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Each compact Riemannian manifold with no conjugate points admits a family
of functions whose integrals vanish exactly when central Busemann functions
split linearly. These functions vanish when all central Busemann functions
are sub- or superharmonic. When central Busemann functions are convex
or concave, they must be totally geodesic. These yield generalizations of the
splitting theorems of O’Sullivan and Eberlein for manifolds with no focal
points and, respectively, nonpositive curvature.

1. Introduction

A key insight in Burago and Ivanov’s [1994] proof that each Riemannian torus with
no conjugate points is flat is that the asymptotic norm of its fundamental group
m1(TK) = 7¥ is Riemannian, in the sense that it is generated by an inner product. In
the case of an arbitrary compact Riemannian manifold N whose fundamental group
has center Z(mr1(N)) of rank k, O’Sullivan [1974] showed that, when N has no
focal points, it must be foliated by totally geodesic and flat k-dimensional toruses
and, moreover, be covered by an isometric product with a flat T*. This generalized
a theorem of Wolf [1964] about manifolds with nonpositive sectional curvature. It
was later shown by Eberlein [1982] that each compact manifold with nonpositive
sectional curvature and Z(;r1(N)) of rank k is finitely covered by a diffeomorphic
product with T*. The aim of this paper is to explore conditions, between having no
conjugate points and no focal points, that allow for variations on these results.

Associated to each zg, z1 € Z(r1(N)) is a function F7;, : N — R defined by (3-1);
the linear splitting of central Busemann functions on N, where 7 : N — N is the
universal covering map, is one of a number of conditions equivalent to the vanishing
of all [ Fz,, dvoly.

Theorem 1.1. Let N be a compact Riemannian manifold with no conjugate points
and Z a subgroup of Z(mw(N)). Then, the following are equivalent:

® fN F;yz, dvoly =0 forall zo,z1 € Z.
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(i1) B(zg, z1) = 1/vol(N) fN h(wz,, w;,) dvoly forall zo, z1 € Z.
(iii) h(w; (x), w;, (x)) = B(z0, z1) forallx € N and all z9, 21 € Z.
(V) Oy iz =D miwy, forall z; € Z and all m; € 7.

The notation that appears in Theorem 1.1 is defined in the next two sections. The
proof is partly an application of Green’s identity.

It follows from the main result of [Dibble 2019a] that any subgroup Z of
Z(m(N)) is isomorphic to Z* for some 0 < k < dim(N). When statements (i )—(i v)
in Theorem 1.1 hold, one may define two integral formulations of an inner product
that generates the asymptotic norm of Z. Moreover, a number of topological prop-
erties, which are known in the case of no focal points, hold (cf. [O’Sullivan 1974]).

Theorem 1.2. Let N be a compact Riemannian manifold with no conjugate points
and Z a subgroup of Z(mw(N)) for which statements (1)—(iv) in Theorem 1.1 hold.
Then, so do the following:

(@) The asymptotic norm || - |0 of Z with respect to any isomorphism Z — 7* is
Riemannian.
) If wy, ..., w, generate Z and Hy, ..., Hy are corresponding horospheres,

then H = ﬂf: 1 H; is a simply connected submanifold of N.
() N is diffeomorphic to H x RF,
(d) There exists a sequence of normal covering maps
I:Ikaﬂ)Noka&N,
with respective deck transformation groups w1 (Ny) X Z and ", such that Yy

is a product map, Ny is orientable, w1(Ny) is a normal subgroup of w{(N)
containing the commutator subgroup [71(N), w1 (N)], and the sequences

0> (N)XxZ—>m(N)=-T—=0
and
0— (JTI(N())/[JTl(N),JTl(N)]) X Z — Hl(N, Z) I =0

are exact.

Because [71(N), 71 (N)] € 71(Np), the covering map ¢y is abelian.

It is clear from (3-1) that the integrals f ~ Fzozy dvoly vanish when central Buse-
mann functions are harmonic. Lemma 5.1 states that sub- or superharmonic central
Busemann functions must be harmonic, which implies the following.

Corollary 1.3. Let N be a compact Riemannian manifold with no conjugate points
and Z a subgroup of Z (1 (N)). If each Busemann function associated with Z is
sub- or superharmonic, then statements (1)—-(iv) in Theorem 1.1 and the conclusions
of Theorem 1.2 hold.
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Since they must be harmonic, concave or convex central Busemann functions
must have vanishing Hessian and therefore be totally geodesic, in the sense that they
map geodesics to geodesics. It is well known that Busemann functions are convex
when N has no focal points or, more narrowly, nonpositive sectional curvature
[Eschenburg 1977]. Thus, the following generalizes the splitting theorems of
O’Sullivan and Eberlein.

Theorem 1.4. Let N be a compact Riemannian manifold with no conjugate points
and Z a subgroup of Z(mr1(N)). If each Busemann function associated with Z is
convex or concave, then, in addition to the conclusions of Theorem 1.2, the following

hold:

(a) N is isometric to H x R¥, where Z acts on each RF -fiber by translations.
(b) N is foliated by totally geodesic and flat k-dimensional toruses.

(c) There exists a sequence of Riemannian covering maps
Hx RS Ny x T 25 N,

where N is orientable, V| is a product, ¢ has finitely many sheets, and each
map restricts on each R*- or T*-fiber to a totally geodesic and locally isometric
immersion onto a leaf of the T*-foliation below.

It is not claimed in Theorem 1.4(c) that N; x T* has a product metric, and the
statement cannot be strengthened to the isometric splitting of a finite cover, as there
are examples in [Lawson and Yau 1972; Eberlein 1980; 1981] of compact Ny x Tk
with nonpositive curvature that are not finitely covered by isometric products with
flat k-dimensional toruses.

Eberlein additionally proved that every compact manifold having nonpositive
sectional curvature and fundamental group with nontrivial center is of a canonical
form. This result also generalizes, provided one modifies the definition of a canon-
ical manifold in [Eberlein 1982] appropriately. Let H be a complete and simply
connected manifold with no conjugate points, I'g a properly discontinuous group
of isometries of H, where H /Ty is compact, and p : Iy — T* a homomorphism
whose kernel contains no nontrivial elements with fixed points. Define an action
of Toon H x T* by ® (&, £) = (&), p(P)-&) forall d e Ty, £ € T and % € H.
Then, the quotient (ﬁ x TX) / g is called a k-canonical manifold.

Theorem 1.5. Let N be a compact Riemannian manifold with no conjugate points
and Z a subgroup of Z(w(N)). If each Busemann function associated with Z
is convex or concave, then N is a k-canonical manifold for k = rank Z. When
Z =Z(m(N)), g is centerless.

The proof of Theorem 1.5 will be omitted, as it exactly follows Eberlein’s
argument, using Theorem 1.4(a) in the place of Lemma 1 of [Eberlein 1982].
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2. Preliminaries

Throughout this paper, (N, h) will denote a compact, connected, n-dimensional,
and C" Riemannian manifold for r > 2. The covering metric on N will be denoted
by h. The metric & will have no conjugate points, which by definition means
that the exponential map on each tangent space is nonsingular. It follows that,
for each p € N, exp, Tp]\7 — R" is a diffeomorphism. Thus, N is aspherical
and, consequently, 71 (V) is torsion free [Hurewicz 1995]. It is well known that a
complete manifold with nonpositive sectional curvature has no focal points, that a
complete manifold with no focal points has no conjugate points, and that neither of
these implications is reversible within the space of compact manifolds of any fixed
dimension at least two [Gulliver 1975].

For any tangent vector v, denote by y, the geodesic ¢ — exp(tv) Corresponding
to each unit vector v € TN is the Busemann function b, : N — R defined by
by(x) =lim;— o[t —d(y,(2), x)]. It will be convenient to generalize the idea of a
Busemann function to arbitrary tangent vectors by setting

b — lvllby v if v #O,
"o ifv=0,

for any v € TN. It was essentially shown by Busemann [1955] that associated
to each z € Z(r;(N)) is a unique constant-length vector field w, on N with the
property that each y,,_(x)l[0,1] 18 a closed geodesic representing z in 1 (N, x). Denote
by @, the lift of w, to ]\A/ A Busemann function b, is central if v = ®,(p) for
some z € Z(mw(N)) and p € N. Following the arguments in [Burago and Ivanov
1994] and [Heber 1994], one finds that, for each z € Z (7 (NN)), the corresponding
central Busemann functions have gradient field @,. Arbitrary Busemann functions
are known only to be C!, except for manifolds with bounded asymptote, a class
which includes those with no focal points, where they are C* [Eschenburg 1977].
However, for z € Z(mr;(N)), the inverse function theorem implies that w, is C"~!
and, consequently, that each central Busemann function is C” [Dibble 2019b].

Foreachve TN, a horosphere of v is, by definition, a level set of the Busemann
function b,. When z € Z(7r;(N)), the horospheres of @,(x) are the leaves of the
normal distribution to @, for any X € N and, consequently, form a C” foliation of N
by hypersurfaces. In this way, one may speak of a horosphere H of z itself. For
each such H, the normal bundle N H is a trivial line bundle; since no point of N is
focal to H, the exponential map on N H is a diffeomorphism onto N. In this way,
NZ=HxR.

The action of 771 (N) on N by deck transformations will be denoted (o, x) — a (x).
The following is a special case of an important lemma of Ivanov and Kapovitch
[2014]. However, as they point out, the methods of Croke and Schroeder [1986]
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suffice to prove the lemma for central elements. In particular, the narrow statement
here requires only that the metric be C?. The more general statement in [Ivanov
and Kapovitch 2014] requires C* regularity for some k depending on 7.

Lemma 2.1. Let o« € m1(N) and z € Z(mw(N)). If y, is an axis of z, then
by(a (X)) — by(X) is independent of x € N.

For any choices of p,q € N, by, (py and b, (q) differ by a constant. Thus, the
function B(zo, z1) = bo,, (p)(20(X)) — b, (p) (x), defined on Z (71 (N)) x Z (71 (N)),
is also independent of the choice of p. Loosely speaking, B(zg, z1) is the change
in the Busemann functions of z; in the direction of z.

Lemma 2.1 implies, by the argument in [Ivanov and Kapovitch 2014], the virtual
splitting of cyclic subgroups of Z (71 (N)).

Theorem 2.2 (Ivanov and Kapovitch). For each nontrivial z € Z(w(N)), there
exists a finite-index subgroup G of w1(N) isomorphic to a direct product G' x Z,
under which identification z corresponds to a generator of the Z-factor.

A simple consequence is that, when Z(;r1(/N)) has rank at least &, a finite-index
subgroup of 71 (N) splits as a product with Z*,

Corollary 2.3. If z1, ..., zx are independent elements of Z(w(N)), then there
exists a finite-index subgroup G of w1 (N) isomorphic to a direct product G' x 7*,
under which identification the 7*-factor is generated by elements of the form
2zt formi > 1.

Proof. Let n; = (m;,07) : G; — G; x Z be the isomorphisms guaranteed by
Theorem 2.2, where each G is taken to be a subgroup of G; on which 7; is
the identity. Let G = ﬂle Gi, G'= ﬂ§:1 G!, and 7’ = mg o --- o ;. Then,
n= (' o1, ...,01) : G— G’ xZ* is a homomorphism. Note that

k k
Kern C mKerai - ﬂ G =G
i=1 i=1
Since each 7; is the identity on G’, 1 must be one-to-one. Since G has finite index,
there exist smallest m; > 1 such that z;."i € G. It follows that n(G) is isomorphic to
G’ x Z* in such a way that the z;"" generate the Z*factor. O

For any z € Z(m(N)), write ||Z|lcc = B(z, )2 If Z is any subgroup of
Z (w1 (N)), then Z = Z* for some 0 < k < n [Dibble 2019a]. With respect to
a fixed isomorphism Z — ZX, || - ||« agrees with the asymptotic norm of the orbit
metric on Z obtained from its action on N. That is, if d denotes the induced
7*-equivariant distance function on Z*, then, up to the identification of Z with Z¥,

. d0,mz)
zlloo = lim ———=,
m—00 m
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and this extends uniquely to a norm on R¥ (see Section 8.5 of [Burago et al. 2001]
for details). Following [Burago and Ivanov 1994], one would like to define an
inner product on R¥ that extends B with respect to this identification. In fact,
elementary arguments show that B satisfies many of the properties of an inner
product: B(zg, mz1) = mB(zp, z21) = B(z9, mz;) for all m € Z; by Corollary 4.2
of [Ivanov and Kapovitch 2014], B(zo + z1, 22) = B(z0, z2) + B(z1, z2); and,
significantly, B satisfies the Cauchy—Schwarz inequality,

2-1 |B(z0, 21| < llzolloollZ1 llcos

with equality if and only if zo and z; are rationally related, in the sense that mzo =€z
for some m, £ € Z not both zero. However, it is not clear that, in general, B is
symmetric or additive in its second slot. For the purpose of showing that || - ||
is generated by an inner product, those two conditions are equivalent: additivity
would follow from symmetry, and, if additivity held, then the symmetrization of B
would extend to an inner product generating || - || co-

This section ends with a technical lemma about the horospheres of central
Busemann functions. Although it is in many ways unclear how well behaved they
are, they may in some cases be used to construct fundamental domains of 7. A
preliminary lemma is first presented.

Lemma 2.4. If z € Z(m(N)) is primitive, in the sense that 7 # mz’ for all |m| > 1
and 7' € w1 (N), then, for each X € N, 1 oy, is injective on [0, ||z]lc0).

Proof. Assume that 7w o y4(x)(fo) = 7 0 Va0 (1) for 0 < tp < t1 < [|Z]l0o. Write
T =11 — tp. Without loss of generality, replace x with y;,) (%), so that

7T 0 Vo) (0) =7 0 Yo)(T) = 7 0 Vi) (2]l 00) -

Since inj( (x)) >0, T=(a/b)|z|lc for some relatively prime a, b € Z with |b| > 1.
Because a and b are relatively prime, there exist m, n € Z such that ma =nb + 1.
Since 7 o Yy ((Ma/b)|zllcc) = 7 0 Vi) (0), Yoo l10.(1/6) 121001 18 @ closed geo-
desic representing an element w of 71 (N) with z = bw, which is a contradiction. []

Lemma 2.5. Let z € Z(t1(N)) be primitive and H be a horosphere of z. Then,
there exist disjoint open subsets Uy, ..., Uk of H such that, for V; = U; X [0, [|Z|lc0)
and V = U,K=1 Vi, m is injective on V and vol,(N \ 7 (V)) =0.

Proof. 1t follows from ||z|| oo-periodicity that there exists ¢ > 0 such that, for each x €
H, the exponential map is injective on B(x, €) X [0, ||z0llco) & N H. By compactness,

one may choose a finite subset {Wy, ..., Wk} of {B(x, &) | x € H} with the property
that {7t (W; x [0, ||zolls0])} is an open cover of N. Let U; = W;. The remaining U; are
defined inductively: Suppose Uy, ..., U;_1 have been defined and satisfy U; C W;.

Foreach 1 < j <i — 1, there exist at most finitely many «; 1, ..., ojM; €1 (N)
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such that a‘,-,m(l}j x [0, |zllec]) N W; £ @. Let

i—1 M;
Ui =W\ |J U ¢jm(@; x [0, 1zll0)-
j=1m=1
The sets Uy, ..., Uk constructed in this way have the desired properties. ([

3. Integral formulations of B

Let zo, z1 € Z(71(N)). The function F,;, : N — R in Theorem 1.2 will be defined
by an equivariant construction on N. Denote by A the Laplace—Beltrami operator.
Fix p € N and v; = @, (p). For x € N, let £ € 7! (x) and v = @, (%), and define
F,;, (x) to be the average value of b,, Ab,, along y,|[0,1] with respect to arclength:

(3-1) Frry(x) = f by, Abvo ds.
olio.n

More specifically, F,;, = 0 if z¢ is the identity, and

1
/ by, Aby, ds

otherwise. To see that F;, is well defined, first recall the following classical result.

FZoZ] ()C) =

Lemma 3.1 (Green’s identity). Let (M, g) be a C? Riemannian manifold with
boundary OM and v an outward-pointing unit normal vector field along oM. If
&, ¥ : M — Rare C? functions, then

/ ¢AwdvolM+/ g(VqS,Vtﬁ)dvolM:f Pg(Vyr, v)dvolyy, .
M M aM

This generalizes in a straightforward way to manifolds with corners. A simple
consequence is that, for a central Busemann function b,, Ab, measures the change
in volume of its horospheres under its gradient flow.

Lemma 3.2. Let z € Z(7t1(N)) be nontrivial. Let b, be a corresponding central
Busemann function and T € R. For each t € R, denote by H; the horosphere of z
along which b, =t. Let U C Ht be any open set with C" boundary and compact
closure, and let U, = U x [T, T +t] with respect to the splitting N = Hr xR. Then,

d 1
—V01HT+,(U><{T+I})=—/ Ab,dvoly, .
dt 1zl o U x{T+r}

Proof. Denote by v the outward-pointing unit normal vector field along the C” por-
tion of dU,, so that, except at corners, v=—®, /| z|lcc along U x{T}, v=a./|z]lc0
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along U x {T +t}, and ﬁ(v, @;) =0along U x [0, ||z|loc]. By Green’s identity,

/Abvdvolj;,:/ h(&,, v) dvolyy,
U; aU;

= |Izllco[VOl ., (U X AT 4-1}) — Vol (U x {T })].

It follows from the coarea formula that

T+t
f Aby dvoly :/T /U el Ab, dvoly,, ds.
t X N

The result follows immediately. (]
If 2 e 7~ !(x) and v = &, (&), then &' = a(x) for some « € 71 (N). Note that,
for all ¢, Aby,(yy(t)) = Aby,(yy(t)) and, by Lemma 2.1,
by, (yu (1)) — by, (v (1)) = B(a, 21) € R.

Moreover, for T = by, (£)/llz0ll%, U® = B(yy(=T), ¢) € Hy, and Ui = U° X
[T, T + llzollco], an application of Lemma 3.2 shows that

f Aby,dt = lim Aby,dvoly,
Yulo.1]

e—0 e
UHZ()Hoo

= lim f[zolloo[VOlt7 1y (U x{T+lIzolloc D —volp, (U x{TH]=0.

Thus,

/ by, Abyydi = / by, + B(a, 21)]Abyds
)z Yv

o 110,11 lio,11
:f by, Abvods—i—B(ot,z])/ Abyyds :/ by, Aby,ds.
yolio,1] Yolio,11 lio,11
So, F;,;, is well defined. Similarly, F, ., is independent of the choice of p, as
replacing p with ¢ induces a constant change in by, of b,, (¢) — by, (p) while leaving
Ab,, unchanged.
For any p as above, let S be a fundamental domain of 7 constructed using a
horosphere Hy of vy as in Lemma 2.5, and write S; = S x [¢, t + ||20]loo] for each
t €T, T+ |zolloc]- Then,

(3-2) / Fr;, dvoly 2/ f by, Aby,ds dVOlN
N St Vo @ lion

T+zollco
:/ f / by, Aby,ds dvoly, dt
T Sx{t} Moz @ o0

T+lzolloo
=/ / by, Aby, dvoly dt.
T Y
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Theorem 3.3. Let 29, 21 € Z(m(N)). Then,

B(zo,z1) =

ol(V) /N[h(a)m, wz,) + F;, 1dvoly .

Proof. By Theorem 2.2, there exist a finite covering map ¥ : N — N, with covering
metric /, and a primitive Zg € Z (i (N )) such that ¥, (Z9) = zo. Foreachi =1, 2,
denote by @; the lift of w; to N. Then,

/ (Q)ZO,C()ZI)dVOIN = / h((l)(),(l)])dVOl”

vol(N ) vol; (N)

Fix £ € N and v; = &, (X). Let T € R. For the horospheres H; of zo, let Uy, ..., Uk

A

be the open subsets of H7 obtained by applying Lemma 2.5 to the covering N — N,
and write S = U1K=1 Uyand S; = S x [t,t + ||z]leo]. If each U; has C” boundary,
then Green’s identity shows that

(3-3) fﬁ(@m,@z,)dvom:/ bvliz(&)m,v)dvolas,—f by, Aby, dvol g .
S, BN S

Applying Lemma 2.1, one has that

/ bvll:l(&)zoa V) dVOlBS, = ||ZO||00|:/ bvl dVOlHHonoo _f bvl dVOlHO]
Y Sx{t+lzolloo} Sx{t}

= lIzolloo B(z0, 21) VOl (S x {t}).

Suppose that zg is not the identity, as the result holds otherwise. Substituting the
above into (3-3), integrating both sides from T to T + ||zo||00, and using the fact
that fS, h(@z,, @) dvolg, = [ h(@o, @1) dvol; yields

(3-4) B(z0,z1) =

/ h(w,, w;,) dvoly

T+lzolloo
_—_— b, Ab dvol dt
||zO||oovol(N>/ /s R

flv}z(a)z(,,a)zl)dvolN+VOI(N)/NFZOZl dvoly ,

l(N)

~ Vol(N)

the latter equality following from (3-2). In the general case, one may apply a similar
argument to a union of open sets U; ,, € U; that have C” boundary and whose
measures converge to that of U; as m — oo. U

Corollary 3.4. Let zy, z1 € Z(m(N)). Then, the following hold:

(a) B(zo,z1) = B(z1,20) if and only if [y F,., dvoly = [y Fz,, dvoly.
(b) B(z0,z1) = 1/vol(N) fN h(wg,, w;,) dvoly if and only iffN Fz, dvoly =0.
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Let Z be any subgroup of Z (771 (N)) of rank k, and fix an isomorphism D : Z — Z*,
Denote by ey, . . ., e the standard basis for R, and let w; = D~ (¢;). Let f Tk N
be any fixed C! map satisfying f,(a;) = w;, where a1, ..., a; are generators for
71(TK). Since N is aspherical, and therefore an Eilenberg—Mac Lane space, such
maps are guaranteed to exist, although in the case of no conjugate points they may
be constructed more concretely by iteratively exponentiating around loops (see
Section 3.3 of [Dibble 2019b]).

Theorem 3.5. Let zp,z1 € Z and B = f*(a)zl) (i.e., B1(v) = h(wy,, fr(v)) forall
v € TTK). Then, B(zo,21) = ka B1 o D(zo) dvolg for the standard flat metric g
on Tk,

Proof. Suppose k > 2, as otherwise the result is clear. Denote by ¢ : R¥ — T*
the covering map that quotients by 7k Let V= D(z9) = Z:n: | Vie; be a constant
vector field on TX. Suppose V # 0, so that some v; # 0. Let u; = V and, for
each j # i, let u; be the vector in R* whose only nonzero entries are —v; in the
i-th component and v; in the j-th component. Let P be the parallelepiped in R¥
determined by uy, ..., ux. Then, P is the union of vk 2 Z/ 1 v]2 = vk 2||V||
fundamental domains of ¢. Denote by Q the face of P that contains the origin but
not u;, and, for each p € Q, denote by ap the geodesic ¢t — p + ZV/||V||RA

The map f lifts to a map F : R¥ — N such that fog¢ =m o F. Let V = ¢~ (V),
so that

h(w,,, f«(V)) =h(dy,, Fs(V)) = h(é,,, Fu(@l(1))).

The coarea formula implies that

Vgt
/ h(w,, f(V))d vol, = —k_zl / [/ h(é.,, F*(a;(t)))dti| dvolg
Tk v Vg JoLJo

. 1
VE 2V [l
. 1
V2NV e
i
=————— [ B(z0,21)dvolg
VIV e Jo

= B(z0, 21)-

/ [b., 0 F(x + V) —b,, o F(x)]dvoly
o

/Q (b2, (2o(F (x))) — by (F ()] dvolg

If V =0, then z¢ is the identity, and one obtains the same equality. ([

Remark 3.6. For N =Tfand 7 € ZX, 7z = D(w;) = fw w; dvolg, where g is the
standard flat metric on TX. This continuously extends the direction at infinity in
[Burago and Ivanov 1994] to the leaves of the Heber foliation [1994] of the unit
sphere bundle of T,
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4. Proof of Theorems 1.1 and 1.2

As before, let Z be a subgroup of Z(mr(N)), fix an isomorphism D : Z — 7, and
let w; = D~ (¢;), so that wy, ..., wy generate Z. Write %y = {w; | z € Z}, and
denote by £ the vector space of finite formal linear combinations of elements of %
with real coefficients. (For each £ € N, % may be identified with the space of
finite formal combinations of Busemann functions in Z that vanish at x.) Roughly
speaking, one may extend D to a linear direction at infinity 2 : 2 — R* by setting
2 (Zl a,-a)zl.) = ;a;D(z;). In the other direction, there is the inclusion ¢ : 7k > %
defined by L(Zi mie;) = O miw; -

Foreach ¢, o e % (e, = Zj ajjwy,;, for z;; € Z and a;; € R), let f; = f*(g“l.b).
Define

Gt =5 [ 1109+ pro 7)) dus,

It is clear that G is symmetric and bilinear. By Corollary 3.4(a) and Theorem 3.5,
when (i) holds,
G (wy, wz,) = B(20, 21) = B(z1, 20)-

At the same time, one may define a semi-inner product H on % by

1
H((l,C2)=V01(N)/Nh(él,fz)dVolN-

Again assuming (i), Corollary 3.4(b) implies that
H(w,, w;,) = B(z0, 21) = B(z1, 20).

In this case, since they agree on %y x %y, G and H define the same semi-inner
product on # and, consequently, the same seminorm. Overloading notation, write

o= 1-llc=1"#a-
Lemma 4.1. Let Z be a subgroup of Z(rw1(N)) such that oy, i, = Y imiw,, for
all z; € Z and all m; € Z. Then, for all zy, 71 € Z, the following hold:

(@) [z, 0] =2V, wy, (i.e., Vo, 0 ==V, ).
(b) h([wzy, w;, ], wz,) = h([w,, w;, ], @) =0.
(©) h(wz(x), w;(x)) = B(z0, z1) for all x € N.
Proof. One has that
0=V, .. Otz = Vo, 0z + Vo, 0 + Ve, 0+ Vo, o
= szowm + VwZIwZO,
80 Vo, @) = =V, . This proves (a). Moreover,

O=wzl [h(a)zo» a)zo)] =2h(vwzl Wz s a)zo) = _Zh(va)m Wz, a)zo) = _20)20 [h(a)m > wzo)]-
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One may deduce (b) from the first three equalities above. Let x € N, and write
Y = Vi, (%) Since h(®;,, &) is constant along y, one finds that

B(z0, 21) = by, (20(x)) — by, ()
1
_ fo B(@ay 0 1)), (s, 09) (D)) di = (B (), s, (1),

which proves (c). O

It is now possible to prove Theorem 1.1. Statements (i) and (ii) are equivalent
by Corollary 3.4(b). By Lemma 4.1(c), (iv) implies (iii), and it is clear that (iii)
implies (ii). Therefore, the proof can be completed by showing that (i) implies (iv).

Suppose (i) holds. Write & = 0y~ ;. B = > ;mjwy, and £ =a — B. Then,

1% =G, ¢)
= /ﬂ h(¢, D(¢))dvol, = /ﬂ h(¢,0)dvoly, =0,
which means that
0=vol(NMH(¢,¢) = /N h(Z, &) dvoly = /N [leelly + 18117 — 2R (e, B)1dvoly, .
Thus,
(4-1) ho(a, ﬂ)dvolh=/N§<||a||,%+||ﬁ||i)dvolh.

By the Cauchy—Schwarz inequality,
h(a, B) < lleelinll Bl

SO

f (lell? + 1BI2) dvoly < / 2l 1B dvoly .
N N

At the same time, 2|l | Blln < ll[I7 + |B17. Thus,

f2||a||%,||ﬂ||%dvolh=/(||a||i+||ﬁ||,%)dvolh,
N N

which implies that ||«||;, = ||8]l» on N. Substituting into (4-1), one finds that

| hapravols = [ alfi81; dvol
N N

and, consequently, that & («, 8) = |||l ||B]l» on N. It follows that « = 8, which
is (iv). This proves Theorem 1.1.

Theorem 1.2(a) is a consequence of the following lemma and the fact that, when
(1)—(@v) hold, G agrees with H.
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Lemma 4.2. Let Z be a subgroup of Z(mw1(N)) of rank k. If G is positive semidefi-
nite, then

G(1(z0), U(z1)) = G(wyy, w;)) = 3[B(z0, 21) + B(z1, 20)]

extends to an inner product on R¥ that induces the asymptotic norm || - || oo of Z with
respect to the isomorphism D : Z — Z*.

Proof. Since G is positive semidefinite, it is a semi-inner product and induces a
seminorm || - ||g on A. If ¢ € Ker(2), then it follows from the definition of G that
¢l = 0. Conversely, suppose ||¢]lg = 0. Since ||t(-)|l¢ = || - llo» there exists
¢ > 0 such that ||t(x)]lg = c||x||pe for all x € 7%, Write W = span{wy,, .. ., Wy, }.
Since 2|y : W — R is an invertible linear map, there exists C > 0 such that
lwllg < Cl|2(w)||g« for all w € W. There exist K; — oo and v; € W with
12 (v;)||ge <1 such that 2(K;¢ +v;) € ZX. Since Z o is the identity map on Z¥,
one has that
2(Kit+v;i—102(K;¢+v;)) =0,

and, consequently,
HIKi¢ +villg — lto Z(Ki§ +vi)llg| < |1Ki§ +vi —to Z(Kig +vi)llg =0.
It follows that
cllZ2(Ki¢ +vi)llpe < lto 2(Ki& +vi)llg = 1Ki§ +villg = [IKi¢llg + llvillg = C.

Therefore, ||2(¢)|lpe < (14+C/c)/K; — 0 as i — oo and, consequently, 2(¢) = 0.
Thus, Ker(2) ={¢ € Z | [¢ll¢ =0} 5

Let % be the vector space obtained as the quotient of % by Ker(2), G the
corresponding inner product on %, and || - ||z the induced norm. The map
descends to a map 2 on % with trivial kernel. By construction, 2( wy,;]) = e; for
each i, so 7 is surjective. From this, we have that & is a linear isomorphism, and

92" = {Y; milow 1| m; € Z} = {[w,] | z € Z} projects to a dense subset of
the unit sphere in 4. Since

llw:11% = G, [0]) = G(oy, @) = B(z, 2) = lzll3 = 12w D%

for all z € Z, it follows by continuity that 7 : (%, || - lg) — (R¥, || - [lec) is an
isomorphism of normed spaces. Consequently, Z,(G) is an inner product on R¥
that induces | - [|oo. On Z¥, 2,(G) = Gov. O

By the following lemma, when (i)—(iv) hold, the involutive C"~! distribution
ﬂle é)ii has constant dimension n—k, and, by Frobenius’s theorem, it foliates N by
C" (n—k)-dimensional submanifolds, each of which is contained in an intersection
of the form ﬂle H; for horospheres Hy, ..., Hy of wy, ..., wg, respectively.
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Lemma 4.3. Let Z be a subgroup of Z(mw1(N)) of rank k for which statements
(1)-(iv) of Theorem 1.1 hold. Then, for each X € N, the set {0y, (X), ..., Oy, (X)} is
linearly independent.

Proof. Suppose that, for some ¢y, ..., cx € R, Zle ciwy, (X) = 0. Then,
k 2 k
0= cion@ | =) cicih(ww &), 0w, (%))
i=1 b =1
k k 2
= > cicih(@w,(3). 0w, () = | D ciow, (§)
i,j=1 i=1 h
for all y € N. Thus, Zle ciwy,; =0 on N. Therefore,
k k
0= Zciwwi = Zcia)wi
i=1 H i=1 G
and, consequently,
k k
0= @(Z w) =Y cier
i=1 i=1
This forces ¢; =0 for all 7. U

The next lemma implies that each intersection ﬂle H; is contained in one leaf
of the foliation and, as a consequence, its leaves are exactly those intersections.

Lemma 4.4. Let Z be a subgroup of Z(mw(N)) for which statements (1)—(iv) in
Theorem 1.1 hold. Fix X € N, and, for each i, denote by H; the horosphere of w;
through x. Then, H = ﬂle H; is connected.

Proof. The proof is by AinducEion. Write v; = (I)wj()g). Since b,, has nonzero
gradient, the projection N — H;, along the integral curves of b,, is a continuous
surjection, which implies that H; is connected. If the result holds for L'I:l H;,
then, by Lemma 4.1(c), the restriction of bvj L to ﬂ{zl H; has nonzero gradient, so

ﬂ{ill H; is similarly connected. O

Define a map W : H xR - N in the following way: For each (9, s1, ..., s¢) in
H xRk, let 9= ¥, and inductively define X; 41 =y, ;) (Si+1) =€xps, (i +1Di+1 (7).
Let W(y, s1, ..., sx) = Xx. The splittings N = H; x R ensure that DW is nonsin-
gular, and, consequently, the inverse function theorem implies that W is a local
diffeomorphism.

Lemma 4.5. W is proper.
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Proof. 1t follows from Corollary 3.4 that [ B(w;, w;)] is a positive-definite symmetric
matrix, so Zle |bj oW (Y, my, ..., mg)| — oo uniformly as Zle |m; | — 00 for
m; € Z. By periodicity, there exists a Lipschitz constant, uniform in y € N, for all
maps of the form W (¥, -). Thus, Zf‘;l |bi oW (Y, 51, ..., S)| — oo uniformly as
Z{'(:I |si] = 0o. Let X C N be compact. Then Zle |b;| is bounded on X, which
implies that the projection of W~!(X) onto the R*-factor is compact. At the same
time, the projection of W~!(X) onto the H-factor is contained within a closed ball
around X, so it too is compact. Thus, ¥~!(X) is compact. ([l

Hadamard’s global inverse function theorem implies that W is a diffeomorphism,
which proves parts (¢) and, in turn, (b) of Theorem 1.2.

For a fixed £ € N, let H be the intersection of horospheres ﬂle H; containing X.
Following the argument in [O’Sullivan 1974], set Go = {g € 71 (N) | g(X) € I:I}. By
Lemma 2.1, G is normal, contains the commutator subgroup [7{(N), 71 (N)], and
acts freely and properly discontinuously on H by isometries. Note that the subgroup
G, of G consisting of orientation-preserving elements has all of those same
properties, and that the quotient space Ny = H / Gy, is orientable. The subgroup G
generated by G, and Z is isomorphic to G{, x Z, and the quotient space H /G is
diffeomorphic to Ny x T*. One obtains normal covering maps

H x R X% Ny x TF 225 N.
Note that 1y may be assumed to be a product and that G6 =11 (Ng). Let I denote
the quotient group 71 (N)/G. By construction,
O—->m(N)xZ—->m(N)—-T—->0
is a short exact sequence, which implies that
0 — (@ (No)/[mi(N), mi(N)) x Z > Hi(N,Z) > T — 0

is as well. This proves Theorem 1.2(d).

5. Proof of Theorem 1.4

A straightforward volume argument shows that, whenever a central Busemann
function is everywhere subharmonic or everywhere superharmonic, it must be
harmonic.

Lemma 5.1. Let N be a compact Riemannian manifold with no conjugate points
and b, a central Busemann function on N. If b, is either sub- or superharmonic,
then it is harmonic.

Proof. If b, vanishes identically, the result is clear. Suppose b, corresponds to
a nontrivial element of Z(w;(N)). Let T, U, and, for each t € R, H; be as in
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Lemma 3.2. Then,
d 1
—voly, (U x{T +1}) = —— Abydvoly,, .
dt 1zl o Ux{T+t}

Since the right-hand side is either nonnegative or nonpositive, voly, , (U x {T +1})
is ||z]lco-periodic, and U and T are arbitrary, Ab, must vanish identically. U

If b, is a convex or concave central Busemann function, then it is subharmonic
or, respectively, superharmonic. By Lemma 5.1, it is therefore harmonic. Since
every convex or concave harmonic function has vanishing Hessian, one obtains the
following.

Lemma 5.2. Let b, be a central Busemann function on N. If b, is convex or
concave, then it is totally geodesic.

For the remainder of this section, the hypotheses of Theorem 1.4 will be assumed.
In this case, the conclusions of Theorem 1.1 hold. As before, let wq, ..., wg
generate Z.

Fix X € N, and, for each i, let v; = ®,, (¥). Since b,, is totally geodesic, each
of its horospheres is a totally geodesic submanifold of N. This and the fact that
Vo, @y, = 0 imply that &, is parallel. Thus, the k-dimensional distribution
& = span{@y,, . . . , Oy, } is involutive and, by Frobenius’s theorem, foliates N by
k-dimensional submamfolds. Because . restricts on each leaf of this foliation to a
globally parallel orthonormal frame, its leaves are flat and totally geodesic Euclidean
spaces. It follows from de Rham’s splitting theorem [1952] that N is isometric
to H x R¥ for any intersection of horospheres H as in Theorem 1.1. Note that Z
acts on each R¥-fiber by translations, which completes the proof of Theorem 1.4(a).
The proof of part (b) follows exactly as in [O’Sullivan 1974]: the distribution 2
projects to a parallel distribution on N, the leaves of which are compact, flat, totally
geodesic, and without holonomy; consequently, they must be toruses.

Unlike in the case of nonpositive curvature, it is not known that a nontrivial
subgroup of the fundamental group of a compact manifold with no conjugate points
has center consisting of its Clifford translations (cf. Proposition 2.3 of [Chen and
Eberlein 1980] and Lemma 3 of [Eberlein 1982]). However, Theorem 1.4(c) may
still be proved using Theorem 2.2 and the argument in Remark 1 of [Eberlein 1982].
Corollary 2.3 implies that N is finitely covered by a manifold N with 77 (N) = G’ x
Z* for a subgroup G’ of 71 (N), where w{"', ..., w]'* generate the Z*-factor. With-
out loss of generality, one may replace G’ with its orientation-preserving elements.
By Theorem 1.4(a) and Lemma 2.1, elements of 771 (V) preserve the horizontal and
vertical foliations of H x RE, Thus, G’ acts on H. If this action were not free and
properly discontinuous, one could construct, by an argument similar to the proof of
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Lemma 2.4, elements of 7 (N) of arbitrarily small displacement, contradicting the
compactness of N. Thus, the quotient space N; = H /G’ is an orientable manifold.

An elementary argument shows that N has the structure of a T¥-bundle, with
totally geodesic and flat T*-fibers, over Ni. The proof of Lemma 4 of [Eberlein
1982], except with C" regularity, passes through exactly as written. Thus, one
may construct a C” section of the T*-bundle as in Remark 1 of [Eberlein 1982],
which then implies that N is diffeomorphic to N; x T* and that the covering map
Ni x T¥ — N restricts on each T*-fiber to a totally geodesic and locally isometric
immersion onto a leaf of the T*-foliation of N. This proves part (c).

6. Additional results and questions

This work was largely motivated by the question of whether the center theorem of
Wolf [1964] and O’Sullivan [1974] generalizes to the case of no conjugate points.

Question 6.1. Let N be a compact Riemannian manifold with no conjugate points
with Z(7r1(N)) of rank k.

(a) Is N foliated by totally geodesic and flat k-toruses?

(b) Does the universal covering space N split isometrically as H x Rk?

As a starting point, one might try to show that the asymptotic norm on Z (571 (N))
is Riemannian.

It is natural to look for geometric conditions, weaker than having no focal points,
that ensure the linear splitting of central Busemann functions in Theorem 1.1. The
following argument shows that it suffices to control the asymptotic geometry of
distance spheres on N: Fix a nontrivial z € Z (m1(N)). The C"~! regularity of w,
guarantees that the stable Jacobi tensor along each y;_(;) is bounded. The argument
in Proposition 5 of [Eschenburg 1977] shows that, at each point X € N, the second
fundamental forms of the distance spheres 9 B(y,z(—t), 1), for v =&, (%) /||, (X)]],
converge to that of the horosphere of z through X.

For any unit vector v € T} N , define the distance function p; () =dy (-, X) to be
asymptotically subharmonic in the direction of v (respectively, superharmonic) if
liminf; , o Ap;(yy(2)) > 0 (respectively, lim sup,_, ., Apz (¥, (1)) <0). On N \ {x},
let «; and K;_ be the functions equal to the smallest and, respectively, largest
eigenvalues of Hess p;, and similarly define p; to be asymptotically convex in the
direction of v (respectively, concave) if liminf;_, oo kc; (v, (¢)) > O (respectively,
limsup,_, o K;_()/v (t)) <0). Lemmas 5.1 and 5.2 imply the following.

Proposition 6.2. Ler z € Z(w1(N)). Then, the following hold:

(a) If, forall x € N, pz s asymptotically subharmonic in the direction of v =
@, (X), then, for each such v, b, is harmonic.
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(b) If, forall £ € N, p; is asymptotically convex in the direction of v = & (%),
then, for each such v, b, is totally geodesic.

Similar results hold for asymptotically superharmonic or asymptotically concave
central Busemann functions.

Question 6.3. Are there natural geometric conditions, other than having no focal
points, that ensure central Busemann functions are asymptotically subharmonic or
asymptotically convex?

Natural conditions that have been considered are Ricci curvature bounds, the
effects and limitations of which are discussed thoroughly in [Eschenburg and
O’Sullivan 1980].

It’s also unclear whether the Heber foliation of the unit sphere bundle of a torus
with no conjugate points [Heber 1994] generalizes to the case where Busemann
functions in Z split linearly.

Question 6.4. Let N be a compact Riemannian manifold with no conjugate points
and Z a subgroup of Z(7;(NN)) such that statements (i)—(iv) in Theorem 1.1 hold.
Write

k
W = {Zaié)wi Iai € R},

i=1

and, for any x € N, write
k
¥ = {va |v="" a;idw, (%) for a; € R}.
i=1

Is % = #?

An elementary argument shows that, for each nonzero a = (aj, ..., a) € RK,
there is a unique C" horofunction A, such that any sequence of rational directions
that converge to a induces a sequence of Busemann functions that vanish at x
and converge uniformly on compact sets to h,. Moreover, the gradient flow of
h, is through geodesics, and its level sets are the integral submanifolds of the
codimension-one involutive distribution

k 1
(Zw) |
i=1

However, without the linear divergence of geodesics in [Heber 1994], it’s not clear
that, when q is irrational, h, = b, for v = Zle a; Wy, (X).
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