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A BOUND FOR THE CONDUCTOR OF AN OPEN SUBGROUP
OF GL; ASSOCIATED TO AN ELLIPTIC CURVE

NATHAN JONES

Given an elliptic curve E without complex multiplication defined over a
number field K, consider the image of the Galois representation defined by
letting Galois act on the torsion of E. Serre’s open image theorem implies
that there is a positive integer m for which the Galois image is completely
determined by its reduction modulo m. We prove a bound on the smallest
such m in terms of standard invariants associated with E. The bound is
sharp and improves upon previous results.

1. Introduction

Let K be a number field, let £/K be an elliptic curve and let Eos denote its
torsion subgroup. Denote by G g := Gal(K /K) the absolute Galois group of K
and consider the Galois representation

pE.k - Gk — Aut(Eqrs) ~ GL,(Z)

defined by letting Gk act on the torsion of £ and choosing compatible bases
thereof. A celebrated theorem of J.-P. Serre [1972] states that, if £ has no complex
multiplication, then the image of pg x is open inside GL;(Z), or equivalently that

(1 [GL2@) : pE,k (GK)] < 00,
Consequently, one may find a positive integer m with the property that
ker(GL2(2) — GLo(Z/m2)) S pi.k (G-

Definition 1.1. Given an open subgroup G GLZ(Z), we define the positive
integer mg by

mg = min{m € N : ker(GL,(Z) — GLy(Z/mZ)) € G}

and call it the conductor of G. In case G = pg g (Gg) for an elliptic curve E
defined over a number field K and without complex multiplication, we denote the
conductor of G by mg k.
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The purpose of this note is to prove the following upper bound for mg g. In its
statement, A g denotes the absolute discriminant of the number field K, A g denotes
the minimal discriminant ideal attached to the elliptic curve E, Nk /g : K* — Q*
denotes the usual norm map and

rad(m) := 1_[ ¢

Lim
£ prime

denotes the radical of the positive integer m. Given a nonzero ideal I € Ok, we
identify the ideal Nk, (/) € Z with the (unique) positive integer that generates it,
and thus we may regard Ng,o(Ag) € N.

Theorem 1.2. Let K be a number field, let E be an elliptic curve over K without
complex multiplication, and let mg g € N be as in Definition 1.1. Then one has

mgg <2- [GLy(Z) : e k(GK)]-rad(|Ax Nk /o(AE)]).

Remark 1.3. The bound in Theorem 1.2 both improves upon and generalizes a
bound appearing in [Jones 2009] (see Corollary 1.5 below). Furthermore, using
results in [Daniels 2015], we may see that there are infinitely many' elliptic curves E
over Q satisfying

(2) me.q=2-1GLa(2) : pr.a(Ga)l-rad(Ag)).
Thus, our bound for m g g is sharp when K = Q.

Remark 1.4. Let
PEm -Gk — GLa(Z/mZ), pge~: Gg — GLa(Zy)

denote the Galois representations defined by letting Gx act on E[m] and on
E[£*°] := U,~; E[£"] respectively, and let K (E[m]) = K¥erpem(Gx) denote the
m-th division field of E. The conductor m £,k that we are considering should not be
confused with “Serre’s constant,” defined for an elliptic curve E over Q in [Daniels
and Gonzélez-Jiménez 2018] (see also [Cojocaru 2005]) by

A(E) := I1 o,
£" a prime power
pe,m(Ga)#GLa(Z/0"7)
Vk<n, pp 4 (Ga)=GLy(Z/£"Z)

It is evident that A(E) divides mg g, but mg g is in general larger than A(E). The
main differences between these two constants are as follows:

1Speciﬁcally, (2) holds for any Serre curve E with the property that Ag is square-free and
Ag #1 mod4.
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(1) A prime power £" divides m g g whenever ker(GLz(Zg) — GLZ(Z/IZ"_IZ)) Z
pE.1(Gg), whereas A(E) is square-free, except possibly at the primes 2
and 3. In other words, for each prime ¢, mg g encodes the action of Gg on
the entire ¢-adic Tate module, whereas, for £ > 5, A(FE) only encodes the
action of Gg on the £-torsion of E.

(2) It may happen that there is a nontrivial intersection Q # Q(E[m]) NQ(E[m>])
for some m, my € N with ged(m, m2) = 1. The constant m g g encodes such
“entanglements,” whereas A(FE) does not.

The general phenomenon of entanglements has come up in various recent papers;
see for instance [Brau and Jones 2016], which studies elliptic curves E over Q
satisfying [Q(E[2]) : Q] = 6 and Q(E[2]) € Q(E[3]), and also [Bourdon et al.
2019], in which potential entanglements come up in an analysis of sporadic points
on the modular curve X{(N).

Given an elliptic curve E defined over a number field K, computing the positive
integer mg g is a step toward understanding the image pg x(Gg) GLz(z).
Following Serre’s open image result, there has been much interest in the nature of
pE. k (Gg), for instance regarding its mod ¢ reductions (see [Mazur 1978; Merel
1996; Bilu and Parent 2011; Bilu et al. 2013; Lozano-Robledo 2013; Zywina
2015a]) and also more recently its reductions at composite levels (see [Dokchitser
and Dokchitser 2012; Sutherland and Zywina 2017; Daniels and Gonzdlez-Jiménez
2018; Morrow 2019]). In addition to this connection, Theorem 1.2 also has analytic
relevance; for instance in [Bell et al. 2020] it is applied to the study averages of
constants appearing in various elliptic curve conjectures.

Serre’s open image result (1) implies that, for any E/K without complex multi-
plication (CM), there exists a bound Cg g > O so that, for each prime £ > Cg g,
we have pg ¢(Gg) = GLy(Z/€Z). Serre asked whether the constant Cg g may be
chosen uniformly in E, i.e., whether

there exists Cx > 0 so that, for all E/K without CM and all prime ¢ > Ckg,

©) pE.0(Gx) = GLy(Z/42).

This question is still open, even in the case K = (. An affirmative answer to it
would imply that

[GLy(Z) : pe(G k)] <k 1,

although the implied constant is ineffective, because of an appeal to Faltings’
theorem (see [Zywina 2015b], which details this in the case K = Q). Theorem 1.2
thus has the following corollary.

Corollary 1.5. Assume that (3) holds. We then have

mEg g KLk rad(Ng,o(AEg)).
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Theorem 1.2 is proved via the following two propositions, the first of which
deals generally with open subgroups G € GL, (Z). Because of group-theoretical
differences” present for the prime 2, it will be convenient to introduce the following
modified radical:

rad(m) if44m

@) rad (m) := {2 radim) if4|m.

We will also distinguish the following case involving the prime 3, in whose
statement G3 (resp. G(3)) denotes the image of G under the projection map
GLy(Z) — GLy(Z3) (resp. under GL,(Z) — GL,(Z/3Z)). The analysis proceeds
a bit differently according to whether or not the condition

®)) 91mg, SLo(Z3) £ Gz and G@3)=GL,(Z/37)
holds.

Proposition 1.6. Let G C GLz(z) be an open subgroup and let mg be as in
Definition 1.1. We then have

—PC_ divides [~ (G (rad (m))) : G(me)]
rad' (mg) ' ’
where rad’(-) is defined as in (4) and 7 : GLy(Z/mgZ) — GLy(Z/rad (mg)Z)

denotes the canonical projection map. Assuming that (5) holds, we have

9m
— 5 divides [x(G(rad (m¢))) : G(mc)].
rad (mg)

In contrast with Proposition 1.6, our second proposition is specific to the situation
where G = pg k(G k), making use of facts about the Weil pairing on an elliptic curve,
together with the Neron—Ogg—Shafarevich criterion for ramification in division
fields.

Proposition 1.7. Let K be a number field and let E be an elliptic curve defined
over K without complex multiplication. Let G := pg g (Gg) be the image of the
Galois representation associated to E and let mg be as in Definition 1.1. Assuming
that (5) does not hold, we have

rad'(mg) < 2[GL2(Z/ rad'(mg)Z) : G (rad'(m¢)) ]| rad(| A g Nk ja(AR))).
If (5) does hold, then

rad (mg)
3

2See [Dokchitser and Dokchitser 2012] (resp. [Elkies 2006]), which concerns the Galois
representation on the 2-adic (resp. on the 3-adic) Tate module, illustrating these differences.

<2[GLy(Z/ rad'(mg)Z) : G(rad (mg))] rad(|Agx Nk ja(AE)]).



CONDUCTOR OF A SUBGROUP OF GL; ASSOCIATED TO AN ELLIPTIC CURVE 311

Since the index of a subgroup is preserved under taking the full preimage, we
have that

[GL2(Z/ rad' (m6)Z) : G(rad (mg))] = [CLo(Z/mZ) : ' (G (rad (mc)))],

where 7 : GLy(Z/mgZ) — GLy(Z/ rad (mg)Z) is the canonical projection map.
Thus, Theorem 1.2 follows from Propositions 1.6 and 1.7.

Many of the ingredients that enter into the proof of Theorem 1.2 may be verified
for algebraic groups other than GL;. For instance, using these same techniques, one
should be able to obtain a similar bound for the analogous integer m 4 g associated
to an abelian variety A defined over a number field K whose Galois representation
has open image inside GSp,, (Z).

2. Notation and preliminaries

Throughout the paper, p and ¢ will always denote prime numbers. As usual, N
denotes the set of natural numbers (excluding zero) and Z denotes the set of integers.
We will occasionally use the abbreviations

N>y :={neN:n>aj,
Z>y:={neZ:n>a}
We recall that
Z:=1imZ/mZ

is the inverse limit of the rings Z/mZ with respect to the canonical projection maps
Z/nmZ — Z/mZ. Under the isomorphism of the Chinese remainder theorem, we
have that

(6) 7~ ]_[zg,
V4

where Z, as usual denotes the ring of £-adic integers. More generally, for any
m € N>, we define Z,, and Z,, to be the quotients of Z corresponding under (6)
to the following rings:

Zn=[]Z0.  Zw =[]

Lm Um
For any m € N>, we have an isomorphism

/Z\’Z Zm X Z(m),

and projection maps
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We note that these observations may also be applied to points in an algebraic group;
in particular we have

GLy(Z) ~ GLy(Zy) x GLo(Zmy) ~ | | GLa(Z0)
L

and we have projection maps
(7) T - GLa(Z) = GLo(Zw),  7my : GLo(Z) = GLa(Zmy)-

In most cases we will denote any projection map simply by 7, but on some occasions
we will decorate it with subscripts, such as in (7) or

Tmoo.m - GLo (Z) — GLo(Z/mZ),  Tamn : GLa(Z/nmZ) — GLo(Z/nZ).

The ring Zisa topological ring under the profinite topology, and the group GL, (2)
inherits the structure of a profinite group. We recall that any open subgroup
G CGL, (Z) is a closed subgroup but not conversely. In general, given any closed
subgroup G C GLz(Z), we denote by G,, € GL,(Z,,) (resp. by Gy € GL2(Z(m)))
its image under 7, (resp. under 7)) as in (7). We denote by G(m) the image
of G under the canonical projection

GLy(Z) — GLy(Z/mZ).

For any m € N and any d dividing m, we denote the prime-to-d part of m by
m
myy ' =—=———~——.
H@ld gordl(m)
Finally, we let

idm . GLQ(Zm) —> GLg(Zm), id(m) . GLZ(Z(m)) —> GLQ(Z(m))

denote the identity maps, and we let 1,, (resp. 1(,)) denote the identity element
of GLy(Z,,) (resp. of GL2(Zy))). We may also at times denote by 1,, the identity
element of GL,(Z/mZ7).

For an abelian group A and a positive integer n we as usual denote by A[n] the
n-torsion subgroup of A. For a prime number ¢ we define

A=A, Aes=J AL A = Alnl.

1

n=0 n=1 n=
Un

Note that, if A[n] is finite for each n € N, we have

Aors A[ZOO] X Ators,(ﬁ)-
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For a number field K, we denote by Oy its ring of integers, by A its absolute
discriminant and by

Nko: K — Q

the norm map. A critical issue that arises in the proof of Proposition 1.7 is that
of entanglement of division fields, i.e., the possibility that the field extension
K C K(E[m])NK (E[m;]) is a nontrivial extension, where m and m are relatively
prime positive integers. Putting F := K (E[m]) N K (E[m3]), we have by Galois
theory that
Gal(K (E[mim2])/K)

~ {(01, 02) € Gal(K (E[m])/K) x Gal(K (E[m2])/K) : 01| = 02|F }.
More generally, if G{, G» and H are groups and | : Gy — H, ¥» : Go > H

are surjective group homomorphisms, we introduce the following notation for the
fibered product:

G xy G2:={(81, 82) € G1 X G2 : ¥1(g1) = ¥2(g2)}
(here ¢ is an abbreviation for the ordered pair (1, ¥)). Evidently,
K # K(E[m]) N K(E[m2])
if and only if the fibered product
Gal(K(E[m1])/K) Xres Gal(K (E[m2])/K)
is a fibered product over a nontrivial group, where
res; : Gal(K (E[m;])/K) — Gal(K (E[m1]) N K (E[m2])/K)

denotes the restriction map.

3. Proof of Proposition 1.6

In this section we prove Proposition 1.6, bounding m¢/rad’ (m¢) in terms of the
index of G(mg) in 7 ~1(G(rad’(mg))), where G C GLz(Z) is any open subgroup.
We recall that, in the profinite topology, any open subgroup of GL, (Z) is necessarily
closed; we will establish some lemmas regarding closed subgroups of GL, (Z) which
thus apply to the open subgroup G.

We begin by giving a more precise description of the local exponents 8, > 0
occurring in

(8) mg =: ]_[eﬁf.
4
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In what follows we use the maps
Tysst gp X idgey : GLo(Z/€P 1 Z) x GLo(Z ) — GLA(Z/€P7) x GLa(Z ),
oo gt X id(e) : GLa(Zy) x GLa(Z(g)) — GLa(Z/€PT'Z) x GLa(Z 1))

defined by the obvious projection in the first factor and the identity map in the
second factor. For any prime ¢, we define

2 ife=2
9 = ’
©) x {1 if ¢ > 3.

The next lemma follows from ideas in [Serre 1968, Lemma 3, IV-23]. In its
statement and henceforth, we will interpret GL,(Z/£°Z) := {1} as the trivial group,
so that kerm, | = GLy(Z/€7).

Lemma 3.1. Let G € GL, (Z) be a closed subgroup, let £ be a prime number, and
let B € Z>o. Assume that

Vy € [B, max{B, ag}INZ, Ker(mp+i gr) X {l(0)} S (g0 g1 X 1d))(G),
where ay is as in (9). We then have
ker(mp g8) X {10y} € G.
Proof. Since G C GL, (Z) is closed, it suffices to prove that, for each n € Z>max(g,a,}
(10) ker(mgn+1 gn) X {1g)} S (Tpoc gn+1 X id(g)) (G).

We prove this by induction on n as follows (the base case n = max{f, «,} is true
by hypothesis). First note that, for n > 1, we have

(11) ker(rpnii gn) = {1 +€"X mod £ : X € My, n(Zy)).
Thus, (10) may be reformulated as saying

for all X € M. (F;), there exists X e My (Zp)
such that X = X mod ¢ and g := (I +¢"X, 1(y)) € G.

Our goal is to deduce that (12) continues to hold when rn is replaced by n + 1.
Since G is a group, g* € G, and one sees by considering the binomial expansion

(12)

(13) (I_i_gn)?)@:I+(f)zn§+(§>€2ni2++<€f1>€(£—1)n§f—l+€@n§€

that
(oo g2 X 1d(0)) (g9 = (I +€"T'X (mod £"72), 1y)).

Since X in (12) was arbitrary, it follows by (11) that
ker(n(nﬁygnﬂ) X {1(5)} - (T[gao’gnJrZ X id(z))(G),

completing the induction and proving the lemma. (]



CONDUCTOR OF A SUBGROUP OF GL; ASSOCIATED TO AN ELLIPTIC CURVE 315

Remark 3.2. The “purely ¢-adic version” of Lemma 3.1 also follows by the same

proof (without the GL,(Z ) factor). Precisely, for any prime ¢ and closed subgroup

G € GLy(Zy), and any B € Z>(, one has

(14) Vy e[B, max{B, a,}1NZ, ker(GLx(Z/¢¥*'Z) — GL,(Z/€" 7)) € G(¢¥ )
= ker(GL2(Z,) — GL2(2/£P7)) C G,

where «y is as in (9).

Remark 3.3. The fact that the exponent «; in (14) is different for £ = 2 and
otherwise uniform for £ > 3 stands in contrast with [Serre 1968, Lemma 3, IV-23],
which breaks into cases according to whether £ < 3 or £ > 5. The underlying
reason is that we are seeking to conclude that ker(GLg (Zy) — GLy(Z /Zﬂ Z)) Cq,
rather than the weaker conclusion ker(SL2(Z¢) — SL2(Z/£#7)) € GNSLy(Zy), the
latter breaking into cases according to the condition [SLz (Z2)€P7), SLy(Z ) ¢P Z)] =
SL,(Z/£PZ), which happens if and only if £ > 5; see Lemma 3.6 below.

Definition 3.4. We define the exponents 8, = 8,(G) by

B, =min{p € Z.o: Yy €8, max(B, a1 NZ,
ker(ﬂgwlﬂ) X {l(g)} g (7Tgoo’gy+l X id(g))(G)},
where oy is as in (9).
Corollary 3.5. We have By = B,, where By is as in (8).
Proof. By Lemma 3.1, for each prime £ we have

ker(nzm‘zﬁz) x {1} €G.

Since ker(GL2(Z) — GLo(Z/[],¢%Z)) is equal to the subgroup of GL,(Z)

generated by ker(w - eﬁé) x {1} as £ varies over all primes, we then have

ker(GL.@) ~ GLo(2/ [ ¢%2)) < 6.
L

Thus, by (8) and Definition 1.1, we see that 8, < f;.
Conversely, suppose for the sake of contradiction that g, < ;. By definition
of B¢, we would then have

(15) ker(w ) X {1} S ker(mwyee g8) X {1} € G.

e, 0P
Furthermore':, since T oo ot (ker(nzw’zﬁé,l)) = ker(nzﬁé’zﬁé,l), we then see that (15)
would then imply

Vy e[B,— 1, max{f; — 1, a}INZ, ker(my+1 ¢v) X {1(0)} S (g0 gr+1 X id (1)) (G),

contradicting Definition 3.4. Thus, 8, < f. ([l
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We will find it useful to have sufficient conditions to conclude that SL,(Z;) C G,
where G C GL,(Z,) is an arbitrary closed subgroup. The next lemma does so
for £ odd, and gives us sufficient information to allow us to deal separately with the
prime £ = 2. As with Lemma 3.1, it can be largely deduced from arguments found
in the proof of [Serre 1968, Lemma 3, IV-23]; we include the details here for the
sake of completeness.

Lemma 3.6. Let £ be a prime number and let G C GL,(Z;) be a closed subgroup.
If £ > 5, then we have

SL,(Z/£7) € G(t) = SLy(Zy) € G.
If € =3, we have
G(3) = GL,y(Z/37) and SL,(Z/97) € G(9) = SL,(Z3) € G.
Finally, if £ = 2, we have
G(4) =GLy(Z/47) = G =GLy(Z2) or [GLy(Z/8Z): G(8)] =2.

Proof. We first assume £ is odd. Under the stated hypotheses, we will show that
SL,(Z¢) € G by establishing that

(16) SLa(Zy) =[G, G,

where [G, G] denotes the closure of the commutator subgroup of G. This amounts
to showing that SL,(Z,) C [G, G], since the reverse inclusion follows from the fact
that every commutator has determinant 1. We begin by first showing, by induction
on n, that

(17) ker(SLa(Z/€"'Z) — SLa(Z/£"1)) € G(€"*) (z (=Sumin= Or)-

£=3andn>1

The binomial expansion argument (13) of Lemma 3.1 shows this, except for the
case £ > 5 and n = 0. To establish this final case, we first observe that

det(I +0"X)=1+¢"wX mod "' 1 >1).
Thus, for n > 1, we have
(18) ker(SLo(Z/€"1Z)— SLy(Z/€"2)) ={1+€"X mod £"*:X e MYZ)(Z)},

where
MEZ(Zy) :={X € Myr(Zy) :r X =0 mod £}.

In particular, ker(SLz Z /Z”“Z) — SLy(Z/ E"Z)) is a 3-dimensional subspace of
the 4-dimensional Z/¢Z-vector space ker(mwyn+1 gn). It follows from this, together
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with the fact that ((1) i) and (} (1)) reduced modulo ¢ generate SL.,(Z/£Z), that the set

= {(0 0)’ <1 0)’ <_1 _1)} € Mx2(Z)
satisfies

(19) (I+€'K mod £"*") =ker(SLy(Z/¢""'Z) — SL,(Z/€"Z)) ~ (n>0).

Fix X € K. Note that I + £°X mod £ € SL,(Z/£Z), which by hypothesis is
contained in G (£). Fix a lift X € M»y»(Z,) for which I +¢°X € G, and note that
X2 =0 mod ¢, so X*=0 mod ¢Z Thus, since £ > 5, we have

(1+£0§)6=1+<f)5€+(§)§2+...+(ﬁfl)i“+)~(@EIHJ? mod ¢2,

and more generally,
I+0X)=T14+01X mod "2 ((=5andn >0, or £=3andn >1).

Therefore (17) is established by induction on #.

We now proceed to verify (16) for £ an odd prime. When ¢ > 5, the group
PSL,(Z/€7) is a nonabelian simple group (see, e.g., [Huppert 1967, Chapter II,
Hauptsatz 6.13]), and the exact sequence

1 - {£l} = SLy(Z/¢Z) — PSLy(Z/¢7) — 1

does not split (see, e.g., [Zywina 2010, Lemma 2.3]). From this and a computer
calculation® for the prime £ = 3, we then find that

L>5 = [SLy(Z/tZ),SLy(Z/eZ)] =Sy (Z/L7),

L =3 = [GLy(Z/37), GLy(Z/37)] = SL»(Z/32),
and so by the hypotheses of our lemma in this case, we have [G(£), G({)] =
SL,(Z/¢Z). Note further that the commutator subgroup [G, G] € G projects

modulo £ onto the commutator subgroup [G(£), G(£)]. We will prove by induction
on n € N that

(20) [GU"), G =SLo(2/8"Z)  (n=1),

having just established the base case. Fix n > 1 and assume that (20) holds. Pick
any g € G(£") and X € MYZ)(Zy), so that, by (17) and (18), we have I + £"X
mod ¢! € G(¢£"+1). We then compute the commutator

eI+ X)g ' U+ X) ' =g +0"X)g ' (I — 0"X)

(21) - -
=1+£"gXg '—X) mod £,

3For readers wishing to reproduce this or any other computer calculation mentioned in this paper,
please find the appropriate Magma scripts listed in an appendix of the arXiv version [Jones 2019].
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Consider the following computations in M2y 2(Z/¢Z):
10) (0 1) (10\ " (=11
11/J\00/\11 -1 ’
11\ 00\ /1 1\ _[1-1
01/\10/\01 A\l 1)
0 -1\ (1 0)(0-1\"" (=10
1 0 0-1)\1 0 ~\0 1)’

It follows that, inside the additive 3-dimensional Z/{Z-vector space

—

MYZNZ/T) = (X € My (Z/LZ) : tr X =0},
we have
>3 = (|gXg™' — X : g €SLy(Z/LZ), X € MY (Z/LD)}) = MY (Z/¢D).
Thus, varying g and X in (21), we see that
ker(SLo(Z/€"'Z) — SLy(2/¢"Z)) € [G ("), G,

verifying that (20) holds with » replaced by n + 1, thus completing the induction
step. Since [G, G] € SL,(Z,) is a closed subgroup, we have therefore verified (16),
proving Lemma 3.6 in case ¢ is odd.

Now assume ¢ = 2 and note that (19) is still valid. By the hypothesis that
G(@4) =GL,(Z/47), for each X € K we may find a lift Xe My (Z5) for which
X=X mod2andI+2X €G. Again computing

(I4+2X)2 =1+4X+4X*=1+4X mod 8,

we see that ker(SL,(Z/87) — SL,(Z/47)) € G(8). Hence [GL,(Z/8Z) : G(8)] <2.
Finally, if G(8) = GL,(Z/8Z), then (14) with 8 = 0 implies that G = GL»(Z,). O

Next we will employ the following group theoretical lemma.

Lemma 3.7. Let G| and G, be finite groups and let w : G| — G, be a surjective
group homomorphism. Let H) C G| and Hy, C G, be subgroups satisfying w(H;) =
H, and let N1 1 G and Ny < Gy be normal subgroups satisfying w(N1) = N».
Assume that

(22) gcd(#Ny, #kerm) =1 and [Ny, kerm]={1}.

We then have
N1 C H < N, CH,.
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Proof. The implication = is immediate and does not require (22). For the converse,
suppose that Ny € H; and let n| € Nj. Since m(N;) = N, € Hy, = w(H)), we see
that there exists h| € H; satisfying w(n;) = (h), and we may thus find k € ker
so that n1k € H;. Now by (22), we see that

(nlk)#kern — n#fkerﬂ € H,
which again by (22) implies that n| € H,. Thus, N; C H, proving the lemma. [J
Applying Lemma 3.7 in a special case, we obtain

Lemma 3.8. Let G C GL, (2) be an open subgroup, let mg be as in Definition 1.1
and let rad'(m¢) be defined by (4). For any prime £ and d € N, one has

rad' (mg) | d | de | mg = { divides [n[dfd(G(d)) :G(Ld)].
Proof. We write m := mg and
d=2€65-d(5), m=2€ﬂe 0

(where £ { dgym ), and note that, by hypothesis, a; < §; < B,. Further observe
that, since By = ,Bé, by Definitions 1.1 and 3.4, we have

ker(mwps;+1 5) X {Lmy, } € G mg)).
We now apply Lemma 3.7 with
G1:=CLy(Z/0 ' mZ), Hi:=GE ' my), Ny:=Kker(mu+ p)x{Lmy}
G, :=GLy(Z/0" " dZ), Hr:=GU* dy), Np:=Ker(mp+ gs)%{1lay

and 7 : GLy(Z /€% 'mZ) — GL,(Z/¢%*'d(4)Z) the canonical projection map.
The conclusion is that

ker(mwps;+1 g5) % {lay } € G d(g)).
Since ker (7w so+1 g5,) X {14} > ker(weq,q4) 1s an £-group, this proves the lemma. [J

Applying Lemma 3.8 prime by prime, for each prime ¢ dividing mg/ rad’ (mg),
we obtain "
m divides [z~ (G (rad'(mg))) : G(me)],
proving Proposition 1.6 in the case that (5) does not hold. In case (5) does hold,
we have G(3) = GL,(Z/37) and, by Lemma 3.6, we must also have SL,(Z/97) £
G(9). A computer search reveals that, up to conjugation in GL,(Z/97), there

are two subgroups G, G, € GLy(Z/97) meeting these two criteria,* and G| C

4The (genus zero) modular curve associated with G, has been considered by N. Elkies [2006],
who exhibited an explicit map from it to the j-line.
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G,. Furthermore, [GL,2(Z/97) : G;] = 27. From this it follows that 27 divides
[GL,2(Z/97) : G(9)], and so

9.3 divides [7~'(G(rad (m¢))) : G3rad (m¢))].

Now starting here and applying Lemma 3.8, prime by prime, we conclude the proof
of Proposition 1.6 in the case that (5) holds.

4. Proof of Proposition 1.7

We now prove Proposition 1.7. The proof will rely, in part, on the following
corollary to the Néron—-Ogg—Shafarevich criterion (see for instance [Ogg 1967] or
[Silverman 1986, Chapter VII, Theorem 7.1]).

Theorem 4.1. Let K be a number field, let E be an elliptic curve over K and let
L C Ok be a prime ideal of K, lying over the rational prime £ of Z. The following
are equivalent:

(a) E has good reduction at L.

(b) For each positive integer m that is not divisible by £, the prime L is unramified
in K(E[m]).

(¢) The prime L is unramified in K (Eors, (¢))-
We presently reduce the proof of Proposition 1.7 to the following four lem-

mas. The first lemma follows immediately from the classification subgroups of
GLy(Z/627).

Lemma 4.2. Let € be a prime number and let G(£) € GLy(Z/4Z) be any subgroup.
We have
SLo(Z/e7) £ G(£) = £ <[GLa(Z/EZ) : G(L)].

The second lemma is a consequence of the Weil pairing on an elliptic curve.

Lemma 4.3. Let E be an elliptic curve defined over a number field K, let G :=
pE k(Gg) € GLy(Z), and let £ be a prime number. For any positive integer n,
we have

SLy(Z/£"Z) € G(£") # GL,(Z/€"7) = €| Ax.

Consequently,
SLa(Ze) € G #GLa(Zy) = €] Ag.

Our third lemma utilizes the Néron—Ogg—Shafarevich criterion in the form of
Theorem 4.1.
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Lemma 4.4. Let E be an elliptic curve defined over a number field K, let G :=
PE k(Gg) € GLy(2), let mg be as in Definition 1.1 and let £ be an odd prime
number dividing mg. We then have

Gy =GLy(Zy) = L] AgxNg(AE).

For the prime £ =2 we must make a finer analysis, in the form of the next (and
final) lemma. Let us make the abbreviation

r’i=rad (mg).

Lemma 4.5. Let E be an elliptic curve defined over a number field K, let G :=
PE k(Gk) € GLa(Z), let m be as in Definition 1.1 and assume that 4 divides mg.
We then have

GLo(Z/4Z) x {1,,} £ G(r') = 4 <2[n" (G (r(p)) : G(]

and
GLy(Z/42) x {1,,} € G(r') = 2| Ak Ny /a(Ap).

Let us now deduce Proposition 1.7 from Lemmas 4.2—4.5, postponing the proofs
of those lemmas until later. First, combining Lemma 3.6 with Lemmas 4.2-4.4,
one concludes the following implications, for any prime £ > 5 that divides mg:

SLa(Z/82) £ G(6) = € <[GLa(Z/EZ) : G(O)],
SLa(Z/t2) € G(€) = €| AgxNgjo(Ag).

This implies that

o= 1  ©GL@:cor ] ¢

=5, 0lr’ =5
(23) SLo(Z/¢2)ZG (¢) 1Ak Nkjo(Ap)
SLa(Z/HED)SG ()

< [GLa(Z/ (6 Z) : G(r(g)]rad(|Ak Nk jo(AR)I) 4 -

If the prime ¢ = 3 divides m¢ then either condition (5) holds or it does not hold.
Let us first assume that (5) does not hold, i.e., we assume that it is not the case that 9
divides mg, G(3) = GLy(Z/37) and SL;(Z3) € G3. We then use Lemmas 4.2—4.4,
together with Lemma 3.6, to deduce the following implications:

SLy(Z2/372) £ G(3) = 3 <[GLx(Z/37) : G(3)],

SLao(Z/32) € G(3) # GLa(Z/32) = 3| Ak,

G(3) =GLa(Z/32) and SLy(Z3) € G3 # GLa(Z3) = 3| Ak,
G(3) =GLy(Z/37Z) and G3 =GLy(Z3) = 3| AxkNgjo(AE).



322 NATHAN JONES

Inserting this information into (23), we find that
(24) rloy < [GLa(Z/r(5)Z) : G(r[y)]1ad(| Ak Nija(AE)]) .

On the other hand, in case (5) does hold, then we obviously have

r/
25) 3 =rig <[GLa@/rigZ) : Glrig)Irad(| Ak N ja(Ar))

< [GLy(Z/r{nZ) : G(r{s)]1ad(| Ak Nk ja(AE)]) -

If ¢ =2 divides m, then either 4 divides m¢ or does not. If 4{m, then multiplying
both sides of (24) and (25) by 2, we obtain the bounds of Proposition 1.7. Now
assume that 4 | m¢. In this case, when (5) does not hold, we insert the result of
Lemma 4.5 into (24), concluding that

r' =4r(y <2[GLa(Z/r'Z) : G(r")]rad(|Ag Nk jo(AE)|).
Likewise, in case condition (5) does hold, we insert these results into (25) and obtain
r/

4r!
3= % <2[GLx(Z/r'Z): G(r’)]rad(|AKNK/@(AE)|).

Thus we see that Lemmas 4.2—4.5 indeed imply Proposition 1.7.
We now prove each of these lemmas. First we state an auxiliary lemma that is
used throughout and may be found in [Ribet 1976, Lemma (5.2.1)].

Lemma 4.6 (Goursat’s lemma). Let G, G, be groups and for i € {1, 2} denote by
pr; : G X G2 — G the projection map onto the i-th factor. Let G € G| X Ga be a
subgroup and assume that

pr(G) =Gy, pry(G) = Ga.
Then there exists a group 1" together with a pair of surjective homomorphisms

Y1:Gi—>T, Yr:G,—>7T
so that

G=G1 xy Gr:={(g1,8) € G1 x G2:Y1(g1) = ¥2(g2)}.

Proof of Lemma 4.2. To prove Lemma 4.2, we will use the following classification
of certain proper subgroups of GL,.

Definition 4.7. Let ¢ be any prime number.

(1) A subgroup G(£) € GL,(Z/£Z) is called a Borel subgroup if it is conjugate
in GL,(Z/€Z) to the subgroup

(26) B() := {(8 Z) s beZ/0Z, a,d e (Z/EZ)X}.
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(i1) A subgroup G(£) € GL,(Z/¢7) is called a normalizer of a split Cartan sub-
group if it is conjugate in GL,(Z/¢Z) to the subgroup

27 Ns(®) := {(g 2) ta,de (Z/EZ)X} U{(S g) i b,ce (Z/(ZZ)X}.

If £ is odd, then G (¢€) is called a normalizer of a nonsplit Cartan subgroup if
it is conjugate in GL,(Z/¢Z) to the subgroup

X 8y> ) x,yeZ/ZZ,}U{(x —ey) ) x,yeZ/ZZ,}

(28) N“S(E)::{(y x ) x2—ey?#£0 y —x ) x*—ey?#£0

where ¢ is any fixed nonsquare in (Z/¢Z)*. If £ = 2, then G(2) is called a
normalizer of a nonsplit Cartan subgroup if G(2) = GL,(Z/27).

(iii) A subgroup G(£) € GL,(Z/£7) is called an exceptional group if its image in
PGL,(Z/£Z) is isomorphic to one of the groups A4, S4 or As (the symmetric
or alternating groups).

The following lemma may be deduced from Propositions 15, 16 and Section 2.6
of [Serre 1972].

Lemma 4.8. Let G(£) € GLo(Z/4Z) be a subgroup. Then one of the following
must hold:

(1) G(®) is contained in a Borel subgroup.
(2) G(¥) is contained in the normalizer of a split Cartan subgroup.
(3) G(¥) is contained in the normalizer of a nonsplit Cartan subgroup.
(4) G(®) is an exceptional group.
(5) SLa(Z/tZ) < G(©).
We include the following table of indices [GL,(Z/£Z) : G(€)], for each of the
proper subgroups G (£) given in Lemma 4.8. In addition to the definitions (26), (27),

and (28), we make the following abbreviations. For a prime ¢ for which A4 C
PGL,(Z/£Z), we define the exceptional subgroup €4, (¢) € GL2(Z/£Z) by

Ea,(0) :==1{g e GLa(Z/LZ) : w (g) € Aa},

where @ : GLy(Z/£Z) — PGL,(Z/£Z) denotes the usual projection. The excep-
tional subgroups &g, (£) and £4,(¢) are defined similarly.

G(0) B)  Ng(&)  Nas()  Ea,(0) Es,(O) Eas(0)

Ce+1)  Le—1) €P—1) e*—1) €2=1)
2 2 12 24 60

[GL,(Z/€Z) : G(€)]| £+1
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We note that Vs(2) = GL,(Z/27), and also that each exceptional group only occurs
for certain primes £. In particular, if the expression given in the table is not a whole
number, then the associated exceptional group does not occur as a subgroup of
GL,(Z/£Z) for that prime £. The conclusion of Lemma 4.2 follows immediately
from this table. U

Proof of Lemma 4.3. We will make use of the following commutative diagram,
where

res : Gal(K (Eors)/K) — Gal(K (too)/K), cyc:Gal(K (oo)/K) — 7

denote respectively the restriction map and the cyclotomic character (the contain-
ment K ((too) € K (Eors) follows from the Weil pairing [1940], see also [Silverman
1986, Chapter III, §8]).

Gal(K (E[¢"])/K) 225 GL,(Z/¢"7)

(29) l detl

Gal(K (uen)/K) —> (Z/€"Z)*

By considering the commutative diagram (29) and Galois theory, we see that
SLy(Z/0"Z) S G (") #£GLp(Z/0"Z) = det(G (") £(Z/0" 7)) = Q#Q(uem)NK .

Since Q(wen) is totally ramified at £, it follows that £ is then ramified in Q(ue )N K,
so £ is ramified in K, and thus ¢ divides Ag. U

Proof of Lemma 4.4. In order to prove Lemma 4.4, we will make use of the following
definition and lemma, which allow us to understand in more detail the nature of the
fibered products that may be present in G.

Definition 4.9. Let G be a profinite group and ¥ a finite simple group. We say
that X occurs in G if and only if there are closed subgroups G; and N; of G with
N1 € Gy C G, Ny normal in G| and G| /N >~ X. We further define

Occ(G) := {finite simple nonabelian groups X : X occurs in G},

Occju(G) := {finite simple nonabelian groups X: ¥ is a Jordan—Holder factor of G}.

Note that any simple Jordan—Holder factor of G occurs in G (but generally not
vice versa), i.e., we have Occyg(G) € Occ(G). Also note that, if

1-G—-G—->G" =1
is an exact sequence of profinite groups, then

(30) Occ(G) =0cc(G)UOce(G”), Occyu(G) = Occy(G")UOceyu(G”).
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Finally, as observed in [Serre 1968, IV-25], one has that

a if € € {2,3),
Oce(GLy(Zy)) = | PSL2E/SD) =45} if £=5,
{PSLy(Z/£7)} if £>5,¢==2 (mod5),

{PSL,(Z2/¢7), As} if £>5,£=41 (mod>5).
Thus, by (30) we have
(31) Occ(GLa(Z(r))) = {Asy U{PSLa(Z/ pZ)} pote, p>5-

Lemma 4.10. Let £ > 5 be a prime and let G € GLy(Z,) be a closed subgroup
satisfying SLo(Z/¢Z) € G(£). Suppose further that  : G — H is a surjective
group homomorphism onto a finite group H. Then either

(1) PSLy(Z/¢7) € Occyu(H), or

(2) H is abelian and SLy(Z;) C ker .
Proof. As observed earlier, since £ > 5, the group PSL,(Z/€7) is a simple nonabelian
group, and we obviously have {PSL,(Z/£Z)} € Occyu(SLy(Z/¢Z)). Furthermore,

by the hypothesis SL.(Z/£Z7) C G (£) together with (30), we see that {PSL,(Z/£Z7)} C
Occyu(G (£)). Thus, again by (30), we have

(32) {PSLy(Z/£2)} < Occyu(G).

Furthermore, we have that

33) +(ker y)(0) NSLy(Z/€7) {{1} or
(£1} | PSLy(Z/02).

If the left side of (33) is trivial, then ker ¢ is prosolvable (so that Occyy(ker ) = @),
and considering the exact sequence

l1—>kery > G— H—1,

we see by (30) and (32) that PSL,(Z/¢Z) € Occyu(H). If, on the other hand, we
have PSL,(Z/£Z) in (33), then SL,(Z/¢Z) < (ker ¥)(£), which by Lemma 3.6
applied to G = kery implies that SL,(Z,) C ker. Thus H is abelian and v
factors through the determinant map, as asserted. (]

We now proceed with the proof of Lemma 4.4. By Lemma 4.6, the hypothesis
that Gy = GL,(Z,) and that £ divides m¢ imply that
(34) G~ GLz(Zg) Xy G(g),

where Y, : GLo(Z¢) - H and ¥y : Gy — H are surjective homomorphisms
onto a common nontrivial group H. Under the Galois correspondence, we have
GL»(Z¢) ~ Gal(K(E[£*°])/K), G ) =~ Gal(K (Eors,¢))/K) and H >~ Gal(F/K),
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where F := K (E[£*°]) N K (Eors,¢)) 7 K. Thus, the corresponding field diagram
is as follows.

K(E[eoo]) K(Etors,(E))
(35) \ F /
K
We first claim that
(36) FNK(ue) #K.

We separate the verification of (36) into cases.

Case: £ > 5. By Lemma 4.10, we see that either PSL,(Z/¢Z) occurs in H (and
thus occurs in G(y)), or H is abelian and F C K (u~). If £ > 7 then, by (31) we
see that H must be abelian and F' C K (u,~), verifying (36). If £ = 5, we consider
the further quotient induced by reduction modulo 5:

GLy(Zs)  GL.(Z/5Z)
~ —
ker ¢s (ker ¥r5)(5)
Since the kernel of this quotient is pro-solvable, we see that if PSL,(Z/57) >~ As

occurs in H, then it must occur in H (5), and a computer calculation shows that we
then must have

=: H(5).

(ker ¥5)(5) C {(g 2) ke (2/50)" }

and thus

(SLa(Zs). ker ys) © {g € GLy(Z5) (M) _ 1}.

5
By the Galois correspondence, we then have
F N K (sx) = K (E[5®) 2B 5 K (V5) # K,

where we are using the fact that G(5) = GL,(Z/57), which precludes the possibility
that K (+/5) = K. Thus in any case, (36) also holds for £ = 5.

Case: € =3. As in the previous case, we have that (34) holds with £ = 3. By Galois
theory, we have that

F — K(E[3OO])kerI//3 2 K(E[3OO])(SL2(Z3),ker1[f3) — K(ILL3<>O) ﬂ F
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As in the previous case, since ker ¥3 #= GL,(Z3), we have F # K. The following
lemma will then imply that K (u3~) N F # K.

Lemma 4.11. Let N < GL,(Z3) be a closed normal subgroup which satisfies
(SLp(Z3), N) = GLo(Z3). Then N = GLy(Z3).

Proof. A computer calculation shows that, if H <IGL;(Z/97) is a normal subgroup
satisfying
(SLa2(Z2/94), H) = GL2(£/92),

then H = GL,(Z/97). Taking N as in the statement of the lemma and setting
H := N(9), we see that N(9) = GL,(Z/97), and applying (14) with 8 = 1, we
conclude that N = GL,(Z3). O

Applying Lemma 4.11 with N = ker ¥3, we find that K (u3~) N F # K, since
F # K, verifying (36) in the £ = 3 case as well.

Finally, we observe that (36) implies the conclusion of Lemma 4.4. Indeed,
assume that ¢ { Ag. Since Gy = GL(Z;), we have K N Q(u¢~) = @, and
so any prime £ C Ok over £ is totally ramified in K (u~), hence ramified in
FN K (pe~). Thus, by (35), £ is ramified in K (Eqors,(¢)). By Theorem 4.1, we find
that £ | Nx,o(AFg), finishing the proof. O

Proof of Lemma 4.5. The proof of Lemma 4.5 will make use of the following
sublemma.

Lemma 4.12. Let K be a number field for which 2 { Ak and let p € Ok be a
prime ideal lying over 2. Let @ € Og — {0} be any element for which p 1 aOk.
Then 2« is not a square in K*, so the field K (V2a) is a quadratic extension of K.
Furthermore, p ramifies in K (v/2¢c).

Proof. Let v, denote the p-adic valuation on K, normalized so that v, (K*) = Z.
Note that, since by assumption 2 is unramified in K and vp(a) =0, we have

37 Vp (20) = vp(2) +vp(a) =1,

and so in particular 2« cannot be a square in K *, as asserted. Next, let L := K (v/2«),
fix any prime ‘B C Oy lying over p and let vy be the B-adic valuation on L,
normalized so that it extends v, on K. By (37), we then have

vp(2)'?) = Jv, 2a) = 4.
It follows that L is ramified over K at p, as asserted. [l

We now proceed with the proof of Lemma 4.5. Since we are assuming that 4
divides r’, by Lemma 4.6 we may write G(r’) as a fibered product:

(38) Gr'Y=G@) xy G(r{z)).
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Case: GLy(Z/47) x {1,(/2)} Z G(r). In this case, either G(4) # GL,(Z/4Z) or
G(4) = GL,(Z/4Z) and the common quotient ¥ (G (4)) = 1/f(2)(G(r£2))) in (38)
is nontrivial. If G(4) # GL,(Z/47), we find that 2 < [GL,(Z/47) : G(4)] <
[7r~! (G(réz))) : G(r")], and so the result of the lemma follows. If on the other hand
G(4) =GL,(Z/4Z), then the common quotient in (38) is nontrivial, and since

7 (G (r(y) = GLo(Z/42) x G(r(y)),
G(r') = GLy(Z/AZ) xy G(r(),

we thus have 2 < [z ~! (G(rEz))) : G(r")], proving the lemma in this subcase as well.

Case: GLy(Z/AZ) x {12y} € G(r'). In this case, (38) is a full product:
39) G(r') =GLy(Z/4Z) x G(réz)).

By Lemma 3.6, either G(8) is an index 2 subgroup of GL,(Z/87) that surjects onto
GL,(Z/4Z), or G, = GLy(Z,). Let us treat the former subcase first. A computer
search reveals that there are exactly 4 index 2 subgroups of GL,(Z/87) that map
surjectively onto GL,(Z/47), namely

ker(xs), ker(xsxa), ker(xse), ker(xsxae),

where yg : GLy(Z/87Z) — {£1} (resp. x4 : GLo(Z/87Z) — {£1}) denotes the
Kronecker symbol associated to the quadratic field @(«/E) (resp. to QW/-1)),
precomposed with the determinant map, and ¢ : GL,(Z/82) — GL(Z/27) — {£1}
denotes the unique nontrivial character of order 2 on GL,(Z/27), precomposed
with reduction modulo 2. We have

K (E[8])"®) = K (v/2), K (E[8])*"6®) = K (\/2A[),

(40)
K(E[D* " = K (v=2), K(E[8)*"%) = K (y/=2Ap).

Here, by K(v/£2AEg) we mean the quadratic field K (/£2A (Eweier)), Where
Eweier 1 any fixed Weierstrass model of E and A(Eweier) € K denotes its discrim-
inant (note that although A (Eweier) depends on the choice of Ewyier, the quadratic

field K (v/E£2A(Eweier)) depends only on E). By (40), we thus have
G8) =ker(xs) = v2e€ K and G(8)=ker(xsxs) = v—2¢€K,

either of which imply that 2 | Ag. On the other hand, for any Weierstrass model
Eweier of E, we have

G(8) =ker(xse) = v2A(Eweier) € K,
G(8) = keI‘(Xg)(48) = v _2A(EWeier) €k.

(41)
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Let us suppose for the sake of contradiction that
(42) 21 Ag Nk ja(AEg).

Fix a prime ideal p € Ok lying over 2. By (42), we must have p { Ag, and we
may thus find a Weierstrass model Ewgier of E satisfying p 1 A(Eweier). Applying
Lemma 4.12 with o = A (Eweier), We see that

AY :I:2A(EWeier) ¢ K,

contradicting (41). Thus, we must have 2 | Ax Nx,o(Afg) whenever G(8) has
index 2 in GL,(Z/87).

We now treat the second subcase, in which G, = GL;,(Z;). We evidently must
have a nontrivial common quotient in

Gr/ =~ GLz(Zz) X G’(/z)'

(If this fibered product were over a trivial quotient, then 2 would not divide mg.)
We note that any nontrivial finite quotient of GL,(Z;) must have order divisible
by 2 and that ker(Gr(rz) — G(réz))) is a profinite group whose finite quotients each
have order coprime with 2. It follows that the image of G under idy x 7,
has the form

/ /
@)%

43) GLa(Z2) xy G(rly),

a fibered product with a common quotient of order divisible by 2 (and hence
nontrivial). Consider the subgroup N := ker ¥, € GL,(Z;) where ¢ = (Y2, ¥(2))
in (43). The assumption GL1(Z/4Z) x {12} € G(r’) then implies that N(4) =
GL,(Z/4Z) (otherwise the mod r’ image of (43) would have a nontrivial fiber-
ing between G(4) and G(réz)), contradicting (39)). By Lemma 3.6, we find that
[GL,(Z/8Z) : N(8)] = 2. By the same computation as mentioned in the previous
subcase, we have

N(8) € {ker(xg), ker(xgxa4), ker(xge), ker(xgxs¢)},

and it follows by (40) and Galois theory that one of the fields K (v/2), K (v/—2),
K (V2AE), or K (»/—2AE) must be contained in K (Eors,2)). By Lemma 4.12 and
Theorem 4.1, it follows that, if 21 Ak then 2 divides Ng sa(AE). This finishes the
proof of Lemma 4.5. (]
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