
Pacific
Journal of
Mathematics

EXCEPTIONAL GROUPS OF RELATIVE RANK ONE
AND GALOIS INVOLUTIONS OF TITS QUADRANGLES

BERNHARD MÜHLHERR AND RICHARD M. WEISS

Volume 307 No. 2 August 2020





PACIFIC JOURNAL OF MATHEMATICS
Vol. 307, No. 2, 2020

https://doi.org/10.2140/pjm.2020.307.391

EXCEPTIONAL GROUPS OF RELATIVE RANK ONE
AND GALOIS INVOLUTIONS OF TITS QUADRANGLES

BERNHARD MÜHLHERR AND RICHARD M. WEISS

We show that every Moufang set associated with one of the Tits indices 2E29
6,1,

E48
7,1, E91

8,1 or F21
4,1 in arbitrary characteristic can be obtained as the fixed point

building of a Galois involution acting on a Tits quadrangle parametrized by
a quadrangular algebra. This result is used to calculate an explicit formula
for the structure map of an arbitrary Moufang set in this class.

1. Introduction 392
2. Quadrangular algebras 395
3. Tits polygons 397
4. Moufang sets 400
5. Tits indices 401
6. Descent 403
7. The exceptional Tits quadrangles 406
8. Galois groups 409
9. The Galois involution ω 414
10. The structure map τ 418
11. The subgraph 3 421
12. The action of m1m4 on the set B 423
13. Some more identities 427
14. The form 2 430
15. The smallest F4-cases 432
16. The element (m1m4)

2 433
17. The element u2, part I 436
18. The element u2, part II 443
19. A formula for τ 446
Appendix 450
Acknowledgments 453
References 453

MSC2010: 20E42, 51E12, 51E24.
Keywords: building, Moufang set, Tits polygon, exceptional group.

391

http://msp.org/pjm/
https://doi.org/10.2140/pjm.2020.307-2
http://https://doi.org/10.2140/pjm.2020.307.391


392 BERNHARD MÜHLHERR AND RICHARD M. WEISS

1. Introduction

Let G(K ) be the group of rational points of an absolutely simple algebraic group
G defined over K and of relative rank 1. Let X be the set of parabolic subgroups
P of G defined over K and for each P ∈ X , let UP be the group of K -rational
points of the unipotent radical of P . For each P ∈ X , the group UP acts sharply
transitively on X\{P}. Thus the triple (G(K ), X, {UP}P∈X ) is a Moufang set as
defined in Definition 4.1.

Let T1 denote the following set of Tits indices:
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where the circled vertex in the last case corresponds to a short root. These are the
Tits indices called 2E29

6,1, E48
7,1, E91

8,1 and F21
4,1 in [Tits 1966a]. The groups G(K ) that

correspond to the Tits indices in T1 are precisely the groups of exceptional absolute
type and relative rank 1 such that for each parabolic subgroup P defined over K ,
the unipotent radical of P is nonabelian but has a center of dimension greater than 1.
We denote the class of Moufang sets associated with these groups by M.

In this paper, we use the theory of Tits polygons introduced in [Mühlherr and
Weiss ≥ 2020] to investigate the structure of the Moufang sets in M. A Tits polygon
is a bipartite graph 0 such that for each vertex v, the set of vertices adjacent to v is
endowed with an “opposition relation” subject to certain axioms; see Section 3 for
details. Moufang polygons (which were classified in [Tits and Weiss 2002]) are
precisely the Tits polygons in which the opposition relations are all trivial.

Let T be a spherical Tits index of relative rank 2. The relative Coxeter group
associated with T (as defined in [Mühlherr et al. 2015, 20.32 and 20.34]; cf. [Tits
1966a, 2.5.2]) is a dihedral group of order 2n for n = 3, 4, 6 or 8. We call n the
polygon type of T .

We say that a Tits index T is linked to a building 1 if the absolute type of T is
also the Coxeter diagram of 1.

Suppose that 1 is a spherical building of type (W, S) and that T is a Tits index
of relative rank 2 linked to 1. Let V be the set of residues of 1 whose type is the
complement in S of either one of the two circles in T and let 0 be the bipartite
graph with vertex set V , where two residues are adjacent whenever they have a
nonempty intersection. If 1 is assumed to be Moufang as defined in Definition 6.5
(which is always the case if 1 is the spherical building associated to the group of
rational points of an absolutely simple algebraic group of relative rank at least 2),
then the graph 0 is endowed canonically with the structure of a Tits n-gon X1,T ,
where n is the polygon type of T .
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We say that a building is exceptional if it is the spherical building associated to
the group of rational points of an algebraic group of exceptional absolute type and
relative rank at least 2. Let E be the set of pairs (1, T ), where 1 is an exceptional
building and T is a Tits index of relative rank 2 linked to 1. An exceptional Tits
polygon is a Tits polygon isomorphic to X1,T for some pair (1, T ) in E. For each
n = 3, 4, 6 and 8, let En be the subset consisting of all (1, T ) in E such that n is
the polygon type of T .

We have E4 = {(1, T ) ∈ E | T ∈ T2}, where T2 denotes the following set of Tits
indices:
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Note that the Tits index in T2 of absolute type F4 does not appear in [Tits 1966a];
it is, however, a Tits index as defined in [Mühlherr et al. 2015, 20.1]. Let

Q= {X1,T | (1, T ) ∈ E4}.

Quadrangular algebras are a class of algebras that arose in the classification of
Moufang quadrangles in [Tits and Weiss 2002]. They were classified in [Mühlherr
and Weiss 2019; Weiss 2006b]. In [Mühlherr and Weiss 2020], we showed that the
Tits quadrangles in Q are classified by quadrangular algebras. More precisely, each
Tits quadrangle in Q can be coordinatized by commutator relations parameterized
by the corresponding quadrangular algebra and theses parametrizations give rise to
a one-to-one correspondence between the Tits quadrangles in Q (up to isomorphism)
and nondegenerate quadrangular algebras whose associated quadratic form is of
dimension at least 5 (up to isotopy).

In Theorem 8.14, the main result of this paper, we show that every Moufang set
in the class M defined above arises as the fixed point building of a Galois involution
acting on a Tits quadrangle in Q. We then use the corresponding quadrangular
algebra to calculate explicitly the structure of a root group U and the structure map
τ (as defined in Definition 10.8) of the fixed point building of a Galois involution
acting on a Tits quadrangle in Q (modulo Conjecture 19.14). The product of these
calculations can be found in Notation 9.18, (9.21) and Theorem 19.7.

Our result and our calculations are valid over arbitrary fields. In particular, we
do not make any restriction on the characteristic of K .

In [Boelaert et al. 2019, 2.3.5 and 6.5.3], the structure maps for the Moufang sets
in M were described in terms of the structurable division algebras attached to forms
of tensor products of two composition algebras. The theory of structurable algebras
requires, however, that char(K ) 6= 2 or 3. In [De Medts and Van Maldeghem
2010, 2.1; Callens and De Medts 2014, 5.3], the structure maps for the Moufang
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sets associated with the Tits indices F21
4,1 and 2E29

6,1 over an arbitrary field are
given in terms of an octonion division algebras by exploiting a connection to the
corresponding projective plane, but this method does not extend to the cases E48

7,1
and E91

8,1.
Let T̂1 denote the following set of Tits indices:
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These are the Tits indices called 2E35
6,1, E66

7,1, E133
8,1 and 3,6D9

4,1 in [Tits 1966a]. Let
M̂ denote the class of Moufang sets associated with the Tits indices in T̂1. These
are the Moufang sets arising from an exceptional group of relative rank 1 such that
the unipotent radical of a parabolic subgroup defined over K has a 1-dimensional
center. We have

{(1, T ) ∈ E | T ∈ T̂2} ⊂ E6,

where T̂2 denotes the following set of Tits indices:
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and the circled vertices in the last case corresponds to long roots. Note that the Tits
index in T̂2 of absolute type F4 does not appear in [Tits 1966a]; it is, however, a
Tits index as defined in [Mühlherr et al. 2015, 20.1]. See also [Mühlherr and Weiss
≥ 2020, 2.4.6]. Let

H = {X1,T ∈ E6 | T ∈ T̂2}.

In [Mühlherr and Weiss ≥ 2020, 3.8.13], we showed that every Moufang set in M̂

arises as the fixed point building of a Galois involution acting on a Tits hexagon
in H. As in the previous case, we then calculated U and τ for an arbitrary fixed
point building of this kind. In this case, the role of quadrangular algebras was
played by cubic norm structures; see [Mühlherr and Weiss ≥ 2020, 3.4.7 and 3.7.1].
The class M̂ is also treated in [Boelaert et al. 2019], but again with the restriction
that the characteristic of K is not 2 or 3.

The only exceptional Tits index of relative rank 1 in [Tits 1966a] that is not in
T1 or T̂1 is E78

7,1:
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The Moufang sets associated with this index have abelian root groups. They are
classified by Albert division algebras and the structure map of one of them is the
simply the inverse map of the corresponding Albert algebra. See also Remark 6.14.
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We mention, too, that the set E3 consists of the pairs (1, T ) in E such that T is
the Tits index
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and the set E8 consists of the pairs (1, T ) in E such that T is
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(a Tits index in the sense of [Mühlherr et al. 2015, 20.1]).

Organization 1.1. This paper is organized as follows. In Sections 2–5 we introduce
quadrangular algebras, Tits polygons, Moufang sets and Tits indices and describe
the construction of the Tits polygon X1,T . In Section 6 we assemble material about
descent, Galois groups and the construction of Moufang sets as fixed point buildings.
In Section 7 we describe the connection between the exceptional quadrangles and
quadrangular algebras and we prove our main theorem about Moufang sets in
Theorem 8.14. This is the result that says that every Moufang set in M can be found
as the fixed point building of a Galois involution of an exceptional Tits quadrangle.

In Section 9 we introduce an arbitrary Galois involution ω of an exceptional Tits
quadrangle 1 and choose suitable coordinates for 1. In Section 10 we introduce
the structure map of the Moufang set 1〈ω〉 associated with ω. In Sections 11–19
we calculate. These calculations result in the formula for τ in Proposition 19.6 and
Theorem 19.7; see also Conjecture 19.14 and Proposition 19.15.

Conventions 1.2. Let G be a group. As in [Tits and Weiss 2002], we set ab
=b−1ab

and
[a, b] = a−1b−1ab

for all a, b ∈ G. We compose permutations from left to right. Other functions will
be written on the left and composed from right to left.

2. Quadrangular algebras

The notion of an anisotropic quadrangular algebra was introduced in [Weiss 2006b]
and the following more general notion was introduced in [Mühlherr and Weiss
2019].

Definition 2.1. A quadrangular algebra is an ordered set

4= (K , L , q, f, ε,X, · , h, θ),

where K is a field, L is a vector space over K , q is a nondegenerate quadratic
form on L , f is the bilinear form associated with q , ε is an element of L such that
q(ε)= 1, X is a nontrivial vector space over K , (a, v) 7→ a ·v is a map from X× L
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to X (usually denoted simply by juxtaposition), h is a map from X×X to L and θ
a map from X× L to L satisfying the following axioms:

(A1) The map · is bilinear (over K ).

(A2) a · ε = a for all a ∈ X.

(A3) (av)v̄ = q(v)a for all a ∈ X and all v ∈ L , where v̄ = f (v, ε)ε− v.

(B1) h is bilinear (over K ).

(B2) h(a, bv)= h(b, av)+ f (h(a, b), ε)v for all a, b ∈ X and all v ∈ L .

(B3) f (h(av, b), ε)= f (h(a, b), v) for all a, b ∈ X and all v ∈ L .

(C1) For each a ∈ X, the map v 7→ θ(a, v) is linear (over K ).

(C2) θ(ta, v)= t2θ(a, v) for all t ∈ K , all a ∈ X and all v ∈ L .

(C3) There exists a function g from X×X to K such that

θ(a+ b, v)= θ(a, v)+ θ(b, v)+ h(a, bv)− g(a, b)v

for all a, b ∈ X and all v ∈ L .

(C4) There exists a function φ from X× L to K such that

θ(av,w)= q(v)θ(a, w̄)− f (w, v̄)θ(a, v)+ f (θ(a, v), w̄)v̄+φ(a, v)w

for all a ∈ X and v,w ∈ L , where ū for u ∈ L is as in (A3).

(D1) Let π(a)= θ(a, ε) for all a ∈ X. Then

aθ(a, v)= (aπ(a))v

for all a ∈ X and all v ∈ L .

Notation 2.2. Let 4 = (K , L , q, f, ε,X, · , h, θ) be a quadrangular algebra. We
say that 4 is a quadrangular algebra over K if we want to specify the field K . The
map h is nondegenerate if for each nonzero a ∈ X there exists b ∈ X such that
h(a, b) 6= 0. We say that 4 is δ-standard for some δ ∈ L if f (π(a), δ)= 0 for all
a ∈X and either char(K ) 6= 2 and δ= 1

2ε or char(K )= 2, f (ε, δ)= 1 and q(δ) 6= 0.
We say that 4 is anisotropic if the quadratic form q is anisotropic and

π(a)= tε for some t ∈ K only if a = 0,

where π is as in (D1). If either of these conditions fails to hold, we say that 4 is
isotropic.

The classification of δ-standard nondegenerate quadrangular algebras is given
in [Mühlherr and Weiss 2019]. This classification extended the classification of
anisotropic quadrangular algebras given in [Weiss 2006b]. We will say more about
this in Remark 7.10
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Notation 2.3. Let 4 = (K , L , q, f, ε,X, · , h, θ) be a quadrangular algebra. We
set

Q(a)= f (π(a), ε)

for all a ∈ X.

Almost all of the results in [Weiss 2006b, Chapters 3 and 4] (where it is assumed
that 4 is anisotropic) remain valid under the assumptions that 4 is δ-standard for
some δ ∈ L and |K |> 2. This is shown in [Mühlherr and Weiss 2019, Section 7,
see, in particular, Conclusion 7.5]; We note that the hypothesis |K |> 2 is required
for the result [Weiss 2006b, 3.22].

We will assume that the reader has access to [Weiss 2006b, Chapters 3 and 4]
and will frequently cite results from these two chapters (keeping the caveats in
[Mühlherr and Weiss 2019, Conclusion 7.5] in mind). Note that the map v 7→ v̄ in
(A3) is called σ in [Weiss 2006b]. We refer to reader also to the remarks (i)–(viii)
on page 7 of [Weiss 2006b], especially the remark (iv).

If a ∈ X and u, v ∈ L , we will write auv in place of (au)v. Since we are not
assuming the existence of a multiplication on L , this convention should not cause
any confusion.

By [Weiss 2006b, 4.1 and 4.5(iii)], the functions φ in (C4) and Q in Notation 2.2
are both identically zero if char(K ) 6= 2. We draw the reader’s attention also to
[Weiss 2006b, 1.4 and 3.6–3.8]. We will make particularly frequent use of these
identities.

We have assembled a few additional identities, which are not in [Weiss 2006b],
in the Appendix; see, in particular, Remark A.5.

We close this section with a definition which will not be used until Theorem 7.4.

Notation 2.4. Let R4 denote the set X× K endowed with the multiplication given
by

(a, t) · (b, r)=
(
a+ b, t + r + g(b, a)

)
for all (a, t), (b, r). By [Weiss 2006b, 4.4], g is bilinear. It follows that R4 is a
group in which

(a, t)−1
=
(
−a,−t + g(a, a)

)
for all (a, t).

3. Tits polygons

The notion of a Tits polygon was introduced in [Mühlherr and Weiss ≥ 2020]. In
this section we give the definition and assemble just a few of their basic properties.

Definition 3.1. A dewolla is a triple

X = (0,A, {≡v}v∈V ),
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where:

(i) 0 is a bipartite graph with vertex set V and |0v| ≥ 3 for each v ∈ V , where 0v
denotes the set of vertices adjacent to v.

(ii) For each v ∈ V , ≡v is an antireflexive symmetric relation on 0v. We say
that vertices u, w ∈ V are opposite at v if u, w ∈ 0v and u ≡v w and a path
(w0, w1, . . . , wm) in 0 is called straight if wi−1 and wi+1 are opposite at wi

for all i ∈ [1,m− 1].

(iii) A is a set of connected subgraphs γ containing 2n vertices for some n ≥ 3
such that for each vertex v on γ , 0v contains exactly two vertices in γ and
these two vertices are opposite at v.

The parameter n is called the level of X . The automorphism group Aut(X) is the
subgroup of Aut(0) consisting of all g ∈ Aut(0) such that γ g

∈ A for all γ ∈ A
and for all u, v, w ∈ V such that u and w are opposite at v, ug and wg are opposite
at vg. A root of X is a straight path of length n.

Definition 3.2. A Tits n-gon is a dewolla

X = (0,A, {≡v}v∈V )

of level n for some n ≥ 3 such that 0 is connected and the following axioms hold:

(i) For all v ∈ V and all u, w ∈ 0v , there exists z ∈ 0v that is opposite both u and
w at v.

(ii) For each straight path δ = (w0, . . . , wk) of length k ≤ n− 1, δ is the unique
straight path of length at most k from w0 to wk .

(iii) For G = Aut(X) and for each root α = (w0, . . . , wn) of X , the group Uα

acts transitively on the set of vertices opposite wn−1 at wn , where Uα is the
pointwise stabilizer of

0w1 ∪0w2 ∪ · · · ∪0wn−1

in Aut(X). The group Uα is called the root group associated with the root α.

A Tits polygon is a Tits n-gon for some n ≥ 3. A Tits n-gon is called a Tits triangle
if n = 3, a Tits quadrangle if n = 4, etc.

Definition 3.3. A Moufang n-gon is a Tits n-gon X = (0,A, {≡v}v∈V ) for some
n ≥ 3 in which for all vertices v, the relation ≡v is trivial, i.e., every two vertices
adjacent to v are opposite at v. In this case, A is the set of all circuits of 0 of
length 2n, so X is uniquely determined by 0 alone (and it is usual to refer to
the Moufang n-gon as 0 rather than X ). See [Mühlherr and Weiss ≥ 2020, 1.2.2
and 1.2.3]. Moufang polygons were classified in [Tits and Weiss 2002, 17.1–17.8].
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Notation 3.4. Let X = (0,A, {≡v}v∈V ) be a Tits n-gon. A coordinate system for
X is a pair (γ, i 7→ wi ) where γ is an element of A and i 7→ wi is a surjection
from Z to the vertex set of γ such that wi−1 is adjacent to wi for each i . For each
coordinate system (γ, i 7→wi ), we denote by Ui the root group associated with the
root (wi , wi+1, . . . , wi+n) for each i ∈ Z and call the map i 7→Ui the associated
root group labeling. Thus wi = w j and Ui =U j whenever i and j have the same
image in Z2n . If i 7→ wi is a coordinate system, then so is i 7→ wn+1−i . These two
coordinate systems are called opposite.

For the rest of this section, we fix a Tits n-gon X = (0,A, {≡v}v∈V ) and a
coordinate system (γ, i 7→wi ) of X and let i 7→Ui be the corresponding root group
labeling.

Proposition 3.5. The following hold:

(i) [Ui ,U j ] ⊂U[i+1, j−1] for all i, j such that i < j < i + n, where

U[k,m] =
{

UkUk+1 · · ·Um if k ≤ m, and
1 otherwise.

In particular, [Ui ,Ui+1] = 1 for all i .

(ii) The product map U1×U2× · · ·×Un→U[1,n] is bijective.

Proof. This holds by [Mühlherr and Weiss ≥ 2020, 1.3.38]. �

Proposition 3.6. For each i , Ui acts sharply transitively on the set of vertices that
are opposite wi+1 at wi and on the set of vertices that are opposite wi+n−1 at wi+n .

Proof. This holds by [Mühlherr and Weiss ≥ 2020, 1.3.25]. �

Notation 3.7. Let

U ]
i =

{
a ∈Ui | w

a
i+n+1 is opposite wi+n+1 at wi+n

}
for each i . By [Mühlherr and Weiss ≥ 2020, 1.4.8], we have

U ]
i =

{
a ∈Ui | w

a
i−1 is opposite wi−1 at wi

}
for each i .

Proposition 3.8. For each i ∈ Z, there exist unique maps κγ and λγ from U ]
i to

U ]
i+n such that for each a ∈U ]

i , the product

(3.9) µγ (a) := κγ (a) · a · λγ (a)

interchanges the vertices wi+n−1 and wi+n+1. For each a ∈U ]
i , the element µγ (a)

fixes the vertices wi and wi+n and interchanges the vertices wi+ j and wi− j for all
j ∈ Z and

(3.10) Uµγ (a)
k =U2i+n−k

for all k ∈ Z.
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Proof. This holds by [Mühlherr and Weiss ≥ 2020, 1.4.4]. �

4. Moufang sets

The notion of a Moufang set was introduced in [Tits 1992].

Definition 4.1. A Moufang set is a triple M = (G, X, {Ux}x∈X ), where X is a set
such that |X | ≥ 3, G is a group acting on X and {Ux}x∈X is a conjugacy class of
subgroups of G such that for each x ∈ X , Ux fixes x and acts sharply transitively
on X\{x}. The groups Ux for x ∈ X are called the root groups of the Moufang set.
We call X the underlying set of M . The action of G on X is not necessarily faithful;
see Definition 4.8 below. If in an example X and the root groups of M are clear
from the context, we sometimes refer to G itself as a Moufang set.

Example 4.2. The group G = PGL2(D) is a Moufang set for each skew field D.
In this example, the underlying set is the projective line PG(D), i.e., the set of
1-dimensional subspaces of a 2-dimensional right vector space V over D. Choose
a basis v1, v2 of V and use it to identify V with D⊕ D and G with the group of
2×2 invertible matrices over D acting on V on the left. Then U〈v1〉 is the subgroup
of G consisting of all matrices with 1s on the diagonal and 0 below the diagonal.

Example 4.3. Let 1 be a Moufang quadrangle or hexagon. If ρ is a polarity of 1
(i.e., a non-type-preserving involution), then the set of edges of 1 fixed by ρ has
the structure of a Moufang set. See [De Medts et al. 2017; Tits 1966b] for explicit
examples.

Example 4.4. Let 0 be a Moufang polygon, let D = Aut(0) and let v be a vertex
of 0. Let X be the set 0v of vertices adjacent to v, let G be subgroup of Sym(X)
induced by the stabilizer Dv and for each x ∈ X , let Ux be the subgroup of G
induced by the root group Uα, where α is a path (z0, z1, . . . , zn) of length n in
0 such that z0 = v and z1 = x . By [Tits and Weiss 2002, 4.6 and 4.8], the triple
(G, X, {Ux}x∈X ) is a Moufang set.

Example 4.5. Let G(K ) be the group of rational points of an absolutely simple
algebraic group G defined over K and of relative rank 1. Let X be the set of
parabolic subgroups of G defined over K and for each P in X , let UP be the group
of K -rational points of the unipotent radical of P . As already observed in the
introduction, the triple (G(K ), X, {UP}P∈X ) is a Moufang set.

A fifth source of Moufang sets will be described in Theorem 6.11(v) below. See
[De Medts and Segev 2009] for more information about Moufang sets.

Remark 4.6. A building of rank 1 is simply a set of chambers without any additional
structure. See, for example, [Weiss 2003, 1.4 and 7.1]. The buildings of rank 1 that
arise “in nature”, however, always arise in conjunction with a permutation group
with respect to which the building has the structure of a Moufang set.
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Definition 4.7. Let M = (G, X, {Ux}x∈X ) and M ′ = (G ′, X, {U ′x}x∈X ′) be two
Moufang sets. We call a bijection π from X to X ′ such that πUxπ

−1
=U ′π(x) for

all x ∈ X an equivalence map from M to M ′. An equivalence map that carries G to
G ′ is called an isomorphism. We say that M and M ′ are equivalent if there exists
an equivalence map from M to M ′.

Definition 4.8. Let M = (G, X, {Ux}x∈X ) be a Moufang set. We say that M is
faithful if G acts faithfully on X . Let G†

= 〈Ux | x ∈ X〉. Then G† acts transitively
on X , hence {Ux}x∈X is a single conjugacy class of G† and thus (G†, X, {Ux}x∈X )

is also a Moufang set.

Observation 4.9. Every Moufang set M is equivalent to a unique faithful Moufang
set M0 = (G, X, {Ux}x∈X ) such that G = G†.

5. Tits indices

In this section, we explain how Tits polygons arise “in nature.”

Notation 5.1. Let 5 be a Coxeter diagram with vertex set S and let (W, S) denote
the corresponding Coxeter system. For each subset J ⊂ S, we denote by WJ the
subgroup of W generated by J . A subset J is spherical if WJ is finite. If J is a
spherical subset of S, we denote by wJ the longest element in the Coxeter system
(WJ , J ). For each spherical subset J of S, s 7→ wJ swJ is an automorphism of the
subdiagram 5J spanned by J ; see, for example, [Mühlherr et al. 2015, 19.6].

Definition 5.2. A Tits index is a triple

T = (5,2, A),

where 5 is a Coxeter diagram with vertex set S, 2 is a subgroup of Aut(5) and A
is a 2-invariant subset of S such that for each s ∈ S\A, the subset Js := A ∪ s2

is spherical, and A is stabilized by the automorphism s 7→ wJs
swJs

of 5Js
, where

s2 is the 2-orbit containing s. The Coxeter diagram 5 is called the absolute type
of T and |S| is called the absolute rank of T . For each s ∈ S\A, we denote by s̃
the product wAwJs

. There is one element s̃ for each 2-orbit disjoint from A. Let
S̃ denote the set of all these elements and let W̃ = 〈S̃〉. By [Mühlherr et al. 2015,
20.4, 20.32 and 20.34], (W̃ , S̃) is also a Coxeter system. It is called the relative
Coxeter system of T and |S̃| is called the relative rank of T . The relative type 5̃ of
T is the Coxeter diagram corresponding to its relative Coxeter system.

Definition 5.3. A Tits index (5,2, A) is split if 2 is trivial and A =∅.

Basic Construction 5.4. Let T = (5,2, A) be a Tits index as in Definition 5.2
whose absolute type 5 is an irreducible spherical Coxeter diagram and whose
relative rank is 2. Thus W̃ is a dihedral group, where W̃ is as in Definition 5.2. Let
n = |W̃ |/2 and let Ji = A∪ s2i for i = 1 and 2, where s1 and s2 are representatives
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of the two 2-orbits disjoint from A. By [Mühlherr et al. 2015, 20.39–20.40],
n ≥ 3. Let 1 be a building of type 5. We assume that 1 is Moufang as defined
in [Mühlherr and Weiss 2017, 2.7]. (This is automatic if the rank of T is greater
than 2.) Let Vi be the set of Ji -residues of 1 for i = 1 and 2 and let 0 be the
bipartite graph whose vertex set is V := V1 ∪ V2, where a residue in V1 is adjacent
to a residue in V2 whenever their intersection is an A-residue of 1. We declare
that two residues u = R1 and w = R2 in V are opposite at a residue v = R0 in V
(and we write u ≡v w) if u and w are adjacent to v and R0 ∩ R1 and R0 ∩ R2 are
opposite residues of R0. Let A be the set of 2n circuits γ in 0 such that for some
apartment 6 of 1, every vertex of γ contains chambers of 6 and for every vertex
v of γ , the two vertices of γ adjacent to v are opposite at v. By [Mühlherr and
Weiss ≥ 2020, 1.2.12 and 1.2.28(i)], the triple (0,A, {≡v}v∈V ) is a Tits polygon.
We denote this Tits polygon by X1,T and we call the Tits polygons that arise in
this way Tits polygons of index type.

Remark 5.5. Let 1 be a Moufang n-gon for some n ≥ 3. In other words, 1
is a building of type • •n

............................................................. satisfying the Moufang condition defined in [Weiss
2003, 11.2]. By [Mühlherr and Weiss ≥ 2020, 1.2.2], 1 is naturally endowed
with the structure of a Tits n-gon and, in fact, we have 1 = X1,T as defined in
Basic Construction 5.4, where T is the Tits index

• • .......
...........................................................
............

...........................................................

.....
n

.............................................................

Remark 5.6. Tits indices are often represented figures drawn according to the
conventions described in [Mühlherr et al. 2015, 34.2]. Drawn according to these
conventions, the Tits indices of relative type B2 (which is the same as relative
type C2) whose absolute type is an exceptional Coxeter diagram are

• • .......
...........................................................
............

...........................................................

.....
.............................................................
............................................................. • • •.......

...........................................................

..... .......
...........................................................
............................................................................................................................................................................................ • • • •...............................

.......

........
......................... .......

...........................................................

.................................................................. ..................................................................................................................
.............................................................

• • •
•

•
•
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.........................

.............................................................................
.......
.......
.......
.......
.......
.......
.......
........

.............................................................
.............................................................

.............................................................
.........
.................

................................
.......................................................... • • •

•

• • •....................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
............

.............................................................

...... • • • • •

•

• •................................................................................................................................................................................................................................................................................................................................................................................
.......
.......
.......
.......
......
.......
.....

.......
...........................................................
..... .......

...........................................................

.....

The indices of absolute type C2 and C3 are included here because of the existence
of the exceptional Moufang quadrangles (which are buildings of type C2 whose
automorphism groups are forms of groups of type E6, E7, E8 and F4) and because
of the existence of a family of buildings of type C3 associated with a form of E7.
These are the buildings that appear in Definition 7.1(i) and (ii) below.

The following result should have been included in [Mühlherr and Weiss ≥ 2020].

Theorem 5.7. Let 1, T = (5,2, A) and X1,T = (0,A, {≡v}v∈V ) be as in
Basic Construction 5.4. Then every automorphism of X has a unique extension to
an automorphism of 1.
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Proof. Let X = X1,T and let J1, J2 and R be as in Basic Construction 5.4. Thus
A= J1∩ J2 and R is an A-residue. Let G be stabilizer of the set {J1, J2} in Aut(1),
let G0 =Aut(X), let G† denote the subgroup of G generated by all the root groups
of 1, let G†

0 denote the subgroup of G0 generated by all the root groups of X as
defined in Definition 3.2(iii) and let χ denote the restriction map from G to G0. By
[Mühlherr and Weiss ≥ 2020, 1.2.10], χ is injective. It will suffice, therefore, to
show that χ is surjective.

Let Pi be the set stabilizers in G† of all the Ji -residues of 1 for i = 1 and 2. Let
N denote stabilizer of the set {P1,P2} in Aut(G†). Since G† is normal in Aut(1),
there is a canonical map from Aut(1) to Aut(G†). By [Tits 1974, 5.8–5.10, 6.6,
6.13, 8.6, 9.3 and 10.4] (i.e., the solution to “Problem B” as described in [Tits 1974,
Introduction]), this map is an isomorphism. Its restriction to G is an isomorphism
from G to N . By [Mühlherr and Weiss ≥ 2020, 1.5.3], χ(G†) = G†

0. The group
G†

0 is normal in G0 and G0 stabilizes the subset χ({P1,P2}) of conjugacy classes
of G†

0. It follows that G0 = E ·χ(G), where E = CG0(G
†
0).

Let D denote the stabilizer of the A-residue R in G†, let Y denote the set of
A-residues that are fixed by D and let M denote the stabilizer of Y in G†. Then
M acts transitively on Y (since G† acts transitively on the set of A-residues of 1)
and D ⊂ M . By [Weiss 2003, 11.16], it follows that M is the stabilizer in G† of
a residue R′ of 1 containing R. Suppose |Y | > 1. Then R 6= R′. Hence we can
choose j-adjacent chambers c ∈ R and d ∈ R′\R for some j 6∈ A. Let 6 be an
apartment containing c and d and let α be the unique root of 6 containing c but
not d. Choose g ∈U∗α and let R0 be the A-residue containing d. Then g ∈ D. By
[Weiss 2003, 11.4], d and dg are unequal but j-adjacent. Thus by [Weiss 2003,
7.21], Rg

0 6= R0. Thus the residues R0 and Rg
0 both lie in R′ and hence are in the

same M-orbit as R. Thus R0 and Rg
0 both lie in Y . This contradicts the fact that D

acts trivially on Y . We conclude that |Y | = 1. Thus χ(D) fixes only one edge of 0.
We have χ(D)= χ(D)g for all g ∈ E . Since E ⊂G0, the elements of E map edges
to edges. It follows that E fixes the unique edge fixed by χ(D). Since G†

0 acts
transitively on the edge set 0 (by [Mühlherr and Weiss ≥ 2020, 1.3.6 and 1.3.40]),
it follows that E fixes every edge of 0. Hence E = 1. Thus G0 = χ(G). �

6. Descent

In this section we assemble the results in [Mühlherr et al. 2015] on descent in
buildings that we will require.

Definition 6.1. Let 1 be a building and let G0 be a subgroup of Aut(1). A G0-
residue is a residue of 1 stabilized by G0. A G0-chamber is a G0-residue which is
minimal with respect to inclusion. A G0-panel is a G0-residue P such that for some
G0-chamber C , P is minimal in the set of all G0-residues containing C properly.
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Definition 6.2. Let 1 and G0 be as in Definition 6.1. The group G0 is anisotropic
if 1 itself is the unique G0-chamber and isotropic if this is not the case. Thus G0 is
isotropic if and only if there exist G0-panels (equivalently, if there exist G0-residues
other than 1 itself).

Notation 6.3. Let 1 be a building and let G0 be an isotropic subgroup of Aut(1).
We denote by 1G0 the graph with vertex set the set of all G0-chambers, where
two G0-chambers are joined by an edge of 1G0 if and only if there is a G0-panel
containing them both.

Definition 6.4. Let 1 be a building. A descent group of 1 is an isotropic subgroup
G0 of Aut(1) such that each G0-panel contains at least three G0-chambers.

Definition 6.5. Let1 be a building (assumed to be thick). As in [Weiss 2003, 11.7]
and [Mühlherr and Weiss 2017, 2.7], we say that 1 is Moufang if 1 is spherical,
irreducible of rank at least 2 and for each root α of 1, the root group Uα acts
transitively on the set of apartments of 1 containing α. The spherical building
associated with the group of rational points of an absolutely simple algebraic group
of relative rank at least 2 is always Moufang, but there are a few other families as
well. For a summary of the classification of Moufang buildings, see [Weiss 2009,
3.14–3.15].

Remark 6.6. A building of rank 1 is simply a set with no further structure. Thus
the notion of a Moufang set is an extension of the notion of a Moufang building to
buildings rank 1. (Buildings of rank 1 are automatically spherical and irreducible.)

Theorem 6.7. Let 1 be a spherical building which is Moufang and let G0 be a
Galois subgroup of Aut(1) as defined in [Mühlherr and Weiss 2017, 4.5]. Suppose
that G0 acts with finite orbits on the chamber set of 1. Then G0 is a descent group
of 1.

Proof. This holds by [Mühlherr and Weiss 2017, 12.2(ii)]. �

Definition 6.8. Let 1 be as in Theorem 6.11. A Galois involution of 1 is an
element ω of Aut(1) of order 2 such that 〈ω〉 is a Galois group as defined in
[Mühlherr and Weiss 2017, 4.5].

Proposition 6.9. Suppose that R is a residue of a Moufang building1. Let6 be an
apartment containing chambers of R and let UR denote the subgroup generated by
the root groups Uα for all roots α of 6 containing R ∩6. Then UR is independent
of the choice of 6.

Proof. This holds by [Mühlherr et al. 2015, 24.17]. �

Definition 6.10. The group UR in Proposition 6.9 is called the unipotent radical of
the residue R.
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The following is a special case of the main results of [Mühlherr et al. 2015,
Part 3].

Theorem 6.11. Let G0 be a descent group of a spherical building 1. Let 5 be
the Coxeter diagram of 1, let S denote the vertex set of 5 and let 2 denote the
subgroup of Aut(5) induced by G0. Then the following hold:

(i) The graph 1G0 is a building with respect to a canonical coloring of its edges.

(ii) All G0-chambers are residues of 1 of the same type A ⊂ S, the set A is
2-invariant and the rank k of 1G0 is the number of 2-orbits in S disjoint
from A.

(iii) The triple T := (5,2, A) is a Tits index and 1G0 is a building of type 5̃,
where 5̃ is the relative Coxeter diagram of T .

(iv) If 1 is Moufang and k ≥ 2, then 1G0 is also Moufang.

(v) Suppose that 1 is Moufang and that k = 1 and let X denote the set of all
G0-chambers. Let G be the subgroup of Sym(X) induced by CAut(1)(G0) and
for each R ∈ X , let ŨR denote the subgroup of Sym(X) induced by CUR (G0),
where UR is as in Proposition 6.9. Then

(G, X, {ŨR}R∈X )

is a Moufang set as defined in Definition 4.1.

Proof. Assertions (i) and (ii) hold by [Mühlherr et al. 2015, 22.20(v) and (viii)],
assertion (iii) holds by [Mühlherr et al. 2015, 22.20(iv) and (viii)] and the remaining
two assertions hold by [Mühlherr et al. 2015, 24.31]. �

Definition 6.12. Let G0 and 1 be as in Theorem 6.11. We refer to the triple T
in Theorem 6.11(iii) as the Tits index of G0. (In fact, the Tits index of a descent
group G0 is defined also when 1 is not assumed to be spherical; see [Mühlherr
et al. 2015, 22.20 and 22.22].)

Definition 6.13. A fixed point building is a building of the form 1G0 for some pair
(1,G0) as in Theorem 6.11. If the rank of 1G0 is 1 and 1 is Moufang, we interpret
1G0 to mean the Moufang set described in Theorem 6.11(v).

Remark 6.14. Apart from the Moufang sets described in Examples 4.2 and 4.3
and the Moufang sets described in Example 4.4 in the case that 0 is an indifferent
quadrangle as defined in [Tits and Weiss 2002, 16.4], all other Moufang sets known
to us (including those described in Example 4.5) arise (up to equivalence as defined
in Definition 4.7) as the fixed point buildings 1G0 for some Moufang building 1
and some descent group with finite orbits G0 whose Tits index is of relative rank 1.



406 BERNHARD MÜHLHERR AND RICHARD M. WEISS

7. The exceptional Tits quadrangles

In the following definition, we refer the reader to Remark 5.5 for (i) and we
make use of the notation for spherical buildings described in [Weiss 2009, 30.15]
(corresponding to the cases (vi), (xii) and (xiii) of [Weiss 2009, 30.14]) in (ii), (iii)
and (iv).

Definition 7.1. We will say that a Tits quadrangle is exceptional if it is isomorphic
to X1,T , where

(i) 1 is a Moufang quadrangle of type E6, E7, E8 or F4 as defined in [Tits and
Weiss 2002, 16.6 and 16.7] and T is the split Tits index of absolute type C2, or

(ii) 1 is the building CI
3 (C, K , σ ) for some octonion division algebra C with

center K and standard involution σ and T is the Tits index of absolute type C3

displayed in Remark 5.6, or

(iii) 1 is the building E`(K ) for some field K and `= 6, 7 or 8 and T is the Tits
index of absolute type E` displayed in Remark 5.6, or

(iv) 1 is the building F4(C, K ) for some composition division algebra (C, K ) and
T is the Tits index of absolute type F4 displayed in Remark 5.6.

We will call a building exceptional if it is isomorphic to one of the buildings in
(i)–(iv).

Notation 7.2. Let the pair (1, T ) be as Definition 7.1 and let5 denote the Coxeter
diagram associated with 1. Thus 5 = C2, C3, E`, F4 in cases (i), (ii), (iii), (iv),
respectively. If 5 = F4 but C/K is not a field extension in characteristic 2, we
number the vertices of 5 from left to right with the integers 1, 2, 3, 4 and choose
the map Typ defined in [Mühlherr and Weiss ≥ 2020, 1.2.13] so that the {2, 3, 4}-
residues are isomorphic to BQ

3 (K ,C, q), where q is the norm of the composition
algebra (C, K ). If5=C2 and X is a Moufang quadrangle of type E6, E7 or E8, we
number the vertices of 5 from left to right with the integers 1, 2 and choose Typ so
that a root group Uα is nonabelian if and only if the root α starts and ends at a vertex
of type 2. Note that if 5= F4 and C/K is a field extension in characteristic 2, then
(C, K ) is not necessarily an invariant of X and our choice of Typ is not uniquely
determined. If 5= C2 and X is a Moufang quadrangle of type F4 or 5= F4 and
C/K is a field extension in characteristic 2 or 5= E6, we choose Typ (between
the two possible choices) arbitrarily. In the remaining cases, 5 has no nontrivial
symmetry and there is only one choice for Typ.

Remark 7.3. Since the Tits indices in Remark 5.6 are all invariant under Aut(5),
the Tits quadrangles in Definition 7.1 do not depend on the choice of Typ in
Notation 7.2; see [Mühlherr and Weiss ≥ 2020, 1.2.13].
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The exceptional Tits quadrangles were investigated in [Mühlherr and Weiss
2020]. Here is a reformulation of some of the results in that paper; we will cite
others in Proposition 7.12 below.

Theorem 7.4. Let X be an exceptional Tits quadrangle, let (γ, i 7→ wi ) be a
coordinate system of X and let i 7→Ui be the corresponding root group labeling.
Let K be the field that appears in [Tits and Weiss 2002, 16.6 or 16.7] in the case
that X is as in Definition 7.1(i); in the other cases, let K be as in Definition 7.1. If
X is in case Definition 7.1(iii) or (iv), suppose that |K | > 4. Then the following
hold:

(i) After replacing (γ, i 7→ wi ) by its opposite if necessary, there exists a δ-
standard quadrangular algebra

4= (K , L , q, f, ε,X, · , h, θ)

over K and isomorphisms xi from the group R4 defined in Notation 2.4 to Ui

for i = 1 and 3 and from the additive group of L to Ui for i = 2 and 4 such
that

(7.5)

[x1(a, t), x4(v)
−1
] = x2(θ(a, v)+ tv)x3(av, tq(v)+φ(a, v)),

[x1(a, t), x3(b, s)−1
] = x2(h(a, b)), and

[x2(u), x4(v)
−1
] = x3(0, f (u, v))

for all (a, t), (b, s) ∈ R and all u, v ∈ L , where φ is as in (C4).

(ii) If X is a Moufang polygon of type E` for `= 6, 7 or 8, then q is a quadratic
form of type E` as defined in [Weiss 2006b, 2.13].

(iii) If X is a Moufang polygon of type F4, then q is a quadratic form of type F4 as
defined in [Weiss 2006b, 2.15].

(iv) If X and C are as in Definition 7.1(ii), then q is the reduced norm of C.

(v) If X and ` are as in Definition 7.1(iii), then q is a split quadratic form of
dimension 4+ 2`−5.

(vi) If X and (C, K ) are as in Definition 7.1(iv), then q is the orthogonal sum of
the reduced norm of (C, K ) and a hyperbolic quadratic form of dimension 4.

(vii) X satisfies the hypothesis [Mühlherr and Weiss 2020, 8.2(b)].

Proof. This holds by [Mühlherr and Weiss 2020, 7.4, 8.2, 10.4]. �

Remark 7.6. The quadratic forms in Theorem 7.4(ii)–(vi) are all of dimension at
least 5.

Remark 7.7. If X and ` are as in Definition 7.1(iii), let (C, K ) denote the split
composition algebra of dimension 2`−5. Thus q = qC if q is as in Theorem 7.4(v)
or (vi), where qC is as defined in [Mühlherr and Weiss 2020, 7.3].
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Remark 7.8. The quadratic forms in Theorem 7.4(ii)–(iv) are anisotropic. Over a
finite field, there are no anisotropic quadratic forms of dimension greater than 2;
see, for example, [Tits and Weiss 2002, 34.3]. By Remark 7.6, therefore, the field
K must be infinite in cases Definition 7.1(i) and (ii).

Remark 7.9. The quadrangular algebra 4 in Theorem 7.4 is anisotropic when X
is as in Definition 7.1(i) but not when X is as in one of the other cases.

Remark 7.10. The quadrangular algebras that appear in Theorem 7.4 are, up
to isotopy as defined in [Mühlherr and Weiss 2019, 5.3], the only δ-standard
nondegenerate quadrangular algebras (as defined in Notation 2.2) satisfying |K |> 4
and dimK L > 4. This holds by [Weiss 2006b, 6.42 and 7.57] in the anisotropic
case and by [Mühlherr and Weiss 2019, 8.16, 9.8 and 10.16] in the isotropic case.

Hypothesis 7.11. For the rest of this section, let X , (γ, i 7→ wi ), i 7→ Ui , 4 and
x1, . . . , x4 be as in Theorem 7.4.

Proposition 7.12. Let Yi = {xi (0, t) | t ∈ K } for all odd i and let βi denote the root
(wi , wi+1, . . . , wi+4) for all i . There exists a Tits quadrangle X̂ = (0̂, Â, {≡̂v}v∈V̂ )

such that the following hold:

(i) 0̂ is a subgraph of 0 containing γ and γ ∈ Â.

(ii) For all even i , 0̂ is normalized by Ui and the natural embedding of Ui into
Aut(X̂) is an injective isomorphism from Ui to the root group Ûi of X̂ corre-
sponding to the root βi .

(iii) For all odd i , 0̂ is normalized by Yi and the natural embedding of Yi into
Aut(X̂) is an injective isomorphism from Yi to the root group Ûi of X̂ corre-
sponding to the root βi .

(iv) The isomorphisms in (ii) and (iii) extend to an isomorphism from the subgroup
Y1U2Y3U4 of Aut(X) to the subgroup Û[1,4] := Û1Û2Û3Û4 of Aut(X̂).

Proof. This holds by [Mühlherr and Weiss 2020, 5.1 and 10.4(iii)]. �

Proposition 7.13. Let Gγ denote the pointwise stabilizer of γ in G :=Aut(X) and
let δ be as in Notation 2.2 and Theorem 7.4. Then the following hold:

(i) Let ϕ ∈ Gγ . Then there exists σ -linear automorphisms ξ and ψ of L , respec-
tively X, for some σ ∈ Aut(K ) and an element η ∈ K ∗ such that the following
hold:
(a) q(ξ(v))= q(λ)q(v)σ , where λ := ξ(ε),
(b) ψ(av)λ= ψ(a)ξ(v),
(c) h(ψ(a), ψ(b)λ)= ηξ(h(a, b)) and
(d) θ(ψ(a), ξ(v))= ηξ(θ(a, v))+M(a)ξ(v), where

M(a)=
{

0 if char(K ) 6= 2,
f
(
θ(ψ(a), λ), ξ(δ)

)
q(λ)−1 if char(K )= 2
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for all a, b ∈ X and all v ∈ L and

(7.14)

x1(a, t)ϕ = x1(ψ(a), ηtσ +M(a)),

x2(v)
ϕ
= x2(ηξ(v)),

x3(a, t)ϕ = x3
(
ψ(a)λ, (ηtσ +M(a))q(λ)+φ(ψ(a), λ)

)
,

x4(v)
ϕ
= x4(ξ(v))

for all (a, t) ∈ S and all v ∈ L. If dimK L > 1, then η is uniquely determined
by ψ and ξ .

(ii) Suppose that dimK L > 4. Let σ ∈ Aut(K ), let ξ and ψ be σ -linear automor-
phisms of L , respectively X, and let η be an element of K ∗ such that (a)–(d)
hold. Then there exists ϕ ∈ Gγ satisfying the identities (7.14).

Proof. This holds by [Mühlherr and Weiss 2020, 13.1]. �

Notation 7.15. By [Mühlherr and Weiss 2020, 6.4(i) and (ii)], x1(0, 1) ∈U ]

1 and
x4(ε)∈U ]

4 , where ε is as in Definition 2.1 and U ]

1 and U ]

4 as in Notation 3.7; see also
[Mühlherr and Weiss 2020, 5.1(iii) and 10.4(iii)]. We can thus set m1=µγ (x1(0, 1))
and m4 = µγ (x4(ε)), where µγ is as in (3.9).

Proposition 7.16. Let m1 and m4 be as in Notation 7.15. Then the following hold:(
x1(a, t)x2(u)x3(b, s)

)m4
= x1(b, s)x2(−h(b, a)− ū)x3(−a, t), and(i) (

x2(u)x3(b, s)x4(v)
)m1
= x2(v)x3(b, s− f (u, v))x4(−u)(ii)

for all (a, t), (b, s) ∈ R and u, v ∈ L.

Proof. Choose (a, t), (b, s) ∈ R and u, v ∈ L . By [Mühlherr and Weiss 2020,
6.4(iv), 8.19, 8.25 and the first display in 8.59], we have x1(a, t)m4 = x3(−a, t)
and x2(u)m4 = x2(−ū) and x3(b, s)m4 = x1(b, s) and by [loc. cit., 6.4(v) and 8.31],
we have x2(u)m1 = x4(−u), x3(a, t)m1 = x3(a, t) and x4(v)

m1 = x2(v). The claims
hold, therefore, by Conventions 1.2 and (7.5). �

8. Galois groups

The main result of this section is Theorem 8.14, in which we show that the Moufang
sets described in Example 4.5 associated with one of the Tits indices displayed in
Hypothesis 8.4 can all be obtained as the fixed point building of a Galois involution
acting on one of the Tits quadrangles described in Notation 7.2.

Let 1, T , X = (0,A, {≡v}v∈V ),

4= (K , L , q, f, ε,X, · , h, θ)

and x1, . . . , x4 be as in Theorem 7.4. Thus the pair (1, X) is as in one of the
four cases of Definition 7.1. Let (C, K ) be as in Definition 7.1(ii) or (iv) if X is
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in one of these two cases and let (C, K ) be as in Remark 7.7 if X is in the case
Definition 7.1(iii).

Proposition 8.1. If K is separably closed, then X is as in Definition 7.1(iii) or (iv)
and one of the following holds:

(i) (C, K ) is split and 1= F4(K , K ), E6(K ), E7(K ) or E8(K ).

(ii) C/K is an inseparable field extension, char(K ) = 2, C2
⊂ K and 1 =

F4(C, K ).

Proof. A quadratic form of type E6, E7, E8 or F4 has a subform that is similar to
the norm of a separable quadratic extension. Since the only composition algebras
over a separably closed fields are those that appear in (i) and (ii), the claims hold. �

Notation 8.2. Let X̂ be as in Proposition 7.12, let Q̂ be the orthogonal sum of q
with a hyperbolic quadratic form of dimension 4, let V̂ = K 4

⊕ L be the underlying
vector space. Let 1̂ = B(Q̂) as defined in [Mühlherr et al. 2015, 35.5] if Q̂ is
not hyperbolic and let 1̂=D(Q̂) as defined in [loc. cit., 35.9] if Q̂ is hyperbolic.
Thus 1̂ is a building of type 5̂= Bm+2 or Dm+2, where m is the Witt index of q.
By [loc. cit., 35.10], we can identify Aut(1̂) with P0O(Q̂). Let T̂ be the Tits
index (5̂, Â, 2̂), where Â is the unique subset of the vertex set of 5̂ that spans a
subdiagram of type Bm or Dm and 2̂= 1. By [Mühlherr and Weiss 2020, 6.1, 6.3
and 6.10], X̂ is isomorphic to the Tits quadrangle X

1̂,T̂ . By Theorem 5.7, therefore,
we can identify Aut(X̂) with Aut(1̂). Let ψ denote the map from Aut(X̂) to
Aut(K ) such that ψ(g)= ρ whenever g lifts to a ρ-linear element of 0O(Q̂).

Proposition 8.3. Let ψ be as in Notation 8.2, let G, Gγ and σϕ = σ ∈ Aut(K ) for
each ϕ ∈ Gγ be as Proposition 7.13. Then the following hold:

(i) ψ(ϕ)= σϕ for all ϕ ∈ Gγ .

(ii) A subgroup G0 of G is Galois as defined in [Mühlherr and Weiss 2017, 4.5] if
and only if the restriction of ψ to G0 is injective.

Proof. In [Mühlherr et al. 2015, 3.20], a description of the Moufang quadrangle
BI

2 (K , L , q) and its root groups associated to a fixed apartment is given. If we
assume in this description that q is merely nondegenerate rather than anisotropic, the
calculations in [loc. cit., 3.20] yield a description of X̂ , a coordinate system (γ, i 7→
wi ) (where γ is the circuit called 6 in [loc. cit., 3.20]), root groups U1, . . . ,U4 and
isomorphisms x1, . . . , x4 (called δ̇, β̇, γ̇ , α̇ in [loc. cit., 3.20]). In this description,
the vertices of X̂ are the 1- and 2-dimensional totally isotropic subspaces of the
quadratic space (K , V̂ , Q̂) described in Notation 8.2 and two 2-dimensional totally
isotropic subspaces W1,W2 of V̂ that intersect in a 1-dimensional subspace Y are
opposite at Y if and only if the subspace spanned by W1 and W2 is not totally
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isotropic. Given this description of the isomorphisms x1, . . . , x4, we can observe
that (i) holds.

Let g ∈ G. The root groups of 1̂ are all in the kernel of ψ . Let W be a 3-
dimensional totally isotropic subgroup of V , let e1, e2, e3 be a basis of W , and let h
be an element in the subgroup of Aut(X̂) generated by all its root groups such that
the product gh fixes the three 1-dimensional subspaces spanned by e1, e2 and e3.
Let xα1, xα2, xα3 be as in [Mühlherr and Weiss 2016, §7] with W in place of V . The
projective plane associated with W is a residue of 1̂ which we denote by R and
there exist λ1, λ2, λ3 ∈ E∗ such that xαi (t)

gh
= xαi (λi tσg ) for i = 1, 2 and 3 and all

t ∈ E . By [Mühlherr et al. 2015, 29.15], it follows that ψ is a Galois map of 1̂ as
defined in [loc. cit., 29.25]. Thus (ii) holds. �

Hypothesis 8.4. Let G0 be an arbitrary Galois group of 1 (as defined in [Mühlherr
and Weiss 2017, 4.5]) that acts on the chamber set of 1 with finite orbits. By
Theorem 6.7, G0 is a descent group of 1. Let T0 = (5, A0,20) be its Tits index
and let S be the vertex set of 5. The Coxeter diagram 5 is as in Notation 7.2. If
5 = C2 or F4, we assume that the type function of 1 is chosen as described in
Notation 7.2. We also suppose that T0 is one of the diagrams
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.........................

Remark 8.5. The group G0 acts on X = X1,T . Let R1 and R′1 be two A0-residues
stabilized by G0. By [Mühlherr et al. 2015, 22.10(i)], R1 and R′1 are opposite
in 1. By [Mühlherr et al. 2015, 24.21], Aut(1) acts transitively on ordered pairs
of opposite A0-residues. Replacing G0 by a conjugate subgroup of Aut(1), we
can assume from now on that R1 and R′1 are the A0-residues corresponding to the
vertices w4 and w0 of 0.

Proposition 8.6. The group G0 stabilizes X̂ , where X̂ is as in Proposition 7.12.

Proof. Since G0 fixes w0 and w4, it normalizes E := 〈Z(Uw0), Z(Uw4)〉, where Uwi

denotes the maximal unipotent subgroup of the stabilizer of the residuewi in Aut(1).
By (7.5) and [Mühlherr and Weiss ≥ 2020, 1.2.25], we have Z(Uw4)= Y3U4Y5 and
Z(Uw0)= Y7U0Y1. By Proposition 7.12(ii)–(iii), E stabilizes X̂ . By [Mühlherr and
Weiss ≥ 2020, 1.3.4], the group 〈U0,U4〉 acts transitively on 0̂w4 = 0w4 and by
[Mühlherr and Weiss 2020, 8.2(b) and 10.4(ii)], the group 〈Y1, Y5〉 acts transitively
on 0̂w5 . By [Mühlherr and Weiss ≥ 2020, 1.2.21], 0̂ is connected. It follows that
E acts transitively on the set of edges of X̂ . Since G0 normalizes E and fixes the
edge {w4, w5}, we conclude that G0 stabilizes X̂ . �

Remark 8.7. We have X̂ = X
1̂,T̂ , where 1̂ and T̂ are as in Notation 8.2. By

Theorem 5.7 and Proposition 8.6, G0 acts on 1̂. Let Ĝ0 denote its image in Aut(1̂).
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We now want to apply [Mühlherr et al. 2015, 35.13] with 1̂ in place of 1 and Ĝ0 in
place of 0. By Proposition 8.3(ii), Ĝ0 is a Galois group of 1̂. It is not necessarily
finite. In the proof of [loc. cit., 35.13], however, the finiteness of the Galois group
is used only in the proof of [loc. cit., 2.41] which is, in turn, a corollary of [loc. cit.,
2.40] and thus of [Springer 1998, 11.1.6]. For this result to apply, it suffices to
know that Ĝ0 acts with finite orbits on the chamber set of 1. This follows from
our assumption in Hypothesis 8.4 that G0 acts with finite orbits on the chamber set
of 1.

Notation 8.8. For each subgroup G1 of G0, G1 is also a Galois group of 1 and
hence, by Theorem 6.7, has a Tits index as defined in Definition 6.12. We denote
this Tits index by TG1 .

Proposition 8.9. Suppose that K is separably closed. Then there exists a subgroup
G1 of index 2 in G0 such that the Tits index TG1 defined in Notation 8.8 has relative
rank at least 2.

Proof. Let ψ be as in Notation 8.2 and let Ĝ0 be as in Remark 8.7. By [Mühlherr
et al. 2015, 35.13] and Remark 8.7, 1̂Ĝ0 ∼= BQ

1 (F,M, Q0) for some anisotropic
quadratic space (F,M, Q0), where ψ(G0)= Gal(K/F). Since the bilinear form
associated with the quadratic form Q̂ in Notation 8.2 is not identically zero, the
same holds for Q0. Since K is separably closed, there exists a subfield E of K over
which Q0 is not anisotropic such that E/F is a separable quadratic extension. Let
G1 = ψ

−1(Gal(K/E)) and let Ĝ1 be the image of G1 in Ĝ0. By [Mühlherr et al.
2015, 35.13], we have 1̂Ĝ1 ∼= BQ

m (E,M1, Q1) for some m≥ 1, where M1=M⊗F E
and Q1 is the anisotropic part of Q⊗F E . Thus dimE Q1< dimF Q0. By [Mühlherr
et al. 2015, 35.13(i)–(ii)], it follows that m > 1. Thus Ĝ1 acts isotropically (as
defined in Definition 6.2) on the residue R̂1 of 1̂ that corresponds to the vertex w4.
Let R1 be as in Remark 8.5. If5 6= E7, then R1= R̂1 and hence G1 acts isotropically
on R1. If 5 6= E7, then R1 = R̂0× R̂1, where R̂0 is a building of type A1. Since Ĝ1

acts isotropically on R̂1, it follows by [Mühlherr et al. 2015, 21.37(iii)] that G1 acts
isotropically on R1 also in this case. Thus the relative rank of TG1 is at least 2. �

Proposition 8.10. Let G1 be as in Proposition 8.9 and let T1 := TG1 be as in
Notation 8.8. Then T1 is one of the Tits indices
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of relative rank 3 or one of the Tits indices
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of relative rank 4 or T1 is split as defined in Definition 5.3.

Proof. The Tits index T1 is as in Hypothesis 8.4 with at least one more circle. The
only such Tits indices are those indicated. �

Proposition 8.11. Suppose K is separably closed, let Ĝ1 be as in Proposition 8.9
and let 11 =1

Ĝ1 . Then the following hold:

(i) If the relative rank of T1 is 2, then 11 is an exceptional Moufang quadrangle.

(ii) If the relative rank of T1 is 3, then 11 ∼= CI
3 (C, K , σ ) for some octonion

division algebra (C, K ) with standard involution σ .

(iii) If the relative rank of T1 is 4 and5= E` for `= 6, 7 or 8, then11∼= F4(D, E)
for some composition division algebra (D, E) of dimension 2`−5 with nonzero
trace.

(iv) If T1 is split and 5 = F4, then either 11 is the split building of type F4 over
E or 11 ∼= F4(D, E) for some inseparable field extension D/E such that
char(E)= 2 and D2

⊂ E.

(v) If T1 is split and 5 = E6, E7 or E8, then 11 is the split building of type 5
over E.

Proof. The assertion (i) holds by [Tits and Weiss 2002, 42.6], (ii) holds by [Tits
1974, 9.1–9.2], (iii) and (iv) hold by [Tits 1974, 10.2–10.3] and (v) holds by [Tits
1974, 6.13]. �

Proposition 8.12. Suppose K is separably closed and 11 is as in Proposition 8.11.
Then there is a Galois group G of 11 of order 2 such the fixed point building 1G

1 is
isomorphic to 1G .

Proof. Let G denote the image of G in Aut(11). Then G is a Galois group and
hence, by Theorem 6.7, G is a descent group of 11. The claim holds, therefore, by
[Mühlherr et al. 2015, 22.47(i)]. �

Remark 8.13. Suppose that K is separably closed and let 11 and G be as in
Proposition 8.12 and let 51 be the Coxeter diagram of 11. If 51 = C2 or F4, we
assume that the type function of11 is chosen as in Notation 7.2. Let T = (51, A,2)
be the Tits index of G as defined in Definition 6.12. Then T is the unique Tits index
of absolute type 51 in Hypothesis 8.4. To see this we observe that in each case
the A-residues of 1 stabilized by G0 are precisely the Ā-residues of 11 stabilized
by G.
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Theorem 8.14. Let M be an arbitrary Moufang set associated with one of the Tits
indices 2E29

6,1, E48
7,1, E91

8,1 or F21
4,1 as described in [Tits 1966a]. Then there exists an

exceptional building 1 as defined in Definition 7.1 of type 5 with type function
chosen as in Notation 7.2 and a Galois group G0 of order 2 of 1 whose Tits index
is the unique Tits index of absolute type 5 among the following:
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such that 1G0 is isomorphic to M.

Proof. The Tits indices 2E29
6,1, E48

7,1, E91
8,1 or F21

4,1 are precisely the indices that appear
in Hypothesis 8.4. Thus the claims are simply restatements of Proposition 8.12 and
Remark 8.13. �

Remark 8.15. Note that Proposition 8.12 and Remark 8.13 are actually slightly
more general than Theorem 8.14 since they include the case Proposition 8.1(ii)
which is not considered in [Tits 1966a].

9. The Galois involution ω

In light of Theorem 8.14, we now make once and for all the following assumptions.

Hypothesis 9.1. We assume that1, T , X = (0,A, {≡v}v∈V ), (γ, i 7→wi ), i 7→Ui ,
x1, . . . , x4 and

4= (K , L , q, f, ε,X, · , h, θ)

are as in Notation 7.2 and Theorem 7.4. Let v 7→ v̄, φ, g and π be as in (A3), (C3),
(C4) and (D1), let Q be as in Notation 2.3, let G and Gγ be as in Proposition 7.13
and let G0 and T0 be as in Hypothesis 8.4. We assume that |G0| = 2 and let ω
be the nontrivial element in G0. Thus ω is a Galois involution of 1 as defined in
Definition 6.8. Since the relative rank of T0 is 1, the fixed point building 1G0 is the
Moufang set described in Theorem 6.11(v). We denote this Moufang set by

M(1,ω).

Its underlying set (as defined in Definition 4.1) is the set of vertices of 0 fixed by ω.
We also assume that |K |> 4.

Proposition 9.2. The coordinate system (γ, i 7→ wi ) of X can be chosen so that
ω = m4ϕ for some ϕ ∈ Gγ , where m4 is as in Notation 7.15.

Proof. The fixed points of ω are all vertices of 0 at even distance from w4. Let
v, v1 be two of them. By [Mühlherr et al. 2015, 25.2; Mühlherr and Weiss ≥ 2020,
1.2.12], u and uω are opposite at v for all u ∈0v . By [Mühlherr et al. 2015, 22.10(i)],
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v and v1 are opposite residues of 1. Therefore there exist u ∈ 0 and u1 ∈ 0v1 such
that the edges {u, v} and {u1, v1} are opposite residues of 1. By [Mühlherr and
Weiss ≥ 2020, 1.2.19], it follows that there exists a straight 4-path from u to v. We
conclude that (γ, i 7→ wi ) can be chosen so that w0 and w4 are fixed by ω and ω
interchanges w3 and w5. By Definition 3.2(ii), it follows that ω maps wi to w−i

for all i . By Proposition 3.8, m4 also maps wi to w−i for all i . Thus ω = m4ϕ for
some ϕ ∈ Gγ . �

Notation 9.3. Let ϕ be as in Proposition 9.2 and let ξ ∈ AutK (L), ψ ∈ AutK (X),
σ ∈Aut(K ), η ∈ K ∗, λ ∈ L and M : X→ K be as in Proposition 7.13 applied to ϕ.
Note that since ξ is a bijection, it follows from Proposition 7.13(a) that q(λ) 6= 0.

Proposition 9.4. f (ξ(u), ξ(v))= q(λ) f (u, v)σ for all u, v ∈ L.

Proof. This is a consequence of Proposition 7.13(a). �

Proposition 9.5. Let ω, λ, σ , ξ and M be as in Notation 9.3. Then the following
hold:

(i) ψ2(a)λ=−a for all a ∈ X.

(ii) σ has order 2.

(iii) ησ+1
= β, where β−1

= q(λ).

(iv) M(ψ(a))= ηM(a)σ +φ(a, λ−1) for all a ∈ X.

(v) ξ(ξ(ū))= q(λ)u for all u ∈ L.

Proof. By Proposition 7.16(i), we have x3(a, t)m4 = x1(a, t) and x1(a, t)m4 =

x3(−a, t) for all (a, t) ∈ R. Thus

(9.6) x3(a, t)= x3(a, t)ω
2

= x3
(
−ψ2(a)λ,

(
η(ηtσ+M(a))σ+M(ψ(a))

)
q(λ)+φ(ψ2(a), λ)

)
for all (a, t) ∈ R by (7.14). Comparing first coordinates, we obtain (i). Since ψ is
σ -linear, it follows that σ 2

= 1. By Proposition 8.3 and Hypothesis 9.1, on the other
hand, σ is nontrivial. Thus (ii) holds. Comparing second coordinates, we have

ησ+1t + ηM(a)σ +M(ψ(a))= β
(
φ(ψ2(a), λ)+ t

)
for all (a, t) ∈R, where β is as in (iii). Setting a = 0 and t = 1 in this equation, we
obtain (iii) and thus

(9.7) ηM(a)σ +M(ψ(a))= βφ(ψ2(a), λ).

By Proposition 7.13(d) and [Weiss 2006b, 4.5(iii)], M and φ are both identically
zero if char(K ) 6= 2. If char(K )= 2, then by [Mühlherr and Weiss 2019, (7.10)]
and (i), we have

(9.8) φ(ψ2(a), λ)= φ(−aλ−1, λ)= φ(aλ̄, λ)β2
= φ(a, λ̄)β = φ(a, λ−1)q(λ)
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for all a ∈ X. By (9.7), therefore, (iv) holds. By [Weiss 2006b, 6.4(iv)], we have
x2(u)m4 = x2(−ū) for all u ∈ L and by Proposition 7.13(i), ξ is σ -linear. Thus

(9.9) x2(u)= x2(u)ω
2
= x2

(
ησ+1ξ(ξ(ū))

)
for all u by (7.14). By (iii), therefore, (v) holds. �

Proposition 9.10. Let ζ(u) = ηξ(ū) for all u ∈ L. Then ζ is a σ -linear automor-
phism of L of order 2 and q(ζ(u))= η1−σq(u)σ for all u ∈ L.

Proof. Since ξ is σ -linear, so is ζ . By Proposition 9.5(ii), (iii) and (v), ζ is of
order 2. We have q(ū) = q(u) for all u ∈ L . Thus the second claim holds by
Propositions 7.13(a) and 9.5(iii). �

Proposition 9.11. Let v ∈ L and let ζ be as in Proposition 9.10. Then v is fixed by
ζ if and only if v = u+ ζ(u) for some u ∈ L.

Proof. Since ζ is of order 2, v = u+ ζ(u) implies ζ(v)= v. Suppose, conversely,
that ζ(v)= v. Since σ is of order 2, we can choose δ0 ∈ K such that δ0+ δ

σ
0 = 1.

Then u+ ζ(u)= (δ0+ δ
σ
0 )v = v for u = δ0v. �

Remark 9.12. Let F = K σ
:= {t ∈ K | tσ = t} and let Lζ = {v ∈ L | ζ(v)=−v}.

Then Lζ is a vector space over F and by [Mühlherr et al. 2015, 2.40] applied to
the group generated by v 7→ −ζ(v), dimF Lζ = dimK L .

Remark 9.13. By Proposition 9.10, q(u) ∈ ηF for all u ∈ Lζ , where F and Lζ are
as in Remark 9.12. Thus η−1q is a quadratic form on Lζ as a vector space over F .

Proposition 9.14. For each b ∈ X, there exists u ∈ L such that

u+ ζ(u)= h(ψ(b), b),

where ζ is as in Proposition 9.10.

Proof. Let b ∈ X. Then

ζ(h(ψ(b), b))= ηξ(h(ψ(b), b))=−ηξ
(
h(b, ψ(b))

)
=−h(ψ(b), ψ2(b)λ)

by Proposition 7.13(c). By Proposition 9.5(i), it follows that h(ψ(b), b) is fixed
by ζ . The claim holds, therefore, by Proposition 9.11. �

Proposition 9.15. Let (a, t), (b, s) ∈ R and u ∈ L. Then x1(a, t)x2(u)x3(b, s) is
centralized by ω if and only if a = ψ(b), t = ηsσ +M(b) and u+ ζ(u)= h(a, b).

Proof. By Proposition 7.16(i), we have(
x1(a, t)x2(u)x3(b, s)

)m4
= x1(b, s)x2(−ū− h(b, a))x3(−a, t)

= x1(b, s)x2(h(a, b)− u)x3(−a, t).
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By (7.14) and Propositions 9.2 and 9.10, therefore,(
x1(a, t)x2(u)x3(b, s)

)ω
= x1

(
ψ(b), ηsσ +M(b)

)
x2
(
ζ(h(a, b)− u)

)
· x3
(
−ψ(a)λ, (ηtσ +M(a))q(λ)+φ(ψ(a), λ)

)
.

Thus x1(a, t)x2(u)x3(b, s) is centralized by ω if and only if

(9.16) ψ(b)= a, t = ηsσ +M(b) and u+ ζ(u)= h(a, b)

as well as

(9.17) −ψ(a)λ= b and s = (ηtσ +M(a))q(λ)+φ(ψ(a), λ).

By Proposition 9.5(i)–(iv) and [Mühlherr and Weiss 2019, (7.10)], (9.16) implies
that −ψ(a)λ= b and

(ηtσ +M(a))q(λ)=
(
ησ+1s+ ηM(b)σ +M(ψ(b))

)
q(λ)

= s+φ(b, λ−1)q(λ)

= s+φ(ψ(a)λ, λ̄)q(λ)−1

= s+φ(ψ(a), λ).

Therefore (9.16) implies (9.17). �

Notation 9.18. Let

U=
{
[b, s, u] | (b, s, u) ∈ R× L and u+ ζ(u)= h(ψ(b), b)

}
,

where
[b, s, u] = x1

(
ψ(b), ηsσ +M(b)

)
x2(u)x3(b, s).

Thus U= CU[1,3](ω) by Proposition 9.15.

Remark 9.19. By Definition 6.10 and [Mühlherr and Weiss ≥ 2020, 1.2.25], U[1,3]
is the unipotent radical of the residue of 1 corresponding to w4. Hence the group
U is the root group Uw4 of the Moufang set M(1,ω) defined in Hypothesis 9.1.

Remark 9.20. Let [b1, u1, s1], [b2, u2, s2] ∈ U. Then

[b1, s1, u1] · [b2, s2, u2] = x1
(
ψ(b1), ηsσ1 +M(b1)

)
x1
(
ψ(b2), ηsσ2 +M(b2)

)
· x2
(
u1+ u2+ h(ψ(b2), b1)

)
x3(b1, s1)x3(b2, s2)

by (7.5). By Notation 2.4, we have

x1
(
ψ(b1), ηsσ1 +M(b1)

)
x1
(
ψ(b2), ηsσ2 +M(b2)

)
= x1

(
ψ(b1+ b2), η(s1+ s2)

σ
+M(b1)+M(b2)+ g(ψ(b2), ψ(b1))

)
and

x3(b1, s1)x3(b2, s2)= x3
(
b1+ b2, s1+ s2+ g(b2, b1)

)
.
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Since U=CU[1,3] is closed under multiplication, we conclude by Notation 9.18 that

(9.21) [b1, s1, u1] · [b2, s2, u2]

=
[
b1+ b2, s1+ s2+ g(b2, b1), u1+ u2+ h(ψ(b2), b1)

]
and

(9.22) M(b1+ b2)+ ηg(b2, b1)
σ
= M(b1)+M(b2)+ g(ψ(b2), ψ(b1)).

for all [b1, s1, u1], [b2, s2, u2] ∈ U. It follows from (9.21) that

(9.23) [b, s, u]−1
=
[
−b, −s+ g(b, b), −u+ h(ψ(b), b)

]
for all [b, s, u] ∈ U.

10. The structure map τ

The goal of this section is to introduce the structure map of the Moufang set
M(1,ω) defined in Hypothesis 9.1. See Notation 10.7 and Definition 10.8.

Proposition 10.1. Let m1 and m4 be as in Notation 7.15, let ω and ϕ be as in
Proposition 9.2, let r0 = (m1m4)

2 and let h0 ∈ G. Then

[ω, r0h0] = 1

if and only if

hm4
0 ϕ = ϕr0h0.

Proof. By [Mühlherr and Weiss ≥ 2020, 1.4.15], r0 = m4m1m4m1 and hence
m4r0 = m4m1m4m1m4 = r0m4. Thus [ω, r0h0] = 1 if and only if

r0m4 · h
m4
0 ϕ = r0h0 ·m4ϕ

= m4ϕ · r0h0 = m4r0 ·ϕ
r0h0 = r0m4 ·ϕ

r0h0. �

Proposition 10.2. Let ω=m4ϕ be as in Proposition 9.2, let ξ , ψ , σ , η and λ be as
Notation 9.3 and let r0 be as Proposition 10.1. Then conjugation by ϕr0 induces the
maps

x2(u) 7→ x2(η
σ ξ(u))

and

x3(b, s) 7→ x3
(
ησψ(b)λ, ησ sσ + ησ−1 M(b)+ η2σφ(ψ(b), λ)

)
on U2 and U3.
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Proof. By (7.14) and Proposition 7.16(ii), conjugation by ϕm1 induces the maps

x2(u) 7→ x2(ξ(u))

x3(b, s) 7→ x3
(
ψ(b)λ, (ηsσ +M(b))q(λ)+φ(ψ(b), λ)

)
x4(v) 7→ x4(ηξ(v))

on U2, U3 and U4. We apply now the notation in [Tits and Weiss 2002, 5.10].
Conjugating both sides of the identity

(10.3) [x1(a, t), x4(ε)
−1
]3 = x3(a, t)

by h1 := ϕ
m1 , we thus obtain

x3
(
ψ(a)λ, (ηtσ +M(a))q(λ)+φ(ψ(a), λ)

)
= [x1(a1, t1), x4(ηλ)

−1
]3

= x3
(
a1 ·ηλ, t1q(ηλ)+φ(a1, ηλ)

)
,

where x1(a1, t1)= x1(a, t)h1 . By Proposition 9.5(iii), ησ+1
= q(λ)−1. Solving for

a1 and then for t1, we conclude that h1 induces the map

x1(a, t) 7→ x1
(
η−1ψ(a), η−1tσ + η−2 M(a)

)
on U1. By Proposition 7.16(i), it follows that conjugation by ϕm1m4 induces the
maps

x1(a, t) 7→ x1
(
ψ(a)λ, (ηtσ +M(a))q(λ)+φ(ψ(a), λ)

)
x2(u) 7→ x2(ξ(ū))

x3(b, s) 7→ x3
(
η−1ψ(b), η−1sσ + η−2 M(b)

)
on U1, U2 and U3. Conjugating both sides of the identity

[x1(0, 1), x4(v)
−1
]2 = x2(v)

by h2 := ϕ
m1m4 , we obtain

[x1(0, ηq(λ)), x4(v1)
−1
]2 = x2(ξ(v̄)),

where x4(v1)= x4(v)
h2 . It follows that ϕm1m4 induces the map

x4(v) 7→ x4(η
σ ξ(v̄))

on U4. By Proposition 7.16(i), therefore, conjugation by ϕm1m4m1 induces the maps

x2(u) 7→ x2(η
σ ξ(ū))

x3(b, s) 7→ x3
(
η−1ψ(b), η−1sσ + η−2 M(b)

)
x4(v) 7→ x4(ξ(v̄))
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on U2, U3 and U4. By [Mühlherr and Weiss 2019, (7.10)], we have φ(bv, v̄) =
φ(b, v)q(v) for all (b, v) ∈ R. Using (10.3) again, we can thus conclude that
conjugation by ϕm1m4m1 induces the map

x1(a, t) 7→ x1
(
ησψ(a)λ, ησ tσ + ησ−1 M(a)+ η2σφ(ψ(a), λ)

)
on U1. The claims follow now by one more application of Proposition 7.16(i). �

Notation 10.4. Let η be as in Notation 9.3, let ψ0(a) = ηa for all a ∈ X, let
ξ0(v)= η

−1v for all v ∈ L , let σ0 be the identity automorphism of K and let η0= η
2.

Then ψ0, ξ0, σ0 and η0 fulfill the identities Proposition 7.13(a)–(d) with λ= η−1;
note that by [Weiss 2006b, 4.1], M(a) = 0 in (d). Let h0 be the element of Gγ

obtained by applying Proposition 7.13(ii) to ψ0, ξ0, σ0 and η0. By [Weiss 2006b,
(4.13)], φ(a, ε)= 0 for all a ∈ X. Thus conjugation by h0 induces the maps

x1(a, t) 7→ x1(ηa, η2t) on U1,

x2(v) 7→ x2(ηv) on U2, and

x3(b, s) 7→ x3(b, s) on U3.

Let ν = r0h0, where r0 is as in Proposition 10.1.

Proposition 10.5. Let h0 and η be as in Notation 10.4. Then conjugation by hm4
0

induces the maps

x2(u) 7→ x2(ηu) and x3(b, s) 7→ x3(ηb, η2s)

on U2 and U3.

Proof. This holds by Proposition 7.16(i). �

Proposition 10.6. [ω, ν] = 1, where ω is as in Proposition 9.2 and ν is as in
Notation 10.4.

Proof. Note that by Proposition 7.13(d), M(tb) = t2σ M(b) for all b ∈ X and all
t ∈ K . By (7.14), Propositions 10.2, 10.5 and Notation 10.4, therefore, conjugation
by hm4

0 ϕ and conjugation by ϕr0h0 both induce the maps

x2(u) 7→ x2(η
σ+1ξ(u)) on U2, and

x3(b, s) 7→ x3
(
ησψ(b)λ, ησ sσ + ησ−1 M(b)+ η2σφ(ψ(b), λ)

)
on U3.

By [Mühlherr and Weiss ≥ 2020, 1.4.17(ii)], it follows that hm4
0 ϕ = ϕr0h0. By

Proposition 10.1, therefore, [ω, ν] = 1. �

Notation 10.7. Let U be as in Notation 9.18 and let ν = (m1m4)
2h0 be as in

Notation 10.4. Thus ν interchanges w4 and w0 and by Proposition 10.6, ν com-
mutes with ω. By [Mühlherr et al. 2015, 24.10(i)], the proper residues fixed by ω
are pairwise opposite in 1 and by [Mühlherr et al. 2015, 24.21], U acts sharply
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transitively on the set of vertices fixed by ω that are distinct from w4. Choose
g ∈ U∗. Then wg

0 is opposite both w4 and w0. Hence wgν
0 is also opposite both w4

and w0. Thus
w

gν
0 = w

τ(g)
0

for a unique element τ(g) of U∗. Since ν stabilizes the set wU∗

0 , the map τ is a
permutation of U∗.

Definition 10.8. The map τ defined in Notation 10.7 is the map called f in [Thomp-
son 1972, (3.1)], which Thompson called the structure equation of the Moufang set
he was investigating. For this reason, we call the permutation τ the structure map
of the Moufang set M(1,ω). By [De Medts and Weiss 2006, 3.1], the Moufang
set M(1,ω) is uniquely determined by the pair (U, τ ).

11. The subgraph 3

We have described the group U in Notation 9.18 and (9.21) and defined τ in
Notation 10.7. Our goal in the remainder of this paper is to determine τ explicitly.
In this section we begin to investigate how the product m1m4 operates on 0.

Notation 11.1. We continue with all the notation and assumptions in Hypothesis 9.1.
Let R4 as in Notation 2.4. We set R= R4 and

R× = {(a, t) ∈ R | q(π(a)+ tε) 6= 0}.

Observations 11.2. By Conventions 1.2 and (7.5),

x4(v)x1(a, t)= x1(a, t)x2(θ(a, v)+ tv)x3
(
av, tq(v)+φ(a, v)

)
x4(v)

for all (a, t)∈R and all v ∈ L . Replacing v by−v in this identity and applying (C1)
and [Weiss 2006b, 4.14], we thus conclude that

x1(a, t)x4(v)= x4(v)x1(a, t)x2(−θ(a, v)− tv)x3
(
−av, tq(v)+φ(a, v)

)
for all (a, t) ∈ R and all v ∈ L . By Conventions 1.2 and (7.5), we also have

x3(b, s)x1(a, t)= x1(a, t)x3(b, s)x2(h(a, b))
and

x1(a, t)x3(b, s)= x3(b, s)x1(a, t)x2(−h(a, b))

for all (a, t), (b, s) ∈ R and

x4(v)x2(u)= x2(u)x4(v)x3(0, f (u, v))
and

x2(u)x4(v)= x4(v)x2(u)x3(0,− f (u, v))

for all u, v ∈ L .
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Using these observations, we now calculate that

(11.3) x1(a, t)x2(u)x3(b, s)x4(v)

= x4(v)x1(a, t)x2(−θ(a, v)− tv+ u)

· x3
(
b− av, tq(v)+φ(a, v)+ s− f (u, v)− g(b, av)

)
and

(11.4) x4(v)x1(a, t)x2(u)x3(b, s)

= x1(a, t)x2(θ(a, v)+ tv+ u)

· x3
(
b+ av, tq(v)+φ(a, v)+ f (u, v)+ s+ g(b, av)

)
x4(v)

for all (a, t), (b, s) ∈ R and for all u, v ∈ L .

Notation 11.5. Let 0 and A be as in Hypothesis 9.1, let 3 be the subgraph of 0
defined in [Mühlherr and Weiss ≥ 2020, 1.5.4] and let U+ = U[1,4] as defined in
Proposition 3.5(i). Thus 3 is the subgraph consisting of all the vertices and edges
of 0 that lie on an element of A containing the vertices w4 and w5.

Let 9 be the graph whose vertex set is the disjoint union of the set {w4, w5}, the
set of right cosets in U+ of the subgroups U4, U[3,4] and U[2,4] and the set of right
cosets in U+ of the subgroups U1, U[1,2] and U[1,3] and whose edge set consists of
the unordered pairs {w4, w5} as well as {U1g,U4g},

{w4,U[1,3]g}, {U[1,3]g,U[1,2]g}, {U[1,2]g,U1g}

and {w5,U[2,4]g}, {U[2,4]g,U[3,4]g}, {U[3,4]g,U4g}

for all g ∈U+. By [Mühlherr and Weiss ≥ 2020, 1.5.8], there is a unique isomor-
phism from9 to3 that sendsw4 tow4,w5 tow5,wg

i to U[1,i]g andwg
5+i to U[1+i,4]g

for i = 1, 2, 3 and for all g ∈ U+. We identify 3 with 9 via this isomorphism.
Note that with this identification, the set wU

0 that appears in Notation 10.7 is now
{U4g | g ∈ U}.

Proposition 11.6. Let g ∈U+. The following hold:

(i) For all (b, s) ∈ R and all u, v ∈ L , the vertex

U1x2(u)x3(b, s)x4(v)

of 3 is adjacent to the vertex U4g if and only if U4g equals

U4x1(a, t)x2
(
−θ(a, v)− tv+u

)
x3
(
b−av, tq(v)+φ(a, v)+s− f (u, v)−g(b, av)

)
for some (a, t) ∈ R.

(ii) For all (a, t), (b, s) ∈ R and all u ∈ L , the vertex

U4x1(a, t)x2(u)x3(b, s)
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of 3 is adjacent to the vertex U1g if and only if U1g equals

U1x2
(
θ(a, v)+ tv+ u

)
x3
(
b+ av, tq(v)+φ(a, v)+ f (u, v)+ s+ g(b, av)

)
x4(v)

for some v ∈ L.

Proof. Let e ∈U+. The vertices of 3 adjacent to U1e are U[1,2]e and U4x1(a, t)e
for all (a, t) ∈R and the vertices of 3 adjacent to U4e are U[3,4]e and U1x4(v)e for
all v ∈ L . The two claims hold, therefore, by (11.3) and (11.4). �

Proposition 11.7. Let z be a vertex of 0. There exists a root (v0, v1, v2, v3, v4)

such that v0 = w4, v1 = w5 and v4 = z if and only if z is a vertex of 3 of the form
U4g for some g ∈U[1,3].

Proof. It suffices to observe that if z =U4g for some g ∈U[1,3], then(
w4, w5,U[2,4]g,U[3,4]g,U4g

)
is a root. �

Proposition 11.8. Let R× be as in Notation 11.1, let

O=
{
U4x1(a, t)x2(u)x3(b, s) | (a, t), (b, s) ∈ R, u ∈ L

}
,

B=
{
U4x1(a, t)x2(u)x3(b, s) ∈ O | (a, t) ∈ R×

}
,

and let p =U4x1(a, t)x2(u)x3(b, s) ∈ O. Then pm1m4 ∈ O if and only if p ∈B.

Proof. Let α denote the sequence of vertices(
U[2,4], w5, U[2,4]x1(a, t), U[3,4]x1(a, t)x2(u), U4x1(a, t)x2(u)x3(b, s)

)
.

The sequence α is a root (i.e., a straight path of length 4 in 0) if and only if the
vertices U[2,4] and U[2,4]x1(a, t) are opposite at w5. By [Mühlherr and Weiss 2020,
9.12], U[2,4] and U[2,4]x1(a, t) are opposite at w5 if and only if p ∈ B. Thus the
sequence αm1m4 (which starts at w4 and ends at pm1m4) is a root if and only if p ∈B.
Every root starting at w4 ends at a vertex in O. Thus if p ∈B, then pm1m4 ∈ O. By
[Mühlherr and Weiss ≥ 2020, 1.2.28(ii) and 1.3.18], every path of length at most 4
from w4 to a vertex in O is a root. Thus if pm1m4 ∈ O, then p ∈B. �

12. The action of m1m4 on the set B

The main result of this section is Proposition 12.15.

Proposition 12.1. Let (a, t) ∈ R×, u ∈ L and (b, s) ∈ R. Then the image of the
vertex

p :=U4x1(a, t)x2(u)x3(b, s)

of 3 under m1 is the vertex

U4x1(a0, t0)x2(u0)x3(b0, s0),
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where

(i) a0 = q(π(a)+ tε)−1a
(
π(a)+ (Q(a)− t)ε

)
,

(ii) t0 = q(π(a)+ tε)−1(Q(a)− t),

(iii) u0 = q(π(a)+ tε)−1θ(a, u)+ t0u,

(iv) b0 = b+ a0u, and

(v) s0 = t0q(u)+φ(a0, u)+ g(b, a0u)+ s.

Proof. By Proposition 11.8, there exist elements (a0, t0), (b0, s0) ∈ R and u0 ∈ L
such that pm1 =U4x1(a0, t0)x2(u0)x3(b0, s0). By Proposition 11.6(ii), p is adjacent
to the vertex

qv :=U1x2(ẑv)x3(b+ av, ŝv)x4(v)

for all v ∈ L , where

ẑv = θ(a, v)+ tv+ u and ŝv = tq(v)+φ(a, v)+ f (u, v)+ s+ g(b, av).

By Proposition 7.16(ii), the identity f (θ(a, v), v)= Q(a)q(v) and the fact that Q
is identically zero if char(K ) 6= 2 (by [Weiss 2006b, 4.1(i)]), the element m1 maps
qv to

U1x2(v)x3(b+ av, t̂v)x4(−ẑv)

for all v ∈ L , where

t̂v =−tq(v)+φ(a, v)+ s+ g(b, av)+ Q(a)q(v).

Since p and qv are adjacent for all v, so are their images under m1. Therefore, by
Proposition 11.6(i),

(12.2) u0 = θ(a0, ẑv)+ t0 ẑv + v

as well as

(12.3) b0 = b+ av+ a0 ẑv

and

(12.4) s0 = t0q(ẑv)+φ(a0, ẑv)+ t̂v + f (ẑv, v)+ g(b+ av, a0 ẑv)

for all v ∈ L . Setting v = 0 in (12.3) and (12.4), we conclude that (iv) and (v) hold.
Setting v = ε in (12.3), it follows from (iv) that

a+ a0(π(a)+ tε)= 0.

Thus (i) holds.
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We have q(π(a)+ (Q(a)− t)ε)= q(π(a)+ tε) and hence

θ(a0, ẑv)= q(π(a)+ tε)−2θ
(
aπ(a)+ (Q(a)− t)a, ẑv

)
= q(π(a)+ tε)−1θ(a, ẑv)

for all v ∈ L by (i) and Proposition A.4(i). By (12.2), therefore,

(12.5) u0 = q(π(a)+ tε)−1θ(a, ẑv)+ t0 ẑv + v

for all v ∈ L . Setting v = 0 in (12.5), we conclude that (iii) holds. Setting v = ε in
(12.5), we obtain

u0 = q(π(a)+ tε)−1θ(a, π(a)+ tε+ u)+ t0(π(a)+ tε+ u)+ ε.

By [Weiss 2006b, 4.21], we have θ(a, π(a)) = Q(a)π(a)− q(π(a))ε. By (iii),
therefore,

−q(π(a)+ tε)t0(π(a)+ tε)= θ(a, π(a))+ tπ(a)+ q(π(a)+ tε)ε

= (t + Q(a))(π(a)+ tε).

Since π(a)+ tε 6= 0, we conclude that (ii) holds. �

Corollary 12.6. Let (a, t)∈R×, u ∈ L and (b, s)∈R. Then the image of the vertex

p :=U4x1(a, t)x2(u)x3(b, s)

of 3 under m1m4 is the vertex

U4x1(a1, t1)x2(u1)x3(b1, s1),

where

(i) a1 = b+ a0u,

(ii) t1 =−q(π(a)+ tε)−1(t + Q(a))q(u)+φ(a0, u)+ g(b, a0u)+ s,

(iii) u1 =−h(b+ a0u, a0)+ q(π(a)+ tε)−1
(
(t + Q(a))ū− θ(a, u)

)
,

(iv) b1 =−a0,

(v) s1 =−q(π(a)+ tε)−1(t + Q(a)),

and a0 = q(π(a)+ tε)−1a
(
π(a)+ (Q(a)− t)ε

)
.

Proof. First apply Proposition 12.1 and then apply Proposition 7.16(i). �

Notation 12.7. Let (a, t), (b, s) ∈ R and u ∈ L . We set

P = π(a)+ rε and ρ = q(P), where r = Q(a)− t.

Note that P =−(π(a)+ tε) and hence

(12.8) ρ = q(π(a)+ rε)= q(π(a)+ tε).
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We then set

(12.9) v = θ(a, u)+ ru.

Thus av = a Pu by (D1) and

(12.10) θ(a, v)= θ(a, θ(a, u))+ rθ(a, u)

=−q(π(a))u+ (Q(a)+ r)θ(a, u)

=−q(π(a))u− tθ(a, u)

by (12.9) and [Weiss 2006b, 4.1(i) and 4.21].

Proposition 12.11. Let (a, t), u, P be as in Notation 12.7. Then

h(a P, au)=
(
Q(a)t + 2q(π(a))

)
u+ (Q(a)− 2t)θ(a, u).

Proof. We have

h(a P, au)= h(a, a Pu)+ f (h(a P, a), ε)u

= h(a, av)+ f (h(a, a), P)u,

where v is as in Notation 12.7. Thus

h(a P, au)= 2
(
θ(a, v)+ f (π(a), P)u

)
= 2

(
−q(π(a))u− tθ(a, u)+ 2q(π(a))u

)
= 2

(
q(π(a))u− tθ(a, u)

)
by [Weiss 2006b, 4.1(i) and (iii) and 4.5(i)] if char(K ) 6= 2 and

h(a P, au)= Q(a)(v+ Q(a)u)

= Q(a)(θ(a, u)+ tu)

by [Weiss 2006b, 3.15 and 3.16] if char(K )= 2. �

Proposition 12.12. Let (a, t), u, P, v be as in Notation 12.7. Then

h(a P, av)= ρ
(
Q(a)u+ 2θ(a, u)

)
= ρh(a, au).

Proof. Replacing u by v in Proposition 12.11, we obtain the first equality. The
second equality follows by [Weiss 2006b, 3.15, 3.16 and 4.5(i)]. �

Lemma 12.13. Let (a, t), u, b, u1 be as in Corollary 12.6. Then

u1 = ρ
−1(h(a P, b)+ t ū+ θ(a, u)

)
,

where P is as in Notation 12.7.
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Proof. By Corollary 12.6(iii), we have

ū1 = ρ
−2h(a P, ρb+ av)+ ρ−1((t + Q(a))u− θ(a, u)

)
,

where v is as in Notation 12.7. The claim holds, therefore, by Proposition 12.12. �

Lemma 12.14. φ(a P, u)= φ(a, v)= ρφ(a, u).

Proof. This holds by Proposition A.4(ii) and the last display on page 119 of [Tits
and Weiss 2002]. �

Proposition 12.15. Let (a, t), u, (b, s), (a1, t1), u1, (b1, s1) be as in Corollary 12.6
and let r = Q(a) − t , P = π(a) + rε, ρ = q(P) and v = θ(a, u) + ru as in
Notation 12.7. Then the following hold:

(i) a1 = ρ
−1(ρb+ av).

(ii) t1 = ρ−1
(
rq(u)+φ(a, u)+ g(b, av)+ ρs

)
.

(iii) ū1 = ρ
−1
(
h(a P, b)+ tu+ θ(a, u)

)
.

(iv) b1 =−ρ
−1a P.

(v) s1 = ρ
−1r .

Proof. This holds by Lemma 12.13 and Lemma 12.14. �

13. Some more identities

In this section, we suppose that (a, t), u, (b, s), r, P, ρ, v are as in Notation 12.7
and Proposition 12.15 and assemble a number of identities we will need in the next
few sections.

Proposition 13.1. θ(a, v)+ tv =−ρu.

Proof. This holds by (12.9) and (12.10). �

Proposition 13.2. q(h(b, av))= ρq(h(a, bu))= ρq(h(b, au)).

Proof. By Proposition A.4(iii), we have

ρh(a, bu)= θ(a, h(a P, bu))+ rh(a P, bu).

We have ρ = q(P). Hence

ρ2q(h(a, bu))= q
(
θ(a, h(a P, bu))

)
+ r f

(
θ(a, h(a P, bu)), h(a P, bu)

)
+ r2q(h(a P, bu))

= q(π(a))q(h(a P, bu))+ r Q(a)q(h(a P, bu))+ r2q(h(a P, bu))

= ρq(h(a P, bu))

by [Weiss 2006b, 4.9(i) and 4.22]. Thus q(h(a P, bu))= ρq(h(a, bu)). By (D1),
therefore, q(h(b, av))= q(h(b, a Pu)= q(h(a P, bu))= ρq(h(a, bu)). The other
equality holds by Proposition A.7. �
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Proposition 13.3. φ(a, P)= 0.

Proof. By Proposition A.4(ii) and [Weiss 2006b, (4.14)], φ(a, P)= φ(a P, ε) and
by [Weiss 2006b, 4.5(iii) and (4.13)], φ(a P, ε)= 0. �

Proposition 13.4. q(v)= ρq(u).

Proof. This holds by Proposition A.3(i). �

Proposition 13.5. Q(au)= Q(a)q(u).

Proof. By [Weiss 2006b, 4.1(i)], Q is identically zero if char(K ) 6= 2. The claim
holds, therefore, by [Weiss 2006b, 3.21]. �

Proposition 13.6. Q(av)= ρQ(a)q(u).

Proof. This holds by Propositions 13.4 and 13.5. �

Lemma 13.7.

f (θ(a, v), w)v− f (w, v)θ(a, v)= ρ
(

f (θ(a, u), w)u− f (w, u)θ(a, u)
)

for all w ∈ L .

Proof. This holds by (12.9) and (12.10). �

Lemma 13.8. θ(av,w)= ρθ(au, w) for all w ∈ L.

Proof. By (C4), Lemma 12.14, Proposition 13.4 and Lemma 13.7, we have

θ(av,w)= ρ
(
q(u)θ(a, w̄)+φ(a, u)w̄

)
+ f (θ(a, v), w̄)v− f (v, w̄)θ(a, v)

= ρ
(
q(u)θ(a, w̄)+φ(a, u)w̄+ f (θ(a, u), w̄)u− f (v, w̄)θ(a, u)

)
= ρθ(au, w)

for all w ∈ L . �

Proposition 13.9. Let ω = f
(
h(b, av), π(au)

)
+ f (h(b, av), ε)φ(a, u). Then

ω = q(u)
(

f
(
h(a, b), θ(a, v)

)
+ Q(a) f (h(a, b), v)

)
.

Proof. By [Weiss 2006b, 3.6] and Proposition A.1, we have

f
(
h(b, av), π(au)

)
=− f

(
h(av, b), π(au)

)
=− f

(
h(av, b), q(u)π(a)− f (u, ε)θ(a, u)

+ f (θ(a, u), ε)v+φ(a, u)ε
)

and thus

(13.10) ω =−q(u) f (h(av, b), π(a))+ f (u, ε) f (h(av, b), θ(a, u))
− f (θ(a, u), ε) f (h(av, b), u)

=−q(u) f (h(avπ(a), b), ε)+ f (u, ε) f (h(avθ(a, u), b), ε)
− f (θ(a, u), ε) f (h(avu, b), ε).
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By (A3), (D1) and [Weiss 2006b, 3.8 and 4.9(i)], we have

(13.11) avπ(a)= a
(

f (v, ε)ε− v̄
)
π(a)

= f (v, ε)aπ(a)− av̄π(a)

= f (v, ε)aπ(a)+ aπ(a)v− f (π(a), v)a

= f (v, ε)aπ(a)− aπ(a)v+ Q(a)av− f (π(a), v)a

= f (v, ε)aπ(a)− aθ(a, v)+ Q(a)av− f (π(a), v)a
and

(13.12) avu =−avū+ f (u, ε)av

=−q(u)a P + f (u, ε)av

as well as

avθ(a, u)= f
(
θ(a, u), ε

)
av− avθ(a, u)

= f
(
θ(a, u), ε

)
av+ aθ(a, u)v̄− f

(
θ(a, u), v

)
a

= f
(
θ(a, u), ε

)
av+ aθ(a, u)

(
θ(a, u)+ r ū

)
− f

(
θ(a, u), v

)
a

= f
(
θ(a, u), ε

)
av+ q(θ(a, u))a+ raθ(a, u)ū− f

(
θ(a, u), v

)
a

= f
(
θ(a, u), ε

)
av+ q(π(a))q(u)a+ rq(u)aπ(a)− f

(
θ(a, u), v

)
a.

Since

f
(
θ(a, u), v

)
= f

(
θ(a, u), θ(a, u)

)
+ r f

(
θ(a, u), u

)
= 2q(θ(a, u))+ Q(a)q(u)r = q(u)

(
2q(π(a))+ Q(a)

)
,

it follows that

(13.13) avθ(a, u)= f
(
θ(a, u), ε

)
av− q(π(a))q(u)a− raπ(a).

By (13.10)–(13.13) and some calculation, we conclude that

ω = q(u)
(

f
(
h(aθ(a, v), b), ε

)
+ Q(a) f (h(av, b), ε)

)
.

The claim follows now by (B3). �

Lemma 13.14. bθ(a, v)v̄ = ρbθ(a, u)ū.

Proof. We have

bθ(a, v)v̄

=−b
(
q(π(a))u+ tθ(a, u)

)(
θ(a, u)+ r ū

)
=−

(
q(u)rq(π(a))+ tq(θ(a, u))

)
b− q(π(a))buθ(a, u)− r tbθ(a, u)ū

= Q(a)q(u)q(π(a))b+
(
q(π(a))− r t

)
bθ(a, u)ū− q(π(a)) f (θ(a, u), u)b

=
(
q(π(a))− r t

)
bθ(a, u)ū = ρθ(a, u)ū
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by (12.9) and (12.10). �

Lemma 13.15. The following holds:

avh(av, b)= ρ
(
q(u)ah(a, b)+ q(u)bπ(a)− bθ(a, u)ū

)
.

Proof. By [Weiss 2006b, 3.22], we have

avh(av, b)=−ah(av, b)v̄+ f (h(av, b), v)a

= ah(b, av)v̄− f (h(b, av), v)a

= ah(a, bv)v̄+ f (h(b, a), ε)avv̄− f (h(b, avv̄), ε)a

= ah(a, bv)v̄

= ah(a, b)vv̄+
(
bπ(a)v− bθ(a, v)

)
v̄

= q(v)ah(a, b)+ q(v)bπ(a)− bθ(a, v)v̄.

The claim holds, therefore, by Proposition 13.4 and Lemma 13.14. �

Lemma 13.16. f
(
θ(a, u), h(a P, b)

)
= f

(
h(a, b), θ(a, v)

)
.

Proof. By [Weiss 2006b, 4.20], we have

a Pθ(a, u)= aπ(a)θ(a, u)+ raθ(a, u)

=−aπ(a)θ(a, u)− taθ(a, u)

=−q(π(a))au− taθ(a, u)= aθ(a, v).

The claim follows by (B3). �

14. The form 2

In this section, we prove the following result:

Proposition 14.1. Let (a, t), u, (b, s), (a1, t1), ρ, r, v be as in Proposition 12.15
and let

(14.2) 2(a, t, u, b, s)= ρq(π(a1)+ t1ε).

Then

(14.3) 2(a, t, u, b, s)= ρq(π(b)+ sε)+ q(h(a, bu))+ q(u)2

− q(u) f (h(a, b), u)+
(
s Q(a)+ t Q(b)

)
q(u)

+ f (u, ε) f
(
θ(a, u), π(b)

)
− f (θ(a, u), ε) f (u, π(b))

− f
(
h(a, b), θ(b, v̄)+ sv

)
− q(u) f

(
π(a), π(b)

)
− 2stq(u).
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Proof. Let

z = π(ρb+ av)+ ρ
(
rq(u)+φ(a, u)+ g(b, av)+ ρs

)
ε.

Thus
ρ32(a, t, u, b, s)= ρ4q(π(a1)+ t1ε)= q(z)

by Proposition 12.15. By (C3) and Lemma 13.8, we have

z = ρ2π(b)+ ρh(b, av)+π(av)+ ρ
(
φ(a, u)+ ρs+ rq(u)

)
ε

= ρ
(
ρπ(b)+ h(b, av)+π(au)+

(
φ(a, u)+ ρs+ rq(u)

)
ε
)
.

By Proposition A.3(ii), we have

q
(
π(au)+ rq(u)+φ(a, u)ε

)
= ρq(u)2.

By [Weiss 2006b, 4.5(iii)], Proposition 13.2 and Proposition 13.6, it follows that

(14.4) ρ−2q(z)= ρ2q(π(b))+ ρq(h(b, au))+ ρq(u)2+ ρ2s2

+ ρs Q(a)q(u)+ 2ρrsq(u)

+ ρ2 Q(b)s+ ρ f
(
π(b), h(b, av)

)
+ ρ f

(
π(b), π(au)

)
+ ρQ(b)

(
φ(a, u)+ rq(u)

)
+ f

(
h(b, av), π(au)

)
+ f

(
h(b, av), ε

)
φ(a, u)

+
(
ρs+ rq(u)

)
f
(
h(b, av), ε

)
.

By Propositions 13.1 and 13.9, we have

f
(
h(b, av), π(au)

)
+ f

(
h(b, av), ε

)
φ(a, u)+ rq(u) f

(
h(b, av), ε

)
= q(u)

(
f
(
h(a, b), θ(a, v)

)
+ Q(a) f (h(a, b), v)− r f (h(a, b), v)

)
=−ρq(u) f

(
h(a, b), u).

Replacing 2ρrsq(u) by −2ρstq(u) in (14.4), we thus conclude that

(14.5) 2= ρ−3q(z)= ρq(π(b)+ sε)+ q(h(a, bu))+ rq(u)Q(b)+ Q(a)q(u)s

− 2stq(u)+ f
(
π(b), h(b, av)

)
+ s f

(
h(b, av), ε

)
+ f

(
π(b), π(au)

)
+φ(a, u)Q(b)

+ q(u)2− q(u) f
(
h(a, b), u

)
.

By (B3), (D1) and [Weiss 2006b, 3.6 and 3.7], we have

f
(
π(b), h(b, av)

)
+ s f

(
h(b, av), ε

)
= f

(
h(b(π(b)+ sε)v̄, a), ε

)
=− f

(
h(a, b), θ(b, v̄)+ sv

)
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and by (C4), we have

f
(
π(b), π(au)

)
+ Q(b)φ(a, u)

= f
(
π(b), q(u)π(a)− f (u, ε)θ(a, u)+ f (θ(a, u), ε)u

)
=−q(u) f (π(a), π(b))+ q(u)Q(a)Q(b)+ f (u, ε) f (π(b), θ(a, u))

− f (θ(a, u), ε) f (π(b), u).

By (14.5), therefore, 2(a, t, u, b, s) is as in (14.3). �

Remark 14.6. Note that a1 and t1 are only defined under the assumption that ρ is
nonzero. In particular, we cannot conclude from (14.2) that ρ = 0 implies that the
expression 2(a, t, u, b, s) in (14.3) is zero (and, in fact, this is clearly not true).

15. The smallest F4-cases

We interrupt our calculations to make a few remarks about the case that 1 =
F4(C, K ) and either char(K ) 6= 2 and C = K or char(K )= 2 and C/K is a field
extension such that C2

⊂ K . By Theorem 7.4(vi), dimK L = 5 if char(K ) 6= 2
and f is degenerate if char(K )= 2. If char(K ) 6= 2, then by [Mühlherr and Weiss
2019, 5.10], 4 is isotopic to the quadrangular algebra Q4(C, K ) defined in [loc. cit,
4.12] and hence by [loc. cit, 4.13 and 10.5], q(π(a)) = 0 and aπ(a) = 0 for all
a ∈ X. (If the composition of q and π is identically zero in one isotope of 4,
then by [Mühlherr and Weiss 2019, 5.3; Weiss 2006b, 8.7], it is identically zero
in all isotopes of 4.) By [Mühlherr and Weiss 2019, 8.1(i), 8.5 and 9.2], we have
Q(a)= 0 and f (h(a, b), u)= 0 for all a, b ∈ X and all u ∈ L if char(K )= 2.

Proposition 15.1. Suppose that char(K ) 6= 2 and aπ(a)= 0 for all a ∈ X and let
2=2(a, t, u, b, s) be as in (14.3). Then

2=
(
st + 1

2 f (h(a, b), u)− q(u)
)2

for all (a, t) ∈ R×, u ∈ L and (b, s) ∈ R.

Proof. Choose (a, t) ∈ R×, u ∈ L and (b, s) ∈ R. By (14.2), we have 2= (t t1)2,
where

t1 = t−1(st − g(b, au)− q(u)
)
.

The claim holds, therefore, since

g(b, au)= 1
2 f
(
h(b, au), ε

)
by [Weiss 2006b, 4.1(i) and (4.3)]

=
1
2 f
(
h(b, au), ε̄

)
by [Weiss 2006b, 1.4]

=−
1
2 f
(
h(au, b), ε

)
by [Weiss 2006b, 3.6]

=−
1
2 f
(
h(a, b), u

)
by (B3). �
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Remark 15.2. Suppose that char(K ) 6= 2 and that aπ(a) = 0 for all a ∈ X. By
(A3), we have q(π(a))= 0 for all a ∈ X. By (B3), we have f

(
π(b), h(b, av)

)
=

f (
(
h(bπ(b), av), ε

)
= 0. Similarly, we have

f
(
π(au), h(au, b)

)
= f

(
h(auπ(au), b), ε

)
= 0

and f
(
π(b), h(au, b)

)
=− f

(
h(au, bπ(b), ε

)
=0. By [Weiss 2006b, 4.1(i) and 4.3],

we have
g(au, b)= 1

2 f
(
h(a, b), u

)
and by Proposition A.7, q(h(au, b))= q(h(a, bu)). Applying (C3) to π(au+ b)
and then applying q to both sides of this equation, we find thus that

q
(
h(a, bu)

)
+ f

(
π(au), π(b)

)
=

1
4 f
(
h(a, b), u

)2
.

With these observations, Proposition 15.1 can be confirmed directly from (14.5).

Proposition 15.3. Suppose that f (h(a, b), X)= 0 and Q(a)= 0 for all a, b ∈ X
and that char(K )= 2 and let 2=2(a, t, u, b, s) be as in (14.3). Then

2= q(π(a)+ tε)q(π(b)+ sε)+ q(h(a, bu))+ f
(
π(au), π(b)

)
+ q(u)2

for all (a, t) ∈ R×, u ∈ L and (b, s) ∈ R.

Proof. This holds by (14.5). �

16. The element (m1m4)
2

Let (a, t), (a1, t1) ∈ R×, u ∈ L and (b, s) ∈ R be as in Proposition 12.15 and let
2=2(a, t, u, b, s) be as in Proposition 14.1.

Notation 16.1. Suppose that 2 6= 0. Thus by (14.2), q(π(a1) + t1ε) 6= 0. By
Proposition 12.15 applied to the image of the vertex p under m1m4, it follows that
there exist (a2, t2), (b2, s2) ∈ R and u2 ∈ L such that

U4x1(a2, t2)x2(u2)x3(b2, s2)

is the image of the vertex

p :=U4x1(a, t)x2(u)x3(b, s)

of 3 under (m1m4)
2.

The expressions we obtain for a2, . . . , s2 by applying Proposition 12.15 have
ρ−12 in the denominator and, in various places, negative powers of ρ appear in the
numerator. Our goal for the rest of this section is to obtain expressions for s2 and
b2 in which all the negative powers of ρ have been eliminated. In the following
two sections, we do the same for u2.
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Notation 16.2. Let r = Q(a)− t , P = π(a)+ rε, ρ = q(P) and v = θ(a, u)+ ru
as in Notation 12.7.

Proposition 16.3. Let s2 be as in Notation 16.1. Then

s2 =
tq(u)− ρs+ g(av, b)+φ(a, u)+ ρQ(b)

2
.

Proof. By Proposition 12.15 and (14.2), we have s2 = z/2, where

z =−rq(u)+φ(a, u)− g(b, av)− ρs+ ρ−1 Q(ρb+ av).

If char(K ) 6= 2, then φ and Q are identically zero and by [Weiss 2006b, 4.4
and 4.5(ii)], g is alternating, so the claim holds. We can assume, therefore, that
char(K )= 2. Then

ρ−1 Q(ρb+ av)= ρQ(b)+ ρ−1 Q(av)+ f (h(b, av), ε)

= ρQ(b)+ Q(a)q(u)+ f (h(b, av), ε)

by (C3) and Proposition 13.6. By Notation 2.2 and [Weiss 2006b, 4.3], we have

g(b, av)+ f (h(b, av), ε)= f (h(b, av), δ+ ε)

= f (h(b, av), δ̄)

= f (h(av, b), δ)= g(av, b),

where δ is as in Theorem 7.4(i). Thus the claim holds also in this case. �

Proposition 16.4. Let b2 be as in Notation 16.1. Then

b2 =
y
2
,

where

y = q(u)a
(
u−h(a, b)

)
+ (ρb+av)

(
π(b)+ sε

)
−būθ(a, u)−bh(av, b)− tq(u)b

Proof. By Proposition 12.15 and (14.2), we have

(16.5) b2 =
−(ρb+ av)z

ρ22
,

where

z = π(ρb+ av)+
(
Q(ρb+ av)− ρrq(u)+ ρφ(a, u)− ρg(b, av)− ρ2s

)
ε.

By (C3), we have

π(ρb+ av)= ρ2π(b)+π(av)+ ρ
(
h(b, av)− g(b, av)ε

)
.

If char(K ) 6= 2, then Q is identically zero and

2g(b, av)= f (h(b, av), ε)
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by [Weiss 2006b, 4.1(iii) and 4.3]. If char(K )= 2, then

Q(ρb+ av)= ρ2 Q(b)+ Q(av)+ ρ f (h(b, av), ε).

Thus

π(ρb+ av)+ Q(ρb+ av)ε− ρg(b, av)ε

= ρ2π(b)+π(av)+ ρh(b, av)+
(
ρ2 Q(b)+ Q(av)− ρ f (h(b, av), ε)

)
ε

= ρ2π(b)+π(av)− ρh(b, av)+
(
ρ2 Q(b)+ Q(av)

)
ε

= ρ2π(b)+π(av)+ ρh(av, b)+
(
ρ2 Q(b)+ Q(av)

)
ε

in all characteristics. By Proposition 13.6, we have

Q(av)− ρrq(u)= ρ(Q(a)− r)q(u)= ρtq(u).

Thus

(16.6) z= ρ2π(b)+π(av)+ρh(av, b)+
(
ρ2 Q(b)+ρtq(u)+ρφ(a, u)−ρ2s

)
ε.

Hence

(16.7)
ρbz
ρ22
=

bz1

2
+

bπ(av)
ρ2

,

where

z1 = ρπ(b)+ h(av, b)+
(
ρQ(b)+ tq(u)+φ(a, u)− ρs

)
ε.

By Lemma 12.14, and Propositions 13.4 and A.2, we have

avπ(av)= q(v)aθ(a, v)+φ(a, v)av

= ρ
(
q(u)aθ(a, v)+φ(a, u)av

)
and by Proposition 13.1, we have

aθ(a, v)+ tav =−ρau.

By (16.6), therefore,

(16.8)
avz
ρ22
=

avπ(b)+ (Q(b)− s)av− q(u)au
2

+
avh(av, b)

ρ2
.

By Lemma 13.8, we have bπ(av) = ρbπ(au). By Lemma 13.15, and Equa-
tions (16.5), (16.7) and (16.8), it follows that

b2 =−
y1

2
,
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where

y1 = ρbπ(b)+ bh(av, b)+
(
ρQ(b)+ tq(u)+φ(a, u)− ρs

)
b+ bπ(au)

+ avπ(b)+ (Q(b)− s)av− q(u)au+ q(u)ah(a, b)

+ q(u)bπ(a)− bθ(a, u)ū.

Next note that

bπ(au)+φ(a, u)b = q(u)bπ(a)− f (u, ε)bθ(a, u)+ f
(
θ(a, u), ε

)
bū

by Proposition A.1 and

− f (u, ε)bθ(a, u)+ f
(
θ(a, u), ε

)
bū− bθ(a, u)ū

=− f (u, ε)bθ(a, u)+ bθ(a, u)ū

=−bθ(a, u)u.

Hence

bπ(au)+φ(a, u)b− bθ(a, u)ū+ q(u)bπ(a)= q(u)Q(a)b− bθ(a, u)u

= būθ(a, u)

by [Weiss 2006b, 4.9(i)]. Therefore

b2 =−
y2

2
,

where

y2 = q(u)a
(
h(a, b)− u

)
+ avπ(b)+ (Q(b)− s)av+ būθ(a, u)

+ ρbπ(b)+ bh(av, b)+
(
ρ(Q(b)− s)+ tq(u)

)
b

Since

bπ(b)+ Q(b)b− sb =−b(π(b)+ sε)

and

avπ(b)+ Q(b)av− sav =−av(π(b)+ sε),

the claim holds. �

17. The element u2, part I

Our next goal is to prove Proposition 18.8. In this section, we begin the proof. We
continue to assume that (a, t), (b, s), (a1, t1), u, r = Q(a)− t , P = π(a)+ rε,
ρ= q(P) and v= θ(a, u)+ru are as in Proposition 12.15, that2=2(a, t, u, b, s)
is as in Proposition 14.1, that 2 6= 0 and that u2 is as in Notation 16.1.
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Proposition 17.1. The following holds:

h
(
a P, bh(av, b)

)
= ρ

(
h(b, ah(au, b))+ f (h(a, b), ε)h(au, b)

)
+ f

(
h(a, b), v

)
h(aπ(a), b)

+
(

f
(
h(a, b), θ(a, v)

)
+ Q(a) f (h(a, b), v)

)
h(a, b).

Proof. We have

h(a P, bh(av, b))
= h(b, a Ph(av, b))+ f (h(a P, b), ε)h(av, b)

= h
(
b, aθ(a, h(av, b))

)
+ rh

(
b, ah(av, b)

)
+ f

(
h(a, b), P

)
h(av, b)

and by Proposition A.6(iii), we have

h
(
b, aθ(a, h(av, b))

)
=− f

(
h(a, b), ε

)
h
(
b, aθ(a, v)

)
− f

(
h(b, a), π(a)

)
h(b, av)

+ Q(a)h
(
b, ah(av, b)

)
+ h

(
b, ah(aθ(a, v), b)

)
+ f

(
h(a, b), v

)
h
(
b, aπ(a)

)
.

Thus by (12.9) and (12.10), we have

h
(
b, aθ(a, h(av, b))

)
= q(π(a)) f

(
h(a, b), ε

)
h(b, au)+ t f

(
h(a, b), ε

)
h
(
b, aθ(a, u)

)
− f

(
h(b, a), π(a)

)
h
(
b, aθ(a, u)

)
− r f

(
h(b, a), π(a)

)
h(b, au)

+ Q(a)h
(
b, ah(aθ(a, u), b)

)
+ Q(a)rh

(
b, ah(au, b)

)
− q(π(a))h

(
b, ah(au, b)

)
− th

(
b, ah(aθ(a, u), b)

)
+ f

(
h(a, b), v

)
h
(
b, aπ(a)

)
as well as

rh
(
b, ah(av, b)

)
= rh

(
b, ah(aθ(a, u), b)

)
+ r2h

(
b, ah(au, b)

)
and

f
(
h(a, b), P

)
h(av, b)

= N
(
h(aθ(a, u), b)+ rh(au, b)

)
= N

(
h(b, aθ(a, u))+ f

(
h(aθ(a, u), b), ε

)
ε+ rh(b, au)+ r f (h(au, b), ε)ε

)
= N

(
h(b, aθ(a, u))+ f (h(a, b), v)ε+ rh(b, au)

)
,

where

N := f
(
h(a, b), π(a)

)
+ r f

(
h(a, b), ε

)
.
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Next we observe that

Q(a)h
(
b, ah(aθ(a, u), b)

)
− th

(
b, ah(aθ(a, u), b)

)
+ rh

(
b, ah(aθ(a, u), b)

)
= r f

(
h(aθ(a, u), b), ε

)
h(b, a)

= r f
(
h(a, b), θ(a, u)

)
h(b, a)

= r f
(
h(a, b), θ(a, u)

)(
h(a, b)− f (h(a, b), ε)ε

)
and(
q(π(a)) f (h(a, b), ε)− r f

(
h(b, a), π(a)

)
+ Nr

)
h(b, au)

=
(
q(π(a)) f (h(a, b), ε)+ r f

(
h(a, b), π(a)

)
+ Nr

)
h(b, au)

=
(
q(π(a))+ r Q(a)+ r2) f

(
h(a, b), ε

)
h(b, au)

= ρ f (h(a, b), ε)h(b, au)

= ρ f (h(a, b), ε)
(
h(au, b)− f (h(au, b), ε)ε

)
as well as

Q(a)rh
(
b, ah(au, b)

)
− q(π(a))h

(
b, ah(au, b)

)
+ r2h

(
b, ah(au, b)

)
=
(
Q(a)r + q(π(a))+ r2)h(b, ah(au, b)

)
+
(
Q(a)r − q(π(a))

)
f
(
h(au, b), ε

)
h(b, a)

= ρh
(
b, ah(au, b)

)
+
(
Q(a)r − q(π(a))

)
f
(
h(a, b), u

)
h(a, b)

−
(
Q(a)r − q(π(a))

)
f
(
h(a, b), u

)
f
(
h(a, b), ε

)
ε.

We also have(
t f
(
h(a, b), ε

)
− f

(
h(b, a), π(a)

)
+ N

)
h
(
b, aθ(a, u)

)
=
(
t f
(
h(a, b), ε

)
+ f

(
h(a, b), π(a)

)
+ N

)
h
(
b, aθ(a, u)

)
=
(
t + r + Q(a)

)
f
(
h(a, b), ε

)
h
(
b, aθ(a, u)

)
= 0

and

f
(
h(a, b), v

)
h
(
b, aπ(a)

)
+ f

(
h(a, b), v

)
f
(
h(a, b), π(a)

)
ε

= f
(
h(a, b), v

)(
h
(
b, aπ(a)

)
− f

(
h(b, aπ(a)), ε

)
ε
)

= f
(
h(a, b), v

)
h
(
aπ(a), b

)
.

Finally, we observe that

rv− rθ(a, u)+
(
Q(a)r + q(π(a))

)
u = ρu
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by (12.9) and (12.10) and hence

r f
(
h(a, b), v) f

(
h(a, b), ε

)
− r f

(
h(a, b), θ(a, u)

)
f
(
h(a, b), ε

)
+
(
Q(a)r + q(π(a))

)
f
(
h(a, b), u

)
f
(
h(a, b), ε

)
= ρ f

(
h(a, b), u

)
f
(
h(a, b), ε

)
.

Assembling all these calculations, we obtain the desired formula. �

Proposition 17.2. The following holds:

h
(
a P, bh(b, av)

)
= ρ

(
h
(
b, ah(b, au)

)
+ f

(
h(a, b), ε

)
h(b, au)

)
.

Proof. We have

h
(
a P, bh(b, av)

)
= h

(
a P, bh(av, b)

)
+ f

(
h(b, av), ε

)
h(a P, b)

= h
(
a P, bh(av, b)

)
− f

(
h(a, b), v

)
h(a P, b)

= h
(
a P, bh(av, b)

)
− f

(
h(a, b), v

)(
h(aπ(a), b)+ rh(a, b)

)
and thus

h
(
a P, bh(b, av)

)
= ρ

(
h
(
b, ah(au, b)

)
+ f

(
h(a, b), ε

)
h(au, b)

)
+
(

f
(
h(a, b), θ(a, v)

)
+ t f

(
h(a, b), v

))
h(a, b).

by Proposition 17.1. By Proposition 13.1, we have

f
(
h(a, b), θ(a, v)

)
+ t f

(
h(a, b), v

)
=−ρ f

(
h(a, b), u

)
.

Hence

h
(
a P, bh(b, av)

)
= ρ

(
h
(
b, ah(au, b)

)
+ f

(
h(a, b), ε

)
h(au, b)− f

(
h(a, b), u

)
h(a, b)

)
= ρ

(
h
(
b, ah(au, b)

)
+ f

(
h(a, b), ε

)
h(b, au)− f

(
h(au, b), ε

)
h(b, a)

)
= ρ

(
f
(
h(a, b), ε

)
h(b, au)− h

(
b, ah(au, b)

))
and so the claim holds. �

Proposition 17.3. The following holds:

h
(
a P, būθ(a, u)

)
=−q(π(a))q(u)h(a, b)− f

(
h(a, b), θ(a, v)

)
u

− tq(u)h
(
aπ(a), b

)
+ f

(
h(a, b), v

)
θ(a, u).
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Proof. We have

h
(
a P, būθ(a, u)

)
= h

(
bū, a Pθ(a, u)

)
+ f

(
h(a P, bū), ε

)
θ(a, u)

= h
(
bū, a

(
θ(a, θ(a, u))+ rθ(a, u)

))
+ f

(
h(a, b), v

)
θ(a, u)

=h
(
bū, a

(
(Q(a)+r)θ(a,u)−q(π(a))u

))
+ f

(
h(a,b),v

)
θ(a,u)

= (Q(a)+ r)h
(
aπ(a), būu)+ (Q(a)+ r) f

(
h(bū, aπ(a)), ε)u

− q(π(a))h(a, būu)− q(π(a)) f (h(bū, a), ε)u

+ f
(
h(a, b), v

)
θ(a, u)

=−tq(u)h
(
aπ(a), b

)
+ t f

(
h(aπ(a), b), u)u

− q(u)q(π(a))h(a, b)+ q(π(a)) f (h(a, b), u)u

+ f
(
h(a, b), v

)
θ(a, u)

=−tq(u)h
(
aπ(a), b

)
− f

(
h(a, b), θ(a, v)

)
u

− q(u)q(π(a))h(a, b)+ f
(
h(a, b), v

)
θ(a, u).

�

Proposition 17.4. The following holds:

h
(
a P, ah(a, b)

)
=
(
Q(a)+ 2t

)
h(aπ(a), b)+

(
Q(a)r + 2q(π(a))

)
h(a, b).

Proof. Set u = h(a, b) in Proposition 12.11 and then apply Proposition A.6(i). �

Proposition 17.5. The following holds:

h
(
a P, bh(b, a P)u

)
= ρh

(
bū, ah(a, b)

)
.

Proof. We have

h(av, bū)= h(a Pu, bū)= h(b, a Puū)+ f
(
h(a Pu, b), ε)ū

= q(u)h(b, a P)+ f
(
h(a, b), v

)
ū

and thus
q(u)h(b, a P)= h(av, bū)− f

(
h(a, b), v)ū.

Hence

q(u)h
(
a P, bh(b, a P)u

)
= h

(
a P, bh(av, bū)u

)
− q(u) f

(
h(a, b), v

)
h(a P, b)

=−h
(
a P, būh(av, bū)

)
+ f

(
h(av, bū), ū)h(a P, b)

− q(u) f
(
h(a, b), v

)
h(a P, b).

Since
f
(
h(av, bū), ū

)
= f

(
h(av, bū · u), ε

)
= q(u) f

(
h(a, b), v

)
,

it follows that

q(u)h
(
a P, bh(b, a P)u

)
= h

(
a P, būh(bū, av)

)
.
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Replacing b by bū in Proposition 17.2, we thus obtain

q(u)h
(
a P, bh(b, a P)u

)
= ρ

(
h
(
bū, ah(bū, au)

)
+ f

(
h(a, bū), ε

)
h(bū, au)

)
= ρ

(
h
(
bū, ah(bū, au)

)
+ f

(
h(a, b), u

)
h(bū, au)

)
.

Since
h(bū, au)= h(a, būu)+ f

(
h(bū, a), ε

)
u

= q(u)h(a, b)− f
(
h(a, b), u

)
u,

it follows that

h
(
bū, ah(bū, au)

)
= q(u)h

(
bū, ah(a, b)

)
− f

(
h(a, b), u

)
h(bū, au).

Hence

q(u)h
(
a P, bh(b, a P)u

)
= ρq(u)h

(
bū, ah(a, b)

)
.

Thus the claim holds for all u such that q(u) 6= 0. Since every element of L can be
written as a sum u1+ u2 with q(u1) and q(u2) nonzero, it follows that the claim
holds in general. �

Proposition 17.6. The following holds:

h
(
a P, avπ(b)

)
= ρ

(
h
(
a, aθ(b, ū)

)
+ h

(
b, ah(b, au)

)
− h(bū, ah(a, b)

)
+ f

(
h(a, b), ε

)
h(b, au)

)
.

Proof. We have

h
(
a P, avπ(b)

)
= h

(
a P, a Puπ(b)

)
=−h

(
a P, a Pūπ(b)

)
+ f (u, ε)h

(
a P, a Pπ(b)

)
= h

(
a P, a Pπ(b)u

)
− f

(
u, π(b)

)
h(a P, a P)+ f (u, ε)h

(
a P, a Pπ(b)

)
= h

(
a P, a Pπ(b)u

)
+ f

(
u, π(b)

)
h(a P, a P)− f (u, ε)h

(
a P, a Pπ(b)

)
By [Weiss 2006b, 3.22], it follows that

h
(
a P, avπ(b)

)
= h

(
a P, a Pθ(b, u)

)
+ h

(
a P, bh(b, av)

)
− h

(
a P, bh(b, a P)u

)
+ f

(
u, π(b)

)
h(a P, a P)− f (u, ε)h

(
a P, a Pπ(b)

)
.

Let N = θ(b, u)− f (u, ε)π(b)+ f (u, π(b))ε, so that

h(a P,a P N )= h
(
a P,a Pθ(b,u)

)
+ f

(
u,π(b)

)
h(a P,a P)− f (u,ε)h

(
a P,a Pπ(b)

)
.
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Since
N =−θ(b, ū)+ f

(
u, π(b)

)
ε

=−θ(b, ū)+ f
(
ū, π(b)

)
ε

=−θ(b, ū)− f
(
ū, π(b)

)
ε+ Q(b) f (u, ε)ε

=−θ(b, ū)+ f
(
θ(b, ū), ε

)
ε by [Weiss 2006b, 4.9(iii)]

= θ(b, ū),

it follows by Proposition 12.12 that

h(a P, a P N )= ρh
(
a, aθ(b, ū)

)
.

The claim holds, therefore, by Proposition 17.2 and Proposition 17.5. �

Proposition 17.7. The following holds:

h
(
b, ah(au, b)

)
− h

(
b, ah(b, au)

)
+ f

(
h(a, b), ε

)
h(au, b)

− f
(
h(a, b), ε

)
h(b, au, b)= f

(
h(a, b), u

)
h(a, b).

Proof. The expression on the left-hand side equals

h
(
b, ah(au, b)+ ah(au, b)

)
+ f

(
h(a, b), ε

)(
h(au, b)+ h(au, b)

)
= f

(
h(au, b), ε

)
h(b, a)+ f

(
h(a, b), ε

)
f
(
h(au, b), ε

)
ε

= f
(
h(a, b), u

)(
f
(
h(a, b), ε

)
ε− h(a, b)

)
= f

(
h(a, b), u)

)
h(a, b).

�

Proposition 17.8. We have h(b1, b2)=
1
2
(ω+ ρ−1ξ), where

ω = h
(
bū, ah(a, b)

)
− h

(
a, aθ(b, ū)

)
+ f

(
h(a, b), u

)
h(a, b)

− s
(
2θ(a, u)+ Q(a)u+ h(a P, b)

)
− h

(
a P, bπ(b)

)
and

ξ =
(

q(u)q(π(a))− q(u)r2
+ f

(
h(a, b), θ(a, v)

)
+ Q(a) f

(
h(a, b), v

))
h(a, b)

+
(
q(u)Q(a)+ 2q(u)t + f

(
h(a, b), v

))
h
(
aπ(a), b

)
+
(
q(u)Q(a)t − 2q(u)q(π(a))− f

(
h(a, b), θ(a, v)

))
u

+
(
q(u)Q(a)+ 2tq(u)+ f

(
h(a, b), v

))
θ(a, u).

Proof. We have

h(b1, b2)=−
1
2
ρ−1h(a P, y),

where y is as in Proposition 16.4. The claim holds, therefore, by Propositions 12.11,
12.12, 17.1, 17.3, 17.4, 17.6, 17.7 and some calculation. �
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18. The element u2, part II

We continue with all the notation and assumptions of the previous two sections.

Proposition 18.1. We have ρt1ū1 = α+ ρ
−1β, where

α = s
(
h(a P, b)+ tu+ θ(a, u)

)
,

and β =
(
rq(u)+φ(a, u)+ g(b, av)

)(
h(a P, b)+ tu+ θ(a, u)

)
.

Proof. This holds by Proposition 12.15(ii) and (iii). �

Lemma 18.2. The following holds:

θ(av, u1)=
(
φ(a, u)t + Q(a)tq(u)+ q(π(a))q(u)+ f

(
h(a, b), θ(a, v)

))
u

+
(
φ(a, u)− q(u)t − f (h(a, b), v)

)
θ(a, u)

+
(
φ(a, u)− q(u)r

)
h
(
aπ(a), b

)
+
(
φ(a, u)r − q(u)r2

+ ρq(u)
)
h(a, b).

Proof. By (C4), and Lemmas 12.13 and 13.8, we have

θ(av, u1)= ρθ(au, u1)

= θ
(
au, h(a P, b)+ t ū+ θ(a, u)

)
= q(u)θ

(
a, h(a P, b)+ tu+ θ(a, u)

)
− f

(
u, h(a P, b)+ tu+ θ(a, u)

)
θ(a, u)

+ f
(
θ(a, u), h(a P, b)+ tu+ θ(a, u)

)
u

+φ(a, u)
(
h(a P, b)+ tu+ θ(a, u)

)
.

By Proposition A.4(iii),

θ
(
a, h(a P, b)

)
= ρh(a, b)− rh(a P, b).

By Lemma 13.16 and [Weiss 2006b, 4.9(i), 4.21 and 4.22], therefore, the claim
follows. �

Proposition 18.3. The following hold:

(i) h(b, avū)= q(u)h(b, a P).

(ii) h(b, avθ(a, u)= q(u)
((

q(π(a))+ Q(a)r
)
h(b, a)− rh

(
b, aπ(a)

))
.

(iii) avh(b, a P)= ρah(a, b)ū− f
(
h(a, b), v)a P.

(iv) h
(
b, avh(b, a P)

)
= ρh

(
b, ah(a, b)ū

)
− f

(
h(a, b), v

)
h(b, a P).
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Proof. Since avū = a Puū = q(u)a P , (i) holds. By [Weiss 2006b, 4.9(i) and 4.20],
we have

avθ(a, u)= a Puθ(a, u)

=−a Pθ(a, u)ū+ f (θ(a, u), u)a P

= a(π(a)+ tε)θ(a, u)ū+ f (θ(a, u), u)a P

= q(π(a))auū+ taπ(a)uū+ Q(a)q(u)a P

= q(u)
(
q(π(a))a+ taπ(a)+ Q(a)a(π(a)+ rε)

)
.

Thus (ii) holds.
Next note that

(18.4) avh(b, a P)= a Puh(b, a P)

=−a Ph(b, a P)ū+ f
(
h(b, a P), u

)
a P

= a Ph(a P, b)ū− f
(
h(a P, b), u

)
a P

= a Ph(a P, b)ū− f
(
h(a, b), v

)
a P.

By Proposition A.4(i) and two applications of [Weiss 2006b, 3.22], we have

(18.5) a Ph(a P, b)ū = a Ph(a P, bū)+ bθ(a P, ū)− bπ(a P)ū

= a Ph(a P, bū)+ ρ
(
bθ(a, ū)− bπ(a)ū

)
= a Ph(a P, bū)+ ρ

(
ah(a, b)ū− ah(a, bū)

)
and by Proposition A.4(iii), we have

a Ph(a P, bū)= a(π(a)+ rε)h(a P, bū)

= aθ
(
a, h(a P, bū)

)
+ rah(a P, bū)

= ρah(a, bū).

By (18.4) and (18.5), therefore,

avh(b, a P)= ρah(a, b)ū− f
(
h(a, b), v

)
a P.

Thus (iii) holds. The assertion (iv) follows immediately. �

Corollary 18.6. The following holds:

ρh
(
b, avu1

)
= ρh

(
ah(a, b)ū, b

)
+
(
(r − t)q(u)− f (h(a, b), v)

)
h(aπ(a), b)

+
(
r2q(u)− q(π(a))q(u)− r f (h(a, b), v)

)
h(a, b).

Proof. This holds by Lemma 12.13 and Proposition 18.3. �

Proposition 18.7. We have ρθ(a1, u1)= ν+ ρ
−1ζ , where

ν =−θ
(
b, h(b, a P)

)
+ tθ(b, ū)+ θ

(
b, θ(a, u)

)
+ q(u)h(a, b)+ h

(
ah(a, b)ū, b

)
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and

ζ =
(
φ(a, u)t + Q(a)tq(u)+ q(π(a))q(u)+ f

(
h(a, b), θ(a, v)

))
u

+
(
φ(a, u)− q(u)t − f (h(a, b), v)

)
θ(a, u)

+
(
rφ(a, u)− q(π(a))q(u)− r f (h(a, b), v)

)
h(a, b)

+
(
φ(a, u)− q(u)t − f (h(a, b), v)

)
h(aπ(a), b)

− g(b, av)
(
h(a P, b)+ tu+ θ(a, u)

)
.

Proof. This follows from (C3), Proposition 12.15(i) and (iii), Lemma 18.2 and
Corollary 18.6. �

Proposition 18.8. Let u2 be as in Notation 16.1. Then

u2 =
δ

2
,

where

δ = tθ(b, ū)− q(u)u− h
(
a, aθ(b, ū)

)
+ θ(b, θ(a, u))+ q(u)h(a, b)

+ 2h
(
bū, ah(a, b)

)
+ 2q(h(a, b))u− sv

Proof. By Proposition 12.15 and (14.2), we have

u2 = h(−b2, b1)+
ρ

2

(
t1ū1+ θ(a1, u1)

)
= h(b1, b2)+

ρ

2

(
t1ū1+ θ(a1, u1)

)
.

The sum of the elements ξ in Proposition 17.8, β in Proposition 18.1 and ζ in
Proposition 18.7 is

ι := f
(
h(a, b), θ(a, v)+ tv

)
h(a, b)− ρq(u)u.

By Proposition 13.1, we have

ρ−1ι=− f
(
h(a, b), u

)
h(a, b)− q(u)u

and thus the sum ofρ−1ιwith the elementsω in Proposition 17.8,α in Proposition 18.1
and ν in Proposition 18.7 is

tθ(b, ū)− θ(b, h(b, a P))− q(u)u− h
(
a, aθ(b, ū)

)
+ θ(b, θ(a, u))+ q(u)h(a, b)+ h

(
ah(a, b)ū, b

)
+ h

(
bū, ah(a, b)

)
− sv− h

(
a P, bπ(b)

)
.

By Proposition A.6(i), we have

θ
(
b, h(b, a P)

)
=−h(bπ(b), a P)+ Q(b)h(b, a P)

= h
(
a P, bπ(b)

)
+ Q(b)h(a P, b)=−h

(
a P, bπ(b)

)
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and by (B2) and [Weiss 2006b, 3.6], we have

h
(
ah(a, b)ū, b

)
=−h

(
b, ah(a, b)ū

)
=−h

(
ah(a, b), bū

)
− f

(
h(b, ah(a, b)), ε

)
u

= h
(
bū, ah(a, b)

)
+ f

(
h(a, b), h(a, b)

)
u

= h
(
bū, ah(a, b)

)
+ 2q(h(a, b))u.

Hence the claim holds. �

19. A formula for τ

We are now in a position to determine a formula for the structure map of the
Moufang set M(1,ω) defined in Definition 10.8 (modulo Conjecture 19.14). Our
main result is Theorem 19.7.

We continue with all the notation and assumptions in Hypothesis 9.1. Let ω
be as in Proposition 9.2, let ξ , ψ , σ , η and λ be as in Notation 9.3, let ν be as in
Notation 10.4 and let τ be as in Notation 10.7.

Proposition 19.1. ε = ησ+1ξ(λ̄).

Proof. By Proposition 9.5(v), ξ(λ̄) = ξ(ξ(ε)) = ξ(ξ(ε̄)) = q(λ)ε. Hence by
Proposition 9.5(iii), the claim holds. �

Proposition 19.2. Let x1(a, t)x2(u)x3(b, s) ∈ CU[1,3](ω). Then

(i) π(a)= ησ+2ξ(θ(b, λ̄))+M(b)ε.

(ii) ησ+1 f
(
ξ(θ(b, λ̄)), ε

)
= Q(b)σ .

(iii) q(π(a)+ tε)= η2q(π(b)+ sε)σ .

(iv) Q(a)= ηQ(b)σ .

Proof. By Proposition 9.15, we have a = ψ(b) and

(19.3) q(π(a)+ tε)= q
(
π(ψ(b))+ (ηsσ +M(b))ε

)
and by Propositions 7.13(d) and 19.1, we have

π(ψ(b))= θ(ψ(b), ε)

= ησ+1θ(ψ(b), ξ(λ̄))

= ησ+2ξ(θ(b, λ̄))+M(b)ε.

Thus (i) holds. Since M(b)= 0 if char(K ) 6= 2, it follows that

(19.4) q
(
π(ψ(b))+ (ηsσ +M(b))ε

)
= q

(
ησ+2ξ(θ(b, λ̄))+ ηsσ ε

)
= η2σ+4q(ξ(θ(b, λ̄)))+ ησ+3sσ f

(
ξ(θ(b, λ̄)), ε

)
+ η2s2σ .
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By Propositions 9.4, 9.5(iii) and 19.1, we have

f
(
ξ(θ(b, λ̄)), ε

)
= ησ+1 f

(
ξ(θ(b, λ̄)), ξ(λ̄))

= f (θ(b, λ̄), λ̄)σ .

By [Weiss 2006b, 4.9], we have f (θ(b, λ̄), λ̄) = Q(b)q(λ). Therefore (ii) holds
and thus

(19.5) ησ+3sσ f
(
ξ(θ(b, λ̄)), ε

)
= η2sσ Q(b)σ .

By Propositions 7.13(i), 9.5(iii) and [Weiss 2006b, 4.22], we have

η2σ+4q
(
ξ(θ(b, λ̄))

)
= η2σ+4q(λ)q(θ(b, λ̄))σ

= η2σ+4q(λ)σ+1q(π(b))σ = η2q(π(b))σ .

By (19.3), (19.4) and (19.5), therefore, (iii) holds. By (i), we have

Q(a)= f (π(a), ε)= ησ+2 f
(
ξ(θ(b, λ̄)), ε

)
.

By (ii), therefore, (iv) holds. �

Proposition 19.6. Let 2 be as in (14.3), let ψ , η, σ and M be as in Notation 9.3,
let ζ be as in Proposition 9.10 and let U be as in Notation 9.18. Let

20(b, s, u)=2
(
ψ(b), ηsσ +M(b), u, b, s

)
for all [b, s, u] ∈ U. Then

20(b, s, u)= η2q
(
π(b)+ sε

)σ+1
+ q

(
h(ψ(b), bu)

)
− q(u)2− q(u) f (u, ζ(u))

− q(u) f
(
π(ψ(b)), π(b)

)
+ f

(
θ(b, ū), θ(ψ(b), u)

)
+ f (u, ε) f

(
θ(ψ(b), u), π(b)

)
− f (π(b), u) f

(
θ(ψ(b), u), ε

)
− f

(
ζ(u), θ(b, θ(ψ(b), u))+ sθ(ψ(b), u)

)
+
(
η(Q(b)+ s)σ +M(b)

)
f
(
ζ(u), θ(b, ū)+ su

)
for all [b, s, u] ∈ U.

Proof. Recall that the map M in Proposition 7.13(d) is identically zero when
char(K ) 6= 2 and that by Notation 9.18, h(ψ(b), b)= ζ(u)+ u for all [b, s, u] ∈U.
The claim holds, therefore, by Proposition 19.2 and a bit of calculation. �

Here, at last, is our formula:

Theorem 19.7. Let ω be as in Proposition 9.2, let ψ , η, σ and M be as in
Notation 9.3, let ζ be as in Proposition 9.10, let U be as in Notation 9.18 and
let τ be as in Notation 10.7. Let [b, s, u] ∈ U∗ and let 20 = 20(b, s, u) be as in
Proposition 19.6. Suppose that

(19.8) q(π(b)+ sε)20(b, s, u) 6= 0.
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Then

(19.9) τ([b, s, u])=
[ b̂
20
,

ŝ
20
,

û
20

]
,

where

ŝ =
(
ηsσ +M(b)

)
q(u)+ η2q(π(b)+ sε)σ (Q(b)− s)+φ(ψ(b), u)

+ g
(
ψ(b)θ(ψ(b), u), b

)
+
(
η(Q(b)− s)σ +M(b)

)
g(ψ(b)u, b),

b̂ =−q(u)ψ(b)ζ(u)+ η2q
(
π(b)+ sε

)σb
(
π(b)+ sε

)
+
(
η(Q(b)− s)σ +M(b)

)(
ψ(b)u(π(b)+ sε)− bh(ψ(b)u, b)

)
+ψ(b)θ(ψ(b), u)

(
π(b)+ sε

)
− bh

(
ψ(b)θ(ψ(b), u), b

)
− būθ(ψ(b), u)−

(
ηsσ +M(b)

)
q(u)b.

and

û = η
(
ηsσ +M(b)

)
θ(b, ū)

− ηh
(
ψ(b), ψ(b)θ(b, ū)

)
+ ηθ

(
b, θ(ψ(b), u)

)
+ 3ηq(u)ζ(u)+ 2η2−σq(u)σu

+ 2ηh
(
bū, ψ(b)ζ(u)

)
− ηsθ(ψ(b), u)+ η

(
η(Q(b)+ s)σ +M(b)

)
su.

Proof. By Proposition 19.2(iii), q(π(a) + tε) 6= 0, where a = ψ(b) and t =
ηsσ +M(b) and by Notation 9.18, h(ψ(b), b)= ζ(u)+ u for all [b, s, u] ∈ U. By
Proposition 9.10, we have q(ζ(u)) = η1−σq(u)σ . The claim holds, therefore, by
Notation 10.4, 16.1, and Propositions 16.3, 16.4, 18.8. �

Proposition 19.10. Let U be as in Notation 9.18 and 20 as in Proposition 19.6.
Let (b, s, u) ∈ U and suppose that either q(π(b)+ sε) 6= 0 or (b, s) = (0, 0) but
u 6= 0. Then 20(b, s, u) 6= 0.

Proof. Let ν = (m1m4)
2h0 be as in Notation 10.4, let

p =U4x1(a, t)x2(u)x3(b, s),

where a = ψ(b) and t = ηsσ +M(b), and let O and B be as in Proposition 11.8.
By Notation 10.7,

pν =U4τ(b, s, u).

Since h0 stabilizes the set U4U, we conclude that

(19.11) p(m1m4)
2
∈U4U⊂ O.
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Suppose now that q(π(b)+ sε) 6= 0. By Proposition 19.2(iii), q(π(a)+ tε) 6= 0.
By Proposition 11.8, therefore, pm1m4 ∈ O. By (19.11) and a second application of
Proposition 11.8, it follows that pm1m4 ∈B. Thus q(π(a1)+t1ε) 6=0, where a1 and t1
are as in Proposition 12.15. By (14.2), therefore, 20(b, s, u)=2(a, t, u, b, s) 6= 0.

Suppose, instead, that (b, s)= (0, 0) but u 6= 0. Thus p =U4x2(u) and

α :=
(
U4x2(u),U[3,4]x2(u),U[2,4],U[3,4],U4

)
is a path of length 4 from p to U4. By Theorem 6.11(v), the pair (p,U4) is in the
same G-orbit as the pair (w4,U4), where G is as in Hypothesis 9.1. Since

(w4, w5,U[2,4],U[3,4],U4)

is a straight 4-path (i.e., a root) from w4 to U4, it follows that there exists a root
from (w4,U4). By [Mühlherr and Weiss ≥ 2020, 1.2.28(ii) and 1.3.18], every path
of length at most 4 from w4 to U4 is a root. Hence α is a root. In particular, α
is straight and thus the vertices U[3,4]x2(u) and U[3,4] are opposite at U[2,4]. By
[Mühlherr and Weiss 2020, 6.4(ii)], therefore, q(u) 6= 0. By (14.3), we have
2(0, 0, u, 0, 0)= q(u)2 6= 0 and hence 20(b, s, u) 6= 0 also in this case. �

Corollary 19.12. Let F be as in Remark 9.12, let V= {[b, s, u] ∈U | b= 0} and let

q0(0, s, u)= q(u)− ηsσ+1

for all (0, s, u) ∈ V. Then q0 is an anisotropic quadratic form on V as a vector
space over F.

Proof. By Proposition 9.15, [0, s, u] ∈ U for s ∈ K and u ∈ L if and only if
ζ(u)=−u. Thus if [0, s, u] ∈ V, then f (u, ζ(u))=−2q(u). By Remark 9.13, q0

is a quadratic form on V as a vector space over F and by Proposition 19.6,

20(0, s, u)= (q(u)− ηsσ+1)2

for all (0, s, u) ∈ V. By Proposition 19.10, therefore, q0 is anisotropic. �

Corollary 19.13. The field K is infinite.

Proof. By Remarks 7.6 and 9.12, dimF q0 ≥ 7 and K/F is a quadratic extension.
Over a finite field, there are no anisotropic quadratic forms of dimension greater
than 2; see, for example, [Tits and Weiss 2002, 34.3]. By Corollary 19.12, therefore,
F is infinite. Hence K is infinite. �

Conjecture 19.14. We conjecture that 20(b, s, t) 6= 0 for all [b, s, u] ∈U such that
(b, s) 6= 0 but q(π(b)+ sε)= 0. This holds vacuously if the quadrangular algebra
4 is anisotropic; see Notation 2.2. By Proposition 19.10, this conjecture would
imply that 20 is anisotropic.
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Proposition 19.15. Suppose that Conjecture 19.14 holds. Then the hypothesis
(19.8) in Theorem 19.7 is superfluous.

Proof. Exactly as at the end of [Mühlherr and Weiss ≥ 2020, Section 3.7], we
observe that the function τ defined in Notation 10.7 is a regular map from U∗ to
itself. Since20 is anisotropic, we can let τ̂ denote the map from U∗ to U[1,3] defined
by the expression on the right-hand side of (19.9). The map τ̂ is also regular and by
Theorem 19.7, τ and τ̂ agree on a Zariski dense subset of U∗. By Corollary 19.13,
K is infinite. It follows that τ = τ̂ . �

Conjecture 19.16. Suppose only that ω is as Proposition 9.2. We conjecture, but
with less confidence, that the hypothesis that G0 := 〈ω〉 is as in Hypothesis 8.4
is, in fact, equivalent with the assumption that the restriction of 2 to CU[1,4](ω) is
anisotropic.

Conjecture 19.17. We conjecture that the form 20 is, up to similarity, an invariant
of the Moufang set M(1,ω).

Appendix

In this appendix we assemble a few elementary properties of quadrangular algebras
that cannot be found in [Weiss 2006b].

Let 4 = (K , L , q, f, ε,X, · , h, θ) be a quadrangular algebra as defined in
Definition 2.1. Let v 7→ v̄, φ and π be as in (A1), (C4) and (D1).

Proposition A.1. Let a ∈ X and u ∈ L. Then

π(au)= q(u)π(a)− f (u, ε)θ(a, u)+ f (θ(a, u), ε)ū+φ(a, u)ε.

Proof. Set w = ε in (C4). �

Proposition A.2. For all a ∈ X and all u ∈ L ,

auπ(au)= q(u)aθ(a, u)+φ(a, u)au.

Proof. This holds by [Weiss 2006a, 3.18]. (In [Weiss 2006a], it is assumed that
the quadrangular algebra is anisotropic, but given [Mühlherr and Weiss 2019,
Conclusion 7.5], it is straightforward to check that the proof remains valid in the
present context.) �

Proposition A.3. Let a ∈ X, t ∈ K and u ∈ L. Then the following hold:

q(θ(a, u)+ tu)= q(π(a)+ tε)q(u).(i)

q
(
π(au)+ tq(u)+φ(a, u)

)
= q(π(a)+ tε)q(u)2.(ii)

Proof. These assertions hold by [Weiss 2009, 21.10]. (In [Weiss 2009], it is assumed
that the quadrangular algebra is anisotropic, but given [Mühlherr and Weiss 2019,
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Conclusion 7.5], it is straightforward to check that the proof remains valid in the
present context.) �

Proposition A.4. Let a ∈ X, r ∈ K and u ∈ L and let P = π(a)+ rε. Then the
following hold:

(i) θ(a P, u)= q(P)θ(a, u).

(ii) φ
(
a, θ(a, u)+ ru

)
= φ(a P, u).

(iii) q(P)h(a, b)= θ
(
a, h(a P, b)

)
+ rh(a P, b).

Proof. These assertions hold by [Tits and Weiss 2002, 13.67(i)–(iii)]. (Given
[Mühlherr and Weiss 2019, Conclusion 7.5], it is straightforward to check that the
proofs in [Tits and Weiss 2002] remain valid in the present context.) �

Remark A.5. The notion of a quadrangular algebra had not yet been formulated
when [Tits and Weiss 2002] was written. The axioms defining a quadrangular
algebra, however, can all be found in [Tits and Weiss 2002, Chapter 13] with the
same notion as in Definition 2.1 with one small exception: If we call the function
g introduced in [Tits and Weiss 2002, 13.26] for the moment g′ and let g be as
in (C3), then g′(a, b)= g(b, a) for all a, b ∈ X. See, in particular, [Tits and Weiss
2002, 13.37] and the remark (viii) on page 7 of [Weiss 2006b].

Proposition A.6. The following hold for all a, b ∈ X and all u ∈ L , where Q is as
in Notation 2.3.

(i) θ(a, h(a, b))= Q(a)h(a, b)− h(aπ(a), b).

(ii) θ
(
a, h(aπ(a), b)

)
= q(π(a))h(a, b).

(iii) θ(a, h(au, b))=− f (h(a, b), ε)θ(a, u)− f
(
h(b, a), π(a)

)
u

+ Q(a)h(au, b)+ h(aθ(a, u), b)+ f (h(a, b), u)π(a).

Proof. The assertions (i) and (ii) hold by (e) and (f) at the bottom of page 120 of
[Tits and Weiss 2002] (in the proof of [Tits and Weiss 2002, 13.67](iii)). Choose
a, b ∈ X and u ∈ L . First note that by [Weiss 2006b, 4.9(i)],

f
(
θ(a, u), h(b, au)

)
= f

(
h(b, auθ(a, u)), ε

)
=− f

(
h(b, aθ(a, u)ū), ε

)
+ f

(
h(b, a), ε

)
f
(
θ(a, u), u

)
=− f

(
h(b, aπ(a)uū), ε

)
+ Q(a)q(u) f

(
h(b, a), ε

)
=−q(u) f

(
h(b, aπ(a)), ε

)
+ Q(a)q(u) f

(
h(b, a), ε

)
= q(u) f

(
h(b, a),−π(a)+ Q(a)ε

)
= q(u) f

(
h(b, a), π(a)

)
.
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By (C4), therefore, we have

θ
(
au, h(au, b)

)
= q(u)θ

(
a, h(au, b)

)
− f

(
h(au, b), ū

)
θ(a, u)

+ f
(
θ(a, u), h(au, b)

)
u+φ(a, u)h(au, b)

= q(u)θ
(
a, h(au, b)

)
− f

(
h(auū, b

)
, ε)θ(a, u)

− f
(
θ(a, u), h(b, au)

)
u+φ(a, u)h(au, b)

= q(u) f
(
h(au, b), ε)π(a)− q(u)θ(a, h(au, b))

− q(u) f
(
h(a, b), ε

)
θ(a, u)− q(u) f

(
h(b, a), π(a)

)
u

+φ(a, u)h(au, b).

By Propositions 13.5, A.2 and (i), on the other hand, we have

θ
(
au, h(au, b)

)
= q(u)Q(a)h(au, b)− h(auπ(au), b)

= q(u)Q(a)h(au, b)− q(u)h(aθ(a, u), b)+φ(a, u)h(au, b).

We set these two expressions equal and delete the term φ(a, u)h(au, b) that appears
on both sides. All the remaining terms have q(u) as a factor. If we assume that
q(u) 6= 0 and delete all these factors, we obtain (iii). Thus (iii) holds under the
assumption that q(u) 6= 0. Since every term in (iii) is linear in u and every element
of L can be written as a sum u1+ u2 with q(u1) and q(u2) nonzero, we conclude
that (iii) holds in general. (This is the same argument we used at the end of the
proof of Proposition 17.5.) �

We leave it to the reader to confirm that if we set u = ε and u = π(a) in
Proposition A.6(iii), we obtain Proposition A.6(i) and (ii), respectively.

Proposition A.7. Let a, b ∈ X and u ∈ L. Then q(h(a, bu))= q(h(b, au)).

Proof. By (B2), we have

q(h(b, au))= q(h(a, bu))+ f (h(b, a), ε) f (h(a, bu), u)+ f (h(b, a), ε)2q(u).

By (A3) and [Weiss 2006b, 3.7],

f (h(a, bu), u)= f (h(a, buū), ε)= f (h(a, b), ε)q(u)

and by [Weiss 2006b, 3.6],

f (h(a, b), ε)= f (h(a, b), ε̄)=− f (h(b, a), ε).

Hence f (h(b, a), ε) f (h(a, bu), u)+ f (h(b, a), ε)2q(u)= 0. �
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