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1. Introduction

In a recent series of papers, Heywood and Xie [Heywood 2014; 2000; Heywood and
Xie 1997; Xie 1991; 1995; 1997] embarked on a program to build a wellposedness
theory of Navier—Stokes equations requiring no regularity assumptions on the
boundary. Xie [1992] conjectured the inequality

1 -
(1-1) 2|7 ) < 3 Vel lAul ),

where  is an arbitrary open set in R, u is any vector field in the completion of
divergence free C2° vector fields in the Dirichlet norm ||V - ||, and A is the Stokes
operator. Xie [1991] considered the model Poisson problem and proved

1
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MSC2010: 35Q35.
Keywords: Heywood conjecture, Dirichlet Laplacian, interpolation inequality, sharp constant.

221


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2020.306-1
http://dx.doi.org/10.2140/pjm.2020.306.221
http://dx.doi.org/10.1007/s11565-014-0213-4
http://dx.doi.org/10.1007/s11565-014-0213-4

222 DONG LI

for the Laplacian case. The key argument in [Xie 1991] is the use of a maximum
principle
1G L (o W2y < 18u (s 2w,

where G, is the Green’s function for —Ap + u (Ap is the Dirichlet Laplacian)
and g, is the Green’s function on R3. Heywood [2000; 2014] reformulated several
deep conjectures seeking to prove the Stokes case (1-1) for which the maximum
principle is no longer available. In order to reach further understanding of these
problems Heywood [2014] formulated several analogous conjectures for the Fourier
sine series and cosine series. The purpose of this paper is to settle some of these
questions. Our first result concerns one-dimensional Dirichlet Laplacian operators.

Theorem 1.1. For Q2 = (0, ), if f is real-valued and f € Ho1 () N H?(Q), then

1 12y < 3M(=AD)0 Fllr2e) - (=AD" fll12q).
where Ap is the Dirichlet Laplacian on 2. Furthermore the constant 3 is sharp.
An equivalent reformulation of Theorem 1.1 is the following corollary.

Corollary 1.2 (conjecture by Heywood [2014]). Denote Q2 = (—m, ). For a
Fourier series f =Y -, f, sinnx, we have

2 3 1/3 2/3
1f 1) < 3L Y N2 1 fF M2

where {173 (resp. £?/3) denotes the fractional derivative of order % (resp. %)
for f.! Furthermore the constant % is sharp.

Remark. Note that for f =300, fysinnx, | fY )2 rm=v21FY 201
and hence the factor % in Corollary 1.2.

Theorem 1.3. Let Q = (—m, ). For a Fourier cosine series f = Z,C;o:1 fncosnx,
we have

(1-3) 1 12y < 30F N2 1 F %P 2y

Furthermore the constant 3 is sharp. Similarly, for a Fourier series

o0 [e.¢]
f= Z fn(l) cosnx + Z fn(z) sinnx,

n=1 n=1

we have

(1-4) 1 12y < 3N M2 1 F %P M 2y
The constant 3 is also sharp.

'Here in the context of Fourier series, one can regard the fractional derivative of order « as the
Fourier multiplier n®.
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Remark. Corollary 1.2 was conjectured by Heywood [2014, Section 8]. The in-
equality (1-3) was proved by Heywood [2014] and he conjectured that the constant 3
is sharp [2014, Conjecture 1]. Here we settle these questions in the affirmative.

Remark. The main issue in Theorems 1.1 and 1.3 is the sharpness of the constants.
Of course if one does not insist on having sharp constants, the above inequalities
can be obtained by a usual splitting argument.

Theorem 1.1 can certainly be generalized further. Below we give a generalization
to all dimensions with explicit interpolation constants.

Theorem 1.4. Let Q be a bounded domain in R with smooth boundary and denote
by Ap the Dirichlet Laplacian on Q.. Denote A= (—Ap)'/? and assume (d—1)/2 <
o <df2. Let N=(d+3)/2ifdisodd, and N = (d +2)/2 if d is even. Then for
any f: Q — Rwith f € HY(Q) ﬂH(}(SZ), we have

2 d—
11z < Caall A fll2@ 1A fllL2@)

where

d 1

Cad = : :
“I T d =20 24721 (d 1 1)

The constant Cy 4 is sharp.

Remark. The same result holds when = RY. A remarkable feature is that the
constant C, 4 is independent of the domain.

Remark. It is easy to check thatif d =1 and o = % then Cy g =3. lIf ¢ =1 and
d =3, then Cy 4 = 1/(27) and we recover the inequality (1-2).

The interpolation exponent % is not special and we have the following general-
ization for all 0 < 6 < 1.

Theorem 1.5. Let Q be a smooth bounded domain in R? and denote by Ap the
Dirichlet Laplacian on Q. Denote A = (—Ap)'/%. Assume a« > 0 and p > 0,
0 <0 < 1, satisfy:

e 0<a<d/2
e+ pB(1—-0)=d/2
e 0<fB—ac=<l.

Let N =(d+3)/2ifd is odd and N = (d+2)/2 if d is even. Then forany f: Q2— R
with f € HY(Q) N Hy (), we have

2 1—6 2
1@ < Capo.a (1A% F1 T2 1A Fll 2qy)

where
1 27.[11/24-1 1

B—a F(%) “sinmf°

Cupoa= Q).
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The constant Cy g g4 1S sharp.

Remark. Again the same inequality holds when = R? In this case one can
characterize all functions attaining the sharp interpolation constant. Modulo dilation
and translation symmetries, such functions take the form

f(x) = const-((—A)"2(1 + (= A)P~*)"150) (x),

where & is the usual Dirac distribution on R¢ with mass centered at the origin. See
Remark 8.4 for a proof and more details.

Remark 1.6. The constant Cy g6 4 is sharp in the sense that there exists f, €
C2°(£2), such that

2
1l
1A ful 0 | A full 2l )2

See Remark 7.3 for an explicit construction. In particular, such functions can be

Ca,ﬂ,&,da as n — oQ.

constructed to be essentially independent of the underlying domain. On the other
hand, a natural question is whether for any smooth bounded domain €2 there can
exist a function f achieving the sharp interpolation constant. We shall disprove
this at the end of Section 8. In other words, as long as £ is not the whole space R?,
then for any f € HV(Q)N Ho1 (€2) which is not identically zero, we actually have
the strict inequality

113 < Capod (1A F 1020 1A F1130))2.

We shall give three different proofs of Theorem 1.1. In the first proof, we
shall follow the variational approach initiated in the aforementioned papers by
Heywood and Xie. This approach is remarkably effective for the L™ setting.
In the simplest scenario, one can see Lemma 2.1 which can be regarded as a
device to reduce the original infinite-dimensional problem to a finite-dimensional
one. One can then prove the sharp interpolation inequality (as well as showing
the sharpness of interpolation constants) by proving certain limiting asymptotics
of Lagrange multipliers py. Specifically for Theorem 1.1 the main step is the
proof of Proposition 3.1 which will occupy most of this paper. Obtaining this
proposition is the key to showing the sharpness of the interpolation constant %
for the sine series case. In Sections 3-6 we give the proof of Proposition 3.1
with the help of a series of lemmas for different regimes of parameters. Here we
exploit certain monotonicity and convexity properties of the Fourier coefficients,
as well as some sharp bounds on the polylog function. In Section 7 we will
give a second (and slightly shorter) proof of Theorem 1.1 (and Theorems 1.4
and 1.5) by using a comparison argument. Here the main point is to prove an
upper bound directly without using any asymptotics of wy. The sharpness of
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the interpolation constant is proved separately by using a “blowup” argument. In
Section 8, we give a third proof (which is also the shortest), which does not rely on
any variational argument. The key technical input is a novel splitting of the operator
symbol saturating the comparison principle for fractional operators. Thanks to
this new proof we are able to characterize the set of functions attaining the sharp
constant. It is possible that these ideas can be suitably adapted to much more
general settings.

We now gather some notation used in this paper.

Notation. For any 1 < p < oo, we denote by || f||Lrq) or ||f||L§(Q) (to stress that
f is a function of x) the usual Lebesgue norm of a function f over a region Q C R
We denote by S (R?) the usual Schwartz functions on R¥.
We shall adopt the following convention for Fourier transforms. For f: R — R,
denote the Fourier transform

FE& =FfHE) = fR F@e S dx.

The inverse Fourier transform is then given by the formula
1
(2m)4

Note that with this convention of Fourier transform, the usual Parseval formula
reads as

10 = [, F@< e

112 @ay = @)~ 21 f | 2 ey
For s € R, the fractional Laplacian operator |V|* = (—A)*/? is denoted by

VISF &) = &1 £ ().

For s € R, the Sobolev norm || f{| s e, is computed as

1 Wity = WV F L2y = @)~ HIER £ )l 2y

whenever it is well defined.

Let Q be any bounded domain of R? with smooth boundary. We denote by
0 < XA <Xty <- < Ap — oo the ordered eigenvalues (counted with multiplicity)
with corresponding L?-normalized eigen-functions ¢ ; for the Dirichlet Laplacian
Ap on Q. Sometimes to stress the dependence on 2 we write Ag in place
of Ap. For any s € R and any f with the expansion (over the L? orthonormal
basis (¢j);?°:1)

£=Y_fid),
j=1
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one can define the Sobolev norm || f| 5+ (g as (noting that —Ap¢p; =1 ;¢;)

00 1/2
1 sy = I(=ADY"2 fllp2@) = (Z|fj|2kf}) :
j=1

provided the series converges. The fractional Laplacian operator (—Ap)® is
introduced via the usual functional calculus, or sometimes using the quadratic
form. Also one can view it as the multiplier A* with the help of eigen-function
expansions. The inhomogeneous Sobolev norm is simply defined as || f || s (@) =

I 2 + 1 f L gs )
For any x € R, we denote by [x] the closest integer to x. For x € C with Re(x) > 0,
the usual Gamma function is defined by

oo
x) = / e 't* 1 ds.
0
We shall not need the analytic continuation of I" into the left half complex plane.

2. Preliminary reductions and proof of Theorems 1.1 and 1.3

Lemma 2.1. Let (an)n 1 (Un),, 1 (w,,)f:’:l be given real numbers. Assume v, > 0,
wy, > 0 forall 1 <n < N. For any real numbers by, ..., by with (by, ...,by) #
0, ...,0), consider

(XN, anba)?
(X0 b2ua) 2 (0 2wa) >

R(by, ..., bn) =

Then
4> Uy

max  R(by,...,by)=p"2 Z(v T R

0#(b1,...,bN)€RN

where > 0 is a root solving the equation

Y ) =0

———— (i —wy) =

2 Gy w T

Proof. Without loss of generality we may assume a, > 0 forall 1 <n < N and
(ai,...,ayn) #(0,...,0). In view of homogeneity the supremum of Ris attained
at some finite b; = b; >0, 1 <i < N. Denote u = Zn 1anbn, A= Zn 1 nvn,
B = Z _ b?w,, and u = B/A. Differentiating log R at b, = b, then gives

2a, by vy N bpwy, _ b (Un N &),
m

u A B X
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or
2ay u -

— = —b,.
Up +wp /A

This then yields two identities:

N 4a % u? N u
n =
E = — E byv, = —,
(v wn/ﬂ)z A? el n A

=1

S

N 4a? Wy u? u?
Yty
— vyt wa/w)? A2 A

3

Clearly then the maximum of R is given by

R:u—zzu_éu—zzi 4a%vn
Al/2B1/2 A o (W4, + 34w,
where & > 0 solves
N
(vt —wy) = U
; (v +wn/ .

The /?-summation or the interpolation exponent % are not special. Below we
record a similar lemma for all /”-summations and interpolation exponents 6 € (0, 1).
The proof is essentially the same and therefore omitted.

Lemma 2.2. Let (an)n 1 (Un),, s (wn)f;’:l be given real numbers. Assume v, >0,
wy, >0foralll <n<N. Let ]l < p<ooand(0 <6 < 1. For any real numbers
bi,...,by with (by,...,by) #(0,...,0), consider

(Zrlz\;l "nbﬂ)2

Ry, ...,by) = |
(S bl T (0 b P,

Then
max _ R(bi, ..., by)
e —2<1—9>/p< \ la,|P/P=Dy, )2<p—1>/p
— (v, + (1 = 0)w, / )P/ P=D ’

=

where > 0 is a root solving the equation

N la, |P/ (P~
2 (Ovn + (1 = 0)wy/ )P/ =D

n=1

(Uit —wy) =0
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Remark. For the special case v, = w,, one can easily check that © =1 and we
recover the usual Holder’s inequality:

N I/p, N | | | (p=1/p
< (Z|bn|l7wn> <Z|an|P/(P— )wn— /(p— )) )
n=1 n=1

Of course this is equivalent to the case w, = 1 by a change of variable

by

anw;”” —a, and bnwrll/” — b,.
A “continuous” consequence of Lemma 2.2 is the following proposition.

Proposition 2.3. Let 1 < p <ocoand0 <0 < 1. Assume —d/p <a < (p—1)/pd <
b < oo satisfy

d(l—l) =af+b(1-0).
p

Forany g: R — Cwithge L} (RY),if |x|°g € L? and |x|’g € LP, then g € L',

and

loc

Il < Cr NXI“@NY gy - 11X @1 b

where
(p—1/p
C,= (/ |x|—lm/(17—1)(9 +(1 —9)|x|p(b_a))_p/(p_l)dx) )
d

Remark. Ford =1, p=2, 6 =1 7, a=0and b =1, we get

1/2
L2(R)

1/2
(2-1) el < V27 - gl Ilxgl

LA(R)

The sharp constant is achieved by choosing g(x) = 1/7 - 1/(1 +x?). On the other
hand, the usual splitting argument (i.e., splitting the L' norm of g into |x| < R
and > R, Cauchy—Schwartz and then optimizing in R) only gives the nonsharp
inequality

1/2 1/2
gl < 2V2- ligll o gl o

Note also that if g is an even function on R, then (2-1) becomes

1/2
I8l ey < VA NEl o, Ix1 o -

This inequality will appear again in (2-3) below.
Remark. A different (and considerably shorter) proof is available. See Remark 8.3.

Remark. Alternatively one can also carry out a variational argument minimizing
the energy functional E(g) = ||g||% + ||xg||% subject to the constraint ||g]|; = 1. The
minimizer is then given by the Cauchy distribution. We leave it to interested readers
to verify the details.
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Proof of Proposition 2.3. First we considerthe case 0 <a < (p —1)/(p)d < b < o0.
Without loss of generality, we can assume g > 0, g € L' and g is compactly
supported. By mollification one can further assume that g € C2° (R?). By scaling
we can assume supp(g) C [—1, 1]% Now for each integer J > 10 define

Q=1(L 2 ) i<il<i-11<i<d
J J J

={x,:1#n<N;:=Q2UJ —-1)%.

The set €2; provides a partition of the cube [—1, 11%. Denote v(x) = |x|* and
w(x) = |x|’P. We then consider

(i bn)” |
(024 1B Puea)) 77 (0 1Bl Pw )"

By Lemma 2.2, we get for some p; > 0:

Ny X, 1 2(p—1)/p
Ry, < ). —— i
N’—<Z (n) (nJ)d)

n=1

Ry, (b1, ....by,) =

where 1; = ;Ll/((b_a)p) and
hix) = |x|—al7/(P—1)(9 +(1— 9)|x|(b—a)p)—p/(p—1)'

Note that 8xjh(x) < 0 on (0, 00)?. Recall that for any one-variable function
f:(0, 00) = [0, 00) with f'(x) <0, we have

M ] 1 1
— == dx.
(L= [ s
j=1
By iteratively using the above inequality along each coordinate axis, we have

J—1

STE WL [ Jd 1
2T ) =2 2 )
ty) (td) =\ 1 (t;7)

n=1
S/ h(x/t;)-%dx:/ h(x)dx.
R4 t Rd

J

The desired inequality then follows by taking b, = g(x,), normalizing the corre-
sponding Riemann sum and sending J to infinity. This finishes the case a > 0.
Next we discuss how to modify the argument for the case —d/p < a < 0. Without
loss of generality, one can assume g >0, g € L'(R?), and is compactly supported.
Letn e Cé’o([Rd) be such that n(x) =1 for |x| <1 and n(x) =0 for |x| > 2. Define
Ne(x) = e 9n(x/€) and g = g * ne. Note that |x|*ge(x) < const-|x|* - (Mg)(x)
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(here Mg is the usual Hardy-Littlewood maximal function) and |x|* - (Mg) € L?
(note that |x|*” for —d/p <a < (p—1)/(p)d is an A, weight), thus by Lebesgue
dominated convergence we have |||x|“g¢ll, — |[|x|*gll, as € — 0. Similarly noting
that |x|” is bounded on the support of g, we have |[|x|°gc |, — [lx|°gll, as € — 0.
Thus we have shown that it suffices to prove the inequality when g € C>°(R?)
and g > 0. By scaling one can assume supp(g) C [—1, 114

Now fix €y > 0 which later will tend to zero. For each integer J > 10, define

sz’,={(’71,]72,...,’7"):eofs|ji|sf,1sisd}

={x,:1<n<Nyj,
where Ny is the cardinality of ©;. Recall v(x) = [x]|?, w(x) = |x|°P and consider
2
(X2 bn)
26 2(0-0)/p "
(0 1Bal 7o) P (20 L P ) 7

By Lemma 2.2, for some u = uy > 0 satisfying

Ry, (b1, ..., bn,)) =

Ny

1
D D s Ty

Nio 1 \2p=D/p
Ry, < (2} —— ,
N’—(Z (n) (m)d)

n=1

n=1

we have

where 1; = ulj/((b_a)p) and

h(x) = |x|_“1’/(l’—1)(0 +( - 9)|x|(b—a)p)—p/(p—l)'

Since |x, | > €p for any x,, € Q’j, we have w(x,)/v(x,) > e(()b_a)p > 0. Thus by (2-2),
we have
wy > e(()b_”)p > 0.

Now regarding & as radial function, 4’(p) = 0 for some p = pg satisfying

A-0b-a)p _
0+ (1—0)pb-or

In the Riemann sum, one can then bound the transition region (where A" switches
its sign) easily as:

. 1

Ly
x, €9
lxn /ty—pol<10d/ty J
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In the region where A’ has a fixed sign, one can then easily make a comparison
argument and get the inequality

2(p=1)/p
limsup Ry, < ([ h(x) dx) + Be,,
Rd

J—00

where B, — 0 as g — 0. The desired inequality then follows. ]

An immediate corollary of Proposition 2.3 is the following sharp interpolation
inequality.

Corollary 2.4. Let the dimension d be greater than or equal to 1. Let 0 <0 < 1
and —d /2 <a <d/2 < b < oo satisfy

d

> =ab+b(1-0).

Then for any real-valued f € S(RY), we have

1 a
(ZJT)d ||f('§)||Lé(Rd)

0 b 1-0
< G IVIE S 2 gy - IV U 2 ey

”fHLgC(Rd) =

where |V| =/ —A and

1/2
Cy = (2m)™2. (/ x| 7240 + (1= 0)[x [P0~ 2 dx) :
R4
Remark. For the special case d =3, a=1, b=2and 0 = 1/2, we get C, =
1/+/27 and we recover (1-2) on R3. In this case, it is also possible to find an
explicit function achieving the sharp constant C,. Indeed by using the Fourier

transform, one only needs to find a radial function f, such that its Fourier transform
F€) = [ fx)e™™ dx > 0 satisfies

(1 flloo = 1):f0°° Fo)ptdp =272,
IV fll2-|Af Il =2m) : ( /0 Oo(f(p)pz)zdp)-( fo m(f(p)pz)zpzdp) = 167°.
Denote f(p)p? = 272g(p). Then [;° g(p) =1 and
(23) fo e dp- /O e rrdp=n2.

Choosing g(p) =2/m - (1+ p>)~! then achieves both equalities.

Proof of Corollary 2.4. Use Fourier transforms and Proposition 2.3. ([l
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Lemma 2.5 (for Theorem 1.1). Fix 0 <y < . Forany N > 2, suppose iy > 0

solves
N sin® ny
( 2/3MN _ n4/3) -0
— (n2/3 + +uy n4/3)2
Then
1 li =
(1 m ey = 00
. KN

@ e W

. N 8n2/3 sin? ny
3) lim

N—o00 4 (M1/4n2/3 +M§3/4n4/3)2 -

The proof of Lemma 2.5 will be deferred to Section 3. We now complete the
proof of Theorem 1.1.

Proof of Theorem 1.1. Fix y € (0, ). For any N > 2, consider

N
u() =Y fapa(3).  Gu(y) = \ﬁsmny
n=1

Clearly,
I(=ADp)ullp2q) = (Z fin 2/3) :
N 1/2
||(_AD)1/3M||L2(Q) = <Z fnzn4/3> .
n=1
Then

lu(y)|?
[(=Ap)oull 2o I(=A D) Pull 12(q)

_ |50, fun )
(DN £2n2) (DN )

4/3

=: Ry.

By Lemma 2.1 with f, =b,, ¢,(y) =a,, v, =n?3, w, =n*3, we have
N
4gn(n*
max NRsz /4 23 . —3/4 432
0F£(f1,.., fn)ER (Uy n / +uy ' n /3)

n=1
where 1y > 0 solves

N

L T P
— (n2/3+u;1n4/3)2
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The result then follows from Lemma 2.5. Note that the proof here shows that the
constant 3 is sharp since the minimizer for each Ry exists. U

Proof of (1-3) in Theorem 1.3. Note that for any f = Zflv:l facosnx,

[e.0]
If @) < Y1 fal,

n=1
N

12
LY 2 = ﬁ(Z fn2”2/3) ,

n=1

1/2

N
1f N2 =V (Z f,fn““)
n=1

We then only need to show the discrete inequality

(S <3n(Z) (),

By Lemma 2.1, it suffices to prove

N

4n*/3
N—00 4 (M1/4n2/3 + 'u;]3/4n4/3)2

El

where ;© = uy > 0 solves

N
Z 4/ 403 2P — n*?y =0

n=1

By Lemma 5.4 and an argument similar to that in Lemma 3.2, limy_, oo tny = 00.
By Lemma 3.5, we also have limy_, s MN/N2/3 = 0. It follows that

N 4n2/3 b 4

lim = lim
N— 00 £~ (MII\I/4”2/3 + ,u;,3/4n4/3)2 p—>00 X_: (/4013 4 u=3/4n)2

13 )
L
,}Ln;o‘lZ(( 3/2) +M3/2) K

:4f (x'P 4 x)"2dx =37 g
0

Proof of (1-4) in Theorem 1.3. This is similar to the proof of (1-3). We omit
details. O
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3. Proof of Lemma 2.5

The proof of statement (1) in Lemma 2.5 can be reduced to the following proposition.

Proposition 3.1. Forany0 <y <m, 0 < u < 0o, we have

) .2
Z sin” ny (,u _1)<0

2/3y2\ 273 :
p— (u+n<>)>\n

Or equivalently, forany0 <t <1, 0 <y <m,

(nt)=23 -1
Z 0o (m)w)z(l —cosny) < 0.

n=1

The proof of Proposition 3.1 will be deferred to later sections. In this section
we shall assume it holds true and then complete the proof of Lemma 2.5. We shall
assume the same notation as in Lemma 2.5.

Lemma 3.2 (lower estimate of py). We have

lim My = OQ.
N—o0

Proof of Lemma 3.2. Suppose for some N; — oo we have lim;_, « UN; = s < OO.

Since
sin“ ny (,uN_, 3 1) _0
(I'LN,- +n2/3)2 n2/3 ’
taking the limit j — oo then yields
i sin® ny ( s 1) _o
2 (22 (275 '

Now clearly . # 0. This is then a contradiction to Proposition 3.1. Thus we must
have limy_, o iy = 00. O

Next we shall assume statement (2) in Lemma 2.5 holds and show how to prove
statement (3). For this we need a simple formula.

Lemma 3.3. Let 0 < 6 < 27. Suppose {a,},2 | is a sequence of complex numbers
such that
Zlan —apt+1| <00 and lim a, =0.

n— 00
n=1

Then

ad ad sin 22
(3-1) Y =3O — 2 (a, —a,),

- S bl
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and

in(n+ 1
Zan cosnf = Z( 3 +w)(an —an+1).

o 2s1n§

In particular, if in addition a,, is positive and monotonically decreasing (or negative
and monotonically increasing), then

in6 < |611 |
sin & 3
Proof. Recall the usual angle formula
N i0 ind nf
Sy=) "= eTd=e™) _ imtn/@e SIS
— 1 —el? sin &
n=1 2
Note that
1
|SN| = - 9
sin 5

so that the series on the RHS of (3-1) converges absolutely. Denote Sy = 0. Then

N N N—1
(3-2) D (S —Su) =) anSu— Y an1Ss
— n=1 n=1
N-1
= Sn(an —ant1) +anSy.
n=1
Sending N — oo then yields (3-1). The last estimate is obvious. ]

We now complete the proof of statement (3) in Lemma 2.5.

Proof of Lemma 2.5(3). Since we assume limy_, o, uny /N3 =0, we get

8n2/3sin’n 8
Z J <,u3/22—<constu%2N_l—>O, as N — o0.

1/4 —3/4 - 2
n>N ('u / n2/3+,uN / n4/3)2 n>Nn

Then (since limy_, oo y = 00) it suffices to prove
x

. 8n%/3 sin® ny
;ngrolo X_; (W1An2/3 & 1 —3/4373)2 = 3.

Write 2 sin? ny = 1 — cos 2ny. By Lemma 3.3, we have

—1/2

—0 asu— oo.

4
cos2ny| <
‘; (WA 4 =342 Y= sin y
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On the other hand,

> 4 > n \'? n o\
=4 —7 + —> R
; (VA1 3 1 =342 Z((M?,/z) 132

n=1

o
—>4/ (x1/3+x)_2dx:3rr as u — oo. [
0

The rest of this section is devoted to the proof of statement (2) of Lemma 2.5.
Denote ty = ,u;,3/ 2, Clearly ¢t =ty is a solution to the equation

N
sm ny _
Y Ty onlen ™= =o.

n=1
To complete the proof of statement (2), it suffices to prove the following lemma.

Lemma 3.4 (upper estimate of puy = t;2/3). Let f(z) = (2723 = 1)/(1 4+ z?/3)?
and fix y € (0, ). Suppose t =ty > 0 is a solution to the equation

N
Z f(nt) sin’ ny = 0.
n=1

Then |

lim — =0.
N—oo Nty
Proof of Lemma 3.4. 1t suffices for us to show that for any integer Ng > 100, there

exists N; sufficiently large, such that if m > N and mt < Ny, then

> fnt)sin*ny > 0.

n=1

Now note that sin® ny = (1 —cosnj)/2, ¥ =2y € (0, 27). In view of the symmetry
of cosny under the change of variable y — 27w — y, we may assume y € (0, 7 ].
Furthermore we will drop the tilde and consider only the expression

Sw=Y_ f(t)(1—cosny), ye 0, ml.

n=1

Since f(z) >0 for 0 < z <1, we may assume mt > 1. Note t < No/m < Ng/N;— 0
if N; — 0o. We shall think of ¢ as the main parameter. Using the fact that f(nt) <0
if n > 1/t, we have

Z f(nt)(1 —cosny) = Z f(nt) — Z f(nt)cosny.

n<Ny/t n<Ny/t n<Ny/t
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Now by (3-2) and denoting mq = [No/t] ([x] denotes the integer part of x),

Z f(nt)cosny

nSN()/l‘
1
= 2 () a0 oo (<5 TR,
neme] sin 2sinyy
Thus

Z f(nt)cosny

n<Ny/t

1 1
§<§+m> Z |f(nt)—f((n+1)t)|+( 2sin%y)lf(mot)l-

n<mop—1

Note that F(x) = f(x) —x~ % = —(1 + x?/3)72(3 + x?/3) is monotonically in-
creasing on (0, co). Then

> 1) = f((n+ Do)

n<my—1
= 3 (F(a+Dn—Fay+ Y (P =+ 1D~
n<mo—1 n<mo—1
< F(mot) — F(t) + 1723 — (mot) ™3 <3 (1 +172),
Thus

Y frycosny| < Cr- (14172,

n<Ny/t

where C, > 0 depends only on y.
Now let €y > 0 be sufficiently small (depending on Ny) such that

€ 1 00
/ fRdz<—5 | [f(2)dz.
0 2 Iy
It follows easily that

Sz Y. fan)—Cy- (14177

€/t<n<No/t
1( [N
= ;( f(Z)dZ—C3t) _CZ‘(1+Z‘_2/3),
€0

where C3 > 0 depends only on (€g, Ng). Here we used a standard estimate
on the Riemann sum of the function on the interval [€g, Ng] with mesh size ¢.
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Since [;° f(z)dz =0, we then have

No o] €0
f@di=— [ fedz- / F2) dz
0

€0 No
1 (o.¢]
> —= f(@)dz=:Cpn, > 0.
2 No
Then c
Sn= L —C3—Cy- (14+17%) > 0,
if ¢ is sufficiently small. The lemma is proved. ]

There is a version of Lemma 3.4 needed for the cosine series case. We record it
here and sketch the proof.

Lemma 3.5. For each integer m > 10 suppose u = ,, > 0 is a solution to the

equation
m

> ! ( ro_ 1) —0.
— (M+”2/3)2 n2/3
Then "
i mzn;% =0

Proof of Lemma 3.5. Denote t,, = pL,;3/ 2 Thent = t,, solves

m =23 _ 1

2 fn =0, f@=Gmmn

n=1
and we need to show .
lim — =0.
m— 00 mtm

It suffices to show that for any integer No > 100, there exists V| sufficiently large,
such that if m > N; and mt < Ny, then

Sm = Z f(l’l[) > 0.
n=1

Since f(z) > 0for 0 < z < 1, we may assume mt > 1. Then similar to the proof in
Lemma 3.4, we have

Cn,
Swz D fn) === =Dy,
n<Ny/t

where Cy, > 0, Dy, > 0 are constants depending only on Ny. Taking ¢ sufficiently
small then yields the result. (]
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4. Continuous analogue of Proposition 3.1

In this section we prove a continuous analogue of Proposition 3.1. It is formulated
as the following theorem.

Theorem 4.1. Forany y > 0 and 0 < u < 0o, we have

- [ sin’(xy) 0 e 1
1 :/ PRSIy (1 — x2/3) dx > 0.01x~"? min{u 1/2y 173, ,u3y2} > 0.
0

3/2

Proof of Theorem 4.1. By a change of variable x = p°/“X, we have

o0
f=—p / sin? (13293 f (§) dF,
0

where
F) =22 =1/ + x>

It is easy to check (by making a change of variable and using contour integrals) that
o0
/ f@)dx =0.
0

Then

o0
[=p"'2. % / cos2u’?yx) f(X) dX.
0

The result then follows from Theorem 4.2. O

Theorem 4.2. For any i1 > 0, we have
o
I= / cos(ux) f(x)dx > 0.03 min{u~'/3, u?} > 0,
0

where f(x) = (x"23—=1)/(1 +x%3)2

Proof of Theorem 4.2. We proceed in a few steps.
Step 1: Let C; =x/1"(2/3) ~2.32003 (I'(-) is the usual Gamma function). Denote

3_C 3/2
1o = ( 1) ~ 0.15867.
¢

We first show 7 > 0.03,~ /3 for o > 1.1pg. With f(x) —x~2/3 := F(x), write

I = /Oo cos(ux)x 23 dx + foo cos(ux)(f(x) —x~23) dx,
0 0
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It is easy to check that

(4-1) F(x) = —(1+x*3)723 +x2),
(4-2) F'(x) = 3x7 1P+ )73 (54627,

o0
/ cos(ux)x P dx=C;-u~ 3.
0

Then

—iz | . /
I=Cipn "7 —— sin(ux) F'(x)dx.
wJo

Using the inequality |sin z| < min{|z|, 1}, we have (since F’ > 0)

1/ 00
5/ ;LxF/(x)dx—l—f F'(x)dx
0 1/w

/00 sin(ux) F'(x) dx
0

1/u
= —uf F(x)dx =331+ p*3~".
0

It follows that
Iz Cip™ P =3p7 P4 27!
> p 3 (C =301+ L1pg) ™) = 0.0371 .

Step 2: Let O < i < 1.1u¢. Recall that f(x) <O when x > 1. Then

o0

1= AZCOS(Mx)f(x) dx+,/2 cos(ux) f(x)dx
> /j(eos(ux) _ D) d +/02 Fydx — /200|f<x>| dx
zfoz(cos(ux)—l)f(x) dx-l—/ooo Fx)dx
- /0 (cos(ux) — 1 £ (x) dx,

where in the last step above we used the fact fooo f(x)dx = 0. Now we use the
inequality

lcosz — 1 +122| < &2
Then

2 . 2
zz—;ﬁl/ xzf(X)dx—“—/ £ () dx.
2 J, 24 J,
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One can explicitly compute

2 _ /3 _ 2/3 1/3
1 4 _8697-3212.2 952.2 2310w +4620 arctan (2'/°)
2 f, I @ldx= 3080

~ 0.0128004;

2
—%f X f(x)ydx =3(—6+13-2'74+2.2*° — 15arctan(2'?))

0
~ 0.0330903.

Then

> 112(0.03309—0.012801 %) 1 > 4%(0.03309—0.012801(1.1110)*) I > 0.03p>. O
5. Proof of Proposition 3.1
5A. The case where 3‘% ~0.19245 <t < 1. Write

S=f@#)({1 —cosy) +Zf(nt)(1 —cosny)

n=2

_ B o fnr)
_f(t)(l cosy—l—nX:; 0 (1 cosny)),

where f(x) = (x 723 = 1)/(1 + x?/3)% We first need a lemma.

Lemma 5.1 (monotonicity of coefficients). Foranyn >2, f(nt)/f(t) is monoton-
ically decreasing in't for 373/% <t < 1.

Proof of Lemma 5.1. Write f(x) =x"%*3g(x*3), where g(x) = (1 —x)/(1 +x)%
Then

f(nt) ~2/3 8(”2/3l2/3)

— =n Y

f@) g(t?13)

Denote A = n?/3 > 22/3, Tt suffices for us to show
g(x)=g(x)/gx)

is decreasing for % < x < 1. It is easy to check that

_(=na + )@ =1 +1)x+3)

§ )= 1 —x)2(1 + rx)?

Clearly for % <x<l,

3l —(1+M0)x+3=axBx—1)+3—x > 0. a
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006 T //
004 F /// "‘Xﬁ\’ /
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Figurel. g(x) forO<x <land 1.5<x <3.
Denote
f(nt)
S, y)=1 —cosy+Z 0 (1 —cosny).

By Lemma 5.1, we get for 3732 <t <1,
S(t,y) =837, y).

Note that S(z, y) has the same sign as S for all 0 < ¢ < 1. Thus it suffices to prove
S < 0for 0 <t <373/2~0.19245. This will be achieved in the next steps.

5B. The case where 0 < t < 3-2 and y/t <1.5. Denote e = y/t < % It suffices
for us to show the inequality

Z F(nt)(1 = cos(ent)) < 0, forall0 <7 <3732,
n<3/t

where we recall f(x) = (x"23—1)/(1 +x%/3)2
Lemma 5.2. Denote g(x) = f (x)(l —Cos x) Then

max g(x) < 0.062, 1gnax3g(x) = g(3) < —0.066.

0<x<l1

It follows that for any 0 < x; < 1 and 1.5 < xp <3, we have

F)(L—cos3x1) + f(x2)(1 —cos 3x2) < 0.

Proof of Lemma 5.2. By the plot of g(x) in Figure 1, it is clear that the maximum
of g(x) on [0, 1] occurs near 0.3 < x < 0.6, and the maximum of g(x) on [1.5, 3]
occurs at x = 3. One can then easily check the maximum of g(x) is bounded by
0.062 and —0.066 respectively. The whole argument is an easy exercise of numerical
analysis together with routine numerical computation. We omit details. U

Lemma 5.3. Forany 0 <x; <1, 1.5 <xp <3, we have

I(e) = f(x1)(1 —cosexy)+ f(x2)(1 —cosexy) <0, forall)<e < %
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Proof of Lemma 5.3. The idea is to show that the sign of /(¢) is dictated by

I(e =3/2). Note that )
1 —cosexy _ sin %exz
1 —cosex; ~ \sin lexl '

2
Consider the ratio sin %exz/ sin %exl. Note that % . % 3= % < 7 so that sin %exz is
positive. Denote b =x;/x1 > 1, n= %exl and note that bn < %. Consider
sin bn
h(n) = ——.
sin 7

Since f(x3) <0 for 1.5 <x, <3, it suffices for us to show that () is monotonically
decreasing in n. Clearly

h(n) = (b cos by sinn — sin by cos ).

(sinn)?
Note that if % > by > /2 we have h' < 0. Then it remains for us to check the
inequality for bn < /2 and 0 < n < 3,
g(n) =tanbn —btann > 0.
It is easy to compute that
g'(n) = b(sec® by —sec® ) > 0.
Here we used the fact that 0 < cos(bn) < cos(n). Since g(0) = 0, clearly then
g(n) > 0 for 0 < n < min{mw/(2b), 3/4}. ([
By Lemma 5.3, we have
Z f(nt)(1—cosent) < Z f(nt)(1—cosent)+ Z f(nt)(1—cosent) <0,
n<3/t n<l/t 1.5/t<n<3/t
since the first sum contains at most [1/¢] terms and the second sum contains

obviously > [1.5/¢] terms.

5C. The case where 0 < t < 372 and y/t = 1.5, reduction to an inequality. In
this section, we shall show that to finish the proof of Proposition 3.1 for the case
0 <t<332and y/t > 1.5, it suffices to prove the following inequality: for any
15t<y<m, O<x=1*3<1/3,

1 1) 3x + x?

3

I+x ZSin%y_g

where

(5-2) Go(y) =) _n~*cosny.
n=1
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We begin with an easy lemma.

Lemma 5.4. Recall f(x) = (x—23 — 1)/(1 +x%/32 For any t > 0, we have

3
S = Zf(nt) <t 2/3(1— 1+t2/3>

In particular, S < 0 for all 0 <t < oo.

Proof of Lemma 5.4. Using the fact that [~ f(x)dx =0 and (f(x) —x~2/3)' > 0,
we have

S nt

tS:Zf (x—(n=D1) f'(x)dx
(

n—1)t

:/ xf! (x)dx—i—Z/

(n—1)t

(x—nt)f’()c)dx—i-l‘/OO f(x)dx

/f(x)dx-l—Z/ (x—nt)(f (x)—x 23 dx

(n—1)t
S nt

+Z/ (x—nt)(x"23) dx
(n—=1)t
i3 3t 3 1/3
/ fx)dx+t —W—FI .
Now observe that if # > 1, then f(nt) <0 for any n > 1 which implies S < 0. For
0 <t <1, we clearly have 1—3/(1+4t%3) <0. Thus S <0 in all cases. (I

Lemma 5.5. Zn | f(nt)ycosny >t~ 2/3G0(y) + (—— + 7o )F(t),
ngy

where F(t) = f(t)—t 723 = —(1+1*>) 723 +1*3) and Go(y) was defined in (5-2).

Proof of Lemma 5.5. Note that for lim,_, o, F(x) = 0 and for any ¢ > 0,

Z|F(nt) — F((n+ Dt)| < co.

n=1

By Lemma 3.3, we have

Z f(nt)cosny = Xz(m)*z/3 cosny+z F(nt)cosny

n=1 n=1 n=1

—t_2/3Go(y)+Z(—% M)(F(m) F((n+1)).
n=1

2sin i
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Clearly

o0

S (=D F(t) = F(n+ 1) = =1 F (o),

n=1

On the other hand, since F(x) = f(x) —x~ 23 is negative and monotonically
increasing on (0, co), we have
i sin(n + %) y

22 |F(nt) — F((n + D))

‘o 2singy
F(1)
Z(F((n+1)t)—F(nt))_— —.
2s1n2 2sin5y
Clearly then
o
Zf(nt)cosnyit2/3G0(y)+(—1+ _11 )F(t). O
2 2singy

n=1

By Lemma 5.4 and Lemma 5.5, we get

> fat)(1 —cosny)

n=1

_ _ 34123
<12 )t 2/3Go(y>—<2s+—1)-(—1>-—.

inly 2 (11127

1+ !

It is then clear that we only need to prove (5-1).

6. Proof of (5-1)

6A. The case where 0.208 < y < m. We first establish some properties of the
polygamma function Go(y).

Lemma 6.1. Recall Go(y) =Y oo n=23 cosny. We have for0 <y <m,

Go(y) = go(cos y),

where for —1 <x < 1,

1 *® e'x —1
_ -1/3
=—— | VP s
go(x) F(%)/o e 1

1 S| sinh ¢
- -3 L e
_p(z)/o ! 2( l+coshz—x)dt'
3

In particular g((x) > 0 for =1 < x < 1 and G(y) is monotonically decreasing for
O<y<m.
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0.5

Figure 2. Plot of Gy(y).

Proof of Lemma 6.1. By using the identity

1 o0
/ e dr, s>0,
I'(s) Jo

-5 _

n

we get, for z = e with 0 < o < 7,
N 1 %0 Lot _ SN+l =N+
Y= [ e,
— () Jo 1—ze™?

Since |z| =1 and z # 1, it is easy to check that

00 e—(N-i—l)t
lim V! - rlar=o.
N—o0 0 1— ze—t

We then obtain

> 1 (> 1
Zn_sz" = / 1 ds.
ot L) Jo e/z—1

The desired identity then follows from

1 e'cosy—1
Re . = .
ete=y — 1 e —2e' cosy+ 1

To show g(’) (x) > 0 it suffices to consider the integrand

ht. %) sinh ¢
S X)) = ——-——.
cosht —x

Note that 4(f, x) has no singularities since —1 < x < 1 and ¢t > 0. Clearly
d/0x h(t, x) > 0 which implies g,(x) > 0. O

Lemma 6.2. For any 0.208 <y < m, we have

~ 1
S<y>=%+co<y>—%-si—l>o.



ON SOME CONJECTURES OF HEYWOOD 247

0.8 g

0.6

04 |

02

I I I I I I
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Figure 3. Plot of S(y).

Proof of Lemma 6.2. Although from Figure 3, it is transparent that S(y) > 0, we
shall still give a more “analytic” proof. (Since Go(y) is not an elementary function
we try to reduce the numerical evaluation of Go(y) to as few sample points as
possible).

By Lemma 6.1, Gy(y) is monotonically decreasing on (0, 7]. Observe that
1/(sin(1/2)y) is also monotonically decreasing on (0, w]. Then clearly for any
O<h<m,

min_ $() > 2+ Go(h) - & - —— = G(h).
nasysh 0 10 ' sinln
We first show that S( y) > 0 for /8 < y < m. By explicit numerical evaluations,
we have

G () ~ 0.484381 > 0, G (7 /4) ~0.0401163 > 0.

G (/2) ~0.345131 > 0,

Thus S‘(y) > 0on [7/8, 7]
Next we consider the regime 0.208 < y < /8 ~ 0.392699. Again by mono-
tonicity, we have for 0.208 < b <y < b, <m/8,
1

§0) = B+ Golba) — 5 — .
()’)_16 0( 2) 16 Sinlbl

2
By iteratively using the above inequality, we get:
then S(y) > 0.195 > 0.

then S(y) > 0.0758 > 0.

If0.3<y<n/8,
If0.25 <y < 0.3,

If0.23 < y < 0.25,
If0.22 < y < 0.23,

If0.215 <y <0.22,
If0.21 <y <0.215,
If0.208 < y < 0.21,

then S(y) > 0.07 > 0.

then S(y) > 0.05 > 0.

then S(y) > 0.04 > 0.

then S(y) > 0.006 > 0.

then S(y) > 0.008 > 0. a
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Figure 4. G(y) for 107 <y <107 and 107° < y < 0.208.

We now complete the proof of (5-1) in the case 0.208 < y < . For any constant
C > 0, denote

Fe) 3 C3x+x2 3 c 1+1 2
X) = — . = — . — .
1+x x+D% 1+4x x+1  (x+1)2
Clearly

- 3 3—x

F(x)=- —-C- <0 forO<x<1.

(14x)? (x+1)3

Then for x < 5, we have

3’
Foo= F(h)=3-3c.

It follows easily that

LHS of (5-1) = 2 + Go(y) - (—%+ ! )g

2sin %y
1

:_ G _ .
+Goly) 16 sm%y

The result then follows from Lemma 6.2.

6B. The case where 107° < y<0.208and0 <t < %y. By the fact that for C > 0,

F(x) el 2
X)=——— —
14+x 1+x (14x)?
is monotonically decreasing in x, we only need to prove the inequality for 107¢ <
y <0.208:

0 60=a((5)") 00~ (3 5 )(6:)) o
2

where

AG) 3, BGx) 3x 4 x? N 1 2
X)=——1, X)=————= - )
1+x (14x)2 x+1 (x+1)2
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Figure 5. B;(y) for 107% <y < 0.208.

From the graph of G(y) (see Figure 4), it is transparent that Gl (y) > 0. However
we shall give a more “analytic” proof at the expense of a finite number of precise
numerical evaluations.

Lemma 6.3. Set

m01=A((3)") (s ) (G))

Then B3(y) is monotonically increasing for 1076 < y < 0.208.

Proof of Lemma 6.3. See Figure 5. Note that B3(y) consists only of smooth
elementary functions and one can easily prove the monotonicity by constructing
a suitable numerical approximation and rigorous error estimates. We omit such
standard arguments. U

Now to complete the proof of (6-1), we note that by the monotonic decreasing
property of Go(y) (Lemma 6.1) and the monotonic increasing property of B3(y)
(Lemma 6.3), we have for any 10°°<p < y < by <0.208,

G1(y) = Go(b2) + B3(b) =: Ga(by, b).

The idea is to choose finitely many [b{ , bé] such that Go(bé) + B3 (b{ ) > 0 and
U;[{, b]] covers the whole interval [10~°, 0.208].
We now record the (rigorous) numerical computation below.

b1 =0.15, b, =0.208, G,~0.425414 > 0.
by=0.11, by=0.15, G~ 0.00988472 > 0.
by =0.084, b =0.11, G,~0.0137149 > 0.
by =0.066, by =0.084, G,~ 0.00547362 > 0.
by =0.06, b, =0.066, G,=~0.254453 > 0.
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Next we consider é(O.O69j+1, 0.0607) for & =0.95 and 0 < Jj <40. The values
are listed below:

0.332451, 0.325437, 0.318268, 0.310954, 0.303506, 0.295935, 0.28825,
0.280461, 0.272577, 0.264606, 0.256557, 0.248438, 0.240257, 0.232021,
0.223737, 0.215412, 0.207053, 0.198666, 0.190256, 0.181829, 0.17339,
0.164945, 0.156499, 0.148055, 0.139618, 0.131192, 0.122782, 0.114389,
0.106019, 0.0976739, 0.0893566, 0.0810702, 0.0728171, 0.0645998, 0.0564205,
0.0482813, 0.0401842, 0.0321307, 0.0241227, 0.0161614, 0.00824834.

Note that 0.06-0.95*! ~0.00732519 and we then only need to consider the interval
[10~°,0.0074]. For this we compute G(0.007407+1, 0.007467) for 6 = 0.98 and
0 < j <75. The obtained numerical values are:

0.129451, 0.127181, 0.124925, 0.122681, 0.120452, 0.118236, 0.116034,
0.113845, 0.111671, 0.109511, 0.107365, 0.105232, 0.103115, 0.101011,
0.0989223, 0.0968478, 0.0947878, 0.0927426, 0.090712, 0.0886962, 0.0866952,
0.0847091, 0.082738, 0.080782, 0.078841, 0.0769151, 0.0750044, 0.073109,
0.0712288, 0.069364, 0.0675146, 0.0656806, 0.0638621, 0.0620591, 0.0602716,
0.0584998, 0.0567436, 0.0550031, 0.0532783, 0.0515693, 0.049876, 0.0481986,
0.0465371, 0.0448914, 0.0432616, 0.0416478, 0.04005, 0.0384682, 0.0369024,
0.0353527, 0.033819, 0.0323015, 0.0308, 0.0293148, 0.0278457, 0.0263928,
0.0249561, 0.0235357, 0.0221315, 0.0207436, 0.019372, 0.0180166, 0.0166777,
0.015355, 0.0140487, 0.0127588, 0.0114853, 0.0102282, 0.00898749, 0.00776321,
0.00655539, 0.00536401, 0.00418911, 0.00303069, 0.00188876, 0.00076333

Note that 0.0074 -0.987% ~ 0.00159373, so we reduce to the interval [10~¢, 0.0016].
Finally we compute G(0.00166/%!,0.00160/) for # = 0.985 and 0 < j < 500.

0.0337677, 0.0331133, 0.0324689, 0.0318346, 0.0312105, 0.0305965, 0.0299926,
0.0293989, 0.0288153, 0.028242, 0.0276788, 0.0271257, 0.0265829, 0.0260503,
0.0255279, 0.0250157, 0.0245137, 0.024022, 0.0235405, 0.0230693, 0.0226083,
0.0221576, 0.0217171, 0.021287, 0.0208672, 0.0204576, 0.0200584, 0.0196695,
0.0192909, 0.0189226, 0.0185647, 0.0182172, 0.01788, 0.0175532, 0.0172368,
0.0169308, 0.0166351, 0.0163499, 0.0160751, 0.0158107, 0.0155567, 0.0153132,
0.0150802, 0.0148576, 0.0146455, 0.0144439, 0.0142527, 0.0140721, 0.013902,
0.0137424, 0.0135933, 0.0134548, 0.0133268, 0.0132094, 0.0131025, 0.0130063,
0.0129206, 0.0128456, 0.0127811, 0.0127273, 0.0126841, 0.0126516, 0.0126297,
0.0126185, 0.012618, 0.0126282, 0.0126491, 0.0126807, 0.0127231, 0.0127762,
0.01284, 0.0129146, 0.013, 0.0130962, 0.0132032, 0.013321, 0.0134496,
0.0135891, 0.0137395, 0.0139007, 0.0140728, 0.0142558, 0.0144498, 0.0146546,
0.0148704, 0.0150972, 0.015335, 0.0155837, 0.0158434, 0.0161142, 0.016396,
0.0166888, 0.0169927, 0.0173077, 0.0176338, 0.017971, 0.0183193, 0.0186788,
0.0190495, 0.0194313, 0.0198244, 0.0202286, 0.0206441, 0.0210708, 0.0215089,
0.0219582, 0.0224188, 0.0228907, 0.023374, 0.0238687, 0.0243747, 0.0248922,
0.025421, 0.0259613, 0.0265131, 0.0270764, 0.0276511, 0.0282374, 0.0288353,
0.0294447, 0.0300657, 0.0306983, 0.0313426, 0.0319985, 0.032666, 0.0333453,
0.0340363, 0.0347391, 0.0354536, 0.0361799, 0.036918, 0.037668, 0.0384299,
0.0392036, 0.0399892, 0.0407868, 0.0415964, 0.0424179, 0.0432515, 0.0440971,
0.0449547, 0.0458245, 0.0467064, 0.0476004, 0.0485066, 0.0494251, 0.0503557,
0.0512986, 0.0522538, 0.0532213, 0.0542012, 0.0551934, 0.056198, 0.0572151,
0.0582446, 0.0592866, 0.0603412, 0.0614082, 0.0624879, 0.0635802, 0.0646852,
0.0658028, 0.0669331, 0.0680762, 0.069232, 0.0704007, 0.0715822, 0.0727766,
0.0739838, 0.0752041, 0.0764373, 0.0776835, 0.0789427, 0.0802151, 0.0815005,
0.0827992, 0.084111, 0.085436, 0.0867743, 0.0881259, 0.0894908, 0.0908691,
0.0922608, 0.093666, 0.0950846, 0.0965168, 0.0979625, 0.0994219, 0.100895,
0.102382, 0.103882, 0.105396, 0.106924, 0.108466, 0.110022, 0.111591,
0.113175, 0.114773, 0.116384, 0.11801, 0.11965, 0.121304, 0.122973,
0.124655, 0.126352, 0.128064, 0.129789, 0.13153, 0.133284, 0.135054,
0.136838, 0.138636, 0.140449, 0.142277, 0.14412, 0.145978, 0.14785,

0.149738, 0.15164, 0.153558, 0.15549, 0.157438, 0.159401, 0.161379,
0.163373, 0.165381, 0.167406, 0.169445, 0.1715, 0.173571, 0.175658,
0.17776, 0.179877, 0.182011, 0.18416, 0.186325, 0.188507, 0.190704,
0.192917, 0.195147, 0.197392, 0.199654, 0.201932, 0.204227, 0.206538,
0.208865, 0.211209, 0.213569, 0.215946, 0.21834, 0.220751, 0.223179,
0.225623, 0.228084, 0.230563, 0.233058, 0.235571, 0.238101, 0.240648,
0.243213, 0.245795, 0.248394, 0.251011, 0.253646, 0.256298, 0.258968,
0.261656, 0.264362, 0.267086, 0.269828, 0.272588, 0.275366, 0.278163,
0.280977, 0.28381, 0.286662, 0.289532, 0.292421, 0.295329, 0.298255,
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0.3012, 0.304164, 0.307147, 0.310149, 0.31317, 0.316211, 0.319271,
0.32235, 0.325448, 0.328566, 0.331704, 0.334862, 0.338039, 0.341236,
0.344453, 0.34769, 0.350948, 0.354225, 0.357523, 0.360841, 0.364179,
0.367538, 0.370918, 0.374318, 0.37774, 0.381182, 0.384645, 0.388129,
0.391634, 0.39516, 0.398708, 0.402277, 0.405868, 0.40948, 0.413114,
0.41677, 0.420448, 0.424148, 0.427869, 0.431613, 0.435379, 0.439168,
0.442979, 0.446812, 0.450668, 0.454547, 0.458449, 0.462374, 0.466321,
0.470292, 0.474286, 0.478304, 0.482345, 0.486409, 0.490497, 0.494609,
0.498745, 0.502905, 0.507089, 0.511297, 0.515529, 0.519785, 0.524067,
0.528372, 0.532703, 0.537058, 0.541439, 0.545844, 0.550275, 0.55473,
0.559212, 0.563718, 0.568251, 0.572809, 0.577393, 0.582003, 0.586639,
0.591301, 0.59599, 0.600705, 0.605446, 0.610215, 0.61501, 0.619832,
0.624681, 0.629557, 0.634461, 0.639392, 0.64435, 0.649337, 0.654351,
0.659393, 0.664463, 0.669561, 0.674688, 0.679843, 0.685026, 0.690238,
0.69548, 0.70075, 0.706049, 0.711378, 0.716735, 0.722123, 0.72754,
0.732987, 0.738464, 0.743971, 0.749508, 0.755075, 0.760673, 0.766302,
0.771961, 0.777651, 0.783373, 0.789125, 0.794909, 0.800725, 0.806572,
0.812451, 0.818362, 0.824305, 0.83028, 0.836288, 0.842328, 0.848401,
0.854507, 0.860646, 0.866818, 0.873023, 0.879262, 0.885534, 0.891841,
0.898181, 0.904555, 0.910964, 0.917407, 0.923885, 0.930398, 0.936945,
0.943528, 0.950146, 0.956799, 0.963489, 0.970213, 0.976974, 0.983771,
0.990604, 0.997474, 1.00438, 1.01132, 1.0183, 1.02532, 1.03238,
1.03947,  1.0466, 1.05377, 1.06097, 1.06822, 1.0755, 1.08282,
1.09018, 1.09758, 1.10502, 1.1125, 1.12001, 1.12757, 1.13517,
1.14281, 1.15048, 1.1582, 1.16596, 1.17376, 1.1816, 1.18948,
1.19741, 1.20537, 1.21338, 1.22143, 1.22952, 1.23766, 1.24584,
1.25406, 1.26232, 1.27063, 1.27898, 1.28737, 1.29581, 1.30429,
1.31282, 1.32139, 1.33001, 1.33867, 1.34738, 1.35613, 1.36493,
1.37377, 1.38266, 1.3916, 1.40058, 1.40961, 1.41869, 1.42782,
1.43699, 1.44621, 1.45548, 1.46479, 1.47416, 1.48357, 1.49304,
1.50255, 1.51211, 1.52172, 1.53138, 1.5411, 1.55086, 1.56067,
1.57054, 1.58045, 1.59042, 1.60044

Note that 0.0016 - 0.985°°! &~ 8.23515 x 10~7. Thus we have proved the inequality
in the range 107° < y < 0.208.

6C. The case where 0 <y <10~%and 0 <t < % y. By the same reasoning as in the
(beginning of the) previous section, we only need to prove the inequality (6-1) for
0 < y <1075 We begin with a lemma on the estimate of the polylog function Go(y).

Lemma 6.4. For any 0 <y < 107%, we have
Go(y) > 2.32003y~1/3 —2.45392.

Proof of Lemma 6.4. By Lemma 6.1, we have Go(y) = go(cos y), where

- footl/3 . l(_l 4+ ﬂ) dt.
F(g) 0 2 cosht —s
where sinh7/cosht —s =: h(s). Observe that h'(s) > 0 for —1 < s < 1. Denote
so=cos107% and € = 1 — s (note cos 107 < s < 1). Then

1 : 00 .
2 _ [ - _1 1 _sinht ~13(_1_1_sinht
F(3)80(S)_fot ( Rl Lo M R Freied LU

1 .
- / o3 _simht 6 36304,
0

go(s) =

=2 cosht—s

where we have evaluated the explicit value of the integral containing so.



252 DONG LI

Now denote z = cosht and note that z = %e’ +e ' > %2 +2=1+ %tz. This
implies < (2(z — 1))!/? and

U3 271/6(Z . 1)71/6‘
Then

1 .
ht
/t1/3—sm dt
0 cosht —s
cosh 1 cosh 1
:/ t_1/3(z—s)_]dz>/ 27z — 1) oz —5)71dz
1 1

:/ 2—‘/6(z—1)“/6(z—s)—‘dz—f 270z 1)V (z — 1) dz
1

cosh 1

o0 o0
— (26)1/6/ UG+ 1) sz —/ 278z — 1) Vo(z — 1) dg,
0 cosh 1

where in the last line we used the change of variable z — 1 = (1 —s)z = €z. It is
easy to check that

[o,0)
/ G+ 1) dz =2x,
0
o
/ 276z — 1)~ Vo(z — 1) 1 dz ~ 5.91792.
cosh 1
Then

! inh?
/ 1 S S 2 2e) 710 — 2.95896).
0 cosht —s

and
I'(2)go(s) = w(2€)~/° —3.3229.

Now note that 0 < y < 107 and

s=cosy=1— y+°°5(‘§)4 1— y; £ =£(y) € (0,107°).

So 2¢ =2(1 —s) < y2 Then

1
Go(y) > —~ (- y~'7 = 3.3229) > 2.32003y~"/* — 2.45392. O
r(3)
Lemma 6.5. Recall A(x) =3/(14+x)—1and B(x)=3+x)/(1 +x)2x. Then for
all0 <y <107,

2 \?/3 1 1 1 2 \*3
A((-y) ) +2.32003yF 245392 — (—1 + L B((-y) ) - 0.
3 2 2singy 3
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Proof of Lemma 6.5. Clearly

)7 = A((
2)*%) <3+ (

ForO<y < 1079, it is easy to check that

-1079)*7) > 1.99977,
)2/3

A%

A
3.

IA
wIM @i

y/(2sindy) < 1+107"2

Then

A((%y)w) 4232003y /3 —2.45392 — <—% + m)B«%y)ZB)
2

—12 2/3
> —0.454149 +2.32003y~'/3 — <_% + &) 3. (§y>

y
> —0.454149 +2.32003y~ /3 — y=1/3.2.28943
> 0.03y"'/3 —0.454149 > 0.03 - 10> — 0.454149 > 0. a

Now clearly the proof of (6-1) for 0 < y < 1076 follows from Lemma 6.4 and
Lemma 6.5.

7. Second proof of Theorem 1.1 and proofs of Theorems 1.4-1.5

In this section we give an alternative proof of Theorem 1.1 and also Theorems 1.4
and 1.5. We shall first prove the inequality with sharp constants, and defer the proof
of the sharpness of the interpolation constants to the end of this section. To isolate
the main point of the argument we need to establish an auxiliary lemma which gives
a comparison principle between the Dirichlet Laplacian A p and the whole space
Laplacian A. Note that the domain of Ap is the usual space H(} () N H?(K). For
any f € HO] () we naturally identify it as a function on RY by defining its values
outside €2 to be zero.

Lemma 7.1 (comparison between Ap and A). Let Q2 be a smooth bounded domain
in R The following hold:

(1) Foranyt > 0andany f € HO] () with f > 0, we have
OietADfSetAf-
(2) Foranyt >0, O<a <landany f € HOI(Q) with f > 0, we have

O < e_l(_AD)af < e_t(_A)a f
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3) Forany constantc; >0, O <a <1, m>0andany f € H(} (2) with f =0,

0 .
St Cano! Tarcmynn !

(4) Forany0 < B <d/2,and any f € C2°(Q2) with f >0,
0<(=Ap)Ff==8)7"f
(5) Letxoe . Foranyc; >0, 0<fB<d/4, O<a<l1, m>0,withma+p>d/4,
we have
I(=Ap) P (e1 +(=Ap)) ™G —x0) 2@
< 1=8)P(er + (=) (B (x = x0) | L2y

Remark. In (5), the condition 8 < d/4 is to ensure the low frequency part of the
(delta) function lies in L? and the condition ma + B > d /4 is to ensure the high
frequency part of the function lies in L.

Proof. The first inequality follows from a maximum principle argument on heat
equations. For the second inequality, we need to use the usual subordination
principle, namely for any 0 < ¥ < 1, A >0, we have

y o0
e =/ e*“py(t) dr,
0

where p, (7) is a probability density function on [0, c0). Then
—1(=Ap)” TN
e b = e bpe(r)dr
0

and the second inequality easily follows from this expression and the first inequality.
The third and fourth inequalities follow from the identities

1 1 O (A
— Tm le ‘L’(,|e T(—Ap) d‘f
(c1+(=Ap)*)™ TI'(m) Jo

1 o0
_ -8 _ _ TAp - B—1
(=40) _F</3>/o e

where I'(-) is the usual Gamma function. Note that the condition 0 < 8 < d/2
guarantees that (—A) ™ f € L®(RY) since f € C ().
Finally for the fifth inequality, we first note that for any f € H(} (2) with f >0,
(—Ap) Pler+ (=A™ f < (=8) P ((e1 + (=Ap)) ™" )
< )P+ (=)D f).

The corresponding result for 6 (x — xg) then follows from this and a standard
approximation argument. (]
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We now continue the proof of Theorem 1.1.
For any N > 1, consider

N
u(x) =) (),
n=1
where ¢, (x) = «/2/m sin(nx). Clearly

N 1/2
I(=Ap)"%ull 2 = (Zuin”) :

N 1/2
I(=Ap) " Pull 2 = (Zuin““) :

By Lemma 2.1, we have for any y € €2,

) N 12 1/2
<Ry- (Zu%nz/z») . (Zuﬁ"%)

n=1 n=1

=Ry - 1(=Ap)%ull 2y - I1(=ADp)Pull 12,

N

Z unPn(y)

n=1

where
N

R _Z 4(1’%()’)”2/3
N= (u1/4n2/3 4 p=3/404/3)2°

n=1

and p > 0 is a constant. Now by Parseval and Lemma 7.1, we have

e 2(—Ap)l/e (5( )) i
N = Y
M1/4(—AD)1/3 +M73/4(—AD)2/3 L2(Q)
5 2
_ (x—y)
(=Ap) S+ p=3A(=Ap) 1) L@
5 2
s (8(x—y))
(— M) S(uI/* + =374 (= A)173) LA(R)

IR 4 4
T2 oo IEPR A+ A 25)2 3
By an easy change of variable, the last integral is equal to

1

———dp =3,
7)o a+p2®

255

where the explicit value is computed by a standard contour integral computation.
The proof of Theorem 1.4 is similar to the proof above. Hence we shall only

sketch it below.
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Proof of Theorem 1.4. Denote —Apd, = A2¢,, where A2 is the n-th eigenvalue
and ¢, is the eigen-function. Clearly for u = Zfl\’: | Un®n,

N 1/2 N 172
”Aau”Lz(Q) = (Z u’%)\,ia) , ||A/3M||L2(Q) = (Z Mﬁ)\,flﬂ> 5

n=1 n=1
where 8 = d — «. Denote
N [
A2 |APuly
Then by Lemmas 2.1 and 7.1, we have

N

42 )\204
Ry = Z 1/4 2(5 (y)—3/4 2By2
a1 (WFAGE A+ A7)

<4-uT AT A+ AP0 10T S = ) g
<4-u” VI A VPP 0T 6 = ) g

4
_f (mdf 6172 (11620~ /)2 d

/ E172 (1 4 JE 2420y 2 g

(271)d
Evaluating the last integral in polar coordinates then yields the result. (]

Proof of Theorem 1.5. The proof of Theorem 1.5 is essentially the same as the proof
of Theorem 1.4. We shall only point out the change of numerology. Namely

2
. ‘Ziv 1un¢n(y)|
A% |2 AP |20

and
Ry <p 179 ||A—“ O+ 1 =AY /)T G0 = )

<u 10 (md / 617240 + (1 = 0) | PP /) dg

(271)‘1,/ £172%(0 + (1 — 0) 6 P~ 2 g

One can then use polar coordinates, a change of variable and rescaling, and a simple
identity

o
/ V(14 p)%d y 0<y<l,
0 sm(n )

to get the result. Note that the above identity is a simple exercise using contour
integrals. (]
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We now prove the sharpness of the interpolation constants in Theorems 1.1-1.5.
For this we will need a convergence result. For any bounded domain € R? with
smooth boundary, fix some xo € 2 and define for A > 0,

(7-1) Q={xeR?: (x —x0)/1 € Q).

In other words, €2, is the A-dilation of 2. We shall denote by Ag and Ag, the
Dirichlet Laplacian on €2 and €2, respectively.

Lemma 7.2. For any f € C°(2) and any a > 0,

I(=Ae) fllL2@) = I(=2) fll2mey as h — oo.

Proof of Lemma 7.2. Without loss of generality we can assume 0 < a < 1. Note
that for f € C2°(R2), we have Af € C2°(L2) and thus

(—Ag,)" f = (—=Ag,) " (=Af)
1 *© tA
= t~ %' Pu (—Af)dt.
T(l—a) /0 ¢ (=AS)
Note that for ¢ large,

A A -1
le" 2% (AN 2@ = 180, fll2g,y <t 1 2@,

and for ¢ small,
e % (= Al 2@,y < A1l L2qre)-

These two estimates allow us to localize in ¢. It then suffices to prove for single
t ~ 1 and any g € C°(R2) that

(7-2) le" 2% g — e gll 2,y + lle" gl 2@, — 0 as A — oco.

Now without loss of generality assume 0 € 2 and €2, is the dilation of €2 with
respect to the origin. Set n = ¢/** g — ¢'®g. Note that ||€[Ag||Lw(|x|2k) < A™M for
any M > 0. A simple maximum principle estimate on 7 then yields (7-2). ]

We now show the sharpness of the interpolation constant in Theorem 1.4 (the
argument for Theorems 1.1-1.5 is similar). The idea is as follows. Fix € and
without loss of generality assume 0 € Q2. Denote 2, as in Lemma 7.2. Suppose

T
Cao= Sup o d—a ’
fEHN(Q)ﬂHOl(Q) ”A f||L2(Q)||A f||L2(Q)

N =[(d+1)/2].

By the proof of Lemma 7.2, Cq < Cy 4 (Cq4 is the constant in Theorem 1.4).
Alternatively we can write

£ 17 < Call A fll 2 1A Fll2(q)-
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Clearly the same inequality holds with €2, replacing 2 and the same interpolation
constant Cq. Now fix f € C° (RY). By taking A — oo and using Lemma 7.2, we
then obtain

L 1o ey < Call (=) Fll 2y (=) £l 12 gy

Now for the whole space case, by Proposition 8.2 and Remark 8.4, there exists f; €
H*(RY) N HY=*(R?) attaining the sharp constant C, 4. By smoothly truncating f;,
one can find f, € C° (R?) which approaches C, 4 in the limit. Clearly then
Cq > Coz,d and thus Cq = Ca,d-

Remark 7.3. The preceding argument can be adapted to give an explicit sequence
of functions f, attaining the sharp interpolation constant C,, 4 in the limit n — oo.
We again illustrate for the case of Theorem 1.4. Without loss of generality assume
0 € Q and define 2, asin (7-1). Let x € Cf?o([R{d) be such that x (x) =1 for |x| <1
and x (x) =0 for |x| > 2. Fix any integer n > 1. Define gr(x) = fi(x)x(x/R). By
taking R sufficiently large, we have

d \ P2 )= - = Ted
” n) = (=D 2grl 2@y (=AY~ 2gp |l oy —

Now fix R and define %, (x) = gr(Ax). Now observe that for any A > 0 sufficiently
large, we have h), € C°(2). Also for any s > 0,

I(=80) 2 ()l 2@ = X~ I(=20,) " (gR) 12 (0,)-
By Lemma 7.2, it follows easily that
2
||hA||Loc(Q)
(= A2k || 22y (= A) @~ 2h; || 12(q)
2
_ ”gR”LOO(Q)\)
(=Ag,)*?grll 20 (= Ag,) =9 2grll 2,
2
N ||gR||Loc(Rd)
(=AY 2 gl 2way [ (—A)YE=D/2g Rl 12(Ra)

One can then choose 1, sufficiently large and define f, = h;,,.

as A — 0o.

8. Third proof of Theorem 1.1

Lemma 8.1 (equivalence of constants). Let the dimensiond > 1. Let 0 <0 < 1,
l<p<oo, —co<a<(p—1)/(p)d < b < oo satisfy

d(] —l> =6a+ (1 —-0)b.
p
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Then
/ |x|—Pa/(P—1)(9 +(1— 9)|x|p(b—a))—p/(p—1) dx
Rd
— / |x|—Pa/(P—1)(9 +(1— 9)|x|17(b—u))—1/(l)—1) dx.
Rd
Proof of Lemma 8.1. In polar coordinates, the identity takes the form
oo
/ p—Pa/(p—1)+d—1(0 +(1— Q)pp(b—a))—p/(p—l) dp
0 [e.¢]
_ f el (P=DH=1 (g | (] _ g) ppb-0y=1/(=D) g,

0
Since d(1 —1/p) =a+ (b —a)(1 —6), we can write

—1_—(b—a)(1—0)—1

By a change of variable (1 — 0)/(0)pP P~ — p, we reduce to proving

oo oo
/ P N A4 p) T " dp =0 / p N1+ ) dp,
0 0

where o = 1/(p — 1). The above is equivalent to

e 0.¢]
(1 _0)/ pa(l_e)_l(l +p)—l—ol dp :9/ pa(l—Q)(l +p)_1_a dp
0 0

Using integration by parts, the left-hand side of this equation gives

1+«
o

o0
/ A4 )" dp,
0

while the right-hand side gives

l+a [® 1+p\ 2% _ l+a [ _ oy e
/ paG.(_) p 2d,0= / pot(l 0)(1+p) 2 adp’
o 0 p o 0

with p = 1/p, concluding the proof. O

Proposition 8.2. Let1 < p <ocoand0 <6 < 1. Assume —co<a < (p—1)/(p)d <
b < oo satisfy

d(l - l) —ab +b(1—0).
p

Forany g :R* — Cin L} (RY),if |x|*g € L? and |x|’g € L?, then g € L', and

loc

lgllzigey < Co- Mx1“gI gy - I1X1" 11 (s
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where
(p=1/p
Cr = (/ |x|—Ptl/(P—1)(9 +(1 _9)|x|p(b—a))—1/(l7—1)dx) )
Rd

The constant C, is sharp with the equality achieved by
g(x) = g(x) = x| 770 + (1 = O) x| PO~ ) =1/,
Furthermore, for any g(x) achieving the equality, there exist a; € R, a; > 0 and

measurable w : RY — R such that

iw(x)

g(x) =ajg«(axx) -e a.e. inx € R,

Remark 8.3. By Lemma 8.1, we have C, = C; where C; is the constant in
Proposition 2.3. Hence these two propositions are essentially equivalent (except for
the wider range for the parameter a in the latter).

Remark 8.4. For the special case p = 2, it follows that the sharp constant to the
inequality

1oty < C - VI F G2y IIVI F Il 2(gay  forall f e HENH,

with —co <a <d/2<b <00, 0<0 <1andd/2=ab +b(1—0), is achieved
by the function f = f, with Fourier transform

fu(&) = const-[£] 72 - (0 4 (1 — 0) | [2C=9)~L,

Furthermore, by examining the condition for equality (we also need to use the
condition for || f|| L = Qo) £ 1 to simplify the phase factor ') we have
that any function f attaining the sharp interpolation constant must be equal to f,
up to multiplication by a constant factor, dilation or translation (in x).

Proof of Proposition 8.2. By scaling we may assume |||x|“g||, = ||lx|°gll, = 1.
Clearly then |Jwg||, = 1 with

w(x) = [x][*(O + (1 —0)|x[PE= /P,
By the Holder inequality, we have

—1 -1
lglh = llw™" - wglh < lw™ "l p/p-nllwglly = Ca.

The equality is clearly achieved by |g| = const-w=P/(P~D (a.e. in x € RY). Note
that such a function achieving the inequality must be unique and equal to g.(x) (up
to dilations and multiplication by a constant factor). ([

Inspired by the proof of Proposition 8.2, we now give a short proof of the
inequality (1-2). Note that we do not make use of any variational arguments
(although the argument is “deeply inspired” by the aforementioned variational
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proof). The proof of the (more general) Theorem 1.5 will only differ by some
numerology.

Proof of (1-2). Without loss of generality, assume |V f|, =1 and ||Af|lo =y > 0.
Denote A = (—Ap)'/? and

2 42 4\ 1/2 2 1/2
A+ A —A

po (YATTANT (Y =AY
2y 2y

Then by using eigen-function expansion, it is easy to check that || Bf|l> = \/y.
Clearly

117y = 1B7 Bf I 7=(q)-
So it suffices for us to prove the following inequality for g € HO1 (Q):
1B~ gl < @m) " lgl 20

Denote g(x) = |g(x)| if x € Q, and g(x) =0 for x € R*\ Q. Denote

2 2\ 1/2 2 1/2
~ —v“A+A —A
B = —y A+ AT =|V| Y )
2y 2y

By using a comparison argument (as in Lemma 7.1), it is easy to check that

G- 1B gl < 1B &l 1~
<) BE ®ll ey < @018, O

Finally we give a short proof of Theorem 1.5.

Proof of Theorem 1.5. Without loss of generality, | A% f]l» =1 and ||A? f|l, =b > 0.

We then consider
b2A2(x+A2,B 1/2
B = (—> .
2b29

Note that B~! = /2b? A= (b2 + A2F~®))=1/2 In view of the assumption B —a < 1
and by Lemma 7.1, one can still use the comparison argument and bound B~ by
the corresponding full space operator B~ The sharp constant is then given by the
expression

C =11B~"80l175qq,

=Q2n)” —d Sd 1| / pd—l—Zadp’

1+ pzw @

where |S9~!| denotes the surface area of a (d—1)-dimensional hypersphere. Note
that by Lemma 8.1 and the proof of Theorem 1.5 in Section 7, the constant C
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is the same as the constant Cy g 9.4 in Theorem 1.5. By using the fact d — 2o =
2(1—-06)(B — ) and the change of variable r = 2B~ we can easily calculate C as

1 oo
C=<2n>‘d-ﬁj-|sd“|-/o (+0~" " dr

1 27972 gz

ﬁ—a'r‘(%’).sinne' =

= (27[)_‘1 .

Finally we show that for any smooth bounded domain © C R¢, there does not
exist any function achieving the equality with sharp interpolation constant. First
we need a simple lemma.

Lemma 8.5. Let 8 be the usual Dirac distribution on R%. Assume 0 < oy < d and
0 < Bo < 2. Then there exists a constant Cq o, g, > 0, such that

(IVI72 L+ VIF)180) (x) = Caa.po (L + XD forall x € RY.

Proof of Lemma 8.5. Denote g = (1 +|V|#0)~18y. Clearly g € L' (R?), g >0, and
there exists Ry = Ro(Bo, d) > 0 such that

/ g dy > 1.
I¥1<Ro

Clearly then
f x — y|7 "¢ (y) dy > const (1 + |x[) 7,
|yl<Ro

Since |V|™0g = const -|x| ™) x g the result easily follows. O

Proof of Remark 1.6. To avoid complicated numerology, consider first the case of
inequality (1-2). Assume there exists a function attaining the sharp interpolation
constant. A close examination of the last inequality in (8-1) shows that to have
inequality we must have

gE) =c1-® g 172,

where ¢; > 0 is a constant and » : RY — R. By examining the second inequality
in (8-1), it is not difficult to check that we must have ¢/“®) =1 (a.e. in £) in order
to have equality. By Lemma 8.5, we then must have

g(x) > const-(1+ Ix])™2  forall x € R>.

But this contradicts the fact that g(x) = 0 for x € R?\ Q. Thus there can be no
such function for the case of inequality (1-2).

The proof for the general case (Theorem 1.5) follows along similar lines. We
omit details. (]



ON SOME CONJECTURES OF HEYWOOD 263

Acknowledgments

Li was supported in part by Hong Kong RGC grant GRF 16307317 and 16309518.
We thank the anonymous referees for very helpful remarks and suggestions.

References

[Heywood 2000] J. G. Heywood, “An alternative to Xie’s conjecture concerning the Stokes problem
in nonsmooth domains”, Ann. Univ. Ferrara Sez. VII (N.S.) 46 (2000), 267-284. MR Zbl

[Heywood 2014] J. G. Heywood, “Seeking a proof of Xie’s inequality: analogues for series and
Fourier series”, Ann. Univ. Ferrara Sez. VII Sci. Mat. 60:1 (2014), 149-167. MR Zbl

[Heywood and Xie 1997] J. G. Heywood and W. Xie, “Smooth solutions of the vector Burgers
equation in nonsmooth domains”, Differential Integral Equations 10:5 (1997), 961-974. MR Zbl

[Xie 1991] W. Xie, “A sharp pointwise bound for functions with L2—Lap1acians and zero boundary
values of arbitrary three-dimensional domains”, Indiana Univ. Math. J. 40:4 (1991), 1185-1192.
MR Zbl

[Xie 1992] W. Xie, “On a three-norm inequality for the Stokes operator in nonsmooth domains”, pp.
310-315 in The Navier—Stokes equations II—theory and numerical methods (Oberwolfach, 1991),
edited by J. G. Heywood et al., Lecture Notes in Math. 1530, Springer, 1992. MR Zbl

[Xie 1995] W. Xie, “Integral representations and L°° bounds for solutions of the Helmholtz equation
on arbitrary open sets in R2 and R3”, Differential Integral Equations 8:3 (1995), 689—-698. MR Zbl

[Xie 1997] W. Xie, “Sharp Sobolev interpolation inequalities for the Stokes operator”, Differential
Integral Equations 10:2 (1997), 393-399. MR Zbl

Received February 16, 2018. Revised January 8, 2019.

DONG LI

HONG KONG UNIVERSITY OF SCIENCE AND TECHNOLOGY
CLEAR WATER BAY

HoNG KONG

madli @ust.hk


http://msp.org/idx/mr/1896935
http://msp.org/idx/zbl/1037.35055
http://dx.doi.org/10.1007/s11565-014-0213-4
http://dx.doi.org/10.1007/s11565-014-0213-4
http://msp.org/idx/mr/3208791
http://msp.org/idx/zbl/1307.35223
http://msp.org/idx/mr/1741761
http://msp.org/idx/zbl/0891.35136
http://dx.doi.org/10.1512/iumj.1991.40.40052
http://dx.doi.org/10.1512/iumj.1991.40.40052
http://msp.org/idx/mr/1142710
http://msp.org/idx/zbl/0736.35012
http://dx.doi.org/10.1007/BFb0090351
http://msp.org/idx/mr/1226525
http://msp.org/idx/zbl/0777.35057
http://msp.org/idx/mr/1306585
http://msp.org/idx/zbl/0824.35013
http://msp.org/idx/mr/1424819
http://msp.org/idx/zbl/0892.46030
mailto:madli@ust.hk

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Wee Teck Gan

Mathematics Department
National University of Singapore

Singapore 119076

matgwt@nus.edu.sg

Sorin Popa

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing

Department of Mathematics
University of California
Santa Cruz, CA 95064
ging@cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2020 is US $520/year for the electronic version, and $705/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.
PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2020 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

MELISSA EMORY

Schur algebras for the alternating group and Koszul duality
THANGAVELU GEETHA, AMRITANSHU PRASAD and SHRADDHA
SRIVASTAVA

A positive mass theorem for manifolds with boundary
SVEN HIRSCH and PENGZI MIAO

Circle patterns on surfaces of finite topological type revisited
YUE-PING JIANG, QIANGHUA LUO and ZE ZHOU
On some conjectures of Heywood
DONG L1

Knapp—Stein dimension theorem for finite central covering groups
CAIHUA LUO
Some classifications of biharmonic hypersurfaces with constant scalar curvature
SHUN MAETA and YE-LIN OU
Surface diffusion flow of arbitrary codimension in space forms
DONG PU and HONGWEI XU
Nonvanishing square-integrable automorphic cohomology classes: the case GL(2)
over a central division algebra
JOACHIM SCHWERMER
Invariant Banach limits and applications to noncommutative geometry
EVGENII SEMENOV, FEDOR SUKOCHEV, ALEXANDR USACHEV and
DMITRIY ZANIN
A combinatorial identity for the Jacobian of z-shifted invariants
OKSANA YAKIMOVA

153

185

203

221

265

281

291

321

357

375



	1. Introduction
	2. Preliminary reductions and proof of Theorems 1.1 and 1.2
	3. Proof of Lemma 2.3
	4. Continuous analogue of Proposition 3.1
	5. Proof of Proposition 3.1
	5A. The case where 3^{-3/2} =0.19245<=t<1
	5B. The case where 0<t<=3^{-3/2} and y/t<=1.5
	5C. The case where 0<t<=3^{-3/2} and y/t>=1.5, reduction to an inequality

	6. Proof of (5-1)
	6A. The case where 0.208<=y<=pi
	6B. The case where 10^{-6}<=y<=0.208 and 0<t<=(2/3)y
	6C. The case where 0<y<=10^{-6} and 0<t<=(2/3)y

	7. Second proof of Theorem 1.1 and proofs of Theorems 1.3-1.4
	8. Third proof of Theorem 1.1
	Acknowledgments
	References
	
	

