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GLOBAL REGULARITY OF
THE NAVIER-STOKES EQUATIONS ON
3D PERIODIC THIN DOMAIN WITH LARGE DATA

NA ZHAO

We consider the Navier-Stokes equations on a 3D periodic thin domain
Te = (0,11) x (0,75) x (0, €). We show that there exists an absolute (large)
constant C such that for any C* > 0 which can be arbitrarily large, there
exists an €9 > 0 such that the Navier-Stokes equations are globally well-
posed for a class of large initial data satisfying

c* 1
"ahu()"LZ(Te) < 1 3 "a3u0"L2(Tg) <
2

1 9
€2|lne|2 €2

where d;, = (31, 02) and 0 < € < €. This improves the result of Kukavica
and Ziane (Journal of Differential Equations 234:(2) (2007), 485-506), where
the initial data u is required to satisfy

1

IVuollL2(r,y < —1 3
Ce2|lne|2

1. Introduction

The Navier-Stokes equations describe the time evolution of solutions of mathemati-
cal models of viscous incompressible fluids. The research of solutions has attracted

many experts. To our knowledge, in the whole space case, Leray [1934] proved that

if the divergence-free initial data u belongs to L2, there exists a weak solution u(t)
which is defined for all # > 0 and satisfies a global energy inequality. Hopf [1951]
extended the result to the bounded domain case. Furthermore, if the initial data
possesses certain regularity, say uo € H'(S2), where Q is a smooth bounded or
periodic domain, then the Leray solution is smooth and unique at least for some
short time interval; see [Temam 1984].
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In this paper, we consider the Navier—Stokes equations of the incompressible
fluid flow on a periodic domain 7,

(1-1)

{Btu—Au—ku-Vu—kVp:O,
V-u=0,

where u# and p denote the velocity and the pressure, respectively, and T¢ is a
3D periodic thin domain, Te = T2 x T}, T? = (0,11) x (0,13), 0 < I1, 1 < oo,
T)! = (0,¢), 0 < € < 1. We assume that the initial data satisfies u¢ € leer(Te)
with ng ug = 0. As we have mentioned above, there exists a local smooth solution.
However, we don’t know whether the solution can be global. In fact, in the 3D case,
there is a global solution provided the initial data is sufficiently small; see [Fujita
and Kato 1964]. It is unknown for the global existence in the large initial data case.
Our goal in this paper is to find how large the initial data can be to ensure the
global existence of strong solutions on thin periodic domain. Hale and Raugel
[1992a; 1992b] studied reaction diffusion equations and damped wave equations on
thin domain. Raugel and Sell [1993; 1994] further studied the existence of strong
solutions of the Navier—Stokes equations on thin domain. In particular, in [Raugel
and Sell 1993], they proved that, in the periodic boundary condition case, the
global existence holds with initial data in a large set of H'(T,). Subsequent works
concerning various boundary conditions complemented and extended their result;
see [Temam and Ziane 1996; Montgomery-Smith 1999; Iftimie 1999; Iftimie and
Raugel 2001; Kukavica and Ziane 2006; 2007; Hou et al. 2008; Kukavica et al. 2013;
2014]. It is worth mentioning that Temam and Ziane [1996] proved that in the case
with Dirichlet boundary condition, global existence holds if the initial data satisfies

V
(1-2) IVuollL2(ry < —-
Ce2

where v denotes the viscosity. It would be very interesting to understand how far
we can go in the periodic case.

However, the periodic case is quite different with the Dirichlet boundary condition
case. In the case of the periodic boundary condition, there is no Poincaré inequality
in the vertical direction. For this reason, in the periodic case, the global regularity is
still unclear under (1-2). Montgomery and Smith [1999] proved the global existence
of solutions if

Vv
IVuollar) < w77y
P = )

which was later on improved by Kukavica and Ziane [2006] to

v

IVuoll 2y < ———
9= cty. e
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Then after a year, Kukavica and Ziane [2007] improved their result to

Vv

C(l;. L)€ [Ine|’

IVuoll L2,y =

where C is a sufficiently large constant.

In this paper, we prove that the global existence holds if the initial data satisfies
c* 1

l9nuoll2(ry) < T 930l 2(7,) <

€2|lne|2 Ce

’

(Sl

where 0, = (31, 0,), C™* is an arbitrarily large constant and C is a sufficiently
large constant. Here without loss of generality, we have taken the viscosity to
be 1. We emphasize that the vertical derivative of the velocity d3u has reached
the desired result with the power of —% of the exponent of €. This is due to the
observation that the Poincaré inequality for dsu in the vertical direction holds
since the average of d3u in the vertical direction is automatically O for the periodic
boundary condition. More precisely, it holds that

1 [€ 1 _
2/0 dsudxz = 6[u(xl,xz,e) u(xl,xz,O)] =0,

since u is periodic in vertical direction. To deal with the horizontal derivative dju,
we use the same method as [Kukavica and Ziane 2007]. However, our result
allows C* to be arbitrarily large which is required to be sufficiently small in
[Kukavica and Ziane 2007]. The key improvement lies in that in the estimate of
lusllLe(r,). we take o = 3+ 2|In€|/In|In €| instead of o = 3 + |In €| to gain more
room for C*,

Before we state our main result, we recall our hypothesis and introduce our
notations. We assume that u satisfies the periodic boundary conditions

u(x +liej,t) =u(x,t), i=1,2,
u(x +ees, t) =u(x,t),

where {eq, e, e3} is the natural basis in R3. In addition, we require that the initial
data u(x, 0) = ug(x) satisfies

(1-3) [ up(x)dx = 0.

Te

It then follows that any solution of (1-1) with the initial data u(x) will also satisfy
fTé u(x,t)dx = 0 forall t > 0. Let L?(T,) = L?(T.,R?) be the space of L”
vector functions # with the usual norm

P
oy = ( /T |u|1’dx)
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Let Hye (Te) = Hye (T, R3) denote the closure in H™ (T, R?) of those smooth
functions that are periodic in space, i.e., u(x+/ie;) =u(x),i =1, 2, 3, where [3 = €.
Throughout this paper, the symbol C denotes a sufficiently large constant, which
depends only on /; and /,. Its value may change from one inequality to another.
On the other hand, the constant Cy, Cy, ..., which depend on /; and /,, are fixed.

We are ready to state the main result in this paper.

Theorem 1.1. Consider the Navier—Stokes equations (1-1) with the initial data
Ug € leer(Te) which satisfies (1-3). For any given arbitrarily large constant C*,
there exists an €y = €o(C*) € (0, 1) such that for every € € (0, €g], assuming that
ug satisfies

C*
e% [Ine |% ,

1
93uoll2(ry < —
Coe?

9nuoll2(r) <

’

where 0, = (01, 02) and Cy > 0 is a sufficiently large constant which depends
only on Iy and [y, then (1-1) has a unique global solution u that belongs to
C([0, 00), Hpe (Te)).-

The following result is a key step in the proof of Theorem 1.1. We emphasize
that this theorem is given by Kukavica and Ziane [2007]. However, their proof
seems incomplete for us and needs some modifications. For completeness, we will
present the details in Section 3.

Theorem 1.2. Let 3 < a < C |In€| be arbitrary, where Cisa large constant.
Assume that the initial data ug = (Uo7, Ug2, Ug3) € leer(TE) satisfies

1

IVuokllL2(ry < — e k=12
Ce2a(a+ |In€|)2
and
1
luosller) < —%=-
€ «
Then (1-1) has a unique global solution u. Moreover,
C
IVur (- Ol L2y < k=12

e%cx(oc + |1ne|)% ’

and

C
lus Ol Le) S —=

€ o

for all t > 0, where C > 0 is a constant which depends only on l; and [,.
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The remaining part of this paper is organized as follows. Section 2 focuses on
the Sobolev imbedding theorems for thin domain. Section 3 is devoted to proving
Theorem 1.2. In Section 4, we finish the proof of Theorem 1.1 by dividing the
whole time into three time intervals and using Theorem 1.2 in the third time interval
to get the global regularity.

2. Preliminaries

In this section, we will introduce the average operator M and give the Sobolev
imbedding theorems for thin domain. In addition, we will give an inequality about
the L% norm of u3, which will play an important role in proving the main result.

For any u € L! (T¢), as in [Kukavica and Ziane 2006; 2007; Raugel and Sell
1993; Temam and Ziane 1996], the average operator M is defined by

1 €
(Mu)(x1,x2) = 2/ u(xy, xz,x3)dxs.
0

We also define the operator N by (see [Kukavica and Ziane 2006; 2007; Raugel
and Sell 1993; Temam and Ziane 1996])

Nu(xy,x2,x3) = u(xy, X2, x3) — (Mu)(x1, x2).
It is clear that Mu is independent of x3 and M Nu = 0. In addition, we also have
”u”iZ(TE) = ”M””iZ(TE) + ”N”HiZ(Te)-

In the following lemma, we will recall the Sobolev imbedding theorems for thin
domain which will be frequently used in the proof of the main result. The following
estimates can be found in [Kukavica and Ziane 2006; 2007; Temam and Ziane 1996].

Lemma 2.1. Assume u € H. (Te).
(i) We have

INullL2(r,y < Celldsullpzer,y and  |[Nullpor,) < ClIVulla(r,)-

Forall a € [2, 6], we have

3a—6
INullzacry < Cllull Fog, 190l 22 .

Moreover,
6—a
[ Nullpar.) < Ce 2 |Vullp2(r,)-

Here C depends only on [1 and [.

(ii) Forall a € [2, 00), we have

Caz a=2 C
IMulzecry < =l IIL2<T)IIWIIL2(T)+ oz Il
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Moreover, iffT6 udx =0, then

1

Caz Ca
||M“||L“(Te)§€ IIuIILz(T)IIVullLo(T)< 2||vu||L2(T€

Here C depends only on [1 and [,.
(iii) Assume '[Te udx = 0. Then for a € [2, 6], we have

Caz 6=a Caz
lullpacr,) < IIMIILZ(T)IIVMIILZ(T) <= = IVullr2(r,),
€%

where C depends only on [y and [5.

One can find the proof of the above lemma in [Kukavica and Ziane 2006; 2007;
Temam and Ziane 1996]. It should be pointed out that to get the last two inequalities

in Lemma 2.1, we used the following Poincaré inequality on the periodic domain
Te =(0,11) x(0,12) x (0, €):

(2-1) lullL2(ry = ClIVullp2(r,y

where C depends on /; and /. Inequality (2-1) is valid under the assumption
fTe u dx = 0. To prove this, we first see that = Mu + Nu. This means that the
integral average of Nu on the vertical direction and Mu on the horizontal direction
are 0, respectively, i.e.,

€
l/ Nudxz =0, / Mudxq,dx, =0.
€ Jo |72

Using the Poincaré inequality for Nu on the vertical direction and Mu on T2,
respectively, we get

[ Nullp2(r.y < CelldsullL2(r,) (see Lemma 2.1(i))
IMull2(r2) = CllonMullp2r2) = | MullL2r,) = CllopullL2(r,)-

Hence,

lullp2cr,y = INullp2(ry + [ Mull 21,
< Ce||d3ullp2¢r,y + ClonullL2(ry < CllIVullL2(r,)-

Next, we will give an estimate concerning the L* norm of u3 which has ap-
peared in [Kukavica and Ziane 2006, Lemma 3] for ¢ = 6 and in [Kukavica et al.
2013, Lemma 4.2] for general « in the two-dimensional case. Below is the three-
dimensional case. We remark that this has been proven for ¢ = 6 in [Kukavica and
Ziane 2006, Lemma 4]. For completeness, we will present a proof below which
seems even simpler.



REGULARITY OF NAVIER-STOKES EQUATIONS ON 3D DOMAIN WITH LARGE DATA 229

Lemma 2.2. Consider uj, the third component of the velocity, which is defined
onT.. Let o € [2,00) be arbitrary. Assume that uy € HL (T¢) N L¥(T,) satisfies
V(us|2) € L2 (Te) and J, u3dx =0. Then

per

per

(22) s 1z ery < CUVAH) | 2.
where C depends only on I, I, and a.

Remark 2.3. Lemma 2.2 will be used to prove the main result Theorem 1.1. We
don’t need to add the assumption fTe u3 dx = 0 which appears in Lemma 2.2 to
Theorem 1.1. Actually, in Theorem 1.1, we have made an assumption to the initial
data ug = (ug1, o2, Uo3), that is,

/ ug(x)dx =0;
€

see (1-3). Under this assumption, we can see that any solution u = (uy, uy, u3) of
Navier—Stokes equations with this initial data will satisfy

/ u(x,t)dx =0
T,

for all # > 0. Hence when we use Lemma 2.2 to prove Theorem 1.1, we don’t need
to make extra assumptions.

Proof. Since the size of T¢ is not order one, we make a transform to map 7 onto
Q =(0,/1) x(0,13) x (0, 1). The transform is defined by

(2-3) uz(x1,x2,x3) =u3z(y1, y2,€y3) = v(y1, y2. y3),

where x = (x1,x2,x3) €T, ¥ (yl,yz,y3) eQandx; = Vi, i=1,2;x3= - €03
Then we know that v is defined on €2 whose size is order one. Let u(x)=|us| 3 (x)
and v(y) = |v|2 (»). Since fTe u3dx = 0, it is obvious fQ v(y)dy = 0. By a
similar argument as that of Lemma 3 in [Kukavica and Ziane 2006], we have

(2-4) <C|vo|3

where C depends only on /;, [, and &. Moreover, we can conclude from (2-3) that

(2’5) ”U”LZ(Q) ||~||L2(T )’
and
(2-6) IV612, 5, < 21 V@l
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It then follows from (2-4)—(2-6) that
227, < CIVal2 2.

where C depends only on /q, /; and «. Thus we complete the proof of (2-2). O

3. Proof of Theorem 1.2

In this section, we will prove Theorem 1.2. We follow the idea of [Kukavica and
Ziane 2007]. However, from our point of view, compared with the proof in [Kukavica
and Ziane 2007], two places need to be modified when we estimate K3 coming
from the estimate of ||u3 | z«. We will show the details in the following proof.

Proof. Since the initial data ug € leer(T ¢), we know that the solution of (1-1) is
smooth and unique on an initial time interval (0, Tiy,x), Where Tiax > 0 depends
on ug. Take t1, 0 < #; < Tmax and suppose ¢ € [0, #1]. By (1-1), the componentwise
Navier—Stokes equations become

3
(3-1) dup — Aug + Y ujdjug + 0 p =0,
j=1

where k = 1,2, 3.

Consider the Navier—Stokes equations (3-1) for £k = 1,2. We multiply the
equations with —Auy, respectively and integrate over T¢ x [0, 7], and sum. Let
up = (uy,uy). It then follows that

3-2) |IVu,(O|?, — |V 2 Auy||?
(3-2) | uh()llL§ [ “0h||L§+|| uhllL;L;C

2 2
=Z//UjajuhAhuh+Z//ujaj”ha33”h
j=1 Jj=1

+// u383uhAuh+/ dp pAuy,

=Ji+Jy+J3+ Jy,
where Ay = 011 + 022, d, = (91, 0,) and we abbreviate
I-lzszr = 1 lzso.0.Lr (oy-

We remark that above and in the sequel, all unmarked double integrals are understood
to be over T¢ x [0, ¢] and all unmarked single integrals are understood to be over 7.



REGULARITY OF NAVIER-STOKES EQUATIONS ON 3D DOMAIN WITH LARGE DATA 231

For the term J;, using integration by parts together with the fact V-u = 0, we get

2 2
J=— Z f/ Oiujojupdiuy — Z //ujaja,-uha,-uh
i,j=1 i,j=1
2 1 2
= — Z // 3iuj3juhaiuh+§ Z // aj”jaiuhaiuh

i,j=1 i,j=1

2 2
1
=— E /fa,-uja,-u,,a,-uh—z E //8iuh8iuh83u3
i,j=1

i=1

2
1
= EZ// 8iuh3iuha3u3+// 81u282u183u3—/ 81u182u283u3

i=1

=Ju+Ji2+ Jis.
We next estimate J;1, J12, J13. Define
J©) = [Vupll g pz + 1V2unll 2121
where V2 = (0ij), 1, j =1,2,3. Then we have the following useful estimate:
(3-3) |30l 2pq < CeJ(),  ae[2.6] k=123,
Since f(f dzuy dx3 =0 for k = 1,2, 3, by using Lemma 2.1(i), we have
|93tk L2 < Ce 5 [ VOsukll 2 2 < Ce % J(1), k=1,2,

By using the divergence-free condition, we get

19503l L2 g < Ce = [V @ruy +2u2) 212 < Ce ™ T (1y).

Thus we finish the proof of the inequality (3-3). For the term J;, we decompose
it into three parts:

2 2
G4 =3 2 [ M@ M@z + Y [[ M@ N Gy
i=1 i=1

2
+% Z // NQjup)N(djup)osus

i=1

=Ji +J112 + J113.
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Regarding Jy11, due to the fact that M (d;uy) is independent of x3, we have
d3 M (0;up) = 0, thus

2
(3-5) Jin =—%Z/ 03 M (Ojup) M (0jup)us

i=1
2
1
_EZ/ M 0;up)o3M(d;up)us = 0.
i=1

Regarding Ji3, we have

2
(3-6) Jii3<C Z IN@iup)llpsp3 IN@iup)lipaps|9suslip2ys.

i=1
Since [y N(d;uy)dxs; = 0, we have
1 1
(3-7) IN@iun)lpaps < C]| 19iunll 2 1V Ol f HL‘,‘
1
002 [Viup ||i%L§
< C(diunllpoop2 +1Voiupllp2p2) < CJ(1).

1
< Clldsun?

By using the inequality (3-3) with a = 3, we have
1
(3-8) l03usll 2,3 < Ce2 (1)
It then follows from (3-6)—(3-8) that
(3-9) Ji13 < Ce2J(t))3.

Regarding J1,, we have
2
(100 T2 <C Y IM@un)lzapg IN@un)lzers 19susl , oz

i=1 e

Since ng dijuy dx = 0, we can see from Lemma 2.1(ii) with ¢ = 4 that
_1 1 1
1M @sun)lps < Cem*19iunll 5 IV Oiunll -
Therefore,

1 1 3
G-10) IM@un)llpspa < Ce™#10iunll oo 2 1VOiunll 722

_1 _1
< Ce 4 (10upll oo 2+ Viupll 122) < Ce 4T @),
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12
5 9

(3-12) 13su3]] 12 < Ced ().
L?L5

t=x

By using the inequality (3-3) with a = we have

It then follows from (3-7), (3-10)—(3-12) that
(3-13) Ji1a < Ce2 J(1))3.
Based on (3-4), (3-5), (3-9) and (3-13), we have
Ji1 <CezJ(1))R.
The terms J;, and Jq3 are estimated in the same way as J11. Therefore, we obtain
(3-14) Ji < Cez ()3

For the term J5, using integration by parts together with V -u = 0, we have

2 2 2
Jz:Z//ujajuh333uh :—Z/ 83uj8juh83uh—2[/ ”j3j33uh33uh
Jj=1 j=1 j=1
2 | 2
=—Z// 83uj8juh83uh+52// 3j”j33uh33uh = Jy1 + J2s.
j=1 j=1

Regarding J,;, we have

2

1
5 3
Jor < ) 93ujll 2 palldjunll poo p2 193unllp2ps < Ce2 T (1),
j=1

where we have used (3-3) with ¢ = 4. The same estimate holds for J,,. Therefore,
(3-15) J, < Ce2J ()3,

For the term J3, define

2
o

K@) = ([1usl2] oo 2 + Vs )| 22) %0 1 €0, Tona)-

Then we get
Js < Nuallzgerghosunll 2o NAunlzzpz.

tLx

Since 3 <o < 6|lne| implies that 2 < % < 6, it follows from (3-3) that

—3
[03upll 20 <Ce'a J(t).
L7L¢™?

Thus,
(3-16) J3 < Ce“T K(11)J (1)
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For the term J4 which includes Ap, we need to take the divergence of (1-1) and
obtain that

3
—Ap=V-(u-Vu) = Z diujoju;.
i,j=1
Then we have

3
J4=—[/ Apahuh= Z // 8iujajuiahuh

i,j=1

2 2
= Z //8,-uj8ju,~8huh+ZZ//83uj8ju38huh
i,j=1 j=1
2 2
=— Z // 0iujoju;iozus +ZZ// 03uj0jusdpup
j=1

ij=1

= J41 + Jaz.
The term J4; can be estimated in a similar way to Jyp, giving
(3-17) Jay < Ce2J(t))3.

Regarding J4,, using integration by parts, we have

2 2
J42=—2Z// 8j83uju38huh—22// 83uju38j8huh
j=1 j=1
2 2
222// 8j83uju383u3—22// 83uju38j8huh
j=1 j=1

= Jaz1 + Ja22.

Estimate J451 and J455 to obtain

2. < Ce“S K(ty)J ()2

Jaar S CU0;0sujll Lz palusligergl9susll |

a—2
rLx
2 3
oa—>5 2
Jan <C Z [03u; ||L%L)% lusllzee Lo ll9jdnunllp2p2 < Ce o K(t)J(t)”.
i=1

Thus we conclude

(3-18) Jaa < C"T K(11)J (1)*.

It then follows from (3-17) and (3-18) that

(3-19) Ja < Ce2J (1)} + Ce"T K(1)J (1)
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Therefore, by (3-2), (3-14)—(3-16) and (3-19), we obtain the final estimate
about J(¢):

(3-20) J(1)? < Cez J(1)3 + Ce*a K(0)J(6)? + J(0)2,
where we have used the second derivative estimate
||V2uh||Lngc < CllAuplipzp2
together with the fact
J(0) = [Vuonll 2.

The next objective is to estimate K(¢). Consider the Navier—Stokes equa-
tions (3-1) for k = 3. We multiply it with |u3|* ! sgnu; and integrate over
Te x [0, t]. There holds

// 8,u3|u3|°‘_lsgnu3+//u~Vu3|u3|“_lsgnu3—// Auszlus|® 1 sgnus

= —/ d3plus|® ' sgnus.

After a short calculation, we have

4(a — 1)‘
2

1 @ 2
(321 —fus0llzg + Vsl 22

. 1
_ _// 9 plus|* " senus + uos .

|a—1

It remains to estimate — j] d3 plus sgnusz. From (1-1), we know that

3 3
p=(—A)_1V-V-(u®u)= Z R,-Rj(uiuj)z Z R,-,j(u,-uj),
i,j=1 i,j=1

where R{, Ry, R are the Riesz transforms. Since d3 can commute with the Riesz
transforms, we have

3 3
03p=03 Y Rijuiuj)=2Y  Rij(d3uiu;)
hj=1 ij=1

32 32 3
= ZZZRi,j(a3uiNuj)+2ZZRi,j(a3uiMuj)+2ZRi,3(a3uiu3)

i=1j=1 i=1j=1 i=1
=q1+492+43.
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Therefore, we obtain
= [[ osptusie=" senus

—/ (q1+q2+g3)uslus|* 2

a—2 a a—=2 a
—//q1|u3| : N<|u3|2>sgnu3—//q1|u3| 2 M(Jus|$) sgnus
_ oa—2 o
—//qzu3|u3|°‘ 2—//q3|u3| 2 N(us|$) sgnus
a—2 a
—//q3|u3| 5 M(Jus|%) senus

=Ki+K,+K3+K4+Ks.

For the term K,

Kislol , e, [lues| "2 H 2o, [N (sl L2

<Clal , e HluslfHL?L;CHVuuﬁ)HLsz <Cllaal g KO0
where we have used Lemma 2.1(i) for HN(|”3|%)HL$L?C' Regarding ||¢1 || %LQ“S%’
we have )

G2 il , e <C Z Z IR;,j

i=1j=1

2o [103ui Nuj ||

<CZZ IR, o 05l con INW oo
i=1j=1 =X

As we know, the Riesz transforms R; j (i, j = 1,2, 3) are bounded on L?(T¢) for
1 < p < oo. Furthermore, the bound is given by (see [Grafakos 2004, p. 362])

(3-23) I1Rijler < € max(p. - ).
where C is independent of p. Here, 3 3f3 <3when3<a<C [In€|. Thus,

| Rijll; a5 < C fori, j =1,2,3. Smce 2< 6_f6 <6 when3 <a <Cllne|, we
can see from (3-3) that

3
(3-24) ”aSuiHLZLlXLﬁG < Cea J(tl).

t=x
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Also, by using Lemma 2.1(i) we have

2 2
(3-25) D INujllpeore < Y IVujllpeep2 < CJ (1),
j=1 j=1

Thus, by (3-22)—(3-25), we get

3 2
g1l . 35 S < Cea J(11)".
t X

Therefore, we obtain the estimate of Ky,
(3-26) K; < Cea J(t)2 K(1)* L.
For the term K,, we have

G2 Ko<l sl ) e | Gus )]

t

where r; and b satlsfy —i— + 5 = 1. Letb =20, then we have ry € (azfz’ 0[2%].

Now we estimate the three terms on the right-hand side of (3-27). Regarding
llg1 ”L%LQ , we have

3 2
||q1 ”L%L;l <C Z Z ||33Lli||L%Lir1 ”NMJ'HL‘,X’L,ZC” ;
i=1j=1

Because of the fact that 2ry € (%%, 52| C [%£.4) when 3 < @ < C|Ine], we
conclude from (3-3) that

3—ry

030 || <Cem J(t1).

L2L2r1 S
Also, by using Lemma 2.1(i) we have

2 3—r

2
3-r 3-r
>INl o2 < Ce 0 Y [Vt ooz < Ce ™0 ().
j=1 j=1

Thus, we have
(3-28) g1l p2pn <cen I

Regarding H|u3|aT_2H e We have
L®LY™

t X

(3-29) Nl =) ey = sl |2, < KT
t X
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Regarding H M(Jus|%) ”LZL”’ by using Lemma 2.1(ii) we have
t X

”M(|”3|%)HL%L’;

_ 2 by2
< Chre™ T |[[lusl | 2, |V sl D] 2

b2 e
2t Ce™ = |Jus| le222

1 _b=2
<Cbhze 2p

[90us1 D)3

2 _
st 7, +Ce 5 lusl% | 21

b |
L Lth*2

- bi _% a % a "b;z _% a
e [T E] A L TOE eme S PRET I
Meanwhile, by using Lemma 2.2, we know that
a 1l _b=2 a 1 _b=2 a

(3-30) HM(|u3|2)HL%L§ <Chie HV(|u3|2)HL%L)zc <Chze 2 K(t1)2.
Therefore, it follows from (3-27)—(3-30) that
(3-31) Ky < Ch2ed ™5 J(1)2 K(1,)*".

For the term K3, we first rewrite q2=2zg=1 ij-=1 R; j(03u; Muj). Since Mu;

is independent of x3, we have dsu; Mu; = 03(Mu; + Nu;)Mu; = 03(Nu; Muj).
Let

3 2
g = ZZ Z Ri j(Nu;Muj).

i=1j=1

Then we have ¢, = 0343 as the derivative can commute with the Riesz transforms.
Thus, we obtain the following result

K3 =—[ 83f2u3|u3|“_2 =//c’[§83u3|u3|a_2+// 675”383(|“3|a_2)

~ _ 20l—1 —_ a a—2
=(“—1)//QZ33H3|U3|a 2=%/f4233(|u3|2)|u3| 2 sanus.

According to the above result, we have

2 1 ~ o o—=z
S LN Y P [P

20(2
L®LY™

~ o, 2=2 a
<Clg2llp2pe 132 |‘L‘§OL§K(11)2

< C“@”L%LQK(ZI)O{_I-
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It remains to estimate ||¢; ”L%Lfé'

3 2 3 2

IG3lze <C DY 1RijNuiMujllpe <C Y Y ||Rij

i=1j=1 i=1j=1

3 2
< Ca Y > " ||NujMuj| .

i=1j=1

|Le |Nu; Muj| po

Here, compared with [Kukavica and Ziane 2007], we modified the estimate of
721l Lo by adding the L* norm of Riesz transforms given by (3-23). The reason
is that we will take « to be very large, roughly like |In €|, when proving the main
result. Hence

||£1‘5||L2La\CaZZ||Nu,Mu,||L2La\CaZZ||Nu,||L2 2| Muj || poo
i=1j=1 i=1j=1

where b = 2o and 1, = bb“ € (o, 2a]. By using Lemma 2.1(ii) we have

1 _b=2 1 _b=2
||Muj||L?oL§ < Ch2e 26 ||V“J'”L‘,’°L§ < Ch2e™ 20 J(1y).

One expects to bound || Nu; ||, 2,2 by V2uy ”L%Lz and thus by J(¢). In [Kukav-
| S X
ica and Ziane 2007], the authors considered two cases: 2 <r, <6 and 6 <r, < 00.
When 2 < r, <6, by Lemma 2.1(i),

3
6—rp
INuill2pre < Ce > 10 (Nui)ll 22
k=1

For the case i = 3,k = 1, 2, they used the Poincaré inequality to get
19x (Nus)li 2,2 = Celldsduslip2pz = Celldgdpunllapz-

When 6 < r, < 00, they first used the Gagliardo—Nirenberg inequality to get

3

. < : =~ 7y =
INuill 2,2 < C ;; 19k (NuD)ll 2y 72

37’2
) +3°

Then by Lemma 2.1(i),

6= 6+ry

(3-32) 19k (Nui)ll o 72 = Ce 22 | VOguill 22 = Ce 22 [|Voguil| 22,

However, it seems that ||Vdgu;]| [272 can ’t be controlled by J(¢) when i = 3,
k = 1,2 because J(¢) doesn’t contain the L2 norm of V?us3.
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To modify this, we will use the idea of anisotropic interpolations. Obviously

INuillpr2 = Hlll\’uillL;z3 HL%’
where we abbreviate || - [z = |- |Lr((0,e))- In the sequel, we will also abbreviate
[l L4, = | - Il La(r2)- Interpolating through the vertical direction, we have
3t7; —7s 1+1
INuillpr2 < CIINuiIIL * 193 Nu; || <Ce2 2 |93 Nuil s -

This implies that

. b+d
INuillpro < Ce2 " 72 '||L§3 HL?h s Ce? 2 “|83N“i||L§c2h HLig'

Interpolating through the horizontal direction, we obtain that

2 _2

193 Nuill 12 $CV22 ||33Nuz|| ||3h33Nuz|| .7 +C||33Nuz||L2 :

As a result, we have

H ||33Nui||L;2h “L§3 <Cr}

L+ ClosNul
3

2z -2
|83Nui||}i2€ |04,03 Nu; “L;(;z

2 _2

<CV22||33Nuz|| ||3h33Nu1|| '2+CII33NMIIIL2

2 2
<Ci’2 ’2||333Nuz|| 219,03 Nui | 2r2+C€”833N”l”L2

SCrgeE IV9sui 2.

Therefore, we get the estimate

—_
[

11,3
INuilljro < Crye? T2 || Vdsu; Iz

which yields

1

1 +3
INuill 22 <Crf X5 Vasul a2 <Crf ¥ s (1) <Ch e
t

—_

3 3

2ta— FJ([I)

N\»—

Thus we have

—_ 3_2
175112 ¢ < Cabea™h I (11)2.
It follows that

(3-33) K3 < Cabe%_%J(tl)zK(tl)a_l-
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For the term K4, we have

K4 < ||q3|| \||u3|ﬂ| 20 [N(usl )] 126

< Cllgs HLzLJT‘i‘s [1us] = ”L?L% [V0u31 )] 1.0

X

< Cllgs || e K@)l

Next we estimate ||¢3|| 3o,

t

||(]3|| . e CZ”83“1”L2L3””3”L°°L”<C€2J([1)K(tl)

x i=1

where we have used (3-3) with @ = 3. According to this estimate, we have
(3-34) Ky < Ce2J(1)K ().

For the term K, using a similar method as for K;, we have

Ks < llgsll 2 ,n “ual%_zHL?oL;fz | M (lus19)] 215

where r; and b satlsfy = + 224 b = 1. According to (3-29) and (3-30), we also
have

1 b—2
(3-35) Ks < Cbze™ 2 |gall 2z K(t)*~ "
| i
It remains to estimate ||¢3 ”L%LQ :

3 3
lasllzpr < C Y Ndsuill 2y rslluslizgers < € Y I9suill 2 s K,
i=1 i=1

where % + l = ri Since r3 satisfies - + b = 2, we get that 2 < r3 < 3 when

3<a< C|lne| and b = 2«.. Thus we can see from (3-3) that

6—r3

||83u,~||L% r < Ce 2’3 J(Zl)

6—r3

Hence ||C[3||L2Lr1 Ce Ea J(t1)K(t1). Then (3-35) yields that
t

(3-36) Ks <Chze2b J(1,)K ()%
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Finally, by summarizing (3-21), (3-26), (3-31), (3-33), (3-34) and (3-36), we have

3

K(t)* < Calbea—5 J(t)2K(t)* ! + Cabzez 5 J(1)K(1)* + K(0)

for all # € (0, Thax)- Letting b = 2« + |In€| and C; be a sufficiently large constant,
we get the following estimate:

K(1)* <Cra?(a+|Ine|)ed J(6)2K ()% +Cra(a+|Ine) 2e2 J (£) K ()% + K (0)%.
Meanwhile, by (3-20), we have

-3

(3-37) J(1)? < Cre2 J(1)3 + C1e"a K()J(6)? + J(0)2.

Assume that the initial data u satisfies
1

Ce%a(a + |1n6|)% ’

J(0) = [|[Vuonllp2(r,) <

1
K(0) = luosllLer) € —%=-
Ce «

We claim that
2

(3-38) J(1) € — T
Ceza(o + |In€|)2

(3-39) K@) <

CeF

for all ¢ € (0, Tiax) provided C is sufficiently large. This fact implies that Ti,,x = co.
Our claim can be established by contradiction. Suppose that the claim is not true,
then there exists a time * € (0, Tiyax) such that (3-38) and (3-39) hold for all
t €[0,¢*] and

2
(3-40) J(t*) = — R
Ce2a(x+ |In€|)2
or
(3-41) K(t*) = ——.
Ce a
Using (3-37) with ¢ = t*, we get
1
2C€e2 a— 2 1
J(t*)2$J(t*)2( — LG a_3)+ > :
Cez2a(a + |Ine|)2 Ce a C?ea’(a + [Ine)
Choose C be large enough such that
1
2C €2 o 2 3
1€ + C1€T3 — —

Ceza(a +|Ine))? Ce'a 4
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Then we get
4

J(t*)? < ,
) C2ea?(a + |Ine))

which contradicts (3-40). Similarly we can also prove

K@t*) <

a=3"
€ «o

which contradicts (3-41) provided C is sufficiently large. Therefore we establish
our claim and finish the proof of Theorem 1.2. O

4. Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. Our proof will be divided into three steps.

First, we consider the solution on a very small time interval [0, £y]. We will prove
that ||93u||2(r,) decay very fast and ||0u|| 27,y should not increase quickly after
a very short time. Furthermore, at the time 7y, we have

2C*
T 3
€2|lne|2
2C*

03uCo)llr2ry < =
€2|lne|2

0nu (o)l L2(r.y <

This implies that
4C*

IVu@o) L2y < —3-
€2|lne|2

Second, we regard 7o as the initial time and ||Vu(#)||2(r,) as the initial data.
Consider the solution on a small time interval [tg, 7;]. We will prove that at the
time 1, the data will satisfy the condition of Theorem 1.2.

Finally, we regard ¢; as the initial time and apply Theorem 1.2 directly to get a
solution on the time interval [¢;, 00).

After the above three steps, we will obtain a solution on [0, c0). Now let us
expatiate the details of the proof.

Proof.
Step 1: Solution on [0, #o].

Our first goal is to estimate ||d3u|2(r,). Applying 93 to (1-1), we obtain a new
equation

4-1) 0;03u — Adsu + d3(u-Vu) +Vazp =0.
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Take the L? inner product with d3u in (4-1) to get

1d

4-2) EE||a3u||§2(m+||vagu||§2(n)=—/Taw-vuawcbc

=— 83u-VMu83udx—/ 03u-VNudsudx = I + 1.
Te Te

For the term 7, we note that Mu is independent of x3, thus we rewrite it as

€
4-3) 11:—/ 83uh-3hMu83udx:—/ /83uh-8hMu83udX3dxh,
Te T2 J0

where d3uy, = (d3uq, d3uy), I = (31,02) and dxy, = dx; dx,. Using Holder’s
inequality to the vertical direction, we get that

€
@ [ v Mud s < osul g 104 Mulogs 1osul 3,
0

where ||8hMu||L§<§ = |d, Mu| since d; Mu is independent of x3. Then by applying
Holder’s inequality to the horizontal direction, we see from (4-3) and (4-4) that

1< [ Vsl oMl g ol 2, 0 < [1oaulzz, I Nwbul] 3,
<e 2 |18sull s, 72 N0nMullar,)-
Interpolating through the horizontal direction, we have
@S loauls, < Cllsulf, Iondsul f, +Clidsul
It then follows that
Iy < Ce™2 (|03l 2y | andsul2r,y + 105l 2 2p, ) |04 Mutll 27, -
Since foe dzu dx; = 0, by Lemma 2.1(i) we have that

(4-6) 93ullr2(1,y < Cell033ullp2(r,)-

Hence
47 L < CG%(||333u||L2(T€)||3h33u||L2(Té) 119336l 27 ) 10null L2,
< Ce2||dpull 2y I V03Ul o,
For the term /5, by using Holder’s inequality to the vertical direction, we have

€
(4-8) I, = —/ / d3u - VNudsudxs dxy
T2 J0

$/;2 ”337/!”[,}(3 ||VNM||L§§ ”83””L§3 dxy,.
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Regarding |V Nu|| L by interpolating through the vertical direction, we have

1 1
(4-9) IVNullLee < CIVNull 7, [VIsNull;, .
*3 *3

Then applying Holder’s inequality to the horizontal direction, we see from (4-8)
and (4-9) that

1 1
B Cllasulg, g, IV Nal s [y II90svls

2 1 1
< Clllosuls, 72 IVNullzagr IV Nl .

To deal with [[03ul| 4 , we use the same method as (4-5). Therefore
*h

1 1
< c(uaauan(Te)||ahaaunymﬁ||asu||iZ(T ))nwvun Doy IVOsNullZs
< Clsull 2ry 94030l 27y IV Nl 2 )||V33M||L2(T)
+C”83M”L2(T )”VNMHLZ(T ) ||V83M”L2(T )
Regarding 1,1, we have
1 3
It < Cllasull 2y IV NUl oy IV 05200 2
1 1 3
< Ce2 |93l 27,y IV Null 2o V0300 7
1
< Ce2 (|5l 2r,) IVOsulZaqr,
where we have used
(4-10) IVNull 2.y < CellVsull 27,y

because of foe V Nudx; = 0. Regarding 7,5, by (4-6) and (4-10), we have

3 1 1
Iy < Ce3 03ull 2y 19331 2y IV 93 Null 2o I V032 2o
3
< Ce (03l 2r,) V05l 2,
Therefore, we get the following estimate of 75:
1
(4-11) I < Ce2 |193ull L2y IVsull ]2 7, -

Summarizing (4-2), (4-7) and (4-11), we obtain the estimate of ||d3ul|12(r,)

d 1 1
103027y + @ = CeX 0l 2r,y — Ce¥ 030l 27, VOsul 2 0.
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If
1 1
(4-12) Ce2||0pullp2¢ry + Ce2||03ul 21y <1
for all 7 € [0, 7], where 7, is given by (4-18), then we can get
d 2 2
(4‘13) E”a?’ulle(Te) + ”Va?)u”LZ(TG) <0.

Integrating from 0 to 7, we have

(4-14) 193ull oo 2 < 19300l 27
and
(4-15) IVOsullp2p2 < [193uollL2(r.)-

In addition, from (4-6), we get
135l 27y = € e 20050l

Hence (4-13) yields

d 1 -
G 1sulZaqr,) + €72 I0sul o, <O.
This implies that

(1.2
(4-16) 1930l 2 207y < €€ 1030 ] 22,

Assume that the initial data satisfies

1
(4-17) 93uollL2(r,) <
Coe?2
Let
(4-18) to = 3C,€? In|lne],

where C} is the constant C on the right-hand side of (4-16). Then when ¢ = ¢,, we
have

2C*
(4'19) ||83u||L2(T€) < I 3
€2|lne|2
Next, we want to estimate [|0ju||p2(z.). Similarly, applying 9, to (1-1), we get

(4-20) 0:0pu — Adpu + dp(u-Vu) + Vo, p = 0.
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Taking the L? inner product with dju in (4-20), we have

1 d
@-21) 5 M0nul 72y + IVORullza

=— | Odpu-Vudyudx
Te

:—/ ahu383u8hudx—/ dpuj - gudpudx = I3 + Iy,
T Te

where uj = (u1,u3) and dj; = (91, d3). For the term /3, we rewrite it as

I; =— 0pMus03udy Mudx — 0 Mus03udy Nu dx
Te Te

— 0pNusz03udyMudx — 0y Nuzd3udyNudx
T Te
=131+ I32 + I33 + I34.
Regarding 131, we have
I3y < |0 Mus |l pary|03ull L2y 10 Mullpacr,y < ||ahM”||i4(T€)”83“”L2(T5)-

Since u satisfies the periodic boundary condition, we know that

dpudx = 0.
T.

Hence by Lemma 2.1(ii) with a = 4, we have
1 3 3
190 Mutll oz, < Ce 10l I V00l 2 -
Therefore
_1
(4-22) I3y < Ce 2| 0pull L2r ) IVOpull L2z 193ull L2(T,)
—1 2 2 1 2
< Ce “ahu”LZ(TE) ||a3u||L2(T€) + g”vahu”LZ(Te)
2 2 1 2
< C€||3h“||L2(TE) ||833u”L2(T€) + 8 [Vapu ”LZ(TE)’
where we have used (4-6). Regarding /3, we have
I3y < [0 Mul 3y 103ull 27 10n Null Lo(r.)-
Hence by Lemma 2.1(ii) with ¢ = 3 and Lemma 2.1(i) with a = 6, we have
_1 2 1
198 Mull s r,) < Ce 810l 2y IV o -

and
l0nNullpory < CIVonullL2(r,)-
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Thus
-1 3 5
(423) T30 < Ce8 0l 3o 1930l L2y VO o
1 5 3 1 2
<Ce 2 ”ahu”Lz(Ts)||a3u||L2(Té) + g”vahu”LZ(Te)
3 1
< Ce3 |93ull L2y 19330132 g NOnU 1227y + g IV n 2007
The estimate of /53 is as same as I35, i.e.,
3 2 2 1 2
(4-24) I33 < Ce2 ||a3u||L2(T€) ||833u||L2(T€) ”8hu”L2(TE) + 8 ”Vahu”LZ(Te)-
Regarding 134, we have

L34 < |0p Null Loyl 03ull L2¢r ) 10p Null Lacr,)-

By using Lemma 2.1(i) with @ = 4, we have
|9aNull zacr,) < Ce3 IVl 27,

Thus, by (4-14), we obtain that
(4-25) I34<Ce? ||83“||L2(T6)”Vahu”iz(n) <Ce? 19310l 2T, ||V3h”||1{2(Te)-
Consequently, summarizing (4-22)—(4-25), we get the estimate of I3,
(426) I3 < C(eld33ul2aq + €2 1032l 2y 193301227 ) 100212 2 7,

+ CeX st 2 IV 22y + 319083
For the term 14, we rewrite it as

1, = —/T dpuj - gudpu dx

=—/ 8huh-~8h-Mu8hudx—[ ahu,;~8;;Nu8hudx=141 + 145.
Te T

Regarding 141, by using Holder’s inequality to the vertical direction and the hor-
izontal direction respectively, we get that

€
[41:_/ /ahuﬁ-aﬁMuahudmdxh
72 Jo

<
< /T2 19nullzz N0nMullLes I0pullpz, dxn

2 1 2
<[[N0nullz |7 NnMulz <€ # 10l |72 106 Mullz2qr,y:
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Interpolating through the horizontal direction together with /. 72 Opudxy =0, we
have

1 1
(4-27) 19nullps < Cllahullzgh ||ahah”||z)zch-
Thus
_1
(4-28) L4y < Ce  2(||0pull 2¢r) 10ROl L2 ) 00Ul L2(T,)

_ 1
< Ce 1”8}1””12(7"6) + g”vahu”i}(n)-

Regarding 14,, by using Holder’s inequality to the vertical direction, we have

€
Iy = —/ / dpuj - 05 Nudpu dxs dxy
T2 JO
< / l0nullp2 19nNullLes ll0null 2 dxp.
T2 X3 X3
Interpolating through the vertical direction, we have
L L
194 Nullzsg < CllaaNul 7, 10335 Nul -
Then by using Holder’s inequality to the horizontal direction, we get
z ) )
Lo <CllNonulz |7 119aNul, ps 1080 Nul, |pe)
2 1 1
< Cll1opullzy, N7z 198Nul Fa g 10403 Nul
By (4-27) and Lemma 2.1(i) with a = 2, we have

1 1
(429)  Lia < Clloull 2y 10ndnull 2 10nN Ul Lo 19403 Nul 2

1
< Ce2||0pull L2 10n0null L2 (1) 10803 Nul 21,

1
< Ce |10l g2y | Vonul|2 2 .
Consequently, summarizing (4-28) and (4-29), we get the estimate of /4,

— 1
4-30) 14 < Ce M pull o 10nul} 27, + Ce2 N0null L2z VU Z 21,

1 2
+§”V8h””LZ(T€)-
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Finally, combining (4-21), (4-26) and (4-30), we get that

S NonulZar, + (3 - CeXdsuollzar,) — CeX Ol 2y ) IVl 2,
< Clelldssullar,, + €2 105l L2y 103300 22
+ € ol 2 ap, ) 198001227
Assuming that the initial data satisfies
1

(4-31) 19st0ll L2z < ——
C()é7

we have

1 C 1
Ce2||03uollp2(r,) < G 1

provided Cy is sufficiently large. If
1 |
(4-32) CGZHahu”LZ(TE) < Z

for all ¢ € [0, o], where #y is given by (4-18), then we obtain

d
ol g,y + 19080 B,
3
< CleldssulZag, + X185l 2y 9531y,
+ e [ 0pu ”iZ(TG)) [|0pu ||22(TE)-

Using Gronwall’s inequality, we get that
t
lonull3 2z, + /0 IV9hul22 7, ds < eSO 00l . -
where
t
G(1) =/ g(s)ds

0

and

3 —
g() = Clelldssul2a .y + €2 103ull 2z 18330227, + € 1040l 22, ).

Our next goal is to show G(¢) can be very small when ¢ € [0, #y], where ¢g is
given by (4-18). Then we will obtain

(4-33) [0nu () L2(1.) < 2l19nuollL2(T.)-
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We write G(¢) as G1(t) + G, (¢) + G3(t), where
t
G1() = [ Celpsanlf sy, ds.
t
3
G2 = [ CeXfanullaqr sl ry ds

t
G3(t)=/0 C6_1||8hu||iz(T€)ds.

For the term G (¢), we conclude from (4-15) and (4-31) that

G1(0) < Celltsunliag, < £
For the term G,(¢), by (4-14), (4-15) and (4-31), we have
Ga(0) < CeX gl e 13 10330125 5 < Ce 300l < -
0
For the term G3(¢), by (4-33), we have
G3(1) < Ce™! ”ah””i?%,%to < Ce|9nuoll} 2 0-

Assume that the initial data satisfies

C*
(4-34) l0nuollL2(r) < — 3
€2|lne|2
Then
3C;C(C*)? 1n|l
G5(t) < 1€(C7) n|n€|_)0 as € — 0.
[Ine|?

Based on the above analysis, we can take Cy > 1 and 0 < €1 < 1 such that for
every € € (0, €1), there holds G(¢) < 1 for all ¢ € [0, #y]. Then (4-33) holds for all
t €]0,1]. By (4-14), (4-17), (4-33) and (4-34), we can take €, € (0, 1) such that
for every € € (0, €;), conditions (4-12) and (4-32) hold for all ¢ € [0, #y]. Therefore,
we completed the a prior estimate. Additionally, by (4-19) and (4-33), we get that
at 7, there hold

2C*
[93uto)lr2(r) < T 3
€2|lnel2

and
2C*

lonuo) L2y < ——3-
€2|lnel2
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Step 2: Solution on [, 1].

We consider the solution from 7o. At this time, ||Vu(fo)| p2(7.) satisfies

4C*

Vuo)llp2(r,) < — 3
€2|lne|2

In what follows we will estimate ||Vu(¢)||z2(r,) for ¢ € [to, o + T, where T will
be given by (4-36). We emphasize that in [Kukavica and Ziane 2007], the authors
proved the case when C* is sufficient small. In our case, C* can be arbitrarily large.
Below, we will show that it can be proved by using the same method as [Kukavica

and Ziane 2007].
Take the L? inner product with —Aw in (1-1) to obtain

1 d 2 2
EE”VIJ”LZ(TG) + ”Au”LZ(Te)

:/ u.VuAudxz—/ Vu-VuVudx

=—/ VMu-VMuVudx—/ VMu-VNuVudx
Te Te

—/ VNu-VMuVudx—/ VNu-VNuVudx
Te Te
=L+ L+ L3+ Ly.
For Ly, by using Holder’s inequality and Lemma 2.1(ii), we have
_1
Ly < IVMull sz, IVull 2y < Ce 2 IVulZagr, | Aull 2,y
_ 1
< CeM Vulb gy, + g 18u 207
For L,, we have
Ly < ||VMull g3y IVNullpsryIVull2(r,)
_1 2 1
< CEH NVl o | AUl s | Aull L2y | V2,

1 3 4 _1 1
< CEHVull o 180l 2 gy < C3IVUl a0y + 71 AU 7.
In the same way, we see that

_1 1
Ly < Ce 2 Vuljag, + gl Aull} g
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For L4, by using Holder’s inequality and Lemma 2.1(i), we obtain

Ly < ||\VNul 3y IVNullpsry IVullL2(r,)
1 1
< CIVull oy 1Al o | AUl L2y I Vil 21
3 3
3 3 1
S CIVull o lAullZ o 7y < C||Vu||22(TE) + Z”Au”%}(]‘e)‘

As aresult, we get

d _
@35 VUl s,y + 18Ul ar,y < CE VUL 2, + CIVHI S .
where we have used
_1 _1
Ce 3 Vull}a gy = Ce 2 Vul sy IVl er,
< C VUl sy + CIVUlS 2z

Applying Gronwall’s inequality to (4-35), we get

t
VU@ 27, + / |Aul}2ry ds <O Vuo)] 27, 1€ 0 to+T]
)

where

t
1) = [ e 19l + OVl
11

0

(3 is the constant C on the right-hand side of (4-35) and
€*|lnel? €%|lne|® }
128C5(C*)2" 2 x 642C5(C*)* )

Take €3 € (0, 1) such that for every € € (0, €3), we have

T =min{

64(C*)? < |lne|.
Then we get
. e?|lnel?
128C;5(C*)?’
and H(t) < 1 fort € (ty,t9 + T]. Consequently, there hold

*

(4-36)

IVu@ 21y < 2[Vulo)llL2r,) < te(to.to+ TV,

e%|lne|%’
and
[t0+T 64(C*)2
t

2 2
X ”Au”LZ(TG) ds < 4||VU(Z())||L2(T€) < W
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Hence, there exists ¢; € (¢y,t9 + 7') such that

C(C*)4
2 ]
”AM(II)HLZ(Té) < €3|ll’1€|6
and
8C*
(4-37) IVu@)llL2(r.) < 3
€2|lne|2

Now, let us turn to [[u(ty)l|La(r) < [INu(@)|Ler,) + [IMu(ty)|Le(r,). For
| Nu(t1) | Le(T.), we have

1
7+ o o
INu(t) | Loy < CINu@DI ;23 )||ANH(Z1)||22(2T)

< CerVan [Vu() 1325 1 Au) 12522
< C(C*)iTH0 e a Ine| ¥ i

< Ca(CH)3e5 Ine| ¥,
since 3 <o < 5|lne|. Take €4 € (0, 1) such that for every € € (0, €4), we have

Ine|s = CCy(C*)3.

Then we get
1
(4-38) [Nu(@)ll Loy € —5=-
Ce a
For || Mu(t1)| Lo (T.), We have
l 1
C5C*a2 1 Cs C*a2
||Mu(l‘1)||ch(T€)$ ||V“(t1)||L2(T€)\ a1 = a3 )
5 € a |ne|2 € a ea|lne|2
Fix
2|Ine€|
(4-39) o =3 ;
In|lne€|

then we have

CsC*a? _ 205C*
e%|lne|% h (ln|lne|)%‘

Take €5 € (0, 1) such that for every € € (0, €5), we have

(In|lne))? = 2CCsC*.
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Therefore we have

(4-40) [Mu(t)llLery) S —5=-
€ «
Moreover, for the fixed o (4-39), we know that
1 In|In €|
>

Ce%a(a + |ln6|)% ~ C6%|lne|%'
Take €¢ € (0, 1) such that for every € € (0, €¢), we have
In[lne| =8CC*.
Then by (4-37), we see that
1
Ce%a(a—k |lne|)%.

(4-41) Vu@)l 2ty <

Step 3: Solution on [t1, 00).

We regard ¢; as the initial time. It follows from (4-38), (4-40) and (4-41) that
the data at 71 satisfies the condition of Theorem 1.2. Then the solution on [¢;, 00)
can be proved by a direct use of Theorem 1.2. Thus, taking

€9 = min{eq, €3, €3, €4, €5, €6},

we finish the proof of Theorem 1.1. O
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