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We prove several sharp interpolation inequalities for Dirichlet Laplacians
on general domains. We show optimality of the interpolation constants
(which are independent of the underlying domain) and present several
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1. Introduction

In a recent series of papers, Heywood and Xie [Heywood 2014; 2000; Heywood and
Xie 1997; Xie 1991; 1995; 1997] embarked on a program to build a wellposedness
theory of Navier–Stokes equations requiring no regularity assumptions on the
boundary. Xie [1992] conjectured the inequality

(1-1) ‖u‖2L∞(�) ≤
1

3π
‖∇u‖L2(�)‖1̃u‖L2(�),

where � is an arbitrary open set in R3, u is any vector field in the completion of
divergence free C∞c vector fields in the Dirichlet norm ‖∇ · ‖, and 1̃ is the Stokes
operator. Xie [1991] considered the model Poisson problem and proved

(1-2) ‖u‖2L∞(�) ≤
1

2π
‖∇u‖L2(�)‖1u‖L2(�)
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for the Laplacian case. The key argument in [Xie 1991] is the use of a maximum
principle

‖Gµ( · , y)‖L2(�) ≤ ‖gµ( · , y)‖L2(R3),

where Gµ is the Green’s function for −1D +µ (1D is the Dirichlet Laplacian)
and gµ is the Green’s function on R3. Heywood [2000; 2014] reformulated several
deep conjectures seeking to prove the Stokes case (1-1) for which the maximum
principle is no longer available. In order to reach further understanding of these
problems Heywood [2014] formulated several analogous conjectures for the Fourier
sine series and cosine series. The purpose of this paper is to settle some of these
questions. Our first result concerns one-dimensional Dirichlet Laplacian operators.

Theorem 1.1. For �= (0, π), if f is real-valued and f ∈ H 1
0 (�)∩ H 2(�), then

‖ f ‖2L∞(�) ≤ 3‖(−1D)
1/6 f ‖L2(�) · ‖(−1D)

1/3 f ‖L2(�),

where 1D is the Dirichlet Laplacian on �. Furthermore the constant 3 is sharp.

An equivalent reformulation of Theorem 1.1 is the following corollary.

Corollary 1.2 (conjecture by Heywood [2014]). Denote � = (−π, π). For a
Fourier series f =

∑
∞

n=1 fn sin nx , we have

‖ f ‖2L∞(�) ≤
3
2‖ f (1/3)‖L2(�)‖ f (2/3)‖L2(�),

where f (1/3) (resp. f (2/3)) denotes the fractional derivative of order 1
3

(
resp. 2

3

)
for f .1 Furthermore the constant 3

2 is sharp.

Remark. Note that for f =
∑
∞

n=1 fn sin nx , ‖ f (1/3)‖L2(−π,π)=
√

2‖ f (1/3)‖L2(0,π)
and hence the factor 3

2 in Corollary 1.2.

Theorem 1.3. Let �= (−π, π). For a Fourier cosine series f =
∑
∞

n=1 fn cos nx ,
we have

(1-3) ‖ f ‖2L∞(�) ≤ 3‖ f (1/3)‖L2(�)‖ f (2/3)‖L2(�).

Furthermore the constant 3 is sharp. Similarly, for a Fourier series

f =
∞∑

n=1

f (1)n cos nx +
∞∑

n=1

f (2)n sin nx,

we have

(1-4) ‖ f ‖2L∞(�) ≤ 3‖ f (1/3)‖L2(�)‖ f (2/3)‖L2(�).

The constant 3 is also sharp.
1Here in the context of Fourier series, one can regard the fractional derivative of order α as the

Fourier multiplier nα.
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Remark. Corollary 1.2 was conjectured by Heywood [2014, Section 8]. The in-
equality (1-3) was proved by Heywood [2014] and he conjectured that the constant 3
is sharp [2014, Conjecture 1]. Here we settle these questions in the affirmative.

Remark. The main issue in Theorems 1.1 and 1.3 is the sharpness of the constants.
Of course if one does not insist on having sharp constants, the above inequalities
can be obtained by a usual splitting argument.

Theorem 1.1 can certainly be generalized further. Below we give a generalization
to all dimensions with explicit interpolation constants.

Theorem 1.4. Let� be a bounded domain in Rd with smooth boundary and denote
by1D the Dirichlet Laplacian on�. Denote A= (−1D)

1/2 and assume (d−1)/2≤
α < d/2. Let N = (d + 3)/2 if d is odd, and N = (d + 2)/2 if d is even. Then for
any f : �→ R with f ∈ H N (�)∩ H 1

0 (�), we have

‖ f ‖2L∞(�) ≤ Cα,d‖Aα f ‖L2(�)‖Ad−α f ‖L2(�),

where
Cα,d =

d
d − 2α

·
1

2dπd/2−10
( d

2 + 1
) .

The constant Cα,d is sharp.

Remark. The same result holds when � = Rd. A remarkable feature is that the
constant Cα,d is independent of the domain.

Remark. It is easy to check that if d = 1 and α = 1
3 , then Cα,d = 3. If α = 1 and

d = 3, then Cα,d = 1/(2π) and we recover the inequality (1-2).

The interpolation exponent 1
2 is not special and we have the following general-

ization for all 0< θ < 1.

Theorem 1.5. Let � be a smooth bounded domain in Rd and denote by 1D the
Dirichlet Laplacian on �. Denote A = (−1D)

1/2. Assume α ≥ 0 and β > 0,
0< θ < 1, satisfy:

• 0≤ α < d/2.

• αθ +β(1− θ)= d/2.

• 0< β −α ≤ 1.

Let N = (d+3)/2 if d is odd and N = (d+2)/2 if d is even. Then for any f : �→R

with f ∈ H N (�)∩ H 1
0 (�), we have

‖ f ‖2L∞(�) ≤ Cα,β,θ,d
(
‖Aα f ‖θL2(�)

‖Aβ f ‖1−θL2(�)

)2
,

where

Cα,β,θ,d = (2π)−d
·

1
β −α

·
2πd/2+1

0
(d

2

) · 1
sinπθ

.
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The constant Cα,β,θ,d is sharp.

Remark. Again the same inequality holds when � = Rd. In this case one can
characterize all functions attaining the sharp interpolation constant. Modulo dilation
and translation symmetries, such functions take the form

f (x)= const ·((−1)−α/2(1+ (−1)β−α)−1δ0)(x),

where δ0 is the usual Dirac distribution on Rd with mass centered at the origin. See
Remark 8.4 for a proof and more details.

Remark 1.6. The constant Cα,β,θ,d is sharp in the sense that there exists fn ∈

C∞c (�), such that
‖ fn‖

2
L∞(�)

(‖Aα fn‖
θ
L2(�)
‖Aβ fn‖

1−θ
L2(�)

)2
→ Cα,β,θ,d , as n→∞.

See Remark 7.3 for an explicit construction. In particular, such functions can be
constructed to be essentially independent of the underlying domain. On the other
hand, a natural question is whether for any smooth bounded domain � there can
exist a function f achieving the sharp interpolation constant. We shall disprove
this at the end of Section 8. In other words, as long as � is not the whole space Rd,
then for any f ∈ H N (�)∩ H 1

0 (�) which is not identically zero, we actually have
the strict inequality

‖ f ‖2L∞(�) < Cα,β,θ,d ·
(
‖Aα f ‖θL2(�)

‖Aβ f ‖1−θL2(�)

)2
.

We shall give three different proofs of Theorem 1.1. In the first proof, we
shall follow the variational approach initiated in the aforementioned papers by
Heywood and Xie. This approach is remarkably effective for the L∞ setting.
In the simplest scenario, one can see Lemma 2.1 which can be regarded as a
device to reduce the original infinite-dimensional problem to a finite-dimensional
one. One can then prove the sharp interpolation inequality (as well as showing
the sharpness of interpolation constants) by proving certain limiting asymptotics
of Lagrange multipliers µN . Specifically for Theorem 1.1 the main step is the
proof of Proposition 3.1 which will occupy most of this paper. Obtaining this
proposition is the key to showing the sharpness of the interpolation constant 3

2
for the sine series case. In Sections 3–6 we give the proof of Proposition 3.1
with the help of a series of lemmas for different regimes of parameters. Here we
exploit certain monotonicity and convexity properties of the Fourier coefficients,
as well as some sharp bounds on the polylog function. In Section 7 we will
give a second (and slightly shorter) proof of Theorem 1.1 (and Theorems 1.4
and 1.5) by using a comparison argument. Here the main point is to prove an
upper bound directly without using any asymptotics of µN . The sharpness of
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the interpolation constant is proved separately by using a “blowup” argument. In
Section 8, we give a third proof (which is also the shortest), which does not rely on
any variational argument. The key technical input is a novel splitting of the operator
symbol saturating the comparison principle for fractional operators. Thanks to
this new proof we are able to characterize the set of functions attaining the sharp
constant. It is possible that these ideas can be suitably adapted to much more
general settings.

We now gather some notation used in this paper.

Notation. For any 1≤ p ≤∞, we denote by ‖ f ‖L p(�) or ‖ f ‖L p
x (�)

(to stress that
f is a function of x) the usual Lebesgue norm of a function f over a region �⊂ Rd.

We denote by S(Rd) the usual Schwartz functions on Rd.
We shall adopt the following convention for Fourier transforms. For f : Rd

→R,
denote the Fourier transform

f̂ (ξ)= (F f )(ξ)=
∫

Rd
f (x)e−i x ·ξ dx .

The inverse Fourier transform is then given by the formula

f (x)=
1

(2π)d

∫
Rd

f̂ (ξ)ei x ·ξ dξ.

Note that with this convention of Fourier transform, the usual Parseval formula
reads as

‖ f ‖L2
x (R

d ) = (2π)
−d/2
‖ f̂ ‖L2

ξ (R
d ).

For s ∈ R, the fractional Laplacian operator |∇|s = (−1)s/2 is denoted by

|̂∇|s f (ξ)= |ξ |s f̂ (ξ).

For s ∈ R, the Sobolev norm ‖ f ‖Ḣ s(Rd ) is computed as

‖ f ‖Ḣ s(Rd ) = ‖|∇|
s f ‖L2(Rd ) = (2π)

−d/2
‖|ξ |s f̂ (ξ)‖L2

ξ (R
d ),

whenever it is well defined.
Let � be any bounded domain of Rd with smooth boundary. We denote by

0 < λ1 < λ2 ≤ · ≤ λk →∞ the ordered eigenvalues (counted with multiplicity)
with corresponding L2-normalized eigen-functions φ j for the Dirichlet Laplacian
1D on �. Sometimes to stress the dependence on � we write 1� in place
of 1D. For any s ∈ R and any f with the expansion (over the L2 orthonormal
basis (φ j )

∞

j=1)

f =
∞∑
j=1

f jφ j ,
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one can define the Sobolev norm ‖ f ‖Ḣ s(�) as (noting that −1Dφ j = λ jφ j )

‖ f ‖Ḣ s(�) = ‖(−1D)
s/2 f ‖L2(�) =

( ∞∑
j=1

| f j |
2λs

j

)1/2

,

provided the series converges. The fractional Laplacian operator (−1D)
s is

introduced via the usual functional calculus, or sometimes using the quadratic
form. Also one can view it as the multiplier λs with the help of eigen-function
expansions. The inhomogeneous Sobolev norm is simply defined as ‖ f ‖H s(�) =

‖ f ‖L2(�)+‖ f ‖Ḣ s(�).
For any x ∈R, we denote by [x] the closest integer to x . For x ∈C with Re(x)>0,

the usual Gamma function is defined by

0(x)=
∫
∞

0
e−t t x−1 dt.

We shall not need the analytic continuation of 0 into the left half complex plane.

2. Preliminary reductions and proof of Theorems 1.1 and 1.3

Lemma 2.1. Let (an)
N
n=1, (vn)

N
n=1, (wn)

N
n=1 be given real numbers. Assume vn>0,

wn > 0 for all 1 ≤ n ≤ N. For any real numbers b1, . . . , bN with (b1, . . . , bN ) 6=

(0, . . . , 0), consider

R(b1, . . . , bN )=

(∑N
n=1 anbn

)2(∑N
n=1 b2

nvn
)1/2(∑N

n=1 b2
nwn

)1/2 .

Then

max
06=(b1,...,bN )∈RN

R(b1, . . . , bN )= µ
−

1
2

N∑
n=1

4a2
nvn

(vn +wn/µ)2
,

where µ > 0 is a root solving the equation
N∑

n=1

4a2
n

(vn +wn/µ)2
(vnµ−wn)= 0.

Proof. Without loss of generality we may assume an ≥ 0 for all 1 ≤ n ≤ N and
(a1, . . . , aN ) 6= (0, . . . , 0). In view of homogeneity the supremum of R is attained
at some finite bi = b̄i ≥ 0, 1 ≤ i ≤ N. Denote u =

∑N
n=1 an b̄n , A =

∑N
n=1 b̄2

nvn ,
B =

∑N
n=1 b̄2

nwn , and µ= B/A. Differentiating log R at bn = b̄n then gives

2an

u
=

b̄nvn

A
+

b̄nwn

B
=

b̄n

A

(
vn +

wn

µ

)
,
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or
2an

vn +wn/µ
=

u
A

b̄n.

This then yields two identities:

N∑
n=1

4a2
nvn

(vn +wn/µ)2
=

u2

A2

N∑
n=1

b̄2
nvn =

u2

A
,

N∑
n=1

4a2
nwn

(vn +wn/µ)2
=

u2

A2 B = µ
u2

A
.

Clearly then the maximum of R is given by

R =
u2

A1/2 B1/2 = µ
−

1
2

u2

A
=

N∑
n=1

4a2
nvn

(µ1/4vn +µ−3/4wn)2
,

where µ > 0 solves
N∑

n=1

4a2
n

(vn +wn/µ)2
(vnµ−wn)= 0. �

The l2-summation or the interpolation exponent 1
2 are not special. Below we

record a similar lemma for all l p-summations and interpolation exponents θ ∈ (0, 1).
The proof is essentially the same and therefore omitted.

Lemma 2.2. Let (an)
N
n=1, (vn)

N
n=1, (wn)

N
n=1 be given real numbers. Assume vn>0,

wn > 0 for all 1 ≤ n ≤ N. Let 1 < p <∞ and 0 < θ < 1. For any real numbers
b1, . . . , bN with (b1, . . . , bN ) 6= (0, . . . , 0), consider

R(b1, . . . , bN )=

(∑N
n=1 anbn

)2(∑N
n=1|bn|

pvn
)2θ/p(∑N

n=1|bn|
pwn

)2(1−θ)/p .

Then

max
06=(b1,...,bN )∈RN

R(b1, . . . , bN )

= µ−2(1−θ)/p
( N∑

n=1

|an|
p/(p−1)vn

(θvn + (1− θ)wn/µ)p/(p−1)

)2(p−1)/p

,

where µ > 0 is a root solving the equation

N∑
n=1

|an|
p/(p−1)

(θvn + (1− θ)wn/µ)p/(p−1) (vnµ−wn)= 0.
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Remark. For the special case vn ≡ wn , one can easily check that µ = 1 and we
recover the usual Hölder’s inequality:∣∣∣∣ N∑

n=1

anbn

∣∣∣∣≤ ( N∑
n=1

|bn|
pwn

)1/p( N∑
n=1

|an|
p/(p−1)w−1/(p−1)

n

)(p−1)/p

.

Of course this is equivalent to the case wn ≡ 1 by a change of variable

anw
−1/p
n → an and bnw

1/p
n → bn.

A “continuous” consequence of Lemma 2.2 is the following proposition.

Proposition 2.3. Let 1< p<∞ and 0<θ < 1. Assume−d/p< a<(p−1)/pd<
b <∞ satisfy

d
(

1−
1
p

)
= aθ + b(1− θ).

For any g : Rd
→ C with g ∈ L1

loc(R
d), if |x |ag ∈ L p and |x |bg ∈ L p, then g ∈ L1,

and
‖g‖L1(Rd ) ≤ C1 · ‖|x |ag‖θL p(Rd )

· ‖|x |bg‖1−θL p(Rd )
,

where

C1 =

(∫
Rd
|x |−pa/(p−1)(θ + (1− θ)|x |p(b−a))−p/(p−1) dx

)(p−1)/p

.

Remark. For d = 1, p = 2, θ = 1
2 , a = 0 and b = 1, we get

(2-1) ‖g‖L1(R) ≤
√

2π · ‖g‖1/2L2(R)
‖xg‖1/2L2(R)

.

The sharp constant is achieved by choosing g(x)= 1/π · 1/(1+ x2). On the other
hand, the usual splitting argument (i.e., splitting the L1 norm of g into |x | ≤ R
and ≥ R, Cauchy–Schwartz and then optimizing in R) only gives the nonsharp
inequality

‖g‖L1(R) ≤ 2
√

2 · ‖g‖1/2L2(R)
‖xg‖1/2L2(R)

.

Note also that if g is an even function on R, then (2-1) becomes

‖g‖L1(R+) ≤
√
π‖g‖1/2L2(R+)

‖xg‖1/2L2(R+)
.

This inequality will appear again in (2-3) below.

Remark. A different (and considerably shorter) proof is available. See Remark 8.3.

Remark. Alternatively one can also carry out a variational argument minimizing
the energy functional E(g)= ‖g‖22+‖xg‖22 subject to the constraint ‖g‖1 = 1. The
minimizer is then given by the Cauchy distribution. We leave it to interested readers
to verify the details.
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Proof of Proposition 2.3. First we consider the case 0≤ a < (p− 1)/(p)d < b <∞.
Without loss of generality, we can assume g ≥ 0, g ∈ L1 and g is compactly
supported. By mollification one can further assume that g ∈ C∞c (R

d). By scaling
we can assume supp(g)⊂ [−1, 1]d. Now for each integer J ≥ 10 define

�J =

{(
j1
J
,

j2
J
, . . .

jd
J

)
: 1≤ | ji | ≤ J − 1, 1≤ i ≤ d

}
= {xn : 1 6= n ≤ NJ := (2(J − 1))d}.

The set �J provides a partition of the cube [−1, 1]d. Denote v(x) = |x |ap and
w(x)= |x |bp. We then consider

RNJ (b1, . . . , bNJ )=

(∑NJ
n=1 bn

)2(∑NJ
n=1|bn|

pv(xn)
)2θ/p(∑NJ

n=1|bn|
pw(xn)

)2(1−θ)/p .

By Lemma 2.2, we get for some µJ > 0:

RNJ ≤

( NJ∑
n=1

h
(

xn

tJ

)
·

1
(tJ J )d

)2(p−1)/p

,

where tJ = µ
1/((b−a)p)
J and

h(x)= |x |−ap/(p−1)(θ + (1− θ)|x |(b−a)p)−p/(p−1).

Note that ∂x j h(x) < 0 on (0,∞)d. Recall that for any one-variable function
f : (0,∞)→ [0,∞) with f ′(x)≤ 0, we have

M∑
j=1

f
(

j
M

)
1
M
≤

∫ 1

0
f (x) dx .

By iteratively using the above inequality along each coordinate axis, we have

NJ∑
n=1

h
(

xn

tJ

)
·

1
(tJ J )d

= 2d
J−1∑

j1,..., jd=1

h
(

j1
tJ J

, . . . ,
jd

tJ J

)
·

1
(tJ J )d

≤

∫
Rd

h(x/tJ ) ·
1
td
J

dx =
∫

Rd
h(x) dx .

The desired inequality then follows by taking bn = g(xn), normalizing the corre-
sponding Riemann sum and sending J to infinity. This finishes the case a ≥ 0.

Next we discuss how to modify the argument for the case−d/p<a< 0. Without
loss of generality, one can assume g ≥ 0, g ∈ L1(Rd), and is compactly supported.
Let η ∈C∞c (R

d) be such that η(x)≡ 1 for |x | ≤ 1 and η(x)= 0 for |x | ≥ 2. Define
ηε(x) = ε−dη(x/ε) and gε = g ∗ ηε . Note that |x |agε(x) ≤ const ·|x |a · (Mg)(x)
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(here Mg is the usual Hardy–Littlewood maximal function) and |x |a · (Mg) ∈ L p

(note that |x |ap for −d/p < a < (p− 1)/(p)d is an Ap weight), thus by Lebesgue
dominated convergence we have ‖|x |agε‖p→‖|x |ag‖p as ε→ 0. Similarly noting
that |x |b is bounded on the support of g, we have ‖|x |bgε‖p→‖|x |bg‖p as ε→ 0.
Thus we have shown that it suffices to prove the inequality when g ∈ C∞c (R

d)

and g ≥ 0. By scaling one can assume supp(g)⊂ [−1, 1]d.
Now fix ε0 > 0 which later will tend to zero. For each integer J ≥ 10, define

�′J =

{(
j1
J
,

j2
J
, . . . ,

jd
J

)
: ε0 J ≤ | ji | ≤ J, 1≤ i ≤ d

}
= {xn : 1≤ n ≤ NJ },

where NJ is the cardinality of �′J . Recall v(x)= |x |ap, w(x)= |x |bp and consider

RNJ (b1, . . . , bNJ )=

(∑NJ
n=1 bn

)2(∑NJ
n=1|bn|

pv(xn)
)2θ/p(∑NJ

n=1|bn|
pw(xn)

)2(1−θ)/p .

By Lemma 2.2, for some µ= µJ > 0 satisfying

(2-2)
NJ∑

n=1

1
(θv(xn)+ (1− θ)w(xn)/µ)p/(p−1) (v(xn)µ−w(xn))= 0,

we have

RNJ ≤

( NJ∑
n=1

h
(

xn

tJ

)
·

1
(tJ J )d

)2(p−1)/p

,

where tJ = µ
1/((b−a)p)
J and

h(x)= |x |−ap/(p−1)(θ + (1− θ)|x |(b−a)p)−p/(p−1).

Since |xn| ≥ ε0 for any xn ∈�
′

J , we have w(xn)/v(xn)≥ ε
(b−a)p
0 > 0. Thus by (2-2),

we have
µJ ≥ ε

(b−a)p
0 > 0.

Now regarding h as radial function, h′(ρ)= 0 for some ρ = ρ0 satisfying

a+
(1− θ)(b− a)p
θ + (1− θ)ρ(b−a)p = 0.

In the Riemann sum, one can then bound the transition region (where h′ switches
its sign) easily as:∑

xn∈�
′

J
|xn/tJ−ρ0|<10d/tJ J

h
(

xn

tJ

)
·

1
(tJ J )d

≤ const ·(J tJ )
−1
→ 0 as J →∞.



ON SOME CONJECTURES OF HEYWOOD 231

In the region where h′ has a fixed sign, one can then easily make a comparison
argument and get the inequality

lim sup
J→∞

RNJ ≤

(∫
Rd

h(x) dx
)2(p−1)/p

+ Bε0,

where Bε0 → 0 as ε0→ 0. The desired inequality then follows. �

An immediate corollary of Proposition 2.3 is the following sharp interpolation
inequality.

Corollary 2.4. Let the dimension d be greater than or equal to 1. Let 0 < θ < 1
and −d/2< a < d/2< b <∞ satisfy

d
2
= aθ + b(1− θ).

Then for any real-valued f ∈ S(Rd), we have

‖ f ‖L∞x (Rd ) ≤
1

(2π)d
‖ f̂ (ξ)‖L1

ξ (R
d )

≤ C2 ‖ |∇|
a f ‖θL2

x (R
d )
· ‖ |∇|

b f ‖1−θL2
x (R

d )
,

where |∇| =
√
−1 and

C2 = (2π)−d/2
·

(∫
Rd
|x |−2a(θ + (1− θ)|x |2(b−a))−2 dx

)1/2

.

Remark. For the special case d = 3, a = 1, b = 2 and θ = 1/2, we get C2 =

1/
√

2π and we recover (1-2) on R3. In this case, it is also possible to find an
explicit function achieving the sharp constant C2. Indeed by using the Fourier
transform, one only needs to find a radial function f , such that its Fourier transform
f̂ (ξ)=

∫
R3 f (x)e−i xξ dx ≥ 0 satisfies

(‖ f ‖∞= 1) :
∫
∞

0
f̂ (ρ)ρ2 dρ= 2π2,

(‖∇ f ‖2·‖1 f ‖2= 2π) :
(∫

∞

0
( f̂ (ρ)ρ2)2 dρ

)
·

(∫
∞

0
( f̂ (ρ)ρ2)2ρ2 dρ

)
= 16π6.

Denote f̂ (ρ)ρ2
= 2π2g(ρ). Then

∫
∞

0 g(ρ)= 1 and

(2-3)
∫
∞

0
g(ρ)2 dρ ·

∫
∞

0
g(ρ)2ρ2 dρ = π−2.

Choosing g(ρ)= 2/π · (1+ ρ2)−1 then achieves both equalities.

Proof of Corollary 2.4. Use Fourier transforms and Proposition 2.3. �
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Lemma 2.5 (for Theorem 1.1). Fix 0 < y < π . For any N ≥ 2, suppose µN > 0
solves

N∑
n=1

sin2 ny

(n2/3+µ−1
N n4/3)2

(n2/3µN − n4/3)= 0.

Then

(1) lim
N→∞

µN =∞.

(2) lim
N→∞

µN

N 2/3 = 0.

(3) lim
N→∞

N∑
n=1

8n2/3 sin2 ny

(µ
1/4
N n2/3+µ

−3/4
N n4/3)2

= 3π.

The proof of Lemma 2.5 will be deferred to Section 3. We now complete the
proof of Theorem 1.1.

Proof of Theorem 1.1. Fix y ∈ (0, π). For any N ≥ 2, consider

u(y)=
N∑

n=1

fnφn(y), φn(y)=

√
2
π

sin ny.

Clearly,

‖(−1D)
1/6u‖L2(�) =

( N∑
n=1

f 2
n n2/3

)1/2

,

‖(−1D)
1/3u‖L2(�) =

( N∑
n=1

f 2
n n4/3

)1/2

.

Then

|u(y)|2

‖(−1D)1/6u‖L2(�)‖(−1D)1/3u‖L2(�)

=

∣∣∑N
n=1 fnφn(y)

∣∣2(∑N
n=1 f 2

n n2/3
)1/2(∑N

n=1 f 2
n n4/3

)1/2 =: RN .

By Lemma 2.1 with fn = bn , φn(y)= an , vn = n2/3, wn = n4/3, we have

max
0 6=( f1,..., fN )∈RN

RN =

N∑
n=1

4φ2
n(y)n

2/3

(µ
1/4
N n2/3+µ

−3/4
N n4/3)2

,

where µN > 0 solves

N∑
n=1

4φ2
n(y)

(n2/3+µ−1
N n4/3)2

(n2/3µN − n4/3)= 0.
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The result then follows from Lemma 2.5. Note that the proof here shows that the
constant 3 is sharp since the minimizer for each RN exists. �

Proof of (1-3) in Theorem 1.3. Note that for any f =
∑N

n=1 fn cos nx ,

‖ f ‖L∞(�) ≤

∞∑
n=1

| fn|,

‖ f (1/3)‖L2(�) =
√
π

( N∑
n=1

f 2
n n2/3

)1/2

,

‖ f (2/3)‖L2(�) =
√
π

( N∑
n=1

f 2
n n4/3

)1/2

.

We then only need to show the discrete inequality( N∑
n=1

| fn|

)2

≤ 3π
( N∑

n=1

f 2
n n2/3

)( N∑
n=1

f 2
n n4/3

)
.

By Lemma 2.1, it suffices to prove

lim
N→∞

N∑
n=1

4n2/3

(µ
1/4
N n2/3+µ

−3/4
N n4/3)2

= 3π,

where µ= µN > 0 solves

N∑
n=1

4/(n2/3
+ n4/3/µ)2(n2/3µ− n4/3)= 0.

By Lemma 5.4 and an argument similar to that in Lemma 3.2, limN→∞ µN =∞.
By Lemma 3.5, we also have limN→∞ µN/N 2/3

= 0. It follows that

lim
N→∞

N∑
n=1

4n2/3

(µ
1/4
N n2/3+µ

−3/4
N n4/3)2

= lim
µ→∞

∞∑
n=1

4
(µ1/4n1/3+µ−3/4n)2

= lim
µ→∞

4
∞∑

n=1

((
n
µ3/2

)1/3

+
n
µ3/2

)−2

·µ−3/2

= 4
∫
∞

0
(x1/3

+ x)−2 dx = 3π �

Proof of (1-4) in Theorem 1.3. This is similar to the proof of (1-3). We omit
details. �
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3. Proof of Lemma 2.5

The proof of statement (1) in Lemma 2.5 can be reduced to the following proposition.

Proposition 3.1. For any 0< y < π , 0< µ<∞, we have
∞∑

n=1

sin2 ny
(µ+ n2/3)2

(
µ

n2/3 − 1
)
< 0.

Or equivalently, for any 0< t < 1, 0< y ≤ π ,
∞∑

n=1

(nt)−2/3
− 1

(1+ (nt)2/3)2
(1− cos ny) < 0.

The proof of Proposition 3.1 will be deferred to later sections. In this section
we shall assume it holds true and then complete the proof of Lemma 2.5. We shall
assume the same notation as in Lemma 2.5.

Lemma 3.2 (lower estimate of µN ). We have

lim
N→∞

µN =∞.

Proof of Lemma 3.2. Suppose for some N j →∞ we have lim j→∞ µN j = µ∗ <∞.
Since

N j∑
n=1

sin2 ny
(µN j + n2/3)2

(
µN j

n2/3 − 1
)
= 0,

taking the limit j→∞ then yields
∞∑

n=1

sin2 ny
(µ∗+ n2/3)2

(
µ∗

n2/3 − 1
)
= 0.

Now clearly µ∗ 6= 0. This is then a contradiction to Proposition 3.1. Thus we must
have limN→∞ µN =∞. �

Next we shall assume statement (2) in Lemma 2.5 holds and show how to prove
statement (3). For this we need a simple formula.

Lemma 3.3. Let 0< θ < 2π . Suppose {an}
∞

n=1 is a sequence of complex numbers
such that

∞∑
n=1

|an − an+1|<∞ and lim
n→∞

an = 0.

Then

(3-1)
∞∑

n=1

aneinθ
=

∞∑
n=1

ei(n+1)/(2)θ
·

sin nθ
2

sin θ
2

(an − an+1),
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and
∞∑

n=1

an cos nθ =
∞∑

n=1

(
−

1
2
+

sin
(
n+ 1

2

)
θ

2 sin θ
2

)
(an − an+1).

In particular, if in addition an is positive and monotonically decreasing (or negative
and monotonically increasing), then∣∣∣∣ ∞∑

n=1

aneinθ
∣∣∣∣≤ |a1|

sin θ
2

.

Proof. Recall the usual angle formula

SN =

N∑
n=1

einθ
=

eiθ (1− einθ )

1− eiθ = ei(n+1)/(2)θ
·

sin nθ
2

sin θ
2

.

Note that

|SN | ≤
1

sin θ
2

so that the series on the RHS of (3-1) converges absolutely. Denote S0 = 0. Then

(3-2)
N∑

n=1

an(Sn − Sn−1)=

N∑
n=1

an Sn −

N−1∑
n=1

an+1Sn

=

N−1∑
n=1

Sn(an − an+1)+ aN SN .

Sending N →∞ then yields (3-1). The last estimate is obvious. �

We now complete the proof of statement (3) in Lemma 2.5.

Proof of Lemma 2.5(3). Since we assume limN→∞ µN/N 2/3
= 0, we get∑

n>N

8n2/3 sin2 ny

(µ
1/4
N n2/3+µ

−3/4
N n4/3)2

≤µ
3/2
N

∑
n>N

8
n2 ≤ const ·µ3/2

N ·N
−1
→ 0, as N→∞.

Then (since limN→∞ µN =∞) it suffices to prove

lim
µ→∞

∞∑
n=1

8n2/3 sin2 ny
(µ1/4n2/3+µ−3/4n4/3)2

= 3π.

Write 2 sin2 ny = 1− cos 2ny. By Lemma 3.3, we have∣∣∣∣ ∞∑
n=1

4
(µ1/4n1/3+µ−3/4n)2

cos 2ny
∣∣∣∣≤ 4µ−1/2

sin y
→ 0 as µ→∞.
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On the other hand,

∞∑
n=1

4
(µ1/4n1/3+µ−3/4n)2

= 4
∞∑

n=1

((
n
µ3/2

)1/3

+
n
µ3/2

)−2

·µ−3/2

→ 4
∫
∞

0
(x1/3

+ x)−2 dx = 3π as µ→∞. �

The rest of this section is devoted to the proof of statement (2) of Lemma 2.5.
Denote tN = µ

−3/2
N . Clearly t = tN is a solution to the equation

N∑
n=1

sin2 ny
(1+ (nt)2/3)2

((nt)−2/3
− 1)= 0.

To complete the proof of statement (2), it suffices to prove the following lemma.

Lemma 3.4 (upper estimate of µN = t−2/3
N ). Let f (z) = (z−2/3

− 1)/(1+ z2/3)2

and fix y ∈ (0, π). Suppose t = tN > 0 is a solution to the equation

N∑
n=1

f (nt) sin2 ny = 0.

Then
lim

N→∞

1
NtN
= 0.

Proof of Lemma 3.4. It suffices for us to show that for any integer N0 ≥ 100, there
exists N1 sufficiently large, such that if m ≥ N1 and mt ≤ N0, then

m∑
n=1

f (nt) sin2 ny > 0.

Now note that sin2 ny= (1−cos n ỹ)/2, ỹ= 2y ∈ (0, 2π). In view of the symmetry
of cos n ỹ under the change of variable ỹ→ 2π − ỹ, we may assume ỹ ∈ (0, π].
Furthermore we will drop the tilde and consider only the expression

Sm =

m∑
n=1

f (nt)(1− cos ny), y ∈ (0, π].

Since f (z)> 0 for 0< z≤ 1, we may assume mt > 1. Note t ≤ N0/m≤ N0/N1→ 0
if N1→∞. We shall think of t as the main parameter. Using the fact that f (nt)< 0
if n > 1/t , we have

Sm ≥
∑

n≤N0/t

f (nt)(1− cos ny)=
∑

n≤N0/t

f (nt)−
∑

n≤N0/t

f (nt) cos ny.
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Now by (3-2) and denoting m0 = [N0/t] ([x] denotes the integer part of x),∑
n≤N0/t

f (nt)cosny

=

∑
n≤m0−1

(
−

1
2
+

sin
(
n+ 1

2

)
y

2sin 1
2 y

)
( f (nt)− f ((n+1)t))+ f (m0t)

(
−

1
2
+

sin
(
m0+

1
2

)
y

2sin 1
2 y

)
.

Thus∣∣∣∣ ∑
n≤N0/t

f (nt) cos ny
∣∣∣∣

≤

(
1
2
+

1
2 sin 1

2 y

) ∑
n≤m0−1

| f (nt)− f ((n+ 1)t)| +
(

1
2
+

1
2 sin 1

2 y

)
| f (m0t)|.

Note that F(x) = f (x)− x−2/3
= −(1+ x2/3)−2(3+ x2/3) is monotonically in-

creasing on (0,∞). Then∑
n≤m0−1

| f (nt)− f ((n+ 1)t)|

≤

∑
n≤m0−1

(F((n+ 1)t)− F(nt))+
∑

n≤m0−1

((nt)−2/3
− ((n+ 1)t)−2/3)

≤ F(m0t)− F(t)+ t−2/3
− (m0t)−2/3

≤ 3 · (1+ t−2/3).

Thus ∣∣∣∣ ∑
n≤N0/t

f (nt) cos ny
∣∣∣∣≤ C2 · (1+ t−2/3),

where C2 > 0 depends only on y.
Now let ε0 > 0 be sufficiently small (depending on N0) such that∫ ε0

0
f (z) dz <−1

2

∫
∞

N0

f (z) dz.

It follows easily that

Sm ≥
∑

ε0/t≤n≤N0/t

f (nt)−C2 · (1+ t−2/3)

≥
1
t

(∫ N0

ε0

f (z) dz−C3t
)
−C2 · (1+ t−2/3),

where C3 > 0 depends only on (ε0, N0). Here we used a standard estimate
on the Riemann sum of the function on the interval [ε0, N0] with mesh size t .
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Since
∫
∞

0 f (z) dz = 0, we then have∫ N0

ε0

f (z) dz =−
∫
∞

N0

f (z) dz−
∫ ε0

0
f (z) dz

>−
1
2

∫
∞

N0

f (z) dz =: CN0 > 0.

Then

Sm ≥
CN0

t
−C3−C2 · (1+ t−2/3) > 0,

if t is sufficiently small. The lemma is proved. �

There is a version of Lemma 3.4 needed for the cosine series case. We record it
here and sketch the proof.

Lemma 3.5. For each integer m ≥ 10 suppose µ = µm > 0 is a solution to the
equation

m∑
n=1

1
(µ+ n2/3)2

(
µ

n2/3 − 1
)
= 0.

Then
lim

m→∞

µm

m2/3 = 0.

Proof of Lemma 3.5. Denote tm = µ
−3/2
m . Then t = tm solves

m∑
n=1

f (nt)= 0, f (z)=
z−2/3

− 1
(1+ z2/3)2

and we need to show

lim
m→∞

1
mtm
= 0.

It suffices to show that for any integer N0 ≥ 100, there exists N1 sufficiently large,
such that if m ≥ N1 and mt ≤ N0, then

Sm =

m∑
n=1

f (nt) > 0.

Since f (z) > 0 for 0< z < 1, we may assume mt > 1. Then similar to the proof in
Lemma 3.4, we have

Sm ≥
∑

n≤N0/t

f (nt) >
CN0

t
− DN0,

where CN0 > 0, DN0 > 0 are constants depending only on N0. Taking t sufficiently
small then yields the result. �
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4. Continuous analogue of Proposition 3.1

In this section we prove a continuous analogue of Proposition 3.1. It is formulated
as the following theorem.

Theorem 4.1. For any y > 0 and 0< µ<∞, we have

Ĩ =
∫
∞

0

sin2(xy)
(µ+ x2/3)2

(
1−

µ

x2/3

)
dx ≥ 0.01µ−1/2 min{µ−1/2 y−1/3, µ3 y2

}> 0.

Proof of Theorem 4.1. By a change of variable x = µ3/2 x̃ , we have

Ĩ =−µ−1/2
∫
∞

0
sin2(µ3/2 yx̃) f (x̃) dx̃,

where

f (x)= (x−2/3
− 1)/(1+ x2/3)2.

It is easy to check (by making a change of variable and using contour integrals) that∫
∞

0
f (x̃) dx̃ = 0.

Then

Ĩ = µ−1/2
·

1
2

∫
∞

0
cos(2µ3/2 yx̃) f (x̃) dx̃ .

The result then follows from Theorem 4.2. �

Theorem 4.2. For any µ > 0, we have

I =
∫
∞

0
cos(µx) f (x) dx ≥ 0.03 min{µ−1/3, µ2

}> 0,

where f (x)= (x−2/3
− 1)/(1+ x2/3)2.

Proof of Theorem 4.2. We proceed in a few steps.

Step 1: Let C1=π/0(2/3)≈ 2.32003 (0(·) is the usual Gamma function). Denote

µ0 =

(
3−C1

C1

)3/2

≈ 0.15867.

We first show I ≥ 0.03µ−1/3 for µ > 1.1µ0. With f (x)− x−2/3
:= F(x), write

I =
∫
∞

0
cos(µx)x−2/3 dx +

∫
∞

0
cos(µx)( f (x)− x−2/3) dx,
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It is easy to check that

F(x)=−(1+ x2/3)−2(3+ x2/3),(4-1)

F ′(x)= 2
3 x−1/3(1+ x2/3)−3(5+ x2/3),(4-2) ∫

∞

0
cos(µx)x−2/3 dx = C1 ·µ

−1/3.

Then

I = C1µ
−1/3
−

1
µ

∫
∞

0
sin(µx)F ′(x) dx .

Using the inequality |sin z| ≤min{|z|, 1}, we have (since F ′ > 0)∣∣∣∣∫ ∞
0

sin(µx)F ′(x) dx
∣∣∣∣≤ ∫ 1/µ

0
µx F ′(x) dx +

∫
∞

1/µ
F ′(x) dx

=−µ

∫ 1/µ

0
F(x) dx = 3µ2/3(1+µ2/3)−1.

It follows that

I ≥ C1µ
−1/3
− 3µ−1/3(1+µ2/3)−1

≥ µ−1/3(C1− 3(1+ (1.1µ0)
2/3)−1)≥ 0.03µ−1/3.

Step 2: Let 0< µ≤ 1.1µ0. Recall that f (x) < 0 when x > 1. Then

I =
∫ 2

0
cos(µx) f (x) dx +

∫
∞

2
cos(µx) f (x) dx

≥

∫ 2

0
(cos(µx)− 1) f (x) dx +

∫ 2

0
f (x) dx −

∫
∞

2
| f (x)| dx

=

∫ 2

0
(cos(µx)− 1) f (x) dx +

∫
∞

0
f (x) dx

=

∫ 2

0
(cos(µx)− 1) f (x) dx,

where in the last step above we used the fact
∫
∞

0 f (x) dx = 0. Now we use the
inequality ∣∣cos z− 1+ 1

2 z2∣∣≤ 1
24 z4.

Then

I ≥−µ2 1
2

∫ 2

0
x2 f (x) dx − µ

4

24

∫ 2

0
x4
| f (x)| dx .
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One can explicitly compute

1
24

∫ 2

0
x4
| f (x)| dx = 8697−3212·21/3

−952·22/3
−2310π+4620 arctan (21/3)

3080

≈ 0.0128004;

−
1
2

∫ 2

0
x2 f (x) dx = 3

5(−6+ 13 · 21/3
+ 2 · 22/3

− 15 arctan(21/3))

≈ 0.0330903.

Then

≥µ2(0.03309−0.012801µ2)I ≥µ2(0.03309−0.012801(1.1µ0)
2)I ≥0.03µ2. �

5. Proof of Proposition 3.1

5A. The case where 3−
3
2 ≈ 0.19245 ≤ t < 1. Write

S = f (t)(1− cos y)+
∞∑

n=2

f (nt)(1− cos ny)

= f (t)
(

1− cos y+
∞∑

n=2

f (nt)
f (t)

(1− cos ny)
)
,

where f (x)= (x−2/3
− 1)/(1+ x2/3)2. We first need a lemma.

Lemma 5.1 (monotonicity of coefficients). For any n ≥ 2, f (nt)/ f (t) is monoton-
ically decreasing in t for 3−3/2

≤ t < 1.

Proof of Lemma 5.1. Write f (x)= x−2/3g(x2/3), where g(x)= (1− x)/(1+ x)2.
Then

f (nt)
f (t)

= n−2/3
·

g(n2/3t2/3)

g(t2/3)
.

Denote λ= n2/3
≥ 22/3. It suffices for us to show

g̃(x)= g(λx)/g(x)

is decreasing for 1
3 ≤ x < 1. It is easy to check that

g̃′(x)=−
(λ− 1)(1+ x)(3λx2

− (1+ λ)x + 3)
(1− x)2(1+ λx)2

.

Clearly for 1
3 ≤ x < 1,

3λx2
− (1+ λ)x + 3= λx(3x − 1)+ 3− x > 0. �
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Figure 1. g(x) for 0≤ x ≤ 1 and 1.5≤ x ≤ 3.

Denote

S̃(t, y)= 1− cos y+
∞∑

n=2

f (nt)
f (t)

(1− cos ny).

By Lemma 5.1, we get for 3−3/2
≤ t < 1,

S̃(t, y)≤ S̃(3−3/2, y).

Note that S̃(t, y) has the same sign as S for all 0< t < 1. Thus it suffices to prove
S < 0 for 0< t ≤ 3−3/2

≈ 0.19245. This will be achieved in the next steps.

5B. The case where 0< t ≤ 3−
3
2 and y/ t ≤ 1.5. Denote ε = y/t ≤ 3

2 . It suffices
for us to show the inequality∑

n≤3/t

f (nt)(1− cos(εnt)) < 0, for all 0< t ≤ 3−3/2,

where we recall f (x)= (x−2/3
− 1)/(1+ x2/3)2.

Lemma 5.2. Denote g(x)= f (x)
(
1− cos 3

2 x
)
. Then

max
0≤x≤1

g(x) < 0.062, max
1.5≤x≤3

g(x)= g(3) <−0.066.

It follows that for any 0< x1 ≤ 1 and 1.5≤ x2 ≤ 3, we have

f (x1)
(
1− cos 3

2 x1
)
+ f (x2)

(
1− cos 3

2 x2
)
< 0.

Proof of Lemma 5.2. By the plot of g(x) in Figure 1, it is clear that the maximum
of g(x) on [0, 1] occurs near 0.3≤ x ≤ 0.6, and the maximum of g(x) on [1.5, 3]
occurs at x = 3. One can then easily check the maximum of g(x) is bounded by
0.062 and−0.066 respectively. The whole argument is an easy exercise of numerical
analysis together with routine numerical computation. We omit details. �

Lemma 5.3. For any 0< x1 ≤ 1, 1.5≤ x2 ≤ 3, we have

I (ε)= f (x1)(1− cos εx1)+ f (x2)(1− cos εx2) < 0, for all 0< ε ≤ 3
2 .
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Proof of Lemma 5.3. The idea is to show that the sign of I (ε) is dictated by
I (ε = 3/2). Note that

1− cos εx2

1− cos εx1
=

(
sin 1

2εx2

sin 1
2εx1

)2

.

Consider the ratio sin 1
2εx2/ sin 1

2εx1. Note that 1
2 ·

3
2 ·3=

9
4 <π so that sin 1

2εx2 is
positive. Denote b = x2/x1 > 1, η = 1

2εx1 and note that bη ≤ 9
4 . Consider

h(η)=
sin bη
sin η

.

Since f (x2)<0 for 1.5≤ x2≤3, it suffices for us to show that h(η) is monotonically
decreasing in η. Clearly

h′(η)=
1

(sin η)2
(b cos bη sin η− sin bη cos η).

Note that if 9
4 ≥ bη ≥ π/2 we have h′ < 0. Then it remains for us to check the

inequality for bη < π/2 and 0< η ≤ 3
4 ,

g(η)= tan bη− b tan η > 0.

It is easy to compute that

g′(η)= b(sec2 bη− sec2 η) > 0.

Here we used the fact that 0 < cos(bη) < cos(η). Since g(0) = 0, clearly then
g(η) > 0 for 0< η <min{π/(2b), 3/4}. �

By Lemma 5.3, we have∑
n≤3/t

f (nt)(1−cosεnt)<
∑

n<1/t

f (nt)(1−cosεnt)+
∑

1.5/t≤n≤3/t

f (nt)(1−cosεnt)<0,

since the first sum contains at most [1/t] terms and the second sum contains
obviously ≥ [1.5/t] terms.

5C. The case where 0 < t ≤ 3−
3
2 and y/ t ≥ 1.5, reduction to an inequality. In

this section, we shall show that to finish the proof of Proposition 3.1 for the case
0< t ≤ 3−3/2 and y/t ≥ 1.5, it suffices to prove the following inequality: for any
1.5t ≤ y ≤ π , 0< x = t2/3

≤ 1/3,

(5-1) 3
1+x

− 1+G0(y)−
(

1
2 sin 1

2 y
−

1
2

)
·

3x + x2

(1+ x)2
> 0,

where

(5-2) G0(y)=
∞∑

n=1

n−2/3 cos ny.
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We begin with an easy lemma.

Lemma 5.4. Recall f (x)= (x−2/3
− 1)/(1+ x2/3)2. For any t > 0, we have

S =
∞∑

n=1

f (nt) < t−2/3
(

1−
3

1+ t2/3

)
.

In particular, S < 0 for all 0< t <∞.

Proof of Lemma 5.4. Using the fact that
∫
∞

0 f (x) dx = 0 and ( f (x)− x−2/3)′ > 0,
we have

t S=
∞∑

n=1

∫ nt

(n−1)t
(x−(n−1)t) f ′(x)dx

=

∫ t

0
x f ′(x)dx+

∞∑
n=2

∫ nt

(n−1)t
(x−nt) f ′(x)dx+t

∫
∞

t
f ′(x)dx

=−

∫ t

0
f (x)dx+

∞∑
n=2

∫ nt

(n−1)t
(x−nt)( f (x)−x−2/3)′ dx

+

∞∑
n=2

∫ nt

(n−1)t
(x−nt)(x−2/3)′ dx

≤−

∫ t

0
f (x)dx+t1/3

=−
3t1/3

1+t2/3+t1/3.

Now observe that if t > 1, then f (nt)< 0 for any n≥ 1 which implies S< 0. For
0< t ≤ 1, we clearly have 1−3/(1+t2/3)< 0. Thus S< 0 in all cases. �

Lemma 5.5.
∑
∞

n=1 f (nt) cos ny ≥ t−2/3G0(y)+
(
−

1
2
+

1
2 sin 1

2 y

)
F(t),

where F(t)= f (t)−t−2/3
=−(1+t2/3)−2(3+t2/3) and G0(y) was defined in (5-2).

Proof of Lemma 5.5. Note that for limx→∞ F(x)= 0 and for any t > 0,

∞∑
n=1

|F(nt)− F((n+ 1)t)|<∞.

By Lemma 3.3, we have

∞∑
n=1

f (nt)cosny=
∞∑

n=1

(nt)−2/3 cosny+
∞∑

n=1

F(nt)cosny

= t−2/3G0(y)+
∞∑

n=1

(
−

1
2
+

sin
(
n+ 1

2

)
y

2sin 1
2 y

)
(F(nt)−F((n+1)t)).
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Clearly
∞∑

n=1

(
−

1
2

)
(F(nt)− F((n+ 1)t))=− 1

2 F(t).

On the other hand, since F(x) = f (x) − x−2/3 is negative and monotonically
increasing on (0,∞), we have

∞∑
n=1

∣∣∣∣∣sin(n+ 1
2)y

2 sin 1
2 y

∣∣∣∣∣ |F(nt)− F((n+ 1)t)|

≤
1

2 sin 1
2 y

∞∑
n=1

(F((n+ 1)t)− F(nt))=−
F(t)

2 sin 1
2 y
.

Clearly then

∞∑
n=1

f (nt) cos ny ≥ t−2/3G0(y)+
(
−

1
2
+

1
2 sin 1

2 y

)
F(t). �

By Lemma 5.4 and Lemma 5.5, we get

∞∑
n=1

f (nt)(1− cos ny)

< t−2/3(1−
3

1+ t2/3 )− t−2/3G0(y)−
(

1
2 sin 1

2 y
−

1
2

)
· (−1) ·

3+ t2/3

(1+ t2/3)2
.

It is then clear that we only need to prove (5-1).

6. Proof of (5-1)

6A. The case where 0.208 ≤ y ≤ π . We first establish some properties of the
polygamma function G0(y).

Lemma 6.1. Recall G0(y)=
∑
∞

n=1 n−2/3 cos ny. We have for 0< y ≤ π ,

G0(y)= g0(cos y),

where for −1≤ x < 1,

g0(x)=
1

0
( 2

3

) ∫ ∞
0

t−1/3
·

et x − 1
e2t − 2et x + 1

dt

=
1

0
( 2

3

) ∫ ∞
0

t−1/3
·

1
2

(
−1+

sinh t
cosh t − x

)
dt.

In particular g′0(x) > 0 for −1≤ x < 1 and G0(y) is monotonically decreasing for
0< y ≤ π .
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Figure 2. Plot of G0(y).

Proof of Lemma 6.1. By using the identity

n−s
=

1
0(s)

∫
∞

0
e−tnt s−1 dt, s > 0,

we get, for z = eiα with 0< α ≤ π ,

N∑
n=1

n−szn
=

1
0(s)

∫
∞

0

ze−t
− zN+1e−(N+1)t

1− ze−t t s−1 dt.

Since |z| = 1 and z 6= 1, it is easy to check that

lim
N→∞

zN+1
∫
∞

0

e−(N+1)t

1− ze−t t s−1 dt = 0.

We then obtain
∞∑

n=1

n−szn
=

1
0(s)

∫
∞

0

1
et/z− 1

t s−1 dt.

The desired identity then follows from

Re
(

1
et e−iy − 1

)
=

et cos y− 1
e2t − 2et cos y+ 1

.

To show g′0(x) > 0 it suffices to consider the integrand

h(t, x)=
sinh t

cosh t − x
.

Note that h(t, x) has no singularities since −1 ≤ x < 1 and t > 0. Clearly
∂/∂x h(t, x) > 0 which implies g′0(x) > 0. �

Lemma 6.2. For any 0.208≤ y ≤ π , we have

S̃(y)= 25
16 +G0(y)− 5

16 ·
1

sin 1
2 y
> 0.
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Figure 3. Plot of S̃(y).

Proof of Lemma 6.2. Although from Figure 3, it is transparent that S̃(y) > 0, we
shall still give a more “analytic” proof. (Since G0(y) is not an elementary function
we try to reduce the numerical evaluation of G0(y) to as few sample points as
possible).

By Lemma 6.1, G0(y) is monotonically decreasing on (0, π]. Observe that
1/(sin(1/2)y) is also monotonically decreasing on (0, π]. Then clearly for any
0< h ≤ π ,

min
h/2≤y≤h

S̃(y)≥ 25
16 +G0(h)− 5

16 ·
1

sin 1
4 h
=: G̃(h).

We first show that S̃(y) > 0 for π/8 ≤ y ≤ π . By explicit numerical evaluations,
we have

G̃(π)≈ 0.484381> 0, G̃(π/2)≈ 0.345131> 0, G̃(π/4)≈ 0.0401163> 0.

Thus S̃(y) > 0 on [π/8, π].
Next we consider the regime 0.208 ≤ y ≤ π/8 ≈ 0.392699. Again by mono-

tonicity, we have for 0.208≤ b1 ≤ y ≤ b2 ≤ π/8,

S̃(y)≥ 25
16 +G0(b2)−

5
16 ·

1

sin 1
2 b1

.

By iteratively using the above inequality, we get:

If 0.3≤ y ≤ π/8, then S̃(y)≥ 0.195> 0.

If 0.25≤ y ≤ 0.3, then S̃(y)≥ 0.0758> 0.

If 0.23≤ y ≤ 0.25, then S̃(y)≥ 0.07> 0.

If 0.22≤ y ≤ 0.23, then S̃(y)≥ 0.05> 0.

If 0.215≤ y ≤ 0.22, then S̃(y)≥ 0.04> 0.

If 0.21≤ y ≤ 0.215, then S̃(y)≥ 0.006> 0.

If 0.208≤ y ≤ 0.21, then S̃(y)≥ 0.008> 0. �
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Figure 4. G̃1(y) for 10−7
≤ y ≤ 10−6 and 10−6

≤ y ≤ 0.208.

We now complete the proof of (5-1) in the case 0.208≤ y ≤ π . For any constant
C > 0, denote

F̃(x)=
3

1+ x
−C ·

3x + x2

(x + 1)2
=

3
1+ x

−C ·
(

1+
1

x + 1
−

2
(x + 1)2

)
.

Clearly
F̃ ′(x)=−

3
(1+ x)2

−C ·
3− x
(x + 1)3

< 0 for 0< x < 1.

Then for x ≤ 1
3 , we have

F̃(x)≥ F̃
( 1

3

)
=

9
4 −

5
8C.

It follows easily that

LHS of (5-1)≥ 5
4
+G0(y)−

(
−

1
2
+

1
2 sin 1

2 y

)
·

5
8

=
25
16
+G0(y)−

5
16
·

1
sin 1

2 y
.

The result then follows from Lemma 6.2.

6B. The case where 10−6 ≤ y ≤ 0.208 and 0< t ≤
2
3 y. By the fact that for C > 0,

F̃(x)=
3

1+ x
−C

(
1+

1
1+ x

−
2

(1+ x)2

)
is monotonically decreasing in x , we only need to prove the inequality for 10−6

≤

y ≤ 0.208:

(6-1) G̃1(y) := A
((

2
3

y
)2/3)

+G0(y)−
(
−

1
2
+

1
2 sin 1

2 y

)
B
((

2
3

y
)2/3)

> 0,

where

A(x)=
3

1+ x
− 1, B(x)=

3x + x2

(1+ x)2
= 1+

1
x + 1

−
2

(x + 1)2
.
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Figure 5. B3(y) for 10−6
≤ y ≤ 0.208.

From the graph of G̃(y) (see Figure 4), it is transparent that G̃1(y) > 0. However
we shall give a more “analytic” proof at the expense of a finite number of precise
numerical evaluations.

Lemma 6.3. Set

B3(y)= A
((

2
3

y
)2/3)

−

(
−

1
2
+

1
2 sin 1

2 y

)
B
((

2
3

y
)2/3)

.

Then B3(y) is monotonically increasing for 10−6
≤ y ≤ 0.208.

Proof of Lemma 6.3. See Figure 5. Note that B3(y) consists only of smooth
elementary functions and one can easily prove the monotonicity by constructing
a suitable numerical approximation and rigorous error estimates. We omit such
standard arguments. �

Now to complete the proof of (6-1), we note that by the monotonic decreasing
property of G0(y) (Lemma 6.1) and the monotonic increasing property of B3(y)
(Lemma 6.3), we have for any 10−6

≤ b1 ≤ y ≤ b2 ≤ 0.208,

G̃1(y)≥ G0(b2)+ B3(b1)=: G̃2(b1, b2).

The idea is to choose finitely many [b j
1, b j

2] such that G0(b
j
2)+ B3(b

j
1) > 0 and⋃

j [b
j
1, b j

2] covers the whole interval [10−6, 0.208].
We now record the (rigorous) numerical computation below.

b1 = 0.15, b2 = 0.208, G̃2 ≈ 0.425414> 0.

b1 = 0.11, b2 = 0.15, G̃2 ≈ 0.00988472> 0.

b1 = 0.084, b2 = 0.11, G̃2 ≈ 0.0137149> 0.

b1 = 0.066, b2 = 0.084, G̃2 ≈ 0.00547362> 0.

b1 = 0.06, b2 = 0.066, G̃2 ≈ 0.254453> 0.
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Next we consider G̃(0.06θ j+1, 0.06θ j ) for θ = 0.95 and 0≤ j ≤ 40. The values
are listed below:

0.332451, 0.325437, 0.318268, 0.310954, 0.303506, 0.295935, 0.28825,
0.280461, 0.272577, 0.264606, 0.256557, 0.248438, 0.240257, 0.232021,
0.223737, 0.215412, 0.207053, 0.198666, 0.190256, 0.181829, 0.17339,
0.164945, 0.156499, 0.148055, 0.139618, 0.131192, 0.122782, 0.114389,
0.106019, 0.0976739, 0.0893566, 0.0810702, 0.0728171, 0.0645998, 0.0564205,
0.0482813, 0.0401842, 0.0321307, 0.0241227, 0.0161614, 0.00824834.

Note that 0.06 ·0.9541
≈ 0.00732519 and we then only need to consider the interval

[10−6, 0.0074]. For this we compute G̃(0.0074θ j+1, 0.0074θ j ) for θ = 0.98 and
0≤ j ≤ 75. The obtained numerical values are:

0.129451, 0.127181, 0.124925, 0.122681, 0.120452, 0.118236, 0.116034,
0.113845, 0.111671, 0.109511, 0.107365, 0.105232, 0.103115, 0.101011,
0.0989223, 0.0968478, 0.0947878, 0.0927426, 0.090712, 0.0886962, 0.0866952,
0.0847091, 0.082738, 0.080782, 0.078841, 0.0769151, 0.0750044, 0.073109,
0.0712288, 0.069364, 0.0675146, 0.0656806, 0.0638621, 0.0620591, 0.0602716,
0.0584998, 0.0567436, 0.0550031, 0.0532783, 0.0515693, 0.049876, 0.0481986,
0.0465371, 0.0448914, 0.0432616, 0.0416478, 0.04005, 0.0384682, 0.0369024,
0.0353527, 0.033819, 0.0323015, 0.0308, 0.0293148, 0.0278457, 0.0263928,
0.0249561, 0.0235357, 0.0221315, 0.0207436, 0.019372, 0.0180166, 0.0166777,
0.015355, 0.0140487, 0.0127588, 0.0114853, 0.0102282, 0.00898749, 0.00776321,
0.00655539, 0.00536401, 0.00418911, 0.00303069, 0.00188876, 0.00076333

Note that 0.0074 ·0.9876
≈ 0.00159373, so we reduce to the interval [10−6, 0.0016].

Finally we compute G̃(0.0016θ j+1, 0.0016θ j ) for θ = 0.985 and 0≤ j ≤ 500.
0.0337677, 0.0331133, 0.0324689, 0.0318346, 0.0312105, 0.0305965, 0.0299926,
0.0293989, 0.0288153, 0.028242, 0.0276788, 0.0271257, 0.0265829, 0.0260503,
0.0255279, 0.0250157, 0.0245137, 0.024022, 0.0235405, 0.0230693, 0.0226083,
0.0221576, 0.0217171, 0.021287, 0.0208672, 0.0204576, 0.0200584, 0.0196695,
0.0192909, 0.0189226, 0.0185647, 0.0182172, 0.01788, 0.0175532, 0.0172368,
0.0169308, 0.0166351, 0.0163499, 0.0160751, 0.0158107, 0.0155567, 0.0153132,
0.0150802, 0.0148576, 0.0146455, 0.0144439, 0.0142527, 0.0140721, 0.013902,
0.0137424, 0.0135933, 0.0134548, 0.0133268, 0.0132094, 0.0131025, 0.0130063,
0.0129206, 0.0128456, 0.0127811, 0.0127273, 0.0126841, 0.0126516, 0.0126297,
0.0126185, 0.012618, 0.0126282, 0.0126491, 0.0126807, 0.0127231, 0.0127762,
0.01284, 0.0129146, 0.013, 0.0130962, 0.0132032, 0.013321, 0.0134496,
0.0135891, 0.0137395, 0.0139007, 0.0140728, 0.0142558, 0.0144498, 0.0146546,
0.0148704, 0.0150972, 0.015335, 0.0155837, 0.0158434, 0.0161142, 0.016396,
0.0166888, 0.0169927, 0.0173077, 0.0176338, 0.017971, 0.0183193, 0.0186788,
0.0190495, 0.0194313, 0.0198244, 0.0202286, 0.0206441, 0.0210708, 0.0215089,
0.0219582, 0.0224188, 0.0228907, 0.023374, 0.0238687, 0.0243747, 0.0248922,
0.025421, 0.0259613, 0.0265131, 0.0270764, 0.0276511, 0.0282374, 0.0288353,
0.0294447, 0.0300657, 0.0306983, 0.0313426, 0.0319985, 0.032666, 0.0333453,
0.0340363, 0.0347391, 0.0354536, 0.0361799, 0.036918, 0.037668, 0.0384299,
0.0392036, 0.0399892, 0.0407868, 0.0415964, 0.0424179, 0.0432515, 0.0440971,
0.0449547, 0.0458245, 0.0467064, 0.0476004, 0.0485066, 0.0494251, 0.0503557,
0.0512986, 0.0522538, 0.0532213, 0.0542012, 0.0551934, 0.056198, 0.0572151,
0.0582446, 0.0592866, 0.0603412, 0.0614082, 0.0624879, 0.0635802, 0.0646852,
0.0658028, 0.0669331, 0.0680762, 0.069232, 0.0704007, 0.0715822, 0.0727766,
0.0739838, 0.0752041, 0.0764373, 0.0776835, 0.0789427, 0.0802151, 0.0815005,
0.0827992, 0.084111, 0.085436, 0.0867743, 0.0881259, 0.0894908, 0.0908691,
0.0922608, 0.093666, 0.0950846, 0.0965168, 0.0979625, 0.0994219, 0.100895,
0.102382, 0.103882, 0.105396, 0.106924, 0.108466, 0.110022, 0.111591,
0.113175, 0.114773, 0.116384, 0.11801, 0.11965, 0.121304, 0.122973,
0.124655, 0.126352, 0.128064, 0.129789, 0.13153, 0.133284, 0.135054,
0.136838, 0.138636, 0.140449, 0.142277, 0.14412, 0.145978, 0.14785,
0.149738, 0.15164, 0.153558, 0.15549, 0.157438, 0.159401, 0.161379,
0.163373, 0.165381, 0.167406, 0.169445, 0.1715, 0.173571, 0.175658,
0.17776, 0.179877, 0.182011, 0.18416, 0.186325, 0.188507, 0.190704,
0.192917, 0.195147, 0.197392, 0.199654, 0.201932, 0.204227, 0.206538,
0.208865, 0.211209, 0.213569, 0.215946, 0.21834, 0.220751, 0.223179,
0.225623, 0.228084, 0.230563, 0.233058, 0.235571, 0.238101, 0.240648,
0.243213, 0.245795, 0.248394, 0.251011, 0.253646, 0.256298, 0.258968,
0.261656, 0.264362, 0.267086, 0.269828, 0.272588, 0.275366, 0.278163,
0.280977, 0.28381, 0.286662, 0.289532, 0.292421, 0.295329, 0.298255,
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0.3012, 0.304164, 0.307147, 0.310149, 0.31317, 0.316211, 0.319271,
0.32235, 0.325448, 0.328566, 0.331704, 0.334862, 0.338039, 0.341236,
0.344453, 0.34769, 0.350948, 0.354225, 0.357523, 0.360841, 0.364179,
0.367538, 0.370918, 0.374318, 0.37774, 0.381182, 0.384645, 0.388129,
0.391634, 0.39516, 0.398708, 0.402277, 0.405868, 0.40948, 0.413114,
0.41677, 0.420448, 0.424148, 0.427869, 0.431613, 0.435379, 0.439168,
0.442979, 0.446812, 0.450668, 0.454547, 0.458449, 0.462374, 0.466321,
0.470292, 0.474286, 0.478304, 0.482345, 0.486409, 0.490497, 0.494609,
0.498745, 0.502905, 0.507089, 0.511297, 0.515529, 0.519785, 0.524067,
0.528372, 0.532703, 0.537058, 0.541439, 0.545844, 0.550275, 0.55473,
0.559212, 0.563718, 0.568251, 0.572809, 0.577393, 0.582003, 0.586639,
0.591301, 0.59599, 0.600705, 0.605446, 0.610215, 0.61501, 0.619832,
0.624681, 0.629557, 0.634461, 0.639392, 0.64435, 0.649337, 0.654351,
0.659393, 0.664463, 0.669561, 0.674688, 0.679843, 0.685026, 0.690238,
0.69548, 0.70075, 0.706049, 0.711378, 0.716735, 0.722123, 0.72754,
0.732987, 0.738464, 0.743971, 0.749508, 0.755075, 0.760673, 0.766302,
0.771961, 0.777651, 0.783373, 0.789125, 0.794909, 0.800725, 0.806572,
0.812451, 0.818362, 0.824305, 0.83028, 0.836288, 0.842328, 0.848401,
0.854507, 0.860646, 0.866818, 0.873023, 0.879262, 0.885534, 0.891841,
0.898181, 0.904555, 0.910964, 0.917407, 0.923885, 0.930398, 0.936945,
0.943528, 0.950146, 0.956799, 0.963489, 0.970213, 0.976974, 0.983771,
0.990604, 0.997474, 1.00438, 1.01132, 1.0183, 1.02532, 1.03238,
1.03947, 1.0466, 1.05377, 1.06097, 1.06822, 1.0755, 1.08282,
1.09018, 1.09758, 1.10502, 1.1125, 1.12001, 1.12757, 1.13517,
1.14281, 1.15048, 1.1582, 1.16596, 1.17376, 1.1816, 1.18948,
1.19741, 1.20537, 1.21338, 1.22143, 1.22952, 1.23766, 1.24584,
1.25406, 1.26232, 1.27063, 1.27898, 1.28737, 1.29581, 1.30429,
1.31282, 1.32139, 1.33001, 1.33867, 1.34738, 1.35613, 1.36493,
1.37377, 1.38266, 1.3916, 1.40058, 1.40961, 1.41869, 1.42782,
1.43699, 1.44621, 1.45548, 1.46479, 1.47416, 1.48357, 1.49304,
1.50255, 1.51211, 1.52172, 1.53138, 1.5411, 1.55086, 1.56067,
1.57054, 1.58045, 1.59042, 1.60044

Note that 0.0016 · 0.985501
≈ 8.23515× 10−7. Thus we have proved the inequality

in the range 10−6
≤ y ≤ 0.208.

6C. The case where 0< y ≤ 10−6 and 0< t ≤
2
3 y. By the same reasoning as in the

(beginning of the) previous section, we only need to prove the inequality (6-1) for
0< y≤ 10−6. We begin with a lemma on the estimate of the polylog function G0(y).

Lemma 6.4. For any 0< y ≤ 10−6, we have

G0(y) > 2.32003y−1/3
− 2.45392.

Proof of Lemma 6.4. By Lemma 6.1, we have G0(y)= g0(cos y), where

g0(s)=
1

0
( 2

3

) ∫ ∞
0

t−1/3
·

1
2

(
−1+

sinh t
cosh t − s

)
dt.

where sinh t/cosh t − s =: h(s). Observe that h′(s) > 0 for −1 ≤ s < 1. Denote
s0 = cos 10−6 and ε = 1− s (note cos 10−6

≤ s < 1). Then

0
( 2

3

)
g0(s)≥

∫ 1

0
t−1/3

(
−

1
2
+

1
2
·

sinh t
cosh t−s

)
dt+

∫
∞

1
t−1/3

(
−

1
2
+

1
2

sinh t
cosh t−s0

)
dt

≥
1
2

∫ 1

0
t−1/3 sinh t

cosh t−s
dt−0.36394,

where we have evaluated the explicit value of the integral containing s0.
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Now denote z = cosh t and note that z = 1
2 et
+ e−t > 1

2 2+ t2
= 1+ 1

2 t2. This
implies t < (2(z− 1))1/2 and

t−1/3 > 2−1/6(z− 1)−1/6.

Then∫ 1

0
t−1/3 sinh t

cosh t − s
dt

=

∫ cosh 1

1
t−1/3(z− s)−1 dz >

∫ cosh 1

1
2−1/6(z− 1)−1/6(z− s)−1 dz

=

∫
∞

1
2−1/6(z− 1)−1/6(z− s)−1 dz−

∫
∞

cosh 1
2−1/6(z− 1)−1/6(z− 1)−1 dz

= (2ε)−1/6
∫
∞

0
z̃−1/6(z̃+ 1)−1 dz̃−

∫
∞

cosh 1
2−1/6(z− 1)−1/6(z− 1)−1 dz,

where in the last line we used the change of variable z− 1= (1− s)z̃ = ε z̃. It is
easy to check that ∫

∞

0
z̃−1/6(z̃+ 1)−1 dz̃ = 2π,∫

∞

cosh 1
2−1/6(z− 1)−1/6(z− 1)−1 dz ≈ 5.91792.

Then ∫ 1

0
t−1/3 sinh t

cosh t − s
dt > 2(π(2ε)−1/6

− 2.95896).

and
0
( 2

3

)
g0(s)≥ π(2ε)−1/6

− 3.3229.

Now note that 0< y ≤ 10−6 and

s = cos y = 1− 1
2

y2
+

cos(ξ)
24

y4 > 1− y2

2
, ξ = ξ(y) ∈ (0, 10−6).

So 2ε = 2(1− s) < y2. Then

G0(y) >
1

0
( 2

3

)(π · y−1/3
− 3.3229)≥ 2.32003y−1/3

− 2.45392. �

Lemma 6.5. Recall A(x)= 3/(1+ x)−1 and B(x)= (3+ x)/(1+ x)2x. Then for
all 0< y ≤ 10−6,

A
((

2
3

y
)2/3)

+ 2.32003y−
1
3 − 2.45392−

(
−

1
2
+

1
2 sin 1

2 y

)
B
((

2
3

y
)2/3)

> 0.
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Proof of Lemma 6.5. Clearly

A
((2

3 y
)2/3)
≥ A

((2
3 · 10−6)2/3)

≥ 1.99977,

B
((2

3 y
)2/3)
≤ 3 ·

( 2
3 y
)2/3

.

For 0< y ≤ 10−6, it is easy to check that

y/
(
2 sin 1

2 y
)
< 1+ 10−12.

Then

A
((

2
3

y
)2/3)

+ 2.32003y−1/3
− 2.45392−

(
−

1
2
+

1
2 sin 1

2 y

)
B
((

2
3

y
)2/3)

>−0.454149+ 2.32003y−1/3
−

(
−

1
2
+

1+10−12

y

)
· 3 ·

(
2
3

y
)2/3

>−0.454149+ 2.32003y−1/3
− y−1/3

· 2.28943

> 0.03y−1/3
− 0.454149≥ 0.03 · 102

− 0.454149> 0. �

Now clearly the proof of (6-1) for 0< y ≤ 10−6 follows from Lemma 6.4 and
Lemma 6.5.

7. Second proof of Theorem 1.1 and proofs of Theorems 1.4–1.5

In this section we give an alternative proof of Theorem 1.1 and also Theorems 1.4
and 1.5. We shall first prove the inequality with sharp constants, and defer the proof
of the sharpness of the interpolation constants to the end of this section. To isolate
the main point of the argument we need to establish an auxiliary lemma which gives
a comparison principle between the Dirichlet Laplacian 1D and the whole space
Laplacian 1. Note that the domain of 1D is the usual space H 1

0 (�)∩ H 2(�). For
any f ∈ H 1

0 (�) we naturally identify it as a function on Rd by defining its values
outside � to be zero.

Lemma 7.1 (comparison between 1D and 1). Let � be a smooth bounded domain
in Rd. The following hold:

(1) For any t > 0 and any f ∈ H 1
0 (�) with f ≥ 0, we have

0≤ et1D f ≤ et1 f.

(2) For any t > 0, 0< α < 1 and any f ∈ H 1
0 (�) with f ≥ 0, we have

0≤ e−t (−1D)
α

f ≤ e−t (−1)α f.
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(3) For any constant c1 > 0, 0< α ≤ 1, m > 0 and any f ∈ H 1
0 (�) with f ≥ 0,

0≤
1

(c1+ (−1D)α)m
f ≤

1
(c1+ (−1)α)m

f.

(4) For any 0< β < d/2, and any f ∈ C∞c (�) with f ≥ 0,

0≤ (−1D)
−β f ≤ (−1)−β f.

(5) Let x0∈�. For any c1>0, 0<β<d/4, 0<α≤1, m>0, with mα+β>d/4,
we have

‖(−1D)
−β(c1+ (−1D)

α)−m(δ(x − x0))‖L2(�)

≤ ‖(−1)−β(c1+ (−1)
α)−m(δ(x − x0))‖L2(Rd ).

Remark. In (5), the condition β < d/4 is to ensure the low frequency part of the
(delta) function lies in L2 and the condition mα+ β > d/4 is to ensure the high
frequency part of the function lies in L2.

Proof. The first inequality follows from a maximum principle argument on heat
equations. For the second inequality, we need to use the usual subordination
principle, namely for any 0< γ < 1, λ≥ 0, we have

e−λ
γ

=

∫
∞

0
e−λτ pγ (τ ) dτ,

where pγ (τ ) is a probability density function on [0,∞). Then

e−t (−1D)
α

=

∫
∞

0
eτ t1/α1D pα(τ ) dτ

and the second inequality easily follows from this expression and the first inequality.
The third and fourth inequalities follow from the identities

1
(c1+ (−1D)α)m

=
1

0(m)

∫
∞

0
τm−1e−τc1e−τ(−1D)

α

dτ,

(−1D)
−β
=

1
0(β)

∫
∞

0
eτ1Dτβ−1 dτ,

where 0(·) is the usual Gamma function. Note that the condition 0 < β < d/2
guarantees that (−1)−β f ∈ L∞(Rd) since f ∈ C∞c (�).

Finally for the fifth inequality, we first note that for any f ∈ H 1
0 (�) with f ≥ 0,

(−1D)
−β(c1+ (−1D)

α)−m f ≤ (−1)−β((c1+ (−1D)
α)−m f )

≤ (−1)−β((c1+ (−1)
α)−m f ).

The corresponding result for δ(x − x0) then follows from this and a standard
approximation argument. �
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We now continue the proof of Theorem 1.1.
For any N ≥ 1, consider

u(x)=
N∑

n=1

unφn(x),

where φn(x)=
√

2/π sin(nx). Clearly

‖(−1D)
1/6u‖L2(�) =

( N∑
n=1

u2
nn2/3

)1/2

,

‖(−1D)
1/3u‖L2(�) =

( N∑
n=1

u2
nn4/3

)1/2

.

By Lemma 2.1, we have for any y ∈�,∣∣∣∣ N∑
n=1

unφn(y)
∣∣∣∣2 ≤ RN ·

( N∑
n=1

u2
nn2/3

)1/2

·

(∑
n=1

u2
nn4/3

)1/2

= RN · ‖(−1D)
1/6u‖L2(�) · ‖(−1D)

1/3u‖L2(�),

where

RN =

N∑
n=1

4φ2
n(y)n

2/3

(µ1/4n2/3+µ−3/4n4/3)2
,

and µ > 0 is a constant. Now by Parseval and Lemma 7.1, we have

RN ≤

∥∥∥∥ 2(−1D)
1/6

µ1/4(−1D)1/3+µ−3/4(−1D)2/3
(δ(x − y))

∥∥∥∥2

L2
x (�)

=

∥∥∥∥ 2
(−1D)1/6(µ1/4+µ−3/4(−1D)1/3)

(δ(x − y))
∥∥∥∥2

L2
x (�)

≤

∥∥∥∥ 2
(−1)1/6(µ1/4+µ−3/4(−1)1/3)

(δ(x − y))
∥∥∥∥2

L2
x (R)

=
1

2π

∫
∞

−∞

4
|ξ |2/3(µ1/4+µ−3/4|ξ |2/3)2

dξ.

By an easy change of variable, the last integral is equal to

12
π

∫
∞

0

1
(1+ ρ2)2

dρ = 3,

where the explicit value is computed by a standard contour integral computation.
The proof of Theorem 1.4 is similar to the proof above. Hence we shall only

sketch it below.
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Proof of Theorem 1.4. Denote −1Dφn = λ
2
nφn , where λ2

n is the n-th eigenvalue
and φn is the eigen-function. Clearly for u =

∑N
n=1 unφn ,

‖Aαu‖L2(�) =

( N∑
n=1

u2
nλ

2α
n

)1/2

, ‖Aβu‖L2(�) =

( N∑
n=1

u2
nλ

2β
n

)1/2

,

where β = d −α. Denote

RN =

∣∣∑N
n=1 unφn(y)

∣∣2
‖Aαu‖2‖Aβu‖2

.

Then by Lemmas 2.1 and 7.1, we have

RN ≤

N∑
n=1

4φ2
n(y)λ

2α
n

(µ1/4λ2α
n +µ

−3/4λ
2β
n )2

≤ 4 ·µ−1/2
‖A−α · (1+ A2(β−α)/µ)−1(δ(x − y))‖2L2(�)

≤ 4 ·µ−1/2
‖|∇|

−α
· (1+ |∇|2(β−α)/µ)−1(δ(x − y))‖2L2(�)

≤
4
√
µ
·

1
(2π)d

∫
Rd
|ξ |−2α

· (1+ |ξ |2(β−α)/µ)−2 dξ

=
4

(2π)d

∫
Rd
|ξ |−2α(1+ |ξ |2(d−2α))−2 dξ.

Evaluating the last integral in polar coordinates then yields the result. �

Proof of Theorem 1.5. The proof of Theorem 1.5 is essentially the same as the proof
of Theorem 1.4. We shall only point out the change of numerology. Namely

RN =

∣∣∑N
n=1 unφn(y)

∣∣2
‖Aαu‖2θ2 ‖Aβu‖2(1−θ)2

and

RN ≤ µ
−(1−θ)

· ‖A−α · (θ + (1− θ)A2(β−α)/µ)−1(δ(x − y))‖2L2(�)

≤ µ−(1−θ) ·
1

(2π)d

∫
Rd
|ξ |−2α(θ + (1− θ)|ξ |2(β−α)/µ)−2 dξ

=
1

(2π)d

∫
Rd
|ξ |−2α(θ + (1− θ)|ξ |2(β−α))−2 dξ.

One can then use polar coordinates, a change of variable and rescaling, and a simple
identity ∫

∞

0
ρ−γ (1+ ρ)−2 dρ =

πγ

sin(πγ )
, 0< γ < 1,

to get the result. Note that the above identity is a simple exercise using contour
integrals. �
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We now prove the sharpness of the interpolation constants in Theorems 1.1–1.5.
For this we will need a convergence result. For any bounded domain �⊂ Rd with
smooth boundary, fix some x0 ∈� and define for λ > 0,

(7-1) �λ = {x ∈ Rd
: (x − x0)/λ ∈�}.

In other words, �λ is the λ-dilation of �. We shall denote by 1� and 1�λ the
Dirichlet Laplacian on � and �λ respectively.

Lemma 7.2. For any f ∈ C∞c (�) and any a > 0,

‖(−1�λ)
a f ‖L2(�λ)→‖(−1)

a f ‖L2(Rd ) as λ→∞.

Proof of Lemma 7.2. Without loss of generality we can assume 0 < a < 1. Note
that for f ∈ C∞c (�), we have 1 f ∈ C∞c (�) and thus

(−1�λ)
a f = (−1�λ)

−(1−a)(−1 f )

=
1

0(1− a)

∫
∞

0
t−aet1�λ (−1 f ) dt.

Note that for t large,

‖et1�λ (−1 f )‖L2(�λ) = ‖1�λe
t1�λ f ‖L2(�λ) ≤ t−1

‖ f ‖L2(Rd ),

and for t small,
‖et1�λ (−1 f )‖L2(�λ) ≤ ‖1 f ‖L2(Rd ).

These two estimates allow us to localize in t . It then suffices to prove for single
t ∼ 1 and any g ∈ C∞c (�) that

(7-2) ‖et1�λ g− et1g‖L2(�λ)+‖e
t1g‖L2(Rd\�λ)→ 0 as λ→∞.

Now without loss of generality assume 0 ∈ � and �λ is the dilation of � with
respect to the origin. Set η = et�λg− et1g. Note that ‖et1g‖L∞(|x |&λ) . λ−M for
any M > 0. A simple maximum principle estimate on η then yields (7-2). �

We now show the sharpness of the interpolation constant in Theorem 1.4 (the
argument for Theorems 1.1–1.5 is similar). The idea is as follows. Fix � and
without loss of generality assume 0 ∈�. Denote �λ as in Lemma 7.2. Suppose

C� = sup
f ∈H N (�)∩H1

0 (�)

‖ f ‖2L∞(�)
‖Aα f ‖L2(�)‖Ad−α f ‖L2(�)

, N = [(d + 1)/2].

By the proof of Lemma 7.2, C� ≤ Cα,d (Cα,d is the constant in Theorem 1.4).
Alternatively we can write

‖ f ‖2L∞(�) ≤ C�‖Aα f ‖L2(�)‖Ad−α f ‖L2(�).
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Clearly the same inequality holds with �λ replacing � and the same interpolation
constant C�. Now fix f ∈ C∞c (R

d). By taking λ→∞ and using Lemma 7.2, we
then obtain

‖ f ‖2L∞(Rd )
≤ C�‖(−1)α/2 f ‖L2(Rd )‖(−1)

(d−α)/2 f ‖L2(Rd ).

Now for the whole space case, by Proposition 8.2 and Remark 8.4, there exists f∗ ∈
Ḣα(Rd)∩ Ḣ d−α(Rd) attaining the sharp constant Cα,d . By smoothly truncating f∗,
one can find fn ∈ C∞c (R

d) which approaches Cα,d in the limit. Clearly then
C� ≥ Cα,d and thus C� = Cα,d .

Remark 7.3. The preceding argument can be adapted to give an explicit sequence
of functions fn attaining the sharp interpolation constant Cα,d in the limit n→∞.
We again illustrate for the case of Theorem 1.4. Without loss of generality assume
0 ∈� and define �λ as in (7-1). Let χ ∈C∞c (R

d) be such that χ(x)= 1 for |x | ≤ 1
and χ(x)= 0 for |x | ≥ 2. Fix any integer n ≥ 1. Define gR(x)= f∗(x)χ(x/R). By
taking R sufficiently large, we have

Cα,d ·
(

1−
1
n

)
≤

‖gR‖
2
L∞(Rd )

‖(−1)α/2gR‖L2(Rd )‖(−1)
(d−α)/2gR‖L2(Rd )

≤ Cα,d .

Now fix R and define hλ(x)= gR(λx). Now observe that for any λ > 0 sufficiently
large, we have hλ ∈ C∞c (�). Also for any s > 0,

‖(−1�)
s/2(hλ)‖L2(�) = λ

s−d/2
‖(−1�λ)

s/2(gR)‖L2(�λ).

By Lemma 7.2, it follows easily that

‖hλ‖2L∞(�)
‖(−1�)α/2hλ‖L2(�)‖(−1�)

(d−α)/2hλ‖L2(�)

=
‖gR‖

2
L∞(�λ)

‖(−1�λ)
α/2gR‖L2(�λ)‖(−1�λ)

(d−α)/2gR‖L2(�λ)

→

‖gR‖
2
L∞(Rd )

‖(−1)α/2gR‖L2(Rd )‖(−1)
(d−α)/2gR‖L2(Rd )

as λ→∞.

One can then choose λn sufficiently large and define fn = hλn .

8. Third proof of Theorem 1.1

Lemma 8.1 (equivalence of constants). Let the dimension d ≥ 1. Let 0 < θ < 1,
1< p <∞, −∞< a < (p− 1)/(p)d < b <∞ satisfy

d
(

1−
1
p

)
= θa+ (1− θ)b.
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Then∫
Rd
|x |−pa/(p−1)(θ + (1− θ)|x |p(b−a))−p/(p−1) dx

=

∫
Rd
|x |−pa/(p−1)(θ + (1− θ)|x |p(b−a))−1/(p−1) dx .

Proof of Lemma 8.1. In polar coordinates, the identity takes the form∫
∞

0
ρ−pa/(p−1)+d−1(θ + (1− θ)ρ p(b−a))−p/(p−1) dρ

=

∫
∞

0
ρ−pa/(p−1)+d−1(θ + (1− θ)ρ p(b−a))−1/(p−1) dρ.

Since d(1− 1/p)= a+ (b− a)(1− θ), we can write

−
pa

p− 1
+ d − 1=

p
p− 1

(b− a)(1− θ)− 1.

By a change of variable (1− θ)/(θ)ρ p(b−a)
→ ρ, we reduce to proving∫

∞

0
ρα(1−θ)−1(1+ ρ)−1−α dρ = θ

∫
∞

0
ρα(1−θ)−1(1+ ρ)−α dρ,

where α = 1/(p− 1). The above is equivalent to

(1− θ)
∫
∞

0
ρα(1−θ)−1(1+ ρ)−1−α dρ = θ

∫
∞

0
ρα(1−θ)(1+ ρ)−1−α dρ.

Using integration by parts, the left-hand side of this equation gives

1+α
α

∫
∞

0
ρα(1−θ)(1+ ρ)−2−α dρ,

while the right-hand side gives

1+α
α

∫
∞

0
ραθ ·

(
1+ ρ
ρ

)−2−α

· ρ−2 dρ =
1+α
α

∫
∞

0
ρ̃α(1−θ)(1+ ρ̃)−2−α dρ̃,

with ρ̃ = 1/ρ, concluding the proof. �

Proposition 8.2. Let 1< p<∞ and 0<θ < 1. Assume−∞<a<(p−1)/(p)d<
b <∞ satisfy

d
(

1−
1
p

)
= aθ + b(1− θ).

For any g : Rd
→ C in L1

loc(R
d), if |x |ag ∈ L p and |x |bg ∈ L p, then g ∈ L1, and

‖g‖L1(Rd ) ≤ C2 · ‖|x |ag‖θL p(Rd )
· ‖|x |bg‖1−θL p(Rd )

,
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where

C2 =

(∫
Rd
|x |−pa/(p−1)(θ + (1− θ)|x |p(b−a))−1/(p−1) dx

)(p−1)/p

.

The constant C2 is sharp with the equality achieved by

g(x)= g∗(x)= |x |−pa(θ + (1− θ)|x |p(b−a))−1/(p−1).

Furthermore, for any g(x) achieving the equality, there exist a1 ∈ R, a2 > 0 and
measurable ω : Rd

→ R such that

g(x)= a1g∗(a2x) · eiω(x) a.e. in x ∈ Rd .

Remark 8.3. By Lemma 8.1, we have C2 = C1 where C1 is the constant in
Proposition 2.3. Hence these two propositions are essentially equivalent (except for
the wider range for the parameter a in the latter).

Remark 8.4. For the special case p = 2, it follows that the sharp constant to the
inequality

‖ f ‖L∞(Rd ) ≤ C · ‖|∇|a f ‖θL2(Rd )
‖|∇|

b f ‖1−θL2(Rd )
for all f ∈ Ḣa

∩ Ḣ b,

with −∞< a < d/2< b <∞, 0< θ < 1 and d/2= aθ + b(1− θ), is achieved
by the function f = f∗ with Fourier transform

f̂∗(ξ)= const ·|ξ |−2a
· (θ + (1− θ)|ξ |2(b−a))−1.

Furthermore, by examining the condition for equality (we also need to use the
condition for ‖ f ‖L∞x = (2π)

−d
‖ f ‖L1

ξ
to simplify the phase factor eiω(ξ)), we have

that any function f attaining the sharp interpolation constant must be equal to f∗
up to multiplication by a constant factor, dilation or translation (in x).

Proof of Proposition 8.2. By scaling we may assume ‖|x |ag‖p = ‖|x |bg‖p = 1.
Clearly then ‖wg‖p = 1 with

w(x)= |x |a(θ + (1− θ)|x |p(b−a))1/p.

By the Hölder inequality, we have

‖g‖1 = ‖w−1
·wg‖1 ≤ ‖w−1

‖p/(p−1)‖wg‖p = C2.

The equality is clearly achieved by |g| = const ·w−p/(p−1) (a.e. in x ∈ Rd). Note
that such a function achieving the inequality must be unique and equal to g∗(x) (up
to dilations and multiplication by a constant factor). �

Inspired by the proof of Proposition 8.2, we now give a short proof of the
inequality (1-2). Note that we do not make use of any variational arguments
(although the argument is “deeply inspired” by the aforementioned variational
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proof). The proof of the (more general) Theorem 1.5 will only differ by some
numerology.

Proof of (1-2). Without loss of generality, assume ‖∇ f ‖2 = 1 and ‖1 f ‖2 = γ > 0.
Denote A = (−1D)

1/2 and

B =
(
γ 2 A2

+ A4

2γ

)1/2

= A
(
γ 2
−1D

2γ

)1/2

.

Then by using eigen-function expansion, it is easy to check that ‖B f ‖2 =
√
γ .

Clearly
‖ f ‖2L∞(�) = ‖B

−1 B f ‖2L∞(�).

So it suffices for us to prove the following inequality for g ∈ H 1
0 (�):

‖B−1g‖L∞(�) ≤ (2π)−1/2
‖g‖L2(�).

Denote g̃(x)= |g(x)| if x ∈�, and g̃(x)= 0 for x ∈ R3
\�. Denote

B̃ =
(
−γ 21+12

2γ

)1/2

= |∇|

(
γ 2
−1

2γ

)1/2

.

By using a comparison argument (as in Lemma 7.1), it is easy to check that

(8-1) ‖B−1g‖L∞(�) ≤ ‖B̃−1g̃‖L∞(R3)

≤ (2π)−3
‖
̂̃B−1g̃ (ξ)‖L1

ξ (R
3) ≤ (2π)

−1/2
‖g̃‖2, �

Finally we give a short proof of Theorem 1.5.

Proof of Theorem 1.5. Without loss of generality, ‖Aα f ‖2= 1 and ‖Aβ f ‖2= b> 0.
We then consider

B =
(

b2 A2α
+ A2β

2b2θ

)1/2

.

Note that B−1
=
√

2bθ A−α(b2
+ A2(β−α))−1/2. In view of the assumption β−α≤ 1

and by Lemma 7.1, one can still use the comparison argument and bound B−1 by
the corresponding full space operator B̃−1. The sharp constant is then given by the
expression

C = ‖B̃−1δ0‖
2
L2(Rd )

= (2π)−d
|Sd−1

| ·

∫
∞

0

2
1+ ρ2(β−α) · ρ

d−1−2α dρ,

where |Sd−1
| denotes the surface area of a (d−1)-dimensional hypersphere. Note

that by Lemma 8.1 and the proof of Theorem 1.5 in Section 7, the constant C
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is the same as the constant Cα,β,θ,d in Theorem 1.5. By using the fact d − 2α =
2(1−θ)(β−α) and the change of variable t = ρ2(β−α), we can easily calculate C as

C = (2π)−d
·

1
β −α

· |Sd−1
| ·

∫
∞

0
(1+ t)−1t−θ dt

= (2π)−d
·

1
β −α

·
2πd/2

0
( d

2

) · π

sinπθ
. �

Finally we show that for any smooth bounded domain �⊂ Rd, there does not
exist any function achieving the equality with sharp interpolation constant. First
we need a simple lemma.

Lemma 8.5. Let δ0 be the usual Dirac distribution on Rd. Assume 0< α0 < d and
0< β0 ≤ 2. Then there exists a constant Cd,α0,β0 > 0, such that(

|∇|
−α0(1+ |∇|β0)−1δ0

)
(x)≥ Cd,α0,β0(1+ |x |)

−(d−α0) for all x ∈ Rd .

Proof of Lemma 8.5. Denote g = (1+ |∇|β0)−1δ0. Clearly g ∈ L1(Rd), g ≥ 0, and
there exists R0 = R0(β0, d) > 0 such that∫

|y|<R0

g(y) dy > 1
2 .

Clearly then ∫
|y|<R0

|x − y|−(d−α0)g(y) dy ≥ const ·(1+ |x |)−(d−α0).

Since |∇|−α0 g = const ·|x |−(d−α0) ∗ g, the result easily follows. �

Proof of Remark 1.6. To avoid complicated numerology, consider first the case of
inequality (1-2). Assume there exists a function attaining the sharp interpolation
constant. A close examination of the last inequality in (8-1) shows that to have
inequality we must have

ˆ̃g(ξ)= c1 · eiω(ξ)
· |ξ |−1(γ 2

+ |ξ |2)−1/2,

where c1 > 0 is a constant and ω : Rd
→ R. By examining the second inequality

in (8-1), it is not difficult to check that we must have eiω(ξ)
≡ 1 (a.e. in ξ ) in order

to have equality. By Lemma 8.5, we then must have

g̃(x)≥ const ·(1+ |x |)−2 for all x ∈ R3.

But this contradicts the fact that g̃(x) = 0 for x ∈ R3
\�. Thus there can be no

such function for the case of inequality (1-2).
The proof for the general case (Theorem 1.5) follows along similar lines. We

omit details. �
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