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SINGULAR PERIODIC SOLUTIONS
TO A CRITICAL EQUATION IN THE HEISENBERG GROUP

CLAUDIO AFELTRA

We construct positive solutions to the equation
0o+2

—Ayru =u 22
on the Heisenberg group, singular in the origin, similar to the Fowler solu-
tions of the Yamabe equations on R". These satisfy the homogeneity prop-
erty uody = T~(2=2/2y for some T large enough, where Q =2n+2 and 8
is the natural dilation in H”. We use the Lyapunov—-Schmidt method applied
to a family of approximate solutions built by periodization from the global
regular solution classified by Jerison and Lee (1988).

1. Introduction

Let H" be the Heisenberg group with its standard pseudohermitian structure. The
problem of studying constant Webster curvature pseudohermitian structures confor-
mal to the standard one, in the spirit of the classical Riemannian case, is equivalent
to finding the positive solutions of the equation

0+2

(1) —Apu=ul-2,
where Ay is the sublaplacian and Q = 2n + 2 is the homogeneous dimension (in
Section 2 we will recall the preliminary definitions about the Heisenberg group).

The positive solutions of (1) satisfying some integrability hypotheses were
classified by Jerison and Lee [1988], and they correspond to conformal factors that
transform the standard pseudohermitian structure of H” into the push-forward of the
pseudohermitian structure of the sphere $*"*! ¢ C"*! with respect to the Cayley
transform, up to translations and dilations. This classification plays an important
role in the solution of the CR Yamabe problem, see [Jerison and Lee 1987; Gamara
and Yacoub 2001; Gamara 2001; Cheng et al. 2017].

In the Euclidean space the analogous equation,

n+2
(2) —Appru =un-2,

MSC2010: 35H20, 35J20, 35J61, 35R03.
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is well studied, being related to the Yamabe problem, and being analytically inter-
esting due to a lack of compactness.

The Yamabe equation in R" also arises when looking for extremals of the
critical Sobolev—Gagliardo—Nirenberg inequality. These were classified as “bubble
functions” independently by Aubin [1976] and Talenti [1976].

A complete classification for solutions of (2) (without integrability hypotheses)
was given by Caffarelli, Gidas and Spruck [Caffarelli et al. 1989]. In this case
also the solutions on R" \ {0} were classified. In addition to the regular ones on
the whole space, there is a singular solution corresponding geometrically to the
cylindrical metric, and a family of singular solutions, the Fowler solutions, which
correspond to a family of periodic metrics on the cylinder which are isometric to
the Delaunay surfaces (see [Mazzeo and Pacard 1999]).

This terminology is in analogy with the structure for axially symmetric constant
mean curvature surfaces: in this case Delaunay surfaces bridge the sphere and the
cylinder (see [Mazzeo and Pacard 2001]). Furthermore, the Fowler solutions have
been used as building blocks (see for example [Mazzeo and Pacard 1999]) for the
construction of more general solutions (as well as for the constant mean curvature
Delaunay surfaces).

The above classification has been used to study the asymptotic profiles of general
singular solutions (see [Korevaar et al. 1999]), and solutions with singular behavior
as with Fowler’s ones arise in the study of blow-up limits for the prescribed scalar
curvature problem (see [Li 1995; 1996; Chen and Lin 1998]).

The aim of this article is to prove, in analogy with the Euclidean case, the
existence of a family of solutions to (1) satisfying a periodicity condition with
respect to dilations, that is such that u o 7 = T%u for some T, o (see Section 2
for the notation). A simple computation shows that it must necessarily hold that
o = —(0Q —2)/2. The main result of the paper is the following.

Theorem 1.1. There exists Ty such that for T > Ty there exists a positive solution
of Equation (1) on H" \ {0} such that

MOST:T 2 u,

and T is the smallest period.

On the Euclidean space the proof of the uniqueness of such solutions relies on a
result (in [Caffarelli et al. 1989]), proved by the moving planes method, stating that
the positive solutions of (1) are radially symmetric. In this way the construction of
solutions and their classification is carried out by a standard ODE analysis. This
cannot be done on H". We point out that on the Heisenberg group one cannot
expect a symmetric solution, because the sublaplacian is not rotationally invariant.
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We also point out the recent results in [Guidi et al. 2019], where solutions with
singularities at higher-dimensional sets were constructed with different methods.
Theorem 1.1 is proved by writing Equation (1) as the variational equation of the

functional
1 *
/T<u)=f 19kl = 55 )
Qr 2

on a space of functions satisfying u o 87 = T~(€72/2y (the integral is with respect
to the Haar measure, see Section 2).

In Section 3 we will find an estimate of the Sobolev constant for periodic solution
through a Hardy—Littlewood—Sobolev-type theorem for Lorentz spaces. This will
be used to carry out the estimates in the subsequent sections.

In Section 4 we will build a family 27 of approximate critical points of _#7 by
gluing a sequence of suitable dilations of the global regular solution w;. We will
show that these solutions are “almost critical” points, in the sense that on 27 the
differential of the functional _¢r is small.

In Section 5 we will prove that a nondegeneracy condition holding for w, can be
carried on ;.

In the final section we will prove the existence of the desired solutions through
the Lyapunov—Schmidt method, reducing the problem to the orthogonal of the
tangent of the curve 7, and therein applying the contraction theorem.

We believe that the construction should give perspectives for the study of more
general singular solutions in the Heisenberg group, in the spirit of the cited results
on the Euclidean space.

2. Preliminaries and notation

In this section we recall some basic definitions and facts on the Heisenberg group,
widely present in the literature. See, for example, Chapter 10 of [Chen and Shaw
2001].

Let us consider the Heisenberg group H" = C" x R, with the convention on the
product

(z1, 1) - (22, ) = (21 + 22, t1 + 2 +2Tm(zy - 22))-
Let

O vyl yi=t LD S
R L AN UL B
dx; g T M T gy T Ty 0

be the standard basis of left invariant vector fields,

Vieu =Y _ X;w)X; + Y)Y,

]
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the subriemannian gradient,

diV(Z fiXi +giYi) = ZXi(fi) +Yi(gi)

the divergence (which coincides with the divergence with respect to a Haar volume
form), and
AHn = le OVHn = Z Xlz + le
i

the sublaplacian. There exists a constant C = C(n) such that

3) K(x) = W

is a fundamental solution of the sublaplacian. Let
S'(H") = {u € L*(H") | X;u, Yiu € L*(H")}.
We endow H" with the set of dilations
8, (z, 1) = (Az, A*1)
and with the homogeneous norm
|z Dl = (zl* + 1'%
The Lebesgue measure dx is a biinvariant Haar measure on H” satisfying
(8)udx =22 dx;

this is essentially the reason why Q takes the place of the topological dimension n
in many analytic questions.
Let us set B, = {|x| < r} and Q7 = Bg \ B;. We define the Hilbert space

X7 = (0 € Sh W) [ wo by = T-©2P2
with the product

(M,U) =/ VHHU'VHHU.
Qr
Let X r the closed subspace of X7 of the functions of the form u(|z|, t).
It is known that the positive solutions of (1) are
w, =2A2"D 240 8;-1

and the translates thereof, where
1
(2 + (1+ 1z

@z 1) =co 22) @D



SINGULAR PERIODIC SOLUTIONS TO AN EQUATION IN THE HEISENBERG GROUP 389

The problem is variational: the solutions in S'(H") of the equation are the critical
points of the functional

/(u>=ﬁﬂn(|vwnu|2—;:|u|2*).

Analogously the solutions of the equation in X7 are the critical points of the

functional
s = [ (19 - gou).
It holds that
d_gru)le] =/Q Vit - Vg — ulu|* "¢
and that '

& Jrwle, v =/ Virg - Viry — (2° = Dlul* oy

Qr

We call _#/ the operator associated with this bilinear form in the natural way:

(I1Wlel, ) =d*_grwle, ¥.

Let us notice that, if u € X7 and E C H”" then

20 20
4) / u| 02 = / r(@=2/2y 5,102
5-(E) E
and
) / |Vigu|* = / Ir@=22 Vg (u 0 8,) .
8, (E) E

In particular, if 1 <r < T then

20 20 20
(6)[ |u|Q—2=/ |u|Q—2+/ | T2
8, Qr QT\QV QrT\QT
20

20 20 20
=/ |u| 02 +/ T @22y 0 57|02 =/ u| 02,
Qr\Q: Q, Qr

and by induction and inversion one can extend this formula to every value of r.
Analogously

) f V]2 =/ Vil
8 Qr Qr

and by polarization

(8) / Vﬂ-[]nbt . VHnU = / V[|-[|nu . Van.
(SVQT QT
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The following lemma shows that in integration by parts in X7 boundary terms
are null.

Lemma 2.1. Ifu, v € Xy then

/ VHnM'VHM):—/ AHnu'v.
QT QT

Proof. Letus write v =v+vp with u, up € X, supp u1NQ27 C Br(741)8\B(1+1)/8
and supp uz N8(r+1)2821 C B(r41y2/8 \ B3(r+1)/4 (this can be carried out through
a partition of unity).

Then, using formula (8),

/ VHnu-Van=/ VHnu-Vanl—i—/ Vynut - Vignvo
Qr Qr Qr

AHnM'Ul‘i‘/ VHnM'VHnUZ
S(r4+2) 291

I,

:—/ AHnu-vl—f Apnut - vy
Qr S(r+2) 281
/.

AHnM'U] —/ AHnl/t"Uz
Qr

=—/ AHnu'v. [l
Qr

We will need to restrict ourselves to solutions in X r. In order to do this, we
observe that, under the identification H" = R%" x R, the functional Jr is invariant by
the group of transformations of the form (z, ) — (Az, 1) with A € O (R*)NSp(R>").
In fact it is known that if A = (g;;) € Sp(R?") then this transformation is a group
automorphism of H" (see [Folland 1989], Chapter 1, Section 2), and so it maps the
fields 7; into the fields Zj a;j;jT;. So, using the fact that A € O (R?™), it is easy to
verify that #7 is invariant by this group.

Furthermore, under the canonical identification of R?" with C”,

O(R*)NSp(R*™) = U(C")

[Folland 1989, Proposition 4.6].

Since U (n) acts transitively on the unit sphere of C", X7 is the set of the
functions in X7 invariant under the transformations of this form, and so, by the
Palais criticality principle [1979], the critical points of the restriction of #7 to it
are critical points in all of X7.

In the sequel we will need also a particular vector field that plays an important
role in H" (and more in general in homogeneous groups), the generator of the
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dilations. It is characterized by the equation
d
— &)=2
d)li=1 (@od) !

for every u € €' (H"). An explicit expression for it is
Z= Z Xig ot yig ot 2l
i )’t 31
It is easy to verify that

d
(©)] kﬁ(uo&):Z(uOSA):(Zu)ocSA.

Using this formula, it is easy to prove that a function u is homogeneous of degree
« if and only if Zu = au (an extension to H" of Euler’s theorem).
Furthermore it holds that [ X;, Z] = X; and [Y;, Z] =Y;, and so [Vyn, Z] = V.

Lorentz spaces. In Section 3, to overcome the nonintegrability of the functions in
X7 in the whole space, will need to use the Lorentz spaces, which we recall briefly.

Given a o -finite measure space (X, ) and 1 < p < o0, 1 <g < oo, the Lorentz
quasinorm is defined as

lullzracey = p'/9 | Apdlul > 2}1/P

La(dt/t)"

Furthermore one defines ||u||p~.«x) = [lu|lL~(x). The Lorentz space L?*%(X) is
the set of functions such that this quantity is finite. When p =gq, |lu|Lr» = |lullLr,
while when ¢ = oo, L?*° coincides with weak L?.

We will need the following generalization of the Young inequality, which some-
times is referred to in the literature as the Young—O’Neil inequality. It can be
deduced applying Theorem 2.6 in [O’Neil 1963] (with the corrections in [Yap
1969]) and Theorem 1.2.12, Remark 1.2.11 in [Grafakos 2008].

Theorem 2.2. If 1 < p, p1, p2 <00, 1 <gq, q1, g2 < o0 are such that

Lol Ll g Lol
p1 D2 P a 92 (4

then there exists C such that for every f € LPV9'(H"), g € LP>92(H") it holds that
I fgllLra@y < CIfllLrra g llgllLra pm).-

Basic definitions on CR geometry. For convenience of the reader, we recall the
basic definitions about CR manifolds, also if we will not use them. The reader can
find more on the topic in [Boggess 1991; Dragomir and Tomassini 2006].

A CR manifold is a real smooth manifold M endowed with a subbundle # of the
complexified tangent bundle of M, TM, such that N = {0} and [57°, ] C 7.
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We will assume M to be of hypersurface type, that is that dim M = 2n + 1 and
that dim s# = n. There exists a nonzero real differential form 6 that is zero on
Re(A @ J); it is unique up to scalar multiple by a function. Such a form is
called pseudohermitian structure. On a pseudohermitian manifold, the Levi form
is defined as the 2-form on % Lo(V, W) = —id0(V, W) =id0([V, W]). A CR
manifold is said to be pseudoconvex if it admits a positive definite Levi form (this
implies every Levi form to be definite).

The Heisenberg group is the simplest pseudoconvex CR manifold, if endowed
with the bundle 7 = span(Zy, ..., Z,) with Z; = 3(X; —iY}).

On a nondegenerate pseudohermitian manifold one can define a connection,
the Tanaka—Webster connection. This allows to define curvature operators in an
analogous manner as in Riemannian geometry: the pseudohermitian curvature
tensor is the curvature of the Tanaka—Webster connection, the Ricci tensor is

Ric(X,Y) =trace(Z— R(Z, X)Y),

and the Webster scalar curvature is the trace of the Ricci tensor with respect to the
Levi form.

Being a pseudohermitian structure defined only up to a conformal factor on
a CR manifold, in CR geometry the Yamabe problem is even more natural than
in Riemannian geometry. If § = %/, the transformation law of the Webster
curvature is

W= u_l_z/”<2nn—+2Abu + Wu),

where Ay is the sublaplacian, which can be defined in a similar way as the Heisen-
berg group. So the Yamabe problem takes to the equation

Since the Heisenberg group has zero Webster curvature, and since the pseudoher-
mitian sublaplacian coincides with the sublaplacian defined formerly, the Yamabe
problem, up to an inessential constant, is equivalent to finding a positive solution to
Equation (1).

The solution of this case plays in the solution in the general case the same role
that the solution on R" plays in the solution of the general Riemannian case.

3. Estimate of the Sobolev constant on X

In order to carry out the estimates in the next sections, we will need an explicit
bound on the Sobolev constant on X7. We will achieve this relating the L? norm
on Q7 and the L?*° norm on the whole space.
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Proposition 3.1. If f isan LY _function on H" \ {0} such that f 087 =T % f and

loc

ap = Q then

(TQ—l
TO
Proof. Letus call f(A) =pu{x € Qr |u(x) > A}and g(t) = u{x e H" | u(x) > A}.

Then it holds that

1/p
1 1
) llns i <2 lulliay) < @7 og )P lull ros e,

gy =) T FGT.

kez
Therefore for every A > 0
00 ) ATk 1
ull? = P dé = / p= d
Il = [ € 5@ e D L
k et 1 TC -1 Ok k
> AT Pl dE = AP T AT
=pyosort [ ertag =gl St sy
kez keZ
T9-1
=70 APg(h).

Taking the supremum with respect to A we get the first inequality.
For the other one, let us pick an integer N > 0 and write

Ta(k+1)/N

lull}rq,y = pfo Pl f(&) dé = pZ/ EPTf(€) dg
kez

ak/N

Tak+)/N

spyopaem [ e

k/N
keZ Tek

N
— Z Z(Tap/N _ I)TapjTapm/Nf(TajTam/N)
m=1 jeZ

N
— (TQ/N -1 Z T9m/N Z Tij(TOtham/N)
m=1 jez

N
=@V —1) Y TN (TN < N(TN — 1)||ul)} .
m=1
Taking the limit for N — oo we get the second inequality. ([
Using Theorem 2.2 we can prove a Sobolev type inequality for weak L’ spaces.

Proposition 3.2. There exists a constant C such that every function u € L>*(H")
with Vu € L>*(H") verifies

lullz20/0-2.00 < Cl| V| f2.00.
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Proof. Let E={u > 1}, EC=H'\E, uy =uxgc+ xg and uy = (u — 1) xg, so
that u = u| + u,. It is standard to prove that #; and u, have weak subriemannian
gradient and that

Vuuy = (Vuu) xge,  Viuur = (Vuu) X

(the proof is the same as on R”"). It is easy to prove that u; € S”(H") for p > 2 and
that uy € S9(H") for g < 2. If ¢ € €>°(H") it holds that

(10) P(x) = (@ *8)(x) = (¢ * (= A K))(x)

=/ (Vi) (xy ™) % (Vign K)(9) dy = (Vign % Vign K) (x)

Formula (3) implies that Vi K € L2/(@=1.%0 and so, by Theorem 2.2, the operator
f = f* VK is bounded from L?” and L7 to some other Lebesgue spaces.
Therefore, using the density of ¥°>° in S¥(H") for 1 < p < oo, formula (10) holds
almost everywhere for functions in these spaces, and so it holds for #; and u,. By
summing one obtains that

u = VHnM * VHnK.
The thesis follows applying Theorem 2.2 once more. (]

We point out that in the proof of the last proposition the splitting of # in two
pieces belonging to some L? space was necessary because %>° functions are not
dense in the weak L? spaces.

Combining Propositions 3.1 and 3.2 we get the following Sobolev theorem for
X7 spaces with an explicit constant.

Proposition 3.3. There exist a constant C independent of T such that for every
uec XT

02, 10 \1p2
lull 20/0-2(q,) < C(logT) € (TQ—l) lleell x7 -

4. Construction of a family of approximate solutions

In order to apply a perturbative method, we find a family of approximate stationary
points of _#7 for T big enough.
The family is the following:

0-2,
WA’T=ZwA/Tk=ZT 2 a);ho5Tk
kez kez
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(we will hide the dependence on T when convenient). The series converges uni-
formly on compact sets, because, if x € K,

0-2
W)=Y T2 ‘w0

kezZ
0-2, —2,
SCMZ TR 2)+C“<ZT T =Gk
>0 k<0
The subriemannian gradient satisfies
Q°24 &
Vi W5, () <Y T2 “TH| Vs | o 87
kezZ
o 1 Q
<Cik Z T2 k—Tk(Q_l) +Cikx Z 72" <Cik
k=0 k<0

and so it converges uniformly on compact sets. The same holds for higher order
subriemannian derivatives. ¥, € X7 because

02 _0-2 0-2 _0-2
Wiodr =3 T 2 ‘wpodpodr=T""2 Y T 2 ‘wpodp=T 2 W,
keZ keZ

It holds that

-2, 0-2, 1
\p”=ZT 2 CL)TAOSTA’:ZT 2 WwO(Sl/TAOCSTk

keZ
-2 1
_ZT T 1))\(Q 2)/260031/A05T’< I_ZT al Dy 08711 = 0.
keZ kez

Therefore the set 27 = {W¥; | A € (0, 00)} is a closed curve in X7.
Moreover, using formula (9), it can be computed that

A 9 —0-2)2
(11) aT a)\‘z )‘/Tkzza_)\‘()\' C()]/TkO(S)\fl)
keZ
0-21 _o2 1
=Y — =y = A 2 s Z(@y o 8i)
keZ
0-21 1
—Z( A/Tk__Z(wA/Tk)
keZ
0-21 1
== V-2
G (W5).

This implies that the curve %7 is immersed for 7' big enough, because if 8%

was zero then Z (W, ) = lI’A would be zero, and by the aforementioned Euler S
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theorem W, would be homogeneous of degree —Qsz; but it is clearly not by
construction if 7 is big enough.
We want to prove the following proposition.

Proposition 4.1. For every ¢ there exists Ty, depending only on n, such that if
T > Ty then |V 71l < € on Z7.

We divide the proof in several lemmas.
First we compute the differential of ¢#r in W;:

(12) d_gr(W)[u] = / Vi Wy, - Vi — W2 1y

2*—1
/ ZVH”Q))»/T]‘ VHnM— (Zwk/T]‘) u
Q

T kez keZ

—Z(/ VH”wk/Tk 'VHnM—COAQ/;k M)

keZ
87
(o) ekl
keZ keZ
:=A+B.
Lemma 4.2. In the above notation, A = 0.
Proof. We have
N/ o+2
A= Z/ (anwk)oaTk Vipu — (T@=2/ k)Q 2(wkoaTk)Q 2y
keZ
0+2

_Zf r$ (V@) 0871 - Vigpu — T 92 K(ws 0874) 02y

keZ

o+2
9 o+2, 55

- Z/ T_kQ[TZkVHnwA-(VHnu)o8Tk ~T°2 *of 2uoaTk}

keZ Tk(QT)

247

:Z/ T™ $ KT Vi w;, - Vi (u 0 87— k)—ka u

keZ STk(QT)

0+2 0o+2

= Z/ Vi w;, - Vipnu — a)kazu = / Vi w;, - Vi — a)kgfzu

keZ 5TA(QT) 4

Let us pick a family of smooth functions ¢, g such that ¢, g = 1 on Bg \ By,
@e.r =00n By and H"\ Bry1, [Vinge gl < S on By, \ B and | Vi@ g| < C on
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BR+1 \BR. Then

A= lim | (Vo Vipu — @ CPy)g, 4
e—0 H»
R—o0

(Q+2)/(Q— 2))

= lim (Au.una) + w, UQe g — UV wy - Vi @e g

£—0
R—o0 H

=— lim uVpr ;) - Viprge g — lim UV ), - Vi @e .
R=00 JBri1\Br ¢>0J B, \B,

If x — oo then Vipw;, < 1/[x]€7" and u < |x|7(@=2/2 and so the first limit is
zero. If x — 0 then Vipw;, <1 and u < |x|~€=2/2 and so also the second limit
is zero. Therefore A = 0. ([

Now we have to estimate the term B from formula (12).

Lemma 4.3. In the above notation
|B| < C(T)|lullx;»

where C(T) tends to zero uniformly in A as T tends to infinity.

Proof.
87 0+2
= [ [(Sown)” - ol |
keZ kez
Q+2 0+2
- 942
/ [(Z“Mﬂ) —o ]Iul
keZ
20 0+2
o5 $37082) 0
Z Wi/ T* — oy lull 201020y
keZ
+2 20 042
50 02 SH100 0
EC(IOgT) 0 ”u”XT Zw)‘/Tk — W,
Qrl\iez
9-2

=C(logT) 29 |lullx,

0-2 Q
{/ |:<Z |x| 2 a))\/Tk>Q—2 —(|x|(Q 2)/20) )Q 2i|Q-|—2 dx }
|x|€

keZ

by Proposition 3.3 (taking 7 > Ty > 1, since we are going to make a limit for
T — o0). Let us define n; = |x|‘¢=?/2w,. Then

942 oy 20 042

02 655 |0+2 dx ]2
|B| < C(logT) 20 IIMIIXT{/ [(Z’“/T‘) —h 2] IxIQ}

keZ
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By periodicity we can suppose that X! € [1/+/T, ~/T], with 2 = A(x). The function
N, is bounded and tends to zero for |[x| — 0, 00. If k > 0 and T is large enough
then n, 7+ satisfies estimates

0 0
(T*/0)|x| 2 X\ 2 1\ k=1/2(0-2)/2
S [ — < | TK— <<_>
|77)L/Tk(x)| ~ (1+(Tk/k)2|x|2 ~ Py =\T

and

< (T~*/1)lx]| % < 1 |x] o 1\ k=1/2)(0-2)/2
] (1
ERES <1+(Tk/k)2|x|2) (Tk P ) = (T)

uniformly in A. It is easy to verify that, for «, 8 > 1 the function

[(x+y)* —x*]P
x(a—l)ﬁyﬂ +y0‘l3

is bounded on (0, 00)?, and so there exist C such that

[(x + )% —x1F < C(x@DByP 1 yob)
for x, y > 0. Taking

[\

0+ 20
X=M, Y= Z Mk, =27 and ﬂ:m
keZ\{0}

[\

one gets that

02
|B| < C(logT) 2€ |lullx,

(== -2 | dx
{/sz [an+ " )< Z mm) +( Z mm) ]IXIQ} '
T

keZ\{0} kez\{0}
Let
QF={xeQr|A(x) <1} and QF={xeQr|r(x)=>1}.
Then
o 20
Y-z 0+2
B < C(log T) 20 ||M||XT{(/ / ){ Gl 2)( > nmk)
keZ\{0}
2, gi2
- X
+( > m/rk) }IxIQ}
keZ\{0}

012 1 T_ZLQZ 1 T_z% dx 120
sctoen e [ [(1) 27+ (3) 5
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2
0-2 200-2) dx 150
< C(logT) 20 ”u“XTi( >2<Q+2)/ W}
Qr

S| =

_ 0+2
5cxmgT)ZQnuwm{(%)“Q2>mgT} —0
uniformly in A. U
Proof of Proposition 4.1. 1t follows from the above lemmas. U

5. Nondegeneracy of the second differential

In order to verify the nondegeneracy of the second differential, we restrict ourselves
to the space X defined in Section 2 (which contains 27). We recall the following
result.

Proposition 5.1 [Malchiodi and Uguzzoni 2002]. A function u € S YH) is a
solution of the following equation:

(13) — A = (0* — D2 2y
if and only if there exist coefficients |1, vy, ..., V2, € R such that
Sy n
u=p—=| +;ViTl(wk)

For u to solve (13) is equivalent to being in the kernel of #”. Since the operator
_#"is the sum of an isomorphism and a compact operator on S' (H") (see [Malchiodi
and Uguzzoni 2002]) and that it only a negative eigenvalue whose one-dimensional
eigenspace is spanned by w, (see [Birindelli and Capuzzo Dolcetta 2000]) there
exists a constant C such that if u € S'(H") and

ad
(14) VHnM‘V[H]n ;;\‘A :O, / VHnM‘VHnY}(a)A)=O, / V[H]nl/l'VHna)A =0
Hn 1 n

then
(15) f/@ﬂmﬂ2€/|%mﬁ
|].|]n

Furthermore, since #" is selfadjoint and w; is an eigenfunction,

(16) d* 7 (w)[wy, u]l =0.

We want to use this to prove a similar nondegeneracy result for W, on Qr for T’
large enough.
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In order to do this, we introduce on X7 the norm

u 2
Qr |x]

Thanks to Hardy’s inequality in H"” (see Lemma 2.1 in [Bahouri et al. 2005],
or otherwise apply the Holder inequality for Lorentz spaces), if u € S'(H"), then,
under the aforementioned hypotheses (14),

2
d® 7 (@)[u, u]| = Cf Vieul + ||

n

Using this we will prove that, if u € )?T satisfies

(17) /v AL
nld -« n =
o, H e
and
(18) / VHnu'an‘p)\=0,
Qr

then, given ¢ > 0, for T large

d* g7 (W) [u, u] > cf

Qr

2 “Ijk
& 7r (U)W, Wi > C | [V Wy [P+ | —
Q

r |x|

and |d® 71 (U)[¥;, ul| < el Willrglullrs.

This implies that 7,/ (¥;) is invertible orthogonally to B;ik, and that the norm of
the inverse is bounded uniformly in 7.

Let us take a radial function p = p(|x|) such that p = 1 on Q7, p =0 on
Bip UM\ Byr), 0 < p =<1, |Vygup| < C on By \ B2, |Vuup| < C/T on
Bor \ Br.

By the computations in formula (11) it follows that

do,  0-21 1

=2 Ty —-2Z
oA 7 T A
Thanks to formula (11), it can easily be proved that
v, r| _c 1
19 Vur . < — .
(19) ‘ O | T A x|92

By periodicity with respect to dilations we can suppose the quantity

rQ / <|VHH )
B\Bi2
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to be minimal for » = 1. Since there are ~ log T mutually disjoint annuli in 27 of
the form §, {% <lx| < 2}, by easy computations one gets that

u |2 C 2
Vi + | 2| = = lul,
/32\31 /2 x| log7 " "'T9
and SO, calling W= (BZT \ BT) U (Bl \ B]/z),

2
2, |u c 2
(20) /WWHnm il = o his

Lemma 5.2. If p is a cut-off function as above, for every ¢ there exists Ty such that
for T > Ty if (17) holds then

oW, 1
Vi Vi Tl<g=
[ VoV T < el
and
/ Vi (pu) Vign Wr 5 | < ellullr,s.
Proof.
/V()v(?%/v()va%/vvaw
n u n = n u n — nld * n
AL P YY L T Je, Y

v,
= (oVipru + uVyn p) Vign .
W IR

Thanks to formulas (19) and (20) the first estimate follows by easy computations.
The proof of the second one is identical. (]

Lemma 5.3. For every ¢ there exists Ty such that for T > Ty if (17) holds then

8a)x

Vign Vign
/n e (ou) Vi o

1
Ssxllullm and fVH"(Pu)VH”wA§5||u||T,ﬁ~
Hn

Proof. Thanks to Lemma 5.2, we can estimate

36())L
oA

2N 1/2
SCllullr,ﬁ(f ) .
Qruw

This quantity can be estimated almost identically as in the proof of Lemma 4.3.
The proof of the second inequality estimate is identical. (]

A
Vi (ou) A Vi T Vi (o) A Vg

W 9
bV 22
A A

)\.VHH
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Lemma 5.4. For every ¢ > 0 there exist constants Ty and C such that for T > Ty if
(17) and (18) hold then

2
T |

|x

4.7 @Dlpu, pul| = C/H Vi (o) + “”j

2

1
x|

’

v
d* 7 (@)[pWs, pW3]| > cf Vi (0 W3] + ‘p
[H]rl

and |d* 7 (@)[pV;, pul| < el Willrslullr,s.

Proof. Since u € X7, up is invariant with respect to the symmetry (x, t) — (—x, 1),
one has

[ Vtow inTin) =0
The claim follows by Lemma 5.3, by (15) and (16), and elementary linear algebra.

O

Lemma 5.5. For every ¢ > 0 there exist constants Ty and C such that for T > Ty if
conditions (17) and (18) hold, then

|d* 77 (W) [u, ul| > C/ | Viul?,
Qr

|d* 77 (W)W, W3] = cf
Qr
and |d* g1 (W)W, ul| < el Wallx, lullx,.

Proof. By direct computation we find

| Vg Wy, |2

|d?_7 (@) pu, pul —d? g7 (¥;)[u, ul]
/ Vi (o) = (2* = Dleoy |~ p?u? —/ Viu]? — (25 — 1)@ [* 20

Qr
252 252\ 2
/(l‘lfxl —|w)” " )u
Qr

+Q2* - 1)‘(/ +/ )|wx|2*2,02u2
Bor\Br Bi\Bi,2
(/ +f )(u2|va|2+p2|ku|2>
Bor\Br Bi\Bi)2

The first term can be estimated as in Lemma 4.3, the second in a trivial way, and the

third has been essentially already estimated, to prove that for every ¢ there exists T’
big enough to ensure that the whole sum is bounded by ¢||u ||§(T.

<@ -1

+2
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‘/ |Vw<pu)|2—f V]2
H~ Qr

This implies the first part of the thesis. The other statements are deduced in an
analogous manner. U

Analogously

2
<ellulx,-

Proposition 5.6. There exist constants Ty and C such that for T > Ty the operator

7 (W) is invertible on the orthogonal space of %

in X7, and

L7 (W) iz < C.
Proof. 1t follows from the preceding lemmas and elementary Hilbert space theory.
O

6. Proof of the main Theorem

We have proved that, for T big enough, on the orthogonal in X7 of the tangent of
the curve 27 the second differential of _¢r is nondegenerate, with norm bounded
independently by A and 7. Let us call W this orthogonal in the point W, € 2
and m the orthogonal projection on W. We remember that our aim is to solve
Vi _Z1(u) = 0. Following the standard reasoning in [Ambrosetti and Malchiodi
2006] we note that this is equivalent to solving

T[VanT(‘-IJ)L + UJ) =0
(auxiliary equation) and
(I =)V J7 (V) +w) =0
(bifurcation equation) with w € W.

Lemma 6.1. There exists Ty such that the auxiliary equation has a unique solution
wr (X); furthermore sup; |lwr (A)|| — O for T — oo.

Proof. Write

Vi 21V +w) = Vi 27 (V) + _Z7[w]+ R(Y;, w)

with R(W,, w) = o(J|lw]|) and R(V¥;, w) — R(¥,, v) = o(||lw — v]|), so that the
auxiliary equation becomes

Vi J1 (W) + 7 27 (W)[w] + 7 R(W;, w) =0,

namely

w=—( 77 (W) [7 Vi Z1(¥2) + 7 R(W, w)] := N (w).
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By Propositions 4.1 and 5.6, N is a contraction if 7 is big enough, and so the
auxiliary equation has an unique solution w = wr (1). Furthermore for every r > 0
there exists 7 big enough such that B, (W;) N W is mapped into itself by N. So
sup, ||lwr (A)|| tends to zero for T — oo. U

Proof of Theorem 1.1. Let us consider the function
() = Jr (W +wd)).

It is continuous and periodic, so it has a stationary point Ag. Following the standard
argument of Theorem 2.12 and Remark 2.14 in [Ambrosetti and Malchiodi 2006],
with the need for only formal modifications, the fact that

LW
ar

d
D' (1) = F7(Wiy +w(Ro)) - ( + w/(ko))

implies u = W, + w(A¢) to solve the bifurcation equation, and so to be a stationary
point of 77.

The smoothness of the solution can be proved with the same method of Appen-
dix B in [Struwe 1996].

Also A?=9/2y 0 8,1 is a critical point of _¢7, and by the uniqueness in the
fixed point theorem it must be equal to Wy, + w(AoA), and so the whole curve
QA”} = {W; + w(X)} consists of critical points of 7.

To prove the positivity, let us notice that from the proof of Proposition 5.6 it
follows that ¢ (w,) has Morse index one on {%Lv 33% }L. By continuity, the~same
holds for the orthogonal to the tangent space to Z7. Since d ¢ is zero on Z7, the
tangent of ffr is in the kernel of _#7. So the Morse index of _#7 on X T 1S one.

By a slight adaptation of the proof of Proposition 3.2 in [Birindelli and Ca-
puzzo Dolcetta 2000] the set {# # 0} has at most one connected component modulo
81, and so u does not change sign. By construction it is evident that it must be
weakly positive (and even if it was not, it would be enough to change sign). The
strict positivity follows from Bony’s maximum principle [1969].

The last assertion follows by construction. (|
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ON A THEOREM OF HEGYVARI AND HENNECART

DAO NGUYEN VAN ANH, LE QUANG HAM,
DooOwWON KOH, THANG PHAM AND LE ANH VINH

We study growth rate of product of sets in the Heisenberg group over finite
fields and the complex numbers. More precisely, we will give improvements
and extensions of recent results due to Hegyvari and Hennecart (2018).

1. Introduction

Let [, be an arbitrary finite field with order ¢ = p” for some positive integer r and
an odd prime p. For an integer n > 1, the Heisenberg group of degree n, denoted
by H,(F,), is defined by a set of the following matrices:

1 x z
[x,y,2]:=(0 I, y'
00 1

where x, y € by, z € Iy, y' denotes the column vector of y, and I, is the n x n
identity matrix. For A C [y, E, F C [FZ, we define

[E, F,A]l:={[x,y,z]: x€E,yeF, z€ A},
and

[E, F, AllE, F, Al:={[x, y. 2] [x", y', Z]: [x, y, 2], [x', y', 2] € [E, F, Al},

Over recent years, there is an intensive study on growth rate in the Heisenberg
group over finite fields and applications. Hegyvari and Hennecart [2013] proved a
structure result for bricks in Heisenberg groups. The precise statement is as follows.

Theorem 1.1 [Hegyvari and Hennecart 2013]. For every € > 0, there exists a
positive integer no(€) such that for all n > no(e€) and any sets X;,Y;, Z C [,
ienl, X=[_ X C[F’[,,Y:]_L’-’:lYi CF,if

(1) XY, Z]| > |H, (F )4,
then [X,Y, Z1[X, Y, Z] contains at least |[ X, Y, Z]|/ p cosets of [0, 0, [F,].
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It follows from the proof of Theorem 1.1 in [Hegyvari and Hennecart 2013] that
€ =0(1/n). Ina very recent work, Shkredov [2020] obtained the following theorem
which improves the relation between € and n in the specific case when sizes of sets
X;, Y;, Z are comparable.

Theorem 1.2 [Shkredov 2020]. Let n > 2 be an even number, and X;,Y;, Z C [,
ienl, X=[[_,XiC F.Y = [T.,Y: C [, such that X;, Y; have comparable
sizes. Set X =max; |X;| and Y =max; |Y;|. If |Z| < XY, X <|Z|Y,Y <|Z|X and

Xy 27}1/2
PIZII/Z)

2) Xy 2z pi*. (

then [X, Y, Z1[X, Y, Z] contains at least |[X, Y, Z]|/ p cosets of [0, O, [ 1.

Suppose that X; =Y; = Z for all 1 <i, j < n. Then it follows from Theorem 1.2
that [X, Y, Z][X, Y, Z] contains at least |[X, Y, Z]|/p cosets of [0, 0, F,] under
the condition | Z| > p3/4+1/@"*"*=12) 'which improves the threshold p3/4+0(1/m of
Theorem 1.1. Moreover, Shkredov [2020] gives an introduction to representation
theory which is good for products of general sets in the affine and in the Heisenberg
groups.

Throughout this paper, we use X < Y if X < CY for some constant C > 0
independent of the parameters related to X and Y, and write X > Y for ¥ <« X.
The notation X ~ Y means that both X « Y and Y <« X hold. In addition, we use
X <Y to indicate that X < (log, Y )C/Y for some constant C’ > 0.

It is worth noting that there is an interesting application of products of sets in
the Heisenberg group to so-called models of Freiman isomorphisms; see [Hegyvari
and Hennecart 2012]. Moreover, it has been indicated in [Tao and Vu 2006, §5.3]
that any set in the Heisenberg group with the doubling constant less than two does
not have any good model.

It is well-known that there is a connection between the sum-product phenomenon
and growth in the group of affine transformations, for example, see [Rudnev and
Shkredov 2018]. Such a connection has been discovered in the setting of Heisenberg
group by Hegyvari and Hennecart [2018]. More precisely, in the case n = 1, using
sum-product estimates, they proved that if A C [, with |A| > p!/2, then

(3)  I[A, A, 0l[A, A, 0]] > min{p'/?|[A, A, 01°"%, p~'/2|[A, A, 011).
When the size of A is not too big, the authors obtained the following.

Theorem 1.3 [Hegyvari and Hennecart 2018]. Let A be a set in [F,,. Suppose that
|A| < p2/3, then we have

I[A, A, O][A, A, 0] > |[A, A, 0]]"/%.
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Notice that the method in the proof of Theorem 1.3 can be extended to arbitrary
finite fields, and as a consequence, we obtain the following.

Theorem 1.4 [Hegyvari and Hennecart 2018]. Let A be a set in ;. Suppose that
|A| > g*/3, then we have

I[A, A, O][A, A, O]| > ql[A, A, 0]].

Note that the lower bound in Theorem 1.4 is stronger than that of (3).

The main purpose of this paper is to give improvements and extensions of
Theorems 1.3 and 1.4 in the setting of arbitrary finite fields [, and the complex
numbers C.

In our first theorem, we will show that Theorem 1.4 can be improved in the case
where the additive energy of A is small.

Theorem 1.5. Let A be a set in F;. Let AT (A) be the number of quadruples
(a,b,c,d) € A* such that a + b = ¢ + d. Suppose that A*(A) < |A]>/K for some
K > 0and |A| > K'3¢?/3, then we have

I[A, A, O][A, A, 0] > Kql[A, A, 0]].

Our next theorem is an extension of Theorem 1.4 in the setting of H,([F,) for any
n>1.

Theorem 1.6. Let E be a set in Fj. Suppose that |E| >> q"?tV4 then we have
I[E, E,O][E, E, O] > qI[E, E, 0]|.

Notice that in general the conclusion of Theorem 1.6 is sharp, since E can be a
subspace in [, which implies that [E, E, O][E, E, 0] C [E, E, F,]. Moreover, the
exponent %n + le can not be decreased to %n, since, supposing that ¢ = p?, one can
take E = ", which gives us |[E, E, 0][E, E, 0]| < p|[E, E, 0l =¢'/*|[E, E, 0]|.

In the setting of prime fields, if E is a set in the plane [Ff7 and the size of E is
not too big, then we have the following theorem in Hy([F,).

Theorem 1.7. Let [, be a prime field with p =3 mod 4, and E be a set in [FfJ with
|E| <« p¥>. Then

E, E, OlE, E, Ol > |[E, E, 0]]"/".

When A is a multiplicative subgroup of [F*, we are able to show that the exponent

7 in Theorem 1.3 can be improved significantly.

4

Theorem 1.8. Let A be a multiplicative subgroup of Iy, with |A| < p'/?log p. We
have

I[A, A, O][A, A, 0]| > |[A, A, 0]]"/30.
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In the setting of the real numbers, for any A C R, using a point-plane incidence
bound due to Elekes and T6th [2005] and an energy variant of the sum-product
conjecture due to Rudnev, Shkredov, and Stevens [Rudnev et al. 2020], Hegyvari
and Hennecart [2018] proved that

I[A, A, O][A, A,0]| > |[A, A, 0]|"/8.

In our next theorem, we employ a point-line incidence bound over the complex
numbers due to T6th [2015] and an energy variant of the sum-product conjecture
due to Rudnev, Shkredov, and Stevens [Rudnev et al. 2020] to study an extension
in the setting of the complex numbers.

Theorem 1.9. Let A be a set in C with |A| > 2. We have

I[A, A, OI[A, A, 01 2 |A]?/® = |[A, A, 011/1°,

2. Proof of Theorem 1.5

To prove Theorem 1.5, we need to recall a lemma given by the third, fourth, and
fifth listed authors in [Koh et al. 2018].

Let X be a multiset in [F;” x F,. We denote by X the set of distinct elements
in the multiset X. The cardinality of X, denoted by | X]|, is er)? myx (x), where
my (x) is the multiplicity of x in X. For multisets A, B C [F[ZI"“, let N(A, B) be
the number of pairs ((a, b), (¢,d)) e Ax B C (I]Ié” X I]:q)2 such thata-c=b+d.
We have the following lemma on an upper bound of N (A, B).

Lemma 2.1 [Koh et al. 2018, Lemma 8.1]. Let A, B be multisets in [F;" x [y We
have

LAIBI| _ ) 2\
NAB ———[=<q"( D mal@b)® Y ms(c,d)’) .
1 (a,b)eA (c.d)eB
Theorem 1.5 is a direct consequence of the following theorem.

Theorem 2.2. For A C F,, we have

A, A, 0l[A, A, 0] > min{

[P glAP
g AT

Proof. Without loss of generality, we assume that O ¢ A. Let S be the number of
quadruples of matrices (my, mo, m3, myg) in [A, A, 0]* such that m;m, = m3ma.
By the Cauchy—Schwarz inequality, we have

AS
I[A, A, 0] z%.
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To complete the proof, it will be enough to show that

APAT(A
<<| | ()Jr

S qlA].

In the next step we are going to prove this. Indeed, from the definition of §, we
have that S is equal to the number of tuples (a, b, ¢, d, a’, b’, ¢’, d’) in A® such that

4) a+c=d +c,
35) b+d=0b+d,
(6) ad=ad'd .

It follows from (4) and (5) thata =a’ + ¢ —c and d’ = b +d — b’. Substituting
into (6), we obtain

(@+c—c)-d=ad-b+d-0).
This implies that

7) d(c —c)=d (b—b).

In case b # D', we also have ¢ # ¢/, since 0 ¢ A. In this case, the above equality is
equivalent with

/ d /
a = (c"—o).

It follows from (7) that if b = b’ then ¢ = ¢’. We note that the number of tuples
(a,b,b,c, c,d) e A® with b = b’ and ¢ = ¢’ is at most |A|*. We now count the
number of tuples with b # b" and ¢ # ¢’. It follows from (4), (5), and (6) that the
number of tuples (a, b, ¢,d,a’, b', c’, d") € A® satisfying these equalities is at most
the number of tuples (a’, c, ¢/, b, b’, d) € A® such that
a = d

b—"b
Let X be the number of such tuples.

Define P = A x A. Let L be the multiset of lines of the form y =d/(b—b")(x —c)
with b+d —b' € A. Itis clear that |P| = |A|> and |L| = AT(A)|A|. One can check
that X is bounded by the number of incidences between points in P and lines in L.

Let £ be the multiset in I]:[ZI containing points of the form (d/(b—b"), d/(b—b")-c)
with b+d — b’ € A and ¢ € A. On the other hand, by an elementary calculation,
we have Y, _.zmc(1)* < X|A|, and |£| = |L|. With this new set £, we have
X =N(P, L), where N(P, L) is defined as in Lemma 2.1. Applying Lemma 2.1,
we have

(c'—c) and b+d—b €A.

3A+
x < APATA) | iy a0,
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which implies that

APAT(A
5—' PAT )+q|A|3.

In other words, we have

APAT(A APAT(A
§u+q|A|3+|A|4<<||q—()+q|A|3_ O

3. Proof of Theorem 1.6

In order to prove Theorem 1.6, we first prove the following lemma.
Lemma 3.1. Let E be a set in I]:Z. Let T be the number of triples (v, x,x’) € E3
such that v - (x —x") = 0. Then we have

T<||3
— +4"|E|.
q

Before proving Lemma 3.1, we need to review the Fourier transform of functions
on [p. Let x be a nontrivial additive character on [F,. For a function f : F} — C,

the Fourier transform of f, denoted by f , is defined by
fm)y=q™" )" x(—x-m)f(x).

n
xe[Fq

The following Fourier inversion theorem can be easily proved by the orthogonality
relation of x:

f)=" xx-m)f(m).

n
me[Fq

S il =g Y 1f @I

n n
me[Fq erFq

It follows that

which is referred to as the Plancherel theorem.
We are now ready to prove Lemma 3.1.

Proof of Lemma 3.1. The number T can be expressed as follows:

T = Z EWE(X)E(x)

x-v—x"v=0

ﬂ —Z > xGv-x —x)E@E®EX)

s;évaxe[F”

'E' 1S | BewPEW).

s#0 vely
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Using a change of variables by letting z = sv, we have

EP ~ EP
r< B S Bl =Bl g,
q zely 4
where we used ), II/E\(Z)I2 =q "|E|. O
q

We are ready to prove Theorem 1.6.

Proof of Theorem 1.6. Let S be the number of quadruples of matrices (m1, m;,
ms, my) in [E, E, 0]* such that mmy = m3my. By the Cauchy—Schwarz inequality,
we have

E 8
[E, E,OllE, E, 0] = %

In the next step, we are going to show that

E 6
s< L g Ef 1 gEr.
Indeed, as in the proof of Theorem 2.2, we have that S is equal to the number of
tuples (a, b, c,d,a’, b, ¢, d’) in E? such that

(8) at+c=a +¢,
(©) b+d=b+d,
(10) a-d=a -d.

It follows from (8) and (9) thata = a’ 4+ ¢’ —c and d’ = b +d — b’. Substituting
into (10), we obtain

(@+c—-c)-d=a-(b+d->).
This implies that
(11) d-(c—c)=ad - -(b-Db).

For any tuples (c, ¢/, b, b', d, a’) satisfying (11), we have a and d’ are determined
uniquely by (8) and (9).
Let A and B be multisets defined as follows:

A={d,—-b,d-¢):b,c,dcE}, B={(,a',—a -b):a' b, c ecE}.

Let N (A, B) be the number defined as in Lemma 2.1. We have that the number of
tuples satisfying (11) is equal to N (A, B).
To apply Lemma 2.1, we need to estimate y ..z m.4(x)* and 2 yeB mp(y)>.
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We have
> max)? Y mp(y)? < |EIT,

xeA yeB

where T is the number of triples (v, x, x’) € E3 such that v- (x —x’) = 0.
On the other hand, Lemma 3.1 gives us

EP
T<—+44q"|E]|.
q
Therefore, one can apply Lemma 2.1 with |A| = |B| = | E|? to derive
E|S E* E|S
S < uwn(qumz) < EL
q q q
whenever |E| >3 g +tD/4, O

4. Proof of Theorem 1.7

To prove Theorem 1.7, we need to use the following lemmas. The first lemma is a
consequence of the point-line incidence bound due to Stevens and de Zeeuw [2017].
To see a simple proof, see [Lund and Petridis 2018, Theorem 14].

Lemma 4.1. Let P be a point set in I]:?7 and L be a set of lines in I]:?,. If |P| < p83,
then the number of incidences between P and L, denoted by I (P, L), satisfies

I(P,L) < |PI"B LM | pI4L).

Lemma 4.2. Let E be a set in F}, with p =3 mod 4 and define TI(E) :={a-b:a, b
€ E}. If |E| < p¥°, then |TI(E)| > |E|¥/15.

Proof. Since p = 3 mod 4, there is no isotropic line in [F?,. For each a € E, we
denote the set {a - b: b € E} by I1,(E). Suppose that

max |[1,(E)| =1t.
acE

It is clear that [TTI(E)| > maxac [a(E)|.
Without loss of generality, we may assume that O ¢ E£. We now fall into two
following cases:

Case 1: If there is a line passing through the origin with at least m points of E,
then those m points will contribute at least m distinct values to the set IT(E). So,
[TI(E)| > m.

Case 2: Suppose that all lines passing through the origin contain at most m points
of E. This implies that the number of lines passing through the origin and a point
in E is at least |E|/m.
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Let Lo be a set of lines passing through the origin and at least one point from
E such that |Lg| ~ |E|/m. From each line [ in Lo, we pick one pointin / N E
arbitrarily, and let P be the set of those points. So |P| = |Lg|.

For any point @ = (a;, az) € E, let L, be the set of lines defined by the equation
aix +apy =r with r € I1;(E). One can check that the size of L, is the same as
the size of I1,(E). Moreover, we also have that L, = L; when both a and b lie on
aline in Ly, and L, N Ly = & when the a and b are distinct elements of P.

Let L = J,cp La- Since |I1,(E)| <t for any a € E, we have |L,| <1 for all
ac E. Thus |L| < |P|t = |Lolt ~ |E|t/m.

Let I (E, L) be the number of incidences between E and L. For each a € P, we
have I (E, L,) = |E|. Thus,

I(E,L)> |E|*/m.
On the other hand, it follows from Lemma 4.1 that
I(E, L) < |EI"B(E|/m)'" +|E|+|E|t/m.
Hence, we have
|EP/m < |E"P(E/m)'Y 4 |E|+|E|t/m.

Since |E|*/m > |E| + |E|t/m, solving this inequality for ¢, we obtain ¢ >
|E|3/ =411,

Optimizing two cases by choosing m = |E[3/13 the lemma follows. ([
Proof of Theorem 1.7. We first observe that
E, E, OlE, E, 0] > |TI(E)|| EI.
It follows from Lemma 4.2 that if | E| < p®/!5 then we have
ITI(E)| > |E[¥P.

Therefore,
I[E, E,Ol[E, E, 0] > |TI(E)||E|> > |E|P¥",

whenever |E| <« p%13. Since |[E, E, 0]| = | E|?, this completes the proof. O

5. Proof of Theorem 1.8

In the proof of Theorem 1.8, the following results will be used.

Lemma 5.1. Let A be a multiplicative subgroup of [F;j with |A| < p'/2. Let L be a
set of lines in F2,and I (A x A, L) be the number of incidences between A x A and
L. We have

I1(Ax A, L) <|AY3L123.
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Proof. Let T (A) be the number of collinear triples of points in A x A. It has been
shown in [Macourt et al. 2018, Theorem 1.2] that if |A| < p'/2, then we have
T(A) S IA”

For any [ € L, let i (/) be the number of points of A x A on /. We have

1/3
I(Ax A L)y=Y i) < |L|2/3(Zi<1>3) K LPPT AP SIAPILP,
leL leL

where we used the Holder inequality in the inequality step. U
The following theorem is given in [Murphy et al. 2017, Theorem 3].

Theorem 5.2. Let A be a multiplicative subgroup of [F}k). Suppose that |A| < p'/?,
then we have
A+(A) 5 |A|49/20.

We are now ready to prove Theorem 1.8.

Proof of Theorem 1.8. We first repeat the first paragraph in the proof of Theorem 1.5.
Let S be the number of quadruples of matrices (m, my, ms3, mq) in [A, A, 01
such that mmy = msmy. By the Cauchy—Schwarz inequality, we have

A 8
[14, A, Ol[A, A, 0] > %

Thus, to complete the proof, we only need to show that

Let X be the number of incidences between the point set P = A x A and the
multiset L of lines of the form y =d/(b —b')(x —¢) withb+d —b' € A. Tt is
clear that |P| = |A|? and |L| = A1 (A)|A|. As in the proof of Theorem 2.2, we
have S < X +|A|*. Hence, it is enough to show that | X| < |A|169/40,

For any line [ € L, let m(l) be the multiplicity of /. By an elementary calculation,

> ml)* < XA,
leL
where L denotes the set of distinct lines in the multiset L. For k > 1, let L be the
set of lines / € L (without multiplicity) with k < m(l) < 2k. For any k > 1, we have
kL) < LI =AY (A)AL KLl <) m()* < X|A].
leL

Namely, we obtain

W) L] < min AT XIA
min ) 5
k= k K2
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for every k > 1.
For any line [ € L, let i (/) be the size of /N P. Using Lemma 5.1 and (12), we
have

I(P, L)

- Zm(l)i(l) < Z Z 2

leL i l1eL, 2 <m(l)<2!

222"“ I(P, Ly)
i

= > 2 (P, Ly) + > 2+ (P, L)

i, 2t <X /(AT (A)) i, 21> X/(AT(A))

+ 2/3
D A |A|4/3(LM>

i
i, 2 <X /(AT (4))

. XA\
+1 43 2121
+ Z 2 |A| ( 22i )

i, 211> X/ (AT (A))

5 Z (2i)]/3|A|2A+(A)2/3 + Z (2i)-1/3x2/3|A|2
i, 21<X/(AT(A)) i, 27> X /(AT (A)

- X 1/3 . 23 X —-1/3 202/
NlZ<A+(A)) |APAT(4) +,Z<A+(A>) APX

5 X1/3|A|2A+(A)1/3,

where we have used the fact that each line in L has multiplicity at most | A|?, which
implies that 2/ < |A|%, so i is at most 2log, |Al.
Since X = I (P, L), we have proved that

X S |A|2X1/3A+(A)1/3,
which implies that X < |AA*(A)Y/2. Applying Theorem 5.2, we have X <
|A|169740 whenever |A| < p!/2. This completes the proof of the theorem. O

6. Proof of Theorem 1.9

The proof of Theorem 1.9 is quite similar compared to that of Theorem 1.8. More
precisely, we will need the following point-line incidence bound over the complex
numbers due to Téth [2015].

Theorem 6.1 [T6th 2015]. Let P be a set of points in C* and L be a set of lines in
C2. The number of incidences between P and L, denoted by I (P, L), satisfies

I(P,L) < |P*3|L1*? +|P|+]|L|.
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Corollary 6.2 [T6th 2015]. Let P be a set of points in C>. For any integert > 2,
the number of lines containing at least t points from P is bounded by

0(|P|2 |P|>
—+—)
t t

Using these results, we have the following corollary.

Corollary 6.3. For a set A in C, let T(A) be the number of collinear triples of
points in A X A. Then we have

T(A) S |Al%

Proof. Let Ly be the set of lines / such that 28 < |I N (A x A)| < 2¥*!. Since
[IN(AxA)| <|A|for any [, we have k <log, |A|. Thus, using Corollary 6.2, we have

log, |A|
T(A)< > > INAx AP

k=0 leLy
log, [A]
gz Al |A| e

- 23k
1og2 |A] log, |A]

< Y 8lA+ D 8lAR* S Al
k=0 k=0

where we have used the fact that 2F < |A|. U

Lemma 6.4. Let A be a set in C with |A| > 2. Denote by A*(A) the number
of quadruples (a, b, c,d) € A* such that ab = cd. Then the number of tuples
(a,b,c,a’,b,c") e A® such that

ab—c)=d ' -
is S AX(A)2IAP +1A[F <207 (A)2|AP.
Proof. Since |A| > 2, without loss of generality, we assume that 0 ¢ A. We first
have an observation that the number of desired tuples with b = ¢ or b’ = ¢’ is at
most |A[* < AX(A)/2|A)? since A*(A) > |A|>.
Let M be the number of tuples with b # ¢ and b’ # ¢/. We have M is equal to

the number of desired tuples (a, b, ¢, a’, b', ¢’) € A® such that
a b —c

a’ b—rc

Using the Cauchy—Schwarz inequality, we have

1/2

b by —
(b],C], b2’ C2,b3,c3’b4’c4)€A8 1—C1 3 —C3
by —c3 b4—C4
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Using the Cauchy—Schwarz inequality one more time, we have

by — br —
‘{(blacl’ b2’ C2,b3,C3,b4, C4) (= AS: 1 ‘1 — 3 3 }‘

by—cy bi—cq

<A

bi—ci  di—
(b1, c1, by, ¢2,dy, dy) € A°: 17a_a~a
by —c dr)—c)

<|AP*-T(A) SIA[S,

where we have used Corollary 6.3 in the last inequality. Hence, M < A*(A)'/?|A}3.
This completes the proof of theorem. (]

Proof of Theorem 1.9. Without loss of generality, we assume that 0 ¢ A. It has been
proved in [Rudnev et al. 2020] that there exist B, C C A such that |B|, |C| > |A|/3
and

AT(B)-AX(C) S 1AM

This implies that AT (B) < |A|1V/4 or AX(C) < A"V If AT(B) < |A|'Y/* then
we replace the set A in the Theorem 1.9 by B, otherwise, we replace the set A by
C. Thus, we may assume that either A*(A) <|A['/4 or A*(A) < |AM/A

The rest of proof of Theorem 1.9 is almost identical with that of Theorem 1.8,
and the last step is to estimate X.

Using Theorem 6.1 and the same argument as in the proof of Theorem 1.8, we
have

X SIAPAT A2,

On the other hand, using Lemma 6.4, we have
X SIAPA* (A2,
Since either A1 (A) < |A|I"4 or AX(A) < |A|'/4, we have
X < |A|3+11/8‘

Therefore, |[A, A, 0][A, A, 0]] > |A]P~'/8 = |A|?/8 = |[A, A, 0]*°/'6. This com-
pletes the proof of the theorem. ]
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ON THE EKELAND-HOFER SYMPLECTIC CAPACITIES
OF THE REAL BIDISC

LucA BARACCO, MARTINO FASSINA AND STEFANO PINTON

In C? with the standard symplectic structure we consider the bidisc D> x D?
constructed as the product of two open real discs of radius 1. We compute ex-
plicit values for the first, second and third Ekeland—Hofer symplectic capacity
of D? x D2 We discuss some applications to questions of symplectic rigidity.

1. Introduction and main result

The first striking result about a nontrivial obstruction to the existence of a symplectic
embedding was obtained by Gromov [1985]. He proved that one can symplectically
embed a sphere into a cylinder only if the radius of the sphere is less than or equal
to the radius of the cylinder. Since this celebrated nonsqueezing theorem appeared,
many similar results of symplectic rigidity have been obtained for a variety of
domains. For instance, McDuff [2009; 2011] studied symplectic embeddings of
even-dimensional open ellipsoids into one another (see also [Hutchings 2011a;
2011b; McDuff and Schlenk 2012]), and Guth [2008] gave asymptotic results on
when a complex polydisc can be symplectically embedded into another one. A
useful tool to tackle these questions is given by global symplectic invariants for
symplectic manifolds called capacities.

A symplectic capacity is a functor ¢ that assigns to every symplectic mani-
fold (M, w) of dimension 2n a nonnegative (possibly infinite) number c(M, w) that
satisfies the following conditions:

 (monotonicity) If there exists a symplectic embedding of (M|, w) into (M3, w,),
then ¢(My, w1) < c(M>, w»).

e (conformality) If A > 0, then ¢(M, Aw) = Ac(M, ).

 (local nontriviality) For the open unit ball B C R?" we have ¢(B, wp) > 0.

» (nontriviality) For the open cylinder Z ={z € C" :|z1| < 1} we have ¢(Z, wp) < co.
Fassina acknowledges support of NSF grant 13-61001.

MSC2010: primary 53DO05; secondary 53D35.
Keywords: symplectic capacities, Lagrangian bidisc.
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Here wq denotes the standard symplectic structure on R?*. The reader can
consult any standard textbook in the subject such as [McDuff and Salamon 2017,
Chapter 12] for an extensive treatment of this topic.

The first nontrivial capacity arose in Gromov’s proof of the nonsqueezing theorem,
and over the years many more such symplectic invariants have been constructed
[Ekeland and Hofer 1989; 1990; Hofer and Zehnder 1990; Floer et al. 1990; Viterbo
1992; Gutt and Hutchings 2018].

In this paper we consider the construction of Ekeland and Hofer (which is recalled
in Section 2C). For any subset of a symplectic vector space, they define an infinite
sequence c, of symplectic capacities. These quantities are notoriously difficult to
compute explicitly, and precise values appear in the literature only for very special
classes of domains, such as ellipsoids and polydiscs [Ekeland and Hofer 1990].
The main purpose of this work is to compute some of these capacities for the real
bidisc D? x D? which we now introduce.

In the complex space C? with coordinates z j=xj+iy;, j=1,2, endowed with
the standard symplectic structure dx; A dy; + dxa A dy,, consider the real bidisc

(1-1) D?>x D*:={(z1,22) € C* | x2 4+ x2 < 1, y? +y3 < 1}.

Our main result is the following (see Theorems 4.2, 4.4 and 4.6).

Main Theorem. For the unit real bidisc D* x D* we have
c1(D*x D*) =4, ¢,(D*x D*) =33, c¢3(D*>x D? =38.

The fact that ¢;(D? x D?) =4 is known [Artstein-Avidan and Ostrover 2014].
The referee pointed out to us that the values of c2(D? x D?) and c3(D?* x D?)
can also be obtained from the work of Ramos [2017], which uses very different
techniques than the ones developed in this paper (see Remarks 4.5 and 4.9).

The Ekeland—Hofer capacities are closely related to the existence of closed
Hamiltonian orbits. The key feature of our computation is the use of Hamiltonians
modeled on the gauge function of the domain, rather than Hamiltonians that are
quadratic at infinity, as in the original definition of Ekeland and Hofer. This same
idea already appears in [Berestycki et al. 1985] in the context of smooth domains,
and in [Fan 1992] for the case of Lipschitz domains. The different choice of
Hamiltonians does not affect the computation of the capacities, provided that no
periodic orbits of period 1 are introduced at infinity. This feature is easily achieved
by rescaling, since the closed periodic orbits of the Hamiltonians in question can
be computed explicitly. The advantage in modeling the Hamiltonians on the gauge
function is that we can then exploit the symmetries of the domain to simplify the
estimates involved in the computations of the capacities.

We remark that our strategy can be easily adapted to compute the Ekeland—Hofer
capacities of other domains. For instance, for the product of two real spheres in C*
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one just needs to repeat the same computations while taking an additional coordinate
into account.

We now point out how the results of this paper are related to recent work of Gutt
and Hutchings [2018]. They use positive S'-equivariant symplectic homology to
introduce a sequence c; of symplectic capacities for star-shaped domains in R>".
Their capacities ¢, share many properties with the Ekeland—-Hofer capacities, and in
particular the remarkable “product property” (see Section 5). Combining the results
of [Gutt and Hutchings 2018] with Ramos’ insight [2017] that the real bidisc is a
toric domain, one can see that the Gutt—Hutchings capacities of D? x D? are the
same as the Ekeland—Hofer capacities that we obtain in our Main Theorem. Our
computations therefore support the conjecture made by Gutt and Hutchings [2018]
that their capacities c; are always equal to the Ekeland—Hofer capacities.

The organization of this paper is as follows. In Section 2 we recall some back-
ground material and set the notation. In Section 3 we show how one can approximate
the bidisc D?> x D? with a sequence of smooth convex domains. The main result
is then proved in Section 4, while in Section 5 we present some applications to
questions of symplectic embedding. It is the authors’ hope that further applications
to symplectic rigidity of these explicit values of the capacities will be found in the
future.

2. Background

2A. Basic definitions and notation. Let C" denote the standard complex vector
space of dimension n with variables z; = x; +iy;. We endow C" with the Euclidean

scalar product "
(z, w) := RC(Z ijj)
j=1

and the standard symplectic form
1 n _ n
W= Zde NdZj = dej Ndyj.
j=1 j=1

All symplectic embeddings considered in this paper will be with respect to the
standard symplectic form.

Let © be a bounded subset of C" with smooth boundary 9$2. We denote by TC"
the (real) tangent bundle of C" and by 7 0<2 the tangent bundle of 92. We write
Y € TC" to mean that Y is a local section of TC". Consider a smooth defining
equation p of 02 such that |dp(z)| # 0 for z € 2. The characteristic vector field
of 92 is the unique vector field X such that

w(X,Y)=Y(p) forallY e TC".

The characteristic vector field X is tangent to d€2 and its restriction to 9€2 does
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not depend on the choice of p. Moreover, X generates the kernel of the restricted
form w|ryq.

Let J denote the standard complex structure on C". For all z € 92 we have
X (z) = JVp(z), where Vp is the Euclidean gradient of p. Hence an integral curve
of X on 92 is the solution of a system

1=JVp(2),

2-1
& z(0) = zo,

where zo € d2. These integral curves are called the characteristics of 0€2.

Of particular interest in symplectic geometry is the study of closed characteristics,
that is, the solutions to (2-1) for which there exists a time fy > 0 such that z(#y) = zg.
Let T be the smallest such 7. The image {z(¢), 0 <t < T} is called an orbit and T
the period of the orbit.

If y : [0, T] — 0€2 is a closed characteristic, the action of y is defined to be

L (T

Apyi==1 [ wpppar
0

If 2 is a bounded convex subset of C" and {y; };<; is the set of closed characteristics

of 02, we can define the action spectrum of Q2 as the set

2(Q2) :={lkA(y)|, keN,iel}.

Following Ekeland and Hofer [1990], we will see how it is possible to choose some
elements of X (£2) called capacities that are symplectic invariants (see Section 2C).
We now describe how to adapt the concepts introduced above to nonsmooth domains.

Let Q € C" be a convex bounded domain and let p € 9€2. We say that a unit
vector n(p) is normal at p for 02 if

(2-2) (n(p),x—p) <0 forallx € Q.

If p is a smooth boundary point, then n(p) is the usual exterior normal vector.
If 92 is not smooth at p, then there could be more than one choice for a normal
vector. In this case, we let n(p) denote the set of all vectors satisfying (2-2).

Definition 2.1. Let Q2 be a convex domain in C". We say that z : R — Q is a
characteristic if z(t) has right and left derivative 2% (¢) for all ¢, and

) e Inz(@)).

Note that, for 2 smooth, this definition coincides with the definition of a charac-
teristic given before.
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2B. The action spectrum of the real bidisc. We now turn our attention to the
domain that is the main object of interest of this paper: the real bidisc D* x D2
Recall that D? x D? was defined in (1-1) as the product of two open real discs of
radius 1. The next proposition, which follows from the work of Artstein-Avidan
and Ostrover [2014], describes the closed characteristics of D? x D? and its action
spectrum X (D? x D?).

Proposition 2.2. The unitary real bidisc D> x D? has infinitely many closed char-
acteristics. The action spectrum is given by the set

(2-3)  Z(D*x D*) ={2ncos(6,) | k,neN, b, € J,}U{2nm|neN},

where J, = {2k — D)n/2n,1 <k < (n — 1)/2} if n is odd, and, if n is even,
Jo=tkn/n, 0<k<n/2-1}

Remark 2.3. The elements of X (D? x D?) are precisely the lengths of all closed
billiard orbits in a circle of radius 1.

Remark 2.4. Note that min £(D? x D?) = 4. Moreover, the second smallest
element in ZJ(D2 X D2) 1S 3\/5.

2C. Ekeland-Hofer symplectic capacities. Following [Ekeland and Hofer 1990],
we recall the definition of these symplectic capacities. We first set up the func-
tional analytical framework. For more details, see also [Ekeland and Hofer 1989,
Section II].

Let E be the Hilbert space of all functions f € L*>(R/Z, C") such that the Fourier
series

fO =Y fie*™ fiec,

keZ

D Ikl fil® < oo

keZ

satisfies

The inner product in E is defined by
(f. 8) = (fo. g0) + 27 > _|kI(fi &)-

keZ

E is the most natural space on which the action functional A can be defined. It is
easy to see that

+00
APy =7 ) kSl =1 f .
k=0

Note that there is a natural action 7 : S' — Aut(E) of S! ~ R/Z on E given by
the phase shift

Tyonio £(1) 1= £(t +6).
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The space E has a natural orthogonal splitting, compatible with the phase shift
action, given by
E=E ®E'@E".

Here we have defined

E-={feE| fi=0fork >0},

E'={feE| fi=0fork#0}=C",

Et={f€E| fi=0fork <0}.
We denote by P, P? and P~ the corresponding orthogonal projections.

We now need to introduce the notion of the index of a subspace. Let X be a

Hilbert space over C, and let T : S' — Aut(X) be a representation of S' on the
vector space

Aut(X) :={f: X — X | f is a linear isometry}.
A subset A C X is called invariant if T(8)(A) = A for all @ € S'. Let Y be another
Hilbert space, and R : S ' Aut(Y) a representation of § "on Aut(Y). A linear
map f : X — Y is called equivariant if f o T(0) = R(0) o f for all 6 € S'. Let

A C X be an invariant subset. For every k € N, we let (A, k) denote the collection
of functions f : A — C*\ {0} such that

e f is continuous,

« there exists a positive integer n such that £ (7 (0)(x)) = > f(x) for all
6 € S! and for all x € A.

We define the index of A as the quantity
(2-4) a(A) :=min{k e N | F(A, k) # J}.

If (A, k) = @ for every k € N, we set «(A) = +00. Moreover, we set «(2) = 0.
Observe that if F is the set of fixed points of X for 7, that is,

F:={xeX|T®)(x)=x foralld e S'},

then AN F # @ implies o (A) = oo.

In the following paragraph we describe a pseudoindex theory in the sense of
Benci relative to E™. In our exposition we mainly follow [Benci 1982] (see also
[Ekeland and Hofer 1990]).

Consider the group of homeomorphisms

(2-5) Fi={h:E—>E|h=¢" P"+e¢" P"+P'+K}
such that the following conditions are satisfied:

e K is a compact equivariant operator.



ON THE EKELAND-HOFER SYMPLECTIC CAPACITIES OF THE REAL BIDISC 429

e y*,y7 : E — R* map bounded sets in precompact sets and are invariant.
o There exists a constant ¢ > 0 such that A(x) < 0 or ||x|| > ¢ implies that
yT(x)=y (x)=0and K (x) =0.

Let S:={x € E | |x||g = 1} and let £ C E be an invariant subset of E. We

define the pseudoindex of & as
ind(¢) :=inf{la(h(&)NSNET) |h eT}.

For the basic properties of the pseudoindex we refer to [Ekeland and Hofer 1990].
In particular, the following result is often useful.

Proposition 2.5 [Ekeland and Hofer 1990, Proposition 1]. If Vi € E™ is a finite-
dimensional invariant subspace of E¥of complex dimension k, ind(V;® E°® E ™) =k.

We need to introduce one last concept before defining the symplectic capacities.
We call a smooth function H : C" — (0, +00) an admissible Hamiltonian for a
bounded domain  C C" if

« H is 0 on some open neighborhood of €,

e H(z) = c|z|2 for |z| large enough, where ¢ > 7 and ¢ ¢ Zr.
We denote by H(£2) the set of the admissible Hamiltonians for €2. For j a positive
integer and H € H(£2), we define a number cy,; € (0, +00) U {00} by

cy,j:=inf{sup Ag(§) |E CEis S'-invariant and ind(¢) > j}.
Here Ay : E — R is the action functional associated to a Hamiltonian H defined
by
1
An(h) = A = [ H(F@).
0

Every number ¢y ; is nonnegative and, if finite, is a critical value of Ay [Ekeland

and Hofer 1990, page 559].
We can now define the j-th Ekeland—Hofer symplectic capacity of Q2 as
Cj(Q) = inf CH,j-
HeMH(Q)

Remark 2.6. In our computation of the Ekeland—Hofer symplectic capacities, we
will not use Hamiltonians with quadratic behavior at infinity, as in the definition.
We will use instead Hamiltonians of the form H(z) = f(r(z)), where r is the gauge
function of the domain, and f is linear at infinity (see [Berestycki et al. 1985; Fan
1992]). This choice does not affect the values obtained in the computation of the
capacities, as one can easily prove by combining the following two facts:

o For Hamiltonians H; and H, we have

Hy < Hy = Ap, > A, = cu, k < CH k-
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o For every f linear at infinity there exists H € H(2) such that f(r) < H.
Similarly, for any H € H(S2) there exists f such that H < f(r).

Observe also that if we choose f so that the Hamiltonian f(r) has no periodic
solutions of period 1 at infinity, then Ay satisfies the Palais—Smale condition.
This implies that ¢ ¢ «, if it is finite, is a critical value of A (see [Aebischer
et al. 1994, page 71]).

The next theorem, from [Hofer and Zehnder 1990], characterizes the first sym-
plectic capacity as the infimum of the action spectrum.

Theorem 2.7. Let Q2 be a smoothly bounded convex domain in C" and let « =
min X (2). Then ¢ () = a.

Note that we cannot apply Theorem 2.7 directly to the real bidisc, since its
boundary d(D? x D?) is not smooth. In the next section we show how to overcome
this difficulty by appropriately approximating D*> x D? with smooth domains.

3. Approximation with smooth domains

We start by constructing a decreasing sequence of smooth convex domains D,
converging to D? x D% Let g : R — [0, +00) be a convex, increasing function
such that g(1) =1 and g(s) =0 for s < 0. Consider the following subsets of Cc%

(3-1)  Dyi={zeC’|gnGxi+x3—1))+gn(yi+yi—1)<I1}.

The domains defined in (3-1) are smooth and convex. Moreover, they satisfy the
following properties:

e D, DDy foralln e N.
e N2 Dy =D?x D~
e For all n € N, we have
1

J1+1

In particular, by the properties of the capacities, for any choice of positive integers
k and n, the following double inequality holds:

D, C D* x D>.

cx(Dy) < cx(D* x D?) < ¢4 (Dy).

1+1

n

Proposition 3.2 shows how the closed characteristics of the real bidisc D? x D?
are approximated by the closed characteristics of the approximating domains D,,.
Before stating the result, it is convenient to give the following definition.
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Definition 3.1. For all M > 0 and ¢ > 0 we define
[e.¢]
Zat.e(Da) 1= (Z(Dy) N[0, M\ | [2km — &, 2k +£].
k=1
Here ¥ (D,,) denotes the action spectrum of D,,.

Proposition 3.2. Let o € X(D? x D?) and suppose that o = A(y), where y is a
nongliding closed characteristic of D* x D% Then there exists a sequence y,, where
each vy, is a closed characteristic of D,, such that vy, converges to y and A(y;)
converges to a. In particular, for all M > 0 and ¢ > 0, we have

d(Ep,e(Dn), Eyg.e (D> x D) — 0 for n — +00,
where d( -, -) is the Hausdorff distance between sets.

Proof. Note that, for every n, we can decompose the boundary 0D,, of D,, into three
components

X, = {(Z1,22)EC2, xi+xy—1 <0,y12+y§=1+%}

(3-2) |
Y2 = {(11,12) eC? yi+y;—1 <0,x12+x%=1—|—;}

and

(3-3) T3 := 3D, \ (X2UY)).

To find the closed characteristics of D,, we consider the system of differential
equations

L -
(3-4) )f— /8 (n(|z| 1))2ny,
y=g'(n(|x|”—1))2nx,

where x = (x1, x2), y = (y1, y2). We first note that det(x, y) = x1y, — x2y; is
constant along the solutions of (3-4). It is convenient to use polar coordinates in
the planes defined by the variables x and y, respectively. We recall the notation
already introduced in the proof of Proposition 2.2:

rie'? i=ri(cos g1, singy) = (x1, x2),
rae'? i=ry(cos g2, sing2) = (y1, y2).
We can now rewrite the system (3-4) as

(F1 +irigne? = —g'(n(ry — 1))2nre'?,

(3-5) , e .
(2 +irg)e'? = g'(n(r? — 1))2nri e,
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from which we obtain the two systems

rig1 = g'(n(ry — 1))2nr; sin(p1 — ¢2),
(3-6) rgy =g (n(r{ — 1))2nry sin(pr — g2),
rir sin(g — @) = det(x, y) = const
and
rirfy = —g'(n(ry — 1))2nrs,
(3-7) rory = g (n(r} — 1)2nr3,
3 =2n(g (n(r{ — )ri — g'(n(ry — D)r3).

Here r3 :=x -y = x1y1 +x2y2 = rirz cos(¢1 — ¢2).

Clearly the characteristics in D,, are straight segments when they lie on X 2 or Yn3.
We now want to understand the behavior of the characteristics at their intersections
with Tn3. Let us consider the Cauchy problem (3-4) with initial data x(0) = (1, 0)
and y(0) = /1 + 1/n(cos 6y, sin6y) for 6y € (0, r/2). The corresponding solution
of (3-4) enters X 3 (this can be seen by inspection of (3-7), since r3(0) > 0 implies
that r; is decreasing and r; is constant). Reasoning as in Proposition 2.2, we see
that the solution reaches the point

(x1, X2) = (cos( +260), sin(r +260)),  (y1. y2) =/ 1+ 2 (cos by, sin bp).

The solution then enters Tn3 at a time #y. From (3-7) we see that r3(fg) < O,
r1 increases and r, decreases. Let T > O be the smallest positive real number
such that r3(to + T) = 0. By symmetry, we see that ri(t) = ry(2T + 2ty — 1),
r(t) =r1(2T + 2ty —t) and r3(t) = r3(2T + 2tg — t). In particular, this tells us
that the solution eventually leaves T>. By the third equation in (3-6), the angle
between x (fo+27) and y(to+2T) is the same as the angle between x (¢y) and y(ty)
but ¢ (t9) # @1(to +27). We want to compute A := @1(tg +2T) — ¢1(ty) =
@a2(to +2T) — ¢a(t0). By (3-6),

2T 7 2
n(rs —1))2nr
Aw=f g (n(r} = 1)2nr;
0 r

2T 7 2_1 2
=/ M,/l—i—%sin@odt.
0 i

Since r3 = x -y =rirycos(¢) — ¢2), (3-7) implies

2sin(p; — @) dt
(3-8)

(7}) = —g'(n(r3 — 1))2nr1r; cos(p1 — ¢2)
(3-9)

=—g'(n(ry — 1))2n\/r12r22 — (1 + 1) sin* 6.
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Using (3-9) inside (3-8) we obtain

1 + - sm(@o)

/1+
1 rl\/”l”z +) sin”(60)

(3-10)

It follows from
g —1))+gmnri—1) =1
that

g ' 1 —gm@i=1))

(3-11) r3=1+
n

Plugging (3-11) into (3-10) we obtain

J 14 % sin6y

141
/1 u\/u(l +g71(1— g —1))/n) — (14 1)sin? 6,

(3-12) Ap=— du.

From (3-12) we see that Ag is small for 6y < /2 and n large. Following the
same reasoning as in Proposition 2.2 we can see that after 2m straight sides the
characteristic hits the point

Py, = ((_1)mei(2m(9+Arp))’ (—1)" /1 4 %ei((2m+1)9+2mA<p)>.

The characteristic is closed if and only if

(3-13) [0+A¢=%f0rk=0»---,%—l if m is even,

0+Ap=2" rfork=1,....,2%1 ifmisodd.

Since Ag depends continuously on 6y and is small if # is large, then the equations
in (3-13) are solvable. In particular, if 6; , € J,, (see Proposition 2.2), for n big
enough there exists 6 close to 6y ;, such that (3-13) is satisfied. The corresponding
characteristics of D, and D? x D? are close to each other and their actions are also
close. Note that there could also be some characteristics that are entirely contained
in Tn3. These characteristics are left out by the description above. If n is large, they
are close to the gliding trajectories of the bidisc D? x D? and their actions are close
to a multiple of 2. O

4. The Ekeland—Hofer symplectic capacities of the real bidisc

In this section we compute the symplectic capacities of the real bidisc D? x D>
The following result will be the main tool for our computations.
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Proposition 4.1. Let Q2 be a smooth convex domain in C" containing 0, and let r
be its gauge function. For all c > 0, let V. : E — R be the functional

1
(4-1 Ye($) =A%) —C/ r(¢(r))dte.
0
If W C E is an invariant subset of pseudoindex at least k such that V.|w <0, then
() <c.
Proof. Let € > 0 and choose a smooth function f; : [0, co) — [0, co) such that

0 ifs <1,

(c+¢e)s ifsis large.

(4-2) fe(s) = {

Moreover, we require that 0 < f/(s) < c + 2¢ for all 5, and that f/(s) € () only
for finitely many numbers sy, ..., s,,, which we can assume to be arbitrarily close
to 1. Let f/(s;) = «; € £(2) and define Hy, (z) := f:(r(z)). The periodic orbits
of z=JVHy (z) of period 1 are obtained by scaling. Namely, they are the curves
/5jvj(a;t), where y; is the closed characteristic in €2 such that A(y;) = «;. The
corresponding critical values of Ay, are

4-3) An, (sjviajt) =sja; — fe(s)).

As & — 0, these critical values tend to «j, and each of them is less than c. Note that
1
A © = W)+ [ ler(e) — frcomIar
0

1
=Ve(0) +/ [C —er(§()]dt <W.(5)+ D
0

for some constants C and D. Recalling that |y < 0, then
(4_4) AH/'S |W < C

for some new constant C. Equation (4-4) implies cy,, x < 00. Since there are no
periodic orbits at infinity of period 1, then Ay, satisfies the Palais—Smale condition
and therefore CHy, k is a critical value of AH/'S . Hence cpy, x <c¢ by (4-3). Since
k() <cpy 1o ks the conclusion follows. |

In the next theorem we compute the first Ekeland—Hofer capacity of the real
bidisc. A different proof of the same result appears in [Artstein-Avidan and Ostrover
2014].

Theorem 4.2. For the unit real bidisc D> x D? we have ¢;(D?* x D?) = 4.

Proof. Recall that 4 = min X (D? x D?) (Remark 2.4). Proposition 3.2 then implies
the existence of a sequence of closed characteristics y,, C 3D, with «,, ;== A(y;,,) — 4.
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By Theorem 2.7 we have
n—-+00

Now observe, from the construction of the D, that

1
Vit

The basic properties of the capacities then yield the double inequality

D, C D* x D*> C D,,.

T < c1(D* x D?) < ¢1(Dy).

n
from which we can conclude that ¢ (D? x D?) = 4 by applying (4-5). U
For the next theorem we need the following simple lemma.

Lemma 4.3. Let f(t) =) oy fre® ™ be an L'-convergent series. Then, for
every integer n,

1
/0 | fOldt = | fal.

Proof. For every n we have

/ Zf ekat dt = / ean’t kaeZ(k—n)m’t dt
kez keZ
' f > fine® i dt| = | fy]. O

keZ
Theorem 4.4. For the real bidisc D* x D* we have ¢,(D* x D?) = 34/3.
Proof. Let W be the following invariant subset of E:

3
={<a, ﬂ)e””+y<[a:ﬂ])< o Plap |3) o

a,ﬁec}@EO@E—,

where y : [P’}C — R is a nonnegative continuous function which is nonzero only in a
neighborhood of the two points [1:i] and [1 : —i]. We will specify later how y is
chosen. We now prove that W has pseudoindex 2. First note that

WNSNE™ =

3 _ 3
{(a B +y (la:g] )( e ﬁ|“|3) it

and therefore W NS N E* has index 2. Assume now by contradiction that there
exists 4 € I such that F := h(W)N E* N S has index strictly smaller than 2. Then,

a, BeC, (la*+[B1*) (1+y )—1}
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by the properties of the index, there exists an open neighborhood of U of F in E
such that «(U) = a(F). Let Ex = {f € E | f; =0 for |j| > k} and denote by
QO : E — Ej the corresponding orthogonal projection. We claim, for k large, that

(4-6) Or(h(WNE)NSNET CU.

Assume by contradiction that (4-6) is false. Then there exists a sequence of functions
frx € Ex "W such that Q;(h(fy)) € ET NS and Qy(h(fi)) ¢ U. Recalling the
structure of the homeomorphism 4 (see (2-5)), we have

fR+er U0+ (P~ + PO)OK (fi) =0,

(4-7) .
e U0 £+ PTOvK (f)ll = 1.

Note that f; must be a bounded sequence, otherwise we have K ( f;) = 0, which
together with (4-7) implies || f,:“ |=1and fko = f; =0, thus giving a contradiction.
We can therefore assume that K (f;) and yi( fx) converge. Hence, by (4-7), the
sequences f, and fko also converge. Furthermore, the sequence kar converges
as well, since it lies in a finite-dimensional space. We therefore have that f;
converges to some element fo, € W with h(fs) € ET NS and h( fx) ¢ U, which
is a contradiction.

In order to apply [Fadell et al. 1982, Proposition 3.3] as done in [Ekeland and
Hofer 1990, page 558], we consider the following “truncated” set: for M > 0 let

o PHBPHIF O+
M

Wy = {(a,ﬁ>e2’f”+x( )y([a : B1)

3 3

% O_la—,_a— e47l’il+f0+f—
3" fe]3

oe,,BeC,fOeEO,f_eE_},

where x is a smooth function such that x(r) = 1 for t < 1 and x(¢) = O for
t > % Note that W, coincides with W inside the ball of radius M in E and that
h(Wy)NETNS =h(W)NETNS. Consider now the equivariant map

4-8) ¢:C*@E"®(E NEK) > Wi,
4,(%ﬂ,quk_)zx<|a|2+|ﬂ|2+||f°+f-||2)y([a:m)<& o —a_3)e4m-t

M o3 Jer]?

_i_(a’ﬁ)eZﬂil_i_fO_i_fk*.

By [Fadell et al. 1982, Proposition 3.3] applied to the map Q/(¢), we obtain
a(Qk(Wy)NETNS) > 2.

The conclusion that ind(W) = 2 is achieved by taking M large enough.
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Now, let 7 be the gauge function of D? x D? and ¥, : E — R the functional
defined in (4-1):

1
Wo(0) = AQ) — ¢ fo r (1)) dt.

We recall that 5 5
lz1P+1z21*  IRe(z} +25)|

2 2

We will prove that .|y < 0 for ¢ = 4:/2.
Let v = (¢1, &) € W. Then

r(z1,22) =

+o00
v = vleant + vze4mt + § :w_ke—kat’
k=0

where vy = (o, B) and v» = ya3/|a* (@, B) for some «, B € C. We have

+00
49) Wew) = (7= 5w+ (27 = 5 ) o2 = Y ke
k=1

+00 1
—S3 z_zf
—kl
24 2 Jo

To estimate the integral on the right side of (4-9) we compute the Fourier coefficients
of order 4 and 6 of Re(é‘ lz(t) + {22 (t)). We denote them respectively by I and /.

Re(¢7 (1) + &5 (1))| dt.

(4-10) 214 = v} +2(v2-wo) + (W—_1)2 +2(w_2-wo) +2(w_3-v1) +2(W_4-v2),
(4-11) 216 =2(v2-v1) +2(w—1 - w-2) + 2(wo - w-3) + 2(v1 - w—4) + 2(v2- w-5).

By Lemma 4.3 applied to /¢ and (4-11) we get

1
(4-12) f
0

Since all the functionals on the right side of (4-12), which we are going to estimate,
are homogeneous, it is not restrictive to assume that |«|> +|8|> = 1. In particular,
|vp - v1| = |y|. Applying the Cauchy—Schwarz inequality we obtain the estimates

Re(¢2(t) + ¢2(n)| dt

> Il = [va-vi| — lw_y - w_a| — |wo - w_3] — vy - w_4| — vz - wW_5].

4-13) |w_y-woo| < S(woi* +w_o*) and |wo-w_3| < 3 (Jwol* + [w_3]?).

For the terms |v; - w_4| and |v, - w_s5| we give small and large constants to obtain

vy -w_q] < 2 P

[v] - w_y4| < c |w_4] <yan
(4-14) . .

20vy-ws| < 2 lw_s|* + —+—y2,

4

B 5+5m
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where we have used that |v;| = 1 and |v,|? = 2 Combining the estimate for the
integral in (4-12) with (4-13) and (4-14) and plugging into (4-9), we see that

o)

)2
4-15) W _c_c¢ 4 2 — & L 24 ...
(4-15) C(v)<<n 2 2y+§+4n>+<ﬂ 2+§+5n yote

where the dots stand for negative terms that arise after absorbing the terms that
involve w_4 and w_s on the right side of (4-14) with the terms (—47 —§)|w_4|* and
(=57 — 5)lw—s|* on the right side of (4-9). The right side of (4-15) is negative if

(&) &)

(4-16) (2n—%+%_iﬁ)y2—§y+(n—g+%_:ﬁ><0.
For ¢ = 4+/2 the inequality in (4-16) is satisfied by the solutions to

0.44 —2.82y +3.56y2 < 0.
In particular, ¥.(v) < O for
4-17) 0.22 <y <0.58.
Using 14 in place of I, we get that
(4-18) /O 1|Re(§12(t)+§22(t))|dt

lw_|?
PR

2, 22
> |14] = [a”™+B7|—=|v2-wo| —|wo-w 2| —|vi-w_3|=|v2-W_4|—
We first estimate

1

3e4+4n E Stom

2|vy - wol| < lwol” + ,
§+2m %c+4ny
2|wp - woa| < F——|w_*+ - 42 lwol?,
(4-19) o it i
< 37-[ [
20v; - w_3| < 2 w_s|> 4+ —+—,
lvy 3l < ¢ lw_3| <ian
5+4 2 i 2
2vy - w_y| < w_y4|”+ .
[va 4l < c lw_4] Crdn 12

We have used again that |v{|> = I and |v;|*> = y% Combining (4-19) with (4-18)
and replacing inside (4-9) we obtain

c 2 C c

i 5+2m 7
U< |7=C—C1a2+82 & Syl 2 4 24
C(v)_(n 2 4|a A |+§+3n G 2+4 %c+47‘[+%+47t v
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Once again, the dots indicate negative terms which come after absorption with the
negative terms involving |wg|? for k =0, —2, —3, —4. Hence W.(v) < 0 if

()? c of 5+27 g )
4-20) | =St 21824 2n—E4E + <0.
(4-20) ( 437 ) 4| B ( 2 i\ 3etan )T oran 14

For ¢ = 4+/2, the inequality (4-20) is satisfied by the solutions to

(4-21) 0.477 — 1.41|a* + % +4.352y2 < 0.

Letting yp = 0.23 by (4-17) and solving the corresponding equation to (4-21), we
can define 8y := (0.47 +4.22 - 0.232)/1.41 = 0.496. We then choose a continuous
function y such that 0 < y < yy and

vo if Ja?+ B2 < 8y =0.502,

4-22 (B =
(422 yle:pl {o if |oa? + 8% > 0.6.

With this choice, we conclude that W.|w < 0. The conclusion remain valid even
if we choose a constant ¢ slightly smaller than 4+/2.

Now let D, be the approximating sets for D? x D? constructed in Proposition 3.2.
Note that

Dy

(4-23) C D*x D*C D,.

1+1

7

The first inclusion in (4-23) implies
'n

(4-24)
1+1

Zr7

where 7, is the gauge function of the set D,. For each n, let W be defined as

1
W) = AQ) —c f W ek
o 1+

n

By (4-24), we have ¥ < W, <0. Propositions 4.1 and 3.2 then imply

Dy,
im 2P _ 3.3

n—+00 1+l
n

This is because X (D, N[0, 42 —¢] = {af, a5} for & > 0 and n large, where of
and oy are two sequences converging to 4 and 34/3, respectively (Proposition 3.2).
Together with the fact that ¢,(D,) /(1 + %) < 44/2 we have that either ¢, (D) =af
or c2(Dy) = ;. It cannot be ¢2(D,) = af = c¢1(D,), otherwise the set of charac-
teristics of D, of action o} would have index 2, and this is not the case. Hence
2(Dp) =af — 34/3, and this gives the conclusion. O
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Remark 4.5. One can deduce that c,(D? x D?) = 34/3 from the work of Ramos
[2017]. Let E(a, b) denote the ellipsoid
2 2
n_<|Zl| . |z2] ) < 1}'
a b

It follows from [Ramos 2017, Corollary 9] that E(4—e, 44§) embeds symplectically
into the bidisc D? x D? for some ¢, § > 0. Hence

445§ < cy(D* x D?) <3+/3.

(4-25) E(a,b) = {(11, 2)eC?

Since 3+/3 is the only number in the spectrum X (D? x D?) with this property, we
conclude that ¢, (D? x D?) = 34/3.

Theorem 4.6. For the unit real bidisc D*> x D? we have c3(D* x D?) = 8.

Proof. Let W be the subspace of E defined by
Wi=E-@E @ (", 0), (0,e), (", 0)).

By [Ekeland and Hofer 1990, Proposition 1] the pseudoindex of W is equal to 3.
We now prove that for some constant ¢ we have W, |y <0, where W, is the functional
defined in (4-1). For an element (¢, &) = (ae®™ ' +y e B2 +w™+uw' e W,
witha, B,y €C, w™€E™, w? e E° we have

(4-26) Wo((@e™ +ye*™, B +w™ + ')

1
=A(0) —C/O r(g(n)dt

= =Sl + 18P + 1y ) = lw ™l = Sw’ +w

1
—gfo Re(¢} (1) + &3 (1)) di + 7 (ol + 18I + 2y ).

To give an estimate of the last integral in (4-26), we compute the coefficient /g of
e8! in the Fourier expansion of Re(g“lz(t) + ;22 (1)):

Is=y>+2(a, B) - ws +2(y,0) - wg +2w - w; +2w; - w; +w; -w; .
We want to find a constant ¢ such that
@-27) w(jo* + 181> +2ly )
=S UaP+ 1B+ 1y ) = lw™lle = S w’ + w7, — S 1s| <0.

Applying the Cauchy—Schwarz inequality, we get

_ 1 _ 1
5] > ly1* —ai|ws > — —|(a, B)I* —azlwg | — —|y|?
a ap

02 -2 -2 -2 -2
_|w| _|w4| _|w1| _|w3| _|w2| .
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Choosing a; such that 7a; = 5+ 57 and ay such that Fa, = 5 +6m, (4-27) becomes

© (5)°

4-28 2 2 _&__ 2om —C_C 4 _ e
( )<|a|+|ﬁ|>(n : %+5n)+|y| T it Trer)

where the dots indicate other negative terms not involving «, 8 or . The expression
in (4-28) is negative if

C
n_§_£+5n <0,
(4_29) 2 (2)2
r—c_¢ 4
T3 4+g+6n<0

Considering the approximating domains D,, and reasoning as in the last part of the
proof of Theorem 4.4, we conclude that

V109 —7
(4-30) c3(D?* x D) < 4nT.

Moreover, Proposition 4.8 implies

(4-31) c3(D* x D*) > ¢3(B*) = 27.

Looking at the spectrum X (D? x D?) computed in Proposition 2.2, we see that
(4-30) and (4-31) imply c3(D? x D?) =8. 0

Note that in the proof of Theorem 4.6 we have used the fact that the capacity c3
of the real bidisc is strictly greater than the corresponding capacity for the unit
ball B2 This inequality is proved below in Proposition 4.8 for every capacity c.
The proof relies on the following lemma.

Lemma 4.7. Let D C D; be two convex smooth subdomains of C" such that for
some k we have c; (D) = c; (D7) =: c. Assume also that c is isolated in ¥.(Dy)
and X (D). Then there exists a closed characteristic y C dD N d D, such that
Aly) =c.

Proof. Let r| and r, be the gauge functions of D and D;, respectively. Let f be
an increasing positive function such that

Cs if s is large,

0 ifs<l,
(4-32) fls)= {

and f’(so) = c only for one so > 1. We will specify later how sy and C are chosen.
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Let Hif = for; fori =1, 2. Note that

(4-33) c(D1) =inflc, } = inflch,} = c(Da),

where each infimum is taken over all possible admissible Hamiltonians H; for D;.
Equation (4-33) together with the fact that c is isolated in the spectra X (D) and
3 (D,) implies that, choosing a function f with C sufficiently large, we obtain

k k
="
H/ HY

Let A ' be the corresponding Hamiltonian actions. Since D; C D, then r| > r
andA f <AHj Let

k
We=( € E| Ay (0) <ch +e).
W, is a closed equivariant set of pseudoindex at least k. We have

¢y < sup (A, (©)) < sup (A, () =) s e
Hl ceW, ceW,

We now claim that there exist two sequences ¢, — 0 and ¢, € W,, such that
. , k
VEAHlj (&) 0 and AHlf &n) — cHlf.

Indeed, assume that this is not true. Then there exist g9 > 0 and §y > 0 such that for
& <¢gp and for all ¢ € W, such that |AHf(§) — f| <¢ggwehave | VA f(§)||E > 0.
Following [Ekeland and Hofer 1990 Lemma 1] and [Ekeland and 'Hofer 1989,
Proposition 2], we denote by &, the flow at the time ¢ in E of the vector field
—VA, s with a suitable cut-off. Choosing & small enough we have, for 1 > ¢/82,
that

sup  A,r(¢) < ck e
L@ (We) i
which gives a contradiction.

We have thus proved that there exists a subsequence of ;n converging in E to ¢y,
which is a critical point for A H! and such that A u! (&) =c Hf If the image of ¢y is
notin d D Nd Dy, then r| (& (t)) > rz(g“o (1)) and the 1nequa11ty is strict in some open
interval. This implies that .4 1! (&) >c Hzf and in turn A, g (&) > ¢ Hzf + ¢ for some
¢ > 0 not depending on n, but this is in contradiction with the definition of W, . [J

Proposition 4.8. For the real bidisc D* x D?* and the unit ball B> in C%, we have
ck(D? x D?) > ¢ (B?) for every positive integer k.

Proof. Since the unit ball B2 centered at 0 is contained in D> x D? we have, for
any k, that cx(D? x D?) > ¢;(B?). Choose a smooth domain W containing B
and contained in D? x D? with a discrete action spectrum and having the same
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intersection at the boundary with D?* x D? and B2 If ¢y (D? x D?) = c;(B?) for
some k, then Lemma 4.7 implies that there exists a characteristic contained in

aW NB? = 9(D*> x D*) NB?
= {(x1, x2) € C* |x{ +x3 = 1} U{(iy1, iy2) € C*| y§ +y3 = 1}.

Since there are no characteristics in the intersection of the boundaries, then we must
have ¢;(D? x D?) > ¢ (B?). O

Remark 4.9. Let B(a) = E(a, a), thatis, B(a) is the Euclidean ball of radius v/a /7.
It follows from [Ramos 2017] that the real bidisc D> x D? can be symplectically
embedded into the ellipsoid E (4, 34/3) and that the ball B(4) can be symplectically
embedded into D? x D% This implies that c3(D? x D?) = 8. Proposition 4.8
can also be obtained from [Ramos 2017]. Indeed, B? = B(x) has strictly smaller
Ekeland-Hofer capacities than B(4), which embeds into D? x D>

5. Applications

We now exploit our computations of the capacities of D? x D? to prove some results
of symplectic rigidity. First recall that the complex bidisc A% C C? is defined by

A?:={(z1,22) €C*| x}+y? <1, x5+ y3 <1}

Sukhov and Tumanov [2012] applied techniques from classical complex analysis
to prove that there exists no symplectic embedding of D? x D? into A% Using
symplectic capacities we can easily show that no symplectic embedding is possible
in the other direction.

Corollary 5.1. There is no symplectic embedding of A* into D* x D>
Proof. Assume by contradiction that there is such an embedding
v : A = D? x D%

By the extension after restriction principle, for any ¢ > 0 there exists a symplectic
map with compact support 7, : C> — C? such that | A= v A2 - Therefore,
3r(1-e)’ = c3(AT_,) = c3(Ye (A1) < c3(D* x D) =8,
which gives a contradiction. U

Note that the proof of Corollary 5.1 implies that the complex bidisc cannot be
embedded even in a slightly larger real bidisc.

Remark 5.2. Corollary 5.1 can also be obtained without using the Ekeland—Hofer
capacities. By [Ramos 2017], the bidisc D? x D? is a concave toric domain. One
can then apply [Gutt and Hutchings 2018, Theorem 1.18] to conclude that the cube
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capacity cg of D? x D? is equal to 2. By the very definition of the cube capacity
[Gutt and Hutchings 2018, Definition 1.17], Corollary 5.1 follows.

To prove the next rigidity result we need to recall a product property of the
Ekeland—Hofer capacities: if A C C" and B C C™, then

(A x B) = min {c;(A)+c;(B)).
i+j=k

Here we use the convention that the zero-th capacity is equal to 0, that is, cg(A) =
co(B) = 0. We denote by Ag the standard complex disc of radius R.

Corollary 5.3. The product D* x D? x Ay is not symplectomorphic to A*> x Ag
for R > v/3/3/2.

Proof. The case R > 1 is known [Wong 2018, Theorem 4.1], hence let R < 1. We
have
c2(A? x Ag) =27 R%

On the other hand,
c2(D? x D* x Ag) = min{3+/3, 4+ 7 R?, 27 R?}.

The two capacities are different if R > v/ 34/3/27. (]

Remark 5.4. The bound in Corollary 5.3 can be improved to /2/7 using Ekeland—
Hofer symplectic capacities of higher order. More precisely, one has to show, for
each positive integer n, that ¢, (D? x D?) = 4n. This can be achieved by arguing
in a similar way as in Theorem 4.6, where we computed the value of c3(D? x D?).
Vinicius Gripp Barros Ramos has informed the authors that the bound /2/7 can
also be obtained using the results in [Gutt and Hutchings 2018].
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FREENESS CHARACTERIZATIONS ON FREE CHAOS SPACES

SOLESNE BOURGUIN AND IVAN NOURDIN

We deal with characterizing the freeness and asymptotic freeness of free mul-
tiple integrals with respect to a free Brownian motion or a free Poisson pro-
cess. We obtain three characterizations of freeness, in terms of contraction
operators, covariance conditions, and free Malliavin gradients. We show
how these characterizations can be used in order to obtain limit theorems,
transfer principles, and asymptotic properties of converging sequences.

1. Introduction

A classical result in probability theory asserts that one can decompose any functional
of a Brownian motion W as an infinite sum of multiple integrals. That is, to any
square integrable random variable ' measurable with respect to W, one can associate
a unique sequence of symmetric and square integrable kernels { f,, : n > 0} such that

F=Y"1"(f).
n=0

The set of all multiple Wiener—It6 integrals of the form IV (f), the so-called n-th
Wiener chaos of W, thus plays a fundamental role in modern stochastic analysis.
Analyzing its many rigid properties (notably those related to independence and
normal approximation) has become a subject in its own right, and has grown into a
mature and widely applicable mathematical theory.

Among the most striking results about Wiener chaos are the following two theo-
rems, which will play a central role in the present paper. The first one characterizes
independence of multiple Wiener—It6 integrals.

Theorem 1.1 [Ustiinel and Zakai 1989]. Let n, m be natural numbers and let
fe LZ(R’i) and g € Lz(Rﬁ) be symmetric functions. Then I,:)V(f) and In‘iv (g) are
independent if and only if, for almost all x1, ..., Xp—1, Y1, -, Ym—1 € Ry,

o0
/ f(xlv"',xn—l’u)g(yla"'9ym—lvu)du:0‘
0
MSC2010: primary 46L.54; secondary 68H07, 60H30.

Keywords: free probability, Wigner integrals, free Poisson integrals, free Malliavin calculus,
characterization of freeness, free fourth movement theorems.
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The second result is nowadays one of the most central tools of analysis on Wiener
chaos, as it represents a drastic simplification with respect to the method of moments
for the normal approximation of sequences of multiple Wiener—Itd integrals.

Theorem 1.2 [Nualart and Peccati 2005]. A unit-variance sequence in a Wiener
chaos of fixed order converges in law to the standard Gaussian distribution if and
only if the corresponding sequence of fourth moments converges to 3.

Since its introduction by Voiculescu in the eighties in order to solve some
longstanding conjectures about von Neumann algebras of free groups, free proba-
bility theory has become a vivid and powerful branch of mathematics, with many
applications (including signal processing, channel capacity estimation and nuclear
physics) and deep connections with other mathematical fields (like operator algebra,
theory of random matrices or combinatorics). Free probability has many parallels
with the usual probability theory (hence its name), and the study of these links
often brings a new point of view which may then enrich the theory of both worlds
(classical and free).

Starting from the free independence property, a genuine stochastic calculus with
respect to the free Brownian motion (the free analog of the classical Brownian
motion) has emerged within the last twenty years, following the route paved by the
seminal paper of Biane and Speicher [1998]. In particular, a common property of
the classical and free settings is the possibility of expanding the space as a sum of
free chaos, giving rise to the so-called Wigner chaos. By their very construction,
these free chaos play in the free world a similar role as Wiener chaos in the classical
setting. It is thus natural to investigate the similarities and differences between
these two mathematical objects. For instance, do we have an analog of Theorem 1.2
in the free world? The answer is “yes”, and is given by the following theorem.

Theorem 1.3 [Kemp et al. 2012]. A unit-variance sequence in a Wigner chaos
of fixed order converges in law to the semicircular distribution if and only if the
corresponding sequence of fourth moments converges to 2.

Shortly after the publication of [Kemp et al. 2012], many other results in the
spirit of Theorem 1.3 have been added to the literature, including the following
ones (the list is not exhaustive).

In [Nourdin et al. 2013], it is shown that component-wise convergence to the
semicircular distribution is equivalent to joint convergence, thus extending to the
free probability setting a seminal result by Peccati and Tudor [2005].

In [Nourdin and Peccati 2013], a noncentral counterpart of Theorem 1.3 is pro-
vided. More precisely, it is shown that any adequately rescaled sequence { F}, : n > 0}
of self-adjoint operators living inside a fixed Wigner chaos of even order converges
in distribution to a centered free Poisson random variable with rate A > 0 if and
only if go(F,f’ ) — Z(p(F,?) — 222 — A (where @ is the relevant tracial state).
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In [Nourdin and Poly 2012], convergence in law of any sequence belonging to
the second Wigner chaos is characterized by means of the convergence of only a
finite number of cumulants.

In [Deya and Nourdin 2012], making use of heavy combinatorics it is shown that
any adequately rescaled sequence {F, : n > 0} of self-adjoint operators living inside
a fixed Wigner chaos converges in distribution to the tetilla law 7 if and only if

O(FH — o(T" and @(F%) — (T

(where g is the relevant tracial state). Note that this finding is not an extension of a
result known in the classical probability theory, as the existence of such a result in
the classical setting is still an open problem.

In [Bourguin and Peccati 2014], a class of sufficient conditions, ensuring that a
sequence of multiple integrals with respect to a free Poisson measure converges to
a semicircular limit, is established, thus providing an analog of Theorem 1.3 in the
context of free Poisson chaos.

In [Bourguin 2015], a fourth moment type condition is given, for an element
of a free Poisson chaos of arbitrary order to converge to a free centered Poisson
distribution.

In [Arizmendi and Jaramillo 2014], an estimate for the Kolmogorov distance
between a freely infinitely divisible distribution and the semicircle distribution is
given, in terms of the difference between the fourth moment and 2.

In [Bourguin 2016], a multidimensional counterpart of the aforementioned central
limit theorem on the free Poisson chaos is given.

In [Bourguin and Campese 2018], a quantitative version of Theorem 1.3 is
derived, using free stochastic analysis as well as a new biproduct formula for
bi-integrals.

In the present paper, our main goal is to provide characterizations of free indepen-
dence on the Wigner and free Poisson chaos, as well as investigate the similarities
and dissimilarities between classical and free chaos, as far as (possibly asymptotic)
independence properties are concerned.

Our first set of investigations yields a characterization of freeness on the Wigner
and free Poisson chaos, in terms of contractions, covariances, or free Malliavin
gradient, thus providing a suitable extension of Theorem 1.1 (and related results) to
the free setting. Most of our results turn out to be similar to the classical setting,
with the notable exception of the characterization of freeness in terms of the free
Malliavin gradient, this last fact illustrating a fundamental difference between the
classical and the free cases.

Our second set of investigations is concerned again with the independence
property, but this time in an asymptotic context. Here, the problem is to find what
conditions need to be imposed on limits of multiple integrals to be free.
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The remainder of this paper is organized as follows: Section 2 contains a short
introduction to free probability theory, with a special emphasis to the material
needed for the rest of the paper. Section 3 is devoted to the characterization of
freeness on the Wigner and free Poisson chaos, in terms of contractions, covariances,
or free Malliavin gradient. This section also provides several lemmas which will
be used to prove our main results in the following sections. In Section 4, we study
different characterizations of asymptotic freeness, in several contexts. We devote
Section 5 to the study of transfer principles between classical and free chaos. Finally,
Section 6 contains auxiliary results that are used throughout the paper.

2. Preliminaries

Elements of free probability. In the following, a short introduction to free proba-
bility theory is provided. For a thorough and complete treatment, see [Nica and
Speicher 2006; Voiculescu et al. 1992; Hiai and Petz 2000]. Let (A, ¢) be a tracial
W*-probability space, that is & is a von Neumann algebra with involution * and
¢ : 4 — C is a unital linear functional assumed to be weakly continuous, positive
(meaning that ¢(X) > 0 whenever X is a nonnegative element of &), faithful
(meaning that ¢(XX*) =0 = X = 0 for every X € &) and tracial (meaning
that o(XY) = (Y X) for all X, Y € ). The self-adjoint elements of & will be
referred to as random variables. The noncommutative space L2(sd, ) denotes the
completion of ${ with respect to the norm || X ||, = /o (X X*).

Recall the definition of freeness (see [Nica and Speicher 2006, Definition 5.3]
and [Nica and Speicher 2006, Remarks 5.4] or [Tao 2012, Definition 2.5.18])
for a collection of noncommutative random variables living on an appropriate
noncommutative probability space (d, ¢).

Definition 2.1. A collection of random variables X1, ..., X, on (A, ¢) is said to
be free if

o([P1(Xi) — @(PL(Xi)] - [Pn(Xi,) — @(Pn(X;,))]) =0
whenever Py, ..., P, are polynomials and iy, ..., i, € {1, ..., n} are indices with

no two adjacent i; equal.

Let X € s{. The p-th moment of X is given by the quantity ¢(X?), p € N.
Now assume that X is a self-adjoint bounded element of & (in other words, X is a
bounded random variable), and write p(X) = || X|| € [0, co) to indicate the spectral
radius of X.

Definition 2.2. The law (or spectral measure) of X is defined as the unique Borel
probability measure wy on the real line such that fR Pt)dux () =¢(P(X)) for
every polynomial P € R[X]. A consequence of this definition is that ;x has support

in [—p(X), p(X)].
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The existence and uniqueness of wx in such a general framework are proved, e.g.,
in [Tao 2012, Theorem 2.5.8] (see also [Nica and Speicher 2006, Proposition 3.13]).
Note that, since px has compact support, the measure py is completely determined
by the sequence {¢p(X?): p > 1}.

Let {X; : Kk > 1} be a sequence of noncommutative random variables, each
possibly belonging to a different noncommutative probability space (g, ¢x).

Definition 2.3. The sequence {X; : k > 1} is said to converge in distribution
to a limiting noncommutative random variable X, (defined on (o, ¥o0)), if
k(P (X)) 75757 Yoo (P (X o)) for every polynomial P € R[X].

k—+00

If X%, X~ are bounded (and therefore the spectral measures wx,, pux, are well-
defined), this last relation is equivalent to saying that

fRP(l)/ka(df) =T /P(t)uxm(dt)

An application of the method of moments yields immediately that, in this case,
one has also that puy, weakly converges to wx,_, thatis py, (N TS5 Mxe ()
for every f : R — R bounded and continuous (note that no additional uniform
boundedness assumption is needed).

In this paper, we will also deal with joint convergences in law, for sequences
(X = (X}, ..., X,f) : k > 1} of noncommutative random vectors, each possibly
belonging to a different noncommutative probability space (g, ¢k).

Definition 2.4. The vector-valued sequence {X; = (X Lo X,‘f) 1k > 1} is said
to converge jointly in distribution to a limiting noncommutative random vector
Xoo = (Xéo, el Xgo) (defined on (Ao, o)), if any moment in the variables
X,l, R X,‘f converges, as k — 0o, to the corresponding moments in Xéo, R Xgo;
otherwise stated, (X}, ..., X,‘f) law —>(X;O, R Xgo) if for any r € N and positive
integers iy, ..., i,, as k = 0o, one has

QX - XU = ool XD - XK.

Let us now define the two main processes we will deal with in this paper, namely
the free Brownian motion and the free Poisson process.

Definition 2.5. (1) The centered semicircular distribution with variance ¢t > 0,
denoted by S(0, ¢), is the probability distribution given by

S0, 1)(dx) = @rt)~'Vat —x21_y s (x)dx.
(2) A free Brownian motion S consists of

(1) a filtration {sd; : t+ > 0} of von Neumann subalgebras of o (in particular,
Ay C A, for0<s <1),
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(i1) a collection S = {S; : t > 0} of self-adjoint operators in s« such that
(@) So=0and S; € A, forall t >0,

(b) for all r > 0, S; has a semicircular distribution with mean zero and
variance ¢,

(c) forall 0 <u < t, the increment S; — S, is free with respect to #,,, and has
a semicircular distribution with mean zero and variance ¢ — u.

Definition 2.6. (1) The free Poisson distribution with rate A > 0, denoted by P (),
is the probability distribution defined as follows:

(1) if » € (0, 1], then P(A) = (1 — A1)y + AV, and
(i) if A > 1, then P(A) =7V, where 8 stands for the Dirac mass at 0. Here,

V(dx) = Qrx) VAL — (x — 1= D2 - s s (.
(2) A free Poisson process N consists of

(1) a filtration {sd, : t+ > 0} of von Neumann subalgebras of & (in particular,
Ay C A, for0<s <),

(i1) a collection N = {N; : t > 0} of self-adjoint operators in s (4 denotes the

cone of positive operators in ) such that

(@) No=0and N, € A, for all t > 0,

(b) for all t > 0, N, has a free Poisson distribution with rate ¢z, and

(c) forall 0 <u < ¢, the increment N; — N, is free with respect to «{,,, and has
a free Poisson distribution with rate # — u. N will denote the collection of
random variables N = {1\7t = N, —t1:t > 0}, where 1 stands for the unit
of . N will be referred to as a compensated free Poisson process.

Remark 2.7. In the sequel, 91 will stand for either the free Brownian motion S or
the compensated free Poisson process N.

We continue with some definitions that will play a crucial role in the rest of
the paper. For every integer n > 1, the space L?(R"; C) = Lz([R{i) denotes the
collection of all complex-valued functions on R’ that are square-integrable with
respect to the Lebesgue measure on R’

Definition 2.8. Let n be a natural number and let f be a function in LZ(R’i).

(1) The adjoint of f is the function f*(¢t1,..., %) = f(t,, ..., t1).

(2) The function f is called mirror-symmetric if f = f* i.e., if
f(tl,’tn):f(tnv’tl)

for almost all (1, ..., #,) € R with respect to the product Lebesgue measure.
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(3) The function f is called (fully) symmetric if it is real-valued and, for any
permutation o in the symmetric group G, it holds that f(#,..., %) =
fsy, -+ tom)) for almost all (71, ..., 2,) € R with respect to the product
Lebesgue measure.

Definition 2.9. Let n, m be natural numbers and let f € LZ([RR ) and g€ LZ([RR ).
Let p <n Am be a natural number. The p-th nested contraction f ES gof fand g
is the L2(R"™"~2P) function defined by nested integration of the middle p variables

in f®g:
)4
(f’\g)(tlsw-’tn-i-m—Zp):/p f(tlv"'vtn—]HSl?"'asp)
R+
X8(Sp, oy Syt ptls ooy bngm—2p) dsy -+ -ds,.

In the case where p = 0, the function f 2 g isjust given by f ® g.
Similarly, we define the star contraction f *,{ gof fandg.

Definition 2.10. Let », m be natural numbers and let f € LZ(IR )and g € LZ(R ).
Letkef{l,...,nAnm}and j €{0,...,k} be two natural numbers. We set

(f*]ig)(tla’tn+m—2k+])=/k jf(tla--'7tl’l—k+jask—j9"-asl)
R+_

XG(STs s Sk—jolnkls - oo bnpm—2ksj )81 - dsp_j.

For f € L2(R ), we denote by I13(f) the multiple Wigner integral of f with
respect to the free Brownian motion as introduced in [Biane and Speicher 1998]. The
space LS, Q) = {IS(f) fe LZ(R ), n > 0} is a unital *-algebra, with product
rule given, forany n,m > 1, f € LZ(R ), g€ LZ(IR’”) by

nAm

(1) IS(HI5() = Z Simap(f 2 8)

and involution I,f (fH)*= InS (f*). For a proof of (1), see [Biane and Speicher 1998].

Similarly, we can define free Poisson multiple integrals with respect to N (these
integrals were studied in [Bourguin and Peccati 2014], and we refer to this reference
for details). The space L>(WN, @) = {IN(f) fe LZ(R ),n >0} is a unital x-
algebra, with product rule given, forany n,m > 1, f e Lz(lR{ ), g € L*(R™), by

@ O @=3 18, RO+ Y I (f 4 )
p=0 p=1

and involution I,{Q ()= I,f’ (f*). For a proof of this formula, see [Bourguin and
Peccati 2014].
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Furthermore, as is well known, both Wigner and free Poisson multiple integrals
of different orders are orthogonal in L?(s{, @), whereas for two integrals of the
same order, the Wigner isometry holds:

3) (TR = (f. &) 2w

Remark 2.11. (1) Observe that it follows from the definition of the involution
on the algebras L%(S, ¢) and L?(\, ¢) that operators of the type Iflm (f) are
self-adjoint if and only if f is mirror-symmetric.

(2) In what follows, we will use the notation 7, I,{Q , 1V and 1] to denote multiple
Wigner integrals, multiple free Poisson integrals, multiple Wiener integrals,

and multiple classical Poisson integrals, respectively.

Bi-integrals and free gradient operator. In this particular subsection, we only
focus on the Wigner case, as the tools we are about to introduce do not exist in the
context of free Poisson processes.

Let (o, ¢) be a W*-probability space. An o ® #-valued stochastic process
t + U; is called a biprocess. For p > 1, U is an element of %, the space of
LP-biprocesses, if its norm

o0
2 2
U8, = [ 10 oo 4

is finite.
Let n, m be two positive integers and f = g®h € LZ([R{’J’F) ® LZ([Rﬁ). Then, the
Wigner bi-integral [I5 ® I5](f) is defined as
[y ® L)) = 1 (8) ® L (h).

From the Wigner isometry for multiple integrals, we obtain the so-called Wigner
bisometry: for f € LZ(IRZ’r) ® Lz(Rﬁ) and g € Lz(Ri) ® LZ(RT) having the form
of a tensor product,

@ el @ LN ®1y1(@)")

(f.8)2@nerrwrn fn=n"andm=m'
0 otherwise.

Formula (4) is then extended linearly to generic elements f € Lz([R{’jr) ® Lz([R{’_’ﬁ) =
L2(RT"™), where the symbol = denotes an isomorphic identification.

A crucial tool in the analysis of Wigner integrals is the product formula (1),
and a biproduct formula for bi-integrals was recently obtained in [Bourguin and
Campese 2018], which will be a crucial tool in the sequel. It makes use of
a new type of contraction, referred to in [Bourguin and Campese 2018] as bi-
contractions, defined as follows. Let ny, m, nfy, mp be positive integers. Let
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felX®HQLXRYH = LAR} ™) and g € LA(R) ® LR = LA(R>™?)
and let p < ny Any, r <my A my be natural numbers. The (p, r)-bicontraction
f p.r g is the LZ(RT'H'Q—ZP) ® L2<R$1+m2—2r) ~ Lz(Rr_:_l-i-nz—r-ml—i-mz—Zp—Zr) func-
tion defined by

p,r
f Ag(tlv -~7tn1+n2+m1+m272p72r)
= oo s lni—psSpseeesSTs Vlseoes Vrs
/Rp+rf(l ny—ps>9p 1, Y1 Yr
+ tn1+n2+mz—2p—r+1 sy tn1+n2+m1+m2—2p—2r)
Xg(sl’---asp’tn]—p—i-la---’tn]+n2+m2—2p—rvyra---’yl)dsl"'dspdyl"‘dyr-

Remark 2.12. Observe that these bicontractions have the following properties
(for a proof, see [Bourguin and Campese 2018]). For ni, m, ny, my € N, let
fe P RHLAXMRY) = L2(R ™) and g € L2 (R?) ® L2(RY?) = L2(R7™™)
be fully symmetric functions. Furthermore, let p <n; Any and r < m| A m; be
natural numbers such that p +r = p’ 4+ r’. Then, the following holds.

T ~ —+r
() Rz

p.r p/’r/
@ f~g=f"— g

pro 9 £ 2
(3) || f — g“LZ(RT +n2—2p)®L2(Rri|+m2—2r) - || f g“LZ(RT +n2+ml+m2—2[7—2r)'
ni,m . . .
@ f='f= ||f”i2(R"+1)®L2(R’jl)l® 1, which is a constant in L2(R}) @ L2(R"").

We introduce ff to be the associative action of s{ ® s{°P (where 4°P denotes the
opposite algebra) on o ® A, as

&) (A® B)iI(C® D) =(AC)® (DB).
We also write # to denote the action of % ® L*(Ry) ® AA°P on od ® L*(Ry) ® 4, as
(AR fRB)I(C®gRD)=(AC)® fg® (DB).

Using the bicontractions definition, the biproduct formula for Wigner bi-integrals
proved in [Bourguin and Campese 2018] can be stated as follows.

Proposition. For ny,my,ny, my € N, let f € L*(R}) ® L>(R}") = L2 R} ™™)
and g € L*(R??) ® L2(R"?) = L2(R'?*"™2). Then

niAny mjpAmy

©) [} @ L ML @)@ =D > Uiy 2p ® s 1 = )
p=0 r=0
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Finally, the free gradient operator V : L*(S, ¢) — %, is a densely defined and
closable operator whose action on Wigner integrals is given by

n

V() =Y UL 1A,

k=1

where ft(k)(xl, ey Xn—1) = f(x1, ..., Xp—1,t, Xk, ..., Xp—1) 18 viewed as an ele-
ment of Lz(Ri_l) ® L2(R’}r_k). We also define the pairing (-, - ) between By x RB»
and L?(A @ oA, ¢ ® @) to be

D () B x P> LAAB A, 9 D), (U,V):/ U8V*ds.
R,

3. Characterizations of freeness

In this section, we are interested in providing several characterizations of freeness
between two multiple integrals. We will derive those characterizations in terms of
contractions, covariances and free Malliavin gradients respectively.

Characterization in terms of contractions. Recall the well-known characterization
of independence of multiple Wiener—Ito integrals by Ustiinel and Zakai [1989] in
terms of the first contraction of the associated kernels.

Theorem 3.1 [Ustiinel and Zakai 1989]. Let n, m be natural numbers and let
fe Lz(Ri) and g € LZ([R{’J’:) be symmetric functions. Then, IV (f) and 1) (g) are
independent if and only if f ® g = 0 almost everywhere (for the definition of ®1,
see the first point of Remark 3.2 below).

Remark 3.2. « In Theorem 3.1 and throughout the text, the notation ®, stands
for the usual r-th contraction operator, defined as follows: if f € LZ(R’i) and
g€ LZ(RT_) are symmetric and if r € {1, ..., n Am}, we set

(f®rg)(t1’ “‘7tl’l+ﬂ’l72}’): f(tlv ""tl’l*r7xl7 "‘7xr)
R
XE(tn—rtls v s ndm—2r> X1y - - - » Xp)dX1 ... dX,.

o In the context of a multiple Wiener-It6 integral 1" ( ), note that one can always
assume without loss of generality that the kernel f is symmetric, as IV (f) = IV (f),
where f denotes the symmetrization of the function f given by

- 1
fOr, oo xn) = ] Z Foys s Xom),

‘oeB,

with &,, the symmetric group of {1, ..., n}.
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A natural question is to ask whether or not the characterization of independence
of Ustiinel and Zakai has a counterpart in the free setting. It turns out that a similar
characterization of freeness holds on both the Wigner and the free Poisson space,
which is the first result of this paper.

Theorem 3.3. Let n, m be natural numbers and let f € L*(R") and g € L*(R")
be symmetric functions. Then:

() I3(f) and I3 (g) are free if and only if f A g = 0 almost everywhere.
(ii) I,f’ (f) and I,fy (g) are free if and only if f *(1) g = 0 almost everywhere.

Proof. First, assume that I,im( f) and In%ﬁ(g) are free. Then, by Definition 2.1, it
holds that, in particular

(LI ()? = eI (HDNIT () — (11 (9)P)])
= oI’ (9)D) — oI (DI (8)?) =0

Observe that
U O =YY oo o, (f A~ F)Ion 2. (8 )
p=0r=0
Lon_ N}ZZM" ot PO (8% 8)
p=1r=1
—ZZw(I " HENE"™ ¢)
p=0r=0 n—1m—1
> e (b OB (g ).
p=0r=0

Using the isometry property (3), we get

nAm
m 2 M 2 m-p
oL@ =Y (" fog " 8 e,
p=0
(nAm)—1
1 1
+1{§m=1(/} Z (f *n n p fg*m . )Lz(RipH)
p=0
nAm nAm
2
—an e 1= 1D I A { ety
p=1
nAm
= £ 12y I8 2y + D I 817 gina,
= ! nAm

. r—1,12
+l{9ﬁ=N} Zl ”f*p g||L2(R1+mfzp+1)-
p:
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Recalling that ¢ (17" (f)*) = ILf 72, and @17 (8)?) = 8172 g, vields
®) o(IT(H I — oI (H eI (9)?)

— § : L o2 . E : p=1 412
- ”f g”LZ(RI:rmpr) + 1{93’(:1\/'} || f *p g”LZ(RI:rmprJrl)'
p=1 p=1

As the left-hand side of the above equality is zero, the fact that f A g=0ae. in
the Wigner case and f *(1) g =0 a.e. in the free Poisson case follows.

Conversely, assume that f —~ g =0 a.e. in the Wigner case and that f *(1) g=0
a.e. in the free Poisson case. According to Definition 2.1 together with the linearity
of the functional ¢, we must prove that, for any natural number £ and for any natural
numbers ki, ..., ko,

oI (H* — oI O (2)2 — (1P (9)%))
PR — (PRI ()% — (I (9)*)]) = 0.

Remark 3.4. Observe that we only consider an even number of powers k. This
comes from the tracial property of the functional ¢ together with the condition that
no two adjacent indices i; can be equal in Definition 2.1. Indeed, if we consider an
odd number of powers k, we would have

oM — (I (D) — (1) (9))]
IR — ()R]
= (I — o (OO — oL ()]
L) — (I () )] - - [T ()" — (L) () ))),

where the first two indices would be the same in the framework of Definition 2.1.

Let g < k be two nonnegative integers. For 0 < g < k — 1, define the multisets
S;‘ ={1,...,1,0,...,0} where the element 1 has multiplicity ¢ and the element O
has multiplicity k — g — 1. Such a set is sometimes denoted {(1, g), (0, k —g — 1)}.
We denote the group of permutations of the multiset S;‘ by 6’; and its cardinality is
given by the multinomial coefficient

( k—1 )_ (k—1)! _(k—l)
g.m—qg—1) " glk—qg-1! \ g )
Observe that in the definition of the group of permutations of a multiset, each
permutation yields a different ordering of the elements of the multiset, which is

why the cardinality of 6’; is (k;I) and not (k — 1)!. Using the Wigner and free
Poisson product formulas along with Equation (4.1) in [Nourdin and Peccati 2013]
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and Lemma 4.1 in [Bourguin 2015], we can write

kn kn
RO =0T+ 1@ () + Lgnegy O I Br (),
r=1 r=1
where P1 P2 Pk—1
af)= D CAFANHEHHHES
(P15 Pk—1)EAF
with

k—1
A,:{(pl,...,pk_l)e{O,1,...,n}k_1:kn—ZZpizr}
i

and where (recall Definition 2.10 for the contractions appearing below)

k—1
bN=2 2 D TP - DT

g=17e&k (p1,....pr-1)€B],

with, foreachg =1,...,k—1 and each 662,

k-1 k—1
B;fq = {(pl,...,pk_l) e@{n(s),...,n}:kn—i—q—ZZpi =r}.

s=1 i

We get that

AR — (IO () — (17 (9)*)]
PR — (IR ()R — (17 (9)%2)]

kin kom kag—1n kogm

:Z Z Z Z I,?ln(arl(f)'i'l{m:ﬁ}brl(f))

ri=1r=1 roe—1=1ryp=1

X 131y (@) F+ Lign_ybra (@) Ay @re () + Ligne iy ()
X I @y, (8) + Ly iy b (8)).

At this point, observe that the assumptions that f A g =0a.e in the Wigner case and
f*(l) g =0 a.e in the free Poisson case imply, by Lemmas 6.1 and 6.2 respectively, that
for any giveni =1, ..., 2¢ — 1, the contractions between (a,, (f) + 1{931:19}’% )
and (a,,,,(g) +1 (M= N}bri ,1(&)) resulting from using the appropriate product for-
mula iteratively will all be zero a.e. except for the ones of order zero corresponding
to the tensor product operation (it is the only contraction that can be nonzero under
both the Wigner and free Poisson case assumptions).

Remark 3.5. Note that for the above argument to hold, we need to assume that
the functions f and g are symmetric in order to be able to freely reorder variables
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appearing in the contractions of a,, (f) and ar, (g) (as well as in the contractions
of by, (f) and by, , (g)) so that the assumptions f —~ g = 0 a.e. in the Wigner case
and f *(1) g =0 a.e. in the free Poisson case can be used to deduce that the resulting
contractions will all be zero.

Hence, keeping only the nonzero terms in the above expression yields

AR — (IO () — (17 (9)*))
IR — (IR (@) — (I (9)F)]

kin kom koe—1n kogm
=20 2 2 e (@ () + Ly br ()
ri=1r=1 ry—1=1ry=1

®(ar2 (g) + 1{9jt:ﬁ}br2 (g)) ® T ® (arzg,l (f) + 1{W:N}br2€—l (f))
®(ar2(, (8) + 1{931=1§/}br2( (g)))

As the quantity ry + - - - 4 1oy is strictly positive, applying ¢ to the above expression
yields

(LI (HM — (I (LT ()" — (I (9))]
SO — (LN ORI (P — (1) (9))]) =

which is the desired result. O

Observe that the above characterization of freeness is stated and proven for
symmetric kernels only. A natural question is whether or not this characterization
continues to hold in the more general case of a mirror-symmetric kernel. We provide
a negative answer to this question, proving that our characterization is exhaustive.
Concretely, we will exhibit two mlrror—symmetrlc kernels f, g € L*([0, 2]°) such
that || f A gllz20,2% = 0 but IS(f) and I (g) are not free.

Indeed COIISlldeI‘ f = 1[0,1]><[0,2]x[0,1] and g = 1[1,2]><[0,2]><[1,2]- It is readily
checked that f —~ g = 0. On the other hand, using the product formula (1) iteratively,
we can write

B = > By ((((FAHAHAHANALHAS

(ry,....r6)€C
r I I . T I
BE@'= > i (™) A g A ~g) A g ~g),
(ry,....r6)€C

where

C={(r,...,re) €{0,1,2,3}° 11y <6 —2ry,
r3<9—2r1—2rp,...,r6 <18 —=2r; —--- —2rs}.
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Using the Wigner isometry (3), we deduce that (p(I3S(f)7) =0 and <p(13S(g)7) =0,
as well as (the functions f and g being positive)

oIS B = (((FADEDH~H~H~FAT,
(g~ 2) 2 8) = 8) = 8) = 8) ™ &)y =32 #0.

Consequently, according to the definition of freeness given in Definition 2.1, 135 f)
and 135 (g) are not free.

Remark 3.6. The same counterexample would also yield the same conclusion in
the free Poisson case (replacing the Wigner integrals by free Poisson ones) as it
is also the case that f *(1) g = 0 and as the first part of the free Poisson product
formula (2) is the same as the Wigner product formula used above.

However, even if establishing a characterization of freeness in terms of contrac-
tions in the mirror-symmetric case is not possible, we can still give a sufficient
condition for freeness, which is the object of the following result.

Theorem 3.7. Let n, m be natural numbers and let | € Lz([R{i) and g € Lz([R{ﬁ)
be mirror-symmetric functions.

(i) If dealing with Wigner integrals, assume that f©) A g™ = 0 almost every-
where for all o € S, and w € S,,, where

f(a)(-xla"'7-xn)=f(xﬂ'(l)$"'a-x0'(n))v -xlv"'7-x}’l €R+a

and a similar definition for g™. Then, I3 (f) and IS (g) are free.

(ii) If dealing with free Poisson integrals, assume that f® *(1) g(” ) =0 almost
everywhere for all 0 € &, and w € &,,. Then, one has that I,fv (f) and ImN (2)
are free.

Proof. Apply the same strategy as in the proof of Theorem 3.3 with the stronger
assumptions. O

Characterization in terms of covariances. The next result is a free analog of
[Rosiniski and Samorodnitsky 1999, Corollary 5.2], which is itself a consequence
of Theorem 3.1 by Ustiinel and Zakai.

Corollary 3.8. Let n, m be natural numbers and let [ € LZ(IRZ’r) and g € L2(|Rf|'f)
be symmetric functions. Then, I,?ﬁ (f)and I,?ft(g) are free if and only if their squares
are uncorrelated, i.e., if and only if

Cov(I'( )% I(g)H) = 0.



462 SOLESNE BOURGUIN AND IVAN NOURDIN

Proof. First, assume that I;;m( f) and Ingft(g) are free. Then, by Definition 2.1,
(LN — oL (HHNL () — oL (9)D)])
=o(INOM()D) — oL (DU (9)*) = 0.

As Cov(LM ()% 1 (@)D = oL () L)) — LD e U (©)P), the de-
sired conclusion follows.
Conversely, assume that Cov(Iflm(f)z, I,?ft(g)z) = 0. Using (8), it holds that

Cov(I* ()% I ()P

nAm nAm
p 2 -1 2
= D ISR g s, Lmesy 2 I %5 8IS
p=1 p=1

which implies that all the contraction norms appearing on the right-hand side of the

above equality are zero. In particular, in the Wigner case, || f—~ gllz2 . 0, and

in the free Poisson case, || f *(]) g||iz(w ety = 0, which, by Theorem 3.3 implies
+

that I,im(f) and Ifm(g) are free. Ul

m

Characterization in terms of free Malliavin gradients. In the context of Wiener
integrals, Ustiinel and Zakai [1989, Proposition 2] proved that a necessary condition
for two Wiener integrals 1V () and 1)Y (g) to be independent was that the inner
product of their Malliavin derivatives was zero almost surely. More precisely, their
statement reads as follows.

Theorem 3.9 [Ustiinel and Zakai 1989]. A necessary condition for the indepen-
dence ofInW(f) and ImW(g) is

) (DL (f). DI} () 12w,y =0 a.s.

However, they were also able to show that this condition is not sufficient and hence
cannot provide a proper characterization of independence of Wiener integrals. The
technical reason for this is that this condition implies that only the symmetrization
of the first contraction of f and g be zero almost everywhere, which in turn does
not necessarily imply that the first contraction itself be zero almost everywhere. As
the latter is an equivalent statement to independence, the sufficiency of (9) fails.

In the free case, a free version of the Malliavin calculus (with respect to the
free Brownian motion) has been developed by Biane and Speicher [1998], and it
is a natural question to ask whether it can be used to provide a characterization of
freeness for Wigner integrals.

Remark 3.10. In this subsection, we only focus on Wigner integrals and not on
the free Poisson case. The reason for this is that there is no free Malliavin calculus
available for free Poisson random measures, which is what would be needed to
explore similar statements in the free Poisson case.
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The following result is the main result of this subsection, which is a charac-
terization of freeness in terms of the free gradient operator for Wigner integrals
with symmetric kernels. It is worth noting that, as opposed to the case of Wiener
integrals studied by Ustiinel and Zakai, we are able to provide a positive answer to
the question of characterizing freeness in terms of free gradients, which illustrates
a fundamental difference between the classical case and the free case.

Theorem 3.11. Let n, m be natural numbers and let f € LZ(R )and g € LZ(R )
be symmetric functions. Then, I S(f) and I,;S (g) are free if and only if

(10) (VIS(f),VI3() =0in L2 (A® A ¢ ®¢),

where the notation ( -, -) is defined in (7).

Proof. In the following we will use the shorthand fs(k) to denote the function given by
fs(k)(xl’ ceey xn—l) - f(xl’ ceey xk—19 S? xk+lv LI ] xn)~

Applying the definition of the action of V on Wigner integrals, we get that

(VIS(f), VI (g)) = .. (VoI (F)E(VsL (9)* ds

—ZZ [Ik 1®L IOy ®I, 1)) ds
k=1g=1

-3 / S @IS (OIS ®I3_, 1) ds,
k=1 g=1

where the last equality follows from the full symmetry of the function g. The
biproduct formula (6) yields

(VIS(f), VIS(9))
(kAq) 1 (n— k)A(m q)

- ZZ/ Uirg22p ® Ly i—g- 210 =gy ds,

k=1 g=1 =

and by using a Fubini argument, it follows that

(VIS(f), VIS(g))
n m (kAng)—1 (n—k)A(m—q)

= Z Z Z Z [I/f+q7272p ® Ir§+m7k7q—2r] (A fs(k) IL{ gs(”) ds)
= +
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The full symmetry of f and g implies that f; () fs( " for every 1 <k <n and

giq) = gsl) for every 1 < g <m. Hence, using Remark 2.12, we get

k) P p+r+1
/ f() (q)ds—f ~ g,

so that we finally get

(1) (VIS(f), VI (9)
n m (kng)—1 (n—k)A(m—q)

_ZZ Z Z [Ik+t] 2— 2p®ln+m k—q— o I0f IH;L_H 8)-

k=1 g=1 p=0

Using the Wigner bisometry (4), we see that the quantity
0@ (VI (f), VI

is just a sum with strictly positive coefficients only involving the contractions norms

L2
” f — g ||L2(R/er+m—2)9 ” f g||L2(Rn+m 4 . || f ||L2(Rn+m 2(nAm))

Formally, we have an equality of the type
nAm
u
12 @®@UVEF). VIR = Y cullf = 8l o
u=1
with ¢, > 0.

Now assume that 7 S(f) and I, S(g) are free. By Theorem 3.3, this is equlvalent
to f A g = 0 almost everywhere, which by Lemma 6.1 implies that f ES g=0
almost everywhere for all 1 < p <n Am. Using (12), we get (10).

Conversely, assume that

(VI3 (f), VI5(g)) =0.
Then,
eV (), VIS (@)D =

This implies that all the norms appearing in the representation (12) are zero, and
in particular that f —~ g = 0 almost everywhere. Using Theorem 3.3 concludes the
proof. ]

4. Characterizations of asymptotic freeness

In the asymptotic context, the problem of interest is to find necessary and sufficient
conditions for the limits in law of multiple integrals to be free. It is a much more
general problem than before, as limits in law of multiple integrals need not be
multiple integrals themselves.
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Characterization in terms of contractions. In the classical case, the following
result holds.

Theorem 4.1 [Nourdin and Rosinski 2014, Theorem 3.1]. Let n, m be natural
numbers and let {f; : k > 1} C Lz([R{’jr) and {gr : k> 1} C LQ(RT_) be sequences
of symmetric functions. Assume that (InW(fk), I,};V(gk)) law, (F G) as k — oo,
where F, G are square integrable random variables with laws determined by their
moments. Then, F and G are independent if and only if fi ®) gk 7575570 in

) k——+00
Lz(erm_ PYforallp=1,...,nAm.

Remark 4.2. The fact that the limiting random variables in the above theorem need
to have laws determined by their moments (a condition that we get automatically in
the free setting) has been shown in [Nourdin et al. 2016] to be not necessary. On
the other hand, observe that the necessary and sufficient condition for asymptotic
independence is not

fie ®1 8770 in LART2),

as one could have expected in view of Theorem 3.1. This weaker condition is
necessary but not sufficient in the asymptotic case, as pointed out in [Nourdin and
Rosinski 2014, Remark 3.2]. I{l the free case, the same phenomenon happens in
the sense that the condition f; ~ g 753550 in LZ(R'J’:“’"_Z) (in the Wigner case)

and fi %) gi =520 in L2(R%?) (in the free Poisson case) will prove to be

necessary but not sufficient either, for the same reason.

The following result in the free case is hence rather an analog of the stronger
results of [Nourdin et al. 2016] instead of those found in [Nourdin and Rosinski
2014]. In Theorem 4.1 or in the forthcoming Theorem 4.3, note that F and G do
not need to have the form of a multiple integral. This implies that sequences of
multiple integrals can be used in order to prove the freeness of general random
variables in L?(¢) (provided these random variables admit approximating sequences
of multiple integrals with symmetric kernels).

Theorem 4.3. Let n, m be natural numbers and let {f; : k > 1} C Lz(Ri) and
{gr 1 k>1} C Lz([R{ﬁ) be sequences of symmetric functions such that

(13) (I(fo), I (gr)) 2% (F, G)
as k — oo, where F, G are random variables in Lz(&i, ©). Then,

(1) If M=S, then F and G are free if and only if fi /L’\gk ——7=>0in LQ(RTFM_ZP)

k——+o00
forallp=1,...,nAm.
(i) If M =N, then F and G are free if and only if fi *~gr7===>0in LA®R"7%7)
and fk*I;_]gk—“_)Jroo 0in LZ([RTrm_ZPH)for allp=1,...,nAm.
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Proof. First, assume that F and G are free. Then, Cov(F 2 G2) = 0. Using (8)
along with assumption (13) yields
nAm
m 2 m 2 J4 2
Cov(L(fo . I (80)) = 2} I fe = 8kl oo,
p:
nAm

2 : —1 2 N 2 2
+l{9ﬁ:]\7} ”fk*g gk ||L2(Rn+m—2p+l) k—+o00 COV(F ) G ) = 0,
+
p=1

sothatforall p=1,...,nAm, fi ES gk T=Ta0> 0 (in the Wigner case) and for all
p=1,....nAm, fi 2 Sk 5T 0and fi *ﬁfl 8k 775> 0 (in the free Poisson
case).

Conversely, assume that, forall p =1,...,n Am, fi E 8k TS0~ 0 (in the
Wigner case) or that, for all p =1,...,n Am, fi £ 8k TS0 0 and fk*g_l
8k TS0~ 0 (in the free Poisson case). As in the proof of Theorem 3.3 (together

with assumption (13)), these conditions imply that, for any natural number ¢ and
for any natural numbers ki, . .., kay,

(LI () — (I FO O (810" — (1 (81)*)]
PR — ()OI (0™ — (1 (80" ]) =570,

which implies that F and G are free as they are determined by their moments. [

Remark 4.4. Observe that the only difference between the proofs of Theorem 3.3
and Theorem 4.3 is the fact that in the nonasymptotic case, we have one additional
step which states that the seemingly weaker condition f A g = 0 a.e. implies that,
forall p=1,...,nAm, f X g = 0 a.e. (in the Wigner case) and that the condition
f*% g =0ae. implies that, forall p=1,...,nAm, f XA g=0and f*ﬁflgzo
a.e. (in the free Poisson case). Recall that these implications do not necessarily hold
true asymptotically, as pointed out in [Nourdin and Rosifiski 2014, Remark 3.2].
For instance, the sequence { f; : n > 1} C L*([0, 1]%) given by

k—1
fe= JEZ(; Lk

satisfies fi A St 75770 in Lz(R%r), although fi ES Jr =1 for all k. As we
directly assume the asymptotic equivalent of the conclusions of these implications,
the same arguments as in the proof of Theorem 3.3 yield the desired conclusion in
the proof of Theorem 4.3.

As before with Theorem 3.7, we can give sufficient conditions for the asymptotic
freeness of F and G whenever the sequences of multiple integrals have mirror-
symmetric kernels instead of symmetric ones.
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Theorem 4.5. Let n, m be natural numbers and let {f; : k > 0} C LZ(R’jr) and
{gr 1 k=0} C LZ(RT_) be sequences of mirrorp—symmetric functions. Assume that
I (fo), IP(gr)) 2% (U, V) and that fk(a) ES g,ﬁ") — 0ask — oo, forall p=
l,....nA"Amandalloc € S, and m € &,,, where fk(a) and g,ﬁ”) are defined as
in Theorem 3.7. Finally, if dealing with free Poisson integrals, assume moreover
that fk(a)*ﬁfl g,ﬁ”) —0ask— oo, forallp=1,...,nAmandall 0 € S, and
€6, Then U and V are free.

Proof. Using the exact same argument as in the proof of Theorem 3.3, we can
obtain that, for any natural number ¢ and for any natural numbers p1, ..., pay,

(LI f™ = oL (P (807 — o) (1) )]
P — (L fOPE O (81072 — (1Y (81)7)]) =5 0-

Taking the limit as k — oo,
(UM = pUPHIVP = (VP - [UP = p(UP ]IV P = p(VF)]) =0,
which concludes the proof. U

Characterization in terms of covariances. Based on Theorem 4.1, Nourdin and
Rosinski [2014, Corollary 3.6] obtained the following result that links component-
wise convergence and joint convergence of multiple integrals. As before, note that
in the following results, the random variables F' and G need not have the form
of multiple integrals. This implies that sequences of multiple integrals can be
used in order to prove the freeness of general random variables in L?(p) (provided
these random variables admit approximating sequences of multiple integrals with
symmetric kernels).

Theorem 4.6. Let n, m be natural numbers and let {fi : k> 1} C Lz(Ri) and

{gr :k>1} C LZ(R’@ be sequences of symmetric functions such that I,YV (fr) aw,

law.

and I,,‘;V (gr) =2 G as k — oo, where F, G are square integrable independent

random variables with laws determined by their moments. If
Cov(L) (fi)* 1) (8)>) =550,
then (IV (fo), IV (g1)) 1% (F, G), as k — oc.
In the free case, we obtain the following similar result.
Theorem 4.7. Let n, m be natural numbers and let
{fick>1}CL*RY) and {g:k=>1}CL*RY)

be sequences of symmetric functions such that (Iflm( i), Imm(gk)) law, (F G) as
k — oo. Then, F and G are free if and only if

Cov(IM(fi)?, 1) (8% =55 0.

k——+o00
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Proof. Combine (8) with Theorem 4.3. O

Characterization in terms of free Malliavin gradients. 1t is also possible to char-
acterize asymptotic freeness in terms of the free gradient quantity appearing in
Theorem 3.11. We offer the following statement.

Theorem 4.8. Let n, m be natural numbers and let {fy : k > 1} C L2(R1) and
{gr:k>1} C Lz(lR’jf) be sequences of symmetric functions such that

(L3 (fo), Iy (g1)) 2% (F, G)

as k — oo, where F, G are random variables in L*(, ). Then, F and G are free
if and only if

(VIS(f), VIS (80)) =520 in L2 (A @ s, 9 @ 9),

k—+00
where the notation (-, -) is defined in (7).

Proof. Combine the representation (12) with Theorem 4.3. ([

5. Transfer principles

Since the characterizations of freeness we have obtained in Section 3 involve
quantities which are similar whatever the context (classical or free, Brownian or
Poisson), it is natural to study possible transfer principles from one setting to another
one. It is the goal of this section to study these aspects.

Theorem 5.1. Let n, m be natural numbers and let f € LZ(RZ’F) and g € LZ(RT)
be symmetric functions. Assume that IN (f) and IV (g) are free. Then, 13 (f) and
13(g) are free. However, the fact that 13(f) and IS (g) are free does not necessarily

imply that IN (f) and I (g) are free, as illustrated by Example 5.2.

Proof. By Theorem 3.3, if I,f\?(f) and 1,,1? (g) are free, then it holds that f*(l)g =0a.e.
Lemma 6.2 guarantees that f*(l) g=0a.e. implies f —~ g = 0a.e. Using Theorem 3.3
again concludes the proof. (]

Example 5.2. Let T be a positive real number and let f, g € L?>(R,) be functions
defined by

F) =x1p7(x) and g(x) = (xz—%x)lm,ﬂ(x).

Note that

T T
1 2 3T 3 3T »
f—~g=(f.8r =/ x(x®—=—x dx:/ x°—=x")dx=0
LR = ) < 4 ) 0( 4 )

whereas
e =F- g = (¥ =210 £0.

Hence, by Theorem 3.3, Ils(f) and Ils(g) are free but va(f) and I{Q(g) are not.



FREENESS CHARACTERIZATIONS ON FREE CHAOS SPACES 469

Based on Theorems 3.1 and 3.3, we can obtain the following transfer principles
between the Wiener and Wigner chaos.

Proposition. Let n, m be natural numbers and let | € Lz(Ri) and g € Lz(Rﬂ) be
symmetric functions. It holds that InS (f) and I,,Sl (g) are free if and only if InW f)
and 1V (g) are independent.

Proof. Observe that as f and g are symmetric functions; it holds that f®,g= f A g.
Using Theorems 3.1 and 3.3 concludes the proof. U

Remark 5.3. In the classical Poisson case, there is no known characterization of
independence in terms of the almost sure nullity of a contraction. By using similar
techniques to the ones used in the proof of Theorem 3.3 (using the definition of
moment independence in place of the definition of freeness), one can prove that
the condition f *‘1) g = 0 a.e. implies moment independence. However, moment
independence only implies ?:?(/g =0 a.e., which is weaker than f *(1) g=0 a.e.
Summing up, one can prove that the condition f *(1) g =0 a.e. is sufficient but not
necessary and that the condition ]T;?Tg =0 a.e. is necessary but not sufficient (the
fact that it is not sufficient is illustrated by the counterexample provided in [Rosifiski
and Samorodnitsky 1999, Example 5.3]). Also pointed out therein is the fact that
the squares of multiple Poisson integrals being uncorrelated does not imply that
these multiple integrals are independent. This makes it difficult to establish any
independence correspondence or transfer principles between the classical and free
Poisson chaos. However, it can be pointed out that the freeness of free Poisson
multiple integrals implies the freeness of the corresponding Wigner integrals and
the independence of the corresponding Wiener integrals.

Despite the above remark, we can still provide the following partial transfer
result.

Corollary 5.4. Let n, m be natural numbers and let f € LZ([R{’i) and g EALZ([F\Eﬁ)
be symmetric functions. Assume that I,fv (f) and I,flv (g) are free. Then, I} (f) and
1, (g) are moment independent.

Proof. Assuming I,f’(f) and I,ﬁ’ (g) are free, Theorem 3.3 states that f*(l) g=0ae,
which, as pointed out in Remark 5.3, is a sufficient condition for LT (f)and I} (g) to
be moment independent. Conversely, if 1, (f) and I (g) are moment independent
and f+" g =0 a.e., Theorem 3.3 ensures that /.Y () and I (g) are free. O

6. Auxiliary results

This last section contains two auxiliary results that have been used along the proof
of Theorem 3.3.
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Lemma 6.1. Let n, m be natural numbers and let f € LZ(R’}F) and g € LZ(RZ)
be mirror-symmetric functions. Assume furthermore that f ~ g = 0 almost every-
where. Then, forall p=1,...,n Am, it holds that f 2 g = 0 almost everywhere.

Proof. Observe that, forany p=1,...,n Am,
P
f — g(tl’ ARX) tn+m—2p)

=/p St Spy s SDEST s Spytupits ooy Ingm—2p) ds1 -+ - dsp
R+

:/ 1( f(tlv"'ytn—p,sp,...,SI)
RYT \JRy

g(sl’---’Sp,tn—p-‘rh---»tn-‘rm—Zp)dsl)dSZ"'dsp
1
=/p 1ng(tl,...,tn,p,sp,...,sz,sz,...,sp,tn,pﬂ,...,tn+m,2p)dsz---dsp.
R:™

Using the assumption that f A g=0ae., weget f ES g =0 a.e., which concludes
the proof. ([

Lemma 6.2. Let n, m be natural numbers and let f € LZ(R’J’F) and g € Lz(RT_) be
mirror-symmetric functions. Assume furthermore that f *(1) g = 0 almost everywhere.
Then, forall p = 1,...,n/\mandallr=2,...,n/\m,itholdsthatf/[-)\g:O
and f *;_1 g = 0 almost everywhere.

Proof. Observe that, forany p=1,...,n Am,
P
f/\g(tl,---’tn—}—m—Zp)
= » f(tl, "'7tl’l—p,spa '-'5s])g(sla '-"spatn—p-‘rla "'7t}’l+m—2p)dsl dsp
R:
0
:fp Sx g, paSps e S1S20 e Spy bty oo tngm—2p) dS1 -+ - dsp.
R:
Similarly, it holds that, for any r =2, ..., n Am,
r—1
f*r g(tl’ ceey tn+m72r+l)
= f(tlv”’7tl’l—r+l’sr—l7"'9sl)
R!
8(Sty vy Sr— 1o tar s+ oy Ingm—2r41) dS1 -+ - dSp_1
0
:/ lf*l g(tlv"'7l}’l—r+lasr—1’"'7S17S27"'7sr—1’
R
In—r+1s -+ s Intm—2r+1) dSy - - - dsy 1.

Using the assumption that f *(1) g =0 a.e. concludes the proof. ]



FREENESS CHARACTERIZATIONS ON FREE CHAOS SPACES 471

Acknowledgments

The authors wish to thank an anonymous referee for a careful reading of the
manuscript as well as for valuable suggestions and remarks.

References

[Arizmendi and Jaramillo 2014] O. Arizmendi and A. Jaramillo, “Convergence of the fourth moment
and infinite divisibility: quantitative estimates”, Electron. Commun. Probab. 19 (2014), art. no. 26,
12 pp. MR Zbl

[Biane and Speicher 1998] P. Biane and R. Speicher, “Stochastic calculus with respect to free
Brownian motion and analysis on Wigner space”, Probab. Theory Related Fields 112:3 (1998),
373-409. MR Zbl

[Bourguin 2015] S. Bourguin, “Poisson convergence on the free Poisson algebra”, Bernoulli 21:4
(2015), 2139-2156. MR Zbl

[Bourguin 2016] S. Bourguin, “Vector-valued semicircular limits on the free Poisson chaos”, Electron.
Commun. Probab. 21 (2016), art. no. 55, 11 pp. MR Zbl

[Bourguin and Campese 2018] S. Bourguin and S. Campese, “Free quantitative fourth moment
theorems on Wigner space”, Int. Math. Res. Not. 2018:16 (2018), 4969-4990. MR Zbl

[Bourguin and Peccati 2014] S. Bourguin and G. Peccati, “Semicircular limits on the free Poisson
chaos: counterexamples to a transfer principle”, J. Funct. Anal. 267:4 (2014), 963-997. MR Zbl

[Deya and Nourdin 2012] A. Deya and 1. Nourdin, “Convergence of Wigner integrals to the tetilla
law”, ALEA Lat. Am. J. Probab. Math. Stat. 9 (2012), 101-127. MR Zbl

[Hiai and Petz 2000] F. Hiai and D. Petz, The semicircle law, free random variables and entropy,
Mathematical Surveys and Monographs 77, American Mathematical Society, Providence, RI, 2000.
MR Zbl

[Kemp et al. 2012] T. Kemp, I. Nourdin, G. Peccati, and R. Speicher, “Wigner chaos and the fourth
moment”, Ann. Probab. 40:4 (2012), 1577-1635. MR Zbl

[Nica and Speicher 2006] A. Nica and R. Speicher, Lectures on the combinatorics of free probability,
London Mathematical Society Lecture Note Series 335, Cambridge University Press, 2006. MR Zbl

[Nourdin and Peccati 2013] I. Nourdin and G. Peccati, “Poisson approximations on the free Wigner
chaos”, Ann. Probab. 41:4 (2013), 2709-2723. MR Zbl

[Nourdin and Poly 2012] 1. Nourdin and G. Poly, “Convergence in law in the second Wiener/Wigner
chaos”, Electron. Commun. Probab. 17 (2012), art. no. 36, 12 pp. MR Zbl

[Nourdin and Rosiriski 2014] I. Nourdin and J. Rosinski, “Asymptotic independence of multiple
Wiener-Itd integrals and the resulting limit laws”, Ann. Probab. 42:2 (2014), 497-526. MR Zbl

[Nourdin et al. 2013] 1. Nourdin, G. Peccati, and R. Speicher, “Multi-dimensional semicircular limits
on the free Wigner chaos”, pp. 211-221 in Seminar on Stochastic Analysis, Random Fields and
Applications VII, edited by R. C. Dalang et al., Progr. Probab. 67, Springer, 2013. MR Zbl

[Nourdin et al. 2016] I. Nourdin, D. Nualart, and G. Peccati, “Strong asymptotic independence on
Wiener chaos”, Proc. Amer. Math. Soc. 144:2 (2016), 875-886. MR Zbl

[Nualart and Peccati 2005] D. Nualart and G. Peccati, “Central limit theorems for sequences of
multiple stochastic integrals”, Ann. Probab. 33:1 (2005), 177-193. MR Zbl

[Peccati and Tudor 2005] G. Peccati and C. A. Tudor, “Gaussian limits for vector-valued multiple
stochastic integrals”, pp. 247-262 in Séminaire de Probabilités XXXVIII, edited by M. Emery et al.,
Lecture Notes in Math. 1857, Springer, 2005. MR Zbl


http://dx.doi.org/10.1214/ECP.v19-3354
http://dx.doi.org/10.1214/ECP.v19-3354
http://msp.org/idx/mr/3208324
http://msp.org/idx/zbl/1317.46046
http://dx.doi.org/10.1007/s004400050194
http://dx.doi.org/10.1007/s004400050194
http://msp.org/idx/mr/1660906
http://msp.org/idx/zbl/0919.60056
http://dx.doi.org/10.3150/14-BEJ638
http://msp.org/idx/mr/3378462
http://msp.org/idx/zbl/1375.46047
http://dx.doi.org/10.1214/16-ECP12
http://msp.org/idx/mr/3548767
http://msp.org/idx/zbl/1362.46065
http://dx.doi.org/10.1093/imrn/rnx036
http://dx.doi.org/10.1093/imrn/rnx036
http://msp.org/idx/mr/3848230
http://msp.org/idx/zbl/1420.60034
http://dx.doi.org/10.1016/j.jfa.2014.05.015
http://dx.doi.org/10.1016/j.jfa.2014.05.015
http://msp.org/idx/mr/3217054
http://msp.org/idx/zbl/1308.46071
http://msp.org/idx/mr/2893412
http://msp.org/idx/zbl/1285.46053
http://msp.org/idx/mr/1746976
http://msp.org/idx/zbl/0955.46037
http://dx.doi.org/10.1214/11-AOP657
http://dx.doi.org/10.1214/11-AOP657
http://msp.org/idx/mr/2978133
http://msp.org/idx/zbl/1277.46033
http://dx.doi.org/10.1017/CBO9780511735127
http://msp.org/idx/mr/2266879
http://msp.org/idx/zbl/1133.60003
http://dx.doi.org/10.1214/12-AOP815
http://dx.doi.org/10.1214/12-AOP815
http://msp.org/idx/mr/3112929
http://msp.org/idx/zbl/1281.46057
http://dx.doi.org/10.1214/ecp.v17-2023
http://dx.doi.org/10.1214/ecp.v17-2023
http://msp.org/idx/mr/2970700
http://msp.org/idx/zbl/1298.60032
http://dx.doi.org/10.1214/12-AOP826
http://dx.doi.org/10.1214/12-AOP826
http://msp.org/idx/mr/3178465
http://msp.org/idx/zbl/1301.60026
http://msp.org/idx/mr/3380342
http://msp.org/idx/zbl/1295.46046
http://dx.doi.org/10.1090/proc12769
http://dx.doi.org/10.1090/proc12769
http://msp.org/idx/mr/3430861
http://msp.org/idx/zbl/1339.60017
http://dx.doi.org/10.1214/009117904000000621
http://dx.doi.org/10.1214/009117904000000621
http://msp.org/idx/mr/2118863
http://msp.org/idx/zbl/1097.60007
http://dx.doi.org/10.1007/978-3-540-31449-3_17
http://dx.doi.org/10.1007/978-3-540-31449-3_17
http://msp.org/idx/mr/2126978
http://msp.org/idx/zbl/1063.60027

472 SOLESNE BOURGUIN AND IVAN NOURDIN

[Rosinski and Samorodnitsky 1999] J. Rosiniski and G. Samorodnitsky, “Product formula, tails and
independence of multiple stable integrals”, pp. 169—194 in Advances in stochastic inequalities (At-
lanta, GA, 1997), edited by T. P. Hill and C. Houdré, Contemp. Math. 234, American Mathematical
Society, Providence, RI, 1999. MR Zbl

[Tao 2012] T. Tao, Topics in random matrix theory, Graduate Studies in Mathematics 132, American
Mathematical Society, Providence, RI, 2012. MR Zbl

[Ustiinel and Zakai 1989] A.S. Ustiinel and M. Zakai, “On independence and conditioning on Wiener
space”, Ann. Probab. 17:4 (1989), 1441-1453. MR Zbl

[Voiculescu et al. 1992] D. V. Voiculescu, K. J. Dykema, and A. Nica, Free random variables:
a noncommutative probability approach to free products with applications to random matrices,
operator algebras and harmonic analysis on free groups, CRM Monograph Series 1, American
Mathematical Society, Providence, RI, 1992. MR Zbl

Received May 14, 2017. Revised November 8, 2019.

SOLESNE BOURGUIN

DEPARTMENT OF MATHEMATICS AND STATISTICS
BOSTON UNIVERSITY

BOSTON, MA

UNITED STATES

bourguin @math.bu.edu

IVAN NOURDIN

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF LUXEMBOURG
ESCH-SUR-ALZETTE
LUXEMBOURG

ivan.nourdin @uni.lu


http://dx.doi.org/10.1090/conm/234/03453
http://dx.doi.org/10.1090/conm/234/03453
http://msp.org/idx/mr/1694771
http://msp.org/idx/zbl/0940.60025
http://dx.doi.org/10.1090/gsm/132
http://msp.org/idx/mr/2906465
http://msp.org/idx/zbl/1256.15020
http://dx.doi.org/10.1214/aop/1176991164
http://dx.doi.org/10.1214/aop/1176991164
http://msp.org/idx/mr/1048936
http://msp.org/idx/zbl/0693.60046
http://msp.org/idx/mr/1217253
http://msp.org/idx/zbl/0795.46049
mailto:bourguin@math.bu.edu
mailto:ivan.nourdin@uni.lu

PACIFIC JOURNAL OF MATHEMATICS
Vol. 305, No. 2, 2020

dx.doi.org/10.2140,/pjm.2020.305.473

DOMINANCE ORDER AND MONOIDAL CATEGORIFICATION
OF CLUSTER ALGEBRAS

ELIE CASBI

We study a compatibility relationship between Qin’s dominance order on a
cluster algebra A and partial orderings arising from classifications of sim-
ple objects in a monoidal categorification C of .A. Our motivating example
is Hernandez and Leclerc’s monoidal categorification using representations
of quantum affine algebras. In the framework of Kang, Kashiwara, Kim
and Oh’s monoidal categorification via representations of quiver Hecke al-
gebras, we focus on the case of the category R-gmod for a symmetric finite
type A, quiver Hecke algebra using Kleshchev and Ram’s classification of
irreducible finite-dimensional representations.
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1. Introduction

Cluster algebras were introduced in [Fomin and Zelevinsky 2002] to study total pos-
itivity and canonical bases of quantum groups. Cluster algebras are commutative Z-
subalgebras of fields of rational functions over Q0 generated by certain distinguished
generators, called cluster variables, satisfying relations called exchange relations.
These cluster variables are grouped into overlapping finite sets of fixed cardinality
(the rank of the cluster algebra) called clusters. A monomial in cluster variables of
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the same cluster is called a cluster monomial. Applying exchange relations to one
variable of a cluster leads to another cluster and this procedure is called mutation.
Any cluster can be reached from a given initial cluster by a finite sequence of
mutations. Moreover, it is shown in [Fomin and Zelevinsky 2007] that once an

initial seed ((x1, ..., x,), B) has been fixed, any cluster variable of any other seed
((xi, ..., x1), B") can be related to the initial cluster variables in the following way:

t_ Fl,t(,);la RN );n) gll‘t gﬁ,”

_xl — 7 X e Xy,

F* |[P>()71, "'7yn)

where (gll”, ey gf;’ ) is an n-tuple of integers called the g-vector of the cluster vari-
able x; and F L.t is a polynomial called the F-polynomial of x/. The variables y;, y;,
1 < j <n, are Laurent monomials in the initial cluster variables x1, ..., x, which

do not depend on [/ and ¢. Thus the combinatorics of a cluster algebra is entirely
contained in the behavior of g-vectors and F-polynomials.

Berenstein and Zelevinsky [2005] defined quantum cluster algebras as quan-
tizations of cluster algebras; these algebras are not commutative: cluster vari-
ables belonging to the same cluster g-commute, i.e., satisfy relations of the form
x;iX; = q"ix;x; for some integers A;;.

The notion of monoidal categorification of a cluster algebra has been introduced
in [Hernandez and Leclerc 2010]. The idea is to identify a given cluster algebra A
with the Grothendieck ring of a monoidal category; more specifically, the categories
involved in this procedure will be categories of modules over algebras such as
quantum affine algebras. Monoidal categorification requires a correspondence
between cluster monomials and real simple objects in the category (i.e., simple
objects S such that S ®¢ S is again simple) as well as between cluster variables and
prime real simple objects (real simple objects that cannot be decomposed as tensor
products of several nontrivial objects). Given a cluster algebra .4, the existence
of a monoidal categorification of A can give some fruitful information about the
category itself, such as the existence of decompositions of simple objects into
tensor products of prime simple objects. Hernandez and Leclerc [2010] defined a
sequence {C;, [ € N} of subcategories of modules over quantum affine algebras and
conjectured that the category C; is a monoidal categorification of a cluster algebra.
They proved this conjecture in types A, and D4 and exhibited a remarkable link
between the g-vector (resp. F'-polynomial) of each cluster variable and the dominant
monomial (resp. the (truncated) g-character) of the corresponding simple module.
In [Hernandez and Leclerc 2013], they introduce other subcategories of finite-
dimensional representations of quantum affine algebras and prove several monoidal
categorification statements for these categories in types A, and D,,.

Other examples of monoidal categorification of cluster algebras appeared in
various contexts. For instance, in the study of categories of sheaves on the Nakajima
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varieties: these varieties were constructed by Nakajima [1998; 2001] for the purpose
of providing a geometric realization of quantum groups as well as their highest
weight representations. In [Nakajima 2011], certain categories of perverse sheaves
on these varieties are shown to be monoidal categorifications of cluster algebras. In
particular, Nakajima used these constructions to study the category C; and proved
Hernandez and Leclerc’s conjecture in ADE-types. Recently, Cautis and Williams
[2019] exhibited a new example of monoidal categorification of cluster algebras
using the G,,-equivariant coherent Satake category, i.e., the category of G(O)-
equivariant perverse coherent sheaves on the affine Grassmannian Grg. In the
case of the general linear group GL,,, they show that this category is a monoidal
categorification of a quantum cluster algebra and construct explicitly an initial seed.

A large proportion of this paper will be devoted to another situation of monoidal
categorification of (quantum) cluster algebras that came out of the works of Kang,
Kashiwara, Kim and Oh [Kang et al. 2018a; 2015; 2018b], involving categories of
representations of quiver Hecke algebras. Introduced in [Khovanov and Lauda 2009]
and independently in [Rouquier 2012], quiver Hecke algebras (or KLR algebras) are
Z-graded algebras which categorify the negative part U, (n) of the quantum group
U,(g), where g is a symmetric Kac-Moody algebra and n the nilpotent subalgebra
arising from a triangular decomposition. Khovanov and Lauda conjectured that this
categorification provides a bijection between the canonical basis of U, (n) and the set
of indecomposable projective modules over the quiver Hecke algebra corresponding
to g. This was proved in [Rouquier 2012] and independently in [Varagnolo and
Vasserot 2011] using a geometric realization of quiver Hecke algebras. The category
of finite-dimensional modules over quiver Hecke algebras can be given a monoidal
structure using parabolic induction. Kleshchev and Ram [2011] gave a combinatorial
classification of simple finite-dimensional modules over quiver Hecke algebras
of finite types (i.e., associated with a finite type Lie algebra g) using Lyndon
bases. More precisely, they introduced a certain class of simple modules, called
cuspidal modules, which are in bijection with the set of positive roots of g. The
simple modules are realized as quotients of products of cuspidal modules, and are
parametrized by dominant words or root partitions (see Definition 3.25).

Fix a total order on the set of vertices of the Dynkin diagram of g. The cor-
responding lexicographic order is a total ordering on the set of dominant words.
In Section 5, we use this framework for quiver Hecke algebras of finite type A,
and exhibit an easy combinatorial way to compute the highest dominant word
appearing in the decomposition of the product of classes of two simples into a sum
of classes of simples. For n > 1, consider g a Lie algebra of finite type A,. Denote
by r, = n(n + 1)/2 the number of positive roots for the root system associated
to g. Let R-gmod denote the category of finite-dimensional representations of the
quiver Hecke algebra arising from g and let M be the set of dominant words. For
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every u € M we let L(u) denote the unique (up to isomorphism) simple object in
R-gmod corresponding to . For any pu, ' € M, we define u © 1 as the highest
word appearing in the decomposition of the product [L ()] - [L(u)] as a sum of
classes of simple objects in R-gmod. This is well-defined as M is totally ordered.

Theorem 1.1 (cf. Theorem 5.5). The law O provides M with a monoid structure
and there is an isomorphism of monoids

(M, Q) = (22, +).
Moreover this isomorphism is explicitly constructed.

Kang et al. [2018b] adapted the notion of monoidal categorification to the
quantum setting (in particular they defined a notion of quantum monoidal seed) and
proved that the category R-gmod gives a monoidal categorification of the quantum
cluster algebra structure on U, (n). For this purpose, they introduced in [Kang et al.
2018a] some R-matrices for categories of finite-dimensional representations of
quiver Hecke algebras, which give rise to exact sequences corresponding to cluster
mutations in the Grothendieck ring. The notion of admissible pair is introduced in
[Kang et al. 2018b] as a sufficient condition for a quantum monoidal seed to admit
mutations in every exchange direction (see Definition 3.12). The main result of
[Kang et al. 2018b] consists in proving that given an initial seed coming from an
admissible pair, the seeds obtained after any mutation again come from admissible
pairs. Hence the existence of an admissible pair implies monoidal categorification
statements. The main results of [Kang et al. 2018b] (Theorems 11.2.2 and 11.2.3)
consist in constructing admissible pairs for certain subcategories C,, (for each
w in the Weyl group of g) of finite-dimensional representations of quiver Hecke
algebras. These categories thus provide monoidal categorifications of cluster algebra
structures on the quantum coordinate rings A, (n(w)) introduced by Geiss, Leclerc
and Schroer [Geiss et al. 2013]. We refer to Kashiwara’s ICM talk [2018] for a
survey on monoidal categorifications of cluster algebras and connections with the
theory of crystal bases and in particular global bases of quantum coordinate rings.

In this framework, it is natural to consider the dominant word of the simple
module corresponding to a cluster variable x; and try to relate it to the dominant
words of the simple modules belonging to an initial monoidal seed, for instance
the seed arising from the construction of [Kang et al. 2018b, Theorem 11.2.2].
As mentioned above, the theory of cluster algebras encourages us to look at the
variables y; defined in [Fomin and Zelevinsky 2007]. Using the above result on
dominant words, we can associate in a natural way analogs of dominant words that
we call generalized parameters to each of these variables y; (with respect to the
initial seed constructed in [Kang et al. 2018b]). It turns out that in the case of the
category R-gmod = C,,, (where wy stands for the longest element of the Weyl group



DOMINANCE ORDER AND MONOIDAL CATEGORIFICATION OF CLUSTER ALGEBRAS 477

of g), these generalized parameters share some remarkable properties. In particular,
it implies some correspondence between the lexicographic ordering on dominant
words and the following ordering on Laurent monomials in the initial cluster vari-
ables: for any two such Laurent monomials x® = [, x* and x# = [T, x/*, one sets

x® < xP o there exists (y1,..., ) € 7", such that xP =x°. 1_[ f}j/’
J

This ordering can be easily seen to coincide with the dominance order for the
considered initial seed, introduced in [Qin 2017] as an ordering on multidegrees.
As proven in [Hernandez and Leclerc 2010], this dominance order corresponds to
the Nakajima order on monomials in the case of the monoidal categorification by
the category C; (see Proposition 4.14). Geometrically, it is related to the partial
ordering on subvarieties of Nakajima varieties, defined as inclusions of subvarieties
into the closures of others (see [Nakajima 2011]). Qin uses this order to introduce
the notions of pointed elements and pointed sets (see Definition 4.1) and define
triangular bases in a (quantum) cluster algebra. As an application, he proves that
in the context of monoidal categorification of cluster algebras using representations
of quantum affine algebras, cluster monomials correspond to classes of simple
modules, which partly proves Hernandez and Leclerc’s conjecture [2010].

In this paper we study this relationship between orderings in a more general
setting; considering the data of a cluster algebra A together with a monoidal
categorification C of A, we assume the simple objects in C are parametrized by
elements of a partially ordered set M. Given a seed S in .4, we define a notion of
compatibility between the ordering on M and the dominance order < associated to S
and we say that S is a compatible seed if this compatibility holds (see Definition 4.7).
Not all seeds are compatible and it even seems that most seeds are not. We conjecture
that under some technical assumptions on the category C, there exists a compatible
seed (Conjecture 4.10). The existence of such a seed S implies some combinatorial
relationships between the g-vector with respect to S of any cluster variable on the
one hand, and the parameter of the corresponding simple object in C on the other
hand. The results of Hernandez and Leclerc [2010] provide a beautiful example of
such a relationship.

We then focus on the case of monoidal categorifications of cluster algebras via
representations of quiver Hecke algebras of finite type A,. More precisely, we
consider the category R-gmod of finite-dimensional representations of a type A,
quiver Hecke algebra. One of the main results of this paper consists in the explicit
computation of the dominant words of the simple modules of the initial (quantum)
monoidal seed constructed in [Kang et al. 2018b] for this category.

Theorem 1.2 (cf. Theorem 6.1). Let S be the initial seed constructed in [Kang
et al. 2018b] for the category R-gmod associated with a Lie algebra of type A,.
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Then the cluster variables of the seed S can be explicitly described in terms of
dominant words as follows:

[L(1)]

[L(12)] [L((2)(1)]

[L(123)] [L((23)(12))] [L(B)2)(1)]
[L(1...5)] [L(Q2... k... k—1)] o IL(K) - (1)]
[LA...n)] [L(2...n)(A...n—1))] [L((n)---(1))].

The set of frozen variables corresponds to the last line and the set of unfrozen
variables consists in the union of lines 1, ...,n— 1.

Using this description, we can deduce the main result of this paper:
Theorem 1.3 (Theorem 6.2). The seed S is compatible in the sense of Definition 4.7.

In particular, Conjecture 4.10 holds for the category of finite dimensional repre-
sentations of a quiver Hecke algebra arising from a Lie algebra of type A,,.

This paper is organized as follows: in Section 2 we recall the definitions and
main results of the theory of cluster algebras from [Fomin and Zelevinsky 2007], as
well as the notion of monoidal categorification of cluster algebras from [Hernandez
and Leclerc 2010]. Section 3 is devoted to the representation theory of quiver Hecke
algebras. After some reminders of their definitions and main properties, we recall the
constructions of Kang et al. [2015; 2018a; 2018b] of renormalized R-matrices for
modules over quiver Hecke algebras as well as their results on monoidal categorifica-
tion of quantum cluster algebras. We also recall the construction of admissible pairs
for the categories C,, from [Kang et al. 2018b]. We end the section with the results of
Kleshchev and Ram [2011] about the classification of irreducible finite-dimensional
representations of finite type quiver Hecke algebras. In Section 4, we consider the
general situation of monoidal categorifications of cluster algebras. We introduce a
partial ordering on Laurent monomials in the cluster variables of a given seed and
show that it coincides with the dominance order introduced by Qin [2017]. Then we
define the notion of admissible seed and state our main conjecture (Conjecture 4.10).
We show that the results of Hernandez and Leclerc [2010] in the context of monoidal
categorification of cluster algebras via quantum affine algebras provide an example
where this conjecture holds. In Section 5 we focus on the case of monoidal categorifi-
cations of cluster algebras via finite type A, quiver Hecke algebras. Section SA is de-
voted to the proof of Theorem 5.5. We use it in the framework of [Kang et al. 2018b]
to obtain a combinatorial rule of transformation of dominant words under cluster
mutation. Then we study in detail the example of a quiver Hecke algebra of type As
and exhibit examples of compatible and noncompatible seeds in the corresponding
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category R-gmod. In Section 6 we state and prove the two main results of this paper
(Theorems 6.1 and 6.2). We conclude with some possible further developments.

2. Cluster algebras and their monoidal categorifications

In this section, we recall the main results of the theory of cluster algebras from
[Fomin and Zelevinsky 2002; 2003; 2007], as well as the notion of monoidal
categorification from [Hernandez and Leclerc 2010].

2A. Cluster algebras. Cluster algebras were introduced in [Fomin and Zelevinsky
2002]. They are commutative Z-subalgebras of the field of rational functions
over Q in a finite number of algebraically independent variables. They are defined
as follows.

Let 1 < n < m be two nonnegative integers and let F be the field of ratio-
nal functions over QQ in m independent variables. The initial data is a couple
((x1,...,%xm), B) called an initial seed and made out of a cluster, i.e., m alge-
braically independent variables xi, ..., x;,, generating F and an m X n matrix
B :=(b;;) called the exchange matrix whose principal part (i.e., the square submatrix
(bij)1<i,j<n) 1s skew-symmetric.

To the exchange matrix B one can associate a quiver, whose index set is
{1,...,m} with b;; arrows from i to j if b;; > 0, and —b;; arrows from j to i
if b; i = 0.

By construction, one can recover the exchange matrix from the data of a quiver
without loops and 2-cycles in the following way:

bij = (number of arrows from i to j) — (number of arrows from j to 7).

For any k € {1, ..., n} one defines new variables:
i( [Tx"+T1 xf””‘) if j =k,
/
(1) xj = Yk bi>0 by <0
Xj if j #k,

as well as a new matrix B':
—bjj ifi =korj=k,
foralliand j, (B)i; = 1 i o -
bij + 5 (Ibik|brj + bik|byjl)  if i #k and j # k.

Note that the principal part of the matrix B’ is again skew-symmetric.

The procedure producing the seed ((xi, ..., x,,), B") out of the initial seed
((x1,...,xn), B) is called the mutation in the direction k of the initial seed
((x1, ..., Xxm), B). This procedure is involutive, i.e., the mutation of the seed

(x{,...,X,,), B') in the same direction k gives back the initial seed ((x1, ..., X;n), B).
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Any seed can give rise to n new seeds, each of them obtained by a mutation in
the direction k for 1 <k <n. Let T be the tree whose vertices correspond to the
seeds and edges to mutations. There are exactly n edges adjacent to each vertex.
This tree can have a finite or infinite number of vertices depending on the initial

seed. Let ((x1,...,xn), B) be a fixed seed and #y be the corresponding vertex in T.
For any vertex ¢t € T one denotes by ((xi, ..., x}), B") the seed corresponding to
the vertex . It is obtained from the initial seed ((xy, ..., x,,), B) by applying a
sequence of mutations following a path starting at #y and ending at ¢.

Definition 2.1. The cluster algebra generated by the initial seed ((xy, ..., x,), B)
is the Z[xrill, e xnfl]—subalgebra of F generated by all the variables xi, R xfl

for all the vertices t € T.

For any seed ((x1, ..., x,), B), the variables xi, ..., x,, are called the cluster
variables, x1, ..., x, are the unfrozen variables and x,+1, ..., X, are the frozen
variables. These last variables do not mutate and are present in every cluster.

The first main result of the theory of cluster algebras is the Laurent phenomenon:

Theorem 2.2 [Fomin and Zelevinsky 2002, Theorem 3.1]. Let ((x1, ..., Xm), B)
be a fixed seed in a cluster algebra A. Then for any seed ((x}, ..., x}), B") in A
and any 1 < j < n, the cluster variable x; is a Laurent polynomial in the variables
X1y onny Xoppe

Let P be the multiplicative group of all Laurent monomials in the frozen variables

Xn+1s - - - » Xm. One can endow it with an additional structure given by
a; Bi ._ min(e;, B;)
[[x @[]« =[]~
i i i
making P a semifield. Any substraction-free rational expression F(uy, ..., ug)
with integer coefficients in some variables uy, ..., u; can be specialized on some

elements pq, ..., py in P. This will be denoted by Fip(p1, ..., pi).
The mutation relation (1) can be rewritten as

’ + [bik] - [—bik]
wae=p [T 5" e [T o
1<i<n 1<i<n

where
pl-:- — 1_[ xi[bik]+ and pk_ — 1_[ xi[—bikh

n+1<i<m n+1<i<m

belong to the semifield P.

Thus the frozen variables x,41, ..., x, play the role of coefficients and the
cluster algebra A can be viewed as the Z[® algebra generated by the (exchange)
variables x{, ..., x} for all the vertices  of the tree T. Here Z[® denotes the group
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ring of the multiplicative group of the semifield P. This group is always torsion-free
and hence the ring ZP is a domain.

The notion of isomorphism of cluster algebras is introduced in [Fomin and
Zelevinsky 2003]: two cluster algebras .4 C F and A" C F' with the same coefficient
part [® are said to be isomorphic if there exists a Z[P algebras isomorphism F — F’
sending a seed in A onto a seed in A’. In particular the set of seeds of A is in
bijection with the set of seeds of A, and A and A’ are isomorphic as algebras.

The second important result is the classification of finite type cluster algebras,
i.e., the ones with a finite number of seeds.

Theorem 2.3 [Fomin and Zelevinsky 2003, Theorem 1.4]. There is a canonical
bijection between isomorphism classes of cluster algebras of finite type and Cartan
matrices of finite type.

Let A be a cluster algebra and let us fix ((xq, ..., x,;), B) an initial seed. Fomin
and Zelevinsky [2007] define, for any 1 < j <mn,

— bij AL bij
yj = l_[ X and y;:= 1_[ X

n+l<i<m I<i<m
Theorem 2.4 [Fomin and Zelevinsky 2007, Corollary 6.3]. Let
((x{’ LA ] x:;a xn+l, L] xm)7 Bt)
be any seed in A. Then for any 1 <1 < n, the cluster variable x| can be expressed
in terms of the initial cluster variables x1, . . ., x,, in the following way:
_OFY G o) P
= sU
Fl’t|[|3>()71, sy J’n) !

In this formula, F! is a polynomial called the F-polynomial associated to the
variable x/, and the gf’t are integers. We write for short x&" for

2) X

Lt It
81 8n

xl DR xn
and gl = (gll’t, ..., gh") is called the g-vector associated to the variable x!.

The F-polynomial associated to any cluster variable satisfies several important
and useful properties, which have been conjectured in [Fomin and Zelevinsky 2007]
and proved by Derksen, Weyman and Zelevinsky in [Derksen et al. 2010] using the
theory of quivers with potentials. We recall here some of these results, which we
will use in Section 4 in the study of compatible seeds.

Theorem 2.5 [Derksen et al. 2010, Theorem 1.7]. Let

((-xia"-’-x;{laxn-‘r]a "'a-xm)v Bt)

be any seed in A. Let 1 <1 <n, and F"' be the F-polynomial associated to the
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cluster variable x[’ . Then:

(i) There is a unique monomial in F' that is strictly divisible by any other
monomial in F''. This monomial has coefficient 1.

(ii) The polynomial F"' has constant term 1.

2B. Monoidal categorification of cluster algebras. The notion of monoidal cate-
gorification of a cluster algebra was introduced in [Hernandez and Leclerc 2010].
Recall that, if C is a monoidal category, a simple object M in C is said to be real if
the tensor product M ®¢ M is simple. It is said to be prime if it is not invertible
in C and cannot be decomposed as M = M| ¢ M, with M| and M, two simple
noninvertible modules neither trivial nor equal to M itself. We denote by K((C)
the Grothendieck ring of the category C. Recall that for any objects A, B, C in C,
the relation [B] = [A] 4 [C] holds in Ko(C) if there is a short exact sequence
0— A— B — C — 0in C. The ring structure on Ko(C) is directly inherited from
the monoidal structure of C: [M]-[M'] = [M ®: M'] for any objects M, M in C.

Remark 2.6. In the category R-gmod that we will mostly be studying in this paper,
all the simple objects are noninvertible. However in other categories, simple objects
may be invertible. This happens for instance in categories of modules over Borel
subalgebras of quantum affine algebras in [Hernandez and Leclerc 2016].

Definition 2.7 (monoidal categorification of a cluster algebra). A monoidal cat-
egory C is a monoidal categorification of a cluster algebra A if the following
conditions simultaneously hold:

(i) There is a ring isomorphism
Ko(C) >~ A.

(i) Under this isomorphism, classes of simple real objects in C correspond to cluster
monomials in .4 and classes of simple real prime objects in C correspond to
cluster variables in A.

Several examples of monoidal categorifications of cluster algebras appeared more
recently in various contexts: using categories of (finite-dimensional) representations
of quiver Hecke algebras through the works of Kang et al. [2018a; 2015; 2018b], or
via the coherent Satake category studied by Cautis and Williams [2019]. Let us point
out that these examples use a slightly different notion of monoidal categorification:

Definition 2.8 (monoidal categorification of a cluster algebra in the sense of [Kang
et al. 2018b; Cautis and Williams 2019]). A monoidal category C is a monoidal
categorification of a cluster algebra A if:

(i) There is a ring isomorphism
Ko(C) =~ A.
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(i) Under this isomorphism, any cluster monomial in A is the class of a simple
real object in C.

See for instance Definition 3.11 for a precise definition in the context of quiver
Hecke algebras.

2C. Example: representations of quantum affine algebras. Let g be a finite-
dimensional semisimple Lie algebra of type A,, D,, or E, and § be the corre-
sponding Kac-Moody algebra. The quantum affine algebra U, (§) can be defined
as a quantization of the universal enveloping algebra of § (see [Drinfeld 1987]
or [Chari and Pressley 1994] for precise definitions). Consider the category C of
finite-dimensional U, (§)-modules. Chari and Pressley [1994] proved that simple
objects in this category are parametrized by their highest weights. More precisely,
let I be the set vertices of the Dynkin diagram of g and, for each i € [ and a € C*,
let Y; , be some indeterminate. The notion of g-character of a finite-dimensional
U, (g)-module was introduced by Frenkel and Reshetikhin [1999] as an injective
ring homomorphism

xg: Ko(C) — ZIYE!iel, aecC.

1,a’

Let M be the set of Laurent monomials in the variables Y; ,. For any i € I and

a € C* set
. “ﬂ
Ai,a = taq [aq l_[
J#

One defines a partial ordering (the Nakajima order) on M in the following way:

/
m . ..
m <m’ & — is a monomial in the A; ,
m

for any monomials m, m’ € M.

A monomial m € M is called dominant if it does not contain negative powers
of the variables Y; ,. Let M denote the subset of M of all dominant monomials.
For any simple object V of C, the set of monomials occurring in the g-character
of V has a unique maximal element wy for the above order, and this monomial is
always dominant. Conversely, it is possible to associate a simple finite-dimensional
U, (§)-module to any dominant monomial in the variables Y; ,, providing a bijection
between the set of simple objects in C and M. For any dominant monomial m, we
let L (m) denote the unique (up to isomorphism) simple object in C corresponding
to m via this bijection. In the case where m is reduced to a single variable Y; , for
some i € [ and a € C*, the simple module L(m) = L(Y;,) is called a fundamental
representation.

The Dynkin diagram of g is a bipartite graph hence its vertex set I can be
decomposed as I = Iy U I such that every edge connects a vertex of Iy with one
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of I;. Then for any i € I, set

0 ifie Iy,
&= e
1 ifiel 1-
Hernandez and Leclerc introduced a subcategory C; of C whose Grothendieck ring
is generated (as a ring) by the classes of the fundamental representations L(Y; qs,-)
and L(Y; ,&+2), i € [. One of the main results of [Hernandez and Leclerc 2010]
can be stated as follows:

Theorem 2.9 [Hernandez and Leclerc 2010, Conjecture 4.6]. The category Cy is a
monoidal categorification of a (finite type) cluster algebra of the same Lie type as
the Lie algebra g.

Hernandez and Leclerc [2010, Sections 10 and 11] prove this conjecture for g of
types A, (n > 1) and D4. Nakajima [2011] proved this conjecture in types ADE
using geometric methods involving graded quiver varieties. Note that this geometric
construction is valid for any orientation of the Dynkin graph of g. Hernandez
and Leclerc [2013, Theorems 4.2 and 5.6] exhibited other examples of monoidal
categorifications of cluster algebras via categories of representations of quantum
affine algebras in types A, and D,,.

3. Quiver Hecke algebras

Kang et al. [2018a; 2015; 2018b] provided many examples of monoidal categorifi-
cations of cluster algebras arising from certain categories of modules over quiver
Hecke algebras. In this section, we recall the main definitions and properties of
quiver Hecke algebras; then we recall the constructions of renormalized R-matrices
from [Kang et al. 2018a] as well as the statements of monoidal categorification from
[Kang et al. 2018b]. We also recall the classification of simple finite-dimensional
representations of quiver Hecke algebras of finite type using combinatorics of
Lyndon words from [Kleshchev and Ram 2011].

3A. Definition and main properties. In this subsection we recall the definitions
and main properties of quiver Hecke algebras, as defined in [Khovanov and Lauda
2009] and [Rouquier 2012].

Let g be a Kac—Moody algebra, P the associated weight lattice and I1={«;, i € I}
the set of simple roots. We also define the coweight lattice as P¥ = Hom(P, Z) and
we let ITY denote the set of simple coroots. We also denote by A the generalized
Cartan matrix, W the Weyl group of g, and (-, - ) a W-invariant symmetric bilinear
form on P. Let k be a base field.

The root lattice is defined as Q := @), Za;. We also set O := P, Z>oa; and
Q_ =P, Z<o«;. For any f € Q which we write as ) ; m;«;, its length is defined
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as ) .|m;|. When 8 € Q, as in [Khovanov and Lauda 2009] we denote by Seq(f)
the set of all finite sequences (called words) of the form iy, ..., i, (where n is the
length of 8) with m; occurrences of the integer i for all i. For the sake of simplic-
ity, we identify letters with simple roots. In particular, for any i, j € {1, ..., n},
(i, j) stands for (o;, ;) and if u =iy, ...,i, and v = jy, ..., j, are two words
in Seq(B), (u, v) stands for Zp’q(ip, Ja)-

To define quiver Hecke algebras, we fix a nonnegative integer n and a family
{Qi,j,1 <1i, j < n} of two-variables polynomials with coefficients in k. These
polynomials are required to satisfy certain properties, in particular Q; ; = 0 if
i=jand Q; ;j(u,v) = Qj,;(v,u) for any i, j (see for instance [Kang et al. 2018b,
Section 2.1] for more details). In the case of finite type A, symmetric quiver Hecke
algebras (which we will focus on in Sections 5 and 6), the polynomials Q; ; are
the following (see [Kleshchev and Ram 2011]):

(u—v) ifj=i+1,
(w—u) ifj=i-—1,
0 ifi = j,

1 otherwise.

Qi j(u,v) =

Definition 3.1. For any 8 in Q. of length n, the quiver Hecke algebra R(8) at
associated to the Kac-Moody algebra g and the family {Q; ;, 1 <i, j <n}is the
k-algebra generated by operators {e(V)}veseq(p)» (Xi}ie(l,...n}> and {Ti}ke(1,...n—1)
satisfying the following relations:

e(v)e(v’) = (SU’V/E(U),

> ew)=1,

veSeq(B)

XiXj=XjXi,

.....

xie(v) =e(v)x;,
Tre(v) = e(sp (V) .,
T =11 Iif |k—1|>1,

2
Tk e(])) = kastJrl (xka xk+1)e(v)s

—e(v) ifi=k,vy=vq1,

(exi—xgy)e(v) =1 e() ifi=k+1,vp=vq1 ,
0 otherwise
Qupviqy Fha Xkt 1) = O vy | (k25 Xk41) . .
Tt T Tt — Tt T)e(V) = FR——— e(v) if vp =vy0,
k+1Tk Th+1— Tk Th+1Tk .
0 otherwise,

where for any v € Seq(B), vi stands for the k-th letter of the word v.
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The quiver Hecke algebra R(f) is called symmetric when the polynomials Q; ;
are polynomials in u — v.

The first main property of quiver Hecke algebras is that they naturally come with
a Z-grading by setting

dege(v) =0, degxre(v)=2, degtie(v)=—(v;,Vit1).

For any g and y in Q; of respective lengths m and n, let M be an R(8) module
and N an R(y) module. One defines the convolution product of M and N via
parabolic induction (see [Khovanov and Lauda 2009; Kang et al. 2018a]).

Set

e(B.y)= ) eWwh)eRPB+y).

veSeq(B)
L€Seq(y)

It is an idempotent in R(8 + ). Consider the homomorphism of k-algebras

R(B)®R(y) = e(B, Y)R(B+y)e(B.y)

given by
e(W)®er)—e(wr), veSeq(B), A €Seq(y)
X @1l xpe(B,y), 1<k<m, 1®x; = xptie(B,y), 1=<I<n
TRl e(B,y), 1<k<m, 1QT = the(B,y), 1<Il<n.

Then one defines
MoN :=R(B+Y)Qrpery) MON.

For any 8 € O+, let R(8)-pmod be the category of (left) graded finite type projective
R(B) modules, R(8)-gmod the category of left finite-dimensional graded R(f)-
modules, and also

R-pmod := @ R(B)-pmod, R-gmod:= @ R(B)-gmod.
BeO+ B0+

Convolution product induces a monoidal structure on the categories R-gmod and
R-pmod. The grading on quiver Hecke algebras also yields shift functors for these
categories: decompose any object M as

M:@Mn

nez

M =P M,

neZ

and define g M as

The natural Z[qil] action
q-[M]:=[gM]
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gives rise to Z[g*']-algebras structures on the Grothendieck rings of the categories
R-pmod and R-gmod.

The following definition introduces a notion of graded character for representa-
tions of quiver Hecke algebras.

Definition 3.2 [Khovanov and Lauda 2009; Kleshchev and Ram 2011]. Let M be
a finite-dimensional graded R(f)-module. For any v € Seq(f), set M,, :=e(v) - M.
The module M can be decomposed as

M:@M,,.
v

Define
chy (M) :=) "(dim, M,).v,

where for any graded vector space V =@, ., V,, dim,(V) =), ,¢"dimV,.
This is a formal series in words belonging to Seq(B) with coefficients in Z[g, ¢~'].

One can put a ring structure on the image set of ch, by defining a “product”
of two words called the quantum shuffle product. For any nonnegative integer n,
let G,, denote the symmetric group of rank n.

Definition 3.3 (quantum shuffle product). Leti =i;,...,i, and j = ji, ..., js be
two words. We set i,41 := ji, ir4s := js SO that we can consider the concatenation

ij =iy ipys.
Define the quantum shuffle product of i and j:

i Oj = Z q_e(a)(iafl(l), ey i(rfl(r—i-s))’
€6,

where G, ; denotes the subset of &, defined as
G,y ={0eCGslol)<---<o@ando(r+1)<---<o(r+s)}

and, for any element o € G, ,

e(0):= Y (i)

I1<k<r<Il<r+s
o(k)>o(l)

By linearity one can also define quantum shuffle products of two formal series
in elements of Seq(B) with coefficients in Z[g, g~'] (for any 8 € Q).

Proposition 3.4 [Khovanov and Lauda 2009, Lemma 2.20]. For any B,y € Q.
and any M € R(B)-gmod and N € R(y)-gmod, we have

chy(MoN)=chy(M)ochy(N).
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One can now state the main property of quiver Hecke algebras, which is to
categorify the negative part of the quantum group U, (g) in a way that induces a
correspondence between the basis of indecomposable objects in R-pmod and the
canonical basis of U, (n). In the following we will mostly consider the category
R-gmod; hence we give here the dual statements, involving the category R-gmod
and the quantum coordinate ring A, (n) (the precise definition of which can be
found in [Geiss et al. 2013] or [Kang et al. 2018b]). The first theorem was proved by
Khovanov and Lauda [2009] and Rouquier [2012]. The second was conjectured by
Khovanov and Lauda, and proved by Rouquier [2012] and Varagnolo and Vasserot
[2011] using geometric methods.

Theorem 3.5 (Khovanov and Lauda, Rouquier). The map chy induces a Z[q, g "1-
algebra isomorphism
Ko(R-gmod) ~ A, (n).

Theorem 3.6 (Rouquier, Varagnolo and Vasserot). The map ch, (see Definition 3.2)
induces a bijection between the canonical basis of the quantum coordinate ring
Ay (n) and the set of isomorphism classes of self-dual simple modules in the category
R-gmod.

3B. Renormalized R-matrices for quiver Hecke algebras. From Section 3A, re-
call that the weight lattice associated to the Kac—Moody algebra g is given with
a symmetric bilinear form (-, -). Denoting by A the symmetrizable generalized
Cartan matrix of g, this bilinear form is entirely determined by its values on simple
roots, namely, for all i, j,

(@i, aj) = s;aij,

where the s; are the entries of a diagonal matrix D such that DA is symmetric.
One also defines another symmetric bilinear form (-, - ), on the root lattice Q
as in [Kang et al. 2018a]:
1 ifi=j,
(@i, aj)n = { /

0 otherwise,

forall i, j. Let B € Q4 of length m and 1 < k < m; the following operators ¢ are
introduced in [Kang et al. 2018a]:

@l = xk1) + De(w) - if ve = vgq,
pre(v) := .
e (v) otherwise,
for all v € Seq(B). These operators satisfy the braid relation, hence for any permu-
tation o, @, :=¢;, - - - ¢;, does not depend on the choice of a reduced expression
O =Sij - Si-

For any m, n € Z¢, let w[m, n] be the element of &,,,, sending k on k + n if
l<k<mandonk—mifm <k <m+n.
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Consider a nonzero R(f8)-module M and a nonzero R(y)-module N. The fol-
lowing map is defined in [Kang et al. 2018a]:

MN—>NoM, UQ V= Qyin,m(V@u).
Itis R(B) ® R(y) linear and hence induces a homomorphism of R(S + y)-modules,
Ryn:MoN— NoM.

The map Ry y satisfies the Yang—Baxter equation (see [Kang et al. 2018a]).

Let z be an indeterminate, homogeneous of degree 2. For any 8 € O and any
nonzero module M in R(f8)-gmod, one defines M, := k[z] ® M with the following
k[z] ® R(B)-module structure:

e(V).(PQm):=PQ (e(v)m),
X.(PQm):=ZP)@m+ P Q (xym),
. (PQ®m) := P Q (tpm),
for any v € Seq(B), P € k[z] and m € M.

It is shown in [Kang et al. 2018a] that for any 8, y € Q4 and any nonzero
R(B)-module M and nonzero R(y)-module N, the map Ry y is polynomial in z
and does not vanish. Let s be the largest nonnegative integer such that the image of
Ry, v 1s contained in z° N o M. One defines R-matrices in the category R-gmod
in the following way:

Definition 3.7. Let 8, y € Q4. For any nonzero R(8)-module M and nonzero
R(y)-module N, define a homomorphism of R(8 + y)-modules

ryN:MoN— NoM

by setting
N = (2" Ry, N)|z=0,

where s is the integer defined above.

Proposition 3.8 [Kang et al. 2018a]. The homomorphism ry; y does not vanish
and satisfies the Yang—Baxter equation.

Thus the maps rjs y are R-matrices for the category R-gmod. They are called
renormalized R-matrices. As in the case of categories of representations of quantum
affine algebras, these R-matrices are in general not invertible and thus yield (graded)
short exact sequences in the category R-gmod. Consequently this produces some
relations in the Grothendieck ring Ko(R-gmod) >~ A, (n). In the context of monoidal
categorifications of (quantum) cluster algebras (see Section 3C), the exchange
relations in A, (n) will be identified with some of these relations.
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The corresponding relations in the Grothendieck ring Ko(R-gmod) will be iden-
tified with exchange relations. For any nonzero modules M and N, we denote by
A (M, N) the homogeneous degree of the morphism rys y. It is given by

The next statement gives a criterion for the renormalized R-matrix 7y n to be an
isomorphism. It will be particularly useful for the proof of Theorem 6.1 (see, for
instance, Corollary 6.6).

Lemma 3.9 [Kang et al. 2018b, Lemma 3.2.3]. Let M and N be two simples in the
category R-gmod and assume one of them is real. Then the following are equivalent:

i1 AM,N)+ AN, M) =0.
(i1) ry N and ry p are inverse to each other up to a constant multiple.
(iii) M o N and N o M are isomorphic up to grading shift.
(iv) M o N is simple in the category R-gmod.
One says that M and N commute if they satisfy these properties.

3C. Monoidal categorification via representations of quiver Hecke algebras. In
this subsection we focus on the case where C is a full subcategory of R-gmod stable
under convolution products, subquotients, extensions, and grading shifts. C can be

decomposed as
c=Ep e
BeO+

with Cg :=C N R(B)-gmod for every B € Q, so that the tensor product in C sends
Cp xC, onto Cg, forany B,y € Q.

Kang et al. [2018b] adapted the notion of monoidal categorification to the setting
of quantum cluster algebras. In the classical setting, a monoidal seed in C is defined
as a triple ({M;}1<i<n, B, D) where {M;},<;<, is a collection of simple objects in C
such that for any iy, ..., i, in {1, ..., n}, the object M;, o--- o M;, is simple in C,
B is an integer-valued matrix with skew-symmetric principal part and D is a diagonal
matrix encoding the weights of the modules M; (i.e., the elements 8; € O such that
M; € Cg,). Cluster mutations correspond to some (ungraded) short exact sequences
in the category C. These exact sequences come from the failure of the renormalized
R-matrices (see Definition 3.7) to be isomorphisms. The cluster mutations being
involutive imposes some relations between the entries of the matrices B and D.

In the framework of [Kang et al. 2018b], one takes into account the natural
grading of quiver Hecke algebras defined in Section 3A: objects in C are graded
as well. A quantum monoidal seed is the data of such a triple ({M;}, B, D) with
the further assumption that there exist integers A;; and isomorphisms of graded
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modules M; ® M; ~ qk"-fMj ® M; for any i, j € {1,...,n}. The matrix L =
(Aij)1<i, j<n is a skew-symmetric matrix and is assumed to satisfy some compatibility
relations with the matrix B as in [Berenstein and Zelevinsky 2005]. See [Kang et al.
2018b, Section 6.2.1] for a precise definition.

In the quantum setting, cluster mutations correspond to some graded short exact
sequences.

Definition 3.10 [Kang et al. 2018b, Definition 6.2.3]. Letk € {1, ..., r} be fixed.
A quantum monoidal seed S = ({M;}1<i<n, L, B, D) admits a mutation in the
direction k if there exists a simple object M, of C such that:
(1) M e Cyg; with d; = —di + Zb,-k>0 bixd,;.
(2) One has the following short exact sequences in C:
0— gM? — g™ M, @ M, > MY — 0,
0— gM" — ¢" M, @ My — MY — 0,

where my and m)_are some integers.

3) 8P .= (M, )iz U{M], L'® B'®_ p'®)y s again a quantum monoidal seed
in C, where L'® and B’® are defined as in [Berenstein and Zelevinsky 2005,
Definition 3.5] and D'® is the diagonal matrix whose entries are the d; for
i #kand d; fori =k.

Definition 3.11. The category C is a monoidal categorification of a quantum cluster
algebra A if:

(a) There is an isomorphism of graded rings Z[qi%] ®z14+11 Ko(C) =~ A.
(b) There exists a quantum monoidal seed S := ({M;}, L, B, D) in C such that
1
[S]:= ({qfl(d"’d")[M,-]}, L, B) is a quantum seed in .A.

(c) The quantum monoidal seed S admits arbitrary sequences of mutations in all
directions.

In this setting, the existence of a monoidal categorification implies that any
(quantum) cluster monomial is the class of some real simple object in C. Recall
from Section 2B that this notion is slightly different from the notion of monoidal
categorification initially defined by Hernandez and Leclerc [2010].

The following definition provides a sufficient condition for producing quantum
monoidal seeds.

Definition 3.12. A pair ({M;}, B) is admissible if:

(1) {M;}1<i<n is a family of self-dual real simple modules commuting with each
other.

(i1)) The matrix B is defined as above.
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(iii) For each 1 < k < r there exists a self-dual simple module M,Q such that M,Q
commutes with the M; for i # k and there is a short exact sequence of graded
objects in C,

0—>gM¥ — qA(M’“M’/f)Mk oM; — MY o,

where /~\(M, N) is defined as %(A(M, N)+ (B, y)) for M € R(B)-gmod and
N € R(y)-gmod.

The data of an admissible pair naturally gives rise to a quantum monoidal seed
in C. More precisely, if ({M;}1<i<x, B) is an admissible pair in C, and M is as in
the previous definition, then one defines an r x r skew-symmetric matrix L and a
diagonal matrix D of size n by setting

L,‘j Z=A(M5,Mj) and D=Diag(d1,...,dn),

where d; stands for the weight of the module M;. Then ([Kang et al. 2018b, Propo-
sition 7.1.2]) the quadruple S := ({M;}1<i<n, —L, B, D) is a quantum monoidal
seed in C which admits mutations in every direction k (for 1 <k <r).

The main result of [Kang et al. 2018b] can now be stated as follows:

Let ({M;}1<i<n, B) be an admissible pair in C and
§:=({Mih<i<n. —L, B, D)
be the corresponding quantum monoidal seed. Set
[S1:= (g~ M D (M) iy, ~L, B, D).

Theorem 3.13 [Kang et al. 2018b, Theorem 7.1.3]. Assume there is a @(q%)-
algebras isomorphism

Qg?) Dziq21) Ko(©) = Qlq*) ®zige A 1 (SD.

Then for each 1 < k <r, the pair ({M,}; U {M,/C}, B'®) s again an admissible
pair in the category C.

3D. Quantum monoidal seeds for C,. In this subsection we recall from [Kang
et al. 2018b] the definition of the subcategories C,, of R-gmod as well as the
construction of admissible pairs for these categories.

For any element w of the Weyl group W associated to g, Geiss, Leclerc and
Schroer [2013, Section 7.2] defined algebras A, (n(w)) as subalgebras of the quan-
tum coordinate rings A, (n). They showed ([2013, Theorem 12.3]) that it is possible
to put a quantum cluster algebra structure on A, (n(w)) for every w € W. Kang
et al. [2018b] introduced, for each w € W, a subcategory C,, of R-gmod such that
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the Grothendieck ring K¢ (C,) is the preimage of A, (n(w)) under the isomorphism
given by Theorem 3.5: M € C,, if and only if ch, (M) € A, (n(w)).

Theorem 3.14 [Kang et al. 2018b, Theorem 11.2.3]. For each element w of the
Weyl group W, the category C,, is a monoidal categorification of the quantum cluster
algebra A (n(w)).

Thus the categories C,, provide many examples of monoidal categorifications of
(quantum) cluster algebras.

Remark 3.15. The category R-gmod coincides with C,,, where wq stands for the
longest element of the Weyl group of g. When w is the square of a well-chosen
Coxeter element ¢ in W, the quantum cell A,12(n(w)) is also categorified by the
category C; defined in [Hernandez and Leclerc 2010]. The category C,, (resp. C.2)
is related to the category Cg (resp. Cp) introduced in [Hernandez and Leclerc 2013]
(resp. [Hernandez and Leclerc 2010]) via a functor called generalized quantum
affine Schur—Weyl duality defined in [Kang et al. 2018a]. In the case of C,,, Fujita
[2017] proved that this functor is an equivalence of categories.

Note that Geiss, Leclerc and Schroer defined categories C,, which provide additive
categorifications of the quantum coordinate rings A, (n(w)) for each w € W ([Geiss
et al. 2013, Theorem 12.3]). The categories Cy are defined as subcategories of the
preprojective algebra of certain quivers. The categories C,, as defined in [Kang
et al. 2018b] can be seen as monoidal analogs of the categories Ew of [Geiss et al.
2013] in terms of representations of quiver Hecke algebras. However, Theorem 3.14
provides a monoidal categorification statement and is thus of different nature than
the results of [Geiss et al. 2013].

In order to prove Theorem 3.14, Kang et al. constructed an admissible pair
(see Definition 3.12) in the category C, for each w € W. We now recall this
construction. By the results of [Kang et al. 2018b], the existence of such a pair
implies Theorem 3.14.

First one defines unipotent quantum minors as some distinguished elements of
Ay (n): for any dominant weight A in the weight lattice P and any couple (i, ¢)
of elements of WA, the unipotent quantum minor D (i, ¢) is an element of A, (n)
which is either a member of the canonical basis of A, (n) or zero ([Kang et al. 2018b,
Lemma 9.1.1]). The following statement gives a necessary and sufficient condition
so that D(u, ¢) is nonzero. First recall some notation from [Kang et al. 2018b]:

Definition 3.16. Let A € P, u,¢ € WA. We write u < ¢ if there exists a finite
sequence (B, ..., B) such that, setting Ao :=¢, Ax =sg,Ak—1, 1 <k <I, one has
M=wpandforall 1 <k <lI, (B, Ax—1) > 0.

Lemma 3.17 [Kang et al. 2018b, Lemma 9.1.4]. Let A € Pt, w, ¢ € WA. Then
D(u, &) #0ifand only if u S £
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The following statement is a direct consequence of Theorem 3.6 and Lemma 3.17:

Corollary 3.18. Let A € P, u,¢ € WA such that u < ¢. There exists a unique
self-dual simple module M (u, {) € R-gmod whose image under the character map
chy is D(w, ¢). Moreover, M (., ¢) is real.

This module is called a determinantial module ([Kang et al. 2018b, Defini-
tion 10.2.1]). Its weight is equal to ¢ — u, i.e., M(u, ) € R(¢ — p)-gmod.

Remark 3.19. This is one of the key points that we will use to compute the dominant
words of the modules corresponding to the frozen variables in R-gmod in Section 6.

One can now construct an admissible seed for the category C,. Fix some
element w in the Weyl group W and a reduced expression w = s;, - - - 5;,. For
se{l,...,r},set

sy:=min({k | s <k <rip=i}U{r+1})
s_:=max({k |1 <k <s,ip =i} U{0})
For1 <k <r,set
)\.k =85 S Wy -
ForO<t<s<r,set
Dy, X))  if0 <1,
D(s,t):= D, w;) ifO0O=t<s<r,
1 ift=s5=0.
Definition 3.20 [Kang et al. 2018b]. As in Corollary 3.18, consider M (s, t) the
unique simple real module (up to shift and isomorphism) such that ch(M (s, t)) =
D(s,t)forany 0 <s <t <r.

Set J ={l,...,r}, Jyp ={keJ|ky=r+1}and Jox = J\ Js . The initial
quiver is set to have J = {1, ..., r} as the set of vertices with the following arrows:

s —t fl<s<t<sy<ty<r+1,
s—>s_ ifl<s_<s<r.

Denoting by B the corresponding exchange matrix, the main result of [Kang
et al. 2018b] can be stated in the following way:

Theorem 3.21 [Kang et al. 2018b, Theorem 11.2.2]. The pair ({M (k, 0)}1<k<r, B)
is admissible in the category Cy,.

3E. Irreducible representations of quiver Hecke algebras. In this subsection we
recall from [Kleshchev and Ram 2011] the classification of simple finite-dimensional
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modules over finite type quiver Hecke algebras. The main result (Theorem 3.31)
is that simple objects in the category R-gmod are parametrized in a combinatorial
way by dominant words, which are analogs of Zelevinsky’s multisegments in the
classification of simple representations of affine Hecke algebras of type A. As
for Lie algebras, simple modules over quiver Hecke algebras are constructed as
quotients of tensor products of some distinguished irreducible representations, called
cuspidal modules in [Kleshchev and Ram 2011].

Choose a labeling of the vertices of the Dynkin diagramof gby I ={1,...,n}. A
word is a finite set of elements of I. We fix a total order on [ by setting 1 < --- < n.
The set of all words is a totally ordered set with respect to the lexicographic order
induced by <.

Fori:=(iy,...,iq),set]i| :=a;+---+ oy € Q4. Recall from Section 3A that
forany g € Q4. Seq(B) ={i, li] = B}.

Definition 3.22. A word is called Lyndon if it is smaller than all its proper right
factors.

Example 3.23. The words 123, 24, 13 are Lyndon. The word 231 is not.
The following statement is well known (see [Lothaire 1997, Theorem 5.1.5]):

Proposition 3.24 (canonical factorization). Any word . can be written in a unique
way as a concatenation of Lyndon words in the decreasing order:

W= (i(l))nl . (i(r))ﬂr

withiV, ... i®" Lyndon words satisfying iV>...>iDandny,..., n, nonneg-
ative integers.

This is called the canonical factorization of the word . Recall from Section 3A
(Definition 3.2) that for 8 € O, any R(8)-module M decomposes as a direct sum
of vector spaces M = (D, cgeq(p) Mv With M, 1= e(v) M.

Definition 3.25. A word u is dominant if there is an R(8)-module M such that u is
the highest word among the words v such that M, is not zero: M =M, &€, _, M,
and M, #0.

Dominant words play the same role as highest weights in the representation theory
of finite dimensional semisimple Lie algebras (see [Chari and Pressley 1994]). The
next statement provides a very useful combinatorial criterion to determine whether
a word is dominant or not. In particular it shows that a dominant word can be seen
as a collection (or a sum with positive coefficients) of positive roots, which is why
the terminology root partitions is sometimes used (see [McNamara 2017]).

Theorem 3.26 [Kleshchev and Ram 2011]. (i) There is a bijection between
the set of dominant Lyndon words and the set Ay of positive roots of g, given
byir|i|.
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(i) A word p is dominant if and only if all the Lyndon words appearing in the
canonical factorization of u are dominant.

Example 3.27. In type A4, 24 is Lyndon but not dominant Lyndon, and 123 is
dominant Lyndon. The word 12312 is dominant but the word 3213 is not.

Remark 3.28. Dominant Lyndon words already appear in the work of Leclerc
[2004] as good Lyndon words in the study of dual canonical bases for quantum
groups and quantum coordinate rings.

Proposition 3.29 introduces the notion of cuspidal modules. The existence of
cuspidal modules follows from results of Varagnolo and Vasserot [2011] in simply
laced cases and Rouquier [2012] in the general case. Cuspidal modules can be seen
as analogs of fundamental representations for Lie algebras.

Proposition 3.29 [Kleshchev and Ram 2011, Proposition 8.4]. For any dominant
Lyndon word i in Seq(B), there is a unique (up to isomorphism and shift) irreducible
R(B)-module of highest weight i. We denote it by L(i).

Kleshchev and Ram [2011] gave explicit constructions of cuspidal modules
for each finite type. For instance, in type A,, the set of positive roots is A4 =
{oj +---+aj,1 <i < j <n} and the cuspidal module L(k ...![) corresponding to
the positive root o + - - - + ¢ is the one-dimensional vector space spanned by a
vector v with action of R(ay + - - -+ ) given by

v ifv=k...l,

;. =0’ . =0’ . =
iy Y ew) v {0 otherwise.

Recall from Section 3A that the graded character of a finite dimensional R(8)-
module M is a (finite) formal sum of elements of Seq(B) with coefficients in
Z[q,q~"]. For any such formal sum S := >, Pu(@)X, we let max(S) denote the
greatest word appearing in this sum (for the lexicographic order). In particular, for
any finite dimensional R (c)-module M, we set max (M) :=max(ch, (M)). The word
max (M) is called the highest weight of the module M in [Kleshchev and Ram 2011].

The next statement shows that any word (not necessarily dominant) always
appears as the highest word in the quantum shuffle product of the Lyndon words
appearing in its canonical factorization.

Proposition 3.30 [Kleshchev and Ram 2011, Lemma 5.3]. Let i be a word, and
w=1iD...i" its canonical factorization. Then we have max(i'V o---0i") = pu.

One can now state the main result of [Kleshchev and Ram 2011]. It shows that
finite-dimensional irreducible representations of finite type quiver Hecke algebras
are parametrized by dominant words.
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Theorem 3.31 [Kleshchev and Ram 2011, Theorem 7.2]. Let u be a dominant
word, and = (i)™ - .. (i)Y its canonical factorization. Set

A(u) =LAD" 0.0 LGET) (s(1)),

where s(i) := Y (ix.ix)ng(ng — 1) /4.
Then:

(1) A(u) has an irreducible head, denoted L(jL).
(ii) The highest weight of L(w) is p: max(L(u)) = .

(iii) The set {L(w)} for u dominant words in Seq(B) is a complete and irredundant
set of irreducible graded R(B)-modules up to isomorphism and shift.

Moreover for w of the form j" with j dominant Lyndon, one has L(u) = L(j)°".

Example 3.32. Here are some examples of characters of some simple modules:

chy(L(1)) = (1), chy(L(12))=(12), ch,(L(21)) = (21),
ch,(L(312) = (312) 4+ (132), ch, (L(11)) = (¢ +4~")(11).

4. Dominance order and compatible seeds

In this section we define a partial ordering on the set of Laurent monomials in the
cluster variables of a cluster algebra .A. This ordering coincides with the dominance
order introduced by Qin [2017]. In the context of monoidal categorification of a
cluster algebra, we use this dominance order to introduce the notion of compatible
seed and state the main conjecture of this work (Conjecture 4.10). We end this
section with a discussion of monoidal categorifications of cluster algebras via
representations of quantum affine algebras following the work of Hernandez and
Leclerc [2010], which provides a first example where Conjecture 4.10 holds.

4A. Partial ordering on monomials. Consider a cluster algebra .4 and choose a
seed ((x1, ..., Xy, Xn+1,...,Xm), B), where xy, ..., x, are the unfrozen variables
and x,41, ..., X, are the frozen variables. Let M, be the monoid of all monomials
in the x; and G, the abelian group of all Laurent monomials in the x;. Recall from
Section 2A the variables y; defined as

o bij
yj = Xl»
1<i<m

for any 1 < j < n. In what follows, we write x® for [ ], x;" for any integers «;.
One now defines a partial preorder on G, in the following way: given two Laurent

monomials x* =[], xf"' and x? = ixl.ﬁi in G, we set

x* < xP
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if and only if there exist nonnegative integers y;, 1 < j < n, such that
xP =xo 1_[ 5);// .
J

We denote by = the opposite preorder.

Assume that the initial exchange matrix B has full rank n. Then the preorder <
becomes an order on G,.. This order is the same as the dominance order as defined in
[Qin 2017, Definition 3.1.1]. Indeed, by definition, the relation [, x* < []; xf " is
equivalent to the existence of nonnegative integers y;, 1 < j < n such that, for all 7,

Bi =« +Zbiﬂ/j-
J

In vector notation this can be rewritten as
B=a+ By

and thus the order < coincides with Qin’s dominance order on multi-indices.
Following [Qin 2017], one can use this dominance order to introduce the notions
of pointed elements and pointed sets.

Definition 4.1 [Qin 2017, Definitions 3.1.4 and 3.1.5]. Fix a seed

((xla .. -axnv-xl’l-ﬁ‘l’ "'7xm)7 B)
in A and assume B has full rank ».

(i) Let P be a Laurent polynomial in the cluster variables xi, ..., x,. One says
that P is pointed with respect to the seed ((xy,..., x,), B) if among the
monomials of P, there is a unique monomial which is a maximal element (for
the dominance order <) and has coefficient 1. This monomial is called the
leading term of P in [Qin 2017].

(i) Let L be any set of Laurent polynomials in the cluster variables xi, ..., x,.
One says that L is pointed with respect to the seed ((xi, ..., x,), B) if all
the elements of L are pointed and two distinct elements of L have different
leading terms.

One can associate a degree to each of the cluster variables x; (see [Qin 2017]).
If P is a pointed element with respect to the seed ((xy, ..., x,;), B), then the degree
of its leading term can be seen as a generalization of the notion of g-vector.

4B. Generalized parameters. Let us consider an Artinian monoidal category C
and assume we are given a classification of simple objects in C. That is, suppose
we are given a poset (M, <) together with a bijection {» between M and the set
S :={[V], Vsimple in C}. Let L(i) denote a representative of the isomorphism
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class in K¢(C) corresponding to i € M via this bijection:
v:S—>M, [L(w]— p.

In what follows, u will be referred to as the parameter of the simple object L(u)
in C. We will also assume that the identity object is simple in C.

From now on we assume that the category C satisfies the following property:

Assumption A (decomposition property). Let u, ' € M and let L(w) and L(u')
be the corresponding simple objects in C; then the following equality holds in the
Grothendieck ring K(C):

[L@]-[L@H = ) alL®)],

vEN, CM

where N, , is a finite subset of M such that there exists a unique maximal element
in Ny, and {a,, v € N, ,} is a family of nonzero integers. The maximal element
of N, is denoted by u O w'".

Remark 4.2. In various examples of categories satisfying this property (for instance
categories of modules over quiver Hecke algebras or quantum affine algebras), the
integer a0, happens to be equal to 1 for any u, u" € M, but we will not need this
assumption here.

In what follows we will need the additional assumption that the law © is com-
patible with the partial ordering on M in the following sense:

Assumption B. For all i, v, L € M,
U<V =>2AOpu<AOvand uOA<VOA.
Combining Assumptions A and B leads to the following:

Lemma 4.3. The law © on M is associative.

Proof. First note that for any u, u’ € M, the set N,, , is finite and has a unique
maximal element by Assumption A, hence this element (namely £ O ') is a greatest
element in N, ,». Now let u, u” and " in M and decompose in two different ways
the product [L(u)][L(«)I[L(”)]. On the one hand, Assumption A gives

[LGOIL)IL ()] = [L(1)]- Z ay[L(V)]

UENM/,H”

withv <u'Ou” for every v e N, ,». For any v € N,y ,», the parameters appearing
in the decomposition of [L ()] - [L(v)] into classes of simples are all smaller than
wOv;as v <y ©u’, Assumption B implies u ©v < u ®© (u' © 1””). Hence all the
parameters involved in the decomposition of [L(w)][L(n')][L(1”)] into classes of
simples are smaller than u © (' © u').
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On the other hand, one can write

[LGONLGOIUL( D) = D aylLW)LIL(")]

UGNIJ--M/

and the same arguments show that all the parameters involved in the decomposition
of [L(w)][L(")][L ()] into classes of simples are smaller than (x © 1) © 1”. In
particular we get uO (' Ou") < (uOU)OU and uO (W OU") = (LOU)O K"
and hence u © (W' O u") =(uon) O u". a

Thus the operation
MxM—>M, (uu)—pou
provides M with a monoid structure. The neutral element 1, is the image via ¢ of

the class of the identity object of C. By Assumption B, the monoid (M, ©) is an
ordered monoid with respect to <.

We now assume that C is a monoidal categorification of a cluster algebra .A.
Let ¢ be a ring isomorphism

b : Ko(C) = A.

As Ko(C) is isomorphic to A4, it is in particular commutative which implies that the
monoid (M, ©) is commutative as well. Hence it can be canonically embedded into
its Grothendieck group G (M), which is defined as follows (see [Bourbaki 1974]):

Definition 4.4 (Grothendieck group of M). Elements of G(M) are equivalence
classes of couples (i, v) of elements of M with respect to the equivalence relation

(, v) ~ (1, V') & there exists A € M such that u OV OA=vO U OA.
The group G(M) is an abelian group. We denote it by G in what follows.

The inverse in G of an element ;. € M will be denoted by ©~!. Similarly g©~!
stands for the inverse in G of any element g of G. We will refer to elements of M
as parameters and elements of G as generalized parameters.

Proposition 4.5. The ordering < on M naturally extends to a partial ordering
on G that we also denote by <.

Proof. One defines a partial ordering on M x M by setting
(1, v) < (u,v') & there exists A € M suchthat A\OQ u OV <A O u Ov.

Using the Assumption B, one can check that if (u, v) ~ (i, v’) then for any
(u”,v") € M x M, one has (u,v) < (u”,v") & (u',v) < (u”,v"). Thus <
naturally gives rise to a well-defined partial ordering on G. ]
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Let us now fix a seed ((xy,...,x;), B) in A and choose foreach 1 <i <m a
representative L(u;) of the isomorphism class o 'xp)eS corresponding to the
cluster variable x;. Recall that M, stands for the monoid of all monomials in the x;
and G, for the abelian group of all Laurent monomials in the x;. For any m-tuple of
integers (a1, ..., ty), we let u* denote the element @1<i<m wi% of G. Of course
1® belongs to M if all the «; are nonnegative. o

Let us consider the subset P of Ko(C) consisting of nonzero classes [ M ] such that
there is a unique maximal element among the parameters of the simples appearing
in the Jordan—Holder series of M. Let W be the map

ViP—G, [Ml=alM]+:---+a M) max(@ (M), 1 <k <r).

Here the a;, are integers and the M; are the simples of the Jordan—Holder series
of M. Note that P contains 1, whose image by W is the neutral element of M. The
set S of classes of simples in C is a basis of Ky(C) so any element of P can be
written as a;[M1]+- - - +a,[M,] in a unique way up to reordering. Thus the map W
is well defined.

Let P be the subset of Frac(A) defined in the following way:

Pi={x"¢(p), e« € 7", p e P}.
In particular P contains Gy. Let U be the map
U:P— G, x%(p)— p*OV¥(p).
Proposition 4.6. The map U is well defined and satisfies the following properties:

@) o ¢ coincides with  on S.

(i1) v defines an abelian group morphism from G, (for the natural multiplication)
to (G, ©).

Proof. In order to show that the map U is well defined, we need to check that
if o, B are two m-tuples of integers and p, ¢ are two elements of P such that
x%¢(p) = xPp(g), then the equality u* © ¥(p) = uf © W(g) holds in G. Let
us write p =ai[M{]+---+a,[M,] and g = b1[N1] +- - - + bs[N;], with r, s > 0,
ay,...,ar, by, ...,bg € Z and [M,], ..., [M,],[N1],...,[Ns] € S. Let y be an
m-tuple of nonnegative integers such that x” x® and x? x# are monomials in the x;.
One can write

x*¢(p)=xP¢(9)
& x'x%¢(p)=x"xPp(q) & ¢ (]_[[L(m)]”*“"p) =¢ (]_[[L(m)]”*ﬁ"q)

S LW )@ M+ +a (M) = [L P)L.BIN T+ - - + by [N,])
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as ¢ is an isomorphism. Let us set ;1 := u?+* and v := u?*8; they are elements
of M. By Assumption A, for every 1 <i <r, the product [L(u)].[M;] decomposes as
a sum of classes of simples and u ® ¥ ([M;]) is maximal among the corresponding
parameters. As p € P, the finite set of parameters v ([M1]), ..., ¥ ([M,]) has
a unique maximal element. For simplicity, let us assume it is ¥ ([M;]). Then
Assumption B implies that u® v ([M1]) is maximal among the parameters appearing
in the decompositions of [L(u)].[M;], 1 <i <r, into classes of simples. The same
arguments of course hold for the right-hand side [L(v)].q. As S is a basis of Ky(C),
one gets

wOY (M) =vOyY(N]).

Now by definition of W, one has ¥ ([M]) = W(p) and ¥ ([N;]) = ¥(g). Hence
we can write in G:

LEOW(P)=pn 7 Opno¥(p)=pnr Opno (M)
=p7ovoy(MD=pr7 Ovov() =pr OV
which is the desired equality. Thus W is well defined.

For any u € M, ¢([L(n)]) belongs to P with « being zero and p = [L(w)].
Hence by definition one has

V(L)) = V(LW = u =Y (L))

which proves (i).
Taking elements of P for which p is the empty sum, one gets

Ve =p"= ) w= ) Y@UL@IN = () TE)"

1<i<m 1<i<m 1<i<m
where the third equality is given by (i), which proves (ii). O

4C. Compatible seeds. In this subsection, we introduce the notion of compatible
seed, state our main conjecture (Conjecture 4.10) and explain some consequences.

Definition 4.7 (compatible seed). Let S := ((xq, ..., Xx»), B) be a seed in A, let
Gy be the group of Laurent monomials in the cluster variables x, ..., x,, and
let < be the corresponding dominance order on G,. Let U be the map given by
Proposition 4.6. For any 1 < j <n, set

N ~ A Obj;
=GN =C)
1<i<m

We say that the seed S is compatible if the restriction \T’|gx (G, ) — (G, ) 15
either increasing or decreasing.
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Remark 4.8. By construction, the restriction of U to Gy is increasing if and only
if for any Laurent monomials []; x;" and [T, xf " one has

[T < [T = O =Ou”
i i i i
This is equivalent to requiring that for all x € M and for all 1 < j <n,
m= O W’
Similarly, T is decreasing on G if and only if, for all x € M and forall 1 < j <n,
W= O W

In many examples of monoidal categorifications of cluster algebras, for instance
via quantum affine algebras or quiver Hecke algebras, we will check this condition
to prove that a seed is compatible.

Remark 4.9. Note that if the seed S = ((xy, ..., x»), B) is compatible with 7
increasing on Gy, then P contains all the Laurent polynomials in the x; that are
pointed with respect to S, i.e., P 2 PT (0) with the notation of [Qin 2017].

One can now state the main conjecture of this paper:

Conjecture 4.10. Let A be a cluster algebra and C an Artinian monoidal categorifi-
cation of A. Assume there exists a poset (M, <) as above such that Assumptions A
and B hold. Then there exists a compatible seed in A.

The next statements provide some useful consequences of the existence of a
compatible seed. In particular we combine it with the results of [Fomin and Zelevin-
sky 2007] and [Derksen et al. 2010] recalled in Section 2A to relate parameters
of simple objects in C to some cluster algebra invariants, such as g-vectors and
F-polynomials.

Let C be an Artinian monoidal categorification of a cluster algebra .4 and assume
Conjecture 4.10 holds. Let ((x1, ..., Xu, Xn+1, - - -, Xm), B) be a compatible seed.
Consider x; a cluster variable in A belonging to another cluster and let F L1 be its
F-polynomial. Let

Lt
a, alt

XX
be the monomial given by Theorem 2.5(i).

Corollary 4.11. One has F'(\, ..., ¥,) € P and

o AN S .
\’IVJ(FI'[()fl V) = QJ- M “ if ¥ is increasing on Gy,
v )N -
lg otherwise.

Here 1 denotes the neutral element of G.
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Proof. By Theorem 2.4, FY'(¥y, ..., ¥,) is the product of a Laurent monomial in
the x; with the cluster variable x. Since C is a monoidal categorification of A,
x!" is the image by ¢ of the class of a simple object in C. Hence FI( (¥, ..., ¥,) € P.

By Theorem 2.5 (i) and (ii), any monomial of F/! can be written as Xll" . -XZ"
with0<bh; < aj.” forall 1 <j <n. Astheseed ((xy, ..., x»,), B) is compatible, eval-
uating on the y; and considering the corresponding generalized parameters /i ; yields

Lt
N Abj =L .
@ /’ij > @ ,uj] if W is increasing on Gy

and L
NG abj L .
@ Mj-] < @ 1) j’ if ¥ is decreasing on Gy.

Hence among all the generalized parameters appearing in the term F''(¥y, ..., ),
there is one which is greater than the others, namely,

1
©a
n J
@ K
J

if W is increasing on Gy, and 1¢ otherwise. O

Corollary 4.12 shows that the existence of a compatible seed in A implies
relations between the g-vector (with respect to this initial (compatible) seed) of any
cluster variable in A and the parameter of the corresponding simple object in C.

Let

l t It
Cm—n

n+1 “Xm

be the monomial in the frozen variables equal to the denominator F Lt PO, - V)
in the right-hand side of (2). Note that, in view of the definition of the semifield P,
the cf’t are negative integers, as the F-polynomial F' has constant term equal to 1
by Theorem 2.5(ii).

Corollary 4.12. Let Ml " be the parameter of the simple module corresponding to
the cluster variable x"', i.e., x''' = ¢ ([L(u!"")]). Then

N

125 —
ottt (=) T .
@1<]<n ,lL] ®©l<z<m nMnti CD(Dl<l<n lf\lj Is increasing on x>
O( ) @g A .
Or<icmnbnsi - OO <i<p i if W is decreasing on Gy.

Proof. We give the proof only in the case where the restriction of U to Gy is
increasing, the other case being analogous.
By Proposition 4.6(i), W (x/) = ¥ ([L(«/")]) = u!"". On the other hand, one can
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use the previous corollary and apply U to both sides of (2):

1t

e
Oy =TE G i) = T | =
J

It _ {.t
—u'o O upy o O ™) (by Proposition 4.6(ii)).

1<i<m-—n 1<i<n

Finally one can conclude:

Lt Lt It
Lt _ A O4; O(=¢") 0g;’
=0 n’ 0 O w0 _

1<j<n 1<i<m-—n 1<i<n

4D. First example: the category C1. The first example of compatible seed appears
in [Hernandez and Leclerc 2010] and is one of the main motivations for this work.

Recall from Section 2C the definition of the category C;. This category was intro-
duced in [Hernandez and Leclerc 2010] as a (monoidal) subcategory of the category
of finite-dimensional representations of the quantum affine algebra U, (g). For g
of types ADE, the category C; is a monoidal categorification of a cluster algebra
of the same cluster type (in the classification of [Fomin and Zelevinsky 2003]) as
the Lie type of g ([Hernandez and Leclerc 2010; Nakajima 2011]). As explained in
Section 2C, the simple finite-dimensional U, (§)-modules are parametrized by domi-
nant monomials. The monoid M parametrizing simple objects in the category C; is a
submonoid of the set of dominant monomials involving only the variables Y; ,, i € 1,
a € q%. The monoid law © is simply the natural multiplication of monomials. The
ordering < on M is the restriction of the Nakajima order on dominant monomials
(see Section 2C). Assumptions A and B are obviously satisfied for the category C;.

Hernandez and Leclerc [2010] explicitly gave an initial seed in the category Ci:

Theorem 4.13 [Hernandez and Leclerc 2010]. Each seed has n = |I| unfrozen
variables and n frozen variables. These frozen variables are given by the classes of
the modules L(Yl-’qs,- Yi’q$i+2), iel

Moreover, an initial seed in this cluster algebra is given by the classes

(LY, )], (LY gaYiae)l, i€l

together with the exchange matrix B = (b;;) whose columns are indexed by I and
rows by I UI' =[1,n]U[n + 1, 2n], and whose entries are given by

(—V¥ia; ifi,jelandi# ],

PR bt ifjelandi=j+nel,
R Y ifjedoandi=k+nel withk # j,
0 otherwise.

Here the a;j are the entries of the Cartan matrix associated to g.
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The cluster algebra A is the cluster algebra (in the classification of [Fomin and
Zelevinsky 2003]) generated by the initial seed ((xy, ..., Xy, Xp41, .-, X21), B)
where B is the matrix above. Following [Hernandez and Leclerc 2010], we denote
by ¢ the unique ring isomorphism

1: A= Ko(Cy)
such that
L(xi) = [L(Y; ga+2)], t(ngi) = [L(Y; 46 Y gsiv2)], 1<i<n.

The isomorphism ¢ is the inverse of the isomorphism ¢ in Section 4B. Using
the map U associated to the seed (X1, ««vy Xy Xnt1, - - - » X2n), B) above, one can
compute the generalized parameters /i ; corresponding to this seed. This is done
using the following statement, as a direct consequence of Theorem 4.13:

Proposition 4.14 [Hernandez and Leclerc 2010, Lemma 7.2]. With the notation of

Section 4B, forall 1 < j <n,
-1

N A
B J.q

RN
Corollary 4.15. Conjecture 4.10 holds for the category C;.

Proof. By definition of the Nakajima ordering on monomials (see Section 2C),
Proposition 4.14 implies that for any dominant monomial m,

m > [i;m.

for all 1 < j <n. By Remark 4.8, this implies that the map U associated to the
seed ((x1, ..., Xn, Xn+1, ..., X24), B) is decreasing. Hence this seed is compatible
in the sense of Definition 4.7 and Conjecture 4.10 holds. ([

We conclude this section with an illustration of the relationships between g-
vectors and highest weights for quantum affine algebras that occur as a consequence
of the initial seed of [Hernandez and Leclerc 2010] being compatible. The cluster
structure on Ko(Cy) is a finite type cluster algebra; thus one can use the results of
[Fomin and Zelevinsky 2003] and label the cluster variables by almost positive
roots, i.e., positive roots together with the opposite of the simple roots. Let x[«]
denote the cluster variable associated to the almost positive root o with respect to
the above initial seed.

Following [Fomin and Zelevinsky 2003], one defines piecewise linear involutions
7e (€ € {—1, 1}) of the root lattice Q of g: for any y € Q,

—ly o] — Z#i a;j max(0, [y, «;]) if € =,

[te(y) tai]l = [y - ai] ife; #e,

where [y : «;] stands for the coefficient of ¢; in the expansion of y on simple roots.
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Corollary 4.16 [Hernandez and Leclerc 2010, Corollary 7.4]. Let a be an almost
positive root. Set p:=t_(a). Write B =) . bjc;. The highest weight of the simple
module corresponding to the cluster variable x[o] is given by

b; b;
[Tvi-T1vs
iely iel

It is known from [Fomin and Zelevinsky 2007] that in the case of a cluster algebra
of finite type, the g-vector of the variable x[«] is given by

gla)=Et_(a),

where E is the automorphism of the root lattice of g which sends the simple root «;
onto (— 1) lg;.
Thus the previous corollary can be reformulated in the following way:

Corollary 4.17. Let a be an almost positive root and let g(a) be the g-vector of
the cluster variable x[a] with respect to the above initial seed. The highest weight
of the simple module corresponding to x[a] is given by

HYi,_lgi'l_[Yf;3'

iely iely

5. A mutation rule for parameters of simple representations
of quiver Hecke algebras

In this section, we consider the category C = R-gmod of finite-dimensional represen-
tations of symmetric quiver Hecke algebras of finite type A,. The set M is the set of
dominant words (see Section 2) and the order < is the natural lexicographic order;
it is a total ordering, hence Assumption A obviously holds. Moreover, with the
notation of Section 3E, one has u®v =max(L(u)oL(v)) for any dominant words
and v. We begin by describing explicitly the monoid operation ® for dominant
words. In particular it can be easily computed using canonical factorizations of
dominant words (see Proposition 3.24). We apply this in the context of monoidal
categorifications of cluster algebras via quiver Hecke algebras following the works
of Kang et al. [2018a; 2018b]. We obtain a combinatorial rule for the transformation
of dominant words under cluster mutation.

5A. Convolution product of simple modules. This subsection is devoted to the
description of the monoid structure ® on the monoid M of dominant words in the
case of a symmetric quiver Hecke algebra of type A,. First we restrict to the case
where the canonical factorizations of two words ., u’ are ordered with respect to
each other. We show that in this case, Proposition 3.30 implies that the monoidal
product ;1 © ' is simply the concatenation of u and ' (Corollary 5.3). Then we
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state the main result of this section (Proposition 5.4) which gives a combinatorial
expression for u @ ' for any w, u'. Our proof involves ideas similar to the ones
used in [Kleshchev and Ram 2011] for the proof of Proposition 3.30, but here we
use the specific form of dominant Lyndon words (in bijection with positive roots)
in type A,.

Recall (see Proposition 3.24) that any word w can be written in a unique way as a
concatenation of Lyndon words in the decreasing order. This is called the canonical
factorization of ©. Moreover, if the word w is dominant, then all the Lyndon words
involved in the canonical factorization of © are dominant as well (Theorem 3.26(ii)).
By Theorem 3.26(i), the canonical factorization of a dominant word p can be seen
as a sum of positive roots in the decreasing order. In particular, in type A, these
positive roots correspond to words of the form k(k+ 1) .../ with k <.

We begin by recalling a technical result from [Kleshchev and Ram 2011].

Lemma 5.1 [Kleshchev and Ram 2011, Lemma 5.1]. Leti™V, ..., i, jM, . j©
be words such that for each k € {1, ..., r}, i® and j(k) have same length. Assume
that iV > j(l), 12 j(’). Then max(i(l) o--- oi(’)) > max(j(l) o--- oj(’)).
Moreover, this inequality is an equality if and only if all the inequalities i© > j®
are equalities.

Proposition 5.2 states that the product u © u of two dominant words w and u’
coincides with the highest word in the quantum shuffle product of w and w'.

Proposition 5.2. Let i, v be dominant words. Then
U OV =max(uov).

Proof. By Theorem 3.31, we can write

chy (L(40)=P(@).u+ Y au(@)n’ and  chy (L) =Q(@)v+ ) bu(g)-V'

w<up Vv <v

where P, Q, a, b are Laurent polynomials in ¢ (P and Q nonzero). By definition
u@v=max(L(u)oL(v))=max(chy(L(u)oL(v)))=max(chy(L(w))ochy(L(v))).

By Lemma 5.1, for any i’ <, max(u’ov) < max(uov). Similarly, max(uov’) <
max(uov) and max(v' ov) < max(uov) forany u' < u and v’ < v. So the highest
word of ch, (L(u))ochy (L(v)) can only come from the shuffle product pwov. Hence

U OV =max(uov). ([l

More generally, the same proof shows that for any finite formal series R and S
on W with coefficients in Z|gq, q‘l], one has max(R o §) = max(max(R)omax(S)).
The following corollary is then a direct consequence of Proposition 3.30.



DOMINANCE ORDER AND MONOIDAL CATEGORIFICATION OF CLUSTER ALGEBRAS 509

Corollary 5.3. Let ;v and (' be two dominant words. Write their canonical factor-
izations,
,LL — (i(l))nl . (i(r))nr and M/ — (i/(l))l’l/] . (i/(" ))n;,

withi®D > ... > i and i’V > ... > ' Assume i > i’ V.

Then
pow =GOy .. GOy (i/(l))n/] . (i/(r’))n;,'

Proof. Setting R := i) 0. 0 () and R := @'Y o0 (@'Y,
Proposition 3.30 implies ;« = max(R) and x' = max(R’). Then by Proposition 5.2,
one has:

wOu =max(uou’) (by Proposition 5.2)
=max(max(R)omax(R"))
=max(RoR') (by Proposition 5.2)

- maX((i(l))nl o _O(i(r))n,o(i/(l))n’1 o . -o(i/(r))”/r’)‘

The assumption i) > i’V implies that W)™ ... @Oy GOyt ... 7Oy is
the canonical factorization of the concatenation uu’. Hence by Proposition 3.30,
we get
Mo M/ _ MM/ _ (i(l))nl . (i(r))nr (i/(l))n’l L (i/(r ))n’r/. 0
One can now state the main result of this section. It can be seen as a generalization
of Corollary 5.3, as we now drop the hypothesis i ") > i’ M),

Proposition 5.4. Let u and (' be two dominant words. Write their canonical
factorizations,

I/L — (i(l))nl . (l-(r))nr and ,LL/ — (i/(l))n/l . (i/(r/))n’r,.
Let {jU, ..., j®) bethe set of all the words iV, ... i®, i i) ranged in

the decreasing order. Let my, . .., my, m’1 R m/S be the positive integers uniquely
determined by

=GO GO and @ = (GO (GO

Then
w 0 ,U/ — (J(l))ml+m’1 . (j(s))ms-i-ms.

Using Theorem 3.31, one can reformulate this statement in the following way:
write the positive roots in the decreasing order

B) ap>anrtoan > > >0t >

...>ai>...>a1+...+an>al
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and let r, = n(n + 1)/2 denote the number of these positive roots. Define a map
(4) (M, ©) — (Z%.+), wn—w,

such that the i-th coordinate of the vector 11" is equal to the multiplicity of the
Lyndon word corresponding to the i-th positive root (in the above decreasing order)
in the canonical factorization of (.

Theorem 5.5. The map (4) is an isomorphism of abelian monoids.

Proof of Proposition 5.4. For simplicity we use a slight change of notation for the

proof: we write

W= iDL i0 and W= AN i/(r’)
withi® > ... >i® and i’D > ... > i’" dominant Lyndon words not necessarily
distinct. Let n (resp. n") be the length of w (resp. u’). The starting point is the
word w.u’ which is the concatenation of the words p and ' and we consider
permutations o € G, g, i.e., those permutations whose restrictions to [|1; n|] and
[|n+ 1; n +n'|] are increasing (see Definition 3.3).

First note that the word u ® @’ indeed appears in the quantum shuffle product
of p with u’: consider the permutation o simply defined by rearranging the blocks
GOy, ..., @), @My, ..., @) of the concatenation ..’ and putting them in
the decreasing order.

We write = hy, ..., h, and u’ =h', ..., h),. The concatenation of x and u’
is then p.u' = hy, ..., hy, by, ... h,. As in Definition 3.3, we set 1,4 :=
Ry, ..., pyw =h), and thus p.u' =hy, ..., h,q,y. We set

O'(,LL//L/) = ho_l(l)? ey ha—l(n+n/)

for any permutation o € &, ;. From now on we fix o € &, ; and we assume that
the word o (u.u’) is greater than or equal to u © ' (for the lexicographic order).
We show that under this assumption, one necessarily has o (u.u') = u O 1.

The proof is based on an induction on r 4+ r’ or equivalently on the sum of the
lengths of w and .

We first look at the action of o on the Lyndon words i (! and i’ and show that
o necessarily rearranges these two blocks so that in the word o (.u”) they will
appear in the decreasing order. Then, considering the restriction of the action of o
on the other Lyndon words, we find ourselves considering a shuffle of parameters
fi and 1, one of them being of length strictly smaller than the corresponding initial
parameter.

(1)

/(D /(1)

First case: i’ > iV, Here, the word u O ' begins with i
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The two words i) and i’V are dominant Lyndon words so we write them
iV =k, k+1,...,k+dy) and i"V = (K, k' +1,...,d]) with either k' > k or
k' =k and d| > d,.

We first show that the assumption o (i.p') > u®u’ implies o (n+1) = 1. Indeed,
if c(m +1) > d; + 1 then, as the restrictions of ¢ to [|1;n|] and [|n + 1; n +n'|]
are increasing, we have o (1) =1, ..., 0(d;) = d;. The word o (u.it") then begins
with (k,...,k+dy,1,...), where l isequal to k if o (n + 1) > dy + 1 and to k' if
on+1)=d +1.Ifk <k'thenk,...,k+dy <i'" and hence o (u.pt') < L O .
If k" =k and d| > d, then

k,....k+dy,l...=k,... . K+d, K
<k',... kK +d, K +d +1

<k,... k+d
_ ;M

and the conclusion is the same.

Ifo(ntr1)ef2,3,...,d )}, theno (u.i') begins with (k, k+1, ..., k+p, k', ...)
where p is some integer such that 0< p <d,. If k <k’ thenk, k+1, ..., k+p, K <i'®
and hence o (u.u') < p O ' If k' =k and d| > d; then

k,k+1,.. .. k+p, k' =k k+1,...,k+p,k
<k,k+1,....k+p,k+p+1
<kk+1,...,k+d;

<k,k+1,....k+p, k+d]
=i/(1)

and the conclusion is the same. Thus o (n 4+ 1) = 1.

As the restrictions of o to [|1; n|] and [|n + 1; n + n’|] are increasing, o~ 1) is
either equal to 1 or to n 4+ 2; but the first possibility gives a word beginning with k'k
which is obviously strictly smaller than u ® u’. Hence o (n 4+ 2) = 2. Then by
iterating this, we see that necessarily

on+1)=1,...,0(n+d)) =d.

In other words o sends the blocks i’"’ onto the left of the blocks iV, i.e., to the
beginning of the word o (u.u').

Second case: i’V < i, Here, w® w' begins with (i) and with the previous

notation, one has either k" < k or k' =k and d| < d;.
We show that the assumption o (i.u’) > @ v implies o (n + 1) > d;.
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Indeed, if o(n + 1) € {2, ...,d;}, then o (u.u') begins with (k, ..., k+ p, k')
where p is some integer such that 0 < p < d;. But then

kik+1,... . k+p, k' <k, k+1,...,k+p,k
<kk+1,....k+p k+p+1

<k, k+1,...,k+d
;M

and hence o (u.t') < u O .

Ifo(n+1)=1,then o (u.u') > u © p’ implies k' = k (and hence d; < d;). But
then it is easy to see that necessarily c (n+2)=2,...,0(n —i—di) = a’i, ie.,o(u.u')
begins with (k, ...,k +d},...). The letter coming after k + di is either the first
letter of iV (if o' (1) = d} + 1) or the first letter of i'® (if o (n +d| 4+ 1) = d| +1);
in both cases it is smaller than k and in particular smaller than k 4-d{ 4 1 and hence
o(u.p)<uou. Thuso(n+1) > d.

In particular, 0 (1) =1, ..., 0(d;) = d; (in other words, o fixes the block i,
i.e., leaves it at the beginning of the resulting word.

Third case: i’V =i, Here, the word u ® u’ begins with (i 1)2

We show that under the assumption o (.u’) > p ® w/, one has either o (n+1) =
l,...,0(n+d) =d (ie., o sends the block iV coming from ' to the left of the
block iV coming from w)oro (1) =1,...,0(dy) =d; (i.e., o fixes the block i
coming from ).

Indeed, as the restrictions of o to [|1; n|] and [|n + 1; n + n’|] are increasing,
o~ 1(1) is either equalto 1l orton—+1.

If 0(1) = 1, then o(n + 1) is necessarily strictly greater than d;, otherwise
o (w.u') would begin with (k,k+1,...,k+ p,k,...) (Where p is some integer
such that 0 < p < d;) and would be strictly smaller than u © w’. Hence in this case
wegeto(l)=1,...,0(d)) =d,.

If o(n+ 1) = 1, then the same argument shows that o (1) is necessarily strictly
greater than dy, and hence we geto(n+1)=1,...,0(n+d;) =d;.

In conclusion, we have shown that the permutations we are seeking fix the block
i if i > i', send the block i to the left of the block iV if i < i), and
send either i D or i’ to the beginning of the resulting word if i) = i'D. The
desired result follows by induction on r + r’. (]

5B. A mutation rule for dominant words. We now use Theorem 5.5 (or equiv-
alently Proposition 5.4) to obtain a mutation rule on the parameters of simple
modules corresponding to cluster variables in the setting of [Kang et al. 2018b]. We
express it in a vector setting, i.e., in terms of the images of dominant words under
the isomorphism (4). Recall that the image of any dominant word u under the
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isomorphism (4) is the vector 2~ whose i-th coordinate is equal to the multiplicity of
the Lyndon word corresponding to the i-th positive root (in the decreasing order (3))
in the canonical factorization of p. Such vectors are of size r,, the number of
positive roots in type A, (r, =nn+1)/2)).

Example 5.6. In type A,, there are three positive roots: oy > o1 + a2 > «;. The
word 21 will be represented by the vector /(1, 0, 1).

In type Aj there are six positive roots: oz > oy + a3 > oy > o] + o + o3 >
ay + o > ay. The word 2312 will be represented by the vector (0, 1,0, 0, 1, 0)
and the word 321 by the vector /(1, 0, 1, 0, 0, 1).

Let us consider a quantum monoidal seed S := ({M,};c;, B, A, D) in the sense
of [Kang et al. 2018b]. Recall that I splits into I = J, U J¢, with the {[M;]};cy,,
corresponding to unfrozen variables and the {[M;]}ics r corresponding to frozen
variables. For every i € [, let i; be the parameter of the simple module M; and let
11; be the corresponding vector.

Remark 5.7. (1) The abelian monoid isomorphism (4) naturally extends to an
abelian group isomorphism between the respective Grothendieck groups of
(M, ®) and (Z>O, +), namely,

5) (G, Q)= (Z'", +).

Under this isomorphism, the inverse in G of a parameter u € M corresponds
to the opposite vector in Z'7. For instance the vector corresponding to the
generalized parameter [ ; is

> by

1<i<n+m

(2) The lexicographic order < on M and G also turns into a (total) ordering on Z"”
through the above isomorphism: a vector j1] is strictly greater than a vector
W if and only if the first nonzero component of u; — (3 is positive.

Let k be fixed in J., and let us look at the mutation in direction k of the seed S.
It leads to a new seed S’ with the same variables, except for My which has turned
into M, such that we have a short exact sequence of graded modules

(6) 0—>q () M — gAMMD po M s O M o,
lk>0 ,k<0

The next statement shows that one can deduce the parameter of the simple
module M, from the knowledge of the parameters u; and the exchange matrix B
of the seed S.
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Proposition 5.8. Let () be the parameter of the simple module M and i be the
corresponding vector. Then we have

i = =i man(( 3 ol Y b )
bik>0 bik<0

Proof. As the real simple modules M; commute, the modules (O, .o M,° °bit and
szk oM M;°=P®) are simple. Thus they correspond to some dominant words ji
and u_ Us1ng Theorem 3.31(ii), one can write

p = max(L () = max( O L(/M)"b”‘) O .
bi;>0 bix>0
Under the isomorphism (4) we get
M+ = Z blk/’Ll
k>0
Now the short exact sequence (6) gives the relation
qA(Mk k)[M]Mk =q H[M]bzk+ 1_[ [M;]™ bix
bix>0 bix <0
in the Grothendieck ring of the category R-gmod. Taking the characters we get
g M MO chy (My) o chy (M) = g chy (L(114)) +chy (L(11-)).
Looking at the highest weight on both sides of this equality we get
ik © py = max(chy (My) o chy (My))
= max(max(chy (L (i+))), max(chy (L(1-))))-
Applying isomorphism (4), we get
i+ 7 = man 7 72 = max( 3 s, Y (-0
b >0 bix<0
which is the desired statement in the image of isomorphism (5). O
5C. An example in type As. In this subsection we apply Proposition 5.8 to the
example of the category R-gmod for a Lie algebra of type As. This example
provides an illustration of Theorem 6.2 which will be proved in general type A,
in Section 6. The category R-gmod corresponds to C,, with w = wy the longest

element of the Weyl group of g (see Section 3D). In type A3 this element can be
written as

wo = 5152535152951.
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Theorem 3.21 provides an admissible pair (in the sense of Definition 3.12), which
gives rise to a quantum monoidal seed for this category. We denote this seed
by SS. Firstly, one can see that J., = {1, 2, 3} and J, = {4, 5, 6} (see Section 3D).
The simple modules whose classes are the cluster variables of the seed 83 can be
computed directly using [Kang et al. 2018b, Proposition 10.2.4].

Lemma 5.9. The seed 88 for the category R-gmod in type Aj is given by three
unfrozen variables [L(1)], [L(12)], [L(21)] and three frozen variables [L(123)],
[L(2312)], [L(321)] together with the following exchange matrix:

0 1 —1
10 1
1 -1 0
Bo=1¢o _1 o
0 1 —1
0 0 1

Proof. By definition of the modules M (k, 0) defining the underlying admissible
pair of the seed SS (see Section 3D), one has

M(1,0) = M(si101, w1)),
M(2,0) = M(s15202, @2),
M(@3,0) = M(sis25101, 01),
M(4,0) = M(s3s1528101, ®1),
M(5,0) = M(s25351828101, @1),
M(6,0) = M (515253815281 w1, W1).
Using [Kang et al. 2018b, Proposition 10.2.4], we get M(1,0)=L(1), M(2,0)=
hd(L(1)oL(2)) =L(12), M(3,0)=hd(L(2)oL(1))=L(21). Here hd(M) stands

for the head of a module M in R-gmod. The computations are similar for M (k, 0),
ke{4,5,6}. |

The (ungraded) short exact sequences corresponding to the mutations in each of
the three exchange directions can be written as follows:

0—LQ21)— L(1)oL — L(12) — 0.
0— L(1)oL(2312) > L(12)o M — L(21) o L(123) — O.
0— L(12)oL(321) > L21)o N — L(1) o L(2312) — 0.
Let A (resp. i, v) be the parameters of the simple module L (resp. M, N). We

can compute these parameters using Proposition 5.8. For instance consider the
second of the above exact sequences. Then with the notation of Remark 5.7, a
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straightforward computation gives the parameter of M as ;7 = (0,1,0,0,0,1).
Hence M = L(231).
In the same way one can compute L = L(2) and N = L(312).

Let S; be the seed obtained from the seed So by mutation in the first direction.
One can now show that Sy is compatible in the sense of Definition 4.7 and Sj is not.
First we write the exchange matrix for S;:

0 —1 1
1 0 0
10 0

Bi=1o _1 o
0 1 —1
0 0 1

Then for Sy, the images under isomorphism (5) of the generalized parameters /1 ; are:
? t ? t 7 t
m1 = (090’ 1a09 17 1)7 M2 = (0517_19 1’ 170)9 Mm3 = (17_19 1’07090)
and for §; we get:
T> ! ’\9 t ? t
n1='0,0,-1,0,1,-1), a,='0,1,-1,-1,1,0), pz='1,-1,2,0,—1,1).

Combining Remark 5.7(2) and Remark 4.8, one can see that Sy is compatible in
the sense of Definition 4.7 but this is not the case for Sj.

In a more general sense, given an initial quantum monoidal seed ({M;};, B),
Proposition 5.8 we can explicitly compute the parameters of the simple modules ap-
pearing when mutating the initial seed an arbitrary number of times in any directions.

6. A compatible seed for R-gmod in type A

In this section we compute in type A, the parameters of the simple modules of
the monoidal seed S arising from the construction of [Kang et al. 2018b] (see
Section 3D) for the category R-gmod.

6A. Statements of the main theorems. In this subsection we state the two main
results of this paper, Theorems 6.1 and 6.2. Recall that A, (n) = A, (n(wo)) where
wy is the longest element of the Weyl group of g. The category R-gmod coincides
with the category C,, (see Section 3D). In type A, we have

wo=>0...n)A...(n—1))---(12)(1).

Recall that r,, :=n(n+ 1) /2 stands for the length of wy. In the category R-gmod =
Cu, in type A,, Theorem 3.21 provides an admissible pair (as in Definition 3.12),
which gives rise to a quantum monoidal seed for this category. We denote this seed
by S;.
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Our first main result is the following:

Theorem 6.1. The cluster variables of the seed S can be explicitly described in
terms of parameters as follows:

[L(D]
[L(12)] (L) (M1)]
[L(123)] [L((23)(12))] [L(B)(2)(1))]

[L(1...5)] [L(Q2...k)(1...k—1))] [L((K)---(1))]

[L(1...n)] [L(2...n)(1...n—=1))] [L((n)---(1))].

The set of frozen variables corresponds to the last line and the set of unfrozen variables
consists in the union of lines 1, ..., n — 1.

The three following sections are devoted to some intermediate steps for the proof
of Theorem 6.1. Recall from Section 3D that J ¢, denotes the index set of the frozen
variables of the monoidal seed Sj. In Section 6B, we prove that |J7,| = n. We
show that the knowledge of the dominant words of the M;, j € J¢,, is sufficient to
recover the whole seed S;j. Section 6C is devoted to the computation of the weights
of the M;, j € Jy,. These weights are determined by the construction of [Kang et al.
2018b] (see Section 3D). In Section 6D, we use the fact that for any j € Jy,, the
module M; necessarily commutes with any other simple module in R-gmod. This
strongly constrains the form of the corresponding dominant word. Together with
the weights obtained in Section 6C, we find at most n possible dominant words,
which is exactly the number of frozen variables computed in Section 6B. Hence we
get a bijection between these parameters and the set of modules {M;, j € Jy,}.

We complete the proof in Section 6E by determining which parameter corresponds
to every simple module, which is more precise than just a global bijection. The key
argument is provided by Proposition 5.8.

Theorem 6.2 is our second main result. We deduce it from Theorem 6.1.
Theorem 6.2. The seed Sj is compatible in the sense of Definition 4.7.

In particular Conjecture 4.10 holds for the category R-gmod in type A,,.

6B. Initial seed for R-gmod. For n > 1, we consider a Lie algebra g of type A,.
We let {o1, ..., oy} denote the simple roots and Q' := @i:l,...,n Ne,;. We also
denote by A" the set of positive roots, R-gmod” the category of (graded) finite-
dimensional representation of the quiver Hecke algebras associated with g, and M"
the set of dominant words in bijection with the set of simple objects in R-gmod” (up
to isomorphism). There is a canonical embedding ¢} of M" into M™ for any m > n.
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In particular the set of simple objects in R-gmod” is naturally included into the set
of simple objects in R-gmod™. We again denote this inclusion by ¢'.

Let J (resp. J ?r) denote the index set of the unfrozen variables (resp. frozen
variables) of the seed Sy for every n > 1. We also set J" := J/ U J%,. In order
to prove Theorem 6.1, we begin by determining the sets J'. and J }’r. We point
out an inductive property of this seed: the set {M;, i € J\} coincides with the set

(" (M), ieJ" 1}
Proposition 6.3. The cluster variables of the seed S; split into the following ex-

change and frozen sets:

(1) There are n frozen variables in S}, which correspond to the classes of the last
n modules M(r,_1+1,0), ..., M(r,, 0).
(2) The set {M;,i € J} coincides with the union of the sets {1} (M;), i € J'J?r},

1<k<n-1

Proof. For the first statement, write

wo = (51...8)(51...8-1) - (5152)(51) =58, * - - 51.

Then for any [ € {1,...,r,_1}, the letter s; is in {1,...,n — 1} and this letter
obviously appears again in the word wyg as sy for some I’ > [. In other words,
I+ <r, and thus [ € J}.. Conversely, if [ € {r,_1 + 1, r,,}, then all the letters sy,
" > [, are distinct from s; and thus I, = r + 1. Hence one has

ng ={1,...,r,_1} and ‘]?r ={rn+1,...,m}
In particular the modules corresponding to the frozen variables of the seed S can
be written as

M(rn—l + 1» O) = M(S](stl) te (Sn—l .- -Sl)sn-wny a)n)

M(r,,0)=M(s1(s2851) -+ (Sp—1...51)(Sp ...81).0w1, W1).

The second statement follows from the first statement applied to the seeds S,
1 <k <n—1. Indeed, in the same way, one can write the modules M;, i € Jj’};l, as

M(s1(s251) - (Sn—2 . . . $1)Sp—1.Wn—1, Wp—1)

M(s1(s281) -+ - (Sp—2...51)(Sp—1 ... 51).01, ®1).

The images via ¢;; | of these modules respectively coincide with the modules
M(r,—2+1,0),..., M(r,—1,0), whose classes are exactly the last n — 1 unfrozen
variables of the seed S;. Iterating this, we conclude that the set {M;, [ € J;' } is the

X

union of the sets {} (M;),l € J},}, 1 <k<n—1. O
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As a direct consequence of the previous proposition, it suffices to compute the
parameters of the modules corresponding to the frozen variables of the seed Sj.
This is what we focus on in the next two subsections.

6C. Weights of the simple modules M (r,,—1+k, 0), 1 <k <n. From now on, the
integer n is fixed. We write J ¢, for J j’}-r. By Proposition 6.3, the simple modules
corresponding to the frozen variables of the seed S are the M (r,_1+k,0), l <k <n.
For simplicity we set My := M (r,—1 + k, 0) for any 1 < k < n. This subsection
is devoted to the computation of the weights of the simple modules M, i.e., the
elements B such that My € R(Bx)-gmod for every 1 <k < n. Our main tool is the
definition of the modules M (I, 0) from [Kang et al. 2018b] (see Definition 3.20).

Proposition 6.4. For each 1 <k <n/2, the two modules My and M,y both
belong to the subcategory

R(on +20p1+ -+ kap_j41+- - +kog+ -+ -+ 200 + 1)-mod.
Proof. For 1 <[ <n, we have

M;=M(rn—1+1,0)

= M(sl(szsl) I S TR S D | (S v8) 17518 a)k), where k :=n—1[+1.

One computes

G :i=s1(5281) -+ (Sp—1+ .. 51 (S + - . Sp) Wk
The weight of M; is given by wy — ¢ (see Corollary 3.18):

Lk =s81(5281) -+ (Sp—1 . .. S1) (W — (ot 4 - - F-tx))
=51(5281) - (Sp—a...51) (wr— (a0, 201+ - -2+ —1))
=51(5251) - (Sp—3...51) (wr— (ot +20_ 1+ 30ty o+ - -+ 30+ 201+ —2)).

If 2k < n then by iterating we get

Sk =S51(5281) -+ (Sn—k - - - 51)
X (@ — (O +20—1 + -+ kg1 + - +kag 4+ -+ 200 + 1))

but
wr — (o + 20,1+ -+ koy_pr1 + -+ ko +- - -+ 200 + 1)

is invariant under the action of s1, ..., s,—x. Hence

Sk =wr — (otn + 2001+ - Fkatygy1 + - F ka4 -+ 200 + o).
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If 2k > n then by iterating we get
Sk =s1(s281) =~ (k.. s — (otn + 20001 + - - + (n — K)ot
+(n —k)oy + - - - + 200 + o2k—n+1))

=51(5281) -+ (Sk—1 ... 51) (W — (ot +20tp—1 + - - -+ (n — k)41
+n—k+ Do+ —kog—_1-- -+ 200+ 02p—p))

=s1(s281) *++ Sk - - SD) (0 — (@ + 201+ - -+ (n — k)42
+m—k+ Do +---+m—k+ Doy—iy1 +- -+ 202+ 0o1))

and wr — (o +20 1+ -+ (n—k+Dogy1+- - (n—k+Day 41+ -+200+ay)

is invariant under the action of sy, ..., s,—¢. Hence we get

&=

wr— 20,1+ ko g1+ - kot 200 +ay) if 2k<n,
wr—0p 20,1+ - Fn—k+D) o+ - -+ n—k+D) oy g1+ - H200+ay)  if 2k>n,
wp—p+20, 1+ - +koy+- - ko +- - +200+0ay) if k<l,
wr—p 20,1+ log+- - -Hlog+- - - +200+0) ifk>1.

Hence for each 1 <k < n/2, the two modules M} and M,,_;1 both belong to the
subcategory R(ot,, +20p—1+ - +kop—gy1+ - -+ kog+- - -+ 200 +p)-mod. [J

Let us now fix 1 <k <n and consider the parameter 1ty of the simple module M.
Let my be the length of ;. Since k and n — k + 1 play symmetric roles, we assume
from now on that k < n/2.

The following statement is a direct consequence of the previous proposition.

Corollary 6.5. Forany 1 <i <n,

1 ifi=kori=n—k+1,
0 otherwise.

(Mk,i)={

Proof. For 1 <i <k—1orn—k+2 <i <n, by Proposition 6.4 there are i — 1
(resp. i, i + 1) occurrences of the letter i — 1 (resp. i,i + 1) in the word pu; and
hence (ug,i)=2i—@G—-1)—(G+1)=0.

If k+1 <i <n — k then by Proposition 6.4 each of the letters i — 1, i, i + 1
appears k times and hence (uy,i) =2i —i —i =0.

Finally if i = k then by Proposition 6.4 there are k occurrences of the letters k and
k41, and k—1 occurrences of the letter k—1 which gives (g, i) =2k—k—(k—1)=1.
If i = n — k + 1 then there are k occurrences of the letters i — 1 and i, and k — 1
occurrences of the letter i + 1 and thus (ug,i) =2k—k—(k—1) = 1. U

In particular, one can compute the quantities A(My, L(i)) forany 1 <i <mn:
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Corollary 6.6. Forany 1 <i <n, let N; be the number of occurrences of the letter i
in the word |uy. Let s; and s! be the integers such that (see Remark 6.7)

A(L(), M) = — (i, 1) +2N; — 2s;

and
A(My, L(D)) = — (g i) +2N; — 2.

Then one has s; = s; = N; if i ¢ {k,n —k+ 1} and either s; = N; and s; = N; — 1
orsi=N;—lands]= N ifi e {k,n—k+1}.

Proof. By Corollary 6.5, the quantity A(L(i), M) can be written as

2N; —1-2s; ifi=kori=n—k+1,

2N; —2s; otherwise,

A(L(i)ka)={

and similarly for A (Mg, L(i)) with si’. As Mj commutes with L(i), by Lemma 3.9,
one has
2N;—1 ifi=kori=n—k+1,

sits; = _
Lo {ZN,- otherwise.

As the integers s; and s; are always smaller than N;, one gets the desired result. [J

Remark 6.7. In the following we will make several computations of some A (M, N)
for various simple real objects M, N in R-gmod in order to check commutation
between these modules. For any 8 € O, any simple (left) R(8)-module M is
cyclic, i.e., is isomorphic to R(B).u for some u € M. We will refer to any such
vector u in M as a generating vector in M. Now let 8, y € O, let M be a simple
R(B)-module, and N be a simple R(y)-module. As the morphism

MN—>NoM, M®U'_>(/7w[n,m](v®u)

is R(B) ® R(y)-linear, computing the map Ry, y is equivalent to computing the
action of @y[.m] € R(B + y) on the tensor product of generating vectors u and v
for M and N.

Now let u, := 1 ®u € M, and let § be the valuation of the polynomial in z given
by @uwin.m1-(V®uz). As the actions of the generators x;, 7x and e(v) can only make
the degree in z increase, the image of the map Ry, n is contained in 2N o M,.
Moreover, by definition of 5, @y[n,m].(v ® u;) contains a nonzero term of degree s
hence it does not belong to zXN o M, for any k > 5. Hence § coincides with s
in Definition 3.7. Thus in what follows, for any simple R(8)-module M and any
simple R(y)-module N, we will always fix some choices of generating vectors
u €M and v € N and write

AM,N)=—(B,y) +2(B,y)n—2s

with s being the valuation of the polynomial in z given by @[ m].(v ® u;).
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6D. Dominant words associated to frozen variables in R-gmod. In this subsec-
tion, we compute the dominant words associated to the frozen variables for the
category R-gmod in type A,. As in the previous subsection, we fix k such that
1 <k <n/2 and we consider My = M(r,— + k, 0) the simple module whose
isomorphism class is the k-th frozen variable in the seed Sj constructed in [Kang et al.
2018b]. We use the fact that M; commutes with all the simple modules in R-gmod.
In particular, it commutes with all the cuspidal modules L (i), 1 <i < n. Together
with the form of the weight of M}, given by Proposition 6.4 and Corollary 6.6, this
leads to only n possible dominant words. As there are exactly n frozen variables in
the seed S (see Proposition 6.3), we get a bijection between the possible parameters
and the frozen variables for R-gmod.

For every 1 <i < n, the algebra R(w;) is generated by one generator x; and
one generator e(i) commuting with each other (with the notation of Section 3A,
the set Seq(w;) is a singleton consisting in the word reduced to a single letter 7).
Recall from Section 3E that for every 1 <i < n, the cuspidal module L(i) is a
one-dimensional vector space spanned by a generating vector v; with action of
R(e;) given by X =0, eG)-vi=uv;.

It is the only simple object in the category R(«;)-mod.

As above we let uy denote the parameter of the simple module M and m; the

length of 1. In what follows we will write the word w; as

Wi =iy g

Note that in this setting the & ; are the letters of the word p;, whereas we use bold
letters i; to refer to Lyndon words in the canonical factorization of u; (see after
Remark 6.11).

As the module Mj is simple and real, Lemma 3.9 shows that checking its
commutation with any other simple module L is equivalent to computing the
quantities A(L, My) and A(My, L). When L = L(i) for some i € {1, ..., n}, these
quantities are given by Corollary 6.6. Thus as explained in Remark 6.7 above, once
we have fixed a generating vector u for M, we will compute the valuations s;
(resp. s/) of the polynomial functions

Puwlme, 11U Q (Vi)2) = @1+ P (4 ® (V;)7)

(resp. Qw1 m (Vi @ Uz) = @, - - - @1(v; ® u;)) for various choices of i € {1, ..., n}.
We fix once and for all a generating vector u (resp. v;, 1 <i <n) for My, (resp. L(i),
1 <i<n).

We begin by showing that there are only two possibilities for the first letter of 1.

Lemma 6.8. Let p = h| denote the first letter of . The letter p is equal either
tokorn—k+1.
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Proof. With the same notation as in Corollary 6.6, we show that s, < N, — 1.

01 Py - U@ (Vp)) =1 - - ome(hy, ..., by, p).(u ® (V));)
= gﬂle(h17 p7 h25 ] hmk)(/JZ Tt (pmk(” ® (vp)z)
=(T1(x1 —x2) + D@2+ @y . (U @ (v))).

The operator x; commutes with ¢y, ..., @, and acts trivially on u. Moreover,
X202 Py =92+ - O Xy +1 (see for example [Kang et al. 2018a, Lemma 1.3.1])
and X, 11 - (4 ® (vp);) =z2(u ® (v,),). Hence we get

@1 (pmk-(u ® (Up)z) =—2.T1.¢2-"" Qomk-(u ® (Up)z) +@r--- wmk-(u ® (Up)z)-

The operator ¢, - - - ¢, acts nontrivially on (u ® (v,);) (as the renormalized R-
matrix (), , never vanishes). Thus ¢ - - - ¢, .u is a nonzero polynomial function,
and the above equality implies that s, is equal to its valuation. This polynomial
function has degree less than N, — 1, as the only operators ¢; that can make the
degree rise are the ones corresponding to an occurrence of p in pig.

This implies s, < N, — 1. Hence by Corollary 6.6, p € {k,n —k + 1}. U

Remark 6.9. With the same proof, one can show that the last letter of the word g
is either k or n — k4 1 as well.

Lemma 6.10. (i) For each 1 <k’ <k, there is exactly one Lyndon word ending
with n — k" + 1 in the canonical factorization of [y.

(ii) Moreover, denoting by j, 11 the unique Lyndon word ending withn — k' + 1
(foreach 1 <k' <k),one has j, > -+ > jo_ki1.

Proof. We prove the first statement by induction on k. We know that the letter n
appears exactly once; thus there is a unique Lyndon word j, containing (and thus
ending with) n, which proves the statement for k" = 1. Suppose k > 2 and (i) holds
for 1 <k’ < k. Denote by j, ..., ju_i+1 the Lyndon words respectively ending
with n, ..., n — k' + 1. Their first letters are all smaller than p and in particular
smaller than n — k + 1 by Lemma 6.8. Hence they all contain the letter n — k', which
makes k" occurrences of this letter. By Proposition 6.4, n — k' has to appear k' + 1
times in the word 1. Hence there is a unique Lyndon word j,_; containing n — k’
but none of the letters n, ..., n — k' + 1, which means that this Lyndon word ends
with n — k. Thus the first statement holds by induction.

For the second statement, let m € {n —k +1, ..., n} such that j,, is the smallest
of the jj; this is equivalent to saying that it is the last (among the j;) to appear in
the canonical factorization of jt.

Note the first statement implies that, for each 1 <k’ <k, the letter n—k’+1 appears
k" times among the Lyndon words j,, ..., ju—x+1: once in each of j,, ..., ju—x'+1,
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and never in the others. Together with Proposition 6.4, this implies that the letters
n—k'+1, 1 <k’ <k, do not appear in any other Lyndon word of the canonical
factorization of uj. Hence denoting by i the position of the last letter of j,, in the
word (g, one has h; =m and h;yq, ..., hy, < m. Thus one has

(7) DPmy " (ﬂl-(Um &® uz)
=Ty - Tt (GG — X)) + Dgiop -+ 01.(vn @ uy)
=Ty Tip1Qio1 - P1-(Up Q) £ 2Ty - Tip 1 Tii—1 -+ - 1. (U Q 7).

We denote by Q(z) the first term

‘[mk o e Tl-‘rl(pl—l R gﬂl.(vm ®MZ)'

We show that if m > n —k +2, then Q(z) is nonzero. As the renormalized R-matrix
M, L(m) does not vanish, the action of the operator ¢;_1 ---¢1 on (v, ® u;) is a
nonzero polynomial function in z of degree less than N,, — 1. Consider now the
action of t,,, on Q(2):

ka-Q(Z)
= Ty Ty Ti1Qi—1 7+ Q1. (U Q)
=Ty Ty Tk 1Qi—1 - p1.e(mpng). (U, Quz)
= Ty - T € (Smy—1 7 Sip18i—1* - S Typ—1 -+ Tip 1Qi—1 - 1. (U Bt )
= ‘L’n%k.e(hl, . hmk—l, m, hmk)fmk—l T Qi1 01 (U Qu)
=e(hi,...;hmy—1,m, hp). Tinp—1 - Tig1Qi—1 - 01.(VQuz)  (as hy,, <m—2)

=Tpy—1 - Tip1Qi—1 - P1.(V, Quy)

Similarly, all the letters in position i +1, .. ., my are less than n —k and in particular
they are less than m — 2. The same argument can be applied to T, —1, ..., Ti4+1 and
thus we get

Tigl T Q@) = Tig1 - Tonge- (T -+ Tk 1 Q=1+ - 91.(Um @ U47))
=1 01.(Vy Quy)

which is not zero. A fortiori Q(z) itself is nonzero. It is thus a nonzero polynomial
function of degree less than N,, — 1 and the equality (7) above shows that s,, is
necessarily equal to its valuation.
This implies s,, < N,, — 1, and in particular m € {k, n —k + 1} by Corollary 6.6.
This contradicts the hypothesis m > n — k +2. Thus we have shownm =n —k + 1.
By iterating this we conclude that the Lyndon words j,, ..., j.—k+1 appear in
this order in the canonical factorization of iy, which is the desired statement. []
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From now on we write the canonical factorization of w; as uy =i - - - i, with
ip > --->1i,. Foreach 0 < j <r we denote by p; the first letter of the Lyndon
word i ;. The sequence (p;)o<;<, is decreasing, with po = p and p, =1 (the letter 1
appears once, necessarily in the smallest of the i;). We also denote by a; the
position of the letter p; in the word piy.

Remark 6.11. Note that as an immediate consequence of the previous lemma, one
hasr >k —1.

With these notations we can make the following observation, as a straightforward
consequence of Lemma 6.10.

Corollary 6.12. The Lyndon word io ends with the letter n. In other words, ig = jy,.

Proof. As iy is greater than any other Lyndon word appearing in the canonical
factorization of uy, in particular it is greater than j,. Hence by Lemma 6.10(i),
one can write

(8) 00> Jn> "> Juk+l-

Thus all of the Lyndon words j,, ..., j.—x+1 begin with a letter smaller than pg = p.
By definition they end with letters greater than or equal to n — k 4+ 1 which is greater
than p by Lemma 6.8 (recall that we assumed k < n — k + 1 at the beginning
of this section). Hence each of the Lyndon words j,, ..., jn—x+1 contains the
letter p which makes k occurrences of p. From Lemma 6.8 and Proposition 6.4,
we conclude that no other Lyndon word contains p. Thus the Lyndon word iy has
to be one of the j; and the inequalities (8) impose iy = j,. U

Lemma 6.13. Forany 1 < j <r,if p; #k,then pj_1 — p; < 1.

Proof. Assume there exists j € {1,...,r} such that p; #k and p;_| — p; > 2.
We set g := p; and show that s, < N, — 1. Let i denote the position of g in the
word (. Then h; = g; on the other hand all the letters in position 1, ...,i — 1 are

greater than g + 2 (as they are greater than p;_;), hence

o1 Oy (U (Uq)z) =7 TG G — X ) F D@igr - Oy (@ (Uq)z)-

By similar arguments as in the proof of Lemma 6.10(ii), this implies s, < N, — 1.
Hence by Corollary 6.6, g € {k,n —k + 1}. Now by hypothesis ¢ < p;_1 —2 <
po—2 < poand pg <n—k+1by Lemma 6.8. In particular ¢ < n — k + 1. Since,
by assumption, g = p; # k, we get the desired contradiction. (]

Proposition 6.14. With the previous notation, one has:

1) p1 < po.
(1) Forall j > 1,if p; #k then pj11 < pj.
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Proof. Assume p; = po = p and let i denote the position of the letter p; in the
word (g, i.e., h; = p1. First note that this implies 2 < p <n — 1 (as the letters 1
and n appear only once in the word ;). In particular iy is of length strictly greater
than 2, as ig = (p ...n) by Corollary 6.12. In other words i > 2. One has

9 o1 (pmk-(u &® (Up)z)
=M@ —x2)+ Do i1 (G — X)) + D@ig1 -+ @y - (u @ (vp)2).

As the renormalized R-matrix ry(p) m, does not vanish, the operator ¢; 1 - - - @,
acts as a nonzero polynomial function on (u ® (v,),). We set

Q@) =@it1-+- (Pmk-(lzl 2y (Up)z)-

Note that deg(Q) < N, — 2. Let P(z) denote the polynomial function given by the
term

T Qi1 P - (U@ (Vp)) =12+ - Ti-1.0(2)

from the above equality and let us consider the action of the operator t;_1 - - - 7
on P(z). Recall that i > 2. We first write

1. P@)=n0.(2- 1) 0@ =t +D.53 i 1Qit1 - - Pmy-UR(Vp);)

using the braid relation. The operator t; commutes with 73 - - - 7;_; as well as with
Qit1s -+ Pmy- As Qg is of length greater than 2, the action of 71 on (u ® (v)),) is
the same as its action on the cuspidal module L (iy) which is trivial. Hence we get

PR =1 Ti-1Qit1 Py - (U Q (Vp)7).

The letters hs, ..., h;_; are greater than p 4 2; hence by arguments similar to those
in the proof of Lemma 6.10 (ii), we get

T 13.(13- - 7-1).0(2) = Q(2).
Finally we get
Ti—1 T P@D =@it1 7 Oy - (U (vp)) = 0(2)

which is not zero. A fortiori P (z) itself is a nonzero polynomial function. All the
other terms in (9) are either zero, or of valuation strictly greater than the valuation
of Q(z). This implies that s, is equal to the valuation of Q(z). In particular
sp < N, —2. This contradicts Corollary 6.6. Hence p; < po.

For the second statement assume we have j > 1 such thatg :=p; 11 =p; #k
and consider j minimal for this property. For the sake of simplicity, we only deal
with the case where only the two Lyndon words i; and i, begin with the letter g
ie,pj_1>¢q, pj=pj+1=q and p;j1» < g — 1. The proof is analogous if there
are several words i ;s beginning with g.
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Since, by hypothesis, g # k, Lemma 6.13 implies p;_; € {¢g, g + 1} and hence
pj—1=q+1as pj_| >q. Moreover by minimality of j, g + 1 appears exactly
once in the subsequence (p;);<;.

Seta:=aj_y, b:=ajand c :=aj;. As above, N, denotes the number of
occurrences of g in the word wy. We write

(10) ¢1--- (/)mk-(u ® (Uq)z)
=71 1 (T (Xp — Xpg1) + DTpg1 - - Tem1(Te(Xe — Xeq1) + 1) Q(2),

where Q(z2) := @cq1 - Om;-(u ® (vy);). As the renormalized R-matrix rp ), pm,
does not vanish, Q is a nonzero polynomial function. Its degree is equal to N, — 2.

Now we prove that Q(z) is in fact a monomial in z. Indeed, any occurrence of ¢
in a position i € {c+1, ..., my} appears inside a Lyndon word i ; (with j' > j+1)
beginning with a letter strictly smaller than g. Then the operator t;_; commutes
with any ¢, h > i, and acts by zero on (u ® (v;);). Thus

T 1QiQit1 " Q- U (Vg) ) = Ti—1 (T (i — X)) + D@ig1 -+ Oy - (1 @ (vg)2)
=1 1T (X — Xir )Pit1 " Py - (U @ (Vg)2)
=Z.5i-1TiPi+1 " Py -(U Q (Uq)z)

up to some sign. This is valid for any occurrence of g between the positions ¢ + 1
and my and hence

Q(Z) =@c+1" " Qomk-(u ® (vp)z) = ZNq_ZTc—l—l s ka‘(u ® (vp)z)

is a monomial in z of degree N, — 2.

The term 71 - - - Tp—1Tp41 - - - Te—1 O (z) coming from (10) is necessarily zero: if
it was not, then (10) implies that s, would be equal to N, — 2, which contradicts
Corollary 6.6. There are two terms of degree N, — 1 in (10): 71 - - - 7.1 Q(z) and
T+ Tp—1Tp+1 - - - Te Q(2). Denote them, respectively, by A(z) and B(z).

We show that the operator 7. --- 71 acts nontrivially on A(z) and trivially
on B(z). This implies that A(z) 4+ B(z) cannot be zero and therefore there is a
nonzero term of degree N, — 1 in (10).

Action of t.—1---71 on A(z). Let us first look at the action of the operators
Ty, -+, Tq—1 On A(z); if j = 1 this is of course not necessary as a = ag = 1.
Otherwise one has j > 2 and this action is easy to compute: for instance for 11,
71.A(2)

=10 71 0(2)

=ti’e(hi, he,ha, o he 1, @ byt hm) T2 T 1Q(2)

=173---T.—10(2) (as h.=gq and h| = po> p1>q by minimality of j >2.)
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Similarly A5, ..., hs—1 > g + 2 and thus one gets
Tam1 - T1AQR) =T -+ Te—1.Q(2).
Let us now look at the action of 1,:
Ta(Ta -+ Te—1.Q(2)
=t 2e(h, ... ha heshasts oo he 1y @ohests oo B )Tas1 - Te—10(2)
= (Xg = Xa+D)Tat1 - Te—1Q@) as hy =pj_1=q+1and h = p;41 =q.

The operator x, commutes with 7,41, - - - 7.—1 and acts trivially on the generating
vector, hence one gets

Ta-(fa e chl-Q(Z))

= —Xg41Ta+1 " Te—1.0(2)

= —Xgt1Ta41- -y, ... hp, hey hpgy, oo het, oo )Tpyr - Te—10(2)

= —Tu41 - 1 XpTpe (M1, oo  hp, B, hpgt, o ) Thgt - Te—1.Q(2)
(hC:q’ ha-i—l’ "'7hb—1 Zq+2)

=—Ta41 " 1 (TpXpp1 + DTpg1 - Te—1.Q(2) (hy =h.=q)

= —Tuql " Th1TpTos1 " Te—1Xe. Q(2) — Tag1 -+  Tho1Tpg1 =+ - Te—1.0(2).

The operator x, acts trivially on (# ® (v,)), hence the first term of the right-hand
side in the last equality is zero. Now as A4+, ..., hp—1 > g + 2 and hy, = g, the
action of the operator t,_; - - - T,41 on the surviving term is similar to the action of
T,—1 - - - T1 computed above. Hence we get

Tp—1 - Ta (T Te—1-0(2)) = —Tpg1 -+ Te—1-0Q(2).
The situation is now similar to (i): using the braid relation, one can see that the
action of 75417y ON Tp4q - - - To—1.Q(2) Will give two terms, the only nontrivial one
being tp47 - - - T.—1.0(z). The letters hpo, ..., h.— are all greater than ¢ + 2 and
hence one concludes as before that
Te—1 -+ Tp42-(Tot2 - - Te—1-Q(2)) = Q(2).

Finally we have shown that 7._; - - - 71 acts by identity on A(z) (up to some sign).

Action of T.—1 - - - T1 on B(z). One again has
Ta—1-T1.B@) =Ta—1- - T1.(T1 - - Tp—1Tpt1 -+ T Q(2))
=Tq Tp—1Tp+1 - T Q(2).
But then
Ta-(Ta To—1Tpt1 -+ T Q(2)) = (Xg — Xa4+1)Tat1 "+ To—1Tp41 -+ T Q(2)

=Taql - Tp—1XpTpt1 - - T Q(2)
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up to some sign, and then the operator x; commutes with T541, ..., Te, @t 1, ..., O,
and acts by zero on (1 ® (vg);).

Thus we have shown that the operator 7 - - - T.— acts nontrivially on A(z) + B(z)
and in particular A(z) + B(z) # 0. Therefore s, = N, —1. Now, g < po <n—k+1
by Lemma 6.8 and by assumption g # k, hence g ¢ {k, n —k 4+ 1}. By Corollary 6.6,
this contradicts the inequality s, < N, — 1.

In conclusion, (ii) holds. O

Corollary 6.15. The sequence (p;) takes every value 1, . .., k —1 exactly once and
the value k at least once.

Proof. The last term of the sequence (p;) is p, = 1. Recall that r > k — 1
(Remark 6.11). By (finite) inductionon ¢ € {0, . .., k—1} one shows that p,_; =¢+1.
Indeed, if kK = 1 there is nothing to prove. If k > 2, assume p, =1, ..., p,_;=t+1
witht <k — 1; then p,_; <k —1 and Lemma 6.13 implies p,_,_| < p,—; + 1. If
Pr—t—1 # k then Proposition 6.14 (ii) implies p,_;—; > p,—, and thus p,_,_| =
pr—t + 1 which gives p, 41y =t+ 1. If p,_,_1 =k then since p,_, <k — 1, one
necessarily has p,_; =t =k—1and p,_;_1 =k which again gives p, 1) =1+1.
This implies that the sequence (p;) takes each value 1, ..., k — 1 exactly once (and
the value k at least once). O

Corollary 6.16. In the case p = k, the parameter i of My is given by
wr=®k..nyk—1...n=1)---(1...n—k+1).

Proof. By Proposition 6.14(i), the sequence (p;) takes the value k exactly once.
Together with Corollary 6.15, we deduce that the word iy has the form

ur=CGk..)k—1..)---(1...).
Combining this with Lemma 6.10 (i) and (ii), we get the desired statement. U
One can now focus on the case po=n—k+ 1.

Proposition 6.17. The sequence (pj)o<;j<r takes every value between n — k + 1
and 1 exactly once. In other words,r =n—k+1and pj =n—k+1— j forall
I1<j<n—k+1

Proof. By Corollary 6.15, we already know that the values 1, ..., k — 1 are taken
exactly once and the value k at least once.

Values k+1, ..., n—k+1. Leti:=max{j, p; >k} (it exists since po=n—k-+1>k)
and m := p;.

Assume m > k+2. Then the commuting of M} with L (k) implies that ;| is the
only Lyndon word beginning with k (equivalently, p; 1=k, piyo=k—1,..., p,=1).
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Indeed, all the letters in position strictly smaller than a; | are greater than k + 2,
hence ¢; = 7,7 for all i’ < a;41 and

Ta;—1" " 71.(p1 - - (pmk-(u ® (vr)7)) = (21T (Pmk-(” ® (vr)2).

Then the same proof as for Proposition 6.14(1) shows that k = p;;| > piys.

Thus there is exactly one Lyndon word i; beginning with each letter 1, ..., k.
The letter m — 1 does not appear in any of the words i; for j <i (all these words
begin with letters greater than m) and appears exactly k times in the word p (as
n—k>m—1>k+1), hence it appears exactly once in each of the words i; 1, . . ., i.
This implies that the last letters of all of these words are greater than m — 1 and
in particular so is k (the last letter of i,), i.e., m < k + 1, which contradicts the
hypothesis.

Hence m =k + 1, i.e., the sequence (p;) takes all the valuesn —k+1, ..., 1.
By Proposition 6.14(ii), the values n —k+1, ..., k 4+ 1 appear exactly once in the
sequence (p;).

Value k. If there are more than two Lyndon words i; beginning with the letter
then the same proof as for Proposition 6.14(ii) (it can be applied since m =k + 1)
implies s; < N; — 1. But since the last letter of the word u is k, the same proof as
for Lemma 6.8 shows that s,/( is also smaller than N, — 1. Hence both s; and s,’c are
less than Ny — 1, which contradicts Corollary 6.6.

Therefore the sequence (p;) takes every valuen —k+1, ..., 1 exactly once. []

Corollary 6.18. Forany0< j <n—k,the Lyndonwordi;is (n—k+1—j...n—j).
Proof. We show this by induction on j. In fact we prove the following properties:

(i) For every 0 < j <n — k there is exactly one Lyndon word ending with each of
the lettersn — j,...,n—k+1—j.

(i) The Lyndon word ending with n — j begins with the letter n —k + 1 — j.

For j = 0 this follows from Corollary 6.12.

Assume (i) and (ii) hold until the rank j. By hypothesis, the Lyndon words
ending with the letters n,n — 1...,n — j, respectively, begin with the letters
n—k+1,...,n—k+1—j, and in particular do not contain n — k + j. Since by
Proposition 6.17 there is exactly one Lyndon word beginning with each of the letters
n—k+1,...,1, the Lyndon words ending with lettersn —1—j,...,n—k+1—j
begin with letters less than n — k — j and hence contain n — k — j. This gives k — 1
Lyndon words containing the letter n — k — j. As this letter appears exactly k times
in the word g, there exists a Lyndon word that contains n — k — j but is not one of
the previous words, i.e., does not end with any of the letters n, ..., n — j. Hence it
does not contain n —k — j + 1 (since n — k — j + 1 appears k times, once in each



DOMINANCE ORDER AND MONOIDAL CATEGORIFICATION OF CLUSTER ALGEBRAS 531

of the k words ending withn — j, ..., n —k — j +1). This means there is a unique
Lyndon word ending with the letter n — k — j, which proves (i) at the rank j + 1.

Now (ii) at rank j and (i) at rank j 4 1 together with Proposition 6.17 easily
imply (ii) at rank j 4+ 1. (]

From Corollary 6.16 and Corollary 6.18, one concludes that one of the two
simple modules M; and M, _;| has a parameter whose first letter is k, namely
k...n)(k—1...n—1)---(1...n—k+ 1), and the other has a parameter whose
first letterisn —k 4+ 1, namely (n —k+1...n)---(1...k).

6E. Proofs of main theorems. At this stage, one only has bijections between pairs
of modules and pairs of dominant words: for each 1 < k < n/2, the set of modules
{My, M,_y+1} is in one-to-one correspondence with the set

{k..m)(k=1...n=1)---(Q...n—k+1),(n—k+1...n)---(1...k)}.

A priori this yields two possibilities for each k. To complete the proof of Theorem 6.1,
we need to show that for every 1 < k <n/2, one has

My=L(k..n)(k—1...n=1)---(1...n—k+1))

and
M, i =L((n—k+1...n)(n—k...n—1)---(1...k)).

The key argument is the mutation rule for dominant words given by Proposition 5.8.
Proof of Theorem 6.1. We prove by induction on k € {1, ..., n} that

M, 41=LQ1A...k)

M, 2=L(2...k(...k—-1))

M, =L(k---1).

The result already holds for k = 1 and k = 2. Consider 1 < k < n and assume
the result holds at the rank k.

Let j e{rr—1+2, ..., ry—1} and let us write the (ungraded) short exact sequence
corresponding to the mutation in direction j:

0—>Mj+OMj,loMj7+1—)MjOMj/—>MjioMj+1OMj+,1—)0.

Let p:=j —rg—1.
By the induction hypothesis, one has

Mj=L({(p...k)---(1...k—p+1)),
Mj =L((p—1...k)---(1...k—p+2)),
Mjg=L((p+1...k)---(1...k—p)).
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The Lyndon word (p . ..k) appears in the parameter of M;, and hence in the
parameter of M; o M } Hence by Proposition 5.8, it necessarily appears either in
Mj, Oj—1 Opjyrorinpu; Oujyr ©pj,—1. Obviously, it does not appear in
pj—1 norin pjy1. Moreover, p;_ and p; 41 do not contain the letter k, hence
(p . ..k) does not appear in the canonical factorizations of these parameters either.

Now by Proposition 6.4, ;. is either

(p+1...k+1)---1...k—=p) or (k—p+1...k+1D---(Q...p+1)
and pj, 1 is either
p...k+1)---A...k—p+2) or (k—p+2...k+1D---(1...p).
The only one of these words in which the Lyndon (p ... k) appears is
(p+1...k+1---(1...k—p)

and thus p;, = ppypr1=(p+1...k+1)---(1...k—p).
One can do this for any j € {rp—1 +2, ..., rx — 1}, and the same arguments hold
for j =ry_1 + 1 and j = ry. Thus the desired result holds at rank k + 1. ([

One can now prove Theorem 6.2.

Proof of Theorem 6.2. We begin by describing the exchange matrix corresponding
to the quiver given in [Kang et al. 2018b, Definition 11.1.1]. Forany 1 <k <n —1,
define the matrices

0 1 - --- 0 -0 0
1 : 1 -1
A=l o . i B O | ce=—"B
! 0 0‘ 1 —01
0 0 -10 O v vee e 0 1}

of respective sizes k x k, k+1 xk,and k — 1 x k.
Now the whole exchange matrix can be written by blocks as

AL Co 0 v e 0
B Ay C; :
0 By Az Cy4

: o . - Cho1
0 -« «-- 0 B,» A,y

0 -« - --. 0 B,
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Recall that for any parameter u© € M, n®~! denotes the inverse of p in the
Grothendieck group G of M. We can now compute the parameters /i ; associated
to the y ; as in Definition 4.7. For instance, forany 2 < j <n —2,

[r, o+ j
=((j—=1..n=2)---(1..n—jN°'O((...n=2)---(1...n—j—1))
O(G—1...n=1)---(1...n—j+1)O((+1...n—=1)---(1...n—j—1))°7!
OW(...n) - (1...n—j+1))°'O(G+1...n)---(1...n—)))

which simplifies as

fryarj=(GH1..n)G.ocn =1 +1...n=1)(j...n)° ",
Hence for any parameter i € M, one has

((G+1..n=DG..n) O, 4, Ou=(G+1...0)(...n=1)Opn
>((j+1...0=1(...n)Ou.

This exactly means [, ,+; © i > p in G for any u € M. The computations for
any other index s € {1, ..., r,_} are similar.
Using Remark 4.8 we conclude that the seed S;j is compatible. ([

7. Possible further developments

In this section we mention a couple of situations where interesting consequences
may arise from the study of compatible seeds in various contexts of monoidal
categorifications of cluster algebras.

7TA. Dominant words and g-vectors. By Theorem 6.2, the seed S for the category
R-gmod in type A, is compatible in the sense of Definition 4.7. As explained
in Section 4C, this yields some interesting combinatorial relationships between
dominant words and g-vectors.

More precisely, consider as in Section 4C x/, any cluster variable in A, M/ the
simple module in R-gmod such that [M]]= x/ and u] the dominant word associated
to M| . For simplicity, we will write x (resp. M, u) for x; (resp. M], u;) without
ambiguity as we will focus here on this module. For any dominant Lyndon word
(i.e., any positive root in type A,) (k...l), we let m_ ;) denote the multiplicity of
the Lyndon word (k . ..[) in the canonical factorization of . As in Section 2A, we

consider F and g = (g1, ..., &,_,) the F-polynomial and the g-vector associated
to x. We also let ay, ..., a,, , denote the exponents of the unique monomial of
maximal degree of F' (see Theorem 2.5(i)), and cy, . .., ¢, the (negative) integers

C1

[o .
ra+1 "%, (see Section 4C).

such that Fip(y1, ..., y.) =x
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First consider the positive roots ending with the letter n. It follows from
Theorem 6.1 that these Lyndon words do not appear in the dominant words asso-
ciated to the unfrozen variables of the seed S;. Hence the g-vectors will not be
involved. Moreover, for any 1 < j <n, the Lyndon word ( . .. n) appears in exactly
one of the dominant words corresponding to the frozen variables of S, namely,
(G...n)---(A...n—j+1). If2 <j <n-—1, then the Lyndon word (j...n)
appears in exactly two of the /i ;, namely, fi,, ,+;—1 and fi,,_, ;. The relations are

m(]”) = arn—2+j_1 - arn—Z“"j - Cj'

For positive roots of the form (j...n — 1) with 2 < j <n — 2, similar arguments
show that

M(j..n—1) =
arn—2+j _arn—2+j+1 _Cj+1 _arn—2+j_1 +arn—2+j+1 +arn—3+j_1 _arn—3+j +grn—2+j

which simplifies as
m(Jnfl) = arn72+j - CJ+1 - arn72+j71 + arnf3+j71 - ar,173+j + grn72+j'

7B. The coherent Satake category. Recently, Cautis and Williams [2019] exhib-
ited a new example of monoidal categorification of cluster algebras, using the
coherent Satake category. In this subsection we focus on the case of the general
linear group GL,. We begin by checking that Assumptions A and B hold in the
framework of [Cautis and Williams 2019].

The simple objects in the coherent Satake category are parametrized (up to
G -equivariant shift) by couples of a coweight and a weight, modulo action of
the Weyl group. Equivalently they can be parametrized by dominant pairs, i.e.,
couples of a dominant coweight 1" together with a weight « dominant for the Levi
factor of P;v. Denote by P,v , the simple perverse coherent sheaf corresponding
to a dominant pair (.Y, u) € PY x P. Then the following statement shows that
Assumption A holds:

Proposition 7.1 [Cautis and Williams 2019, Proposition 2.5]. Let Pyy ., and Py .,

be two simple objects in the coherent Satake category. Then in its Grothendieck ring
K G(O)xGy, (Grg),

[P g * Py = € 1Py bl + D Pl Pov ol
A, mes

where s is some integer depending on Ay, (L1, A2, 2, Piv.u € Z[qil/z], and S is a
finite collection of dominant pairs such that for every (A", ) € S, one has either
A <Y+ A, or A =AY + A3 and |)* < 1> + lpall? for any W-invariant

quadratic form || - 1%
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Taking the lexicographic order on (dominant) pairs (A", u) € P x P, the monoid
structure on the set of dominant pairs can be simply taken as

A, m) © Ay, w2) = A + A5, w1 + p2).

It is then clear that Assumption B also holds.

In the case of the general linear group GL,, Cautis and Williams explicitly
describe a monoidal seed in the coherent Satake category. However, this seed is not
compatible in the sense of Definition 4.7. For example, for GL,, it can be written as

(([P1,0], [P1,1], [P2,0], [P2,1D), B),

where the first two classes are the unfrozen variables and the last two are the frozen
variables, and the exchange matrix B is given by

0 -2

2 0
B =

0 1

-1 0

Recall from [Cautis and Williams 2019, Section 2.2] that Py ; stands for Pw,j,lwk
forany 1 <k <2andany! € {0, 1}.

One can now compute the generalized parameters ft; and [i, for this seed.
A straightforward computation gives i1 = Qw, — w),2w; — wp) and iy =
(wy —2w/, 0). The coweight 2w) — w, is exactly the coroot «)’, and hence for any
dominant pair (A, ), one has ft; © (A, u) > (1Y, n). However, the coweight
part of /i, is obviously the opposite of &) and thus fio © (1Y, u) < (1, w) for any
dominant pair (1Y, u). We conclude that this seed is not compatible.

It would be interesting to see if Conjecture 4.10 holds in the coherent Satake
category of the general linear group. Note that as the ordering on dominant pairs
is partial, it is not clear that one can formulate mutation rules for parameters as in
Section 5. Indeed, we crucially used the fact that the ordering on dominant words
parametrizing simple modules over quiver Hecke algebras is total. This mutation
rule allows us to compute explicitly as many seeds as we want from the data of an
initial seed. In the case of a partial ordering, we cannot do so a priori.
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ON THE FINE EXPANSION OF
THE UNIPOTENT CONTRIBUTION OF
THE GUO-JACQUET TRACE FORMULA

PIERRE-HENRI CHAUDOUARD

For a useful class of functions (containing functions whose one finite compo-
nent is essentially a matrix coefficient of a supercuspidal representation), we
establish three results about the unipotent contribution of the Guo-Jacquet
relative trace formula for the pair (GL,(D), GL,(E)). First we get a fine
expansion in terms of global nilpotent integrals. Second we express these
nilpotent integrals in terms of zeta integrals. Finally we prove that they
satisfy certain homogeneity properties. The proof is based on a new kind of
truncation introduced in a previous article.

1. Introduction

1.1. The statement.

1.1.1. Let E/F be a quadratic extension of number fields. Let ¢ € E* such that
traceg/r(¢) =0. Let n > 1 be an integer. Let G = GL(2n, F) and H = GL(n, E)
viewed as an algebraic group over F. The F-basis (1, ¢) identifies E” with F>" and
gives an embedding H C G. We identify ¢ with a scalar matrix in GL(n, E). Then
H is the centralizer of ¢ in G. Moreover, the quotient G/H is a symmetric space
which is easily identified with the subvariety S C G of g € G such that e ! ge =g~
The group H acts on S by conjugation.

1.1.2. Let A be the ring of ade¢les of F and | - | be the product of local normalized
absolute values. We identify ¢ with a central element in GL(#n, E). For any cuspidal
automorphic form ¢ on G(A), one can define its H-period as

Pru(p) = / @(h)dh,
H(F)\H®)!

where H(A)!' C H(A) is the kernel of the morphism 4 — | det(h)| (see Section 2.1.4)
and dh is an invariant measure. A cuspidal automorphic representation is said to

MSC2010: 11F70.

Keywords: Guo-Jacquet trace formula, relative trace formula, unipotent contribution, orbital
integrals, distinction problems, periods, automorphic forms.
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be H-distinguished if Py induces a nonzero linear form on its underlying space. A
fundamental question is to understand the interplay between the H-distinction, the
Jacquet-Langlands functoriality and distinction by some other related subgroups: a
beautiful answer is given by the so-called Guo—Jacquet conjecture (see the conjecture
in [Guo 1996] extrapolating on results of Waldspurger and Jacquet).

1.1.3. A promising tool to study this problem is the so-called Guo—Jacquet trace
formula (a specific example of a relative trace formula) based on the seminal work
of Jacquet [1986]. A simple form of it has already been used successfully (see
[Feigon et al. 2018]). It consists in expressing geometrically and spectrally the
integral

(1-1-3-1) / > @ 'yhydh,
H(FNH®)' ), S5

where ® € C°(S(A)). In general, (1-1-3-1) is not convergent. To remedy this
problem, the simple trace formula introduces severe restrictions at two places on
the function @ so that on the spectral side only the cuspidal spectrum appears and
on the geometric side only regular semisimple y’s contribute to the rational sum
in (1-1-3-1). However, for the purpose of convergence, it suffices to impose a
certain local condition at one place on ®. When it is satisfied, we shall say that
@ is very cuspidal. In the paper, this is the local condition (3-2-2-1) below. Here
it suffices to say that the condition is satisfied if the local component of ® at a
finite place v is obtained by integration of a matrix coefficient of a supercuspidal
representation of G(F,)/Z(F,) (see Remark 3.2.2.1, Z is the center of G).

For a very cuspidal @, as a part of (1-1-3-1), we have the (convergent) unipotent
contribution defined by

(1-1-3-2) & (h~exp(X)h) dh,

/H<F)\H(A\>1 XENE)

where N (F) is the cone of nilpotent matrices in the tangent space s of S at identity
(given by matrices X of size 2n such that eX + Xe = 0) and exp is the usual
exponential. We emphasize that besides regular semisimple terms the unipotent
contribution is certainly the most important contribution of the geometric side of
the Guo—Jacquet trace formula to understand (for general terms there should be
some kind of Jordan decomposition).

1.1.4. The goal of the paper is to prove the following properties of the unipotent

contribution for a very cuspidal .

Theorem 1.1.4.1 (see Theorem 3.2.4.1 for a more precise and general statement).
Let ® € C°(G(A)) be a very cuspidal function. Let O e N (F)/H (F) be a nilpotent
orbit and let v be a place of F.
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(1) Foranyt € F, the integral

J(g(cp):/[H > o exp(t™ X)h) dh

I XeO
is absolutely convergent. In particular we get Jé(CI)) fort=1.
(2) We have

o exp(X)h)dh = > J(®).

/H (FNHA x nr(F) OeN (F)/H(F)

(3) There exists a bound n > 0 such that for any t in F,* such that |t|, < n, we
have
JH(®) = lir(r)l+ $s00($)Zo (D, s),
s

where

e O (s) is some holomorphic function which is defined for s € C such that
its real part satisfies N(s) > 0 and which does not depend on ®,

e the function Zo (P, s) is a zeta function attached to ® of the variable s € C,
holomorphic for W(s) > 0.

(4) Let 1 be the above bound. For any to, t in F,* such that |ty|, < n and |t], < 1
we have
TS (@) = |¢|4m©@2 g1 ().

Remark 1.1.4.2. Assertions (1) and (2) provide a “fine expansion” of the unipotent
contribution that is an expansion according conjugacy classes. Assertion (3) gives a
way to compute each nilpotent contribution; moreover the zeta function Zy (P, s)
admits a Eulerian product so it is possible to give an expression of each nilpotent
contribution in terms of local objects.

Remark 1.1.4.3. In the paper, the theorem is in fact stated and proved in the broader
situation where G = GL,,(D), where D is a quaternion algebra containing E. It
should also hold in the situation where G is the multiplicative group of an F-simple
central algebra containing £ and H is the centralizer of E in G. The methods of
the article should also apply in this context but we have not written the details.

We have the following corollary.

Corollary 1.1.4.4 (see Corollary 3.2.4.2). Let ® € CX°(G(A)) be a very cuspidal
function. Let v be a place of F. When t € F) goes to 0, the expression

Y @ expt' X)h) dh
(H1' xeN(F)
is equivalent to
vol([H1H®(1).
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Remark 1.1.4.5. One of the motivations for this result is that it plays a role in Xue’s
approach of local distinction problems. For example, Corollary 1.1.4.4 is used to
prove the existence of H-distinguished cuspidal automorphic representations of
G with local supercuspidal components at some places (see Corollary 6.2 of [Xue
2019]). Another potential application of Theorem 1.1.4.1 and its corollary is the
establishment of some kind of (relative) Weyl’s law.

1.2. The methods.

1.2.1. The Guo-Jacquet trace formula in our context should share many properties
with the usual Arthur—Selberg trace formula. Recall that the unipotent contribution
of the Arthur—Selberg trace formula has a fine expansion in terms of local unipotent
integrals (although some global constants remain unknown; for some progress on
these questions see [Chaudouard 2017; 2018a]). As a consequence it does satisfy
general homogeneity properties (see [Arthur 1985]). We could have tried to prove
analogs of several results of Arthur in our context (mainly the results of [1978; 1988;
1985]). In this paper we choose to offer a rather simple proof of Theorem 1.1.4.1
based on ideas developed in [Chaudouard 2018b]. The payoff is that we get a (in
principle) computable expression (rather than unknown global coefficients).

1.2.2. First one reduces the problem to the case of the infinitesimal situation where
H acts on the tangent space s. This reduction is the content of the final section,
Section 3. We introduce in Section 2.3.3 the set of weakly cuspidal functions
f € CX(s(A)) that satisfy some vanishing conditions. For such functions, we have

(1-2-2-1) f > fAd(HX)dh
(H1' x en(F)
= Y / > FAdTHX) dh;
[H

oeN(FyHF) H Xxeo

on the right-hand side we sum terms that satisfy the nontrivial convergence result
(see Theorem 2.3.4.1)
/[.H 1!

However these terms are difficult to compute since one cannot permute the sum
over X and the integral. This is where enters the truncation of [Chaudouard 2018b].
It enables to recover each term as a limit

> f(Ad(h_l)X)’ dh < oo.

XeO

lim sJo(f, s),
s—0

where Jo(f, s) is a holomorphic function for s € C of real part N(s) > O (see
Theorem 2.5.2.1). The point is that Jo(f, s) can be expressed in terms of a zeta
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integral under a mild assumption on the support of f (see Theorem 2.6.4.1). For
this zeta integral, the homogeneity property is easy to check (see Lemma 2.6.3.1).

2. Infinitesimal situation

2.1. Notation.

2.1.1. Let F be a number field and t € F such that E = F[,/7] is a quadratic
extension. Let o be the generator of the Galois group Gal(E/F). For each place v
of F, let |- |, be the normalized absolute value.

Let A be the ring of adeles of F. Let A* be the multiplicative group of A. For
any x = (x,), € A, we shall denote by |x| the product [ [, |x], over all places
of F.

For any algebraic group G over F, we shall denote the quotient G (F)\G(A)
by [G].

2.1.2. Let Vg be of a vector space of dimension n over F. Let V = Vp ®p E. By
abuse of notation, we denote by o the F-automorphism of V given by Idy, ®Fo.
Let s C Endr (V) be the F-subspace of o-linear endomorphisms of V, namely the
space of maps X of V into itself such that X oo is E-linear.

2.1.3. Let H be the algebraic group of automorphisms of the E-vector space V. By
restriction of scalars, we will view H as an F-group. The group H is provided with
a Galois F-automorphism still denoted by o. The group H acts by conjugation on
Endr(V): we denote by Ad the restriction of this action on s. This action is defined
over F. By differentiation, we get an action f) x s — s denoted by (X, Y) — [X, Y].
For any X € s, let Hx be the centralizer of X in H.

2.1.4. By abuse of notation, we simply denote by det the F-morphism H — G, r
given by Normpg,r o det. Let H (A)! be the kernel of 4 — | det(h)|. We shall denote
by [H]' the quotient H (F)\H(A).

2.1.5. Parabolic decomposition. We fix an ordered F-basis (eq, ..., e,) of Vp.
By a (standard) parabolic subgroup P, we mean a subgroup which stabilizes an
incomplete standard flag of E-subspaces

Vo= cVicVien,C---CVid---aV,
where for 1 <i < r the E-vector space V; is generated by vectors
o
€di+15 €di+25 - - -y €d;i+dim(V;)» where dl‘ = lezl dlm(Vj).

Then we have a standard Levi decomposition P = M N, where N is the unipotent
radical of P and M is the common stabilizer of the subspaces V;. We define sy
and sy to be the subspaces of X € s such that XV; C V;and X(Vi®---®V;) C
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Vi@ @ Vi, respectively, for all 1 <i <r. Let sp = sy, @ sy. The groups
P, M and N act respectively on sp, §); and sy.

The stabilizer of the complete standard flag is denoted by B. We have a standard
Levi decomposition B =T Np.

2.1.6. Maximal compact subgroup. Thanks to the basis of Section 2.1.5, we identify
H(A) with GL(n, Ag). Let K C H(A) be the maximal compact subgroup corre-
sponding to the standard maximal compact subgroup of GL(n, Ag). For parabolic
subgroups P = M N, we have the Iwasawa decomposition H(A) = M(A)N(A)K.

2.1.7. Haar measures. We fix a Haar measure on A the multiplicative group of
the adeles of E. For any n > 1, we take on (A )" the product of the Haar measure.
On any unipotent group N over F, we take the Haar measure on N (A) such that
the quotient measure on [N] gives the total volume 1. The Haar measure on the
standard compact maximal of GL(#n, Ag) is such that the total volume is 1. Finally
we require that the Haar measure on GL(n, Ag) is compatible with the Iwasawa
decomposition, which normalizes the measure if we view (A )" as a minimal Levi
subgroup. In this way, we get a normalization of the Haar measure on H (A). The
Haar measure on H (A)! is such that the quotient measure on H(A)/H (A)! ~ RX
is the usual Haar measure. Then we get quotient measures on [H] and [H]'.

2.1.8. Categorical quotient. Let C : s — ¢ = s//H be the categorical quotient.
The quotient ¢ can be identified with the standard n-dimensional affine space over
F in such a way that c is the map that associates to any X € s the coefficients of
the characteristic polynomial of X 2 ¢ Endg (V) (the coefficients are in fact defined
over F). For any c € ¢, let s, be the fiber of C above c. In particular, if ¢ corresponds
to the polynomial ", we denote by N the fiber s.. Then an element X € s belongs
to NV if and only if the E-endomorphism X? of V is nilpotent in the usual sense.
By abuse, in the following, N will be called the nilpotent cone and the elements of
N will be called the nilpotent elements of s.

2.2. Induction of nilpotent orbits.
2.2.1. Classification of nilpotent orbits. It is given by the following lemma.

Lemma 2.2.1.1. For any X € N, there exists an E-basis of V such that the matrix
of X is in the Jordan normal form.

There are finitely many orbits of H on N and they are classified by their Jordan
normal form.

Proof. One can find a proof in [Guo 1997, Lemma 2.3]. Alternatively, one can
observe that V has a E[t]-module structure of t*"-torsion given by (P, v) — P(X)v
which boils down to the classification of torsion modules over a principal ideal
domain. (]
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2.2.2. Induction a la Lusztig—Spaltenstein. We state and prove in our context some
results about induction of nilpotent orbits analogous to those of [Lusztig and
Spaltenstein 1979].

Let P = M N be a parabolic subgroup of H as above. Let X € s, be a nilpotent
element. Let OY be the M-orbit of X. The variety O¥ @ sy is irreducible. Since
there are finitely many nilpotent orbits, there is a unique nilpotent H -orbit O such
that

oNO¥ ®sy)

is a Zariski open dense subset of O)A(/’ @ sy. We denote O by Ip(X) and we shall
call it the induced orbit.

Proposition 2.2.2.1. The intersection Ip(X) N (O?{ @ sy) is a single P-orbit.

Proof. Let Z € sy such that the element ¥ = X + Z belongs to Ip(X) N ((9)"(” Dsy)-
Let B be the variety of complete flags of E-subspaces of V. As usual, we view B
as an F-variety. Let By be the subvariety of complete flags V, suchthat YV C V.

It is not difficult to compute the dimensions of By and Hy in terms of the Jordan
decomposition of ¥ (one can use the method of [Spaltenstein 1982]). Then one can
check the equality

(2-2-2-1) dim(Hy) = 2 dim(By) + dim(T).

By using the group B as a base point, we get an equivariant map n; : H — B.
Let 7, be the map from H to the H-orbit Oy of Y given by h — h~'Yh. We
have m, "oy Nsg) = T '(By). The dimension of the fibers of 7, and 7, are
respectively dim(B) and dim(Hy). We deduce that

(2-2-2-2) dim(Oy Nsp) +dim(Hy) = dim(By) 4+ dim(B).

Combining (2-2-2-1) and (2-2-2-2), we get

(2-2-2-3) dim(By) + dim(Oy Nsp) = dim(Np).

We can also define a variety B%” relative to M and X. We have an identification
BY ~BY =By NBY,

where B” is the variety of the complete flags that refine the flag associated to P. In
particular, dim(Bé‘(’[ ) < dim(By). As before, one proves:

dim(BY) 4 dim(O¥ Nsyaw,) = dim(Ng N M).
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Following the proof of theorem 1.3 in [Lusztig and Spaltenstein 1979], we have
dim(By) +dim(Oy Nsp) > dim(BY) + dim((O¥ ®sy) Nsp)
= dim(BY) +dim(OY Nsynn,) +dim(sy)
=dim(Ng N M) +dim(sy)
=dim(Np).
By (2-2-2-3), all the inequalities are in fact equalities. In particular, we deduce
dim(By) = dim(B)Af ) and thus dim(Hy) = dim(My) where My is the centralizer
of X in M.
Let O}’f be the P-orbit of Y and Py be its centralizer in P. We have
dim(Ip(X) N (O¥ ®sy)) > dim(OF) = dim(P) — dim(Py)
> dim(P) — dim(Hy)
=dim(P) —dim(My)
= dim(O¥ @ sy)
= dim(Ip(X) N (OY ®sn)).
Thus we have dim((’){;) = dim(Ip X)n (Oé‘(” ® sN)). But one gets the same result

for any Y’ € Ip(X) N (O @ sy). Thus the orbits Of and O, must intersect by
irreducibility of 7p(X) N (OY @ sy). O

2.2.3. The following lemma is a variant of [Chaudouard 2018a, lemme 2.9.1].

Lemma 2.2.3.1. There exists a finite family of polynomial maps (®;);cy on sy Bsy
such that for any nilpotent M-orbit O in sy, there exists Io C I that satisfies the
following two properties:

(1) Forany X e Oand Y € sy, one has X +Y € Ip(X) if and only if there exists
i € lp such that P;(X,Y) #0.

(2) Forany X € O, there exists i € 1o such that the restriction of P;(X, -) to sy
is nontrivial.

Proof. Let O be an nilpotent M-orbit in sy;. Let X € O and Y € sy. Let O’ be the
P-orbit of X 4+ Y. By Proposition 2.2.2.1, we have X + Y € Ip(X) if and only if
O’ is a dense open subset of O @ sy. The latter condition holds if and only if we
have the following equality between tangent spaces:

(2-2-3-4) [p, X +Y]=[mp, X]Dsy.

One always has the inclusion [p, X + Y] C [mp, X] @ sy. The dimension dp =
dim([mp, X] @ sy ) does depend only on O. Thus the condition (2-2-3-4) holds if
and only if the rank of the F-map p — sp given by Z — [Z, X + Y] is at least dp.
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This condition defines a dense Zariski open subset of sp which does intersect
nontrivially X 4 sy since, for any nilpotent X € sy, there exists ¥ € sy such that
X 4+ Y € Ip(X). The statement is then clear. U

2.3. Nilpotent expansion and the homogeneity property.

2.3.1. For any F-vector space W, we denote by S(W (A)) the space of complex
Schwartz—Bruhat functions on W(A) and C°(W (A)) C S(W (A)) the subspace of
smooth compactly supported functions.

2.3.2. Let f eS(s(A)). For any parabolic subgroup P = MN of H (see Section 2.1.5)
and any x € H(A), we define the constant term of f by

frx(X) = / “ f(Ad)(X +U))dU,

where the Haar measure on sy (A) is normalized in such a way that the quotient
sy (A) /sy (F) equipped with the quotient measure by the counting measure is of
volume 1. This formula defines a function fp , in the Schwartz—Bruhat space

S(su(A)).

2.3.3. Wesay that f is weakly cuspidal if fp_ vanishes on the subset N'(A)Ns ;s (A)
for any proper parabolic subgroup P C H and any x € H(A).

2.3.4. A convergence result. Let N'(F)/H(F) be the finite set of H(F)-orbits
on N(F). Let O € N(F)/H(F) be a nilpotent orbit. For any f € S(s(A)) and
h € H(A), we define

ko(f, )= f(Ad(™X).

XeO

Theorem 2.3.4.1. Let f € S(s(A)) be a weakly cuspidal function. The integral

Jo(f) = / ko(f. h) dh
[H]!

is absolutely convergent.

The proof will be given in Section 2.4.4 below. We have the following corollary
which is also a simple consequence of a much more general result of Li [2020,
Theorem 1.1].

Corollary 2.3.4.2. Let f € S(s(A)) be a weakly cuspidal function. The integral

/[H]’

> f(Ad(h_l)X)' dh
XeN(F)
is convergent.
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2.3.5. Homogeneity of nilpotent integrals. Let v be a place of F. For any f €
S(s(A)) and any ¢t € F), let f; be the function in S(s(A)) defined by f,(X) =

F'X).

Theorem 2.3.5.1. Let f € C°(s(A)) be a weakly cuspidal compactly supported
function. Let v be a place of F. There exists a bound n > 0 such for any ty, t in F)
such that |ty|, < n and |t], < 1 we have

Jo(firy) = 1152 10y (f).

Remark 2.3.5.2. The proof is given in Section 2.7 but it is built upon several prelim-
inaries results. Indeed to get Theorem 2.3.5.1, the convergence of Theorem 2.3.4.1
is not sufficient. The main difficulty is that we cannot a priori invert the integral
and the sum over O: this would in general make appear an infinite volume related
to a centralizer. We shall rather use a roundabout method inspired by [Chaudouard
2018b]. As a byproduct, we shall obtain an expression of Jo( f;,) in terms of an
explicit zeta integral depending on f (see Theorem 2.6.4.1). Here we will need a
mild assumption on the support of f;, hence the bound on .

For future reference, let’s state a simple corollary.

Corollary 2.3.5.3. Under the hypothesis of Theorem 2.3.5.1, for any t € F such
that |t|, < 1 we have

Y fuAdThXydh= Y IO o (f).

(H1' xen(F) OeN(F)/H(F)

In particular, when t — 0 the expression above is equivalent to

Jo)(fiy) = Vol(LH]") £ (0),
where (0) is the orbit of 0.

2.4. Refined convergence results.

24.1. Let O e N (F)/H (F) be anilpotent orbit. Let P =M N be standard parabolic
subgroup of H (see Section 2.1.5). We borrow notations from [Chaudouard 2018b];
to do this, we identify H with GL(n, E) and P with a standard parabolic subgroup
of GL(n, E) by the choice of the basis of Section 2.1.5. We follow [Chaudouard
2018b, §§1.6 and 2.7] (relative to the base field E). We have the Harish-Chandra
map from Hp from H (A) to some real vector space ap. Restricted to P (A) this is a
morphism and we denote by M (A)! the intersection of M (A) with the kernel of Hp.
Let 7p be the characteristic function of the acute Weyl chamber in ap associated
to P. Let Zp be the maximal central F-split torus in M and let A p be the neutral
component of the group of R-points of the split component of Resr,q(Zp). We
have M (A) = M(A)' Ap. The function F? is the characteristic function of some
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compact subset of Ap M (F)N(A)\H (A). Note that both F¥ and Hp depend on
the choice of the compact subgroup K of Section 2.1.6.

Theorem 2.4.1.1. Let f € S(s(A)) be a weakly cuspidal function. The integral
f F" (Wt (Hp(h)ko(f. h) dh
P(F)\H(A)!

is absolutely convergent.
The proof will be given in Section 2.4.2 below.

Remark 2.4.1.2. Theorem 2.4.1.1 is a simple analog of [Chaudouard 2018a, propo-
sition 3.5.1, corollaire 3.2.2].

2.4.2. Proof of Theorem 2.4.1.1. It follows the lines of the proof of [Chaudouard
2018a, théoreme 3.2.1]. For the reader’s convenience, we will sketch the main steps
and the simplifications in our case. The case where P = H is obvious since then
hw FP(h)tp(Hp(h)) = F(h) is compactly supported on [H]'. So we assume
P C G. We denote by Ap the set of simple roots of Zp in N and pp the half-sum
of roots of Zp on N. It is easy to see that Theorem 2.4.1.1 is a direct consequence
of the following majorization.

Lemma 2.4.2.1. Let f € S(s(A)) be a weakly cuspidal function. Let Q be a
compact subset of N(A)M (A) YK. There exist ¢ > 0 and co > 0 such that

exp(—(2pp, Hp(@)))lko(f, ah)| < co- [ el@~*

aeAp
forallh € Q and all a € Ap such that tp(Hp(a)) = 1.
Lemma 2.4.2.1 itself is a straightforward consequence of

Lemma 2.4.2.2. Let f and Q2 be as in Lemma 2.4.2.1. Let o € Ap. There exists
co > 0 such that

exp(—(2pp, Hp(a)))Iko(f, ah)| < cp-a(a)™!
forallh € Q and all a € Ap such that tp(H(a)) = 1.

2.4.3. Proof of Lemma 2.4.2.2. The simple root & € A p defines a maximal parabolic
subgroup Q that contains P. We denote Q = L R be the standard Levi decomposition
of Q where R is the unipotent radical of Q. Let R be the unipotent radical of the
opposite parabolic subgroup.

Let’s denote by Y + Y the projection of s on sz according to the decomposition
5=6r®Ss; Bsg. To prove Lemma 2.4.2.2, we split the sum ZXEO f(Ad(ah)_1 X)
into the following three contributions:

(2-4-3-1) > f(Ad@h)'X);

XeO,X 50
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(2-4-3-2) Y f@Ada'X) - >0 > f(Ad@ah) T (X +Y));
XEOQSQ(F) Xesp(F) Yesgp(F)
19(X)=0
(2-4-3-3) YT ) fad@) TN (X + ).
Xesp(F) Yesg(F)
Ip(X)=0

For the contribution (2-4-3-1) we have a better majorization (see proof of [Chau-
douard 2018a, lemme 3.8.2]): for any integer k > 1, there exists c¢op > O such
that

exp(—(2pp, Hp(@))| Y f(Ad@h)™'X)|<cp-al@)™

X€O,Xz#0

forall h € Q and all a € Ap such that Tp(H (a)) = 1. For the contribution (2-4-3-3),
we have the same kind of majorization. But to see it, we need to introduce a
nontrivial continuous additive character F\A — C* and a nondegenerate bilinear
form on s given by (X, Y) = trace(XY) (this is the trace of an F-endomorphism
of Vg). Then, using the Poisson summation formula for the sum over sz (F) and
the fact that f is weakly cuspidal, one gets

Yo > fAdah) TN (X +1))

Xesy (F) Yesg(F)
Ip(X)=0

= > > f(/_\)f(Ad(ah)1(X+U))¢(<Y,U>)dU.

Xesp (F) Yesg(F)
Ip(X)=0 Y#0

At this point we can conclude as in the proof of [Chaudouard 2018a, lemme 3.8.3].
The most difficult contribution is thus (2-4-3-2) which can be written as

o Y fadanT'o - > Y fAdah) X + 1),

Xesp(F) Yesg(F) Xesp (F) Yesg(F)
Io(X)#0 X+YeO Ip(X)=0 X+Y¢O

But then the argument is that used in [Chaudouard 2018a, §3.12] with Lemma 2.2.3.1
above playing the role of [Chaudouard 2018a, lemme 2.9.1].

2.4.4. Proof of Theorem 2.3.4.1. Theorem 2.3.4.1 is a straightforward consequence
of Theorem 2.4.1.1 and the equality for any & € H(A)

(2-4-4-4) Yoo > FPGhTe(HeGh) =1,
P §eP(F)\H(F)

where the sum is over all standard parabolic subgroups P of H (see [Chaudouard
2018b, proposition 2.5.1]).
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2.5. A limit formula for nilpotent contributions.

2.5.1. In this section, we will get an expression for Jo(f) as the residue at s =0
of a function Jo(f, s) when f is a weakly cuspidal function. In the next section,
under a mild condition on f, the function Jo(f, s) is expressed in terms of a zeta
integral. In our context, this is a simple analog of results in [Chaudouard 2018b].
The homogeneity of Jo(f) is then an easy consequence of this result. Once again,
we borrow notations from [Chaudouard 2018b]: we will denote by E H the function
ESLE™ defined in [Chaudouard 2018b, §3.2 équation (3.2.1)]: it is a characteristic
function on [H ].

2.5.2. Let f € S(s(A)) and O € N (F)/H(F) be a nilpotent orbit.

Theorem 2.5.2.1. Assume that f is weakly cuspidal. Then the integral

Jo(f.s) = / E (ko (f, 1| det(h)|* dh

[H]

is absolutely convergent for s € C with R (s) > 0. Moreover,
lim sJo(f,s) = Jo(f),
s—>0t

where limg_, o+ means that the limit is taken over complex numbers s such that
N(s) > 0.

Proof. 1t is a variation on the proof of théoréme 4.6.1 of [Chaudouard 2018b]. In
fact, the hypothesis “weakly cuspidal” makes the situation even simpler.
One shows that for a standard parabolic subgroup P C H the integral

JE(fos) = / E¥(h)F? (h)tp(Hp(h)ko(f, h)| det(h)|* dh
P(F)\H(A)

is absolutely convergent for s € C with 9%(s) > 0. The convergence is a straightfor-
ward consequence of Theorem 2.4.1.1 and the fact that the function E H(h) has a
simple expression when

FP(h)tp(Hp(h) =1,

see [ibid., (3.2.1)]. Moreover (as in the proof of [ibid., proposition 4.5.1]), one has

lim sJ5(f,s) = / FP(h)ytp(Hp(h)ko(f, h)dh.
s—0* P(F)\H(A)!

One gets the theorem by adding the contributions of the various parabolic sub-
groups P, see (2-4-4-4). (]
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2.6. Computation of a nilpotent integral.

2.6.1. Let X € N(F). Using the proof of Lemma 2.2.1.1, one can show that there
exist

e aninteger r > 1;

» a decomposition

Vi = @ %8

1<i<j<r
dj = dim(V}) does not depend on i;
. i
¢ a basis (€k’j)1<k<dj of Vj,
e in the basis (e;c’j)lgigjgr,lgkgdj we have

»J

_ e,i_.l ifi>1,
Xai=10" iri=1.

We may order the basis by e}; i< e;:, 7 if and only if one the following conditions
are satisfied:

o <i;
ei=i"and j > j';
ei=i, j=j andk <Kk

In this basis, the matrix of X is given by

0dy+-4d, lir4ota, 0 - 0 0
of: :

Ody i, 0 0

g, y+d, O

of: :

0d,_y+d, 14,

of:

0q

In the following we may replace X by a conjugate. So we can and we shall
assume that the ordered basis (e};, j) is the basis chosen in Section 2.1.5. Thanks to
this basis, we shall also identify the group H (F') with GL(n, E) and the F-space s
with the space gl(n, E) of n x n matrices with coefficients in E. Note that through
these identifications, the action Ad of the group H (F') on s is the o-conjugation of
GL(n, E) on gl(n, E) (given by (y,Y) yYo(y)™h.
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2.6.2. Let
p=modn,
where
* M=) qicje, Home (V] V));
. n:@HomE(V;, V;,/), where the sumisover I <i<j<rand1<i’<j <r
suchthati >i"ori=i"and j < j'.

Let M and N be the F-subgroups of H of Lie algebras m and n. We get a
parabolic subgroup P = M N with a Levi decomposition. Recall that Hy denotes
the centralizer of X in H. Let Mx = M N Hx and Ny = N N Hyx. One has
Hx C P and Hx = Mx N is a Levi decomposition. The groups Mx and M can be
respectively identified to [ ], i<r GLE(VJ yand [T <ic; j<r GLEe(V; ). The inclusion
My C M is given by the diagonal embeddlng of GLE(VJ) in 1_[1<I<J GLE(V ): by
“diagonal”, we mean that we identify GLg ( V] )to GLg (V ') via the F- 1som0rphlsm
VJ i~ V’ given by X/~ Let

uy =5 (@D Homp(v], V),
where the sumisover ] <i < j<rand1<i'<j <rsuchthati —1>1i or
i=i+1landj </
Lemma 2.6.2.1. The map n+— nXn~' — X induces an isomorphism from Nx\N
onto uy.

Proof. 1t is similar to the proof of [Chaudouard 2017, proposition 4.5.1]. O

2.6.3. Zeta integral. Let L = ]_[1<l<j<r GLE(V; ). An element A of L is written
(Aiji<i<j<r With A; ; € GLE(V ). For any A € L(A), let

Odisoid, AI(A) O - 0 0
of ) ) )
Ody+-+d, R 0 0
Ay = Ay 2 (A) 0 ,
of: :
Od,_+a, Ar—1(A)
of:

Oq

r

where

Ai,rfl

Ai(A) =

Ayl



554 PIERRE-HENRI CHAUDOUARD

forany 1 <i<r—1.
For any f € S(s(A)) let’s define

(2-6-3-1) f)f(A) = / / f(kfl(U + Ap)o(k))dUdk
ux(A) J K
and for s € C such that 31(s) > 0 the zeta function
(2-6-3-2) Zx(f,s) = / FE(A)S(A, s)dA
L(A)
with
(2'6‘3'3) S(A, S) — 1_[ |det(Ai’j)|di+~“+dj+(j_i)s
1<i<j<r

and dA is a Haar measure on L(A) (normalized as in Section 2.1.7). Recall that
det is a shortcut for Ng,r o det (see Section 2.1.4).

As in [Chaudouard 2018b, §8.3], the integral is convergent and defines a holo-
morphic function on the domain N (s) > 0.

Lemma 2.6.3.1. Let O be the H-orbit of X. Let v be a place of F. Foranyt € F,
we have

ZX(ft’ S) — |t|(3im(o)/2+CSZX(f’ S),
wherec =3 ;. j(j —1)d;.
Remark 2.6.3.2. As usual in this paper, dim(Q) is the dimension of O over F.

Proof. To begin with, we have the homogeneity property with the exponent:

2 Y dildi++dj+(j —i)s) +dim(uy).

I<i<j<r
Indeed, by the change of variables U — t~'U in the integral (2-6-3-1), we have

(fOX (A) = [t £ (171 A).
Then we have by the change of variables A — ¢! A in the integral (2-6-3-2),

Zx(f;, ) = [r|9m@Ote 7 (f,s),

where e satisfies §(tA, s) = [t|°6(A, s). By the definition (2-6-3-3) of §(A, s) we
can compute

e=2 Y di(di+-+dj+(—0)s).

I<i<j<r

The factor 2 is due to our definition of det (see Section 2.1.4).
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Since we have

2 ) dii—ds= ) j(—Ddjs,

I<i<j<r 1<j<r
it suffices to show that

) Z di(d; +---+d;)+dim(uy) = dim(0)/2.

I<i<j<r

One can compute dim(Hy) as follows

dim(Hx)/2= Y d;dymin(j, j")

I<j.j'sr

=2 Y iddj+ Y jd;
1<i<j<r 1<j<r

=2 Y didi+--+dp—2 Y (j-bdi+ > jd;
I<i<js<r 1<j<r 1<j<r

=2 Y didi+-+dp— Y jdi+2 Y d
1<i<j<r 1<j<r 1<j<r

=2 Y di(di+---+dj)—dim(M)/2+ dim(My).
1<i<j<r

Using the equality dim(uy) = dim(N/Nyx) (see Lemma 2.6.2.1), we get

2 Y di(di+--+d;) +dim(ux)
1<i<j<
e — dim(Hy)/2 + dim(M) /2 — dim(My) + dim(N) — dim(N)
= (dim(M) +2dim(N))/2 — dim(Hx) /2
= (dim(H) —dim(Hy))/2 = dim(O) /2. Il
2.6.4. Computation of the nilpotent integral. We will denote by 0x (s) the func-
tion defined in [Chaudouard 2018b, §7.2] relative to the field E and the datum
(dy, ..., d;) (see Section 2.6.1). The main property of Oy (s) we retain is that it is
holomorphic for s € C such that J(s) > 0.

Theorem 2.6.4.1. Let f € C°(s(A)) and v a place of F. There exists a bound
n > 0 such that for any t in F,* such that |t|, < n we have

Jo(fi,5) =0x(s)- Zx(fi. ).

Proof. It is analogous to the proof of theorem 9.1.1 of [Chaudouard 2018b]. By the
Iwasawa decomposition H(A) = P(A)K, we can write

g=mnk, with m=(m")eM =[] ;. GLE(V)), ne N(A), ke K.
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Let R=GLg(d; +---+4d;) and r(g) € R(A) be the matrix extracted from the
first dy + - - - + d, rows and columns of mn. As in [Chaudouard 2018b, p. 115],
one shows that E¢(g) = 1 if and only if E®(r(g)) = 1. The main new ingredient
in our context is the observation that £ G(g) =E%@o (2)). Then the same kind of
computations as those of [Chaudouard 2018b, p. 116] leads to the statement (see
also [ibid., remarque 9.1.2]). O

2.7. Proof of Theorem 2.3.5.1. Let f € C°(s(A)) be a weakly cuspidal function.
Recall that we have defined integrals Jo(f, s) (see Theorem 2.5.2.1). Let n be the
bound given by Theorem 2.6.4.1. Let #o, ¢ in F, such that |fy|, < n and |t], < 1.
By Theorem 2.6.4.1, Jo(fi,,s) and Jo(f;,,s). can be expressed in terms of a
zeta function for which we have a homogeneity property (see Lemma 2.6.3.1). We
deduce that we have for the constant ¢ of Lemma 2.6.3.1

Jo(frrgs ) = [t|SMO/ZHES oy (£, 5).

Taking the product with s and then the limit on s — 0 given by Theorem 2.5.2.1,
we get the result.

3. The unipotent contribution
3.1. Algebraic situation.

3.1.1. We follow the notation of Section 2.1. Let D be a quaternion algebra over
F equipped with a fixed embedding £ < D. Note that D may be split. Then
Vp =V ®g D is aright D-module. Let G = Autp(Vp) viewed as an F-group. Let
¢ € G given by the left multiplication by /7. Let  the involution of Endz(Vp)
given by #(X) =eXe~!. Let H' C G be the subgroup fixed by 0. Let S’ C G be
the F-variety of automorphism g € Autp(Vp) such that ge = eg_l. The map

(3-1-1-1) pigr> gl(g)”!

induces an isomorphism from G/H’ onto S’ (see [Guo 1997]). The action of G
by left translations on G/H’ gives an action of G by 6-conjugation for which p is
equivariant: we have p(g1g2) = g10(g2)0(g1)~". This action induces an action by
conjugation of H' on §’.

3.1.2. LetU C G be the unipotent variety. We define Uy =UNS" and U = o Us).
One knows [Guo 1997, Lemma 3.2] that Ug(F) = H'(F)Us (F)H'(F).

3.1.3. The tangent space of S at Idy, is denoted by s': it is the space of X €
Endp(Vp) such that Xe + X = 0. Let Ay be the cone of nilpotent elements in
Endp(Vp). Let N/ = Ny Ns'. The usual exponential map denoted by exp induces
an isomorphism from Ny to U and also from N’ to Uy
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3.1.4. The map Endg (V) — Endp(Vp) given by ¢ — ¢ ® Idp gives an identifica-
tion of H with H’ and s with ' and N with . Hence we can freely use all the
results of Section 2 for the action of H' on s’

To simplify the notation, we will suppress the superscript ' and we will not
distinguish between H and H’, S and §’, etc. For v a place of F, the measures used
on the groups of F,-points are Haar measures (we do not need any normalization).

3.2. Main results.

3.2.1. Let v be a place of F. For any ® € C°(G(F))), there is a unique function,
denoted by &g € C2°(S(Fy)) such that

D5(p(x)) =/ @ (xh)dh.
H(Fy)
The map ® — @y is a surjection from C°(G(F,)) onto C°(S(Fy)).

3.2.2. Very cuspidal test functions. We shall say that & € C°(G(F,)) is very

cuspidal if one has
/ ®(xny)dn=0
N(Fy)

for any parabolic subgroup P C G and any x, y € G(F,). Here N is the unipotent
radical of P.

Remark 3.2.2.1. Assume v is finite. Let ® be a matrix coefficient of a supercuspidal
representation of G (F,)/Z(F,) where Z is the center of G. Let ® € CX°(G(F)))
such that

/ ®(gz)dz = D(g)
Z(Fy)

for any g € G(Fy)/Z(F,). Then & is very cuspidal.

Note that any very cuspidal function ® € C2°(G(Fy)) is such that

(3-2-2-1) Dg(p(xn))dn =0,

‘/I;I(Fv)/NH(Fv)
where Ny = N N H and dn is the quotient of the Haar measures on N (F,) and
NH(FU)'

3.2.3. Global setting. We also have a surjective map ® — ®g from C°(G(A))
onto C°(S(A)) given by

Cs(p(x)) :/ P (xh)dh

H(A)
for any x € G(A).
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We shall say that & € C°(G(A)) is very cuspidal if there is a place v such that
if one writes A = F, x A?, one has ® = &, ® " with ®” € C°(G(A")) and
®, € C°(G(Fy)) is very cuspidal.

3.2.4. Let’s define for & € C°(G(A)) and x, y € G(A)
Kug (@, x, )= > @G 'yy)

Y €UG (F)
and for h € H(A)

Kus(@.h)y= Y @5 'yh).
y€eUs(F)

We have the simple relation for 4 € H(A)
(3-2-4-2) / Ky (@, x, h) dx = Ky, (P, h).
[H]

Theorem 3.2.4.1. Let ® € C°(G(A)) be a very cuspidal function. Let O €
N(F)/H(F) and let v be a place of F.

(1) Foranyt € F), the integral

JH(®) = / > og(h exp(t™' X)h) dh
HI' yeo
is absolutely convergent. Fort =1, Jé)(CD) is denoted by Jo(®P).
(2) (Fine expansion) We have

/KUS(CD,h)dh: o Jo(@),
[H]!

OeN(F)/H(F)
where the left-hand side is absolutely convergent.

(3) There exists a bound n > 0 such that for any t in F,* such that |t|, < n, we
have

Jo(®) = 1_1)1})1 s0x () Zx (fi> 5),

where X € O is the element considered in Section 2.6.1, 0x(s) (defined in
Section 2.6.4) is holomorphic for N (s) > 0 and does not depend on ®, the
zeta function Zx (f;,s) is defined in Section 2.6.3 relative to any function
fi € C(s(A)) such that f,(Y) = ®g(exp(t~'Y)).

(4) Let n be the bound of (3). For any to, t in F* such that |ty|, < n and |t|, <1
we have

T @) = [¢| 8 @72 70 ().
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Proof. Theorem 3.2.4.1 is deduced from similar results on s and the (standard)
descent procedure to s that is explained in Section 3.2.5. More precisely, assertion
(1) results from Theorem 2.3.4.1. Assertion (2) is a consequence of assertion (1) and
the finiteness of nilpotent orbits. Assertion (3) is a combination of Theorem 2.5.2.1
and 2.6.4.1. Finally, assertion (4) is a consequence of assertion (3) (see Section 2.7).

O

Let’s state a corollary which is a straightforward consequence of Theorem 3.2.4.1.

Corollary 3.2.4.2. (We use notation of Theorem 3.2.4.1.) For any ty, t in F,* such
that |toly < n and |t|, < 1 we have

/[.H]1

/ Y. @sthlexp()  Xoydh= Y ™ PTG,
LHT' XN (F) OeN(F)/H(F)

Dg(h™! exp((tto)_lX)h)' dh < o0
XeN(F)
and

In particular, when t € F)* goes to 0, the expression

/ > s exp(t™ X)h) dh
HI' xen(F)
is equivalent to

vol([H]") @ (h) dh.
HA)

Remark 3.2.4.3. For ® very cuspidal, we have the equality

[ ] Ku@xnasay= [ K@ man.
[H]' J[H] [H]!

where the left-hand side is at least conditionally convergent. One can prove in fact
that it is absolutely convergent using mixed truncation operators (in the sense of
the seminal paper [Jacquet et al. 1999]) built upon the combinatorics of [Li 2020].

3.2.5. Descent to the tangent space. Let V) be a finite set of places of F' containing
the archimedean places and a fixed place denoted by vg. Let A C F the ring of
integers outside V. We assume that V) is large enough such that all objects G, H,
S, Us, N come naturally from A-schemes by base change. We assume also that the
exponential (denoted by exp) induces an isomorphism of A-scheme from N to Us.
For v ¢ V), let O, C F, be the ring of integers.

Let

P=9)Q0 D @ Dy,
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where &g € C°(G(Fp)) (with Fy = F,) is a very cuspidal function, ®; is a test

function on
F= [] F
veVo\{vo}
and @, is the characteristic function of HU¢V0 G(Oy).

Let c:s — ¢ =s//H be the categorical quotient. For all v € V,, we fix an open
subset a)z C ¢(F,) containing c(0) such that the exponential map exp is well-defined
and induces an analytic diffeomorphism from w, = ¢! (a)z) onto an open subset
Q, C S(Fy). Let &, be a smooth function on ¢(F),) with compact support included
in a)?} and with value 1 in a neighborhood of ¢(0).

Let’s define ¢o = &y, and wy = wy, and also &1 = [ ey jy) $o and @1 =
Hvevo\{vo} w,. We define functions fo € C°(s(Fp)) and f; € C°(s(F1)) by

G (X)®; s(exp(X)) if X € wy;
0 otherwise;

fi(X)={

forany i € {0, 1} and X € s(F;). Let f = fo ® f1® f>» € C°(s(A)), where f, is
the characteristic function of Hv¢Vo 5(0y).
We have for all X € N'(A)

@5(h~" exp(X)h) = f(Ad(h™)(X)).
To complete the proof of Theorem 3.2.4.1 it suffices to check the next lemma.

Lemma 3.2.5.1. The function f is weakly cuspidal (in the sense of Section 2.3.3).
Proof. Let X € sy (Fo) NN (Fp). Clearly, it suffices to prove that

/ fo(Ad(x)(X +U))dU =0
sy (Fo)

for any x € H(F,). But for any U € sy (Fy) we have

fo(Ad(x)(X 4+ U)) = dg s(x exp(X + U)x ).
Let’s write

exp(X + U) = exp(X/2)(exp(—X/2) exp(X + U) exp(—X/2))0(exp(X/2))~".

We observe that U — exp(—X/2) exp(X + U) exp(—X/2) induces an isomorphism
from sy onto S N N. But the map p of (3-1-1-1) induces an isomorphism from
N/Ng onto SN N. We get a bijection from N (Fy)/ Ny (Fp) onto sy(Fp). By a
change of variables, we get (up to a constant ¢ # 0)

/ Jo(Ad(xX)(X +U)) dU = C/ Do, s(p(x exp(X/2)n)) dn =0
s (Fo) N (Fo) /N (F)

by the vanishing condition (3-2-2-1). (]
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STRONGLY ALGEBRAIC REALIZATION OF
DIHEDRAL GROUP ACTIONS

KARL HEINZ DOVERMANN

Let D, be the dihedral group with 2¢ elements and suppose that ¢ is not
divisible by 4. Let M be a closed smooth D,,-manifold. Then there exists a
nonsingular real algebraic D,,-variety X which is equivariantly diffeomor-
phic to M and all D,,-vector bundles over X are strongly algebraic.

1. Introduction

Suppose G is a compact Lie group and €2 is an orthogonal representation of G,
also called a real G-module. A real algebraic G-variety X, see Definition 3.1 or
[Dovermann and Masuda 1995], is a G-invariant common set of zeros of a finite
collection of polynomials. The action on X is given as the restriction of the action
on 2. We use the term nonsingular with its classical meaning, see [Whitney 1957]
or [Bochnak et al. 1987, Section 3.3]. If M is a closed smooth G-manifold and X is
a nonsingular real algebraic G-variety that is equivariantly diffeomorphic to M, then
we say that M is algebraically realized and that X is an algebraic model of M. We
call X a strongly algebraic model of M if, in addition, all G-vector bundles over X
are strongly algebraic. This means that the bundles are classified, up to equivariant
homotopy, by equivariant entire rational maps to equivariant Grassmannians with
their canonical algebraic structure, see Section 3C. Existing results motivate:

Conjecture 1.1 [Dovermann et al. 1994, p. 32]. Let G be a compact Lie group.
Then every closed smooth G-manifold has a strongly algebraic model.

Our main result verifies the conjecture in a special case:

Theorem 1.2. Every closed smooth D,,-manifold, q not divisible by 4, has a
strongly algebraic model.

Nash [1952] had asked whether every closed smooth manifold has an algebraic
model, and this was confirmed by Tognoli [1973]. Benedetti and Tognoli [1980]
showed that every closed smooth manifold has a strongly algebraic model. See also
[Akbulut and King 1981; 1992].

MSC2010: primary 14P25; secondary 57S15, 57S25.
Keywords: real algebraic models, equivariant bordism.
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We have confirmed Conjecture 1.1 in special cases. They include the case
where G is the product of an odd order group and a 2-torus [Dovermann et al. 1994,
Theorem B] and the case where G is cyclic; see [Dovermann and Wasserman 2008;
2019; Dovermann et al. 2017]. The new difficulty that we face in this paper is that
Sylow 2 subgroups of dihedral groups are not central, and being able to deal with this
adds credence to the conjecture. With the goal of proving Conjecture 1.1 in greater
generality, we are developing ideas and tools to overcome difficulties in its proof.

To prove Proposition 2.3 we combine results from representation theory with
extensions of the process of simplifying isotropy structures via blow-ups as applied
in [Dovermann and Wasserman 2008; Wasserman 1997]. To prove Theorem 2.4,
and its bordism theoretic reformulation as Theorem 3.7, we make creative use of
the existing literature.

Algebraic realization problems translate to unoriented bordism problems. One
expects 2-Sylow subgroups to play a crucial role. If G = D, and g is not divisible
by 4, then any of its 2-Sylow subgroups G is at most of order 4, and for such groups
Conjecture 1.1 has been verified. If 4 divides g, then G, is dihedral and has at least 8
elements. The proof of Conjecture 1.1 for this group may require extensive equi-
variant bordism computations. The concept of being iso-special (see Definition 2.1)
will be inadequate. Locally we will have to accept three isotropy groups.

2. Outline of Proof

Throughout, until Section 7, we assume that G = D, and g is odd. In Section 7
we deduce Theorem 1.2 for G = D,, when 2 divides g, but not 4, from the case
when ¢ is odd.

Definition 2.1. A smooth G-manifold is said to be iso-special if locally the action
has at most two isotropy groups. If there are two isotropy groups, say H and K
with K C H, then we assume that [H : K] =2 and the codimension of the H-fixed
point set in the K-fixed point set is 1.

Blow-ups (see [Hirzebruch 1966, p. 175f.; Stong 1970, p. 41]) were used in
[Wasserman 1997] to simplify the isotropy structure of a manifold, at least in case
of abelian group actions. Our term iso-special corresponds to the term nonsingular
in [Wasserman 1997, Definition 18]. We will review the process of a blow-up in
Section 4. If M is a smooth G-manifold and N is a G-invariant submanifold, then
we denote the blow-up of M along N by B(M, N). Previously we have shown:

Proposition 2.2 [Dovermann and Wasserman 2008, Section 4]. If N and B(M, N)
have strongly algebraic models, then so does M.

In this paper we will show the following two assertions:
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Proposition 2.3. Let M be a closed smooth D>,-manifold, q odd. Then there exists
a finite sequence of equivariant blow-ups

(2-1 Mo=M, M;=B(My,Ay), ..., Mp=BMi_1, A1)
so that My, and each A;, 0 <i <k — 1, are iso-special.

Theorem 2.4. Every iso-special closed smooth Dy,-manifold, q odd, has a strongly
algebraic model.

The definition of being iso-special is designed so that in combination with
the blow-up procedure the proof of Conjecture 1.1 reduces to the special case of
iso-special manifolds. Proposition 2.3 is proved in Section 4. In Section 3E we
deduce Theorem 2.4 from a bordism theoretic assertion, Theorem 3.7. The proof
of Theorem 3.7 occupies the later sections of the paper.

Proof of Theorem 1.2, q odd. Suppose M has a blow-up sequence as in (2-1).
Theorem 2.4 tells us that M}, and A;_; have strongly algebraic models. Proposition
2.2 tells us that M;_; has a strongly algebraic model. Proceeding inductively, we
conclude that M has a strongly algebraic model. O

3. Notation, definitions, and background material

The dihedral group D, is generated by two elements that we call a and b, subject
to the relations a®> = b% = ¢ and aba = b~'. We write T for the subgroup generated
by a and Z, for the subgroup generated by b. If ¢ = rq’ then a and b generate a
subgroup of Dy, that we denote by D, . It has the subgroup 7' generated by a and
a subgroup 7, generated by b".

3A. Representations of the dihedral groups. The dihedral group is ambivalent:
its elements are conjugate to their inverses. For finite groups being ambivalent is
equivalent to all characters being real [Isaacs 1976, p. 31]. The number of real, as
well as complex, irreducible representations is equal to the number of conjugacy
classes of elements of the group. The complex irreducible representations are
complexifications of real irreducible representations. This, and more, follows from
the Frobenius—Schur indicator; see [Serre 1977, p. 90ff.].

Specifically, if g is odd, then there are # conjugacy classes of elements and
irreducible representations, of which 2 are of dimension 1 and qT_l are of dimen-
sion 2. If g is even, then there are % irreducible representations, of which 4 are of
dimension 1 and % are of dimension 2. They are described in [Serre 1977, p. 371f.].

Suppose g > 1 is odd. The trivial representation, denoted by R, is one of the
real irreducible representations of dimension 1. We denote the other one by R_.
The element a € Dy, acts by multiplication with —1, while b acts trivially. The
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remaining real irreducible representations are of dimension 2. The generators act
by multiplication with the matrices

_(t 0 _ [ cosQ2mj/q) sin(2mj/q)
G- 9(")_(0 —1) and e(b)_(—sin(%tj/q) cos(2nj/q)>

forl1<j<(g—1)/2.

3B. Real algebraic varieties and entire rational maps. Let G be a compact Lie
group and 2 an orthogonal representation of G. We think of an orthogonal repre-
sentation as an underlying Euclidean space R" together with an action of G via
orthogonal maps.

Definition 3.1. A real algebraic G-variety is a G-invariant, common set of zeros
of a finite set of polynomials py, ..., p, : Q2 — R:

V={xeQ|pix)=-=pux) =0}

The action of G on €2 restricts to an action on V. We use the Euclidean topology
on varieties and the term nonsingular with its standard meaning [Whitney 1957].

Let V C R" and W C R™ be real algebraic varieties. Amap f:V — W is said
to be regular if it extends to a map F : R" — R such that each of its coordinates
F; (ie., F; =6; 0 F : R" — R, where §; : R — R is the projection on the i-th
coordinate) is a polynomial. We say that f is entire rational if there are regular
maps p:R" — R™ and ¢ : R" — R, such that f = p/g on V and ¢ does not vanish
anywhere on V.

These concepts generalize naturally to the equivariant setting.

3C. Grassmannians and classification of vector bundles. A good reference is
[Bochnak et al. 1987, §3.4]. Let A stand for R or C. Let E be a representation
of G over A. Its underlying space is A" for some n. We assume that the action
of G preserves the standard bilinear form on A”. Let End, (E) denote the set of
endomorphisms of E over A. It is a representation of G with the action given by

G x Endy (E) — Enda(E) with (g, L)+ gLg™".
Let d be a natural number. We set
(3-2) Ga(E,d)={L e€Endy(E)|L>*=L, L*=1L, trace L =d}
(3-3) Ex(E,d)={(L,u) €Endp(E) X E|L € GA(E,d), Lu=u}
(3-4) Ya(E,d)=(p: EA(E,d) > GA(E, d)).

Here L* denotes the adjoint of L. If one chooses an orthogonal (or unitary)
basis of E, then End, (E) is canonically identified with the set of n x n matrices,
and L* is obtained by transposing L and conjugating its entries. This description
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specifies G (8, d) and EA(E, d) as real algebraic G-varieties. These varieties are
nonsingular. The map in (3-4) is projection on the first factor, and yA (8, d) is an
equivariant vector bundle. Its base and total space are nonsingular real algebraic
varieties, and the projection map is regular, hence entire rational.

Proposition 3.2. The variety G (E, d) is the Grassmannian consisting of real
(resp. complex) subspaces of E of real (resp. complex) dimension d.

Proof. There is a bijection between subspaces of E and orthogonal (resp. unitary)
projections. To a projection one associates its image. ([

We may take larger and larger representations E of G and form a direct limit.
At the same time, we can take direct limits of G (E, d), EA(E, d) and yA (E, d).
We call E a universe if it contains each irreducible representation of G an infinite
number of times. If E is a universe, then G (&, d) is a classifying space for
G-vector bundles of dimension d over nice space, like finite G-CW complexes.
There is a one-to-one correspondence between isomorphism classes of G-vector
bundles of dimension d over a G-CW complex X and equivariant homotopy classes
from X to Gr(E, d). The nonequivariant proof in [Milnor and Stasheff 1974, §5]
generalizes easily. See also [Segal 1968, §2; Wasserman 1969].

In the context of our discussion of strongly algebraic vector bundles, we like
GRr(E, d) to be a variety, which is the case as long as E is of finite dimen-
sion. Depending on the bundle classification problem, one may get away using a
finite-dimensional representation E. For instance, for any G-CW complex X of
dimension k, Gr(E, d) classifies G-vector bundles of dimension d over X if each

irreducible representation of G occurs with multiplicity at least k +d 4+ 1 in =.

3D. Strongly algebraic vector bundles. In our setting the preferred concept of a
vector bundle is the one of a strongly algebraic vector bundle. See also [Bochnak
et al. 1987, §12.1]. One has this notion with real, A = R, as well as complex,
A = C, coefficients.

Definition 3.3. A strongly algebraic G-vector bundle over a real algebraic G-
variety is a bundle whose classifying map to G 5 (E, d) is equivariantly homotopic
to an equivariant entire rational map.

Occasionally, we think of G-vector bundles as equivariant maps to a Grass-
mannian G 5 (EZ, d). Then we need to allow stabilization of E.

3E. Results from the literature. We will use:

Proposition 3.4 [Dovermann et al. 1994, Proposition 2.13]. Let G be a compact Lie
group and M a closed smooth G-manifold. Suppose that for every finite collection
of G-vector bundles over M there is an algebraic model X, such that each bundle in
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this collection, pulled back over X, is strongly algebraic. Then M has an algebraic
model over which all G-vector bundles are strongly algebraic.

Suppose Y is a nonsingular real algebraic G-variety. It is convenient to call
u: X — Y an algebraic map if X is a nonsingular real algebraic G-variety and
W 1s equivariant and entire rational. Suppose M is a closed smooth G-manifold
and f : M — Y is equivariant. We call an algebraic map n : X — Y an algebraic
model of f : M — Y if there is an equivariant diffeomorphism ® : M — X so that
f is equivariantly homotopic to u o ®.

Theorem 3.5 [Dovermann et al. 1994, Theorem C]. Let G be a compact Lie
group. An equivariant map from a closed smooth G-manifold to a nonsingular real
algebraic G-variety has an algebraic model if and only if its cobordism class has
an algebraic representative.

3F. Bordism formulation. Consider a finite product of Grassmannians:
(3-5) 6 =Gpr(E,d) x - x Gr(E, di),

where E is a sufficiently large representation of G and d, ..., di is a sequence of
natural numbers. Such a space is used as a classifying space for a collection of k
bundles.

Let S(G) be the set of all subgroups of G and H C S(G). We say that a G-
manifold M is of type H if the isotropy groups G, belong to # for all x € M. Recall
that Gg, = gG g~ !, so we should assume that # is invariant under conjugation.
To avoid listing all elements in a conjugacy class:

Notation 3.6. We write XC* for the closure of X € S(G) under conjugation.

We adopt the notation used in [Stong 1970, §2; 1977]. We use /\ka(Y) to denote
G equivariant unoriented bordism classes of equivariant maps f : M — Y from
closed G-manifolds of dimension k to a G space Y. Given a family F of subgroups
of G we write N, kG [F1(Y) to indicate that the isotropy groups for the domain M
of the map are assumed to be in F. The same restriction on the isotropy groups of
the domain applies to a bordism between two maps. In the iso-special case we add
a subscript ¢ and write J\ffc[{H , K}*1(Z) to indicate that the codimension of the
H-fixed point set in the K -fixed point is one. Eventually we will prove:

Theorem 3.7. Let G = Dy, be the dihedral group, where q is odd, and & is

as in (3-5).

(1) If H is a subgroup of G, then all classes in N*G[{H}'](ﬁ) have algebraic
representatives.

(2) If H and K are two subgroups of G and [H : K] = 2, then all classes in
M?C[{H, K}*1(®) have algebraic representatives.
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Deduce Theorem 2.4 from Theorem 3.7. Let M be a closed, smooth, and iso-special
Dy, -manifold. Consider a finite collection &1, ..., & of D,,-vector bundles over M.
Classify it by a map x into a product of Grassmannians & as in (3-5). Then
X = X1 X -+ X xx where the individual x; classify the bundles &;. According to
Theorem 3.7, the bordism class of x : M — & has an algebraic representative.
According to Theorem 3.5, there is an algebraic model x : X — & for x : M — &.
Then X = X1 X - - - X xk. The ¥ are entire rational, up to equivariant homotopy, and
they classify strongly algebraic bundles. Being able to do this for every collection

&1, ..., & of Dyy-vector bundles over M implies, according to Proposition 3.4,
that M has a strongly algebraic model. U
4. Blow-ups

In this section we recall the definition of blow-ups and study their effect on the
isotropy structure of a G-manifold in the special case where G = D, and ¢ is odd.

Construction 4.1. Let M be a closed smooth G-manifold with a collection &y, ..., &
of G-vector bundles over it. Let N be a G-invariant submanifold of M with normal
bundle v. Denote the trivial representation by R and the product bundle with fibre R
by R. We may restrict 1, ...&, over N and then use the projection RP(vR) - N
to pull the bundles back over RP (v@R). The resulting bundles are called &, . . . , &.

We may identify (M, &1, ..., &) and (RP(vBR), E1, ..., &) along a neighbour-
hood of N that is contained in M and RP (v & R). The result is commonly called
the blow-up of (M, &1, ..., &) along N. It is denoted by B((M, &1, ..., &), N).
By construction,

@1)  B(M,&,....&), N)~ (M, &, ..., URPOVOR), &, ..., &),
where ~ indicates an equivariant cobordism that incorporates bundle data.

Proof of Proposition 2.3. The argument is inductive. We induct over the partial order
on the divisors of g. First we blow up components of the Z, fixed point set that do
not contain points that are fixed under D;,. Secondly we blow up components of
the Z, fixed point set that contain points that are fixed under D;,.

(i) Let A be the union of those components of MZ« that contain only points of
isotropy type Z,. Clearly Ag is a D,,-invariant submanifold of M, and having
only one isotropy type it is iso-special. Certainly, Ag can have components of
different dimensions. Let A(?O be the part of Ay that is of codimension 0 in M. In
particular, Ao consists of a D,,-invariant collection of components of M. For this
part of M the assertion of Proposition 2.3 holds. We can exclude it from further
consideration. Notationally it is easier to set it aside.

Let Ag 9 be the union of those components of A that are of positive codi-
mension in M. Blow up M \ A(?O, the remaining part of M, along Aj 0 Set
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My = B(M \ Ago, Ago). Let v, stand for the normal slice at a point x € Ago.
Because Z, is of odd order and v, does not have the trivial representation R as a
summand, there is no real Z,-invariant line in v,. Hence RP (v, ® R) has exactly
one Z, fixed point. After the identification of M \ A(TO and RP (v & R) along a
common neighbourhood of A7 Y the common 7, fixed set Ay % has been eliminated.
Our blow-up removes A O from the Z, fixed point set. Any remaining points of
isotropy type Z, belong to components that contain D,,-fixed points.

Let ¢’ be a maximal nontrivial proper divisor of g. We repeat the above process
with Z, replaced by Z,. Let Ay be the union of the components of the 7, fixed
point set, all of whose points are of isotropy type Z, . Note that A; is iso-special. As
before, set the codimension 0 components ATO aside. Blow up M, \ATO along A1>0,
the components of A; of positive codimension in M;. The blow-up removes A1>0
from the Z, fixed point set. Any remaining points of isotropy type Z, belong to
components that also contain D,,/-fixed points.

We continue this process for all nontrivial divisors of g, partially ordered by
divisibility, and end up with a manifold My, for some k. For some 1 # r | ¢ we may
have set aside a manifold B, all of whose points have isotropy type Z,. Denote
their union by B. We have a blow-up sequence that starts with M and ends with
My L1 B, and all blow-ups are along iso-special submanifolds.

(ii) We create a second blow-up sequence, starting with M = M. Suppose that
M?%s # @&, Then MP% # @. Set Ag = MP. This manifold is D, -invariant and
all points have isotropy type D4, hence it is iso-special. Blow up along Ag. We
will show that B(M, Ag)? is iso-special. Locally we have isotropy groups Dy,
and Z,, and one is of index two in the other. We have to show that the codimension
of the Dy, fixed set in the Z, fixed set is 1.

The normal slice v, to Ag in M at x € Ag is a representation of Dy,. It has
no trivial irreducible representation as summand. It is of the form ¢R_ & €.
As in Section 3A, R_ is the nontrivial 1-dimensional irreducible representation
of Dy,. We denote its multiplicity in v, by a. The two dimensional irreducible
representations of D, were described in (3-1). Various values for j, reflecting
different angles of rotation, may occur. We gather those that occur as part of v, with
their multiplicities, in the summand 2. Note, as g is odd there are no D, -invariant
real lines in .

A Dy4-invariant real line in aR_ @ Q @ R is a line in «R_ or it is the line R.
Use the symbol ~ to denote a diffeomorphism. Then

RP (v, ®R)P% = RPaR_®0®0)LRPOBODR) ~ RP* ' LRPO.
Any real line in «R_ @ 0 @ R is fixed under the action of Z,. Hence

RP (v, ®R)% = RP(xR_ ®0dR) ~ RPY.
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We can compute codimensions (cd) in the manifold by looking at codimensions
in normal slices:

cd(B(M, Ap)P, B(M, Ap)*) = cd(RP(@R_- @0 0), RP (v, ®R)%) = 1.

Having checked the codimension conditions, we deduce that B(M, Ag)% is iso-
special.
Blow up along B(M, Ag)”s. We obtain

M, = B(B(M, Ay), BIM, Ay)?»).

The normal slice v, to B(M, Ag)?» in B(M, Ag) ata point x € B(M, Ap)?» is a sum
of irreducible representations as in (3-1). There is a single Z,-invariant line in v, ®R
and RP (v, @ R) has a single Z, fixed point. The latter disappears in the blow-up.

In summary, this pair of two blow-ups, each along an iso-special submanifold,
removes the Z, fixed points from M.

As before, we perform this step for all nontrivial divisors of ¢, and we proceed
inductively following the partial order on the set of divisors of g. Eventually, after
repeated blow-ups along iso-special submanifolds, we end up with a manifold M
whose isotropy types are the trivial group and/or the order 2 subgroup T of Dy,.

If 1 and T are the only isotropy types of the action on M, we may still have
to arrange the codimension 1 condition for M to be an iso-special manifold. To
achieve this we blow up M along the iso-special submanifold M T This is a special
case of the first blow-up in (ii) with ¢ = 1 and = 0. The normal fibre v, is a
representation of 7. As we computed earlier, cd(B(My, M ST)T, B(My, M ST)) =1,
so that B(M, MT) is iso-special.

Combined with the first sequence of blow-ups, we have a sequence of blow-ups
along iso-special submanifolds that starts with M and terminates with the iso-special
manifold M L1 B. The proposition asserted that this is possible, and we verified it. [J

5. Proof of Theorem 3.7 (1): the one isotropy type case

The assertion of Theorem 3.7 is that iso-special G = D,, manifolds (g odd) have
strongly algebraic models, and in this section we prove the assertion if the manifold
has only one isotropy type.

Some cases are easy to dispose of. If the single isotropy group is the trivial group,
then D, acts freely and the assertion has been shown as Theorem B (2) in [Dover-
mann et al. 1994]. The same reference covers the case where Dy, acts trivially.

Next, suppose that the closed smooth D,,-manifold N has the single isotropy
type (D24). The index of Dy, in its normalizer is g /q’, which is odd. Theorem C
in [Suh 1996] tells us that N together with the set of all D,-vector bundles over
it can be algebraically realized. Our expression is that the D;,-manifold N has a



572 KARL HEINZ DOVERMANN

strongly algebraic model. Hence the assertion of the theorem is proved in this case
as well. Setting ¢’ = 1 this includes the case when Dy, = T.

In our final case, suppose that M is a closed Dy,-manifold and that Z is its only
isotropy group. Necessarily 1 # ¢’ divides g. We combine ideas from [Cho et al.
2001, Section 2] and [Dovermann and Masuda 1995]. Applying Proposition 3.4 we
need to show: Given any finite collection {£1, ..., &,} of G-vector bundles over M,
there is an algebraic model X of M so that these G-vector bundles pull back to
strongly algebraic G-vector bundles over X.

Let £ be an indexing set for the irreducible representations of Z,. The irreducible
representation associated with € € £ is denoted by «,. Consider one bundle & in the
collection. For each € € £ there is a unique largest Dy, subbundle & () of & whose
fibre is a multiple of a. This uses the fact that irreducible representations of Z,
are restrictions of representations of D,,. Following [Cho et al. 2001] there should
be one subbundle & («,) for a each conjugacy class of irreducible representations.
But, the conjugation action of D,, on the set of real irreducible D;, representations
is trivial. Thus, in our context, a bundle is «.-isotypical in the sense of [Cho et al.
2001] if the fibre of the bundle is a multiple of c.

There is a direct sum decomposition £ = . &(a). The direct sum of strongly
algebraic bundles is strongly algebraic; see [Dovermann et al. 1994, Proposi-
tion 2.11]. That means, to prove Theorem 3.7 in our special case, we may assume
that each of the bundles &; in our collection is isotypical.

Let Vectg(M) stand for the semigroup of G-vector bundles over M and let
Vectg (M, «.) stand for the subsemigroup of «.-isotypical bundles. There is a G-
vector bundle L over M whose fibre is . Suppose now that £ is a-isotypical. The
assignment that sends & to Homzq, (L, &) defines an isomorphism Vectg (M, ae) —
Vectg /2, (M); see [Cho et al. 2001, Lemma 2.2]. Its inverse sends a bundle
n € Vectgyz, (M) to L @ n. Depending on the type of o, the tensor product
will be over R or C. The tensor product of strongly algebraic bundles is strongly
algebraic; see [Dovermann et al. 1994, Proposition 2.11].

The group G/Z, acts freely on M and the bundles Homgz, , (L, &) and 7 in the
previous paragraph are G/Z, bundles over M. Our reduction says that we only
need to prove the assertion of Theorem 3.7 in case the group acts freely on M. The
latter holds according to [Dovermann et al. 1994, Theorem B (2)].

Thus we have proved Theorem 3.7 if the action of D,, has a single isotropy type.

6. Proof of Theorem 3.7 (2): the two isotropy type case

In the following we will make use of the exact Conner—Floyd sequences. They were
established in [Conner and Floyd 1966, §5]. Earlier, in the setup for Theorem 3.7, we
recalled basic bordism theoretic notation. We need a little more. Given two families
of subgroups, F and F’ with 7' C F, there is a relative bordism group kG [F, F'I(Y)
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[Stong 1970]. In this setting we allow the domain M to be a compact manifold
with boundary and the isotropy groups of dM are assumed to belong to F'. Two
maps are bordant if the F fixed points together with their normal data are bordant.

Suppose that there are two isotropy types. As before we denote them by H and K.
It is assumed that [ H : K] =2. The order of G is twice an odd number, so it follows
that K is of odd order and normal in G = D,,. We abbreviate G:=G /K. We
have the following commutative diagram of Conner—Floyd sequences. All bordism
groups in the diagram should have & as codomain. Due to the restrictions on the
isotropy groups we may replace & by &X. For reasons of space, we suppress this
codomain altogether.

NOUKY —— NC[H. Ky] —2> NS[H. K} (K)] —%> NE K]

.| .| .| .|

NO[{1)] —— NOT. 1) — ANC[T e ) —2s NG [y

Ind’T Ind”T IndTé Ind’T

NI —— NINT 1 = WIHT L 00— T
In the transition from the first to the second row we divide out K, the ineffective part
of the action, and see that H/K = T. The vertical maps are natural isomorphisms.

In the transition from the third to the second row we apply induction. If M is a

T -manifold, then Ind(T;M =G xr M isa G-manifold. Tt consists of equivalence
classes of pairs (g, x) € G x M, where (gt,x) ~ (g,tx) whent e T. If Y is a
G space and f: M — Y is T equivariant, then Indg f: Ind(T;M — Y is defined by
setting (Ind? g, x] = gf (x). Functoriality implies that the squares commute.

Restricting G actions and G equivariance to T actions and T equivariance defines
the map _
esk : NSUT, 1), (11(&5) - NLHT, 1}, {1}1(85).

We study the outcome. Set T¢ = ng:l. According to the definition of the bordism
group, a representative of a class in /\/*(Z[{T, 1}°, {1}1(&X) is completely determined
by its restriction to a neighbourhood of the 7'¢ fixed point sets for all g € G. In
/\/'*TC[{T, 1}, {1}1(&X), once we restrict the action of G to one of T, the class is
completely determined by its restriction to a neighbourhood of the T fixed point set.

The induction map Ind¥ = Gxr restores the neighbourboods of all the 74 fixed
point sets. By construction, Resg and Ind(T; are inverses of each other.

In [Dovermann et al. 1994, Proposition 5.2] we proved that

Ind’ : NT[{1}1(&5) — NO[{1}1(®5)

is onto. The five lemma implies that Ind” is onto.
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Classes in NL[{T, 1}1(&X) have algebraic representatives; see [Dovermann
et al. 1994, Proposition F]. If we apply Ind(T; we obtain algebraic representatives
of the classes in N*(z,[{T, 1}°1(&X). This tells us that all classes in ./\/*Gc[{T, 1}°1(&5)
and in j\/fc[{H , K}1(&X) have algebraic representatives. We have completed the

proof of Theorem 3.7 also in this second case.

7. Proof of Theorem 1.2, g = 2r and r odd

Let G = Dy, where g =2r and r is odd. Let a, b € G be as in the beginning of
Section 3. The element T = b is central in G and of order 2. Set G' = G/(t) = D»,.
In fact, Dy is a direct product of () and G’ = D,.

Let M be a closed smooth G-manifold. According to [Dovermann et al. 1994,
Proposition F] M has a strongly algebraic model if and only if the G-manifold
N = MT has such a model. We will show the latter.

As 7 acts trivially on N, there is an induced action of G’ on N. We have seen
that, as a G’-manifold, N has a strongly algebraic model. Call it X. At the same
time X is a G equivariant algebraic model of N.

Let £ be a G-vector bundle over X. The action of T on & induces one on the
fibres &, of the bundle, x € N. Each fibre, as well as the bundle, decomposes as a
direct sum of the fixed point set and its orthogonal complement, on which t acts
by multiplication with —1. We write § =T @&~

As 7 acts trivially on £ T this bundle is actually a G’ bundle and strongly algebraic,
also as a G-vector bundle.

We have a real 1-dimensional representation o of G. The element a acts trivially,
while b and 7 act by multiplication with —1. Clearly 0 ®g 0 = R. Let o be the
product bundle with fibre o. This bundle is classified by a constant map, which
is entire rational. Hence the bundle is strongly algebraic. The action of 7 on
&~ ®po is trivial and this G’ bundle is strongly algebraic, also as a G-vector bundle.
The tensor product of strongly algebraic bundles is strongly algebraic, and so is
£ Qro ®ro =§".

The direct sum of strongly algebraic bundles is strongly algebraic, and so is
£ =ET @&, Hence X is a strongly algebraic model of N as a G-manifold. This is
what we needed to show.
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ON COMMUTING BILLIARDS IN HIGHER-DIMENSIONAL
SPACES OF CONSTANT CURVATURE

ALEXEY GLUTSYUK

We consider two nested billiards in R¢, d > 3, with C%-smooth strictly con-
vex boundaries. We prove that if the corresponding actions by reflections
on the space of oriented lines commute, then the billiards are confocal el-
lipsoids. This together with the previous analogous result of the author in
two dimensions solves completely the commuting billiard conjecture due to
Sergei Tabachnikov. The main result is deduced from the classical theorem
due to Marcel Berger which says that in higher dimensions only quadrics
may have caustics. We also prove versions of Berger’s theorem and the main
result for billiards in spaces of constant curvature (space forms).

1. Introduction

1A. Main result. Let , € Q) C R be two nested bounded domains with smooth
strictly convex boundaries a = 92, and b = 0€2;,. Consider the corresponding
billiard transformations o,, 0} acting on the space of oriented lines in space by
reflection as follows. Each oy, f = a, b, acts as identity on the lines disjoint
from f. For each oriented line [/ intersecting f we take its last intersection point x
with f in the sense of orientation: the orienting arrow of the line / at x is directed
outside 2 ¢. The image o ¢ (/) is the line obtained by reflection of the line / from
the hyperplane 7, f: the angle of incidence equals the angle of reflection. The line
or(l) is oriented by a tangent vector at x directed inside €2 ¢. This is a continuous
mapping that is smooth on the space of lines intersecting f transversely.

Remark 1.1. The above action can be defined for a convex billiard in any Rie-
mannian manifold; the billiard reflection acts on the space of oriented geodesics.

Recall, see, e.g., [Berger 1995; Tabachnikov 2005], that a pencil of confocal

quadrics in a Euclidean space R? is a one-dimensional family of quadrics defined

Glutsyuk was supported in part by RFBR grants 16-01-00748 and 16-01-00766.
MSC2010: T0H99.
Keywords: commuting billiards, caustics, space forms, confocal quadrics.
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in some orthogonal coordinates (xy, ..., xg) by equations
d 2
Z 5 / ; =1; a; € Rare fixed; A € Ris the parameter.
— a-
j=1"J

It is known that any two confocal elliptic or ellipsoidal billiards commute
[Tabachnikov 2005, p. 59, Corollary 4.6; 1994, p. 58]. Sergei Tabachnikov [1994,
p- 58] stated the conjecture affirming the converse: any two commuting nested
convex billiards are confocal ellipses (ellipsoids). In two dimensions this conjecture
was proved in [Glutsyuk 2017a, Theorem 5.21, p.231] for piecewise C*-smooth
boundaries. Here we prove it in higher dimensions in R? and in spaces of constant
curvature (space forms).

Theorem 1.2. Let two nested strictly convex C*-smooth closed hypersurfaces in R,
d > 3, be such that the corresponding billiard transformations commute. Then they
are confocal ellipsoids.

To extend Theorem 1.2 to spaces of constant curvature, let us recall the notions
of space forms and (confocal) quadrics in them.

Definition 1.3. A space form is a complete connected Riemannian manifold of
constant curvature.

Remark 1.4. We will deal only with simply connected space forms. It is well-
known that they are the Euclidean space R¢, the unit sphere ¢ C R?*! in the
Euclidean space and the hyperbolic space H (up to normalization of the metric by
constant scalar factor, which changes neither geodesics, nor reflections). It is known
that the hyperbolic space H? admits a standard model in the Minkowski space RY*,
Finally, each space form ¥ we will be dealing with is realized as an appropriate
hypersurface in the space R¢+! with coordinates x = (xo, ..., x4) equipped with a
suitable quadratic form

(Gx,x), G isasymmetric (d 4+ 1)x(d + 1)-matrix.

Here (x, x) := jsz..
Euclidean case: G =diag(0,1,...,1), ¥ = RY = {xg = 1}.
Spherical case: G =1d, X = S ={(Gx,x) =1}, (Gx,x) =Y. x2.

Ji
Hyperbolic case: G =diag(—1,1,...,1), X =H? ={(Gx, x) =—1}N{xo > 0}.

The metric on each hypersurface X is the restriction to 7% of the quadratic form
(Gx, x) on the ambient space. It is well-known that the geodesics on X are its
intersections with two-dimensional vector subspaces in R¢*+!. Completely geodesic
k-dimensional submanifolds in ¥ are its intersections with (k+1)-dimensional
vector subspaces in R+,
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Definition 1.5 [Veselov 1990, p. 84]. A quadric in X is a hypersurface
S=YXN{{Qx,x)=0}, Q@ isasymmetric matrix.

The pencil of confocal quadrics associated to a symmetric matrix Q is the family
of quadrics

S, =XN{{Qx,x) =0}, Qi=(Q—-2G)"", 1reR.

Definition 1.6. A germ of C?-smooth hypersurface S in a space form X at a point p
is strictly convex, if it has quadratic tangency with its tangent completely geodesic
hypersurface I",, that is, there exists a constant C > 0 such that for every g € S
close to p one has

dist(g, ) > Cllg — plI*; here |lg — p|| = dist(g, p).

Theorem 1.7. Let d > 3, and let ¥ be a simply connected d-dimensional space
form: either RY, or the unit sphere, or the hyperbolic space. Let two nested strictly
convex C2-smooth closed hypersurfaces in X be such that the corresponding billiard
transformations commute. Then they are confocal quadrics.

Theorem 1.2 follows from Theorem 1.7.

Theorem 1.2 can be deduced from a classical theorem due to Marcel Berger [1995]
concerning billiards in R%, d > 3, which states that only billiards bounded by quadrics
may have caustics (see Definition 1.8 for the notion of caustic), and the caustics are
their confocal quadrics. To prove Theorem 1.7 in full generality, we extend Berger’s
theorem to the case of billiards in space forms (Theorem 1.10 stated in Section 1C
and proved in Section 2) and then deduce Theorem 1.7 in Section 3. A local version
of Theorem 1.7 is proved in Section 4. In Section 5 we present some open problems.

1B. Historical remarks. Commuting billiards are closely related to problems of
classification of integrable billiards, see [Tabachnikov 1994]. It is known that
elliptic and ellipsoidal billiards are integrable, see [Veselov 1988, Proposition 4;
Tabachnikov 2005, Chapter 4], and this also holds for non-Euclidean ellipsoids in
spheres and in the Lobachevsky (hyperbolic) space of any dimension, see [Veselov
1990, the corollary on p.95]. The famous Birkhoff conjecture states that in two
dimensions the converse is true. Namely, it deals with the so-called Birkhoff caustic-
integrable convex planar billiards with smooth boundary, that is, billiards for which
there exists a foliation by closed caustics (a one-parameter family of nested closed
caustics I',, p > 0) in an interior neighborhood of the boundary, and the boundary
itself is the leaf I'g of this foliation. The Birkhoff conjecture states that the only
Birkhoff caustic-integrable billiards are ellipses. The Birkhoff conjecture was
first stated in print in [Poritsky 1950], where it was proved under the additional
assumption that for any two nested caustics in the above family I', the smaller
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one is a caustic for the billiard in the bigger one. Poritsky’s assumption implies
that the initial billiard map in I'y (being restricted to the set of those lines that are
disjoint from some given caustic I', with p > 0) commutes with the billiard in
every caustic I'y. This follows by the arguments presented in [Tabachnikov 2005,
Section 4, pp. 58-59].

The set of lines intersecting the given convex billiard is a topological cylinder
called the phase cylinder. One of the most famous results on the Birkhoff conjecture
is a theorem of M. Bialy [1993], who proved that if the phase cylinder of the billiard
map is foliated (almost everywhere) by noncontractible closed curves which are
invariant under the billiard map, then the boundary is a circle. In [Bialy 2013] he
proved the same result for billiards on surfaces of nonzero constant curvature. A
local version of the Birkhoff conjecture for integrable deformations of ellipses was
recently solved in [Avila et al. 2016; Kaloshin and Sorrentino 2018b]. The recent
solution of its polynomial version (stated and partially studied in [Bolotin 1992])
is a result of [Bialy and Mironov 2017a; 2017b; Glutsyuk 2017b; 2018]. For a
historical survey of the Birkhoff conjecture see [Tabachnikov 2005, Section 5, p. 95],
the recent surveys [Bialy and Mironov 2018; Kaloshin and Sorrentino 2018a] and
the papers [Kaloshin and Sorrentino 2018b; Glutsyuk 2017b]. Dynamics in billiards
in two and higher dimensions with piecewise smooth boundaries consisting of
confocal quadrics was studied in [Dragovich and Radnovich 2010].

1C. Berger’s theorem and its extension to billiards in space forms.

Definition 1.8. Let a, b be two nested strictly convex closed hypersurfaces in a
Riemannian manifold E: the hypersurface b bounds a relatively compact domain
in £ whose interior contains a. We say that a is a caustic for the hypersurface b,
if the image of each oriented geodesic tangent to a by the reflection o}, from b is
again a geodesic tangent to a.

Remark 1.9. It is well-known that if a, b are two confocal ellipses (ellipsoids) in
Euclidean space, then the smaller one is a caustic for the bigger one. In the plane
this is the classical Proclus—Poncelet theorem. In higher dimensions this theorem is
due to Jacobi; see [Staude 1914, p. 80]. Similar statement holds in any space form;
see, e.g., [ Veselov 1990, Theorem 3].

We will deduce Theorem 1.7 from the following theorem, which implies that in
every space form only quadrics have caustics, and the caustics of each quadric S
are exactly the quadrics confocal to S.

Theorem 1.10. Let d > 3, and let ¥ be a d-dimensional simply connected space
form. Let S, U C X be germs of C*-smooth hypersurfaces at points B and A # B
respectively with nondegenerate second fundamental forms. Let the geodesic AB
be tangent to U at A and transversal to S at B. Let C € ¥ \ {B}, and let a vector
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tangent to the geodesic AB at B be reflected from the hyperplane TgS to a tangent
vector to the geodesic BC. Let there exist a germ of C?-smooth hypersurface V
at C tangent to BC at C such that each geodesic close to AB and tangent to U be
reflected from the hypersurface S to a geodesic tangent to V. Then S is a piece of a
quadric b, and U, V are pieces of one and the same quadric confocal to b.

Remark 1.11. In the case when ¥ =R? Theorem 1.10 was proved by Berger [1995].

2. Caustics of hypersurfaces in space forms: Proof of Theorem 1.10

The proof of Theorem 1.10 for space forms essentially follows Berger’s proof [1995]
for the Euclidean case. In Section 2A we first prove that the hypersurfaces U and V
are pieces of the same quadric denoted by U. Then in Section 2B we show that § is
a quadric confocal to U, using the fact that it is an integral hypersurface of a finite-
valued hyperplane distribution: the field of symmetry hyperplanes in 7, X, x € X,
for the geodesic cones K, circumscribed about the quadric U with vertex at x.

2A. The hypersurfaces U and V and circumscribed cones.

Theorem 2.1. In the conditions of Theorem 1.10 the hypersurfaces U and V are
pieces of one and the same quadric.

Theorem 2.1 is proved below following [Berger 1995]. As in [loc. cit.], we
first prove that for every y € S the geodesic cone with vertex y tangent to U is
a quadratic cone tangent to both U and V (Lemma 2.4). Afterwards we apply a
result from [Berger 1995] (proved via arguments using projective duality, and stated
below as Lemma 2.12), showing that if the latter statement holds, then U and V lie
in the same quadric.

Let 7 : ¥ — RPY denote the restriction to ¥ of the tautological projection
RI*T1\ {0} — RPY Ttis a diffeomorphism onto the image 7 (X) in nonspherical
cases and a degree two covering over RP? in the spherical case. Let g denote the
metric on 7 (X) that is the (well-defined) pushforward of the space form metric.
Note that the geodesics (completely geodesic subspaces) for the metric g are the
intersections of projective lines (respectively, projective subspaces) with 7 (X). In
order to reduce the proof to the Euclidean case treated in [Berger 1995], we use the
following property of the metric g.

Proposition 2.2. For every point y € w(X) there exist an affine chart R¢ C RP¢
centered at y and a Euclidean metric on R? (compatible with the affine structure)
that has the same 1-jet at v, as the metric g.

Proof. Without loss of generality we assume that y = (1 : 0 : --- : 0), that is,
the isometry group of the space form X acts transitively, and the projection
conjugates its action on ¥ with its action on RP? by projective transformations
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(since the isometry group is a subgroup in GL;41(R)). Thus, in the standard affine
chart R = {xq = 1} the point y is the origin. The metric g is invariant under the
orthogonal transformations of the chart R% since the metric of the space form is
invariant under the rotations around the xp-axis. The metric g on 7 R4 coincides
with the standard Euclidean metric of the chart R?, by definition. The last two
statements together imply that the 1-jets of both metrics at y = 0 coincide. This
proves the proposition. ([

Corollary 2.3. Let U C X be a germ of hypersurface with nondegenerate second
SJundamental form. Then its projection (U ) has nondegenerate second fundamental
form in any affine chart R? with respect to the standard Euclidean metric.

Proof. The corollary follows from Proposition 2.2 and invariance of the property of
having nondegenerate second fundamental form under projective transformations.
Indeed, each germ of projective hypersurface is tangent to some quadric with order 3
(which is not unique). The 2-jet of a quadric determines completely whether it is
regular or not. Nondegeneracy of the second fundamental form is equivalent to
regularity of the tangent quadric. The space of regular quadrics is invariant under
projective transformations. This proves the corollary. U

In what follows in the present subsection we identify the hypersurfaces S, U, V

and their points with their projection images: for simplicity the projection images
w(S), m(U), m(B) etc. will be denoted by the symbols S, U, B, ...
Lemma 2.4. Let S, U, V C RP¢ be the tautological projection images of the same
hypersurfaces in X, as in Theorem 1.10 (see the above paragraph). For every
y € § there exists a quadratic cone K, C RPY (i.e., given by the zero locus of
a homogeneous quadratic polynomial) with vertex at y that is tangent to both
hypersurfaces U and V.

The proof of Lemma 2.4 given below follows [Berger 1995, Section 2].

Let oy : (T[R{Pd)l §— (T[R{[P’d)| s denote the involution acting as the symmetry
of each space Ty[RIP’d, y € S, with respect to the hyperplane 7S in the metric g. Its
action on the projectivized tangent spaces [R[P’fvl_l = [P’(Ty[R[P’d ) induces its action
on the space of projective lines in RPP? > § intersecting S transversely and so that
the intersection point is unique: if £ intersects S at a point y, then

0:= og(£)

is the line through y that is symmetric to £ in the above sense.
For every y € X set

M, := the space of projective lines through y that are tangent to U.

It suffices to prove the statement of Lemma 2.4 for an arbitrary point y € §
satisfying the following statements:
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Proposition 2.5 (stated in [Berger 1995, pp. 110-111]). There exists an open and
dense subset of points y € S C RPY for which there exists an open and dense subset
M )(,) C M, of lines € satisfying the following statements:

(1) The line € is quadratically tangent to U, (i.e., £ is not an asymptotic direction
of the hypersurface U at the tangency point). The projective hyperplane
containing € and tangent to U at the latter point is not orthogonal to T, S.

(1) The line {= o4(¢) is quadratically tangent to 'V at a point, where the second
Sfundamental form of the hypersurface V is nondegenerate.

(iii) The lines € and € are transversal to T, S and their above tangency points with
U and V are distinct from the point y.

Proof. Statement (i) holds for an open and dense subset of lines £ € M, since the
second fundamental form of the hypersurface U is nondegenerate (by assumptions
and Corollary 2.3). Statement (iii) also holds for a generic £ € M,, whenever
y ¢ UUYV. Let us show that statement (ii) also holds generically.

Letye S, y¢ UUYV, and let £ be a line through y satisfying assumption (i).
Then the cone K, with vertex y containing £ and circumscribed about U is tangent
to U along a (n—2)-dimensional submanifold 7y C U.

The correspondence sending a point p € Ty to the projective hyperplane tangent
to U at p (i.e., to the projective hyperplane tangent to the cone along the line yp)
is a local immersion to the space of hyperplanes through y. Or equivalently, the
correspondence sending a line L C K, through y to the projective hyperplane
tangent to K along L is a local immersion. This follows from nondegeneracy of
the second fundamental form of the hypersurface U. This implies a similar statement
for the symmetric cone f(: = 04(Ky) circumscribed about V': the correspondence
sending each line Lc I’(\y through y to the hyperplane tangent to I’(\y along the line
L is a local immersion to the space of hyperplanes through y.

Suppose now that a line Lc I/(\y through y is quadratically tangent to V at a
point g. Then the above immersivity statement for the symmetric cone together
with quadraticity of tangency imply nondegeneracy of the second fundamental form
of the hypersurface V at the point g. It is clear that for a generic choice of the point
y € S and a line L C K, through y the corresponding symmetric line L= og(L) is
quadratically tangent to V. This proves the proposition. ([

Convention 2.6. In the proof of Lemma 2.4 without loss of generality we assume
that y = B, and there exists a line £ through B that is transversal to S and satisfies
statements (i)—(iii) of Proposition 2.5. Without loss of generality we assume that A
is the tangency point of the line £ with U, and C is the tangency point of the
symmetric line ‘= 0g(£) with V, where A, C # B. Fix an affine chart R? c RP?
centered at B and equipped with an Euclidean metric whose 1-jet at B coincides
with the 1-jet of the metric g (Proposition 2.2).



584 ALEXEY GLUTSYUK

Consider a smooth deformation x(¢) € S of the point B, x(0) = B, and a smooth
deformation p(t) € U of the point A, p(0) = A, such that the line £(¢) = x(¢) p(¢)
is tangent to U at p(t), t € [0, 1). Then the line f(t) = 0, (£(1)) symmetric to £(t)
in the metric g is tangent to the hypersurface V at some point g (¢), ¢(0) = C, that
depends smoothly on the parameter ¢ (assumptions (i)—(iii)). We will show that
the property that every deformation x(¢) extends to a pair of deformations p(t)
and ¢(t) as above implies that the cone K, tangent to both U and V is quadratic.
To do this, consider the projective hyperplanes ¢/ and V through B containing the
lines £(0) = BA and £(0) = BC respectively: U is tangent to U at A, and V is
tangent to V at C.

Remark 2.7. Let{ and V be as above. The tangent subspaces T, TV C TgRP¢
are o,-symmetric. Indeed, consider the germs of the cones circumsribed about
the hypersurfaces U and V with vertex B and containing the lines /(0) and i1 0)
respectively: we take the germs of the above cones at the latter lines. The o,-
symmetry permutes the cones, by statement (ii) of Proposition 2.5, which holds for
an open and dense set of lines through B. The hyperplanes ¢/ and V are tangent to
the cones along the lines /(0) and 1(0) respectively, by construction. Hence they are
also o,-symmetric, as are the cones, and so are their tangent spaces Tplf and Tp) .

The latter tangent spaces intersect on a codimension 2 subspace H C TzR? lying
in TS, by symmetry and statement (i):

(2-1) H=TgUNTgS =TpgVNTgS.

For every deformation x(¢), p(t), g(t) as above one has

(2-2) u=x'(0)eTgS, v=p'0)eTsd, w=4q' (0)eTcV.
This motivates the following definition:

Definition 2.8. Let S be a germ of hypersurface at a point B € RY ¢ RPY. Let g
be a positive definite scalar product on the bundle TR?|s. Let £ be a projective
line through B that is transversal to 75 S, and let H C TgS be a vector subspace of
codimension one (codimension two in TgRY). Let A€ ¢, C € 0= og(f), A,C #B.
Let ¢/ and V denote the projective hyperplanes through B that are tangent to H and
such that £ C U, fCV. Let

ueTpgS, u#0, veTsU, weTV.

We say that (B, ¢, H,u, A, v, C, w) is a Berger tuple with base point B, if there
exist germs of C'-smooth curves of points x(¢) € S, p(t), q(t) € RP4, x(0) = B,
p(0) = A, g(0) = C, such that statements (2-2) hold and for every small ¢ the lines
x()p(t) and x(1)g(t) are o,-symmetric.
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Proposition 2.9. The property of being a Berger tuple depends only on the 1-jet of
the metric g. Namely, let S be a germ of hypersurface at a point B € R* C RP?. Let
g1 and g» be two positive definite scalar products on the bundle (TR?)|s that have
the same 1-jet at B. Then any Berger tuple for the metric g, with base point B is a
Berger tuple for the metric g and vice versa.

Proof. The proposition follows from definition and smoothness of the dependence
of the reflection o, on the parameters of the metric g: if two metrics have the
same 1-jets at B, then the corresponding reflections acting in Ty[RRd differ by a
quantity o(y — B). ([

Theorem 2.10 [Berger 1995, Section 2]. Let S be a germ of hypersurface at a point
B € R? C RPY. Consider the standard Euclidean metric on the affine chart R?,
and let S have nondegenerate second fundamental form. Let £ be a line through B
transversal to TgS. Then there exist only a finite number k < d — 1 of codimension
one vector subspaces H = H|(£), ..., H,(£) C TgS such that for every u € TgS,
u # 0 the triple (£, H, u) extends to a Berger tuple (B, ¢, H,u, A, v, C, w) for the
Euclidean metric. The number k depends only on the second fundamental form of
the hypersurface S at B. The subspaces H;(£) are uniquely determined by the line £
and the second fundamental form.

Proposition 2.11 [Berger 1995, p. 114]. In the conditions of Theorem 2.10 consider
the tautological projection g : RY\ {B} — RP?~! to the space of lines through B.
For every line £ through B the corresponding projection wg(€ \ {B}) € RP?~!
will be denoted by [L]. For every { transversal to S let A;(£) C TERP? = R4
denote the codimension 1 vector subspace spanned by H;({) and {. Let A ;(en =
mp(A;(€)\{0}) C RPY=! denote its tautological projection, which is a projective
hyperplane through [£]. Set

D;([€]) 1= TinA;([€]) C TiRP4~"

The subspaces Di([£]), ..., Di([£]) C T[g][R?IP’d_l form a k-valued hyperplane dis-
tribution D on RPY~, whose all integral surfaces are quadrics. Moreover, let S be
a quadric tangent to S at B with order 3: having the same second fundamental form
at B. The mg-preimages of the above quadrics in RP4~! (i.e., the preimages of the
integral hypersurfaces) are cones with vertex at B that are tangent to the quadrics
confocal to S.

Proof of Lemma 2.4. Let K be the cone with vertex at y = B circumscribed about
the hypersurface U. Let A be a point of tangency of the cone K with U. Set £ = BA,
= 04(¢). Let C denote the point of tangency of the line ¢ with V. (We suppose
that the assumptions of Convention 2.6 hold.) Then for every germ of smooth curve
x(t) C S, x(0) = B, there exist curves p(¢) CU and g(t) C V, p(0)= A, g(0) =C,
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such that the lines x(¢#) p(¢) and x(¢)g(¢) are tangent to U and V at p(¢) and q(¢)
respectively and o,-symmetric.

Let ¢4,V C RP? be the previously defined projective hyperplanes through B
tangent to U and V at A and C respectively, and H = TgUU N TV C TpS; see (2-1).
The tuple (B, ¢, H, x'(0), A, p'(0), C, ¢’(0)) is a Berger tuple for the metric g,
by definition. Therefore, it is also a Berger tuple for the Euclidean metric as
well (Proposition 2.9). This together with Theorem 2.10 implies that H = H;({)
for some ;.

The cone K is tangent along the line ¢ to the hyperplane generated by ¢ and
H = H|, by definition. Therefore, at [¢{] = (£ \ {B}), the tautological projection
K=mpg (K \{B}) C RP“~! is tangent to the corresponding hyperplane D;([£]) from
Proposition 2.11. Finally, K is an integral hypersurface of the multivalued hyper-
plane distribution D from Proposition 2.11, and hence, lies in a quadric I'(U). The
preimage rrgl(l"(U )) is a quadratic cone Kp with vertex B that contains K and is
0,-symmetric, being a cone tangent to a quadric confocal to S see Proposition 2.11.
(Recall that for any given quadric Sand B € S a cone with vertex B circumscribed
about a quadric confocal to Sis symmetric with respect to the hyperplane tangent
to S at B.) Similarly, the punctured cone o,(K) \ {B} tangent to V' is projected
to a quadric I'(V'), and 04 (K) lies in a quadratic cone. The latter quadratic cone
coincides with K g, by symmetry. This proves Lemma 2.4. U

Lemma 2.12 [Berger 1995, Section 3]. Let U, V, S be C2-smooth germs of hyper-
surfaces in RP? with nondegenerate second fundamental forms. Let for every x € S
there exist a quadratic cone K, with vertex at x that is tangent to both U and V.
Then U and V are pieces of one and the same quadric.

Proof of Theorem 2.1. For every y € S close enough to B there exists a quadratic
cone K, with vertex at y circumscribed about both U and V' (Lemma 2.4). Applying
this statement to an open and dense subset of points y € § satisfying genericity
assumptions from Convention 2.6 together with Lemma 2.12 yield that U and V
are pieces of one and the same quadric. Theorem 2.1 is proved. ([

2B. Symmetry hyperplanes of circumscribed cones and confocal quadrics. Here
we prove the following lemma and then deduce Theorem 1.10 from it.

Lemma 2.13 (A generalization of an analogous statement in [Berger 1995, p. 109]).
Let X be a simply connected space form of dimension at least three. Let U C ¥
be a quadric with nondegenerate second fundamental form. For every y € ¥\ U
let K denote the geodesic cone circumscribed about the quadric U with the vertex
at y (i.e., the union of geodesics through y that are tangent to U). We identify the
cone K with the cone K y C T, X of vectors tangent to the above geodesics via the
exponential mapping exp : TyX — X. Let § C X be a germ of hypersurface at a
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point B ¢ U with nondegenerate second fundamental form such that for every y € S
the cone K is symmetric with respect to the hyperplane T\ S. Then S is a quadric
confocal to U.

In the proof of Lemma 2.13 we use the following lemma. To state it, let us recall
that the orthogonal polarity in R¢*! is the correspondence sending each vector
subspace to its orthogonal complement with respect to the standard Euclidean scalar
product. The orthogonal polarity in codimension one, which sends codimension one
vector subspaces to their orthogonal lines, induces a projective duality RP?* — RP¢
sending hyperplanes to points. It sends each hypersurface S C RP¢ to its dual S*:
the family of points dual to the hyperplanes tangent to S.

Definition 2.14. Consider a scalar product (Gx, x) on R‘*! defining a space form.
Orthogonality with respect to the latter scalar product will be called G-orthogonality.
Let V C Rt be a subspace that is not isotropic: this means that the restriction to V
of the scalar product (Gx, x) is a nondegenerate quadratic form (or equivalently,
that V is not tangent to the light cone {(Gx, x) = 0}). The pseudosymmetry with
respect to V is the linear involution Iy : R¥*! — RI*! that preserves the above
scalar product on R?*! and whose fixed point set coincides with V: it acts trivially
on V and as a central symmetry in the G-orthogonal subspace.

Lemma 2.15. Let V C R?*! be a nonisotropic vector subspace. Let k < d + 1.
Consider the action Iy y : G(k,d + 1) — G(k, d + 1) of the pseudosymmetry with
respect to V on the Grassmannian of k-subspaces. The orthogonal polarity L — L=+
conjugates the actions ly i and IvL’d+1,k.l

Proof. This lemma seems to be well-known to specialists. In three dimensions
it follows from [Bolotin 1992, formula (15), p.23; Kozlov and Treshchév 1991,
formula (3.12), p. 140]. Let us present its proof for completeness of presentation.
As it is shown below, Lemma 2.15 is implied by the two following propositions.
Proposition 2.16. Let G be a real symmetric (d + 1) x(d + 1)-matrix such that
G? = G. Let two nonisotropic subspaces V, W C Rt of complementary dimen-
sions be G-orthogonal. Then their Euclidean orthogonal complements V+ and W=+
are also nonisotropic and G-orthogonal.

Proof. The condition of the proposition implies that the restrictions of the linear
operator G to V and W have zero kernels and

(2-3) GV=W*, Gw=v"
Thus, to prove G-orthogonality of the latter subspaces, it suffices to show that
(G*v, Gw) = (G*v, w)=0 for everyveVandwe W.

1Everywhere below the orthogonality sign L means orthogonality with respect to the standard
Euclidean scalar product.
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The first equality follows from symmetry of the matrix G. The second one follows
from G-orthogonality of the subspaces V and W and the equality G*> = G. The
subspaces (2-3) are nonisotropic, since the restrictions to them of the scalar product
(Gx, x) are isomorphic to its restrictions to V and W via the operator G: for every
vy, vp € V one has (G(Gvy), Gvy) = (Gvy, va), since G? =G. Proposition 2.16
is proved. g

Proposition 2.17. Let (Gx, x) be a scalar product on R+ defining a space form.
Letke{l,...,d},VCcR*! bea nonisotropic subspace, and let W C Rt e jts
G-orthogonal complement.” Let Ny (V) C G (k, d+1) denote the subset of those vec-
Rt that are direct sums of some subspaces €, C V and £, C W.
The pseudosymmetry Iy induces a nontrivial projective involution RP¢ — RP? and
acts trivially on Ny (V). Vice versa, every nontrivial projective involution acting
trivially on Ny (V) is the projectivization of the pseudosymmetry Iy .

tor k-subspaces in

Proof. The first statement of the proposition is obvious. Let us prove the second
one. Let F : R¥*! — R?*! be a linear transformation whose projectivization is a
nontrivial involution acting trivially on N (V). Without loss of generality we assume
that F2 = 4 1d. For every vector subspace L C V of dimension between 1 and k
the transformation F preserves the subset in N (V) consisting of the k-subspaces
containing L. Their intersection being equal to L, F preserves L. The same
statement holds for L C W. Therefore, the restriction of the transformation F' to any
of the subspaces V and W is a homothety. The coefficients of the homotheties on V
and W are equal to £1, since F? = Id up to sign. The signs of the latter coefficients
are opposite, since the projectivization of the transformation F is nontrivial. Hence,
F = %1y This proves the proposition. U

Let us now return to the proof of Lemma 2.15. The action of a linear auto-
morphism F : R¥T! — R4*+! on all the vector subspaces of all the dimensions is
conjugated via the orthogonal polarity to the similar action of the inverse (F*)~!
to the conjugate operator F* (with respect to the Euclidean scalar product). In the
case, when F is an involution, so is F* = (F *)_1. Let W be the G-orthogonal
complement of the subspace V.

Claim. The conjugate operator F = I}, acts trivially on Nap1—x (V).
Proof. The orthogonal polarity sends each k-subspace [1=2¢1 @£, € Ni(V), £, CV,
£, C W, to the intersection of two subspaces L; = L;(IT) = Ef:

LiDVY, Loowh MNt=LiNL,,

(2-4)
dim(ITY) =dimL; +dimLy, — (d+ 1) =d +1—k.
2 The G-orthogonal complement W to a nonisotropic subspace V is always a vector subspace
complementary to V. In the non-Euclidean cases W is automatically nonisotropic. In the Euclidean
case, when the matrix G is degenerate, W contains the kernel of the matrix G: the xq-axis.
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The transformation F fixes IT+, by construction and since the pseudosymmetry Iy
fixes IT (Proposition 2.17). The intersection IT+ is the direct sum of the subspaces
LiNW+ and L, N VL, which follows from the inclusions (2-4) and the fact that
W+ and V- are complementary subspaces, as are V and W. Hence, IT* lies in
Nd+1_k(VL). Vice versa, each point in Nd+1_k(VL) can be represented as the
intersection TT+ of some subspaces L and L, containing V+ and W+ respectively.
Therefore, F acts trivially on all of Nyj_x(V ). The claim is proved. O

The operator F = I, is a projectively nontrivial involution, as is Iy. It coincides
with Iy up to sign, by the claim and Proposition 2.17. This together with the
discussion preceding the claim implies the statement of Lemma 2.15. ([

Proof of Lemma 2.13. Consider the tautological projection 7 : R4\ {0} — RP¢,
the images 7(S), 7(U) C RP? and the hypersurfaces in RPP? projective-dual to
them with respect to the orthogonal polarity. For simplicity the latter pI'OJeCthe dual
hypersurfaces will be denoted by S$* and U* respectively. Let S, U, $*, U* c RI+!
denote the complete -preimages in R*! of the hypersurfaces 7 (S), 7 (U), S*
and U* respectively: the cones in R?*! \ {0} defined by the latter hypersurfaces.
Recall that 7 (U) and U* are dual quadrics; thus one can write

={(Qx,x) =0}, Q isareal symmetric (d + 1) x(d + 1)-matrix.

For every y € S let 7,§ C RP denote the projective hyperplane tangent to 7 (S) at
7(y). Define the following vector subspaces in RY*1:

My :=7""(T,S)U{0} R, L, =TI,
V) := the one-dimensional subspace 7 Y () U{0} C I, W,:= Vyl.

The subspaces L, and W, are nonisotropic. Indeed, in the case when X is non-
Euclidean, this follows from obvious nonisotropicity of their orthogonal sub-
spaces IT, and V) and the fact that in the non-Euclidean case the orthogonal
complement to a nonisotropic subspace is also nonisotropic. The latter statement
follows from footnote 2 and Proposition 2.16. In the case when X is Euclidean,
if, to the contrary, either L, or W, contained the x¢-axis, this would imply that
either I1, or V) lies in the coordinate (xy, ..., x4)-subspace, and hence, is disjoint
from X. This is obviously impossible.

Claim 1. The quadric U* is regular, i.e., the matrix Q is nondegenerate. The
hyperplane section U* N W, is invariant under the pseudosymmetry with respect to
the one-dimensional vector subspace Ly C Wy,

Proof. The first statement (nondegeneracy) follows from nondegeneracy of the
second fundamental form of the quadric U. The inclusion L, C W, follows from
definition. Recall that the cone K y 18 symmetric with respect to the hyperplane 7, S,
i.e., the preimage 7~ (K y) 18 pseudosymmetric with respect to IT, by assumption.
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The latter statement is equivalent to the second statement of the claim, by duality
and Lemma 2.15. U

The restriction to the d-dimensional vector subspace Wy, of the scalar product
(Gx, x) is nondegenerate (nonisotropicity), and there exist d values

A=2(),. ha(y)
(taken with multiplicity, some of them may coincide) such that the restriction
to W,, of the scalar product ((Q —AG)x, x) is degenerate. Thus, the d-dimensional
vector subspace W, is the G-orthogonal direct sum of kernels of the scalar products
((Q—=A;MG)x, x)|w,.
Claim 2. For every y € S the pseudosymmetry line L, lies in the kernel of some of
the scalar products ((Q — A;(y)G)x, x)|w,-

Proof. The scalar product (Qx, x)|w, is invariant under the pseudosymmetry with
respect to the line L. Indeed, the latter pseudosymmetry is an involution preserving
the zero locus (light cone) U*n Wy ={(Qx, x) =0}N W, (Claim 1), and hence,
it preserves the above scalar product up to sign. Let us show that the sign is also
preserved. For an open and dense subset of points y € S one has (Qx, x) #0 on
L\ {0}: equivalently (via duality), the tangent hyperplane 7S is not tangent to U.
Indeed, the latter statement holds for an open and dense subset of points y € §,
since SNU = & and a (germ of) hypersurface is uniquely defined by the family of
its tangent hyperplanes (well-definedness of the dual hypersurface). Thus, for the
above y the pseudosymmetry fixes the nonzero quadratic form (Qx, x)|,, since the
points of the line L, are fixed. This together with the above discussion iinplies that
the above-mentioned sign, and hence the scalar product (Qx, x)|w, are preserved
forall y € S.

For every A;(y) the kernel of the form ((Q — A;(y)G)x, x)|w, is invariant
under the above pseudosymmetry, by invariance of the scalar producté (Qx, x) and
(Gx, x). This is possible only in the case, when the pseudosymmetry line L, lies
in some of the kernels, which form an orthogonal direct sum decomposition of the
subspace W,. This proves Claim 2. U

Remark 2.18. The subspace W, and hence, the corresponding kernels from Claim 2
depend only on y and are well-defined for all y € X.

Due to Claim 2, the following two cases are possible.

Case 1: For an open and dense subset Sy of points y € S the line L, coincides with
a one-dimensional kernel corresponding to a simple eigenvalue A ;(y). Let us show
that in this case S lies in a quadric confocal to U. Indeed then there exist a neigh-
borhood Y = Y (B) C X of the base point B of the hypersurface S and an open and
dense subset Yy C Y containing Sy such that the correspondence y — L, extends to a
family of lines depending analytically on y € Yj: these lines are some of the kernels
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mentioned in the above remark. This implies that the corresponding hyperplanes
Iy := L; also depend analytically on y and thus, induce a field of hyperplanes
T =T(y)=1I1,NT,XZ on Yy. The hypersurface S is its integral hypersurface.

Subcase 1.1: U is a generic quadric. Then for a generic point y € ¥ (here “generic”
means “outside an algebraic subset”)

« there are exactly d quadrics through y confocal to U, and any two of them are
orthogonal at y;

« the corresponding eigenvalues A ; (y) are simple and the corresponding d kernels
in W, are one-dimensional.

Recall that the tangent hyperplanes at y of the above confocal quadrics are
symmetry hyperplanes for the cone K, since U is a caustic for its confocal quadrics.
Therefore, the orthogonal polarity IT, + L, induces a one-to-one correspondence
between the above tangent hyperplanes and kernels. This implies that for a generic
y € Yy the integral hypersurface of the hyperplane field T through y is a confocal
quadric to U. Passing to limit, as y tends to a point of the integral hypersurface S,
we get that S is a confocal quadric as well.

Subcase 1.2: U is a general regular quadric. Then it is a limit of generic quadrics U,
in the above sense. For each U, the integral hypersurfaces of the corresponding
above hyperplane field 7,, are quadrics confocal to U,,. Passing to limit, as n — oo,
we get the same statement for the hyperplane field 7 associated to U. Hence, S is
a quadric confocal to U.

Case 2: There exists an open subset of points y € S for which L, lies in at least two-
dimensional kernel of the form ((Q — 2 (y))x, x)|w, corresponding to a multiple
eigenvalue A ;(y). In this case the latter kernel contains at least two linearly inde-
pendent vectors wy, wp € Wy, and by definition, both of them are orthogonal to the
hyperplane W, with respect to the scalar product ((Q —AG)x, x), A=A ;(y). Hence,
their appropriate nonzero linear combination w = a;w; + a,w, is orthogonal to the
whole ambient space R¢+! with respect to the same scalar product. Therefore, w lies
in the kernel of the same scalar product taken on all of R4*! and thus, A is such that
the matrix Q — AG 1is degenerate: then we’ll call such a A a global eigenvalue. The
number of global eigenvalues A is at most d+1, and all of them are independent on y.

Finally, there exist a global eigenvalue A and an open subset Sy C S such that
for every y € Sy one has ((Q —A)x, x) =0 on Ly, since Ly lies in the kernel of
the restriction to W), of the scalar product ((Q — A)x, x).

Thus, for y € Sy the projections p(y) = (L, \ {0}) € RP lie in a degenerate
quadric I' ¢ RP? defined by the equation ((Q — A)x, x) = 0. The points p(y) form
the dual hypersurface Sj, by definition. Hence, S lies in a degenerate quadric I'.
This contradicts nondegeneracy of the second fundamental form of the hypersur-
face S. Hence, the case under consideration is impossible. Lemma 2.13 is proved. [J
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Proof of Theorem 1.10. The hypersurfaces U and V lie in the same quadric in X,
which will be now denoted by U (Theorem 2.1). The quadric U is a caustic for the
hypersurface S: for every y € S the cone of geodesics through y that are tangent
to U is symmetric with respect to the hyperplane tangent to 7, S. Therefore, S is a
quadric confocal to U, by Lemma 2.13. This proves Theorem 1.10. ([

3. Commuting billiards and caustics: Proof of Theorem 1.7

Proposition 3.1. Let X be a space form of constant curvature of dimension d > 2.
Let two nested strictly convex C*-smooth closed hypersurfaces a, b C X, a € Qp (see
the notations at the beginning of the paper) be such that the corresponding billiard
transformations o, and o, commute. Then a is a caustic for the hypersurface b.

Proof. Let 1, denote the open subset of geodesics in X that are disjoint from the
hypersurface a. Its boundary 91, consists of those geodesics that are tangent to a.
A geodesic L is fixed by oy, if and only if L € I,, i.e., L is either disjoint from a,
or tangent to a. In this case 0,0,(L) = 0(L) = 0,05(L), and thus, o, (L) is a fixed
point of the transformation o,. This implies that op(I1,) C I,. The subset I1, is
invariant under two transformations acting on oriented geodesics: the reflection o},
and the transformation J of the orientation change. The transformations J and J ooy,
are involutions. Hence, they are homeomorphisms of the whole space of oriented
geodesics in X. Their restrictions to the common invariant subset IT, should be
also a homeomorphism: an involution acting on a set is obviously always bijective.
Therefore, each of them sends the boundary 9I1, onto itself homeomorphically,
and the same is true for their composition o, = J o (J 0 0p):

o (T1,) = 9T1,,.

The latter equality means exactly that a is a caustic for the hypersurface b. The
proposition is proved. O

Proof of Theorems 1.7 and 1.2. Let a,b C ¥ be two nested strictly convex
C2-smooth closed hypersurfaces in a space form ¥ with commuting billiard trans-
formations, a € Qp, dim X > 3. Then a is a caustic for the hypersurface b, by
Proposition 3.1. This means that, for every point B € b and A € a such that the line
AB is tangent to a at A, the image o, (AB) of the line AB (oriented from A to B) is
a line through B tangent to a. Recall that a and b are strictly convex, which implies
that their second fundamental forms are sign-definite and thus, nondegenerate.
Therefore, for every A and B as above the germs at A and B of the hypersurfaces
U =a and S = b respectively satisfy the conditions of Theorem 1.10, with V being
the germ of the hypersurface a at its point D of tangency with the line o,(AB).
Hence, for every A and B as above the germ (S, B) lies in a quadric, and the germs
(U, A), (V, D) lie in one and the same quadric confocal to S. This implies that b
is a quadric, and a is a quadric confocal to b. Theorems 1.7 and 1.2 are proved. [J
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4. A tangential local version of Theorem 1.7

Theorem 4.1. Letd > 3. Let (U, A), (S, B), (V, D) be germs ofCZ—smooth hyper-
surfaces in a d-dimensional space form ¥ at points A, B and D. Let B # A, D, and
let U and S have nondegenerate second fundamental forms. For every Z =U, S,V
consider the action of the reflection oz on the oriented geodesics that intersect Z,
defined as at the beginning of the paper: we reflect the geodesic at its last intersection
point with the hypersurface Z. Let Ly be a geodesic through B transversal to S
and quadratically tangent to U at A (we orient it from A to B), and let its image
os(Lo) be quadratically tangent to V at D. Let W be a small neighborhood of
the geodesic Ly in the space of oriented geodesics; in particular, each point in W
represents a geodesic intersecting S transversally. Let T1yy C W denote the subset of
those geodesics that intersect U. For every L € Iy let the image os(L) intersect V
more precisely, we suppose that the compositions og o oy and oy o o are well-
defined on Iyy. Let the latter compositions be identically equal on Tly. Then S lies
in a quadric b, and U, V lie in one and the same quadric confocal to b.

Proof. Every geodesic L tangent to U and close enough to Lg lies in ITy. Its image
oy (L) coincides with L (by definition), and hence, osooy (L) =0s(L) =0y oos(L).
Thus, the geodesic os(L), which should intersect V by assumption, is fixed by oy .
Hence it is tangent to V (at the last point of its intersection with V). Finally,
the germs of hypersurfaces U, S and V satisfy the conditions of Theorem 1.10.
Therefore, S lies in a quadric b, and U, V lie in one and the same quadric confocal
to b, by Theorem 1.10. This proves Theorem 4.1. ([

5. Open problems

The billiards in space forms are particular cases of the projective billiards introduced
in [Tabachnikov 1997]. The main results of the present paper (Theorem 1.10
extending Berger’s result on caustics [1995], Theorem 1.7 on commuting billiards)
are proved for billiards in space forms. It would interesting to extend them to
projective billiards.

Problem 1 (appeared as a result of our discussion with Sergei Tabachnikov). Let
S C R d > 3 be a germ of hypersurface at a point B equipped with a field A
of one-dimensional subspaces A, C Ty[Rd, y € S, transversal to S. Consider the
family of linear involutions oy : TyRY — T,R% y € S, that fix each point of the
hyperplane 7S and have A, as an eigenline with eigenvalue —1. Let there exist
two germs of hypersurfaces U and V at points A, C # B respectively such that
the lines AC, BC are tangent to U and V at points A and C respectively and for
every y € § each line through y that is tangent to U is reflected by oy to a line
tangent to V. (The defined action of the reflections o, on oriented lines transversal
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to S is called the projective billiard transformation, and the pair (S, A) is called a
projective billiard; see [Tabachnikov 1997].) Is it true that then U and V lie in one
and the same quadric?

Problem 2 (Tabachnikov). Classify commuting nested pairs of projective billiards
inRY, d>2.
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ON THE ARITHMETIC OF A FAMILY OF
TWISTED CONSTANT ELLIPTIC CURVES

RICHARD GRIFFON AND DOUGLAS ULMER

Let [, be a finite field of characteristic p > 3. For any power ¢ of p, consider
the elliptic curve E = E, , defined by y2 =x34+19—t over K =F,(¢). We
describe several arithmetic invariants of E such as the rank of its Mordell-
Weil group E(K), the size of its Néron-Tate regulator Reg(E), and the or-
der of its Tate—Shafarevich group III1(E) (which we prove is finite). These
invariants have radically different behaviors depending on the congruence
class of p modulo 6. For instance [II(FE) either has trivial p-part or is a
p-group. On the other hand, we show that the product |III(E)| Reg(E) has
size comparable to r?/% as ¢ — oo, regardless of p (mod 6). Our approach
relies on the BSD conjecture, an explicit expression for the L-function of E,
and a geometric analysis of the Néron model of E.

1. Introduction

For a prime p > 3, and powers ¢ and r of p, we study the elliptic curve

E: y=x3411—¢
over the rational function field K = F, (¢). We are interested in the Mordell-Weil
group E(K), its regulator Reg(E), and the Tate—Shafarevich group III(E) of E.
By old results of Tate [1966] and Milne [1975], III(E) is finite and the conjecture
of Birch and Swinnerton-Dyer holds for E.

One of our main results says that Reg(E) |III(E)| is an integer comparable in
archimedean size to r4/® when r is fixed and ¢ tends to oo. (See Theorem 11.1
for the precise statement.) On the other hand, we will show that if p =1 (mod 6),
then E(K) =0, Reg(E) = 1, and |III(E)]| is a p-adic unit; and that if p = —1
(mod 6) and [, is sufficiently large, then E(K) has rank 2(¢ — 1), Reg(E) |ILI(E)]
is a power of p, and III(E) is a p-group (Propositions 8.3.1 and 8.4.1, and
Corollary 9.2). These results show in particular that the archimedean and p-adic
sizes of Reg(E) |III(E)| are independent— in our examples, Reg(E) |ILI(E)| is
MSC2010: primary 11GO05, 14J27; secondary 11G40, 11G99, 14G10, 14G99.

Keywords: elliptic curves over function fields, Mordell-Weil rank, Néron—Tate regulator,

Tate—Shafarevich group, L-function and BSD conjecture.
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p=1 (mod6) p = —1 (mod 6)
E(K)ors = {0} (Proposition 2.4(2))
BSD conjecture holds for £ (Theorem 8.2)
Rank E (K) =0 =2(q — 1) for [F, large enough
(Proposition 8.3.1(3)) (Proposition 8.4.1(3))
Reg(E) =1 is a power of p for [, large enough
(Proposition 8.3.1(4)) (Corollary 9.2(3))
HI(E) has trivial p-part is a p-group
(Proposition 10.1(1)) (Corollary 9.2(3))
dim ITII(E) =0 = 1q/6]
(Corollary 9.3(1)) (Corollary 9.3(2))
lim,_. .« BS(E) =1 (Theorem 11.1)
|III(E)| Reg(E) | > rla/6J1+0) a5 g — 00 = rl9/%) for [, large enough
(Corollary 11.9) (Corollary 9.2(3))

Table 1. A summary of the main results of the paper.

large in the archimedean metric, whereas it may be a p-adic unit or divisible by
a large power of p.

To prove these results, we combine an analytic analysis of the special value L*(E),
the Birch and Swinnerton-Dyer (BSD) formula, and an algebraic analysis of I1I(E).
We are able to deduce the BSD formula and analyze III(E) by using the fact that
the Néron model £ — P! of E is birational to the quotient of a product of curves by
a finite group. In fact, £ has three distinct such presentations, and each is convenient
for some aspect of our study.

The plan of the paper is as follows: In the next section, we gather the basic defini-
tions and present a few preliminary results about E. In Section 3, we recall standard
results about Gauss and Jacobi sums and use them in Section 4 to give an elementary
calculation of the Hasse—Weil L-function of E. In Section 5, we prove results about
the geometry and cohomology of certain curves over [, which are used in Section 6
to show that the Néron model of E is dominated by a product of curves (in multiple
ways). In Section 7, we use these dominations to give alternate calculations of the
L-function. In Section 8, we apply the BSD conjecture to study the rank of E(K),
and in Section 9 we study the p-adic size of the special value and the order of III(E)
using the BSD formula. Section 10 reproves our results about III(E) by a direct,
algebraic approach, i.e., independently of the BSD formula. In Section 11, we study
the archimedean size of the special value and the “Brauer—Siegel ratio” of Hindry.

Table 1 summarizes our main results. There, “for [F, large enough” means that
there is a finite extension [, of [, such that the statement holds for all finite
extensions [, of [, (see Proposition 8.4.1(3) for an explicit definition of r).
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2. First results

2.1. Definitions and notation. Notation from this section will be in force through-
out the paper. We refer to [Ulmer 2011] for a review of what is known about elliptic
curves over function fields, in particular with regard to the conjecture of Birch and
Swinnerton-Dyer.

Let p > 3 be a prime number, let [, be the field of p elements, and fix an
algebraic closure Fp of Fp. Let [, C Fp be the finite extension of [, of cardinality
r = pY, and let K = [, (¢) be the rational function field over [F,. We write v for a
place of K, K, for the completion of K at v, deg(v) for the degree of v, [, for
the residue field at v, and r, = r9® for the cardinality of [F,. We identify places
of K with closed points of the projective line I]J’[]Fr over F,, and we note that finite
places of K are in bijection with monic irreducible polynomials in [F, [#].

Let ¢ = p/ be a power of p, and let E be the elliptic curve over K defined by

@2-1) E=E, : y»=x"4+11—1.

Write E(K) for the group of K -rational points on E. By the Lang—Néron theorem,
this is a finitely generated abelian group.

Let& — [P)[IF, be the Néron model of E. We write ¢, for the number of connected
components in the special fiber of £ over v. One also calls ¢, the local Tamagawa
number of E at v.

We denote the (differential) height of E, as defined in [Ulmer 2011, Lecture 3, §2],
by deg(wg). It follows from [Ulmer 2011, Lecture 3, Exercise 2.2] that for E,

5 ifg=1 (mod6),
deg(wp) = [q/6]=1 ¢ 170

7l if g = —1 (mod 6).

2.2. Reduction types. From the Weierstrass equation (2-1), one easily computes
A=-2%331t7-1)> and j(E)=0.

Applying Tate’s algorithm (see [Silverman 1994, Chapter IV, §9]), one obtains the
following further facts:

o At a finite place dividing t? — ¢, the curve E has additive reduction of type II.

e At t = 00, the curve E has additive reduction of type II* if g = 1 (mod 6) and
of type Il if g =5 (mod 6).

e The curve E has good reduction at all other places of K.

From this collection of local information, one deduces that the conductor Ng of E
has degree deg Nz = 2(q + 1). One can also recover the fact that deg(wg) = [¢/6]
from this computation.
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2.3. Isotriviality. Consider the finite extension L = K[u]/(u® =17 —t) of K, and
let Ey be the elliptic curve over [F, defined by

Ey: w—z +1.

Then E x g L is isomorphic to the constant curve Eg Xf, L via the substitution
(x,y) = (u?z, uwPw). In other words, E is the sextic twist of Eq (or rather of
Ey XF, K) by 19 —t.

We record two consequences for later use. Recall that the local Tamagawa
number c, is the number of components in the special fiber of the Néron model
at v. Its values in terms of the local reduction type are tabulated in [Silverman
1994, p. 365].

Proposition 2.4. (1) For every place v of K, the local Tamagawa number c,, is 1.
(2) E(K)tors =0.

Proof. Part (1) is immediate from the table cited above. For part (2), suppose that
P € E(K) is a nontrivial torsion point. Let Q = («, 8) € Eo(L) be the image of
P under the above isomorphism E xx L = Eg xf, L. Then Q is again a torsion
point, and it is known (e.g., [Ulmer 2011, Proposition 1.6.1]) that torsion points on
a constant curve have constant coordinates. That is, we have «, 8 € F,. The original
point P thus has coordinates (ozuz, ,Bu3). However, if « € F,, then au® € K only if
a =0, and if B € F,, then Bu’ € K only if g =0. Since (0, 0) ¢ E(K), there is no
nontrivial torsion point P € E(K). U

3. Preliminaries on exponential sums

3.1. Finite fields. Fix an algebraic closure @ of Q and a prime ideal i3 above p
in the ring of algebraic integers Z C Q. The quotient Z/P is then an algebraic
closure of [, which we denote by F p- All finite fields in this paper will be viewed
as subfields of this Fp.

3.2. Multiplicative characters. Reduction modulo *J3 induces an isomorphism be-
tween the roots of unity of order prime to p in Z and F pX. Welett:F px Q"
denote the inverse of this isomorphism. The same letter ¢ will be used to denote the
restriction of # to the multiplicative group of any finite extension [ of [, (F being
viewed as a subextension of [ ).

If F is a finite extension of [, and n is a divisor of [F*|, define

Xen =21,

This is a character of F* of order exactly n. In particular, if n = |F*|, the character
XF.n 1s a generator of the group of multiplicative characters of [.
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If F C I are finite extensions of [, if n divides the order of [, and if Np JF
denotes the norm from [’ to [, then an easy calculation shows that xp , = xr.,oNp JF-

3.3. Additive characters. Fix once and for all a nontrivial additive character
Y, Fp— Quy)* cQ.

If [ is a finite extension of [, if Trg /F, denotes the trace from [ to [, and if & € [,
then the map x — V4 (x) defined by

Vo (x) = ¥p(Trer, (x))

for all x € [ is a nontrivial additive character of . Moreover, any nontrivial additive
character of [ is of the form v, for a unique o € F*. When we need to make the
underlying field precise, we write ¥f o instead of ¥ .

3.4. Gauss sums. If [ is a finite extension of [,, x is a nontrivial character of [*,
and v is a nontrivial additive character of [, define the Gauss sum Gg(x, V) by

Ge(X, V) =— Y XY (x).
xel>
We recall a few well-known properties of these Gauss sums:
(1) If x has order n, the sum Gg(y, ) is an algebraic integer in Q(pt,p).

(2) For any nontrivial characters x and ¥, one has |Gr(x, ¥)| = |F|'/2 in any
complex embedding of Q.

(3) For all nontrivial multiplicative characters x on F* and all « € F*, one has

Gr(x, Vo) = x (@) Gr(x, ¥1).

(4) (Hasse—-Davenport relation) Let x be a nontrivial multiplicative character on F*
and ¥ be a nontrivial additive character on [F. Then for any finite extension F’ /[,

one has .
G (x oNp f, ¥ o Trp p) = G (x, ¥)F .

(5) (Stickelberger’s theorem) Let ord be the p-adic valuation of Q associated to xR,
normalized so that ord(p) = 1. If [ has cardinality p* and 0 <s < p* — 1 has
p-adic expansion

s=So+s1p+-- 41 ph!
with 0 < s; < p, then
R,
ord(Gr (X jpxp» ¥)) = P 2(;&‘.
i=

These results are classical, and the reader may find proofs of them (and the claims
in the next two subsections) in [Washington 1997, Chapter VI, §1-§2] for instance.
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3.5. Explicit Gauss sums. Let [ be a finite extension of [, and write |F| = p*.
An elementary calculation shows that, for any nontrivial additive character v of F,

3-1) Gr(xp 2, ¥)* = (=)~ D2 pyr,

In particular, ord Gr(xr.2, ¥) = n/2. Here, as above, ord denotes the p-adic
valuation on @ associated to B, normalized to that ord(p) = 1.

If p=1 (mod 3), then Stickelberger’s theorem (see (5) above) shows that, for
any nontrivial additive character ¢ of F,

(3-2) ord Ge (x5 ¥) = 2u and  ord Gy ), ¥) = L.

On the other hand, if p =2 (mod 3), then 3 divides |F*| if and only if = [F : [ ]
is even. If this is the case (i.e., if |F| = p* =1 (mod 3)), an old result of Tate and
Shafarevich (see [Ulmer 2002, Lemma 8.2]) and the Hasse—Davenport relation
yield that

Ge(xr3, V1) = Ge(xg 3, Y1) = (—=p)*/?,

and therefore (see (3) in the previous subsection)
(3-3) Gr(xF.3. Yo) = X7 3 (@) (—p)** and  Gr(xf3. Va) = x£.3()(—p)*/>.
In particular, ord G¢( X[?El’ Yy) = /2 in this case.

3.6. Jacobi sums. We require only the simplest case: Let [ be a finite extension
of F, and let x; and x> be two nontrivial characters of [* such that xp x> is also
nontrivial. Define

T, ) ==Y x1(0)xa(l = x).

xelF
An elementary calculation (see [Washington 1997, Chapter VI]) shows that

Gr(x1, ¥)Gr(x2, ¥)
Gr(x1x2, ¥)

for any nontrivial additive character ¢ of . One may then deduce the archimedean
and p-adic sizes of J(xi, x2) from the results quoted in Section 3.4.

(3-4) Jr(x1, x2) =

3.7. Orbits. Recall that p > 3 is a prime. Given an integer n > 1 prime to p, let
S=38,q=Z/nZ~{0}) x [F;< and S = SZq =(Z/nZ)* x [F;.

Let r = p” for some positive integer v. Write (r) for the subgroup of @* generated
by r, and consider the action of (r) on S and S* given by the rule

r(i, ) = (ri,'/") forall (i,a) € S.
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In other words, r acts on Z/nZ by multiplication, and on F; by the inverse of the
r-power Frobenius. Let O,,, 4 be the set of orbits of (r) on § and O/, . the set of
orbits on §*.

If n =1, then O, 4 18 just the set of orbits of (r) on [F;, which we denote
by O, 4. Note that if o € O, 4 is the orbit through «, then the cardinality |o| of o is
equal to the degree [F,(«) : F,] of the field extension [F, («) over F,.

For a general n, if 0 € O,fn’ q is the orbit through (i, ), then

(3-3) lo| =lem(ord™ (r mod n), [F,(«) : F,]),

where ord™ (» mod ) denotes the order of r in (Z/nZ)*. Note that, for any « € [,
one has [F, (a) : ] =lem(v, [F (@) : 1) /[Fp(a) : Fpl, and [F, () : F] divides
f =I[F, :F,]. Itis then clear that |o] divides lcm(ord™ (» mod n), lem( f, v)/f) for
any orbito € O, .

In what follows, we will only need the cases where n divides 6. If r =1 (mod 6),
then (r) acts trivially on Z/6Z and the orbits 0 € O, ¢ , are “vertical” in the sense
that they are of the form o = {(i, @)} where i is fixed and & runs through an orbit
of (r) on [qu. In particular, |o| = [F, («) : F,].

On the other hand, if r =5= —1 (mod 6), then orbits 0 € O, 6 , “bounce left and
right” in the sense that an orbit o contains elements (i, «) and r (i, &) = (—i, al/ry.
In this case, if o is the orbit through (7, o), then |o| = lem(2, [F, (@) : F,]).

In both cases (that is to say, for r = £1 (mod 6)), note that v|o| is even for all
orbits 0 € 0:6#.

For n € {2, 3}, the natural projection (Z/67)* — (Z/nZ)* induces a map
T, 0:6’ . Orfn’ 7 We record a few elementary observations about 7;,:

« The map 3 is a bijection, because (Z/6Z)* — (Z/3Z)* is a bijection.

o If r =1 (mod 6), then 75 is two-to-one. (This is essentially the same point as

the “vertical” remark above.)

e If r=—1 (mod6) and if 0’ € Or>,<2, , has |o’| even, then there are two orbits
0e 0 , With 2(0) = 0'. Finally, if r = —1 (mod 6) and if o’ € 0. , has 0|
odd, then there is a unique orbit 0 € 0:6’ g With m2(0) = o’ and the underlying
map of sets 0 — o’ is two-to-one.

Motivated by this last remark, for any o € O 4 Ve define

mo(0) = o] .
|2(0)|
Thus m,(0) =1 unless r = —1 (mod 6) and |75 (0)]| is odd, in which case m»(0) =2.

3.8. Gauss sums associated to orbits. Fix data p, r, g, and n as above, and let
0 € Oy, 4 be the orbit of (r) through (i, o) € S, 4 = (Z/nZ~{0}) x [F;. LetF =F, .,
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i.e., [ is the extension of [, of degree |o|. By formula (3-5) for |o|, F can be
interpreted as the smallest extension of [, which admits a multiplicative character
of order n and contains «. To the orbit 0 we then associate the Gauss sum

(3-6) G(0) = Gr(xi . V),

where xr, and v, are the characters on | defined in Sections 3.2 and 3.3. An
elementary computation, as in [Cohen 2007, Lemma 2.5.8], shows that

GUZ(X’ 13001) = G[F(Xp? wozl/PL

so that G (o) is indeed well defined independently of the choice of element (i, @) € o.
We next record the valuations of Gauss sums associated to orbits for » =2 and 3.
These claims follow immediately from the results of Section 3.5.
When n =2, we have ord(G (0)) = %v|o| for all orbits 0 € 0:,(2,(,-

Whenn =3, p=1 (mod3),and o € 0:3,(], then

%v|o| if o contains an element (1, «),
ord(G(0)) = | ) ]
zvlo| if o contains an element (—1, @).

When n =3 and p = —1 (mod 3), then ord(G(0)) = %vlol forall o € Org’q.

The following shows that the Gauss sums G (0) “decompose” as roots of unity
times powers of Gauss sums of small weight. This will play a key role in our
estimation of the archimedean size of Reg(FE) |[II(E)| in Section 11.

Proposition 3.9. Let n > 1 be an integer coprime to p, and write
¢:=ord*(p modn)
for the order of p modulo n. Then for all o € Oy, 4, one has
G(o) = ¢gloMe,
where ¢ is an n-th root of unity, and g € Q(j,,) is a Weil integer of size p

Recall that an algebraic number z € Q is called a Weil integer of size p* (with
ae %Zzo) if z is an algebraic integer such that |z| = p“ in any complex embedding
(Q(z) = C. (These numbers are also sometimes called p-Weil integers of weight 2a.)

Proof. Note that [F;C admits characters of order exactly n. By definition, for any
choice of representative (i, @) € o, we have

G(0) = Gr(Xf » VF.0),

where [ is the extension of [, of degree |o|, i.e., |F| = plow. By construction,
¢ divides vlo|, so [ is an extension of [ ,c. Then the following holds:

G(0) = Ge(Xf - VEa) = X5 (@ GE(XE s WED) (by (3) in Section 3.4)
= Xy, ,’1 ()G . ( X[épcyn, W,,c,l)lol"/ ¢ (by the Hasse—Davenport relation).
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We now let ¢ := X[Eﬁl(a) and g = Gr e (XF c.n> ¥F,e,1). Since xr,, has order n, ¢ is
an n-th root of unity. By (1) and (2) in Section 3.4, g is a Weil integer in Q(1,,p)
of size p“/>. U

3.10. Jacobi sums associated to orbits. With data p and r as usual, let (r) act on
(Z/6Z)* by multiplication, and let N = N, ¢ be the set of orbits of (r) on (Z/62)*.
Thus, if r =1 (mod 6), there are two orbits, both singletons, and if » = —1 (mod 6),
there is a unique orbit, o = {1, —1}. (This is a somewhat trivial situation, but we
introduce it for consistency with our treatment of Gauss sums.) Given o € N, ¢,
write F = [,, and associate to o the Jacobi sum

(3-7) J(0) = Je(xs b x5.5) = Je(Xp o Xp.o)

for any i € 0. As a straightforward calculation shows, Jr(x1, x2) = Jr(x1, X2), S0
the sum J (o) is well defined independently of the choice of i € o.

We next record the valuations of J (o) for o € N,.¢. These claims follow easily
from the expression of Jacobi sums in terms of Gauss sums and Stickelberger’s
theorem (see Sections 3.4 and 3.6). If p = —1 (mod 6), then

ord(J (0)) = 3vlo|
for all 0 € N, ¢. On the other hand, if p =1 (mod 6), then
ord(J({1})) =0 and ord(J({—1})) =v.

X

Finally, we introduce the map p¢ : O, ¢ q

— N, ¢ induced by the projection
(Z2/62)* x F,* — (Z/62)™.

This will play a role in our geometric calculation of the L-function in Section 7.

4. Elementary calculation of the L-function

Recall that we have fixed a prime number p > 3, a finite field [, of characteristic p,
a power g of p, and that we have defined E = E , as the elliptic curve
E:y*=x>+11—1¢
over K =F,(¢). In this section, we give an elementary calculation of the L-function
of E over K. The Hasse—Weil L-function of E is defined as the Euler product
L(E, T) — l—[ (1 —aUTdeg(v) +7"UT2deg(v))_1 1_[ (1 —aUTdeg(v))_l,
good v bad v

where the products are over places v of K. Here “good v” refers to the places
where E has good reduction, “bad v” refers to the places of bad reduction, and for
any place v, F, is the residue field at v, r, is its cardinality, and a, is the integer
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such that the number of points on the plane cubic model of E over [, is equal to
ry —ay + 1. Note that, since E has additive reduction at all bad places (Section 2.2),
the local factors at such places are all 1, so

4-1) L(E,T)= 1_[ (1 — q,T9eW 4 p2deg)y—1
good v

One also considers L(E,s) = L(E,T) with T = r~5. Since the curve E is
nonconstant, it is known (e.g., [Ulmer 2011, Lecture 1, Theorem 9.3]) that L(E, s)
is a polynomial in 7 =r~* and that it satisfies a functional equation relating L(E, s)
and L(E,2 —ys).

Recall from Section 3.7 that Orxn q denotes the set of orbits of (r) acting on
(Z/nZ)* x [Fq , that 7T, : OX6 — 0, n.q (for n =2, 3) denotes the map induced by
the natural projection (Z/6Z)>< — (Z/nZ)*, and that m;(0) = |o|/|m2(0)|. As in
Section 3.8, we attach a Gauss sum G (0) to any orbito € O/, .

The main result of this section is the following.

Theorem 4.1. In the above setting, we have

L(E,s)= l_[ (1 _G(ﬂz(a))mZ(O)G(ﬂ3(0))I‘_S‘O|),

()€0r6 4

We remark that, as a polynomial in %, the L-function has degree Z()on lo| =
|Sg< | =2(q —1). This is consistent with what the Grothendieck— Ogg—Shafarewch
formula predicts; i.e., that the L-function has degree deg(Ng) — 4 where N is the
conductor of E (recall from Section 2.2 that deg Ng = 2(g + 1)).

The first, elementary, proof of Theorem 4.1 will be given at the end of this
section, after proving several lemmas in the next few subsections. In Section 7,
we will provide two more conceptual proofs of this statement (see Theorems 7.2
and 7.4, as well as Section 7.5).

Lemma 4.2. Let [ be a finite field of characteristic p, and let \ be a nontrivial
additive character of .

(1) For any u € F and any power q of p, one has
freF:tf—t=ull= D v(ow).

aelNF,

(2) Denote the nontrivial quadratic character of F* by A = xr 2. Consider the sum

(4-2) S Y) = Y A+ DY Q).
x,zelF
Then
0 if |F| =2 (mod 3),
SE(A, ) = )
) {Gm,w) itz Grxi 5o ¥) i IFI=1 (mod 3).
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Proof. Part (1) is straightforward when [ is an extension of [, and the general case
is proven in [Griffon 2019, Lemma 4.3]. (The key point is that the kernel and the
image of the map F — [F, ¢+ t? —t are orthogonal complements with respect to
the [, -bilinear form (e, B) = Trg/r, («¢B).) We now turn to the proof of (2). For any
nontrivial additive character ¢ on [, consider

S ¥) = Y A+ DY Q).
x,zelF
Let 1 denote the trivial multiplicative character of . It is classical that for any y € [,
fxeF:y=x}=) 600,
03=1

where the sum runs over characters on F* whose order divides 3 (see [Cohen 2007,
Lemma 2.5.21]). This allows us to rewrite the sum Sg(A, ) as

Ss Y =) Z( > e(y))x(y +2¥ ()

yelF zeF “p3=1

=Y > 0 (Z Ay +z)w(z))

93=1 yefF zeF
= Z Ze(y) (Z M)W (u — y)) (by setting u =z + y)
93=1 yelF uckF
= ( > Ze<y)w<—y>> (Z x(u)wu))
93=1 yelF uckF
= (Z x(u)w(u)>< > 0-1) Ze(v)w(v)) (by setting v = —y).
uel 03=1 velF

The first sum equals —Gg(X, ¥) and, for a character 8 such that 63 =1, the sum
over v € [F equals —Gg(0, ). Moreover, 6(—1) =1 for all 6 such that 03 =1, and
Gr(1,¢¥) =0, so we have

Se(h, ¥) = Ge(h, ¥) Y Gr(0, ).

03=1
0#1

To conclude the proof, it remains to note that if |F| = 2 (mod 3), then there are
no nontrivial characters of order 3, so that the right-hand side vanishes, while if
|[F| =1 (mod 3), the two nontrivial characters of order 3 are X[é,g, ie{l,2}. O

To ease notation, for the rest of this section we write [, for [F,», i.e., [, is the
extension of [, of degree n. Fix a nontrivial additive character ¥¢, of [, and for any
a €|y, let ¥f, o denote the additive character on [, defined by z € F,, — v, (@z).
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Lemma 4.3. As Taylor seriesin T,

Tn
_logL(E,T)=Z7 > S (A, VE, )

n>1 ael,Nk,

where Af, = Xr,,2 is the nontrivial quadratic character of F,* and Sg,(Af,. ¥F, o)
is the sum defined by (4-2).

Proof. In the definition of L(E, T), write the Euler factor at a good place v as
(1 _aUTdeg(U) +rUT2deg(v)) — (1 _ O{deeg(v))(l _ ﬂUTdeg(U))-

Taking the logarithm of the Euler product (4-1) and reordering terms yields that

n
log L(E, T) = Z % Z deg(v)(al’}/deg(“) _i_ﬂlr)l/deg(v)).

n>1 good v
- deg(v)|n

To obtain this expression, we have used the standard identity between Taylor series:

(4-3) log(1 —aT) = — 3 D

n

n>1

If t € F,, define Ag(¢, n) to be the integer such that " +1— Ag (¢, n) is the number
of [, -rational points on the reduction of E at ¢. That

ot/ dee)  gn/deg®) — 4 (1 p)

for any ¢ € F,, lying over v follows from [Silverman 2009, V.2.3.1]. Thus,

L(E,T) = Z T? Z Ag(t,n).

n>1 good ¢
- tefp

Denote the nontrivial quadratic character of [, by Af,. Then [Silverman 2009, V.1.3]
asserts that

Ap(t,n) = — Z AR, (3 19 —1).

xel,

Note that if 7 € [, then 1Y — = 0, and the sum on the right-hand side vanishes, so
we may drop the restriction “good ¢ in the last expression for L(E, T), i.e.,

—log L(E, T) = Z% P IR RCAES L))

n>1 tel, xek,
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Now applying Lemma 4.2 part (1), we get that

Yo M@+ =n="" > Ylawh, (¥ +u)

tefF, xel, xel, uek, aek,Nk,

= Z S[Fn()‘[Fn’W[Fn,a)-

ael,NF,
Therefore, we have proved, as desired, that
Tl’l
—logL(E.T)=) "= ) Si,(h5,. ¥F,)- O
n>1 ael,NF,

Lemma 4.4. As Taylor seriesin T,

—log [] (1-G@m(0))™G(ms(0))T")

0€0”
_ Z s Z ZG[Fn(X[F,L,z,W[Fn,cx)G[Fn(X[l%n,S’Wnﬂ)‘

6,9
n

n>1 eF,NF, ie{l,2
/M =1 (mod 6) ek, i€{l,2}

Proof. To lighten the notation, we write w(0) := G (3 (0))™9 G (13(0)) for any
0 € 0/ ,- By identity (4-3), we have

—log 1_[ (l—w(o)T“’l):Z%n Z |0|a)(0)n/|0|.

x > x
oeor,(),q n>1 0607,6,4

lo| divides n

Write [F, for F,0l, the extension of F, of degree |o|. Pick a representative (i, o) € o.
By definition, we have G(m3(0)) = Gy, ( X[Iﬁ,ﬁ’ Y¥F,.«) and the Hasse-Davenport
relation (Section 3.4) yields that

G (m3(0)"! = G5, (x{ 3. VF,0)-
Similarly, using the definition and the Hasse—Davenport relation, we have
G (m2(0)" " = G, (xz,.2. WF,0)-

Note that |o| divides n if and only if * =1 (mod 6) and « € [,,. Thus,

—log [] (1-w()T")

0€0
= Z r Z ZG[F,,(X[Fn,L‘/f[Fn,a)GFn(Xfénﬁ’Wna“)'

r6,q
n

n=1 F.NF, i€{l,2
r=1 (mod 6) @€hnlWq IE{ ’ }

This completes the proof of the lemma. (]
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Proof of Theorem 4.1. According to Lemma 4.3,
T}’l
—logL(E.T)=) ) S0, VF0).
n>1 aelk,NF,
and part (2) of Lemma 4.2 says that
St (AF,» ¥F,.0)
0 if |F,| =7r" =2 (mod 3),
Y ictizy G5, O, 2 Ve, @) GE, (X 30 W,a) if [Ful =" =1 (mod 3).
Noting that ¥ =1 (mod 3) if and only if 7" =1 (mod 6), we have
" i
—logL(E. T)=Y_ . Y G (2 V) GE, (X, 30 VEa)-

nx1 elF,NF, ie{l,2
=1 (mod 6) aek,NFy i€{l,2}

By Lemma 4.4, the expression on the right-hand side is

—log [] (1=G(ma(0))™ G (300 T""). O

X
s O,_,G_q

5. Auxiliary curves

In this section, we record some well-known facts about the geometry of certain
curves to be used in the sequel.

5.1. Cohomology. Throughout this section and the next, we denote by H"(—) any
rational Weil cohomology theory (with coefficients in an algebraically closed field)
for varieties over F,, for example £-adic cohomology H" (—xF, F,, Q) or crystalline
cohomology H"(—/W) ®w,) @p- (See, for example, [Kleiman 1968].) Among
other things, these groups admit a functorial action of the geometric Frobenius Fr,.

Here is a well-known lemma about characteristic polynomials in induced repre-
sentations. See [Gordon 1979, Lemma 1.1] or [Ulmer 2007, Lemma 2.2] for a proof.

Lemma 5.1.1. Let V be a finite-dimensional vector space with subspaces W;
indexed by i € Z/mZ such that V. = ®;cz/mzW;. Let ¢ : V. — V be a linear
transformation such that ¢ (W;) C Wiy foralli € Z/mZ. Then

det(1 —@¢T|V) =det(1 — " T"|Wp).
5.2. An elliptic curve. We have already introduced the elliptic curve
Ey: wr=7"+1

over [F,. The displayed equation defines a smooth affine curve, and there is a unique
point at infinity on Ep which we denote by O € Ej.
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The curve Eq carries an action of ug via £ (z, w) = (¢%z, £3w). The character
group of g is Z/6Z. 1t is well known that H '(Ey) has dimension 2, and that under
the action of ug, it decomposes as the direct sum of two lines corresponding to the
subspaces where ¢ € i acts by ¢ and ¢! (i.e., corresponding to the characters
indexed by +1 € Z/67):

(5-1) H'(Ep) = H'(Eo)V @ H' (Ep)™".

Also, powers of Fr, act on the two subspaces as (r) actson {1} = (Z/62)* CZ/6Z.
More explicitly, if » = 1 (mod 6), so that (r) has two orbits on (Z/6Z7)*, then
Fr, preserves the two subspaces, and the corresponding eigenvalues are

TAW) = Jr, (X 6 x5 ) and  T{=10) = J5, (x¢ 6 XE,.6)-

where the Jacobi sums are as defined in (3-7).
If r =5 (mod 6), so that (r) has a unique orbit on (Z/67Z)*, then Fr, exchanges
the two subspaces, and the eigenvalues of Frf are both

JAL =1 = Jr, (45 2 6 Xe 2 6) = Te2 OF L 60 X 0.6)-
Finally, applying Lemma 5.1.1, we find that

det(1—TFr, | H'(Ep)) = [[ (1= J(@)T'"D.

0€N,6

We remark that this result and the values of ord(J (0)) recorded in Section 3.10
are compatible with the well-known fact that Ey is ordinary if p =1 (mod 6) and
supersingular if p = —1 (mod 6).

5.3. Artin—Schreier curves. For a positive integer n relatively prime to p, let C, 4
be the smooth projective curve over [, defined by the equation

Cpg:u"=1t7—1.

(We also use the equation w" = z% — z when more than one instance of C, 4 is
under discussion. Only n = 2, 3, 6 will be used later in this paper.) The displayed
equation defines a smooth affine curve, and there is a unique point at infinity on
Cy,q which we denote by co € Cyy 4.

The curve C, , carries natural actions of w, via ¢(t, u) = (¢, {u), and of [, via
a(t,u) = (t +ca,u). (In fact, it carries an action of the larger group Fy X i, —1),
where ¢ € ppg—1) acts via £ (¢, u) = (¢"t, ¢u). In this section and the next, we will
only need the action of the subgroup ., x [,. The action of the larger group will be
useful in Section 10.) The character group of w, x [, is isomorphic to Z/nZ x F,.

The cohomology group H 1 (Cp,q) has dimension (¢ — 1)(n — 1), and under the
action of w, x [y, it decomposes into lines where u, and [F, act through their
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nontrivial characters. (This is proven for ¢ = p in [Katz 1981, Corollary 2.2],
and the arguments there generalize straightforwardly to the case ¢ = p/.) In
particular, the subspace of H!(C, n,q) Where , acts via a given nontrivial character
has dimension ¢ — 1, and the subspace where [, acts via a given nontrivial character
has dimension n — 1.

Recall from Section 3.7 that § = S, , := (Z/nZ ~ {0}) x [F;I< and that O, , 4
denotes the set of orbits of the action of (r) on S. We index the characters of 1, x [,
(with values in the coefficient field of our cohomology theory) that are nontrivial on
both factors by S. The subspace of H ! (Cn,q) where u, x [, acts via the character
indexed by (i, @) will be denoted by H ! (C,l,q)(i’“). We thus obtain a direct sum
decomposition of H ! (Cy,¢) into lines as follows:

(5-2) H'(Cog)= @ H'(Crg)™™.

(i,Ol)GSn_q

Katz [1981, Corollary 2.2] further gave a description of the action of Frobenius on

the cohomology H'! (Cy,¢): the Frobenius Fr, sends the subspace indexed by (i, o)

to the subspace indexed by (ri, «'/"). If 0 € Oy.n,4 18 the orbit through (i, ), then
lo]

the |o|-th iterate Fr,” stabilizes the subspace H 1 (Cn,q)(i"") (which is a line) and the
eigenvalue of Frlro| on H'! (C,,,q)(i’“) is the Gauss sum

G(0) == Gr(xi . V).

where F = F,. (Again, Katz treated the case ¢ = p, but the generalization is
straightforward.)
Applying Lemma 5.1.1, we have

det(l1 — T Fr, | Hl(Cn’q)) = 1_[ (1 —G(o)T".

0€0; 4

We remark that this result together with the values of ord(G (o)) recorded in
Section 3.8 are compatible with the well-known fact that C; ; is supersingular, and
they show that C3 4 is supersingular when p = —1 (mod 6) and neither supersingular
nor ordinary if p =1 (mod 6). (In this last case, the slopes are % and %, both with
multiplicity ¢ — 1, cf. [Pries and Ulmer 2016, §8.3].)

5.4. Fermat curves. For a positive integer d prime to p, let F; be the Fermat curve
of degree d over [F,. This is by definition the smooth, projective curve in P? given
by the homogeneous equation

Fp:X¢+x{+x4=0.

The genus of F;is (d —1)(d —2)/2, so H'(F,) has dimension (d — 1)(d —2). The
curve F,; carries an action of (ug)> /tq where the three copies of py in the numerator
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act by multiplication on the three coordinates, and the diagonally embedded 14
acts trivially. Under the action of this group, H'(F;) decomposes into lines on
which each of the factors @4 acts nontrivially and the diagonally embedded w4 acts
trivially. There are (d — 1)(d — 2) such characters. The action of Frobenius on
H'(F,;) is given by Jacobi sums. Since we will not need the cohomology of F,
later in the paper, we omit the details.

6. Domination by a product of curves

In this section we define the Weierstrass and Néron models VW and £ of E and
relate them to products of curves. Throughout, unless explicitly indicated otherwise
by the notation, products of varieties are over F, (i.e., x means Xf,).

Our ultimate aim is to compute the relevant part of the cohomology of a model
£ of E by showing that £ is birational to the quotient of a product of curves by a
finite group.

6.1. Models. Let VW — P[lF, be the Weierstrass model of E over K, i.e., the surface
fibered over P! whose fibers are the plane cubic reductions of E at the places of K.
More precisely, let

5 ifg =1 (mod 6),

6
H ifg =5 (mod 6),

d =deg(wg) = [q/6] =

and define W by gluing the surfaces

Y= x (=0 C P, Al
and
y/ZZ/ — x/3 + (t/6dfq _ t/6d71)zl3 C P%’,y’,z’ % Atl’

via the map ([x’, y', 2’1, ') = ([x/1??, y/t3¢, z], 1/1). Then W is an irreducible,
normal, projective surface, and projection onto the ¢ and ¢’ coordinates defines a
morphism W — P! whose generic fiber is E.

When ¢ = 5 (mod 6), W is a regular surface (i.e., is smooth over [F,), and
we define £ = W. When ¢ = 1 (mod 6), W has a singularity at the point
(x", ¥y, Z'1,t) = ([0, 0, 1], 0) and is regular elsewhere. In this case, we define
£ as the minimal desingularization of WW. (The desingularization introduces eight
new components.)

The reduction types of £ at closed points of P! (i.e., at places of K) were recorded
in Section 2.2.

6.2. Sextic twists. We saw above that E becomes isomorphic to a constant curve
after extension of K to L = K[u]/ Wb =11 —1). Geometrically, this means that £
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is birational to a quotient of Ey x Cg 4. In this subsection, we make this statement
more explicit and deduce a cohomological consequence.
Let ue act on Ep x Cg , “antidiagonally,” i.e., via

Cow, tu) =z, Cw, b, ¢ ).
Define a rational map Eg x Cg 4-->WV by
(2w, t,u) = (Ix, y, 2], 1) = ([zu?, wu, 1], 0).

It is obvious that this map factors through the quotient S := (Eg x C¢ 4)/ 46 and so
we have a commutative diagram

S——— W
Co.4/ 106 =—— P!

where the bottom horizontal arrow is the canonical isomorphism Cg , /it6 = P! and
the left vertical arrow is induced by the projection onto Cg 4.

Now let S — & be a blow- -up so that S is smooth and S--»W induces a morphism
S — £. (This can be made completely explicit in terms of the fixed points of the
action of e and the formula for the rational map Eg x Cg 4-->W, but the details
will not be important for our analysis.) The diagram above then extends to

Cé,q/ 6 =——

The following encapsulates all we need to know about the geometry of S—E.

Proposition 6.2.1. (1) The strict transform of (O x Ce 4)/ 16 in S maps to the
zero section of £.

(2) The strict transform of (Eg X 00)/ g in S maps to a fiber of £ — P1.

(3) Every component of the exceptional divisor of S—>S maps into a fiber of
£—PL

Proof. The first two points are obvious from the formula defining Eo x Cg ,--»W .
The third point follows by examining the outer rectangle of the last displayed
diagram. Indeed, if D is a component of the exceptional divisor of S — &, then D
lies over a single point of Cg /e = P! and thus maps to a fiber of £ — P!. O
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Let T C H?(E) be the subspace spanned by the classes of the zero section and
components of fibers of & — P!. This is the subspace Shioda [1992] calls the
“trivial lattice”.

Corollary 6.2.2. There is a canonical isomorphism

H*(€)/T = (H'(Eo) ® H' (Co.0)".
Here the exponent |ig indicates the subspace invariant under the antidiagonal action
of We.

Proof. The dominant morphism & — & induces a surjection H*(S) — H2(E).
Using the Kiinneth formula, taking invariants, and using the blow-up formula, we
obtain a canonical isomorphism

H*(S)=H*(S)®B=H?(EyxCs4/116)®B =H*(Egx Ce.4)" ®B
=(H' (E))®H " (C6.9))" ®(H (E))®H*(Ce,))®(H*(E)®H(Ce ;) ®B

where B denotes the subspace spanned by the classes of components of the excep-
tional divisor of & — S.

The proposition shows that H(Eo) ® H*(Ce 4), H*(Eo) ® H’(Cs ), and B
all map to 7. Thus we have a well-defined and canonical surjection

(H'(Eo) ® H' (Co.0))1e — H*(E)/T.

To finish, we compare dimensions. We recalled in Section 5 that ug acts on
H'(Ey) through the characters ¢ — ¢ +1 each with multiplicity one (see (5-1)).
Similarly, ue acts on H ! (Cé,q) through characters ¢ +— ¢! withi 0 (mod 6), each
with multiplicity g — 1 (see (5-2)). Thus

dim(H' (Ep) ® H'(Ce.4))"e =2(q — 1).

On the other hand, the Grothendieck—Ogg—Shafarevich formula says that the
quotient H%(£)/T has dimension deg(Ng) — 4 where NV denotes the conductor
of E. We noted above that deg(Ng) =2(g+1), so HZ(S)/ T has dimension 2(g —1).
Therefore the surjection

(H'(Eo) ® H'(Co.))*® — H*(E)/T
is in fact a bijection. U

6.3. Artin—Schreier quotients. In this subsection, we show that £ is birational to
a quotient of a product of Artin—Schreier curves, in the style of [Pries and Ulmer
2016]. Let

C=C2,q:w%=z’f—zl and D=C3,q:w§=zg—22.
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Write co¢ and oop for the points at infinity on C and D, respectively. Let [, act
on C x D “diagonally,” i.e., via a(z1, wy, 22, w2) = (21 + o, wy, 22 + @, wy). Itis
easily seen that the sole fixed point of this action is (co¢, 00p).

Define a rational map C x D——+I]3’t1 by (z1, w1, 22, w2) >t = 21 — 22, and a
rational map C x D--»W by

(z1, wi, 22, w2) = ([x, ¥, 2], 1) = ([wz, wy, 1], z1 — z2).

Both of these maps are morphisms away from (oco¢, cop), and they clearly factor
through the quotient (C x D)/F,,.

Proposition 6.3.1. There is a proper birational morphism 8’ — C x D resolving the
indeterminacy of C x D--+W such that the components of the exceptional divisor
of 8" — C x D map either to the fiber of VW over t = 00 or to the zero section of W.

Proof. The proof of [Pries and Ulmer 2016, Proposition 3.1.5] gives an explicit
recipe for a morphism S’ — C x D resolving the indeterminacy of C x D--»P}. It
is a sequence of four blow-ups of closed points. Straightforward calculation, which
we omit, shows that the induced map S’ — C x D--»W is in fact a morphism, and
that it behaves as stated in the proposition on the components of the exceptional
divisor. Indeed, the first three blow-ups map to the fiber over t = co and the last
maps to the zero section. U

The diagonal action of [, on C x D lifts uniquely to S” and fixes the exceptional
divisor pointwise. It is clear that the morphism &’ — W factors through the quotient
S'/F,, so we have the following commutative diagram:

S [Fy —— W
P P

Now let & — &’ /F4 be a proper birational morphism so that S is a smooth
projective surface and the induced rational map S--+& is a morphism. The diagram

above then extends to -
S—

S’l[Fq —
|
P!

The following summarizes the relevant aspects of the geometry of this picture.

T S
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Proposition 6.3.2. (1) The strict transforms of co¢ X D and C X oop in S map to
the fiber of € — P! over t = .

(2) The strict transforms in S of the images in S'/F, of the components of the
exceptional fiber of S — C x D map to the fiber of € — P! over t = 0o or to
the zero section of £.

(3) Every clomponent of the exceptional divisor of S—>8 /Fq4 maps to a fiber of
E—PL

Proof. The first point is obvious from the formula defining C x D--+W. The second
point follows from the previous proposition. The third point follows by examining
the last displayed diagram. Indeed, if D is a component of the exceptional divisor of
S— S/, then D lies over a single point of P! and so maps to a fiber of € — P!. O

Corollary 6.3.3. Let T C H*(E) be the trivial lattice, i.e., the subspace spanned
by the classes of the zero section and components of fibers of £ — P'. There is a
canonical isomorphism

H*@&)/T=(H' O @ H' (D).
The exponent [, indicates the subspace invariant under the diagonal action of .

Proof. The proof is completely parallel to that of Corollary 6.2.2, so we just sketch
the argument. The dominant morphism S — & induces a surjection H 2 (g Y — H%(E).
Using the Kiinneth formula, taking invariants, using the blow-up formula, and
applying the proposition, we obtain a canonical surjection

(H'©)® H (D))" — H*()/T.

We conclude by using Section 5 and the proof of Corollary 6.2.2 to check that
H?(&)/T and (H'(C)® H' (D))% both have dimension 2(g—1). Thus the displayed
surjection is a bijection. O

6.4. Fermat quotients. The surfaces YV and £ have affine open subsets defined by
an equation with four monomials in three variables, namely,

y=x3 11—t

In Shioda’s terminology, these are “Delsarte surfaces.” This allows one to show that
(over a sufficiently large ground field) £ is birational to a quotient of a Fermat surface
by a finite group. The Fermat surface is itself birational to the quotient of a product
of two Fermat curves by a finite group. Thus we arrive at a birational presentation
of £ as a quotient of a product of Fermat curves. It turns out that this presentation
factors through the sextic twist presentation given in Section 6.2, in a sense to be
explained below. Thus, the Fermat quotient presentation does not give essential
new information, and we will only sketch the main points, omitting most details.
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Let d = 6g — 6. Applying the method of Shioda (see [Shioda 1986] and [Ulmer
2007, §6] or [Ulmer 2011, Lecture 2, §10]) yields a dominant rational map from Ff
to £. Explicitly, take two copies of F; with homogeneous coordinates [ X, X1, X»]
and [Yyp, Y1, Y2], and assume that [F, is large enough to contain a primitive 2d-th
root of unity €. Consider the rational map ¢ : F dz——+5 given by

([Xo, X1, X21, [Yo, Y1, V2D = (x, ¥, 1)
2g—2 +,29—2+,2
_ <€2X1q Yo" Yy s,

22 2g 3g-3 3q
X2 Y2 X2 Y2

3¢—3 v,39—3y3 6
RN G )
’ 6 N

Y2

Then it is not hard to check that ¢ is dominant of generic degree d> and that it
induces a birational isomorphism Fj /G--+& where G C (ufi /1q)? is the group
generated by

(AL, 1,¢L 08 1,1, (1¢%, ¢ 10,11, 1,1]), and ([, ¢% 10,1, 2970, 1)),

where ¢ = €2 is a primitive d-th root of unity in [F,.

Analyzing the geometry of ¢ would allow us to show that H2(£)/ T is isomorphic
to a certain subspace of H 2(F j). We omit the details, because, as we explain next,
¢ factors through the rational map Eo x Cg ,--+)V given in Section 6.2.

Indeed, consider the morphism t; : F; — Eg given by

Xl 242 EXO 3¢-3
[Xo, X1, X2l (z,w) = ((X_2> , (X_2> )

and the morphism 1; : F; — Cg 4 given by

Yo ¥ Vil s (1) (<6Y1)6 eyg—lyl)
’ ) = ,u) = ~ s g ]
0 1 2 Y2 Y2q

Then it is straightforward to check that the diagram

s
e
T XT2 7
e

Eo X C6,q

2

commutes, where the right diagonal rational map is that given in Section 6.2. This
implies that H%(£)/T already appears in the cohomology of Eq x Cé,4» and that,
moreover, the relevant map is defined without requiring an extension of [,. We will
thus omit any further consideration of Fermat curves.
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7. Geometric calculation of the L-function

In this section, we use the presentation of £ as a quotient of a product of curves to
give another calculation of L(E, s) via the cohomological formula for it proved in
[Shioda 1992]. As in the previous section, let T C H 2(&) be the subspace spanned
by the classes of the zero section and all components of all fibers of £ — P!, Shioda
proved that

L(E,s)=det(1 —Fr, r—* | H*(£)/T).

7.1. Via sextic twists. Recall from Section 3.7 that (r) actson $* = (Z/6Z7)* x [qu,
the set of orbits being denoted 056’ 4+ AAs in Section 3.10, let N;.¢ denote the set

of orbits of (r) on (Z/67)*, and let pg : 02‘6’ g~ Nro be the map induced by the
projection (Z/67)* x [Fj; — (Z/6Z)*. Define

o]
|ps(0)]
Note that ng(0) is either |o| (if r = 1 (mod 6)) or |o|/2 (if r = —1 (mod 6)). To

each orbit 0 € 0;6’ g Ve attach the Jacobi sum J (pg(0)) (see (3-7)) and the Gauss
sum G (0) (see (3-6)).

ne(o) =

Theorem 7.2. L(E,s)= l_[ (1— J(p6(0))ﬂ6(0)G(0)r—s|0|)'

x
0€0, ,

Proof. By Corollary 6.2.2, we know that
H*(&)/T = (H'(Eo) ® H'(Co )™,

where ¢ acts antidiagonally. Combining (5-1) and (5-2), the right-hand side
decomposes as the direct sum

P H'(E)Y @ H'(Ceq) ",

(i,a)eS*

where the summands are one-dimensional. If 0 € O/ 0 then the subspace

P H'ENY @ H' (Co )"

(i,a)eo

is preserved by the r-power Frobenius Fr,, and by what was recalled in Sections 5.2
and 5.3, the eigenvalue of Frl’' on H!(Eg)® ® H'(Cg4) % is J (p6(0))"* G (0).
By Lemma 5.1.1, the characteristic polynomial of Fr, » ~*/°! on the displayed sub-
space is (1 — J(pg ()" G (0)r—sloly. Taking the product over all orbits yields the
theorem. ([l
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7.3. Via Artin—Schreier quotients. Let (r) acton S* = (Z/nZ)* x [F; with orbits

Orfn’q, as in Section 3.7. For n = 2, 3, the natural projection (Z/6Z2)* — (Z/nZ)*
induces a map 7, : 0:6, g > O 4 Recall that we write
my(0) = o] .
|7r2(0)]
(There is no need for an analogous m3(0) since |m3(0)| = |o| for all o € 0r>,<6, q.)

To each orbit 0 € Orf(), g We associate Gauss sums G (m;(0)) and G (w3(0)) (see
Section 3.8).

Theorem 7.4. L(E,s)= l_[ a- G(7'[2(0))’"2(")G(ng(o))r_sl"l),

X
oeor_e,q

Proof. By Corollary 6.3.3, we have
H*@&)/T = (H'(Co,) ® H'(C3,0)™,

where [, acts diagonally. Using (5-2) twice, we get a direct sum decomposition of
the right-hand side:

@ Hl(CZ,q)(i m0d2,oz) ® HI(C3,q)(i mod3,—a)’
(i,a)eS*

where all the summands are one-dimensional. For any orbit o € O pr the subspace

@ H! (szq)(i mod2.@) o prl (C3’q)(i mod 3,—a)

(i,a)eo

is preserved by the r-power Frobenius. The results recalled in Section 5.3 show that
the eigenvalue of Frl¢! acting on the line H' (Cz,q)(i mod2,e) & 1 (C3,q)(" mod3,—a)
is G(2(0))™ @G (3(0)). (Here we use that G[F(X[é,y Y_y) = G[F(X[Ey V), a
consequence of the fact that —1 is a cube in any finite field F.) Lemma 5.1.1 now
implies that the characteristic polynomial of Fr, »~*!°l on the displayed subspace is
(1 — G(m2(0))™*) G (3 (0))r ). Taking the product over orbits then yields the
theorem. ([

7.5. Comparison of L-functions. As a check, we verify that the three expressions
for L(E, s) are in fact equal.

The “Artin—Schreier” expression for the L-function in Theorem 7.4 is visibly
equal to the “elementary” expression in Theorem 4.1.

The index sets for the products in the “Artin—Schreier” and “sextic twist” ex-
pressions for the L-function (Theorems 7.4 and 7.2, respectively) are the same,
namely, O .. If 0 € O, is the orbit through (i, @), let o be the orbit through

(—i, o). The map o +— o’ gives a bijection 0r>f6,q — O;},’q with ng(0) = ne(0’).
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Leto € OrX6 g and choose (i, o) € 0. Write F =F, 01, F'=F, im0, and F" =F,.ip5011,
so that /[ is an extension of degree m,(0), and [F/F” is an extension of degree
ne(0). Then

G (2(0))" G (13(0))

=Gy (X o V)™ GE (X 3. V) (definition of G (7, (0))
= G[F(X[lﬁz, Vo) GE( X[’gﬁ, Vo) (Hasse—Davenport relation)
= Jr(Xf 20 Xt 3)GE(Xf 2 XE 30 W) (equation (3-4))

= J[F”(X[éug’ X[]l;/’j)nﬁ(U)Gﬂ:(Xﬂl;,ZXﬂl;,?)’ ¥y) (Hasse—Davenport relation)

= J(p6(0")" ) G (x{ 1 xf 3 W) (definition of J (ps(0"))
and ne(0) = ne(0"))

= J(p6(0))" " GE (x5 V) 243 =—1 (mod 6))

= J(p(0")"”) G (o) (definition of G(0')).

Thus the o factor in the “Artin—Schreier” product for L(E, s) equals the o’ factor
in the “sextic twist” product for L(E, s).

8. First application of the BSD conjecture

In this section, we show that the conjecture of Birch and Swinnerton-Dyer (BSD)
holds for E, and we deduce consequences for the Mordell-Weil group E(K).

8.1. Notation and definitions. We recall the remaining definitions needed to state
our BSD result. There is a canonical Z-bilinear pairing

(-, ) E(K)xE(K)— Q

which is nondegenerate modulo torsion. (This is the canonical Néron—Tate height
pairing divided by logr. See [Néron 1965] for the definition and [Hindry and
Silverman 2000, B.5] for a friendly introduction.) Choosing a Z-basis Py, ..., Pg
for E(K) modulo torsion, we define the regulator of E as

Reg(E) := |det(F;, Pj)lsi,j§R|-

The regulator is a positive rational number, well defined independently of the choice
of bases, and by convention, it is 1 when the rank of E(K) is 0.

We write H!(K, E) for the étale cohomology of K with coefficients in E and
similarly for H'(K,, E) for any place v of K. The Tate—Shafarevich group of E is



622 RICHARD GRIFFON AND DOUGLAS ULMER

defined as
II(E) := ker(Hl(K, E) —> ]—[ HY(K,, E)),

where the product is over the places of K and the map is the product of the restriction
maps.

The leading coefficient of the L-function (also called its special value at s =1
or T =r~") is defined by

L*(E)-—i<i)pL(E T) -1 i(i>pL(E )
= o\ar " T Qogrye pt\ds -

where p is the order of vanishing p :=ord;—; L(E, s). The point of the normaliza-
tion by (logr)~* is to ensure that L*(FE) is a rational number (recall indeed that
L(E, s) is a polynomial with integral coefficients in 7 = r*). Note that the above
definition directly implies the two relations

L(E,T)
(1—rT)P

s=1

L(E,
and  L*(E) = lim 2 E:%)

L*(E) = —_—
( ) _— s 1 (1 _rl—s)p

We refer to Section 2.1 for the definition of the local Tamagawa numbers c,.
Here is our main result connecting all these invariants.

Theorem 8.2. The BSD conjecture holds for E. More precisely,
(1) ordg—; L(E,s) =Rank E(K),

(2) II(E) is finite,

(3) we have an equality
Reg(E) |TII(E)| [T,
rdee@e) =1 E (K )ors|*

Proof. This follows from the fact (see Sections 6.2 and 6.3) that the Néron model

of E is dominated by a product of curves, and earlier work of Tate [1966] and
Milne [1975]. See [Ulmer 2011, Theorem 9.1] for more details. O

As we have shown, the L-function L(E, s) is a polynomial of degree 2(q — 1)
in r . In particular, p = ord;—; L(E, s) cannot exceed 2(¢g — 1). By part (1) of the
BSD result, this proves that 0 < Rank E(K) < 2(q — 1). In what follows, we will
describe more precisely the value of Rank E(K), depending on p mod 6.

We proved in Proposition 2.4 that |E(K )rs| = 1 and that [ ], ¢, = 1, and we
noted in Section 2.2 that deg(wg) = [¢/6]. Thus the BSD formula simplifies to

Reg(E) [III(E)|
1 1q/6]

L*(E) =

(8-1) L*(E) =

In the rest of this section, we will deduce consequences from part (1) of the
theorem, and in the following section we will use parts (2) and (3).
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8.3. Explicit L-function for p =1 (mod 6). Recall that we have shown that

LET)= [] (1-Gm(0)™Gwso)T'),

X
o€ 0r<6,q

where we substitute T for r —°. We will make this more explicit using results from
Section 3.5.

First, note that when p = 1 (mod 6), the action of {r) on (Z/6Z)* is trivial, so
an orbit o € 0;6, g consists of pairs (i, ) where i € (Z/6Z)* is constant and « € [Fj;
runs through an orbit 0 € O, (recall that O, , denotes the set of orbits of the action

of (r) on [qu). In particular, we have |7, (0)| = |o| so that m;(0) = 1.
X

For a given orbit 0 € O, 4, let us consider the two orbits in O, ¢ o

o={l,a):a€o0} and o ={(-1,a):aco},

“lying over 0” and the two corresponding factors in the product for the L-function.
Set F = F, () and note that [F is an extension of F, = [ of degree |o| = |0| = |o].
By definition we have
(8-2) (1-G(m2(0))G (w3 (o) T") (1-G (m2(0)) G (w3 (N T
= (1=Gr(xr.2. Ya) G (XF.3: V) T')) (1= G (x5 2. o) GE (X 3. V) T
= L(—,(T).

Since |F| = p"!, it follows from (3-1) that

ord(Gr(xr 2, Ya)) = 3vlol.

On the other hand, (3-2) yields that

ord(Gg(xF 3. Vo)) = 3vlo| and  ord(Ge(x; 3. Ya)) = vlol.

In particular, the inverse roots of the product L;(7") have valuation %v and %v. We
deduce that T = r~, which satisfies ord(r —!) = —v, cannot be a root of L;(T).

Since this holds for any orbit 0 € O, , and since L(E, T) = H&eo,,q Ls(T), we
obtain that L(E, T') does not vanish at T = r~!. This establishes the first two points
of the following result.

Proposition 8.3.1. Assume that p =1 (mod 6).

(1) The inverse roots on the right-hand side of (8-2) have valuations %v and %v.

(2) ords—; L(E, s) = 0.
(3) E(K) =0.
(4) Reg(E) = 1.



624 RICHARD GRIFFON AND DOUGLAS ULMER

Proof. Points (1) and (2) follow immediately from the above discussion. It then
follows from our BSD result (Theorem 8.2) that Rank E(K) = 0 so that E(K) is
torsion. But we showed in Proposition 2.4 that E (K )s =0, so E(K) = 0. Finally,
since E(K) has rank 0, the regulator is 1. U

We remark that point (1) of the proposition leads to another proof of BSD in this
case. Indeed, the inequality 0 < Rank E(K) < ord,—; L(E, s) is known in general
(see [Tate 1966])), so if ord;—; L(E, s) =0, then Rank E(K) =ord;—; L(E, s) =0,
and this equality between algebraic and analytic ranks implies the rest of the BSD
conjecture (by the main result of [Kato and Trihan 2003]).

8.4. Explicit L-function for p=—1 (mod 6). As in the preceding subsection, we
start from the expression

LEET)= [] (1-Gm0)™Gs)T'"),
060r6q

which we make more explicit, in the case when p = —1 (mod 6), using results
from Section 3.5.

Leto e 0X be an orbit, pick (i, @) € 0 and write F = [F,o. If my(0) =1 then,
by definition of the Gauss sums, we have

(1= G(m2(0)™ G (30N T"") = (1 = Gr(xr.2, V) Gr(Xf 3. V) T').

On the other hand, if m2(0) =2 (i.e., if |o| = 2|m2(0)]), setting F' = F, («) = F,iny 01
(which is a quadratic extension of ), the Hasse—Davenport relation yields

G (12(0)™ = G (xp .2, Ya)* = GF(XF.2, Ya)-

Thus, in both cases, we can rewrite the factor of L(E, T') indexed by o € Or 6,4 &

(1= G(m2(0)™ G (3(0) T = (1 — Ge(xr .2, Ya)Gr(XLE 3. W) T'),

where [ =T, and (i, ) € 0. Now using (3-1) and (3-3) and recalling that F, = v,
we remark that

Gr(x.2 Vo) GE(XE 30 Vo) = P12 xS (@) (= p) V2 = €,r1,
where ¢, is a sixth root of unity, namely,
(8-3) €o = (—1)PTIPIy (a).

Note that, p being odd and v|o| being even, the exponent (p + 1)v|o|/4 of —1 is
an integer. Therefore, for any orbit o € Or 6.9° the factor of L(E, T') indexed by o
can be rewritten as

(8-4) (1 — G(m2(0))™ G (m3(0)) TNy = (1 — €,r1°' TN,

We can now prove the following result, analogous to Proposition 8.3.1.
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Proposition 8.4.1. Assume that p = —1 (mod 6). Let

P =Prg =
|{0 € 0:’(6’(1 :(p+Dvlo| =0 (mod 8) and « is a cube in T, for any (i,a) EOH.
Then

(1) ords—1 L(E, s) = p.
(2) E(K) is free abelian of rank p.

(3) Fora given q, Rank E(K) =2(q — 1) for [, sufficiently large. More precisely,
if r = pYisapowerofq, (p+1)v=0 (mod8), and3(qg—1)|(r —1), then

Rank E(K) =2(g — 1).

(4) Fora given r, Rank E(K) is unbounded as q varies. Indeed, for every € > 0,
ifqg = p! and f is a sufficiently large multiple of 4, then
Rank E(K) > 2(1 —€)p’ /f.

Proof. By our formula for L(E, s) and (8-4), the order of vanishing of L(E, s) at
s = 1 equals the number of orbits 0 € O;.¢ , such that G(2(0))™© G (r3(0)) =r7,
i.e., the number of orbits such that €, = 1. Part (1) then follows easily from (8-3).
For (2), it follows from the BSD theorem (Theorem 8.2) that Rank £ (K) = p, and
we showed in Proposition 2.4 that E (K )5 = 0, so that E(K) is indeed free abelian
of rank p. The conditions in (3) guarantee that all orbits o have size 1 and satisfy
€, = 1. In this case, there are 2(q — 1) orbits, all contributing to p, and this yields
the claim. (Under these assumptions, the L-function of E therefore admits a very
simple expression: L(E,s) = (1 — rl=)2@=D),

To prove (4), we first note that it suffices to treat the case r = p, i.e., v = 1. Next,
we note that “most” elements o € [Fp s satisfy F, (o) = [Fp r. Indeed, it is elementary
that the number of elements in [Fp ¢ that do not lie in a smaller field is at least
p! — (log, f)p//% 1t follows that for every € > 0, there is a constant fy such that

Mo € Fpr | Fp(@) =Fpr}l > (1—e)p’

for all f > fy. On the other hand, at least %( p! —1) elements of [F;;f are cubes.
Thus, if € < % then for all sufficiently large f, the number of elements of [, that are
cubes and that generate [,/ is at least (% — e) p/ If f is even and o has these prop-
erties, then the orbit through (7, o) has size f, and if f is a multiple of 4, then these
orbits all contribute to p. This shows that for f divisible by 4 and sufficiently large,
o is bounded below by 2(1 — €) p/ /£, and this completes the proof of part (4). O

We note that although the rank is always unbounded for varying ¢, it does not
go to infinity with ¢ = p/, i.e., the rank of E(K) may be small even when f is
large. For example, when p =5 (mod 12) and v = 1, it follows from part (1) of
the proposition that the rank is O for all odd f.
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9. p-adic size of L*(E) and I11(E)

The special value L*(E) was defined in the previous section. Since L(E, T) is a
polynomial in 7 with integer coefficients, L*(E) actually lies in Z[1/p]. In this
section, we use the explicit presentation of the L-function in terms of exponential
sums to estimate the p-adic valuation of L*(E), and then use the BSD formula to
deduce consequences for Reg(FE) |LII(E)|.

Recall from Section 3.1 that we fixed a prime ideal 3 of Z that lies over p. As
before, we denote by ord the p-adic valuation of @ associated to 93 normalized so
that ord(p) = 1.

Proposition 9.1. Given data p, q and r = p" as before, we have:
(1) If p=1 (mod 6),
q —
6
(2) If p=—1 (mod 6), then L*(E) is an integer, so ord(L*(E)) > 0.

(3) If p = —1 (mod 6) and r is sufficiently large (in the sense of part (3) of
Proposition 8.4.1), L*(E) = 1.

ord(L*(E)) = —

V.

Proof. First assume that p =1 (mod 6). As we saw in Section 8.3, L*(FE) is simply
the value of L(E, T) at T = r~!. We further showed that L(E, T) is the product
over orbits o of (r) acting on [F; of factors of the form

(1= T")(A = pT",

where ord(y;) = %v|5| and ord(y») = %v|5|. (See Proposition 8.3.1 (1) and the dis-
cussion above that result.) Substituting 7 =r~! = p~", we see that the contribution
to ord L*(E) from the pair of factors associated to o has valuation —%v|6|. Taking
the product over all orbits shows that
v|o| _(g=Dv l)v
ord(L*(E) = ), —= o~ =—¢ = jal= :

0€0, 4 oe Orq

and this establishes part (1) of the proposition.

Now assume that p = —1 (mod 6). In Section 8.4, we showed that L(E, T) is
the product over orbits 0 € )¢ , of factors of the form (1 — e,r1°1T1°ly where €, is
a sixth root of unity. If €, #~ 1, then the contribution of this factor to the special
value is (1 —¢,), an algebraic integer. If €, = 1, then the contribution is

1 — plolTlol
(1—) =(+rT+---+ T = ol,
_rT T=r—1 T=r-!1

an integer. This shows that L*(E) is an algebraic integer, and since it also lies in
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Z[1/p] C Q, L*(E) is an integer. This establishes part (2) of the proposition. For
part (3), we note that if r is sufficiently large, all orbits o are singletons and all the
€, are 1 (see Proposition 8.4.1(3)). The analysis above shows that L*(E) =1. [J
Now we apply the BSD formula, as simplified in (8-1):
Reg(E) [II(E)|
rla/6]

Corollary 9.2. (1) If p=1 (mod 6), then

L*(E) =

Reg(E)=1 and ord(|]II(E)|)=0.

In particular, the p-primary part of LI(E) is trivial.
(2) If p=—1 (mod 6), then

ord(Reg(E) [LI(E)|) = [g/6]v.

3) If p = —1 (mod 6) and r is sufficiently large (in the sense of part (4) of
Proposition 8.3.1), then

Reg(E) |III(E)| = rl4/6) = pvla/6),

In particular, I1(E) is a p-group.

Proof. If p=1 (mod 6), then combining Proposition 9.1 with the BSD formula (8-1)
yields that
ord(Reg(FE) |[II(E)|) =0.

We showed in Proposition 8.3.1 that Reg(E) = 1, so that ord(|III(E)|) = 0. This
proves part (1).

If p=—1 (mod 6), then Proposition 9.1 says that L*(E) is an integer, and it
follows immediately from (8-1) that ord(Reg(FE) |LII(E)|) > |g/6]v. This yields
part (2).

For part (3), we know from Proposition 9.1 that L*(E) = 1, so (8-1) implies
that Reg(E) |III(E)| = r'9/6), By [Ulmer 2019, Proposition 3.1.1], Reg(E) is an
integer, so both it and |III(E)| are powers of p. This establishes part (3). [l

Following [Ulmer 2019, §4], let us consider the limit

log|IL(E x Fn (1)) [ p™]|

dim ITI(E) := lim Tog () )
n—o00 og(r

where I1I(—)[ p®>°] denotes the p-primary part of I11(—). As is shown in [loc. cit.],
the limit exists and is a nonnegative integer, called the “dimension of III” of E.
The value of dim ITI(E) is expressed in terms of the valuations of the inverse roots
of L(E, T) in [Ulmer 2019, Proposition 4.2].
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In the situation at hand, the mentioned expression and the results of Sections 8.3
and 8.4 directly yield the following values for dim III(E):

Corollary 9.3. (1) If p=1 (mod 6), then dim II1(E) = 0.
(2) If p=—1 (mod 6), then dim III(E) = |g/6].

10. Algebraic analysis of I11(E)[p*°]

In this section we recover the results of Corollaries 9.2 and 9.3 regarding the p-
torsion in ITT(E) by algebraic means, more specifically via crystalline cohomology.
Here is the statement.

Proposition 10.1. (1) If p =1 (mod 6), then III(E)[p] = 0.
) If p=—1 (mod 6), then dim II(E) = |g/6].

The proof will use that the Néron model £ is dominated by the product of curves
Ey x Cg 4, knowledge of the crystalline cohomology of the curves, and p-adic
semilinear algebra, as in [Ulmer 2019, §6-8]. We collect the needed background
results in the next subsection and treat the cases p=1 (mod 6) and p=—1 (mod 6)
separately in the following two subsections.

10.2. Preliminaries. Let W = W (F,) denote the ring of Witt vectors over [, and
o denote its Frobenius morphism. We denote the Dieudonné ring by A = W{F, V}:
this is the noncommutative polynomial ring over W with indeterminates F', V mod-
ulo the relations FV=VF=peW, Fw=oc(w)F,and o (w)V=Vw forallw e W.

Throughout this section, we write H'(C) for the integral crystalline cohomology
Hclrys(C /W) of a curve C over F,. The space H I(C)isa finitely generated, free
W = W (F,)-module equipped with semilinear actions of F and V such that FV =
V F = multiplication by p. In other words, H'(C) is a module over the Dieudonné
ring A. We will apply this for C = E( and C = Cg , and make it much more explicit
below.

We saw in Section 6.2 that the Néron model £ of E, is birational to the quotient
of Eg x Ce 4 by the antidiagonal action of j. Then [Ulmer 2019, Proposition 6.2]
says that

(10-1) HI(E)[p™]1 = Br(&)[p™]
=Br((Eo x Ce,q)/1t6)[p>°1 = Br(Eg x Ce o) [p1"®

where the exponent indicates the invariant subgroup. Moreover, by [Ulmer 2019,
Proposition 6.4], for all n > 1 we have

. Homu (H'(Eo)/p", H' (Cs.4)/ P")
~ Homyu(H'(Ey), H'(Ce4))/p"

(10-2) Br(Ey x Ce,¢)[p"]

compatibly with the action of 1.
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To prove part (1) of the proposition, we will show that the pg-invariant part of
the numerator in the last expression is O whenever p = 1 (mod 6). For part (2),
we will recall from [Ulmer 2019, §8] that the growth of ILI(E x F.»(2))[p™] as
a function of m is controlled by the numerator in the previous display, and this
is in turn computable in terms of the action of (p) on a finite set indexing the
cohomology of Eg and Cg 4.

10.3. Explicit A-module structure of H L(Ey) and H 1(C(;,q). We now make ex-
plicit the results on the cohomology groups H'(E¢) and H'(Cs,) (viewed as
A-modules) that will be needed below. All results stated in this subsection follow
from well-known results about Fermat curves and their quotients, as recalled in
[Ulmer 2019, §7] and in [Katz 1981].

Let I ={x1}C(Z/6Z)* = IyUI, where [y={1} and I; ={—1}. As a W-module,
H'(Ep) has rank 2 and is generated by classes e¢; with i € I, where e_; is the class
of the regular differential dx/y and e; is associated to the meromorphic differential
xdx/y. (This can be taken to mean that the restriction of e to Eg ~\ {O} is the class
of the regular differential xdx/y.) The indexing is motivated by the fact that over
an extension of [, large enough to contain the sixth roots of unity, one has

t*(er)=¢e; and ¢*(e_))=¢ e

for all ¢ € ug, where the ¢s on the left of each equation are in the finite field [,
and those on the right are their Teichmiiller lifts to the Witt vectors W. The action
of A satisfies F(e;) = c;e); for some ¢; € W with

0 ifi e Iy,

10-3 d(e;) =
(10-3) ord(c:) {1 ifiel.

Since F'V = p, we deduce that V (¢;) = p/o_l(ci/p)ei/p.

Let J C Z/6(g —1)Z be the set of classes that are nonzero modulo 6. Given j € J,
there is a unique pair of integers (a,b) with 1 <a <g—1, 1 <b <5, and
j=6a—b (mod 6(q —1)). Then Hl(CM) is a free W-module of rank 5(g — 1)
with basis elements f;, j € J, where f; is associated to the differential 1Vt Ju®
in the following sense: Let J; C J be the set of classes j whose associated (a, b)
satisfy a < gb/6. For these j, the differential 1“~'dt/u’ is everywhere regular
on Ce 4 and f; is its class. Let Jo = J \ Jy. If j € Jo, the differential t“‘ldt/ub
is regular on Cg 4 \ {00}, and the restriction of f; to the open curve is the class
of this differential. Over an extension of [, large enough to contain the roots of
unity of order 6(q — 1), we have ¢* f; = ;ffj for all ¢ € pgg—1) (with the same
convention as before). The action of A on H 1(C67q) is given by F(f;) =d; fp;,
for some d; € W satisfying

0 ifjeJo,

ord(d;) = {
! 1 ifjeJ.
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Since FV = p, we obtain that V(f;) = p/o ' (cj/p) fi/p-

Fix j € J with j #£ 0 (mod 3). Let F =, (gg—1)) and let m = [F : [, ], so that
p"j=j (mod 6(q — 1)). Then the m-th power F" of the Frobenius acts on f; by
multiplication by a Gauss sum. More precisely, let x = xF ¢;—1) be the character
defined in Section 3.2, viewed as a W-valued character. Then F" f; = G f; where
G; =Gg( x/,¥1). When p =1 (mod 6), it follows from Stickelberger’s theorem
that
Im if j=1 (mod3),

im if j =2 (mod 3).

(10-4) ord(G ) =

(This is essentially the same calculation as that in Section 3.5.)

When p =1 (mod 6), we will calculate Homa (H'(Eo)/p, H'(Cs 4)/ p) explic-
itly in the next subsection and see that it vanishes. In the following subsection,
we will assume p = —1 (mod 6) and use the action of (p) on I x J to compute
dim III(E) as in [Ulmer 2019, §8].

10.4. Proof of Proposition 10.1(1). In light of the isomorphisms (10-1) and (10-2),
we remark that it suffices to show that

Homy (H'(Eo)/p, H' (Ce.4)/p)" =0,

to show that III(E)[p] = O in the case when p = 1 (mod 6). To that end, let
Qe Homy (H' (Eo)/p, HI(C@q)/p)"“ﬁ. Since ¢ is, in particular, a W-linear map,
we can write

p(e) ZZai,jfj
J

foralli € I = (Z/67Z)*, where the sum runs over j € J C Z/6(qg — 1)Z, and where
a; j € W/p =T,. For ¢ to commute with the antidiagonal 116 action, it is necessary
that o; j =0 unless i = —j (mod 6). Further, ¢ being an A-module homomorphism
means that o FF = F¢ and ¢V = V. Let us now write down what these conditions
mean in terms of the “matrix” («; ;); j of ¢. Let m = [[F, (ueg—1)) : Fpl, so that
p"i =i (mod6) and p"'j = j (mod6(q — 1)) foralli € [ and j € J. Then, by
the results in the previous subsection, we have

F’”w(el)=F’"< > al,jfj)= Y. 0™@)G,f
j=—1 (mod 6) j=—1 (mod 6)

and

@F"(e1) = p(ue)) =u Z arjfi

j=—1 (mod 6)

for a certain u € W (by (10-3)). Equating coefficients of f; then yields that
uay j = o" (a1 ;)G ;. However, we know from (10-4) that ord(G;) = %m > 0.
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Hence oy j =0 for all j € J. Similarly, we have

V’"go(eozvm( > al,ij-): Y oTMa NPT/G) S

j=I1 (mod 6) j=I1 (mod 6)
and

eV™(e_1) =pve_1)=v Z oy, fj

j=1 (mod 6)

for some v € W* (by (10-3)). Equating coefficients of f; then shows that
va_yj =0 "(a_1,;)(p"/G)).

On the other hand, (10-4) tells us that ord(p™ /G ;) = %m > 0. This implies that
a_jj=0forall j €J.

Thus every ¢ € Homa(H'(Eo)/p, H'(Ce 4)/p)He satisfies p(e1) = p(e_1) =0.
This proves that Homy (H ' (Eo)/p, H 1 (Cé,4)/ p)¥e = 0 which completes the proof
of part (1) of the proposition. ([

10.5. Proof of Proposition 10.1 (2). We now turn to part (2) of the proposition and
assume that p = —1 (mod 6). For any n > 1, the set / x J indexes the eigenspaces
of fe X e(g—1) acting on Hom(H'(Eg)/p", Hl(CG,q)/p"), and the subset (which
we denote by (I x J)"¢) indexing invariants under the antidiagonal action of ug
consists of pairs (i, j) withi = —j (mod 6).

Define a bijection

(10-5) (I x DM — §:={1,5)x{l,...,qg—1}

by (i, j) +— (b, a) where 6a—b = j (mod 6(q — 1)) (so that b =i (mod 6)). Under
this bijection, (Ip x J1)*¢ corresponds to pairs (1,a) where 0 < a < ¢/6, and
(17 x Jp)™s corresponds to pairs (5, a) where 5q/6 < a < q. (See the definitions of
Iy, I, Jo, and J; in Section 10.2.) We thus define

So=1{(1,a):0<a<q/6}

and
S1={(5,a):5q/6 <a < q}.

The action of (p) on I x J preserves (I x J)*¢ and so, by transport of structure,
we get a (nonstandard) action on § which we will make explicit below. Let O be
the set of orbits of (p) on S. Given an orbit 0 € O, define

d(o0) :==min(Jo N Spl, loN S1]).

Part (2) of the proposition will be a consequence of the following “equidistribution”
result.

Proposition 10.6. For everyo € O, |oNSy| =]oN Sy
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Indeed, this proposition implies that

Y d) =) loNSol =Sl = lq/6].

0€0 0€0

On the other hand, by (10-1), (10-2), and [Ulmer 2019, Theorem 8.3], recall that
dimITI(E) = ) " d(o).

0€0
Hence we have dim III(E) = | g/6], so that proving Proposition 10.6 will complete
the proof of part (2) of Proposition 10.1.

Proof of Proposition 10.6. We begin the proof by making the action of (p) on S
more explicit. Suppose that (i, j) € (I x J)*¢ corresponds to (b, a) € S through the
bijection (10-5) and that p- (i, j) = (pi, pj) corresponds to (', a’). Then b’ =6—b
and 6a’ — b’ = p(6a — b) (mod 6(q — 1)), so that

p=3 £ h=

a— = (modg —1 ifb=1,

a—pa—&b—l-l(modq—l)— P 561( 4=
pa—p%(modq—l) if b=>5.

We now divide the proof into two cases according to g (mod 6). Suppose first
that ¢ = 1 (mod 6), so that ¢ = p/ with f even. Then using the last displayed
formula, one finds that g acts on S by (b, a) — (b, a’) where b’ = b and

, [a—2 (modg—1) ifb=1,
a =
a—222 (modg—1) ifb=5.

It follows that the orbits of (¢) have size exactly 6, all elements of an orbit have
the same value of b, and each orbit meets either Sy or S; in exactly one point and
does not meet the other. (If the constant value of b is 1, the orbit meets Sy and
if it is 5, the orbit meets S;.) The orbits of (p) are unions of an even number of
orbits of (g), half of them meeting Sy and half of them meeting S;. It follows that
loN So| =|oN Sy| for all orbits o of (p). This completes the proof in the case when
g =1 (mod 6).

Now assume that ¢ = —1 (mod 6), so that g = p/ with f odd. In this case, g
acts on S by (b, a) — (b, a’) where b’ =6 — b and

a—22 (modg—1) ifb=1,
a—— (modg —1) ifb=>5.

[—
a —

Note that ¢ interchanges the subsets Sy and S;, so every orbit of (g) on S meets Sy
and S in the same number of points. Since the orbits of (p) are unions of orbits
of (g), it follows that the orbits o of (p) satisfy |o N So| = |o N S1|. This completes
the proof in the case ¢ = —1 (mod 6), and thus in general. ]
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11. Archimedean size of L*(E) and the Brauer-Siegel ratio

Define the exponential differential height of E = E, , by H(E) := r4&@), As we
have seen in Section 2.1, one has H (E) = r[4/61, Following Hindry and Pacheco
[2016], consider the Brauer—Siegel ratio BS(FE) of E:

log(Reg(£) [LI(E))

BS(E) := g 71 (E)

(By Theorem 8.2, III(E) is finite so this quantity makes sense). Our goal in this
section is to estimate the size of the Brauer—Siegel ratio of E, , for a fixed r as
q — oo. Here is the statement.

Theorem 11.1. For a fixed r, as g — o0 runs through powers of p, one has

lim BS(E,,) = 1.
q—> 00

We will actually prove a slightly more precise estimate; namely,

log(Reg(E) IMIEN) _q (|, (loglogq
logr o 6 logq ’

Thus for large ¢, the product Reg(E) |III(E)| is of size comparable to r4/6, In
the case when p = —1 (mod 6) we already know this fact, at least for large enough r
(see Corollary 9.2(3)). On the other hand, in the case when p = 1 (mod 6), we
know from Proposition 8.3.1(4) that Reg(E) = 1, so we deduce that |III(E)]| is
“large” (of size comparable to r4/).

We saw in (8-1) that

Reg(E) [HI(E)| _ Reg(E) [III(E)|

* —
LA(E) = H(E)r—! rla/6] ’

s0, given the definition of BS(FE), the above theorem will be an immediate conse-
quence of the following one, which is the main result of this section.

Theorem 11.2. For a fixed r, as g — o0 runs through powers of p, one has

. log L*(E, ;)
lim ——————~ =
q~>oo q

0.

To prove this we estimate log L*(E, ) from above and from below. While the
upper bound is relatively easy to show, proving the required lower bound is more
demanding. Before we prove the theorem at the end of this section, we first collect
various intermediate results in the next few subsections.
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11.3. Explicit special value. Recall from Theorem 4.1 that

L(E,s)= 1_[ (1- G(71'2(0))"”(0)G(JT3(0))I’_S|0|),

0€0r6q

where 0;67 q denotes the set of orbits of (r) acting on (Z/62)* x F,*. To lighten
notation we write
®(0) = G (12(0))"” G (13(0))

for the remainder of the article. Note that w (o) is a Weil integer of size p"l°l = rl°,
where a “Weil integer of size p©” is an algebraic integer whose absolute value in
every complex embedding is p°©.

We partition O := Orx6 as 0* = 0;"U 05 where O consists of those or-
bits o such that w (o) = rl°. | Thus the orblts in 0 are the ones contributing zeroes
at T =r~! to the L-function. In particular, we have |0 1 | = Rank E(K) by our
BSD result (Theorem 8.2). From the definition of special value (see Section 8.1), it
is a simple exercise to see that

(11-1) L*(E) =[] lol H( ‘“l(ol))

0€0y 0€0y

11.4. Estimates for orbits. Let us gather here a few estimates to be used below.
Although we only need the case n = 6 in this paper, we work in more generality
for future use.

Lemma 11.4.1. Let p be a prime number, let g and r be powers of p, and let n be
an integer prime to p. Let S* = (Z/nZ)* x [ 7 and let O™ denote the set of orbits
of (r) on S*. Then

(1) Ypeoxlol=[8*|=¢m)(q — 1),

2) Ypeox 1=]0%| < q/logq.

(3) Y pcox loglo| < gloglogg/loggq.

The implied constants depend only on r and n.

Proof. By general properties of group actions, $™ decomposes as the disjoint union
of orbits 0 € O; this yields (1). To prove (2), we study “long” orbits and “short”
orbits separately. Let x > 1 be a parameter to be chosen later. Then

‘. _ lol _1 _ 18]
|{0€0 .|0|>x}|—21§ < Z|O|— T

0€0X 0€0X 0e0*

lo|>x lo|>x

Let o € O be the orbit through (i, o). As was noted in Section 3.7, |o| > [F, () : F,].
In particular, tlo] < x}| is at most \{oe € Fp F(e) i F ] < x}|. An ele-
ment o € Fp has degree < x over [, if and only if its monic minimal polynomial




ON THE ARITHMETIC OF A FAMILY OF TWISTED CONSTANT ELLIPTIC CURVES 635

has degree < x. The prime number theorem for F,[¢] implies that there are at
most ¢,r*/x monic irreducible polynomials of degree < x in F,[t] (see [Rosen
2002, Theorem 2.2]) for some constant ¢, > 0 depending at most on r. This
argument yields that |[{o € O* : |o| < x}| < ¢,r*/x. Adding the two contributions,
and choosing x = logg/logr, we find that |O*| < ¢/q/logq where ¢’ depends
only on r and n.

Let us finally turn to the proof of (3): given a parameter y > 1, we have

Z log|o| = Z log|o| + Z loglo| <logy Z 1+ Z 0g|o|

0€0* lol<y |0|>) lol<y |0|>y

<logyZl+ Zlol<logy|0 |+ Y154,

0€0* lo]>y

because x — (logx)/x is decreasing on (e, o0). Upon using (2) and choosing
y =logg, one finds that ) _,. loglo| < ¢"gqloglogq/logq, where ¢” depends
only on r and n. This is the desired estimate. O

11.5. Linear forms in logarithms. For the convenience of the reader, we quote a
special case of the main result of [Baker and Wiistholz 1993] about Z-linear forms
in logarithms of algebraic numbers. Choose once and for all an embedding @ < C
and fix the branch of the complex logarithm log : C — C with the imaginary part
of logz in (—m, 7] for all z € C. In particular, if |z| = 1, then |log(z)| < 7 and
log(—1) = im. Define the modified height i1 as follows: For a number field F
and o € F, put

htp(a) := max{htr(a), [loga|, 1},

[F:Q]
where htr (o) denotes the usual logarithmic Weil height of « (relative to F); see
[Hindry and Silverman 2000, B.2].

Let o1, ap be two algebraic numbers (not O or 1) and denote by log«;, logas
their logarithms. Let F C Q be the number field generated by o1, ap over Q,
and let d := [F : Q]. Let B = (b, bp) with by, b, € Z not both zero and set
ht'(B) :=max{htq(b; : by), 1}, where htg here denotes the logarithmic Weil height
on [P’}:D (relative to Q). Note that ht'(B) < log max{|bi|, |b2|, e}.

With notation as above, let A := bjloga; + by loga; € C. Then the Baker—
Wiistholz theorem states that either A =0 or

(11-2) log|A| > —cqht)(a)hty(a)ht'(B),

where c¢; > 0 is an explicit constant depending only on d.
We make use of the Baker—Wiistholz theorem to prove the following:
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Theorem 11.6. Let p be an odd prime number. Let z € Q be a Weil integer of size p®,
and let ¢ € Q be a root of unity. For any integer L # 0, either £ (zp~)* =1 or

(11-3) log|1 — ¢(zp™)*| = —co — ey log|L],

for some effective constants cg, c; > 0 depending at most on p, a, the degree of z
over Q, and the order of ¢.

Proof. Let F := Q(¢, z) be the number field generated by ¢ and z (viewed as a
subfield of @), and d be its degree over Q. We begin by estimating the modified
height of zp™“ By assumption z is a Weil integer of size p®. Straightforward
estimates imply that the absolute logarithmic Weil height of zp™ is at most log p“.
Therefore,

1 —a 1
htp(zp™) < max{logp“, W, 3} < max{log e, %}

We have used here that |zp~™¢| =1 in the chosen complex embedding.
For all |x| < /2, we have |sinx| > %|x| and thus, for all |#| < 7, we have

_i9= Q‘>%
11— 2‘sm2 > 2]

If 0 < |0| < m, this leads to log|1 — e > log(2/m) +log|f|.

In the given complex embedding F C @ < C, one can write ¢ = e?*/*/" for
somen € Z-1 and k € {1, ..., n—1} coprime to n (so that ¢ is a primitive n-th root
of unity). There is also a unique angle ¢ € (—, 7] such that zp~ =¢'?. Let L #0
be an integer. To prove the theorem, we may assume that ¢ (zp~*)t # 1. Write

(zp~ )t = £l CTRINHLE) _ 4if

where 6 € (—m, ], and let m be the integer such that 2wk/n+ L¢p = 2nm + 6.
Note that |m| < (|]L| + 3)/2. The trigonometric considerations above show that

log|1 — ¢(zp™*| = log|1 — €|
> log(2/m) +log|f|
=log(2/m) +log|2nk/n+ Lo — 2mm|
=log(2/(nm)) +log|2n (k —nm) + Lng|.
Let us now consider the Z-linear combination of logarithms of algebraic numbers
A :=bylog(—1) + by log(zp™®),

where B = (b1, by) := (2(k — mn),nL) # (0,0). Note that log(—1) = imw and
log(zp™@) =i¢, so that A =i (2n(k — nm) 4+ Ln¢). By assumption, A # 0 so the
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Baker—Wiistholz theorem (11-2) yields that
log|A| > —cqhtyp(=1)hip(zp~“)ht' (B).
As was shown above,
hti(zp™*) < max({log p*, w/d},

and one can easily see that ht.(—1) = 7 /d. Also, ht'(B) <logmax{|bi|, |bs], e},
where

b1l = [2(k —mn)| < 2n(1+ |m|) < 3+ |L]) < 3n|L|,

and |by| = n|L]|, so that ht'(B) < log(3n|L|).
Putting these estimates together, we arrive at

T

d d

> —co —c1log|L],

log|1 — ;‘(zpfa)L| > log % —cdz max{log pe, } log(3n|L|)

where ¢y and c; are certain positive constants depending only on p, a, n, and d.
This completes the proof of the theorem. ([

We now apply this result to the situation at hand. For any orbit o € 0:6’ 7
we deduce from Proposition 3.9 that we can write G (12(0)) = lez”z(o)lv where
{o = =1, and g € Q(u2p) is a Weil integer of size p'/2. Similarly, letting ¢ be the
order of p modulo 3, Proposition 3.9 implies that G (r3(0)) = &3 ggm(o)l”/ “ where
¢3 is a third root of unity and g3 € Q(u3,) is a Weil integer of size p°/2. Since

my(0)|m2(0)| = |o| and |w3(0)| = |o|, and since ¢ € {1, 2}, we find that

2/cylo
(0) = & ¢3(g387) 1.

For any orbit 0 € O, it follows that w (o) is of the form w(0) = og(l)olv/ % where

Co= {fZ(O)Q is a sixth root of unity and g, = g%gg/c € Q(uep) is a Weil integer
of size pZ.

Using the previous theorem for { = ¢,, z =g, (witha =2) and L = |o|v/2, and
setting ¢, = co + ¢ log(v/2), one obtains the following corollary:

X

Corollary 11.7. For any orbito € O ..

either w(0)/r'° =1 (i.e., 0 € O0) or

w(0)

——| > —cp —cy log|o|.
r|0|

log‘l —

11.8. Proof of Theorem 11.2. Recall that the theorem asserts that

log L*(E
o log LH(Ey,) _

q—> 00 q

0.
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We saw in (11-1) that

L) = TT1ol TT (1- %)

0€0)  0€05

where O C O, consists of those orbits o such that w(0) = rll and O =
Orx6 PR O><
Itis clear that |1 — w(0)/r!!| <2 for all 0 € O*. We can thus bound log L*(E)

from above as follows:

log L*(E, ) =log( 1_[ o] l_[ ( a)l(ool))) Z loglo| + Z log2

0€0]  0€0) 0€0y
loglo loglo
<<q g gq+ q 10g2<<—q g gq,
logg logg logg

where we made use of Lemma 11.4.1 in the last step. Thus
log L*(E log1
11m Sup M << llm Sup(%) —
q—>00 q g—>00 log g
We now turn to a lower bound. We obtain from Corollary 11.7 that
« _ w(0)
log L*(E,,) = log< [Tlel [1] <1 — ﬁ»
0€0;  0€0y

> Y loglol+ Y (—c2—cy loglo])

0€0; 0€0)
9 qloglogg  qloglogqg
logg logg logg

using Lemma 11.4.1 again for the penultimate inequality. Therefore

log L*(E log1
liminf 28 L Far) o f( oglogq qu):

g—>00 q g—>00 logg
Combining the upper and lower bounds, we finally obtain that
log L*(E
lim og—(q,,) =0,
q— 00 q
and this completes the proof of Theorem 11.2. U

As a direct consequence of Corollary 9.2(1) and Theorem 11.1, we obtain the
following.

Corollary 11.9. Assume that p =1 (mod 6). As ¢ — 00, we have |ILLL(E)[p*]| =1
and
IILL(E)| > H(E)'+o® = pate)
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ON THE NONEXISTENCE OF
S¢ TYPE COMPLEX THREEFOLDS
IN ANY COMPACT HOMOGENEOUS COMPLEX MANIFOLDS
WITH THE COMPACT LIE GROUP G;
AS THE BASE MANIFOLD

DANIEL GUAN

In a recent preprint Professor Etesi asked a question: could one find a com-
plex three dimensional submanifold S in a compact complex seven dimen-
sional homogeneous space with the compact real 14 dimensional Lie group
G as the base manifold, such that S is diffeomorphic to the six dimensional
sphere S®? We apply a result of Tits on compact complex homogeneous
space, or of H. C. Wang and Hano—Kobayashi on the classification of com-
pact complex homogeneous manifolds with a compact reductive Lie group
to give an answer to his question. In particular, we show that one could not
obtain a complex structure of S° in his way.

1. Introduction

Let M be a complex manifold, # be an Hermitian metric. For a compact complex
manifold, there is always some Hermitian metric 4 by the partition of the unity
argument. If 4 is an Hermitian metric and G is a compact Lie group acting on M
biholomorphically, then by taking average on G, we can always assume that % is
invariant under G.

A compact complex homogeneous space with an invariant Hermitian structure
was classified by H. C. Wang [1954], see also [Hano and Kobayashi 1960]. In
fact, they classified the compact complex homogeneous spaces with compact Lie
groups. In particular, an Hermitian manifold is a Riemannian manifold. The identity
component of the Riemannian isometric group for a compact Riemannian manifold
is a compact Lie group. So is the identity component of the Hermitian isometric
group for a compact Hermitian manifold.

Therefore, we have:

MSC2010: primary 53C15; secondary 57S25, 53C30, 22E99, 15A75.
Keywords: complex structure, six dimensional sphere, cohomology, invariant structure, complex
torus bundles, Hermitian manifolds.
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Lemma 1. If M = G/H is a compact homogeneous Riemannian manifold with G
connected, then G is a subgroup of a compact Lie group. In particular, both G and
H are reductive with compact semisimple parts.

We then have (see [Hano and Kobayashi 1960, Theorem B]):

Lemma 2. Any compact Hermitian homogeneous manifold is a complex torus
bundle over a rational (therefore simply connected) projective homogeneous space.

One could also see [Guan 1994, page 66, Remark] for a detailed understanding
of this fibration.

There is also a similar fibration [Tits 1971] closely related to Lemma 2 for any
general compact complex homogeneous space:

Proposition 3. Let M = G/H be a compact complex homogeneous space such
that G is a complex Lie group, with H a complex Lie subgroup and M = G/H is
the complex quotient. Then there is a complex fibration G/H — G/N such that
N = Normg (H) and G/ N is a rational projective homogeneous space.

Here, HY is the identity component of H and
NOI'Il’lg(HO) ={geCG]| gHngl C HO}

is the normalizer of H? in G.

Let G = G be the compact real 14 dimensional Lie group of type G,, G* be the
complex simple Lie group such that the Lie algebra of G is the complexification
of the Lie algebra of G. Let B be the Borel subgroup such that B is connected
and the Lie algebra of B contains all the negative root vector spaces and the given
Cartan subalgebra. Then G*/B has a complex dimension 6. We notice that the
Cartan subalgebra has a complex dimension 2. So, let U be the maximal nilpotent
subgroup of B, which is generated by the all the negative root spaces; then B/ U
is a complex two dimensional algebraic torus (C*)2. Let w : B — B/ U be the
quotient map. Given any complex one dimensional line subspace / = C in B/ U,
Ss=n"')isa complex codimension one normal subgroup of B. Then G® /S is
diffeomorphic to G,. Therefore, it gives a complex structure on G.

On the other hand, if G = G, is a complex homogeneous space itself, then its
complexification G® acts on G also. And G = G®/H. By Lemma 2, the Hano—
Kobayashi fiber bundle is G*/H — G®/B. The torus is just the Cartan subgroup
of G. By earlier works, e.g., [Guan 2002], we know that the Tits fibration and the
HK fibration are the same and therefore, B = Normgc (H?). But dimg B/H = 1
and H' is normal in B. We see that H contains all the subgroups generated by the
negative root spaces. Thatis, U C H.

Proposition 4. Let G be a complex manifold with the base manifold being G,
such that G = G, acts on itself biholomorphically. Then there is a holomorphic
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fibration from G into a projective manifold F : G — G/B such that each fiber
is a complex one dimensional complex torus. If S is a complex three-dimensional
compact submanifold of G, then either F(S) is complex three dimensional or F(S)
is complex two dimensional and S = F~'(F(S)).

Therefore, if S is diffeomorphic to S°, by the result in [Campana et al. 1998;
Campana et al. 2020], the algebraic dimension of a complex structure on § is zero.
This implies that S can not be a complex submanifold of G.

However, in this paper, we would like to give an argument which is mildly
independent of the result from Campana et al.

We shall prove:

Main Theorem. The conjugate orbit described in both [Etesi 2015] and [Chaves
and Rigas 1991] can not be a complex submanifold of G».

Recall that S = G,/ SU(3). The Cartan subgroup of SU(3) is also a Cartan
subgroup of G;. The Cartan subgroup of SU(3) has elements diag(a, b, ¢) with
abc = 1. The center of SU(3) has elements al = diag(a, a, a) with a® = 1. This
implies the center of SU(3) has the structure C = Z/(3Z) = Z3. Let A be one of
the generator of C = Z3. Then S = {gAg ™' | g € G»}. Since A is in the center of
SU(3), it is not difficult to see that SU(3) fixes A.

A description of the Lie algebra of G, can be also found in the Section 4 of
[Guan 2006], in which the Lie algebra of SU(3) is simply generated by the root
spaces with the short roots e; —e; with {i, j} € {1, 2, 3}.

2. Proofs

Proof of Proposition 4. If F(S) in Proposition 4 has two complex dimensions, let
p € F(S) be a regular point for F; then F (pNSisa complex one-dimensional
manifold. As a closed complex one-dimensional submanifold of F ~1(p), it can
only be the whole complex torus. Since the fiber bundle is locally free and S a
complex submanifold, the regular points for F' are a dense set, by continuity we
have the last part of Proposition 4 O

Proof of Main Theorem. Assume that S is a complex submanifold, we shall get a
contradiction.

If F(S) is complex three dimensional, by F(G) being projective, the pullback
of the Kihler form w is a nonzero H? class since it introduces a nonzero measure
@’ on S. A contradiction.

If F(S) is of complex dimension two, the conjugate orbit of A in [Etesi 2015]
or [Chaves and Rigas 1991] is S. Here, A is one of the two nonidentity elements
in the center of SU(3) and therefore is in the given Cartan subgroup of SU(3),
which is exactly the Cartan subgroup 7" of G,. But § = F~Y(F(S)), we have that
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the whole Cartan subgroup of G, is F ~I(F(A)). Therefore, S could be described
as §; = {gtg_1 | g € Gy} forany t € T. But S, = G/G; with G, the centralizer
{g € G | gt =tg}. However, in general, G, = T. That is S; is real 12 dimensional.
A contradiction. U
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THE SU(3) TODA SYSTEM WITH
MULTIPLE SINGULAR SOURCES

ALI HYDER, CHANGSHOU LIN AND JUNCHENG WEI

We consider the singular SU(3) Toda system with multiple singular sources:

m
(0-1) —Awy =2 =& 421 Y B14dp, inRZ,
=1

m
—Awy =2¢""2— ™ 21 ) Bridp, in R,
=1
(0-2) w;(x) =-2log|x|+01) as|x|—>o0;i=1,2,

with m > 3 and B; ;, € [0, 1). We prove existence and nonexistence results
under suitable assumptions on B; ;. This generalizes Luo-Tian’s (1992) re-
sult for a singular Liouville equation in R2. We also study existence results
for a higher order singular Liouville equation in R".

1. Introduction

We consider the following singular SU(3) Toda system with multiple singular
sources:

m
—Aw; =2 — ™ 42w Y " P edp, in R,
=1

(1-1) -
—Awy =2 — ™ 42w Y " Predp, in R,
=1
where Py, ..., P, are distinct points in R2, Bic €0, 1) and 6p denotes the Dirac

measure at P (notice that source terms are written with a plus sign). When wi = wy,
B1.1 = P21 = Bi, the above system reduces to the singular Liouville equation:

m
(1-2) —Aw=e"+21 Y Bidp, inR%.
=1

Hyder is supported by the SNSF Grant No. P2BSP2-172064. Wei is partially supported by NSERC..
MSC2010: 35B40, 35B44, 35J61.
Keywords: Toda system, blow-up analysis.
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The Toda system (1-1) and the Liouville equation (1-2) have been widely studied
in the literature due to its important role in geometry and mathematical physics.
For instance, (1-2) is related to the problem of prescribing Gaussian curvature
on surfaces with conical singularities, and abelian gauge in Chern—Simons theory
[Bartolucci and Tarantello 2002b; Tarantello 1996; Troyanov 1991]. The Toda
system (1-1) appears in the description of holomorphic curves in CP? [Bolton and
Woodward 1997; Calabi 1953; Chern and Wolfson 1987; Doliwa 1997], and in the
nonabelian Chern—Simons theory [Dunne 1995; Nolasco and Tarantello 2000; Yang
1997]. For classification, blow-up analysis and existence results for the (singular)
Liouville equation and the SU(n) Toda system we refer the reader to [Battaglia et al.
2015; Bartolucci et al. 2019b; Bartolucci and Tarantello 2002a; 2002b; Battaglia and
Malchiodi 2016; Brezis and Merle 1991; Chen and Li 1991; Carlotto and Malchiodi
2011; Hyder 2019; Hyder et al. 2019; Jost et al. 2006; Jost and Wang 2002; Lin
et al. 2018b; Lin 1998; Lucia and Nolasco 2002; Martinazzi 2009; Prajapat and
Tarantello 2001; Lin et al. 2012; 2015; Lin et al. 2018a; Bartolucci et al. 2011;
Malchiodi and Ruiz 2011; Bartolucci et al. 2019a; Bartolucci and Malchiodi 2013;
D’ Aprile et al. 2015; Jevnikar et al. 2015].

Luo-Tian [1992] gave a necessary and sufficient condition for the existence of
singular metric with three or more conical singularities on the 2-sphere, whose
equivalent statement on R? is the following theorem:

Theorem A [Luo and Tian 1992]. Let m > 3. Let Py, ..., P, be m distinct points
in R2. Then there exist continuous functions hy around Py for £ =1,...,m, a
bounded continuous function h,, | outside a compact set, and a solution w to

—Aw=e?" inR>\{P), Py, ..., Py},
(1-3) w(x) = —P¢log|x — P¢| + he(x) around each Py,
w(x) = —2log x| 4+ hpy1(x) as |x] — oo,
Bee@O, 1), £=1,...,m

if and only if

(1-4) D Bi<2 and Y Bi>p; foreveryj=1.2,....m.
(=1 U]

Moreover, the solution is unique.

Troyanov [1989] studied singular metrics with 2 singularities (i.e., m = 2) and
constant curvature 1 on the 2-sphere, and showed that the order of both singularities
are equal (i.e., 81 = B2 < 1). A necessary and sufficient condition on {81, B2, B3} C
(—o00, 1) for the existence of singular metric on the 2-sphere has been given in
[Eremenko 2004; Umehara and Yamada 2000].
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In this paper we study Problem (1-3) in the context of SU(3) Toda system.
More precisely, we prove existence and nonexistence of solutions (wy, wy) to (1-1)
satisfying

w; (x) = —p; ¢log|x — P¢| + h; ¢ around each point Py,

(1-5) w; (x) = —2log |x| + him+1 as |x| — oo,

h; ¢ is continuous in a neighborhood of Py,
fori=1,2and ¢ =1, ...,m, and h; ,,4+ is bounded outside a compact set. We
write

m
ui(x) =w;i(x)+ Y _ Bieloglx = Pl i=12.
=1

Then w; solves (1-1) if and only if u; solves
—Au1 = 2K1€2u1 — Kzezuz in Rz
—Au2 = 2K2€2u2 — Klezul in Rz
- 1

K,(X) :HW l:1,2
=1

(1-6)

The condition (1-5) in terms of u; is

u;(x) = —p;ilog|x| + abounded continuous function on Bf

m
; 1=2_Z:3i,e, i=12,
=1

provided u; is continuous.

For Toda system with singular sources, the only complete result is [Lin et al.
2012] in which the case of single source, i.e., m = 1 is completely solved by PDE
and integrable system theory. In [Lin et al. 2018a], some special cases of m =2
are classified using higher order hypergeometric equations. The following theorem
gives the first existence result when m > 3:

Theorem 1.1. Letm > 3. Let {B;¢:i=1,2, £=1,2,...m} C[0, 1) be such that

(1-7)

3A4Bi) <2 e+ Biics
(1—8) =1 (=1

m

Y Bie<2 forj=12,....m i=12
=1

Then given m distinct points { Py}, | C R? there exists continuous solution (u1, us)
to (1-6) such that (1-7) holds.
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Note thatif ), B1.¢ =D, B2,¢, then the first condition of (1-8) reduces to

m
Zﬂl’[ >1+p;; foreveryi=1,2, j=1,...,m,
=1
which is stronger than (1-4). We shall show that an equivalent condition of (1-4)
for the Toda system, namely a condition of the form

m
(1-9) Z Bie > max{By ;, Bp,j} forevery j=1,...,m, i=1,2,
e=1,04]

is not sufficient for the existence of solutions to (1-6) satisfying the asymptotic
behavior (1-7). See Lemma 3.2.

In [Luo and Tian 1992], the existence of a solution to (1-2) is proved by a
variational argument. Here, we propose a new proof on the existence via fixed point
theory. The crucial step in which we need condition (1-8) is Proposition 2.1 below,
a compactness result which follows from the blow-up analysis of sequences of
solutions (see Lemma 5.2). This compactness is used to prove the a priori bounds
necessary to run the fixed point argument of [Aviles 1986; Hyder et al. 2019; Wei
and Ye 2008]. Let us point out that condition (1-9) is sufficient to rule-out a “full
blow-up” phenomena (that is, after a suitable rescaling, the limiting profile is a
SU(3) Toda system in R?) for a sequence of solutions to (1-6)—(1-7) (for “half
blow-up” and “full blow-up” phenomena; see, e.g., [Ao and Wang 2014; D’ Aprile
et al. 2016; Musso et al. 2016]). In particular, condition (1-9) is sufficient to prove
the a priori estimate when 81 ¢ = B2, = B¢ and u; = uy, that is, a priori estimate
for the singular Liouville problem (1-3). Moreover, the same method also works
for a higher order generalization of it.

Theorem 1.2. Letm >3 andn >2. For£ =1,2,...,m let By € (0, 1) be such
that (1-4) holds. Then given m distinct points { Pg};._ |, C R" there exists a solution
we COR'\{P,...,P,D) 10

m

(—A)"Pw=e"+y, Y Pidp, inR"
(=1

satisfying the asymptotic behavior
w(x) =—2log|x|+ O() as |x| — oo.

Here y, := %(n — 1)!|§"| is such that

1 1
—(=A)Y?1log — = 6.

Vn x|
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2. Proof of Theorem 1.1

It is well-know that if (1, u;) is a solution to (1-6) with g; ; < 1 and u;, K;e®i €
LIIOC(RZ), then u; is continuous. On the other hand, if (u, uy) is a continuous
solution to (1-6)—(1-7) with B;; < 1, then K;e? = O(|x|™) as |x| = oo. In
particular, log | - |K;e?* € L'(R?), and u; satisfies the integral equation

2
1 1 ) .
@D wi@)=52) 4 /R IOg(m)%)eZ("ﬂ”) dy+e, i=12,
j=1

for some ¢; € R, where (q; ;) is the SU(3) Cartan matrix

2 -1
-1 2/
Moreover, the asymptotic behavior (1-7) implies that
a;. | / Kje*idx =2np;, i=1,2,
R2

j=1
that is,

ey [ Kevdx=2p. Fi=lCp+p. i=12
R2

Thus, Theorem 1.1 is equivalent to the existence of solution (u1, uz) to (2-1)—(2-2).
Moreover, (1-8) in terms of B; is

(2-3) Bi>0, Bi<l—pi, foreveryi=1,2; £=1,...,m.

In order to prove existence of solutions to (2-1)-(2-2), we use a fixed point
argument on the space

X 1= Co(R?) x Co(R?),

VIl == max{[lvi]| Lo re), V2]l L @2)} for v = (v1, v2) € X,

where C(R?) denotes the space of continuous functions vanishing at infinity. We
fix up € C*°(R?) such that

up(x) = —log|x| on BY.

For v € Cy(R?) let ¢i.v € R be the unique number so that

(2-4) / K;?Vtid gy =27 B;, K;:=Kie?Pv, i=1,2,
Rz
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where Bi is as in (2-2). Now we define T : X — X, (vq, v2) — (v1, v2), where we
have set

2
5 () = L - L\ ) 20 0Fei0)) ,
2-5) vi(x) .—E.X;a,’]/ 10g<|x—y|)KJ(y)e j i) dy — Biug(x),
]:
i=1,2.

As B; =2B; — B3—i, for x € B¢ this can be written as

Bi(x) =5 Z“”f 10g(|x| |y|>_.i<y)e2(“f<”+‘”)dy, i=1,2.

Using that K; = O(Jx|™*) for |x| large, one can show that (9, U») € X. Moreover,
the operator 7 is compact (see, e.g., the proof of [Hyder et al. 2019, Lemma 4.1]).
The following proposition is crucial in proving existence of fixed point of 7.

Proposition 2.1. There exists C > 0 such that
Ivllx < C forevery (v,t) € X x [0, 1] satisfying v=1tT (v).

Proof. We assume by contradiction that the proposition is false. Then there exists
= (v’f, v’z‘) and t* € (0, 1] with v* = ¢*T (v*) such that ||v*|| — oo. We set

1//,~k = v,k —l—cf, cf‘ =gkt % log r*.
Then we have
o= /R tog (ﬁ) QK (e =Ko (y)e1 ) dy
—t* Brug(x)+cf
Y5 (x) = % /[Raz 10g(ﬁ)(2[_(2();)62%‘@)_[—(1(y)ezwf(y)) dy

—tkﬁzuo(x)+c]2‘.

(2-6)

For |x| > 1 this is equivalent to

lx—y]

1 |x| — k — k(s
keyy — 295 (y) _ 291 () k
V() = /{Rzlog(|x_y|)(2K2(y)e 2 K (0)e??1O) dy + k.

Since ||v*|| — oo, we necessarily have

1 — k(s — ke
Ui =5 / 210g< o )<2K1<y>e2*”1<>>—K2<y>e2%<”>dy+c§,
R
2-7)

max{sup w{‘, sup Wé{} — 0.
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Without any loss of generality we assume that sup w{‘ > sup wé‘. We fix x* € R?
such that

sup wf < wf(xk) +1.
Writing
UE =yl + 1 Buo,  Kf = Kje 2 b,
we see that (1,/5[.") satisfies an equation of the form (5-1). Therefore, as the term
tkBiug is uniformly bounded on bounded domains, Lemma 5.2 can be applied to
the sequence (1//1.").

If x¥ is bounded then, up to a subsequence, x
We consider the following three cases.

Case I: x® e R>\{Pr:£=1,2,...,m}.
By Lemma 5.2 (see also [Jost et al. 2006; Lucia and Nolasco 2002]) we have

ks xo°,

max{o(x*), or(x™)} > 1,

where the blow-up value at a point P is defined by

1 _
o;(P) = lim lim —/ Kieidx, i=1,2.
B, (P)

r—0k—o00 27T

This contradicts (2-3) as 0; (x*®) < B; < 1.
Case2: x* e{P;:£=1,2,...,m}.

Without loss of generality we assume that x°© = P;. Notice that

N 1))

Ki(x)_ms =1,2,

for some positive continuous functions f; and f> in a small neighborhood of the
point P;. In particular, the functions wl’.‘ (x) := wik (x — Py) satisfies the conditions
of Lemma 5.2 for some R > 0, and we get

01(x*)>1—=B11, oro@x™)>1-pB1,

a contradiction to (2-3).

Case 3: |x*| — oo.
We set

J!‘(x)=1//{‘(i>, I?i(x)=il_<i(i> on R\ {0}, i=1,2,

|x|?
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and extend them continuously at the origin. Then %" satisfies

~ 1 Lyl ~ 7 ~ T
1/f{C(x) =57 /2 log(lx = |>(2K1 (y)ez‘/’l o — Kz(y)e2w2(y)) dy +clf
(2-8) R y

i 1 |y| = Ik (y =~ Iy
B = 5 [ o225 ) @R = Rine ) ay

for x € B;. Since Ei(O) >0fori=1,2, and

~ - - xk
Ui (@) — 00, K= —05 =0,
| x|
one obtains a contradiction as in Case 1.
We conclude the proposition. (]

Proof of Theorem 1.1. It follows from Proposition 2.1 and Schauder fixed point
theorem that the operator 7 has a fixed point, say (v;, vz). Then setting

up :=v; +Biug+ciy, =12,

one sees that (#1, u) is a solution to (1-6)—(1-7). O

3. Nonexistence results

We show that Theorem 1.1 is not true if the assumption (1-8) is replaced by (1-9).
Let us fix 81, ..., B7 € (0, 1) such that the assumptions .A(1) to .A(5) hold:

(AD) Ba+ Yy  Be=2.
(A2) B2+ B3 < Bi.
(A3) B4 < 1.

(A4) Ba+Y ) s Be=2.
(AS) Bs+pBs < 1.

It is easy to see that A(1) and .A(2) imply that
(A6) Bs+pP1 > 1and B4+ B¢ < 1 for £ =2,3.

We shall show an nonexistence result to the Toda system (1-1) satisfying (1-5)
for the following choice of {8; ¢}:

fort =1,2,3,4, 0 fort=1,2,3,4,
G-1)  Pre= {’3@ 9 -={

0 fort=5,6,7, Be forf=5,6,7.
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Let us point out that we can choose {8} satistying .A(1) to .A(5) in such a way
that {8; ¢} satisfy (1-9) with m =7, i = 1, 2. For instance, one can simply take

pr=1-—c¢, Br=PBs=35—¢
ﬁ4:%8’ :85:1_%85
Be=pBr=1(1+e), £€(0,3).

For these B, one has
.

Z,BI,E = (14 B1.1) — 3¢,
=1
and hence {B; ¢} does not satisfy (1-8).
We begin with the following nonexistence result for a singular Liouville equation.

Lemma 3.1. Let 8, € (0, 1) with £ =1, 2, 3, 4 be such that A(1) to A(3) hold. Let
P1, P>, P3 be fixed three distinct points in R>. Then, for | Ps4| large enough, there
exists no continuous solution to

4

1 2u . 2
_Au—ﬂme in R ,

u(x) =—2p4loglx|+ O(1) as|x| — oo.

(3-2)

Proof. Assume by contradiction that there exists a sequence of solutions (1) to
(3-2) with
Py= Py, |Psy] > 00 ask— oo.

Notice that the assymptotic behavior
uk(x) = =284 log |x]| 4+ Ok (1) as |x| — o0

is equivalent to

3

f ISR dx =47mps.  Ko):=]] !
R

2 |x — Py|?Ps g X~ Py|?Pe

Step 1: We have
K '
lim lim ﬂezuk(") dx =0.
R—00 k—00 B |x — P4|2'34

To prove this we use Kelvin transform. Up to a small translation, we can assume
that none of Py, P», Ps is the origin. We set

~keos ok X Y k
u(x):=u W 2B4log x|+, x #0,
X
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for some c* € R. Then setting Qy := Py/(|Pg|?) for £ =1, 2,3, 4 we see that

1

12 ka2
_A~k - 2ut(x/(|x9)) RZ 0.
= El /(X — Qe/ (0PI mEA )

Using that |x||y||x/(Ix|®) = y/(|y]*)| = |x — y|, A(1) and for suitably chosen c¥,
we obtain

4
1 ”
Ak _ 24 2u(x) 2
Adi* (x) = |x| H—Ix—Qelzﬂfe in R2\ {0},
=1
i*(x) = =284 log | x| + O (1) as |x| = oo.

In fact, as ik = Or(1) in By, it satisfies the above equation at the origin as well,
that is,

|x|2P4 2w i @2 o : 1
e — gappi /(¢ n®, feo=]1 =g

(=1

—Aif(x) =
As | P4| — o0, we have that Q4 — 0. By A(3) one gets

(3-3) / ﬂﬂx)ewm:w <27(1—Bs—e)
g X — Q42 v !

for some ¢ > 0. Hence, by Lemma 5.1 we obtain
i*<C in Bjs for some § > 0.

Step 1 follows immediately from the relation

Ko(x x|?P4 _
/ _ Ko@) )2/3 ezuk(x)dxzf ™ 5 fk(X)ezuk(x)dx.
B, |x — Py|“Pe B, |x — Qu4|*P

R

Step 2: No blow-up occurs on bounded domains, that is, for every R > 0,
u — Balog|Ps| < C(R) on Bg.
Writing % = u* — B41log | P4| we see that
—AilF = KoK ¥ in R?, fR 2 KoK1e* dx = 4npa,

where

1 ) | Py |2P
Kot = U |x — Py|?Pe’ K= |x — Py|?P’

It follows that K; — 1 in C&C(Rz) as k — oo, and K¢ does not depend on k.
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Assume by contradiction that iz* is not locally uniformly bounded from above.
Then, as blow-up points are discrete, there exists § > 0 such that

k k

max u :ﬁk(xk) — 00, X' — Xo,

Bs(xo)

for some xo € R2. If x ¢ { P, P, P3}, then one can show that

47By > lim lim KoK e* dx > 4r,
r—0k—o00 B, (x0)
a contradiction as B4 < 1. Thus, xg = Py, for some ¢y € {1, 2, 3}, and in fact,
the set of all blow-up points is a subset of { Py, P>, P3}. We fix R > 0 such that
Bag(x0) N {Pi, P>, P3} = {xo}. Then i&* is uniformly bounded from above in
Byg(xo) \ Br/2(xo). Using this, and as ik satisfies the integral equation

—k 1 1+]y| 20 (y) k i
= — 1 — |K Y K := KoK
wx) = 5— /RZ Og(lx—yl (e dy+C", oK1,

for some C* € R, we get that
itk (x) —it*(y)| < C for every x, y € dBg(xo).

Hence, by the remark after Lemma 5.2 we have (this can be shown easily by a local
Pohozaev type identity to the above integral equation satisfied by i)

r—0k—o00 27T

o (xo) = lim lim if KoK1e2 dx = 2(1 — By,).
B, (x0)

Thus 284 > o (x0) = 2(1 — B¢,). This and .A(6) imply that £o = 1, that is, P is
the only blow-up point. In particular, #i* — —oo locally uniformly outside P;.
Therefore, by Step 1 and (3-3) we get

1 _
26s= — lim | KoK dx = o(xg) =2(1 — By),
27 k—oo J2
a contradiction to .A(6). This finishes Step 2.
Since i* is locally uniformly bounded from above, up to a subsequence, either

kK iin CI%C(R2). In the first case we get a

i* — —oo locally uniformly, or i

contradiction to

7k . . T
/ KoKie*" dx =4mBs, lim lim KoK ¥ dx =0,
R2 R—o00k—00 BS,
thanks to Step 1. Therefore, only the later case can occur, and the limit function u

satisfies
3

—Aii = Kpe® in R?, Ko= ]_[
=1

1
|x — Py|?e
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Again by Step 1, we have that

/ I(oez‘2 dx =47 By,
R2
which is equivalent to

u(x) =—2p4log|x|+ O(1) as |x| — oo.
Thus,

3
w(x) :=ii(x) — Y _ Belog|x — Pyl

=1

satisfies (1-3) with m = 3, where 1, B>, B3 satisfy A(2). This contradicts the
necessary condition (1-4) in Theorem A. U

Remark. Problem (3-2) is super critical under the assumptions .A(1) and .A(2). To
be more precise, if one uses fixed point arguments (as described in Section 4) to
prove the lemma, then one would not be able to rule-out a blow-up phenomena
around the point Pj. This is due to the fact that the energy of a singular bubble at
P is 47 (1 — B1), which is smaller than the total energy 47 S;.

The supercriticality of the Problem (3-2) under A(1) and .A(2) can also be seen
from the point of view of singular Moser-Trudinegr inequality; see, e.g., [Adimurthi
and Sandeep 2007; Battaglia and Malchiodi 2016; Malchiodi and Ruiz 2011; Chen
1990; Troyanov 1991].

Now we are in a position to prove nonexistence of solution to the Toda system
(1-1)—(1-5) for the choice of {#; ¢} as in (3-1). More precisely, we have:

Lemma 3.2. Let B, € (0, 1) with€ =1, ...,7 be such that A(1) to A(5) hold. Let
Bic:i=1,2,=1,...,7}beasin (3-1). Let Py, ..., P4y be such that Problem
(3-2) has no solution. Let Ps be a fixed point (different from P\, ..., Py). Then for
| Ps|, | P7| large (Pg # P7) there exists no solution to (1-6) with m =7 such that

u;(x) =—p4log|x|+0() as|x|—o0, i=1,2.

Proof. We assume by contradiction that there is a sequence of solutions (ﬁf.‘) to
(1-6) with

Pi=Puy, P2 0 fore=6,7.

Then, setting

ub =0k, ub =05 — Belog | Ps| — By log | Py,
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we see that (uf.‘) satisfies
k k .
—Aull‘ =2K e — Kye®2  in R?,

k k .
—Au§ =2Ke*2 — Kje®  in R?,

(3-4
K dx = 27 By i=1,2,
Rz
1P 5225 o0 (=67,
where
4 1 ! 1
Kix)=]———, K& =P PP ]| ———.
1(x) le_mzm 2(0) == | P[] Py gu—PzPﬂ«

Notice that K| does not depend on k, K| € L'(R?), thanks to the assumption 84 < 1,
and
K, — |x — Ps| 725 locally uniformly in RZ\ {Ps} ask— oo.

We claim that u'f — u locally uniformly in R?, where u satisfies
(3-5) —Au=2Ke* in R?, / Kie* dx = 27ps.
R2

Then one can show that u(x) = —284log|x| + O(1) as |x| — oco. In particular,
ulx) =ulx)+ % log 2 is a solution to the Problem (3-2), a contradiction to our
assumption on Py, ..., P4 that the Problem (3-2) has no solution.

We prove the claim in few steps.

Step 1: We have

lim lim [ Ke*'dx=0.
R— 00 k—o00 BS,
The proof is very similar to that of Step 1 in Lemma 3.1. Here we give a sketch
of it.
We set

~ X
ik (x) = u’;<w) — Bslog |x| +ct,
so that itll‘ satisfies (E does not depend on k)

—Ailk = Ke®™ — gk in R?, Ke?™ dx = 4npy, / gk dx = 2mpa,
R2 R2
& K>0inR2, Ro)2=%q,
Now we can apply Lemma 5.1 with 8 = 0, thanks to the assumption .A(3), to get
that ft’l‘ < C in a neighborhood of the origin. Step 1 follows.
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Setting

k

S;={xe R?: there is a sequence x° — x such that uf-‘(xk) —o00}, i=1,2,

we shall show that S| U S, = @. We start with the following:

Step 2: S} C{Py,..., P4} and S C {Ps}.
For xg € S; U S, we can write
¢ +o(l)

¢ >0, oh)==20, i=1,2,

where o € {0, By, ..., B4}, 2 € {0, Bs} and ojxp = 0. By Lemma 5.1 and A(3)
one gets Sy C {Py, ..., P4} and S € {Ps}.
Step 3: S1US, = 2.

It is well-known that uf.‘ satisfies the integral equation

k 1 1+]y| 2uk 2k (y ko
u* (X)ZE/RZ 1og(m (2K;(y)e* Y —K3_;(y)e*s- ) dy+Ck, i=1,2.

For xp € S US, let R > 0 be such that Bg(xp) N (S;US,) = {x0}, and xg is the only
singularity for K;, K, on Br(x0). Then, from the above integral representation,
one can show that

luf(x) — uk(y)| < C for every x, y € dBgr(x0), i=1,2.

In particular, uf and K; satisfy all the assumptions in Lemma 5.2. Therefore, if
S» = {Ps}, then as o1(Ps) = 0, we must have 0,(Ps) = 1 — Bs. This implies that

Bs = 02(Ps) =1— s,

a contradiction to A(5). Hence, S, = .

Now we assume that 8¢, € S for some £ € {1, ..., 4}. Then, in a similar way we
get that B4 > 1 — By,. In fact, by A(6), a strict inequality holds, that is, B4 > 1 — By,.
Since

ulf — —oo locally uniformly in R?\ S,

we must have that the cardinality of S is at least 2, thanks to Step 1. Taking Py, € S
with £ € {1, ...,4}\ {{o}, and again using that o (Py,) =1 — B,,, we obtain

:84 2 G(PEO) +U(PK1) = 2_ :BZ() _IBZP
a contradiction to A(1).
We conclude Step 3.
Step 4: u’l‘ — U1 In C&C(Rz) where 17 satisfies (3-5).
Since S; U S, = &, up to a subsequence, one of the following holds:

(i) u¥ — i; in C) (R?) fori =1,2.
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0

lOC(IRZ) and u’é — —oo0 locally uniformly in R

(ii) ut — @ inC
(ii1) ug — Uy in CI%C(IRZ) and u’l‘ — —o0 locally uniformly in R
(iv) uf.‘ — —o0 locally uniformly in R? fori =1, 2.

It follows from Step 1, and the integral condition fRZ K€ dx = 27, that either
(i) or (ii) holds, and u; satisfies the integral condition

/ Kie*' dx = 27 Bs.
R2

Now we assume by contradiction that (i) holds. Then the limit functions (i1, u»)
satisfy the system

—Al/_tl = 2K1€2121 — szeZﬁz in Rz,

(3-6) —Aily =2K2e* — K1e*' in R?,

/ Kle%” dx =27 By, / I_(zez‘z2 dx =:2my <2mpBy,
R2 R2

where K, (x) := |x — Ps| =2 is the limit of K, as k — co. Then one has

. uz(x)
lim
|x|—o00 log |x|

=—Q2y — B4),

and together with K,e%*> € L'(R?) we have B5+2y — B4 > 1. Hence, B4+ B5 > 1,
a contradiction to A(5).
Thus, (ii) holds, and (3-6) reduces to a single equation (3-5). O

4. Higher order singular Liouville equation

The proof of Theorem 1.2 is very similar to that of Theorem 1.1 (see also [Hyder
et al. 2019]). Here we give a sketch of it.
Writing
m
w(x) =u(x)— Y Belog|x — Py,
=1

Theorem 1.2 is equivalent to prove the existence of solution u € C°(R") to

m

I
i C A2 = Ko™ in R =]—
@-1) CATu= R K@= =

satisfying the asymptotic behavior

(4-2) u(x) = —Blog|x| + O(1) as |x| — oo, ,8::2—2[3@.
(=1
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As before we fix ug € C*°(R") such that ug(x) = —log |x| for |x| > 1, and we
look for a solution u to (4-1) of the form

u=pPuy+v+c,

where c¢ is a normalizing constant and v € X, where

X :=CoR") ={veC'®R") : v(x) Linsil 0}, Ivll:= max lv(x)].
Then u satisfies (4-1) if and only if v = u — Bug — c satisfies
(4-3) (—A)"?y = K™ — B(—A)?uyin R", K := Ke"P%.
The function K satisfies
(4-4) Jim Ix|*"K (x) = L.
For v € X, we fix ¢, € R so that
@-5) | Rwereo gy,
We define a compact operator

T:X— X, ve v,

1 _
(4-6)  B(x):= y—/ 1og(|xly|)K(y)e"@(y)“v) dy — Bup(x), x eR".

It follows that v € C°(R") (in fact, Holder continuous), and by (4-5)

1
a(x)z—/ log( x| )K(y)e"@(y)”v)dy for |x| > 1.
Vn JRn |x — I

We claim that there exists C > 0 such that
4-7) lvllx < C for every (v, t) € X x [0, 1] satisfying v =¢T (v).

Then by Schauder fixed point theorem the operator 7 has a fixed point v in X, and
consequently we get a continuous solution to (4-1) satisfying (4-2).

To prove (4-7) we assume by contradiction that there exists Wk, %) e X x [0, 1]
such that ||v¥||x — oo and v* = t*T (v%), that is

t* _
a8 = (RO dy o,
n n
Then we can choose x¥ € R” so that

sup YA () < pF ) +1 5% 00, k() == (x)—i—cvk—i-llogt

xeRn
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The crucial ingredients to obtain a contradiction are Theorem 5.3, and the relation

(4-9) B=2— Zﬁg—z B — Z,Bg<2(1—,3])forevery]_12
t#j

which follows from the second condition in (1-4). Up to a subsequence, we
distinguish the following two cases:

Case I: x*¥ — x® e R".
In a small neighborhood of x* we have for some ¢y > 0

K(x) = LO(I)’ o(1) ﬂ) 0,

|x _xoo|noz

where @ € {0, By, ..., Bn}. Using (4-8)—(4-9) one gets a contradiction as in [Hyder
et al. 2019]; see also [Aviles 1986; Wei and Ye 2008].

Case 2: |x¥| — oo.
Setting

k
~k k[ X ~k. X
‘“”"‘”(W)’ T= a0

we obtain 1/~fk(£k) — 00, and ;ﬁ’k satisfies

~ 1
Fx)y=— 10 Il K" O gy + & in By,
4 g y y
Yn lx—y]
where

E o 1 K X k. 11 k
(X).—— W , Cc .—Cvk‘f‘z ogt-.

Note that K is smooth around the origin and

|x|—>0

Kx)—=1,

one can proceed as in Case 1. Thus, ¢k < C on R", and we have (4-7).

5. Some useful lemmas

The following lemma is a generalizations of Brezis—Merle [1991] type results;
compare [Bartolucci and Tarantello 2002b, Theorem 5].
Lemma 5.1. Let (u*) be a sequence of solutions to

_Auk = f (x) o2 _ gk TAE)) o2
|x|2"‘ B |X|2a

in By, dx <2n(l—a—¢),

for some & > Oanda € [0, 1). Assume thatg > 0 | gk levsy <C,0= fk<c
and infp,\ p; k> Cy for some 0 < 8 < . Then u is locally uniformly bounded
from above in Bj.
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Proof. We write u* = v* + h*, where h* is harmonic in B; and

R 2 YO ki _ )
V=5, /B l°g<|x—y|>< pe T8 )y

Since gr > 0, by Jensen’s inequality one gets that

1
2000 gy < C ell, ——
fBle x=C), »p T—a—e2)

Notice that

/ (Wt dx 5/ (W + ) dx < C.
B1\Bs

B\ B;
Since § < %,ﬁxingS—{—% <r; <rp <1—24 we see that
0B;(x) C B;\ By forevery x € Bs, ri <t <r.

Therefore, by the mean value theorem,

ra
270(ry — )k (x) = f f W () do (y) di < / Y+ dy <C.
ri JOB(x) B1\Bs
Thus, fB1 (KT dx < C. If pF = fBl/z |h¥| dx < C then we have

h* - h in C2.(B)), Ah=0 in Bj.

In particular, (h*) is bounded in Cl%c(Bl)- If p¥ — oo, then

hk
— —>h inCp(B), Ah=0, h<0 inB.
0

This shows that (4¥) is locally uniformly bounded from above in B;. This leads to

1
/ e2p“kdx§Cr/ ez””kdxfC(p,r, e,a), O<r<l,pe|l, —|.
B, B, l—a—¢g/2
Using this uniform bound, and Holder inequality with p =1/(1 —a — &/2), one
gets v¥ < Cin B, for 0 < r < 1, and the lemma follows. O

A strong version (precise quantization value of o1, 07) of the following lemma is
proven in [Lin et al. 2015; 2018b]. See [Lucia and Nolasco 2002] for a Pohozaev
type identity for regular SU(3) Toda system.



THE SU(3) TODA SYSTEM WITH MULTIPLE SINGULAR SOURCES 663

Lemma 5.2 [Lin et al. 2015; Lin et al. 2018b]. Let (uX, u%) be a sequence of
solutions to

k f 2uk Ky o

—Auj = ge 1 e”2 in By,
|x|2"‘1 |x|2cx2
Kk k K k

—Aub = 2_ 20 L2040 in By,
|x|2“2 |x|2a1

6D K
o€ idx <C, i=1,2,
By 1x|7%

Iui-‘(x) —uf-‘(y)| <C, foreveryx,yedB;, i=1,2,
||K I3y < C,s O<E<Kk inBy, i=1,2,
for some a1, a» < 1, and By is the unit ball in R?. Assume that 0 is the only blow-up

point, that is,

sup uf-‘ <C(e) foreveryO<e<l1, i=1,2.
Bi\B;

Then setting

Kk (x
o; ;= lim lim ! f Lem"km dx, i=1,2,
r—>0k—o00 27‘[ B,

we have
012 +022 —o10p =01(1 —ay) +02(1 — ).
In particular, if (o1, 02) # (0, 0) then
or>1—a; orox>1—wy.

Remark. If o) = ap = «a, K ke — Ké‘ and ul]c = ug in the above lemma, then
o1=03=2(1 — ).

Theorem 5.3 [Hyder et al. 2019; Prajapat and Tarantello 2001]. Let u be a normal
solution to

(5-2) (—A)"?y = |x|"e™ inR", A ::/ |x|™e™ dx < oo,

for some o > —1 and n > 2, that is, u satisfies the integral equation

1
u(x):i/ log(—+|y|>| "™ dy +C,
Vn JRn |x — ¥l

for some C € R. Then A = A (1 +a), Ay :=2y,.
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CONVERGENCE OF MEAN CURVATURE FLOW IN
HYPER-KAHLER MANIFOLDS

KEITA KUNIKAWA AND RYOSUKE TAKAHASHI

Inspired by work of Leung and Wan (J. Geom. Anal. 17:2(2007) 343-364),
we study the mean curvature flow in hyper-Kéhler manifolds starting from
hyper-Lagrangian submanifolds, a class of middle-dimensional submani-
folds, which contains the class of complex Lagrangian submanifolds. For
each hyper-Lagrangian submanifold, we define a new energy concept called
the rwistor energy by means of the associated twistor family (i.e., 2-sphere
of complex structures). We will show that the mean curvature flow starting
at any hyper-Lagrangian submanifold with sufficiently small twistor energy
will exist for all time and converge to a complex Lagrangian submanifold for
one of the hyper-Kihler complex structure. In particular, our result implies
some kind of energy gap theorem for hyper-Kihler manifolds which have
no complex Lagrangian submanifolds.

1. Introduction

Let (M, g) be a hyper-Kéhler 4n-manifold, i.e., the holonomy group is contained
in Sp(n). Or equivalently, there exist distinct, g-compatible complex structures
{Ja}a=12.3 which satisfy the quaternion relations:

Ji=J}=J}=J10hJ;=-1d

Then each hyper-Kéhler manifold M admits a 2-sphere of complex structures called
the twistor family
chJd for (c1, c2, c3) € S* C R.
d

Throughout this paper, we assume that (M, g) has bounded geometry (i.e., the in-
jectivity radius, curvatures and derivatives of the curvatures are uniformly bounded).
Typical examples of hyper-Kihler manifolds are a K3 surface and a compact torus T*
(in fact, any Calabi—Yau 4-manifold is hyper-Kéhler since SU(2) ~ Sp(1) and these
are only compact 4-dimensional examples). Beauville [1983] constructed two
distinct deformation classes of hyper-Kéhler’s in 4n-dimension for every n > 1.

MSC2010: primary 53C44; secondary 53C26.
Keywords: mean curvature flow, hyper-Kéhler manifolds, hyper-Lagrangian submanifolds.
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Moreover, Grady [1999; 2003] constructed two additional deformation classes
in dimensions 12 and 20. Each deformation class has representatives which are
moduli spaces of semistable sheaves on projective K3 surfaces or abelian surfaces
or modifications of such moduli spaces.

In this paper, we show the existence and convergence result for the mean curvature
flow (MCF) in hyper-Kéhler manifolds when the initial data is very small. There
is no doubt that for studying the MCF, Lagrangian is one of the good class of
submanifolds in a Kihler-Einstein manifold. Indeed, from Smoczyk’s result [1996],
the Lagrangian property is preserved under the MCEF, and it gives a lot of benefits for
computations of evolution equations, by identifying the extrinsic normal bundle with
the intrinsic tangent bundle via the complex structure. Nevertheless, we would like
to consider another class of submanifolds, called “hyper-Lagrangian submanifolds”
as displayed below. This class includes Lagrangian submanifolds in hyper-Kiahler
4-manifolds.

1A. Main result. A natural counterpart of the Lagrangian condition in hyper-
Kihler manifolds is the “complex Lagrangian™: for J € S? let ; be a holomorphic
symplectic form (i.e., nondegenerate J-holomorphic 2-form) with respect to J. For
a 2n-dimensional real submanifold L C M, we say that L is complex Lagrangian if
Q| =0 for some J € S% From a basic fact of hyper-Kihler geometry, we find
that there exists a J-orthogonal element K € S? such that ; can be expressed as
Qy =k — -1k,

where wjx = g(JK-,-), og = g(K-, ) are real symplectic forms for JK and K
respectively. So the condition 2|, = 0 means that two symplectic forms w,x and
@ vanish at the same time for any J-orthogonal K € S2

However, this “bi-Lagrangian” condition is so strong that any complex La-
grangian submanifold L in M automatically becomes a (minimal) complex sub-
manifold (see [Hitchin 1999]). So, following the idea of Leung and Wan [2007],
we relax the assumption by using rich geometry on M. We say that L is hyper-
Lagrangian if Qg )|, = 0 at every point x € L for some varying complex structure
W : L — S Then this map W is called the complex phase. In particular, complex
Lagrangian is a special case when we can take W as a constant map. Leung and
Wan [2007] showed that if the initial submanifold L is hyper-Lagrangian, then
L; := F;(L) is still hyper-Lagrangian under the MCF F; : L — M, and then the

complex phase W, evolves according to the coupled flow
d

=F, = H,

(1_1) ilt t t

dr v, = Ay,

where A,W; denotes the tension field of W, with respect to the evolving metric
g = Fg. We will call (1-1) the hyper-Lagrangian mean curvature flow (HLMCEF).
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Like other success stories of coupled flows (cf. [Miiller 2012; Smoczyk 2000]), the
two geometric flows (1-1) can interact with each other to reveal better properties
than either had by itself. For any hyper-Lagrangian submanifold F : L — M, we
introduce the twistor energy of L as the Dirichlet energy of the complex phase W
with respect to the induced metric g := F*g:

T(L) := / VW2 dp,
L

where du denotes the Riemannian volume of g. Intuitively, the twister energy
measures the deviation from L being complex Lagrangian. We can show that
any hyper-Lagrangian submanifold which is “almost” complex Lagrangian can be
deformed to a genuine one in the following sense:

Theorem 1.1 (convergence of the HLMCF). Let (M, g) be a hyper-Kihler 4n-
manifold with bounded geometry. Suppose L is a hyper-Lagrangian submanifold
with the complex phase Vo which is smoothly immersed into M. Then for any Vj,
Ao and 8y > 0, there exists ey = o(n, Vo, Ao, 89, Rm, inj(M)) > O such that if L
satisfies

Vol(Lo) < Vo, [|A](0) < Ao, A1(AL)(O0) =89, T(Lo) < &o,

then the hyper-Lagrangian mean curvature flow (1-1) starting from L converges
smoothly, exponentially fast to a complex Lagrangian submanifold in M for one of
the hyper-Kdhler complex structures on M.

In the above theorem, we need not assume that M has a complex Lagrangian
submanifold, so it also gives an existence result for such a submanifold as well as
the stability along the MCF. Although generic K3 surfaces do not have holomorphic
curves at all, it is also interesting to understand this situation from a geometric
analytic point of view. Applying our theorem, one can immediately see that the
twistor energy causes some gap: for any Vy, Ag and §p > O we define
Vol(L) < Vo, Al < Ao, 21(AL) = 8o

L is a hyper-Lagrangian submanifold,
L(Vo, Ag, d0) ==L CM .

Then we have the following:

Corollary 1.2 (energy gap theorem). Assume a 4n-dimensional hyper-Kdihler man-
ifold M with bounded geometry has no complex Lagrangian submanifolds. Then for
any Vo, Ao and §y > 0, there exists a constant ¢ = c(n, Vy, Ao, do, Rm, inj(M)) >0
such that
inf T(L)>=c.
LeL(Vy,Mo,00)

The proof of Theorem 1.1 is based on [Li 2012] for the Lagrangian mean curvature

flow (LMCEF). In [Li 2012], the crucial step is to establish the exponential estimate



670 KEITA KUNIKAWA AND RYOSUKE TAKAHASHI

for the L2-norm of mean curvature vector H by using the fact that each submanifold
L, is Lagrangian, which is not valid for our case. Instead, we take an alternative
approach from the view point of the theory of harmonic map flow. A key observation
is that the L?-norm of H is bounded by the twistor energy (see Proposition 2.4):

/ 2 dpss < 2T (Ly).
L;

So the problem comes down to establishing the exponential estimate for the twistor
energy, which is indeed possible along the same line as the usual harmonic map flow
(see Lemma 3.4). Note that for the harmonic map flow into positively curved targets,
the flow possibly forms singularities in finite time even if it has small initial Dirichlet
energy [Chen and Ding 1990]. We overcome this by showing Proposition 2.5.

1B. Examples and relation to other results. This paper is entirely written for
hyper-Lagrangian submanifolds of arbitrary dimension. But after we posted the
preprint, we noticed Qiu and Sun’s result [2019] which states that every hyper-
Lagrangian except surface must be a complex Lagrangian, so the concept of the
hyper-Lagrangian is meaningful only when n = 1. However, we emphasize that
our results are new even when n = 1. Contrary to the higher-dimensional case,
the concept of hyper-Lagrangian surface is universal and enables us to make a
systematic study of several conditions for submanifolds preserved under the MCF.
We can see that every surface L in a hyper-Kéhler 4-manifold M admits a canonical
complex phase map W : L — S? defined by

Jyer =ey, Jyez = —ey,

where {e}, ), e3, e4} is any oriented orthonormal frame on 7'M such that {e}, e,}
is an oriented frame on 7L and {e3, e4} is an orthonormal frame for the normal
bundle. Indeed, the map W is independent of the choice for such a frame. In the
following, we will explain each class of submanifolds separately while considering
what shape each complex phase is (see also [Leung and Wan 2007]).

1B.1. Symplectic mean curvature flow. First, we consider symplectic surfaces.
Yau asked (for instance, see [Wang 2001]) “how can a symplectic submanifold be
deformed to a holomorphic one?” Since a symplectic surface remains symplectic
along the MCF in a Kéhler—FEinstein surface (see [Chen and Li 2001; Wang 2001]),
one expects that the symplectic mean curvature flow (SMCF) is applicable to Yau’s
question. It seems that the convergence of the SMCF with small initial data has not
been accomplished yet in the general case, whereas we know several partial results.
For instance, our theorem generalizes Han and Sun’s result [2012, Corollary 4.6]:
we express W as amap a : L — R>, i.e., a is a coefficient of W with respect to {J;},

Jy = Zadld, a:=(ay, a, az).
d
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By using the quaternion relations, we see that
(1-2) cosa :=awy(er, e2) = g(J3e1, e2) = as.

Hence the condition that L is symplectic with respect to w, is equivalent to saying
that the image W (L) is contained in the hemisphere

S% :={(c1, 2, ¢3) € S* C RP|es > 0).

Then the (local) angle o defined by (1-2) is called the Kéhler angle. Applying the
maximum principle to the evolution equation of a, we find that the hemisphere
condition is preserved under the HLMCF (see Corollary 3.2), which is essentially a
restatement of the fact as explained above that if the initial surface is symplectic, then
the surface is still symplectic along the mean curvature flow. In [Han and Sun 2012],
they showed the convergence of the SMCF under the stronger assumption that the
ambient Kihler surface M has zero sectional curvature and the initial L2-norm of A
is very small. Also there is a convergence result for the SMCF in Kéhler—Einstein
surfaces with positive Ricci curvature by Han and Li [2005], where the positivity
of the extrinsic curvature was essentially used. Theorem 1.1 indicates that the MCF
method is still valid for Yau’s question, and makes the first step in this direction.

1B.2. Lagrangian mean curvature flow. Next, we explain the Lagrangian case.
If L is Lagrangian with respect to @, for a fixed J, € S% then without loss of
generality, we may assume J3 = J,. By the Lagrangian condition, we find that L
has the J3-orthogonal complex phase Jy which can be expressed as

(1-3) Jy(x) =cosO(x)J; +sinb(x)J,

for some multivalued function 6 : L — R. Moreover, the functions 6 and @, are
related by the formula

(1-4) in@,, =do.

So 6 is nothing but the Lagrangian angle. In particular, we often consider the
following special cases:

(1) The form iy, is exact, or equivalently, 6 is a single-valued function.

(2) The submanifold L is almost calibrated, i.e., L satisfies (1) and cosf > 0.

As it is Lagrangian, these two conditions are preserved under the MCF [Smoczyk
1999; Chen and Li 2001; Wang 2001]. The convergence result for the LMCF with
small initial data was obtained by Li [2012, Theorem 1.2]. He showed this similar
convergence result to Theorem 1.1 under the assumption (1) (but, we need not
assume (2)) and that the initial L2-norm of H is very small. So Theorem 1.1 is still
meaningful even if Lo is Lagrangian since we need not assume (1) in our theorem.
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complex

symplectic

almost calibrated

Lagrangian

Figure 1. Image of the complex phase W in S.

Finally, we again emphasize the benefit of the hyper-Lagrangian submanifolds.
In fact, the hyper-Lagrangian structure gives one a comprehensive view point to
understand the concepts of symplectic surfaces or (almost calibrated) Lagrangian
submanifolds in hyper-Kéhler 4-manifolds. Figure 1 shows the correspondence
between each of these concepts and the image of the complex phase map W : L — S2.

1B.3. Holomorphic curves in K3. On any polarized K3 surface (M, H) (with
H % Oyp), it is known that there exists at least one holomorphic curve which
belongs to the linear system |m H| for all m > 1 (Bogomolov, Mumford, Mori and
Mukai [Mori and Mukai 1983]). Due to the Lefschetz theorem, the existence of
such an H is equivalent to saying that the Néron—Severi lattice

NS(M):= H"'\(M)NH*(M, Z)

is nonempty. Moreover, Chen [1999] proved the existence of infinitely many
holomorphic curves on general K3 surfaces. Then we can take any small perturbation
of the holomorphic curves as an initial data in Theorem 1.1.

1C. Organization of the paper. Our article will be organized as follows. We will
first recall some results discovered by Leung and Wan [2007] and prove formulas
relating the mean curvature vector (or second fundamental form) with the complex
phase which are needed in the rest of the article. In Section 3, we study the behavior
of the twistor energy and first eigenvalue along the HLMCEF, and then establish
some parabolic estimates. Finally, we give the proof of Theorem 1.1 in the last part
of Section 3.

2. Hyper-Lagrangian submanifolds

In this section, we recall some results about hyper-Lagrangian submanifolds studied
in [Leung and Wan 2007]. Let M be a hyper-Kihler 4n-manifold and L C M areal
submanifold of dimension 2x. In this section, we show the indices (i, j, «, B, etc.)
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run in the following manner:

i,j=1,...,2n, o, f=2n+1,...,4n, A,B=1,...,4n,
v,iA=1,...n, u,p=n+1,...,2n.
Definition 2.1. A submanifold L is called hyper-Lagrangian if Qg )z = 0 at
every point x € L for some W : L — S? Then W is called the complex phase. In

particular, a hyper-Lagrangian submanifold is called complex Lagrangian if we can
take W as a constant map.

Let @ : L — S? be a smooth map such that ®(x) is orthogonal to W (x) for each
x € L. We can take a special orthonormal frame {e;} for TL satisfying
Jyer 1 = e.
Then {e; 12, := Jope;} is an orthonormal frame for the normal bundle satisfying
Jyey,—1 = —ey,.

Then {e4} defines a frame of TM. For a hyper-Lagrangian submanifold L with the
complex phase W, we denote the associated almost-complex structure by Jy. Then
the complex phase Jy acts on 7L, and determines an almost-complex structure
on L. However, hyper-Lagrangian is a strong condition which imposes a lot of
restrictions on the structural equations. For instance, let {p45} be the connection
forms with respect to {e4}, i.e., Ve = vapep. Then the structure theorem of
hyper-Lagrangian submanifolds (see [Leung and Wan 2007, Theorem 4.1]) implies
@-1) P2v-1,20—1 = $2v,22, P2v,20—1 = —P2v-1,2>
P2u—1,20—1 = —P2p.2p5  P2u,2p—1 = P2u—1,2p-

As a consequence, we obtain the following:

Theorem 2.2 [Leung and Wan 2007, Corollary 4.2]. The complex phase \V induces
an integrable Kdhler structure (Jy, g|r) on L with holomorphic normal bundle.

We set
e, = 3(e—1 —~—lex), e =3(ea—1+v—lea),

e;L = %(621171 + —162;4), e;i = %(62;171 -V _leZ,u)-

Then {e,, e,,} defines a complex basis referred to as the canonical frame adapted
to (W, ®). Correspondingly, we take the basis {4} dual to {e4} and set

=1+ V=10, §) =01 — V=10,
¢y =1 —~N=15u, & =Cu1+vV—18,.
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With this basis, Qg can be written as

Qu=—v-1) ¢, r¢,.
v,

Leung and Wan [2007, Theorem 4.5] found the formula relating the mean curvature
vector H and the complex phase W as follows:

Proposition 2.3. We have
(2-2) inQy +2+/—10¥ =0.

In particular, the above proposition shows that a hyper-Lagrangian submanifold L
is minimal if and only if the complex phase W is antiholomorphic. Meanwhile, by
using the formula (2-2), one can obtain a bound for |H| by means of the energy
density of the complex phase W:

Proposition 2.4. We have
|HI? 2|V

Proof. For a fixed x € L, we set
Ji=Ju(x), Jh=Jox), Ji=JJ;.

We would like to call it the canonical basis adapted to (¥, ®) at x. Then we set the
coefficient a’ = (4}, a5, a}) as Jy =), a,J),. We take a local representation of W:

_a(n)+ V—1a5(p)

ow [—d5(p)

via stereographic projection. Then the formula (2-2) yields that
inQu+2v/-100=0 atx.
From the construction, we know that
aj(x)=1, ay(x)=a5x)=0, Ox)=1.

Also since L is hyper-Lagrangian with the complex phase W, the derivative V Jy
is spanned by J; and J; at x, so

dai|, =0.
Thus we have

00|, = \/—18a§|x + 8a§|x,
1001* < 2(|8a5|* + 18a}|?) = |dab|* + |das|* = |Va'|?
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at x. On the other hand, if we set H = — Za H%e,, one can easily observe that

inQu=—v/—1) _(H* ' —=1H")¢,
"

linQul* =2|H |

So we have

|H|> =2|00|*> < 2|Vd'|%.

We note that @’ and ® heavily depend on the choice of the basis (J{, J3, 13’)
whereas a only depends on the background basis (J1, J2, J3). However, the point is
that the norm |Va'|? is independent of the choice of an orthogonal basis (J;, J;, J3)
since the Euclidean metric on R? is invariant under the standard O (3)-action. So
we have |Va'| = |Va| = |V¥| and |H|? < 2|VW¥|% O

We also note that the quantity | V| has the following three equivalent definitions:

We regard the complex phase W as a map a : L — S? C R?, and define |V |
as the energy density of a:

Val =) |Vaal.
d

We define |[VW/| as the energy density of W : L — S2 i.e., a map into S? (also
see (3-2)).

We define |VW| as the norm of the covariant derivative of Jy along L:

IVJul> =Y g((Vil)(ea), ep),
i,A,B

where V denotes the Levi-Civita connection on the ambient space (M, g).
Then, taking into account the fact that {J;} is parallel and (Jy, J,); = 4ndge,
we have VJy =", da; ® J; and |VJy| = 2/n|Val.

As for the relation to the second fundamental form A, we have the following:

Proposition 2.5. In the canonical frame adapted to (¥, ®), the quantity |V Jy|? is
expressed as

= -1 2 2u— 2
VJel> =4 Z [(hyy; — th:—l,i)z + (hzfj—ll,i + hZfii)z]’
v,

where h;’; = g(e;, Vjey). In particular, we have

VU] < c(n)]Al.
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Proof. Set J; 4.5 1= g(?,-J\p (ea), ep) for simplicity. We compute
(VJw)(ean1) = V(en) — Ju(Vey, 1)

= Zfﬂzu,jej + Zfﬂzv,aea —Jy (Z Yov—1,j€j + szu—l,aea)-
J o j o

By using (2-1), we know that the first and third terms cancel each other out. So

(VJg)(ea—1) = Z[(fpzu,zuq —@-12)€2u—1 + (V20,20 + P2v—1,2u—-1)€24 ],

"
and hence
2u—1 21 2 2u—1
Ji,2v—1,j =0, Ji,2v—1,2u—1 = _h2u,i +h2u_1’,” Ji,2v—1,2u = _hzv’,’ - h2v—l,i'
In the same way, we can compute other terms by using (2-1) as follows:
21 2u—1 2u—1 21
Ji,2v,j =0, Ji,Zv,Zu—l = h2v,i + h2v—l,i’ Ji,2v,2u = _h2v,i + h2v—1,i’
2u—1 21 21 2u—1
Ji,Z/,L—l,OlZO’ Ji,ZM—l,Zv—l =h2v,i _h2v—1,i’ Ji,2u—1,2v=_h2v’i _h2v—l,i’
. : _2p—1 2u : _ 12u—1 2u
Jizpa =0, Jiopav-1 _h2v—l,i +h2v,i’ Jip v _h2v,i _h2v—l,i‘
So we obtain the desired formula. U

3. Hyper-Lagrangian mean curvature flow

3A. Evolution of the coefficient vector. We regard the complex phase W as a map
into S? ¢ R? and write a = (a;, az, a3). We compute the evolution equation of a
when W evolves along the generalized harmonic map flow %\IJ =AW

Lemma 3.1. Along the HLMCF, a satisfies

d
(3-1) QE—AJa:WM%.

Proof. We take a polar coordinate (6, ¢) of S? and express a as

cos W sin W¥
a=| sinWsinw? |,
cos W¢

where we write W/ =6 oW, W¢ = ¢ o W for simplicity. Then

d d _, 0 d 9
Tou="wl Loy Sy L ow,
di - dr 36 dr 0g
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Let (x!, ..., x?") be a local coordinate in L. Recall the definition of the tension
field of W:

n n
A A 0 NN 0
AV =" gIVVwl — oWt Y GUVV0Y . — oW e C®(WTITS?Y),

where V denotes the canonical connection on W~ TS? associated to g and the
standard metric g on S% Then
WP Jwr

Y=u.¢

) 01:0,(,0,

where f‘gy denotes the Christoffel symbol with respect to g. We can easily compute

800 = sin’ @, ge(p =0, ggogo =1,
-0 = ~g  COSQ - .
Fgo=T4,=0, I'y,= Sng’ Iy, = —singcos ¢.

This implies that

d _, " e & cos W¥
a o _ IO T w0 — Awpf L SO 0 0
V= 'Zlg ViVjwl = AW 4 s (VU V),
L ]=
d n
V= > UV WY = AW —sin WY cos WY - [V 2.
f ij=I
Since
Aaz = —sinW¥ - AWY —cos WY - |[VW¥ ]2,
(3-2) |Val® =sin®> U - [VEO )2 4+ VW92,
8 8
we have
ia3 = —siny?. i\D‘p = Aaz + |Val’a;
dt dt ’
We can compute the evolution equation of a; and a, in the similar way. O

Applying the maximum principle to (3-1), we obtain

Corollary 3.2 (also see [Leung and Wan 2007, Theorem 5.1]). If L satisfies az > ¢
for some constant ¢ € (0, 1) then a3 > ¢ holds along the HLMCF L, forallt €0, T].
In particular, the hemisphere condition V(L) C §2+ is preserved under the HLMCF.

3B. L2-estimates. Let L C M be a hyper-Lagrangian submanifold with the com-
plex phase W.
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Definition 3.3. We define the twistor energy of L as the Dirichlet energy of the
complex phase:

T(L) = / VW2 du.
L
By using (3-1), we can obtain the exponential estimate for the twistor energy:
Lemma 3.4 (exponential estimate for the twistor energy). For the HLMCF L,
d 2
ET(Lz) S (2200 + C) max| H|A] + 2 max |V - T (L),

where A1 (t) > 0 denotes the first eigenvalue of the Laplacian A,.

Proof. First, we recall the evolution of the Riemannian metric on L (for instance,
see [Chen and Li 2001]):

d
Egij = —2Hah?j.

By using this and the expression of the energy density as the norm of the coefficient
vector [VW|?> = |Va|?, we compute

d fw 2a
— a
dar J, 129;

d d i 7 2 2
—2fL<an,Va>du,+fL;Eg”v,-advjaddut—/L|Va| HP dp.

We estimate each term separately. The first term is
d 2
2| (V—a,Va)du, =2 | (V((A+|Val)a), Va) du,
L dt L
=—2/|Aa|2dut—2/|Va|2<a,Aa)dut
L L
<=2 [ VaPdy+2 [ 1Val* au,
L L
< —2M/|Va|2dut+2n}ax|w|2/|Va|2du,,
L : L
where we used the formula

d
0= <aa, a> = ((A+|Val)a. a) = (Aa. a) + |Val’,
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which can be proved easily by differentiating |a|?> = 1 in ¢. For the second term,
we have

VE 4 iiVayV a0d
8 iaqVvjaq dji;
L& di

= ‘ZﬁZH“h%Viadeaddut
d

< C(n) max|H||A| -/|Va|2dut. 0
t L

The above lemma says that we need to control A; in order to obtain a bound for
the twistor energy. So we establish the exponential estimate for A, as follows:

Lemma 3.5 (exponential estimate for the first eigenvalue). Along the HLMCF, the
first eigenvalue A1 (t) satisfies

d
—21 = —(max|H[* 4+ C(n) max|H||A[) - A;.
dt L, L,

Proof. Let f be an eigenfunction with respect to Ay, i.e., f satisfies
—Arf =M1 S, /fzdutzl.
L
Then the first eigenvalue A; is

M =/|Vf|2dm-
L

Differentiating || L f 2du; = 11int, we have

d 2 2 _
/L(2Ef-f—f \H| )du,—o.

Thus we can compute

d d d i
=2 {(v=fvfla —8VifVifdu — | IVfIPIHId
T /L< ar” f> “t+/Ldzg INif ati /Ll PR
d
=2 [ Lr A due2 [ BRI f du
Ldt L !
+ [ ragmPdus [ £ 7 VIHP) due
L L

Using the relation —Af = A f, we find that the first term and the third term cancel
each other out. The second term can be estimated as

‘2/ HOhEV YV f dig
L

< Cn)ymax|H||A]- A1
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The fourth term is
/ F(VEVIH du, = — f (FAf+IVFDIH? du,
L L

Y / FHP duy / Y PIHP dug
L L

>—mLax|H|2-/\1.

Thus we obtain the desired result. (]
3C. C'-estimates. In order to get the C%-estimates from L2, the notion of a noncol-
lapsing geodesic ball is convenient. Roughly speaking, the volume of each geodesic

ball in L is bounded from below by that of the Euclidean geodesic ball of the same
radius. Let N be a compact Riemannian m-manifold.

Definition 3.6. We say that
(1) A geodesic ball B(x, p) in N is called x-noncollapsed if
1(B
Vol(B(y, s)) >«

sm
whenever B(y, s) C B(x, p).

(2) A compact Riemannian manifold N is called k-noncollapsed on the scale r if
every geodesic ball B(x, s) is k-noncollapsed for s < r.

Lemma 3.7. Let (E, h, D) be a vector bundle with a fiber metric h and a com-
patible connection D over a compact Riemannian manifold N. Assume that N is
k-noncollapsed on the scale r. For any smooth section o € C®°(E), if

Dol < A, /|o|2du<e<rm+2,
N

then
m]\e}x|a| < (A + k712l m+D)

Proof. Assume that |o| attains its maximum at a point xo € N and the statement
does not hold, i.e.,
|0 (x0)| > (A A+ s~ /2!,

Then by setting § := ¢!/ +2) we get
AS = A" <o (x)].
Thus for any x € B(xg, §), we have

lo ()| = |o(xo)| = Ad > 0.
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Integrating on B(xq, §) yields that
£ > f lo|>du > (Jo(x0)| — A8)? Vol(B(xo, 8)) = (lo (x0)| — A8)* k8™,
B(x¢,8)

where we used § = ¢!/"*+2) < r and the assumption that N is x-noncollapsed on
the scale 7 in the last inequality. So putting § = &!/"+2) into the above yields that
lo(x0)| < (A 4k~ V2)gl/m+2) contradicting the assumption. U

Now we go back to our situation, so let L, be the HLMCEF in a hyper-Kihler
4n-manifold M. Lemma 3.7 indicates that it is important to study the evolution of
the volume ratio along the flow.

Lemma 3.8 (volume ratio estimate). If L is ko-noncollapsed on the scale ry, then
for any small geodesic ball B, (x, p) in L, with radius p € (0, ry), we have

Vol(B, (x, p)) > kge” PHDE®D p2n,

where E(t) is given by
t
E() ::/ (n}alelz—i-mLaxlAllHl)ds.
0 s s

Proof. Let y; be a length-minimizing unit-speed geodesic with respect to g(t)
joining p to g € B,(p, p). Then for every #y we have

dl (p, q) == Lengthg(t) (Vt) < Lengthg(t) (J/to),

and equality holds when ¢ = 1y, which implies that

d

d d
Edl(p’ Dle=ty = ELengthg(t)(yt)h:to = —Length, ;) (v1) lr=r,-

dt

Thus we can compute

d 1 dt(p,q)dg d d
S| =|3 [T B (S S ) as

This implies that

grriaxlAllH|'dt(P,¢])-

e EOdy(p, q) <di(p, @) <do(p, @)V, du, > e EVdp.

Since L is kg-noncollapsed on the scale ry, for p < ry, we have

Vol(B,(p, p)) = f du, > / e ED dpg > ige=CrTHEO p2n O
Bi(p.p) By(p,e~E®p)
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3D. Some parabolic estimates for the HLMCF. In this subsection, we prove some
parabolic estimates for the HLMCEF. The first lemma says that the HLMCF does
not change a lot in short time intervals.

Lemma 3.9. If L satisfies
|A[(0) <A, [VY[0) <P, 2:1(0) 294,
then there exists T = T (n, A, Rm) such that the HLMCF L, satisfies
[A](0) <2A, |VV|@) <2P, A(t) 2> %8, te[0,T].

Proof. The estimate of |A| follows from [Han and Sun 2012, Lemma 2.2]. Then the
estimate of A follows from the exponential estimate for A;. Finally, we establish the
estimate for |VW|. By the Bochner identity, the Gauss equation and Proposition 2.5,
we can compute

d _
(E — A,) VW2 = —2|V2W2 £ Rm® #(V¥)* + Rm#(VW)? + A2 % (V)>

< C(n, A,Rm)|VW|>.
Applying the maximum principle, we obtain
V(1) < e2CARD Y| (0) < e2 € AR p,
so we may take 7 < 2log2/(C(n, A, Rm)). O

We can obtain not only the usual smoothing estimates for A, but also for ¥ with
the help of Proposition 2.5.

Lemma 3.10 (smoothing estimates). Suppose along the HLMCF, we have
sup|A| < A, 1€[0,T],
Ly

for some T > 0. Then for each | > 1, there exist constants A; = Aj(n, A, Rm, T)
such that

/ A
sup| V! A| <

!
—, 1€(0,T].
L /2

Further, for any ty € (0, T], there exist constants Py = P;(n, A, Rm, 7o, T) such that

sup| V! W, < P, 1€ (10, T,
Ly
where W,, = V'V is the differential map of the complex phase ¥ : L — S>

Proof. The estimate of A follows from [Han and Sun 2012, Theorem 3.1]. Then
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for any 79 € (0, T'] we have

sup| VAl < A

o S o2y

We use this estimate to show the estimate of W,. Note also that |\, | has a uniform
bound |W,| < c(n)|A] < c(n)A by Proposition 2.5.

In order to derive the estimate of W,, we first compute the time derivative of

t€lto)2, T

|V!W,|? along the generalized harmonic map flow. A straight calculation shows
that for each / > 0 we get the formula

d . . .
d—lep* =AW+ > V' RM #(U) VW, x VW, % VAU,
! r+i+j+k=l

+ Z V Rm*VI 1A% .. xVIT Ax VIQ,
r+iit+i+j=I

+ Z ViIAxVIAxVAY,,
i+jtk=l

where V denotes the Levi-Civita connection on 7'S2 It follows that for 7 € [to/2, T]
we have

d
3-3) —|Viw,?
(3-3) |
d
= A2 (V' w*)2+2<avl w,, V! \If*>

SAVW P2V PHC YT VIV VR, || VW,
0<i+j+k<I

where C = C(n, A, Rm, to, T) is a constant. From (3-3) we have
d
T AL =2V e
and
d
EIV\I’*IZ S AIVE P =2V, 2 4 03| VI, [ 4¢3,
where ¢, = cx(n, A, Rm, to, T), k = 1,2, 3, are constants. Set
Fi=(t—10/2)|VV.[" +a|¥,|%,
where « is a constant which will be determined later. It is not difficult to see

d
(E — A)F < (=20 + 1+ Tc2)| VW, |> +act + Tes.
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Then we choose o = (1 +TC3)/2 to get

d 14+Tc
— —A)F K Tcs.
(G=o)r = (55 Jorere

Applying the maximum principle, we have

14+ Tcy ) [
F(@t) < F(0) < — A" =Ci(n, A,Rm, 10, T), t€lto/2,T].
Hence we get
VW, |2 < € te(ty)2,T]

It follows that

6C —
sup| VW, | < t—l — Pi(n, A,Rm, 1y, T), te€[2ty/3,T].
L 0
This proves the case [ = 1.
For [ > 2, our proof is by induction. Assume that the following estimate holds
foreachO<m <[ —1:
(m+1)(m +2)Cp(n, A,Rm, 1o, T)

sup| V"W, | < " ,  tel((m+1)/(m+2)ty, T1.
L, 0

Then by (3-3) we have
d
IV S AV =2V e

and
d
VWP AV =2V o VWL i,
fort e [(I/(I 4+ 1))tg, T], where ¢, = cr(n, A, Rm, 19, T), k =4, 5, 6, are constants

which are controlled by the lower order estimates. As for / = 1, using the maximum
principle we see

Ci(n, A,Rm, ty, T)
t—A/A+ 1)

Therefore we obtain the desired bound

VI, |2 < te(l/d+ D)o, T].

I+ DI +2)Ci(n, A,Rm, 19, T)
fo
fort € [((L+ 1)/ +2)to, T). O

VI, |2 < =: P(n, A,Rm, 19, T)
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Remark 3.11. From the smoothing estimates, for any #y € (0, T') we have

sup|V'A| < Aj(n, A,Rm, 1p), sup|V'W| < Pi(n, A,Rm, 10), 1€ [to/2, to].
L; L;

In particular, we have bounds for the derivatives IV!A| and |VIW| forl > 1 att =1,.
On the other hand, as in the proof of the above lemma, it is not difficult to see that
we have bounds which only depend on n, A(#y) and W, (#y) (including their higher
order derivatives):

sup| V! A|<A;(n, A(to), Rm),  sup|V!W|< Pi(n, A(to), Wa(to), Rm), 1€(to, T].
L; L,

Combining both estimates on [#y, T'], we obtain T -independent estimates

sup|V/A| < Aj(n, A,Rm, 1),  sup|V'W| < Pi(n, A,Rm,10), 1€t Tl
L, L;

We often use this property without mentioning it in later arguments.

3E. Convergence of the flow. Now we are ready to prove the main theorem.

Theorem 3.12 (Theorem 1.1). Let (M, g) be a hyper-Kdhler 4n-manifold with
bounded geometry. Suppose L is a hyper-Lagrangian submanifold with the complex
phase Vo which is smoothly immersed into M. Then for any Vo, Ay and 59 > 0,
there exists eg = €o(n, Vo, Ao, 89, Rm, inj(M)) > 0 such that if L satisfies

Vol(Lo) < Vo,  |AI(0) < Ao,  A(AL)(0) =380, T(Lo) < o,

then the hyper-Lagrangian mean curvature flow starting from L converges smoothly,
exponentially fast to a complex Lagrangian submanifold in M for one of the hyper-
Kdhler complex structure on M.

Proof. Step 1 (reduction from L? to C°): In the first step, we see that after a short
period of time, the parabolicity of the flow improves the initial Z?-condition for
VW to the C°-condition. From Proposition 2.5 and Lemma 3.9, we know that L,
satisfies

|Al()) <280,  |[V¥|() <c(r)Bo, M) =380, €0, Tol

for Ty = To(n, Ao, Rm). So Lemma 3.4 implies the following exponential estimate
for the twistor energy:

T (L) <e“"T(Lo) < goe’, t€l0, Tl

for some ¢ = c¢(n, Ag) > 0. Therefore we can choose ty = #y(nn, Ag) € (0, Tp] so
that

T(L)) <2, 1€][0,10]
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On the other hand, by the smoothing estimates, we know that for any / > 1,
(3-4) IVIA|(1) < Ci(n, Ag.Rm), 1 €[to/2, 1o],

and also
IV2W|(r) < c(n, Ao, Rm), 1 € [to/2, 1o].

In order to get the estimate for the energy density |VW|, we need to establish
the noncollapsing estimate for L, first. By [Chen and He 2010, Proposition 2.2]
and (3-4), we know that the injectivity radius of L is bounded from below along
the HLMCF

inj(L;) > t(n, Ao, Rm, inj(M)) >0, t €[19/2, to].

Meanwhile, the Gauss equation implies that
IRm| < C(Ag, Rm), t € [to/2, to].
So in the same way as the proof of [Li 2012, Theorem 1.1], the volume comparison
theorem shows there exist k =k (1, Ag, Rm, inj(M)) and r =r(n, Ao, Rm, inj(M))
such that L, is k-noncollapsed on the scale r for all ¢ € [ty/2, tp]. So Lemma 3.7
implies that
1
VW) < ¢+ ) Q2e0) 72 =11, 1€ [10/2, 19,

where we take g sufficiently small so that 2y < r2n+2,

Step 2 (eo-regularity): We set
L is a hyper-Lagrangian submanifold,

A, r, A, P,8):=4 L C M | L is k-noncollapsed on the scale r,
Al <A, VY|P, M(AL) =9

Without loss of generality, we regard L/, as the initial data of the HLMCEF, so
Lie Ak, r, A, n,8), tel0,1/2],

where A :=2Ag, 1:=(c+k"1?)(2g9)" /@2 §:= %80. So Lemma 3.9 combining
with the volume ratio estimate (see Lemma 3.8) implies that we can choose a small
T* > 0 such that

L€ A(ki,r,6A, 2077, 15), 1[0, T*].

Let T* be the maximal time such that the above estimate holds. Then in order
to prove the long-time existence of the flow, it suffices to prove the following
go-regularity:

Claim 3.13. There exists a small n > 0 (and hence small &y > 0) such that

Lo Ak, r, 30,057, ks),  reo, T,
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Indeed, if T* < oo then from the claim we have L; € .A(%K, r, 3A, nl/(2"+2), %5)
for t € [0, T*]. By using Lemma 3.9 and the volume ratio estimate again, we find
that there exists 7 > T* such that L, e .A(%K, r, 6, 2r]1/(2”+2), %8) for ¢t € [0, T],
contradicting the maximality of 7T*.

First, we establish an estimate for |VW|. We know that

M) =38, 1€[0,T7].

So if we choose n > 0 small so that

A > 18+ Cn) - 3A - 2077 +@n72)2, 1e[0,T7],

then the exponential estimate for the twistor energy (see Lemma 3.4) implies

—3 2v, =31 s
T(L)<e 2T(Lo)<n"Voe 2", 1€[0,T7]
By Lemma 3.9, there exists some t* = t*(n, A, Rm) € (0, T*) such that
V| <2p<nwe, 1 e0, 1],

for n < % On the other hand, since |A|(¢) < 6A for ¢ € [0, T*], the smoothing
estimates imply that

IV2W| < C(n, A,Rm), 1e[t*,T"].
Thus we obtain

8t

(3-5) |IVW|(t) < C(n, A, k, r, Vo, Rm) - n% JECZTS telt*, T*].

So we can choose 1 > 0 small so that
C(n, A, k,r, Vo, Rm) - nﬁ <1

and obtain

IVW|(0) <nF, 1[0, T*].
Next, we compute |A|. By the smoothing estimates, for any / > 1, we have
IVIA| < Ci(n, A,Rm), 1e[t*, T].
Thus we also have
IVIH| < C/(n, A,Rm), te[t*, T*].

From Proposition 2.4 and (3-5), we know that | H| also decreases exponentially fast.
So integrating by parts, we have

\V2HPdp, < | [HI|IV*H|dp, < C(n, A, k., 7, Vo, Rm)yitie” s
L, L,
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for t € [t*, T*]. So we have
) s
|V°H| < c(n, A, k,r, Vo, Rm)n20e+b e se+n? telt*, T*.

We recall the evolution equation of A along the MCF (see [Chen and Li 2001])

d

Jhl = ViV HP R hg + HP Rojpi + hl bl

ij%a>
where b’ = g(%ea, eg) = &(Vpeq, eg). Note that b is antisymmetric since
0= L = bl + b4

= (8(eq, ep)) = by, +by.

Then it follows that

B
hf‘jh”b"‘—
So we compute
d 2
2141 1Al = —IAI <c)(IVPH||A|+|H||A|Rm| + [H||A]).

Dividing both sides by |A|, we have
(3-6) %w <c)(IVH|+|H|Rm|+ |H[|AP).
Meanwhile, Lemma 3.9 shows that

|A|(1) <2A, t€]0,1%].

So integrating (3-6) in ¢ and using the exponential decay of |H|, we have

|A| (1) < |A|<r*)+c<n>f (IV*H|+ |H||Rm|+|H||A|*) ds

16+ 1)? 8(n 4+ 1
S2A +c(n>[cn2<"+l>2 % +(C(Rm) +64A2) - cprr o 5+ )]

Thus we can take n > 0 sufficiently small so that
|Al(r) <3A, te€[0,T7].
Then we establish the estimate for A;(¢). Since A1(0) > §, Lemma 3.9 shows that

M) =38, tel0,17].
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Thus the exponential estimate for A; combined with the exponential decay of | H |
implies that

t
2 (1) >exp[— / (max|H[” + C(n) mLax|H||A|>ds}m<r*>
t* K3 K

4n+1)
)

8(n+1)

—C(n)-3A-cnﬁ 5

> exp|:—cznn}r' :|A1(t*).

If we take n > O sufficiently small, then
M) =38, te[0, T

We can prove a noncollapsing estimate of L, in the same way as A1, by using the
volume ratio estimate.

Step 3 (exponential convergence of the flow): From Step 2, we have a uniform
bound for A. So the standard bootstrapping arguments combined with Simon’s
theorem [1983] imply the smooth convergence of the MCF L; — L.,. Moreover,
we have already seen that for a fixed sufficiently small n > 0, we have

IVW(1)| < C(n, A, k, 7, Vo, Rm) - prit e~ 55 \, 0.

In particular, Proposition 2.4 implies that H; converges exponentially fast to Hy, =0,
and hence L, is minimal.

As for the generalized harmonic map flow, we have also the uniform bounds
|VIW| < C for all I > 1. Thus there exists a subsequence {W; } which converges to
a smooth map W, : L — S? and L, inherits a hyper-Lagrangian structure with the
complex phase Wq,. Since |VWq| =0, the map W, should be a constant. Finally,
we show that the complex phase W, which arises from the generalized harmonic
map flow does not depend on the choice of the subsequence {W, } by contradiction.
So we assume that there exist two distinct constant phase maps W, and W which
arise in this way. We take a small geodesic ball in B C S? centered at W, so that
W/ & B. Since {W, } converges to W, we know that W, (L) C B for i large enough.
We fix such an i and consider the generalized harmonic map flow W, starting from
the data (L;;, ¥y,). Then a simple maximum principle argument (see Corollary 3.2)
shows that /(L) C B for all # € [0, co) whereas {W;} should have a convergent
subsequence to W/ ¢ B, which is a contradiction. This completes the proof. [J
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THE TWO-DIMENSIONAL ANALOGUE OF THE
LORENTZIAN CATENARY AND THE DIRICHLET PROBLEM

RAFAEL LOPEZ

We generalize in Lorentz—Minkowski space L the two-dimensional analogue
of the catenary of Euclidean space. We solve the Dirichlet problem when
the bounded domain is mean convex and the boundary data has a spacelike
extension to the domain. We also classify all singular maximal surfaces of [
invariant by a uniparametric group of translations and rotations.

1. Introduction and motivation

The purpose of this paper is to investigate the physical problem of characterizing
the surfaces in Lorentz—Minkowski space with lowest gravity center and solve the
corresponding Dirichlet problem. The existence of a variety of causal vectors in
the Lorentzian setting leads to several issues that need to be fixed. Firstly, we recall
this problem in the Euclidean space in order to motivate our definitions. Let R? be
the Euclidean plane with canonical coordinates (x, y) where the y-axis indicates
the gravity direction. Consider the physical problem of finding the curve in the
halfplane y > 0 with the lowest gravity center. If the curve is y = u(x), then u
satisfies the equation
u” 1

% T+u?
The solution of this equation is known as the catenary

u(x) = %cosh(ax +b), a,beR,a#0.

The equation (1) can be expressed in terms of the curvature « of the curve as

n,a
@ o= )
y
where n is the unit normal vector and a@ = (0, 1). In particular, (2) prescribes the

angle that the vector n makes with the vertical direction.
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MSC2010: 53A10, 53C42.
Keywords: singular maximal surface, Dirichlet problem, invariant surface.
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The generalization in Euclidean 3-space R* of the property of the catenary is
to find surfaces in the halfspace z > 0 with the lowest gravity center. If (x, y, z)
denote the canonical coordinates of R? and z indicates the direction of the gravity,
these surfaces characterize by means of the equation

(N,a)

H= ,
Z

where H is the mean curvature of the surface and a = (0, 0, 1). The surface is called
the two-dimensional analogue of the catenary ([Bohme et al. 1980; Dierkes and
Huisken 1990]). Historically, this problem goes back to early works of Lagrange
and Poisson on the equation that models a heavy surface in a vertical gravitational
field. If we embed R? as the xz-plane by identifying the y-axis of R? with the
z-axis of R3, and we rotate the catenary with respect to the x-axis, we obtain the
catenoid a’(y> +z%) = cosh?(x), which is the only nonplanar rotational minimal
surface of R>.

More generally, given a constant o € R, a surface in the halfspace z > 0 is called
a singular minimal surface if it satisfies

3) H=a«a

The theory of singular minimal surfaces has been intensively studied in the works
of Bemelmans, Dierkes and Huisken, among others (see, for example, [Bemelmans
and Dierkes 1987; Bohme et al. 1980; Dierkes 1988a; 2003; Dierkes and Huisken
1990; Lopez 2018a; 2018b; 2019b; Nitsche 1986]). Now that we have presented
the problem in the Euclidean space, we proceed to generalize it in the Lorentz—
Minkowski space. As in the Euclidean case, we begin with the one-dimensional
case. Let .2 be the Lorentz—Minkowski plane defined as the affine (x, y)-plane R?
endowed with the metric dx?> — dy% Here we use the usual terminology of the
Lorentz—Minkowski space: see [O’Neill 1983] as a general reference and [Lopez
2014] for curves and surfaces in Lorentz—Minkowski space. In what follows, we
will assume that for a given set, the causal character is the same in all its points,
that is, we do not admit the existence of points with different causal character.

A first issue is that the notion of gravity in 1> does not make sense because
the y-coordinate represents the time in the Lorentzian context. Thus we need to
view the initial problem as a problem of finding curves in 1> with prescribed angle
between the normal vector and a fixed direction, such as it was shown in (2). There
appear two new issues. Firstly there are three types of curves in L owing to its
causal character, namely, spacelike, timelike and lightlike and the behavior of each
of these curves is completely different. Because we are only interested in the
Riemannian sense, we will only consider spacelike curves.
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A second issue is the choice of the axis with respect to which we measure the
angle of the normal vector n. Notice that in the Euclidean plane both axes are
indistinct but in L the y-axis and the x-axis are not interchangeable by a rigid
motion. Thus arises the problem of which axis is to be fixed. Since for a spacelike
curve, the vector n is timelike, we will measure the angle between n and the y-
axis, which is also timelike. This is also justified because it makes sense to define
the angle between two timelike vectors ([O’Neill 1983, p. 144]). After all these
considerations, let us proceed.

Let y = y(s) be a spacelike curve parametrized by the arc-length s € I and
contained in the halfplane y > 0 of L2 The curvature k of y is defined by y”(s) =
k(s)n(s) where n is a unit normal vector of y. Here we are assuming « # O.
Motivated by (2), we ask for those spacelike curves of 1% that satisfy the same
equation (2) where @ = (0, 1). If y is a graph y = u(x), then y(x) = (x, u(x)),
which is not parametrized by the arc-length. Then n = (u’, 1)/+/1 — /%, (n,a) =
—1/+/1—u'? and

() = — u(x)

(y"(x), n(x)) =

1— /2 (1— u/(x)2)3/2'
Let us observe that u’> < 1 because y is a spacelike curve. The equation (2) is now
u’ 1
4 _— =,
@) 1—u? u

which will be the Lorentzian model of (1) that we are looking for. The spacelike
condition #’> — 1 < 0 is an extra hypothesis compared to the Euclidean case. For
example, u(x) = sinh(x), with u > 0, solves (4), but «’ 2> 1. So, the corresponding
curve y = u(x) is a timelike curve. In contrast, because we are assuming that the
curve is spacelike, the right solution of (4) is

(5) u(x):alsin(ax—f—b), xe(—f—l,n—g>,

where a # 0 a, b € R. This curve will be the analogue catenary in L% As in the
Euclidean case, we introduce a constant « € R and we consider the analogous
equation of (2), namely,

©) Kza(n,ci) :_a<n,a)7
(p,a) y
where p = (x,y) € L2 For instance, the curve (5) is the solution for « = —1.

Following the same steps as in the Euclidean setting, we embed L2 in the Lorentz—
Minkowski 3-space [°. Here 13 is the affine Euclidean 3-space endowed with the
metric dx? +dy? — dz? Then L2 is identified with the xz-plane, the y-axis of .2
with the z-axis of L* and the vector (0, 1) € L? with @ = (0, 0, 1). Definitively, the
objects of our study in this paper are described in the following definition.
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Definition 1.1. Let « be a nonzero real number. A spacelike surface S in the
halfspace z > 0 of L? is called an a-singular maximal surface if it satisfies

@ Hp=aBPLD (DD ),
<P’a> V4

where N is a unit normal vector field on S and H is the mean curvature.

Here H is the trace of the second fundamental form of S, that is, the sum of the
principal curvatures. We will omit the constant « if it is understood from the context.
Recently, these surfaces have been studied in [Martinez and Martinez-Trivifio 2020]
relating the Riemannian and the Lorentzian settings by means of a Calabi type
correspondence.

In view of (2), and as a motivation of this paper, the case « = —1 in (7) is the
corresponding two-dimensional analogue of the Lorentzian catenary. Other known
examples appear when o = 2 because in such a case, the surface is a minimal
surface in the steady state space ([Lopez 2017]). Another special example is the
hyperbolic plane H>(r) = {p € L3 : (p, p) = —r?, z > 0}, r > 0. This surface has
mean curvature H = 2/r for N(p) = p/r. It is clear that H?(r) satisfies (7) for
o = 2. Even more, H?(r) satisfies (7) for any vector a.

On the other hand, we extend a similar property that has the catenary in Euclidean
space. Indeed, we take the catenary (5) and we rotate with respect to the x-axis.
The rotations that leave the x-axis pointwise fixed are described by

1 0 0
0 coshf sinhf | :0 eR
0 sinh& cosh®

For a curve z = u(x), namely, y(x) = (x,0, u(x)), x € I C R, contained in the
xz-plane, the corresponding rotational surface S is parametrized by

(8) X(x,0) = (x, u(x) sinh 0, u(x) cosh0), 6 eR.

If u(x) = sin(ax + b)/a, it is not difficult to see that the corresponding rotational
surface (8) has zero mean curvature, that is, S is a maximal surface of L. This surface
is called the catenoid of second kind or the hyperbolic catenoid in the literature.

Remark 1.2. If we rotate the curve u(x) = sinh(ax + b)/a, the timelike solution of
(4), with respect to the x-axis, the rotational surface is a timelike surface with zero
mean curvature ([L6épez 2000]). Similarly, any vertical straight line is a timelike
curve that satisfies (2) and if we rotate with respect to the x-axis, we obtain a
(timelike) plane parallel to the yz-plane, which has zero mean curvature everywhere.

As a conclusion, the generalization in % of the two-dimensional analogue of
the catenary, or more generally, singular maximal surfaces in Lorentz—Minkowski
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space L3, is carried out for spacelike surfaces and the angle between N and a is
measured with respect to the (timelike) z-axis. We have also discussed that there are
other possibilities to generalize the initial problem in L3, although all of them less
justified, such as for example, changing the axis a = (0, 0, 1) to (1, 0, 0) (spacelike)
or (1,0, 1) (lightlike). Also, we may consider timelike surfaces and measuring the
angle between N with respect to an axis of 3.

In this paper we will also be interested in solving the Dirichlet problem of the
singular maximal surface equation. Since a spacelike surface is locally the graph of
a function z = u(x, y), the nonparametric form of (7) is

Du 1
S 1Duf  uJI—|Dul

with the spacelike condition |Du| < 1. The left-hand side of this equation is the
mean curvature of the graph z = u(x, y) computed with respect to the upwards

(©)] div

orientation

1
N=————(Du,l).

V1= [Dul?

Comparing (9) with the Riemannian case [Dierkes 1988a; 1988b; 2003; Lépez
2019a] ), this equation is not uniformly elliptic and, as a consequence, we must
ensure that | Du| is bounded away from 1.

This paper is organized as follows. In Section 2 we classify all singular maximal
surfaces that are invariant by a uniparametric group of translations and of rotations.
In Section 3 we describe the solutions of (7) that are invariant by rotations about
the z-axis and finally, in Section 4 we solve the Dirichlet problem associated to (9)
for mean convex domains and arbitrary boundary data.

2. Invariant singular maximal surfaces

In this section we classify and describe all singular maximal surfaces that are
invariant by a uniparametric group of translations or of rotations of 13, Firstly,
we notice that some transformations of the affine Euclidean space R? preserve the
singular maximal surface equation. To fix the terminology, a vector v € R is called
horizontal direction if it is parallel to the xy-plane and it is called vertical if it is
parallel to the z-axis.

It is clear that a solution of (7) is invariant by a translation along a horizontal
direction, that is, if S is an a-singular maximal surface, then S + v is also an
a-singular maximal surface, where ¥ is a horizontal vector of R3. Similarly, the
same property holds if we rotate S with respect to a vertical direction because
the term (N, a) and the denominator z in (7) are invariant by this type of rotation.
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Finally, if A > 0 is a positive real number, and 7, (p) = po+A(p — po) is the dilation
with center pg € R? x {0}, then T,.(S) is an a-singular maximal surface.

Remark 2.1. We point out that a rigid motion of L* does not preserve (7) in general
because the denominator z may change in general by the motion.

As we have announced, a natural source of examples of singular maximal surfaces
of I3 is found in the class of invariant surfaces by a uniparametric group of rigid
motions. The key point is that (7), which locally is the partial differential (9),
changes into an ordinary differential equation. In particular, by standard theory,
there always is a solution for any initial conditions.

Surfaces invariant by translations. We begin the study of the surfaces invariant by
a uniparametric group of translations. Since the rulings generated by this group are
straight lines contained in the surface, and the surface is spacelike, then any ruling
is a spacelike line. Thus the vector generating the group of translation must be
spacelike. Let v be a unit spacelike vector and consider a surface S invariant by the
group of translations generated by v. Then S parametrizes as X (s, 1) = y (s) + 10,
where y is a planar spacelike curve of [*> contained in a (timelike) orthogonal plane
to v. The equation (7) gives

det(y’, v, a)

kdet(y’,v,n) =«
(y ) vr b 103

where y = (y1, 2, y3) and v = (v, v2, v3). We consider the orientation in ¥ so
y' X U = n. Since n is a unit timelike vector, the above equation is now

(10) Kk (y3+tv3) +a(n,a) =0.
This is a polynomial equation on ¢, hence
kv3=0, ky3+aln,a)=0.

Since k # 0, we deduce that v3 =0 and k3 +a(n, a) = 0. Then v is a horizontal
vector and y is a planar curve contained in a vertical plane. After a horizontal
translation and a rotation about the z-axis, we assume that this plane is the xz-plane
which can be identified with L% Furthermore, the equation y3 + «(n, @) = 0 means
that y satisfies, as a planar curve of [% the one-dimensional singular maximal
surface equation (6). The converse of this result is immediate.

Proposition 2.2. Let S be an a-singular maximal surface of 1> invariant by a
uniparametric group of translations generated by v and denote by y its generatrix.
Then v is a horizontal vector, y is contained in a plane orthogonal to v and y, as a
planar curve, satisfies (6). Conversely, if y is a curve in > that satisfies (6) and, if we
embed this curve in the xz-plane as usual, then the surface X (s, t) =y (s)+1(0, 1, 0)
is an o-singular maximal surface.
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Figure 1. Solutions of (11). Left: « = 1. Right: o = —2.

In view of this proposition, consider the one-dimensional case of (7). Let
y(s) = (x(s), y(s)) be a spacelike curve in L2 that satisfies (6). Since y is spacelike,
then x> — y’2 > 0, in particular, x’(s) # O for every s and thus y is globally the
graph of a function u = u(x), x € I C R. The equation (6) now becomes

u//

—  —a—, u>0,u?*<1l.
1—u? u

(11)

It is possible to find some explicit solutions of (11) by simple quadratures. In the
introduction we have seen that if « = —1, the solution is u(x) = sin(ax + b)/a,
where a # 0, a, b € R and where x is defined in some interval to ensure that # > 0.
If « =1, it is easy to find that the solution of (11) is

1
u(x) = —\/1+a2x2+2abx+b2, a,beR, a=>0.
a

After a change of variable, this function u is written as u(x) = +/1 +a%x%/a, a > 0.
It is immediate that  is the upper branch of the hyperbola a”(x*> — y?) = —1. This
curve, viewed as a planar curve in L2 has nonzero constant curvature k¥ = a. The
generated surface by Proposition 2.2 is the right-cylinder of a?(x? — z%) = —1.

Remark 2.3. As for the catenary u(x) =sin(ax+>b)/a, if we rotate the curve u(x) =
v/14a2x2/a with respect to the x-axis, we obtain the hyperbolic plane H?(1/a).

Remark 2.4. Similarly as in the case « = —1, there is a timelike solution of (11)
by replacing the spacelike condition «'> < 1 by «’> > 1. The solution is now
u(x) =+/a?x? —1 /a, where a > 0 and x > 1/a. The function u is the positive part
of the hyperbola x?> — y? = 1/a?, which is a timelike curve. If we rotate about the
x-axis, the generated surface is x> 4 y> — z2 = 1/a” This surface is the (upper part
of) the de Sitter space S%(l/a) ={pel3:(p, p)=1/a?}. This surface satisfies (7)
when o =2 and plays the same role as the hyperbolic plane in the family of timelike
surfaces of 3.

We now describe the geometric properties of the solutions of (11). See Figure 1.
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Theorem 2.5. Let u = u(x) be a solution of (11), x € I, where I C R is the maximal
domain of u. Then u is symmetric about a vertical lineand I =R ifa >0orl isa
bounded interval if & < 0. Furthermore:

(1) Case a > 0. The function u is convex with a unique global minimum,

lim u(r)=00 and lim u'(r) =1.
r—00 r—00

(2) Case a < 0. The function u is concave with a unique global maximum. If
I =(—b, D), then

lirr117 u(r)y=0 and lirrll7 u'(r)y=—1.

Proof. If u has a critical point at r = r,, then u” (r,) = a/u(r,) has the same sign
as «. Hence, there is one critical point at most that will be a global minimum
(resp. maximum) if & > 0 (resp. « < 0).

Claim: There exists a critical point of u.

Suppose now that the claim is proved and we finish the proof of the theorem.
After a change in the variable x, we suppose that x = 0 is the critical point, u’(0) = 0.
Then u is the solution of (11) with initial conditions u(0) = uy > 0 and ' (0) =0. It is
clear that u(—s) is also a solution of the same initial value problem, so u(s) = u(—s)
by uniqueness. This proves that u is symmetric about the y-axis.

Multiplying (11) by «/, we obtain a first integral

1

2a
1—u2 M

(12)

for some positive constant u > 0.

(1) Case a > 0. Since u(x) > ug, we deduce from (11) that #’ and u” are bounded
functions and this implies the maximal domain is R. Since u is a convex function,
then u(r) — oo as r — oo and from (12), we conclude that u’(r) — 1 as r — oco.

(2) Case o < 0. By symmetry, I = (—b, b) for some b < o0o. Since u is a positive
concave function, then b < oco. Using the concavity of u again, and because u'? < 1,
then the graph of u must meet the x-axis, that is, lim,_,, u(r) = 0. From (12), we
deduce lim,_,, u'(r)> = 1, and by concavity, lim,_,, u’(r) = —1.

We now prove the claim. The proof is by contradiction. Assume that the sign
of u’ is constant and denote I = (a, b) with —oo <a < b < 00.

(1) Case o > 0. We suppose that u” > 0 in [ (similar argument if " is negative).
Since u is increasing and u’ and u” are bounded near r = b, we deduce that b = co
by standard theory. If —co < a, then lim,_,, u(r) = 0 because otherwise we could
extend u beyond r = a because u’ and u” would be bounded functions. Therefore
lim, o u'(r)?> =1 by (12). Since u’ > 0, this limit is just 1. This is a contradiction
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because u’ is an increasing function and we would have u” > 1 in I, which is not
possible by the spacelike condition.

Thus @ = —o0. Since u is increasing and # > 0 in R, we find lim, , o u(r) =
¢ > 0. Because #' > 0 and u” > 0, then lim,_, _oo ¢/ (r) = lim,_, _oc u”(r) = 0.
However, by (11), and letting »r — —o0, we have that u”(r) goes to a/c # 0 if
¢ > 0 or to oo if ¢ = 0, obtaining a contradiction.

(2) Case @ < 0. We suppose that u’ > 0 in I (similar argument if ’ is negative).
Since u’ and u” are bounded for r close to b, then b = 0o and by concavity, we
deduce that —oo < a. If u is bounded from above with lim,_, o u () = ¢ > 0, then
lim, o u/'(r) = 0 and since u” < 0, then lim, o u”(r) = 0. By (11), we find
lim, oo u”(r) = @/c < 0, a contradiction. Thus lim,_, o, #(r) = co. By using (12),
we conclude lim,_, o u/(r)?> = 1, so this limit is 1; this is a contradiction because
u’ is a decreasing function and we would have u” > 1 in the interval I, which is not
possible. U

Surfaces of revolution with respect to a spacelike axis and a lightlike axis. The
second source of examples of singular maximal surfaces are the surfaces invariant
by a uniparametric group of rotations. A difference between the Euclidean and
the Lorentzian settings is that in 1. there are three types of surfaces of revolution
depending on whether the rotational axis is spacelike, timelike or lightlike. Section 3
is devoted to the surfaces of revolution whose rotation axis is timelike because this
type of surface will play a special role in the solvability of the Dirichlet problem
in Section 4. In this section we investigate the cases where the rotation axis is
spacelike and lightlike.

We point out that there is not an a priori relation between the rotation axis L
and the vector @ = (0, 0, 1) of (7). This implies that if we apply a rigid motion to
prescribe the rotation axis, then the vector a does change; see also Remark 2.1.

First we consider the case that the axis is spacelike.

Proposition 2.6. Let S be a spacelike surface of L3 invariant by the uniparametric
group of rotations about a spacelike axis L. Suppose that S satisfies lrefeqL where
a is a timelike vector. Then either a is orthogonal to L, or S is the hyperbolic plane
H2(r) with a an arbitrary timelike vector:

Proof. After a rigid motion of .3 we assume that L is the x-axis. This rigid motion
changes the vector a in (7) and a must be considered an arbitrary (timelike) vector.
Let a = (a, b, ¢) denote the new vector a in (7) after the rigid motion. Since a is
timelike, then ¢ # 0.

Using the expression of a parametrization (8) of S and after some computations,
(7) is a polynomial equation on {1, sinh 8, cos #}. Since these functions are linearly
independent, all three coefficients (which are functions on the variable s) must
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vanish, obtaining
—c(l—u?+uu")y+ac(1 —u*) =0
—b(1 —u? +uu"y +ab(1 —u'?) =0

as(1—u* 4+ uu") — aauu’(1 —u'*) = 0.

Since ¢ # 0, we find a(uu’ —s) =b(uu’ —s) =0. If uu’ —s #0, thena =b =0,
proving that a = (0, 0, ¢), hence L is orthogonal to the x-axis and the result is proved.
The other possibility is uu’ —s = 0. Solving this equation, we find u(s) = +/s2 +r2,
r>0. Then X (s, 0) = (s, v/s2 4+ r2sinh 0, +/s2 +r? cos0) and it is immediate that
this surface is the hyperbolic plane H?(r). U

As a consequence of Proposition 2.6, and besides the hyperbolic plane as a
special case, we can assume that a = (0, 0, 1) in the singular maximal surface (7),
and that the rotation axis is the x-axis. In such a case, the proof of Proposition 2.6
gives immediately that (7) is

u//

1
T @y

This equation is just (11). Identifying the Lorentzian plane 1> with the plane of
equation y = 0, we have obtained the following result.

Proposition 2.7. Any rotational o-singular maximal surface in 13 about the x-axis
is generated by a planar curve in | * that satisfies the one-dimensional (a—1)-
singular maximal surface equation. Conversely, any planar curve in L? that satis-
fies (11) is the generating curve of an («+1)-singular maximal surface invariant by
all rotations about the x-axis.

Example 2.8. We know that the solution of (11) for &« =1 is the hyperbola u(x) =
V1+4+a?x%/a, a > 0. As a consequence of Proposition 2.7, the only 2-singular
maximal surface that is invariant by the rotations about the x-axis is the surface
x2+y?—7z2=—1/a? z> 0. This surface is the hyperbolic plane H?(1/a). Another
solution of (11) appeared in the introduction for « = —1. Then the surface generated
is the hyperbolic catenoid of 1>,

We finish this section considering singular maximal surfaces of revolution about
a lightlike axis. Again, we have in mind that if we fix the rotation axis, then the
vector @ in (7) is arbitrary. If the rotation axis is determined by the vector (1, 0, 1),
the parametrization of the surface is

1—% t % u(s)+s
(13) X, )= —t 1 t 0 , teR,
~0 ot 1+45) \u)—s
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for some function u = u(s), s € I C R. The spacelike condition on the surface is
equivalent to u’ > 0.

Proposition 2.9. Let S be a spacelike surface of > invariant by the uniparametric
group of rotations about a lightlike axis L. Suppose S satisfies (7) where a is a
timelike vector. Then either a is orthogonal to L, or S is the hyperbolic plane H?(r)
with a an arbitrary vector. More precisely, if L is generated by the vector (1,0, 1),
S is parametrized by (13) and if o« # 2, thena = (1, b, 1), b # 0, and we have the
following possibilities:

) Ifa= % then u(s) = mlog(s), m > 0.
2) Ifa #£ % then u(s) = ms3_2“/(3 —2a), m > 0.

In particular, hyperbolic planes H?(r) are the only a-singular maximal surfaces
in 13 satisfying (7) with a = (0, 0, 1) and invariant by the group of rotations about
the lightlike axis generated by the vector (1,0, 1).

Proof. A straightforward computation of (7) for the surface (13) concludes that
this equation is a polynomial equation on ¢ of degree 2. Thus the coefficients
corresponding to the variable ¢ must vanish, obtaining

2u' (@ +1)s(a+c)+(a—c)u+asu')) —su”"((a—cu+s(a+c)) =0
b(su”" —2(1—a)u’) =0
(a—c)(su”" =21 —a)u’) =0.

From the second and third equation, if su” —2(1 —a)u’ #0, we have b=0and a =c,

obtaining that d is a lightlike vector, which is not possible. Thus su” —2(1—a)u’ =0.
The solution of this equation depends on the value of «.

(1) Case o = % Here, u(s) = mlog(s) with m > 0. The first equation yields

(a —c)m?(1 +log(s) =0, thatis,a =c and @ = (a, b, a), b #0.
(2) Case o # % Here, u(s) = ms3_2°‘/(3 —2a) with m > 0. Now the first equation

simplifies into (a — ¢)(2 — a)s> ™ = 0. If @ = 2, then u(s) = —m/s and it is not
difficult to see that this surface is the hyperbolic plane H?(2./m). If « # 2, then
a=c,s0d=(a,b,a), b#0. O

3. Surfaces of revolution about the z-axis

In this section we study the surfaces of revolution with timelike axis L. Again, the
same observations as in the previous section hold in the sense that there is not an
a priori relation between the vector a and the axis L. The first result that we will
prove is that, indeed, L must be parallel to the vector a.

Proposition 3.1. Let S be an a-singular maximal surface in 13 that is invariant
by the uniparametric group of rotations about a timelike axis L. Suppose that S
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satisfies (7) where a is now an arbitrary timelike vector. Then either L and a are
parallel, or S is the hyperbolic plane W?(m) and a is an arbitrary timelike vector.

Proof. After a rigid motion, we suppose that the rotation axis is the z-axis.
Let a = (a, b, ¢) after this motion. The surface S parametrizes as X (r,0) =
(rcos@,rsind,u(r)), rel CRY, 0 eR, u>0andu'? <1. The computation
of (7) gives a polynomial equation on the trigonometric functions {1, sin8, cos 8}.
Thus all three coefficients must vanish, obtaining

atru” + (e + DHu'(1=4'*) =0
bru" + @+ Du'(1—u'*) =0
clar(—u®) +uGru” +u'(1—u'?)) =0.

If ru” — (@ + Du'(1 —u'*) #0, then a = b =0, proving that a = (0, 0, ¢), hence L
and a are parallel.

Suppose now that ru” + (¢ + 1)u’(1 — u’?) = 0. Recall that ¢ # 0 because a
is a timelike vector. Combining this with the third equation, we find uu’ —r = 0.
Solving this equation we obtain u(r) = +/r2 +m?2, m > 0, and the corresponding
surface is the hyperbolic plane H?(m). (]

By Proposition 3.1, and after a horizontal translation, we will assume that
the rotation axis is the z-axis and @ = (0, 0, 1) in (7). We know that X (r, ) =
(rcos@,rsinf,u(r)), where r € I C RY, € R and u > 0. By the proof of
Proposition 3.1, (7) is written as

u” u o

14 = :
(14 (I—M’2)3/2+r\/l—u’2 uv1—u'?

or equivalently,

" /

(15) L
1—w?2  r  u

We are interested in those solutions that meet the z-axis, that is, when r = 0 is
contained in the domain of the solution. Let us observe that (14) is singular at r =0
and thus the existence of solutions is not a direct consequence of standard ODE
theory.

Multiplying (14) by r, and integrating by parts, we wish to establish the existence
of a classical solution of

u ' o
T — =r— -, 0’87
(16) (=) o= e
u0)=up>0, u'(0)=0.
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1.0 5 20

Figure 2. Solutions of (16). Left: case o > 0, shown with o = 2.
Right: case o < 0, shown with ¢ = —1.

Define the functions ¢ : (—1,1) - Rand f: R"* x (—1,1) - R by

y o
V) =, ) =—F—=-
JV1I—y? xy/1—y?

Let § > 0. It is clear that a function u € C?([0, §]) is a solution of (16) if and
only if (r¢p(u'))' = rf (u, u') and u(0) = uo, u'(0) =0. Let B=(C'([0, 8]), [ - |I)
be the Banach space of the continuously differentiable functions on [0, §] endowed
with the usual norm

llull = Nlulloo + Nl [l oo

Define the operator T : B — B by

(Tu)(r) = uo + / P! (f Ef(u, u') dt)ds.
0 0o s

Notice that a fixed point of the operator T is a solution of the initial value prob-
lem (16). Indeed, (Tu)' = ¢~ (L [y tf (u, u’) dt) and

ré(Tu') /r tf(u,u’)dt,
0

obtaining the result. Moreover, Tu(0) = ug and
1 r
¢ (Tu)'(0) = lim —/ tf(u,u’)ydt =limrf(u,u’)=0,
r—=0r Jo r—0

where in the second identity we have used the L’Hopital rule. Thus, (Tu)’(0) = 0.

The existence of solutions of (16) follows now standard techniques of radial
solutions for some equations of mean curvature type ([Bereanu et al. 2009; Corsato
et al. 2015]). In Figure 2 we show the solutions of (16) when « is positive and
negative.

Theorem 3.2. The initial value problem (16) has a solution u € C 2([0, 81 for some
& > 0 that depends continuously on the initial data.
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2

F 2 4 6 8 10

Figure 3. Solutions of (15), case & > 0 and u;, # 0. Left: case
ug = —1. Right: case u; = 1.

Proof. In order to find a fixed point of T, we prove that T is a contraction in B for
some 8 > 0 to be chosen. The functions f and ¢! are locally Lipschitz continuous
of constant L > 1 in [ug — €, ug + €] x [—¢, €] and [—e¢, €] respectively, provided
€ < {ugp, 1}. Since ¢~ (y) = y/+/1+y2, then L < 1. Then for all u, v € B(0, €)
and for all r € [0, §],

((Tu)(r) — (To)()| < L f

/ L Fuy = fo ) di

<L2f / “|lu—v||dt = —r 2|l — vl

t(f(u u') = fv,v))dt

2
5— tllu—vlldt:—rllu—vll.
r 0 2

[(Tw)'(r) — (Tv)'(N] < —

By choosing § > 0 small enough, we deduce that T is a contraction in the closed
ball B(0,5) C B. Thus the Schauder point fixed theorem proves the existence
of one fixed point of T, so the existence of a local solution of the initial value
problem (16). This solution belongs to C (10, 81) N C2((0, 8]). The C2—regularity
up to 0 is verified directly by using the L"Hdpital rule because (14) leads to

. U)o«
lim u” (r) + lim =—,
r—0 r—0 r Uuop
that is,
(17) lim ' (r) = —
r—0 2uy ’

The continuous dependence of local solutions on the initial data is a consequence
of the continuous dependence of the fixed points of T. ]

In the following result we describe the geometric properties of the rotational
solutions of (15). See Figures 2, 3 and 4.



THE TWO-DIMENSIONAL LORENTZIAN CATENARY AND THE DIRICHLET PROBLEM 707

Figure 4. Solutions of (15), case @ < 0 and ug, # 0. Left: case
uy = 1. Middle: case u, = —1. Right: a solution that does not
meet the rotation axis

Theorem 3.3. Let u be a solution of (14) with u > 0 and u'*> < 1.

(1) Case a > 0. The maximal domain of u is (0, 00). Let uy = lim,_,qu'(r). Then
we have the following cases: uy = 0 and the function u is increasing; uy = —1
and u has a unique critical point which is a global minimum; uy = 1 and the
function is increasing. In all cases,

(18) lim u(r) = oo.

r—0o0

Also, the function u(r) = /ar is a solution of (14).

(2) Case a < 0. The maximal domain of u is (a, b) with0 < a < b < oo and
1. = 07 1 ! = — 1
fig ) =0, iz ')
Ifa > 0, then u has a global maximum and

limu(r)=0, limu«'(r)=1.
r—a r—a

Ifa =0, let uy =lim,_.ou'(r). Then we have the following cases: uy =0
and u is a decreasing function; uy = —1 and u is a decreasing function; uy, = 1
and u has a global maximum.

Proof. We observe that if u has a critical point at r, > 0, then (15) implies
u’(ro) = a/u(r,) # 0, hence all critical points are all maxima or are all minima.
Thus there is one critical point at most. In such a case, this point is a global
minimum (resp. maximum) if ¢ > 0 (resp. o < 0).

Claim A. 1If the graph of u meets the x-axis at r,,>0, then « <0 and lim, _, ,., u'(r)?=1.
The proof follows by multiplying (15) by 2u’ and integrating. Then

u'(1)?
t

log(l—u’(r)2)+2alogu(r)=2a/ dt+up, pelR.
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In a neighborhood of r,, the right-hand side of the above equation is finite. Since
log(u(r)) — —oo as r — ry, the same occurs with lim,_, ,_ log(1 — u'(r)?), proving
that u’(r)> — 1 as r — r,. Moreover, the case & > 0 is not possible because the
left-hand side would be —oo.

Claim B. If the graph of u meets the y-axis, then lim,_, o u/(r) =0 or lim, o u/(r)>=1.

Denote u, =lim,_,o u’(r). From Theorem 3.2, we know the existence of solutions
when u(, = 0. Suppose now u(, # 0. By contradiction, we assume that 1> # 1. For
8 > 0 close to 0 and by (16),

ru’(r) B Su’ () _/’ at "
VI ()2 JT=uw@)? Js u/T—u?

Since uy'? # 1, letting  — 0 we have

(19)

HONE /5 at
VI—u'@®? 8Jo uv/T—u?
Letting § — 0 and by the L’Hopital rule, we deduce
: u'(8) . ol
lim ———— = lim — =0,
=0 /1—u'(8)2 =>0uy/1—u?
hence u6 = 0, a contradiction.
In particular, Claim B implies that it is not possible to find solutions of the initial
value problem (16) when ug'? € (0, 1).

From now, we will denote by u(a) and u’(a) (and similarly for r = b), the limit
of u(r) and u/(r) at r = a.

Claim C. If a > 0 (resp. b < 00), then u(a) = (resp. u(b) =0).

Suppose that a > 0 (and similarly for b < 00). If u(a) # 0, then u” is bounded
around r = a by (15). Since " and u” are bounded functions, we could extend the
solution u beyond r = a, a contradiction.

We are in position to prove the theorem.

(1) Case @ > 0. Suppose that u’ > 0 in all its domain. Since u’ and u” are bounded
functions by (15), then the value of b in [ is b = co. If a > 0, this implies that
u(a) = 0 by Claim C and this is a contradiction by Claim A. This proves that
I = (0, 00).

Suppose that the sign of u’ is negative in all its domain. Then (15) implies that
u is a concave function and thus b < oo because u is decreasing. Then u(b) =0,
which is not possible by Claim A.

With the above arguments, we have proved that if u” has a constant sign, then
u' >0, a =0 and either u, = 0 or u; = 1. In the case where u’ changes sign, then
there is a unique critical point at some point » = r,, > 0, which is a global minimum.
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In this case, u’ > 0 for r > r,. Since u’ and u” are bounded, then b = co. The case
a > 0 is forbidden by Claim C. Thus a = 0. Since ' < 0 for r < r,,, Claim B asserts
uy=—1L

We prove (18). Since u is increasing close to oo, let ¢ = lim, , » u(r). If ¢ < 00,
then u’(r) — 0 as r — oo and using (15), lim,_, o u” (r) = a/c > 0, a contradiction.
Thus ¢ = oc.

Finally, by a direct computation, we observe that u(r) = /ar is a solution
of (14).

(2) Case a < 0. Suppose that u’ < 0 in all its domain. Let ¢ = lim, ., u(r) > 0. If
b = oo, then u/(r) — 0 and (15) would imply that lim,_, o, u”(r) is either «/c if
¢ > 0 or oo if ¢ =0, a contradiction. Thus b < oo, hence u(b) = 0. By Claim A,
u'(b) = —1.If a > 0, then u(a) > 0 because u is decreasing; by Claim C, this is a
contradiction. Thus a = 0. By Claim B and because « is decreasing, we have two
possibilities, namely, u; = 0 and u, = —1.

Suppose now that ' > 0 in all its domain. Then u is a concave function by (15).
By Claim C, we have b = oc. In the other end of the interval /, namely r = a, we
havea =0, uy=1o0ra >0, u(a) =0 and u’'(a) = 1. In both cases, as u” <0,
we find lim, _, oo t/(r) = lim, oo " (r) = 0 and lim, _, o, u(r) = 00. By (19)

u'(r) L at
1—w'((r)? 1rJs uv1l—u?

Letting r — oo, the left-hand side is 0. However, and applying twice the L’ Hdpital
rule, the limit of the right-hand side is

dt+ .

. or .
lim — 4 p = lim

+ = oo,
r—o00 u(r) r—o0 u’(r) H#

giving a contradiction.
So, if u’ > 0 at some point, there is a critical point r, of u, which will be the global
maximum of . Then a > 0 with u’(a) = 1 because u is increasing in (a, r,). [

Remark 3.4. If o < 0, there exist solutions that do not meet the rotation axis; see
Figure 4 (right). This case appears if 0 < a < b < oo, where the function « has a
global maximum and u’(a) = 1 = —u’(b). This extends the same property of the
solution of (4), where the part of the function u = u(x) given in (5) that lies over
the x-axis is formed by successive bounded intervals.

4. The Dirichlet problem

The Dirichlet problem of the singular maximal surface equation asks if given a
positive function ¢ : 92 — R defined in a bounded domain © C R?, there exists
a smooth positive function u : Q — R such that (9) holds in Q, u = @ on 02
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and |Du| < 1 on Q. Since any curve in a spacelike surface must be spacelike, the
graph I' of ¢ is spacelike. The problem is to determine the type of function ¢ and
the boundary 92 for the solvability of the Dirichlet problem. It is expected that the
sign « in (9) plays an important role because we have seen in Sections 2 and 3 the
contrast of the behavior of the invariant solutions of (7) depending on whether « is
positive or negative.

Following similar ideas in [Jenkins and Serrin 1968; Serrin 1969], we will solve
the Dirichlet problem if the domain €2 is mean convex. In fact, we will establish the
Dirichlet problem in the n-dimensional case, or equivalently, we will find singular
maximal hypersurfaces in the (n41)-dimensional Lorentz—Minkowski space ["+!
with prescribed boundary data.

Recall that a bounded domain €2 C R” is said to be mean convex if d€2 has
nonnegative mean curvature Hyq with respect to the inward orientation. In the
case n = 2, the mean convexity property is equivalent to the convexity of €2, but in
arbitrary dimensions, the mean convexity is less restrictive than convexity.

The Dirichlet problem is now formulated as follows. Let 2 C R” be a smooth
bounded domain and « # 0 a given constant. Let ¢ : 92 — R be a positive spacelike
smooth function. The problem is finding a classical solution u € C%(2) N C%(Q),
u>0in, of

. Du .
divl] ——— | = & in ,
\/1 — |Du|? un/1=|Du?

u=g on 02,
|Du| < 1 in Q.

(20)

We solve the Dirichlet problem when the boundary data ¢ has a spacelike
extension in Q2.

Theorem 4.1. Let Q C R" be a bounded mean convex domain with smooth bound-
ary 0Q2. Assume that o < 0. If ¢ € C2(Q) is a positive function with maxg|Do| < 1,
then there is a unique positive solution u of (20).

The proof of Theorem 4.1 is accomplished by using the Schauder theory of a priori
global estimates, the method of continuity and the Leray—Schauder fixed point
theorem. Applying these techniques, we find all elements for proving Theorem 4.1.
As usual, we will utilize the distance function d to 92 to construct a barrier
function ([Gilbarg and Trudinger 1983; Jenkins and Serrin 1968; Ladyzhenskaya
and Uraltseva 1961]).

The C° estimates will be obtained by comparing the solution of (20) with the
rotational examples studied in Section 3: here the hypothesis o < 0 will be essential
because if o > 0 it is not possible to prevent that |u| — O for a solution u. For the
C! estimates, we need to prove that | Du/| is bounded away from 1 which will be
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deduced by using barrier functions. Finally, the hypothesis o < 0 will be also used
when we apply the implicit function theorem for the existence of the linearized
problem associated to (20).

The maximum principle for elliptic equations of divergence type implies the
following result.

Proposition 4.2 (touching principle). Let ¥ and ¥, be two a-singular maximal
surfaces. If X1 and ¥, have a common tangent interior point and X lies above %o
around p, then X1 and Xy coincide at an open set around p.

We also need to formulate the comparison principle in the context of a-singular
maximal surfaces. We write the equation of (20) in classical notation. Define the
operator

a(1—|Dul?)
=(1—|DuHA i — ———— 2
1) Olu] = ( |Du|”) U~uljiij »
=a;j(Duwu;j +b(u, Du),
where a(1 —|Dul?)

aij = (1= |Dul)8;; +ujuj, b= »

Here u; =du/dx;, 1 <i <n, and we assume the summation convention of repeated
indices. It is immediate that u is a solution of (20) if and only if Q[u] = 0. The
ellipticity of the operator Q is clear because if A = (a;;) and § € R", then

(22) (1= IpPIEP <& AE = (1 —|pDIEP + (p, &) < &I

Moreover, this shows that Q is not uniformly elliptic. We recall the comparison
principle ([Gilbarg and Trudinger 1983, Theorem 10.1]).

Proposition 4.3 (comparison principle). Let Q2 C R" be a bounded domain. Ifu, v €
C2(Q) N CUQ) satisfy Q[u]l > Q[v] and u < v on 3K, then u < v in Q.

Notice that if o < 0, the classical theory implies the uniqueness of solutions of
the Dirichlet problem.

Proposition 4.4. Let 2 C R" be a bounded domain and o < 0. The solution of (20),
if it exists, is unique.

In arbitrary dimension, any horizontal translation and any dilation from a point
of R" x {0} preserve (20). Similarly, Theorem 3.3 holds where now (16) is

(r—u, >/:r”_l—a )

V1T —u? uv1—u?

We establish the solvability of (20) in the particular case that €2 is a ball of R” and
@ is a positive constant.
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Proposition 4.5. Let o < 0 and Bg C R" be a round ball of radius R > 0. If ¢ > 0,
then there is a unique radial solution u of (20) in Bg with u = c on 0 Bg.

Proof. After a horizontal translation, we suppose that the origin O € R" is the
center of Bg. By Theorem 3.2, let v = v(r) be the solution of (16) with v(0) = 1.
Recall that Theorem 3.3 asserts that the maximal domain of v is a ball B, for
some b > 0 with v(b) = 0. In the (r, v)-plane, consider the line x,+; = cr/R.
Since v is a decreasing function, the graph of v meets this line at one point r = r,,
u(r,) = cro/R. If A = R/r,, then uy (r) = Au(r/A) is a solution of (20) with
u(R)=c. O

Following a standard scheme, we start by finding C° estimates by using the
rotational solutions of (7). In the following result, we do not require the mean
convexity of 2.

Proposition 4.6. Ler Q C R" be a bounded domain and o < 0. If u is a positive
solution of (20), there exists a constant C; = C(«, 2, ¢) > 0 such that

(23) Igsizngofufcl in Q.

Proof. Since the right-hand side of (20) is negative, then infg u = mingg ¢ by the
maximum principle. This proves the left inequality of (23).

For the upper estimate of (23), we consider the radial solution v of (16) with
v(0) =1 and let {v; : A > 0} where v, (r) = Av(r/A). Denote Bg the maximal domain
of v, with v(R) =0 and let X, denote the graph of v,. Take A > O sufficiently big
so the graph S of u is included in the domain of the halfspace x,+; > 0 bounded
by X, U B, g. Let A decrease to 0 until the first time )¢ that X, meets X,. By the
maximum principle, the first contact must occur at some boundary point of S. Then
this point is a point of €2 or a point of 9.S. Since 9. is the graph of ¢, this value X
depends on €2 and ¢. Consequently, u < v, < supg vy,. The proof finishes by
letting C; = supg, v;,, which depends only on o, €2 and ¢. ]

The next step to prove Theorem 4.1 is the derivation of estimates for | Du|. This
is done by first proving the supremum of |Du| is attained at some boundary point.
In the next result, the assumption that « is negative is essential.

Proposition 4.7 (interior gradient estimates). Let Q2 C R" be a bounded domain
andleta < 0. Ifu € CZNCYQ)isa positive solution of (20), then

max|Du| = max|Du].
a ET9)

Proof. Let v = uy, 1 <k <n. By differentiating Q[u] = 0 with respect to x;, we
find for each k,

a(1=|Dul’) 4
— V' =

u?

odu;
(24) ((1—|Du|2)5,-j+u,-uj)vfj+2(ul-Aquuju,j—Tl)vf+ 0.
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The equation (24) is a linear elliptic equation in v*. Because a < 0, the coefficient
for v¥ is negative and the maximum principle ([Gilbarg and Trudinger 1983, Theo-
rem 3.7]) implies that |v¥|, and hence | Du|, does not have an interior maximum. In
particular, the maximum of |Du| on € is attained at some boundary point, proving
the result. (]

As a consequence of Proposition 4.7, the problem of finding a priori estimates of
| Du| reduces to get these estimates along d<2. With this purpose, we prove that u
admits barriers from above and from below along 0€2. We now use the assumption
of the mean convexity of 2.

Proposition 4.8 (boundary gradient estimates). Let Q C R” be a bounded mean
convex domain and o < 0. If u € C2(Q) N CY(Q) is a positive solution of (20), then
there is a constant

such that
max|Du| < C,.
aQ

Proof. We consider the operator Q[u] defined in (21). For a lower barrier for u, we
take the solution v° of the Dirichlet problem of the maximal surface equation in
with the same boundary ¢. The function v? is the solution of (20) for & = 0 whose
existence is assured ([Bartnik and Simon 1982/83, Theorem 4.1]). Then

1—|Dv"?
Q[vO]z—w ~ 0= Qlul.

Since v°

=u on 3L, we conclude v° < 1 in Q by the comparison principle.

We now construct an upper barrier for # by means of the distance function in a
small tubular neighborhood of 9€2 in €.

Consider the distance function d(x) = dist(x, 02) and let € > 0 sufficiently
small so MV, = {x € Q:d(x) < €} is a tubular neighborhood of 9€2. We parametrize
N using normal coordinates x = (¢, w(x)) € N, where x = 7 (x) + tv(wr (x)) for
some € [0, €), 7 : N, — 0 is the orthogonal projection and v is the unit normal
vector to dQ pointing to Q. A straightforward computation gives that d is C2,
|Dd|(x) =1, and Ad(x) < —(n—1)Hyq(m(x)) for all x € V. Because 2 is mean
convex, then Ad(x) <0.

Define in AV, a function w = h od + ¢, where we use the same symbol ¢ for a
spacelike extension of ¢ into 2. The function 4 is defined as

~ log(1+b)’

where C is the constant that appears in (23) and b and k will be chosen later. Let
us observe that w > 0 and that we require that | Dw| < 1. The computation of Q[w]

(25) h(t) = alog(1 +kb’t), b,k>0, a
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leads to o
Olw] = ayj(h"did; + W'dyj + gij) = —(1 = |Dw|?).

From | Dd| =1, it follows that (D(Dd),.&, Dd(x)) =0 for all £ € R". If {e;}; is the
canonical basis of R" and § = ¢;, we find d;;d; = 0. Thus
wiwjdij = (h'd; + @) (W'dj +¢))dij = (W>d; + 21" p))ddij + pigjdi
= gig;di; < 9} <0,
where Al.d are the eigenvalues of D?d, which all are not positive because D?d is

negative semidefinite. Using this inequality, the definition of a;; in (21) and (22), it
follows that

aijdi; = (1 — |Dw|*)Ad + wjw;d;; < (1 —|Dw|*)Ad <0.
Again (22) implies a;;d;d; > 1 — |Dw|? and aijeij < |D?¢|, where |D?¢| =
Zij supgle;ijl. Since A’ > 0 and Ad <0, we find

O[w] < h"(1 — |Dw) + ' Ad(1 — |Dw]) — = (1 — |Dw|?) +ai;¢i;
w
(26) o
< <h”— —)(1 — |Dw|?) +|D?¢].
w

We now study the spacelike condition | Dw| < 1. The computation of | Dw| and the
Cauchy-Schwarz inequality gives

|Dw|* = h*+|Dg|*+21'(Dd, Dg) < (I’ + |Dg|)*.
Because 2’ > 0 and /' is decreasing on ¢, we deduce
(27) |Dw| <k 4 |Dg| < h'(0)+ |Dg| < akb®>+p in L,

where = ||Dyllp.g < 1. Fix a constant § with the property 4 < § < 1. Then
it is possible to choose k sufficiently small in (27) so |Dw| < akb> + u < 8. Let
B=1-8%TIf h" —a/w < 0, then (26) implies

(28) Olw] < ﬁ(h” - %) +1D%¢llg.5-

The right-hand side in (28) is a function defined in €2 x [0, €]. Let g9 =ming ¢ >0
and we evaluate this function at t = 0, obtaining

o G-—wn? «
ﬂ(—ak2b4 - 5) +1D%ll.5 < ﬂ(— 0 o) TIP%loa:

If b is sufficiently big, then a — 0, hence the right-hand side in this inequality is
negative. By compactness of d€2 x [0, €] and by continuity, let us take b sufficiently
large in (28) so Q[w] < 0. Even more, we require b so large that 1/(kb) < €. We
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now change the tubular neighborhood A, by replacing € by € = 1/(kb) and we
denote this by NV again.

In order to assure that w is a local upper barrier in A for the Dirichlet prob-
lem (20), we need to have

(29) u<w indN,.

In AN, N 3L, the distance function is d = 0, so w = ¢ = u. On the other hand, in
AN, \ 02, and because € = 1/(kb), we find

w=h(e)+¢= log(1 +kb*e) +¢ =C +¢.

Ci
log(1+b)
By Proposition 4.6, we have u < C; and we deduce u < w in N, \ 9. Definitively,
we find Q[w] < 0= Q[u] and u < w in N, concluding that u < w in N by the
comparison principle.

Consequently, we have proved the existence of lower and upper barriers for u
in V., namely, v° < u < w in V. Hence we deduce

0
max| Du| < € := max{| Dwlpg. 1DV o)

and both values || Dw||y.g, |l Dv° llo. depend only on the initial data of the Dirichlet
problem. This completes the proof of proposition. ([

With all of the above ingredients, we are in position to prove Theorem 4.1.

Proof of Theorem 4.1. We establish the solvability of the Dirichlet problem (20) by
the method of continuity (see [Gilbarg and Trudinger 1983, Section 17.2]). Define
the family of Dirichlet problems parametrized by ¢ € [0, 1]

) Qilul=0 ing,

P
u=gq on 02,

where

0,[ul=(1—|Du®)A ...._M
Jul=( |[Dul|”)Au+u;uju;; » .

The graph %, of a solution of u, is a (fcr)-singular maximal surface. Notice that
if t =0, Qo[u] =0 is the maximal surface equation and the solution of Py is the
function v° that appeared in Proposition 4.8. As usual, let

A={r €0, 1] : there exists u, € C*>¥(Q), u; > 0, Q;[u;] =0, Uipo = ¢J.

The proof consists of showing that 1 € A. For this, we prove that A is a nonempty
open and closed subset of [0, 1].

(1) The set A is not empty. This is because 0 € A since v° is the solution of Py.
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(2) The set . Ais open in [0, 1]. Given #y € A, we need to prove that there is an € > 0
such that (fo — ¢, to+¢€) N[0, 1] C A. Define the map 7' (¢, u) = Q,[u] fort € R and
u € C>¥(Q). Then t € A if and only if T (ty, u;,) = 0. If we show that the derivative
of O, with respect to u, say (D Q;),, at the point u,, is an isomorphism, then from
the implicit function theorem we have the existence of an open set V C C>7 (),
with u;, €V, and a C! function & : (tg — €, t +€) — V for some € > 0, such that
&(to) = usy > 0and T(t, £(¢)) =0 for all ¢ € (o — €, tp + €); this guarantees that A
is an open set of [0, 1].

The proof that (DQ;), is one-to-one is equivalent to proving that for any
f € C7(Q), there is a unique solution v € C>7(Q) of the linear equation Lv :=
(DQy)y(v) = fin Q and v = ¢ on 2. The computation of L was done in
Proposition 4.7, obtaining

Lv=(DQ),v=a;j(Du)v;j +b;(u, Du, D*u)v; +c(u, Du)v,
where q;; are defined in (21) and

ot at(1 —|Dul?
bl-:2<Au——)ui+2uju,~j, CZ%.
u u
Since o < 0, ¢ <0 and the existence and uniqueness is assured by standard theory

([Gilbarg and Trudinger 1983, Theorem 6.14]).

The set A is closed in [0, 1]. Let {#;} C A with t; — t € [0, 1]. For each k € N,
there exists u;, € C>7(Q), u;, > 0, such that Oy, [u, ] =01in Q and u,, = ¢ in IQ2.
Define the set

S={u e C*(Q) : there exists ¢ € [0, 1] such that Q,[u] =0 in £, ujpe = @}

Then {u; } C S. If we prove that the set S is bounded in C A (Q) for some B €0, y1,
and since a;; = a;;(Du) in (21), then Schauder theory proves that S is bounded in
C%#(Q), in particular, S is precompact in C?(2) (see Theorem 6.6 and Lemma 6.36
in [Gilbarg and Trudinger 1983]). Thus there exists a subsequence {uy,} C {u;,}
converging in C%() to some u € C*(R). Since T : [0, 1] x C*(Q) — C%Q) is
continuous, it follows that Q,[u] =T (¢, u) =lim;_, o T (f,, ux,) =01in Q2. Moreover,
upe = limy_ o Uk |y = ¢ ON 9%, so u € C>7(Q) and consequently, ¢ € A.

The above reasoning asserts that A is closed in [0, 1] provided we find a con-
stant M independent of ¢ € A, such that

”Mt ”Cl(é) = Suplut| + Sup|Dut| S M
Q Q

However the C? and C! estimates for the function u, that is, when the parameter ¢
is t = 1, are enough as we now see.
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The C° estimates for u, follow with the comparison principle. Indeed, let #; < t,,
t; €[0,1], i =1, 2. Then Oy [u;] =0 and

(1 —n)a(l = [Du, )

U,

Q[1 [ul‘z] — <O: Ql] [ul]]

because o < 0. Since u;, = ¢ = u;, on 92, the comparison principle yields u;, < u;,
in . This proves that the solutions u,, are ordered in an increasing sense according
the parameter . By (23), we find

(30) supu; <supu; <Cjy.
Q Q
In order to derive the gradient estimates for the solution u,, the same computations
obtained in Proposition 4.8 conclude that sup,q|Du;,| is bounded by a constant
depending on «, €2, ¢ and |u||o.q. Now (30) implies that the value ||u;||,.q is
bounded by C;, which depends only on «, ¢ and €2, but not on ¢.

The above three steps prove the existence part in Theorem 4.1. The uniqueness
is consequence of Proposition 4.4 and this completes the proof of theorem. ([

A consequence of Theorem 4.1 is the solvability of the Plateau problem if « < 0
in the following situation.

Corollary 4.9. Let T be a spacelike (n—1)-submanifold of "' with a one-to-one
orthogonal projection C on the hyperplane of equation x,1+1 = 0 such that C is the
boundary of a mean convex simply-connected domain Q. Let o < 0. If " has a
spacelike extension to a graph on 2, then there exists a unique «-singular maximal
hypersurface S spanning I". Moreover, S is a graph on Q.

Proof. Theorem 4.1 asserts the existence of an «-singular maximal hypersurface S
whose boundary is I" and S is a graph on 2. Assume that M is another such
hypersurface. The property that M is spacelike implies that the orthogonal projection
p R S R'=R"x {0}, p(x)=(x1,...,x,)isalocal diffeomorphism between
M and 2. In particular, p : M — Q is a covering map and since €2 is simply
connected, the map p is a diffeomorphism, in particular, M is a graph on €2. Finally,
the uniqueness of (7) when « is negative concludes that M = S. ([
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SCHWARZ D-SURFACES IN Nil;

HEAYONG SHIN, YOUNG WOOK KIM, SUNG-EUN KOH,
HYUNG YONG LEE AND SEONG-DEOG YANG

We construct a two parameter family of complete embedded triply periodic
minimal surfaces in Nil3, which are the analogues of the three parameter
family of the Schwarz D-surfaces in the Euclidean three space.

1. Introduction

Take a polygon in R3 consisting of three pairs of oppositely parallel edges of a
cube (Figure 1) and solve the Plateau problem with respect to this polygon to get
an embedded minimal disk, and then reflect this surface successively with respect
to the edges. Continuing this process indefinitely one gets an embedded completely
triply periodic minimal surface, which is called the Schwarz D-surface.

In this paper we construct a two parameter family of embedded complete triply
periodic minimal surfaces in Nil3, which are the analogues of this Schwarz D-
surfaces in the Euclidean three space. In Nils, a reflection with respect to a geodesic
is not necessarily an isometry, however, reflections with respect to the horizontal or
vertical geodesic are isometries. As in the case in [Shin et al. 2018], we suitably take
a geodesic polygon consisting of the segments of horizontal and vertical geodesics
only to get an embedded minimal disk. The polygon for the Schwarz D-surface
in Figure 1 consists of the traces of the integral curves of the vector fields dx, dy
and 9z, starting from (0, 0, 0) in the order of dx, dy, dz, dx, dy and dz completing
a Hamiltonian circuit. Our geodesic polygon consists of the traces of the integral
curves of the vector fields e;, e; and e3, starting from (0, 0, 0) in the order of ey, e;,
e3, €1, ex and e3 completing a Hamiltonian circuit (see Figure 2). On the other hand,
the geodesic polygon for the Schwarz CLP-surface in Nils in our earlier paper [Shin
et al. 2019] consists of the traces of the integral curves of the vector fields e, e>
and e3 too, however, in the order of ey, e3, e, e>, e3 and e,. Then our construction
consists of the successive reflections with respect to boundary geodesics. The
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Figure 1. Geodesic polygon for Schwarz D-surface.

different surfaces obtained after reflections are still smooth because the surfaces
considered are conformal embeddings of a disk that extends continuously up to the
boundary and each piece of boundary is sent to a piece of the geodesic line along
which the successive reflections are to be applied. Since the glued surface with the
reflected surface is smooth along the geodesic line of the reflection, a crucial issue
in our construction lies in how to make the pieces fit together along the boundary
geodesic to form a smooth embedded surface.

2. Nilz
The three-dimensional Heisenberg group is the Lie group (R>, ), with * defined as
oy, (Y, D)= (x+x y+y 2+ + Sy —xy)).
The identity element is (0, 0, 0) and the inverse element of (x, y, z) is (—x, —y, —2).
We denote by Nils the three-dimensional Heisenberg group endowed with the left-
invariant metric
g= dx*+ a’y2 + (dz + %(ydx - xdy))z.

It is a Riemannian fibration over the Euclidean plane R? with the projection

mTi(x,y,2) > (x,y).
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For the left-invariant orthonormal frame field
o yao 0 x 0 ad

e .= a—aaz 82:=5+§a_z’ e3:=a—z,

the Koszul formula gives

1 1
Ve, e1 =0, Ve,e1 = —5e€3, Ve,e1 = —5€2,
1 1
Ve|ez = 583, Vezez = 0’ Ve332 = jela
1 1
veleS = _Eeza V82e3 = Eeh v83e3 = O’

from which one can see that any integral curve of the vector field e¢;, i =1, 2, 3,
is a geodesic.

Let y('a b C)(t) be the integral curves of e; with y('a b.o) 0)=(a,b,c),i=1,2,3.
Then, since each e; is left invariant, one can see that the traces {V(o 0. 0)} of the
mtegral curve V(o 0.0) (1) is the x-axis {(z, 0, 0)}, the trace {V(o 0 0)} of the integral
curve V(o 0.0) () is the y-axis {(0, #, 0)} and the trace {V(o 0 0)} of the integral curve
V(o 0.0) (t) is the z-axis {(0, 0, ¢)}. In fact, the trace {y(a b C)} is the fiber of the
fibration 7 through (a, b, c).

Let R’&a’ b.c) e the reflection with respect to the geodesic {y("a’ bt i =123
The following are proved in [Shin et al. 2018]:

Réo,o,O)(x» y,2) =(x, =y, —2),
R%o,o,o) (x,y,2)=(—x,y,—2),
73?0,0,0) (x,y,2) = (=x, =y, 2).
Proposition 1.
Rﬁa,b,c)(x, v,2) =, —y+2b,—z —bx +ab+2c),
R%a,b,c)(x’ v,2) =(—x+2a,y, —z+ay —ab+2c),
R?a,h,c)(x’ v,2) = (=x+2a, —y+2b, z+bx —ay).

Proof. We give a proof of the first formula. The other formulae follow similarly.
Note first that, since e; is a left invariant vector field, one has

(—a, —b, —¢) * {y (. p o} = {(t.0,0)},
the x-axis. Then one has

Riap.e)® ¥, 2) = (@, b, ) xR ,0)(—a, =b, —c) % (x, , 2))
=(x,2b—y,2c—z7—bx+ab). O
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Then one can see that every reflection R’( a.b.c) 18 an isometry. Moreover,
1 3 _ 13 1 _ P2
Riab.e)© Riab.e) = Riab.e) © Riab.o) = Riab.oy
2 3 _ D3 2 _ pl
Riab.e) © Riab.e) = Riab.e) © Riab.o) = Riab.oys
1 2 2 1 3
R(a,b,c) ° 7z(a,b,c) = R(a,b,c) ° R(a,b,c) = R(a,b,c)

and
() dR{,, . (e1) =ei, AR, po(€2) =—€2,  dR{, ;. (€3) =—e3,
Q) dR, o (€)=—e,  dR,, . (e)=es, AR, } o (€3) = —es,

(B) AR} ,oe)=—e,  dR},, . (e)=—e.  dR,(e3)=es.

Furthermore, since an isometry is uniquely defined by its differential at one point
(for the proof of this fact, see for example [Petersen 1998, p. 137]) one has:

Proposition 2. Let I be an isometry in Nils satisfying (1),i = 1, 2, 3 of the above

conditions with I (a, b, ¢) = (a, b, ¢). Then I = R’&a’b’c). O

One can also see that the translation along the fiber
Ta(x,y,2):=(x,y,z+a)
is also an isometry. Then one has the following relations:
(0.00°Ta=T-ar2c0Rg 00, i=12
R?O,O,O) oTl,=T,0 R?O,O,O)-
Finally, note that for any constant a, the Euclidean planes
{@y. 2}, {(x,a,2)}, {(x,y a)}

are minimal surfaces in Nils.

3. A construction

Our construction follows the procedure: Partition the whole space into cylindrical
regions

Com ={x,9,212n—-1Dp<x<Q2n+1p,2m—1)g <y <(2m+1)g}.

Then construct a smooth minimal surface Dy o embedded in Co o with d Dg o C 9Coo.
Since anp mg 0(C0,0) = Cpm, there exists a smooth minimal surface D, ,, :=
R?np’m q’o)(Do,o) embedded in C, ,. Then we show that the surfaces D, ,, are
joined smoothly along the boundary segments to get the complete smooth minimal

surface D =, ,,cz Dn.m-
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?
___»N

Figure 2. Geodesic polygon I', , and minimal disk Dj.

Let us now begin the construction. We first construct a minimal surface embedded
in the cylindrical region

Coo:={(x,y,2):=p=<x=<p,—q<y=<q}

For constants p, g > 0, let I', , be the geodesic polygon consisting of the six
geodesic segments

Y0.00)) = (5,0,0), 0<s<p,
Yip.00 ) = (p.s, 3ps), 0<s<q,
Yip.q.0 ()= (P.q.9). 0<s<lpg.
V(lo’q’%pq)(S)Z(s,q,%(p—s)q)’ 0<s<p,
V(zo,o,%pq)(s)= (0.5, 319), 0<s=<gq,
V(%),o,o)(s)=(0,0,s), 0<s<1lpg.

which is contained in the boundary of the parallelepiped
Co:={(x,y,2):0<x<p, 0<y<gq, 0<z=<3pg}.
which is mean-convex since it is bounded by six minimal surfaces

(0,2}, {(p.y, 2} {x,0,2}, {(x.q,2} {&x, 3.0} {(x.y,3r9)}

Then I, ;, spans an embedded minimal disk Dy lying inside of Cy (see Figure 2).
Let

D; =R{g (Do), i=1,23.
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Then one has

Do N Dy ={y,0,0)(5) =(5,0,0) |0 <5 < p},
DoN Dy ={(0,0,0)},

DoN D3 = {y3,0.0(5)=1(0,0,5)|0<s < $pq},
DiN Dy ={y3 0.0 =(0,0,5) | —1pg <5 <0},
Dy N D3 ={(0,0,0)},

DN D3 = {y,0,0)(8) = (5,0,0) | —p <5 <0}.

Let
D :=DyUD;UD,UDs

which is smooth along {V(}),0,0) (s) =(s,0,0) | 0<s < p} since
Dy = R{g,0,0,(Do);
smooth along {V(%),0,0) (5)=(0,0,5)|0<s < %pq} since
D3 =R}y 0.0,(Do),
smooth along {V(%),O,O) () =1(0,0,s) | —%pq <5< O} since
D = R{j 0,0/ (Do) = Ry 0,0)(R0,0,0)(P0)) = R 0,0,(D1)
and smooth along {V(lo,o,O) () =(s,0,0) | —p <s <0} since

D, = R(zovo,o)(DO) = Rgo,o,o) (R?(),o,o)(DO)) = Rzo,o,o)(DS)-

Since
D1UD; =Ry ,(DoU D3),

we can see that D is also smooth along the geodesic
{V(lo,o,o)(s) =(5,0,0)| —p <s < p}

including the corner point (0, 0, 0) of Dy. Hence the surface D is a smooth minimal
surface. Moreover, one can see that D is embedded in the region

{(x,y,z):—pfxfp,—qi)’Sq,—%Pq§Z§%PQ}

and that
1 2 3
R(O,O,O)(D) = R(O,O,O)(D) = R(O,O,O)(D) =D.
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Figure 3. DyU D; U D, U D3

The boundary of D is the Jordan curve consisting of the geodesic segments

V(zo,o,_%pq)(S), —g<s<gq, )/(lo’q,_%pq)(s), —p<s<0,
Yopao(®:  —2pa=s =0, Vipon®).  —qg=s=gq.
V(3_p,—q.0)(s), 0<s< %Pq, V&O’_q’%pq) (s), —p<s<0,
V(0.0 pg) ) —q<s<gq, Y0.0.1p) & 0<s<p,
V(3p,q,o)(s), 0<s=< %pq, y(2p,0,0)(s)7 —q <s<gq,
V(i;,—q,O)(S), - %PC] <s =<0, y(lo,—q,—%pq)(s)’ 0<s<p.

Now we let

D()’() = U Tkpq (D)
keZ

For each k € Z, the surface Ty, (D) intersects T 1)pq (D) on the common boundary
2 _ 1 —
{y(O,O,(k-i-%)pq)(s)_(O’s’ (k+2)pq) | ‘1555‘1}-

Since R?O,O,(k—}-%)pq) 0 Tipg = Ttkt1)pg © R%o,o,oy we have

Rio.0,6c4 1 pay Tera (PN = Tt g (R{y.0,0/(D)) = Tt 1)pg (D),

that is, T(x+1)pq (D) is the reflection of Ty, (D) with respect to the common bound-
ary. Therefore each T4 1)pq (D) is smoothly joined to T, (D) and Dy g is a smooth
embedded minimal surface in the cylinder Co o.
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Figure 4. Dy

The boundary d Do o = Dy,oN3Co o of Dy consists of the following geodesic
segments:

1
V(O,iq,kpqwt%pq)(t)’

p=t=p,
2
Yp,0.kpg) @) —q=t=gq,
3 1
Y p.tq kpg) D) 0<1r=<3pq.
3 1
Yxp.Fakpp) (1) —3pq=t=0

for k € Z. It is clear that 7j,4(Do,0) = Do,o, [ € Z. We also note that
Rio,o,O)(D0,0) = D070, i=1,2,3,
. : B _ . . ) 3
since Rl(o,O,o) 0Tkpg =T-kpq oRl(O,O,O) fori=1, 2, and Ri0.0.0,° Tkpa = Tkpg ©R3 0.0,
We now reflect the surface Dy ¢ with respect to the vertical geodesic y(3np ma.0)

and let

Dym =Riypmg.0)(Do0)s m.neZ.
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Then D, ,, is an embedded minimal surface in the cylinder

Cn,m = R%npqu,()) (CO,O)

={(x,»,2[1Cn=-Dp=x=Cn+Dp,2m—1)qg <y <(2m+1)q}
with the boundary 0D, ,, = D, ,, N dC,, . Since
Rinpmg.0)(0- £4.kpg + 5 pq) = (2np, @m F g, (k Fn)pq + 5 pq),
Riupmg.0)(EP> 0, kpg) = (2nF 1)p, 2mq, (k £m) pg),

Riupmg.0)(EP £, kpg) = (2nF 1 p, @m F 1)gq, (k Fntm)pg),
Riupmg.0)(EP: F4.kpg) = (2nF 1)p, @m + )q, (k£n£m)pg)

and

ARy mg0y(€) =—€1,  dR}, o (€)==, AR, g 0)(€3) = €3

we can see that the boundary d D, ,, of D, ;, is the union of the geodesic segments

1
Y anp.@m1)g kpq+ 1 pgy 1 “P=l=p
2
Y(@nt1)p,2mg kpg) (D) —q=<t=<gq,
3 0 Oftfépq if n 4+ m is even,
V@nnp. g kpg) - “lpg<t<0 if ntmisodd,
Ipg<t<0

if n +m is even,

Vi (1) 2P
(@nDp, GmDa.kpa) 72 0<tr<ipg if n+misodd.

Now, we show that any boundary geodesic segment in d D, ,, is the common
boundary segments of exactly two such surfaces and these surfaces are joined
smoothly across the common boundary segments. We will consider each type of
boundary segments listed above separately.

(i) The boundary segment

1
i < <
y(2n17,(2m+1)q,kpq+%pq)(t)7 p<t<p

3 -1_
(np,mq.0)
and Dy ¢ is invariant under the translations 7;,, and the reflections R’(O 0.0)°

of Dy, ,, is also a boundary segment of D,, ,,,+1 only. Moreover, since R

3
R(np,mq,o)

3
Dn,m+1 = R(np’(m_H)q,o)(DO,O)
3 1
= R(np,(m+1)q,0) (T(2k+l)pq (R(O,O,O) (DO,O)))

3 1 3
= (R(np,(m+1)q,0) o Tok+1)pq © R0,0,0)© R(np,mq,O))(Dn,m)-
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: _ 3 1 3 :
For the isometry ¢ = R(np,(m—i—l)q,O) o T2k+1)pg © R(O,O’O) o R(np’mq,o), a direct
computation shows that

¥ (2np, @m+ g, kpq + 3 pq) = (2np, 2m+ g, kpq + 3 pq)

and
dy(e)) =e, dy(e)=—er, dy(e3)=—es.
Therefore
_ pl _ pl
V= R(an,(2m+l)q,kpq+%pq) and - Dy my1 = R(2np,(2m+l)q»kpq+%pq)(DO’O)'

Hence D,, ;41 and Dy, ;,, are joined smoothly across the common boundary segments

1
—p<t<
V(an,(2m+1)q,kpq+%pq) ), p=<t=<p.

The boundary segment

1
<t <
V(an,(lm—])q’kpq_;’_%pq) ), p<t<p

of Dy, , is the common boundary segment of D,, ,,_ and D, ,, and they are joined
smoothly across these segments by the same argument taking m — 1 instead of m.

(ii) The boundary segment

2
Yien+pomgkpp s —4=1=q
of Dy, ,, is the common boundary segments of D41, and D, ,,. Moreover,
3
Dys1.m = Ria41) p.mq.0) (P0.0)
3 2
= R((n—l—l)p,mq,())(Tkaq (R(o,o,o)(DO,O)))

3 2 3
= (R((n+l)p,mq,0) 0 Tokpq © R0.0,0)° R(np,mq,O))(Dn,m)-

3

. _ 3
For the isometry ¢ = R( (np,mq,0)°

2
(n+1)p,mq,0) °© Tokpg © Ri0.0)° R

V(2n+1)p,2mq, kpg) = (2n+1)p, 2mq, kpq)
and
dy(er) =—ey, dy(er) =ep, diy(e3)=—es.

_ p2 _ P2
Therefore ¥ = R((2n+l)p,2mq,kpq) and Dpt1m = R((ZnJrl)p’qu’kpq)(Dn,m). Thus
Dy+1.m and D, ,, are joined smoothly across the common boundary segments

2
Yient1)p2mg kpg) s —4 <1 =4q.
The boundary segment
2
y((2n71)p,2mq,kpq)(t)y —q=<t=<gqg

of Dy, 1s the common boundary segment of D,_; ,, and D, ,, and they are joined
smoothly across these segments by the same argument taking n — 1 instead of .
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(iii)) The boundary segment

3 o Ofts%pq if n +m is even,
Y ) . .
(@nt+Dp.@m+1g.kpg) —%pq <t<0 if n+misodd,

of D, ,, is the common boundary segment of D, ,,4+1 and D, ,. Moreover,

3
Dn+1,m+1 = R((,;.,.])p,(m_;_l)q,o)(DO,O)
3 3
= R((n+1)p,(m+1)q,0)(T2(n—m)pq (R(O,O,O)(DO,O)))

3 3 3
= (R{n+1)p.m+1q.0 © T2=m)pq © R{0,0,0) © Ritnp.mg.0)) (Prnm)-
: 3 3 3
For the isometry ¥ =R, 1 1), m+1)4,0) © T21-m)pq © Ri0.0.0) © Riup.mq.0)°
Y(2n+1)p, 2m+ g, kpg) =(2n+ 1D p, Cm+ 1)q, kpq)

and
dyr(e) =—ei, dy(e)=—e, dy(e3)=es.

— 13 _p3
Therefore Y = Rean41)p.@m+1)g.kpg) 24 D1 mt1 =Rian 1) p. am-1)g.kpg) Prm)-

This implies that D, 11 ,+1 and D, , are joined smoothly across the common
boundary segments

3 o Ofts%pq if n +m is even,
Y ) . .

(@ntDp.@m+1g.kpg) —%pq <t<0 if n+misodd.
The boundary segment

0§t§%pq if n +m is even,

Y{on—1p.em—1g kpgy D : . .
’ ’ —5pq <t <0 if n4misodd

of D, is the common boundary segment of D,_; ,,—1 and D, , and they are
joined smoothly across these segments by the same argument taking n — 1, m — 1
instead of n, m.

(iv) The boundary segment

—%pq <t<0 ifn+miseven,

J/(3E2l1+1)17 2m—1)q kpq)(t)v 1 . .
, , 0<t1=<3pq if n4+m is odd

of D, , is the common boundary segments of D, 1 ,,—1 and D, ,. Moreover,
3
Dn—i—l,m—l = R((n+1)p,(m_1)q,o)(DO,0)
3 3
= R((n+1)p,(m—1)q,0)(T—Z(n+m)pq (R(O,O,O)(DOsO)))

3 3 3
= (R((n-l—l)p,(m—l)q,O) o T_2(n+m)pq © R(O,O,O) o R(np,mq,O))(D"am)‘
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Figure 5. Two views of a part of M.

: _ D3 3 3
For the isometry ¢ = R((n+1)p,(m—1)q,0) o T 2(n4m)pq © R(O’O,O) o R(np,mq,O)’

Y(2n+1)p, 2m—1)q, kpq) = (2n+1)p, 2m — 1)q, kpq)

and
dyr(e)) = —ey, dy(er) =—er, dy(e3) =es.

— 73 _ 13
Therefore Y =R au41)p.@m-1)g.kpg) 34 Dnt1,m=1 =Rian11)p. am—1)g.kpg) Prm)-
This implies that D41 ,—; and D, , are joined smoothly across the common
boundary segments
3 o —%qutfo if n 4+ m is even,
Vi@tvp.en=nake ™ o <p<lpg if ntmis odd.
The boundary segment

—1pg <t <0 if n+miseven,
0<t<3pq if n+misodd

3
Y(@n—1)p,2m+1)q.kpq) @),

of Dy, is the common boundary segment of D,_ ,,4+1 and D, , and they are
joined smoothly across this segments by the same argument taking n — 1, m + 1
instead of n, m.

We have shown that each boundary segments of the minimal surface D, ,, are
joined smoothly to the neighboring surfaces. For any n, m, above argument shows
that D, ,, U D,+1),m becomes a smooth minimal surface which contains the vertical
geodesic y(3(2n +1)p.@mE1)g.0) in its boundary. Moreover, since

3
Dn,(m-i—l) U D(n+1),(m+1) = R((2n+1)p,(zm+1)q,0)(D(n—H),m U Dn,m)y

Dy U D 1y,m Y Dy, m+1) U Dng1y,(m+1 1s smooth along the vertical geodesic
y(3(2n 1) p.@m+1)q.0) which includes the corner points of the boundary of D, ,,.
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Since the surfaces D, , for n,m € Z do not intersect with others at interior
points, we can conclude that
M:= | ) Dum

n,meZ

is a smooth embedded complete minimal surface in Nils.
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COMPACTNESS OF CONSTANT MEAN CURVATURE
SURFACES IN A THREE-MANIFOLD WITH
POSITIVE RICCI CURVATURE

A0 SUN

We prove a compactness theorem for constant mean curvature surfaces with
area and genus bound in a three-manifold with positive Ricci curvature. As
an application, we give a lower bound of the first eigenvalue of constant
mean curvature surfaces in a three-manifold with positive Ricci curvature.

1. Introduction

Let M be a three-dimensional manifold and ¥ C M be a surface. Let H be the
mean curvature of . We say X is a constant mean curvature (CMC) surface if H
is a constant. In particular, if H is constant 0, X is a minimal surface. There are
many examples of CMC surfaces in R?; see [Meeks et al. 2016]. Recently, Zhou
and Zhu [2019] proved the existence of embedded CMC hypersurfaces in closed
(n+1)-dimensional manifolds with 2 <n < 6.

We will prove the following compactness theorem for embedded CMC surfaces
in a three-dimensional manifold with positive Ricci curvature:

Theorem 1.1. Let M be a three-dimensional compact manifold with positive Ricci
curvature and no boundary. Suppose ¥; C M is a sequence of closed embedded
CMC surfaces with constant mean curvature H;, satisfying the following conditions:

(1) |H;| < Hy for some constant Hy.

(2) The genus of ¥; is uniformly bounded.
(3) The area of X; is uniformly bounded.
Then either

(1) there is a self-touching smoothly immersed CMC surface ¥ with finitely many
neck pinching points, such that a subsequence of ¥; converges to ¥ in C*
topology for any k > 2 apart from those neck pinching points, or

(2) there is an embedded minimal surface ¥ such that ¥; converges to ¥ with
multiplicity 2.

MSC2010: 53A10, 58C40.
Keywords: constant mean curvature surfaces, compactness.
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Here we say X is self-fouching if at any nonembedded point p € X, there is a
small r such that B,(p) N X is a union of two disks Dy, D>, and D can be written
as a graph of function ¢ over D, where ¢ > 0 on D,. Intuitively this means that X
is immersed but cannot cross itself. Neck pinching points are special touching
points. We will give the precise definition in Section 4. Intuitively one can imagine
that we are pinching a piece of a plasticine into two pieces, and just at the moment
they are detached, the point connecting them is a neck pinching point.

Compactness theorem. The compactness theorem for minimal surfaces was first
developed by Choi and Schoen [1985]. They proved the compactness theorem of
embedded minimal surfaces in a three-dimensional manifold with positive Ricci
curvature. Later their result was generalized to many other situations. For example,
White [1987] generalized the compactness theorem to surfaces which are stationary
for parametric elliptic functionals, and Colding and Minicozzi [2012] generalized
the compactness theorem to self-shrinkers in R>. We will follow the key ideas of
these papers.

There are two main ingredients in the proof by Choi and Schoen. The first
ingredient is a curvature estimate for minimal surfaces. Then we can get uniform
curvature bound on ¥; apart from finitely many points, so we can find a subsequence
of ¥; converging smoothly to a limit surface X apart from finitely many points. Here
we need to generalize the curvature estimate to CMC surfaces, and get an uniform
curvature estimate only depending on the uniform mean curvature bound Hj.

The second ingredient is showing the multiplicity of the convergence is no more
than two. In particular, if the multiplicity is one, then by a result of Allard [1972]
the convergence is smooth. There are two methods to show the multiplicity is no
more than two. Choi and Schoen argued by constructing a family of functions
which contradict the eigenvalue estimate in [Choi and Wang 1983]; another method
by White and by Colding and Minicozzi argued that if the multiplicity is more than
two, then the linearized operator has a positive Jacobi field, which is impossible
if M has positive Ricci curvature. We will follow the second method, because we do
not have an eigenvalue estimate for CMC surfaces. In our case, a key observation is
that although CMC surfaces and minimal surfaces satisfy different equations, their
linearized operators are the same. Hence we may conduct the same argument as
the minimal surfaces case.

If the limit surface is minimal, then the CMC surfaces may approach it on both
sides with different orientation, and the differential operator is not the same as
the differential operator of minimal surfaces. Thus, the convergence may not be
multiplicity 1. However, if the multiplicity of the convergence is more than 2,
then we can still find two sheets with the same orientation, and so the differential
operator is again the same as the differential operator of minimal surfaces. Again
we can obtain a positive Jacobi field to argue for contradiction.
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Figure 1. Kissing process.

As an application of the compactness theorem (Theorem 1.1), we obtain a lower
bound for the first eigenvalue of CMC surfaces.

Theorem 1.2. Let M be a three-dimensional manifold with positive Ricci curvature.
Suppose there is no embedded minimal surface in M which is the multiplicity 2 limit
of a sequence of CMC surfaces. Then for any embedded CMC surface with area
bound V, genus bound G and mean curvature bound |H| < Hy, we have the first
eigenvalue lower bound:

- minRic —HC

Z 5

where C is a constant depending on M, V, G, H.

(1-1) A

Touching phenomenon. The touching phenomenon does not occur in minimal
surfaces due to the maximum principle, but it may occur in CMC surfaces, especially
in a convergence process. The appearance of touching points makes the convergence
of CMC surfaces much more complicated.

The touching phenomenon is natural in our physical world. For example, one can
observe many soap bubbles touching each other. More complicated examples appear
in general three-manifold rather than R, and we give some examples in Section 5.

In general touching points in the limit do not influence the smooth convergence
in our main theorem (Theorem 1.1) if they are generated when two parts of the
surface are kissing each other. One can imagine the convergence is smooth on each
piece; see Figure 1.

However, neck pinching points are generated with some topological changes, so
smooth convergence cannot cross these points; see Figure 2.

The neck pinching phenomenon is very common in geometric analysis. For
example, the neck pinching phenomenon appears in geometric flows, such as mean
curvature flow (see [Gang and Sigal 2009]) and Ricci flow (see [Angenent and
Knopf 2004]). In order to deal with the nonsmoothness of the flow across these
neck pinching points, one needs to do surgery for the geometric flows. For example
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Figure 2. Neck pinching process.

Perelman [2002] studied surgery of Ricci flows, and Brendle and Huisken [2016]
studied surgery of mean curvature flows in R>.

Organization of the paper. In Section 2 we will prove the Choi—Schoen type
curvature estimate for CMC surfaces. We will just follow Choi and Schoen’s proof.
A similar estimate for CMC surfaces in R appears in [Zhang 2005].

In Section 3 we discuss the linearized equation and the linearized operator.

In Section 4 we prove the main compactness theorem. We follow the idea from
[White 1987] and [Colding and Minicozzi 2012].

In Section 5 we present some touching examples of CMC surfaces.

In Section 6, as an application of the compactness theorem, we prove a lower
bound for the first eigenvalue of CMC surfaces in a three-manifold.

2. Curvature estimate

In this section we generalize the Choi—Schoen curvature estimate for minimal
surfaces to CMC surfaces. We first need some tools.

Tools for curvature estimate. The first lemma is a Simon’s type inequality for
CMC surfaces. We need to keep track of the mean curvature term.

Lemma 2.1. Let X be a CMC surface with mean curvature H, |H| < Hy. Then
2-1) As|AP = —C(@S* +]AP),

where C is a universal constant, and § is quadratic under the rescaling of the M,
i.e., suppose we rescale the metric g to § = o g, then 8 becomes § = o~ '6.

Proof. See [llias et al. 2012, Theorem 3.1]. O

The next lemma generalizes the monotonicity formula for minimal surfaces to
CMC surfaces.
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Lemma 2.2. Let M be a closed three-manifold with sectional curvature bounded
by k and injective radius bounded from below by ig. Let ¥ C M be a CMC
surface with mean curvature H, |H| < Hy. Let f be a function on ¥ satisfying
Ay f = —t72f, where M is a fixed constant and t < min{io, 1/v/k}. Then we have
ek+C(H0,k)t/2 /

B (xo)NX

(2-2) f(xo) = .

Before we prove this lemma, let us state a lemma of the famous Laplacian
comparison theorem in three-manifold. See [Colding and Minicozzi 2011, Chapter 7,
Lemma 7.1] for a proof.

Lemma 2.3. Suppose that M is a closed three-manifold with sectional curvature
bounded by k and injective radius bounded from below by iy. Let x € M be a fixed
point, and r be the distance function from x. Then for r < min{io, 1/vk} and any
vector X with | X| =1,

2-3)  [Hess, (X, X) — %(X — (X, Dr)Dr, X — (X, Dr)Dr)| < V&

Here D is the gradient on M.

Proof of Lemma 2.2. Let y € ¥ be a point with r(y) < min{ig, 1/+/k}. We choose
a local orthonormal frame E, E>. Then by Laplacian comparison (Lemma 2.3),
we have

(2-4) ’Hessr(El, E)) — %(E1 — (Ey, Dr)Dr, E; — (E}, Dr)Dr)‘ <k,
(2-5) |Hess,(E2, Ey) — %(Ez — (Ey. Dr)Dr. Ey — (E», Dr)Dr)‘ < Vk.

Adding these two inequalities and noting ¥ is a CMC surface, we get (compare to
the minimal surfaces case in [Colding and Minicozzi 2011, Chapter 7, (7.2)])

(2-6) |Asr? —4— (VY2 Hn)| < 4Vkr.
Noting |Dr| <1, we get
2-7) |Axr? —4] < (4Vk +2Ho)r = ar.

where C only depends on k, Hy. Let us define

1
S% J By (x0)NZ

We can differentiate it for almost every s < ¢

2 1
(2-8) F’(s):——3/ f+—2/ S
57 JB,(x)nx 5= JaB,(onz [Ver|
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Here we use the co-area formula; see [Colding and Minicozzi 2011, p. 24, (1.59)].
Let us estimate the first term on the right-hand side. Using inequality (2-7) and
integrating by parts gives

2 1
2-9) —= f — 4f
53 JB, (o) 253 JB,(xo)nx
> Ar(?—s?)f — - / !
> s(rP—s*) f— — ar
253 Jp,(xo)nx 253 Jp.(xo)ns
1 2 2
R A
253 As<xo>mz(r aet

1 1
- Vz(rz)f——/ arf.
253 JyB, )Nz 253 Jp,(xo)ns

So we get the following inequality

_ 2
@10) Fozos [ @ty [ DL Sp)
By(x)ND s 2

2s3 3B, (onE | Vzr]
1

=553
25 J B (xo)nz
1

283 Jp s

(Sz—l’z)Azf—%F(S)
(s2—r2)z—2,\f—%p(s)

> 2 p)—2F(s)
= ? N 5 S).

Hence e*/!7%/25 F () is monotone nondecreasing. Then we can conclude that

eC-‘rat/Z

@-11) fxo) = [ O
T B, (x)NE

Choi-Schoen type estimate.

Theorem 2.4. Let M be a three-dimensional manifold. Let p € M and r > 0 such
that B, (p) has a compact closure in M. Let ¥ be a compact immersed CMC surface
with mean curvature H in M such that B,(p) N0X = &. Here |H| < Hy. Then
there exists eg > 0 depending on the geometry of B,(p) and Hy such that if

/ AP < .
ZNB,(p)

and r < gg, then
(2-12) MaXo<q < 0 SUPp, (| A* < C = C(Ho, B (p)).

Proof. We follow the idea of Choi and Schoen. Since o2 sup Br_o(p) |A|? vanishes
on d B,, the supremum of o2 SUPg_(» |A|> must be achieved inside B,. Let o be
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the number such that
2 2 2 2
o) supBF”O(p)|A| = maXp<g<r O SupB,,,,(p)|A| .
and let ¢ € B,_,(p) be chosen to satisfy

AP (q) = supp, ()| AP

Then
(2-13) supg, O<q)|A|2 <4|AP ().
20

If 002|A|2(q) < 4, then the inequality holds. So we only need to consider the case
002|A|2(q) > 4. Now we rescale the metric ds> on M by setting ds? = |A|*(q)ds>,
and we denote the balls and the quantities under the rescaled metric with tilde.
o5 |Al*(q) > 4 implies that 3T N Bi(¢) = @. Inequality (2-13) implies that

sup,;l(q)|;\'|2 <4.
By Simons’ inequality (Lemma 2.1),
As|AP = —C @ +]AP).
Note here 82 < C 002 <C 8(2). Together with the inequality supg, (q)lg |> <4 we get
Asu > —Cu on By (q),

where u = 8% + |Z |> and C is a universal constant. So the monotonicity formula
(Lemma 2.2) gives

C+d/2
(2-14) u(xo) < & / "
T Bi(g)nx

Noting & < aop < agy, we have
eC+aso/2
(2-15) A% (q) <u(g) < ——— / (8% +1A1%) < Ceo.
Bi(g)NZ

where we use the conformal invariance of the integral of |A |> and the area bound of
CMC surface. If gg is small enough, we will get a contradiction since |AI>(q) = 1.
Thus we finish the proof. U

3. Linearized equation
Let X be a CMC surface in M. Let us define a differential operator L such that
(3-1) Lu = Asu + Ric(n, n)u+ |A|u.

Here u is a function on ¥. We call L the linearized operator. In this section we
study some properties of this operator.
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Difference of two CMC surfaces. Let M be a three-dimensional manifold. Sup-
pose X, Xo C M are two CMC surfaces, with mean curvature Hy, H, respectively.

Theorem 3.1. Suppose X, is a graph over X1, i.e.,
Yo={x+e¢n:xe X}

Then ¢ satisfies the second order elliptic equation

(3-2) Lo — (Hy— Hy) =div(aVe)+b-Ve+cop.

Here a, b, c turns to 0 as ||¢|| c2 goes to 0.

This can be viewed as a noninfinitesimal version of the second variational formula.
The computations are in the Appendix. Intuitively, one can imagine the second
order variational formula gives the second order derivative of minimal surfaces,
and the difference formula here gives the Taylor expansion of the minimal surfaces
up to the second order. In particular letting ¢ — 0, we will again get the second
variational formula.

Stability of linearized operator. Suppose % is a CMC surface. We say the lin-
earized operator L of X is stable if for any function u on %,

(3-3) / wLu <0.
)

Otherwise we say L is unstable. Note this definition of stability is not the same
as the stability of the CMC surface itself, since when we talk about the stability of
a CMC surface X, we only consider the variational fields which preserve the (local)
volume enclosed by X.

For a surface ¥ in a three-dimensional manifold M with positive Ricci curvature,
letting u = 1 we see that

/uLu:/|A|2+Ric(n,n)>0.
X )

Hence L is always unstable.
Recall a Jacobi field on X is a variational field frn such that Lf = 0. The
following lemma shows that a positive Jacobi field implies the stability of L.

Lemma 3.2. Suppose there is a positive function u on X such that Lu = 0. Then L
is stable.

Proof. Let w =logu. Then Ayw = —|A|> —Ric(n, n) — |V wl|>
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Let v be any smooth function on X. Multiplying both sides of the above identity
by v? gives

(3-4) /v2(|A|2+Ric(n,n))+/|ng|2v2
) )

:—/ v2A2w=2/ U<V):U,V2w>
b3 P

52/|U||Vzwllvzv|§/ U2|V2w|2+/|vzv|2-
> > )

Then integration by parts gives
(3-5) / vLv <0. U
by

4. Compactness theorem

In this section, we will prove the main compactness theorem.

Smooth limit. We first show that there is a reasonable smooth limit under the
conditions in Theorem 1.1.

Theorem 4.1. Let M be a three-dimensional compact manifold with positive Ricci
curvature and no boundary. Suppose ¥; C M is a sequence of closed embedded
CMC surfaces with constant mean curvature H;, satisfying the following conditions:

(1) |H;| < Hy for some constant Hy.
(2) The genus of X; is uniformly bounded.
(3) The area of X; is uniformly bounded.

Then there is a self-touching smoothly immersed CMC surface ¥ such that a
subsequence of i converges to X in C* topology for any k > 2 apart from a finite
singular set S.

Proof. We follow [Choi and Schoen 1985] and [Colding and Minicozzi 2012]. First
of all, since the mean curvature, the area and the genus of X; is uniformly bounded,
by the Gauss—Bonnet theorem the total curvature of ¥; is also uniformly bounded
by a constant C. For each positive integer m, take a finite covering {B,, (y;)} of M
such that each point of M is covered at most / times by balls in this covering, and
{B,,2(y;)} is still a covering of M. Here we set r,, =27"¢p and h only depends

on M. Then we have
|

%;NB,, (},
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Therefore for each i there are at most 2C /gy number of balls such that

/ AP = e
EimBrm (yJ)

By passing to a subsequence of ¥; we can always assume that all the X; have the
same balls with total curvature > g¢. Call the center of these balls {x1 ,, ..., X1},
where [ is an integer at most 2C/g9. Then on the balls other than By, ), by
Theorem 2.4 we have a uniformly point-wise curvature bound for X;. Passing to a
subsequence we may assume that the ¥; converge smoothly on a half size of those
balls to X. Since the ¥; are embedded, the limit X is self-touching in the balls
other than By, (.-

We can continue this process as m increases. Finally by a diagonal argument
we can get a subsequence {X;}, converging smoothly everywhere to X apart from
those points x1, ..., x; which are the limit of those {x; ,}, ..., {x;n}. Moreover,
since there is no maximum principle for CMC surfaces, the limit is only immersed.
However if we consider the compactness for each connected components in any
fixed ball, we can see the limit is self-touching away from x1, ..., x;. O

Next we will show that ¥ is actually smooth everywhere. We will follow White
to prove that the singularities are removable. The main ingredient is a more delicate
curvature estimate near the singularities.

Lemma 4.2. Suppose ¥ is a properly self-touching CMC surface in Br(x¢) \ {xo}
with mean curvature |H| < Hy. Then there exists € = €(Hy, R, xo) > 0 such that if
f 5 |A|? < ¢, there exists C such that

4-1) |A(x)|(dist(x, xp)) < C.

Proof. We show this by contradiction. If the criterion is not true, we can find a
sequence of points x, € ((Bgr(xp) \ Bi/x(x0)) N %) such that

Ao P (distCr, o) — %) s too.

Otherwise we will have uniform bound for |A(x)|2(dist(x, X0) — %) for a sequence
of n — oo, then passing to limit we will have a uniform bound for | A (x) % dist(x, xo).

We can choose z, € (B (x0)\ B1n (x0))NE) such that | A(z,,)|*(dist(z,, x0) — 1)
achieves its maximum. Note that |A(x) |2( dist(x, xo)— %) equals O on 9 By, (x0)NX,
so d,, .= dist(z,, xg) — % > 0.

We rescale By, /2(z,) by |A(z,)], and denote the set {x € ¥ : dist(x, z,) < d,/2}
after rescaling by $,. We will use tilde to denote the quantities on this new surface.
Moreover, since |A(z,)| — oo, the limit of the rescaling of By, /2(z,) will converge
to R, so we can assume n is sufficiently large such that s, actually lives in R?
with a metric which is perturbed from the standard Euclidean metric.
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¥, satisfies the following properties:
(i) 1) =1.
(i1) Since
| Azn) PPdy — o0,

we know that, for any fixed R > 0, %,NdBx(0) # @ in R? if n is large enough,
and 0%, N Bg(0) = & if n is large enough.

(iii) For any x’ = |A(2)|x € ., we have
|Aun@mu—m@mm—%)gm@wu

~Since dist(x, z) <d, /2, we have dist(x, xg) — % >d, /2, thus |[A(x)| <2|A(2)],
A" <2.

By the uniform curvature bound of ., for each R > 0, there exists a subsequence
(still denoted by ) converging smoothly on Bg(0) to a complete surface z. By
checking the equation after rescaling, we see that the limit ¥ must be a minimal
surface, i.e., H = 0.

Since the rescaling does not change the integral of the squared curvature, we have

/ AP ze.
Br(O)NZ

Thus % has to be a plane if ¢ is small enough; see [White 1987, p. 249]. This
is a contradiction to the condition that |A(0)| = 1. [l

Theorem 4.3. The limit surface in Theorem 4.1 is smoothly immersed. Moreover,
fory € § a nonembedded point, in a small neighborhood of y, ¥ is a union of two
disks which are touching at y.

Proof. We only need to prove that X is smooth around the singular set S. Suppose
y € S is a singularity. We may assume r small enough such that | B,(»)NS A <e
(Note X\S has finite total curvature since the X;’s have uniformly bounded total
curvature).

By Lemma 4.2, there is a constant C such that, for any x € B, (y) N X,

|A(x)|dist(x, y) < C.

Now we choose a sequence r; — 0 and rescale B,(y) and X; by 1/r; and denote
it by X;. Note the curvature bound

|A(x)|dist(x, y) <C

is invariant under rescaling, so this uniform curvature bound indicates that pf
smoothly converges to a complete surface % in R*\ {0}; see [White 1987].
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Now for K a compact subset of R3\ {0},

/N |A|2=/ IA> >0 asr;,— 0.
2,NK XiNri K

This implies that ¥ is a union of planes. Thus ¥ N B, (0) is actually a union of
disks and punctured disks.

Now let X denote one of its connected components which is a punctured disk.
Since f)i converges to the plane in R?\ {0}, we can assume for some i that f)i can
be written as a graph ¢; of that plane. Without loss of generality, let the plane be
the xy plane in R3. By the computations in the Appendix, in By, ¢; satisfies an
elliptic equation over the tangent plane:

4-2) Ly; — (Hy — Hy) =div(aVe;) +b- Vo +cy;.

Here all terms are defined on R? N B (0). Again, when i is large, each term on the
right-hand side goes to 0. Then by the implicit function theorem, if we fixed the
normal direction to point upwards, we can solve ¢; ; for boundary data
Yip =@ +1

on dB;(0). Then the graphs of ¢; ; foliate a region of (B1(0) N R?) x R. Since we
fixed the direction of normal vectors, we can apply the maximal principle, which
indicates that the leaf such that ¢; ;(0) = O lies on one side of f),-. As a result, any
sequence of dilations of ¥ must converge to the same limit plane, which is just the
tangent plane of that leaf at 0.

Thus ¥ U {0} is a C' graph of a function v in a neighborhood of 0. Since v is a
C?“ solution to an elliptic equation except 0, v is actually C>“ everywhere. Hence
¥ U {0} is a smooth disk.

We have already shown that ¥ U {0} is a union of smooth disks. So X is an
immersed surface, with locally finitely many curvature concentration points. By
the maximal principle, at each touching point ¥ consists of two disks which are
touching at that point. So ¥ is a smoothly self-touching immersed surface. (]

Smooth convergence. In this subsection we first assume that the limit surface is
not minimal, and discuss the situation when the limit surface is minimal at the end.

We will show the convergence is smooth apart from neck pinching points. Note
we have already shown the convergence is smooth apart from S, so we only need
to show smooth convergence across points in S with density 1 (i.e., locally X is
one disk) and points in S which are not neck pinching.

We first define neck pinching points. From Theorem 4.3 we know that for any
points y € S with density more than one, locally ¥ is the union of two disks Dj, D>,
and X; can be written as graphs Gl.l, G? of functions <pl.l, goiz over Dp \ {y} and
D, \ {y} respectively.
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Definition 4.4. We say y is a neck pinching point if there exists ro > 0 such that
for0 <r <rg, G} and Gi2 do not lie in the same connected components of X; N B,
for at most finitely many ;’s.

Now we prove the convergence is smooth apart from these neck pinching points.
The main ingredient is to show the convergence has multiplicity one. Then by
the regularity theorem of Allard [1972] (see also [Choi and Schoen 1985] and
[Colding and Minicozzi 2012]), we can show the convergence is smooth across
those singularities with density 1. Finally we show that even for a singularity with
density greater than 1, if it is not a neck pinching point we can still argue that the
convergence is smooth across it.

Theorem 4.5. The multiplicity of the convergence in Theorem 4.1 is one when the
limit surface is not minimal.

We follow the idea in [Colding and Minicozzi 2012]. The key ingredient is to
show that if the convergence has multiplicity greater than 1, there exists a positive
Jacobi field on X, which is a contradiction.

Proof. We argue as in [Choi and Schoen 1985] that we only need to consider the
case that M is simply connected, and self-touching X is two sided (note although
in [Choi and Schoen 1985] this argument is for closed embedded surfaces, it can
be adapted to self-touching surfaces). If the convergence has multiplicity more
than 1, then ¥;’s can be decomposed into several sheets of graphs on X \ S. Since
¥ is two-sided, we can label the graphs by height, and let the highest sheet of %;
be written as the graph of wl.+, let the lowest sheet of X; be written as the graph
of w;, and let w; = w;r —w; . Fix a point p not in &, and let u(x) = w(x)/w(p).
Then u(p) =1 and u > 0 on X \ S. Moreover, although w,” and w;r do not
satisfy a linear elliptic equation, their difference does. Hence u; satisfies a linear
elliptic equation. Then Harnack inequality implies C* bound for «;’s and then
standard elliptic theory gives C>“ bound. Then by the Arezela—Ascoli theorem, a
subsequence (still denoted by u;) converges uniformly in C? on a compact subset
of ¥\ S to a nonnegative function # on X \ S such that

(4-3) Lu=0, u(p)=1.

Next we show u can be extended smoothly across S to a solution of Lu = 0. Again
we follow the idea in [White 1987] and [Colding and Minicozzi 2012]. We only
need to show u is bounded around each singularity y, then by the standard elliptic
theory u extends smoothly. Suppose u; satisfies the linearized equation

L(u;) =div(a; - Vu;) +b; - Vu; + cju;.

Then choose exponential normal coordinates over B.(y) C ¥ and a cylinder N
over B.(y) N X; when ¢ is small, the implicit function theorem gives a foliation of
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graphs v, over B.(y) N X in N so that
vo(x) =0 forall x € B;(y) and v, (x)=1¢ forall x € dB.(y).

By the Harnack inequality, t/C; < v, < C;t for some C; > 0. Since the right-hand
side of the linearized equation turns to O as i — oo, C; actually has uniform
bound. Then by the maximum principle, u; is bounded on B.(y) by a multiple of
its supremum on B, (y) \ B¢/2(y). Hence u has a removable of singularity at p.
So there exists a nonnegative solution u of the linearized operator Lu = 0. By
u(p) = 1, Harnack inequality implies that u is positive everywhere. Then by
Lemma 3.2, ¥ is stable. However, plugging in a test function constant 1 implies
that no immersed CMC surface in positive Ricci three-manifold can be stable, which
is a contradiction. Then we conclude that the convergence has multiplicity one. [J

By [Allard 1972], this theorem implies smooth convergence across those density 1
points. It remains to show smooth convergence across those touching singularities
which are not neck pinching singularities.

Theorem 4.6. The convergence is smooth apart from those neck pinching singular-
ities.

Proof. Let y € S be a singularity with density greater than 1; then by Theorem 4.3
locally X is the union of two disks D;, D;. Then by the definition of pinching
points, we know that if y is not a pinching point, locally ¥; = G! UG? is the union
of two graphs over Dy \ {y}, D, \ {y} respectively. Thus we only need to apply
previous analysis to each graph G{ to get smooth convergence across y. ([

Finally we discuss the situation that the limit ¥ is an embedded minimal surface.
Now multiplicity 2 convergence may happen because the CMC surfaces can con-
verge to X from both sides with different orientation. However, if the convergence
is of multiplicity larger than 2, there are at least two graphs that have the same
orientation. Repeating the argument for these graphs, we again get a positive Jacobi
field, which is a contradiction. Therefore, the convergence has at most multiplicity 2.

Combining all the ingredients in this section we conclude the main theorem
(Theorem 1.1).

5. Touching examples

In this section we give some examples of touching points of CMC surfaces in
three-dimensional manifolds.

Example 5.1 (kissing itself). Let us consider a sphere Sy with radius R in R3. By
quotient a Z* action of R, we get a torus T3, and the image of Sk in T? is an
embedded CMC surface when R sufficiently small. Now we increase the radius
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of Sg. Then for some specific Ry, in TS R, Will kiss itself thus form a touching
point. This is not a neck pinching point.

The touching set may be very large. For example, we can consider a cylinder Cg
with radius R in R3. Using the same construction, we can see for some radius Ry,
Cr, kisses itself at a straight line, which is a one-dimensional curve.

Example 5.2 (unduloid neck pinching). An unduloid is a one periodic CMC surface
in R3. See [Hadzhilazova et al. 2007] for a detailed discussion of unduloids.

The unduloid has two parameters a, ¢ to determine its shape; see [Hadzhilazova
et al. 2007, Theorem 3.1]. When a — 0,c — 1/H, we can see the family of
unduloids will smoothly converge to the union of spheres apart from the touching
points of spheres. This is an example of neck pinching singularity. One can see
that the smooth convergence cannot cross these neck pinching points because the
topology changes in the limit.

Of course, we can quotient R? by some Z3 actions to make this example be an
example in a closed three-manifold.

The reader may notice that these examples do not lie in a Ricci positive three-
manifold. It is not known whether the touching behavior of CMC surfaces in positive
Ricci three-manifolds is simpler or not. So we suggest the following conjectures:

Conjecture 5.3. A self-touching CMC surface in a three-dimensional manifold
with positive Ricci curvature cannot carry infinitely many touching points.

Conjecture 5.4. For a CMC surface in a three-dimensional manifold with a one-
dimensional touching set, the touching set must be a geodesic of the ambient space.

Another interesting observation is that a touching point of a self-touching CMC
surface can be generated by both kissing and neck pinching process. For example,
in T3, a sphere kissing itself can be generated by both the first example and the
second example above. So a very natural question is whether any touching can be
generated by both process? Some observations suggest the answer is probably “no’:

Example 5.5. Consider two spheres in R? kissing at a single point p. Aleksandrov
[1958] proved that any embedded CMC surface in R? must be a standard sphere.
They cannot be the limit of a sequence of embedded CMC surfaces; hence p cannot
be a neck pinching point of a sequence of embedded CMC surfaces.

We suggest the following conjecture.

Conjecture 5.6. Suppose M is a compact three-manifold with positive Ricci curva-
ture. Assume that S; U S, is the union of two embedded CMC spheres in M kissing
at p. Then p cannot be a neck pinching point.
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6. Eigenvalue estimate of CMC surfaces with small | H |

In this section we discuss an application of our main theorem. We will give a lower
bound of the first eigenvalue of CMC surfaces in a positive Ricci three-manifold
with small |H|.

The main idea is a method by Choi and Wang [1983]. They used an identity by
Reilly to estimate the first eigenvalue of minimal surface in three-manifold. The
main issue for generalizing their method to CMC surfaces is that we may not be
able to control the term involving mean curvature (in the minimal surface case,
this term vanishes). So we need a more delicate estimate for each term in Reilly’s
identity.

We first recall the proof by Choi and Wang [1983]. They used a formula by
Reilly. For u a smooth function defined on a bounded domain 2 we have

(6-1) / (IV2ul* 4+ Ric(Vu, Vu) — (Au)?)
Q
:f (A(Vw) ", (Vu) ") = 2u, Apqu + Hus),
a2

where u,, is the normal derivative and H is the mean curvature on d€2. Then they
applied this formula when 0€2 is minimal, where u is the harmonic function solving

Agu =0 and u|39 = f,

where f an eigenfunction of the first eigenvalue on 9<2 such that |, 9o S 2 =1. Then
they could get a first eigenvalue estimate for d€2, i.e., the minimal surface, in a
simply connected three-dimensional manifold with positive Ricci curvature. Later,
Choi and Schoen [1985] used a covering argument to extend the estimate to all
closed three-manifolds with positive Ricci curvature.

Let us naively follow their method to deal with CMC surfaces. Suppose 92 is a
CMC surface with constant mean curvature H and the first eigenvalue of 92 is A.
We will get the following inequality (see [Colding and Minicozzi 2011, p. 244]):

(6-2) 2x/ |Vu|?
Q
> (minRic)/ |Vu|2+f |V2u|2—/ AV, (V)"H—H | u?.
Q Q Ele) a0
Since A changes sign if we replace Q2 by its complement, we can always assume

/ AV, (Vi)
0

is nonnegative and get

(6-3) 2A/|Vu|22(minRic)/IVuIz—i—/qulz—H ul.
Q Q Q 02
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- 212 2
So our goal is to control [o,|VZul|* — H [;, u;.

Trace theorem. In this subsection, we will transform the problem of controlling
/; Q \V2ul> — H /. 90 u? to the problem of getting an uniform tubular neighborhood
of CMC surfaces. We need a trace theorem in three-manifolds. The idea of the
proof is based on the proof in [Evans 2010].

Theorem 6.1. Let X = 02 be an embedded surface in a three manifold M. Suppose
there is a constant § such that exp,(tn) : £ x [—6, 8] = M is a diffeomorphism
from X x [—§, §] to its image, and there is a constant Aq such that |A| < Ag on X.
Then there is a constant C only depending on M, Ay and § such that

(6-4) f (un)* < C / (1Vul® +19%ul?).
]9} Q
Proof. Note (u,)? < |Vu/|? so we only need to prove a standard trace theorem

< C/(f2+|Vf|2).
02 Q

By the conditions, we can pull back the metric of M to ¥ x [—§, §], and by the
uniform curvature bound, the pull back metric is uniformly closed to the standard
production metric. In particular, we only need to prove the trace theorem on
Y x [—§, 8] with product metric. Let us choose a cut-off function ¢ such that £ =1
on X x [—8/2,8/2] and is supported on X x [—4§, §]. Moreover we may assume
that its gradient is bounded by C/§ for some constant C. Then

6-5) Frdx = / Frdx = — f (F20),, dx
02 ) X x[—§,0]
__ f Pew, +2ffut d
¥ x[—46,0]

SC/ LFI2+ |V fI>dx.
Y x[—4§,0]

Here x,, is the normal direction (i.e., the direction on [—8, 8]), dx’ is the measure
on X, and dx is the measure of the production metric. In the last inequality we use
Young’s inequality. Translating this back to M gives the desired trace theorem. [

If H is sufficiently close to 0, we can apply this trace theorem in the inequality
(6-3) to get the eigenvalue lower bound

minRic—HC
>_ @ 0@

(6-6) > >

’

where C is a constant depending on M, Ay, §.
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Uniform bound for CMC surfaces with H close to 0. It remains to prove the
pointwise curvature bound and the existence of § in Theorem 6.1. We will use the
compactness theorem to get these bounds for CMC surfaces with H small.

Theorem 6.2. Suppose there is no embedded minimal surface in M which is the
multiplicity 2 limit of a sequence of CMC surfaces. There exists Hy > 0 such that
an embedded CMC surface X with mean curvature |H| < Hy, area less than V and
genus less than G has curvature |A| < C(Hy, V, G)

Proof. We argue by contradiction. Suppose such Hy does not exist. Then we can
find a family of CMC surfaces X;, with mean curvature H; — 0 such that a point p;
on %; has curvature |A(p;)| = oo as i — oco. By compactness of M we may
assume p; — p for a point p € M. Now, by the main theorem (Theorem 1.1), ¥;
converges to a minimal surface X. Since ¥ is minimal, by the maximum principle
there is no touching point. So the convergence is everywhere smooth. However
|A(p)| is finite since X is a smoothly embedded surface, which is a contradiction.
Thus Hj exists. ]

Theorem 6.3. Suppose there is no embedded minimal surface in M which is the
multiplicity 2 limit of a sequence of CMC surfaces. There exists Hy > 0 and 5y > 0
such that for an embedded CMC surface ¥ with mean curvature |H| < Hy, area less
than 'V and genus less than G, exp, (tn) : £ x [=6, 6] — M is a diffeomorphism.

Proof. We argue by contradiction. Suppose such Hy, g does not exist. Then we
can find a family of CMC surfaces %;, with mean curvature H; — 0 and §; — 0
such that there is a point p € M such that p =exp , (tl.Jn), j=12for xi] € ¥; and
ti] € [—4;, éi]. Since we have already obtained an uniform curvature bound for i,
we know disty (xi1 , xl.z) > d for some constant d when i is large enough.

Again, a subsequence of X; smoothly converges to a smooth embedded minimal
surface . By passing to a subsequence we can find two points x!, x> € X, with
intrinsic distance disty (x', x2) > d but extrinsic distance disty (x!, x2) = 0. This
is a contradiction by the maximum principle of minimal surfaces. ([

Combining all the ingredients in this section we get the following lower bound
for the first eigenvalue of CMC surfaces:

Theorem 6.4 (Theorem 1.2). Let M be a three-manifold with positive Ricci curva-
ture. Suppose there is no embedded minimal surface in M which is the multiplicity 2
limit of a sequence of CMC surfaces. Then for any embedded CMC surface with
area bound V, genus bound G and mean curvature bound |H| < Hy, we have the
first eigenvalue lower bound

- minRic -HC ’

- 2

where C is a constant depending on M, V, G, H.

(6-7) A
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Remark 6.5. An interesting question is: can we directly get the first eigenvalue
lower bound for CMC surfaces? If we can, then we can prove the compactness
theorem for CMC surfaces without area bound.

Appendix: Difference of two surfaces in three manifold

Here we will present some computations of the difference of two surfaces in a
three-manifold. These kinds of computation have already appeared in [Kapouleas
1990] and [Colding and Minicozzi 2011] in three-dimensional Euclidean space.
Let X1, ¥, be two surfaces in three-manifold M, and let H;, H; be their mean cur-
vatures respectively. Moreover, we assume X, can be viewed as a graph over X1, i.e.,

Xy ={exp,(¢n) : x € X1},
where ¢ is a C? function on Xi.

Theorem A.1. Suppose ||¢||c2 is small enough, then ¢ satisfies a second order
elliptic equation.

Proof. Since this assertion is a local assertion, we only need to check this in a small
neighborhood U of p € ¥;. Let us choose the Fermi coordinate x1, xp, x3 in U (so
we can view U as an open subset of R? with non-Euclidean metric), such that

21 ={(x1, x2,x3) : x3 =0}.

Moreover, the metric g under this coordinate satisfies g;3 =0, i = 1, 2, and
(0, 0, 1) is the unit normal vector at each point in X;. We will use 91, d», 93 to denote
the vector fields defined on M with respect to the differential under this coordinate.

3, is a graph,

¥y ={(x1, x2, x3) 1 x3 = @(x1, x2)}.

From now on we will use tilde over quantity to denote the quantity of X,. We
use x, xp to parametrize ,, then we have

(A-1) Qi =0, =0 +¢izi=1,2.
Then the metric on X, satisfies
(A-2) gij = &ij t+ &3¢ + &3¢ + 8330i9;.

Now we compute the unit normal vector fields on ¥,. We observe that ¥, can
be viewed as the 0-level set of the function ¢ (x;, x2) — x3. So we can find a normal
vector field m on X»:

(A-3) m=—VM(p(x, x2) — x3) = g7 (i 8F — 83)9;.
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Note
(m,m) = g (¢S} — 831)8" (8l — 83)84;
=g pio; — 28 o + 7.
So
(A-4) n=—g"p,p, — 28" o1 +g)""*g" (pr8F — 83)0;.

Now let us calculate the mean curvatures. From now on we will slightly abuse
the notation when we use Einstein notation. When we use i, j in the summation
we will assume they are in {1, 2}. On X, n = d3, so we have

(A-5) Hy = g"7(Vy,0;, 33) = g/ T} g3

1

On X,, first we note the covariant derivative is

(A-6) Vgia} = Vi, 44;8,(0j +¢;03)
= V5,0, + 9 Vy,0j + ¢;j03 + ¢i9; Vs, 03
= Vy,0; + i Vy,0; + ¢i;03.

Here we note that 053 is the direction of the geodesic starting from X;; hence
Vi,03 = 0. Then the mean curvature of X is

(A7) Hy=gli(V5d;.n)
= 8'(V5,8; + i Va, 0j + 9103,

— (P00, — 287 01+ 87 28" (r8F — 83,)9;)

= -5 (gMp, 0, —28" o1+ 8> 1?

X g”(‘ﬂkaf - 63r)(F?]1‘grns + o 1—‘gzjgms + ¢ijg3s)

In conclusion, H, is a function of ¢, V¢, V2¢ and the coordinate in ambient mani-
fold. We define a function H (x1, x2, x3, v;, w;;) where H(x,y, ¢, Vo, V2p)=H, as
above, where (x1, x», x3) is the local coordinate. Also note H (x, y,0,0,0,0) = H,.
Then we have

1 2 2
0H (x1,x2,t@,tV,tV
(A-8) Hz_le(p/ (x1, X2, 1@, 1V w)dt
0 dx3

1 2 2
0H (x1, x5, tp,tVp,tV
(Pi/ (x1, x2 <8p ® w)dt
0 v;

1 2.2
0H (x1, x2,t9,tVe,tV<@~)
+§0jk/ S dt.
Jjk
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Let the coefficients of ¢, Vo, V2¢ on the right-hand side of the above identity be a
function depending on ¢, Vg, V2¢. Then letting ||¢|| 2 go to 0 we can see the right-
hand side terms will just be Lu by the second variational formula. Thus we have

(A-9) Lu— (H, — Hy) =div(aVe)+b-Ve+cop,
where a, b, c turns to 0 as ||¢|| 2 goes to 0. O
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THE RATIONAL COHOMOLOGY HOPF ALGEBRA
OF A GENERIC KAC-MOODY GROUP

ZHAO XU-AN AND GAO HONGZHU

In this paper we determine the rational homotopy type of the classifying
space of a generic Kac—-Moody group by computing its rational cohomology
ring. As an application we determine the rational homology Hopf algebra
of the generic Kac—-Moody group.

1. Introduction

Let A = (a;;) be an n x n Cartan matrix. By Kac [1968] and Moody [1968], it
is well known that there is a Kac—-Moody Lie algebra g(A) associated to A. The
corresponding Kac-Moody group G(A) was constructed in [Kac and Peterson
1983; 1985; Kac 1985]. In this paper for convenience we consider the derived Lie
algebra g’(A) and the associated simply connected group G’(A). But we still use
the symbols g(A) and G(A).

Cartan matrices are divided into three types, i.e., finite type, affine type and
indefinite type. A Cartan matrix A is indecomposable if A can’t be written as a
direct sum of two Cartan matrices A; and A,. A is symmetrizable if there exists
an invertible diagonal matrix D and a symmetric matrix B such that A = DB, see
[Kac 1990] for details. A Cartan matrix A is generic if a;ja;; > 4 forall i, j. A is
generic if and only if all its principal submatrices of rank 2 are not of finite type.
All these properties for Cartan matrices can be used for the associated Kac—Moody
Lie algebras and Kac—-Moody groups. For example a generic Kac—Moody group is
indecomposable. The Weyl group W (A) of a generic Cartan matrix A is the group
generated by the Weyl reflections 0;, 1 <i <n. It has a Coxeter presentation

W(A) = (o1, -+ ,0, |0} =e, 1 <i <n).

A main result in this paper is that the graded Lie algebra meyen (G(A)) formed
by even dimensional homotopy groups of a generic Kac—Moody group G(A) is a
free Lie algebra with infinite generators.

The authors are supported by the National Science Foundation of China, 11571038.
MSC2010: 55N45.
Keywords: Kac—Moody group, classifying space, Hopf algebra.
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Zhao and Jin [2015] determined the rational homotopy type of the indefinite
Kac—Moody group G(A). G(A) is a Hopf space. It is important to determine the
rational Hopf homotopy type of G(A). This is equivalent to determine the rational
cohomology Hopf algebra H*(G(A)) or the dual rational homology Hopf algebra
H,.(G(A)). It is further equivalent to determine the rational cohomology algebra
H*(BG(A)) of the classifying space BG(A).

On the rational homotopy group 7,(G(A)), the Samelson product

[ 1:7p(G(A)) X 714 (G(A)) = 7p14(G(A))

is defined as
[, Bls A1) = a(s)B(Da(s) ' B, seSP, tes,

and (7.(G(A)), [-,-]) is a rational graded Lie algebra.

Let x : (G (A)) - H.(G(A)) be the Hurewicz morphism of graded Lie algebras.
By [Milnor and Moore 1965], the induced morphism ¥ : U(n*(G(A))) — H,(G(A))
is an isomorphism of Hopf algebras, where U (n*(G(A))) is the universal envelop-
ing algebra of 7,.(G(A)), and H,.(G(A)) is primitively generated by m,(G(A)).
So to determine the Hopf algebra structure on H,(G(A)), it is enough to com-
pute the graded Lie algebra m,(G(A)). By combining rational homotopy the-
ory (see [Sullivan 1977]) with the cohomology ring H*(G(A)) (see [Zhao et
al. 2017]), one knows that for a generic Cartan matrix A, mwa(G(A)) = Q
or {0} depending on whether A is symmetrizable or not. And the decomposi-
tion 7, (G (A)) = Teven(G(A)) D modd (G (A)) is a decomposition of Lie algebras.
Heyen(G(A)) (i.e., the rational Chow ring of G(A)) is isomorphic to the univer-
sal enveloping algebra U (7even(G(A))). By [Kac 1985] the Poincaré series of
Heven(G(A)) is

Ca(q) = Pry(@) (1 —g*)" (1 =g ™.

Here Pra)(q) is the Poincaré series of the flag manifolds F(A) associate to Kac—
Moody group G(A) and €(A) = 0 for A nonsymmetrizable and €(A) = 1 for A
symmetrizable. By [Zhao et al. 2017],

144>
P =—.
F (@) =1 =D
Hence we can compute the Poincaré series of Heyen(G(A)).
For a nonsymmetrizable Cartan matrix A, we write the Poincaré series

1

1—(n—1)q?
(1=¢H"=1(1—¢*)

Calg) =
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as
1

| —asg* —aeq® — - —ang® —---

9

and for a symmetrizable Cartan matrix A, we write

CA(Q): 1_(n_1)q2
=T
as
1
1 —baq* —beg® — -+ —baig* — -+
where for i > 2,
[i/2] . :
_ n+i—2k—3 . n+i—3
az,-=2(z—1—2k)( 3 ) bz,-=(z—1)( 3 )
k=0

are natural numbers depending on 7.
These two Poincaré series are the same as the Poincaré series of the tensor Hopf
algebra with ay; and by; generators of degree 2i for each i > 2. In fact, we have

Theorem 1. For a nonsymmetrizable (or symmetrizable) generic Kac—Moody group
G(A), the graded Lie algebra mevwen (G (A)) is a free Lie algebra with ay; (or by;)
generators of degree 2i for eachi > 2.

This result was previously conjectured by Zhao Xu-an and Jin Chunhua [2015].

The graded Lie algebra m,.(G(A)) with Samelson product is determined by
7. (BG(A)) with Whitehead product, and 7, (BG (A)) can in turn be determined by
H*(BG(A)). We determine H*(BG(A)) by computing its Poincaré series. And
we have

Theorem 2. If A = (a;;j)nxn is a nonsymmetrizable generic Cartan matrix, n > 3,
then the Poincaré series of H*(BG(A)) is

(n—1)g*—1
(1—¢g»"1(1—q*%
Theorem 3. If A = (a;j)nxn is a symmetrizable generic Cartan matrix, n > 2, then
the Poincaré series of H*(BG(A)) is

0.(q) = : (n_l)q2_1+1 +1
N T |
The contents of this paper are as follows: in Section 2 we give some preparatory

lemmas, in Section 3 we prove Theorems 2 and 3, in Section 4 we give some results
derived from these theorems, including Theorem 1.

Pn(Q)=Q|: +1]+1.
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2. Some preparatory lemmas

In the following all the Cartan matrices are assumed to be generic. All the homology
and cohomology are of rational coefficients.

Let S be the set of integers 1,2, ..., n, and I1 = {a, oy, ..., o, } be the simple
root system of G(A). For each I C S, the matrix A; = (a;;);, jes is also a Cartan
matrix. Corresponding to / C S, there is a parabolic subgroup G;(A) of G(A)
whose simple root system is I1; = {«; | i € I}. All the proper subsets of S form a
category C with object I C S and morphism I C J. By constructing classifying
spaces we have a functor F' : C — Top which sends I to BG;(A) and I C J to the
map BG;(A) — BG;(A).

Since we only consider the homotopy type of the Kac—-Moody group we replace
the group G(A) (or G;(A)) by its unitary form and use the same symbol.

We need the following lemmas to prove the main theorems.

Lemma 2.1. For a Kac—Moody group G(A) and I C S, the subgroup G;(A) is
isomorphic to G(Ay) X T" 1 the semidirect product of G(Ap) and T" 1. As a
result there is an isomorphism H*(BG(A)) = H*(BG(A;)) x H*(BT" 1),

By this lemma, the Poincaré series of BG;(A) is obtained from the Poincaré
series of BG(A;) by multiplying a factor 1/(1 —¢2)"*~"l.

By [Kitchloo 1998; Broto and Kitchloo 2002], for a Cartan matrix of infinite
type, the homotopy colimit of the functor F gives the homotopy type of BG(A).
For any I € C, let C; be the full subcategory of C whose objects are proper subsets
of 1. If |I| > 2, then G;(A) is of infinite type. By using the result of Kitchloo to
BG[(A), we get H*(BG(A)) ~ colimitF|c,. As a consequence we have:

Lemma 2.2. Let C' be the full subcategory of C which contains only objects
a, {1}, {2}, ..., {n}. Then for a generic Kac—Moody group G(A),
BG(A) ~ colimitF'|¢
~ BG(A)Upr BG2(A)Upr - -Upr BG,(A)
>~ BGp,..n-1)(A)Upr BG,(A).
The action of Weyl group W (A) (or W;(A)) of G(A) (or G;(A)) on the maximal
torus T induces the action of W(A) (or W;(A)) on H*(BT).

Lemma 2.3. For a generic Kac—Moody group G(A), the image of the homomor-
phism Bi} : H*(BG[(A)) — H*(BT) induced by the inclusion i; : T C G(A) is
H*(BT)V'Y ie., the W;(A) invariants. In particular the image of the homomor-
phism H*(BG(A)) — H*(BT) is H*(BT)VW.

This lemma is the generalization of a result of Borel [1953] for compact Lie
groups. It can be proved in the inductive procedure of the proofs for the main
theorems.
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Lemma 2.4. If A is a nonsymmetrizable generic Cartan matrix, then there exist
i,j, k€S, i< j<ksuchthat Ay iy is nonsymmetrizable.

Proof. Suppose this lemma is not true for Cartan matrix A. Then for any i < j <k,
Ay j k) 1s symmetrizable. Hence a;;ajrar; = ajrarjaji. We set d; = ay;/a;;. For
1 <i < j, wehave aj;a;ja;) = ayjaj;a;1, hence a;j/a;; = d;/d;. But this means
that A is symmetrizable, a contradiction. U

Lemma 2.5. Let A be a generic Cartan matrix. If A is symmetrizable, then
H*(BT)VY = Q[v], where v is the Killing form. If A is nonsymmetrizable,
then H*(BT)V M = Q.

This result was proved in [Zhao and Jin 2014]. In fact it is valid for an arbitrary
indefinite and indecomposable Cartan matrix.

Lemma 2.6. Let X = X| Uy, X, be the push-out of the diagram X 2 Xo Y Xo.
The homomorphism j : H*(X) & H*(X,) — H*(Xy) is given by

Ju,v) = ji ) — j; (v).

If X1, X, are deformation retracts of some open subspaces of X, then there exists a
short exact sequence

0— X coker j - H*(X) — ker j — 0.
Proof. We have the Mayer—Vietoris exact sequence
s HN ) @ BN (Xa) S HY U (Xo) S HAY(X)
L HY (X)) @ HY(X2) > H*(Xg) > -+ .
From this sequence we get the short exact sequence
0— imdé - H*(X) — imi — 0.

By the exactness of this sequence, we have

imi =kerj and imd= H*!(X()/kers = H* '(Xp)/im j = cokerj. O

Lemma 2.7. Let A be a generic 2 x 2 Cartan matrix, then H*(BG(A)) = Q[v],
where r corresponds to the Killing form which has degree 4. The Poincaré series
of BG(A) is 1/(1 —q*).

Proof. By Lemma 2.6, we have the short exact sequence
0 — X coker j — H*(BG(A)) — kerj — 0

Withj : H*(BG“}(A)) () H*(BG{Q}(A)) d H*(BT).
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The Poincaré series of coker j is
1 2 1
22 2 ot 4
(1-¢%)* (A—-¢9)(A—¢q%) 1—¢g
Since ker j is isomorphic to H*(BT )W = Q[v], its Poincaré series is 1/(1—g*).
Hence H*(BG(A)) = ker j = Q[v].

=0.

This lemma is the special case of n =2 for Theorem 3.

3. The proofs of the main theorems

The proof of Theorem 1 depends on the Poincaré series of BG(A). So we prove
Theorems 2 and 3 first.

In this section we denote BG;(A) by X for simplicity. For I = {iy, i2, ..., ix},
we always denote X; by X i,...;,. So we have

X =BT and Xp.p2>~Xi2.k—1Upr Xk.

Proof of Theorem 2. For n = 3, BG(A) is homotopic equivalent to X1 Ugr X3.
By Lemma 2.6 we have the short exact sequence

0 — X coker j - H*(BG(A)) — ker j — 0.

The homomorphism j : H*(X2) & H*(X3) — H*(BT) is given by j(u,v) =
Bi,(u) — Bi;(v), where Bi}, and Bi3 are induced by the homomorphisms iy :
T — G;p(A) and i3 : T — G3(A). By Lemma 2.3, we observe that ker j is the
subring of Weyl group invariants. Since A is nonsymmetrizable, by Lemma 2.5,
ker j = Q. We have
im j =im(Bi},) +im(Bi;) and im(Bi},) Nim(Bi;) =kerj = Q.
By Lemma 2.1, the Poincaré series of im(Bi},) and im(Bi3)* are
1 d 1
an ,
(1—gH(1—g* (1—¢H*(1—q%
respectively. Combining these results, the Poincaré series of coker j is
1 1 1 2¢%—1
23 2 A 2)2 ntl= V] ~+1L
(I-¢%)° (=g —-¢% A=g3)*(1—-g" (I=¢*(—q"
Hence for n = 3 the Poincaré series of H*(BG(A)) is
[ 21 1] +1
q .
(1-¢**(1—g%

For n > 4, we prove this theorem by induction on n. We assume that the theorem

is true for n — 1. Since A is nonsymmetrizable, by Lemma 2.4, without loss of
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generality we can assume Ajp3 is nonsymmetrizable. Then A’ = A1;..., is also
nonsymmetrizable. By Lemma 2.1, H*(X1.5..,_1) = H*(BG(A")) ® H*(BS"). By
the induction assumption, the Poincaré series of BG(A') is
(n—2)g*>—1
(1—g»)"2(1 —g%
This means that the reduced cohomology H *(BG(A")) concentrates in odd dimen-
sions. Since X >~ X5..,—1Upr X,;, we use Lemma 2.6 to compute H*(BG(A)). By
the decomposition H*(X5..,—1) = H*(BG(A")) @ H*(BS") @ Q® H*(BS"), we
have ker j = H*(BG(A")®H*(BS)®Q, and im j =im Biik,z,_..,n_1+im Biy. The
intersection of im Bif, ,  and im Bi, is the subring of Weyl group invariants.
It is isomorphic to Q. The Poincaré series of coker j is
1 1 1
(I-¢?" (A-g»)"'(1-g¢gH 1-4¢*
Therefore the Poincaré series of BG(A) is
q q g
(I=g>" (1—=g>)11—-g% 1-

which is equal to

Pn—l(Q)ZQ[ +1}+1.

+1.

q
+g+——5(Poi— D +1

(n—Dg*—1
q[(l — - gh)
Proof of Theorem 3. The proof of this theorem is similar to that of Theorem 2.
The difference is that for the symmetrizable case, the invariants of Weyl group is
generated by the Killing form which is in degree 4.

We use induction on n. If n = 2, by Lemma 2.7, the theorem is true. We assume
that the theorem is true for n — 1. For an n x n symmetrizable generic Cartan matrix
A, A" = Ays..,—1 is a symmetrizable generic Cartan matrix. By the induction
assumption, the Poincaré series of BG(A’) is

1 (n—2)q>—1
On-1= 1—q4("[ (1= g2y “]“)'

Since BG(A) is homotopy equivalent to X1>...,—1 Upr X,,. By a similar Mayer—
Vietoris sequence computation, we get that the Poincaré series of BG(A) is
_ q _ q _ q i q
(I=¢?»" (A=g>"11=gH) A—=gHU—-g"H (1—q%
1 1
S — T
Ta=a—gn O T D

1 (n—Dhg?>—1
=1—q4[q< (I—g2)T! “)“]' -

—l—l]—i—l. (]

On
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Remark. In the proof of Theorem 3, we need the H*(BG(A))-module structure
on the Mayer—Vietoris sequences. In fact all the cohomology groups that appeared
in the sequence are free Q[ ]-modules.

4. Some results derived from the main theorems

In this section we need some general results in algebraic topology. For details see
[Whitehead 1978].

From the expressions of the Poincaré series of BG(A) in Theorem 2, we can see
that for the nonsymmetrizable case, the even dimensional cohomology group is
H°(BG(A)). Hence the cup product on H*(BG(A)) is trivial and we have:

Corollary 4.1. For a nonsymmetrizable generic n x n Cartan matrix A, the rational
homotopy type of BG(A) is \/ 12, Vs, S%+1 vith

Po(@) =1+ ag’ +asq’ +-- +aig” ™ 4

Lemma 4.2. aj=ay forall i>?2.

Proof. By definition we have

Py(q)—1 (n—1)g*—1
4 6 n
gt +asgt+ - = = +1
q (I—g?"1(1—q%
=1- =a4q4+a6q6+... O
Ca(q)

By the Milnor-Hilton theorem (see [Whitehead 1978]) and the homotopy equiv-
alence G(A) ~ QBG(A), we get:

Corollary 4.3. The homotopy Lie algebra m.(G(A)) with Samelson product is the
free graded Lie algebra generated by ¥~ H, (BG(A)).

The Hopf algebra H,(G(A)) and the tensor algebra T(Z_1 ﬁ*(BG (A))) are
isomorphic.

From the expressions of the Poincaré series in Theorem 3, we can see that for
the symmetrizable case, as Q[v]-module the only even dimensional generator
of H*(BG(A)) is 1 € H*(BG(A)). The cup product on H*(BG(A)) can be
determined by the following lemma.

Lemma 4.4. Let R = Ry ® Ry be a ring with Z,-gradation satisfying ab =
(—D'®ba for homogeneous a, b and let Ry be a free Ro-module. If the char-
acteristics of R is not 2, then R{R; = 0.

Proof. For each b € Ry, we have bb = —bb. Hence b>=0. Let by, by,...be a
basis of R; as Ro-module. Then b? = b3 = --- = 0. We have (b;b;)b; = 0 for all
i, j, since b; is a base element, so b;b; = 0. As aresult R{R| =0. O
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Set Ry = H®*"(BG(A)) and R| = H°Y(BG(A)). By this lemma, we get:

Corollary 4.5. For a generic n x n symmetrizable Cartan matrix A, the rational
homotopy type of BG(A) is BS® x \/52, \/]ﬁ’:1 S2+1 with

(1_614)Qn:1+,32q5+,33q7+--~+,3iq2i+1—|—---.
Similarly we have

Lemma 4.6. Bi =by  forall i = 2.

Corollary 4.7. The homotopy Lie algebra w,(G(A)) with Samelson product is the
direct sum of .. (S?) and the free graded Lie algebra generated by ¥~ H,.(BG (A)),
where H,(BG(A)) = H,(\/{2, \/%_, s2+1),

The Hopf algebra H,(G(A)) and the Q-algebra H.(S*) x T(ZT"'H,(BG(A)))
are isomorphic.

Theorem 1 is a direct consequence of Corollary 4.3 and 4.7.
We also have

Proposition 4.8. If A, A, are two generic Cartan matrices of size ny and n», then
G (A1) and G(Ay) are rational homotopy equivalent Hopf spaces if and only if
ny =ny and €(A1) = €(Aj).
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