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OVER FUNCTION FIELDS

ALEXANDER CARNEY

In one of the fundamental results of Arakelov’s arithmetic intersection
theory, Faltings and Hriljac (independently) proved the Hodge index the-
orem for arithmetic surfaces by relating the intersection pairing to the
negative of the Néron–Tate height pairing. More recently, this has been
generalized to higher dimensions by Moriwaki and by Yuan and Zhang.
We extend these results to projective varieties over transcendence degree
one function fields. The new challenge is dealing with nonconstant but
numerically trivial line bundles coming from the constant field via Chow’s
K/k-trace functor. As an application of the Hodge index theorem, we
also prove a rigidity theorem for the set of canonical height zero points of
polarized algebraic dynamical systems over function fields. For function
fields over finite fields, this gives a rigidity theorem for preperiodic points,
generalizing previous work of Mimar, of Baker and DeMarco, and of Yuan
and Zhang.

1. Introduction

The Hodge index theorem states classically that the divisor intersection pairing on
an algebraic surface has signature +1,−1, . . . ,−1. The corresponding result for
line bundles on arithmetic surfaces, i.e., relative curves over the ring of integers of
a number field, was proven independently by Faltings [1984] and Hriljac [1985],
and is a fundamental result in Arakelov theory. More recently, Moriwaki [1996]
extended this to higher-dimensional arithmetic varieties, and Yuan and Zhang [2017]
proved a Hodge index theorem for adelic metrized line bundles over Q.

In their work, Yuan and Zhang also conjectured that a similar result should hold
over function fields. Here we prove their conjecture. Our theorem statement differs
slightly from their conjecture, however, so as to be stated more directly and to avoid
reliance on a noncanonical isogeny between Chow’s function field K/k-trace and
K/k-image.
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Let k be an algebraically closed field of arbitrary characteristic, and let K = k(B)
be the function field of B, a smooth, projective curve over k. Let π : X→ Spec(K )
be a geometrically normal, geometrically integral, projective variety of dimension
n ≥ 1. We will consider the group P̂ic(X) of adelic metrized line bundles on X
in the sense of [Zhang 1995]; definitions will be recalled in Section 2.1. Since an
adelic metric can be specified, for example, by a line bundle on a model X → B
of X, this setting also covers relative varieties fibered over B, in the same way
that Yuan and Zhang’s work over number fields encompasses Arakelov’s setting of
arithmetic varieties over the spectrum of the ring of integers of a number field.

Chow’s K/k-trace functor TrK/k identifies the part of the Picard variety of X
which is defined over k, and the line bundles in TrK/k(Pic0(X)) can all be given
adelic metrics in a well-defined canonical way using isotrivial models over B. This
construction is detailed in Section 2.5. Let Picτ (X) be the numerically trivial
subgroup of Pic(X). We prove the following result, with more detailed versions
stated in Section 3:

Theorem 1.1. Let M, N ∈ Picτ (X), and let L1, . . . Ln−1 ∈ Pic(X) be ample. There
exist canonical metrics on M and N so that

〈M, N 〉L1,...,Ln−1 := M · N · L1 · · · Ln−1

is a well-defined bilinear pairing, independent of the choice of the metrics on
L1, . . . , Ln−1. This extends to a symmetric R-bilinear form on Picτ (X)⊗Z R which
is negative semidefinite with kernel

TrK/k(Pic0(X))⊗Z R.

If one removes the function field trace (so that the kernel is trivial), this is the
same result that Yuan and Zhang prove for number fields. It is straightforward to
see that TrK/k(Pic0(X))⊗Z R is in the kernel. Thus, the main new difficulty is
showing that numerically trivial adelic metrized line bundles which are nonconstant
must all come from isotrivial subgroups of the Picard group of X. In essence, all
arguments of the proof must commute with the K/k-trace functor.

1.1. Arithmetic dynamics. Again let X be a projective variety over a function
field K. A polarized dynamical system ( f, L , q) is an endomorphism f : X→ X
along with an ample line bundle L ∈ Pic(X) such that f ∗L ∼= L⊗q for some q > 1.
The set of preperiodic points of f is defined as

Prep( f ) := {x ∈ X (K ) | x has a finite forward orbit under f }.

Call and Silverman [1993] show that such a polarized endomorphism defines
a canonical Weil height ĥ f . Here we show that L can be given an admissible
metric L f so that the height hL f

defined by L f via arithmetic intersections agrees
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with ĥ f on X (K ). The advantage to our definition is that hL f
defines not only

heights of points, but heights of subvarieties of X as well. By applying the Hodge
index theorem to compare the canonical heights defined by two different polarized
dynamical systems, we prove the following rigidity theorem:

Theorem 1.2. Let X be a projective variety defined over a transcendence degree one
function field K over any base k, and let ( f, L , q) and (g,M, r) be two polarized
dynamical systems on X. If the points with height zero under hL f

and the points
with height zero under hMg

agree on a Zariski dense subset of X (K ), then they
are identical.

This is stated more generally in Section 4. When k is the algebraic closure of a
finite field, the Northcott property implies that the points with canonical height zero
under f are exactly the preperiodic points Prep( f ), giving an immediate corollary.

Corollary 1.3. In the same setting as Theorem 1.2 but with the additional hypothesis
that k = Fq , if Prep( f )∩Prep(g) is Zariski dense in X (K ), then Prep( f )= Prep(g).

This was conjectured by Yuan and Zhang, and they prove a similar result over
number fields.

Over general function fields the corollary does not hold, as not all canonical
height zero points are preperiodic. The proofs differ as well, as while it is clear
that the set Prep( f ) does not depend on the choice of polarization L , this must be
proven for canonical height zero points, and then the heights compared in a more
indirect way. Even so, some limited things can be said.

Corollary 1.4. Let K be the function field of a smooth projective curve over any
field k, and let f and g be two rational functions P1

K → P1
K which are not isotrivial.

If Prep( f ) and Prep(g) intersect on an infinite subset of P1(K ), they are equal.

This is a direct consequence of our theorem and a theorem of Baker [2009].
Chatzidakis and Hrushovski [2008a; 2008b] prove results comparing preperiodic
points and height zero points using a model-theoretic nonisotriviality condition in a
much more general setting, but it is difficult to combine that result into a useful
rigidity statement. This is discussed further in Section 5.

1.2. Outline of paper and sketch of methods. Definitions and basic properties
of adelic metrized line bundles and Chow’s K/k-image and trace are recalled
in Section 2. Additionally, this section includes technical lemmas, such as the
existence of flat metrics, which will be needed throughout the paper.

Our main Hodge index theorem, a classification of numerically trivial line bundles,
and an R-linear variant (Theorems 3.1, 3.2, and 3.3) are fully stated and proven
in Section 3. We begin with the case of X being a curve. Decomposing adelic
metrized line bundles into flat and vertical pieces, and addressing intersections of
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the vertical parts using the local Hodge index theorem of [Yuan and Zhang 2017,
Theorem 2.1], we reduce to the case of flat metrics. Then, following the methods
of Faltings [1984] and Hriljac [1985], we relate the intersection pairing to the
Néron–Tate height pairing on the Jacobian variety of X, and complete the result for
curves using properties of heights on the Jacobian.

Next we prove the inequality part of Theorem 3.1 by induction on the dimension
of X, using a Bertini-type theorem of Seidenberg [1950] to find sections which cut
out nice subvarieties of X. Along the way we prove a Cauchy–Schwarz inequality
for this intersection pairing. Theorem 3.2 and the equality part of Theorem 3.1 are
then also proved by induction, where we again decompose into flat and vertical
metrics and must show that the K/k-trace and image functors behave nicely when
restricted to a subvariety. This is more difficult than the inequality, however. For
the inequality, we write each metrized line bundle as a limit of model metrics, and
prove the result for model metrics, thus getting the same inequality on their limit.
We can write the same limit in the equality case, but we cannot assume that the
same equality hypothesis holds for the model metrics, and must argue by other
means. Finally, Theorem 3.3 is easily deduced from Theorem 3.1 and its proof.

Section 4 proves the application of our result to polarized algebraic dynamical
systems. We first describe and prove the existence of admissible metrics for a given
polarized algebraic dynamical system, which generalize flat metrics, and give rise
to canonical heights defined by intersections. This transforms the rigidity statement
into a statement comparing two different admissible adelic metrized line bundles,
which is proved using the Hodge index theorem.

Section 5 gives corollaries of the main results proven here, and discusses what can
still be said about preperiodic points over larger fields without the Northcott property.

2. Preliminaries

Here we introduce the definitions, basic properties, and lemmas which will be
needed throughout the paper. The core theory used in this paper is built on local
intersection theory as developed by Gubler [1998; 2007b], Chambert-Loir [2006],
Chambert-Loir and Thuillier [2009], and Zhang [1995]. More generally, one can
find an introduction to Arakelov theory in [Moriwaki 2014; Lang 1988; Soulé 1992].

2.1. Metrized line bundles over local fields. Let K be a complete non-Archimedean
field with nontrivial absolute value | · |. Denote the valuation ring of K by

K ◦ := {a ∈ K : |a| ≤ 1},

and its maximal ideal by

K ◦◦ := {a ∈ K : |a|< 1},

so that K̃ := K ◦/K ◦◦ is the residue field.
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Let X be a variety over K and denote by X an its Berkovich analytification [1990].
For x ∈ X an, write K (x) for the residue field of x . A line bundle L on X has an
analytification, denoted Lan, as a line bundle on X an.

Definition 2.1. A continuous metric ‖ · ‖ on L consists of a K (x)-metric ‖ · ‖x on
Lan(x) for every x ∈ X an, where this collection of metrics is continuous in the sense
that for every rational section s of L , the map X an

→ R defined by x 7→ ‖s(x)‖x is
continuous away from the poles of s. We call L with a continuous metric a metrized
line bundle and denote this by L = (L , ‖·‖). For a fixed line bundle L , limits of
metrics are taken with respect to the topology induced by the supremum norm.

An important example of a continuous metric is a model metric: Let X be a
model of X over K ◦, i.e., a projective, flat, finitely presented, integral scheme over
Spec K ◦ whose generic fiber XK is isomorphic to X, and let L be a line bundle
on X whose generic fiber LK is isomorphic to L . Then we can define a continuous
metric on L by specifying that for any trivialization LU −→∼ OU on an open set
U ⊂X given by a rational section `, we have ‖`(x)‖x = 1 for any x reducing to UK̃
in the reduction X̃ over K̃.

We now define some important properties and notation.

Definition 2.2. Let L = (L , ‖·‖) and M be metrized line bundles on X.

(1) A model metric is nef if it is given by a relatively nef line bundle on the
corresponding model.

(2) Call both L and ‖·‖ nef if ‖·‖ is equal to a limit of nef model metrics.

(3) L is arithmetically positive if it is nef and L is ample.

(4) L is integrable if it can be written as L = L1− L2 with L1 and L2 nef.

(5) M is L-bounded if there exists a positive integer m such that mL + M and
mL −M are both nef.

(6) L is vertical if it is integrable and L ∼=OX .

(7) L is constant if it is isometric to the pull-back of a metrized line bundle on
Spec K.

(8) P̂ic(X) is defined to be the group of isometry classes of integrable metrized
line bundles.

Remark. When we say a line bundle is relatively ample or nef, we always mean
with respect to the structure morphism; here X → Spec K ◦. A concise discussion
of relative amplitude and nefness can be found in [Lazarsfeld 2004, Chapter 1.7].

We also have a local intersection theory for metrized line bundles on X, due to
[Gubler 1998; 2007a], and to [Zhang 1995] when K has a discrete valuation. Let Z
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be a d-dimensional cycle on X, let L0, . . . , Ld be integrable metrized line bundles
on X, and `0, . . . , `d rational sections of each, respectively, such that(⋂

i

|div(`i )|

)
∩ |Z | =∅,

where |Z | means the underlying topological space of the cycle Z . Then Z has a
local height d̂iv(`0) · · · d̂iv(`d) · [Z ] with the following properties:

(1) The local height is linear in d̂iv(`i ) and Z .

(2) For fixed sections, it is continuous with respect to the metrics.

(3) When L i has a model metric given by Li on a common model X , the height
is given by classical intersections:

d̂iv(`0) · · · d̂iv(`d) · [Z ] = divX (`0) · · · divX (`d) · [Z],

where Z is the Zariski closure of Z in X .

(4) If the support of div(`0) contains no component of Z , there is a measure
c1(L1) · · · c1(Ld)δZ on X an due to [Chambert-Loir 2006] which allows us to
compute d̂iv(`0) · · · d̂iv(`d) · [Z ] inductively as

d̂iv(`1) · · · d̂iv(`d) · [div(`0) · Z ] −
∫

X an
log‖`0(x)‖x c1(L1) · · · c1(Ld) δZ .

This notation is meant to suggest that c1(L i ) should be thought of as the
arithmetic version of the classical Chern form c1(L i ).

(5) If `0|Z j is constant and c1(L1) · · · c1(Ld) · [Z j ] = 0 for every irreducible
component Z j of Z , then this pairing does not depend on the choice of sections,
so we may simply write

L0 · · · Ld · Z = d̂iv(`0) · · · d̂iv(`d) · [Z ].

When Z = X, we typically omit Z in all of the above notation.
By definition, every integrable metric can be written as a limit of model metrics

(with respect to the supremum norm). Properties (3) and (4) above guarantee that
intersections of integrable metrized line bundles are equal to the corresponding
limits of intersections of models which approximate them.

2.2. Adelic metrized line bundles. We now move to the global theory, which is
built from the theory of metrized line bundles over each localization, discussing first
models and then adelic metrized line bundles. We return to the setting of the main
theorems of this paper, where k is any algebraically closed field, B is a smooth
projective curve over k, K = k(B) is its function field, and π : X→ Spec(K ) is a
geometrically normal, geometrically integral, projective variety.
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Let X be a model for X, meaning that X→ B is geometrically integral, projective,
and flat, and the generic fiber XK is isomorphic to X. Given a geometrically integral
subvariety Y of dimension d+1 in X and line bundles L0, . . . ,Ld on X each with a
respective section `0, . . . , `d such that their common support has empty intersection
with YK , the arithmetic intersection pairing on Pic(X ) is defined locally as

L0 · · ·Ld ·Y := d̂iv(`0) · · · d̂iv(`d) · [Y] :=
∑
ν

(
d̂iv(`0) · · · d̂iv(`d) · [Y]

)
ν
,

where ν ranges over the closed points (places) of B, and(
d̂iv(`0) · · · d̂iv(`d) · [Y]

)
ν

means the local intersection number after base-change to the complete field Kν . As
the notation suggests, this does not depend on the choice of sections. Again we
typically drop Y in the notation if Y = X , and when X is one-dimensional, we call
d̂eg(L0) := L0 ·X the arithmetic degree of L0.

Remark. This arithmetic intersection theory for X → B is equal to the classical
intersection theory given by viewing X as a variety over the field k, but is written
using the fibration so as to align notationally with Arakelov’s arithmetic intersection
theory [1974; 1975]. In the function field setting there are no Archimedean places
to consider, as B is projective.

Given a line bundle L on X we call a line bundle L on X a model for L provided
that LK ∼= L . For each place ν of B, completing with respect to ν induces a model
over K ◦ν and a model metric ‖·‖L,ν of Lan

Kν
on X an

ν := X an
Kν

.

Definition 2.3. The collection ‖·‖L,A = {‖·‖L,ν}ν of continuous metrics for every
place ν of B given by (X ,L) is called a model adelic metric on L . More generally,
an adelic metric ‖·‖A on L is a collection of continuous metrics ‖·‖ν of Lan

Kν
on

X an
ν for every place ν, which agrees with some model adelic metric at all but

finitely many places. A line bundle on X with an adelic metric is called an adelic
metrized line bundle, and is denoted L = (L , ‖·‖A). When the context is clear we
will frequently drop adelic and simply write metrized line bundle. For a fixed line
bundle L , limits of adelic metrics are taken with respect to the topology induced by
maxν‖·‖sup, the maximum of the supremum norm on each fiber. Such a limit does
not require fixing a single model X .

We extend our local definitions of properties of metrized line bundles to the
global case.

Definition 2.4. Let L be an adelic metrized line bundle.

(1) L is nef if it is equal to a limit of model metrics induced by nef line bundles
on models of X.
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(2) L is integrable if it can be written as L = L1− L2, where each L i is nef.

(3) L is arithmetically positive if L is ample and L −π∗N is nef for some adelic
metrized line bundle N on Spec K with d̂eg(N ) > 0.

(4) M is L-bounded if there exists a positive integer m such that mL + M and
mL −M are both nef.

(5) L is vertical if it is integrable and L ∼=OX

(6) L is constant if it is isometric to the pull-back of a metrized line bundle on
Spec K.

(7) P̂ic(X) is defined to be the group of isometry classes of integrable metrized
line bundles.

Remark. In the definition of arithmetically positive, we have thus far only defined
the arithmetic degree in the model case, but every adelic metrized line bundle in
Spec K has a model metric, so we may use that definition. The definition is also
made more general in the following material.

Remark. The definition of arithmetically positive is equivalent to requiring that L
is ample and for every N ∈ P̂ic(K ), there exists some positive integer m such that
mL−π∗N is nef. This means, in particular, that all of π∗P̂ic(K ) is L-bounded for
arithmetically positive L .

Remark. To avoid confusion, note that the preceding definitions are not equivalent
to requiring that the local property of the same name holds at every fiber. In
fact, since relative amplitude (resp. nefness) holds if and only if the restriction to
every fiber is ample (resp. nef), if a property holds in the global setting then the
corresponding property holds locally at every place, but the converse is false. For
example, if Lν is nef on Xν for every place, each Lν can be written as a limit of
nef models Lν,i on Xν,i , but it may not be possible to assemble these into global
models Li on models Xi of X.

Global intersections are defined similarly to the model case, except with the
local metrics given explicitly by the adelic metric instead of induced by a model.
Given a d-dimensional integral subvariety Z of X and integrable adelic metrized
line bundles L0, . . . , Ld with respective sections `0, . . . , `d with empty common
intersection with Z , their intersection is

L0 · · · Ld · Z : = d̂iv(`0) · · · d̂iv(`d) · [Z ]

=

∑
ν

d̂iv(`0|Xν ) · · · d̂iv(`d |Xν ) · [Z |Xν ],

where again this is independent of the choice of sections. Summing the local
induction formula at each place produces a global induction formula: letting `0 be
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a rational section of L0 whose support does not contain Z ,

L0 · · · Ld · Z
= L1 · · · Ld · (Z · div(`0))−

∑
ν

∫
X an
ν

log‖`0(x)‖νc1(L1, ν) · · · c1(Ld , ν) δZ |Xν .

As before, we drop Z when Z = X, and when X is zero-dimensional, we call
d̂eg(L0) := L0 · X the arithmetic degree of L0.

As in the local case, we can always compute intersections of adelic metrized line
bundles by approximating them with model metrics and computing the limit of the
corresponding arithmetic intersections of the models.

Definition 2.5. An adelic metrized line bundle M on X of dimension n is called
numerically trivial if for any L1, . . . , Ln ∈ P̂ic(X),

M · L1 · · · Ln = 0.

Call two adelic metrized line bundles numerically equivalent if their difference is
numerically trivial.

2.3. Flat metrics. Adelic metrized line bundles with flat metrics form an especially
nice class of adelic metrized line bundles. We will often be able to split a metrized
line bundle into a bundle with a flat metric plus a vertical bundle, and then work with
each of these separately, as flatness will tell us that these have trivial intersection.

Definition 2.6. Let X be a projective variety over a complete field K, and let L
be a metrized line bundle on X. Then L is flat if for any morphism f : C → X
of a projective curve over K into X, we have c1( f ∗L) = 0 on the Berkovich
analytification Can. If now X is a projective variety over a global field and L an
adelic metrized line bundle on X, call L flat provided it is flat at every place.

Note that if L is flat, L must be numerically trivial, as

deg(L|C)=
∫

Can
c1(L|C)= 0.

Lemma 2.7. Let L be a numerically trivial line bundle on a projective, normal
variety X over a function field K. Then L has a flat metric, which is unique up to
constant multiple.

Remark. When X is a curve, this lemma has a much simpler proof using linear
algebra; see for example [Hriljac 1985, Theorem 1.3]. If X → B is a model for X
and Xν is geometrically normal (for example, every place ν of good reduction),
then the flat metric on L at ν is induced by the model metric corresponding to the
closure in X of a divisor on X in the class of L .

To prove the lemma in general, the following related notion will be useful. We
will show that it is equivalent to flatness for abelian varieties.
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Definition 2.8. Let L be a metrized line bundle on an abelian variety A such that
L is algebraically trivial. We call L admissible if [2]∗L ∼= 2L .

Proof of Lemma 2.7. First, suppose X is an abelian variety. Then L is algebraically
trivial, and we have an isomorphism φ : [2]∗L ∼= 2L . Take any metric ‖·‖1 on L .
Then Tate’s limiting argument, as in [Zhang 1995, Theorem 2.2], shows that

‖·‖n := φ
∗
[2]∗‖·‖

1
2
n−1

converges to an admissible metric ‖·‖0 on L , and that further this is the unique
admissible metric on L up to constant multiples.

Let C→ X be a smooth projective curve in X. After a translation and extension
of K, we can fix a point x0 ∈C(K ) which maps to 0 ∈ X. By the universal property
of the Jacobian, C → X factors through the Jacobian map C → Jac(C) taking
x0→ 0, and the pullback of (L , ‖·‖0) to Jac(C) is also admissible. Then by [Gubler
2007b, Remark 3.14], c1(L , ‖·‖0) = 0, and hence L has a flat metric. By taking
the tensor product of this metric with the inverse of any other flat metric on L ,
uniqueness up to constant multiple is reduced to showing that ‖1‖ is constant for
any flat metric on OX . Any two points on X are connected by a curve; let D be its
normalization. Then ‖1‖ is constant by the local Hodge index theorem [Yuan and
Zhang 2017, Theorem 2.1] in dimension one at each place.

Now let X be an arbitrary projective, normal variety, choose a point x0 ∈ X (K )
(extending K if necessary) and recall the Albanese map i : X→ Alb(X) taking x0

to 0. Since L is numerically trivial, we may replace it by a multiple and assume it
is algebraically trivial. Then L corresponds to a K point ξ of Pic0

red,X = Alb(X)∨.
By definition, L is (isomorphic to) the Poincaré bundle P on Alb(X)×Alb(X)∨

restricted to Alb(X)×{ξ}, then pulled back through

i × id : X ×Alb(X)∨→ Alb(X)×Alb(X)∨.

P|Alb(X)×{ξ} is algebraically trivial, and hence has a flat metric. But the pullback
of a flat metric is also flat, so this defines a flat metric for L . �

The reason we care about flat metrics is shown by Lemma 2.9 and Corollary 2.10:

Lemma 2.9. Let K be a complete non-Archimedean field, and X → Spec K a
geometrically connected, geometrically normal, projective variety of dimension n,
with a flat metrized line bundle M. Then given any integrable metrized line bundles
L1, . . . , Ln−1 on X,

c1(M)c1(L1) · · · c1(Ln−1)= 0.

Proof. We show that∫
X an

log‖`n(x)‖x c1(M) · c1(L1) · · · c1(Ln−1)= 0

for every section `n of any metrized line bundle Ln . Proceed by induction on n.
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Since any integral metrized line bundle can be written as a difference of arithmeti-
cally positive metrized line bundles and the measure is additive with respect to the
metrized line bundles, we may assume that Ln−1 is arithmetically positive without
loss of generality. Further, by approximation, it suffices to treat the case where
Ln−1 is a model metric, induced by some ample line bundle L on a model X for X.
By Seidenberg’s Bertini theorem [Seidenberg 1950, Theorem 7’], L has a section s
which cuts out a horizontal, geometrically integral, normal subvariety Y . After
base changing to a finite extension K ′ of K, we may assume that this subvariety is
geometrically normal. Since this extension merely scales the intersection number
by [K ′ : K ] it has no effect on the proof of this lemma. Let Y be the generic fiber
of Y , and let Z be div(`n) restricted to Y.

We compute an intersection product in two different ways. First,

M ·L1 · · · Ln=M |Y ·L1|Y · · · Ln−2|Y ·Ln|Y

=M |Z ·L1|Z · · · Ln−2|Z−

∫
X an

log‖`n(x)‖x c1(M)c1(L1) · · ·c1(Ln−2)δY

=M |Z ·L1|Z · · · Ln−2|Z ,

where the first equality follows from Y being horizontal, the second from the
induction formula for local intersection numbers, and the third from the induction
hypothesis. We now compute this in a different order:

M · L1 · · · Ln

= M · L1 · · · Ln−1 · (div(`n))−

∫
X an

log‖`n(x)‖x c1(M)c1(L1) · · · c1(Ln−1)

= M |Z · L1|Z · · · Ln−2|Z −

∫
X an

log‖`n(x)‖x c1(M)c1(L1) · · · c1(Ln−1),

where now the first inequality follows from the induction formula, and the second
from Y being horizontal. Comparing the two equalities completes the proof. �

Corollary 2.10. Let M be flat, N be vertical, and L1, . . . , Ln−1 be any integrable
adelic metrized line bundles. Then

M · N · L1 · · · Ln−1 = 0.

Proof. Since N is vertical, N =OX . Compute this intersection using the induction
formula with the section s = 1 of OX :

M · N · L1 · · · Ln−1

= M · L1 · · · Ln−1 · (div(s))−
∫

X an
log‖1‖x c1(M) · c1(L1) · · · c1(Ln−1).

The first term is zero since div(s) is empty, and the integral is zero by Lemma 2.9. �
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2.4. Heights of points and subvarieties. An important application of the intersec-
tion theory of adelic metrized line bundles is to define height functions.

Definition 2.11. Let N ∈ P̂ic(X). We define the height of a point x ∈ X (K ) by

hN (x) :=
1

[K (x) : K ]
N · x̃,

where x̃ is the image of x in X via X K (x)→ X K = X.

Remark. The heights produced by this definition are Weil heights, which can be
defined without intersection theory [Bombieri and Gubler 2006; Call and Silver-
man 1993], but we use the above definition as it generalizes to define heights of
subvarieties.

Definition 2.12. Let d = dim Y. The height of Y with respect to N is defined to be

hN (Y ) :=
(N |Y )d+1

(d + 1)(N |Y )d

and the essential minimum of Y with respect to N is

λ1(Y, N ) := sup
U⊂Y
open

( inf
x∈U (K )

hN |Y (x)).

By the successive minima of Zhang [1995, Theorem 1.1], and proven in the
function field setting by Gubler [2007a, Theorem 4.1], we can state the following.

Proposition 2.13. When N is nef ,

λ1(Y, N )≥ hN (Y )≥ 0.

2.5. Abelian varieties and Chow’s K/k-trace and image. Proofs of the existence
and properties of the trace and image can be found in [Lang 1983] and [Conrad
2006]. Let A be an abelian variety defined over K. The K/k-image (ImK/k(A), λ)
consists of an abelian variety ImK/k(A) over k and a surjective morphism

λ : A→ ImK/k(A)K

with the following universal property: If V is an abelian variety defined over k, and
φ : A→ VK is a morphism, then φ factors through λ. Provided the fields K and k
are clear, we will often drop the K/k subscript and just write Im(A).

The K/k-trace is (TrK/k(A), τ ) where TrK/k(A) is an abelian variety over k, and

τ : TrK/k(A)K → A

is universal among all morphisms from k-abelian varieties to A. Again we will often
drop the K/k when the fields are unambiguous. The image can be thought of as the
largest quotient of A that can be defined over k and the trace as the largest abelian
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subvariety that can be defined over k. This heuristic is literally true in characteristic
zero, but in positive characteristic the trace map may have an infinitesimal kernel;
see [Conrad 2006, Section 6].

These constructions are dual to each other in the sense that

Tr(A∨)= Im(A)∨,

and the image and trace are isogenous via the composition λ ◦ τ (descended to the
k-varieties).

Given a morphism of abelian varieties f : A → B, we get morphisms fTr :

Tr(A)→ Tr(B) and fIm : Im(A)→ Im(B) commuting with τ and λ.
Now suppose X is a geometrically normal projective variety over K of dimen-

sion n, and assume that K is large enough so that X (K ) is nonempty. We write
PicX for the Picard scheme of X, representing the Picard functor on X. This
scheme exists (i.e., the Picard functor is representable), and its reduced neutral
component, denoted Pic0

red,X , is an abelian variety [Kleiman 2005; Grothendieck
1962, Lecture 236]. Note that we do require the reduction, as Pic0

X may fail to be
reduced in positive characteristic. Write Pic(X) and Pic0(X) for the abelian groups
of K points of PicX and Pic0

red,X , respectively.
We can then define AlbX , called the Albanese variety of X, to be the abelian

variety dual to Pic0
red,X . Choosing a point x0 ∈ X (K ) fixes an Albanese morphism

ι : X→ AlbX

taking x0 to 0, and then (AlbX , ι) uniquely satisfies the Albanese universal property:
any morphism from X to an abelian variety taking x0 to zero must factor through ι
[Wittenberg 2008].

We now have the language to differentiate between metrized line bundles defined
over the constant field k and those which are not. Define a group homomorphism

τ̂K/k : TrK/k(Pic0
red,X )(k)→ P̂ic(X)

as follows. First, by the duality of the K/k-trace and image,

TrK/k(Pic0
red,X )(k)= Pic0(ImK/k(AlbX )).

Then we can map

Pic0(ImK/k(AlbX )) ↪→ Pic(ImK/k(AlbX ))→ Pic(ImK/k(AlbX )×k B),

where the map on the right is the pullback of projection onto the first factor. Since
ImK/k(AlbX ) is defined over k, the fibered product ImK/k(AlbX )×k B is a model
for ImK/k(AlbX )×k K, and thus we get a map

Pic(ImK/k(AlbX )×k B)→ P̂ic(ImK/k(AlbX )K )

given by taking model metrics. Finally, X maps to ImK/k(AlbX )K via the Albanese
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map followed by the image map, and pulling this back gives

P̂ic(ImK/k(AlbX )K )→ P̂ic(X).

We can thus define τ̂K/k as the composition of the above maps. While it took several
steps to formally define τ̂K/k , it is very natural; if we define

φ : P̂ic(X)→ Pic(X)

by forgetting the metric, then

φ ◦ τ̂K/k = τK/k

is the K/k-trace morphism (on field-valued points), and the image of this composi-
tion lands in Pic0(X). To simplify notation, we write TrK/k(Pic0(X)) to mean the
image of τ̂K/k in P̂ic(X). By construction TrK/k(Pic0(X)) is flat and numerically
trivial, as on every fiber Xν this group restricts to TrK/k(Pic0

red,X )Kν
(k), which is

algebraically trivial, and so in particular TrK/k(Pic0(X)) has zero intersection with
every vertical metrized line bundle.

3. Proof of Hodge index theorem

3.1. Statement of results. Let k be any algebraically closed field, let B be a smooth
projective curve over that field, and let K = k(B) be the corresponding function
field. Let X be a geometrically normal projective variety over K of dimension n,
and assume that K is large enough so that X (K ) is nonempty. Then choosing a
point x ∈ X (K ) we may fix an Albanese morphism ι : X→AlbX . We impose these
conditions on X as well as this choice of Albanese morphism throughout the rest
of the paper.

We can now state our main theorem:

Theorem 3.1 (arithmetic Hodge index theorem for function fields). Let M be an
integrable adelic Q-line bundle on X and L1, . . . , Ln−1 nef adelic Q-line bundles
on X. Suppose if n≥2 that M ·L1 . . . Ln−1=0 and each L i is big, or that deg M=0
if n = 1. Then

M
2
· L1 · · · Ln−1 ≤ 0.

Further, if every L i is arithmetically positive, and M is L i -bounded for every i ,
then

M
2
· L1 · · · Ln−1 = 0

if and only if
M ∈ π∗P̂ic(K )Q+TrK/k(Pic0(X))Q.

When n = 1 so that X is a curve,

M2
=−2hNT(M),

where hNT is the Néron–Tate height on the Jacobian of X.
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Remark. When k is the algebraic closure of a finite field, TrK/k(Pic0(X))Q is zero,
since all elements are torsion.

Remark. For the “if” direction of the equality, note that all of

π∗P̂ic(K )Q+TrK/k(Pic0(X))Q

is L bounded for any arithmetically positive L . This follows from the remark
after Definition 2.4 for π∗P̂ic(K )Q, and from the fact that TrK/k(Pic0(X))Q is
numerically trivial by construction.

Call a metrized line bundle M on X numerically trivial if

M · L1 · · · Ln = 0

for every choice of metrized line bundles L1, . . . , Ln . The classical Hodge index
theorem says that the only divisors on a surface with zero self-intersection are the
numerically trivial divisors. We show that that is nearly, but not quite the case here:

Theorem 3.2. The following are equivalent for M ∈ P̂ic(X)Q:

(1) M is numerically trivial.

(2) The height hM is identically zero on X (K ).

(3) M ∈ π∗P̂ic0
(K )Q + TrK/k(Pic0(X))Q, where P̂ic0

(K )Q is defined to be the
elements of P̂ic(K )Q with arithmetic degree zero.

Define Picτ (X) to be the group of isomorphism classes of numerically trivial
line bundles on X. We define a pairing on Picτ (X) to give an R-linear version of
Theorem 3.1. Let M, N ∈ Picτ (X)R, and let L1, . . . , Ln−1 ∈ Pic(X)Q be nef. Then
define a pairing by

〈M, N 〉L1,...,Ln−1 := M · N · L1 · · · Ln−1,

using any choice of flat metrics on M and N, and any choice of metrics on L i .
By Lemma 5.19 of [Yuan and Zhang 2017], (proven as a simple consequence of
Lemma 2.9 here) this pairing does not depend on the choice of metric.

Theorem 3.3. For any M ∈ Picτ (X)R and nef L1, . . . , Ln−1 ∈ Pic(X)Q,

〈M,M〉L1,...,Ln−1 ≤ 0.

Further, if every L i is ample, then equality holds if and only if M ∈TrK/k(Pic0(X))R.
When X is a curve,

〈 · , · 〉 = −2〈 · , · 〉NT,

where 〈 · , · 〉NT is the Néron–Tate height pairing on the Jacobian of X.

These results are proven over the next three subsections, with the bulk of the work
going into proving Theorem 3.1, with Theorems 3.2 and 3.3 following as corollaries.
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3.2. Curves. We begin when X is a curve. Here we can work directly in P̂ic(X)
as opposed to P̂ic(X)Q. Then the theorem discusses the self-intersection M2 when
deg M = 0. By Lemma 2.7, M has a flat metric M0 = (M, ‖·‖0).

Let N be the vertical line bundle defined by

M = M0+ N .

Since M0 is flat, M0 · N = 0 so that

M2
= M2

0+ N 2
= M2

0+
∑
ν

N 2
ν,

where N ν is the restriction of N to Xν := X ⊗K Kν for each place ν of K (i.e.,
each closed point of B). Now N 2

ν ≤ 0 with equality if and only if N ν is constant by
the local Hodge index theorem [Yuan and Zhang 2017, Theorem 2.1]. Hence,∑

ν

N 2
ν ≤ 0,

with equality if and only if N ∈ π∗P̂ic(K ).
Next, we consider M2

0. Since M has degree zero, it corresponds naturally to a
K -point on the Jacobian, JacX , of X. Given any two points P, Q ∈ JacX (K ), let L P

and L Q be the corresponding algebraically trivial line bundles on X. These each
have a flat metric, L P and L Q , respectively, unique up to constant metric, and thus
we get a well-defined symmetric bilinear pairing

(P, Q) 7→ −L P · L Q

on JacX (K ), as the intersection does not depend on the choice of flat metric. As is
noted in [Faltings 1984] and [Hriljac 1985] in the arithmetic setting, this pairing
is exactly the Néron–Tate height pairing. Then the Shioda–Tate theorem [Shioda
1999, Theorem 7] states that this pairing descends to a positive definite pairing on
JacX (K )Q/TrK/k(JacX )(k), and

M2
=−2hNT(M).

Since τ̂K/k produces elements of P̂ic(X) with flat metrics, our pairing on

TrK/k(Pic0(X))

matches that considered by Shioda, and this completes the proof of Theorem 3.1
in dimension one. Since Shioda’s pairing extends R-linearly, this also proves
Theorem 3.3 in dimension one.

We now turn to Theorem 3.2 in dimension one. (1)⇒ (2), as heights are defined
using intersections. In particular, fix any model X → B for X, and for x ∈ X (K )
let L x be the model metric corresponding to the Zariski closure of x̃ in X . Then
for M ∈ P̂ic(X)Q the height hM(x) is just M · L x/[K (x) : K ] = 0.
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Now suppose hM is identically zero on X (K ). Then deg M = 0 as otherwise
M or −M is ample and M defines an unbounded Weil height. Suppose L is a
model metric induced by a very ample line bundle L on a model X → B. Then,
extending K if necessary, by Seidenberg’s Bertini theorem [Seidenberg 1950], L has
a section which cuts out a normal, irreducible horizontal subvariety of X . Since X
is a surface, this is just the closure of a point x0 ∈ X (K ) on the generic fiber. Then

M · L = M |x0 = hM(x0)= 0.

Since Pic(X )Q is generated by linear combinations of very ample line bundles and
P̂ic(X)Q consists of limits of such, this proves (2)⇒ (1).

If M is numerically trivial, then M ∈ P̂ic(K )+TrK/k(Pic0(X))Q, as necessarily
M2
= 0. If M1 ∈ P̂ic(K ), then hM1

is constant, with value equal to d̂eg(M1). Thus
(2)⇒ (3).

Finally, if M ∈ π∗P̂ic0
(K )Q+TrK/k(Pic0(X))Q then M is numerically trivial,

as TrK/k(Pic0(X))Q is numerically trivial on every fiber by construction, and the
intersection of N ∈ π∗P̂ic(K )Q with L ∈ P̂ic(X)Q is the arithmetic degree of N
times the degree of L . Then (3)⇒ (1), completing the proof.

3.3. Inequality and Cauchy–Schwarz. We will now prove the inequality part of
Theorem 3.1 by induction on n = dim X, and get a version of the Cauchy–Schwarz
inequality as a corollary. As in [Yuan and Zhang 2017, Section 3.3, Assumption (2)],
we may assume that each L i is arithmetically positive (instead of just big) by a
limiting argument. Thus we may assume L i is ample.

Since M and each L i can be approximated by model metrics, it suffices to prove

M2
·L1 · · ·Ln−1 ≤ 0,

under the assumption that M and every Li are line bundles on a model X for X,
that Li is ample with respect to k, and that the intersection MK · (L1)K · · · (Ln−1)K

on the generic fiber is zero.
Replacing L1 by a positive tensor power if necessary, we may assume it is very

ample. Then by a Bertini-type result of Seidenberg [1950, Theorem 7’], a generic
section of L1 cuts out an integral normal subvariety Y of X , and we may further
stipulate that Y is horizontal. Then

M2
·L1 · · ·Ln−1 =M|2Y ·L1|Y · · ·Ln−2|Y .

This reduces the problem to a lower dimension, but we require that YK have a K
point to conclude the result by induction. This is certainly true if we replace K with
a finite extension K ′, or equivalently replace B with a finite cover. Since intersection
numbers simply scale by [K ′ : K ] and the subgroup P̂ic(K )+TrK/k(Pic0(X)) is
equal to P̂ic(K ′)+TrK ′/k(Pic0(X K ′)) intersected with P̂ic(X), such a base change
is permissible.
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Given M ∈ Picτ (X)R, we can write it as an R-linear combination of numerically
trivial line bundles on X, and each has a flat metric by Lemma 2.7. Then the
inequality of Theorem 3.1 immediately implies the inequality of Theorem 3.3 when
every L i is big. If L i is merely nef, choose any ample line bundle A and ε > 0, and
then L iε := L i + εA is big. Thus the inequality holds with L i,ε replacing L i , and
taking the limit as ε→ 0, it holds in general.

As a corollary, we have the following Cauchy–Schwarz inequality:

Corollary 3.4. Let M and N be two integral adelic line bundles on X, and let
L1, . . . , Ln−1 be nef adelic line bundles on X such that

M · L1 · · · Ln−1 = N · L1 · · · Ln−1 = 0.

Then

(M · N · L1 · · · Ln−1)
2
≤ (M2

· L1 · · · Ln−1)(N 2
· L1 · · · Ln−1).

Proof. This follows from the inequality part of the Hodge index theorem proven
above, and from the standard proof of the Cauchy–Schwarz inequality using the
(negative semidefinite) inner product

〈M, N 〉L1,...,Ln−1
:= M · N · L1 · · · Ln−1. �

3.4. Equality. We now proceed to the equality part of Theorem 3.1. To prove the
“if” direction, suppose M ∈ TrK/k(Pic0(X))Q. Then M is numerically trivial, as it
is numerically trivial on every fiber by construction. If M ∈ π∗P̂ic(K )Q, then M2

consists of self-intersections of whole fibers, which are equal to zero.
To prove “only if,” suppose that each L i is arithmetically positive, that M is

L i -bounded for all i , and that

M2
· L1 · · · Ln−1 = 0.

Note that as a consequence of the Cauchy–Schwarz inequality above, the set
of metrized line bundles M satisfying these properties forms a group via tensor
products.

By [Yuan and Zhang 2017, Lemma 3.7] (this requires that L i is arithmetically
positive), M is numerically trivial on X. Thus it has a flat metric; let M0= (M, ‖·‖)
be flat. Then, similar to the curve case, N := M −M0 is vertical, and

M2
· L1 · · · Ln−1 = M2

0 · L1 · · · Ln−1+ N 2
· L1 · · · Ln−1.

The inequality part of the Hodge index theorem guarantees that both terms on the
right are zero, and then by the local Hodge index theorem at every place occurring
in N, we have N ∈ P̂ic(K )Q. Hence we are reduced to proving the statement in the
flat metric case M = M0.
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We again replace L1 by a positive multiple to assume that L1 is very ample,
then apply Seidenberg’s Bertini theorem to conclude that (L1)K has a section s
which cuts out an integral, normal subvariety Y. Such Y is defined over some finite
extension of K ′/K, and thus after a base change from K to K ′, we may assume
that L1 has a section which cuts out a geometrically integral and geometrically
normal subvariety Y. As in the proof of the inequality, this finite extension merely
scales the intersection numbers by a positive factor. We thus continue writing K,
assuming it has been made large enough, to avoid excessive additional notation.

Lemma 3.5. If M is flat, and Y is a geometrically normal subvariety of X, then

M |2Y · L2|Y · · · Ln−1|Y = 0.

Proof. By the induction formula of Chambert-Loir [2006], recalled in Section 2.1,

M2
· L1 · · · Ln−1

= M |2Y · L2|Y · · · Ln−1|Y −
∑
v

∫
X an
v

log‖s‖vc1(M)2c1(L2) · · · c1(Ln−1).

Since M is flat, all the integrals are zero. �

Thus we may assume

M |Y ∈ π∗P̂ic(K )Q+TrK/k(Pic0(Y ))Q

by induction.
Write M |Y = M ′+π∗M1, with M ′∈TrK/k(Pic0(Y ))Q and M1∈ P̂ic(K )Q. Then

define M2 = M −π∗M1. Since M is numerically trivial, replacing M by a positive
integer multiple if necessary, we may further assume M is algebraically trivial, and
then that π∗M1,M2 ∈ Pic0(X).

As noted earlier, if we drop the metric structure the map τ̂ is simply the K/k-
trace map on field-valued points. The following lemma then proves that M2|Y = M ′

lifts via the pullback of Y ↪→ X to an element of TrK/k(Pic0(X))Q.

Lemma 3.6. Let f : A→ B be a morphism of abelian varieties defined over K. In
the commutative diagram

Tr(A)(k)Q A(K )Q

Tr(B)(k)Q B(K )Q

τA

fTr f

τB

( f ◦ τA)(Tr(A)(k)Q) is equal to f (A(K )Q)∩ τB(Tr(B)(k)Q).

Proof. To shorten notation, we will drop writing the map τA and consider Tr(A)(k)
directly as a subgroup of A(K ) (and similarly for B). First reduce to the case where
f is surjective: let B ′ be the image of f , an abelian subvariety of B. By Poincaré



90 ALEXANDER CARNEY

reducibility, B is isogenous to B ′× B ′′, for some abelian variety B ′′. Then Tr(B) is
isogenous to Tr(B ′)×Tr(B ′′), and the intersection of Tr(B ′)(k)×Tr(B ′′)(k) with
B ′(K ) is just Tr(B ′)(k).

Now assume f is surjective. By [Conrad 2006, Theorem 6.4], Tr(A)K is isoge-
nous to an abelian subvariety A′ ⊂ A such that Tr(A)∼= Tr(A′) and Tr(A/A′)= 0.
Similarly, B has an abelian subvariety B ′ with the same properties. Composing
with these isogenies, we get a surjection

Tr(A)K × (A/A′)−� Tr(B)K × (B/B ′)

where the map on the first component is f descended to the traces. Now consider
the map A/A′→ Tr(B)K obtained from the above map composed with projection
onto the first component. This map must factor through Im(A/A′)K , which is trivial
as Im(A/A′) is isogenous to Tr(A/A′)= 0. Thus Tr(A)K → Tr(B)K is surjective,
and we get a surjection Tr(A)(k)−� Tr(B)(k), proving the lemma. �

Hence we may lift M2|Y to an element M ′2 ∈ TrK/k(Pic0(X))Q, and we must
have

M2−M ′2 ∈ ker
(
P̂ic(X)→ P̂ic(Y )

)
.

Since Pic0(X) → Pic0(Y ) has finite kernel [Kleiman 2005, Remark 9.5.8], re-
placing M with a positive integer multiple, we may assume M2 − M ′2 = OX

and thus M2−M ′2 is vertical. Additionally, by the Cauchy–Schwarz inequality,
Corollary 3.4,

(M2−M ′2)
2
· L1 · · · Ln−1 = (M −π∗M1−M ′2)

2
· L1 · · · Ln−1 = 0,

so that by the local Hodge index theorem the metric must be constant at each place
and M2−M ′2 ∈ π

∗P̂ic(K )Q. Note that the local Hodge index theorem requires that
M2−M ′2 be L i -bounded, but this holds, as M is L i -bounded by hypothesis, and
all of π∗P̂ic(K )Q+TrK/k(Pic0(X))Q is L i -bounded as well. This means that

M = (π∗M1+M2−M ′2)+M ′2 ∈ π
∗P̂ic(K )Q+TrK/k(Pic0(X))Q.

This proves that when M is L i -bounded and L i is arithmetically positive for
all i , then

M
2
· L1 · · · Ln−1 = 0

if and only if M ∈ π∗P̂ic(K )Q+TrK/k(Pic0(X))Q, which completes the proof of
Theorem 3.1.

The inequality part of Theorem 3.3 is implied immediately by the inequality
of Theorem 3.1 provided each L i is big. To accomplish this, chose an ample line
bundle A on X, and define L i,ε := L i + εA for ε > 0. Then extending these to nef
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metrics L i,ε , we have

〈M,M〉L1,ε ,...,Ln−1,ε = M2
· L1,ε · · · Ln−1,ε ≤ 0,

and the result follows letting ε→ 0.
To prove the equality of Theorem 3.3, again split M ∈ Picτ (X)R into an R-linear

combination of numerically trivial line bundles. Using the inequality, the equality
can be proven for each of these individually. L1 is ample, so Lemma 3.5 applies,
and then by the induction hypothesis M |Y ∈ TrK/k(Pic0(Y ))R. Then by Lemma 3.6
we conclude M ∈ TrK/k(Pic0(X))R.

Finally, we prove Theorem 3.2. If M is numerically trivial it is flat by Theorem 3.1,
and then its restriction to any geometrically normal subvariety is also numerically
trivial by the proof of Lemma 3.5. Thus (1)⇒ (2) follows from the dimension one
case, as we can compute the height of a point on any curve passing through that
point.

To show (2)⇒ (3), assume hM is trivial on X (K ), and chose a curve C⊂ X. Since
the height is trivial on all of C , we have M |C ∈ π∗P̂ic0

(K )Q+TrK/k(Pic0(C))Q,
as was proven earlier for curves. Then by the induction argument above,

M ∈ π∗P̂ic0
(K )Q+TrK/k(Pic0(X))Q.

We have established previously that π∗P̂ic0
(K )Q+TrK/k(Pic0(X))Q is numerically

trivial, so (3)⇒ (1).

4. Algebraic dynamical systems

As before, K is the function field of a smooth projective curve B over an alge-
braically closed field k, and let X be a projective variety over K. Suppose (X, f, L)
and (X, g,M) are two polarized dynamical systems on X, so that f and g are
endomorphisms of X, and L and M are ample line bundles such that f ∗L ∼= Lq

and g∗M ∼= Mr for some q, r > 1.

Remark. If X is not normal, we may replace X by its normalization ψ : X ′→ X,
replace f by the normalization f ′ : X ′→ X ′ of f ◦ψ , and replace L by L ′ =ψ∗L
to get a new polarized algebraic dynamical system (X ′, f ′, L ′) with Prep( f ′) =
ψ−1 Prep( f ), and similarly for (X, g,M). By first replacing K with an extension
if necessary, we may further assume that the normalization is geometrically normal.
Hence from here on out we assume without loss of generality that X is geometrically
normal.

Our main goal in this section is to prove a comparison theorem for the points
with dynamical height 0 under f and g, with an important corollary comparing the
preperiodic points of f and g when k is the algebraic closure of a finite field. We
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begin with general properties of polarized algebraic dynamical systems, then define
the particular arithmetic dynamical heights involved before stating the theorem.

4.1. An f ∗-splitting of the Néron–Severi sequence. We first show that the pro-
jection from Pic(X) onto the Néron–Severi group has a unique f ∗ equivariant
section.

The pullback f ∗ preserves the exact sequence

0→ Pic0(X)→ Pic(X)→ NS(X)→ 0,

defining the Néron–Severi group NS(X), and the Néron–Severi theorem [SGA 6
1971, Exposé XII, Théorème 5.1, p. 650] tells us that NS(X) is a finitely generated
Z-module. For arbitrary k, the Z-module Pic0(X) need not be finitely generated,
but by the Lang–Néron theorem [1959],

Pic0(X)
/

TrK/k Pic0(X)∼= Pic0(X)
/

Pic0(ImK/k(Alb(X)))

is a finitely generated Z-module. To shorten our notation, define

Pic0
tr(X) := Pic0(X)

/
TrK/k Pic0(X),

Pictr(X) := Pic(X)
/

TrK/k Pic0(X),

so that we have an exact sequence of finite-dimensional C-vector spaces

0→ Pic0
tr(X)C→ Pictr(X)C→ NS(X)C→ 0,

which is also an exact sequence of f ∗-modules.

Lemma 4.1. The operator f ∗ is semisimple on Pic0
tr(X)C with eigenvalues of

absolute value q1/2, and is semisimple on NS(X) with eigenvalues of absolute
value q.

Proof. As usual, let n= dim X. By the classical Hodge index theorem [SGA 6 1971,
Exposé XIII, Corollaire 7.4], we can decompose NS(X)R as

NS(X)R := RL ⊕ P(X), P(X) := {ξ ∈ NS(X)R : ξ · Ln−1
= 0},

and define a negative definite pairing on P(X) by

〈ξ1, ξ2〉 := ξ1 · ξ2 · Ln−2.

The projection formula for intersection numbers applied to Ln gives us deg f = qn,
and then applied to this pairing, we have

〈 f ∗ξ1, f ∗ξ2〉 = q2
〈ξ1, ξ2〉.

Hence 1
q f ∗ is orthogonal with respect to this pairing, and 1

q f ∗ is diagonalizable on
NS(X)C with eigenvalues all of absolute value 1.
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On Pic0(X)R we can define a pairing as follows: for ξ1, ξ2 ∈ Pic0(X)R, let ξ 1
and ξ 2 be flat metrized extensions, and let L be any integrable adelic line bundle
extending L . Then define

〈ξ1, ξ2〉 := ξ 1 · ξ 2 · L
n−1.

It follows from Corollary 2.10 that this pairing does not depend on the choice
of metrics. Since TrK/k Pic0(X) is numerically trivial, this pairing descends to
Pic0

tr(X)R, and by Theorem 3.1, it is negative definite on this quotient.
Again applying the projection formula,

( f ∗ξ 1) · ( f ∗ξ 2) · ( f ∗L)n−1
= qn(ξ 1 · ξ 2 · L

n−1),

since each f ∗ξ i is still flat. We may also replace f ∗L by Lq because the pairing is
independent of the choice of metric on L , and have

〈 f ∗ξ1, f ∗ξ2〉 = q〈ξ1, ξ2〉.

Hence, q−
1
2 f ∗ is orthogonal on Pic0

tr(X)R with respect to the negative of this pairing,
making it diagonalizable with eigenvalues of absolute value 1 as a transformation
on Pic0

tr(X)C. �

By the theorem,
0→ Pic0

tr(X)C→ Pictr(X)C→ NS(X)C→ 0

has a unique splitting as f ∗-modules by a section

` f : NS(X)C→ Pictr(X)C.

Let P, Q ∈ Q[T ] be the minimal polynomials of f ∗ on Pic0
tr(X)Q and NS(X)Q

respectively. Because the eigenvalues of f ∗ are different on Pic0
tr(X)Q and NS(X)Q,

we see that P and Q are coprime, and R := P Q is the minimal polynomial of f ∗

on Pictr(X)Q. Define
Pictr, f (X)Q := ker Q( f ∗)|Pictr(X)Q

and then this splitting can be given over Q as

` f : NS(X)Q −→∼ Pictr, f (X)Q ↪→ Pictr(X)Q.

4.2. Admissible metrics. Adding to the notation above, define

P̂ictr(X)Q := P̂ic(X)Q/TrK/k(Pic0(X))Q.

Theorem 4.2. The projection P̂ictr(X)Q→Pictr(X)Q has a unique section M 7→M f

as f ∗-modules, satisfying:

(1) If M ∈ Pic0
tr(X)Q then M f is flat.

(2) If M ∈ Pictr, f (X)Q is ample then M f is nef.

Adelic metrized line bundles of the form M f are called f -admissible.
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Remark. Since TrK/k(Pic0(X))Q ⊂ P̂ic(X)Q is flat and numerically trivial, and
the underlying line bundles in Pic(X) are also numerically trivial, the notions of
ampleness, nefness, and flatness are all well defined modulo the trace. While M f

represents a coset of the trace in P̂ic(X)Q instead of a single metrized line bundle,
all coset representatives will produce the same height functions and intersection
numbers, by Theorem 3.2.

Proof. Define P̂ic(X)′ to be the group of adelic line bundles on X with continuous
(but not necessarily integrable) metrics, and P̂ictr(X)′ := P̂ic(X)′/TrK/k(Pic0(X)).
This contains P̂ictr(X). We will show that if the projection P̂ictr(X)′Q→ Pictr(X)Q
has a unique section, then properties (1) and (2) of the theorem hold for this
section. Since Pic0

tr(X)Q and the ample classes in Pictr, f (X)Q generate Pictr(X)Q,
the section does in fact produce integrable metrics, proving the theorem.

The kernel of the projection P̂ictr(X)′Q→ Pictr(X)Q is

D(X)= P̂ic(K )Q
⊕
v

C(X an
v ),

where C(X an
v ) is the ring of continuous R-valued functions on X an

v , via the asso-
ciation ‖·‖v → − log‖1‖v. Recall that R = P Q was defined to be the minimal
polynomial of f ∗ on Pic(X)Q and now consider the action of R( f ∗) on D(X).

Lemma 4.3. R( f ∗) is invertible on D(X).

Proof. The pullback f ∗ acts as the identity on P̂ic(K ), hence R( f ∗) acts as R(1),
and this is not zero because the roots of R all have absolute value q or q1/2. So it
suffices to show that R( f ∗) is invertible on C(X)C :=

(⊕
v C(X an

v )
)
⊗R C. Factor

R over C as

R(T )= a
∏

i

(
1−

T
λi

)
,

where a 6= 0, and by Lemma 4.1, |λi | is either q1/2 or q. R( f ∗) is invertible
provided each term 1− f ∗/λi is, and each term has inverse(

1−
f ∗

λi

)−1

=

∞∑
k=0

(
f ∗

λi

)k

,

provided this series converges absolutely with respect to the operator norm, which
is defined with respect to the supremum norm ‖·‖sup on C(X an

v )C for every place v.
The pullback f ∗ does not change the supremum norm, so the operator norm of f ∗

is 1, and ∥∥∥∥( f ∗

λi

)k∥∥∥∥= 1
|λi |

k ≤ q−
k
2 ,

so the series converges absolutely. �



ARITHMETIC HODGE INDEX THEOREM AND RIGIDITY OF DYNAMICAL SYSTEMS 95

Corollary 4.4. The exact sequence

0→ D(X)→ P̂ictr(X)′Q→ Pictr(X)Q→ 0

has a unique f ∗-equivariant splitting.

Proof. Define

E(X) := ker
(
R( f ∗) : P̂ictr(X)′Q→ P̂ictr(X)′Q

)
.

Since R( f ∗) kills all of Pictr(X)Q, this gives an f ∗-invariant decomposition

P̂ictr(X)′Q = D(X)
⊕

E(X)

such that the projection onto Pictr(X) gives an isomorphism E(X)−→∼ Pictr(X)Q,
whose inverse is the desired splitting.

We can write this down even more explicitly. For M ∈ Pictr(X)Q, let M be any
choice of metric in P̂ictr(X)′Q. Then define

M f := M − R( f ∗)|−1
D(X)R( f ∗)M . �

It now remains to show that this splitting satisfies (1) and (2). To start, suppose
M is in Pic0

tr(X)Q. After extending K if necessary, we can find a preperiodic
point x0 ∈ X (K ) (in fact, by [Fakhruddin 2003], Prep( f ) is dense in X (K )),
and by replacing f with an iterate we may assume that x0 is a fixed point. Let
i : X → Alb(X) be the Albanese map taking x0 7→ 0, then f ∗ and i∗ induce the
following commutative diagram, where f ′ := ( f ∗)∨:

Pic0
tr(Alb(X)) Pic0

tr(X)

Pic0
tr(Alb(X)) Pic0

tr(X)

P̂ictr(Alb(X))′ P̂ictr(X)′

i∗

( f ′)∗
∼

f ∗

i∗

M 7→M f ′

∼

M 7→M f

i∗

Because this commutes, it suffices to show (1) for abelian varieties, as i∗ takes
M f ′ to M f , and the pullback of a flat metric is also flat. Now [2]∗M = 2M, and
since [2] commutes with f ′,

[2]∗M f ′ = 2M f ′,

so that as in the proof of Lemma 2.7, we have that M f ′ , and hence also M f is flat.
Finally, we show that (2) also holds. This is proven when K is a number field in

[Yuan and Zhang 2017, Theorem 4.9], however the proof works identically in our
geometric setting, as it only relies on the fact that Pic f (X)Q (here Pictr, f (X)Q) is a
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finite-dimensional Q-vector space on which the operator q−1 f ∗ has eigenvalues
with absolute value one. �

Thus, we have an f ∗-equivariant linear map̂̀f : NS(X)Q→ P̂ictr(X)Q

given by the composition of the section developed in Theorem 4.2 and the map just
preceding it. Importantly, we can think of this as a map into P̂ic(X)Q which is well
defined up to a numerically trivial factor, and thus sufficient to specify heights and
intersections. Given M ∈ Pic(X)Q, we will write M f to mean any lift of the image
of M under Pic(X)Q→ Pictr(X)Q→ P̂ictr(X)Q to P̂ic(X)Q.

4.3. Rigidity of height zero points and preperiodic points. Heights given by f -
admissible metrized line bundles have particularly nice properties and correspond
to the dynamical canonical heights defined by Call and Silverman [1993].

Proposition 4.5. Let M ∈ Pic(X)Q. Then:

(1) If f ∗M = Mλ for some λ ∈Q, then f ∗M f = Mλ
f in P̂ic(X)Q, and

hM f
( f (·))= λhM f

(·).

(2) For x ∈ Prep( f ), M f |x is trivial on P̂ic(x)Q, and in particular hM f
is zero on

Prep( f ).

Further, if M is ample and f ∗M = λM for some λ > 1 (in particular, if M = L),
then

(3) hM f
(x)≥ 0 for all x ∈ X (K ), and

(4) if k is finite, hM f
(x)= 0 if and only if x ∈ Prep( f ).

Call and Silverman [1993] establish that our height agrees with the dynamical
canonical height ĥ f , and then the above properties all follow from well-known
properties of dynamical heights proven in [loc. cit.].

We can now state and prove our main theorem of this section.

Theorem 4.6. Let ( f, L) and (g,M) be two polarized algebraic dynamical systems
on X. Define Z f := {x ∈ X (K )|hL f

(x)= 0} to be the set of height zero points with
respect to L f , and Zg the set of height zero points with respect to Mg, and let Z be
the Zariski closure of Z f ∩ Zg in X. Then

Z f ∩ Z(K )= Zg ∩ Z(K ).

When k is finite, Z f = Prep( f ) and Zg = Prep(g), so Corollary 1.3 stated in the
introduction follows as an immediate consequence. If k is not finite, it is still true
that Z f ⊇ Prep( f ), but there may be height zero points with infinite forward orbit.
See Section 5 for further discussion.



ARITHMETIC HODGE INDEX THEOREM AND RIGIDITY OF DYNAMICAL SYSTEMS 97

Proof. We begin by proving a simpler lemma, justifying the notation that Z f does
not depend on the polarization L .

Lemma 4.7. Let f : X → X, and let L and M be two ample line bundles which
polarize f . Then

{x ∈ X (K ) | hL f
(x)= 0} is equal to {x ∈ X (K ) | hM f

(x)= 0},

and we unambiguously call both sets Z f .

Proof. Since L is ample, there exists a constant c > 0 such that cL − M is also
ample. Then by Proposition 4.5, the canonical heights hM f

and hcL f
= chL f

are
related by

0≤ hM f
(x)≤ chL f

(x)

for all x ∈ X (K ). Thus

{x ∈ X (K )|hL f
(x)= 0} ⊆ {x ∈ X (K )|hM f

(x)= 0}.

By symmetry, we also have containment in the other direction. �

We now prove the theorem.
Let Y be the normalization of an irreducible component of Z , assume K is

replaced by a finite extension if necessary so that Y is geometrically normal, and
say dim Y = d. Let ξ be the image of L in NS(X). Then ξ has two different liftŝ̀f (ξ) and ̂̀g(ξ) to P̂ic(X)Q/TrK/k(Pic0(X))Q, and we can pick representatives
L f and Lg in P̂ic(X)Q. By Theorem 4.2, L f and Lg are both nef, and are f - and
g-admissible, respectively. Since L , Lg, and L f are all in the same numerical
equivalence class in Pic(X)Q, all are ample.

Their sum N := L f + Lg is also nef, and defines a height function hN , which
does not depend on the choice of representatives of cosets modulo the trace.

By Lemma 4.7 and the premise that Z f ∩ Zg ∩ Z(K ) is dense, Y has a dense
set of points which have height zero under hN . By the successive minima (see
Proposition 2.13),

λ1(Y, N )= hN (Y )= 0.

Rewriting the height of Y in terms of intersections,

0= (L f |Y + Lg|Y )
d+1
=

d+1∑
i=0

(
d + 1

i

)
(L f |Y )

i
· (Lg|Y )

d+1−i .

Since both L f and Lg are nef, every term in the sum on the right is nonnegative,
hence all must be zero. Then

(L f |Y − Lg|Y )
2
· (L f |Y + Lg|Y )

d−1
= 0,

as well. Because L f − Lg is zero in the Néron–Severi group, and thus numerically
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trivial, we also have

(L f |Y − Lg|Y ) · (L f |Y + Lg|Y )
d−1
= 0.

Additionally, (L f − Lg) is clearly (L f + Lg)-bounded, and we are nearly in the
right setting to apply Theorem 3.1, except that (L f + Lg) is nef, but not necessarily
arithmetically positive.

To fix this, we simply adjust the metric by a small positive factor: let C ∈ P̂ic(K )
with d̂eg(C)>0. Replace the pair (L f−Lg, L f+Lg) by (L f−Lg, L f+Lg+π

∗C).
Since L f − Lg is numerically trivial, the metric on L f − Lg is flat, so adding π∗C,
which is vertical, does not change the intersection number. All the conditions of
the theorem are now satisfied, so that the theorem tells us

(L f − Lg) ∈ P̂ic(K )Q+TrK/k(Pic0(X))Q.

We therefore conclude by Theorem 3.2 that hL f
− hLg

is a constant height
function on Y. Since these two heights both take value zero on a dense set in Z ,
they must be equal on Y. Thus these heights define the same sets of height zero
points, and then by Lemma 4.7, Z f and Zg agree on Y, and hence on all of Z . �

5. Related results and further questions

5.1. Rigidity of preperiodic points over global function fields. We first summa-
rize some basic consequences of Theorem 4.6 when K is a global function field,
particularly in the case when Prep( f )∩Prep(g) is dense in X.

Lemma 5.1. Let K be a global function field, and let f and g be two polarized
algebraic dynamical systems on a projective variety X. Then the following are
equivalent:

(1) Prep( f )= Prep(g).

(2) Prep( f )∩Prep(g) is dense in X.

(3) Prep( f )⊂ Prep(g).

(4) g(Prep( f ))⊂ Prep( f ).

Proof. The equivalence of (1) and (2) is an immediate consequence of Theorem 4.6
and the fact that over a global function field, all dynamical height zero points are
preperiodic. Clearly (1) implies (4). By Fakhruddin [2003], Prep( f ) is always
dense in X, hence (3) implies (2). We now show (4) implies (3).

Stratify Prep( f ) by degree, writing

Prep( f )=
⋃
d≥0

Prep( f, d),

where
Prep( f, d) := {x ∈ Prep( f )|[K (x) : K ] ≤ d}.
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Since each Prep( f, d) has height zero and bounded degree, it is finite. Now (4)
says that g fixes Prep( f ), but since g is defined over K, it fixes each Prep( f, d) as
well. Thus every point of Prep( f ) has finite forward orbit under g. �

This lemma suggests two related questions which we do not answer here.

(1) When is Prep( f ) equal to Prep(g)?

(2) If Prep( f )= Prep(g), how closely related must f and g be?

In the case of f : P1
→ P1, Mimar [2013] gives a variety of partial answers to

these questions, with the general implication being that if f and g have the same
preperiodic points, their Julia sets must also be very similar. But this is likely very
difficult in dimension greater than one.

5.2. Preperiodic points over larger function fields. Theorem 3.1 and most of the
proof of Theorem 4.6 hold over all transcendence degree one function fields, not
just global function fields. But because the Northcott principal fails when k is not a
finite field or the algebraic closure of a finite field, we cannot equate height zero
points with preperiodic points over arbitrary function fields, and thus Theorem 4.6
is a statement about height zero points and not preperiodic points. In this broader
setting, however, some things can still be said.

Baker [2009] proves the following theorem, first proven by Benedetto [2005] in
the case of polynomials.

Theorem 5.2. Let f : P1
K → P1

K be a rational function of degree ≥ 2, and suppose
that f is not isotrivial, in the sense that there exists no finite extension K ′ of K and
Möbius transformation M ∈ PGL2(K ′) such that

f ′ := M−1
◦ f ◦M

is defined over k. Then
Prep( f )= Z f .

Thus Theorem 4.6 proven here immediately implies Corollary 1.4.
In higher-dimension isotriviality is less straightforward to classify. When A is an

abelian variety, its K/k-trace classifies how isotrivial it is, and then the Lang–Néron
theorem provides a Northcott-like result for the Néron–Tate canonical height (the
dynamical height induced by [n]): height zero points fall into only finitely many
cosets of TrK/k(A)(k) ↪→ A(K ).

There is no notion of a trace for general varieties, however, and ι−1 TrK/k(Alb(X))
is not a sufficient substitute, as Alb(X) will often be trivial. Chatzidakis and
Hrushovski [2008a; 2008b] instead use model theory, and a variant of isotriviality
called constructible descent to k. Their theorem generalizes both Baker’s result and
the Lang–Néron theorem.
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Theorem 5.3. Let K be any function field and let k be its field of constants. Let
f : X→ X be an algebraic dynamical system defined over K, and assume f does
not constructibly descend to k. Then for every point x ∈ X (K ) with dynamical
height zero there exists a proper Zariski closed subset Yx ( X such that the orbit of
x is contained in Yx .

The author is optimistic that the methods of arithmetic heights and rigidity
theorem of this paper, combined with model-theoretic treatment of isotriviality will
yield stronger dynamics results over general function fields in the future.

Acknowledgements

The author expresses his gratitude to Xinyi Yuan, his doctoral thesis advisor, for
an introduction to this subject and for support throughout his PhD and beyond.
Thanks go also to the referee for their comments, corrections, and clarifying sug-
gestions. The author was supported by an NSF GRFP and NSF RTG grant during
the preparation of this paper.

References

[Arakelov 1974] S. J. Arakelov, “Intersection theory for divisors on an arithmetic surface”, Izv. Akad.
Nauk SSSR Ser. Mat. 38 (1974), 1179–1192. In Russian; translated in Math. USSR, Izv. 8:6 (1974),
1167–1180. MR Zbl

[Arakelov 1975] S. J. Arakelov, “Theory of intersections on the arithmetic surface”, pp. 405–408 in
Proceedings of the International Congress of Mathematicians, I (Vancouver, B.C. 1974), 1975. MR

[Baker 2009] M. Baker, “A finiteness theorem for canonical heights attached to rational maps over
function fields”, J. Reine Angew. Math. 626 (2009), 205–233. MR

[Benedetto 2005] R. L. Benedetto, “Heights and preperiodic points of polynomials over function
fields”, Int. Math. Res. Not. 2005:62 (2005), 3855–3866. MR

[Berkovich 1990] V. G. Berkovich, Spectral theory and analytic geometry over non-Archimedean
fields, Mathematical Surveys and Monographs 33, American Mathematical Society, Providence, RI,
1990. MR

[Bombieri and Gubler 2006] E. Bombieri and W. Gubler, Heights in Diophantine geometry, New
Mathematical Monographs 4, Cambridge University Press, 2006. MR

[Call and Silverman 1993] G. S. Call and J. H. Silverman, “Canonical heights on varieties with
morphisms”, Compositio Math. 89:2 (1993), 163–205. MR

[Chambert-Loir 2006] A. Chambert-Loir, “Mesures et équidistribution sur les espaces de Berkovich”,
J. Reine Angew. Math. 595 (2006), 215–235. MR

[Chambert-Loir and Thuillier 2009] A. Chambert-Loir and A. Thuillier, “Mesures de Mahler et
équidistribution logarithmique”, Ann. Inst. Fourier (Grenoble) 59:3 (2009), 977–1014. MR

[Chatzidakis and Hrushovski 2008a] Z. Chatzidakis and E. Hrushovski, “Difference fields and descent
in algebraic dynamics, I”, J. Inst. Math. Jussieu 7:4 (2008), 653–686. MR

[Chatzidakis and Hrushovski 2008b] Z. Chatzidakis and E. Hrushovski, “Difference fields and descent
in algebraic dynamics, II”, J. Inst. Math. Jussieu 7:4 (2008), 687–704. MR

http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=im&paperid=2004&option_lang=eng
http://dx.doi.org/10.1070/IM1974v008n06ABEH002141
http://dx.doi.org/10.1070/IM1974v008n06ABEH002141
http://msp.org/idx/mr/57 #12505
http://msp.org/idx/zbl/0355.14002
http://msp.org/idx/mr/0466150
http://dx.doi.org/10.1515/CRELLE.2009.008
http://dx.doi.org/10.1515/CRELLE.2009.008
http://msp.org/idx/mr/2492995
http://dx.doi.org/10.1155/IMRN.2005.3855
http://dx.doi.org/10.1155/IMRN.2005.3855
http://msp.org/idx/mr/2202175
http://dx.doi.org/10.1090/surv/033
http://dx.doi.org/10.1090/surv/033
http://msp.org/idx/mr/1070709
http://dx.doi.org/10.1017/CBO9780511542879
http://msp.org/idx/mr/2216774
http://www.numdam.org/item?id=CM_1993__89_2_163_0
http://www.numdam.org/item?id=CM_1993__89_2_163_0
http://msp.org/idx/mr/1255693
http://dx.doi.org/10.1515/CRELLE.2006.049
http://msp.org/idx/mr/2244803
http://dx.doi.org/10.5802/aif.2454
http://dx.doi.org/10.5802/aif.2454
http://msp.org/idx/mr/2543659
http://dx.doi.org/10.1017/S1474748008000273
http://dx.doi.org/10.1017/S1474748008000273
http://msp.org/idx/mr/2469450
http://dx.doi.org/10.1017/S1474748008000170
http://dx.doi.org/10.1017/S1474748008000170
http://msp.org/idx/mr/2469451


ARITHMETIC HODGE INDEX THEOREM AND RIGIDITY OF DYNAMICAL SYSTEMS 101

[Conrad 2006] B. Conrad, “Chow’s K/k-image and K/k-trace, and the Lang–Néron theorem”,
Enseign. Math. (2) 52:1-2 (2006), 37–108. MR

[Fakhruddin 2003] N. Fakhruddin, “Questions on self maps of algebraic varieties”, J. Ramanujan
Math. Soc. 18:2 (2003), 109–122. MR

[Faltings 1984] G. Faltings, “Calculus on arithmetic surfaces”, Ann. of Math. (2) 119:2 (1984),
387–424. MR

[Grothendieck 1962] A. Grothendieck, Fondements de la géométrie algébrique, Secrétariat mathéma-
tique, Paris, 1962. MR Zbl

[Gubler 1998] W. Gubler, “Local heights of subvarieties over non-Archimedean fields”, J. Reine
Angew. Math. 498 (1998), 61–113. MR

[Gubler 2007a] W. Gubler, “The Bogomolov conjecture for totally degenerate abelian varieties”,
Invent. Math. 169:2 (2007), 377–400. MR

[Gubler 2007b] W. Gubler, “Tropical varieties for non-Archimedean analytic spaces”, Invent. Math.
169:2 (2007), 321–376. MR

[Hriljac 1985] P. Hriljac, “Heights and Arakelov’s intersection theory”, Amer. J. Math. 107:1 (1985),
23–38. MR

[Kleiman 2005] S. L. Kleiman, “The Picard scheme”, pp. 235–321 in Fundamental algebraic
geometry, edited by B. Fantechi et al., Math. Surveys Monogr. 123, Amer. Math. Soc., Providence,
RI, 2005. MR

[Lang 1983] S. Lang, Abelian varieties, Springer, 1983. Reprint of the 1959 original. MR

[Lang 1988] S. Lang, Introduction to Arakelov theory, Springer, 1988. MR

[Lang and Néron 1959] S. Lang and A. Néron, “Rational points of abelian varieties over function
fields”, Amer. J. Math. 81 (1959), 95–118. MR

[Lazarsfeld 2004] R. Lazarsfeld, Positivity in algebraic geometry, I, Ergebnisse der Mathematik (3)
48, Springer, 2004. MR Zbl

[Mimar 2013] A. Mimar, “On the preperiodic points of an endomorphism of P1
×P1 which lie on a

curve”, Trans. Amer. Math. Soc. 365:1 (2013), 161–193. MR

[Moriwaki 1996] A. Moriwaki, “Hodge index theorem for arithmetic cycles of codimension one”,
Math. Res. Lett. 3:2 (1996), 173–183. MR

[Moriwaki 2014] A. Moriwaki, Arakelov geometry, Translations of Mathematical Monographs 244,
American Mathematical Society, Providence, RI, 2014. Translated from the 2008 Japanese original.
MR

[Seidenberg 1950] A. Seidenberg, “The hyperplane sections of normal varieties”, Trans. Amer. Math.
Soc. 69 (1950), 357–386. MR

[SGA 6 1971] A. Grothendieck, P. Berthelot, and L. Illusie, Théorie des intersections et théorème de
Riemann–Roch (Séminaire de Géométrie Algébrique du Bois Marie 1966–1967), Lecture Notes in
Math. 225, Springer, 1971. MR Zbl

[Shioda 1999] T. Shioda, “Mordell–Weil lattices for higher genus fibration over a curve”, pp.
359–373 in New trends in algebraic geometry ((Warwick, 1996)), edited by C. P. Klaus Hulek,
Fabrizio Catanese and M. Reid, London Math. Soc. Lecture Note Ser. 264, Cambridge Univ. Press,
1999. MR

[Soulé 1992] C. Soulé, Lectures on Arakelov geometry, Cambridge Studies in Advanced Mathematics
33, Cambridge University Press, 1992. MR

[Wittenberg 2008] O. Wittenberg, “On Albanese torsors and the elementary obstruction”, Math. Ann.
340:4 (2008), 805–838. MR

http://msp.org/idx/mr/2255529
http://msp.org/idx/mr/1995861
http://dx.doi.org/10.2307/2007043
http://msp.org/idx/mr/740897
http://msp.org/idx/mr/0146040
http://msp.org/idx/zbl/0239.14002
http://dx.doi.org/10.1515/crll.1998.054
http://msp.org/idx/mr/1629925
http://dx.doi.org/10.1007/s00222-007-0049-y
http://msp.org/idx/mr/2318560
http://dx.doi.org/10.1007/s00222-007-0048-z
http://msp.org/idx/mr/2318559
http://dx.doi.org/10.2307/2374455
http://msp.org/idx/mr/778087
http://dx.doi.org/http://dx.doi.org/10.1090/surv/123/09
http://msp.org/idx/mr/2223410
http://msp.org/idx/mr/713430
http://dx.doi.org/10.1007/978-1-4612-1031-3
http://msp.org/idx/mr/969124
http://dx.doi.org/10.2307/2372851
http://dx.doi.org/10.2307/2372851
http://msp.org/idx/mr/102520
http://dx.doi.org/10.1007/978-3-642-18808-4
http://msp.org/idx/mr/2095471
http://msp.org/idx/zbl/1066.14021
http://dx.doi.org/10.1090/S0002-9947-2012-05557-7
http://dx.doi.org/10.1090/S0002-9947-2012-05557-7
http://msp.org/idx/mr/2984056
http://dx.doi.org/10.4310/MRL.1996.v3.n2.a4
http://msp.org/idx/mr/1386838
http://dx.doi.org/10.1090/mmono/244
http://msp.org/idx/mr/3244206
http://dx.doi.org/10.2307/1990364
http://msp.org/idx/mr/37548
http://www.msri.org/publications/books/sga/sga/pdf/sga6.pdf
http://www.msri.org/publications/books/sga/sga/pdf/sga6.pdf
http://msp.org/idx/mr/0354655
http://msp.org/idx/zbl/0218.14001
http://dx.doi.org/10.1017/CBO9780511721540.015
http://msp.org/idx/mr/1714831
http://dx.doi.org/10.1017/CBO9780511623950
http://msp.org/idx/mr/1208731
http://dx.doi.org/10.1007/s00208-007-0170-7
http://msp.org/idx/mr/2372739


102 ALEXANDER CARNEY

[Yuan and Zhang 2017] X. Yuan and S.-W. Zhang, “The arithmetic Hodge index theorem for adelic
line bundles”, Math. Ann. 367:3-4 (2017), 1123–1171. MR

[Zhang 1995] S. Zhang, “Small points and adelic metrics”, J. Algebraic Geom. 4:2 (1995), 281–300.
MR

Received December 1, 2019. Revised July 24, 2020.

ALEXANDER CARNEY

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF ROCHESTER

ROCHESTER, NY
UNITED STATES

alexanderjcarney@rochester.edu

http://dx.doi.org/10.1007/s00208-016-1414-1
http://dx.doi.org/10.1007/s00208-016-1414-1
http://msp.org/idx/mr/3623221
http://msp.org/idx/mr/1311351
mailto:alexanderjcarney@rochester.edu


PACIFIC JOURNAL OF MATHEMATICS
Founded in 1951 by E. F. Beckenbach (1906–1982) and F. Wolf (1904–1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

blasius@math.ucla.edu

Matthias Aschenbrenner
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

matthias@math.ucla.edu

Daryl Cooper
Department of Mathematics

University of California
Santa Barbara, CA 93106-3080

cooper@math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics

The University of Hong Kong
Pokfulam Rd., Hong Kong

jhlu@maths.hku.hk

Paul Balmer
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

balmer@math.ucla.edu

Wee Teck Gan
Mathematics Department

National University of Singapore
Singapore 119076

matgwt@nus.edu.sg

Sorin Popa
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

popa@math.ucla.edu

Paul Yang
Department of Mathematics

Princeton University
Princeton NJ 08544-1000
yang@math.princeton.edu

Vyjayanthi Chari
Department of Mathematics

University of California
Riverside, CA 92521-0135

chari@math.ucr.edu

Kefeng Liu
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

liu@math.ucla.edu

Jie Qing
Department of Mathematics

University of California
Santa Cruz, CA 95064

qing@cats.ucsc.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY

INST. DE MATEMÁTICA PURA E APLICADA

KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

STANFORD UNIVERSITY

UNIV. OF BRITISH COLUMBIA

UNIV. OF CALIFORNIA, BERKELEY

UNIV. OF CALIFORNIA, DAVIS

UNIV. OF CALIFORNIA, LOS ANGELES

UNIV. OF CALIFORNIA, RIVERSIDE

UNIV. OF CALIFORNIA, SAN DIEGO

UNIV. OF CALIF., SANTA BARBARA

UNIV. OF CALIF., SANTA CRUZ

UNIV. OF MONTANA

UNIV. OF OREGON

UNIV. OF SOUTHERN CALIFORNIA

UNIV. OF UTAH

UNIV. OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2020 is US $520/year for the electronic version, and $705/year for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2020 Mathematical Sciences Publishers

http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:balmer@math.ucla.edu
mailto:matgwt@nus.edu.sg
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/


PACIFIC JOURNAL OF MATHEMATICS

Volume 309 No. 1 November 2020

1Lie 2-algebras of vector fields
DANIEL BERWICK-EVANS and EUGENE LERMAN

35Lower regularity solutions of the biharmonic Schrödinger equation in a
quarter plane

ROBERTO DE A. CAPISTRANO-FILHO, MÁRCIO CAVALCANTE
and FERNANDO A. GALLEGO

71The arithmetic Hodge index theorem and rigidity of dynamical
systems over function fields

ALEXANDER CARNEY

103On the vanishing of the theta invariant and a conjecture of Huneke and
Wiegand

OLGUR CELIKBAS

145Algebraic and geometric properties of flag Bott–Samelson varieties
and applications to representations

NAOKI FUJITA, EUNJEONG LEE and DONG YOUP SUH

195On a modular form of Zaremba’s conjecture
NIKOLAY G. MOSHCHEVITIN and ILYA D. SHKREDOV

213The first nonzero eigenvalue of the p-Laplacian on differential forms
SHOO SETO

223Global regularity of the Navier–Stokes equations on 3D periodic thin
domain with large data

NA ZHAO

Pacific
JournalofM

athem
atics

2020
Vol.309,N

o.1


	1. Introduction
	1.1. Arithmetic dynamics
	1.2. Outline of paper and sketch of methods

	2. Preliminaries
	2.1. Metrized line bundles over local fields
	2.2. Adelic metrized line bundles
	2.3. Flat metrics
	2.4. Heights of points and subvarieties
	2.5. Abelian varieties and Chow's K/k-trace and image

	3. Proof of Hodge index theorem
	3.1. Statement of results
	3.2. Curves
	3.3. Inequality and Cauchy–Schwarz
	3.4. Equality

	4. Algebraic dynamical systems
	4.1. An f*-splitting of the Néron–Severi sequence
	4.2. Admissible metrics
	4.3. Rigidity of height zero points and preperiodic points

	5. Related results and further questions
	5.1. Rigidity of preperiodic points over global function fields
	5.2. Preperiodic points over larger function fields

	Acknowledgements
	References
	
	

