defined almost surely
everywhere. In order to study the preservation of log-Sobolev type inequalities, we
are going to study the linearization, in the direction vg, of the solution @ () (ug)
as follows.”

For brevity, we denote the solution ® () (uo) := S(t)(uo) + K (t)y,. Then

(DO (1)) uy (v0) = S()(vo) + (DK (1)), (v0),

(4-13) Ep, [f2 log ] < By [V f1Fear],

where
(DK (1)), (vo) = —2/0 St —)((L+13:17) 719, (@ (v) (uo)v(1))) d,

where v(#) solves the linearized equation

{3tv +0;]0x " v+ 95 v + 20, (P (1) (uo)v) =0,
V]i=0 = vo.
2Here we follow [Tzvetkov 2015].

(4-14)
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Proposition 4.8. Let y, s and uq be as in Theorem 4.6, then for any vo € H*17/?,
we have that v(t) is also in HTY/? for any t in the life span of u(t). Furthermore,
we have the bound

vl gs+viz < C@)voll grstyre.

Next we are going to show that, as an operator parametrized by ug, (DK (t)) is
bounded from H**7/2 into itself.

Hstv/2

DK Oholloere < | [ 56 =000 (@@ @) dr]
< [ 1@ @OV s

S/O 1P () o) [l s NV (D)l rs+1-v12 dT.

Under the condition that y > % and hence s — & +1 < %+, we have

(4-15) IDK )ug | gs+vr2—s gsviz < Clluoll -
By denoting T :=®(¢) : u — D (¢) (u) for fixed ¢, we do the following calculations
f2 :| |: 2 (fo T)2
E,| f2log——— | =E,|(foT)*log——
[ B2 " ELl(foT)?]

< CElIV(f 0 T)Fpare] < CEu[IVf 0 Ty (111 3]
Then thanks to Fernique’s theorem, we arrive at the following log-Sobolev type
inequality, with a loss of integrability:

Proposition4.9. Lety € (%, 2] ands>1— % Then for any € > 0, there exists C, >0
such that the induced measure v = (® (1)) s satisfies a log-Sobolev type inequality

f2
E,[f]

Proof. Given ¢ > 0, we first estimate

(4-16) E, [ﬁ log ] < C(B VI3, D7

2

f
E,[f%]

[Ev[fz log } <cE[IVFfoTl L+ 17)]

2 246\ £
< c(EulIVF o TIEE, 1) 7 (ELA+ - 137 1)
where in the last inequality, we have used Holder’s inequality. Noticing that

(EulIV £ o T, 51) 7 = (EAIVFI25,20) 7.

Hstv/2 Hstrv/2

we only need to control

(B, L1+ - (13 75°7) 7.
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Recall that Fernique’s theorem [Ustiinel 2010, Chapter 9] states that for some
small positive ¢ > 0,
[Eu[e””'”%ﬂ] < +00.

Consequently, for any positive integer k, we have
(4-17) Elll - IIys1 < +o0.
Letting k be the smallest integer that is bigger than (2 + ¢)/¢e, we have

k
2+e 2k j
Eul 1+ 1 150 T ] < B[+ 1504 = 22 ( 5, Bl - 130

j=0

which is finite thanks to (4-17). This completes the proof of Proposition 4.9. [
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GROUND STATE SOLUTIONS
OF POLYHARMONIC EQUATIONS
WITH POTENTIALS OF POSITIVE LOW BOUND

CAIFENG ZHANG, JUNGANG LI AND LU CHEN

The purpose of this paper is threefold. First, we establish the critical Adams
inequality on the whole space with restrictions on the norm

(V™ ull’y +zllull’)
m m

for any T > 0. Second, we prove a sharp concentration-compactness princi-
ple for singular Adams inequalities and a new Sobolev compact embedding
in W™2(R?™), Third, based on the above results, we give sufficient con-
ditions for the existence of ground state solutions to the following polyhar-
monic equation with singular exponential nonlinearity

S(x,u)
|x|?

where 0 < 8 < 2m, V(x) has a positive lower bound and f(x,?) behaves
like exp(c|?|?) as t — +o00. Furthermore, when 8 = 0, in light of the prin-
ciple of the symmetric criticality and the radial lemma, we also derive the
existence of nontrivial weak solutions by assuming f(x,7) and V(x) are
radially symmetric with respect to x and f(x, ) = o(t) at origin. Thus our
main theorems extend the recent results on bi-Laplacian in R4 by Chen, Li,
Lu and Zhang (2018) to (—A)™ in R™,

(0-1) M) "u+V(x)u = n R?™,

1. Introduction and main results

The standard Sobolev space Wok’p (€2) is defined by the completion of C°(2)
equipped with the norm

[—

k
D

lullyrier = (uun;; +y ||vfu||;;) ,

Jj=1
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where €2 denotes a smooth bounded domain in R”. Basically, the Sobolev continuous
embeddings state that

WEP(Q) > LI(Q) for 1<q <

np
, kp <n.
kp ‘P

However, in the limiting case kp = n, many examples show that Wok ’%(Q) Z
L*°(2). In this case, the Trudinger—Moser inequality and the Adams inequality
serve as appropriate replacements. Research concerning the sharp constant for the
Trudinger-Moser inequality could be traced back to the 1960s and 1970s. Trudinger
[1967] proved there exists a constant o > 0 such that the following inequality holds
(also see [Pohozaev 1965; Yudovich 1961]):

1 A
(1-1) sup ﬁ[ T gy < G,
uew, " (), [ Vull,<1 &

Nevertheless, the best constant for (1-1) is unknown. Later, Moser [1971] established
the sharp version of inequality (1-1) which can be stated as follows:

(1-2) sup L/ e"‘”lu|ﬁ dx < Cy,
ueWy"(Q), | Vul.<1 2] Ja
where o = nwlii ({1 D s the sharp constant in the sense that if «; is replaced
by any larger number, the supremum would become infinity. w,_; denotes the
area of the surface of the unit ball in R”. Estimate (1-2) is now referred as the
Trudinger—Moser inequality and plays an important role in geometric analysis
and partial differential equations (e.g., see [Moser 1973]). For more results of
Trudinger—Moser inequalities on compact Riemannian manifolds, one can refer
to [Li 2001; 2006; Li and Ndiaye 2007]. If we replace Q2 with R”, the Trudinger—
Moser inequality (1-2) makes no sense. Instead, a subcritical Trudinger—Moser type
inequality was proved by Adachi and Tanaka [2000]. By replacing the Dirichlet
norm with the standard Sobolev norm in W 1:" (R™), Cao [1992] (for n = 2), Panda
[1996] and J. M. do O [2014] (for general n) constructed the Trudinger—Moser
inequality in the whole space which states that for any o < o,

(1-3) sup / B2 (@ () [72T) dx < G,
Rn

1,
uew n(Rn)aHullwl,n(Rn)Sl n—2 t]

where @, (1) := ¢’ — -
j=0 7"
However, they did not prove the criticality of this inequality. Later, Ruf [2005]
(for the case n = 2), Li and Ruf [2008] (for the general case n > 3) proved that

Trudinger—Moser inequality (1-3) still holds in the critical case « = o, by using
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the symmetrization argument and the blow-up procedure. Both the critical and
subcritical Trudinger—Moser inequalities on R” given in the aforementioned works
are based on the Pdlya—Szeg6 inequality and symmetrization argument which is
not available in other non-Euclidean settings. Lam and Lu [2012c] developed a
symmetrization-free argument on the Heisenberg group and established the critical
Trudinger—Moser inequality (see also Lam, Lu and Tang [Lam et al. 2014] for the
subcritical Trudinger—Moser inequality without using symmetrization argument). In
fact, the critical and subcritical Trudinger—Moser inequalities are proved equivalent
by Lam, Lu and Zhang [Lam et al. 2017b], where they also establish relationships
between supremums of the critical and subcritical Trudinger—Moser inequalities.
Such a relationship has been used to establish the existence of extremal functions
for subcritical Trudinger—Moser inequalities on the entire space R” [Lam et al.
2019].

The above Trudinger—Moser inequalities and its generalizations are often applied
to derive the existence of weak solutions for the following n-Laplacian equations:

S(x.u)

(1-4) —div(|Vu|"2Vu) + V(x)|u|"%u = /P
X

+¢eh(x).

where f :R" x R — R is continuous and behaves like exp(oz|t|n'Tll) as t — +oo,
h(x) belongs to the dual space of W1"(R"). Adding some appropriate assumptions
on V(x), one can see that the compact embedding

E = {u : / IVul" + V(x)|u|"dx < +oo} «s LP(R™) for p>n
Rn

becomes admissible. The authors of [Adimurthi and Yang 2010; Alves and
Figueiredo 2009; do O et al. 2014; Lam and Lu 2013a; Yang 2012b] carried
out the standard mountain-pass procedure to obtain nontrivial weak solutions of
(1-4). When V(x) is constant, there is a long way to go yet. In order to overcome
the possible failure of the Palais—Smale compactness condition which is caused
by the absence of a compact embedding W (R") — L"(R"), Masmoudi and
Sani [2015] applied a method involved with a constrained minimization argument
and the sharp Trudinger—-Moser inequality with the exact growth condition to
investigate the existence of ground state solutions for (1-4) in the case of V(x) =1,
f(x,u) = f(u), p=¢e=0.Byassuming f(x,?) =o(t),J. M. do O et al. [2014]
employed a modified form of the Trudinger—Moser inequality and rearrangement
inequalities to give sufficient conditions for the existence of ground state solutions.
We also note that Lam and Lu [2014; 2013a] investigated the n-Laplacian equation
and polyharmonic operators without the Ambrosetti—-Rabinowitz condition. For
more results about the Trudinger—Moser inequality and its application, we refer the
reader to [Adimurthi and Sandeep 2007; Adimurthi and Yang 2010; Atkinson and
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Peletier 1986; Carleson and Chang 1986; de Figueiredo et al. 2002; do o} 1996;
Lam and Lu 2012a; Panda 1996; Silva and Soares 1999].

D. Adams [1988] established the sharp Trudinger—Moser inequality with higher
order derivatives. More precisely, he proved that

n
sup / Prmll T g < o0,
ueWy =" (R, [V™ull n <1
where n
n2omT(mtl . .
p m(+1 )| , if mis odd,
B ®n—1 F( 2
n,m " 7;%2’"1"(%) n—m ] )
— , if m is even.
Cl)n—l F(I‘l 2”’1)
and

m {Ag’, if m is even,
V% = m=1 .
VA 2, ifmis odd.
The above inequality was extended by Tarsi [2012] to a larger space Wi} /M Q)
containing the Sobolev space W" on/m (€2) as a closed subspace, where Wi n/m(Q)

is given by

WM (Q) = {u '€ Wi (Q) | AJu =0 on 992 for 0 < j < [251]).

Sharp singular Adams inequalities on Wm on/ ™ () were also established by Lam

and Lu [2012d]. We also mention that existence results concerning extremals of the
Adams inequality in the case n = 2m = 4 were established by Lu and Yang [2009].
Li, Lu and Q. Yang [Li et al. 2018a; Lu and Yang 2017] proved the Hardy—Adams
inequalities on hyperbolic spaces as a borderline case of the higher order Hardy—
Sobolev—Mazya inequalities established by Lu and Q. Yang [2019] on upper half
spaces.

After Adams, establishing Adams type inequalities in higher order Sobolev space
wm.n/ " (R™) has attracted much attention. Ogawa and Ozawa [1991] (for n = 2m)
and Ozawa [1995] (for general n, m) proved that there exist positive constants ¢
and C, such that

/ Dy (et|u|™m) dx < Cy, forallu € W™ (R"), |ulmn <1,
Rn

where
Jn =2 j
t . e .
Dpm(1) =€ — Z It jn=min{j eN:j = 1
j=0

and |u|pm,p is given by [u|mn = ||(I — A)m/2u||,,/m. Kozono et al. [2006] studied
the sharp constant problem by applying O’Neil’s results on the rearrangement of
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convolution functions. In fact, they proved that there exists a constant 8 ,, <
B(n, m), particularly, 85, = B(2m, m) such thatif B < B ,,, then
sup D (Blulmm) dx < 0.

n
ueWy "M (R, |ulm.n =<1

Ruf and Sani [2013] established the sharp Adams type inequality for the critical
case B = Bn,m when m is an even integer, where the Talenti’s comparison principle
plays an important role in their proof. Lam and Lu [2012b; 2012d] proved the
above inequality for all integers m (including fractional order y). More precisely,
they showed

sup / B (Bl 727) dx < C(m. ),
1=l IV a-m) " g <1

:\= 3=

for any odd integer m. Lam and Lu [2013b] further developed a rearrangement-
free approach. This method can help us to get rid of the symmetrization or the
comparison principle argument. Using this method, Lam and Lu established the
sharp Adams inequality which can be stated as follows:

(1-5) sup exp(Bo(n, y)|u|?) dx < C(n,y),
ueW v @), [(cI-A) Zulp<1*

n32vT (%
where 0<y <n, ng and Bo(n,y) = n ( (2))

on-1\ ()

Recently, Lam and Lu [2013b] obtained the Adams inequality involved with the
norm (||Au||n/2 + ||u ||:ﬁ)2/". Later, Fontana and Morpurgo [2015] extended Lam
and Lu’s results to higher order derivatives. They proved that there exists some

constant Cy, , such that

(1-6) sup / ®n,m(ﬂn,m|u|#) dx < Cmn-
V7w m+|| I

§\= 3

Note that in (0-1), we assume V'(x) has a positive lower bound thus we need an

Adams inequality involved with the norm (|| V™ u ||n§ m T Tllu || "ym/n e utilize

the change of variable to obtain the following result.

n/m

Theorem 1.1. For any t > 0 and 0 < a < By m, there exists some constant Cp, p
such that for u € WMn/M (R ypith V™ |[2]m Tllul2m <1,

n/m

1-7) / cI)n,m(()‘lulﬁ)dx = Cm,n-
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Theorem 1.2. For any t > 0,0 <t <nand 0 < a < By m, there exists some

constant Cy,  such that for u € Wmnlm (R \ith ||Vmu||,’%nm1 + t||u||%%

® 1— LY |u|mem
(1-8) / n,m((X( n)|ll| )deCm’n‘
Rﬂ

|x?

Remark 1.3. In fact, the inequality (1-8) still holds in the case of o = By m.
However, in order to prove the concentration-compactness principle for the Adams
inequality, we only need inequality (1-5). For convenience, we also give the proof
of the critical case of Theorem 1.2.

The purpose of proving such inequalities is to prove the following sharp ver-
sion of concentration-compactness principle for weighted Adams inequalities in
W™2(R2™). For simplicity, we define a new function space

E = {u e W™2(R™) : ||ul|% = / IV™u|? + V(x)|u|? dx < oo},
R2m

where V(x) > ¢g (co > 0).

Theorem 1.4. For 0 < t < 2m, assume {uy}y is a sequence in E satisfying
||uk||% =landuy —~uz#0in E. If

1
0<p<pimmu):= PR
1—lull%
then
o 1 — L) pu?
(1_9) Sup/ 2m,m(,32m,m(t 2m)p k) dx < 0.
k Jrem | x|

2m
where @y m(t) =e" =1 and Bomm = = g2mp2m
W2m—1
Furthermore, for any positive constant c, if V(x) = c, the constant pypm m(u) is

sharp in the sense that if p > pam m(u), the supremum will become infinite.

Remark 1.5. Theorem 1.4 is an extension of do O’s result [2014] which relies
heavily on the P6lya—Szeg6 inequality. Therefore, the methods they used cannot be
applied to obtain the concentration-compactness principle of the Adams inequal-
ity on R” or the Trudinger—Moser inequality in settings where a rearrangement
argument fails such as the Heisenberg group H”. Recently, Li, Lu and Zhu [Li
et al. 2018b] developed a symmetrization-free approach and established Lions
concentration-compactness of the singular Trudinger—Moser inequality on the
Heisenberg group H. The method is rearrangement-free and can be easily applied to
other settings. In the present paper, we use a different approach to prove Theorem 1.4.
This is due to the fact that the Sobolev space W™2(R") we are dealing with is a
Hilbert space. Analyzing the energy loss when taking the weak limit is an essential
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part in proving concentration-compactness principle and for the Hilbert space,
the weak limit is relatively simple and with the help of the Brezis—Lieb lemma
(Lemma 3.1), we are able to develop a different proof.

Remark 1.6. Nguyen [2016] took advantage of the Talenti comparison theorem
to obtain inequality (1-9) in the case of V(x) = 1 and ¢t = 0. However, they did
not verify the sharpness of py., »(1). By constructing a proper sequence, we also
verify that the supremum in (1-9) becomes infinite if p > pay, m ().

Recently, another improved version of the sharp Adams inequality was investi-
gated by Lam, Lu and Tang [Lam et al. 2017a] in the spirit of Lions’ work [1985].
Their result can be stated as follows:

T o Ll
1+ Aullz) m—T
1-10 su dx<C(m,B,t
( ) ueWZ,mp(R2m) /;QZm |x|ﬂ B ( IB )

Jg2m |Au"+t|u|" dx<1

for0<pf<2m, t>0and 0 <a < (1— %)ﬂZm,Z- It is easy to verify that the
above inequality is stronger than the general Adams inequalities in W2 (R2™).

Adams inequalities (1-5) and (1-10) are often used to study nonlinear equations
related to the Bessel potential. Bao, Lam and Lu [Bao et al. 2016] considered
polyharmonic equations of the form

(1-11) (I—-A)"u= f(x,u) in R*>™,
Yang [2012a] exploited the following bi-Laplacian equation with small perturbation

S (x,u)

(1-12) A*u—div(a(x)Vu) +b(x)u =
|x[#

+eh(x) in R*,

where f(x,u) has exponential growth and V(x) satisfies lim|x|— 40 V(X) = +00.
Recently, Chen, Li, Lu and Zhang [Chen et al. 2018] considered the following
equation in R*:

J(x.u)
||

(1-13) (A u+Vx)u = nR*, 0<p<4,
where V(x) > ¢o and f(x,?) satisfies some critical exponential growth. They
established the existence of the ground state solutions.

Motivated by the work [Chen et al. 2018], we will study the existence of ground
state solutions for the following polyharmonic equations with singular nonlinear
term

S u)
|x[f

(1-14) (=A)"u+V(x)u = n R 0<p<2m,
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where V(x) > ¢g and f(x,?) has critical exponential growth. Furthermore, we
assume that f(x,?) satisfies the following conditions.

(Hp) The nonlinearity f(x,?): R*" x R — R is continuous, f(x,¢) =0 at (x,0),
and has exponential growth as # — +o00, which means there exists a constant ozg > 0
such that

lim f(x, t)e_"‘v|2

t—>—+o00

0 for all @ > «,
+oo forall ¢ <y,

uniformly in x € R2™.

(H;) There exist constants ag, by, by > 0 such that for any (x, ) € R?” x (0, +00),
0 < f(x,1) byt +by®pmm(aot?), where ®ppypm(t) =e' —1.

(H,) There exist constants ¢, and M > 0 such that
t
0< F(x,t):= [ f(x,s)ds < My f(x,t) forall (x,1) € R*™ x[tg, +00).
0

(H3) There exists a constant 6 > 2 such that for all x € R?” and ¢ > 0,
0<OF(x,t) < f(x,0)t.

% < Aﬂ uniformly in x € R>™,
m [V u|? + V(x)|u|? dx
where Ag = inf Sz | | Lol

uekE Jr2m [u|2/]x|P dx

(Hy) limsup
t—>0+

(Hs) There exist constants p > 2 and Cj, such that for all (x,?) € R2™ x (0, +00),
fx, 1) = Cpt?™,

2—p) p—2
:32m,m(1_%)) . (P—z) > SP
o p
fRZm |V™u|? + V(x)|u|2 dx
er (frzm Iulp/|x|’3dx)

where C, > (

and S2

(Hg¢) The function fx0 (x D s increasing for ¢ > 0.
By (H,) and (H3), we can get that for all (x,7) € R?™ x [0, +00), there exists
@ > 0 such that

0< F(x,t) =uf(x,t).

This result together with (H;) and the singular Adams inequality in W2 (R?™)
yields the boundedness of F(x,u) and f(x,u)v in L'(R?™, |x|Bdx) for any
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u,v € E. Hence, one can easily find the functional related with polyharmonic
equation (1-14), given by

o = Hulg - [ S0

RZm |_X |'B

’

is well defined. With standard calculations, it is easy to obtain that /g € C 1(E,R)
and
f(x,u)v J

x, u,vek.
R2m |X|'B

Ilg(u)v = /RZm (V™"uNV™v + V(x)uv) dx —
Since the weak solutions of (1-14) are equivalent to the critical points of func-
tional /g, we focus our attention on critical points of functional /g. Equation (1-14)
is different from Equations (1-11) and (1-12). Unlike Bao, Lam and Lu’s result [Bao
et al. 2016], we do not necessarily assume that f(x,?) satisfies some periodicity
conditions. Moreover, the presence of potential V' (x) of (1-14) makes it difficult
to directly apply Yang’s argument in [Yang 2012a]. Thus a new compactness
embedding in W2 (R2™) must be established and we observe that the weight
term 1/|x|# provides a good control to the integral away from zero, which enables
us to establish the following compactness result.

Theorem 1.7. The Sobolev space W™2(R?*™) can be compactly embedded into
LA(R?>™ |x|~Sdx) when ¢ > 2 and 0 < s < 2m.

Remark 1.8. In view of £ < W"2(R?>™) and Theorem 1.7, we can derive that
E can be compactly embedded into L4 (R?™, |x|™*dx) for g > 2 and 0 < s < 2m.

With the help of Theorem 1.7, our next result will concern the existence of the
ground state solution of polyharmonic equation (1-14).

Theorem 1.9. Assume f(x,t) satisfies (H;)—~(Hg), then (1-14) has a ground state
solution.

In the case of B = 0, (1-14) becomes the following nonsingular polyharmonic
equation

(1-15) (=A)"u+ V(x)u= f(x,u) in R,

The existence of the ground state solution of (1-15) cannot be obtained immediately
from Theorem 1.9 due to the absence of compactness embedding. There is a
common constrained minimization theory to deal with this problem. Unfortunately,
this method crucially depends on the rearrangement inequality which is not obvious
available in W2 (R?™). In order to overcome this difficulty, we use the principle
of the symmetric criticality of the Hilbert space. By assuming f(x,¢) and V(x) are
radially symmetric with respect to x, one can carry out the same process as what
we do in Theorem 1.9 to derive a nontrivial weak solution of the polyharmonic
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equation with nonsingular nonlinearity (1-15). However, whether there exists a
ground state solution to (1-15) is still open. In a very recent work of Chen, Lu and
Zhu [Chen et al. 2019], they made the first attempt in this direction. They derive the
existence of ground state solutions to (1-15) when m = 2, V is a trapping potential
and

f(x,u) = uexpQu?).

Theorem 1.10. Under the assumptions of Theorem 1.9, if we additionally assume
that V(x) and f(x,t) are radially symmetric in x, f(x,t) = o(t) at origin, then
polyharmonic equation with nonsingular linearity (1-15) has a nontrivial weak
solution.

The plan of the paper is as follows. In Section 2, we employ the change of variable
to establish some weighted Adams inequalities in W2 (R?™) involved with the
norm (||V’"u||27m" + r||u||2%)m/” for any ¢ > 0. Sections 3 and 4 are devoted to
the concentration-compactness principle for the weighted Adams inequality and
a new compactness embedding in W™2(R?™). As an immediate application of
Theorem 1.4, in Section 5, we give sufficient conditions to guarantee the existence
of ground state solutions for the polyharmonic equation with singular exponential
nonlinearity term. Finally, in Section 6, we also derive the existence of a nontrivial
weak solution for the polyharmonic equation (1-15) through the principle of the
symmetric criticality.

2. Proof of Theorems 1.1 and 1.2

In this section, we will utilize a change of variable to establish Adams inequal-
ity (1-7).

Proof. Forany t >0, 0 <o < B, mand u € W™m2(R2™) with
/ V™ u|m + t|u|m dx <1,
Rn

we denote a new function v(x) given by v(t!/"x) = u(x). Then direct computations
yield that

/|vmv|$+|v|r’2dx=/ V™ u|m + tlu|m dx <1
R7 R

and

_n_ 1 _n_
/ Dy m(afu|r=m) dx = —/ Dy (afv|m=m) dx.
R7 T Rn
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Combining this with inequality (1-6), we obtain

sup / @n,m(a|u|ﬁ)dx
Rn

n
IV ully +ellul iy <1

Sk3k

=

Q=

sup / <I>n,m(oz|v|#)dx§(f(m,n).
Rn

n n
IV ol +lvll 7 <1
m m

Next, it suffices to show that inequality (1-8) still holds for any t > 0 and
0 <t < n. In fact, we have

D1 = ) lul7)
R |x[*

| P (@(1 — 1)l )
[x|<1

B |x[*

2-D

dx—l—[ Dy (@ (1 — L) u|7=m ) dx.
|x|=1
This together with (1-7) and the Holder inequality leads to

D (er(1 — £)luf77)
Rn |x|*

dx <1

~

sup

iia I
V7 ull’y +elull’y <1
m m

forany 0 < o < Bnm.

Finally, we prove that inequality (1-8) still holds in the case of ¢ = By m.
Following the same line of the proof of Theorem 1 in [Fontana and Morpurgo 2015],
we can obtain that for any u € W":"/™ (R") satisfying Jan |V'"u|% + |u|n£1 dx <1,

dx < (1+]Q|"77),

A=
Q

|x|?
where €2 is any bounded domain of R”. Let
A:={xeR":|ju(x)|>1}.

Since u € W™"/™(R"), it is obvious that A is a bounded domain. Now, we split
the integral over R” into two parts:

/ P (B (1= F) )
Rn

x|

:/ ¢n’m(ﬁ”’m(l_%)|u|ﬁ) dx+/ q)n,m(ﬂn,m(l_%)l”l#) dx
4 Al R\ 4 [
= 11 +12
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For Iy, using the estimate (2-2), we obtain that

t P
I1=/®n’m(ﬂ"’m(l_5)|u|n )dxsl-
A

|x1?

For I,, since

[ ®n,m(ﬂn,m(1_%)|u|ﬁ) dx
R\ A

|x|?
n n
</ Jul dx+/ ™ <
~ {Ix|=1, lu|<1} | x| {Ix|=1, |u|<1} | x| -

we derive that I, < 1. Combining the above estimates, we derive inequality (1-8)
in the case of @ = B, m, v = 1. Carrying out the same procedure as the proof of
Theorem 1.1, one can conclude that inequality (1-8) still holds for any 7 > 0. [

3. The proof of Theorem 1.4

Our purpose in this section is to prove Theorem 1.4. Namely, we will give the proof
of the concentration-compactness principle for weighted Adams inequalities. Our
proof relies on the following lemmas.

Lemma 3.1 [Brézis and Lieb 1983]. Let Q2 be an open subset of R" and {uy }; <
LP(Q2) (1 = p<o00). If{uy}y satisfies the following conditions:
(1) {ug}x is bounded in LP(2),
(i1) uy — u almost everywhere in €2,
then
im (a1 = ok = ) = el
Lemma 3.2. Let @ C R” be an open domain and { fi}x S W™"™M(Q) that
strongly converges to f in W™"/™(Q). Then there exists a subsequence { Ji; b
and a positive function g € W™ (Q) such that
Ji; (x) = f(x) aeinQas j— +oo,
and

|/, ()| < g(x) ae inQ forall j.

Remark 3.3. Since the proof of Lemma 3.2 is similar to that of Proposition 1 in
[do O et al. 2009], we omit the details.

Proof of Theorem 1.4. At first, we show the proof of inequality (1-9). It follows
from the semicontinuity of the norm in E that

lullf = timinf g = 1.
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We carry out the process by considering the following two cases.

Case 1. |lu ||% = 1. Applying the Brezis—Lieb lemma (Lemma 3.1) on the Hilbert
space E, one can show that u; — u strongly in E. In light of Lemma 3.2, we can
find a subsequence {uy; }; and a positive function v € E such that [ug; (x)| < v(x).
Then it follows that

(3-1) DPom,m (ﬁ2m,m(1 - ﬁ)pui]) dx

R2m |X|t
< / cI)2m,m (,82m,m(1 - ﬁ)pvz)
~ Jrem x|

dx < oo.

Case 2. 0 < ||u||% < 1. Defining ¥(X) = ®ypy (,Bzm,m(l — ﬁ)pX) for nota-
tional convenience, one can write that

W (u?
a2 sup | Uk g
k Jram |x|
W((1+ —u)? + Ceu?
Ssup/ (14 )(ug tu) su?)
k Jr2m | x|
/ W((1 4 &) (ug —u)*)W(Cou?)
= sup - dx
k Jr2m |x]
w((1 —u)? U(Ceu?
+sup/ ( +8)(L:k u) )dx—i-sup/ —( atu )dx
k R2m |X| k R2m |X|
=11+ 1, + I,

where we use the elementary inequality which states
(a+b)? <(1+e)a*+Csb> for a,b>0and e > 0.

For I, as an immediately consequence of the Holder inequality and the singular
Adams inequality, we can derive that

[ sttt
R2m

(3-3) Iy < |(sup
|x1*

k

where r is sufficiently close to 1. Noting that u; — u weakly in £ and E is a
Hilbert space, one can apply the Brezis—Lieb lemma to derive that

2 2 2 2
luk —uly = lurle = lulz = 1= llulz,

which yields that

,32m,m(l - ﬁ)pr(l + &) (V™ (ug —M)||§ + collug _u”§) < :BZm,m(l - ﬁ)
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Combining this with Theorem 1.2 with T = ¢, we conclude that /1 < +oc0. Similarly,
we can obtain that I, < 4o00o. Thus, we accomplish the proof of inequality (1-9).

Next, we are ready to show that py., ,, (1) is sharp when V(x) is constant.
Without loss of generality, we assume V(x) = 1. The idea of proving this sharpness
follows from the result of do O et al. [2014]. Similarly, we construct a sequence
{ug e € W™2(R?™) and a function u € W™2(R?™) such that

lugll =1, wup —uz0in W™2R>™), |u|=6<1,

but
/ Dom,m (IBZm,m(l - ﬁ)pZm,m(“)”lzc) dx — o6
R2m |x|* .
We denote a sequence {wy }x € W™2(R?™) by
%w;% kT |x] € [0, reTm],
em-2)Nem)z "
we(X) =19 -3 (@m?

1 . —k
2m—1mln(|;—‘)k 2 if |x| €[rezm,r],

0 if |x| € [r, +00),
where » > 0 to be chosen later. Simple calculations show that
wg = 0in W™2R™),  [V™Mwgl3 =1, wgll; = OG™).

Next, we define a new function u : R — R given by

y if |x| € [0, 28],
u() =4 (1= (3)")7 (A= Fnlx]") i vl € (35, R)
0 if | x| € [R, +00),

where R = 3r and A is a positive constant which needs to be chosen later. Then

G4 ull®> = [lull? + | V"u|?

o 3
R - 2
+Cl)2m—1/2 ((1—(%)”’) I(A_;;m,,m)> Lam=1 g

aym—2( A2 RpGm—2)! 5,
+(1—(§) ) (ﬁ) WIam—1 /; —(2]/}/1—2)” r dr

3
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Picking A satisfying ||u| = § < 1, a direct application of the Holder inequality
yields that

1
(3-5) loll3 == llu + (1= 8%) 2wy |13
=/ lu+ (1 — 82) b wy [2dx
R2m
:/ u2+2(1—52)%uwk+(1—52)w,§dx
RZm

= llull3 + .

where

gt O kg,
N = ( A(l 8)( 2)”602 (r e 2m+2m T )k 2

+0k™Y).

It is clear that V™4 and V™ w;, have disjoint supports, so
(3-6) IV 3 = 1Vl + (1 =67 and [lg|® =1+ 1.
Letup = vi /(1 + nk)l/z; one can easily see that

lugll =1 and wug — u in W™2(R>™).
Consequently,

(3-7) Damm (B2m,m (1= 3 ) P2mm ()1

R2m |x1*

>/ exp(Bamm (1—55) (162 " uz) dx—/ 1 RS
- Bre% |x|t Bre2k |x|t

dx

=/ . exp(Bamm(1— )((1+nk)_7(/1+(1 —52)2wy))?(1-6%)"") dxtC
t
Bre2m |x|
exp((1-4) (+n0)E (P 114)?)
=/ 1= dx+C
Bre2m |x|t
1
A 2
2 exp((l—L) (((1+77k) (ﬁz’" - +k5)) —k))r2’"’+c — 00,
2m (1_52)2
172 4 1
where r < 1 is selected in such a way that n; < (li"g%k_f. Then Theorem 1.4

is completed. O
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4. the proof of Theorem 1.7

In this section, we begin with a simple fact that the norm (|| V™u/||3 + ||u ||F§')1/2 and
the standard Sobolev norm given by
1

j=m 2
112
Hunmn2=:( > HV’uHZ)

j=0

is equivalent. In fact, for any u € C2°(R?™), through Caffarelli-Kohn—Nirenberg
inequalities [Lin 1986], one can derive that

% 1=
(%) / IV/u|?dx < (/ |u|2dx) (/ |Au|2dx) :
R2m R2m R2m

Then a simple density argument implies that (x) also holds for u € W2 (R?™).
Now, we are in a position to show that a Sobolev space equipped with the norm
(||Vmu||§ + ||u ||%)1/2 can be compactly embedded into L? (R2™, |x|~#dx) for any
p=>2and 0 < B < 2m.

Proof. Continuous embedding is an easy consequence of the Adams inequality (1-5).
Our aim is to show that the above continuous embedding is compact. In light of

WM2(R2M) s Lﬁ)c (R?™) for ¢ > 1, one can find a subsequence {ug, }j such that

ug; (x) > u(x), strongly in L9(Bg(0)) for any R > 0,
ug; (x) = u(x), for almost every x € R>™,
Therefore, our purpose is to show that

(4-1) ug, > u in LIR¥™, |x| " dx).
Applying the Egorov theorem, we obtain that for any Bz (0) and § > 0,

there exists Es C Bg(0) satisfying m(Es) < 6,
such that

ug; uniformly converges to u in Bg(0) \ Ej.

Hence, it follows that

. . . |uk].—u|q

4-2) lim lim lim ——dx
R—>+008—0j—>+00 Jg2m |x|$

. . . |ug, —ul?

= lim lim lim —  dx
R—+008—0j—>+00 JE; |x|$

. . . |ukj_u|q

4+ lim lim lim ——dx

R—>+008—0j—>+00 J B (0)\ Es [x|$

. . . lug, —ul?

+ lim lim lim —  dx
R—+006—0 j—>+00 JR2m\ B (0) |x|®

=Z11+[2+I3.
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By the Holder inequality and the Sobolev continuous embedding, one can derive
that

- N T LAY
(4-3) I < lim lim / 1dx / — — dx
§—0j—>+oo\JE; Es |x|st

_ 1
< lim sup [lug, |7 (m(Es))
§—0 j

=0,
where ¢ > 1 and st’ < 2m. For I,, the uniform convergence of ug; in Bg (0O)\ E;
yields that I, = 0. For I3, the Sobolev continuous embedding W2 (R?") —
L4(R?>™) for g > 2 yields that

(4-4) < lim lim lim Ls/ Jug, —ulf dx
R—+4006—0j—>+o00 R R2m\ B (0)

. 1
< lim sup |lug. ||?9—
S lim sl |7 g

=0.
Thus, we have accomplished the proof of Theorem 1.7. O

As a direct result of Theorem 1.7 and Remark 1.8, we can easily see that the
best constant S, (p > 2) in (H3) could be achieved (one can refer to [Zhang and
Chen 2018] for details).

5. The proof of Theorem 1.9

This section is devoted to the proof of Theorem 1.9. We carry out the proof in
three parts. In Part 1, we use the mountain-pass theorem without the Palais—Smale
compactness condition to derive the existence of weak solutions of (1-14) satisfying
hypotheses (H;)—(Hy4). Therefore, in Part 2, we utilize the method combining
the concentration-compactness principle and the new compactness theorem in
W™2(R2™) to verify that the functional / p satisfies the Palais—Smale compactness
condition. Part 3 is devoted to showing that the critical point of the functional /g is
actually a ground state solution of polyharmonic equation (1-14). Before starting
the proof, we need a couple of important lemmas for which we omit the proofs.

Lemma 5.1 [Badiale and Serra 2011]. Let X be a Hilbert space, ¢ € C*(X,R),
e € X andr > 0 such that |e|| > r and b := inf), =, ¢(u) > ¢(0) > ¢(e). Define

¢ = inf max ¢(g(s)),
g€l s€[0,1]
where

I':={geC(0,1], X):2(0) =0, g(1) =e}.



370 CAIFENG ZHANG, JUNGANG LI AND LU CHEN

Then there exists a sequence {uy}y € X such that (uy) — ¢, ¢'(uy) — 0 as
k — +o0.

Remark 5.2. In the case of p = 2, one can use the property of the Hilbert space to
replace uj — u almost everywhere in 2 with u; — u.

Now, we are ready to start the proof of Theorem 1.9.

Part 1. In this part, we first check that /g(u) satisfies geometric conditions without
the Palais—Smale compactness condition.

Lemma 5.3. Assume (H;)—(Hy) hold. Then

(i) there exist constants 8, p > 0 such that 1g(u) > 6 for any |u|lg = p,
(ii) there exists e € E such that |le||g > p, but Ig(e) < 0.

Proof. According to (Hy), there exist positive constants &, 6 such that for any |7] <4,
(5-1) F(x,t) < I(g—o)|t|* for x e R*™.

Moreover, by (H; ), we derive that for any |¢| > § and x € R?™, there exists constants
c1, Ccy such that

(5-2)  F(x,t) < c1)t] + calt|Damm(colt|*) < Cslt]* @opmm(eolt]?),
C1 Cy
where Cs = + =
8q)2m,m(a0|8|2) 82

Then it follows from (5-1) and (5-2) that
(5-3) F(x.1) < 3(hg—&)[t|* + Clt|? @omm(ctolt|*) forall (x,r) € R*™ xR.

For sufficiently small ||u|| g, we claim that the following inequality holds:

d 2
(5-4) / |u|3de§C||u||3E.
R2m |x[#

For the continuity of our work, let us postpone the proof of (5-4).
Suppose (5-4) holds, we can combine (5-3) and (5-4) to arrive at

F(x,u)
&5 Iy =4l - [ S5
Juf? Pamm(@olul*)
> Lul2 - 10— s)/ N c/ up Pzl )
A —
> 3l — 375 P ~uly = Cluly

= [lul% (5= = Cullg).
E(zxﬂ )

When |ul| g < &/(2CAp), inequality (i) holds.
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Now, we give the proof of inequality (5-4). By applying the Holder inequality
and considering the level sets of the function, one can obtain that for p > 1 and
1 1
- + - — 15
PP

(5-6) / Do, m(rfgolul )dx

1 ’
< ([ (D2m,m(pa0|u|2) dx)p (/ |u|3p dx)p
R2m |x|# ram |x|P

cI>2mm(p()‘0|u|) )
< ]l %
([Rm |x|# E

where the last inequality comes from the Sobolev continuous embedding £ —
L9(R2™ |x|~Bdx). Pick p > 1 sufficiently close to 1 such that

paollul® < Bamm(1— L)

due to the fact that ||u|| < ||u|| g is sufficiently small. The singular Adams inequalities
in R?™ yield that

d 2
(5-7) / |u|3de§C||u||%.
R2m |x[#

For (ii), it suffices to show that for a fixed u € E,
Ig(su) — —o0 as s — +oo.

Without loss of generality, we may assume u has bounded support €2. Through (H3),
one finds that for any ¢ > 0,

0
E(ln F(x,t)) >

~ |

which leads to the result F(x,7) > F(x, o), 949 for some #o > 0. Therefore, there
exist positive constants ¢y, ¢, such that

F(x,t) > c1t% —¢,  for (x,1) € 2 x]0, 00).
Then,

(5-8) Iﬂ(su)=£||u||%_/ de
Q IIﬂ

||u||E—cs / ——dx +c3|Q|'™ e

This inequality together with 8 > 2 implies that

Ig(su) - —oco as s — +oo.
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The proof of Lemma 5.3 is finished. O

Lemma 5.3 shows that the functional /g satisfies geometric conditions of the
mountain-pass theorem which yields that there exists a Palais—Smale sequence
{uy }x which satisfies Ig(uy) — cg and I//;(uk) — 0 as k — 400, where

cg = inf max Ig(g(s)). T:={geC(0.1],E):g(0)=0, I(g(1)) <0}.
g€l s€[0,1]

Lemma 5.4. Assume (Hy), (Hy) and (H3) hold. Let {uy}; C E be an arbitrary
Palais—Smale sequence, i.e.,

Ig(ug) — cg, I/'g(uk) —0, ask— +oo.

Then there exists a subsequence of {uy } (still denoted by {uy }x) and u € E such
that

J(x ug) — J(x.u) strongly in LIIOC(RZ’”),

|x# x|
Flx ug) _, Fx.u) strongly in L1 (R?™).
x| |x|8

Furthermore, u is a weak solution of (1-14).

Proof. At first, we prove that

F
(5-9) /‘.J&zﬂdxfc and S wue o
RZm

|x[# g |x|P

Let {uy }x denote a Palais—Smale sequence of the function /g, i.e.,

F(x,uy)
5-10 m —/ — % dx — k —
( ) 2||uk||E o |x|/3 X cg as o0
and
(5-11) [I"(u)v| < ¢ llv]lg forall veE,

where 1, — 0 as kK — oo. Moreover, taking v = uy in (5-11), we get

S ug)ug

5-12
( ) R2m |x|ﬂ

dx — |lug || < wlukl E-

This together with (5-10) and (Hy4) leads to

6 [OFCx, ug) — f(x ug)ug]
fep+ weluele = (5= 1)luelie— [ = dx

> (52 e
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Thus, ||ug | g is bounded. Combine this with (5-10) and (5-12), we can get (5-9).
Since ||ug | g is bounded. Thanks to Theorem 1.7, we can assume that up to a
sequence,

Up —u, weakly in E,
up — u, strongly in LY(R*™, |x| P dx) for all ¢ > 2,
ug(x) — u(x), for almost every x € R*™,

By hypothesis (H;), through similar arguments to Lemma 2.1 in [de Figueiredo
et al. 1995], we derive that

flru) | fGxn)
ENT

(5-13) strongly in L (R*™).

To show the convergence of fR2m % dx, one can write

[ 1=,
X
R2m |x|?
By QLG O PRy S YA L P
Br |x|ﬂ R27\Bg |x|ﬂ

According to (H,) and (Hj3), there exists a positive constant R such that

F(X,uk) < R()f(x’uk)

N N for all x € R*™,
X X

(5-14)

Together with the generalized Lebesgue dominated convergence theorem, we can
get that

(5-15) fim nm [ M) = Fx )]

dx = 0.
R—+o00k—>+00 /B |x|B

Thus, it suffices to check that

/ | F(x, ug) — F(x, u)|
RZW’\BR

(5-16) lim lim x |'3

R—>+o00 k—+o00

dx =0.

By dividing the integral into two parts, we arrive at

/ |F(X,Uk)—F(x,u)|d _/ |F(X,uk)—F(x,u)|
B r= B
R27\ B | x| {Ix|= R} N{Jug |> 4} |x|
|F(x,ug) — F(x,u)

+/ .
{12 Ry N{lux |< A4} | x|

dx

dx

=14+ 11y
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For 14, it follows from (5-9) that

| F(x, ug)| R | f G, ug)ug]
—ﬁ a’x f -_— —ﬁ dx
(xR N{luge|> 43 [x] {Ix|= R} N{Jug |> 4} |x|
Ry
<20
A

Thus, limA_,+oo 1imR—>+oo limk_,+oo IA =0.
For 114, applying hypothesis (H;) and Theorem 1.7, one can derive that

(5-17)  lim  lim  lim [7l4
A—>+00 R—>~+o00 k—+00

2
< lim lim lim C(ag, A) ukl” g
A=>+00 R—>+00 k—>+09 {xI2 R} Nl 4y x1P
< 1 1 1 —_—
o A—ir—{—loo R—1>I-{—loo k—ir—lr—loo RB/2 Sll.lp il
=0.
Hence,
F ) - F )
(5-18) lim / Flxue) = Fxwl o
k—4o00 JRr2m |x|ﬂ
A simple application of (5-13) shows that
(V"™"uV"p + ug) dx — Mg{) dx =0, forall g € CS(R*™).
RZVn RZm |x|ﬂ
Thus, u is a weak solution of polyharmonic equation (1-14). O

Part 2. This part is devoted to showing that the Palais—Smale sequence {uy }x
satisfies the Palais—Smale condition in light of the concentration-compactness
principle. We begin with a crucial fact:

0<cﬂ<<l—£)'gzﬂ.

2m 20[()

Recall that we have shown the attainability of S, in Section 4, so there exists a
function u such that

p
/ ——dx=1 and |ullg=Sp.

Through the definition of cg, we get

2 F(x,tu)
< = pu— — -
0<cp= rtnza%( Iy(tu) rtnza())(( 2 Sp [I;zm |x|# dx ).



GROUND STATE SOLUTIONS OF POLYHARMONIC EQUATIONS 375

According to the definition of C,, we can obtain that

2p/(p—2

F G-I 1=

27 - 2/(p—2) :
p 2p Cp 20{0

(5-19)  ¢g < max
t=0

Now, we are in a position to verify that {uy }; satisfies the Palais—Smale com-
pactness condition. We discuss this by the following two cases.
Case 1. (cg # 0,u = 0). We first claim that there exists some ¢ > 1 such that
/ q>2m,m(“0|uk|2)q
R2m |_X,‘ |B

Since u = 0, one can employ Lemma 5.4 to drive that

F N F )
(5-20) / P / X4 e —o,
R2m |)C|‘3 R2m |X|'B

Together with (5-10), we obtain that

dx <C forall k eN.

(5-21) lugll% — 2cp  as k — oo.

Take g > 1 sufficiently close to 1 such that

B
52 aoglnl? <aoqlly = po < (1= ) B
Then, it follows that
2\q 2\¢q
(5-23) / cI)Zm,m(O‘O|uk| ) de/ q>2m,m(a0|uk| ) dx
R2m |x|'B R2m |x|/3

dx

2
</ q&m,m(ﬁO(ﬁ) )
™ Jam x|
<1

Combining hypothesis (H1), the Holder inequality and (5-23), one can derive
that

(5-24)

S ug)ug dx‘

R2m x|

1 /
< / uil® +( / ®amm(toluk*)’" dx)" ( / 44| dx)"
R2m |x|ﬂ RZm |x|ﬂ RZm |x|l3
1 /
|ug —ul? )2 (/ lug —ul? )q
< ————dx | + ———dx ) ,
(/R x| pom |x[P

where ¢ > 1 close enough to 1 and % + % =1.
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Thanks to Theorem 1.7 again, we arrive at
X, Up)u
Jx k) LI TRTR gy 50 as k — .
R2m |x|?
Taking Ié(uk)uk — 0 into consideration, we get limy_, o ||ug|| g — 0, which is a
contradiction with cg > 0.

Case 2. (cg # 0,u #0). We claim that limy_, o, |lux || E = ||u| g. We argue this
by contradiction. Suppose limg_ o |tk || E > |l#]| E, and define

Uy u
= and vg:=
lukll e

limy _, oo “uk”E .

We claim that for ¢ > 1 sufficiently close to 1, there exists a constant 8¢ > 0 such
that the following inequality holds.

/32m,m(1 - %) .

(5-25) qgeollugllf < Bo < 2
1= Jvoll%

Indeed,

(5-26)  lim Jug]| (1= llvolg)

, ul
= lim ||uk||2E(1——_ E__
k—o0 limy o [luk ”E
F(x,u) F(x,u)
=2c —|—2/ dx—21g(u —2/
BF2 o IxIB A ST

< :32m,m(1 - %)
®o

dx

’

where we apply Ig(u) > 0. Then it follows from the above estimate and Theorem 1.4
that

2
2\\q o}
s [, Gmmlolu o f 2mn (Bol 1) )
R2m |x |B R2m |x |5

Under hypothesis (H;), the Holder inequality gives that
SO g —u) '

R2m |x|P

el \? g —u? | \?
<b1(/ k dx) (/ k—dx)
- R2m |X|'B RZm |X|B
/ 1 1
+b( f luge — ul? dx)"’( f (P2 (0| ]2))? dx)"
\ezm  |x|P R B '

(5-28)
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Thanks to Theorem 1.7, we derive the following conclusion with inequalities (5-27)
and (5-28):
SO, ) (uge —u)

dx — 0.
R2m |x|?

Together with Ié(uk)(uk —u) — 0, we get

/ V™ur (V™uy — V™u) dx—i—/
R2m R2

. V(xX)ug(up —u)dx — 0.
Since uj — u in E, we have

/Rzm V"u(V"™uj —V™u)dx — 0 and /Rzm V(x)u(uy —u)dx — 0.
Therefore

(5-29)  lim |jug —ul|% = lim (V™up — V™) (V™ — V™u) dx
k—+o0 k—+o0 JR2m

+ lim V(x)(up —u)(up —u)dx
k—+o00 Jg2m

=0,

which arrives at a contradiction with limy_, o ||urlle > |ull E.

Part 3. In this part, we show that the critical point of functional /g is actually a
ground state solution for the singular polyharmonic equation (1-14). Define

m = inf Ig(u) and S:={u€E:u¢Oand1’g(u)=O}.
UEs

For all w € S, pick #y sufficiently large such that Ig(fow) < 0. Denote / :
(0,4+00) — R by Ah(t) = Ig(tw) and g : [0, 1] — E by g(t) = ttow. Itis easy to
check that

f(x,tw)w

||'B dx, forall t>0.
X

W () = Ip(twyw = t|w| % - y

Combine this with 1 23 (w)w = 0, we easily see that
3 , 3 ’Z 2
R2m w tw |X|ﬂ

which implies that 4’(z) > 0 for ¢t € (0, 1) and 4’(¢) < 0 for ¢ > 1 under hypothe-
sis (Hg). Thus,

3 < max [ 1)) <max Ig(tw) = Ig(w),
Cﬂ_te[oﬁ] p(g( ))_tzg)( pltw) = Ig(w)

which concludes the proof of Theorem 1.9.



378 CAIFENG ZHANG, JUNGANG LI AND LU CHEN

6. The proof of Theorem 1.10

In this section, we will investigate the existence of the nontrivial weak solutions for
nonsingular polyharmonic equation (1-15). The presence of the constant potential
V(x) makes it hard to follow the same line of reasoning as for Theorem 1.9. In order
to overcome this difficulty, we need to use the principle of symmetric criticality.
We first introduce some background knowledge about the principle of symmetric
criticality.

Definition 6.1. The action of a topological group G on a normed space X is a
continuous map

GxX—>X: |[g.ul—gu
such that
l-u=u, (gh)u = g(hu), u+——> gu is linear.
The action is isometric if
lgull = [lul
The space of invariant points is defined by
Fix(G):={ue X :gu=u,Vg € G}.
A function ¢ : X — R is invariant if ¢ 0 g = ¢ for every g € G.

Lemma 6.2 (principle of symmetric criticality [Badiale and Serra 2011]). Assume
that the action of the topological group G on the Hilbert space X is isometric. If
¢ € CY(X,R) is invariant and if u is a critical point of ¢ restricted to Fix(G), then
u is also a critical point of ¢.

Lemma 6.3. Forq > 2, Wrm,2(R2m) can be compactly embedded into L9 (R>*™)
for any g > 2.

Remark 6.4. Through applying the radial lemma, one can easily get Lemma 6.3
with a slight modification of the proof of Theorem 1.7.

Now, we are in a position to prove Theorem 1.10. The functional related with
(1-15) is given by I(u) = %llu”% — Jg2m F(x,u)dx. Based on Lemma 6.2, we
can restrict the functional I to the subspace E, of E, where E, is the set of
all radial functions in E. It follows from same reasoning as for Lemma 5.3 that
functional I satisfies the geometric conditions which imply that there exists a
sequence {uy }x € E, such that I(uy) —> co, I’(uy) — 0 as k — +oo. Furthermore,
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we also can obtain
Up — Ug, in E,,
U —> ug, in L9(R*™) for all ¢ > 2,
up(x) = ug(x), almost everywhere in R>".

We will use a new method based on Lemma 6.3 to prove that

/ F(x,uy) dx—>/ F(x,u)dx.
R2m R2m
By splitting the integral into three parts, we have

(6-1) lim lim lim | F(x,ur)— F(x,u)| dx

R—00 k—00 A—>00 JRg2m

= lim lim lim |F(x,ur)— F(x,u)| dx
R—o00k—00A—0 JBy

+ lim lim lim |F(x,ug)— F(x,u)|dx

R—00 k00 A—>o0 |x|>R, |uy|>A

4+ lim lim lim |F(x,ur)— F(x,u)| dx

R—00 k—00A—=00 J|x|>R, |uy|<4

=311+12+13.

For I, it directly follows from (5-13), (5-14) for the case 8 = 0. For I,, in view
of hypotheses (H;) and (H3), we have

(6-2) I, = lim lim lim |F(x,ug)— F(x,u)|dx
R—o0 k—00 A—>o0 |x|>R, |up|>A
< lim lim lim | F(x,up)| dx
R—>o00k—>00A—00 J|x|>R, |u|>A
< lim lim lim ~ | (0 g )ug | dox
R—>00 k—>00A—>oc0 A |x|>R, |uy|>A
=0.

For I3, combining the hypothesis f(x,?) = o(¢) and Lemma 6.3, one can obtain
that for any ¢ > 0,

(6-3) Iy = lim lim lim |F(x,up)— F(x,u)| dx

R—00 k—00A—00 J|x|>R, |uy|<A4

< lim lim lim | F(x,up)| dx
R—o00k—>00A—00 J|x|>R, lux|<A4

Selhally + gim tim [l d
x|>

k—o0

< ellugllg
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which leads to I3 = 0. Carrying out similar steps as we did in Section 4 (Part 1),
one can easily see that u is a weak solution of (1-15).

Next, we show uy, satisfies the Palais—Smale compactness condition and u is a
critical point of functional [/ restricted in E,. The process of proof follows from
the similar argument of Section 4 (Part 2) as long as we can verify that

— 0.

‘ /R ) g~ dx

Since f(x,t)=o0(t) at the origin, through hypothesis (H; ) and the Holder inequality,
we derive that for any ¢ > 0, it holds that

6 | [, £y d

1 1
2 2
58(/ |uk|2dx) (/ |uk—u|2dx)
R2m R2m
1 1
, a’ q
+ Ce(/ |ug —ul? dX) (/ (P2, m(etolug|*)? dX) :
R2m R2m

Letting kK — oo and ¢ — 0, we arrives at the desired conclusion. Finally applying

the principle of symmetric criticality again, we see that u is also a critical point of
Iin E.
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