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EXISTENCE OF STEADY MULTIPLE VORTEX PATCHES TO
THE VORTEX-WAVE SYSTEM

DAOMIN CAO AND GUODONG WANG

We prove the existence of steady multiple vortex patch solutions to the
vortex-wave system in a planar bounded domain. The construction is
performed by solving a certain variational problem for the vorticity and
studying the asymptotic behavior as the vorticity strength goes to infinity.

1. Introduction

The evolution of an incompressible inviscid fluid is described by the Euler equations

{Btv +@ -VYv=-VP,

1-1
(- V-v=0,

where v is the velocity field and P is the pressure. In the planar case v = (vy, v2)
and we introduce the scalar vorticity of the fluid as follows:

(1-2) w = 811}2—821)1.

By taking the curl on both sides of the first equation of (1-1), we obtain the following
vorticity form of the Euler equations:

(1-3) dw+v-Vo=0.

In the whole plane, the velocity can be recovered from the vorticity via the Biot—
Savart law, that is,

1 J(x—y)

(1-4) v, 1) = K kw(x, 1) = ——
21 Jpe |x =y

w(y,1)dy,
where J(a, b) := (b, —a) denotes clockwise rotation through 7 /2 of the planar
vector (a,b) € R% and K (x) = —(1/(27))(Jx/|x|?) is called the Biot—Savart
kernel. Equations (1-3) and (1-4) mean that the vorticity w is transported by a
divergence-free velocity field induced by itself.

In some cases the vorticity is sharply concentrated in N small disjoint regions,
where N is a positive integer, then its time evolution can be approximately described

MSC2010: 35150, 35Q35.
Keywords: vortex-wave system, vortex patch, Euler equations, Kirchhoff-Routh function, variational
problem.

257


http://msp.org/pjm/
https://doi.org/10.2140/pjm.2020.308-2
http://https://doi.org/10.2140/pjm.2020.308.257

258 DAOMIN CAO AND GUODONG WANG

by the point vortex model (see [Lin 1941] for example), an ODE system that can
be written as

N
dx; )
(1-5) Ef:.z.@K@pwﬂ,z=L””M
J=1j#i

where x; is the position of the i-th point vortex and «; is the corresponding vorticity
strength. According to the point vortex model, for each point vortex located at x;,
the velocity it induces is «; K (- — x;), and it moves in the velocity field induced by
all the other N — 1 point vortices. The point vortex model and its relation with the
Euler equations have been analyzed extensively; see [Cao et al. 2015; Marchioro
and Pagani 1986; Smets and Van Schaftingen 2010; Turkington 1987] for example.

Now it is natural to consider the mixed problem, that is, the vorticity consists
of a continuously distributed part and a finite number of concentrated vortices.
Marchioro and Pulvirenti [1991] first studied this problem and they called it the
vortex-wave system. In the whole plane the vortex-wave system can be written as

diw+v-Vo =0,
dx; .

(1-6) -%:K*Mmﬂ+2£u#@Km—wyz:LHWM
v:K*w—I—ZI;:lKjK(-—xj).

Throughout this paper we call w the background vorticity. System (1-6) means
that the background vorticity is transported by the velocity field induced by itself
(the term K * w) and the N point vortices (the term Z];: 1 kjK(-—x;)), and each
point vortex moves by the velocity induced by the background vorticity (the term
K xw(x;, t)) and all the other N — 1 point vortices (the term Zy#i’jzl KiK(-—xj)).
By constructing Lagrangian paths Marchioro and Pulvirenti [1991] proved a theorem
of existence for initial background vorticity belonging to L'(R?) N L>°(R?). More
results on the existence and uniqueness can be found in [Bjorland 2011; Lacave
and Miot 2009; Lopes Filho et al. 2011; Miot 2012].

In this paper, we will be focusing on the steady vortex-wave system in a bounded
domain, the precise form of which will be given in the next section. In this case the
Kirchhoff—Routh function (defined by (2-2) in the next section) plays an essential
role. On the one hand, it is easy to see that any critical point of the Kirchhoff-Routh
function is a stationary point of the vortex model, and it has been shown in [Cao
et al. 2015] that if this critical point is nondegenerate, then there exists a family of
steady vortex patch solutions (that is, the vorticity is a piecewise constant function)
of the Euler equations shrinking to this critical point. Similar results can also be
found in [Cao et al. 2014; Smets and Van Schaftingen 2010; Turkington 1983a; Wan
1988]. On the other hand, it is proved in [Cao et al. 2019a] that if there is a family
of steady vortex patch solutions of the Euler equations shrinking to a point, then
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this point must be in the interior of the domain and must be a critical point of the
Kirchhoff-Routh function. In this way, the Kirchhoff—-Routh function establishes
connection between the Euler equations and the vortex model.

Our purpose in the present paper is to extend the result in [Cao et al. 2015] to the
vortex-wave system. To be more precise, we prove that for any given strict local
minimum point of the Kirchhoff-Routh function, there exists a family of steady
vortex patch solutions to the vortex-wave system that shrinks to this point. Here
by vortex patch solution of the vortex-wave system we mean that the background
vorticity is a piecewise constant function.

The method we use in this paper to construct steady solutions is called the vorticity
method, which was first established by Arnold [1978] and further developed by
many authors [Burton 1989a; 1989b; Burton and McLeod 1991; Elcrat and Miller
1991; 1995; Turkington 1983a; 1983b]. Roughly speaking, the vorticity method
is to maximize the kinetic energy of the fluid under some suitable constraints for
the vorticity. For the Euler equations, the kinetic energy of the fluid with bounded
vorticity is always finite, but for the vortex-wave system the kinetic energy is infinite
due to the presence of point vortices. To overcome this difficulty, we drop the
infinite self-energy term for each point vortex. We refer the interested reader to
[Cao and Wang 2019] where the energy of the vortex-wave system with a single
point vortex was calculated rigorously.

It is worth mentioning that the construction in [Cao et al. 2015] was based on
a finite-dimensional reduction argument. The advantage of the method in [Cao
et al. 2015] is that solutions concentrating at a given saddle point of the Kirchhoff—
Routh function can be constructed. However, nondegeneracy of this saddle point
is required in this situation. Using the vorticity method, we are able to construct
solutions concentrating at a given strict local minimum point of the Kirchhoff—-Routh
function, even if the point is degenerate. Another advantage of the vorticity method
is that we can analyze the energy of the solution, which is helpful to prove nonlinear
stability; see [Burton 2005; Cao and Wang 2017] for example.

This paper is organized as follows. In Section 2, we give the formulation of the
vortex-wave system in a bounded domain and state the main result. In Section 3, we
solve a maximization problem for the vorticity and study the asymptotic behavior
of the maximizers. In Section 4 we prove the main result.

2. Main result

Notation. Let D C R? be a bounded and simply connected domain with smooth
boundary. Green’s function for —A in D with zero Dirichlet data on 0 D can be
written as

@-1) G(x,y) = 5-1n —h(x,y), x.yeD,

1
|x—y
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where / is called the regular part of Green’s function. Define
H(x) = %h(x, x),

which is usually called the Robin function. Let k be a positive integer, «; € R\ {0},
i =1,..., k. Define the Kirchhoff-Routh function as

k
22 Kilr.ox)=— > kikiGix)+ Y kPh(xi, x;),
i#j1<i,j<k i=1
where x; € D and x; # x; if i # j. Note thatif k =1, then K| = 2K12H.
Throughout we will use the following notation. For any function g, supp(g)
denotes the support of g. For any real number a, sgn(a) denotes the sign of a, that is,

1 ifa>0,
(2-3) sgn(a):=4{ 0 ifa=0,
—1 ifa<O.

For any Lebesgue measurable set A C R%, | A| denotes the two-dimensional Lebesgue
measure of A; I4 denotes the characteristic function of A, thatis, I4(x)=1ifx € A
and 14 (x) = 0 elsewhere; A denotes the closure of A in the Euclidean topology:;
and diam(A) denotes the diameter of A, that is,

(2-4) diam(A) = sup |x —y|.
x,yeA

Vortex-wave system in a bounded domain. We consider an incompressible steady
flow confined in D with impermeability boundary condition. The evolution of the
velocity field v = (vy, v;) and the pressure P is described by the Euler equations

v+ (w-VYv=—-VP in D x (0, +00),
(2-5) V-v=0 in D x (0, 4+00),
v-v=0 on 0D x (0, +00),

where v is the outward unit normal of 9 D.
Taking the curl on both sides of the first equation of (2-5), we get the vorticity
equation

(2-6) orw+v-Vo =0.

Since v is divergence-free, there is a function 1/, called the stream function, such that
(2-7) v=JVYy =@y, —01¥).

By the definition of w (recall (1-2)), it is easy to see that

(2-8) —AY =w.
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The impermeability boundary condition given in the third equation of (2-5)
implies that ¢ is a constant on each connected component of d D. Since D is simply
connected, after suitably adding a constant to i we can assume

(2-9) Y(x,1)=0, xe€dD.

By (2-8) and (2-9), we have
(2-10) Y(x,t)= (—A)fla)(x, 1) :=/ Gx,y)o(y,t)dy, xeD.
D

For brevity we introduce the notation

3(f.8):=Vf-JVg=01fdg—0dfg,

then the vorticity equation (2-6) can be written as

o1 {8,a)+8(a),w):0,

¥ =-0)"o.

If the vorticity is a Dirac delta measure (also called a point vortex) located at
x € D, ie., w = 6(x), then formally the velocity field it induces is
- 1 Jx—>)
JV(=A)"8(x)=JVG(x, )= ———F — JVh(x, ).
2 |x —-|?
Note that this velocity field is singular at x. Due to symmetry, we formally drop
the term
1 Jx—-)
21 |x —- |2’

that is, we assume that the velocity at x is —J Vh(x, -)\x = —JVH(x), then the
evolution of this point vortex is described by the following ODE:

dx
(2-12) i —JVH(x).

Similarly, the evolution of / point vortices can be described by the ODE system
dx; !
(2-13) d—t’ =—JVHE)+ Y ki IV, Glxjx), i=1,....1,
J=1j#i

where k; is the vorticity strength of the i-th point vortex. System (2-13) is also
called the Kirchhoff-Routh equation. It is easy to see that the Kirchhoff-Routh
function K; is exactly the Hamiltonian of the system.
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Now we consider the mixed problem. That is the vorticity consists of a continu-
ously distributed part @ and [ point vortices x; with strength «;, i =1, ...,/[. Then
the evolution of w and x; will obey the equations

a[a)—f—a(a),W‘f‘le':lKjG(xj")):0?
d i /

Q-14) V=TV + Do i kG ) =k H) (i), =1,
v =(-A)"o,

which together are called the vortex-wave system in D.
In this paper, we confine ourselves to the stationary case, that is, we consider the
following system of equations:

dw. ¥+ Yo kG (xj, ) =0,
(2-15) V(¥ + X i kG ) =i H) (i) =0, i=1,...,1,
v =(—A)"w.
Since we are going to deal with vortex patch solutions which are discontinuous,
it is necessary to give the weak formulation of (2-15).

Definition 2.1. Letw € L*°(D), x; € D,i=1,...,1, then (w, x1, ..., x;) is called
a weak solution to (2-15) if it satisfies

[po@d () + le:l KiG(xj,x),p(x))dx =0, V¢ € CX(D),

(2-16) ! ,
V() + 3501 kGO x) =k HW))| _ =0, i=1,....1,

where ¥ = (=A) " 'w.

Remark 2.2. Note that since w € L°°(D), by L? estimate ¥ € W2P(D) for any
1 < p < 400, then by Sobolev embedding ¥ € C'%(D) forany 0 <« < 1.

Remark 2.3. Definition 2.1 can be derived formally from (2-15) by integration by
parts; see [Cao and Wang 2019] for the detailed calculations.

Main result. Our main result in this paper is the following theorem:

Theorem 2.4. Letk, p, [ be positive integers such that p+1=k,and k;,i=1, ...k,
be k real numbers such that k; # 0. Suppose that (xi, ..., Xy) is a strict local
minimum point of Ky defined by (2-2), where x; € D and X; # X for i # j. Then
there exists Lo > 0 such that for A > Ao, (2-16) has a solution (", x;H, - x,?)
satisfying

p
Q@-17) ot =) o}, /a)l’-\(x)dx:/q, o} =sgn(c)rly, i=1,...,p,
i=1 D
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where Al-A has the form

k
(2-18) Al= {x €D | sgn(/q)(w)‘(x)—l- Z KjG(xj.,x)) > c?} N Bs(X;)

j=p+1
for some cl.A > 0 and & > 0 (6 does not depend on )). Moreover,

(2-19) diam(AY) < CA™2, lim

A—>~400

(2-20) lim |xj—%;|=0, j=p+1,....k

A— 400

=0, i=1,...,p,

1 N _
— | xw;(x)dx —X;
D

Ki

where C is a positive number independent of M.

Remark 2.5. By (2-19), we see that A’ shrinks to ¥; as A — +00, that is,

lim sup|x—x;]=0, i=1,...,p.
)'_)_._OOXEAI)-‘

Consequently A_lk C Bs(x;) for sufficiently large A.

3. Variational problem

Let (X1, ..., X) be a strict local minimum point of K, where x; € D and x; # X ;
for i # j. Without loss of generality, we assume that (x1, ..., Xx) is the unique

minimum point of K on Bs,(x1) X - -+ X Bs,(xx), where 6o > 0 is a small positive
number such that Bs,(x;) C D and Bs,(x;) N Bs,(x;) =@ foralli, j=1,...,k
and i # j.

Remark 3.1. To our knowledge, there is no general result that guarantees the
existence of a strict local minimum point of K for k > 2. Some special cases are
as follows: if k =1 and D is convex, by [Caffarelli and Friedman 1985] K is a
strictly convex function in D, thus has a unique minimum point; if k > 2, k; > 0
for each i and D is convex, by [Grossi and Takahashi 2010] there does not exist
any critical point of Ky; if k = 2, some examples of strict local minimum points
of K, are given computationally in [Elcrat and Miller 1995]. More related results
can also be found in [Bartsch and Pistoia 2015; Bartsch et al. 2010].

Let A be a positive real number. Define
P
Ny= {weL°°(D) \w=Zwi, supp(e;) C Bs(¥,), /D w; (X)dx=k;, 0<sgn(k;)o; sx},
i=1

where § < %60 is a small positive number to be determined later. Hereafter we
assume that A is sufficiently large such that ¥ If is not empty.
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For (@, Xpy1, ..., Xk) € Ny X Bs(Xp11) X - - - X Bs(Xy), define

g(a)v xp-‘rl’ DR -xk)

k k
1
=E@)+ ) W)+ ) kiki Gl x) = ) kiH(x)),
j=p+1 i#] j=p+1
pHl<i,j<k

where

E@=1 / f G(x, oo (y) dx dy,
D JD

P = (—A) o) = fD G (x, Yo (y) dy.

Let us explain the definition of £ briefly. The first term E(w) represents the
self-interacting energy of the background vorticity w, the second term represents the
mutual interaction energy between the background vorticity and the / point vortices,
the third term represents the total interaction energy between any two different
point vortices, and the fourth term represents the interaction energy between the [
point vortices and the boundary of D. As we have mentioned in Section 1, we have
dropped the infinite self-interacting energy for each point vortex.

Now we consider the maximization of £ on N; X Bs(Xpq1) X -+ X Bs(X1).

Lemma 3.2. For fixed )\, there exists

(w)‘,sz,...,x,?)ENzxmx---xm
such that
(B-1) E@" Xy, X)) = sup E(@, Xpi1s ey Xk
(@, Xp15e0s Xk ) EN S X By (X oy 1) X+ X By (X))
Proof. First, for any (o, Xp41,...,X;) € N[A7 X m X -+ X Bs(xx), since

G e L'(D x D), dist(Bs,(x;), Bs,(x;)) >0 forany i # j, p+1=<1i,j <k, and
dist(Bs,(x;), 9D) >0, p+1 <i <k, we have

(3-2) g(wvxp-i‘lv""xk)

k
:%/D/DG(x,y)a)(x)a)(y)dxdy+ 3 )

Jj=p+l1 ‘
1
+§ Z kikjG(xi, xj)— Z K?H(XJ)
i#] j=p+1
p+ls<i,j<k

k k
)\'2
Sg[ f |G (x,y)ldxdy+ Z kiYL D)+ Z K7 H Lo (8,3 ))-
pJp

J=p+1 j=p+1
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Thus
M = sup E(w, Xpi1, ..y X)) < +00.
(@, Xp15e0sXk)ENJ X By (X oy 1) X+ X By (¥)
Now we choose (a)”,x;H, X)) € N; X B‘;()Z—pﬂ) x -+ x Bs(Xy) such that
nginooé’(a)”,x;’,H, LX) =M.

Since N ;\ is weakly star closed in L*°(D) (for a detailed proof of this fact, see
Theorem 2.1 in [Cao et al. 2019b]) and Bs(x ;) is closed in the Euclidean topology
for j=p+1, ..., k, there exists (0, x?ﬂrl, R x,i‘) € Néng()EpH)x- -+ X Bs(xy)
such that (up to a subsequence)
o" = o, weakly star in L>°(D),
s xh, i=p+1,... k

J J

Then obviously

AA A :
E(w Xy - o X)) :nETOOS(w",xZH, LX) =M,
which completes the proof. (]

Remark 3.3. It is easy to see that

k k
(3-3) E@+ Y ya) <E@)+ Y ryt @)
j=p+1 Jj=p+l1
for any w € N*, and
k ] k
G4 > kvt + 5 Y kikiGlxixp)— Y kiH(x))
J=p+l1 i#] Jj=p+l1
pH1<i,j<k
k 1 k
< Z Kjlﬂk(x;”)‘i‘ 3 Z KinG(xiA,xj.‘) — Z K;H(xﬁ)
j=p+1 i#j j=p+1
p+1<i,j<k
for any (x,41,...,%k) € Bs(Xpt1) X -+ X Bs(Xy), where ¥* = (—A)"'w* and
v =(—A)"o.
Since w” € Nz, we can write w* = l.pzl a)lf\, where fD wlA (x)dx =«;, supp(a)l-k) C

Bs(x;) and 0 < sgn(/c,-)a)iA < ). The profile of each a):\ is as follows.
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Lemma34. Fori=1,..., p, a)lA has the form

a)lA =sgn(k;)Al 4.,

where
k

Al)-‘ = {x eD ‘ sgn(Ki)<1//A(x) + Z KjG(x]A-, x)) > cf} N Bs(x;)

j=p+l1
for some cl.A € R depending on A and §.

Proof. To make it clear, we divide the proof into two cases.

Case 1: «; > 0. For s > 0 we define a family of test functions wsA =wr+s(z0—21),
where

20,21 € L®¥(D), 20,21 = 0, [pz0(x)dx = [ z1(x) dx,
supp(z0), supp(z1) C Bs(X,),

z0=01n Bs(x;) \ {o} <A —pul},

z1 =0in Bs(x;) \ {o! > u},

(3-5)

where u € (0, A). It is not hard to check that for fixed zg, z; and w, if s is sufficiently
small (depending on zg, 71, 1), then a>sA € Né. By (3-3) we have

k

d
- (E(a)ﬁ) + > x,-wf(x})>

Jj=p+1

<0,

s=0+
where ¥} = (—A)~!w!. That is,

k k
/(w*<x>+2 KjG<x§,x)>zO<x)dxs/(w*<x>+2 K,-G<x;,x)>m<x)dx.
D D

Since zp, z1, i are chosen arbitrarily as above we have

k k
sup (lﬁk—l- Z chG(x?,-)> < inf <w'x+ Z KjG(x;”,-)).
{0} <AJNBs (%) j=p+1 {wj>0}NBs (X;) Jeptl

But ¢ + ZIJ‘-:[}H KjG(xj.‘, -) is a continuous function on Bs(x;) (notice that xjk. ¢
Bs(x;) for p+1 < j <k), so we obtain

k k

sup (w+ > KjG(x;,.)): inf (wu > KjG(xj*.,.))

_ A T
{(Jz)’?L <A}NBs(x;) j=p+1 {w,’ >0}NBs (x;) j=p+1
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Define
k
(3-6) cl:=  sup <z/f*+ Z KjG(xj.,-))
o} <MNB5 (7)) j=p+1

k
—  inf <¢*+ZK1G(x,*~,-)>-

oo} >0}NB5 (%) it

It is easy to see that

k
(3-7) w!=X ae. on {xeD|W(x)+ > KjG(x;,x)>c?}mBg(x,~),
j=p+1

k
(3-8) w!'=0 ae. on {x eD|yrx)+ Z kG (x}, x) <cﬁ} N Bs(x;).
j=p+1

On the level set {x € D | y*(x) + Zl;:pH /ch(x]k., x) = c}} N Bs(x;), we have

k
(3-9) VUt + > kGt ) =0, ae.
J=p+1

which gives

k
(3-10) o} =—AW + Y Gk}, ))=0, ae.
J=p+l1

Equations (3-7), (3-8) and (3-10) together give

A __
(-11) OF =Myt GG NB )’

which completes the proof of Case 1.

Case 2: ; < 0. The argument is similar. For s > 0, define w? = o +s(z1 — 20),
where

20,21 € L¥(D), 20,21 = 0, [pz0(x) dx = [}, z1(x) dx,

supp(zo), supp(z1) C Bj (xi),

z0=0in Bs(x;) \ {o} > u— A},

21 =0in Bs(%) \ {o! < —pu},

(3-12)

where 1 € (0, A). Then
k

d
- (E(wﬁ) + > K wg(x}))

Jj=p+l1

<0.

s=0*"
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Repeating the argument in Case 1, we obtain

k k

sup <1/ﬂ+ > KjG(xj.,-)>: inf (wu > K,-G(xj.,-)>,

(]} <0)NBy (57) j=pi1 (> =ANBs(%i) j=p+1
then we can define
k
(3-13) cti=— sup (Iﬁk + Z KjG(X?, '))
{w} <0INBs (%) j=p+1

k

= inf (wu > KjG(x},.))

{w}>—ANBs (%)) it
Similarly we have

A _— — .
W = =My sk GGG <= N ”

Lemma 3.5. For the cl-A given in Lemma 3.4, we have the estimate

> —Mlné—c,
2

4
where C > 0 is independent of A and 6.
Proof. We only prove the case k; > 0. The other case is similar. By the definition
of ¢} (recall (3-6)), we have

k

(3-14) = inf (WJFZK,-G(x},-))

A X
{o;>0}NBs (x;) j=p+1
k

> inf s kG xk-,-) by maximum principle
_Bs(x’_)(w j;l G ) (by principle)

k

> A . Ao,

—aéﬁﬁ,.)(‘” + Z k;G(x%, ))
j=p+1

> inf v*—-C
_3Ba(fi)w

for some C > 0 not depending on A and §. But for any x € 9 Bs(x;),

1
(3-15) w(x>=—2—/1n|x—y|w?(y>dy—f h(x, Yl () dy
T JD D

)4
+[ Gy Y wimay
b j=1,j#i
Ki
>~ In|28|—C
21
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for some C > 0 not depending on A and §. Here we use the fact that
diSt(Bgo (x;), Bgo ()Ej)) >0

forany i # j, 1 <i, j < p, and dist(Bs,(x;), 0D) > 0,1 <i < p.
Combining (3-14) with (3-15) we get the desired result. U

Lemma 3.6. For § sufficiently small, not depending on A, the following assertion
holds true:

k
(3-16) sgn(Ki)(l//)‘—I- Z KjG(x}.,-))—c,%go on 3 Bs, (X;)

Jj=p+l1
foreach 1 <i < p.

Proof. Let 1 <i < p be fixed. By Lemma 3.5 it suffices to show that

k
Y+ Y kGt x)

j=p+1

sup <C

XGBB(;O(XI‘)

for some C > 0 not depending on A and 4. In fact, since for any j # i, j =
p+1,... k, dist(Bs,(x;), Bgo()fj)) > 0, we have

k
sup Z KjG(xJA.,x) <C.
xeaB(;O(fc,-) j=p+1

It remains to show that sup, ., By () |*(x)| < C. For any x € 3 Bs, (¥;), we estimate
¥’ (x) as follows:

[y ()] <

h(x, y)ol(y) dy'

‘/ Gay Y o (y)dy‘

1
[~ st +| [
D T

J#ij=1
< —yl Go—8)+C
< | ’l ( )+C (recallthat8<60>
2 2 2
Thus the proof is completed. (]

From now on we fix § such that (3-16) holds true.
Now we analyze the asymptotic behavior of the maximizer (a) x* (SRR )
as A — +oo. We will show that as A — +o0, the support of a) shrinks to x; for
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i=1,...,pand xJA. — xjfor j=p+1,..., k. To achieve this goal, we estimate
the energy of the background vorticity first.

For simplicity, hereafter we will use C to denote various positive numbers
independent of A, and o(1) to denote various quantities that go to zero as A — +o0.

Lemma 3.7. E (o) > —% P kZIne; —C, where &; is the positive number such

T i=1 K;
that knel.z = |k;|.

Proof. Choose the test function w = Zf’zl w;, where w; = sgn(k;)A1 B, (v)- It is
obvious that @ € N[’}, so by (3-3),

k k
E@+ Y k) <E@)+ Y k@),
j=p+1 j=p+1

where ¥ = (—A)'w. Itis easy to check that

k k
Y. Y GeH|=C, D kiyra)|=C,
j=p+1 Jj=p+l1
SO
(3-17) E(w") > E(w) —
On the other hand,

(3-18) E(w) = l/ / G, y)ox)w(y)dxdy

p
=Z (@;) + Z //G(x Vwi(xX)w;(y)dxdy

1<i<j<p

'Mw i

E(wj)—C

i=1

Each E(w;) can be calculated directly as follows

(3-19) E(wi)=%/DfDG(x,y)a)i(X)wi(y)dxdy

1 / / 1
=3 —5—In|x — ylw;(x)w;(y) dx dy
2 /B, G B,y 2T e

1 / / h(x, )i (¥)w; (y) dx dy
2 JB. & JB.

2 p
K; _
> ;- In(2e) - ;KIZH(X[) +o(1).
1=
Now (3-17), (3-18) and (3-19) together give the desired result. O
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Now define
P ‘ k
(3-20) TH:=) % /D o} (x) (sgn(m)(zp*(m ) Kﬁ(xj-,x))—c?) dx,
i=1 j=p+1
which represents the total kinetic energy of the fluid on the vorticity set Uf’ _1 AI.A.
Lemma3.8. 7" < C.

Proof. For simplicity we denote

k
;ik = sgn(/q)(lﬁA + Z KjG(xjk-, -)) —cik.

J=p+1

It suffices to prove that for each 1 <i < p,
sgn(/ci)f a)ikgik dx <C.
D

On the one hand, by Holder’s inequality and Sobolev embedding W'-! (B; (¥;)) —
L?(B;s(X;)), we have

(3-21) sgn(k;) / wlcldx = / ¢l dx
D A}

1
1 2
< x|A?|z( , |¢,~*|2dx> (&} = 0on A})
Al

1
2
§x|A?|5(/ |(cf)+|2dx)
Bs(x;)
sCMA?ﬁ(/ @ﬁ)*cz”/ |V<;ﬁ>+|dx)
Bs(x;) Bs(x;)

< CMAN%(/ & dx+/ |V¢ﬁ|dx)
A} A*

1
2
§CX|A?|§|A?|;(/A|V§f|2dx> +C|A?|§sgn(xi)/ Wttt dx
Al D

i

5(7(/ |Vgﬁ|2dx>2+o(1)sgn(xi)/ wtel dx,
A D

which implies

(3-22) sgn(k;) / wr gt dx§C< / |V;}|2dx)2.
D A}
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On the other hand, since {i’\ <0on dBs,(x;) (recall (3-16)), integration by parts gives

(3-23) sgn (ki) / wi¢l dx = sgn(;) (¢ dx
D Bsy (Xi)
=/ V)P dx z/ V2 dx.
B, (xi) A*
Combining (3-22) with (3-23) we complete the proof. ]

Lemma3.9. >/ c}lkj| > —5= >0 k?1Ing; — C.

Proof. By the definition of T*, the following identity holds true:

p
i=1

Since dist(Bj,(x;), Bs,(xj)) >0foranyi=1,...,pand j=p+1,...,k, itis
easy to see that

p

k
Z /le’-\(x)/c.,-G(x;‘, x)dx — % ZC?‘|K[|.

j=p+1 i=1

T =E(") +

| —

Pk
‘%Z Z /wik(x)KjG(x]k-,x)dx <cC,
D

i=1 j=p+1
then the desired result follows from Lemmas 3.7 and 3.8. O
Now we are ready to estimate the size of supp(w;\).

Lemma 3.10. There exists Ry > 0 independent of A such that fori =1, ..., p,

diam(supp(wik)) < Rops;.

Proof. Foreachi =1,..., p,any x; € supp(a)?), we have
k
Sgn(Ki)(l//A(xz') + Y kG, xl-)) > c}.
Jj=p+l1
It is easy to see that
k
Y kG x| <C,
j=p+1

so we have
sgn(ic))¥* (x;) > ¢} — C,

which gives

1
(3-24) / ——In|x — yllw} ()| dy = ¢t — C.
p 27
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Combining (3-24) with Lemma 3.9 we obtain

p p
1 1
. — Inlx: — A dy > —— Zlng; — C,
;:1 IK,I/D o |xi = yllw; (M ldy = o ?:1 ki Ing;

or equivalently

p
Ki

Z —f | (»)|dy = —C.

— 2 yl

For any R > 1 to be determined, we have

(3-25) Z i In

D\Bre, (xi) |xz |

| | & )
+ In ——|wj; (y)|dy > —C.
Z Bre, () |Xi = I !

|f (y)] dy

The second integral in (3-25) is bounded (in fact, it can be calculated explicitly).
That is,

| |
2—’ o} (»)|dy| < C
27 By X — Y
from which we deduce
Laps &
(3-26) il / In (] dy > —C.
g 27 Jp\Bge,xp) 1% — Yl
Therefore
p
|k C
(327) il / W} ()] dy < ~—,
; 27 Jp\Be, i) In R

and consequently for each 1 <i < p there holds
|k | A C
(3-28) P lwj (W) dy = —.
270 Jp\Bge, () In R

Since fD |a)l’.\ ()| dy = |«i|, we can choose R large enough such that

A |k | .
(3-29) |w; (y)ldy>7, i=1,...,p.
Bre; (xi)

Now we claim that
diam(supp(a)ik)) < 2Rs;.
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In fact, suppose that diam(supp(a)ix)) > 2Re; Then we can choose x;, y; € supp(wf‘)
such that |x; — y;| > 2Re;, then by (3-29) (recall that in (3-29) x; € supp(a)ik) is
arbitrary)
/ i (9] dy = / o} (1) dy +/ ;DI dy > kil
D Brge; (xi Bre; (i)
which is a contradiction.
Finally by choosing Ry = 2R we complete the proof. (]

By now we have constructed a)l’\ € N;,i =1,...,p, and x? € Bs(xj),j =
p+1,..., k. Moreover, we have shown that the diameter of supp(a)ix) vanishes as
A — +o00. To analyze their limiting positions, we define the center of a)l)‘ as

1
Z?:=—/xa)ikdx, i=1,...,p.
Ki JD

It is easy to see that z? € Bs(x;).

Lemma 3.11. z?—>f,- forl51’§pandxj‘—>)fjf0rp+l5j§kask—>+oo.

Proof. Up to a subsequence we assume that zl.A — z; € Bs(x;),1 <i < p, and
x?—>zj € Bs(x;), p+1 < j <k. Itsuffices to show that (z1, ..., zx) = (X1, ..., Xk).

Define w = )7 w;, where w; = sgn(ki)Alp, (v, It is easy to see that € N},
so we have

g(w’ fp-i—l’ AR fk) E g(a)k7 x;+15 R x]é)a
that is,
k | k
(3-30) E@)i+ ) «p@)+s ) kin;G@Ei)= ) «jHE))
Jj=p+1 i#] Jj=p+1
p+1<i,j<k

< E(")+ Z Ky (xk)+ > kin G} xh)— Z K2H (x}),

=p+1 i#]j =p+1
pH1<i,j<k

where ¥ = (—A) "l and ¥ = (—A)w. Itis easy to check that
P
1 _
(3-31) E(w) = 3 Z/ /D—— In|x — y|o;(x)w; (y)dx dy — ZK?H(X,‘)
i=1 i=l

> kik;G(Fi, X)) +o(D),

i)
I<i,j<p
and
k p k
(3-32) DT kvEN =D > kikjG(E £ +o(D).

j=p+1 i=1 j=p+1
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Similarly

P
(3-33) E(J‘):%Z/ f ——ln|x—y|a) (x)a) () dxdy— ZK H(z;)

i=1

+% kikjG(zi, zj) +o(1),
i
I<i,j<p
and
k p k
(3-34) DTyt =Y Y kikjGzi.z) + o).
Jj=p+l1 i=1 j=p+1

Hence from all the above we obtain

p

(3-35) 22/fD——1n|x—y|w,~(x>w,-(y)dxdy—ZKEH@»

i=1

p k
Z K,‘KjG(.fi,fj)‘f‘Z Z KinG(fiaij)

i#] i=1 j=p+1
I<i,j=p

k
1 _ 2 _
+§ E K,‘KjG(x,',xJ‘)— E KjH(Xj)

i#j j=r+1
p+1=<i,j<k

p
%Z//——lnlx ylo! ()} (y) dx dy — ZKZH(Z,)

i=1

p k
Z K,'KjG(Zi,Zj)-i-Z Z kikjG(zi, 2j)

] i=1 j=p+1
I<i,j<p
| k
+§ Z kikjG(zi,2j) — Z K?H(Zj)+0(1).
i#] j=p+1
pH1<i,j<k

On the other hand, by Riesz’s rearrangement inequality we have foreach 1 <i < p

1
(3-36) //——ln|x—y|wf‘(x)a)f\(y)dxdy
DJD 27

1
5/ / —2—ln|x—)’|wi(x)wi(y)dXdy‘
pJp <7
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Therefore by (3-35) and (3-36) we get
k

1 - _
(337 5 > kikiGGi R — Y kTH(E;)
i#] j=1
1<i,j<k k
1 2
=5 Z kikjG(zi, 2j) — ZK,H(ZJ-),
i#] J=1
1<i,j<k
or equivalently
(3-38) Ki(zi, .o zi) < Ke(X1, ..., Xp).
Since (x1, ..., Xx) is the unique minimum point for /; on Bs(x|) X - - - X Bs(Xy),
we obtain
@1, z) = (X, o0, Xk,
which completes the proof. (]

Remark 3.12. It is easy to see that x? € Bs(x;) for j = p+1,...,k, and
dist(supp(a)l.k), dBs(x;)) >0fori=1,..., p, provided that A is sufficiently large.

4. Proof of Theorem 2.4

Having made all the preparations in the preceding sections, we are now ready to
give the proof of Theorem 2.4.

Proof of Theorem 2.4. We only need to prove that (o*, xz IRTR x,i‘) satisfies (2-16)
if A is sufficiently large, since the other assertions have been verified in Section 3.
First, by Lemma 3.11, x? € Bs(xj) for j=p—+1,...,k, thus by (3-4) we have

k
v(uﬂ(x) + Y kGEx) - K,-H(x))

J=p+1.j#

=0, j=p+1,...,k.

ok
X=x]

Now for any given ¢ € C2°(D), define a family of transformations ®;(x), € R,
from D to D by the following ordinary differential equation:

d
Dp(x) = x.
Since J V¢ is a smooth vector field with compact support in D, (4-1) is solvable for
allr € R. It is also easy to see that J V¢ is divergence-free, so by the Liouville theo-
rem (see [Marchioro and Pulvirenti 1994, Appendix 1.1]) ®,(x) is area-preserving,
or equivalently, for any measurable set A C D

dq),(x):
@ {—t JV$(@:(x), 1eR,

4-2) |®,(A)| = |A] for all r € R.
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Now we define a family of test functions
- w; (x) =" (P, (x)).
4-3 ; Mo

Since ®, is area-preserving and dist(supp(w?), 0Bs(x;)) >0foreach 1 <i < p,
we have o € N ; as long as |#| is sufficiently small. Then by (3-3) we have

d k
E(E(w?) Y Kjw(x;))

j=p+1

=0,
t=0

where l/ftA =( —A)_lwf\. It is easy to check that (see [Turkington 1983a] for example)

E(w})=E(") +t /D ()P (x), p(x)) dx +o(2),

and

Yl o)) =yt (e)) +1 / @*(x)0(G(x}, x), $(x)) dx +o(t),
D

where o(t)/t — 0 as t — 0. Therefore we get

k
/a)k(x)a<¢/\(x)+ Z KjG(x?,x),qﬁ(x))dx:O,
D

Jj=p+1

which completes the proof of Theorem 2.4. U
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RELATIONS OF RATIONALITY FOR SPECIAL VALUES OF
RANKIN-SELBERG L-FUNCTIONS OF GL, x GL,,
OVER CM-FIELDS

HARALD GROBNER AND GUNJA SACHDEVA

We establish an “automorphic version” of Deligne’s conjecture for motivic
L-functions in the case of Rankin-Selberg L-functions L(s, IT x IT’) of
GL, x GL,, over arbitrary CM-fields F. Our main results are of two dif-
ferent kinds: Firstly, for arbitrary integers 1 < m < n and suitable pairs
(IT, IT") of cohomological automorphic representations, we relate critical
values of L(s, IT x IT") with a product of Whittaker periods attached to IT
and IT’, Blasius’s CM-periods of Hecke-characters and certain nonzero val-
ues of standard L-functions. Secondly, these relations lead to quite broad
generalizations of fundamental rationality-results of Waldspurger, Harder
and Raghuram, and others.

Introduction

Motivated by conjectures of Deligne, Bellinson and Bloch and Kato, significant
progress has been made in the study of special values of automorphic L-functions
in recent decades. In this paper we continue this series of results on by treating the
case of Rankin—Selberg L-functions over arbitrary CM-fields F'. More precisely,
let 1 <m < n be arbitrary integers and let IT and IT" be cohomological cuspidal
automorphic representations of GL, (Ar) and GL,, (AF), respectively. If the infinity
types of IT and I1" are compatible (in a sense to be made precise below) we will
prove relations of rationality for a certain string of special values of the attached
Rankin—Selberg L-function L (s, IT x IT"), which turn out to fit Deligne’s prediction;
as a particular example, the contributions of the archimedean components Iy,
and IT/ to our rationality-relations will be expressed by explicit powers of (27i),
matching the ones conjectured by Deligne.

As compared to the extensive literature for the case GL, x GL,_; (for F a
CM-field, we refer in particular to [Kurchanov 1978; 1979; Harder 1983; Hida

Grobner is supported by START-prize Y-966 and the stand-alone research project P32333 of the
Austrian Science Fund (FWF).
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1994; Lin 2015; Raghuram 2016; Grobner and Harris 2016; Grobner 2018; Grobner
and Lin 2020; Januszewski 2019]), the rank m of our second GL-factor GL,, being
in principle any integer 1 <m < n (for suitable pairs (IT, IT")) is arguably one of the
most notable features of this article. In this regard, the results of this paper should
not only be seen as an extension of the series of results mentioned above, but also
of the approach taken in [Lin 2015] and in the second author’s thesis [Sachdeva
2020]. We also refer to the very recent [Raghuram 2020], where an application of
our Main Theorem in the special case of the standard L-function (i.e., m = 1) has
been proven by a different approach.

Main theorem and applications. The main results of this article are Theorem 3.1
(reviewed as Main Theorem below) and its two corollaries (reviewed as Appli-
cations I and II). The main theorem is somewhat technical and turns out to be
quite involved in its assumptions and assertions, while the two applications are
much lighter statements, providing wide generalizations of important results of
Waldspurger (Application I) and Harder and Raghuram (Application II), as well as
of other people.

The main theorem. From now on F denotes an arbitrary CM-field with maximal
totally real subfield F*. The quadratic Hecke character associated with F/F*
admits a unitary extension to Ay which is denoted 7. Then by construction
n -1~
let IT be an (irreducible) subrepresentation of the subspace of cuspidal functions in
L*(GL,(F)R:\GL,(Ar)). As above, we shall assume that IT is cohomological,
i.e., there exists a finite-dimensional, irreducible algebraic representation &£, of the
real Lie group G, ~ := GL,(F ®g R) such that [1,, has nontrivial relative Lie
algebra cohomology with respect to £,. Here, p stands for the highest weight of £,
(depending on a choice of a Borel subgroup B, C G,). Choosing coordinates one
may indeed identify it with p = (uy)yes,, where py = (iy.1, ..., lv.n) € Z" and
Myl Z - = yp-

Consider now another integer m, such that 1 < m < n. We define IT" in anal-

is algebraic. See Section 1A for details. For an integer n > 2 we

ogy to IT above as an (irreducible) subrepresentation of the subspace of cuspidal
functions in L?(GL,,(F )R \GL,,(AF)) but which is now assumed to be conjugate
self-dual with respect to the nontrivial Galois automorphisms of F/F* and with
the property that 1?8 := [T’ ® ¢ is cohomological. Here, e € {0, 1} and e = 0 if
and only if n # m mod 2.

The reason for introducing the twist I1'8 = [T’ ® 1%, i.e., for assuming different
conditions on cohomology for n and m is explained by the following construction: In
order to be able to use the main result of [Grobner 2018] (which is the starting-point
of our proof), we choose any conjugate self-dual Hecke characters xi,...,xn—m—1
of A; such that the isobaric sum X :=T1"H x; B- - - B x,—,—1 is cohomological
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with respect to algebraic coefficients £,. It turns out that such a choice can be
made if and only if T1"?'¢, rather than IT’ itself, is cohomological. We will say that
the infinity types of IT and I1" are compatible (or, more metaphorically, satisfy the
“piano-condition”, see (1.8) and below), if a choice of ¥ can be made such that
Homg,_, [€4 ® &, C] is nontrivial.

With these assumptions nonzero Whittaker periods p(I1) and p(I1"'8), and
CM-periods p(xix: lI!X X -1), have been defined, respectively, in [Raghuram and
Shahidi 2008; Grobner 2018] and [Blasius 1986]. By their very construction their
product is well-defined up to multiplication by nonzero elements in a certain number
field Q(IT)Q(IT2'8) ES™, where E™ is an abbreviation for a number field, which
depends on the chosen characters x; and contains a Galois closure FO c Q of the
extension F'/Q. We refer to Sections 1F and 2D for details.

We are now in the position to state our main theorem.

Main Theorem. Assume that Homg,_, [E, ® &, C] is nontrivial and let so =
% + k be any critical point of L(s, I1 x X). Ifk # 0, then

0.1) L334k T xIT)

N (2ﬂi)[F+:@]((n—1)((k—%)n—l))+%(n—m—l)(n—m—Z))p(l—[) (7%

n—

m—1 /
- LS, M@y ")
| | pix; v, ) | | B4k oy

I<i<j<n—m-—1 j=1

with the relation “~ being over the number field QIT)Q(Z)Q(n||-||~'/?) Ec™.

Ifk=0,ie.,ifso= % denotes the central critical point, then the same relation
holds under certain conditions of regularity on Ty and X as well as a global
nonvanishing hypothesis; see Theorem 3.1. Moreover, if n is even and m is odd,
then all L-values LS(3 +k, I x ), LS(1,I1'® Xj—l) and LS( + k, I ® x;)
in (0.1) are critical.

The reader should observe that this result is the “best possible” since the individual
quantities on the right-hand side are only well-defined up to multiplication by an
element in the number field Q(IT)Q(Z)Q(n| || ~1/?) ES™. We also remark that if
k # 0, then the denominators LS(% +k II® Xj) in (0.1) are nonzero, which is in
turn part of the global nonvanishing hypothesis for the central case kX = 0 mentioned
in our Main Theorem.

If m = n — 1, then our main theorem becomes Theorem 5.2 from [Grobner and
Lin 2020] for cuspidal automorphic representations, which refined the main result
of [Raghuram 2016] over CM-fields by giving an explicit power of (2rri) instead of
an abstract archimedean period. It is worth noting that this power is precisely what
is predicted by Deligne’s conjecture on critical values of motivic L-functions [1979],
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generalizing Euler’s classical result on the nature of ¢ (k) at even, positive integers.
We refer to [Grobner and Lin 2020, Remark 5.8] for a more detailed exposition.

On the other extreme, if m = 1, i.e., if we look at the twisted standard L-function
of I1, then we retrieve at once Theorem 3.9, Corollary 5.7 and Theorem 6.11 of
[Grobner and Harris 2016], as well as a variant of the main result of [Raghuram
2020] over CM-fields. For general m our Main Theorem should hence be viewed
as a theorem relating special values of L (s, I1 x I1") with periods and quotients of
special values of (other) standard L-functions. As already mentioned above, we
refer to Theorem 3.1 for a proof.

Main applications. Our Main Theorem has the following two implications, which
generalize important results of Waldspurger (see Application I) and Harder and
Raghuram (see Application II). Indeed, Waldspurger [1985] established a rationality
result for the quotient L (1, 7 ®a)/L(%, 7 ®B) of the standard L-functions attached
to the twisted cohomological cuspidal automorphic representations 7 @ @ and 7 Q
of GL, over any number field at their joint critical value so = % More precisely, here
o and B are assumed to be quadratic Hecke characters having the same archimedean
component &s, = Boo, 7 denotes a cohomological unitary cuspidal automorphic
representation of GL, and L(%, TR ,B) is supposed to be nonzero. Under these
assumptions, Waldspurger’s rationality-relation is of the form

Lz 7®a®)  p@
tlxep) " p@)

with the two period-invariants p(«) and p(8) depending only on « and S, respec-
tively, and the archimedean component of the cuspidal representations 7. See
[Waldspurger 1985, p. 174].

In this paper we generalize Waldspurger’s result to the case of quotients of
standard L-functions of GL,/F where n > 2 is arbitrary and sg = % + k is a more
general special value while F is any CM-field. More precisely, we let @ and
be any conjugate self-dual Hecke characters of Ay such that o = B and such
that, writing o, (z) = By(z) = zz™% at v € S, the following two conditions are
satisfied: a, € % + 7 and p,,1 > ay, > [y, This ensures that there is always a
choice of conjugate self-dual Hecke characters xi, ..., x,—2, such that the isobaric
automorphic sums ¥, =aH 1 B---BHyx,—2and Zg=H  BH---H x,—» are
cohomological with respect to an algebraic coefficient module £,/ and such that
Homg,_, [, ® &, C] is nontrivial. We obtain the following application:

Application I. Choose any conjugate self-dual Hecke characters xi, ..., xn—2,
such that the isobaric automorphic sums X, and Xz are cohomological and such
that Homg,_, . [€, ® &, C] is nontrivial. Let so = % + k be any critical point of
L(s, I1xX,). If nis even, then all the sg = % + k are indeed critical for L(s, [IQa)
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and L(s, [T® B) and

LG +knoa) 122 Wy )
TeMMA(Z)Q(T A=Y ES™ (03 8; x5+ 5 X e
LStk Mep) CmeEeEnealimenesa - Loy 7

If £ =0, then we assume certain conditions of regularity on 1, and ¥, as well
as a global nonvanishing hypothesis; see Theorem 4.1.

We point out that Application I should furthermore be viewed as a generalization
as well as a certain refinement of a consequence of the main result of [Grobner
and Raghuram 2014b, Theorem 7.1.2], and [Januszewski 2016, Theorem 8.2],
established there for totally real fields F* and achieved here for general CM-
fields F.

Our second application deals with an extension of the main result of [Harder
and Raghuram 2020]. There, the authors achieved a fine relation of rationality
between the quotients of consecutive critical values of Rankin—Selberg L-functions
over totally real fields FT and so-called relative periods denoted Q€ (i r): Let
7 and 71’ be cohomological cuspidal automorphic representations of GL,, (Ag+)
and GL,, (Afg+), respectively, and let S be any finite set of nonarchimedean places,
where 7 or 7’ are ramified. Suppose that both ——(n +m) and 1 — —(n +m) are
critical for L(s, w x ') and that L(1 — %(n +m), m x ') is nonzero. If n is even
and m is odd, [Harder and Raghuram 2020, Theorem 7.40] shows that

LS( n+m

T® v )
) ~amam) QF ().

L5(1— "*’" T Q)

In [Grobner and Lin 2020] this result has recently been given a generalization and
refinement for cohomological cusp forms of GL,(Ar) x GL,_{(AF), again with
F denoting any CM-field.

Here we take up the CM-case for general even n and odd m. We obtain the
following application:

Application II. Suppose that 1 <m < n are integers, m odd and n even. We assume
that IT is obtained by weak base change from a unitary tempered cuspidal auto-
morphic representation 7 of some rational similitude group GU (V) /Q. Its infinite
component 7., is supposed to belong to the antiholomorphic discrete series and to
be cohomological with respect to an algebraic coefficient module of GU (V)(R)
which is defined over @. Let IT' be a conjugate self-dual cuspidal automorphic
representation of GL,, (Ar), satisfying the conditions of our Main Theorem and let
S be any finite set of places of F, containing the archimedean ones, such that I1
and IT’ are unramified outside S.

Let % + k and % + £ be two critical points of L(s, I1 x X) different from s9 = %,
then % + k and % + ¢ are indeed critical for L(s, IT x IT") and the ratio of partial
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critical values satisfies
LS(5+k TI x IT)
LS(5+¢, T xIT)

. +. _
~ Q)01 Fo (27.”)[F :Q])(k Z)nm'

See Corollary 4.4 for all details and a proof. Here we only remark that the
appearance of base change is due to the fact that our proof uses the results of
[Guerberoff 2016], which in turn proved a conjecture of Lin [2015]. As this
already indicates, our Application II is hence a generalization of a consequence of
Theorem 10.8.1 from [Lin 2015], but obtained by somewhat different techniques.

1. Notation

1A. Number fields and some particular Hecke characters. We let F be a CM-
field, i.e., a totally imaginary quadratic extension of a totally real field F*. Conse-
quently, the degree of F over the rational numbers (D is even and we let 2d =[F : Q].
Abusing notation we identify the set of archimedean places Sy, of F and FT. More
precisely, we fix a so-called CM-type of F first, i.e., we fix a choice of pairs
of complex embeddings (¢, ), and then we identify the so represented places
v = (1, {) of F, with the places of FT through the first component ¢,. We will
also fix a Galois closure FS of F/Q in Q.
We denote by ||-|| the normalized absolute value on the ring of adeles Ag. Let

e (FT)*\Ax, — C~

be the quadratic Hecke character associated to F/F* via class field theory. As is
well-known, (for what follows see, for instance, [Bellaiche and Chenevier 2009,
§6.9.2]) it is possible to extend ¢ to a conjugate self-dual unitary Hecke character

n:F*\Ag — C*,

so that at v € S, we have 1,(z) = (z/|z])* forze F,=Candt =t, € %—i—Z. Asin
[Bellaiche and Chenevier 2009, §6.9.2] we will abbreviate this by writing 1,(z) =
7'77", keeping in mind the possible sign ambiguities throughout. Furthermore, we
may (and will) assume from now on that t =0, i.e., 1, (z) = z/?z'/% see [Bellaiche
and Chenevier 2009, Lemma 6.9.2].

Finally, by letting

¢:=n 17",
we may define a nonunitary, but algebraic Hecke character ¢ : F*\Ay — C*.
1B. Algebraic groups and real Lie groups. Let n > 1 be an integer. We will

denote by G, := GL, /F the linear algebraic, general linear group over F. Let
RF o be Weil’s restriction of scalars. We will abbreviate G, » := Rr/0(G,)(R):
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It is important to notice that the group
Guoo= || GLu(F)) = [] GLa(C)
VES VESx

— although in principle carrying a complex structure — is thought of as a real Lie
group, namely as the archimedean factor of G, (Afr). Furthermore, we let K,, o be
the product of the center Z, ~, of G, o and a fixed maximal compact subgroup, i.e.,

Koz [[Cumz ] RyUM.
VESso VESo

From this it is clear how to embed R4 as a subgroup of Z, « (and hence of
K. and of G, «): An x € Ry is sent onto the d-tuple of diagonal matrices
(diag(x, x, ..., x))ves,, € Gu,co- BY 91,00 We denote the real Lie algebra of G o
and use the analogous notation for the Lie algebras of other Lie groups.

1C. Equivalence relations and Galois equivariance.

Definition 1.1 (i). Let L C C a subfield and let x, y € C. We write

X~LYy,
if there is an ¢ € L such that x = £y or {x = y.
(ii) Let K, L C C be subfields. Let x = {x(0)}scautc) and y= {y(0)}secau(c) be
two families of complex numbers. We write

X~LYy

and say that this relation is equivariant under Aut(C/K), if either y(c) = 0 for all
o € Aut(C), or if y(o) # 0 for all o € Aut(C) and the following two conditions
are verified:

(1) x(0) ~o) y(o) forall o.

Q) o (%) - ’;83 for all o € Aut(C/K) and all 7 € Aut(C).

Obviously, one may replace the first condition by requiring it only for all o
running through representatives of Aut(C)/Aut(C/K). In particular, if K = @, one
only needs to verify it for the identity id € Aut(C).

The following lemma is well known; see, for example, [Grobner and Lin 2020,
Lemma 1.29]:

Lemma 1.2. Let L C C be a number field, containing F Gal Lot x = {x(0)}ge Aut(C)
and y = {y(0)}scau) be as in Definition 1.1 and suppose that y(o) # 0 for all
o € Aut(C). If the complex numbers x (o) and y(o) depend only on the restriction
of o to L, then the second condition of Definition 1.1 implies the first.
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Proof. Fix op € Aut(C). For any o € Aut(C) fixing oo(L), one has oco¢ |L= 09 |L.
Hence x(00p) = x(09p) and y(o0g) = y(0p) by our assumptions. Moreover, since
L D F% we know o € Aut(C/F). By the second condition, we have

G(X(Go)) _ X(009) _ x(00)
y(o0) y(oop)  y(oo)

Therefore, x(0¢)/y(0p) € op(L) for all oy as claimed. ]

1D. Cohomological automorphic representations. Let 1 <m < n be any integers.
Throughout the paper, we will let T be a unitary cuspidal automorphic representation
of G, (Ar) =GL, (Ar) and let IT' be a unitary cuspidal automorphic representation
of G,,(Ar) = GL,,(AF), in the sense of [Borel and Jacquet 1979, §4.6]. However,
for convenience, we will not distinguish between a cuspidal automorphic represen-
tation, its smooth automorphic LF-space completion or its (nonsmooth) Hilbert
space completion in the L2-spectrum; see [Grobner 2022] or [Grobner and Zunar
> 2020] for a detailed account. In this regard, we will now specify our standing
assumptions on their archimedean components Iy, and IT/.

1D1. The representation 1. Unless otherwise stated, throughout the paper we
always assume that I1y, is cohomological, i.e., there exists an irreducible finite-
dimensional algebraic representation &,, of G, o on a complex vector space, with
respect to which Iy has nontrivial (g, 0, Kn 00)-cohomology; see [Borel and
Wallach 1980]. As Il is assumed to be unitary, £, must be conjugate self-dual
and hence breaks as £, = E,® E v, where E, = ® ¢, E,,, and we view again each
irreducible GL,, (F,) = GL, (C)-factor E,,, as being given by its highest weight 1.
In terms of the standard choice of a maximal split torus in GL,,, positivity on the
attached set of roots and standard coordinates, this highest weight is an n-tuple of
integers (y = (y,15 - -+ » Ho,n) € 7" with My, 1 >+ > [y Let

. n—1 n-3 n—3 n-—1
IOVZ_ 2 ’ 2 ’ ’ 2 ’ 2

be the half-sum of positive roots of GL, with respect to the same conventions.
As a consequence of classical results of Delorme and Enright (see [Enright 1979,
Theorems 6.1 and 7.1]) we see that the condition that I, is cohomological with
respect to £, is equivalent to the much more explicit condition that

~ GLn @ ev, —*ev, ev.n —7Zu,n
Hv:IndBn((é))[Zl lZ] l®"'®Zn Zn 1
with
(1.3) gv,i = —Wy,n—i+1+ Pn,i

at each v € S. Here, B, is the standard Borel subgroup of G, (determined by our
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choice of positivity on the set of roots) and induction is normalized to preserve
unitarity.
We will call a set of n real numbers {/, ;}1<i<, an infinity type at v € S, if

lv,l > lv,2 > > lv,na

i.e., if its members form a strictly decreasing string. As is obvious from (1.3),
{€y.i }1<i<n from above is such a set, called the infinity type of IT at v € S. Recalling
the well-known classification of irreducible unitary cohomological representations
of G,,(C) from [Enright 1979] (see also [Grobner and Raghuram 2014a, §5.5], for
a presentation tailor-made for our purposes here), the following lemma is obvious:

Lemma 1.4. There is a bijection, defined by (1.3), between the equivalence classes
of irreducible unitary cohomological tempered representations of G,(Fy) = G, (C)
and the infinity types {1, ;}1<i<n, for which l, ; € %(n +1)+Zforalll <i<n.

As a last ingredient we will call a highest weight © as above sufficiently regular,
if yi —pyit1 =2forallve Scand1 <i<n-—1.

1D2. The representation IT_. Similar to our assumptions on IT we suppose that the
twisted representation T/ [|det|~"~1/2 is cohomological, or, equivalently, that

(15) H,a,g::{l"[’ ifn—1=m mod?2,

I[T'®n otherwise,
is cohomological. In terms of infinity types, this means that for each v € So, and
1 <i <m,therearea,; € ﬂ +Z with a,; > ay j+1, such that

~ GL,,(C vl — — vm - —a,
I—I/ _IndB (é))[ztll 1 a11® ®ZG Zm Ll,“m]'

1D3. An auxiliary representation ¥ in piano-position. We extend the infinity type
{ay,i}1<i<m of TI), at each place v € Su, to an infinity type of length n — 1, simply
by choosing any distinct b; , € 5 +Z for 1 < j <n—m — 1, such that

(16) {av,i}lfl’gmﬂ{bj,v}lfjfn—m—l =dJ.

Denote this new infinity type by {E;’ :M<i<n—1. As by construction E’v’i € 5 +Z for
all 1 <i <n—1, this is the infinity type of a unique cohomological irreducible
unitary tempered representation of G,_;(C) by Lemma 1.4.

Turning back to global representations, let xi, ..., xn,—m—1 be unitary Hecke
characters with x;.,(z) = %z 7% for all v € Sw, i.e., such that x;||-|"/? (or Xa'g,
if we specify m =1 in (1.5)) is algebraic. We note that such characters exist, as
follows from [Weil 1956]. By its very construction the isobaric automorphic sum

2= H/EEX] H-- 'HHXn—m—l

has our infinity type {K’U’ iM1<i<n—1 from above and is therefore cohomological.
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Let £, be the unique irreducible algebraic coefficients module of G,_1 o with
respect to which X, has nontrivial (g,—1,c0, Kn—1.00)-cohomology. By the same
reasoning as above, £, = E/ ® E;/ and writing py = (14}, 1, -+, 1), 1) € 7!
at v € So, one has u;’l >0 > ,u/v,n_l and

(1.7) Oy =—Wy i+ Pn-ti-

Henceforth we will assume that 1, and X satisfy the piano-condition, by which
we mean that

(1.8) ol = =y o) = M2 = Ly y g = = =Ly | = [y

Equivalently, Homg, , . (£, ® €., C) is nonzero (and hence one-dimensional); see
[Goodman and Wallach 2009, Theorem 8.1.1].

According to out previous definition, if p) ; — ) ;| > 2 for all v € S and
1 <i<n-—2,wecall u sufficiently regular.

1E. Critical points of L-functions. For a moment let N, M > 1 be any integers
and let  be an irreducible admissible representation of GLy (Ar) x GLy(Afr) for
which a completed standard L-function L(s, w) =[], L(s, 7,) is defined satisfying
a global functional equation L(s, w) =¢&(s, w)-L(1 —s, 7"); see [Borel 1979, §IV].
The following definition is modeled after [Deligne 1979, Proposition-Définition 2.3]:

Definition 1.9. A complex number s¢ € %(N — M) +7 is called critical for L(s, )
if both L(s, mo) and L(1 —s, w3,) are holomorphic at s = so. We write Crit(sr) for
the set of critical points of L(s, 7).

We proceed with the following simple observation.

Observation 1.10. Recalling that I"(s) does not vanish, the set of holomorphic
points of L (s, ) coincides with the intersection of the sets of holomorphic points
of the archimedean L-functions attached to the characters in the Langlands datum
of m; see [Knapp 1994, §4].

As a consequence we obtain the following lemma, which relates the critical
points of L(s, IT x X) to the critical points of the isobaric summands of X.

Lemma 1.11. The following hold:

(1) Ifn £ m mod 2, then Crit(IT x X) C Crit(IT x IT').

(ii) Ifn is even and m is odd, Crit(T1 x ¥) = Crit(TT x H’)ﬂﬂ;;'ln_l Crit(TT® ).

(iii) If m is odd, then sy = 1 € Crit(I' ® Xj_l)for alll < j<n—m—1. In any
case, so = % € Crit(IT x X).
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Proof. After our Observation 1.10 only (iii) needs a short argument. Writing
down L(s, HéoXj_,;o) and L(1 —s, ITY xj.00), see [Knapp 1994, §4], we see that
the behavior of holomorphy of these two L-factors is the same as of

[TTIrG+lan—by;b and [ JIT0 =s+1=aiy+buD.

UESOQ i=1 vESoo i=1

By (1.6), aj,y — by j #O0forallve Soo, 1 <i <mand 1< j <n-—m—1. Hence,
|aj, v — by, j| =|—a;»+ by j| > 1, and so all the above I'-factors are holomorphic at
so=1. Hence, so =1 € Crit(IT'® Xj_l ), if m is odd. The last assertion finally follows
from the piano-hypothesis (1.8) and [Grobner 2018, §1.6.1.(4)] or [Raghuram 2016,
Theorem 2.21]. |

1F. Whittaker periods, o-twists and fields of rationality. Let ¥ be as above. Uni-
tarity of all isobaric summands implies that

~ GL,—1(A
S =Indpi @1 ® - ® Xu—1-m]

is fully induced from the standard parabolic F-subgroup P € GL,_; with Levi
component L p = GL,, x ]—[?:11171 GL,. Hence, a Whittaker period p(X) € C* has
been constructed in [Grobner and Lin 2020, Proposition 1.12 and Corollary 1.22].
It recovers the original construction of Raghuram and Shahidi for cuspidal repre-
sentations. Hence, p(IT), p(I1"') and p()(?lg) are also all defined. We recall that
in [Grobner and Lin 2020] the period p(x) is normalized to p(x) ~aq(y) 1 for all
algebraic Hecke characters, which we also assume here.

We remark that it is intrinsic to the construction of these Whittaker periods, that
they are uniquely defined only up to multiplication by nonzero numbers in the
respective field of rationality, i.e., if v is any of the above representations, then
p(v) may be replaced by ¢ - p(v) for any g € Q(v)* = C®") where S(v) :=
{o € Aut(C) | vy = vy} and vy := vy ®,-1 C. For cohomological automorphic
representations v as above, the rationality fields Q(v) are number fields and °v
is the finite component of a uniquely determined, cohomological automorphic
representation, denoted °v, justifying the notation Q(v).

As a last ingredient, for each critical point s = % +k of L(s,I1 x X), an
archimedean period p(k, Ty, Loo) € C* has been defined in [Grobner 2018,
1.6.1.(6)] as the weighted sum of archimedean zeta-integrals. We do not repeat its
precise definition here and rather refer to [Grobner 2018], because p(k, [1eo, 2oo)
will not show up in the final results of this paper, but plays the role of an aux-
iliary quantity on the way there. Here we only point out that the normalization
p(x) ~a(y 1 for all algebraic Hecke characters, together with two conditions of
compatibility in the construction of p(X) (see [Grobner and Lin 2020, §1.5.3] for
all details and further discussion), pin down p(k, [1, X~) uniquely.
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2. Revisiting four results on period-relations

2A. Our starting point: the main result of [Grobner 2018]. We now recall the
following algebraicity result for the critical points of the L-function attached to a
pair (I, X):

Proposition 2.1 [Grobner 2018, Theorem 1.8]. Let I1 and ¥ be cohomological
automorphic representations as in Section 1D. In particular, T1 is a unitary cuspidal
automorphic representation of G,(Ag) and X =TI'HB x; B---8 x,_m_1 is the
isobaric sum of a unitary cuspidal automorphic representation Tl of G,,(Ar) and
unitary Hecke characters xj, such that Il and o, satisfy the piano-condition.
Then, for every critical point so = % +kof L(s, 1 x X),

(2.2) L5(3 +k, T x 2) ~omac) Pk, Mo, Too) p(I1) p(2),

which is equivariant under Aut(C).

In this result, we interpreted the left- and the right-hand sides in relation (2.2) as
families x = {x(0)}scautc) and y = {y(0)}scau(c) in the obvious way and we will
continue to do so henceforth in a;nalogous situations. In the next three subsections
we collect three additional results from the theory of special values— one of them
achieved in [Blasius 1986], whereas the other two have only been quite recently
established in [Grobner and Lin 2020]. These three results shall then be used in
order to rewrite (2.2) in a much more refined way, being the key-step in the proof
of our Main Theorem.

2B. Step I: The archimedean period as a power of 2ri. Under certain conditions,
J. Lin and Grobner [2020, Corollary 4.30] have computed the archimedean period-
factor p(k, I, Xoo) from (2.2) as a power of (27i).

In order to recall this result also for the archimedean period p(0, 1y, Xo0)
attached to the central critical point sg = % of L(s,II x X) (see Lemma 1.11),
consider two cyclic extensions L and L’ of F, of degree n (resp. n — 1), which are
still CM-fields. For an algebraic Hecke character x of A (resp. x' of Af), let
I1(x) (resp. I1(x’)) be the automorphic induction from x to G, (Ar) (resp. x' to
G,—1(AF)); see Chapter 3 of [Arthur and Clozel 1989] and their Theorem 6.2 (as
completed in [Henniart 2012, Theorem 3]. See also [Clozel 2017].) We denote

IT(x) if n is odd,
I[M(x)®n ifniseven,

I(x) if n is even,

2.3) 11, :=
(2.3) Ty i M(x)®n ifnisodd.

and I, := {
It is argued in [Grobner and Lin 2020, §4.5] that, given IT and ¥ as in Section 1D,
one may always choose conjugate self-dual algebraic Hecke characters x and x’ such
that IT, and IT, are cuspidal automorphic representations for which IT, o = I
and IT,/ oo = X. Whenever we use the symbols IT, and IT, it is from now on



SPECIAL RANKIN-SELBERG L-VALUES OVER CM-FIELDS 293

silently assumed that such a choice has been made. Our definition now allows us to
state the following proposition:

Proposition 2.4 [Grobner and Lin 2020, Corollary 4.30]. Let I1 and ¥ be cohomo-
logical automorphic representations as in Section 1D and let so = % +k be a critical
point of L(s, T1 x ). Only ifk =0, i.e., if so = % denotes the central critical point
of L(s, I1 x X), we additionally assume that i and (' are both sufficiently regular
and that there exists a choice of x, x' such that

L5(%, T, x T,/) #0.
With these assumptions,

(2.5) Pk, Moo, Tao) ~amyacsypa (2mi)d0=D(E=2)nt1)

which is equivariant under Aut(C/ FO).

Remark 2.6. The reader who is interested in the nature of our nonvanishing hypoth-
esis for the central critical value L5 (3, IT, x IT,) of the Rankin-Selberg L-function
attached to a suitable choice of twisted automorphically induced representations IT,
and IT,/, may find the following remark illuminating: Let K C LL’ be a subfield
and let Na, ,,/a, be the adelic extension of the norm attached to the field extensions
LL'/K. Then, it follows from the very construction of IT, and IT, (see [Arthur
and Clozel 1989, Chapter 3]), that we have an equality of partial L-values

L5(%, Ty x M) = L5(%, (x o Na,,sa,) (X" 0 Na, ./, )10 Na,,/a,))-

Our nonvanishing assumption — made only in the case when we want to consider the
archimedean period p (0, 1, X)) at the central critical value — hence reduces to a
nonvanishing assumption for a Hecke L-function on LL/, i.e., may be reduced from
considering Rankin—Selberg L-functions of type n x (n — 1) over F' to standard
L-functions of GL{/LL’. In turn, the nonvanishing of the latter L-functions is
studied in many sources in the literature: The results of Rohrlich [1989], Ginzburg,
Jiang and Rallis [2004], Eischen [2017] and most recently Jiang and Zhang [2020]
provide evidence that our nonvanishing assumption is indeed satisfied in all cases
that we consider. For a formal argument and analysis of this latter assertion we
refer to [Grobner and Lin 2020, §4.5.1].

2C. Step II: Breaking the period of X. As the next ingredient for rewriting (2.2),
we will decompose the Whittaker period p(X) in terms of the isobaric summands
of 3. The following is a special case of another result of the Grobner’s recent work
with J. Lin:

Proposition 2.7. Let ¥ =IT'H y; B - - -8 x,_n_1 be a cohomological isobaric
automorphic representation as in Section 1D. Assume in addition that all summands
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IT" and x; are conjugate self-dual. Then

n—m—1

238) p(D)~ama@ra p(M?®) [T L0, Wex; ) [] L°0xxh.

j=1 I<i<j<n—m-—1
which is equivariant under Aut(C/FS).

Proof. We recall that by our conventions (see Section 1F) [T} "o Xa'g) € Q%
whence the assertion follows from [Grobner and Lin 2020, Corollary 2. 13]. O

2D. Step III: Relating L5(1, x; xj_l) to CM-periods. The last necessary ingre-
dient for rewriting (2.2) has been established by Blasius [1986]. He described
the critical L- values L5, xix: ; D) showing up in the formula (2.8) in terms of

CM-periods p(x,x] , \px,-x,- 1).

2D1. Review of CM-periods. The reader familiar with Blasius’s construction may
skip this small subsection and proceed directly to Proposition 2.9.

As a first observation, for any pair (i, j) with 1 <i < j <n—m — 1, the Hecke
character £ := y; X Uis critical in the sense of [Deligne 1979]. That means that &
is algebraic and has nontrivial archimedean components &, for all v € S. Clearly,
the latter assertion follows from our definition of {b, ;}i<;<n,—m—1 being an infinity
type for all v € S, i.e., a set of strictly decreasing real numbers. Hence, one may
define another CM-type W of F by the rule

\Ifg = {U S Soo | bv,,’ < bv’j}U{U S Soo | bv,i > bv,j}.

Let now W be any CM-type of F. Attached to (§, Wr) one may define a CM-
Shimura-datum as in [Harris 1993, Section 1.1] and a number field E (&, V), which
contains Q(£) and the reflex field of the CM-Shimura-datum defined by Wg. In
particular, if Wy = Wg, one may associate a nonzero complex number p(§, W) to
this datum, as explained in the appendix of [Harris and Kudla 1991]. This number
p(&, W) is well-defined modulo E(§, W¢)™ and called the CM-period attached
to &. Let us abbreviate
E™E) =[] EE, ¥r)

Vg
and, resuming the notation y; X,~_1,
. -1
ETG o nem-D) =[] E™Oux; ).
1<i<j<n—m-—1

This field is a number field by construction, which contains the finite compositum
of the number fields F% H1§i</§n_,n_1 Qx; xj_l), as defined in Section 1F, but
may be bigger than that.
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The following result is proved in [Blasius 1986]. We also refer to Proposition
1.8.1 of [Harris 1993] (and the attached erratum [Harris 1997, p. 82]) or [Grobner
and Lin 2020, Theorem 4.7] for a slightly more tailor-made presentation.

Proposition 2.9. Let xi, ..., xp—m—1 be conjugate self-dual Hecke characters,
such that y; )(j_l is algebraic and critical forall 1 <i < j<n—m — 1. Then

(2.10) [T r5xx™h

1<i<j<n—m-—1

1 -2 _
NEcm(Xl ----- An—m—1) (27'[l) 2(’1 m-Dm=2) l_[ p(XlX] 1’ \IJXI'X;I),

1<i<j<n—m-—1

which is equivariant under Aut(C/FS).

3. Our main theorem

3A. Special values for GL, x GL,,, 1 < m < n. We are now ready to prove
our first new result. To this end, recall that 1 < m < n has been any pair of
integers and that IT and IT" have been cohomological unitary cuspidal automorphic
representations of GL, (Ar) and GL,, (AF), respectively, the latter assumed to be
conjugate self-dual as in Section 2. Our Main Theorem will relate special values
of the partial Rankin—Selberg L-function L(s, IT x IT") (all of them indeed critical,
if n and m are of different parity), to quantities only depending on IT, IT" and a
suitable choice of auxiliary characters yx; (as in Section 1D3).

Rendering this more precise, recall the Whittaker periods p(IT), p(IT'8) at-
tached to IT and T1"?'¢ and the CM-periods p(x; X ; ; -1 \IJ 71) attached to a choice
of auxiliary characters x; from Sectlons 1F and 2D Recall that when n is even
and m is odd, then I8 = [T’ and X, = yj forall 1 <j <n—m— 1. Our main
theorem may be written as:

Theorem 3.1. We let F' be any CM-field and let 1 <m < n be any integers. Let I1
be a cohomological unitary cuspidal automorphic representation of GL,(Ar) and
let T be a conjugate self-dual cuspidal automorphic representation of GL,,(AF).
Choose any conjugate self-dual Hecke characters x1, ..., Xn—m—1, Such that the
isobaric automorphic sum

2::H/EBXIEE"'EHXn—m—l

is cohomological and assume that (I, L) Satisfies the piano-hypothesis, (1.8).
Let so = % + k € Crit(I1 x X) be any critical point of L(s, I1 x X).

In the special case when k = 0 only, i.e., if so = % denotes the central critical
point, we additionally assume that the coefficient modules of Tl and L, are
both sufficiently regular (see Sections 1DI1 and 1D3) and that there exists a choice



296 HARALD GROBNER AND GUNJA SACHDEVA

of Hecke characters x, x' such that LS( I, xII ) # 0 (see Section 2B) and
LS(Z, H®Xj) #0foralll <j<n—m—1. Then

(3.2) L5(3 4k T x IT') ~0(ma(e)0(@) E™ (1o stnm-1)
(27”-)d((n—1)((k—1/2)n—1))+1/2(n—m—1)(n—m—2)) p(I) p(l—[/alg)

—m—1 LS(I l—I ®X )
pOix; W, /
l_[ ! J Xt l_[1 +k H®X_])

I<i<j<n—m-—1

which is equivariant under Aut(C/FS). Ifn is even and m is odd, then all L-values
LS(% +k, I x 1'[/), LS(1, T ® Xj_l) and LS(% +LkMI® Xj) are critical.

Proof. Putting our Steps I-111, i.e., equations (2.2), (2.5) and (2.8) together with
(2.10), and observing the nonvanishing of L5(1, I’ ® Xj’l) (see [Shahidi 1981,
Theorem 5.1]), we obtain

S(1
L*(5+k, TT X ) ~ma)0@) E™ (1, taon-1)
(27-[l')d((n—1)((k—1/2)7!—1))+1/2(n—m—1)(n—m—2)) p(IT) p(l—[/alg)

n—m—1

[T roaxi' v, [] LPa.mexb.

1<i<j<n—m-—1 j=1

which is equivariant under Aut(C/FS%). As

n—m—1
L+t TxE)=L5G +knxT) J] L5 +kT®x).

this yields

(3.3) L5(3 4k, T x IT') ~@(ma(s)0() E™ (1o snm-1)
(zni)d((n—1)((k—1/2)n—1))+1/2(n—m—1)(n—m—2))p(l—[) p(l—l/alg)

- n—m—1 LS(l H/®X )
[T poux' v, l_[ vy 1'I®]xj)

1<i<j<n—m-—1 j=l1

as a relation, which is equivariant under Aut(C/F%), implying the first assertion.
Hence, assume now that n is even and m is odd. Criticality of LS (% +k IIxIT ),
LS5(1, T ® X 1) and LS( +k I Xj) is then implied by Lemma 1.11. This
completes the proof. U

Remark 3.4. Our Theorem 3.1 has an obvious corollary/consequence for critical
values L3(k, IT x IT’) of Rankin—Selberg L-functions of type n x n—i.e., when
both factors are of the same rank n — but when IT’ is a (noncuspidal) isobaric sum.
Let IT := (IT; B I1,)|/det||'/% where I1; and IT, are conjugate self-dual cuspidal
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automorphic representations of GL,,, (Ar) and GL,,, (Ar) respectively, such that
m| + my = n. If we assume that both summands I[1; may be completed using
conjugate self-dual algebraic Hecke characters to cohomological isobaric sums ;
on GL,_1(AF), which satisfy the piano-hypothesis with respect to I1,, then any
%—I—k € Crit(IT x X1) NCrit(TT x X,) gives rise to a critical integer k € Crit(IT x IT').
Hence, writing

LS (k, Ix 1) = L5 (3+k, Ix (I} BI,)) = L5 (3 +k, IxT1y)-L5 (3 +k, T x15),

we may apply Theorem 3.1 to both of the latter factors and derive a rationality
result for the critical values L5 (k, T x IT'). We leave the obvious details to the
reader. Finally, it is now also clear how one can obtain an analogous result if the
representation IT' is the twisted isobaric sum of r > 3 conjugate self-conjugate
cuspidal automorphic representations.

4. Main applications

In this section we provide a couple of applications of our Main Theorem, exempli-
fying the strength of period-relations such as the ones established in Theorem 3.1.

4A. Quotients of twisted standard L-functions at a joint special value. Applica-
tion I concerns the twisted standard L-function and is a broad generalization of the
main result of [Waldspurger 1985].

Waldspurger [1985] has shown a rationality result for the quotient

L(%,n ®oz)/L(%,7r ® B)

of the standard L-functions attached to the twisted cohomological cuspidal auto-
morphic representations 7 ® « and 7 ® 8 of GL, over any number field at their
joint critical value so = % More precisely, here o and 8 are assumed to be quadratic
Hecke characters having the same archimedean component o, = S, 7 denotes a
cohomological unitary cuspidal automorphic representation of GL; and L (%, T®H )
is assumed to be nonzero. Under these assumptions, Waldspurger established a
relation of the form

Lz 7®a®)  p@)

Lmep) " p

the two period-invariants p(«) and p(8) only depending on o and S, respectively,
and the archimedean component of the cuspidal representations 7. See [Waldspurger
1985, p. 174].

Here we generalize Waldspurger’s result to the case of quotients of standard
L-functions of GL,,/ F where n > 2 is arbitrary, so = % + k is a more general special
value while F is any CM-field. Our result reads as follows.



298 HARALD GROBNER AND GUNJA SACHDEVA

Theorem 4.1. Let F be any CM-field and let n > 2 be an integer. We assume
that I1 is a cohomological unitary cuspidal automorphic representation of GL, (AFr)
and let a and B be conjugate self-dual Hecke characters of Ay, having the same
archimedean components o, (z) = By(z) = 27", v € Seo. If ay € 5+ Z and
Ho.1 = Ay = Uy for all v € Soo, there is a choice of conjugate self-dual Hecke char-
acters X1, - - ., Xn—2, such that the isobaric automorphic sum ¥ =aHxHB- - -Hy,—»
is cohomological and such that (Ily, Xy ) satisfies the piano-hypothesis (1.8).
Fix any such choice and let so = % + k € Crit(IT x Xy) be any critical point of
L(s, T x Xy).

In the special case when k = 0 only, i.e., if 5o = % denotes the central critical
point, we additionally assume that the coefficient modules of I, and Xy » are
both sufficiently regular (see Sections 1D and 1D3) and that there exists a choice
of Hecke characters x, x' such that LS(%, IT, x I'IX/) # 0 (see Section 2B), and
thatLS(%, l'[®,8) andLS(%, H®Xj) #0foralll <j<n-—2.

We have

LS4k @) = pla, Yy, -1)

4.2 .
4.2) LS(%-f—k, H®,3) e p(B, ‘-IJIBX[_—l)

“«

where the relation “~" is equivariant under Aut(C/FS) and over the number

field
n—2
QO(E)Q(EHDVPE™ (@, B, 1. - - -, xn-2) E(@E™(B) [ E™ (7.

If n is even, then all the sy = % + k are indeed critical for L(s, 1 ® o) and
L(s, TI® B).

Proof. The discussion in Section 1D3, together with our assumption that a, €
’—21 +7Z and py 1 > ay > py, for all v € Sy, implies immediately that there is a
choice of conjugate self-dual Hecke characters xi, ..., x,—2, such that the isobaric
automorphic sum

Y=ol BBy,

is cohomological and such that (IT, 3, o) satisfies the piano-hypothesis. Hence,
putting m = 1 and I’ = «, the pair (I1, ) of cuspidal representations on GL,, (A r) X
GL (Ap) satisfies all the conditions of our Theorem 3.1 (with ¥ = X,). As is again
immediate, our assumption as, = S implies that the isobaric sum

Sp = BE 1 BB 2

has the same archimedean component as X,. Another short moment of thought
convinces us that consequently X, and Xz may be interchanged in the statement
of Theorem 4.1 without changing any assertions. Otherwise put, the pair (I1, B)
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automatically satisfies all the conditions of our Theorem 3.1, letting X = X 4. Hence,
simply by inserting into the formula provided by Theorem 3.1 we obtain

L¥(3+k TN®a) p(@®®) " LS(1, ax; )
~O(MO() () QD) ES™ (11,... - —
LAtk T@p)  CMeEAE QLN n-2) () s,

which is equivariant under Aut(C/F%). As the Whittaker periods p(«?'®) and

p(B2'8) are both chosen to be 1 (see Section 1F) and applying Blasius’s result (see

Proposition 2.9) once more to ]_[:l:_l2 L3, axi_l) and ]_[7:_12 L3, ,8)(1._1), we get
1

LS(3+k M®a)
1

LS(3+k TI®B)

— —1
2 P(‘XX, ’ lpaxi’l)
~QMAE)QER) Q) E (@, X100 Xn-2) ET (B, X1 Xn—2) - :
i—1 PBX; s W, 1)

Obviously, we may harmlessly replace E“" (o x1, ..., xn—=2)E"(B, X1s---» Xn—2)
by E“"(a, B, X1, - - -, Xn—2) 1n the latter relation. For each 1 <i <n —2 one has

p(axiil, lI-IOU([—I) NEcm(a)Ecm(Xfl) p(a’ \'Ijaxifl) p(Xlil’ lIJf)l)(,‘il)

and likewise for g taking the role of «; see [Grobner and Lin 2020, Proposition 4.4].

AS Qoo = Boo by assumption, ¥, 41 =g, -1 by definition; see Section 2D. This
implies the first assertion of the theorem The second assertion follows applying
Lemma 1.11. (]

Remark 4.3 (further interpretations). Grobner and Raghuram [2014b] achieved a ra-
tionality result for the critical values of the twisted standard L-function L(s, IT® x)
using unspecified archimedean periods. Here, IT denotes a cohomological cuspidal
automorphic representation of GL, (A g+), admitting a Shalika model and x is a
Hecke character of finite order. These assumptions necessarily imply that # is even as
in the refined second assertion of our Theorem 4.1 above. In this regard, Theorem 4.1
provides a generalization as well as a certain refinement of a consequence of the
main result of [Grobner and Raghuram 2014b] over general CM-fields, instead of
totally real fields F™.

4B. Quotients of a fixed Rankin—Selberg L-function at different critical val-
ues. Application II concerns quotients of a given Rankin—Selberg L-function
LS (s, IT x IT") of general type n x m, 1 < m < n, at different critical values
s=4+kands=1+¢.

Our result may be viewed as a generalization of

(1) the main result of [Harder and Raghuram 2020] which was for Rankin—Selberg
L-functions of general type n x m, with nm even, but over totally real fields F;
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(i) Theorem 5.5 of [Grobner and Lin 2020] which was for general CM-fields F,
but for Rankin—Selberg L-functions of type n x (n — 1) only.

It should be pointed out though, that our result below is a rather mild generalization
of a consequence of the main result of [Lin 2015]. Lin [2015, Theorem 10.8.1] has
achieved a very general, fine rationality-result for Rankin—Selberg L-functions of
type n x m under a list of additional local assumptions (and conjectures, but those
were later proved in [Guerberoff 2016] and [Grobner and Lin 2020]). We hence do
not claim much originality from our side, but rather include the following corollary
of Theorem 3.1 for the sake of giving a new approach and an example of the use of
our period-relations.

In order to explain our result, recall weak base change BC from an arbitrary
rational unitary similitude group GU (V) /Q attached to a nondegenerate Hermitian
space V of dimg+ V = n, as established in [Shin 2014]. Strictly speaking, the
construction of BC in [Shin 2014] entails the claim that F = KCF ™ for some imagi-
nary quadratic field IC, which we shall henceforth assume. The same assumption
has been made in [Guerberoff 2016, §5], which we shall use in the proof of our
Corollary 4.4. Then, for every cohomological cuspidal automorphic representation
of GU (V)(Ag) abase change BC (1) = x, ®I1 has been constructed in [Shin 2014].
Here, yx, is a Hecke character of A, while IT is a conjugate self-dual isobaric
automorphic representation of GL, (Ar). By results of Delorme and Enright (see
[Enright 1979]), [1, is cohomological as well. See also [Labesse 2011, §5.1] and
[Clozel 1991, §3.4].

Corollary 4.4. Let F = KF* be a CM-field and suppose that 1 < m < n are
integers, n even and m odd. We let T1 = BC (1) |gL,ar) be a cuspidal automorphic
representation of GL, (Ar) which we assume to be obtained by weak base change
from a unitary tempered cuspidal automorphic representation w of some rational
similitude group GU (V) /Q. Its infinite component n, is supposed to belong to
the antiholomorphic discrete series and to be cohomological with respect to an
algebraic coefficient module of GU (V)(R) which is defined over Q.

Let T1 be a conjugate self-dual cuspidal automorphic representation of GL,,, (Ar),
satisfying the conditions of Theorem 3.1.

Let % + k and % + € be two critical points of L(s, I1 x X) different from so = %
Then % + k and % + £ are indeed critical for L(s, T1 x I1') and the ratio of critical
values satisfies

LS(3+k T xIT
(f ) ~amaamrea (2mi)dE=omm,
LS(3+¢ T xIT)

which is equivariant under Aut(C/FS%),
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Proof. By Theorem 3.1, the quotient of critical values satisfies
LS(3+k TI x IT)
LS(5+e¢mmxTr) — 70 o
T PG ene )

Qi) d=00=Dn ’
i men)

4.5)

which is equivariant under Aut(C/F%). Moreover, obviously, both sides of this

relation are invariant under all 0 € S(IHNSIT)NS{x1, - - -5 Xn—m—1}), Where
S{x1,.-., Xn—m—1}) denotes the group of all ¢ € Aut(C) such that
{GXI» ey UXn—m—l} = {Xl» e Xn—m—l}'

Therefore, by Lemma 1.2, relation (4.5) holds over every field L, which contains
FSa and the subfield of C, fixed by SIDNSITYNS{x1, -+ Xn—m—-1})- In
particular, (4.5) holds over the compositum of number fields

QUM Q(X1, - - - » Xn—m—1}) F.

Now observe that, by Lemma 1.11, %—l—k and %—l—ﬁ are both critical for all
L, NIT®xj), 1 <j<n-—m-—1. Since % + k and % + £ are also assumed to
be different from the central critical value, our additional assumption on IT being
obtained by base change from 7 hence allows us to use Guerberoft’s theorem [2016,
Theorem 4.5.1] on noncentral critical values of standard L-functions. (The careful
reader may want to use §4.2 in [Grobner et al. 2018] in combination with [Kaletha
et al. 2014, Theorem 1.7.1], which confirms Guerberoff’s Hypothesis 4.5.1 for our
representation 7r.) Hence, simply by inserting into Guerberoff’s formula, we obtain

—-m—1 51
"1 L (E"‘E’ H®Xj) - 7 1)d=m=Dn(E—k)
1_[ LS 1 k. 11 Q@2 (m {x;} ( 7Tl) )
j=1 (3 +k I®x))
which is equivariant under Aut(C/F Galy Here, @2 (7, {x j}) denotes any number
field over which 7 ; and all characters x;  are defined (such a field exists, e.g., by
[Grobner and Sebastian 2017, Theorem A.2.4]). Collecting the powers of (27i) we
hence obtain

LS(5+k, TI x IT)

4.6
“0 LS(A+e,mxIr) — 0

As we have seen, relation (4.6) is equivariant under Aut(C/F Galy and both sides
are invariant under every o € G(IT) N &(IT'). Hence, applying Lemma 1.2 once
more, we see that this relation actually holds over any field containing F%2 and
the field of rationality of S(IT) N G (IT'). In particular, (4.6) holds over the number
field Q(IT)Q(I1") FO%, which shows the claim. O
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Remark 4.7 (further interpretations). Januszewski [2019]recently achieved a con-
ditional rationality-result for Rankin—Selberg L-functions of type n x (n — 1) with
precise powers of (27i) as archimedean contributions, recovering the result of
Harder and Raghuram [2020] in the case of n x (n — 1) as a consequence (under the
given hypotheses). Hence, our Corollary 4.4 may also be seen as an unconditional
generalization of a consequence of the main result of [Januszewski 2019] for more
general pairs n x m and over CM-fields F = KF™.

Most recently, Raghuram has presented a different approach to our corollary
in the special case of m =1 (i.e., the standard L-function) through automorphic
induction; see Theorem 1 in [Raghuram 2020]
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A BOUND FOR THE CONDUCTOR OF AN OPEN SUBGROUP
OF GL; ASSOCIATED TO AN ELLIPTIC CURVE

NATHAN JONES

Given an elliptic curve E without complex multiplication defined over a
number field K, consider the image of the Galois representation defined by
letting Galois act on the torsion of E. Serre’s open image theorem implies
that there is a positive integer m for which the Galois image is completely
determined by its reduction modulo m. We prove a bound on the smallest
such m in terms of standard invariants associated with E. The bound is
sharp and improves upon previous results.

1. Introduction

Let K be a number field, let £/K be an elliptic curve and let Eos denote its
torsion subgroup. Denote by G g := Gal(K /K) the absolute Galois group of K
and consider the Galois representation

pE.k - Gk — Aut(Eqrs) ~ GL,(Z)

defined by letting Gk act on the torsion of £ and choosing compatible bases
thereof. A celebrated theorem of J.-P. Serre [1972] states that, if £ has no complex
multiplication, then the image of pg x is open inside GL;(Z), or equivalently that

(1 [GL2@) : pE,k (GK)] < 00,
Consequently, one may find a positive integer m with the property that
ker(GL2(2) — GLo(Z/m2)) S pi.k (G-

Definition 1.1. Given an open subgroup G GLZ(Z), we define the positive
integer mg by

mg = min{m € N : ker(GL,(Z) — GLy(Z/mZ)) € G}

and call it the conductor of G. In case G = pg g (Gg) for an elliptic curve E
defined over a number field K and without complex multiplication, we denote the
conductor of G by mg k.

MSC2010: 11F80, 11GO0S5.
Keywords: elliptic curves, Galois representations.

307


http://msp.org/pjm/
https://doi.org/10.2140/pjm.2020.308-2
http://https://doi.org/10.2140/pjm.2020.308.307

308 NATHAN JONES

The purpose of this note is to prove the following upper bound for mg g. In its
statement, A g denotes the absolute discriminant of the number field K, A g denotes
the minimal discriminant ideal attached to the elliptic curve E, Nk /g : K* — Q*
denotes the usual norm map and

rad(m) := 1_[ ¢

Lim
£ prime

denotes the radical of the positive integer m. Given a nonzero ideal I € Ok, we
identify the ideal Nk, (/) € Z with the (unique) positive integer that generates it,
and thus we may regard Ng,o(Ag) € N.

Theorem 1.2. Let K be a number field, let E be an elliptic curve over K without
complex multiplication, and let mg g € N be as in Definition 1.1. Then one has

mgg <2- [GLy(Z) : e k(GK)]-rad(|Ax Nk /o(AE)]).

Remark 1.3. The bound in Theorem 1.2 both improves upon and generalizes a
bound appearing in [Jones 2009] (see Corollary 1.5 below). Furthermore, using
results in [Daniels 2015], we may see that there are infinitely many' elliptic curves E
over Q satisfying

(2) me.q=2-1GLa(2) : pr.a(Ga)l-rad(Ag)).
Thus, our bound for m g g is sharp when K = Q.

Remark 1.4. Let
PEm -Gk — GLa(Z/mZ), pge~: Gg — GLa(Zy)

denote the Galois representations defined by letting Gx act on E[m] and on
E[£*°] := U,~; E[£"] respectively, and let K (E[m]) = K¥erpem(Gx) denote the
m-th division field of E. The conductor m £,k that we are considering should not be
confused with “Serre’s constant,” defined for an elliptic curve E over Q in [Daniels
and Gonzélez-Jiménez 2018] (see also [Cojocaru 2005]) by

A(E) := I1 o,
£" a prime power
pe,m(Ga)#GLa(Z/0"7)
Vk<n, pp 4 (Ga)=GLy(Z/£"Z)

It is evident that A(E) divides mg g, but mg g is in general larger than A(E). The
main differences between these two constants are as follows:

1Speciﬁcally, (2) holds for any Serre curve E with the property that Ag is square-free and
Ag #1 mod4.
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(1) A prime power £" divides m g g whenever ker(GLz(Zg) — GLZ(Z/IZ"_IZ)) Z
pE.1(Gg), whereas A(E) is square-free, except possibly at the primes 2
and 3. In other words, for each prime ¢, mg g encodes the action of Gg on
the entire ¢-adic Tate module, whereas, for £ > 5, A(FE) only encodes the
action of Gg on the £-torsion of E.

(2) It may happen that there is a nontrivial intersection Q # Q(E[m]) NQ(E[m>])
for some m, my € N with ged(m, m2) = 1. The constant m g g encodes such
“entanglements,” whereas A(FE) does not.

The general phenomenon of entanglements has come up in various recent papers;
see for instance [Brau and Jones 2016], which studies elliptic curves E over Q
satisfying [Q(E[2]) : Q] = 6 and Q(E[2]) € Q(E[3]), and also [Bourdon et al.
2019], in which potential entanglements come up in an analysis of sporadic points
on the modular curve X{(N).

Given an elliptic curve E defined over a number field K, computing the positive
integer mg g is a step toward understanding the image pg x(Gg) GLz(z).
Following Serre’s open image result, there has been much interest in the nature of
pE. k (Gg), for instance regarding its mod ¢ reductions (see [Mazur 1978; Merel
1996; Bilu and Parent 2011; Bilu et al. 2013; Lozano-Robledo 2013; Zywina
2015a]) and also more recently its reductions at composite levels (see [Dokchitser
and Dokchitser 2012; Sutherland and Zywina 2017; Daniels and Gonzdlez-Jiménez
2018; Morrow 2019]). In addition to this connection, Theorem 1.2 also has analytic
relevance; for instance in [Bell et al. 2020] it is applied to the study averages of
constants appearing in various elliptic curve conjectures.

Serre’s open image result (1) implies that, for any E/K without complex multi-
plication (CM), there exists a bound Cg g > O so that, for each prime £ > Cg g,
we have pg ¢(Gg) = GLy(Z/€Z). Serre asked whether the constant Cg g may be
chosen uniformly in E, i.e., whether

there exists Cx > 0 so that, for all E/K without CM and all prime ¢ > Ckg,

©) pE.0(Gx) = GLy(Z/42).

This question is still open, even in the case K = (. An affirmative answer to it
would imply that

[GLy(Z) : pe(G k)] <k 1,

although the implied constant is ineffective, because of an appeal to Faltings’
theorem (see [Zywina 2015b], which details this in the case K = Q). Theorem 1.2
thus has the following corollary.

Corollary 1.5. Assume that (3) holds. We then have

mEg g KLk rad(Ng,o(AEg)).
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Theorem 1.2 is proved via the following two propositions, the first of which
deals generally with open subgroups G € GL, (Z). Because of group-theoretical
differences” present for the prime 2, it will be convenient to introduce the following
modified radical:

rad(m) if44m

@) rad (m) := {2 radim) if4|m.

We will also distinguish the following case involving the prime 3, in whose
statement G3 (resp. G(3)) denotes the image of G under the projection map
GLy(Z) — GLy(Z3) (resp. under GL,(Z) — GL,(Z/3Z)). The analysis proceeds
a bit differently according to whether or not the condition

®)) 91mg, SLo(Z3) £ Gz and G@3)=GL,(Z/37)
holds.

Proposition 1.6. Let G C GLz(z) be an open subgroup and let mg be as in
Definition 1.1. We then have

—PC_ divides [~ (G (rad (m))) : G(me)]
rad' (mg) ' ’
where rad’(-) is defined as in (4) and 7 : GLy(Z/mgZ) — GLy(Z/rad (mg)Z)

denotes the canonical projection map. Assuming that (5) holds, we have

9m
— 5 divides [x(G(rad (m¢))) : G(mc)].
rad (mg)

In contrast with Proposition 1.6, our second proposition is specific to the situation
where G = pg k(G k), making use of facts about the Weil pairing on an elliptic curve,
together with the Neron—Ogg—Shafarevich criterion for ramification in division
fields.

Proposition 1.7. Let K be a number field and let E be an elliptic curve defined
over K without complex multiplication. Let G := pg g (Gg) be the image of the
Galois representation associated to E and let mg be as in Definition 1.1. Assuming
that (5) does not hold, we have

rad'(mg) < 2[GL2(Z/ rad'(mg)Z) : G (rad'(m¢)) ]| rad(| A g Nk ja(AR))).
If (5) does hold, then

rad (mg)
3

2See [Dokchitser and Dokchitser 2012] (resp. [Elkies 2006]), which concerns the Galois
representation on the 2-adic (resp. on the 3-adic) Tate module, illustrating these differences.

<2[GLy(Z/ rad'(mg)Z) : G(rad (mg))] rad(|Agx Nk ja(AE)]).
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Since the index of a subgroup is preserved under taking the full preimage, we
have that

[GL2(Z/ rad' (m6)Z) : G(rad (mg))] = [CLo(Z/mZ) : ' (G (rad (mc)))],

where 7 : GLy(Z/mgZ) — GLy(Z/ rad (mg)Z) is the canonical projection map.
Thus, Theorem 1.2 follows from Propositions 1.6 and 1.7.

Many of the ingredients that enter into the proof of Theorem 1.2 may be verified
for algebraic groups other than GL;. For instance, using these same techniques, one
should be able to obtain a similar bound for the analogous integer m 4 g associated
to an abelian variety A defined over a number field K whose Galois representation
has open image inside GSp,, (Z).

2. Notation and preliminaries

Throughout the paper, p and ¢ will always denote prime numbers. As usual, N
denotes the set of natural numbers (excluding zero) and Z denotes the set of integers.
We will occasionally use the abbreviations

N>y :={neN:n>aj,
Z>y:={neZ:n>a}
We recall that
Z:=1imZ/mZ

is the inverse limit of the rings Z/mZ with respect to the canonical projection maps
Z/nmZ — Z/mZ. Under the isomorphism of the Chinese remainder theorem, we
have that

(6) 7~ ]_[zg,
V4

where Z, as usual denotes the ring of £-adic integers. More generally, for any
m € N>, we define Z,, and Z,, to be the quotients of Z corresponding under (6)
to the following rings:

Zn=[]Z0.  Zw =[]

Lm Um
For any m € N>, we have an isomorphism

/Z\’Z Zm X Z(m),

and projection maps
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We note that these observations may also be applied to points in an algebraic group;
in particular we have

GLy(Z) ~ GLy(Zy) x GLo(Zmy) ~ | | GLa(Z0)
L

and we have projection maps
(7) T - GLa(Z) = GLo(Zw),  7my : GLo(Z) = GLa(Zmy)-

In most cases we will denote any projection map simply by 7, but on some occasions
we will decorate it with subscripts, such as in (7) or

Tmoo.m - GLo (Z) — GLo(Z/mZ),  Tamn : GLa(Z/nmZ) — GLo(Z/nZ).

The ring Zisa topological ring under the profinite topology, and the group GL, (2)
inherits the structure of a profinite group. We recall that any open subgroup
G CGL, (Z) is a closed subgroup but not conversely. In general, given any closed
subgroup G C GLz(Z), we denote by G,, € GL,(Z,,) (resp. by Gy € GL2(Z(m)))
its image under 7, (resp. under 7)) as in (7). We denote by G(m) the image
of G under the canonical projection

GLy(Z) — GLy(Z/mZ).

For any m € N and any d dividing m, we denote the prime-to-d part of m by
m
myy ' =—=———~——.
H@ld gordl(m)
Finally, we let

idm . GLQ(Zm) —> GLg(Zm), id(m) . GLZ(Z(m)) —> GLQ(Z(m))

denote the identity maps, and we let 1,, (resp. 1(,)) denote the identity element
of GLy(Z,,) (resp. of GL2(Zy))). We may also at times denote by 1,, the identity
element of GL,(Z/mZ7).

For an abelian group A and a positive integer n we as usual denote by A[n] the
n-torsion subgroup of A. For a prime number ¢ we define

A=A, Aes=J AL A = Alnl.

1

n=0 n=1 n=
Un

Note that, if A[n] is finite for each n € N, we have

Aors A[ZOO] X Ators,(ﬁ)-
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For a number field K, we denote by Oy its ring of integers, by A its absolute
discriminant and by

Nko: K — Q

the norm map. A critical issue that arises in the proof of Proposition 1.7 is that
of entanglement of division fields, i.e., the possibility that the field extension
K C K(E[m])NK (E[m;]) is a nontrivial extension, where m and m are relatively
prime positive integers. Putting F := K (E[m]) N K (E[m3]), we have by Galois
theory that
Gal(K (E[mim2])/K)

~ {(01, 02) € Gal(K (E[m])/K) x Gal(K (E[m2])/K) : 01| = 02|F }.
More generally, if G{, G» and H are groups and | : Gy — H, ¥» : Go > H

are surjective group homomorphisms, we introduce the following notation for the
fibered product:

G xy G2:={(81, 82) € G1 X G2 : ¥1(g1) = ¥2(g2)}
(here ¢ is an abbreviation for the ordered pair (1, ¥)). Evidently,
K # K(E[m]) N K(E[m2])
if and only if the fibered product
Gal(K(E[m1])/K) Xres Gal(K (E[m2])/K)
is a fibered product over a nontrivial group, where
res; : Gal(K (E[m;])/K) — Gal(K (E[m1]) N K (E[m2])/K)

denotes the restriction map.

3. Proof of Proposition 1.6

In this section we prove Proposition 1.6, bounding m¢/rad’ (m¢) in terms of the
index of G(mg) in 7 ~1(G(rad’(mg))), where G C GLz(Z) is any open subgroup.
We recall that, in the profinite topology, any open subgroup of GL, (Z) is necessarily
closed; we will establish some lemmas regarding closed subgroups of GL, (Z) which
thus apply to the open subgroup G.

We begin by giving a more precise description of the local exponents 8, > 0
occurring in

(8) mg =: ]_[eﬁf.
4
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In what follows we use the maps
Tysst gp X idgey : GLo(Z/€P 1 Z) x GLo(Z ) — GLA(Z/€P7) x GLa(Z ),
oo gt X id(e) : GLa(Zy) x GLa(Z(g)) — GLa(Z/€PT'Z) x GLa(Z 1))

defined by the obvious projection in the first factor and the identity map in the
second factor. For any prime ¢, we define

2 ife=2
9 = ’
©) x {1 if ¢ > 3.

The next lemma follows from ideas in [Serre 1968, Lemma 3, IV-23]. In its
statement and henceforth, we will interpret GL,(Z/£°Z) := {1} as the trivial group,
so that kerm, | = GLy(Z/€7).

Lemma 3.1. Let G € GL, (Z) be a closed subgroup, let £ be a prime number, and
let B € Z>o. Assume that

Vy € [B, max{B, ag}INZ, Ker(mp+i gr) X {l(0)} S (g0 g1 X 1d))(G),
where ay is as in (9). We then have
ker(mp g8) X {10y} € G.
Proof. Since G C GL, (Z) is closed, it suffices to prove that, for each n € Z>max(g,a,}
(10) ker(mgn+1 gn) X {1g)} S (Tpoc gn+1 X id(g)) (G).

We prove this by induction on n as follows (the base case n = max{f, «,} is true
by hypothesis). First note that, for n > 1, we have

(11) ker(rpnii gn) = {1 +€"X mod £ : X € My, n(Zy)).
Thus, (10) may be reformulated as saying

for all X € M. (F;), there exists X e My (Zp)
such that X = X mod ¢ and g := (I +¢"X, 1(y)) € G.

Our goal is to deduce that (12) continues to hold when rn is replaced by n + 1.
Since G is a group, g* € G, and one sees by considering the binomial expansion

(12)

(13) (I_i_gn)?)@:I+(f)zn§+(§>€2ni2++<€f1>€(£—1)n§f—l+€@n§€

that
(oo g2 X 1d(0)) (g9 = (I +€"T'X (mod £"72), 1y)).

Since X in (12) was arbitrary, it follows by (11) that
ker(n(nﬁygnﬂ) X {1(5)} - (T[gao’gnJrZ X id(z))(G),

completing the induction and proving the lemma. (]
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Remark 3.2. The “purely ¢-adic version” of Lemma 3.1 also follows by the same

proof (without the GL,(Z ) factor). Precisely, for any prime ¢ and closed subgroup

G € GLy(Zy), and any B € Z>(, one has

(14) Vy e[B, max{B, a,}1NZ, ker(GLx(Z/¢¥*'Z) — GL,(Z/€" 7)) € G(¢¥ )
= ker(GL2(Z,) — GL2(2/£P7)) C G,

where «y is as in (9).

Remark 3.3. The fact that the exponent «; in (14) is different for £ = 2 and
otherwise uniform for £ > 3 stands in contrast with [Serre 1968, Lemma 3, IV-23],
which breaks into cases according to whether £ < 3 or £ > 5. The underlying
reason is that we are seeking to conclude that ker(GLg (Zy) — GLy(Z /Zﬂ Z)) Cq,
rather than the weaker conclusion ker(SL2(Z¢) — SL2(Z/£#7)) € GNSLy(Zy), the
latter breaking into cases according to the condition [SLz (Z2)€P7), SLy(Z ) ¢P Z)] =
SL,(Z/£PZ), which happens if and only if £ > 5; see Lemma 3.6 below.

Definition 3.4. We define the exponents 8, = 8,(G) by

B, =min{p € Z.o: Yy €8, max(B, a1 NZ,
ker(ﬂgwlﬂ) X {l(g)} g (7Tgoo’gy+l X id(g))(G)},
where oy is as in (9).
Corollary 3.5. We have By = B,, where By is as in (8).
Proof. By Lemma 3.1, for each prime £ we have

ker(nzm‘zﬁz) x {1} €G.

Since ker(GL2(Z) — GLo(Z/[],¢%Z)) is equal to the subgroup of GL,(Z)

generated by ker(w - eﬁé) x {1} as £ varies over all primes, we then have

ker(GL.@) ~ GLo(2/ [ ¢%2)) < 6.
L

Thus, by (8) and Definition 1.1, we see that 8, < f;.
Conversely, suppose for the sake of contradiction that g, < ;. By definition
of B¢, we would then have

(15) ker(w ) X {1} S ker(mwyee g8) X {1} € G.

e, 0P
Furthermore':, since T oo ot (ker(nzw’zﬁé,l)) = ker(nzﬁé’zﬁé,l), we then see that (15)
would then imply

Vy e[B,— 1, max{f; — 1, a}INZ, ker(my+1 ¢v) X {1(0)} S (g0 gr+1 X id (1)) (G),

contradicting Definition 3.4. Thus, 8, < f. ([l
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We will find it useful to have sufficient conditions to conclude that SL,(Z;) C G,
where G C GL,(Z,) is an arbitrary closed subgroup. The next lemma does so
for £ odd, and gives us sufficient information to allow us to deal separately with the
prime £ = 2. As with Lemma 3.1, it can be largely deduced from arguments found
in the proof of [Serre 1968, Lemma 3, IV-23]; we include the details here for the
sake of completeness.

Lemma 3.6. Let £ be a prime number and let G C GL,(Z;) be a closed subgroup.
If £ > 5, then we have

SL,(Z/£7) € G(t) = SLy(Zy) € G.
If € =3, we have
G(3) = GL,y(Z/37) and SL,(Z/97) € G(9) = SL,(Z3) € G.
Finally, if £ = 2, we have
G(4) =GLy(Z/47) = G =GLy(Z2) or [GLy(Z/8Z): G(8)] =2.

Proof. We first assume £ is odd. Under the stated hypotheses, we will show that
SL,(Z¢) € G by establishing that

(16) SLa(Zy) =[G, G,

where [G, G] denotes the closure of the commutator subgroup of G. This amounts
to showing that SL,(Z,) C [G, G], since the reverse inclusion follows from the fact
that every commutator has determinant 1. We begin by first showing, by induction
on n, that

(17) ker(SLa(Z/€"'Z) — SLa(Z/£"1)) € G(€"*) (z (=Sumin= Or)-

£=3andn>1

The binomial expansion argument (13) of Lemma 3.1 shows this, except for the
case £ > 5 and n = 0. To establish this final case, we first observe that

det(I +0"X)=1+¢"wX mod "' 1 >1).
Thus, for n > 1, we have
(18) ker(SLo(Z/€"1Z)— SLy(Z/€"2)) ={1+€"X mod £"*:X e MYZ)(Z)},

where
MEZ(Zy) :={X € Myr(Zy) :r X =0 mod £}.

In particular, ker(SLz Z /Z”“Z) — SLy(Z/ E"Z)) is a 3-dimensional subspace of
the 4-dimensional Z/¢Z-vector space ker(mwyn+1 gn). It follows from this, together
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with the fact that ((1) i) and (} (1)) reduced modulo ¢ generate SL.,(Z/£Z), that the set

= {(0 0)’ <1 0)’ <_1 _1)} € Mx2(Z)
satisfies

(19) (I+€'K mod £"*") =ker(SLy(Z/¢""'Z) — SL,(Z/€"Z)) ~ (n>0).

Fix X € K. Note that I + £°X mod £ € SL,(Z/£Z), which by hypothesis is
contained in G (£). Fix a lift X € M»y»(Z,) for which I +¢°X € G, and note that
X2 =0 mod ¢, so X*=0 mod ¢Z Thus, since £ > 5, we have

(1+£0§)6=1+<f)5€+(§)§2+...+(ﬁfl)i“+)~(@EIHJ? mod ¢2,

and more generally,
I+0X)=T14+01X mod "2 ((=5andn >0, or £=3andn >1).

Therefore (17) is established by induction on #.

We now proceed to verify (16) for £ an odd prime. When ¢ > 5, the group
PSL,(Z/€7) is a nonabelian simple group (see, e.g., [Huppert 1967, Chapter II,
Hauptsatz 6.13]), and the exact sequence

1 - {£l} = SLy(Z/¢Z) — PSLy(Z/¢7) — 1

does not split (see, e.g., [Zywina 2010, Lemma 2.3]). From this and a computer
calculation® for the prime £ = 3, we then find that

L>5 = [SLy(Z/tZ),SLy(Z/eZ)] =Sy (Z/L7),

L =3 = [GLy(Z/37), GLy(Z/37)] = SL»(Z/32),
and so by the hypotheses of our lemma in this case, we have [G(£), G({)] =
SL,(Z/¢Z). Note further that the commutator subgroup [G, G] € G projects

modulo £ onto the commutator subgroup [G(£), G(£)]. We will prove by induction
on n € N that

(20) [GU"), G =SLo(2/8"Z)  (n=1),

having just established the base case. Fix n > 1 and assume that (20) holds. Pick
any g € G(£") and X € MYZ)(Zy), so that, by (17) and (18), we have I + £"X
mod ¢! € G(¢£"+1). We then compute the commutator

eI+ X)g ' U+ X) ' =g +0"X)g ' (I — 0"X)

(21) - -
=1+£"gXg '—X) mod £,

3For readers wishing to reproduce this or any other computer calculation mentioned in this paper,
please find the appropriate Magma scripts listed in an appendix of the arXiv version [Jones 2019].
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Consider the following computations in M2y 2(Z/¢Z):
10) (0 1) (10\ " (=11
11/J\00/\11 -1 ’
11\ 00\ /1 1\ _[1-1
01/\10/\01 A\l 1)
0 -1\ (1 0)(0-1\"" (=10
1 0 0-1)\1 0 ~\0 1)’

It follows that, inside the additive 3-dimensional Z/{Z-vector space

—

MYZNZ/T) = (X € My (Z/LZ) : tr X =0},
we have
>3 = (|gXg™' — X : g €SLy(Z/LZ), X € MY (Z/LD)}) = MY (Z/¢D).
Thus, varying g and X in (21), we see that
ker(SLo(Z/€"'Z) — SLy(2/¢"Z)) € [G ("), G,

verifying that (20) holds with » replaced by n + 1, thus completing the induction
step. Since [G, G] € SL,(Z,) is a closed subgroup, we have therefore verified (16),
proving Lemma 3.6 in case ¢ is odd.

Now assume ¢ = 2 and note that (19) is still valid. By the hypothesis that
G(@4) =GL,(Z/47), for each X € K we may find a lift Xe My (Z5) for which
X=X mod2andI+2X €G. Again computing

(I4+2X)2 =1+4X+4X*=1+4X mod 8,

we see that ker(SL,(Z/87) — SL,(Z/47)) € G(8). Hence [GL,(Z/8Z) : G(8)] <2.
Finally, if G(8) = GL,(Z/8Z), then (14) with 8 = 0 implies that G = GL»(Z,). O

Next we will employ the following group theoretical lemma.

Lemma 3.7. Let G| and G, be finite groups and let w : G| — G, be a surjective
group homomorphism. Let H) C G| and Hy, C G, be subgroups satisfying w(H;) =
H, and let N1 1 G and Ny < Gy be normal subgroups satisfying w(N1) = N».
Assume that

(22) gcd(#Ny, #kerm) =1 and [Ny, kerm]={1}.

We then have
N1 C H < N, CH,.
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Proof. The implication = is immediate and does not require (22). For the converse,
suppose that Ny € H; and let n| € Nj. Since m(N;) = N, € Hy, = w(H)), we see
that there exists h| € H; satisfying w(n;) = (h), and we may thus find k € ker
so that n1k € H;. Now by (22), we see that

(nlk)#kern — n#fkerﬂ € H,
which again by (22) implies that n| € H,. Thus, N; C H, proving the lemma. [J
Applying Lemma 3.7 in a special case, we obtain

Lemma 3.8. Let G C GL, (2) be an open subgroup, let mg be as in Definition 1.1
and let rad'(m¢) be defined by (4). For any prime £ and d € N, one has

rad' (mg) | d | de | mg = { divides [n[dfd(G(d)) :G(Ld)].
Proof. We write m := mg and
d=2€65-d(5), m=2€ﬂe 0

(where £ { dgym ), and note that, by hypothesis, a; < §; < B,. Further observe
that, since By = ,Bé, by Definitions 1.1 and 3.4, we have

ker(mwps;+1 5) X {Lmy, } € G mg)).
We now apply Lemma 3.7 with
G1:=CLy(Z/0 ' mZ), Hi:=GE ' my), Ny:=Kker(mu+ p)x{Lmy}
G, :=GLy(Z/0" " dZ), Hr:=GU* dy), Np:=Ker(mp+ gs)%{1lay

and 7 : GLy(Z /€% 'mZ) — GL,(Z/¢%*'d(4)Z) the canonical projection map.
The conclusion is that

ker(mwps;+1 g5) % {lay } € G d(g)).
Since ker (7w so+1 g5,) X {14} > ker(weq,q4) 1s an £-group, this proves the lemma. [J

Applying Lemma 3.8 prime by prime, for each prime ¢ dividing mg/ rad’ (mg),
we obtain "
m divides [z~ (G (rad'(mg))) : G(me)],
proving Proposition 1.6 in the case that (5) does not hold. In case (5) does hold,
we have G(3) = GL,(Z/37) and, by Lemma 3.6, we must also have SL,(Z/97) £
G(9). A computer search reveals that, up to conjugation in GL,(Z/97), there

are two subgroups G, G, € GLy(Z/97) meeting these two criteria,* and G| C

4The (genus zero) modular curve associated with G, has been considered by N. Elkies [2006],
who exhibited an explicit map from it to the j-line.
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G,. Furthermore, [GL,2(Z/97) : G;] = 27. From this it follows that 27 divides
[GL,2(Z/97) : G(9)], and so

9.3 divides [7~'(G(rad (m¢))) : G3rad (m¢))].

Now starting here and applying Lemma 3.8, prime by prime, we conclude the proof
of Proposition 1.6 in the case that (5) holds.

4. Proof of Proposition 1.7

We now prove Proposition 1.7. The proof will rely, in part, on the following
corollary to the Néron—-Ogg—Shafarevich criterion (see for instance [Ogg 1967] or
[Silverman 1986, Chapter VII, Theorem 7.1]).

Theorem 4.1. Let K be a number field, let E be an elliptic curve over K and let
L C Ok be a prime ideal of K, lying over the rational prime £ of Z. The following
are equivalent:

(a) E has good reduction at L.

(b) For each positive integer m that is not divisible by £, the prime L is unramified
in K(E[m]).

(¢) The prime L is unramified in K (Eors, (¢))-
We presently reduce the proof of Proposition 1.7 to the following four lem-

mas. The first lemma follows immediately from the classification subgroups of
GLy(Z/627).

Lemma 4.2. Let € be a prime number and let G(£) € GLy(Z/4Z) be any subgroup.
We have
SLo(Z/e7) £ G(£) = £ <[GLa(Z/EZ) : G(L)].

The second lemma is a consequence of the Weil pairing on an elliptic curve.

Lemma 4.3. Let E be an elliptic curve defined over a number field K, let G :=
pE k(Gg) € GLy(Z), and let £ be a prime number. For any positive integer n,
we have

SLy(Z/£"Z) € G(£") # GL,(Z/€"7) = €| Ax.

Consequently,
SLa(Ze) € G #GLa(Zy) = €] Ag.

Our third lemma utilizes the Néron—Ogg—Shafarevich criterion in the form of
Theorem 4.1.
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Lemma 4.4. Let E be an elliptic curve defined over a number field K, let G :=
PE k(Gg) € GLy(2), let mg be as in Definition 1.1 and let £ be an odd prime
number dividing mg. We then have

Gy =GLy(Zy) = L] AgxNg(AE).

For the prime £ =2 we must make a finer analysis, in the form of the next (and
final) lemma. Let us make the abbreviation

r’i=rad (mg).

Lemma 4.5. Let E be an elliptic curve defined over a number field K, let G :=
PE k(Gk) € GLa(Z), let m be as in Definition 1.1 and assume that 4 divides mg.
We then have

GLo(Z/4Z) x {1,,} £ G(r') = 4 <2[n" (G (r(p)) : G(]

and
GLy(Z/42) x {1,,} € G(r') = 2| Ak Ny /a(Ap).

Let us now deduce Proposition 1.7 from Lemmas 4.2—4.5, postponing the proofs
of those lemmas until later. First, combining Lemma 3.6 with Lemmas 4.2-4.4,
one concludes the following implications, for any prime £ > 5 that divides mg:

SLa(Z/82) £ G(6) = € <[GLa(Z/EZ) : G(O)],
SLa(Z/t2) € G(€) = €| AgxNgjo(Ag).

This implies that

o= 1  ©GL@:cor ] ¢

=5, 0lr’ =5
(23) SLo(Z/¢2)ZG (¢) 1Ak Nkjo(Ap)
SLa(Z/HED)SG ()

< [GLa(Z/ (6 Z) : G(r(g)]rad(|Ak Nk jo(AR)I) 4 -

If the prime ¢ = 3 divides m¢ then either condition (5) holds or it does not hold.
Let us first assume that (5) does not hold, i.e., we assume that it is not the case that 9
divides mg, G(3) = GLy(Z/37) and SL;(Z3) € G3. We then use Lemmas 4.2—4.4,
together with Lemma 3.6, to deduce the following implications:

SLy(Z2/372) £ G(3) = 3 <[GLx(Z/37) : G(3)],

SLao(Z/32) € G(3) # GLa(Z/32) = 3| Ak,

G(3) =GLa(Z/32) and SLy(Z3) € G3 # GLa(Z3) = 3| Ak,
G(3) =GLy(Z/37Z) and G3 =GLy(Z3) = 3| AxkNgjo(AE).
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Inserting this information into (23), we find that
(24) rloy < [GLa(Z/r(5)Z) : G(r[y)]1ad(| Ak Nija(AE)]) .

On the other hand, in case (5) does hold, then we obviously have

r/
25) 3 =rig <[GLa@/rigZ) : Glrig)Irad(| Ak N ja(Ar))

< [GLy(Z/r{nZ) : G(r{s)]1ad(| Ak Nk ja(AE)]) -

If ¢ =2 divides m, then either 4 divides m¢ or does not. If 4{m, then multiplying
both sides of (24) and (25) by 2, we obtain the bounds of Proposition 1.7. Now
assume that 4 | m¢. In this case, when (5) does not hold, we insert the result of
Lemma 4.5 into (24), concluding that

r' =4r(y <2[GLa(Z/r'Z) : G(r")]rad(|Ag Nk jo(AE)|).
Likewise, in case condition (5) does hold, we insert these results into (25) and obtain
r/

4r!
3= % <2[GLx(Z/r'Z): G(r’)]rad(|AKNK/@(AE)|).

Thus we see that Lemmas 4.2—4.5 indeed imply Proposition 1.7.
We now prove each of these lemmas. First we state an auxiliary lemma that is
used throughout and may be found in [Ribet 1976, Lemma (5.2.1)].

Lemma 4.6 (Goursat’s lemma). Let G, G, be groups and for i € {1, 2} denote by
pr; : G X G2 — G the projection map onto the i-th factor. Let G € G| X Ga be a
subgroup and assume that

pr(G) =Gy, pry(G) = Ga.
Then there exists a group 1" together with a pair of surjective homomorphisms

Y1:Gi—>T, Yr:G,—>7T
so that

G=G1 xy Gr:={(g1,8) € G1 x G2:Y1(g1) = ¥2(g2)}.

Proof of Lemma 4.2. To prove Lemma 4.2, we will use the following classification
of certain proper subgroups of GL,.

Definition 4.7. Let ¢ be any prime number.

(1) A subgroup G(£) € GL,(Z/£Z) is called a Borel subgroup if it is conjugate
in GL,(Z/€Z) to the subgroup

(26) B() := {(8 Z) s beZ/0Z, a,d e (Z/EZ)X}.
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(i1) A subgroup G(£) € GL,(Z/¢7) is called a normalizer of a split Cartan sub-
group if it is conjugate in GL,(Z/¢Z) to the subgroup

27 Ns(®) := {(g 2) ta,de (Z/EZ)X} U{(S g) i b,ce (Z/(ZZ)X}.

If £ is odd, then G (¢€) is called a normalizer of a nonsplit Cartan subgroup if
it is conjugate in GL,(Z/¢Z) to the subgroup

X 8y> ) x,yeZ/ZZ,}U{(x —ey) ) x,yeZ/ZZ,}

(28) N“S(E)::{(y x ) x2—ey?#£0 y —x ) x*—ey?#£0

where ¢ is any fixed nonsquare in (Z/¢Z)*. If £ = 2, then G(2) is called a
normalizer of a nonsplit Cartan subgroup if G(2) = GL,(Z/27).

(iii) A subgroup G(£) € GL,(Z/£7) is called an exceptional group if its image in
PGL,(Z/£Z) is isomorphic to one of the groups A4, S4 or As (the symmetric
or alternating groups).

The following lemma may be deduced from Propositions 15, 16 and Section 2.6
of [Serre 1972].

Lemma 4.8. Let G(£) € GLo(Z/4Z) be a subgroup. Then one of the following
must hold:

(1) G(®) is contained in a Borel subgroup.
(2) G(¥) is contained in the normalizer of a split Cartan subgroup.
(3) G(¥) is contained in the normalizer of a nonsplit Cartan subgroup.
(4) G(®) is an exceptional group.
(5) SLa(Z/tZ) < G(©).
We include the following table of indices [GL,(Z/£Z) : G(€)], for each of the
proper subgroups G (£) given in Lemma 4.8. In addition to the definitions (26), (27),

and (28), we make the following abbreviations. For a prime ¢ for which A4 C
PGL,(Z/£Z), we define the exceptional subgroup €4, (¢) € GL2(Z/£Z) by

Ea,(0) :==1{g e GLa(Z/LZ) : w (g) € Aa},

where @ : GLy(Z/£Z) — PGL,(Z/£Z) denotes the usual projection. The excep-
tional subgroups &g, (£) and £4,(¢) are defined similarly.

G(0) B)  Ng(&)  Nas()  Ea,(0) Es,(O) Eas(0)

Ce+1)  Le—1) €P—1) e*—1) €2=1)
2 2 12 24 60

[GL,(Z/€Z) : G(€)]| £+1




324 NATHAN JONES

We note that Vs(2) = GL,(Z/27), and also that each exceptional group only occurs
for certain primes £. In particular, if the expression given in the table is not a whole
number, then the associated exceptional group does not occur as a subgroup of
GL,(Z/£Z) for that prime £. The conclusion of Lemma 4.2 follows immediately
from this table. U

Proof of Lemma 4.3. We will make use of the following commutative diagram,
where

res : Gal(K (Eors)/K) — Gal(K (too)/K), cyc:Gal(K (oo)/K) — 7

denote respectively the restriction map and the cyclotomic character (the contain-
ment K ((too) € K (Eors) follows from the Weil pairing [1940], see also [Silverman
1986, Chapter III, §8]).

Gal(K (E[¢"])/K) 225 GL,(Z/¢"7)

(29) l detl

Gal(K (uen)/K) —> (Z/€"Z)*

By considering the commutative diagram (29) and Galois theory, we see that
SLy(Z/0"Z) S G (") #£GLp(Z/0"Z) = det(G (") £(Z/0" 7)) = Q#Q(uem)NK .

Since Q(wen) is totally ramified at £, it follows that £ is then ramified in Q(ue )N K,
so £ is ramified in K, and thus ¢ divides Ag. U

Proof of Lemma 4.4. In order to prove Lemma 4.4, we will make use of the following
definition and lemma, which allow us to understand in more detail the nature of the
fibered products that may be present in G.

Definition 4.9. Let G be a profinite group and ¥ a finite simple group. We say
that X occurs in G if and only if there are closed subgroups G; and N; of G with
N1 € Gy C G, Ny normal in G| and G| /N >~ X. We further define

Occ(G) := {finite simple nonabelian groups X : X occurs in G},

Occju(G) := {finite simple nonabelian groups X: ¥ is a Jordan—Holder factor of G}.

Note that any simple Jordan—Holder factor of G occurs in G (but generally not
vice versa), i.e., we have Occyg(G) € Occ(G). Also note that, if

1-G—-G—->G" =1
is an exact sequence of profinite groups, then

(30) Occ(G) =0cc(G)UOce(G”), Occyu(G) = Occy(G")UOceyu(G”).
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Finally, as observed in [Serre 1968, IV-25], one has that

a if € € {2,3),
Oce(GLy(Zy)) = | PSL2E/SD) =45} if £=5,
{PSLy(Z/£7)} if £>5,¢==2 (mod5),

{PSL,(Z2/¢7), As} if £>5,£=41 (mod>5).
Thus, by (30) we have
(31) Occ(GLa(Z(r))) = {Asy U{PSLa(Z/ pZ)} pote, p>5-

Lemma 4.10. Let £ > 5 be a prime and let G € GLy(Z,) be a closed subgroup
satisfying SLo(Z/¢Z) € G(£). Suppose further that  : G — H is a surjective
group homomorphism onto a finite group H. Then either

(1) PSLy(Z/¢7) € Occyu(H), or

(2) H is abelian and SLy(Z;) C ker .
Proof. As observed earlier, since £ > 5, the group PSL,(Z/€7) is a simple nonabelian
group, and we obviously have {PSL,(Z/£Z)} € Occyu(SLy(Z/¢Z)). Furthermore,

by the hypothesis SL.(Z/£Z7) C G (£) together with (30), we see that {PSL,(Z/£Z7)} C
Occyu(G (£)). Thus, again by (30), we have

(32) {PSLy(Z/£2)} < Occyu(G).

Furthermore, we have that

33) +(ker y)(0) NSLy(Z/€7) {{1} or
(£1} | PSLy(Z/02).

If the left side of (33) is trivial, then ker ¢ is prosolvable (so that Occyy(ker ) = @),
and considering the exact sequence

l1—>kery > G— H—1,

we see by (30) and (32) that PSL,(Z/¢Z) € Occyu(H). If, on the other hand, we
have PSL,(Z/£Z) in (33), then SL,(Z/¢Z) < (ker ¥)(£), which by Lemma 3.6
applied to G = kery implies that SL,(Z,) C ker. Thus H is abelian and v
factors through the determinant map, as asserted. (]

We now proceed with the proof of Lemma 4.4. By Lemma 4.6, the hypothesis
that Gy = GL,(Z,) and that £ divides m¢ imply that
(34) G~ GLz(Zg) Xy G(g),

where Y, : GLo(Z¢) - H and ¥y : Gy — H are surjective homomorphisms
onto a common nontrivial group H. Under the Galois correspondence, we have
GL»(Z¢) ~ Gal(K(E[£*°])/K), G ) =~ Gal(K (Eors,¢))/K) and H >~ Gal(F/K),
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where F := K (E[£*°]) N K (Eors,¢)) 7 K. Thus, the corresponding field diagram
is as follows.

K(E[eoo]) K(Etors,(E))
(35) \ F /
K
We first claim that
(36) FNK(ue) #K.

We separate the verification of (36) into cases.

Case: £ > 5. By Lemma 4.10, we see that either PSL,(Z/¢Z) occurs in H (and
thus occurs in G(y)), or H is abelian and F C K (u~). If £ > 7 then, by (31) we
see that H must be abelian and F' C K (u,~), verifying (36). If £ = 5, we consider
the further quotient induced by reduction modulo 5:

GLy(Zs)  GL.(Z/5Z)
~ —
ker ¢s (ker ¥r5)(5)
Since the kernel of this quotient is pro-solvable, we see that if PSL,(Z/57) >~ As

occurs in H, then it must occur in H (5), and a computer calculation shows that we
then must have

=: H(5).

(ker ¥5)(5) C {(g 2) ke (2/50)" }

and thus

(SLa(Zs). ker ys) © {g € GLy(Z5) (M) _ 1}.

5
By the Galois correspondence, we then have
F N K (sx) = K (E[5®) 2B 5 K (V5) # K,

where we are using the fact that G(5) = GL,(Z/57), which precludes the possibility
that K (+/5) = K. Thus in any case, (36) also holds for £ = 5.

Case: € =3. As in the previous case, we have that (34) holds with £ = 3. By Galois
theory, we have that

F — K(E[3OO])kerI//3 2 K(E[3OO])(SL2(Z3),ker1[f3) — K(ILL3<>O) ﬂ F
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As in the previous case, since ker ¥3 #= GL,(Z3), we have F # K. The following
lemma will then imply that K (u3~) N F # K.

Lemma 4.11. Let N < GL,(Z3) be a closed normal subgroup which satisfies
(SLp(Z3), N) = GLo(Z3). Then N = GLy(Z3).

Proof. A computer calculation shows that, if H <IGL;(Z/97) is a normal subgroup
satisfying
(SLa2(Z2/94), H) = GL2(£/92),

then H = GL,(Z/97). Taking N as in the statement of the lemma and setting
H := N(9), we see that N(9) = GL,(Z/97), and applying (14) with 8 = 1, we
conclude that N = GL,(Z3). O

Applying Lemma 4.11 with N = ker ¥3, we find that K (u3~) N F # K, since
F # K, verifying (36) in the £ = 3 case as well.

Finally, we observe that (36) implies the conclusion of Lemma 4.4. Indeed,
assume that ¢ { Ag. Since Gy = GL(Z;), we have K N Q(u¢~) = @, and
so any prime £ C Ok over £ is totally ramified in K (u~), hence ramified in
FN K (pe~). Thus, by (35), £ is ramified in K (Eqors,(¢)). By Theorem 4.1, we find
that £ | Nx,o(AFg), finishing the proof. O

Proof of Lemma 4.5. The proof of Lemma 4.5 will make use of the following
sublemma.

Lemma 4.12. Let K be a number field for which 2 { Ak and let p € Ok be a
prime ideal lying over 2. Let @ € Og — {0} be any element for which p 1 aOk.
Then 2« is not a square in K*, so the field K (V2a) is a quadratic extension of K.
Furthermore, p ramifies in K (v/2¢c).

Proof. Let v, denote the p-adic valuation on K, normalized so that v, (K*) = Z.
Note that, since by assumption 2 is unramified in K and vp(a) =0, we have

37 Vp (20) = vp(2) +vp(a) =1,

and so in particular 2« cannot be a square in K *, as asserted. Next, let L := K (v/2«),
fix any prime ‘B C Oy lying over p and let vy be the B-adic valuation on L,
normalized so that it extends v, on K. By (37), we then have

vp(2)'?) = Jv, 2a) = 4.
It follows that L is ramified over K at p, as asserted. [l

We now proceed with the proof of Lemma 4.5. Since we are assuming that 4
divides r’, by Lemma 4.6 we may write G(r’) as a fibered product:

(38) Gr'Y=G@) xy G(r{z)).
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Case: GLy(Z/47) x {1,(/2)} Z G(r). In this case, either G(4) # GL,(Z/4Z) or
G(4) = GL,(Z/4Z) and the common quotient ¥ (G (4)) = 1/f(2)(G(r£2))) in (38)
is nontrivial. If G(4) # GL,(Z/47), we find that 2 < [GL,(Z/47) : G(4)] <
[7r~! (G(réz))) : G(r")], and so the result of the lemma follows. If on the other hand
G(4) =GL,(Z/4Z), then the common quotient in (38) is nontrivial, and since

7 (G (r(y) = GLo(Z/42) x G(r(y)),
G(r') = GLy(Z/AZ) xy G(r(),

we thus have 2 < [z ~! (G(rEz))) : G(r")], proving the lemma in this subcase as well.

Case: GLy(Z/AZ) x {12y} € G(r'). In this case, (38) is a full product:
39) G(r') =GLy(Z/4Z) x G(réz)).

By Lemma 3.6, either G(8) is an index 2 subgroup of GL,(Z/87) that surjects onto
GL,(Z/4Z), or G, = GLy(Z,). Let us treat the former subcase first. A computer
search reveals that there are exactly 4 index 2 subgroups of GL,(Z/87) that map
surjectively onto GL,(Z/47), namely

ker(xs), ker(xsxa), ker(xse), ker(xsxae),

where yg : GLy(Z/87Z) — {£1} (resp. x4 : GLo(Z/87Z) — {£1}) denotes the
Kronecker symbol associated to the quadratic field @(«/E) (resp. to QW/-1)),
precomposed with the determinant map, and ¢ : GL,(Z/82) — GL(Z/27) — {£1}
denotes the unique nontrivial character of order 2 on GL,(Z/27), precomposed
with reduction modulo 2. We have

K (E[8])"®) = K (v/2), K (E[8])*"6®) = K (\/2A[),

(40)
K(E[D* " = K (v=2), K(E[8)*"%) = K (y/=2Ap).

Here, by K(v/£2AEg) we mean the quadratic field K (/£2A (Eweier)), Where
Eweier 1 any fixed Weierstrass model of E and A(Eweier) € K denotes its discrim-
inant (note that although A (Eweier) depends on the choice of Ewyier, the quadratic

field K (v/E£2A(Eweier)) depends only on E). By (40), we thus have
G8) =ker(xs) = v2e€ K and G(8)=ker(xsxs) = v—2¢€K,

either of which imply that 2 | Ag. On the other hand, for any Weierstrass model
Eweier of E, we have

G(8) =ker(xse) = v2A(Eweier) € K,
G(8) = keI‘(Xg)(48) = v _2A(EWeier) €k.

(41)
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Let us suppose for the sake of contradiction that
(42) 21 Ag Nk ja(AEg).

Fix a prime ideal p € Ok lying over 2. By (42), we must have p { Ag, and we
may thus find a Weierstrass model Ewgier of E satisfying p 1 A(Eweier). Applying
Lemma 4.12 with o = A (Eweier), We see that

AY :I:2A(EWeier) ¢ K,

contradicting (41). Thus, we must have 2 | Ax Nx,o(Afg) whenever G(8) has
index 2 in GL,(Z/87).

We now treat the second subcase, in which G, = GL;,(Z;). We evidently must
have a nontrivial common quotient in

Gr/ =~ GLz(Zz) X G’(/z)'

(If this fibered product were over a trivial quotient, then 2 would not divide mg.)
We note that any nontrivial finite quotient of GL,(Z;) must have order divisible
by 2 and that ker(Gr(rz) — G(réz))) is a profinite group whose finite quotients each
have order coprime with 2. It follows that the image of G under idy x 7,
has the form

/ /
@)%

43) GLa(Z2) xy G(rly),

a fibered product with a common quotient of order divisible by 2 (and hence
nontrivial). Consider the subgroup N := ker ¥, € GL,(Z;) where ¢ = (Y2, ¥(2))
in (43). The assumption GL1(Z/4Z) x {12} € G(r’) then implies that N(4) =
GL,(Z/4Z) (otherwise the mod r’ image of (43) would have a nontrivial fiber-
ing between G(4) and G(réz)), contradicting (39)). By Lemma 3.6, we find that
[GL,(Z/8Z) : N(8)] = 2. By the same computation as mentioned in the previous
subcase, we have

N(8) € {ker(xg), ker(xgxa4), ker(xge), ker(xgxs¢)},

and it follows by (40) and Galois theory that one of the fields K (v/2), K (v/—2),
K (V2AE), or K (»/—2AE) must be contained in K (Eors,2)). By Lemma 4.12 and
Theorem 4.1, it follows that, if 21 Ak then 2 divides Ng sa(AE). This finishes the
proof of Lemma 4.5. (]
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TOPOLOGY OF COMPLEXITY ONE QUOTIENTS

YAEL KARSHON AND SUSAN TOLMAN

We describe of the topology of the geometric quotients of 2n-dimensional
compact connected symplectic manifolds with (z—1)-dimensional torus ac-
tions. When the isotropy weights at each fixed point are in general position,
the quotient is homeomorphic to a sphere.

1. Introduction

This paper is a byproduct of our work on the classification of complexity one
Hamiltonian torus actions [Karshon 1999; Karshon and Tolman 2001; 2003; 2014,
> 2020], but, in fact, it relies only on elementary aspects of such actions. It is
motivated by a number of recent works by toric topologists (specifically, the papers
by Buchstaber and Terzi¢ [2016; 2019a; 2019b] and by Ayzenberg [2018]) that
explore the topology of the geometric quotients of manifolds with certain torus
actions. Our purpose in this paper is to highlight topological aspects of related works
in equivariant symplectic geometry and to illustrate how equivariant symplectic
methods reproduce some of the recent results in toric topology and yield new
examples.

Similar results were recently obtained by Hendrik Siif} [2018] from the point of
view of algebraic geometry.

The examples Buchstaber and Terzi¢ studied include the quotient of the Grass-
mannian of complex 2-planes in C* by its standard torus action, which they showed
is homeomorphic to a five-dimensional sphere, and the quotient of the manifold
of complete flags in C? by its standard torus action, which they showed is homeo-
morphic to a four-dimensional sphere. We exhibit these examples as special cases
of a more general phenomenon: for any Hamiltonian action of a torus 7 on a
compact symplectic manifold M, if the reduced spaces over the interior of the
momentum polytope are two-dimensional and those over the boundary are single
points — this condition holds if and only if the dimension of the torus is one less
than the dimension of the manifold and at each fixed point the isotropy weights

MSC2020: 53D20.
Keywords: momentum map, torus action, toric topology, Grassmannian, complexity one,

Hamiltonian group action, symplectic quotient, geometric quotient.
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are in general position — then the geometric quotient M /T is homeomorphic to a
sphere.

2. Background and main result

Let T be a torus and t* the dual to its Lie algebra.

Let (M, w) be a symplectic manifold with a T action and with a momentum map
Ww: M — t*. Such an action is called Hamiltonian. We recall the definitions and
properties of Hamiltonian torus actions in Appendix A. In particular, the momentum
map p is constant on 7 orbits, so it induces a map, which is sometimes called the
orbital momentum map, on the geometric quotient,

w: M)T — t*.

In this paper we always assume that M is compact! and connected. Since M
is compact, the fixed set MT is not empty. To see this, fix a vector £ € t that
generates a dense one-parameter subgroup. Any point p € M on which the function
(u(+), &): M — R achieves its minimal value is a fixed point for the one-parameter
subgroup, and hence for T'.

Local normal form and the convexity package. The local structure of a Hamilton-
ian torus action is governed by the local normal form, which describes a neighbour-
hood of an orbit up to an equivariant symplectomorphism that preserves momentum
maps. We recall the statement of the local normal form in an appendix.
We denote
A :=image /.

We will need the following theorem and corollary.

Theorem 2.1 (convexity package). A is a rational® convex polytope, and the map
w: M — A is open and has connected fibres.

Corollary 2.2. For any convex subset C of t*, the preimage ' (C) is connected.

The local normal form is due to Guillemin and Sternberg [1984] and Marle
[1985].

The convexity package is due to Guillemin—Sternberg and Atiyah. Relevant
references include the papers [Guillemin and Sternberg 1982; Atiyah 1982; Con-
devaux et al. 1988; Lerman and Tolman 1997; Hilgert et al. 1993; Lerman et al.
1998; Bjorndahl and Karshon 2010; Birtea et al. 2008; 2009]. The corollary follows
from the (convexity of C and A, hence) connectedness of C N A by the following

1Many of the results in this paper remain true when M is not necessarily compact but p is proper
as a map to some convex subset of t*.
2“Rational” means that the facets have rational conormal vectors.
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exercise in point set topology: Given an continuous open map with connected fibres,
the preimage of any connected subset of the image is connected.

Principal orbit types over faces and in level sets; the complexity. We continue to
assume that M is compact and connected. Let T be the quotient of 7' by the
kernel of the action. Because M is connected, it has a connected open dense subset
where the action of T is free. The formula for the momentum map implies that
the affine span of the momentum image of M is a translation of the annihilator in
t* of the Lie algebra of the kernel of the action. In particular,

2.3) dim T = dim A.

The action is foric if dim e = % dim M. More generally, the complexity of the
action is % dim M — dim T¢g; it measures how far the action is from being toric.

Lemma 2.4. For every face® F of A, its preimage Mp in M, with the structures
induced from M, is a compact connected symplectic manifold with a Hamiltonian
T action.

Proof. By the definition of “face”, there exist £ € t and a € R such that (u(p), &) >a
for all p € M, with equality exactly if p € Mp.

Given any p € M, let b be the Lie algebra of its stabilizer, and let n; € h* be the
isotropy weights at p (see Appendix B). By the local normal form theorem, the fact
that (u(g), &) > (u(p), &) for all g near p implies that & € h and that (n;,§) >0
for all j. The local normal form theorem then implies that the intersection of Mp
with a neighbourhood of the orbit of p is a T invariant symplectic submanifold.

By Corollary 2.2, M is connected. ]

Remark 2.5. Let K be the identity component of the kernel of the 7" action on M.
By the definition of the momentum map, the affine span of F is a translation of the
annihilator in t* of the Lie algebra of K. Moreover, M is a connected component
of MX, the set of points fixed by K, because the component of MX containing M
must lie in the preimage of the affine span of F. In particular, the preimage in M
of any vertex of A is a component of the fixed point set M7 .

Lemma 2.6. Given any face F and any fixed point p in the preimage Mg, the
complexity of the T action on M is the number of isotropy weights at p that are
parallel to F minus the dimension of F. Moreover, the linear span of the weights
that are parallel to F is a translation of the affine span of F.

Proof. By Lemma 2.4, the preimage My of F in M is a compact connected
symplectic manifold with a Hamiltonian 7" action. Let K be the identity component

3Because the convex set A is locally polyhedral, a subset F of A is a face if and only if it is equal
either to A or to the intersection of A with a supporting hyperplane (a hyperplane that meets A and
such that one of the two closed half-spaces that it bounds contains A).
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of the kernel of the T action on Mr. By Remark 2.5, the affine span of F is a
translation of the annihilator in t* of the Lie algebra of K, and MF is a connected
component of M K Hence, the dimension of T/K is the dimension of F, and
the weights for the action on T), M are those weights for the action on 7, M that
annihilate the Lie algebra of K, or equivalently, are parallel to F. Therefore, the
dimension of M is twice the number of such weights.

Finally, by the local normal form theorem, there is a neighbourhood of p in Mp
that is equivariantly symplectomorphic to 7, M. Since K is the identity component
of the stabilizer of an open dense set of points in M, the identity component of
the kernel of the isotropy representation on 7, M is also K. Hence, the isotropy
weights at p span the annihilator in t* of the Lie algebra of K. ]

Corollary 2.7. Let M and Mg+ be the preimage of faces F and F' of A, respec-
tively. If F C F', then the complexity of My is less than or equal to the complexity
Of MF/.

Proof. By Lemma 2.4, Mr and Mg/ are compact connected symplectic manifolds
with Hamiltonian 7" actions. Consider a fixed point p € M. Since the linear span
of the isotropy weights at p that are parallel to F’ is a translation of the affine span
of F’, the number of weights that are parallel to F’ but not F' must be greater than
or equal to the codimension of F in F’. (]

Given a point B € t*, let Mg := ' {B) = u ' ({B))/T be the reduced space
at B. If T acts freely on w~'({B}), then Mg is naturally a manifold. More
generally, the following holds.

Lemma 2.8. Given a point B in the relative interior of A, the set of free orbits
in the reduced space Mg is a connected open dense subset of Mg; moreover, it is
naturally* a 2k-dimensional manifold, where k is the complexity of the T action
on M.

Proof. This consequence of the local normal form theorem and the convexity
package is proved by Sjamaar and Lerman [1991]. ]

The dimension of a reduced space Mg is the dimension of an open dense subset
of Mg that is a manifold; it is well defined, by Lemmas 2.4 and 2.8. For any
nonnegative integer k, denote by Ay the set of points 8 in A such that dim Mg = 2k,
and denote A<, := AgU---U Ag. By the connectedness of the momentum map
fibres, Ag is the set of points 8 in A such that the reduced space Mg consists of a
single orbit.

4Explicitly, there exists a unique manifold structure on the set of free orbits in Mg such that a real

valued function on this set is smooth if and only if its pullback to the preimage in wL({B)) extends
to a smooth function on an open subset of M.
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Lemma 2.9. For any nonnegative integer k, the set A<y is a union of faces of A.
Consequently, there exists an open convex subset U of t* such that AN A<, =ANU.

Proof. By Lemma 2.4, the preimage My := u~'(F) of each face F of A is a
compact connected symplectic manifold with a Hamiltonian 7" action. Hence, by
Lemma 2.8, each Ay is the union of the relative interiors of those faces F' for which
the complexity of M is equal to k. The first claim then follows from Corollary 2.7.

To prove the second claim, for each face F in A < choose a supporting hyperplane
Hp of A such that F = Hr N A. Then the intersection U of the appropriate open
half-spaces bound by these hyperplanes is an open convex set. (|

Remark 2.10 (toric manifolds). If we assume that the T action on M is toric, then
the quotient M/ T is homeomorphic to the disk D", where n = %dim M. To see
this, first note that Lemma 2.4 and Corollary 2.7 together show that the preimage
My := " '(F) of each face F of A is a symplectic toric manifold. Hence, by
Lemma 2.8, the reduced space Mg is a point for all 8 € A, thatis, Ag = A. Thus,
the orbital momentum map i: M/T — A is a bijection; since it is proper and
continuous, this implies that it is a homeomorphism. Since A is a convex polytope,
this proves the claim.

More generally, consider a complete unimodular fan in R”. Even if the fan does
not correspond to any convex polytope, we can construct a complex toric manifold
M from the fan, as described by Audin [2004]. The geometric quotient M/ T is
still homeomorphic to a sphere; see [Karshon and Tolman 1993, Lemma 3.2].

A collection of vectors in the vector space t* is in general position if every
subcollection of size < dim t* is linearly independent.

Lemma 2.11. Assume that M is compact.

(1) Assume that there exists an isolated fixed point in M whose momentum image
is a vertex of A; in particular, this holds if the fixed points in M are isolated.
Then Ay # 9.

(2) Assume that the T action on M has complexity > 1 and that the isotropy
weights at every fixed point are in general position. Then Ag = dA.

Proof. Part (1) is a consequence of the following two facts. First, since M is compact,
its momentum image A has a vertex. Second, by Remark 2.5, the preimage of any
vertex of A is a connected component of the fixed point set M7 .

We now prove Part (2). First, consider 8 € dA. Let F C A be the face whose
relative interior contains 8. By Lemma 2.4, the preimage Mp of F in M is a
compact connected symplectic 7 manifold with a Hamiltonian T action. So it has
a fixed point p. Since dim F' < dim t* and the isotropy weights at p are in general
position, Lemma 2.6 implies that M is toric. Therefore, by Lemma 2.8, 8 € Ay.
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In contrast, if B is in the relative interior of A then, since the action of 7 on M is
not toric, Lemma 2.8 implies that 8 is not in Ay. U

Remark 2.12. In Part (2) of Lemma 2.11, if the complexity of the T action on M
is equal to one, then the converse is true too, so Ag = dA if and only if the isotropy
weights at every fixed point are in general position.

When the complexity of the Hamiltonian 7" action is equal to one, we denote
by Agnort the set of points in A whose reduced space contains a single orbit and by
A the set of points in A whose reduced space is two-dimensional. Thus,

Ashort = Ao and A = Agpore U Agar.

By Lemma 2.9, Agort is closed,

Proposition 2.13. Let T be a torus and t* the dual to its Lie algebra. Let M be a
compact connected symplectic manifold with a T action and with a momentum map
w: M — t* with image A. Assume that the action has complexity one.

Then there exists a connected closed oriented surface ¥ and a homeomorphism

(M/T)an = Aan X X

that intertwines the orbital momentum map [ with the projection map to A
If Aghort is nonempty, then X is a two-sphere.

Proof. By Lemma 2.9, there exists a convex open subset U of t* such that Ay =
ANU. The first part of Proposition 2.2 of [Karshon and Tolman 2003] then implies
that there is a homeomorphism (M /T )y — Awn X X as required. By [Karshon
and Tolman 2001, Lemma 5.7], if Agport 1S nonempty, then X is a sphere. O

We now state our main theorem.

Theorem 2.14. Let T be a torus and t* the dual to its Lie algebra. Let M be a
2n-dimensional compact connected symplectic manifold with a T action and with a
momentum map (: M — t* with image A. Assume that the action has complexity
one. Then there exist a connected closed oriented surface ¥ and a homeomorphism

M/T - (AxX)/~,
where ~ is the finest equivalence relation with (x, y) ~ (x, ¥') if x € Aghort. More-
over,
(1) If Ashort Is nonempty, then X is a two-sphere.
(1) If Ashort = 0A, then M /T is homeomorphic to the (n+1)-sphere.

Proof. By Proposition 2.13, there exists a connected closed oriented surface ¥ and
a homeomorphism
(M/T)an — Awn X X
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that intertwines the orbital momentum map & and the projection map to Ay. Since
A = Aghort U Aran and Agpore consists of those B such that Mg consists of a single
orbit, this homeomorphism extends to a unique bijection

fiM/T = (AxX)/~

that intertwines the orbital momentum map it with the map 7 : (A x )/~ — t*
induced by the projection to A. Since (M /T )y is open in M/ T and A,y is open
in A, the map f is continuous and open at every point of (M /T )a-

Since M and X are compact, the maps t: M/T — t*and7: (A x X))/~ —> t*
are proper. Since t* is a locally compact Hausdorff space, the proper maps i& and
7 to t* are closed. Since 7 is closed, f is continuous at every point of (M /T )short.
Since u is closed and f is onto, f is open at every point of (M /T )short-

Part (i) follows from the last claim of Proposition 2.13.

We now prove Part (ii). Since M is compact and connected, A is a convex
polytope; hence, it is homeomorphic to D"~!, where dim M = 2n. Therefore, the
map from D"~! x §? that sends (x, z) to (x, v'1 —|x|>z) induces a continuous
proper map from (A x X)/~ to S If Agor = dA, this map is a bijection. Since
§"+1 is a locally compact Hausdorff space, being a continuous proper bijection
implies that this map is a homeomorphism. U

Remark 2.15. Part (ii) of Theorem 2.14 can be rephrased as follows: If Agport =0 A,
then M/ T is homeomorphic to the join dA * S2. To see this, recall that the join
A x B of two topological spaces A and B is the quotient of A x B x [0, 1] under the
identifications (a, b, 0) ~ (a’, b, 0) and (a, b, 1) ~ (a,b’, 1) forall a,a’ € A and
b, b’ € B. We may assume without loss of generality that 0 € interior A. Then, since
A is convex, the map 0 A x B x [0, 1] — A x B that is defined by (a, b, t) — (ta, b)
descends to a continuous proper bijection dA x B — (A x B)/ ~, where here ~ is
the finest equivalence relation with (x, y) ~ (x, y) if x € 3dA. When B is a locally
compact Hausdorff space, this bijection is a homeomorphism.

Corollary 2.16. Let T be a torus and t* the dual to its Lie algebra. Let M be a
compact connected symplectic manifold with a T action and a momentum map
w: M — t* with image A. Assume that the action has complexity one.

(a) Assume that there exists an isolated fixed point in M whose momentum image
is a vertex of A; in particular, this holds if the fixed points in M are isolated.
Then M/ T is homeomorphic to (A x §%)/~, where ~ is the finest equivalence
relation with (x, y) ~ (x, ') if x € Aghort.

(b) Assume that the isotropy weights at every fixed point are in general position.
Then M /T is homeomorphic to a sphere.

Proof. Part (a) follows from Part (1) of Lemma 2.11 and Part (i) of Theorem 2.14.
Part (b) follows from Part (2) of Lemma 2.11 and Part (ii) of Theorem 2.14. [
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In Part (b) of Corollary 2.16, the fact that M/ T is a topological manifold already
follows from a result of Ayzenberg [2018]. Ayzenberg’s work also implies that if
the action extends to a toric action then M /T is homeomorphic to a sphere.

Corollary 2.17. Let the circle S' act on a compact connected symplectic four-
manifold (M, w) with momentum map u: M — R. Then exactly one of the following
is true.

(1) The fixed point set is finite and M /T is homeomorphic to a three-sphere.

(2) The fixed point set contains one surface, which is a sphere, and M/T is
homeomorphic to a three-disk.

(3) The fixed point set contains two surfaces that have the same genus g, and M/ T
is homeomorphic to [0, 1] x X, where X is a surface of genus g.

Proof. By rescaling w if necessary, we may assume that the momentum image is
the interval [0, 1]. Since O and 1 are vertices of [0, 1], Lemma 2.4 and Remark 2.5
imply that each of 1 ~'({0}) and «~'({1}) is a connected component of the fixed
point set that is either a single point or a fixed surface. By the local normal form
theorem, a fixed point that is not isolated is a local minimum or local maximum of
the momentum map; since by the convexity package the momentum map is open
as a map to its image [0, 1], such a fixed point must be mapped to O or to 1. Hence,
there are at most two components of the fixed point set that are not isolated fixed
points, and each of them is mapped to O or to 1.

Assume first that the fixed point set contains no surfaces. Then the fixed points
are isolated, and so none of the isotropy weights at any fixed point are zero. Hence,
M /T is homeomorphic to a three-sphere by Part (b) of Corollary 2.16.

Assume now that the fixed point set contains exactly one surface X. By replacing
o by —w if necessary, we may assume that (X)) = 1. Since X is the only fixed
surface, 1~ ({0}) is an isolated fixed point. Hence, Aot = {0}. By Part (a) of
Corollary 2.16, this implies the M/S! is homeomorphic to [0, 1] x S%/~, where ~
is the finest equivalence relation such that (0, x) ~ (0, x"). Define a map

[0,1] x §2 > R, (¢, x) > tx,

where we identify S? with the unit sphere in R3. This induces a homeomorphism
from [0, 1] x SZ/N to the three-disk D3, and hence from M/T to D3.

Finally, assume that the fixed point set contains two surfaces, ¥ and ¥'. By the
first paragraph, we may assume that w'({0) =X and =1 ({1}) = =’. Hence, Aghor
is empty, and so Theorem 2.14 implies that M /T is homeomorphic to [0, 1] x X,
for some oriented surface X,. ([l
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M dimg M T complexity| M/T hogeo
(D) G>(CH ={EZ c C%} 8 |(ShH*/diag 1 s°
) Fy={LLCE:CC? 6 | (S"3/diag 1 54
3) G;(RS) = {Eﬁriemed CR?xR>xR} 6 (SYH? 1 sS4
4) k 6 (SH? 1 S4
St (85%)? 1 3
) a-(u,v)="(a-u,a-v) 4 § 1 s
stccp? 1 3
(6) a-[zo:z1: 221 =lazo: 21 : 22] 4 5 ! D
@) S'eS?x %, 4 s! 1 IxX,
StxSto (573 1, ¢l 3
®) (a,b)-(u,v,w)=(a-u,a-v,b-w) 6 §' xS 1 $xI
9) 6 (S1H? 1 IxIxX,
(10 CP’ = P(/\2<[24) 10 |(SY)*/diag 2 S2xCP? (1)
(11 G»(C) ={E2 C C°} 12 [(S')’/diag 2 €3

Table 1. Examples of geometric quotients. For (), see [Buch-
staber and Terzi¢ 2016]. For (%), see [Buchstaber and Terzi¢ 2019b;

S 2019].

3. Examples

In Table 1 we list some examples of symplectic torus actions and their geometric
quotients.
We now discuss these examples and give some references.

(1) Let M be the Grassmannian of complex 2-planes in C*, with the three-dimen-
sional torus action induced from the standard action of (S')* on C*. Then M/T
is homeomorphic to the sphere S°; this is shown in [Buchstaber and Terzi¢ 2016]
and revisited in [Buchstaber and Terzi¢ 2019a, Section 10]. Alternatively, we can
identify M equivariantly with a coadjoint orbit in SU(4), where T is a maximal
torus acting through the coadjoint action. There is a natural symplectic structure
on every coadjoint orbit of any Lie group, and the coadjoint action is Hamiltonian.
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Hence, since the isotropy weights at each fixed point are in general position, we can
apply Corollary 2.16 and conclude that M/ T is homeomorphic to the sphere S°.

(2) Let M be the manifold of complete complex flags in C3, with the two-dimen-
sional torus action that is induced from standard action of (S')? on C3. Then
M/ T is homeomorphic to the sphere S*; this is shown in [Buchstaber and Terzi¢
2019a]. Alternatively, M is a coadjoint orbit of SU(3), and so— as in the previous
example — M/ T is homeomorphic to the sphere S* by Corollary 2.16.

(3) Let M be the Grassmannian of oriented (real) 2-planes in R = (R?)? x R, with
the two-dimensional torus action that is induced from the standard action of (S')2
on the (R?)? factor. By identifying M with a coadjoint orbit of SO(5), we obtain a
symplectic form such that the action is Hamiltonian. Since the isotropy weights at
each fixed point are in general position, M/ T is homeomorphic to the sphere S* by
Corollary 2.16. For more details, see, e.g., [Karshon and Tolman 2001, Section 14].

(4) Let (M, w, ) be the compact symplectic six manifold with Hamiltonian (S 2
action constructed in [Tolman 1998]. The picture drawn in the table shows the
momentum map images of the orbit type strata. The solid dots are the images
of isolated fixed points, and the segments are the images of 2-spheres with circle
stabilizer. As the second author showed in [Tolman 1998], M does not admit any
invariant Kéhler structure. As in the previous examples, M /T is homeomorphic to
the sphere S* by Corollary 2.16.

(5) Let M be the product of the two-sphere S* with itself. There is a standard area
form on S?; the height function is a momentum map for the circle action that rotates
the sphere around the vertical axis. Take the product symplectic form on M; then
the momentum map for the diagonal circle action sends (u, v) to the sum u3 + vs.
By [Ayzenberg 2018], M/ T is homeomorphic to the sphere S3. Alternatively, this
follows from Corollary 2.17 or from Corollary 2.16.

(6) Let M = CP?, with the Fubini-Study symplectic form, the circle action given
by a-[zo:z1:22] =lazo: z1 : z2], and momentum map

|zo/?
lzo|? + |z1|% + |z21?

[z0:21:22] >

By Corollary 2.17, M/T is homeomorphic to the disc D>.

(7) Let M = %, x S?, where 3, is a surface of genus g, with the circle acting on
the second factor, a product symplectic form, and momentum map (u, v) — vs.
Then M /T is homeomorphic to I x X, where I is a closed interval. This follows
from Corollary 2.17 and is also easy to see directly.

Let M be an equivariant symplectic blowup of M at a fixed point. Then M has
one isolated fixed point and two fixed surfaces of genus g. The quotient M /T is
still homeomorphic to I x X,.
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(8) Let M = (5?)* with the product symplectic form, the S! x S! action
(a,b)-(u,v,w)=(a-u,a-v,b-w),

and momentum map (u, v, w) — (43 + v3, w3). The momentum image A is the
rectangle [—2, 2] x [—1, 1], and Agpore = {—2, 2} x [—1, 1]. By Theorem 2.14, this
implies that M/ T is homeomorphic to S x I. Alternatively, this follows from the
facts that S2/S1 ~ | and, as we saw in (5), that (SZ)Z/S1 ~ §3. Note that in this
example & # Aghort S 0A.

(9) Let X, be a surface of genus g. Let (M, w, ) be any one of the compact
symplectic six-manifolds with Hamiltonian (S')? action and reduced spaces home-
omorphic to ¥, that are described in [Karshon and Tolman 2014, Example 1.11].
(If g > 0, there is an infinite number of isomorphism classes of such manifolds
even if we fix the Duistermaat—Heckman measure.) As is (4), the solid dots are
the momentum map images of isolated fixed points, and the segments are the
momentum map images of 2-spheres with circle stabilizer. The momentum image
A is the closed rectangle whose boundary is marked by dashed lines, and Agpor iS
empty. Theorem 2.14 implies that M /T is homeomorphic to [ x I x X,.

(10) Let M be the projective space CIP°, with the three-dimensional torus action
induced by the (S 14 action on /\2<IZ4 =~ 9, which itself is induced by the standard
action on C*. Corollary 12 in [Buchstaber and Terzi¢ 2016, §10] states that the
quotient M/ T is homeomorphic to the join S? * CP2.

(11) Let M be the Grassmannian of two-planes in C>, with the four-dimensional
torus action induced from the standard action of (S')> on C>. The quotient M/ T
was studied by Buchstaber and Terzi¢ [2019b] and Sii3 [2019].

Appendix A: Hamiltonian T actions

A torus T is a Lie group that is isomorphic to (S')” for some nonnegative integer .
A symplectic manifold is a manifold M equipped with a differential two-form w
that is closed and nondegenerate. A momentum map is a map from the manifold to
the dual of the Lie algebra of the torus such that, for every element & of the Lie
algebra t of the torus, the corresponding vector field £y on M (whose value at a
point x € M is &yl = % l;=0 exp(t&) - x) and the corresponding component of the
momentum map ué: M — R (whose value at a point x € M is {u(x), &), where
(-, -) is the pairing between t* and t) are related by Hamilton’s equations

(A.1) dpf = —1(Ey)w forall £ €t

(where t(§y)w (v) = w (&, v) for any v € T M). We then call the T action Hamil-
tonian.
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If M is connected, then the affine span of the momentum image (M) is a
translate of the annihilator of the Lie algebra of the kernel of the action. This is a
consequence of Hamilton’s equations (A.1).

The symplectic form is T invariant. We recall why. For any & € t, the Lie
derivative of w along &, satisfies Lg, 0 = di(Ey)w + 1(§y) dw; the first summand
vanishes because (by Hamilton’s equation) ¢(£y/)w is exact; the second summand
vanishes because (by assumption) w is closed.

The momentum map is constant on orbits. We recall why. For any &, 1, ¢ € t we
have L, (w(m, Em)) = (Ley, @) (Mpr, Sm) + @ (Ems mm ], ) + 0 m, [, EmDs
the first summand vanishes because the symplectic form is 7 invariant; the second
and third summands vanish because T is abelian. Hence, w(nys, £ur) is constant
along T orbits. By Hamilton’s equation, @ (na, {y) = Ly, 1M ; because for each
T orbit the right hand vanishes at the point on the (compact) orbit where ¥ attains
its maximum, L,, u* = 0. Because 7 € t is arbitrary, u° is constant along T
orbits; because ¢ € t is arbitrary, u is constant along 7" orbits.

Appendix B: Local normal form

A Hamiltonian T model is a Hamiltonian T-manifold (Y, wy, py) that is obtained
by the following construction. Let a closed subgroup H of T act on C* through
a homomorphism H — (S ¢ followed by the standard action of (S ¢ on C¥; the
corresponding quadratic momentum map uy : C¢ — b* is

l
|z
Vlland ZTTU’
j=1

where 71, ..., n; € b} are the weights for the H action on C*. Take Y to be the
manifold 7 x g (h° x C*), where §° is the annihilator in t* of the Lie algebra of
H. Here, we quotient by the antidiagonal action of H, in whicha € H acts on T
by right multiplication by a~!, it acts on h° trivially, and it acts on C* through the
given action. The torus T acts on Y by left multiplication on the 7 factor. The
central orbit in the model Y is the orbit [a, 0, 0].

Equip (T x t*) x C* with the product of the standard symplectic form on
T x t*, viewed as the cotangent bundle of T, and the standard symplectic form
Zf‘:1 dxjAdy; on C*. The pullback of this symplectic form under the inclusion
map from T x h° x C¢ to (T x t*) x C taking (a, v, z) to (a, v+ Py (2), z) is equal
to the pullback of the symplectic form wy under the quotient map 7 x h° x C¢ —
T x g (h° x CY); this determines wy. Here, we have identified t* with h° @ b*.

The momentum map is uy ([a, v, z]) =« + v + pp(z) for some o € t*, where
Wi is the quadratic momentum map for the linear H action.
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Theorem B.1 (local normal form). Let M be a symplectic manifold with a Hamil-
tonian T action. Then for every orbit in M there exists an equivariant symplecto-
morphism that preserves the momentum maps from a neighbourhood of the orbit in
M to a neighbourhood of the central orbit in some Hamiltonian T model.

In Theorem B.1, the H that appears in the Hamiltonian 7" model that corresponds
to the orbit of a point p is the stabilizer of p. Moreover, the weights n; that appear
in the model are unique up to permutation; we call them the isotropy weights at p.
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FLAG BOTT MANIFOLDS
AND THE TORIC CLOSURE OF A GENERIC ORBIT
ASSOCIATED TO A GENERALIZED BOTT MANIFOLD

SHINTARO KUROKI, EUNJEONG LEE,
JONGBAEK SONG AND DONG YOUP SUH

To a direct sum of holomorphic line bundles, we can associate two fibrations,
whose fibers are, respectively, the corresponding full flag manifold and the
corresponding projective space. Iterating these procedures gives, respec-
tively, a flag Bott tower and a generalized Bott tower. It is known that a
generalized Bott tower is a toric manifold. However a flag Bott tower is not
toric in general but we show that it is a GKM manifold, and we also show
that for a given generalized Bott tower we can find the associated flag Bott
tower so that the closure of a generic torus orbit in the latter is a blow-up
of the former along certain invariant submanifolds. We use GKM theory
together with toric geometric arguments.

1. Introduction

A Bott tower M, = {M; | 0 < j < m]} is a sequence of CP!'-fibrations CP! —
M ;— M ;_; such that M; is the projectivization of the sum of two complex line
bundles over M;_, where My is a point which is introduced in [Grossberg and
Karshon 1994]. Then each M is a complex j-dimensional nonsingular algebraic
variety called the j-stage Bott manifold. Each Bott manifold M; has a (C*)/ -action
with which M; becomes a toric manifold, i.e., a nonsingular toric variety.

One of the important properties of Bott manifold is its relation with Bott—
Samelson variety. A Bott—Samelson variety is a nonsingular algebraic variety
that appeared in many areas of mathematics, for instance algebraic geometry and
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representation theory. For a given complex semisimple Lie group G and a Borel
subgroup B C G, the set of sections of a holomorphic line bundle over a Bott—
Samelson variety has a structure of B-module, called a generalized Demazure
module (see [Lakshmibai et al. 2002]). This gives a fruitful connection between
representation theory and algebraic geometry. It is shown in [Grossberg and Karshon
1994; Pasquier 2010] that every Bott—Samelson variety has a Bott manifold as its
toric degeneration.! This relation between a Bott—Samelson variety and a Bott
manifold gives interesting results on algebraic representations of G in [Grossberg
and Karshon 1994].

Recently, a generalized notion of Bott—Samelson variety, called a flag Bott—
Samelson variety, has been introduced in [Fujita et al. 2018]; it extends the rich
connection between representation theory and algebraic geometry given by Bott—
Samelson variety. Indeed, the set of sections of a holomorphic line bundle over
a flag Bott—Samelson variety is also a generalized Demazure module. This result
is applied to give polyhedral expressions for irreducible decompositions of tensor
products of G-modules.

In this article, we define a flag Bott tower F, = {F; | 0 < j < m]} to be a sequence
of the full flag fibrations F¢(n; +1) — F; i, F;_1, where F; is the flagification of
a sum of n; + 1 many complex line bundles over F;_;. We call each F; a flag Bott
manifold. In [Fujita et al. 2018], they construct a one-parameter family of complex
structures on a flag Bott—Samelson variety which makes the flag Bott—Samelson
variety into a flag Bott manifold, and this extends the known relation between
Bott—Samelson varieties and Bott manifolds.

One of the goals of this article is to study torus actions on flag Bott manifolds. In
fact, the complex dimension of F), is Z'}-’:l nj(nj +1)/2, but there is an effective
action of complex torus H of dimension Z’}Ll n; on F,,. Hence a flag Bott manifold
is not a toric manifold in general. With the restricted action of the compact torus 7'
of dimension Z;": , 1 on a flag Bott manifold F},, we get the following result:

Theorem 1.1 (Theorem 3.6). Let F,,, be an m-stage flag Bott manifold with the
effective action of T. Then (F,,, T) is a GKM manifold.

Moreover the concrete information of the GKM graph of F;, is computed in
Theorem 3.12.

On the other hand, Bott manifolds are an important family of toric manifolds
because of the cohomological rigidity problem which asks whether toric manifolds
are topologically classified by their cohomology rings. This question has the

'More precisely, [Grossberg and Karshon 1994] provides a one-parameter family of complex
structures on a Bott—Samelson variety which makes the Bott—Samelson variety into a Bott manifold.
Besides, [Pasquier 2010] constructs a toric degeneration of a Bott—Samelson variety, i.e., there is a flat
family X over C such that X'(¢) is isomorphic to the Bott—Samelson variety for all t € C \ {0} and
X (0) is a Bott manifold.
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affirmative answers for some Bott manifolds (see [Choi and Masuda 2012; Ishida
2012; Choi 2015; Choi et al. 2015]). Moreover, it also has the affirmative answer
for some generalized Bott manifolds (see [Masuda and Suh 2008; Choi et al. 2010b;
2012]). Here, a generalized Bott tower B, = {B; | 0 < j < m} is defined similarly
to a Bott tower but the difference is that B; is the projectivization of the sum of
nj + 1 many complex line bundles instead of two line bundles.

Even though generalized Bott towers and flag Bott towers are two different
generalizations of Bott towers, there is an interesting relation between them. Namely,
let B, be a generalized Bott tower with bundle maps 7; : B; — B;_;. Then we
define the associated flag Bott tower F, to B, with bundle maps p; : F; — Fj_.
Note that they satisfy g; 10 pj =m;oqj, where g; : F; — B; is induced by the
projection map

Fe(n;+1) — CP"

on each fiber (see Section 4). Moreover we prove that a generalized Bott manifold
and its associated flag Bott manifold have the following relation:

Theorem 1.2 (Theorem 5.7). Let B,, be an m-stage generalized Bott manifold, and
F,, its associated flag Bott manifold. Then the closure of a generic orbit of H-action
in F,, is the blow-up of By, along certain invariant submanifolds.

To obtain this result the GKM graph information of F, from Theorem 3.12 is
essentially used together with some toric topological arguments.

We remark that every flag Bott tower is a C P-tower, i.e., a sequence of an iterated
complex projective space fibrations. A CP-tower is introduced in [Kuroki and Suh
2014; 2015] as a more generalized notion than a generalized Bott tower.

The paper is organized as follows. In Section 2, we give an alternative description
of a flag Bott manifold as the orbit space of the product of general linear groups
under the action of the product of their Borel subgroups defined in (2-4); see
Proposition 2.7. In doing so, each complex line bundle appearing in the construction
of a flag Bott tower can be described in terms of characters of maximal tori of
general linear groups. Then we can associate a sequence of integer matrices defined
by the weights of the above mentioned characters to a flag Bott manifold as in
Theorem 2.10. We also give an explicit description of the tangent bundle of a flag
Bott manifold in Proposition 2.16, which will be used in the GKM description of a
flag Bott manifold in Section 3.

In Section 3, we define the canonical torus action on a flag Bott manifold,
and find an explicit description of the tangential representation at a fixed point in
Proposition 3.5. We then see easily that every flag Bott manifold is a GKM manifold.
Moreover an explicit description of the GKM graph of a flag Bott manifold is given
in Theorem 3.12.
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In Section 4, we define the associated flag Bott tower to a given generalized
Bott tower. Then Definition 4.6 gives the integer matrices corresponding to the
associated flag Bott tower.

In Section 5, we study the relation between a generalized Bott manifold B,,
and the closure X of a generic orbit of the associated flag Bott manifold F,. This
can be accomplished by calculating the fan of X in Theorem 5.4 using the axial
functions of the GKM graph of F},,. Then we show that the toric variety X comes
from a series of blow-ups of B,, in Theorem 5.7.

2. Flag Bott manifolds

2A. Definition of flag Bott manifolds. Let M be a complex manifold and E an
n-dimensional holomorphic vector bundle over M. Recall from [Bott and Tu 1982,
p. 282] that the associated flag bundle F¢(E) — M is obtained from E by replacing
each fiber £, by the full flag manifold F¢(E ).

Definition 2.1. A flag Bott tower F, ={F; | 0 < j <m} of height m, or an m-stage
flag Bott tower, is a sequence,

Fn -2 Fpy 2% o0 245 p 'y Fy={a point],

of manifolds F; = F¢ (EBZ’: +11 S,Ej ) ), where é}k(j )isa holomorphic line bundle over

Fij_yforeachl <k <n;j+1and 1< j<m. We call F; the j-stage flag Bott
manifold of the flag Bott tower F,.

Here are some examples of flag Bott manifolds.

Example 2.2. (1) The flag manifold F¢ C*H=Fetm+1)isa flag Bott tower
of height 1. In particular, 7¢(2) = CP! is a 1-stage flag Bott manifold.

(2) The product of flag manifolds F¢(n; + 1) x - -- x Fl(n,, + 1) is a flag Bott
manifold of height m.

(3) Recall from [Grossberg and Karshon 1994] that an m-stage Bott manifold is a
sequence of CP!-fibrations such that each stage is the projective bundle of the sum
of two line bundles. When n; =1 for 1 < j < m, an m-stage flag Bott manifold is
an m-stage Bott manifold.

Definition 2.3. Two flag Bott towers F, and F! are isomorphic if there is a collection
of (holomorphic) diffeomorphisms ¢; : F; — F ]’ which commute with the maps

pj:Fj— Fjyand p;: F; — F}_,.

Remark 2.4. (1) One can define F; to be F£(E ) for some holomorphic vector
bundle E; over F;_;. However, since we want to consider torus actions on F,,, we
assume E; to be a sum of holomorphic line bundles in Definition 2.1.
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(2) Even though we are concentrating on full flag fibrations in this paper, one can
also study other kinds of induced fibrations such as partial flag fibrations, isotropic
flag fibrations, etc., which require further works. In [Kaji et al. 2020], the authors
study such iterated flag fibrations.

2B. Orbit space construction of flag Bott manifolds. In this subsection, we con-
sider an orbit space construction of a flag Bott tower in Proposition 2.7 using the
complex Lie groups GL(n) := GL(n, C) in order to consider the canonical torus
action on it (see Section 3A).

A flag Bott tower of height 1 is the flag manifold F¢(n; + 1) which is the orbit
space GL(n1+1)/BgL(n,+1), Where Bgrn,+1) i the set of upper triangular matrices
in GL(n; + 1). To describe flag Bott manifolds of higher stages, we begin with a

matrix A of size (n + 1) x (n’ + 1) whose row vectors are ay, ..., @, 1 € 77+,
1.e.,
a a(l) a2 -+ a@®@+1)
a a(l) a) - a@+1)
A=l . |= ) ) ) € Myi1n11(2),

ay+1 anr1(1) a1 (2) - @ (0’ +1)

which encodes a Bgpw+1)-action on GL(n 4 1) as follows. Let Hgrp+1) C
GL(n + 1), respectively Hgr(/+1) C GL(n’ + 1), be the set of diagonal matrices
in GL(n + 1), respectively GL(n" 4 1). Since the character group x (HgrL(n'+1)) is
isomorphic to 7"+ the matrix A gives a homomorphism Hgrv+1) = HGLGn+1)
defined by

2-1) h— diag(h”l ,h* ., ]’la"'H) (S HGL(n+1)'

Here, for h =diag(hy, ..., hy+1) € HoLw+1) anda=(a(l), ..., a(n'+1)) eZ" !,

h* := h{' ---hz,(_':;rl). By composing the canonical projection Y : Bgrn'4+1) —

Hg1 (w+1) with the homomorphism (2-1), we define the homomorphism
A(A) 2 BGL(w+1) = HGL(+1)
associated to the matrix A € My, 41 p+1(Z):
(2-2)  A(A)(D) :=diag(Y (D), T(B)?, ..., T (B)Y"*') € HoLn+1)
for b € BGL(n'+1)-

Now, let ny, ..., n, € Z-o. Then, for a given sequence of integer matrices

(2-3) A= (Aﬁgj))lgkjgme 1_[ My 1.n,+1(2),

1<l<j<m
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; ; A J J
we define a right action ¥ of [Ty BoL(ne+1) on [[;,_; GL(n, + 1) by

2-4) (g1 82.---. &) (b1. b2, ..., b))
= (glbh (Aiz)(bl))_lgzbz, (A(13)(b1))_1(1\9)(192))_183%,

(AP 00) " (AP @) (A 0p0) )

for 1 < j <m, where Aéj) = A(Aéj)) is the homomorphism BGL(,+1) = HGLx;+1)
associated to the matrix Aé] ) as defined in 2-2)for1 <f < j<m.

Example 2.5. For n; =2, ny = 1, n3 = 1, consider the following matrices:

@ _|c1 20 3 _|di d 0 @ _|f10
Al_[ooo}’ Al_[ C A=10 of-

Then the right action of Bgr.3) X Bar(2) X Bar(2) on GL(3) x GL(2) x GL(2) defined
in (2-4) is

(81, 82, 83) - (b1, b2, b3)
= (g1b1, diag(®{ """, D) gaby, diag(b{™ "> Vb 1Y 1)g3b3).

Lemma 2.6. The right action CIJ;-4 in (2-4) is free and proper for 1 < j < m.

Proof. For g:=(g1,...,8j) € ]_[2:1 GL(n¢+1) and (by, ..., b)) € ]_[2:1 BGL(,+1)>
the equality g; = g1b; implies that b, is the identity matrix since g; is invertible.
Similarly, the equation g, = (Agz) (bl))_1g2b2 = goby gives that b, is the identity.
Continuing in this manner, we conclude that the isotropy subgroup at g is trivial,
this shows that the action Cb}f‘ is free.

To prove the properness of the action, it is enough to show that for every sequence
&):=(g .-, g;) in ]_[Ll GL(ng+1)and (") := (], ..., b;) in ]_Lg=1 BGL(n+1)
such that both (g") and (CIJ“l.“(g’, b")) converge, a subsequence of (b") converges
(see [Lee 2013, Propositiori 21.5]). Note that for convergent sequences (A") — A
and (B") — B in GL(n + 1), the sequence (A" B") also converges to AB since
the multiplication map is continuous. Also for a convergent sequence (A") — A
in GL(n + 1), we have that A;; = lim, . (A");;. Since both sequences (g])
and (g}b}) converge, the sequence (b}) also converges in BgL(y,+1). Similarly,
sequences ((A(lz) (b)) 'g4b%), (g5) and (b)) converge so that the sequence (b})
also converges. By continuing this process, we show that the action CID}4 is proper. [

For a complex manifold M with a free and proper action of a group G, the orbit
space M /G is a complex manifold (see [Huybrechts 2005, Proposition 2.1.13]).
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Hence by Lemma 2.6, the orbit space

J
(2-5) FI(A) =] [ 6L + 1)/ @7
=1

is a complex manifold, where CD;.“ is the action defined in (2-4).

For the remaining part of this subsection, we will prove that the orbit spaces
F;luO(A) are flag Bott manifolds. Since x ([T/_; HoLm,+1)) = @), 2!, for
each integer vector (ay, ..., a;) € @é:l 7"*! we can define a holomorphic line
bundle over F]quo as follows:

J J
(2-6) Eai, ... a) = (]‘[ GL(n¢ + 1) x c[:)/ [ [ BoLmesn.
=1

=1

where the right action is
(81,85 0) - (b1 by) = (P (g1, -, 8)), (brs oo b)), by b ).
Proposition 2.7. FI'°(A) := {F?UO(A) |0 < j <m}isaflag Bott tower of height m.

Definition 2.8. We say that a flag Bott tower F, is determined by a sequence of
matrices A = (AEJ))1§g<j§m € Hl§€<j§m Ml’lj+],l’l({+l(z) if F, is isomorphic to
FI%°(A) = {F;-luo(A) | 0 < j <m} as flag Bott towers.

Note that, in the next section, we will show that every flag Bott towers can be
described as an orbit space, that is, every flag Bott tower is determined by a certain
A (see Theorem 2.10).

Proof of Proposition 2.7. By the definition of the action fbj‘, we have the following
fibration structure:

GL(n; + 1)/BGL(nj+l) — quuo — F;.lf(i.

Since GL(n; + 1)/BoLn+1) = Fl(nj + 1), the manifold_FJquO is a Fl(nj+1)-
ﬁb_ration over F;.]i(;. For simplicity, let & G ) = @Z’: +11 & (a,g 1) e, a,i{;_l), where
a,ﬁ{ g is the k-th row vector of the matrix Aff ) for 1 < ¢ < j —1. Consider the map

@) F;luo — FL(&Y) defined by
(g1, 8j-1,81— ([g1,..., 811, Vo).

Here V, = (V1 CWVne--CV, & (5(j))[g],...,g,~_1]) is the full flag such that the
vector space Vi is spanned by the first k columns of g;. We claim that ¢; is a
holomorphic diffeomorphism. First, we check that the map ¢; is well-defined. We
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observe that

[q>;4((gl’ tet gjfl’ g])’ (bl’ L) bj*lv b]))]
> ([(D]A_l((gl, e ooy gjfl)’ (bl, ey bjfl))], V./) = ([gl’ e, gjfl], V./)

j—1
for (bl, ey bjfl, bj) € Hé:] BGL(ng+1) X BGL(nj+l)- Here

Vi=(eViG SV CE D)

is the full flag whose vector space V; is spanned by the first k columns of the matrix
(A b)) (AY (1)) 'g;. Since we have

@7 APe)T @ b)) e~ forve ED)pg g,

the map ¢; is well-defined. Here the equivalence relation ~ comes from the
definition of the bundle & /).
The inverse F£(5) — F* of ¢; is given by

([81»---,gj],v.)|_> [81’---’gj—]»gj]’

where g; is the matrix such that the first k columns span the vector space Vj for
1 <k <n;+ 1. Note that this map is again well-defined since [g1, ..., gj-1.&;]l =
[g1,...,8j-1.8jbjl for b; € BGL(n;+1)- Hence the map ¢, is a diffeomorphism,
and the result follows since ¢; commutes with bundle projection maps. (]

Example 2.9. Forn; =2, np =1, and n3 =1, let

@ [c1 20 3 _|di d 0 @ _ |10
! [0 0 0] ! [0 00| 2 00
Let ®' be the right action of [T/_; BGL(,+1) on [[{_; GL(n, + 1) defined in (2-4)

for j = 1,2,3. Then, by Proposition 2.7, the following flag Bott tower F, is
isomorphic to F1"°(A) as flag Bott towers:

§((d1,d2,0), (f1,0)@C  &(cr, 2,000 C

| |

‘Fﬁ(s((dls d2ﬂ 0)1 (f11 0)) 5> @) — fg(%(cl’ C2, O) (&) @) > ‘/—"6(3) > {a pOlnt}
I l l l
F F F Fo

The line bundle &£((dy, d», 0), (f1, 0)) over F; is

(GL(3) x GL(2) x C)/(BsL3) X BaL2).

where the right action of Bgy(3) X BgL(2) 1S

(g1, 82, V) - (b1, b2) := (©5'((g1, £2), (b1, ba)), by Vb V10y),
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2C. Tautological filtration over a flag Bott manifold. In this subsection, we prove
the following theorem that every flag Bott tower F, can be obtained by the orbit
space construction as in Section 2B.

Theorem 2.10. Let F, be a ﬂag Bott tower of height m. Then there is a sequence
Oflnteger matrices A = (A )1<€<]<m € 1_[1<€</<m Mn,-i—l neg+1 (Z) such that F, is
isomorphic to F3"°(A) := {F; U9 A) |0 < j < m) as flag Bott towers.

By the above theorem, for any flag Bott tower F, there exists a set .4 satisfying
that F, is determined by A (see Definition 2.8). To give a proof of Theorem 2.10,
we begin with studying holomorphic line bundles over a flag Bott manifold. For
1 < j < m, there is a universal or tautological filtration of subbundles

(2-8) 0=U;oCU;j1CUj2C--CUjn CUjn+1= ij(j)
on F; = FE(Y), where we put §V) := @) ! £\ for simplicity. Over a point
(P, V) =(p,(VoCViC---CVy CEV)p)

of F; for p € F;_y, the fiber of the subbundle U  is the vector space Vj of the flag
V, for 1 <k <n; + 1. Hence we have the quotient line bundle U, /U x—1 over
Fj for 1 <k <n; + 1. The following lemma states that using these line bundles,
we can express any holomorphic line bundle over a flag Bott manifold.

Lemma 2.11. Let F, be a flag Bott tower. Then the set of line bundles

{Ujn/Uji-1 |1Skfnj+1}UU{P70'"°Pz+1(Uz,k/Ue,k—1)|lfkfne-i-l}

generates the Picard group Pic(F;) for 1 < j < m.

Proof. Using the result [Bott and Tu 1982, Remark 21.18] on the cohomology ring
of the induced flag bundle and an induction on the stage of F,, one can see that the
degree 2 cohomology group H?(F i; Z) is generated by the first Chern classes of
line bundles

Jj—1
{Uj/Ujs-111 Skfnj-l-l}UU{ijO'"OPZH(Uz,k/Ue,k—O |1<k<ng+1}
=1

for 1 < j < m. Therefore, any cohomology class of degree 2 can be obtained as the
first Chern class of a tensor product of these line bundles. Hence it is enough to
show that the cycle map c; : Pic(F;) - H 2(F 3 Z) is an isomorphism. We recall
that the cycle map Pic(X) — H?(X; Z) is an isomorphism for a full flag manifold X.
Also for the full flag bundle X over a smooth variety Y, if the cycle map for Y is an
isomorphism, then the cycle map for X is also an isomorphism (see [Fulton 1998,
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Example 19.1.11]). This proves that the cycle map c; : Pic(F;) — HZ(F,-; 7) is an
isomorphism for 1 < j <m. |

Lemma 2.12. For a sequence of integer matrices

A=AMzcizne [ Mysinn @,
I<t<j<m

let FA'° := FI(A) be the flag Bott tower defined as in (2-5). Then, the line bundle
Ujk/Ujr—1 — quuo is isomorphic to the bundle £(0, ..., 0, e;) — F;luo defined
in (2-6).
Proof. From Proposition 2.7 that the j-stage flag Bott manifold FJq is the induced
flag bundle F€(£Y)) over Fq |» Where S(f) = @"’+1 ,Ejl), .. a,ﬁj]) ) and a(j)
is the k-th row vector of the matrix A, ) for 1 < € < j — 1. Consider a pomt

=[g1, ..., g;1in F°. Because of the bundle structure ;% = Fe(gW) B FI,
this point g can be considered as a full flag V,= (Vi S V2 C--- C V,,, S (V) (g>)
where (§17),, (o) is the fiber over p;(g). The fiber of U; x at g is the vector space
Vi C (S(j))pj(g) spanned by the first k column vectors vy, ..., v; € (S(f))pj(g) of
gj € GL(n; + 1). Hence the fiber of U; x /U x—1 at g is Vi/ Vk—1, which is spanned
by the vector vy € (S(j))pj(g). For an element b = (by, ..., bj) € ]_[{3:1 BGL(n)) the
k-th column vector v, of the last coordinate of dD“.“(g, b) is given by

v = (AL G (A o) 1vk)bek
=AD" (AT B0) ok~ b g
Here, the equivalence comes from (2-7). Hence the result follows. O

Proof of Theorem 2.10. Using the above two lemmas, we prove the theorem using
the induction argument on the height of a flag Bott tower. When the height is 1
then it is obvious that any full flag manifold can be described as the orbit space
GL(n1 + 1)/ BGL(n,+1)-

Assume that the theorem holds for flag Bott towers whose height is less than m.
For a flag Bott tower F, of height m, by the induction hypothesis, we have a
sequence of integer matrices (A )1<g<1<m 1 € ]_[1<Z<]<m | My 41, ne+1(Z) such
that {F; | 0 < j <m — 1} is isomorphic to the orbit spaces {Fqu |0<j<m—1}as
flag Bott towers. To prove the clalm it is enough to find sultable integer matrices
A(m), .. A(m)1 such that (A )1<£<J =n glves the flag Bott manifold F,,.

Let Fm =FL (@"’”+1 (m)) where f )isa holomorphic line bundle over F,,,_;.
Then, by the induction hypothesis, the (m—1)-stage flag Bott manifold F;,,_; can be
expressed as the orbit [ [, ! GL(n¢+1)/ <I>A . Hence, by Lemmas 2.11 and 2.12,

there exists a suitable integer vector (algml), .. ,E”’lz ) €D, 1 Z7¢+1 such that

Eal), ... al_ =" forl<k<n,+1.



FLAG BOTT MANIFOLDS 357

(m) a(m)

Consider the integer matrix Aﬁm) € My, +1,n,+1(Z) withrow vectors a, ,/, ..., 1.6
for1<f<m—1. Let F,"° be the flag Bott manifold determined by integer matrices
(A,E" ))lfk j<m- Then by Proposition 2.7, we have the following bundle map ¢ which

is a holomorphic diffeomorphism:

ny+1
(p:Fn‘iu"—)]-"ﬁ(@ 5(“13111)7---701%2_1))=Fm- O
k=1
Remark 2.13 (description of F), using compact Lie groups). Using the compact
subgroups U(n;+1) C GL(n;+-1) and the compact maximal torus T+ ¢ HGL(n;+1)
for 1 < j < m, consider the orbit space:

m m
1_[ Umj+1) / 1_[ T”j+1’
j=1 j=1
where the right action is defined by

(2_9) (g19"'7gm)'(t17"'9tm)
= (a1, AP @) g2, AP @) AP ) gt
A @) A () <A§;"_)1(tm_1))‘1gmzm).

Then the above manifold is a compact manifold which is diffeomorphic to F;, since
U(n + 1)/T”Jrl is diffeomorphic to GL(n 4 1)/BgrLn+1). We will also use this
description for F),.

Remark 2.14. Let F), be the m-stage flag Bott manifold defined by a sequence
of integer matrices A = (Aéj))lskjfm,l € Hlskjim_l M,UH’WH(Z). Every
flag Bott manifold is a CP-tower. Hence using Borel-Hirzebruch formula, the
cohomology ring and the equivariant cohomology ring with respect to the torus
action defined in Section 3A of F), can be computed. The explicit formula is given

in [Kaji et al. 2020] in terms of A.

2D. Tangent bundle of F,,. In this subsection, we study the tangent bundle of a
flag Bott manifold using a principal connection of a principal bundle. For more
details, see [Spivak 1979, Chapter 8, Addendum 3]. For a principal H-bundle
7 : P — B, the vertical subbundle V is definedtobe V:={ve TP | m,v =0} C TP.
If we let 0o, : H — H(p) be the orbit map which maps H onto its orbit through
p € P, then we have

(2-10) Vp = (0p)«Lie(H).
A principal connection H is a subbundle of TP such that for p € P,
TP =V, ®H)y,



358 SHINTARO KUROKI, EUNJEONG LEE, JONGBAEK SONG AND DONG YOUP SUH

o (®p)sH)p =Ha,(p), Where @, is the right action by & € H, and
» H, varies smoothly with respect to p € P.

Because of the first property of principal connection, we have that 7, (H ) = T () B.

For convenience, let T denote the product of compact tori ]_[’;1: | T+, By
Remark 2.13, an m-stage flag Bott manifold F,, can be described as the orbit of
the right action in (2-9), i.e., F,, = ]_[;": 1 U(n; +1)/T. Since T acts freely on the
space ]_[’}1:1 U(n; + 1), we have the principal T-bundle

(2-11) [[um+1) 5 F.

j=1

We describe the vertical subbundle V of the above principal bundle (2-11). For
1 < j <m,letu(n; + 1), respectively t" +1, denote the Lie algebra of U(n; + 1),
respectively Tt U(n; +1). For a point g = (g1, ..., &n) € ]_[;7’:1 Un; + 1),
define

(Ly1)w 1= (L) X -+ X (L) Tg<]_[ Unj + 1)) — @um;+ D).
j=1 j=1

where L, is the left translation by g; for 1 < j <m. Then (L,-1) is an isomorphism,
so that we have the trivialization

[JU@+ 1) x Pum;+ 1) = T(HU(nj + 1)).
Jj=1 j=1 j=1

For the principal bundle (2-11), it follows from (2-10) that V, = (04)+ (@Tzl i th),
where o, : T — T(g) is the orbit map. For a given 1 = (1, ..., tn) € D, vyt
take a path

y:i(—¢&,¢8)— 1_[ T s> (t1(s), ..., tn(s))
j=1

such that y (0) =1, #;(s) € T" ! and j—sy(s)lszo =t¢. Forapoint g € ]_[7’:1 U(nj+1)
and t €T, let g - ¢ denote the right action of T in (2-9). Then we have

(Lg-1)s(0g)ut
=L L@ 7 GDimo
=L (16,85 (AP ) " 2n2(s),

g (A @) (A 1 6)) gt )
= (11, 2= Ad (AP D), st = Ad (AT @D A+ + ALY (1))

§=
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Here Adg(X) = gX g~ !, ie., the usual adjoint representation of U(n; + 1) on
u(n; + 1). Therefore we see that the vertical subbundle V is the image of the
injective map:

m m m m
[[Um+ D<@t - [[Um+ 1) x Puy +1),
j=1 j=1 j=1 j

=1
where ((g1, ..., 8&m), ({1, ..., 1n)) maps to

((g1, s &m)s
(1112 = Ad g (AP @), -t = Ad(g VAT W) + -+ AT, (t-1)) ).

Now we describe a principal connection. Let m; C u(n; + 1) be the subspace of
matrices with the zeros along the diagonal. Then m; is invariant under the adjoint
action of 7% "1, and m; N¢%+! = {0}.

Proposition 2.15. At the pointe := (e, ..., e) € ]_[71:1 U(n; + 1), choose the hori-
zontal space H, := @Tzl m; C @;7':1 u(nj + 1). For a point g = (g1, ..., 8m) €
[T/ U + 1), define 1, C To (17, Utn; 4 1)) by

m
He =D (Lg,)m;.
j=1
Then H is a connection.

Proof. First we need to show that for each point g € ]_[T:1 U(n; + 1), we have
that H, &V, = T, (17, U(n; 4 1)). We claim that V, N H, = {0}. Suppose that
(04)+(t) is contained in H, for some ¢ = (1, ..., tm) € D, ¢%*1. This implies
that

m
(t1, 1= Ad AP D), - L= Ad g (AT D)+ +AL (1)) ePmy.
j=1

In particular, ¢, € my, but it is also contained in "' *!. Since m; N ¢"1 ! = {0}, we

have that 1{ = 0. Continuing in this manner we conclude that V, NH, = {0}, and

hence by the dimension reason, we have Hy ® V, = T, ([17—, U(n; + 1)).
Secondly, define the map

m m
@ [[Umi+ 1 —[]Um+1)
j=1 j=1

as the right translation by ¢ as defined in (2-9). For an element ¢t = (¢, ..., t,) €
]_[T:l T+, we claim that (&) Hy =Ha, (g)- Forany (xi,...,x,) € ]_['}1:1U(nj+1),
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we have:
(2_12) (thOLg)(x1,...,xm)
= &s(g1X1, - - - » EmXm)
= (glxltl, (AEZ)(Il))_]gzxztz,
s A )T (A ) gt )
= (glll (t; 'xit), (A(lz)(tl))_lgzlz(fgllez),
e A )T (A ) gt 1 )
= Ld),(g)(tl_lxltl, ey l‘nzlxml‘m).

This gives (®)+Hg = Ha,(g) Since m; is invariant under the adjoint action of 77!
for1 <j<m.
Finally since the left multiplication varies smoothly with

m
(81, gm) € [ [ U+ 1),
j=1
this defines a connection. O

As a corollary of Proposition 2.15 we have the following description of the
tangent bundle of F},;:

Proposition 2.16. The tangent bundle of F,, is isomorphic to

m m
HU(nj +1) xw@mj,
Jj=1 Jj=1
where the following elements are identified.
(2-13) (g1,--s8m: X1, o, X))
~ (g1, s 8m) - (t1,....tw); Ad, 1 Xy, ..., Ad 1 X,
( tl [)ﬂ

for(ti,...,ty) €T. Here (g1, ..., 8m) " (t1, ..., ) is as defined in (2-9).
Proof. Let

m m
@ l_[U(nj +1) xr@mj — TF,,
j=1 j=1

be the map defined by ¢([g; X1) = ([g], (74 0 (L4)«(X))). We claim that the map ¢
is a bundle isomorphism. Because of the property of a principal connection and by
the definition of H, we have that (7, o (Lg)+«(X)) € T[4 Fy,. It is enough to check
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that the map ¢ is well-defined. For ¢t = (¢, ...,1,) € T,
@ [Pe(g): Ad i X, Ad,’glxm]
= ([Pr(9)], (s 0 (L)) (Ad -1 X, .. Ad, 1 X))
From (2-12), we can see that
(L¢t(g))*(Adt;1X1, s A1 X)) = (Po)s o (L)w (X1, -y Xin).
Because m o ®; = 7, we have that m, o (®;), = m,. This implies that the map ¢ is

well-defined. O

3. GKM descriptions of flag Bott manifolds

Let F,, be an m-stage flag Bott manifold. In Section 3A, we define the canonical
torus action on F,, and by studying this action more carefully, we conclude that a
flag Bott manifold F;, is a GKM manifold with the canonical action in Theorem 3.6.

3A. Torus actions. Let F,, be an m-stage flag Bott manifold. For 1 < j <m, let
H= 1_[21:1 HGL(n,+1) act on F; by

(hla ---ahm)'[gla agj] = [hlgls "ahjgj]
for (hy,...,hy) € Hand [g1,...,g;] € F;. Then F; — F;_; is H-equivariant
fiber bundle. For notational convenience, we write
(3-1) n:=ny4+---+ny,.

Therefore ZTZI (nj +1)=n+m. Let T C H be the compact torus of real dimen-
sion n + m. Note that the torus H acts holomorphically but does not act effectively
on Fy,. If we write h; = diag(hj 1, ..., hjn+1) € GL(n; + 1), the subtorus

H:={(h,....hw) €H|h1pnp1 =" =hppn,+1 =1} = (C)"

acts effectively on F},. Let T C H denote the compact torus of real dimension #.
In this paper, we call the action of these tori the canonical H (T, H or T)-action
on F,,. For a space X with a G-action, we write (X, G) for this G-space X when
we need to emphasize the acting group.

Remark 3.1. The complex dimension of an m-stage flag Bott manifold F,, is

ni(n+1 Ny (Mg, + 1
1(1 )+”+m(n )

2 ’ 2
while the complex dimension of the torus H, which acts effectively on the manifold
Fyn,isn=ny+---+ny,. They are equal if and only if n; = --- = n,, = 1, which

is the case when a flag Bott manifold is a Bott manifold (see Example 2.2(3)). The
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highest dimension of a torus which can act on F,, effectively is studied in [Kuroki
2017].

Example 3.2. A 1-stage flag Bott manifold is the flag manifold F¢(n + 1) =
GL(n 4 1)/ BcL(n+1)- Then the canonical torus action of H = Hgy (,+1) on the flag
manifold F¢(n 4 1) is the left multiplication.

It is well known that the fixed point set F€(n + D can be identified with
the symmetric group S, (see [Fulton 1997, Subsection 10.1]). For a given
permutation w € &4, let w denote the column permutation matrix, i.e., w is an
element in GL(n + 1) whose (w(k), k)-entries are 1 for 1 <k <n+1, and all others
are zero. For instance, the permutation w = (231) € &3 corresponds to the matrix

001
(3-2) w=1|100]|eGL@3).
010

Here we use the one-line notation, i.e., w(l) =2, w(2) =3, and w(3) = 1. Then
the fixed point set is {[w] € GL(n 4+ 1)/BgLn+1) | w € &,41}. This property can
be extended to the canonical action of H on F,,.

Proposition 3.3. Let F,,, be an m-stage flag Bott manifold with the action of H. Then
the fixed point set is identified with the product of symmetric groups ]_[;."zl Gnj+1.
More precisely, for an element (wy, ..., Wy,) € ]_[Tzl Sy, +1, the corresponding
fixed point in F,, is [W1, . .., Wy], where w; € GL(n;+1) is the column permutation
matrix of wj.

3B. Tangential representations of flag Bott manifolds. In this subsection, we
study the tangential representations of a flag Bott manifold F;, at the fixed points
corresponding to the (noneffective) canonical action of T in Proposition 3.5. Recall
the definition of GKM manifolds from [Goresky et al. 1998; Guillemin and Zara
2001].

Definition 3.4. Let T be the compact torus of dimension 7, t its Lie algebra, and
M a compact manifold of real dimension 2d with an effective action of 7. We say
that a pair (M, T') is a GKM manifold if

(1) the fixed point set M7 is finite,
(2) M possesses a T-invariant almost-complex structure, and

(3) for every p € M7, the weights {;. p» €t°| 1 <i <dj} of the isotropy represen-
tation 7, M of T are pairwise linearly independent.

By considering the effective canonical action of T on F,,, we will see that
(Fy, T) is a GKM manifold in Theorem 3.6. For this, we first need to compute
the tangential representations of a flag Bott manifold F,, at fixed points. From
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Proposition 2.16, the tangent bundle TF,, of a flag Bott manifold F;, is isomorphic
to

m m
HU(U/ +1) x7 @mj,
j=1 j=1

where m; C u(n; + 1) is the subspace of matrices with the zero diagonals for
1 < j <m. For an element (wq, ..., wy,) € ]_[Tzl 6,,j+1, the corresponding fixed
point in the flag Bott manifold F), is w := [wy, ..., Wy,]. To describe the tangential
representation Ty Fy, of T, it is enough to find homomorphisms f; : T — T +1
satisfying that for 1 < j <m

[tlu.)lv ---stmwm; le B Xm]

:[wla-~-awm;Adf|(Z] ..... lm)XZa""Adfm(ﬂ

.....

Before computing the homomorphisms f;, let us recall the adjoint action of T
onm;. Let E(, ) be an element of gl(n; + 1) whose (r, s)-entry is 1 and all others
are zero. Now we have m; = spang{zE )+ (—2)E,n 12€C, 1 <s <r <nj+1}.
We denote the standard basis of Lie(T)* = REj=105+D by

* * * *
(3'3) {81’1, ceey 817n1+1’ “ ooy Sm’l, c ey Sm,n,,l—l-l}‘

With respect to this basis, let A be the integer matrix of size (n;+1) x (n+m) whose
rOW VeCtors ¢; 1, ..., €jn;+1 are weights of the homomorphism f;, so that for an
elementt € T,

(3-4) fj > diag(et, ... g,

Since Ady; ) E .5y ="~ Ey,5), using the weight vectors {c; x}, we can describe
that
n'ljrE @ V(cj,r_cj,s)a

I<s<r<nj+1

where V(c; ,—c; ;) is the 1-dimensional T-representation with the weightc; ,—c; s €
@’;1:1 Z"%*!. For an integer matrix A, we define

V= P Vier—ciy.
I1<s<r=<nj+1
Using this notation, we have the following proposition whose proof will be given

at the end of this subsection.

Proposition 3.5. Let F,, be the m-stage flag Bott manifold determined by a set
of integer matrices (A§)1 <¢<j=m—1 € [T1<¢— j 1 Mu+1.0,+1(Z). Consider the
(noneffective) canonical T-action on F,,. For a fixed point w = [wy, ..., Wy,] € Fy,
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. . . ~ m
the tangential T-representation is Ty F,, = €9 j=1mj, where

(3-5) m; = v([xY x ... xV

i1 B 0 - O]).

Here Xéj) is the matrix of size (nj+1) x (ng+1) defined by

G0 x"= 3 BADBAD) (B AL B+ BiAY B

l<iy<<ipr<j forl <t < j<m,

and B; is the row permutation matrix corresponding to wj, i.e., B; = (u')j)T.
Furthermore, the weights of the isotropy representation of T on Ty F,, are pairwise
linearly independent.

By considering the effective canonical action of T' on F;,, the fixed point set
is finite because of Proposition 3.3. Also the canonical action of T on F,, is
holomorphic (see Section 3A). As a corollary of Proposition 3.5, we have the
following theorem.

Theorem 3.6. Let F,,, be an m-stage flag Bott manifold with the effective canonical
action of T. Then (F,,, T) is a GKM manifold.

Example 3.7. Suppose that the flag Bott manifold F; is F€(3). With the canonical
action of the torus T = (S!)3, there are six fixed points {[w] | w € &3}. Let
{e], &5, €3} be the standard basis of Lie((S 13)* =~ R3. Consider an element w in
GL(3) corresponding to the permutation w = (231) € G3. Then the row permutation
matrix B is

01
00
10

S = O

which is the transpose of the column permutation matrix w in (3-2). Then we have
the following tangential representation:

TiinfFi=m EV(B)=V(e; —&)®V(e] —e3) DV (el —&3).

Example 3.8. Consider a flag Bott tower F, of height 2 defined by the integer

matrix
@ _|c1 20
Ay _[0 0 0:|'

Then F, is aCP'-bundle over F¢(3). The manifold F, has the action of ()3 x (§1)2,
and there are 12 fixed points {[wy, 2] | w; € &3, wy € G3}. Let

* * * * *
{611,812, €13, €215 €20}
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be the standard basis of Lie((S')? x (§)?)* = R3 @ R?. Consider the point w =
[w1, wy], where w; = e and w, = (21). Then the corresponding row permutation

matrices are
01
, By= .
Hence the matrix X 52) is

@ _ @p |0 1][cie20] [O 0O
X =By Bl_[l o} 0 0 0:|_|:cl ¢ 0]

1
Bi=5L5=10
0

S = O
- O O

The tangential representation at the point w can be computed as follows:

TpF=m@m = V(5 0) @ V(X Bl

10000
—v|llo1000 @v([oog?é])
00100 cr e

= VisT, — ] )@ ViTs — 12 @ VisTs —ef )
® V(cie] | + el + 85 —€57).

Example 3.9. Consider a flag Bott tower of height 3 with n; =2, n, = 1, and
n3 = 1 which is defined by

@) 120 3) 340 3) 50
A _|:0 0 0i|’ Ay _|:0 0 O] Az _[0 0]
Then the flag Bott manifold F3 has the action of (§1)? x ()2 x (§')?, and the set of
fixed points is {[u')], wo, w3 | wy € &3, wy, w3 € 62}. Denote the standard basis of
Lie(($1)? x (§)? x (SH) =R @R @R by {e] |, ] ,. €7 3. 65 |, €3 5. 65 1. €5,
Consider the fixed point w = [w;, W, W3], where w; = (312), wy = e, and
w3z = (21). The corresponding row permutation matrices are

001

m=ltool n=[10) n=[0]]
010
We have the following computations of X (2), X 53), X ;3):
@ _pa2p _[201
X" = BA; Bl_|:0 0 0i|’
000
T R N

00
T



366 SHINTARO KUROKI, EUNJEONG LEE, JONGBAEK SONG AND DONG YOUP SUH

The tangential representation at the point w can be computed as follows:

TyFs=m; ®&m, dmy
=~ V(B 0 0@ V(X B, opev(ix? x Bs))

0010000
=V 1000000 @V([égéé?gg})
0100000

ov([0 000001

14085010
=V(e] 1 —€13)OV(e] ,—1 3DV (e ,—&] DOV (—2¢] | —€] 385 1163 5)
@ V (14} | +8ef5+5e5 +e5, —el,).

Before presenting the proof of Proposition 3.5, we give a lemma which is directly
induced by the definition of X’ in (3-6).

Lemma 3.10. The matrix X, () satisfies the following equality.

X(])_B A(]) X(] 1)+B Ai})zx(] 2)+ +B A(J) Xéz—i_l)—i_B]Aéj)Bf

+1
Proof of Proposition 3.5. We first note that for any 7; = diag(#j.1, ..., jn+1) €
Tt U(nj +1), we have that w tjwj =diag(t;,uw;1), 1}, w(2): - b w,(n,+1)) €

T+, Let w; denote ahomomorphlsm T+ s T+ define by W (t]) =110,
Then we have that

(3-7) tjw; = wjw t jwj = wjw;(t)).
For the row permutation matrix B; = (u')) , we have that B; (¢ 1, ..., tj,,,jH)T =
(tj.w;(1)s - - -+ Ljwym+1)) " - Hence Bj is the matrix for the homomorphism i :

Tt — Tt
Consider the case when j = 1. Then we can get

(3_8) [tlwlv"'vtmwm;Xla---sXm]

= [ W1 (t1), L2, + - ., byg s X1 - -+ s Xom] (by (3-7))
= [ (1, AP @1 () 2tba, .., A (@1 (1))t o)

(@i, 1, . D) Xy, X ] (by (29))
= [1, (AP o W) ()22, - ., (A 0 B1) (1) s

Adg, i) X1, X2, ..., Xm]| (by (2-13)).

Therefore the homomorphism f; : T — T+ in (3-4) is given by (11, ..., t,) >
wy (1), and
m ZV(B O --- 0]).



FLAG BOTT MANIFOLDS 367

Hence the proposition holds for j = 1.
We continue the similar computation to (3-8) for the second coordinate as follows.
Fort=(ty,...,t,) €T,

[tiwy, hws, B3W3, ..., Wi, X1y e v vy Xl
= [w1, (AP o W) (1202, (AT 0 W) (11)t3103,
o (A 0 W) () s Adgiy 1) X1, X2y -y Xi]  (by (3-8))
= [ib1, AP (FL@) 22, AT (f1(0)t3103,
A A ALVt Ad gy X1, Xo, - X
(by substituting wi (1) = f1(t))
= [w1, b (AP (fi)n), A (fi@) 13103,
S A L) ttoms; Ad gy X1, X2, .o, X (by (3-7)
= [w1, w2 fo®), AD (L@ B3, .y AV (Fr @)t om: Ad gy X1, Xa, -y X
(by letting f>(t) = Wa(AY (f1()12))
= [w1, w2, AS (HE)AY (f1 () 13103,
A (HO)YA (F1E) twtbms Ad i X1, Ad gy 0y X2, X3, -y X
(by (2-13)).

Continuing this process, we may assume that fi, ..., f;_| can be defined so that
for j > 1,

[tllbl,...,tjwj,...;Xl,...,Xj,...]

= [, ... abj A (£ @) AL (2 @) - A (Fue)ejuiy,
SAdg X1, Ady 0 X oL X,

We now define f;. By considering
1(fj 1(®)) z(f] 2(0) - - Ay (fr(®)jwy,

we get the following:

AP (Fa@O)AY (fia@®) - AP (fr o)1
=1y (A (Fj 1 OVAL (fj20) -+ AP (fr@)1) (by (3-7))
= (0 AT 0 i1 @) (1 0 ATy 0 fi2(0) -+ (W 0 A 0 f1(0) (1))
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Therefore one can deduce that the map f; : T — T" +1 is given by

t=(t,...,ty)
> (@0 A o fi 1)) (5 0 Ay 0 fi2(8)) -+ () 0 A o £1(8)) (i (1))

By considering the exponents of the map w; o Aéj ) o fo: T — T%*! for £ =
1, ..., j—1, we get the following matrix of size (n;4+1) X ((n1+1)+- - -+ (ny +1)):

) @) @) )
B; . Ay '[Xl X, -+ X,2, Be O --- 0]
~—~— ——
(+Dx(y+1) - (+D x(ne+1) (e 1) x (11 + D44 (1 +1))

Therefore it is enough to show that

X =B;AY X7V + AV XV 4 BiAY) XV + B AT By,
which comes from Lemma 3.10. Hence we have the tangential T-representation as
in the proposition.

Finally, we claim that the weights of the isotropy representation of T on T, F,
are pairwise linearly independent. For a fixed point w, let ¢1, ¢, € Z" be weights
of the tangential T-representation T, F,, = @7':1 m;. Assume that the weight ¢,
comes from m;, and ¢, comes from m, for j; < j». Then by the description in (3-5),
¢ is a linear combination of {ejf’k |1<j<ji1,1=<k<=<n;+1}. Since ¢, has nonzero
coefficients in {8;‘-(2’]( |1 <k =<nj+1}and ji < jr, two weights ¢; and ¢, are
linearly independent. Suppose that both of two weights ¢; and ¢, come from m;.
Then they have nonzero coefficients in {87’ « | 1 <k <n;+ 1} which are determined
by the permutation matrix B; by (3-5). Hence they are linearly independent, so the
result follows. U

3C. GKM graphs. In the previous subsection, we showed that a flag Bott manifold
(Fy, T) is a GKM manifold. For a given GKM manifold (M, T), one can define
the following labeled graph (I, «v); see [Guillemin and Zara 2001] for more details.

Definition 3.11. Let (M, T') be a GKM manifold. The GKM graph (I", a) consists
of

o vertices: V(I') = M7,

e edges: e: v — w € E(I') if and only if there exists a T -invariant embedded
2-sphere X, containing v, w € M7, and

« axial function: for an edge e : v — w, the axial function @ maps an edge e to
the weight of the isotropy representation 7, X, of T'.
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For an oriented edge e we write i (e), respectively ¢ (e), the initial, respectively
terminal, vertex of e. Moreover we write e for the oriented edge e with the reversed
orientation. For v € V(I") we set

ET), ={ec ET)|i(e) =v}.

For the GKM graph (I', @) associated to a GKM manifold (M, T), a collection
6 = {6.} of bijections

O 1 ET)iey > EM)ie), e EM)
satisfying the following conditions can be determined naturally:
(1) (B)~' =6; fore € E(I),
(2) 6, maps e to e for e € E(I'), and
(3) for e € E(I') and ¢’ € E(I')(), there exists ¢ € Z such that a(6,(¢)) =
a(e) +cale).

The collection 8 = {6,} is called the connection.

In Section 3B, we considered F,, with the noneffective canonical T-action, and
expressed the tangential representation Ty F,, in terms of the weights using the
standard basis {€] |, ..., €7, 115 -2 Ep g oo os 1) 0 (3-3). But in the GKM
description, we need to consider the effective canonical T -action on F),,. Therefore
to consider the axial function with respect to T'-action, we should put
(3-9) 1 = =&, 41 =0

m N
in the formula of Proposition 3.5.

Theorem 3.12. Let F,, be a flag Bott manifold with the effective canonical T -action.
Then the GKM graph (', @) of (Fy,;, T) consists of

o vertices: V(I') = H7=1 I

o edges: E(T) is the set of elements w = (wy, ..., wy) and w' = (W}, ..., w;,)
in V(I') such that w' = (wy, ..., w;(r,s),..., wy) for some transposition

(r,s) € Gp;+1, and
e axial function: for w and w’ as above such that r, s € [nj+1],r > s, then

a(ww') = pr(J) pS(J)

where p(]) is the k-th row of the matrix [X(]) X(J) X(]) B; O- ]for
k € [nj + 1], the matrices X, ) are as in (3-6) wzth the modlﬁcatlon accordmg

to (3-9).
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Proof. To find the GKM graph I', we recall that the product I'y x I', of graphs
'y, 'y consists of vertices V(I'; x I'y) :=V(I'1) x V(I'2) and edges E(I'; x I['7)
such that e : (wy, wp) = (w}, w)) € E(I'; x I',) if and only if either w; = w| and
wy — wj € E(I'), or wy = w), and w; — w} € E(T'y). We claim that the GKM
graph I' of F, is the product of graphs ]—['J’-’:1 I'j, where I'; is the GKM graph of
Fl(nj +1).

By Proposition 3.3, we know that V(I") = V(]_[T:1 Fj). To find edges on the
graph I', we use an induction argument on the stage. When the stage is 1, then our
claim obviously holds. Assume that the GKM graph of F; is the product ]_[é: 1 Te
forl <j<m-1. Forwe6,, 41, lets, : F,_1 — F, be a section of the
fibration F,, — F,_; defined by [g1,..., gu—-1]1+ [g1, ..., &u—1, W]. Since the
section sy, is T-equivariant, it produces the GKM graph of F;,,_; in I". Hence the
section s,, gives edges (wi, ..., Wy—1, w) = (w,...,w, _;,w) in I such that
(Wi, .oy We1) = (W, .. W ) € E(]—[']’;—l1 Fj).

On the other hand, a fiber over each fixed point in F;_; produces the GKM
graph of F{¢(n;+1). Therefore for (wy, ..., wyu—1) € V(]_[';-:l] Fj), we have edges
Wiy ey W1, W) = (W1, ..., Wy_1, w,,) such that w,, - w,, € E(I'y,). Let
2N be the real dimension of F,,. Then we have that |E(I"),| = N for every vertex
v € V(I') by the definition of GKM graph. The above constructions give exactly N
many edges starting from a vertex v, so we have that I' = (]_[;7':_11 r j) X I'pm. By
Proposition 3.5 we have the axial function as stated in the theorem. U

As a direct consequence of Theorem 3.12, we get the following.

Corollary 3.13. The GKM graph T of F,, is combinatorially equivalent to the
product H'};l I'j, where I is the GKM graph of Fe(n; + 1).

Example 3.14. Consider F; = F¢(3) as in Example 3.7. At the point [w] deter-
mined by w = (231) € &3, we have that T}, F1 = V(B), where

B =

- O O

10

01]{.

00

With the effective canonical torus action, the tangential representation is

TrinF1 = V(—&5) @ V(e]) @ V(e] —&3).

We have an edge (231) — (132) in the GKM graph since (132) = (231)(3, 1) for
the transposition (3, 1) € G3. Hence the axial function for the edge (231) — (132)
is £} —&3. One can do the similar computations for the other fixed points, and we
have the GKM graph as in Figure 1, left. In the figure, parallel edges have the same
axial functions.
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1.5
} (213,12) (231,12)
(123,12)

*
52’357‘\ &\\ _ I\(321,12)
27 (132,12)(312,12)

(132) OK\ (21321)  (231,21)
3

(12321)

ST,z AN
3 (132,21)(312,.21)

5 -1 0 1 2 3 4 5
€11

GKM graph of F£(3). GKM graph of a CP'-bundle over F£(3).

(321,21)

Figure 1. GKM graphs.

Example 3.15. Let F, be the 2-stage flag Bott manifold defined by

0
4D _ €1
! 0 00
as in Example 3.8. The 3-dimensional compact torus acts effectively on F;. Let

{8?1, 8?2, 8;1} be the standard basis of Lie((S')? x (S!))*. Near the fixed point
given by (e, s1) € &3 x &,, we have the tangential representation as follows:

Vil —el )@ V(—el,) V(-] DD V(cie] | + el +65 ).

One can see that the induced subgraph I', respectively I'’, whose vertex set is
G5 x {e}, respectively &3 x {51}, is the same as the GKM graph of F£(3) with the
action of the torus 72 in Example 3.14. Therefore it is enough to consider the axial
functions of edges of the form e, := (w, ¢) — (w, s1) for w € G3. By a similar
computation to Example 3.14, we get the GKM graph of F> as in Figure 1, right,
whose axial function for vertical edges is listed as follows:

* * * * * *
a(e23) = —C1e6] 1 — 281, — &1, a(e@i3)) = —C26] | —C1E] 5, — &5 1
* * * *
a(e@3n) = —Ci1€, — &5 1, a(emn) = —C281 5 — &5 15
* *k * *
a(e(312)) =—C€&1 1 & 1> 05(3(132)) =—C1€1,1 —&1-

Note that nontrivial coefficients of &} | and &} , shows that F, is a nontrivial cprl-
bundle over F£(3).

Example 3.16. Consider the 3-stage flag Bott manifold F3 as in Example 3.9.
Let w = [w;, wy, w3] be a fixed point where w; = (312) € &3, wy = ¢ € &5, and
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w3z = (21) € G,. For an edge (wy, wy, w3) = (wy, wa, w3(2, 1)), the axial function

is pf) — ,01(3), where ,0153) is the k-th row of the matrix

3) v 0000001
(X7 X5 33]:[ :

14085010

Hence with the modification according to (3-9), the axial function is
1467 | +5¢e5 | +€3 4.

Remark 3.17. Let F, be a flag Bott tower, and (I'j, «;) the GKM graph of j-stage
flag Bott manifold F;. Then (I';, o) — (I'j_1, aj—1) is a GKM fiber bundle,
see [Sabatini 2009, Definition 2.3.5], induced from the fibration F; — F;_; for
1 < j < m. The module basis of GKM graph cohomology of GKM fiber bundle
has been computed in [Sabatini 2009; Guillemin et al. 2012]. In the paper [Kaji
et al. 2020], we compute the equivariant cohomology rings of flag Bott manifolds
by using the Borel-Hirzebruch formula.

4. Generalized Bott manifolds and the associated flag Bott manifolds

We begin this section by reviewing generalized Bott towers studied in [Choi et al.
2010a; 2010b] and studying their fans based on [Cox et al. 2011, Section 7.3].

Definition 4.1 ([Choi et al. 2010a, Defintion 6.1]). A generalized Bott tower B, =
{Bj | 0 < j <m} of height m (or an m-stage generalized Bott tower) is a sequence,

77»171\ 3

By —™ By y ... —» By —> By — By = {a point},

of manifolds B; = P(E { b---8 E,]l/ @ C), where E,i is a holomorphic line bundle
over B;_j for 1 <k <n;, Cis the trivial line bundle over B;_;, and P(-) stands for
the projectivization of each fiber. We call B; the j-stage generalized Bott manifold
of a generalized Bott tower.

Example 4.2. (1) Every projective space CP" is a generalized Bott tower of
height 1.

(2) The product of projective spaces CP"! x - -- x CP"™» is an m-stage generalized
Bott manifold.

(3) When n; =1for 1 < j <m, an m-stage generalized Bott manifold is an m-stage
Bott manifold (see Example 2.2(3)).

Recall from [Hartshorne 1977, Exercise I1.7.9] that for each 1 < j < m, the set
of isomorphic classes of holomorphic line bundles on B;_; is isomorphic to Z/ -1
More precisely, for 1 < j < m, the homomorphism

27 = Pic(Bj-1), (ar,... a0 > DO @ (1)E2 @@ (r)_)®!
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is an isomorphism since B; is an iterated sequence of projective space bundles.

Here, '7§—1 is the tautological line bundle over B;_;, and né = 711’?‘ o-- 'O,”le (nﬁ“),
for each 1 < ¢ < j — 2. Therefore for each holomorphic line bundle £ ,g over Bj_i,

. . ] J
there exist integers A psee s Op oy such that

E]i = (}7{)@“/?.1 ® (né)®”/€2 R® (nj_l)@’“k.j—l.

Hence, we conclude that given a generalized Bott manifold B;_1, the collection of
integers

lal ,ez11<k<n, 1<t<j—1}
determines B;.

In general, a projectivization of the sum of holomorphic line bundles over a toric
variety is again a toric variety (see [Cox et al. 2011, Section 7.3]).> Hence, so is a
generalized Bott manifold B,,. To describe the fan of B,,, we prepare the following
matrix A of size n x m:

—1.0 ... T
a% -1 0 --. } o
A1) ni=ng 4 d A= 5 ’
“41) n ny+ +n,  an a-]’ a']l._l -1 0 .- }I’lj
| a}’ a,_; —11}ny

where we denote by 0, 1 and a({ the following vectors respectively:

0 1 a{’g
0=|:|, 1=]:|, and af: : eZ" forl<tl<j<m.
0 ! ai,-,/z

Next, we define a set of vectors U := {u,i/ |[1<j<m, 1<k; <nj+1}by

j Ejk; lflfkjfl’lJ,
7 | j-th column of A ifk; =n; +1,
where €11,..., €105 ---»Em.1>- .-+ Emn, 1S the standard basis vector in R* =

R™++m  Now, we consider the following cones

Oy = Cone(u \ {u,lq, cel u’,?m}) C R,

ZNote that [Cox et al. 2011] uses a different convention to construct iterated projective bundles.
They put the trivial line bundle on the first, but we put it on the last when we sum up line bundles in
the definition of generalized Bott manifolds.
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and one can see that the vectors of I/ \ {u,lq, e uZ’m} form a Z-basis of 7" C R".
Hence oy, ...k, is a smooth cone of dimension n.

.....

Proposition 4.3. A fan X associated to B, consists of the cones

(4-2) {0k | ks k) € T2 [ + 11

and their faces.

Proof. We show the claim by the induction on the stage of a generalized Bott
manifold. When m = 1, we have uk =e, for 1 <k <n; and u = —1. In
this case, the fan % consists of the cones {0y, CR" | 1 <k; <ny + 1} and their
faces, which yields Xy = CP"'. Next, assuming that the claim holds for (m—1)-
stage generalized Bott manifold B,,_;, a successively application of the result
[Cox et al. 2011, Section 7.3], in particular [Cox et al. 2011, Proposition 7.3.3 and
Example 7.3.5], establishes that the claim holds for the m-stage generalized Bott
manifold B,,. O

Remark 4.4. The fan ¥ defined above is a simplicial fan whose underlying simpli-
cial complex is the dual complex of the product P := ]_[']’-':1 A" of simplices. As a
quasitoric manifold [Davis and Januszkiewicz 1991; Buchstaber and Panov 2015],
the polytope together with the set I/, where we assign a facet

A" x e x AT X AT X AT
J

for some facet fk of A" to the vector u; i ' for 1 <kj <nj+1, form a characteristic
pair which determines the given generahzed Bott manifold. We refer the readers to
[Choi et al. 2010a; 2010b] for more details.

Example 4.5. Let B, be a generalized Bott tower of height 3 withn; =2, n, =1,
and n3 = 2. The 2-stage generalized Bott manifold B, is a CP'-fiber bundle
over CP2, and the 3-stage B3 isa C P2-fiber bundle over the manifold B,. More
precisely,

E;®E;®C EfeC

P(E;®E;®C) —— P(E}®C) — CP?
I I Il
B; B, B,
where C is the trivial line bundle, and

3 3 3 3
=)0, B} =) @ )%, E3 = ()% @ () %2
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for some integers af 1 af 1> af 2 a% 1 ag ,- Hence the matrix A of B3 is

[-1 0 0]
-1 0 O -1 0 0
A= alz’l -1 0 | = a% -1 0 =[u§ u% u%],
az’l azyz —1 a? ag -1
| 92,1 22 _1_

where

2 2 3 3 3 2 3 3 3 2
al :a]’l € Z, al - (alyl,azyl) € Z N al’ld a2 - (612’1,612’2) € Z .

Moreover the fan X associated to B3 consists of cones

Cone(&1,1,81,2,€2,1,€3.1,€3.2), Cone(ey 1,u3,€2.1,€3.1,€32), Cone(e12,u3,82.1,€3.1,€32),
COHC(81J,812,M§,83'1,83’2), COHC(81'1,u;,u%,83,1,83,2), COHG(SLz,M;,M%,83‘1,83’2),
COHC(81,1,8],2,82,1,53,],ug), COHC(S],],ué,€2,1,83,1,ug), COHC(B])Q,M%,Sz’l,83,1,1/@),
COIle(é‘l,],81,2,14%,83,1,1,{%), Cone(sl,l,ué,u%,sil,u%), Cone(al,z,ué,u%,83,1,u§),
Cone(sl,l,81,2,82,1,83,2,ug), Cone(sl,l,u§,82,1,83,2,u§), Cone(sl,z,ué,az,l,em,u%),

2 3 12 3 12 3
Cone(ey,1,€1,2,u5,€32.u3), Cone(ey,1,us,u5,832,u3), Cone(e o, us,uz,37,u3)
and their faces.

Definition 4.6. Let B, be a generalized Bott tower determined by the block matrix
A with entries aé as in (4-1). We call a flag Bott tower F, is associated to B, if it
is determined by the set of integer matrices

[AY € My 111 @) |1 <€ < j <m),

where
AW ag 0--- 0|}y
;= .
0 0--- 0
— ——
1 ng

Example 4.7. Let B3 be the generalized Bott tower of height 3 in Example 4.5.
The associated flag Bott manifold F3 to Bj is determined by the following integer
matrices:

2900 [a2, 00
A® | % _ |41 € Mys(2),
! [0 00 0 00| M@
(a3, 00 al, 0
a0 0 a1 a3 0 1.2
A(13)=|:1 =|a}, 00| eMs@). A = 02 ol= a3, 0| € M3, (2).
[ 0 00 0 0
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For a generalized Bott tower B, and its associated flag Bott tower F,, we have
the following commutative diagram.

Q;,kl_lEm CITEZ CI(TEI
Pm J/ |Pm—| P2 ]/ | P1 ]/
Fp —"5Fpy ——— - 55— F

4-3) ! 1
J/‘Im J/le Em J/‘h E2 J/qUZid El
T / Tm—1 2 / ! /
By 2 By ——s ... 5 B —— T By

Indeed, the associated flag Bott tower F, can be constructed inductively as follows.
For each 1 < j < m, consider the following pull-back diagram.

qj-1
q;;lEj ]—> Ej

oo
Fi_ L) Bj_4
By flagifying each fiber of the above bundles, we obtain the associated pull back

diagram of flag bundles.
qj

/_\

Fj:=FU(q}_E)) —% FUE;) — P(E;) =B
lﬁj O l /
Fo — 2 B,

Then Fj; is the total space of ]-"E(q}“_]Ej), and gj := sj oq;_1. Here, the map
s;: FL(E;) — P(E;) sends each fiberwise full flag

Ve=(VigVaC--- T Vi, C(E))))

to the element V; in P((E;),) for p € B;_;.

5. Generic orbit closures in the associated flag Bott manifolds

For an m-stage generalized Bott manifold B,,, let F,, be its associated flag Bott
manifold with the effective canonical action of H defined in Section 3A. In this
section, we study the closure of a generic orbit of the torus H in the associate flag
Bott manifold F;, and its relation with B,, in Theorem 5.7. For this, we first review
combinatorics of permutohedral varieties.
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5A. Permutohedral varieties. The closure X, of a generic orbit in the flag variety
Fl(n + 1) with the effective action of (C*)" as in Example 3.2 is a toric variety
called the permutohedral variety; see for instance [Klyachko 1985; Huh 2014]. In
this subsection, we recall the fan ¥, C R" of the permutohedral variety. Note that
the fan X, is the normal fan of an n-dimensional permutohedron P, with particular
outward normal vectors. To be more precise, there is a bijection between the set
%, (1) of rays and nonempty proper subsets of [n + 1]:

() S5 (Ao CACIn+1]).

For a nonempty proper subset A of [n + 1], the corresponding ray p,4 is generated
by

e ifn+1¢A,

(5-1) Uy = xea .
— Y & otherwise,
xe[n+11\A
where {e1, ..., &,} is the standard basis vector of R". Hence there are ntl_9p many

rays in ¥,. The minimal generator in the intersection of a ray and the underlying
lattice is called the ray generator. We note that u, defined in (5-1) is the ray
generator of pg4.

The maximal cones are indexed by proper chains of n nonempty proper subsets
of [n + 1]. For a proper chain

(5-2) A0 CAICAC---CA, Cn+1]
of nonempty proper subsets, we have the corresponding maximal cone
COIle(MAl, UAyy ooy uAn).

Therefore the number of maximal cones is (n + 1)!.

Moreover we have a correspondence between the maximal cones in ¥, and the
elements of the symmetric group &,4. For a permutation w = (w(1) --- w(n+1))
in G,41, we associate a maximal cone in X, determined by the chain A, where

(5-3) Api={wn+2—k), ..., wn+1)} forl<k<n.

This description is sometimes much convenient to see the combinatorics of X,,.
For instance, two maximal cones corresponding to permutations v and w in &,
are adjacent if and only if there exists i € [n] such that v = w - s;, where s; is the
transposition (i,i + 1) € G, 1.

Example 5.1. When n =2, Figure 2, left, represents ray generators in X,. Consider
a permutation (231) € G3. Then the corresponding chain A, defined in (5-3) is

Ao S} C {13} ¢ (1,2,3).
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u{2}282 . +8 {2}§{1,2}
u =
{1.2} 1T e2 {21c{2,3} A B12) 321)
1 e
Up3y = —¢1 Uy =¢1 4 >
31 € {2,3} 231)
(123)
QI13)¥ (1) C{1,3)
upy = —&1—& ug 3 = —& G131
Ray generators in X;. Maximal cones in X;.

Figure 2. Fan X,.

Hence the permutation (231) defines a maximal cone Cone(u {1y, u1 3)). As permu-
tations (231) and (321) satisfy the relation (231) = (321) - 51, two maximal cones
Cone(uqyy, uq1,3)) and Cone(uyy, uq1,2y) are adjacent. Figure 2, right, describes the
maximal cones in Xj.

Remark 5.2. Let X/ C R” be the fan of complex projective space CP" whose ray
generators Uy, ..., U, are given by

Ek 1f1§k§n,
u, =
“Tleey—-—¢, ifk=n+1.

Then the set of cones in X can be identified with the set of nonempty proper
subsets of [1 + 1]. To be more precise, for any dimension d cone 7 in X, we have
a subset {i1, ..., iz} C [n+ 1] such that

T =Cone(u;,, ..., u;,).

It is well known that the fan ¥, C R” of the permutohedral variety can be obtained
from X/, by star subdivisions of all cones of dimension grater than 0 in the decreasing
order of the dimensions of the cones (see [Procesi 1990]). Hence, the set of rays in
the fan X, corresponds bijectively to the set of all cones of dimension grater than O
inx.

S5B. The main result on generic orbit closures in F,,. Consider the canonical
effective H-action on F,, defined in Section 3A. In order to consider the closure of
a generic H-orbit in F,,, we first define a generic element in F,,. Let g = (g;;) be
an element in GL(n 4 1). For an ordered sequence 1 <ij <ip <---<iy <n-+1,
we consider the Pliicker coordinate

Xiy,..ix (8) == det((&i,,p)1<p=)-
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Definition 5.3. We call an element g € GL(n + 1) generic if X;, . ; (g) is nonzero
for any k € [n + 1] and ordered sequence 1 <i| <ir <---<ipy <n-+1. Wecall a
point [gy, ..., gnl in F, is generic if g; € GL(n; + 1) is generic for j =1, ..., m.

For example, g = [} 9] is not a generic element since X»(g) =0. But g =[19]

is generic. The above definition of generic elements can be found in [Flaschka and
Haine 1991; Klyachko 1995; Dabrowski 1996]. It is not difficult to show that the
genericity of a point [gy, ..., gx] in F,, does not depend on the representative of a
point.

A generic orbit in F,, is the H-orbit of a generic point. In Theorem 5.7 we give
a relation between a generalized Bott manifold B,, and the closure of a generic orbit
of H in its associated flag Bott manifold F;,, which extends the relation between
CP", as an 1-stage generalized Bott manifold, and the n-dimensional permutohedral
variety (see Remark 5.2).

Theorem 5.4. Let B,, be an m-stage generalized Bott manifold determined by an
integer matrix A as in (4-1) and let F,,, be the associated m-stage flag Bott manifold.
Then the closure of a generic orbit of H in the associated flag Bott manifold F,, is
a nonsingular projective toric variety whose fan X is given as follows:

(1) The rays are parametrized by the set
{6, A CAC[ng+1], I <L =m}.
For (£, A) the corresponding ray is generated by the vector

{ erA Sﬁ,x lf‘ng + 1 ¢ A7

¢

u = . .
A m n; J . .

D vl 1A Ebx T2 71 D gy Gy oEjk  Otherwise,

where {¢j i} is the standard basis of the Lie algebra of the compact torus T C H
whose dual is the standard basis {sjf’ ) of Lie(T)*.

(2) The maximal cones are indexed by the sequences of proper chains of subsets
{Al. A AI=(9CATC AT G- C AL Clne+ 1), 1<t <m].

For (A, ..., A™), the corresponding maximal cone is defined to be

m
¢ ¢
Cone(U{uA{, ey ”Aﬁé})‘
(=1

The proof of Theorem 5.4 needs a series of lemmas, and will be given in the
next subsection. The following corollary will play an important role in the proof of
Theorem 5.7.
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Corollary 5.5. For each 1 <{ <m and a nonempty proper subset & C A C [ng+1],
we have the following relation:

(5-4) uhy =Yl
xeA

Furthermore, for x € [ng+1], the ray generator ufx} coincides with the ray generator
u’ in the fan X' of the generalized Bott manifold B,y

Proof. First we notice that uf | = Eox = u if x # ny+ 1. Hence we get the
equality (5-4) when ny; 41 ¢ A. On the other hand, we have that

u{"m - Z Eext Z Zak e8ik _uﬂeH

x€lng] j=t+1 k=1
When ny + 1 € A, we get that

Zu{x} u{n/erl + Z ufx}

xeA xeA\{n¢+1}

nj
J
—- Yot Y Yt Y e

x€[ny] j=t+1 k=1 xeA\{n,+1}

m nj
== 2 et ) D ausi
xelne+1N\A j=t+1 k=1
Example 5.6. Let B3 be a generalized Bott tower of height 3 as in Example 4.7
whose matrix A is given by

[—1 0 o0
-1 0 O
2
A= aé’l —31 0
a13’1 a13y2 —1
| 921 42 -1

Let F3 be the associated flag Bott manifold, and let X be the closure of a generic
orbit of the torus (C*)°. Then the fan ¥ of X has 14 rays. Consider the ray
generator u{13}. Then by Theorem 5.4, the vector u{13} is

3 n

J 2 3 3
Z —&1x T Z Z aj 1€,k = —€1,1 — €12+ aj (82,1 +ay 1€3,1 +a; 1632,
xe[3\(3} J=2 k=1

where {e1.1, €12, €2.1, €31, €3,2} 1S the standard basis of the Lie algebra of the
compact torus contained in (C*)°. With this standard basis, we have the following
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ray generators:

ufy =(1,0,0,0,0),  up =(0,1,0,0,0), ufy = (—1,-l.aj.aj,.a3 ).
ulio=(1,1,0,0,0), ufjy=(0,-1.a{,.a},.a3)), upz=(—100ai,.4a},.a3,),
M{21} = (01 Os 17070)7 u{22} = (0301 _lsai27a;2)s
ufy =(0,0,0,1,0),  up; =(0,0,0,0,1), upy = (0,0,0,—1,—1),
ufy 2 =1(0,0,0,1,1), uj, 3 =1(0,0,0,0,—1), Ul 3 =(0,0,0,—1,0).
For a subset {1, 3} C [3], the ray generator u{11’3} is (0, —1, ail, ail, a;’l). Also,
we have the following:

uli3=1,0,0,0,0)+ (=1, —1.a7 . aj ;.a3 ) = uly, +ujs.

For a fan X and a cone 7 € X, we recall from [Cox et al. 2011, Definition 3.3.17]
the definition of star subdivision ¥*(t) of ¥ along t. Let u; =) per(l) Ups where
u, is the ray generator of a ray p. For each cone o € ¥ containing 7, set

T} (r) = {Cone(A) | A C{u;}Ua (1), t(1) € A}.
Then the star subdivision ¥*(t) is defined to be
) ={oeZ|tgolul ] i)
1Co

Hence the fan X*(7) has one more ray generated by the vector u.
Corollary 5.5 says that the set of ray generators

m

U{ufx} | x € [ng+11}

=1
can produce all other ray generators of the fan X, which yields the following
property.

Theorem 5.7. Let B, be the m-stage generalized Bott manifold determined by the
integer matrix A as in (4-1), and let X’ be the fan of B,,. Let F,, be the associated
m-stage flag Bott manifold to B,,. Then the fan % of the closure X of a generic
orbit of the canonical H-action in the associated flag Bott manifold F,, is the star
subdivisions of ¥’ along the following cones

{Cone({ul |xeA}) |2 CAC I +1],1<t<m}CX
in the increasing order of 1 < £ < m and in the decreasing order of |A|.

Example 5.8. Let B3 and F3 be generalized Bott manifold and its associated flag
Bott manifold given in Example 5.6. To obtain the fan ¥ of the closure X of a
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generic torus orbit in F3 from the fan X’ of B3, we consider the star subdivisions
of X’ along the following cones in the listed order:

{Cone({uy | x € A}) | @ C A C [3],|A| =2}
= {Cone(u}, ul), Cone(uj, u}), Cone(uj, u%)},
{Cone({uy | x € A}) | @ C A C [3], |A| = 1} = {Cone(u}), Cone(uy), Cone(u})},
{Cone({u? | x € A}) | @ C A C[2],]A| =1} = {Cone(u}), Cone(u3)},
{Cone({u} |x € A} | @ C AC[3],|A| =2}
= {Cone(u?, u%), Cone(u?, u%), Cone(u%, u%)},
{Cone({u} | x € A}) | @ C A C[3],]A| =1} = {Cone(u}), Cone(u3), Cone(u3)}.
To give a proof of Theorem 5.7, we first review the following classical result about

a toric variety fibration over a toric variety. We refer to [Oda 1978, Proposition 7.3],
as well as [Cox et al. 2011, Chapter 3.3; Ewald 1996, Chapter V1.6].

Proposition 5.9. Let ¥ and X' be complete fans in Ng := N ®z R and Ny, =
N’ ®z R for some lattices N and N’ respectively, which are compatible with a
surjective Z-linear map ¢ : N — N'. Let X" be a subfan of ¥ consisting of the
cones {0 € ¥ | o C kerpr} and Xs the corresponding toric variety. Then, the
toric morphism ¢ : Xs — Xy induced from ¢ is an equivariant fiber bundle with
fiber Xy if and only if

(1) there exists a lifting & € T of &' such that ¢r : Ng — Ny maps 6 € 5

bijectively to a cone o’ € X',

(2) X consists of cones {G +o" |5 € %, 0" € T"}.

The fan X determined by the condition of Proposition 5.9 is called the join of
3 and X" and denoted by X = ¥ « X”. We refer to [Ewald 1996, Chapters III.1
and VI.6]. We need one more result to give a proof of Theorem 5.7.

Lemma 5.10. Let X and ¥, be fans such that X1(1) N X2 (1) = &. Suppose that
T € Xy. Then
TI(T) e X = (B¢ 22)* (7).

Here we denote the cone T + {0} in X1« ¥ by t.

Proof. For a cone T € X1, we have that

S eT=({o e[t Lo}e ) U [ (T (1)),
;1%02.'1

(Z1e ) @+ {0) ={o1+0omeTi+ |t +{0} £ 01 + 02}

U U  ®1e3)} 0,0+ (0.
t+{0}Coi1+o2
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We note that by the definition of join of fans, we get
{foreX |t g01}022= {O'1+(72€ 214+ | t+{0} 51014-0'2}.
Moreover, we have

U Giemi@+ioh= [ U @ieDi 0@ +10h.

T+{0}Co1+02 fgg:l 0EX)
o1€EX]

Therefore to prove the lemma, it is enough to show that for any o € ¥ satisfying
T C 01, the following equality holds:

(5-5) 05 @S2 = (| (T1050)} 10, (T +{OD).

0EXY
We note that for o, € X»,

(5-6) (Z12%2)5, 40, (T +{0}) = {Cone(B) | B C {u:}Uoi1 (1) Uoa(1), t(1) € B},

Suppose that A € {u.} Uoq(1) satisfying (1) §Z A. Then for a cone 0, € X,
Cone(A)+o073 is an element in (El)j;l (t)eX,. Since Cone(A)+o0, =Cone(AUo, (1))
and (1) Q AUo,(1), the cone Cone(A)+o07 is an element in (X4 oEg)j‘,] +o, (TH{0})
by (5-6).

Now, we consider Cone(B) in (X ¢ 22)§1+02(r + {0}) for some o, € X». We set
A:=BN{u;}Uo(1)) and B := BNo,(1). Since B C {u;}Uoc;(1)Uo>(1), we have
Cone(B) =Cone(A)+Cone(B’). Moreover, Cone(A) € (¥1);, (t), and Cone(B’) €
3, since Cone(B’) is a face of the cone Cone(B). Hence the equality (5-5) holds,

and we have proven the lemma. (]
Proof of Theorem 5.7. By Proposition 5.9, there exist liftings f];”, ce f],;m_l of the
fans 3 ..., %,  of complex projective spaces such that

IS SRS SIS

n Ny
More precisely, the lifting i;[ C R” consists of the cones

Cone(u!, ..., ﬁﬁz, cee uﬁﬁl)
and their faces. On the other hand, the fan X of the closure of a generic orbit in the
associated flag Bott manifold also can be written by

T=%,0 0%, 3

T

where f]m is a lifting of the fan X,, of the permutohedral variety whose maximal

cones are given by

¢ ¢
Cone(uAf,...,uAgl)

for a proper chain @ C Af C---C Aﬁ/Z C [n¢ + 1] of subsets.

=
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By Lemma 5.10, the operations join and star subdivision commute each other.
Hence it is enough to show that the star subdivisions of the fan f];l , along the cones
{Cone({uﬁ |x e A} | @ %A Cne+ 1]} in the decreasing order of dimensions of
cones agrees with the fan ¥,,,. We note that the fan 3, of the permutohedral variety
can be obtained by star subdivisions of all the cones of dimension grater than 0 of
the fan X of CP”" in the decreasing order of dimensions of cones (see Remark 5.2).
Moreover, for 1 <£ <m and any nonempty proper subset & C {x1, ..., x4} T [ne+1],
the following equalities hold by Corollary 5.5:

d

d
4
Wixy,.xg) = Z

Therefore the fan ini is obtained from Enl by star subdividing along the cones
{Cone({ut | x € A}) | @ C A C [ne+1]} in the given order, so the result follows. [J

Remark 5.11. In this paper, we concentrate on the closure of a generic torus orbit
in the associated flag Bott manifold. Since the matrices for the associated flag Bott
manifolds can have nonzero entries only on the first column, there are flag Bott
manifolds which are not the associated flag Bott manifolds. The second and the
fourth authors compute the fan of the closure of a generic torus orbit in any flag
Bott manifold in [Lee and Suh 2019].

Remark 5.12. There are several studies on the closures of nongeneric torus orbits.
For instance, Gelfand and Serganova [1987] studied torus orbit closures in homoge-
neous manifolds G/ P in terms of matroids, and, recently, Lee and Masuda [2020]
and Lee et al. [2019] study torus orbit closures associated to Schubert varieties and
Richardson varieties, respectively.

SC. Proof of Theorem 5.4. For an m-stage flag Bott manifold F;,, consider the
effective canonical H-action. Each fiber of a bundle F; — F;_; has the restricted
(C*)" -action, and its orbit closure of a generic point is the permutohedral vari-
ety Xp;. Therefore the closure of a generic orbit of the torus H in F, has the
structure of iterated permutohedral variety bundles. Hence, the following lemma is
straightforward from the successive application of Proposition 5.9.

Lemma 5.13. Let F,, be the associated m-stage flag Bott manifold and X the

closure of a generic orbit of the torus H in F,,,. Let Y, , ..., X, be fans of permuto-
hedral varieties Xy, . .., Xpn,,, respectively. Then, there are liftings ¥, ..., X, _,
such that

Y= 2:nl e z:nm—l ° Enm'

It remains to compute the primitive generators of rays in . In general, a toric
variety can be regarded as a GKM manifold with respect to the action of compact
torus in the algebraic torus.
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Remark 5.14. Two combinatorial objects, a smooth complete fan ¥ and a GKM
graph (I', @), of a toric variety are related by associating maximal cones in X with
vertices of I', and cones of codimension 1 in ¥ with edges of I'. In particular, if X
is an n-dimensional smooth fan, then an n-dimensional cone o has n facets, say
71, ..., Ty, Which correspond to the outgoing edges, say ey, ..., e,, in [ from the
vertex corresponding to o. Let p be a 1-dimensional cone in X, then (n — 1) many
facets of o contains p except one facet.

Regarding X be a fan in Lie(7'), the next Lemma 5.15 shows the relation between
the ray generators of rays in X and the axial function & : E(T") — t}.

Lemma 5.15 [Buchstaber and Panov 2015, Proposition 7.3.18]. Let ey, ..., e, and
p be as in Remark 5.14, and u, the ray generator of p. Then the following system
of equations holds:

1 ifi=1,
5-7 i), =
(5-7) (a(ei), up) {0 if2<i<n.
In particular, given a(ey), . .., a(e,), the vector u, is uniquely determined.

Lemma 5.15 says that the tangential representation at a fixed point determines the
ray generator u,, of a 1-dimensional cone p contained in the a maximal dimensional
cone o corresponding to the given fixed point. The next lemma shows that u,
obtained in (5-7) is independent from the choice of a maximal dimensional cone
containing p.

Lemma 5.16. The primitive generator u,, of an 1-dimensional cone p obtained from
(5-7) is well-defined, i.e., it is independent of the choice of a maximal dimensional
cone o containing p.

Proof. Suppose that o and o’ are two maximal cones containing p, whose facets are
{t; |1 <i <n}and{t/ |1 <i <n}, respectively. Here, we may assume that o and
o’ are adjacent, i.e., o0 and o’ meet at a common facet, say 7, = 7,, otherwise we
choose a path of maximal cones connecting o and o’, and apply the same argument.

By the correspondence between cones in a smooth complete fan and a GKM
graph mentioned in Remark 5.14, we set up the following notation:

(1) 71 and 7{: facets of o and o’ which do not contain p, respectively;
(2) e; and e}: edges in I' corresponding to 7; and 7], respectively.

We refer to Figure 3 for a 3-dimensional example.
Now, it is enough to show that u, satisfies the following relations:

1 ifi=1,
0 if2<i<n.

(5-8) ((e). u,) = {
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Figure 3. A 3-dimensional fan and corresponding GKM graph.

For the given GKM graph (I', ) and the connection 6 = {6, | e € E(I")}, consider

O, :fe1, ..., en} —> €], ... €}

Since the closure O (p) of the orbit O(p) is a toric subvariety of Xy, the subgraph
by taking vertices corresponding to maximal cones containing p is indeed a GKM-
subgraph, whose connection is inherited from the original one 6. Therefore 6,,
maps {ey, ..., e,} bijectively to {¢), ..., e, }. Hence we have that 6,, (e) = ¢}. For
convenience, we assume that 6,, (e;) = eﬁ fori=1,...,n.

For 1 <i <n, we have the relation

ale;) = a(e) +ciale,),
for some ¢; € Z. Hence (5-7) becomes

1 ifi=1,
0 if2<i<n,

<05(e,/') —ciale,), u,) = {

which turn out to be the relations (5-8), because (x(e,), u,) = 0. Hence the result
follows. g

Now we give a proof of Theorem 5.4. By Lemma 5.13, we know that the
combinatorial structure of the fan ¥ is given as in Theorem 5.4(2). Now it is
enough to show that the ray generators are given as in Theorem 5.4(1).

For a given 1 < ¢ <m and a nonempty proper subset A of [n, + 1], consider a
ray p‘(A) of X. To compute the ray generator of p¢(A), it is enough to consider
only one maximal cone containing p(A) because of Lemma 5.16.

We note that there is one-to-one correspondence between the set of maximal cones
in & and ]_[7’:1 &y, 11 as in (5-3). More precisely, for (vi, ..., vn) € ]_['}1:1 Syt
we define

(59 A, ={vme+2=p).... v+ D) forl<p<ng I<t<m.
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Moreover, for a given maximal cone indexed by (vy, ..., vy), the adjacent maximal

cones O’ij are determined by permutations

(5-10) (V1 oo s V1, V) - Si, Vjg s oo vy U)
forl <i<mjand1<j=<m.
From now on, set
A={x1 <xp < - <xp41-q4} and [ng+1]\A={y1 <y2<---<ya}.

Define a permutation vy 4 to be

(5-11) Ve A= (V1 Y2 Ya X1 X2+ Xpyt1—d) € Sppy1.

Also define v := (vy,...,Vp, ..., Up) € ]_['j’-’:] Gp+1 by setting vy = vg 4 and
vj = e € Gy;41 for j # £. Then using (5-9), the maximal cone o, indexed by
v contains the ray ,of\. We note that among adjacent maximal cones indexed by
permutations in (5-10), the maximal cone af is the unique maximal cone which
does not contain the ray pﬁ, because

Ve Sa =veald, d+1)= (1 -+ Ya—1 X1 Ya X2+ Xpy+1—d)-
Because of Lemmas 5.15 and 5.16, it is enough to show that the vector

u® _{erAgﬁ,x ifneg+1¢A,
A m nj i o .
er[nﬁ-l]\A —&¢xt Zj:e+1 ket a; ,€jk  otherwise

in Theorem 5.4 satisfies the following equations:

1 ifj=¢andi=d,
0 otherwise,

(e, ul) = {

where eij is an edge of the GKM graph I of X corresponding to the facet o, N al.j
of the maximal cone oy, and « is the axial function « : E(I') — 5.
To prove the claim, we separate cases as j < £, j =¥, and j > £.

Case 1: j < £. By Theorem 3.12, the axial functions of the edge a(el.j ) is a linear
combination of & |, ..., &}, ..., €], ..., €], . On the other hand, since ulisa
linear combination of €1, ..., €.nys - s Em.1s - - - » Em.m, and j < £, their pairings

always vanish.

Case 2: j ={. By Theorem 3.12, the axial functions of the edge oz(ef) is a linear
combination of sfl, - 8’1“’,”, el ezl, e SZn(‘ More precisely, we have that

a(el) = (80,0, +1)" — (8,0, 4))" + other terms,

where “other terms” are the terms of s; « for p < £ and vy 4 is a permutation
defined in (5-11). Since the vector ug is a linear combination of €¢,1, ..., €¢,ny5 - - -
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Em,1s -+ Emn,> We have

(5-12) (@€, u') = (e vpai+1)" = Evai)s ub).

Because of the definition of the permutation v, 4, we have that vy 4 (i) € A if and

only if i > d 4+ 1. Therefore for the case when n, + 1 ¢ A, we have that the

value ((e¢,v, ,))" uf\) equals 0 if i <d, and 1 otherwise. Also for the case when

ng+1¢€ A, we get that the pairing ((&¢,, ,1))", ug) is —1 if i <d and 0 otherwise.
By applying (5-12) for n, +1 ¢ A, we have

0—0=0 forl<i<d,
(@), ul)y=11-0=1 fori=d,
1—-1=0 ford <i <ny.

Similarly, when ny 4+ 1 € A, we get

—1—(=1)=0 forl<i<d,
(@), u)y=10—(-)=1 fori=d,
0-0=0 ford <i <ny.

Case 3: j > £. The matrix Xj.e) in Proposition 3.5 is

X = Y BAB A - (B A) B+ BjA] By

l<iyj<--<ip<j

Since v; = e for j # £, the matrix X((Zj ) can be written as

() (D A6 4G 4G
X/:( > AjAlj]---AL,”+A/>B

(<ij<-<ir<j

By Definition 4.6, the matrix Agj ) has nonzero entries only on the first column. The
matrix By is the row permutation matrix corresponding to vy, 4, so that By is the
column permutation matrix corresponding to v, A Hence by multiplying the matrix
By on the right, the matrix X, (/) has nonzero entries only on the y;-th column.

Subcase 1: ng+1¢ A. Since the matrix X, () has nonzero entries only on the y;-th
column, we have that (a(e ), u A) 0 for all j>L.

Subcase 2: ny+1 € A. For a pair (p, j) such that £ < p < j < m, the matrix Xéj)
has nonzero entries only on the first column. For simplicity, for £ < p < j, denote
the (i, 1)-entry of X () by x(J ) Similarly, denote the (i, y;)-entry of X, o by x, xV ).
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Then we have
J 14
(a(e;), uy)

j—1
=<(x§{2+1—xéf,’)<se,y.>*+ Y el = x D) + (i) (ej,l->*,uf;>
p={+1

= () =2 ny)™ —(Eey + -+ eey)

Jj—1 np
+< Z (x1(71,3+1 (I))(gp 1) +(811+1> (gj,i)*, Z Zak €p, k>

j—1

_ @)) ) @)) (J) J

= (Do —xh+ D7 @l —xh@l )+ @l —al ).
p=C+1

To show the above pairing vanishes, it is enough to show that

xé’l) = Z x(])al [+al , foralli,

p=t+1
which comes from the definition of X/EJ ).
() p—1 _ () 4 Gr) (i1) )
X7'B, = Z ATAT AT A

b<ij<-<ip<j

— Xﬁ‘j—)lAl(ij_l) +---+X(j) Aéf-‘rZ) +X(J') Ag-‘rl) +A1(Zj)

{+2 {+1
j—1
() AP ()
> xPaP 4.
p=C+1

Hence we have (a(elj), u‘i) =0 forall j > ¢.
Now we prove the smoothness. Since the permutohedral variety X, is nonsingular

(see [Dabrowski 1996, Corollary of Theorem 3.3]), for a proper chain & C A; C
- C A, € [n+ 1] of nonempty proper subsets of [n 4 1], we have that

(5-13) detliun, tta, - ua ] =1,

To show that a generic torus orbit closure is smooth, it is enough to show that
every maximal cone in X is smooth. For a maximal cone indexed by (A.l, o, A,
consider the matrix whose column vectors are the corresponding ray generators:

1 ul
(5‘14) [MA} A Al A I/lr/r‘lm A uAm ].

ny 1 nm

Then the matrix (5-14) is a block lower triangular matrix whose sizes of blocks are
ni,...,n,. Moreover, the determinant of the matrix in (5-14) is

det([uA: uAyltl])-det([uA% uAﬁz])"'det([uA?" s Upm ])=:|:1

nm
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by (5-13). Here {u Als oo U Aﬁe} is the set of ray generators of the maximal cone
in the fan of X,,, indexed by the proper chain @ C Af C.--C Af“Z C [n¢ + 1] for
1 < ¢ < m. This proves that the closure of a generic torus orbit in the associated
flag Bott manifold is smooth.
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PROJECTIVE CASES FOR THE RESTRICTION
OF THE OSCILLATOR REPRESENTATION
TO DUAL PAIRS OF TYPE I

SABINE J. LANG

For all the irreducible dual pairs of type I (G, G’), we analyze the restriction
of the oscillator representation as a (g’, K’)-module, when G’ is the smaller
group. For all (G, G’) in the stable range, as well as one more case, the mod-
ules obtained are projective. We use the duality correspondence introduced
by Howe to analyze these restrictions.

1. Introduction

A classical problem in representation theory is the understanding of the restriction
of a representation IT of a group G to one of its subgroups H. This work focuses
on (g, K)-modules, as defined by Harish-Chandra. In that setting, if IT is a (g, K)-
module, it is useful to analyze Hom, pnk)(I1, ), where 7 is an (h, HNK)-module.
For this purpose, one may use the derived functors: calculating Ext?b’ ng) I, ) 18
not necessarily easier than Hom, g (I1, 7r), but their Euler characteristic might
be. This difficult part becomes much simpler when the restriction of IT is a projective
(h, H N K)-module. In this case, Ext’("h’HﬁK)(l'I, mr) vanishes for every n > 0. It
motivates this paper: the projectivity of a representation is an extremely powerful
property. The link between Euler characteristic and projectivity is emphasized in
[Adams et al. 2017], among others.

We focus on dual pairs, an approach introduced in the framework of the duality
correspondence for the oscillator representation. A dual pair is a pair (G, G')
of subgroups of a symplectic group Sp(V), such that G is the centralizer of G’
in Sp(V), and vice versa. This work focuses on dual pairs of type I and uses the
Fock model of the oscillator representation, . We prove:

Theorem. Let G’ be the smaller member of a dual pair (G, G') in a symplectic
group Sp(V). Then the restriction of the Fock model of the oscillator representation
w of SNp(V) to G’ is a projective (¢, K')-module under the condition (), as listed in
Theorem 6.1. This condition includes the stable range but is slightly less restrictive.

MSC2010: primary 11F27; secondary 22E50.
Keywords: dual pairs, oscillator representation, theta correspondence, duality correspondence.
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It might seem unusual to focus on only one representation of one group. Due
to the importance of the oscillator representation, this is however not surprising.
This representation appears as (Segal-Shale)-Weil representation [Segal 1963;
Shale 1962; Weil 1964] or metaplectic representation, among many other names.
The theory of duality correspondence (or Theta correspondence) describes the
representations that appear in the decomposition of the oscillator representation
after restriction to a dual pair; see [Howe 1989] or [Kashiwara and Vergne 1978] for
more details. The duality correspondence is one of the major tools used in this work.

2. Generalities

Let G be a Lie group with complexified Lie algebra g, and let K be a maximal
compact subgroup in G, or its two-fold cover (as needed). We denote by ¢ the com-
plexified Lie algebra of K, and we choose a Cartan subalgebra t of g contained in €.

Highest weight modules. We have the Cartan decomposition g =£+p. We let A be
the set of roots of g with respect to t. Let b is a Borel subalgebra for £ containing ¢,
and b be a Borel subalgebra for g containing b;. We denote the set of positive roots
by AT, and write A, for the compact roots, which are the roots coming from &.
The set of noncompact roots is defined as A, = A — A.. By intersecting A", we
can define the positive compact roots A and the positive noncompact roots A’

We define p as the irreducible £-module spanned by A, and p_ as the irre-
ducible €-module spanned by A;". This gives a decomposition of p as p +p_. We
then write g = q4 = €4 p4 and q_ =4 p_. By definition of p; and p_, q+ and
q— are subalgebras of g.

Finally, we write ${(g) for the universal enveloping algebra of g. For a weight A
of g, F is the irreducible £-module with highest weight A, and E; is the irreducible
g-module with highest weight A, with respect to the Borel subalgebras chosen above.
We use N () to denote the generalized Verma module 4(g) ®(q,) Fi, which is a
${(g)-module.

Irreducibility criterion. For any o € A and A € t*, we write (1), =2(, o) /{a, @).
The half sum of the positive roots is written p, and we use s, for the reflection
through the hyperplane determined by the root . The following result about the ir-
reducibility of N ()) appears in [Enright et al. 1983, Corollary 6.3 and Theorem 6.4],
and the first part is originally due to Jantzen.

Proposition 2.1. Assume that for any o« € A} with (A + p)y € Z~o, thereis y € A,
with (A + p), = 0 and s,(y) € A.. Then N(1) = (g) ®sq) Fo is irreducible.
Moreover, if g is of type A,, it is both a necessary and sufficient condition.

(g, K)-modules. To stay in an algebraic setting, this work takes place in the cate-
gory of (g, K)-modules, defined below. It allows us to us K to denote a maximal
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compact subgroup in G or its two-fold cover, as this distinction does not affect
(g, K)-modules.

Definition. A (g, K)-module is a complex vector space V with an action of g and
an action of K such that
(1) forallve V,ke K, X € g, we have k- (X -v) = (Ad(k)X) - (k - v);

(2) V is K-finite, i.e., for every v € V, the space generated by K - v is a finite-
dimensional vector space;

3) forallv e V,Y € ¢, we have <% exp(tY) - v)

We recall the Frobenius reciprocity, together with one important corollary.

=Y. v

t=0

Proposition 2.2 (Frobenius reciprocity). Let A, B be two rings with A C B. Let
M be an A-module and N be a B-module. We have a vector space isomorphism
Homg (B ®4 M, N) = Homu (M, N).

Corollary 2.3. Let Q be an A-module, and let P = B ®4 Q. If Q is a projective
A-module, then P is a projective B-module.

As a consequence, we get the following result for (g, K)-modules:

Proposition 2.4. Let V be a (¢, K)-module. Then $(g) ®yw) V is a projective
(g, K)-module.

Proof. By K-finiteness, every (£, K)-module is projective as a (£, K )-module. Now
the result is a direct application of Corollary 2.3 restricted to (g, K)-modules. [

Oscillator representation. We are interested in a particular representation @ of
the metaplectic group S~p(2N , R), a double cover of the symplectic group. This
representation, called oscillator representation, was first introduced in [Segal 1963;
Shale 1962], followed by [Weil 1964]. Several constructions and different models
for the oscillator representation appear in [Li 2000; Adams 2007].

For a subgroup G of Sp(2N, [R{) we denote by G its preimage in Sp(2N R).
We are only interested in algebraic G-modules; hence we consider the category of
(g, K)-modules, for K a maximal compact subgroup of G, or its two-fold cover.
Therefore, we work with the Harish-Chandra module of the oscillator representation,
a realization of @ as an (sp(2N, C), U (N))-module. We still call it the oscillator
representation but denote it by w.

Since most of this work is done on the Lie algebra level, double covers do not play
an important role. It is therefore enough to analyze subgroups G,G'i ina symplectic
group, and it is not necessary to focus on their preimage G,G in Sp(2N R).



396 SABINE J. LANG

Reductive dual pairs. To decompose the oscillator representation restricted to a
subgroup, we use dual pairs, following Howe’s approach.

Definition. A pair (G, G’) of subgroups in a symplectic group Sp(2N, R) is a
reductive dual pair if

(1) G and G’ act reductively on R2N,
(2) G and G’ are centralizers of each other inside Sp2N, R).
Moreover, if G is compact, we say that (G, G') is a compact dual pair.

We assume that G’ is the smaller member of the pair so that the duality corre-
spondence holds. We also consider two dual pairs with a particular relation, as
introduced in [Kudla 1984]:

Definition. Two dual pairs (G, G') and (H, H') form a seesaw dual pair if we
have the inclusions H C G and G’ C H'. We denote it by ((G, G'), (H, H')).

Irreducible dual pairs, i.e., pairs that cannot be decomposed as a direct sum
of two dual pairs, are classified in two types. Following [Howe 1989], each pair
corresponds to either a division algebra (type II) or a division algebra with an
involution (type I). We focus on pairs of type I, which come in four different types:

(1) (O(p, q),Sp(2n, R)), corresponding to R with the identity map,
2) (O(p, ), Sp(2n, C)), corresponding to C with the identity map,
3) WU, s),U(p,q)), corresponding to C with the conjugation map,
@) (Sp(p, q), O*(2n)), corresponding to H with the conjugation map.

This corresponds to seven different cases, depending which group of the pair is the
smallest (except for (3), which is symmetric).

Duality correspondence. For a dual pair (G, G) with G compact, we decompose
the oscillator representation w of Sp(2N, R) under the action of G. We obtain

w= @0 (Homg (0, w) ® o),

summing over all the irreducible representations o of G. Indeed, if T € Homg (o, w)
and v € o, then T (v) € w and we have a map Homg (0, w) X0 — w, (T, v) — T (v).
This map extends to Homg (0, w) 0 — w, which is injective when o is irreducible.
Since G is compact, @ is completely reducible, and w = @, (Homg (0, ) ® o).
The duality correspondence gives an explicit description of 6(c). By compact-
ness of G, O(o) is a highest weight module, and we denote its highest weight
by t. We write E; for the irreducible g’-module with highest weight t. Note
that 7 is also a dominant weight for £, so 7 is also the highest weight of a finite
dimensional representation of ¢. We use F; for the irreducible ¥-module with
highest weight 7. We list now the duality correspondence for the pairs of type 1.
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The explicit correspondence, originally due to Kashiwara and Vergne [1978], will
be introduced in Section 4 when used.

3. Setup and method

This section defines the notation, for G, G’ subgroups of a large symplectic group:

G, G’ are real Lie groups, with complexified Lie algebras g, g’, forming a dual
pair (G, G’) with G’ the smaller member;

K, K’ are maximal compact subgroups of G, G’ (or their two-fold covers),
respectively, with complexified Lie algebras £, ', and Cartan decomposition
g =¥+ forg’;

M’ is the centralizer of K, so that ((K, M), (G, G")) is a seesaw dual pair,
with complexified Lie algebra m’;

J' is a maximal compact subgroup of M’ (or its two-fold cover) with complex-
ified Lie algebra j’, and Cartan decomposition m’ =j' 4+ p" =j' +p/ +p’;

t’ is a Cartan subalgebra of both m’ and j';

q =q =j"+p’ and q_ =j' +p’_ are two parabolic subalgebras of m'.

To understand the restriction of @ to G’, we encounter two different cases.

ey

(@)

M’ % G’ x G': We let K act to get a decomposition w =P, (0 ® E-), for o
an irreducible representation of K and E; an irreducible representation of M’
with highest weight 7. We compute a condition () so that N (t) is irreducible,
which forces E; = N(7) = (m’) gy Fr, a projective (m’, J')-module. The
restriction from M’ to G’ is computed to get
~ /
0= (0 ® (W) Buq) (Felp))).

where each summand is a projective (g’, K')-module, under the condition ().
(K, M) = (K, G")® (K2, G') with K| and K, of the same type: This is the
case where K = K| x K», whichcanbe K = O (p) x O(g), K =Sp(p) xSp(q),
or K =U(r) x U(s). First, the action of K| x K, decomposes o = w1 ® w3,
with w; a highest weight module for K, w, a lowest weight module for K.
Each piece is decomposed as above. We compute a condition (x) so that w; is
a projective (g, K’)-module, and another condition (%) ensuring that j} is a

projective (g’, K’)-module as well. The tensor product is computed, so that
when both conditions (x) and (*x*) are met, we have

=0 @} = @U,a((" ®5) ® (U(g) Suee) (F; ® F7))),

and each summand is a projective (g’, K’)-module.
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Section 4 explores conditions so that N (7) is irreducible, for each compact dual
pair. Section 5 analyzes the restriction from M’ to G’ in the first case, and the
tensor product in the second case. Finally, the results are summarized in Section 6.
This work follows a strategy from [Howe 1983], using seesaw pairs to reduce the
problem to unitary highest weight modules. In that work, Howe gives a similar
result [1983, Theorem 5.2] but from an L? perspective.

4. Irreducibility of N(7)

For each compact dual pair, we give a condition on the respective sizes of the groups
so that the generalized Verma module N (7) is irreducible. The stable range case is
already known (see [Nishiyama et al. 2006], for example), but our results show that
this irreducibility holds in one more case. We also show that our bound cannot be
extended in a general case, by giving counterexamples.

Dual pair (K, M’') = (O(n, R), SpQ2p, R)). Since O(n, R) is a disconnected
group, we use the embedding

O(n,R)=U(n)NGL(#n, R).

Given a highest weight A of U (n) and a parameter € = %1, the representation of
O (n, R) with highest weight (X; €) is the irreducible summand of the representation
of U (n) with highest weight A containing the highest weight vector, tensored with
the sign representation of O (n, R) if e = —1.

The group M" =Sp(2p, R) has a maximal compact subgroup J'=U (p). We have
a correspondence between the highest weight o for O (n, R) and the highest weight
7 for sp(2p, C), which appears in [Kashiwara and Vergne 1978, Theorems 6.9
and 7.2, part II]. The correspondence is given by

o=(ay,...,a;,0,...,0;¢€) L (1—e =2k

1 T L [ P
- 2""7 2’ 2 LRI ] 2 ’ k 2"“’ 1 2 ’

where o defines an irreducible highest weight O (n, R)-module and 7 defines an
irreducible highest weight sp(2p, C)-module. All such weights occur, with the
constraints k < [%] and k + %(1 —€)(n —2k) < p. Since we start with a highest
weight o for O (n, R), we also have a; > --- > a; > 0.

The root system occurring here is given by

. A+:{e,-—ej|1§i<j§p}U{ei+ej|1§i<j§p}U{2€i|1§i§p},
e Af=fei+ej|1<i<j<plU{2¢]|1=<i<p},
e p=(p,...,p+1—i,...,1), where p+1 —i is the i-th coordinate.
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Case € = 1. The products between t 4 p and a noncompact positive root are

p+1—i—2 if1<i<p—k,
2
(T+:0)2e,- = 9 n
p+1_i_§_ap+l—i if p—k<i<p,
2p+2—i—j—n ifl1<i,j<p—k,
(T+p)e,'+e,-= 2p+2—i—j—n—ap+1,j ifl<i<p—-k<j<p,
2p+2—i—j—n—apri—i—app—; if p—k<i,j<p.

If we take n > 2p, all these products are nonpositive, and by Proposition 2.1
N(t) is irreducible. Forn =2p —1, we see that p+1—i — 5 = % —1i is not an
integer. All the other products are nonpositive, so the criterion applies, and N (7) is

irreducible.

Case € = —1. The products of t 4+ p with noncompact positive roots are
p—i—l—i—% if 1 <i <p+k—n,
(T+0)2e, = p_i_g if p+k—n <i < p—k,
p+1—i—%—ap+1_i if p—k <i <p,
2p4+2—i—j—n if1<i,j<ptk—n,
2p—i—j—n if p+k—n <i, j < p—k,
2p+2—i—j—n—apt1-i—apn1—;j if p—k <i,j<p,
2p+1—i—j—n ifl1 <i<p+k—n
(T+P)ei+e; = and p+k—n<j<p—k,
2p+l—i—j—n—api—; if p4k—n<i < p—k
and p—k < j < p,
2p+2—i—j—n—apii—; ifl1<i<p+t+k—n

and p—k < j <p.

For n > 2p, all these products are nonpositive; hence N (t) is irreducible. For
n=2p—1, we have p—i—l—i—% = %—i, which is not an integer, and all the other
products are nonpositive. We have proved:

Lemma4.1. Ifn >2p—1, then the (sp(2p, C), ﬁ(p))—module N (7) is irreducible

for all the weights T appearing in the restriction ®|sp2p,c)-

If n =2p—2, we use Theorem 6.2 from [Enright and Joseph 1990]. Starting
from p—1 p—1

——— —
c=(2,....2,0,...,0: 1),
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we get the highest weight t = (—p+1, —p—1, ..., —p—1), which we write as
7=02,0,...,0+(—p—1,...,—p—1) = (2,0,...,0)+(—p—1w, following
[Enright and Joseph 1990]. For the family N (uw,+(2, 0, ..., 0)), the first reduction
point of the family is given by u = —p—1. So N(7) is reducible.

Dual pair (K, M") = (U(p), U(m, n)). The duality correspondence for this case
is expressed with U (p)-modules and gl(m+n, C)-modules, as explained in [Kashi-
wara and Vergne 1978, Theorem 6.3, part III]. Explicitly, the duality correspondence
is given by the map o — 7 described below:

m-—-n m-—-nmn m-—n m-—n m-—n m-—n
O’—(Cl]—l- > e, Akt 2 Ty o , b1+ 3 s, bt 3 )
P p . P p p PP P
- ——P”,——J7——w”,b——) ( L —3—w”,—)
=T ( 2 2’7173 1= )Blat gt 2

where o defines an irreducible highest weight U (p)-module and t defines an
irreducible highest weight gl(m+n, C)-module. All such weights occur, with the
constraints k+/ < p, k <m, [ <n. To make notation easier for the next step, we
assume that ¢; and b; can be equal to zero, and change the numbering, so we rewrite

T as
T= (bl_ga ---,bn_§)®(an+l+§, --',an+m+§>

withb, <---<b;<0and 0 <auym <--- <ap41.

We apply the irreducibility criterion given by Proposition 2.1. Our group
M' = U(n, m) contains a maximal compact subgroup J' = U(n) x U (m). The
root system is of type A,; hence this criterion is both necessary and sufficient for
the irreducibility of N(t). We have

. A+:{ei_ej | 1<i <j§n+m},
e Af={ej—ej|1<i<n<j<n+tm},
«p= (m+n—1 m+n—2i+1 —m—n+1

> e 5 e, 5
18 the i-th coordinate.

m+n—2i+1
2

), where

We obtain (t+p)g—e; =bi—a;+j—i—p with 1 <i <n < j <n+m. Since
bi—aj < 0 for all i, j, we conclude that if p > m+n—1, then (t+p).—; is
nonpositive for all i, j, and N (t) is irreducible. We deduce:

Lemma 4.2. If p > m+n—1, then the (gl(m+n, C), ﬁ(m) X ﬁ(n))-module N(7)
is irreducible for all the weights T appearing in the restriction w|g, . . (C)-
If p=m+n—-2, withm,n > 2, and

n—1 m—1

m—n m—n m—n m—n
O’—<1+ 5 S 3 , — 1+ > s, — 14 ),
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we find the corresponding highest weight

14 14 14 14 ppr
- ——,—L——”.”—l——> (1 LA —,—)
‘ ( 2 2 2)oU+3 22
The products (t+p),,—, are strictly negative, except for (t+p)¢,—,,,, = 1. But
there is no root y € A" such that (t+p), = 0. Since Proposition 2.1 becomes a
necessary condition for type A, this N(7) is reducible.

Dual pair (K, M') = (Sp(p), O*(2n)). We recall that Sp(p) can be seen either
as the unitary quaternionic group, or as the intersection of Sp(2p, C) and U (2p).
Its complexified Lie algebra is given by sp(2p, C). The group O*(2n) = SO*(2n)
is the quaternionic orthogonal group. Its complexified Lie algebra is 0(2n, C).

The duality correspondence for the pair (Sp(p), O*(2n)) is given by the map
o +— 1 described below:

o=(a,...,at,0,....,.0)—>1=(—p,...,—p,—p—0ag, ..., —p—ay),

where o defines an irreducible highest weight Sp(p)-module and 7 defines an
irreducible highest weight o(2n, C)-module. All such weights occur, with the
constraints k < p, k < n. For this case, the correspondence can be deduced from
[Howe 1995, Theorem 3.8.5.3]. Again, for notation purposes, we allow a; = 0 and
rewrite T as

(=p—Gp,....—P—Gu_it1,..., —p—ay)

witha; >--->a, > 0.
A maximal compact subgroup of M’ is J' = U (n). The complexified Lie algebra
of M’ is of type D,,. Therefore the root system of M’ is given by

o At ={ej—ej|1<i<j<n)Ufet+e;|1<i<j=<n}
e Af={ejtej|1<i<j<n)]
e p=m—1,...,n—i,...,0), where n—i is the i-th coordinate.

To apply Proposition 2.1, we calculate
(T +,0)e,-+e.f =2n—2p—i—j—an—it1—an—j+1

with 1 <i < j <n. For all i, j, we know that —a,_;11—a,—j+1 < 0. So we
conclude that if p > n— %, then (t+ ,O)e,-—e,- is nonpositive for all i and j, and N (7)
is irreducible. Since we only consider integral values of n and p, we rewrite the
bound as p > n—1. We proved:

Lemma 4.3. If p > n—1, then the (0(2n, C), ﬁ(n))-module N () is irreducible
for all the weights T appearing in the restriction ®|,2n,c).
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When p = n—2, we use [Enright and Joseph 1990, Theorem 6.2] again to
show that some modules N(t) appearing in the restriction of w are reducible.

Choosing o = (1, ..., 1, 0) gives a highest weight t = (—p, —p—1,..., —p—1)=
(—n+2, —n—+1, ..., —n—+1), which is written as
(=n+1, ..., —n+1)+(1,0,...,0) = (—n+ 1w, +(1,0,...,0)

following the notation from [Enright and Joseph 1990]. The first reduction point of
the family N (uwy+(1,0,...,0)) is at u = —n-+1; hence N (t) with T given above
is reducible.

5. Modules identifications

The results presented in this section are known; see [Loke and Ma 2015] when
(G, G’) is in the table range, for example. For readability and consistency of
notation, we still include our approach in this paper.

Restriction from M’ to G’. We start from M’, with complexified Lie algebra m’
and maximal compact subgroup J'. We recall the Cartan decomposition m’ =j' +p’,
with p’ = p, +p’ , and we write q' for j'+p’, . The group G’ is a subgroup of M’,
with complexified Lie algebra g’. We have a maximal compact subgroup K’ of G,
and the Cartan decomposition g’ = €' +1v’.

We consider a finite-dimensional j’-module E, so E is a (J’, J')-module. By
letting p’, act trivially, E becomes a q’-module and we form W = U(m") @y E,
which is a (m’, J’)-module. We analyze the restriction of W as a (g’, K')-module.
As vector spaces, we have W = S(p’ )®E, with S(p’_) the symmetric algebra
on p’ . From E, we also create a (g/, K’)-module: by restriction, we see E as a
¥-module E|y, and form the tensor product V = $(g") @) (E|¢). Similarly, there
is an isomorphism of vector spaces V = S(t)Q(E|¢).

We define two filtrations, V =@, V,/V,—1 and W = P, W,/ W,_1, by

Va= Y SE)rIUE)@uey (Ele) and Wy =Y SO )IrIUG) Bu) E.

r<nm r<nm
By Frobenius reciprocity, we haveamap T : V — W, 1®Qe — 1Qe forany e € E.
Writing {x1, ..., x,} for abasis of v/, {yy, ..., y,} for abasis of p’, and {2y, ..., z,}
for a basis of p”_ such that x; = y;+z; in p’, we extend the map T linearly so that

T(xi--xa®e€) = (y1+z1) - (Ynt+z2) Qe
for any e € E. The map T : V — W now preserves the filtrations, which proves:

Lemma 5.1. The map T : V — W is an isomorphism of $(g")-modules, induced
by an isomorphism of S(t')-modules on the graded spaces T : Gr(V) — Gr(W),
through the isomorphism given by v < p’' — p’_, as presented in [Howe 1989].
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This implies that
(il(m’) ®Ll(q’) E)

g = (g @y (Ele).

This is applied to E = F; in this work.

Tensor product for (K, M') = (K1, G')® (K3, G'). We start from the Cartan de-
composition g’ = ¢'4t". We decompose t’ further as v/, +-t”_ and note that v/, and
t/_ are commutative Lie algebras. We define q’+ =¥ +t’Jr and q” =¥¢+v .

We consider two finite-dimensional ¢-modules E and F; these are (¢, K')-
modules. We let v/, act on E by zero, so E becomes a q’, -module. Similarly, we let
t_ act on F' by zero and obtain a q”_-module. We define Vg = tU(g") ®y(q,) £ and
Vi = (g") ®y(q ) F, which are (g, K’)-modules, and V = U(g") ) (EQF).

By the Poincaré-Birkhoff-Witt theorem, there exists a grading on both L((x/,)
and $(x_). Since v/, and t_ are commutative, {(x/ ) = S(t,) and U_) = S().
We identify the piece il(t;) [n] of degree n with the space S (tﬁr) [7] of homogeneous
polynomials of degree n (same for v'_). We write M,, for the subspace of elements
of degree less than or equal to n in LU(t):

My =) (SEDIFISE)Is]) = P SE)lil.
r4s<n i<n
From this, we define a filtration V = @D, V,,/ V-1 by V,, = M, 3(¥) Qyey (EQF).
Note that V) = E® F. By the description of M, as @,_, S(t/)[i], the quotient
M, /M, is identified with S(t")[n] and we get V,,/ V11 - S)[n1Quw)(EQF).
We define a similar filtration on Vg ® Vg

(VEQVE)a= Y _ (M1 ®yu(,) E) ® (M U®) Ry ) F)).
r+s<n
As vector spaces, this is equivalent to
(VE®VEa= > (SC)Ir1®u,) E)®(SE)s1®u ) F).

r+s<n

Hence we have
(VEQVFE)n/(VEQVE)n—1 = Z (S(t/_)[r]®Ll(q/+) E)®(S[s1®uq ) F).
r+s=n

Since EQ F = V) is naturally a subset of V, we use Frobenius reciprocity to
extend this inclusion to a map

T:V—>VeVp, 18(e®f) > (10e)@(1Qf),

for all e € E and f € F. We extend this map so that it is compatible with the
module structure. By using bases of ¢/, , t__, it is a simple computation to show that
T preserves the filtrations.
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Lemma 5.2. The map T : V — VgQ®VF, induced by an isomorphism of S(t')-
modules on the graded spaces Tg : Gr(V) — Gr(VEQVF), is an isomorphism of
U(g")-modules.

Proof. We know that T'(V,)) C (VE® VFr),. Using computations with the action of
basis elements of v/, and v and by tracking the degrees, we show that the map
Tg : Gr(V) — Gr(VE®Vp) is surjective. Finally, as C-vector spaces, we have

dim(V,,) = dim(E) dim(F)( Z dim(S(p")[r]) dim(S(p;)[s]))

r+s<n
=dim((VE®VF)n),
which concludes the proof. ([

Hence, we have proved that Ve ®Vr =V, ie.,
(U0 By, E) ® (Mg Ruq ) F) = U(g") ®ue) (EQF).
6. Conclusion

Theorem 6.1. Let G’ be the smaller member of a dual pair (G, G') in a symplectic
group Sp(V). Then the restriction of the Fock model of the oscillator representation
w of §i)(V) to G’ is a projective (g, K")-module under the condition (x) listed in
the table below:

(G, G) (K, M) ()
@ Sp2n,R), 0(p.q)) Um),U(p,q) nzptqg—1

(O(p). Sp(2n, R))
®(0(g), Sp(2n, R))

(iii) (0*(2n),Sp(p.q))  (Un),U2p,2q)) n=2(p+q)—1
(Sp(p), 0*(2n))

(i) (O(p.q),Sp(2n, R)) p.qg>2n—1

(v) (Sp(2n,C), O(p,C)) (Sp(n), O*(2p)) n>p—1
(vi) (O(p,C),Sp(2n,C)) (O(p),Sp(4n, R)) p=>dn—1
wil) (U@, s), U(p, q)) @), U(p. 9)) rs> pt+q—1

®W (), U(p,q))

Proof. For cases (i), (iii), (v) and (vi), w is decomposed under the action of K as
o=@, (0 ®E;). Section 4 shows that (x) is a necessary condition for the equality
N(t) = E.. Finally, the restriction from M’ to G’ is computed in Lemma 5.1.
For cases (ii), (iv) and (vii), @ is decomposed under the action of K| x K, as
w = w1 ®wj. The condition () is computed for each case to get N(r) = E; in
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Section 4. The two pieces w; and ) are put back together through the tensor
product described in Lemma 5.2. U
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A REMARK ON A TRACE PALEY-WIENER THEOREM

GORAN MuUIC

We prove a version of a trace Paley—Wiener theorem for tempered repre-
sentations of a reductive p-adic group. This is applied to complete certain
investigations of Shahidi on the proof that a Plancherel measure is an invari-
ant of an L-packet of discrete series.

1. Introduction

Let G be areductive p-adic group. Let Rep(G) be the category of smooth admissible
complex representations of G of finite length, and let R(G) be the corresponding
Grothendieck group. We write W(G) (resp., ¥ (G)) for the group (resp., unitary
group) of unramified characters of G. The group W (G) has a structure of an algebraic
variety (a complex tours). The corresponding algebra of regular functions C[W (G)]
is generated by evaluations on elements of G as a C-algebra. The subgroup W*(G)
is Zariski dense in W(G). We say that a complex function is regular on W*(G) if it
is a restriction of a regular function on W (G). We observe that the restriction map
from C[W¥ (G)] into functions on W*(G) is injective since W*(G) is Zariski dense
in ¥(G).

We fix a minimal parabolic subgroup Py, its Levi decomposition Py = MyU),
and, as usual related to these choices, we fix a set of standard parabolic subgroups
P = MU, where My C M, P = M Py. Since the standard parabolic subgroup is
determined by the choice of Levi subgroup, the normalized parabolic induction
Indg (0), where o is a smooth representation of M, we write as usual ig (o).

In [Bernstein et al. 1986], Bernstein, Deligne, and Kazhdan proved a trace
Paley—Wiener theorem for category Rep(G). We consider a full subcategory
Rep,(G) of Rep(G) consisting of representations having all irreducible subquo-
tients tempered. Let R,(G) be the corresponding Grothendieck group. We write
R!(G) for the subgroup of R,(G) generated by ig (o), where M ranges over all
standard Levi subgroups of G (including G), and o ranges over a set of square-
integrable modulo center irreducible representations of M. We warn the reader
that this notion is not an analogue of the notion of strictly induced modules from

The author acknowledges Croatian Science Foundation grant no. 9364.
MSC2020: primary 22E50; secondary 11E70.
Keywords: Paley—Wiener theorem, admissible representations, reductive p-adic groups.
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[Bernstein et al. 1986, §3.1]. An analogue would be the subgroup of R;(G) gen-
erated by igy(7), where M ranges over all proper standard Levi subgroups of G,
and t ranges over irreducible tempered representations of M. But this is not useful
for us in the present paper.

The main result of the present paper is the following version of a trace Paley—
Wiener theorem:

Theorem 1.1. Let f : R, (G) — C be a Z-linear form such that the following hold:

(1) There exists an open compact subgroup K C G which dominates f (i.e., f
is nonzero only on those irreducible tempered representations which have a
nontrivial space of K -invariant vectors).

(1) For each standard maximal Levi subgroup M, or M = G, and a square-
integrable modulo center representation o of M, the function W f(igyu (Y o))
is regular on W* (M), and for any other proper standard Levi subgroup N, and a
square-integrable modulo center representation T of N, we have f (ign(t)) =0.

Then, there exists F € CX°(G) such that
f@) =t (n(F)) forallw € RI(G).

Theorem 1.1 is a proved by reduction to the main result of [Bernstein et al. 1986]
using the Harish-Chandra theory of tempered representations [Waldspurger 2003]
and some standard considerations related to the Langlands classification [Renard
2010, Chapter VII]. The proof is given in Section 3. It is a consequence of its
effective version given by Proposition 3.4. Proposition 3.4 constructs a correct
function needed in the proof of [Shahidi 1990, Proposition 9.3 2] in the case when M
(see notation there) is a Levi subgroup of a maximal parabolic subgroup. We remark
that since Plancherel factors are multiplicative, it is enough to prove [Shahidi 1990,
Proposition 9.3 2] for a maximal Levi subgroup.

2. Preliminaries

We continue with the notation introduced in the introduction. Let M be a standard
Levi subgroup. Then, we write W (M)" for the group of all unramified characters
which are R.o-valued. As we stated in the introduction, every standard Levi
subgroup M determines a unique standard parabolic subgroup, say P. We denote
by W(M)"* the set of all characters from W (M)" which correspond to the points of
the (open) Weyl chamber determined by the roots of the split component of M which
belong to the unipotent radical of P in the usual description of unramified characters
(see, for example, [Muié¢ 2008, Section 2]). If M = G, then ¥ (M)" = W (M)".
For a standard Levi subgroup M, an irreducible tempered representation 7 of M,
and ¥ € W(M)"™, the module igy (¥ ) is called a standard module; it has a
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unique (Langlands quotient) L (i (¥ )). The condition is empty if M = G. By
the Langlands classification [Renard 2010, Theorem VII.4.2], every irreducible
representation can be expressed in the form L(igy (7)) for unique such datum
(M, 7, ). The following standard result will be used in the proof:

Lemma 2.1. The standard modules of G form a Z-basis of R(G).
Proof. The proof is as in [Clozel 1986, Proposition 1]. ([

In analogy with [Bernstein et al. 1986, §2.1], we make the following definitions.
Let o € Irr(M) where M is a standard Levi subgroup of G. We define the usual
affine variety attached to o

Irr(M) D D(o) =V (M)o = \I/(M)/Stabq;(M)((T),

where Staby 1) (o) is a finite group consisting of all » € W(M) such that Yo ~ 0.
If A is a maximal split torus in the center of M, the restriction map W(M) — W (A)
is surjective, and the kernel is a finite group. Therefore, by considering the restriction
to A we find that
Stabq/u(M) (o) = Stab\p(M) (o).

So, we may consider
D"(0) & W (M)/ Stabyu(p) () C D(o).

It is easy to see that D* (o) is Zariski dense in D (o).
The action of the Weyl group

W(M) = Ng(M)/M

on V(M) is algebraic. Furthermore, w € W (M) transforms Staby ) (o) onto
Staby ar) (w (o)), so it maps D(o) (resp., D*(0)) onto D(w (o)) (resp., D*(w(0))).

Put D = D(0) and D* = D"“(o). As usual, we consider the group W (D) of all
w € W (M) such that there exists v, € W(M) such that

(2.2) w(o) = Y,0.

The character v, is determined uniquely modulo Staby ) (o). The group W (D)
acts on the affine variety D = W(M)/ Staby (o) as follows:

(2.3) w.y Stab\p(M) (o) =vYpwi) Stab\p(M) (o).

The resulting orbit space
D/W(D)

is again an affine variety with algebra of regular functions given as usual,
C[D/W(D)]=C[DIV®,

One can construct a regular function D/ W (D) in the following way:
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Lemma 24. Let F € C°(G). Then, the function ¥ — tr(igy(Yo)(F)) is a
regular function on D/ W (D).

Proof. 1t is standard that this function is regular on D. We show that it is W (D)-
invariant. Let w € W (D). By [Bernstein et al. 1986, Lemma 5.4 (iii)], we have

tr(igu (Y o) (F)) = te(igu(w(Yo))(F)),
which completes the proof. ]

The above explicit description shows that the analogously defined group W (D)
is a subgroup of W (D). In fact, we have the following lemma:

Lemma 2.5. Assume that the central character w, : A — C* of o is unitary. Then,
W(D") = W(D). Moreover, D" /W (D) is Zariski dense in D/ W (D).

Proof. As we remarked above, it is always W(D") Cc W(D). Conversely, if
w € W(D), then w(o) =~ y,,0 by (2.2). Considering central characters, we find
that

Wy (o) = Wwla)ws.

This implies that i, |4 is a unitary character. By the standard description of
unramified characters of M, and its relation to unramified characters of A, this
implies that i, € W*(M) (see [Mui¢ 2008, Section 2]). Hence, w € W (D"). This
completes the proof that W(D*) = W (D). The remaining claim is obvious from
above considerations. ([

The following lemma is a fundamental result of Harish-Chandra:

Lemma 2.6. Assume that M and N are standard Levi subgroups of G, and o and t
are square-integrable modulo center representations of M and N, respectively.
Then, igy (o) and ign(T) have a common irreducible subrepresentation if and
only if there exists w € G such that N = wMw™" and © ~ w(o), where w(o) is
defined by w(o)(n) = o(w~'nw), n € N. Moreover, if there exists w € G such
that N =wMw™!, then igy (o) and iy (w(o)) are isomorphic, and in particular
equal in R,(G).

Proof. See [Waldspurger 2003]. ([

Motivated by [Bernstein et al. 1986, §2.1], we proceed as follows. By the standard
theory of tempered irreducible representations due to Harish-Chandra (see [Wald-
spurger 2003]), for an irreducible tempered representation 7 € Irr(G), there exists a
standard Levi subgroup M and a square-integrable modulo center representation o
of M such that m < igp (o). The pair (M, o) is unique up to a conjugation (see
Lemma 2.6). We call the equivalence class [M, o] under conjugation of the pair
(M, o) the t-infinitesimal character of 7. The set of equivalence of such pairs we
denote by 0;(G).
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For a pair (M, o), we define a natural map ¥*(M) — ©,(G) given by

V= [M, Yol

The image is called a connected component of ®,(G). We denote it by ©,(M, o).
This map induces a bijection which enables us to identify

®/(M,0)=D"(0)/W(D(0)).
Thus, in view of Lemma 2.5, we may consider
©;(M,0) C D(o)/W(D(0)).

This realizes ®, (M, o) as a Zariski dense subset of the affine variety D(o)/ W(D(0)).
As in [Bernstein et al. 1986, §2.1], we can decompose

(2.7) R(G) = @9 R:(G)(6),
where 6 ranges over connected components of ®,(G). Here
R(G)(9)

is generated with all tempered irreducible representations with 7-infinitesimal char-
acters belonging to . We denote by 14 the projector

R (G) = Ri(G)(0),

forall 0 € ©,(G).

We end this section with an analogue for Rep, (G) of the decomposition theorem
for the category of all smooth complex representations of G (see [Bernstein et al.
1986, §2.3]; [Bernstein 1984, §2.10]).

Lemma 2.8. Let K C G be an open compact subgroup. Then, there exists a finite
set Tx consisting of connected components in ®,(G) such that for each irreducible
tempered representation w € Rep,(G), having nonzero space of K -invariants, there
exists 0 € Ty, such that w € R,(G)(0).

Proof. By the decomposition theorem (see [Bernstein et al. 1986, §2.3]), there
exists a finite set, say S, of pairs (N, p), where N is a standard Levi subgroup of G,
and p are irreducible supercuspidal representations, such that for every irreducible
representation 7 of G, having nonzero space of K -invariants, there exists (N, p) € S,
and an unramified character x such that 7 is a subquotient of ig y(xp).

Now, assume that 7 is as in the statement of the lemma. Then, there exist a
standard Levi subgroup M and a square-integrable modulo center o of M such that
7 <> igpm (o). Moreover, there exist a standard Levi subgroup M’ of M (and of G),
and a supercuspidal irreducible representation p’ such that o is an irreducible sub-
quotient of i,7 y(p"). By induction in stages, 7 must be a subquotient of ig p/(p”).
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By standard theory of induced representations [Bernstein and Zelevinsky 1977],
the pair (M’, p’) must be G-conjugate to the one in S. Thus, we may assume that
(M, p') € § already.

Thus, it is enough to prove that given (N, p) € S and given a standard Levi
subgroup M of G such that N C M, there are finitely many W* (M )-orbits of square-
integrable modulo center representations of M such they are subquotients of the
induced representations in the family iy (o) parametrized by x € W(N). But
that is easy. We can select a sufficiently small open compact subgroup L C M such
that every irreducible representation that appears as a subquotient of iy n(xp) for
some x € W(N) has a nonzero space of L-invariants.

Hence, we need to prove that there are finitely many W*(M)-orbits of square-
integrable modulo center representations of M having a nonzero space of L-
invariants. This is proved in (iii) in the introduction of [Waldspurger 2003]. O

3. Proof of Theorem 1.1

We begin the proof of Theorem 1.1 with the following lemma:

Lemma 3.1. Let f be as in the statement of Theorem 1.1. Then, there exists a finite
set Ty consisting of connected components in ©,(G) such that for each irreducible
tempered representation w € Rep,(G) such that f () # 0 there exists 6 € Ty such
that T € R, (G)(0).

Proof. This follows from the assumption (i) in Theorem 1.1 combined with

Lemma 2.8. U
By Lemma 3.1, we can decompose f into Z-linear forms fg : R;(G) — C,
0 e Tf,
f=2 I
QETf
where fj is defined as follows (see (2.7)):
fo=foles.

Obviously, each fj satisfies the assumptions analogous to (i) and (ii) in Theorem 1.1.
Hence, in what follows we may assume that f = f, for some 6 € ®,(G). By the
assumption (ii) of Theorem 1.1, we may assume that 6 has the form 8 = ©,(M, o),
where M is a standard maximal Levi subgroup of G, or M =G, and o isao is a
square-integrable modulo center representation of M. We observe that

Y e V(M) — flicn(¥o))

is a regular function by the assumption (ii) of Theorem 1.1. Thus, by definition this
means that it is a restriction of a regular function, say a, on the affine variety W(M).
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By Lemma 2.6, we have

(3.2) a e C[D]V®,
where
(3.3) D = W (M)/ Staby ) (o).

We refer to previous section for the notation.
Now, the following proposition completes the proof of the theorem.

Proposition 3.4. Let M be a standard maximal Levi subgroup of G, or M = G.
Assume that o is a square-integrable modulo center representation of M. We define
D by (3.3), and let a be any function in C[D1V ). Then, there exists F CX(G)
such that

a(y) form =icu(Yo), y € V(M),
0 form =ign(¥T), ¥ € W(N),

for any other standard Levi subgroup N and a square-integrable modulo center
representation T such that ®,(N, 1) # O,(M, o).

tr(n(F)) = {

Proof. The proof of Proposition 3.4 is a generalization of [Clozel 1986, §4.2,
Proposition 1] where the proof of existence of pseudocoefficients for semisimple G
is given based also on [Bernstein et al. 1986]. We consider only the case where M
is a standard maximal Levi subgroup of G. The case of M = G is about the
construction of a specific pseudocoefficient of . The proof is on the same lines
but considerably easier.

We remark that W*(G) acts on W* (M) in a usual way:

Vi xluy,  x € VUG, ¢ eV (M).
For ¢ € W* (M), the stabilizer
Stabyu () (igmu (Y 0))
is the group of all x € W*(G) such that
xiem(Yo) =igu(Yo).
We remind the reader that for all y € ¥*(G) we have
xicm(Yo) ~igu(x|myo).

Lemma 3.5. Assume that x € V“(G) and € V*(M). Then, for each irreducible
constituent w of igy (W o), the multiplicity of xm in xigy (Y o) is the same as that
ofminigy(Yo).

Proof. This is obvious. ([l
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Lemma 3.6. Assume that for x € V*(G) and yr € W* (M) there exists an irreducible
constituent w of igy (Vo) such that xm is an irreducible constituent of iGy (Yo ).
Then, x € Stabyu(c)(icm (Y 0)). In particular, we have

Stabyu(g) () C Stabyu () (icu (Yo)).

Proof. First, 7 is a common constituent of iy (Vo) and igy (x|p¥ o). So, by
Lemma 2.6, there exists w € W (M) such that

Xlmyo =wyo).
Then, again by Lemma 2.6, we obtain
xicu(Wo) Zigu(xlmypo) ~igu(Yo). N
Lemma 3.7. Let € W*(M). Then, we have the following:
(1) If x € Stabyu()(icm (Y 0)), then a(x|my) = a(y).
(i1) For each n € W(G) and x € Staby« ) (icm (¥ o)), we have
a(xlmnlmy) =amlmy).
Proof. We prove (i). Since x € Stabyu«g)(igm(¥0)), we obtain
icMm(XIm¥o) = xicu(Wo) ~igu(Yo).
So, by Lemma 2.6, there exists w € W (M) such that
xlmpo =wio) = w(p)w(o).

By definition of W (D) (see (2.2)), this implies w € W (D), and the above relation
can be written as

xlmbo =yyw(y)o,

where

Y = w@) " xuy
Consequently, by the definition of the action of W (D) on D (see (2.3)) we obtain
XM Staby (ar)(0) = Yy w(¥) Staby (ary (o) = w. ¢ Staby ) (0).

This implies a(x |y V) = a(¥). This proves (i).
To prove (ii), we may assume that 7 is unitary. Then, we obviously have

Stabyu gy (icu (Nlu o)) = Stabyu () (icm (Y 0)).

Now, the claim follows from (i). O
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Now, in order to complete the proof of Proposition 3.4, we apply [Bernstein et al.
1986, Theorem 1.2]. We define a Z-linear form f : R(G) — C in several steps. We
warn the reader that we use the same letter for a functional different than one from
the statement of Theorem 1.1.

(1) For each W*(G)-orbit O in W*(M), we fix a representative o € O and an
irreducible constituent 7o in igy (Yoo). By Lemma 3.6, we have

(3.8) Stab\pu(G) (mp) C Stab\yu(G) (l'GM(W(QO')).

The quotient is finite and if x ranges over representatives of the quotient, then x 7o
ranges over the set of all mutually nonequivalent irreducible subrepresentations in
icm (Yoo) which are V" (G)-equivalent to mp. Any of those representations have
the same multiplicity in igy (Yoo ). Let mp be the sum of their multiplicities. We

define

o) = “;fj), % € Stabye (6 (i (Vo0 )).

(2) For each x € W*(G), we obviously have

Stabyu () (x 7o) = Stabyu () (o)
and
Stabyu () (icm (X IM¥00)) = Stabyu ) (icm (Vo 0)).

By, Lemma 3.5 and these remarks, the sum of multiplicities of W*(G)-equivalent
representations of mo which belong to igy (x| oo) is again mp. We let

altluvo) .
= m—, x eV (G)

f(xmo)

Lemma 3.7 (ii) shows that this is well-defined.

(3) For any other tempered irreducible representation (and, in particular, square-
integrable modulo center representation) = of G we let

f(r)=0.

(4) For any quasitempered irreducible representation 7 of G, we can write & = x ",
where x € W' (G) and " is tempered. We let

f(m) =0,

if 7% is not in W*(G)mp for any orbit O described in (1). But, if 7% € ¥*(G) 7, for
some O, then we can write 7% = Yo, for some ¢ € W*(G) uniquely determined
modulo Stabyu« g (o). We let
a(xIm¥lmyo)
f)y=—"—"7".

mo
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Using (3.8) and Lemma 3.7(ii) we see that this is well-defined.

(5) Finally, we define f on nontempered Langlands quotients (see Lemma 2.1).
Let f be equal to zero on all standard modules induced from proper parabolic
subgroups except in the following two obvious cases:

(a) The standard module iGy (x Vo), where x € W(M)"" and ¢ € W*(M). In
this case, we let

flien(x¥o)) =a(x¥).

(b) It is also possible that x € W(M)" belongs to the positive Weyl chamber for
the opposite parabolic P (see the beginning of the previous section). Then,
there exists a unique standard maximal parabolic subgroup Q with standard
Levi N, and w € G such that N = wMw~!. Now, by [Bernstein et al. 1986,
Lemma 5.3(iii)], we have

ign(xyo) =icn(wOOw)w(o))

in R(G). Also, w(x)€W(N)"™. On the standard module iy (w(})w (Y )w (o))
we let

flenwOOw@)w(o))) =alxy).

Thus, we have

flou(xv¥o)) = flicn(w(w@)w (o)) =a(xy),
for x € W(M)" such that w(y) € W (N)"™.

The third case is that x € W(M)" is in neither chamber. Then, x € W (G)’, by
standard description of unramified characters [Mui¢ 2008, Section 2]. In this case

icm(xvo) = xicu(Yo)

is a quasitempered representation, and, by
fleu(xyo)) = f(xicu(Wo)) =a(xy),

by (1)~(4).

This completes the construction of Z-linear form f : R(G) — C. In order to
complete the proof of Proposition 3.4, we just need to check that it satisfies the
assumptions of [Bernstein et al. 1986, Theorem 1.2]. First, let N be a standard Levi
subgroup of G contained in M, and p an irreducible supercuspidal representation
of N such that o is an irreducible subquotient of ijs 5 (p). Then, by construction,
f is zero on irreducible representations which are not irreducible subquotients of
members of the family iy v (xp) parametrized by x € W(N). Then, as in the proof
of Lemma 2.8, there exists an open compact subgroup K such that f is zero on all
irreducible representations which do not have a nonzero K -invariant vector. This
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is (ii) in [Bernstein et al. 1986, §1.2]. It remains to check (i) in [Bernstein et al.
1986, §1.2]. We need to check that for an arbitrary standard Levi subgroup N of G
and an irreducible representation T of N, the function x — f(ig n(xT)) is regular
on W(N). By Lemma 2.1 applied to N, t is a Z-linear combination of standard
modules for N. So, instead of being irreducible, we may assume that t is a standard
module for N, i.e.,

t=iyn(x't),
N’ is a standard Levi subgroup, t’ is an irreducible tempered representation of
N’ and x' € W"T(N’, N). Here, by definition ¥+ (N’, N) is an analogue of
Wt (N, G) def W (N’) defined in the previous section. Now, by induction in
stages, we have

icNn(xT) =igN(XINxX'T).

We decompose x = x” x“ into its real part x” € " (N) and unitary part x“ € W' (N).
Let N” be a standard Levi subgroup such that N’ C N” C N obtained by adjoining
all simple roots orthogonal to x” |y x’ (see [Muié 2008, Section 2]). Then, x|y’ x’
is an unramified character of N” which is not orthogonal to any simple root that
determines a standard parabolic subgroup of N”. In particular, there exists w € G
such that N;” = wN"w™! is a standard Levi subgroup, and

w(x Ivx') e ¥ H(N)
(see, for example, [Muié 2006, Section 1]). Also, we can write
igN(XIn X't =ignr (X Ivx" ine o nr (X" InT)).

Obviously, iy’ y7(x"|n'T’) is an direct sum of irreducible tempered representa-
tions, say 7”7 of N”. This implies that ig_y'(x|nx't’) is a direct sum induced by
representations

ig N (xInx't".

By above, in R(G), we have

(3.9) ign(xIvx't") =ign (X xHw@").

But the last induced representation is a standard module. Now, by the construction
of f, f =0 on all standard modules except those described in steps (1)—(5) above.
This means that we have one of the following two cases:

(a) N” is conjugate to G. In this case N;" = N” = N' = G, 1’ is a tempered
irreducible representation of G, and i y'(x|n'x't") = x x't’. Thus, by the con-
struction (1)—(4), x — f(x x't’) is regular.
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(b) N” is conjugate to M. In this case, N' = N”, and v/ must be conjugate to an
element of the orbit W*(M)o (see (5) above). The discussion in (5) implies that
x = flc.n(xInx't) is regular.

This finally verifies (i) of [Bernstein et al. 1986, §1.2], and completes the proof
of the proposition. ([

Acknowledgements

I would like to than Gordan Savin for turning my attention to this question. A draft
of the paper was written while I visited the Hong Kong University of Science and
Technology in January of 2018. I would like to thank A. Moy and the Hong Kong
University of Science and Technology for their hospitality.

References

[Bernstein 1984] J. N. Bernstein, “Le ‘centre’ de Bernstein”, pp. 1-32 in Representations of reductive
groups over a local field, edited by P. Deligne, Hermann, Paris, 1984. MR Zbl

[Bernstein and Zelevinsky 1977] 1. N. Bernstein and A. V. Zelevinsky, “Induced representations of
reductive p-adic groups, I, Ann. Sci. Ecole Norm. Sup. (4) 10:4 (1977), 441-472. MR Zbl

[Bernstein et al. 1986] J. Bernstein, P. Deligne, and D. Kazhdan, “Trace Paley—Wiener theorem for
reductive p-adic groups”, J. Analyse Math. 47 (1986), 180-192. MR Zbl

[Clozel 1986] L. Clozel, “On limit multiplicities of discrete series representations in spaces of
automorphic forms”, Invent. Math. 83:2 (1986), 265-284. MR Zbl

[Mui¢ 2006] G. Mui¢, “Construction of Steinberg type representations for reductive p-adic groups”,
Math. Z. 253:3 (2006), 635-652. MR Zbl

[Muié¢ 2008] G. Mui¢, “A geometric construction of intertwining operators for reductive p-adic
groups”, Manuscripta Math. 125:2 (2008), 241-272. MR Zbl

[Renard 2010] D. Renard, Représentations des groupes réductifs p-adiques, Cours Spécialisés 17,
Soc. Math. France, Paris, 2010. MR Zbl

[Shahidi 1990] F. Shahidi, “A proof of Langlands’ conjecture on Plancherel measures: complementary
series for p-adic groups”, Ann. of Math. (2) 132:2 (1990), 273-330. MR Zbl

[Waldspurger 2003] J.-L. Waldspurger, “La formule de Plancherel pour les groupes p-adiques (d’apres
Harish-Chandra)”, J. Inst. Math. Jussieu 2:2 (2003), 235-333. MR Zbl

Received January 5, 2019. Revised January 10, 2020.

GORAN MUIC

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCES
UNIVERSITY OF ZAGREB

Z AGREB

CROATIA

gmuic @math.hr


http://www.math.tau.ac.il/~bernstei/Publication_list/publication_texts/Bern_Center.pdf
http://msp.org/idx/mr/771671
http://msp.org/idx/zbl/0599.22016
http://dx.doi.org/10.24033/asens.1333
http://dx.doi.org/10.24033/asens.1333
http://msp.org/idx/mr/579172
http://msp.org/idx/zbl/0412.22015
http://dx.doi.org/10.1007/BF02792538
http://dx.doi.org/10.1007/BF02792538
http://msp.org/idx/mr/874050
http://msp.org/idx/zbl/0634.22011
http://dx.doi.org/10.1007/BF01388963
http://dx.doi.org/10.1007/BF01388963
http://msp.org/idx/mr/818353
http://msp.org/idx/zbl/0582.22012
http://dx.doi.org/10.1007/s00209-006-0946-6
http://msp.org/idx/mr/2221090
http://msp.org/idx/zbl/1123.22010
http://dx.doi.org/10.1007/s00229-007-0146-7
http://dx.doi.org/10.1007/s00229-007-0146-7
http://msp.org/idx/mr/2373084
http://msp.org/idx/zbl/1145.22010
http://msp.org/idx/mr/2567785
http://msp.org/idx/zbl/1186.22020
http://dx.doi.org/10.2307/1971524
http://dx.doi.org/10.2307/1971524
http://msp.org/idx/mr/1070599
http://msp.org/idx/zbl/0780.22005
http://dx.doi.org/10.1017/S1474748003000082
http://dx.doi.org/10.1017/S1474748003000082
http://msp.org/idx/mr/1989693
http://msp.org/idx/zbl/1029.22016
mailto:gmuic@math.hr

PACIFIC JOURNAL OF MATHEMATICS
Vol. 308, No. 2, 2020

https://doi.org/10.2140/pjm.2020.308.419

SPECTRUM OF THE LAPLACIAN
AND THE JACOBI OPERATOR
ON ROTATIONAL CMC HYPERSURFACES OF SPHERES

OSCAR M. PERDOMO

Let M c S"*!' ¢ R"*? be a compact CMC rotational hypersurface of the
(n+1)-dimensional Euclidean unit sphere. Denote by |A|* the square of the
norm of the second fundamental form and J(f) = —Af —nf — |A|* f the
stability or Jacobi operator. In this paper we compute the spectra of their
Laplace and Jacobi operators in terms of eigenvalues of second order Hill’s
equations. For the minimal rotational examples, we prove that the stability
index — the numbers of negative eigenvalues of the Jacobi operator counted
with multiplicity — is greater than 3n+4 and we also prove that there are at
least 2 positive eigenvalues of the Laplacian of M smaller than n. When H is
not zero, we have that every nonflat CMC rotational immersion is generated
by rotating a planar profile curve along a geodesic called the axis of rotation.
We assume that the coordinates of this plane has been set up so that the axis
of rotation goes through the origin. The planar profile curve is made up of
m copies, each one of them is a is rigid motion of a single curve that we will
call the fundamental piece. For this reason every nonflat rotational CMC
hypersurface has Z,, in its group of isometries. If § denotes the change of
the angle of the fundamental piece when written in polar coordinates, then
= % is a nonnegative integer. For unduloids (a subfamily of the rotational
CMC hypersurfaces that include all the known embedded examples), we
show that the number of negative eigenvalues of the operator J counted
with multiplicity is at least (2/ — 1)n + 2m — 1).

1. Introduction

Rotational constant mean curvature hypersurfaces of spheres provide a variety of
examples that can be used to understand the nature of CMC hypersurfaces in general.
In this paper we derive a formula for the Laplacian on these hypersurfaces that
allows us to compute the spectra of their Jacobi and Laplace operators to any desired
degree of accuracy. Results on the stability index are relevant in both cases, the
case H =0 and the case H # 0. Let us denote by M" any minimal, not necessarily
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rotational, compact n-dimensional minimal hypersurface of the sphere. The spectra
of the Laplacian and the stability operators on compact minimal hypersurfaces
M C S"*! have been one of the central topics in differential geometry. Let us
denote by 1;(M"), the first nonzero eigenvalue of the Laplace operator of M. For
minimal hypersurfaces of spheres, the spectrum of the Laplacian is known only
when M" is an Euclidean sphere, M" is the product of Euclidean spheres, or M"
is a cubic isoparametric hypersurface, [Solomon 1990a, 1990b]. It is known that for
any minimal hypersurface of the sphere, n is one of the eigenvalues of the Laplacian.
Yau [1982] has conjectured that if M" is compact and embedded, then A (M") =n.
A positive partial result of this conjecture was given by Choi and Wang [1983].
They showed that if M" is compact and embedded, then A1 (M") > 7. In this paper
we prove that if M”" is rotational, then A (M") < n. Moreover we show that there
are at least two positive eigenvalues of the Laplace operator smaller 7.

Regarding the spectrum of the Jacobi operator, we have that the number of
negative eigenvalues of the operator J counted with multiplicity is known as the
stability index of M" and it is denoted as ind(M™). It has been conjectured that if
M is not an Euclidean sphere, then ind(M") = r 4 3 implies that M" is a product
of Euclidean spheres. This conjecture was proven by Urbano [1990], when n = 2.
For general n only partial results are known. In [Perdomo 2004a], the author shows
that if ind(M") = n +3, then [, |A|* < [,,(n — 1) with equality only if M" is a
product of Euclidean spheres. On the other hand in [Perdomo 2004b], the author
shows that if M" is rotational, then, [, |A|* < [,,(n — 1). Therefore, it may seem
that the rotational minimal hypersurfaces are good candidates for a counterexample
of the conjecture. This is not the case. Due to their symmetries, their stability index
must be greater than n + 3. See [Perdomo 2001].

In this paper we show that there is a big jump in the stability index among the
minimal rotational examples. We prove that if M" is rotational and minimal and
it is not a product of spheres then ind(M") > 3n + 5. Some other partial results
on this conjecture are found in [Simons 1968; Perdomo 2002; Savo 2010]. One of
the most important applications of this type of estimate on the stability index was
given by Marques and Neves [2014], where, among other tools, they used Urbano’s
result to prove Willmore’s conjecture.

To motivate the study of the stability index when H is a nonzero constant, we
would like to point out that any time we have a one-parametric family of CMC
hypersurfaces, a jump in the stability index as a function of the parameter indicates
a potential bifurcation point, a hypersurface that is part of another one-parametric
family of CMC hypersurfaces. As an example of this fact, the families of embedded
rotational CMC hypersurfaces on the sphere explained by the author in [Perdomo
2010] can be viewed as families emerging from bifurcation points of the family
S'(r) x S 1(/1—r2) ¢ S". See [Alias and Piccione 2013].
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To illustrate the way we can use our results to estimate the eigenvalues, we pick
a 3-dimensional rotational minimal hypersurface in S* and prove that the first three
eigenvalues of the Laplace operator are: 0, a number near 0.4404 with multiplicity
2, and 3 with multiplicity 5. We also show that the negative eigenvalues of the
Jacobi operator are: a number near —8.6534 with multiplicity 1, a number near
—8.52078 with multiplicity 2, —3 with multiplicity 5, a number near -2.5596 with
multiplicity 6, and a number near —1.17496 with multiplicity 1. The stability index
of this hypersurface is thus 15.

When H is not zero, we prove (see Theorem 3.7) a lower bound for the number
of negative eigenvalues of the Jacobi operator that generalizes to any dimension
the result on the stability index of constant mean curvature tori of revolution in the
3-sphere proven by Rossman and Sultana [2007].

We will be using the oscillation theorem for the periodic problem on the Hill’s
equation (a proof can be found in [Magnus and Winkler 1966]).

Theorem 1.1. Consider the differential equation

(1-1) Z"(t) + (A4 Q(1)z(1) =0

where Q is a smooth T -periodic function. For any A let us define
S :==z1(T, M) +25(T, 1),

where z1(t, A) and z>(t, 1) are solutions of (1-1) such that z;(0, 1) =1, z{(0, 1) =
0 and z(0, 1) = 0, z5(0, 1) = 1. There exists an increasing infinite sequence
of real numbers ’i, Ly ... such the differential equation (1-1) has a T -periodic
solution if and only if A = Aj. Moreover the A; are the roots of the equation
8(A) = 2. The function § is called the discriminant function of the operator K[z] =

Z"(t)+ Q)z(1).

We will also be using the following theorem proven by Haupt [1914] from the
Hill’s equation theory. The next presentation of the Haupt theorem can be found in
[Magnus and Winkler 1966].

Theorem 1.2 [Haupt 1914]. Let us denote by Ay < Ay < A3 < A4 --- the sequence
of eigenvalues of the Hill's equation presented in Theorem 1.1. If z(t) is a nonzero
T -periodic solution of (1-1) with A = A; then, the number of zeros of z(t) in the
interval [0, T') is 2|_’§J

We would like to point out that Beekmann and Lokes [1990] have used the Hill
equation to find bounds on the eigenvalues of the Laplacian on toroidal surfaces.
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2. Describing rotational CMC hypersufaces of spheres

Any compact CMC rotational hypersurface of S"*! is given by an immersion
¢:S" 1 xR — S"! where,

Q-1) ¢, 0= (r®) y, VT =r(®)2cos@t)), V1 —r()?sin(0(1)))

and r(¢) is a positive T -periodic function that satisfies the conditions

(2-2) 2 +r2 1+ =1,
with
1
A
(2-3) A=H+c "%, 6@0)= / r@r@) dt
o 1—r2(7)
and c is a positive real number that satisfies
(2-4) 0(T) = Zn% where [ and m are relative prime integers.

The condition on ¢ in (2-4) guarantees that the immersion ¢ satisfies

Gy, t+mT)=¢(y, 1)

and makes M compact. Recall that the function r(¢) depends on ¢ since A(t)
depends on c. Also, since the function 6(¢) depends on r(¢) and A(¢), it follows
that 0(T') depends on ¢ as well.

Remark 2.1. When M is minimal, Otsuki [1972; 1993], showed that the expression

T/2 C—l/nrl—n(t)

0(T)=K(c)=/ ———dt

0 1—r2(7)

lies between lies 77 and ~/27. As a consequence the equation 6(7) = Zn% cannot
be solved with / = 1 and therefore no minimal rotational hypersurface is embedded.

The principal curvatures of M are A with multiplicity (n — 1) and
w=H—n—1)c"*r™"
with multiplicity one. Differentiating (2-2) we obtain
(2-5) r"+r+riu=0.

The next expression explicitly provides the Gauss map v of the immersion (2-1),

r2acos6 —r'sinf r2isind +r/0059)

JI=r@? = J1=r@)?

(2-6) v(y, 1) = (—rky,



SPECTRUMS ON ROTATIONAL CMC HYPERSURFACES OF SPHERES 423

All the details of the construction of these hypersurfaces can be found in [Perdomo
2010].

3. Main theorems

Before stating the following theorem, we recall that m is the integer given in (2-4),
T is the period of the function r(¢), and mT 1is the period of the immersion ¢.

Theorem 3.1. Let M be the rotational symmetric hypersurface defined in (2-1). For
any function f :S"' — R we define f : M — Ras f(¢(t,y)) = f(y). Likewise,
for any mT -periodic function g : R — R we define g : M — Ras g(¢(¢t,y)) = g(t).
We will denote by A the Laplacian operator on S"~'. With this notation we have

_ . f)
(3-1) AR = (3 + - DI )+ =4,
r r
Proof. The proof is a direct computation using the fact that V(fg) = %@ f+f g/%
and that div(2) = (n — ™. O

Remark 3.2. We would like to point out that we are using the fact that the ambient
space is R"*2 in the argument above. In particular we are using the natural identifi-
cation of all tangent spaces T, R"*? with R"*2. If we decide to work intrinsically
we will notice that the formula that compares the gradients will have an additional
factor of . From the point of view of intrinsic differential geometry, the formula in
Theorem 3.1 can be generalized to warped products. See [Marrocos and Gomes
2019].

Theorem 3.3. Leta; =0, ar=mn—1),...,apr =k —1)(n+k—3),... denote
the spectrum of S"~'. The spectrum of the Laplace operator A on M is given by
Uiz Tk, where,

Iy ={rk, 1), 1k, 2),...}

is the ordered spectrum of the operator (defined on the set of mT periodic functions)

/

r o
Kaulzl=2"+@—D=2 - ‘

r_2Z
The spectrum of the Jacobi operator J on M is given by | i~ Fx, where
Fr = {A(k, D), A(k,2), ...}
is the ordered spectrum of the operator (defined on the set of mT periodic functions)

/ o

-
Kyilzl=2"+(n— 1)7z/+ (n +nH?>+n(n—Dc"r 2" — r—2>z

Proof. Let us prove the case of the Laplacian. By Theorem 3.1 we have that if f;
is an eigenfunction of the Laplacian on $"~! with eigenvalue o and g;(¢) is an
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eigenfunction of the operator K o x with eigenvalue A(k, /), then Ay ; : M — R given
by hr; = frg; is an eigenfunction of the Laplacian with eigenvalue A(k, /). Therefore
i< Tk is contained in the spectrum of A. To prove the reverse inclusion, we only
need to point out that every smooth function 4 : M — R can be written as a series
of eigenfunctions of the form 4y;. There exists a basis

fT],l, fTQ,la f_‘2,29 "'aﬁ,na f_‘:‘},]a fg,Zv ceey ‘]53,2}1’ f_;‘,la LIRS
for L2(S"~!) with Af_k,j —|—akf_kJ =0. So any & : M — R can be written as a sum

of the form

ar 1) fii+ar 1) o1+ Far,t) fon+az (@) fr1+-

We obtain the desired expression for the function i : M — R, by noticing that
each ay ;(¢) can now be expanded in eigenfunctions of the operator Ko . The proof
for the Jacobi operator is similar and uses the following expression for |A|*:

AP =n(H*+ (n— D "r ™). O
The following lemma allows us to use the oscillation theorem to compute the
eigenvalues for the second order differential equations on Theorem 3.3.

Lemma 3.4. Let us denote by . = H + "2 " and w = H — (n — 1),

The change of variables u = r"~Y/2z gives us,
r’ a
Kax=7"+(n—1)—7— —];Z
r r
b do + (n—3)(n — 1)
= Y (u//_|_ (%AZ((n —D(n—-3)+ %)»/L(n —1—

4r2
+in— 1)2)u>

= r (0%
Kip=72"+n—-1D)—z'+ (n+nH2+n(n— 1)c—";»—2"__’<)Z
r

and
2

1
:,,(r,_—n/z(u//—'_%()”z(nz_1)+2)‘M(”_1)+4M2+(”+1)2
4ak+(n—3)(n—1)) )
- u

72

Theorem 3.5. If M C S"*! is a rotational minimal compact hypersurface, then
ind(M") > 3n + 5 and there are at least two positive eigenvalues of the Laplace
operator smaller than n. More precisely, if m and | are the relative prime integers
in (2-4), then

e [>2, m>3,
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e ind(M") > (21 — Dn+ 2m — 1) and,

o there are exactly 21 — 2 positive eigenvalues of the Laplacian smaller than n.

Proof. As pointed out in Remark 2.1, the positive integer / that satisfies the equation
0(T) = Zn% must be greater than 1. We also have that m > 3. Recall that Otsuki
has shown that, for any c, the integral that defines 6(7T) is a number between
7 and +/27. In this proof we will be using the notation for A(k, j) and A(k, j)
introduced in Theorem 3.3. More precisely, the eigenvalues of the operator K
are

Ak, 1) <A(k,2) <A(k,3) <---
and the eigenvalues of the operator K i are
ke, 1) < hk,2) < hk,3) <

A direct verification shows that the functions fi(f) = v 1 — r2(r) cos(9) and
Ht)=v1— r2(t) sin(@) satisfy the equation K A 1(f;)+nf; =0, fori =1, 2. Since
the functions f| and f> have 2/ zeroes in the interval [0, mT) then, by Theorem 1.2
we conclude that n = A(1, 2[) = A(1, 2/ + 1). Therefore, the eigenvalues of K i
are

ALD=0<A(1,2) <A(1,3) < ---<A(,2)=21,2l+)=n<---.

This shows the existence of 2/ —2 positive eigenvalues (counted with multiplicity)
of the Laplace operator smaller than n. A direct verification shows that r(¢)
satisfies the equation K 2(r) +nr = 0. Since r(f) is positive, then A(2, 1) = n.
Therefore all the eigenvalues of the Laplace operator smaller than n comes from the
operators K a 1. We conclude that there are exactly 2/ — 2 positive eigenvalues of
the Laplacian smaller than n. Let us show the inequality for the stability index. A
direct verification shows that the function ' satisfy the equation K, ;(r’) = 0. The
numbers of zeroes of r’ in the interval [0, mT) is 2m. By Theorem 1.2 we conclude
that either 0 = 5»(1, 2m) or 0 = )1(1, 2m + 1) Therefore the operator K ; has at
least 2m — 1 negative eigenvalues. Let us analyze the spectrum of the operator K ».
A direct verification shows that the functions

—c"2p 171 cos(0) + rr’ sin(6) and  fi(r) = 21 5in(0) + rr’ cos(8)
V1=r2@1) V1=r2(t)

satisfy the equation K ; 2(f;) =0 for i =3, 4. The numbers of zeroes f3 and f4 in the
interval [0, mT) is at least 2/. Let us check this property for the function f3(¢). We
have that 6(¢) changes from O to 27/ when t moves from 0 m7T. Lett, fp, ..., to—|
be increasing values of # such that 6(#;) =im. Recall that 6(0) =0and 6 (mT) =2ml.

f3() =



426 OSCAR M. PERDOMO

Since
C—n/Z’,(O)l—n -0 and f (t ) _ C—n/Z'.(O)l—n
J1=7(0) T =02

there is at least one zero of f3 between 0 and #;. The same argument shows
that there must be at least one zero of f3(¢) between #; and t,. By continuing
with this argument we conclude that f; must have at least 2/ zeroes. A similar
argument shows that f; has also at least 2/ zeroes. By Theorem 1.2 we conclude
that 0 = 1(2, 2k) = )1(2, 2k 4 1), where 2k is the number of zeroes of f4 and f5 on
the interval [0, mT). Recall that k > /. Therefore the operator K ; > has at least 2/ —1
negative eigenvalues. Since the multiplicity of the eigenvalue o, = (n — 1) of the
Laplace operator on S"~! is 1, we conclude that ind(M) > (2] — )n+(2m —1). O

f3(0) =— >0,

Remark 3.6. There is a geometrical reason for the functions r" and f;, i =1, 2, 3,4
to satisfy the respective Hill’s equation mentioned in the proof of the previous
theorem. If we write the immersion ¢ in (2-1) as (¢y, ..., ¢,+2) and the Gauss
map v in (2-6) as (v, ..., vy42) then, the functions f; and f, are the last two
coordinates of the immersion ¢ and, in general, all the coordinates of an immersion
of a minimal hypersurface of $"*! are eigenfunctions of the Laplacian associated
with the eigenvalue n. The function r’ is the simplification of the expression
®nt2Vnt+1 — Gpy1vu42 and in general all the functions of the form v;¢; — v;¢; are
either the zero function or they are eigenfunctions of the stability operator associated
with the eigenvalue 0. Finally, we have that f4 and f5 are factors of the expression

D1Vnt1 — Ppy1vi and @1V, 40 — Gpiovy.

Theorem 3.7. Let M C S"*! be a rotational CMC compact hypersurface described
in (2-1) with H > 0. If m and | are the relative prime integers in (2-4) then, the
number of negative eigenvalues of the Jacobi operator counted with multiplicity is
at least 2l — Dn+ 2m —1)

Proof. The proof is similar to the one presented for the minimal case. A direct
verification shows that J; o[r’] vanishes and the numbers of zeroes of r’ in the
interval [0, mT) is 2m. By Theorem 1.2 we conclude that either 0 = A(1,2m)
or 0 = X(l, 2m + 1). Therefore the operator K; ; has at least 2m — 1 negative
eigenvalues. Let us analyze the spectrum of the operator K;,. A direct verification
shows that the functions

c"2r(t) (c™?(H cos(0(1)) — r' (1) sin(0(1))) + r (1) ™" cos(0(1)))

fi@) = N
and
H c2r(0) (2 (r/ (1) cos(B(1)) + H sin(0(1))) 4 r (1) ™" sin(6(1)))
2 =

V1 —=r()?
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Figure 1. On the left we have the graph of the solution r(¢) for
the value ac = 2.8284247911397589. On the right we have the
graph of the function 6(¢) defined in (2-3).

satisfy the equation K;2(f;) =0 fori = 1, 2. The numbers of zeroes f; and f> in
the interval [0, mT) is at least 2[. By Theorem 1.2 we conclude that 0 = )1(2, 2k) =
):(2, 2k 4 1), where 2k is the number of zeroes of f; and f, on the interval [0, mT).
Recall that k > [. Therefore the operator K ; » has at least 2/ — 1 negative eigenvalues.
Since the multiplicity of the eigenvalue o = (n — 1) of the Laplace operator on
§"=1is n, we conclude that the number of negative eigenvalue of the operator J is
greater than (2/ — 1)n 4+ 2m — 2). ([l

4. An example that illustrates the method

In this section we pick an explicit rotational 3-dimensional minimal hypersurface
M C S* and we compute the first three eigenvalues of the Laplacian and its stability
index.

Construction of the particular example. By the intermediate value theorem, it is
easy to see that there is a value of ¢ near ac =2.82842479911 such that the function
r(t) has period T near aT = 2.6722005616 and 6(T') = 4?”. See Equation (2-4). In
this case [ = 2, m = 3 and our manifold M is defined by this choice of c. Recall

that the immersion ¢ : S* x R — S* is given by

4-1) Py, 1) = (r®)y, V1 —r®)?cos@(r)), v 1 —r(t)?sin@(1))).

Figure 1 shows the solution r(¢) that produces the manifold M, and Figure 2
shows the profile curve of the rotational manifold M.

Computing the first three eigenvalues of the Laplacian. In order to use the oscillation
theorem (Theorem 1.1) we notice that making u =rz we obtain (see also Lemma 3.4)

! 2
Kaulzl=2"+207 -5z = l(”’” i (1 s a—lﬁ)”)
r r r cr r
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Figure 2. Profile curve of the M. This curve is parametrized by

(V1 =r@®)?cos®(t)), /1 —r(t)?sin(6(r))). The red piece repre-
sent the curve when ¢ moves from 0 to 7. Recall that the period of
the immersion is 37'.

[

10

Figure 3. Graph of the function §(A). The roots of the equation
8(L) =2 give us eigenvalues of the Laplacian of the form A(1, j)
defined on Theorem 3.3.

Therefore A(k, i) is an eigenvalue of the operator K A i if and only if A(k, i) is an
eigenvalue of the operator

7 o ! 2 o
palil=u"+ (1= == 2.

For 1 = 0, Figure 3 shows the discriminant function §(A) for the operator K ALl
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Figure 4. Graph of two solutions & and & of the equation
Ka1lz]+0.4404z = 0.

Figure 3 was made by taking 3400 values of A between —0.1 and 3.3, one
every 0.001. For each value of A we solve two differential equations to find the
functions z; (¢, A) and z,(¢, A) defined in Theorem 1.1. Once we have z; (¢, A) and
z2(t, A) we computed 6(A). The crossing of the graph of §()\) with the horizontal
line y =2 at A(1, 1) = 0 was expected since z(t) = 1 is an eigenfunction and the
crossing at A =3 with multiplicity 2 was expected because the last two coordinates of
the immersion, the functions /1 — r2 cos(9) and +/1 — r2 sin(#), are eigenfunctions
of the Laplacian of M, see [Simons 1968]. Regarding the crossing near 0.44 we
can check that |8(0.4404) — 2| is smaller than 107, Figure 4 shows two linearly
independent solutions &; and &, of the equation Kz 1[z]+0.4404z =0. All together
we have 3 eigenvalues of K A | smaller than 3, which agrees with Theorem 3.5.

We will move now to study the operator K ». Since the coordinates of the
immersion ¢ are eigenfunction of the Laplacian we have that the function r(¢)
satisfies the equation Ka 2(r(¢)) = —3r(t). The previous equation also follows
from (2-5). Since r(¢) is positive, A(2, 1) = 3 is the first eigenvalue of K 2 and it
has multiplicity 1.

Remark 4.1. Since the sequence ¢4 is increasing, the sequence A(k, 1) is also
increasing.

From the previous remark we deduce that all other eigenvalues of the Laplacian
of M are greater than 3.

Computing the negative eigenvalues of the Jacobi operator. Once again we use the
oscillation theorem (Theorem 1.1). The change of variables u = rz gives us (see
also Lemma 3.4)

r 6 o 1 4 (075
K T, Y _ —_ = " 44+ — — — .
J,k[Z] '+ . 7+ (C3l”6 +3 rZ)Z P (M + ( + 30 72 u

Similar to the case of the Laplacian operator, we can compute the eigenvalues of
the Jacobi operator by computing the eigenvalues of the operator

_ 4
Kyilul=u" + (4+W - a—’2‘>u
Ccr r
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Figure 5. Graph of the function §(1) for the operator K ; ;. The
roots of the equation §(A) = 2 give us eigenvalues of the Jacobi
operator of the form A(1, j). The graph on the center and on the
right shows the function § on smaller intervals

-1000

Figure 5 shows the discriminant § for the operator K 7.1- A closer look at the
function tell us that the negative solutions of the equation §(1) = 2 are on the
intervals [—8.7, —8.5] and [—3.1, O].

For the first eigenvalue of the Jacobi operator, it is easy to use the intermediate
value theorem to show that 5\(1, 1) = —8.6534 within an error of 10~*. This
eigenvalue has multiplicity one and Figure 6 shows a nonzero periodic eigenfunction
of the operator K ;. For the next value we have that |6(—8.53078) — 2| < 1072,
For this value of XA the two fundamental solutions of the equation K; 1[z] + Xz =0
are shown in Figure 7. The next eigenvalue is —3 with multiplicity 2, this eigen-
value was expected due to the fact that the coordinate functions of the Gauss map
are eigenfunctions of the Jacobi operator. For the next eigenvalue we have that
|8(—1.1749673) — 2| < 107. The existence of an eigenvalue near —1.17496 with
multiplicity one is given by the Intermediate Value Theorem, see Figure 5. We
know that this is the last negative eigenvalue because 0 is known to be an eigenvalue
of K J.1-

We now study the operator K;,. Figure 8 shows the discriminant § for the
operator K 7.2. We can directly check that K J’2(r_2) =3r~2. Since r(¢) is positive,
then we have that —3 is the first eigenvalue of K;» with multiplicity one. Since
we have that |§(—2.5596) — 2| < 107, then there is an eigenvalue of K, with
multiplicity 2 near —2.5596. We can check that the first eigenvalue of the operator
K ;3 is close to 4.3484453. Therefore we have gotten all negative eigenvalues of
the Jacobi operator, in summary we have

Remark 4.2. Since the first two eigenvalues of S? are 0 with multiplicity 1 and 2
with multiplicity 3, then the stability index of M is 15. Counting with multiplicity
we have that the first eigenvalue of the stability operator J on M is near —8.6534
and has multiplicity one. We have two eigenvalues near —8.52078, it could be
only one with multiplicity 2. We have —3 with multiplicity 5. Even though this
was known, it is interesting to point out that the multiplicity is 5 because —3 is an
eigenvalue with multiplicity 2 of K ; and —3 is an eigenvalue of multiplicity 1 of
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Figure 6. Graph of an eigenfunction associated with A(1, 1) =
—8.65. ... This function also represents the first eigenfunction of
the stability operator.

30

Figure 7. Two solutions of the equation K 1[z] —8.53078z = 0.

K j 2, this multiplicity one needs to be multiply by 3 because the eigenvalue oy =2
of the Laplace operator on S? has multiplicity 3. The next eigenvalues are six near
—2.5596, they are either two with multiplicity 3 or one with multiplicity 6. The
last negative eigenvalue is one near —1.17496.
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MEAN CURVATURE FLOW IN A RIEMANNIAN MANIFOLD
ENDOWED WITH A KILLING VECTOR FIELD

LIANGIUN WENG

We consider the Killing graphs over a bounded regular domain M in an
integral distribution orthogonal to a Killing vector field with prescribed
variable contact angle. Under some appropriate condition between the ge-
ometry of the domain and the contact angle, based on the maximum princi-
ple and the approximation method, we show that the solutions to the mean
curvature flow of Killing graphs with capillarity type boundary condition
converge to a translating solution.

1. Introduction

In this paper, we are interested in the study of the evolution of graphs defined over
a Riemannian manifold by the nonparametric mean curvature flow, whose speed in
the direction of their normal is equal to their mean curvature and with a prescribed
variable contact angle at the boundary. Throughout this paper, let (N"*!, g) be an
(n+1)-dimensional Riemannian manifold endowed with a Killing vector field V.
Suppose that the distribution orthogonal to V is of constant rank and integrable.
Given an integral leaf L of that distribution, let M C " be a bounded domain with
boundary M e C3. We suppose for simplicity that [ is complete. In this case, let
{:M x R— N be the flow generated by V with initial values in N. In geometric
terms, the ambient manifold N is a warped product manifold as

N=L"x.1 R,
JY

with the metric given by g =0 + % ds?, where y :=1/g(V, V)? and o is the metric
on L". Since we have V(y) = 0 by the Killing equation, y can be viewed as a
function on L".

The Killing graph of a differentiable function u : M — R is the hypersurface
¥, C N parametrized by the map X (x) = ¢ (x, u(x)), x € M. The Killing cylinder

MSC2010: primary 53C44; secondary 35J66.
Keywords: Killing vector field, warped product manifold, mean curvature flow, uniform gradient
estimate, variable contact angle.
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IC over 0 M is defined by
K:={¢t(x,s):x€edM, s e R}.

We want to study the asymptotic behavior of solutions u(x, t) to the Killing graphs
dominated by its mean curvature in the direction of the unit normal p with prescribed
variable contact angle along the Killing cylinder, that is,

X =u in M" x (0, 00),

(1-1) (moX,voX)=—¢ ondM x (0, 0c0),
X(,00=¢(,uo(-)) onM,

where M C ", n > 2, is a compact domain with smooth boundary oM, u is the

upward normal for the Killing graph X, which is given by

_yy-— ¢« (Vu)
M=———
v
with v := ve?” + |Vu|? and p := log /v throughout this paper for convenience.
And g is the cosine of the contact angle, that is, ¢ := cos 6 for some 8 : M — R
being the variable contact angle on the intersection of the Killing cylinder and the
graph, which is given by (u, v) = —cos6. Then the boundary value condition
in (1-1) is equivalent to V,u =cosfv'y + |Vu|?, where v is the unit inner normal
of M, one may extend ¢ to M with ¢ € C>(M). And uo(x) is a smooth function
and satisfying the compatible condition

Vyug=9vVy+ |Vu0|2 on IM,

while  in (1-1) is the Killing mean curvature operator with the expression (see
[Dajczer et al. 2008]) that

. Vu Vy Vu
H=div| — ) —(=—, — ),
VY +IVul? 2y v
where the differential operators div and V are respectively the divergence and
gradient in L with respect to the metric o.
For the prescribed contact angle boundary value problem, a more general type
problem with an extra term is to study the following equation,

(1-2) u; =+/e2° +|Vu|>(H—+v) inM x[0,T).

Such types of evolution problem were studied by de Lira and Wanderley [2015]
previously, where they proved the long time existence for v : M — R and prescribed
contact angle function ¢ : 9M — R with |p| < by < 1. Nevertheless, they obtained
the convergence results only for the vertical angle case, which corresponds to ¢ =0
on the boundary. One could also refer to [Huisken 1989] or [Zhou 2018] for similar
results in the vertical angle case. Besides, when V := ;—S, the long time existence of
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flow (1-2) was obtained for product ambient manifolds by Zhou [2018] recently,
which is a generalization of the previous result in Euclidean space by Guan [1996].

However, when it goes to study the asymptotic behavior of u(x, ¢) in (1-2) for
the not perpendicular contact angle case, to the author’s best knowledge, only
a few results are known. For instance, when n = 2, Altschuler and Wu [1994]
showed that u(x, t) of Euclidean nonparametric mean curvature flow with contact
angle boundary condition will converge to the translating surface. For n > 2,
recently, [Gao et al. > 2020] proved the same results under the condition that the
contact angle is the small perturbation of 7. See also [Zhou 2018] for the same
convergence conclusion under the condition that the ambient Riemannian surface
requires carrying the metric with nonnegative Gauss curvature. One could also refer
to [Ma et al. 2018; Oliker and Uraltseva 1993; Schniirer 2002] for various studies
on the asymptotic behavior of geometric curvature flow with Dirichlet, Neumann
and second boundary value condition problems.

We only focus on the capillarity type boundary value condition in this paper.
Based on above discussions, we may rewrite (1-1) in the following expression,

wp =3y 7 @ Viu—5(1/y +1/v2)(Vy, Vu) in M x [0, +00),

(1-3)  {Vou=@x)Vy +|Vul? on dM x [0, +00),
u(x, 0) =up(x) on M x {0},
where _ .
aV =o'l — —V’u Vi
y +IVul?

and v is the unit inner normal of d M.
Our first main result about the asymptotic behavior of a solution to (1-3) can be
stated as follows.

Theorem 1.1. Let M C 1" be a bounded strictly convex domain with dM € C3.
If Ric, +V?%p > koo for some positive constant ko, where Ric, denotes the Ricci
curvature tensor of L, then there exists 6o > 0 such that

(1-4) Il 2z, < S0

and it holds that the unique smooth solution u(x, t) of (1-3) uniformly converges to
u(x)+tt as t — oo, which means that

tiignooHu(., 0= @)+ 10| cogzy =0,

where (1, i) is a solution satisfying
{Z?,j:l a¥Viu—3(1/y +1/v)(Vy,Vu) =1 in M,

(1-5)
Vou = ovVy +|Vul|? on oM.
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In particular, iffaM @//ydo =0, then t =0, hence ¥, is a minimal hypersurface
in (N"*1, ¢).

The main ingredients and approach to get such convergence results are as follows.
Firstly, by using the standard comparison principle, one shows that

u(x,t)

— 1 uniformly as t - +o0,

which indicates that the so called ergodic constant T governs the asymptotic behavior
of the evolution equation. This part is somewhat relatively easy. Secondly, by
establishing the uniform gradient estimate, we get the existence of solutions to the
stationary equations (1-5) and show the more precise asymptotic behavior

u(x,t) —tt — i(x) uniformly as t — +oo0.

We will achieve this by firstly deriving an a priori estimate for the C'-norm of
u(x,t) to (1-3), which is time-independent. This will be achieved by choosing an
appropriate auxiliary function and combining with the maximum principle.

We mainly use the methods in [Altschuler and Wu 1994; Ma and Xu 2016;
Schniirer 2002], but with the necessary technical tricks for choosing the right
functions to get estimates, which take control of the complications introduced by
the terms containing the warped function y and the curvature tensor of L. We want
to point out that the existence of solutions to stationary equations (1-5) are closely
related to the “ergodic control problems,” which consist in solving the following
type of fully nonlinear elliptic equations associated with nonlinear oblique type
boundary conditions:

F(x,Vu,Vu)=p, inM,
L(x,Vu)=u, on dM.

Such types of problem not only have a close relation with the asymptotic behavior
of solutions to parabolic equations, which are the case we study here, but also have
a strong impact and application in ergodic control problems, homogenization of
elliptic and parabolic PDEs, etc. We recommend [Barles 1993; Barles and Da Lio
2005; Barles and Souganidis 2001; Ishii 2013] for more details and interesting
results.

Thus, we adapted the idea used there to prove the existence of a translating
solution to our flow equation. That is, we have the following existence results for
stationary equations (1-5) (called the solvability problem of the translating soliton
equation with capillary boundary condition in some literature).

Theorem 1.2. Under the assumption of Theorem 1.1, there exist a unique T € R
and a solution it € C>*(M) satisfying (1-5), 0 < o < 1. In particular, the solution
i is unique up to an additive constant.
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Moreover, for the dimension n = 2, we could release the condition on the range
of the variable contact angle and the compatible relation for the Ricci curvature on
leafs with the product function y in Theorem 1.1. Indeed, we have the following
theorem.

Theorem 1.3. Let M be a strictly convex domain in L% with k the geodesic curvature
of OM, satisfying

V7]
kK —| ——=——+lp|-|Vpl) =061, ondM,

V1—¢?

for some positive constant 8, > 0, where VT ¢ is the tangential part of V¢ restricted
on the boundary. If y satisfies the compatible condition

2

v
N

K+Alog/y >0 and Ay— 5, =
14

where K is the Gauss curvature of M. Then the unique smooth solution u(x,t)
of (1-3) uniformly converges to i(x) + tt as t — 0o, where (t, i) is a solution
satisfying (1-5).

In particular, iffaM ¢//ydo =0, then Tt =0, hence % is a minimal surface
in (N3, g).

We want to emphasize the fact that the above conditions are very well adapted
for applications to some special cases, say [Altschuler and Wu 1994] or [Zhou
2018] for example. Let us recall that for the Euclidean graph case, such results
were first proved in [Altschuler and Wu 1994], later for the product Riemannian
manifold case L x R, see [Zhou 2018], which both correspond to the special Killing
vector field V = % in our setting.

Outline of the paper. The article is organized as follows. In Section 2, by using the
maximum principle, the key uniform gradient estimate is established for flow (1-3).
Theorem 1.2 is proved in Section 3, which is complied with the approach that has
been used in [Altschuler and Wu 1994] or [Ma et al. 2018], once one gets the
uniform gradient estimate. In Section 4, we turn to discuss the n = 2 case and
prove the uniform gradient estimate being stated as Theorem 4.2. The last section
is devoted to showing the asymptotic behavior of solutions to (1-3) and proving
Theorem 1.1, which used the method in [Altschuler and Wu 1994; Schniirer 2002].
Also, the same idea can be utilized to verify Theorem 1.3, after obtaining the key
uniform gradient estimate for a Riemann surface in Section 4.
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2. Priori estimates

In this section, for studying the asymptotic behavior of the nonparametric mean
curvature with prescribed contact angle condition, we establish the uniformly
gradient estimate for (1-3) under condition (1-4).

Firstly, we describe the evolution problem in local coordinates and compute
some geometric quantities induced by embedding of the hypersurface into (N, g).
One could also find those results in references [Dajczer et al. 2008], [Impera et al.
2018] or [de Lira and Wanderley 2015]. Assume that {e;};"_, is the local frame on
", and s is the flow parameter of the Killing vector field V. We use the notation
oij=o0(ei,ej) :={ej,ej)and V; =V, V;; = V;V;. Then the tangent vector of
Y, at the point X (x) are

d
Xolep) = tule)) + &= ) Vju = ejlx + 05 1x Vi,
then the induced metric ¢ on X, is given by
A 1
8ij = X*g(e;, ej) =0+ ;V,-uvju,

where we note that y :=1/g(V, V)? and o is the metric on L. For a differentiable
function u defined on M". We lifted the indices with respect to the metric on L,
ie., Viu:=0"Vu and |Vu|? := 0 (Vu, Vu) = 0/ V;uV;u, where V denotes the
Riemannian connection in L and Vu = o'/ V;ue; is the gradient relatively to L. And
V2u is the Hessian which is given by

Vl-ju = V,-(Vju) — (V,-ej)u.

Recall that V;ju = V;;u and by using the Ricci identities for the third covariant
derivative of u, we have

n
1
ijibt:Vj,'ku-i- E V[MRijk,
=1

where R is the Riemannian curvature tensor
R(X,Y)Z =[Vx,VylZ - Vx v Z,

with R := 0 (R(e;, e)er, e) and RYy, := Y"1, 0" Ryju.

We will use the distance function to construct the auxiliary function to get the
uniform gradient estimate, this kind of idea has been widely used previously, see
for instance [Guan 1996; Korevaar 1988; de Lira and Wanderley 2015; Ma and
Xu 2016; Xu 2014]. We note that d(x) := dist(x, 9M) is a smooth function for x
close to the boundary, then extend it to the whole manifold M, andd =0, V,d =1
on dM. For convenience, we denote L := supj; |V2d|, L, := supj; |V3d|, and
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define the big O notation O (s), which means that there exists a constant C > 0, such
that |O(s)| < Cs. In particular, we have the positive constant C only depending on
(M,o0),y, L1, Ly, and n throughout this paper.

The following result has been proved previous by de Lira and Wanderley [2015,
Proposition 1], which established an a priori bound for i := d,u for a general
domain M C L and ¢ € C! with |l¢]|c0 < 1.

Lemma 2.1. If u(x, t) is a smooth solution to (1-3), then

sup 1> =sup l;tz‘

—0°
Mx[0,T] M =0

that is, there exists C = C(ug) > 0 such that

(2-1) sup |u] <C.
Mx[0,T]
Next we obtain the uniform gradient estimate for problem (1-3), which turns the
quasilinear evolution equation (1-3) into a uniformly parabolic equation and the
infinite time existence of smooth solutions follows by standard regularity theory.

Theorem 2.2. Under the assumption of Theorem 1.1, there exists a positive constant
C depending onn, M, ug, ¢, y such that

sup |Vu| <C.
Mx[0,T]
Remark 2.3. The constant §y in (1-4) depends only on the geometry of domain M.
In fact, even for 2-dimensional Euclidean space, see [Altschuler and Wu 1994], under
the condition that M C R? is strictly convex and x — |V ¢|/v1 —¢? > ¢y > 0,
where k is the geodesic curvature of the curve dM, then they deduce that the
solutions to the nonparametric mean curvature flow with capillarity type boundary
condition converge to translating solution. This means that the contact angle will
be affected by the geometry of domain along the flow.

Proof. Choosing the auxiliary function
w(x,t):=v—0o(Vu, Vd)ep,

where v := vy + |Vu|?>. We want to get the uniform bound of |Vu| in My :=
M x [0, T'], which is independent of 7/ (0 < T' < T).

Assume that w(x, ¢) attains its maximum value at (xo, fo) € M 7. We split it into
three cases to discuss. And all the computation below are done at this maximum
value point.

Case 1: (xq,f9) € OM x [0, T']. In order to do the calculation, we choose an
orthonormal frame {e; }

| at xo such that e, be the inner normal vector field of
dM, which is exactly equal to v.
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First we notice that w = v — 9o (Vu, Vd) = v — ¢u, on the boundary oM.
Denote V'u and u, be the tangential and normal part of Vu on the boundary by
our choice of frame above. From the boundary condition u, = ¢v, we deduce that

ut = o0 = (y +|Vul* +u?),

so it directly follows that

2
¥
(2-2) y =T IVl

and in particular, we have

w=(1-p=vV+Vul) (1-¢?.
By using the Gauss—Weingarten equation, we get

n—1
1

V,v= 5 (Vny +2 Z Ug Vil +2unv’mu)

a=1

n—1

—1
Vay 1%
= 2nv —|—; Elua- (una—i—ﬂg lbaﬂuﬁ)—i—(pvnnu,
a= =

where (byp) is the second fundamental form of d M with respect to the inner normal
v and satisfies (byp) > k (84p) for some k > 0, if dM is strictly convex. Using the
Hopf lemma, it gives us that

(2-3) 0= Vyw(xo, 10) = Vv =V, ((Vu, Vd))g

n
=V, v — Vyup — Z ViuVi,de
k=1

—1 n—1 n

Vay 1 X

- znv + ; Zl<uauna + /; uabaﬂuﬁ) — ; ViuVipde.
e — =

Since {e,} are the tangential vector fields for all 1 <« <n — 1, we obtain
(2-4) O=V¢;w(x0vt0)=va_una§0_(p¢av-

On the other hand, by taking the tangential derivative to the boundary value condition
in (1-3) and combining with (2-4), it yields that

Upa = V&(‘/’v) = QUy + PuV = ‘quna +‘P2(ﬂav + @q v,
that is,
_ 4

(2-5) Upa = 1_—(p2¢av-
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Substituting (2-5) into (2-3), and using the assumption in Theorem 1.1, it follows
that

—1 n—1 n
Vv 1 .
0= Vyw(xo, t0) = 2"v +;Z(uauna+zuabaﬁuﬂ>_Zukvknd(p
a=1 p=1 k=1
-1 n—1
Vay 1+ ¢? ~— Uqugh
:;—v—i— 1_(pza(v/¢,v/u)+ Z %—(pzvvmd—Zuandgo
o, =1 a=1
\v4 2 2 v/
= or gt — 2 g - €
1 — 2 v
2116 28
zl(fc— - )|V’u|2—9,
v 1-85 (1=55)3?

where C is a positive constant, only depending on [|Vy | cory. By choosing o
with [|¢]c1 < §p such that

. [V3 K
26 0<8< {— —}
(2-6) =20 =M 16, + 32
we obtain from above inequality that |V'u| < C, which also gives us |Vu| < C.

Case 2: (xo, o) € M x {t = 0}. Then it directly yields that

w(x, 1) <w(xo, 0) =Vy +|Vuo> — 0 (Vug, Vd)g
< C(ug, 9. d, y).

Note that |¢| < by < 1, thus it follows from above that

(2-7)

(2_8) Sup |VM| S C(u()’ Y, d)
Mx[0,T]

Case 3: (xg,19) € M x [0, T']. Firstly, by choosing the local orthonormal frame
{e;}!_, on M such that at x, it holds that

v
(2-9) e1(xp) = ﬁ(xo), and  (Vapit}oza pn is diagonal.
u
Then it follows that,
Y

— . fori=j=1,
. y+(Viu)?
(2'10) a / |(x0,t0) = 1, for 1= ] 2 2,
0, otherwise.

We always assume Vju(xg, tp) large enough in the below computation, such that
Viu,v=~vy+ (Viu)?, and w=v—Vju- Vide (since we assume |¢| < by < 1)
are equivalent to each other at (xg, fy). Otherwise, we have completed the proof.
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Due to the direct computation, it gives us that
(2-11) 0= Viw(xo, 1)

n n
=Vu— Z ViuVide — Z ViuVirde — o (Vu, Vd)Vig
k=1 k=1

for all 1 <i < n. Equivalently, we have

n

Viu “ Vi
(2-12) Z(% - Vzdw) Vi =Y ViuVadg +0 (Vu, Vd)Vig — -
=1 =1

Let S := Viu/v — Vidgp, then we obtain

n

Vedg Vide VidVig Viy
(2-13) v“uzz < Vigu + 5 Vlu—i—TVlu—m,
a=2
and for 2 < « < n, it holds that
Vod Vied VidV \Y
(2-14) Vigu = 298g 4y 10llq YOG, eV
S S 208

Substituting (2-14) into (2-13), we conclude that

n

Vodg (Vod ViuVigdp  ViuVidVep V.
V=Y a<p< wdp gy V1Viedy | ViuVidVag ay>

s s e s s 208
Vid VidV v
11 ¢V1u+ 1 1<,0V1M_ 1y
S S 208
:X”: (Vad)zgozv Vadvladgozv i V18VedeVap o VadVayy
s s? ! s? ! 2082
Vid V1dV v
11 ¢V1u+ 1 l(leu— 1)”
S S 208
then it follows that
¢ ¢
(2-15) Vit =" 3 (Vad)*Voatt +[0(g]) + O( VD] Viu.
a=2

For convenience, we denote

F(x, Vi) = _%(% n %)(V% V).
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By taking the covariant derivative to the first equation in (1-3), for 1 <k <n, we
get

(2-16) Vi, = kaaf Vuu—i—z ]Vk,ju—i—ZFprklu—{—Fk

i,j=1 i,j=1 i=1
n
2ViiuViuViu
i,j=1 i,j=1
ViiuV;uV;u "
+ Z %(VW +Z2V1MV1/<M)
i,j=1 =1
Viy  Viy
+%(7+7 vy, v - 3(L+ )Zv,kyvu
where
Viv (1 1 Viu
Fp = =5 (5 42) (V. Vo,
and
n
VikyViu — Vyy sz/Vu Viy
Fp:=— (Vy, +(Vy,V
i ; 2t (WY ; v, Vi) 5 o

Therefore, by substituting above equations into (2-16) and rearranging them, we
obtain

n

n
Q2-17) Viug— Y d"Viju =" Fp, Viu

i, j=1 i=1
Viu(Viu)*Viy
o4

2 n
= —F(VlanuV]ku)/ + Z V]auvakuvluv2> +
a=2

VikyViu  Viy "\ Viry Viu Viy
_§ Vy, Vu E ———+(Vy, Vu)—-
= 2y +2y<y )= ~ 2 vy ”>2v4

On the other hand, by direct computation, we see that

o= (53 a0y - Fo o

n

= (8tv— Z aijV,-jv —ZFiniv>

ij=I i=1

n n n
+ ( Y dVuuVide =Y Vi Vido+ Y F, Vkiqud(p)

i,j.k=1 k=1 ik=1
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n
+2 ) (pa ViguVijd + a' ViuVid Vo)

i,j,k=1
n

+ Y (2a7VdVj@Viu + Viua 'V jixde + al VijpViuVid)
ijk=1 .
+ Z Fpi (Vkuvkid(p + VkqudVicp)
ik=1
=h+L+L+1L+1s.

Next we handle the above five terms one by one. Firstly, by using the Ricci identities
for the third covariant derivative of u, it follows that

I :=0,v— ZaJV,]v—ZFprv

i,j=1
VkquI/t 1 - i
= Tt_ﬂ Z a''Viy +2a" ka,uvkju—i-ZZ a"'ViuV jigu
k=1 i j=1 k=1

n
1 g
+ m Z a' (Vij/ +2ZVkqu,~u) (ij +22Vluvlju>
ij=1
_ZFz (VV+ZZVkqul )
k=1
Viu
= <Vkut Z alJVkﬂM - Zszvkl )

k=1 i,j=1

+ Z ;<E Zaijvkuvluvkiuvlju—aiijiquju>
i jk=1 =1
n
- Z a’ ViyViuViju
ijl=1
n
S ECD LA EE DM A T L)
i,j=1 i,j=1
Xn: aUVkuVluRlikj
ij k=1 v
=In+Ip+Liz+Lis+1s.

Now we switch to handle those terms one by one. By substituting (2-17) into
term I;{, we have

111 = Z Vku <Vkut Z a”Vk],u — Z F sz >

k=1 i,j=1
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Viu(Viu)>Viy
4

n n
Viu 2 Z
= E L -y VlMVl]uVU{uy"l_ Vlauvakuvluv2 +
v v v

k=1 a=2

kyw Viy "\ Viky Viu Viy
—§ ’ 0, T2 (Vr Ve » —5 V. Vo
i=1

2(v1u)2 2(Viu)? < (Viu)dyy
=|: v—(V )Z—T;(Vmu)z—i—v—vn ]

(Vy, Vu): _ Viy(Vu,Vu) _ V2y(Vu.Vu)  (Viw)*(Viy)®
2y2v 2yv 203 203

=T + L.

We note that

(Vy, Vu)? _ Viy(Vu,Vu) _ Viy(Vu, V) (Vi) (Viy)®

L=
Hz 2y2y 2y v 203 203
Vy,Vu)>  V2y(Vu,V
_Vy. V)t Viy(Vu u)+0(1>.
2y2v 2yv v

Using (2-10), we have

n n
1 i 1 i
lipi=— Z a’ ViuNiuVguVyju—— Z a'’ ViiuVyju
v v
ij.kl=1 i,j.k=1

O 9,y T Z(vmuf——Z(Vklu)z——ZZ(W)Z

a=2 k=1 a=2

2
Y 24 2 1 2
=5 (V- =% §2<Vlau> —;§2j<ku> ,
o= o=

and similarly, combining with (2-14) and (2-15), we obtain

1 & . yViyViu Vv Viu
113 = —E Z a”ViyV,uV,ju:—Tvuu—zv—vmu

i,ji=1 a=2
yViyViu[ ¢* < >
| 2 Vad)*Vaatt + (Olg) + O(1V9)) Viu

5
v a=2
B Z Vay Viu <vad<o Vigdy VidVegp %y)

v Viu+ Vel
g ekt ViUt Vi

a=2

V1u<p
v3S§

_yViyViu <ﬂ
N

Z(V d)*Vaqu Vo VeVt + o(3)

a=2
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~o(L) S mn o)

a=2
also
1 < 1 © 1«
La= Y diViyViy - 7 Y FpViy - o Y alVyy
i,j=1 i=1 i,j=1
_ IVJ/|2<1 L) V) yViy  Ver  yip)? | (Vep)?
4v \y 2?2 203 203 20 495 493

1
-0 (—)
v
And the term I;5, which relates to the curvature, is

i aiijuVluRlikj

= _1 Ric, (Vu, Vu).
v v

115 ==
i,j,k, =1

Secondly, we are going to handle term I,, by using (2-17) again, it yields that

n

n n
12 = Z aijVjikqud(p - Z Vkuthd(P + Z FPi vkiuvkd(p

i,j,k=1 k=1 ik=1
n
:Zdego- (Z aJVk],u—Vku,—i—ZFprk,u—i— Z a”VluleJ)
k=1 i,j=1 i,j,l=1
. 2
= ; Vide |:_F (VluVUuVlkuy + 2; Vlauvakuvluvz)
= o

Vv Vv Vv, V; \YJ
n nu(Viu)>Viy Z Viky u+ ky(V)/,Vu)

4
v = 2y 2y2

Viu Viy
—ZLHW Vi)~

20 j|+RIC (Vu,Vd)p
i=1

2degoV1u
ViuViug — Z 2 VietVialt

a=2
VidViy (Viu)? VidViky Viu VidViyViy
- Vuu-— @ 3
v 2y 2y
_ VidViyViug n VidViyViyViu
202 204

2V1dyV1u 2V1d(pV1u "
= (T(Vuu)z(ﬂ - ) Vi)’
a=2

(zvkd)/vlu

k=1

Vlugo

<p) +Ric, (Vu, Vd)¢



MEAN CURVATURE FLOW IN A MANIFOLD WITH A KILLING VECTOR FIELD 449

2<pV1u

vnqu dViquep — Zv dV1quVgqlt

2 u
a=2 a=2

(Vlu)2

Viu(vd, VV))

Viu({Vd, Vy)

n
VidViryViu \Y%
_|_|:_ kA VikY Vi (p_'_fp 1Y

k=1 2)/

_ Xn: VidViry Viug L #ViyViu
202 2v*

(Vd, Vy)+Ric, (Vu, Vd)(p:|
k=1

=Dy + 1 +Ins.
Combining terms I, I1; and I; together, and using (2-15), it yields that

L +1io+1x

2(Vyu)> 2(Viu)* (Viu)* V) ’
= - win? - T Y Vi + = L v?
v v v v
a=2
Y - 1 v 2
=5 2 (Viaw) = — 3 (Vaalt)
a=2 a=2
2VidyViu 5 2VideViu 5
AR e v/ - \Y
+|: o (Viiu)“g 2 2_:( latt)
2(Viu)’y v » v » 1y 2
=— v - —= ) (v
L (1 g Vide) (Vi) = T (Vi) UZ; t)
=
2 Viu .
. (1 + —Vldgo) Y (View)?

a=2
(V1M)3V1)/
05

[ Z(v d) vaau+(0<|¢|)+0<|V<o|))v1u]

a=2

By choosing §yp small enough with [|¢||co(ary < o, say do < 1, such that
v Viu
1+ —=—dip<0 and 14+ —d;p <0.
Viu v

Then it follows that

L1141+
| w (Viu)’Viy [¢9? < )
-2 Z;Nmu)%—[ﬁ > (Vod) ku+(0(|<p|>+0(|V<p|>)vlu}
o=

5
v
a=2
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=——Z<v w0 +0( )Zw ]+ [0(gD) + O (Vg V1.

Secondly, we are going to handle term I, by substituting (2-14) and (2-15) into
term I»»; we obtain that

122 =

_ 2)/V]u

2yV1u 2¢>V1u

(anuZV dVigu — ZV AdViquVyau

a=2 a=2 (V1M)2

Viu(vd, Vy)

2 n
w[% 3 (Vad)*Vaau + (0l + 0<|w|))v1u}
a=2

v4

n

vad§0 V]adgl) vldva§0 Vay
. Ved - u—+ Viu+ ——Viu—
OZ; « [s o s ! s T s

2 \Y wd Vied VidV \Y
¢ ]uZV d- |: gDVWu—{— ]‘; (pvlu—l— ! Sawvlu—zzg]-ku

(Vlu)2
"

- [% Z(Vad)zvaau +(0dleh + 0(|V¢|))V1u] (Vd,Vy)

= 0(() e+ 0(}) X et + 0(}).

a=2

And we notice that for term I>3, we have

I3 :=—

n n
VidViy Viu v VidViey Viu
Z k 21k)/ 1 (p+</72 1yV1u(Vd Vy) — k ;k); ue
k=1 Y )/ k=1 v
ViyV
n (/);#(Vd, Vy) +Ric, (Vu, Vd)g
v

= O(l¢)Viu.

Substituting (2-14) and (2-15) into term I3, we deduce that

n

13 = Z (2goaiij,~qujd +2aiij,~qudego)

ijk=1

e - ViiuViad ViuVidVip )

22(2vkauvkadwzvkauvkdvaw et ——;

k=1 “a=2 a=2

\Y%
2[ 1%y (Viud + Vidvig) +Zv1au (Viadp + V1d Vo)
a=2
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Vlad(p+v dvlfp +vaxu Vaad(p+v dva¢):|
a=2

2
= V[Sz D (Vad)?V, aau+(0<|<p|>+0(|w|>)vlu}-(vudwvldvlw)

a=2
2 (Vodo Viedy VidVyp Voy
2 wer v v Viede + V1dV,
+ Z( u-+ A 1+ S o (Viedo + ¢)
- 4)/ Vad</) Vlad(p Vldva§0 Voty
- wall + Viu+ Viu— (Vigdp + VodV
Z‘;UZ( g et TV 5 VT g5 ) (Viedy 1)

+2) Vol (Vaade + Vad Vo)
a=2

2 2
— _)/(ﬂ_ (Vod) Vao,u(vlld(p—ledVl(P)
v? §2

a=2
2 n
i Vet Ve d(Vlad<p+V1dVag0)+ Zv dVequt(Vigdp + VodVi9)
a=2 a=2
+2)  Vaalt (Vaade + VadVap) + (0(l0]) + O(1Ve)) Viu
a=2

=O0(l¢l+ Vo)) Z [Vaatt| + (O (g]) + O(IVe))) Viu.
a=2

Moreover, we get
n
I = Z (261"’ Vkia’ngDVku +a" VkuVj,-kdw +a¥ Vij(kaqud)
ivjk=1

n
= (VitVae9Vid +2V1uVe9Viad + ViuVae1dp)
a=2

Viu Viu 2Viu
ty| z Vinde+ 7 VieVid + == VidVig

=[0d¢h + O(Ve)) + OV ]Viu + 0<%>,

and

Is := Z Fp, (ViuViedo + ViuVidVip)

[ Vvl Viu
:VIM.XI:[__)/(_+UZ)+(V)/, Vu)—- ] (Vlld(p—{—VIdVlgo)

=[0xeh+0(VgD]Viu+0(2).
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By adding terms I3, 14, and 15 together, we obtain

I3+14415
2y ? . 2
=5 2 (Vad)Veuut(Vdg+V1d Vi)
a=2
20 § 4o <
+5 > VaaltVad (Viadg+V1dVag) +—c ; Vod Voot (Vigdo+Ved Vi)

a=2
123 Vaott(Vaadg+Vad Vag) +[ 00D+ O (Vo) +0( V2] Viu+0 (1)

v
a=2

- 1
= [0UeD+0(VeD] Y 1Vauttl+0 (I 1+ Vol +V20)) Viut0 ).

a=2

Finally, by adding all above terms together and using the assumption in Theorem 1.1,
we get

n n
0< (at— Z aijV,-j—ZFini>w:h+Iz+I3+I4+I5
ij=1 i=1

Vy,Vu)>  Vy(Vu,V
<< v, Vu) — y(Vu u)—%Ric[L(Vu,Vu)

2y2v 2yv

1 n ) n
== 2 (Vaat)’ +[0(e) + O(V¢D] ) V|
a=2 a=2
+ (19l + Vo] + [V20]) Viu+ 0(%)
|Vul?

C
< —ko +C1|¢||C2V1u+7,

where we have used the inequality that —as? + Bs < B2/ (4a) holds for any o > 0
in the last equality above. And Cy, C; are the positive constants which only depend
onthe L, Ly,n,and M.
Hence, by choosing 8o < ko/(2C1+1) for ||¢||c2 < 8o < 1, we obtain the gradient
estimate
v(xo, o) < C.

Therefore, combining all above three cases together, by choosing

(2-18) 0 < 8o < min] | « ko
- < minj =, , ,
0= 2" 16L1+32°2C; + 1

we conclude that v(xg, fp) < C, where C is a positive constant which is independent
of T. This finishes the proof of Theorem 2.2. (]
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We conclude this section by giving some particular examples to illustrate the
Ricci compatible condition in Theorem 1.1. In particular, if the induced metric on
L is rotational invariant. That is,

o=dr’ +h*(r)g

sn—1?

where g, , is the standard metric on S"~!. We can write the Ricci curvature
condition with respect to y explicitly. In fact, let {&,})_, be an orthonormal
coframe on S"~! with respect to g, , then we define w; = dr and wy, = h(r)d,
for 2 < a < n. Then the coframe {w;}7_; forms an orthonormal coframe of L
with respect to o. The Ricci curvature of o is then given by (see for example the
Appendix A in the monograph [Li 2012])

le = —(I’L — 1){(10gh(r))” + [(logh(r))/]z}éljv
and
Rap =h ()R — {(ogh(r)" + (n = DI(log h) I’ }8us
= {1 =D =) — Qogh(r))" + (n = DI(og h)'T*}Sap.

We also assume that y = y (r), which means the norm of the Killing vector field
only depends on r. Thus the ambient space metric can be written as

g =0 (r)ds* +dr* +h*(r)g

gn—17

where o(r) := 1/4/y (r) = e~". In this case, the ambient space N can be viewed as
a doubly warped product manifold with the warping functions depending only on r.
Therefore, the Ricci curvature compatible condition

Ric, +V?p =Ric, +V?logo™ ' (r) > koo,
is corresponding to that 4 and o satisfy

0)?
QZ

—(n = D{(log h(r) + [(log h(r) "} - % +20 s,

and
(n—1)(n—2)h2(r) — (log h(r))" + (n — D[(log h)'1* > ko,

for any positive constant ky. One can check directly that specific examples like

(1) h(r) :=r, o(r) :=e~ /" forany ¢ > 0,
2) h(r):=sinr, o(r):= e~/ for any ¢ > 1—n,
3) h(r) :=sinhr, o(r):= e~/ for any ¢ >n—1

are included in the above conditions.
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3. Existence for the approximating problems

The aim of this section is to show the existence of Equations (1-5), and then prove
Theorem 1.2. One can see that if # is a solution of (1-5), then & +c is also a solution
of (1-5). Hence one can not expect to obtain the C” estimate of ii. We use the
approximation scheme to handle this problem. The main idea is that the limit of 7,
to the approximating problems (3-1) will solve problem (1-5). Firstly, we need to
get the uniform gradient estimate of Equations (3-1), which does not depend on the
C? norm of the solution and &. To be precise, we get the following results.

Lemma 3.1. Under the assumption of Theorem 1.1, if u solves the equations

{Z?,j=1 aViu—3(1/y +1/v)(Vy,Vu) =eu in M,
Vou = Vy +|Vul? on dM.

Then we have

(-

sup [Vu| < C,

M
where C is a positive constant depending only on n, M, and ¢, but not on ¢
and ||u|| co.

Proof. As before, we use the same auxiliary function
w(x):=v—0o(Vu, Vd)ep,

where v := vy +|Vu|>. We want to get the uniform bound of |Vu| in M, which
is independent of ¢ and ||u||co.

Assume w(x) attains its maximum value at xo € M. We split it into two cases to
discuss and finish the proof.

Case 1: If xo € M. This case is the same as in Case 1 in Theorem 2.2, since we
retain the same boundary value condition. By choosing §g as in (2-6), we obtain
the estimate for |Vu].

Case 2: If xo € M. As the idea is same as in Case 3 in Theorem 2.2, we mainly
focus only on the difference when we replace u; there with cu here. Firstly, we
have

n

" ij " 2V,~juV,~kuVju
V=3 i Vigu+ Y F, Vigu— Y St
v
i,j=l1 i=1 i,j=1

n

ViiuViuViu -
+ Z Uv% . (Vk)/ +22V,uvklu)

ij=1 1=1

Viy Viy 1 1 .
1 1
+ L2 T ) vy, __<_+_>§ VvV,
2( D) o4 (Vy ) 2 y 2 L ikV Vi
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By choosing the local orthonormal frame {e;}?_, on M such that at xo, it holds that

Vu
(3-2) e1(xg) = m(xo) and {Vygu}r<q p<n 1s diagonal.

Then it follows from the above equation that at x,

(3-3) (Zawkﬂwz Fp, Viiu )

i,j=1

Viu(Viu)?V,
= —%(Vluvuuvlkuy + E VlauVakuvluvz) + llu( 14 ) 24
v v
a=2
zk)/V u ka Viey Viu Viy
—E 5 (Vy.,Vu) — E T-ﬁ-(v%vu)m—gvku-

i=1 i=1

On the other hand, we have

(Z atJVU +ZF V)w(xo)

i,j=1

n
(Zawv,,erZF VU)+¢ZW <Z ijvjiku+ZFiniku>
i=1

i,j=1 i,j=1

+ Z (Zgoaijvk,-uvkjd+2aiijiqude(p)

n i,j,k=1

+ Y (2a"VdVj@Viu + Viua 'V jixdp + al VijpViuVid)
i,j,k=1

n
+ Y Fp (VitViido + ViuVidVig)

ik=1
=L+L+L+L+1s.
From direct computation as before, we have
(Z a”Vljv—i-ZFpr v)
i,j=1

1 n n

= 5y Z (a’JVUy +2a" Z Vkiquju +2 Za’kauvﬁku>
i,j=1 k=1 k=1

n

1 N n n
+ yae Z a" <Vi)/ +ZZ Vkqu,-u> <ij +ZZ Vluvlju)

i,j=1 k=1 I=1
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n 1 n
_ ZF i%<vi)/ +22Vkuvk,~u>
i=1 k=1
ku
oy (Zaka],u—l-z Vi)

k=1 i,j=1

n

+ : lv<v Za’kauvluvkluvlju—a ViiuViju )

<.

+ E Z a”V,-yVluVUu
ijl=1

n
1 ..
+( Za”Vlijy o § FpViy =5 ) a’fv,-,-y>
i,j=1 i,j=1

n
ai
- > = ViuViu Ry
i, jk,1=1

=1+ I+ Lz + s+ 1s.

Therefore, by substituting (3-3) into term I;;, we get

n You n n
111 = —Z %(Z aiijjju+Z Fin,-ku>

k=1 i, j=1 i=1
V| 2 . Viu(Viu)*Viy
=ZL|:——4(Vluvlluvlku)/-i-zVlauvakuvluvz)-l- T
v v v
k=1 a=2
lk)/Vu ka "\ Viky Viu Viy |Vul?
_ Vy,Vu T L (Vy, Vu —&
Z 5 (Vy, Vu)— le S T (Vy, VS 5
2(Viu)?y 2(Viu)? (Viu)*Viy
= |:——5(V11M)2——3 Z(Vlau)z ———Viu
v 1)) U
a=2
(Vy,Vu)> V2y(Vu,Vu) V>y(Vu,Vu) (Viw)*(Viy)?]  |Vul?
- - + —&
2y2v 2yv 203 203 v

=l +hn+hs.
While for term I, by using (3-3) again, we obtain

n
Iz::Zde(p' (Z a /v]lku+z lku)
k=1

i,j=1

:ivkdqo.(ZaJVkﬂu-i-ZF Viku + Z a”VluR )
k=1

i,j=1 i,j,l=1
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2yVidViu 20V1dViu
= (T(V“u)z(p - T E (Vloﬂft)2
a=2

2)/V1Lt 2(,0V1u ~
+ A Viiu E . VadVigue 2 E . VodViguVyau
o= o=

\V4 2
-G v, vw)
n
VidVikyV VidVikyV
Ll kavViky 1M¢+§0 lyvlu(Vd Vy) — k 1ng ue
k=1 Zy v? k=1 v

eViyViu .
+ 2—v4<w, Vy)+Ric, (Vu, Vd)p |+ &(Vu, Vd)g
=Dy + 1+ 13+ Iog.

We assume that Viu(xg) > sup,, /¥, otherwise we have completed the proof. Due
to a simple observation about the extra terms I3 and Ip4, we find that

|Vul?

Liiz+1Ixy :=—¢ > +¢&(Vu,Vd)p

= —&u (ﬂ —d1¢> <0,
v

where the last inequality follows from taking 8y < 1/+/2 with |¢|| ooy < 8. While
the rest all terms can be handled as same as in Case 3 in the proof of Theorem 2.2.
Hence, eventually, by choosing

1 K ko
(3-4) 0 < 8p < min
2’ 16L+32"2C1 +1

we conclude that v(xg) < C, where C is a positive constant which is independent
of & and ||u||co(pry- So we have finished the proof of the Lemma 3.1. O

Now we are going to give the proof of Theorem 1.2.

Proof of Theorem 1.2. First of all, we show the existence of solution u, to prob-
lem (3-1) for any fixed e € (0, 1). Let¢p € C 2(M) be the smooth function satisfying

Vo <oVy +|Vel* ondM,

and ¢ € C*(M). In fact, the existence of function ¢ can be constructed as follows.
Define d(x) := disty(x, 9M) for x in the near neighborhood of dM, afterward,
smoothly extends it to M, which we still denote as d(x). Let « be a positive
constant such that @ < infy; (¢)vinfy; y + . Then ¢ := ad(x) would satisfy our
requirement. Assume ¢ — u, attains its minimum value at xy € M. If xg € dM, we
get V(¢ —ug)(xp) =0 and V,(¢p — u.)(xg) > 0, that is, V'u.(xg) = V'¢p(x0) :=¢q
and V,u.(xo) < V,¢(xo), where we denote V' and v as the tangential and normal
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part of V on boundary 0 M. On the other hand, from the boundary value condition
in (3-1), it follows that

Vv”s Vv¢
> > =@(xp) > - =
VY + @2+ Vol VY +aE+ 1Vl

which is a contradiction with the fact that function s/y/y (xo) + g2 + 52 is strictly
increasing with respect to s € R and V,u.(xg) < V,¢ (x9). Hence xo € M, and it

follows that V(¢ — u,)(xg) = 0 and V(¢ — u,)(xg) > 0. Thus at x = x(, we get

n
C= Y a0, Vo)Vip — 3(5 + oo ) (V7. V9)
I.J; PTG Ty Iver/ Y
: 1 1
> i (xo, Vite) Vi —l<— —) vy, V
_l.;la (x0, Vue) Vijue ) )/+)/+|Vug|2 (Vy, Vug)
= eus(Xp).

It yields that, for all x € M,

gue(x) < e¢(x) — (¢ (x0) — ue(x0)) < C.

Similarly, we can also get the lower bound of eu,, that is eu.(x) > —C for all
x € M. Therefore, we obtain

Sup |8u8| 5 Ca
M

where C is a positive constant depending only on 7, y and ¢. Hence the existence of
solutions u, to problem (3-1) follows from the Schauder estimates and the continuity
method, see [Gilbarg and Trudinger 1977] or [de Lira and Wanderley 2014] for
example.

Second of all, we show the existence of the limit solution when ¢ — 07. To
begin with, we introduce the normalized function

N 1
Ug :ZMS_M/ ung.
M

It is easy to check that i, satisfies
S =1 @ 0, Vi) Vijiie — 5 (5 + 1/ (v + Ve ) {(Vy, Vi)
(3-5) = elle + 7 [y cucdV in M,
Vyile = @y + | Viig|? on IM.

Since there exists some xo € M such that i, (xg) = 0, by combining this with the
gradient estimate from Lemma 3.1,

|Vite| = |Vue| < C.
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Thus we know sup,, |i.| < C and note that ‘I]VIIM EUg dV’ < C. Using the
Schauder theory, we obtain that for some « € (0, 1) such that

||ﬁ8||c2,a(1\71) <C,

where C is a positive constant, independent of ¢. By taking ¢ — 0, we know
that /i, converges to some i € C>(M) and sii, + ﬁ fM ety dV — 1 for some
7 € [-2C, 2C], which yields that (, i) solves (1-5).

Lastly, we show the uniqueness in Theorem 1.2. Assume that (z;, i;) fori =1,2
are solutions to (1-5). Without loss of generality, we assume that 7, < t;. Then it
follows that

,C(ﬁl—ﬁg) =171—17>0 inM,

where £ denotes the elliptic operator as

Lh:= Z ATV b+ Xn:bi -V;h,

ij=I i=1

with
.. 1 ..
AY(Viy, Vi) = / a’(x, sViiy + (1 —s)Viip) ds,
and 0
. \v/ 1 \v/
b (Viiy, Viiy) = — ”’—/ _ iy _
2y Jo 2(y +IsVi + (1 —5)Viip|?)

U (Vy, sVi + (1 —s)Vil
+/ (< Y. sV + (1 —ys) uz)Z.[(l—S)Viﬁz-l-sVﬁl]ds
0

Y + sy + (1 — $)Vilo|?)

n 1

+y / a¥ (x, sVl + (1= 5)Viig) - Vg (siiy + (1 = $)ib2) ds.

k=179

Hence, it follows that i1; — i1, attains the maximum value at 9 M, say xo. we get
V(i1 — i12)(x9) = 0 and V, (it; — ii2)(xg) < 0, that is, V'it1(xg) = V'ii2(xg) := q
and V,u1(xo) < V,ita(xg), where we denote V' and v as the tangential and normal
part of V on boundary d M. On the other hand, from the boundary value condition
in (1-5), it yields that

v1)121 vvﬁZ
> — = @(xo) = = —,
Vry +a2+ Vil VY + @2 +1Vuibs|
which is a contradiction with the fact that function s/~'y (xq) 4+ g2 + s? is strictly
increasing with respect to s € R and V,i1(xp) < V,ii2(xg). Therefore, we get

iy — i, = const. Combining this with the first equation in (1-5), it gives us that
71 = 7». Hence we have completed the proof. (]
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4. Translating surfaces

In this section, we switch to the dimension n = 2 case, and we could release the
range of the variable contact angle. To be more precise, assume that (M, o) is a
bounded domain with smooth boundary in L2, we denote fi=ulam, T =vlom,
® :=lsm, and x := V,u|sy. We use the arclength s to parametrize the boundary
oM, thus {el = aa_s’ ey = v} forms an orthonormal frame near the boundary oM.
Then

v(s) :=vlay = V() + £/()2 + x2(s).

and combining with boundary value condition xy = ®v on dM, it follows that

®? /
ErsiURAORE

(4-2) fl(s)>=(1—-d*v>—T.

4-1) X =

In particular, on d M, we have the following identities.

L6 T+x%6)

n_
a =1 2 2
12 _ f's)x . f(s)® )
a == w2 v -4
22 X(S)2 F+f/(s)2
a“=1-— = .
v? v2

Now we are going to show the gradient estimate, which will be divided into two
parts. Firstly, we get the boundary gradient estimate under the appropriate condition
of geodesic curvature of d M, and secondly, we adopt the maximum principle to
get the global gradient estimate.

Lemma 4.1. Let M be a strictly convex domain in > with « the geodesic curvature
of IM, satisfying

VT g
K> (—¢+I¢I-IV10g\/7I + 61,

V1 —¢?
for some positive constant 81 > 0, where VT ¢ is the tangential part of V¢ restricted
to the boundary. Suppose u € C*(M) such that

“3) {CO = Zijzl aliViiu — %(% +1/(y + IVul»))(Vy, Vu) in M,
Vou = @(x)Vy +|Vul? on aM.
If v attains its maximum at somewhere on the boundary, then we have
supv < C,
aM

where C is a constant only depending on ¢, M, y,n and §;.
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Proof. Firstly, we notice that

0 0
vzu(a, v) = (Vaas Vit, ) = 5= (Vi v) = (Vit, Vo)

=X = 'G5 Vi)
= ®'(s)v+ PV'(s) + f/(5)k,

where the last equality follows from combining with the boundary value condition
x = ®v. Hence by direct computation, it yields that

g ML (ay +2V2u(Va, v))

v 2v\ad
1 dy 2 (0 / 2
- 2v<8v 12V (a_’ v)f () +2V2u(v, v))()
X2 f( )
= ;v u(v,v)+ Z - vy 1 (@' (s)v+ DV (s) + f'(s)K).

Similarly, it holds that

B 1 R T o
“-5) v M(as’ as/) Vajas Vit dsl — Os Vi, as Vit Vosos as
= f"(s) = x (s)k.

Hence, from the first equation in (4-3), which follows that on d M,

2
ij (1,1
4-6) Co= ) aViu— 5<F + E)Wy, Vu)

i j=1
2 14
FL() (f//( ) — X(S)K)—Zf (z)qD(X,(S)-f—f,(S)K)
I+ ’ ’ ’
+ #Vzu(\), V) — %(% + F+f/(s)12+xz(s)) (T (s)
1(1 1 ay
~3(F F+f/(S)2+x2(S)>Xa_v'

Since v attains its maximum value somewhere on the boundary, say xo € d M whose
local parameter is sg. We may assume that | f'(sg)| > 1 in the below, otherwise we
have done the gradient estimate for v, due to Equation (4-2). In the sequel, we do
all the computation at s = sg. Now we have

4-7) V'(s0) =0, and g—:j(so) <0,
that is,

(4-8) P'+2ff"+2xx" =0,
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and respectively,

1 dy
>g” L 92u, v)+—a—+f '+

Note that from boundary value equation in (4-3), we get

(4-9) 0

f(s)?
K.
v

(4-10) x'(s0) = ®'v+ dv' = P'v.
Substituting above equation into (4-8) gives us

o , I

/" _ 12 2 1 N _*X* -
@-11)  f"(so) = 2f()[2<I>CI>v (1—®*)2vv +T17] Vg
We rewrite (4-9) in the following expression,
10
(4-12) XV, v) < — f'(s)% — fdv— 1 a);

By multiplying x into (4-6) first, then substituting (4-10), (4-11) and (4-12) into it,
we obtain

F+ 2 / / / b , ,
4-13) x-Cop= X—vzx .(—(bf;(/)vZ ZI;” XK>—2—X(S)J; () (CI> v+ f (s)K)
T+ () ) X (1 1
+—v2 x-Vou(v, U)_§<F+F+f’(s)2+xz(s)>

3
-[f/(S)F/(S)era—y}

v
P 5 5 OT/(M+d%?)
5[ f,q> ' (I +d%v?)— 2
—2F(s)v D> D — 2k f(s5)* D?

r 2 o1’ ®2
—+{() (f( )i+ f! d>/v+zzy>__ / e

—Kq>2(r+c1>2v2)]

or ' Tar oy
r'e  flv o2 v? Ay
2 THf24x2 2 THF()2+x%(s) ov’

which is equivalent to

(4-14) & [(1-9) f2+ 0"+ O T +2/29]

=]

v +f (s)? 29y or’
— P2 (M +D*v2)+2 flvd* P’ '’ V2t ——uf
+|:f’ (C+o v)+2f"v +——f'® +2F8 +2va
O/ (T +d%v?) T+ f/(s)? ay e flv
< —®dvCy— — <
2f"v 202 v 2 T+ f2+x2
ok v? ay

2 TH ()24 x2(s) By
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Note that the right-hand side of above inequality are at most the linear terms of v
or f’, while the left-hand side contains all the possible quadratic terms of v or f”.
Firstly, we tackle term J in the left-hand side of above inequality, which can be
written as
Ji=(1- %) %+ o*? + 0T + 2702
— f/2+q)2v2 — U2 _ F,
where we have used that on boundary, it holds that

() = (1 —d2)2 —T.

On the other hand, the rest terms of the left-hand side of above inequality gives us

I+ f/(s)? ®2 Jy or’
L o2/ (T + 2?) 42 f o’/ + — L g/ 24—
) (T + &%) +2f - . f +o53, S + =%

(W2 -T ®2 9 c1>r’
=‘Lv+ )/ 2+ / CDZ)UZ—F‘

£ 2T v
| @IV = 2
o

vf’

f

2[ lvd’|
<v + e
VA =—o)w2-r 2T 8v LSl

Notice that, by using the Cauchy—Schwarz inequality, we have

o2 | PV |/1 — D2
||t ar

1 |9y
< |(®*+ P*(1 = %)) - [ —
) <[t era-e) (o
Substituting above inequality into (4-14) yields that

ay
v

av

2 2N\ 12
o
4r

= |®|-|VIog /7.

2 |v /|
[v (K VA=) -T ! |Vlog\/7|)i|
O’ +d*?) T+ fl(s)?dy TI'd flv
21" 202 duv 2 T+ [P+ yx2
o2 v? ay
2T+ )2+ x2(s) By

<kI' — ®vu; —

< Ci+ Gy,

where Cy, C, are positive constants only depending on I', ®, n, and M. Under the
assumption that

V7|
K—(—(p +lel-[Vieg /¥l ) =41,
V1—¢?
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finally note that
. lvd| ||
lim = .
v—+00 \/(1_@2)1)2_1'* J1— @2

Hence, we can obtain the gradient estimate for v from above, that is
v(so) < C,
where C is a positive constant only depending on y, ¢, n, §; and M. U

Theorem 4.2. Let M be a strictly convex domain in > with k the geodesic curvature
of OM, satisfying

IV ol
K — (—+|¢|-|Vlogﬁ| > 61,
V1—¢?

for some positive constant 8, > 0 and V' ¢ is the tangential part of Vg restricted
on the boundary. If K and y satisfies the compatible condition

\%
K—i—M(Vzp)ZO and Ay—' Y

where K is the Gauss curvature of M and ), is the minimum eigenvalue of the
Hessian V*p with p :=log V- Suppose u € C*(M) such that

_\2 AV
Uy = E ij la Ul/t
%(%4_ 1/(y + |Vu|2))(VJ/, Vu) inM x[0,T),

Vou = @(X)Vy + |Vul? on dM x [0, T),
u(x, 0) = ug(x) onM.

(4-15)

Then we have the gradient estimate,

sup |Vu| < C,
M

where C is a constant only depending on ¢, M, v, n, uy and 6.

Proof. From the computation in the previous section, we recall that

2 2
(4-16) Lv:= (a,— > alvi=> F,,,V,-)v
i=1

i j=1
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2
(4-16 cont.) = Z l]ju (Vku, Z a ka],u Z ,ku)

2
1 .. 1 ..
—I—; E (—a”VkiqujIH—ﬁ E a”VkuVlquiuVlju)

i\ j k=1 =1
1 2 2 1 2
(—3 a’ Ny ViuViju— Z Fp,-ViV—%'Z a’Viy
i,j,l=1 t=l i,j=1

1 2 2 aiijuV[uRlikj

tos o Ay Y
i,j=1 i,j.k,l=1
= P1+P,+P;3.

Notice that

2
20Vjv=V;y +2 Z ViuViu,
=1
by using (2-16), it follows that

P, = Z V’;” <Vkut Z Al Vi — Z F, V,ku>

k=1 i,j=1
2 2
KU ZV[/‘MV/“‘MV‘,‘M VijuVl-uV.,-u
— T|:_ Z —U2 +Z —U4 ka+ZZV,qulu
k=1 i,j=1 i,j=1 I=1
2
Viy  Viy 1 1
Vi,V (— —) Viey Vi
+2( ]/2 + o4 >< Y)— 2 J/+U2 ; iKY tui|
2 2 2
1 5 2V*u(Vu, Vu) (Vu,Vy)=r1 1
:——32 2UV,"U—VL‘)/) +T(Vu, VUH_T(ﬁ-FF)
VZV(VM,VM)(I 1)
2v y 2
VYR, (Vu, V)P 1 1\ ViV, V)11
= -+ —)]-— -+ = d V
203 + 2v <)/2 v4) 2v <y+ 2) mod Vv

Since [a'/] is positive definite, AX := > o a"/Vi;uVyju is also positive definite.
Using the Cauchy—Schwarz inequality yields that

2 2
1 ij AV — N, Vs
P, = = a Vkuvluvkluvlj” - = a vkluvkju
v v
i,jk,l=1 i,j.k=1

2 2
= 13( > ANV =0y Akk> <0.
v

k=1 k=1
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Besides, we have

2 2
1 1 I ij
_—3 E lJViVVlMVle‘FZE (mauvi)/vjy_al]vij)/)
1=1 ij=1

1 Z a’JVkuvluRl,-kj
—— F,Viy— Z S e 1,7
2v P

i,j.k,l=1 v
vy A V2y(Vu,V Vy,Vu)?  |Vul?
_ 1Vrl _AY yVu, Vu)  (Vy, Vu)™ _ IVul” o v,
dvy 2v 203 435 v

Thus we add the above three terms Py, P, and P3 together, and take advantage of
the assumption in Theorem 4.2, to conclude that

(4-17) Ev::( Zafv,, ZF,,,V)v ;=P +P, +P;

i,j=1 i=1
2

1 ViyVjy  Viy IVy|?
<2 iy —Koyj |- ViuVju P A
_”,-JZ_1< 22 oy ) +2 2y !
IVyl?  (Vy, Vu)?
203 493
<0 mod Vv.

Hence the maximum principle implies that v attains its maximum value at (xo, #o)
for either xog € dM or 1o = 0. If xo € 9 M, since we have the estimate for |u,| < Cy
from Lemma 2.1, then combining with Lemma 4.1 we have v < C. If 1ty = 0, then

we get v < sup,, Vy + |Vug|?.

Therefore, we have

v=<C,

where C is a constant only depending on ¢, M, y, n, ug and §;. ([

5. Stationary equation and asymptotic behavior

In this section, we use the approach and argument in [Altschuler and Wu 1994] to
prove Theorem 1.1. Firstly, we use an equivalent way to rewrite the first equation
in (1-5), which has a nice weighted divergence structure. Recall that p :=log /¥,
thus first equation in (1-5) turns out to be

Vu T
(5-1) div (—) =—— inM
"\Vy +IVul2)  Jy +Vul?
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where the weighted divergence operator div,, is defined as
div,(X) = e” div(e™ " X),

for any vector field X in T M. From this, one can see that the constant 7 € R in
(5-1) is a uniquely determined constant. In fact, by using integration by parts over
(5-1), yields that

= faMw/ﬁda
Ju vy +I1Vu®dv

Moreover, we see that if i := i1 (x) solves (5-1), then & (x, t) := i (x) + Tt satisfies
U; = Z;Z,jzl aij(x, VIZ)VZ'J'IZ

_%(%+1/(y+|vﬁ|2))(vy, Vi) in M x [0, 400),
Vi = o(x)Vy + |Vii|? on dM x [0, +00),
a(x,0)=a(x) on M x {0}.

(5-2)

(5-3)

Therefore, based on the maximum principle and boundary value condition similar
to the one used in Theorem 1.2, we can obtain the following oscillation bound on
the solutions to the parabolic problem (1-3) as in [Altschuler and Wu 1994] (see
Corollary 2.7 there).

Corollary 5.1. For a solution u(x, t) to (1-3), there exists a positive constant C
independent of t such that

(5-4) lu(x,t) —1t| <C.
In particular, one has

u(x,t) N

; T uniformly as t — 00.

Proof. Define the new function U (x, t) = u(x, t) —ii(x, t), by direct calculation,
we find that U satisfies

n n
oU =Y AU(Vu, Vi) Vi;U+ Y b (Vu, Vi) - ViU,
i,j=1 i=l

where A | b’ are defined as previously in the proof of Theorem 1.2. From the
maximum principle, we know U (x, t) attains its maximum value at the point (xo, #g)
with either xo € M or ty = 0. If xg € 0 M, using a similar argument to that in the
proof of Theorem 1.2, we reach a contradiction. So #y = 0, hence we have

lu(x, 1) — | < i@(x) +sup lug(x) —iu(x)| < 2llitllcory + lluoll oo
M

for all (x, t) € M x [0, +00). Thus we have completed the proof. O
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Eventually, based on the above preparation, combining Lemma 2.1, Theorem 2.2
and Corollary 5.1 together, one can follow an argument of Schniirer used in
[Schniirer 2002, Section 6] to show the asymptotic behavior of solutions to (1-3),
that is, u converges to the translating solution as t — 4o00. For completeness, we
give the proof of Theorem 1.1 with a few minor modifications of [Schniirer 2002]
to our situation here.

Proof of Theorem 1.1. Recall that
Ux,t):=ulx,t)—u(x,t),
from the proof of Corollary 5.1, and
n n
JU =Y AYV(Vu,Vi)V;;U + Y b (Vu, Vi)V;U in M.
ij=1 i=1

Firstly, we let

h(p) = & —¢ for peR".
vy +Ipl
By direct computation, we find that
V! (p,v)

hpi - - 3 Di
Vy+Ipl? (v +1pH2

and
nooa
W) =)= Y- [y, o+ =19)ds - (0 =) = (pp. ). p—a).
i=1

Combining this with the boundary value condition in (1-3), we have
(YU, B(Vu(x, 1), Vii(x,1))) =0 on dM.
Note that this is a uniformly strictly oblique boundary condition, since

1
1
V)= d
W) ./o Vv +1sVu(x, 1) + (1 —s)Vi(x, 1)|?
_/1 (sVu(x, 1)+ (1 —s)Vii(x, 1), v)?
0 (y+IsVulx, 1)+ (1 —)Vicx, n2)>?

N

1
2/ 14 —~ ds
o (¥ +IsVu(x, 1)+ (1 —s)Vi(x, 1)]?)3/2
>0,

where the last inequality in above follows from the uniform gradient estimate.
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Next we define the oscillation of function U as

osc(U)(¢) :=supU —inf U.
M M

Then by the strong maximum principle and the Hopf lemma, we know that osc(U)(¢)
is either a strictly decreasing function in # or a constant function.

Claim. osc(U)(t) > 0 ast— oo.

In fact, we can verify this by contradiction. If osc(U)(t) — ag as t — o0
for some oy > 0, we can choose a sequence f; — +00 as k — o0o. Consider
(x,1) € M x [—1;, 00) and for fixed xy € M, we consider the function

(5-5) PN, ) = ulx, t+ 1) — T, @9, ) = (e, 1) — Th,

both of which satisfies (1-3) in M x [—1;, 00).
Andforany #; > T and (x, t) € M x [T, T], using Corollary 5.1 and Lemma 2.1,
we obtain that

! O, ] < e, £ 4 1) — e, )]+ lulx, i) — T

<T-suplu|+C,
M

and

|2 (x, 1)] = |a(x) + tt| < C.

Combining Lemma 2.1, Theorem 2.2, Corollary 5.1 and Schauder theory together,
we get the locally uniform bounds for any C’-norm (I > 0) for both sequences
{#* =1 and {it*?}>1. By applying the Arzela-Ascoli theorem to both sequences
in (5-5) we can extract a subsequence of #; (still denoted as f;) such that the
limits of both subsequences are #°>!' and #°2, and satisfy the Equations (1-3) in
M x[-T,Tl.

Now we define the new function i :=i1°! —1°2, due to the uniform convergence
of above two sequences, it follows that, for any fixed r € R,

0s¢(i) (1) = osc[ lim (@ (x, ) — a2 (x, )]
= osc[klim (u(x,t+n) —i(x, t +1))]
= klggo osc[(u(x, t+t)—ualx,t+ tk))]

= lim osc(U)(s) = ag > 0.
§—> 00
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However, this is a contradiction with the fact that # = const, which follows from
the strong maximum principle applied to the function &, as i satisfies

it =Y} i AV (V! Vi) Vi
+ 30 BN (VE, Vi) Vi in M x R,
(va, p(va!, vice?)) =0 on dM x R.

Hence we have proved the Claim.
The Claim yields that
lim supU = lim infU =c,
=00 t—o0o0 M

for some constant ¢. Finally, combining with Theorem 1.2, up to an additive
constant,

u(x,t):=u(x)+tt

is the only translating solution of (1-5), we finish the proof that any solution of flow
(1-3) tends smoothly to a translating solution. (]

Similarly, we can also prove Theorem 1.3 for n = 2. Since we have established
the gradient estimate in Theorem 4.2, and under the assumption of Theorem 1.3, one
can get the existence of the translating solution firstly, then adopt the same above
argument and approach to show Theorem 1.3. For conciseness, we omit it here.
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GREEN CORRESPONDENCE AND RELATIVE PROJECTIVITY
FOR PAIRS OF ADJOINT FUNCTORS BETWEEN
TRIANGULATED CATEGORIES

ALEXANDER ZIMMERMANN

Auslander and Kleiner proved in 1994 an abstract version of Green corre-
spondence for pairs of adjoint functors between three categories. They pro-
duced additive quotients of certain subcategories giving the classical Green
correspondence in the special setting of modular representation theory. Carl-
son, Peng and Wheeler showed in 1998 that Green correspondence in the
classical setting of modular representation theory is actually an equivalence
between triangulated categories with respect to a nonstandard triangulated
structure. We first define and study versions of relative projectivity and
relative injectivity with respect to pairs of adjoint functors. We then modify
Auslander and Kleiner’s construction such that the correspondence holds in
the setting of triangulated categories.

Introduction

Green correspondence is a very classical and highly important tool in modular
representation theory of finite groups. For a finite group G and a field k of
finite characteristic p, we associate to every indecomposable kG-module M a
p-subgroup D, called its vertex. Simplifying slightly, Green correspondence then
says that for H being a subgroup of G containing Ng (D), restriction and induction
give a mutually inverse bijection between the indecomposable k H-modules with
vertex D and the indecomposable kG-modules with vertex D. It was known for a
long time that this is actually a categorical correspondence, and in case of trivial
intersection Sylow p-subgroups it was known to be more precisely actually an
equivalence between the triangulated stable categories. Carlson, Peng and Wheeler
[Carlson et al. 1998] showed that it is possible to define triangulated structures also
in the general case, and again the Green correspondence is an equivalence between
triangulated categories.

MSC2010: primary 16E35; secondary 16S34, 18D10, 18E30, 20C05.
Keywords: Green correspondence, relative projectivity, Verdier localisation, triangulated category,
adjoint functors, vertex of modules.
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Auslander and Kleiner [1994] showed that Green correspondence has a vast
generalisation, and actually is a property of pairs of adjoint functors between three
categories

s S

DU G

T’ T
such that (S, T') and (S’, T’) are adjoint pairs and an additional mild hypothesis
on the unit of the adjunction (S, 7). Auslander and Kleiner showed that then
there is an equivalence between certain additive quotient categories mimicking the
classical Green correspondence. For more details we recall the precise statement as
Theorem 1.2 and Corollary 1.3 below.

Auslander and Kleiner did not study the question of whether their abstract Green
correspondence provides an equivalence between triangulated categories. The
present paper aims to fill this gap. Starting with triangulated categories D, H, G
and pairs of adjoint triangle functors (S’, 7’) and (S, T') as above, we replace the
additive quotient construction by Verdier localisation modulo the thick subcategories
generated by the subcategories for which Auslander and Kleiner took the additive
quotient. We obtain this way triangulated quotient categories and we show the
precise analogue of Theorem 1.2 for the Verdier localisations instead of the additive
quotient categories. In case S is left and right adjoint to 7', and if in addition the unit
of the adjunction is a monomorphism and the counit is an epimorphism our result
shows that the additive quotient category is actually already triangulated, and that
therefore the Verdier localisation and the additive quotient coincide. This way we
directly generalise the result of Carlson, Peng and Wheeler [Carlson et al. 1998].

In recent years classification results of thick subcategories of various triangulated
categories were obtained mainly by parametrisations with subvarieties of support
varieties. However, most results use those thick subcategories which form an ideal
in an additional monoidal structure, so-called tensor triangulated categories. Many
examples, such as stable or derived categories of nonprincipal blocks of group rings,
actually are not quite tensor triangulated since a unit is missing. So we study more
generally a semigroup tensor structure, which is basically the same as a monoidal
structure, but without a unit object. We study properties of our triangulated Green
correspondence in this setting.

We further recall the classical situation and explain how we can recover parts
of the results of [Benson and Wheeler 2001; Wang and Zhang 2018] using our
approach.

The paper is organised as follows. In Section 1 we recall the main result of
Auslander and Kleiner. Generalising the case of relative projective with respect to
subgroups in the case of module categories, Section 2 then introduces the notion of
T -relative projective (resp. T'-relative injective) objects in categories for functors 7,
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and characterises this property in case of T having a left (resp. right) adjoint S.
Here we push further and generalise a result due to Broué [2009, Theorem 6.8]. We
illustrate our constructions in the case of group algebras. Section 3 then compares
Verdier localisation and the additive quotient categories. We prove there as well
our first main result Theorem 3.17, generalising Auslander and Kleiner’s theorem
to triangulated categories using Verdier localisations. In Section 4 we revisit tensor
triangulated categories and study their behaviour within our setting. In particular in
Section 4C we compare our results to existing results in the literature in the case of
group rings, their stable and derived categories, generalising various situations in
this context.

1. Summary of Auslander-Kleiner’s theory

Let D, H, G be three additive categories and S, S, T, T’ be additive functors

A\ N

such that (S, T) and (S8, T') are adjoint pairs. Let € : idyy — TS be the unit of
the adjunction (S, 7). Assume that there is an endofunctor U of A such that
TS =idy U, denote by p; : T'S — idy the projection, and suppose that pj o€ is an
isomorphism. If € is a split monomorphism, then this is satisfied, but the condition
is slightly weaker. Auslander and Kleiner [1994] proved a Green correspondence
result for this situation.

Notation 1.1.  « For a functor F : A — B and a full subcategory V of B denote
for short F~!(V) the full subcategory of A consisting of objects A such that
F(A) € add(V).

« For an additive category W and an additive subcategory V denote by W/V the
category whose objects are the same objects as those of W, and for any two
objects X, Y of W we put

WX, Y) :=W(X, Y)Y (X, Y),

where
I;/V(X, Y)i={feWlX,Y)|AVeobj(V),geWV,Y),he W(X,V): f=goh}.

o If § and R are subcategories of a Krull-Schmidt category W, then R — S
denotes the full subcategory of R consisting of those objects X of R such that
no direct factor of X is an object of S.

 Recall that a full triangulated subcategory U/ of a triangulated category is thick
(épaisse), if it is in addition closed under taking direct summands (and a fortiori
under isomorphisms) in 7.
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o Let U be a thick (épaisse) subcategory of a triangulated category 7. Then
the Verdier localisation T, (see [SGA 41, 1977, Chapitre 1, §2, nos. 1, 3, 4;
Verdier 1996]) is the category formed by the same objects as the objects of 7
and morphisms in 7, are limits of diagrams

X<z Ly,

where f and s are morphisms in 7, and where cone(s) is an object in ¢/. The
notation we use for the Verdier localisation is not quite standard, however in
order to distinguish from the additive quotient above we decided to use this
notation (see Remark 3.4).

Theorem 1.2 [Auslander and Kleiner 1994, Theorem 1.10]. Assume the hypotheses
at the beginning of the section. Let Y be a full additive subcategory of H and let
Z := (US")"N(Y). Then the following two conditions (}) are equivalent:

e Each object of S'T'Y is a direct factor of an object of Y and of an object of
U-t).
e Each object of TSS'T'Y is a direct factor of an object of ).
Suppose that the above conditions hold for ). Then
(1) S and T induce functors
H/S'T'Y 35 G/SS'T'Y and G/SST'Y 1> /Y,

(2) for any object L of D and any object B of U~'()) the functor S induces an
isomorphism

H/S'T'Y(S'L, B) — G/SS'T'Y(SS'L, SB),

(3) for any object L of (US')™'Y and any object A of G the functor T induces an
isomorphism

G/SS'T'YV(SS'L, B) — H/Y(TSS'L, TA),
(4) the restrictions of S

(add §'2)/S'T'Y -5 (add S§S'2)/SS'T'Y

and T
(add SS'2)/SS'T'Y L (add TSS'2)]Y
are equivalences of categories, and
(add S'2)/S'T'Y L3 (add TSS'2) /Y

is isomorphic to the natural projection,

(5) if each object of S'T'US'D is a direct factor of US'D, then Y = US'D satisfies
the hypothesis of the theorem.
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A main consequence is:

Corollary 1.3 [Auslander and Kleiner 1994, Corollary 1.12]. Let Y be a full
additive subcategory of H satisfying (1) of Theorem 1.2 and suppose that H

and G are both Krull-Schmidt categories. Using the notations of Theorem 1.2,
the following hold.

(1) For each indecomposable object N of (add(S’Z)) — S'T'Y the object SN has
a unique indecomposable direct factor g(N) which is not a direct factor of an
object in SS'T'Y.

(2) For each indecomposable object M of (add(SS’'Z)) — SS'T'Y the object TM
has a unique indecomposable direct factor f (M) which is not a direct factor
of an objectin Y.

(3) f(g(N))=N.

@) g(f(M)) =M.

2. Relative projectivity and injectivity with respect to
pairs of adjoint functors

2A. Relative homological algebra revisited. We shall need to revise some facts
from relative homological algebra, following [Beligiannis and Marmaridis 1994].
Recall that a full subcategory X’ of an additive category S is contravariantly finite
if for any object S of S there is an object X of add X and a morphism f € S(X, §)
such that for any X’ in X’ the induced map

SX', f):S(X', X) — S(X',8)

is surjective. We call such an object X of S a right X'-approximation of S. The
dual notion, using the covariant Hom-functor, leads to the notion of a covariantly
finite subcategory. With this notion in mind we shall have the following

Lemma 2.1 [Auslander and Reiten 1992, Proposition 1.2]. If the additive functor
T : S — T between the additive categories S and T admits a left adjoint Sy,
then add(im(Sy)) is a contravariantly finite subcategory of S. If T admits a right
adjoint S,, then add(im(S,)) is a covariantly finite subcategory of S.

Proof. Let X := add(im(Sy)). Consider the counit
n:SeT — idg
of the adjoint pair (S, 7). Evaluation on any object Q of S gives a morphism

no:8:TQ0— Q.
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Now, given an object S¢ P in im(S;), we have

S(SeP.ng)
S(SeP, ST Q) ——— S(SeP, Q)

j |

TP, TS, TQ) TP, TQ)

and the composite map is a split epimorphism by [Mac Lane 1971, IV, Theorem 1(ii)].
Since the property holds true for direct factors of an object S, P as well, we have
shown that X is a contravariantly finite subcategory of S.

By the dual argument, if 7 admits a right adjoint S,, then add(im S;,) is a
covariantly subcategory of S. (]

Recall from [Beligiannis and Marmaridis 1994] that we may produce from
contravariantly finite subcategories a relative homological algebra. Let X be a
contravariantly finite subcategory of an additive category S. Then a morphism
g € S(A, B) is said to be X-epic if for any object X of X the morphism

S(X,8):85(X,A) - S(X, B)

is surjective. By the very definition, a right X'-approximation is an X-epic. If X
is contravariantly finite and if each X-epic has a kernel, [Beligiannis and Mar-
maridis 1994, Theorem 2.12] shows that for any object S of S the choice of a right
X-approximation X g — S induces a left triangulation on the stable category S/X.
Moreover, two such choices give equivalent left triangulated categories. Hence, a
contravariantly finite subcategory X such that each A’-epic has a kernel gives rise
to the relative Ext"-group with respect to X, denoted by Ext’;, (A, B), namely the
evaluation on the object B, of the n-th derived functor of S(—, B), obtained by a
X-resolution of A.

Lemma 2.2. Let S and T be additive categories, let T : S — T be an additive
Junctor admitting a left adjoint Sy. Then g € S(A, B) is add(im(Sy))-epic if and
only if T(g) is a split epimorphism.

Proof. Let g € S(A, B) be add(im(S¢))-epic. Then for any object C of T we get
S(S8¢(C), 8) : S(8e(C), A) — S(8e(C), B)
is surjective. Hence, for any object C of 7 we get
T(C,Tg):T(C,TA) — T(C,TB)

is surjective. In particular, for C = TB there is f € T(TB, TA) with Tgo f =idrp.
Hence Tg is a split epimorphism.
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Let g € S(A, B) be such that Tg is a split epimorphism. Then there is f €
T(TB, TA) with Tgo f =idrp. Let C be an object of 7 and let 1 € S(S¢(C), B). We
need to show that there is k € S(S,C, A) such that S(S,(C), g)(k) = gok =h, where

S(8e(C), 8) : S(Se(C), A) — S(S¢(C), B).
Since T is right adjoint to Sy, this is equivalent to
T(C,Tg):T(C,TA) — T(C,TB)
being surjective. For h € T(C, TB) we get
h=(Tgof)oh=Tgo(foh)=T(C,Tg)(foh)=S5(SC,g)(foh).
Clearly we can pass to direct factors of S¢C. Therefore, g is add(im(S;))-epic. [

Note that Lemma 2.2 has a dual version for functors 7" admitting right adjoint
functors S, .

Again, in the setting of [Beligiannis and Marmaridis 1994] the add(im(S;))-
relative projectives are those objects Q with

Extgq(im s, (@, B) =0

for all objects B and n > 0. By definition, this coincides with the objects Q for
which the counit of the adjunction (Se, T') splits. These are precisely the objects in
add(im(Sy)).

The dual statement applies in case of T having a right adjoint S,, and con-
sidering covariantly finite subcategories and add(im(S,))-coresolutions instead of
contravariantly finite subcategories and add(im(S¢))-resolutions.

This motivates the following definition.

Definition 2.3. Let 7 and S be triangulated categories, and let T : S — T be a
triangle functor.

e Suppose T has a left adjoint. Then an object Q of S is T -relative projective if
the natural transformation

S(Q.-)—=>T(TQ,.T-)

induced by T is injective.

e Suppose T has a right adjoint. Then an object Q of S is T -relative injective if
the natural transformation

S(= Q) —=>T(T-TQ)

induced by T is injective.
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Remark 2.4. Recall that for a field £ of finite characteristic p > 0 and a finite
group G with a subgroup H, an indecomposable kG-module M is called relatively
H -projective if each epimorphism N — M of kG-modules, which is known to be
split as k H-module morphism, splits as kG-module morphism. This definition of
relative projectivity was developed by Hochschild [1956] in the situation of a ring R,
a subring S of R. Hochschild declares an R-module M to be (S, R)-projective if
any short exact sequence

0—-X—->Y—>M-—0,

which is known to be split as short exact sequence of S-modules, is automatically
split as short exact sequence of R-modules. Denoting by res§ :R—Mod — S—Mod
the exact functor given by restriction to the subring S, this translates, in slightly
more modern terms, into the statement that M is (S, R)-projective if and only if

Exth (M, X) — Ext}(resX (M), res® (X))

is injective for any R-module X. Hence, since res§ X)[1] =~ res§ (X[1]) we get
that M is (S, R)-projective if and only if

Hom ps ) (M, X[11) — Homps (s, (ress (M), res§ (X[11))

is injective for all objects X. Since each object X can be seen as an object X =Y [—1],
Definition 2.3 could make sense in a broader context. We will not elaborate on this
here (see [Zimmermann 2020]).

Remark 2.5. Grime [2008] defined an object to be relative projective with respect
to a functor F admitting a left adjoint L as those which are direct factors of an
object in the image of L. This is a direct generalisation of Green’s definition [1958],
whereas our definition is closer to Hochschild’s definition [1956]. However, the
concepts coincide, as will be shown in Proposition 2.10 below.

2B. Relative projectivity for triangulated categories. We shall study the concept
of T-relative projectivity/injectivity from Definition 2.3 for triangle functors T’
between triangulated categories admitting a left adjoint Sy and a right adjoint S,.
Then the concept has a very nice interpretation.

Lemma 2.6. Let S and T be additive categories and let T : S — T be an additive
functor.

o If T has a left adjoint Sy, then an object Q is T -relative projective if and only
if the evaluation on Q of the counit n of the adjunction ng : SeTQ — Q is an
epimorphism. Any object in add(im(Sy)) is T -relative projective.
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o If T has a right adjoint S,, then an object Q is T -relative injective if and only
if the evaluation on Q of the unit n of the adjunction €g : Q — S, TQ is a
monomorphism. Any object in add(im(S,)) is T -relative injective.

Proof. Suppose that T has a left adjoint S,. Then the counit no : S,7TQ — Q is an
epimorphism if and only if for any object A the morphism

S(ng, A):5(Q, A) = S(S,TQ, A)

is a monomorphism. This in turn is equivalent to the statement that the natural
transformation of functors S — Z — Mod

S(ng, =) :8(Q, —) = S(STQ, -)

is a monomorphism. Using the defining property of (S, 7) being an adjoint pair,
this is equivalent to

Sng, =) :8(Q, ) > T(TQ, T-)

being a monomorphism. Hence, the statement is equivalent to Q being T -relative
projective. Now 15, is a split epimorphism for any object Q” of 7 by [Mac Lane
1971, IV, Theorem 1(i1)].

Suppose that 7 has a right adjoint S,. Then the unit €g : Q — S,TQ is a
monomorphism if and only if

S(A,€0) :S(A, Q) > S(A, S, TQ)
is a monomorphism. This is equivalent to
S(—,€0):8(=, QD —=>S(=. 5T =T(T-,TQ)

being a monomorphism, which is equivalent to Q being T -relative injective. Now
€s, ¢’ is a split monomorphism for any object Q" of 7 by [Mac Lane 1971, IV,
Theorem 1(i1)]. |

Remark 2.7. Note that in a triangulated category S the notions of epimorphism
(resp. monomorphism) and split epimorphism (resp. split monomorphism) coincide.

Proposition 2.8. Let T and S be triangulated categories and let T : S — T be a
triangle functor. Suppose that T has a left (resp. right) adjoint S. Then an object Q
is T -relative projective (resp. injective) if and only if Q is in add(im(S)).

Proof. By Lemma 2.6 and Remark 2.7 Q is T-relative projective (resp. T -relative
injective) if and only if Q is in add(im S). [l

Corollary 2.9. Let T and S be triangulated categories and let T : S — T be a
triangle functor. Suppose that T has a left (resp. right) adjoint S, and let n: ST — id
be the counit (resp. € :id — ST the unit) of the adjunction. Then Q is T -relative
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projective (resp. injective) if and only if n¢g is a split epimorphism (resp. €g is a
split monomorphism).

Proof. This is precisely Proposition 2.8 in connection with Lemma 2.6 and
Remark 2.7. O

We summarise the situation to an analogue of Higman’s lemma for pairs of
adjoint functors between triangulated categories.

Proposition 2.10. Let T and S be triangulated categories and let T : S — T be
a triangle functor. Suppose that T has a left (resp. right) adjoint S. Let M be an
object of T. Then the following are equivalent:

(1) M is T -relative projective (resp. injective).

(2) M is in add(im S).

(3) M is a direct factor of some S(L) for some L in S.

(4) M is a direct factor of some ST (M).
Proof. (1) & (2) by Proposition 2.8.

(2) & (3) by the definition of add(im S).

3) = (4) is trivial.

(4) = (1) by Corollary 2.9. O

Remark 2.11. Note that Corollary 2.9 generalises [Zimmermann 2014, Proposi-
tions 2.1.6, 2.1.8] to this more general situation.

Remark 2.12. In case T has a left adjoint S, which is also assumed to be a right ad-
joint, and 7 is an abelian or triangulated category Broué [2009, Theorem 6.8] defined
T -relative projective and T -relative injective objects. In this situation he showed
a version of Higman’s lemma as Proposition 2.10 by completely different means.

Corollary 2.13. Let S and T be triangulated categories and let T : S — T be a
triangle functor admitting a left (resp. right) adjoint S. Then all objects of S are
T -relative projective (resp. injective) if and only if S = add(im(S)).

Note that all objects of S are T -relative projective (resp. injective) if and only if
the global dimension of the relative homological algebra described in Section 2A is 0.

Example 2.14. Let G be a group, and let H be a subgroup of finite index n.
Denote by ¢g the functor given by restriction of the G-action to the H-action, and
by Tg the functor kG ®;py — given by induction. If n is invertible in the field &,
then every object M in D?(kG) is ¢f1—relative projective. Indeed, [Zimmermann
2014, Proposition 2.1.10] shows that the multiplication kG Qg kG — kG splits
as morphism of kG — kG-bimodules. The counit of the adjunction (Tg, ¢g) is
kG Qk kG ®rc — — kG Qg —, and by hypothesis this map splits.
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2C. Revisiting the case studied by Carlson, Peng and Wheeler. The purpose of
this section is to give a structural explanation of an argument in the proof of [Carlson
et al. 1998, p. 304; Theorem 6.2] for the statement that the relative stable category
is triangulated. Note that Grime [2008, Example 3.6] gave a slightly less general
structural explanation.

Remark 2.15. Carlson, Peng and Wheeler considered the classical case of group
rings, namely they let k be a field of characteristic p > 0, let G be a finite group,
let D be a p-subgroup of G and let H be a subgroup of G containing the normaliser
of D in G. They considered the additive quotient of the module category modulo the
morphisms which factor through ¢g—projective modules, for some E € ), where
N ={E <HND%|ge G\ H}, and showed that this produces a triangulated
category. Carlson, Peng and Wheeler used the general approach given by Happel
[1988, Theorem 1.2.6] which shows that the additive quotient of any Frobenius
category modulo relative injective-projectives is triangulated. However, Carlson,
Peng and Wheeler mentioned that Happel’s proof for Frobenius categories having
triangulated stable categories carries over to this more general situation. The purpose
of this section is to show that the fact that the proof carries over has a structural
reason, and uses more precisely the properties from Sections 2A and 2B.

Note that group rings are symmetric; hence the module category is Frobenius.
Moreover, the functors considered in classical Green correspondence, namely
restriction and induction, are left and right adjoint to each other. We note that in our
general abstract situation relative injectives and relative projectives do not coincide
in general. The situation changes in case S is at the same time left and right adjoint
to T and the categories are already Frobenius categories.

Recall from [Biihler 2010, Definition 2.1] the concept of an exact category. Let A
be an additive category. Given three objects Aj, A, Az in Aand f € A(A;, Aj)
and g € A(A;, A3), we have that (f, g) is a short exact sequence, denoted by

0—)A1LA2LA3—)O,

(or occasionally by A SN Ay £ Aj), if ker(g) = f and g = coker(f).

An exact structure on the additive category 4 is given by a class E 4 of short
exact sequences, called admissible short exact sequences, satisfying the following
axioms below. If

0—>A1L>AZL>A3—>O

is a short exact sequence in E 4, then we say that f is an admissible monomorphism
and g is an admissible epimorphism.

« For all objects A the identity on A is admissible monomorphism and admissible
epimorphism.
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o Admissible monomorphisms are closed under composition, and admissible
epimorphisms are closed under composition.

e Ifo: X — Y is an admissible monomorphism, and f : X — Z is any morphism,
then the pushout

1]

zZ-25U

I

exists and ¢ is an admissible monomorphism.

e I[fa:Y — X is an admissible epimorphism, and f : Z — X is any morphism,
then the pullback
Y —— X
fT Tf
vz
exists and & is an admissible epimorphism.

An exact category is an additive category A with a class E 4 of short exact sequences,
stable under isomorphism and satisfying the above axioms. See [Biihler 2010] for
an exhaustive development of exact categories.

Proposition 2.16. Let (S, Es) and (T, E7) be exact categories with Es and E
being the class of admissible exact sequences, respectively. If T : S — T is a functor
with a left adjoint Sy and a right adjoint S,

o then
Er={(X<Lvy 2 2)eEs | (TX L TY 18 T7) € E7}

defines an exact structure on S.

o Ifmoreover the unit € : ids — S, T is an admissible monomorphism in Es and
if the counit n : S¢T — ids is an admissible epimorphism in Eg,

— then (S, ET) has enough T -relative projectives and enough T -relative
injectives.

— Suppose now in addition that S and T are abelian Frobenius (i.e., an
abelian category which is Frobenius with respect to the class of all exact
sequences). Then the class of T -relative projectives coincides with the class
of objects in add(im Sy) and the class of T -relative injectives coincides
with the class of objects in add(im S,).

Proof. We first show that E7 is an exact structure. 7 (id4) =idr4, which implies the
first condition. 7 maps compositions to compositions, and hence compositions of
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admissible monics/epics are admissible monics/epics. Sequences are closed under
1somorph1sms as T is exact and hence maps 1som0rphlsms to isomorphisms. Let
X %> Y -£5 7 be an exact sequence in Es and let X L5 X' be any morphism.
Then, since Es is an exact structure, we may form the pushout

X—>Y—>Z

bl

x4,y Lz

As Egs is an exact structure, the lower row is an element of Es. The sequence

()

0> X x'gy &8,y 0

is exact, since the above is a pushout and «, & are monomorphisms. Since 7T is exact,

( g ) / (Ta,Tg) /
00— TX dTY —>TY — 0
is exact. Therefore
rx Ly Ptz
[ ]
rx Ty Py

is a pushout diagram. Since the above row is in E, and since E7 is an exact
structure, also the lower row is in E. This shows the third axiom. Dually also the
fourth axiom holds.

We now assume the additional condition on the unit and the counit. The fact that
add(im Sy) are T -relative injective objects and add(im S, ) are T -relative projective
objects is Lemma 2.6. The fact that we then get enough T -relative projective objects
follows from the hypothesis on the counit, and the fact that we then get enough
T -relative injective objects follows from the hypothesis on the unit.

The hypothesis on S and 7 being Frobenius with respect to all short exact
sequences implies that the stable categories modulo projective-injective objects S
and 7 are triangulated (see [Happel 1988, Theorem 1.2.6]). Proposition 2.8 applied
to this triangulated category shows that add(im S;) are precisely the T -relative
projective objects and add(im S,) are precisely the T'-relative injective objects of
this new exact structure. (|

Remark 2.17. Note that the hypothesis of € being a monomorphism and 1 being an
epimorphism for the adjunctions involved is very strong. For an abelian category S,
if T : S — T has left and right adjoints S, and S, then T is exact. Further, Eilenberg
and Moore [1965, Proposition 1.5] (see also [Grime 2008, Lemma 2.1]) showed
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that the unit id — S, 7, as in Proposition 2.16, is a monomorphism if and only if
TX =0 implies X =0, if and only if the counit S;7 — id is an epimorphism. The
counit S;T — id is an epimorphism if and only if T is faithful.

In order to assure all quotient categories in Theorem 1.2 being triangulated, using
Proposition 2.16 we need to assume the hypothesis for all the functors S, S’, T, T’,
and hence get quite a few restrictions on these functors.

Remark 2.18. The first item in Proposition 2.16 should be compared with the
statement by Eilenberg and Moore [1965, Theorem I1.2.1].

Remark 2.19. Let (S, Es) and (7, E1) be exact categories, let 7 : S — 7 be an
exact functor admitting a left adjoint S; and a right adjoint S,, and suppose the
unit € : ids — S, T of the adjoint property (7, S,) is a monomorphism, and the
counit 5 : S;T — ids of the adjoint property (S¢, T') is an epimorphism. Suppose
moreover that add(im(S,)) = add(im(Sy)). If in addition S and 7 are abelian
Frobenius categories, i.e., abelian categories which are Frobenius with respect to
the exact structures given by all exact sequences, then Proposition 2.16 shows that

Er={(X<Lv2:2)eEs| (TX <L TY 18 TZ) € E7}

is a Frobenius structure on S. We call this the T'-relative Frobenius structure.
Following [Happel 1988, Theorem 1.2.6] the stable category S” of S modulo the T-
relative projectives is in this case a triangulated category. The distinguished triangles
are constructed as follows. Given two objects M and N in S and f € S(M, N).
Then we may form the pushout diagram

0——M—"5 8 TM —— Q;—1(M) —— 0

0 N ci(f) c(f) c(f) Q;l(M) 0

f

(or analogously the pullback diagram along ny : S¢TN —> N). Then ST is a
triangulated category with distinguished triangles being isomorphic to triangles of
the form

forany f € S(M, N).
We recall a result implicit in [Grime 2008].

Proposition 2.20 [Grime 2008, Theorem 3.3]. Let (S, Es) and (T, ET) be exact
categories and let T : S — T be a functor which admits a left adjoint Sy and a
right adjoint S,. Assume that the counit S;T — idgs of the adjoint pair (S¢, T) is an
admissible epimorphism in the exact category (S, Es) and that the unit ids — S, T
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of the adjoint pair (T, S,) is an admissible monomorphism in the exact category
(S, Eg). Putting

Er={(X<Ls v £+ 2)c Es | (TX <L TY 18 T 7) € E is split exact in T}

then (S, ET) is an exact category with enough projective and enough injective
objects. The full subcategory of projective objects coincides with the full subcategory
add(im(Sy)) and the full subcategory of injective objects coincides with the full
subcategory add(im(S,)).

Grime’s proposition follows from Proposition 2.16 when it is applied to the case
of the split exact structure on 7.

2D. Relative projectivity for derived categories of group rings. We shall apply
our concept of relative projectivity to the special case of the derived category of a
block of a group ring kG. We first note that if A is a finite-dimensional k-algebra
over a field k, then D”(A) is a Krull-Schmidt category. Let G be a finite group, let H
be a subgroup of G, let k be a field of characteristic p > 0. Then we consider the
functors Tg and ig. Note that both functors are exact functors between kG — mod
and kH — mod. These functors form an adjoint pair, in the sense that (Tg, Lg)
and (¢g, Tg) are both adjoint pairs. Note that since both functors are exact, they
provide functors

S:=1%: DP(kH) - D*(kG) and T :=|%:D"(kG)— DP(kH).

We define G := D?(kG) and H := D”(kH). Moreover, (Tg, ¢g) and (¢g, Tg)
are both adjoint pairs also between the derived categories. As for its restriction to
the module categories we have

Lemma 2.21. Let K < H < G be an increasing sequence of groups. Then for the
functors

19 . DP(kH) — D°(kG), 1 .DP(kK)— D'(kH),
19 : DP(kG) - DP(kH), % :D°(kH)— D'(kK),
we get
Ao ti=t% and |Folf=1%.
Proof. This follows trivially from the module case. (]

Note that the notion of ig—relative projectivity in D?(kG) corresponds to the
similar concept of relative projectivity with respect to a subalgebra as developed in
[Zimmermann 2014, Section 2.1.1]. We shall need to extend the statements from
there to our more general situation.
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Lemma 2.22. Let G be a finite group, and let k be a field of characteristic p > 0.
Let D be a minimal subgroup of G such that the bounded complex of k G-modules M
is l,g-relative projective. Then D is a p-group.

Proof. Let D € Syl ,(G). By Example 2.14 every object M of D' (kG) is ¢g—relative
projective since |G : D| is prime to p by the definition of a Sylow subgroup. If M is
¢f]-relative projective, by Proposition 2.8 it is in add(im ﬁf]) and if D’ € Syl »(H),
then M is also ¢g,—relative projective, whence in add(im Tg/) by Proposition 2.8
again. Therefore M is in add(im Tg,), and therefore ¢g/—relatively projective, again
by Proposition 2.8. ([

Definition 2.23. Let G be a finite group, and let k be a field of characteristic p > 0.
Then, an indecomposable object M of D?(kG) has vertex D if M is relatively
k D-projective, and if D is minimal with this property.

Proposition 2.24. The vertex D of an indecomposable object M of D*(kG) is a
p-subgroup of G, and D is unique up to conjugacy.

Proof. Using Lemma 2.22 we only need to show unicity up to conjugation.

The unicity part up to conjugation can be shown completely analogous to the
classical case. Suppose that M is a direct summand of L Tg and of N Tg for two
subgroups H and K of G and two indecomposable objects L in D’ (kK) and N
in D?(kH). By Proposition 2.10 we may suppose L = M ¢g and N =M ig.
Then M is a direct factor of

G AG |G AG G |H G
M ptplgtg = @ M gl ennk Yennk
KgHeK\G/H

_ 8 G G
= @ M | hnk ehnk -
KgHeK\G/H

Using the Krull-Schmidt property, M is a direct factor of § M ‘l’f?Hﬁ KTgGHﬁ x for
some g, and since K is minimal, there is g € G such that $ H = K. U

Remark 2.25. The statements of the above results should remain true when we
replace this quite specific setting by a Mackey functor with values in the functor
category between triangulated categories.

Lemma 2.26. Let G be a finite group, and let k be a field of characteristic p > 0.
Let M be an indecomposable object of D*(kG). If M is k H-projective, then each
indecomposable direct factor of H" (M) for all n € N is relatively H -projective.

Proof. By Proposition 2.8 we see that M is relatively D?(k H)-projective if and
only if M is a direct factor of L Tg for some L in D(kH). Since Tg is exact,
also H"(L Tg) has a direct factor H"(M). However, H" (L Tg) = H"(L) Tg
and hence H" (M) is a direct factor of H" (L) Tg. Hence, by Higman’s lemma
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[Zimmermann 2014, Proposition 2.1.15] from modular representation theory, each
direct factor of H" (M) is relatively H-projective. U

3. Localising on triangulated subcategories

As in [Auslander and Kleiner 1994] we consider the situation of three triangulated
categories with functors
s s

such that (S, T) and (S’, T’) are adjoint pairs. Let € : idy; — TS be the unit of the
adjunction (S, T') and suppose that the unit is a split monomorphism. Hence

idy > TS > U % idy[1]
is a distinguished triangle of functors. In particular, 7'S = idy, ®U.

Remark 3.1. Let 7 and S be triangulated categories, and let F : S — 7T be a
triangle functor. Then with the convention of Notation 1.1 for any full triangulated
subcategory U of T the category F~!(l{) is not necessarily triangulated. However,
if U is in addition closed under direct summands, then this is true, as is shown in
Proposition 3.2 below.

Proposition 3.2. Let T and S be triangulated categories, and let F : S — T be a
triangle functor. Then for any thick subcategory U of T the category F~'(U) is a
triangulated subcategory of S.

Proof. Let X be an object of S such that F'(X) is a direct factor of the object U
of U. Hence, F(X)@® U’ = U for some object U’ of T. Since U is closed under
direct factors, F(X) and U’ are actually already objects of &/. Let X; and X, be
two objects of S such that F(X) and F(X,) are objects of /. If

Xl AN X2 — C(O[) — X][l]
is a distinguished triangle in S, since F is a triangle functor, also
FX; % FX, — FC(a) — FXi[1]

is a distinguished triangle in 7, and hence F(C(a)) >~ C(F(«)). Since U is tri-
angulated C(F («)) is an object in I/, and since U is closed under isomorphisms,
F(C(a)) is an object of . Hence C(«) is an object of F~Y(U). Therefore, F~' ()
is a triangulated subcategory of S. U

Lemma 3.3. Let ) be a full triangulated subcategory of H. Then Z := (US")~'())
satisfies S'(Z2) = §' (D) NU (V). Moreover, Z is triangulated if Y is thick.
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Proof. By definition S'(Z) is the full subcategory of H formed by objects S'M such
that US'M € add())). Hence S’(Z) is contained in §"(P) N U~! (). Moreover, an
object X in §'(D)NU () is an object of the form S’M, since X € S’ (D) and such
that US’M € add()) since X € U~ ())). The rest follows from Proposition 3.2. [

Remark 3.4. We remind the reader that we have two different localisation or
quotient constructions of a triangulated category 7 by a triangulated subcategory U
(see Notation 1.1).

« First we have the additive quotient, denoted traditionally S/ having the same
objects as S but we consider morphisms between two objects as residue classes
of morphisms in 7 modulo those factoring through an object of 1.

e Second, the Verdier localisation [SGA 41» 1977; Verdier 1996] which we
denote by S. In the literature the Verdier localisation is often denoted by

S/U. In order to distinguish from the additive quotient we decided to use the
symbol Sy, contrary to the established convention in the literature.

Lemma 3.5. Let S be a triangulated category, and let U be a thick subcategory
of S. Then there is a unique and natural functor S /U Lu, Sy making the diagram

S
S/Z/[ —————— ->$1/{
Ly

commutative. Here we denote S 24 S /U and S Y, Sy the canonical functors
given by the respective universal properties.

Proof. The proof is implicit in [Rickard 1989a, Proposition 1.3]. The statement
follows from the well-known fact that for any additive category A and any additive
functor F : S — A such that F(U) = 0 for any object U of U, there is a unique
additive functor F*: S/U — A with F = F* o Q. For A = &, we observe that
F =V, :8 — &y is additive with F(U) = 0 for any object U of U/{. Indeed, a
morphism in the localisation becomes invertible if its cone is in /. Hence, for an
object U of U the cone of the zero morphism on U is in Y. Therefore the image
Vi1(Oy) of the zero morphism Oy on U in the localisation is invertible in S;;. The
only object with invertible zero endomorphism is the zero object in S;. This proves
the statement. ([

Remark 3.6. We need to recall from Verdier [1996, Chapitre II, Sections 2.1, 2.2],
or alternatively from the Stacks project [Stacks, Part 1, Chapter 13, Section 13.6],
some properties of Verdier localisation. If ' : S — T is a triangle functor between
triangulated categories, then the full subcategory ker(F) of S generated by those
objects X of S such that F(X) =0 1is thick. If ¢/ is a full triangulated subcategory of
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some triangulated category 7, then the Verdier localisation defined by inverting all
morphisms f in 7 with cone in i/ is triangulated, and there is a canonical functor

u T — Ty with U is a full triangulated subcategory of ker(V;;). Moreover,
ker(Vy,) is thick, namely the smallest thick subcategory of 7 containing U, the
thickening thick (/).

Remark 3.7. We see that even if ) is a thick subcategory of the triangulated
category C and if H is a triangle functor C — D for some triangulated category D,
then H (}) is triangulated, but is not thick anymore in general. The Verdier locali-
sation of D at H () has good properties with respect to thick subcategories. Since
ker(Vu(y)) = thick(H ())), we need to consider thick(H (Y)). Then

ker(7 Lbick(1y), Tihick(H () = thick(H ())) = ker(T 1Y, 25> Tuy).

Lemma 3.8. Let C and D be triangulated categories, let Y be a subcategory of
C, and let H : C — D be a triangle functor. Then H extends to a unique functor
C/Y — Dwick H(y), also denoted by H, such that H o Qy = Vimickny o H, i.e.,
making the diagram

c " D

Ony
Oy Vinick HY

c/y —2 S D/HY —— Dk ny

H

commutative. The functor D/HY — D/thick HY combined with the functor
Luick gy : D/thick HY — Duick my make the right triangle of the above diagram
commutative.

Proof. Consider

Vi
C H D thick HY Dthlck Hy )

Then for all objects X of V) we get (Vinick vy © H)(X) = 0. Likewise consider
¢, p Ly, p/Hy.

Again, for all objects X of )V we get (Qny o H)(X) = 0. Hence there is a unique
functor C /Y LN Dinick H(y) satisfying Hj o Qy = Vinick my o H and a unique functor
c/y 2 D/H(Y) satisfying H; o 0Oy = Qpgy o H. Moreover, by the universal
property of D/HY the functor H; factors through H> and through Lk py. U

Lemma 3.9. Let F : C — D be a triangle functor between triangulated categories,
let X be a full subcategory of C, and let Y be a full subcategory of D. If F(X) C ),
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then there exists a unique additive functor Cpick ¥ — Dick y, Still denoted by F,
making the following diagram commutative.

Lihick x

C/X —— C/thick ¥ —= Cjick x

SO T

D/y _— D/thicky — Dthick)i

thick
Proof. Since F is a triangle functor,
F(thick &) C thick FX C thick Y

and the left square is commutative. By Lemma 3.8 the right square is commutative
as well. ([

For a triangulated category 7 and a full subcategory X there is a natural functor
T /X — T/ thick X. For simplicity the composition

T /X — T/ thick X Lk 5 7o+

is also denote by Lipick x-

Proposition 3.10. Let D, H, G be three triangulated categories and triangle func-
tors S, S', T, T’

s s

PN g

T/ T
so that (S, T) and (S', T') are adjoint pairs. Let € : idy — TS be the unit of
the adjunction (S, T). Assume that there is an endofunctor U of H such that
TS =idy BU, denote by p : TS — idy the projection, and suppose that pj o € is
an isomorphism.

Let Y be a thick subcategory of H, and suppose that each object of TSS'T'Y is a

direct factor of an object of Y. Then S and T induce triangle functors

s T
Hinick 5’77y —> Gihick ss'7'y  and — Gick ss'7'y —> Hy

making the diagram

H/thick S'T'Y —>— G/thick SS'T'Y —— H /Y

Lihick s/T/yl J/Lthick SS'T'Y lLy
S T

Hinick 57y ——— Gthick ss'77y ——— Hy

commutative.
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Proof. The existence of the functors in the left square and the commutativity of
the left square follow from Lemma 3.8. From Lemma 3.8 we get natural functors
giving a commutative diagram

HIS'T'Y —> 5 G/SS'T'Y — L H/TSS'T'Y

Lpick s’T’yl ll‘thick SS'T'Y lLthick SS'T'Y
S T

Hinick s'7'y — Gthick s5'7'y — Hinhick 7557y

For X = SS'T’Y, Theorem 1.2 shows that 7 (X)) € ). Using Lemma 3.9 and the fact
that ) is thick, and therefore that thick )Y = )/, we obtain a commutative diagram

H/S'T'Y —>— G/SS'T'Y —— H/Y

Lpicx S’T’yJ/ lLlhiCk SS'T'Y lLy
S T

Hinick 7'y — Gihick ss'77y —— Hy

as requested.
The fact that

s T
Hinick 7'y —> Guhick ss'7'y  and  Guick sy —> Hy

are triangle functors comes from the universal property of the Verdier localisation
[1996, Chapitre 11, Théoréeme 2.2.6]. O

Corollary 3.11. Let D, H, G be three triangulated categories and triangle functors
S, 8, T, T

s S

P M g

T/ T
so that (S, T) and (S, T') are adjoint pairs. Let € : idy — TS be the unit of
the adjunction (S, T). Assume that there is an endofunctor U of H such that
TS =idy @U, denote by p1 : TS — idy the projection, and suppose that pj o € is
an isomorphism.

Let Y be a thick subcategory of H, and suppose that each object of TSS'T'Y is a

direct factor of an object of Y. Then we have a commutative diagram

Hinick S'7'Y —S— Gthick SS/T/‘y

“l P

Liicx S’T’y\ thick SS//:);\
\H/S/T Y —s— Q/SS’T Y

H/Y
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Proof. Indeed, since each object of TSS'T’) is a direct factor of an object of )V,
each object of S'T’Y is a direct factor of an object of ). Hence, there is a natural
functor can as indicated. The rest of the statement is an immediate consequence of
Proposition 3.10. U

Corollary 3.12. Let D, H, G be three triangulated categories and triangle functors
S, 8, T, T

so that (S, T) and (S', T') are adjoint pairs. Let € : idy — TS be the unit of
the adjunction (S, T). Assume that there is an endofunctor U of H such that

S =idy ®U, denote by p, : TS — idy the projection, and suppose that py o € is
an isomorphism.

Let Y be a thick subcategory of H, put Z := (US")~'()), and suppose that
each object of TSS'T'Y is a direct factor of an object of Y. Then the restriction
of S to the subcategory add S'Z/S'T’Y and the restriction of T to the subcategory
add SS'Z/SS'T'Y are equivalences and gives a commutative diagram

thick S’ Zhick STy —S— thick S’ Zhick SS'T'Y

thick §'Zy Linick S'/T’ Linick ss'77y

\adds/z/s T'Y —s5— addSS Z/SS'T'Y

add 7SS’ 2 /y

where the lower triangle consists of equivalences.

Proof. The fact that the lower triangle exists and is commutative follows from
Theorem 1.2. Since for any subcategory X of 7 we get that add X' is a full
subcategory of thick X', we have a commutative diagram

(thick §'2)/S'T'Y —s— (thick SS'2)/SS'T'Y

o =

(thick §'2)/Y

add §'Z/S'T'Y —s— add SS'Z/SS'T'Y

add TSS'2/Y
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By Lemma 3.8 we obtain a commutative diagram

thick S/Zthicks 1Ty —S— thick S’ Zthick SS'T” y

canJv
thiCkS/Zy lhcksT\ Linick ss'17y
(thick §'2)/S'T'Y —s— (thick §§'2)/SS'T'Y
\ /

(thick S’Z)/y
Composition of the two diagrams yields the statement. (]

Proposition 3.13. Let T and U be two triangulated categories, let F : T — U be a
triangle functor, let X be a full additive subcategory of T and let Y be a full additive
subcategory of X. Then the restriction of F to X /) —> Lz, (add FX)/FY extends to
a functor (thick )y —hikx, Loickxy (thick FX) /FY such that Fyicx x coincides with Fy
on the subcategory X /).

Proof. Let A and B be full subcategories of a triangulated category V, then as in
[Beilinson et al. 1982] we denote by A * 5 the full subcategory of V generated by
C(1)[—1] where

AL co-11-> B Al

is a distinguished triangle, and where A is an object of .4, B is an object of B, and ¢ €
T (B, A[1]). Since F : T — U is a triangle functor, F' sends distinguished triangles
to distinguished triangle. Therefore F (A * B) is a subcategory of F(A) x F(B).
Hence F induces a functor

AxB L5 (FA) % (FB).
Let X| € add F A and X, € add FB. Then for any r € (X5, X [1]) we get
C(t)[—1] € add(F(A) x F(B)).
Indeed, denote by
Ls c)[-11 2> X, - Xy [1]

the distinguished triangle given by . Let X| and X/ be objects of ¢/ such that
X1®X| € F(A) and X, ® X, € F(B). Then

f 0

0 idys <s0 O) ' 0
0 0 , \00id ( )
—_—

X, @ X COHI-11®X] & Xy —25 X2 @ X5 —> (X @ X)I[1]
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is a distinguished triangle. Hence C (¢)[—1] € add(F (A) x F (B)). This shows
add(F (A)) x add(F(B)) € add(F' (A) * F(B)),
and therefore
add(add(F (A)) *add(F (B))) = add(F (A) = F (B)).
If we define (2), := (£),—1 * Z for any subcategory Z of U, and (Z); := Z, then

thick(F(2)) = _] add(add(F (X)) = |_] add((F(2))) =add (| (F (X)), ).

neN neN neN

Now,
thick ¥ = _J add &, = add(U xn>

neN neN

and F(X,) C (FX),. Hence

F(thick X)/FY = F(add(U X,,))/Fy - add(U F(Xn))/Fy
ne neN

< add({J(F(0)) )/ FY = thick (F (X)) FY

neN

Therefore F extends to a functor
thick () /Y LhisX;, thick(F(X))/FY.
By construction the restriction of Fipicx x to X' /) coincides with Fy. O

Remark 3.14. If in Proposition 3.13 the functor F induces an equivalence X'/) —
(add FX)/FY, then there is no reason why this should imply an equivalence

thick(X)/Y — thick(F(X))/F).

Lemma 3.15. Let Y be a subcategory of X admitting finite direct sums. Then the
natural projection X /Y — X /(add ) is an equivalence of categories.

Proof. Since ) is a subcategory of add ), if a morphism f factors through an object
of Y, it factors also through an object of add ). Hence, the natural projection is
well-defined and full. If f factors through an object X of add ), then there is an
object X’ of add ), such that X @ X’ is an object of ). Extending by the zero
morphism to and from X', it follows that f factors also through the object X & X’
of ). This shows that the natural projection is faithful as well.

From the above it also follows that the natural projection is dense, since the
objects of both quotient categories coincide, and the natural projection is the identity
on objects. (]
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Proposition 3.16. Let T and U be triangulated categories, let ) be a subcategory
of T,and let F : T — U be a triangle functor. Suppose that F induces an equivalence

Fo : T/(thick Y) — U/(thick F(})).
Then F induces a dense and full triangle functor

Fy @ Thick y) —> Uthick F(»))-
If in addition F (thick ) is thick in U then Fy is a triangle equivalence.

Proof. The functor Fy exists by the universal property of the Verdier localisation
[1996, Chapitre II, Corollaire 2.2.11.c].

We shall now show that Fy is dense. The objects of I/ /(thick F()’)) coincide with
the objects of Unick F (1)), since they both coincide with the objects of ¢. By hypoth-
esis, for every object U of U there is an object T of 7, and f e U(F T, U) as well as
g €U(U, FT) such that go f —id gy factors through an object Y’ of thick(F)’) and
f o g —1idy factors through an object Y of thick(F)). Hence, applying Lick ry to
these equations, and observing that Lpick py(Y) =0, respectively Lipick py(Y') =0
for all objects Y in thick(FY), respectively all objects Y’ in thick(F))), we get that
the image of f in the Verdier localisation is an isomorphism. Hence Fy is dense.

We will show now that Fy is full.
First step: Let f e U(FZ, FX). Since F is full, there is ' € T(Z, X) such that
f — Ff’ factors through an object M of thick(F)). Hence there is g € U(M, X)
and h eU(Z, M) with f—Ff’ = goh inU. We denote by (1, f) the morphism rep-
resented by the diagram FZ ez, g7 L5 FX. Then (1, f=Ff)=(,g)o(1,h)
in u(thick F())- Since M >~ 0 in Ulthick F(y)), we get

(L A= Ff)y=, f=Ff)=0
in Unick F(y)) and therefore

(L )=, Ff)=Fv(l, f).

Hence [ = FQf/ in U/ thick FY implies (1, /) = Fy(1, f) in Uthick F()) -

Second step: Let FX <& ZL Fy represent a morphism in Unick F()) (Fv X, FyY).
Since Fy is dense, we may suppose that Z = FZ for some object Z of . Then
s = Fps' for some s’ € T(Z, X), and f = Fgo f' for some f' € T(Z,Y), giving
(1,s) = Fy(1,s"),and (1, f) = Fy (1, f') by the first step. Now,

F(cone(s")) ~ cone(F (s")) = cone(s) € thick(F()))
and therefore F(cone(s’)) =0 in U/ /(thick F'Y). Since F induces an equivalence

U/(thick FY) ~ T /(thick )),



498 ALEXANDER ZIMMERMANN

we get cone(s ) =01in 7 /(thick )), Wthh shows that cone(s’) € thick Y. Hence
x<z Ly maps to FX < FZ L, FY. Therefore Fy is full.
We now assume that in addition F (thick )) is thick in i.

We need to show that Fy is faithful. Since F(thick))) is thick in U, we get
thick(F'())) = F(thick)). Hence, using the notation from [Ringel and Zhang
2015], and using that Fg is an equivalence, ker(Fy) = 0. By a result of Rickard
[1989b, p. 446, first paragraph] or Ringel and Zhang [2015, Propositions 3.1, 3.3,
Theorem 1.1] we see that Fy is faithful. This finishes the proof. |

Theorem 3.17 (Green correspondence for triangulated categories). Let D, H, G be
three triangulated categories and let S, S, T, T' be triangle functors

A\ N

such that (S, T) and (S', T') are adjoint pairs. Let € : idy — TS be the unit
of the adjunction (S, T). Assume that there is an endofunctor U of ‘H such that
TS =idy ®U, denote by p1 : TS — idy the projection, and suppose that pj o € is
an isomorphism.

Let Y be a thick subcategory of H, put Z := (US")~'()), and suppose that each
object of TSS'T'Y is a direct factor of an object of .

(1) Then S and T induce triangle functors Sz and Ty fitting into the commutative
diagram
(thick(S" 2)) (thick(s'17y)) —Sz— (thick(SS’Z)) (thick(ss'7/))
canl /TZ/
(thick(S'2))y
of Verdier localisations.

(2) There is an additive functor Syick, induced by S, and an additive functor Tinick
induced by T, making the diagram

(8'2)/(S'T'Y) —=— (thick(S' Z)) /thick(S'T'Y)

l N l Sthick

(SS'2)/(SS'T'Y) —= (thick(SS' 2))/thick(SS'T'Y)

l T l Tihick

SZ/y ——" s thick(S'2)/ thick())

commutative. Moreover, the restriction to the respective images of w, 7wy, and 13
of functors Smick and Twick on the right is an equivalence.
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(3) S and T induce equivalences S and Ty, of additive categories fitting into the
commutative diagram

(thick (S Z)) (thick(s'T"y)) Sz (thick(SS’ 2)) (thick(ss'77))

Ls7y((S'Z)/(S'T'Y)) =Si+ Lssy((SS'2)/(SS'T'V))

can can TL/
/
Ly((S’f?)/y) /Tz
(thick(S'Z2))y

where the outer triangle consists of triangulated categories and triangle functors,
and the inner triangle are full additive subcategories.

4) If S and T induce equivalences of additive categories

(thick(S'2))/thick(S'T'Y)

canJ /ﬂhick

(thick (S’ 2)) /thick

Suic—> (thick(SS’2))/thick(SS'T"Y)

then the restriction Sz of S to the triangulated category (thick (S’ Z))wick(s'77y) and
the restriction Tz of T to the triangulated category (thick(SS’ Z))wick(ss'77y) are
equivalences of triangulated categories, making the diagram

(thick (8" 2)) (thick(s'77y)) —Sz— (thick(SS' 2)) thick(ss'T7y))

w

(thick(S'2))y

commutative.

Proof. We first recall from Lemma 3.3 that Z is triangulated. By Corollary 3.12
the functors coming from Theorem 1.2 extend to functors on the localisations.
Now S and T are equivalences on the additive quotient constructions. Using
Propositions 3.10 and 3.13, the functors extend to triangle functors

(thick(S' 2)) tthick(s'77yy) —Sz— (thick(SS’ 2)) thick(ss'77Y))
canl T, /
/ z

(thick(S' 2)) (y)
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The functors S and T are triangle functors on the ambient categories, and hence
they induce functors Sipicx and Tipjck as required.

Since Theorem 1.2 shows that S is an equivalence with quasi-inverse 7" on the
above subcategories, the functor Tiick is also a quasi-inverse to Spicx on the images
under 1, 7, and 3. Corollary 3.12 shows item (3)enumz.

Suppose now that § and T induce equivalences

(thick(S'2))/(thick(S'T'Y)) Sniec—> (thick(SS’ 2))/(thick(SS'T’Y))

Canl /Tthick/

(thick (S’ 2)) /thick

Since by hypothesis each object of TSS'T’Y is a direct factor of an object of ), the
right vertical functor can is the identity. The restriction of the functors S and 7 in the
statement of item (4)enumz are full and dense by Proposition 3.16. Since their com-
position 7'S is the identity, the functors are also faithful. The statement follows. [

Remark 3.18. In Theorem 3.17 (1)enumz and (3)enumz the functor 7" maps from
the localisation at the thick subcategory of images under S to the localisation at the
thick subcategory of images under 7. By Proposition 2.10 we get a functor from
the localisation at the thick subcategory generated by T -relative injective objects to
the localisation at the thick subcategory generated by S-relative projective objects.

Remark 3.19. Consider the special situation when G is a finite group and & is a
field of characteristic p > 0. Then, following Carlson, Peng and Wheeler [Carlson
et al. 1998] the classical Green correspondence is an equivalence of full additive
subcategories of triangulated categories.

More precisely, let D be a p-subgroup of G and let H be a subgroup of G
containing Ng (D), the normaliser of D in G.

Consider § = kG —mod, H = kNg(D) — mod, and D = kD — mod, the sta-
ble categories of kG-modules, kK H-modules, and kD-modules. Here the stable
categories are taken modulo morphisms factoring through projective modules. Let

S =kG ®y — =ind% : kH —mod — kG — mod

and
S'=kH ®p — =ind} : kD — mod — kH — mod

be the induction functors. These have left and right adjoints, namely the restriction
T :=Homy (kG, —) =res% : kG — mod — kH — mod

is left and right adjoint to S. Similarly,
T’ := Homy (kG, —) =res% : kH — mod — kD — mod

is left and right adjoint to S".
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Since group algebras are symmetric, following Remark 2.19 the stable categories
G =kG —mod, H =kNg(D) —mod, and D = kD — mod are triangulated and
moreover, the functors indg, indg, resg, resg come from exact functors of the

corresponding module categories, and hence are triangle functors. Further,
res$ ind% = idigr—mod ® U

for
U= ay) kHgH Qpp —.
HgHeH\G/H\{H}

Therefore Theorem 3.17 applies for appropriate choices of ). Following [Aus-
lander and Kleiner 1994, p. 311, Section 3] we fix a collection ¥) of subgroups
of H, closed under H-conjugation and under taking subgroups, we consider Y
the full subcategory of H given by indg , 1.e., those kH-modules induced from
kY -modules for some Y € Q). By [Auslander and Kleiner 1994, Corollary 3.4(a)
and (b)) we may put ) :={Y | Y < HN gDg™': g € G\ H} which satisfies
the hypotheses of Theorem 3.17. Moreover, the functors Sy and 77, in item (3)
of Theorem 3.17 implies the classical Green correspondence. Furthermore, the
bijection of indecomposable kG-modules and k H-modules with vertex D is the
restriction of a triangle functor between triangulated categories, namely the Verdier
localisation of triangulated subcategories.

However, if D is T1, i.e., DN D8 € {1, D} for all g € G, the stable categories
involved in the theorem are the usual stable categories modulo projectives, which
are already triangulated, and by the universal property of the Verdier localisation
(see [SGA 41 1977, §2, no. 3] or [Verdier 1996, Chapitre 11, Corollaire 2.2.11.c])
there is an inverse functor to L (which was introduced in Lemma 3.5).

By the same argument, for general D, the Verdier localisation in item (3) of
Theorem 3.17 is the W-stable category from Carlson, Peng and Wheeler [Carlson
et al. 1998] (see also [Grime 2008, Example 3.6]).

4. Tensor triangulated categories — Green correspondence abstractly
and for group rings

We had to deal with thick subcategories of triangulated categories. Our main model
was the case of versions of derived or stable categories of group rings. Classification
results are known in this case, but mainly in presence of an additional monoidal
structure.

4A. Recalling Balmer’s results. We first recall some results from [Balmer 2005].

A tensor triangulated category K is an essentially small triangulated category K
together with a symmetric monoidal structure (X, ®, 1), such that the functor
® : K x K — K is assumed to be exact in each variable.
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A tensor triangulated functor is an exact functor between tensor triangulated
categories sending the identity object to the identity object and respecting the
monoidal structures.

* A ®-ideal P of K is a thick triangulated subcategory such that if an object M
isin P and X is an object in K, then M ® X is in P.

» Anideal P is prime if A ® B being an object in P if and only if A is an object
in P or B is an object in P.

o The spectrum Spec(K) is defined to be the set (!) of prime ideals of k.
 The support of an object M of K is

suppy (M) :={P € Spec(K) | M is not an object of P}.

 For any family of objects S of K let Z(S) :={P € Spec(K) | SN'P = &}. The
sets Z(S) form the closed sets of a topology, the Zariski topology on Spec(K).

« The radical /P of an ideal P is the class of objects M in K such that there is
n € N so that M®" is an object of P. An ideal P is called radical if ~/P = P.

One of the main results of [Balmer 2005] is:

Theorem 4.1 [Balmer 2005, Theorem 4.10]. Let &(K) denote the subsets Y C
Spec(K) such that Y = Uie[ Y; with all Y; closed and Spec(K) \ Y; quasicompact.
Let R(K) be the set of radical thick ®-ideals of K. Then the following maps are
mutually inverse bijections:

GK) «— RK), Y Ky:={MecK|supp(M)CY},
U supp(M) =: supp(J) <4J .

MeJg

4B. Green correspondence of the spectrum in a tensor triangulated category.
Recall that, following [Etingof et al. 2015], a tensor subcategory of a tensor category
still has a unit element. We shall need to define a concept without this restriction
since for our natural examples we do not necessarily have a unit element. Note that
a semigroup is a set with a binary associative structure, and a monoid is a semigroup
with a unit. We transport this vocabulary to the world of tensor categories under
the name of semigroup category (see [Boyarchenko 2011]).

Definition 4.2. < A semigroup category is a category C with a symmetric binary
operation ® : C x C — C satisfying the associative pentagon axiom.

o A triangulated semigroup category is an essentially small triangulated cate-
gory C, which is in addition a semigroup category (C, ®) such that @ :CxC —C
is exact in each variable.
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* A ®-ideal P of a triangulated semigroup category C is a thick triangulated
subcategory such that if an object M is in P and X is an object in C, then
M®Xisin P.

e Let (C, ®) and (D, ®) be semigroup categories.

— A functor F : C — D is called semitensor functor if F allows a natural
equivalence J : F(V® W) — F(V)® F(W) which satisfies the associa-
hedron diagram [Etingof et al. 2015, Diagram 2.23].

- If (C, ®) and (D, ®) are triangulated semigroup categories, then a semiten-
sor functor F :C — D is called triangle semitensor functor if F is in addition
a triangle functor.

Lemma 4.3. If') is a thick semigroup triangulated subcategory (resp. ®-ideal) of
a triangulated semigroup category H, and if F : D — H is a triangle semitensor
functor, then Z = F~Y(Y) is again a thick semigroup triangulated subcategory
(resp. ®-ideal) of D.

Proof. By Lemma 3.3 Z is triangulated. By definition, Z is thick. We need to
show that Z is a semigroup tensor category. Let X be an object of Z and Y be an
object of Z (resp. H). Then there are objects X" and Y’ such that F(X) & X’ and
F(Y)@® Y’ are objects of V. But then

(FX)®eX)®(FXY)®Y')
~(FX)QFX)NSX' QFY)DFX)QY) e (X' ®Y)
~FXQV)®X'®@FY)®(FX)@Y)® X' Y.

Since Y is tensor triangulated, F (X ®Y) is a direct factor of the object (F(X)®X")®
(F(Y)®Y’) of Y. Therefore X ® Y is an object of Z. O

Lemma 4.4. If H is a tensor triangulated category, if Y is a ®-ideal in H, then the
tensor triangulated structure on ‘H induces a tensor triangulated structure on Hy.
Moreover, the natural functor v : H — Hy is a functor of tensor triangulated
categories.

Proof. The objects of H coincides with the objects of Hy. We need to define a
tensor product ® on Hy. Denote by v : H — Hy the natural functor. We define for
any two objects M, N in Hy the object MN :=v(M ® N) in Hy.

Since ) is an ideal, this construction is also well-defined on morphisms. Since idy
is the neutral element of ®, we get v(idy) is the neutral element of ®. Since ®
is monoidal symmetric, also ® is monoidal symmetric. The functor is tensor
triangulated by construction. U

Recall that every thick subcategory is a full triangulated subcategory, but a full
triangulated subcategory is thick only if it is in addition closed under taking direct
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summands. A full triangulated subcategory A of D is strict if any object of D which
is isomorphic in D to an object in A is also an object of A.

Proposition 4.5. Let (T, ®, 1) be a tensor triangulated category and let P and Q
be ®-ideals of T. Suppose moreover that Q is a full triangulated subcategory of P.
Suppose that P is strictly full in T.

Then the following hold.

o The tensor triangulated structure on T induces a tensor triangulated structure
® on the Verdier localisation To.

o Furthermore, consider the natural functor v : T — Tg. Let V' be the restriction
of v to P, as indicated in the commutative diagram

T ——1T5

PV (P

Denote by P(g) the image v(P) of P in Tg under v, and denote by Pg the
Verdier localisation of P at Q. Then

P =Pq.
o Pg is a ®-ideal of To.

Proof. Lemma 4.4 is precisely the first statement.

Denote by ¢ : P — T the inclusion functor. As for the second statement we
have the Verdier localisation Pg of P at Q. Denote by u : P — Pg the natural
functor. Then, the universal property of Verdier localisations ([SGA 41, 1977, §2,
no. 3] or [Verdier 1996, Chapitre II, Corollaire 2.2.11.c]) induces a unique functor
0 :Pg — P(g) such that 0 o u = v or. This shows that the functor o is dense since
W, v, t are the identity on objects.

We need to show that ¢ is fully faithful. Let Z be an object of 7, let P; and P>
be objects of P, and a diagram of morphisms of T

P P,
representing a morphism w in 7o (P, P2). If y has cone in Q, since P is triangulated,

and since Q is a triangulated subcategory of P, also Z is isomorphic to an object of P,
and since P is strictly full in 7, the object Z is actually an object of P. Hence o is full.
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7N

Py P

If A is represented by

for some object Z of P, and if o (1) = 0 in Py, then there is an object Z’ of 7 and
a morphism 8 : Z’' — Z with cone(§) in Q, and with @ 0§ = 0. But, again Q is a
triangulated subcategory of P, and P being strictly full triangulated subcategory
of 7 implies Z' is an object of P. Since P is a full subcategory of 7T, the morphism §
is actually already in P. Hence A = 0. This shows that o is faithful. Altogether we
get the second statement.

Since P is a ®-ideal, for any P in P, and any X in 7 we get P ® X is in P. Hence

V(P)®V(X) =v(P ®X)
is an object of P(gy = Pg. This proves the third statement. U

4C. Thick tensor triangulated categories and tensor ideals in the special case of
group rings. Various results are known for classification of thick subcategories of
various triangulated categories (see, e.g., [Benson et al. 1997; 2011; Carlson and
Iyengar 2015; Friedlander and Pevtsova 2007; Thomason 1997]), giving mostly a
parametrisation with certain subsets of support varieties. For a fixed, essentially
small triangulated category D a general result describing the relation between full tri-
angulated essentially small subcategories .A and thick(.A) =D is given by Thomason.

Theorem 4.6 [Thomason 1997, Theorem 2.1]. Let D be an essentially small trian-
gulated category. Consider the set 1 of strictly full triangulated subcategories A
in D, having the property that each object of D is isomorphic to a direct summand of
an object in A. Then 3 is in bijection with the set of subgroups of the Grothendieck
group Ko(D). The isomorphism is given by mapping A to the subgroup Ko(A)
of Ko(D).

Thomason [1997, Theorem 3.15] also gave a classification of tensor triangulated
thick subcategories of the derived category of perfect complexes over a quasicompact
quasiseparated scheme.

We focus on those dealing with group rings. Let k£ be an algebraically closed
field of characteristic p > 0 and let G be a finite group with order divisible by p.
Let H*(G) be D, H*(G, k) if pisodd, and H*(G) = H*(G, k) if p =2. Then
H*(G)isa graded_commutative algebra, and Ext;; (M, M) is a finitely generated
H*(G)-module. Let Vg (k) be the maximal ideal spectrum of H*(G). A set X of
closed subvarieties of Vi (k) is said to be closed under specialisation if whenever
W e X and W C W, then we also get W' € X. For a set X’ of closed subvarieties
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of Vi (k) which is closed under specialisation we let C(&X") be the thick subcategory
of kG — mod consisting of modules M with

Vo(M) :={m e Vi (k) | Annge(g) (Extig(M, M)) Cm} € X.
Benson, Carlson and Rickard [Benson et al. 1997] showed the following.

Theorem 4.7 [Benson et al. 1997, Theorem 3.4]. Let k be an algebraically closed
field, and let G be a finite group. Let Vg (k) be the maximal ideal spectrum of
H*(G). Then the thick tensor ideals I in kG — mod are of the form C(X) for some
nonempty set X of homogeneous subvarieties of V¢ (k), closed under specialisation
and finite unions.

Carlson and Iyengar [2015] determined the thick subcategories of the derived
category of the group algebra of a finite group. For each object M of D”(kG) there
is a morphism of k-algebras H*(G, k) — Ext};(M, M). Again Ext; (M, M) is a
finitely generated H*(G)-module. Then

Vi) (M) :=Suppe () (M) :={g € Spec(H"(G)) | H (My,) #0} S Spec(H* (G)).

Theorem 4.8 [Carlson and Iyengar 2015, Theorem 6.6 and Corollary 6.7]. For an
algebraically closed field k of characteristic p > 0 and a finite group G with order
divisible by p, and two objects M and N in D*(kG) with Voo k) (M) S Vpi gy (N)
we have that M is in the thick tensor ideal generated by N. In particular, if C is
a thick tensor ideal of D?(kG), then there is a specialisation closed subset V of
Vb gy (k) such that C equals the subcategory obtained by all those M in D’ (kG)
with Vpbgy(M) C V.

Carlson [2018] studied thick subcategories of what he calls relatively stable
categories of group rings. Let §) be a set of subgroups of G. A kG-module M is
called $)-projective if M is ¢g—relative projective for all H € $). It is classical that
amodule M is $-projective if and only if M is a direct summand of modules which
are induced from modules over elements of §). The category kG — modg has the
same objects as kG — mod. However, the set of morphisms from M to N is the set
of equivalence classes of kG-module morphisms modulo those factoring through
$H-projective modules.

Carlson, Peng and Wheeler [Carlson et al. 1998, Theorem 6.2] showed that
kG —modyg is actually a triangulated category. Moreover, an immediate consequence
is that Green correspondence is the restriction of a functor between triangulated
categories to certain subcategories, namely those full subcategories generated
by indecomposable modules with a specific vertex. This restriction is then an
equivalence of categories.
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Benson and Wheeler extended the concept to infinitely generated modules, and
showed in [Benson and Wheeler 2001, Proposition 2.3] that we get again trian-
gulated categories and a Green correspondence, which is an equivalence between
triangulated categories.

These results are special cases of our more general approach, when applied
to bounded derived categories of modules over the respective group rings and
appropriate choices for ), as is shown by the following.

Proposition 4.9. Let D be a p-subgroup of G, let H be a subgroup of G containing
Ng (D), let

N:={S<HN®D|geG\H} and %X:={(S<DN®D|geG\H).

Then for Y being the class of complexes having indecomposable factors with
vertex in %), the natural functors

Lss1y : kG —mody — D’ (kG)ick(ss'T'y)

and
Ly : kH —mody — D’ (kH )mick(y)

are equivalences of triangulated categories.

Proof. Using [Wang and Zhang 2018, Lemma 4.1], Lemma 3.5 defines Lgs77y
and Ly. Since the subcategory of bounded complexes of finitely generated projec-
tives is a subcategory of ), the category Db (kG)hick(ss'Ty) 1s a localisation of the
singularity category Dy, (kG) of kG. The singularity category of a self-injective alge-
bra is just the stable category of the algebra modulo projective-injectives (see [Buch-
weitz 1986; Keller and Vossieck 1987; Rickard 1989a]). Likewise D?(k H )thick()
is a localisation of the stable category of kH. Since the categories kG — mody
and kH — mody, are triangulated, the universal property of the Verdier localisation
([SGA 41, 1977, §2, no. 3] or [Verdier 1996, Chapitre II, Corollaire 2.2.11.c]) gives
the quasi-inverse functors to Lgg 77y and Ly respectively. U

Observe that now Theorem 3.17(3) gives Carlson, Peng and Wheeler’s theorem.

Moreover, Harris [2014] and independently Wang and Zhang [2018] gave a
blockwise version of the Green correspondence.

Localising subcategories are a vast variety in this setting. Carlson [2018] showed
for example that for p =2 and a collection C of subgroups H of G all of which
containing an elementary abelian subgroup of rank at least 2, then the spectrum of
the relatively C-stable category is not Noetherian.

Note that for a nonprincipal block we do not get a monoidal category but only a
semigroup category in the sense of Definition 4.2. Indeed, the unit element is the
trivial module, which belongs to the principal block.
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