
Pacific
Journal of
Mathematics

ON THE IRREDUCIBLE COMPONENTS
OF A GELFAND–GRAEV REPRESENTATION

OF A FINITE CHEVALLEY GROUP

CHARLES W. CURTIS

Volume 307 No. 1 July 2020





PACIFIC JOURNAL OF MATHEMATICS
Vol. 307, No. 1, 2020

https://doi.org/10.2140/pjm.2020.307.109

ON THE IRREDUCIBLE COMPONENTS
OF A GELFAND–GRAEV REPRESENTATION

OF A FINITE CHEVALLEY GROUP

CHARLES W. CURTIS

This paper contains a construction of the irreducible representations in the
field of complex numbers of the Hecke algebra of a Gelfand–Graev repre-
sentation of a finite Chevalley group, based on formulas for the structure
constants of the Hecke algebra. Using this information, formulas for the
corresponding irreducible characters of the finite Chevalley group are ob-
tained.

1. Introduction

This note is a supplement to two earlier papers [Curtis 1988; 2015], and contains ap-
plications of the main result of [Curtis 2015] on the structure constants of the Hecke
algebra H of a Gelfand–Graev representation. In it, we first prove, in Section 2, that
the irreducible representations of the Hecke algebra H are given by the eigenvalues
of certain matrices whose entries are structure constants of H . The main problem
is to calculate the representations of the Chevalley group G itself. From the theory
of Hecke algebras [Curtis and Reiner 1981, §11], the irreducible representations
of the Hecke algebra H are in a bijective correspondence with uniquely determined
irreducible representations of G. In Section 3, we review this correspondence, and
obtain formulas for the characters of G, using a theorem of Rimhak Ree.

We begin with some notation and terminology. Let G be a Chevalley group over
a finite field k = Fq of characteristic p (as in [Chevalley 1955] or [Steinberg 1968]).
Let B be a Borel subgroup of G with U = Op(B) (the unipotent radical of B), and
let T be a maximal torus such that B =U T . Let W be the Weyl group of G. Then
W is a finite Coxeter group with distinguished generators S = {s1, . . . , sn}.

Let 8 be the root system associated with W, with {α1, . . . , αn} the set of simple
roots corresponding to the generators si ∈ S, and 8± the set of positive roots
(respectively, negative roots) associated with them. For each root α, let Uα be the
root subgroup of G corresponding to it. The subgroup U is generated by the root
subgroups Uα, α > 0.
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From [Steinberg 1968, §3], the Chevalley group G has a (B, N )-pair, with Borel
subgroup B, N the subgroup generated by all elements wα(t), and B ∩ N = T ,
with T the subgroup generated by all elements hα(t) (see the definitions of wα(t)
and hα(t) in Section 2). Then N/T ∼=W. (If the field k contains more than three
elements, then N is the normalizer N = NG(T ) [Steinberg 1968, p. 36].)

By the Bruhat decomposition, the (U,U )-double cosets are parametrized by the
elements of N, while the (B, B)-double cosets are parametrized by the elements
of W.

We consider induced representations γ of the formψG , for a linear representation
ψ of U in the field of complex numbers. Let

e = |U |−1
∑
u∈U

ψ(u−1)u

be the primitive idempotent affording ψ in the group algebra CU of U over the
field of complex numbers. Then γ = ψG is afforded by the left CG-module CGe.
The Hecke algebra of γ is the subalgebra H = eCGe of CG, and is isomorphic
to (EndCG CGe)◦. These representations and their Hecke algebras were first in-
vestigated by Gelfand and Graev [1962a; 1962b]. In particular they introduced
the important class of Gelfand–Graev representations of G, which are the induced
representations ψG , for a linear representation ψ of U in general position, that is,
ψ |Uαi 6= 1 for each simple root subgroup Uαi , 1 ≤ i ≤ n, and ψ |Uα = 1 for each
positive and not simple root α.

A basis for the Hecke algebra H of a Gelfand–Graev representation ψG is
given by the nonzero elements of the form ene, n ∈ N , because N is a set of
representatives of the (U,U )-double cosets. The standard basis elements are the
nonzero elements of the form cn = ind(n)ene, where ind(n) = |U : nUn−1

∩U |.
The structure constants [c`cm : cn] for the standard basis elements, c`, cm, . . . are
complex numbers defined by the formulas

c`cm =
∑

n

[c`cm : cn]cn,

with `,m, n ∈ N ∗, and are algebraic integers (here N ∗ is the set of elements n ∈ N
such that ene 6= 0).

The structure constants of H are given by the formula

[c`cm : cn] =
∑

u`u1=nvm−1∈U`U∩nUm−1 m−1

ψ((uu1)
−1v),

by [Curtis and Reiner 1981, Proposition 11.30] and the fact that U`U ∩ nUm−1m−1

is a set of representatives of the left U -cosets in U`U ∩ nUm−1U . As in [Curtis
1988] and [Curtis 2009], Un =U ∩ nU− n−1 for n ∈ N . The main purpose of this
paper is to show how the irreducible representations of the Hecke algebra H of a
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Gelfand–Graev representation, and the characters of corresponding representations
of the Chevalley group G, are obtained from the structure constants of the Hecke
algebra H . The structure constants are calculated more precisely in [Curtis 2015].

Other decompositions of Gelfand–Graev representations have been obtained by
Chang [1976], for the groups GL(3, q), and for a general finite Chevalley group by
Deligne and Lusztig [1976, §10] and by myself [Curtis 1993], in both cases using
the Deligne–Lusztig theory of representations of algebraic groups on the `-adic
cohomology of varieties on which G acts.

2. The irreducible representations of H

As the endomorphism algebra of an induced representation ψG , H is a semisimple
algebra over C. A fundamental property of H was proved by Gelfand and Graev
[1962b], for the Chevalley groups SLn(k), by Yokonuma [1967] for a general
Chevalley group, and with a simplified proof and extended to the case of twisted
Chevalley groups by Steinberg [1968, Theorem 49].

Theorem 2.1 (Yokonuma, Steinberg). The Hecke algebra H of a Gelfand–Graev
representation of a finite Chevalley group is a commutative algebra. As a con-
sequence, a Gelfand–Graev representation is multiplicity free: each irreducible
component occurs with multiplicity one.

The irreducible representations of H were obtained for the Chevalley groups
G = SL2(k) by Gelfand and Graev [1962a], using formulas which they called
Bessel functions over finite fields. The formulas were obtained using the structure
constants of the Hecke algebra of a Gelfand–Graev representation. The approach to
the irreducible representations of H to follow is based on formulas for the structure
constants of H given in [Curtis 2015, Corollary 4.2]. These are stated later, after a
brief review of the necessary background, and are proved in [Curtis 2009; 2015].
One of the main points is to describe how the equations u`u1 = nvm−1, for certain
elements u, u1, v ∈ U and `,m, n ∈ N , are solved in a general Chevalley group
using ideas about refinements of the Bruhat decomposition due to Kawanaka [1975]
and Deodhar [1985].

We begin the review by recalling some notation. For each root α, there is a
homomorphism (see [Steinberg 1968, p. 46]) ϕ = ϕα : SL2(k)→ G such that ϕ
takes(

1 t
0 1

)
→ xα(t),

(
1 0
t 1

)
→ x−α(t),

(
0 t
−t−1 0

)
→ wα(t) ∈ N ,(

t 0
0 t−1

)
→ hα(t) ∈ T
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for all t ∈ k. The elements wα(t) and hα(t) are given by

wα(t)= xα(t)x−α(−t−1)xα(t), hα(t)= wα(t)wα(1)−1,

by [Steinberg 1968, p. 30]. If w = sk · · · s1 is a reduced expression of an element
w∈W then ẇ= ṡk · · · ṡ1, with ṡi =wαi (ti ) for some fixed choice of ti ∈ k∗= k−{0},
is a representative in N of w which is independent of the choice of the reduced
expression chosen, by [Steinberg 1968, Lemma 83, p. 242]. In what follows we
assume that representatives ẋ ∈ N of all elements x ∈W have been chosen in this
way, for a fixed choice of representatives ṡi of the generators si ∈ S.

As in [Deodhar 1985], a subexpression τ of a fixed reduced expressionw=sk · · · s1

is a sequence τ = (τk, . . . , τ1, τ0) of elements of W such that τiτ
−1
i−1 ∈ {1, si } for

i = 1, . . . , k and τ0 = 1. Then the set of terminal elements τk of subexpressions
of w = sk · · · s1 coincides with the set of elements x ∈ W such that x ≤ w in the
Chevalley–Bruhat order. In what follows, the length of an element w ∈W in terms
of the generators si ∈ S is denoted by `(w).

For each element w ∈ W, let Uw = U ∩w U−, where U− =w0 U and w0 is the
element of maximal length in W. Then U =UwUww0 and BwB =UwẇB, in both
cases with uniqueness of expression. Let w = sk · · · s1 be a reduced expression
of w ∈W. Then Uw =Uαk ṡkUsk−1···s1 ṡ−1

k with uniqueness of expression.
The calculation of the structure constants of the Hecke algebra H of a Gelfand–

Graev representation, and in particular the solutions of the equations in G described
earlier, is based on an examination of the following subset of G. Let w, x, y be
elements of W, and ẇ, ẋ, ẏ corresponding elements of N . Let

U (w, x, y)= {u ∈Uw : uẇB ∩ ẏUx−1 ẋ−1
6=∅}.

Then the set U (w, x, y) is independent of the choice of representatives ẇ, ẋ, ẏ
of w, x, y in N . Moreover, UwẇB ∩ ẏUx−1 ẋ−1 is a set of representatives of the
left B-cosets in BwB ∩ y(Bx B)−1, and its cardinality is the structure constant
[ewex : ey] of the standard basis elements ew, ex , ey , for w, x, y ∈W, in the Iwahori–
Hecke algebra. For a fixed reduced expression w = sk · · · s1 of an element w ∈W,
and elements x, y in W, Kawanaka defined a family of subexpressions of the
expression for w, called K-sequences in [Curtis 2015], and proved in [Kawanaka
1975, Lemma 2.14b] that the cardinality of the set U (w, x, y) and the nonzero
structure constants of the Iwahori–Hecke algebra are given by the formula

|U (w, x, y)| = [ewex : ey] = |BẇB ∩ ẏUx−1 ẋ−1
| =

∑
τ

qa(τ )(q − 1)b(τ ),

where ew, ex , ey are standard basis elements of the Iwahori–Hecke algebra H(G, B),
and the sum is taken over all K-sequences τ for w, x, y, and a(τ ) and b(τ ) are
the nonnegative integers associated with a K-sequence, as in [Curtis 2015]. As a
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consequence, it follows that U (w, x, y) 6=∅ if and only if there exist K-sequences
for w, x, y; see also [Borel and Tits 1972, (3.19)], where the conditions are stated
in a different way.

In [Curtis 1988] a geometric version of Kawanaka’s formula was proved. It
states that U (w, x .y), viewed as a subset of the algebraic group G(k̄) over the
algebraic closure k̄ of the finite field k, is a disjoint union of subsets Uτ , which
are called cells in [Curtis 1988]. The cells Uτ are subsets of G(k̄) parametrized by
K-sequences τ for w, x, y relative to a fixed reduced expression of the element w,
with corresponding subsets Uτ , also called cells (defined in [Curtis 1988]), in the
finite Chevalley group G = G(k). A review of the definition and properties of
K-sequences τ , and cells Uτ , is given in [Curtis 2015, §2–3]. The main result in
[Curtis 1988] extends Deodhar’s decomposition [1985] (see also [Curtis 2009, §4])
of the intersection By B ∩ B− x B, viewed as subsets of the flag variety G/B in the
algebraic group G(k̄), with B− the Borel subgroup opposite to B. Each cell Uτ is
isomorphic (in bijective correspondence as a set, or isomorphic as a variety in G(k̄))
to a product

Uτ
∼=

∏
α

Uα ×

∏
β

U∗β

for certain subsets {α} and {β} of cardinalities a(τ ) and b(τ ) of the positive root
subgroups determined by τ and where U∗β is the set of nonidentity elements in Uβ .
From the decomposition of U (w, x, y) as a union of cells Uτ , it follows that
UwẇB ∩ ẏUx−1 ẋ−1 can be identified with the set of triples (u, b, v) with u ∈ Uτ

for some τ, b ∈ B and v ∈Ux−1 , satisfying the equation uẇb = ẏv ẋ−1, with b and
v uniquely determined by u by [Curtis 2009, Lemma 2.4]. This completes the
review of how the equations u`u1 = nvm−1, in a Chevalley group, are solved, in
connection with more exact formulas for the structure constants.

We now state the version of the structure constant formula [Curtis 2015, Corol-
lary 4.2] on which the calculation of the irreducible representations is based.

Theorem 2.2. The structure constants of H are complex numbers, given by the
formula

[c`cm : cn] =
∑
τ

∑
u∈Uτ

ψ((uu1)
−1v)

for all standard basis elements c`, cm, cn , and satisfy the following conditions.
For each K-sequence τ for w, x, y, and corresponding cell Uτ , the sum is taken
over solutions of the equation uẇû1ŝ = ẏv̂ ẋ−1 (obtained by [Curtis 2015, The-
orem 4.1]), with u ∈ Uτ and û1, v̂, ŝ satisfying the conditions û1 = su1s−1

∈ U ,
v̂ = s ′′v(s ′′)−1

∈ Ux−1 , and ŝ = s(ẋs ′′(s ′)−1 ẋ−1)−1
∈ T . If there are no solutions

satisfying these conditions, then the structure constant is zero.

We proceed to the calculation of the irreducible representations of H . We first
make some changes in notation. Let d be the dimension of the Hecke algebra H ,
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and let the standard basis elements of H be c1, . . . , cd . The structure constants
become ci jk , and the multiplication in H is now given by the equations

ci c j =

d∑
k=1

ci jkck, 1≤ i, j, k ≤ d.

Let Z1, . . . , Zd be a basic set of irreducible representations for the commutative
semisimple algebra H . The representations are all one dimensional, and are com-
pletely described by their values Zm(c j ) on the standard basis elements c1, . . . , cd

of H .

Theorem 2.3. The values Zm(c j ) of the irreducible representations are eigenvalues
of the d×d matrices Ai = (ci jk), 1≤ j , k ≤ d and 1≤ i ≤ d.

In the proof, we use the notation ωm
j for Zm(c j ), 1≤ j ≤ d , for a fixed irreducible

representation Zm . Because the representation Zm is a homomorphism of algebras,
it preserves the structure equations, so

ωm
i ω

m
j =

d∑
k=1

ci jkω
m
k , 1≤ i, j, k ≤ d.

Let wm be the column vector with entries ωm
1 , . . . , ω

m
d , corresponding to an irre-

ducible representation Zm of H . By a straightforward computation it follows that

Aiwm = ω
m
i wm,

so wm is an eigenvector of the matrix Ai in the statement of the theorem, with
eigenvalue ωm

i , for 1≤ i ≤ d .
We now prove that wm is the unique (up to scalar multiples) common eigenvector

of the matrices Ai with eigenvalues ωm
1 , . . . , ω

m
d . This follows because it is easily

proved, using the structure equations again and the fact that H is a commutative
algebra, that the map ci→ Ai affords the left regular representation of H . It follows
that the vector space V of d-rowed column vectors on which the matrices Ai act
affords a faithful representation of H , and the subspaces of V generated by the
vectors wm are a basic set of simple modules appearing with multiplicity one, for
the commutative semisimple algebra H . This completes the proof of the uniqueness
result stated above.

To complete the picture, we give another proof, with historical background, that
the values of the irreducible representations Zm(c j ) are eigenvalues of matrices
whose entries are structure constants.
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Let us fix the index i . Then the elements ωm
1 , . . . , ω

m
d are a nontrivial solution

to the system of homogeneous equations (involving a Kronecker delta)

d∑
k=1

(δ jkω
m
i ω

m
j − ci jkω

m
k )= 0, 1≤ j, k ≤ d,

with coefficient matrix

(δ jkω
m
j − ci jk), 1≤ j, k ≤ d.

The solution is nontrivial because the identity element e of H is one of the standard
basis elements c j , and as Zm(e) 6= 0, some one of the elements ωm

j is nonzero.
From what has been proved, it follows that the determinant of the coefficient

matrix of the system is equal to zero, so that the element ωm
i is an eigenvalue of

the coefficient matrix of the system. Therefore, the elements ωm
1 , . . . , ω

m
d are all

eigenvalues of matrices whose entries are structure constants.

Remark. The idea that the irreducible representations of a commutative semisimple
algebra can be obtained from a knowledge of the structure constants of the algebra,
as far as I know, is due to Frobenius. In his first paper on characters of a finite
group [Frobenius 1896], he found the structure constants of the centers of the group
algebras of the finite groups PSL(2, p), and used them along with other information
to calculate the character tables of those groups. This result, many of us believe,
was the starting point of the representation theory (in the field of complex numbers)
of finite Chevalley groups.

3. On the irreducible characters of a finite Chevalley group G appearing as
constituents of a Gelfand–Graev representation of G

In Section 2, the irreducible representations of the Hecke algebra H of a Gelfand–
Graev representation of a finite Chevalley group G were calculated. They are all one
dimensional, and are given by eigenvalues of matrices whose entries are structure
constants of the Hecke algebra H . We now wish to investigate the irreducible
characters ζ of G such that (ζ, ψG) 6= 0. As usual, we extend characters of G to
functions on the group algebra CG, and view the Hecke algebra H as a subalgebra of
the group algebra CG. We first have, by [Curtis and Reiner 1981, Theorem 11.25],
the following theorem:

Theorem 3.1. There is a bijection from the set of irreducible characters ζ of
G such that (ζ, ψG) 6= 0 to the set of all irreducible characters ϕ of H , given
by ζ → ζ |H = ϕ.

We include a few remarks about the proof in [Curtis and Reiner 1981, §11]. Let
ζ be an irreducible character of G as in the statement of the theorem, and let M be
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a simple CG-module affording ζ . Recall that H = eCGe, where the idempotent
e = |U |−1∑

u∈U ψ(u
−1)u in H affords the character ψ of U in general position.

Then the induced character ψG is afforded by the left ideal CGe, and (ζ, ψG) 6= 0
implies that eM is a left H -module affording the character ζ |H of H . Moreover,
eM is a simple H -module, and ϕ = ζ |H is an irreducible character of H afforded
by eM .

The main result of this section is a character formula, due to Rimhak Ree, for the
irreducible character ζ of G as above. The character formula gives the value ζ(t)
of the character of G at an element t of G in terms of the values of the character
ϕ of H , where ϕ = ζ |H . We require first some remarks about dual bases in the
Hecke algebra H .

We recall the standard basis elements of H , cn = ind(n)ene, with n ∈ N ∗, where
N ∗ = n ∈ N , ene 6= 0. A second basis of H is given by the elements ĉn = cn−1

with n ∈ N ∗. A linear function λ on H is defined by the formula λ
(∑

ξncn
)
= ξ1,

for an element
∑
ξncn in H with coefficients ξn and c1 = e. A bilinear form B

on H is then defined by setting B(h, k) = λ(hk), for h, k ∈ H . One checks that
the bilinear form B is symmetric, associative, and nondegenerate. It is then not
difficult to prove that the bases are dual in the sense that B(ĉn, cm)= 0 if n 6= m
and B(ĉn, cn)= ind(n), for all n ∈ N ∗.

Theorem 3.2 (R. Ree). Let ζ be an irreducible character of G such that (ζ, ψG) 6=0,
where ψG is the character of a Gelfand–Graev representation of G. Then ζ |H 6= 0,
and ϕ = ζ |H is an irreducible character of H. Let t ∈ G, let C be the conjugacy
class of t , and let C be the conjugacy class sum. Then

ζ(t)= |CG(t)|ϕ(eCe)
(
|U |

∑
n∈N∗

(ind(n))−1ϕ(ĉn)ϕ(cn)

)−1

.

Proof. The proof is similar to the proof of [Curtis and Reiner 1981, Theorem 11.28]
with some changes. Let M be a matrix representation of G affording ζ . Then
eCe = Ce because C is in the center of the group algebra, and

M(C)= ωI,

where ω = |C|ζ(t)ζ(1)−1, as one sees by taking traces on both sides.Then

M(eCe)= M(C)M(e).

Taking traces again, we have

ζ(eCe)= ωζ(e)= |C|ζ(t)ζ(e)ζ(1)−1.

Now let
ε = ζ(1)|G|−1

∑
x∈G

ζ(x−1)x
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be the central primitive idempotent in CG corresponding to ζ . Then

εe = ζ(1)|G|−1
∑
x∈G

ζ(x−1)exe.

Let e =
∑

u∈U αuu, for complex coefficients αu . Because e2
= e, we have

εe = ζ(1)|G|−1
∑
x∈G

∑
u,v∈U

ζ(x−1)αuαveuxve.

Putting y = uxv we have x−1
= vy−1u and

εe = ζ(1)|G|−1
∑
y∈G

ζ

( ∑
u,v∈U

αuαvvy−1u
)

eye.

Therefore
εe = ζ(1)|G|−1

∑
x∈G

ζ(ex−1e)exe.

Now apply M and take traces. Noting that M(ε)= I , we obtain

ζ(e)= ζ(1)|G|−1
∑
x∈G

ζ(ex−1e)ζ(exe).

We now bring the dual bases {ĉn} and {cn} of H into the picture. For a (U,U )-double
coset UnU , n ∈ N ∗, a simple calculation shows that∑

x∈UnU

ζ(ex−1e)ζ(exe)= |UnU |(ind(n))−2ζ(ĉn)ζ(cn).

Now apply the facts that |UnU | = ind(n)|U | and ζ |H = ϕ to obtain finally

ζ(e)= ζ(1)|G|−1
|U |

∑
n∈N∗

(ind(n))−1ϕ(ĉn)ϕ(cn).

Comparing this formula for ζ(e) with the one for ζ(eCe), we obtain the result
stated in the theorem. �

Example. We first note that the preceding theorem gives a nice formula for the
degree ζ(1) of an irreducible character of G appearing in the Gelfand–Graev
representation. In their first paper, Gelfand and Graev [1962a] summarized their
results on the degrees of the irreducible characters of the finite Chevalley groups
SL(2, q) for a finite field of q elements, where q is a power of an odd prime. In
this case there are two Gelfand–Graev representations. As they pointed out, all
the irreducible characters of a Gelfand–Graev representation have degree q − 1,
with one exception of degree 1

2(q − 1). Let us apply the preceding theorem to this
situation. The theorem states that the degree of an irreducible character appearing
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in a Gelfand–Graev representation is given by the formula

ζ(1)= |G|ϕ(e)
(
|U |

∑
n

(ind(n))−1ϕ(ĉn)ϕ(cn)

)−1

= (q + 1)(q − 1)
(∑

n

(ind(n))−1ϕ(ĉn)ϕ(cn)

)−1

.

Using the formulas for the irreducible representations of the Hecke algebra of a
Gelfand–Graev representation of SL(2, q) in [Curtis 2015, §5], it can then be shown
(in this case) that for all irreducible characters ϕ of the Hecke algebra H , with one
exception, one has

∑
n(ind(n))−1ϕ(ĉn)ϕ(cn)= q + 1, and that in the exceptional

case, the expression becomes 2(q + 1). It follows that all but one of the irreducible
components of a Gelfand–Graev character of SL(2, q) have degree q − 1, and that
in the exceptional case the degree is 1

2(q − 1), exactly as Gelfand and Graev stated.
An interesting approach to the rather mysterious characters of degree 1

2(q − 1)
was given by Lusztig [1978, §2.20], using the `-adic cohomology of the Drinfeld
curve, on which the finite group SL(2, q) acts.
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