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To a direct sum of holomorphic line bundles, we can associate two fibrations,
whose fibers are, respectively, the corresponding full flag manifold and the
corresponding projective space. Iterating these procedures gives, respec-
tively, a flag Bott tower and a generalized Bott tower. It is known that a
generalized Bott tower is a toric manifold. However a flag Bott tower is not
toric in general but we show that it is a GKM manifold, and we also show
that for a given generalized Bott tower we can find the associated flag Bott
tower so that the closure of a generic torus orbit in the latter is a blow-up
of the former along certain invariant submanifolds. We use GKM theory
together with toric geometric arguments.

1. Introduction

A Bott tower M, = {M; | 0 < j < m]} is a sequence of CP'-fibrations CP' —
M ;— M;_; such that M; is the projectivization of the sum of two complex line
bundles over M;_;, where My is a point which is introduced in [Grossberg and
Karshon 1994]. Then each M; is a complex j-dimensional nonsingular algebraic
variety called the j-stage Bott manifold. Each Bott manifold M; has a (C*)/ -action
with which M; becomes a toric manifold, i.e., a nonsingular toric variety.

One of the important properties of Bott manifold is its relation with Bott—
Samelson variety. A Bott—Samelson variety is a nonsingular algebraic variety
that appeared in many areas of mathematics, for instance algebraic geometry and
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representation theory. For a given complex semisimple Lie group G and a Borel
subgroup B C G, the set of sections of a holomorphic line bundle over a Bott—
Samelson variety has a structure of B-module, called a generalized Demazure
module (see [Lakshmibai et al. 2002]). This gives a fruitful connection between
representation theory and algebraic geometry. It is shown in [Grossberg and Karshon
1994; Pasquier 2010] that every Bott—Samelson variety has a Bott manifold as its
toric degeneration.! This relation between a Bott—Samelson variety and a Bott
manifold gives interesting results on algebraic representations of G in [Grossberg
and Karshon 1994].

Recently, a generalized notion of Bott—Samelson variety, called a flag Bott—
Samelson variety, has been introduced in [Fujita et al. 2018]; it extends the rich
connection between representation theory and algebraic geometry given by Bott—
Samelson variety. Indeed, the set of sections of a holomorphic line bundle over
a flag Bott—Samelson variety is also a generalized Demazure module. This result
is applied to give polyhedral expressions for irreducible decompositions of tensor
products of G-modules.

In this article, we define a flag Bott tower F, = {F; |0 < j <m} to be a sequence
of the full flag fibrations F€(n; +1) — F; 2L F i1, where F; is the flagification of
a sum of n; + 1 many complex line bundles over F;_;. We call each F; a flag Bott
manifold. In [Fujita et al. 2018], they construct a one-parameter family of complex
structures on a flag Bott—Samelson variety which makes the flag Bott—Samelson
variety into a flag Bott manifold, and this extends the known relation between
Bott—Samelson varieties and Bott manifolds.

One of the goals of this article is to study torus actions on flag Bott manifolds. In
fact, the complex dimension of F), is Z;":  nj(nj +1)/2, but there is an effective
action of complex torus H of dimension 27’:1 n; on F,. Hence a flag Bott manifold
is not a toric manifold in general. With the restricted action of the compact torus T
of dimension Z?’:l n; on a flag Bott manifold F;,, we get the following result:

Theorem 1.1 (Theorem 3.6). Let F,, be an m-stage flag Bott manifold with the
effective action of T. Then (F,,, T) is a GKM manifold.

Moreover the concrete information of the GKM graph of F), is computed in
Theorem 3.12.

On the other hand, Bott manifolds are an important family of toric manifolds
because of the cohomological rigidity problem which asks whether toric manifolds
are topologically classified by their cohomology rings. This question has the

IMore precisely, [Grossberg and Karshon 1994] provides a one-parameter family of complex
structures on a Bott—Samelson variety which makes the Bott—Samelson variety into a Bott manifold.
Besides, [Pasquier 2010] constructs a toric degeneration of a Bott—Samelson variety, i.e., there is a flat
family X over C such that X (¢) is isomorphic to the Bott—Samelson variety for all r € C \ {0} and
X (0) is a Bott manifold.
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affirmative answers for some Bott manifolds (see [Choi and Masuda 2012; Ishida
2012; Choi 2015; Choi et al. 2015]). Moreover, it also has the affirmative answer
for some generalized Bott manifolds (see [Masuda and Suh 2008; Choi et al. 2010b;
2012]). Here, a generalized Bott tower B, = {B; | 0 < j < m} is defined similarly
to a Bott tower but the difference is that B; is the projectivization of the sum of
n;j + 1 many complex line bundles instead of two line bundles.

Even though generalized Bott towers and flag Bott towers are two different
generalizations of Bott towers, there is an interesting relation between them. Namely,
let B, be a generalized Bott tower with bundle maps 7; : B; — B;_1. Then we
define the associated flag Bott tower F, to B, with bundle maps p; : F; — Fj_j.
Note that they satisfy g;_1 o pj =m; oqj, where g; : F; — B; is induced by the
projection map

Fe(nj+1) — CP"

on each fiber (see Section 4). Moreover we prove that a generalized Bott manifold
and its associated flag Bott manifold have the following relation:

Theorem 1.2 (Theorem 5.7). Let B,, be an m-stage generalized Bott manifold, and
F,, its associated flag Bott manifold. Then the closure of a generic orbit of H-action
in F,, is the blow-up of By, along certain invariant submanifolds.

To obtain this result the GKM graph information of F,, from Theorem 3.12 is
essentially used together with some toric topological arguments.

We remark that every flag Bott tower is a C P-tower, i.e., a sequence of an iterated
complex projective space fibrations. A CP-tower is introduced in [Kuroki and Suh
2014; 2015] as a more generalized notion than a generalized Bott tower.

The paper is organized as follows. In Section 2, we give an alternative description
of a flag Bott manifold as the orbit space of the product of general linear groups
under the action of the product of their Borel subgroups defined in (2-4); see
Proposition 2.7. In doing so, each complex line bundle appearing in the construction
of a flag Bott tower can be described in terms of characters of maximal tori of
general linear groups. Then we can associate a sequence of integer matrices defined
by the weights of the above mentioned characters to a flag Bott manifold as in
Theorem 2.10. We also give an explicit description of the tangent bundle of a flag
Bott manifold in Proposition 2.16, which will be used in the GKM description of a
flag Bott manifold in Section 3.

In Section 3, we define the canonical torus action on a flag Bott manifold,
and find an explicit description of the tangential representation at a fixed point in
Proposition 3.5. We then see easily that every flag Bott manifold is a GKM manifold.
Moreover an explicit description of the GKM graph of a flag Bott manifold is given
in Theorem 3.12.
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In Section 4, we define the associated flag Bott tower to a given generalized
Bott tower. Then Definition 4.6 gives the integer matrices corresponding to the
associated flag Bott tower.

In Section 5, we study the relation between a generalized Bott manifold B,,
and the closure X of a generic orbit of the associated flag Bott manifold F,. This
can be accomplished by calculating the fan of X in Theorem 5.4 using the axial
functions of the GKM graph of F},,. Then we show that the toric variety X comes
from a series of blow-ups of B, in Theorem 5.7.

2. Flag Bott manifolds

2A. Definition of flag Bott manifolds. Let M be a complex manifold and E an
n-dimensional holomorphic vector bundle over M. Recall from [Bott and Tu 1982,
p. 282] that the associated flag bundle F¢(E) — M is obtained from E by replacing
each fiber £, by the full flag manifold F¢(E ).

Definition 2.1. A flag Bott tower F, = {F; | 0 < j <m} of height m, or an m-stage
flag Bott tower, is a sequence,

Pm Pm—1 L
7

Fp 2% Fp_y 2, r —2 Fy={apoint},

of manifolds F; = F¢ (@Z’: +11 é,ij )), where Sk(j Visa holomorphic line bundle over

Fj_jforeachl <k <n;j+1and 1< j<m. We call F; the j-stage flag Bott
manifold of the flag Bott tower F,.

Here are some examples of flag Bott manifolds.

Example 2.2. (1) The flag manifold F LCtY =Ft(n+1)isa flag Bott tower
of height 1. In particular, 7£(2) = CP' is a 1-stage flag Bott manifold.

(2) The product of flag manifolds F¢(n; + 1) x - -- x Fl(n,, + 1) is a flag Bott
manifold of height m.

(3) Recall from [Grossberg and Karshon 1994] that an m-stage Bott manifold is a
sequence of CP'-fibrations such that each stage is the projective bundle of the sum
of two line bundles. When n; =1 for 1 < j < m, an m-stage flag Bott manifold is
an m-stage Bott manifold.

Definition 2.3. Two flag Bott towers F, and F_ are isomorphic if there is a collection
of (holomorphic) diffeomorphisms ¢; : F; — F ]/ which commute with the maps
pj:Fj— Fj_yand p}: Fi — F}_,.

Remark 2.4. (1) One can define F; to be F7£(E;) for some holomorphic vector
bundle E; over F;_;. However, since we want to consider torus actions on F,,, we
assume E; to be a sum of holomorphic line bundles in Definition 2.1.
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(2) Even though we are concentrating on full flag fibrations in this paper, one can
also study other kinds of induced fibrations such as partial flag fibrations, isotropic
flag fibrations, etc., which require further works. In [Kaji et al. 2020], the authors
study such iterated flag fibrations.

2B. Orbit space construction of flag Bott manifolds. In this subsection, we con-
sider an orbit space construction of a flag Bott tower in Proposition 2.7 using the
complex Lie groups GL(n) := GL(n, C) in order to consider the canonical torus
action on it (see Section 3A).

A flag Bott tower of height 1 is the flag manifold F¢(n + 1) which is the orbit
space GL(n1+1)/BgL(n,+1), Where BGL,+1) 1s the set of upper triangular matrices
in GL(n; + 1). To describe flag Bott manifolds of higher stages, we begin with a

matrix A of size (n + 1) x (n’ + 1) whose row vectors are ay, ..., @, € 77+
i.e.,
a a(l) a2 -+ a@®@+1)
az a(l) a®) -+ a@+1)
A= . = . . . € Mn—i—l,n/-i—l(Z)’

An+1 anr1(1) ap1(2) -+ a1 (n’+1)

which encodes a Bgr»/+1)-action on GL(n + 1) as follows. Let Hgru+1) C
GL(n + 1), respectively Hgr+1) C GL(n' 4 1), be the set of diagonal matrices
in GL(n + 1), respectively GL(n" 4 1). Since the character group x (HgL(n'+1)) 1S
isomorphic to Z”/H, the matrix A gives a homomorphism Hgr (v/+1) = HoL@n+1)
defined by

(2-1) h — diag(h®', h®, ..., h**") € HGL(n+1)-

Here, for h =diag(h, ..., hyy1) € HoLersn anda = (a(l), ..., a(n'+1)) e 2"+,

h® := hY' ---hz,(fr/;rl). By composing the canonical projection Y : BgL+1) —>

Hg1 (w+1) with the homomorphism (2-1), we define the homomorphism
A(A) : BGL(w+1) = HoLm+)
associated to the matrix A € My, 41 n+1(Z2):
(2-2) A(A) D) :=diag(Y (D), T(B)?, ..., T(B)Y*"*') € HoLn+1)
for b € BgLn/+1)-

Now, let ny, ..., n, € Z-¢. Then, for a given sequence of integer matrices

2-3) A=A zcjzme [ Musrnn @,

1<l<j<m
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: : A J J
we define a right action CDj of [Ty BL(ne+1) on [ [, GL(n, + 1) by

(2_4) q)f((glvgzs"'sgj)v(blvbzv"'sbj))
= (101, (AP ®0) 22, (AT G0) T (A B2) b,
(AP B0) ™ (AP B2) ™ (A 0j-0) g0

for 1 < j <m, where A(]) A(A(])) is the homomorphism Bgy (n,+1) = HgLn+1)
associated to the matrix A(] ) as defined in 2-2)forl <l < j<m.

Example 2.5. For ny =2, np =1, n3 = 1, consider the following matrices:

@ _|c1 20 3 _|d d 0 @ _ |10
Al _[ooo}’ Al _[o 0ol 4 =00
Then the right action of BGL(3) X BGL(Z) X BGL(Z) on GL(3) x GL(2) x GL(2) defined
in (2-4) is

(&1, &2, 83) - (b1, by, b3)
= (g1b1, diag(b\ ™" 1) gabs, diag(B VbSO 1) g3b3).

Lemma 2.6. The right action @;4 in (2-4) is free and proper for 1 < j <m.

Proof. For g :=(g1, ..., gj) € l—[ézl GL(n¢+1) and (b4, ..., bj) S Hé:l BGLu+1)s
the equality g; = g1b; implies that b; is the identity matrix since g; is invertible.
Similarly, the equation g, = (Agz) (b]))_lgzbz = goby gives that b, is the identity.
Continuing in this manner, we conclude that the isotropy subgroup at g is trivial,
this shows that the action CDA is free.

To prove the properness of the action, it is enough to show that for every sequence
(¢"):=(gf..... &) in[T/_, GL(ne+1) and (") := (B}, ... ) in [T/, BoLon+1)
such that both (g") and (<I>A(g b")) converge, a subsequence of (b") converges
(see [Lee 2013, Propos1t10n 21.5]). Note that for convergent sequences (A") — A
and (B") — B in GL(n + 1), the sequence (A" B") also converges to AB since
the multiplication map is continuous. Also for a convergent sequence (A”) — A
in GL(n + 1), we have that A;; = lim, . (A");;. Since both sequences (g})
and (g}b]) converge, the sequence (b)) also converges in BGL(s,+1)- Similarly,
sequences ((A( ) C)e lg ) (g5) and (b}) converge so that the sequence (b))
also converges. By contlnumg this process, we show that the action CID;4 is proper. [

For a complex manifold M with a free and proper action of a group G, the orbit
space M /G is a complex manifold (see [Huybrechts 2005, Proposition 2.1.13]).
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Hence by Lemma 2.6, the orbit space

J
(2-5) FI*(A) =] [ GLG, + 1)/ @7
=1

is a complex manifold, where d>}4 is the action defined in (2-4).

For the remaining part of this subsection, we will prove that the orbit spaces
F]quo(A) are flag Bott manifolds. Since x ([T/_; HoLt+1)) = @y, 2!, for
each integer vector (ay, ..., a;) € @é:l Z™+! we can define a holomorphic line
bundle over F;.luo as follows:

J J
(2-6) Eai, ... a)) = (]‘[ GL(n¢ + 1) x C)/ T Bovin+n-
=1

=1

where the right action is
81+ 87 0) (b1, ... b)) == (P1((g1. ... g)). (br..... b)) by ...b;"-fv).
Proposition 2.7. FI'°(A):= {F]c.luo (A) |0 < j <m}isaflag Bott tower of height m.

Definition 2.8. We say that a flag Bott tower F, is determined by a sequence of
matrices A = (A{")1zt<j<m € [Ti<¢<j<m Mu+1.0+1(@) if F, is isomorphic to
FI°(A) = {F;IHO(A) | 0 < j <m} as flag Bott towers.

Note that, in the next section, we will show that every flag Bott towers can be
described as an orbit space, that is, every flag Bott tower is determined by a certain
A (see Theorem 2.10).

Proof of Proposition 2.7. By the definition of the action CD“/.“, we have the following
fibration structure:

GL(nj + 1)/ BoL@w+1) <> Fj = F}1.

Since GL(n; + 1)/BoL+1) = Fe(nj + 1), the manifold.F;.’uo is a Fl(nj+1)-
fibration over F;"{. For simplicity, let £/ := D +11 £ (a,g L a,i{j)._l), where
a,i{ ) is the k-th row vector of the matrix A% for 1 < € < j — 1. Consider the map
@ F;luo — FL(EW) defined by

lg1,---.8j-1.8/1— (g1,....gj—1], Vo).

Here V, = (V1 CVC--CVy, & (S(j))[glngfl]) is the full flag such that the
vector space Vi is spanned by the first k columns of g;. We claim that ¢; is a
holomorphic diffeomorphism. First, we check that the map ¢; is well-defined. We
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observe that

[ ((g1. .- gj=1. 8. (b1, ... bj_1.b))]
= (97 (810 8- (b b)) V) = (g1 -0 gj-11. V)
for (b1, ..., bj—1,b;) € [T)—| BoL+1) X BoLy+1)- Here
V=(ViCV;C-- TV CEDg gy 11)
is the full flag whose vector space V| is spanned by the first k columns of the matrix
(A b))~ (MY (bj—1)) g Since we have

@D QY)W BT~ forve D), g, .

the map ¢; is well-defined. Here the equivalence relation ~ comes from the
definition of the bundle &/,
The inverse FE(£W)) — Fj(.luo of ¢; is given by

([gl""?gj]’ V.)H [gl"“?gj*l?gj]’

where g; is the matrix such that the first k columns span the vector space V) for
1 <k <n; + 1. Note that this map is again well-defined since [g1, ..., gj—1,&;] =
(g1, .-, 8j-1,8;b;] for b; € BGLn;+1)- Hence the map ¢; is a diffeomorphism,
and the result follows since ¢; commutes with bundle projection maps. O

Example 2.9. Forn; =2, np, =1, and n3 =1, let
@ |c1 20 3 _|di d 0 @ _ |10
A1=[ } A1=[ LAY = .

Let CD}“ be the right action of ]_[é:1 BGL(n,+1) ON ]_[{7::1 GL(n; + 1) defined in (2-4)
for j = 1,2,3. Then, by Proposition 2.7, the following flag Bott tower F, is
isomorphic to F1"°(A) as flag Bott towers:

£((d1,d2,0), (f1,0)BC E&(ci,c2,000C

| |

FE(E((dr, dr, 0), (f1,0)) & C) — FL(E(cr, ¢2, 0) ® C) —— FL(3) — {a point}

I I | |
F; R Fi Fo

The line bundle £((d1, d», 0), (f1, 0)) over F; is
(GL(3) x GL(2) x C)/(BsL3) x BGL2).

where the right action of Bgr(3) X BgL(2) 1S

(g1, g2, v) - (b1, b2) := (D3'((g1, €2), (b1, b)), by W2 0Vp; 10y,
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2C. Tautological filtration over a flag Bott manifold. In this subsection, we prove
the following theorem that every flag Bott tower F, can be obtained by the orbit
space construction as in Section 2B.

Theorem 2.10. Let F, be a flag Bott tower of height m. Then there is a sequence
of integer matrices A = (Aéj))lskjsm € H15Z<j§m M,UH,WH(Z) such that F, is
isomorphic to FA"°(A) := {F]quo(A) | 0 < j <m} as flag Bott towers.

By the above theorem, for any flag Bott tower F, there exists a set A4 satisfying
that F, is determined by A (see Definition 2.8). To give a proof of Theorem 2.10,
we begin with studying holomorphic line bundles over a flag Bott manifold. For
1 < j < m, there is a universal or tautological filtration of subbundles

(2-8) 0=Uj0CUj1 CUj2C CUjy CUjus1 = pig"

on F; = FL(Y), where we put §V) := @ +11 7 for simplicity. Over a point

(p.V)=(p,(VoCViC---CV,, CEY))

of F; for p € Fj_y, the fiber of the subbundle U;  is the vector space Vj of the flag
V, for 1 <k <n; + 1. Hence we have the quotient line bundle U, /U x—1 over
F; for 1 <k <nj+ 1. The following lemma states that using these line bundles,
we can express any holomorphic line bundle over a flag Bott manifold.

Lemma 2.11. Let F, be a flag Bott tower. Then the set of line bundles

j-1
{Ujk/Ujr-111 Skfnj-l-l}UU{P}'fO'"OP§+1(Uz,k/Uz,k—1) |[1<k<ng+1}
=1

generates the Picard group Pic(F;) for 1 < j < m.

Proof. Using the result [Bott and Tu 1982, Remark 21.18] on the cohomology ring
of the induced flag bundle and an induction on the stage of F,, one can see that the
degree 2 cohomology group H*(F ;s Z) is generated by the first Chern classes of
line bundles

j—1
U/ Ujs—r 11 <k <nj+ 13U J{pho - opiy (Uek/Urk-) |1 <k <ng+1}
=1

for 1 < j < m. Therefore, any cohomology class of degree 2 can be obtained as the
first Chern class of a tensor product of these line bundles. Hence it is enough to
show that the cycle map c; : Pic(F;) — H 2(F i; Z) is an isomorphism. We recall
that the cycle map Pic(X) — H?(X; Z) is an isomorphism for a full flag manifold X.
Also for the full flag bundle X over a smooth variety Y, if the cycle map for Y is an
isomorphism, then the cycle map for X is also an isomorphism (see [Fulton 1998,
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Example 19.1.11]). This proves that the cycle map c; : Pic(F;) — HZ(Fj; Z) is an
isomorphism for 1 < j <m. (]

Lemma 2.12. For a sequence of integer matrices

= (Aéj))1§€<j§m € 1_[ Mnj+1,ng+l(z)s
1<l<j<m
let FA%° := FA"(A) be the flag Bott tower defined as in (2-5). Then, the line bundle
Uik/Ujr-1 — quuo is isomorphic to the bundle £(0, ..., 0, e;) — F}luo defined
in (2-6).

Proof. From Proposition 2.7 that the j-stage flag Bott manifold F " is the induced
flag bundle F¢(£)) over Fq 1, where §) = @n’H £(a ,ﬁjl), . a,(j; ,) and a(f)
is the k-th row vector of the matrix A(] Vfor1 <€ < j — 1. Consider a pomt

=[g1,...,gjlin F]q . Because of the bundle structure Fquo =FLED) L Fquo
this point g can be considered as a full flag V.= (Vi C V2 C--- SV, C (V) , (g))
where (£()) pj(g) 18 the fiber over p;(g). The fiber of U.,-,k at g is the vector space
Vi C ($(j))pj(g) spanned by the first k column vectors vy, ..., v € (S(j))pj(g) of
gj € GL(n; +1). Hence the fiber of U; x/ U x—1 at g is Vi/ Vx—1, which is spanned
by the vector v € (), (g). For an element b= (by, ..., b;) € [T)_; BoL,)- the
k-th column vector v, of the last coordinate of <I><4(g, b) is given by

= (AP @) (A () )b
= b (A BT (A (b)) o ~ D
Here, the equivalence comes from (2-7). Hence the result follows. U

Proof of Theorem 2.10. Using the above two lemmas, we prove the theorem using
the induction argument on the height of a flag Bott tower. When the height is 1,
then it is obvious that any full flag manifold can be described as the orbit space
GL(ny + 1)/ BGL@n, +1)-

Assume that the theorem holds for flag Bott towers whose height is less than m.
For a flag Bott tower F, of height m, by the induction hypothesis, we have a
sequence of integer matrices (Ay ))1<[<]<m 1 € ]_[1<€<]<m | Mnj+1 ne+1(Z) such
that {F; | 0 < j <m — 1} is isomorphic to the orbit spaces {Fq |0<j<m—1}as
flag Bott towers. To prove the claim, it is enough to find sultable integer matrices
A(m) A(m)1 such that (A( N<t<j< = gives the flag Bott manifold F,.

Let Fm =FL (@"’”H (m)) where ék ™ is a holomorphic line bundle over F,,_;.
Then, by the induction hypothesis, the (m—1)-stage flag Bott manifold F;,_; can be
expressed as the orbit [ [;— 11 GL(n, + 1) /@A . Hence, by Lemmas 2.11 and 2.12,
there exists a suitable integer vector (ak 1), .. a,(cmnz D EDIS 17+ such that

g, ... a" =" forl<k<n,+1.
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(m) a(m)

Consider the integer matrix Afzm) eM,, +1.n,+1(Z) with row vectors Aty "y
forl <€ <m—1. Let F,"° be the flag Bott manifold determined by integer matrices
(AE’ )) 1<¢<j<m- Then by Proposition 2.7, we have the following bundle map ¢ which

is a holomorphic diffeomorphism:
Ny +1
¢:F,9,“°—>fe<@s(a,ﬁ’jﬁ>,...,a,ﬁf"n1_l)>:Fm. 0
k=1

Remark 2.13 (description of F,, using compact Lie groups). Using the compact
subgroups U(n;+1) C GL(n;+1) and the compact maximal torus 7" e HeLnj+1)
for 1 < j < m, consider the orbit space:

m m
[Tve+v /TTr*,
j=1 j=1
where the right action is defined by

29) (g1r.eergm) (Fleeen t)
= (a1, AP @) g, AP ) AP @) st
AP @) AL )T (A ) gt )-

Then the above manifold is a compact manifold which is diffeomorphic to F;, since
U+ 1)/T" is diffeomorphic to GL(n 4 1)/BgL(n+1). We will also use this
description for F),,.

Remark 2.14. Let F;, be the m-stage flag Bott manifold defined by a sequence
of integer matrices A = (Aff))lfkjfm_l € [Ti<t<j<m_1 Muj+1.0,41(Z). Every
flag Bott manifold is a CP-tower. Hence using Borel-Hirzebruch formula, the
cohomology ring and the equivariant cohomology ring with respect to the torus
action defined in Section 3A of F), can be computed. The explicit formula is given
in [Kaji et al. 2020] in terms of .A.

2D. Tangent bundle of F,,. In this subsection, we study the tangent bundle of a
flag Bott manifold using a principal connection of a principal bundle. For more
details, see [Spivak 1979, Chapter 8, Addendum 3]. For a principal H-bundle
7 : P — B, the vertical subbundle V is definedtobe V:={ve TP |m,v=0} C TP.
If we let 0, : H — H(p) be the orbit map which maps H onto its orbit through
p € P, then we have

(2-10) Vp = (0p)«Lie(H).
A principal connection H is a subbundle of TP such that for p € P,
e T,P=V,®H,),
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o (Pp)Hp =Ha,(p), Where @y, is the right action by h € H, and
e H, varies smoothly with respect to p € P.

Because of the first property of principal connection, we have that 7, (H ) = T () B.

For convenience, let T denote the product of compact tori ]_['}1:1 T+, By
Remark 2.13, an m-stage flag Bott manifold F,, can be described as the orbit of
the right action in (2-9), i.e., F,, = ]_[’}1:1 U(n; +1)/T. Since T acts freely on the
space ]_[;": 1 U(n; + 1), we have the principal T-bundle

m
(2-11) [[U@+1D) 5 F.
j=1
We describe the vertical subbundle V of the above principal bundle (2-11). For
1 < j <m,letu(n; + 1), respectively %*1, denote the Lie algebra of Un; + 1),
respectively 7! C U(n; + 1). For a point g = (g1, ..., gm) € ]_['j’-’:] U, + 1),
define

(Lg)s = (Ly)a X - X (L) Tg(]_[ Unj + 1)) — @Pum;+ D).
j=1 j=1

where L, is the left translation by g; for 1 < j <m. Then (L,-1) is an isomorphism,
so that we have the trivialization

[[U@+ 1D x Pu+1)= T<l_[ Un + 1)).
j=1 j=1 Jj=1

For the principal bundle (2-11), it follows from (2-10) that V, = (0,)« (D'}, 1),
where 0, : T — T(g) is the orbit map. For a given t = (11, ...,1,) € EB'}’:I it
take a path

yi(—e.0)=> [[T", s (). tw(s)
j=1

such that y (0)=1, #;(s) € T" ! and j—sy(s)|s:o =t. Forapoint g € ]_[Tzl U(n;j+1)
and t € T, let g - t denote the right action of T in (2-9). Then we have

(Ly1)x(0g)ut
=L L (g ¥ (5Dl
=L (1), 85 (AP0 6)) 2n2(s),
g (A @ 6)) T (A 1 5)) gt )
= (11,12 = Ad 1 (AP D), - 1 = Ad 1 (A @D + -+ ADY (Enm1).

§=
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Here Adg(X) = gX g~ !, i.e., the usual adjoint representation of U(n; + 1) on
u(n; + 1). Therefore we see that the vertical subbundle V is the image of the
injective map:

m m m m
[JU@m+Dx @it - U@ +1) x Pury + 1),
j=1 j=1 j=1 j=1

where ((g1, ..., gn), (t1, ..., 1)) maps to

((gl, cees 8m)
(11,12 = Ad 1 (AP @), 1 = Adg (AT @) + -+ AT (10 -1)) )

Now we describe a principal connection. Let m; C u(n; + 1) be the subspace of
matrices with the zeros along the diagonal. Then m; is invariant under the adjoint
action of 7%, and m; Nt +! = {0}.

Proposition 2.15. At the pointe == (e, ..., e) € ]_[T:1 U(n; + 1), choose the hori-
zontal space H, ‘= EB?:] m; C @'}1:] w(n; +1). For a point g = (g1, ..., 8m) €
[T7=) U + 1), define Hy C To([T7=; Utnj + 1)) by

m
My =P (Lg)um;.
j=1
Then H is a connection.

Proof. First we need to show that for each point g € ]_[7!:1 U(n; + 1), we have
that #, &V, = T, ([T}, U(r; 4 1)). We claim that V, N H, = {0}. Suppose that
(04)«(t) is contained in H, for some t = (1, ...,1,) € @7:1 t%*1. This implies
that

m
(t1,2=Ad (AP WD), - L= Ad 1 (AT D+ -+ AN (1)) €D m,.
j=1

In particular, ; € my, but it is also contained in t"'*!. Since m; N "1 = {0}, we

have that 7; = 0. Continuing in this manner we conclude that V, N'H, = {0}, and

hence by the dimension reason, we have H, ®V, = T, (]_['}1:1 Un; + 1)).
Secondly, define the map

m m
D, l_[U(nj +1)— HU(nj+1)
=1 i=1

as the right translation by ¢ as defined in (2-9). For an element ¢t = (¢, ..., 1) €
M-, T+, we claim that (®) Hg =Ha, (5)- Forany (xi,...,x,) € [T/2, U, +1),
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we have:
(2-12) (ProLg)(x1,..., xpm)
=D (g1X1, -+ -5 8mXm)
= (g1x1t1, (A?)(Il))*lgzxﬂz,
s AP )T A ) gt
= (glfl(ll_lxll‘l), (Agz)(tl))_lgztz(fz_llez),
e A )T (A ) gt 1 b))
= Lq;t(g)(lflxll‘l, cees t,,:lxmtm).

This gives (®¢)+Hy = Ha,(g) Since m; is invariant under the adjoint action of 77!
for1 <j<m.
Finally since the left multiplication varies smoothly with

m

81 gm) € [ [ UG+ 1),
j=1
this defines a connection. O

As a corollary of Proposition 2.15 we have the following description of the
tangent bundle of F,;:

Proposition 2.16. The tangent bundle of F,, is isomorphic to

m m
[TU@+1) xr Pmy,
j=1 j=1
where the following elements are identified:
(2-13)  (81s--s 8ms X1y ooy Xim)
~ ((gl, ey 8m) (L, o ) AdthXl, e, Ad,r#Xm)
for(ty,...,ty) €T. Here (g1,...,8m) " (t1, ..., ty) is as defined in (2-9).
Proof. Let
m m
@ HU(nj +1) XT@mJ- — TF,
j=1 j=1

be the map defined by ¢([g; X1) = ([g], (7m0 (L4)«(X))). We claim that the map ¢
is a bundle isomorphism. Because of the property of a principal connection and by
the definition of #, we have that (74 o (Lg)+(X)) € Tig) F},. It is enough to check
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that the map ¢ is well-defined. For ¢ = (¢1,...,1,) € T,
¢ [®i(9): Ad-i Xy, .. Adi X
= ([®(g)], (s 0 (La,@)+)(Ad 1 X1, ..., Ad, X))
From (2-12), we can see that
(Lq;t(g))*(Adt;le, o Ad 1 X)) = (Po)w o (L)X, - ooy Xin)-
Because m o ®; = 7, we have that m, o ($;), = m,. This implies that the map ¢ is

well-defined. O

3. GKM descriptions of flag Bott manifolds

Let F,, be an m-stage flag Bott manifold. In Section 3A, we define the canonical
torus action on F,, and by studying this action more carefully, we conclude that a
flag Bott manifold F;, is a GKM manifold with the canonical action in Theorem 3.6.

3A. Torus actions. Let F,, be an m-stage flag Bott manifold. For 1 < j <m, let
H=T1/_, HoL(n,+1) act on F; by

(hl, ...,hm)~[g1, ...,gj] = [hlgl, ---ahjgj]
for (hy,...,hy) € Hand [g,...,g;] € F;. Then F; — F;_; is H-equivariant
fiber bundle. For notational convenience, we write

(3-1) n:=nj+---+ny,.

Therefore Z;”: 1(nj+1)=n+m. Let T C H be the compact torus of real dimen-
sion n + m. Note that the torus H acts holomorphically but does not act effectively
on Fy,. If we write h; = diag(hj 1, ..., hjn+1) € GL(n; + 1), the subtorus

H = {(hlv ey hm) eH | hl,nH—l == hm,l’lm+1 = 1} = (C*)l’l

acts effectively on F,,,. Let T C H denote the compact torus of real dimension #.
In this paper, we call the action of these tori the canonical H (T, H or T)-action
on F,,. For a space X with a G-action, we write (X, G) for this G-space X when
we need to emphasize the acting group.

Remark 3.1. The complex dimension of an m-stage flag Bott manifold F,, is

ni(n;+1) +”.+nm(nm+l)

2 2
while the complex dimension of the torus H, which acts effectively on the manifold
Fn,isn=n;+---+n,. They are equal if and only if n; = - - - = n,, = 1, which

is the case when a flag Bott manifold is a Bott manifold (see Example 2.2(3)). The
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highest dimension of a torus which can act on F, effectively is studied in [Kuroki
2017].

Example 3.2. A 1-stage flag Bott manifold is the flag manifold F¢(n + 1) =
GL(n + 1)/ BGL+1)- Then the canonical torus action of H = Hgp(,+1) on the flag
manifold F£(n + 1) is the left multiplication.

It is well known that the fixed point set F€(n + D™ can be identified with
the symmetric group S, (see [Fulton 1997, Subsection 10.1]). For a given
permutation w € &4, let w denote the column permutation matrix, i.e., w is an
element in GL(n + 1) whose (w(k), k)-entries are 1 for 1 <k <n+ 1, and all others
are zero. For instance, the permutation w = (231) € G3 corresponds to the matrix

001
(3-2) w=1|[100|eGL@3).
010

Here we use the one-line notation, i.e., w(1) =2, w(2) =3, and w(3) = 1. Then
the fixed point set is {[w] € GL(n 4+ 1)/BgLu+1) | w € &,41}. This property can
be extended to the canonical action of H on F,.

Proposition 3.3. Let F,,, be an m-stage flag Bott manifold with the action of H. Then
the fixed point set is identified with the product of symmetric groups ]—['J’-’:] G, +1-
More precisely, for an element (wy, ..., wy) € ]_[?.1:1 Sy, +1, the corresponding
fixed point in F,, is (w1, ..., Wy,], where w; € GL(n;+1) is the column permutation
matrix of wj.

3B. Tangential representations of flag Bott manifolds. In this subsection, we
study the tangential representations of a flag Bott manifold F}, at the fixed points
corresponding to the (noneffective) canonical action of T in Proposition 3.5. Recall
the definition of GKM manifolds from [Goresky et al. 1998; Guillemin and Zara
2001].

Definition 3.4. Let T be the compact torus of dimension 7, t its Lie algebra, and
M a compact manifold of real dimension 2d with an effective action of 7. We say
that a pair (M, T') is a GKM manifold if

(1) the fixed point set M7 is finite,
(2) M possesses a T-invariant almost-complex structure, and

(3) forevery p e MT, the weights {a;, p €t |1 <i <dj} of the isotropy represen-
tation T, M of T are pairwise linearly independent.

By considering the effective canonical action of T on F),, we will see that
(Fy, T) is a GKM manifold in Theorem 3.6. For this, we first need to compute
the tangential representations of a flag Bott manifold F;, at fixed points. From
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Proposition 2.16, the tangent bundle TF,, of a flag Bott manifold F}, is isomorphic

to
m m
[TU@;+ 1) xr Pmy,
j=1 j=1

where m; C u(n; + 1) is the subspace of matrices with the zero diagonals for
1 < j <m. For an element (wq, ..., wy,) € ]_[;.":1 6,,j+1, the corresponding fixed
point in the flag Bott manifold F, is w := [wy, ..., Wy,]. To describe the tangential
representation Ty Fy, of T, it is enough to find homomorphisms f; : T — T nj+1
satisfying that for 1 < j <m

[t]U)], atmwm, Xl’ LA ] Xm]

= ['Lbl, ceey wm, Adf](tl ..........

Before computing the homomorphisms f;, let us recall the adjoint action of T
onm;. Let E(. ) be an element of gl(n; + 1) whose (r, s)-entry is 1 and all others
are zero. Now we have m; = span@{zE(m) +(—DE;nlzeC 1<s<r=<n; —|—1}.
We denote the standard basis of Lie(T)* = REj=1 (4 +D by

* % * *
(3-3) I T S T AP TN SR B

With respect to this basis, let A be the integer matrix of size (n;+1) x (n+m) whose
TOW VECtOrs € 1, ..., Cjpn;+1 are weights of the homomorphism f;, so that for an
elementt €T,

(3-4) fi:t > diag(eSh, ... g,

Since Ady; ) E.5) =t~ Ey,5), using the weight vectors {c; }, we can describe
that
m; = @ V(cjr—cjs),
I<s<r=n;j+1
where V(c; ,—c; ) is the 1-dimensional T-representation with the weightc; ,—c¢; s €
D, 2 +1. For an integer matrix A, we define

VA = P Vi e
I<s<r=<n;+1
Using this notation, we have the following proposition whose proof will be given
at the end of this subsection.

Proposition 3.5. Let F,,, be the m-stage flag Bott manifold determined by a set

of integer matrices (Aéj))lgkjgm—l € H152<j§m—1 Mnj+1’nl+1(Z). Consider the

(noneffective) canonical T-action on F,,. For a fixed point w = w1, ..., Wy] € Fy,
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the tangential T-representation is Ty F,, = @7’21 m;, where

~ ) j )
(3-5) m;=v(xyY x . xY

2 Bj 0 -~ 0]).

Here Xéj) is the matrix of size (nj+1) x (ng+1) defined by

36 X'= > (BANBLA) (B, A{)B.+ B A By

l<ij<-<ip<j fOl’ 1 SE < ] <m,

and B; is the row permutation matrix corresponding to wj, i.e., Bj = (wj)T.
Furthermore, the weights of the isotropy representation of T on Ty F,, are pairwise
linearly independent.

By considering the effective canonical action of T on F),, the fixed point set
is finite because of Proposition 3.3. Also the canonical action of T on F,, is
holomorphic (see Section 3A). As a corollary of Proposition 3.5, we have the
following theorem.

Theorem 3.6. Let F,, be an m-stage flag Bott manifold with the effective canonical
action of T. Then (F,,, T') is a GKM manifold.

Example 3.7. Suppose that the flag Bott manifold F; is F£(3). With the canonical
action of the torus T = (S!)3, there are six fixed points {[w] | w € G&3}. Let
{e], €5, €3} be the standard basis of Lie((S 13)* =~ R3. Consider an element w in
GL(3) corresponding to the permutation w = (231) € G3. Then the row permutation
matrix B is

- o O

10
01],
00

which is the transpose of the column permutation matrix w in (3-2). Then we have
the following tangential representation:

TiinfFi=m EV(B)=V(e; —&) D V(e] —e3) DV (el —&3).

Example 3.8. Consider a flag Bott tower F, of height 2 defined by the integer
matrix
2 _ Ccl1 C 0
A= |:0 0 0}'

Then F, is aCP'-bundle over F¢(3). The manifold F, has the action of (S')? x (§1)?,
and there are 12 fixed points {[w, w7] | w; € &3, wy € G3}. Let

* * * k *
{81,1’ €1,2:€1,3 €215 82,2}
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be the standard basis of Lie((S')? x (§1)?)* = R? @ R2. Consider the point W =
[wy, wy], where w; = e and wy = (21). Then the corresponding row permutation
matrices are

0
01
(1) ’ Bz_|:1 0]

B =1I=

S O =
oS = O

Hence the matrix X iz) is

@ _ @p |0 1][cic20] [O 0O
X =B, Bl_[l o}_o 0 0i|_|:c1 ¢ 0]

The tangential representation at the point 1w can be computed as follows:

TyFy=m; ®my = V([ 01)®V(X\” Byl

10000

Sofforooo])ev(e 000
00100 e

=V, —el )@ V(i3 —¢e1)d V(T3 —¢ 1)
@ V(cie]l | +cogl, +65 1 —€3,).

Example 3.9. Consider a flag Bott tower of height 3 with n; =2, np, = 1, and
n3 = 1 which is defined by

@ 120 (3)_340 (3)_50
A _|:OOO:|’ Al _|:OOO A= 00|
Then the flag Bott manifold F3 has the action of (S13 x (S1H?2 x (8§12, and the set of
fixed points is {[u')l, wo, w3 | wy € &3, wy, w3 € 62}. Denote the standard basis of
Lie((8")? x (§)? x (SH?) =R ®R* @R by (] |, 6] 5. 613, €3 1, €500 €31 €32
Consider the fixed point w = [w, Wy, w3], where w; = (312), wy; = e, and

w3z = (21). The corresponding row permutation matrices are

001

10 01
n=[100| m=[% s=0]
010

We have the following computations of X 52), X 53), X 53):

@ _ @p 201
X? = BA! B1_|:0 0 0},

3) 3) ©)) 3) 000
Xl =B3A2 BzAl B]+B3A1 31=|:14 0 8],

3) 3) 00
X5 = B3AS B, = [5 0}.
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The tangential representation at the point 1w can be computed as follows:

TpF3=m; @mydm3

= V(B 0 0@ V(IX? B, o) e v(IxY xP B

0010000
—v([rooooool)ev([20) 000
0100000

oV 0000001
14085010
=V(e] 1—€13)@V (e, =61 3) @V (e ,—&] DOV (=267 | —£] 3-8 1 +€35)
® V(14e] | +8e] 3+ 565 | +31 —&3,).
Before presenting the proof of Proposition 3.5, we give a lemma which is directly
induced by the definition of X\’ in (3-6).
Lemma 3.10. The matrix Xéj ) satisfies the following equality.
x4+ B AY By

) () yG-=-1 ) v(U-2) )
Xy =BjAj—1Xe +BjAj—2Xe +"'+BJAZ+1

Proof of Proposition 3.5. We first note that for any ¢; = diag(#; 1, ..., jn;+1) €
Tt ¢ U(I’lj +1), we have that ll);ll‘j ll)j = diag(tj,wj(l), Ljwi(2)s s tj,wj(nj+1)) €
T"+!. Let W; denote a homomorphism 77! — T"%+! define by w; (¢,) := u')j_ltj wj.
Then we have that

(3-7) by = b} iy = by ().
For the row permutation matrix B; = (w)”, we have that B;(;1, ..., 1j5,41)" =
(tjw;(1)s - - -+ tjwym+1)) " - Hence Bj is the matrix for the homomorphism wj; :
T+l _y i+l
Consider the case when j = 1. Then we can get
(3-8) [tiw1, ..., tyWm; Xiy..ny Xl
= [ww(t1), L2, ..., tyWms X1, ..., Xl (by (3-7))
= [(@1, AY @1 ()i, ., A (@10 tiom)
@), 1, D X X (by (29)
= [w1, (AP o W) (tD)122, - .., (A 0 B1) (1)t
Adg, i) X1, X2, ..., Xm]  (by (2-13)).

Therefore the homomorphism f; : T — T+ in (3-4) is given by (¢, ..., t,) —
w (1), and
m Z V(B O - O]).
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Hence the proposition holds for j = 1.
We continue the similar computation to (3-8) for the second coordinate as follows.
Fort=(ty,...,t,) €T,

[fiwy, by, W3, ..., W X1, ..., Xl
= [1, (AP o @) (t)i2in, (AP 0 1) (1) 1303,
oy (A 0 W) ()t Ady ) X1, X2y -0y Xim]  (by (3-8))
= [w1, AP (L), A (f1(0)13103,
o AV L) ttiom; Ad gy X1, Xas -y X
(by substituting wi (1) = f1(t))
= [w1, wa (AP (fi)n). A (fi() 63103,
s AV L)t Ad gy X1, Xa, ooy X (by 3-7))
= [, w2 fo(®), AD (DB, . AV (Fr (Ot Ad g0y X1, Xas -, Xon]
(by letting f(t) = Wa (AP (f1(1)12)
= [, w2, AS (L) AY (fi(0)t303,
e ATV AV AT F1 O tmtim; Ad gy X1, Ad 0 X2, X3, -y Xon]
(by (2-13)).

Continuing this process, we may assume that fi, ..., f;_1 can be defined so that
for j > 1,

[l‘]ll)],...,tjli)j,...;Xl,...,Xj,...]

= [, ....bjor, AL (i )AL (i) -+ AP (i)
ey Adfl(t)Xl, ey Adfj,l(t)Xj—lv Xj, .. ]

We now define f;. By considering
AP Fia @A (20 - A )iy
j—1Uj-1 j—2\Jj-2 1 Ul JWjs
we get the following:

AP (Fa@)AD (fi2®) - AP (1)
= 1y i (A (1 DAY (fi20) - AP (1)) (by (3-7))
= w; (W 0 AY o 1)) (W 0 Ay 0 fi2(8)) -+ (W) 0 A o f1(0)) (W (1))
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Therefore one can deduce that the map f; : T — T +1 is given by

t=(1,...,tn)
= (@0 A 0 fi-1®) (0 Ay 0 fj-2(0)) - (5 0 AY o f1(0)) (W (1)),

By considering the exponents of the map w; o Aéj ) o fo: T — T4 for € =
1,..., j—1, we get the following matrix of size (n; +1) x ((m +1)+-- -+(nm—|—1)):

) )] ) )
B; ’ Ay '[Xl Xy" o Xy Be O -+ 0]
—— ~———
(nj+D)x(nj+1) (mj+1)x(ne+1) (nz+1)><((n1+1)+~-+(nm+l))

Therefore it is enough to show that

X =B;AY XV + B;AY X7V +.. .+ BjAY)

+1) (@))
i1 Xy T BjA;/ By,

which comes from Lemma 3.10. Hence we have the tangential T-representation as
in the proposition.

Finally, we claim that the weights of the isotropy representation of T on T, F,
are pairwise linearly independent. For a fixed point w, let ¢1, ¢, € Z" be weights
of the tangential T-representation Ty, F,,, = @'J": | m;. Assume that the weight ¢;
comes from m;, and ¢, comes from m;, for j; < jo. Then by the description in (3-5),
¢ is a linear combination of {87’,{ |1<j<ji1,1=<k=<n;+1}. Since ¢; has nonzero
coefficients in {872’]( | 1 <k <nj+1}and ji < j, two weights ¢; and ¢, are
linearly independent. Suppose that both of two weights ¢; and ¢, come from m;.
Then they have nonzero coefficients in {8; « | 1 <k <nj+1} which are determined
by the permutation matrix B; by (3-5). Hence they are linearly independent, so the
result follows. ([

3C. GKM graphs. In the previous subsection, we showed that a flag Bott manifold
(Fy, T) is a GKM manifold. For a given GKM manifold (M, T), one can define
the following labeled graph (I", «); see [Guillemin and Zara 2001] for more details.

Definition 3.11. Let (M, T) be a GKM manifold. The GKM graph (', o) consists
of

« vertices: V(I') = M7,

e edges: e: v — w € E(I') if and only if there exists a T-invariant embedded
2-sphere X, containing v, w € M T and

« axial function: for an edge e : v — w, the axial function @ maps an edge e to
the weight of the isotropy representation 7, X, of T'.
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For an oriented edge e we write i (e), respectively ¢ (e), the initial, respectively
terminal, vertex of e. Moreover we write e for the oriented edge e with the reversed
orientation. For v € V(I") we set

ET), ={ee ET) |i(e) =v}.

For the GKM graph (I', @) associated to a GKM manifold (M, T), a collection
6 = {0,} of bijections

O : E(T)i(ey > E(M)i(e), e € E()
satisfying the following conditions can be determined naturally:
(1) (Be)~! =6; fore € E(I),

(2) 6, maps e to e for e € E(I'), and

(3) for e € E(I') and ¢’ € E(I');(), there exists ¢ € Z such that a(6,(¢)) =
ae) +cale).

The collection 68 = {6,} is called the connection.

In Section 3B, we considered F,,, with the noneffective canonical T-action, and
expressed the tangential representation T F;, in terms of the weights using the
standard basis {e’f’l, e 8’1"’,21“, el 8;:1’1, e, 8;’nm+1} in (3-3). But in the GKM
description, we need to consider the effective canonical T -action on F;,,. Therefore
to consider the axial function with respect to T -action, we should put

(3_9) 8T,m+l == 8;:1,11,7,4-1 =0
in the formula of Proposition 3.5.

Theorem 3.12. Let F,, be a flag Bott manifold with the effective canonical T -action.
Then the GKM graph (I, «) of (Fy,, T) consists of

o vertices: V(I') =[]/ Gy41,

o edges: E(T) is the set of elements w = (wy, ..., wy) and w' = (w}, ..., w,,)
in V(I') such that w' = (wy, ..., w;(r,s),..., wy) for some transposition

(r,s) € Gn;+1, and

e axial function: for w and w’ as above such that r,s € [n j+ 11,7 >s, then

a(ww) = p? = pi?,

N

where p,ﬁj) is the k-th row of the matrix [Xij) Xéj) e X;j_)l B; O--- O]for
k € [nj + 1], the matrices X éj ) are as in (3-6) with the modification according
to (3-9).
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Proof. To find the GKM graph I', we recall that the product I'y x I'; of graphs
'y, 'y consists of vertices V(I'; x ') := V(I'1) x V(I'2) and edges E(I'; x ['7)
such that e : (w1, wy) = (w}, w)) € E(T'y x I'y) if and only if either w; = w) and
wy — wj € E(I'y), or wy = w), and w; — w) € E(I'1). We claim that the GKM
graph I" of F), is the product of graphs ]_[Tzl I"j, where I'; is the GKM graph of
Fel(n;+1).

By Proposition 3.3, we know that V(I') = V(]_[;.":1 Fj). To find edges on the
graph I', we use an induction argument on the stage. When the stage is 1, then our
claim obviously holds. Assume that the GKM graph of F; is the product ]_[é:1 Iy
forl <j<m-—1. Forwe6,, 41, lets, : F,_1 — Fy, be a section of the
fibration F,, — F,,—; defined by [g1, ..., gu—-1]+ [&1, ..., &m—1, W]. Since the
section sy, is T -equivariant, it produces the GKM graph of F,,_; in I". Hence the
section s,, gives edges (wy, ..., Wy—1, w) = (W}, ..., w, _;, w) in I" such that
Wis - W) > Wi owp, ) € E(TT TY).

On the other hand, a fiber over each fixed point in F;_; produces the GKM
graph of F¢(n;+1). Therefore for (wy, ..., wy—1) € V(]_[;.":_l1 Fj), we have edges
(Wiy ey W1, W) = (W1, ..., Wy—1, w,,) such that w,, - w,, € E(I'y). Let
2N be the real dimension of F,,. Then we have that |E(I"),| = N for every vertex
v € V(I') by the definition of GKM graph. The above constructions give exactly N
many edges starting from a vertex v, so we have that ' = (]—[’]’-:]1 r j) X [y. By
Proposition 3.5 we have the axial function as stated in the theorem. ([

As a direct consequence of Theorem 3.12, we get the following.

Corollary 3.13. The GKM graph T of F,, is combinatorially equivalent to the
product ]_[7':1 I, where I'; is the GKM graph of Ft(n; + 1).

Example 3.14. Consider F; = F¢(3) as in Example 3.7. At the point [w] deter-
mined by w = (231) € &3, we have that Ty, F1 = V(B), where

010
B=1001|{.
100

S O =

With the effective canonical torus action, the tangential representation is
TrinFi = V(=&) @ V() @ V(] —&3).

We have an edge (231) — (132) in the GKM graph since (132) = (231)(3, 1) for
the transposition (3, 1) € G3. Hence the axial function for the edge (231) — (132)
is £] — &5. One can do the similar computations for the other fixed points, and we
have the GKM graph as in Figure 1, left. In the figure, parallel edges have the same
axial functions.
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1.5
} (213,12) (231,12)
(123,12)

oF \ _ I\(321,12)
2101\ \ /H
(132,12)(312,12)
OK \ (21321)  (231,21)
3

(12321)

€, \

3 (132,21)312,21)

(321,21)

501 0 1 2,3 45
€11
GKM graph of F£(3). GKM graph of a CP!-bundle over F£(3).

Figure 1. GKM graphs.

Example 3.15. Let F, be the 2-stage flag Bott manifold defined by

@ _|c1 20
Al _|:0 0 O:|

as in Example 3.8. The 3-dimensional compact torus acts effectively on F,. Let
{ST’I, €12 8;1} be the standard basis of Lie((S')? x (§'))*. Near the fixed point
given by (e, s1) € &3 x G,, we have the tangential representation as follows:

Vel =1 D@ V(=) ®V(—e] )@ V(cie] | + el + 65 1).

One can see that the induced subgraph T, respectively I'’, whose vertex set is
G3 x {e}, respectively &3 x {51}, is the same as the GKM graph of F£(3) with the
action of the torus 72 in Example 3.14. Therefore it is enough to consider the axial
functions of edges of the form ey, := (w, e) = (w, s1) for w € G3. By a similar
computation to Example 3.14, we get the GKM graph of F; as in Figure 1, right,
whose axial function for vertical edges is listed as follows:

* * * * * *
Ol(e(l23)) =—C1& ] —C2& 12— & 1s 0‘(3(213)) =& | —Cl€1 2~ &
* k * *
a(e@sn) = —Ci1&1,— &5 1, ale@n) = —C261, — &1,
_ * * _ * *
a(e312) = —C281 1 — €51, a(e3n) = —C1€] | — &5 1-

Note that nontrivial coefficients of ¢ | and &} , shows that F> is a nontrivial CcpP!-
bundle over F£(3).

Example 3.16. Consider the 3-stage flag Bott manifold F3 as in Example 3.9.
Let w = [w), Wy, w3] be a fixed point where w; = (312) € G3, wy = ¢ € &3, and
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w3z = (21) € G,. For an edge (wy, wy, w3) = (wy, wa, w3(2, 1)), the axial function

is ,053) - ,of), where ,0,53) is the k-th row of the matrix

3 v® 51 [0 000001
X7 X B3]_[14085010'

Hence with the modification according to (3-9), the axial function is
146t | +5¢e5 1 +€3 1.

Remark 3.17. Let F, be a flag Bott tower, and (I'j, «;) the GKM graph of j-stage
flag Bott manifold F;. Then (I';, a;) — (I'j_1,aj_1) is a GKM fiber bundle,
see [Sabatini 2009, Definition 2.3.5], induced from the fibration F; — F;_; for
1 < j < m. The module basis of GKM graph cohomology of GKM fiber bundle
has been computed in [Sabatini 2009; Guillemin et al. 2012]. In the paper [Kaji
et al. 2020], we compute the equivariant cohomology rings of flag Bott manifolds
by using the Borel-Hirzebruch formula.

4. Generalized Bott manifolds and the associated flag Bott manifolds
We begin this section by reviewing generalized Bott towers studied in [Choi et al.
2010a; 2010b] and studying their fans based on [Cox et al. 2011, Section 7.3].

Definition 4.1 ([Choi et al. 2010a, Defintion 6.1]). A generalized Bott tower B, =
{Bj | 0 < j <m} of height m (or an m-stage generalized Bott tower) is a sequence,

Tm—1 3

By —2 Bp_ S > B —=» B, —3 By ={a point},

of manifolds B; = P(E { DD E,J,Ij ® C), where E ,i is a holomorphic line bundle
over B;_j for 1 <k <n;, Cis the trivial line bundle over B;_;, and P(-) stands for
the projectivization of each fiber. We call B; the j-stage generalized Bott manifold
of a generalized Bott tower.

Example 4.2. (1) Every projective space CP" is a generalized Bott tower of
height 1.

(2) The product of projective spaces CP"' x --- x CP™ is an m-stage generalized
Bott manifold.

(3) When n; =1for 1 < j <m, an m-stage generalized Bott manifold is an m-stage
Bott manifold (see Example 2.2(3)).

Recall from [Hartshorne 1977, Exercise 11.7.9] that for each 1 < j < m, the set
of isomorphic classes of holomorphic line bundles on B;_; is isomorphic to zi—
More precisely, for 1 < j < m, the homomorphism

777" > Pic(Bj_1), (ai,....a;- 1) @)P"Q@@)HP° @ ® (,,j_'_l)@a_f-.
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is an isomorphism since B; is an iterated sequence of projective space bundles.
Here, ’75—1 is the tautological line bundle over B;_1, and ] = To- oy (n5th,
for each 1 < ¢ < j — 2. Therefore for each holomorphic line bundle £ ,g over B_j,

there exist integers a,ﬁ [rees ali i1 such that

' N i ol , i
E}{ = (77{)@%,1 R (Ué)@’ak? ® - ® (ﬂ§_1)®a’f,f*l,

Hence, we conclude that given a generalized Bott manifold B;_1, the collection of
integers

laf ,eZ|l<k<n, 1<t<j—1}
determines B;.

In general, a projectivization of the sum of holomorphic line bundles over a toric
variety is again a toric variety (see [Cox et al. 2011, Section 7.3]).2 Hence, so is a
generalized Bott manifold B,,. To describe the fan of B,,, we prepare the following
matrix A of size n x m:

1.0 - T
ai -1 0 .- jna
4-1 = d A=| 5 = ,
4-1) n:=n;+---+n, an a .. “5—1 10 |
_a’ln afn"_] _1—}nm

where we denote by 0, 1 and ag the following vectors respectively:

0 1 aj
0=|:|, 1=]:]|, and aé: : eZ" forl<{<j<m.
0 1 a,ij’e

Next, we define a set of vectors U := {u,];j [1<j<m, 1<kj=<nj+1}by

l/tj _ 8]"](_,. if 1 Skj fnj,
7 | j-th column of A ifk; =n; +1,
where €11, ..., €105 ---5Em1s -5 Emn, 1S the standard basis vector in R" =

R+ +m  Now, we consider the following cones

Ok := Cone(U \ {u,lq, cup}) CRY

m

ZNote that [Cox et al. 2011] uses a different convention to construct iterated projective bundles.
They put the trivial line bundle on the first, but we put it on the last when we sum up line bundles in
the definition of generalized Bott manifolds.
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and one can see that the vectors of I/ \ {u}q, R ukmm} form a Z-basis of 7' C R".
Hence oy, ..k, is a smooth cone of dimension n.

Proposition 4.3. A fan ¥ associated to B, consists of the cones

(4-2) {0kt | Ky o k) € T2 [y 4 11

and their faces.

Proof. We show the claim by the induction on the stage of a generalized Bott
manifold. When m = 1, we have u,i =e¢; for 1 <k <n; and u}”H =—-1.1In
this case, the fan X consists of the cones {0y, C R | 1 <k; <n;+ 1} and their
faces, which yields Xy = CP"!. Next, assuming that the claim holds for (m—1)-
stage generalized Bott manifold B,,_;, a successively application of the result
[Cox et al. 2011, Section 7.3], in particular [Cox et al. 2011, Proposition 7.3.3 and
Example 7.3.5], establishes that the claim holds for the m-stage generalized Bott

manifold B,,. O

Remark 4.4. The fan ¥ defined above is a simplicial fan whose underlying simpli-
cial complex is the dual complex of the product P := ]_['l": | A" of simplices. As a
quasitoric manifold [Davis and Januszkiewicz 1991; Buchstaber and Panov 2015],
the polytope together with the set I/, where we assign a facet

A" X AT XL AT X A
J

for some facet fké of A" to the vector u,{j for 1 <k; <n;+1, form a characteristic
pair which determines the given generalized Bott manifold. We refer the readers to
[Choi et al. 2010a; 2010b] for more details.

Example 4.5. Let B, be a generalized Bott tower of height 3 withn; =2, n, =1,
and n3 = 2. The 2-stage generalized Bott manifold B, is a CP!-fiber bundle
over CP?, and the 3-stage B3 isa C P2-fiber bundle over the manifold B,. More
precisely,

E}®E;aC Ei®C

! !

P(E;®E;0C) —— P(E}®C) —— CP?
I I [
B; B, B

where C is the trivial line bundle, and

2 3 3 3 3
Ei =)0, E}=m)® e m)%2, E3=0)%% ® 3%
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for some integers a12 1 a]3 1 a13 2 a% 1 ag ,. Hence the matrix A of B3 is
-1 0 O
-1 0 O -1 0 0
2 2 123
A - a%,l _31 0 == (113 _;l 0 == [u3 M2 I/l}],
aj, aj, —1 a; a, —1
(431 ayp —1]

where

2 2 3 3 3 2 3 3 3 2
Moreover the fan X associated to B; consists of cones

1 1
Cone(ey,1,61,2,82,1,€3,1,€3,2), Cone(er,1,u3,€2,1,€3,1,€3,2), Cone(ey 2,u3,£21,83,1,832),
2 1 2 12

Cone(e1,1,61,2,U5,€3,1,€32), Cone(ey1,Us,u3,€3,1,€32), Cone(ez,usz,u5,83,1,632),
3 1 3 I 3

Cone(ey,1,€1,2,€2,1,€3,1,U3), Cone(e 1,usz,821,63,1,u3), Cone(e2,u3,82,1,€31,U3),
C 2 3 C 12 3 C ) 3
One(glyl,81’2,142,83,1,1/!3), One(81,17u33u2’83,17u3)7 One(81,23u3’u2783,l’u3)3
3 1 3 1 3

Cone(ey,1,61,2,€2,1,83,2,u3), Cone(ey 1,u3,82,1,632,u3), Cone(ey,u3,821,€32,U3),

2 3 1 2 3 1 .2 3
Cone(ey,1,81,0,U35,832,u3), Cone(ey 1,u3,u3,832,u3), Cone(e s, usz,U5,E32,U3)
and their faces.

Definition 4.6. Let B, be a generalized Bott tower determined by the block matrix
A with entries aé as in (4-1). We call a flag Bott tower F, is associated to B, if it
is determined by the set of integer matrices

[AY € My 101D |1 <€ < j <m),

where
() a 0...0 }
A = ¢ .

00-.-- 0]t
— ——
1 ng

Example 4.7. Let B3 be the generalized Bott tower of height 3 in Example 4.5.
The associated flag Bott manifold F3 to Bj is determined by the following integer
matrices:

2090] [a2, 00
AP — ai _ | % e Mys(2),
! [o 00 0 00 23(2)

(a3 00 a, 0

a 00 ai a0 1,2

A?):[Ol 00l= a, 00|eMs@D, AY= 020 =|a3, 0| €M, 2).
[0 00 0 0
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For a generalized Bott tower B, and its associated flag Bott tower F,, we have
the following commutative diagram.

Q,j;_lEm QTEZ qul

» 1\/ |p ]/
m m—1 P2 P1
Fo 2 Fpoy —— s . 2o P Ry

(4-3) l 1
J/qm J/qm 1 E,, J/th E, J/qo =id E|
« ' hd

By % By, —— ... 2 B — T3 B
Indeed, the associated flag Bott tower F, can be constructed inductively as follows.

For each 1 < j < m, consider the following pull-back diagram.

gj-1
q4i Ej — E;

I o |

qj—
Fi — B

By flagifying each fiber of the above bundles, we obtain the associated pull back
diagram of flag bundles.

qj

Fji=Fl(qi_E)) = FUE)) —— P(E)) = B
lpj O l /
qj—1 '
Fjog — 2~ B,

Then Fj is the total space of F¢(q;_,E;), and q; := s; 0 gj—1. Here, the map
s;: FL(E;) — P(E;) sends each fiberwise full flag

Ve=(ViCVa G- SV, C(E))))

to the element Vi in P((E;),) for p € B;_;.

5. Generic orbit closures in the associated flag Bott manifolds

For an m-stage generalized Bott manifold B,,, let F;, be its associated flag Bott
manifold with the effective canonical action of H defined in Section 3A. In this
section, we study the closure of a generic orbit of the torus H in the associate flag
Bott manifold F,, and its relation with B,, in Theorem 5.7. For this, we first review
combinatorics of permutohedral varieties.



FLAG BOTT MANIFOLDS 377

5A. Permutohedral varieties. The closure X, of a generic orbit in the flag variety
Fl(n + 1) with the effective action of (C*)" as in Example 3.2 is a toric variety
called the permutohedral variety; see for instance [Klyachko 1985; Huh 2014]. In
this subsection, we recall the fan ¥, C R" of the permutohedral variety. Note that
the fan X, is the normal fan of an n-dimensional permutohedron P, with particular
outward normal vectors. To be more precise, there is a bijection between the set
%, (1) of rays and nonempty proper subsets of [n + 1]:

(D)< (A|oCACn+1]).

For a nonempty proper subset A of [n + 1], the corresponding ray p4 is generated
by

Yo ifn+1¢A,

(5-1) Uy = xed .
— > & otherwise,
xe[n+1\A
where {¢1, ..., &,} is the standard basis vector of R”. Hence there are 2"+! —2 many

rays in ¥,. The minimal generator in the intersection of a ray and the underlying
lattice is called the ray generator. We note that u, defined in (5-1) is the ray
generator of py4.

The maximal cones are indexed by proper chains of » nonempty proper subsets
of [n + 1]. For a proper chain

(5-2) AL CAICAC---CA, Cn+1]
of nonempty proper subsets, we have the corresponding maximal cone
COHC(L{AI, UAyy ooy I/tAn).

Therefore the number of maximal cones is (n + 1)!.

Moreover we have a correspondence between the maximal cones in X, and the
elements of the symmetric group &,,+. For a permutation w = (w(1) --- w(n+1))
in G,41, we associate a maximal cone in X, determined by the chain A, where

(5-3) A i={wn+2—-%k),...,wn+1)} forl <k <n.

This description is sometimes much convenient to see the combinatorics of X,,.
For instance, two maximal cones corresponding to permutations v and w in &,,11
are adjacent if and only if there exists i € [n] such that v = w - s;, where s; is the
transposition (i,i 4+ 1) € G, 1.

Example 5.1. When n =2, Figure 2, left, represents ray generators in X,. Consider
a permutation (231) € G3. Then the corresponding chain A, defined in (5-3) is

Ao C{I} G {1,3) & {1,2,3).
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up) = & . 21 ¢ {1,2}
u =
{1.2} 1 2 21 {2,3} A (12 321)
(132)
{1} € (1,2}
U3y = —¢l1 iy =é1 < >

(31 < {2,3} 231

Uiy e
Upy=—€1—8&2 Uf13) = —&2 () C(1.3)
Ray generators in %,. Maximal cones in X,.

Figure 2. Fan X,.

Hence the permutation (231) defines a maximal cone Cone(u {1y, u(1,3)). As permu-
tations (231) and (321) satisfy the relation (231) = (321) - 51, two maximal cones
Cone(u1y, uq1,3y) and Cone(uqyy, uq12)) are adjacent. Figure 2, right, describes the
maximal cones in Y.

Remark 5.2. Let X, C R” be the fan of complex projective space CP" whose ray
generators uy, ..., U,y are given by

&k ifl1 <k <n,
M =
“Tles = =g, ifk=n+1.

Then the set of cones in X can be identified with the set of nonempty proper
subsets of [1 + 1]. To be more precise, for any dimension d cone 7 in X, we have
a subset {i{, ..., iz} C[n+ 1] such that

T =Cone(u;,, ..., u;,).

It is well known that the fan 3, C R” of the permutohedral variety can be obtained
from X/, by star subdivisions of all cones of dimension grater than 0 in the decreasing
order of the dimensions of the cones (see [Procesi 1990]). Hence, the set of rays in
the fan X, corresponds bijectively to the set of all cones of dimension grater than 0
in X

5B. The main result on generic orbit closures in F,,. Consider the canonical
effective H-action on F,, defined in Section 3A. In order to consider the closure of
a generic H-orbit in F,, we first define a generic element in F,. Let g = (g;;) be
an element in GL(n + 1). For an ordered sequence 1 <ij <ip <---<iy <n-+1,
we consider the Pliicker coordinate

Xil,...,ik (g) = det((gip,p)lgpgk)~
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Definition 5.3. We call an element g € GL(n + 1) generic if X;, ._;, (g) is nonzero
for any k € [n 4 1] and ordered sequence 1 <i; <ip <---<ipy <n-+1. Wecall a
point [g1, ..., gnl in F), is generic if g; € GL(n; + 1) is generic for j =1, ..., m.

For example, g = [(1) (1)] is not a generic element since X»(g) =0. But g = [ } (1)]

is generic. The above definition of generic elements can be found in [Flaschka and
Haine 1991; Klyachko 1995; Dabrowski 1996]. It is not difficult to show that the
genericity of a point [gy, ..., gx] in F,, does not depend on the representative of a
point.

A generic orbit in F,, is the H-orbit of a generic point. In Theorem 5.7 we give
a relation between a generalized Bott manifold B,, and the closure of a generic orbit
of H in its associated flag Bott manifold F;,, which extends the relation between
CP", as an 1-stage generalized Bott manifold, and the n-dimensional permutohedral
variety (see Remark 5.2).

Theorem 5.4. Let By, be an m-stage generalized Bott manifold determined by an
integer matrix A as in (4-1) and let F,, be the associated m-stage flag Bott manifold.
Then the closure of a generic orbit of H in the associated flag Bott manifold F,, is
a nonsingular projective toric variety whose fan X is given as follows:

(1) The rays are parametrized by the set
{(L, Ao CACne+1], 1 <€ =<m}.
For (£, A) the corresponding ray is generated by the vector

¢ { D vea £t ifng+1¢A,

U, = , ,
A m nj J . :
er[nﬁ—l]\A Eext Zj:£+1 pIy ai (€jk otherwise,

where {¢; i} is the standard basis of the Lie algebra of the compact torus T C H
whose dual is the standard basis {ejf’ ) of Lie(T)*.

(2) The maximal cones are indexed by the sequences of proper chains of subsets

{AlL .. AN Al = (@ C AT CASC - CAL Clng+1]), 1 <€ <m}.

ng -+

For (Al, ..., A™), the corresponding maximal cone is defined to be

m
¢ ¢
Cone | I{u N YR E
Al ny
=1

The proof of Theorem 5.4 needs a series of lemmas, and will be given in the
next subsection. The following corollary will play an important role in the proof of
Theorem 5.7.
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Corollary 5.5. For each 1 <€ <m and a nonempty proper subset & C A C [ny+1],
we have the following relation:

el dy= Yulyy
X€EA

Furthermore, for x € [n,41], the ray generator ufx} coincides with the ray generator
uf; in the fan X of the generalized Bott manifold B,,.

Proof. First we notice that ufx} =¢&px = uﬁ if x # n¢ + 1. Hence we get the
equality (5-4) when ny, +1 ¢ A. On the other hand, we have that

m nj
1/ _ 2 : § : E : Joa 0
Wy = €ext A ejk = Upyyr-

x€lne] j=l+1 k=1
When ny + 1 € A, we get that

e 0L )4
Z”{x}—“{nmﬁ Z Ux)

xeA xeA\{ng+1}

m nj
J
== Dt DL D st D des

x€[ng] j=t+1 k=1 xeA\{n+1}

m nj
== D Eat D D @ik
xelne+1N\A j=t+1 k=1
—ul,. 0
Example 5.6. Let B3 be a generalized Bott tower of height 3 as in Example 4.7
whose matrix A is given by

[—-1 0 o]
-1 0 O
A= az’l —31 0
ajy aj, —1
| %21 D2 _1_

Let F3 be the associated flag Bott manifold, and let X be the closure of a generic
orbit of the torus (C*)°. Then the fan X of X has 14 rays. Consider the ray
generator u{l3}. Then by Theorem 5.4, the vector u{l3} is

3 nj

J 2 3 3
Z —€1x+ Z Zak’]gj,k =—¢€1,1 — €12 +aj &2,1 +aj €31 +a; €32,
x€[31\{3} j=2 k=1

where {e1.1, €12, €2.1, €3.1, €32} is the standard basis of the Lie algebra of the
compact torus contained in (C*)°. With this standard basis, we have the following



FLAG BOTT MANIFOLDS 381

ray generators:
ufy = (1,0,0,0,0),  wufp =(0,1,0,0,0), uy = (—1,-1.a} .4} .43 ),
M}1,2;=(1,1,0,0,0), M{II,S]2(0’_1’012,1"1?,1’“3,1)’ “{12,3}Z(_l»oaalz,lvals,pag,l)»
ufyy =(0,0,1,0,0),  upy =(0,0,—1,a7,.a3,).
ulyy =(0,0,0,1,0),  up =(0,0,0,0,1), ugy = (0,0,0,—1,—1),
Ul 5 =(0,0,0,1,1), uj) 5 =(0,0,0,0,—1), U} 3 = (0,0,0,—1,0).

For a subset {1, 3} C [3], the ray generator u{lm} is (0, -1, alz’] , a]3’1 , ag’]). Also,
we have the following:

uf 3 =(1,0,0,0,0)4 (=1, -1, aty.aj . a3,) = uiyy + g

For a fan X and a cone t € X, we recall from [Cox et al. 2011, Definition 3.3.17]
the definition of star subdivision X*(t) of ¥ along 7. Letu; =} (1 #,, Where
u, is the ray generator of a ray p. For each cone o € ¥ containing 7, set

22 (t) = {Cone(A) | A S {ur}Ua (1), (1) € A}
Then the star subdivision ¥*(t) is defined to be

) ={oeZ|tgo}ul ] i)

1Co

Hence the fan ¥*(7) has one more ray generated by the vector u.
Corollary 5.5 says that the set of ray generators

{uly | x € e+ 11}
=1

can produce all other ray generators of the fan X, which yields the following
property.

Theorem 5.7. Let B, be the m-stage generalized Bott manifold determined by the
integer matrix A as in (4-1), and let ¥’ be the fan of B,,. Let F,, be the associated
m-stage flag Bott manifold to B,,. Then the fan ¥ of the closure X of a generic
orbit of the canonical H-action in the associated flag Bott manifold F,, is the star
subdivisions of ¥ along the following cones

{Cone({ul |xeA}) |2 CAC I +1,1<t<m}CX
in the increasing order of 1 < £ < m and in the decreasing order of |A|.

Example 5.8. Let B3 and F3 be generalized Bott manifold and its associated flag
Bott manifold given in Example 5.6. To obtain the fan X of the closure X of a
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generic torus orbit in F3 from the fan £’ of B3, we consider the star subdivisions
of X’ along the following cones in the listed order:

{Cone(fuy | x € A}) | @ C A C [3],|A| =2}
= {Cone(uy, u}), Cone(u}, u3), Cone(uy, u})},
{Cone({uy | x € A}) | @ € A C [3], |A| = 1} = {Cone(u}), Cone(uy), Cone(u})},
{Cone({u? | x € A}) | @ C A C [2],]|A| = 1} = {Cone(u}), Cone(u3)},
{Cone({u} |x € A}) | @ C A C [3],|A| =2}
= {Cone(u%, u3), Cone(us, u3), Cone(us, u%)},
{Cone({u} | x € A}) | @ C A C[3],]A| = 1} = {Cone(u}), Cone(u3), Cone(u3)}.
To give a proof of Theorem 5.7, we first review the following classical result about

a toric variety fibration over a toric variety. We refer to [Oda 1978, Proposition 7.3],
as well as [Cox et al. 2011, Chapter 3.3; Ewald 1996, Chapter V1.6].

Proposition 5.9. Let ¥ and X' be complete fans in Ng := N ®z R and Ny =
N’ ®z R for some lattices N and N' respectively, which are compatible with a
surjective Z-linear map ¢ : N — N'. Let " be a subfan of ¥ consisting of the
cones {0 € X | 0 C ker¢pr} and Xy the corresponding toric variety. Then, the
toric morphism ¢ : Xs — Xy induced from ¢ is an equivariant fiber bundle with
fiber X s if and only if
(1) there exists a lifting £ C T of X' such that ¢g : Ng — Ny maps 6 € s
bijectively to a cone o’ € ¥,
(2) T consists of cones {6+ |5 € %, o’ € T'}.
The fan ¥ determined by the condition of Proposition 5.9 is called the join of

¥ and X" and denoted by ¥ = % « . We refer to [Ewald 1996, Chapters III.1
and VI.6]. We need one more result to give a proof of Theorem 5.7.

Lemma 5.10. Let X and X, be fans such that (1) N Xy(1) = @. Suppose that
T € Xy. Then
Ti(r) e Tp = (X1 * X)) (7).

Here we denote the cone T + {0} in X1« Xy by 1.

Proof. For a cone T € ¥, we have that

Ti@)eTr=(lor€ZTi |t Lar)e o) U U ((Z1)5,(v) * X,

7C0)
0‘1621

(SieZ)*(t+{0)={o1+0 € Ti+ T, | T+ {0} £ 01 + 0}

U J Eie3} @+ 0D
t+{0}Co1+07



FLAG BOTT MANIFOLDS 383

We note that by the definition of join of fans, we get
foresi|tdo}eSa={o1+0m e+ | 1+{0} £ o1 +02}.

Moreover, we have

U Gl +ioh={J [ @1e5)} @ +0).

t+{0}Co1402 ‘[g%l 0r€Y)
O1€2]

Therefore to prove the lemma, it is enough to show that for any o € ¥ satisfying
T C 01, the following equality holds:

(5-5) (S5 (@ T= [ (B1e )k 1, (T +{0)).
0’2622
We note that for o, € X»,

(5-6) (Z12%2)}, 10, (T +{0}) = {Cone(B) | B C {u:}Uoi(1)Uoa(1), t(1) € B},

Suppose that A C {u.} Uoq(1) satisfying (1) Q A. Then for a cone o, € X,
Cone(A)+o, is an element in (21);‘;1 (t)*X,. Since Cone(A)+o0, =Cone(AUo»(1))
and t(1) gé AUo» (1), the cone Cone(A)+o05 is an element in (X -22)§1+02(r+{0})
by (5-6).

Now, we consider Cone(B) in (X e 22)§l +0, (T +{0}) for some o7 € X). We set
A:=BN{u;}Uo (1)) and B := BNo»(1). Since B C {u,}Uo1(1)Uo»(1), we have
Cone(B) =Cone(A)+Cone(B’). Moreover, Cone(A) € (¥1), (t), and Cone(B’) €
3, since Cone(B’) is a face of the cone Cone(B). Hence the equality (5-5) holds,

and we have proven the lemma. U
Proof of Theorem 5.7. By Proposition 5.9, there exist liftings i,/ll, e, i’,lm—l of the
fans ¥} ,..., %, | of complex projective spaces such that

Y =5 e e, e%) .
More precisely, the lifting i;e C R" consists of the cones

Cone(uf, e ﬁﬁe, e uﬁﬁl)
and their faces. On the other hand, the fan X of the closure of a generic orbit in the
associated flag Bott manifold also can be written by

X zinl ...'.inm—l X,

where f]n[ is a lifting of the fan X, of the permutohedral variety whose maximal

cones are given by

14

¢
Cone(uA{,...,uAﬁl)

for a proper chain @ C AY C .- C AL C [ny + 1] of subsets.

ng -
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By Lemma 5.10, the operations join and star subdivision commute each other.
Hence it is enough to show that the star subdivisions of the fan i,’le along the cones
{Cone({ul | x € A} | @ CACIng+ 11} in the decreasing order of dimensions of
cones agrees with the fan 3,,,. We note that the fan X, of the permutohedral variety
can be obtained by star subdivisions of all the cones of dimension grater than 0 of
the fan X, of CP" in the decreasing order of dimensions of cones (see Remark 5.2).
Moreover, for 1 <¢ <m and any nonempty proper subset & C {x, ..., x4} C [ne+1],
the following equalities hold by Corollary 5.5:

U

Therefore the fan f]w is obtained from i; , by star subdividing along the cones
{Cone({uﬁ |xeAD) |9 CAC [ne+ 1]} in the given order, so the result follows. [J

Remark 5.11. In this paper, we concentrate on the closure of a generic torus orbit
in the associated flag Bott manifold. Since the matrices for the associated flag Bott
manifolds can have nonzero entries only on the first column, there are flag Bott
manifolds which are not the associated flag Bott manifolds. The second and the
fourth authors compute the fan of the closure of a generic torus orbit in any flag
Bott manifold in [Lee and Suh 2019].

Remark 5.12. There are several studies on the closures of nongeneric torus orbits.
For instance, Gelfand and Serganova [1987] studied torus orbit closures in homoge-
neous manifolds G/ P in terms of matroids, and, recently, Lee and Masuda [2020]
and Lee et al. [2019] study torus orbit closures associated to Schubert varieties and
Richardson varieties, respectively.

5C. Proof of Theorem 5.4. For an m-stage flag Bott manifold F,,, consider the
effective canonical H-action. Each fiber of a bundle F; — F;_; has the restricted
(C*)% -action, and its orbit closure of a generic point is the permutohedral vari-
ety Xn;. Therefore the closure of a generic orbit of the torus H in F, has the
structure of iterated permutohedral variety bundles. Hence, the following lemma is
straightforward from the successive application of Proposition 5.9.

Lemma 5.13. Let F,, be the associated m-stage flag Bott manifold and X the

closure of a generic orbit of the torus H in F,,,. Let %, , ..., X,  be fans of permuto-
hedral varieties Xy, . .., Xp,,, respectively. Then, there are liftings %,,,, ..., X, _,
such that

T=%, 0 0%, o5, .

It remains to compute the primitive generators of rays in X. In general, a toric
variety can be regarded as a GKM manifold with respect to the action of compact
torus in the algebraic torus.
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Remark 5.14. Two combinatorial objects, a smooth complete fan £ and a GKM
graph (I', ), of a toric variety are related by associating maximal cones in X with
vertices of I', and cones of codimension 1 in ¥ with edges of . In particular, if ¥
is an n-dimensional smooth fan, then an n-dimensional cone o has n facets, say
71, ..., Ty, Which correspond to the outgoing edges, say ey, ..., e,, in I' from the
vertex corresponding to o. Let p be a 1-dimensional cone in X, then (n — 1) many
facets of o contains p except one facet.

Regarding ¥ be a fan in Lie(7"), the next Lemma 5.15 shows the relation between
the ray generators of rays in X and the axial function & : E(I') — 7.

Lemma 5.15 [Buchstaber and Panov 2015, Proposition 7.3.18]. Let ey, ..., e, and
p be as in Remark 5.14, and u, the ray generator of p. Then the following system
of equations holds:

1 ifi=1,
5-7 D, =
(5-7) (a(ei), up) {0 if2<i<n.
In particular, given a(ey), . .., a(e,), the vector u,, is uniquely determined.

Lemma 5.15 says that the tangential representation at a fixed point determines the
ray generator u,, of a 1-dimensional cone p contained in the a maximal dimensional
cone o corresponding to the given fixed point. The next lemma shows that u,
obtained in (5-7) is independent from the choice of a maximal dimensional cone
containing p.

Lemma 5.16. The primitive generator u,, of an 1-dimensional cone p obtained from
(5-7) is well-defined, i.e., it is independent of the choice of a maximal dimensional
cone o containing p.

Proof. Suppose that o and o are two maximal cones containing p, whose facets are
{tu |1 <i <n}and{r]|1<i <n}, respectively. Here, we may assume that o and
o’ are adjacent, i.e., 0 and o’ meet at a common facet, say 7, = 7,, otherwise we
choose a path of maximal cones connecting o and ¢’, and apply the same argument.

By the correspondence between cones in a smooth complete fan and a GKM
graph mentioned in Remark 5.14, we set up the following notation:

(1) 71 and 7{: facets of o and o’ which do not contain p, respectively;
(2) er and e}: edges in I" corresponding to 7y and t{, respectively.

We refer to Figure 3 for a 3-dimensional example.
Now, it is enough to show that u, satisfies the following relations:

1 ifi=1,

0 if2<i<n.

(5-8) ((e)). up) = {
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Figure 3. A 3-dimensional fan and corresponding GKM graph.

For the given GKM graph (I", @) and the connection 6 = {6, | e € E(I")}, consider

O, :{e1, ... ent > €], ... €}

Since the closure O (p) of the orbit O (p) is a toric subvariety of X, the subgraph
by taking vertices corresponding to maximal cones containing p is indeed a GKM-
subgraph, whose connection is inherited from the original one 6. Therefore 6,,
maps {e, ..., e,} bijectively to {e}, ..., e,}. Hence we have that 6,, (e;) = e}. For
convenience, we assume that 6,, (¢;) = e; fori=1,...,n.

For 1 <i < n, we have the relation

a(e)) = ale;) +cialen),
for some ¢; € Z. Hence (5-7) becomes

1 ifi=1,
0 if2<i<n,

((e)) — ciarlen). up) = {

which turn out to be the relations (5-8), because (a(e;), u,) = 0. Hence the result
follows. O

Now we give a proof of Theorem 5.4. By Lemma 5.13, we know that the
combinatorial structure of the fan ¥ is given as in Theorem 5.4(2). Now it is
enough to show that the ray generators are given as in Theorem 5.4(1).

For a given 1 < ¢ <m and a nonempty proper subset A of [n, + 1], consider a
ray pt(A) of . To compute the ray generator of p*(A), it is enough to consider
only one maximal cone containing p¢(A) because of Lemma 5.16.

We note that there is one-to-one correspondence between the set of maximal cones
in 3 and ]_['J’-’:1 &y, +1 as in (5-3). More precisely, for (vy, ..., vy) € ]_[;-":1 St
we define

(5-9)  AlL:={v(g+2—p).....v0+ 1)} forl<p=<ng, 1<C=<m.
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Moreover, for a given maximal cone indexed by (vi, . . ., v), the adjacent maximal
cones o; are determined by permutations
(5-10) (Ul,...,Uj_l,Uj-Si,Uj+1,...,Um)
forl<i<njand1<j=<m.

From now on, set

A={x; <xp < - <Xpt1-q} and [ng+1]\A={y1 <y2<--- <ya}.

Define a permutation vy 4 to be

(5-11) Ve A= Y2 Ya X1 X2 Xpyt1—d) € Sppy1.

Also define v := (vy,...,v¢,...,0y) € ]_[’}-1:1 anH by setting vy = vy 4 and
vj = e € Gy;41 for j # £. Then using (5-9), the maximal cone o, indexed by
v contains the ray ,og. We note that among adjacent maximal cones indexed by
permutations in (5-10), the maximal cone o*f is the unique maximal cone which
does not contain the ray p', because

Ve Sa =veald, d+1)=(y1 -+ Ya—1 X1 Ya X2 *** Xnpti-d)-
Because of Lemmas 5.15 and 5.16, it is enough to show that the vector
it = {erA Eo.x N . if ng +'1 ¢EA,
D vein+ina —€ex + 20001 Damy Gy €k Otherwise
in Theorem 5.4 satisfies the following equations:
1 ifj={¢andi=d,
0 otherwise,

(e, uly) = {

where el.j is an edge of the GKM graph I" of X corresponding to the facet o, N oij
of the maximal cone o0y, and « is the axial function « : E(I') — 3.
To prove the claim, we separate cases as j < ¢, j = ¢, and j > £.

Case 1: j < £. By Theorem 3.12, the axial functions of the edge oz(el.j ) is a linear

combination of &* ,, ..., e* ,....&* ., ...,&* . On the other hand, since u¥ is a
1,1 1,n; Jj,1 J.nj A
linear combination of €1, ..., €¢.nys -+ Em 1y - -+ Em,n, and j < £, their pairings

always vanish.

Case 2: j =¢. By Theorem 3.12, the axial functions of the edge a(ef) is a linear
combination of 8?1, el gT,nl’ e, 821, e 82’%. More precisely, we have that

alef) = (€, aG+1)" — (€e,u,4())" + other terms,

where “other terms” are the terms of 8; ¢ for p < £ and vy 4 is a permutation
defined in (5-11). Since the vector ug is a linear combination of €¢.1, ..., €¢.ny5 - - - »
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Em,1s---sEmn,, We have

(5-12) (@(eh), 1) = (et v a41)" = (Eemeai) uh)-

Because of the definition of the permutation v, 4, we have that vy 4 (i) € A if and

only if i > d 4 1. Therefore for the case when n, + 1 ¢ A, we have that the

value (¢, ,1))*, u'y) equals 0 if i <d, and 1 otherwise. Also for the case when

ne+ 1€ A, we get that the pairing ((e¢,y, ,))*, u4) is —1 if i <d and 0 otherwise.
By applying (5-12) for ny; + 1 ¢ A, we have

0—-0=0 forl<i<d,
(e, uy)=31-0=1 fori=d,
1—-1=0 ford <i <ny.

Similarly, when ny + 1 € A, we get

—1—(-1)=0 forl<i<d,
(@), uf)=10—(=)=1 fori=d,
0-0=0 ford <i <ny.

Case 3: j > £. The matrix X;e) in Proposition 3.5 is

X = Y BABLAY) - (B A B+ BiAY By

l<iy<-<ip<j

Since v; = e for j # ¢, the matrix Xéj ) can be written as

X9 = ( T ADAY AW +A§j)>Bg.

l<i|<--<ip<j

By Definition 4.6, the matrix Afj ) has nonzero entries only on the first column. The
matrix By is the row permutation matrix corresponding to vy 4, so that By is the
column permutation matrix corresponding to v, i‘. Hence by multiplying the matrix
By on the right, the matrix X é’ ) has nonzero entries only on the y;-th column.

Subcase 1: ng+1¢ A. Since the matrix Xéj ) has nonzero entries only on the y;-th
column, we have that (oz(eij), uf‘) =0 forall j > £.

Subcase 2: ng+1 € A. For a pair (p, j) such that £ < p < j < m, the matrix X;j)
has nonzero entries only on the first column. For simplicity, for £ < p < j, denote

the (i, 1)-entry of X;,j ' by x;’ 3 Similarly, denote the (i, y;)-entry of Xf/ ' by xé’ji).
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Then we have

(el ub)

B
=<<xé,’f+1—xé’3><8e,yl>*+ 3 G =YD ep )t + (i) (s<,-,,->*,uﬁ>
p={+1

= () —xé”)(ez,yl)*, —(Etyy -+ E0yy)

+< Z (a1 =X D (Ep)" + (s = (€)% D Za,i’,eep,k>

p=t+1 p=t+1 k=1

-

— ) () ) (j) J

= (=D =20 + Z (Xp i1 — )(“1 o+ (az+1 ¢~ p)-
p={+1

To show the above pairing vanishes, it is enough to show that

xé’l) Z xU)aM—l—a ', foralli,
p={+1
which comes from the definition of Xé] ).
() p—1 _ ) 4 Gr) (i) )
xB = Y APA Al 4 4
b<ij<-<ir<j

:Xﬁ_j_)]Aéjflq_”JrX(n A L XD WD 4O

42 +1
j—1
() AP )
> xPaP 4+ 4.
p={+1

Hence we have (a(e{), ug) =0forall j > ¢£.

Now we prove the smoothness. Since the permutohedral variety X, is nonsingular
(see [Dabrowski 1996, Corollary of Theorem 3.3]), for a proper chain @ C A C
- C A, € [n+ 1] of nonempty proper subsets of [n + 1], we have that

(5_13) det[MAl Upay, = I/tAn] =41.

To show that a generic torus orbit closure is smooth, it is enough to show that
every maximal cone in X is smooth. For a maximal cone indexed by (Al, o, AT,
consider the matrix whose column vectors are the corresponding ray generators:

1 1 m m
(5-14) [“A} ey Wiy |-

Then the matrix (5-14) is a block lower triangular matrix whose sizes of blocks are
ni,...,n,. Moreover, the determinant of the matrix in (5-14) is

det([uA{ qul])-det([uA% uA’zlz])~--det([uAr]n ces Upm ])::I:l

nm
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by (5-13). Here {u Als el Afw} is the set of ray generators of the maximal cone
in the fan of X, indexed by the proper chain & ¢ A‘f c..-C Aﬁz C [ng + 1] for
1 < ¢ < m. This proves that the closure of a generic torus orbit in the associated
flag Bott manifold is smooth.
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