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CONVERGENCE OF MEAN CURVATURE FLOW IN
HYPER-KAHLER MANIFOLDS

KEITA KUNIKAWA AND RYOSUKE TAKAHASHI

Inspired by work of Leung and Wan (J. Geom. Anal. 17:2(2007) 343-364),
we study the mean curvature flow in hyper-Kéhler manifolds starting from
hyper-Lagrangian submanifolds, a class of middle-dimensional submani-
folds, which contains the class of complex Lagrangian submanifolds. For
each hyper-Lagrangian submanifold, we define a new energy concept called
the twistor energy by means of the associated twistor family (i.e., 2-sphere
of complex structures). We will show that the mean curvature flow starting
at any hyper-Lagrangian submanifold with sufficiently small twistor energy
will exist for all time and converge to a complex Lagrangian submanifold for
one of the hyper-Kihler complex structure. In particular, our result implies
some kind of energy gap theorem for hyper-Kihler manifolds which have
no complex Lagrangian submanifolds.

1. Introduction

Let (M, g) be a hyper-Kahler 4n-manifold, i.e., the holonomy group is contained
in Sp(n). Or equivalently, there exist distinct, g-compatible complex structures
{Ja}a=123 which satisty the quaternion relations:

JP=J}=J}=J10hJ;=-1d

Then each hyper-Kihler manifold M admits a 2-sphere of complex structures called
the twistor family
ch-]d for (¢, ¢y, c3) € 82 C R3.
d

Throughout this paper, we assume that (M, g) has bounded geometry (i.e., the in-
jectivity radius, curvatures and derivatives of the curvatures are uniformly bounded).
Typical examples of hyper-Kihler manifolds are a K3 surface and a compact torus T*
(in fact, any Calabi—Yau 4-manifold is hyper-Kéhler since SU(2) 2~ Sp(1) and these
are only compact 4-dimensional examples). Beauville [1983] constructed two
distinct deformation classes of hyper-Kéhler’s in 4n-dimension for every n > 1.

MSC2010: primary 53C44; secondary 53C26.
Keywords: mean curvature flow, hyper-Kihler manifolds, hyper-Lagrangian submanifolds.

667


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2020.305-2
http://dx.doi.org/10.2140/pjm.2020.305.667
http://dx.doi.org/10.1007/BF02930727

668 KEITA KUNIKAWA AND RYOSUKE TAKAHASHI

Moreover, Grady [1999; 2003] constructed two additional deformation classes
in dimensions 12 and 20. Each deformation class has representatives which are
moduli spaces of semistable sheaves on projective K3 surfaces or abelian surfaces
or modifications of such moduli spaces.

In this paper, we show the existence and convergence result for the mean curvature
flow (MCF) in hyper-Kéhler manifolds when the initial data is very small. There
is no doubt that for studying the MCF, Lagrangian is one of the good class of
submanifolds in a Kihler-Einstein manifold. Indeed, from Smoczyk’s result [1996],
the Lagrangian property is preserved under the MCEF, and it gives a lot of benefits for
computations of evolution equations, by identifying the extrinsic normal bundle with
the intrinsic tangent bundle via the complex structure. Nevertheless, we would like
to consider another class of submanifolds, called “hyper-Lagrangian submanifolds”
as displayed below. This class includes Lagrangian submanifolds in hyper-Kéhler
4-manifolds.

1A. Main result. A natural counterpart of the Lagrangian condition in hyper-
Kihler manifolds is the “complex Lagrangian™: for J € S? let Q; be a holomorphic
symplectic form (i.e., nondegenerate J-holomorphic 2-form) with respect to J. For
a 2n-dimensional real submanifold L C M, we say that L is complex Lagrangian if
Q| =0 for some J € S% From a basic fact of hyper-Kihler geometry, we find
that there exists a J-orthogonal element K € S? such that ; can be expressed as
Q= —v—1g,

where wyjx = g(JK-, ), wg =g(K-, ) are real symplectic forms for JK and K
respectively. So the condition €2;|; = 0 means that two symplectic forms @;x and
@x vanish at the same time for any J-orthogonal K € S2

However, this “bi-Lagrangian” condition is so strong that any complex La-
grangian submanifold L in M automatically becomes a (minimal) complex sub-
manifold (see [Hitchin 1999]). So, following the idea of Leung and Wan [2007],
we relax the assumption by using rich geometry on M. We say that L is hyper-
Lagrangian if Q)| =0 at every point x € L for some varying complex structure
W : L — S Then this map W is called the complex phase. In particular, complex
Lagrangian is a special case when we can take W as a constant map. Leung and
Wan [2007] showed that if the initial submanifold Lg is hyper-Lagrangian, then
L, := F;(L) is still hyper-Lagrangian under the MCF F; : L — M, and then the

complex phase W, evolves according to the coupled flow
d

~F, = H;,

(1_1) ddt t t

dar v, =AY,

where A;W; denotes the tension field of W, with respect to the evolving metric
g = Fg. We will call (1-1) the hyper-Lagrangian mean curvature flow (HLMCF).
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Like other success stories of coupled flows (cf. [Miiller 2012; Smoczyk 2000]), the
two geometric flows (1-1) can interact with each other to reveal better properties
than either had by itself. For any hyper-Lagrangian submanifold F : L — M, we
introduce the twistor energy of L as the Dirichlet energy of the complex phase W
with respect to the induced metric g := F*g:

T(L) := f VW2 dpu,
L

where du denotes the Riemannian volume of g. Intuitively, the twister energy
measures the deviation from L being complex Lagrangian. We can show that
any hyper-Lagrangian submanifold which is “almost” complex Lagrangian can be
deformed to a genuine one in the following sense:

Theorem 1.1 (convergence of the HLMCF). Let (M, g) be a hyper-Kdhler 4n-
manifold with bounded geometry. Suppose L is a hyper-Lagrangian submanifold
with the complex phase Vo which is smoothly immersed into M. Then for any Vj,
Ao and 8y > 0, there exists g = eo(n, Vo, Ao, 8o, Rm, inj(M)) > 0 such that if L
satisfies

Vol(Lo) < Vo,  |AI(0) < Ao,  A(AL)(0) =380, T(Lo) < o,

then the hyper-Lagrangian mean curvature flow (1-1) starting from L converges
smoothly, exponentially fast to a complex Lagrangian submanifold in M for one of
the hyper-Kdihler complex structures on M.

In the above theorem, we need not assume that M has a complex Lagrangian
submanifold, so it also gives an existence result for such a submanifold as well as
the stability along the MCF. Although generic K3 surfaces do not have holomorphic
curves at all, it is also interesting to understand this situation from a geometric
analytic point of view. Applying our theorem, one can immediately see that the
twistor energy causes some gap: for any Vp, Ag and §p > O we define

L is a hyper-Lagrangian submanifold,
L(Vy, Ao, o) ;=L C M .

Vol(L) < Vo, Al < Ao, Mi(AL) = 6o
Then we have the following:

Corollary 1.2 (energy gap theorem). Assume a 4n-dimensional hyper-Kdhler man-
ifold M with bounded geometry has no complex Lagrangian submanifolds. Then for
any Vo, Ao and 8y > 0, there exists a constant c = c(n, Vo, Ao, 8o, Rm, inj(M)) >0
such that
inf T(L)>c.
LeL(Vy,Ao,00)

The proof of Theorem 1.1 is based on [Li 2012] for the Lagrangian mean curvature

flow (LMCEF). In [Li 2012], the crucial step is to establish the exponential estimate
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for the L2-norm of mean curvature vector H by using the fact that each submanifold
L; is Lagrangian, which is not valid for our case. Instead, we take an alternative
approach from the view point of the theory of harmonic map flow. A key observation
is that the L?-norm of H is bounded by the twistor energy (see Proposition 2.4):

VH P dp <2T (L),
So the problem comes down to establishing the exponential estimate for the twistor
energy, which is indeed possible along the same line as the usual harmonic map flow
(see Lemma 3.4). Note that for the harmonic map flow into positively curved targets,
the flow possibly forms singularities in finite time even if it has small initial Dirichlet
energy [Chen and Ding 1990]. We overcome this by showing Proposition 2.5.

1B. Examples and relation to other results. This paper is entirely written for
hyper-Lagrangian submanifolds of arbitrary dimension. But after we posted the
preprint, we noticed Qiu and Sun’s result [2019] which states that every hyper-
Lagrangian except surface must be a complex Lagrangian, so the concept of the
hyper-Lagrangian is meaningful only when n = 1. However, we emphasize that
our results are new even when n = 1. Contrary to the higher-dimensional case,
the concept of hyper-Lagrangian surface is universal and enables us to make a
systematic study of several conditions for submanifolds preserved under the MCF.
We can see that every surface L in a hyper-Kéhler 4-manifold M admits a canonical
complex phase map W : L — S? defined by

Juer =ep, Jyez = —ey,

where {eq, ey, €3, e4} is any oriented orthonormal frame on TM such that {e;, e;}
is an oriented frame on 7L and {e3, e4} is an orthonormal frame for the normal
bundle. Indeed, the map W is independent of the choice for such a frame. In the
following, we will explain each class of submanifolds separately while considering
what shape each complex phase is (see also [Leung and Wan 2007]).

1B.1. Symplectic mean curvature flow. First, we consider symplectic surfaces.
Yau asked (for instance, see [Wang 2001]) “how can a symplectic submanifold be
deformed to a holomorphic one?” Since a symplectic surface remains symplectic
along the MCF in a Kéhler—Einstein surface (see [Chen and Li 2001; Wang 2001]),
one expects that the symplectic mean curvature flow (SMCF) is applicable to Yau’s
question. It seems that the convergence of the SMCF with small initial data has not
been accomplished yet in the general case, whereas we know several partial results.
For instance, our theorem generalizes Han and Sun’s result [2012, Corollary 4.6]:
we express W as amap a : L — R?, i.e., a is a coefficient of W with respect to {J;},

Jy = Zadfd, a := (a1, az, as).
d
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By using the quaternion relations, we see that
(1-2) cosa :=ay(er, e2) = g(Jzer, e2) = as.

Hence the condition that L is symplectic with respect to w, is equivalent to saying
that the image W (L) is contained in the hemisphere

S? :={(c1, 2, ¢3) € S* C RP|es > 0).

Then the (local) angle « defined by (1-2) is called the Kdhler angle. Applying the
maximum principle to the evolution equation of a, we find that the hemisphere
condition is preserved under the HLMCEF (see Corollary 3.2), which is essentially a
restatement of the fact as explained above that if the initial surface is symplectic, then
the surface is still symplectic along the mean curvature flow. In [Han and Sun 2012],
they showed the convergence of the SMCF under the stronger assumption that the
ambient Kihler surface M has zero sectional curvature and the initial LZ?-norm of A
is very small. Also there is a convergence result for the SMCF in K&hler—Einstein
surfaces with positive Ricci curvature by Han and Li [2005], where the positivity
of the extrinsic curvature was essentially used. Theorem 1.1 indicates that the MCF
method is still valid for Yau’s question, and makes the first step in this direction.

1B.2. Lagrangian mean curvature flow. Next, we explain the Lagrangian case.
If L is Lagrangian with respect to @;, for a fixed J, € S? then without loss of
generality, we may assume J3 = J,. By the Lagrangian condition, we find that L
has the J3-orthogonal complex phase Jy which can be expressed as

(1-3) Ju(x) =cosB(x)J; +sinb(x)J,

for some multivalued function 6 : L — R. Moreover, the functions 6 and @, are
related by the formula

(1-4) in@,, =do.

So 6 is nothing but the Lagrangian angle. In particular, we often consider the
following special cases:

(1) The form iy, is exact, or equivalently, 6 is a single-valued function.

(2) The submanifold L is almost calibrated, i.e., L satisfies (1) and cos 6 > 0.

As it is Lagrangian, these two conditions are preserved under the MCF [Smoczyk
1999; Chen and Li 2001; Wang 2001]. The convergence result for the LMCF with
small initial data was obtained by Li [2012, Theorem 1.2]. He showed this similar
convergence result to Theorem 1.1 under the assumption (1) (but, we need not
assume (2)) and that the initial L?-norm of H is very small. So Theorem 1.1 is still
meaningful even if L is Lagrangian since we need not assume (1) in our theorem.
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complex

symplectic
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Lagrangian

Figure 1. Image of the complex phase ¥ in S?.

Finally, we again emphasize the benefit of the hyper-Lagrangian submanifolds.
In fact, the hyper-Lagrangian structure gives one a comprehensive view point to
understand the concepts of symplectic surfaces or (almost calibrated) Lagrangian
submanifolds in hyper-Kéhler 4-manifolds. Figure 1 shows the correspondence
between each of these concepts and the image of the complex phase map W : L — S2.

1B.3. Holomorphic curves in K3. On any polarized K3 surface (M, H) (with
H # Oy), it is known that there exists at least one holomorphic curve which
belongs to the linear system |m H| for all m > 1 (Bogomolov, Mumford, Mori and
Mukai [Mori and Mukai 1983]). Due to the Lefschetz theorem, the existence of
such an H is equivalent to saying that the Néron—Severi lattice

NS(M) := H Y (M)Yn H*(M, Z)

is nonempty. Moreover, Chen [1999] proved the existence of infinitely many
holomorphic curves on general K3 surfaces. Then we can take any small perturbation
of the holomorphic curves as an initial data in Theorem 1.1.

1C. Organization of the paper. Our article will be organized as follows. We will
first recall some results discovered by Leung and Wan [2007] and prove formulas
relating the mean curvature vector (or second fundamental form) with the complex
phase which are needed in the rest of the article. In Section 3, we study the behavior
of the twistor energy and first eigenvalue along the HLMCEF, and then establish
some parabolic estimates. Finally, we give the proof of Theorem 1.1 in the last part
of Section 3.

2. Hyper-Lagrangian submanifolds

In this section, we recall some results about hyper-Lagrangian submanifolds studied
in [Leung and Wan 2007]. Let M be a hyper-Kéhler 4n-manifold and L C M a real
submanifold of dimension 2x. In this section, we show the indices (i, j, «, B, etc.)
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run in the following manner:

ih,j=1,...,2n, o,f=2n+1,...,4n, A,B=1,...,4n,
v,A=1,...n, u,p=n+1,...,2n.
Definition 2.1. A submanifold L is called hyper-Lagrangian if Qg )|z = 0 at
every point x € L for some ¥ : L — S% Then W is called the complex phase. In

particular, a hyper-Lagrangian submanifold is called complex Lagrangian if we can
take W as a constant map.

Let ® : L — S? be a smooth map such that ®(x) is orthogonal to W (x) for each
x € L. We can take a special orthonormal frame {e;} for TL satisfying
Jyey_1=ey,.
Then {e; >, := Jope;} is an orthonormal frame for the normal bundle satisfying
Jyey 1= —eyy.

Then {e4} defines a frame of TM. For a hyper-Lagrangian submanifold L with the
complex phase W, we denote the associated almost-complex structure by Jy. Then
the complex phase Jy acts on TL, and determines an almost-complex structure
on L. However, hyper-Lagrangian is a strong condition which imposes a lot of
restrictions on the structural equations. For instance, let {45} be the connection
forms with respect to {e4}, i.e., Ve = vapep. Then the structure theorem of
hyper-Lagrangian submanifolds (see [Leung and Wan 2007, Theorem 4.1]) implies

(2 1) P2v—1,20—1 = P2v,22, P2v,20—1 = —P2v—1,24,

Pou—1.2p—1 = —P2u2p> P2u2p—1 =P2u—1,2p-

As a consequence, we obtain the following:

Theorem 2.2 [Leung and Wan 2007, Corollary 4.2]. The complex phase V induces
an integrable Kdhler structure (Jy, g|1) on L with holomorphic normal bundle.

We set
e, = %(3211—1 —V=ley), e = %(ezu—l ++/—ley),

e, = %(€2M—1 +—ley), e, = %(6’2#—1 — v —ley,).

Then {e],, e;L} defines a complex basis referred to as the canonical frame adapted
to (W, ®). Correspondingly, we take the basis {¢4} dual to {e4} and set

Ly =Cw—1+vV—10, & =0v-1—vV—10,,
= Gou—1 =~ =1bu, & =bpu1+vV =1%oy
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With this basis, Qg can be written as

Qu=-v-1> ¢/ rg,.
v,

Leung and Wan [2007, Theorem 4.5] found the formula relating the mean curvature
vector H and the complex phase W as follows:

Proposition 2.3. We have
(2-2) igQu +2+v/—10V =0.

In particular, the above proposition shows that a hyper-Lagrangian submanifold L
is minimal if and only if the complex phase W is antiholomorphic. Meanwhile, by
using the formula (2-2), one can obtain a bound for |H| by means of the energy
density of the complex phase W:

Proposition 2.4. We have
|HI? <2IVP.

Proof. For a fixed x € L, we set
Ji=Jux), Jy=Jox), J3=J{J5.

We would like to call it the canonical basis adapted to (¥, ®) at x. Then we set the
coefficient a’ = (a}, a}, a}) as Jy =), a;J;. We take a local representation of W:

_ap+ V—1a,(p)

O(p) —d(p)

via stereographic projection. Then the formula (2-2) yields that
inQu+2v-100 =0 atx.
From the construction, we know that
ajx)=1, a)(x)=d5x)=0, Ox)=1.

Also since L is hyper-Lagrangian with the complex phase W, the derivative V Jy
is spanned by J; and J; at x, so

dai lx = 0.
Thus we have

30|, = V—13d}|, + 0451,
100% < 2(19a5|* + |0a5|*) = |dab|* + |ddy)* = |Va'|?
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at x. On the other hand, if we set H = — ), H%¢,, one can easily observe that
inQu=—v=1) (H* ' —J=1H*)z,
"

linQu|* =2|H|.

So we have

|H|> =2|00*> < 2|Vd'%.
We note that @’ and © heavily depend on the choice of the basis (J{, J;, J3)
whereas a only depends on the background basis (J1, J2, J3). However, the point is
that the norm |Va'|? is independent of the choice of an orthogonal basis (J], J5, 3

since the Euclidean metric on R is invariant under the standard O (3)-action. So
we have |Va'| = |Va| = |VV| and |H|?> < 2|VV|% O

We also note that the quantity |V W| has the following three equivalent definitions:

« We regard the complex phase W as amap a : L — S C R?, and define |V V|
as the energy density of a:

Va* = |Vaal;.
d

o We define |VW| as the energy density of W : L — S? i.e., a map into S? (also
see (3-2)).

o We define |[VV| as the norm of the covariant derivative of Jy along L:

VJul? =" 2((ViJ)(ea), en)’,
i,A,B

where V denotes the Levi-Civita connection on the ambient space (M, g).
Then, taking into account the fact that {Jy} is parallel and (Jy, J.); = 4ndqe,
we have VJy =), da; ® Jq and |VJy| =2/n|Val.

As for the relation to the second fundamental form A, we have the following:

Proposition 2.5. In the canonical frame adapted to (¥, ®), the quantity |V Jy|* is
expressed as

Vael? =4 (3 =3 )P+ () + hah )P,

2v,i
IRINT]

where h?;. = g(e;, ﬁjea). In particular, we have

VW] < c(n)|Al.
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Proof. Set J; o.p :=g(ViJy(en), ep) for simplicity. We compute
(VJw)(ea—1) = V(ea) = Ju(Ver—1)

= Z‘qu,jej + Z(pZU,aea —Jy (Z(pZU—l,jej + va—l,aea)-
J o J o

By using (2-1), we know that the first and third terms cancel each other out. So

(VJg)(ea—1) = Z[((pZ\),Zu—l — @2v—12u1)€2u—1+ (V20,2 + V20—1,2u—1)€2,],
m

and hence

i L i . 2u—1 21 i _ 2u 2u—1
Jizv-1,j=0, Jizv-1u-1= _h2v,i +h2v—1,i’ Jidv—1.2p = _h2v,i _hZU—l,i'

In the same way, we can compute other terms by using (2-1) as follows:

Jiv,j =0, Ji2vop—1= h?\ii + hglj:ll,i’ Jigvop = _h?:,;l + hgl:—l,i’
Jiopra=0, Jiou-rae=hb7 = h3 . Tiouoion=—hy; —h3h 7},

Jiowa=0.  Jioua-1=hpi | +h3. Jiopaw=ho =3 ..
So we obtain the desired formula. O

3. Hyper-Lagrangian mean curvature flow

3A. Evolution of the coefficient vector. We regard the complex phase W as a map
into S? ¢ R? and write @ = (a1, az, a3). We compute the evolution equation of a
when W evolves along the generalized harmonic map flow %\IJ =AW

Lemma 3.1. Along the HLMCF, a satisfies

(3-1) T _Aa |Val|?
- — = = |Val“a.
dt !

Proof. We take a polar coordinate (8, ) of S? and express a as

cos W sin W¥
a = | sin W7 sin W¥
cos W¢

where we write W? =6 o W, WY = ¢ o W for simplicity. Then

d d o, 0 d d
—V=—U". —oW+4+—PY’. —oW,
dt dt a0 dt R17)
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Let (x!, ..., x?") be a local coordinate in L. Recall the definition of the tension
field of W:
. ) . 3
AW = UV VWl — oW 4 UV VW —oW e C®W'TS?),

where V denotes the canonical connection on W~!TS? associated to g and the
standard metric g on S% Then
CNVE) 04

S Y T T Y o el
ViVi¥t = Viv,;¥ +/32;) Poy (D5 o
V=09

, a=0,p,

where fgy denotes the Christoffel symbol with respect to g. We can easily compute

Zop =sin’ @,  Zp, =0, 8pp =1,
=0 =g =g _COSQ o,
Iy =T5,=0, Fe‘p__simp’ ['py = —sing cos ¢.

This implies that

n

%qﬂ = L; gV wl = AW 4 % (VW V),
d "
E\If‘/’ = Z gV VW = AWY —sin W¥ cos WY - [VWO |2
i,j=1
Since
Aaz = —sin ¥ - AWY —cos WY - |[VU¥ ]2,
(3-2) |Va|* =sin® W7 - [VWO2 4+ |VWYP2,
we have
d — N4 d v _ 2
Ea3 = —siny?. E‘I’ = Aaz +|Val“as.
We can compute the evolution equation of a; and a, in the similar way. ([

Applying the maximum principle to (3-1), we obtain

Corollary 3.2 (also see [Leung and Wan 2007, Theorem 5.1]). If L satisfies a3 > ¢
for some constant ¢ € (0, 1) then a3 > ¢ holds along the HLMCF L, forallt €0, T].
In particular, the hemisphere condition V(L) C §3_ is preserved under the HLMCF.

3B. L2-estimates. Let L C M be a hyper-Lagrangian submanifold with the com-
plex phase W.
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Definition 3.3. We define the twistor energy of L as the Dirichlet energy of the
complex phase:

T(L) = / VW2 dpu.
L
By using (3-1), we can obtain the exponential estimate for the twistor energy:

Lemma 3.4 (exponential estimate for the twistor energy). For the HLMCF L;,
d 2
T (L) < (=21(1) + C(n) max| H||A] + 2 max| V¥ [) - T (L),

where L1 (t) > 0 denotes the first eigenvalue of the Laplacian A,.

Proof. First, we recall the evolution of the Riemannian metric on L (for instance,
see [Chen and Li 2001]):

d
Eglj = —2Hah(ixj.

By using this and the expression of the energy density as the norm of the coefficient
vector |V | = |Val|? we compute

d
— [ |Val*d
dt/L| al”du;

d d ..
=2 | (V—a,Va)d +/ —g"Via,Viasd —/Vasza’ :
/L<dt ) ds LZdjdtg aVidadu: = | |VaP'|H dp
We estimate each term separately. The first term is

d
2/(V—a,Va>dut =2f(V((A+IVa|2)a), Va)du,
L dt L
=—2/|Aa|2du,—2/|Va|2(a,Aa)dut
L L
<—2x1/|w|2dut+2/|w|“duz
L L
< —2A1/|Va|2dm+2mLax|Va|2/|Va|2d,u,,
L ! L

where we used the formula

d
0= <Ea, a> = ((A+|Va)a,a) = (Aa, a) +|Val,
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which can be proved easily by differentiating |a|?> = 1 in ¢. For the second term,
we have

d ..
/Zzgl]Viadeaddﬂt :‘Z/ZH“h%Viadeaddut
L d L y

gC(n)mLax|H||A|-/|Va|2du,. O
t L

The above lemma says that we need to control A in order to obtain a bound for
the twistor energy. So we establish the exponential estimate for A; as follows:

Lemma 3.5 (exponential estimate for the first eigenvalue). Along the HLMCF, the
first eigenvalue L (t) satisfies

d
—1 > —(max|H|* 4+ C(n) max|H||A[) - A;.
dt L L

Proof. Let f be an eigenfunction with respect to Ay, i.e., f satisfies
A f =M1, /fzdutzl.
L
Then the first eigenvalue A; is
= [ 1V P
L
Differentiating [, f*du, =11int, we have

d 2 2 _
/L(zaf-f—f \H| )du,-o.

Thus we can compute

d d d ..
— =2 (V—=£VF)d — GV fdu, — | IVFIPIH1>d
=2 [ (v Vs dus [ £ virvisan - [9sPinEan
d
Ldt L J
+/ fAf-|H|2du,+/ FVE VIHP) dy.
L L

Using the relation —A f = A; f, we find that the first term and the third term cancel
each other out. The second term can be estimated as

‘2/H“h;.*jv,-fvjfdut < C(mymax| H||A] - 11.
L t
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The fourth term is

/f V£ VIH?) dp, = /(fAf+|Vf| ) H?dp,

Y / FHP duy / IV PIHP dug
L L

> —max|H|2 M
L;
Thus we obtain the desired result. |

3C. C'-estimates. In order to get the C%-estimates from L2, the notion of a noncol-
lapsing geodesic ball is convenient. Roughly speaking, the volume of each geodesic
ball in L is bounded from below by that of the Euclidean geodesic ball of the same
radius. Let N be a compact Riemannian m-manifold.

Definition 3.6. We say that

(1) A geodesic ball B(x, p) in N is called x-noncollapsed if
Vol(B(y, 5)) >

sm
whenever B(y, s) C B(x, p).

(2) A compact Riemannian manifold N is called k-noncollapsed on the scale r if
every geodesic ball B(x, s) is x-noncollapsed for s < r

Lemma 3.7. Let (E, h, D) be a vector bundle with a fiber metric h and a com-
patible connection D over a compact Riemannian manifold N. Assume that N is
k-noncollapsed on the scale r. For any smooth section 6 € C*°(E), if

D] < A, /IOIzdu<8<r’”+2,
N

then
m]f]ix|0—| < (A+K_1/2)81/(m+2).

Proof. Assume that |o| attains its maximum at a point xop € N and the statement
does not hold, i.e.,
o (x0)| > (A +k~1/2)gl/mF2),

Then by setting & := &!/"*2) we get
AS = Ae"/ "D <o (x0).
Thus for any x € B(xg, §), we have

lo(x)| = |o(xo)| — Ad > 0.
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Integrating on B(xo, §) yields that
£> / lo|*dp = (Jo (x0)| — A8)* Vol(B(xo, 8)) = (lo (x0)| — A8) k8™,
B(xp,0)

where we used § = &!/*+2) L r and the assumption that N is k-noncollapsed on
the scale 7 in the last inequality. So putting § = &!/+2) into the above yields that
lo (x0)| < (A 4k~ V2)gl/m+2) contradicting the assumption. U

Now we go back to our situation, so let L, be the HLMCF in a hyper-Kihler
4n-manifold M. Lemma 3.7 indicates that it is important to study the evolution of
the volume ratio along the flow.

Lemma 3.8 (volume ratio estimate). If L is ko-noncollapsed on the scale ry, then
for any small geodesic ball B;(x, p) in L; with radius p € (0, ry), we have

Vol(B; (x, p)) = kge~ Z1HDE® p2n

where E(t) is given by
t
E(1) :=/ (rriax|H|2—|-niaX|A||H|)ds.
0 s s

Proof. Let y; be a length-minimizing unit-speed geodesic with respect to g(t)
joining p to g € B,;(p, p). Then for every #y we have

di(p,q) = Lengthg(t)(yl‘) < Lengthg(t)(yl‘o)v

and equality holds when ¢ = ¢y, which implies that

d d d
Edl (p, Q)|t:t0 = ELengthg(;)(Vt)h:to = ELengthg(t)(Vto)h:to-

Thus we can compute

d 1 d;(p.q) dg, ( d d
o (P, )| = 3 —\ =¥, —v: |ds
0

< AllH|-d:(p,q).
T\ T, rrlLZ}XI [|H|-d(p,q)

This implies that

e EOdy(p, @) < di(p, @) < do(p, @)™, dp, > e FPdpy.

Since Lg is kp-noncollapsed on the scale rg, for p < rp, we have

Vol(B,(p, p)) = / du > / e ED dpg > e CrtEO pn O
B:(p,p) By(p,e E®p)
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3D. Some parabolic estimates for the HLMCF. In this subsection, we prove some
parabolic estimates for the HLMCEF. The first lemma says that the HLMCF does
not change a lot in short time intervals.

Lemma 3.9. If L satisfies
|A[(0) < A, [VW[0) < P, 21(0) 26,
then there exists T = T'(n, A, Rm) such that the HLMCF L, satisfies
[A](0) <2A, |VV¥|@) <2P, A(t) > %8, tel0,T].

Proof. The estimate of |A| follows from [Han and Sun 2012, Lemma 2.2]. Then the
estimate of 1| follows from the exponential estimate for A;. Finally, we establish the
estimate for |VW|. By the Bochner identity, the Gauss equation and Proposition 2.5,
we can compute

d _
(d—t — A,) VW2 = —2|V2W2 £ RmS #(V¥)* + Rm#(VW)? + A2 % (V)>

< C(n, A,Rm)|VY|.
Applying the maximum principle, we obtain
VW) < e2CmARM 7| () < @2 AR p,
so we may take 7 < 2log2/(C(n, A, Rm)). O

We can obtain not only the usual smoothing estimates for A, but also for W with
the help of Proposition 2.5.

Lemma 3.10 (smoothing estimates). Suppose along the HLMCF, we have

suplA|< A, te€[0,T],
L,

for some T > 0. Then for eachl > 1, there exist constants Aj = Aj(n, A, Rm, T)

h that
such tha A

PR te(0,T].

suprlAl <
L,
Further, for any ty € (0, T'], there exist constants Py = P;(n, A, Rm, 19, T) such that

sup|V'W,| < P, teln, Tl
L,

where W, = VW is the differential map of the complex phase ¥ : L — S?.
Proof. The estimate of A follows from [Han and Sun 2012, Theorem 3.1]. Then
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for any #y € (0, T'] we have

sup| V' A| < t€lty/2,T].
L,

I
(to/2)1/2

We use this estimate to show the estimate of W,.. Note also that |W,.| has a uniform
bound |W,| < c(n)|A] < c(n)A by Proposition 2.5.

In order to derive the estimate of W,, we first compute the time derivative of
|V!W, |? along the generalized harmonic map flow. A straight calculation shows
that for each [ > 0 we get the formula

d . ) .
d—lep* = A(V'D,) + Z V' RmMS #(W,)  VIW, % VIW, VKW,
f r+i+j+k=I

+ > V Rm#VI 1A% ..« VIl Ax VW,
rtiiteti =1

+ Z ViAxV/IA Vi,
i+jtk=I

where V denotes the Levi-Civita connection on 7S2 It follows that for ¢ € [# /2, T]
we have

33 Livie,p
dt ¥
d
= A%x(V! xp*)2+2<avl\y*, V! w*>

SAVIUP 2V PHC YT (VI [V VR0 [V,
0<i+j+k<I

where C = C(n, A, Rm, o, T) is a constant. From (3-3) we have
d
TP AN =2V o
and
d
IV AV =2V + o VUL + a3,
where ¢, = ci(n, A, Rm, 7y, T), k =1, 2, 3, are constants. Set
F = (1 —10/2)|VW.[* + | W, [,
where « is a constant which will be determined later. It is not difficult to see

d
<E — A)F < (=204 14+ Te) |V |? +acy + Tes.
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Then we choose o = (1 + TC3)/2 to get

d 14+Tc;
——A|)F K Tcs.
(dr ) ( 2 )“ @

Applying the maximum principle, we have

14 Tcp

F(1) <F(0) < ( )A2 =Ci(n, A,Rm, 10, T), t€[to/2,T].
Hence we get
Cy

VW, | < ,
t—1to/2

te(t/2,T].
It follows that

6C —
sup| VW, | < t—l — Py(n, A,Rm, 1y, T), t€[2to/3,T].
L 0
This proves the case [ = 1.
For [ > 2, our proof is by induction. Assume that the following estimate holds
foreachO<m <[l —1:
(m +1)(m +2)C(n, A, Rm, 1, T)

sup| V"W, | < " ,  te[((m+1)/(m+2))to, T].
L, 0

Then by (3-3) we have
d
VTP AV = 2V

and

d
Ewl\v*ﬁ <AV =21V, 2 4 05| VI, 2 + ¢,

forr € [(I/(I 4+ 1))y, T], where ¢, = cx(n, A, Rm, 7y, T), k =4, 5, 6, are constants
which are controlled by the lower order estimates. As for / = 1, using the maximum
principle we see
Ci(n, A,Rm, 19, T)

t—/+ 1)1y

Therefore we obtain the desired bound

VI, |2 <

) te(d/d+ 1), T1.

I+ DI +2)Ci(n, A,Rm, 19, T)
fo
fort e [((I+ 1)/ +2)1, T]. O

VI, 2 < =: Pi(n, A,Rm, 10, T)
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Remark 3.11. From the smoothing estimates, for any ¢y € (0, T) we have

sup|V'A| < Aj(n, A,Rm, 1p), sup|V'W| < Pi(n, A,Rm, 10), 1€ [to/2, to].
L, L,

In particular, we have bounds for the derivatives |V/A| and |[V/W| for{ > 1 at 1 = t,.
On the other hand, as in the proof of the above lemma, it is not difficult to see that
we have bounds which only depend on n, A(ty) and W, (%) (including their higher
order derivatives):

sup| V! A|< A (n, A(to), Rm),  sup|V'W|< Py(n, A(to), Wa(to), Rm),  t€(to, T].
L; L;

Combining both estimates on [#y, 7], we obtain T -independent estimates
sup| V' A| < Ag(n, A,Rm, 1p),  sup|V'W| < Pi(n, A,Rm, 1p), 1 €lto, T].
L; L;

We often use this property without mentioning it in later arguments.

3E. Convergence of the flow. Now we are ready to prove the main theorem.

Theorem 3.12 (Theorem 1.1). Let (M, g) be a hyper-Kdhler 4n-manifold with
bounded geometry. Suppose L is a hyper-Lagrangian submanifold with the complex
phase Vo which is smoothly immersed into M. Then for any Vy, Ay and 5y > 0,
there exists g = go(n, Vy, Ao, do, Rm, inj(M)) > 0 such that if L satisfies

Vol(Lo) < Vo,  |AI(0) < Ao, A1(AL)(0) =380, T(Lo) < o,

then the hyper-Lagrangian mean curvature flow starting from L converges smoothly,
exponentially fast to a complex Lagrangian submanifold in M for one of the hyper-
Kdhler complex structure on M.

Proof. Step 1 (reduction from L2 to C%): In the first step, we see that after a short
period of time, the parabolicity of the flow improves the initial Z?-condition for
VW to the C°-condition. From Proposition 2.5 and Lemma 3.9, we know that L,
satisfies

|Al(1) <2A0,  [VW|() <c(m)Ag, M) =380, 1 €0, To]

for Ty = Ty(n, Ao, Rm). So Lemma 3.4 implies the following exponential estimate
for the twistor energy:

T(Ly) < e T(Lo) < gge”, 1 €0, Tl

for some ¢ = c¢(n, Ag) > 0. Therefore we can choose ty = fy(nn, Ag) € (0, Tp] so
that

T(L,) <2, te€]O0,1].
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On the other hand, by the smoothing estimates, we know that for any [ > 1,
(3-4) IV A|(1) < Ci(n, Ao, Rm), t € [to/2, 1],

and also
V2| (1) < c(n, Ao, Rm), 1 € [to/2, to].

In order to get the estimate for the energy density |[VW|, we need to establish
the noncollapsing estimate for L, first. By [Chen and He 2010, Proposition 2.2]
and (3-4), we know that the injectivity radius of L is bounded from below along
the HLMCF

inj(L,) > t(n, Ag, Rm, inj(M)) >0, ¢ € [to/2, to].

Meanwhile, the Gauss equation implies that
IRm| < C(Ag, Rm), 1 € [10/2, 10].
So in the same way as the proof of [Li 2012, Theorem 1.1], the volume comparison
theorem shows there exist k =k (n, Ag, Rm, inj(M)) and r =r(n, Ao, Rm, inj(M))
such that L, is k-noncollapsed on the scale r for all ¢ € [ty/2, ty]. So Lemma 3.7
implies that
1
IVW|(1) < (c+k)Q2e0) 292 =11, 1 € [10/2, 10),

where we take ¢ sufficiently small so that 2¢gg < r2nt?,

Step 2 (go-regularity): We set
L is a hyper-Lagrangian submanifold,

Ak, r, A, P,8):=1 L C M | L is k-noncollapsed on the scale r,
Al <A, VY|P, M(AL) 29

Without loss of generality, we regard L, /> as the initial data of the HLMCEF, so
L,e Alk,r, A,n,8), tel0,t/2],

where A :=2Ag, n:=(c+k~1?)(2ep) /2 §:= %80. So Lemma 3.9 combining
with the volume ratio estimate (see Lemma 3.8) implies that we can choose a small
T* > 0 such that

L€ A(Lic,r,6A, 20772, 18), 1 €0, T*].

Let T* be the maximal time such that the above estimate holds. Then in order
to prove the long-time existence of the flow, it suffices to prove the following
go-regularity:

Claim 3.13. There exists a small n > 0 (and hence small &y > 0) such that

L€ A(%c,r, 30,057, 18), 1[0, T,
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Indeed, if T* < oo then from the claim we have L, € A(%K, r, 3A, nl/(2"+2), %8)
for ¢ € [0, T*]. By using Lemma 3.9 and the volume ratio estimate again, we find
that there exists 7 > T* such that L, € A(zk, 1, 6A, 20"/ 168) for t € [0, 71,
contradicting the maximality of T*,

First, we establish an estimate for |VW|. We know that

A1) =18, 1e[0,TH.
So if we choose 1 > 0 small so that
() = 18+ Cm)-3A - 2077 + 2nF2)2, 1e]0, T,
then the exponential estimate for the twistor energy (see Lemma 3.4) implies
T(L) <e ¥ T(Lo) < n*Voe ', tel0,T*].
By Lemma 3.9, there exists some t* = t*(n, A, Rm) € (0, T*) such that
VU <2n<nFe, ref0, 0],

for n < % On the other hand, since |A|(¢) < 6A for ¢ € [0, T*], the smoothing
estimates imply that

V20| < C(n, A,Rm), tel[t*, T*].
Thus we obtain

)

(3-5) IVW|(1) < C(n, A, k.7, Vo, Rm) - pirie”mma, tet*, T*].

So we can choose 7 > 0 small so that
Cn, Ak, r, Vo,ﬁn)-n#ﬁ <1

and obtain
1
IVW[(r) <nz2, tel0, T"].

Next, we compute |A|. By the smoothing estimates, for any / > 1, we have
IV'A| < Ci(n, A,Rm), te[t*, T*.

Thus we also have
IVIH| < Ci(n, A,Rm), te€[r*, T*].

From Proposition 2.4 and (3-5), we know that | H| also decreases exponentially fast.
So integrating by parts, we have

\V2H 2 dp, < | |HI|IV*H|dp, < C(n, A, k. 1, Vo, Rm)yite s
L; L;
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for ¢t € [t*, T*]. So we have

1

_ bt
IVZH| < c(n, A, k, r, Vo, Rm)n2e+17 ¢ 8a+17 | tet*, T*].

We recall the evolution equation of A along the MCF (see [Chen and Li 2001])
d o o BB BB
Eh =V,V;H* - H hjk + HP Raﬂg,—khuba,
where bg = g(%ea, e,g) g(V Heéq, eg). Note that ba is antisymmetric since
0= @lew. ep)) = bE +15
= gleq, ep)) = by 8-

Then it follows that

B
hijhijb
So we compute
d 2
2lAl 1Al = —IAI <c(m)(IVH||A|+|H||A|Rm| + |H||A]).

Dividing both sides by |A|, we have
(3-6) %w<c(n>(|v2H|+|H||M+|H||A|2).
Meanwhile, Lemma 3.9 shows that

|A|(r) <2A, t€]0,r].

So integrating (3-6) in ¢ and using the exponential decay of |H |, we have

|A[(1) < TA[() +c(n) / (IV?H|+ |H|[Rm|+ |H||A[*) ds

1 16(n+ 1)? 8(n -+ 1
<2A+C(”)[C772(”“>2$+(C(Rm)+64A) enT (”; )]

Thus we can take n > 0 sufficiently small so that
|Al(t) <3A, te[0,T"].
Then we establish the estimate for A;(¢). Since A1(0) > §, Lemma 3.9 shows that

M) =38, 1el0,17].



CONVERGENCE OF MEAN CURVATURE FLOW IN HYPER-KAHLER MANIFOLDS 689

Thus the exponential estimate for | combined with the exponential decay of | H |
implies that

t
Ai(1) >exp|:—/ (rrlLax|H|2+C(n) HzalellAl)dS}M(l*)
t* s s

>exp|:—czr’n+ 5 —C(l’l)3AC1’]n+

2 4 1 1 8 1
An+1) . (n; )]kl(t*).

If we take n > 0O sufficiently small, then
M) =38, 1€[0,T7].

We can prove a noncollapsing estimate of L, in the same way as A1, by using the
volume ratio estimate.

Step 3 (exponential convergence of the flow): From Step 2, we have a uniform
bound for A. So the standard bootstrapping arguments combined with Simon’s
theorem [1983] imply the smooth convergence of the MCF L, — L.,. Moreover,
we have already seen that for a fixed sufficiently small n > 0, we have

IVW(1)| < C(n, A, &, r, Vo, Rm) - nitt e~ 353 N, 0.
In particular, Proposition 2.4 implies that H; converges exponentially fast to Ho, =0,
and hence L, is minimal.

As for the generalized harmonic map flow, we have also the uniform bounds
|VIW| < C for all [ > 1. Thus there exists a subsequence {¥,.} which converges to
a smooth map W, : L — S? and L, inherits a hyper-Lagrangian structure with the
complex phase Wn,. Since |VW| = 0, the map W, should be a constant. Finally,
we show that the complex phase W, which arises from the generalized harmonic
map flow does not depend on the choice of the subsequence {W;,} by contradiction.
So we assume that there exist two distinct constant phase maps W, and W/ which
arise in this way. We take a small geodesic ball in B C S? centered at Wy, so that
W/ & B. Since {¥, } converges to W, we know that ¥, (L) C B for i large enough.
We fix such an i and consider the generalized harmonic map flow W, starting from
the data (L;;, ¥;,). Then a simple maximum principle argument (see Corollary 3.2)
shows that W/(L) C B for all ¢ € [0, co) whereas {¥;} should have a convergent
subsequence to W/ ¢ B, which is a contradiction. This completes the proof. [J
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