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ON THE GLOBAL GAN-GROSS-PRASAD CONJECTURE FOR
GENERAL SPIN GROUPS

MELISSA EMORY

We formulate a global Gan—Gross—Prasad conjecture for general spin groups.
That is, we formulate a conjecture on a relation between periods of certain au-
tomorphic forms on GSpin,, ; x GSpin,, along the diagonal subgroup GSpin,,
and some L-values. To support the conjecture, we show that the conjecture
holds for » = 2 and 3 and for certain cases for n = 4.

1. Introduction

Gross and Prasad [1992] conjectured that the nonvanishing of periods of automorphic
forms on SO,,+; x SO, along the diagonal subgroup SO,, is equivalent to the nonva-
nishing of certain automorphic L-functions at the central critical value. Gan, Gross
and Prasad [2012] extended this conjecture, now known as the Gan—Gross—Prasad
(GGP) conjecture, to the remaining classical groups. The original Gross—Prasad
conjecture was refined in [Ichino and Ikeda 2010], where an explicit relationship
was conjectured between the period integral and the central critical L-values. An
analogous conjecture was developed for unitary groups by N. Harris [2014]. The
purpose of this paper is to formulate a similar conjecture for a nonclassical group
known as the general spin group (GSpin), and to verify the conjecture for the first
three cases essentially by interpreting the following known results: the Waldspurger
formula [1985] for n = 2, Ichino’s triple product formula [2008] for n = 3, and a
result of Gan and Ichino [2011] for n = 4.

Let us first recall the original global Gross—Prasad conjecture. Let F' be a number
field and A the ring of adeles over F. Let (V,,, g,) C (V, 41, gn+1) be an inclusion of
quadratic spaces of respective dimensions n and n 4 1 over F, so that g,+1|v, = ¢n.
where we assume # is at least 2 and V,, is not isomorphic to the hyperbolic plane.
Then we have the natural inclusion SO, C SO, of the corresponding special
orthogonal groups SO, := SO(V,) and SO,,+1 := SO(V,,+1) over F, which gives
rise to the inclusion SO, (A) C SO,,+1(A). Let 7, and 7,4 be irreducible tempered
cuspidal automorphic representations of SO, (A) and SO, (A), respectively. The
original global Gross—Prasad conjecture is as follows.

MSC2010: primary 11F70; secondary 22ESS5.
Keywords: periods of automorphic forms, L-values, Gan—Gross—Prasad conjecture.

115


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2020.306-1
http://dx.doi.org/10.2140/pjm.2020.306.115

116 MELISSA EMORY

Conjecture 1.1 (original global Gross—Prasad conjecture [1992]). Assume that for
every place v of F, Homgo, (F,)(Tp+1,0 ® Ty v, C) # {0}. Then there exist vectors
¢ € Vg, and f € Vy, such that

n+l1

/ $(9)f (5)dg #0
SO, (F)\ SO, (A)

if and only if the tensor product L-function L(1/2, w,41 X 1,) does not vanish.

Ichino and Ikeda [2010] refined this conjecture by writing down an explicit
(conjectural) relationship between the period integral and L(1/2, 7,41 X 7,) as
follows. First define

P:Vyot @ Vg, —C
by
Pw. = [ $(9) /() ds.
SO, (F)\ SO, (A)
for ¢ € V., and f € V. , where dg is the Tamagawa measure of SO, (A). This

is, of course, nothing but the period integral of the above original Gross—Prasad
conjecture. The basic idea of Ichino and Ikeda is to define a “local period” «,, by
using the matrix coefficients of the local representations 7, , and 7, , so that the
infinite product [ [, o, is defined. They then conjecture that the global |P (¢, f) |2 is
proportional to the product ]_[U oy (¢y, fo) for factorizable ¢ = ®,¢, and f =®, f,
and the L-value L(%, 1 X n,,) appears in the constant of proportionality.

To state their conjecture more precisely, first let

B

TTn+1

Vi ® \_/nn+1 —C and B : Vi ® Vnn —C

be the Petersson pairings defined as usual via the Tamagawa measures. Then fix
isomorphisms

T, = RuTTn,v and TTp+1 = ®U7Tn+1,va

and decompositions

By = [ Brusr, and Br, =[] Br,..
v

v

where

B a1y ®@ Tt —~> C and By, 17, @7, — C

TTn+1,v

are local pairings. Also fix a decomposition dg =[], dg, of the Tamagawa mea-
sure dg on SO, (A).
Then define an SO, (F,) x SO, (F,)-invariant functional

(1'1) O[E : (nrz-i-l,vlgﬁn-‘rl,v)@(ﬂn,v ‘Xﬁn,v) —-C
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by
a5(¢l,v, ¢2,v; fl,v, f2,v) =
/ Bn,,“,v (nn-i-l,v(gv)(bl,v, ¢2,U)BT[,LU (nn,v(gv)fl,v, f2,v) dgv
SO)l(FU)

for ¢1,4, ¢2. In 11, and fi, f2.p in 7T, 4. Ichino and Ikeda have proven that if
7;,y 1s tempered then the integral for o converges absolutely, and

Ly(1/2, 0 X Tpg10)
L, Tn v, Ad)Ly(1, Ty 1,0, Ad)

a5 (P10, B2.05 fros frv) = Aso
for almost all v, where

[a@a@® - gem) if dim V1, =2m + 1,
T 6 @) - 6 @m—2) - Ly(m, xv,) i dim Vigr, =2m,

where v, ., , is the character associated with the discriminant of the quadratic form
associated to V41 ,. Accordingly, for all v define the normalized SO, 4 (Fy) X
SO, (F,)-invariant functional

Oyt (nn+1,v ﬁﬁrH»l,v) ® (nn,v gﬁrnv) —C

by setting

1 Lv(l’nn,v» Ad)LU(lann-i-l,vaAd) i
o AV o
ntl L,(1/2, Tpop X 7Tn+1,v)

v
so that the infinite product

l_[av(¢l,v» ¢2,v; fl,v’ f2,v)

is well defined. Also we write

oy (Gu, fo) = oy(Dy, du; fo, fo)

for ¢, € my41,p and fy € 7y .
Using this notation, we can state the Ichino—Ikeda refinement of the global
Gross—Prasad conjecture for the special orthogonal groups as follows.

Conjecture 1.2 (Ichino-Ikeda refinement). Assume mw,4, and 7, are tempered
cuspidal automorphic representations of SO, +1(A) and SO, (A), respectively, and
1 and 7, appear with multiplicity one in the discrete spectrum. Then for each
factorizable ¢ = Q¢ € Vr,,, and f = ®, f, € Vr,, we have

n+1
SOt L(1/2, 7, X wh41)

A
2 _
|P(¢v f)| - 2;3 L(l,nn,Ad)L(l,ﬂn-f—laAd)

[ Jew @, £,

v

where 2P is the product of cardinalities of the component groups attached to the
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L-packets for m, 1 and 7, and

_ iDL ---¢2m) if dim V41 =2m + 1,
SOu41 *= s
§2)¢@) -+ 5@2m—=2)-L(m, xv,,,) if dim V41 =2m,

where v, ., is the quadratic character associated with V, 1.

+1
Remark 1.3. It should be noted that what is denoted by P(¢, f) in [Ichino and
Ikeda 2010] is our |P(¢, f )2 See [Xue 2017, Conjecture 6.2.1] for a similar con-
jecture if n is odd and 7,4 appears with multiplicity two in the discrete spectrum.

This refined conjecture for n = 2 follows from the well-known Waldspurger
formula [1985] and the one for n = 3 follows from Ichino’s triple product formula
[2008]. Also for n =4, Gan and Ichino [2011] have proven the conjecture under
certain assumptions for 7,1 and m,.

Our goal in this paper is to generalize this conjecture for the general spin groups
and verify it for the cases n = 2, 3 and 4 by using [Waldspurger 1985; Ichino 2008;
Gan and Ichino 2011], respectively, as above.

Let us first briefly recall some generalities of the general spin group. Let (V,, g,)
be a quadratic space over F of dimension n. The general spin group associated
with (V,, g,), which we denote by GSpin(V},) or simply by GSpin,, is a reductive
group over F such that we have the short exact sequence

1 — GL; — GSpin(V,) — SO(V,)) — 1.

It should be noted that GL; is in the center of GSpin(V,,) and is the connected
component Z; of the center if n > 2. If n = 2 then GSpin, is commutative and
hence the connected component of the center is larger than this GL;. However, as
a convention in this paper, we set

Z, =GL,;
even when n = 2. Also the group GSpin(V},) is equipped with a homomorphism
N : GSpin(V,) — GL,,

which is called the spinor norm. Note that for z € GL; € Z; we have N(z) = z2

Next assume we have an inclusion (V,,, g,) € (Vy+1, gn+1) of quadratic spaces.
Then we have the natural inclusion GSpin(V,,) € GSpin(V,,41), which makes the
diagram

1 > ZZ.H > Gspin(Vn—H) — SO(Vn-‘rl) — 1
Il Ul Ul
1 > Z, > GSpin(V,,)) —— SO(V,,)) —— 1

commute.
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Now, let m,4; and 7, be tempered cuspidal automorphic representations of
GSpin,  (A) and GSpin,, (A), respectively, and let wy, ., and wy, be the restrictions
to Z,(A) = A* of the central characters of 7,41 and m,, respectively, so that wy,
and w,, are Hecke characters. Furthermore, assume that the product wy,,, @, has
a square root; namely there exists a Hecke character w : AX — C! such that

wz = a)”nJrlwnn *
Note that such an w is not unique and two such w’s differ by a quadratic character.
For each such w, we define the global period
Po: Vi ® Vo, > C
by
Pt 1= | P(8) F (N () ds.
Z2(A) GSpin,, (F)\ GSpin,, (A)

where ¢ € V., and f € V, , and dg is the Tamagawa measure of GSpin, (A).
Because of the assumption on the central characters that @* = wy, ,, @y, , this integral
is well defined. Then in the same way as in the SO case, we define the local period
Ay, (¢y, fv) in such a way that a,,, (¢, fy) =1 for almost all v so that the product
[, %0, (®v, fy) makes sense, and we make an analogous conjecture.
To be precise, by fixing isomorphisms
Tn = @uTpy  and  Tyy1 = @uilpti

and decompositions
Bﬂn+1 = l_[ B”n+l,v and Bﬂn = l_[ Bnn,v’
v v

where the global B, ., and B, are the Petersson pairings defined by the Tamagawa
measures, we define the GSpin, | (F,) x GSpin,, (F,)-invariant functional

azuuv : (77:11+1,v X ﬁn«H,v) ® (nn,v X ﬁnv) —-C
by
Oliv (¢1,vs ¢2,v; fl,vv f2,v)

:=/ Bnn+1_u(nn+l,v(gv)¢l,v» ¢2,v)
Z3(Fy)\ GSpin,, (F) —
\GSpin XBJT,,,U (T[n,v(gv)fl,m fZ,U)wv(N(gv)) 1dgv

for @1y, ¢2,» in 41, and fi,, f2., in 7, ,, where we also fix the factorization
dg =[], dgy of the Tamagawa measure on GSpin,, (A).
Then we prove that if 7,41, and 7, , are tempered, the integral for aiv (v, fv)
converges absolutely, and
@l (D10, $2.05 fiws fo) = As

5 Ly(1/2, 700 X Tng1.0 @ @y 1)
" Ly(1, 7,0, AD) Ly (1, Tpg1,0, Ad)
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for almost all v, where Ago as before. Hence if we normalize 065),, by setting

n+1,v
-1 Lo, mp e, A Ly(1, 1,0, Ad) o

Oy, =
@y SOp41,v Ly(1/2, 7,4 X Tpy1.0 @ 0y )

a)v ’
then the infinite product

Haa)v (d)l,v, ¢2,v; fl,w f2,v>

is well defined. Also we write

awu((pv» fo) = awv(‘pv, Ov; fus fo)

for ¢, € my41,0 and fyy € Ty y.
Then we make the following conjecture, which we call the global GGP conjecture
for GSpin.

Conjecture 1.4 (the global GGP conjecture for GSpin). Let w, = Q,7,,, and
Tpt1 = QuTyy1,y be irreducible tempered cuspidal automorphic representations
of G,(A) and G,+1(A), respectively, and we assume mw,1| and 1, appear with
multiplicity one in the discrete spectrum. Assume there exists w such that w* =
Wr,, Wr,. Then for each factorizable ¢ = Qypy € V., and [ = ®, fy € Vy,,

ASon+1 L(l/z’ T[I’l+1 Xnn ®Cl)_l)
28 L(l,ﬂn—i-l,Ad)L(l,T[n,Ad)

1Pu(®, I = [ [, @0, £).

where Aso,,, is as before.

Let us mention that the L-function L(,4+1 X 7, ® w1 is conjecturally holo-
morphic at s = 1/2 by, say, [Piatetski-Shapiro and Rallis 1987, Theorem 5.1]. Also
the adjoint L-functions L(s, 7,41, Ad) and L(1, i,,, Ad) are conjecturally nonzero
holomorphic at s = 1 as in [Lapid and Mao 2015, (3.2) and page 483].

An interesting quantity in the above conjecture is 2%, which is conjecturally
related to the cardinalities of the component groups attached to the L-parameters
of m,4+1 and m,. To discuss this issue, we first set up some general notations. Let G
be a reductive group over our number field F' and let 7 be a cuspidal automorphic
representation of G(A). Furthermore, let L be the hypothetical global Langlands
group of F andlet¢p=¢, : Lr — LG = G xTr be the hypothetical global Langlands
parameter of m, where I'r = Gal(F/F). Set Sy = Cent(Im(¢), f}\) and define

Sp 1= Sp/SYZ(G)'™,

where S 0] is the 1dent1ty component of the complex reductive group S¢, Z (G) is the
center of G and Z (G)FF is the subgroup of invariants in Z (G) under the natural
action of I'r. Denote by GSC the simply connected cover of the derived group Gder
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of 6, and by Sy s the full preimage of Sy in GSC. We then define
S¢’SC = S¢,SC/SQC;,S(:‘
Using this notation, we make the following conjecture.

Conjecture 1.5. Let ¢,1 and ¢, be the (conjectural) global Langlands parameters
of w1 and w,, respectively. If mw,41 and 1, appear with multiplicity one in the
discrete spectrum, then

2P = 4184, 114,11 = 518, s¢l [Sprscl-

Remark 1.6. If 7,1 or m, appear with multiplicity greater than one in the discrete
spectrum, then Conjecture 1.5 should be modified in a similar way as for special
orthogonal groups (see Conjecture 6.2.1 in [Xue 2017]).

As the last thing in this introduction, let us mention that if the central characters
of 7,41 and 7, are both trivial, so that w,,,, = w,, =1, then m,; and 7, can be
seen as automorphic representations of SO+ (A) and SO, (A), respectively. In this
case, if one chooses w = 1, one can readily see that our conjecture reduces to that of
Ichino and Ikeda. Hence our conjecture should be considered as a “generalization”
of the Ichino-Ikeda conjecture rather than an analogue of it.

This paper is organized as follows. In Section 2, we review the general theory
of GSpin and discuss Conjecture 1.5. In Section 3 we establish the convergence
of the integral and then compute the integral for unramified data. In Section 4, we
wrap-up our formulation of the conjecture, and then establish the conjecture for the
n =2, 3 and 4 cases.

Notation. If 7 is a representation of a group G, we denote the space of = by V.
If 7 admits a central character we write w;, for the central character of 7 restricted
to the connected component of the center of G. Assume that the space V;; is a space
of functions or maps on the group G and & is a representation of G on V,; defined
by right translation (for example, when 7 is an automorphic subrepresentation).
Let H be a subgroup of G. We define 7|z to be the representation of H realized
in the space

Valg ={flu: f € Vy}

of restrictions of f € V; to H on which H acts by right translation. Namely 7 || 5
is the representation obtained by restricting the functions in V.

For a reductive group G over F, we usually identify the group G with its F-
rational points G (F'). We denote by ['r the absolute Galois group of F. If (V, q)
is a quadratic space over F, we denote its discriminant by disc(V), which is always
viewed in F*/F>% We denote by H the hyperbolic plane over F, namely the
unique 2-dimensional split quadratic space.
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2. The general spin group

In this section, we begin by defining the general spin group over any field F and
then explicitly compute the first five cases. We then let ' be a number field, and
define the local and global L-functions for GSpin. The section is concluded with
the component groups for the Langlands parameters for GSpin and we discuss
Conjecture 1.5.

2A. The group GSpin. In the past literature such as [Asgari 2000; Asgari and
Shahidi 2006; Asgari and Choiy 2017], the quasisplit general spin group is often
defined in terms of roots and coroots, which is useful, for example, when one
computes the dual group. In this paper, however, we give an alternate definition in
terms of the Clifford algebra, which can be done even for the nonquasisplit case,
and which more naturally gives the inclusion GSpin,, € GSpin,, ;.

Let (V, g) be a quadratic space with quadratic form g over an arbitrary field F
of characteristic different from 2 with dim V = n. (Of course we are interested
in the case when F is local or global, but in this subsection F can be arbitrary.)
Let T (V) denote the tensor algebra of V, that is,

00
T(V) =P VH*=FaveVeaVaveV)®: .
k=0
Let 1(g) be the two-sided ideal of T (V') generated by the elements of the form
v®v—gq)-1,
where v € V, and define
C(V):=C(V,q)=TV)/1(q),
called the Clifford algebra associated with (V, g). We write v Q 1y ® - - - Q v =
V1V - - - V¢ and in particular v = q ).

Lemma 2.1. Let x and y be orthogonal in V; namely B,(x, y) =0, where B is
the bilinear form associated with q. Then in C(V),

X - y — —y - X.
Proof. By definition of B,, B,(x,y) = 0 implies g(x +y) —g(x) —q(y) =0,
namely g (x +y) = g(x) + g (y). Thus, we have
x+E+y)=x-x+y-y.
The lemma follows. ([

Let {x1, x2, ..., x,} be an orthogonal basis of V. Then each element in C(V)
is a linear combination of the elements of the form x; x;, - - - x;,, where Xi; €
{x1, x2, ..., x,}. Furthermore, by the above lemma along with v = qg(v) € F, we
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can readily see that each element in C(V) is a linear combination of the elements
of the form x;, - - - x;, with i1 <ip < --- < i,. We then define

Ck(V) = {Zcix,-l X Ll <Ip<--- <ik},
i

so that we have

cV)=C'WMac' (Ve - aCc"(V).
Further, we define

ctvy=c'Mec*MectV)e:--

and
cCW)y=C'HeC’WyaCV)®---,

and call them the even Clifford algebra and the odd Clifford algebra, respectively,

so that we have
C(V)=Ct (V)@ C (V).

Let us note that
dimCH (V) =dimC~ (V) =2""!

and so dim C (V) = 2" (see, e.g., [Lam 2005, Theorem 1.8 and Corollary 1.9].)
With this said, the general spin group GSpin(V) associated with (V, g) is de-
fined as
GSpin(V) :={ge CH(V):g existsand gVg~' =V}

(see, for example, [Deligne 1972, Section 3.2]). We sometimes write GSpin, =
GSpin(V) when V is clear from the context.

The Clifford algebra C (V) is equipped with a natural involution (which we call
the canonical involution on C(V')) defined by

(vl...vk)*:vk...vl,
where v; € V, giving rise to the map
N:C(V)—= C(V), N(x)=xx*,

for x € C(V). It is immediate that C™ (V) is closed under the canonical involution
thanks to Lemma 2.1. Now if g € GSpin(V) then we have N (g) € C%(V)* = F*, say,
by [Scharlau 1985, Lemma 3.2, page 335], and we obtain the group homomorphism

N : GSpin(V) — F*,
which we call the spinor norm on GSpin(V).

Theorem 2.2. Let (V,,, g,) C (Vy+1, gn+1) be an inclusion of quadratic spaces, so
that qn41lv, = gn Then we have the natural inclusion GSpin(V,) C GSpin(V,41).
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Proof. If V,, C V.41 is an inclusion of quadratic spaces then C*(V,,) C CT(V,41).
Now suppose g € CT(V,) is such that gV,,¢g~! C V,,. Then it suffices to show that
gVan_1 C V,41. We can choose an orthogonal basis such that

Vg1 = Span{vl, V2, ..., Un, Un—H}

and such that {v{, v2, ..., v,} is an orthogonal basis for V,,. Then we can write
g = ZO(,‘U,’I « e Uiy
i

where i <n and o; € F*. Since g is in the even Clifford algebra, there are an even
number of vectors appearing and by Lemma 2.1, gv,4+1 = v,41g, and the claim
follows. u

There is a natural homomorphism p : GSpin(V') — SO(V) sending g € GSpin(V)
to the map v — gvg ™!, giving the short exact sequence of algebraic groups

2-1) 1 —— GL; — GSpin(V) —2— SO(V) — 1

where ker p =GL| = CO(V)* (see, for example, [Deligne 1972, Section 3]). Hence
if (V,q) C (V',q’) is the inclusion of quadratic spaces as in the above corollary,
we have the commutative diagram

1 —— GL; —— GSpin(V') —— SO(V') —— 1
| Ul Ul
I —— GL; —— GSpin(V) —— SO(V) —— 1

because we have the obvious equality C O(vy=c%Vvh.
The following should be mentioned.

Lemma 2.3. Assume dimV =n > 2 and let Z° be the identity component of the
center of GSpin(V). Then ker p = Z°, where p : GSpin(V) — SO(V) is as above,
and hence Z° = GL;.

Proof. First it is clear that ker p € Z° because ker p = GL; is in the center of
GSpin(V) and GL; is connected. So it suffices to show Z° C ker p. So leta € Z°.
Then p(a) is in the center Zgo of SO(V). Now if n is odd, then Zgo = 1 and hence
p(a) = 1. If n is even, then Zgo = {£1}. But since {£-1} is disconnected and Z° is
connected (as an algebraic group), we also have p(a) = 1. So in either case, we
have a € p~!(1) =ker p. [l

Let us note that if dim V < 2 then it is well known that the entire group SO(V)
is commutative. Similarly, as we will see in the next subsection, the general spin
group GSpin(V) is also commutative.
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2B. Low rank GSpin. In this subsection, we will explicitly compute GSpin(V,,)
when n = dim V,, is small. This is done by using that GSpin(V,,) is a subgroup of
the group of similitudes

Sim,, :={g € CT(V,) : N(g) € C*(V)* = F*}

(see, for example, [Knus et al. 1998, Proposition 13.10]) along with the following
result.

Theorem 2.4. Let d = disc(V,) and E = F(v/d). Then we have
A if n is odd,
CT(v)={AxA ifnisevenandd = 1;
AEg ifnisevenandd # 1,
where A is a central simple algebra over F and Ap is a central simple algebra
over E. Note that since dimp CT(V,) = 2"~ we must have dimp A =2""! ifnis
odd, and dimp A = dimg Ag =2""% if n is even.

Also,
unitary ifn=2,6 mod8;

the involution x is { symplectic  ifn=3,4,5 mod &;
orthogonal ifn=0,1,7 mod S8,
and furthermore if n =0, 4 mod 8 and C*(V,)) = A x A then * is of orthogonal or
symplectic type on each factor of CT(V,).
Proof. See [Lam 2005, Theorems 2.4, 2.5; Knus et al. 1998, (8.4) Proposition]. [

Though known to the experts, using that GSpin,, is a connected subgroup of
Sim, we can easily compute GSpin,, = GSpin(V,,) for n =1, 2, 3, 4 and the split
case of GSping by showing for these low rank cases that dim GSpin,, = dim Sim,,
and hence GSpin,, = Sim,, as follows:

n=1:1f n =1 then by Theorem 2.4, C*(V}) is a central simple algebra over F
of dimension 1. Hence, C™(V}) = F, and

Sim; ={g € C*(V1): N(g) € F*}
={geF:N(geF"}
={geF:gg" €F”}
={geF:g’°cFX)
= F* = GSpin, .
n =2:If n =2 then by Theorem 2.4 there are two cases to consider.

Case 1: Assume d = 1, so that V, = H (hyperbolic plane). Then C*(V,) = A x A,
where A is a central simple algebra over F with dimp A =1, C*t(V,) = F x F.
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Then by Theorem 2.4 we know that the involution * is given by (a, b)* = (b, a) for
(a,b) € F x F. The fixed field of this involution is AF = {(a, a)}, which is equal
to C°(V,). Hence

Simp ={(a,b) e F x F : (a,b)(a,b)* € AF*}
={(a,b) € F x F:(a,b)(b,a) € AF*}
={(a,b) € F x F : (ab, ab) € AF*}
S F* x F*ZGL; x GL; Z GSpin, .
Case 2: Assume d # 1, so that V, = E and go = Ng/r. Then C*(V») is a central

simple algebra over E = with dimz C*(V,) =2, which implies C(V,) = E. Again
by Theorem 2.4 the involution * is the Galois conjugate of g. Then

Simy ={ge€ E:gg" € F*} = E* =ZResg/r GL; = GSpin, .

n =3 :If n=3then C*"(V3) is a central simple algebra over F and dimy C*(V3) =4,
which means CT(V3) is a quaternion algebra D over F. Moreover, by Theorem 2.4,
the involution * is symplectic, which implies that * is the quaternion conjugation.
Then

Sim; ={g e CT(V3): N(g) e F*}={ge D:gg e F*}= D* = GSpin,
where the bar indicates the quaternion conjugation. In particular, if D is split then
GSpin; = GL;.

n =4:If n =4 then by Theorem 2.4 there are two cases to consider.

Case 1: Assume d = 1, so that C™(V4) = A x A where A is a central simple algebra
over F with dimg A =4. Then C* (V) = D x D where D is a quaternion algebra
over F, and the involution * is symplectic on each factor D. Hence the involution
is given by

(x, )" =(X,)
for (x, y) € D, where the bar is the quaternion conjugation as above. Hence

Simy ={(x,y) € Dx D: (x,y)(X,y) € AF™}
={(x,y)eDxD:(xx,yy) € AF*}
={(x,y)eDxD:xx=yyeF*}
={(x,y) € Dx D:Np(x)=Np(y) € F*}
= GSpiny,

where Np is the reduced norm on D. In particular, if D = M,(F) then

GSping = {(x, y) € GLa(F) x GLa(F) : detx = det y}.
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Case 2: Assume d # 1, so that C*(Vy) is a central simple algebra over E = F (Vd)
and dimp C*(V,) = 8 so dimg C*(Vy) = 4. Thus, C*(Vy) is a quaternion algebra
Dp over E and the involution * is the quaternion conjugation on Dg, which fixes
E pointwise. Then

Simy ={ge C"(Vs):gg* € F*}={g € Dg: Np,(g) € F*} = GSpin,,

where Np, is the reduced norm on the quaternion algebra D and the isomorphism
follows from the equal dimensions of the respective Lie algebras of {g € D :
Np,(g) € F*} and GSpiny. In particular, if Dy = M>(E), then Np,(g) =detg,
so GSpin, = {g € GL,(E) : detg € F*}.

n=>5:1f n =5 then C*(Vs) is a central simple algebra of dimension 16 over F.
Now, for our purposes we need only the case when Vs is of the form

Vs=H_LHL (a),

where a € F*. Then we will show C*(Vs) = M4(F) and GSping = GSp,. First
assume a = —1, so that Vs =H L H L (—1). Then by [Lam 2005, Corollary 2.10,
page 112],

Ct(Vs) =CT((—=1) L (HLH))=CH LH) = My(F).

For general a € F*, we have aVs =H L H L (—a), and C"(aVs) = CT(Vs) by
[Lam 2005, Corollary 2.11, page 112]. Hence, C*(Vs) = My(F).

The involution * on C*(Vs) is symplectic involution, which by definition
means that there exists a 4-dimensional symplectic space (V, (—, —)) over F with
dim V =4 and an isomorphism M4(F) = Endp V such that the involution * is the
pullback of the adjoint involution on V induced by the symplectic form (—, —).
Hence we have

Sims = {g € My(F):g¢" € F*} ={g €Endr V =gg" € F*},

where by ¢* for g € Endr V we mean the adjoint with respect to the symplectic
form on V. Then viewed inside Endr V we have

(gv, gv) = (v, g"gv") = N(g)(v, V')

for all v, v" € V, which implies Sims = GSp,, and N (g) is the similitude factor of
g € GSp,. The equality of dimensions of Sim4 = GSp, and GSpins gives

GSping = GSp, .

Remark 2.5. Sometimes in the literature, GSpin, is “defined” as GL;. (See, for
example, [Asgari 2002, page 678].) However, this actually “follows from” our
definition of GSpin. Also the case n =4 is also proven in [Asgari and Choiy 2017,
Proposition 2.1] by using roots and coroots.)
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2C. On certain L-functions. In this subsection, we review the basics of the L-
group of GSpin and certain L-functions attached to a cuspidal automorphic repre-
sentation of GSpin. Accordingly, we let F' be a number field and we simply write
GSpin,, = GSpin(V,).

First recall that the Langlands dual group @n is defined as
GSp,,,(C) ifn=2m+1;
GSO,,,(C) ifn=2m.

Next assume that GSpin,, is quasisplit. Then (the Galois form of) the global L-group
LGSpin,, is defined as

G/sl)\:{

GSp,,,(C) xT'r ifn=2m+41;
GSO,, (C) xTp if n =2m,
where 'z is the absolute Galois group of F. Note that for n = 2m the action of I'g

is trivial on I'g where F = E (\/g ) and d = disc(V,,), so that we have the natural
surjection

L Gspin, = {

GSOy,, (C) ¥ T'r = GSOy,, x Gal(E/F) € GOy, (C),

where in the case d # 1 the nontrivial element in Gal(E/ F) acts as in, say [Hundley
and Sayag 2016, Section 4.3], so that we have the inclusion in GOy, (C). If GSpin,,
is not quasisplit, there exists a unique quasisplit inner form GSpin;; of GSpin,, and
we define
LGSpin, = “GSpin* .

Now for each place v of F, we define the local L-group “GSpin, (F,) analogously
as above by replacing F' by F,.

Let 7 = ®,m, be a cuspidal automorphic representation of GSpin, (A). Assuming
the (conjectural) local Langlands correspondence for GSpin,,, we have the local

Langlands parameter
¢, : WD, — “GSpin, (F,),

where WDF is the Weil-Deligne group of F,. Now for each homomorphism
o : LGSpin, (F,) = GLy(C),

the local L-factor is defined as
Ly(s. 7y, p) = Ly (s, p o 7y,

where the right-hand side is the local L-factor of Artin type associated with the
N-dimensional Galois representation p oy, . We then define the global automorphic
L-function by

Ls, 7, p) =[] Lo(s, po¢x,),
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and of course it is expected that this product converges for N(s) sufficiently large
and admits meromorphic continuation and a functional equation.

There are three cases of p we are interested in: the standard representation,
adjoint representation and tensor product representation, where the last one actually
involves another GSpin,, ;.

Firstly, we have the standard representation p = std,,, which is given by

std,, : LGSpin,, (F,) = GL,,(C),

where m is such that n =2m + 1 or n = 2m, depending on the parity of n. To be
more precise, we have the natural maps

std, : L GSpin,,,, (F,) = GSp,,,(C) x I'r, = GSp,,,(C) € GL,,(0),
and

std,, : £ GSpin,,, (F,) = GSOy,, x Gal(E,/F,) € GOy, (C) € GL,,(0),

where E, is interpreted as F, x F, for split v. We have the L-functions L (s, 7, std,)) =
[1, L(s, my, std,) called the standard L-function, which we simply write L(s, 7).
Secondly, we need to consider the adjoint representation. Note that we have the
adjoint representations
Adgsp . LGSpiHZm—H(Fv) — GSpZm ((D) - GL(QEPZm (C))

d
an Adgeo : LGSpiny,, (Fy) = GO(C) — GL(g505,, (C)),

where gsp,,, (C) and gso,,, (C) are the Lie algebras of the corresponding groups as
usual. Since
95p5,, (C) =8p,,(C)®C and gso0,,,(C) =s502,(C) D C,

we have
Adgsy = Adgp @1 and  Adgs, = Adgo B1.

Accordingly, we have

Ly(s, 7wy, Adgsp) = Ly (s, 7y, Adgp)Ey(s)

and
Ly(s, my, Adgso) = Ly(s, my, Adso) 3y (),

which, of course, give
L(s, 7w, Adgsp) = L(s, 7w, Adsp)¢(s) and  L(s, 7w, Adgse) = L(s, 7, Adse)$ (),
by taking the product over all v. Then we define

L(s, 70, Adgp)  if n=2m + 1;

L(s, 7, Ad) := ]
(s, 7, Ad) !L(s,n,AdSo) if n=2m,

and call it the adjoint L-function of m. The adjoint L-function L(s, 7, Ad) is
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conjecturally nonzero and holomorphic as in [Lapid and Mao 2015, (3.2) and
page 483].

Thirdly, we consider the tensor product representation. For this we also consider
GSpin,, ;| and the standard representation std, ;1. Then we have the tensor product
std, ® std,,11 of the two standard representations, which is of the form

GL,2(C) if n =2m;

std, @ std,.1 : £ GSpin (F,) x & GSpin . ((F,) —
Ch pin, (F) pin 1 (Fv) GL(—1)a(C) ifn =2m + 1.

Then for cuspidal automorphic representations 7, and 7,; of GSpin,(A) and
GSpin,,  ;, respectively, we write

L(s, 7y X mpy1) = L(s, m, W7, 41, std, @ std, 1 1)

and call it the tensor product L-function. Let us mention that the L-function
L(s, m, X mwy41) is conjecturally holomorphic; see, for example, [Piatetski-Shapiro
and Rallis 1987, Theorem 5.1].

2D. Component groups for Langlands parameters. The goal of this section is to
discuss the component groups for the (conjectural) global Langlands parameters in
relation to Conjecture 1.5. As we did in the introduction, let £z be the hypothetical
global Langlands group of our number field F and let ¢ : Lr — LG = G x 'y be
a global Langlands parameter. Set Sy = Cent(Im(¢), 6), and define

Sp=S4/S9Z(G)'™,

where S0 is the 1dent1ty component of the complex reductive group S¢, Z (G) 18
the center of G and Z (G )FF is the subgroup of invariants in Z (G) under the natural
action of I'r.

Now, let 7, and 7,4 be cuspidal automorphic representations of GSpin,, (A)
and GSpin,,,(A), respectively. We then have made the following conjecture
(Conjecture 1.5):

2P = 415,118,

where ¢, and ¢, are the (conjectural) global Langlands parameters of 7, and
Tn+1, respectively.

Lemma 2.6. The group Sy, is an elementary abelian 2-group, so in particular its
order is a power of 2.

Proof. First consider the case n = 2m + 1, so that the (conjectural) global Langlands
parameter ¢, is of the form

¢n : Lr — “GSpiny,,, | = GSp,,,(C) x T'F

such that Im(¢,) is not in a proper parabolic subgroup of GSp,,,(C). Since the
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action of I'r on GSp,,,(C) is trivial, we may consider ¢, as the composite
$u s Lr = GSPy, (©) x T — GSpy, (O),

where the second map is the obvious projection. Moreover, by writing GSp,,,, (C) =
GSp(W), where (W, (—, —)) is an m-dimensional symplectic space over F, we
view ¢, as a representation of Lr acting on W.

Now, let W; € W be an irreducible subspace of ¢,, and Wll the orthogonal
complement of W with respect to the symplectic form (—, —). One can readily
see that Wll is a subrepresentation of ¢,,.

Assume Wi N WlL # 0. Then W N WlL is a nonzero subrepresentation of Wy,
which, by irreducibility of Wy, implies that W; N WlL =W, C WIL. Hence W is
totally isotropic, and so the group Im(¢,,) stabilizes the flag 0 € W; € W which
implies Im(¢, ) is in the proper parabolic subgroup P (W;) € GSp(W), which contra-
dicts our assumption that Im(¢,) is not in a proper parabolic subgroup of GSp(W).

Thus we necessarily have W; N WlL =0,sothat W =W; & Wll. By induction,

W=w W, - -&W,
where each (W;, (-, -)) is a smaller symplectic space. Then
Im(¢,) € (GSp(W1) x - -+ x GSp(Wi)) NGSp(W),

which forces

Im(¢,) S {(g1, -, gk) € GSp(W1) x - - x GSp(Wi) : N1(g1) = - - - = Ni(gu)},
where each N; is the similitude character on GSp(W;). Then we see that
(2-2) S¢, = Cent(Im(¢p5 ), GSp,,, (C))

={(ailw,, ..., axlw,) :af:---:a,%}

={(xalw,, -, xaly,) :a € C*},

where I, is the identity on W;. The identity component is then
Sg. ={(alw,. - ,aly,) :a € C*} = Z(GSp,, (C)).

Hence we have .
Sp. /S5, Z(G)" ={(£1, ..., £1)}.

Finally, we have that
Sy, = ((£1, ..., £} = (Z/22),

which finishes the proof for n =2m + 1.
Next assume 7 = 2m. Then the Langlands parameter is of the form

¢n s LF — “GSpin,,, | = GSO,(C) x I'f.
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Note that I'r acts trivially on the center Z(GSOy,,). Furthermore, as we have seen
in the previous subsection, the action of I' is trivial on I'g, where E = F (\/3),
and hence we may consider ¢, as a map

¢y : LF — GSOy, (C) x Gal(E/F) = GOy, (C).

Again by writing GOy, (C) = GO(W) for a complex symmetric bilinear space W,
we can consider ¢, as a representation of Lz acting on W. Then we can argue as
before. ]

Next, let us set up some general notation. Let G be a reductive group over F.
Set Gger to be the derived group of G and G to be the simply connected cover
of Gger, SO that we have the maps

(2-3) Gy — Gaer €G — G/Z(G)".

For each global Langlands parameter ¢ : Lp — G I'r, we set Sg s C GSC to be
the full preimage of Sy € G under the map Gy — G as above. We then define the
larger component group by

Sdb,sc = S¢,SC/S2’SC9
which is a central extension of Sy by
(2'4) Z¢,sc = ZSC/ZSC N S;,sc’

where Zc is the center of ésc and Sy g is the full inverse image of Sy in ésc; namely
we have the short exact sequence

(2-5) 1 —— Zgse — Spsc > Sy 1,
(see, e.g., [Arthur 2013, (9,2.2)]). It should be noted that this immediately implies
(2-6) [Sp.scl = 1Zg,5c 1S5
Let us note that if G = GSpin,,, , | then
G=GSpy,(©).  Guer =Sp,(€),  Gsc =5py, (©),
and if G = GSpin,,, then
G =GS02,(C),  Guer=S502,(C), Gy = Spiny,, (C).

With this said, we first have the following.

Lemma 2.7. Assume G = GSpin,,. In the above notation, we have

Syl |21l irn=2mt,
P48, ifn=2m,

where ¢ is, of course, a hypothetical global Langlands parameter for GSpin,,.
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Proof. Assume n =2m + 1. Then (2-3) is written as
Span (€) = 8py,, (C) S GSpy,, (O).

From (2-2), one can see that Sy i = SpNSp,,, (C) ={*£1, £1, ..., £1}. So Sq‘g
Hence, we can see

Zye = Z(Spp(©) = p2 and ZeNSG =1

L.

,SC

Thus (2-4) and (2-6) prove the lemma.
Assume n = 2m. Then (2-3) is written as

Spiny,, (C) = S0, (C) € GSO3, (0.
Hence from (2-2) one can see
Sp NSO, (C) ={£1, £1, ..., £1},

which gives .
S¢,SC = 1

Since Z(Spin,,, (C)) = w2 X u2 or pg, we have the lemma from (2-4) and (2-6). U

This lemma immediately implies the following, which is a part of Conjecture 1.5
in the introduction.

Corollary 2.8. For the (conjectural) global Langlands parameters ¢, and ¢, 1 of
., and 1,41, respectively, we have

4|S¢n| |S¢n+l| = %|S¢n7SC| |S¢n+|,SC|'

3. Local integrals of matrix coefficients

In this section, we take up the local intertwining map ozE)v in (1-1) and firstly prove
that the integral that defines afou converges at every v, assuming the representations
are tempered, and then secondly compute the integral for unramified data, which
essentially follows from [Ichino and Ikeda 2010].

In this section, everything is purely local, and hence we suppress the subscript v

from our notation, and in particular F will denote a local field.

3A. Some general lemmas. In this first subsection, we will prove a couple of
lemmas in harmonic analysis, which apply to any connected reductive group over
local F. (Though those two lemma might be known to experts, we will give our
proofs here because we are not able to locate them in the literature.) Accordingly,
in this subsection we let G be any connected reductive group over F.
First, as usual, we define
Gli= (] kerlxlr,
x €Rat(G)

where Rat(G) is the set of all rational characters on G. Then we have the following.
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Lemma 3.1. Let G be a reductive group and let Z° be the identity component of
the center of G. Let f : G — C be a measurable function such that f(zg) = f(g)
forallz € Z° and g € G. Then fzo\G f(g) dg converges absolutely if and only if
fGl f(g) dg converges absolutely.

Proof. Set Z' = Z°NG" and let pr: Z°\G — G'Z°\G be the natural projection.
Then one can readily see that ker(pr) = Z°\G'Z° = Z'\ G/, which implies

G'Z°\G = (Z"\GH\(Z2°\G).

Thus, we can compute

f(g)dg=/

(ZN\GH\(Z\G)

=/ / f(g18)dgidg
Glze\G Jz1\G!

= o) d R
> /ZI\GI f(213) dg

§€G1Z\G

/ F(e19) dgid3
Z°\G ZI\G!

where the last equality follows because G!Z°\G is finite. Hence we have

/ |f(g)|ldg < oo if and only if f | f(g)|dg < oo.
Z°\G ZI\G!

On the other hand, using the invariance of the measure we also have

/ f(g)dg=/ flag)dadg
G! zZh\G! J 71

_ / F(g)dadg
Zh\G! J 7!

= Vol(Z") f(g)dg,
Zl\Gl

since Z! = Z°N G' is compact. Hence
f | f(g)|dg < oo if and only if f |f(g)|dg < 0. ([l
ZI\G! Gl

To state the second lemma, let us fix a special maximal compact subgroup K
of G, and a Levi part My, of a minimal parabolic of G. Then we have a Cartan
decomposition G = K M;mK where

M+

min = {m € My @ laj(m)| < 1fori=1,...,r},
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where the «; correspond to the simple roots. From equation (4) of [Waldspurger
2003], we have

(3-1) G= || kmk,
mEMljlkin/MrLin
where
My = MunNG'.

Then we have the following lemma.

Lemma 3.2. Let F be nonarchimedean. For f € L'(G),

/ f(g)dg =/ wu(m) fkimky) dkidkodm
G M7

KxK

min

where
_ Vol(KmK)

~ Vol(M!

min)

u(m) =C-Vol(KmK),

for some positive constant C.

Proof. Using [Silberger 1979, page 149] we have

/Gf(x)dxz > Fx)dx

mEMntin/MrLin KmkK
= > / Vol(KmK) f (kimky) dkidk>
mEMgin/Mélin Kok

- Z Vol(KmK) f (kimky) dkidk;

meM /ML kxK
=Vol(My;) Y. ulm) f (kymky) dkydk,
meMt /ML KxK
=/ / u(mmy) flkymm k) dkidkodmidm
Mr:in/Mrlnin Mrlnin KxK

_ / womy [ Flimks) diidiadm,
M+ KxK

1 . . 1 .
where we used that Vol(M_ ., ) is finite because M, is compact. U

Remark 3.3. In the archimedean case, a similar integral formula as in Lemma 3.2
holds (see, for example, [Helgason 2000, Theorem 5.8]).
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3B. Convergence of the integral. By using the two lemmas in the previous sub-
section we are now in a position to prove the convergence of the integral in (1-1).
Hence in this subsection, we specialize to G = GSpin(V,,), where (V,, ¢g,) is an
n-dimensional quadratic space over F. In this case, we have

G' = {g € GSpin(V,) : IN(g)| = 1}.

Also note that we have a Witt decomposition V = X @ V' @ Y, where X and Y
are totally isotropic spaces and V" is the anisotropic part. By fixing a basis for X,
we obtain a minimal parabolic subgroup Ppnin = MminNmin of G with

Mrnin = GL1 X GL1 e X GL1 X GSpiH(Van),

r—times

where r is the Witt rank of V,,, which is by definition the dimension of X. Then
one can see that

M ={(x1, %2, ..., Xp, Gan) %] < |xig]}
We define

MY =(me M

min min WO = 1) = (m € M2 [v(gan)| = 1}.
The maximal torus Ay, of My, 1S of the form

Amin = GL] X GL] cee X GL] XGL] = {(xl,xz, e ,xr,X())}.

r—times

We then define

AR =g € Apint li(@)| < 1fori=1,2,...randa € G'}

min

= {(x1, X2, .., X, X0) 2 X < |xig1], L <8 <n—1and |xo| = 1}.

Let 5p

min

be the modulus character of Pp,. Then

8Pmin (x) = l_[|x[ |d+2r—2i‘
i=1
Now, let us get to the integral we would like to show to be convergent. Assume
we have (V,,, ¢n) € (V+1, gn+1), so that we have GSpin(V,,) € GSpin(V,,41). For
simplicity, we write G, = GSpin(V,) and G,+; = GSpin(V,+1). Let m; be a
tempered representation of G; such that @y, wx,,, = w* for some w. Then the
integrand for ozﬁ, in (1-1) is a product of matrix coefficients of m, and 7, together
with o' (N (g)). Hence the convergence of the integral boils down to the following.

Proposition 3.4. Keep the above notation and assumption, so in particular assume
7, and .4 are tempered. Then for all the matrix coefficients @, and ®, of
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T,+1 and m,, respectively, the integral
| tni@esee (Ve dg
Z\Gp

is absolutely convergent, recalling that Z;, = GL| even when n = 2.

Proof. Let us first mention that, in this proof, for each G; we denote the various
subgroups introduced above by P; min, Ai mins Ml.l’min, M;’nlin, A;rr’nlin, etc., and also
we denote the Witt index of V; by r;.

Assume n > 2. Then Z; is indeed the identity component of the center and so
by Lemma 3.1 it suffices to show the absolute convergence of

/Gl ®,11(8)Pn(@)0 ™ (N () dg.

n

Using (3-1) we have
G = ( 1 K,lmKn> (G = 1 K,mK,.

meM . /M! meM . /M! NGL
Then by Lemma 3.2, the convergence of the integral is reduced to the convergence of

n,min n,min n,min n,min

/+1 u(m) | D41 (kimk) | | @, (kymky)| dkidkodm
s

n,min Knx Ky

where p(m) = C - Vol(K,mK,) for some positive constant C.
Furthermore, since ®,, and ®,, | are matrix coefficients of tempered representa-
tions, they satisfy, for any g € G;,

|®;(g)] < AE;(g)(1+0;(g))"

for some positive constants A and B, where E; and o; are, respectively, Harish-
Chandra’s spherical function and a height function on G;. (See [Waldspurger 2003,
page 274].) Note that here we may and do assume o,41|g, = 0, and simply write
o for both. Since both E; and o are K;-bi-invariant, and K, x K, is compact, the
convergence of the integral reduces to the convergence of

f W () (1 + 0 (m)*® dm.
By [Silberger 1979, Theorem 4.2.1, page 154; Waldspurger 2003, Lemma II.1.1],
there exist positive constants A and B such that

A~ lsl/2

Pi,min

(m) < Bi(m) < A8 (m)(1+0(m))®
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for any m € Mfmlm So the convergence of the integral is reduced to the conver-
gence of

f OGPy ) P ) (B, ) 2 () (1 4 0 (m))*F dm.
Mn ;nin

Moreover, there exists a positive constant A such that u(m) < Asp"  for any
meM"! [Waldspurger 2003, page 241]. So it is enough to show that

n, min

/ Op ) )Py i) 2 ) (L0 (m))*E dm
M;rmm Y
converges absolutely.

When n is even, AL it inside of AT

n,min n+1,min"
integral is reduced to the convergence of

Thus, the convergence of the

B, i) 2 (M) (S, ) () (1 + 0 (m))*E dm.
At! ' ’

n,min

Hence, the convergence of the integral is reduced to the convergence of

T 2B
/ / |x1 ---xrnll/z(l—Zloglxﬂ) d*xy - -d*x,,d”xg
[xol=1 ¢ |x1| <+ <|xp, |1 :

Jj=1

Fn 2B
=f dxxo/ |x1.--x,,,|1/2<1—21og|x,~|) d*xi---d*x,,.
[xol=1 [xp] < <|xp, |1 ;

Jj=1

Since flxo|=1 d* xq is an integral over a compact set, the convergence of the integral
is reduced to the convergence of

T'n 2B
/ |xp - - -x,n|1/2<1 — Zlog|xj|) d*x;---d*x,,
[xp]<=Zlxp, =1 j=1

which is precisely the integral considered in [Ichino and Ikeda 2010, page 1388].

+.1 +,1
When n is odd, A", is not a subset of A, . . Hence, the convergence of

the integral in this case is reduced to the convergence of

1 2 X
/ f |x1 - xp, | / ( E 10g|xj> d”xy---d*xy,
[xol=1 J]x1]| < <|xp, |1
+/ BIIEEES PRRE
X1 <<l —1 <, |71 <1

rn—1 2B
(1— Zloglxj|+log|xrn|> d*xy--d”x,,d”xo
j=1
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T 2B
[ e (1= Yoakl) ana,
Ix0]=1 x| =lxp, =1 Jj=1

—1,1/2
o 1
X1 <<l —1 1<%, |71 <1

rn_l 2B
(1 — Z log|x | —i—loglxrn|) d*xy - d*x,,d” xp.
j=1

Since f\xo|=1 d* x¢ is an integral over a compact set, the convergence of the integral
is reduced to the convergence of

n 2B
1/2 X X
/ |x1---xrn|/ (1— E log|xj|) d*xy---d”xy,
xS <[xp, <1 j=1

—1,1/2
o 1
X1 < <lop, —1 1<%, |71 <1

rn_1 2B
(1— Zloglxj|+log|xrn|) d*xy---d*x,,.
j=1

This integral is precisely the one considered in [Ichino and Ikeda 2010, page 1388].

Lastly, assume n = 2. In this case, we have seen G, = F* x F* or E*. If
G, = E* then GL; \G» = E!, which is compact, and hence the convergence of the
integral is immediate. If G, = F* x F* then GL| \G; = F*, in which case we
can apply the above argument by using the estimate of the matrix coefficient, and
indeed the computation is easier and left to the reader. ([

3C. Calculation of integrals in the unramified case. In this subsection, we con-
sider the unramified integral. Accordingly, we assume that all the data are unramified.
To be precise, we assume

(1) G; is unramified over F;

(2) K; is a hyperspecial maximal compact subgroup of G;;
(3) Kun C Kn+1;

(4) m; is an unramified representation of G;;

(5) fK,- dgi =1

Furthermore, let w be the unramified character such that w? = w,, 1 ®r, . Note that
there is a unique such w.
Then we have the following.
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Proposition 3.5. Under the above assumptions, let ¢° € w11 and [° € m, be the
spherical vectors such that

Br,. (#°,¢°) =1 and B (f° f°)=1.

Then we have
L(1/2, 7y X Ty @@~ Y)

ot o o = A X )
%@ )= Ason T RO LL, 1, AD)

Proof. Let
o7 . (&) :=DBr,  (Tnt1(8)9°, ¢°) and @7 () :=Br, (m,(8) f°, [°);

namely they are the normalized spherical matrix coefficients so that &, (1) =
@y (1) = 1. Since wy,,, and wy, are unramified, there exist unique unramified

2 172
square roots a)n,/, -, and oy / . Let us denote
Tpgl = Tny1 @, 1/zoN and 7w, :=m, ®w;ﬂ1/zoN,

which have trivial central characters and hence viewed as representations of SO,
and SO,,, respectively. Then one can readily see that

D) (2w /2(N(9)) = Bu,,, (Tas1(9)wy 2 (N (2))9°, ¢°)
= q)jc')[n+l (g)’

where @;’Hl is the normalized spherical matrix coefficient of 7,1 which gives
we have
—1/2 _
o7 (©wy [T(N(g) = Pr—(8).

Hence by using Theorem 1.2 in [Ichino and Ikeda 2010] we have the following:

al (¢°, f°) = / (&) (Qwr /M (N(@)w, P (N(g))dg
Z2\G,,
- [ enaen@ds
SO,
L(1/2, 7 X 1)
i L(l,nnH,Ad)L(l,n_n,Ad)'

Now one can readily see that

=As0

S — —-1/2 —-1/2 -1
L(s, 7w, X Ty+1) = L(s, w, ®a)ﬂ"/ X a1 ®“)nn+/1 )=L(S, Ty XMy Qo™ )

~1/2 172
because wy, /2 O, +/1 = w~!. Also one can see that

L(s, 1, Ad) = L(s, 7ps1, Ad)  and  L(s, Tg1, Ad) = L(s, Tyt Ad)

by definition of the adjoint L-function. The proposition follows. (]
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Remark 3.6. Although the local calculations in the unramified section follow from
[Ichino and Ikeda 2010], this is only possible because the square root always exists
for the unramified case. In the ramified or global cases, we may not assume this.

4. Wrap-up of the conjecture and low rank cases

In this section, let us first wrap up our conjecture and then prove low rank cases.
So in this section we let F' be a number field and A the ring of adeles.

4A. Wrap-up. Assume m, and 7,1 are tempered cuspidal automorphic represen-
tations of G,(A) = GSpin, (A) and G, (A) = GSpin, | (A) such that there exists
a Hecke character » with @ = @y, @y, ,,. Fix the tensor product decompositions
Tp = @yTyny and w41 = ®,7,+1,» and fix factorizable ¢ = ®,¢, in 7,4 and
S =&y fyinm,.

First of all, for almost all v, the assumptions of Proposition 3.5 are satisfied and
hence we have

L(1, mpq1, Ad)L(1, 7, Ad)
Aso,,; - L(1/2, 71y X Tpp1 @ 07 1)

U, (P0> fo) = ol (b, fr) =1,

where ¢, and f, are the spherical vectors as in the previous section. Thus the
infinite product

[ 1w @0, f)

is well defined.

Accordingly, we can and do form the following conjecture:

Conjecture 4.1 (the global GGP conjecture for GSpin). With the assumptions stated
above, if w,11 and 1, appear with multiplicity one in the discrete spectrum, then

2 Aso,,, L(1/2,7m Xm Qo)
IPote, I =—5 L(an’Ad)L(LﬂmAd)1:[oewu(¢v,fv>,
where
. {;(2)5(4) S0 (2m) if dim Vi1 =2m +1,
ST e @@ - £@m—2) - Lim, xv,,) if dim Vg =2m,

where xv,., is the quadratic character associated with V, 1.

Here we are assuming the L-function L(s, 7, X 7,41 ® @™~ !) is holomorphic at
s = % and the adjoint L-functions L(s, m,+1, Ad) and L(s, 7,41, Ad) are nonzero
and holomorphic at s = 1. As discussed in the introduction, we also make the
following conjecture regarding the constant 27:
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Conjecture 4.2. Let ¢, and ¢, be the (conjectural) global Langlands parameters
of w41 and m,, respectively. If m,. and 1, appear with multiplicity one in the
discrete spectrum, then

2P = 4184, 184,11 = 51Sp, s¢l [Spr.scl-

Now let us note the relation between our conjecture and that of Ichino and Ikeda.
Assume 7, and ;4| both have the trivial central character, so that we can choose
o =1. Then m,, and m, 1| can be viewed as automorphic representations of SO, (A)
and SO,,;+1(A). (Conjecturally, this means that if ¢, is the global L-parameter of r,
then the image of ¢, is already in Sp,,,(C) or O2,(C) depending on the parity
of n, and similarly for 7,,11.) Then one can see that the tensor product L-function
L(s,m, X my+1 ® 1) as the L-function for GSpin is equal to the tensor product
L-function L(s, 7, X m,4+1) as the L-function for SO, and similarly for the adjoint
L-functions. Hence in this case, our conjecture is precisely that of Ichino and Ikeda.
In this sense, our conjecture should be interpreted as a generalization of that of
Ichino and Ikeda instead of an analogue of it.

4B. Conjecture for GSpin, x GSpins (Waldspurger formula case). Let us con-
sider the lowest rank case, so we let V;, and V3 be quadratic spaces of dimensions 2
and 3. Note then that V, = E, where E is a quadratic extension of F' equipped with
the norm form or V, = H (hyperbolic plane), and there exists V3 = Dy, where Dy is
the set of trace zero elements of a (not necessarily division) quaternion algebra D
equipped with the norm form. Recall in Section 2B we have computed

ResE/FGLl if V2:E;
GL1 X GL1 if V2 = |]'|],
GSpin; = GSpin(V3) = D*.

GSpin, = GSpin(V,) = {

In this subsection, we consider the case V, = E, and assume D is such that
we have an inclusion E C Dy, which gives the inclusion Resg,r GL; € D*. This
is essentially the case treated in [Waldspurger 1985] and the resulting formula is
normally known as the Waldspurger formula.

So we let m; be a cuspidal automorphic representation on GSpin,(A) = A,
namely a Hecke character x on A and let 773 be a tempered cuspidal automorphic
representation of D (A) such that there exists a Hecke character w on A with

2
w =a)n3xlA;.

Consider 73 ® w~!, which is an automorphic representation of D* (A) with the
central character ;g1 = 0 2wy, so that

Om@o-1 * Xlax = 1.
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Then for each ¢ € V, and x €V, our period integral is

Pul(@, x) Z/

EX\AX/AX

6(9)f (O (N(g) " dg= / ¢-0 ") @)x(g)ds.

EX\AX/AX

which is nothing but the period integral considered by Waldspurger for 73 ® ™!
and y. Hence by using the Waldspurger formula, we obtain

> tQL1/2,BC(m@0™ )@ X)
Pl 0 = = P L ® 0. Ad)

_t(L(1/2,BC(m3 @0 ) ® )
 4L(1, x, Ad)L(1, 3, Ad)

QL m@w ! x )
" 4L, x, Ad)L(1, 73, Ad)

[ Jew, @0, x0)

[ Jew, @0, x0)

v

[ Jetw, (@0. x0),

where for the first equality we used the Waldspurger formula with  the quadratic
character for the extension E/F, and for the last equality we used [Bump 1997,
page 102]. This confirms Conjecture 1.4. Moreover, [Sy,| = [Sg,| = 1, so 2 =
4|84, 1S, |, confirming Conjecture 1.5.

Remark 4.3. Waldspurger assumed the central character of 7 is trivial, but in [ Yuan
et al. 2013], this condition was removed. Also the Waldspurger formula we used in
the above looks slightly different from the original in [Waldspurger 1985] or from
the Waldspurger formula listed in [Yuan et al. 2013, Theorem 1.4 in Section 1.4.2].
This is due to the following: Waldspurger chose the global Haar measure used in
the period integral such that the Vol(E* \AE/AX) =2L(1, ). Yuan et al. [2013]
chose the global Haar measure such that the volume is 1. Then each chose local
measures to be compatible with their choice of global measure. With our choice of
measures, our formulation is equivalent.

4C. Conjecture for GSpin, x GSpin; (Jacquet-Langlands case). Next consider
the case V, = H, so that GSpin, = GL; x GL;. In this case we have an embedding
GSpin, € GSpiny only when GSpiny = GL,; namely D in the previous subsection
is split.

Before moving on, let us mention that this case is actually excluded from our
conjecture in the first place. Indeed, as we will see, even though we can obtain a
similar formula by using the well-known Jacquet-Langlands theory, the resulting
formula is not exactly as in our conjecture. We consider this case merely as a low
rank exception.

Let 7, be a tempered cuspidal automorphic representation of GL;(A) x GL(A),
so that we have my = x; X x», where y;, x» are both unitary Hecke characters
of A%, and let 3 be a tempered cuspidal automorphic representation of GL,(A)
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with central character w,,. By our assumption, there exists a Hecke character w
such that

2
W™ = X1 X2Wx;-

Proposition 4.4. Keep the above notation and assumption. Then for ¢ € V, and
x1 X x2 € Vy,, we have
_(OLI2 mxm @)

(@, x1 X)) = o Doy x1.0 X .
[Pu(@, x1 X x2)| 2180 1S L1, 73, AD) l:[av(¢v X1,0 X x2.0)

Proof. This is a standard exercise using the well-known Jacquet—Langlands theory
as well as [Waldspurger 1985, Proposition 6, page 208] and that [Sy,| = |Sg,| = 1.
The details are left to the reader. (]

Note that Proposition 4.4 is similar to Conjectures 1.4 and 1.5.

4D. Conjecture for GSping x GSpiny (triple product formula). In this section
we prove the conjecture for GSpin, and GSpins;, which essentially boils down to
Ichino’s triple product formula. So we let V3 and V4 be quadratic spaces of dimen-
sion three and four, respectively and write G3 = GSpin(V3) and G4 = GSpin(V4).
Then there exists a (not necessarily division) quaternion algebra D such that

G3(A) = D" (A,

{(g1, &) € D*(A) x D*(A) : Np(g1) = Np(g2) € A*};

Gal) = {{g e D*(Ag): N(g) € AX},

where for G4 the first is the case if disc(V4) = 1 and the second is the case if
disc(V4) # 1. Here, to be more precise, we are assuming that V3 and V, are such
that the corresponding G3 and G4 are as above with the same D, so that we have
the inclusion G3(A) C G4(A).

To utilize Ichino’s triple product formula, we need to introduce the group

D*(A) x DX(A) if disc V4 = 1;

G4(A) = {DX(AE) if disc V4 ?é 1,

so that we have
G3(A) € G4(A) € G4(A).

Now let 7r; be a tempered cuspidal automorphic representation of G; fori =3, 4
such that there exists a Hecke character @ with w? = W, Orr.-

First, we assume disc V4 = 1. To use Ichino’s triple product formula, we need
to relate w4 with an automorphic representation of Ga (A) = D*(A) x D*(A) as
follows. By [Hiraga and Saito 2012, Theorem 4.13], there exists an irreducible
cuspidal automorphic representation o1 X oy of G(A) = D*(A) x D*(A) on the
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space V4 o, such that V,, C VollﬁazlG‘*(A) and o1 X 03 ||g,a) = 74, where VUI@L72

is the subspace of V;,xs, on which the group
Xoiio, = (¥ € (ZEAGA)G(FN\GA)P : (01 02) @y =01 Koy}

acts trivially; here the superscript D in the above set indicates the Pontryagin dual;
namely o1 X 0, is an automorphic representation which “lies above m4”. (Recall
that the || notation is defined in the notation section.) Moreover, Let x;, x» be the
central characters of o1, 02, respectively. Then (x1 X x2)[ze = x1 X2 = @x,. Since
W, Wy = w?, we have x; X2Wry = W

Now, let ¢ € Vy, and f € V. Since Vi, C V4 xo,lG,a), WE may assume

¢ = (1 ® $2)|G,(a) for some ¢; € V,,. Then our period integral is of the form

Pold, f) = f 6(2) F(@o(N ()" dg
Z3(A)G3(F)\G3(A)
- / 61920 (f -0 ) (g) dg
Z3(A)G3(F)\G3(A)

because ¢ (g) = ¢1(g)p2(g) for g € G3(A), which is precisely the triple product
integral considered by Ichino for the automorphic representation oy Mo, X (3 @w ")
of D*(A) x D*(A) x D*(A).

However, the local integral that Ichino considers is different from our local
integral. For ¢ 4, ¢, in 4, and fi ,, f2.» in 73, our local integral is of the form

ai)v (¢1,vs ¢2,v; fl,v» f2,v)

:f Bjuw (7'[4,v(gv)¢l,v7 ¢2,U)BJT3,U (773,v(gv)fl,va fZ,U)wv (N(gv))_l dgv

Z;(Fv)\GS(Fv)

=/ B7T4,,) ((o1 ®02)v(gv)¢l,v» ¢2,U)B7T3,,) ((7[3,U‘a);1)(gu)f1,va fZ,U)dgv
Z3(Fy)\G3(Fy)

because for o1 X 03 ||G,a) = 74 we have that 4, € (01 ® 62)yllGy(F,)-
On the other hand, the local integral considered by Ichino is

Iv(‘f’l,v» ¢2,v; fl,va f2,v)

= f B(m@az)v((OI ®G2)v(gv)¢l,vv ¢2,U)Bn3,v(7r3,v(gv)fl,va f2,v) dgv
Zg(Fv)\Gf)(Fv)

so we need to relate By, gq,), With By, . Since 4, C (01 ®02), for all v we choose
Bz, =B(1802), I, x4, for all v except one. We pick one place v, and set By, , =
Bo,®02), 74, x4, - C for some constant C which gives [ [, Bx,, =[], Bo,802), - C
so that By, = C - B(s,®0,)- This constant C which relates By, g0,) With By,is given
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n [Hiraga and Saito 2012, Remark 4.20]; namely,
Vol(Z3(A) G4(F)\ G4(A))
Vol(Z2. (A)G (F)O\G(A))

C = | (71®02|
Noting that Z§(A)G4(F)\Ga(A) = SO(F)\SO4(A) and Z%(A)G(F\G(A) =
SO3(F)\SO3(A) x SO3(F)\ SO3(A), we have
VOI(ZE;4 (A)G4(F)\G4(A)) =2 and Vol(Z% (A)G(F)\G(A)) =4,

so that C = %|%01®02| and normalizing af,)v as in the introduction gives

]_[ Uy, = Ulv.

Thus, Ichino’s triple product formula ([Ichino 2008, Theorem 1.1]) applied to
oKX (@ w 1) with e =3 gives
2 t@)L1/2, (01 ®@0r) M (3 ®w))
[ Jew, (@0 )
|x01®0'2| 8L(1701®02’Ad)L(1’7T3sAd)

|%G1 ®02|

Po(@, I =

__AalU2@8mRmee™) m, o o
4Xoig0, | L(1, 01 @02, Ad)L(1, 3, Ad) 2 170

Ag,L(1/2, m4 x 13 @ ™ 1)
= G / u : Hawl(st, fv
4|%O'1®O'2|L(197T47Ad)L(lvn:’J’Ad) v

Also we have that |Sy,| = 1 and |Sy,| = |Xs,80,| by [Lapid and Mao 2015,
Section 6.3]. Hence, Conjectures 1.4 and 1.5 hold.

Next assume disc V4 # 1. Using [Hiraga and Saito 2012, Theorem 4.13]
again, there exists an irreducible cuspidal automorphic representation 7 of G(A) =
GL2(Ag) on the space V; such that V,, < Vr1 |G, and T||g, = m4; namely t “lies
above 4. Moreover, V! is the subspace of V; on which the group

Xe={y € (ZLA)GsA)G\GA) Ty =1)

acts trivially. Note w.| Z3(A) = Oy, and since W, Wy, = w?* we have w, | Z3(A) Wy = >
Now let ¢ € V, and f € Vg,. Since V, € V|G, ), We can write ¢ = ¢|g,a) for
some ¢ € V.. Then our period integral is of the form

Po(@. f) =f $(8) f(w(N (@) ' dg
Z5(A)G3(F)\G3(A)

f $(9)(f -0 ) (g)dg
Z3(A)G3(F)\G3(A)

because ¢ (g) = q’;(g) for g € G3(A), which is precisely the period integral considered



ON THE GLOBAL GAN-GROSS-PRASAD CONJECTURE FOR GENERAL SPIN GROUPS 147

by Ichino for the automorphic representation 7 X (73 @ w™") of D*(Ag) x D*(A).
However, again the local integral that Ichino considers is different than our local
integral. For ¢ ,, ¢, in 4, and fi ,, f2,, in 73, our local integral is of the form

al (D10 205 fio: frv)

=/ Bmw (774,v(gv)¢l,vv ¢2,U)Bﬂ3_v (773,v(gv)f1,va fZ,U)wv(N(gv))_ldgv
Z3(F)\G3(Fy)

= L Bm;’v(fv (gv)¢1,vv ¢2,U)Bﬂ3,v((773,v'w;1)(gv)fl,va f2,v)dgv

;(FU)\G:;(FU)

because for 7||g,a) = m4 we have that 74 , € 7yllG,(F,)-
On the other hand, the local integral considered by Ichino is

Iv(¢l,v7 ¢2,v; fl,vv f2,v)

/ B‘L'v (Tv(gv)¢1,v’ ¢2,U)B7T3,v (NB,U(gv)fl,va f2,v)dgvs
Z3(Fy)\ G3(Fy)

so we need to relate B;, with By, ,. Since 74, C 7, for all v we choose By, , =
Bz, |4 x4, forall v except one and pick one place v, and set BM,vO: Br, |y, scmay - C
for some constant C” which gives [ [, Br, , =[], Br, - C" and so By, = C’- B, where
C’ is given in [Hiraga and Saito 2012, Remark 4.20]; namely,

Vol(Z3(A) G4 (F)\ G4(A))

C' =X, = = ;
Vol(ZZ.(RA)G (F)\G(A))

where the volumes are
Vol(Zg, (M) G4(F\G4(Ap)) = Vol(ZS (W) G (F\G (Ap) = 2,
and so C’ = |X,| in this case.

Then Ichino’s triple product formula applied to T X (73 ® w ™) with ¢ =2 gives

L QL2 TR (R0 ")

2—_
|Pu(@®, f)] =¥ iLi.7 ADLL . Ad ]:[awv(m,fv)

_ A L(1/2,tR(mewh)
4%, |L(1, T, AD)L(1, 73, Ad)

[ Jew @0, £)

v
_ AG LU, muxmQ@w")
= 4% L, 704, ADL(1, 73, Ad) [ Tew, @0 1)

v

Moreover, |Sg¢,| =1 and |Sy,| = | X | by [Lapid and Mao 2015, Section 6.4]. Hence,
Conjectures 1.4 and 1.5 hold for this case, too.

Remark 4.5. In Ichino’s triple product formula, the two cases d =1 and d # 1 are
different. However, once we consider Ichino’s formula as an instance of the GGP
conjecture for GSpin, these two cases can be considered as one case as above.
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4E. Conjecture for GSping x GSping (Gan-Ichino formula). Finally, we con-
sider the conjecture for n = 5. For this case, we will not be able to prove the
conjecture in full generality but only for some special cases as we will explain in
what follows.

Firstly we consider only the case where GSpins is split and GSpin, is quasisplit,
namely

GSpin, = {{(gl, g2) € GL; x GL; : det gy = det g>};
{g € Resg/r GLy : N(g) € GLy),

GSpins = GSp, .

Or equivalently, GSpin, = GSpin(V4) with V4 = H®& H or V4 = H® E for a
quadratic extension E of F' equipped with the norm form, and GSping = GSpin(Vs)
with H® H & (1). Let us note that we have the natural inclusion V4 C Vs of the
quadratic forms, which gives rise to the natural inclusion GSpin, € GSpins.

Secondly, for our (tempered) cuspidal automorphic representations s and 4
of GSpins(A) and GSpin, (A), respectively, we only consider the following special
cases. For ms, we assume that 75 is the theta lift of a cuspidal automorphic
representation o of GO(V))(A), where V is a 4-dimensional quadratic space. (Let
us note that o has to satisfy certain technical conditions such that the theta lift to
GSp,(A) is nonzero and cuspidal. See [Gan and Ichino 2011, page 236] for details.)
Here, let us denote the discriminant algebra of V by K, which is the étale quadratic
algebra over F defined by

_{FXF if disc(V) = 1;
| F(Vdise(V))  if disc(V) # 1.

As for 14, let T be a cuspidal automorphic representation which “lies above 4" as
in the previous subsection. To be precise, let

(~; . GL, xGL, ifV;=H®H,;
*7 |ResgrGL, if Va=H@E.

By Theorem 4.13 of [Hiraga and Saito 2012], there exists an irreducible unitary
cuspidal automorphic representation t of G4(A) such that 7|g, =74 and V, C
V.!lG,, where V! is the subspace of V; such that

Xo={y € (ZEMGIAGa(P\G(AP Ty = 7)

acts trivially. Then we assume that the base change tx of T to G(Ag) is cuspidal,
where K is the discriminant algebra of V as above, and the Jacquet-Langlands
transfer of tx to D> (Aggk) exists. (See the top of page 237 of [Gan and Ichino
2011] for details.)
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Then Gan and Ichino essentially proved the following.

Theorem 4.6 (Gan and Ichino). Let 75 and 74 be as above. Assume there exists
a Hecke character w such that w* = wxswz,. Then for factorizable ¢ € V., and
f € Vg, we have

Poi@. P2 = SUDLUR 75 x M@0 ) 1y,

281X, |L(1, s, Ad)(L(1, 74, Ad)

where
,8—{3 if disc(V) = 1;
|2 ifdise(V) #£1.

Proof. This is essentially Theorem 1.1 of [Gan and Ichino 2011] with the notation
adjusted to ours by setting 7 = 75 and 7’ = 74 ® w~!, where 7 and 7’ are as in
[Gan and Ichino 2011]. But it should be mentioned that if 74 satisfies the above
mentioned conditions, then so does 74 ® !, and hence we can use the Gan—Ichino
formula for 775 X 74 @ w L. [l

Now, let us take care of the constant 28| %, |. By [Lapid and Mao 2015, Section 6],
we know |X;| = |Sy,|. For the representation 75 considered here, Roberts [2001]
essentially verified that

2 if disc(V) =1;

S, .| =
[Sas| {1ifdisc(V);é1.

Hence if disc(V) = 1 we have
2012, = 201X | = 27155 1S
and if disc V # 1 we have
20120 ] = 221%c| = 22155 1Sp,.
Thus in either case the above theorem confirms Conjectures 1.4 and 1.5.

Remark 4.7. In the above theorem, Gan and Ichino assumed that F and E are
totally real number fields. This assumption was to utilize the Siegel-Weil formula.
(See [Gan and Ichino 2011, Remark 1.3].) However, the condition is no longer
necessary thanks to the work of Gan, Qui and Takeda in [Gan et al. 2014]. Further,
Roberts [2001] assumed that F and E are totally real essentially for the same reason,
and hence this assumption is not necessary, either.

Also Gan and Ichino do not assume that 75 and 74 are tempered. This is because
for the case at hand the convergence of the local integral as in Proposition 3.4 can be
shown by using the Kim—Shahidi estimate as in [Gan and Ichino 2011, Lemma 9.1].
Hence we do not even need to assume 75 and 74 are tempered.
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