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Using topological degree theory, we obtain the existence of circle patterns
with prescribed combinatorial type and obtuse exterior intersection angles
on surfaces of finite topological type. As consequences, several generaliza-
tions of circle pattern theorem are obtained.

1. Introduction

To study the geometry and topology of 3-manifolds, Thurston [1979, Chapter 13]
states the circle pattern theorem regarding the existence and uniqueness of circle
patterns on higher genus surfaces with prescribed combinatorial type and nonob-
tuse exterior intersection angles. In recent years, the circle patterns have played
significant roles in various problems in combinatorics [Schramm 1992; 1993; Liu
and Zhou 2016], discrete and computational geometry [Stephenson 2005; Dai
et al. 2008], deformation theory [He and Liu 2013; Huang and Liu 2017], minimal
surfaces [Bobenko et al. 2006], and many others.

Assume that 7 is a triangulation of a compact oriented surface S (possibly with
boundary) with a constant curvature metric u. A circle pattern P on (S, i) is
a collection of oriented circles. We say P is T -type if there exists a geodesic
triangulation 7 (i) of (S, w) such that 7 () is isotopic to 7 and the vertices of
T () coincide with the centers of the circles in P. Let V, E, F be the sets of
vertices, edges and triangles of 7. In this paper, we will focus on these 7 -type
circle patterns P = {C, : v € V} such that C,, and C,, intersect with each other
whenever there exists an edge between u and w. In this situation we have the
exterior intersection angle ®(e) € [0, ) for every e € E. We refer to Stephenson’s
monograph [2005] for more details on circle patterns.

Given a function ® : E — [0, ) defined on the edge set of 7T, let us consider
the following question: Does there exist a 7-type circle pattern whose exterior
intersection angle function is given by ®? In addition, if it does exist, to what extent
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is the circle pattern unique? Under the condition that S has empty boundary and
0 < ® <m/2, a celebrated answer to this question is the following circle pattern
theorem.

Theorem 1.1 [Thurston 1979, Chapter 13]. Let T be a triangulation of an oriented
closed surface S of genus g > 0. Suppose that ® : E — [0, 7 /2] is a function
satisfying the following conditions:

(1) If ey, ez, e3 form a null-homotopic closed curve in S, and if Z?:l Oe) >,
then these three edges form the boundary of a triangle of T.

(1) Ifey, ea, e3, e4 form a null-homotopic closed curve in S, then Z?:l O(e) <2m.

Then there exists a constant curvature (equal to 0 for g = 1 and equal to —1 for
g > 1) metric u on S such that (S, n) supports a T -type circle pattern P with the
exterior intersection angles given by ©. Moreover, the pair (i, P) is unique up to
isometries if g > 1, and up to similarities if g = 1.

Recently, Ge, Hua and Zhou [Ge et al. > 2020] obtained a more general result,
which considered the case that S had possibly nonempty boundary and ® was
possibly larger than 7 /2. Before stating the result, let us introduce some terminolo-
gies. Assume that S is of the topological type (g, &), i.e., S is of genus g and has
boundary consisting of / disjoint simple closed curves. A closed (not necessarily
simple) curve y in § is said to be pseudo-Jordan if S\ y contains at least one
simply connected component [, such that K, =y, and an enclosing set A, C V
of y consists of all vertices covered by [, . Similarly, an arc A in S is said to be
semi-pseudo-Jordan if there exists an open arc A C 95 such that A U X is a pseudo-
Jordan curve in S, and a semi-enclosing set W, of A consists of all vertices covered
by K, ; UA. What is more, we say a pseudo-Jordan (or semi-pseudo-Jordan) curve
or arc is nonvacant if one of its enclosing sets (or semi-enclosing sets) is nonempty.
Denote by V3 and Ej the sets of boundary vertices and edges of 7. Ge, Hua and
Zhou’s result [> 2020] was stated as follows.

Theorem 1.2. Let T be a triangulation of a surface S of topological type (g, h).
Suppose that © : E — [0, w) and ¢ : Vy — [0, ) are two functions satisfying the
following properties:

(C1) If the edges ey, ea, e3 form the boundary of a triangle of T, then
I(e1) +1(e2)I(e3) =0, I(ex)+1(er)l(e3) =0, I(e3)+1(e)l(er) =0,

where I (e;) =cos ©(e,) forn=1,2,3.
(C2) The Gauss—Bonnet inequality (resp. equality) holds:

Z o) > 2w x(S) (resp. Z o (v) =27r)((S)).

veV, veVy
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(C3) When the edges ey, e, ..., es form a nonvacant pseudo-Jordan curve in S,
then ) ;_, O(e)) < (s —2)m.
(C4) When the edges ey, . .., es form a nonvacant semi-pseudo-Jordan arc A in S,

for any nonempty semi-enclosing set W, of A, then

Y e+ (r-0@) > .

veW, NV, =1

Then there exists a hyperbolic (resp. Euclidean) metric y on S so that (S, i)
has boundary consisting of h disjoint simple piecewise-geodesic closed curves
with turning angles assigned by ¢ and supports a T -type circle pattern P whose
exterior intersection angle function is ®. Moreover, the pair (P, () is unique up to
isometries (resp. similarities).

In this paper, we shall prove the following result which generalizes the existence
part of the above theorem.

Theorem 1.3. Let T be a triangulation of a surface S of topological type (g, h).
Suppose that © : E — [0, w) and ¢ : Vy — [0, ) are two functions such that (C2),
(C3), (C4) and the following condition are satisfied.

(RY) If the edges e, ey, and e3 form the boundary of a triangle of T, and if
21'3:1 O(e;) >, then O(e1)+0O(er) <m+BO(e3), O(e2)+0O(e3) <m+O(ey),
O(e3) +0(er) < + O(e).

Then there exists a hyperbolic (resp. Euclidean) metric on S so that (S, jt) has
boundary consisting of h disjoint simple piecewise-geodesic closed curves with
turning angles assigned by ¢ and supports a T -type circle pattern P whose exterior
intersection angle function is ©.

Remark 1.4. The condition (C1) implies (R1). On the other hand, we can easily
find examples showing that the converse does not hold. That means our result is
strictly stronger than the existence part of Theorem 1.2.

Let M and N be two manifolds with the same dimension and let f be a map
between M and N. Let A C M be a relatively compact open subset. Suppose that
y € N\ f(3A) is a regular value of f and AN f~'(y) = {x1, x2, ..., xn}. The
topological degree of y and f in A is

m
deg(f. A, y) =Y sgn(f. x),
=1
where sgn(f, x;) = 1 in the case that the tangent map d,, preserves orientation
and sgn(f, x;) = —1 in the other case. In general, if deg(f, A, y) # 0, then
AN f~(y) # @. More details can be found in [Guillemin and Pollack 1974;
Hirsch 1976; Milnor 1965] and the Appendix.
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For each r = (p1, ..., pjv)) € [RRLY', Thurston’s famous construction produces
a corresponding curvature Th(®, r). What is more, there is a curvature K|[g]
produced by the function ¢ above (see Section 3 for the details). The strategy to
prove our result above is to show that there is a relatively compact open subset 2
of [RELY' such that

The paper is organized as follows: In Section 2, we introduce basic properties of
three-circle configurations. In Section 3, using topological degree theory, we prove
Theorem 1.3. In Section 4, we establish some results on planar circle patterns. The
last section is an appendix regarding some results from manifold theory.

Throughout this paper, we denote by | - | the cardinality of a set and denote by
x (-) the Euler characteristic of a topological space. We denote by dg( -, -) and
dy (-, -) the distances in Euclidean and hyperbolic geometries, respectively.

2. Preliminaries

In this section we collect several lemmas on three-circle configurations. It should
be pointed out that the nonobtuse versions of these results have been established by
Thurston [1979].

Lemma 2.1. Suppose that ©1, ©,, O3 € [0, ) are three angles satisfying
01+ 02+ 03 < m,

or
O+0r+03>m, O+0; < T+03, 403 <74+0;, O3+0; < T+0,.
Then for any three positive numbers py, p2, p3, there exists a configuration of
three intersecting circles in both Euclidean and hyperbolic geometries, unique up

to isometry, having radii p1, p2, p3 and meeting in exterior intersection angles
01, 0, O3.

Proof. In Euclidean geometry, set

I = \/p§ + p3 4+ 2p2p3 cos O,

L= \/pf + p3 +2p1p3 c0s Oy,

I3= \/plz+p%+2,01pzcos ®3.

To prove the lemma, it suffices to verify that /1, [, /5 satisfy the triangle inequalities.
We divide the proof into the following cases:
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(E1) ®;+ 0, + 03 <. To show the triangle equalities is equivalent to checking
(2-1) sin? @1,0%,032 + sin? ®2,012,032 + sin? @3,012,0%

+2&1 p1 P23 + 2620103 03 + 2E3p1 p203 > O,
where &; = cos ®; +cos © ; cos O for distinct subscripts i, j, kK € {1, 2, 3}. Note that

£1=c0s @1 4cos(®r+O3)+sin @, sin O3 > 2 cos ®1+(22+®3 cos &1 _822_(93 >0.

Similarly, & > 0 and &3 > 0. Thus (2-1) holds.

(E2) ©O1+0,+03>7m, O14+0, <7 +03, O1+03 <m+0;, O340, <7+0;.
In the complex plan C we find the three points

Z1 =p1exp(im —i®y), z22=p2exp(i®) —im), z3=p3.

It is easy to see

dp(22,23) = \/p§+p32+2pzp3 cos® =1,

dE(Zl s Z3) = \/,0%4‘,032—}-2,01,03 CcOS @2 = 125

de(z1,22) = \/p12+p22—2mpz cos(01+0,) > \/plz+p§+2p1pz cos O3 =

As a result, we obtain

L+l =dp(z2,z3) + de(z1, 23) > de(z1,22) > 13.

Similarly, [} + I3 > [ and I, + I3 > [;. We thus prove the triangle equalities.

In hyperbolic geometry, the lemma has been established in [Zhou 2017] by
computation. For completeness, here we give an independent proof. Set

L = cosh™! (cosh p, cosh p3 + sinh p; sinh p3 cos ©1),
I = cosh™! (cosh p; cosh p3 4 sinh p; sinh p3 cos @),
I3 = cosh™! (cosh p; cosh py + sinh pj sinh p, cos ®3).

It suffices to verify that [y, [, I3 satisfy the triangle inequalities. As before, we
divide the proof into the following cases.

(H1) ®; + ®; + ®3 <. To obtain the proof, we need to show
(2-2) sin? ®1x2x3 + sin? @yx? x3 + sin® @3x7x3
+(2+42cos ©; cos ®; cos @3)x1 x2x3 + 251a2a3x1 X2X3
+ 26a1a3x1x5x3 + 2E3a1ax 1 x2x5 > 0,

where a, = cosh p, and x,, = sinh p,, for n = 1, 2, 3. Under the assumption that
®1+ 0,403 <, we have shown that £, >0, & >0 and & > 0. Hence (2-2) holds.
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Figure 1. A configuration of three circles.

H2) ©14+0,+03>7m, O14+0, <7+03, O1+03 <m+0), 02,403 <7 +40.
In the hyperbolic disk D we find the three points
w; = tanh % exp(ir —i®,), wy =tanh % exp(i®; —im), w3 =tanh %
Similarly, it is easy to see
dy(wy, w3) = cosh™! (cosh p; cosh p3 4 sinh p, sinh p3 cos ®) =1,
dy(wy, w3) = cosh™!(cosh p1 cosh p3 + sinh p; sinh p3 cos ®y) =15,
dy(wy, wy) = cosh™! (cosh p; cosh py — sinh p; sinh p; cos(® 4+ @5))
> cosh™! (cosh p; cosh p; + sinh p; sinh p; cos @3) = I3.
As a result, we obtain
h+bh=du(wy, w3)+ dy(wi, w3) > dy(wy, wp) > .
Similarly, [; + I3 > [ and I, + I3 > [;. We thus finish the proof. O
Asin Figure 1, let 91, ¥, U3 denote the corresponding inner angles of the triangle

formed by the centers of the three circles. The following two lemmas were obtained
in [Zhou 2017]:

Lemma 2.2. Assume that a, b, ¢ € (0, +00]. In both Euclidean and hyperbolic
geometries, we have
lim = — 0y,
(p1,02,03)—>(0,a,b)

lim D1+ O =,
(p1,02,03)—>(0,0,c)

lim H+h+=m.
(p1,p2,p3)—(0,0,0)
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Lemma 2.3. Fixing ©1, ©,, O3 € [0, ), in hyperbolic geometry, for any € > 0,
there exists a positive number L such that for any positive py, p2, p3 satisfying

p1>L,
191 < €.

As a consequence, we have
lim 9 =0.
p1—>+00
Remark 2.4. Let Q C [0, )3 be the set of all vectors (O, ©,, ©3) satisfying
O1+04+03<m0or®O1+02,+03>m, O+ <7 +03, Or+03<mw+04,
O+ 03 <7 4+ 0,. Lemma 2.3 still holds if (®, ®,, ®3) varies in a compact
subset of €.

3. Proof of Theorem 1.3

Thurston’s construction. Recall that 7 is a triangulation of S with the vertex set V,
the edge set E and the face set F' and ® is a weight associated to the edge set.
Assume that V = {vy, ..., vjy|}. For each radius vector r = (p1, ..., pjv|) € IRW‘,
it assigns each vertex v; a positive number p;. Using the two systems of data ®
and r, we obtain a hyperbolic (or Euclidean) cone metric on the surface S as follows.

Each triangle A(v;v;v;) of T is associated with a hyperbolic (or Euclidean)
triangle formed by centers of three hyperbolic circles of radii p;, p;, px with exterior
intersection angles O ([v;, v;]), O([v;, v]), O([vk, v;]). Precisely, let [;;, Lk, ki
be the three lengths of this triangle. Then

lij = cosh™! (cosh p; cosh p; + sinh p; sinh p; cos O ([v;, v;]))

in hyperbolic background geometry, or

lij = \//0,2 +P]2~ +2pip;jcos O([v;, v;])

in Euclidean background geometry. Similarly, we can get the formulas for /;; and
lxi. Under the condition (R1), Lemma 2.1 implies that /;;, [ j, li; satisfy the triangle
inequalities. Thus the above procedure works well.

Gluing all these hyperbolic triangles along the common edges produces a hy-
perbolic cone metric on S with possible cone singularities at vertices of 7. For
i=1,2,...,|V], set K; as the discrete curvature at v;. More precisely,

K. e 2 —o(v;) ifv; e V\Vj,
N E —o(v;) ifv; € Vy,

where o (v;) is the sum of inner angles at v; for all hyperbolic (or Euclidean)
triangles incident to v;. Clearly, Ky, ..., K|y| are smooth functions of ® and r.
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This gives rise to the map Th(®, - ):
[Rilrl — RV,
(o1, P2, s pv) = (K, Ko, ..o Kyy)).

Using the prescribed function ¢ : V3 — [0, ) in Theorem 1.3, we define a vector

K[(p] = (kl, ey k|v|),
where
e — 0 ifv; e V\Vj,
e ifve V.
The main goal now is to show that K [¢] belongs to the image of the map Th(®, -).
Actually, if there exists a radius vector

=Gt o)

such that Th(®, r*) = K[¢], then it produces a hyperbolic (or Euclidean) metric
on S. Drawing the circle centered at v; with the radius p; for each v;, we obtain
the desired circle pattern realizing (7, ©®).

Topological degree. To this end, we will use the topological degree theory. The
readers can refer to the Appendix for some basic knowledge on this subject.

First let us deal with the hyperbolic geometry case. We need to find a relatively
compact open set 2 C [Rilfl and determine the topological degree

Once we show
deg(Th(®, -), 2, K[¢]) #0,

Theorem A.9 then implies that K [¢] is in the image of Th(®, - ). Now let us compute
deg(Th(®, -), 2, K[¢]) via homotopy method. For any ¢ € [0, 1], let O(¢) = ¢©.
Because O(¢) satisfies the condition (R1), Lemma 2.1 implies that Th(®(z), )
is well defined. Setting Th, = Th(®(¢), - ), gives a continuous homotopy from
Th(®, -) to Thy, where Thy = Th(O0, - ).

Lemma 3.1. In hyperbolic geometry, there exists a relatively compact open set
QC [F\er‘ such that
Th, R\ @) cRYYK[gl) forallt €0, 1],

Proof. Let us exhaust [R{L:/‘ by an increasing sequence of relatively compact open
sets {€2,}. Assuming that the lemma is not true, then for each n, we obtain ¢, € [0, 1]
and

v
'n = (pl,m s ,OIV\,n) € Rl—i— | \ 2,
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such that
Th(® (), ra) = Kle].
Namely,
0 ifv, e V\Vj,
(3-1) Ki(© (1), 1) = { e VA
e(v;) ifv; € Vy.
Because {€2,} exhausts [R'f‘, there exists ig € {1, 2, ..., |V} such that

Dipn — +00 or  pjy, — 0.

In the first case, it follows from Lemma 2.3 and Remark 2.4, that

ifv,'o € V\Va,

2
K; (©(,), —
IO( ( n) rn) {7T if Vi, € Vg.

which contradicts (3-1).

It remains to consider the second case. Without loss of generality, assume
that {#,} converges to a number ¢, € [0, 1]. Otherwise, we pick up a convergent
subsequence of {z,}. Let A C V be the set of vertices v; for which p; , = 0. Then
A is a nonempty subset of V. We denote by G (A) the union of n-cells (n =0, 1, 2)
of T that have at least one vertex in A, and denote by Lk(A) the set of pairs (e, v)
of an edge e and a vertex v such that

v EA; deNA =, e, v form a triangle of 7.

Due to (3-1) and Proposition 3.2, we obtain
Yo oe=— D (-0 +27x(G(A\IS)+7(x(G(A)NIS)).
v, EANVy (e,v)eLk(A)

From Thurston’s construction, the radius vector r, produces a 7 -type circle
pattern pair (w,, P,) realizing ©(f,). Without loss of generality, suppose that
G(A)\ 0S is connected and is of topological type (go, /10). Note that

x(G(A)\3S) =2—2g0 — ho.

Meanwhile, x (G(A) N dS) is equal to —m, where m is the number of open arc
components of G(A) N dS. This yields

32 Y ew)=— D (T—0)(e)+27(2—2g0—ho) —mm.
v, EANV) (e,v)eLk(A)

If go > 1 or hg = 2, the right side of (3-2) is negative, which contradicts the
condition that ¢(v;) > 0 for any v; € A.
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Let go =0, hp = 1. Then G(A) \ 0S5 is simply connected. Suppose that
Lk(A) = {(e;, v)};_,. Using (3-2), we have

(3-3) Y. e ==Y (1 —O)(e) + 21 —mx.

viEANVy =1
We divide it into the following cases:

(i) m > 2. Similar arguments to the above part lead to a contradiction.

@ii)) m = 0. Here, either G(A)N3S =g, or G(A) \ 95 is bounded by G(A)NaS.
Because G(A) \ 9§ is simply connected, the latter case occurs if and only if
(g,h)=(0,1) and A = V. Applying the Gauss—Bonnet formula, it is easy to see

Vi

Y Ki(®@n), ra) =27 x (S) + Area(S, ).
i=1

As n — 0o, the radius of every circle tends to zero. Therefore
Area(S, u,) — 0.
Combining this with (3-1), we obtain
D o) =2mx(S),
vieVy

which contradicts the condition (C2).Thus G(A)NJdS = &, and we have ANVy = .
By (3-3), we have

(3-4) 0=—) (7 —O(t)(e) +2n.

=1

However, the edges ey, e, ..., e; form a nonvacant pseudo-Jordan curve. Accord-
ing to the condition (C3), we obtain

Y @ -0 +2r <Y Be) — (s =21 <0,

=1 I=1
which contradicts (3-4).

(iii) m = 1. Similarly, it follows from (3-3) that

(3-5) Y e ==Y (x—O@)(e) +.

v;EANVy =1

But the edges ey, e, . . ., e, form a semi-pseudo-Jordan arc so that A is a nonempty
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semi-enclosing set. Under the condition (C4), we have

Y e+ @-0@)e) = Y. )+ Y (1—6(e) > .

v, EANV)y =1 v, €EANVy =1
which contradicts (3-5). [l

The following result was obtained by Ge, Hua and Zhou [> 2020]. It plays a
significant role in the above part.

Proposition 3.2. Let A, Lk(A) and G(A) be as above. Then
Y K@) )~ — Y (m=0t)(@)+2m x (G(A\dS)+7 X (G(A)NIS).
V€A (e,v)eLk(A)

Remark 3.3. The Euler characteristic x (G(A) N 3d5S) is equal to the opposite of
the number of open arc components of G(A) N 3JS.

It remains to consider the Euclidean geometry case. We easily derive the follow-
ing combinatorial Gauss—Bonnet formula:

4

(3-6) D K =2mx(S).

i=1

We use ¥ C R!V! to denote the hyperplane determined by (3-6) and use X C [RRLY'
to denote the set of radius vectors r = (p1, ..., pjv|) satisfying

It is easy to see that
dim(X) =dim(Y) = |V|—1.
We have the restriction curvature map Rh(®, - ):
X—Y,
(o1, P2, -, pv) = (Ky, Ko,y oo Ky,

Analogously, we can construct the homotopy Rh; = Rh(®(¢), - ) from Rh(®, -)
to Rh(O0, - ). Furthermore, similar arguments to the proof of Lemma 3.1 give the
following lemma.

Lemma 3.4. In Euclidean geometry, there exists a relatively compact open set
A C X such that

Rh, (X \ A) C Y\ {K[g]} foralltel0,1].

We use the strategy of Zhou [2017] for the proof of the following result.
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Theorem 3.5. Suppose that © and ¢ satisfy the conditions of Theorem 1.3. In
hyperbolic geometry, we have

deg(Th(®, ), 2, K[p]) =1 or deg(Th(®, ), 2, K[¢])=—1.
In Euclidean geometry, we have
deg(Rh(®, ), A, K[p]) =1 or deg(Rh(®,-), A, K[p])=—1.
Proof. In hyperbolic background geometry, due to Theorem A.8,
deg(Th(®, -), 2, K[¢]) = deg(Tho, 2, K[¢]).

According to Theorem 1.2, 2N Thy Y(K[¢]) consists of a unique point. Meanwhile,
from [Ge et al. > 2020], the Jacobian matrix of the map Thy is diagonally dominant.
Hence K[¢] is a regular value of Thy. As a result,

deg(Tho, 2, K[¢]) =1 or deg(Thy, 2, K[¢]) = —1.
In Euclidean geometry, the conclusion follows verbatim from the hyperbolic
case. O

Proof of Theorem 1.3. 1t follows from Theorem 3.5 and Theorem A.9 that K[¢]
lies in the image of the map Th(®, -). By Thurston’s construction, there exists a
constant curvature metric 4 on S such that (S, p) supports a 7 -type circle pattern P
with the exterior intersection angles given by ©. ([

4. Further discussion

Cone metrics with prescribed curvatures. For a nonempty subset A of V, recall
that G(A) is the union of n-cells (n = 0, 1, 2) of 7 that have at least one vertex
in A, and Lk(A) is the set of pairs (e, v) of an edge e and a vertex v such that

veA, deNA=g, thesetofe,vform a triangle of 7.

The following result is a generalization of Theorem 1.3.

Theorem 4.1. Let T be a triangulation of a surface S of topological type (g, h).
Assume that ® : E — [0, i) is a function satisfying (R1) and K = (k1, k, ..., kjy|)
is a vector satisfying

@-1) ki<{2n z:fvl-eV\Va,
T ifvi € Vs,
and
42 Y ki>— )  (m—0()+27x(G(A)\S)+71x(G(A)NIS)
viEA (e,v)€Lk(A)

for any nonempty subset A of V. Then there exists a hyperbolic cone metric p in S
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such that (S, w) has discrete curvatures assigned by K and supports a T -type circle
pattern P with exterior intersection angles given by ©.

Proof. We still use the homotopy Th,(-) = Th(®(t), - ). Similar arguments to the
proof of Lemma 3.1 imply that there exists a relatively compact open set Qg C [R‘Jyl
such that

Th,(RY'\ Qx) c R\ (K} forall 7 € [0, 1].

Set Tho(-) = Th(0, -). Because K satisfies the inequalities (4-1) and (4-2), it
follows from [Ge et al. > 2020, Theorem 0.4] that K is a regular value of the map
Thy and Qg N Th, Y(K) consists of a unique point. Therefore,

deg(Thg, Qk, K) =1 or deg(Thg, Qg, K) =—1.
Due to Theorem A.8, we obtain
deg(Th(®,-),Qk,K)=1 or deg(Th(®, ), Lk, K)=—1.

Theorem A.9 then implies that K is in the image of Th(®, - ). Applying Thurston’s
construction, the statement follows. ]

Similarly, we obtain the following result.

Theorem 4.2. Let T be a triangulation of a surface S of topological type (g, h).
Assume that ® : E — [0, i) is a function satisfying (R1) and K = (ky, ka, ..., kjy|)
is a vector satisfying (4-1) and

@3) Y k== > (r—0()+27x(G(A)\IS) + 7 x(G(A)NIS)
v;ieA (e,v)eLk(A)

for any nonempty subset A of V, where the equality holds if and only if A=V. Then
there exists a Euclidean cone metric  in S such that (S, () has discrete curvatures
assigned by K and supports a T -type circle pattern P with exterior intersection
angles given by ©.

Planar circle patterns. Setting (g, h) = (0, 1), Theorem 1.3 gives the following
result.

Theorem 4.3. Let T be a triangulation of a closed topological disk. Suppose that
O:FE —[0,7)and ¢ : Vy — [0, ) are two functions such that (R1), (C3) and the
following conditions are satisfied:

(T1) The Gauss—Bonnet inequality (resp. equality) holds:

Z p() > 2 <resp. Z o) = 271).

veVy veVy
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Figure 2. A circle pattern on a rectangle.

(T2) When the edges ey, ..., es form a simple arc, joining two distinct boundary
vertices, with a nonempty semi-enclosing set W, then

Y )+ (m—0e) > 7.

veWnv, i=1

Then there exists a convex hyperbolic (resp. Euclidean) polygon Q, so that Q has
external angles given by ¢ and supports a T -type circle pattern P whose exterior
intersection angle function is ©.

Turning to the limiting case that ¢ = m, the following result is straightforward.

Corollary 4.4. Let T be a triangulation of a closed topological disk with a function
O : E — [0, ) satisfying (R1), (C3). Then there exists a T -type circle pattern P
in the hyperbolic disk, whose exterior intersection angle function is ® and whose
boundary circles are horocycles.

Another corollary deals with circle patterns on rectangles (see Figure 2).

Corollary 4.5. Let T be a triangulation of a quadrangle. Suppose © : E — [0, )
is a function satisfying (R1), (C3) and the following conditions:

(Q1) When the edges e, . . ., es form a simple arc joining a pair of opposite corner
vertices, then Y :_, ©(e;) < (s — 1/2)m.

(Q2) When the edges ey, ..., es form a simple arc which does not join a pair of
opposite corner vertices, then Zle Oe;) < (s — Dm.

Then there exists a rectangle R which supports a circle pattern P with exterior
intersection angles given by ©.
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Proof. Let V, C Vj be the set of corner vertices. We define a function ¢ : Vy — [0, )
by setting
/2 ifveV,,
p(v) = .
0 ifveVy\ V..

Under the conditions (Q1) and (Q2), it is easy to see that (T1) and (T2) are satisfied.
By Theorem 4.3, the conclusion holds. (|

Finally, the following result generalizes Marden and Rodin’s theorem [1990].

Theorem 4.6. Let T be a triangulation of the sphere. Suppose that © : E — [0, )
is a function satisfying (R1) and the following conditions:

(a) There is a triangle of T with boundary edges e,, ey, and e, such that

Z Oe) <.

l=a,b,c

(b) When the edges ey, e, . . ., es form a simple closed curve which separates the
vertices of T, then ) ;_, O(e;) < (s —2).
Then there exists a T-type circle pattern P on the Riemann sphere C with the
exterior intersection angles given by ©®.

A circle pattern P on the sphere can be stereographically projected to the plane.
Since stereographic projection is conformal, the exterior intersection angles are the
same. More precisely, we can construct the circle pattern on the sphere by construct-
ing the corresponding planar pattern and then projecting it back to the sphere. Thus,
to prove Theorem 4.6, we only need to construct a proper planar circle pattern.

Proof of Theorem 4.6. Let A, be the triangle of 7 with edges e,, ep, e, and let
V4, Up, V. be the vertices opposite to e,, ep, e.. By stereographic projection, then
T’ =T\ A gives a triangulation of A,,. Moreover, we can regard ® : E — [0, )
as a function defined on the edge of T'. Because of the stereographic projection
construction, it suffices to show that there exists a 7'-type circle pattern P on the
unit disk with the exterior intersection angles given by ®, which is a result of
Corollary 4.4. U

Appendix

In this part we shall give a simple introduction to some results on manifolds,
especially the topological degree theory. The reader can refer to [Guillemin and
Pollack 1974; Hirsch 1976; Milnor 1965] for more background.

Let M, N be two oriented smooth manifolds. A point x € M is called critical for
aC!'map f: M+ N if the tangent map df : T, N ¢ () is not surjective. Let C
denote the set of critical points of f, and define N\ f(C) to be the set of regular
values of f.
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Theorem A.1 (regular value theorem). Let f: M +— N be a C" (r > 1) map, and
let y € N be a regular value of f. Then f~'(y) is a closed C" submanifold of M. If
y € im(f), then the codimension of f~'(y) is equal to the dimension of N.

Theorem A.2 (Sard’s theorem). Let M, N be manifolds of dimensions m, n and
let f:M+— N beaC" map. If

r > max{l,m—n+1},
then f(Cy) has zero measure in N.

Assume that M and N have the same dimension. Let A C M be a relatively
compact open subset. Precisely, A has compact closure A in M. For a continuous
map f: M+ N and apoint y € N\ f(dA), we shall define a topological invariant
deg(f, A, y), called the topological degree of y and f in A.

First, suppose that f € C%A,N)NC*®(A,N) and yisa regular value. When
the set A N f~!(y) is empty, we set deg(f, A, y) =0. If AN f~'(y) is nonempty,
the regular value theorem implies that it consists of finite points. For a point
x € AN f~1(y), the sign sgn( £, x) is equal to +1 if the tangent map d,, f : M, N,
preserves orientation. Otherwise, sgn(f, x) = —1.

Definition A.3. Suppose that A N f~1(y) = {x1, x2, ..., x,n}. We define

deg(f, A, y) = Z sgn( f, x1).

=1

For simplicity, in what follows we use the notation f rh, y to denote that y is a
regular value of the restriction map f : A — N.

Proposition A.4. Suppose that f; € C°(A, N)NC®(A, N), fithayand fi(dA) C
N\ {y}, i =0, 1. If there exists a homotopy

HeC%I xA,N)
such that H(O, -) = fo(-), H(1,-) = fi(-),and H(I x 0A) C N\ {y}, then
deg(fo, A, y) =deg(f1, A, y).

The following lemma is a consequence of Sard’s theorem.

Lemma A.5. Forany f € C°(A, N) and y € N, if f(3A) C N\ {y}, then there
exist g € CO(A, NyNC>®(A, N) and H € C°(I x A, N) such that
() gMay;
(i) HO,-)=f(), H(,-)=g();
(iii) H({I x dA) C N\ {y}.
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Now we are ready to define the topological degrees for general continuous maps.
Recall that f € C°(A, N) and f(dA) C N\ {y}.

Definition A.6. The topological degree of y and f in A is defined as

deg(f, A, y) =deg(g, A, y),

where g is given in Lemma A.5.

Due to Proposition A.4, deg(f, A, y) is well defined. Below we list several
properties of the topological degree.

Theorem A.7. Let y C N be a continuous curve such that f(0A) C N\ {y}. Then

deg(f, A,y () =deg(f, A, y(0)) forallt€]O0,1].
For i =0, 1, suppose that f; € C°(A, N) satisfies f;(dA) C N\ {y}.
Theorem A.8. If there exists H € C°(I x A, N) such that

@ H(O,-)=fo(-), H(,-)= fi(-),
(i) HUI x9A) C N\ {y},

then
deg(fo, A, y) =deg(f1, A, y).

Finally, it follows from the definition that:
Theorem A.9. Ifdeg(f, A, y) #0, then AN f~1(y) # .

References

[Bobenko et al. 2006] A. 1. Bobenko, T. Hoffmann, and B. A. Springborn, “Minimal surfaces from
circle patterns: geometry from combinatorics”, Ann. of Math. (2) 164:1 (2006), 231-264. MR Zbl

[Dai et al. 2008] J. Dai, X. D. Gu, and F. Luo, Variational principles for discrete surfaces, Advanced
Lectures in Mathematics 4, International Press, Somerville, MA, 2008. MR Zbl

[Ge et al. > 2020] H. Ge, B. Hua, and Z. Zhou, “Circle patterns on surfaces of finite topological
type”, to appear in Am. J. Math.

[Guillemin and Pollack 1974] V. Guillemin and A. Pollack, Differential topology, Prentice-Hall,
Englewood Cliffs, NJ, 1974. MR Zbl

[He and Liu 2013] Z. He and J. Liu, “On the Teichmiiller theory of circle patterns”, Trans. Amer.
Math. Soc. 365:12 (2013), 6517-6541. MR Zbl

[Hirsch 1976] M. W. Hirsch, Differential topology, Graduate Texts in Mathematics 33, Springer,
1976. MR Zbl

[Huang and Liu 2017] X. Huang and J. Liu, “Characterizations of circle patterns and finite convex
polyhedra in hyperbolic 3-space”, Math. Ann. 368:1-2 (2017), 213-231. MR Zbl

[Liu and Zhou 2016] J. Liu and Z. Zhou, “How many cages midscribe an egg”, Invent. Math. 203:2
(2016), 655-673. MR Zbl


http://dx.doi.org/10.4007/annals.2006.164.231
http://dx.doi.org/10.4007/annals.2006.164.231
http://msp.org/idx/mr/2233848
http://msp.org/idx/zbl/1122.53003
http://msp.org/idx/mr/2439807
http://msp.org/idx/zbl/1160.52018
http://msp.org/idx/mr/0348781
http://msp.org/idx/zbl/0361.57001
http://dx.doi.org/10.1090/S0002-9947-2013-05892-8
http://msp.org/idx/mr/3105761
http://msp.org/idx/zbl/1318.30017
http://msp.org/idx/mr/0448362
http://msp.org/idx/zbl/0356.57001
http://dx.doi.org/10.1007/s00208-016-1433-y
http://dx.doi.org/10.1007/s00208-016-1433-y
http://msp.org/idx/mr/3651572
http://msp.org/idx/zbl/06726651
http://dx.doi.org/10.1007/s00222-015-0602-z
http://msp.org/idx/mr/3455159
http://msp.org/idx/zbl/1339.52010

220 YUE-PING JIANG, QIANGHUA LUO AND ZE ZHOU

[Marden and Rodin 1990] A. Marden and B. Rodin, “On Thurston’s formulation and proof of
Andreev’s theorem”, pp. 103—115 in Computational methods and function theory (Valparaiso, 1989),
edited by S. Ruscheweyh et al., Lecture Notes in Math. 1435, Springer, 1990. MR Zbl

[Milnor 1965] J. W. Milnor, Topology from the differentiable viewpoint, University Press of Virginia,
Charlottesville, VA, 1965. MR Zbl

[Schramm 1992] O. Schramm, “How to cage an egg”, Invent. Math. 107:3 (1992), 543-560. MR
Zbl

[Schramm 1993] O. Schramm, “Square tilings with prescribed combinatorics”, Israel J. Math. 84:1-2
(1993), 97-118. MR Zbl

[Stephenson 2005] K. Stephenson, Introduction to circle packing: the theory of discrete analytic
functions, Cambridge University Press, 2005. MR Zbl

[Thurston 1979] W. P. Thurston, “The geometry and topology of three-manifolds”, lecture notes,
Princeton University, 1979, Available at http://msri.org/publications/books/gt3m.

[Zhou 2017] Z. Zhou, “Circle patterns with obtuse exterior intersection angles”, preprint, 2017. arXiv

Received May 13, 2019. Revised December 20, 2019.

YUE-PING JIANG

KEY LAB OF INTELLIGENT INFORMATION PROCESSING AND APPLIED MATHEMATICS
SCHOOL OF MATHEMATICS

HUNAN UNIVERSITY

CHANGSHA

CHINA

ypjiang @hnu.edu.cn

QIANGHUA Luo

KEY LAB OF INTELLIGENT INFORMATION PROCESSING AND APPLIED MATHEMATICS
SCHOOL OF MATHEMATICS

HUNAN UNIVERSITY

CHANGSHA

CHINA

luo.gh@hnu.edu.cn

ZE ZHOU

SCHOOL OF MATHEMATICS
HUNAN UNIVERSITY
CHANGSHA

CHINA

zhouze @hnu.edu.cn


http://dx.doi.org/10.1007/BFb0087901
http://dx.doi.org/10.1007/BFb0087901
http://msp.org/idx/mr/1071766
http://msp.org/idx/zbl/0717.52014
http://msp.org/idx/mr/0226651
http://msp.org/idx/zbl/0136.20402
http://dx.doi.org/10.1007/BF01231901
http://msp.org/idx/mr/1150601
http://msp.org/idx/zbl/0726.52003
http://dx.doi.org/10.1007/BF02761693
http://msp.org/idx/mr/1244661
http://msp.org/idx/zbl/0788.05019
http://msp.org/idx/mr/2131318
http://msp.org/idx/zbl/1074.52008
http://msri.org/publications/books/gt3m
http://msp.org/idx/arx/1703.01768
mailto:ypjiang@hnu.edu.cn
mailto:luo.qh@hnu.edu.cn
mailto:zhouze@hnu.edu.cn

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Wee Teck Gan

Mathematics Department
National University of Singapore

Singapore 119076

matgwt@nus.edu.sg

Sorin Popa

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing

Department of Mathematics
University of California
Santa Cruz, CA 95064
ging@cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2020 is US $520/year for the electronic version, and $705/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.
PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

MELISSA EMORY

Schur algebras for the alternating group and Koszul duality
THANGAVELU GEETHA, AMRITANSHU PRASAD and SHRADDHA
SRIVASTAVA

A positive mass theorem for manifolds with boundary
SVEN HIRSCH and PENGZI MIAO

Circle patterns on surfaces of finite topological type revisited
YUE-PING JIANG, QIANGHUA LUO and ZE ZHOU
On some conjectures of Heywood
DONG L1

Knapp—Stein dimension theorem for finite central covering groups
CAIHUA LUO
Some classifications of biharmonic hypersurfaces with constant scalar curvature
SHUN MAETA and YE-LIN OU
Surface diffusion flow of arbitrary codimension in space forms
DONG PU and HONGWEI XU
Nonvanishing square-integrable automorphic cohomology classes: the case GL(2)
over a central division algebra
JOACHIM SCHWERMER
Invariant Banach limits and applications to noncommutative geometry
EVGENII SEMENOV, FEDOR SUKOCHEV, ALEXANDR USACHEV and
DMITRIY ZANIN
A combinatorial identity for the Jacobian of z-shifted invariants
OKSANA YAKIMOVA

153

185

203

221

265

281

291

321

357

375



	1. Introduction
	2. Preliminaries
	3. Proof of Theorem 1.3
	Thurston's construction
	Topological degree

	4. Further discussion
	Cone metrics with prescribed curvatures
	Planar circle patterns

	Appendix
	References
	
	

