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A SPECTRAL APPROACH TO THE LINKING NUMBER
IN THE 3-TORUS

ADRIEN BOULANGER

Given a closed Riemannian manifold and a pair of multicurves in it, we give
a formula relating the linking number of the latter to the spectral theory of
the Laplace operator acting on differential 1-forms. As an application, we
compute the linking number of any two multigeodesics of the flat torus of
dimension 3, generalising a result of P. Dehornoy.

1. Introduction

Let (M, g) be a closed Riemannian manifold of dimension 3. We call a curve an
embedding of the oriented circle. A multicurve is a finite collection of disjoint
curves. We say that a multicurve is homologically trivial if its homology class
vanishes, as a cycle of M .

Given two homologically trivial multicurves 0,ϒ , one defines their linking
number by taking any surface S0 whose boundary is 0 and algebraically intersecting
it with ϒ ;

lk(0,ϒ) := i(S0, ϒ).

For example, see Figure 1.
It is not immediate that this number is well-defined, because of the choice

involved about a surface S0 . As a general reference to the notion of linking number,
one can recommend [Arnold and Khesin 1998, Section 4 of Chapter III; Bott and
Tu 1982, Section 28]. Our main theorem relates the linking number with spectral
theory.

Theorem 1.1. Let (M, g) be a closed Riemannian manifold and 0, ϒ two disjoint
homologically trivial multicurves, they link according to the following formula

(1.2) lk(0,ϒ)= lim
t→0

∑
k≥0

e−λk t
∫
0

ηk

∫
ϒ

∗

(
dηk

λk

)
,
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S0

0

ϒ

Figure 1. Here, both collections 0 and ϒ consist of a single curve.
Their linking number is ±1, depending on the global orientation.

where (ηk)k∈N denotes an eigenvector basis with corresponding eigenvalues (λk)k∈N

of the Laplace operator 1 acting on the Hilbert space of square integrable differen-
tial 1-forms in ker(1)⊥.

Note that this theorem relates a topological number with metric quantities. In
particular the right member of (1.2) does not depend on the underlying metric g.

Theorem 1.1 can be used if one has enough knowledge of the spectral theory
of (M, g), as in the case of the canonical flat torus T3

:= R3/Z3. We prove a
general formula for the linking number of multicurves consisting of geodesics of T3.
However, not to burden this introduction, we postpone the statement to Section 3.
Specialising our formula to the case of closed orbits of the geodesic flow on the
2-torus T2 gives the following corollary.

Corollary 1.3. Let 0 = (γ i )i∈I and ϒ = (υ j ) j∈J be two homologically trivial
multicurves in T3 consisting of periodic orbits of the T2 geodesic flow. They link
according to the formula

lk(0,ϒ)=
∑

i∈I, j∈J

〈γ i , υ j
〉
1− θi, j/π

2
,

where θi, j denotes the unique determination in [0, 2π [ of the oriented angle θ
made at each intersection point (see Figure 2) and 〈γ i , υ j

〉 denotes the algebraic
intersections between the projections on T2 of the curves γ i and υ j .

Another formula was found by P. Dehornoy using different methods in his Ph.D.
thesis [2011]. Our formula shows, in a clear way, that the linking number entertains
some interactions with the intersection number on the curves projected on the basis.

We now briefly survey old and more recent results about the linking number.
The first occurrence of the notion of linking number goes back to Gauss’s studies
on electromagnetism (see [Ricca and Nipoti 2011]). Gauss noticed that integrating
the magnetic field generated by an electric power flowing in a close wire γ — for
us a differential form ωγ — along any closed curve υ gives a number which does
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γ i

υ j

θ

Figure 2. Here, the intersection number is 1. The angle θ defined
in Corollary 1.3 is represented in black.

not depend on the homology class of υ in the complement of γ . That is to say, the
differential form ωγ is closed.

In fact, Gauss went further in his study: he gives in R3 an explicit formula
expressing the differential form ωγ . Let x /∈ γ and X (x) ∈ Tx(R

3), then:

(1.4) (ωγ )x(X)=
1

4π

∫
[0,2π ]

det
(
γ ′(s), X (x),

γ (s)− x
‖γ (s)− x‖3

)
ds,

where γ (s) denotes any parametrisation compatible with the curve γ orientation,
and ‖ · ‖ is the Euclidean norm of R3. Back in these days, there was no topological
definition of the linking number so that, following Gauss, one could have defined it
setting

(1.5) lk(γ, υ) :=
∫
υ

ωγ

=
1

4π

∫
[0,2π ]

∫
[0,2π ]

det
(
γ ′(s), υ ′(t),

γ (s)− υ(t)
‖γ (s)− υ(t)‖3

)
ds dt.

Gauss’s formula was related later with the definition of the linking number
introducing this article, see for example [Arnold and Khesin 1998, Section 4 of
Chapter 3]. It is still an active research field to try to get Gauss-like formulas for
the linking number and its natural generalisations [DeTurck et al. 2008; DeTurck
and Gluck 2008].

Formula (1.5) also suggests the existence of a universal object which, integrated
over a pair of homologically trivial multicurves, gives back their linking number.
A linking form � is an integrable (1, 1)-differential form, satisfying for any two
homologically trivial disjoint multicurves 0 and ϒ ,

lk(0,ϒ)=
∫
0

∫
ϒ

�.

One can think of a (1, 1)-differential form as a 2-differential form; we will get
back on the (1, 1)-form precise definition in Section 2B.
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The definition of linking form was introduced by Arnold (see [Arnold and Khesin
1998, Section 4 of Chapter III]) to generalise Moffatt’s interpretation [1969] of the
helicity. Let us recall briefly how the latter is defined.

Let X be a vector field preserving a probability measure µ in the Lebesgue class
whose asymptotic cycle vanishes. This assumption implies that the 2-differential
form iXµ is exact, meaning that there is a differential 1-form α such that dα = iXµ.
One can show that

H(X) :=
∫

M
α∧ dα

does not depend on the choice involving the primitive α. We call this number the
helicity of the vector field X . This notion was introduced by [Moreau 1961; Woltjer
1958] to study certain energies associated to vector field solutions of some partial
differential equations. Note that the asymptotic cycle assumption is automatically
satisfied in some natural situations, for example when the ambient manifold is a
homology sphere or if X is the Reeb flow associated to a contact structure.

Arnold interpreted the helicity of a vector field X as some average of the asymp-
totic linking number of two trajectories of the flow. Given x, y ∈ M , we consider
the trajectories starting off x and y of the flow X at times t and s. We close them
by gluing their extremities using a small path, we compute the linking number, we
divide by the product ts and one would like to let s, t→∞. To do it, one needs
to show this limit to be almost everywhere well-defined; this is one of the reasons
why Arnold introduced the notion of linking form. Actually, he showed that the
linking form is integrable, see Remark 4.14, which allows one to define the previous
limit using Birkhoff’s ergodic theorem. See [Arnold and Khesin 1998, Section 4
of Chapter III] for more details. This perspective on the helicity was developed in
[Vogel 2003; Kotschick and Vogel 2003; DeTurck et al. 2013].

Arnold also noticed that linking forms always exists on compact manifolds.
This was made more precise by T. Vogel [2003], relying on G. de Rham’s work
[1984, Section 28] on Hodge theory. We denote by g1(x, y) the kernel of the Green
operator, the inverse operator of the Laplace one. We have

Theorem 1.6 [Vogel 2003, Theorem 3]. Let (M, g) a compact Riemannian mani-
fold. The (1, 1)-differential form

(1.7) �(x, y)= ∗ydyg1(x, y)

is an integrable linking form. We call this linking form the de Rham–Vogel linking
form.

Vogel’s proof relies on Arnold’s remark that any inverse operator of d gives
rise to a linking form (up to some duality). This theorem shows the existence of
linking forms on closed manifolds, but does not come with a simple formula like
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Gauss’s one (1.5). There is, to the author’s knowledge, only two others known
formulas of this type, found in [DeTurck and Gluck 2013]. The first one holds for
the hyperbolic 3-space and the second one for the round 3-sphere. The authors
find such a formula in exhibiting a “fundamental solution of Maxwell’s equations,”
meaning in exhibiting the de Rham–Vogel linking form defined above.

Outline of the article. In Section 2 we recall some basics on Laplace operators
acting on differential forms and on their inverses, Green operators. We shall also
recall that (1, 1)-forms are kernels of operators acting on differential 1-forms as
well as how to integrate them along a pair of curves.

With this operator perspective in mind, Theorem 1.6 implies that the operator
coming from the de Rham–Vogel linking form (the linking operator) commutes
with the Laplace operator. The latter is well known to be diagonalisable on the
space of square integrable differential 1-forms. Expanding the linking operator with
respect to such a basis of 1-eigenforms will allow us to find a formula relating the
spectral theory of differential 1-forms to the linking number.

However, the integration current over a closed curve is not square integrable,
which prevents readily obtaining such a spectral-linking formula. To circumvent
this difficulty, in order to reach some more regularity, we will use the heat operator
to smooth the integration currents. This smoothing is responsible for the limit t→ 0
appearing in Theorem 1.1. This is the heart of Section 3 which finishes with the
proof of Theorem 1.1.

In Section 4, using Theorem 1.1, we compute the linking numbers of collections
of geodesics in the flat 3-torus T3 for which the spectral theory of differential
1-forms is well known. As an application, we prove Corollary 1.3.

2. Kernels of Green operators and linking forms

This section is devoted to introduce all the objects we will use later on.

2A. The Laplace and the Green operators. Let (M, g) be a closed manifold of
dimension p. We denote by

• µg the volume form associated to the metric g;

• �∗(M) =
⊕

0≤k≤p �
k(M) the space of all differential forms, graded with

respect to the degree k;

• ∗ the Hodge operator, or Hodge star, which satisfies the following identity

(2.1) ∗∗ = (−1)k(p−k)
;

Note that we abuse the notation by omitting the degree k of the underlying
differential form.
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• d the exterior differential operator on �∗(M).

The Hodge star is defined in order to endow the vectorial space �k(M) with a
scalar product

〈α ·β〉 =

∫
M
α∧∗β.

With respect to it, the operator d has a unique adjoint operator, denoted by δ,
satisfying by definition

〈dα ·β〉 = 〈α · δβ〉.

A straightforward computation involving the Hodge star definition and the Stokes
formula gives

(2.2) δ = (−1)p(k+1)+1
∗ d ∗ .

We now have all the material required to define the Laplace operator.

Definition 2.3. The Laplace operator acting on �∗(M), denoted by 1, is defined
by

1 := dδ+ δd.

Note that the Laplace operator stabilises all differential forms spaces of fixed
degree, and that it is self-adjoint with respect to the scalar product 〈 · , · 〉. We denote
by 1k its restriction to �k(M).

A differential form is said to be harmonic if it lies in the kernel of the Laplace
operator, denoted by ker1. The space Hk of all harmonic k-forms being identified,
by a famous theorem of Hodge, to the k-th homology group of M (see [Rosenberg
1997, page 46] for example), the Laplace operator 1k cannot be invertible in
general. However, nothing prevents it from being invertible when restricted to the
space orthogonal to its kernel. We denote by πHk the orthogonal projection on
Hk = ker(1k).

Definition 2.4. A Green operator, denoted by Gk , is any operator satisfying the
following equation on the space of smooth differential forms of degree k:

(2.5) Gk
◦1k
=1k

◦Gk
= Id−πHk

Such an operator always exists, provided that M is closed. There is a slight
ambiguity about Gk , which is fully determined up to its restriction on the space
ker(1k). From now on, we will suppose that G(ker(1k)) = {0}, allowing one to
speak of the Green operator. One can recommend [de Rham 1984, Chapter 3] for a
general introduction to Green operators (and their kernels).

Green operators are kernel operators, meaning that there is a smooth family of
endomorphisms — what we call a (1, 1)-form — gk(x, y) :3k(Tx M)→3k(Ty M),
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indexed by M ×M \Diag such that for all smooth differential forms α of degree k

Gk(α)y =

∫
x∈M

gk(x, y)(αx) dµg(x).

2B. Differential (1, 1)-forms. We give in this subsection the precise definition of
a (1, 1)-form. We also explain how to integrate them over a pair of multicurves.
Given an Euclidean space E , we denote by ] the musical endomorphism which maps
some vector X ∈ E on its dual linear form, so in E∗, according to the Euclidean
structure on E .

Definition 2.6. Let M be a manifold, We call (1, 1)-form a family of morphisms
T ∗x (M)→ T ∗y (M) indexed by M ×M .

Let γ and υ two curves parametrised by s and t . We define the integral over the
pair of curves (γ, ν) of a (1, 1)-form � as∫

γ

∫
υ

� :=

∫
γ

(∫ 1

0
�(υ(s), y)(υ ′(s)]) ds

)
.

Moreover, the following integral — an element of T ∗y (M)—∫ 1

0
�(υ(s), y)(υ ′(s)]) ds

does not depend on a choice of parametrisation, since �(x, y) is linear. So that we
will prefer to denote it for short as∫

υ

�(( · )], y),

omitting the underlying parametrisation.
This formula clearly shows that the linking form enjoys some bilinearity. In fact,

if we denote by ϒ =
⋃

i∈I υ
i and 0 =

⋃
j∈J γ

j we have

lk(0,ϒ)=
∫
0×ϒ

�=

∫
⋃
γi×

⋃
γ j

�=
∑

i∈I, j∈J

∫
γi×γ j

�.

Note that we did not require that either of the curves γi or υ j be homologically
trivial.

2C. The de Rham–Vogel linking form. Recall that the de Rham–Vogel linking
form is defined as

∗ydyg1(x, y),

which may be slightly confusing at first. What does it mean to consider the image
by ∗ydy of a family of morphism from T ∗x M to T ∗y M?
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Given α ∈ T ∗x (M), the Green kernel defines a differential form by

αy := y 7→ g(x, y)(α(x)) ∈ T ∗y (M).

This differential form is smooth on M \{x}, which allows one to take its image by
the operator ∗d wherever it makes sense. This gives rise to another linear morphism

T ∗x (M)→ T ∗y (M), α 7→ αy,

which turns out to correspond to the kernel of the operator α 7→ (∗dG1)(α). Then,
in the end, de Rham’s notation ∗ydyg1(x, y) is to be understood as the kernel of
the operator α 7→ (∗dG1)(α) that we call the linking operator.

Remark 2.7. (1) As pointed out by Arnold, any kernel associated to the inverse
operator of the exterior differential d is a linking form. The operator α 7→ (∗dG)(α)
is actually one of them, up to Hodge duality. See [Vogel 2003, Lemma 2].

(2) The singularity of the (1, 1)-form g1(x, y) along the diagonal is roughly equiva-
lent to r−1. Thus, after one differentiation, this singularity turns to be in r−2, which
is still integrable in dimension three, see [de Rham 1984, Theorem 23 page 134].
So that what we meant by integrable is that for every x the function

y 7→ ‖ ∗y dyg(x, y)‖

is integrable on M with respect to µg. The notation ‖ · ‖ stands for the linear
morphism norm induced by the metric g.

2D. Behaviour of the linking form under isometries. The de Rham–Vogel linking
form being constructed from a metric, it is natural to wonder how it behaves under
an isometry 8. The isometry 8 commutes with the Hodge star as well as with the
exterior differential d . In particular, it commutes with every operators made out of
this two ones, as the Laplace operator and its inverse, the Green operator. Looking
at the kernel of the latter, this commutation relation can be read as

(81)∗g1(x, y)= (82)
∗g1(x, y),

where 81 and 82 denote the 8-action on the first and second factor, respectively,
of the product M × M . In particular, the diagonal action of 8 on the product
M × M \Diag preserves the Green kernel, and thus the de Rham–Vogel linking
form. Since we will use this remark to simplify a bit the computations performed
in Section 4, we present it as:

Proposition 2.8. Let γ and υ two curves (not necessary homologically trivial) and
8 an isometry of (M, g), then∫

γ

∫
υ

∗ydyg1
=

∫
8−1(γ )

∫
8−1(υ)

∗ydyg1.
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3. The spectral-linking formula

Let us recall that 1 is self-adjoint with respect to 〈 · , · 〉. It is well known that
self-adjoint operators are diagonalisable in finite dimension; it is actually still the
case for the Laplace operator, provided that the underlying manifold is closed.

Theorem 3.1 [Rosenberg 1997, Theorem 1.30]. Let (M, g) be a closed Riemannian
manifold. There is a orthonormal basis (ηn)n∈N of differential 1-forms, meaning
that 〈ηi , η j 〉 = δi ( j), and a sequence of nonnegative numbers (λn)n∈N such that

1ηn = λnηn.

In particular, if α ∈ ker(1)⊥ we have

α =
∑
n∈N

〈ηn ·α〉ηn.

Formally, one would like to write the Green operator as

g1(x, y) :=
∑
n∈N

1
λn
ηn(x)⊗ ηn(y),

which gives the following expression for the de Rham–Vogel linking form:

∗ydyg1(x, y) :=
∑
n∈N

ηn(x)⊗∗d
(
ηn(y)
λn

)
.

Keeping it formal, one would like then to integrate each factor along γ and υ to
get

lk(γ, υ)=
∑
n∈N

∫
γ

ηn

∫
υ

∗

(
dηn

λn

)
.

However, the previous series does not converge a priori. In fact, an integration
current over a curve is not square integrable and therefore cannot be decomposed
with respect to the orthonormal basis (ηn). To circumvent this difficulty, we will
regularise them thanks to the use of the heat kernel, from which the term e−λn t of
formula (1.2) comes from. As a corollary of this approach, we are able to prove the
following stronger version of Theorem 1.1.

Theorem 3.2. Let (M, g) be a closed Riemannian manifold and � the de Rham–
Vogel linking form, then for all pairs of curves γ and υ (not necessary homologically
trivial) we have

(3.3)
∫
γ

∫
υ

�= lim
t→0

∑
k>0

e−λk t
∫
γ

ηk

∫
υ

∗

(
dηk

λk

)
,
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where (ηk)k∈N denotes an eigenvector basis of the Laplace operator 1 acting on
the Hilbert space ker(1)⊥— viewed as a subspace of square integrable differential
forms — and (λk) the associated eigenvalues.

All the rest of this section is dedicated to the proof of the above theorem.

3A. The heat operator on 1-differential forms. The following definition is the key
to regularise the integration currents. More details about generalised heat kernels
can be found in [Berline et al. 1992, Section 2.3].

Definition 3.4. Let (M, g) be a closed Riemannian manifold and η be a continuous,
bounded differential 1-form. The following Cauchy problem of unknown (ηt)t∈R+ :{

1ηt + ∂tηt = 0,
η0 = η,

has a unique solution. We denote by e−t11
the heat operator which maps η to the

time t solution of the above Cauchy problem.We denote by p1
t the heat kernel,

which satisfies by definition

(ηt)y =

∫
M

p1
t (x, y)(ηx) dµg(x).

Moreover, one has
e−t11

(η)
t→0
−−→ η

for the uniform convergence topology.

In particular, if U and V are two closed disjoin subsets of M , one has

p1
t (x, y)

t→0
−−→ 0

uniformly on U × V .
The heat kernel has the interesting property of being smooth for all t > 0, as

opposed to the Green operator. In particular, it can be decomposed according to an
orthonormal basis of eigenforms.

3B. The diffused curves. Let γ be a curve of M . We denote by L1(�1(M)) the
space of integrable differential 1-form, meaning forms whose punctual norm is
integrable over M with respect to the Riemannian measure.

Definition 3.5. We call the γ -diffused curve, denoted by e−t11
(γ ), the following

family of linear forms indexed by t > 0:

e−t11
(γ ) : L1(�1(M))→ R, β 7→

∫
γ

e−t11
(β).

This diffusing process associates to each t > 0 a differential form approximating
the integration current over the curve γ : the smaller t , the better the approximation.
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Lemma 3.6. For all β ∈ L1(�1(M)) continuous on a neighbourhood of U of the
curve γ , we have

e−t11
(γ )(β)

t→0
−−→

∫
γ

β.

Proof. We have been careful to consider a differential form β integrable. So, since
the heat kernel converges uniformly to 0 away from the diagonal, we have∣∣∣∣e−t11

(γ )(β)−

∫
γ

∫
U

p1
t (x, y)(βx) dµg(x)

∣∣∣∣ t→0
−−→ 0.

The differential form β being continuous on U , from the very definition on the
heat kernel we have ∫

U
p1

t (x, y)(βx) dµg(x)
t→0
−−→ βy

uniformly. Therefore, one is allowed to permute limit and integral to get∫
γ

∫
U

p1
t (x, y)(βx) dµg(x)

t→0
−−→

∫
γ

β,

which is the expected result. �

If now υ is a curve disjoint to γ , recall that the differential 1-form

(ωυ)y :=

∫
υ

�(( · )], y)

is integrable, where � = ∗1d1g1 is the de Rham–Vogel linking form. Applying
Lemma 3.6 readily gives:

Corollary 3.7. For any two curves γ and υ we have

e−t11
(γ )(ωυ)

t→0
−−→

∫
γ

∫
υ

�.

The goal is now to identify, t > 0 being fixed, the left member of the above
equation to the series appearing in (3.3). We will conclude by using the above
corollary to recover Theorem 3.2 by letting t→ 0.

3C. The approximating series. The benefits of having diffused the integration
current is to allow one to write the left member of (3.3) as a scalar product of
two smooth differential 1-forms. We will conclude by using Plancherel’s formula,
allowing one to write down this scalar product with respect to an orthonormal basis.

Lemma 3.8. For all differential forms β ∈ L1(�1(M)) and all t > 0 we have

e−t11
(γ )(β)=

〈
β ·

∫
γ

p1
t (( · )

], y)
〉
.
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Note the scalar product is well-defined, since the differential form
∫
γ

p1
t (( · )

], y)
is smooth.

Proof. The operator e−t1 being self-adjoint and since iX (α)(x) = gx(X ]
· α), we

have the following identity for any differential 1-form β and any vector field X :

iX (y)(pt(x, y)βx)= g
(
βy · (pt(x, y)(X ]

x))
)
.

Therefore, setting Xx = γ
′(s) and integrating along γ , one gets∫

γ

p1
t (x, · )(βx)= gy

(
βy,

∫
γ

p1
t (( · )

], y)
)
,

which gives, after integration over M with respect to µg,∫
M

∫
γ

p1
t (x, y)(βx) dµg(y)=

〈
β ·

∫
γ

p1
t (( · )

], y)
〉
.

We conclude recalling that the form β is integrable, which allows one to switch
both integrals of the above equation left member, recovering our definition of a
diffused curve. �

We conclude the proof of Theorem 3.2 as announced by identifying the right
member of (3.3) with some series.

Lemma 3.9. For all t > 0 we have

e−t11
(γ )(ωυ)=

∑
k>0

e−λk t
∫
γ

ηk

∫
υ

∗

(
dηk

λk

)
.

Proof. We start by using the semigroup property of the heat operator e−t1,

e−t11
(γ )(ωυ)= e−t11/2(γ )(e−t11/2(ωυ)),

for which we apply Lemma 3.8 to get

e−t11/2(γ )(e−t11/2(ωυ))=

〈∫
γ

p1
t/2(( · )

], y) · (e−t11/2(ωυ))

〉
.

Both differential 1-forms appearing in the above equation being smooth, one
is able to write down this scalar product with respect to an orthonormal basis
consisting of the Laplace operator eigenforms:

e−t11
(γ )(ωυ)=

∑
k∈N

〈[∫
γ

p1
t/2(( · )

], y)
]
· ηk

〉〈
e−t11/2(ωυ) · ηk

〉
.
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It remains then to prove both the two following identities:

e−λk t/2
∫
γ

ηk =

〈[∫
γ

p1
t/2(( · )

], y)
]
· ηk

〉
,(3.10)

e−λk t/2

λk

∫
υ

∗dηk =
〈
e−t11/2(ωυ) · ηk

〉
(3.11)

We start off with the right member of (3.10). Recalling Lemma 3.8 the other
way around, one gets〈[∫

γ

p1
t/2(( · )

], y)
]
· ηk

〉
=

∫
γ

e−t11/2(ηk).

Then, ηk being an eigenform of eigenvalue λk , we have

e−t11/2(ηk)= e−tλk/2
∫
γ

ηk,

which proves that (3.10) holds.
Let us show in the same way that (3.11) occurs as well. We start again from the

right member: 〈
e−t11/2(ωυ) · ηk

〉
.

The differential 1-form ωυ being integrable and the operator e−t1/2 being self-
adjoint we have: 〈

e−t11/2(ωυ) · ηk
〉
=
〈
ωυ · e−t11/2(ηk)

〉
.

Therefore, ηk being an eigenform of eigenvalue λk , we have

e−t11/2(ηk)= e−tλk/2ηk,

and thus 〈
e−t11/2(ωυ) · ηk

〉
= e−λk t/2

〈ωυ · ηk〉.

The linking form � being integrable, one can use Fubini’s theorem again to get

〈ωυ · ηk〉 =

∫
υ

[∫
M
�(( · )], y)(ηk)x dµg(x)

]
.

But, by construction of the linking form as the operator ∗dG kernel, we have∫
M
�(x, y)(ηk)x dµg(y)= ((∗dG)(ηk))y .

The operator G commutes with d, in particular all terms of this series corre-
sponding to a closed differential form vanish. The remaining terms are given
by

∗dG(ηk)=
∗dηk

λk
.
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Finally we have

〈ωυ · ηk〉 =

∫
υ

∗

(
dηk

λk

)
,

which gives

(3.12)
〈
e−t11/2(ωυ) · ηk

〉
= e−tλk/2

∫
υ

∗

(
dηk

λk

)
,

the expected result. �

4. Application to torus geodesics linking

This section is devoted to the use of Theorem 3.2 to compute the linking number
of homologically trivial multigeodesics of the canonical 3-tore torus T3

:= R3/Z3.
The spectral theory of T3 is fully understood: we will describe it in Section 4B.
One would like to use it to give a more or less explicit expression to the following
series, t > 0 being fixed: ∑

k>0

e−λk t
∫
γ

ηk

∫
υ

∗

(
dηk

λk

)
.

Right after, we will identify the limit of this series when t → 0 to the Fourier
development of some function. In the meantime, we will recall Theorem 3.2, which
guarantees that this sequence of series actually converges to the linking number.

4A. Statement of the generalised torus linking theorem. We call a multigeodesic
a multicurve consisting of geodesics. This subsection goal is to state a formula
giving the linking number of any two collections of multigeodesics of T3.

Let us fix some notation. Given a closed geodesic γ of T3, we parametrise it as

γ : R/Z→ T3, t 7→

γ1t + ν1

γ2t + ν2

γ3t + ν3

 mod Z3,

where γ ′ = (γ1, γ2, γ3) ∈ Z3 is the parametrised slope of γ . With the above
notation γ (0) = γ (1). Note that these curves are automatically oriented by the
parametrisation. Note also that we did not require that the geodesic γ is primitive.

We call the point ν = γ (0)= (ν1, ν2, ν3) ∈ T3 the origin of γ . Such a choice is
not canonical since any point ν ∈ Im(γ ) can also define the origin. See Figure 3.

The parametrisation proposed above is not the arc-length one, but has the benefit
to be very closely related to the homology class that γ defines. The 3-torus funda-
mental group being Abelian, one can check that the vector γ ′ ∈ Z3 is canonically
identified to the homology class of the closed curve γ in Z3. We denote by [γ ]
the vector γ ′ to emphasis its topological flavour. From that remark comes the
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γ

Figure 3. The cube is identified to T3 by gluing opposed faces with
translations. The red curve γ has parametrised slope γ ′ = (2, 1, 1).
The origin of γ can be taken anywhere on the image of γ . For
example, one can choose ν = 0T3 here.

following necessary and sufficient condition for a multigeodesics 0 = (γ i )i∈I to be
homologically trivial: ∑

i∈I

[γ i
] = 0R3 .

The following construction is needed to state our theorem.
Given two vectors u, v ∈ Z3, we define the vector βu,v

∈ Z3 as the unique one
verifying the following conditions:

• βu,v
∈ vect(u, v)⊥;

• det(u, v, βu,v) > 0;

• its Euclidean norm ‖βu,v
‖ is minimal for the two first properties.

Given two geodesics γ and ν, we still simply denote by βγ,ν the vector β[γ ],[ν].
Our torus linking theorem can then be stated as follows.

Theorem 4.1. Let 0 = (γ i )i∈I and ϒ = (υ j ) j∈J two homologically trivial multi-
geodesics of T3. They link according to the following formula:

(4.2) lk(0,ϒ)=
∑

i∈I, j∈J

det
(
[γ i
], [υ j

],
β i, j

‖β i, j‖

)
1− 2b(νi, j

·β i, j )c

2‖β i, j‖
,

where νi, j
=γ i (0)−υ j (0) is the difference between the two origins and bαc denotes

the unique representative in [0, 1[ of the class (α mod Z).

Remark 4.3. (1) One can define the linking number in every dimension n, provided
that we consider two homologically disjoint submanifolds of dimension p and q
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satisfying p+ q = n− 1. Our method is likely to be generalised for a flat torus in
any dimension.

(2) A priori, (4.2) depends on a choice of parametrisation. We will clarify this
point later on with Remark 4.14.

4B. Spectral theory of differential 1-forms of T3. We start by introducing some
notation.

• We denote by a lower index i the i-th coordinate of a vector and by an upper
index its belonging to a family of vectors. For example, γ j

i denotes the i-th
coordinate of the j-th vector of a family indexed by j ∈ J .

• Given a vector

v =

v1

v2

v3

 ∈ R3,

we denote by v∗ the differential form v1 dx1+v2 dx2+v3 dx3. This one being
invariant by translations, it defines a harmonic differential form on T3. We
continue to denote by v∗ the induced-on-T3 differential form.

• The scalar product of two vectors a and b in R3 is denoted by (a · b) and the
associated Euclidean norm by ‖ · ‖.

• The R3 vectorial product is denoted by ∧.

Let us describe the differential 1-forms spectral theory of T3 thanks to the
following set of datum:

• a vector k =

k1

k2

k3

 ∈ Z3,

• an orthonormal basis (v1, v2, v3) of R3.

• a function f ∈ {cos, sin}

Note that here we have the choice of an orthonormal basis of R3.

Lemma 4.4. The differential 1-form of T3

(4.5) η(x)=
√

2 f (2π(k · x))(vi )∗

is an eigenform of 11 with associated eigenvalue λ= (2π‖k‖)2.
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Proof. We start by showing that these forms are of unit norm:

‖η‖L2 :=

∫
T3
η∧∗η

=

∫
T3

2 f 2(2π(k · x))(vi )∗ ∧∗(vi )∗

=

∫
T3

2 f 2(2π(k · x)) dvol= 1,

since f 2
= (1± f (2 · ))/2.

Recall the Laplace operator definition

1η = (dδ+ δd)η.

Because δ =−∗ d∗ in dimension 3, one gets

(4.6) dδη = d(−∗ d∗)η =−
√

2(d ∗ d)
(

f (2π(k · x)) ∗ (vi )∗
)
.

By the Hodge star definition we have

∗(vi )∗ = (v j )∗ ∧ (vt)∗,

where (i, j, t) is a circular permutation of (1, 2, 3), so that

(4.7) dδη =−
√

2d ∗ d
(

f (2π(k · x))∧ (v j )∗ ∧ (vt)∗
)
.

And then,

dδη =−
√

2(d∗)
(
2πki f ′(2π(k · x))

(
(vi )∗ ∧ (v j )∗ ∧ (vt)∗

))
=−2

√
2πki d

(
f ′(2π(k · x))

)
=−2

√
2πki d f ′(2π(k · x))

=−4
√

2π2
(

k2
i f ′′(2π(k · x)) dxi + ki k j f ′′(2π(k · x)) dx j

+ ki kt f ′′(2π(k · x)) dxt

)
.

We compute δdη in a similar way to get

δdη =−4
√

2π2(k2
j f ′′(2π(k · x)) dxi + k2

t f ′′(2π(k · x))
)

+ 4
√

2π2(ki k j f ′′(2π(k · x)) dx j − ki kt f ′′(2π(k · x)) dxt
)
,

Summing both terms gives

1η=−4
√

2π2(k2
i f ′′(2π(k ·x)) dxi+k2

j f ′′(2π(k ·x)) dxi+k2
t f ′′(2π(k ·x))

)
dxi .

Since f ′′ =− f one has

1η = 4π2(k2
1 + k2

2 + k2
3)η,

the expected outcome. �
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To use Theorem 3.2 we need a basis of eigenforms. Fixing an orthonormal basis
of R3, the family issued from all k ∈ Z3 and both the function cos and sin forms a
generating family. To see it, one can decomposes in Fourier series the coefficients
of a differential 1-form ω written as

ω(x, y, z)= f1(x, y, z) · (v1)∗+ f2(x, y, z) · (v2)∗+ f3(x, y, z) · (v3)∗.

Moreover, this family is free up to the trivial relations cos(−k · x)= cos(k · x)
and sin(−k sin x)=− sin(k · x).

4C. Computation of the approximating series. Recall that we parametrised both
geodesics γ and υ as

γ : R/Z→ T3, t 7→

γ1t + ν1

γ2t + ν2

γ3t + ν3

 , υ : R/Z→ T3, t 7→

υ1t +µ1

υ2t +µ2

υ3t +µ3

 ,
where γi , υ j ∈ Z and µ j , ν j ∈ [0, 1].

First, note that we can assume ν = 0. In fact, since the translation of R3

τν := x→ x + ν,

descends to an isometry of T3, using Proposition 2.8 one has∫
γ

∫
υ

�=

∫
τ−1(γ )

∫
τ−1(υ)

�,

where now (0, 0, 0)> belongs to τ−1(γ ). In order not to burden the notation we
will still denote by µ the new origin (keeping in mind that it actually corresponds
to µ(γ, υ)= µ− ν) of the translated curve υ.

We saw that, given an orthonormal basis of R3, one can build an orthonormal
eigenforms basis of the Laplace operator. To simplify the computation we will
perform in (3.3) we make a choice of this orthonormal basis adapted to the curve γ :
the first vector is chosen to be v1

= [γ ]/‖[γ ]‖, and we arbitrarily complete it to
get an orthonormal basis: ((

v1
=
[γ ]

‖[γ ]‖

)∗
, v2, v3

)
.

Recall that we want to compute the following series;

(4.8)
∑
k>0

e−λks
∫
γ

ηk

∫
υ

∗

(
dηk

λk

)
.

We will compute all terms involved in this series separately and we will sum
them in the next subsection. These terms are the product of two integrals that we
compute independently.
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We start with the integral involving the operator ∗d . Let η be an eigenform. One
has

(4.9)
∫
γ

η =

∫
[0,1]

√
2 f (2πk · γ (t))(vi )∗([γ ]) dt,

where f ∈ {cos, sin} and k is a vector of Z3. The above integral vanishes whenever
f is a sinus since the curve γ passes by 0;∫

γ

η =

∫
[0,1]

√
2 sin(2πk · γ (t))(vi )∗([γ ]) dt

= C1

∫
[0,1]

sin(2πC2t) dt = 0

because C2 ∈ Z. We can assume then that f is a cosine. We keep computing in
considering the eigenforms

ηk,i =
√

2 cos(2π(k · x))(vi )∗

only, where k ∈ Z3 and i ∈ {1, 2, 3}. Which, looking backward to (4.9), gives∫
γ

ηk,i =

∫ 1

t=0
cos(2π t (k · [γ ]))(vi )∗([γ ]) dt,

where (vi )∗([γ ])= ([γ ] · vi )= ‖[γ ]‖δi,1.
The above integral therefore vanishes whenever

• (k · [γ ]) 6= 0;

• i 6= 1.

Moreover, in the case where it does not, the function t 7→ cos(2π(k · [γ ])t) is
constant, so that

(4.10)
∫
γ

ηk,i =
√

2‖[γ ]‖.

Differential forms giving a nonvanishing term of the series (4.8) are therefore

ηk,1 =
√

2 cos(2πk · x)
(
[γ ]

‖[γ ]‖

)∗
,

with k ∈ Z3 and k · [γ ] = 0.
From now on, we will denote ηk,1 by ηk. We now compute the second term of

the series: ∫
υ

∗dηk,
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starting off computing

∗dηk = ∗d
(√

2 cos(2π(x · k))(v1)∗
)

=−2
√

2π sin(2π(x · k))∗
(
k1 dx1∧(v

1)∗+k2 dx2∧(v
1)∗+k3 dx3∧(v

1)∗
)

=−2
√

2π sin(2π(x · k))(k∧v1)∗.

We then get∫
υ

∗dηk =

∫ 1

t=0
−2
√

2π sin
(
2π t ([υ] · k)+ 2π(µ · k)

)
(k∧ v1)∗([υ]) dt

=−2
√

2π det
(
[γ ]

‖[γ ]‖
, [υ], k

)∫ 1

0
sin
(
2π t ([υ] · k)+ 2π(µ · k)

)
dt.

As before, this integral vanishes if one of these conditions holds:

• the vectors [γ ] and [υ] are collinear;

• (k · [υ]) 6= 0.

Moreover if
∫
ν
∗dηk 6= 0, we have

(4.11)
∫
υ

∗dηk =−2
√

2π det
(
[γ ]

‖[γ ]‖
, [υ], k

)
sin(2π(µ · k)).

Multiplying (4.10) and (4.11) one has:∫
γ

ηk

∫
υ

∗dηk =

{
4π det([γ ], [υ], k) sin(2π(µ · k)) if k ∈ Span([γ ], [υ])⊥,
0 otherwise.

This leads us to characterise elements of Span([γ ], [υ])⊥ with integer coeffi-
cients.

Lemma 4.12. Let b1 and b2 two nonzero vectors of Z3. Then the group

Span(b1, b2)
⊥
∩Z3

is cyclic. We note by ±β one of these two possible generators.

Proof. As a set it is nonempty; the vector b1 ∧ b2 belongs to Z3 and is orthogonal
to both b1 and b2. As the intersection of two subgroups, Z3 and R · b1 ∧ b2, it is a
subgroup of R. The neutral element of Span(b1, b2)

⊥
∩Z3 must be isolated since

Z3 is discrete. By characterisation of R subgroups, this group is cyclic. �

We apply the previous lemma to the pair ([γ ], [υ]) to get the following description
of elements k ∈ Z3 giving a nonvanishing term in the series of (3.3):

Span([γ ], [υ])⊥ ∩Z3
= {kβ, k ∈ Z}.

Among both possible generators, we choose β such that the family ([γ ], [υ], β) is
positively oriented.
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The only nonvanishing terms of the series appearing in (4.8) correspond to the
differential forms

η(kβ) =
√

2 cos((kβ) · x)
(
[γ ]

‖γ ‖

)∗
,

and in this case we have∫
γ

ηk

∫
υ

∗dηk =−4πk det([γ ], [υ], β) sin(2πk(µ ·β)).

From now on we denote by ηk the differential form η(kβ). Recall that the dif-
ferential forms ηk and η−k are collinear. To get a free family of eigenforms one
needs to choose the sign of the integers k: we take them nonnegative. The series of
Equation (3.3) then becomes

(4.13) −

∑
k>0

e−(2π‖β‖)
2n2s

πk‖β‖
det
(
[γ ], [υ],

β

‖β‖

)
sin(2πk(µ ·β)).

Remark 4.14. As noticed in Remark 4.3, (4.13) is not independent of the parametri-
sations involved a priori. In fact, the point µ ∈ T3 appearing in sin(2πk(µ · β))
depends of an origin choice for υ. Let us thus check that k(µ ·β) actually doesn’t,
modulo Z. Let µ2 ∈ υ be another origin of υ, by definition there is t ∈R and α ∈Z3

such that
µ2−µ= t[υ] +α,

thus
(µ2 ·β)= (µ2−µ+µ ·β)= (µ ·β)+ (α ·β),

since β ∈ [υ]⊥. We conclude reducing the above formula modulo Z to get

(µ2 ·β)= (µ ·β),

since (α ·β) ∈ Z.

4D. A uniformly converging family of functions. Let us now look into the series
(4.13) more in detail. If one is able to let t→ 0 within all terms of this series one
would get

−C
∑
k>0

1
k

sin(2πkx),

with C = (1/(π‖β‖)) det([γ ], [υ], β/‖β‖) and x = (µ ·β).
One can recognise here the Fourier series development of the defined-on-the-

circle-R/Z function

(4.15) x 7→
{

0 if x = 0,
π
2 (1− 2x) on (0, 1).



278 ADRIEN BOULANGER

So that we would have

(4.16)
∫
γ

∫
υ

�=
1

2‖β‖
det
(
[γ ], [υ],

β

‖β‖

)
(1− 2(µ ·β)),

which is precisely what is expected. To justify the term-by-term convergence of
(4.13), we use the following lemma.

Lemma 4.17. Let ak(t) and bk(t) two sequences of functions defined on an interval
I containing 0 such that

(1)
(∑

k≤n ak(t)
)

n∈N
is uniformly bounded with respect to t ;

(2) the sequence of functions bk(t) is nonincreasing with respect to t and converges
uniformly, with respect to k, to 0.

Then the series of functions
∑

k∈N ak(t)bk(t) converges uniformly on I .

We omit the proof, which consists of a discrete integration by parts of the series.
We set ak(t) = sin(2πkx), bk(t) = e−atk2

/k and I = [0,+∞]. One can then
check that for all a ∈ R+ and x > 0, all assumptions of Lemma 4.17 hold. We
deduce that the series of functions∑

k>0

e−atk2

k
sin(2πkx)

converges uniformly on ]0,+∞]. One is therefore allowed to switch limits and
sum in (4.13) to get

lim
t→0

∑
k>0

e−atk2

k
sin(2πkx)=

∑
k>0

lim
t→0

e−atk2

k
sin(2πkx)

=

∑
k>0

sin(2πkx)
k

,

which concludes the proof.

4E. The T2-geodesic flow special case. Particularly interesting collections of multi-
geodesics of T3 arise as periodic orbits of the T2-geodesic flow. More generally,
linking number of collections of periodic orbits have been studied by E. Ghys
[2007] and Dehornoy [2017; 2011] for dynamical purposes. The latter showed that,
for a large class of examples given by geodesic flows on surfaces, these collections
all link positively, up to a choice of global orientation. This implies the existence of
Birkhoff sections and, as a corollary, that periodic orbits of this flows display fibred
knots. In the setting of T2, we will see that Theorem 4.1 specifies easily giving a
new linking number formula.

We start by noticing that T3 is identified to the unitary tangent bundle UT2 of
the 2-torus T2

:= R2/Z2. In fact, the unitary tangent bundle of T2 is trivial, T2
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θ = arctan(2)

θ

θ

Figure 4. The red curves on the left represents a closed geodesic
of T2. This curve lifts canonically to the red right one on the unitary
tangent bundle. This lifted curve remains in the leaf θ = arctan(2).
The blue curve represents another lifted geodesic.

being a Lie group. One trivialisation consists to choose a direction of R2, which
induces one on T2, from which one is able to assign an angle to any vector of UT2.
That is to say the map

UT2
→ T3, u 7→ ((x, y), θ)

is an actual trivialisation. With the unitary tangent bundle of a Riemannian manifold
comes always a flow: the geodesic flow. In the case of T2, one can fully write down
the flow in the trivialisation given above

8t : T
3
→ T3, (x, y, θ) 7→ (x + t cos θ, y+ t sin θ, θ).

Note that periodic orbits of a flow are naturally parametrised and oriented by the
flow itself:

γ : S1
→ T3, t 7→ (x + t cos θ, y+ t sin θ, θ).

See Figure 4.

Remark 4.18. The fact that orbits of the geodesic flow are still geodesics on the
unitary tangent bundle is more general, providing that one endows the latter with
the right metric; the so called Sasaki metric. In our case, it turns out that the Sasaki
metric coincides with the T3 flat one.

In this setting, one can readily specifies Theorem 3.2 to get:

Corollary 4.19 [Dehornoy 2011, page 11]. Let 0 = (γ i )i∈I and ϒ = (υ j ) j∈J be
two homologically trivial multigeodesics of T2. In the T2-unitary tangent bundle
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they link according to the following formula

lk(0,ϒ)=
∑

i∈I, j∈J

〈γ i , υ j
〉
1− θi, j/π

2
,

where θi, j denotes the unique determination in [0, 2π [ of the oriented angle θ
made at any intersections points (see Figure 2), and 〈γ i , υ j

〉 denotes the algebraic
intersections between γ i and υ j on T2.

Proof. As previously noticed, the orbits of this flow remain in the leaves θ = cst,
so that the vectors [γ i

] and [υ j
] belong R2

⊂ R3. Our vector β i, j defined in
Theorem 4.1 becomes

β i, j
=

 0
0
±1


for all pairs (i, j), the sign depending whether or not the angle between the curves
γi and υ j is greater than π . In particular we have ‖β i, j

‖ = 1. Moreover, the
determinant det([γ i

], [υ j
], β i, j ) becomes detR2([γi ], [υ j ]), which corresponds to

the algebraic intersection number between γ i and υ j seen as curve of T2. To
conclude, the quantity (β i, j

· µi, j ) turns out to be interpreted as the difference
between the angle made by the curve, i.e,

(π − (µi, j
·β i, j ))= (π − (θi, j )). �
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CLUSTER AUTOMORPHISM GROUPS AND
AUTOMORPHISM GROUPS OF EXCHANGE GRAPHS

WEN CHANG AND BIN ZHU

For a coefficient-free cluster algebra A, we study the cluster automor-
phism group Aut(A) and the automorphism group Aut(EA) of its ex-
change graph EA. We show that these two groups are isomorphic with
each other, if A is of finite type excepting types of rank 2 and type F4, or
if A is of skew-symmetric finite mutation type.

1. Introduction

Cluster algebras were introduced by Sergey Fomin and Andrei Zelevinsky [2002].
In this paper we consider cluster algebras with trivial coefficients, which can be
defined through a skew-symmetrizable square matrix. Such a cluster algebra is a
Z-subalgebra of a rational function field with n indeterminates. More precisely, a
seed is a pair consisting of a set (cluster) of n indeterminates (cluster variables)
in the field and a skew-symmetrizable square matrix (exchange matrix) of size n.
Starting from an initial seed, we get a new seed by an operation called mutation.
Then the cluster algebra is algebraic-generated by all the cluster variables obtained
by iterated mutations. The cluster algebra has nice combinatorial structures which
are (in some sense) given by mutations, and these structures are captured by its
exchange graph, which is a graph with seeds as vertices and with mutations as edges.

We focus in this paper on two special types of cluster algebras: the finite type
and the finite mutation type. Cluster algebras of finite type are those algebras with
a finite number of clusters. They are classified in [Fomin and Zelevinsky 2003a],
which corresponds to the Killing–Cartan classification of complex semisimple
Lie algebras, or, equivalently, corresponds to the classification of root systems in
Euclidean space. If there are finitely many matrix classes in the seeds of a cluster
algebra, then we say it is of finite mutation type, where two matrices are in the same
class if one of them can be obtained from the other by simultaneous relabeling of the
rows and columns. The cluster algebras of finite mutation type with skew-symmetric
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exchange matrices are classified in [Felikson et al. 2012b]; a large class of them
arises from marked Riemann surfaces (possibly with boundary) [Fomin et al. 2008],
and there are 11 exceptional ones. The classification of skew-symmetrizable cluster
algebras of finite mutation type is given in [Felikson et al. 2012a] via operations
called unfoldings upon the skew-symmetric cluster algebras of finite mutation type.

We consider the relations in this paper between two groups associated to the
cluster algebras. One is the cluster automorphism group consisting of cluster
automorphisms, which are permutations of the clusters that commute with mutations.
This group is introduced in [Assem et al. 2012] for a coefficient-free cluster algebra,
and in [Chang and Zhu 2016b] for a cluster algebra with coefficients, it reveals the
combinatorial and algebraic symmetries of the cluster algebra. Another is the auto-
morphism group of the exchange graph, which consists of graph automorphism of the
exchange graph. This group describes the symmetries of the exchange graph; in other
words, it describes combinatorial symmetries of the cluster algebra. The problem
that considers the relations between these two groups is stated in [Saleh 2014].

The exchange graph is a fairly coarse invariant of a cluster algebra, e.g., all
infinite type cluster algebras of rank 2 have the same exchange graph. This article
suggests that, nonetheless, the exchange graph is already rich enough to capture
most of the symmetries of the cluster algebra.

For a coefficient-free cluster algebra A with exchange graph EA, we write the
cluster automorphism group of A and the automorphism group of EA as Aut(A)
and Aut(EA), respectively. In general, Aut(A) is a subgroup of Aut(EA), and may
be a proper subgroup; see Examples 3.3 and 3.5. The main result of this paper is
that these two groups are isomorphic with each other if A is of finite type, excepting
types of rank two and type F4 (Theorem 3.16), or A is of skew-symmetric finite
mutation type (Theorem 3.18). Therefore in some degree, for these cluster algebras,
the algebraic symmetries are also captured by the exchange graphs. In particular,
we compute the automorphism group of the exchange graph of a finite type cluster
algebra in Table 1; see Remark 3.17.

To prove these results, we describe EA more precisely. In Section 3A, we define
layers of geodesic loops of EA by using the distance of a vertex to a fixed vertex
on EA. An easy observation is that an isomorphism of exchange graphs should
maintain the combinatorial numbers of the layers of geodesic loops based on the
corresponding vertices; see Remark 3.2(4). By this observation, we directly show in
Examples 3.6, 3.7, 3.10 and 3.11 that for a cluster algebra of type A3, B3, C3, Ã2

or T3 (the cluster algebra from a once-punctured torus), we have Aut(A)∼=Aut(EA).
For the general cases we reduce them to above five cases (Theorems 3.16 and 3.18).

The paper is organized as follows: we recall preliminaries on cluster algebras,
cluster algebras of finite mutation type and cluster automorphisms in Section 2,
then we prove the main theorems in Section 3.
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Dynkin type automorphism group Aut(EA)

An(n > 2) Dn+3

B2 D6

Bn(n > 3) Dn+ 1
C2 D6

Cn(n > 3) Dn+1

D4 D4× S3

Dn(n > 5) Z2

E6 D14

E7 D10

E8 D16

F4 D7 oZ2

G2 D8

Table 1. Automorphism groups of exchange graphs of cluster
algebras of finite type.

2. Preliminaries

2A. Cluster algebras.

Definition 2.1. [Fomin and Zelevinsky 2002] (labeled seeds). A labeled seed is a
pair 6 = (x, B), where

• x = {x1, x2, . . . , xn} is an ordered set of n indeterminates;

• B = (bx j xi )n×n ∈ Mn×n(Z) is a skew-symmetrizable matrix labeled by x× x;
that is, there exists a diagonal matrix D with positive integer entries such that
DB is skew-symmetric.

The set x is called the cluster with elements the cluster variables, and B is called
the exchange matrix. An element bx j xi in B is also written as b j i for brevity. We
assume throughout the paper that B is indecomposable; that is, for any 16 i, j 6 n,
there is a sequence i0 = i, i1, . . . , im, im+1 = j, such that bik ,ik+1 6= 0 for any
06 k 6 m. We also assume that n > 1 for convenience. One may produce a new
labeled seed by a mutation at direction k for any cluster variable xk .

Definition 2.2. [Fomin and Zelevinsky 2002] (seed mutations). The labeled seed
µk(6)=(µk(x),µk(B)) obtained by the mutation of6 in the direction k is given by:

• µk(x)= (x \ {xk})t {µxk ,x(xk)} where

xkµxk ,x(xk)=
∏

16 j6n;
b jk>0

x j
b jk +

∏
16 j6n;
b jk<0

x j
−b jk .
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• µk(B)= (b′j i )n×n ∈ Mn×n(Z) is given by

b′j i =

{
−b j i if i = k or j = k;

b j i +
1
2(|b j i |bik + b j i |bik |) otherwise.

It is easy to check that a mutation is an involution; that is, µkµk(6)=6.

Definition 2.3. [Fomin and Zelevinsky 2007] (n-cluster patterns). An n-regular
tree Tn is a diagram, whose edges are labeled by 1, 2, . . . , n, such that the n edges
emanating from each vertex receive different labels. A n-cluster pattern is an
assignment of a labeled seed 6t = (xt , Bt) to every vertex t ∈Tn , so that the labeled
seeds assigned to the endpoints of any edge labeled by k are obtained from each
other by the seed mutation in direction k. The elements of 6t are written as follows:

(1) xt = (x1;t , . . . , xn;t), Bt = (bt
i j ).

Note that Tn is in fact determined by any fixed labeled seed on it. Now we are
ready to define cluster algebras.

Definition 2.4. [Fomin and Zelevinsky 2007] (cluster algebras). Given a seed 6
and a cluster pattern Tn associated to it, we denote

(2) X =
⋃
t∈Tn

xt = {xi,t : t ∈ Tn, 1≤ i ≤ n},

the union of clusters of all the seeds in the pattern. We call the elements xi,t ∈X the
cluster variables. The cluster algebra A associated with 6 is the Z-subalgebra of
the rational function field F =Q(x1, x2, . . . , xn), generated by all cluster variables,
A= Z[X ].

To a skew-symmetrizable matrix B = (b j i )n×n , one can associate a valued quiver
(quiver for brevity) Q = (Q0, Q1, υ) as follows: Q0 = {1, 2, . . . , n} is a set of
vertices. For any two vertices j and i , if b j i > 0, then there is an arrow α from
j to i to which we assign a pair of values (υ1(α), υ2(α)) = (b j i ,−bi j ). These
arrows form the set Q1. Since B is an indecomposable skew-symmetrizable matrix,
the defined valued quiver Q is connected and there are no loops nor 2-cycles in
Q. Then we can define a mutation of the valued quiver by the mutation of the
matrix; we refer to [Fomin and Zelevinsky 2002; Keller 2012] for details. We say
two quivers Q and Q′ are mutation equivalent if the corresponding matrices are
mutation equivalent; that is, one of them can be obtained from the other one by a
finite sequence of mutations. We also write (x, Q) for the labeled seed (x, B), and
write AQ for the cluster algebra defined by 6. The quiver and the defined cluster
algebra are called skew-symmetric if the corresponding matrix is skew-symmetric.
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If the cluster algebra is of finite type [Fomin and Zelevinsky 2003a] or of skew-
symmetric type, then the cluster determines the quiver [Gekhtman et al. 2008], and
we denote the quiver of a cluster x by Q(x).

Example 2.5. Let B be the following skew-symmetrizable matrix with skew-
symmetrizer D = diag{2, 2, 1, 1}:

B =


0 1 0 0
−1 0 −1 0
0 2 0 2
0 0 −2 0

.
The quiver corresponding to B is Q, where we always delete the trivial pairs of
values (1, 1), and replace a arrow assigning pair (m,m) by m arrows:

Q : 1−→ 2 (2,1)
←−− 3⇒ 4.

Definition 2.6. [Fomin and Zelevinsky 2007] (seeds). Given two labeled seeds
6 = (x, B) and 6′ = (x′, B ′), we say that they define the same seed if 6′ is
obtained from 6 by simultaneous relabeling of the sets x and the corresponding
relabeling of the rows and columns of B.

We denote by [6] the seed represented by a labeled seed 6. The cluster x of
a seed [6] is an unordered n-element set. For any x ∈ x, there is a well-defined
mutation µx([6])=[µk(6)] of [6] at direction x , where x= xk . For two same rank
skew-symmetrizable matrices B and B ′, we say B ∼= B ′ if B ′ is obtained from B by
simultaneous relabeling of the rows and columns of B. Then the exchange matrices
in any two labeled seeds representing a same seed are isomorphic. The isomorphism
of two exchange matrices induces an isomorphism of corresponding quivers. For
convenience, in the rest of the paper, we also denote by 6 the seed [6] represented
by 6.

Definition 2.7. [Fomin and Zelevinsky 2007] (exchange graphs). The exchange
graph of a cluster algebra is the n-regular graph whose vertices are the seeds of
the cluster algebra and whose edges connect the seeds related by a single mutation.
We denote by EA the exchange graph of a cluster algebra A.

Clearly, the exchange graph of a cluster algebra is a quotient graph of the n-
regular tree; its vertices are equivalent classes of labeled seeds. The exchange graph
need not be a finite graph; if it is finite, then we say the corresponding cluster
algebra (and its cluster pattern) are of finite type.

Definition 2.8. [Fomin and Zelevinsky 2003a, page 70] (cluster complexes). A
cluster complex 1 of A is a simplicial complex on the ground set X with the
clusters as the maximal simplices.
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An : 1 2 · · · n−1 n

Bn : 1 2 · · · n−1 n
(2,1)

Cn : 1 2 · · · n−1 n
(1,2)

Dn : 1 2 · · · n−2
n−1

n

E6 : 1 2 3 4 5

6

E7 : 1 2 3 4 5 6

7

E8 : 1 2 3 4 5 6 7

8

F4 : 1 2 3 4
(2,1)

G3 : 1 2
(3,1)

Figure 1. Quivers of finite type.

Then 1 is an n-dimensional complex. In particular, if A is of finite type or
skew-symmetric, then the vertices of EA are clusters, so the dual graph of 1 is EA.

2B. Finite types and finite mutation types. By the classification of cluster algebras
of finite type [Fomin and Zelevinsky 2003a], a cluster algebra is of finite type if and
only if there is a seed whose quiver is one of the quivers depicted in Figure 1. Note
that the underlying graphs of quivers in Figure 1 are trees, thus any two quivers
with the same underlying graph are mutation-equivalent.

Definition 2.9. [Fomin et al. 2008; Felikson et al. 2012b] A block is a quiver
isomorphic to one of the quivers with black or white colored vertices shown in
Figure 2. Vertices marked in white are called outlets. A connected quiver Q
is called block-decomposable (decomposable for brevity) if it can be obtained
from a collection of blocks by identifying outlets of different blocks along some
partial matching (matching of outlets of the same block is not allowed), where two
arrows with the same endpoints and opposite directions cancel out. If Q is not
block-decomposable then we call Q nondecomposable.
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◦ ◦

◦ ◦

◦

• •

◦

• •

◦

◦ ◦

•

•
• •

• •

◦

I II IIIa IIIb IV V

Figure 2. Blocks. Outlets are colored white, dead ends are black.

It is proved in [Fomin et al. 2008, Theorem 13.3] that a quiver is decomposable
if and only if it is a quiver of a triangulation of an oriented marked Riemann
surface, and thus a quiver mutation equivalent to a decomposable quiver is also
decomposable. Note that all arrow multiplicities of a decomposable quiver are 1
or 2. Therefore decomposable quivers are mutation finite. It is clear that a quiver
of rank 2, that is, a quiver with two vertices, is mutation finite. Besides these two
kinds of quivers, there are exactly 11 exceptional skew-symmetric quivers of finite
mutation type; see Theorem 6.1 in [Felikson et al. 2012b]. We list the exceptional
quivers in Figure 3.

2C. Automorphism groups. In this section, we recall the cluster automorphism
group [Assem et al. 2012] of a cluster algebra, and the automorphism group of the
corresponding exchange graph [Chang and Zhu 2016b].

Definition 2.10. [Assem et al. 2012] (cluster automorphisms). For a cluster alge-
bra A and a Z-algebra automorphism f :A→A, we call f a cluster automorphism
if there exists a labeled seed (x, B) of A such that the following conditions are
satisfied:

(1) f (x) is a cluster.

(2) f is compatible with mutations; that is, for every x ∈ x and y ∈ x, we have

f (µx,x(y))= µ f (x), f (x)( f (y)).

Then a cluster automorphism maps a labeled seed 6 = (x, B) to a labeled
seed 6′ = (x′, B ′). Under our assumption that B is indecomposable, we have the
following:

Lemma 2.11 [Assem et al. 2012]. A Z-algebra automorphism f : A→ A is a
cluster automorphism if and only if there exists a labeled seed 6 = (x, B) of A,
such that f (x) is the cluster in a labeled seed 6′ = (x′, B ′) of A with B ′ = B or
B ′ =−B.

We call the cluster automorphism such that B = B ′ (resp. B = −B ′) a direct
cluster automorphism (resp. an inverse cluster automorphism). Clearly, all the
cluster automorphisms of a cluster algebra A form a group with homomorphism
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E6 E7 E8

Ẽ6 : 1 2 3 4 5

6

7

Ẽ7 : 1 2 3 4 5 6 7

8

Ẽ8 : 1 2 3 4 5 6 7 8

9

E (1,1)6 : 1 2 3 4 5 6

7

8

E (1,1)7 : 1 2 3 4 5 6 7

8

9

E (1,1)8 : 1 2 3 4 5 6 7 8

9

10

X6 : 31

2

5

4

6

X7 : 31

2

5

4

6 7

Figure 3. Representatives of nondecomposable quivers of finite
mutation type.

composition as multiplication. We call this group the cluster automorphism group
of A, and denote it by Aut(A). We call the group Aut+(A) consisting of the direct
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cluster automorphisms of A the direct cluster automorphism group of A, which is
a subgroup of Aut(A) with index at most two; see [Assem et al. 2012].

Definition 2.12. [Saleh 2014; Chang and Zhu 2016b] (automorphism of exchange
graphs). An automorphism of the exchange graph EA of a cluster algebra A is an
automorphism of EA as a graph, that is, a permutation σ of the vertex set, such that
the pair of vertices (u, v) forms an edge if and only if the pair (σ (u), σ (v)) also
forms an edge.

Clearly, the natural composition of two automorphisms of EA is again an auto-
morphism. We define an automorphism group Aut(EA) of EA as a group consisting
of automorphisms of EA. It is clear that a cluster automorphism induces a unique
automorphism of the exchange graph. Thus Aut(A) is a subgroup of Aut(EA); see
[Chang and Zhu 2016b]. By the definition, an automorphism σ of an exchange
graph maps clusters to clusters, and induces an automorphism of its dual graph, the
cluster complex 1; we denote this automorphism by σ1. Then σ1 is a permutation
of cluster variables in X , which maps a maximal simplex to a maximal simplex, but
the map may not be compatible with the algebra relations among cluster variables
in A, thus it is not necessarily a cluster automorphism. In fact, Aut(A) may be a
proper subgroup of Aut(EA); see Examples 3.3 and 3.5. The following lemma can
be viewed as a description of Aut(A) as a subgroup of Aut(EA), as those exchange
graph automorphisms which happen to preserve B-matrices (perhaps up to global
reversal of sign) up to simultaneously relabeling of the rows and columns. In this
point of view, the main thrust of this paper is to show that, typically for the cluster
algebras we consider, any graph automorphism has the property of preserving
B-matrices.

Lemma 2.13. Let8 : EA→ EA be an automorphism which maps a seed6= (x, B)
to a seed 6′ = (x′, B ′). If B ∼= B ′ or B ∼=−B ′ under the correspondence x→ x′,
then the map x → x′ induces a cluster automorphism 9 of A and the induced
automorphism 9E : EA→ EA coincides with 8.

Proof. Since B ∼= B ′ or B ∼=−B ′, the map x→ x′ induces a cluster automorphism
9 of A by Lemma 2.11. Notice that 8(x) = 9(x); then by inductions on the
mutations, we have 8=9 on each cluster of EA, so 8=9E as automorphisms
of the exchange graph EA. �

3. Automorphism groups of exchange graphs

In this section we consider relations between the groups Aut(A) and Aut(EA) for a
cluster algebra A of finite type or of skew-symmetric finite mutation type. For this,
we need to describe EA more precisely. In the following we will recall the basic
structures of EA from [Fomin and Zelevinsky 2002; 2003a], and then introduce
layers of geodesic loops on EA.
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3A. Layers of geodesic loops. Let 6 = (x, B) be a labeled seed on the cluster
pattern of A. Let x′ be a proper subset of x, then x′ is a nonmaximal simplex in
the cluster complex 1. We denote by 1x′ the link of x \ x′, which is the simplicial
complex on the ground set

Xx′ = {α ∈X − (x \ x′) : (x \ x′)∪ {α} ∈1},

such that x′′ is a simplex in 1x′ if and only if x \ x′∪ x′′ is a simplex in 1. Let 0x′

be the dual graph of 1x′ . We view 0x′ as a subgraph of EA whose vertices are the
maximal simplices in 1 that contain x \ x′. In fact, as we explain now, 0x′ is the
exchange graph of a cluster algebra A f defined by a frozen seed

6 f = (x′, x \ x′, B f ),

which is the freezing of 6 at x \ x′ (see [Chang and Zhu 2016c, Definition 2.25]),
where B f is obtained from B by deleting the columns labeled by variables in x \ x′.
Then elements in x \ x′ are coefficients of A f (we refer to [Fomin and Zelevinsky
2002; 2007] for a cluster algebra with coefficients). Let A′ be a cluster algebra
defined by a seed 6′ = (x′, B ′), where B ′ is obtained from B by deleting rows and
columns labeled by variables in x \ x′. In our setting, that is, where cluster algebras
are of finite type or of skew-symmetric finite type, the exchange graph of a cluster
algebra (with coefficients) only depends on the principal part of the exchange matrix
(see [Fomin and Zelevinsky 2003a; Cerulli Irelli et al. 2013]) which is the submatrix
labeled by x \ x′× x \ x′; thus the graph 0x′ coincides with the exchange graph EA′ .

For a 2-dimensional subcomplex x′ of 1, we call the dual graph 0x′ a geodesic
loop of EA. We mention that the definition of geodesic loop is slightly different
from the definition used in [Fomin and Zelevinsky 2003a], where a line is not a
geodesic loop. If A is of finite type, then EA is a finite graph, and 0x′ is a polygon.
Notice that in the seed 6′ = (x′, B ′) constructed above, B ′ is of Dynkin type, that
is, one of types A2, B2,C2 or G2. Therefore 0x′ is a (h+2)-polygon, where h is
the Coxeter number of the corresponding Dynkin type; see [Fomin and Zelevinsky
2003a]. If A is of finite mutation type, then 0x′ may be a line. We fix a basepoint
6 = (x, B) and introduce the following concept.

Definition 3.1. (1) Letting 6′ be a point of EA, the distance `(6,6′) between
6 and 6′ is the minimal length of paths between 6 and 6′.

(2) Letting L be a geodesic loop of EA, the distance `6(L) between 6 and L is
the minimal length min{`(6,6′),6′ ∈ L}.

(3) Letting m ∈ Z>0 be a nonnegative integer, denote by `m
6 the set of geodesic

loops whose distance to 6 is m. We call it the m-layer of geodesic loops of
EA based on 6.

(4) For any m ∈ Z>0, denote by N (`m
6) the set of amounts of edges belonging to

geodesic loops in the m-layer `m
6 .
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Remark 3.2. The following observations are directly derived from the definitions:

(1) The elements in `0
6 are those geodesic loops 0x′ for the 2-dimensional sub-

complex x′ of 1, where x′ is a subset of the cluster x in 6.

(2) For m1 6= m2, `m1
6 ∩ `

m2
6 =∅.

(3) The disjoint union
⊔

m>0 `
m
6 is the set of all the geodesic loops of EA.

(4) If σ : EA→ EA′ is an isomorphism of graphs such that the image of 6 is 6′,
then for every m ∈ Z>0, N (`m

6)= N (`m
6′) as sets.

3B. Cases of rank 2 and rank 3. In this subsection, we consider the relations
between Aut(A) and Aut(EA) for a cluster algebra A of rank 2 or rank 3.

Example 3.3. For a finite type cluster algebra A of rank 2, that is, one of types
A2, B2,C2 or G2, its exchange graph EA is a (h+2)-polygon, thus Aut(EA) is
isomorphic to the dihedral group Dh+2, where h is the Coxeter number. If A
is of type A2, then Aut(A) ∼= D5 [Assem et al. 2012], thus Aut(A) ∼= Aut(EA).
If A is of type B2,C2 or G2, [Chang and Zhu 2016a, Theorem 3.5] shows that
Aut(A)∼= D(h+2)/2, thus Aut(A)$ Aut(EA).

Example 3.4. For an infinite type skew-symmetric cluster algebra A of rank 2, its
exchange graph EA is a line, thus Aut(EA) = 〈s〉 × 〈r〉 ∼= Z o Z2 = D∞, where
s is a left shift of EA which maps a cluster to the left adjacent cluster and r is a
reflection with respect to a fixed cluster. Then s corresponds to a direct cluster
automorphism of A and r corresponds to an inverse cluster automorphism of A;
thus by Lemma 2.13, Aut(EA)⊆ Aut(A). Therefore Aut(EA)∼= Aut(A)∼= D∞.

Example 3.5. For an infinite type non-skew-symmetric cluster algebra A of rank 2,
its exchange graph EA is also a line, thus as shown in Example 3.4, Aut(EA) =

〈s〉 × 〈r〉 ∼= Z o Z2, where s corresponds to a direct cluster automorphism of A,
while r dose not correspond to any cluster automorphism of A, since there is no
nontrivial symmetry of the quiver in any seed of A. Thus Aut(A)∼= Z $ Aut(EA).

Example 3.6. We consider the cluster algebra A of type A3 with an initial labeled
seed 60 = ({x1, x2, x3}, Q), where Q is 1→ 2← 3. Its exchange graph EA is
depicted in Figure 4. Note that there are three quadrilaterals and six pentagons in EA.
Then as shown in [Chang and Zhu 2016a, Example 3], Aut(A)= 〈 f−, f+〉 ∼= D6,
where f− is defined by

(3) f− :


x1 7→ x1,

x2 7→ µ2(x2),

x3 7→ x3.

It maps 60 to 61, and induces a reflection with respect to the horizontal central
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64

65

60

O3O2

O1

• •

•

63

62

61

•

• •

•

f0

f−

f+

Figure 4. The exchange graph of a cluster algebra of type A3.

axis of EA. The cluster automorphism f+ is defined by

(4) f+ :


x1 7→ µ1(x1),

x2 7→ x2,

x3 7→ µ3(x3).

It gives a reflection on EA, which maps 60 to 65. In fact, as shown in [Chang and
Zhu 2016a], a direct cluster automorphism of A is of the form ( f+ f−)m, 0≤m ≤ 5,
which induces a rotation of seeds in {60, 61, 62, 63, 64, 65}, thus Aut+(A) can
be viewed as the symmetry group of the bipartite belt consisting of seeds in
{60, 61, 62, 63, 64, 65}, where the quivers in these seeds are the bipartite quivers
isomorphic to Q.

We will prove that any automorphism of EA is induced from an element in
Aut(A), and thus Aut(A) ∼= Aut(EA). For this purpose, we show the following
claims:

(1) There exists no automorphism of EA which maps 60 to a vertex except for 6i ,
0≤ i ≤ 5.

(2) If an automorphism of EA maps 60 to 6i , 0≤ i ≤ 5, then it is induced from a
cluster automorphism of A.

Let σ be an automorphism of EA. Due to symmetries of EA, we only show that
σ(6) 6= Oi , i = 1, 2, 3. By a direct computation, the sets of numbers for the layers
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of geodesic loops based on these vertices are

N (`0
6)= {4, 5, 5}, N (`1

6)= {4, 5, 5}, N (`2
6)= {5, 5}, N (`3

6)= {4};

N (`0
O1
)= {4, 5, 5}, N (`1

O1
)= {5, 5, 5}, N (`2

O1
)= {4, 4}, N (`3

O1
)= {5};

N (`0
O2
)= {5, 5, 5}, N (`1

O1
)= {4, 4, 4}, N (`2

O1
)= {5, 5, 5};

N (`0
O3
)= {4, 5, 5}, N (`1

O3
)= {5, 5, 5}, N (`2

O3
)= {4, 4}, N (`3

O3
)= {5}.

Then by Remark 3.2(4), σ(60) 6= Oi , i = 1, 2, 3. So the first claim is affirmed.
Now we consider the second claim. Still due to the symmetries of the graph, we

may assume that σ(60) = 60. Since σ is a graph automorphism, it can be seen
that there are two possibilities for σ ; one is the identity, the other is the reflection
f0 with respect to the vertical central axis of EA, as depicted in Figure 4. Note
that the identity graph automorphism is induced from the identity automorphism of
the cluster algebra, while the graph automorphism f0 is induced from the cluster
automorphism ( f+ f−)3 by a direct computation. Therefore the second claim is true
and we have Aut(EA)∼= Aut(A)∼= D6.

Example 3.7. It is known from a result in [Fomin and Zelevinsky 2003b] that the
cluster algebras of type Bn and type Cn have the same exchange graph. Based on a
seed 60, the exchange graph of a cluster algebra A of type B3 or type C3 is depicted
in Figure 5. For the cluster algebra of type B3, the quiver of the initial seed 60 is

1−→ 2 (2,1)
←−− 3.

For the cluster algebra of type C3, the quiver of the initial seed 60 is

f rm[o]−− −→ 2 (1,2)
←−− 3.

Let σ be an automorphism of EA. As shown by Example 4 in [Chang and Zhu
2016a], we have Aut(A) ∼= D4 and {60, 61, 62, 63, 64, 65, 66, 67} are all the
seeds whose quivers are isomorphic to Q. Similarly, to get Aut(EA)∼=Aut(A), we
prove the two claims stated in Example 3.6. For the first claim, we only need to
prove that σ(60) 6= Oi (i = 1, 2, 3, 4) in Figure 5, and this can be obtained by the
fact that these seeds have different combinatorial numbers of layers of geodesic
loops:

N (`0
60
)= {4, 5, 6}, N (`1

60
)= {4, 5, 6};

N (`0
O1
)= {5, 6, 6};

N (`0
O2
)= {4, 5, 6}, N (`1

O2
)= {5, 6, 6};

N (`0
O3
)= {4, 5, 6}, N (`1

O3
)= {5, 6, 6};

N (`0
O4
)= {5, 6, 6}.



296 WEN CHANG AND BIN ZHU

O1

O4

O3

6 67

O2

•

•

6162

•

•

•

65 66

•

•

6463

•

Figure 5. The exchange graph of a cluster algebra of type B3 or
type C3.

For the second claim, we may also assume σ(60)=60. Since N (`0
60
)= {4, 5, 6},

there are neither rotation symmetries nor reflection symmetries of EA at 60. So
σ must be the identity automorphism of EA, which is induced from the identity
automorphism of the cluster algebra. Noticing that there are eight elements in
Aut(A)∼= D4, where each one corresponds a graph automorphism which maps 60

to 6i , 0≤ i ≤ 7.

Example 3.8. For cluster algebras of type F4, let the quiver Q of a seed 6 be

1−→ 2 (2,1)
←−− 3−→ 4.

Then Aut(A) ∼= D7 [Chang and Zhu 2016a]. The variables x1, x2, x3 and the
corresponding full subquiver of Q form a seed61 of type B3, while x2, x3, x4 and the
corresponding full subquiver of Q form a seed 62 of type C3. By pinning down 6,
rotating the graph EA induces an automorphism σ of EA, which exchanges the
graph EA61

and the graph EA62
. However σ does not induce a cluster automorphism

of A, and Aut(A)∼= D7 $ D7 oZ2 ∼= Aut(EA).

Proposition 3.9. Let Q be a connected quiver with three vertices which is of finite
type. Let 6 = (x, Q) and 6′ = (x′, Q′) be two seeds (not necessarily mutation
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equivalent to each other). If there is an isomorphism σ : EA → EA′ such that
σ(6)=6′, then 6′ = (x′, Q′) is a finite type seed with Q′ connected, and

(1) if 6 is of type A3, then Q′ ∼= Q (or Qop);

(2) if 6 is of type B3 and 6′ is not of type C3, then Q′ ∼= Q (or Qop);

(3) if 6 is of type C3 and 6′ is not of type B3, then Q′ ∼= Q (or Qop).

Proof. Clearly, since E ′A ∼= EA is of finite type, Q′ is a Dynkin type quiver with
three vertices. If Q is of type A3, then by Example 3.6,

N (`0
6)= {4, 5, 5} or {5, 5, 5}.

If Q is of type B3 (or C3), then from Example 3.7,

N (`0
6)= {4, 5, 6} or {5, 6, 6}.

If Q′ is a union of a quiver of type A2 and a point, then from Example 3.3,

N (`0
6)= {4, 4, 5}.

If Q′ is a union of a quiver of type B2 (or C2) and a point, then from Example 3.3,

N (`0
6)= {4, 4, 6}.

If Q′ is a union of a quiver of type G2 and a point, then from Example 3.3,

N (`0
6)= {4, 4, 8}.

Thus we get the proof by Remark 3.2. �

Example 3.10. Let Q be the quiver in Figure 6; we say it is of type Ã2. Then it is
not hard to see that if a quiver in the mutation class of Q is not isomorphic to Q,
then it must be isomorphic to the quiver Q′ in Figure 6. Let A be a cluster algebra
with an initial seed

6 = ({x1, x2, x3}, Q),

as in the above examples. To show that Aut(A)∼=Aut(EA), we only need to notice
that

N (`0
6)= {5, 5,∞},

N (`0
6′)= {5, 5, 5},

where 6′ is a seed of A with quiver isomorphic to Q′. In fact, from [Assem et al.
2012, Section 3.3],

Aut(A)= 〈r1, r2 | r1r2 = r2r1, r1
2
= r2〉o 〈σ | σ 2

= 1〉 ∼= H2,1 oZ2,
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Q :

1

2 3

Q′ :

1

2 3

Figure 6. Quivers of type Ã2.

1

2 3

Figure 7. Quiver of type T3.

where

r1 :


x1 7→ x3,

x2 7→ µ1(x1),

x3 7→ x2,

(5)

r2 :


x1 7→ x2,

x2 7→ µ3µ1(x3),

x3 7→ µ1(x1),

(6)

σ :


x1 7→ x2,

x2 7→ x1,

x3 7→ x3.

(7)

Thus Aut(EA)∼= H2,1 oZ2.

Example 3.11. Let A be a cluster algebra from a once punctured torus, which we
call a cluster algebra of type T3; then it is of finite mutation type with quiver always
isomorphic to the quiver in Figure 7. By Lemma 2.13, we have Aut(A)∼=Aut(EA).

Corollary 3.12. Let A and A′ be two cluster algebras of finite type, or of skew-
symmetric finite mutation type, with rank equal to 2 or 3. Let 6 = (x, B) and
6′ = (x′, B ′) be two seeds of A and A′, respectively. If N (`k

6) = N (`k
6′) for any

k ∈ Z≥0, then there exists an isomorphism 8 : EA→ EA′ such that 8(x)= x′.

Proof. This follows from Examples 3.6, 3.7, 3.10 and 3.11. �
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We expect the result in the corollary to be true for any finite type cluster algebras
and finite mutation type cluster algebras. This means that for any seed 6, the set
N (`k

6) characterizes the exchange graph.

Lemma 3.13. Let Q be a connected skew-symmetric quiver of finite mutation type.

(1) If there are 3 vertices in Q, then Q is one of the following types:

(a) A3 type.
(b) Ã2 type.
(c) T3 type.

(2) If there are at least four vertices in Q, then any full subquiver of Q with three
vertices is of type A3 or of type Ã2.

Proof. (1) From the classification of cluster algebras of finite mutation type, Q
must be block-decomposable, so the proof is a straightforward check by gluing the
blocks in Figure 2.

(2) We only need to notice that a quiver of type T3 is obtained by gluing two blocks
of type II in Figure 2, and thus one cannot further glue it with a block to obtain a
connected quiver of finite mutation type. �

It is clear that if for any quiver in the mutation equivalent class of Q the number
of arrows between any two vertices is at most 2, then Q is of finite mutation type.
The above lemma shows that the inverse statement is also true for the cases when
there are at least three vertices; that is, we have the following corollary, which has
been stated in [Derksen and Owen 2008, Corollary 8].

Corollary 3.14. A connected quiver Q with at least three vertices is of finite mu-
tation type if and only if for any quiver in its mutation class the number of arrows
between any two vertices is at most 2.

Proposition 3.15. Let Q be a connected skew-symmetric quiver with three vertices
which is of finite mutation type. Let 6 = (x, Q) and 6′ = (x′, Q′) be two seeds.
If there is an isomorphism σ : EA→ EA′ such that σ(6) = 6′, then Q′ ∼= Q or
Q′ ∼= Qop.

Proof. Similar to Proposition 3.9, this follows from Lemma 3.13 and Examples 3.11,
3.6 and 3.10. �

3C. General cases.

Theorem 3.16. Let A be a cluster algebra of finite type. Assuming that it is not of
type F4, let 6 = (x, Q) be a labeled seed of A, where Q is a connected quiver with
at least three vertices. Then we have Aut(A)∼= Aut(EA).
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Proof. We need to show that Aut(EA) ⊆ Aut(A). Let 8 be any automorphism
of EA. Then it induces an automorphism φ of the complex 1, in particular, which
gives a permutation on the cluster variable set X . Let x′ ⊆ x be a 3-dimensional
complex, and let Q(x′) be the full subquiver of Q(x) with vertices indexed by the
variables in x′. Let A′ be the cluster algebra defined by the seed 6′ = (x′, Q(x′)).

Notice that since φ is an automorphism of a complex, it maps a simplex to a
simplex, and thus induces a bijection from Xx′ ={α ∈X −(x\x′) : x\x′∪{α} ∈1}
to Xφ(x′) = {α ∈ X − φ(x \ x′) : φ(x \ x′) ∪ {α} ∈ 1}, and also induces an
isomorphism φx′ from the link 1x′ to the link 1φ(x′). Moreover, the duality of the
isomorphism φx′ gives an isomorphism between the dual graphs of the complexes;
that is, we have an isomorphism

(8) 8x′ : 0x′→ 0φ(x′).

Let 6′ = (φ(x′), Q(φ(x′))) be a seed, where Q(φ(x′)) is the full subquiver of
Q(8(x)) whose vertices are those labeled by elements in φ(x′). Let A′ be the
cluster algebra defined by 6′. As shown in the beginning of Section 3A, there
are isomorphisms 0x′ ∼= EA′ and 0φ(x′) ∼= EA′ . Combining these with the iso-
morphism (8), we have EA′ ∼= EA′ . Since A is not of type F4, if Q(x′) is of
type B3 (resp. type C3), then Q(φ(x′)) is not of type C3 (resp. type B3). Thus by
Proposition 3.9, Q(x′))∼= Q(φ(x′)) or Q(x′)∼= Q(φ(x′))op.

Let x′ = {x1, x2, x3} ⊆ x and x′′ = {x2, x3, x4} ⊆ x be two 3-dimensional
complexes with exactly two common elements. By the above discussion, we
have Q(x′)) ∼= Q(φ(x′)) or Q(x′) ∼= Q(φ(x′))op, and Q(x′′)) ∼= Q(φ(x′′)) or
Q(x′′) ∼= Q(φ(x′′))op. Now assume bx2x3 6= 0, that is, there exists at least one
arrow in Q(x) between the vertices labeled by x2 and x3, then simultaneously we
have Q(x′)) ∼= Q(φ(x′)) and Q(x′′)) ∼= Q(φ(x′′)), or Q(x′) ∼= Q(φ(x′))op and
Q(x′′)∼= Q(φ(x′′))op. Finally, due to the arbitrariness of the choice of x′ and the
connectedness of the quiver, one may show that Q(8(x))∼= Q or Q(8(x))∼= Qop.
See the inductive process in the following picture:

· · · x0 x1 x2 x3 x4 x5 x6 · · ·

x′

x′′

x′′′

Therefore 8 : EA→ EA induces a cluster automorphism of A by Lemma 2.13.
Thus Aut(EA)⊆ Aut(A) and we have Aut(EA)∼= Aut(A). �

Remark 3.17. By combining the above theorem, Table 1 in [Assem et al. 2012]
and Theorem 3.5 in [Chang and Zhu 2016a], we may compute the automorphism
groups of the exchange graphs of cluster algebras of finite type; see Table 1. The
cases of rank 2 and type F4 are computed in Examples 3.3 and 3.8, respectively.
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Theorem 3.18. Let A be a connected skew-symmetric cluster algebra of finite
mutation type; then Aut(A)∼= Aut(EA).

Proof. If A is of finite type of rank 2, that is, of type A2, then the result follows from
Example 3.3. If A is of infinite type of rank 2, the result follows from Example 3.4.
When the rank of A is at least 3, the proof is similar to the proof of Theorem 3.16
by using the connectedness of the cluster algebra and Proposition 3.15. �

Corollary 3.19. Let A be a connected cluster algebra of finite type or of skew-
symmetric finite mutation type, then an automorphism of EA is determined by the
image of any fixed seed6 and the images of the seeds adjacent to6. More precisely,
let6= (x, B) be a seed on EA, then an automorphism8 : EA→ EA is determined
by a pair (6′, φ), where 6′ = (x′, B ′) is a seed on EA and φ : x→ x′ is a bijection
such that 8(6)=6′ and 8(µx(x))= µφ(x)(x′) for any x ∈ x.

Proof. If A is of finite type of rank 2 and of type F4, then the conclusion is clear.
Otherwise, note that a cluster automorphism is determined by such a pair (6′, φ);
thus the proof follows from Theorems 3.16 and 3.18. �
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GEOMETRIC MICROLOCAL ANALYSIS IN
DENJOY–CARLEMAN CLASSES

STEFAN FÜRDÖS

A systematic geometric theory for the ultradifferentiable (nonquasianalytic
and quasianalytic) wavefront set similar to the well-known theory in the
classic smooth and analytic setting is developed. In particular an analogue
of Bony’s theorem and the invariance of the ultradifferentiable wavefront
set under diffeomorphisms of the same regularity is proven using a theorem
of Dynkin about the almost-analytic extension of ultradifferentiable func-
tions. Furthermore, we prove a microlocal elliptic regularity theorem for
operators defined on ultradifferentiable vector bundles. As an application,
we show that Holmgren’s theorem and several generalizations hold for op-
erators with quasianalytic coefficients.

1. Introduction

The aim of this work is to establish a geometric theory for the wavefront set in
ultradifferentiable classes introduced by Hörmander [1971a] analogous to the one
for the classical wavefront set. There are a number of recent works dealing with
this question; see, e.g., [Adwan and Hoepfner 2015; Berhanu and Hailu 2017;
Hoepfner and Medrado 2018]. In this paper we present a unified approach to the
problem, which also allows us to treat quasianalytic classes, which the methods
introduced up to now were not able to cover. We note that the geometric theory
of the ultradifferentiable wavefront set developed here has numerous possible
applications, including for example to problems studied by Baouendi and Métivier
[1982], Berhanu, Cordaro and Hounie [Berhanu et al. 2008] or Castellanos, Cordaro
and Petronilho [Castellanos et al. 2013].

Regarding questions of the regularity of solutions of PDEs, the wavefront set
is a crucial notion introduced by Sato [1970] in the analytic category and by
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Hörmander [1971b] in the smooth case. Their refinement of the singular sup-
port simplifies, for example, the proof of the classical elliptic regularity theorem
considerably.

One of the basic features of both the smooth and analytic wavefront sets is
that they are invariant under smooth and real-analytic changes of coordinates,
respectively. Hence it is possible to define the smooth (or analytic) wavefront set
of a distribution given on a smooth (or analytic) manifold. This is mainly due to
the fact the smooth (resp. analytic) wavefront set can either be described by the
Fourier transform (Hörmander’s approach), boundary values of almost analytic
(resp. holomorphic) functions (Sato’s definition) or by the FBI transform (due to
Bros and Iagolnitzer [1975]). The proof of the equivalence of these descriptions in
the analytic category is due to Bony [1977].

Various other notions of wavefront sets associated to microlocalizable structures
have since then been introduced; e.g., for Sobolev spaces, see, e.g., Lerner [2010].
In this paper we are interested in ultradifferentiable classes, that is, spaces of smooth
functions which include strictly all real analytic functions. The most well known
example of such classes are the Gevrey classes; see, e.g., [Rodino 1993].

Generally, spaces of ultradifferentiable functions are defined by putting growth
conditions either on the derivatives or the Fourier transform of its elements. One
family of ultradifferentiable classes, which includes the Gevrey classes, is the
category of Denjoy–Carleman classes. The elements of a Denjoy–Carleman class
satisfy generalized Cauchy estimates of the form

|∂α f (x)| ≤ Ch|α|M|α|

on compact sets, where C and h are constants independent of α and M= (M j ) j is
a sequence of positive real numbers, the weight sequence associated to the Denjoy–
Carleman class. Such classes of smooth functions were first investigated by Borel
and Hadamard, but were named after Denjoy and Carleman who characterized
independently the quasianalyticity of such a class using its weight sequence; see
the survey [Thilliez 2008].

There is a rich literature concerning the Denjoy–Carleman classes and their
properties. It turns out that conditions on the weight sequence translate to stability
conditions of the associated class. For example, if M is a regular weight sequence
in the sense of Dynkin [1976], then it is known that the Denjoy–Carleman class
is closed under composition and solving ordinary differential equations and that
the implicit function theorem holds in the class; see, e.g., [Bierstone and Milman
2004]. Hence it makes sense in this situation to consider manifolds of Denjoy–
Carleman type. In Section 2 we give a brief introduction in the modern theory of
Denjoy–Carleman classes and include a survey of the statements from the literature
that are needed later on for the convenience of the reader. We note also that using
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the theory it is straightforward to generalize Nagano’s theorem [1966] to orbits of
quasianalytic vector fields.

There have been several attempts to define wavefront sets with respect to Denjoy–
Carleman classes; see, e.g., [Komatsu 1991] and [Chung and Kim 1997]. The
definition in the latter uses the FBI transform and also allows us to define WFM u
for ultradistributions u in the nonquasianalytic case; see, e.g., [Adwan and Hoepfner
2010]. But if we restrict ourselves to distributions, the most wide-reaching definition
of an ultradifferentiable wavefront set both with respect to the conditions imposed
on the weight sequence and scope of achieved results was given by Hörmander
[1971a] utilizing the Fourier transform. Due to the relatively weak conditions
that he imposed on the weight sequence, Hörmander was only able to define
the ultradifferentiable wavefront set WFM u of distributions u on real-analytic
manifolds but not distributions defined on general ultradifferentiable manifolds.
Hörmander’s results are reviewed in Section 3.

The main result we need in order to proceed is a theorem of Dynkin [1976].
He showed that for regular weight sequences each function in a regular Denjoy–
Carleman class has an almost-analytic extension, whose ∂̄-derivative satisfies near
Im z = 0 a certain exponential decrease in terms of the weight sequence. We apply
this result and several statements of Hörmander [1983] in Section 4 to prove that the
Denjoy–Carleman wavefront set can be characterized by such M-almost-analytic
extensions. Using this characterization it is possible to modify Hörmander’s proof
of the invariance of the wavefront set in the real-analytic case to show that in our
situation the ultradifferentiable wavefront set for distributions on Denjoy–Carleman
manifolds can be well defined.

In Section 5 we show that WFM u can be characterized by the generalized
FBI transform introduced by Berhanu and Hounie [2012]. This shows, in the
case of distributions, the equivalence of the wavefront set introduced by Kim and
Chung with the definition of Hörmander and generalizes, in that situation, results
of Berhanu and Hailu [2017] and Hoepfner and Medrado [2018], especially to
quasianalytic classes.

We may note that if we combine our methods with the arguments in [Hoepfner and
Medrado 2018] then it is possible to generalize the above results to ultradistributions,
in particular the invariance of the wavefront set on ultradifferentiable manifolds.
In fact, it should be possible to give variants for ultradistributions of most of
the statements that are proven in this paper. However, in order to give a unified
presentation, especially regarding the assumptions on the weight sequence M, we
consider here only distributions.

As mentioned in the beginning, one of the fundamental results regarding the
classical wavefront set is the elliptic regularity theorem which states in its microlocal
form that we have for all partial differential operators P with smooth coefficients
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that WF u ⊆WF Pu∪Char P, where Char P is the set of characteristic points of P,
for all distributions u. Similarly Hörmander proved that WFM u⊆WFM u∪Char P
holds for operators with real-analytic coefficients. However, recently several authors,
e.g., Albanese, Jornet and Oliaro[Albanese et al. 2010] and Pilipović, Teofanov
and Tomić [Pilipović et al. 2018], have used the pattern of Hörmander’s proof
to show this inclusion for ultradifferentiable wavefront sets and operators with
ultradifferentiable coefficients for variously defined ultradifferentiable classes.

Arguing similarly, we prove in Section 6 that, if M is a regular weight sequence
that satisfies an additional condition, which is usually referred to in the literature as
moderate growth, (see, e.g., [Thilliez 2008]), then WFM u ⊆WFM Pu ∪Char P
for operators P with coefficients in the Denjoy–Carleman class associated to M.
In fact, we show this inclusion for operators with ultradifferentiable coefficients
acting on distributional sections of ultradifferentiable vector bundles.

Following the approach given separately by Kawai [Sato et al. 1973] and Hörman-
der [1971a] in the analytic case, we use the elliptic regularity theorem in Section 7
to prove a generalization of Holmgren’s uniqueness theorem to operators with coef-
ficients in quasianalytic Denjoy–Carleman classes. Finally we give quasianalytic
versions of the generalizations of the analytic Holmgren’s theorem due to Bony
[1976], Hörmander [1993], Sjöstrand [1982] and Zachmanoglou [1972].

2. Denjoy–Carleman classes

Throughout this article, � denotes an open subset of Rn. A weight sequence is a
sequence of positive real numbers (M j ) j∈N0 such that

M0 = 1,

M2
j ≤ M j−1 M j+1, j ∈ N.

Definition 2.1. Let M = (M j ) j be a weight sequence. We say that a smooth
function f ∈ E(�) is ultradifferentiable of class {M} if and only if for every
compact set K b � there exist constants C and h such that for all multi-indices
α ∈ Nn

0 ,

(2-1) |Dα f (x)| ≤ Ch|α|M|α|, x ∈ K .

We denote the space of ultradifferentiable functions of class {M} on� as EM(�).
Note that EM(�) is always a subalgebra of E(�) [Komatsu 1973].

Example 2.2. For any s ≥ 0 consider the sequence Ms
= ((k!)s+1)k . The space of

ultradifferentiable functions associated to Ms is the well-known space of Gevrey
functions Gs+1

= EMs of order s + 1; see, e.g., [Rodino 1993]. If s = 0 then
G1
=EM0=O is the space of real-analytic functions.
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Remark 2.3. It is easy to see that EM(�) is an infinite-dimensional vector space,
since it contains all polynomials. In fact EM(�) is a complete locally convex space;
see, e.g., [Komatsu 1973]. The topology on EM(�) is defined as follows. If K b�
is a compact set such that K = K ◦ then we define for f ∈ E(K ),

‖ f ‖hK := sup
x∈K
α∈Nn

0

∣∣∣∣Dα f (x)
h|α|M|α|

∣∣∣∣
and set

Eh
M(K ) := { f ∈ E(K ) | ‖ f ‖hK <∞}.

It is easy to see that Eh
M(K ) is a Banach space. Moreover, Eh

M(K )( Ek
M(K ) for

h< k and the inclusion mapping ιkh :E
h
M(K )→Ek

M(K ) is compact. Hence the space

EM(K ) := { f ∈ E(K ) | there exists h > 0 such that ‖ f ‖hK <∞} = lim
−−→

h
Eh
M(K )

is an (LB)-space. We can now write

EM(�)= lim
←−−

K
EM(K )

as a projective limit. For more details on the topological structure of EM(�), see
[Komatsu 1973].

We also call EM(�) the Denjoy–Carleman class on � associated to the weight
sequence M.

If M and N are two weight sequences then

M4N :⇐⇒ sup
k∈N0

(
Mk

Nk

)1/k

<∞

defines a reflexive and transitive relation on the space of weight sequences. Further-
more it induces an equivalence relation by setting

M≈N :⇐⇒ M4N and N 4M.

It holds that EM ⊆ EN if and only if M4N and EM = EN if and only if M≈N ;
see [Mandelbrojt 1952] and also [Rainer and Schindl 2014; Thilliez 2008]. For
example, if r < s then Gr+1 ( Gs+1.

The weight function ωM (see [Mandelbrojt 1952; Komatsu 1973]) associated to
the weight sequence M is defined by

ωM(t) := sup
j∈N0

log
t j

M j
, t > 0,

ωM(0) := 0.

We note that ωM is a continuous increasing function on [0,∞) and vanishes on
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the interval [0, 1], and ωM ◦ exp is convex. In particular ωM(t) increases faster
than log t p for any p > 0 as t tends to infinity. It is possible to extract the weight
sequence from the weight function, i.e.,

Mk = sup
t

tk

eωM(t) ;

see [Mandelbrojt 1952; Komatsu 1973].
If f and g are two continuous functions defined on [0,∞) then we write f ∼ g

if and only if f (t)= O(g(t)) and g(t)= O( f (t)) for t→∞. It can be shown that
the weight function ωs for the Gevrey space Gs+1 satisfies

ωs(t)∼ t1/(s+1).

Sometimes the classes EM are defined using the sequence mk = Mk/(k!) instead
of (Mk)k and (2-1) is replaced by

|Dα f (x)| ≤ Ch|α||α|!m|α|.

Infrequently the sequences µk = Mk+1/Mk or Lk = M1/k
k are also used, with an

accordingly modified version of (2-1); see also Remark 3.3. The main reason for
the different ways of defining the Denjoy–Carleman classes is the following. In
order to show that these classes satisfy certain properties, like the inverse function
theorem, one has to put certain conditions on the defining data of the spaces, i.e.,
the weight sequence; see, e.g., [Rainer and Schindl 2016]. Often these conditions
are easier to write down in terms of these other sequences instead of using (M j ) j .
In the following our point of view is that the sequences (Mk)k , (mk)k , (µk)k and
(Lk)k are all associated to the weight sequence M. We are going to use especially
the two sequences (m j ) j and (M j ) j indiscriminately.

We may note that sometimes ultradifferentiable functions associated to the weight
sequence M are defined as smooth functions satisfying (2-1) for all h > 0 on each
compact K; see, e.g., [Ehrenpreis 1970]. One says then that f is ultradifferentiable
of class (M) and the corresponding space is the Beurling class associated to M.
On the other hand EM is then usually called the Roumieu class associated to M;
see, e.g., [Komatsu 1973; Rainer and Schindl 2016].

From now on we shall put certain conditions on the weight sequences under
consideration.

Definition 2.4. We say that a weight sequence M is regular if and only if it satisfies
the following conditions, with k ∈ N:

m0 = m1 = 1.(M1)

sup
k

k

√
mk+1

mk
<∞.(M2)
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m2
k ≤ mk−1mk+1.(M3)

lim
k→∞

k
√

mk =∞.(M4)

The last condition just means that the space O of all real-analytic functions is
strictly contained in EM whereas the first is a useful normalization condition that
will help simplify certain computations. It is obvious that if we replace in (M1) the
number 1 with some other positive real number we would not change the resulting
space EM.

If M is a regular weight sequence, then it is well known that the associated
Denjoy–Carleman class satisfies certain stability properties; see, e.g., [Bierstone
and Milman 2004; Rainer and Schindl 2016]. For example EM is closed under
differentiation, i.e., if f ∈ EM(�) then Dα f ∈ EM(�) for all α ∈ Nn

0 .

Remark 2.5. The fact that EM(�) is closed under differentiation implies immedi-
ately another stability condition, namely closedness under division by a coordinate
(see [Bierstone and Milman 2004]):

Suppose that f ∈ EM(�) and f (x1, . . . , x j−1, a, x j+1, . . . , xn) = 0 for some
fixed a ∈ R and all xk , k 6= j, with the property (x1, . . . , x j−1,a, x j+1, . . . , xn)∈�.
Then we apply the fundamental theorem of calculus to the function

f j : t 7−→ f (x1, . . . , x j−1, t (x j − a)+ a, x j+1, . . . , xn)

and obtain

f (x)=
∫ 1

0

∂ f j

∂t
(t) dt

= (x j − a)
∫ 1

0

∂ f
∂x j

(x1, . . . , x j−1, t (x j − a)+ a, x j+1, . . . , xn) dt

= (x j − a)g(x).

It is easy to see that g ∈ EM(�) using ∂ f/∂x j ∈ EM(�).

For the proof of the properties above, only (M2) was used. If we apply also (M3)
then it is possible to show that EM(�) is inverse closed, i.e., if f ∈ EM(�) does
not vanish at any point of � then

1
f
∈ EM(�);

see [Rainer and Schindl 2016].
In fact, if M is a regular weight sequence then the associated Denjoy–Carleman

class satisfies also the following stability properties.

Theorem 2.6. Let M be a regular weight sequence and �1 ⊆ Rm and �2 ⊆ Rn be
open sets. Then the following holds:
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(1) The class EM is closed under composition (see [Roumieu 1962] and also
[Bierstone and Milman 2004]), i.e., let F :�1→�2 be an EM-mapping, that
is, each component F j of F is ultradifferentiable of class {M} in �1, and
g ∈ EM(�2). Then also g ◦ F ∈ EM(�1).

(2) The inverse function theorem holds in the Denjoy–Carleman class EM (see
[Komatsu 1979]): Let F : �1 → �2 be an EM-mapping and p0 ∈ �1 such
that the Jacobian F ′(p0) is invertible. Then there exist neighborhoods U of p0

in �1 and V of q0 = F(x0) in �2 and an EM-mapping G : V →U such that
G(q0)= p0 and F ◦G = idV .

(3) The implicit function theorem is valid in EM (see [Komatsu 1979]): Let F :
Rn+d

⊇�→Rd be an EM-mapping and (x0, y0) ∈� such that F(x0, y0)= 0
and ∂F/∂y(x0, y0) is invertible. Then there exist open sets U⊆Rn and V⊆Rd

with (x0, y0)∈U×V⊆� and an EM-mapping G : U→ V such that G(x0)= y0

and F(x,G(x))= 0 for all x ∈ V.

Furthermore it is true that EM(�) is closed under solving ODEs; to be more
specific, the following theorem holds.

Theorem 2.7 (Yamanaka [1991]; see also Komatsu [1980]). Let M be a regular
weight sequence, 0 ∈ I ⊆ R an open interval, U ⊆ Rn and V ⊆ Rd be open and
F ∈ EM(I ×U × V ).

Then the initial value problem

x ′(t)= F(t, x(t), λ), t ∈ I, λ ∈ V,

x(0)= x0, x0 ∈U,

has locally a unique solution x that is ultradifferentiable near 0.
More precisely, there is an open set � ⊆ I ×U × V that contains the point

(0, x0, λ) and an EM-mapping x = x(t, y, λ) : � → U such that the function
t 7→ x(t, y0, λ0) is the solution of the initial value problem

x ′(t)= F(t, x(t), λ0),

x(0)= y0.

For any regular weight sequence M we can define the associated weight by

(2-2) hM(t)= inf
k

tkmk if t > 0 and hM(0)= 0.

As above, we have that

mk = sup
t

hM(t)
tk .

In order to describe the connection between the weight and the weight function
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associated to a regular weight sequence we set

ω̃M(t) := sup
j∈N0

log
t j

m j
,

h̃M(t)= inf
k

tk Mk,

for t > 0 and ω̃M(0)= h̃M(0)= 0.

Lemma 2.8. If M is a regular weight sequence then

(2-3)
hM(t)= e−ω̃M(1/t),

h̃M(t)= e−ωM(1/t).

Proof. We prove only the equality for hM. Of course, the verification of the other
equation is completely analogous. If t > 0 is chosen arbitrarily we have by the
monotonicity of the exponential function that

exp
(
ω̃M

(
1
t

))
= exp

(
sup

k
log

1
mk tk

)
= sup

k

1
mk tk =

1
infk mk tk =

1
hM(t)

. �

We obtain that hM is continuous with values in [0, 1], equals 1 on [1,∞) and
goes more rapidly to 0 than t p for any p > 0 for t → 0. Although the weight
function is the prevalent concept, the weight has been used, e.g., by Dynkin [1976]
and Thilliez [2003].

Example 2.9. If M=Ms is the Gevrey sequence of order s then we know already
that the associated weight function satisfies ωs(t)∼ t1/(1+s). Hence (2-3) shows for
s > 0 that if we set

fs(t)= e−1/t s

then there are constants C1, C2, Q1 and Q2 > 0 such that

C1 fs(Q1t)≤ hs(t)≤ C2 fs(Q2t)

for t > 0.

It is well known (see, e.g., [Mather 1971] or [Melin and Sjöstrand 1975] ) that
a function f is smooth on � if and only if there is an almost-analytic extension
F of f , i.e., there exists a smooth function F on some open set �̃ ⊆ Cn with
�̃∩Rn

=� such that

∂̄ j F =
∂

∂ z̄ j
F = 1

2

(
∂

∂x j
+ i

∂

∂y j

)
F

is flat on � and F |� = f . The idea is now that if f is ultradifferentiable then one
should find an extension F of f such that the regularity of f is translated in a
certain uniform decrease of ∂̃ j F near � (see [Dynkin 1993]). Such extensions were
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constructed, e.g., by Petzsche and Vogt [1984] and Adwan and Hoepfner [2010]
under relative restrictive conditions on the weight sequence. The most general result
in this regard though was given by Dynkin [1976].

Theorem 2.10. Let M be a regular weight sequence and K b Rn be a compact
convex set with K = K ◦. Then f ∈ EM(K ) if and only if there exists a test function
F ∈ D(Cn) with F |K = f and if there are constants C, Q > 0 such that

(2-4) |∂̄ j F(z)| ≤ ChM(QdK (z)),

where 1≤ j ≤ n and dK is the distance function with respect to K on Cn
\K.

We shall note that Dynkin used the function h1(t) = infk∈N mk tk−1 instead of
the weight hM.1 But we observe that

hM(t)= inf
k∈N0

mk tk
≤ t inf

k∈N
mk tk−1

= th1(t)≤ Ct inf
k∈N

mk−1tk−1
= CthM(t),

where we used (M2). Since hM is rapidly decreasing for t→ 0 we can interchange
these two functions in the formulation of Theorem 2.10. In fact, Dynkin’s proof
gives immediately the following result.

Corollary 2.11. Let M be a regular weight sequence, p ∈� and f ∈D′(�). If f is
ultradifferentiable of class {M} near p, i.e., there exists a compact neighborhood K
of p such that f |K ∈ EM(K ), then there are an open neighborhood W ⊆� of p, a
constant ρ > 0 and a function F ∈ E(W + i B(0, ρ)) such that F |W = f |W and

(2-5) |∂̄ j F(x + iy)| ≤ ChM(Q|y|)

for some positive constants C, Q and all 1≤ j ≤ n and x + iy ∈W + i B(0, ρ).

One of the main questions in the study of ultradifferentiable functions is if the
class under consideration behaves more like the ring of real-analytic functions
or the ring of smooth functions. E.g., does the class contain flat functions, that
means nonzero elements whose Taylor series at some point vanishes? That leads to
following definition.

Definition 2.12. Let E ⊆ E(�) be a subalgebra. We say that E is quasianalytic if
and only if for f ∈ E the fact that Dα f (p) = 0 for some p ∈ � and all α ∈ Nn

0
implies that f ≡ 0 in the connected component of � that contains p.

In the case of Denjoy–Carleman classes quasianalyticity is characterized by the
following theorem.

1h1 is in fact the weight associated to the shifted sequence (mk+1)k .
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Theorem 2.13 [Denjoy 1921; Carleman 1923a; 1923b]. The space EM(�) is
quasianalytic if and only if

(2-6)
∞∑

k=1

Mk−1

Mk
=∞.

We say that a weight sequence is quasianalytic if and only if it satisfies (2-6) and
nonquasianalytic otherwise.

Example 2.14. Let σ > 0 be a parameter. We define a family N σ of regular weight
sequences by N0 = N1 = 1 and

Nσ
k = k!(log(k+ e))σk

for k ≥ 2. The weight sequence N σ is quasianalytic if and only if 0< σ ≤ 1; see
[Thilliez 2008].

Remark 2.15. Obviously DM(�) = D(�) ∩ EM(�) is nontrivial if and only if
EM(�) is nonquasianalytic; see, e.g., [Rudin 1966]. It is well known that the
sequences Ms are nonquasianalytic if and only if s > 0. In fact there is a nonquasi-
analytic regular weight sequence M̃ such that M̃4Ms for all s > 0; see [Rainer
and Schindl 2014, page 125]. Hence

O ( EM̃ (
⋂
s>0

Gs+1.

Using Theorem 2.6 we produce the following definition:

Definition 2.16. Let M be a smooth manifold and M a regular weight sequence.
We say that M is an ultradifferentiable manifold of class {M} if and only if there is
an atlas A of M that consists of charts such that

ϕ′ ◦ϕ−1
∈ EM

for all ϕ, ϕ′ ∈A.

A mapping F: M→ N between two manifolds of class {M} is ultradifferentiable
of class {M} if and only if ψ ◦ F ◦ϕ−1

∈ EM for any charts ϕ and ψ of M and N,
respectively. We can now consider the category of ultradifferentiable manifolds of
class {M}. We denote by

XM(M)= EM(M, T M)

the Lie algebra of ultradifferentiable vector fields on M. Note that, if M is a regular
weight sequence, an integral curve of an ultradifferentiable vector field of class
{M} is an EM-curve by Theorem 2.7.

These considerations allow us to state a quasianalytic version of Nagano’s theo-
rem [1966].
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Theorem 2.17. Let U be an open neighborhood of p0 ∈Rn and M a quasianalytic
regular weight sequence. Furthermore let g be a Lie subalgebra of XM(U ) that is
also an EM-module, i.e., if X ∈ g and f ∈ EM(U ) then f X ∈ g.

There exists an ultradifferentiable submanifold W of class {M} in U, such that

(2-7) TpW = g(p) for all p ∈W.

Moreover, the germ of W at p0 is uniquely defined by this property.

The proof of Theorem 2.17 is the same as in the analytic version; see, e.g.,
Baouendi, Ebenfelt and Rothschild [Baouendi et al. 1999]. We call the uniquely
defined germ γp0(g) of the manifold constructed in Theorem 2.17 the local Nagano
leaf of g at p0. From now on all Lie algebras of ultradifferentiable vector fields that
are considered are assumed to be also EM-modules.

Following Nagano [1966] (see also [Baouendi et al. 1999]), we can also give a
global version of Theorem 2.17.

Theorem 2.18. Let M be a quasianalytic regular weight sequence. If g is a Lie
subalgebra of XM(�) then g admits a foliation of �, that is a partition of � by
maximal integral manifolds.

Before we close this section we need to introduce another condition for weight
sequences. Let M be a weight sequence. We say that M is of moderate growth if
and only if there are constants C and ρ such that

(M2′) M j+k ≤ Cρ j+k M j Mk

for all ( j, k) ∈ N2
0. Both the Gevrey sequences Ms and the sequences N σ from

Example 2.14 satisfy (M2′) for all s and σ , respectively.
For a discussion of this condition, see, e.g., [Komatsu 1973]. Here we only

mention two facts. First, for any weight sequence M, if (M2′) holds then (M2)
is also satisfied. Furthermore, if M satisfies (M2′) then there is some s > 0 such
that EM ⊆ G1+s ; see, e.g., [Thilliez 2003]. On the other hand consider the regular
weight sequence L given by L0= L1= 1 and Lk = k!2k2

for k ≥ 2. Then G1+s ( EL
for all s ≥ 0 and therefore L cannot satisfy (M2′).

3. The ultradifferentiable wavefront set

In this and the following two sections we always assume that M is a regular weight
sequence.

Hörmander [1971a] proved the following local characterization of EM via the
Fourier transform:

Proposition 3.1. Let u ∈ D′(�) and p0 ∈ �. Then u is ultradifferentiable of
class {M} near p0 if and only if there are an open neighborhood V of p0, a
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bounded sequence (uN )N ⊆ E ′(U ) such that u|V = (uN )|V and some constant
Q > 0 so that

sup
ξ∈Rn

N∈N0

|ξ |N |ûN (ξ)|

QN MN
<∞.

Hörmander then used this characterization to define the ultradifferentiable wave-
front set:

Definition 3.2. Let u ∈ D′(�) and (x0, ξ0) ∈ T ∗� \ {0}. We say that u is mi-
crolocally ultradifferentiable of class {M} at (x0, ξ0) if and only if there are a
neighborhood V of x0, a bounded sequence (uN )N ⊆ E ′(�) with uN |V ≡ u|V and a
conic neighborhood 0 of ξ0 such that uN |V ≡ u|V , where V ∈ U(x0), and a conic
neighborhood 0 of ξ0 such that for some constant Q > 0

(3-1) sup
ξ∈0

N∈N0

|ξ |N |ûN |

QN MN
<∞.

The ultradifferentiable wavefront set WFM u is then defined as

WFM u :=
{
(x, ξ) ∈ T ∗� \ {0} |

u is not microlocally ultradifferentiable of class {M} at (x, ξ)
}
.

Remark 3.3. Hörmander [1971a] defined WFM for weight sequences that satisfy
weaker conditions than those we imposed in Definition 2.4. He required, as we
have done, (M2) and that O ⊆ EM, but (M3) is replaced by the monotonic growth
of the sequence

(3-2) L N = (MN )
1/N .

This condition still implies that EM is an algebra but gives only that EM is closed
under composition with analytic mappings.

More precisely, in terms of the sequence (L N )N , the conditions that Hörmander
imposed take the following form. First, N ≤ L N and L N+1 ≤ C L N for all N and a
constant C > 0 independent of N. Furthermore, as mentioned before, the sequence
(L N )N is also assumed to be increasing.

Note that Hörmander’s classes might not even be defined by weight sequences
in the sense of Section 2. Hence Hörmander [1983] was able to define WFM u for
distributions u on real analytic manifolds but not on arbitrary ultradifferentiable
manifolds of class {M}; note that the implicit function theorem may not hold
in an arbitrary ultradifferentiable class defined by weight sequences obeying his
conditions. Similarly he proved that

WFM u ⊆WFM Pu ∪Char P
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for linear partial differential operators P with analytic coefficients but not for
operators whose coefficients might be only of class {M}.

As mentioned before it is possible to modify the arguments of Hörmander in the
case of regular weight sequences to show that the above inclusion holds for partial
differential operators with ultradifferentiable coefficients as long as M is regular
and of moderate growth. Similarly we are able to define WFM u for distributions
defined on manifolds of class {M} (for regular M), in this instance using Dynkin’s
almost-analytic extension of ultradifferentiable functions (i.e., Corollary 2.11).

However, since regular weight sequences also fulfill the conditions of Hörmander
we can use all of his results on WFM. Indeed, in terms of L N , we have that (M4)
implies that k ≤ γ Lk for all k ∈ N0 and a constant γ > 0 independent of k by
Sterling’s formula whereas (M2) is equivalent to the existence of a constant A > 0
such that Lk ≤ ALk−1. We note that the last estimate implies L N ≤ AN for N ∈N0

since L1 = 1. On the other hand, it is well known that if (MN )N satisfies (M3) then
(L N )N is an increasing sequence; see, e.g., [Mandelbrojt 1952].

The following result shows we may choose the distributions uN in Definition 3.2
in a special manner.

Proposition 3.4 [Hörmander 1983, Lemma 8.4.4]. Let u ∈ D′(�) and let K ⊂�
be compact, let F ⊆ Rn be a closed cone such that WFM u ∩ (K × F) = ∅. If
χN ∈ D(K ) and for all α

|Dα+βχN | ≤ Cαh|β|α M |β|/N
N , |β| ≤ N ,

for some constants Cα, hα > 0 then it follows that χN u is bounded in E ′S if u is of
order S in a neighborhood of K, and further

|χ̂N u(ξ)| ≤ C
QN MN

|ξ |N
, N ∈ N, ξ ∈ F,

for some constants C, Q > 0.

We summarize the basic properties of WFM according to Hörmander [1983].
Here sing supp u ⊆� is defined to be the complement of the largest open subset

V ⊆� with u|V ∈ EM(V ).

Theorem 3.5 [Hörmander 1983, Theorems 8.4.5–8.4.7]. Let u ∈D′(�) and M, N
be two weight sequences. Then:

(1) WFM u is a closed conic subset of �×Rn
\{0}.

(2) The projection of WFM u in � is

π1(WFM u)= sing suppM u.

(3) WF u ⊆WFN u ⊆WFM u if M4N .
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(4) If P =
∑

pαDα is a partial differential operator with ultradifferentiable
coefficients of class {M} then WFM Pu ⊆WFM u.

Additionally we note that WFM u satisfies the following microlocal reflection
property:

(3-3) (x, ξ) /∈WFM u⇐⇒ (x,−ξ) /∈WFM ū.

In particular, if u is a real-valued distribution, that is, ū = u, then WFM u|x :=
{ξ ∈ Rn

| (x, ξ) ∈WFM u} is symmetric at the origin.

Example 3.6. It is easy to see that WFM δp = {p}×Rn
\{0} for any regular weight

sequence M.

Remark 3.7. The complicated form of Definition 3.2 compared with the definition
of the smooth wavefront set stems from the fact that quasianalytic weight sequences
are allowed. Thus in general there may not be any nontrivial test functions of
class {M}. However if DM 6= {0} then we can choose in Definition 3.2 the constant
sequence uN = ϕu for some ϕ ∈DM(�) with ϕ(x0)= 1, and (3-1) is equivalent to
the existence of constants C, Q > 0 such that

|ϕ̂u(ξ)| ≤ C inf
N

QN MN |ξ |
−N for all ξ ∈ 0;

thus (2-3) implies

|ϕ̂u(ξ)| ≤ Ch̃M

(
Q
|ξ |

)
≤ C exp

(
−ωM

(
|ξ |

Q

))
.

We conclude (see, e.g., [Rodino 1993] in the case of Gevrey-classes) that for
nonquasianalytic weight sequences M, (3-1) is equivalent to

sup
ξ∈0

eωM(Q|ξ |)
|ϕ̂u(ξ)|<∞ for some Q > 0.

Proposition 3.1 is then only a restatement of the well-known fact that for nonquasi-
analytic weight sequences we have that ϕ ∈DM if and only if ϕ̂ ≤Ce−ωM(Q|ξ |) for
some constants C, Q. Therefore it is possible to define ultradifferentiable classes
using appropriately defined weight functions instead of weight sequences; see,
e.g., in a somehow generalized setting, [Björck 1966]. However, this approach
leads only to nonquasianalytic spaces. This restriction was removed by Braun,
Meise and Taylor [Braun et al. 1990], who reformulated the defining estimates of
these classes to allow also quasianalytic classes. A wavefront set relative to these
classes was introduced in [Albanese et al. 2010]; see Section 6. The complicated
connection between the classes defined by weight sequences and those given by
weight functions was investigated in Bonet, Meise and Melikhov [Bonet et al.
2007]. Recently a new approach to define spaces of ultradifferentiable functions
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was introduced in [Rainer and Schindl 2014], which encompasses the classes given
by weight sequences and weight functions; see also [Rainer and Schindl 2016].

4. Invariance of the wavefront set under ultradifferentiable mappings

Our aim in this section is to develop, using the almost-analytic extension of functions
in EM given by Dynkin, a geometric description of WFM similar to the one that
was presented, e.g., by Liess [1999, Section 4], for the smooth wavefront set.

We need to fix some notation: If 0 ⊆ Rd is a cone and r > 0 then

0r := {y ∈ 0 | |y|< r}.

If 0′ ⊆ 0 is also a cone we write 0′ b 0 if and only if (0′ ∩ Sd−1)b (0 ∩ Sd−1).
Analogous to Liess [Liess 1999, Section 2.1] in the smooth category we say

that, if M is a weight sequence, a function F ∈ E(�×U ×0r ), U ⊆ Rd open, is
M-almost analytic in the variables (x, y) ∈U ×0r with parameter x ′ ∈� if and
only if for all K b�, L bU and cones 0′ b 0 there are constants C, Q > 0 such
that for some r ′ we have

(4-1)
∣∣∣ ∂F
∂ z̄ j
(x ′, x, y)

∣∣∣≤ ChM(Q|y|), (x ′, x, y) ∈ K × L ×0′r ′, j = 1, . . . , d,

where ∂/∂ z̄ j =
1
2(∂x j + i∂y j ) and hM is the weight associated to the regular weight

sequence M as defined by (2-2).
We may also say generally that a function g ∈ C(�×U ×0r ) is of slow growth

in y ∈0r if for all K b�, L bU and 0′ b0 there are constants c, k > 0 such that

(4-2) |g(x ′, x, y)| ≤ c|y|−k, (x ′, x, y) ∈ K × L ×0′r .

The next theorem is a generalization of [Hörmander 1983, Theorem 4.4.8]; see
[Adwan and Hoepfner 2015].

Theorem 4.1. Let F ∈ E(� × U × 0r ) be M-almost analytic in the variables
(x, y) ∈U ×0r and of slow growth in the variable y ∈ 0r . Then the distributional
limit u of the sequence uε = F( . , . , ε) ∈ E(� × U ) exists. We say that u =
b0(F) ∈ D′(�×U ) is the boundary value of F. Furthermore, we have

WFM u ⊆ (�×U )× (Rn
×0◦),

where 0◦ = {η ∈ Rd
| 〈y, η〉 ≥ 0 for all y ∈ 0} is the dual cone of 0 in Rd.

Proof. Let ϕ ∈D(�×U ) and Y0 ∈ 0δ . Then there are K b� and L bU such that
suppϕ ⊆ K × L , and constants c, k > 0 exist such that (4-2) holds. We set

8κ(x ′, x, y)=
∑
|α|≤κ

∂αx ϕ(x
′, x)

(iy)α

α!

for κ ≥ k. Obviously F ·8κ can be extended to a smooth function on Rn
×Rd
×0δ
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that vanishes outside K × L ×0δ. We consider the function

uε : R2
3 (σ, τ ) 7−→ F(x ′, x̃ + σY0, ε+ τY0)8κ(x ′, σY0, τY0),

where x ′ ∈ Rn, x̃ ∈ Y⊥0 = {z ∈ Rd
| 〈z, Y0〉 = 0}. If a < b are chosen such that

ϕ(x ′, x̃ + σY0)= 0 for all x ′ ∈ Rn, x̃ ∈ Y⊥0 and σ ≤ a or σ ≥ b then uε(σ, τ )= 0
for all τ ∈ [0, 1]. If R = [a, b]× [0, 1] then Stokes’ theorem states that

(4-3)
∫
∂R

uε dζ =
∫

R

∂uε
∂ζ̄

d ζ̄ ∧ dζ,

where we have set ζ = σ + iτ .
A simple computation gives

2i
∂

∂ζ̄

(
8κ(x ′, x̃ + σY0, τY0)

)
= (κ + 1)τ κ

∑
|α|=κ+1

∂αx ϕ(x
′, x̃ + σY0)

(iY0)
α

α!
.

Hence formula (4-3) means in detail that∫ b

a
F(x ′, σY0, ε)ϕ(x ′, σY0) dσ

=

∫ b

a
F(x ′, σY0, ε+ Y0)8κ(x ′, σY0, Y0) dσ

+ 2i
∫ b

a

∫ 1

0
〈∂̄F(x ′, σY0, ε+ τY0), Y0〉8κ(x ′, σY0, τY0) dτdσ

+ (κ + 1)
∫ b

a

∫ 1

0
F(x ′, σY0, ε+ τY0)τ

κ
∑
|α|=κ+1

∂αx ϕ

β!
dτdσ

and thus integrating over �× Y⊥0 yields

(4-4)
∫
�×U

F(x ′, x,ε)ϕ(x ′, x)dλ(x ′, x)

=

∫
�×U

F(x ′, x,ε+Y0)8κ(x ′, x,Y0)dλ(x ′, x)

+2i
∫
�×U

∫ 1

0
〈∂̄F(x ′, x,ε+τY0),Y0〉8κ(x ′, x,τY0)dτdλ(x ′, x)

+(κ+1)
∫
�×U

∫ 1

0
F(x ′, x,ε+τY0)τ

κ
∑
|α|=κ+1

∂αx ϕ(x
′, x)

(iY0)
α

α!
dλ(x ′, x).

Since by assumption |τ κF(x ′, x, ε+ τY0)| ≤ c for some constant c and ∂̄ j F de-
creases rapidly for 0r 3 y→ 0 (see the remarks after Lemma 2.8) the bounded
convergence theorem implies that the right-hand side converges for ε→ 0. Hence
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we define

(4-5) 〈u, ϕ〉 :=∫
�×U

F(x ′, x, Y0)8κ(x ′, x, Y0) dλ(x ′, x)

+ 2i
∫
�×U

∫ 1

0
〈∂̄F(x ′, x, τY0), Y0〉8κ(x ′, x, τY0) dτdλ(x ′, x)

+ (κ + 1)
∫
�×U

∫ 1

0
F(x ′, x, τY0)τ

κ
∑
|α|=κ+1

∂αx ϕ(x
′, x)

(iY0)
α

α!
dτdλ(x ′, x).

Since there is a constant C̃ only depending on F and K × L such that

|〈u, ϕ〉| ≤ C̃ sup
(x ′,x)∈K×L

( ∑
|β|≤κ+1

|∂βx ϕ(x
′, x)|

)
,

we deduce that the linear form u on D(�×U ) given by (4-5) is a distribution.
Now, let p0 ∈�×U and ω2×V2bω1×V1b�×U be two open neighborhoods

of p0. Using [Hörmander 1983, Theorem 1.4.2] we can choose a sequence (ϕκ)κ ⊂
D(ω1× V1) such that ϕκ |ω2×V2 ≡ 1 and for all γ ∈ Nn+d

0 we have that

(4-6) |Dγ+βϕκ | ≤ (Cγ (κ + 1))|β|, |β| ≤ κ + 1,

for a constant Cγ ≥ 1 independent of κ . As before we set for each κ

8κ(x ′, x, y)=
∑
|α|≤κ

∂αx ϕκ(x
′, x)

(iy)α

α!
.

We aim to estimate ϕ̂κu. In order to do so, let (ξ, η) ∈Rn
×Rd and notice that (4-5)

implies for κ ≥ k,

ϕ̂κu(ξ, η)= 〈u, e−i〈 . ,(ξ,η)〉ϕκ〉

=

∫
�×U

F(x ′, x, Y0)e−i(x ′ξ+(x+iY0)η)8κ(x ′, x, Y0) dλ(x ′, x)

+ 2i
∫
�×U

∫ 1

0
〈∂̄F(x ′, x, τY0), Y0〉e−i(x ′ξ+(x+iτY0)η)

×8κ(x ′, x, τY0) dτdλ(x ′, x)

+ (κ + 1)
∫
�×U

∫ 1

0
F(x ′, x, τY0)e−i(x ′ξ+(x+iτY0)η)τ κ

×

∑
|α|=κ+1

∂αx ϕ(x
′, x)

(iY0)
α

α!
dτdλ(x ′, x)

for some fixed, but arbitrary Y0 ∈ 0r (note that k depends on u, ω1× V1 and Y0).
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Condition (4-6) gives the following estimate for 0≤ µ≤ κ + 1:∣∣∣∣∑
|α|=µ

∂αx ϕκ(x
′, x)

(iY )α

α!

∣∣∣∣≤ Cµ

0 (κ + 1)µ
∑
|α|=µ

|Y α|
α!
= Cµ

0 (κ + 1)µ
|Y |µ1
µ!

,

where |Y |1 =
∑

j |Y j | for Y = (Y1, . . . , Yd) ∈ Rd. Hence we have

|8κ(x ′, x, τY0)| ≤ Cκ+1
1 ,∣∣∣∣(κ + 1)

∑
|α|=κ+1

∂αx ϕκ(x
′, x)

(iY0)
α

α!

∣∣∣∣≤ Cκ+1
1 ,

for C1 = 2eC0|Y0|1 and τ ∈ [0, 1]. We obtain

|ϕ̂κu(ξ, η)|

≤ Cκ+1
1 eηY0 + 2Cκ+1

1 C
∫ 1

0
hM(Qτ |Y0|)eτηY0 dτ +Cκ+1

1

∫ 1

0
τ κ−keτηY0 dτ

≤ C2 Qκ
1

(
eηY0 +mκ−k

∫ 1

0
τ κ−keηY0

)
= C2 Qκ

1
(
eηY0 +mκ(κ − k)!(−Y0η)

k−κ−1)
for some constants C2, Q1 and Y0η < 0. If we set Ỹ0 = (0, Y0) ∈ Rn

×Rd then
obviously

〈Ỹ0, (ξ, η)〉 = 〈Y0, η〉.

Therefore we have for κ ≥ k and ζ = (ξ, η) that

|ϕ̂κu(ζ )| = C3 Qκ
1
(
eỸ0ζ +mκ−k(κ − k)!(−Ỹ0ζ )

k−κ−1)
and Ỹ0ζ < 0.

Now for any ζ0 ∈Rn+d with 〈Ỹ0, ζ0〉< 0 we can choose an open cone V ⊆Rn+d

such that ζ0 ∈ V and for some constant c > 0 we have 〈Ỹ0, ζ 〉 < −c|ζ | if ζ ∈ V.
Furthermore we set uκ = ϕk+κ−1u. Clearly the sequence (uκ)κ is bounded in
E ′(�×U ) and uκ |ω2×V2 ≡ u|ω2×V2 . Also using the inequality e−c|ζ |

≤ κ!(c|ζ |)−κ

we conclude

|ûκ(ζ )| =C3 Qκ
1
(
κ!(c|ζ |)−κ+mκ−1(κ−1)!(c|ζ |)−κ

)
≤C3 Qκ

2mκκ!|ζ |
−κ , ζ ∈ V .

Hence (p0, ζ0) /∈WFM u and therefore

WFM u ⊆ (�×U )× (Rn
×0◦)\{(0, 0)}. �

It is clear that the proof would only require F ∈ C1. From now the constants used
in the proofs will be generic, i.e., they may change from line to line.
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Remark 4.2. If F ∈E(�×U×V ) is M-almost analytic with respect to the variables
(x, y) ∈U ×V we will often write F(x ′, x+ iy) or F(x ′, z, z̄) and consider F as a
smooth function on �× (U + iV ). If �=∅ then we just say that F is M-almost
analytic.

Even though in the remainder of this paper we shall only use the assertion of
Lemma 4.5 in the special case �=∅ (i.e., without parameters), we have decided to
include the general statement because we think it is of independent interest. We also
have an application for the parameter version of the theorem in our paper [Fürdös
2019].

Example 4.3. Consider the holomorphic function F(z) = 1
z on C\{0}. It is well

known that the boundary values of F onto the real line from above and beneath,
commonly denoted by

1
x + i0

= b+F = lim
y→0+

1
x + iy

,

1
x − i0

= b+F = lim
y→0+

1
x − iy

,

satisfy the jump relations (see, e.g., [Duistermaat and Kolk 2010]); in particular,

2iδ =
1

x − i0
−

1
x + i0

.

We have that both 1/(x + i0) and 1/(x − i0) are real-analytic outside the origin.
Hence the application of Theorem 4.1 together with the jump relations imply that

WFM

(
1

x ± i0

)
= {0}×R±.

There is a partial converse to the last theorem.

Theorem 4.4. Let 0 ⊆ Rn be an open convex cone and u ∈ D′(�) with WFM u ⊆
�×0◦. If V b� and 0′ is an open convex cone with 0

′
⊆ 0 ∪ {0} then there is an

M-almost analytic function F on V + i0′r of slow growth for some r > 0 such that
u|V = b0′(F)

Proof. By [Hörmander 1983, Theorem 8.4.15] we have that u can be written on a
bounded neighborhood U of V as a sum of a function f ∈ EM(U ) and the boundary
value of a holomorphic function of slow growth on U + i0′r for some r . To obtain
the assertion use Corollary 2.11 to extend f almost-analytically on V. �

In order to proceed we need a further refinement of a result of Hörmander.

Lemma 4.5. Let 0 j ⊆ Rn
\{0}, j = 1, . . . , N, be closed cones such that

⋃
j0 j =

Rn
\{0} and V b � is convex. Any u ∈ D′(�) can be written on V as a linear
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combination u|V =
∑

j u j of distributions u j ∈ D′(V ) that satisfy

WFM u j ⊆WFM u ∩ (V ×0 j )

Proof. Set v = ϕu where ϕ ∈ D(�) such that ϕ ≡ 1 on V. The existence of
v j ∈ S ′(Rn) such that

WFM v j ⊆WFM v ∩ (Rn
×0 j )

is given in [Hörmander 1983, Corollary 8.4.13]. Set u j = (v j )|V . �

Combining Theorem 4.4 with Lemma 4.5 we obtain:

Corollary 4.6. Let u ∈ D′(�) and (x0, ξ0) ∈�×Rn
\{0}. Then (x0, ξ0) /∈WFM u

if and only if there are a neighborhood U of x0, open convex cones 01, . . . , 0N with
the properties ξ00 j < 0, j = 1, . . . N and 0 j ∩0k =∅ for j 6= k, and M-almost
analytic functions h j on U + i0r j , r j > 0, of slow growth such that

u|U =
N∑

j=1

b0 j (h j ).

Proof. Without loss of generality, assume that WFM u 6=∅. If (x0, ξ0) /∈WFM u one
can find closed cones V1, . . . , VN with nonempty interior and V j ∩ Vk has measure
zero for j 6= k such that ξ0 is contained in the interior of V1 and V1 ∩WFM u =∅
whereas ξ0 /∈ V j are acute cones and WFM u ∩ V j 6= ∅ for j = 2, . . . , N. By
Lemma 4.5 we can write u on an open neighborhood U of x0 as a sum u =
u1 +

∑N
j=2u j with u1 being an ultradifferentiable function defined on U and

u j ∈D′(U ) such that WFM u j ⊆WFM u∩V j , j=2, . . . , N. The cones V2, . . . , VN

are the dual cones of open convex cones 02, . . . , 0N , i.e., 0◦j = V j . We can choose
cones 0′j b 0 j and using Theorem 4.4 we find M-almost analytic functions h j on
U + i0′j,r of slow growth such that u j = b0′j (h j ). It remains to note that ξ0 y < 0
for all y ∈ 0′j , j = 2, . . . , N. �

Let �1 ⊆ Rm and �2 ⊆ Rn be open. If F :�1→�2 is a EM-mapping then we
denote as in [Hörmander 1983, page 263] the set of normals by

NF = {(F(x), η) ∈�2×Rn
: DF(x)η = 0},

where DF denotes the transpose of the Jacobian of F. The following is a general-
ization of [Hörmander 1983, Theorem 8.5.1].

Theorem 4.7. For any u ∈ D′(�2) with NF ∩WFM u = ∅ we obtain that the
pull-back F∗u ∈ D′(�1) is well defined and

(4-7) WFM(F∗u)⊆ F∗(WFM u).

Proof. The first part of the statement is [Hörmander 1983, Theorem 8.2.4]. For the
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proof of the second part of the theorem assume first that there is an open convex
cone 0 such that u is the boundary value of an M-almost analytic function 8 on
�2+ i0r of slow growth. Hence WFM u ⊆�2×0

◦. If x0 ∈�1 and DF(x0)η 6= 0
for η ∈ 0◦\{0} then DF(x0)0

◦ is a closed convex cone. We claim that

WFM(F∗u)|x0 ⊆ {(x0, DF(x0)η) : η ∈ 0
◦
\ {0}}.

We adapt as usual the argument of Hörmander [1983]. We can write (see [Hörmander
1983, page 296])

DF(x0)0
◦
= {ξ ∈ Rn

| 〈h, ξ〉 ≥ 0, F ′(x0)h ∈ 0}.

If F̃ denotes an M-almost analytic extension of F onto X0 + iRn, where the
neighborhood X0 of x0 is convex and relatively compact in �1, which exists due to
Theorem 2.10, then Taylor’s formula implies that

Im F̃(x + iεh) ∈ 0, x ∈ X0,

for F ′(x0)h ∈ 0 if X0 and ε > 0 are small.
Recalling (4-4) we see that the map

R≥0× (0 ∪ {0}) 3 (ε, y) 7−→ 8̃(ε, y) :=8(F̃( . + iεh)+ iy) ∈ D′(X0)

is continuous. If ε→ 0 then 8̃(ε, y)→ 8̃(0, y)=8(F̃( . + 0i)+ iy) in D′ and if
now y→ 0 we have by definition 8̃(0, y)→ F∗u. On the other hand if first y→ 0
then

8̃(ε, y)→ 8̃(ε, 0)=8(F̃( . + iεh)).

Hence by continuity
F∗u = lim

ε→0
8(F̃( . + iεh))

in D′(X0) and by the proof of Theorem 4.1,

WFM F∗u|x0 ⊆ {(x0, ξ) | 〈h, ξ〉 ≥ 0}.

The claim follows.
Now suppose that (F(x0), η0) /∈ WFM u. By Corollary 4.6 we can write a

general distribution u on some neighborhood U0 of F(x0) as
∑N

j=1 u j where
the distributions u j , j = 1, . . . , N, are the boundary values of some M-almost
analytic functions 8 j on U0 + i0 j , where the 0 j are some open convex cones
such that η00 j < 0 for all j = 1, . . . , N. By assumption DF(x)η 6= 0 when
(F(x), η) ∈WFM u for x ∈ F−1(U0). Hence we can assume that DF(x)η 6= 0 for
η ∈0◦j for all j = 1, . . . , N and x ∈ F−1(U0) since in the proof of Corollary 4.6 the
cones0 j , j=1, . . . , N, can be chosen such that0◦ ∩ Sn−1 and0◦j ∩WFM u|x 6=∅
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for x ∈U0. By the arguments above we have for a small neighborhood V of x0 that

F∗u|V =
N∑

j=1

F∗u j |V

and WFM(F∗u j )|x0 ⊆ {(x0, DF(x0)η) | η ∈ 0
◦

j \ {0}} for all j. However, since
η00 j < 0 it follows that (x0, DF(x0)η0) /∈WFM(F∗u j ) and so (x0, DF(x0)η0) /∈

WFM(F∗u). �

Remark 4.8. If F is an EM-diffeomorphism we obtain from Theorem 4.7 that

WFM(F∗u)= F∗(WFM u).

Hence if M is an EM-manifold and u ∈ D′(M) we can define WFM u invariantly
as a subset of T ∗M\{0}. More precisely, there is a subset Ku of T ∗M such that the
diagram

Ku

T ∗ϕ(U ∩ V )⊇WFM v1 WFM v2 ⊆ T ∗ψ(U ∩ V )
ρ∗

commutes for any two charts ϕ and ψ of M on U ⊆ M and V ⊆ M, respectively.
We have set ρ=ψ ◦ϕ−1, v1= ϕ

∗u ∈D′(ϕ(U ∩V )) and v2=ψ
∗u ∈D′(ψ(U ∩V )).

It follows that Ku ⊆ T ∗M \{0} has to be closed and fiberwise conic. We set
WFM u := Ku .

Analogously we define the wavefront set of a distribution u ∈ D′(M, E) with
values in an ultradifferentiable vector bundle locally by setting

WFM u|V =
ν⋃

j=1

u j ,

where V ⊆ M is an open subset such that there is a local basis ω1, . . . , ων of
EM(V, E) and u j ∈ D′(V ) are distributions on V such that

u|V =
ν∑

j=1

u jω
j .

We close this section by observing that Theorem 4.7 allows us to strengthen a
uniqueness result of Boman [1995]:

Theorem 4.9. Let M be a quasianalytic weight sequence and S ⊆ Rn an EM-
submanifold. If u is a distribution defined on a neighborhood of S such that

WFM u ∩ N ∗S =∅
and

∂αu|S = 0 for all α ∈ Nn
0,

then u vanishes on some neighborhood of S.
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Indeed, locally S is diffeomorphic to

S′ = {(x ′, x ′′) ∈ Rm+d
| x ′′ = 0} ⊆ Rn

and the assumptions of the theorem translate to the corresponding conditions for
the pullback w = F∗u where F : Rn

→ Rn is the local EM-diffeomorphism that
maps S′ to S. Then the proof of Theorem 1 in [Boman 1995] gives w = 0 in a
neighborhood of S′.

5. A generalized version of Bony’s Theorem

We have seen that for a distribution u the wavefront set WFM u can be described
either using the Fourier transform or by its M-almost analytic extensions. A similar
fact is true for the analytic wavefront set using holomorphic extensions. The latter
was the original approach of Sato [1970]. However, Bros and Iagolnitzer [1975] used
the classical FBI transform to describe the set of microlocal analytic singularities.
It was Bony [1977] who proved that all three methods actually describe the same
set. In the ultradifferentiable setting Chung and Kim [1997] (see also Kim, Chung
and Kim [Kim et al. 2001]) used the FBI transform to define an ultradifferentiable
singular spectrum for Fourier hyperfunctions. However, they did not mention how
this singular spectrum in the case of distributions may be related to WFM as defined
by Hörmander. Our next aim is to show an ultradifferentiable version of Bony’s
theorem. We will work in the generalized setting of [Berhanu and Hounie 2012].
We shall note that recently Berhanu and Hailu [2017] showed that the Gevrey
classes can be characterized by this generalized FBI transform and Hoepfner and
Medrado [2018] also proved a characterization of the ultradifferentiable wavefront
set of ultradistributions for a certain class of nonquasianalytic weight sequences.

Let p be a real, homogeneous, positive, elliptic polynomial of degree 2k, k ∈N,
on Rn, i.e.,

p(x)=
∑
α=2k

aαxα, aα ∈ R,

and let there be constants c,C > 0 such that

c|x |2k
≤ p(x)≤ C |x |2k, x ∈ Rn.

Let

c−1
p =

∫
e−p(x)dx .

As in [Berhanu and Hounie 2012, Section 4] we consider the generalized FBI trans-
form with generating function e−p of a distribution of compact support u ∈ E ′(Rn),
i.e.,

Fu(t, ξ)= cp〈u(x), eiξ(t−x)e−|ξ |p(t−x)
〉.
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The inversion formula is

(5-1) u = lim
ε→∞

∫
Rn×Rn

eiξ(x−t)e−ε|ξ |
2
Fu(t, ξ)|ξ |n/(2k) dtdξ,

where of course the distributional limit is meant.

Theorem 5.1. Let u ∈ D′(�) and

(x0, ξ0) ∈ T ∗� \ {0}.

Then (x0, ξ0) /∈WFM u if and only if there is a test function ψ ∈D(�) with ψ |U ≡ 1
for some neighborhood U of x0 such that

(5-2) sup
(t,ξ)∈V×0

eωM(γ |ξ |)
|F(ψu)(t, ξ)|<∞

for some conic neighborhood V ×0 of (x0, ξ0) and some constant γ > 0.

Proof. We modify the proof of [Berhanu and Hounie 2012, Theorem 4.2]; see also
the proof of [Hoepfner and Medrado 2018, Theorem 5.2].

First, assume that (x0, ξ0) /∈WFM u. By Corollary 4.6 we know that for some
neighborhood U of x0,

u|U =
N∑

j=1

b0 j (F j ),

where F j are M-almost analytic on U ×0 j
r j for cones 0 j with ξ00

j < 0. Hence it
suffices to prove the necessity of (5-2) for u= b0(F) being the boundary value of an
M-almost analytic function F on U ×0d where 0 is a cone with the property that
ξ00 < 0. Without loss of generality, x0 = 0, and let r > 0 be such that B2r (0)bU
and ψ ∈D(B2r (0)) be such that ψ |Br (0)≡ 1. Furthermore we choose v ∈0d and set

Q(t, ξ, x)= iξ(t − x)− |ξ |p(t − x).

Then

F(ψu)(t, ξ)= lim
τ→0+

∫
B2r (0)

eQ(t,ξ,x+iτv)ψ(x)F(x + iτv) dx .

As in the proof of Theorem 4.2 in [Berhanu and Hounie 2012] we put z = x + iy,
ψ(z)= ψ(x) and

Dτ := {x + iσv ∈ Cn
| x ∈ B2r = B2r (0), τ ≤ σ ≤ λ}

for some λ > 0 to be determined later and consider the n-form

eQ(t,ξ,z)ψ(z)F(z) dz1 ∧ · · · ∧ dzn.
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Since ψ ∈ D(B2r (0)), Stokes’ theorem implies

(5-3)
∫

B2r

eQ(t,ξ,x+iτv)ψ(x)F(x + iτv) dx

=

∫
B2r

eQ(t,ξ,x+iλv)ψ(x)F(x + iλv) dx

+

n∑
j=1

∫
Dτ

eQ(t,ξ,z) ∂

∂ z̄ j
(ψ(z)F(z)) dz̄ j ∧ dz1 ∧ · · · ∧ dzn

=

∫
B2r

eQ(t,ξ,x+iλv)ψ(x)F(x + iλv) dx

+

n∑
j=1

∫
B2r

∫ λ

τ

eQ(t,ξ,x+iσv) ∂ψ

∂ z̄ j
(x + iσv)F(x + iσv) dσdx

+

n∑
j=1

∫
B2r

∫ λ

τ

eQ(t,ξ,x+iσv)ψ(x + iσv)
∂F
∂ z̄ j

(x + iσv) dσdx .

We need to estimate the integrals on the right-hand side of (5-3). Using the
arguments of [Berhanu and Hounie 2012] we see that there is an open cone 0
containing ξ0 and a bounded neighborhood V of 0 such that the first two integrals
can be estimated by Ce−γ |ξ | where C, γ > 0 are constants, as long as ξ ∈ 0 and
t ∈ V. Since (M4) implies that ωM(t) = O(t) for t →∞; see, e.g., [Komatsu
1973] or [Bonet et al. 2007], we obtain that both integrals can in fact be bounded
by Ce−ωM(γ |ξ |) if (t, ξ) ∈ V ×0.

In order to estimate the third integral in (5-3) we recall from [Berhanu and
Hounie 2012] that for λ small enough there is a constant c0 > 0 such that

Re Q(t, ξ, x + iλv)≤−
c0

2
λ|v||ξ |

if ξ ∈ 0, x ∈ B2r and t ∈ V. Hence we have for a generic constant C3 > 0 and all
k ∈ N0 that∣∣∣∣ n∑

j=1

∫
B2r

∫ λ

τ

eQ(t,ξ,x+iσv)ψ(x)
∂F
∂ z̄ j

(x + iσv) dσdx
∣∣∣∣

≤ C3

∫
∞

0
e−c0σ |v||ξ |hM(ρσ |v|) dσ ≤ C3

∫
∞

0
e−c0σ |v||ξ |ρkσ k

|v|kmk dσ

= C3ρ
k
1 Mk |ξ |

−k .

Lemma 2.8 gives∣∣∣∣ n∑
j=1

∫
B2r

∫ λ

τ

eQ(t,ξ,x+iσv)ψ(x) ∂F
∂ z̄ j

(x+iσv)dσdx
∣∣∣∣≤C3h̃M(ρ1|ξ |

−1)≤C3e−ωM(ρ1|ξ |).
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In view of (5-3) we have shown that for ξ ∈ 0 and t in a small enough neighbor-
hood of 0 there are constants C, γ > 0 such that∣∣∣∣ ∫

B2r

eQ(t,ξ,x+iτv)ψ(x)F(x + iτv) dx
∣∣∣∣≤ Ce−ωM(γ |ξ |).

Note that in the estimate the constants C and γ depend on λ but not on τ < λ. Thus
(5-2) is proven.

On the other hand, assume that (5-2) holds for a point (x0, ξ0), i.e., that there
are a neighborhood V of x0, an open cone 0 ⊆ Rn containing ξ0 and constants
C, γ > 0 such that

(5-4) |F(ψu)(x, ξ)| ≤ Ce−ωM(γ |ξ |), x ∈ V, ξ ∈ 0,

for some test function ψ ∈ D(�) that is 1 near x0. We may assume that x0 = 0.
We have to prove that (0, ξ0) /∈WFM u or, equivalently, (0, ξ0) /∈WFM v where
v = ψu. We invoke the inversion formula (5-1) for the FBI transform

v = lim
ε→∞

∫
Rn×Rn

eiξ(x−t)e−ε|ξ |
2
Fv(t, ξ)|ξ |n/(2k) dtdξ

and split the occurring integral into two parts

(5-5)
∫

Rn×Rn
eiξ(x−t)e−ε|ξ |

2
Fv(t, ξ)|ξ |n/(2k) dtdξ = I ε1 (x)+ I ε2 (x)

where

I ε1 (x)=
∫

Rn

∫
|t |≤a

eiξ(x−t)e−ε|ξ |
2
Fv(t, ξ)|ξ |n/(2k) dtdξ

I ε2 (x)=
∫

Rn

∫
a≤|t |

eiξ(x−t)e−ε|ξ |
2
Fv(t, ξ)|ξ |n/(2k) dtdξ

for a constant a to be determined. Following Berhanu and Hounie [2012] we see
that for any choice of a the second integral converges to a holomorphic function in
a neighborhood of the origin for ε→ 0.

It remains to look at I ε1 . Suppose that a is small enough such that Ba(0) ⊆ V.
Let C j , 1≤ j ≤ N , be open, acute cones such that

Rn
=

N⋃
j=1

C j

and the intersection C j ∩ Ck has measure zero for j 6= k. Furthermore, let ξ0 ∈ C1,
C1 ⊆ 0 and ξ0 /∈ C j for j 6= 1. In particular that means that (5-4) holds on
Ba(0)× C1, i.e.,

(5-6) |F(ψu)(x, ξ)| ≤ Ce−ωM(γ |ξ |), x ∈ Ba(0), ξ ∈ C1.
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Furthermore, arguing as in [Berhanu and Hounie 2012], we can choose open
cones 0 j with the property that ξ00 j < 0 for j = 2, . . . , N such that the functions

f j (x + iy)=
∫
C j

∫
Ba(0)

eiξ(x+iy−t)Fv(t, ξ)|ξ |n/(2k) dtdξ

are holomorphic on Rm
× i0 j .

In the remaining case we have to modify the arguments in [Berhanu and Hounie
2012] a little bit. We set

f ε1 (x)=
∫
C1

∫
Ba(0)

eiξ(x−t)−ε|ξ |2Fv(t, ξ)|ξ |n/(2k) dtdξ

and

f1(x)=
∫
C1

∫
Ba(0)

eiξ(x−t)Fv(t, ξ)|ξ |n/(2k) dtdξ.

The functions f ε1 , ε > 0, extend to entire functions whereas f1 is smooth due
to (5-6) since e−ωM is rapidly decreasing (see the remark after the proof of (2-3)).
This decrease also shows that f ε1 converges uniformly to f1 in a neighborhood of 0
since

| f1(x)− f ε1 (x)| ≤
∫
C1

∫
Ba(0)
|Fv(t, ξ)||ξ |n/(2k)

|1− e−ε|ξ |
2
| dtdξ

≤ C
∫
C1

|ξ |n/(2k)e−ωM(γ |ξ |)
|1− e−ε|ξ |

2
| dξ

and the last integral converges to 0 by the monotone convergence theorem.
In fact f1 ∈ EM because

|Dα f1(x)| ≤
∫
C1

|ξ |n/(2k)
|ξαFv(t, ξ)| dtdξ

≤ C
∫
C1

|ξ |n/(2k)+|α|e−ωM(γ |ξ |) dξ

≤ Cγ |α|M|α|,

where in the last step (2-3) and (M2) are used.
So we have showed that on an open neighborhood U of the origin and some

open cones 0 j , j = 2, . . . , N , which satisfy ξ00 j < 0 we can write

v|U = v0+

N∑
j=2

b0 j f j

with v0 ∈ EM(U ) and f j holomorphic on U + i0 j for j = 2, . . . , N. Hence
(0, ξ0) /∈WFM v. �
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We summarize our results regarding the description of WFM u in order to obtain
the generalized Bony’s theorem alluded to in the beginning of this section (see
[Hoepfner and Medrado 2018]).

Theorem 5.2. Let u ∈D′(�). For (x0, ξ0) ∈ T ∗�\{0} the following statements are
equivalent:

(1) (x0, ξ0) /∈WFM u.

(2) There are U ∈U(x0), open convex cones 0 j
⊆Rn with ξ00

j < 0 and M-almost
analytic functions F j of slow growth in U ×0 j

ρ j , ρ j > 0 and j = 1, . . . , N
for some N ∈ N such that

u|U =
N∑

j=1

b0 j F j .

(3) There are ϕ ∈ D(�) with ϕ ≡ 1 near x0, with a neighborhood V of x0, and an
open cone 0 containing ξ0 such that (5-2) holds.

We can also give a local version of Theorem 5.2.

Corollary 5.3. Let u ∈ D′(�) and p ∈�. Then the following are equivalent:

(1) The distribution u is of class {M} near p.

(2) There are a bounded sequence (uN )N ⊆ E ′(�) and an open neighborhood
V ⊆� of p such that uN |V = u|V for all N ∈ N0 and (3-1) holds for 0 = Rn

and some constant Q > 0.

(3) There exist an open neighborhood W ⊆� of p, r > 0 and a smooth function F
on W + i B(0, r) such that F |W = u|W and (2-5) holds for some constants
C, Q > 0.

(4) There are a test function ψ ∈ D(�) with ψ ≡ 1 near p, a neighborhood V
of p and constants C, γ > 0 such that

sup
(t,ξ)∈V×Rn

eωM(γ |ξ |)
|F(ψu)(t, ξ)|<∞.

Proof. The equivalence of (1) and (2) is just Proposition 3.1, whereas Corollary 2.11
shows that (1) implies (3). For the fact that (4) implies (1) we note that by
Theorem 5.1 we have (p, ξ) /∈ WFM u for all ξ ∈ Rn

\{0}. Therefore u has to
be ultradifferentiable of class {M} near p. Now we show that (4) follows from (3):
Suppose that u ∈ EM(V ) on a neighborhood of p and let F ∈ E(W + iRn) be an
M-almost analytic extension of u on a relatively compact neighborhood W b V
of p. We choose ϕ ∈ D(W ), 0≤ ϕ ≤ 1, and ϕ ≡ 1 near p. We consider the map

θ : y 7−→ θ(y)= y− isϕ(y)
ξ

|ξ |
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for some 1> s > 0 to be determined. Finally let ψ ∈ D(V ) such that ψ ≡ 1 on W.
As in the proof of Theorem 5.1 we set ψ(z)= ψ(x) for z = x + iy ∈ Cn. We put
v = ψF and consider the n-form

eQ(t,ξ,z)v(z) dz1 ∧ · · · ∧ dzn

on

Ds =

{
x + iσϕ(x)

ξ

|ξ |
∈ Cn

∣∣∣∣ 0< σ < s, x ∈ supp v
}
.

Stokes’ theorem gives us

Fv(t, ξ)= cp

∫
θ(Rn)

eQ(t,ξ,z)v(z, z̄) dz1 ∧ · · · ∧ dzn

+ cp

n∑
j=1

∫
Ds

eQ(t,ξ,z) ∂v

∂ z̄ j
(z, z̄) dz̄ j ∧ dz1 ∧ · · · ∧ dzn.

The second integral above is estimated in the same way as the last integral in (5-3).
On the other hand the first integral on the right-hand side equals

G(t, ξ)= cp

∫
Rn

eQ(t,ξ,θ(y))v(θ(y)) det θ ′(y) dy.

We note that

Re Q(t, ξ, θ(y))≤−sϕ(y)|ξ |(1+ O(sϕ(y)
)
− c0|t − y|2k

and hence

|G(t, ξ)| ≤ C
∫

Bδ(p)
eRe Q(t,ξ,θ(y)) dy+C

∫
Rn
\Bδ(p)

y∈supp(v◦θ)

eRe Q(t,ξ,θ(y)) dy

= I1(t, ξ)+ I2(t, ξ),

where Bδ(p)⊆ {x ∈Rn
| ϕ(x)= 1}, can be estimated as follows; see [Berhanu et al.

2008]. Set s = δ/4. We obtain

I1(t, ξ)≤ Ce−c|ξ |

for all ξ ∈ Rn if t is in some bounded neighborhood of p. Furthermore

I2(t, x)≤ C
∫

Rn
\Br (p)

y∈supp(u◦θ)

e−|ξ ||t−y|2k
dy ≤ Ce−(δ/2)

2k
|ξ |

for all ξ and |t − p| ≤ δ
2 .

Hence we have showed that there are constants c,C > 0 such that

|Fu(t, ξ)| ≤ Ce−ωM(c|ξ |)

for all ξ ∈ Rn and t in a bounded neighborhood of p. �
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6. Elliptic regularity

As mentioned in the introduction, Albanese, Jornet and Oliaro [2010] used the
pattern of the proof of [Hörmander 1983, Theorem 8.6.1] (see Remark 3.3) to
prove elliptic regularity for operators with coefficients that are all in the same
ultradifferentiable class defined by a weight function; see Remark 3.7. Similarly
Hörmander’s methods were applied by Pilipović, Teofanov and Tomić [2016; 2018]
for certain classes that are defined by more degenerate sequences.

It should be noted that the assumptions Albanese, Jornet and Oliaro put on the
weight functions guarantee that the associated class is closed under composition and
the inverse function theorem holds. So it would be a reasonable conjecture that the
regularity of the defining weight sequence is necessary for elliptic regularity to hold
in the category of Denjoy–Carleman classes. But there are weight functions obeying
these conditions such that the associated function class cannot be described by
regular weight sequences and on the other hand there are regular Denjoy–Carleman
classes that cannot be defined by such weight functions; see [Bonet et al. 2007]. It
turns out, however, that the regularity of the weight sequence is not enough for the
proof of the elliptic regularity theorem, we also have to assume that (M2′) holds. In
that case the main result of [Bonet et al. 2007] implies that the Denjoy–Carleman
class can be described by a weight function that satisfies the conditions of [Albanese
et al. 2010]. Hence, we could use their elliptic regularity theorem, but we would
have to show that their definition of the ultradifferentiable wavefront set coincides
with the definition of Hörmander. Instead we give here a proof in full detail partially
in preparation for the forthcoming paper by Fürdös, Nenning, Rainer and Schindl
[Fürdös et al. 2020], where we deal with the problem in the far more general
setting of the ultradifferentiable classes introduced in [Rainer and Schindl 2014];
see Remark 3.7.

Furthermore, we show here that Hörmander’s proof can be modified in a way
to investigate the regularity of solutions of a determined system of linear partial
differential equations

P11u1+ · · ·+ P1νuν = f1

...
...

Pν1u1+ · · ·+ Pννuν = fν

where the Pjk , 1≤ j, k ≤ ν, are partial differential operators with EM-coefficients.
More precisely, using the geometric theory for the ultradifferentiable wavefront

set developed in Section 4, we can work in the following setting (see [Hörmander
1983, Chapter 6] or [Chazarain and Piriou 1982]).

Let M be an ultradifferentiable manifold of class {M} and E and F two vector
bundles of class {M} on M with the same fiber dimension ν. An ultradifferentiable
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partial differential operator P : EM(M, E)→ EM(M, F) of class {M} is given
locally by

(6-1) Pu =

P11 · · · P1ν
...

. . .
...

Pν1 · · · Pνν


u1
...

uν

,
where the Pjk are linear partial differential operators with ultradifferentiable coeffi-
cients defined in suitable chart neighborhoods. If

Q(x, D)=
∑
|α|≤m

qα(x)Dα

is a differential operator of order ≤ m on some open set �⊆ Rn then the principal
symbol q is defined to be

q(x, ξ)=
∑
|α|=m

qα(x)ξα.

Hence the order of P is of order ≤ m if and only if no operator Pjk on any chart
neighborhood is of order higher than m and P is of order m if the operator is not
of order ≤ m− 1. The principal symbol p of P is an ultradifferentiable mapping
defined on T ∗M with values in the space of fiber-linear maps from E to F that is
homogenous of degree m in the fibers of T ∗M. It is given locally by

(6-2) p(x, ξ)=

p11(x, ξ) · · · p1ν(x, ξ)
...

. . .
...

pν1(x, ξ) · · · pνν(x, ξ)

,
where p jk is the principal symbol of the operator Pjk . See [Chazarain and Piriou
1982] for more details. We say that P is not characteristic (or noncharacteristic) at
a point (x, ξ) ∈ T ∗M\{0} if p(x, ξ) is an invertible linear mapping. We define the
set of all characteristic points

Char P = {(x, ξ) ∈ T ∗M\{0} : P is characteristic at (x, ξ)}.

Theorem 6.1. Suppose that M is a regular weight sequence that satisfies also (M2′).
Let M be an EM-manifold and E, F two ultradifferentiable vector bundles on M of
the same fiber dimension. If P(x, D) is a differential operator between E and F
with EM-coefficients and p its principal symbol, then

(6-3) WFM u ⊆WFM(Pu)∪Char P, u ∈ D′(M, E).

Proof. We write f = Pu. Since the problem is local we work on some chart
neighborhood � such that in suitable trivializations of E and F we may write
u = (u1, . . . , uν) ∈ D′(�,Cν), f = ( f1, . . . , fν) ∈ D′(�,Cν), and P and its
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principal symbol p are of the forms (6-1) and (6-2), respectively. In particular, P
is of order m on �.

We have to prove that if (x0, ξ0) /∈ WFM f ∪ Char P then (x0, ξ0) /∈ WFM u.
Assuming this we find that there has to be a compact neighborhood K of x0 and a
closed conic neighborhood V of ξ0 in Rn

\{0} satisfying

det p(x, ξ) 6= 0, (x, ξ) ∈ K × V,(6-4)

(K × V )∩WFM(Pu) j =∅, j = 1, . . . , ν.(6-5)

We consider the formal adjoint Q = P t of P with respect to the pairing

〈 f, g〉 =
ν∑
τ=1

∫
fτ (x)gτ (x) dx, f, g ∈ D(�,Cν).

If P = (Pjk) jk then Q = (Q jk) jk = (P t
k j ) jk where P t

jk denotes the formal adjoint
of the scalar operator Pjk(x, D)=

∑
pαjk(x)D

α, i.e., for v ∈ E(�),

P t
jk(x, D)v =

∑
|α|≤m

(−D)α(pαjk(x)v(x)).

Let (λN )N ⊆D(K ) be a sequence of test functions satisfying λN |U ≡ 1 on a fixed
neighborhood U of x0 for all N and for all α ∈ Nn

0 there are constants Cα, hα > 0
such that

(6-6) |Dα+βλN | ≤ Cα(hαN )|β|, |β| ≤ N .

If u = (u1, . . . , uν) ∈ D′(�,Cν), then the sequence uτN = λ2N uτ is bounded in E ′

and each of these distributions is equal to uτ in U for all τ . Hence we have to prove
that (uτN )N satisfies (3-1), i.e.,

sup
ξ∈V

N∈N0

|ξ |N |ûτN |
QN MN

<∞

for a constant Q > 0 independent of N.
In order to do so, set 3τN = λN eτ ∈ D′(�,Cν) and observe

ûτN (ξ)= 〈u
τ , e−i〈 . ,ξ〉λ2N 〉 = 〈u, e−i〈 . ,ξ〉3τ2N 〉.

Following the argument in the proof of [Hörmander 1983, Theorem 8.6.1] we want
to solve the equation Qgτ = e−i xξ3τ2N . We make the ansatz

gτ = e−i xξ B(x, ξ)wτ ,

where B(x, ξ) is the inverse matrix of the transpose of p(x, ξ), which exists if
(x, ξ) ∈ K × V and is homogeneous of degree −m in ξ ; note that the principal
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symbol of Q = P t is B−1(x,−ξ). Using this we conclude that w has to satisfy

(6-7) wτ − Rwτ =3τ2N .

Here R = R1 + · · · + Rm with R j |ξ |
j being (matrix) differential operators of

order ≤ j with coefficients in EM that are homogeneous of degree 0 in ξ if x ∈ K
and ξ ∈ V.

A formal solution of (6-7) would be

wτ =

∞∑
k=0

Rk3τ2N .

However, this sum may not converge and even if it would converge, in the estimates
we want to obtain we are not allowed to consider derivatives of arbitrary high order.
Hence we set

wτN :=
∑

j1+···+ jk≤N−m

R j1 · · · R jk3
τ
2N

and compute

wτN − RwτN =3
τ
2N −

∑
∑k

s=1 js>N−m≥
∑k

s=2 js

R j1 · · · R jk3
τ
2N =3

τ
2N − ρ

τ
N .

Equivalently, we have

Q(e−i xξ B(x, ξ)wτN )= e−i xξ (3τ2N (x)− ρ
τ
N (x, ξ)).

We obtain now

(6-8) ûτN (ξ)= 〈u, e−i〈 . ,ξ〉3τ2N 〉

= 〈u, Q(e−i〈 . ,ξ〉B( . , ξ)wτN )〉+ 〈u, e−i〈 . ,ξ〉ρτN ( . , ξ)〉

= 〈 f, e−i〈 . ,ξ〉B( . , ξ)wτN 〉+ 〈u, e−i〈 . ,ξ〉ρτN ( . , ξ)〉

and continue by estimating the right-hand side of (6-8). For this purpose we need
the following lemma.

Lemma 6.2. There exist constants C and h depending only on R and the constants
appearing in (6-6) such that, if j = j1+ · · ·+ jk and j + |β| ≤ 2N, we have

(6-9) |Dβ(R j1 · · · R jk3
τ
2N )σ | ≤ ChN M ( j+|β|)/N

N |ξ |− j , ξ ∈ V, σ = 1, . . . , ν.

Proof. Since both sides of (6-9) are homogeneous of degree − j in ξ ∈ V it suffices
to prove the lemma for |ξ | = 1. Moreover we can write

(R j1 · · · R jk3
τ
2N )σ = R̃τσλ2N , σ = 1, . . . , ν,

with R̃τσ being a certain linear combination of products of components of the
operators R js . Especially the coefficients of R̃τσ are all of class {M} on a common
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neighborhood of K and since there are only finitely many of them we may assume
that they all can be considered as elements of Eq

M(K ) for some q > 0. We denote
the set of the coefficients of the operators R̃τ2Nσ by R. Recall that (M4) implies
that there is a constant δ > 0 such that N < δ N

√
MN . Hence (6-6) implies that for

all α ∈ Nn
0 we have

(6-10) |Dα+βλ2N | ≤ Cαh|β|α (2N )|β| ≤ Cα(2hαδ)|β|M
|β|/N
N

for |β| ≤ 2N.
Considering all these arguments, the proof of the lemma is a consequence of the

following result. �

Lemma 6.3. Let K ⊆ � be compact, (λN )N ⊆ D(K ) be a sequence satisfying
(6-10), q ≥ 1 and a1, . . . , a j−1 ∈ R ∪ {1}. Then there are constants C, h > 0
independent of N such that for j ≤ 2N we have

(6-11) |Di1(a1 Di2(a2 · · · Di j−1(a j−1 Di jλ2N ) · · ·))| ≤ Ch j M j/N
N .

Proof. We begin by noting that (M3) implies that m j mk− j ≤ mk for all j ≤ k ∈ N;
see [Komatsu 1973]. Furthermore we can assume that there is a constant C1 > 1
such that for all k ≤ j − 1,

|Dαak | ≤ C1q |α|M|α|

on K. Obviously the expression Di1a1 Di2a2 · · · Di j−1a j−1 Di jλ2N can be written as a
sum of terms of the form (Dα1a1) · · ·(Dα j−1a j−1)Dα jλ2N where |α1|+· · ·+|α j |= j.

We set h≥C1 max(q, h0). If there are Ck1,...,k j terms with |α1|=k1, . . . , |α j |=k j

then we have the following estimate on K :

|Di1a1 Di2a2 · · · Di j−1a j−1 Di jλ2N |

≤ C
∑

q j−k j C j−1
1 Ck1,...,k j mk1 · · ·mk j−1k1! · · · k j−1!h

k j
0 Mk j/N

N

≤ Ch j
∑

m j−k j Ck1,...,k j k1! · · · k j−1!M
k j/N
N

≤ Ch j
∑

Ck1,...,k j

k1! · · · k j−1!

( j − k j )!
M j−k j Mk j/N

N .

Since j − k j ≤ 2N, we observe that (M2′) implies that there are two indices
σ1, σ2 ≤ N, σ1 + σ2 = k − k j , such that Mk−k j ≤ Cρ j−k j Mσ1 Mσ2 for some con-
stants C, ρ that are independent of j and N. Now we have

M j−k j Mk j/N
N =Cρ j−k j Mσ1 Mσ2 Mk j/N

N ≤Cρ j−k j M (σ1+σ2)/N
N Mk j/N

N =Cρ j−k j M j/N
N .

since N
√

MN is increasing. As noted in [Albanese et al. 2010] it is possible to estimate

k1! · · · k j−1!

( j − k j )!
=

k1! · · · k j−1!k j ! j !
( j − k j )!k j ! j !

≤ 2 j k1! · · · k j !

j !
,
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and also (see [Hörmander 1983, page 308])∑
Ck1,...,k j k1! · · · k j ! = (2 j − 1)!!.

Since (2 j − 1)!!/( j !2 j )≤ 1 we obtain

|Di1a1 Di2a2 · · · Di j−1a j−1 Di jλ2N | ≤ C(4ρh) j (2k− 1)!!
j !2 j M j/N

N

≤ C(4ρh) j M j/N
N . �

In order to estimate ûτN , we note that due to the boundedness of the sequence
(uτN )N ⊆ E ′ the Banach and Steinhaus theorem implies that there are constants µ
and c such that

|ûτN | ≤ c(1+ |ξ |)µ

for all N and therefore if |ξ | ≤ N
√

MN then

(6-12) |ξ |N |ûτN | ≤ C M (N+µ)/N
N ≤ CδµN MN ,

since (M2) implies that there is a constant δ > 0 such that N
√

MN ≤ δ
N−1
√

MN−1.
Hence it suffices to estimate the terms on the right-hand side of (6-8) for ξ ∈ V,
|ξ |> N

√
MN . We begin with the second term.

As in the scalar case there are constants µ and C > 0 that only depend on u
and K such that for all ψ ∈ D(�,Cν) with suppψ ⊆ K ,

|〈u, ψ〉| ≤ C
∑
|α|≤µ

sup
K
|Dαψ |.

Note that suppx ρ
τ
N ( . , ξ)⊆ K for all ξ ∈ V and N ∈ N. Thence

|〈u, e−i〈 . ,ξ〉ρτN ( . , ξ)〉| ≤ C
∑
|α|≤µ

∑
β≤α

|ξ ||α|−|β| sup
x∈K
|Dβ

x ρ
τ
N (x, ξ)|

≤ C
∑
|α|≤µ

|ξ |µ−|α| sup
x∈K
|Dα

x ρ
τ
N (x, ξ)|

for ξ ∈V, |ξ |≥1 and N ∈N. There are at most 2N terms of the form R j1 · · · R jk3
τ
2N

in ρτN and each term can be estimated by (6-9) by setting N ≥ j > N−m and hence

|Dα
x ρ

τ
N (x, ξ)| ≤ ChN 2N

|ξ |m−N M (N+|α|)/N
N

for x ∈ K and ξ ∈ V, |ξ |> 1. Applying (M2) therefore gives

(6-13) |〈u, e−i〈 . ,ξ〉ρτN ( . , ξ)〉| ≤ ChN 2N
|ξ |µ+m−N M (N+µ)/N

N

≤ ChN
|ξ |µ+m−N MN .
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The first term in (6-8) is more difficult to estimate. To begin with, observe that
Lemma 6.2 gives

|DβwτN (x, ξ)| ≤ ChN
N−m∑
j=0

M ( j+|β|)/N
N |ξ |− j

≤ ChN M |β|/N
N

N−m∑
j=0

M ( j− j)/N
N

≤ ChN M |β|/N
N (N −m)

≤ ChN M |β|/N
N

for N > m, |β| ≤ N and ξ ∈ V, |ξ |> N
√

MN . Recall that for N ≤ m we have set
wτN =3

τ
2N = λ

τ
2N eτ . Hence by the above and (6-10) it follows that

(6-14) |DβwτN (x, ξ)| ≤ ChN M |β|/N
N

for all N ∈ N, |β| ≤ N and ξ ∈ V, |ξ |> N
√

MN .
On the other hand, since the components of B(x, ξ) are ultradifferentiable of

class {M} and homogeneous in ξ ∈ V of degree −m we note that it is possible to
show, as above, using an analogue to Lemma 6.2, the estimate

(6-15) |Dβ
x (w

τ
N (x,ξ)|ξ |

m B(x,ξ))|≤ChN M |β|/N
N |β|≤ N , ξ ∈V, |ξ |> N

√
MN .

In order to finish the proof of Theorem 6.1 we need an additional lemma.

Lemma 6.4. Let f ∈ D′(�), K be a compact subset of � and V ⊆ Rn
\{0} be a

closed cone such that
WFM f ∩ (K × V )=∅.

Furthermore let wN ∈ (E(�× V ) be such that suppwN ( . , ξ) ⊆ K for all ξ ∈ V
and (6-14) holds.

If µ denotes the order of f in a neighborhood of K then

(6-16) |ŵN f (ξ)| = |〈wN ( . , ξ) f, e−i〈 . ,ξ〉
〉| ≤ ChN

|ξ |µ+n−N MN−µ−n,

for N > µ+ n and ξ ∈ 0, |ξ |> N
√

MN .

Proof. By Proposition 3.4 we can find a sequence ( fN )N that is bounded in E ′µ and
equal to f in some neighborhood of K and such that

(6-17) | f̂N (η)| ≤ C QN MN/|η|
N , η ∈W,

where W is a conic neighborhood of 0. Then wN f = wN fN ′ for N ′ = N −µ− n.
If we denote the partial Fourier transform of wN (x, ξ) by

ŵN (η, ξ)=

∫
�

e−i xηwN (x, ξ) dx
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then obviously (6-14) is equivalent to

|ηβŵN (η, ξ)| ≤ ChN M |β|/N
N

for |β| ≤ N, ξ ∈ V, |ξ |> N
√

MN and η ∈Rn. Since |η| ≤
√

n max|η j | we conclude
that

(6-18) |η|`|ŵN (η, ξ)| ≤ ChN M`/N
N

for `≤ N, η ∈ Rn and ξ ∈ V, |ξ |> N
√

MN . Hence we obtain

(6-19) (|η| +M1/N
N )N

|ŵN (η, ξ)| =

N∑
k=0

(
N
k

)
Mk/N

N |η|
N−k
|ŵN (η, ξ)|

≤ ChN
N∑

k=0

(
N
k

)
Mk/N

N M (N−k)/N
N

≤ ChN MN

if η ∈ Rn, ξ ∈ V and |ξ |> N
√

MN . Like Hörmander [1983] and Albanese, Jornet
and Oliaro [2010], we consider

ŵN f (ξ)=
1

(2π)n

∫
ŵN (η,ξ) f̂N ′(ξ−η)dη

=
1

(2π)n

∫
|η|<c|ξ |

ŵN (η,ξ) f̂N ′(ξ−η)dη

+
1

(2π)n

∫
|η|>c|ξ |

ŵN (η,ξ) f̂N ′(ξ−η)dη

for some 0 < c < 1. The boundedness of the sequence ( fN )N in E ′µ implies as
before that

| f̂N (ξ)| ≤ C(1+ |ξ |)µ.

Hence we conclude that

(2π)n|ŵN f (ξ)| ≤ ‖ŵN ( . , ξ)‖L1 sup
|ξ−η|<c|ξ |

| f̂N ′(η)|

+C
∫
|η|>c|ξ |

|ŵN (η, ξ)|(1+ c−1)µ(1+ |η|)µ dη

since |η| ≥ c|ξ | gives
|ξ − η| ≤ (1+ c−1)|η|.

On the other hand, there is a constant 0 < c < 1 such that η ∈ W when ξ ∈ V
and |ξ − η| ≤ c|ξ |. Then |η| ≥ (1− c)|ξ | and we can replace the supremum above
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by supη∈W | f̂N ′(η)|. Furthermore, by (6-19),

‖ŵN ( . , ξ)‖L1 =

∫
Rn
|ŵN (η, ξ)| dη ≤ ChN MN

∫
Rn
(|η| +

N
√

MN )
N dη

≤ ChN MN

∫
∞

N√MN

s−N ′−1 ds

≤ ChN MN
M N ′/N

N

N ′
≤ ChN Mµ+n

N .

Thence it follows for ξ ∈ V, |ξ |> N
√

MN , that

|ŵN f (ξ)| ≤ C1(1− c)−N ′
‖ŵN ( . , ξ)‖L1 |ξ |−N ′ sup

η∈W
| f̂N ′(η)||η|

N ′

+C2(1+ c−1)N ′+µ
∫
|η|>c|ξ |

(1+ |η|)µ|ŵN (η, ξ)| dη

≤ C1hN M (n+µ)/N
N QN ′MN ′ |ξ |

−N ′
+C2h̃N MN

∫
|η|>c|ξ |

|η|−N ′−n dη

≤ ChN MN ′ |ξ |
−N ′,

where we have also used (M2), (6-17) and (6-18). �

Due to (6-15) we can replace wN in (6-16) with (wτN |ξ |
m B)σ , σ = 1, . . . , ν,

and obtain

(6-20) |〈 f, e−i〈 . ,ξ〉B( . , ξ)wτN 〉| ≤ ChN
|ξ |µ+n−N MN−µ−n

for ξ ∈ V, |ξ |> N
√

MN .
We consider now the sequence (vτN )N = (uτN+m+n+µ)N . If ξ ∈V, |ξ |≤(MN ′′)

1/N ′′,
N ′′ = N +µ+ n+m, then by (6-12)

|ξ |N |v̂τN | ≤ CδN MN ′′ ≤ CδN
1 MN for some δ1 > 0.

On the other hand (6-8), (6-13) and (6-20) give

|ξ |N |v̂τN (ξ)| ≤ C1hN
1 MN+m |ξ |

−m
+C2hN

2 MN+µ+m+n|ξ |
−n
≤ ChN MN

for ξ ∈ V, |ξ |> (MN ′′)
1/N ′′.

Thus we have shown for all τ = 1, . . . , ν that the bounded sequence (vτN )N ⊆

E ′(�) satisfies

sup
ξ∈V
N∈N

|ξ |N |vτN (ξ)|

QN MN
<∞

for some Q > 0. Clearly uτ |U ≡ (vτN )|U and hence

(x0, ξ0) /∈WFM uτ

for all τ = 1, . . . , ν. �
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For elliptic operators, i.e., operators P with Char P = ∅, the following holds
obviously.

Corollary 6.5. If P is an elliptic operator with ultradifferentiable coefficients of
class {M} and u ∈ D′ then

WFM Pu =WFM u.

7. Uniqueness theorems

Hörmander [1971a] and Kawai (see [Sato et al. 1973]) independently noticed that
results like Theorem 6.1 in the analytic category can be used to prove Holgrem’s
uniqueness theorem [1901]. We show here that Theorem 6.1 can also be used to
give a quasianalytic version of Holmgren’s uniqueness theorem. We follow mainly
the presentation of [Hörmander 1983].

First recall [Hörmander 1993, Theorem 6.1]:

Proposition 7.1. Let I ⊆ R be an interval and x0 ∈ ∂ supp u, then (x0,±1) ∈
WFM u for any quasianalytic regular weight sequence M.

As noted in [Hörmander 1993], Proposition 7.1 immediately generalizes to a
result for several variables (see [Hörmander 1983, Theorem 8.5.6], and see [Kim
et al. 2001] for a similar result):

Theorem 7.2. Let M be a quasianalytic regular weight sequence, u ∈ D′(�),
x0 ∈ supp u and f :�→ R be a function of class {M} with the properties

d f (x0) 6= 0, f (x)≤ f (x0) if x0 6= x ∈ supp u.

Then we have
(x0,±d f (x0)) ∈WFM u.

Proof. If we replace f by f (x) − |x − x0|
2 we see that we may assume that

f (x) < f (x0) for x0 6= x ∈ supp u. Furthermore, since d f (x0) 6= 0 we can assume
that x0 = 0 and f (x)= xn . Next we choose a neighborhood U of 0 in Rn−1 so that
U × {0} b �. By assumption supp u ∩ (Ū × {0}) = {0}. Hence there is an open
interval I ⊆ R with 0 ∈ I such that

(7-1) U × I b� and supp u ∩ (∂U × I )=∅.

If A is an entire analytic function in the variables x ′ = (x1, . . . , xn−1) then we
consider the distribution UA ∈ D′(I ) given by 〈UA, ψ〉 = 〈u A ⊗ψ〉. Note UA is
well defined due to (7-1). By [Hörmander 1983, Theorem 8.5.4’] we have that

WFM(UA)⊆
{
(xn, ξn)∈ I×R\{0} | there exists x ′ ∈U : (x ′, xn, 0, ξn)∈WFM u

}
.

Note that (x ′, xn) above must be close to 0 for xn small.
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Assume, e.g., that (0, en) /∈WFM u, en = (0, . . . , 0, 1). Then I can be chosen
so small that (x, en) /∈WFM u for x ∈U × I. We conclude that (xn, 1) /∈WFM UA

if xn ∈ I. Proposition 7.1 implies that UA = 0 on I since UA = 0 on I ∩ {xn > 0}.
That means actually that

〈u|U×I , A⊗ϕ〉 = 0

for all ϕ ∈ D(I ). Since A was chosen arbitrarily from a dense subset of E(Rn−1) it
follows that u = 0 on U × I. �

For the rest of this section M is going to be a quasianalytic regular weight
sequence that satisfies (M2′).

In order to give Theorem 7.2 a more invariant form we need to recall some facts
from [Hörmander 1983].

Definition 7.3. Let F be a closed subset of a C2 manifold X. The exterior normal
set Ne(F)⊆ T ∗X\{0} is defined as the set of all points (x0, ξ0) such that x0 ∈ F and
there exists a real-valued function f ∈C2(X)with d f (x0)=ξ0 6=0 and f (x)≤ f (x0)

when x ∈ F.

In fact, following the remarks in [Hörmander 1983, page 300] we observe that
it would be sufficient for f to be defined locally around x0. Furthermore f could
then also be chosen to be real-analytic in a chart neighborhood near x0. If g is C1

near a point x̃ ∈ F and dg(x̃)= ξ̃ 6= 0 then (x̃, ξ̃ ) ∈ Ne(F)⊆ T ∗X\{0}. It is clear
that if (x0, ξ0) ∈ Ne(F) then x0 ∈ ∂F. In fact, if π : T ∗�→ � is the canonical
projection then π(Ne(F)) is dense in ∂F; see [Hörmander 1983, Proposition 8.5.8.].
The interior normal set Ni (F) ⊆ T ∗X \{0} consists of all points (x0, ξ0) with
(x0,−ξ0) ∈ Ne(F). The normal set of F is defined as

N (F)= Ne(F)∪ Ni (F)⊆ T ∗X\{0}.

In this notation Theorem 7.2 takes the following form.

Theorem 7.4. Let u ∈ D′(�). Then

N (supp u)⊆WFM u.

Theorem 7.4 combined with Theorem 6.1 gives:

Theorem 7.5. Let P be a partial differential operator with EM-coefficients and
u ∈ D′(�) be a solution of Pu = 0. Then

N (supp u)⊆ Char P,

i.e., the principal symbol pm of P must vanish on N (supp u).

In fact, we can now derive the quasianalytic Holmgren uniqueness theorem. We
recall that a C1-hypersurface M is characteristic at a point x with respect to a partial
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differential operator P, if and only if for a defining function ϕ of M near x we have
that (x, dϕ(x)) ∈ Char P.

Corollary 7.6. Let P be a partial differential operator with EM-coefficients. If X is
a C1-hypersurface in � that is noncharacteristic at x0 and u ∈ D′(�) is a solution
of Pu = 0 that vanishes on one side of X near x0 then u ≡ 0 in a full neighborhood
of x0.

In fact, (see [Zachmanoglou 1969]) it is possible to reformulate Corollary 7.6.

Corollary 7.7. Let P be a differential operator with coefficients in EM(�). Fur-
thermore let F ∈ EM(Rn) be a real-valued function of the form

F(x)= f (x ′)− xn, x ′ = (x1, . . . , xn−1),

where f ∈ EM(Rn−1) and suppose that the level hypersurfaces of F are nowhere
characteristic with respect to P in �. Set also �c = {x ∈� | F(x) < c} for c ∈ R.
If u ∈D′(�) is a solution of P(x, D)u = 0 and there is c ∈R such that �c ∩ supp u
is relatively compact in �, then u = 0 in �c.

Proof. We set for c ∈ R,

ωc = {x ∈� | F(x)= c}.

Note that for each c ∈ R the set ωc is not relatively compact in �. Therefore �c is
not relatively compact in � either for any c since ∂�c = ωc.

By assumption there is a c ∈ R such that K = supp u ∩�c is compact in �. In
particular, K is bounded in �. Hence there has to be c̃ < c such that

K ⊆ {x ∈� | c̃ ≤ F(x)≤ c}.

Let c1 < c be the greatest real number such that the inclusion above holds for
c̃= c1. Since K is compact there is a point p ∈ ∂K such that F(p)= c1. It follows
that p ∈ ∂ supp u ∩ωc1 . Thus we can apply Corollary 7.6 because ωc1 is nowhere
characteristic for P. Hence u vanishes in a full neighborhood of p. This contradicts
the choice of c1. We conclude that u has to vanish on �c. �

Note that Hörmander [1963] used the analytic version of Corollary 7.7 to prove
Holmgren’s uniqueness theorem.

Remark 7.8. We have formulated our results for scalar operators on open sets of
Rn but they remain of course valid on ultradifferentiable manifolds of class {M}.
Actually, all the conclusions in this section hold even for determined systems of
operators and vector-valued distributions. Indeed, we have only to verify that
Theorem 7.2 holds also for distributions with values in Cν, but this is trivial: If
f (x)≤ f (x0) for x ∈ supp u then f (x)≤ f (x0) for all x ∈ supp u j and any 1≤ j ≤n,
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since supp u =
⋃ν

j=1 supp u j . Hence Theorem 7.2 implies

(x0,±d f (x0)) ∈

ν⋂
j=1

WFM u j ⊆WFM u.

Following an idea of Bony [1969; 1976], it is possible to generalize the results
above. For the formulation we need some additional notation. Consider a smooth
real-valued function p on T ∗�. The Hamiltonian vector field Hp of p is defined by

Hp =

n∑
j=1

(
∂p
∂ξ j

∂

∂x j
−
∂p
∂x j

∂

∂ξ j

)
.

An integral curve of Hp, i.e., a solution of the Hamilton–Jacobi equations

dx j

dt
=
∂p
∂ξ j

(x, ξ),

dξ j

dt
=−

∂p
∂x j

(x, ξ),

j = 1, . . . , n, is called a bicharacteristic if p vanishes on it. If q is another smooth
real-valued function on T ∗� then the Poisson bracket is defined by {p, q} := Hp(q)
or, in coordinates,

{p, q} =
n∑

j=1

(
∂p
∂ξ j

∂q
∂x j
−
∂p
∂x j

∂q
∂ξ j

)
.

See [Grigis and Sjöstrand 1994] or [Hörmander 1983] for more details.
We continue by recalling a result of Sjöstrand [1982] (see also [Hörmander

1983]).

Theorem 7.9. Let F be a closed subset of � and suppose that p ∈ E(T ∗� \ {0}) is
real-valued and vanishes on Ne(F). If (x0, ξ0) ∈ Ne(F) then the bicharacteristic
t 7→ (x(t), ξ(t)) with (x(0), ξ(0))= (x0, ξ0) stays for |t | small in Ne(F).

The analogous statement is of course also true for Ni (F) replacing Ne(F).

Corollary 7.10 [Bony 1976]. Let F be a closed subset of � and set

NF := {p ∈ E(T ∗�\{0}) | p ≡ 0 on N (F)}.

Then NF is an ideal in E(T ∗�\{0}) that is closed under Poisson brackets.

We obtain the quasianalytic version of a result of Bony [1969; 1976].

Theorem 7.11. Let P a differential operator with EM-coefficients on � and 5 the
Poisson algebra that is generated by all functions f ∈ E(T ∗�\{0}) that vanish on
Char P.
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If u ∈D′(�) is a solution of the homogeneous equation Pu = 0 then all functions
in 5 have to vanish on N (supp u).

Corollary 7.12. If the elements of 5 have no common zeros and u vanishes in a
neighborhood of a point p0 ∈ � then u must vanish in the connected component
of � that contains p0.

We continue by taking a closer look at Theorem 7.9. Let π : T ∗�→� be the
canonical projection and (x0, ξ0) ∈ T ∗�\{0}. If q is a smooth function on T ∗�\{0}
that vanishes on N (F), F ⊆ � closed, and λ(t) is the bicharacteristic through
(x0, ξ0) then we conclude that the bicharacteristic curve γ (t) = π ◦ λ must stay
in ∂F for small t in view of the remarks before Theorem 7.4.

Now suppose that Q is a real vector field on � and q its symbol. If we denote
by γ the integral curve of Q through x0 and by λ the bicharacteristic of q through
(x0, ξ0) where (x0, ξ0) then it is trivial that γ = π ◦ λ.

Definition 7.13. We say that a partial differential operator P on � with EM-
coefficients is M-admissible if and only if there are ultradifferentiable real-valued
vector fields Q1, . . . , Qd with symbols q1, . . . , qd such that each q j vanishes on
Char P.

Following the approach of Sjöstrand [1982] we can generalize results of Zach-
manoglou [1972] (see also [Bony 1976]) to the quasianalytic setting.

Proposition 7.14. Let P be an M-admissible operator. If L= L(Q1, . . . , Qd) is
the Lie algebra generated by the vector fields Q j , j = 1, . . . , d, ϕ ∈ C1(�,R)

near a point x0 ∈ � such that (x0, ϕ
′(x0)) ∈ Char P and u ∈ D′(�) is a solution

of Pu = 0 such that near x0 we have x0 ∈ supp u ⊆ {ϕ ≥ 0}. Then each Q ∈ L is
tangent to {ϕ = 0} at x0 and the local Nagano leaf γx0(L) is contained in supp u.

Proof. By assumption all Q1, . . . , Qd are tangent to {ϕ = 0} at x0 and hence also
all Q ∈ L. From the remarks before Definition 7.13 and Theorem 7.4 we see that
all integral curves of the vector fields in L must be contained in ∂ supp u for a small
neighborhood of x0. Inspecting the construction of the representative of the local
Nagano leaf in the proof of Theorem 2.17 we see that γx0(L)⊆ supp u near x0. �

In fact, we have the following global theorem (for the analytic case see [Zach-
manoglou 1972; Bony 1976, Theorem 2.4.]).

Theorem 7.15. Let P an M-admissable differential operator. If u ∈ D′(�) is a
solution of Pu = 0 and p0 /∈ supp u then every integral curve of the vector fields
Q1, . . . , Qd through p0 stays in � \ supp u.

Proof. Let 0 = 0p0(L) be the global Nagano leaf of L= L(Q1, . . . , Qd) through
p0 and suppose that ∂ supp u∩0 6=∅. Then there has to be a point q0 ∈0∩∂ supp u
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such that for all neighborhoods V ⊆� of x0 we have

(0 ∩ V )∩ (� \ supp u) 6=∅.

Let V be small enough such that 0 ∩ V is the representative of the local Nagano
leaf of L at q0 constructed in the proof of Theorem 2.17. Then

0 \ supp u ∩ V 6=∅.

Thence there is a vector field X ∈ L such that if γ (t)= exp t X is the integral curve
of X through q0 then γ (0)= q0 and γ (1)= q1 ∈ V \supp u. Possibly shrinking V
and applying an ultradifferentiable coordinate change in V we may assume that
q0 = 0, q1 = (0, . . . , 0, 1) and

X =
∂

∂xn
.

We note that in these new coordinates the assumption on P can be stated in the
following way. Let ξ ∈ Rn with ξn 6= 0 then pm(x, ξ) 6= 0 for all x ∈ V. There is
also a neighborhood V1 ⊆ V of q1 such that u vanishes on V1.

We adapt the proof of [Zachmanoglou 1969, Theorem 1]. Let r > 0 and δ > 0
be small enough so that

U = {x ∈ Rn
| |x ′|< r, −δ < xn < 1}

is contained in V and

{x ∈ Rn
| |x ′|< r, xn = 1} ⊆ V1.

We consider the real-analytic function

F(x)= (1+ δ)
|x ′|2

r2 − δ− xn.

The normals of the level hypersurfaces of F are always nonzero in the direction
of the n-th unit vector. It follows that the level hypersurfaces are everywhere
noncharacteristic with respect to P in V. Set

U1 =

{
x ∈U : F(x) <−

δ

2

}
and note that if x ∈ U1 then xn > −δ/2. It is easy to see that U1 ∩ supp u is
relatively compact in U. We conclude that u = 0 in U1 by Corollary 7.7. That is a
contradiction to the assumption q0 ∈ ∂ supp u. �

If Q1, . . . , Qd are real-valued vector fields with EM-coefficients, the operators

P0 = Q1+ i Q2, Pk=

d∑
j=1

Q2k
j , k ∈ N,

are M-admissible.
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For our last result we need to recall the notion of finite type which was intro-
duced by Hörmander [1967]. We say a collection of smooth real vector fields
X1, . . . , Xd on � is of finite type (of length at most r) if at any point p ∈ �
the tangent space Tp� is generated by X j (p) and some iterated commutators
[X i1, [X i2, [. . . , [X iq−1, X iq ] . . .]]](p), where q ≤ r .

A straightforward application of Theorem 7.15 gives the following corollary.

Corollary 7.16. Let � be connected and assume the real vector fields X1, . . . , Xd

are of class {M} and of finite type and let u ∈ D′(�) be a solution of Pku = 0. If u
vanishes on an open subset of � then u ≡ 0 in �.
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AFFINE STRUCTURES ON LIE GROUPOIDS

HONGLEI LANG, ZHANGJU LIU AND YUNHE SHENG

We study affine structures on a Lie groupoid, including affine k-vector fields,
k-forms and ( p, q)-tensors. We show that the space of affine structures is
a 2-vector space over the space of multiplicative structures. Moreover, the
space of affine multivector fields with the Schouten bracket and the space of
affine vector-valued forms with the Frölicher–Nijenhuis bracket are graded
strict Lie 2-algebras, and affine (1, 1)-tensors constitute a strict monoidal
category. Such higher structures can be seen as the categorification of mul-
tiplicative structures on a Lie groupoid.

1. Introduction

Geometric structures on a Lie groupoid that are compatible with the groupoid mul-
tiplication are called multiplicative structures. They have been studied intensively
and their infinitesimal correspondings have been developed. See [Iglesias-Ponte
et al. 2012; Mackenzie and Xu 2000; Xu 1995] and [Bursztyn and Cabrera 2012;
Bursztyn et al. 2009; Crainic et al. 2015] for multiplicative multivector fields and
multiplicative forms, respectively, and see [Bursztyn and Drummond 2019] for
the theory of multiplicative tensors. Beyond this, there are also multiplicative
Dirac structures [Jotz Lean 2019; Ortiz 2013], multiplicative generalized complex
structures [Jotz Lean et al. 2016], multiplicative contact and Jacobi structures
[Crainic and Salazar 2015; Crainic and Zhu 2007; Iglesias-Ponte and Marrero
2003], multiplicative distributions [Jotz Lean and Ortiz 2014] and multiplicative
Manin pairs [Li-Bland and Ševera 2011], etc. We refer to [Kosmann-Schwarzbach
2016] for a survey on this subject.

Our purpose is to study geometric structures that are compatible with the affinoid
structure on a Lie groupoid. This is motivated by Weinstein’s work [1990], where he
studied Poisson manifolds also carrying affinoid structures. An affinoid structure on
a space X is a subset of X4 whose elements are called parallelograms, with axioms
modeled on the properties of the quaternary relation {(g, h, l, k) : hg−1

= kl−1
} on
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a group or a groupoid. Groupoids are affinoid spaces, but not every affinoid space
arises in this way. Mackenzie [1992; 2000] regarded affinoid structures as a type of
double groupoid. He gave the equivalence of affinoid structures, butterfly diagrams
and generalized principal bundles and studied their infinitesimal invariants.

The multiplicativity condition for a k-vector field (a k-form) on a Lie groupoid is
known as the graph {(g, h, gh) : s(g)= t (h)} of the groupoid multiplication being
a coisotropic (an isotropic) submanifold of G×G×G. A Lie groupoid G carries an
affinoid structure with the set of parallelograms given by {(g, h, l, hg−1l)} when
hg−1l is well defined. So the affine condition is naturally defined to be that the set
of parallelograms is a coisotropic or an isotropic submanifold of G×G×G×G for k-
vector fields or k-forms respectively. This gives the notions of affine k-vector fields
and affine k-forms on a Lie groupoid. This topic was first studied in [Weinstein
1990]. Then Lu [1990] studied the dressing transformation, Poisson cohomology and
also the symplectic groupoids of affine Poisson structures on Lie groups. For more
information on affine Poisson structures, see also [Dazord et al. 1991; Dazord and
Sondaz 1991; Urbański 1994]. To define affine (p, q)-tensors on a Lie groupoid G,
we consider the tangent and cotangent groupoids of G. A (p, q)-tensor on G can
be viewed as a function on the Lie groupoid G̃ := ⊕q TG⊕p T ∗G ⇒⊕q T M⊕p A∗.
Then a (p, q)-tensor is said to be affine if it is an affine function (0-form) on the
Lie groupoid G̃. This definition coincides with the previous definitions for affine
k-vector fields and affine k-forms.

We shall first make clear the relations between affine and multiplicative structures.
For Lie groups, Lu [1990] obtained two multiplicative bivector fields from an affine
bivector field by using the right and left translations. We generalize this result to the
case of Lie groupoids and obtain two multiplicative k-vector fields (k-forms, (p, q)-
tensors) from an affine k-vector field (k-form, (p, q)-tensor). Furthermore, we show
that the space of affine structures is a 2-vector space over the vector space of mul-
tiplicative structures. Thus affine structures can be viewed as the categorification of
multiplicative structures and affine structures define an equivalence relation on mul-
tiplicative structures. For some cases, multiplicative structures are functors, as mor-
phisms of Lie groupoids; then affine structures are natural transformations between
these multiplicative structures. Moreover, for affine multivector fields, the Schouten
bracket gives rise to a graded strict Lie 2-algebra structure on the aforementioned
2-vector space. This recovers the strict Lie 2-algebra structure on 1-vector fields in
[Berwick-Evans and Lerman 2016] and is equivalent to the graded Lie 2-algebra in
[Bonechi et al. 2018]; see also [Ortiz and Waldron 2019]. We give the geometric sup-
port of this graded Lie 2-algebra structure. We also prove that affine vector-valued
forms are closed under the Frölicher–Nijenhuis bracket and thus constitute a graded
strict Lie 2-algebra. For affine (1, 1)-tensors, the composition of affine (1, 1)-tensors
defines a strict monoidal category structure on the aforementioned 2-vector space.
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We remark that on Lie groups, affine (p, q)-tensors and multiplicative (p, q)-
tensors are the same when q 6= 0. In particular, the affine k-forms and multiplicative
k-forms are the same. An affine k-vector field differs from a multiplicative k-vector
field by an element in ∧kg, where g is the Lie algebra of the Lie group. Affine
k-vector fields, k-forms and (1, 1)-tensors on pair groupoids are also analyzed in
detail.

The organization of this paper is as follows. In Section 2, we recall Lie 2-algebras,
monoidal categories, tangent and cotangent Lie groupoids. In Section 3, we intro-
duce the notion of affine k-vector fields and clarify the relation with multiplicative
k-vector fields. We show that the space of affine k-vector fields is a 2-vector space.
Moreover, affine multivector fields are closed under the Schouten bracket; we thus
get a graded strict Lie 2-algebra structure on this 2-vector space. In Section 4, we
introduce the notion of affine k-forms and study their properties analogously. In
Section 5, affine tensors on a Lie groupoid are introduced. We obtain a graded strict
Lie 2-algebra structure on the space of vector-valued forms and a strict monoidal
category structure on the space of affine (1, 1)-tensors.

2. Preliminary

2A. Strict Lie 2-algebras. Lie 2-algebras are the categorification of Lie algebras,
whose underlying spaces are 2-vector spaces. See [Baez and Crans 2004] for more
details. Let Vect be the category of vector spaces.

Definition 2.1 [Baez and Crans 2004]. A 2-vector space is a category in Vect.

Explicitly, a 2-vector space is a category V1 ⇒ V0 whose spaces of objects and
arrows are both vector spaces, such that the source and target maps s, t : V1→ V0,
the identity-assigning map ι : V0 ↪→ V1, and the composition ◦ : V1×V0 V1→ V1

are all linear.
A 2-vector space is completely determined by the vector spaces V0, V1 with the

source, target and the identity-assigning map. Actually, given f ∈ V1, define its
arrow part by

−→

f = f − ι(s( f )). Then s(
−→

f ) = 0 and t (
−→

f ) = t ( f )− s( f ). So we
can identify f : x→ y with the pair (x,

−→

f ). With this notation, the composition of
f : x→ y and g : y→ z is defined as g ◦ f = (x,

−→

f + −→g ). Any arrow (x,
−→

f ) has
an inverse (x + t (

−→

f ),−
−→

f ), so a 2-vector space is always a Lie groupoid.
A 2-vector space is equivalent to a 2-term chain complex of vector spaces. On

the one hand, given a 2-vector space V1 ⇒ V0, the corresponding 2-term complex
is t : ker s→ V0. On the other hand, given a chain complex C1→ C0, the 2-vector
space is C0⊕C1→ C0. We refer to [Baez and Crans 2004] for the details.

Definition 2.2 [Baez and Crans 2004]. A strict Lie 2-algebra is a 2-vector space V
together with a skew-symmetric bilinear functor, the bracket, [ · , · ] : V × V → V
satisfying the Jacobi identity.
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A strict Lie 2-algebra is equivalent to a strict 2-term L∞-algebra. Namely, a
2-term complex d : C1→ C0 with skew-symmetric brackets [ · , · ] : C0×C0→ C0

and [ · , · ] : C0×C1→ C1 satisfying the Jacobi identity and [da, b] = [a, db] and
d[x, a] = [x, da] for x ∈ C0 and a, b ∈ C1. See [Baez and Crans 2004] for details.

When the spaces of objects and morphisms are graded vector spaces and the Lie
bracket is a graded Lie bracket, we call it a graded strict Lie 2-algebra. We refer to
[Bonechi et al. 2018] for the explicit definition.

2B. Strict monoidal categories. A monoidal category is a category C with a bi-
functor ◦ : C×C→ C, its product, which is associative up to a natural isomorphism,
and with an object which is a left unit and a right unit for the product up to natural
isomorphisms. For our purpose, we only consider the category with a product which
is strict associative and has a strict two-sided identity object.

Definition 2.3 [Mac Lane 1971]. A strict monoidal category (C, ◦, e) is a category C
with a bifunctor ◦ : C× C→ C, which is associative:

◦(◦× 1)= ◦(1×◦) : C× C× C→ C,

and with an object e which is a left and right unit for ◦:

◦(e× 1)= idC = ◦(1× e) : C→ C.

The bifunctor ◦ here assigns to each pair of objects x, y an object x ◦ y and to
each pair of arrows f : x→ x ′, g : y→ y′ an arrow f ◦ g : x ◦ y→ x ′ ◦ y′. Thus ◦
being a bifunctor means that

1x ◦ 1y = 1x◦y, ( f ′ ◦ g′) · ( f ◦ g)= ( f ′ · f ) ◦ (g′ · g),

whenever f ′, f and g′, g are composable. Here · is the multiplication in the
category C. The associative law and the unit law in the definition hold both for
objects and arrows.

2C. Tangent and cotangent Lie groupoids. We recall the definition of the tangent
and cotangent Lie groupoids of a Lie groupoid.

Denote the source and target maps for a Lie groupoid G ⇒ M by s, t : G→ M.
Two elements g, h∈G are multiplicable or composable if and only if s(g)= t (h) and
their product is written as g ·h or simply as gh. Such a pair is called a multiplicable
pair. We denote the space of multiplicable pairs by G(2). Let A be the Lie algebroid
of G. For u ∈ 0(A), the right and left translations −→u ,←−u ∈ X(G) are defined by

−→u (g)= d Rg(ut (g)),
←−u (g)=−d Lg(d inv(us(g)),

where Rg and Lg are the right and left multiplications on G and inv : G→ G is the
inverse map in G.

Throughout this paper, by abuse of notation, we use the same notations s and t
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to denote the source and target of any Lie groupoid and we adopt the same notation
to denote a map and its tangent map.

Given a Lie groupoid G⇒ M, its tangent bundle TG⇒ T M with the differentials
of the structure maps of G is again a Lie groupoid.

Its cotangent bundle T ∗G is also equipped with a Lie groupoid structure which
is over A∗, written as T ∗G ⇒ A∗. First we have the inclusion A∗ ↪→ T ∗G since
T ∗G|M ∼= T ∗M ⊕ A∗. The source and target maps of an element ξ ∈ T ∗g G with
g ∈ G are

〈s(ξ), u〉 = 〈ξ,←−u 〉, 〈t (ξ), v〉 = 〈ξ,−→v 〉 for all u ∈ As(g), v ∈ At (g),

So for any u ∈0(A), seen as a function on the base manifold A∗, we get the formulas

(1) s∗u =←−u , t∗u =−→u .

For a multiplicable pair (g, h) ∈ G(2), if ξ ∈ T ∗g G and η ∈ T ∗h G are multiplicable,
the product is the element ξ · η ∈ T ∗ghG such that

(ξ · η)(X · Y )= ξ(X)+ η(Y ) for all (X, Y ) ∈ TG(2),

where X ·Y ∈ TghG is the product of X ∈ TgG and Y ∈ ThG in the Lie groupoid TG.
See, for example, [Kosmann-Schwarzbach 2016; Lang and Liu 2018] for more
explanation of the cotangent groupoid.

3. Affine k-vector fields on a Lie groupoid

An affinoid structure on a space X is a subset of X4 whose elements are seen as
parallelograms, with axioms modeled on the properties of the quaternary relation
{(g, h, l, k) | hg−1

= kl−1
} on a group or a groupoid [Weinstein 1990]. In particular,

a groupoid has an affinoid structure with parallelograms given by the relation

{(g, h, l, hg−1l) : s(g)= s(h), t (g)= t (l)}.

A k-vector field on a Lie groupoid is called affine when it is compatible with the
affinoid structure in the sense that the submanifold of parallelograms is coisotropic.
While a k-vector field is multiplicative when the graph {(g, h, gh) : s(g)= t (h)} of
the multiplication, or space of triangles, is coisotropic.

Let V be a vector space and 5 ∈ ∧k V. A subspace W ⊂ V is coisotropic with
respect to 5 if

5(ξ1, . . . , ξk)= 0 for all ξ1, . . . , ξk ∈W 0,

where W 0 is the annihilator space of W, namely,

W 0
= {ξ ∈ V ∗ : ξ(w)= 0 for all w ∈W }.

More generally, for a manifold M and 5 ∈ Xk(M), a submanifold S of M is
coisotropic with respect to 5 if Tx S is coisotropic with respect to 5x for all x ∈ S.
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The following definition is motivated by Weinstein’s [1990] definition for affine
Poisson structures on a Lie groupoid.

Definition 3.1. A k-vector field 5 ∈ Xk(G) on a Lie groupoid G is called affine if
the submanifold

S := {(g, h, l, hg−1l) : s(g)= s(h), t (g)= t (l)} ⊂ G×G×G×G

is coisotropic with respect to 5⊕ (−1)k+15⊕ (−1)k+15⊕5.

Comparatively, a k-vector field on a Lie groupoid G is multiplicative [Iglesias-
Ponte et al. 2012; Mackenzie and Xu 2000; Xu 1995] if it satisfies that the
submanifold {(g, h, gh) : s(g) = t (h)} ⊂ G × G × G is coisotropic relative to
5⊕5⊕ (−1)k+15.

It is shown in [Chen et al. 2013; Iglesias-Ponte et al. 2012; Weinstein 1990] that
a k-vector field 5 ∈ Xk(G) is multiplicative if and only if it is affine and the base
manifold M is coisotropic with respect to 5. We refer the readers to [Chen et al.
2013, Lemma 2.3], where the authors pointed out that some of the conditions listed
in [Iglesias-Ponte et al. 2012, Theorem 2.19] are redundant.

As shown in [Iglesias-Ponte et al. 2012] for the k = 2 case, for any µ∈ T ∗ghG, the
covector (−µ, L∗Xµ, R∗Yµ,−L∗X R∗Yµ) is conormal to S, that is, an element in the
annihilator space of T S at (gh, h, g, s(g)), where X and Y are bisections passing
through g and h. Another two classes of vectors conormal to S are (−t∗η, t∗η, 0, 0)
and (−s∗ξ, s∗ξ, 0, 0) for η ∈ T ∗t (g)M and ξ ∈ T ∗s(g)M. We thus get an explicit
description of affine k-vector fields:

Lemma 3.2 [Chen et al. 2013, Lemma 2.3]. A k-vector field 5 ∈ Xk(G) on a Lie
groupoid G is affine if and only if the following two conditions hold:

(i) For any (g, h) ∈ G(2),

(2) 5(gh)= LX5(h)+ RY5(g)− LX ◦ RY(5(s(g))),

where X and Y are any two local bisections passing through g and h respec-
tively.

(ii) For any ξ ∈�1(M), ιt∗ξ5 is right-invariant.

An equivalent description of (2) is that [5,
−→

X ] is right-invariant for X ∈ 0(A)
[Mackenzie and Xu 2000].

Remark 3.3. We emphasize that our definition of affine multivector fields is differ-
ent from that in [Iglesias-Ponte et al. 2012; Xu 1995], where they call multivector
fields satisfying (2) affine multivector fields. We have an extra condition.

On the other hand, we shall see that one affine k-vector field defines two multi-
plicative k-vector fields.
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The restriction on M for a k-vector field 5 ∈ Xk(G) has k+ 1 components:

5|M ∈0(∧
k TG|M)∼=0(∧k(T M⊕A))=0(∧k T M⊕(∧k−1T M⊗A)⊕· · ·⊕∧k A).

We denote by π the ∧k A-component:
π = pr∧k A5|M ∈ 0(∧

k A).

So the base manifold M is coisotropic with respect to 5 ∈ Xk(G) if π = 0.

Proposition 3.4. Let5 be a k-vector field on the Lie groupoid G with π=pr∧k A5|M .
Define

(3) 5r =5−
−→π , 5l =5−

←−π .

Then 5 is affine if and only if 5l or 5r is a multiplicative k-vector field on G. Here
the right and left translations are

−→π (g) := Rg(πt (g)),
←−π (g) := −Lg(inv(πs(g))) for all g ∈ G.

Proof. It is known from [Mackenzie and Xu 2000] that a k-vector field 5 on G
satisfying5(gh)= LX5(h)+RY5(g)−LX ◦RY(5(s(g))) is equivalent to saying
that [5,

−→

X ] is right-invariant for any X ∈ 0(A).
For any X ∈ 0(A), [5r ,

−→

X ] is right-invariant if and only if [5,
−→

X ] is right-
invariant. So 5 satisfies (2) if and only if 5r satisfies (2). Besides, since t ◦ Rg = t ,
it is clear that ιt∗ξ

−→
π is right-invariant for ξ ∈�1(M). Also it is obvious that M is

coisotropic with respect to 5r . We conclude that 5r is multiplicative if and only if
5 is affine.

For 5l , since [5l,
−→

X ] = [5,
−→

X ], ιt∗ξ←−π = 0 and M is coisotropic with respect
to5l , we obtain the conclusion that5 is affine if and only if5l is multiplicative. �

Example 3.5. Multiplicative k-vector fields on Rn are linear k-vector fields. An
affine k-vector field is of the form∑

f i1,...,ik (x)
∂

∂x i1
∧ · · · ∧

∂

∂x ik
+

∑
ci1,...,ik

∂

∂x i1
∧ · · · ∧

∂

∂x ik
,

where f i1,...,ik (x) is a linear function on Rn and ci1,...,ik is a constant. Namely, an
affine k-vector field is a sum of a linear k-vector field and a constant k-vector field.

Example 3.6. Multiplicative k-vector fields on the pair groupoid M ×M ⇒ M all
have the form (5,−5) for 5 ∈ Xk(M) and affine k-vector fields on M ×M are
of the form (5,5′) for two k-vector fields 5,5′ ∈ Xk(M).

Example 3.7. Let G be a Lie groupoid with Lie algebroid A. For any π ∈ 0(∧k A),
the k-vector field 5 = −→π is affine and the associated two multiplicative k-vector
fields are 5r = 0 and 5l =

−→
π −

←−
π .

The space Xk
aff(G) of affine k-vector fields is a vector space with the space

Xk
mult(G) of multiplicative k-vector fields as a linear subspace.
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Theorem 3.8. We have a 2-vector space

Xk
aff(G)⇒ Xk

mult(G),

where the groupoid structure is as follows: the source and target maps are given by
s(5)=5r and t (5)=5l as defined in (3), and the multiplication ∗ is

5 ∗5′ =5+
←−
π ′ ,

for a pair 5,5′ of affine k-vector fields such that 5r =5
′

l . Here π ′ = pr∧k A5
′
|M

is the ∧k A-component of 5′|M .

Proof. We first verify the groupoid structure. It follows from 5r = 5′l that
5−

−→
π =5′−

←−
π ′ . Then

s(5 ∗5′)=5+
←−
π ′ −−→π −

−→
π ′ =5′−

−→
π ′ =5′r = s(5′),

and
t (5 ∗5′)=5+

←−
π ′ −←−π −

←−
π ′ =5l = t (5).

Here we have used the fact that

pr∧k A
←−
π ′ |M = (−1)kpr∧k Ainv(π ′)= pr∧k A(π

′
− ρ(π ′))= π ′,

where if π ′ = X1 ∧ · · · ∧ Xk , we have

(−1)k inv(π ′)=−inv(X1)∧· · ·∧ (−inv(Xk))= (X1−ρ(X1))∧· · · (Xk−ρ(Xk)).

For the associativity of this multiplication, let 5′′ be another affine k-vector field
such that 5′r =5

′′

l . We see

(5 ∗5′) ∗5′′ =5+
←−
π ′ +
←−
π ′′ =5 ∗ (5′ ∗5′′).

Also, it is immediate that all the groupoid structures are linear. This gives a 2-vector
space structure on Xk

aff(G). �

The inverse of 5 ∈ Xk
aff(G) in this 2-vector space is

(4) 5−1
=5− (−→π +←−π ), π = pr∧k A5|M .

Remark 3.9. Lu [1990] considered the case when 5 ∈ X2(G) is an affine Poisson
vector field on a Lie group. This affine vector field 5−1 is also Poisson and is
called the opposite affine Poisson structure of 5. We see here that it is actually the
inverse of 5 in the 2-vector space given above.

Corollary 3.10. The associated 2-term chain complex of vector spaces for the
2-vector space in the above theorem is

0(∧k A)→ Xk
mult(G), π 7→ −→π −←−π .
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In addition to this, since affine multivector fields are closed under the Schouten
bracket [Iglesias-Ponte et al. 2012], we further obtain a graded strict Lie 2-algebra
on this 2-vector space. See [Baez and Crans 2004] for the details of Lie 2-algebras.

Theorem 3.11. We have a graded strict Lie 2-algebra structure on

⊕kX
k
aff(G)⇒⊕kX

k
mult(G),

where the bracket is the Schouten bracket.

Proof. The Schouten bracket defines a graded Lie algebra structure on ⊕kX
k
aff(G).

It suffices to check that it is a functor. Let 51,5
′

1 ∈ X
k
aff(G) and 52,5

′

2 ∈ X
l
aff(G)

be two multiplicable pairs, that is (51)r = (5
′

1)l and (52)r = (5
′

2)l . The Schouten
bracket [ · , · ] : Xk

aff(G)×Xl
aff(G)→ Xk+l−1

aff (G) being a functor means

(5) [(51,52) ∗ (5
′

1,5
′

2)] = [51,52] ∗ [5
′

1,5
′

2].

Actually, by Theorem 3.8, the left-hand side of (5) is equal to

[51+
←−
π ′1,52+

←−
π ′2] = [51,52] + [51,

←−
π ′2] + [

←−
π ′1,52] −

←−−−−
[π ′1, π

′

2],

where π ′1 = pr∧k A5
′

1|M and π ′2 = pr∧l A5
′

2|M . And the right-hand side of (5)
amounts to

[51,52] +
←−−−−−−−−−−−−−
pr∧k+l−1 A[5

′

1,5
′

2]|M .

By straightforward calculation, we have

[5′1,5
′

2] = [(5
′

1)l, (5
′

2)l] + [
←−
π ′1, (5

′

2)l] + [(5
′

1)l,
←−
π ′2] + [

←−
π ′1,
←−
π ′2]

= [(5′1)l, (5
′

2)l] + [
←−
π ′1, (52)r ] + [(51)r ,

←−
π ′2] + [

←−
π ′1,
←−
π ′2]

= [(5′1)l, (5
′

2)l] + [
←−
π ′1,52] + [51,

←−
π ′2] −

←−−−−
[π ′1, π

′

2],

where we have used the fact that [
←−

X ,
−→

Y ] = 0 for any X, Y ∈ 0(A). Moreover, 51

is affine so [51,
←−
π ′2] is left-invariant and so is [

←−
π ′1,52]. From this and the fact that

(5′1)l ((5′2)l) has no component in ∧k A (∧l A), we see
←−−−−−−−−−−−−−
pr∧k+l−1 A[5

′

1,5
′

2]|M = [
←−
π ′1,52] + [51,

←−
π ′2] −

←−−−−
[π ′1, π

′

2].

Thus we get (5). This finishes the proof. �

Remark 3.12. In [Berwick-Evans and Lerman 2016; Ortiz and Waldron 2019], the
authors constructed a strict Lie 2-algebra on the multiplicative 1-vector fields and
their natural transformations. They proved the Morita invariance of this construction
and obtained a strict Lie 2-algebra structure on the differentiable stack. Actually, this
is our case for k = 1 when writing the strict Lie 2-algebra as a Lie algebra crossed
module. Another remark is that our graded Lie 2-algebra is actually the same as
the one in [Bonechi et al. 2018], where they wrote it in the 2-term L∞-algebra
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form 0(∧•A)→ X•mult(G). Moreover, this Lie 2-algebra is Morita invariant and is
used to define multivector fields on a differentiable stack in [Bonechi et al. 2018].
Here we see affine multivector fields as the geometric support of this graded Lie
2-algebra structure.

Now we move to consider the infinitesimal of affine k-vector fields.
For an affine k-vector field 5∈Xk

aff(G), by Lemma 3.2, define δ5 f ∈0(∧k−1 A)
and δ5X ∈ 0(∧k A) for any f ∈ C∞(M) and X ∈ 0(A), such that

(6)
−−→
δ5 f = [5, t∗ f ],

−−→
δ5X = [5,

−→
X ].

Recall that a k-differential [Iglesias-Ponte et al. 2012] on a Lie algebroid A is a
pair of maps

δ0 : C∞(M)→ 0(∧k−1 A), δ1 : 0(A)→ 0(∧k A),
satisfying

δ0( f g)= δ0( f )g+ f δ0(g), δ1( f X)= δ0( f )X + f δ1(X)

for all f, g ∈ C∞(M), X ∈ 0(A), and

δ1[X, Y ] = [δ1(X), Y ] + [X, δ1(Y )], X, Y ∈ 0(A).

Denote by ⊕kX
k
aff(G) (resp. ⊕kX

k
mult(G)) and ⊕kAk the spaces of affine (resp.

multiplicative) vector fields on G and k-differentials on A. It is straightforward
to check that they are graded Lie algebras with the Schouten bracket and the
commutator Lie bracket.

With these notions, by (6), we have a map

(7) δ : ⊕kX
k
aff(G)→⊕kAk, 5 7→ δ5.

The universal lifting theorem says that

δ|
⊕kX

k
mult(G)

: ⊕kX
k
mult(G)→⊕kAk

is an isomorphism of graded Lie algebras when G is s-connected and s-simply
connected [Iglesias-Ponte et al. 2012].

As a direct consequence of Proposition 3.4, we have the following isomorphism
of graded Lie algebras.

Proposition 3.13. We have an isomorphism

⊕kX
k
aff(G)→⊕kX

k
mult(G)F (⊕k0(∧

k A)), 5 7→ (5−−→π , π), π = pr∧k A5|M ,

of graded Lie algebras, where the brackets on ⊕kX
k
aff(G) and ⊕kX

k
mult(G) are the

Schouten bracket, the bracket on ⊕k0(∧
k A) is the graded Lie bracket induced by

the Lie bracket on A, and the mixed bracket is

[0, π] = δ0(π) ∈ 0(∧
k+l−1 A), 0 ∈ Xk

mult(G), π ∈ 0(∧
l A).
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Proof. By Proposition 3.4, this map is an isomorphism of graded vector spaces
whose inverse is (0, π) 7→ 0+

−→
π . Identifying an element π ∈ 0(∧k A) with the

affine k-vector field −→π , we see that the Lie bracket on the right-hand side is actually
induced by the Schouten bracket on the left-hand side under the isomorphism.
Hence the right-hand side is a graded Lie algebra and this map is an isomorphism
of graded Lie algebras.

We could also check directly that this map is a morphism of graded Lie algebras.
The key point is

(8) pr∧k+l−1 A[5,5
′
]|M

= δ5(π
′)− (−1)(k−1)(l−1)δ5′(π)− [π, π

′
], 5 ∈ Xk

aff(G),5
′
∈ Xl

aff(G).

The proof of this is similar to the proof of Theorem 3.11 for the right translation. �

The map δ defined in (7) is not a bijection on⊕kX
k
aff(G). In fact, for5∈Xk

aff(G),
we have

(9) δ5−−→π = δ5− [π, ·], δ5−←−π = δ5, π = pr∧k A5|M .

Proposition 3.13 together with the universal lifting theorem for multiplicative
multivector fields tells us that the kernel of the map δ is ⊕k0(∧

k A) and we obtain
the universal lifting theorem for affine multivector fields.

Theorem 3.14. Let G be an s-simply connected and s-connected Lie groupoid with
Lie algebroid A. We have a graded Lie algebra isomorphism

⊕kX
k
aff(G)∼=⊕kAk F (⊕k0(∧

k A)), 5 7→ (δ5− [π, ·], π), π = pr∧k A5|M ,

where the brackets on ⊕kX
k
aff(G) and ⊕kAk are the Schouten bracket and the

commutator bracket, the bracket on ⊕k0(∧
k A) is the graded Lie bracket induced

by the Lie bracket on A and the mixed bracket is

[δ, π] = δ(π) ∈ 0(∧k+l−1 A), δ ∈Ak, π ∈ 0(∧
l A).

Here δ acts on π as a degree k− 1 derivation.

Proof. This follows from (9), Proposition 3.13 and the universal lifting theorem for
multiplicative multivector fields [Iglesias-Ponte et al. 2012]. �

Next, we consider the case when an affine bivector field 5 on a Lie groupoid G
is also Poisson. We shall generalize Lu’s results for Lie groups [1990].

Proposition 3.15. Let5 be an affine bivector field on a Lie groupoid G, and5r ,5l

be the multiplicative bivector fields given by (3). Then

(i) 5r (resp. 5l) is Poisson if and only if [5,5] is right (resp. left)-invariant;

(ii) if 5r is Poisson, then 5 is Poisson if and only if 2δ5rπ + [π, π] = 0, where
π = pr∧2 A5|M .
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Proof. For (i), direct calculation shows that

[5r ,5r ] = [5−
−→π ,5−−→π ] = [5,5] − 2[5,−→π ] + [−→π ,−→π ]

= [5,5] − 2
−−→
δ5π +

−−−→
[π, π].

Therefore if 5r is Poisson, [5,5] is right-invariant. Conversely, by (8), we have
pr∧3 A[5,5]|M = 2δ5π − [π, π]. If [5,5] is right-invariant, we must have

[5,5] =
−−−−−−−−−→
2δ5π − [π, π]

and hence [5r ,5r ] = 0.
For (ii), following from

[5,5] = [5r +
−→π ,5r +

−→π ] = [5r ,5r ] + 2
−−→
δ5rπ +

−−−→
[π, π],

we get the result. �

As a corollary, if an affine bivector field 5 is Poisson, the associated two multi-
plicative vector fields 5r and 5l are also Poisson.

Corollary 3.16. Let 5 be an affine Poisson structure on a Lie groupoid G with
π = pr∧2 A5|M . Then its inverse as introduced in (4),

5−1
=5− (−→π +←−π ),

is also an affine Poisson structure on G.

Proof. 5−1 is obviously affine. To see that it is Poisson, we have

[5−1,5−1
] = [5−(−→π +←−π ),5−(−→π +←−π )]

=−2[5,−→π ]−2[5,←−π ]+[←−π ,←−π ]+[−→π ,−→π ] = [5r ,5r ]+[5l,5l].

Therefore, by Proposition 3.15, 5−1 is Poisson. �

Example 3.17. Let G be a Lie groupoid with Lie algebroid A. For π ∈ 0(∧2 A),
the bivector field 5= −→π is affine. It is Poisson if and only if π satisfies the classical
Yang–Baxter equation [π, π] = 0. Moreover, we have 5r = 0,5l =

−→
π −

←−
π and

5−1
=−

←−
π .

Besides, given any γ ∈ 0(∧2 A), define 5= −→π +←−γ . Then we get 5r =
←−
γ −

−→
γ

and 5l =
−→
π −

←−
π and 5−1

=−
←−
π −

−→
γ . Furthermore, direct calculation shows that

5 is Poisson if and only if
−−−→
[π, π] =

←−−−
[γ, γ ],

which implies that [π, π] = [γ, γ ] ∈ ∧3kerρ and both of them are Ad-invariant.

Affine Poisson structures give rise to a natural equivalence relation between
multiplicative Poisson structures on a Lie groupoid (Poisson groupoids), which
further give an equivalence relation on Lie bialgebroids.
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4. Affine k-forms on a Lie groupoid

A k-form 2 ∈�k(G) on a Lie groupoid G is multiplicative if the graph of multipli-
cation {(g, h, gh) : s(g)= t (h)}, or space of triangles, is an isotropic submanifold
of G×G×G with respect to 2⊕2⊕−2. Algebraically, a k-form 2 on G ⇒ M
is multiplicative [Bursztyn and Cabrera 2012; Bursztyn et al. 2009; Crainic et al.
2015] if it satisfies

m∗2= pr∗12+ pr∗22,

where m and pr1, pr2 : G(2)→ G are the groupoid multiplication and the projections
to the first and second components, respectively.

One consequence of the multiplicativity condition is that 2 is isotropic on M,
namely, ι∗2 = 0, where ι : M ↪→ G is the natural inclusion. In other words, the
restriction of 2 on M has no component in ∧k T ∗M. Relaxing this condition, we
shall get the notion of affine k-forms.

The restriction of a k-form 2 ∈�k(G) on M has k+ 1 components:

2|M ∈ 0(∧
k T ∗G|M)= 0(∧k(A∗⊕ T ∗M))

= 0(∧k A∗⊕ (∧k−1 A∗⊗ T ∗M)⊕ · · ·⊕∧k T ∗M).

Denote by θ the ∧k T ∗M-component: θ = pr∧k T ∗M2|M . In other words, θ = ι∗2
for ι : M ↪→ G.

Definition 4.1. A k-form 2 ∈�k(G) on a Lie groupoid G is affine if it satisfies

(10) m∗2= pr∗12+ pr∗22− pr1
∗s∗θ,

where θ := pr∧k T ∗M2|M .

Since s ◦ pr1 = t ◦ pr2 : G(2)→ G, the affine condition has another expression:

(11) m∗2= pr∗12+ pr∗22− pr2
∗t∗θ.

One direct consequence of the definition is that the de Rham differential of an affine
k-form on G is an affine (k+1)-form.

Unlike the multiplicative case, it is not obvious from (10) that a k-form is affine
if the submanifold of parallelograms is isotropic in G×G×G×G.

Proposition 4.2. A k-form2 on G is affine if and only if the space of parallelograms

0 = {(g, h, l, hg−1l) : s(g)= s(h), t (g)= t (l)}

is an isotropic submanifold of G×G×G×G with respect to 2⊕−2⊕−2⊕2,
that is,

(12) ι∗(pr∗12− pr∗22− pr∗32+ pr∗42)= 0,

where pri : G × G × G × G → G is the projection to the i-th component and
ι : 0 ↪→ G×G×G×G is the inclusion.
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Proof. The tangent space of 0 at (g, h, l, hg−1l) consists of 4-tuples

(Xg, Yh, Zl, Yh · inv(X)g−1 · Zl)

of tangent vectors, where Yh ·inv(X)g−1 ·Zl means the multiplication of three tangent
vectors in TG. Applying (12) to k such vectors, we have

(13) 2(Y 1
h · inv(X)1g−1 · Z1

l , . . . , Y k
h · inv(X)kg−1 · Z k

l )

=−2(X1
g, . . . , X k

g)+2(Y
1
h , . . . , Y k

h )+2(Z
1
l , . . . , Z k

l ),

where inv(X)ig−1 :=inv(X i
g). In particular, we choose (h, l)∈G(2) and g=1t (l)=1s(h).

Moreover, each (X i
g, Y i

h, Z i
l ) is chosen to satisfy t (Z i

l )= s(Y i
h)= X i

g. Then the
equation becomes

(14) 2(Y 1
h · Z

1
l , . . . , Y k

h · Z
k
l )

=−2(s(Y 1
h ), . . . , s(Y k

h ))+2(Y
1
h , . . . , Y k

h )+2(Z
1
l , . . . , Z k

l ).

This is exactly (10).
Conversely, if 2 is affine, by setting l = h−1 and Z i

l = inv(Y )il in (14), we get

(15) 2(inv(Y )1l , . . . , inv(Y )kl )

=2(s(Y 1
h ), . . . , s(Y k

h ))−2(Y
1
h , . . . , Y k

h )+2(t (Y
1
h ), . . . , t (Y k

h )).

Applying (14) twice to the left-hand side of (13), we obtain

2(Y 1
h ·inv(X)1g−1 ·Z1

l , . . . ,Y
k
h ·inv(X)kg−1 ·Z k

l )

=2(Y 1
h , . . . ,Y

k
h )+2(inv(X)1g−1 ·Z1

l , . . . , inv(X)kg−1 ·Z k
l )−2(s(X

1
g), . . . ,s(X

k
g))

=2(Y 1
h , . . . ,Y

k
h )+2(inv(X)1g−1, . . . , inv(X)kg−1)+2(Z1

l , . . . , Z k
l )

−2(t (X1
g), . . . , t (X

k
g))−2(s(X

1
g), . . . ,s(X

k
g))

=2(Y 1
h , . . . ,Y

k
h )−2(X

1
g, . . . , X k

g)+2(Z
1
l , . . . , Z k

l ),

where we have used (15) in the last step. Hence, we get (12). �

Regarding the relation between multiplicative and affine k-forms, we have already
seen that a multiplicative k-form is an affine k-form which is isotropic on M. On
the other hand, an affine k-form is associated with two multiplicative k-forms.

Proposition 4.3. Let2 ∈�k(G) be a k-form on G with θ = pr∧k T ∗M2|M ∈�
k(M).

Define two k-forms on G:

(16) 2l :=2− s∗θ, 2r :=2− t∗θ.

Then 2 is affine if and only if 2l (resp. 2r ) is a multiplicative k-form.
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Proof. By straightforward calculation, we have

m∗2l = m∗2−m∗s∗θ, pr∗12l = pr∗12− pr∗1s∗θ, pr∗22l = pr∗22− pr∗2s∗θ.

Following from s ◦ pr2 = s ◦ m : G(2) → G, we see that the equation m∗2l =

pr∗12l+pr∗22l holds if and only if (10) holds. Similarly, noticing that t ◦pr1= t ◦m,
we get that 2r is multiplicative if and only if 2 satisfies (11), that is, 2 is affine. �

Denote by �k
aff(G) and �k

mult(G) the spaces of affine and multiplicative k-forms,
respectively. It is immediate that �k

aff(G) is a vector space with �k
mult(G) being a

linear subspace.

Theorem 4.4. We have a 2-vector space

�k
aff(G)⇒�k

mult(G),

where the groupoid structure is given as follows: the source and target maps are

s(2)=2r , t (2)=2l for all 2 ∈�k
aff(G),

where 2r and 2l are defined in (16), and the multiplication is

2 ∗2′ =2+ s∗θ ′, θ ′ = pr∧k T ∗M2
′
|M

for a pair 2,2′ ∈�k
aff(G) such that 2r =2

′

l .

Proof. The proof is similar to that for Theorem 3.8. �

Corollary 4.5. The 2-term chain complex of vector spaces associated to the above
2-vector space �k

aff(G)⇒�k
mult(G) is

�k(M)→�k
mult(G), θ 7→ t∗θ − s∗θ.

It is seen from the definition that the affine and multiplicative forms are closed
under the de Rham differential. So we get two subcomplexes of the de Rham
complex on G:

(�•mult(G), d)⊂ (�•aff(G), d)⊂ (�•(G), d).

Proposition 4.6. The map

8 :�•aff(G)→�•mult(G)⊕�
•(M), 2 7→ (2− t∗θ, θ), θ = pr∧•T ∗M2|M ,

is an isomorphism of cochain complexes, where the differentials are the de Rham
differential. Thus we get an isomorphism on the cohomology

H •

aff(G)∼= H •

mult(G)⊕ H •(M).

Proof. The inverse of 8 can be defined by (3, λ) 7→3+ t∗λ for any 3 ∈�k
mult(G)

and λ ∈�k(M). So 8 is an isomorphism. Next, we check that it is a cochain map,
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namely, d ◦8=8 ◦ d . Since θ = ι∗2 for ι : M ↪→ G, we have dθ = pr∧k+1T ∗M d2.
Then we have

d ◦8(2)= (d2− t∗dθ, dθ)=8 ◦ d(2).

Thus it induces an isomorphism on the cohomology. �

Now we discuss the infinitesimal of affine k-forms. It is known from [Bursztyn
and Cabrera 2012; Crainic et al. 2015] that there is a one-to-one correspondence
between multiplicative k-forms on G and IM k-forms on its Lie algebroid A when G
is s-connected and s-simply connected.

A pair (µ, ν) of bundle maps

µ : A→∧k−1T ∗M, ν : A→∧k T ∗M, k ≥ 1,

is called an IM k-form on A if

ιρ(X)µ(Y )=−ιρ(Y )µ(X),

µ([X, Y ])= Lρ(X)µ(Y )− ιρ(Y )dµ(X)− ιρ(Y )ν(X),

ν([X, Y ])= Lρ(X)ν(Y )− ιρ(Y )dν(X) for all X, Y ∈ 0(A).

The pair (µ, ν) determines a linear k-form on the vector bundle A. These conditions
are described in such a way that the induced map⊕k

AT A→R is a Lie algebroid mor-
phism with the tangent Lie algebroid structure on ⊕k

AT A→⊕k T M and the trivial
Lie algebroid structure on R→ {∗}. See [Bursztyn and Cabrera 2012] for details.

By Proposition 4.6, the infinitesimals of affine k-forms on a Lie groupoid G are
clear.

Proposition 4.7. If G is an s-connected and s-simply connected Lie groupoid, there
is a one-to-one correspondence between affine k-forms 2 on G and triples (µ, ν, θ)
of IM k-forms (µ, ν) and θ ∈�k(M). That is

�k
aff(G)∼=�

k
mult(G)⊕�

k(M)∼=�k
IM(A)⊕�

k(M),

2 7→ (2r :=2− t∗θ, θ := pr∧k T ∗M2|M) 7→ (µ, ν, θ).

Example 4.8. For a Lie groupoid G ⇒ M, given any θ ∈�k(M), then s∗θ and t∗θ
are affine k-forms on G and s∗θ − t∗θ is a multiplicative k-form on G.

Example 4.9. On a Lie group G, affine k-forms are multiplicative k-forms. They
are nonzero only when k is 0 and 1. This is because for any k ≥ 2,

2((X1, 0, X3, . . . , Xk) · (0, Y2, Y3, . . . , Yk))

=2(Rh1 X1, Lg2Y2, X3 · Y3, . . . , Xk · Yk)

=2(X1, 0, X3, . . . , Xk)+2(0, Y2, . . . , Yk)= 0

for X i∈Tgi G, Y j∈Th j G. So multiplicative 1-forms on a Lie group are always closed.
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On the abelian group Rn, multiplicative 1-forms are constant 1-forms. They have
the form 2=

∑
i ci dx i, where ci is a constant.

Example 4.10. For the pair Lie groupoid M × M ⇒ M, multiplicative k-forms
all have the form pr∗1α − pr∗2α for α ∈ �k(M), where pri : M × M → M is the
projection to the i-th component. Affine k-forms are of the form pr∗1 α+ pr∗2 β for
any two k-forms α, β ∈�k(M).

5. Affine tensors on a Lie groupoid

5A. Definition of affine tensors. A tensor on a Lie groupoid is said to be affine if
it is affine as a function on a more complicated Lie groupoid. This is motivated by
the notion of multiplicative tensors on a Lie groupoid introduced in [Bursztyn and
Drummond 2019].

Affine functions on a Lie groupoid G⇒ M are naturally defined as affine 0-forms
on G.

Definition 5.1. A function F ∈ C∞(G) is affine if it satisfies

(17) F(gh)= F(g)+ F(h)− F(s(g)) for all (g, h) ∈ G(2),

or F(gh)= F(g)+ F(h)− F(t (h)) as s(g)= t (h).

In particular, if an affine function F satisfies F |M = 0, it is called a multiplicative
function. By the definition, the space of affine functions is a vector space with the
space of multiplicative functions as a subspace.

As a corollary of Proposition 4.3 for 0-forms, we have:

Lemma 5.2. Let F ∈C∞(G) be a function on a Lie groupoid G⇒ M and f = ι∗F ∈
C∞(M) be the restriction of F on M, where ι : M ↪→ G is the natural inclusion.
Define

Fl = F − s∗ f, Fr = F − t∗ f.

Then F is affine if and only if Fl or Fr is a multiplicative function on G.

Example 5.3. For any function f ∈ C∞(M), we see that s∗ f − t∗ f ∈ C∞(G) is a
multiplicative function on G and s∗ f and t∗ f are affine functions on G.

Consider the Lie groupoid

G̃ : ⊕q TG⊕p T ∗G ⇒⊕q T M ⊕p A∗.

A (p, q)-tensor F ∈ 0(∧pTG⊗∧q T ∗G) on G can be viewed as a function on G̃.

Definition 5.4. A (p, q)-tensor F ∈ 0(∧pTG ⊗∧q T ∗G) on a Lie groupoid G is
called affine if it is an affine function on G̃.

The following proposition ensures the consistence of this definition with Defini-
tions 3.1 and 4.1 for the cases of affine k-vector fields and affine k-forms.
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Proposition 5.5. (i) An affine (p, 0)-tensor is an affine p-vector field as defined
in Definition 3.1.

(ii) An affine (0, q)-tensor is an affine q-form as defined in Definition 4.1.

Proof. Let F ∈ 0(∧pTG) be an affine (p, 0)-tensor. Namely,

F(ξ 1
g · η

1
h, . . . , ξ

p
g · η

p
h )= F(ξ 1

g , . . . , ξ
p
g )+ F(η1

h, . . . , η
p
h )− F(s(ξ 1

g ), . . . , s(ξ p
g )),

for ξ i
g ∈ T ∗g G and ηi

h ∈ T ∗h G such that s(ξ i
g)= t (ηi

h), where s, t are the source and
target maps in the Lie groupoid T ∗G ⇒ A∗.

Let f equal pr∧p A F |M , the projection of F restricting on M to ∧k A. We claim
that F is an affine (p, 0)-tensor if and only if F−

−→

f is a multiplicative (p, 0)-tensor,
that is,

(F −
−→
f )(ξ 1

g · η
1
h, . . . , ξ

p
g · η

p
h )= (F −

−→
f )(ξ 1

g , . . . , ξ
p
g )+ (F −

−→
f )(η1

h, . . . , η
p
h ).

By (1), we have t∗ f =
−→

f , where t is the target map in T ∗G ⇒ A∗. The assertion
holds by Lemma 5.2.

By [Iglesias-Ponte et al. 2012, Proposition 2.7], F−
−→

f is a multiplicative function
if and only if it is a multiplicative p-vector field on G, which is further equivalent to
F being an affine p-vector field by Proposition 3.4. So F is an affine (p, 0)-tensor
if and only if F is an affine p-vector field.

If F ∈ 0(∧q T ∗G) is an affine (0, q)-tensor, then

F(X · Y )= F(X)+ F(Y )− F(s(X)),

where X ∈ ∧q TgG, Y ∈ ∧q ThG, (g, h) ∈ G(2) and s(X)= t (Y ), which implies that

m∗F = pr∗1 F + pr∗2 F − pr∗1s∗F.

So F is an affine q-form as defined in Definition 4.1. �

Regarding the relation between affine and multiplicative (p, q)-tensors, we also
have the assertion as for affine k-vector fields and affine k-forms.

Let f ∈ 0(∧p A⊗∧q T ∗M). View it as a function on the base manifold of the
Lie groupoid

G̃ : ⊕q TG⊕p T ∗G ⇒⊕q T M ⊕p A∗.

By Example 5.3, s∗
G̃

f and t∗
G̃

f are affine functions on G̃ and hence affine (p, q)-
tensors on G, where sG̃ and tG̃ are the source and target maps of the Lie groupoid G̃.

Lemma 5.6. Let f ∈ 0(∧p A ⊗ ∧q T ∗M). We denote
←−

f := s∗
G̃

f and
−→

f := t∗
G̃

f ,
where

←−

f ,
−→

f ∈ 0(∧pTG⊗∧q T ∗G). We have

(18) ←−f (X1, . . . , Xq)=
←−−−−−−−−−−−
f (s X1, . . . ,s Xq),

−→
f (X1, . . . , Xq)=

−−−−−−−−−−→
f (t X1, . . . , t Xq),

for X i ∈ TG.
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Proof. This follows from the definition and (1). �

If assuming f = u⊗β for u ∈ 0(∧p A) and β ∈�q(M), we get
←−
f =←−u ⊗ s∗β,

−→
f =−→u ⊗ t∗β.

The following result is a direct consequence of Lemma 5.2.

Proposition 5.7. Let F ∈ 0(∧pTG⊗∧q T ∗G) and f = pr∧p A⊗∧q T ∗M F |M . Define

Fl = F −
←−
f , Fr = F −

−→
f ,

where
←−

f and
−→

f are defined in (18). Then F is an affine (p, q)-tensor on G if and
only if Fl or Fr is a multiplicative (p, q)-tensor.

Denote by T p,q
aff (G) and T p,q

mult(G) the spaces of affine and multiplicative (p, q)-
tensors on G, respectively. It is immediate that T p,q

aff (G) is a vector space with
T p,q

mult(G) being a linear subspace.

Theorem 5.8. With the above notation, we have a 2-vector space

T p,q
aff (G)⇒ T p,q

mult(G),

where the source and target maps of the groupoid structure are

s(F)= Fr , t (F)= Fl for all F ∈ T p,q
aff (G),

and for a pair F1, F2 ∈ T p,q
aff (G) such that (F1)r = (F2)l , the multiplication is

F1 ∗ F2 = F1+
←−
f2 , f2 = pr∧p A⊗∧q T ∗M F2|M .

Proof. The proof is similar to that for Theorem 3.8. �

Corollary 5.9. The 2-term complex of vector spaces of the above 2-vector space is

0(∧p A⊗∧q T ∗M)→ T p,q
mult(G), f 7→

−→
f −
←−
f .

An IM (p, q)-tensor ([Bursztyn and Drummond 2019]) on a Lie algebroid A is
a triple (D, l, r), where

l : A→∧p A⊗∧q−1T ∗M

and
r : T ∗M→∧p−1 A⊗∧q T ∗M

are bundle maps covering the identity, and

D : 0(A)→ 0(∧p A⊗∧q T ∗M)

is an R-linear map satisfying

D( f X)= f D(X)+ d f ∧ l(X)− X ∧ r(d f ), f ∈ C∞(M), X ∈ 0(A).
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The following equations hold:

D[X, Y ] = X · D(Y )− Y · D(X),

l[X, Y ] = X · l(Y )− ιρ(Y )D(X),

r(Lρ(X)α)= X · r(α)− ιρ∗(α)D(X),

ιρ(X)l(Y )=−ιρ(Y )l(X),

ιρ∗(α)r(β)=−ιρ∗(β)r(α),

ιρ(X)r(α)= ιρ∗(α)l(X),

for X, Y ∈ 0(A) and α, β ∈�1(M). Here · denotes the action of 0(A) on

0(∧p A⊗∧q T ∗M)
by

X · (Z ⊗ γ )= [X, Z ]⊗ γ + Z ⊗Lρ(X)γ, γ ∈�q(M), Z ∈ 0(∧p A).

Denote by T p,q
IM A the space of IM (p, q)-tensors on A.

The universal lifting theorem for multiplicative (p, q)-tensors is given in [Bursz-
tyn and Drummond 2019] as follows: If G is an s-simply connected and s-connected
Lie groupoid, then there is a one-to-one correspondence between multiplicative
(p, q)-tensors on G and IM (p, q)-tensors on the Lie algebroid A of G.

Based on this result and Proposition 5.7, we have the universal lifting theorem
for affine (p, q)-tensors.

Proposition 5.10. If G is an s-simply connected and s-connected Lie groupoid,
then we have the following isomorphisms of vector spaces:

T p,q
aff (G)∼= T p,q

mult(G)⊕0(∧
p A⊗∧q T ∗M)∼= T p,q

IM A⊕0(∧p A⊗∧q T ∗M),

F 7→ (F −
−→
f , f ) 7→ (D, l, r, f ),

where f = pr∧p A⊗∧q T ∗M F |M and
−→

f is defined in (18).

5B. The Frölicher–Nijenhuis bracket on affine vector-valued forms. A vector-
valued form on a manifold M is an element in �•(M, T M)= 0(T M ⊗∧•T ∗M).
So a vector-valued q-form on M is actually a (1, q)-tensor. The space of vector-
valued forms relative to the Frölicher–Nijenhuis bracket is a graded Lie algebra
[Frölicher and Nijenhuis 1956].

In [Bursztyn and Drummond 2013], the authors proved that the multiplicative
vector-valued forms on a Lie groupoid are closed under the Frölicher–Nijenhuis
bracket. Thus they form a graded Lie algebra. We shall prove that affine vector-
valued forms are also closed under the Frölicher–Nijenhuis bracket. Moreover, the
space of affine vector-valued forms is a graded strict Lie 2-algebra over the space
of multiplicative vector-valued forms.
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One formula for the Frölicher–Nijenhuis bracket

[ · , · ]FN :�
k(M, T M)×�q(M, T M)→�k+q(M, T M)

is as follows:

(19) [X ⊗φ, Y ⊗ψ]FN = [X, Y ]⊗φ ∧ψ + Y ⊗φ ∧LXψ − X ⊗LYφ ∧ψ

+ (−1)k(Y ⊗ dφ ∧ ιXψ + X ⊗ ιYφ ∧ dψ),

where X, Y ∈X(M), φ ∈�k(M) and ψ ∈�q(M), and the bracket [ · , · ] and d on
the right-hand side are the Schouten bracket and the de Rham differential. When
k = q = 0, this bracket agrees with the Schouten bracket on vector fields. We refer
to [Bursztyn and Drummond 2013; 2019] for an intrinsic definition of this bracket.

Now we discuss the vector-valued forms on a Lie groupoid G. Recall that T 1,q
aff (G)

and T 1,q
mult(G) are spaces of affine and multiplicative (1, q)-tensors, respectively.

Theorem 5.11. Let F ∈ T 1,k
aff (G) and N ∈ T 1,q

aff (G) be affine tensors. Then [F, N ]FN

is an affine (1, k+ q)-tensor on G.

Proof. By Proposition 5.7, from F and N, we get two multiplicative tensors:

Fr = F −
−→
f , Nr = N −−→n ,

where f =prA⊗∧k T ∗M F |M and n=prA⊗∧q T ∗M N |M and
−→

f and −→n are defined in (18).
Based on this, we have

(20)
[F, N ]FN = [Fr +

−→
f , Nr +

−→n ]FN

= [Fr , Nr ]FN+ [Fr ,
−→n ]FN+ [

−→
f , Nr ]FN+ [

−→
f ,−→n ]FN.

By [Bursztyn and Drummond 2013, Theorem 4.3], we have [Fr , Nr ]FN ∈ T 1,k+p
mult (G),

a multiplicative (1, k+ p)-tensor. By [Bursztyn and Drummond 2019, Lemma 5.3],
we have

[
−→
f , Nr ]FN =

−−−−→
DN ( f ),

where DN : 0(A⊗∧k T ∗M)→ 0(A⊗∧k+q T ∗M) is determined by the IM (1, q)-
tensor (D, l, r) of the multiplicative (1, q)-tensor Nr . We refer to [Bursztyn and
Drummond 2019] for details. Now it suffices to check that

(21) [
−→
f ,−→n ]FN =

−→s ,

for some s ∈ 0(A⊗∧k+q T ∗M). Assume f = u⊗α, n = v⊗ β for u, v ∈ 0(A)
and α ∈�k(M), β ∈�q(M). Then by (19),

[
−→
f ,−→n ]FN = [

−→u ⊗ t∗α,−→v ⊗ t∗β]

=
−−−→
[u, v]⊗ t∗(α∧β)+−→v ⊗ t∗(α∧Lρ(u)β)−−→u ⊗ t∗(Lρ(v)α∧β)

+ (−1)k(−→v ⊗ t∗(dα∧ ιρ(u)β)+
−→u ⊗ t∗(ιρ(v)α∧ dβ)),
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where we have used the relations ι−→u t∗β = t∗ιρ(u)β and d ◦ t∗ = t∗ ◦ d . Write

s = [u, v]⊗α∧β + v⊗α∧Lρ(u)β − u⊗Lρ(v)α∧β
+ (−1)k(v⊗ dα∧ ιρ(u)β + u⊗ ιρ(v)α∧ dβ).

We get (21). Following (20), we have shown that

[F, N ]FN = [Fr , Nr ]FN− (−1)kq−−−→DF (n)+
−−−−→
DN ( f )+−→s ,

where DF : 0(A⊗∧q T ∗M)→ 0(A⊗∧k+q T ∗M) is determined by the IM (1, k)-
tensor (D′, l ′, r ′) of the multiplicative (1, k)-tensor Fr . Thus [F, N ]FN is affine. �

Proposition 5.12. We have a graded strict Lie 2-algebra structure on

⊕k T 1,k
aff (G)⇒⊕k T 1,k

mult(G),

where the bracket is the Frölicher–Nijenhuis bracket.

Proof. By Theorems 5.8 and 5.11, we only need to show that the Frölicher–Nijenhuis
bracket is a functor. This is similar to the proof in Theorem 3.11. We omit the
detail. �

5C. The strict monoidal category of affine (1, 1)-tensors. Another important case
is affine (1, 1)-tensors, which can be used to define affine Nijenhuis operators on
a Lie groupoid. On the space of affine (1, 1)-tensors, in addition to the 2-vector
space structure proposed in Theorem 5.8, we shall also construct a strict monoidal
category structure in this subsection.

A (1, 1)-tensor on a Lie groupoid G is multiplicative if the induced bundle map
TG → TG is a Lie groupoid morphism [Laurent-Gengoux et al. 2009], which
amounts to saying that the corresponding function on T ∗G ⊕ TG ⇒ A∗ ⊕ T M
is multiplicative by [Bursztyn and Drummond 2019, Proposition 3.9]. Thus the
composition of two multiplicative (1, 1)-tensors is still a multiplicative (1, 1)-tensor.
We shall show that the composition of two affine (1, 1)-tensors is also an affine
(1, 1)-tensor.

By (17), a (1, 1)-tensor N ∈ 0(TG⊗ T ∗G) is affine if it satisfies

N (X · Y, ξ · η)= N (X, ξ)+ N (Y, η)− n(sTG X, sT ∗Gξ), n = prA⊗T ∗M N |M ,

where (X, Y ) ∈ TG(2) and (ξ, η) ∈ T ∗G(2) are multiplicable pairs in TG and T ∗G
covering the same pair (g, h) ∈ G(2). Here sTG and sT ∗G are the source maps of the
tangent and cotangent groupoids, respectively.

A multiplicative (1, 1)-tensor N corresponds to a Lie groupoid morphism

(N , nT M) : TG→ TG,

where nT M : T M→ T M is the map on the base manifold. Since N preserves the
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s-fibers, it induces a bundle map n A : A→ A. Then we have N |M = nT M + n A.
For an affine (1, 1)-tensor N, from the difference of affine and multiplicative (1, 1)-
tensors, we have that the restriction of N on M is

N |M =
(

nT M 0
n n A

)
: T M ⊕ A→ T M ⊕ A,

where nT M : T M→ T M and n A : A→ A and n = prA⊗T ∗M N |M .

Lemma 5.13. The composition N ◦ N ′ of two affine (1, 1)-tensors N and N ′ is still
an affine (1, 1)-tensor with

(N ◦ N ′)l = Nl ◦ N ′l , (N ◦ N ′)r = Nr ◦ N ′r for all N , N ′ ∈ T 1,1
aff (G).

Moreover, the A⊗ T ∗M-component of N ◦ N ′|M is

prA⊗T ∗M N ◦ N ′|M = n A ◦ n′+ n ◦ n′T M + n ◦ ρ ◦ n′,

where

N |M =
(

nT M 0
n n A

)
, N ′|M =

(
n′T M 0

n′ n′A

)
: T M ⊕ A→ T M ⊕ A

are the decompositions of N and N ′ restricting on M and ρ : A → T M is the
anchor map.

Proof. Write N = Nr +
−→n and N ′ = N ′r +

−→
n′ , where n and n′ are the A⊗ T ∗M-

components of N |M and N ′|M , respectively, and −→n ,
−→
n′ are defined in (18). Then

N ◦ N ′ = Nr ◦ N ′r + Nr ◦
−→
n′ +−→n ◦ N ′r +

−→n ◦
−→
n′ .

By Proposition 5.7, (Nr , nT M), (N ′r , n′T M) : TG → TG are morphisms of Lie
groupoids. So we have the formulas

Nr (
−→u )=

−−−→
n A(u) for all u ∈ 0(A)

and t ◦ N ′r = n′T M ◦ t . Applying this to X ∈ TgG, we get

Nr ◦
−→
n′ (X)= Nr

−−−→
n′(t X)=

−−−−−−−→
n A(n′(t X))=

−−−→
n A ◦ n′(X),

−→n ◦ N ′r (X)=
−−−−−−→
n(t N ′r (X))=

−−−−−−−−→
n(n′T M(t X))=

−−−−→
n ◦ n′T M(X),

−→n ◦
−→
n′ (X)=−→n

−−−→
n′(t X)=

−−−−−−−−→
n(ρ(n′(t X)))=

−−−−−→
n ◦ ρ ◦ n′(X).

Thus we proved that

N ◦ N ′ = Nr ◦ N ′r +
−−−−−−−−−−−−−−−−−−−−→
n A ◦ n′+ n ◦ n′T M + n ◦ ρ ◦ n′.

Notice that the composition Nr ◦ N ′r of two multiplicative (1, 1)-tensors is still
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multiplicative. Then by Proposition 5.7, we obtain that N ◦ N ′ is an affine (1, 1)-
tensor with the properties as desired. �

Actually, the 2-vector space T 1,1
aff (G) ⇒ T 1,1

mult(G) from Theorem 5.8 with the
composition is a strict monoidal category.

Theorem 5.14. We have a strict monoidal category structure on the 2-vector space

T 1,1
aff (G)⇒ T 1,1

mult(G),

with the product being the composition of two affine (1, 1)-tensors and the unit
given by the identity I : TG→ TG.

Proof. It is obvious that the identity I : TG→ TG, as a multiplicative (1, 1)-tensor,
is a left and right unit for the composition.

It suffices to verify that the composition ◦ : T 1,1
aff (G)× T 1,1

aff (G)→ T 1,1
aff (G) is a

bifunctor. Let N1, N2, N3, N4 be four affine (1, 1)-tensors such that (N1)r = (N3)l

and (N2)r = (N4)l . That is,

N1−
−→n1 = N3−

←−n3 and N2−
−→n2 = N4−

←−n4 .

By Lemma 5.13, we see (N1 ◦ N2)r = (N3 ◦ N4)l . Then we prove

(22) (N1 ∗ N3) ◦ (N2 ∗ N4)= (N1 ◦ N2) ∗ (N3 ◦ N4).

The left-hand side of (22) is equal to

(N1+
←−n3 ) ◦ (N2+

←−n4 )= N1 ◦ N2+ N1 ◦
←−n4 +

←−n3 ◦ N2+
←−n3 ◦
←−n4 ,

and by Lemma 5.13, the right-hand side of (22) amounts to

N1 ◦ N2+
←−−−−−−−−−−−−−−−−−−−−−−−−−
(n3 A ◦ n4+ n3 ◦ n4T M + n3 ◦ ρ ◦ n4).

By the same calculation in Lemma 5.13 for the left translation instead of the right
translation, we get

N1 ◦
←−n4 = (N3−

←−n3 +
−→n1 ) ◦

←−n4 =
←−−−−n3 A ◦ n4+

−→n1 ◦
←−n4 =

←−−−−n3 A ◦ n4,

which follows from

−→n1 ◦
←−n4 (X)=

−→n1 (
←−−−−
n4(s X)=

−−−−−−−−→

n1(t
←−−−−
n4(s X))= 0, X ∈ TgG.

Similarly, we have
←−n3 ◦ N2 =

←−−−−−−n3 ◦ n4T M .

Observe that
←−n3 ◦
←−n4 =

←−−−−−−n3 ◦ ρ ◦ n4

for the same reason as for the right translation proved in Lemma 5.13. This
proves (22). �
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Remark 5.15. This strict monoidal category from affine (1, 1)-tensors is related
to the 2-vector spaces constructed from affine 2-vector fields and 2-forms as in
Theorems 3.8 and 4.4 if we take into consideration the generalized tangent bundle
TG⊕ T ∗G ⇒ T M ⊕ A∗. Identify an affine 2-vector field 5 ∈ X2(G) with a matrix(

I 5

0 I

)
: TG⊕ T ∗G→ TG⊕ T ∗G.

Then the addition in the vector space X2
aff(G) is actually the composition of two

affine 2-vector fields as matrices. Likewise, viewing an affine 2-form 2 ∈�2(G)
as a matrix (

I 0
2 I

)
: TG⊕ T ∗G→ TG⊕ T ∗G,

we get that the addition in �2
aff(G) is the composition of two affine 2-forms as

matrices.

Remark 5.16. As a multiplicative (1, 1)-tensor can be characterized as a Lie
groupoid morphism from TG to TG, a multiplicative p-vector field defines a mor-
phism of Lie groupoids from ⊕p−1T ∗G to TG and a multiplicative p-form defines
a morphism of Lie groupoids from ⊕p−1TG to T ∗G [Bursztyn and Drummond
2019]. In these cases, viewing multiplicative structures as functors, we see that
affine structures are actually natural transformations between these multiplicative
structures.

Example 5.17. One example of multiplicative (1, 1)-tensors on a Lie groupoid G
is −→n −←−n for any n ∈ 0(A⊗ T ∗M). And −→n and←−n are both affine (1, 1)-tensors on G.

Example 5.18. An affine (1, 1)-tensor on a Lie group G is a multiplicative (1, 1)-
tensor on G, which is a G-equivariant linear map from g := Lie(G) to g. Namely,

T 1,1
aff (G)= {N ∈ End(g) | N (Adg u)= Adg N (u), g ∈ G, u ∈ g}.

The product of two affine (1, 1)-tensors in the strict monoidal category structure
is the composition of linear maps and the groupoid multiplication is trivial, i.e.,
N ∗ N = N, meaning that an affine (1, 1)-tensor can only multiply itself, which
results in itself.

Example 5.19. For the pair groupoid G = M × M ⇒ M, a multiplicative (1, 1)-
tensor on G is always of the form

−→

N −
←−

N for a bundle map N : T M→ T M, where
by definition,

(
−→
N −
←−
N )(X, Y )=

−−−→
N (X)−

←−−−
N (Y )= (N (X), 0)+ (0, N (Y ))= (N (X), N (Y )),

for all (X, Y ) ∈ Tx M × Ty M. In fact, for any u ∈ X(M), we get −→u (x, y) =
d
dt |t=0(φ

u
t (x), x)(x, y) = (u, 0), where φu

t (x) is a flow of u such that φu
0 (x) = x .
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And ←−u(x, y) = − d
dt |t=0(x, y)(y, φu

t (y)) = −(0, u), where the minus sign comes
from the convention that ←−u(·)=−L(·)inv(u).

By the relation between affine and multiplicative (1, 1)-tensors, an affine (1, 1)-
tensor is of the form

−→

N +
←−
N ′ for two bundle maps N , N ′∈End(T M). For simplicity,

we write an affine (1, 1)-tensor as (N , N ′). The product in the strict monoidal
category structure is the composition of two (1, 1)-tensors:

(N1, N2) ◦ (N3, N4)= (N1 ◦ N3,−N2 ◦ N4) for all Ni ∈ End(T M),

which follows from

(
−→
N1+

←−
N2) ◦ (

−→
N3+

←−
N4)(X, Y )= (

−→
N1+

←−
N2)(N3(X),−N4(Y ))

= (N1 ◦ N3(X), N2 ◦ N4(Y )).

For the groupoid multiplication, two affine (1, 1)-tensors (N1, N2) and (N3, N4)

are multiplicable if and only if N2 =−N3 and the multiplication is

(N1, N2) ∗ (N3, N4)=
−→
N1+

←−
N2+

←−
N3+

←−
N4 =

−→
N1+

←−
N4 = (N1, N4).

The next example we are interested in is the direct sum of the pair groupoid and
a Lie group: M ×M ×G ⇒ M. The following proposition tells us that this case
is just the direct sum of Examples 5.18 and 5.19. So the strict monoidal category
structure for this case is also clear.

Proposition 5.20. An affine (1, 1)-tensor N on M ×M ×G ⇒ M is of the form

N(X,Y,g,u)=(N1(X),N2(Y ),g, L(u)) for all N1,N2∈End(T M), L∈End(g)G,

for X ∈ Tx M, Y ∈ Ty M, g ∈G and u ∈ g. It is multiplicative if and only if N1 = N2.

Proof. A multiplicable (1, 1)-tensor field on G is a bundle map

N = (N1, N2, N3) : T M × T M × T G→ T M × T M × T G

over the base manifold M × M ×G and also a groupoid morphism over T M to
itself. We claim that a multiplicative (1, 1)-tensor field can only be of the form

N (X,Y,g,u)= (N (X),N (Y ),g, L(u)) for all X ∈Tx M, Y ∈Ty M, g∈G, u ∈g,

for some N ∈End(T M) and a G-equivariant linear map L ∈End(g)G. In fact, since
N preserves the s and t-fibers, the first and second components N1, N2 have to be
the same. Then N being a groupoid morphism requires that

N3(X, Y, g, u)+Adg N3(Y, Z , h, v)= N3(X, Z , gh, u+Adg v).

Since N3 is a bundle map, it follows that N3(X, Y, g, u) is independent of X and Y
and it is determined by a G-equivariant linear map L ∈ End(g). We thus easily get
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that an affine (1, 1)-tensor field N on M ×M ×G ⇒ M is of the form

N (X,Y,g,u)=(N1(X),N2(Y ),g, L(u)) for all N1,N2∈End(T M), L∈End(g).

Hence the strict monoidal structure for this case is clear. �

At the end of this section, we provide a class of affine (1, 1)-tensors coming
from the composition of affine 2-vector fields and affine 2-forms.

Proposition 5.21. The composition 5 ◦2 : TG→ TG of an affine 2-vector field
5 ∈ X2(G) and an affine 2-form 2 ∈�2(G) is an affine (1, 1)-tensor with

prA⊗T ∗M(5 ◦2)|M = πA∗ ◦ θ +π ◦ θT M +π ◦ ρ
∗
◦ θ,

where π ∈ 0(∧2 A), πA∗ ∈ 0(A⊗T M) and θT M ∈ 0(T ∗M⊗ A∗) and θ ∈�2(M)
are the corresponding components of 5 and 2 restricting on M , respectively.

Moreover, the associated two multiplicative (1, 1)-tensors are

(5 ◦2)l =5l ◦2l, (5 ◦2)r =5r ◦2r .

Proof. Denote 5=5r +
−→
π and 2=2r + t∗θ , where 5r and 2r are the associated

multiplicative 2-vector field and 2-form. Then

(23) 5 ◦2=5r ◦2r +
−→π ◦2r +5r ◦ t∗θ +−→π ◦ t∗θ.

Acting on X ∈ TgG and pairing with ξ ∈ T ∗g G, we find

〈
−→π ◦2r (X), ξ〉 = 〈π, t2r (X)∧ tξ〉 = 〈π, θT M(t X)∧ tξ〉 = 〈

−−−−−−−−→
π ◦ θT M(t X), ξ〉,

where we have used (1) and the fact that (2r , θT M) is a Lie groupoid morphism
from TG to T ∗G. This implies that

−→π ◦2r =
−−−−→
π ◦ θT M .

On the other hand, using (1) again and the fact that (5r , πA∗) : T ∗G→ TG is a Lie
groupoid morphism, we have

〈5r ◦ t∗θ(X), ξ〉 = −〈θ, t X ∧ t5r (ξ)〉 = −〈θ(t X), πA∗ t (ξ)〉 = 〈
−−−−−−−→
πA∗ ◦ θ(t X), ξ〉.

Thus,
5r ◦ t∗θ =

−−−−→
πA∗ ◦ θ.

At the end, observe that t −→π (ξ)= ρπ(tξ) since

〈t−→π (ξ), α〉 = 〈π(tξ), t∗α〉 = 〈π(tξ), ρ∗α〉 for all α ∈�1(M).

We obtain

〈
−→π ◦ t∗θ(X), ξ〉 = −〈θ(t X), t−→π (ξ)〉 = −〈θ(t X), ρπ(tξ)〉 = 〈

−−−−−−−−−→
π ◦ ρ∗ ◦ θ(t X), ξ〉.
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Hence,
−→π ◦ t∗θ =

−−−−−−→
π ◦ ρ∗ ◦ θ.

Coupled with (23), we get

5 ◦2=5r ◦2r +
−−−−−−−−−−−−−−−−−−−−−−→
(π ◦ θT M +πA∗ ◦ θ +π ◦ ρ

∗
◦ θ).

Since5r ◦2r :TG→TG is a Lie groupoid morphism and thus gives a multiplicative
(1, 1)-tensor, we have proved that 5 ◦ 2 is an affine (1, 1)-tensor. The other
assertions are also clear. �
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STRONG NEGATIVE TYPE IN SPHERES

RUSSELL LYONS

It is known that spheres have negative type, but only subsets with at most
one pair of antipodal points have strict negative type. These are conditions
on the (angular) distances within any finite subset of points. We show that
subsets with at most one pair of antipodal points have strong negative type,
a condition on every probability distribution of points. This implies that the
function of expected distances to points determines uniquely the probabil-
ity measure on such a set. It also implies that the distance covariance test
for stochastic independence, introduced by Székely, Rizzo and Bakirov, is
consistent against all alternatives in such sets. Similarly, it allows tests of
goodness of fit, equality of distributions, and hierarchical clustering with
angular distances. We prove this by showing an analogue of the Cramér–
Wold theorem.

1. Introduction

We introduce the topic by borrowing from [Lyons 2014].
Let (X, d) be a metric space. One says that (X, d) has negative type if for all n≥1

and all lists of n red points xi and n blue points x ′i in X, the sum 2
∑

i, j d(xi , x ′j )
of the distances between the 2n2 ordered pairs of points of opposite color is at
least the sum

∑
i, j (d(xi , x j )+ d(x ′i , x ′j )) of the distances between the 2n2 ordered

pairs of points of the same color. It is not obvious that euclidean space has this
property, but it is well known. By considering repetitions of xi and taking limits,
we arrive at a superficially more general property: For all n ≥ 1, x1, . . . , xn ∈ X ,
and α1, . . . , αn ∈ R with

∑n
i=1 αi = 0, we have

(1-1)
∑

i, j≤n

αiα j d(xi , x j )≤ 0.

We say that (X, d) has strict negative type if, for every n and all n-tuples of distinct
points x1, . . . , xn , equality holds in (1-1) only when αi =0 for all i . Again, euclidean
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spaces have strict negative type. A simple example of a metric space of nonstrict
negative type is `1 on a 2-point space, i.e., R2 with the `1-metric.

We say that a (Borel) probability measure µ on X has finite first moment if∫
d(o, x) dµ(x) <∞ for some (hence all) o ∈ X ; we write P1(X, d) for the set of

such probability measures. Suppose that µ1, µ2 ∈ P1(X, d). By approximating µi

by probability measures of finite support, we obtain a yet more general property,
namely, that when X has negative type,

(1-2)
∫

d(x1, x2) d(µ1−µ2)
2(x1, x2)≤ 0.

We say that (X, d) has strong negative type if it has negative type and equality holds
in (1-2) only when µ1 = µ2. See [Lyons 2018] for an example of a (countable)
metric space of strict but not strong negative type. The notion of strong negative
type was first defined by Zinger, Kakosyan and Klebanov [1992]. Lyons [2013]
used it to show that a metric space X has strong negative type if and only if the
theory of distance covariance holds in X just as in euclidean spaces, as introduced
by Székely, Rizzo and Bakirov [2007]. Similarly, it allows tests of goodness of fit,
equality of distributions, and hierarchical clustering with angular distances: see the
review in [Székely and Rizzo 2017]. Lyons [2013] noted that if (X, d) has negative
type, then (X, dr ) has strong negative type when 0< r < 1.

Define

aµ(x) :=
∫

d(x, x ′) dµ(x ′)

for x ∈ X and µ ∈ P1(X, d). Lyons [2013] remarked that if (X, d) has negative
type, then the map α : µ 7→ aµ is injective on µ∈ P1(X) if and only if X has strong
negative type. (There are also metric spaces not of negative type for which α is
injective.)

A list of metric spaces of negative type appears as Theorem 3.6 of [Meckes 2013].
All euclidean spaces have strong negative type; see [Lyons 2013] for a discussion
of various proofs.

That real and complex hyperbolic spaces Hn have negative type was shown
in [Gangolli 1967, Section 4], and was made explicit in [Faraut and Harzallah
1974, Corollary 7.4]; that they have strict negative type was shown by Hjorth,
Kokkendorff and Markvorsen [Hjorth et al. 2002]. Lyons [2014] showed that real
hyperbolic spaces have strong negative type. The remaining constant-curvature,
simply connected spaces are spheres.

Let Sn denote the unit-radius sphere centered at the origin of Rn+1. Although
spheres have negative type (in their intrinsic metric), not even circles have strict
negative type. For example, in S1, take two red points {(1, 0), (−1, 0)} and two blue
points {(0, 1), (0,−1)}. Nevertheless, antipodal symmetry is the only obstruction
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to strict negative type: the main result, Theorem 9.1, of [Hjorth et al. 1998] is that
a subset of a sphere has strict negative type if and only if that subset contains at
most one pair of antipodal points. We strengthen this to strong negative type:

Theorem 1.1. If B ⊂ Sn contains at most one pair of antipodal points, then B has
strong negative type.

We begin by proving a special case:

Theorem 1.2. If H ⊂ Sn is an open hemisphere, then H has strong negative type.

We may parametrize open hemispheres as

Ht := {x ∈ Sn
: t · x > 0}

for t ∈ Sn. A crucial ingredient in the proof of Theorem 1.2 is an analogue of the
Cramér–Wold theorem:

Theorem 1.3. Let H be an open hemisphere in an n-dimensional sphere, Sn. For
a finite signed measure µ on H and t ∈ Sn, define bµ(t) := µ(H ∩ Ht). The map
µ 7→ bµ is injective. Moreover, if D is a dense subset of Sn, then µ 7→ bµ�D is
injective.

Let R : x 7→ −x be the reflection in the origin. If K is a Borel subset of Sn

such that K and its image under R partition Sn and such that the interior of K is a
hemisphere, then call K a partitioning hemisphere. Given a probability measure µ
on Sn, let µR denote the maximal measure that is invariant under R and such that
µR ≤µ. Note that if µ is a probability measure on Sn that is invariant under R, then
µ(K )= 1/2 for every partitioning hemisphere, K. Therefore, for every probability
measure µ on Sn with µR 6= 0, there is a probability measure ν 6= µ such that
µ(K ) = ν(K ) for every partitioning hemisphere, K. Moreover, if µR 6= 0 but
µR(A)= 0 for every (n−1)-dimensional great sphere A in Sn, then there is another
probability measure ν 6= µ such that µ(H)= ν(H) for every open hemisphere, H.
We extend Theorem 1.3 to show the converse, which we use to prove Theorem 1.1:

Theorem 1.4. Let µ be a probability measure on Sn such that µR = 0. If ν is a
probability on Sn such that µ(K ) = ν(K ) for every partitioning hemisphere, K,
then ν = µ. Similarly, if ν is a probability on Sn such that µ(Ht) = ν(Ht) for
every t belonging to a dense subset D of Sn, then ν = µ.

The last assertion of Theorem 1.4 is essentially known: see, e.g., Lemmas 2.3
and 2.4 of [Rubin 1999].

We also have the following fact:

Proposition 1.5. Ifµ is a probability measure on Sn such thatµ(K )=1/2 for every
partitioning hemisphere, K, then µ is R-invariant. Similarly, if µ is a probability
measure on Sn such that µ(Ht)=µ(H−t) for a dense set of t , then µ is R-invariant.
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The last assertion is again essentially known: see [Schneider 1970, Korollar 3.2].
The work of [Rubin 1999] and [Schneider 1970], as well as other authors who study
related questions, uses spherical harmonics. This is a powerful tool that leads to
more general results, although those extensions do not seem relevant to negative
type. We give elementary proofs that rely only on the Cramér–Wold theorem for
euclidean spaces:

Theorem 1.6. If µ is a complex Borel measure on Rn such that µ(H)= 0 for every
open halfspace in Rn, then µ= 0.

Proof. For t ∈ Sn−1, define µt on R by

µt(−∞, a) := µ{x ∈ Rn
: t · x < a} (a ∈ R).

Then µt = 0, whence its Fourier transform µ̂t satisfies µ̂t(b) = 0 for all b ∈ R.
Because µ̂t(b) = µ̂(bt), it follows that the Fourier transform of µ also vanishes,
whence so does µ. �

Even this theorem can be proved without Fourier analysis — see [Walther 1997]
or [Lyons and Zumbrun 2018].

2. Proofs

Proof of Theorem 1.3. By the bounded convergence theorem, bµ�D determines
bµ(t) for all t such that µ(∂(H ∩ Ht)) = 0, and therefore bµ�D determines all
of bµ by continuity from below: for every t ∈ Sn, there are sk ∈ Sn such that
µ(∂(H ∩ Hsk ))= 0 and H ∩ Hsk increase to H ∩ Ht .

We may take H to be the upper open hemisphere, {(t1, t2, . . . , tn+1) ∈ Sn
:

tn+1 > 0}. Define φ : H → Rn+1 by

φ(t1, . . . , tn+1) := (t1/tn+1, . . . , tn/tn+1, 1).

Then φ is a homeomorphism from H to the affine hyperplane

H ′ := {(t1, t2, . . . , tn+1) ∈ Rn+1
: tn+1 = 1},

namely, φ(t) is the intersection of H ′ with the line through the origin and t . Fur-
thermore, φ maps H ∩ Ht to an open halfspace in H ′ and every open halfspace
in H ′ is the image under φ of some H ∩Ht . Therefore, bµ determines the measures
of all open halfspaces with respect to the pushforward φ∗µ on H ′. The classical
theorem of Cramér and Wold applied to H ′ shows that this determines φ∗µ, which
in turn determines µ. �

Proof of Theorem 1.2. Write σ for the volume measure on Sn normalized to have
mass π . Then for all x1, x2 ∈ Sn, we have

d(x1, x2)=

∫
|1Ht (x1)− 1Ht (x2)|

2 dσ(t).



STRONG NEGATIVE TYPE IN SPHERES 387

This well-known fact is easy to see: By rotation-invariance of σ , the right-hand
side depends only on d(x1, x2). By considering three points on a great circle, we
find that the dependence is linear. Finally, by taking antipodal points, we verify that
the constant of linearity is 1.

Therefore, if µ1 and µ2 are probabilities on Sn, we may write∫
d(x1, x2) d(µ1−µ2)

2(x1, x2)

=

∫∫
|1Ht (x1)− 1Ht (x2)|

2 d(µ1−µ2)
2(x1, x2) dσ(t).

Expanding the square in the integrand and using the facts that∫
1Ht (x) dν2(x, y)= ν(Ht)ν(Sn)

and ∫
1Ht (x)1Ht (y) dν2(x, y)= ν(Ht)

2

for any finite signed measure, ν, we obtain that∫
d(x1, x2) d(µ1−µ2)

2(x1, x2)=−2
∫
(µ1(Ht)−µ2(Ht))

2 dσ(t).

It is evident from this that (Sn, d) has negative type. In order to prove (H, d) has
strong negative type, it suffices to show that if µ1 and µ2 are concentrated on H
and satisfy µ1(Ht)=µ2(Ht) for σ -a.e. t , then µ1=µ2. But this is immediate from
Theorem 1.3. �

Given any signed measure θ , define the antisymmetric measure θ̄ := θ − R∗θ ,
where R∗θ is the pushforward of θ by R. For positive θ with θR = 0, we have
θ = θ̄+, the positive part of θ̄ . For positive θ without assuming that θR = 0, we have

(2-1) 2 θ(Sn)≥ |θ̄ |(Sn), with equality if and only if θR = 0.

Lemma 2.1. Let µ and ν be probability measures on Sn. If µ(K )= ν(K ) for every
partitioning hemisphere, K, then µ̄ = ν̄. Similarly, if µ(Ht) = ν(Ht) for every
t ∈ D, where D is a dense subset of Sn, then µ̄= ν̄.

Proof. We claim that there is an (n−1)-dimensional great sphere A in Sn with
µ(A)= ν(A)= 0. To see this, we build A inductively by dimension. First, because
only countably many points have positive mass, there is a pair A0 of antipodal
points with µ(A0) = ν(A0) = 0. Second, all uncountably many 1-dimensional
great spheres in Sn that contain A0 have pairwise intersections exactly A0, whence
there is a 1-dimensional great sphere A1 ⊃ A0 with µ(A1)= ν(A1)= 0. We may
continue this procedure recursively, finding a k-dimensional great sphere Ak ⊃ Ak−1

for 1≤ k ≤ n− 1 with µ(Ak)= ν(Ak)= 0. Finally, take A := An−1.
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Let H be one of the two open hemispheres comprising Sn
\ A. Note that

µ(H) = ν(H) under either assumption (in the second case, we use a continuity
argument like that at the start of the proof of Theorem 1.3).

Let K be a partitioning hemisphere. Because µ(A)= 0 and µ(Sn)= 1, we have

µ̄(H ∩ K )= µ(H ∩ K )+µ(H ∩ RK )−µ(H ∩ RK )−µ(RH ∩ RK )

= µ(H)−µ(RK )= µ(H)+µ(K )− 1.

A similar equation holds for ν. Hence, the assumption that µ(K )= ν(K ) for every
partitioning hemisphere, K, yields

µ̄(H ∩ K )= ν̄(H ∩ K )

for every such K.
Now every set H ∩Ht is of the form H ∩K for some partitioning hemisphere, K.

It follows that
µ̄(H ∩ Ht)= ν̄(H ∩ Ht)

for every t , whence by Theorem 1.3, it follows that µ̄= ν̄.
We now prove the second assertion of the lemma. Note that in the preceding

proof, we did not use the full strength of the assumption that µ(K ) = ν(K ) for
every partitioning hemisphere, K, but only that µ(Kt) = ν(Kt) for partitioning
hemispheres Kt satisfying Kt ∩ H = Ht ∩ H for t ∈ D; we may also require that
Kt ∩ RH = Ht ∩ RH. Let u be such that Hu = H, and let sk be on the geodesic
segment from u to t with sk /∈ {u, t}, sk→ t , and µ(∂Hsk )= ν(∂Hsk )= 0. (Such
sk exist because µ(A) = ν(A) = 0.) Let tk, j ∈ D converge to sk as j → ∞.
By the bounded convergence theorem, lim j→∞ µ(Htk, j ) = µ(Hsk ) and similarly
for ν, whence µ(Hsk )= ν(Hsk ). In addition, we have limk→∞ µ(Hsk )=µ(Kt) and
similarly for ν. Hence, µ(Kt)= ν(Kt) for every t ∈ D, whence µ̄= ν̄. �

Proof of Theorem 1.4. By Lemma 2.1, either assumption implies that µ̄= ν̄. We
may conclude from (2-1) that 2= 2 ν(Sn)≥ |ν̄|(Sn)= |µ̄|(Sn)= 2µ(Sn)= 2, and
hence, again from (2-1), that νR = 0. Since also µR = 0, we obtain the desired
conclusion, µ= µ̄+ = ν̄+ = ν. �

Proof of Theorem 1.1. If B contains no antipodal points, then every µ concentrated
on B has µR = 0, whence the proof that B has strong negative type is exactly as
for Theorem 1.2, using Theorem 1.4 in place of Theorem 1.3.

If B contains one antipodal pair, {x, Rx}, then it still suffices to show that for
probabilities µ and ν concentrated on B, the assumption µ(Ht)= ν(Ht) for a dense
set of t implies µ= ν. By Lemma 2.1, such an assumption yields µ̄= ν̄. Because
µ̄= µ−µR and µ−µR is a positive measure with (µ−µR)R = 0, and similarly
for ν, we obtain µ−µR = ν− νR and µ−µR = µ−µR

+
= ν− νR

+
= ν − νR .
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Therefore, µR(Ht)= νR(Ht) for a dense set of t . Because µR and νR are supported
by {x, Rx}, it follows that µR = νR , and so µ= ν, as desired. �

Proof of Proposition 1.5. For both assertions, we may apply Lemma 2.1 to the
pair of measures µ and R∗µ, getting µ̄=−µ̄, whence µ̄= 0. Thus, µ= R∗µ, as
desired. �
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1. Introduction

Let G(K ) be the group of rational points of an absolutely simple algebraic group
G defined over K and of relative rank 1. Let X be the set of parabolic subgroups
P of G defined over K and for each P ∈ X , let UP be the group of K -rational
points of the unipotent radical of P . For each P ∈ X , the group UP acts sharply
transitively on X\{P}. Thus the triple (G(K ), X, {UP}P∈X ) is a Moufang set as
defined in Definition 4.1.

Let T1 denote the following set of Tits indices:

• • •
•

•
•

.............................................................................
.......
.......
.......
.......
.......
.......
.......
........

.............................................................
.............................................................

.............................................................
.........
.................

................................
.......................................................... • • • •

•

• •....................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
..... • • • • •

•

• •................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

...............................
.......
........
.........................

• • • •...............................
.......
........
......................... ............................................................. ..................................................................................................................

.....................................................

where the circled vertex in the last case corresponds to a short root. These are the
Tits indices called 2E29

6,1, E48
7,1, E91

8,1 and F21
4,1 in [Tits 1966a]. The groups G(K ) that

correspond to the Tits indices in T1 are precisely the groups of exceptional absolute
type and relative rank 1 such that for each parabolic subgroup P defined over K ,
the unipotent radical of P is nonabelian but has a center of dimension greater than 1.
We denote the class of Moufang sets associated with these groups by M.

In this paper, we use the theory of Tits polygons introduced in [Mühlherr and
Weiss ≥ 2020] to investigate the structure of the Moufang sets in M. A Tits polygon
is a bipartite graph 0 such that for each vertex v, the set of vertices adjacent to v is
endowed with an “opposition relation” subject to certain axioms; see Section 3 for
details. Moufang polygons (which were classified in [Tits and Weiss 2002]) are
precisely the Tits polygons in which the opposition relations are all trivial.

Let T be a spherical Tits index of relative rank 2. The relative Coxeter group
associated with T (as defined in [Mühlherr et al. 2015, 20.32 and 20.34]; cf. [Tits
1966a, 2.5.2]) is a dihedral group of order 2n for n = 3, 4, 6 or 8. We call n the
polygon type of T .

We say that a Tits index T is linked to a building 1 if the absolute type of T is
also the Coxeter diagram of 1.

Suppose that 1 is a spherical building of type (W, S) and that T is a Tits index
of relative rank 2 linked to 1. Let V be the set of residues of 1 whose type is the
complement in S of either one of the two circles in T and let 0 be the bipartite
graph with vertex set V , where two residues are adjacent whenever they have a
nonempty intersection. If 1 is assumed to be Moufang as defined in Definition 6.5
(which is always the case if 1 is the spherical building associated to the group of
rational points of an absolutely simple algebraic group of relative rank at least 2),
then the graph 0 is endowed canonically with the structure of a Tits n-gon X1,T ,
where n is the polygon type of T .



EXCEPTIONAL GROUPS OF RELATIVE RANK ONE 393

We say that a building is exceptional if it is the spherical building associated to
the group of rational points of an algebraic group of exceptional absolute type and
relative rank at least 2. Let E be the set of pairs (1, T ), where 1 is an exceptional
building and T is a Tits index of relative rank 2 linked to 1. An exceptional Tits
polygon is a Tits polygon isomorphic to X1,T for some pair (1, T ) in E. For each
n = 3, 4, 6 and 8, let En be the subset consisting of all (1, T ) in E such that n is
the polygon type of T .

We have E4 = {(1, T ) ∈ E | T ∈ T2}, where T2 denotes the following set of Tits
indices:

• • .......
...........................................................
............

...........................................................

.....
.............................................................
............................................................. • • •.......

...........................................................

..... .......
...........................................................
............................................................................................................................................................................................ • • • •...............................

.......

........
......................... .......

...........................................................

.................................................................. ..................................................................................................................
.............................................................

• • •
•

•
•

...............................
.......
........
.........................

.............................................................................
.......
.......
.......
.......
.......
.......
.......
........

.............................................................
.............................................................

.............................................................
.........
.................

................................
.......................................................... • • •

•

• • •....................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
............

.............................................................

...... • • • • •

•

• •................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
..... .......

...........................................................

.....

Note that the Tits index in T2 of absolute type F4 does not appear in [Tits 1966a];
it is, however, a Tits index as defined in [Mühlherr et al. 2015, 20.1]. Let

Q= {X1,T | (1, T ) ∈ E4}.

Quadrangular algebras are a class of algebras that arose in the classification of
Moufang quadrangles in [Tits and Weiss 2002]. They were classified in [Mühlherr
and Weiss 2019; Weiss 2006b]. In [Mühlherr and Weiss 2020], we showed that the
Tits quadrangles in Q are classified by quadrangular algebras. More precisely, each
Tits quadrangle in Q can be coordinatized by commutator relations parameterized
by the corresponding quadrangular algebra and theses parametrizations give rise to
a one-to-one correspondence between the Tits quadrangles in Q (up to isomorphism)
and nondegenerate quadrangular algebras whose associated quadratic form is of
dimension at least 5 (up to isotopy).

In Theorem 8.14, the main result of this paper, we show that every Moufang set
in the class M defined above arises as the fixed point building of a Galois involution
acting on a Tits quadrangle in Q. We then use the corresponding quadrangular
algebra to calculate explicitly the structure of a root group U and the structure map
τ (as defined in Definition 10.8) of the fixed point building of a Galois involution
acting on a Tits quadrangle in Q (modulo Conjecture 19.14). The product of these
calculations can be found in Notation 9.18, (9.21) and Theorem 19.7.

Our result and our calculations are valid over arbitrary fields. In particular, we
do not make any restriction on the characteristic of K .

In [Boelaert et al. 2019, 2.3.5 and 6.5.3], the structure maps for the Moufang sets
in M were described in terms of the structurable division algebras attached to forms
of tensor products of two composition algebras. The theory of structurable algebras
requires, however, that char(K ) 6= 2 or 3. In [De Medts and Van Maldeghem
2010, 2.1; Callens and De Medts 2014, 5.3], the structure maps for the Moufang



394 BERNHARD MÜHLHERR AND RICHARD M. WEISS

sets associated with the Tits indices F21
4,1 and 2E29

6,1 over an arbitrary field are
given in terms of an octonion division algebras by exploiting a connection to the
corresponding projective plane, but this method does not extend to the cases E48

7,1
and E91

8,1.
Let T̂1 denote the following set of Tits indices:

• • •
•

•
•

.......
...........................................................
..................................................................

.............................................................

.............................................................
.........
.................

................................
.......................................................... • • • •

•

• •....................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

...............................
.......
........
......................... • • • • •

•

• •................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

...............................
.......
........
......................... • •

••
.......
...........................................................
...................................................................
.................

................................
..........................................................

These are the Tits indices called 2E35
6,1, E66

7,1, E133
8,1 and 3,6D9

4,1 in [Tits 1966a]. Let
M̂ denote the class of Moufang sets associated with the Tits indices in T̂1. These
are the Moufang sets arising from an exceptional group of relative rank 1 such that
the unipotent radical of a parabolic subgroup defined over K has a 1-dimensional
center. We have

{(1, T ) ∈ E | T ∈ T̂2} ⊂ E6,

where T̂2 denotes the following set of Tits indices:

• • •
•

•
•

.......
...........................................................
..... .......

...........................................................

..................................................................
.............................................................

.............................................................
.........
.................

................................
.......................................................... • • • •

•

• •....................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
..... ...............................

.......

........
......................... • • • • •

•

• •................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
..... .......

...........................................................

.....

• •.......
...........................................................
..... .......

...........................................................

...............................................................................................................................
.............................................................

• •
••

.......
...........................................................
.....

............................................................................
.......
.......
.......
.......
.......
.......
.......
.........

..............................................................
.................

................................
.......................................................... • • • •...............................

.......

........
......................... .......

...........................................................

.................................................................. ..................................................................................................................
.....................................................

and the circled vertices in the last case corresponds to long roots. Note that the Tits
index in T̂2 of absolute type F4 does not appear in [Tits 1966a]; it is, however, a
Tits index as defined in [Mühlherr et al. 2015, 20.1]. See also [Mühlherr and Weiss
≥ 2020, 2.4.6]. Let

H = {X1,T ∈ E6 | T ∈ T̂2}.

In [Mühlherr and Weiss ≥ 2020, 3.8.13], we showed that every Moufang set in M̂

arises as the fixed point building of a Galois involution acting on a Tits hexagon
in H. As in the previous case, we then calculated U and τ for an arbitrary fixed
point building of this kind. In this case, the role of quadrangular algebras was
played by cubic norm structures; see [Mühlherr and Weiss ≥ 2020, 3.4.7 and 3.7.1].
The class M̂ is also treated in [Boelaert et al. 2019], but again with the restriction
that the characteristic of K is not 2 or 3.

The only exceptional Tits index of relative rank 1 in [Tits 1966a] that is not in
T1 or T̂1 is E78

7,1:

• • • •

•

• •....................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
.....

The Moufang sets associated with this index have abelian root groups. They are
classified by Albert division algebras and the structure map of one of them is the
simply the inverse map of the corresponding Albert algebra. See also Remark 6.14.
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We mention, too, that the set E3 consists of the pairs (1, T ) in E such that T is
the Tits index

• • •

•

• •........................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
..... ...............................

.......

........
.........................

and the set E8 consists of the pairs (1, T ) in E such that T is

•
•

•
•

.............................................................................
.......
.......
.......
.......
.......
.......
.......
........ .............................................................................

.......
.......
.......
.......
.......
.......
.......
........

.............................................................

.............................................................

.....................................................................

......................................................................................

(a Tits index in the sense of [Mühlherr et al. 2015, 20.1]).

Organization 1.1. This paper is organized as follows. In Sections 2–5 we introduce
quadrangular algebras, Tits polygons, Moufang sets and Tits indices and describe
the construction of the Tits polygon X1,T . In Section 6 we assemble material about
descent, Galois groups and the construction of Moufang sets as fixed point buildings.
In Section 7 we describe the connection between the exceptional quadrangles and
quadrangular algebras and we prove our main theorem about Moufang sets in
Theorem 8.14. This is the result that says that every Moufang set in M can be found
as the fixed point building of a Galois involution of an exceptional Tits quadrangle.

In Section 9 we introduce an arbitrary Galois involution ω of an exceptional Tits
quadrangle 1 and choose suitable coordinates for 1. In Section 10 we introduce
the structure map of the Moufang set 1〈ω〉 associated with ω. In Sections 11–19
we calculate. These calculations result in the formula for τ in Proposition 19.6 and
Theorem 19.7; see also Conjecture 19.14 and Proposition 19.15.

Conventions 1.2. Let G be a group. As in [Tits and Weiss 2002], we set ab
=b−1ab

and
[a, b] = a−1b−1ab

for all a, b ∈ G. We compose permutations from left to right. Other functions will
be written on the left and composed from right to left.

2. Quadrangular algebras

The notion of an anisotropic quadrangular algebra was introduced in [Weiss 2006b]
and the following more general notion was introduced in [Mühlherr and Weiss
2019].

Definition 2.1. A quadrangular algebra is an ordered set

4= (K , L , q, f, ε,X, · , h, θ),

where K is a field, L is a vector space over K , q is a nondegenerate quadratic
form on L , f is the bilinear form associated with q , ε is an element of L such that
q(ε)= 1, X is a nontrivial vector space over K , (a, v) 7→ a ·v is a map from X× L
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to X (usually denoted simply by juxtaposition), h is a map from X×X to L and θ
a map from X× L to L satisfying the following axioms:

(A1) The map · is bilinear (over K ).

(A2) a · ε = a for all a ∈ X.

(A3) (av)v̄ = q(v)a for all a ∈ X and all v ∈ L , where v̄ = f (v, ε)ε− v.

(B1) h is bilinear (over K ).

(B2) h(a, bv)= h(b, av)+ f (h(a, b), ε)v for all a, b ∈ X and all v ∈ L .

(B3) f (h(av, b), ε)= f (h(a, b), v) for all a, b ∈ X and all v ∈ L .

(C1) For each a ∈ X, the map v 7→ θ(a, v) is linear (over K ).

(C2) θ(ta, v)= t2θ(a, v) for all t ∈ K , all a ∈ X and all v ∈ L .

(C3) There exists a function g from X×X to K such that

θ(a+ b, v)= θ(a, v)+ θ(b, v)+ h(a, bv)− g(a, b)v

for all a, b ∈ X and all v ∈ L .

(C4) There exists a function φ from X× L to K such that

θ(av,w)= q(v)θ(a, w̄)− f (w, v̄)θ(a, v)+ f (θ(a, v), w̄)v̄+φ(a, v)w

for all a ∈ X and v,w ∈ L , where ū for u ∈ L is as in (A3).

(D1) Let π(a)= θ(a, ε) for all a ∈ X. Then

aθ(a, v)= (aπ(a))v

for all a ∈ X and all v ∈ L .

Notation 2.2. Let 4 = (K , L , q, f, ε,X, · , h, θ) be a quadrangular algebra. We
say that 4 is a quadrangular algebra over K if we want to specify the field K . The
map h is nondegenerate if for each nonzero a ∈ X there exists b ∈ X such that
h(a, b) 6= 0. We say that 4 is δ-standard for some δ ∈ L if f (π(a), δ)= 0 for all
a ∈X and either char(K ) 6= 2 and δ= 1

2ε or char(K )= 2, f (ε, δ)= 1 and q(δ) 6= 0.
We say that 4 is anisotropic if the quadratic form q is anisotropic and

π(a)= tε for some t ∈ K only if a = 0,

where π is as in (D1). If either of these conditions fails to hold, we say that 4 is
isotropic.

The classification of δ-standard nondegenerate quadrangular algebras is given
in [Mühlherr and Weiss 2019]. This classification extended the classification of
anisotropic quadrangular algebras given in [Weiss 2006b]. We will say more about
this in Remark 7.10
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Notation 2.3. Let 4 = (K , L , q, f, ε,X, · , h, θ) be a quadrangular algebra. We
set

Q(a)= f (π(a), ε)

for all a ∈ X.

Almost all of the results in [Weiss 2006b, Chapters 3 and 4] (where it is assumed
that 4 is anisotropic) remain valid under the assumptions that 4 is δ-standard for
some δ ∈ L and |K |> 2. This is shown in [Mühlherr and Weiss 2019, Section 7,
see, in particular, Conclusion 7.5]; We note that the hypothesis |K |> 2 is required
for the result [Weiss 2006b, 3.22].

We will assume that the reader has access to [Weiss 2006b, Chapters 3 and 4]
and will frequently cite results from these two chapters (keeping the caveats in
[Mühlherr and Weiss 2019, Conclusion 7.5] in mind). Note that the map v 7→ v̄ in
(A3) is called σ in [Weiss 2006b]. We refer to reader also to the remarks (i)–(viii)
on page 7 of [Weiss 2006b], especially the remark (iv).

If a ∈ X and u, v ∈ L , we will write auv in place of (au)v. Since we are not
assuming the existence of a multiplication on L , this convention should not cause
any confusion.

By [Weiss 2006b, 4.1 and 4.5(iii)], the functions φ in (C4) and Q in Notation 2.2
are both identically zero if char(K ) 6= 2. We draw the reader’s attention also to
[Weiss 2006b, 1.4 and 3.6–3.8]. We will make particularly frequent use of these
identities.

We have assembled a few additional identities, which are not in [Weiss 2006b],
in the Appendix; see, in particular, Remark A.5.

We close this section with a definition which will not be used until Theorem 7.4.

Notation 2.4. Let R4 denote the set X× K endowed with the multiplication given
by

(a, t) · (b, r)=
(
a+ b, t + r + g(b, a)

)
for all (a, t), (b, r). By [Weiss 2006b, 4.4], g is bilinear. It follows that R4 is a
group in which

(a, t)−1
=
(
−a,−t + g(a, a)

)
for all (a, t).

3. Tits polygons

The notion of a Tits polygon was introduced in [Mühlherr and Weiss ≥ 2020]. In
this section we give the definition and assemble just a few of their basic properties.

Definition 3.1. A dewolla is a triple

X = (0,A, {≡v}v∈V ),
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where:

(i) 0 is a bipartite graph with vertex set V and |0v| ≥ 3 for each v ∈ V , where 0v
denotes the set of vertices adjacent to v.

(ii) For each v ∈ V , ≡v is an antireflexive symmetric relation on 0v. We say
that vertices u, w ∈ V are opposite at v if u, w ∈ 0v and u ≡v w and a path
(w0, w1, . . . , wm) in 0 is called straight if wi−1 and wi+1 are opposite at wi

for all i ∈ [1,m− 1].

(iii) A is a set of connected subgraphs γ containing 2n vertices for some n ≥ 3
such that for each vertex v on γ , 0v contains exactly two vertices in γ and
these two vertices are opposite at v.

The parameter n is called the level of X . The automorphism group Aut(X) is the
subgroup of Aut(0) consisting of all g ∈ Aut(0) such that γ g

∈ A for all γ ∈ A
and for all u, v, w ∈ V such that u and w are opposite at v, ug and wg are opposite
at vg. A root of X is a straight path of length n.

Definition 3.2. A Tits n-gon is a dewolla

X = (0,A, {≡v}v∈V )

of level n for some n ≥ 3 such that 0 is connected and the following axioms hold:

(i) For all v ∈ V and all u, w ∈ 0v , there exists z ∈ 0v that is opposite both u and
w at v.

(ii) For each straight path δ = (w0, . . . , wk) of length k ≤ n− 1, δ is the unique
straight path of length at most k from w0 to wk .

(iii) For G = Aut(X) and for each root α = (w0, . . . , wn) of X , the group Uα

acts transitively on the set of vertices opposite wn−1 at wn , where Uα is the
pointwise stabilizer of

0w1 ∪0w2 ∪ · · · ∪0wn−1

in Aut(X). The group Uα is called the root group associated with the root α.

A Tits polygon is a Tits n-gon for some n ≥ 3. A Tits n-gon is called a Tits triangle
if n = 3, a Tits quadrangle if n = 4, etc.

Definition 3.3. A Moufang n-gon is a Tits n-gon X = (0,A, {≡v}v∈V ) for some
n ≥ 3 in which for all vertices v, the relation ≡v is trivial, i.e., every two vertices
adjacent to v are opposite at v. In this case, A is the set of all circuits of 0 of
length 2n, so X is uniquely determined by 0 alone (and it is usual to refer to
the Moufang n-gon as 0 rather than X ). See [Mühlherr and Weiss ≥ 2020, 1.2.2
and 1.2.3]. Moufang polygons were classified in [Tits and Weiss 2002, 17.1–17.8].
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Notation 3.4. Let X = (0,A, {≡v}v∈V ) be a Tits n-gon. A coordinate system for
X is a pair (γ, i 7→ wi ) where γ is an element of A and i 7→ wi is a surjection
from Z to the vertex set of γ such that wi−1 is adjacent to wi for each i . For each
coordinate system (γ, i 7→wi ), we denote by Ui the root group associated with the
root (wi , wi+1, . . . , wi+n) for each i ∈ Z and call the map i 7→Ui the associated
root group labeling. Thus wi = w j and Ui =U j whenever i and j have the same
image in Z2n . If i 7→ wi is a coordinate system, then so is i 7→ wn+1−i . These two
coordinate systems are called opposite.

For the rest of this section, we fix a Tits n-gon X = (0,A, {≡v}v∈V ) and a
coordinate system (γ, i 7→wi ) of X and let i 7→Ui be the corresponding root group
labeling.

Proposition 3.5. The following hold:

(i) [Ui ,U j ] ⊂U[i+1, j−1] for all i, j such that i < j < i + n, where

U[k,m] =
{

UkUk+1 · · ·Um if k ≤ m, and
1 otherwise.

In particular, [Ui ,Ui+1] = 1 for all i .

(ii) The product map U1×U2× · · ·×Un→U[1,n] is bijective.

Proof. This holds by [Mühlherr and Weiss ≥ 2020, 1.3.38]. �

Proposition 3.6. For each i , Ui acts sharply transitively on the set of vertices that
are opposite wi+1 at wi and on the set of vertices that are opposite wi+n−1 at wi+n .

Proof. This holds by [Mühlherr and Weiss ≥ 2020, 1.3.25]. �

Notation 3.7. Let

U ]
i =

{
a ∈Ui | w

a
i+n+1 is opposite wi+n+1 at wi+n

}
for each i . By [Mühlherr and Weiss ≥ 2020, 1.4.8], we have

U ]
i =

{
a ∈Ui | w

a
i−1 is opposite wi−1 at wi

}
for each i .

Proposition 3.8. For each i ∈ Z, there exist unique maps κγ and λγ from U ]
i to

U ]
i+n such that for each a ∈U ]

i , the product

(3.9) µγ (a) := κγ (a) · a · λγ (a)

interchanges the vertices wi+n−1 and wi+n+1. For each a ∈U ]
i , the element µγ (a)

fixes the vertices wi and wi+n and interchanges the vertices wi+ j and wi− j for all
j ∈ Z and

(3.10) Uµγ (a)
k =U2i+n−k

for all k ∈ Z.
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Proof. This holds by [Mühlherr and Weiss ≥ 2020, 1.4.4]. �

4. Moufang sets

The notion of a Moufang set was introduced in [Tits 1992].

Definition 4.1. A Moufang set is a triple M = (G, X, {Ux}x∈X ), where X is a set
such that |X | ≥ 3, G is a group acting on X and {Ux}x∈X is a conjugacy class of
subgroups of G such that for each x ∈ X , Ux fixes x and acts sharply transitively
on X\{x}. The groups Ux for x ∈ X are called the root groups of the Moufang set.
We call X the underlying set of M . The action of G on X is not necessarily faithful;
see Definition 4.8 below. If in an example X and the root groups of M are clear
from the context, we sometimes refer to G itself as a Moufang set.

Example 4.2. The group G = PGL2(D) is a Moufang set for each skew field D.
In this example, the underlying set is the projective line PG(D), i.e., the set of
1-dimensional subspaces of a 2-dimensional right vector space V over D. Choose
a basis v1, v2 of V and use it to identify V with D⊕ D and G with the group of
2×2 invertible matrices over D acting on V on the left. Then U〈v1〉 is the subgroup
of G consisting of all matrices with 1s on the diagonal and 0 below the diagonal.

Example 4.3. Let 1 be a Moufang quadrangle or hexagon. If ρ is a polarity of 1
(i.e., a non-type-preserving involution), then the set of edges of 1 fixed by ρ has
the structure of a Moufang set. See [De Medts et al. 2017; Tits 1966b] for explicit
examples.

Example 4.4. Let 0 be a Moufang polygon, let D = Aut(0) and let v be a vertex
of 0. Let X be the set 0v of vertices adjacent to v, let G be subgroup of Sym(X)
induced by the stabilizer Dv and for each x ∈ X , let Ux be the subgroup of G
induced by the root group Uα, where α is a path (z0, z1, . . . , zn) of length n in
0 such that z0 = v and z1 = x . By [Tits and Weiss 2002, 4.6 and 4.8], the triple
(G, X, {Ux}x∈X ) is a Moufang set.

Example 4.5. Let G(K ) be the group of rational points of an absolutely simple
algebraic group G defined over K and of relative rank 1. Let X be the set of
parabolic subgroups of G defined over K and for each P in X , let UP be the group
of K -rational points of the unipotent radical of P . As already observed in the
introduction, the triple (G(K ), X, {UP}P∈X ) is a Moufang set.

A fifth source of Moufang sets will be described in Theorem 6.11(v) below. See
[De Medts and Segev 2009] for more information about Moufang sets.

Remark 4.6. A building of rank 1 is simply a set of chambers without any additional
structure. See, for example, [Weiss 2003, 1.4 and 7.1]. The buildings of rank 1 that
arise “in nature”, however, always arise in conjunction with a permutation group
with respect to which the building has the structure of a Moufang set.
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Definition 4.7. Let M = (G, X, {Ux}x∈X ) and M ′ = (G ′, X, {U ′x}x∈X ′) be two
Moufang sets. We call a bijection π from X to X ′ such that πUxπ

−1
=U ′π(x) for

all x ∈ X an equivalence map from M to M ′. An equivalence map that carries G to
G ′ is called an isomorphism. We say that M and M ′ are equivalent if there exists
an equivalence map from M to M ′.

Definition 4.8. Let M = (G, X, {Ux}x∈X ) be a Moufang set. We say that M is
faithful if G acts faithfully on X . Let G†

= 〈Ux | x ∈ X〉. Then G† acts transitively
on X , hence {Ux}x∈X is a single conjugacy class of G† and thus (G†, X, {Ux}x∈X )

is also a Moufang set.

Observation 4.9. Every Moufang set M is equivalent to a unique faithful Moufang
set M0 = (G, X, {Ux}x∈X ) such that G = G†.

5. Tits indices

In this section, we explain how Tits polygons arise “in nature.”

Notation 5.1. Let 5 be a Coxeter diagram with vertex set S and let (W, S) denote
the corresponding Coxeter system. For each subset J ⊂ S, we denote by WJ the
subgroup of W generated by J . A subset J is spherical if WJ is finite. If J is a
spherical subset of S, we denote by wJ the longest element in the Coxeter system
(WJ , J ). For each spherical subset J of S, s 7→ wJ swJ is an automorphism of the
subdiagram 5J spanned by J ; see, for example, [Mühlherr et al. 2015, 19.6].

Definition 5.2. A Tits index is a triple

T = (5,2, A),

where 5 is a Coxeter diagram with vertex set S, 2 is a subgroup of Aut(5) and A
is a 2-invariant subset of S such that for each s ∈ S\A, the subset Js := A ∪ s2

is spherical, and A is stabilized by the automorphism s 7→ wJs
swJs

of 5Js
, where

s2 is the 2-orbit containing s. The Coxeter diagram 5 is called the absolute type
of T and |S| is called the absolute rank of T . For each s ∈ S\A, we denote by s̃
the product wAwJs

. There is one element s̃ for each 2-orbit disjoint from A. Let
S̃ denote the set of all these elements and let W̃ = 〈S̃〉. By [Mühlherr et al. 2015,
20.4, 20.32 and 20.34], (W̃ , S̃) is also a Coxeter system. It is called the relative
Coxeter system of T and |S̃| is called the relative rank of T . The relative type 5̃ of
T is the Coxeter diagram corresponding to its relative Coxeter system.

Definition 5.3. A Tits index (5,2, A) is split if 2 is trivial and A =∅.

Basic Construction 5.4. Let T = (5,2, A) be a Tits index as in Definition 5.2
whose absolute type 5 is an irreducible spherical Coxeter diagram and whose
relative rank is 2. Thus W̃ is a dihedral group, where W̃ is as in Definition 5.2. Let
n = |W̃ |/2 and let Ji = A∪ s2i for i = 1 and 2, where s1 and s2 are representatives
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of the two 2-orbits disjoint from A. By [Mühlherr et al. 2015, 20.39–20.40],
n ≥ 3. Let 1 be a building of type 5. We assume that 1 is Moufang as defined
in [Mühlherr and Weiss 2017, 2.7]. (This is automatic if the rank of T is greater
than 2.) Let Vi be the set of Ji -residues of 1 for i = 1 and 2 and let 0 be the
bipartite graph whose vertex set is V := V1 ∪ V2, where a residue in V1 is adjacent
to a residue in V2 whenever their intersection is an A-residue of 1. We declare
that two residues u = R1 and w = R2 in V are opposite at a residue v = R0 in V
(and we write u ≡v w) if u and w are adjacent to v and R0 ∩ R1 and R0 ∩ R2 are
opposite residues of R0. Let A be the set of 2n circuits γ in 0 such that for some
apartment 6 of 1, every vertex of γ contains chambers of 6 and for every vertex
v of γ , the two vertices of γ adjacent to v are opposite at v. By [Mühlherr and
Weiss ≥ 2020, 1.2.12 and 1.2.28(i)], the triple (0,A, {≡v}v∈V ) is a Tits polygon.
We denote this Tits polygon by X1,T and we call the Tits polygons that arise in
this way Tits polygons of index type.

Remark 5.5. Let 1 be a Moufang n-gon for some n ≥ 3. In other words, 1
is a building of type • •n

............................................................. satisfying the Moufang condition defined in [Weiss
2003, 11.2]. By [Mühlherr and Weiss ≥ 2020, 1.2.2], 1 is naturally endowed
with the structure of a Tits n-gon and, in fact, we have 1 = X1,T as defined in
Basic Construction 5.4, where T is the Tits index

• • .......
...........................................................
............

...........................................................

.....
n

.............................................................

Remark 5.6. Tits indices are often represented figures drawn according to the
conventions described in [Mühlherr et al. 2015, 34.2]. Drawn according to these
conventions, the Tits indices of relative type B2 (which is the same as relative
type C2) whose absolute type is an exceptional Coxeter diagram are

• • .......
...........................................................
............

...........................................................

.....
.............................................................
............................................................. • • •.......

...........................................................

..... .......
...........................................................
............................................................................................................................................................................................ • • • •...............................

.......

........
......................... .......

...........................................................

.................................................................. ..................................................................................................................
.............................................................

• • •
•

•
•

...............................
.......
........
.........................

.............................................................................
.......
.......
.......
.......
.......
.......
.......
........

.............................................................
.............................................................

.............................................................
.........
.................

................................
.......................................................... • • •

•

• • •....................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
............

.............................................................

...... • • • • •

•

• •................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
..... .......

...........................................................

.....

The indices of absolute type C2 and C3 are included here because of the existence
of the exceptional Moufang quadrangles (which are buildings of type C2 whose
automorphism groups are forms of groups of type E6, E7, E8 and F4) and because
of the existence of a family of buildings of type C3 associated with a form of E7.
These are the buildings that appear in Definition 7.1(i) and (ii) below.

The following result should have been included in [Mühlherr and Weiss ≥ 2020].

Theorem 5.7. Let 1, T = (5,2, A) and X1,T = (0,A, {≡v}v∈V ) be as in
Basic Construction 5.4. Then every automorphism of X has a unique extension to
an automorphism of 1.
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Proof. Let X = X1,T and let J1, J2 and R be as in Basic Construction 5.4. Thus
A= J1∩ J2 and R is an A-residue. Let G be stabilizer of the set {J1, J2} in Aut(1),
let G0 =Aut(X), let G† denote the subgroup of G generated by all the root groups
of 1, let G†

0 denote the subgroup of G0 generated by all the root groups of X as
defined in Definition 3.2(iii) and let χ denote the restriction map from G to G0. By
[Mühlherr and Weiss ≥ 2020, 1.2.10], χ is injective. It will suffice, therefore, to
show that χ is surjective.

Let Pi be the set stabilizers in G† of all the Ji -residues of 1 for i = 1 and 2. Let
N denote stabilizer of the set {P1,P2} in Aut(G†). Since G† is normal in Aut(1),
there is a canonical map from Aut(1) to Aut(G†). By [Tits 1974, 5.8–5.10, 6.6,
6.13, 8.6, 9.3 and 10.4] (i.e., the solution to “Problem B” as described in [Tits 1974,
Introduction]), this map is an isomorphism. Its restriction to G is an isomorphism
from G to N . By [Mühlherr and Weiss ≥ 2020, 1.5.3], χ(G†) = G†

0. The group
G†

0 is normal in G0 and G0 stabilizes the subset χ({P1,P2}) of conjugacy classes
of G†

0. It follows that G0 = E ·χ(G), where E = CG0(G
†
0).

Let D denote the stabilizer of the A-residue R in G†, let Y denote the set of
A-residues that are fixed by D and let M denote the stabilizer of Y in G†. Then
M acts transitively on Y (since G† acts transitively on the set of A-residues of 1)
and D ⊂ M . By [Weiss 2003, 11.16], it follows that M is the stabilizer in G† of
a residue R′ of 1 containing R. Suppose |Y | > 1. Then R 6= R′. Hence we can
choose j-adjacent chambers c ∈ R and d ∈ R′\R for some j 6∈ A. Let 6 be an
apartment containing c and d and let α be the unique root of 6 containing c but
not d. Choose g ∈U∗α and let R0 be the A-residue containing d. Then g ∈ D. By
[Weiss 2003, 11.4], d and dg are unequal but j-adjacent. Thus by [Weiss 2003,
7.21], Rg

0 6= R0. Thus the residues R0 and Rg
0 both lie in R′ and hence are in the

same M-orbit as R. Thus R0 and Rg
0 both lie in Y . This contradicts the fact that D

acts trivially on Y . We conclude that |Y | = 1. Thus χ(D) fixes only one edge of 0.
We have χ(D)= χ(D)g for all g ∈ E . Since E ⊂G0, the elements of E map edges
to edges. It follows that E fixes the unique edge fixed by χ(D). Since G†

0 acts
transitively on the edge set 0 (by [Mühlherr and Weiss ≥ 2020, 1.3.6 and 1.3.40]),
it follows that E fixes every edge of 0. Hence E = 1. Thus G0 = χ(G). �

6. Descent

In this section we assemble the results in [Mühlherr et al. 2015] on descent in
buildings that we will require.

Definition 6.1. Let 1 be a building and let G0 be a subgroup of Aut(1). A G0-
residue is a residue of 1 stabilized by G0. A G0-chamber is a G0-residue which is
minimal with respect to inclusion. A G0-panel is a G0-residue P such that for some
G0-chamber C , P is minimal in the set of all G0-residues containing C properly.
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Definition 6.2. Let 1 and G0 be as in Definition 6.1. The group G0 is anisotropic
if 1 itself is the unique G0-chamber and isotropic if this is not the case. Thus G0 is
isotropic if and only if there exist G0-panels (equivalently, if there exist G0-residues
other than 1 itself).

Notation 6.3. Let 1 be a building and let G0 be an isotropic subgroup of Aut(1).
We denote by 1G0 the graph with vertex set the set of all G0-chambers, where
two G0-chambers are joined by an edge of 1G0 if and only if there is a G0-panel
containing them both.

Definition 6.4. Let 1 be a building. A descent group of 1 is an isotropic subgroup
G0 of Aut(1) such that each G0-panel contains at least three G0-chambers.

Definition 6.5. Let1 be a building (assumed to be thick). As in [Weiss 2003, 11.7]
and [Mühlherr and Weiss 2017, 2.7], we say that 1 is Moufang if 1 is spherical,
irreducible of rank at least 2 and for each root α of 1, the root group Uα acts
transitively on the set of apartments of 1 containing α. The spherical building
associated with the group of rational points of an absolutely simple algebraic group
of relative rank at least 2 is always Moufang, but there are a few other families as
well. For a summary of the classification of Moufang buildings, see [Weiss 2009,
3.14–3.15].

Remark 6.6. A building of rank 1 is simply a set with no further structure. Thus
the notion of a Moufang set is an extension of the notion of a Moufang building to
buildings rank 1. (Buildings of rank 1 are automatically spherical and irreducible.)

Theorem 6.7. Let 1 be a spherical building which is Moufang and let G0 be a
Galois subgroup of Aut(1) as defined in [Mühlherr and Weiss 2017, 4.5]. Suppose
that G0 acts with finite orbits on the chamber set of 1. Then G0 is a descent group
of 1.

Proof. This holds by [Mühlherr and Weiss 2017, 12.2(ii)]. �

Definition 6.8. Let 1 be as in Theorem 6.11. A Galois involution of 1 is an
element ω of Aut(1) of order 2 such that 〈ω〉 is a Galois group as defined in
[Mühlherr and Weiss 2017, 4.5].

Proposition 6.9. Suppose that R is a residue of a Moufang building1. Let6 be an
apartment containing chambers of R and let UR denote the subgroup generated by
the root groups Uα for all roots α of 6 containing R ∩6. Then UR is independent
of the choice of 6.

Proof. This holds by [Mühlherr et al. 2015, 24.17]. �

Definition 6.10. The group UR in Proposition 6.9 is called the unipotent radical of
the residue R.
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The following is a special case of the main results of [Mühlherr et al. 2015,
Part 3].

Theorem 6.11. Let G0 be a descent group of a spherical building 1. Let 5 be
the Coxeter diagram of 1, let S denote the vertex set of 5 and let 2 denote the
subgroup of Aut(5) induced by G0. Then the following hold:

(i) The graph 1G0 is a building with respect to a canonical coloring of its edges.

(ii) All G0-chambers are residues of 1 of the same type A ⊂ S, the set A is
2-invariant and the rank k of 1G0 is the number of 2-orbits in S disjoint
from A.

(iii) The triple T := (5,2, A) is a Tits index and 1G0 is a building of type 5̃,
where 5̃ is the relative Coxeter diagram of T .

(iv) If 1 is Moufang and k ≥ 2, then 1G0 is also Moufang.

(v) Suppose that 1 is Moufang and that k = 1 and let X denote the set of all
G0-chambers. Let G be the subgroup of Sym(X) induced by CAut(1)(G0) and
for each R ∈ X , let ŨR denote the subgroup of Sym(X) induced by CUR (G0),
where UR is as in Proposition 6.9. Then

(G, X, {ŨR}R∈X )

is a Moufang set as defined in Definition 4.1.

Proof. Assertions (i) and (ii) hold by [Mühlherr et al. 2015, 22.20(v) and (viii)],
assertion (iii) holds by [Mühlherr et al. 2015, 22.20(iv) and (viii)] and the remaining
two assertions hold by [Mühlherr et al. 2015, 24.31]. �

Definition 6.12. Let G0 and 1 be as in Theorem 6.11. We refer to the triple T
in Theorem 6.11(iii) as the Tits index of G0. (In fact, the Tits index of a descent
group G0 is defined also when 1 is not assumed to be spherical; see [Mühlherr
et al. 2015, 22.20 and 22.22].)

Definition 6.13. A fixed point building is a building of the form 1G0 for some pair
(1,G0) as in Theorem 6.11. If the rank of 1G0 is 1 and 1 is Moufang, we interpret
1G0 to mean the Moufang set described in Theorem 6.11(v).

Remark 6.14. Apart from the Moufang sets described in Examples 4.2 and 4.3
and the Moufang sets described in Example 4.4 in the case that 0 is an indifferent
quadrangle as defined in [Tits and Weiss 2002, 16.4], all other Moufang sets known
to us (including those described in Example 4.5) arise (up to equivalence as defined
in Definition 4.7) as the fixed point buildings 1G0 for some Moufang building 1
and some descent group with finite orbits G0 whose Tits index is of relative rank 1.
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7. The exceptional Tits quadrangles

In the following definition, we refer the reader to Remark 5.5 for (i) and we
make use of the notation for spherical buildings described in [Weiss 2009, 30.15]
(corresponding to the cases (vi), (xii) and (xiii) of [Weiss 2009, 30.14]) in (ii), (iii)
and (iv).

Definition 7.1. We will say that a Tits quadrangle is exceptional if it is isomorphic
to X1,T , where

(i) 1 is a Moufang quadrangle of type E6, E7, E8 or F4 as defined in [Tits and
Weiss 2002, 16.6 and 16.7] and T is the split Tits index of absolute type C2, or

(ii) 1 is the building CI
3 (C, K , σ ) for some octonion division algebra C with

center K and standard involution σ and T is the Tits index of absolute type C3

displayed in Remark 5.6, or

(iii) 1 is the building E`(K ) for some field K and `= 6, 7 or 8 and T is the Tits
index of absolute type E` displayed in Remark 5.6, or

(iv) 1 is the building F4(C, K ) for some composition division algebra (C, K ) and
T is the Tits index of absolute type F4 displayed in Remark 5.6.

We will call a building exceptional if it is isomorphic to one of the buildings in
(i)–(iv).

Notation 7.2. Let the pair (1, T ) be as Definition 7.1 and let5 denote the Coxeter
diagram associated with 1. Thus 5 = C2, C3, E`, F4 in cases (i), (ii), (iii), (iv),
respectively. If 5 = F4 but C/K is not a field extension in characteristic 2, we
number the vertices of 5 from left to right with the integers 1, 2, 3, 4 and choose
the map Typ defined in [Mühlherr and Weiss ≥ 2020, 1.2.13] so that the {2, 3, 4}-
residues are isomorphic to BQ

3 (K ,C, q), where q is the norm of the composition
algebra (C, K ). If5=C2 and X is a Moufang quadrangle of type E6, E7 or E8, we
number the vertices of 5 from left to right with the integers 1, 2 and choose Typ so
that a root group Uα is nonabelian if and only if the root α starts and ends at a vertex
of type 2. Note that if 5= F4 and C/K is a field extension in characteristic 2, then
(C, K ) is not necessarily an invariant of X and our choice of Typ is not uniquely
determined. If 5= C2 and X is a Moufang quadrangle of type F4 or 5= F4 and
C/K is a field extension in characteristic 2 or 5= E6, we choose Typ (between
the two possible choices) arbitrarily. In the remaining cases, 5 has no nontrivial
symmetry and there is only one choice for Typ.

Remark 7.3. Since the Tits indices in Remark 5.6 are all invariant under Aut(5),
the Tits quadrangles in Definition 7.1 do not depend on the choice of Typ in
Notation 7.2; see [Mühlherr and Weiss ≥ 2020, 1.2.13].



EXCEPTIONAL GROUPS OF RELATIVE RANK ONE 407

The exceptional Tits quadrangles were investigated in [Mühlherr and Weiss
2020]. Here is a reformulation of some of the results in that paper; we will cite
others in Proposition 7.12 below.

Theorem 7.4. Let X be an exceptional Tits quadrangle, let (γ, i 7→ wi ) be a
coordinate system of X and let i 7→Ui be the corresponding root group labeling.
Let K be the field that appears in [Tits and Weiss 2002, 16.6 or 16.7] in the case
that X is as in Definition 7.1(i); in the other cases, let K be as in Definition 7.1. If
X is in case Definition 7.1(iii) or (iv), suppose that |K | > 4. Then the following
hold:

(i) After replacing (γ, i 7→ wi ) by its opposite if necessary, there exists a δ-
standard quadrangular algebra

4= (K , L , q, f, ε,X, · , h, θ)

over K and isomorphisms xi from the group R4 defined in Notation 2.4 to Ui

for i = 1 and 3 and from the additive group of L to Ui for i = 2 and 4 such
that

(7.5)

[x1(a, t), x4(v)
−1
] = x2(θ(a, v)+ tv)x3(av, tq(v)+φ(a, v)),

[x1(a, t), x3(b, s)−1
] = x2(h(a, b)), and

[x2(u), x4(v)
−1
] = x3(0, f (u, v))

for all (a, t), (b, s) ∈ R and all u, v ∈ L , where φ is as in (C4).

(ii) If X is a Moufang polygon of type E` for `= 6, 7 or 8, then q is a quadratic
form of type E` as defined in [Weiss 2006b, 2.13].

(iii) If X is a Moufang polygon of type F4, then q is a quadratic form of type F4 as
defined in [Weiss 2006b, 2.15].

(iv) If X and C are as in Definition 7.1(ii), then q is the reduced norm of C.

(v) If X and ` are as in Definition 7.1(iii), then q is a split quadratic form of
dimension 4+ 2`−5.

(vi) If X and (C, K ) are as in Definition 7.1(iv), then q is the orthogonal sum of
the reduced norm of (C, K ) and a hyperbolic quadratic form of dimension 4.

(vii) X satisfies the hypothesis [Mühlherr and Weiss 2020, 8.2(b)].

Proof. This holds by [Mühlherr and Weiss 2020, 7.4, 8.2, 10.4]. �

Remark 7.6. The quadratic forms in Theorem 7.4(ii)–(vi) are all of dimension at
least 5.

Remark 7.7. If X and ` are as in Definition 7.1(iii), let (C, K ) denote the split
composition algebra of dimension 2`−5. Thus q = qC if q is as in Theorem 7.4(v)
or (vi), where qC is as defined in [Mühlherr and Weiss 2020, 7.3].
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Remark 7.8. The quadratic forms in Theorem 7.4(ii)–(iv) are anisotropic. Over a
finite field, there are no anisotropic quadratic forms of dimension greater than 2;
see, for example, [Tits and Weiss 2002, 34.3]. By Remark 7.6, therefore, the field
K must be infinite in cases Definition 7.1(i) and (ii).

Remark 7.9. The quadrangular algebra 4 in Theorem 7.4 is anisotropic when X
is as in Definition 7.1(i) but not when X is as in one of the other cases.

Remark 7.10. The quadrangular algebras that appear in Theorem 7.4 are, up
to isotopy as defined in [Mühlherr and Weiss 2019, 5.3], the only δ-standard
nondegenerate quadrangular algebras (as defined in Notation 2.2) satisfying |K |> 4
and dimK L > 4. This holds by [Weiss 2006b, 6.42 and 7.57] in the anisotropic
case and by [Mühlherr and Weiss 2019, 8.16, 9.8 and 10.16] in the isotropic case.

Hypothesis 7.11. For the rest of this section, let X , (γ, i 7→ wi ), i 7→ Ui , 4 and
x1, . . . , x4 be as in Theorem 7.4.

Proposition 7.12. Let Yi = {xi (0, t) | t ∈ K } for all odd i and let βi denote the root
(wi , wi+1, . . . , wi+4) for all i . There exists a Tits quadrangle X̂ = (0̂, Â, {≡̂v}v∈V̂ )

such that the following hold:

(i) 0̂ is a subgraph of 0 containing γ and γ ∈ Â.

(ii) For all even i , 0̂ is normalized by Ui and the natural embedding of Ui into
Aut(X̂) is an injective isomorphism from Ui to the root group Ûi of X̂ corre-
sponding to the root βi .

(iii) For all odd i , 0̂ is normalized by Yi and the natural embedding of Yi into
Aut(X̂) is an injective isomorphism from Yi to the root group Ûi of X̂ corre-
sponding to the root βi .

(iv) The isomorphisms in (ii) and (iii) extend to an isomorphism from the subgroup
Y1U2Y3U4 of Aut(X) to the subgroup Û[1,4] := Û1Û2Û3Û4 of Aut(X̂).

Proof. This holds by [Mühlherr and Weiss 2020, 5.1 and 10.4(iii)]. �

Proposition 7.13. Let Gγ denote the pointwise stabilizer of γ in G :=Aut(X) and
let δ be as in Notation 2.2 and Theorem 7.4. Then the following hold:

(i) Let ϕ ∈ Gγ . Then there exists σ -linear automorphisms ξ and ψ of L , respec-
tively X, for some σ ∈ Aut(K ) and an element η ∈ K ∗ such that the following
hold:
(a) q(ξ(v))= q(λ)q(v)σ , where λ := ξ(ε),
(b) ψ(av)λ= ψ(a)ξ(v),
(c) h(ψ(a), ψ(b)λ)= ηξ(h(a, b)) and
(d) θ(ψ(a), ξ(v))= ηξ(θ(a, v))+M(a)ξ(v), where

M(a)=
{

0 if char(K ) 6= 2,
f
(
θ(ψ(a), λ), ξ(δ)

)
q(λ)−1 if char(K )= 2
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for all a, b ∈ X and all v ∈ L and

(7.14)

x1(a, t)ϕ = x1(ψ(a), ηtσ +M(a)),

x2(v)
ϕ
= x2(ηξ(v)),

x3(a, t)ϕ = x3
(
ψ(a)λ, (ηtσ +M(a))q(λ)+φ(ψ(a), λ)

)
,

x4(v)
ϕ
= x4(ξ(v))

for all (a, t) ∈ S and all v ∈ L. If dimK L > 1, then η is uniquely determined
by ψ and ξ .

(ii) Suppose that dimK L > 4. Let σ ∈ Aut(K ), let ξ and ψ be σ -linear automor-
phisms of L , respectively X, and let η be an element of K ∗ such that (a)–(d)
hold. Then there exists ϕ ∈ Gγ satisfying the identities (7.14).

Proof. This holds by [Mühlherr and Weiss 2020, 13.1]. �

Notation 7.15. By [Mühlherr and Weiss 2020, 6.4(i) and (ii)], x1(0, 1) ∈U ]

1 and
x4(ε)∈U ]

4 , where ε is as in Definition 2.1 and U ]

1 and U ]

4 as in Notation 3.7; see also
[Mühlherr and Weiss 2020, 5.1(iii) and 10.4(iii)]. We can thus set m1=µγ (x1(0, 1))
and m4 = µγ (x4(ε)), where µγ is as in (3.9).

Proposition 7.16. Let m1 and m4 be as in Notation 7.15. Then the following hold:(
x1(a, t)x2(u)x3(b, s)

)m4
= x1(b, s)x2(−h(b, a)− ū)x3(−a, t), and(i) (

x2(u)x3(b, s)x4(v)
)m1
= x2(v)x3(b, s− f (u, v))x4(−u)(ii)

for all (a, t), (b, s) ∈ R and u, v ∈ L.

Proof. Choose (a, t), (b, s) ∈ R and u, v ∈ L . By [Mühlherr and Weiss 2020,
6.4(iv), 8.19, 8.25 and the first display in 8.59], we have x1(a, t)m4 = x3(−a, t)
and x2(u)m4 = x2(−ū) and x3(b, s)m4 = x1(b, s) and by [loc. cit., 6.4(v) and 8.31],
we have x2(u)m1 = x4(−u), x3(a, t)m1 = x3(a, t) and x4(v)

m1 = x2(v). The claims
hold, therefore, by Conventions 1.2 and (7.5). �

8. Galois groups

The main result of this section is Theorem 8.14, in which we show that the Moufang
sets described in Example 4.5 associated with one of the Tits indices displayed in
Hypothesis 8.4 can all be obtained as the fixed point building of a Galois involution
acting on one of the Tits quadrangles described in Notation 7.2.

Let 1, T , X = (0,A, {≡v}v∈V ),

4= (K , L , q, f, ε,X, · , h, θ)

and x1, . . . , x4 be as in Theorem 7.4. Thus the pair (1, X) is as in one of the
four cases of Definition 7.1. Let (C, K ) be as in Definition 7.1(ii) or (iv) if X is
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in one of these two cases and let (C, K ) be as in Remark 7.7 if X is in the case
Definition 7.1(iii).

Proposition 8.1. If K is separably closed, then X is as in Definition 7.1(iii) or (iv)
and one of the following holds:

(i) (C, K ) is split and 1= F4(K , K ), E6(K ), E7(K ) or E8(K ).

(ii) C/K is an inseparable field extension, char(K ) = 2, C2
⊂ K and 1 =

F4(C, K ).

Proof. A quadratic form of type E6, E7, E8 or F4 has a subform that is similar to
the norm of a separable quadratic extension. Since the only composition algebras
over a separably closed fields are those that appear in (i) and (ii), the claims hold. �

Notation 8.2. Let X̂ be as in Proposition 7.12, let Q̂ be the orthogonal sum of q
with a hyperbolic quadratic form of dimension 4, let V̂ = K 4

⊕ L be the underlying
vector space. Let 1̂ = B(Q̂) as defined in [Mühlherr et al. 2015, 35.5] if Q̂ is
not hyperbolic and let 1̂=D(Q̂) as defined in [loc. cit., 35.9] if Q̂ is hyperbolic.
Thus 1̂ is a building of type 5̂= Bm+2 or Dm+2, where m is the Witt index of q.
By [loc. cit., 35.10], we can identify Aut(1̂) with P0O(Q̂). Let T̂ be the Tits
index (5̂, Â, 2̂), where Â is the unique subset of the vertex set of 5̂ that spans a
subdiagram of type Bm or Dm and 2̂= 1. By [Mühlherr and Weiss 2020, 6.1, 6.3
and 6.10], X̂ is isomorphic to the Tits quadrangle X

1̂,T̂ . By Theorem 5.7, therefore,
we can identify Aut(X̂) with Aut(1̂). Let ψ denote the map from Aut(X̂) to
Aut(K ) such that ψ(g)= ρ whenever g lifts to a ρ-linear element of 0O(Q̂).

Proposition 8.3. Let ψ be as in Notation 8.2, let G, Gγ and σϕ = σ ∈ Aut(K ) for
each ϕ ∈ Gγ be as Proposition 7.13. Then the following hold:

(i) ψ(ϕ)= σϕ for all ϕ ∈ Gγ .

(ii) A subgroup G0 of G is Galois as defined in [Mühlherr and Weiss 2017, 4.5] if
and only if the restriction of ψ to G0 is injective.

Proof. In [Mühlherr et al. 2015, 3.20], a description of the Moufang quadrangle
BI

2 (K , L , q) and its root groups associated to a fixed apartment is given. If we
assume in this description that q is merely nondegenerate rather than anisotropic, the
calculations in [loc. cit., 3.20] yield a description of X̂ , a coordinate system (γ, i 7→
wi ) (where γ is the circuit called 6 in [loc. cit., 3.20]), root groups U1, . . . ,U4 and
isomorphisms x1, . . . , x4 (called δ̇, β̇, γ̇ , α̇ in [loc. cit., 3.20]). In this description,
the vertices of X̂ are the 1- and 2-dimensional totally isotropic subspaces of the
quadratic space (K , V̂ , Q̂) described in Notation 8.2 and two 2-dimensional totally
isotropic subspaces W1,W2 of V̂ that intersect in a 1-dimensional subspace Y are
opposite at Y if and only if the subspace spanned by W1 and W2 is not totally
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isotropic. Given this description of the isomorphisms x1, . . . , x4, we can observe
that (i) holds.

Let g ∈ G. The root groups of 1̂ are all in the kernel of ψ . Let W be a 3-
dimensional totally isotropic subgroup of V , let e1, e2, e3 be a basis of W , and let h
be an element in the subgroup of Aut(X̂) generated by all its root groups such that
the product gh fixes the three 1-dimensional subspaces spanned by e1, e2 and e3.
Let xα1, xα2, xα3 be as in [Mühlherr and Weiss 2016, §7] with W in place of V . The
projective plane associated with W is a residue of 1̂ which we denote by R and
there exist λ1, λ2, λ3 ∈ E∗ such that xαi (t)

gh
= xαi (λi tσg ) for i = 1, 2 and 3 and all

t ∈ E . By [Mühlherr et al. 2015, 29.15], it follows that ψ is a Galois map of 1̂ as
defined in [loc. cit., 29.25]. Thus (ii) holds. �

Hypothesis 8.4. Let G0 be an arbitrary Galois group of 1 (as defined in [Mühlherr
and Weiss 2017, 4.5]) that acts on the chamber set of 1 with finite orbits. By
Theorem 6.7, G0 is a descent group of 1. Let T0 = (5, A0,20) be its Tits index
and let S be the vertex set of 5. The Coxeter diagram 5 is as in Notation 7.2. If
5 = C2 or F4, we assume that the type function of 1 is chosen as described in
Notation 7.2. We also suppose that T0 is one of the diagrams
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.........................

Remark 8.5. The group G0 acts on X = X1,T . Let R1 and R′1 be two A0-residues
stabilized by G0. By [Mühlherr et al. 2015, 22.10(i)], R1 and R′1 are opposite
in 1. By [Mühlherr et al. 2015, 24.21], Aut(1) acts transitively on ordered pairs
of opposite A0-residues. Replacing G0 by a conjugate subgroup of Aut(1), we
can assume from now on that R1 and R′1 are the A0-residues corresponding to the
vertices w4 and w0 of 0.

Proposition 8.6. The group G0 stabilizes X̂ , where X̂ is as in Proposition 7.12.

Proof. Since G0 fixes w0 and w4, it normalizes E := 〈Z(Uw0), Z(Uw4)〉, where Uwi

denotes the maximal unipotent subgroup of the stabilizer of the residuewi in Aut(1).
By (7.5) and [Mühlherr and Weiss ≥ 2020, 1.2.25], we have Z(Uw4)= Y3U4Y5 and
Z(Uw0)= Y7U0Y1. By Proposition 7.12(ii)–(iii), E stabilizes X̂ . By [Mühlherr and
Weiss ≥ 2020, 1.3.4], the group 〈U0,U4〉 acts transitively on 0̂w4 = 0w4 and by
[Mühlherr and Weiss 2020, 8.2(b) and 10.4(ii)], the group 〈Y1, Y5〉 acts transitively
on 0̂w5 . By [Mühlherr and Weiss ≥ 2020, 1.2.21], 0̂ is connected. It follows that
E acts transitively on the set of edges of X̂ . Since G0 normalizes E and fixes the
edge {w4, w5}, we conclude that G0 stabilizes X̂ . �

Remark 8.7. We have X̂ = X
1̂,T̂ , where 1̂ and T̂ are as in Notation 8.2. By

Theorem 5.7 and Proposition 8.6, G0 acts on 1̂. Let Ĝ0 denote its image in Aut(1̂).
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We now want to apply [Mühlherr et al. 2015, 35.13] with 1̂ in place of 1 and Ĝ0 in
place of 0. By Proposition 8.3(ii), Ĝ0 is a Galois group of 1̂. It is not necessarily
finite. In the proof of [loc. cit., 35.13], however, the finiteness of the Galois group
is used only in the proof of [loc. cit., 2.41] which is, in turn, a corollary of [loc. cit.,
2.40] and thus of [Springer 1998, 11.1.6]. For this result to apply, it suffices to
know that Ĝ0 acts with finite orbits on the chamber set of 1. This follows from
our assumption in Hypothesis 8.4 that G0 acts with finite orbits on the chamber set
of 1.

Notation 8.8. For each subgroup G1 of G0, G1 is also a Galois group of 1 and
hence, by Theorem 6.7, has a Tits index as defined in Definition 6.12. We denote
this Tits index by TG1 .

Proposition 8.9. Suppose that K is separably closed. Then there exists a subgroup
G1 of index 2 in G0 such that the Tits index TG1 defined in Notation 8.8 has relative
rank at least 2.

Proof. Let ψ be as in Notation 8.2 and let Ĝ0 be as in Remark 8.7. By [Mühlherr
et al. 2015, 35.13] and Remark 8.7, 1̂Ĝ0 ∼= BQ

1 (F,M, Q0) for some anisotropic
quadratic space (F,M, Q0), where ψ(G0)= Gal(K/F). Since the bilinear form
associated with the quadratic form Q̂ in Notation 8.2 is not identically zero, the
same holds for Q0. Since K is separably closed, there exists a subfield E of K over
which Q0 is not anisotropic such that E/F is a separable quadratic extension. Let
G1 = ψ

−1(Gal(K/E)) and let Ĝ1 be the image of G1 in Ĝ0. By [Mühlherr et al.
2015, 35.13], we have 1̂Ĝ1 ∼= BQ

m (E,M1, Q1) for some m≥ 1, where M1=M⊗F E
and Q1 is the anisotropic part of Q⊗F E . Thus dimE Q1< dimF Q0. By [Mühlherr
et al. 2015, 35.13(i)–(ii)], it follows that m > 1. Thus Ĝ1 acts isotropically (as
defined in Definition 6.2) on the residue R̂1 of 1̂ that corresponds to the vertex w4.
Let R1 be as in Remark 8.5. If5 6= E7, then R1= R̂1 and hence G1 acts isotropically
on R1. If 5 6= E7, then R1 = R̂0× R̂1, where R̂0 is a building of type A1. Since Ĝ1

acts isotropically on R̂1, it follows by [Mühlherr et al. 2015, 21.37(iii)] that G1 acts
isotropically on R1 also in this case. Thus the relative rank of TG1 is at least 2. �

Proposition 8.10. Let G1 be as in Proposition 8.9 and let T1 := TG1 be as in
Notation 8.8. Then T1 is one of the Tits indices
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of relative rank 3 or one of the Tits indices

• • •
•

•
•

.............................................................................
.......
.......
.......
.......
.......
.......
.......
........ .............................................................................

.......
.......
.......
.......
.......
.......
.......
........

.......
...........................................................
..... .......

...........................................................

..................................................................
.............................................................

.............................................................
.........
.................

................................
.......................................................... • • • •

•

• •....................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
..... ...............................

.......

........
................................

...........................................................

............
...........................................................
..... • • • • •

•

• •................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

...............................
.......
........
......................... ...............................

.......

........
................................

...........................................................

..... .......
...........................................................
.....

of relative rank 4 or T1 is split as defined in Definition 5.3.

Proof. The Tits index T1 is as in Hypothesis 8.4 with at least one more circle. The
only such Tits indices are those indicated. �

Proposition 8.11. Suppose K is separably closed, let Ĝ1 be as in Proposition 8.9
and let 11 =1

Ĝ1 . Then the following hold:

(i) If the relative rank of T1 is 2, then 11 is an exceptional Moufang quadrangle.

(ii) If the relative rank of T1 is 3, then 11 ∼= CI
3 (C, K , σ ) for some octonion

division algebra (C, K ) with standard involution σ .

(iii) If the relative rank of T1 is 4 and5= E` for `= 6, 7 or 8, then11∼= F4(D, E)
for some composition division algebra (D, E) of dimension 2`−5 with nonzero
trace.

(iv) If T1 is split and 5 = F4, then either 11 is the split building of type F4 over
E or 11 ∼= F4(D, E) for some inseparable field extension D/E such that
char(E)= 2 and D2

⊂ E.

(v) If T1 is split and 5 = E6, E7 or E8, then 11 is the split building of type 5
over E.

Proof. The assertion (i) holds by [Tits and Weiss 2002, 42.6], (ii) holds by [Tits
1974, 9.1–9.2], (iii) and (iv) hold by [Tits 1974, 10.2–10.3] and (v) holds by [Tits
1974, 6.13]. �

Proposition 8.12. Suppose K is separably closed and 11 is as in Proposition 8.11.
Then there is a Galois group G of 11 of order 2 such the fixed point building 1G

1 is
isomorphic to 1G .

Proof. Let G denote the image of G in Aut(11). Then G is a Galois group and
hence, by Theorem 6.7, G is a descent group of 11. The claim holds, therefore, by
[Mühlherr et al. 2015, 22.47(i)]. �

Remark 8.13. Suppose that K is separably closed and let 11 and G be as in
Proposition 8.12 and let 51 be the Coxeter diagram of 11. If 51 = C2 or F4, we
assume that the type function of11 is chosen as in Notation 7.2. Let T = (51, A,2)
be the Tits index of G as defined in Definition 6.12. Then T is the unique Tits index
of absolute type 51 in Hypothesis 8.4. To see this we observe that in each case
the A-residues of 1 stabilized by G0 are precisely the Ā-residues of 11 stabilized
by G.
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Theorem 8.14. Let M be an arbitrary Moufang set associated with one of the Tits
indices 2E29

6,1, E48
7,1, E91

8,1 or F21
4,1 as described in [Tits 1966a]. Then there exists an

exceptional building 1 as defined in Definition 7.1 of type 5 with type function
chosen as in Notation 7.2 and a Galois group G0 of order 2 of 1 whose Tits index
is the unique Tits index of absolute type 5 among the following:
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such that 1G0 is isomorphic to M.

Proof. The Tits indices 2E29
6,1, E48

7,1, E91
8,1 or F21

4,1 are precisely the indices that appear
in Hypothesis 8.4. Thus the claims are simply restatements of Proposition 8.12 and
Remark 8.13. �

Remark 8.15. Note that Proposition 8.12 and Remark 8.13 are actually slightly
more general than Theorem 8.14 since they include the case Proposition 8.1(ii)
which is not considered in [Tits 1966a].

9. The Galois involution ω

In light of Theorem 8.14, we now make once and for all the following assumptions.

Hypothesis 9.1. We assume that1, T , X = (0,A, {≡v}v∈V ), (γ, i 7→wi ), i 7→Ui ,
x1, . . . , x4 and

4= (K , L , q, f, ε,X, · , h, θ)

are as in Notation 7.2 and Theorem 7.4. Let v 7→ v̄, φ, g and π be as in (A3), (C3),
(C4) and (D1), let Q be as in Notation 2.3, let G and Gγ be as in Proposition 7.13
and let G0 and T0 be as in Hypothesis 8.4. We assume that |G0| = 2 and let ω
be the nontrivial element in G0. Thus ω is a Galois involution of 1 as defined in
Definition 6.8. Since the relative rank of T0 is 1, the fixed point building 1G0 is the
Moufang set described in Theorem 6.11(v). We denote this Moufang set by

M(1,ω).

Its underlying set (as defined in Definition 4.1) is the set of vertices of 0 fixed by ω.
We also assume that |K |> 4.

Proposition 9.2. The coordinate system (γ, i 7→ wi ) of X can be chosen so that
ω = m4ϕ for some ϕ ∈ Gγ , where m4 is as in Notation 7.15.

Proof. The fixed points of ω are all vertices of 0 at even distance from w4. Let
v, v1 be two of them. By [Mühlherr et al. 2015, 25.2; Mühlherr and Weiss ≥ 2020,
1.2.12], u and uω are opposite at v for all u ∈0v . By [Mühlherr et al. 2015, 22.10(i)],



EXCEPTIONAL GROUPS OF RELATIVE RANK ONE 415

v and v1 are opposite residues of 1. Therefore there exist u ∈ 0 and u1 ∈ 0v1 such
that the edges {u, v} and {u1, v1} are opposite residues of 1. By [Mühlherr and
Weiss ≥ 2020, 1.2.19], it follows that there exists a straight 4-path from u to v. We
conclude that (γ, i 7→ wi ) can be chosen so that w0 and w4 are fixed by ω and ω
interchanges w3 and w5. By Definition 3.2(ii), it follows that ω maps wi to w−i

for all i . By Proposition 3.8, m4 also maps wi to w−i for all i . Thus ω = m4ϕ for
some ϕ ∈ Gγ . �

Notation 9.3. Let ϕ be as in Proposition 9.2 and let ξ ∈ AutK (L), ψ ∈ AutK (X),
σ ∈Aut(K ), η ∈ K ∗, λ ∈ L and M : X→ K be as in Proposition 7.13 applied to ϕ.
Note that since ξ is a bijection, it follows from Proposition 7.13(a) that q(λ) 6= 0.

Proposition 9.4. f (ξ(u), ξ(v))= q(λ) f (u, v)σ for all u, v ∈ L.

Proof. This is a consequence of Proposition 7.13(a). �

Proposition 9.5. Let ω, λ, σ , ξ and M be as in Notation 9.3. Then the following
hold:

(i) ψ2(a)λ=−a for all a ∈ X.

(ii) σ has order 2.

(iii) ησ+1
= β, where β−1

= q(λ).

(iv) M(ψ(a))= ηM(a)σ +φ(a, λ−1) for all a ∈ X.

(v) ξ(ξ(ū))= q(λ)u for all u ∈ L.

Proof. By Proposition 7.16(i), we have x3(a, t)m4 = x1(a, t) and x1(a, t)m4 =

x3(−a, t) for all (a, t) ∈ R. Thus

(9.6) x3(a, t)= x3(a, t)ω
2

= x3
(
−ψ2(a)λ,

(
η(ηtσ+M(a))σ+M(ψ(a))

)
q(λ)+φ(ψ2(a), λ)

)
for all (a, t) ∈ R by (7.14). Comparing first coordinates, we obtain (i). Since ψ is
σ -linear, it follows that σ 2

= 1. By Proposition 8.3 and Hypothesis 9.1, on the other
hand, σ is nontrivial. Thus (ii) holds. Comparing second coordinates, we have

ησ+1t + ηM(a)σ +M(ψ(a))= β
(
φ(ψ2(a), λ)+ t

)
for all (a, t) ∈R, where β is as in (iii). Setting a = 0 and t = 1 in this equation, we
obtain (iii) and thus

(9.7) ηM(a)σ +M(ψ(a))= βφ(ψ2(a), λ).

By Proposition 7.13(d) and [Weiss 2006b, 4.5(iii)], M and φ are both identically
zero if char(K ) 6= 2. If char(K )= 2, then by [Mühlherr and Weiss 2019, (7.10)]
and (i), we have

(9.8) φ(ψ2(a), λ)= φ(−aλ−1, λ)= φ(aλ̄, λ)β2
= φ(a, λ̄)β = φ(a, λ−1)q(λ)



416 BERNHARD MÜHLHERR AND RICHARD M. WEISS

for all a ∈ X. By (9.7), therefore, (iv) holds. By [Weiss 2006b, 6.4(iv)], we have
x2(u)m4 = x2(−ū) for all u ∈ L and by Proposition 7.13(i), ξ is σ -linear. Thus

(9.9) x2(u)= x2(u)ω
2
= x2

(
ησ+1ξ(ξ(ū))

)
for all u by (7.14). By (iii), therefore, (v) holds. �

Proposition 9.10. Let ζ(u) = ηξ(ū) for all u ∈ L. Then ζ is a σ -linear automor-
phism of L of order 2 and q(ζ(u))= η1−σq(u)σ for all u ∈ L.

Proof. Since ξ is σ -linear, so is ζ . By Proposition 9.5(ii), (iii) and (v), ζ is of
order 2. We have q(ū) = q(u) for all u ∈ L . Thus the second claim holds by
Propositions 7.13(a) and 9.5(iii). �

Proposition 9.11. Let v ∈ L and let ζ be as in Proposition 9.10. Then v is fixed by
ζ if and only if v = u+ ζ(u) for some u ∈ L.

Proof. Since ζ is of order 2, v = u+ ζ(u) implies ζ(v)= v. Suppose, conversely,
that ζ(v)= v. Since σ is of order 2, we can choose δ0 ∈ K such that δ0+ δ

σ
0 = 1.

Then u+ ζ(u)= (δ0+ δ
σ
0 )v = v for u = δ0v. �

Remark 9.12. Let F = K σ
:= {t ∈ K | tσ = t} and let Lζ = {v ∈ L | ζ(v)=−v}.

Then Lζ is a vector space over F and by [Mühlherr et al. 2015, 2.40] applied to
the group generated by v 7→ −ζ(v), dimF Lζ = dimK L .

Remark 9.13. By Proposition 9.10, q(u) ∈ ηF for all u ∈ Lζ , where F and Lζ are
as in Remark 9.12. Thus η−1q is a quadratic form on Lζ as a vector space over F .

Proposition 9.14. For each b ∈ X, there exists u ∈ L such that

u+ ζ(u)= h(ψ(b), b),

where ζ is as in Proposition 9.10.

Proof. Let b ∈ X. Then

ζ(h(ψ(b), b))= ηξ(h(ψ(b), b))=−ηξ
(
h(b, ψ(b))

)
=−h(ψ(b), ψ2(b)λ)

by Proposition 7.13(c). By Proposition 9.5(i), it follows that h(ψ(b), b) is fixed
by ζ . The claim holds, therefore, by Proposition 9.11. �

Proposition 9.15. Let (a, t), (b, s) ∈ R and u ∈ L. Then x1(a, t)x2(u)x3(b, s) is
centralized by ω if and only if a = ψ(b), t = ηsσ +M(b) and u+ ζ(u)= h(a, b).

Proof. By Proposition 7.16(i), we have(
x1(a, t)x2(u)x3(b, s)

)m4
= x1(b, s)x2(−ū− h(b, a))x3(−a, t)

= x1(b, s)x2(h(a, b)− u)x3(−a, t).
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By (7.14) and Propositions 9.2 and 9.10, therefore,(
x1(a, t)x2(u)x3(b, s)

)ω
= x1

(
ψ(b), ηsσ +M(b)

)
x2
(
ζ(h(a, b)− u)

)
· x3
(
−ψ(a)λ, (ηtσ +M(a))q(λ)+φ(ψ(a), λ)

)
.

Thus x1(a, t)x2(u)x3(b, s) is centralized by ω if and only if

(9.16) ψ(b)= a, t = ηsσ +M(b) and u+ ζ(u)= h(a, b)

as well as

(9.17) −ψ(a)λ= b and s = (ηtσ +M(a))q(λ)+φ(ψ(a), λ).

By Proposition 9.5(i)–(iv) and [Mühlherr and Weiss 2019, (7.10)], (9.16) implies
that −ψ(a)λ= b and

(ηtσ +M(a))q(λ)=
(
ησ+1s+ ηM(b)σ +M(ψ(b))

)
q(λ)

= s+φ(b, λ−1)q(λ)

= s+φ(ψ(a)λ, λ̄)q(λ)−1

= s+φ(ψ(a), λ).

Therefore (9.16) implies (9.17). �

Notation 9.18. Let

U=
{
[b, s, u] | (b, s, u) ∈ R× L and u+ ζ(u)= h(ψ(b), b)

}
,

where
[b, s, u] = x1

(
ψ(b), ηsσ +M(b)

)
x2(u)x3(b, s).

Thus U= CU[1,3](ω) by Proposition 9.15.

Remark 9.19. By Definition 6.10 and [Mühlherr and Weiss ≥ 2020, 1.2.25], U[1,3]
is the unipotent radical of the residue of 1 corresponding to w4. Hence the group
U is the root group Uw4 of the Moufang set M(1,ω) defined in Hypothesis 9.1.

Remark 9.20. Let [b1, u1, s1], [b2, u2, s2] ∈ U. Then

[b1, s1, u1] · [b2, s2, u2] = x1
(
ψ(b1), ηsσ1 +M(b1)

)
x1
(
ψ(b2), ηsσ2 +M(b2)

)
· x2
(
u1+ u2+ h(ψ(b2), b1)

)
x3(b1, s1)x3(b2, s2)

by (7.5). By Notation 2.4, we have

x1
(
ψ(b1), ηsσ1 +M(b1)

)
x1
(
ψ(b2), ηsσ2 +M(b2)

)
= x1

(
ψ(b1+ b2), η(s1+ s2)

σ
+M(b1)+M(b2)+ g(ψ(b2), ψ(b1))

)
and

x3(b1, s1)x3(b2, s2)= x3
(
b1+ b2, s1+ s2+ g(b2, b1)

)
.
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Since U=CU[1,3] is closed under multiplication, we conclude by Notation 9.18 that

(9.21) [b1, s1, u1] · [b2, s2, u2]

=
[
b1+ b2, s1+ s2+ g(b2, b1), u1+ u2+ h(ψ(b2), b1)

]
and

(9.22) M(b1+ b2)+ ηg(b2, b1)
σ
= M(b1)+M(b2)+ g(ψ(b2), ψ(b1)).

for all [b1, s1, u1], [b2, s2, u2] ∈ U. It follows from (9.21) that

(9.23) [b, s, u]−1
=
[
−b, −s+ g(b, b), −u+ h(ψ(b), b)

]
for all [b, s, u] ∈ U.

10. The structure map τ

The goal of this section is to introduce the structure map of the Moufang set
M(1,ω) defined in Hypothesis 9.1. See Notation 10.7 and Definition 10.8.

Proposition 10.1. Let m1 and m4 be as in Notation 7.15, let ω and ϕ be as in
Proposition 9.2, let r0 = (m1m4)

2 and let h0 ∈ G. Then

[ω, r0h0] = 1

if and only if

hm4
0 ϕ = ϕr0h0.

Proof. By [Mühlherr and Weiss ≥ 2020, 1.4.15], r0 = m4m1m4m1 and hence
m4r0 = m4m1m4m1m4 = r0m4. Thus [ω, r0h0] = 1 if and only if

r0m4 · h
m4
0 ϕ = r0h0 ·m4ϕ

= m4ϕ · r0h0 = m4r0 ·ϕ
r0h0 = r0m4 ·ϕ

r0h0. �

Proposition 10.2. Let ω=m4ϕ be as in Proposition 9.2, let ξ , ψ , σ , η and λ be as
Notation 9.3 and let r0 be as Proposition 10.1. Then conjugation by ϕr0 induces the
maps

x2(u) 7→ x2(η
σ ξ(u))

and

x3(b, s) 7→ x3
(
ησψ(b)λ, ησ sσ + ησ−1 M(b)+ η2σφ(ψ(b), λ)

)
on U2 and U3.
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Proof. By (7.14) and Proposition 7.16(ii), conjugation by ϕm1 induces the maps

x2(u) 7→ x2(ξ(u))

x3(b, s) 7→ x3
(
ψ(b)λ, (ηsσ +M(b))q(λ)+φ(ψ(b), λ)

)
x4(v) 7→ x4(ηξ(v))

on U2, U3 and U4. We apply now the notation in [Tits and Weiss 2002, 5.10].
Conjugating both sides of the identity

(10.3) [x1(a, t), x4(ε)
−1
]3 = x3(a, t)

by h1 := ϕ
m1 , we thus obtain

x3
(
ψ(a)λ, (ηtσ +M(a))q(λ)+φ(ψ(a), λ)

)
= [x1(a1, t1), x4(ηλ)

−1
]3

= x3
(
a1 ·ηλ, t1q(ηλ)+φ(a1, ηλ)

)
,

where x1(a1, t1)= x1(a, t)h1 . By Proposition 9.5(iii), ησ+1
= q(λ)−1. Solving for

a1 and then for t1, we conclude that h1 induces the map

x1(a, t) 7→ x1
(
η−1ψ(a), η−1tσ + η−2 M(a)

)
on U1. By Proposition 7.16(i), it follows that conjugation by ϕm1m4 induces the
maps

x1(a, t) 7→ x1
(
ψ(a)λ, (ηtσ +M(a))q(λ)+φ(ψ(a), λ)

)
x2(u) 7→ x2(ξ(ū))

x3(b, s) 7→ x3
(
η−1ψ(b), η−1sσ + η−2 M(b)

)
on U1, U2 and U3. Conjugating both sides of the identity

[x1(0, 1), x4(v)
−1
]2 = x2(v)

by h2 := ϕ
m1m4 , we obtain

[x1(0, ηq(λ)), x4(v1)
−1
]2 = x2(ξ(v̄)),

where x4(v1)= x4(v)
h2 . It follows that ϕm1m4 induces the map

x4(v) 7→ x4(η
σ ξ(v̄))

on U4. By Proposition 7.16(i), therefore, conjugation by ϕm1m4m1 induces the maps

x2(u) 7→ x2(η
σ ξ(ū))

x3(b, s) 7→ x3
(
η−1ψ(b), η−1sσ + η−2 M(b)

)
x4(v) 7→ x4(ξ(v̄))
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on U2, U3 and U4. By [Mühlherr and Weiss 2019, (7.10)], we have φ(bv, v̄) =
φ(b, v)q(v) for all (b, v) ∈ R. Using (10.3) again, we can thus conclude that
conjugation by ϕm1m4m1 induces the map

x1(a, t) 7→ x1
(
ησψ(a)λ, ησ tσ + ησ−1 M(a)+ η2σφ(ψ(a), λ)

)
on U1. The claims follow now by one more application of Proposition 7.16(i). �

Notation 10.4. Let η be as in Notation 9.3, let ψ0(a) = ηa for all a ∈ X, let
ξ0(v)= η

−1v for all v ∈ L , let σ0 be the identity automorphism of K and let η0= η
2.

Then ψ0, ξ0, σ0 and η0 fulfill the identities Proposition 7.13(a)–(d) with λ= η−1;
note that by [Weiss 2006b, 4.1], M(a) = 0 in (d). Let h0 be the element of Gγ

obtained by applying Proposition 7.13(ii) to ψ0, ξ0, σ0 and η0. By [Weiss 2006b,
(4.13)], φ(a, ε)= 0 for all a ∈ X. Thus conjugation by h0 induces the maps

x1(a, t) 7→ x1(ηa, η2t) on U1,

x2(v) 7→ x2(ηv) on U2, and

x3(b, s) 7→ x3(b, s) on U3.

Let ν = r0h0, where r0 is as in Proposition 10.1.

Proposition 10.5. Let h0 and η be as in Notation 10.4. Then conjugation by hm4
0

induces the maps

x2(u) 7→ x2(ηu) and x3(b, s) 7→ x3(ηb, η2s)

on U2 and U3.

Proof. This holds by Proposition 7.16(i). �

Proposition 10.6. [ω, ν] = 1, where ω is as in Proposition 9.2 and ν is as in
Notation 10.4.

Proof. Note that by Proposition 7.13(d), M(tb) = t2σ M(b) for all b ∈ X and all
t ∈ K . By (7.14), Propositions 10.2, 10.5 and Notation 10.4, therefore, conjugation
by hm4

0 ϕ and conjugation by ϕr0h0 both induce the maps

x2(u) 7→ x2(η
σ+1ξ(u)) on U2, and

x3(b, s) 7→ x3
(
ησψ(b)λ, ησ sσ + ησ−1 M(b)+ η2σφ(ψ(b), λ)

)
on U3.

By [Mühlherr and Weiss ≥ 2020, 1.4.17(ii)], it follows that hm4
0 ϕ = ϕr0h0. By

Proposition 10.1, therefore, [ω, ν] = 1. �

Notation 10.7. Let U be as in Notation 9.18 and let ν = (m1m4)
2h0 be as in

Notation 10.4. Thus ν interchanges w4 and w0 and by Proposition 10.6, ν com-
mutes with ω. By [Mühlherr et al. 2015, 24.10(i)], the proper residues fixed by ω
are pairwise opposite in 1 and by [Mühlherr et al. 2015, 24.21], U acts sharply
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transitively on the set of vertices fixed by ω that are distinct from w4. Choose
g ∈ U∗. Then wg

0 is opposite both w4 and w0. Hence wgν
0 is also opposite both w4

and w0. Thus
w

gν
0 = w

τ(g)
0

for a unique element τ(g) of U∗. Since ν stabilizes the set wU∗

0 , the map τ is a
permutation of U∗.

Definition 10.8. The map τ defined in Notation 10.7 is the map called f in [Thomp-
son 1972, (3.1)], which Thompson called the structure equation of the Moufang set
he was investigating. For this reason, we call the permutation τ the structure map
of the Moufang set M(1,ω). By [De Medts and Weiss 2006, 3.1], the Moufang
set M(1,ω) is uniquely determined by the pair (U, τ ).

11. The subgraph 3

We have described the group U in Notation 9.18 and (9.21) and defined τ in
Notation 10.7. Our goal in the remainder of this paper is to determine τ explicitly.
In this section we begin to investigate how the product m1m4 operates on 0.

Notation 11.1. We continue with all the notation and assumptions in Hypothesis 9.1.
Let R4 as in Notation 2.4. We set R= R4 and

R× = {(a, t) ∈ R | q(π(a)+ tε) 6= 0}.

Observations 11.2. By Conventions 1.2 and (7.5),

x4(v)x1(a, t)= x1(a, t)x2(θ(a, v)+ tv)x3
(
av, tq(v)+φ(a, v)

)
x4(v)

for all (a, t)∈R and all v ∈ L . Replacing v by−v in this identity and applying (C1)
and [Weiss 2006b, 4.14], we thus conclude that

x1(a, t)x4(v)= x4(v)x1(a, t)x2(−θ(a, v)− tv)x3
(
−av, tq(v)+φ(a, v)

)
for all (a, t) ∈ R and all v ∈ L . By Conventions 1.2 and (7.5), we also have

x3(b, s)x1(a, t)= x1(a, t)x3(b, s)x2(h(a, b))
and

x1(a, t)x3(b, s)= x3(b, s)x1(a, t)x2(−h(a, b))

for all (a, t), (b, s) ∈ R and

x4(v)x2(u)= x2(u)x4(v)x3(0, f (u, v))
and

x2(u)x4(v)= x4(v)x2(u)x3(0,− f (u, v))

for all u, v ∈ L .
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Using these observations, we now calculate that

(11.3) x1(a, t)x2(u)x3(b, s)x4(v)

= x4(v)x1(a, t)x2(−θ(a, v)− tv+ u)

· x3
(
b− av, tq(v)+φ(a, v)+ s− f (u, v)− g(b, av)

)
and

(11.4) x4(v)x1(a, t)x2(u)x3(b, s)

= x1(a, t)x2(θ(a, v)+ tv+ u)

· x3
(
b+ av, tq(v)+φ(a, v)+ f (u, v)+ s+ g(b, av)

)
x4(v)

for all (a, t), (b, s) ∈ R and for all u, v ∈ L .

Notation 11.5. Let 0 and A be as in Hypothesis 9.1, let 3 be the subgraph of 0
defined in [Mühlherr and Weiss ≥ 2020, 1.5.4] and let U+ = U[1,4] as defined in
Proposition 3.5(i). Thus 3 is the subgraph consisting of all the vertices and edges
of 0 that lie on an element of A containing the vertices w4 and w5.

Let 9 be the graph whose vertex set is the disjoint union of the set {w4, w5}, the
set of right cosets in U+ of the subgroups U4, U[3,4] and U[2,4] and the set of right
cosets in U+ of the subgroups U1, U[1,2] and U[1,3] and whose edge set consists of
the unordered pairs {w4, w5} as well as {U1g,U4g},

{w4,U[1,3]g}, {U[1,3]g,U[1,2]g}, {U[1,2]g,U1g}

and {w5,U[2,4]g}, {U[2,4]g,U[3,4]g}, {U[3,4]g,U4g}

for all g ∈U+. By [Mühlherr and Weiss ≥ 2020, 1.5.8], there is a unique isomor-
phism from9 to3 that sendsw4 tow4,w5 tow5,wg

i to U[1,i]g andwg
5+i to U[1+i,4]g

for i = 1, 2, 3 and for all g ∈ U+. We identify 3 with 9 via this isomorphism.
Note that with this identification, the set wU

0 that appears in Notation 10.7 is now
{U4g | g ∈ U}.

Proposition 11.6. Let g ∈U+. The following hold:

(i) For all (b, s) ∈ R and all u, v ∈ L , the vertex

U1x2(u)x3(b, s)x4(v)

of 3 is adjacent to the vertex U4g if and only if U4g equals

U4x1(a, t)x2
(
−θ(a, v)− tv+u

)
x3
(
b−av, tq(v)+φ(a, v)+s− f (u, v)−g(b, av)

)
for some (a, t) ∈ R.

(ii) For all (a, t), (b, s) ∈ R and all u ∈ L , the vertex

U4x1(a, t)x2(u)x3(b, s)
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of 3 is adjacent to the vertex U1g if and only if U1g equals

U1x2
(
θ(a, v)+ tv+ u

)
x3
(
b+ av, tq(v)+φ(a, v)+ f (u, v)+ s+ g(b, av)

)
x4(v)

for some v ∈ L.

Proof. Let e ∈U+. The vertices of 3 adjacent to U1e are U[1,2]e and U4x1(a, t)e
for all (a, t) ∈R and the vertices of 3 adjacent to U4e are U[3,4]e and U1x4(v)e for
all v ∈ L . The two claims hold, therefore, by (11.3) and (11.4). �

Proposition 11.7. Let z be a vertex of 0. There exists a root (v0, v1, v2, v3, v4)

such that v0 = w4, v1 = w5 and v4 = z if and only if z is a vertex of 3 of the form
U4g for some g ∈U[1,3].

Proof. It suffices to observe that if z =U4g for some g ∈U[1,3], then(
w4, w5,U[2,4]g,U[3,4]g,U4g

)
is a root. �

Proposition 11.8. Let R× be as in Notation 11.1, let

O=
{
U4x1(a, t)x2(u)x3(b, s) | (a, t), (b, s) ∈ R, u ∈ L

}
,

B=
{
U4x1(a, t)x2(u)x3(b, s) ∈ O | (a, t) ∈ R×

}
,

and let p =U4x1(a, t)x2(u)x3(b, s) ∈ O. Then pm1m4 ∈ O if and only if p ∈B.

Proof. Let α denote the sequence of vertices(
U[2,4], w5, U[2,4]x1(a, t), U[3,4]x1(a, t)x2(u), U4x1(a, t)x2(u)x3(b, s)

)
.

The sequence α is a root (i.e., a straight path of length 4 in 0) if and only if the
vertices U[2,4] and U[2,4]x1(a, t) are opposite at w5. By [Mühlherr and Weiss 2020,
9.12], U[2,4] and U[2,4]x1(a, t) are opposite at w5 if and only if p ∈ B. Thus the
sequence αm1m4 (which starts at w4 and ends at pm1m4) is a root if and only if p ∈B.
Every root starting at w4 ends at a vertex in O. Thus if p ∈B, then pm1m4 ∈ O. By
[Mühlherr and Weiss ≥ 2020, 1.2.28(ii) and 1.3.18], every path of length at most 4
from w4 to a vertex in O is a root. Thus if pm1m4 ∈ O, then p ∈B. �

12. The action of m1m4 on the set B

The main result of this section is Proposition 12.15.

Proposition 12.1. Let (a, t) ∈ R×, u ∈ L and (b, s) ∈ R. Then the image of the
vertex

p :=U4x1(a, t)x2(u)x3(b, s)

of 3 under m1 is the vertex

U4x1(a0, t0)x2(u0)x3(b0, s0),
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where

(i) a0 = q(π(a)+ tε)−1a
(
π(a)+ (Q(a)− t)ε

)
,

(ii) t0 = q(π(a)+ tε)−1(Q(a)− t),

(iii) u0 = q(π(a)+ tε)−1θ(a, u)+ t0u,

(iv) b0 = b+ a0u, and

(v) s0 = t0q(u)+φ(a0, u)+ g(b, a0u)+ s.

Proof. By Proposition 11.8, there exist elements (a0, t0), (b0, s0) ∈ R and u0 ∈ L
such that pm1 =U4x1(a0, t0)x2(u0)x3(b0, s0). By Proposition 11.6(ii), p is adjacent
to the vertex

qv :=U1x2(ẑv)x3(b+ av, ŝv)x4(v)

for all v ∈ L , where

ẑv = θ(a, v)+ tv+ u and ŝv = tq(v)+φ(a, v)+ f (u, v)+ s+ g(b, av).

By Proposition 7.16(ii), the identity f (θ(a, v), v)= Q(a)q(v) and the fact that Q
is identically zero if char(K ) 6= 2 (by [Weiss 2006b, 4.1(i)]), the element m1 maps
qv to

U1x2(v)x3(b+ av, t̂v)x4(−ẑv)

for all v ∈ L , where

t̂v =−tq(v)+φ(a, v)+ s+ g(b, av)+ Q(a)q(v).

Since p and qv are adjacent for all v, so are their images under m1. Therefore, by
Proposition 11.6(i),

(12.2) u0 = θ(a0, ẑv)+ t0 ẑv + v

as well as

(12.3) b0 = b+ av+ a0 ẑv

and

(12.4) s0 = t0q(ẑv)+φ(a0, ẑv)+ t̂v + f (ẑv, v)+ g(b+ av, a0 ẑv)

for all v ∈ L . Setting v = 0 in (12.3) and (12.4), we conclude that (iv) and (v) hold.
Setting v = ε in (12.3), it follows from (iv) that

a+ a0(π(a)+ tε)= 0.

Thus (i) holds.
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We have q(π(a)+ (Q(a)− t)ε)= q(π(a)+ tε) and hence

θ(a0, ẑv)= q(π(a)+ tε)−2θ
(
aπ(a)+ (Q(a)− t)a, ẑv

)
= q(π(a)+ tε)−1θ(a, ẑv)

for all v ∈ L by (i) and Proposition A.4(i). By (12.2), therefore,

(12.5) u0 = q(π(a)+ tε)−1θ(a, ẑv)+ t0 ẑv + v

for all v ∈ L . Setting v = 0 in (12.5), we conclude that (iii) holds. Setting v = ε in
(12.5), we obtain

u0 = q(π(a)+ tε)−1θ(a, π(a)+ tε+ u)+ t0(π(a)+ tε+ u)+ ε.

By [Weiss 2006b, 4.21], we have θ(a, π(a)) = Q(a)π(a)− q(π(a))ε. By (iii),
therefore,

−q(π(a)+ tε)t0(π(a)+ tε)= θ(a, π(a))+ tπ(a)+ q(π(a)+ tε)ε

= (t + Q(a))(π(a)+ tε).

Since π(a)+ tε 6= 0, we conclude that (ii) holds. �

Corollary 12.6. Let (a, t)∈R×, u ∈ L and (b, s)∈R. Then the image of the vertex

p :=U4x1(a, t)x2(u)x3(b, s)

of 3 under m1m4 is the vertex

U4x1(a1, t1)x2(u1)x3(b1, s1),

where

(i) a1 = b+ a0u,

(ii) t1 =−q(π(a)+ tε)−1(t + Q(a))q(u)+φ(a0, u)+ g(b, a0u)+ s,

(iii) u1 =−h(b+ a0u, a0)+ q(π(a)+ tε)−1
(
(t + Q(a))ū− θ(a, u)

)
,

(iv) b1 =−a0,

(v) s1 =−q(π(a)+ tε)−1(t + Q(a)),

and a0 = q(π(a)+ tε)−1a
(
π(a)+ (Q(a)− t)ε

)
.

Proof. First apply Proposition 12.1 and then apply Proposition 7.16(i). �

Notation 12.7. Let (a, t), (b, s) ∈ R and u ∈ L . We set

P = π(a)+ rε and ρ = q(P), where r = Q(a)− t.

Note that P =−(π(a)+ tε) and hence

(12.8) ρ = q(π(a)+ rε)= q(π(a)+ tε).
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We then set

(12.9) v = θ(a, u)+ ru.

Thus av = a Pu by (D1) and

(12.10) θ(a, v)= θ(a, θ(a, u))+ rθ(a, u)

=−q(π(a))u+ (Q(a)+ r)θ(a, u)

=−q(π(a))u− tθ(a, u)

by (12.9) and [Weiss 2006b, 4.1(i) and 4.21].

Proposition 12.11. Let (a, t), u, P be as in Notation 12.7. Then

h(a P, au)=
(
Q(a)t + 2q(π(a))

)
u+ (Q(a)− 2t)θ(a, u).

Proof. We have

h(a P, au)= h(a, a Pu)+ f (h(a P, a), ε)u

= h(a, av)+ f (h(a, a), P)u,

where v is as in Notation 12.7. Thus

h(a P, au)= 2
(
θ(a, v)+ f (π(a), P)u

)
= 2

(
−q(π(a))u− tθ(a, u)+ 2q(π(a))u

)
= 2

(
q(π(a))u− tθ(a, u)

)
by [Weiss 2006b, 4.1(i) and (iii) and 4.5(i)] if char(K ) 6= 2 and

h(a P, au)= Q(a)(v+ Q(a)u)

= Q(a)(θ(a, u)+ tu)

by [Weiss 2006b, 3.15 and 3.16] if char(K )= 2. �

Proposition 12.12. Let (a, t), u, P, v be as in Notation 12.7. Then

h(a P, av)= ρ
(
Q(a)u+ 2θ(a, u)

)
= ρh(a, au).

Proof. Replacing u by v in Proposition 12.11, we obtain the first equality. The
second equality follows by [Weiss 2006b, 3.15, 3.16 and 4.5(i)]. �

Lemma 12.13. Let (a, t), u, b, u1 be as in Corollary 12.6. Then

u1 = ρ
−1(h(a P, b)+ t ū+ θ(a, u)

)
,

where P is as in Notation 12.7.
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Proof. By Corollary 12.6(iii), we have

ū1 = ρ
−2h(a P, ρb+ av)+ ρ−1((t + Q(a))u− θ(a, u)

)
,

where v is as in Notation 12.7. The claim holds, therefore, by Proposition 12.12. �

Lemma 12.14. φ(a P, u)= φ(a, v)= ρφ(a, u).

Proof. This holds by Proposition A.4(ii) and the last display on page 119 of [Tits
and Weiss 2002]. �

Proposition 12.15. Let (a, t), u, (b, s), (a1, t1), u1, (b1, s1) be as in Corollary 12.6
and let r = Q(a) − t , P = π(a) + rε, ρ = q(P) and v = θ(a, u) + ru as in
Notation 12.7. Then the following hold:

(i) a1 = ρ
−1(ρb+ av).

(ii) t1 = ρ−1
(
rq(u)+φ(a, u)+ g(b, av)+ ρs

)
.

(iii) ū1 = ρ
−1
(
h(a P, b)+ tu+ θ(a, u)

)
.

(iv) b1 =−ρ
−1a P.

(v) s1 = ρ
−1r .

Proof. This holds by Lemma 12.13 and Lemma 12.14. �

13. Some more identities

In this section, we suppose that (a, t), u, (b, s), r, P, ρ, v are as in Notation 12.7
and Proposition 12.15 and assemble a number of identities we will need in the next
few sections.

Proposition 13.1. θ(a, v)+ tv =−ρu.

Proof. This holds by (12.9) and (12.10). �

Proposition 13.2. q(h(b, av))= ρq(h(a, bu))= ρq(h(b, au)).

Proof. By Proposition A.4(iii), we have

ρh(a, bu)= θ(a, h(a P, bu))+ rh(a P, bu).

We have ρ = q(P). Hence

ρ2q(h(a, bu))= q
(
θ(a, h(a P, bu))

)
+ r f

(
θ(a, h(a P, bu)), h(a P, bu)

)
+ r2q(h(a P, bu))

= q(π(a))q(h(a P, bu))+ r Q(a)q(h(a P, bu))+ r2q(h(a P, bu))

= ρq(h(a P, bu))

by [Weiss 2006b, 4.9(i) and 4.22]. Thus q(h(a P, bu))= ρq(h(a, bu)). By (D1),
therefore, q(h(b, av))= q(h(b, a Pu)= q(h(a P, bu))= ρq(h(a, bu)). The other
equality holds by Proposition A.7. �
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Proposition 13.3. φ(a, P)= 0.

Proof. By Proposition A.4(ii) and [Weiss 2006b, (4.14)], φ(a, P)= φ(a P, ε) and
by [Weiss 2006b, 4.5(iii) and (4.13)], φ(a P, ε)= 0. �

Proposition 13.4. q(v)= ρq(u).

Proof. This holds by Proposition A.3(i). �

Proposition 13.5. Q(au)= Q(a)q(u).

Proof. By [Weiss 2006b, 4.1(i)], Q is identically zero if char(K ) 6= 2. The claim
holds, therefore, by [Weiss 2006b, 3.21]. �

Proposition 13.6. Q(av)= ρQ(a)q(u).

Proof. This holds by Propositions 13.4 and 13.5. �

Lemma 13.7.

f (θ(a, v), w)v− f (w, v)θ(a, v)= ρ
(

f (θ(a, u), w)u− f (w, u)θ(a, u)
)

for all w ∈ L .

Proof. This holds by (12.9) and (12.10). �

Lemma 13.8. θ(av,w)= ρθ(au, w) for all w ∈ L.

Proof. By (C4), Lemma 12.14, Proposition 13.4 and Lemma 13.7, we have

θ(av,w)= ρ
(
q(u)θ(a, w̄)+φ(a, u)w̄

)
+ f (θ(a, v), w̄)v− f (v, w̄)θ(a, v)

= ρ
(
q(u)θ(a, w̄)+φ(a, u)w̄+ f (θ(a, u), w̄)u− f (v, w̄)θ(a, u)

)
= ρθ(au, w)

for all w ∈ L . �

Proposition 13.9. Let ω = f
(
h(b, av), π(au)

)
+ f (h(b, av), ε)φ(a, u). Then

ω = q(u)
(

f
(
h(a, b), θ(a, v)

)
+ Q(a) f (h(a, b), v)

)
.

Proof. By [Weiss 2006b, 3.6] and Proposition A.1, we have

f
(
h(b, av), π(au)

)
=− f

(
h(av, b), π(au)

)
=− f

(
h(av, b), q(u)π(a)− f (u, ε)θ(a, u)

+ f (θ(a, u), ε)v+φ(a, u)ε
)

and thus

(13.10) ω =−q(u) f (h(av, b), π(a))+ f (u, ε) f (h(av, b), θ(a, u))
− f (θ(a, u), ε) f (h(av, b), u)

=−q(u) f (h(avπ(a), b), ε)+ f (u, ε) f (h(avθ(a, u), b), ε)
− f (θ(a, u), ε) f (h(avu, b), ε).
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By (A3), (D1) and [Weiss 2006b, 3.8 and 4.9(i)], we have

(13.11) avπ(a)= a
(

f (v, ε)ε− v̄
)
π(a)

= f (v, ε)aπ(a)− av̄π(a)

= f (v, ε)aπ(a)+ aπ(a)v− f (π(a), v)a

= f (v, ε)aπ(a)− aπ(a)v+ Q(a)av− f (π(a), v)a

= f (v, ε)aπ(a)− aθ(a, v)+ Q(a)av− f (π(a), v)a
and

(13.12) avu =−avū+ f (u, ε)av

=−q(u)a P + f (u, ε)av

as well as

avθ(a, u)= f
(
θ(a, u), ε

)
av− avθ(a, u)

= f
(
θ(a, u), ε

)
av+ aθ(a, u)v̄− f

(
θ(a, u), v

)
a

= f
(
θ(a, u), ε

)
av+ aθ(a, u)

(
θ(a, u)+ r ū

)
− f

(
θ(a, u), v

)
a

= f
(
θ(a, u), ε

)
av+ q(θ(a, u))a+ raθ(a, u)ū− f

(
θ(a, u), v

)
a

= f
(
θ(a, u), ε

)
av+ q(π(a))q(u)a+ rq(u)aπ(a)− f

(
θ(a, u), v

)
a.

Since

f
(
θ(a, u), v

)
= f

(
θ(a, u), θ(a, u)

)
+ r f

(
θ(a, u), u

)
= 2q(θ(a, u))+ Q(a)q(u)r = q(u)

(
2q(π(a))+ Q(a)

)
,

it follows that

(13.13) avθ(a, u)= f
(
θ(a, u), ε

)
av− q(π(a))q(u)a− raπ(a).

By (13.10)–(13.13) and some calculation, we conclude that

ω = q(u)
(

f
(
h(aθ(a, v), b), ε

)
+ Q(a) f (h(av, b), ε)

)
.

The claim follows now by (B3). �

Lemma 13.14. bθ(a, v)v̄ = ρbθ(a, u)ū.

Proof. We have

bθ(a, v)v̄

=−b
(
q(π(a))u+ tθ(a, u)

)(
θ(a, u)+ r ū

)
=−

(
q(u)rq(π(a))+ tq(θ(a, u))

)
b− q(π(a))buθ(a, u)− r tbθ(a, u)ū

= Q(a)q(u)q(π(a))b+
(
q(π(a))− r t

)
bθ(a, u)ū− q(π(a)) f (θ(a, u), u)b

=
(
q(π(a))− r t

)
bθ(a, u)ū = ρθ(a, u)ū
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by (12.9) and (12.10). �

Lemma 13.15. The following holds:

avh(av, b)= ρ
(
q(u)ah(a, b)+ q(u)bπ(a)− bθ(a, u)ū

)
.

Proof. By [Weiss 2006b, 3.22], we have

avh(av, b)=−ah(av, b)v̄+ f (h(av, b), v)a

= ah(b, av)v̄− f (h(b, av), v)a

= ah(a, bv)v̄+ f (h(b, a), ε)avv̄− f (h(b, avv̄), ε)a

= ah(a, bv)v̄

= ah(a, b)vv̄+
(
bπ(a)v− bθ(a, v)

)
v̄

= q(v)ah(a, b)+ q(v)bπ(a)− bθ(a, v)v̄.

The claim holds, therefore, by Proposition 13.4 and Lemma 13.14. �

Lemma 13.16. f
(
θ(a, u), h(a P, b)

)
= f

(
h(a, b), θ(a, v)

)
.

Proof. By [Weiss 2006b, 4.20], we have

a Pθ(a, u)= aπ(a)θ(a, u)+ raθ(a, u)

=−aπ(a)θ(a, u)− taθ(a, u)

=−q(π(a))au− taθ(a, u)= aθ(a, v).

The claim follows by (B3). �

14. The form 2

In this section, we prove the following result:

Proposition 14.1. Let (a, t), u, (b, s), (a1, t1), ρ, r, v be as in Proposition 12.15
and let

(14.2) 2(a, t, u, b, s)= ρq(π(a1)+ t1ε).

Then

(14.3) 2(a, t, u, b, s)= ρq(π(b)+ sε)+ q(h(a, bu))+ q(u)2

− q(u) f (h(a, b), u)+
(
s Q(a)+ t Q(b)

)
q(u)

+ f (u, ε) f
(
θ(a, u), π(b)

)
− f (θ(a, u), ε) f (u, π(b))

− f
(
h(a, b), θ(b, v̄)+ sv

)
− q(u) f

(
π(a), π(b)

)
− 2stq(u).
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Proof. Let

z = π(ρb+ av)+ ρ
(
rq(u)+φ(a, u)+ g(b, av)+ ρs

)
ε.

Thus
ρ32(a, t, u, b, s)= ρ4q(π(a1)+ t1ε)= q(z)

by Proposition 12.15. By (C3) and Lemma 13.8, we have

z = ρ2π(b)+ ρh(b, av)+π(av)+ ρ
(
φ(a, u)+ ρs+ rq(u)

)
ε

= ρ
(
ρπ(b)+ h(b, av)+π(au)+

(
φ(a, u)+ ρs+ rq(u)

)
ε
)
.

By Proposition A.3(ii), we have

q
(
π(au)+ rq(u)+φ(a, u)ε

)
= ρq(u)2.

By [Weiss 2006b, 4.5(iii)], Proposition 13.2 and Proposition 13.6, it follows that

(14.4) ρ−2q(z)= ρ2q(π(b))+ ρq(h(b, au))+ ρq(u)2+ ρ2s2

+ ρs Q(a)q(u)+ 2ρrsq(u)

+ ρ2 Q(b)s+ ρ f
(
π(b), h(b, av)

)
+ ρ f

(
π(b), π(au)

)
+ ρQ(b)

(
φ(a, u)+ rq(u)

)
+ f

(
h(b, av), π(au)

)
+ f

(
h(b, av), ε

)
φ(a, u)

+
(
ρs+ rq(u)

)
f
(
h(b, av), ε

)
.

By Propositions 13.1 and 13.9, we have

f
(
h(b, av), π(au)

)
+ f

(
h(b, av), ε

)
φ(a, u)+ rq(u) f

(
h(b, av), ε

)
= q(u)

(
f
(
h(a, b), θ(a, v)

)
+ Q(a) f (h(a, b), v)− r f (h(a, b), v)

)
=−ρq(u) f

(
h(a, b), u).

Replacing 2ρrsq(u) by −2ρstq(u) in (14.4), we thus conclude that

(14.5) 2= ρ−3q(z)= ρq(π(b)+ sε)+ q(h(a, bu))+ rq(u)Q(b)+ Q(a)q(u)s

− 2stq(u)+ f
(
π(b), h(b, av)

)
+ s f

(
h(b, av), ε

)
+ f

(
π(b), π(au)

)
+φ(a, u)Q(b)

+ q(u)2− q(u) f
(
h(a, b), u

)
.

By (B3), (D1) and [Weiss 2006b, 3.6 and 3.7], we have

f
(
π(b), h(b, av)

)
+ s f

(
h(b, av), ε

)
= f

(
h(b(π(b)+ sε)v̄, a), ε

)
=− f

(
h(a, b), θ(b, v̄)+ sv

)
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and by (C4), we have

f
(
π(b), π(au)

)
+ Q(b)φ(a, u)

= f
(
π(b), q(u)π(a)− f (u, ε)θ(a, u)+ f (θ(a, u), ε)u

)
=−q(u) f (π(a), π(b))+ q(u)Q(a)Q(b)+ f (u, ε) f (π(b), θ(a, u))

− f (θ(a, u), ε) f (π(b), u).

By (14.5), therefore, 2(a, t, u, b, s) is as in (14.3). �

Remark 14.6. Note that a1 and t1 are only defined under the assumption that ρ is
nonzero. In particular, we cannot conclude from (14.2) that ρ = 0 implies that the
expression 2(a, t, u, b, s) in (14.3) is zero (and, in fact, this is clearly not true).

15. The smallest F4-cases

We interrupt our calculations to make a few remarks about the case that 1 =
F4(C, K ) and either char(K ) 6= 2 and C = K or char(K )= 2 and C/K is a field
extension such that C2

⊂ K . By Theorem 7.4(vi), dimK L = 5 if char(K ) 6= 2
and f is degenerate if char(K )= 2. If char(K ) 6= 2, then by [Mühlherr and Weiss
2019, 5.10], 4 is isotopic to the quadrangular algebra Q4(C, K ) defined in [loc. cit,
4.12] and hence by [loc. cit, 4.13 and 10.5], q(π(a)) = 0 and aπ(a) = 0 for all
a ∈ X. (If the composition of q and π is identically zero in one isotope of 4,
then by [Mühlherr and Weiss 2019, 5.3; Weiss 2006b, 8.7], it is identically zero
in all isotopes of 4.) By [Mühlherr and Weiss 2019, 8.1(i), 8.5 and 9.2], we have
Q(a)= 0 and f (h(a, b), u)= 0 for all a, b ∈ X and all u ∈ L if char(K )= 2.

Proposition 15.1. Suppose that char(K ) 6= 2 and aπ(a)= 0 for all a ∈ X and let
2=2(a, t, u, b, s) be as in (14.3). Then

2=
(
st + 1

2 f (h(a, b), u)− q(u)
)2

for all (a, t) ∈ R×, u ∈ L and (b, s) ∈ R.

Proof. Choose (a, t) ∈ R×, u ∈ L and (b, s) ∈ R. By (14.2), we have 2= (t t1)2,
where

t1 = t−1(st − g(b, au)− q(u)
)
.

The claim holds, therefore, since

g(b, au)= 1
2 f
(
h(b, au), ε

)
by [Weiss 2006b, 4.1(i) and (4.3)]

=
1
2 f
(
h(b, au), ε̄

)
by [Weiss 2006b, 1.4]

=−
1
2 f
(
h(au, b), ε

)
by [Weiss 2006b, 3.6]

=−
1
2 f
(
h(a, b), u

)
by (B3). �
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Remark 15.2. Suppose that char(K ) 6= 2 and that aπ(a) = 0 for all a ∈ X. By
(A3), we have q(π(a))= 0 for all a ∈ X. By (B3), we have f

(
π(b), h(b, av)

)
=

f (
(
h(bπ(b), av), ε

)
= 0. Similarly, we have

f
(
π(au), h(au, b)

)
= f

(
h(auπ(au), b), ε

)
= 0

and f
(
π(b), h(au, b)

)
=− f

(
h(au, bπ(b), ε

)
=0. By [Weiss 2006b, 4.1(i) and 4.3],

we have
g(au, b)= 1

2 f
(
h(a, b), u

)
and by Proposition A.7, q(h(au, b))= q(h(a, bu)). Applying (C3) to π(au+ b)
and then applying q to both sides of this equation, we find thus that

q
(
h(a, bu)

)
+ f

(
π(au), π(b)

)
=

1
4 f
(
h(a, b), u

)2
.

With these observations, Proposition 15.1 can be confirmed directly from (14.5).

Proposition 15.3. Suppose that f (h(a, b), X)= 0 and Q(a)= 0 for all a, b ∈ X
and that char(K )= 2 and let 2=2(a, t, u, b, s) be as in (14.3). Then

2= q(π(a)+ tε)q(π(b)+ sε)+ q(h(a, bu))+ f
(
π(au), π(b)

)
+ q(u)2

for all (a, t) ∈ R×, u ∈ L and (b, s) ∈ R.

Proof. This holds by (14.5). �

16. The element (m1m4)
2

Let (a, t), (a1, t1) ∈ R×, u ∈ L and (b, s) ∈ R be as in Proposition 12.15 and let
2=2(a, t, u, b, s) be as in Proposition 14.1.

Notation 16.1. Suppose that 2 6= 0. Thus by (14.2), q(π(a1) + t1ε) 6= 0. By
Proposition 12.15 applied to the image of the vertex p under m1m4, it follows that
there exist (a2, t2), (b2, s2) ∈ R and u2 ∈ L such that

U4x1(a2, t2)x2(u2)x3(b2, s2)

is the image of the vertex

p :=U4x1(a, t)x2(u)x3(b, s)

of 3 under (m1m4)
2.

The expressions we obtain for a2, . . . , s2 by applying Proposition 12.15 have
ρ−12 in the denominator and, in various places, negative powers of ρ appear in the
numerator. Our goal for the rest of this section is to obtain expressions for s2 and
b2 in which all the negative powers of ρ have been eliminated. In the following
two sections, we do the same for u2.
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Notation 16.2. Let r = Q(a)− t , P = π(a)+ rε, ρ = q(P) and v = θ(a, u)+ ru
as in Notation 12.7.

Proposition 16.3. Let s2 be as in Notation 16.1. Then

s2 =
tq(u)− ρs+ g(av, b)+φ(a, u)+ ρQ(b)

2
.

Proof. By Proposition 12.15 and (14.2), we have s2 = z/2, where

z =−rq(u)+φ(a, u)− g(b, av)− ρs+ ρ−1 Q(ρb+ av).

If char(K ) 6= 2, then φ and Q are identically zero and by [Weiss 2006b, 4.4
and 4.5(ii)], g is alternating, so the claim holds. We can assume, therefore, that
char(K )= 2. Then

ρ−1 Q(ρb+ av)= ρQ(b)+ ρ−1 Q(av)+ f (h(b, av), ε)

= ρQ(b)+ Q(a)q(u)+ f (h(b, av), ε)

by (C3) and Proposition 13.6. By Notation 2.2 and [Weiss 2006b, 4.3], we have

g(b, av)+ f (h(b, av), ε)= f (h(b, av), δ+ ε)

= f (h(b, av), δ̄)

= f (h(av, b), δ)= g(av, b),

where δ is as in Theorem 7.4(i). Thus the claim holds also in this case. �

Proposition 16.4. Let b2 be as in Notation 16.1. Then

b2 =
y
2
,

where

y = q(u)a
(
u−h(a, b)

)
+ (ρb+av)

(
π(b)+ sε

)
−būθ(a, u)−bh(av, b)− tq(u)b

Proof. By Proposition 12.15 and (14.2), we have

(16.5) b2 =
−(ρb+ av)z

ρ22
,

where

z = π(ρb+ av)+
(
Q(ρb+ av)− ρrq(u)+ ρφ(a, u)− ρg(b, av)− ρ2s

)
ε.

By (C3), we have

π(ρb+ av)= ρ2π(b)+π(av)+ ρ
(
h(b, av)− g(b, av)ε

)
.

If char(K ) 6= 2, then Q is identically zero and

2g(b, av)= f (h(b, av), ε)
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by [Weiss 2006b, 4.1(iii) and 4.3]. If char(K )= 2, then

Q(ρb+ av)= ρ2 Q(b)+ Q(av)+ ρ f (h(b, av), ε).

Thus

π(ρb+ av)+ Q(ρb+ av)ε− ρg(b, av)ε

= ρ2π(b)+π(av)+ ρh(b, av)+
(
ρ2 Q(b)+ Q(av)− ρ f (h(b, av), ε)

)
ε

= ρ2π(b)+π(av)− ρh(b, av)+
(
ρ2 Q(b)+ Q(av)

)
ε

= ρ2π(b)+π(av)+ ρh(av, b)+
(
ρ2 Q(b)+ Q(av)

)
ε

in all characteristics. By Proposition 13.6, we have

Q(av)− ρrq(u)= ρ(Q(a)− r)q(u)= ρtq(u).

Thus

(16.6) z= ρ2π(b)+π(av)+ρh(av, b)+
(
ρ2 Q(b)+ρtq(u)+ρφ(a, u)−ρ2s

)
ε.

Hence

(16.7)
ρbz
ρ22
=

bz1

2
+

bπ(av)
ρ2

,

where

z1 = ρπ(b)+ h(av, b)+
(
ρQ(b)+ tq(u)+φ(a, u)− ρs

)
ε.

By Lemma 12.14, and Propositions 13.4 and A.2, we have

avπ(av)= q(v)aθ(a, v)+φ(a, v)av

= ρ
(
q(u)aθ(a, v)+φ(a, u)av

)
and by Proposition 13.1, we have

aθ(a, v)+ tav =−ρau.

By (16.6), therefore,

(16.8)
avz
ρ22
=

avπ(b)+ (Q(b)− s)av− q(u)au
2

+
avh(av, b)

ρ2
.

By Lemma 13.8, we have bπ(av) = ρbπ(au). By Lemma 13.15, and Equa-
tions (16.5), (16.7) and (16.8), it follows that

b2 =−
y1

2
,
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where

y1 = ρbπ(b)+ bh(av, b)+
(
ρQ(b)+ tq(u)+φ(a, u)− ρs

)
b+ bπ(au)

+ avπ(b)+ (Q(b)− s)av− q(u)au+ q(u)ah(a, b)

+ q(u)bπ(a)− bθ(a, u)ū.

Next note that

bπ(au)+φ(a, u)b = q(u)bπ(a)− f (u, ε)bθ(a, u)+ f
(
θ(a, u), ε

)
bū

by Proposition A.1 and

− f (u, ε)bθ(a, u)+ f
(
θ(a, u), ε

)
bū− bθ(a, u)ū

=− f (u, ε)bθ(a, u)+ bθ(a, u)ū

=−bθ(a, u)u.

Hence

bπ(au)+φ(a, u)b− bθ(a, u)ū+ q(u)bπ(a)= q(u)Q(a)b− bθ(a, u)u

= būθ(a, u)

by [Weiss 2006b, 4.9(i)]. Therefore

b2 =−
y2

2
,

where

y2 = q(u)a
(
h(a, b)− u

)
+ avπ(b)+ (Q(b)− s)av+ būθ(a, u)

+ ρbπ(b)+ bh(av, b)+
(
ρ(Q(b)− s)+ tq(u)

)
b

Since

bπ(b)+ Q(b)b− sb =−b(π(b)+ sε)

and

avπ(b)+ Q(b)av− sav =−av(π(b)+ sε),

the claim holds. �

17. The element u2, part I

Our next goal is to prove Proposition 18.8. In this section, we begin the proof. We
continue to assume that (a, t), (b, s), (a1, t1), u, r = Q(a)− t , P = π(a)+ rε,
ρ= q(P) and v= θ(a, u)+ru are as in Proposition 12.15, that2=2(a, t, u, b, s)
is as in Proposition 14.1, that 2 6= 0 and that u2 is as in Notation 16.1.
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Proposition 17.1. The following holds:

h
(
a P, bh(av, b)

)
= ρ

(
h(b, ah(au, b))+ f (h(a, b), ε)h(au, b)

)
+ f

(
h(a, b), v

)
h(aπ(a), b)

+
(

f
(
h(a, b), θ(a, v)

)
+ Q(a) f (h(a, b), v)

)
h(a, b).

Proof. We have

h(a P, bh(av, b))
= h(b, a Ph(av, b))+ f (h(a P, b), ε)h(av, b)

= h
(
b, aθ(a, h(av, b))

)
+ rh

(
b, ah(av, b)

)
+ f

(
h(a, b), P

)
h(av, b)

and by Proposition A.6(iii), we have

h
(
b, aθ(a, h(av, b))

)
=− f

(
h(a, b), ε

)
h
(
b, aθ(a, v)

)
− f

(
h(b, a), π(a)

)
h(b, av)

+ Q(a)h
(
b, ah(av, b)

)
+ h

(
b, ah(aθ(a, v), b)

)
+ f

(
h(a, b), v

)
h
(
b, aπ(a)

)
.

Thus by (12.9) and (12.10), we have

h
(
b, aθ(a, h(av, b))

)
= q(π(a)) f

(
h(a, b), ε

)
h(b, au)+ t f

(
h(a, b), ε

)
h
(
b, aθ(a, u)

)
− f

(
h(b, a), π(a)

)
h
(
b, aθ(a, u)

)
− r f

(
h(b, a), π(a)

)
h(b, au)

+ Q(a)h
(
b, ah(aθ(a, u), b)

)
+ Q(a)rh

(
b, ah(au, b)

)
− q(π(a))h

(
b, ah(au, b)

)
− th

(
b, ah(aθ(a, u), b)

)
+ f

(
h(a, b), v

)
h
(
b, aπ(a)

)
as well as

rh
(
b, ah(av, b)

)
= rh

(
b, ah(aθ(a, u), b)

)
+ r2h

(
b, ah(au, b)

)
and

f
(
h(a, b), P

)
h(av, b)

= N
(
h(aθ(a, u), b)+ rh(au, b)

)
= N

(
h(b, aθ(a, u))+ f

(
h(aθ(a, u), b), ε

)
ε+ rh(b, au)+ r f (h(au, b), ε)ε

)
= N

(
h(b, aθ(a, u))+ f (h(a, b), v)ε+ rh(b, au)

)
,

where

N := f
(
h(a, b), π(a)

)
+ r f

(
h(a, b), ε

)
.



438 BERNHARD MÜHLHERR AND RICHARD M. WEISS

Next we observe that

Q(a)h
(
b, ah(aθ(a, u), b)

)
− th

(
b, ah(aθ(a, u), b)

)
+ rh

(
b, ah(aθ(a, u), b)

)
= r f

(
h(aθ(a, u), b), ε

)
h(b, a)

= r f
(
h(a, b), θ(a, u)

)
h(b, a)

= r f
(
h(a, b), θ(a, u)

)(
h(a, b)− f (h(a, b), ε)ε

)
and(
q(π(a)) f (h(a, b), ε)− r f

(
h(b, a), π(a)

)
+ Nr

)
h(b, au)

=
(
q(π(a)) f (h(a, b), ε)+ r f

(
h(a, b), π(a)

)
+ Nr

)
h(b, au)

=
(
q(π(a))+ r Q(a)+ r2) f

(
h(a, b), ε

)
h(b, au)

= ρ f (h(a, b), ε)h(b, au)

= ρ f (h(a, b), ε)
(
h(au, b)− f (h(au, b), ε)ε

)
as well as

Q(a)rh
(
b, ah(au, b)

)
− q(π(a))h

(
b, ah(au, b)

)
+ r2h

(
b, ah(au, b)

)
=
(
Q(a)r + q(π(a))+ r2)h(b, ah(au, b)

)
+
(
Q(a)r − q(π(a))

)
f
(
h(au, b), ε

)
h(b, a)

= ρh
(
b, ah(au, b)

)
+
(
Q(a)r − q(π(a))

)
f
(
h(a, b), u

)
h(a, b)

−
(
Q(a)r − q(π(a))

)
f
(
h(a, b), u

)
f
(
h(a, b), ε

)
ε.

We also have(
t f
(
h(a, b), ε

)
− f

(
h(b, a), π(a)

)
+ N

)
h
(
b, aθ(a, u)

)
=
(
t f
(
h(a, b), ε

)
+ f

(
h(a, b), π(a)

)
+ N

)
h
(
b, aθ(a, u)

)
=
(
t + r + Q(a)

)
f
(
h(a, b), ε

)
h
(
b, aθ(a, u)

)
= 0

and

f
(
h(a, b), v

)
h
(
b, aπ(a)

)
+ f

(
h(a, b), v

)
f
(
h(a, b), π(a)

)
ε

= f
(
h(a, b), v

)(
h
(
b, aπ(a)

)
− f

(
h(b, aπ(a)), ε

)
ε
)

= f
(
h(a, b), v

)
h
(
aπ(a), b

)
.

Finally, we observe that

rv− rθ(a, u)+
(
Q(a)r + q(π(a))

)
u = ρu
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by (12.9) and (12.10) and hence

r f
(
h(a, b), v) f

(
h(a, b), ε

)
− r f

(
h(a, b), θ(a, u)

)
f
(
h(a, b), ε

)
+
(
Q(a)r + q(π(a))

)
f
(
h(a, b), u

)
f
(
h(a, b), ε

)
= ρ f

(
h(a, b), u

)
f
(
h(a, b), ε

)
.

Assembling all these calculations, we obtain the desired formula. �

Proposition 17.2. The following holds:

h
(
a P, bh(b, av)

)
= ρ

(
h
(
b, ah(b, au)

)
+ f

(
h(a, b), ε

)
h(b, au)

)
.

Proof. We have

h
(
a P, bh(b, av)

)
= h

(
a P, bh(av, b)

)
+ f

(
h(b, av), ε

)
h(a P, b)

= h
(
a P, bh(av, b)

)
− f

(
h(a, b), v

)
h(a P, b)

= h
(
a P, bh(av, b)

)
− f

(
h(a, b), v

)(
h(aπ(a), b)+ rh(a, b)

)
and thus

h
(
a P, bh(b, av)

)
= ρ

(
h
(
b, ah(au, b)

)
+ f

(
h(a, b), ε

)
h(au, b)

)
+
(

f
(
h(a, b), θ(a, v)

)
+ t f

(
h(a, b), v

))
h(a, b).

by Proposition 17.1. By Proposition 13.1, we have

f
(
h(a, b), θ(a, v)

)
+ t f

(
h(a, b), v

)
=−ρ f

(
h(a, b), u

)
.

Hence

h
(
a P, bh(b, av)

)
= ρ

(
h
(
b, ah(au, b)

)
+ f

(
h(a, b), ε

)
h(au, b)− f

(
h(a, b), u

)
h(a, b)

)
= ρ

(
h
(
b, ah(au, b)

)
+ f

(
h(a, b), ε

)
h(b, au)− f

(
h(au, b), ε

)
h(b, a)

)
= ρ

(
f
(
h(a, b), ε

)
h(b, au)− h

(
b, ah(au, b)

))
and so the claim holds. �

Proposition 17.3. The following holds:

h
(
a P, būθ(a, u)

)
=−q(π(a))q(u)h(a, b)− f

(
h(a, b), θ(a, v)

)
u

− tq(u)h
(
aπ(a), b

)
+ f

(
h(a, b), v

)
θ(a, u).
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Proof. We have

h
(
a P, būθ(a, u)

)
= h

(
bū, a Pθ(a, u)

)
+ f

(
h(a P, bū), ε

)
θ(a, u)

= h
(
bū, a

(
θ(a, θ(a, u))+ rθ(a, u)

))
+ f

(
h(a, b), v

)
θ(a, u)

=h
(
bū, a

(
(Q(a)+r)θ(a,u)−q(π(a))u

))
+ f

(
h(a,b),v

)
θ(a,u)

= (Q(a)+ r)h
(
aπ(a), būu)+ (Q(a)+ r) f

(
h(bū, aπ(a)), ε)u

− q(π(a))h(a, būu)− q(π(a)) f (h(bū, a), ε)u

+ f
(
h(a, b), v

)
θ(a, u)

=−tq(u)h
(
aπ(a), b

)
+ t f

(
h(aπ(a), b), u)u

− q(u)q(π(a))h(a, b)+ q(π(a)) f (h(a, b), u)u

+ f
(
h(a, b), v

)
θ(a, u)

=−tq(u)h
(
aπ(a), b

)
− f

(
h(a, b), θ(a, v)

)
u

− q(u)q(π(a))h(a, b)+ f
(
h(a, b), v

)
θ(a, u).

�

Proposition 17.4. The following holds:

h
(
a P, ah(a, b)

)
=
(
Q(a)+ 2t

)
h(aπ(a), b)+

(
Q(a)r + 2q(π(a))

)
h(a, b).

Proof. Set u = h(a, b) in Proposition 12.11 and then apply Proposition A.6(i). �

Proposition 17.5. The following holds:

h
(
a P, bh(b, a P)u

)
= ρh

(
bū, ah(a, b)

)
.

Proof. We have

h(av, bū)= h(a Pu, bū)= h(b, a Puū)+ f
(
h(a Pu, b), ε)ū

= q(u)h(b, a P)+ f
(
h(a, b), v

)
ū

and thus
q(u)h(b, a P)= h(av, bū)− f

(
h(a, b), v)ū.

Hence

q(u)h
(
a P, bh(b, a P)u

)
= h

(
a P, bh(av, bū)u

)
− q(u) f

(
h(a, b), v

)
h(a P, b)

=−h
(
a P, būh(av, bū)

)
+ f

(
h(av, bū), ū)h(a P, b)

− q(u) f
(
h(a, b), v

)
h(a P, b).

Since
f
(
h(av, bū), ū

)
= f

(
h(av, bū · u), ε

)
= q(u) f

(
h(a, b), v

)
,

it follows that

q(u)h
(
a P, bh(b, a P)u

)
= h

(
a P, būh(bū, av)

)
.
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Replacing b by bū in Proposition 17.2, we thus obtain

q(u)h
(
a P, bh(b, a P)u

)
= ρ

(
h
(
bū, ah(bū, au)

)
+ f

(
h(a, bū), ε

)
h(bū, au)

)
= ρ

(
h
(
bū, ah(bū, au)

)
+ f

(
h(a, b), u

)
h(bū, au)

)
.

Since
h(bū, au)= h(a, būu)+ f

(
h(bū, a), ε

)
u

= q(u)h(a, b)− f
(
h(a, b), u

)
u,

it follows that

h
(
bū, ah(bū, au)

)
= q(u)h

(
bū, ah(a, b)

)
− f

(
h(a, b), u

)
h(bū, au).

Hence

q(u)h
(
a P, bh(b, a P)u

)
= ρq(u)h

(
bū, ah(a, b)

)
.

Thus the claim holds for all u such that q(u) 6= 0. Since every element of L can be
written as a sum u1+ u2 with q(u1) and q(u2) nonzero, it follows that the claim
holds in general. �

Proposition 17.6. The following holds:

h
(
a P, avπ(b)

)
= ρ

(
h
(
a, aθ(b, ū)

)
+ h

(
b, ah(b, au)

)
− h(bū, ah(a, b)

)
+ f

(
h(a, b), ε

)
h(b, au)

)
.

Proof. We have

h
(
a P, avπ(b)

)
= h

(
a P, a Puπ(b)

)
=−h

(
a P, a Pūπ(b)

)
+ f (u, ε)h

(
a P, a Pπ(b)

)
= h

(
a P, a Pπ(b)u

)
− f

(
u, π(b)

)
h(a P, a P)+ f (u, ε)h

(
a P, a Pπ(b)

)
= h

(
a P, a Pπ(b)u

)
+ f

(
u, π(b)

)
h(a P, a P)− f (u, ε)h

(
a P, a Pπ(b)

)
By [Weiss 2006b, 3.22], it follows that

h
(
a P, avπ(b)

)
= h

(
a P, a Pθ(b, u)

)
+ h

(
a P, bh(b, av)

)
− h

(
a P, bh(b, a P)u

)
+ f

(
u, π(b)

)
h(a P, a P)− f (u, ε)h

(
a P, a Pπ(b)

)
.

Let N = θ(b, u)− f (u, ε)π(b)+ f (u, π(b))ε, so that

h(a P,a P N )= h
(
a P,a Pθ(b,u)

)
+ f

(
u,π(b)

)
h(a P,a P)− f (u,ε)h

(
a P,a Pπ(b)

)
.
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Since
N =−θ(b, ū)+ f

(
u, π(b)

)
ε

=−θ(b, ū)+ f
(
ū, π(b)

)
ε

=−θ(b, ū)− f
(
ū, π(b)

)
ε+ Q(b) f (u, ε)ε

=−θ(b, ū)+ f
(
θ(b, ū), ε

)
ε by [Weiss 2006b, 4.9(iii)]

= θ(b, ū),

it follows by Proposition 12.12 that

h(a P, a P N )= ρh
(
a, aθ(b, ū)

)
.

The claim holds, therefore, by Proposition 17.2 and Proposition 17.5. �

Proposition 17.7. The following holds:

h
(
b, ah(au, b)

)
− h

(
b, ah(b, au)

)
+ f

(
h(a, b), ε

)
h(au, b)

− f
(
h(a, b), ε

)
h(b, au, b)= f

(
h(a, b), u

)
h(a, b).

Proof. The expression on the left-hand side equals

h
(
b, ah(au, b)+ ah(au, b)

)
+ f

(
h(a, b), ε

)(
h(au, b)+ h(au, b)

)
= f

(
h(au, b), ε

)
h(b, a)+ f

(
h(a, b), ε

)
f
(
h(au, b), ε

)
ε

= f
(
h(a, b), u

)(
f
(
h(a, b), ε

)
ε− h(a, b)

)
= f

(
h(a, b), u)

)
h(a, b).

�

Proposition 17.8. We have h(b1, b2)=
1
2
(ω+ ρ−1ξ), where

ω = h
(
bū, ah(a, b)

)
− h

(
a, aθ(b, ū)

)
+ f

(
h(a, b), u

)
h(a, b)

− s
(
2θ(a, u)+ Q(a)u+ h(a P, b)

)
− h

(
a P, bπ(b)

)
and

ξ =
(

q(u)q(π(a))− q(u)r2
+ f

(
h(a, b), θ(a, v)

)
+ Q(a) f

(
h(a, b), v

))
h(a, b)

+
(
q(u)Q(a)+ 2q(u)t + f

(
h(a, b), v

))
h
(
aπ(a), b

)
+
(
q(u)Q(a)t − 2q(u)q(π(a))− f

(
h(a, b), θ(a, v)

))
u

+
(
q(u)Q(a)+ 2tq(u)+ f

(
h(a, b), v

))
θ(a, u).

Proof. We have

h(b1, b2)=−
1
2
ρ−1h(a P, y),

where y is as in Proposition 16.4. The claim holds, therefore, by Propositions 12.11,
12.12, 17.1, 17.3, 17.4, 17.6, 17.7 and some calculation. �
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18. The element u2, part II

We continue with all the notation and assumptions of the previous two sections.

Proposition 18.1. We have ρt1ū1 = α+ ρ
−1β, where

α = s
(
h(a P, b)+ tu+ θ(a, u)

)
,

and β =
(
rq(u)+φ(a, u)+ g(b, av)

)(
h(a P, b)+ tu+ θ(a, u)

)
.

Proof. This holds by Proposition 12.15(ii) and (iii). �

Lemma 18.2. The following holds:

θ(av, u1)=
(
φ(a, u)t + Q(a)tq(u)+ q(π(a))q(u)+ f

(
h(a, b), θ(a, v)

))
u

+
(
φ(a, u)− q(u)t − f (h(a, b), v)

)
θ(a, u)

+
(
φ(a, u)− q(u)r

)
h
(
aπ(a), b

)
+
(
φ(a, u)r − q(u)r2

+ ρq(u)
)
h(a, b).

Proof. By (C4), and Lemmas 12.13 and 13.8, we have

θ(av, u1)= ρθ(au, u1)

= θ
(
au, h(a P, b)+ t ū+ θ(a, u)

)
= q(u)θ

(
a, h(a P, b)+ tu+ θ(a, u)

)
− f

(
u, h(a P, b)+ tu+ θ(a, u)

)
θ(a, u)

+ f
(
θ(a, u), h(a P, b)+ tu+ θ(a, u)

)
u

+φ(a, u)
(
h(a P, b)+ tu+ θ(a, u)

)
.

By Proposition A.4(iii),

θ
(
a, h(a P, b)

)
= ρh(a, b)− rh(a P, b).

By Lemma 13.16 and [Weiss 2006b, 4.9(i), 4.21 and 4.22], therefore, the claim
follows. �

Proposition 18.3. The following hold:

(i) h(b, avū)= q(u)h(b, a P).

(ii) h(b, avθ(a, u)= q(u)
((

q(π(a))+ Q(a)r
)
h(b, a)− rh

(
b, aπ(a)

))
.

(iii) avh(b, a P)= ρah(a, b)ū− f
(
h(a, b), v)a P.

(iv) h
(
b, avh(b, a P)

)
= ρh

(
b, ah(a, b)ū

)
− f

(
h(a, b), v

)
h(b, a P).
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Proof. Since avū = a Puū = q(u)a P , (i) holds. By [Weiss 2006b, 4.9(i) and 4.20],
we have

avθ(a, u)= a Puθ(a, u)

=−a Pθ(a, u)ū+ f (θ(a, u), u)a P

= a(π(a)+ tε)θ(a, u)ū+ f (θ(a, u), u)a P

= q(π(a))auū+ taπ(a)uū+ Q(a)q(u)a P

= q(u)
(
q(π(a))a+ taπ(a)+ Q(a)a(π(a)+ rε)

)
.

Thus (ii) holds.
Next note that

(18.4) avh(b, a P)= a Puh(b, a P)

=−a Ph(b, a P)ū+ f
(
h(b, a P), u

)
a P

= a Ph(a P, b)ū− f
(
h(a P, b), u

)
a P

= a Ph(a P, b)ū− f
(
h(a, b), v

)
a P.

By Proposition A.4(i) and two applications of [Weiss 2006b, 3.22], we have

(18.5) a Ph(a P, b)ū = a Ph(a P, bū)+ bθ(a P, ū)− bπ(a P)ū

= a Ph(a P, bū)+ ρ
(
bθ(a, ū)− bπ(a)ū

)
= a Ph(a P, bū)+ ρ

(
ah(a, b)ū− ah(a, bū)

)
and by Proposition A.4(iii), we have

a Ph(a P, bū)= a(π(a)+ rε)h(a P, bū)

= aθ
(
a, h(a P, bū)

)
+ rah(a P, bū)

= ρah(a, bū).

By (18.4) and (18.5), therefore,

avh(b, a P)= ρah(a, b)ū− f
(
h(a, b), v

)
a P.

Thus (iii) holds. The assertion (iv) follows immediately. �

Corollary 18.6. The following holds:

ρh
(
b, avu1

)
= ρh

(
ah(a, b)ū, b

)
+
(
(r − t)q(u)− f (h(a, b), v)

)
h(aπ(a), b)

+
(
r2q(u)− q(π(a))q(u)− r f (h(a, b), v)

)
h(a, b).

Proof. This holds by Lemma 12.13 and Proposition 18.3. �

Proposition 18.7. We have ρθ(a1, u1)= ν+ ρ
−1ζ , where

ν =−θ
(
b, h(b, a P)

)
+ tθ(b, ū)+ θ

(
b, θ(a, u)

)
+ q(u)h(a, b)+ h

(
ah(a, b)ū, b

)
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and

ζ =
(
φ(a, u)t + Q(a)tq(u)+ q(π(a))q(u)+ f

(
h(a, b), θ(a, v)

))
u

+
(
φ(a, u)− q(u)t − f (h(a, b), v)

)
θ(a, u)

+
(
rφ(a, u)− q(π(a))q(u)− r f (h(a, b), v)

)
h(a, b)

+
(
φ(a, u)− q(u)t − f (h(a, b), v)

)
h(aπ(a), b)

− g(b, av)
(
h(a P, b)+ tu+ θ(a, u)

)
.

Proof. This follows from (C3), Proposition 12.15(i) and (iii), Lemma 18.2 and
Corollary 18.6. �

Proposition 18.8. Let u2 be as in Notation 16.1. Then

u2 =
δ

2
,

where

δ = tθ(b, ū)− q(u)u− h
(
a, aθ(b, ū)

)
+ θ(b, θ(a, u))+ q(u)h(a, b)

+ 2h
(
bū, ah(a, b)

)
+ 2q(h(a, b))u− sv

Proof. By Proposition 12.15 and (14.2), we have

u2 = h(−b2, b1)+
ρ

2

(
t1ū1+ θ(a1, u1)

)
= h(b1, b2)+

ρ

2

(
t1ū1+ θ(a1, u1)

)
.

The sum of the elements ξ in Proposition 17.8, β in Proposition 18.1 and ζ in
Proposition 18.7 is

ι := f
(
h(a, b), θ(a, v)+ tv

)
h(a, b)− ρq(u)u.

By Proposition 13.1, we have

ρ−1ι=− f
(
h(a, b), u

)
h(a, b)− q(u)u

and thus the sum ofρ−1ιwith the elementsω in Proposition 17.8,α in Proposition 18.1
and ν in Proposition 18.7 is

tθ(b, ū)− θ(b, h(b, a P))− q(u)u− h
(
a, aθ(b, ū)

)
+ θ(b, θ(a, u))+ q(u)h(a, b)+ h

(
ah(a, b)ū, b

)
+ h

(
bū, ah(a, b)

)
− sv− h

(
a P, bπ(b)

)
.

By Proposition A.6(i), we have

θ
(
b, h(b, a P)

)
=−h(bπ(b), a P)+ Q(b)h(b, a P)

= h
(
a P, bπ(b)

)
+ Q(b)h(a P, b)=−h

(
a P, bπ(b)

)
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and by (B2) and [Weiss 2006b, 3.6], we have

h
(
ah(a, b)ū, b

)
=−h

(
b, ah(a, b)ū

)
=−h

(
ah(a, b), bū

)
− f

(
h(b, ah(a, b)), ε

)
u

= h
(
bū, ah(a, b)

)
+ f

(
h(a, b), h(a, b)

)
u

= h
(
bū, ah(a, b)

)
+ 2q(h(a, b))u.

Hence the claim holds. �

19. A formula for τ

We are now in a position to determine a formula for the structure map of the
Moufang set M(1,ω) defined in Definition 10.8 (modulo Conjecture 19.14). Our
main result is Theorem 19.7.

We continue with all the notation and assumptions in Hypothesis 9.1. Let ω
be as in Proposition 9.2, let ξ , ψ , σ , η and λ be as in Notation 9.3, let ν be as in
Notation 10.4 and let τ be as in Notation 10.7.

Proposition 19.1. ε = ησ+1ξ(λ̄).

Proof. By Proposition 9.5(v), ξ(λ̄) = ξ(ξ(ε)) = ξ(ξ(ε̄)) = q(λ)ε. Hence by
Proposition 9.5(iii), the claim holds. �

Proposition 19.2. Let x1(a, t)x2(u)x3(b, s) ∈ CU[1,3](ω). Then

(i) π(a)= ησ+2ξ(θ(b, λ̄))+M(b)ε.

(ii) ησ+1 f
(
ξ(θ(b, λ̄)), ε

)
= Q(b)σ .

(iii) q(π(a)+ tε)= η2q(π(b)+ sε)σ .

(iv) Q(a)= ηQ(b)σ .

Proof. By Proposition 9.15, we have a = ψ(b) and

(19.3) q(π(a)+ tε)= q
(
π(ψ(b))+ (ηsσ +M(b))ε

)
and by Propositions 7.13(d) and 19.1, we have

π(ψ(b))= θ(ψ(b), ε)

= ησ+1θ(ψ(b), ξ(λ̄))

= ησ+2ξ(θ(b, λ̄))+M(b)ε.

Thus (i) holds. Since M(b)= 0 if char(K ) 6= 2, it follows that

(19.4) q
(
π(ψ(b))+ (ηsσ +M(b))ε

)
= q

(
ησ+2ξ(θ(b, λ̄))+ ηsσ ε

)
= η2σ+4q(ξ(θ(b, λ̄)))+ ησ+3sσ f

(
ξ(θ(b, λ̄)), ε

)
+ η2s2σ .
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By Propositions 9.4, 9.5(iii) and 19.1, we have

f
(
ξ(θ(b, λ̄)), ε

)
= ησ+1 f

(
ξ(θ(b, λ̄)), ξ(λ̄))

= f (θ(b, λ̄), λ̄)σ .

By [Weiss 2006b, 4.9], we have f (θ(b, λ̄), λ̄) = Q(b)q(λ). Therefore (ii) holds
and thus

(19.5) ησ+3sσ f
(
ξ(θ(b, λ̄)), ε

)
= η2sσ Q(b)σ .

By Propositions 7.13(i), 9.5(iii) and [Weiss 2006b, 4.22], we have

η2σ+4q
(
ξ(θ(b, λ̄))

)
= η2σ+4q(λ)q(θ(b, λ̄))σ

= η2σ+4q(λ)σ+1q(π(b))σ = η2q(π(b))σ .

By (19.3), (19.4) and (19.5), therefore, (iii) holds. By (i), we have

Q(a)= f (π(a), ε)= ησ+2 f
(
ξ(θ(b, λ̄)), ε

)
.

By (ii), therefore, (iv) holds. �

Proposition 19.6. Let 2 be as in (14.3), let ψ , η, σ and M be as in Notation 9.3,
let ζ be as in Proposition 9.10 and let U be as in Notation 9.18. Let

20(b, s, u)=2
(
ψ(b), ηsσ +M(b), u, b, s

)
for all [b, s, u] ∈ U. Then

20(b, s, u)= η2q
(
π(b)+ sε

)σ+1
+ q

(
h(ψ(b), bu)

)
− q(u)2− q(u) f (u, ζ(u))

− q(u) f
(
π(ψ(b)), π(b)

)
+ f

(
θ(b, ū), θ(ψ(b), u)

)
+ f (u, ε) f

(
θ(ψ(b), u), π(b)

)
− f (π(b), u) f

(
θ(ψ(b), u), ε

)
− f

(
ζ(u), θ(b, θ(ψ(b), u))+ sθ(ψ(b), u)

)
+
(
η(Q(b)+ s)σ +M(b)

)
f
(
ζ(u), θ(b, ū)+ su

)
for all [b, s, u] ∈ U.

Proof. Recall that the map M in Proposition 7.13(d) is identically zero when
char(K ) 6= 2 and that by Notation 9.18, h(ψ(b), b)= ζ(u)+ u for all [b, s, u] ∈U.
The claim holds, therefore, by Proposition 19.2 and a bit of calculation. �

Here, at last, is our formula:

Theorem 19.7. Let ω be as in Proposition 9.2, let ψ , η, σ and M be as in
Notation 9.3, let ζ be as in Proposition 9.10, let U be as in Notation 9.18 and
let τ be as in Notation 10.7. Let [b, s, u] ∈ U∗ and let 20 = 20(b, s, u) be as in
Proposition 19.6. Suppose that

(19.8) q(π(b)+ sε)20(b, s, u) 6= 0.
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Then

(19.9) τ([b, s, u])=
[ b̂
20
,

ŝ
20
,

û
20

]
,

where

ŝ =
(
ηsσ +M(b)

)
q(u)+ η2q(π(b)+ sε)σ (Q(b)− s)+φ(ψ(b), u)

+ g
(
ψ(b)θ(ψ(b), u), b

)
+
(
η(Q(b)− s)σ +M(b)

)
g(ψ(b)u, b),

b̂ =−q(u)ψ(b)ζ(u)+ η2q
(
π(b)+ sε

)σb
(
π(b)+ sε

)
+
(
η(Q(b)− s)σ +M(b)

)(
ψ(b)u(π(b)+ sε)− bh(ψ(b)u, b)

)
+ψ(b)θ(ψ(b), u)

(
π(b)+ sε

)
− bh

(
ψ(b)θ(ψ(b), u), b

)
− būθ(ψ(b), u)−

(
ηsσ +M(b)

)
q(u)b.

and

û = η
(
ηsσ +M(b)

)
θ(b, ū)

− ηh
(
ψ(b), ψ(b)θ(b, ū)

)
+ ηθ

(
b, θ(ψ(b), u)

)
+ 3ηq(u)ζ(u)+ 2η2−σq(u)σu

+ 2ηh
(
bū, ψ(b)ζ(u)

)
− ηsθ(ψ(b), u)+ η

(
η(Q(b)+ s)σ +M(b)

)
su.

Proof. By Proposition 19.2(iii), q(π(a) + tε) 6= 0, where a = ψ(b) and t =
ηsσ +M(b) and by Notation 9.18, h(ψ(b), b)= ζ(u)+ u for all [b, s, u] ∈ U. By
Proposition 9.10, we have q(ζ(u)) = η1−σq(u)σ . The claim holds, therefore, by
Notation 10.4, 16.1, and Propositions 16.3, 16.4, 18.8. �

Proposition 19.10. Let U be as in Notation 9.18 and 20 as in Proposition 19.6.
Let (b, s, u) ∈ U and suppose that either q(π(b)+ sε) 6= 0 or (b, s) = (0, 0) but
u 6= 0. Then 20(b, s, u) 6= 0.

Proof. Let ν = (m1m4)
2h0 be as in Notation 10.4, let

p =U4x1(a, t)x2(u)x3(b, s),

where a = ψ(b) and t = ηsσ +M(b), and let O and B be as in Proposition 11.8.
By Notation 10.7,

pν =U4τ(b, s, u).

Since h0 stabilizes the set U4U, we conclude that

(19.11) p(m1m4)
2
∈U4U⊂ O.
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Suppose now that q(π(b)+ sε) 6= 0. By Proposition 19.2(iii), q(π(a)+ tε) 6= 0.
By Proposition 11.8, therefore, pm1m4 ∈ O. By (19.11) and a second application of
Proposition 11.8, it follows that pm1m4 ∈B. Thus q(π(a1)+t1ε) 6=0, where a1 and t1
are as in Proposition 12.15. By (14.2), therefore, 20(b, s, u)=2(a, t, u, b, s) 6= 0.

Suppose, instead, that (b, s)= (0, 0) but u 6= 0. Thus p =U4x2(u) and

α :=
(
U4x2(u),U[3,4]x2(u),U[2,4],U[3,4],U4

)
is a path of length 4 from p to U4. By Theorem 6.11(v), the pair (p,U4) is in the
same G-orbit as the pair (w4,U4), where G is as in Hypothesis 9.1. Since

(w4, w5,U[2,4],U[3,4],U4)

is a straight 4-path (i.e., a root) from w4 to U4, it follows that there exists a root
from (w4,U4). By [Mühlherr and Weiss ≥ 2020, 1.2.28(ii) and 1.3.18], every path
of length at most 4 from w4 to U4 is a root. Hence α is a root. In particular, α
is straight and thus the vertices U[3,4]x2(u) and U[3,4] are opposite at U[2,4]. By
[Mühlherr and Weiss 2020, 6.4(ii)], therefore, q(u) 6= 0. By (14.3), we have
2(0, 0, u, 0, 0)= q(u)2 6= 0 and hence 20(b, s, u) 6= 0 also in this case. �

Corollary 19.12. Let F be as in Remark 9.12, let V= {[b, s, u] ∈U | b= 0} and let

q0(0, s, u)= q(u)− ηsσ+1

for all (0, s, u) ∈ V. Then q0 is an anisotropic quadratic form on V as a vector
space over F.

Proof. By Proposition 9.15, [0, s, u] ∈ U for s ∈ K and u ∈ L if and only if
ζ(u)=−u. Thus if [0, s, u] ∈ V, then f (u, ζ(u))=−2q(u). By Remark 9.13, q0

is a quadratic form on V as a vector space over F and by Proposition 19.6,

20(0, s, u)= (q(u)− ηsσ+1)2

for all (0, s, u) ∈ V. By Proposition 19.10, therefore, q0 is anisotropic. �

Corollary 19.13. The field K is infinite.

Proof. By Remarks 7.6 and 9.12, dimF q0 ≥ 7 and K/F is a quadratic extension.
Over a finite field, there are no anisotropic quadratic forms of dimension greater
than 2; see, for example, [Tits and Weiss 2002, 34.3]. By Corollary 19.12, therefore,
F is infinite. Hence K is infinite. �

Conjecture 19.14. We conjecture that 20(b, s, t) 6= 0 for all [b, s, u] ∈U such that
(b, s) 6= 0 but q(π(b)+ sε)= 0. This holds vacuously if the quadrangular algebra
4 is anisotropic; see Notation 2.2. By Proposition 19.10, this conjecture would
imply that 20 is anisotropic.
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Proposition 19.15. Suppose that Conjecture 19.14 holds. Then the hypothesis
(19.8) in Theorem 19.7 is superfluous.

Proof. Exactly as at the end of [Mühlherr and Weiss ≥ 2020, Section 3.7], we
observe that the function τ defined in Notation 10.7 is a regular map from U∗ to
itself. Since20 is anisotropic, we can let τ̂ denote the map from U∗ to U[1,3] defined
by the expression on the right-hand side of (19.9). The map τ̂ is also regular and by
Theorem 19.7, τ and τ̂ agree on a Zariski dense subset of U∗. By Corollary 19.13,
K is infinite. It follows that τ = τ̂ . �

Conjecture 19.16. Suppose only that ω is as Proposition 9.2. We conjecture, but
with less confidence, that the hypothesis that G0 := 〈ω〉 is as in Hypothesis 8.4
is, in fact, equivalent with the assumption that the restriction of 2 to CU[1,4](ω) is
anisotropic.

Conjecture 19.17. We conjecture that the form 20 is, up to similarity, an invariant
of the Moufang set M(1,ω).

Appendix

In this appendix we assemble a few elementary properties of quadrangular algebras
that cannot be found in [Weiss 2006b].

Let 4 = (K , L , q, f, ε,X, · , h, θ) be a quadrangular algebra as defined in
Definition 2.1. Let v 7→ v̄, φ and π be as in (A1), (C4) and (D1).

Proposition A.1. Let a ∈ X and u ∈ L. Then

π(au)= q(u)π(a)− f (u, ε)θ(a, u)+ f (θ(a, u), ε)ū+φ(a, u)ε.

Proof. Set w = ε in (C4). �

Proposition A.2. For all a ∈ X and all u ∈ L ,

auπ(au)= q(u)aθ(a, u)+φ(a, u)au.

Proof. This holds by [Weiss 2006a, 3.18]. (In [Weiss 2006a], it is assumed that
the quadrangular algebra is anisotropic, but given [Mühlherr and Weiss 2019,
Conclusion 7.5], it is straightforward to check that the proof remains valid in the
present context.) �

Proposition A.3. Let a ∈ X, t ∈ K and u ∈ L. Then the following hold:

q(θ(a, u)+ tu)= q(π(a)+ tε)q(u).(i)

q
(
π(au)+ tq(u)+φ(a, u)

)
= q(π(a)+ tε)q(u)2.(ii)

Proof. These assertions hold by [Weiss 2009, 21.10]. (In [Weiss 2009], it is assumed
that the quadrangular algebra is anisotropic, but given [Mühlherr and Weiss 2019,
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Conclusion 7.5], it is straightforward to check that the proof remains valid in the
present context.) �

Proposition A.4. Let a ∈ X, r ∈ K and u ∈ L and let P = π(a)+ rε. Then the
following hold:

(i) θ(a P, u)= q(P)θ(a, u).

(ii) φ
(
a, θ(a, u)+ ru

)
= φ(a P, u).

(iii) q(P)h(a, b)= θ
(
a, h(a P, b)

)
+ rh(a P, b).

Proof. These assertions hold by [Tits and Weiss 2002, 13.67(i)–(iii)]. (Given
[Mühlherr and Weiss 2019, Conclusion 7.5], it is straightforward to check that the
proofs in [Tits and Weiss 2002] remain valid in the present context.) �

Remark A.5. The notion of a quadrangular algebra had not yet been formulated
when [Tits and Weiss 2002] was written. The axioms defining a quadrangular
algebra, however, can all be found in [Tits and Weiss 2002, Chapter 13] with the
same notion as in Definition 2.1 with one small exception: If we call the function
g introduced in [Tits and Weiss 2002, 13.26] for the moment g′ and let g be as
in (C3), then g′(a, b)= g(b, a) for all a, b ∈ X. See, in particular, [Tits and Weiss
2002, 13.37] and the remark (viii) on page 7 of [Weiss 2006b].

Proposition A.6. The following hold for all a, b ∈ X and all u ∈ L , where Q is as
in Notation 2.3.

(i) θ(a, h(a, b))= Q(a)h(a, b)− h(aπ(a), b).

(ii) θ
(
a, h(aπ(a), b)

)
= q(π(a))h(a, b).

(iii) θ(a, h(au, b))=− f (h(a, b), ε)θ(a, u)− f
(
h(b, a), π(a)

)
u

+ Q(a)h(au, b)+ h(aθ(a, u), b)+ f (h(a, b), u)π(a).

Proof. The assertions (i) and (ii) hold by (e) and (f) at the bottom of page 120 of
[Tits and Weiss 2002] (in the proof of [Tits and Weiss 2002, 13.67](iii)). Choose
a, b ∈ X and u ∈ L . First note that by [Weiss 2006b, 4.9(i)],

f
(
θ(a, u), h(b, au)

)
= f

(
h(b, auθ(a, u)), ε

)
=− f

(
h(b, aθ(a, u)ū), ε

)
+ f

(
h(b, a), ε

)
f
(
θ(a, u), u

)
=− f

(
h(b, aπ(a)uū), ε

)
+ Q(a)q(u) f

(
h(b, a), ε

)
=−q(u) f

(
h(b, aπ(a)), ε

)
+ Q(a)q(u) f

(
h(b, a), ε

)
= q(u) f

(
h(b, a),−π(a)+ Q(a)ε

)
= q(u) f

(
h(b, a), π(a)

)
.
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By (C4), therefore, we have

θ
(
au, h(au, b)

)
= q(u)θ

(
a, h(au, b)

)
− f

(
h(au, b), ū

)
θ(a, u)

+ f
(
θ(a, u), h(au, b)

)
u+φ(a, u)h(au, b)

= q(u)θ
(
a, h(au, b)

)
− f

(
h(auū, b

)
, ε)θ(a, u)

− f
(
θ(a, u), h(b, au)

)
u+φ(a, u)h(au, b)

= q(u) f
(
h(au, b), ε)π(a)− q(u)θ(a, h(au, b))

− q(u) f
(
h(a, b), ε

)
θ(a, u)− q(u) f

(
h(b, a), π(a)

)
u

+φ(a, u)h(au, b).

By Propositions 13.5, A.2 and (i), on the other hand, we have

θ
(
au, h(au, b)

)
= q(u)Q(a)h(au, b)− h(auπ(au), b)

= q(u)Q(a)h(au, b)− q(u)h(aθ(a, u), b)+φ(a, u)h(au, b).

We set these two expressions equal and delete the term φ(a, u)h(au, b) that appears
on both sides. All the remaining terms have q(u) as a factor. If we assume that
q(u) 6= 0 and delete all these factors, we obtain (iii). Thus (iii) holds under the
assumption that q(u) 6= 0. Since every term in (iii) is linear in u and every element
of L can be written as a sum u1+ u2 with q(u1) and q(u2) nonzero, we conclude
that (iii) holds in general. (This is the same argument we used at the end of the
proof of Proposition 17.5.) �

We leave it to the reader to confirm that if we set u = ε and u = π(a) in
Proposition A.6(iii), we obtain Proposition A.6(i) and (ii), respectively.

Proposition A.7. Let a, b ∈ X and u ∈ L. Then q(h(a, bu))= q(h(b, au)).

Proof. By (B2), we have

q(h(b, au))= q(h(a, bu))+ f (h(b, a), ε) f (h(a, bu), u)+ f (h(b, a), ε)2q(u).

By (A3) and [Weiss 2006b, 3.7],

f (h(a, bu), u)= f (h(a, buū), ε)= f (h(a, b), ε)q(u)

and by [Weiss 2006b, 3.6],

f (h(a, b), ε)= f (h(a, b), ε̄)=− f (h(b, a), ε).

Hence f (h(b, a), ε) f (h(a, bu), u)+ f (h(b, a), ε)2q(u)= 0. �
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GLOBALLY ANALYTIC
PRINCIPAL SERIES REPRESENTATION

AND LANGLANDS BASE CHANGE

JISHNU RAY

S. Orlik and M. Strauch have studied locally analytic principal series repre-
sentation for general p-adic reductive groups generalizing an earlier work
of P. Schneider for GL(2) and related the condition of irreducibility of such
locally analytic representation with that of a suitable Verma module. We take
the case of GL(n) and study the globally analytic principal series representa-
tion under the action of the pro- p Iwahori subgroup of GL(n, Z p), following
the notion of globally analytic representations introduced by M. Emerton.
Furthermore, we relate the condition of irreducibility of our globally analytic
principal series to that of a Verma module. Finally, using the Steinberg tensor
product theorem, we construct the Langlands base change of our globally
analytic principal series to a finite unramified extension of Q p.

1. Introduction

In this paper we construct a globally analytic (also called rigid analytic) principal
series representation of the pro-p Iwahori subgroups of GLn(Zp) and determine
when it is irreducible. Furthermore, we construct base change of our rigid analytic
representation to a finite unramified extension of Qp. This extends earlier works of
Robert [1984; 1985] for SL2 and Clozel [2018] for GL2.

Denote by G the pro-p Iwahori subgroup of GLn(Zp) (the group of matrices in
GLn(Zp) that are lower unipotent modulo pZp) and by B the subgroup of matrices
in GLn(Zp) which are lower triangular modulo pZp. Let P0 and T0 be the set of
upper triangular and diagonal matrices in B, respectively. Let Q0 = P0 ∩G. Let
P+ be the Borel subgroup of upper triangular matrices in GLn(Zp), and let W be
the Weyl group (isomorphic to the permutation group Sn) of GLn(Qp) with respect
to its maximal torus. Define

P+w := B ∩wP+w−1, w ∈W.
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Let K be a finite extension of Qp, let χ : T0→ K× be a locally analytic character
with χ(t1, . . . , tn)= χ1(t1) · · ·χn(tn), and χi (t)= tci = eci log(t), where ci ∈ K, for
t sufficiently close to 1 in Zp and where e is the exponential function.

Throughout this article, we use the following definitions.

(1) Let Aloc(B, K ) be the space of locally analytic functions on B with values in K.
These are functions from B to K such that for any x ∈ B we can find a ball Brx (x)
of radius rx (depending on x) around x such that f can be written as a power series
with coefficients in K which converges on Brx (x) [Schneider 2011].

(2) Let indB
P0
(χ)loc = { f ∈Aloc(B, K ) : f (gb)= χ(b−1) f (g), b ∈ P0, g ∈ B}.

(3) Let indG
Q0
(χ)loc = { f ∈ Aloc(G, K ) : f (gb) = χ(b−1) f (g), b ∈ Q0, g ∈ G}.

Note that B =U P0 and G =U Q0, where U is the lower unipotent subgroup of B
(or G). Therefore, we can obviously see that, as a vector space,

indB
P0
(χ)loc ∼=Aloc(U, K )∼= indG

Q0
(χ)loc.

(4) Let d be the dimension of the p-adic Lie group U. Let A(U, K ) be the space of
globally analytic functions inside Aloc(B, K ). Any element f ∈A(U, K ) is of the
form f =

∑
ν∈Nd cνaν with lim|ν|→∞|cν | = 0. The space A(U, K ) is a K -Banach

space with the sup norm on f defined by

| f | = sup|cν |

(see [Bosch 2014, Chapter 2]). This is also known as the Tate algebra of globally
analytic (sometimes called “rigid analytic”) functions on U (see [Bosch 2014]).
By (2) above, the vector space of globally analytic functions inside indB

P0
(χ)loc (or

indG
Q0
(χ)loc) is isomorphic to A(U, K ).

(5) The action of G on the globally analytic vectors A(U, K ) of indB
P0
(χ)loc is given

by the left translation h · f (g) 7→ f (h−1g), h ∈ G.

(6) Recall that for any K -Banach space V with norm | · |, a representation π of G
on V is called a globally analytic representation if the map

g 7→ g · v = π(g)v

is globally analytic on G for all v ∈ V. Therefore, in coordinates (x1, . . . , xl)

with l = dim(G),

g · v =
∑

k

xkvk,

where vk ∈ V and |vk | → 0. Here k = (k1, . . . , kl) and xk
= xk1

1 · · · x
kl
l , ki ∈ N

(see [Emerton 2017; Clozel 2018, Section 2]). For a detailed discussion on globally
analytic representation, see [Emerton 2017].
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(7) Write χ = (χ1, . . . , χn), χi (1+ pui )= eci log(1+pui ) for ci ∈ K, ui close to 0,
i ∈ [1, n]. The exponential is analytic (in K ) in the domain vp(z) > e/(p − 1)
where e = e(K ) is the ramification index of K and vp is the normalized valuation,
vp(p)= 1. Now,

vp(ci log(1+ pui ))= vp(ci )+ 1+ vp(ui ).

So we say that χ is analytic if and only if vp(ci ) > e/(p− 1)− 1 (see (3-10)).
Then, we show in Lemmas 3.2, 3.3 and 3.7 that the action of G on the globally

analytic vectors A(U, K ) of indB
P0
(χ)loc is a globally analytic action of G, that is,

it gives a globally analytic representation of G, in the sense of Emerton [2017].
Let µ be the linear form from the Lie algebra of the torus T0 to K given by

µ= (−c1, . . . , cn) : Diag(t1, . . . , tn) 7→
n∑

i=1

−ci ti ,

where t = (ti ) ∈ Lie(T0) and ci ∈ K. For negative root α = (i, j), i > j, let
H(i, j) = Ei,i − E j, j where Ei,i is the standard elementary matrix.

Using Theorems 3.8 and 3.9, we will show the following:

Theorem. Assume p> n+1 and χ is analytic. Then the space of globally analytic
vectors of indB

P0
(χ)loc is an admissible and globally analytic representation of G.

Furthermore, the space of globally analytic vectors of indB
P0
(χ)loc is irreducible if

and only if −µ(Hα)+ i − j /∈ {1, 2, 3, . . .} for all α = (i, j) ∈8−.

Here, the admissibility is in the sense of [Emerton 2017] (see also [Clozel 2018,
Section 2.3]).

For global analyticity, we compute explicitly the action of G on the Tate algebra
of globally analytic functions of indB

P0
(χ)loc and show that the action map is a

globally analytic function on G seen as a rigid analytic space. For this, we have to
do a lot of new technical computations, which were not necessary for the GL(2)
case by Clozel [2018]. In particular, see Lemmas 3.4–3.7. For the irreducibility
we first use the action of the Lie algebra of G to show that any nonzero closed
G-invariant subspace of the globally analytic vectors of indB

P0
(χ)loc contains the

constant function 1. Unlike the GL(2) case, the remaining part of the argument for
the proof of irreducibility uses the notion of Verma modules and its condition of
irreducibility, a result of Bernstein, Gelfand and Gelfand.

Strikingly, one can check easily that the condition that we obtain for irreducibility
of the globally analytic principal series is the same condition as the irreducibility
of the locally analytic principal series indB

P0
(χ)loc, deduced by Schneider and

Teitelbaum [2002, Theorems 5.4 and 5.6, Corollary 5.7] for GL(2) and Orlik and
Strauch for GL(n) [Orlik and Strauch 2010, Theorems 3.4.12 and 4.1.1] although our
style of proof is completely different from their proof. Note that in Theorem 4.1.1
of [Orlik and Strauch 2010], there is a typo where the authors quote the result
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in [Dixmier 1977] of the irreducibility of a Verma module due to Bernstein, Gelfand
and Gelfand. For the correct result of irreducibility one should look at [Dixmier
1977, Theorem 7.6.24].

The preliminaries are included in Section 2. The main result is discussed in
Section 3A. In Section 3B, we extend these results to the pro-p Iwahori group of
GLn(L) where L is an unramified finite extension of Qp. Then, in Theorem 3.19,
we use the Steinberg tensor product [1963] to construct base change in the context
of Langlands functoriality.

In Section 4, we deal with the globally analytic vectors induced from the Weyl
orbit of the upper triangular Borel subgroup of the Iwahori subgroup B, i.e., the
globally analytic vectors of indB

P+w
(χw)loc, where χw(h)= χ(w−1hw).

Our work is just the tip of an iceberg in the domain of globally analytic repre-
sentations and it leads to a plethora of future questions; some of them are discussed
at the end of Section 4.

2. Base change maps for analytic functions

We introduce the basic notions of rigid analytic geometry, including a brief dis-
cussion on the restriction of scalars. Then we briefly recall (following [Clozel
2018]) the notions of holomorphic and Langlands base change functors from a
globally analytic representation over Qp to a representation over L . The Langlands
base change is related to the “Steinberg tensor product” described at the end of
Section 1.1 of [Clozel 2017] for GL(2).

2A. Let L be a finite unramified extension of Qp of degree N, with ring of in-
tegers OL . Given a formal scheme XOL over OL , Bertapelle [2000] constructs a
Weil restriction functor which associates to XOL another formal scheme over Zp.
Let XL be the rigid analytic space associated to the formal scheme XOL . Bertapelle’s
construction gives a Weil restriction functor (we will call it as restriction of scalars)
which associates to XL another rigid analytic space ResL/Qp(XL) over Qp. Although
we will not recall the construction of this functor for general rigid analytic spaces
and formal schemes, we do recall how this functor behaves with respect to affinoid
rigid analytic spaces which is what we will need in this article. An interested
reader should consult [Bertapelle 2000] for the most general construction of this
restriction functor. Let (B1/L) be the (rigid analytic affinoid) closed unit ball over L
with its Tate algebra of analytic functions TL = L〈x〉 and GL be a rigid analytic
group isomorphic as a rigid analytic space to (B1/L)d which is a rigid analytic
space with affinoid algebra A(GL) := ⊗̂

dTL := Td(L)= L〈x1, . . . , xd〉, the Tate
algebra of analytic functions in d variables with coefficients in L . The restriction of
scalars functor [Bertapelle 2000] associates to GL a rigid analytic space ResL/Qp GL

over Qp. In general, this functor does not behave trivially, but L being unramified,
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we obtain
ResL/Qp(B

1/L)∼= (B1/Qp)
N ,

[Clozel 2018, Lemma 1.1] which is canonically obtained by the choice of a basis (ei )

of OL over Zp. This is defined in the following way. For an affinoid Qp-algebra B
and for f ∈ HomL(L〈x〉,B⊗Qp L) with f (x)=

∑
bi ei (bi ∈ B), we canonically

define a function g ∈HomQp(Qp〈x1, . . . , xN 〉,B) with g(xi )= bi which is given by

(2-1) g(x1, . . . , xN )= f
(∑

ei xi

)
([Clozel 2018, Section 1.1]; see also [Bertapelle 2000, Proposition 1.8]). Since
ei is integral and |xi | ≤ 1 it is easy to see that the series on the right converges.
As the restriction of scalars is compatible with direct products [Bertapelle 2000,
Proposition 1.8], ResL/Qp GL = (B1/Qp)

d N. Henceforth, we write Res GL to denote
ResL/Qp GL .

2B. Assume now that GL ∼= (B1/L)d is obtained by extension of scalars from Qp.
Then, the Tate algebra A(GL) is equal to A(GQp)⊗L . The comultiplication map m∗,
defined by a morphism

m∗ :A(GL)→A(GL)⊗̂A(GL)

with image inside the completed tensor product, is obtained by extension of scalars
from

m∗0 :A(GQp)→A(GQp)⊗̂A(GQp).

Note that (2-1) associates to f ∈ A(GL) (with L-coefficients, i.e., in Td(L)) a
function g ∈A(Res GL)⊗ L (the function g given in (2-1) will have coefficients
in L). In particular, we get a map A(GQp)→A(Res GL)⊗ L in composing with
the “tautological map”

A(GQp)→A(GL).

This gives us the map

(2-2) b1 :A(GQp)→A(Res GL)⊗ L ,

and we call it as a “holomorphic base change” map. The Galois group

6 = Gal(L/Qp)

naturally acts on L which induces a natural action of 6 on the pro-p Iwahori
with coefficients in L . This action is Qp-linear. Therefore 6 acts naturally on GL

with a Qp-linear action. Note also that the action of 6 on Res GL is Qp-linear.
Recall from (2-2) that b1 sends A(GQp) to the functions that are L-holomorphic
(given by power series

∑
am xm , am ∈ L , with x = (x1, . . . , xd) being the variable).
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Let σ ∈ 6. Then the action associated to σ sends a power series in A(GQp) to(∑
am xm

)σ
:=
∑
σ(am)xm. This gives rise to a map

b :A(GQp)→A(Res GL)⊗ L ,(2-3)

b( f )=
∏
σ∈6

b1( f )σ .(2-4)

We now consider all Tate algebras to have coefficients in L and we denote them by
AL . That is, AL(Res GL)=A(Res GL)⊗ L and AL(GL) :=A(GL). Clozel [2018,
Proposition 1.5] has shown that the map b constructed in (2-3) is actually a tensor
product and gives rise to an isomorphism AL(Res GL)∼= ⊗̂σAL(GL).

Fix a finite extension K of Qp and an injection i : L ⊂ K. If σ ∈ Gal(L/Qp),
we then have the injection

i ◦ σ : L→ K.

Denote by V a (globally) analytic representation of GQp on a K - Banach space.
Then V naturally extends to an analytic representation of GL ; this is called the
holomorphic base change of V in [Clozel 2018]. For σ ∈Gal(L/Qp), write V σ the
representation of GL associated to i ◦ σ . Then, the full (Langlands) base change of
V is defined to be the globally analytic representation of ResL/Qp(GL) on ⊗̂σV σ

(see [Clozel 2018, Definition 3.2]).

3. Globally analytic principal series for GL(n)

We first recall the notion of locally analytic principal series representation induced
from the Borel to the Iwahori subgroup of GL(n,Zp). Then we treat the action of the
pro-p Iwahori on the subspace of rigid analytic functions within the locally analytic
principal series and show that this action is a globally analytic action (Theorem 3.8).
This gives us the globally analytic induced principal series representation under the
pro-p Iwahori subgroup G. Furthermore, we treat the condition of irreducibility of
the globally analytic principal series by translating an irreducibility condition of a
suitable Verma module (Theorem 3.9). Finally in Section 3B we base change our
globally analytic representation to a finite unramified extension L of Qp.

3A. We consider the case of principal series for GLn(Zp). Denote by G the pro-p
Iwahori subgroup of GLn(Zp), i.e., the group of matrices in GLn(Zp) that are
lower unipotent modulo pZp and by B the subgroup of matrices in GLn(Zp) which
are lower triangular modulo pZp. Let P0 ⊃ T0 be the set of upper triangular and
diagonal matrices in B, and let χ : T0→ K× be a locally analytic character with

χ(t1, . . . , tn)= χ1(t1) · · ·χn(tn),

and χi (t)= tci. Here tci is the exponential eci log(t) where ci ∈ K for t sufficiently
close to 1 in Zp.
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We first consider the locally analytic induced representation of B,

Jloc = indB
P0
(χ)loc = { f ∈Aloc(B, K ) : f (gb)= χ(b−1) f (g), b ∈ P0, g ∈ B},

where χ is naturally extended to P0 and Aloc(B, K ) is the space of locally analytic
functions on B. With U the lower unipotent subgroup of B with entries in Zp in
the lower triangular part, 1 in the diagonal entries and 0 elsewhere, we have the
natural decomposition

B =U P0.

Since χ is fixed and G is an open normal subgroup of B, the restriction of the
functions of Jloc to G⊂ B is injective [Clozel 2018, Section 3.3]. With Q0= P0∩G,
we deduce that the vector space of Jloc is

(3-1) Iloc = { f ∈Aloc(G, K ) : f (gb)= χ(b−1) f (g), b ∈ Q0, g ∈ G}.

With the decomposition G = U Q0, we see that Iloc ∼= Aloc(Z
(n(n−1))/2
p , K ) =

Aloc(U, K ). Here, Zp is seen as the rigid analytic (additive) group B1(Zp). The
group G acts on Iloc by the left translation

(3-2) h · f (g) 7→ f (h−1g).

Let Ei, j be the elementary matrices with 1 in the (i, j)-th place and 0 elsewhere.
From now on, we assume

p > n+ 1;

then G is p-saturated in the sense of [Lazard 1965, III, 3.2.7.5] and thus, it is
the ordered product (as a rigid analytic group) of the following one-parameter
subgroups:

(1) First, for y ∈ Zp, take the one-parameter lower unipotent matrices by the
following lexicographic order: the one-parameter group of matrices (1+yEi, j )

comes before the one-parameter group of matrices(1+ yEk,l) if and only if
i < k or i = k and j < l. Note that (1+ yEi, j ) and (1+ yEk,l) are lower
unipotent, and hence i > j and k > l.

(2) Then, for tk ≡ 1[p] and k ∈ [1, n], take the one-parameter diagonal subgroups
(tk Ek,k +

∑n
i=1,i 6=k Ei,i ) starting from the top left extreme to the low right

extreme.

(3) Finally, for y ∈ pZp, take the upper unipotent matrices in the following
order: the one-parameter group of matrices (1 + yEi, j ) comes before the
one-parameter group of matrices (1+ yEk,l) if and only if i ≥ k or i = k and
j > l. Note that (1+ yEi, j ) and (1+ yEk,l) are upper unipotent, and hence
i < j and k < l.



462 JISHNU RAY

That is, for the lower unipotent matrices, we start with the top and left extreme and
then fill the lines from the left, going down and for the upper unipotent matrices we
start with the low and right extreme and then fill the lines from the right, going up.
(See [Lazard 1965, III, 3.3.2] for the rigid analyticity and see Theorem 2.2.1 and
Remark 2.2.2 of [Ray 2020] for the order of the product, i.e., an ordered Lazard
basis of G, although in [Ray 2020] we have taken G to be upper unipotent matrices
modulo p but this does not matter).

Let now
A=A(U, K )=A(Z(n(n−1))/2

p , K )

be the subspace of globally analytic functions of

Iloc =Aloc(U, K ).

Thus f ∈A is a globally analytic function in the variables ai, j on U, that is,

f (A)=
∑
ν∈Nd

cνaν

such that cν ∈ K and |cν | → 0 as |ν| → ∞. Here d = (n(n− 1))/2, a =
(a2,1, a3,1, a3,2, . . . , an,n−1) ∈ Zd

p with the lexicographic ordering of ai, j as in (1),
ν= (ν2,1, ν3,1, . . . , nun,n−1)∈Nd , aν=aν2,1

2,1 · · · a
νn,n−1
n,n−1 and |ν|= ν2,1+· · ·+νn,n−1.

We now seek conditions such that if f is a globally analytic function on G and
the action of G is defined as above, then the map

h 7→ h · f (g)= f (h−1g)

is globally analytic.

Lemma 3.1. With the above notation, for p>n+1, the action of G on f ∈A(U, K ),
i.e., the map h 7→ h · f , is a globally analytic function on G if and only if it is so for
all one-parameter (rigid analytic) subgroups and the diagonal subgroup of which
G is the product.

Proof. This follows from the same argument as in the discussion after Lemma 3.4
of [Clozel 2018]. �

Thus, our goal is to verify the analyticity of the action of the diagonal subgroup,
the one-parameter lower unipotent subgroups and the one-parameter upper unipotent
subgroups of G which are treated in Lemmas 3.2, 3.3 and 3.7, respectively.

Let A = (ai, j )i, j be any matrix in U (i.e., ai,i = 1 and ai, j = 0 for i < j) and

T = Diag(t1, . . . , tn)=
n∑

k=1

tk Ek,k

be any element in the diagonal T0 ∩G, where tk ∈ 1+ pZp. Assume f ∈ Iloc, then
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the action of T on f , given by (3-2), is

T · f (A)= f (Diag(t−1
1 , . . . , t−1

n )A)

= f
(( n∑

k=1

t−1
k Ek,k

)( n∑
i, j=1

ai, j Ei, j

))

= f
( n∑

j,k=1

t−1
k ak, j Ek, j

)

= f
(( n∑

k, j=1

t−1
k t j ak, j Ek, j

)( n∑
j=1

t−1
j E j, j

))

= f
( n∑

k, j=1

t−1
k t j ak, j Ek, j

)
χ(t1, . . . , tn) (from (3-1)).

Interchanging indices k→ i , we obtain

(3-3)
( n∑

i=1

ti Ei,i

)
· f
( n∑

i, j=1

ai, j Ei, j

)
= f

( n∑
i, j=1

t−1
i t j ai, j Ei, j

)
χ(t1, . . . , tn)

with ai,i = 1, ai, j = 0 for i < j and ti ≡ 1 (mod p).
Taking f = 1 we see that χ(t1, . . . , tn) must be an analytic function. By (3-3),

for fixed k ∈ [1, n] considering the action of the matrix
(
tk Ek,k +

∑n
i=1,i 6=k Ei,i

)
on f we obtain(

tk Ek,k +

n∑
i=1,i 6=k

Ei,i

)
f (A)(3-4)

= f
( ∑

u,v 6=k
u>v

au,vEu,v + ak,k Ek,k +

k−1∑
j=1

t−1
k ak, j Ek, j +

n∑
i=k+1

tkai,k Ei,k

)
×χ(1, . . . , tk, . . . , 1)

:= f (C)χ(1, . . . , tk, . . . , 1)

where C is the matrix( ∑
u,v 6=k
u>v

au,vEu,v + ak,k Ek,k +

k−1∑
j=1

t−1
k ak, j Ek, j +

n∑
i=k+1

tkai,k Ei,k

)
.

Assume now that f is globally analytic in the variables ai, j on U, that is,

(3-5) f (A)=
∑
ν∈Nd

cνaν,
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such that cν ∈ K and |cν | → 0. Then with tk = 1+ pξk , ξk ∈ Zp,

f (C)=
∑
ν

cν

(
aνk,k

k,k

∏
u,v 6=k
u>v

aνu,v
u,v

)( k−1∏
j=1

(t−1
k ak, j )

νk, j

)( n∏
i=k+1

(tkai,k)
νi,k

)
(3-6)

=

∑
ν

cν

(
aνk,k

k,k

∏
u,v 6=k
u>v

aνu,v
u,v

)(k−1∏
j=1

(1+pξk)
−νk, j aνk, j

k, j

)( n∏
i=k+1

(1+pξk)
νi,k aνi,k

i,k

)
.(3-7)

Recall that for |v| < 1, m ∈ N, we have (1 − v)−m
=
∑
∞

q=0
(m+q−1

q

)
vq. Now,

inserting the expressions

(1+ pξk)
−νk, j =

∞∑
qk, j=0

(
νk, j + qk, j − 1

qk, j

)
(−pξk)

qk, j

and

(1+ pξk)
νi,k =

νi,k∑
ui,k=0

(
νi,k

ui,k

)
pui,kξ

ui,k
k

into (3-7) we obtain, with |q| := qk,1+ · · ·+ qk,k−1, |u| = uk+1,k + · · ·+ un,k and
vmax =

∏n
i=k+1 νi,k ,

f (C)=
∑
ν

cν

(
aνk,k

k,k

∏
u,v 6=k
u>v

aνu,v
u,v

)( k−1∏
j=1

( ∞∑
qk, j=0

(
νk, j+qk, j−1

qk, j

)
(−pξk)

qk, j aνk, j
k, j

))

×

( n∏
i=k+1

νi,k∑
ui,k=0

(
νi,k

ui,k

)
pui,kξ

ui,k
k aνi,k

i,k

)

=

∑
ν

cν

(
aνk,k

k,k

∏
u,v 6=k
u>v

aνu,v
u,v

)( ∞∑
N≥0

ξ N
k

( ∑
|q|=N

k−1∏
j=1

(
νk, j+qk, j−1

qk, j

)
(−p)qk, j aνk, j

k, j

))

×

( vmax∑
M=0

ξM
k

( ∑
|u|=M

n∏
i=k+1

(
νi,k

ui,k

)
pui,k aνi,k

i,k

))
.

Let fN and gM be defined by

fN =

( ∑
|q|=N

k−1∏
j=1

(
νk, j + qk, j − 1

qk, j

)
(−p)qk, j aνk, j

k, j

)
,(3-8)

gM =

( ∑
|u|=M

n∏
i=k+1

(
νi,k

ui,k

)
pui,k aνi,k

i,k

)
.(3-9)
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Then,

f (C)=
∑
ν

cν(a
νk,k
k,k

∏
u,v 6=k
u>v

aνu,v
u,v )

( ∞∑
N≥0

ξ N
k fN

)( vmax∑
M=0

ξM
k gM

)

=

∞∑
m≥0

ξm
k

(∑
ν

cν(a
νk,k
k,k

∏
u,v 6=k
u>v

aνu,v
u,v )

∑
N+M=m

fN gM

)
.

Recall from the introduction that any element f ∈A(U, K ) is of the form

f =
∑
ν∈Nd

cνaν

with lim|ν|→∞|cν | = 0. The space A(U, K ) is a K -Banach space with the sup norm
on f defined by

| f | = sup|cν |

(see [Bosch 2014, Chapter 2]). Recall that for any K -Banach space V with norm | · |,
a representation π of G on V is called a globally analytic representation if the map

g 7→ g · v = π(g)v

is globally analytic on G for all v ∈ V. Thus, in coordinates (x1, . . . , xl) with
l = dim(G),

g · v =
∑

k

xkvk

where vk ∈ V and |vk | → 0. Here k = (k1, . . . , kl) and xk
= xk1

1 · · · x
kl
l , ki ∈N (see

[Emerton 2017; Clozel 2018, Section 2]).
Now, with tk = 1+ pξk , ξk ∈ Zp, in order to show that the action of the one-

parameter diagonal subgroup tk(Ek,k)+
∑n

i 6=k,i=1 Ei,i on f ∈A(U, K ) is analytic
we have to show that the map

Zp→A(U, K ),

ξk 7→

(
(1+ pξk)Ek,k +

n∑
i=1,i 6=k

Ei,i

)
f = f (C)χ(1, . . . , 1+ pξk, . . . , 1)

is a globally analytic map on Zp. The norm of the coefficient of ξm
k , in (3-10), is∣∣∣∣(∑

ν

cν

(
aνk,k

k,k

∏
u,v 6=k
u>v

aνu,v
u,v

) ∑
N+M=m

fN gM

)∣∣∣∣.
Notice that, since N ,M ≤ m and fN , gM ∈ Zp from (3-8) and (3-9), the quantity(
aνk,k

k,k
∏

u,v 6=k, u>v aνu,v
u,v

∑
N+M=m fN gM

)
has finite sum and product and hence lies
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in Zp. Hence, ∣∣∣∣(∑
ν

cν

(
aνk,k

k,k

∏
u,v 6=k
u>v

aνu,v
u,v

) ∑
N+M=m

fN gM

)∣∣∣∣→ 0

as |cν | → 0 with ν → ∞. This gives the analyticity of the action f → f (C).
We treat the analyticity of the character χ in general. Write χ = (χ1, . . . , χn),
χi (1+ pui )= eci log(1+pui ) for ci ∈ K, ui close to 0, i ∈ [1, n]. The exponential is
analytic (in K ) in the domain vp(z) > e/(p−1) where e= e(K ) is the verification
index and vp is the normalized valuation, vp(p)= 1. Now,

vp(ci log(1+ pui ))= vp(ci )+ 1+ vp(ui ).

So we must have
vp(ci )+ 1>

e
p− 1

;

that is,

vp(ci ) >
e

p− 1
− 1.(3-10)

We say that χ is “analytic” if and only if the ci ’s verify the condition (3-10) and in
the rest of this text we assume that our character χ is analytic. It is easy to see that
if χ is analytic, then χ(1, . . . , 1+ pξk, . . . , 1) is an analytic function on ξk . The
character

χ(1, . . . ,1+pξk, . . . ,1)=χk(1+pξk)=

∞∑
n=0

cn(1+pξk)
n (since χk is analytic)

=

∞∑
n=0

cn

n∑
u=0

(
n
u

)
puξ u

k

=

∞∑
u=0

ξ u
k

(
pu
∞∑

n≥u

cn

(
n
u

))
.

The norm of the coefficient of ξ u
k is∣∣∣∣pu

∞∑
n≥u

cn

(
n
u

)∣∣∣∣
which goes to 0 as |cn| → 0 with n→∞. Thus, we have shown:

Lemma 3.2. Under the hypothesis (3-10), for each k ∈ [1, n], the action of the one-
parameter diagonal subgroup

(
tk Ek,k +

∑n
i=1,i 6=k Ei,i

)
of G on A(Z(n(n−1))/2

p , K )
given by (3-4) is an analytic action.
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For y ∈ Zp and i > j, with i, j fixed between 1, . . . , n, the action of the one-
parameter (rigid analytic) subgroup (1+ yEi, j ) on f (A), given by (3-2) is

(1+ yEi, j ) f (A)= f ((1+ yEi, j )
−1 A)= f ((1− yEi, j )A)(3-11)

= f
(
(1− yEi, j )

( ∑
k≥l

k,l∈[1,n]

ak,l Ek,l

))

= f
( ∑

k≥l
k,l∈[1,n]

ak,l Ek,l −
∑

l=1,..., j

ya j,l Ei,l

)
:= f (B),

where B is the matrix ∑
k≥l, k,l∈[1,n]

ak,l Ek,l −

j∑
l=1

ya j,l Ei,l .

One can easily see that the matrix B = (bu,v) is lower unipotent and differs from
matrix A only in the first j entries of its i-th row. In particular,

bi,v = ai,v − ya j,v

for all v ∈ [1, j], a j, j = 1, and all other bu,v are the same as au,v (recall that A is
lower unipotent).

Now, let f be a globally analytic function on U as in (3-5). That is

f (a)=
∑
ν∈Nd

cνaν

with aν = aν2,1
2,1 · · · a

νn,n−1
n,n−1 and |cν | → 0. Then, we have to show that

(1+ yEi, j ) f = f (B)

gives an analytic map

Zp→A(U, K ),

y→ (1+ yEi, j ) f = f (B).

The power series f (B) is equal to

∑
ν

cν

(( ∏
u>v

u=i=⇒v> j

aνu,v
u,v

)( j∏
k=1

(ai,k − ya j,k)
νi,k

))
.

For each k ∈ [1, j], inserting the expansion

(ai,k − ya j,k)
νi,k =

νi,k∑
mi,k=0

(
νi,k

mi,k

)
ymi,k (−a j,k)

mi,k aνi,k−mi,k
i,k
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into f (B) we obtain, for M =
∏ j

k=1 νi,k , |m| = mi,1+ · · ·+mi, j ,

f (B)=
∑
ν

cν

(( ∏
u>v

u=i=⇒v> j

aνu,v
u,v

)( j∏
k=1

( νi,k∑
mi,k=0

(
νi,k

mi,k

)
ymi,k (−a j,k)

mi,k aνi,k−mi,k
i,k

)))

=

∑
ν

cν

(( ∏
u>v

u=i=⇒v> j

aνu,v
u,v

)( M∑
N=0

yN
( ∑
|m|=N

mi,?∈[0,νi,?]

j∏
k=1

(
νi,k

mi,k

)
(−a j,k)

mi,k aνi,k−mi,k
i,k

)))

=

∑
ν

cν

( M∑
N=0

yN
(( ∏

u>v
u=i=⇒v> j

aνu,v
u,v

) ∑
|m|=N

mi,?∈[0,νi,?]

j∏
k=1

(
νi,k

mi,k

)
(−a j,k)

mi,k aνi,k−mi,k
i,k

))

=

M∑
N=0

yN
(∑

ν

cν

(( ∏
u>v

u=i=⇒v> j

aνu,v
u,v

) ∑
|m|=N

mi,?∈[0,νi,?]

j∏
k=1

(
νi,k

mi,k

)
(−a j,k)

mi,k aνi,k−mi,k
i,k

))

=

M∑
N=0

yN fN ,

where

fN :=
∑
ν

cν

(( ∏
u>v

u=i=⇒v> j

aνu,v
u,v

) ∑
|m|=N

mi,?∈[0,νi,?]

j∏
k=1

(
νi,k

mi,k

)
(−a j,k)

mi,k aνi,k−mi,k
i,k

)
.

Define

s(N , ν) :=
(( ∏

u>v
u=i=⇒v> j

aνu,v
u,v

) ∑
|m|=N

mi,?∈[0,νi,?]

j∏
k=1

(
νi,k

mi,k

)
(−a j,k)

mi,k aνi,k−mi,k
i,k

)

such that fN =
∑

ν cνs(N , ν). Notice that since mi,k ≤ νi,k for all k ∈ [1, j], the
sum in s(N , ν) is a finite sum and thus s(N , ν) lies in Zp. Therefore, the norm of
the coefficient of yN is | fN | =

∣∣∑
ν cνs(N , ν)

∣∣ which goes to 0 as |cν | → 0 with
|ν| →∞. This gives the analyticity of the map y→ (1+ Ei, j ) f = f (B).

Therefore, we have shown:

Lemma 3.3. For y ∈Zp and i > j, the action of the lower unipotent (rigid analytic)
one-parameter subgroup (1+ yEi, j ) of G on f ∈A(Z(n(n−1))/2

p , K ) given by (3-11)
is an analytic action.

It remains to check the analyticity of the action (3-2) by triangular superior
matrices of the form (1+ yEi, j ) for i < j , i, j ∈ [1, n], y ∈ pZp. Recall that the
action of (1+ yEi, j ) on f ∈ Iloc given by (3-2) is

(1+ yEi, j ) f (A)= f ((1+ yEi, j )
−1 A)= f ((1− yEi, j )A).
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Recall the action of Q0 given by (3-1), that is, f (gb)= χ(b−1) f (g) with b ∈ Q0.
Hence, our objective is to write the matrix (1− yEi, j )A as the product of two
matrices X and Z with X ∈U and Z ∈ Q0, that is,

(1− yEi, j )A = X Z ,

where X is a lower unipotent matrix with entries in Zp and Z is an upper triangular
matrix with diagonal elements in 1+ pZp and such that the elements above the
diagonal have entries in pZp.

Lemma 3.4. For i < j and y ∈ pZp, there exists a unique matrix decomposition
(1− yEi, j )A = X Z with X = (xk,l)k,l ∈U and Z = (zr,s)r,s ∈ Q0. Also,

(i) all the diagonal elements zr,r of Z are of the form

1− yhr,r (y, a)
1− ygr,r (y, a)

,

(ii) all the elements zr,s , for r < s, of Z are of the form

yhr,s(y, a)
1− ygr,s(y, a)

,

(iii) all the elements xk,l with k > l of the lower triangular unipotent matrix X are
of the form

hk,l(y, a)
1− ygk,l(y, a)

,

where h?,?(y, a) and g?,?(y, a) are polynomial functions with integral coefficients
in y and a2,1, a3,1, a3,2, . . . , an,n−1 (entries of the lower unipotent matrix A).

Proof. We prove the lemma by an easy inductive argument. The base case n = 2 is
clear from the matrix equation(

1 −y
0 1

)(
1 0

a2,1 1

)
=

(
1− ya2,1 −y

a2,1 1

)
=

(
1 0

x2,1 1

)(
z1,1 z1,2

0 z2,2

)
=

(
z1,1 z1,2

z1,1x2,1 z2,2+ z1,2x2,1

)
with x2,1 = a2,1/(1− ya2,1), z1,1 = 1− ya2,1, z1,2 = −y, z2,2 = 1/(1− ya2,1).
Assume, by induction hypothesis that our lemma is true for GL(n− 1). We show it
for GL(n). Let us first suppose that i > 1, that is, with some elementary matrix E ′,
where 1− yE ′ ∈ GL(n− 1), we have

(1− yEi, j )=


1 0 · · · 0
0

1− yE ′
...
0

.
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The matrix A, being lower unipotent, can be written in the following block form:

A =


1 0 · · · 0

a2,1

A′
...

an,1

,
with A′ ∈ GL(n− 1). Setting a to be the column vector

a2,1

a3,1
...

an,1

,
we have

(1− yEi, j )A =


1 0 · · · 0
0

1− yE ′
...
0




1 0 · · · 0
a2,1

A′
...

an,1

= ( 1 0
(1− yE ′)a (1− yE ′)A′

)
.

We want to decompose the above matrix in the form

(
1 0

(1− yE ′)a (1− yE ′)A′

)
=


1 0 · · · 0

x2,1

X ′
...

xn,1




z1,1 z1,2 · · · z1,n

0
Z ′

...
0


with x2,1, . . . , xn,1 ∈ Zp, z1,1 ∈ 1+ pZp and z1,2, . . . , z1,n ∈ pZp. Denote z to be
the row vector [z1,2, . . . , z1,n], x to be the column vector

x2,1

x3,1
...

xn,1

.
Hence, we want to solve(

1 0
(1− yE ′)a (1− yE ′)A′

)
=

(
z1,1 z
z1,1x x · z+ X ′Z ′

)
.

So we must have

(1) z1,1 = 1,

(2) z= 0,

(3) z1,1x= x= (1− yE ′)a (using z1,1 = 1 from (1)),

(4) x · z+ X ′Z ′ = X ′Z ′ = (1− yE ′)A′ (as z= 0 from (2)).
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By the induction hypothesis, we can find X ′ and Z ′ satisfying (4) with entries as in
Lemma 3.4. Also, (3) is of the form

1
−y
. . .

1




a2,1

a3,1
...

an,1

=


x2,1

x3,1
...

xn,1


Clearly, we can solve x2,1, . . . , xn,1 from the above matrix equation satisfying

Lemma 3.4 and in fact the solutions do not have any denominators.
So by induction we are reduced to the case i = 1, that is, when

(1− yEi, j )=


1 0 · · · − y · · · 0
0

1
...
0

.
Our goal is to solve, for X and Z , the matrix equation

(3-12) (1− yE1, j )A = X Z .

Expanding right-hand side of (3-12), we obtain

B = (bu,v)u,v = X Z =
(

1+
∑

k∈[1,n]
l∈[1,k−1]

xk,l Ek,l

)( ∑
r∈[1,n]
s∈[r,n]

zr,s Er,s

)

=

∑
r∈[1,n]
s∈[r,n]

zr,s Er,s +
∑

k∈[1,n]
r∈[1,k−1]

s∈[r,n]

xk,r zr,s Ek,s .

Therefore,

(3-13) bu,v =



v∑
r=1

xu,r zr,v if u > v,

zu,v +

u−1∑
r=1

xu,r zr,v if u ≤ v.

Recall that our matrix

A =
∑
k≥l

ak,l Ek,l

is lower unipotent, that is, ak,k = 1 for all k ∈ [1, n] and ak,l = 0 for k< l. Expanding
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the left-hand side of (3-12), we obtain

(1− yE1, j )A = (1− yE1, j )

(∑
k≥l

ak,l Ek,l

)
=

∑
k≥l

ak,l Ek,l −

j∑
l=1

ya j,l E1,l

=

∑
k∈[1,n]
l∈[1,k]

k 6=1

ak,l Ek,l +

j∑
l=2

(−ya j,l)E1,l + (1− ya j,1)E1,1.

Note that the first row of the matrix (1− yE1, j )A is

j∑
l=2

(−ya j,l)E1,l + (1− ya j,1)E1,1.

From (3-12), the matrices (1− yE1, j )A and B= (bu,v)u,v are equal. Thus, equating
bu,v from (3-13) with the above expression of the matrix (1− yE1, j )A, we obtain
the following equations (with the convention that xk,l = 0 for k ≤ l and zr,s = 0
for r > s):

(1) For u 6= 1 and u > v, bu,v =
∑v

r=1 xu,r zr,v = au,v.

(2) For u 6= 1 and u = v, bu,v = zu,u +
∑u−1

r=1 xu,r zr,v = au,u = 1.

(3) For u 6= 1 and u < v, bu,v = zu,v +
∑u−1

r=1 xu,r zr,v = au,v = 0.

(4) For u = v = 1, b1,1 = z1,1 = 1− ya j,1.

(5) For u = 1 and u < v, b1,v = z1,v =−ya j,v.

Note that in (5), for v > j, b1,v = −ya j,v = 0 (as A is lower unipotent). Setting
v = 1 in (1), for u ∈ [2, n], we obtain

(3-14) xu,1 =
au,1

z1,1
=

au,1

1− ya j,1
(as z1,1 = 1− ya j,1 from (4)).

Now, let C = (ck,l)k,l = (1− yE1, j )A and B = (bu,v)u,v as above. We proceed by
equating, in stage 1, the first row of the matrix B with the first row of the matrix C ,
starting from the leftmost entry (i.e., given by (4) and (5) above) and solve for z?,?.
Then in the next stage (say, stage 1+ 1

2 ) we equate the first column of the matrix B
with the first column of the matrix C starting from the uppermost entry (b2,1 = c2,1)
and solve for x?,? (i.e., those given by (3-14)). In stage 2, we do the same with the
second row and in the stage 2+ 1

2 we equate the second column of the matrix B
with C (given by (1), (2) and (3)) and proceed like this until the last (n-th) stage.
Our objective is to solve x?,? and z?,? while equating the matrix B with C and to
show (i), (ii) and (iii) of Lemma 3.4. We prove this by induction.

Assume, by induction hypothesis, at stages m and m+ 1
2 , 1≤m<n, that we have

found xk,l for k ∈ [2, n], l ∈ [1,m], k > l and zr,s for r ∈ [1,m], s ∈ [1, n], r ≤ s,
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having the forms (i), (ii) and (iii), respectively. Then, at stage (m + 1), we have
to equate bm+1,v = cm+1,v for v ∈ [m+ 1, n]. Equating bm+1,m+1 = cm+1,m+1, we
deduce, by (2), that

zm+1,m+1 = 1−
m∑

r=1

xm+1,r zr,m+1

= 1−
yh1(y, a)

1− yg1(y, a)
=

1− y(h1+ g1)

1− yg1
,

where the second equality is by induction hypothesis, for some polynomial functions
h1(y, a) and g1(y, a) with integral coefficients in y and a2,1, a3,1, a3,2, . . . , an,n−1.

Similarly, equating bm+1,v = cm+1,v for v ∈ [m+ 2, n], we obtain, by (3), that

zm+1,v =−

m∑
r=1

xm+1,r zr,v

=
−yh2(y, a)

1− yg2(y, a)
(again by induction hypothesis).

At stage (m+ 1)+ 1
2 we have to equate bu,m+1 = cu,m+1 for all u ∈ [m+ 2, n]. So,

by (1), we get

xu,m+1zm+1,m+1 = au,m+1−

m∑
r=1

xu,r zr,m+1

= au,m+1−
yh3(y, a)

1− yg3(y, a)
(again by induction hypothesis)

=
h4(y, a)

1− yg3(y, a)

for some h4 and g3 with integral coefficients. Therefore,

xu,m+1=
h4(y,a)

1−yg3(y,a)
·

1
zm+1,m+1

=
h4(y,a)

1−yg3(y,a)
1−yg1

1−y(h1+g1)
=

h5(y,a)
1−yg5(y,a)

,

with polynomials h5 and g5 having integral coefficients. This completes our induc-
tion argument and finishes the proof of Lemma 3.4. �

Now, let f ∈ Iloc. Then, by Lemma 3.4, and with X and z?,? as contained therein,
the action of (1+ yEi, j ) on f is given by

(3-15) (1+yEi, j ) f (A)= f (X)χ(z−1
1,1, . . . , z

−1
n,n).

Recall that for |v|< 1, we have

(1− v)−m
=

∞∑
q=0

(
m+ q − 1

q

)
vq .
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Assume now that f ∈A(Z(n(n−1))/2, K ) is a globally analytic function. Thus, f is
an element in the Tate algebra of U with 1

2 n(n− 1) variables. In order to show that
the action of (1+ yEi, j ) on f ∈A(U, K ), given by (3-15), is globally analytic we
have to show that

n∏
r=1

χr (z−1
r,r ) f (X)

is a globally analytic function in y.

Lemma 3.5. If the action f → g, g(A) = f (X), where A = X Z , is globally
analytic, then f →

∏n
r=1 χr (z−1

r,r )g is globally analytic.

Proof. With (3-10), our character χ is analytic. Hence,

χr (z−1
r,r )= χr

(
1− ygr,r (y, a)
1− yhr,r (y, a)

)
(from Lemma 3.4)

=

∞∑
n=0

cn

(
1− ygr,r (y, a)
1− yhr,r (y, a)

)n

(for |cn| → 0).

We are reduced to showing that (y, a)→ (1− ygr,r (y, a))/(1− yhr,r (y, a)) is
analytic in y and this is true because

1− ygr,r (y, a)
1− yhr,r (y, a)

= (1− ygr,r (y, a))
( ∞∑

n=0

(yhr,r (y, a))n
)
. �

Therefore, with Lemma 3.5, to prove that the action of (1 + yEi, j ) on f ∈
A(U, K ), given by (3-15), is globally analytic, we only need to show that the action
f → g, g(A)= f (X), where A = X Z , is globally analytic.

Lemma 3.6. The action f → g, g(A)= f (X), where A= X Z , is globally analytic.

Proof. Recall that the lower unipotent matrix X is ((xk,l)k,l) with

xk,l =
hk,l(y, a)

1− ygk,l(y, a)

given by Lemma 3.4. Write

xk,l = hk,l(y, a)
∞∑

n=0

yngk,l(y, a)n =
∞∑

n=0

yngn,k,l(y, a).

Since f is analytic, f =
∑

N fN x N with N = (Nk,l) ∈ Z
n(n−1)/2
p , x N

=
∏

k>l x Nk,l
k,l .

The norm | fN | → 0 as N →∞. Then,

f (X)= f ((xk,l)k,l)=
∑

N

fN

∏
k,l
k>l

( ∞∑
n=0

yngn,k,l(y, a)
)Nk,l

.
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As ( ∞∑
n=0

yngn

)M

=

∑
v≥0

yv
∑

v1+···+vM=v

gv1 · · · gvM ,

we obtain that

f (X)=
∑

N=(Nk,l )

fN

∏
k,l

∑
v≥0

yv
( ∑
v1+···+vNk,l=v

gv1,k,l · · · gvNk,l ,k,l

)
.

Define ak,l(v)=
(∑

v1+···+vNk,l=v
gv1,k,l · · · gvNk,l ,k,l

)
; then,

f (X)=
∑

N=(Nk,l )

fN

∏
k,l

∑
v≥0

yvak,l(v)

=

∑
N=(Nk,l )

fN

∞∑
v≥0

yv
∑

∑
vk,l=v

∏
k,l

ak,l(vk,l)

=

∑
N=(Nk,l )

fN

∞∑
v≥0

yv
∑

∑
vk,l=v

∏
k,l

∑
v1+···+vNk,l=vk,l

gv1,k,l · · · gvNk,l ,k,l .

The coefficient of yv is∑
N=(Nk,l )

fN

∑
∑
vk,l=v

∏
k,l

∑
v1+···+vNk,l=vk,l

gv1,k,l · · · gvNk,l ,k,l :=
∑

N=(Nk,l )

fN sN ,

where
sN :=

∑
∑
vk,l=v

∏
k,l

∑
v1+···+vNk,l=vk,l

gv1,k,l · · · gvNk,l ,k,l .

Here Nk,l is finite and vk,l ≤ v and hence the sum sN is a finite sum in Zp. As,
with N →∞, | fN | → 0, we obtain that

∣∣∑
N fN sN

∣∣→ 0 and this completes the
proof. �

This shows the analyticity of the action given by (3-15). So we have shown:

Lemma 3.7. For y ∈ pZp and i < j, the action of the upper unipotent (rigid
analytic) one-parameter subgroup (1+ yEi, j ) of G on f ∈A(Zn(n−1)/2

p , K ), given
by (3-15) is an analytic action.

Note that, by Section 3A, the vector space of locally analytic functions of principal
series

indB
P0
(χ)loc = { f ∈Aloc(B, K ) : f (gb)= χ(b−1) f (g), b ∈ P0, g ∈ B}

is isomorphic to the vector space of the locally analytic functions

Iloc ∼=Aloc(Z
n(n−1)/2
p , K ).
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Denote by indB
P0
(χ) the space of globally analytic vectors of indB

P0
(χ)loc, which is

A :=A(Zn(n−1)/2
p , K ).

Also, the representation on A is admissible: indeed, A is a subspace of A(G)
defined by the conditions f (gb)= χ(b−1) f (g) ( f is then analytic on G since χ is)
and this is a closed subspace. Thus by Lemmas 3.1–3.3 and Lemma 3.7 we have
shown the following theorem.

Theorem 3.8. Assume p > n+1. Let χ be an analytic character of T0 (see (3-10)).
The action of G on the induced principal series indB

P0
(χ) is a globally analytic action.

Moreover, the globally analytic representation of G on indB
P0
(χ) is admissible in

the sense of [Emerton 2017].

Recall that χ = (χ1, . . . , χn) where χi (1 + pui ) = eci log(1+pui ) for ci ∈ K,
with ui close to 0, i ∈ [1, n]. Also, recall from (3-5) that f ∈ A implies that
f (A)=

∑
ν∈Nd cνaν with |cν | → 0 as |ν| = ν2,1+ ν3,1+ · · ·+ νn,n−1→∞.

In the following, we will have conditions on the character χ such that the globally
analytic representation of G on A is irreducible.

Let µ be the linear form from the Lie algebra of the torus T0 to K given by

µ= (−c1, . . . , cn) : Diag(t1, . . . , tn) 7→
n∑

i=1

−ci ti ,

where t = (ti )∈Lie(T0). For negative root α= (i, j), i > j, let H(i, j) be the matrix
Ei,i − E j, j where Ei,i is the standard elementary matrix.

Theorem 3.9. Let the ci ’s satisfy (3-10) and p > n + 1, then the globally ana-
lytic representation A ∼= indB

P0
(χ) of G is topologically irreducible if and only if

−µ(Hα=(i, j))+ i − j /∈ {1, 2, 3, . . .} for all α = (i, j) ∈8−.

Assume X ⊂A is a closed nontrivial G-invariant subspace. Let 8,8−,8+,5
be the roots, negative roots, positive roots and simple roots, respectively, associated
to G. Consider f ∈A. Then, from (3-5),

f =
∑
ν∈Nd

cνaν

where d = n(n− 1)/2, cν ∈ K, |cν | → 0 as |ν| :=
∑

α∈8− να→∞.
Here, ν = (να, α ∈ 8−) ∈ Nd and aν =

∏
α∈8− aναα . In some arguments we will

have to order the exponents να. We use the following lexicographic order. Let
α= (i, j) and α′= (k, l). Then να comes before να′ if and only if i < k or i = k and
j < l, i.e., ν = (ν2,1, ν3,1, ν3,2, . . . , νn,n−1) (see also the discussion before (3-5)).
For N ≥ 0, let τN be the natural truncation

A→ K [a]N := ⊕|ν|≤N K aν .
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The latter space is the space of polynomials in several variables with total degree≤N.
As τN is equivariant under the action of the diagonal subgroup of G given by
formulas (3-3) and (3-4) and the associated characters of the diagonal torus of G
are linearly independent, τN (X ) is a direct sum of monomials given by

XN := τN (X )=
{∑
ν∈MN

cνaν
}
,

where MN is the set of exponents of all the elements in XN . If N ≤ N ′ and ν ∈ MN ,
then as XN is the image of the degree N truncation operator τN on X , the surjectivity

K [a]N ′ � K [a]N

implies that MN ⊂ MN ′ . This is because supposing

aν ∈ XN ⊂ K [a]N

(i.e., ν ∈ MN ), then there exists a pullback aν + g ∈ XN ′ of a under the surjection
XN ′ � XN (this map is a surjection by definition of XN and XN ′) such that g is a
power series with the total degree of all its monomials strictly higher than N but
less than or equal to N ′. As aν + g ∈ XN ′ we see that ν ∈ MN ′ .

This shows that if N ≤ N ′, then MN ⊂ MN ′ . Conversely, ν ∈ MN ′ and |ν| ≤ N
implies ν ∈MN . Therefore, the multisets MN and MN ′ are compatible and by letting
N →∞ we see that, as X is closed, there exists M (the exponents of elements
of X ) such that

(1) f ∈ X =⇒ cν = 0 for all ν /∈ M and

(2) if ν ∈ M, aν ∈ τN (X ) for all N ≥ |ν|; thus there exists

f := aν +
∑
|r |>N

cr ar
∈ X ,

where r = (rα, α ∈8−) ∈ Nd , |cr | → 0.

For α ∈ 8−, let Yα ∈ g = Lie(G) be the infinitesimal generator associated to the
unipotent subgroup 1+ yEα, y ∈ Zp, Eα being the standard elementary matrix
at α.

Lemma 3.10. The multi-index 0 is in M.

Proof. M 6=∅, because if so, then X = 0, which is not true as, by assumption, X is
nontrivial. Now if ν = (να, α ∈8−) ∈ M, then by (2) above,

f = aν +
∑
|r |>N

cr ar
∈ X ,

where N ≥ |ν| and r ∈ Nd . By (3-11), the action of Yβ = Y(i, j) on f (where
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β = (i, j) ∈8− is fixed) is given by

Yβ( f )=
d

dy

∣∣∣∣
y=0

(( ∏
α=(u,v)

u=i=⇒v> j

aναα

)( j∏
k=1

(ai,k+ya j,k)
νi,k

)

+

∑
|r |>N

cr

( ∏
α=(u,v)

u=i=⇒v> j

arα
α

)( j∏
k=1

(ai,k+ya j,k)
ri,k

))

=

∏
α=(u,v)

u=i=⇒v> j

aναα

( j∑
l=1

νi,la j,la
νi,l−1
i,l

∏
k∈[1, j]

k 6=l

aνi,k
i,k

)

×

∑
|r |>N

cr

∏
α=(u,v)

u=i=⇒v> j

arα
α

( j∑
l=1

ri,la j,la
ri,l−1
i,l

∏
k∈[1, j]

k 6=l

ari,k
i,k

)

= A+
∑
|r |>N

cr B.

The first term in the right-hand side of the above equation is

A :=
∏

α=(u,v)
u=i=⇒v> j

aναα

( j∑
l=1

νi,la j,la
νi,l−1
i,l

∏
k∈[1, j]

k 6=l

aνi,k
i,k

)
=

j∑
l=1

νi,la
ν j,l+1
j,l aνi,l−1

i,l

∏
α 6=(i,l)
α 6=( j,l)

aναα

and

B =
∏

α=(u,v)
u=i=⇒v> j

arα
α

( j∑
l=1

ri,la j,la
ri,l−1
i,l

∏
k∈[1, j]

k 6=l

ari,k
i,k

)
=

j∑
l=1

ri,la
r j,l+1
j,l ari,l−1

i,l

∏
α 6=(i,l)
α 6=( j,l)

arα
α .

Notice that the monomials in B have total degree |r | except, when l = j , the term
ri, j a

ri, j−1
i, j

∏
α 6=(i, j) arα

α (note that a j, j = 1 by convention) which has total degree
|r | − 1.

As Y(i, j)( f ) ∈ X , we see that (να, νi, j − 1, α ∈8−, α 6= (i, j)) ∈ M ; these are
the exponents when we take l = j in A. This shows that if M 6= ∅, then 0 ∈ M
because we can descend the vi, j ’s successively for every negative root (i, j) and
this completes the proof of Lemma 3.10. �

Lemma 3.11. The constants a0 are in X .

Proof. Let Tk ∈ g be the infinitesimal generator associated to the diagonal subgroup
Diag(1, . . . , tk, . . . , 1), where tk ∈ 1+ pZp and tk is at the (k, k)-th place. By



THE PRO- p IWAHORI SUBGROUP OF GL(n) AND BASE CHANGE 479

Lemma 3.10, 0 ∈ M. This implies there exists cr for |r |> 0 such that

f = c0+
∑
|r |>0

cr ar
∈ X

(where c0 6= 0). By (3-6), from the action of Diag(1, . . . , tk, . . . , 1) on f , the
function obtained from Tk( f ) gives that

(3-16)
∑
|r |>0

cr

(∑
rδ −

∑
rβ

)
ar
∈ X ,

where
∑

rδ is
∑

i∈[k+1,n], δ=(i,k) rδ and
∑

rβ is
∑

j∈[1,k−1], β=(k, j) rβ .
The function obtained from T p−1

k ( f ) gives that∑
|r |>0

cr

(∑
rδ −

∑
rβ

)p−1

ar
∈ X .

This implies that

Ek f := c0+
∑
|r |>0

cr

(
1−

(∑
rδ −

∑
rβ

)p−1)
ar
∈ X .

If p |
∑

rδ −
∑

rβ , then(
1−

(∑
rδ −

∑
rβ

)p−1)l

→ 1 as l→∞.

If p -
(∑

rδ −
∑

rβ
)
, then(

1−
(∑

rδ −
∑

rβ

)p−1)l

→ 0 as l→∞.

Then
Ak,1 f := c0+

∑
|r |>0

p|(
∑

rδ−
∑

rβ)

cr ar
∈ X .

Similar to (3-16), applying now the transformation Tk on Ak,1 f , dividing by p, and
iterating all the above steps, we see that

Ak,2( f ) := c0+
∑
|r |>0

p2
|(
∑

rδ−
∑

rβ)

cr ar
∈ X .

Repeating this s times, for s ∈ N, we obtain

Ak,s( f ) := c0+
∑
|r |>0

ps
|(
∑

rδ−
∑

rβ)

cr ar
∈ X .
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This implies, for s ∈ N,

(3-17)
( n∏

k=1

Ak,s

)
( f )= c0+ Qs( f ) ∈ X ,

where Qs( f )=
∑

cr ar where the sum runs over all r = (rα, α ∈8−) with |r |> 0
such that for all k ∈ [1, n],

ps
∣∣ ( ∑

δ=(i,k)
i∈[k+1,n]

rδ −
∑

β=(k, j)
j∈[1,k−1]

rβ

)
.

We need to show that Qs( f )→ 0 as s→∞, i.e., we have to show that

(3-18) ∀Nε, ∃S, such that ∀s > S, vp(cr ) > Nε,∀r ∈ Nd such that |r |> 0,

whenever

(3-19) ps
∣∣ ( ∑

δ=(i,k)
i∈[k+1,n]

rδ −
∑

β=(k, j)
j∈[1,k−1]

rβ

)
for all k ∈ [1, n].

But as f is globally analytic, |cr | → 0 as |r | =
∑

α∈8− rα→∞, which means that

∀Nε, ∃S′ such that vp(cr ) > Nε whenever |r |> S′.(3-20)

Choose an S such that pS > S′.
For k = 1, (3-19) implies ps

| r2,1 + r3,1 + r4,1 + · · · + rn,1 which means that
r2,1+r3,1+r4,1+· · ·+rn,1≥ ps > S′ except when r2,1= r3,1= r4,1= · · ·= rn,1= 0.
If this happens, then consider (3-19) with k= 2, i.e., ps

| r3,2+r4,2+· · ·+rn,2−r2,1

(where r2,1 = 0), i.e., r3,2+ r4,2+ · · · + rn,2 ≥ ps > S′ except when r3,2 = r4,2 =

· · · = rn,2 = 0. Repeating this process, since we have started with an r such that
|r |> 0, we see that any r as in (3-19), with |r |> 0, satisfies |r |> S′ for all s> S and
by (3-20) this implies that vp(cr ) > Nε , which was the desired condition in (3-18).
This shows that Qs( f )→ 0 as s→∞ which gives that c0 is in X (see (3-17)).
This completes the proof of Lemma 3.11. �

In the following, we complete the proof of Theorem 3.9 which was to find
conditions such that the globally analytic representation A of G is topologically
irreducible. It uses an argument concerning Verma modules and the condition
of irreducibility of A comes from a result of Bernstein, Gelfand and Gelfand
determining the condition of irreducibility of that Verma module.

Let g= Lie(G), let h= Lie(T0), and let b (resp. b−) be the upper (resp. lower)
triangular Borel subalgebra containing h. Let u− = Lie(U ). Therefore g∼= gln , the
set of all n× n matrices with coefficients in Zp. So h and b are the subalgebras of
gln consisting of diagonal and upper triangular matrices, respectively.
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Recall that here ci ’s ∈ K are such that χi (t)= tci, for t→ 1. Let

V−µ :=U (g)⊗U (b−) K

be the Verma module where U (b−) acts on K via the action of b− = u− ⊕ h,
u− acting trivially, and h via −µ ∈ h? = Hom(h, K ) given by

(3-21) µ= (−c1, . . . ,−cn) : Diag(t1, . . . , tn) 7→
n∑

i=1

−ci ti ,

where t = (ti )∈ h,U (g) is the universal enveloping algebra of g. (Note that Dixmier
[1977, Section 7.1.14] has a different normalization for the Verma module).

Let Afin be the set of polynomials within the rigid analytic functions A. For
k ∈ [1, n], let Tk ∈ h be the infinitesimal generator associated to the one parameter
diagonal subgroup Diag(1, . . . , tk, . . . , 1), tk ∈ 1+ pZp, where tk is at the (k, k)-th
place and f = ar

∈ Afin. The elements Tk form a basis of h. By (3-4) and (3-6),
the action of Diag(1, . . . , tk, . . . , 1) on f is given by

Diag(1, . . . , tk, . . . , 1)( f )

=

(( ∏
α=(u,v)
u,v 6=k

arα
α

)( ∏
δ=(i,k)

i∈[k+1,n]

arδ
δ trδ

k

)( ∏
β=(k, j)

j∈[1,k−1]

arβ
β t−rβ

k

))
(χk(tk)).

As χk(tk)= tck
k , so the action of Tk on f is

Tk · f = ckar
+

( ∑
δ=(i,k)

i∈[k+1,n]

rδ −
∑

β=(k, j)
j∈[1,k−1]

rβ

)
ar

=

(
ck +

∑
δ=(i,k)

i∈[k+1,n]

rδ −
∑

β=(k, j)
j∈[1,k−1]

rβ

)
ar
=

(
−µ−

d∑
i=1

αirαi

)
(Tk)ar .

Here the αi ’s are the negative roots.
Thus if H ∈ h, then

(3-22) H · ar
=

(
−µ−

d∑
i=1

αirαi

)
(H)ar .

Decomposing
Afin =⊕ξ∈h?Afin(ξ)

in the form of h-eigenspaces, we see from (3-22) that the monomials ar are h-finite
and the dimensions of eigenspaces of Afin under h are finite: The eigenvectors are
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of the form ξ ∈ −µ−
∑d

i=1 Nαi ∈ h
? and the multiplicity mult(ξ)= dimA(ξ) of

ξ is equal to

(3-23) dimA(ξ)=mult(ξ)=
{

number of families (rαi )∈Nd
∣∣∣∣ξ=−µ− d∑

i=1

rαiαi

}
,

which is finite.
With f0 = 1 ∈ Afin, H · f0 = −µ(H) f0 and the action u− · f0 is equal to 0

because the action of any element of u− on f0 is given by derivation (see proof of
Lemma 3.10). So, the map u→ u · f0 for u ∈ g induces a g-homomorphism

(3-24) φ : V−µ→A,

where V−µ :=U (g)⊗U (b−) K.
Moreover, v ∈ V−µ implies v is h-finite (see [Dixmier 1977, Chapter 7]). This

gives φ(v) ∈ A is h-finite which means that φ(v) ∈ Afin. This is because (3-22)
gives, by continuity, that f ∈A; hence f =

∑
r=(rαi )

cr ar implies

H · f =
∑

r=(rαi )

(
−µ−

d∑
i=1

rαiαi

)
(H)cr ar .

Then H · f = λ f implies λ =
(
−µ−

∑d
i=1 rαiαi

)
(H) if cr 6= 0. Therefore the

cardinality of the set {cr 6= 0} is finite and the h-finite vectors of A are just Afin.
The map φ : V−µ→Afin in (3-24) is clearly nonzero because the vector 1 ∈ V−µ

goes to f0.

Lemma 3.12. If the Verma module V−µ is irreducible then the globally analytic G-
representation A is irreducible.

Proof. Suppose the Verma module V−µ is irreducible. Then the map φ : V−µ→Afin

is injective. Also by (3-23), under the action of h, since the eigenvectors of V−µ and
Afin and their multiplicities match, that is dimA(ξ)= dimAfin(ξ)= dim V−µ(ξ),
we deduce that φ is an isomorphism.

The dimension of dimA(ξ) is given by (3-23). On the other hand, using that our
Verma module V−µ is defined by b− and −µ (rather than λ− ρ− as in Dixmier’s
parametrization [1977, 7.1.4]), Dixmier’s formula [1977, 7.1.6] yields

dim V−µ(ξ)=mult(ξ)=
{

number of families (rαi )∈Nd
∣∣∣∣ ξ =λ−ρ−− d∑

i=1

rαiαi

}
,

where ρ− = 1
2

∑
α∈8− α is half the sum of negative roots (since we have used b−

to define the Verma module instead of Dixmier’s b+). We easily see that the above
dimension dim V−µ(ξ) is equivalent to dimA(ξ) (3-23) with λ− ρ− =−µ.
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So V−µ ∼= Afin. Suppose X is a nonzero closed subspace of A. Then by
Lemma 3.11, we have 1∈X . Thus Afin=U (g)·1⊂X . Since X is closed, X =A. �

Now we prove the converse of Lemma 3.12.
Recall that a closed subspace of A is G-invariant if and only if it is invariant by g

[Clozel 2018, Proposition 2.4]. Moreover it follows from the definition of globally
analytic representations (compare [Clozel 2018, Section 2.2]) that the action of g
on A is continuous. If V ⊂ Afin is invariant by g, it follows that its closure V is
G-invariant.

Recall that Afin is the set of h-finite vectors in A. In particular, if X ⊂ A is
closed, the space Xh-fin of h-finite vectors in X is X ∩Afin.

Lemma 3.13. Assume V ⊂Afin is invariant by g. Then V = V ∩Afin = V h-fin.

Proof. By (3-23), A(ξ) is the subspace of the Tate algebra spanned by a finite number
of monomials ar. In particular, the obvious projection pξ :A→A(ξ) is continuous.
Assume v ∈ V ∩Afin. Thus v∈⊕ξA(ξ) (finite sum of finite-dimensional subspaces)
and v = lim vm , vm ∈ V. If P is the projection on ⊕ξA(ξ), v = Pv = lim Pvm .
But Pv′ ∈ V ∩⊕ξA(ξ) for any v′ ∈ V. Thus v ∈ V, as a limit in a finite-dimensional
space. �

Lemma 3.13 obviously gives the following Corollary.

Corollary 3.14. Suppose V is a nonzero proper subspace of Afin stable by g. Then
V is a nonzero proper closed G-invariant subspace of A.

Lemma 3.15. If the globally analytic G- representation A is irreducible then the
Verma module V−µ is irreducible.

Proof. Let W ⊂Afin be the image of V−µ by φ. Then W 6=0. If A is an irreducible G-
module, W =Afin by Corollary 3.14. Thus we have a surjective map φ : V−µ→Afin.
But, as we noticed, the dimensions of V−µ(ξ) and of Afin(ξ) coincide. This implies
that φ is an isomorphism. On the other hand (again by the Corollary 3.14), W is
irreducible. Thus V−µ is irreducible. �

Now we determine the condition when the Verma module V−µ is irreducible.
Recall that

µ= (−c1, . . . ,−cn) : Diag(t1, . . . , tn) 7→
n∑

i=1

−ci ti ,

where t = (ti ) ∈ h. For negative root α = (i, j), i > j, let Hα=(i, j) be the matrix
Ei,i − E j, j where Ei,i is the standard elementary matrix.

Lemma 3.16. The Verma module V−µ is irreducible if and only if

(−µ)(Hα=(i, j))+ i − j /∈ {1, 2, 3, . . .}

for all α = (i, j) ∈8−.
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Proof. Let ρ− = 1
2

∑
α∈8− α. For α = (i, j) ∈ 8−, Hα = Hi+1,i + · · · + H j, j−1

and ρ−(Hk+1,k)= 1. This gives that ρ−(Hα=(i, j))= i − j. By Theorem 7.6.24 of
[Dixmier 1977], the condition of irreducibility of our V−µ is (−µ+ ρ−)(Hα) /∈
{1, 2, 3, . . .} for all negative roots α ∈ 8−. (This is because Dixmier’s b+ is our
b− and so we have to work with negative roots.) This gives the condition

(−µ)(Hα)+ i − j /∈ {1, 2, 3, . . .}. �

Lemmas 3.16, 3.15, and 3.12 together prove Theorem 3.9.

3B. With L an unramified finite extension of Qp, suppose V is a globally analytic
representation of G(Qp) on a K -Banach space where L ⊂ K. Then Clozel showed
the following proposition for holomorphic base change.

Proposition 3.17 (Clozel). V extends naturally to a globally analytic representation
of G(L).

Proof. See [Clozel 2018, Proposition 3.1]. �

All the arguments of Section 3A extend automatically to the group G(L).
As L is unramified, the conditions for the character χ to be analytic, that is,
those given by (3-10), remain unchanged. Moreover, note that the representation
A(Bn(n−1)/2

1 , K ) (where now Bn(n−1)/2
1 is seen as a product of 1

2 n(n − 1) closed
rigid balls of radius 1 as an L-analytic space) given by Lemmas 3.2, 3.3 and 3.7
is L-analytic. The restriction of A(Bn(n−1)/2

1 , K ) to G(Qp) is simply the previous
representation. Indeed, the representation of G(L) is obtained from the repre-
sentation of G(Qp) by holomorphic base change (see Proposition 3.17). Denote
by IQp(χ) and IL(χ), respectively, the two globally analytic representations (the
character χ is defined by the parameters (c1, . . . , cn), we agree to identify the
characters for the two fields). Then we have:

Theorem 3.18. For a given embedding L ↪→ K, with µ as in (3-21), if

−µ(Hα)+ i − j /∈ {1, 2, 3, . . .} for all α = (i, j) ∈8−,

then IL(χ) is an admissible, irreducible (under both G(L) and G(Qp)) globally
analytic representation and it is the holomorphic base change of IQp(χ).

IL(χ) is admissible, as holomorphic base change respects admissibility [Clozel
2018, Proposition 3.1]. With the notation of Section 2B, define the full (Langlands)
base change of IQp to be the representation of ResL/Qp G(Qp) on ⊗̂σ (IL(χ))

σ
:=

I (χ ◦NL/Qp), where NL/Qp is the norm map from L to Qp and ⊗̂ is the completed
tensor product (see also [Clozel 2018, Definition 3.8]) and σ ∈ Gal(L/Qp). Note
that, for each factor, the embedding i : L→ K must be replaced by i ◦ σ . Finally,
we then have:
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Theorem 3.19. Let µ be as in (3-21). Assume −µ(Hα)+ i − j /∈ {1, 2, 3, . . .} for
all α = (i, j) ∈8−. Then the completed tensor product ⊗̂σ (IL(χ))

σ is irreducible,
and is the representation of G(L) on the space of globally analytic vectors, induced
from χ ◦ NL/Qp .

Proof. Notice that by assumption, each factor in the completed tensor product is
irreducible and admits the same description as in Theorem 3.18. The space of the
representation I (χ ◦ NL/Qp) is ⊗̂σA(U, K )=A(ResL/QpU, K ), which is a space
of globally analytic vectors (by Theorem 3.18) in the locally analytic representation
Iloc(χ ◦ NL/Qp) of ResL/Qp(G). The proof of irreducibility of ⊗̂σ (IL(χ))

σ follows
from Theorem 3.9 using a natural generalization of the argument in [Clozel 2018]. �

4. Analyticity for the induction from the Weyl orbits of the upper triangular
Borel subgroup of B

In this section we treat the global analyticity of the principal series induced from
Weyl orbits of the Borel subgroup (Theorem 4.3). Then we base change our globally
analytic representation to L .

Denote by P the Borel subgroup of the upper triangular matrices in GLn(Qp),
by T the maximal torus of GLn(Qp), by P+ the Borel subgroup of the upper
triangular matrices in GLn(Zp), and by W the ordinary Weyl group of GLn(Qp)

with respect to T which is isomorphic to the group of n× n permutation matrices.
Write P+w = B ∩wP+w−1. Here B is the Iwahori subgroup in Section 3A. Denote
by indGLn(Qp)

P (χ)loc the locally analytic induction, that is,

indGLn(Qp)

P (χ)loc = { f ∈Aloc(GLn(Qp), K ) : f (gb)

= χ(b−1) f (g), g ∈ GLn(Qp), b ∈ P}.

The Iwasawa decomposition [Orlik and Strauch 2010, Section 3.2.2] gives

indGLn(Qp)

P (χ)loc ∼= indGLn(Zp)

P+ (χ)loc

as a GLn(Zp)-equivariant topological isomorphism. By the Bruhat–Tits decompo-
sition [Orlik and Strauch 2010, Section 3.2.2; Cartier 1979, Section 3.5],

GLn(Zp)=
⊔
w∈W

BwP+,

we obtain the decomposition

indGLn(Zp)

P+ (χ)loc ∼=
⊕
w∈W

indB
P+w
(χw)loc,

a B-equivariant decomposition of topological vector spaces, where the action of χw

is given by χw(h)= χ(w−1hw). Let indB
P+w
(χw) be the space of globally analytic
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functions of indB
P+w
(χw)loc. Our goal is to show that for all w ∈W, indB

P+w
(χw) is a

globally analytic representation of G. We have already showed, in Section 3, that for
w = Id and χ analytic, the induction indB

P0
(χ) is a globally analytic representation

of G. (Note that B ∩ P+ = P0.) Recall that U is the lower triangular unipotent
subgroup of GLn(Zp). Consider the decomposition (see Lemma 3.3.2 of [Orlik
and Strauch 2010])

B = (wUw−1
∩ B)(wP+w−1

∩ B)

= (wUw−1
∩ B)(P+w ).

For GL3, and

w =

 0 0 1
1 0 0
0 1 0

,
the above decomposition is

B =

 Z×p pZp pZp

Zp Z×p pZp

Zp Zp Z×p

=
 1 pZp pZp

0 1 0
0 Zp 1

 Z×p 0 0
Zp Z×p pZp

Zp 0 Z×p

.
We extend a character χ of T∩GLn(Zp) to a character of P+w by acting trivially
on the nondiagonal elements of P+w . By definition,

indB
P+w
(χ)loc = { f ∈Aloc(B, K ) : f (gb)= χ(b−1) f (g), b ∈ P+w , g ∈ B}.

With the decomposition B= (wUw−1
∩B)(P+w ), the vector space of locally analytic

functions indB
P+w
(χ)loc is the same as Aloc(wUw−1

∩B, K ). Let A(wUw−1
∩B, K )

be the subspace of globally analytic functions of Aloc(wUw−1
∩ B, K ). With i 6= j

fixed, y ∈Zp if i > j and y ∈ pZp if i < j, recall that the action of the one-parameter
subgroup on

f ∈A(wUw−1
∩ B, K )

is given by

(1+ yEi, j ) f (C)= f ((1+ yEi, j )
−1C) (with C ∈ wUw−1

∩ B)(4-1)

= f ((1− yEi, j )C)

= f ((1− yEi, j )wAw−1) (with C = wAw−1 for A ∈U ).

Our goal is to show that this action is globally analytic.
Since w−1

∈W, write w−1 in the form of a permutation matrix, i.e.,

w−1
=

n∑
r=1

Er, jr



THE PRO- p IWAHORI SUBGROUP OF GL(n) AND BASE CHANGE 487

with jr 6= js for r 6= s. Then,

w−1(1− yEi, j )=

( n∑
r=1

Er, jr

)
(1− yEi, j )=

( n∑
r=1

Er, jr

)
− yEk, j ,

where k is such that jk = i . As the inverse of a permutation matrix is its transpose,
we obtain

w−1(1− yEi, j )w =

(( n∑
r=1

Er, jr

)
− yEk, j

)( n∑
s=1

E js ,s

)
= 1− yEk,l,

where l is such that jl = j. So we have deduced that

(4-2) (1− yEi, j )w = w(1− yEk,l) (k, l such that jk = i, jl = j).

Inserting (4-2) into (4-1), we obtain

(1+ yEi, j ) f (C)= f (w(1− yEk,l)Aw−1).(4-3)

Now, the globally analytic function f on w(1− yEk,l)Aw−1 equals some globally
analytic function g on (1− yEk,l)A, because the conjugacy action of w on the
matrix (1− yEk,l)A is just permuting the entries of (1− yEk,l)A. So, (4-3) is

f (w(1− yEk,l)Aw−1)= g((1− yEk,l)A)

= (1+ yEk,l)g(A) (recall A ∈U )

and we know from Lemmas 3.3 and 3.7 that the action of (1+ yEk,l) on g(A) is
globally analytic. Thus, we have shown that:

Lemma 4.1. The action of the lower and the upper unipotent one-parameter sub-
groups of G of the form (1+ yEi, j ) on f ∈A(wUw−1

∩B, K ) is a globally analytic
action.

A similar argument also shows that the action of the diagonal subgroup of G on
A(wUw−1

∩ B, K ) is globally analytic. More precisely, we write

w−1 Diag(t1, . . . , tn)w = Diag(t ′1, . . . , t ′n)

with (t ′1, . . . , t ′n) a permutation of (t1, . . . , tn). Then, with C ∈ wUw−1
∩ B,

Diag(t−1
1 , . . . , t−1

n ) f (C)= f (Diag(t1, . . . , tn)wAw−1) (C = wAw−1)

= f (w[Diag(t ′1, . . . , t ′n)]Aw
−1)

= g(Diag(t ′1, . . . , t ′n)A) (for some analytic g)

= Diag(t−1
1 , . . . , t−1

n )g(A)

and by Lemmas 3.2 and 3.1, the action of the diagonal subgroup of G on g(A) is a
globally analytic action. Therefore, we have shown:
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Lemma 4.2. The action of the diagonal subgroup of G on A(wUw−1
∩ B, K ) is

globally analytic.

Recall that the vector space A(wUw−1
∩ B, K ) is isomorphic to indB

P+w
(χw).

Thus, Lemmas 4.1 and 4.2 together give:

Theorem 4.3. Assume p > n + 1. Then, for all w ∈ W, the action of the pro-p
Iwahori group G on indB

P+w
(χw) is globally analytic.

Following the notation of Section 3B, we fix L a finite unramified extension of Qp

inside K. For each w ∈W, consider the globally analytic admissible representation
Iw,Qp(χ) := A(wUw−1

∩ B, K ) of G(Qp). By Section 2B, A(wUw−1
∩ B, K )

extends naturally to a globally analytic admissible representation of G(L) called
the “holomorphic base change” which we denote by Iw,L(χ). With the notation
of Section 2B, define the full Langlands base change to be the representation of
ResL/Qp G(Qp) on ⊕w∈W (⊗̂σ Iw,L(χ)σ ) (see [Clozel 2018, Section 3.5]). Finally,
as in Theorem 3.19, we will then have:

Theorem 4.4. The Langlands base change

⊕w∈W (⊗̂σ Iw,L(χw)σ )

is a globally analytic admissible representation of G(L).

In conclusion, for p > n + 1, we have shown that for all w ∈ W, indB
P+w
(χw)

is a globally analytic representation of the pro-p Iwahori G under the analyticity
assumption on the character χ . Furthermore we have treated the case of irreducibility
of the principal series when w = Id. We hope that it is possible to adapt and
generalize the argument of our irreducibility proof to treat the case when w 6= Id.
Also it is an interesting future project to determine the globally analytic vectors of
more general p-adic representations of GL(2,Qp), for example the “trianguline”
representation of [2008] (see also [Colmez 2014]), which corresponds to a quotient
of principal series. Also one can explore the connection with the globally analytic
vectors of p-adic representations (under the pro-p Iwahori or a suitable rigid analytic
subgroup of GL(2)) and (ϕ, 0)-modules [Colmez 2010], similar to the existing
correspondence for locally analytic representations [Colmez and Dospinescu 2014,
Section VI.3].

There are other interesting questions that our work leads to. The most inter-
esting of them is to show Schur’s lemma for globally analytic representations.
Schur’s lemma for locally analytic representations is known by the works of Gabriel
Dospinescu and Benjamin Schraen. For our case of topologically irreducible
globally analytic principal series, Schur’s lemma easily follows from our proof of
irreducibility and Proposition 7.1.8(iv) of [Dixmier 1977]. The interesting question
is to show Schur’s lemma for general globally analytic representations.
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ZEROS OF p-ADIC HYPERGEOMETRIC FUNCTIONS,
p-ADIC ANALOGUES OF

KUMMER’S AND PFAFF’S IDENTITIES

NEELAM SAIKIA

We classify all the zeros and nonzero values of a family of hypergeometric
series in the p-adic setting. These values of hypergeometric series in the p-
adic setting lead to transformations of hypergeometric series in the p-adic
setting which can be described as p-adic analogues of Kummer’s and Pfaff’s
linear transformations on classical hypergeometric series. We also evaluate
certain summation identities for hypergeometric series in the p-adic setting
as well as Gaussian hypergeometric series.

1. Introduction and statement of results

The main goal of this paper is to study zeros of hypergeometric series in the p-adic
setting introduced by D. McCarthy [2012a; 2013]. We also establish analogues
of classical hypergeometric series transformations, particularly very special cases
of Kummer’s and Pfaff’s linear transformations, for hypergeometric series in the
p-adic setting. These types of questions were posed by McCarthy [2013]. We now
begin with the definition of classical hypergeometric series. For a complex number
a and a nonnegative integer k the rising factorial denoted by (a)k is defined by
(a)k := a(a+1)(a+2) · · · (a+k−1) for k> 0 and (a)0 := 1. Then for ai , bi , λ∈C

with bi 6∈ {. . . ,−3,−2,−1, 0}, the classical hypergeometric series r+1 Fr is defined
by

r+1 Fr

(
a1, a2, . . . , ar+1

b1, . . . , br

∣∣∣ λ) := ∞∑
k=0

(a1)k · · · (ar+1)k

(b1)k · · · (br )k
·
λk

k!
.

This series converges for |λ|<1. Classical hypergeometric series play important role
in different areas of mathematics. For example, they have significant applications
in modular forms, elliptic curves, representation theory, differential equations etc.
[McCarthy 2012b; 2010; Mortenson 2005]. J. Greene [1987] introduced the notion
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of hypergeometric series over finite fields which are finite field analogues of classical
hypergeometric series. Let p be an odd prime and Fp denote a finite field with
p elements. Let F̂×p denote the group of all multiplicative characters of F×p and χ
denote the inverse of a multiplicative character χ . We extend the domain of each
χ ∈ F̂×p to Fp by simply setting χ(0) := 0 including the trivial character ε. For
multiplicative characters χ and ψ of Fp the Jacobi sum is defined by

(1-1) J (χ, ψ) :=
∑
y∈Fp

χ(y)ψ(1− y),

and the normalized Jacobi sum known as binomial is defined by

(1-2)
(
χ

ψ

)
:=
ψ(−1)

p
J (χ, ψ).

Let n be a nonnegative integer. For multiplicative characters A1, A2, . . . , An+1,
and B1, B2, . . . , Bn of Fp with t ∈ Fp, Greene [1987] defined the n+1 Fn(· · · ) hyper-
geometric function over finite field Fp by

n+1 Fn

(
A1, A2, . . . , An+1

B1, . . . , Bn

∣∣∣ t
)
:=

p
p− 1

∑
χ∈F̂×p

( A1χ

χ

)
· · ·

( An+1χ

Bnχ

)
χ(t).

This function is also known as Gaussian hypergeometric function. These functions
were developed to have a parallel study of character sums analogous to special
functions. Gaussian hypergeometric functions satisfy many identities which are
often analogues of classical hypergeometric series identities. For more details,
see [Greene 1987]. Since the entries of the Gaussian hypergeometric function are
multiplicative characters so results involving Gaussian hypergeometric functions
often be restricted to primes in certain congruence classes for the existence of
characters of specific orders, see for example [Evans and Greene 2009; Fuselier
2010; Lennon 2011a; 2011b]. To overcome these limitations, McCarthy [2012a;
2013] defined a function nGn[· · · ] in terms of quotients of p-adic gamma functions
which can be best described as an analogue of classical hypergeometric series in the
p-adic setting. Let Zp and Qp denote the ring of p-adic integers and the field of
p-adic numbers, respectively. Let 0p(·) denote the Morita’s p-adic gamma function.
Let ω denote the Teichmüller character of Fp, satisfying ω(a)≡ a (mod p), and ω
denote the character inverse of ω. For x ∈Q let bxc denote the greatest integer less
than or equal to x and 〈x〉 denote the fractional part of x , satisfying 0≤ 〈x〉< 1. We
now recall the McCarthy hypergeometric function nGn[· · · ] in the p-adic setting.

Definition 1.1 [McCarthy 2013, Definition 5.1]. Let p be an odd prime and t ∈ Fp.
For positive integer n and 1≤ k≤ n, let ak , bk ∈Q∩Zp. Then the function nGn[· · · ]



ZEROS OF p-ADIC HYPERGEOMETRIC FUNCTIONS 493

is defined as

nGn

[
a1, a2, . . . , an

b1, b2, . . . , bn

∣∣∣ t
]
:=
−1

p− 1

p−2∑
a=0

(−1)an ωa(t)

×

n∏
k=1

(−p)−b〈ak〉−a/(p−1)c−b〈−bk〉+a/(p−1)c
0p
(〈

ak −
a

p−1

〉)
0p(〈ak〉)

0p
(〈
−bk +

a
p−1

〉)
0p(〈−bk〉)

.

This function is also known as p-adic hypergeometric function. It is clear from the
Definition 1.1 that the value of the nGn[· · · ] function depends only on the fractional
part of the parameters ak and bk . Therefore, we may assume that 0 ≤ ak, bk < 1.
Gaussian hypergeometric functions satisfy many powerful transformation formulas
that are often mirror symmetrical to their classical counterparts, for details see
[Greene 1987]. Note that these results can be converted into identities involving
nGn[· · · ] via the transformations [McCarthy 2013, Lemma 3.3; 2012c, Proposi-
tion 2.5] between finite field hypergeometric function and p-adic hypergeometric
series. However, the new identities involving nGn[· · · ]will be valid for the primes p,
where the original characters existed over Fp. Therefore, it will be interesting to
extend such results to almost all primes. Fuselier and McCarthy [2016] established
certain transformation identities for p-adic hypergeometric series in full generality.
In particular, they proved a transformation result analogous to a Whipple’s result
for 3 F2-classical hypergeometric series. These transformations eventually leaded to
settle one supercongruence conjecture of Rodriguez-Villegas between a truncated
4 F3-classical hypergeometric series and the Fourier coefficients of a certain weight
four modular form. This is one of the motivation to study transformation formulas
with the expectation that transformation formulas will lead to new identities. Let χ4

be a multiplicative character of Fp of order 4. Also, let ϕ be the quadratic character
of Fp. Consider the classical hypergeometric series

2 F1

( 1
4 ,

3
4
1
2

∣∣∣ t
)
.

Then the finite field analogue of this series can be considered as 2 F1
(
χ4, χ

3
4
ϕ
| t
)
.

Using the transformations [McCarthy 2013, Lemma 3.3; 2012c, Proposition 2.5]
the function

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
t

]
can be described as the p-adic analogue of the classical hypergeometric series

2 F1

( 1
4 ,

3
4
1
2

∣∣∣ t
)
.
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We know that classical hypergeometric series satisfy many powerful identities. For
example, Gauss [1812], Kummer [1836], Whipple [Lidl and Niederreiter 1983,
p. 54], Saalchütz [Slater 1966, p. 49], Dixon [Slater 1966, p. 51], and Watson [Slater
1966, p. 54] studied special values of classical hypergeometric series. For instance,
the following evaluation of classical hypergeometric series in terms of quotients of
classical gamma function was due to Gauss [1812]. If R(c− a− b) > 0 then

(1-3) 2 F1

(
a, b

c

∣∣∣ 1
)
=
0(c)0(c− a− b)
0(c− a)0(c− b)

.

If we put a = 1
4 , b = 3

4 and c = 1+ 1
2 in (1-3) then we have

(1-4) 2 F1

( 1
4 ,

3
4

1+ 1
2

∣∣∣ 1
)
=
0
(
1+ 1

2

)
0
(1

2

)
0
(
1+ 1

4

)
0
(3

4

) .
Also, consider Kummer’s theorem [1836]:

(1-5) 2 F1

(
a, b

1+ b− a

∣∣∣−1
)
=
0(1+ b− a)0

(
1+ b

2

)
0(1+ b)0

(
1+ b

2 − a
) .

Putting a = 1
4 and b = 3

4 into (1-5) we have

(1-6) 2 F1

( 1
4 ,

3
4

1+ 1
2

∣∣∣−1
)
=
0
(
1+ 1

2

)
0
(
1+ 3

8

)
0
(
1+ 3

4

)
0
(
1+ 1

8

) .
Classical hypergeometric series with dihedral monodromy group can be expressed
as elementary functions as their hypergeometric equations can be reformulated to
Fuchsian equations with cyclic monodromy groups. For example, two interesting
cases that can be expressed as square roots inside powers are:

(1-7) 2 F1

( a
2 ,

a+1
2

a+ 1

∣∣∣ z
)
=

(
1+
√

1− z
2

)−a

,

and

(1-8) 2 F1

( a
2 ,

a+1
2
1
2

∣∣∣ z
)
=
(1−
√

z)−a
+ (1+

√
z)−a

2
.

All these evaluations of Gauss, Kummer etc. motivate us to study the special values
of p-adic hypergeometric series 2G2[· · · ]. Indeed, we completely determine all the
possible zeros and nonzero values of a certain family of 2G2[· · · ]. We first discuss
a theorem that classify all the zeros and nonzero values of the function 2G2[· · · ].
For brevity we write a 6=� if a is not square in Fp.

Theorem 1.2. Let p ≥ 3 be a prime and t ∈ F×p . Then we have the following values.
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(1)

(1-9) 2G2

[
1
4 ,

3
4

0, 1
2

∣∣∣ 1

]
=

{
1 if p ≡±1 (mod 8),
−1 if p ≡±3 (mod 8).

(2) Let t 6= 1 and t−1
t be a square in F×p such that t−1

t = a2 for some a ∈ F×p . Then
we have

(1-10) 2G2

[
1
4 ,

3
4

0, 1
2

∣∣∣ t

]
= ϕ(2) · (ϕ(1+ a)+ϕ(1− a)).

(3) If t−1
t 6=� in Fp then

(1-11) 2G2

[
1
4 ,

3
4

0, 1
2

∣∣∣ t

]
= 0.

From Theorem 1.2 we obtain the following corollary which explicitly states
whenever the function

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ t
]

is zero and nonzero.

Corollary 1.3. Let p ≥ 3 be a prime and t ∈ F×p . Then

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ t
]
= 0

if t−1
t = a2 for some a ∈ F×p with ϕ(1+ a) =−ϕ(1− a) or if t−1

t 6= � in F×p . On
the other hand,

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ t
]
6= 0

if t = 1 or if t−1
t = a2 for some a ∈ F×p with ϕ(1+ a) 6= −ϕ(1− a).

As a consequence of the Theorem 1.2 we state the following corollary.

Corollary 1.4. Let p ≥ 3 be a prime and t ∈ F×p . Then the only possible values the
function

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ t
]

can take are 0, ±1 and ±2.
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Remark 1.5. Note that (1-9) can be described as a p-adic analogue of (1-4).
Theorem 1.2 provides a p-adic analogue of (1-6). The value of the function

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣−1
]

completely depends on the prime as if p ≡ ±3 (mod 8) then it will be equal to
zero. However, (1-6) cannot be equal to zero. Theorem 1.2 can also be described
as p-adic analogue of (1-7) and (1-8) for a = 1

2 .

Another purpose of this paper is to establish p-adic analogous of the Kummer’s
linear transformation [Bailey 1935, p. 4 Equation (1)]:

(1-12) 2 F1

(
a, b

c

∣∣∣ z
)
=
0(c)0(c− a− b)
0(c− a)0(c− b)

· 2 F1

(
a, b

1+ a+ b− c

∣∣∣ 1− z
)

+
0(c)0(a+ b− c)

0(a)0(b)
(1− z)c−a−b

· 2 F1

(
c− a, c− b

1+ c− a− b

∣∣∣ 1− z
)
.

The next theorem provides transformations of p-adic hypergeometric series which
can be described as p-adic analogue of a particular case of Kummer’s linear trans-
formation (1-12). This theorem is obtained as a consequence of Theorem 1.2.

Theorem 1.6. Let p ≥ 3 be a prime and x ∈ Fp be such that x 6= 0, 1. Then we
have the following:

(1) If x and 1− x are not squares in Fp then

(1-13) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
1−x

]
.

(2) If x = b2 for some b ∈ Fp and 1− x is not a square in Fp then

(1-14) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
1−x

]
−ϕ(2)(ϕ(1+ b)+ϕ(1− b)).

(3) If x , and 1− x are both squares such that 1− x = a2 and x = b2 for some
a, b ∈ Fp then

(1-15) (ϕ(1+ b)+ϕ(1− b))2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= (ϕ(1+ a)+ϕ(1− a))2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
1−x

]
.

(4) If 1− x = a2 for some a ∈ Fp and x is not a square in Fp then

(1-16) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
1−x

]
+ϕ(2)(ϕ(1+ a)+ϕ(1− a)).
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Note that the finite field analogue of Theorem 1.6 involving characters of order
4 follows from Greene’s evaluation [1987, Theorem 4.4(i)] and if we use this result
of Greene along with the relations [McCarthy 2013, Lemma 3.3; 2012c, Proposi-
tion 2.5] then we also obtain a similar transformation for the p-adic hypergeometric
series

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ t
]

under the condition that p ≡ 1 (mod 4). However, Theorem 1.6 has no congruence
condition on primes.

Fuselier and McCarthy [2016] evaluated certain summation identities for p-adic
hypergeometric series. This motivates us to study summation identities of p-adic
hypergeometric series.

Theorem 1.7. Let p ≥ 3 be a prime. Let x ∈ F×p . Then we have the following.

(1)

(1-17)
∑
t∈F×p

ϕ(t (t − 1)) 2G2

[ 1
4 ,

3
4

0, 0

∣∣∣ t
]
=−1− p ·ϕ(2).

(2) If x 6= 1 and 1− x is not a square in Fp then we have

(1-18)
∑
t∈F×p

ϕ(t (t − 1)) 2G2

[ 1
4 ,

3
4

0, 0

∣∣∣ t
x

]
=−1.

(3) If x 6= 1 and 1− x = a2 for some a ∈ Fp then

(1-19)
∑
t∈F×p

ϕ(t (t − 1)) 2G2

[ 1
4 ,

3
4

0, 0

∣∣∣ t
x

]
=−1− pϕ(2)(ϕ(1+ a)+ϕ(1− a)).

The following theorem gives a summation identity of Gaussian hypergeometric
functions involving characters of order 4.

Theorem 1.8. Let p ≥ 3 be a prime such that p ≡ 1 (mod 4). Let x ∈ F×p and χ4

be a multiplicative character of Fp of order 4. Then we have the following.

(1)

(1-20)
∑
t∈F×p

ϕ(1− t) 2 F1

(
χ4, χ

3
4
ε

∣∣∣ t
)
=

1
p
+ϕ(2).

(2) If x 6= 1 and 1− x is not a square in Fp then we have

(1-21)
∑
t∈F×p

ϕ(x − t) 2 F1

(
χ4, χ

3
4
ε

∣∣∣ t
)
=
ϕ(x)

p
.
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(3) If x 6= 1 and 1− x = a2 for some a ∈ F×p then

(1-22)
∑
t∈F×p

ϕ(x − t) 2 F1

(
χ4, χ

3
4
ε

∣∣∣ t
)
=
ϕ(x)

p
+ϕ(2x)(ϕ(1+ a)+ϕ(1− a)).

Apart from Kummer’s transformation there are other interesting transformation
formulas exist in the literature. For example, Euler [Slater 1966, p. 10], Whipple
[1925], and Dixon [1903] studied transformation properties of classical hypergeo-
metric series. In this paper, we are interested in the Pfaff’s transformation [Slater
1966, p. 31]

(1-23) 2 F1

(
a, b

c

∣∣∣ z
)
= (1− z)−a

2 F1

(
a, c− b

c

∣∣∣ z
z−1

)
.

In particular, if a = 1
4 , b = 3

4 , and c = 1
2 then the above result gives

(1-24) 2 F1

( 1
4 ,

3
4
1
2

∣∣∣ z
)
= (1− z)−1/4

2 F1

( 1
4 ,
−1
4
1
2

∣∣∣ z
z−1

)
.

We know that p-adic analogue of

2 F1

( 1
4 ,
−1
4
1
2

∣∣∣ z
)

can be described as the function

2G2

[ 1
4 ,
−1
4

0, 1
2

∣∣∣ 1
z

]
= 2G2

[ 1
4 , 1− 1

4

0, 1
2

∣∣∣ 1
z

]
.

Then a p-adic analogue of Pfaff’s transformation (1-24) is described in the next
theorem.

Theorem 1.9. Let p ≥ 3 be a prime and 1 6= x ∈ F×p . Then we have the following.

(1) If 1− x 6=� then

(1-25) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ x−1
x

]
.

(2) If 1− x = a2 for some a ∈ F×p then

(1-26) ϕ(a)(ϕ(a+ 1)+ϕ(a− 1))2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= (ϕ(1+ a)+ϕ(1− a))2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ x−1
x

]
.
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The rest of this paper is organized as follows. We introduce some basic definitions
in Section 2 including Gauss sum and p-adic gamma function. In Section 2 we
state some results including the Hasse–Davenport result, and the Gross–Koblitz
formula. We give the proofs of the main theorems in Section 3.

2. Notation and preliminary results

Let Qp be the algebraic closure of Qp and Cp be the completion of Qp. Since each
χ ∈ F̂×p takes values from µp−1, the group of (p−1)-th roots of unity in C×, and
Z×p contains µp−1, so we may assume that the multiplicative characters of F×p to be
mapped χ : F×p → Z×p . Recall that ω : F×p → Z×p is the Teichmüller character. Also,
F̂×p = {ω

j
: 0≤ j ≤ p− 2} and ω denotes the inverse of ω.

Preliminary results on multiplicative characters and Gauss sums. The following
result gives the orthogonality relation of multiplicative characters.

Lemma 2.1 [Ireland and Rosen 2005, Chapter 8]. Let p be an odd prime. Then we
have

(2-1)
∑
χ∈F̂×p

χ(x)=
{

p− 1 if x = 1,
0 if x 6= 1.

Let ζp be a fixed primitive p-th root of unity in Qp. For χ ∈ F̂×p , the Gauss sum
is defined by

g(χ) :=
∑
x∈Fp

χ(x) ζ x
p .

From the definition we can say that g(ε)=−1. For more details on Gauss sums,
see [Berndt et al. 1998]. We now introduce some properties of Gauss sums. Let
δ : F̂×p → {0, 1} be defined by

(2-2) δ(χ)=

{
1 if χ = ε,
0 if χ 6= ε.

We start with a result that provides a formula for the multiplicative inverse of Gauss
sum.

Lemma 2.2 [Greene 1987, Equation 1.12]. Let χ ∈ F̂×p . Then

(2-3) g(χ)g(χ)= pχ(−1)− (p− 1)δ(χ).

Another important product formula for Gauss sums is the Hasse–Davenport
formula.
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Theorem 2.3 [Berndt et al. 1998, Hasse–Davenport relation, Theorem 11.3.5]. Let
χ be a character of order m of Fp for some positive integer m. For a multiplicative
character ψ of Fp we have

(2-4)
m−1∏
i=0

g(ψχ i )= g(ψm)ψ−m(m)
m−1∏
i=1

g(χ i ).

The following lemma relates Gauss and Jacobi sums.

Lemma 2.4 [Greene 1987, Equation 1.14]. Let χ1, χ2 ∈ F̂×p . Then

(2-5) J (χ1, χ2)=
g(χ1)g(χ2)

g(χ1χ2)
+ (p− 1)χ2(−1)δ(χ1χ2).

Let χ,ψ be multiplicative characters of Fp. Then the following special values
of binomials are very useful to prove our main results, for more details we refer
[Greene 1987, Equations 2.12, 2.7]:(

χ

ε

)
=

(
χ

χ

)
=−

1
p
+

p− 1
p

δ(χ),(2-6) (
χ

ψ

)
=

(
ψχ

ψ

)
ψ(−1).(2-7)

p-adic preliminaries. We recall the p-adic gamma function, for further details
see [Koblitz 1980]. For a positive integer n, the p-adic gamma function 0p(n) is
defined as

0p(n) := (−1)n
∏

0< j<n, p - j

j

and one can extend it to all x ∈ Zp by setting 0p(0) := 1 and

0p(x) := lim
xn→x

0p(xn)

for x 6= 0, where xn runs through any sequence of positive integers p-adically
approaching x . Two important product formulas of the p-adic gamma function
from [Gross and Koblitz 1979] are as follows. If x ∈ Zp then

(2-8) 0p(x)0p(1− x)= (−1)a0(x),

where a0(x) ≡ x (mod p) such that a0(x) ∈ {1, 2, . . . , p}. If m ∈ Z+, p -m and
x = r

p−1 with 0≤ r ≤ p− 1 then

(2-9)
m−1∏
h=0

0p

( x+h
m

)
= ω(m(1−x)(1−p))0p(x)

m−1∏
h=1

0p

( h
m

)
.
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Another interesting product formula of p-adic gamma function given in [McCarthy
2013] as a consequence of (2-9) described as follows. Let t ∈ Z+ and p -t . Then
for 0≤ j ≤ p− 2 we have

(2-10) ω(t−t j )0p

(〈
−t j
p− 1

〉) t−1∏
h=1

0p

(h
t

)
=

t∏
h=1

0p

(〈
h
t
−

j
p− 1

〉)
.

Let π ∈ Cp be the fixed root of the polynomial x p−1
+ p, which satisfies the

congruence condition π ≡ ζp − 1 (mod (ζp − 1)2). The Gross–Koblitz formula
relates the Gauss sum and p-adic gamma function as follows.

Theorem 2.5 Gross–Koblitz formula [1979]. For j ∈ Z,

g(ω j )=−π (p−1)〈 j/(p−1)〉0p

(〈
j

p− 1

〉)
.

The next two lemmas are helpful in the proof of our main results. These two
lemmas are direct applications of the Gross–Koblitz formula.

Lemma 2.6. For 1≤ j ≤ p− 2

(2-11) 0p

(〈
1−

j
p− 1

〉)
0p

(〈
j

p− 1

〉)
=−ω j (−1).

Proof. Applying the Gross–Koblitz formula (Theorem 2.5) on the left-hand side of
(2-11) and then using (2-3) it is straightforward to verify the lemma. �

Lemma 2.7. For 1≤ j ≤ p− 2 we have

(2-12)
(−p)−b1/2+ j/(p−1)c

0p
( 1

2

) 0p

(〈
1
2 +

j
p− 1

〉)
0p

(〈
1−

j
p− 1

〉)
=

1
p

∑
t∈F×p

ω j (−t)ϕ(t (t − 1)).

Proof. Let

U =
(−p)−b1/2+ j/(p−1)c

0p
( 1

2

) 0p

(〈
1
2 +

j
p− 1

〉)
0p

(〈
1−

j
p− 1

〉)
.

Using the Gross–Koblitz formula (Theorem 2.5), (2-3), and (2-5) we obtain

U =
ϕω j (−1)

p
J (ϕω j , ϕ)=

1
p

∑
t∈F×p

ω j (−t)ϕ(t (t − 1)).

This completes the proof of the lemma. �
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3. Proof of the theorems

We begin with a proposition which explicitly determines the value of a character
sum. We use this proposition to prove Theorems 1.2 and 1.7.

Proposition 3.1. For x ∈ F×p we have∑
χ∈F̂×p

g(ϕχ2)g(ϕχ)g(χ)χ
( x

4

)

=


0 if 1− x 6=�,
p(p− 1)ϕ(−2) if x = 1,
p(p− 1)ϕ(−2)(ϕ(1+ a)+ϕ(1− a)) if x 6= 1 and 1− x = a2.

Proof. Let
A =

∑
χ∈F̂×p

g(ϕχ2)g(ϕχ)g(χ)χ
( x

4

)
.

Multiplying both numerator and denominator by g(ϕχ) we can write

(3-1) A =
∑
χ∈F̂×q

g(ϕχ2)g(χ)
g(ϕχ)

g(ϕχ)g(ϕχ)χ
( x

4

)
.

Applying (2-5) we have

(3-2)
g(ϕχ2)g(χ)

g(ϕχ)
= J (ϕχ2, χ)− (p− 1)χ(−1)δ(ϕχ).

Also, applying (2-3) we have

(3-3) g(ϕχ)g(ϕχ)= pϕχ(−1)− (p− 1)δ(ϕχ).

Substituting (3-2) and (3-3) into (3-1) we obtain

(3-4) A = A1+ A2+ A3+ A4,

where

A1 = pϕ(−1)
∑
χ∈F̂×p

J (ϕχ2, χ)χ
(
−x
4

)
,(3-5)

A2 =−(p− 1)
∑
χ∈F̂×p

δ(ϕχ)J (ϕχ2, χ)χ
( x

4

)
(3-6)

=−(p− 1)ϕ(x)J (ϕ, ϕ),

A3 =−p(p− 1)ϕ(−1)
∑
χ∈F̂×p

δ(ϕχ)χ
( x

4

)
(3-7)

=−p(p− 1)ϕ(−x),
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A4 = (p− 1)2
∑
χ∈F̂×p

δ(ϕχ)χ
(
−x
4

)
(3-8)

= (p− 1)2ϕ(−x).

Using (1-2), and (2-6) in (3-6) we have

(3-9) A2 =−p(p− 1)ϕ(−x)
(
ϕ

ϕ

)
= (p− 1)ϕ(−x).

Adding (3-7), (3-8), and (3-9) we obtain

(3-10) A2+ A3+ A4 = 0.

Substituting (3-10) into (3-4) we have

A = A1 = pϕ(−1)
∑
χ∈F̂×p

J (ϕχ2, χ)χ
(
−x
4

)
.

(1-2) gives

A = p2ϕ(−1)
∑
χ∈F̂×p

(
ϕχ2

χ

)
χ
( x

4

)
.

If we use (2-7) then we have
(
ϕχ2

χ

)
= χ(−1)

(
ϕχ
χ

)
. This yields

(3-11) A = p2ϕ(−1)
∑
χ∈F̂×p

(
ϕχ

χ

)
χ
(
−x
4

)
= pϕ(−1)

∑
χ∈F̂×p , y∈Fp

ϕ(y)χ(y)χ(1− y)χ
( x

4

)
.

Replacing χ by χ in (3-11) we obtain

(3-12) A = pϕ(−1)
∑
y∈Fp

ϕ(y)
∑
χ∈F̂×p

χ

(
4y(1− y)

x

)
.

Using the orthogonality relation (2-1) we can say that second sum present in (3-12)
is nonzero if and only if the equation 4y2

−4y+ x = 0 admits a solution. We know
that 4y2

−4y+x = 0 is solvable if and only if 1−x is a square in Fp. Let 1−x = a2

for some a ∈ Fp. Then 1
2(1±a) are solutions of 4y2

−4y+x = 0. Hence, we obtain

A =


p(p− 1)ϕ(−2) if x = 1,
p(p− 1)ϕ(−2)(ϕ(1+ a)+ϕ(1− a)) if x 6= 1 and 1− x = a2,
0 if 1− x 6=�.

This completes the proof. �
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In the next proposition, we again consider the same character sum as considered
in Proposition 3.1 and express the sum as a special value of p-adic hypergeometric
series. We use this proposition to prove Theorem 1.2.

Proposition 3.2. For x ∈ F×p we have

∑
χ∈F̂×p

g(ϕχ2)g(ϕχ)g(χ)χ
( x

4

)
= p(1− p)ϕ(2)0p

( 1
4

)
0p
( 3

4

)
2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
.

Proof. Let
A =

∑
χ∈F̂×p

g(ϕχ2)g(ϕχ)g(χ)χ
( x

4

)
.

Since F̂×p = {ω
j
: 0≤ j ≤ p−2}, replacing χ by ω j and applying the Gross–Koblitz

formula we obtain

(3-13) A=−
p−2∑
j=0

ω j
(x

4

)
π (p−1)` j0p

(〈
1
2
−

2 j
p− 1

〉)
0p

(〈
1
2
+

j
p− 1

〉)
0p

(
j

p− 1

)
,

where ` j =

〈
1
2
−

2 j
p− 1

〉
+

〈
1
2
+

j
p− 1

〉
+

(
j

p− 1

)
.

Applying (2-9) with x =
〈1

2 −
2 j

p−1

〉
and m = 2 we obtain

0p

(〈
1
2
−

2 j
p− 1

〉)
=

0p
( 1

2

〈 1
2 −

2 j
p−1

〉)
0p
( 1

2

〈 1
2 −

2 j
p−1

〉
+

1
2

)
0p
( 1

2

)
ω(2(1−p)(1−〈1/2−2 j/(p−1)〉))

.

Taking j in the intervals
[
0,
⌊ p−1

4

⌋]
,
(⌊ p−1

4

⌋
,
⌊3(p−1)

4

⌋]
and

(⌊3(p−1)
4

⌋
, p− 2

]
we

verify that

0p

(
1
2

〈
1
2
−

2 j
p− 1

〉)
0p

(
1
2

〈
1
2
−

2 j
p− 1

〉
+

1
2

)
= 0p

(〈
1
4
−

j
p− 1

〉)
0p

(〈
3
4
−

j
p− 1

〉)
and ω(2(1−p)(1−〈1/2−2 j/(p−1)〉))= ϕ(2) ω j (4). Therefore, we can write

(3-14) 0p

(〈
1
2
−

2 j
p− 1

〉)
=

0p
(〈1

4 −
j

p−1

〉)
0p
(〈3

4 −
j

p−1

〉)
0p
( 1

2

)
ϕ(2)ω j (4)

.

Substituting (3-14) into (3-13) we obtain

(3-15) A =−
ϕ(2)

0p
( 1

2

) p−2∑
j=0

ω j (x) π (p−1)` j0p

(〈
1
4
−

j
p− 1

〉)
0p

(〈
3
4
−

j
p− 1

〉)

×0p

(〈
1
2
+

j
p− 1

〉)
0p

(
j

p− 1

)
.
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Now,

` j =

〈
1
2
−

2 j
p− 1

〉
+

〈
1
2
+

j
p− 1

〉
+

(
j

p− 1

)
= 1−

⌊
1
2
−

2 j
p− 1

⌋
−

⌊
1
2
+

j
p− 1

⌋
.

By considering
⌊ 1

2−
2 j

p−1

⌋
= 2k+s for some k ∈Z and s= 0, 1 it is straight forward

to verify that ⌊
1
2
−

2 j
p− 1

⌋
=

⌊
1
4
−

j
p− 1

⌋
+

⌊
3
4
−

j
p− 1

⌋
.

This gives

(3-16) ` j = 1−
⌊

1
4
−

j
p− 1

⌋
−

⌊
3
4
−

j
p− 1

⌋
−

⌊
1
2
+

j
p− 1

⌋
.

Substituting (3-16) into (3-15) we obtain

A = p(1− p)ϕ(2)0p
( 1

4

)
0p
( 3

4

)
2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
.

This completes the proof. �

Proof of Theorem 1.2. Comparing Propositions 3.1 and 3.2 for x = 1 we have

(3-17) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
]
=
−ϕ(−1)

0p
( 1

4

)
0p
( 3

4

) .
Applying (2-9)

(
with x = 1

2 and m = 2
)

we obtain

(3-18) 0p
( 1

4

)
0p
( 3

4

)
= ϕ(2)0p

( 1
2

)2
=−ϕ(−2).

Note that the last equality is obtained by using (2-8)
(
with x = 1

2

)
. Substituting

(3-18) into (3-17) and using the fact that

ϕ(2)=
{

1 if p ≡±1 (mod 8),
−1 if p ≡±3 (mod 8),

we prove (1-9). Now, letting x 6= 0, 1, and 1− x = a2 for some a ∈ F×p and then
comparing Propositions 3.1 and 3.2, we obtain

(3-19) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
=
−ϕ(−1)

0p
(1

4

)
0p
( 3

4

)(ϕ(1+ a)+ϕ(1− a)).

Then substituting (3-18) into (3-19) we have

(3-20) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= ϕ(2) · (ϕ(1+ a)+ϕ(1− a)).
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Replacing x by 1
t in (3-20) we obtain (1-10). Finally, if 1− x is not a square in Fp

then again, comparing Propositions 3.1 and 3.2 we obtain

(3-21) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= 0.

Replacing x by 1
t in (3-21) we derive (1-11). This completes the proof of the

theorem. �

Proof of Theorem 1.6. If t 6= 0, 1 and 1− 1
t =

t−1
t 6=� then from (1-11) we have

(3-22) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ t
]
= 0.

Replacing t by 1
x in (3-22) we obtain that if 1− x 6=� then

(3-23) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= 0.

Similarly, if t 6= 0, 1 and 1− 1
1−t =

t
t−1 6=� then (1-11) gives

(3-24) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1− t
]
= 0.

Replacing 1− t by 1
1−x in (3-24) we can write that if x 6=� then

(3-25) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
1−x

]
= 0.

Combining (3-23) and (3-25) we obtain (1-13). Now, let x = b2. Putting 1− x = 1
t

we have 1− 1
t = b2. Applying (1-10) we have

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ t
]
= ϕ(2) · (ϕ(1+ b)+ϕ(1− b)).

Therefore, if x = b2 then

(3-26) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
1−x

]
= ϕ(2) · (ϕ(1+ b)+ϕ(1− b)).

Combining (3-23) and (3-26) we deduce (1-14). Let 1− x = a2. Also, let x = 1
t .

Then 1− 1
t = a2. Using (1-10) we obtain that

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ t
]
= ϕ(2) · (ϕ(1+ a)+ϕ(1− a)).
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Therefore, if 1− x = a2 then

(3-27) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= ϕ(2) · (ϕ(1+ a)+ϕ(1− a)).

Combining (3-26) and (3-27) we derive (1-15). Finally, comparing (3-25) and
(3-27) we obtain (1-16). This completes the proof of the theorem. �

Proof of Theorem 1.7. Again, consider the sum

A =
∑
χ∈F̂×p

g(ϕχ2)g(ϕχ)g(χ)χ
( x

4

)
.

Then from (3-15), and (3-16) we have

(3-28) A =−
ϕ(2)

0p
( 1

2

) p−2∑
j=0

ω j (x)π (p−1)` j0p

(〈
1
4
−

j
p− 1

〉)
0p

(〈
3
4
−

j
p− 1

〉)

×0p

(〈
1
2
+

j
p− 1

〉)
0p

(
j

p− 1

)
,

where ` j = 1−
⌊1

4 −
j

p−1

⌋
−
⌊ 3

4 −
j

p−1

⌋
−
⌊ 1

2 +
j

p−1

⌋
.

Now, the term for j = 0 present in (3-28) is equal to pϕ(2)0p
( 1

4

)
0p
(3

4

)
. Therefore,

we have

(3-29) A =−
ϕ(2)

0p
( 1

2

) p−2∑
j=1

ω j (x)π (p−1)` j0p

(〈
1
4
−

j
p− 1

〉)
0p

(〈
3
4
−

j
p− 1

〉)

×0p

(〈
1
2
+

j
p− 1

〉)
0p

(
j

p− 1

)
+ pϕ(2)0p

( 1
4

)
0p
( 3

4

)
.

Using (2-11) we can write

A = pϕ(2)0p
(1

4

)
0p
( 3

4

)
+
ϕ(2)

0p
( 1

2

) p−2∑
j=1

ω j (−x)π (p−1)` j0p

(〈
1
4
−

j
p− 1

〉)

×0p

(〈
3
4
−

j
p− 1

〉)
0p

(〈
1
2
+

j
p− 1

〉)
0p

(〈
1−

j
p− 1

〉)
0p

(
j

p− 1

)2

=−pϕ(2)
p−2∑
j=1

ω j (−x)
(−p)(−b1/2+ j/(p−1)c)0p

(〈1
2 +

j
p−1

〉)
0p
( 1

2

) 0p

(〈
1−

j
p− 1

〉)

× (−p)−b1/4− j/(p−1)c−b3/4− j/(p−1)c0p

(
j

p− 1

)2

0p

(〈
1
4
−

j
p− 1

〉)
×0p

(〈
3
4
−

j
p− 1

〉)
+ pϕ(2)0p

( 1
4

)
0p
( 3

4

)
.
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Also, applying (2-12) we obtain

(3-30) A =−ϕ(2)
∑
t∈F×p

ϕ(t (t − 1))
p−2∑
j=1

ω j
( x

t

)
(−p)−b1/4− j/(p−1)c−b3/4− j/(p−1)c

×0p

(〈
1
4
−

j
p− 1

〉)
0p

(〈
3
4
−

j
p− 1

〉)
0p

(
j

p− 1

)2

+ pϕ(2)0p
( 1

4

)
0p
( 3

4

)
.

The term under summation for j = 0 is equal to

−ϕ(2)
∑
t∈F×p

ϕ(t (t − 1))0p
( 1

4

)
0p
( 3

4

)
=−ϕ(−2)0p

( 1
4

)
0p
(3

4

)
J (ϕ, ϕ)

=−pϕ(2)0p
( 1

4

)
0p
( 3

4

)(ϕ
ϕ

)
= ϕ(2)0p

(1
4

)
0p
( 3

4

)
.

Note that the last equality is obtained by applying (2-6). Using this value in (3-30)
we obtain

(3-31) A = (p− 1)ϕ(2)0p
( 1

4

)
0p
(3

4

)(
1+

∑
t∈F×p

ϕ(t (t − 1)) 2G2

[ 1
4 ,

3
4

0, 0

∣∣∣ t
x

])
.

Now, from Proposition 3.1 comparing the values of A and using (3-18) we deduce
(1-17), (1-18), and (1-19). This completes the proof of the theorem. �

Proof of Theorem 1.8. Applying the transformations [McCarthy 2013, Lemma 3.3;
2012c, Proposition 2.5] for x, t 6= 0 we obtain

(3-32) 2G2

[ 1
4 ,

3
4

0, 0

∣∣∣ t
x

]
=

(χ3
4
ε

)−1
2 F1

(
χ4, χ

3
4
ε

∣∣∣ x
t

)
=−p · 2 F1

(
χ4, χ

3
4
ε

∣∣∣ x
t

)
.

Note that we obtain the last equality by using (2-6).
Let x = 1. Then substituting (3-32) into (1-17) we have

(3-33) −p
∑
t∈F×p

ϕ(t (t − 1)) 2 F1

(
χ4, χ

3
4
ε

∣∣∣ 1
t

)
=−1− pϕ(2).

Replacing t by 1/t we derive (1-20). Similarly, if x 6= 1 and 1− x is not a square
then substituting (3-32) into (1-18) and replacing t by x/t we obtain (1-21). Finally,
if x 6= 1 and 1− x = a2 then substituting (3-32) into (1-19) and replacing t by x/t
we deduce (1-22). This completes the proof. �



ZEROS OF p-ADIC HYPERGEOMETRIC FUNCTIONS 509

Proof of Theorem 1.9. If 1− x 6=� then applying Propositions 3.1 and 3.2 we have

2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
= 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ x−1
x

]
= 0.

This proves (1-25). Now, let 1−x = a2 for some a ∈ F×p . Let a−1 denote the inverse
of a in F×p . Then again applying Propositions 3.1 and 3.2 we have

(3-34) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ 1
x

]
=−

ϕ(−1)

0p
( 1

4

)
0p
( 3

4

)(ϕ(1+ a)+ϕ(1− a)),

and

(3-35) 2G2

[ 1
4 ,

3
4

0, 1
2

∣∣∣ x−1
x

]
=−

ϕ(−1)

0p
( 1

4

)
0p
( 3

4

)(ϕ(1+ a−1)+ϕ(1− a−1)).

Comparing (3-34) and (3-35) we prove (1-26). This completes the proof. �

Concluding Remarks. Let Fq be a finite field with q elements, where q = pr .
We note that all the transformations and special values of p-adic hypergeometric
series that are proved in this paper can also be extended to the q-version of the
p-adic hypergeometric series nGn[· · · | t]q with t ∈ Fq using [McCarthy 2013,
Definition 5.1]. We avoid this case here for brevity. We also make the same
comment for Gaussian hypergeometric functions over Fq . We believe that using this
method we can settle many other transformation formulas for p-adic hypergeometric
series that are analogous to classical hypergeometric series transformations. This is
considered as the subject of forthcoming work.
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