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LIE 2-ALGEBRAS OF VECTOR FIELDS

DANIEL BERWICK-EVANS AND EUGENE LERMAN

We show that the category of vector fields on a geometric stack has the
structure of a Lie 2-algebra. This proves a conjecture of R. Hepworth. The
construction uses a Lie groupoid that presents the geometric stack. We show
that the category of vector fields on the Lie groupoid is equivalent to the
category of vector fields on the stack. The category of vector fields on the
Lie groupoid has a Lie 2-algebra structure built from known (ordinary) Lie
brackets on multiplicative vector fields of Mackenzie and Xu and the global
sections of the Lie algebroid of the Lie groupoid. After giving a precise for-
mulation of Morita invariance of the construction, we verify that the Lie 2-
algebra structure defined in this way is well-defined on the underlying stack.

1. Introduction

Vector fields on a Lie groupoid G form a category [Hepworth 2009]. We denote
it by X(G). The objects of X(G) are the multiplicative vector fields of Mackenzie
and Xu [1998]. These are functors v : G — TG satistying wg ov =idg, where TG
denotes the tangent groupoid and 7 : TG — G is the projection functor. A
morphism « : v = v’ in this category is a natural transformation « such that
g (a(x)) =1id, for every object x of the groupoid G. The first result of this paper is:

Theorem 3.4. The category of vector fields X(G) on a Lie groupoid G is a (strict)
Lie 2-algebra. That is, X(G) is a category internal to the category of Lie algebras.

Remark 1.1. When a manifold M is regarded as a discrete Lie groupoid, X(M) is
the usual Lie algebra of vector fields on M regarded as a discrete Lie 2-algebra.

To every Lie groupoid G there corresponds the stack BG of principal G-bundles,
and Morita equivalent Lie groupoids G and H correspond to isomorphic stacks BG
and BH. It is natural to wonder if the Lie 2-algebra X(G) lives on the stack BG
in some appropriate sense. To start, we can ask whether Morita equivalent Lie
groupoids G and H have “Morita equivalent” Lie 2-algebras X(G) and X(H ). More
precisely we could ask for the existence of a (2-)functor X from the bicategory Bi
of Lie groupoids, bibundles and isomorphisms of bibundles to an appropriate

MSC2020: primary 17B66; secondary 18D05.
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2 DANIEL BERWICK-EVANS AND EUGENE LERMAN

bicategory of Lie 2-algebras that sends Morita equivalences to Morita equivalences.
It turns out that such a functor is too much to ask for but there is a functor from a
sub-bicategory of Bi.

The reasons behind this fact can already be seen in the case of manifolds. Recall
that there is no naturally defined functor from the category of manifolds to the
category of Lie algebras that assigns to each manifold its Lie algebra of vector
fields. However if we restrict ourselves to the category Manjs, whose objects are
manifolds and whose morphisms are diffeomorphisms then there is a perfectly well
defined functor with the desired properties.

Getting back to Lie groupoids, recall that there is a localization of the strict
2-category of Lie groupoids, internal functors, and internal natural transformations
at the class of functors that are fully faithful and essentially surjective ; denote
this localization by Bi. Lie 2-algebras, internal functors and internal natural trans-
formations form the strict 2-category Lie2Alg.» and localizing at the essential
equivalences produces a bicategory Lie2Alg (see Subsections 2B and 2C). Let Bijgo
be the sub-bicategory of Bi whose objects are Lie groupoids, 1-morphisms are
(weakly) invertible bibundles (i.e., Morita equivalences) and 2-morphisms are
isomorphisms of bibundles. We recall that a bicategory with invertible 2-morphism
is, by definition, a (2,1)-bicategory.

Theorem 4.1. The map G — X(G) that assigns to each Lie groupoid its category
of vector fields extends to a functor X : Biiso — Lie2Alg. In particular, if P : G — H
is a Morita equivalence of Lie groupoids then X(P) : X(G) — X(H) is a (weakly)
invertible 1-morphism of Lie 2-algebras in the bicategory Lie2Alg.

Remark 1.2. In the Lie groupoid literature there are two standard constructions
that associate a Lie algebra to a Lie groupoid: global sections of its Lie algebroid
and Mackenzie and Xu’s multiplicative vector fields. The Lie 2-algebra structure
on X(G) is built out of this pair of Lie algebras. At first pass this might seem
surprising: neither multiplicative vector fields nor sections of Lie algebroids are
well-behaved under Morita equivalence of Lie groupoids. Theorem 4.1 shows that
combining this pair of Lie algebras into a Lie 2-algebra gives us an object that is
preserved by Morita equivalence.

How does the existence of the functor in Theorem 4.1 imply that the Lie
2-algebra X(G) “lives” on the stack BG? To answer this, we need to recall the
relationship between the bicategory Bi and the 2-category Stack of stacks over the
site of smooth manifolds. The assignment G — BG extends to a fully faithful
functor B : Bi — Stack. The essential image of the functor B is the 2-category
GeomStack of geometric stacks. Restricting the functor B to the bicategory Biiso
of groupoids and Morita equivalences gives us an equivalence of bicategories
B : Bijso — GeomStack;so, Wwhere GeomStackis, is the (2,1)-category of geometric
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stacks, isomorphisms of stacks (that is, weakly invertible 1-morphisms of stacks)
and 2-morphisms. By inverting this equivalence B and composing it with the
functor X we get a functor

(1-1) GeomStackiss B> Biisy > Lie2Alg.

So in particular we get a functorial assignment of a Lie 2-algebra to every geometric
stack, with isomorphic stacks being assigned “isomorphic” Lie 2-algebras.
Hepworth [2009] introduced a category of vector fields Vect(.A) on a stack A,
which is a groupoid. We introduce a groupoid Vect'(A) equivalent to Vect(A) which
is more convenient for our purposes. In particular, the assignment A — Vect'(A)
easily extends to a functor Vect’ : GeomStackis, — Gpd, where Gpd is the (2,1)-
category of groupoids, functors and natural transformations (which are automatically
natural isomorphisms). We show that the functor Vect’ is compatible with the
functors B : Bijs, — GeomStackis, and X : Bijso — Lie2Alg in the following sense.

Theorem 6.1. The diagram of (2,1)-bicategories and functors

GeomStackiso L Gpd

| ]

Biiso ———— Lie2Alg

2-commutes. Here as above Gpd denotes the (2,1)-category of groupoids, functors
and natural isomorphisms, and u : Lie2Alg — Gpd denotes the functor that assigns
to each Lie 2-algebra its underlying groupoid. The components of the transforma-
tion Y are weakly invertible functors (i.e., equivalences of categories). In particular
for a geometric stack A the category underlying the Lie 2-algebra (X o B™") (A) is
equivalent to Hepworth’s category Vect(A) of vector fields on the stack.

Remark 1.3. Consider a geometric stack A. The groupoids Vect(.A) and Vect'(A)
are equivalent. Let G = B~!(A4). Then the stacks BG and A are isomorphic
and consequently the categories Vect'(A) and Vect'(BG) are equivalent. Since the
diagram above 2-commutes and the components of Y are weakly invertible functors,
Vect/(A) is equivalent to the groupoid u (X(G)) underlying the Lie 2-algebra X(G).
Consequently Hepworth’s groupoid Vect(A) of vector fields on a stack is equivalent
to the groupoid underlying the Lie 2-algebra X(B~'(A)).

A different choice (B~!) of the inverse of B is isomorphic to B~!. Consequently
the Lie 2-algebras X(B~!(A4)) and X((B~!)'(A)) are naturally weakly isomorphic
and their underlying groupoids are equivalent.

Related work. The recent work of Cristian Ortiz and James Waldron [2019] lies
in a similar circle of ideas. Recall that an £.A-groupoid is a groupoid object in
Lie algebroids. Given an £.A-groupoid, Ortiz and Waldron introduced its category
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of multiplicative sections and showed that it carries a natural strict Lie 2-algebra
structure in the language of crossed modules of Lie algebras (which affords an
equivalent description of the category of strict Lie 2-algebras). They showed that if
two L.A-groupoids are Morita equivalent then the corresponding crossed modules
of Lie algebras are connected by a zig-zag of equivalences. Furthermore, to every
stack Ortiz and Waldron assigned an ordinary Lie algebra and showed that in the
case of proper geometric stacks the set underlying this Lie algebra is in bijective
correspondence with isomorphism classes of vector fields in Hepworth’s definition.

2. Background and notation

We assume that the reader is familiar with ordinary categories, strict 2-categories
and bicategories (also known as weak 2-categories). We mostly work with (2,1)-
bicategories, that is with bicategories whose 2-morphisms are invertible. Standard
references for bicategories are [Bénabou 1967; Borceux 1994]. See also [Street
1996]. We assume familiarity with Lie groupoids, with a standard reference being
[Moerdijk and Mrcun 2003]. We also assume that the reader is comfortable with
stacks over the site of manifolds and the relationship with Lie groupoids, e.g., see
[Behrend and Xu 2011]. This said, Sections 3, 4 and 7 do not use stacks.

Given a category C we denote its collection of objects by Cy and the collection
of arrows/morphisms by C;.! We usually denote the source and target maps of C
by s and ¢, respectively. We write C = {C; == Cp} and suppress the other structure
maps of the category C. The map 1: Cy — C; assigns the identity arrow 1, to
each object x of the category C. The composition/multiplication in the category C
is defined on the collection C; of pairs of composable arrows. Our convention
is that Cy := {(y2, 1) € C1 x C1 | s(y2) =t (y1)} =: C1 X4,¢p,r C1. We denote the
composition in the category C by m. In particular, we write the composition from
right to left: y,y; means y; followed by y,. If the category C is a groupoid we
denote the inversion map by i.

2A. Bicategories of Lie groupoids.

Definition 2.1. A bibundle P : G — H from a Lie groupoid G to a Lie groupoid H
is a manifold P with two maps aé and a 5:

G p H
PN
Gy Hy,
along with a left action of G and a right action of H on P:
GIXGOP_)P’ (gsp)'_)gpa PXH0H1_>P7 (p»h)th

99 .

I'We use the words “arrow, morphism” and “1-cell” interchangeably.
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We refer to aILJ as the left anchor and to aIIS as the right anchor. We further require that
(1) the actions of G and H commute: for all (g, p) € G1 xg, P, (p, h) € P xp, H
g-(p-h)y=(@g-p)h
(2) themap a f : P — Gy is a surjective submersion and is H -invariant: af (p-h)=
af (p) forall (p, h) € P xp, Hi;
(3) the map a} is G-invariant: ak (g - p) = ak (p) for all (g, p) € G| xg, P;
(4) the map

P Xk Ho.t H — P X4k Go.a P, (p,h)y— (p,p-h)
is a diffeomorphism.

Definition 2.2. An isomorphism of two bibundles P, P’ : G — H is a diffeomor-
phism « : P — P’ which is G- and H-equivariant.

Given two bibundles P : G — H and Q : H — K their composite Q o P is
defined to be the quotient of the fiber product Pa,’i, Hova? Q by the action of H:
QoP:=(Px, 2 Hy a2 Q)/H. The composition of bibundles is not associative on
the nose: given 3 composable bibundles P, Q and R the composites (Ro Q) o P
and R o (Q o P) are only isomorphic. Therefore Lie groupoids and bibundles do
not form a category. One can show that Lie groupoids, bibundles and isomorphisms
of bibundles form a bicategory which we denote by Bi.

Notation 2.3. An isomorphism of bibundles « : P — @ is a smooth map and a
2-arrow (2-cell) in the bicategory Bi described above. For this reason we may
sometimes write o : P = Q for an isomorphism of bibundles.

There is also the strict 2-category LieGpd of Lie groupoids, (smooth) functors and
(smooth) natural transformations Note that both Bi and LieGpd are (2,1)-bicategories.

Notation 2.4. In the bicategories LieGpd and Bi, we write the horizontal composi-
tion of 2-arrows as . Given a 1-morphism f and a 2-morphism « we abuse notation
by writing f xa for the horizontal composition (whiskering) 1 ¢, where 1 is the
identity 2-arrow on the 1-morphism f. The vertical composition of 2-morphisms is
denoted by o. When convenient, we also use arrow notation to denote morphisms
in groupoids with specified source or target, e.g., x <~ y for a morphism g with
target x and source y.

Remark 2.5. There is a functor U : LieGpd — Bi that is the identity on objects. On
I-morphisms U sends a functor f : G — H to the bibundle

2-1) (f):=Go X £,Hy, Hi
={(x, )| f() =t} ={(x, f(x) <) | x € Gy, y € Hy}
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whose left and right anchor maps are given respectively by

alpx.y)=x,  alyx.y)=s@).

Here, as before, s : Hy — Hy is the source map. The left action of the groupoid G
on the manifold ( f) is given by (g, (x, y)) — (t(g), f(g)y). The right action of
the groupoid H on (f) is given by ((x, ), v) — (x, yv). Note that aILJ H{f)y— Gy
has a canonical section x — (x, 1 (,)). Given a pair of functors f,k: G — H and a
natural isomorphism « : f = k, we get an isomorphism of bibundles (&) : (/) = (k).
The isomorphism (&) is defined by () (x, f(x) <L) = (x, k(x) M).

The functor U = ( ) takes vertical and horizontal composition of natural trans-
formations to the composition of isomorphisms of bibundles and horizontal compo-
sition of isomorphisms, respectively.

Remark 2.6. By construction of the functor U = ( ) the total space of the bibundle
(idg) corresponding to the identity functor idg : G — G on a Lie groupoid G
is the fiber product G¢ x¢, G;. This fiber product is diffeomorphic to G;. We
therefore define the manifold G together with the actions of G by left and right
multiplication to be the identity bibundle for a Lie groupoid G.

The functor U is far from being an equivalence of 2-categories. The issue is that
for almost all groupoids G and H the functor

(2-2) U : Homliegpd (G, H) — Hompi(G, H)

fails to be essentially surjective. The failure of essential surjectivity follows from
the well-known fact:

Lemma 2.7. A bibundle P : G — H is isomorphic to a bibundle {f) for some
functor f : G — H if and only if the left anchor aI;, : P — Gy has a section.

We omit the proof.

Remark 2.8. Recall that a functor f : G — H between two Lie groupoids is an
essential equivalence if the right anchor a® : ( f) — Hj is a surjective submersion and
the action of G on (f) is principal. The functor U =: LieGpd — Bi is a localization
of the 2-category LieGpd at the class of all essential equivalences; see Example 2.12.

In contrast to failure of the functor U to be surjective on 1-morphisms, for
2-morphisms the following result holds. The result must be known but we are not
aware of a reference.

Theorem 2.9 (folklore). For any pair of functors f, k : G — H of Lie groupoids
the map

U : Homiiegpa(f, k) = Homgi((f), (k}), a > (a)

is a bijection.
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Sketch of proof. Let § : (f) — (k) be an isomorphism of bibundles. The left anchor
a<Lf> : (f) = Gy has a natural section o . It is defined by

op(x) = (x, f(x) <L),

Similarly we have a natural section oy, : (k) — Gy of the left anchor a(Lk> (k) = Go.
Since a<Lk> : (k) = Gy is a principal H bundle, for any x € G there is a unique
arrow 8(x) € H; so that

8(a(x)) = 0y (x) - 8§(x)
for all x € Gy. By equivariance of §, the map
§:Go— Hi, x> 8(x)
is a natural isomorphism from f to k. U

2B. Localizations of bicategories.

Definition 2.10. Given a bicategory C and a class of 1-morphisms W in C we define
a localization of C at the class W (if it exists) to be a pair (CIW-,U:C—C[w™1)),
where C[W~!] is a bicategory and U : C — C[W~!] is a functor satisfying the
following universal property: For any bicategory D the precomposition with U
induces an equivalence of bicategories

Hom(C[W '], D) =% Homy (C, D),

where Homy (C, D) denotes the bicategory of functors sending elements of W to
weakly invertible 1-morphisms in D.

In particular given any functor F' : C — D mapping elements of W to invertible
morphisms of D there exists a functor F : C[W~!'] — D and a natural isomorphism

F:}FOU.

Following a common abuse of notation, we often denote the localizations of C at W
simply as C[W~!] (and omit the localization functor U).

The localization C[W ~!] is defined up to equivalence of bicategories, so it will be
convenient to refer to any functor F : C — C’ between bicategories as a localization
of C at the class W if it has the same universal property as the localization functor
U : C — C[W~!]. Namely we ask that for any bicategory D the precomposition
with F induces an equivalence of bicategories Hom(C’, D) =F5 Homy (C, D).
Pronk [1996] gave a criterion for a functor F : C — C’ to be “the” localization of C
at the class W:
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Proposition 2.11 [Pronk 1996, Proposition 24]. A functor F : C — C' between
bicategories is a localization of C at the class W if

(1) F sends the elements of W to (weakly) invertible 1-morphisms in C';
(2) F is essentially surjective on objects;

(3) for every 1-morphism f in C' there are 1-morphisms w in W and g in C with a
2-morphism F(g) = f o F(w);

(4) F is fully faithful on 2-morphisms.

Example 2.12. The functor U := () : LieGpd — Bi is the localization of the
2-categories of Lie groupoids, functors and natural transformations at the class of
essential equivalences.

Localizations of bicategories will come up several times in this paper.

2C. 2-vector spaces and Lie 2-algebras.

Definition 2.13. A (real) 2-vector space [Baez and Crans 2004] is a category V
internal to the category of (real)vector spaces. Hence V = {V| = V;}, where V) a
vector space of objects, V) a vector space of morphisms, and all the structure maps
(source, target, unit, and composition) are linear.

There is a 2-category 2Vect whose objects are 2-vector spaces, 1-morphisms
are (linear) functors and 2-morphisms are (linear) natural transformations. There
is a forgetful functor 2Vect — Cat from the 2-category of 2-vector spaces to the
2-category Cat of categories that forgets the linear structure.

Remark 2.14. There is an equivalence of categories of 2-vector spaces and of
2-term chain complexes of vector spaces. See, for example, [Baez and Crans 2004].
A similar result was proved much earlier by Deligne [SGA 43 1973]. We remind
the reader of how this equivalence is defined on objects. Given a 2-term complex
d : U — W there is an action of the abelian group U on W given by

(2-3) u-w:=0du)+w

for all u € U, w € W. The corresponding action groupoid {U x W == W}is a
2-vector space.

The converse is true as well: any 2-vector space V = {V; =2 V,} is isomorphic
to an action groupoid defined by the 2-term complex 0 = #|yers : kers — V. Here
as before s, t : V| — Vj are the source and target map of the category V; see [Baez
and Crans 2004] for a proof. In particular a category underlying a 2-vector space is
a groupoid.

Definition 2.15. A strict Lie 2-algebra is a category internal to the category of Lie
algebras (over the reals): the space of objects and morphisms of a Lie 2-algebra are
ordinary Lie algebras and all the structure maps are maps of Lie algebras.
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Notation 2.16. Categories internal to Lie algebras, internal functors and internal
natural transformations form a strict 2-category which we denote by Lie2Alg .-

Definition 2.17. (see, for example, [Frégier and Wagemann 2011, Definition 15]) A
crossed module of Lie algebras consists of a Lie algebra homomorphism 9 : m — n
together with a Lie algebra homomorphism

D :n — Der(m)

from n to the Lie algebra Der(m) of derivations of m so that, for all m, m’ e m, n en,

(1) 9(D(n)ym)=[n,d(m)] and
(i) DO(m)m’ =[m,m’].

A crossed module of Lie algebras determines a Lie 2-algebra: see, for example,
the proof of Theorem 3 in [Frégier and Wagemann 2011]. The converse is true as
well: any Lie 2-algebra canonically defines a crossed module of Lie 2-algebras. In
fact more is true: crossed modules form a strict 2-category, and the 2-categories of
Lie 2-algebras and of crossed modules are equivalent (see [Frégier and Wagemann
2011, Theorem 3]). We need the following result:

Lemma 2.18. Let V ={V| = Vy} be a 2-vector space. Suppose the corresponding
2-term complex 0 = t|yers : Kers — Vy is part of the data of a Lie algebra crossed
module. That is, suppose that Vi, ker s are Lie algebras, 0 is a Lie algebra map, and
that there is an action D : Vo — Der(kers) of Vg on kers by derivations making
(0:kers — Vy, D : Vo — Der(kers)) into a crossed module of Lie algebras. Then V
is a Lie 2-algebra.

Sketch of proof. Since 1 os =idy,, we have V| =kers @ V. We define a bracket
on kers @ Vy by

(2-4) [(x1, y1), (2, y2)1:= ([x1, x21+ D(y1)x2 — D(y2)x1, [y1, ¥2])

for all (x1, y1), (x2, y2) € kers @ Vy. That is, we define the Lie algebra V; to be the
semidirect product of Vj and ker s. Checking that source, target and unit maps of V
are Lie algebra maps is easy. To check that the composition m : V| xy, V1 — V] in
the category V is a Lie algebra map we observe that m is given by

(2-5) m((x1, y1), (x2, y2)) = (x1 +x2, y2)

for all (x1, y1), (x2, »2) € kers @ Vy with y; = t(x2, y2) = dx2 + y». This fact is
not completely obvious. It lies in the heart of the correspondence between 2-vector
spaces and 2-term chain complexes. See Remark 2.14 and [Baez and Crans 2004].
A computation now shows that the map m is a Lie algebra map. (]
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There is a problem with the 2-category Lie2Alg,;.. of Lie 2-algebras. Namely,
suppose f : g — b is a morphism of Lie 2-algebras which is fully faithful and
essentially surjective, that is, an essential equivalence. Then f has a weak inverse
(as a functor), but there is no reason for that inverse to be a morphism of Lie
2-algebras. In fact it is easy to come up with examples where such morphism of
Lie 2-algebras does not exist.

Fortunately the problem has a universal solution: we localize the 2-category
Lie2Alg;.; at the class of essential equivalences and obtain a bicategory Lie2Alg
(see [Pronk 1996] and Section 2B above). This localization has a simple and explicit
description: we define a morphism between Lie 2-algebras as a “bibundle internal
to the category of Lie algebras.” Here are the details.

Definition 2.19. A bibundle p : g — b from a Lie 2-algebra g to a Lie 2-algebra b
is a Lie algebra p with left and right anchor maps apL and a;f (which are maps of

Lie algebras),
g1 P by
y {
9o ho

along with a left action of the groupoid g and right action of the groupoid h

01 X gpat PP (& P> 8P, P Xat by 1 =0, (P, )= p-h

We require that the actions are maps of Lie algebras and commute with each other.
We require that apL is surjective. Finally, we require that the map

p Xaf,ho,t hl - p Xa{;,go,aé p’ (pv h) = (P, P . h)

is an isomorphism of Lie algebras. Thus in particular we require that apL P — go
is a principal h-bundle.

Remark 2.20. The composition of bibundles between Lie 2-algebras is defined in
the same way as in the case of bibundles between Lie groupoids: it is the quotient
of the appropriate fiber product. We will omit a proof that Lie 2-algebras, bibundles
of Lie algebras and isomorphisms of bibundles form a bicategory. We denote this
bicategory by Lie2Alg. We note that biprincipal bibundles are weakly invertible in
this bicategory.

As in the case of Lie groupoids there is a functor ( ) : Lie2Algg;.r — Lie2Alg. It
sends a strict map f : g — h of Lie 2-algebras to the bibundle

(f) = 90 Xfo,h(),t hl = {(xv V) | fo(x) = t()’)}
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Lemma 2.21. Suppose f :g— b is a strict map of Lie 2-algebras whose underlying
functor is fully faithful and essentially surjective. Then the bibundle of Lie 2-
algebras

(fl:g—b
is weakly invertible.

Proof. 1t is enough to show that a{}> :(f) — b is an g-principal bundle. That is, it

is enough to show that a{;) is surjective and that the map

¢ . p Xag,ho,t hl — p Xaé,go,gpL p’ ¢(pa h) = (pv p h)

is an isomorphism of Lie algebras. Since a(% (x, y) =s(y) the surjectivity of
a{}> is equivalent to the essential surjectivity of the functor f. The fullness of f
translates into ¢ being onto and faithfulness of f translates into ¢ being 1-1. [J

We now apply Proposition 2.11 to conclude that { ) : Lie2Algy,ic — Lie2Alg
is the localization of Lie2Alg,;.; at the class of essential equivalences. See also
Theorem 4.4 below for a similar argument.

Remark 2.22. A reader familiar with Noohi’s butterflies [2013] should not have
much trouble showing that the bicategory Lie2Alg of Lie 2-algebras defined above
is equivalent to the bicategory of crossed modules of Lie algebras, butterflies and
isomorphisms of butterflies.

2D. Tangent functors. Recall that we have a functor 7" from the category Man
of C* manifolds to itself which sends a manifold M to its tangent bundle TM ™4 M.
We also have a natural transformation 77 : T = idpa, Whose components are the
projections myy : TM — M.

Remark 2.23. Recall that if a point c is a regular value of a smoothmap f: M — N
between two manifolds then (Tf)"!(c, 0) = T (£~ (c)). Consequently the tangent
functor T preserves transverse fiber products.

The following result is well-known. We omit the proof.

Lemma 2.24. The tangent functor T : Man — Man and the natural transformation
m : T = idy extend to a functor THeP4 : LieGpd — LieGpd and to a natural
transformation 7 : T *PY = id|jeqpa-

Lemma 2.25. The functor T : Man — Man extends to a functor T®' : Bi — Bi from
the bicategory Bi of Lie groupoids, bibundles and isomorphisms of bibundles to
itself.

Sketch of proof. For a Lie groupoid G we set TB(G) = TG. This defines 75
on O-cells. Given a bibundle P : G — H the application of the tangent functor
T : Man — Man gives us the bibundle TP : TG — TH. Given two bibundles
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P, QO : G — H and an isomorphism « : P — @ of bibundles its derivative
Toa:TP — TQ is also an isomorphism of bibundles. It is not hard to check that for
any two Lie groupoids G and H the map 7T : Homg(G, H) — Homg;(TG, TH)
defined above is a functor. Given a Lie groupoid G we defined the identity bi-
bundle (idg) to be the manifold G together with the source and target maps
as left and right anchors and left and right multiplications as left and right ac-
tions of G on G;. Then T (idg) = TG = (idrg). Hence the comparison 2-cells
ue = idrsigy —> TBi(idg) are identity 2-cells. We also need the comparison 2-cells
mo.p - TR Qo TBP — TB(Q o P). They are constructed as follows. Given
a pair G Lo H 2 K of composable bibundles T (P xg, Q) =TQ x1h, TO
(cf. Remark 2.23). Additionally T (P xg, Q)/H =~ (T(P X Hy Q))/TH since for
any Lie groupoid H and any H-principal bundle R — B, TR/TH is isomorphic
to TB. Consequently

T(QoP)=T(Pxp,Q)/H)~T(Pxp,Q)/TH~(TPx1u,TQ)/TH=TQoTP.
This diffeomorphism is the desired invertible 2-cell o p.

Lemma 2.26. The functors U o T %P4 and T® o U are isomorphic. Here U :=
() : LieGpd — Bi is the localization functor.

Proof. We construct a pseudonatural transformation o : U o THePd = TBi o Uy
as follows. Since for a groupoid G U o THe®P4(G) = TG = TB o U(G) we set
o¢ = (idrg). Given a functor f : G — H we define the 2-cell

op oy o TR (U(f)) = UTHPI(f)) oog

as composite of the isomorphisms of bibundles (id7g) o T(f) — T(f) — (Tf) —
(Tf) o (idrg). Here the middle arrow is the diffeomorphism T (G x ¢, g,,c H1) =
TGo xrf,1Hy, 7« TH1. Given an isomorphism « : f = f’ between two functors
f» f': G — H the diagram

T(Go X f, 1yt HI) ———— TGo X15,1H, 7 TH)
T{a) (Ta)

T(Go X 1,5yt H) ——— TGo X1p,7H, Tt TH}
commutes. It follows that o'¢’s are components of a natural transformation
o6.1: (UoT ) 066 = oy o (TB 0 U). O

Lemma 2.27. There exists a transformation 7 : T8 = idg; whose 1-cells g :
TB(G)— G are (isomorphic to) the bibundles (), where as before ng : TG — G
are the projection functors.
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Proof. Since U = () : LieGpd — Bi is a localization functor, the pullback by U
defines an equivalence of bicategories

U* := — o U : Hom(Bi, Bi) — Homy (LieGpd, Bi).

Here as before Homy (LieGpd, Bi) denotes the bicategory of functors that send
essential equivalence in LieGpd to invertible bibundles. Consequently for any two
functors F, G : Bi — Bi the functor

U*:Hom(F, G) = Hom(FoU,GoU)

is an equivalence of categories. Note that the objects of Hom(F, G) are pseudo-
natural transformations and morphisms are modifications. In Lemma 2.24 we con-
structed a natural transformation 7 : 75*%P4 — id and Lemma 2.26 we constructed
a natural isomorphism o : U o THePd — TBi 5 . Therefore we have a natural
transformation U oo~ : TBolU = U. Since U* :Hom(T®', id) = Hom(TBioU, U)
is essentially surjective, there exists a pseudonatural transformation 7 : 78" — id so
that 77 o U differs from Um oo ~! by a modification. It will be convenient to fix one
such modification throughout the paper. It follows that for each Lie groupoid G we
have chosen an isomorphism of bibundles 7 — (7g) where 7 is the component
of the transformation 7 at G. O

3. The Lie 2-algebra X(G) of vector fields on a Lie groupoid G

In this section we prove Theorem 3.4: the category of multiplicative vector fields
on a Lie groupoid underlies a strict Lie 2-algebra.

Definition 3.1 [Hepworth 2009]. Consider a Lie groupoid G with its tangent
groupoid g : TG — G. The category X(G) of multiplicative vector fields is
defined as follows. The set of objects of X(G) is

X(G)g:={v:G — TG |vis afunctor and g o v =idg}.

This is the set of multiplicative vector fields of Mackenzie and Xu [1998]. A
morphism in X(G) from a multiplicative vector field v to a multiplicative vector
field w is a natural transformation « : v = w such that for every point x € Gy

(3-1) G (ax) = 1.

The composition of morphisms is the vertical composition of natural transformations.
Note that the category X(G) is a groupoid.

Notation 3.2. We denote the source and target maps in the category X(G) by s
and t, respectively. The unit map is denoted by 1, the inversion by ( )~! and the
composition/multiplication of morphisms by o.
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Lemma 3.3. The category of multiplicative vector fields X(G) on a Lie groupoid G
is a 2-vector space.

Proof. Mackenzie and Xu [1998] proved that the set X(G)q of multiplicative vector
fields is a real vector space.

We next argue that the set of morphisms X(G); of the category X(G) is a
vector space as well. Suppose o : v; = w; and &y : v = w, are morphisms
between multiplicative vector fields. Equation (3-1) says that o; and « are both
sections of the vector bundle 7G|, — Go where we have suppressed the unit
map 1 : Go — G. Clearly the linear combination Aja| 4 Ay is again a section
of the bundle TG |g, — Gy for any choice of scalars A1, A2. We need to check
that it is actually a natural transformation from Ajv; + Avp to Aywy + Apws;. That
is, we need to check that for any arrow y <X~ x in the groupoid G

(Arog +A202)y o (Av1 +2202) (V) = ((Arwy +A2w2)(¥)) * (Aray + Azan)y.

Here and below ¢ : TG X716, TG1 — TG denotes the multiplication in the Lie
groupoid TG.

Since e is the derivative of the multiplication m : G X g,G1 — G| in the groupoid
G, it is fiberwise linear: for any (2, y1) € G1 xg, G1 and (a1, az), (b1, ba) €
T,,G1 X716, T;,G1 = T(,,,)(G1 X5, G1) we have (in the prefix notation)

(3-2) * (Mar, az) + p(by, b2)) = A(s(az, a1)) + u(s(b1, b2))
for all scalars A, w. In the infix notation (3-2) reads

(3-3) (Aay + ub1) e (haz + puby) = A(ay e az) + u(by « by).
Hence

(Arog +2A202)y o (Av1 +2202) (V) = A1 ((a1)y e v1(¥)) + A2 ((@2)y e v2(Y))
= A (wi(y) e (o)) + A2 (wa(y) e (@2)x)
= ((Mw +2A2w2)(Y)) e (May + A2a2)x.

Here the first and third equalities hold by (3-3). In the second equality we used the
fact that @ : vi = w; and a5 : v) = wy are natural transformations. Therefore the
space of morphisms X(G); is a vector space.

Moreover the computation above shows that for Aj, A2 € R, «; : v = wy,
oy vy = wy € X(G) the source of Ajop + Aran is Ajvy + Apvy. That is, the source
map s : X(G); — X(G)g of the category X(G) is linear. Similarly the target map t
is linear. It is also easy to see that the unit map X(G)g — X(G); is linear as well.
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Finally we need to check that multiplication/composition o in the category X(G),
which is the vertical composition of natural transformations, is linear as a map from
X(G)1 xx(6), X(G)1 to X(G)1. That is, we need to check that

(3-4) (Aag + uB2) o (Aarp + upBr) = Aaz oay) + (B2 0 Br)

forall A, u € R, (a2, a1), (B2, B1) € X(G)1 xXx(G), X(G)1. Recall that the vertical
composition o is computed pointwise: for any composable natural transforma-
tions &1, 61 and any point x € Gg (82 061)x = (62)x * (61)x, Where as before e is the
multiplication in 7G. Since e is fiberwise linear (3-4) follows. (|

Theorem 3.4. The category of vector fields X(G) on a Lie groupoid G is a (strict)
Lie 2-algebra.

Proof. Recall the notation: s : G; — G is the source map for the groupoid G, its
differential Ts : TG| — TGy is the source map for the tangent groupoid 7G. We
use 5, t to denote the source and target maps of the groupoid X(G), respectively.

By Lemma 2.18 it is enough to: give the vector spaces ker(s : X(G); — X(G)o)
and X(G)g the structure of Lie algebras; check that 0 := t|ye5 : kers — X(G)g is a
Lie algebra map; define an action D : X(G)g — Der(ker s) on ker s by derivations;
and check the compatibility of @ and D:

(3-5) I(D(X)a) =[X, d(a)],
(3-6) D(0ay)as = [ay, as]

for all o, 1, vy € ker s and all multiplicative vector fields X on the Lie groupoid G
(compare with Definition 2.17).

The fact that the vector space X(G)o of multiplicative vector fields carries a
Lie bracket is due to Mackenzie and Xu [1998]. We argue next that ker s is the
space of sections of the Lie algebroid A — Gy. By definition of the source
map s, kers = {«a : X = Y | X = 0}. Therefore o € kers if and only if there is a
multiplicative vector field Y so that the diagram

OV
0, — 0,

3-7) axl la,

Y(X)WY()’)

commutes for all arrows y <Y~ x in G|. Hence if « € ker s then T's (a,) = 0, for all
x € Gy. That s, « is a section of Ag — Gg. Conversely if & : Go — Ag is a section
of the Lie algebroid we can define a multiplicative vector field Y : G — TG so
that (3-7) commutes. Namely on objects we define Y (x) := Tt () for all x € Gy.
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And for y <X~ x in G| we set
(3-8) Y(y)=aye0, ().

Here as before o is the multiplication in 7G and O~ '=Ti: TG, — TG, is the
inverse map, which is the derivative of the inverse map i of the groupoid G. We
conclude that ker(s : X(G); — X(G)g) =I"(Ag) and that 9 := t|iers : kers — X(G)g
is given by

(3-9) (00) (y) = ) * Oy » (@) ™!
for all y € G;. Note that (3-9) can be written as
(3-10) da=0o +a.

where a(y) = TR, a(t(y)) and a(y)= T(L,oi)a(t(y)) forall y € Gy. Here R,
and L, are right and left multiplications by y, respectively. The bracket on the
space of sections I'(Ag) of the Lie algebroid Ag — Gy is defined by requiring
that the injective map ~ : I'(Ag) — I'(TG)), @ + o is a map of Lie algebras.
Consequently < : I'(Ag) — I'(TG1), a — « is also a map of Lie algebras. Since
left- and right-invariant vector fields commute (cf. [Mackenzie 2005]) we conclude
that 0 = t|kers - kers = '(Ag) — X(G)y is a Lie algebra map.

Following Mackenzie and Xu we define the map D from the space X(G)g of
multiplicative vector fields to Hom(I'(T'G1|g,), I'(TG1lg,)) by setting D(X)« :=
[X, &]|G, for all multiplicative vector fields X and all sections & € I'(A¢). Macken-
zie and Xu [1998, Proposition 3.7] proved that [X, &] is tangent to the fibers
of s and is right invariant. Hence [X, 5Z]|G0 is a section of the Lie algebroid
Ag — Gy. They furthermore showed that D(X) is a derivation of I'(Ag) and
that D : X(G)o — Der(I'(Ag)) is a map of Lie algebras [Mackenzie and Xu 1998,
Proposition 3.8]. Since left- and right-invariant vector fields commute, for any
oy, ar € IN'(Ag) we have [da, 2] =[] + @1, @2] = [a1, od2] and (3-6) follows.

We end the proof by showing that (3-5) holds. On the right-hand side we
have [X, da] = [X,a + &] = [X, @] + [X, &] while on the left, d(D(X) o) =
(D(X) o)™ +(D(X) ). By definition of D, (D(X) @)™ =[X, «], so it remains
to prove that [X, @] = (D(X)a)*. Since X is a functor, Ti o X = X oi. The
inversion map i relates right- and left-invariant vector fields. That is, Ti oo = & o
for all . Consequently

(D(X) )" (8) =T (Lgoi)(D(X)a)(ly(g))
=T (L)Ti[X, &](Lsg) = TLg[X, &](i (Ly(g))-

Since [X, &] is left-invariant, TL,[X, @](i(15))) = [X, @l(g). It follows that
(D(X)a)<(g) =[X, a](g) for all g € G| and we are done. O
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4. Morita invariance of the Lie 2-algebra of vector fields

The goal of this section is to prove:

Theorem 4.1. The assignment G — X(G) of the category of vector fields to a Lie
groupoid extends to a functor

4-1) X : Bijo —> Lie2Alg

Jfrom the bicategory Biiso of Lie groupoids, invertible bibundles and isomorphisms
of bibundles to the bicategory Lie2Alg of Lie 2-algebras. Hence, in particular, if
P : G — H is a Morita equivalence of Lie groupoids then X(P) : X(G) — X(H)
is a (weakly) invertible 1-morphism of Lie 2-algebras in the bicategory Lie2Alg.

Our strategy for constructing the functor X is to first construct it on a simpler
category.

Definition 4.2. An essentially surjective open embedding of Lie groupoids is a
functor f : U — G such that

(1) the maps on objects fp : Uy — Go and on morphisms f; : Uy — G are open
embeddings and

(2) the functor f is an essential equivalence, i.e., the corresponding bibundle
<f) = U() Xfo,Go,t G1 U —> G
is weakly invertible. Equivalently (a®) : (f) — Gy is a principal U-bundle.

Remark 4.3. It is clear that Lie groupoids, essentially surjective open embeddings
and natural transformations form a strict 2-category which we denote by &mb.

Theorem 4.4. The localization of the 2-category &mb at the class W of all
1-morphisms is the bicategory Biiy, of bicategory of Lie groupoids, invertible bibun-
dles and isomorphisms of bibundles.

Proof. We apply Proposition 2.11. Consider the localization functor ( ) : LieGpd — Bi
introduced in Remark 2.5. By definition of the 2-category &mb the restriction of
the functor ( ) to &mb sends every 1-morphism w : U — G of &mb to an invertible
bibundle (w) (and a 2-morphism to an isomorphism of bibundles). This gives us a
functor

(4-2) ():&mb — Biio, (Gl)H)I—)(GM)H)

The functor is surjective on objects. By Theorem 2.9 the functor is fully faithful on
2-morphisms.

It remains to check that given an invertible bibundle P : G — H there exist
essentially surjective open embeddings wg, wy so that (wgy) o P is isomorphic
to (wg). Since the bibundle P is weakly invertible, it gives rise to the linking
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groupoid [Weinstein 2009, Proposition 4.3], denoted G xp H and recalled presently.
The manifold of objects (G xp H)g is the disjoint union Gy U Hy of the objects of
the groupoids G and H. The manifold of arrows (G xp H); is the disjoint union
G, U P U P~ H;. We think of the manifold P as the space of arrows from the
points of Hy to the points of G(. We think of the elements of P! as the inverses
of the elements of P. The multiplication in G *p H comes from the multiplications
in the groupoids G and H and the actions of G and H on P and on P~!. The
inclusion wg : G — G *xp H is given by the open embeddings

Go— GyUHy,, G;<— GuPuUP 'UH,.

It is easy to see that w¢ is an essential equivalence, i.e., that the bibundle (wg) is
biprincipal, hence weakly invertible. Similarly we have the essentially surjective
open embedding wy : H — G *p H. A computation shows that the bibundles
(wg) o P and (wg) are isomorphic. U

Proposition 4.5. The assignment G +— X(G) of the Lie 2-algebra of vector fields
to a Lie groupoid extends to a contravariant functor

(4-3) (Emb)”? — Lie2Alg i (G > H) > (X(H) > X(G))

from the 2-category &mb of Lie groupoids, essentially surjective open embeddings
and natural isomorphism to the strict 2-category Lie2Alg;« of Lie 2-algebras.

Proof. Consider an essentially surjective open embedding w : G — H. Then
w(G) C H is an open Lie subgroupoid and w : G — w(G) is an isomorphism of
Lie groupoids. We now assume without any loss of generality that G is an open
subgroupoid of H. Then the tangent bundle 7'G is an open subgroupoid of TH.
Moreover, any multiplicative vector field v : H — TH restricts to a multiplicative
vector field v|g : G — TG. Similarly, a morphism « : v = u of multiplicative
vector fields restricts to a morphism «|¢ : v|g = u|¢. This gives us a functor

(4-4) w* : X(H) — X(G), wa:v=u)=(x|g:vlc=ulg).

The restriction to an open subgroupoid is a map of 2-vector spaces and preserves
the brackets. Hence (4-4) is a map of Lie 2-algebras. (]

Definition 4.6 (the category Xgen (G) of generalized vector fields on a Lie groupoid
G). Recall that there is a natural transformation 7 : T8 = idg; (Lemmas 2.25
and 2.27). An object of the category of generalized vector fields Xge,(G) on a Lie
groupoid G is a pair (P, ap) where P :G— TG isabibundle and o p : 7go P = (idg)
an isomorphism of bibundles. A morphism B in Xge, (G) from (P, ap) to (Q, )
is a map of bibundles B : P = Q so that g = ap o (7g » B). Here as before »
denotes whiskering in Bi, and o is the composition of isomorphisms of bibundles.



LIE 2-ALGEBRAS OF VECTOR FIELDS 19

Lemma 4.7. A weakly invertible bibundle P : G — H between two Lie groupoids
induces an equivalence of categories Py : Xgen(G) — Xgen (H) between the corre-
sponding categories of generalized vector fields.

Proof. Since the 1-morphism P is (weakly) invertible, there is a 2-morphism
y 1 (P o (idg)) o P~' = (idy). Given an object (X, ax) of Xgen(G) we define
P,X :=TP o (X o P~!) The 2-morphism ap x : 7y o P,X = (idy) comes from
the 2-commutative diagram

We set

ap,x :=yo(P *ax*P_l)o (ﬁ'p*(XOP_])).

Given a morphism B : (X, ax) — (Y, ay) in the category Xgen(G) we define
P.B:=TPxB*P "\

A diagram chase ensures that Py S is a morphism in Xge, (H) from (P, X, ap, x) to
(P.Y, ap,y). Finally one checks that the functor (P~ 1), : X(H) — X(G) is a weak
inverse of P,. Hence P, is an equivalence of categories as claimed. O

Definition 4.8. The “inclusion” functor 15 : X(G) <> Xgen (G) is defined as follows.
Suppose v : G — TG is a multiplicative vector field. Since U : LieGpd — Biis a
functor the composition () o (v) is isomorphic to (7 0ov) = (idg). Since we fixed
the modification from 7 to m o U there is a canonical isomorphism of bibundles
76 — (). Consequently there is a canonical isomorphism «,) : TG o (v) = (idg).
We define 16 (v) := ((v), a(y)). Given a morphism v X5 v in X(G) we define
16(y) = (y); itis a morphism in Xgen (G) from ((v), aqy)) to ((v'), apy).

Theorem 4.9. For any Lie groupoid G the inclusion functor 15 : X(G) <> Xgen(G)
defined above is an equivalence of categories.

In the case where the groupoid G is proper Theorem 4.9 can be deduced from
[Hepworth 2009, Theorem 15]. The proof of Theorem 4.9 is technical; we carry it
out in Section 7 below.
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Lemma 4.10. Let w : G — G’ be an essentially surjective open embedding.
Then (the 1-morphism of categories underlying) the pull-back/restriction functor

*: X(G') = X(G), which is given by w*(v X> v') = (v|g Y v/|g), is fully
faithful and essentially surjective.

Proof. We first argue that w* is fully faithful. We want to show that given a
morphism § : v|g — V'|g in X(G) there exists a unique arrow §:v— v in X(G)
so that S|G =4.

We deal with uniqueness first. Suppose y, y’: v — v’ are two morphisms in X(G")
with | = y’|G. Fix an object y of G’. Since w : G — G’ is essentially surjective,
for any object y of G’ there is an arrow p : y — x with x an object of G. Then y, = y;
and therefore y, = v' (™ 1 oyyov(u)=v (,u 1 oy ov(p) = y) We conclude that
y =y'. Now given 8 : v|g — v'|g we define § : v — v’ at an object y by choosing as
above i : y — x and setting 6y =v' (" odov(p). Ifv: y — x is another arrow then
V(o 1 od, =8,0v(vou™!). Therefore v/ (™) o8, ov(p) =v' (v"") o8, 0v (V).
Moreover the dependence of S on y is smooth: since w : G — G’ is an essential
equivalence the right anchor ak () * (W) = Gy, is a surjective submersion. Note that
(w)y=1""Gy) C G/ and a wy () = s(u). Choose a local section o : U — (w) of
a<w> with y € U. Then for all pomts zeU8()=v((06() Ho 81(a(y)) 0 V(0 (2)),
which is smooth. We conclude that w* is fully faithful.

To prove essential surjectivity we need to argue that for any multiplicative vector
field u : G — TG there is a multiplicative vector field &« : G' — TG’ and an
isomorphism | = u. The functor ig' : X(G’) = Xgen(G') is an equivalence
of categories by Theorem 4.9. The functor ((w))s : Xgen(G) — Xgen(G’) is an
equivalence of categories by Lemma 4.7. Therefore for any u € X(G)g there is a
vector field iz € X(G') and an isomorphism (1) => (w)4(u).

The diagram

TG —2 TG’

G———G

commutes. This together with the fact that U : LieGpd — Bi is a functor and 7 (w) is
isomorphic to (7 w) shows that there exists an isomorphism 7' (w)o(it|g) => (it)o{w).
Thus (u) is isomorphic to T{(w)o({it|g)o(w)™1). Hence T (w)o({ii|g)o(w) ™) =>
T (w) o ({u) o (w)~1). Consequently there is an isomorphism S : (ii|g) — (u) of
bibundles. Note that this does not yet imply that the generalized vector fields
((ulg), @) and ({u), a(,y) are isomorphic in the category Xgen(G). The issue
is ((#]g), @(a|;)) need not equal o) o (g * B). But B : ((it|g), T) — ((u), cryyy) is
a morphism in Xgen (G) if we set T = o,y o (7g * B). By Lemma 7.4 ((it]g), 7) is
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isomorphic to ((it|g), ayz;)). Consequently 1 (it|g) is isomorphic to 15 (u). Since
1 is an equivalence of categories it|g is isomorphic to # and we are done. U

Lemma 4.11. The functor (4-3) of Proposition 4.5 takes every essentially surjective
open embedding to a weakly invertible 1-morphism of Lie 2-algebras.

Proof. By Lemma 4.10 the functor w* : X(G”) — X(G) associated to an essentially
surjective open embedding w : G — G’ is fully faithful and essentially surjec-
tive, hence an essential equivalence of Lie 2-algebras. The localization functor
() : Lie2Alg,,, ;. — Lie2Alg takes all essential equivalences to weakly invertible
I-morphisms. (]

We are now in position to extend the assignment G — X(G) to a (covariant)
functor X : &#mb — Lie2Alg.

Definition 4.12. We define the functor X : &mb — Lie2Alg on objects to be
the assignment G — X(G). Given an essentially surjective open embedding
G > G/, the bibundle (w*) is weakly invertible in Lie2Alg by Lemma 4.11.
We set X(w) := ((w*))~ L.

Proof of Theorem 4.1. Since ( ) : &mb — Bii is a localization of the bicategory &mb
at the class &mb of all 1-morphisms and since the functor X : &mb — Lie2Alg sends
every 1-morphism of &mb to an invertible morphism there exists by Proposition 2.11
a functor X : Bijso — Lie2Alg (which is unique up to isomorphism) and an iso-
morphism Xo () <= X of functors. It is no loss of generality to assume that
%(G) = X(G) for every Lie groupoid G. We now drop the ~ and obtain the desired
functor X : Bijso — Lie2Alg. U

We end the section with a result that we will need in Section 5.

Lemma 4.13. Let w : G — G’ be an essentially surjective open embedding,
w* : X(G") — X(G) the pull-back/restriction functor of Proposition 4.5 and
(W)« : Xgen(G) = Xgen(G') the push-forward along the bibundle (w) constructed
in Lemma 4.7. Then the diagram

X(G) ——=— Xgen(G)

4-5) w*] “o l«w))*

X(G') ———— Xgen(G")
2-commutes.

Proof. We will show that the functors ({w)), otg o w* and 15’ are isomorphic by
directly constructing a natural isomorphism o : ({(w)) o1g o w* = 1.

We have already seen in the proof of Lemma 4.10 that for any multiplicative vector
field u : G’ — TG’ the bibundles ((w))((u|g)) = T(w) o ((u|g) o (w)~!) and (u)
are isomorphic. We need to be more precise about choosing these isomorphisms: we
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have to make sure that they are isomorphisms in Xgen (G”) from ((w))«((#|G), @(u|s))
to ({u), a(y)) and that they assemble into a natural transformation. As before we
may assume that G is an open subgroupoid of G’ and w : G — G’ is an inclusion.

The category Xgen(G’) implicitly depends on the component 77 of the transfor-
mation 77 : T® = idg;. Recall that the bibundle 77 is isomorphic to the bibundle
(mg). Replacing g in the definition of Xgen(G') by (7¢/) and of g by (ng) in
the definition of Xgen(G) results in isomorphic categories. Consequently we may
assume that 75 = (/) and g = (7g).

By definition (w) is the fiber product G X, Gt G'. Here as usual 1 : G| — G,
is the target map. Since the fiber product is defined by its universal property we may
assume that (w) =1"1(Go) ={y € G |t(y) € Go}. Then the left anchor a<Lw> is the
restriction of the target map ¢ and the right anchor is the restrictions of the source
map s. The inverse of (w) is then ~!(G) with the left and right anchors reversed.

Some notation for elements of the composites of two bibundles is necessary.
Given two composable bibundles A L, B2 C their composite is Qo P =
(P Xa’,S,Bo,ag 0)/B. So an element of Q o P is the B-orbit [p, g] of an element
(p, ) in the fiber product P x ak, By, Q C P x Q. For example given a multiplica-
tive vector field u : G’ — T'G’, an element of the composite (7)o (u) is of the form
[(x, u(x) <= ), (3, 76/ (§) <— 2)] for some x € Gy, w € TGy, y € TGy, v € G|
andz e G6. The natural isomorphism o : (') o(u) — G = (id¢’) is then given by

g (1)ov

o) ([Ge, u(x) <= 3), (5, w6 () <= 2)]) = x S 2,
For any morphism B : u = v in the category X(G’) the isomorphism of bibundles
(B) : (u) — (v) is given by
(BY(x, u(x) <2 2) = (x, v(x) <£22L 2y,
Given an element [[y > x, (x, u(x) <& 2)], 2 <= d] of
((w) ™" X6, (ul6)/G) X716, T{w)/ TG = T{w) o ({ulg) o (w) ™),
we define

ou([ly 2 x, (o u(x) <Ee )], 2 < d]) = (y, uly) <Ly e )

It is not very difficult to check that o, is well-defined isomorphism of the bibundles.
It remains to check that the isomorphisms {0, } are components of a natural iso-

morphism o : ({w),otgow™) = 1. Thus for a morphism B:u = v in X(G’) we need

to check that 1/ (B) 00, =0y o (({(w)s01Gow*)(B)). The isomorphism of bibundles

((w)s 016 0w™)(B)) = (W) ((Bl6)) : (w)s((w)i () — (W) ({w)x((v]G))
is given by

(Ily L5 x, (x,u(x) <=1,z < d]) > ([[y 2> x, (x, v(x) L9 )] 2 2 dY).
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Hence

oo (W) ((Blo)) (Ily 2 x, (x, u(x) <= 2], 2 = 1))

—1 P .
= (3, v(y) HLEEE ),

On the other hand

<ﬁ>(0u([[y T x, (ru(x) < 2)], 2 < d])) = (v, v(y) L Doied 4y

Since f is a natural transformation, 8(y) ou(y ") = v(y~!) o B(x) for any arrow
y—L>x of G. Thus o,0((w)«({Blc)))=(B)oo, for any morphism B :u = v in X(G’).
We conclude that {0, } are components of the desired natural isomorphism. U

5. Categories of vector fields on stacks and Lie 2-algebras

We recall Hepworth’s construction [2009] of the category of vector fields Vect(.A)
on a stack A. The first step is to extend the tangent functor 7 : Man — Man on
the category of manifolds to a functor 75t : Stack — Stack on the 2-category of
stacks over manifolds along the Yoneda embedding y : Man — Stack. This results
in a 2-commuting diagram

TStack
Stack — Stack

1~ )

Man T) Man

and there is a natural transformation 7 : 752 = jdgck.

Definition 5.1 (Hepworth). The objects of the category of vector fields Vect(A)
on a stack A are pairs (v, ay) where v: A — TS5tk A is a 1-morphism of stacks
and oy : T4 0 v = id 4 is a 2-morphism. A morphism in Vect(A) from (v, &) to
(u, ay,) 1s a 2-morphism B : v = u so that o, o (4 * B) = «y,. Here o is the vertical
composition and * is whiskering.

Recall that for any Lie groupoid G there is a stack BG of principal G-bundles.
The assignment G — BG can be promoted to a functor B in different ways depend-
ing on which source 2-category one chooses. Hepworth took the source to be the
2-category LieGpd of Lie groupoids, smooth functors and natural isomorphisms
and considered the functor

(5-1) B : LieGpd — Stack.

The essential image of this functor consists of the 2-category GeomStack of geomet-
ric stacks. The functor B is faithful but not full. In particular the functor B maps
essential equivalences of Lie groupoids (which need not be invertible in LieGpd,
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even weakly) to isomorphisms of stacks.” The tangent functor 7 : Man — Man
is easily extended to a functor TeGpd . | jeGpd — LieGpd. We have a natural
transformation sz -1€GPd ; TLieGpd — idyjeGpd-

Hepworth [2009, Theorem 3.11] proved that there is a natural isomorphism

(5_2) Bo TLierd PN TStack oB.

Consequently given a vector field v: G — T'G on a Lie groupoid G we get a map of
stacks Bv : BG — BT G. Composing v with the isomorphism BTG — T5%2(BG)
gives us a functor that we again denoted by Bv : BG — T>*°*(BG). This determines
an object (Bv, ap,) in the category Vect(BG) of vector fields on the stack BG.
Hepworth showed that the assignment v — (Bv, ag,) can be promoted to a functor

(5-3) X(G) — Vect(BG).

Here as before X(G) denotes the category of vector fields on a Lie groupoid G (see
Definition 3.1). Hepworth [2009, Theorem 4.15] proved that if the groupoid G is
proper then the functor (5-3) is an equivalence of categories.> Another important
consequence of the existence of the isomorphism (5-2) is that for any geometric
stack A the tangent stack T A4 is geometric as well.

We can promote the assignment G — BG to a functor out of a different bicategory,
which at a slight risk of confusion we will again denote by B. Namely we can choose
as our source the bicategory Bi of Lie groupoids, bibundles and isomorphisms of
bibundles. The advantage is that the functor B : Bi — Stack is fully faithful: for
Lie groupoids G and H, the functor B : Homg;(G, H) — Homs,o(BG, BH) is
an equivalence of categories. Consequently the functor B : Bi — GeomStack is an
equivalence of bicategories. It is not hard to adapt [Hepworth 2009, Theorem 3.11]
to this setting: the diagram

Bi
Bi a Bi

5| / e

GeomStack W GeomStack

2-commutes. For convenience, we will choose a weak inverse B~! : GeomStack — Bi
and consider the functor

T GeomStack . GaomStack — GeomStack, T o®mStack . RBo TBi o B!,

ZRecall that by tradition a weakly invertible 1-morphism of stacks is called an isomorphism.

3The hypothesis that the groupoid G is proper is not explicit in the statement of [Hepworth 2009,
Theorem 4.15]. However the proof depends on several lemmas: [Hepworth 2009, 4.11, 4.12, 2.11,
2.12]. In particular the proof uses the existence of partitions of unity and Weinstein—Zung linearization,
both of which require properness.
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which by construction is isomorphic to Hepworth’s functor T3tk restricted to
geometric stacks. As in the case of 7>t we have a transformation 77 : T ¢eomStack —,
idGeomsStack: namely 7 := B x 7 » B~!. Given a geometric stack .4 we now define a
category of vector fields Vect'(A) on A as follows (compare with Definition 5.1).

Definition 5.2. The category of vector fields Vect' (A) on a geometric stack A, has
as objects pairs (X, ax) where X : A — T©%°mStack 4 i a3 |-morphism of stacks
and ay : w40 X = id 4 is a 2-morphism. A morphism from (X, ax) to (¥, ay) in
Vect/(A) is a 2-morphism 8 : X = Y so that ay o (mx x B) = ax.

It is easy to see that for a geometric stack A the categories Vect(A) and Vect'(A)
are equivalent (and even isomorphic). For us there are several advantages in working
with Vect'(A). First of all, the functor Vect’ is more explicit than 75t the latter in-
volves 2-limits and stackification. Additionally the following result is easy to prove:

Lemma 5.3. For a Lie groupoid G the classifying stack functor B : Bi— GeomStack
induces an equivalence of categories (By) G : Xgen (G) — Vect'(BG), where Xgen(G)
is the category of generalized vector fields (Definition 4.6).

Proof. Consider a generalized vector field (P, @p) on the Lie groupoid G. By
definition we have an isomorphism ap : 7 o P = (idg) of bibundles. Apply the
classifying stack functor B to the 2-morphism «p. We get the 2-morphism of stacks
Bap : B(7rg o P) = B(idg). Since B is functor between bicategories, we have
canonical 2-arrows B(idg) = idgg and B{nmg) o BP = B(77g o P). Note that these
2-morphisms are 2-isomorphisms since all 2-arrows in the 2-category of stacks are
invertible. Composing the three 2-arrows we get a 2-arrow B7ig oB P = idgg which
we denote by agp. By definition the pair (BP, agp) is an object of Vect'(BG).
Similarly a morphism B: (P, ap) — (Q, ) in Xgen(G) gives rise to a morphism
BB : BP = BQ. One checks that agg o (mgg * BB) = agp. Consequently BS
is a morphism in Vect'(BG) from (BP, agp) to (BQ, app). We therefore get a
functor (B.)c : Xgen(G) — Vect'(BG). A weak inverse B~! : GeomStack — Bi
gives rise to the functor (B~ YH)¢ : Vect'(BG) — Xgen(G) 1n the other direction.
The induced functors (B,)g and (B~!),)¢ are weak inverses of each other. [

We now address the issue of giving the category of vector fields Vect'(A) on
a geometric stack A the structure of a Lie 2-algebra. We study the functoriality
of the assignment A — X(G) of a Lie 2-algebra of vector fields to a geometric
stack by a choice of an atlas Gy — .A. Consider the 2-category GeomStackis, of
geometric stacks, isomorphisms of stacks and 2-morphisms of stacks. The classi-
fying stack functor B : Bi — GeomStack restricts to an equivalence of bicategories
B : Bi;so — GeomStackis,. A choice of a weak inverse B~! of B amounts to choosing
an atlas for each geometric stack. Once the inverse B~! is chosen, we have the com-
posite functor GeomStackig, BT, Biiso X, Lie2Alg. By construction, for a stack .4
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the Lie 2-algebra X(B~!(A)) is the Lie 2-algebra of vector fields on the Lie groupoid
G = B~'(A). By the discussion above the category underlying the Lie 2-algebra
X(B~!(A)) is equivalent to the category of vector fields Vect’(A) on the stack A.

A different choice of a weak inverse (B~!)’ of B amounts to choosing a possibly
different atlas for each geometric stack. Once (B~!) is chosen we have a natural
isomorphism « : B~! = (B~!)". For each geometric stack .A the component o4 of
the natural transformation « is an invertible bibundle 4 : B~1(A) — (B~)'(A).
Applying the functor X : Bij, — Lie2Alg to a4 we get an invertible bibundle
X(ora) : X(B71(A) - X(B~1(A)) in the bicategory Lie2Alg.

One can be fairly explicit as to what the bibundle X(« 4) actually is. Namely
let Gy — A be the atlas giving rise to the Lie groupoid G = B~!(A) and Hy — A
be the atlas giving rise to H = (B~'Y'(A). Then the total space of the bibundle
as:G— H= B A represents the fiber product Gy x 4 Hy. The linking
groupoid G %, , H is the groupoid corresponding to the atlas Go LI Hy — A. The
linking groupoid comes with two canonical essentially surjective open embeddings
iG:G— Gx*o,Handiy: H— Gx*,, H By Lemma 4.10 the pullback/restriction
functors if; : X(G*q , H) = X(G), i}; : X(G*¢ , H) — X(G) are 1-morphisms of Lie
2-algebras that are fully faithful and essentially surjective. Hence the bibundle (i;)
is invertible in the bicategory Lie2Alg. On the other hand, as was noted in the
proof of Theorem 4.4, the bibundles (ig) o a4 and (i) are isomorphic. Hence
X({(ig)) o X(aq) =~ X({ig)). By construction of the functor X : Bijso — Lie2Alg we
have X((ig)) = (i) ! and X((ig)) = (i};)~'. Hence X(aq) = (i};) 0 (i%) 7"

6. Lie 2-algebras of vector fields on stacks

In the previous section we constructed a functor Xo B! : GeomStackis, — Lie2Alg.
Recall that there is a forgetful functor u : Lie2Alg — Gpd that assigns to a Lie
2-algebra its underlying groupoid. Therefore for every geometric stack 4 we
have the groupoid (z o X o B~!)(A). We should make sure that this groupoid is
equivalent to the groupoid of vector fields Vect'(A) (and hence to Hepworth’s
groupoid Vect(A) of vector fields on the stack A).

We start by promoting the assignment A +— Vect'(A) to a functor Vect' :
GeomStackis, — Gpd whose source is the 2-category of geometric stacks and
isomorphisms and whose target is the (2,1)-category Gpd of (small) groupoids. We
then prove the following theorem:

Theorem 6.1. The diagram of (2,1)-bicategories and functors

GeomStackiso Yeet Gpd

| N T

Biiso —X> L|e2A|g
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2-commutes. Here as above Gpd denotes the (2,1)-category of groupoids, functors
and natural isomorphisms, and u : Lie2Alg — Gpd denotes the functor that assigns
to each Lie 2-algebra its underlying groupoid. The 1-components of the transforma-
tion Y are weakly invertible functors (i.e., equivalences of categories). In particular
for a geometric stack A the category underlying the Lie 2-algebra (X o B™1) (A) is
equivalent to Hepworth’s category Vect(A) of vector fields on the stack.

We now construct the 2-functor Vect’ : GeomStack — Gpd. An isomorphism f :
Aj — A, of stacks induces an equivalence of categories f : Vect'(A;) — Vect'(A;):
one adapts the proof of Lemma 4.7 to the setting of geometric stacks. Note that if
f =1d4 we may take f; =idyecr(4)-

Given isomorphisms f : . 4; — A and g : A> — Aj3 of stacks we get equivalences
of categories: (g o f).« and g, o fi. We need to produce a natural transformation
Wef : 8x0 fx = (go f)«. So given an object (v, a,) of Vect'(A;) we need to produce
a 2-cell

(I/Lgf)(v,av) 18« (fu(v, ay)) = (g o fs«(v, ay)

in the category Vect'(A3). By the (adapted) proof of Lemma 4.7 g.(fs(v)) =
TGeomStackg o (TGeomStackfovo ffl) ngl. Since T GeomStack j¢ 4 (pseudo-) functor,
there is a natural isomorphism 7 GeomStack g o TGeomStack ¢ —y T GeomStack (5 o £

Consequently there is an isomorphism
TGeomStackgO (TGeomStackfovof—l) og—] = TGeomStack(gof) ovo (gOf)_l.

This isomorphism is the desired 2-cell (it 7)(v,q,)- We are now ready to describe the
functor Vect'. To a geometric stack A it assigns the category Vect'(A). To an arrow
f A1 — A it assigns the equivalence of categories Vect'(f) := f.. Additionally
for each pair (g, f) we have a natural isomorphism pgr : g4 0 fu = (go f)«
constructed above. Proceeding similarly (and keeping track of the coherence data)
we can promote the assignment Bijs, 3 (G Ly H ) = (Xgen(G) RN Xgen(H)) to
a functor Xgey, : Bijso — Gpd. Lemma 5.3 now generalizes as follows:

Lemma 6.2. The equivalences of categories (B.)¢ : Xgen(G) — Vect (BG) (one
for each Lie groupoid G) assemble into a transformation B, : Xgen = B o Vect'.
That is, the diagram

GeomStackigo Yeer Gpd

|

Bijjo ——— Gpd

gen

2-commutes. Here as before Gpd is the (2,1)-category of groupoids, functors and
natural isomorphisms.
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Lemma 6.3. The diagram
Xg/ Gpd
Biiso X MT
X Lie2Alg
2-commutes and the 1-components of 1 are equivalences of categories.

Proof. We have the underlying category functor ugyic; : Lie2Algy;.c — Gpd which
sends Lie 2-algebras to their underlying groupoids and morphisms of Lie 2-algebras
to the underlying functors. The functor uyyic; sends essential equivalences of Lie
2-algebras to weakly invertible functors. By the universal property of the localization
( ):Lie2Algy it — Lie2Alg we get the underlying category functor u : Lie2Alg — Gpd
with u({ f)) isomorphic to ugyict(f) for every essential equivalence of Lie 2-algebras.
It follows that for any essential equivalence f in Lie2Alg;., the functor u({f)~")
is a weak inverse of ugyict(f). We proved that for any essentially surjective open
embedding w : G — G’ of Lie groupoids the pullback functor w* : X(G’) — X(G)
is an essential equivalence. We defined X(w) = (w*)~ L. Tt follows that u(X(w)) is
a weak inverse of uggicc(W™*).

By Lemma 4.13 the diagram (4-5) 2-commutes for any 1-morphism w: G — G’
in &mb. Hence the diagram

X(G) — Xgen(G)

M(X(w))J( l(whzxgen(w)

X(G") == Xgen(G")

2-commutes as well. It follows that the functors u oX, Xgen o () € Homy (€mb, Gpd)
are isomorphic (i.e., differ by a transformation whose components are equivalences
of categories). Here Homy (£mb, Gpd) denotes the bicategory of functors that send
the collection W of all 1-cells in &mb to weakly invertible functors.

By the definition of the functor X : Bijs, — Lie2Alg its precomposition with the
localization functor ( ) : £mb — Biig, is isomorphic to X : &mb — Lie2Alg. It follows
that the functors u o X o () and Xge, o () are isomorphic in Homy (§mb, Gpd).
By the universal property of the localization ( ) : &mb — Biis,, the functors u o X
and X, are isomorphic in Hom(Bijgo, Gpd). O

Theorem 6.1 now follows directly from Lemmas 6.2 and 6.3.

7. Generalized and multiplicative vector fields on a Lie groupoid

In this section we prove Theorem 4.9. In the case of proper Lie groupoids
Theorem 4.9 follows from [Hepworth 2009, Theorem 4.15].
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The fact that the functor i : X(G) <> Xgen(G) is fully faithful is an easy
consequence of Theorem 2.9. We now address essential surjectivity. We first prove:

Lemma 7.1. Let V = {V| = Wy} be a 2-vector space, vy, ...,vs, € Vy a finite
collection of objects and {v; <—L vj}f’j:1 a collection of morphisms satisfying the
cocycle conditions: w;; = 1,, forall i; wj; = w,-j_l foralli, j; wijwjr = wj for
all i, j, k. Then for any 7y, ..., As € [0, 1] with Y_ Ay = 1 there are morphisms
vi <= Y v (=1, 5) with wij = 225 forall i, .

Proof. By Remark 2.14 the category V is isomorphic to the action groupoid
{U x Vo = Vpy} where Uy =ker(s : Vi = V), 0 : U — Vj is t|y and the action of U
on Vj is given by u - v := v 4 d(u). Note that the multiplication/composition in
{U x Vo= Vp}is given by (u', v+0(w))(u, v) = (u’'+u, v) forall ve Vo, u,u’ € U.
Consequently («, v) ™! = (—u, v+9(u)). The isomorphism f: V — {U x Vo = Vp}
is given on morphisms by

fw) = (w— 1w, s(w)) e U x V for all w € V.

The isomorphism f followed by the projection onto U sends the morphisms w;;
to vectors u;; € U. It is easy to see that the cocycle conditions translate into:
u;; =0forall i; u;; = —u;; foralli, j and u;x —u j = u;; for all i, j, k. Moreover
d(uij) = v; — v; for all i, j. Now consider y; = (3 Akuix, 3 Akvk) € U x Vo and
set z; == f~!(y;) € V;. We now verify that the z;’s are the desired morphisms. By
definition the source of y; is ) Axvx. The target of y; is

3(2 /\kuik> D =Y Mdua) + Y hiv
k k k k
= Zkk(v,‘ — Vi) —|—Zkkvk = Zkkvi =;.
k k k

Hence z; is an arrow from ) Ax vy to v;. Finally

yiy]‘_l = <Z AkUik, ZMW) <— Zlkujk, Uj)
k k
= (Z A(uik —uji), Uj) = (Z Ailijs vj) = (ujj, vj),
k k

and so ziz;l = wj; as desired. O

Proposition 7.2. Let G = {G| = Gy} be a Lie groupoid, Uy C Gy an open sub-
manifold and U = {U; = Uy} the restriction of G to Uy (that is, Uy consists of
arrows of G with source and target in Uy). Given a functor X : U — TG together
with a natural isomorphism o : (i : U — G) = mg o X there exists a functor
Y :U — TU so that ty o Y = idy and a natural isomorphism B : TioY = X.



30 DANIEL BERWICK-EVANS AND EUGENE LERMAN

Proof. By definition of « the diagram

Uy —X> TGy

« |7

Glf}GO

commutes. Hence there is a smooth map (o, X) : Uy — G1 X Gox TGo =
t*TGy. Since the target map ¢ : G; — Gy is a submersion, its differential
Tt, :T,Gy — T;(;))Gy is a surjective linear map for each y € G. Consequently
the map ® : TG — t*TGy, ®(y,v) = (y, Tt,v) is a surjective map of vector
bundles over G{. Choose a smooth section o : t*T Gy — TG of Tt and consider
the composite 8 := o o (a, X) : Uy = TG,. By construction of 8,

B(x) € Ty(x)G1 and Tty B(x) = X(x)
for any x € Uy. We now define a functor Y : U — T U. On objects we set
Y(x) =Ts(B(x)).
For an arrow x £ y € U; we set
Y(y) =BT X))

It is easy to check that Y is indeed functor, 8: TioY = X is a natural transformation
and 7y oY =idy. O

Proposition 7.3. Let G be a Lie groupoid and

2]

be a bibundle from G to the tangent groupoid TG such that the composite () o P
is isomorphic to (idg) by way of a bibundle isomorphism a: (m) o P = (idg). Then
the left anchor aILJ : P — G has a global section T : Gy — P. Moreover we may
choose t so that the corresponding functor X, : G — TG is a multiplicative vector
field (i.e., mG o X; = idg). Consequently the functor i : X(G) — Xgen(G) of
Definition 4.8 is essentially surjective.

Proof. Since af, : P — Gy is a surjective submersion, it has local sections. Choose
a collection of local sections {o; : Uéi) — P} of af, so that {Uéi)} is an open cover
of Gy. It is no loss of generality to assume that the cover is locally finite. Denote
the restriction of the groupoid G to Uéi) by U®. That is, the manifold of objects
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of U® is U, ) and the manifold of arrows U 1() consists of all arrows of G with
source and target in U, so U(l) _I(U(l)) N t_l(U(l))

For each section o; we get a functor X; : U) — TG whose value on objects
is X;(x) = aﬁ(ai(x)). The value of X; on an arrow y <%~ x € Ul(i) is uniquely
defined by the equation y - 0;(x) = 0;(y) - X;(y) (see Lemma 2.7). We next observe
that the isomorphism a : (rg) o P — (idg) gives rise to natural isomorphisms
oj:mGoX; = (1j:UY) < G) where 1; : UY) < G is the inclusion functor. This
can be seen as follows.

Recall that the composite Q o P of bibundles P : K — L and Q : L — M is the
quotient of the fiber product P x af Lo.al Q by the action of L. We denote by [p, ¢]
the orbit of (p, q) € P X af, Lo.ab QinQoP=(Px ak Lo.al 0)/L. The bibundle
(JT(;) is the fiber product TGO xﬂG Go.: G1 with the anchor maps a (v y)=v,

(v y) = s(y). Consequently in our case

(mG) o P = (P Xuk 1Gy.at (TGo X76.Go.s G1))/TG.

It is convenient to identify P X ak TGo.aL, (TGO X 76.Go,s G1) With P X G
by way of the TG-equivariant 1som0rph1sm (p, (mgoa P)( p),y)— (p,y). We

then have a G x G equivariant diffeomorphism

TG oa ,Go,s

a: (P X ngoak Go.s G)/TG — G, [p,y]l—a(p,y])

with

s@(p,y])=s(y) and t@(p,yD) =ar(p).

Alocal section o; Uéi) — P also defines a local section ; : Uéi) — (Px6,G1)/TG
Ofa(LnG)op 1 (P xG,G1)/TG — Gy. It is given by

g(x) =[oi(x), 1(ﬂGou§og[)(x)](: [0i (%), Lzgox; (0)])-

The arrow a(c;(x)) € G| = (idg) is an arrow with the target aIL, (0;(x)) = x and
the source s(1;0x; (x)) = G © X; (x). We define the desired natural isomorphism
o; by settlng a;(x) = (a(7;(x)))~!. By Proposition 7.2 there are smooth maps
,8, U ) TGq sothat mg o B; = «; and Tt o B; = X;. Moreover the functors

U @ — TG given by Y; = T's o B; define multiplicative vector fields on each
groupoid U, This is because their images land in TU® C TG. In particular
76 (Y (x)) = x for all x € UY".

Define the local sections v; : U, W 5 pofak p by vi(x) :=0;(x) - Bi(x) for all
xeU, ) Then by definition

af(;(x)) =Yi(x) and y-vi(x)=vi(y)-¥i(x)
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for all arrows y <X~ x. For all i and all x € Uéi), we have

A([01 ). Ly agton o ]) = 8(10: ()i (), Lrgor,v]) = a(los (x). 76 (B()))])
= a([0: (%), Lugox,(n]) 76 (B()) = a(F; (X)) () = 1.

Hence a([v; (x), 17;0v,(x)] = 1x. Finally, we construct a global section 7 : Gg — P
of a,L, and the corresponding global multiplicative vector fields X; : G — T'G using
a partition of unity argument. Choose a partition of unity {A;} on G subordinate
to the cover {Uéi)}. Since the cover is locally finite it is no loss of generality to
assume that the cover is in fact finite.

Consider a point x € U(gi) N Ué] ). Then

TG oaf.fov,-(x) =X =nGoa§ovj(x).

Moreover
a([vi(x), 1:]) = a([vi (%), 1zgoagon x]) = lx.

Similarly a([v;(x), 1,]) = 1,. It follows that [v;(x), 1] = [v;(x), 1,] in the orbit
space (P X, G1)/ TG since a is a diffeomorphism. Therefore there is an arrow
wij € TG, so that

Wiw;j(x), 1,) = (vj(x), g (w;j(x))1,).
Consequently
viw;j(x) =v;j(x) and mg(w;j(x)) =1,

that is, w;;(x) € T1,G1. Moreover since a,L, : P — Gy is a principal TG bundle,
the arrow w;; (x) with this property is unique and depends smoothly on x. Note that
the source of w;; is Y;(x) and the target is ¥; (x). The uniqueness of the w;;(x)’s
implies that the collection {w;; (x)} satisfies the cocycle conditions of Lemma 7.1.
Therefore there exist arrows Y; (x) <<% Y ok MY (x) with z;(x)z; x)" = w;;j (x).
A quick look at the proof of Lemma 7.1 should convince the reader that z;(x)’s
depend smoothly on x.

For x € U(gi) we set T(x) = v;(x) - z; (x). Note that for x € Uéi) N U(gj), we have

Vi (x) = v (O)w;; (x) = v ()2 ()2 (x)

Therefore v;(x)-z;(x) = v;(x)-z;(x). It follows that 7 is a globally defined section
of af, : P — Gy. It remains to show that the corresponding functor X, : G — TG
is a multiplicative vector field. By construction for each index i we have a natural
isomorphism z; : ¥; = X |y. Since z;(x) € T1, G and since Y; is a multiplicative
vector field, the restriction X .|y« is also a multiplicative vector field. We conclude
that X, is a multiplicative vector field globally.
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We now argue that 16 : X(G) — Xgen(G) is essentially surjective. Given a
generalized vector field (P, ap) the isomorphism «p : 7g o P — (idg) defines an
isomorphism a: (wg) o P — (idg) (remember that we fixed a 2-cell 7g — (7g) for
every Lie groupoid G). By the above argument we have a multiplicative vector field
X : G — TG and an isomorphism of bibundles y : P — (X). It remains to show
that the vector fields (P, ap) and ((X), a(x)) are isomorphic. This is not entirely
obvious since o x) o (T * ) need not equal to op. Nonetheless, y can be modified
to a new isomorphism f : P — (X) so that a(x) o (g * B) = a(x). This follows
from Lemma 7.4 below. ([l
Lemma 7.4. Let G be a Lie groupoid, P:G — TG a bibundle, a, o : PoP — (idg)
two isomorphisms of bibundles. Then there exists an isomorphism 8 : P — P of
bibundles so that a o (77g * B) = . Moreover we may take p = P » (o' o™ ).

Proof. For any two isomorphisms y, § : (idg) — (idg) of bibundles, we have
yod=1yx*d.
Consequently for any y : (idg) — (idg) we have
(@o@) Doy =(@o@) Hxy
= (@0 Lzgop 0 (@) ™) % (Liag) 0 ¥ © L(iag))
= (o x Liiag)) o (TG 0 PYx ) o (@) ™" % Liag))
=ao(fgx(P*y)) o)\
Hence
Lidg) =@ o (g * (P * (@ oa™ 1)) o (@) !
if y =o' oa~!. Therefore

o =ao(F@g*(Px( oa™h))). O
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LOWER REGULARITY SOLUTIONS OF THE BIHARMONIC
SCHRODINGER EQUATION IN A QUARTER PLANE

ROBERTO DE A. CAPISTRANO-FILHO,
MARCIO CAVALCANTE AND FERNANDO A. GALLEGO

We deal with the initial-boundary value problem of the biharmonic cubic
nonlinear Schrodinger equation in a quarter plane with inhomogeneous
Dirichlet—-Neumann boundary data. We prove local well-posedness in the
low regularity Sobolev spaces by introducing Duhamel boundary forcing
operator associated to the linear equation in order to construct solutions in
the whole line. With this in hand, the energy and nonlinear estimates allow
us to apply the Fourier restriction method, introduced by J. Bourgain, to ob-
tain our main result. Additionally, we discuss adaptations of this approach
for the biharmonic cubic nonlinear Schriodinger equation on star graphs.

1. Introduction

1A. Presentation of the model. The fourth-order nonlinear Schrodinger (4NLS)
equation or biharmonic cubic nonlinear Schrodinger equation

(1-1) i0pu + 32u — 3%u = Aul’u,

was introduced in [Karpman 1996; Karpman and Shagalov 2000] to take into
account the role of small fourth-order dispersion terms in the propagation of intense
laser beams in a bulk medium with Kerr nonlinearity. Equation (1-1) arises in many
scientific fields such as quantum mechanics, nonlinear optics and plasma physics,
and has been intensively studied with fruitful references (see [Ben-Artzi et al. 2000;
Cui and Guo 2007; Karpman 1996; Pausader 2007; 2009a]).

The past twenty years such 4NLS equations have been deeply studied from
different mathematical viewpoints. For example, Fibich et al. [2002] worked on
various properties of the equation in the subcritical regime, with part of their
analysis relying on very interesting numerical developments. The well-posedness
and existence of solutions for different domains have been shown (see, for instance,
[Capistrano-Filho et al. 2019; Kwak 2018; Ozsar1 and Yolcu 2019; Pausader 2007;
MSC2010: 35A07, 35C15, 35G15, 35G30, 35Q55.

Keywords: biharmonic Schrodinger equation, initial-boundary value problem, local well-posedness,

quarter plane.
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2009a; Tsutsumi 2014; Oh and Tzvetkov 2017; Wen et al. 2014]) by means of the
Fourier restriction method, energy method, forcing boundary operators, Laplace
transform, harmonic analysis, Fokas method, etc.

It is interesting to point out that there are many works related to (1-1) not
only dealing with well-posedness theory. For example, Natali and Pastor [2015]
considered the fourth-order dispersive cubic nonlinear Schrédinger equation on the
line with mixed dispersion. They proved the orbital stability, in the H?(R)-energy
space, by constructing a suitable Lyapunov function. Considering (1-1) on the
circle, Oh and Tzvetkov [2017] showed that the mean-zero Gaussian measures on
Sobolev spaces H*(T), for s > %, are quasi-invariant under the flow. There has
been significant progress over recent years; see for instance [Burq et al. 2002; 2013]
for the nonlinear Schrédinger equation.

In addition to these works, two of us worked recently with the intent of proving
controllability results for the 4NLS equation. More precisely, we proved that the
solutions of the associated linear system (1-1) is globally exponentially stable in
a periodic domain T, by using certain properties of propagation of compactness
and regularity in Bourgain spaces. Theses properties together with the local exact
controllability ensure that fourth order nonlinear Schrédinger is globally exactly
controllable; for details, see [Capistrano-Filho and Cavalcante 2019].

Ozsar1 and Yolcu [2019] proposed (1-1) without the term 8fu. This system has
an interesting physical point of view, precisely, the model corresponds to a situation
in which wave is generated from a fixed source such that it moves into the medium
in one specific direction.

1B. Setting of the problem. We mainly consider the biharmonic Schrodinger equa-
tion on the right half-line

idu — dgu + Au|*u =0, (t,x) € (0,T) x (0, 00),
(1-2) u(0, x) = up(x), x € (0, 00),
u,0)=f(@), ue(t,00=¢), 1€(0,7).
With suitable choices of f(¢) and g(¢) in (1-2), we are interested on the following
initial-boundary value problem (IBVP):
Is the IBVP (1-2) local well-posed in the low regularity Sobolev space, more pre-
cisely, in H*(RY) for0<s < %?

Before presenting the answer for this question, let us present some brief comments
on the techniques to solve IBVPs on the half-line.

1C. Comments about the techniques to solve IBVPs on the half-line. Different
techniques have been developed in the last years in order to solve IBVPs associated
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to some dispersive models on the half-line. Fokas [2008] introduced an approach
to solve IBVPs associated to integrable nonlinear evolution equations, which is
known as the unified transform method (UTM) or as Fokas transform method.
The UTM provides a generalization of the inverse scattering transform method
from initial value problems (IVP) to IBVPs. The classical method based on the
Laplace transform was used successfully in [Bona et al. 2006; 2018; Erdogan and
Tzirakis 2017; Compaan and Tzirakis 2017]. A new approach was introduced by
Colliander and Kenig [2002] by recasting the IBVP on the half-line by a forced IVP
defined in the line R. To see other applications of this technique, we refer the
results established in [Cavalcante 2017; Cavalcante and Corcho 2019; Holmer
2005; 2006]. On the other hand, Faminskii [2019] used an approach based on
the investigation of special solutions of a “boundary potential” type for solution
of linearized Korteweg—de Vries (KdV) equation in order to obtain global results
for the IBVP associated to the KdV equation on the half-line with more general
boundary conditions. Fokas et al. [2016] introduced a method which combines
the UTM with a contraction mapping principle. We caution that this is only a small
sample of the extant works on these techniques.

1D. Biharmonic NLS equation. As mentioned in the beginning of this introduc-
tion, the 4NLS equation or biharmonic NLS equation

(1-3) i0pu + 3%u — 3%u = Aul’u,

was introduced in [Karpman 1996; Karpman and Shagalov 2000]. Huo and Jia
[2005] studied the Cauchy problem of one-dimensional fourth-order nonlinear
Schrodinger equation related to the vortex filament. They proved the local well-
posedness for initial data in H*(R) for s > % by using the Fourier restriction norm
method under certain coefficient condition. Concerning local well-posedness of
the nonlinear fourth order Schrédinger equations, we cite [Hao et al. 2006; Segata
2004]. With respect of the global well-posedness, in the one-dimensional case with
some restriction in the initial data for various nonlinearities, we refer to [Hayashi
and Naumkin 2015a; 2015b; 2015c¢; 2015d] and, finally, for the study n-dimensional
case the reader can see [Pausader 2009b; Pausader and Shao 2010].

Lastly, in a recent work of IBVP for biharmonic Schrédinger equation on the
half-line

(1-4) idu + 3%u = Alulu,

Ozsar1 and Yolcu [2019], proved local well-posedness on the high regularity function
spaces H*(R™), for % <S5 < %, with s # % The authors used the Fokas method
[1997; 2008] combined with contraction arguments to achieve the result.
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1E. Main result. Now, let us present the main result of this article. Consider the
biharmonic Schrodinger equation on the right half-line

idu+ydtu+ Alul*u =0, (t,x) € (0,T) x (0, 00),
(1-5) u(0, x) = up(x), x € (0, 00),
u(t,0)=f(), u(t,0)=g(), te(,T7),

for y, A € R. We say that system (1-5) is focusing if yA < 0 and defocusing
when yA > 0. In this paper we will study the case when y = —1, however the
approach used here can be applied when y € R\ {0}.

The presence of two boundary conditions in (1-5) can be motivated by integral
identities on smooth decaying solutions for the linear equation

(1-6) iou —3tu=0.

Indeed, for a smooth decaying solution u of (1-6) and T > 0, we have

00 00 T
(1-7) f |u(T, x)|2dx:/ |u (0, x)lzdx—/ Im(d7u(t, 0)ii(t, 0)) dt
0 0

0

T
+f Im(d2u(t, 0)d,ii(t, 0)) dr.
0

Thus, from (1-7) we can conclude that if we assume u(0, x) =u(t,0)=u,(t,0)=0
the linear solution for (1-6) is the trivial one.

It is well-known by [Kenig et al. 1991] that the local smoothing effect for the
fourth-order linear group operator e'’ o

(1-8) ol g <cl@llgs@ forj=0,1andseR,

L?H%(ZJJrS—Zj)(Rt)
which motivates the relation of regularities among initial and boundary data.
Thus, we are able to present the main goal in the paper: to answer the problem
cited in the beginning of this introduction, that is, to show the local well-posedness
of (1-5) in the low regularity Sobolev space H*(R™), for 0 <s < %

We state the main theorem for IBVP (1-5) as follows.
Theorem 1.1. Let s € [O, %) For given initial-boundary data
(o, f, g) € H (R™) x H§(2s+3)(R+) % H%(Zs-l—l)(R-l-)’
there exist a positive time

T:= T(”MOHHS(R+)7 ”f”Hé(Z‘YH)(R*')’ ||g||H%(2S+I)(R+))’



IBVP FOR THE BIHARMONIC NLS IN A QUARTER PLANE 39

and unique solution u(t, x) € C((0, T); H*(R1)) of the IBVP (1-5), when y = —1,
satisfying

weC(R*; Hs®+9(0, T)NX*?((0, T)xR*) and d,ueC(R*; Hs®D(0,T)),

for some b(s) < % Moreover, the map (ug, f, g) — u is analytic from H®(R*) x
Hs @R x Hs®HD(®RY) 10 C((0, T); H(RT)).

Remarks. Finally, the following comments are now in order:

1. The proof of Theorem 1.1 is based on the Fourier restriction method for a suitable
extension of solutions. We first convert the IBVP of (1-5) posed in R x R* to
the initial value problem (IVP) of (1-5) (integral equation formula) in the whole
space R x R (see Section 3) by using the Duhamel boundary forcing operator. The
energy and nonlinear estimates (established in Section 4) allow us to apply the
Picard iteration method for IVP of (1-5), and hence we can complete the proof. The
new tools used here are the Duhamel boundary forcing operator for the fourth-order
linear equation and its analysis.

2. Note that Theorem 1.1 give us the local well-posedness in low regularity for the
biharmonic nonlinear Schrodinger equation. However, in [Ozsar1 and Yolcu 2019],
the authors showed the local well-posedness in the Sobolev spaces, by using Fokas
approach. We point out that the low regularity in our main result is obtained using
the boundary forcing operator, proposed by Holmer, which has been obtained in an
independent way and with a different approach to that of [Ozsar1 and Yolcu 2019].

3. The approach used in our result, together with some extension as it was done in
[Cavalcante 2017; Cavalcante and Kwak 2019; Holmer 2005; 2006] also guarantee
the local well-posedness result in high regularity.

1F. Notations. In all this paper, we will consider R™ as (0, c0). Moreover, for
positive real numbers x, y € R*, we mean x < y by x < Cy for some C > 0. Also,
denote x ~ y by x < y and y < x. Similarly, <; and ~ can be defined, where the
implicit constants depend on s.

Our work is outlined in the following way: In Section 2, we introduce some
function spaces defined on the half-line and construct the solution spaces. Section 3
is devoted to the introduction of the boundary forcing operator for the biharmonic
Schrodinger equation. In Section 4, we show the energy estimates and present the
trilinear estimates, respectively. The main result of this article, Theorem 1.1, is
proved in Section 5. Finally, in Section 6, we present some open problems which
seem to be of interest from the mathematical point of view.
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2. Preliminaries
Throughout the paper, we fix a cut-off function ¥ (¢) := ¥,
(2-1) Y €Cy°(R) suchthat 0<y <1, Y¥=1on][0,1], ¥ =0 for|t|>2,
and for T > 0 we denote Y7 (1) = =/ (£).

2A. Sobolev spaces on the half-line. For s > 0, we define the homogeneous
L?-based Sobolev spaces H* = H*(R) by the norm ||@|| 5, = | |§|S‘//(‘§)”L2 and
£

the L?-based inhomogeneous Sobolev spaces H* = H*(R) by the norm || ¢| s =
I(1+]€]>)%/ 21}(5 )2, where (;Aﬁ denotes the Fourier transform of ¢. Moreover, we
say that f € H*(R™") if there exists F € H*(R) such that f(x) = F(x) for x > 0,
in this case we set

I/ s ey = igf”F”HS(R)-
On the other hand for s € R, we have f € H (R™) provided that there exists
F € H*(R) such that F is the extension of f on R and F(x) =0 for x < 0. In this
case, we set || f [l gsw+) = infp || F |l gs ). For s <0, we define H*(R") as the dual
space of H,*(R™).

Let us also define the sets CgO(R+) = {f € C*®(R); suppf C [0, 00)} and
Cgf’C(RWL) as the subset of Cg°(R™), whose members have a compact support
on (0, 00). We remark that C§%.(R™) is dense in Hg(R™) for all s € R.

We finish this subsection with some elementary properties of the Sobolev spaces.

Lemma 2.1 [Jerison and Kenig 1995, Lemma 3.5]. For —% <5< % and f € H*(R),

(2-2) 1% 0,00 f lEs®) < cll fll s (w)-

Lemma 2.2 [Colliander and Kenig 2002, Lemma 2.8]. If0 <s < %, then, for the

cut-off function  defined in 2-1), 19 =@ < cll fll e and 19 | sy <
cll f 1l H-sw), where the constant ¢ depends only on s and .

Remark. Lemma 2.2 is equivalent to

I ey ~ 0N sy s

for —% <s§s< %, where f € H*(R) with supp f C [0, 1].

The following two auxiliaries lemmas can be found in [Colliander and Kenig
2002] and their proofs will be omitted.

Lemma 2.3 [Colliander and Kenig 2002, Proposition 2.4]. If % <s§5 < %, the
following statements are valid:

(a) HyR™) ={f € H*[R™"); £(0) =0}.
(b) If f € H*(R™) with f(0) =0, then || x©0.00) f | a5 ®+) < cll f Il s ®+).-
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Lemma 2.4 [Colliander and Kenig 2002, Proposition 2.5]. Let —oo < s < 00 and
f e HS(RJF). For the cut-off function  defined in (2-1), we have ||Wf||Hg(R+) <
il f I g (et

2B. Solution spaces. For f € S(R?), we denote by f or F(f) the Fourier trans-
form of f with respect to both spatial and time variables

f(t,é)zf e eI £(¢, x) dx dt.
R2

Moreover, we use F, and F; to denote the Fourier transform with respect to space
and time variable respectively (also we use ~ for both cases).

Bourgain [1993a; 1993b] established a way to prove the well-posedness of a
classes of dispersive systems. More precisely, on the Sobolev spaces H*, for smaller
values of s, Bourgain found a yet more suitable smoothing property for solutions
of the Korteweg—de Vries equation.

In this spirit, for s, 5 € R, we introduce the classical Bourgain spaces X**
associated to (1-2) as the completion of S’(R?) under the norm

1 f e = /R (BT +ENIf (. )P dE dr,

where (-) = (1+]- )2
One basic property of X** can be read as follows:

Lemma 2.5 [Tao 2006, Lemma 2.11]. Let ¥ (t) be a Schwartz function in time.
Then, we have

I @) fllxse Sy I xse

Ginibre et al. [1997], while establishing local well-posedness results for the
Zakharov system, showed the following important estimate:

Lemma 2.6. Let—% <b <b<0or0<b <b< % w e X*?(¢) and s € R. Then

”wTw”XJ,b’(d)) =< CTb_b ||U)||Xrb(¢)

As is well-known, the space X*” with b > % is well-adapted to study the IVP of
dispersive equations. However, in the study of IBVP, the standard argument cannot
be applied directly. This is due to the lack of hidden regularity, more precisely, the
control of (derivatives) time trace norms of the Duhamel boundary operator requires
to work in X**-type spaces for b < %, since the full regularity range cannot be
covered (see Lemma 4.2 inequality (4-5)).
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Therefore, to treat the solution of our problem, set the solution space denoted
by Z*? with the norm

1
1f 1l zsoe) = supll £ (£, )l sy + Y _ suplldf £ (-, %)
teR

=0 xeR

H%(25+3—2j) ®) + 1S llxs-

The spatial and time restricted space of Z*?(R?) is defined in the standard way:

7520, T) x RY) = z~“”|(o’wR+

equipped with the norm

1Flzsr 0. 1)<y = igfb{llgllzs-b 1g(t,x) = f(t,x) on (0,T) xR},
ge S,

2C. Riemann-Liouville fractional integral. Before we begin our study of the

IBVP for (1-2), we give a brief summary of the Riemann-Liouville fractional

integral operator; see [Colliander and Kenig 2002; Holmer 2006] for more details.
Let us define the function #, as follows:

t ifr>0,
t+: .
0 ifr<oO.

The tempered distribution tj'ﬁ_l /T (@) is defined like a locally integrable function
for Rea > 0 by

a—1

t+ _ 1 OO a—1
<F(ot)’f>_l"(a)/0 e @t

It follows that

toz—l toH—k—]
(2-3) > =a,k( - )
I'(a) I +k)

for all k € N. Expression (2-3) can be used to extend the definition of tj’ﬁ_l /T ()
for all @ € C in the sense of distributions. In fact, a change of contour shows that
the Fourier transform of tj‘__l /T (@) is

a—1

t .
2-4) (F+(a)) (r) = e_%””"(f —i0)7%,
where
(2-5) (T —i0) ™ = |7| ™ x0.00) + € 1T ™ X(—00.0)

is the distributional limit. For o ¢ Z, by using (2-5), we rewrite (2-4) in the
following way:

2! i Lymi
(2-6) (;(a)>(f)=€ 27T T X(0,00) F €297 T T X (00,0 -
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For f € C{°(RY), define Z, f as

o
Iof = r@ * f.
Thus, for Rea > 0, we have
_ 1 ! _ a—1
@7) 10 = 1o fo (t =) £(5) ds.

The following properties easily hold:

t
Lf=f DfO=[ f@ds. Taf=f ad LIj=TL.p
0
Moreover, the lemmas below can be found in [Holmer 2006], and we will omit the
proofs.

Lemma 2.7 [Holmer 2006, Lemma 2.1]. If f € C°(R"), then I, f € C°(R™),
forall o € C.

Lemma 2.8 [Holmer 2006, Lemma 5.3]. If 0 < Re ¢ < 0o and s € R, then
IZ-ahll ey < il gy s where ¢ = ().

Lemma 2.9 [Holmer 2006, Lemma 5.4]. If 0 <Re a < 00, s € Rand u € CF*(R),

then |WZah || gy @) < cllbll ys—=m+), where ¢ = c(u, @).

2D. Oscillatory integral. In this subsection, we will define the oscillatory integral
which is the key to defining, in the next section, the Duhamel boundary forcing
operator. Let

2-8 B(x :i PR P AT
(2-8) (x) o7 3

We first calculate B(0). A change of variable (n =& 4, gives us the following:

1 —igt 1 oo —in —3/4
BO)=— [ 7% dé = — e 'y dn.
2w R 4 0

Now, a change of contour yields

DA e, (=DM (l)__ﬂ §)
BO) =1 e dr=""2—r(;)= nr(4.

Let us obtain the Mellin transform of B(x).

Lemma 2.10. For Re A > 0 we have

o L_ 2
(2-9) / W I'B(x)dx = %(e_ig(“ﬁ” +€—i%(1—5x))'
0 b
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Proof. By analytic argument, we can assume that X is a real number in the set (0, %)
Consider

1 [t £
B](.x) — E/‘ elx%‘e—lg dé
0

and

1 O . L4 1 o0 . Py
By(x) = o / eEeTE dk =5 f e MEeTiE dE,
—00 0

then we have B(x) = B (x) + B»(x). Define

1 oo . o4
B (x) = E/ e* eI e g,
0

By using the dominated convergence theorem and Fubini’s theorem we have

[e.¢] o0
(2-10) f x*IBi(x)dx =1limlim [ e **x*7'B| (x)dx
0 e—>05—0 Jo

1 +o0 o0
= lim lim — eI ek ey dx de.
e—08—027 0 0

Using a change of contour, we get that

+oo o )
(2-11) / e e x gy :S_’\e’ATF(A, _§>’
0

where ['(A, z) = f0+°o r*~lei"2¢=" dr. Again, thanks to the dominated convergence
theorem it follows that

+oo s
(2-12) lim ey = 72T ().

§—0Jo
Once more applying the dominated convergence theorem and changing the contour
we conclude that

+oo
2 lim e e T g

e—0 Jo

+o0
i A—1 _T'®) ia
(2-13) /0 X7 Bi(x)dx = = e

400
— F()") eil%l hm/ e—ine—€n1/4(n)—(l+3)/4 d’?
e—>0 Jo

2 4

CQ) izl -4 (1 K)
= W irg 2 r(=-%

o ¢ T4 4 3

1A
_ F()‘)F(Z B Z)eﬂ%(lfﬂ)
8 '
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In a similar way, by using the identity

+00 ) o x S
(2-14) / i€ =8 P gy g*ke*%r(x, E)’
0

we obtain

+00 )
/ ¥ IBy(x) dx = L;L)e_“‘% le_%(%)r‘(l _ &)
0

(2-15) 2 4 4 4
B 1A
_ F()‘)F(Z — Z)efi%(lJrBA)‘
8
Finally, as we can split by B(x) = By (x) + B»(x), equation (2-9) holds. O

3. Duhamel boundary forcing operator

In this section, we study the Duhamel boundary forcing operator, which was
introduced by Colliander and Kenig [2002], in order to construct the solution
to (1-2) forced by boundary conditions. We refer to [Cavalcante 2017; Cavalcante
and Corcho 2019; Holmer 2005] for further exposition about this topic.

3A. Duhamel boundary forcing operator class. Let us introduce the Duhamel
boundary forcing operator associated to the linearized biharmonic Schrodinger
equation. Consider

1

3-1 M=——7H—.
G-I B(O)I'(3)

For f € C(‘)’O(R+), define the boundary forcing operator L0 (of order 0) as

t
(3-2) LOf(tx) =M / 8 (VT f (1) d,
0

where /% denotes the group associated to (1-6) given by

itd? _ b ixe et 2
e = o [ e e as.

Note that the property of convolution operator (0, (f *g) = (0x f) * g = f *(0x8))
and the integration by parts in ¢ of (3-2) yield that

(3-3) iL9(3, £)(t, x) = iMSo(¥) T35 f (1) + 8L L0 f (2, x).
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By a change of variable and using (2-8), we get that

(3-4) f @0 =M [ &SI yaf () dr
0

B ! X T3af) ,,
_M/o B<(t—t/)1/4) (t—tH'/4 ar.

We are now in a position to make it precise when the boundary forcing term is
continuous or discontinuous. More precisely, the following lemma holds.

Lemma 3.1. Let f € C3%.(R™).

(a) For fixed 0 <t <1, we have that a)ljﬁof(t, x), k=0,1,2, is continuous in
x € R and has the decay property in terms of the spatial variable as follows:

(3-5) 105 L0 £, )| S L fll v ()™, N > 0.

(b) For fixed 0 <t <1, we have that Biﬁof(t, X) is continuous in x for x % 0 and
it is discontinuous at x = 0 satisfying

lim 9320f (. x) = —i 27 50, lim 3200 =i 2T 51 0).
x—0— 2 x—07t 2

Also, 8;50 f (¢, x) has the decay property in terms of the spatial variable
(3-6) 87L°F (.01 Sh 1 f v ()™, N = 0.

Proof. In fact, the continuity of 8;‘ L0 f(t, x) follows from (3-4), for k=0, 1, 2, and
the proof of (3-5) exactly follows the idea introduced by Holmer [2005, Lemma 12].
Moreover, (3-5) and (3-3) yield that 8?50 f(t, x) is discontinuous only at x =0 of
size MZ_3,4 f (t) (Where M is defined as (3-1)), and the decay bound (3-6) holds. []

Remark. Lemma 3.1 ensures that £° f@, 0 = f().

We are now in position to generalize the boundary forcing operator (3-2). For
Re X > —4 and given g € C(‘)’O(R+), we define

A—1

(3-7) Lrg(t, x) = [)li_(k) « L0 540)(t, ')}(X),

where * denotes the convolution operator and xf_l/ roa = (—x))jr_l/ r'a). In
particular, for Re A > 0, we have

1

A _—
(3-8) Lrg(t, x) = S

f (v — ) L0T 5 a8) (2, y) dy.
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A property of the convolution operator (8f(f *g) = (8;‘]‘) *g = fx (8;‘g)) and (3-3)
give us

+H—-1 i
(3-9) Lrg(t,x)= [F_(A+4) *0, L7(Z-548)(t, -)}(X)
A+4)—1
=iM I:()»—I—4) T 3/4-3/48()

[ (y—x)P D]
+l / ym—+4)‘0(3ff—w4g><n ndy,

for Re A > —4, where M is defined as in (3-1). From (3-3) and (3-7), we have

A—1

X
8 — I L g(t, x) = iM——T_3/4_3/28(1),
(0, —0)L g(t,x) =i o 3/4-2/48 (1)
in the distributional sense.
To finish this subsection, we will give two lemmas concerning the spatial conti-
nuity and decay properties of the £*g(t, x) and the explicit values for £* f(z, 0),
respectively.

Lemma 3.2. Let g € CgO(R+) and M be as in (3-1). Then, we have
(3-10) Lre =3 g, k=0,1,2,3.

Moreover, L73g(t, x) is continuous in x € R\ {0} and has a step discontinuity
at x = 0. For real ) satisfying » > =3, Lg(t, x) is continuous in x € R. For
—3<Ai<land0<t <1, L g(t, x) satisfies the following decay bounds:

1L4g(t, %) < cro(x)* ™ forallx >0,

1Lt g(t, x)| < Cmag(x)™™ forallx >0and m > 0.

Proof. We give a sketch of the proof. The detailed argument can be found in
[Holmer 2006]. By using (3-9), we have that (3-10) follows. Moreover, Lemma 3.1
together with (3-10) guarantee the continuity (except for x =0 when A = —3) and
discontinuity at x = 0 of £*g for A > —3 and A = —3, respectively. The proof of
decay bounds can be obtained by using (3-9), (3-3) and Lemma 3.1. [l

Lemma 3.3. For ReA > —4 and f € C°(RT), we have the following value of
LY f(t,0):

i E(1430) +e—i’§(l—5k)>

(3-11) E’\f(t,o):%f(t)( —
8 sin(3 (1 — 1))
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Proof. By using (3-9) we get

00 y(k+4)—1

£ f0) =i f LOG T f)(E, y) dy.

o T'+4

This show that E’Xf(t, 0) is analytic, in A, for Re A > —4.

By analytic argument, it suffices to consider the case when A is a positive real
number and (3-4), where M is defined as in (3-1). In fact, in order to use (2-9), we
take A € (0, %) in (3-8). Thus, in the calculations, we use the representation (3-8)
for A > 0. Fubini’s theorem, the change of variable, (2-10) and (2-7), yield that

A 1 La-3paf@)
£IeD= m)/ / (r—t')l/“) (= Y

M3 l * r—1 /
F(A)/ (t— I(—A—3)/4f(f)/0 Y B(y)dydt

rOIr(3—%) —iT430) 4 ,—iT(1-5))
m)r(4 )f()—ﬂ(e " )

M eI FAH3N) | —iF(1-5)
= 8—f(f)( 7 ),
sm(Z(l — )»)n)

where in the last equality we used the fact that

'ord—z) = g

Thus, the proof is complete. O

3B. Construction of the solution. Let us describe how we can construct the solu-
tion for the linear fourth order Schrodinger equation

(3-12) iou —9*u =0.

3B1. Linear version. First, we define the unitary group associated to (3-12) as
a4 1 . _itEt n
etlp) =5 [ e g as,
R
which allows

o adyitd} _
(3-13) {(18, e tp(x) =0, (t,x) eRxR,

¢z =(x), xeR.
Recall £* in (3-9) for the right half-line problem. Let
u(t, x) = Ly1(t, x) + L2 a(t, %),
Oxu(t, ) = LY T ya yi(, x) + L2 T ya o, ),

where y; (j =1, 2) will be chosen later in terms of the given boundary data f and g.



IBVP FOR THE BIHARMONIC NLS IN A QUARTER PLANE 49

Leta; and b; be constants depending on A, j =1, 2, given by

M(e—i§(1+3,\,-)+e—i’g(1—5,\,)>

a; = —
! sin(3(1 —4;))
(3-14) y -
M (e 52430 4 —iF(6-51)
=i
8 sm(Z(Z—kj)rr)

By Lemmas 3.2 and 3.3, we get

(3-15) f@)=u(t,0)=ay(t)+a(),
(3-16) g(t) = 0xu(t,0) =b1Z_14y1(t) + DL 14 y2(2).

Thanks to (3-15) and (3-16), we can write a matrix in the form
[ f® ] _ A[ yi(0) }
T1/48(1) ya(t) |’

ar a
A(Al,xz)=[bi bﬂ

where

Choosing appropriate A, j =1, 2, such that A is invertible, we have that u solves

A -1
(10, = 9u(t, x) = iM F55T3/4-2/4 1 (1)
Ap—1
+iMx1:WI—3/4—,\/4 v, (t,x)eRT xR,
u(0,x) =0, x €eR,
u(t,0) = f(2), ,u(t,0)=g{), teRY.

(3-17)

By restriction of the function u on the set R* x R™, we can construct a solution for
the linear fourth order dispersive equation (3-12) posed on the right half-line.

3B2. Nonlinear version. Now, we define the classical Duhamel inhomogeneous
solution operator D by

t
. a4
Dw(t,x):—i/ D%y (¢ x) dt'.
0

It follows that
({0, — IHDw(t, x) = w(t, x), (t,x) eRxR,
Dw(x, 0) =0, x eR.
Let
w(t, x) = LYyt ) + L1, x) + ¢ § (x) + Dw.
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Similar to what was done in Section 3B, taking y; and y, appropriately, depending
on f, g, e”aﬁqb(x) and Dw, we see that u solves

({0, — IHu(t, x) = w(t, x), (t,x) e R* x R,
(3-18) u(0, x) = ¢ (x), x € RT,
u(t,0) = f(t), du(t,0)=gt), teR".

The discussion about the structure of the system (3-18) can be found in Section 5

4. Energy estimates

The main purpose of this section is to prove the energy estimate of the solutions of
the fourth order nonlinear Schrédinger equation in the Bourgain spaces X**°.

Lemma4.1. Lets e Rand b € R. If ¢ € H*(R), then the following estimates hold:

-
4-1) 1 (e P () I, ®: m:®y Sy 1911 @),
— _
42) YOG o5y Svsi 19lms@,  J € 10,1}
i 04
4-3) I (e ¢ )l x50 Sy 191l m-

Estimates (4-1), (4-2) and (4-3) are so-called space traces, derivative time traces
and Bourgain spaces estimates, respectively.

Proof. The proofs of (4-1) and (4-3) are standard and the proof of (4-2) follows
from the smoothness of ¥ and the local smoothing estimate (1-8), thus we will
omit the details. [l

Lemma 4.2. Let 0 <b < % and j =0, 1, we have the following inequalities

(4-4) [y (ODw(t, X)llem,: ms®@,y) S llwllxs—,
fors e R;
(4-5) 1 ()3 Dw(t, ) ll e, mes+3-20s@y S lwllxs—s,

for—%+j<s<%+j;
(4-6) 1Y )0l Dw(t, x)l|xs0 S lwllxss,

fors e R
Estimates (4-4), (4-5) and (4-6) are so-called space traces, derivative time traces
and Bourgain spaces estimates, respectively.

Proof. The idea to prove this lemma follows a variation of the proof due to [Kenig
et al. 1991]. Here, we will give the sketch of the proof for sake of completeness.
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Estimate (4-4): By using 2x(.,) (") = sgnt’ + sgn(r — 1), sgn(r) = p.v. E and
e f(1) = f(r + &%) we have

Pl (T +EH _

Tawen T

47 Y @©)Dw(t,x) = c/eixfef‘¥4w(t) / Wt &)
We denote by w = w; 4+ w,, where
W1(t, &) = no(x + &M (z, £),
Wa(7, &) = (1 —no(r + &) W(r, &).

Here, 1o : R — [0, 1] is a smooth bump function supported in [—2, 2] and equal
to 1 in [—1, 1]. For w;, we use the Taylor expansion of ¢* at x = 0. Then, we can
rewrite (4-7) for w; as

ixg —itg? ~ eIt +ED /
w([)DU)(l,X)IC/e e W(l‘)/ll)l(f ,S)Wdf d&
S k 1 DN
=c2—w (1) | e™5e " Fl(E) di
k=1
N Y T
=c27¢ ()e'"% Ff (x),
k=1
where ¥ (r) = t*y(r) and
(48) Fhe) = / (2. £)(x + £ dr.

Since

@49)  |FKm = ( f (&)

we have from (4-1) that

>\l
1, 8)( + 5 de ds) <l

Il )Dw(t, 0)lle,ns S Z A FE g S s

For w;, a direct calculation gives

Y(—1)-Y( +S4)
(7' +£&%
Since ||y Dwllc,us S I1(E)° Fly Dwl(r, S)IleLl , it suffices to bound the term

([ ).

(4-10) FlYyDw](z,§) =C/wz(f',§)

Pt - Pt
(e s>|/ e dvdr
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due to (4-10). We use the L' integrability of T:E, to bound (4-11) by

C(/@) /|f/+g4|>1 EEy

Estimate (4-5): We only consider the case j = 0, since the estimate for j =1 is
a direct consequence of the case j = 0. Initially, take 6(r) € C*°(R) such that
0(t) =1 for || < % and supp 6 C [—%, %] A standard calculation gives

fx(wm / e<f—f’)3i‘w<x,t’))(5)
0

1
d€> S llwllxss.

—zt€4
—cw(t)/ —w(¢, dr
B . it§4 —tt(t+§) o p
— cy (e /+—s (r +EYTE. v) dr
10+ E
e [ @ G v
—CI/f(t)e”‘fz‘f%N(é t)dt

= Fowy + Frwy — Frws.

By the power series expansion for e ~#/(*+§ ", we have
wi(x,t) = Z Wk( ) ”04¢ (x).

Here, v (t) = i*t%0(r) and
ék(é)z/(r+é4)"“0(r+é4)ib(é,r)dr-

By using (4-2), it suffices to show that [|¢ || gs®) < c||lull xs.-», for b < 5 Usmg the
definition of ¢, and the Cauchy—Schwarz inequality, it follows that

0
M%7 =c/<s>2f (/
() 3 {rlr+£41<3) kZ::

1

2
(r+&H o +eMace, r)) d&

scf<s>2‘/<r+54>26|ﬂ<s, D)|* dt dt.
& T
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This completes the estimate of w;. Now we treat wy. By using the change of
variable 1 = £* and the Cauchy—Schwarz inequality we obtain

w21, ey <€ f ()@ G () /E (T +&H72(&) > W€, T)* dé dr,
T

where G(t) =c¢ fn(r + 1) 7220 |73/ () 75/ dy. To conclude the estimate of wo,
we need to prove the following estimate:

(4-12) G(1) < c(r)~ B+,

We split it in two cases. In the first case, we consider 7| < 1. For this, we use
(T +mn) ~ () to get

G(r)<c / ()26 73 ay.

The above integral is bounded in the case s > —% +4b, since —b > —%. Also, this
estimate is valid for s > —%.

Now, the second case 7| > 1 can be estimated by separating the integral into
three regions |n| < 1, 2|y| < |t|, |t| <2|n| and using that —3 <5 < 1, s0 (4-12)
follows.

Finally, to bound w3, let us rewrite wj like w3 = ¥ (¢)e'’ a ¢ (x), where

. 1—60(t+E&% -
be = [ O e

Thanks to (4-2) and Cauchy—Schwarz inequality, we obtain

2 it} 2 2
||w3||C(RX;H(25+3)/8(R[)) =cl¥ (e X¢(x)||C(RX;H(ZS+3)/8(R[)) = C”‘»b”HS(R)

N d
scL<s>2S (/Jw(s,r>|2<r+s“>—2”drfw> dg.

1
| e e

By using (4-12), estimate (4-5) for w3 follows and, consequently, (4-5) holds true
for w = w; + wy + ws.

Since b < % we have

Estimate (4-6): Finally, again we split w = w; 4+ w», similar to what was done in
the proof of (4-4). For w, estimates (4-3) and (4-9) yield that

o
1
1Y ODwi, D les S Y IF g S Nwllxes,
k=1 "

where F 1" is defined as in (4-8).
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For w,, note that

waJDU)(t X)_C/ ix& 71[5 (lg)jw(t)/( +$4)( it(T/+§4)_1)dT/dS

/ ixg —lté (ls)jw(t)/( n E) tt(r+g4)d d%‘

&)
—c [t agra [ D ava
@+ e
=I1-1I.
Let ( S)
~ _ w2 T,
VO=] cren

Therefore, we use (4-3) in II to obtain
-
e Wlixer SUWllas S llwllxs—»

1
for b < 3-

Now, it remains to show the following estimate:

4-13 2s/ ap| [ W2(T'§) ~
(“13) (/Mm el [

This follows by using the same argument as we used to prove (4-5). In fact, the
proof of (4-13) is easier than proof of (4-5), since the L? integral with respect to &
is negligible and hence it is enough to consider the relation between t + &% and
'+ 54. Thus, as a consequence, we have

2

Y-t d dwfé) Slhwllxs.-.

1Y Dwll e < lwl s
Therefore, Lemma 4.2 is proved. U
Lemma 4.3. Lets € R.
(a) For Los— 7 <A< l(1 +2s) and ) < 1 the ollowing inequality holds:
2 2 2
(4-14) 1 @)L £t ) e 1@y < AN yesors -
®d) For —4+j<i<14j,j=0,1, we have
15) W OL Do, ps2g) < CIF oo g
© Ifs<4—4b,b<%, —5<i<3ands+4b—2 <) <s+ % yields that
(4-16) 1 L @, 0y < el f Il e gy -
0

Estimates (4-14), (4-15) and (4-16) are so-called space traces, derivative time
traces and Bourgain spaces estimates, respectively.



IBVP FOR THE BIHARMONIC NLS IN A QUARTER PLANE 55

Proof. Let us first prove (4-14). By density, we may assume that f € Cgf’c(RJ“).
Moreover, from definition of £, it suffices to consider £* f (¢, x) (removing ) for
supp f C [0, 1], thanks to Lemma 2.4.

From (2-4), (3-2) and (3-7), we see that

t
FolL )1, 8) = Me™ ™2 (6 —i0)™* / e s f (@ dr
0

By using the following change of variable n = £%, (2-5) and the definition of the
Fourier transform we have that

t 2
||£Af(t, )”%-IA(R) < C/ |n|—)t/2—3/4<n>5/2 / e—l(l‘—l‘ )7717)\/473/4][(1,/) dt/ dn
n 0

_ _ =~ 2
—c / 12 2] oo onsa—sya G0 i,
n

for a fixed ¢. Note that, by Lemma 2.2, we can replace || ~4/3—3/4 by (n)=*273/4,
since

A3 1
—l<—§—Z<:>)x<§
Moreover, Lemma 2.1 (under the condition —1 < —% — % + 5 < 1 for removing

X(—o0,r)) and Lemma 2.8 (under the condition —5 < A) yield that
o ~ 2
[ P Tz £ T
U

Py ~ 2
<c / Y2 oo T paays Y[ din
n

2 2
= C||If)»/4f3/4f”Hx/4—)»/473/8 =< C||f||H(2S+3)/87
0

which proves (4-14) thanks to the definition of H (RT)-norm.
Now we prove (4-15). A direct calculation gives

WL =L T ).

With the previous equality in hand and Lemma 2.8, it suffices to show (4-15) for
j = 0. Lemma 2.4 ensures us to ignore the cut-off function . The change of
variable t — t —t’ gives

r—1 t
5 X_ i(t—t"o*
(I —3%)© +3W(F(x) i f_oo . mdxa(x)h(ﬁdﬂ)

A—1
— <x— * / t =35 () (1 — 353/ ‘%(/)dﬂ).
o) Jow
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So, we just need to prove that

§C||f”L,2(R+)v
LFLI®)

4-17) H / e (E—i0) / eI T L Y dt dE
£ oo 171

thanks to 07 (Zy f) = Zo (97 f). We use X(—oo,r) = % sgn(t —t') —I—% to obtain

feixé(g _ io)—)» / e_i(l_t/)€4(If)n/473/4f)(t/) dt’ d&
&

—0o0

1 . o0 o
=3 / e (& —i0) / sgn(r — e T (T 143y (1) di’ dE
& —00

1 [ it ,
+5 / e (g —i0 / e T sy () dr dE
2 Je oo

=10, x)+11(t, x).

We will treat 1(¢, x) := I and Il (¢, x) := II separately. To estimate I, we can
rewrite it as

1 ix CAN — —i-
I(t,x) =5 f e (E —i0) (7 sgn() £ Ty 4 3/af) (1) dE.
3
A direct calculation gives

(r —i0)3C+H f(1)
i(r+&%

Fi(e™ ™ sgn(-) % T_s 430 f) (1) =

Fubini’s theorem and the dominated converge theorem imply that

o A (t — io)%(k—i—S)(&- _ i())_)‘ .
— it 1 .
I(t,X) /re GE’% [r+$4>e i(‘[—f—%‘4) f(r) ds dr

Thus, once we show that the function

O ¥ (r — i0)3* ) (& — j0)*
g(1) := lim

d§
€0 J1r4£4>¢ (T +§4)

is bounded independently of t variable, the Plancherel’s theorem enables us to
obtain (4-17). The change of variable & — |7| %5 and the fact that

(Tl4& —i0) ™ = || 5T  + ™)
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gives

-\ [ TTA&—A
pirleite S T e

1+ 9%

g(T) = X{z>0) /
&

. . 1 _)\_*_el'f[)\ —A
_e—i(ln(k+3))x{r<0}fezxr|4g S+ 1 545_ dt
£ —

. e-%(m(/\+3))

=& 82.

We only consider g3, since g is uniformly bounded in 7 for —3 <A < 1. Let us
define the following cut-off function ¢ € C*°(R) such that

_ {1 in[3.3].
¢:= 0 outside (% %)
Then, we obtain
-

=i [ €EC@) S+ o) [eea—cen
£ 1-¢§ g

%.;)»_i_eiﬂks:)»
1—g

dg
=gn+g20.

It is clear that g5, is bounded independently of T when A > —3, and hence it remains
to deal with g,;. Consider the functions

E)E
1+E+824+83

o) = and U(E) =

1
-1

We remark that © is a Schwartz function, and hence ® € S(R). Moreover, we
immediately know that

Y(x) = %e”‘ sgn(x),
since Fy[sgn(x)](§) = V.p.%. Then, go; can be written as
(0 = —ixiccor [ & HBOTE) ds = e @ 0)(elh),
which implies

1821(D] < ‘/®(y)‘l’(lfl‘l‘x—y)dy' 5/|®(y)|dy Sl
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Now, we bound /I. By using the definition of Fourier transform and (2-5) we
have, after the change of variable 7 = £* and contour, that

1m0 =3 / e —i0) Y F (e & —i0) de
§

oo A
_ %/ eitMe=ixn® (n _j0) 1043 (1 —iO)’Anf%f(n) dn=cf(),
0

for some ¢ € C, implying || 11 (-, x) ”L? < ||f||L,2- This completes the proof of (4-15).
Lastly, let us show (4-16). A direct calculation ensures that

Fe(WOL )2, &)
IR (P75 B N (210 R DNp) —iegt € 71
=Me e E—i0) "y (t)e /i(f/+§4)

which can be divided into the following quantities:

it +6% _q s
(t'=i0)*3 f (¢ d7,

At &) = Me™ 1m0 (& _i0) (1)

x f - _e_it€49( +EYH T —i0)itT f(r))dT
_— T —1 T
i(T/+ &%) ’

Folt, £) = Me™ 2 om0 (£ — i0) Py (1)

itt’
* ] i et
F3(t, &) = Me™ 1O (& _i0) Ty (1)

x / i(1 0T +EY) (T —i0)itE f(¢)dT
i(t'+&% '

(1 -0+ —i0)iTi f()dr

Here 0 € S(R) is defined by

4-18) 9(1_)::{1 for |[t| <1,

0 for|z|>2.

It follows that ¥ (1) L* f = f1 + fo — f5.
For f1, we use the same argument as was done for wy, in the proof of inequal-
ity (4-6). By the Taylor series expansion for ¢!/ (" +") at it (z/ + &%) = 0, we write

00 k-1

YOL filex) =c Y =t O F o,

k=1

for some constant ¢ € C, where ¥*(¢) = t*y(¢) and

Fre)=E—in™ / 0(c' +EY (¢ +EH i f( dr,
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By using (2-5), (4-6) and (4-18), it is enough to show that

2

— ’ — 1 2
(4-19) / (&)%1€17 / [ A @D dT| dE SIFIR e
3 lt'+&4 <1 0

Let us split || into two regions: |§] < 1 and |§] > 1. For the region [§] < 1
and |7/ <1 (J&] <1 and |t + &% < 1 imply |7’| < 1) we have that both |&]72*
and |17’ |%(“3) are integrable, for —5 < A < %, respectively. So, we obtain (4-19)
by using the Cauchy—Schwarz inequality in 7’.

Assume that |£| > 1, which in addition with |z’ +&%| < I implies |7/| ~ |€]* > 1.
Let f*(t/) = (t/)§(23+3)f(r/). Then the change of variable £* — 5 gives that the
left-hand side of (4-19) is bounded by

/|s . EPIMFEHPdE S / M dn S 157 = 1 v,

[n>1

where M f * is the Hardy-Littlewood maximal function of f * and f] is controlled.
For f,, from (2-5), the definition of inverse Fourier transform and Lemma 2.5,
it follows that

1—-6(r+ )2 1 ~
||fz||§s,b§//<s>25|s|”<r+s4>2b( lffﬁi D)0 )469) f o) P dede

2s 2\
/|r|z<k+3>(/ <5>+é'f>'2 _ ds)|f<r>| dr.

Thus, by the change of variable n = &% and Lemma 2.2, for —5 < A (we may assume
supp f C [0, 1], thanks to Lemma 2.4), it suffices to show

A

|32 (n)
(T+ )22

[T

2s _2x_ 3

I(t) = dr)<<-[>4_T_Z.

Here, we split |t| into two regions: |7| <2 and |t| > 2. When || < 2, we have
(t+n)~(n). Fors <4—4bands+4b—%<k< %,weget

1 dn
I(r),S/ |"|4(_3_2M+/—s51.
Inl=1 <n>2—2b—§+%+%

Now, working in the region |t| > 2, we d1v1de the integral region in 7 into |n| < il
and |n| > ';'. In the first region, for b < § and . < min(}, s + 1), we bound in the
following way:

(‘L’)Zb_2</ mr%—%A d’H‘/ |n|i(—3—2)\+2s)dn) 5 <T>%(—3—2)\+2s).
Inl<1 I<pl<

r \
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On the other hand, in the second region, we have that |t + n| > %|r| > 1. Then,
fors —2 <Aand b < %, it holds that

L3—2x+2s) dn
I(T)<S(T)e /WN

< <T>J‘(—3—2)L+2S)/ dS < <.L—>%(_3_2)L+2S)’
|s|>1 |s|2_2b

SO
I 2llxse S 1Al gyessas.

This completes the estimate for f5.

Finally, let us show that f3 can be controlled. Similarly as for fi, it suffices to
show
2

f(l—9<r’+s“))|r/+s“|—1|r’|i<*+3>|f(r’)|df’ dt
S ”f”ilézsﬂ)/x-

Again, we split the region |£| as follows: || <1 and |£| > 1. Considering |§| < 1,
since |£|7* is integrable, for A < %, and we may ignore the integration in £. Let
us work in the region |t’| < 1. In this region |‘L'/|%O”+3) is integrable, for A > —35,
and hence we get (4-20).

On the region |t/| > 1, since |t/ + &% ~ |t/| and |r/|é(_sH_3) are L? integrable,
for A < s+ %, we also get (4-20) by using the Cauchy—Schwarz inequality in t’.
Still looking on the region |t’| > 1, since |t/ +£*| ~ |7’| we have that the left-hand
side of (4-20) is bounded by

(4-20) f ()16

2 Pt 2
(4-21) ( / |r'|*4‘|f|2dr’) ~( f el <r’>2’s“|f|2dr’)
[T'[>1 I|>1 (t/) "8

Al

(Y 7 2 2

5/ 2503 df/||f||1.1(zs+3>/4 S ||f||H(2s+3)/8’
(/) & 0

where we have used that A < s + %, and the result follows on |£| < 1. On the other
hand, in the region |&| > 1 and |7/| < 1, since |t/ +&%| ~ |E|* ~ (£)* and (&)> 28
are integrable for A > —% + s, we also get (4-20).

Consider the region |£] > 1 and |t/| > 1. There are two possibilities:

@ |7/ < Lgl-
D g+ < |7’

In view of the proof of [Holmer 2006, Lemma 5.8(d)] (see also [Holmer 2005]),
one can replace

1—6(c +&%)
e
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by B(t'+& 4) for some B € S(R). Hence, the left-hand side of (4-20) is dominated by
2

@) e P fela de,
E1>1 |7/]>1

for N > 0. By the Cauchy—Schwarz inequality and choosing N = N (s, A) > 1, we
have (4-20) for both cases. Indeed, for the case I (in this case |t/ + &% ~ |£|*),
(4-22) can be controlled by

2 25—2A—4N L (—2s—3+42)+6—4N 2
cllfl 1(25+3)/ 117 f |‘E/|4( g )df/dffillfll Loty
H3 &1>1 I<|v'|<}lE1* H

0

For case /I (in this case |7’ + &% ~ |7’]), (4-22) is bounded by

€11

thus

2
1 1 N
/; ) |T/|1(2)\,+6—2S—3—4N)|r/|§(2S+3)|f(T/)|dr/ d%.
Z &1 <]’

2
SIFIP
HO

[ f3llxse STFI 1ogisys
Hy

finishing the estimate for f3.
Remembering that ¥ (1)C* f = fi + f>» — f3, and using the estimates of f;,
i =1,2,3, equation (4-16) follows and the proof is complete. ([

To close this section, let us enunciate the trilinear estimates associated to the
fourth order nonlinear Schrodinger equation (1-2). The proof of this estimate can
be found in [Oh and Tzvetkov 2017] (see also [Capistrano-Filho and Cavalcante
2019]), thus we will omit it.

Proposition 4.4. For s > 0, there exists b = b(s) < % such that we have

(4-23) lluyuzits|l xs.—» < cllugll s lluall xsp llusllxso.

5. Proof of Theorem 1.1
Initially, we pick an extension ug € H*(R) of ug such that
ol aswy < 2lluoll s wm+)-

Letb=b(s) < % such that the estimates given in Proposition 4.4 are valid.
By using similar arguments to those in Section 3B, let

(5-1) u(t, x) =Ly (t, x)+ L2 (1, x) + F (2, x),

where y; (i =1, 2) will be chosen in terms of initial and boundary data ug, f, g
and F(t, x) = "% 1o + 2D (|u|?u).
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Remember that a; and b; are defined by
M<e—i’§(1+3xj)+e—i’§(1—sx.,~))

a; =

8\ sin(1(1—2)m)
(5_2) 4 J
M [ e i5(=2430)) 4 o=i§(6-54))
b, = —
78 < sin(12 - 1,)n) )

By Lemmas 3.2 and 3.3, we get
(5-3) f@®) =u@,0)=ayi(t) +axy2(t) + F(z,0)
(5-4) g(t) = 0xu(t,0) =b1Z 14 y1(t) +b2I 14 y2(t) + 0, F (2, 0).

Putting together (5-3) and (5-4), we can write a matrix in the form

[ f@®)—F@,0) ]ZA[m(t)}
T1/48(t) — 1140, F (2, 0) v ]

where

ar a
A(hy, do) = [bi bz]

By using a mathematical software, the determinant of matrix A(A1, A,) is given by

det A = 2(—1)F e §IETAHIDT (| | piimy (| | ozidam) sec(—(1+il)ﬂ>
+ 4(_1)%e—éi(k1+)\2)7r (_1 + e%ikm’)(l _ ie%i?@ﬂ).
Note that the following graphics, with real and imaginary parts, of the determinant
function A (X1, A2), help us to see when the matrix A is invertible.
Thus, matrix A(A1, Ap) is invertible if we get

(5-5)

—2(—1)ieTyo(— 1)%63"’%+(em. 1) sec <<1+x.>n>

2
r#E— | 2nn—ilog
T

—2(= i 42~ 1)ie T (e 1) see (107
and
(5-6) hjAl—dn, A #£2—dn, j=1.2,

foralln e Z.

Figure 1 helps us to see that there are an infinite set of parameters which satisfy
the relations (5-5) and (5-6). In fact, for example, pick A; & 0 and A, ~ % Thus,
forO0<s < %, the choice of parameters A and A; satisfying the conditions

—3<hj<3 sH4b-2<irj<s+3% j=1,2
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ensures that Lemma 4.3 holds. Thus, for fixed s € [O, %), we can choose A and A, as
before and define the forcing functions y(¢) and y»(¢) forany A, j =1, 2, given by

2 (r)} - [ f@)—=F(,0) }
5-7 =A ,
&7 [)/z(t) Tijag(t) = T1a 0. F (2, 0)
which shows that formula (5-1) restricted on the set (0, +00) x (0, +00) satisfies
(i0; — 0Hu = AMulu,

in the sense of distributions.
Thus, we define the solution operator by

(5-8) Au(t, x) = YO LYy (t, x) + YO L2yt x) + Y (O F (¢, x),

where

|:V1(t)j|:A—1|: f@®)—F@0) }
v2(t) T1/48(t) —T140: F(,0) |’

F(t,x) = €% iig + AD(Yr|ul*u) and ¥ is defined by (2-1).
Recall the solution space Z* b defined in Section 2B, under the norm

1
[Vllzeo = supllv(t, )l + D supllf v 01wy + 0l s
te

=0 xeR

The estimates obtained in Section 2 together with estimates of Section 4 and (4-23)
yield that

IAulizso < clluoll=@ey + A1, +lgl, sevnen) + C1T\ull e,

%(2.?-%—3) (R+)
for € adequately small. Similarly,
2 2
[Aur — Auzll zso < CoT(lurllzss + luallZoo) lur — uallzss,

for u1(0, x) = uy(0, x).
Consider in Z the ball defined by B = {u € Z*?; |Ju|| z»» < M}, where

M = 2C(”“O”H‘([R{Jr) + 1A + ||g||H%(2x+l)([R+))‘

H%(Z.v+3)(R+)
Lastly, choosing 7' = T'(M) sufficiently small, such that
lAullze <M and  [[Aur — Auslizer < 5llur —ualizss,

it follows that A is a contraction map on B, finishing the proof of Theorem 1.1. [J
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i
i
,’:'l ﬂ,\w‘

Figure 1. Real (top) and imaginary (bottom) parts of det A.

Remarks. Concerning our main result, Theorem 1.1, the following remarks are
now in order:

1. Animportant point to treat in dispersive systems is the analysis of the scaling. For
our case, that is, for the biharmonic Schrodinger equation on the half-line, we have
the following: if u (¢, x) is solution for IBVP (1-2) on [0, T") x (0, 00), then, for A > 0,
the function u; (¢, x) = A%u(A*t, Ax) is solution for (1-2) on [0, T/A*) x (0, co) with
initial-boundary conditions u; (0, x) = A2ug(Ax) 1= ugy, u;.(t, 0) = A2 f (A1) := fi,
and u, ,(¢,0) = 23 g(A4t) := g).. A straightforward calculation gives

(5-9)  Nuorll s @+y+ I fll

+||g)‘”H%(2”l)(R+)

Los+1)
+1)FEH g

1y
HE) (Rt

1
(3 ol ey +A2 XN

(NI

SA

1 .
FOH) Rty %(25+1)(R+)
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2. In order to make the norms of our initial data ug, f and g small, we rescale
the data up and g by choosing A adequately small, by using (5-9). However, we
can not rescale the function f since a positive power of A does not appear in (5-9).
To overcome this difficulty in our context, we introduce the cut-off function V7,
defined by (2-1), in the operator A (see (5-8)) to prove that A is thus a contraction,
proving the main result of the article.

3. It is important to note that the scaling argument was successful in the cases of
the quadratic NLS equation [Cavalcante 2017], KdV equation [Holmer 2006] and
Kawahara equation [Cavalcante and Kwak 2019] posed on the half-line.

4. Finally, in view of (5-3), (5-4) and (5-7), it is necessary to check y;(¢),i =1, 2
to be well-defined in H(§2H3)/ 8([R?Jr). However, it follows from Lemmas 4.1, 4.2
and 4.3, Propositions 4.4 and Lemmas 2.1 and 2.3.

6. Further comments and open problems

In this section, our plan is to present four problems that can be treated with the
approach used in this article.

6A. Biharmonic NLS on star graphs. The authors [Capistrano-Filho et al. 2019]
considered the biharmonic Schrodinger equation on star graphs, given by N edges

(0, 00) connected with a common vertex (0, 0, ..., 0) (see Figure 2), namely

6-1) {ia,u,- —0%uj+MujPu; =0, (t,x)€(0,T)x0,00), j=1,2,....,N
u;j(0,x)=ujo(x), x € (0, 00),

with initial conditions (u#1(0, x), u2(0, x), ..., un(0, x)) € H*(R™).

For a better understanding, we are interested in solving (6-1) with the following
three classes boundary conditions:

62) ajgul(t,O):akuz(z O)—---:uN(t,O), k=0,1, t€(0,T),
Z/ 1 x ](t O) k=2537 IE(O7T)9
(6-3) dyui(t, 0) = diua(r, 0)—~-=uzv(t,0), k=23, 1€(0,7),
Dy Fu(t,0) = k=0,1, t€(0,T);
(6-4) Fur(t,0) = dfua(t, 0)—---=uN(t,0), k=0,3, 1€(0,7),
D u(t,0) = k=1,2, te(0,T).

The motivation of these boundary conditions and how we can choose it, follows
the ideas contained in [Cavalcante 2018], and are detailed in [Capistrano-Filho et al.
2019].
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Figure 2. Star graphs connected with a common vertex (0, 0, ..., 0).

6B. Control theory. We split this section in two parts: control theory for the
biharmonic NLS on star graphs and on an unbounded domain, respectively.

6B1. Control theory of biharmonic NLS on star graphs. First, let us consider the
controllability problem associated to (6-1) with three possibilities of boundary
conditions, namely, (6-2), (6-3) and (6-4). Due of the recent development of graph
theory for the Korteweg—de Vries equation, in the following paragraph we present
a few comments about this study.

In three interesting papers Ammari and Crépeau [2018], Cavalcante [2018] and
Mugnolo et al. [2018] dealt with the study of the KdV and Airy equations in graphs.
In summary, in the first work, the authors proposed a model using the Korteweg—de
Vries equation on a finite star-shaped network and proved the well-posedness of the
system. Also, as the main result of the work, by using properties of the energy, they
showed that the solutions of the system decays exponentially to zero (as t — 00)
and they studied an exact boundary controllability problem. In the second work,
Cavalcante showed local well-posedness for the Cauchy problem associated with
Korteweg—de Vries equation on a metric star graph. More precisely, he used the
Duhamel boundary forcing operator, in the context of half-line, introduced by
Colliander and Kenig [2002] and Holmer [2006] to achieve his result. Finally,
Mugnolo et al. obtained a characterization of all boundary conditions under which
the Airy-type evolution equation u; = au,y, + Pu,, fora € R\ {0} and 8 € R on
star graphs, generates contraction semigroups.

In this spirit, looking for the energy identity of the system (6-1), namely the
L?-energy, which satisfies an equality given by

(6-5) Eu(T,x),u(T,x),...,un(T,x))
N T N T
:—Z/ Im(afu,-(z,0)12,-(t,0))dt+2/ Im(97u; (t,0)d,i;(t,0)) dt
i=170 = Jo

—Eu1(0,x),u2(0,x),...,uyn(0,x)),
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where
N ~+00
EQuy(t,x), us(t, ), ... un(t,x)) :=Z[ ju(t, x)[? dx.,
i=1 Y0

the following natural questions arise.

Problem A: Which are the boundary conditions that we can impose in (6-2), (6-3)
and (6-4) such that the energy is a nonincreasing function of the time variable ¢?

Problem B: If we can impose some boundary conditions such that the energy (6-5) is
a nonincreasing function of the time variable ¢, is the system (6-1), with appropriate
boundary conditions, asymptotically stable when the time tends to infinity?

Problem C: Can we find appropriate boundary controls such that the system (6-1)
is controllable in some sense?

6B2. Control theory of biharmonic NLS in unbounded domain. In the context of
control in unbounded domain Faminskii [2019] considered the initial-boundary value
problem posed on infinite domain for the Korteweg—de Vries equation. Precisely, he
elected a function fj on the right-hand side of the equation as an unknown function,
regarded as a control. Thus he proved that this function must be chosen such that
the corresponding solution should satisfy certain additional integral condition.
These techniques probably work well for the following biharmonic NLS system:

idu+ydtu—+AulPu = fotv(x,t), (t,x)e©0,T)x(0,00),
(6-6) u(0, x) = up(x), x € (0, 00),
u(tvo):h(t)v ”x([,o):g(t) te(ov T)v

for y, A € R, where v is a given function and fj is an unknown control function.
Therefore, the issue here is:

Problem D: Is (6-6) controllable in the sense of Faminskii’s work? Namely, can we
find a pair { fy, u}, satisfying appropriate additional integral conditions (for details
see [Faminskii 2019])?
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THE ARITHMETIC HODGE INDEX THEOREM
AND RIGIDITY OF DYNAMICAL SYSTEMS
OVER FUNCTION FIELDS

ALEXANDER CARNEY

In one of the fundamental results of Arakelov’s arithmetic intersection
theory, Faltings and Hriljac (independently) proved the Hodge index the-
orem for arithmetic surfaces by relating the intersection pairing to the
negative of the Néron-Tate height pairing. More recently, this has been
generalized to higher dimensions by Moriwaki and by Yuan and Zhang.
We extend these results to projective varieties over transcendence degree
one function fields. The new challenge is dealing with nonconstant but
numerically trivial line bundles coming from the constant field via Chow’s
K/ k-trace functor. As an application of the Hodge index theorem, we
also prove a rigidity theorem for the set of canonical height zero points of
polarized algebraic dynamical systems over function fields. For function
fields over finite fields, this gives a rigidity theorem for preperiodic points,
generalizing previous work of Mimar, of Baker and DeMarco, and of Yuan
and Zhang.

1. Introduction

The Hodge index theorem states classically that the divisor intersection pairing on
an algebraic surface has signature 41, —1, ..., —1. The corresponding result for
line bundles on arithmetic surfaces, i.e., relative curves over the ring of integers of
a number field, was proven independently by Faltings [1984] and Hriljac [1985],
and is a fundamental result in Arakelov theory. More recently, Moriwaki [1996]
extended this to higher-dimensional arithmetic varieties, and Yuan and Zhang [2017]
proved a Hodge index theorem for adelic metrized line bundles over Q.

In their work, Yuan and Zhang also conjectured that a similar result should hold
over function fields. Here we prove their conjecture. Our theorem statement differs
slightly from their conjecture, however, so as to be stated more directly and to avoid
reliance on a noncanonical isogeny between Chow’s function field K/ k-trace and
K/ k-image.
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Let k be an algebraically closed field of arbitrary characteristic, and let K = k(B)
be the function field of B, a smooth, projective curve over k. Let w : X — Spec(K)
be a geometrically normal, geometrically integral, projective variety of dimension
n > 1. We will consider the group ﬁi?:(X ) of adelic metrized line bundles on X
in the sense of [Zhang 1995]; definitions will be recalled in Section 2.1. Since an
adelic metric can be specified, for example, by a line bundle on a model X — B
of X, this setting also covers relative varieties fibered over B, in the same way
that Yuan and Zhang’s work over number fields encompasses Arakelov’s setting of
arithmetic varieties over the spectrum of the ring of integers of a number field.

Chow’s K /k-trace functor Trg /« identifies the part of the Picard variety of X
which is defined over k, and the line bundles in Trg, k(PiCO (X)) can all be given
adelic metrics in a well-defined canonical way using isotrivial models over B. This
construction is detailed in Section 2.5. Let Pic’(X) be the numerically trivial
subgroup of Pic(X). We prove the following result, with more detailed versions
stated in Section 3:

Theorem 1.1. Let M, N € Pic* (X),and let Ly, ... L, 1 € Pic(X) be ample. There
exist canonical metrics on M and N so that

(M,N)p .., ,;=M-N-Ly---Ly,_

is a well-defined bilinear pairing, independent of the choice of the metrics on
Ly, ..., L,_1. This extends to a symmetric R-bilinear form on Pic* (X) ®7 R which
is negative semidefinite with kernel

Tri /i (Pic” (X)) ®z R.

If one removes the function field trace (so that the kernel is trivial), this is the
same result that Yuan and Zhang prove for number fields. It is straightforward to
see that Trg /k(PiCO(X )) ®z R is in the kernel. Thus, the main new difficulty is
showing that numerically trivial adelic metrized line bundles which are nonconstant
must all come from isotrivial subgroups of the Picard group of X. In essence, all
arguments of the proof must commute with the K / k-trace functor.

1.1. Arithmetic dynamics. Again let X be a projective variety over a function
field K. A polarized dynamical system (f, L, g) is an endomorphism f : X — X
along with an ample line bundle L € Pic(X) such that f*L = L®9 for some g > 1.
The set of preperiodic points of f is defined as

Prep(f) := {x € X(K) | x has a finite forward orbit under f}.

Call and Silverman [1993] show that such a polarized endomorphism defines
a canonical Weil height /. Here we show that L can be given an admissible
metric L ¢ so that the height & L defined by L ¢ via arithmetic intersections agrees
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with 7z\f on X (K). The advantage to our definition is that & L defines not only
heights of points, but heights of subvarieties of X as well. By applying the Hodge
index theorem to compare the canonical heights defined by two different polarized
dynamical systems, we prove the following rigidity theorem:

Theorem 1.2. Let X be a projective variety defined over a transcendence degree one
function field K over any base k, and let (f, L, q) and (g, M, r) be two polarized
dynamical systems on X. If the points with height zero under h L, azd the points
with height zero under h i, agree on a Zariski dense subset of X (K), then they
are identical.

This is stated more generally in Section 4. When £ is the algebraic closure of a
finite field, the Northcott property implies that the points with canonical height zero
under f are exactly the preperiodic points Prep( f), giving an immediate corollary.

Corollary 1.3. In the same setting as Theorem 1.2 but with the additional hypothesis
that k =T, if Prep(f) NPrep(g) is Zariski dense in X (K ), then Prep( f) = Prep(g).

This was conjectured by Yuan and Zhang, and they prove a similar result over
number fields.

Over general function fields the corollary does not hold, as not all canonical
height zero points are preperiodic. The proofs differ as well, as while it is clear
that the set Prep(f) does not depend on the choice of polarization L, this must be
proven for canonical height zero points, and then the heights compared in a more
indirect way. Even so, some limited things can be said.

Corollary 1.4. Let K be the function field of a smooth projective curve over any
field k, and let f and g be two rational functions IP’}( — IP’}( which are not isotrivial.
If Prep(f) and Prep(g) intersect on an infinite subset of P! (K), they are equal.

This is a direct consequence of our theorem and a theorem of Baker [2009].
Chatzidakis and Hrushovski [2008a; 2008b] prove results comparing preperiodic
points and height zero points using a model-theoretic nonisotriviality condition in a
much more general setting, but it is difficult to combine that result into a useful
rigidity statement. This is discussed further in Section 5.

1.2. Outline of paper and sketch of methods. Definitions and basic properties
of adelic metrized line bundles and Chow’s K/k-image and trace are recalled
in Section 2. Additionally, this section includes technical lemmas, such as the
existence of flat metrics, which will be needed throughout the paper.

Our main Hodge index theorem, a classification of numerically trivial line bundles,
and an R-linear variant (Theorems 3.1, 3.2, and 3.3) are fully stated and proven
in Section 3. We begin with the case of X being a curve. Decomposing adelic
metrized line bundles into flat and vertical pieces, and addressing intersections of
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the vertical parts using the local Hodge index theorem of [ Yuan and Zhang 2017,
Theorem 2.1], we reduce to the case of flat metrics. Then, following the methods
of Faltings [1984] and Hriljac [1985], we relate the intersection pairing to the
Néron-Tate height pairing on the Jacobian variety of X, and complete the result for
curves using properties of heights on the Jacobian.

Next we prove the inequality part of Theorem 3.1 by induction on the dimension
of X, using a Bertini-type theorem of Seidenberg [1950] to find sections which cut
out nice subvarieties of X. Along the way we prove a Cauchy—Schwarz inequality
for this intersection pairing. Theorem 3.2 and the equality part of Theorem 3.1 are
then also proved by induction, where we again decompose into flat and vertical
metrics and must show that the K /k-trace and image functors behave nicely when
restricted to a subvariety. This is more difficult than the inequality, however. For
the inequality, we write each metrized line bundle as a limit of model metrics, and
prove the result for model metrics, thus getting the same inequality on their limit.
We can write the same limit in the equality case, but we cannot assume that the
same equality hypothesis holds for the model metrics, and must argue by other
means. Finally, Theorem 3.3 is easily deduced from Theorem 3.1 and its proof.

Section 4 proves the application of our result to polarized algebraic dynamical
systems. We first describe and prove the existence of admissible metrics for a given
polarized algebraic dynamical system, which generalize flat metrics, and give rise
to canonical heights defined by intersections. This transforms the rigidity statement
into a statement comparing two different admissible adelic metrized line bundles,
which is proved using the Hodge index theorem.

Section 5 gives corollaries of the main results proven here, and discusses what can
still be said about preperiodic points over larger fields without the Northcott property.

2. Preliminaries

Here we introduce the definitions, basic properties, and lemmas which will be
needed throughout the paper. The core theory used in this paper is built on local
intersection theory as developed by Gubler [1998; 2007b], Chambert-Loir [2006],
Chambert-Loir and Thuillier [2009], and Zhang [1995]. More generally, one can
find an introduction to Arakelov theory in [Moriwaki 2014; Lang 1988; Soulé 1992].

2.1. Metrized line bundles over local fields. 1.et K be a complete non-Archimedean
field with nontrivial absolute value | - |. Denote the valuation ring of K by

K°:={aeK:|a| <1},
and its maximal ideal by

K°°:={aeK:|a| <1},
so that K := K°/K°° is the residue field.
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Let X be a variety over K and denote by X" its Berkovich analytification [1990].
For x € X*, write K (x) for the residue field of x. A line bundle L on X has an
analytification, denoted L?", as a line bundle on X"

Definition 2.1. A continuous metric || - || on L consists of a K (x)-metric || - ||, on
L* (x) for every x € X?", where this collection of metrics is continuous in the sense
that for every rational section s of L, the map X*" — R defined by x — ||s(x)||, is
continuous away from the poles of s. We call L with a continuous metric a metrized
line bundle and denote this by L = (L, ||-]|). For a fixed line bundle L, limits of
metrics are taken with respect to the topology induced by the supremum norm.

An important example of a continuous metric is a model metric: Let X be a
model of X over K°, i.e., a projective, flat, finitely presented, integral scheme over
Spec K° whose generic fiber Xk is isomorphic to X, and let £ be a line bundle
on & whose generic fiber Lk is isomorphic to L. Then we can define a continuous
metric on L by specifying that for any trivialization £;; = O, on an open set
U C X given by a rational section £, we have [|£(x)||, = 1 for any x reducing to Uy
in the reduction X over K.

We now define some important properties and notation.
Definition 2.2. Let L = (L, ||-||) and M be metrized line bundles on X.

(1) A model metric is nef if it is given by a relatively nef line bundle on the
corresponding model.

(2) Call both L and ||-|| nef if ||-|| is equal to a limit of nef model metrics.

(3) L is arithmetically positive if it is nef and L is ample.

4) L is integrable if it can be written as L =1L;— L, with L; and L, nef.

5) M _is L_;bozmded if there exists a positive integer m such that mL + M and
mL — M are both nef.

(6) L is vertical if it is integrable and L = Oy.

(7) L is constant if it is isometric to the pull-back of a metrized line bundle on

Spec K.

(8) ﬁi\c(X ) is defined to be the group of isometry classes of integrable metrized
line bundles.

Remark. When we say a line bundle is relatively ample or nef, we always mean
with respect to the structure morphism; here X — Spec K°. A concise discussion
of relative amplitude and nefness can be found in [Lazarsfeld 2004, Chapter 1.7].

We also have a local intersection theory for metrized line bundles on X, due to
[Gubler 1998; 2007a], and to [Zhang 1995] when K has a discrete valuation. Let Z
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be a d-dimensional cycle on X, let Zo, R Ed be integrable metrized line bundles
on X, and fy, ..., £y4 rational sections of each, respectively, such that

(ﬂ|div<e,->|) nizi=o.

where |Z| means the underlying topological space of the cycle Z. Then Z has a
local height div(£g) - - - div(€y) - [Z] with the following properties:

(1) The local height is linear in ai\v(ﬁ,-) and Z.
(2) For fixed sections, it is continuous with respect to the metrics.

(3) When L; has a model metric given by £; on a common model X, the height
is given by classical intersections:

div(£o) - - - div(€y) - [Z] = diva (£o) - - - diva (£y) - [Z],

where Z is the Zariski closure of Z in X.

(4) If the support of div(€y) contains no component of Z, there is a measure
c1(Ly) -+ c1(Lg)8z on X*™ due to [Chambert-Loir 2006] which allows us to
compute div(€g) - - - div(€y) - [Z] inductively as

div(en) - - div(ea) - [div(bo) - Z] - / logll€o() lxer (L) -+ er(La) 87
This notation is meant to suggest that ¢;(L;) should be thought of as the
arithmetic version of the classical Chern form c;(L;).

o) If £0|Z,~ is constant and c¢i(L1)---c1(Lg) - [Zj] = O for every irreducible
component Z; of Z, then this pairing does not depend on the choice of sections,
so we may simply write

Lo---Lyg-Z=div(t)---div(ey) - [Z].

When Z = X, we typically omit Z in all of the above notation.

By definition, every integrable metric can be written as a limit of model metrics
(with respect to the supremum norm). Properties (3) and (4) above guarantee that
intersections of integrable metrized line bundles are equal to the corresponding
limits of intersections of models which approximate them.

2.2. Adelic metrized line bundles. We now move to the global theory, which is
built from the theory of metrized line bundles over each localization, discussing first
models and then adelic metrized line bundles. We return to the setting of the main
theorems of this paper, where k is any algebraically closed field, B is a smooth
projective curve over k, K = k(B) is its function field, and = : X — Spec(K) is a
geometrically normal, geometrically integral, projective variety.
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Let X be a model for X, meaning that X — B is geometrically integral, projective,
and flat, and the generic fiber X’k is isomorphic to X. Given a geometrically integral
subvariety ) of dimension d 41 in X" and line bundles Ly, ..., £z on X each with a
respective section £y, . . ., £4 such that their common support has empty intersection
with Vg, the arithmetic intersection pairing on Pic(X) is defined locally as

Lo+ Lg-Y:=div(Ly) -+ div(Ly) - [V]:= Y _(div(L) - - - div(Lq) - V1),

v

where v ranges over the closed points (places) of B, and
(div(€o) - - - div(£y) - [V1),

means the local intersection number after base-change to the complete field K,,. As
the notation suggests, this does not depend on the choice of sections. Again we
typically drop Y in the notation if ) = X, and when & is one-dimensional, we call
d’é\g(ﬁo) := Lo - X the arithmetic degree of L.

Remark. This arithmetic intersection theory for X — B is equal to the classical
intersection theory given by viewing X as a variety over the field &, but is written
using the fibration so as to align notationally with Arakelov’s arithmetic intersection
theory [1974; 1975]. In the function field setting there are no Archimedean places
to consider, as B is projective.

Given a line bundle L on X we call a line bundle £ on X a model for L provided
that Lx = L. For each place v of B, completing with respect to v induces a model
over K and a model metric ||-||z,, of La}glv on X" := X}“V.

Definition 2.3. The collection ||-||z.a = {||-||z,v}v of continuous metrics for every
place v of B given by (X, £) is called a model adelic metric on L. More generally,
an adelic metric ||-||a on L is a collection of continuous metrics |-/, of L% on
X:" for every place v, which agrees with some model adelic metric at all but
finitely many places. A line bundle on X with an adelic metric is called an adelic
metrized line bundle, and is denoted L = (L, ||-||a). When the context is clear we
will frequently drop adelic and simply write metrized line bundle. For a fixed line
bundle L, limits of adelic metrics are taken with respect to the topology induced by
maxy, [|-||sup, the maximum of the supremum norm on each fiber. Such a limit does
not require fixing a single model X'.

We extend our local definitions of properties of metrized line bundles to the
global case.

Definition 2.4. Let L be an adelic metrized line bundle.

(1) L is nef if it is equal to a limit of model metrics induced by nef line bundles
on models of X.
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2) L is integrable if it can be written as L =L, — Ly, where each L; is nef.

(3) L is arithmetically positive if L is ample and L — 7* N is nef for some adelic
metrized line bundle N on Spec K with deg(N) > 0.

(4) M is L-bounded if there exists a positive integer m such that mL + M and
mL — M are both nef.

(5) L is vertical if it is integrable and L = Oy

(6) L is constant if it is isometric to the pull-back of a metrized line bundle on
Spec K.

@) ISi\c(X ) is defined to be the group of isometry classes of integrable metrized
line bundles.

Remark. In the definition of arithmetically positive, we have thus far only defined
the arithmetic degree in the model case, but every adelic metrized line bundle in
Spec K has a model metric, so we may use that definition. The definition is also
made more general in the following material.

Remark. The definition of arithmetically positive is equivalent to requiring that L
is ample and for every N € Iji\c(K ), there exists some positive integer m such that
mL — 7*N is nef. This means, in particular, that all of 7T*I§i\c(K ) is L-bounded for
arithmetically positive L.

Remark. To avoid confusion, note that the preceding definitions are not equivalent
to requiring that the local property of the same name holds at every fiber. In
fact, since relative amplitude (resp. nefness) holds if and only if the restriction to
every fiber is ample (resp. nef), if a property holds in the global setting then the
corresponding property holds locally at every place, but the converse is false. For
example, if L, is nef on X, for every place, each L, can be written as a limit of
nef models £, ; on X, ;, but it may not be possible to assemble these into global
models £; on models X; of X.

Global intersections are defined similarly to the model case, except with the
local metrics given explicitly by the adelic metric instead of induced by a model.
Given a d-dimensional integral subvariety Z of X and integrable adelic metrized
line bundles Ly, ..., Ly with respective sections {g, ..., £y with empty common
intersection with Z, their intersection is

Lo Lg-Z:=div(ey) - - div(ty) - [Z]
=Y div(eolx,) - div(Lalx,) - [Z]x,].

where again this is independent of the choice of sections. Summing the local
induction formula at each place produces a global induction formula: letting £g be
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a rational section of Lo whose support does not contain Z,
Lo---Ly-Z
=Ly Lg-(Z-div(to)) - Z/ loglléo()llver(Ly, v) -+~ e1(La. v) 8z,
v X

As before, we drop Z when Z = X, and when X is zero-dimensional, we call
d’%(io) := Lo - X the arithmetic degree of Lo.

As in the local case, we can always compute intersections of adelic metrized line
bundles by approximating them with model metrics and computing the limit of the
corresponding arithmetic intersections of the models.

Definition 2.5. An adelic metrized line bundle M on X of dimension 7 is called
numerically trivial if for any Li,...,L,ePic(X),

M-Ly.. L,=0.

Call two adelic metrized line bundles numerically equivalent if their difference is
numerically trivial.

2.3. Flat metrics. Adelic metrized line bundles with flat metrics form an especially
nice class of adelic metrized line bundles. We will often be able to split a metrized
line bundle into a bundle with a flat metric plus a vertical bundle, and then work with
each of these separately, as flatness will tell us that these have trivial intersection.

Definition 2.6. Let X be a projective variety over a complete field K, and let L
be a metrized line bundle on X. Then L is flat if for any morphism f : C — X
of a projective curve over K into X, we have ¢;(f*L) = 0 on the Berkovich
analytification C®. If now X is a projective variety over a global field and L an
adelic metrized line bundle on X, call L flat provided it is flat at every place.

Note that if L is flat, L must be numerically trivial, as

deg(Llc) = / c1(L]c) = 0.

an

Lemma 2.7. Let L be a numerically trivial line bundle on a projective, normal
variety X over a function field K. Then L has a flat metric, which is unique up to
constant multiple.

Remark. When X is a curve, this lemma has a much simpler proof using linear
algebra; see for example [Hriljac 1985, Theorem 1.3]. If X — B is a model for X
and X, is geometrically normal (for example, every place v of good reduction),
then the flat metric on L at v is induced by the model metric corresponding to the
closure in X" of a divisor on X in the class of L.

To prove the lemma in general, the following related notion will be useful. We
will show that it is equivalent to flatness for abelian varieties.
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Definition 2.8. Let L be a metrized line bundle on an abelian variety A such that
L is algebraically trivial. We call L admissible if [2]*L = 2L.

Proof of Lemma 2.7. First, suppose X is an abelian variety. Then L is algebraically
trivial, and we have an isomorphism ¢ : [2]*L = 2L. Take any metric |-||; on L.
Then Tate’s limiting argument, as in [Zhang 1995, Theorem 2.2], shows that

Dl := @™ 120711117

converges to an admissible metric ||-||o on L, and that further this is the unique
admissible metric on L up to constant multiples.

Let C — X be a smooth projective curve in X. After a translation and extension
of K, we can fix a point xo € C(K) which maps to 0 € X. By the universal property
of the Jacobian, C — X factors through the Jacobian map C — Jac(C) taking
xo — 0, and the pullback of (L, ||-|p) to Jac(C) is also admissible. Then by [Gubler
2007b, Remark 3.14], ci (L, ||-]lo) = 0, and hence L has a flat metric. By taking
the tensor product of this metric with the inverse of any other flat metric on L,
uniqueness up to constant multiple is reduced to showing that || 1]| is constant for
any flat metric on Oy. Any two points on X are connected by a curve; let D be its
normalization. Then | 1|| is constant by the local Hodge index theorem [Yuan and
Zhang 2017, Theorem 2.1] in dimension one at each place.

Now let X be an arbitrary projective, normal variety, choose a point xg € X (K)
(extending K if necessary) and recall the Albanese map i : X — Alb(X) taking xo
to 0. Since L is numerically trivial, we may replace it by a multiple and assume it
is algebraically trivial. Then L corresponds to a K point & of Pic?ed’ ¥ =Alb(X)".
By definition, L is (isomorphic to) the Poincaré bundle P on Alb(X) x Alb(X)"
restricted to Alb(X) x {£}, then pulled back through

i xid: X x Alb(X)Y — Alb(X) x Alb(X)".
P ab(x)x{g} 1s algebraically trivial, and hence has a flat metric. But the pullback
of a flat metric is also flat, so this defines a flat metric for L. O
The reason we care about flat metrics is shown by Lemma 2.9 and Corollary 2.10:

Lemma 2.9. Let K be a complete non-Archimedean field, and X — Spec K a
geometrically connected, geometrically normal, projective variety of dimension n,
with a flat metrized line bundle M. Then given any integrable metrized line bundles
1_41,...,1:,1_101’ZX, o _ _

ci(M)ci(Ly)---ci1(Lp—1) =0.

Proof. We show that

/IOgIIEn(X)IIxQ(/W)-C1(L_1)---C1(L_n_1)=0

for every section £, of any metrized line bundle L,. Proceed by induction on n.
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Since any integral metrized line bundle can be written as a difference of arithmeti-
cally positive metrized line bundles and the measure is additive with respect to the
metrized line bundles, we may assume that L,_ is arithmetically positive without
loss of generality. Further, by approximation, it suffices to treat the case where
L,_1 is a model metric, induced by some ample line bundle £ on a model X for X.
By Seidenberg’s Bertini theorem [Seidenberg 1950, Theorem 7°], £ has a section s
which cuts out a horizontal, geometrically integral, normal subvariety ). After
base changing to a finite extension K’ of K, we may assume that this subvariety is
geometrically normal. Since this extension merely scales the intersection number
by [K’: K] it has no effect on the proof of this lemma. Let Y be the generic fiber
of ), and let Z be div(£,) restricted to Y.
We compute an intersection product in two different ways. First,

M-Ly---Ly=M|y-Lily---Lo—2|y-Lyly
=M|z-Li|z- --Zn—zlz—/ log||€, (x)|lxc1 (M)c1(Ly) -+ -c1(Ly—2) 8y
Xﬂﬂ
=M|z-Li|lz-Ly-2lz,

where the first equality follows from ) being horizontal, the second from the
induction formula for local intersection numbers, and the third from the induction
hypothesis. We now compute this in a different order:

!

ML

n

Ly Ly_1-(div(£,)) —/ log||€, (x)llxc1 (M)ci1(Ly) - -1 (Ly—1)

an

I
S

I
=)

Z'L_1|Z"'En—2|z—/ logllen (6) ler (Mer (E1) - - - e1(En),

X

where now the first inequality follows from the induction formula, and the second
from ) being horizontal. Comparing the two equalities completes the proof. [

Corollary 2.10. Let M be flat, N be vertical,and Ly, ..., L,_; be any integrable
adelic metrized line bundles. Then

M-N-Ly---L,_; =0.

Proof. Since N is vertical, N = Ox. Compute this intersection using the induction
formula with the section s = 1 of Oy:

N
i

M-N-L

:M'El"‘inl'(div(s))_/ log[1]lxc1 (M) -e1(Ly) - - e1 (Ln—1)-

an

The first term is zero since div(s) is empty, and the integral is zero by Lemma 2.9. [
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2.4. Heights of points and subvarieties. An important application of the intersec-
tion theory of adelic metrized line bundles is to define height functions.
Definition 2.11. Let N € Iji\c(X ). We define the height of a point x € X (K) by
1 _
hy(x) = ————F=N"X,
N [K(x): K]

where X is the image of x in X via Xg ) = Xx = X.
Remark. The heights produced by this definition are Weil heights, which can be
defined without intersection theory [Bombieri and Gubler 2006; Call and Silver-
man 1993], but we use the above definition as it generalizes to define heights of
subvarieties.

Definition 2.12. Let d = dim Y. The height of Y with respect to N is defined to be

o (N
}WW”‘M+DWhW

and the essential minimum of Y with respect to N is

MY, N):=sup( inf_hg, (x)).
UcY xeU(K)
open

By the successive minima of Zhang [1995, Theorem 1.1], and proven in the
function field setting by Gubler [2007a, Theorem 4.1], we can state the following.

Proposition 2.13. When N is nef,
MY, N) > hg(Y) > 0.

2.5. Abelian varieties and Chow’s K [ k-trace and image. Proofs of the existence
and properties of the trace and image can be found in [Lang 1983] and [Conrad
2006]. Let A be an abelian variety defined over K. The K /k-image (Img /¢ (A), A)
consists of an abelian variety Img /4 (A) over k and a surjective morphism

At A— Img i (A)k

with the following universal property: If V is an abelian variety defined over &, and
¢ : A — Vi is a morphism, then ¢ factors through A. Provided the fields K and k
are clear, we will often drop the K /k subscript and just write Im(A).

The K /k-trace is (Trg /1 (A), T) where Trg /x(A) is an abelian variety over k, and

T:Trg(A)xk — A

is universal among all morphisms from k-abelian varieties to A. Again we will often
drop the K /k when the fields are unambiguous. The image can be thought of as the
largest quotient of A that can be defined over k and the trace as the largest abelian
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subvariety that can be defined over k. This heuristic is literally true in characteristic
zero, but in positive characteristic the trace map may have an infinitesimal kernel;
see [Conrad 2006, Section 6].

These constructions are dual to each other in the sense that

Tr(AY) = Im(A)",

and the image and trace are isogenous via the composition A o T (descended to the
k-varieties).

Given a morphism of abelian varieties f : A — B, we get morphisms fr; :
Tr(A) — Tr(B) and fin, : Im(A) — Im(B) commuting with T and X.

Now suppose X is a geometrically normal projective variety over K of dimen-
sion n, and assume that K is large enough so that X (K) is nonempty. We write
Picx for the Picard scheme of X, representing the Picard functor on X. This
scheme exists (i.e., the Picard functor is representable), and its reduced neutral
component, denoted Pic?edy x» 1s an abelian variety [Kleiman 2005; Grothendieck
1962, Lecture 236]. Note that we do require the reduction, as Pic())( may fail to be
reduced in positive characteristic. Write Pic(X) and Pic’(X) for the abelian groups
of K points of Picx and Pic?ed’ x» respectively.

We can then define Alby, called the Albanese variety of X, to be the abelian
variety dual to Pic?ed’ x- Choosing a point xg € X (K) fixes an Albanese morphism

t: X — Alby

taking x¢ to 0, and then (Alby, ¢) uniquely satisfies the Albanese universal property:
any morphism from X to an abelian variety taking x to zero must factor through ¢
[Wittenberg 2008].

We now have the language to differentiate between metrized line bundles defined
over the constant field k£ and those which are not. Define a group homomorphism

Tre sk - Trg y(Picly x) (k) — Pic(X)
as follows. First, by the duality of the K /k-trace and image,
Tr /x (Pichy y) (k) = Pic”(Img /¢ (Alby)).
Then we can map
PicO(ImK/k(Ale)) < Pic(Img x(Alby)) — Pic(Img /i (Albyx) xx B),

where the map on the right is the pullback of projection onto the first factor. Since
Img /i (Alby) is defined over k, the fibered product Img /x (Albx) x B is a model
for Img /x(Alby) X K, and thus we get a map

Pic(Img 4 (Alby) xx B) — Pic(Img /4 (Alby) )

given by taking model metrics. Finally, X maps to Img /x(Albx )k via the Albanese
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map followed by the image map, and pulling this back gives
Pic(Im / (Alby) k) — Pic(X).

We can thus define T /x as the composition of the above maps. While it took several
steps to formally define Tx «, it is very natural; if we define

¢ : Pic(X) — Pic(X)
by forgetting the metric, then
¢ oTk/k =Tk /k
is the K /k-trace morphism (on field-valued points), and the irna%e of this composi-
tion lands in PicO(X ). To simplify notation, we write Trg x (Pic” (X)) to mean the
image of Tg /k in Pic(X). By construction Trg, k(Pic0 (X)) is flat and numerically
trivial, as on every fiber X, this group restricts to Trg, k(Pic?ed’ x) K, (k), which is

algebraically trivial, and so in particular Trg, «(Pic®(X)) has zero intersection with
every vertical metrized line bundle.

3. Proof of Hodge index theorem

3.1. Statement of results. Let k be any algebraically closed field, let B be a smooth
projective curve over that field, and let K = k(B) be the corresponding function
field. Let X be a geometrically normal projective variety over K of dimension 7,
and assume that K is large enough so that X (K) is nonempty. Then choosing a
point x € X (K) we may fix an Albanese morphism ¢ : X — Albyx. We impose these
conditions on X as well as this choice of Albanese morphism throughout the rest
of the paper.
We can now state our main theorem:

Theorem 3.1 (arithmetic Hodge index theorem for function fields). Let M be an
integrable adelic Q-line bundle on X and Li,....,L,_; nef adelic Q-line bundles
on X. Supposeifn>2that M-L, ... L,_1=0andeach L; is big, or that deg M =0
ifn=1. Then L, ~
M -Ly---L,_1<0.
Further, if every L; is arithmetically positive, and M is Li-bounded for every i,
then P B

M -Ly---L,. =0
if and only if e

M € 7*Pic(K)q + Trg ik (Pic’(X))q.

When n =1 so that X is a curve,
M? = —2hnt(M),

where hnt is the Néron—Tate height on the Jacobian of X.
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Remark. When £ is the algebraic closure of a finite field, Trg, k(PicO(X ))aq is zero,
since all elements are torsion.

Remark. For the “if” direction of the equality, note that all of
7*Pic(K)q + Trg/k(Pic®(X))q

is L bounded for any arithmetically positive L. This follows from the remark
after Definition 2.4 for m*Pic(K)g, and from the fact that TrK/k(PicO(X))@ is
numerically trivial by construction.

Call a metrized line bundle M on X numerically trivial if
ML L,=0

for every choice of metrized line bundles Li,...,L,. The classical Hodge index
theorem says that the only divisors on a surface with zero self-intersection are the
numerically trivial divisors. We show that that is nearly, but not quite the case here:

Theorem 3.2. The following are equivalent for M € lgi\c(X )o:
(1) Mis numerically trivial.
(2) The height hy; is identically zero on X (K).
3) M € n*lsi\cO(K)@ + Tr[(/k(PiCO(X))@, where lgi?:O(K)@ is defined to be the
elements of Pic(K)g with arithmetic degree zero.

Define Pic’ (X) to be the group of isomorphism classes of numerically trivial
line bundles on X. We define a pairing on Pic* (X) to give an R-linear version of
Theorem 3.1. Let M, N € Pic*(X)r, and let Ly, ..., L,_; € Pic(X)q be nef. Then
define a pairing by
L =M-N-Lj--L,_y,

.....

using any choice of flat metrics on M and N, and any choice of metrics on L;.
By Lemma 5.19 of [Yuan and Zhang 2017], (proven as a simple consequence of
Lemma 2.9 here) this pairing does not depend on the choice of metric.

Theorem 3.3. For any M € Pic* (X)r and nef L1, ..., L,_1 € Pic(X)q,

Further, if every L; is ample, then equality holds if and only if M € Trg (Pic’ (X))
When X is a curve,

(+,)==2(-, - )NT,
where (-, - )Nt IS the Néron—Tate height pairing on the Jacobian of X.

These results are proven over the next three subsections, with the bulk of the work
going into proving Theorem 3.1, with Theorems 3.2 and 3.3 following as corollaries.
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3.2. Curves. We begin when X is a curve. Here we can work directly in lsi\c(X )
as opposed to P”'i\c(X )g. Then the theorem discusses the self-intersection M2 when
deg M = 0. By Lemma 2.7, M has a flat metric Mo= M, |-lo).

Let N be the vertical line bundle defined by

M = Mo—i—ﬁ
Since M is flat, M- N = 0 so that
M? = M3+ N*=M3+) N2,
vV
where N, is the restriction of N to X, := X ®k K, for each place v of K (i.e.,

each closed point of B). Now N2 < 0 with equality if and only if N, is constant by
the local Hodge index theorem [Yuan and Zhang 2017, Theorem 2.1]. Hence,

Y N <o,
v

with equality if and only if N € 7*Pic(K).

Next, we consider M % Since M has degree zero, it corresponds naturally to a
K -point on the Jacobian, Jacy, of X. Given any two points P, Q € Jacx(K),let Lp
and L be the corresponding algebraically trivial line bundles on X. These each
have a flat metric, L p and ZQ, respectively, unique up to constant metric, and thus
we get a well-defined symmetric bilinear pairing

(P,Q)— —Lp-Lg

on Jacy (K), as the intersection does not depend on the choice of flat metric. As is
noted in [Faltings 1984] and [Hriljac 1985] in the arithmetic setting, this pairing
is exactly the Néron—Tate height pairing. Then the Shioda—Tate theorem [Shioda
1999, Theorem 7] states that this pairing descends to a positive definite pairing on
Jacx (K)q/ Trgk(Jacy)(k), and

M? = —2hnt(M).
Since Tk« produces elements of lg'i?:(X ) with flat metrics, our pairing on
Trg /i (Pic” (X))

matches that considered by Shioda, and this completes the proof of Theorem 3.1
in dimension one. Since Shioda’s pairing extends R-linearly, this also proves
Theorem 3.3 in dimension one.

We now turn to Theorem 3.2 in dimension one. (1) = (2), as heights are defined
using intersections. In particular, fix any model X — B for X, and for x € X (K)
let L, be the model metric corresponding to the Zariski closure of X in X'. Then
for M € Pic(X)q the height h; (x) is just M - L /[K (x) : K] =0.
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Now suppose hj; is identically zero on X (K). Then deg M = 0 as otherwise
M or —M is ample and M defines an unbounded Weil height. Suppose L is a
model metric induced by a very ample line bundle £ on a model & — B. Then,
extending K if necessary, by Seidenberg’s Bertini theorem [Seidenberg 1950], £ has
a section which cuts out a normal, irreducible horizontal subvariety of X. Since X
is a surface, this is just the closure of a point xo € X (K) on the generic fiber. Then

M-L=M|y,=hjx)=0

Since Pic(&X)q is generated by linear combinations of very ample line bundles and
ISi\c(X )@ consists of limits of such, this proves 2) = (1).

If M is numerlcally trivial, then M € PIC(K )+ Trg/ k(PlCO(X ))@, as necessarily

=0.1f M, Plc(K ), then hj; i1, is constant, with value equal to deg(M 1). Thus

<2> =3 B

Finally, if M € n*Pic (K)g + Trg /k(PiCO(X ))o then M is numerically trivial,
as Trg, «(Pic’ (X))@ is numerically trivial on every fiber by construction, and the
intersection of N € n*ﬁi\c(K Yo with L € lgiT:(X )g is the arithmetic degree of N
times the degree of L. Then (3) = (1), completing the proof.

3.3. Inequality and Cauchy—Schwarz. We will now prove the inequality part of
Theorem 3.1 by induction on n = dim X, and get a version of the Cauchy—Schwarz
inequality as a corollary. As in [ Yuan and Zhang 2017, Section 3.3, Assumption (2)],
we may assume that each L; is arithmetically positive (instead of just big) by a
limiting argument. Thus we may assume L; is ample.

Since M and each L; can be approximated by model metrics, it suffices to prove

MPLye Ly 0,

under the assumption that M and every £; are line bundles on a model & for X,
that £; is ample with respect to k, and that the intersection Mg - (L1)k -+ (La—1)k
on the generic fiber is zero.

Replacing £ by a positive tensor power if necessary, we may assume it is very
ample. Then by a Bertini-type result of Seidenberg [1950, Theorem 7°], a generic
section of £; cuts out an integral normal subvariety ) of X, and we may further
stipulate that ) is horizontal. Then

M2Lyo Ly =M|§;-£1|y-"ﬁn—2|y-

This reduces the problem to a lower dimension, but we require that Yk have a K
point to conclude the result by induction. This is certainly true if we replace K with
a finite extension K, or equivalently replace B with a ﬁnite cover. Since intersection
numbers 31mply scale by [K’ : K] and the subgroup Plc(K )+ Trg, ((Pic%(X)) is
equal to Plc(K )+ Trgry k(PlC (X)) intersected with PlC(X ), such a base change
is permissible.
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Given M € Pic’ (X)g, we can write it as an R-linear combination of numerically
trivial line bundles on X, and each has a flat metric by Lemma 2.7. Then the
inequality of Theorem 3.1 immediately implies the inequality of Theorem 3.3 when
every L; is big. If L; is merely nef, choose any ample line bundle A and € > 0, and
then L; := L; 4+ €A is big. Thus the inequality holds with L; . replacing L;, and
taking the limit as € — 0, it holds in general.

As a corollary, we have the following Cauchy—Schwarz inequality:

Corollary 3.4. Let M and N be two integral adelic line bundles on X, and let
Li,...,L,_1 be nef adelic line bundles on X such that

M-Ly---L,1=N-Ly---L,_;=0.
Then
(M-N-Ly---L,_)><(M*-Ly--- Lo \)(N*Ly---L,_).

Proof. This follows from the inequality part of the Hodge index theorem proven
above, and from the standard proof of the Cauchy—Schwarz inequality using the
(negative semidefinite) inner product

(M,N); ; ==M-N-Li--Ly,_. 0

3.4. Equality. We now proceed to the equality part of Theorem 3.1. To prove the
“if”” direction, suppose M € Trg / k(PiCO(X ))a. Then M is numerically trivial, as it
is numerically trivial on every fiber by construction. If M € n*lsi\c(K )a, then M?
consists of self-intersections of whole fibers, which are equal to zero.

To prove “only if.” suppose that each L; is arithmetically positive, that M is
L;-bounded for all i, and that

M*-Ly---L,_1=0.

Note that as a consequence of the Cauchy—Schwarz inequality above, the set
of metrized line bundles M satisfying these properties forms a group via tensor
products.

By [Yuan and Zhang 2017, Lemma 3.7] (this requires that L; is arithmetically
positive), M is numerically trivial on X. Thus it has a flat metric; let Mo= M, ||
be flat. Then, similar to the curve case, N := M — M, is vertical, and

1\7[2.[1...5"_1:1\7[(2).[1...["_1+1V2.]j1...En_l_

The inequality part of the Hodge index theorem guarantees that both terms on the
rlght are zero, and then by the local Hodge index theorem at every place occurring
in N, we have N € Plc(K )o. Hence we are reduced to proving the statement in the
flat metric case M = M.
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We again replace L; by a positive multiple to assume that L; is very ample,
then apply Seidenberg’s Bertini theorem to conclude that (L)% has a section s
which cuts out an integral, normal subvariety Y. Such Y is defined over some finite
extension of K'/K, and thus after a base change from K to K/, we may assume
that L; has a section which cuts out a geometrically integral and geometrically
normal subvariety Y. As in the proof of the inequality, this finite extension merely
scales the intersection numbers by a positive factor. We thus continue writing K,
assuming it has been made large enough, to avoid excessive additional notation.

Lemma 3.5. If M is flat, and Y is a geometrically normal subvariety of X, then
M3 Laly - Ly1ly =0.

Proof. By the induction formula of Chambert-Loir [2006], recalled in Section 2.1,

M?>. Ly L,

=M} Loly - Laily — Z[ logllsllver (M)*ey(La) -+ ¢y (Ln—1).
v X

Since M is flat, all the integrals are zero. U

Thus we may assume
My € n*Pic(K)a + Trg /e (Pic’(Y))a

by induction.

Write M|y = M’ +* M, with M’ € Trg 1 (Pic’(Y))q and M €Pic(K)g. Then
define M» = M —7*M . Since M is numerically trivial, replacing M by a positive
integer multiple if necessary, we may further assume M is algebraically trivial, and
then that 7*M;, M, € PicO(X).

As noted earlier, if we drop the metric structure the map 7 is simply the K/ k-
trace map on field-valued points. The following lemma then proves that M, |y = M’
lifts via the pullback of ¥ <= X to an element of Trg /k(Pico(X )a-

Lemma 3.6. Let f : A — B be a morphism of abelian varieties defined over K. In
the commutative diagram

Tr(A) (ko —— A(K)g
lfn lf
Tr(B) (K)o —— B(K)qg
(f 0 Ta)(Tr(A)(k)q) is equal to f(A(K)g) Ntp(Tr(B)(k)a)-

Proof. To shorten notation, we will drop writing the map t4 and consider Tr(A) (k)
directly as a subgroup of A(K) (and similarly for B). First reduce to the case where
f is surjective: let B’ be the image of f, an abelian subvariety of B. By Poincaré
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reducibility, B is isogenous to B’ x B”, for some abelian variety B”. Then Tr(B) is
isogenous to Tr(B’) x Tr(B”), and the intersection of Tr(B’) (k) x Tr(B")(k) with
B'(K) is just Tr(B’) (k).

Now assume f is surjective. By [Conrad 2006, Theorem 6.4], Tr(A) g is isoge-
nous to an abelian subvariety A’ C A such that Tr(A) = Tr(A’) and Tr(A/A") =0.
Similarly, B has an abelian subvariety B’ with the same properties. Composing
with these isogenies, we get a surjection

Tr(A)x x (A/A") — Tr(B)k x (B/B')

where the map on the first component is f descended to the traces. Now consider
the map A/A’ — Tr(B) g obtained from the above map composed with projection
onto the first component. This map must factor through Im(A/A’) ¢, which is trivial
as Im(A/A’) is isogenous to Tr(A/A’) = 0. Thus Tr(A)x — Tr(B)k is surjective,
and we get a surjection Tr(A) (k) —» Tr(B)(k), proving the lemma. O

Hence we may lift M»|y to an element M ) € Trg /k(Pico(X ))a, and we must
have

M — M), € ker(Pic(X) — Pic(Y)).

Since PicO(X) — PicO(Y ) has finite kernel [Kleiman 2005, Remark 9.5.8], re-
placing M with a positive integer multiple, we may assume M, — M), = Ox
and thus M, — M 5 is vertical. Additionally, by the Cauchy—Schwarz inequality,
Corollary 3.4,

(My— M52 Ly Ly =M—n*M;—M)?*-Ly---Ly,_1 =0,

so that by the local Hodge index theorem the metric must be constant at each place
and M, — ]\7 5 € n*ISE:(K )o- Note that the local Hodge index theorem requires that
My — M be L -bounded, but this holds, as M is L;-bounded by hypothesis, and
all of Jr*Plc(K )o + Trg /k(PIC (X))g is Li-bounded as well. This means that

= (n*M, + My — M5) 4+ M) € n*Pic(K)q + Tr /i (Pic’ (X)) q.

This proves that when M is L;-bounded and L; is arithmetically positive for
all i, then

M Li-L, =0

if and only if M € JT*ISi\C(K )o +Trg, «(Pic’ (X))@, which completes the proof of
Theorem 3.1.

The inequality part of Theorem 3.3 is implied immediately by the inequality
of Theorem 3.1 provided each L; is big. To accomplish this, chose an ample line
bundle A on X, and define L; . := L; + €A for € > 0. Then extending these to nef
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metrics L; ., we have

(M, M), ....L,r.= M* Lic-Ly_1e<0,

and the result follows letting € — 0.

To prove the equality of Theorem 3.3, again split M € Pic* (X)g into an R-linear
combination of numerically trivial line bundles. Using the inequality, the equality
can be proven for each of these individually. L is ample, so Lemma 3.5 applies,
and then by the induction hypothesis M|y € Trg, k(PiCO(Y))R. Then by Lemma 3.6
we conclude M € TI‘K/k(PiCO(X))R.

Finally, we prove Theorem 3.2. If M is numerically trivial it is flat by Theorem 3.1,
and then its restriction to any geometrically normal subvariety is also numerically
trivial by the proof of Lemma 3.5. Thus (1) = (2) follows from the dimension one
case, as we can compute the height of a point on any curve passing through that
point.

To show (2) = (3), assume h j; is trivial on X (K), and Chose acurve C C X. Since
the height is trivial on all of C, we have M|C € JT*Plc (K)g + TrK/k(PlcO(C))@,
as was proven earlier for curves. Then by the induction argument above,

M € 7P’ (K)q + Trg e (Pic(X))q.

We have established previously that n*lsi\co(K Yo+Trk,k (Pic®(X ))g is numerically
trivial, so (3) = (1).

4. Algebraic dynamical systems

As before, K is the function field of a smooth projective curve B over an alge-
braically closed field k, and let X be a projective variety over K. Suppose (X, f, L)
and (X, g, M) are two polarized dynamical systems on X, so that f and g are
endomorphisms of X, and L and M are ample line bundles such that f*L = L9
and g*M = M" for some g, r > 1.

Remark. If X is not normal, we may replace X by its normalization ¥ : X’ — X,
replace f by the normalization f’: X’ — X’ of f o, and replace L by L' = ¢*L
to get a new polarized algebraic dynamical system (X', f/, L") with Prep(f’) =
¥ ! Prep(f), and similarly for (X, g, M). By first replacing K with an extension
if necessary, we may further assume that the normalization is geometrically normal.
Hence from here on out we assume without loss of generality that X is geometrically
normal.

Our main goal in this section is to prove a comparison theorem for the points
with dynamical height O under f and g, with an important corollary comparing the
preperiodic points of f and g when k is the algebraic closure of a finite field. We
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begin with general properties of polarized algebraic dynamical systems, then define
the particular arithmetic dynamical heights involved before stating the theorem.

4.1. An f*-splitting of the Néron—Severi sequence. We first show that the pro-
jection from Pic(X) onto the Néron—Severi group has a unique f* equivariant
section.

The pullback f* preserves the exact sequence

0 — Pic’(X) — Pic(X) — NS(X) — 0,

defining the Néron—Severi group NS(X), and the Néron—Severi theorem [SGA 6
1971, Exposé XII, Théoreme 5.1, p. 650] tells us that NS(X) is a finitely generated
Z-module. For arbitrary k, the Z-module Pic’(X) need not be finitely generated,
but by the Lang—Néron theorem [1959],

Pic®(X) / Trg,x Pic’(X) = Pic’(X) / Pic”(Img /4 (Alb(X)))
is a finitely generated Z-module. To shorten our notation, define
Pic{(X) := Pic®(X) / Trg« Pic®(X),
Picy(X) := Pic(X) / Tryk Pic’(X),
so that we have an exact sequence of finite-dimensional C-vector spaces
0— Pic?r(X)@ — Picy(X)c — NS(X)¢ — 0,
which is also an exact sequence of f*-modules.

Lemma 4.1. The operator f* is semisimple on Pic?r(X)@ with eigenvalues of
absolute value q'/%, and is semisimple on NS(X) with eigenvalues of absolute
value q.

Proof. As usual, let n =dim X. By the classical Hodge index theorem [SGA 6 1971,
Exposé XIII, Corollaire 7.4], we can decompose NS(X)g as

NS(X)r:=RL® P(X), P(X):={EeNSX)g:&-L"'=0},
and define a negative definite pairing on P(X) by
(&1, 6) =& & L'

The projection formula for intersection numbers applied to L" gives us deg f = g",
and then applied to this pairing, we have

(f&1, f18) = ¢ (&, &).

Hence é f* is orthogonal with respect to this pairing, and é f* is diagonalizable on
NS(X)c with eigenvalues all of absolute value 1.
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On PicO(X)R we can define a pairing as follows: for &, &, € PicO(X)R, let 51
and &, be flat metrized extensions, and let L be any integrable adelic line bundle

extending L. Then define o
(€1.&) =& L"".

It follows from Corollary 2.10 that this pairing does not depend on the choice
of metrics. Since Trg Pic’(X) is numerically trivial, this pairing descends to
Pic?r(X )r, and by Theorem 3.1, it is negative definite on this quotient.
Again applying the projection formula,
(fED)-(f*&) - (fL)' ' =q"E1 & L"),
since each f*&; is still flat. We may also replace f*L by L9 because the pairing is
independent of the choice of metric on L, and have

(f&1, f &) =q(&1, &).

Hence, g 2 f* is orthogonal on Plc?r (X)r with respect to the negative of this pairing,
making it diagonalizable with eigenvalues of absolute value 1 as a transformation
on Pic) (X)c. O

By the theorem,
0 — Pic%(X)¢c — Picy(X)c — NS(X)c — 0
has a unique splitting as f*-modules by a section
£y :NS(X)¢ — Picy(X)c.

Let P, Q € Q[T] be the minimal polynomials of f* on Pic?r(X )o and NS(X)g
respectively. Because the eigenvalues of f* are different on Pic?r (X)g and NS(X)q,
we see that P and Q are coprime, and R := P Q is the minimal polynomial of f*
on Picy(X)g. Define

Picy, 7 (X)@ :=ker Q(f™)Ipic,(x)o

and then this splitting can be given over Q) as
£y :NS(X)g = Picy, s (X)g = Pice(X)q.
4.2. Admissible metrics. Adding to the notation above, define
Picy(X)g = Pic(X)a/ Tr /& (Pic’(X))e.

Theorem 4.2. The projection ISi\Ctr(X )ao—> Picy(X)g has a unique section M+ M f
as f*-modules, satisfying:

(1) If M € PicX(X)q then M is flat.

(2) If M € Picy, r(X)q is ample then A7If is nef.
Adelic metrized line bundles of the form 1\7If are called f-admissible.
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Remark. Since Trg /k(Pico(X Mo C lsi\c(X )o is flat and numerically trivial, and
the underlying line bundles in Pic(X) are also numerically trivial, the notions of
ampleness, nefness, and flatness are all well defined modulo the trace. While M f
represents a coset of the trace in ﬁi\c(X ) instead of a single metrized line bundle,
all coset representatives will produce the same height functions and intersection
numbers, by Theorem 3.2.

Proof. Define lsi\c(X )’ to be the group of adelic line bundles on X with continuous
(but not necessarily integrable) metrics, and lsi\c[r(X ) = Isi\c(X )/ Trg / k(Pico (X)).
This contains lgi\ctr(X ). We will show that if the projection lg'i?:tr(X )f@ — Picy(X)q
has a unique section, then properties (1) and (2) of the theorem hold for this
section. Since Pic?r(X )o and the ample classes in Picy, r(X)g generate Picy(X)q,
the section does in fact produce integrable metrics, proving the theorem.

The kernel of the projection Picy (X ) — Pice(X)q is

D(X) =Pic(K)a P C (X2,

where C(X%") is the ring of continuous R-valued functions on Xi", via the asso-
ciation ||-||, = —log||1||,. Recall that R = P Q was defined to be the minimal
polynomial of f* on Pic(X)g and now consider the action of R(f*) on D(X).

Lemma 4.3. R(f™) is invertible on D(X).

Proof. The pullback f* acts as the identity on lgi\c(K ), hence R(f*) acts as R(1),
and this is not zero because the roots of R all have absolute value ¢ or ¢'/2 So it
suffices to show that R(f™) is invertible on C(X)¢ := (@v C(Xﬂ“)) ®r C. Factor

R over C as
T
R(T) = 1——
(T) a]'[( A,),

1

where a # 0, and by Lemma 4.1, |A;]| is either ¢'/> or g. R(f*) is invertible
provided each term 1 — f*/A; is, and each term has inverse

(-5) -2

provided this series converges absolutely with respect to the operator norm, which
is defined with respect to the supremum norm ||-||sup on C(Xi")c for every place v.
The pullback f* does not change the supremum norm, so the operator norm of f*

is 1, and
£\
(%)

so the series converges absolutely. (]

_
T =T
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Corollary 4.4. The exact sequence
0 — D(X) = Picy(X)p — Pice(X)g — 0
has a unique f*-equivariant splitting.
Proof. Define
E(X) :=ker(R(f*) : Picu(X)g — Pica(X)g).
Since R(f*) kills all of Picy(X)g, this gives an f*-invariant decomposition

Picy(X)g = D(X) @D E(X)

such that the projection onto Picy(X) gives an isomorphism E(X) => Picg(X)qg,
whose inverse is the desired splitting.

We can write this down even more explicitly. For M € Picy(X)q, let M be any
choice of metric in lsi\ctr(X )(’@. Then define

My :=M—R(f*)|piR(fIM. O

It now remains to show that this splitting satisfies (1) and (2). To start, suppose
M is in Pic?r(X )o. After extending K if necessary, we can find a preperiodic
point xg € X(K) (in fact, by [Fakhruddin 2003], Prep(f) is dense in X (K)),
and by replacing f with an iterate we may assume that xg is a fixed point. Let
i : X — Alb(X) be the Albanese map taking xo — 0, then f* and i* induce the
following commutative diagram, where ' := (f*)Y:

Picl(Alb(X)) 7= Picl(X)

o] I

Pic)(AIb(X)) 7= Pic)(X)

Picy(AIb(X)) —— Picy(X)’

Because this commutes, it suffices to show (1) for abelian varieties, as i * takes
My to M r» and the pullback of a flat metric is also flat. Now [2]*M = 2M, and
since [2] commutes with f7,

21*M g =2M 4,

so that as in the proof of Lemma 2.7, we have that M s/, and hence also M is flat.

Finally, we show that (2) also holds. This is proven when K is a number field in
[Yuan and Zhang 2017, Theorem 4.9], however the proof works identically in our
geometric setting, as it only relies on the fact that Pic s (X)q (here Picy, r(X)g) is a
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finite-dimensional Q-vector space on which the operator ¢ ~! f* has eigenvalues
with absolute value one. U

Thus, we have an f*-equivariant linear map
€y :NS(X)q — Picx(X)a

given by the composition of the section developed in Theorem 4.2 and the map just
preceding it. Importantly, we can think of this as a map into ﬁi\c(X )o which is well
defined up to a numerically trivial factor, and thus sufficient to specify heights and
intersections. Given M € Pic(X)g, we will write M r to mean any lift of the image
of M under Pic(X)g — Picy(X)g — Picy(X)g to Pic(X)g.

4.3. Rigidity of height zero points and preperiodic points. Heights given by f-
admissible metrized line bundles have particularly nice properties and correspond
to the dynamical canonical heights defined by Call and Silverman [1993].

Proposition 4.5. Let M € Pic(X)q. Then:

(1) If f*M = M” for some ) € Q, then f*l\7lf :]\71} in I”'i::(X)@,and

hig, (f()) = Mz, (.

(2) For x € Prep(f), 1\7If |x is trivial on lgi\c(x)@, and in particular hﬁf is zero on
Prep(f).

Further, if M is ample and f*M = MM for some ) > 1 (in particular, if M = L),
then

3) th(x) >0forall x € X(K), and

(4) ifk is finite, hﬁf (x) =0 ifand only if x € Prep(f).

Call and Silverman [1993] establish that our height agrees with the dynamical

canonical height 4 ¢, and then the above properties all follow from well-known

properties of dynamical heights proven in [loc. cit.].
We can now state and prove our main theorem of this section.

Theorem 4.6. Let (f, L) and (g, M) be two polarized algebraic dynamical systems
on X. Deﬁne Zi:={x¢€ X (K) |hf (x) = 0} to be the set ofhelght zero points with
respect to L r»and Zg the set of hezght zero points with respect to M ¢ and let Z be
the Zariski closure of ZrNZgin X. Then

ZyNZ(K)=Z,NZ(K).

When £ is finite, Z y = Prep(f) and Z, = Prep(g), so Corollary 1.3 stated in the
introduction follows as an immediate consequence. If k is not finite, it is still true
that Z ; 2 Prep( f), but there may be height zero points with infinite forward orbit.
See Section 5 for further discussion.
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Proof. We begin by proving a simpler lemma, justifying the notation that Z y does
not depend on the polarization L.

Lemma 4.7. Let f : X — X, and let L and M be two ample line bundles which
polarize f. Then

{x e X(K)| hi,(x) =0} is equal to {x € X(K) | hiz, (x) = 0},

and we unambiguously call both sets Z ;.

Proof. Since L is ample, there exists a constant ¢ > 0 such that cL — M is also
ample. Then by Proposition 4.5, the canonical heights & iy and hif =ch L, are

related by
0<hy, (x) <chg (x)

for all x € X (K). Thus
fx e X(K)lhg, (x) =0} € {x € X(K)|hj, (x) = 0}.

By symmetry, we also have containment in the other direction. U

We now prove the theorem.

Let Y be the normalization of an irreducible component of Z, assume K is
replaced by a finite extension if necessary so that ¥ is geometrically normal, and
say dimY =d. Let £ be the image of L in NS(X). Then & has two different lifts
Ef(é) and 7, (“;‘) to PIC(X)@/TI'K/k(PICO(X))@, and we can pick representatives
L r and L in P1c(X )o. By Theorem 4.2, L r and L are both nef, and are f- and
g- admlss1ble, respectively. Since L, Lg, and L are all in the same numerical
equivalence class in Pic(X)g, all are ample.

Their sum N := Ly + L, is also nef, and defines a height function 4 5, which
does not depend on the choice of representatives of cosets modulo the trace.

By Lemma 4.7 and the premise that Z; N Z, N Z(K) is dense, Y has a dense
set of points which have height zero under i 5. By the successive minima (see
Proposition 2.13),

MY, N)=hgz(Y)=0

Rewriting the height of Y in terms of intersections,

d+1

7 = d+1\ - - .
0=(Lyly+Leln™ =Z( ; )(Lf|Y)"(Lg|Y)d+l_’.

i=0

Since both L r and L ¢ are nef, every term in the sum on the right is nonnegative,
hence all must be zero. Then

(Lfly —Lgly)* - (Lyly + Lgly)* ' =0,

as well. Because Ly — L, is zero in the Néron—Severi group, and thus numerically
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trivial, we also have
(Lfly = Lgly) - (Lyfly + Lgly)* ™' =0.

Additionally, (L = L ¢) 18 clearly (L F+ L ¢)-bounded, and we are nearly in the
right setting to apply Theorem 3.1, except that (L Ft+ L ¢) 18 nef, but not necessarily
arithmetically positive.

To fix this, we simply adjust the metric by a small positive factor: let C € I”E:(K )
with @(E) > (. Replace the pair (L_f—L_g, L_f—i—l_,g) by (l_,f—L_g, Zf—i-L_g—i—ﬁ*C).
Since Ly — L, is numerically trivial, the metric on L = L ¢ is flat, so adding 7*C,
which is vertical, does not change the intersection number. All the conditions of
the theorem are now satisfied, so that the theorem tells us

(L — Lyg) € Pic(K)q + Trg/x (Pic(X))q.

We therefore conclude by Theorem 3.2 that & Ly~ h L, is a constant height
function on Y. Since these two heights both take value zero on a dense set in Z,
they must be equal on Y. Thus these heights define the same sets of height zero
points, and then by Lemma 4.7, Z; and Z, agree on Y, and hence on all of Z. [

5. Related results and further questions

5.1. Rigidity of preperiodic points over global function fields. We first summa-
rize some basic consequences of Theorem 4.6 when K is a global function field,
particularly in the case when Prep( f) N Prep(g) is dense in X.

Lemma 5.1. Let K be a global function field, and let f and g be two polarized

algebraic dynamical systems on a projective variety X. Then the following are
equivalent:

(1) Prep(f) = Prep(g).
(2) Prep(f) NPrep(g) is dense in X.

(3) Prep(f) C Prep(g).
(4) g(Prep(f)) C Prep(f).

Proof. The equivalence of (1) and (2) is an immediate consequence of Theorem 4.6
and the fact that over a global function field, all dynamical height zero points are
preperiodic. Clearly (1) implies (4). By Fakhruddin [2003], Prep(f) is always
dense in X, hence (3) implies (2). We now show (4) implies (3).

Stratify Prep( f) by degree, writing

Prep(f) = (] Prep(f. ),

d>0
where
Prep(f, d) := {x € Prep(f)|[K (x) : K] < d}.
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Since each Prep(f, d) has height zero and bounded degree, it is finite. Now (4)
says that g fixes Prep(f), but since g is defined over K, it fixes each Prep(f, d) as
well. Thus every point of Prep( f) has finite forward orbit under g. U

This lemma suggests two related questions which we do not answer here.

(1) When is Prep(f) equal to Prep(g)?
(2) If Prep(f) = Prep(g), how closely related must f and g be?

In the case of f : P! — P!, Mimar [2013] gives a variety of partial answers to
these questions, with the general implication being that if f and g have the same
preperiodic points, their Julia sets must also be very similar. But this is likely very
difficult in dimension greater than one.

5.2. Preperiodic points over larger function fields. Theorem 3.1 and most of the
proof of Theorem 4.6 hold over all transcendence degree one function fields, not
just global function fields. But because the Northcott principal fails when k is not a
finite field or the algebraic closure of a finite field, we cannot equate height zero
points with preperiodic points over arbitrary function fields, and thus Theorem 4.6
is a statement about height zero points and not preperiodic points. In this broader
setting, however, some things can still be said.

Baker [2009] proves the following theorem, first proven by Benedetto [2005] in
the case of polynomials.

Theorem 5.2. Let f : IP}( — P}( be a rational function of degree > 2, and suppose
that f is not isotrivial, in the sense that there exists no finite extension K’ of K and
Mébius transformation M € PGL,(K') such that

flr=M7'ofoM

is defined over k. Then
Prep(f)=Zy;.

Thus Theorem 4.6 proven here immediately implies Corollary 1.4.

In higher-dimension isotriviality is less straightforward to classify. When A is an
abelian variety, its K/ k-trace classifies how isotrivial it is, and then the Lang—Néron
theorem provides a Northcott-like result for the Néron—Tate canonical height (the
dynamical height induced by [#n]): height zero points fall into only finitely many
cosets of Trg /x(A) (k) — A(K).

There is no notion of a trace for general varieties, however, and ! Trg /k(Alb(X))
is not a sufficient substitute, as Alb(X) will often be trivial. Chatzidakis and
Hrushovski [2008a; 2008b] instead use model theory, and a variant of isotriviality
called constructible descent to k. Their theorem generalizes both Baker’s result and
the Lang—Néron theorem.
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Theorem 5.3. Let K be any function field and let k be its field of constants. Let
f : X = X be an algebraic dynamical system defined over K, and assume f does
not constructibly descend to k. Then for every point x € X(K) with dynamical
height zero there exists a proper Zariski closed subset Y, C X such that the orbit of
x is contained in Y.

The author is optimistic that the methods of arithmetic heights and rigidity
theorem of this paper, combined with model-theoretic treatment of isotriviality will
yield stronger dynamics results over general function fields in the future.
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Huneke and Wiegand conjectured that, if M is a finitely generated, nonfree,
torsion-free module with rank over a one-dimensional Cohen—-Macaulay lo-
cal ring R, then the tensor product of M with its algebraic dual has torsion.
This conjecture, if R is Gorenstein, is a special case of a celebrated conjec-
ture of Auslander and Reiten on the vanishing of self-extensions that stems
from the representation theory of finite-dimensional algebras.

If R is a one-dimensional Cohen-Macaulay ring such that R = S/(f) for
some local ring (S, n), and a non-zero-divisor f € n? on S, we make use of
Hochster’s theta invariant and prove that such R-modules M which have
finite projective dimension over S satisfy the proposed torsion conclusion of
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1. Introduction

This paper concerns commutative Noetherian local rings (R, m, k) and finitely
generated R-modules.

The aim of this paper is to study the torsion-freeness property of tensor products
of modules, a subtle topic which stems from the beautiful work of Auslander [1961].
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Our focus is on the torsion of tensor products of the form M ® M* over one-
dimensional Cohen—Macaulay local rings R, where M* denotes Homz (M, R). In
particular, we are concerned with the following long-standing conjecture of Huneke
and Wiegand.

Conjecture 1.1 [Huneke and Wiegand 1994, page 473]. Let R be a one-dimensional
local ring and let M be a finitely generated, nonfree, torsion-free R-module. If M
has rank (e.g., if R is a domain), then M ® g M™* has torsion.

Recall that a finitely generated R-module M is said to have rank if there is a
nonnegative integer r such that M, = R;B’ for all associated primes p of R; see
[Bruns and Herzog 1993, 1.4.3].

Conjecture 1.1 stems from the seminal works of Auslander [1961], and Huneke
and Wiegand [1994]. The conjecture is true over hypersurface rings [Huneke
and Wiegand 1994, 3.7], but it is very much open in general, even for ideals
over complete intersection domains of codimension two. It is worth noting that
Conjecture 1.1 is a special version of the celebrated conjecture of Auslander and
Reiten [1975] on the vanishing of Ext when the ring in question is a one-dimensional
Gorenstein domain; see [Celikbas and Wiegand 2015, 8.6] for details.

There is strong evidence that Conjecture 1.1 should be true over complete
intersections; see [Celikbas and Wiegand 2015; Huneke et al. 2019]. Moreover, there
are various examples supporting the conjecture over rings that are not necessarily
complete intersections. For example, it is proved in [Huneke et al. 2019, 3.6]
that Conjecture 1.1 is true over Cohen—Macaulay rings with minimal multiplicity,
e.g., over local Arf rings [Lipman 1971]. For some further examples, we refer to
[Celikbas et al. 2019a] and point out the following:

Example 1.2. Let R be a one-dimensional, reduced, nonregular, local ring.

(1) If R is complete, and has prime characteristic p and perfect residue field, then
it follows 'R @g (¢"R)* has torsion for all n > 0. Here ¢" : R — R is the n-th
iterate of the Frobenius endomorphism given by r — r?", and ¢'R denotes R with
the R-action given by r - s = r”"s for all r, s € R; see [Celikbas et al. 2019a, 2.15;
Miller 2003, 2.1.3 and 2.2.12].

(ii) If R is a Gorenstein domain and [ is an Ulrich ideal of R which is not principal,
then 7 is a self-dual R-module, i.e., I = I'*, and so I @ g I'* has torsion. In particular,
if R=C[[¢*, 1>, %] and I = (¢*, %), then I ®g I* has torsion; see Example 4.17
and Proposition 4.18.

The purpose of this paper is to prove Theorem 1.3 and give some observa-
tions about Conjecture 1.1; see Theorem 3.2 for a higher dimensional version
of the next result. The tool we employ to prove Theorem 1.3 is the Hochster’s
0 invariant, which was initially defined by Hochster [1981] to study the direct
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summand conjecture; it was further developed by Dao [2008; 2013], and more
recently by Buchweitz and van Straten [2012], and Walker et al. [Moore et al. 2011;
Walker 2017]. The invariant #%(M, N) for R-modules M and N is defined as
lengthg (TorX, (M, N)) — lengthg (Tors, | (M, N)) for n > 0; see §2.13 for the
details.

Theorem 1.3. Let R be a one-dimensional Cohen—Macaulay local ring, where
R =S/(f) for some local ring (S, n) and a non-zero-divisor f enon S. Let M and
N be nonzero finitely generated R-modules, and assume the following conditions
hold:

(1) pdg(M) < oo orpdg(N) < oo (e.g., S is regular).
(i1) lengthp (TorlR (M, N)) <ooforalli>0(eg., R is reduced).
(iii) 6% (M, N) = 0.
If M @r N is torsion-free, then Torl.R (M,N)=0foralli >1,and M and N are
torsion-free.

To the best of our knowledge, Theorem 1.3 is new, even if S is a ramified
regular ring; see [Celikbas et al. 2015a, 3.6] and Section 3. Next is a corollary of
Theorem 1.3 concerning Conjecture 1.1; see Corollaries 4.6 and 4.8.

Corollary 1.4. Let R be a one-dimensional Cohen—Macaulay ring such that, for
some local ring (S, w) and a non-zero-divisor f € w? on S, we have R = S/(f).
Assume M is a finitely generated R-module that has rank.

If M is a nonfree torsion-free R-module and pdg(M) < oo, then M ®g M*
has torsion. In particular, if M = coker(«), where (o, B) is a reduced matrix
factorization of f over S (i.e., a matrix factorization of f with entries in n), then
M Qr M* has torsion.

As mentioned previously, if S is regular, Corollary 1.4 follows from a result of
Huneke and Wiegand [1994, 3.7]. In this case, as is well-known, maximal Cohen—
Macaulay R-modules with no free summands occur as reduced matrix factorizations
of f over S; see [Eisenbud 1980]. Similarly, if S is G-regular (i.e., when there
are no nonfree totally reflexive S-modules), Takahashi [2008] proved that there
is a one-to-one correspondence between reduced matrix factorizations of f and
totally reflexive R-modules without free summands. Note that, if the ring R is as
in Corollary 1.4, reduced matrix factorizations of f exist due to a result of Herzog,
Ulrich, and Backelin; see [Herzog et al. 1991, 1.2 and 2.2], and also [Avramov
1998, 5.1.3, Avramov et al. 1997, 3.1, Yoshino 1990, Chapter 8].

In Sections 2 and 3 we collect some preliminary results and give a proof of
Theorem 1.3, respectively. Sections 4 and 5 are devoted to several applications
of Theorem 1.3 pertaining to torsion properties of tensor products of modules.
As Theorem 1.3 relies upon the vanishing of theta invariant, in Appendix A we
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point out by an example that 8% (M, N) can vanish nontrivially: in Example A.3,
we record an example of a one-dimensional reduced hypersurface ring R, and
finitely generated R-modules M and N such that % (M, N) = 0, but neither M
nor N has rank, or equivalently, neither M nor N has zero class in the reduced
Grothendieck group G(R)g. Moreover, in Appendix B, building on an argument
of Huneke and Wiegand [1994, 4.7], we recall how to obtain examples of nonfree,
torsion-free R-modules M with rank such that M ® p M is torsion-free over certain
one-dimensional local rings R; see §B.1.

2. Preliminaries

In this section we recall definitions and collect some basic facts that will be used
throughout the paper. We have, by definition, depth(0) = oo and pd(0) = —oc.
Moreover, 2M denotes the syzygy of a given finitely generated R-module M.

2.1 Torsion submodule. Let R be a local ring and let M be a finitely generated
R-module. The torsion submodule Tg M of M is the kernel of the natural map

M — Q(R) ®gr M, where Q(R) is the total quotient ring of R. Hence there is an
exact sequence of R-modules:

2.1.1) O0— TgM > M — LxM — 0.

M is said to have torsion (or be, torsion-free) it T M # 0 (respectively, T M = 0).
Note, M is torsion, i.e., TRM = M, if and only if M, = 0 for each associated prime
p of R. Note also that M = 0 if and only if M is both torsion and torsion-free.

2.2. Let Rbe alocal ring. If 0 > X — Y — Z — 0 is a short exact sequence of
finitely generated R-modules, then it follows that the sequence

0— TRX—> TRY—> TRZ

is exact. In particular, if X and Z are torsion-free, then so is Y.
The next fact will be used several times throughout, for example, for Corollary 4.6.

2.3. Let R be a local ring and let M be a finitely generated R-module. Set
M* = Hom(M, R), the algebraic dual of M. If M* = 0, then there is an x € R,
which is a non-zero-divisor on R, such that x M = 0; see [Bruns and Herzog 1993,
1.2.3(b)]. In other words, M* = 0O if and only if M is a torsion R-module. In
particular, if M # 0 and M is torsion-free, then M ® g M* # 0.

The following argument is from [Huneke and Wiegand 1994]; we will invoke it
in the proofs of Theorem 3.2, Remark 3.5, Proposition 4.4, and Corollary 5.12.

2.4 [Huneke and Wiegand 1994, 1.1]. Let R be a local ring, and let M and N
be nonzero finitely generated R-modules. Assume M ®r N is torsion-free. Set
U=1rM and V = TgM. Then:
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(1) M®RN;U®RN.
(i) If Torf(U, N) =0, then M is torsion-free, i.e., M = U.
(iii) If Tor®(U, N) =0 for all i > 1, then Tor? (M, N) =0 for all i > 1.

To establish part (i), we tensor the exact sequence 0 -V — M — U — 0 by N,
and obtain the following exact sequence of R-modules:

TorR(U, N) > V@®r N M@r NS> U®r N - 0.

As V ®r N is torsion, we see that the image of « is also torsion. Hence, since
M ®pg N is torsion-free, it follows that « = 0. Therefore, g8 is an isomorphism and
part (i) follows.

Now assume Tor{e (U, N)=0. Then « is both zero and injective so that VQ r N =0.
This implies, as N # 0, that V =0, i.e., M is torsion-free, i.e., U = M. This proves
part (ii). Notice, part (iii) is a consequence of part (ii).

2.5 Gorenstein and complete intersection dimensions [Auslander and Bridger
1969; Avramov et al. 1997]. Let R be a local ring and let M be a finitely generated
R-module.

M is said to be rotally reflexive provided that the natural map M — M™* is
bijective and Exti, (M, R) = 0 = Ext\,(M*, R) for all i > 1. The infimum of n for
which there exists an exact sequence 0 — X,, — - - - — Xo — M — 0 such that each
X; is totally reflexive is called the Gorenstein dimension of M. If M has Gorenstein
dimension n, we write G-dimg (M) = n. Therefore, M is totally reflexive if and
only if G-dimg (M) < 0, where it follows by convention that G-dimg (0) = —o0.

A diagram of local ring maps R — R’ «— § is called a quasi-deformation if
R — R’ is flat and the kernel of the surjection R’ «— § is generated by a regular
sequence on S. The complete intersection dimension of M is defined as follows:

CI-dimg (M) =inf{pdg(M®gR)—pdg(R'): R— R’ « S is a quasi-deformation}.
The following inequalities hold in general:
(2.5.1) G-dimg (M) < CI-dimg(M) < pdg(M).

Moreover, if any of the dimensions in (2.5.1) is finite, then it is equal to those to its
left.

2.6 Complexity [Avramov 1989]. Let R be a local ring and let M be a finitely
generated R-module. The complexity cxg(M) of M is the smallest nonnegative
integer r such that there exists a real number A with 8, (M) < A-n"~! for all n>> 0.
Here B,(M) is the n-th Betti number of M. It follows that cxg(M) = 0 if and only
if pdp(M) < 00, and cxg(M) < 1 if and only if M has bounded Betti numbers.
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Next we collect certain properties of complexity and complete intersection
dimension. Prior to that we recall the definition of the transpose:

2.7 Auslander transpose | Auslander and Bridger 1969]. Let R be a local ring and
let M be a finitely generated R-module with a projective presentation

P]LP()-)M—)O.

The transpose Tr M of M is the cokernel of f* = Homg(f, R), and so is given by
the following exact sequence:

2.7.1) 0—>M"— Pf— P/ —>TrM — 0.

In particular, up to projectives, Tr M is uniquely defined and TrTr M = M.

2.8. Let R be a local ring and let M and N be finitely generated R-modules such
that M # 0.

(1) If CI-dimg (M) < oo, then it follows that cxg(M) < embdim(R) — depth(R);
see [Avramov et al. 1997, 5.6].

(ii) If CI-dimg (M) < oo, then it follows that CI-dimg, (My) < CI-dimg (M) for all
p € Spec(R); see [Avramov et al. 1997, 1.6].

(iii) If CI-dimg (M) < oo, then it follows that CI-dimg (M) =depth(R) —depthp (M),
which also equals sup{i : Ext’IR (M, R) # 0}; see [Avramov et al. 1997, 1.4].

(iv) Assume CI-dimg (M) < oo. If f is a non-zero-divisor on R and f M =0, then
it follows that CI-dimg,sgr(M) < oco. Also, if f is a non-zero-divisor on both R
and M, then it follows that CI-dimg, g (M /f M) = CI-dimg(M); see [Avramov
et al. 1997, 1.12.2-3].

(v) If R — R’ s a flat local map of local rings and CI-dimg (M ®g R’) < 00, then
it follows that CI-dimg (M) = CI-dimg/ (M ® R’); see [Avramov et al. 1997, 1.11].

(vi) If CI-dimg (M) = 0, then it follows that CI-dim(M*) = CI-dimg (Tr M) =0,
and also cx(M) = cx(M*) < oco. Moreover, Cl-dimg(M) = O if and only if
Cl-dimg (Tr M) = 0O; see [Bergh and Jorgensen 2011, 3.5; 2014, 3.2; Celikbas et al.
2015b, 3.2(1)].

(vii) If CI-dimgz(M) < oo and TorlR (M, N) = 0 for all i > 0, then it follows
TorlR (M, N)=0forall i > CI-dimg (M) + 1; see [Avramov and Buchweitz 2000,
4.9]. Hence, if CI-dimz (M) < oo, then TorlR (M, N) is torsion for all i > 0 if and
only if TorlR (M, N) is torsion for all i > 1; see §2.1.

(viii) If CI-dimg (M) < oo and Torl-R (M, N)=0foralli > 1, then the depth formula
for M and N holds, i.e., depth(M) 4 depth(N) = depth(R) 4 depth(M @ N); see
[Araya and Yoshino 1998, 2.5].
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2.9 [Avramov and Martsinkovsky 2002, 3.1]. Let R be a local ring and let N
be a finitely generated R-module such that G-dimg(N) < co. Then there is an
exact sequence of finitely generated R-modules 0 - L — Z — N — 0, where
G-dimg(Z) =0 and pd; (L) < oo.

The next result is due to Sather-Wagstaff [2004]; here we record the module
case, but in fact his result holds for homologically finite complexes.

2.10 [Sather-Wagstaft 2004, 3.6]. Let R be a local ring and let
0> X1—>Xo—> X3—>0

be a short exact sequence of finitely generated R-modules. Assume i, j, s are
integers with {i, j, s} = {1, 2, 3}. If pdp(X;) < o0 and CI-dimg(X ;) < oo, then
CIl-dimg(X;) < oo.

We use §2.11 in the proofs of Theorem 3.2, Corollary 4.1, and Proposition 4.4.

2.11. Let R be a one-dimensional Cohen—Macaulay local ring, and let N be a
finitely generated R-module such that CI-dimg(N) < oco. Then there is an exact
sequence of finitely generated R-modules

(2.11.1) 0O—->F—>Z—-N-—-0,

where F is free, CI-dimz(Z) =0, and cxz(Z) = cxg(N).

To see this, first note that we have G-dimgz(N) < oo since CI-dimg(N) < o0;
see (2.5.1). Hence a short exact sequence as in (2.11.1) exists by §2.9, where
G-dimg(Z) = 0 and pdi(F) < co. Now §2.10 implies that CI-dimg(Z) < oo.
Consequently, we deduce that CI-dimg (Z) = G-dimg (Z) = 0; see (2.5.1). Note, by
§2.8(iii), we have that depthy(Z) = 1. Thus, the depth lemma applied to (2.11.1)
yields depth, (F)) = 1. So, we conclude that F is free by the Auslander-Buchsbaum
formula. Finally, notice that as F is free, by tensoring (2.11.1) with k, we obtain
that BR(Z) = BR(N) for each i > 2. This yields the equality cxg(Z) = cxg(N);
see §2.6.

We use the following exact sequence in § 2.13, and also in the proofs of
Theorem 3.2 and Proposition 5.9.

2.12 [Rotman 1979, 11.65]. Let (S, n) be a local ring and let R = S/(f) for some
non-zero-divisor f enon S. If M and N are finitely generated R-modules, then
we have the change of rings long exact sequence of Tors:

Torf (M, N)—Tor}, (M, N)—Torf (M, N) —

Torf (M, N)— Tor}(M, N) — TorR(M, N) — 0
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In the following, we recall the definition of a version of Hochster’s 6 pairing
[1981], developed by Dao [2007]. This pairing can be defined in a more general
setting, but the definition recorded here suffices for our argument; see [Dao 2008;
2013] for more details.

2.13 6 pairing [Dao 2007; Hochster 1981]. Let M and N be finitely generated
R-modules. Assume R — R’ «— S is a codimension one quasi-deformation with
zero-dimensional closed fibre, i.e., we have a diagram of local ring maps such that
R — R’isflat, R"= S/(f) for some non-zero-divisor f on S, and dim(R’/mR’) =0.
We set (—) = — ®g R’ and assume the following conditions hold:

(a) CI-dimg(N’) < oo and ToriS(M’, N’) =0foralli > 0 (e.g., pdg(N') < 00).
(b) lengthp (Torl.R(M ,N)) <ooforalli> 0 (e.g., R is an isolated singularity).
It follows that
CI-dimg/(N') <oco and CI-dimg(N) = CI-dimg/(N');

see §2.8(iv,v). Note we have, by (a) and §2.8(vii), that Tor;g (M', N') =0 for all
i > CI-dimg(N’). Therefore §2.12 yields the following isomorphisms:

(2.13.1) TorR (M', N') = TorR ,(M', N') for all i > CI-dimg (N").
For a nonmaximal prime ideal p, we have
Tor® (M, N), =0 forall i > Cl-dimg(N);
see §2.8(i1, vii). Thus length(Torl-R (M, N)) < oo forall i > CI-dimg (), and hence
(2.13.2) lengthR,(ToriR, (M',N")) <oo foralli > CI-dimg (N').
Let £ =lengthg (R’/mR’). Then, by (2.13.1) and (2.13.2), we see that the difference
length (Tors, ,(M, N)) — length g (Tory, | (M, N))
= % - (length g (Tor® ,(M', N')) — lengthg, (TorX, | (M, N')))

is independent of n if 2n > CI-dimg/(N’) — 1. One defines the theta pairing over R
as

(2.133)  6%(M, N) = lengthg(Torh, ., (M, N)) — length, (TorX . (M, N)),
where 7 is an integer such that 2n > CI-dimg (N) — 1.

It follows 6% is additive on short exact sequence of finitely generated R-modules,
whenever it is well-defined on each pair of modules in question; see, for example,
[Dao 2007, 4.3(2)].
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2.14. Let M and N be finitely generated R-modules. Assume the following condi-
tions hold:

(a) CI-dimg(N) <oo and cxg(N)=1.
(b) lengthg (Tor® (M, N)) < oo forall i > 0.

Then we can choose a codimension one quasi-deformation of the form R — R’ & S,
where pdg(N') < 0o; see [Avramov and Buchweitz 2000, 4.1.3]. Localizing at some
p € Ming (R'/mR’), set q=a ' (p): we see that R — R;J “ Sy is a codimension one
quasi-deformation with pd S (N®gr R{J) < 00; see the proof of [Sather-Wagstaff 2004,
2.11]. Therefore, replacing the original quasi-deformation with the aforementioned
one, we may assume dim(R’/mR’) = 0.

So it follows from (2.13.3) that 8% (M, N) is well-defined, as long as # is an
integer such that 2n > CI-dimg(N) — 1.

Next we record two more preliminary results prior to moving to the next section;
both of these results are used in the next section for our proof of Theorem 3.2.

2.15. Let R be a local ring, and let L and M be finitely generated R-modules. If
M is maximal Cohen—Macaulay and pdy(L) < oo, then ToriR (L, M) =0 for all
i > 1; see, for example, [Celikbas 2011, 3.8].

2.16. Let R be a local ring and let M be a finitely generated R-module. Assume
M has a finite free resolution, i.e., there is an exact sequence

O—>F,—>---—>F—>F—>M-—0,

where each F; is a finitely generated free R-module. The Euler number of M is
defined as x (M) = >_(—1)! rank F;.

It is known that x (M) is independent of the choice of the finite free resolution
of M. Moreover, it follows that x (M) = 0 if and only if there is a non-zero-divisor
f on R such that f M = 0; see [Matsumura 1986, 19.8 and page 158].

3. Proof of the main result

In this section we prove the main result of this paper; see Theorem 3.2. Our motiva-
tion comes from the following result, which is recorded for the one-dimensional case:

3.1 [Celikbas et al. 2015a, 3.6]. Let R be a one-dimensional local ring with
R=S /(f) for some unramified regular local ring S, and a non-zero-divisor f € n
on S. Let M and N be finitely generated R-modules. If length R(Torl.R (M,N))<o0
forall i 3> 0, 98 (M, N) =0, and M @ N is torsion-free, then Torl-R(M, N)=0
foralli > 1, and M and N are both torsion-free.

A consequence of our argument gives an extension of §3.1 and establishes the
vanishing of ToriR (M, N) when S is an arbitrary two-dimensional Cohen—-Macaulay
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local ring, and pd¢(N) < oo or pdg(M) < oo; see Theorem 3.2. As is clear, since
we do not work over hypersurface rings, our method of proof is different from
that employed to prove §3.1. Among other things, one of the properties that is not
available to us under our setup is that, when R is a hypersurface, every torsion-free
module can be embedded in a free R-module; see [Huneke and Wiegand 1994,
1.5]. Also, over a ring R as in §3.1, for a pair of finitely generated R-modules
(M, N),if 68 (M, N) is defined and vanishes, then the pair (M, N) is Tor-rigid, i.e.,
if TorX (M, N) = 0 for some n > 0, then Tor (M, N) =0 for all i > n [Dao 2013,
2.8]; this Tor-rigidity result depends on the fact that S is an unramified regular ring.
Thus the properties that play an important role in the proof of §3.1 do not apply
directly under our setup.

The following is our main result; although we are interested in the one dimen-
sional case (due to Conjecture 1.1), our argument works over Cohen—Macaulay local
rings of arbitrary positive dimension if the modules considered have sufficiently
large depth; see also Remark 3.5.

Theorem 3.2. Let R be a Cohen—Macaulay local ring, and let M and N be finitely
generated R modules. Assume dim(R) = d > 1 and the following conditions hold:

(1) CI-dimg(N) < oo and cxg(N) = 1.

(ii) lengthp (Torl-R (M, N)) <ooforalli>0.
(iii) depth, (M) >d — 1 and depthr(N) >d — 1.
(iv) If d = 1, assume further 08 (M, N) = 0.

If M @ N is (nonzero) maximal Cohen—Macaulay, then ToriR (M, N) =0 forall
i >1,and M and N are both maximal Cohen—Macaulay.

Proof. 1t suffices to prove the vanishing of Torl-R (M, N) for all i > 1; see §2.8(viii).
First we assume d > 2, and choose a non-zero-divisor x on R, M, N, and
M®rN.SetT =R/xR, A=M/xM,and B= N/xN. Notice

Cl-dimy (B) = CI-dimg(N) < oo and cx7(B) =cxg(N) =1;
see §2.8(iv). We have the following exact sequence:
(3.2.1) 0—->M5>M-—>A—0.
Tensoring (3.2.1) with N, we obtain the following long exact sequence for all i > 0:
(322) ---— Tork (M,N)> TorR | (M,N) — Torf, | (A,N) — TorX (M, N) —
oo > TorR(A,N) > M@r N 5> M®g N - AQg N — 0.
As x is a non-zero-divisor on R and N, and xA = 0, we have that

Tor! (A, B) = TorR(A, N) forall i >0.
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It follows from (3.2.2) that length, (Torl.T (A, B)) < oo for all i > 0. Moreover,
6%(A, N) is well-defined and we see that % (M, N) =0% (M, N) +6R(A, N), by
additivity applied to (3.2.1). Therefore, 0 =68 (A, N) =67 (A, B). It follows from
(3.22)that M Qg N)/x(MR@rN)=AQr N = A®r B. This implies that A ®7 B
is maximal Cohen—Macaulay over T. Moreover, depth;(A) > depth(7) — 1 and
depth;(B) > depth(T') — 1. Consequently, we may use induction to go all the way
down to dimension one. More precisely, we may replace the pair (M, N) over the
ring R with the pair (A, B) over the ring T, and we may assume dim(7") = 1: this
case yields the vanishing of Torl.T (A, B) for all i > 1, and in view of Nakayama’s
lemma, we conclude by (3.2.2) that ToriR (M,N)=0forall i > 1, as claimed.

We now proceed by assuming d = 1. Set U = LgM and V = Trx M. Note that
U is a nonzero maximal Cohen—-Macaulay R-module. Choose a quasi-deformation
R — R’ « § such that dim(R’/mR’) =0, R’ = §/(f) for some local ring (S, n)
and a non-zero-divisor f € n on S such that pd¢(N ®g R’) < co. So we may
assume R = R’ = §/(f), where pd¢(N) < co. As dim(R) = 1, we know that
length, (V) < co. Thus OR(V, N) is well-defined; see §2.13.

Next we record two claims; we use these claims to prove the vanishing of
TorlR (M, N) for all i > 1, and defer the proofs of the claims until the end.

Claim 1. o0&V, N)=0.

Assuming Claim 1 is true, consider the following short exact sequence of R-
modules:

(3.2.3) 0O—-V—->M-—->U-—D0.

Recall that we have length, (V) < oo and length(Torl.R (M,N)) <ooforalli > 0.
Hence it follows from (3.2.3) that:

(3.2.4) 1engthR(T0rlR(U, N)) <oo forall i > 0.

In particular, OR(U, N) is well-defined; see §2.13. Moreover, by the additivity of 6
pairing applied to the short exact sequence in (3.2.3), we see that:

(3.2.5) OR(M, N)=6%U, N)+6RV, N).

We know, by the hypothesis, that 0% (M, N) =0 and, by Claim 1, that 0% (V, N) =0.
Therefore, it follows from (3.2.5) that:

(3.2.6) ok, N)=0.

As dim(R) =1 and CI-dimg (N) < 00, it follows from §2.11 that there is a short
exact sequence of finitely generated R-modules

(3.2.7) O—-F—Z7Z—->N-—0,
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where F is free, CI-dimg(Z) =0, and cxg(Z) = cxg(N) = 1.
Claim 2. U ®g Z is a torsion-free R-module, length (ToriR (U, Z)) < oo for each
i > 1, and TorX (U, Z) = Tor® (U, N) for all i > 1.

Assuming Claim 2 is true, note that (3.2.7) implies pdg(Z) < oo since pdg(N)
and pdg(F) are finite. As lengthp (Torl.R(U, Z)) < oo foralli > 1, we see from
§2.13 that 6% (U, Z) is well-defined and the following holds:

(3.2.8) 0% (U, Z) = lengthg(TorX, ., (U, Z)) — lengthg(Tor ., (U, 2))

for each integer n with 2n > Cl-dimg(Z) — 1, i.e., for each n > 0 (because
Cl-dimg(Z) = 0).

We know, by Claim 2, that Tor} (U, Z) = Tor®(U, N) for all i > 1. Hence it
follows that 0% (U, N) = R (U, Z). Thus (3.2.6) and (3.2.8) yield the following
equalities of lengths:

3.2.9) lengthR(T0r§i+2(U, 7)) = lengthR(T0r§i+1(U, Z)) foralli>0.

Notice 0=CI-dimg(Z) =depth(R)—depthy(Z), i.e., depthr(Z) =1; see §2.8(iii).
Hence depth¢(Z) = 1. Since dim(S) = 2 and pd¢(Z) < oo, we conclude, by the
Auslander—-Buchsbaum formula, that pdg(Z) = 1. Now we consider the following
exact sequence that follows from §2.12 applied for the pair (U, Z):

(3.2.10) Torg(U, Z) — Torg(U, Z)—>UQrZ— Torf(U, Z) — Torf(U, Z)— 0.

As pdg(Z) =1, we have Torg(U, Z) =0. So, by (3.2.10), we see that Torg(U, Z)
embeds in U @g Z. Moreover, we know by Claim 2 that length (Tor§ U, 7)) <
and U Qg Z is a torsion-free R-module. So we conclude from (3.2.10) that

(3.2.11) TorX (U, Z) = 0.
Consequently, (3.2.9) and (3.2.11) yield
(3.2.12) TorR(U, 2) =0=Tor} (U, Z).

On the other hand, as pdg(Z) = 1, we can use §2.12 once more, this time for
the pair (U, Z), and obtain

(3.2.13) Tor} (U, Z) = Torf ,(U, Z) foralli > 1.

Therefore, we see from (3.2.12) and (3.2.13) that TorlR(U, Z)=0foralli > 1.
Thus Claim 2 yields the vanishing of TorlR(U , N) for all i > 1. Finally we can now
invoke §2.4(iii) and deduce that TorlR(M ,N)=0foralli > 1, as required.

Now we establish the claims and complete the proof of the theorem.

Proof of Claim 1. To prove the claim, we follow the argument of [Celikbas and
Dao 2014, 4.6]. Note that Qg N is a maximal Cohen—Macaulay R-module. So
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depth, (2rN) = 1, which equals depthg(2rN). Note also that there is a short
exact sequence 0 - QrN — T — N — 0, where T is a finitely generated free
R-module. This exact sequence, since both pdg(N) and pdg(7T') are finite, implies
that pdg(2r N) < oo. Hence, since depth(S) =2, we conclude from the Auslander-
Buchsbaum formula that pdg(2g N) = 1. It now follows from §2.12 that there is
an exact sequence:

(3.2.14) 0 — TorX(QxrN, k) — QrN ®r k — Tor} (Qr N, k) — TorR (QrN, k) — 0.
Taking the alternating sum of lengths of modules in (3.2.14), we obtain
(32.15) 6%k, QrN) = B5(QN) — B (QrN) = B3 (2 N) — B (2 N),

where ,BiR (2r N) denotes the i-th Betti number of QzN.

As QgN has a finite free resolution over S, we can now apply §2.16 for
the module QzN over the ring S: the Euler number of QzxN over S, which is
,Bg(QRN) — ﬂf(QRN), vanishes since f - QrN = 0. So, by (3.2.15), we have
08 (k, QrN) =0. As 0% (k, N) = —0R (k, Qg N), we see 0% (k, N) = 0. Moreover,
since V has a finite filtration by copies of k, it follows that 6% (V, N) vanishes. This
justifies Claim 1. (]

Proof of Claim 2. Notice, as F is free, tensoring (3.2.7) with U over R, we see that
there are isomorphisms

(3.2.16) Tor® (U, Z) = Tor®(U, N) foreachi >2,
and there is an exact sequence of the form
(3.2.17) 0— Torf(U, Z) - Torf (U, N) L U F > U®r Z - U®gN — 0.
Let p be a minimal prime ideal of R. Then it follows from (3.2.4) that
Tor® (U, N), =0 forall i >0,

and hence (3.2.16) shows that ToriR(U, Z), =0 for all i > 0. So it follows from
§2.8(vii) that TorlR(U, Z)p =0forall i > CI-dimg,(Z,) + 1. Also, by §2.8(ii), we
know ClI-dimg, (Z,) < Cl-dimg(Z) = 0. So we see that Torf(U, Z), = 0 for all
i > 1. As p is an arbitrary minimal prime ideal of R, this argument shows that
lengthg (TorR (U, Z)) < oo for all i > 1, as claimed.

Note that it follows from (3.2.16) that length (ToriR(U ,N)) <ooforalli>2.
In particular, ToriR(U , N) is torsion for all i > 2. However, this forces ToriR(U ,N)
to be torsion for each i > 1; see §2.8(vii). Thus the image of the map y in (3.2.17)
is torsion. On the other hand, U ® F, being a finite direct sum of copies of U, is
torsion-free. So y =0, and it follows from (3.2.17) that ToriR(U, )= TorlR(U, N),
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for i =1 as well. Hence, by (3.2.16), we establish that TorlR(U, 7)) = ToriR(U, N)
foralli > 1.
In light of the fact that yy =0, the following exact sequence is induced from (3.2.17):

(3.2.18) 0>UQRQrF—>UQ®rZ—>UQ®rN — 0.

As M ®g N and U ®p F are torsion-free and U @ N = M ®x N, we conclude
from (3.2.18) that U ®g Z is torsion-fee; see §2.2 and §2.4(i). This completes the
proof of Claim 2. (]

We finish this section by recording some remarks concerning Theorem 3.2.

Remark 3.3. It is worth mentioning that the conclusion of Theorem 3.2 is not
necessarily true if the ring in question is Artinian. For example, if R = C[[x])/(x?)
and M =N = R/(x), then R is an Artinian hypersurface (so that each R-module has
finite complete intersection dimension and 6% (—, —) is well-defined), cxg(N) =1,
Tor®(M, N) = N #0 for all i >0, and 6% (M, N) = 0.

In Section 4 we refer to the next fact to prove Proposition 4.4 and Remark 4.7.

Remark 3.4. Let R be a local ring and let N be a nonzero finitely generated
R-module. Assume CI-dimz(N) = 0 and cxz(N) = 1. Then it follows that
BR(N) = BR | (N) and Qf(N) = Q7 (N), for all i > 0; see [Avramov et al. 1997,
7.3].

Note that, in Theorem 3.2, we have CI-dimz (2 N) = 0 and cxg(QrN) = 1.
Therefore Remark 3.4 implies BX (QrN) = BR(QrN), and so 6% (k, QrN) = 0; see
(3.2.15) in the proof of Theorem 3.2. This gives an alternative way of establishing
the vanishing of 8% (k, Q N) without appealing to the property of the Euler number
recorded in §2.16.

Next we consider Theorem 3.2 for the case where cxg(N) =0, i.e., pdz(N) < o0.
In this case we can obtain the vanishing of Torl-R (M, N) without any depth assump-
tion on M.

Remark 3.5. Let R be a d-dimensional Cohen—Macaulay local ring, and let M and
N be finitely generated R-modules. Assume pdp(N) < oo and depthp(N) >d — 1.
If M®g N is (nonzero) maximal Cohen—Macaulay, then N is free and M is maximal
Cohen—Macaulay.

To establish this, we may assume pd,(N) # 0, as otherwise N would be free. In
particular, we may assume d > 1. Note, by the Auslander—Buchsbaum formula and
the hypothesis, we have that pdp(N)=1. Set U = Lr M. Then, since U is a torsion-
free R-module, [Celikbas and Takahashi 2019, 2.7] implies that TorlR(U ,N)=0
for all i > 1. Hence §2.4(iii) gives the vanishing of Torl-R (M, N) for all i > 1.
As pdg(N) < oo, the depth formula for M and N over R holds; see §2.8(viii).
This shows, since M ®g N is maximal Cohen—Macaulay, that both M and N
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are maximal Cohen—Macaulay R-modules. Consequently, N is free due to the
Auslander—Buchsbaum formula.

4. Some corollaries of the main result

In this section we proceed to give various corollaries of Theorem 3.2 concerning the
torsion in tensor products of modules, especially those of the form M Qg M* over
one dimensional local rings. In particular, we give a proof of Corollary 1.4; see
Corollaries 4.6 and 4.8. Along the way we extend results of Huneke and Wiegand
[1994], and Auslander [1961] on the reflexivity of tensor products of modules which
justify a higher dimensional version of Conjecture 1.1 over normal domains; see
Proposition 4.12 and Conjecture 4.13.

We denote by G(R) the Grothendieck group of finitely generated R-modules,
i.e., the quotient of the free abelian group of all isomorphism classes of finitely
generated R-modules by the subgroup generated by the relations coming from short
exact sequences of finitely generated R-modules. We write [M] for the class of a
finitely generated R-module M in G(R) and denote by G(R) the group G(R)/Z-[R],
the reduced Grothendieck group of R. We set G(R)a = (G(R)/Z - [R]) ®z Q.

The next corollary corroborates [Celikbas 2011, 1.2], which examines the van-
ishing of Tor for modules of complexity at most one over complete intersection
rings.

Corollary 4.1. Let R be a one-dimensional local ring, and let M and N be nonzero
finitely generated R-modules. Assume CI-dimg(N) < 00, cxg(N) < 1, and N, is
free over Ry, for each associated prime ideal p of R.

(1) If pdr(N) < oo and M @g N is torsion-free, then M is torsion-free and N is
free.
(i1) Assume pdp(N) = 00, or equivalently, cxg(N) =1, and [M] =0 in G(R)q.
Then:
(@) If M @g N is torsion-free, then so are M and N, and TorlR (M, N)=0 for
alli > 1.
(b) If TorR(M, N) = 0 for some n > 1, then TorR(M, N) = 0 for all i > n,
i.e., the pair (M, N) is Tor-rigid.

Proof. We may assume R is Cohen—Macaulay; as otherwise N would be free and
all the claims follow. In particular, part (i) is a special case of Remark 3.5. Hence
we assume cxg(N) = 1 and [M] = 0 in G(R)q, and proceed to prove part (ii).
Let X be a finitely generated R-module. As N, is free over Ry, for each associated
prime ideal p of R, we have length, (Tor[-R (N, X)) < oo forall i > 1. In particular,
OR(N, X) is well-defined; see §2.14. This yields, since 0 is additive on short exact
sequence of finitely generated R-modules, a linear map 8% (N, —) : G(R) — Z.
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Moreover, as 8% (N, R) = 0, this map induces a map 0% (N, —) : G(R)g — Q.
Hence, since [M] = 0 in G(R)gq, we have that 0% (M, N) = 0. Now, if M ®x N is
torsion-free, then it follows from Theorem 3.2 that M and N are torsion-free, and
TorR (M, N) =0 for all i > 1. This establishes part (ii)(a).

To prove part (ii)(b), we proceed by assuming Tor,’f (M, N)=0 for some n > 1.
Then we have Torf (M, @ '(N)) = 0 and CI-dimg(Q ' (N)) < oo; see §2.10.
Hence we use the exact sequence that follows from §2.11 for the module Q’};l (N):

4.1.1) 0—F—Z— Q5 (N)— 0.

Here F is free, CI-dimg(Z) = 0, and cxg(Z) = ch(Q'I’{l(N)) = 1. Note that,
by (2.5.1), we have that G-dimg(Z) =0, i.e., Z is totally reflexive and hence Z is
torsion-free. Moreover, Tor{e (M, Z) vanishes since

TorR (M, Z) < Torf(M, Q%51 (N)).

Applying — ®x Z to the syzygy exact sequence 0 — Qr(M) — R®' — M — 0,
where v is a positive integer, we see that Qr(M) ®z Z is contained in Z®?. So,
Qr(M) ®g Z is torsion-free. As [M] =0 in G(R)q, it follows from the syzygy
sequence that [Q2g(M)] = 0 in G(R)g. Furthermore, by (4.1.1), we know Z, is
free over Ry, for each associated prime ideal p of R. Hence, by using part (ii)(a)
for the pair (2g(M), Z), we conclude that ToriR(QR(M), Z)=0foralli > 1.
This implies the vanishing of Tor® (M, Z) for all i > 2. Consequently, we deduce
ToriR (M, Z) =0 for all i > 1 since we already know that Torf (M, Z) vanishes.
This implies that TorX (M, N) =0 for all i > n + 1, as claimed. O

The next two remarks are concerned with Corollary 4.1.

Remark 4.2. If R is a one-dimensional local ring and M is a finitely generated
R-module (not necessarily torsion-free) which has rank, then it follows that [M] =0
in C(R)@; see [Celikbas and Dao 2011, 2.5; Huneke and Wiegand 1994, 1.3]. In
view of this fact and Corollary 4.1, we have the following result:

If R is a one-dimensional local ring, and M and N are nonzero finitely generated
R-modules such that CI-dimg(N) < 00, cxg(N) = 1, N, is free over R, for
each associated prime p of R, M has rank and M ®x N is torsion-free, then
Torl-R (M,N)=0forall i >1, and both M and N are torsion-free.

Remark 4.3. Let R be a one-dimensional complete intersection domain, and let
M and N be nonzero finitely generated R-modules.

It is not known whether R-modules are Tor-rigid, in general. Moreover, if
M ®pr N is torsion-free, it is also not known whether M or N must be torsion-free;
see [Celikbas and Wiegand 2015, 2.10]. In fact, Tor-rigidity yields an affirmative
answer to the latter query: if M ®g N is torsion-free and N is Tor-rigid, then it
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follows Ext}? (TrM, N) =0 and hence Ext}e (TrM, R) =0, i.e., M is torsion-free;
see, for example, [Auslander and Bridger 1969, 2.8; Celikbas et al. 2019b, 3.4].

Corollary 4.1 gives a partial affirmative answer to the aforementioned open
problems. It points out that modules of complexity at most one, i.e., modules of
bounded Betti numbers, are Tor-rigid over R. Moreover, it shows that, if M @ g N
is torsion-free, and M or N has complexity at most one, then both M and N are
torsion-free (note that, for a one-dimensional local domain R, one has G(R)g = 0;
see, for example, [Celikbas and Dao 2011, 2.5]).

It is known that the conclusion of Corollary 4.1 may fail in case [M] # O in
G(R)g. For example, if R = k[[x, y]/(xy), M = R/(x), and N = R/(x?), then
M, and N, are both free over R, for each associated prime ideal p of R (as R is
reduced) and M ®g N is torsion-free, but Torfl-_1 (M,N)#0= Torfl. (M, N) for
all i > 1; see [Huneke and Wiegand 1997, page 164] and also § A.1. This example
also illustrates the following:

Proposition 4.4. Let R be a one-dimensional local ring, and let M and N be finitely
generated R-modules. Assume CI-dimg(N) < 0o and cxg(N) = 1. Assume further
M, or Ny is free over Ry, for each associated prime p of R (e.g., R is reduced). If
M Qg N is torsion-free, then Torfi (LrM,N)=0foralli > 1.

Proof. Note that we may assume M # 0 # N. We may further assume R is
Cohen—Macaulay, as otherwise M or N would be free and the claim would follow.
Moreover, if M, is free over R, for each associated prime ideal p of R, then so
is L r M. Therefore, we may replace M with Lz M, and assume M is a nonzero
torsion-free R-module; see §2.4(1).

There is a short exact sequence of R-modules of the form

“4.4.1) O—-F—Z7Z—N-—=0,

where F is free, CI-dimg(Z) = 0, and cxg(Z) = cxg(N); see §2.11. By tensoring
(4.4.1) with M over R, we obtain an exact sequence,

(4.4.2) TorR(M,N) > MQr F > M®rZ - M Qg N — 0.

As Tor{e (M, N) is torsion and M is torsion-free, we conclude v is the zero map
and that M ®p Z is torsion-free; see §2.2.

Next we consider a pushforward sequence of Z, i.e., a short exact sequence of
R-modules as

4.4.3) 0—-Z—>G—>Z —0,

where G is free, CI-dimg(Z;) =0, and also cxz(Z1) =cxr(Z) =cxg(N) =1; see
§2.8(iii), §2.10, and §B.3. Notice it follows from Remark 3.4 that Z| = Q%(Zl).
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Therefore, as Z = Qr(Z), we conclude that Qg(Z) = Q%e (Z1) = Z,. This yields
the short exact sequence of R-modules

4.4.4) 0—>Z—>G— Qr(Z2)—0.
Tensoring (4.4.4) with M over R, we obtain an injection
Torf (Qr(2), M) — M Qg Z.

As M®pg Z is torsion-free and Torf (r(Z), M) is torsion, we see Torf (RQr(Z2), M)
vanishes, i.e., 0 = Torf(QR(Z), M) = Torf(Z, M). This forces Torg.(Z, M)=0
forall i > 1 since Z = Q%(Z ). This completes the proof of the proposition: due to
(4.4.1), we have that TorX (Z, M) = TorX (N, M) for all i > 1. O

Our next observation may be of independent interest: the first part examines
the complete intersection dimension of a torsion-free module with its algebraic
dual over one-dimensional local rings without any depth assumption on their tensor
products. The second part of Lemma 4.5 is our first step to establish consequences
of Theorem 3.2 concerning Conjecture 1.1 —it is used in the proof of Corollary 4.6.

Lemma 4.5. Let R be a one-dimensional local ring, and let M be a finitely gener-
ated R-module.

(1) Assume M is torsion-free. Then
CI-dimg(M) < oo ifand only if Cl-dimg(M™) < co.

(i1) Assume Cl-dimg(M) < 00, and M @ g M* is a nonzero torsion-free R-module.
If ToriR (M, M*)=0foralli >0, then M is free.
Proof. (1) If CI-dimg (M) < oo, then, since depth, (M) =1, it follows from §2.8(iii)
that CI-dimg (M) = 0; this implies, in view of §2.8(vi), that CI-dimgz(M™*) = 0.
Hence it suffices to assume Cl-dimz(M™) < oo and show that CI-dimg (M) < oo.
Assume CI-dimg (M*) < 0o. Then (2.7.1) and §2.10 show that

Cl-dimg (Tr M) < oo.
Let p be an associated prime ideal of R. Then, by (2.5.1), we have
G-dimg, (My) < Cl-dimg, (Mp),

and it follows from §2.8(iii) that CI-dimg, (M) < depth(R,) = 0. Hence M, is
totally reflexive over Rp. Therefore, it follows that Ext}e (TrM, R), = 0. This
shows, as p is an arbitrary associated prime ideal of R, that Ext}e (TrM,R) is a
torsion R-module. Now, since Ext}e (TrM, R) — M and as M is torsion-free, it
follows that Ext}e (Tr M, R) = 0; see [Auslander and Bridger 1969, 2.8]. Conse-
quently §2.8(iii) shows that CI-dimg (Tr M) = 0. Note, up to free summands, we
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have that TrTrM = M. Thus §2.8(vi) implies that CI-dimg(Tr Tr M) = 0, i.e.,
Cl-dimg (M) = 0, as required.

(i1) Notice, since TorL-R (M, M*) =0 for all i > 0, we have that ToriR M, TrM)=0
for all i > 0O; see (2.7.1). Hence it suffices to prove that CI-dimg(M) = 0: in
this case, §2.8(vii) implies Torf (M, Tr M) =0 so that M is free; by, for example,
[Yoshino 1990, 3.9]. Consequently, as CI-dimg (M) < depth(R), we may assume
depth(R) # 0, i.e., we may assume R is a one-dimensional Cohen—Macaulay local
ring.

Let p be a minimal prime ideal of R. Then CI-dimg, (M) = 0; see §2.8(iii).
Moreover, as TorlR(M , M*), = 0 for all i > 0, we conclude from § 2.8(vii)
that TorL-R (M, M*), = 0 for all i > Cl-dimg,(My) + 1. This implies that each
Torl-R (M, M*) has finite length for i > 1. Thus it follows from [Celikbas et al.
2015b, 3.6] that ToriR (M, M*)=0foralli > 1. Since M ®g M* is nonzero and
torsion-free, the depth formula implies depthy (M) = 1; see §2.8(viii). Finally, we
conclude by §2.8(iii) that CI-dimg (M) = 0, as claimed. [l

If R=S/(f), where (S, n) is a two-dimensional regular local ring and 0 £ f €n,
it follows from a result of Huneke and Wiegand [1994, 3.7] that M ® g M™* has
torsion for each nonfree, torsion-free finitely generated R-module M with rank.
In particular, Conjecture 1.1 is true over hypersurface rings. In Corollary 4.6, we
generalize this fact and show that it carries over to Cohen—Macaulay rings (not
necessarily hypersurcases) under mild conditions; see also Corollaries 4.8 and 4.10
for related results.

In Corollary 4.6, we assume R = S/(f), where (S, n) is a two-dimensional
Cohen—Macaulay local ring, and f € n is a non-zero-divisor on S. We assume
further M is a finitely generated R-module such that pd¢(M) < co. Then, by using
the quasi-deformation R = R « S, we have that CI-dimg(M) < oo; see §2.5.
Moreover, [Avramov 1989, 3.2(3)] shows that cxz(X) < cxs(X) + 1 for each
finitely generated R-module X, in particular, cxg(M) < 1. In Corollary 4.6, we also
consider the case where pdg(M™*) < oo, i.e., pdg(Homg (M, R)) < oo. It is worth
noting that, in general, a module can have finite projective dimension, even though
its algebraic dual has infinite projective dimension; see, for example, [Huneke and
Jorgensen 2003, 2.3].

Corollary 4.6. Let R be a one-dimensional Cohen—Macaulay ring such that, for
some local ring (S, n) and a non-zero-divisor f e non S, we have R = S/(f). Let
M be a finitely generated R-module. Assume the following hold:

(a) pdg(M) < oo or pdg(M*) < 0.
(b) M @gr M* is a torsion-free R-module.

Then M is free provided that at least one of the following conditions hold:
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(i) M ®gr M* is not zero, and M has rank over R.
(i) M is a torsion-free module that has rank over R.

(ii1) M ®r M* is not zero,

lengthR(ToriR(M, M*) <oo forall i >0, and O%(M,M*)=0.
(iv) M is torsion-free,

length g (Tor®(M, M*)) < 0o forall i >0, and 6%(M,M*)=0.
(V) M is torsion-free, and

lengthg (Tory (M, M*)) = lengthg (Tor,\, (M, M*)) < oo

for an even integer n > 2 and an odd integer g > 1.

Proof. We may assume M # 0. Recall, if M # 0 and M is torsion-free, then
M ®gr M* # 0; see §2.3. This implies, for each part, we have that M @ g M* is a
nonzero torsion-free R-module. Furthermore, it shows that part (ii) follows from
part (i), and part (iv) follows from part (iii).

Note, as pd¢(M) < oo or pdg(M*) < oo, we have Cl-dimg(M) < oo or
Cl-dimg (M™*) < oo; see §2.5. Hence it suffices to show TorlR(M, M*) =0 for all
i >0, and M is torsion-free: in that case we can use Lemma 4.5: the first part of the
lemma implies CI-dimg (M) < oo, and hence the second part shows that M is free.

If pdg(M*) < 0o, then M* is free by the Auslander—Buchsbaum formula. This
implies, since M ® g M* is a nonzero torsion-free R-module, that M is torsion-free.
So M must be free. Similarly, if pd (M) < oo, then Remark 3.5 shows that M is
free. Moreover, we know that cxg(M) < 1, or cxg(M™) < 1; see [Avramov 1989,
3.2(3)]. Consequently, we may assume CI-dimg (M) < oo and cxg(M) =1, or
Cl-dimg(M™*) < oo and cxp(M*) = 1.

(i) Assume M has rank over R. Then M* also has rank, which equals the rank of
M. In particular, both M and M* are free when localized at each associated prime

ideal of R. Thus Remark 4.2 yields the vanishing of ToriR (M, M*) foralli > 1 and
the fact that M is torsion-free.

(ii1) Assume lengthR(ToriR (M, M*)) < oo foralli > 0, and 0% (M, M*) =0. In
that case Theorem 3.2 yields the vanishing of ToriR (M, M*) for all i > 1, and that
M is torsion-free.

(v) Recall that, by Lemma 4.5(i), we know CI-dimg (M) < co. Let p € Suppp(M)
be a minimal prime ideal of R. Then it follows

Cl-dimg,(My) =0 and  Tor) (M, M*), =Tory, ,(M, M*), =0;
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see §2.8(ii). Therefore, by [Bergh 2008, 3.2], we see TorlR(M, M*), =0 for all
i > 1. This implies that lengthR(Tor{e (M, M*)) < oo for each i > 1. We also
know that TorR (M, M*) = Tor; +2(M M*) for each i > 1; see Remark 3.4. So the

hypothesis length (TorR (M, M*)) = length, (Torn (M, M *)) implies that

lengthR(ToriR(M, M*)) = lengthy (ToriH(M, M*)) foreach i > 1.
Hence A% (M, M*) = 0 and the result follows from part (iv). ([l

If M and N are finitely generated modules over a local ring R such that M is
totally reflexive, then it follows from [Avramov and Buchweitz 2000, 4.4.7] that

Tor) (M, N) = Ext, (M*,N) forallieZ.

Here Tor and Ext denote the Tate Tor and Ext, respectively; see, for example,
[Avramov and Buchweitz 2000] for details.

In the following, for Gorenstein rings, we provide an alternative proof of
Corollary 4.6(iv) that does not appeal to Theorem 3.2.

Remark 4.7. Let R be a one-dimensional Cohen—Macaulay ring such that, for
some local ring (S, n) and f € n a non-zero-divisor on S, we have R = S/(f). Let
M be a nonzero finitely generated torsion-free R-module such that pd¢(M) < oo
or pdg(M*) < 00.

If pdp (M) < oo, then M is free by the Auslander—-Buchsbaum formula. So we
may assume pdy (M) = oco. Then it follows that CI-dimg (M) =0 and cxg (M) = 1;
see Lemma 4.5(i). Then we have
Tor (M,N)= Tor; +2(M N) and ExtR(M N)= ExthJrz(M N) forall ieZ,
see Remark 3.4. Therefore, as M is totally reflexive, we have the following isomor-
phisms for all i > 1:

Tork_ (M* M) = Tors_ (M* M) = Ext,, (M, M) = Exta(M, M) = ExtZ(M, M),
TorR (M* M) = Tors(M* M)=Exty," (M, M)=Exty (M, M)=Ext3~\(M, M).
In particular, if Torzl._1 (M*, M) =0 for some i > 1, then M is free; see [Avramov
and Buchweitz 2000, 4.2].

Now assume R is Gorenstein and length, (ToriR (M, M*)) < oo for all i > 0.
Then it follows lengthR(TorlR(M, M*)) < oo for all i > 1; see §2.8(ii, viii). In
particular, we have that length, (Ext}e(M , M)) < o0.

Now assume M ®r M* is torsion-free. Then [Huneke and Jorgensen 2003,
5.9] implies Ext}e (M, M) = 0. Therefore, M ® g M* is torsion-free if and only if
Torg-(M*, M) =0 for all i > 1. Consequently, if 08(M, M*) =0 and M @ M*
is torsion-free, then Torj-e (M, M*) =0 for all j > 1, and hence M is free, by, for
example, Lemma 4.5(ii).
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If (S, n) is a Cohen—-Macaulay local ring and f € n? is a non-zero-divisor on
S, then f has a reduced matrix factorization (¢, ¥) over S. In this case, coker(¢)
is a nonfree, maximal Cohen—Macaulay module over S/(f) which has projective
dimension one over S; see [Herzog et al. 1991, 1.2 and 2.2].

A local ring S is called G-regular [Takahashi 2008] if each totally reflexive
S-module is free. It is known that each regular ring, as well as each Golod ring
that is not a hypersurface, is G-regular. In particular, every non-Gorenstein Cohen—
Macaulay local ring with minimal multiplicity is G-regular; see [Takahashi 2008,
5.1]. Note that, if R = S/(f), where (S, n) is a G-regular ring, and f € n?isa
non-zero-divisor on S, then R is not G-regular; see [Takahashi 2008, 4.6].

The following, advertised in Corollary 1.4, follows from Corollary 4.6 and
[Takahashi 2008, 2.13].

Corollary 4.8. Let R = S/(f) be a one-dimensional Cohen—Macaulay ring, where
(S, n) is a local ring and f € n? is a non-zero-divisor on S. Assume M is a finitely
generated R-module that has rank. Then M @ g M* has torsion if at least one of the
following holds:

(i) M = coker(¢), where (@, V) is a reduced matrix factorization of f.

(i1) S is G-regular and M is a nonfree totally reflexive R-module.

Proof. (i) We know M, the cokernel of ¢, is a nonfree, torsion-free module over R.
Since pdg(M) < oo and M has rank over R, it follows from Corollary 4.6(ii) that
M ®pgr M* has torsion.

(i) As M is a totally reflexive R-module, it follows that G-dimg(M) < oo; see, for
example, [Takahashi 2008, 1.5(3)(ii)]. Hence, since S is G-regular, we conclude
that pd¢(M) < 0o, and so the claim follows from Corollary 4.6(ii). O

Here is an example for which we can employ Corollary 4.8(i); note the ring in
question is a complete intersection, but is not a hypersurface; see also [Celikbas
2011, 4.17; Huneke and Wiegand 1994, 3.7].

Example 4.9. Let R = S/(f), where S = C[[x, y, z]l/(xz — y*) and f = x> — 7%
Then it follows that R = C[[#*, >, °] is a one-dimensional local domain. Moreover,

(0. ¥) = ((;5 _xz)v (xzz );))

is a reduced matrix factorization of f over S. Therefore, by Corollary 4.8(i), the
tensor product M ® g M™* has torsion, where M is the finitely generated R-module
given by the exact sequence 0 — §2 % §92 . M — 0.

Next is a reformulation of Corollary 4.6(1, i1); it shows that Conjecture 1.1 is true
for modules that have finite complete intersection dimension and bounded Betti
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numbers. We separate this result for the convenience of the reader as it is stated
slightly different to Corollary 4.6.

Corollary 4.10. Let R be a one-dimensional local ring, and let M be a non-
free finitely generated R-module that has rank (e.g., R is a domain). Assume
Cl-dimg(M) < o0 and cxg(M) < 1 (e.g., R is a hypersurface ring). If M Qg M*
is not zero, then M Qg M™ has torsion. In particular, if M is torsion-free, then
M Qr M* has torsion.

Proof. Note that, since M is not free but has rank, R is a Cohen—Macaulay ring.
Note also that, if M is torsion-free, then M Qg M™* # 0; see §2.3. Hence it suffices
to assume M ®pg M™ is not zero and prove that M ® g M* has torsion.

Suppose M @ g M* is a nonzero torsion-free R-module, and seek a contradiction.
It follows from Remark 3.5 that pd, (M) = oo, i.e., cxg(M) = 1. Then we may
choose a codimension one quasi-deformation R — R’ «— S with zero-dimensional
closed fibre such that pdg(M ®g R’) < oo; see §2.14. Thus R’ = S/(f) for some
local ring (S, n), and a non-zero-divisor f € n on S. Moreover, it follows that R’ is
a one-dimensional Cohen—Macaulay ring, M’ = M ®x R’ has rank over R’, and
M’ g (M')* #0. Now Corollary 4.6(i), applied to the module M’ over R’, shows
that M’ is free over R’, which implies M is free over R, i.e., a contradiction. Hence,
if M @ g M* is not zero, then M ® g M* must have torsion. O

Further remarks related to Conjecture 1.1. Huneke and Wiegand, motivated by
a theorem of Auslander [1961, 3.3], proved that, if R is a local domain satisfying
Serre’s condition (S7) such that Ry, is a hypersurface for each height-one prime ideal
p of R, and M is a finitely generated torsion-free R-module such that M @ g M*
is reflexive, then M is free; see [Huneke and Wiegand 1994, 5.2]. In this subsec-
tion we slightly strengthen this result, and show that it holds for R-modules M
(not necessarily torsion-free) such that M ® g M* is nonzero and reflexive; see
Proposition 4.12. We also discuss a higher dimensional version of Conjecture 1.1;
see Conjecture 4.13 and also Proposition 4.14.
We proceed with a lemma:

Lemma 4.11. Let R be a local ring, and let M be a finitely generated R-module
such that M* # 0. If Ext}? (TrM, M*) = Ext%e(Tr M, M*) =0, then M is free.

Proof. There is an exact sequence 0 > M* — F —- G — TrM — 0, where F
and G are finitely generated free R-modules; see (2.7.1). This yields the following
exact sequences:

4.11.1) 0O->M-F—-L—-0 and 0->L—G—>TrM — 0.

AsO=EXt%e(TrM, M*)éExt}e(L, M), the exact sequence 0 > M* — F — L — 0
splits; this implies M* is free. Since Ext},e (TrM, M*) = Ext?e (TrM, M*) =0,
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we conclude that Ext}e (TrM, R) = Ext?e (TrM, R) = 0. Therefore, the natural
map M — M™* is bijective, i.e., M is reflexive. Note, as M* is free, so is M**.
Consequently, we deduce that M is free. U

Note that, if R is a local ring and M is a finitely generated R-module such
that M has positive rank, then Supp, (M) = Spec(R): to see this, notice, given
q € Spec(R), there is a minimal prime ideal p of R such that p € q. As M, # 0,
we conclude that My # 0. In particular, if R is a local ring and M is a finitely
generated R-module such that M has rank » and M* # 0, then r > 1 and M* has
rank r, so that Suppp(M) = Suppz (M*) = Spec(R); see §2.3. We make use of
this observation in the next results.

Proposition 4.12. Let R be a local ring satisfying Serre’s condition (S,) and let M
be a finitely generated R-module such that M* # 0 and M @ g M™ is reflexive. Then
M is free if one of the following conditions holds:

(i) M, is free over Ry, for each prime ideal p of R of height at most one.

(i1) M has rank, and Ry, is a hypersurface ring for each height-one prime ideal p
of R.

Proof. For part (i), we may assume dim(R) > 2. Consider the following exact
sequence which follows from [Auslander and Bridger 1969, 2.6(a)]:

(4.12.1) 0— Extp(Tr M, M*)—>M®RM*£>HomR(M*, M*)—>Exti(TrM, M*)— 0.

It follows by part (i) that Ext}e (TrM, M*), =0 = Ext%? (TrM, M*),. Hence
the map ¢, is an isomorphism for each prime ideal p of R of height at most one.
Notice Homgz (M™*, M*) is a torsion-free R-module since M* is torsion-free. This
implies ¢ is an isomorphism; see, for example, [Celikbas and Wiegand 2015,
page 446]. Therefore, Ext}e (TrM, M*) = Ext?e (TrM, M*) =0, and hence M is
free by Lemma 4.11.

For part (i), let p be a height-one prime ideal of R. Then M, has rank over
Ry and M, ® Ry M;‘ is a nonzero torsion-free R, module. Hence it follows from
[Huneke and Wiegand 1994, 3.1] that M,, is free over Ry; see also Corollary 4.10.
Now part (i) shows that M is free. U

In passing we consider a higher dimensional version of Conjecture 1.1.

Conjecture 4.13. Let R be a local ring satisfying (S2) and let M be a finitely
generated R-module. If M has rank and M @ g M* is a nonzero reflexive R-module,
then M is free.

It is known that Conjecture 1.1 can be stated over local rings of arbitrary di-
mension under extra assumptions; see, for example, [Celikbas and Wiegand 2015,
8.6]. However, we could not find a suitable reference that proves, if Conjecture 1.1
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is true, then so is Conjecture 4.13. Next we use Proposition 4.12(i) and give an
argument to point out this fact.

Proposition 4.14. If Conjecture 1.1 is true, then Conjecture 4.13 is also true.

Proof. Assume Conjecture 1.1 is true. Let R be a d-dimensional local ring satisfying
(S2), and let M be a finitely generated R-module such that M has rank and M @ g M'*
is a nonzero reflexive R-module. To show M must be free, we proceed by induction
ond.

If d =0, then M is free since M has rank. Hence assume d = 1. Then R
is a one-dimensional Cohen—Macaulay ring and M ® g M™* is a nonzero torsion-
free R-module. Set U = LzxM. Then U is a nonzero torsion-free R-module
that has rank. Moreover, we have that M Qg M* = U Q@ M*; see §2.3. By
dualizing the short exact sequence (2.1.1), we obtain the following exact sequence:
0> U*—> M*— (TrM)*. As (TpM)* =0, we see that M* = U*. Thus we have

M®RM*§U®RM*§U®RU*.

In particular, U @ g U™ is torsion-free. As Conjecture 1.1 is true, we conclude that U
is a free R-module. This forces M to be free; see [Huneke and Wiegand 1994, 1.1].

Next assume d > 2 and let p be a height-one prime ideal of R. Then R, is a local
ring satisfying (S), and M, is a finitely generated R-module such that M), has rank
over Ry and My, ®g, (My)* is a nonzero reflexive Ry-module. Hence the induction
hypothesis shows that M, is free over Ry,. Consequently Proposition 4.12(i) shows
that M is free. U

The fact that maximal Cohen—Macaulay modules are reflexive over Gorenstein
rings shows that, if Conjecture 4.13 is true, then so is Conjecture 1.1 over (one-
dimensional) Gorenstein rings. However, in general, over Cohen—Macaulay rings
(not necessarily Gorenstein), we do not know whether or not this implication is true.

Our next aim is to establish Example 1.2(ii) from the introduction, and hence
obtain a new class of ideals that satisfy the torsion conclusion of Conjecture 1.1.

Let R be a Cohen—Macaulay local ring, and let / be an m-primary ideal of R
containing a parameter ideal q of R as a reduction. Then [ is said to be an Ulrich
ideal provided that 1> = qI and I/1? is a free R/I-module; see [Goto et al. 2014,
1.1]. We refer the reader to [Goto et al. 2014] for details about Ulrich ideals; here
we record a few observations about them related to our argument. For our purpose,
we only consider Ulrich ideals that are not parameter ideals.

Remark 4.15. If R is a Gorenstein ring and / is an Ulrich ideal of R, then I has
bounded Betti numbers, i.e., cxg (/) < 1; see [Goto et al. 2014, 7.4].

Corollary 4.16. Let R be a one-dimensional complete intersection domain, and let
I be an Ulrich ideal of R. Then R/I is a Tor-rigid R-module. Moreover, if M is a
finitely generated R-module that has torsion, then M Qg I has torsion.
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Proof. This follows from Corollary 4.1(ii) and Remark 4.15 (note that G(R)g =0;
see [Celikbas and Dao 2011, 2.5]). U

Example 4.17. Let R = C[[+*, £, ] = C[x, y, zll/(xz — ¥?, x> — z?) and let
I = (t*,1%). Then R is a one-dimensional complete intersection domain, and
I is an Ulrich ideal of R; see [Goto et al. 2014, 6.3]. Hence, R/I is Tor-rigid,
and I ®g M has torsion for each finitely generated R-module M that has torsion;
see Corollary 4.16. This fact can fail if M does not have torsion. For exam-
ple, letting J be the ideal (t*, ) of R, we have that [ ® J is torsion-free, i.c.,
T0r§(R/I, R/J) = 0; see [Huneke and Wiegand 1994, 4.3]. Hence, since R/ is
Tor-rigid, we conclude that Tor®(R/I, R/J) =0 for all i > 2, i.e., Tor®(1, J) =0
foralli > 1.

Notice, Remark 4.15, together with Corollary 4.10, establishes Example 1.2(i1)
over complete intersection rings. In fact, this result is true over Gorenstein rings
that are not necessarily complete intersections. This fact can be shown as follows:

Proposition 4.18. Let (R, m) be a one-dimensional Gorenstein local ring. If I is a
nonprincipal Ulrich ideal of R, then it follows that I = I*, and 1 Qg I* has torsion.

Proof. Note that, since q C I, we conclude from [Goto et al. 2014, 2.6(b)] that [ is
generated by two elements. Moreover, since 1> = q/, there is an exact sequence
0—q/I>— /1> 1/q— 0, where I/I>?=(R/1)®?, q/I*=R/I,andI/q=R/I.
Thus the multiplicity of 7 is equal to 2 - lengthx(R/I) = length,(I/I%). Hence
[Ooishi 1996, 2.3] implies that [ is a self-dual R-module, i.e., I = I'**. This yields
the isomorphism I Qg I = I* Qg 1.

We now follow the idea discussed in the paragraph preceding [Huneke and
Wiegand 1994, 4.4] and observe that I @ I has torsion; this implies that I @p I*
has torsion, as claimed. We see, by applying — ®x [ to the exact sequence
0— I —- R— R/I — 0, that there is an exact sequence

(4.18.1) 0— TorR(R/I, 1) > T @ I % 15 1@ R/T— 0.

Note that / contains a non-zero-divisor on R (as it contains a parameter ideal). Hence
Tor{e (R/1, 1) is a torsion R-module. Now suppose I ®g I is torsion-free. Then it
follows from (4.18.1) that Torf(R/I, 1) =0, « is injective, and I @ g I Zker(B) = I>.
In particular, we have that ugp (I @gl) = ur(l 2), where pg(—) denotes the number
of elements in a minimal generating set. It follows from Nakayama’s lemma that
wr(I ®g I) = nr(I)?. Therefore we obtain ug(1)? = wg(I?), which forces I to
be principal since wr(I?) < wr(D(ur() + 1)/2. Hence, since [ is not principal,
we conclude that / ® g I has torsion. O
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5. On tensor products of totally reflexive modules

Huneke and Wiegand proved that tensor products of two nonfree modules over a
local domain — that is a quotient of a regular ring by a nonzero element — cannot
be maximal Cohen—Macaulay. In fact, this result is true over such rings that are
not domains as long as one of the modules in question has rank; see [Huneke and
Wiegand 1994, 3.1].

The main purpose of this section is to prove a consequence of Theorem 3.2
that is somewhat of a different nature. Namely, we would like to show that tensor
products of two nonfree totally reflexive modules over a Cohen—Macaulay local
domain — that is a quotient of a G-regular ring by a non-zero-divisor — cannot be
totally reflexive; see Proposition 5.7. Recall that R is called G-regular [Takahashi
2008] if there are no nonfree totally reflexive R-modules. Since each regular ring
is G-regular, and each totally reflexive module is maximal Cohen—Macaulay over
Cohen—Macaulay rings, our conclusion may be considered as a G-hypersurface
version of the result of Huneke and Wiegand [1994, 3.1] mentioned above.

We start by giving a few examples which illustrate the fact that, in general, tensor
products of nonfree totally reflexive modules may or may not be totally reflexive.

Example 5.1. Let R = C[[x, y]I/(xy) and M = R/(x). Then R is a Gorenstein
ring and M @ g M = M is totally reflexive.

Recall, over a local ring (R, m), an element 0 # x € m is said to be an exact
zero-divisor [Henriques and Sega 2011] if there exists y € R such that (0:5 x) = (y)
and (0:z y) = (x).

Example 5.2. Let R = C[[x, y, z, wl/(x%, xy, ¥2, 22, w?). Note that R is not
Gorenstein, and z and w are exact zero-divisors on R. Set M = R/(z) and
N = R/(w). Then M and N are both totally reflexive R-modules. Moreover,
M ®g N is a totally reflexive R-module since

G-dimg(M ® N) = G-dimg(R/(z, w)) = G-dimg .z (R/(z, w))
= G-dimg,.r (R/zR)/w(R/zR)) = 0.

Here the second equality follows from [Soto 2000, Corollary on page 53], while
the last one is due to the fact that w is an exact zero-divisor on R/(z).

In the next example, we observe that over local rings with m* = 0, the tensor
product of two totally reflexive modules, given by a pair of exact zero-divisors, is
not totally reflexive.

Example 5.3. Let (R, m) be a local ring such that m? = 0 and R is not Gorenstein;
e.g., R = Clx, y, Z]]/(xz, yz, 22, vyz). Assume {x, y} is a pair of distinct exact
zero-divisors. Let M = R/(x) and N = R/(y), and consider the following short
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exact sequence of R-modules:
(5.3.1) 0— (x,y)/(x) > R/(x) > R/(x,y) = 0.

Notice (x,y)/(x) = R/(x ;g y), and y - m? = 0 so that ymC 0:ry) =(x),ie.,
(x :g y) =m. So, if G-dimg(M ®r N) < 00, then (5.3.1) shows

G-dimg (R/(x :g ¥)) = G-dimg(R/m) < 00,

i.e., R is Gorenstein; see [Christensen 2000, 1.2.9 and 1.4.9]. Hence it follows
G-dimp(M ®r N) = 0.

It also seems worth noting, even if M ® g N has finite Gorenstein dimension, M
or N may not have finite Gorenstein dimension. We record such an example next.

Example 5.4. Let R = C[[x, y, zIl/(x?, xy, y*), M = R/(xz), and let N = R/(2).
Then R is not Gorenstein. Moreover, it follows that M @ p N = N so that

pdr(M ®g N) =pdg(N) =1 < 00

since z is a non-zero-divisor on R. We proceed to show that G-dimg (M) = oo.
Note that we have the following isomorphisms:

(5.4.1) (x2) =E(xX)=R/(x,y).

The first isomorphism in (5.4.1) between the ideals of R holds since z is a non-
zero-divisor on R, while the second one is due to the fact that (0 :z x) = (x, y).
Therefore it follows from (5.4.1) that there is a short exact sequence of R-modules

(5.4.2) 0— R/(x,y)— R — M — 0.

Set T = R/(x, y). Then it follows from (5.4.2) that G-dimg (M) < oo if and
only if G-dimg (7") < oo; see [Christensen 2000, 1.2.9]. Hence it suffices to observe
that G-dimg (T") = oc.

As 7z 1s a non-zero-divisor on R and 7', we have that

G-dimg(T) = G-dimg, (- (T /zT):

see [Christensen 2000, 1.4.5]. Note also R/(z) = C[lx, y1/(x%, xy, y?) is a non-
Gorenstein local ring. Therefore, since 7'/zT is isomorphic to the residue field of
the ring R/(z), we conclude that G-dimg,(;)(T/zT) = 00; see [Christensen 2000,
1.4.9]. Consequently we deduce G-dimg (M) = oo, as claimed.

The next observation is known; see, for example, the proof of [Miller 1998, 1.1].
Recall that, if R = S/(f),where (S, n) is a local ring and f € n is a non-zero-
divisor on S, then it follows that cxg(M) < cxs(M) + 1 for each finitely generated
R-module M; see [Avramov 1989, 3.2.3].



ON THE VANISHING OF THE THETA INVARIANT 131

Remark 5.5. Let R = S/(f), where (S, n) is a local ring and f € n is a non-zero-
divisor on S. Let M and N be finitely generated R-modules such that

pds(M ®r N) < o0.

If Torl-R(M, N) =0 forall i > 1, then it follows that pd (M) < 0o or pdp(N) < oo.

To see this, let P and Q be minimal free resolutions of M and N, respectively,
over R. Then, as ToriR (M,N)=0foralli > 1, we see that P ® Q is a minimal
free resolution of M ® N. Moreover, for each n > 0, it follows that

(55.1) BX(M ®g N) =rank(P ®g Q) = »_ rank(P; ®x Q)
i+j:n

n
=Y BRODBE (V)
i=0
Now, if P and Q are infinite resolutions, then (5.5.1) shows that ,Bf (M®rN)>n+1
for each n > 0. However, since pd¢(M ® g N) < 0o, we have that cxg(M @r N) <1,
1.e., there is a real number A such that ,Bf (M ®r N) < A for each n > 0; see §2.6.
So, P or Q must a finite complex, i.e., pdz (M) < oo or pdz (N) < oco. Furthermore,
if pdg(N) < 00, it follows from (5.5.1) that ﬂl.R (M) is bounded by a real number
foreachi >0, i.e., cxgp(M) < 1.

Next is a corollary of Theorem 3.2 and Remark 5.5.

Corollary 5.6. Let R = S/(f) be a Cohen—Macaulay ring, where (S, n) is a local
ring and f € n is a non-zero-divisor on S. Let M and N be finitely generated
R-modules such that:

(a) pdg(N) < oo and pdg(M ®r N) < o0.
(b) M, N,and M @ N are maximal Cohen—Macaulay R-modules.
Then M or N is free provided that at least one of the following holds:

(1) M has rank and Ny is free over Ry, for each associated prime ideal p of R.
(i1) dim(R) > 2 and length (ToriR (M, N)) <ooforalli>0.

Proof. Note, by Remark 5.5, it suffices to prove TorlR (M,N)=0foralli > 1. Note
also that CI-dimz(N) < oo and cxg(N) < 1.

For part (i), since M has rank, we may assume dim(R) > 1. First, consider the
case where dim(R) = 1. Then, if pd; (N) < oo, Remark 3.5 shows that N is free.
Hence we assume cxg(N) = 1. In that case Remark 4.2 yields TorlR(M ,N)=0
foralli > 1.

Next assume dim(R) > 2. Localizing at a nonmaximal prime ideal p of R, we
see that the hypotheses are preserved. Hence, by the induction hypothesis, we have
that M, or Ny is free over Ry. In particular, lengthp (ToriR (M, N)) < oo for all
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i > 1. Thus, to prove part (i), it suffices to prove part (ii). The fact that part (ii) is
an immediate consequence of Theorem 3.2 completes the proof. U

Here is the main result of this section: recall, if R = §/(f), where (S, n) is a
G-regular local ring and f € n? is a non-zero-divisor on S, then R is not G-regular;
see [Takahashi 2008, 4.6].

Proposition 5.7. Let R = S/(f), where (S, n) is a Cohen—Macaulay G-regular
local ring and f € w? is a non-zero-divisor on S. Let M and N be finitely generated,
nonfree, and totally reflexive R-modules.

If M has rank and Ny is free over Ry for each associated prime p of R, then
M ®pr N is not totally reflexive. In particular, if R is a domain, then M @ N is not
totally reflexive.

Proof. If M ®g N is totally reflexive, then M, N, and M ®g N have finite pro-
jective dimension over S; see, for example, [Takahashi 2008, 1.5(4)]; in that case
Corollary 5.6 implies that M or N is free. Therefore, M ®g N is not totally
reflexive. ([

Example 5.8. Let R = S/(x*>+y? 472 +w?), where S = C[[x, y,z, w]l/(xy, yz, zw).
Note that R is reduced, dim(S) = 2, and {x +y + z, y + z + w} is an S-regular
sequence. Moreover, it follows that

S/(x+y+z,y+z+w) =Clz, wl/(—zw — w?, —z% — zw, zw)

is an Artinian ring with radical square zero. Hence, S is G-regular but R is not
G-regular; see [Takahashi 2008, 4.2 and 4.6]. Therefore, if M and N are nonfree
totally reflexive R-modules, either of which has rank, then Proposition 5.7 shows
that M ®g N is not totally reflexive.

We finish this section by proving a result similar to Theorem 3.2: our aim is
to show that, in case the module M in Theorem 3.2 is maximal Cohen—Macaulay,
then one can prove the vanishing of Tor under weaker assumptions, for example,
regardless of the depth of N. Subsequently, we give an application of our result
concerning tensor products of totally reflexive modules over hypersurfaces; see
Corollary 5.12.

Note, by §2.13, 8% (M, N) is well-defined under the hypotheses of Proposition 5.9.

Proposition 5.9. Let R be a Cohen—Macaulay local ring of dimension d > 1 such
that R = S/(f) for some local ring (S, n) and a non-zero-divisor f e non S. Let
M be a (finitely generated) maximal Cohen—Macaulay R-module, and let N be a
finitely generated R-module. Assume the following conditions hold:

(1) CI-dimg(N) < oo and ToriS(M, N)=0foralli > 0 (e.g., pdg(N) < 00).
(i1) lengthp (TorlR (M, N)) <ooforalli>0.
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(iii) 6% (M, N) =0.
If M ®pg N is torsion-free, then ToriR (M,N)=0foralli>1.

Proof. We start by noting CI-dimg (N) < 00; see §2.8(iv). Hence G-dimg(N) < 00
so that there is an exact sequence of finitely generated R-modules

(5.9.1) O0—-L—->Z—N-—0,

where Z is a totally reflexive R-module and pd (L) < oo; see (2.5.1) and §2.9.

As pdp(L) < oo, it follows that pdg(L) < oo [Rotman 1979, 9.32]. Hence,
by (5.9.1), we have Cl-dims(Z) < oo as Cl-dimg(N) < oo; see §2.10. Thus
CI-dimg(Z) = 1 and CI-dimg(Z) = 0; see §2.8(iii). Moreover, since pdg(L) < 00
and Tor$ (M, N) = 0 for all i > 0, it follows from (5.9.1) that Tor} (M, Z) = 0 for
all i > 0. Consequently Torl-S (M, Z)=0for all i > 2; see §2.8(vii). Note also, as
length (Torl.R(M , N)) < oo for all i > 0, we have that ToriR (M, N) is torsion for
alli > 1; see §2.8(vii).

Claim. M ®gp Z is torsion-free, and Torl.R M, Z)= Torl.R (M, N) foralli > 1.

We first show that the claim is sufficient to complete the proof. Note, by the
claim, we have that lengthy (Torl-R (M, Z)) < oo for all i > 0. Hence the fact
CI-dimg (Z) = 0 forces length (ToriR(M, Z)) < oo foralli > 1;see §2.8(ii, vii).
In particular, as Torl.S (M, Z) =0 for all i > 2 and CI-dimg(Z) < oo, we con-
clude that 6% (M, Z) is well-defined; see §2.13. Hence it follows by the claim
OR(M,Z)=6%(M, N) so that 68 (M, Z) = 0.

As M ®g Z is torsion-free, Torg (M, Z)=0 and Tor§ (M, N) is torsion, we use
§2.12 for the pair (M, Z), and deduce that Tor§ (M, Z) vanishes. So, in view of
(2.13.3), we have 6% (M, Z) = length (Torf (M, Z)) — length (Torf (M, Z)) and
hence Torf (M, Z) =0. Now, as Torl-R M,Z))= Torl-RJr2 (M, Z) foralli > 1, we see
that Torfe (M, Z) =0 for all i > 1. Therefore, it remains to justify the claim.

To prove the claim, we will first show M ®pg L is torsion-free, or equiva-
lently, M ®g L satisfies (S7), i.e., deptth (Mp ®g, Ly) > min{l, dim(Ry)} for
each p € Spec(R). Let p € Suppr(M ®p L) and assume dim(Ry) > 1 (recall
depth(0) = oc0). Since ToriR (M, L)=0for all i > 1, the equality

holds; see §2.8(viii) and §2.15. So deptth (Ly) = deptth (Lp ®r, My). No-
tice (5.9.1) localized at p shows that L, < Z, # 0. Since Z, is a torsion-
free module over Ry, we have that depth Ry (Ly) = 1. Consequently this shows
deptth (M, ®g, Lp) > 1, and hence deptth (M ®g, Ly) > min{1, dim(Ry)} for
all p € Spec(R). In particular, M ®p L is torsion-free.
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Now, as M ®pg L is torsion-free and Tor{e (M, N) is torsion, by tensoring (5.9.1)
with M, we obtain the exact sequence

0> MQPrL—>MRZ—>MRRN — 0.

This implies M ®p Z is torsion-free; see §2.2. Moreover, as TorlR(M , L) =0 for
all i > 1, in view of (5.9.1), we conclude that TorX (M, Z) = Tor® (M, N) for all
i > 1. This proves the claim and completes the proof. O

We use the next observation to prove Corollary 5.11:

Remark 5.10. Let R be a local ring, M a finitely generated reflexive R-module,
and let x be a non-zero-divisor on R. Then M /x M is a torsionless R/x R-module.
In particular, M /xM is a torsion-free module over R/xR. One can show this as
follows:

Note that, since M is torsionless, there is a short exact sequence

O—-M—-F—C—0,

where F is free and Ext}e(C , R) = 0; see, for example, §B.3. Dualizing this short
exact sequence, we have the following commutative diagram, where A denotes the
natural map:

0 M F C 0
;j{AM EJ/AF lkc
0 M** F** Cc** Exth(M*, R)

This shows A¢ is injective, i.e., C is torsionless. So this implies that
TorR(C, R/xR) =0.
Hence the top row yields an injection M /xM — F/xF, as claimed.

Corollary 5.11. Let R be a Cohen—Macaulay ring of dimension d > 2 such that
R = S/(f) for some local ring (S, n) and a non-zero-divisor f e non S. Let M
and N be finitely generated R-modules, and assume the following hold.:

(1) pdg(N) < oo and depthp(N) > 1.
(1) M is a maximal Cohen—Macaulay R-module.
(iii) lengthg(TorX (M, N)) < oo for all i > 0.
If M ®g N is reflexive, then ToriR (M,N)=0foralli>1.

Proof. Let x € m be a non-zero-divisor on R, M, and N. For any R-module X
we let X denote X/xX. Then it follows that M is a maximal Cohen—-Macaulay
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R-module and M @ x N =M ® 7 N, where M ® 7 N is a torsion-free R-module by
Remark 5.10. Now consider the following short exact sequence of R-modules:

(5.11.1) 0>NSN—>N-=O.

We see from (iii) and (5.11.1) that lengthg(Tor? (M, N)) < oo for all i > 0.
Hence % (M, N) is well-defined, and the additivity of the #-pairing applied to
the short exact sequence (5.11.1) yields % (M, N) = 6% (M, N) +6R (M, N), ie.,
OR(M, N) =0; see §2.13.

Write x = y + (f) for some y € n. Then {y, f} is an S-regular sequence. Hence
we can write R = T/(f), where T = S/(y) and f is a non-zero-divisor on T
contained in the maximal ideal of T'. -

Notice TorlR(]VI, N) = "liorlR(M, IV) for all i > 0O; this implies OR(M, N) is
well-defined, and hence QR(]VI, N) = 6%(M, IV) = 0. Moreover, since y is a
non-zero-divisor on S and N, it follows that

PdT(N) =pdr(N/xN) = pdS/(y)(N/yN) = pdg(N) < o0.

~So we have pdT(IV) < 00, lengthE(ToriR(IVI, N)) < oo for all i >> 0, and also
OR(M, N) = 0. Hence we use Proposition 5.9 with the pair (M, N) over the ring
R = T/(f), and conclude that Torl.R (M, N) =0 for all i > 1. Consequently, by
using (5.11.1) and Nakayama’s lemma, we see that Torl-R (M,N)=0foralli>1. O

The following result corroborates with the Tor vanishing conclusion of [Huneke
and Wiegand 1994, 2.7].

Corollary 5.12. Let R be a local hypersurface ring, i.e., R = S/(f) for some regu-
lar local ring (S, n) and 0 # f € n. Let M be a nonfree maximal Cohen—Macaulay
R-module, and let N be a finitely generated R-module such that pdg(N) = oo.
Assume dim(R) > 2, and Ry, is a domain for each p € Spec(R) — {m}. Then
M ®pg N is not reflexive.

Proof. We assume M @ N is reflexive and seek a contradiction. Note that it follows
M ®p LrN is reflexive; see §2.4(1).

Pick a prime ideal p € Suppg(M ®g LgN) — {m}. Then M, ®g, (LrN), is
a reflexive Rp-module over the hypersurface domain R,. So [Huneke and Wie-
gand 1994, 2.7] implies that ToriR (M, LgN)y, =0 for all i > 1. This shows that
lengthg (Tor? (M, LgN)) < oo for all i > 1.

Now, as pdg(LrN) < oo and depthp(LgrN) > 1, from Corollary 5.11 we
conclude that TorlR(M ,LgrN) =0 for all i > 1. Consequently, by §2.4(iii), we
obtain the vanishing of ToriR (M, N) for all i > 1. This forces M or N to have finite
projective dimension; see [Huneke and Wiegand 1997, 1.9]. Consequently M @ g N
cannot be reflexive. (]
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The conclusion of Corollary 5.12 can fail over arbitrary hypersurfaces that are
not locally domains on the punctured spectrum.

Example 5.13. Let R =Cl[lx, y, z]l/(xy), M = R/(x) and let N = R/(xz). Then
R is a two-dimensional hypersurface, M is a nonfree maximal Cohen—Macaulay
R-module and pdz(N) = oo. Note that, M ®g N, being isomorphic to M, is
reflexive, and Ry, is not a domain for p = (x, y) € Spec(R).

It is worth noting that totally reflexive modules over a ring as in Corollary 5.12
cannot be defined by exact zero-divisors.

Remark 5.14. Let (R, m) be a local ring such that depth(R) > 2 and R, is a domain
for each p € Spec(R) — {m}. Then R does not admit exact zero divisors.

To see this, suppose x € m is an exact zero divisor on R, and seek a contradiction.
It follows from the definition that there is 0 = y € m such that (0 :z x) = (y) and
(0:r y) = (x); i.e., the following is the minimal free resolution of R/x R over R:

-+>R5RLRS5RLRS5 R— R/xR— 0.

First assume that there is a prime ideal p € Spec(R) — {m} such that x, y € p. Then,
by localizing the minimal free resolution of R/x R at p, we obtain the minimal free
resolution of (R/xR), over Ry:

> Ry Ry > Ry > Ry > Ry > Ry — Ry/xRy — 0.

In particular, we see that (x, y) is also pair of exact zero divisors on R,. However,
this is not possible since Ry, is a domain and local domains cannot admit exact zero
divisors.

Now let I be the ideal of R generated by x and y. Suppose m is minimal
prime over /. Then 2 < depth(R) < dim(R) = heightp(m) < 2, i.e., R is Cohen—
Macaulay of dimension two, and that height, (/) = 2. This implies that {x, y}isa
regular sequence on R, which is not possible. Therefore m is not minimal over /.
Consequently, there is a prime ideal p € Spec(R) — {m} such that x, y € p; this
gives a contradiction by the previous argument.

Appendix A: On the vanishing of the theta invariant

Recall that, if R is a one-dimensional reduced hypersurface ring, then 6% (M, N)
is defined and vanishes for all finitely generated R-modules M and N, either of
which has rank; see Remark 4.2. Since Theorem 3.2 relies upon the vanishing
of 0 pairing, we would like to find out whether 6 can vanish nontrivially. More
precisely, we would like to find out whether there is a one-dimensional reduced
hypersurface ring R, and modules M and N over R —neither of which has rank —
such that % (M, N) = 0. We were unable to find an example (or a result) from
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the literature that addresses our query. The aim of this section is to record such an
example suggested to us by Hailong Dao; see Example A.3. First, in §A.1, we will
record a related fact that was shown to us by Mark Walker: over one-dimensional
reduced local rings R, a finitely generated R-module M has rank if and only if its
class is zero in G(R)q. A similar result that makes use of 6 pairing is established
in [Dao 2013, 3.3] for hypersurface rings.

A.1. Let R be a one-dimensional Cohen—Macaulay local ring, and let M be a
finitely generated R-module.

(i) There exists a rational number r such that length Ry (M) =r -length(Ry) for
each associated prime ideal p of R if and only if [M] =0 in G(R)q.

(ii) Assume R is reduced. Then M has rank if and only if [M] = 0 in G(R)g.

Proof. (i) Let {py, ..., p,} be the set of all minimal (associated) prime ideals of R.
Note that G(k) = Z - [k] and G(Rpj) =/ -[k(p;)], where k(p;) is the residue field
oprj,forallj=1,...,n.

There is a right exact sequence of the form

(A.L1) G(k) % G(R) &> P G(R,)—0.
j=1
Here « is the natural inclusion with
a([k]) =[k] and B([M]) = (lengtthj (ij)[k(Pj)])j-

In (A.1.1), by identifying G(k) with Z, and @?:1 G(Ryp;) with Z%", we obtain
another right exact sequence of the form

(A.1.2) 7% G(R) L 79" 0,

where a(1) = [k] and B([M]) = (lengtth.(ij))j. Applying — ®7 Q to (A.1.2),
J
we see there is a right exact sequence of the form

(A.1.3) Q%L G(R)g 22 @® 0.

Here o ® 1(1) = [k], which is zero in G(R)g. Hence o ® 1 is the zero map so that
B ® 1 is an isomorphism.

Consequently [M] =0 in G(R)q if and only if [M] =r - [R] for some rational
number r if and only if 8 ® 1([M]) =r - B8 ® 1([R]) if and only if

lengtthj (ij) =r- length(Rpj) forall j=1,...,n.
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(i1) If M has rank, then [M] =0 in G (R)q; see Remark 4.2. To see the converse,
let p be an associated prime ideal of R. Then, by (i), we have

lengtth (My) =r -length(Ry)

for some rational number r. Since M, = Rga" for some positive integer n, we see
n =r and hence M has rank r. ([

The next example shows that the conclusion of § A.1(ii) can fail if R is not
reduced. It also shows that Conjecture 1.1 would fail if the module M in question
does not have rank, even if [M] =0 in (_}(R)@.

Example A.2. Let R = C[[x, y]//(x?) and let M = R/(x). Then M = M*, and so
M is torsion-free. The exact sequence 0 - M — R — M — 0 implies that [M] =0
in G(R)g. Moreover, M does not have rank. Note also that Torl.R (M, M*) = M for
all i > 0, and hence length(TorlR (M, M*)) =oc foralli > 0.

Here is an example we seek on the vanishing of 6 invariant.

Example A.3. Let

R=C[x, yl/(xy(x—y)), M=R/(x) and, N=M®R/(y)®R/(y).

Then R is a one-dimensional reduced hypersurface ring, and M and N are nonfree,
finitely generated, torsion-free R-modules.
The minimal free resolution of M is given by

X (x=y)y X

) (x=y)y R R

F= .. R R 0.

Thus Torf (M, M) =k[[y]/(y*) and TorX (M, M) =0 so that 0% (M, M) =—2. Sim-
ilarly one can check Torf(R/(y), R/(»y)) §k[[x]]/(x2) and Torg(R/(y), R/(y))=0.
So it follows 8% (R/(y), R/(y)) = —2. Tensoring F with R/(y), we see

TorX(M, R/(y)) =k and Torf(M, R/(y))=0.

This yields 6% (M, R/(y)) = 1.
Therefore we have

OR(N,N)y=—6 and O%(M,N)=0%M, M)+20%(M, R/(y)) =0.
Note that, since 6% (M, M) # 0 and 6%(N, N) # 0, neither M nor N has rank.

Remark A.4. It seems interesting that, contrary to Example A.3, over certain
reduced hypersurface rings, (M, N) can vanish only when M and N have rank.
For example, if R =C[[x, y]|/(xy), and M and N are finitely generated R-modules,
then one can check that 6% (M, N) vanishes if and only if M and N both have
rank. Note, by § A.1, one concludes for this particular hypersurface ring R, and
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R-modules M and N that, 6%(M, N) = 0 if and only if [M]=[N]=01in G(R)g
if and only if M and N both have rank.

Appendix B: Some examples of torsion-free tensor products

In this section we recall that Conjecture 1.1 may fail if one considers the tensor
product M @ M instead of M @ g M*. Huneke and Wiegand showed that, if R is
a one-dimensional local domain that is not Gorenstein, then there exists a finitely
generated torsion-free module R-module M such that M is not free and M @ g M
is torsion-free; see the proof of [Huneke and Wiegand 1994, 4.7]. However their
argument seems to not yield an explicit example of such a module M. Building
on the proof of Huneke and Wiegand, we will point out how to construct nonfree
torsion-free R-modules M with rank such that M ® p M is torsion-free over certain
one-dimensional local rings R.

B.1. Let R be a one-dimensional Cohen—Macaulay local ring with canonical module
w. Set M =Tr Q Tr Qw. If R is generically Gorenstein but not Gorenstein, then M
is a finitely generated, nonfree, torsion-free R-module with rank such that M @ g M
is torsion-free.

Proof. 1t follows from [Auslander and Bridger 1969, 2.21] that there is an exact
sequence of the form

(B.1.1) O>F—->M®&G—w—0,

where F and G are finitely generated free R-modules. In particular, M and M* are
torsion-free modules such that M has rank and M* is nonzero. As syzygy modules
are torsionless, we have Ext}e (M, R) =0. It follows that M ® w is torsion-free,
and the sequence (B.1.1) does not split; see [Avramov et al. 2005, B.4; Araya et al.
2018, 2.5]. Now tensoring (B.1.1) with M, we see that M ®r M is torsion-free;
see §2.2. O

The observation in §B.1 raises the following question; an affirmative answer to
this question yields a counterexample to Conjecture 1.1.

Question B.2. Is there a one-dimensional, generically Gorenstein, Cohen—Macaulay
local ring R with a canonical module w 2 R such that (Tr Q Tr Qw)* = Tr Q Tr Qw?

Modules yielding torsion-free tensor products as in §B.1 can also be obtained
without appealing to the short exact sequence involving the transpose. Such a
module can be realized as the pushforward of the first syzygy of the canonical
module of the ring R. We observe this below by including a few additional details
to the argument of [Huneke and Wiegand 1994, 4.7].

B.3 [Huneke and Wiegand 1994, 4.7]. Let M be a finitely generated R-module,
and let 7 : F — M™ be a minimal free presentation of M*. Denote u : M — F* by
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the composition of the natural map 8y : M — M*™ and n* : M** — F*. Then p*
is surjective, and the cokernel of u, denoted by PF(M), is called the pushforward
of M (pushforward is unique up to free summands; see, for example, [Celikbas
2011, page 174]).

Now assume M is torsion-free and Ext},e (M, R) # 0. Take a minimal generating
setag, ..., o of Ext}e (M, R). Then each «; represents a short exact sequence of the
form0— R— N; - M — 0. Leta : 0 — R® — N — M — 0 be a pullback of the
short exact sequence @'_; o; : 0 — R® — P!_; N; > M® — 0 by the diagonal
map A : M — M®. Then a = (a1, ..., ) € Exth(M, R®) = Extp(M, R)®".
Next consider the induced exact sequence

0— M*— N* — (R®)* 5 Exth(M, R) — Exth(N, R) — 0.

o

Since the map (R®")* — Ext}e (M, R) is surjective, we see that Ext}e (N,R)=0.
Thus, in the following pullback diagram, W, being a direct sum of R®* and R¥', is
free. So the vanishing of Ext}e (N, R) shows that N = PF(QM).

0 0
0 R® N M 0
0 R® w R®s 0
QM —= QM
0 0

Now, if R is as in §B.1 and M = w, via the argument there, N ®g N is torsion-free.

In the next example we record a nonfree, torsion-free module N over a one-
dimensional local domain R, where N ®g N is torsion-free, but N ® g N* has
torsion.

Example B.4. Let R = C[[°, t*, 1 = Cllx, v, zIl/(Y* — xz, x> — yz, x%y — 7).
Then R is a one-dimensional local domain which is not Gorenstein. Let N be the
R-module given by the following exact sequence:

-y x z
2

xX° —z —xy

7y x?

R®3 R®3 N 0.
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One can check, for example, by using [Macaulay2 1993], that both N and N @ g N
are torsion-free R-modules. Moreover, it follows that N ® g N* has torsion; see
[Huneke et al. 2019, 3.6].
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ALGEBRAIC AND GEOMETRIC PROPERTIES
OF FLAG BOTT-SAMELSON VARIETIES
AND APPLICATIONS TO REPRESENTATIONS

NAOKI FUJITA, EUNJEONG LEE AND DONG YOUP SUH

We define and study flag Bott—Samelson varieties which generalize both
Bott—Samelson varieties and flag varieties. Using a birational morphism
from an appropriate Bott—Samelson variety to a flag Bott—Samelson variety,
we compute the Newton—Okounkov bodies of flag Bott—-Samelson varieties
as generalized string polytopes, which are applied to give polyhedral ex-
pressions for irreducible decompositions of tensor products of G-modules.
Furthermore, we show that flag Bott—Samelson varieties degenerate into
flag Bott manifolds with higher rank torus actions, and we describe the
Duistermaat-Heckman measures of the moment map images of flag Bott—
Samelson varieties with torus actions and invariant closed 2-forms.
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1. Introduction

Bott—Samelson varieties provide fruitful connections between representation theory
and algebraic geometry. They are nonsingular towers of C P '-fibrations, and studied
in [Bott and Samelson 1958; Demazure 1974; Hansen 1973] to find resolutions of
singularities of Schubert varieties. Moreover, the set of global sections of a holomor-
phic line bundle over a Bott—Samelson variety is the dual of a generalized Demazure
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module. This leads to worthwhile connections between representation theory and
algebraic geometry exemplified by the character formulas of Demazure modules [An-
dersen 1985; Kumar 1987], the standard monomial theory [Lakshmibai et al. 1979;
Lakshmibai and Seshadri 1991; Lakshmibai and Raghavan 2008; Seshadri 2007],
and the theory of Newton—Okounkov bodies [Fujita and Naito 2017; Kaveh 2015].

On the other hand, for a given Bott—Samelson variety, it is presented by Grossberg
and Karshon [1994] that there is a complex one-parameter family of smooth varieties,
which are all diffeomorphic, such that a generic fiber is the Bott—Samelson variety
and the special fiber is a nonsingular toric variety, called a Bott manifold. It should
be noted that the Bott manifold is toric, while the Bott—Samelson variety is not toric
in general. Using this connection, [Grossberg and Karshon 1994] also introduces a
combinatorial object, called a Grossberg—Karshon twisted cube, which is used to
compute the multiplicities of generalized Demazure modules (see [Grossberg and
Karshon 1994, Theorem 3]).

One of the primary goals of this paper is to generalize the notion of Bott—Samelson
varieties and to extend its rich connections with representation theory. Moreover, the
generalization also supports the Grossberg—Karshon type degeneration into flag Bott
manifolds. Indeed, we consider a flag Bott—Samelson variety (see Definition 2.1)
which is a nonsingular projective tower of products of full flag manifolds. Moreover,
under a certain condition, the flag Bott—Samelson variety is a desingularization
of a Schubert variety. Because of the definition, both the full flag varieties and
Bott—Samelson varieties are flag Bott—Samelson varieties. Hence we may regard
flag Bott—Samelson varieties as the generalization of both flag varieties and Bott—
Samelson varieties.

This notion of flag Bott—Samelson varieties is not new. Actually, in [Jantzen
2003], flag Bott—Samelson varieties are treated in a more general setting without
naming them. Indeed, flag Bott—Samelson varieties are iterated flag manifold
fibrations but Jantzen [2003] considers iterated Schubert varieties fibrations. Perrin
[2007] uses these varieties to obtain small resolutions of Schubert varieties. In fact,
they are called generalized Bott—Samelson varieties (see [Brion and Kannan 2019a;
2019b]). Moreover, flag Bott—Samelson varieties are generalized Bott—Samelson
varieties (see Remark 2.2).

Let G be a simply connected semisimple algebraic group of rank n over C. Bott—

Samelson varieties Z; are parametrized by words i = (iy, ..., i,), where i, ..., i,
are elements in the set [n] := {1, ..., n}. On the other hand, flag Bott—Samelson
varieties Z7 are parametrized by sequences Z = (/y, ..., I,) of subsets of [n].

Even though the class of flag Bott—Samelson varieties is much larger than that of
Bott-Samelson varieties, for each flag Bott—Samelson variety, there exists a Bott—
Samelson variety such that there is a birational morphism from the Bott—Samelson
variety to the flag Bott—Samelson variety (see Proposition 2.7).
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Using the above mentioned birational morphism, we provide Theorem 2.20,
which describes the set of holomorphic sections of a holomorphic line bundle over
the flag Bott—Samelson variety in terms of generalized Demazure modules. The
theory of Newton—Okounkov bodies of projective varieties has been used to present
a connection between representation theory and algebraic geometry (see Section 2C
for the definition of Newton—Okounkov bodies). The description of holomorphic
sections of flag Bott—Samelson varieties is used to compute their Newton—Okounkov
bodies. Indeed, using the result of Newton—Okounkov bodies of Bott—Samelson
varieties by Fujita [2018], we obtain Theorem 2.22, which shows that the Newton—
Okounkov bodies of flag Bott—Samelson varieties with an appropriate valuation
agree with generalized string polytopes up to sign.

One of the fundamental questions in group representation theory is to find the
multiplicities of irreducible representations in the tensor product of two representa-
tions. Berenstein and Zelevinsky [2001] describe the multiplicities in terms of the
numbers of lattice points in some explicit rational convex polytope. In Theorem 3.19
we give a different description of the multiplicities using the integral lattice points
of the Newton—Okounkov bodies, hence generalized string polytopes, of flag Bott—
Samelson varieties. We notice that our results give concrete constructions of convex
bodies, appearing in [Kaveh and Khovanskii 2012a], which encode multiplicities
of irreducible representations.

As is mentioned before, we degenerate the complex structures of flag Bott—
Samelson varieties. The notion of Bott manifolds is generalized to that of flag
Bott manifolds in terms of iterated flag manifold fibrations described in [Kaji et al.
2020; Kuroki et al. 2020]. More precisely, a flag Bott manifold is the total space
of an iterated flag manifold fibrations which are taken by the full flag fibration
of a sum of line bundles (see Definition 4.1). In general, a flag Bott manifold is
not toric but admits an action of a certain torus. For a given flag Bott—Samelson
variety, we provide a complex one-parameter family of smooth varieties, which
are all diffeomorphic, such that a generic fiber is the flag Bott—Samelson variety
and the special fiber is a flag Bott manifold (see Corollary 4.7). Moreover, when
the Levi subgroup L;, of the parabolic subgroup P;, is of type A, we explicitly
describe such flag Bott manifolds in Theorem 4.10 in terms of the Chern classes of
the line bundles used in the construction of the flag Bott manifold.

For a given flag Bott—Samelson variety, there exists a Bott—Samelson variety
which is birationally equivalent to the flag Bott—Samelson variety. Moreover, using
the result of Grossberg and Karshon [1994], and our one-parameter family, we
obtain two manifolds: a flag Bott manifold and a Bott manifold, and a map between
them. We study a relation between these manifolds. Actually, considering torus
actions on these manifolds, we describe the Duistermaat—Heckman measure of the
flag Bott manifold with a certain closed 2-form using a Grossberg—Karshon twisted
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cube in Theorem 5.5.

This paper is organized as follows. In Section 2, we provide the definition of flag
Bott—Samelson varieties and their properties. In particular, we investigate a relation
between flag Bott—Samelson varieties and Bott—Samelson varieties. Moreover, we
describe the set of holomorphic sections of a line bundle over a flag Bott—Samelson
variety using generalized Demazure modules in Theorem 2.20. Using this associa-
tion, we describe the Newton—Okounkov bodies of flag Bott—Samelson varieties
in Theorem 2.22. In Section 3, we give an application of Newton—Okounkov
bodies of flag Bott—Samelson varieties to representation theory. Indeed, we provide
a way to compute the multiplicities of representations in the tensor product of
representations counting certain lattice points in the Newton—Okounkov bodies
of flag Bott—Samelson varieties in Theorem 3.19. In Section 4, we present a
Grossberg—Karshon type degeneration of complex structures on flag Bott—Samelson
varieties, and explicitly describe the corresponding flag Bott manifold when all
Levi subgroups of parabolic subgroups Py, are of type A in Theorem 4.10. In
Section 5, we study torus actions on flag Bott manifolds which are obtained by
the degeneration of flag Bott—Samelson manifolds. Moreover, we describe the
Duistermaat—Heckman measure of flag Bott manifolds using Grossberg—Karshon
twisted cubes in Theorem 5.5.

2. Newton—-Okounkov bodies of flag Bott—Samelson varieties

2A. Definition of flag Bott—Samelson varieties. In this subsection we introduce
flag Bott—Samelson varieties which generalize both Bott—Samelson varieties and flag
varieties, and study their properties. We notice that the notion of flag Bott—Samelson
varieties is already considered in Jantzen’s book [2003, II.13] without naming it.
Let G be a simply connected semisimple algebraic group of rank n over C.
Choose a Cartan subgroup H, and let g =h @ )_, g, be the decomposition of
the Lie algebra g of G into root spaces, where b is the Lie algebra of H. Let
A C b* denote the roots of G. Choose a set of positive roots AT C A, and let

Y ={ay,...,a,} C AT denote the simple roots. Let A~ := —A™ be the set of
negative roots. Let B be the Borel subgroup whose Lie algebrais b=h®) 1+ Jo-
Let {a), ..., a,} denote the coroots, and {1, ..., @w,} the fundamental weights

which are characterized by the relation (w;, a]V) = §;;. Here, §;; denotes the
Kronecker symbol. Let s; € W denote the simple reflection in the Weyl group W
of G corresponding to the simple root «;.

For a subset I of [n] :={1, ..., n}, define the subtorus H; C H as

@2-1) Hy:={he H|ah) =1foraliell°.

Here, for a group G, G is the connected component which contains the identity
element of G. Then the centralizer Cq(H;) ={g € G | gh = hg for all h € H;} of
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Hj is a connected reductive subgroup of G whose Weyl group is isomorphic to
W= (sjliel). Weset L :=Cg(Hj) for simplicity. Then the Borel subgroup B; of
Ljis BNLj (see [Springer 1998, §8.4.1]). Let Ay be the subset ANspany{o; |i €1}
of A. The set of roots A*\ A; defines the unipotent subgroup U; of G satisfying
the condition

LieWUn= P

aEAT\A;

The parabolic subgroup P; of G corresponding to [ is defined to be P; := L;Uj.
The subgroup L, is called a Levi subgroup of Pj.
Note that the Lie algebra of the parabolic subgroup P; is

Lie(P)=b® P oo
aeATNAY

Moreover the parabolic subgroup P; can be described that

P = U BwB = Bw;B C G,
weW;
where w; be the longest element in W (see [Springer 1998, Theorem 8.4.3]).

We now define the flag Bott—Samelson variety using a sequence of parabolic
subgroups. Let Z = ({1, ..., I;) be a sequence of subsets of [n], and let Pz =
P, x ---x Pp. Define a right action ® of B" = B x --- x B on Pr as

-~

,
2-2)  O((pr1s--s ) b1y b)) = (prby, by paba, ... b prbr)

for (p1,..., pr) € Prand (by,...,b,) € B".

Definition 2.1. Let Z = (I, ..., I;) be a sequence of subsets of [n]. The flag
Bott-Samelson variety Z7 is defined to be the orbit space

ZI = PI/®

For instance, suppose that Z = ([n]). Then we have Pz = G and the action
O is the right multiplication of B. Therefore the flag Bott—Samelson variety Zz
is the flag variety G/B. Moreover, for the case when |I;| = 1 for all k, the flag
Bott—Samelson variety is a Bott—Samelson variety, see [Bott and Samelson 1958]
for the definition of a Bott—Samelson variety. In this case we use a sequence

(i1, ..., i) of elements of [n] rather than ({i1}, ..., {i}), and we write Z;, ;)
for the corresponding Bott—Samelson variety.
For the subsequence 7' = (I, ..., I,_1) of Z, there is a fibration structure on the

flag Bott—Samelson variety Z7:

(2-3) P /B~ Z1 5 Zp,
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where the projection map x : Z; — Zz is defined as

7T([p], "'apr—lapr]) = [pl’ ---’pr—]]-
On the other hand, we have that
ZI = P[l XB Z([L_",]r).

Remark 2.2. For a finite sequence w = (wy, ..., w,) of elements of W, Perrin
[2007] considers a tower X (w) of Schubert varieties X (w1), ..., X (w,) fibrations
and call it a generalized Bott—Samelson variety. Let Z = (11, ..., I,) be a sequence
of subsets of [n]. When we take wy to be the longest element in Wy, for 1 <k <r, the
generalized Bott—Samelson variety X (wy, ..., w,)is the flag Bott—Samelson variety
Zz. Indeed, using the notation in [Perrin 2007, §5.2], we obtain P** = P}z,
Py, = Py, Gy, = Ly,. Therefore, P** N G, is a Borel subgroup By, of L; and
Py, NLy; = Ly, Thus, we obtain

X(wi. ... we) = Py, NGy )wi (PPN Gyy) x P00 Xy, .. wy)

= BrwiLy x B1i Sf\(wz, co, W)
=Ly x B ?(wz, e, W)
5o
>~ P, x7 X(wa, ..., wy).
Continuing this procedure, we get X (wy, ..., w,) =~ Zz. This shows that flag
Bott—Samelson varieties are generalized Bott—Samelson varieties. Because we are
considering sequences w = (wy, ..., w,) consisting of longest elements, not all

generalized Bott—Samelson varieties are flag Bott—Samelson varieties.

Let wy € Wy, be the longest element in W, for 1 <k <r. Consider the following
subset of Pr:
P;:=Bw;Bx---x Bw,B C Pr.

One can check that P is closed under the action ® of B” in (2-2), so we consider
the orbit space

Z7:=P;/O.
It is known that flag Bott—Samelson varieties Z7 have following properties (see
[Jantzen 2003, II1.13] for details).

Proposition 2.3. Let 7= (11, ..., I,) be a sequence of subsets of [n]. Then the flag
Bott-Samelson variety Z1 has following properties:

(1) Zz is a smooth projective variety.
(2) Z’ is a dense open subset in Z7.

(3) Z, ~ CXk=1 o) ywhere £(wy) is the length of the element wy.
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Consider the multiplication map

(2-4) n:2r—G/B, [pi,....,p 1= p1---pr

which is a well-defined morphism. The following proposition says that certain flag
Bott—Samelson varieties are birationally equivalent to Schubert varieties via the
map 7.

Proposition 2.4 [Jantzen 2003, 11.13.5]. Let T = (14, ..., I,) be a sequence of
subsets of [n], and let wy € Wy, be the longest element in Wy, = (s;|i € Ii). Set
w=wp- - wp. Ifl(w)=~L(w)+ -+ £L(w,), then the morphism n induces an
isomorphism between Z. and BwB/B C G/B. Indeed, the morphism n maps Zt
birationally onto its image X (w) := BwB/B C G/B.

Example 2.5. Let G = SL(4).

(1) Suppose that Z; = ({1}, {2}, {1}, {3}). Then we have w; =s1, wy =572, w3 =11,
wyq = 53, and w = s15p5153, which is a reduced decomposition. Hence the
morphism 7 gives a birational morphism between Zz, and X (s1525153).

(2) Let I, = ({1, 2}, {3}). Then we have that w; = 5185281, wy = §3, and w =
wiwy = s1525153. Again, this is a reduced decomposition, so the morphism »
gives a birational morphism between Zz, and X (s1525153).

Remark 2.6. Example 2.5 gives two different choices of flag Bott—Samelson va-
rieties each of which has a birational morphism onto the same Schubert variety
X (s1525153). For a given Schubert variety X (w), there are different choices of flag
Bott—-Samelson varieties which define birational morphisms onto X (w), and there

are several studies about such different choices. See, for example, [Elnitsky 1997;
Escobar et al. 2018; Tenner 2006].

We now define a multiplication map between two flag Bott—Samelson varieties.
Let

(2_5) \7=(]1,17"'7"1,N|""7‘Ir,19""Jr,Nr)

be a sequence of subsets of [n] such that J;; C [y for 1 </ < Nyand 1 <k <r.
Since each Jy; is contained in [, we have Py, C Py, by the definition of parabolic
subgroups. Hence we have a multiplication map

(2-6) ngz:lg— 72z
defined as

Ny N,
[Pk, 1<k<r1<i<N, ] —> |:1_[ Piis---» 1_[ Pr,l]~
=1 =1

The following proposition describes a birational morphism between two flag Bott—
Samelson varieties.
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Proposition 2.7. Let T = (I3, ..., I,) be a sequence of subsets of [n], and let
J = (Jl,l, R L /TN A TR, Jr,N,) be a sequence of subsets of [n] such that
Jets oo Jen, C I for 1 <k <r. Let wy, respectively vy, be the longest element
in Wy, ,, respectively in Wj,. Suppose that

Wil WkN, =V and  L(wgp) + -+ C(wey) = L(vg)  for 1<k <r.

Then the multiplication map ny 1 : Z5 — Zz in (2-6) induces an isomorphism
between dense open subsets ZZ7 = 7.

There always exists a sequence (ix,1, - .., ik.N,) € [n]V¢ which is a reduced word
for the longest element in W;, for 1 < k < r. Concatenating such sequences we
get a sequence i = (ix;)1<k<r.1<i<n; € [n]V1F N Hence for a given flag Bott—
Samelson variety Z7 one can always find a Bott—Samelson variety Z; which is
birationally isomorphic to Z7.

Proof of Proposition 2.7. First we recall from [Bourbaki 2002, VI. §1, Corollary 2
of Proposition 17; Jantzen 2003, 11.13.1] that for a reduced decomposition w =
si, -+ Siy € W, the subgroup U(w) C G is defined to be

Uw) := Uail : USi] (aip) Usilsiz(oli3) T USil---SiN_, (ip)+

Moreover, we have an isomorphism

(2-7) V(w) : Uy X Uy X - X Uy = U(w)

which is defined to be (u1,...,un) = uis;uzsi, - --uNs,-Nw_l. Also we have

another isomorphism 7 between varieties:

(2-8) Yr:U() x---xU(v) = Z;

which sends (g1, ..., &) to [giv1, ..., &v,] (see [Jantzen 2003, I1.13.5]).
Because of the assumption, the concatenation wy 1 - - - Wi, n, is a reduced decom-

position of the element v;. Hence we have an isomorphism induced by (2-7):
Vi s Uwg,1) X -+ x U(wg,n,) => U(vg)

which maps (ug, ..., LtNk) tO ujwg (U Wk - -+ uNkwkyNkvk_l for 1 <k <r. Com-
bining isomorphisms 1 and (2-8) we have the following commutative diagram:

14
Zl; = Uwi,) x - x Uwi,y,) X -+ X Uwr1) X -+ x Ulwry,)

UJ.I\L ?l'ﬁlx"'ﬂ/fr

7 4 i U) x - x U(vy)

~

Hence the result follows. O
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Example 2.8. Let G = SL(4), and let Z = ({1, 2}, {3}). Then w; = 515251, re-
spectively wy = s3, is a reduced decomposition of the longest element of Wy ),
respectively Wi3,. Then we have the birational morphism n12,1.3),7: Z(1,2,1,3) = Z71.
Together with the birational morphism 1 described in Example 2.5(2), we can see
that three varieties Z(1 2.1,3), Zz, and X (s1s525153) are birationally equivalent:

Z1.2,1,3) —> Z1 —> X(51525153).

On the other hand, we have another reduced decomposition u/1 = 575157 of the
longest element of Wy 7). This also gives the birational morphism

N2123).7: 202,123 — Z71.

Hence we have the following diagram whose maps are all birational morphisms:

Z1.2.13)

\

Zr — X(s1525153)
/
Z@2,1,2,3)

2B. Line bundles over flag Bott—Samelson varieties. Let 7 be a sequence of sub-
sets of [n]. In this subsection we study line bundles over a flag Bott—Samelson
variety Z7 and their pullbacks in Proposition 2.10. For an integral weight A €
Zw) + - - - + Zw,, we have the homomorphism e+ H— C*. We extend it to the
homomorphism e* : B — C* by composing with the homomorphism

(2-9) Y:B—H

induced by the canonical projection of Lie algebras b — h as in [Jantzen 2003,
II.1.8]. Suppose that Aq, ..., A, are integral weights. Define a representation
1, of B =B x ---x B (r factors) on C as

(b1o-. by v =€ (by) - ™ (br)v.
From this we can build a line bundle over Z7 by setting

(2-10) Lz,n =Prxp C_y 3,

.....

where an action of B" is defined as

2-11) (p1,..., prow)-(by, ..., by)
= (OUp1, s pr)s (b, .., b)), 7 (B1) - - € (b)w).

For simplicity, we use the following notation:

(2-12) Lz :=L10,. 05
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Remark 2.9. Recall from [Fulton 1998, Example 19.1.11(d)] that for a flag bundle
X over Y, the cycle map cly : Ax(X) — Hox(X) is an isomorphism if and only if
cly is an isomorphism. Moreover, the cycle map is isomorphic for an arbitrary flag
manifold. Since a flag Bott—Samelson variety is an iterated bundle of flags Py, /B
over a point, the cycle map clz, : Ax(Z7) = Hx(Zz) is an isomorphism. On the
other hand, since flag Bott—Samelson varieties are smooth (see Proposition 2.3(1)),
we obtain the following isomorphisms

(2-13)  Pic(Z7) — A(dime z9)—1(Z7) f Haime z7)-2(Z1) — H*(Z7).
T

Here, the first isomorphism comes from [Fulton 1998, Example 2.1.1] and the last
isomorphism is obtained by the Poincaré duality. Indeed, ¢ : Pic(Z7) - H 2(Z71)
is the isomorphism (2-13). When the Levi subgroup L; of P, has Lie type A for
all k£, we present the association (2-13) using a certain generator of H 2(Z7) in (4-3),
and we present the first Chern class of the line bundle £z j, ..., in Proposition 4.9.

,,,,,

Specifically when a flag Bott—Samelson variety is a usual Bott—-Samelson variety,
we will choose the weights to be of special form. We recall a description of the
Picard group of Z; from [Lauritzen and Thomsen 2004]. For given an integer vector

a=(ay,...,a;) €Z", we define a sequence of weights Ay, ..., A, associated to
the word i = (iy, ..., i,) and the vector a by setting
AMI=a1Dy, .. A=A,

For such A ; we use the notation
(2-14) Lia:=Lix,. 2-

Since a Bott—Samelson variety is an iterated sequence of projective bundles, the
Picard group of Bott—Samelson variety Z; is a free abelian group of rank r by
[Hartshorne 1977, Exercise 11.7.9]. Indeed, the association between a € Z" and L; ,
gives an isomorphism between Z” and Pic(Z;) (see [Lauritzen and Thomsen 2004,
§3.1D).

Leti = (i) 1<k<r.1<1<n, € [n]V1T TN be a sequence such that (ix 1, ..., ix.n,)
is a reduced word for the longest element in W;, for 1 < k < r. Recall from
Proposition 2.7 that we have the birational morphism n; 7 : Z; — Zz. The following
proposition describes the pullback bundle 77?,151, A1.....», under the morphism n; 1
in terms of an integer vector.

Proposition 2.10. Let Z, i, and Ay, ..., A, be as above. The pullback bundle
ﬂ?,IEI, Ap...., Over the Bott—Samelson variety Z; is isomorphic to the line bundle

.....

L; q for the integer vector

a=(ai(1),...,ai(N1),...,a,(1),...,a,(N,)) e ZV' & - @ Z™
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given by

Mk, Ol;/>+ Z ()\.j,a;/) ifl:max{q | ik,q =s},

_ k<j<r
a(l) = slivulk<t<j,1<u<N)

0 otherwise.

Example 2.11. Let G =SL(4), Z = ({1, 2}, {3}) and i = (1, 2, 1, 3). Consider the
line bundle L7 ;, ;,. Then the pullback line bundle n; ;L7 3, 5, corresponds to the
integer vector

a=(ai(1),a:(2),a;(3), ax(1))
= (0, (A1, 05) + (A2, &3), (A1, @) ) + (A2, ), (A2, @),

Remark 2.12. It is known from [Lauritzen and Thomsen 2004, Theorem 3.1,
Corollary 3.3] that the line bundle £; , is very ample, respectively generated by
global sections, if and only if a € Z!'}), respectively a € Z!|,. Suppose that i is a
sequence satisfying the condition in Proposition 2.10. As we saw in Example 2.11,
we cannot ensure that the pullback line bundle n; ;L7 3, .5, is very ample even if
the weights Ap, ..., A, are regular dominant weights.

.....

Proof of Proposition 2.10. By the definition of pullback line bundles, we have

M 2Ly ={(P. @) € Zi X Lz sy, | Miz(P) =710, (@)},

,,,,, a S L7y, — Zz. In other words,

.....

(2-15) n;7L7o. 0 = {([(pk,1)1<k<r,1<l<1vk], (Pt ...\ prow]) ‘

Ny N,
[l_[pl,l,---,l_[pr,l:| =[p1,....prlin Zz}.
=1 =1

.....

A i =Li0,..,0,01,0,.,0,42,...,0,....0, 3,
——— —— ——
N Ny Nr

Claim 1. ;. IEI Maehy = ﬁi,m

(2-16) F(peDra)s [ty - o pryw]) i= [(Pr.0)is, Cwl.

Here, the value C is defined as follows. Because of the description in (2-15), for
each element ([(px,)x.], [P1, ..., pry w]) in the pullback bundle »; I[iz Ao hops
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there exist by, ..., b, € B such that
Ny N, N,
(2-17)  p1by =1_[P1,1, bl_lpzb2=1_[192,l, ooy b piby =l_[19r,1-
=1 I=1 I=
Using these elements by, ..., b,, the value C is defined by
(2-18) C =" (b)e*(by) - - - ™ (by).

On the other hand, we have a well-defined morphism

defined by

Nr
(2-19)  g([(px,Dk, 1> w]) = < (P01, |:1_[ P1.ls npzz, cees Hpr,z, w])
I=1 I=1

We claim that both compositions f o g and g o f are identities. First we consider
the composition f o g:

fogl(pr,D)k, w])
N N> N,
= f([(pk,z)k,zl, [l_[ Pi.ls 1_[ P2ls -+ 1_[ Drls wi|) (by (2-19))
I=1 I=1 I=1

= ([(pr,Dk, 1, w]).

Here, the last equality holds because all the elements by, ..., b, satisfying the
equations (2-17) are the identity element, and so C = 1. For the composition g o f,
we obtain
o f([prka)s L1y -y pryw])
= g([(pk.Dk.1 Cw])

N,
<[(Pk D] [1_[ Dils l_[pzz, s l_[p”” Cw])
I=1

= ([(pe.0k11, [p1b1, b szz, o b prby, Cwl)  (by (2-17))
= (l(pe.0kal [p1s p2s ooy pry €1 (b7 - € (b7 ) Cw))
= ([(pe.0ka)s [P1s - prywl)  (by (2-18).

Accordingly, f is an isomorphism, and Claim 1 holds.

Claim 2. Z; ,

the proposition.

» = Li q, where a is the integer vector given in the statement of

.....
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To present a concrete isomorphism, we set

(220 k(j,s):=max({k|1 <k <j, ix; =s forsome 1 <I < N} U{0}),
m(j, s) :=max{q | ix(j,s).qg = 5}

for 1 < j <r and s € [n]. We define certain products ¢ (j, s) of pg; using k(j, s)
as follows:

Ni.s) J Ny
£(j,s) = ( I1 pk(j,s),m) < [T 11 Pk,l)-
m=m(j,s)+1 k=k(j,s)+1 I=1

Here, po; is the identity element.
We denote the integral weight A, by di 11 + - - - + di , @), using integers dy ;
for 1 <k <r. We consider the following morphism:

(2-21) foiLisg,.o = Liar [Pk wl [(Pe)k, C'wl,

where the value C’ is defined to be

(2-22) c=]T]Te" @G sn™"

s=1j=1

We note that if / C [n] and s ¢ I, then the map e® : B — C* is naturally extended
to e : P; — C* by setting e™ (exp(gq)) = {1} for all « € A~ N A;. Hence
edis@s (£(j, 5)) is defined.

If the map f, is well-defined, then we obtain Claim 2 because the inverse of
f» is attained by multiplying (C’)~'. Therefore, to prove Claim 2, it is enough to
show that f; is well-defined. Suppose that

[(bk_,z]_mk,zbk,l)k,l, (b)) (brn,)w]

is another representative of the element [(pk )i, w]in L; »,,.. . Here, we use
the convention that by o = bx—1,n,_, and by is the identity element. To show the
well-definedness of f>, we have to prove that the following equality holds:

r Ng n r
(2:23) (1_[ [Ten O (bk,,)) (H [Te" ™0, s))—l)

k=1 1=1 s=1 j:]

= (l_[ [Te ™, s)/)‘l) (H e <bk,Nk>)-
k=1

j=1s=1
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Here, ¢(j, s) is defined by

Nij.s) J N
. / —1 —1
¢(j,8) = ( l_[ bk(j,s),m_lpk(j,x),mbk(j,s),m) ( 1_[ l_[ bkyl_lpk,lbk,l>
m=m(j,s)+1 k=k(j,s)+11=1

= DiGsrm(ius) S U $)bjn;-
Furthermore, since the weight A ; is the sum of d; yy, we have that

[TITe% ™ @iny=]]1¢"®n)-
j=1

j=1s=1
Therefore, the right hand side of (2-23) becomes

(]‘[ [ e (bk<,~,s>,m<,-,s>>> (H [Te ™, s))—l).

j=1s=1 s=1j=1

This implies that to show the equality (2-23), it is enough to show that

r Ng n r
l i j,s Ds
(2-24) TTITe“ " by =TT e ™ baissrmi)-
k=1 1=1 s=1 j=1

The left hand side of (2-24) is written as

r N n
l_[ l_k[ PACLY (bx.s) = 1_[ l_[ 4 (D@ (br.1).

k=11=1 s=1 1<k<r, 1<I<N;
ik 1=s

Using this observation, we verify the equality (2-24) by showing

(2-25) [T O™ @) =]]e"™ Grijoymin)

1<k<r, 1<I<Ny j=1
ik 1=S

for all s € [n]. Let s be an arbitrary index in [n]. If s does not appear in (ix ;) i, then
k(j,s) =0 for all j, and so the equality (2-25) holds. Otherwise, let 1 < j; <--- <
Jx < r be the indices such that s € {i} 1, ..., ij,Nj} if and only if j € {ji, ..., ji}.
By the definition of the number k(j, s), we have that

O0=k(1,s)=---=k(j; — 1, 5),
Ju=k(u,s) = =k(jy41—1,5) forl <u<x.
Here, we set jy+1 =r + 1. Therefore, we have that

r X
j,s Ws —_ d'u.s od; —1,s s . .

[ Te™ ™ biisymis) = [ [ et H =19 (b, i, 0)-

j=1 u=1
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On the other hand, by the definition of the integer vector a, if iy ; = s, then

ke{ji, ..., jx} and we have that
dju,s +d',,+1,s + .- +dju+1—1,s if k = ju and [ = m(ju, S),
0 otherwise.

a(l) = {

Accordingly, we obtain the equality (2-25) for all s € [n], and we get the equality
(2-24). Therefore, the morphism f> is a well-defined isomorphism. This proves
Claim 2. By combining Claims 1 and 2, the result follows. O

For the reader’s convenience, we provide an example for explaining notation
C,k(j,s), C’ in the proof of Proposition 2.10.

Example 2.13. Let G = SL(4). Suppose that Z and i are given as in Example 2.11.
Then for an element ([p1,1. p1,2, P13, p2,1], [p1, p2, w]) in 0] 7L7 5, 2, the value
C in (2-18) is given by

C=¢e" (pflpl,lpl,zpm)e“ (p{lpf1p1,1P1,2P1,3p2,1)-
Moreover the indices k(j, s) in (2-20) are computed by
kK(1,1)=1, k(1,2)=1, k(1,3)=0, k2,1)=1, k2,2)=1, k(2,3)=2.
Hence the value C’ in (2-22) is

C' = eM2™2(py )7 e (py 1 praprs) e (pa1) e ™2™ (pr3pa) T,
where Ay = dy 1o +d 200 +di 33 for k=1, 2.

2C. Newton—Okounkov bodies of flag Bott—Samelson varieties. Here we study
the Newton—Okounkov bodies of flag Bott—Samelson varieties in Theorem 2.22.
First we recall the definition and background of Newton—Okounkov bodies. We
refer the reader to [Fujita and Naito 2017; Harada and Kaveh 2015; Kaveh 2015;
Kaveh and Khovanskii 2012b] for more details. Let R be a C-algebra without
nonzero zero-divisors, and fix a total order < on Z”, r > 1, respecting the addition.

Definition 2.14. A map v: R\ {0} — Z’ is called a valuation on R if the following
conditions hold. For every f, g € R\ {0} and c € C\ {0},

(M v(f-8) =v(f)+v(9),

() v(cf) =v(f), and

(3) v(f +¢) = min{v(f), v(g)} unless [+ g =0.

Moreover we say the valuation v has one-dimensional leaves if it satisfies that if
v(f) = v(g) then there exists a nonzero constant A € C such that v(g —Af) > v(g)
org—Af=0.

Let X be a projective variety of dimension r over C equipped with a line bundle £
which is generated by global sections. Fix a valuation v which has one-dimensional
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leaves on the function field C(X) of X. Using the valuation v one can associate a
semigroup S C N x Z" as follows. Fix a nonzero element € H(X, £). We use ©
to identify H%(X, £) with a finite-dimensional subspace of C(X) by mapping

H(X, L) —» C(X), o~ o/t
Similarly we have the map
H(X, £%%) - C(X), o~ o/t~
Using these identifications we define the semigroup:

S=Sw,1)= U{(k, v(o/t) o e HO(X, £L¥)\{0}} cNx Z",
k>0
and denote by C = C(v, ) C R>o x R" the smallest real closed cone containing
S(v, ). Now we have the definition of Newton—Okounkov body:

Definition 2.15. The Newton—Okounkov body associated to (X, L, v, T) is defined
to be
[xeR |(1,x)eC(v, 1)}

We denote the Newton—Okounkov body by A(X, £, v, 7).
If we take another section ' € H°(X, £) \ {0} then

AX,L,v,7)=AX, L, v, T)+v(t/T)).

Hence the Newton—Okounkov body A (X, £, v, ) does not fundamentally depend
on the choice of the nonzero section T € H°(X, £)\ {0}. Accordingly, we sometimes
denote the Newton—Okounkov body by A(X, L, v).

Remark 2.16. If we choose a very ample line bundle £ in the construction, then it is
known in [Harada and Kaveh 2015, Theorem 3.9] that the Newton—Okounkov body
has maximal dimension, i.e., it has real dimension r. Since we do not necessarily
assume that the line bundle £ is very ample in this paper, the real dimension of the
Newton—Okounkov body may be less than r.

There are many possible valuations with one-dimensional leaves. We recall one
of them introduced in [Kaveh 2015]. One can construct a valuation on the function
field C(X) using a regular system of parameters u1, ..., #, in a neighborhood of
a smooth point p on X. Fix a total ordering on Z" respecting the addition. Let f
be a polynomial in uy, ..., u,. Suppose that ckulf‘ .- u* is the term in f with the
largest exponent k = (ky, ..., k). Then

v(f) = (=ky,...,—k)

defines a valuation on C(X), called the highest term valuation with respect to the
parameters uq, ..., U.
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Example 2.17. Let X = Z; be the Bott—Samelson variety determined by a word
i = (i1,...,1). Let f; be a nonzero element in g_,,. Then the following map
®; : C" — Z; defines a coordinate system as in [Fujita 2018, §2.3; Kaveh 2015,
§2.21]:

®; i (11, ..., 1) — (exp(t1fi)),...,exp(t fi,)) mod B".
We cLerLote the highest term valuation with respect to the lexicographic order on Z”
by v, &".

1

There are some results on computing the Newton-Okounkov bodies using the
valuation v;ugh. We recall a result of Kaveh [2015]:

Example 2.18. Let X = G/B be the full flag variety, and let £ be the line bundle
over X given by a dominant weight A. Suppose that i = (i1, ..., iy) is a reduced
word for the longest element in the Weyl group W of G. Then the Bott—Samelson
variety Z; and the full flag variety G/B are birational by Proposition 2.4. Hence
their function fields are isomorphic, i.e., C(Z;) = C(G/B). Using the valuation v? igh
in Example 2.17, Kaveh [2015, Corollary 4.2] proves that the Newton—Okounkov
body A(G/B, L, v?lgh) can be identified with the string polytope.

The following lemma directly comes from the definition of Newton—Okounkov
bodies.

Lemma 2.19. Let f : X — Y be a birational morphism between varieties of
dimension r, and let L be a line bundle on Y generated by global sections. Suppose
that the canonical morphism HO(Y, £L2%) — HO(X, f*L£%K) is an isomorphism for
every k > 0. Then their Newton—Okounkov bodies coincide, i.e.,

AX, f*L,v, fftr)=A{, L, v, T)

for any valuation v : C(X) \ {0} = Z" and v € H*(Y, £) \ {0}. Here v is regarded
also as a valuation on C(Y) under the isomorphism C(Y) = C(X).

Now we define left actions of Py, on Zz and L1 ;,...,. by

p'[pla---’pl’] 3:[PPI»P2,---7Pr],

(2-26)
p-lp1,...,prsvl:=1pp1, P2, ..., Dr, V]

for p, pre Py, p2€ Py, ..., pr€ Pr,and v € C. Since the projection L7, .., =
Z7 is compatible with these actions, it follows that the space H 0(Z7, L1,
global sections has the natural P;-module structure.

Theorem 2.20. Let 7 = (Iy, ..., I,) be a sequence of subsets of [n], and let
i = (it.)1<k<r 1<1<n, € [N be a sequence such that (i1, ..., ixN,) is
a reduced word for the longest element in Wy, for 1 <k <r. Letn; 1:Z; — Zz1
be the birational morphism in Proposition 2.7. Then for integral weights \j 1=
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droy+ - +dipwon for 1 <k <r,and the corresponding integer vector a given
in Proposition 2.10,

(1) the canonical morphism H(Z7, LTa...n) — H(Z;, Li q) is an isomor-

phism.

.....

(2) The isomorphism in (1) induces the B-module isomorphism

HZz1,L15,..0,) = HYZi, Lia) ®C_,,,

.....

where [ is the weight defined by

M:Z Z djvsws.

To prove the theorem, we recall the following lemma.

Lemma 2.21 [Jantzen 2003, 11.14.5.(a)]. Let ¢ : Y — X be a dominant and
projective morphism of noetherian and integral schemes such that ¢ induces an
isomorphism C(X) => C(Y) of function fields. If X is normal, then ¢, Oy = Ox.

Proof of Theorem 2.20. (1) Because of Propositions 2.3 and 2.7, the morphism
n=mn;1:Zi — Zz satisfies all the conditions in Lemma 2.21. Hence we have that
(2-27) n1+0z; = Oz,.

Then we have the following:

N Lz 5,.5,) = 10z, @0, N*L1....1,)
= 1.0z ®OZI£I,)LI,_,,,)L, (by [Hartshorne 1977, Exercise I1.5.1(d)])
=0z, ®0,,L1...5, (by (2-27)
=LTohe

Taking global sections we have an isomorphism between H’(Zz, L7,
H(Z;, ni 7L1.4;....n,) as C-vector spaces. And the later one is isomorphic to

.....

H%(Z;, L; 4) as C-vector spaces by Proposition 2.10.

(2) Note that there is a bijective correspondence between the set H 0(Z7, L1,
of holomorphic sections and the set of morphisms f : Pz — C satisfying

2-28)  f((p1s-.s )by b)) =€ (1) (b)) (1, pr)

..... )

for (p1,..., pr) € Pr and (by,...,b,) € B". Indeed, a morphism f defines a
section [p1, ..., pr1 = [p1,---, prs f(P1, ..., pr)]. Using C and C’ defined in
the proof of Proposition 2.10 (see (2-18) and (2-22)), for a morphism f satisfying
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(2-28), we associate a morphism f P, — C

N N,
Fpers) = C/Cf(l_[ Dlds---s 1_[ pr,l)
=1 =1

which also gives a section in H(Z;, Li q). Actually, this association is the isomor-
phism in (1).

On the other hand, the left action of P; on Zz and that of P; | on Z; given
in (2-26) define actions of B on the sets of holomorphic sections. For b € B,
f:Pr—C,and f: P; — C, we set

B f)Ppis-ospr)i=fO " prpa .., pr),
b PP = FO T PLL P12 ooy PLNYs -« -5 PrN,)-
Recall from (2-22) that C’ is the product of e%s™s (¢ (j, s))~'. For each s € [n] and
j € 1r], by (2-20), the following three conditions are equivalent:

e pj,1 is involved in ¢(j, 5);

o k(j,s)=0

LS [n]\{il,la -~-si1,N17 ’lJ,NJ}

Using this observation, we obtain that

- HpeD)rr)
=fb 'pr1, pras ..., PLNy»> -+ Pr.N,)

r

N N,
= (1_[ 1_[ e%iss (b))C/Cf (b_1 1_[ Dlgs- s 1_[ Pr,l)
=1 I=1

Jj=1 se[n]\{ix, [1<k=<j,1<I<Ni}

=B (b F (kD)
where C and C’ are values determined by ( Pr.)i Dkl and p is the welght given in the
statement. This proves the desired equality b- f=e*b)b- f ). O

As a direct consequence of Theorem 2.20(1) and Lemma 2.19 we have the
following theorem.

Theorem 2.22. Let T = (Iy, ..., 1) be a sequence of subsets of [n], and let
i = (i) 1<k<r1<i<n; €[NNIV be a sequence such that (iy. 1, . .., ix.n,) is a
reduced word for the longest element in Wy, for 1 <k <r. Let n; 1: Z; — Zz be the
birational morphism defined in Proposition 2.7. Then for integral dominant weights
A, 1 <k <r, avaluation v on C(Zz), and a nonzero sectiont € H*(Zz, LT o)

we have the equality

* *
A(ZI, ﬁI,)\.] ..... Aro v, T) = A(Zi’ nj’Iﬁl',)\,l ..... Aro v, ni7IT)'
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Remark 2.23. Even if the line bundle £ = Lz ,,, ., is very ample, the pullback
bundle n; ;L is not necessarily very ample when Zz is not a Bott-Samelson variety
(see Remark 2.12). Therefore the real dimension of Newton—Okounkov body
A(Z;i, nj 7L, v) can possibly be smaller than the complex dimension of Z; as is
mentioned in Remark 2.16. However, by Theorem 2.22, when L is very ample, we
can see that

dimR A(Zi, n?’Iﬁ, U) = dimR A(ZI, ﬁ, U) = dim@ Z1 = dim@ Z,‘
for any valuation v which has one-dimensional leaves.

By Theorem 2.22 and [Fujita 2018, Corollary 5.4], we have the following
corollary.
Corollary 2.24. Suppose that the line bundle Lz ... ;, constructed by weights
Als ..., Apisvery ample. Then, the Newton—Okounkov body A(Z1,Lz1 5,,...2,> v?lgh)
is a rational convex polytope of real dimension equal to the complex dimension

Of ZI.

3. Applications to representation theory

In this section, we give applications of Newton—Okounkov bodies of flag Bott—
Samelson varieties to representation theory, using the theory of generalized string
polytopes introduced in [Fujita 2018]. We restrict ourselves to a specific class of
flag Bott—Samelson varieties Zz, that is, to the case of a sequence Z = ({1, ..., I,)
of subsets of [n] such that I = [n]. In this case, we have P;, = P, = G. Hence
the space H 0(Z7, L1 3,...2,) of global sections has a natural G-module structure.
Let

.....

x(H) =Zo+---+ 2w,
be the character lattice, and let
x+(H) :=Zs0m +- -+ L0y

be the set of integral dominant weights. Fix nonzero elements e; € gy,, fi € g—q, for
i € [n]. For A € x4+ (H), let V(A) denote the irreducible highest weight G-module
over C with the highest weight A, and let v, € V(1) be a highest weight vector.
Recall that every finite-dimensional irreducible G-module is isomorphic to V (i) for
some A € x4 (H), see [Humphreys 1975, §31.3], and that every finite-dimensional
G-module is completely reducible, that is, isomorphic to a direct sum of irreducible
G-modules (see [Humphreys 1975, §14.3]). For Ay, ..., A, € x+(H), we denote
by tz.2,...%, € H(Z7, L15.,....»,) the section corresponding to 7; 4 € H°(Z;, Lia)
under the isomorphism in Theorem 2.20 (1), where t; 4 is the section defined in
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[Fujita 2018, §2.3]. Let >, : RN+ +Nr _, RN2++Nr be the canonical projection
given by -2 ((xk, 1) 1<k<r,1<i<N,) := (Xk,1)2<k<r,1<1<N,» and set

high
..... Ao Vg & ) TI,M,...,A,-))-

.....

. high . . .
Since A(Zz, Lz.,,...5,» V; e T7.x.....2,) 1S a rational convex polytope, the image
A; x,...a, 1s also a rational convex polytope. The following is the main result in
this section.

Theorem 3.1. Let 7 = (I, ..., 1) be a sequence of subsets of [n] such that
I =[n],and fix i = (11, s EINys oo s drds e osirn,) € [RIMTTN such that
(k.15 - - -, Ik, N,) s a reduced word for the longest element in Wy, for 1 <k <r. For
Als - A € x4+ (H), write

H(Zz, L10,.0)" > @ V()
vex+(H)

as a G-module. Then, the multiplicity ¢, equals the cardinality of

e ) ZN2+"'+Nr

{x = (Xk,1)2<k<r1<i<N; € Ai .,

M= > ey, =V}-

2<k<r,1<I<Ny

. high high
Remark 3.2. Since A(Zz, Lz, .5, V; 5 T2, ) = A(Zi, Lia, ;5 Tiq) bY

Theorem 2.22, it is natural to ask why we consider not only Z; but also Z7. The
reason is that the space H 0z;, L; q) of global sections does not have a natural G-
module structure because Z; is not a G-variety. The theory of flag Bott—Samelson
varieties gives a natural framework to relate the usual Bott—Samelson variety Z;
with G-modules.

In order to prove Theorem 3.1, we use the theory of crystal bases, see [Kashiwara
1995] for a survey on this topic. Lusztig [1990; 1991; 1993] and Kashiwara
[1991] constructed a specific C-basis of V(1) via the quantized enveloping algebra
associated with g. This is called (the specialization at ¢ = 1 of) the lower global
basis (= the canonical basis), and denoted by {GkOW (b) | beB()}C V(A). See, for
example, [Kashiwara 1995, §12] for the definition of G;"W(b). In this manuscript,
we put “low” to emphasize that we are considering the lower global basis while
Kashiwara [1995] denoted it by G, (b). The index set B()) is endowed with specific
maps

wt: B(A) — x(H), ¢&i,¢i:B(A)— Zso,
&, fi: B(h) —> BO)U{0} fori € [n],
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which have the following properties:

wt(by) = A,
wt(e;b) = wt(b) + «; if e;b #0,
wt( fib) = wt(b) — o if fib#£0,

gi(b) = max{k € Z>¢ | &b # 0},
¢i(b) = max{k € Zq | f'b #0},

e - GV (b) € C*GY™(&;b) + > CG™ ),

b'eB(L); wt(b)=wt(b)+a;
@i (0')>pi(b)+1

fi - G¥(b) € C*GIV (fib) + > CG™ (b))

b eB(L); wt(b)=wt(b)—a;
& (b))>¢;(b)+1

fori € [n] and b € B(A), where C* = C\ {0}, and b, € B(A) is defined as G}\OW(bA) €
C*v,, called the highest element. We call B()) the crystal basis for V (1), which
satisfies the axiom of crystals, see [Kashiwara 1993, Definition 1.2.1] for the
definition of crystals. The operations &; and f; are called the Kashiwara operators.
Definition 3.3 (see [Kashiwara 1995, §4.2]). The crystal graph of a crystal B is
the [n]-colored, directed graph with vertex set B whose directed edges are given
by: b — b’ if and only if b’ = f;b.

In this paper, we identify a crystal B with its crystal graph. By [Kashiwara
1991, Theorem 3], for a G-module V =V (v;) ®--- & V (vy), the crystal graph
of the corresponding crystal basis B(V') is the disjoint union of the crystal graphs
B), ..., B(vy).

Proposition 3.4 (see [Kashiwara 1993, Proposition 3.2.3]). Leti = (i1, ...,i;) €
[n]" be a reduced word for w € W, and ) € x4 (H). Then, the subset

By = { i+ f7by | x1, ... % € Z20} \ {0} C B(L)
is independent of the choice of a reduced word i.

The subset B,,(A) is called a Demazure crystal.

Example 3.5. Let G =SL(3), and A = | + o = @ + @3. Then, the crystal graph
of B(A) is given as follows:
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In addition, for w = s251 € W, the following directed graph gives the Demazure
crystal By, (A):
(¢] ;) o L} (¢]
/
b)L 9]
XI
o

The following is an immediate consequence of [Kashiwara 1993, Proposi-
tion 3.2.3].

Lemma 3.6. Leti = (i1, ..., ix) € [n]" be a reduced word for the longest element
wo € W. Then, the following equalities hold for all . € x4+ (H):
BO) =By, ={f" - fi¥by | x1.....xy € Z=0} \ {O}.
In particular, the following equality holds for all w € W:
{fi o fi¥b | x1, ..., xn € Zs0, b€ By(W}\ {0} = B).

1
For two crystals By, B, we can define another crystal B ® B;, called the tensor
product of B and B,, see [Kashiwara 1993, §1.3] for the definition. For Ay, ..., A, €
X+ (H), the tensor product B(A;) ® - - - ® B(A,) is identical to the crystal basis for
the tensor product module V(A1) ® - - - ® V(A,) by [Kashiwara 1991, Theorem 1].
Let us recall the definitions of generalized Demazure crystals and generalized string
polytopes.

Definition 3.7 (see [Lakshmibai et al. 2002, §1.2]). Leti = (i1, ..., i,) € [n]" be
an arbitrary word, and @ = (ay, ..., a,) € Zrzo~ We define

Bi,a C B(alw,-l) - B(a,wir)
to be the subset
{ [ (barm, ® fi2 (Payws, @+ ® £ (bay 1o, ® [ (baye,)) ) |
X1, €220\ (O
this is called a generalized Demazure crystal.

Definition 3.8 [Fujita 2018, Definition 4.4]. Let i = (i}, ...,i,) € [rn]" be an
arbitrary word, and a = (ay, ..., a,) € Z’Zo. For b € B; 4, we set b(1) := D,

xp = max(x € Zog | E6(1) #£0),  &7b(1) = baym, ®D(2),
xp 1= max{x € Zo0 | E56(2) #0},  &7D(2) = baym, ® (),
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X, i=max{x € Z>¢ | &; b(r) # 0},

and define the generalized string parametrization Q2;(b) of b with respect to i by
Qi(b) :=(x1,...,x).

Definition 3.9 [Fujita 2018, Definition 4.7]. For an arbitrary word i € [n]” and
ac Zrzo’ define a subset S; , C Z-9 x Z" by

Sia=|J{(k. (1)) | b € Bi xa}.
k>0
and denote by C; , C R>o x R" the smallest real closed cone containing S; ,. Let
us define a subset A; , C R by

Aig:={x eR | (1,x) €Cia};
this is called the generalized string polytope associated to i and a.

The following is a fundamental property of generalized string polytopes.

Proposition 3.10 (see [Fujita 2018, Corollaries 4.16, 5.4(3)]). The generalized
string polytope A; 4 is a rational convex polytope, and the equality Q;(Bi 4) =
A; o NZ" holds.

Fujita proved the following relation between the generalized string polytope and
a Newton—Okounkov body of the Bott—Samelson variety Z;.

Theorem 3.11 (see [Fujita 2018, Corollary 5.3]). Let Z; be the Bott—Samelson
variety determined by a word i € [n]", and let L; 4 be the line bundle on Z;
determined by an integer vector a € 7. as in (2-14). Then we have that

high
i

A(Zi, Liar 0,8 Tig) = —Aj g

Remark 3.12. The combinatorial structure of generalized string polytopes is quite
complicated that even their real dimensions are not easy to be determined. By
Remark 2.23, Theorem 3.11 determines the dimensions of generalized string poly-
topes of the type A(Z;, 77?115, v?lgh, Ti.q), Where 7 is a sequence of subsets of [n]
and £ is a very ample line bundle over Z7.

LetZ = (1, ..., 1) be a sequence of subsets of [n], and fix a sequence i =
(k) 1<k<r1<i<n, € [nIV1F+N such that (ig.1, ..., ix.n,) is a reduced word for
the longest element in Wy, for 1 <k <r. Given Ay, ..., A, € x4+ (H), we denote
the dual P;,-module H(Z;, L75,...2,) by VI, 5, and define B; ;. ., C
B(A1) ® - - - ® B(A,) to be the set of elements of the form

FX1,N; ~ ~Xr—1,N,

G-D f) e fipn (@@ f e D (b ®F, S £ (B) )

for some xq,1, ..., X1, Nys -« s Xr1s - oo » Xr N, € L.
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Proposition 3.13. For Ay, ..., A, € x4 (H), leta € ZN+ N be the integer vector
such that L; 4 > ﬁ?,zﬁz,m ,,,,, A, as given in Proposition 2.10, and let p € x(H) be
the weight defined in Theorem 2.20(2).

(1) The B-module V1 y,. .., is naturally isomorphic to C, ® V; 4, where V; 4 is
the generalized Demazure module defined in [Lakshmibai et al. 2002, §1.1].

(2) There is a natural bijective map

compatible with the crystal structures.

(3) The crystal graph of B; »,....», is identical to that of B q.

.....

Proof. (1) The assertion is an immediate consequence of Theorem 2.20 and [Lak-
shmibai et al. 2002, Theorem 6].

(2) For A, i € x+(H), the crystal basis B(A 4+ ) can be regarded as a connected
component of B(A) ® B() by identifying b; 1, with by ® b,, (see [Kashiwara 1995,
§4.5]). If we identify by with by o¥ym; ® by oYy, fOri € [n] and A € x4 (H),
then the definition of tensor product crystals implies that

JEbr=b_. oy ® [ arym  forall a€Zxg
(see [Fujita 2018, Appendix A]). Hence it follows that

For N (b, @ b)

i1,1 1,N
1 ~ ~

= bkl‘Zlgzgm w® fil,l (b/“ ® ft)lclz2 (bm ®:® fil.l;vill (b”Nl ®b)--- ))

forb e Bi, s, and x11,...,X1.N, € Z>0, Where

, {(Mﬂ,-v”)wiu if l=max{l =g <Ny |i14 =114},
Wi = : .
0 otherwise
for 1 <1 < Ny, and i~ := (ix,1)2<k<r,1<i<N,- By repeating this deformation, all the

elements of the form (3-1) can be naturally written as elements in b, ® B; 4. This
proves part (2).
(3) Let us prove that ¢;(b, ® b) = b, Q@ e;b for all i € [n] and b € B; ,. By the

definition of B; 4, we have

wt(b) — wt(b') € > Za;

Jelirg|1<k<r, 1<I<Ny}
for all b, b’ € B; 4. Hence B; , does not have edges labeled by

Jliki |1 <k<r, 1<I<N}.
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From this, we may assume that i € {ix; | 1 <k <r, 1 <l < N¢}. Then, we have
(i, ;") = 0 by the definition of 1, which implies by the definition of tensor product
crystals that ¢;(b,, ® b) = b, ® ¢;b. Thus, we have proved that the crystal graph
of b, ® B; 4 1s identical to that of B; 4. Then, part (3) follows immediately from
part (2). ([l

Proposition 3.13 implies that all the results in [Lakshmibai et al. 2002] for V; ,
and B; , are applicable also for V7, . and B; ;.. .1,

.....

Proposition 3.14. The set B; ;,
not depend on the choice of i.

A, depends only on I, Ay, ..., A, that is, does

.....

Proof. We proceed by induction on r. If r = 1, then the assertion is an immedi-
ate consequence of Proposition 3.4. Assume that r > 2, and that B;_, ;,,...a, 1S
independent of the choice of i>;. By [Lakshmibai et al. 2002, Theorem 2] and
Proposition 3.13, it follows that b ® B;_, 5,.....x, is a disjoint union of Demazure
crystals. Hence it suffices to prove that for each connected component 53, (A) of

by, ® Bi_, 5,.....5, the set
Buii vy 3 = {fi - i w b1 31 2y € Zo, b€ Bu(W}\ {0)
does not depend on the choice of (i, ...,i1,n,). We define vy, ..., vy, € W
inductively by
- Sin, U if Z(s,‘lle v) > £(v),
" if (57, v) < £(V),
o = {SiLNllHUI—l i £(i, y, 1 V1—1) > €(Vi-1),
V-1 i L(siy y, o V1—1) < €(Vi—1)-
Then, we deduce by [Kashiwara 1993, Proposition 3.2.3 (iii)] that B ;, ,...i, N A) =

Ble (1). In addition, it follows by [Kashiwara 1993, Lemma 3.2.1 and Proposi-
tion 3.2.3 (1)] that

x XN 1 1
e (X care)= ¥ care.
XloeeesXN, €220 beBy(X) beBuy ()
From these, we have
low X1 le low
> = ¥ g T coro)
ber’il,l""’il,Nl (}\.) X15ees XNy GZZ() bEB A)

the right hand side does not depend on the choice of (i1 1, ..., i1 n,) by [Kashi-
wara 1993, Proposition 3.2.5(v)], which implies that the set Bv,iu,l,...,iu,zv] (A) is also
independent. This proves the proposition. (]
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We denote B; 3,,...» by Bz,
crystal. By definition, we have

BI,M,...,)L, ={];l-xl "'];;XNI (bx,@b) |X1, <o XN EZZ(), bGB(]2 ,,,,, 1), Ao, )\r}\{O}.

1,1 1N

, which is also called a generalized Demazure

.......

Assume that I} = [r], and hence that (ij,...,i1n,) is a reduced word for
wo € W. By [Lakshmibai et al. 2002, Theorem 2] and Proposition 3.13, the
set by, @ B(1,,....1,),15,....», 15 a disjoint union of Demazure crystals. Hence the sec-
ond assertion of Lemma 3.6 implies that each connected component of Bz j,,...»,
is of the form B(v) for some v € x4 (/). Note that the character of Vz,, .,
equals the formal character of Bz 5, .., by [Lakshmibai et al. 2002, Theorem 5
and Corollary 10] and Proposition 3.13. Since finite-dimensional G-modules are
characterized by their characters, we obtain the following.

Proposition 3.15. Let Z = (11, ..., I.) be a sequence of subsets of [n] such that
Iy = [n]. Then, the generalized Demazure crystal Bz ;... is isomorphic to the
crystal basis for the G-module Vz .. 5. In particular, if Bz, ..., is the disjoint
union of B(vy), ..., B(vy), then V1. .4, isisomorphicto V(v)) @ ---® V(vy).

.....

Since, by Proposition 3.13(3), the crystal graph of B; , is identical to that of
Bz.,....»,» the generalized string parametrization 2; of B; , can be regarded as
a parametrization of BI,,\],_“,;V. We denote A; 4, by A;;,....».- Then, we have
1,) by Theorems 2.22, 3.11.

.....

..........

.....

.....

Bza,....n,» wewrite 2; () =(x1,1, ..., X1, Ny» - +» Xr1s - - -, Xr. N, ). By the definition
of Q;, we have

(3-2) xiy=max{x € Z-g | &} & """ .”"“b;ﬁO}

[AW) lll 1 1,1
for 1 <1 < N;. Let Cp, denote the connected component of Bz ,, ., containing b.
Since I} = [n], it follows that (i1, ..., 11 5,) is a reduced word for wg € W. So we
deduce by [Kashiwara 1993, Proposmon 3.2.3] that ~”1 ;Vl o x‘ 1b is the highest
element in C,. Hence

(3-3) (0, ...,O, X2.1 ...,Xz’Nz, ey Xrls ...,xr,Nr)

is the generalized string parametrlzatlon of the highest element. In particular,
the surjective map Br ;, 5, NZN2THN given by b > 755(R2; (b))
induces a bijective map

..........

W : {connected components of Bz x, ...} == Aix...A NNt 4N

In addition, for a connected component C of Bz y,,... 5, the weight of the highest
element in C is determined by W(C) due to the definition of generalized string
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parametrizations (see Definition 3.8). Indeed, if

lIJ(C) = (-x2,la e ’xz,st .. -,xr,la e 7xr,Nr)s

then the weight of the highest element in C is given by
)\.1 —+ - +)\.r — Z xk,laikv,
2<k<r, 1<I<Nj
since the generalized string parametrization of this element is given by (3-3). By
these reasons, we deduce the assertion of the theorem. (]

The following is an immediate consequence of the proof of Theorem 3.1.

Corollary 3.16. Let T = (11, ..., I,) be a sequence of subsets of [n] such that
Iy = [n]. Then, the number of connected components of Bz,

cardinality of

A, equals the

.....

Aisyp ATV,
Let ry : RVi+++N- _, RM denote the canonical projection given by

(‘x],li“'7'xl,N]5 "'a-xr,la---’-xr,Nr) = (-xl,ls"'v-x],N])'

Proposition 3.17. For x € A; 3, NZVH 4N the set (w2} () N Aisya))
is identical to the string polytope for the connected component ¥~ (x) of Bz, Ao hy
with respect to the reduced word (i1 1, ..., i1,n,) for wo € W; see [Kaveh 2015,

Definition 3.5; Littelmann 1998, §1] for the definition of string polytopes.

Proof. Recall that, by Proposition 3.10, €2; : Bz ,...a, = Qi
bijective. Hence by the definition of W, we obtain the following bijective map:

U X)) = 7 ()N Ay, NZNHEN

b— Q;(b).

In addition, we see by (3-2) that 71 (£2; (b)) is the string parametrization of b €
W~ 1(x) with respect to the reduced word (i1 1, ..., i1,n,); see [Littelmann 1998,
§1; Kaveh 2015, Definition 3.2] for the definition of string parametrizations. From
these, we obtain the assertion of the proposition. ([

Remark 3.18. Kaveh and Khovanskii [2012a] gave a general framework to describe
multiplicities of irreducible representations by using the Newton—Okounkov bodies.
Our results give concrete constructions of convex bodies appearing in [Kaveh
and Khovanskii 2012a]. Indeed, by the proof of Theorem 3.1 and [Fujita 2018,
Theorem 5.2], it is not hard to prove that the rational convex polytope A,-, Ahy 18
identical to the multiplicity convex body Ag(A) in [Kaveh and Khovanskii 2012a,
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§4.1] for the valuation v?igh, where

. 0 k
A= H 21, L3, ;)
k>0
From this and Proposition 3.17, we deduce that the generalized string polytope
x, equals the string convex body A(A) in [Kaveh and Khovanskii 2012a,

.....

In representation theory, it is a fundamental problem to determine the G-module
structure of the tensor product module V(1) ® V (1), which is equivalent to deter-
mining the multiplicity cK’ M of V(v) in V(1) ® V(). Berenstein and Zelevinsky
[2001, Theorems 2.3, 2.4] describes the multiplicity ¢; , as the number of lattice
points in some explicit rational convex polytope. In the following, we see that
Theorem 3.1 gives a different approach to such polyhedral expressions for ¢; - Let
us consider the case Z = ([n], [n]). In this case, the flag Bott—Samelson variety Zz
is identical to G x p G/ B, and the following map is an isomorphism of varieties:

Z71 = G/BxG/B, |[g1, 8]~ (81B/B,g18:B/B);

the inverse map is given by (g1B/B, g2B/B) — [g1, gflgz]. It is easily seen that
under the isomorphism Z7 >~ G/B x G /B, the G-action on Z7 coincides with
the diagonal action on G/B x G/B, and the line bundle L7 ; , corresponds to the
direct product of £, and £, where £, denotes the line bundle L)), over G/B
for v € x4+ (H). Hence we obtain the following isomorphisms of G-modules:

H%(Zz, L15,)* ~H(G/B x G/B, L; x L,)*
~ H%(G/B, £,)* @ H*(G/B, L)
>~V ®V(w,
by the Borel-Weil theorem (see [Jantzen 2003, Corollary 11.5.6]). If we write
viyevw= @ v
vex+(H)
as a G-module, then we obtain the following by Theorem 3.1:

Theorem 3.19. Let T = ([n], [n]), and let (iy,...,in), (i, ..., jn) € [n]" be
reduced words for wy € W. Then, the tensor product multiplicity c; . equals the
cardinality of

{(yl,...,yN)GAi,)hMﬂZN ‘ A4 — Z Vi, :v},
1<I<N

where i := (i1, ...,iN, Jl,---» JN)-
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Figure 1. The polytope A,-, . in Example 3.20.

Example 3.20. Let G =SL(3), Z=([2],[2]),andi = (1,2, 1, 1,2, 1). By [Fujita
2018, Corollary 4.15], the generahzed strlng polytope A; ., is identical to the set
of (x1, x2, X3, Y1, Y2, ¥3) € [R{ 20 satisfying the following inequalities:

0 < y3 <min{Az, pu1},
Y3 =y2 = y3+u2,
y2— A2 < yr =minfiy, y» —2y3 + ur},
max{y; — Az, —y1 +y2 — A2} < x3 < =2y1 +y2 — 2y3 + A1 + 1,
X3 <x2 =x3+y1 —2y2+ y3+ i+ po,
0<xi =xo—2x3—=2y1+y2—2y3+ A1 + 11,
where 1; := (A, ;) and p; := (i, ;') for i = 1, 2. Hence the polytope A PR
identical to the set of (y1, y2, ¥3) € R 2o satisfying the following inequalities:
0 < y3 < min{A,, u1},
3= y2=¥3+ U2,
y2—A2 < yr <minfiy, y2 —2y3+ 1}

We deduce by Theorem 3.19 that the tensor product multiplicity Cx equals the
cardinality of (y;, y2, y3) € A AN 73 such that A + u — (1 + yg)al Yooty = V.

If A = u = +w», then the polytope A ., s identical to the set of (y1, y2, ¥3) €
R3 > satisfying the following inequalities:

O<ys=1l, ys=y=y3;+1, ym—I1=<y =min{l, y —2y3+1};
see Figure 1. Hence we deduce that

V(o + @)% >~ V2w +2m2) ®VQGEw) @ V3Bw) & V(w + )% @ V(0).



FLAG BOTT-SAMELSON VARIETIES 175

Theorem 3.1 can be applied to a more general class of representations than
[Berenstein and Zelevinsky 2001]. We next consider the case Z = ([n], [n], . .., [n])
(an r-tuple). In this case, we have

ZI=GXBGXB-~XBG/B,

r

and this is isomorphic to (G/B)" :=G/B xG/B x---x G/ B (r factors) as follows:

Zr=> (G/B)", [g1.8.....81 (s1B/B.g182B/B, ..., 818 & B/B);

the inverse map is given by

(¢1B/B,¢:B/B, ..., ¢, B/B)— [g1, 87" ¢2. 85 ' ¢3. .-, 8 8]

As in the case r = 2, under the isomorphism Z7 >~ (G/B)", the G-action on
Z1 coincides with the diagonal action on (G/B)", and the line bundle £z ;, . ,,
corresponds to the direct product of £, ,, ..., £;,. From this, we have the following
isomorphisms of G-modules:

H(Zz1, L15,...5,)" =~ H'(G/B), L3, x -+ x L3,)*
~H%G/B, L;,)*®---® H'(G/B, L;,)*
~VOD®--® V().
If we write

VM) ®:---®V(Q,) = @ V(]))EBCK1 ----- Ar
vex+(H)

as a G-module, then Theorem 3.1 implies the following.

Corollary 3.21. Let T = ([n], [n], ..., [n]), an r-tuple, and take reduced words

k1, ---,1kN) € (nIN, 1 <k <r, for wg € W. Then, the multiplicity CXI ’’’’’ a equals
the cardinality of
A —1N
{x = (Xk)2zkzr1<i=N € Aisy., NZT7Y ‘
)L1++)Vr_ Z xk,lal‘kJ:v}a
2<k=<r,1<I<N
where i := (il,I, ey il,N, ey l'r’l, ey ir,N)-

The following gives an application to Z7 for general Z which does not necessarily
start with [n]:

Corollary 3.22. Let T = (I3, ..., I,) be a sequence of subsets of [n], and set
Iy := [n]. Fixio= (ix.)o<k<r.1<i<n, € [V FNr such that (iy.1, ..., ix.n,) is a
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reduced word for the longest element in Wy, for 0 < k <r. Then, the number of

connected components of Bz y,.....», equals the cardinality of

.....

~

Aio,O,M - N ZNIJFWJFM .

Proof. We set Zy := (I, 11, ..., I,). By the definition of tensor product crystals, the
bijective map Bz,...1, = bo® Bz.,....x,» b = bo ® b, is compatible with their
crystal structures, where we mean by by € B(0) the element b, for A = 0. Hence
we may identify by ® Bz ;,....a, With Bz ... This implies by the definition
that the crystal basis Bz;0,1,,...,, 1S obtained from Bz ;, .., by actions of ﬁ,
i € [n]. By [Lakshmibai et al. 2002, proof of Theorem 2] and Proposition 3.13, all
connected components of Bt ... », are Demazure crystals in connected components
of B(A1) ® - - - ® B(A,). Hence they are not joined by fi, i € [n], since they have
different highest elements. From these, the crystal basis Bz, 0.1,.....», has the same
number of connected components as Bz ;,....»,, which implies the assertion of the
corollary by Corollary 3.16. ([

.....

,,,,,

4. Flag Bott-Samelson varieties and flag Bott towers

In this section, we study complex structures on the flag Bott—Samelson variety Zz,
and its relation with a flag Bott tower in Theorem 4.10. We first recall flag Bott
manifolds introduced in [Kuroki et al. 2020]. Let M be a complex manifold and E
a holomorphic vector bundle over M. The associated flag bundle FC(E) — M is a
fiber bundle obtained from E by replacing each fiber E, over a point p € M by the
full flag manifold F4(E)).

Definition 4.1 [Kuroki et al. 2020, Definition 2.1]. A flag Bott tower {Fy}o<k<, of
height r (or an r-stage flag Bott tower) is a sequence,

F—2s Fo 22 o2y p 2y Fy={apoint}

of manifolds F = F 6( ;'Z]J“ ! ék(l)), where 5,51) is a holomorphic line bundle over
Fp_yforeachl <l <mpy+1and 1 <k <r. We call F the k-stage flag Bott
manifold of the flag Bott tower.

For example, the flag manifold F¢(C"*!) = Fe(m + 1) is a 1-stage flag Bott
manifold, and the product of flag manifolds F€(m; + 1) x --- x Fl(m, + 1)
is an r-stage flag Bott manifold. Also an r-stage Bott manifold is an r-stage
flag Bott manifold (see [Grossberg and Karshon 1994] for the definition of Bott
manifolds). We call two flag Bott towers {Fy}o<x<, and {F}}o<i<, isomorphic if
there is a collection of diffeomorphisms ¢ : F;y — F] which commutes with the
maps py : Fx — Fy—j and p; : F| — F,_|.



FLAG BOTT-SAMELSON VARIETIES 177

Remark 4.2. In [Kaji et al. 2020], an iterated flag bundle whose fibers are not only
full flag manifolds of type A but also other flag manifolds of general Lie type is
considered. We recall their construction briefly. For 1 <k <r, let K; be a compact
connected Lie group, T; C K a maximal torus, and Z; C K the centralizer of
a circle subgroup of 7. Recall from [Kaji et al. 2020, Definition 3.1] that an
r-stage flag Bott tower { Fy}o<k< of general Lie type associated to {(Kx, Zi)}o<k<r
is defined recursively:

(1) Fp is a point.
(2) Fy is the flag bundle over F;_; with fiber K /Z; associated to a map
fi: Fre1 — BKy,
where f} factors through BTj.

Here, the map f; induces the flag bundle Fy — Fj;_; from the universal flag bundle
Kk/Zk — BZk —> BKk.

Ki/Zx == Ki/Zk

[ |

Fy, — BZ;

L, ]

Fo, — 5 BK,

N/

Because the map f; factors through BTy, the bundle Fj is the associated Ky /Zy-
flag bundle of the sum of complex line bundles over F;_;. A flag Bott tower
defined in Definition 4.1 is a flag Bott tower of general Lie type associated to
{(Um+ 1), T H}ocr<,.

Lemma 4.3. Let M be a complex manifold and E a holomorphic vector bundle
over M. Let L be a holomorphic line bundle over M. Then we have that FL(E) =
FL(E ® L) as differentiable manifolds.

Proof. 1t is well-known that for a holomorphic vector bundle £ — M over a smooth
manifold M and a holomorphic line bundle £ — M, there is a diffeomorphism
P(E ® L) = P(E) (see, for example, [Choi et al. 2010, Lemma 2.1]). Since the
induced flag bundle is a sequence of projective bundles as shown in [Bott and Tu
1982, Proposition 21.15], we have a diffeomorphism FL(E) = FL(E Q L). [l

The flag manifold F€(m + 1) and an orbit space GL(m + 1)/Bgr(m+1) can be
identified. Similarly, an r-stage flag Bott manifold F, can also be considered as
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an orbit space. We briefly review the orbit space construction of [Kuroki et al.
2020, §2.2]. Recall from [Kuroki et al. 2020, Lemma 2.12] that for a given Bott
tower {Fy}o<k<r such that F€(my + 1) — F; — Fy_, there is a surjective group
homomorphism:

(4-2) Y ZMF x o x 7™ s Pic(F) forl <k <.

We briefly explain the geometric meaning of the homomorphism (4-2). For the
flag bundle F¢(E) £> M obtained by a vector bundle E of rank n over a complex
manifold M, consider the universal flag of bundles0 C E; C E, C--- C E,, = p*E
on FL(E). Then every element of Pic(F¢(E)) can be written as a polynomial in
xi=c1(E;/E;_1) for 1 <i <n with coefficients in Pic(M) (see, for example, [Fulton
1998, Example 3.3.5]). Because Fy is an iterated flag bundle, applying this procedure
recurrently, we obtain the homomorphism (4-2). Moreover, for & € Pic(Fy), if we
have § = (ay, ..., ar), where a; is an integer vector (a;(1),...,a;(m; +1)) €
7™t for 1 < j <k, then

k Mj+l

(4-3) ca® =y Y a;0x;.

j=1 I=1

Here, x;; is the first Chern class of the quotient bundle E;;/E; ;1 obtained by the
universal flag of bundles 0 C E;; C Ej2 C -+ C Eju,+1 0n F.!
Suppose that ¢ (Sl(k)) is determined by a set of integer vectors

0}
e

m;+1
lay; € 2" h<izmr1, 1 <k=r-

Then
I ! I I
v .al .. ..al_D=8"— F_,
foreach 1 <l <my+1and 2 <k <r. Using this set of integer vectors, we define a

right action @4 of BGLn,+1) X - - X BGLm+1) on GL(m 1 +1) x - - x GL(m; 4 1)
as

Dr((g1s---58k)s (b1, ..., DY)
= (g161, Aa,1(b1) ' goba, Az (b)) Az (b)) ' gabs, ..,
A D) Ak Akt (br—1) T grbr)

1T.he classes x ge'nerate the cohomology Hz(Fj; Z) with the relations x; | + - - - + Xjmj+1=
1) el ) for 1< j <k (see [Fulton 1998, Example 3.3.5] or [Kaji et al. 2020,
J
Corollary 2.4]).
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for 1 <k <r. Here Ay ; is a homomorphism BoLm;+1) = HGLom+1) which sends
be BGL(ijrl) to
. a0 e 2D
diag (Y (b)*7, Y (B)%7, ..., Y (B)*I ) € HGLong+1)»
where Y : BGL(nj+1) = HoLm;+1) is the canonical projection in (2-9), and

. pal), a2 a(m+1)
h® '_hl hz “'hm+1

for h = diag(h, ..., hpt1) € HoLm+1y) and a = (a(l),...,a(m + 1)) € 7mt
Now we can describe the flag Bott manifold F, as an orbit space as follows:
Proposition 4.4 [Kuroki et al. 2020, Propos1t10ns 2.8 and 2.11]. Let {Fi}o<k<r be
a flag Bott tower. Suppose that c, (Sl )) is determined by a set of integer vectors
{a(l) 7" Y e t1.1<j<k<r and let Oy be the action determined by these
integer vectors. Then the flag Bott tower { Fy }o<k<, is isomorphic to

{(GL(m1 4+ 1) x -+ x GL(my + 1)) / D¢ }

0<k<r
as flag Bott towers.

A Bott—Samelson variety has a family of complex structures which gives a toric
degeneration (see [Grossberg and Karshon 1994, §3.4; Pasquier 2010]). Now we
study a family of complex structures on a given flag Bott—Samelson variety. Since

the simple roots are linearly independent elements in h*, there exist ¢ € Z.o and
an injective homomorphism X : C* — H such that

4-4) (A1) =11

for all simple roots o and ¢t € C*. Here ¢* : H — C* is a character induced
from « : h — C. For example, when G = SL(2k + 1) and ¢ = 1, consider the
homomorphism A : C* — H defined by

(4-5) At diag(et, e et LR R,
Then this homomorphism satisfies the condition on (4-4). We define Y, : B — B by
T, b AObO() !

for t+ € C*. It is proved in [Grossberg and Karshon 1994, Proposition 3.5] that
T =lim;_,¢ Yy, where Y : B — H is the homomorphism in (2-9). We put Yo := 7.

Example 4.5. Suppose that G = SL(3) and g = 1. Considering the homomorphism
A : C* — H defined in (4-5), the homomorphism Y} : B — B is given by
bt b1y bi3 bii thiy b3

0 by by3 | — 0 by tby
0 0 b33 0 0 b33
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Hence we have that lim;_,o Y, =Y.

We use the homomorphism Y; : B — B to construct a family of complex
structures on the flag Bott—Samelson manifold Z7 = Pz/B". For t € C, we define
a right action ®; of B” on Pz as

(4-6) O,((p1-... pr). (b1, ..., b))
= (p1b1, Y, (b)) paba, ..., Ye(bro1) " prby)

for (p1,..., pr) € Prand (by,...,b,) € B". Then ® coincides with the right
action in (2-2) because A(1) = e € H and hence Y| = Idg. Again we consider the
family of orbit spaces

Z% = Pr/0,

for ¢t € C. The holomorphic line bundle E’I’ ar..n, OVEL Z% can be defined in a way

similar to £z 3,.....», in (2-10) for integral weights A1, ..., A,. Set ﬁtz,x = UI,O,...,O,A
for simplicity.
Proposition 4.6. For a given sequence T = (11, ..., 1), the manifolds ZtI are all

diffeomorphic for t € C.
Proof. We use the similar argument to the proof of Proposition 3.7 in [Grossberg
and Karshon 1994]. Let K, be the maximal compact subgroup of Py,. Let T be
the maximal compact torus in G, i.e., T = (S 1) Recall that K pNB=T. Define
a right action of T : =T xT x---xT (r factors) on K7 := Kj x---xKj as
“4-7) (g1,...,8) (ay,...,a) = (g1ay, al_lgzaz, el ar__llgra,).
Let X7 be the orbit space
(4-8) Xr =Ky x-xKp)/(Tx---xT).
The inclusion map

KI=K[1 X---XKIrL)PI=P11 X“'XP[r

is T()-equivariant with respect to the 7-action of (4-7) on K7 and the restricted
T -action of (4-6) on Pz via the inclusion 7" < B” because Y;(a) = a for all
a € T. Therefore we get a map

(4-9) fr:Xz—> Z%.

Since, for all &, the inclusion K;, < Pj, induces a diffeomorphism K;, /T = Py, /B,
the map f7 is a diffeomorphism. (]

The manifold Z’ has a fibration structure, similar to a flag Bott—Samelson
manifold in (2-3):

(4-10) P,/B— 745 78,
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where Z' = (Iy, .. ., I,_1) is the subsequence of Z and 7 is the first r — 1 coordinates
projection for all ¢ € C.

LetZ=(L,...,I,_1,I,) and Z' = (11, ..., I,_1). We note that the orbit space
X7 has a bundle structure.

X7 =Ppxr (K, /T) <— K /T

|

Xz

Because the structure group 7 of this bundle is an abelian group, the map f; inducing
the flag bundle X7 — X7 from the universal flag bundle factors through BT.

K, /T —— K, /T

[ [

X7 — BT

| |

Xy — Bk,

BT
Continuing this procedure, we obtain the following corollary.

Corollary 4.7. The manifold X1 is an r-stage flag Bott tower of general Lie type
associated to {(Ky;, T)}o<j<r, and so are Z% for all t € C (see Remark 4.2 for the
definition of flag Bott towers of general Lie type).

For the remaining part of this section, we consider the case when the Levi
subgroup L, of the parabolic subgroup Py, has Lie type A, that is, the flag Bott
tower X7 is a flag Bott manifold whose fibers are all full flag manifolds of Lie type A.
Moreover, we describe the line bundles appearing in the construction explicitly (see

Theorem 4.10). We can always take an enumeration [ = {ug 1, ..., Uk m,} so that
2 ifs=t,
4-11) <“uk,u0‘uvk,,>= —1 ifs—t==£l1,

0  otherwise.

Proposition 4.8. Let Z7 be a flag Bott—Samelson manifold. Let ' = (I, ..., I,_1)
be the subsequence of Z. Assume that the Levi subgroup Ly, of the parabolic sub-
group Py has Lie type A,,, for all 1 <k <r. Then the manifold Zg is diffeomorphic
to the induced flag bundle over Z9,:

Z9=Fe(Ly , &Ly, &C),
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where x; = ay,, + et a,,, € h* for1 <j <m,, ﬁg’»x = L%,O,...,O,x’ and C is
the trivial line bundle.

Before proving the proposition, we observe the following. Suppose that the Levi
subgroup L; of the parabolic subgroup P; for a subset I C [n] has Lie type A,,.
Then we can label the elements of I as uy, ..., u, which satisfy the relation (4-11).
Also we have the group homomorphism F : SL(m 4+ 1) — L; < P;. Then the
map F induces the homomorphism F : hspm+1) — h. We label the coroots of
SL(m+1)as B, By, ..., B, so that F, sends " to O‘LY, for 1 <! < m. Then we
have that

(F*A, B)) = (A, FuB)) = (b o)

for a weight A € h* and 1 <[ < m. Here, we note that F*1L =X o F for A € h*. Let

Wy, Wy, ..., Wy € th(m 41 be the fundamental weights. Then the pullback F*A
is given by

m
(4-12) F*A= (k) @1 € D3 -

I=1

Proof of Proposition 4.8. We write [ =1,, m=m,,and u; =u, ; for1 < j <m.
Note that we have P; = L;Uj (see Section 2A). Since we have an isomorphism of
varieties

P/B=(L;U)/B=L;/(BNL;)=L;/By,

we get a diffeomorphism
Fy :SL(m + 1)/ BsLin+1) = P1/B.

Moreover, the map which sends an element g in SL(m 4+ 1) to a full flag (V; C V, C
-+ C V), where V; = (c1, ..., ¢;) and ¢ is the [-th column vector of g, descends
to a diffeomorphism

Fy : SL(m + 1)/ BsLn+1) = Fl(m +1).

The map F; is equivariant with respect to the following actions of the torus
Hsy (m+1): each element

h =diag(hy, ha, ..., hyt1) € Hs 1)

acts on SL(m + 1)/ Bst (m+1) by the left multiplication, and on F€(m + 1) as the
induced action from the representation space C"*! with weights

(4_13) (wla_w_1+w2’~~~’_wmfl+w_m’_w_m)a

namely A -v = (hjvy, hava, ..., By 1Umy1) for v = (vy, ..., Vpy1) € C"t1. On
the other hand, the map F; is equivariant with respect to the left multiplication
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actions of Hgy (1) and of H via the homomorphism Hsy 41y — H given by the
map F.
By the relation (4-12) between weights in h* and th(m +1y> We have the following:

F*(xj) = F*(tu; +- -+ a,,)
m
= o+ F o, ap) @
=1

=—Wj-1t@;+ D,

where @y =0 for 1 < j < m. Here the third equality follows by considering the
Cartan matrix of SL(m + 1). The Hsy +1)-representation on C"*! with weights
(4-13) becomes an H-representation on C”*! with weights

(Xl _X/9 X2 _X/9 <o Xm _X/’ _X/)a

where x’ is a weight which maps to @,, under the map F* such that F, o F 1_1 is
equivariant with respect to the actions of elements in H \ F'(Hsy n+1)). This proves
that Fro F 1_] is a left H-equivariant diffeomorphism

FaoF7 i P/B — FUCyp—y @ ®Cypmyy ®C_yr).

We notice that the construction of twisted product is functorial, i.e., for a topo-
logical group G and a right G-space X, if f : Y — Y’ is an equivariant map of left
G-spaces then we have the induced map X xg Y — X x¢ Y/, see, for example,
[Bredon 1972, §11.2]. Since the unipotent part of B acts trivially on P;/B and
FUCy —y®---®C,,,—» DC_,), the left H-equivariant diffeomorphism F>o Fl_1
induces a diffeomorphism

Pr/O@=FULY @ DLy, _ BLY ).
Moreover we have that
0 0 0
fﬁ(ﬁz/’xl_x/ @ cte @ﬁz/’Xm_X/ @ LI/’_X/)
— 0 0 0
=Fe((Ly , & - ®L), ®DORLY _,).
Then by Lemma 4.3, we are done. ]

By Proposition 4.8, we can conclude that Zg is an r-stage flag Bott manifold.
For given integral weights A, ..., A,, consider the line bundle [ﬁ% ., OVET @

.....

flag Bott manifold Zg. By (4-2) there is a set of integer vectors {ay € 7mitl H<k<r

.....

.....
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The following proposition computes these integer vectors in terms of integral
weights A1, ..., A, and a sequence Z of subsets of [x].

Proposition 4.9. Let T = (I, ..., I,) be a sequence of subsets of [n]. Assume
that the Levi subgroup Lj, of the parabolic subgroup P, has Lie type A,,, for
all 1 < k <r. For given integral weights Ay, ..., A, € Zwo| + -+ + Zw,, the

.....

ar, = (ar (1), ..., ax(mp + 1)) € Z"F for 1 <k <r, where

ar() =+ 4+ A 0y

iy +“'+O{;/k,mk> for1 <1l <my,

ap(mp+1)=0.
Here, we take an enumeration Iy = {ux. 1, ..., Uk m, } which satisfies (4-11). Indeed,
L is isomorphic to the line bundle Y (ay, ..., a,).

Proof. Since the Levi subgroup L;, of Py, is Lie type A,,,, we have a Lie group
homomorphism Fj : SL(my + 1) — Py,. For each 1 <k <r, consider the homo-
morphism vy : SL(my 4+ 1) — Pp, X --- x Py, defined as

p—(e,...,e, Fr(p),e,...,e)
——
k-th
and consider
(4-14) @kt Bsuon+1) —> B XX B = B’
r
which sends b to
(e7"'7e’ Fk(b)’ Fk(h)"“’Fk(h))?
—— ——
k-th  (k+1)-th r-th

where & = Y (b). Then the map vy is gr-equivariant, namely, for b € Bsy (n, +1)
and g € SL(m; 4 1) we have that

Oo (Y (8), k(b))
=0o((e,...,e, Fr(g).e,....e), (e, ..., e, F(b), F(h), ..., Fi(h)))
=(e,....e, F(g) Fk(b), Y (Fc (b)) ' Fi(h),e, ... ¢)
=(e,...,e, Fr(gh),e,e,...,e)
= Vi (gh).
Here the third equality comes from the fact that Fj; is a homomorphism and
Y (Fi(D)) = Fr (Y (b)).
Under the map (4-14) the weight (A, ..., A,) of H" pulls back to the weight

m

(4-15) Z(Ak + -+ A, Oluvky,)wl € r)§L(mk+1)
I=1
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by (4-12). The integer vector a; € Z™*! is completely determined by the weight in
(4-15) because of the construction of a flag Bott manifold (see [Kuroki et al. 2020,
§2.2]). Indeed, the integer vector a; € Z"™*! should satisfy the equality

my my+1
(4-16) Sty Yo=Y arDe,
=1 =1
where ¢; € th(karl) sends diag(hy, ..., hm,+1) In BsLon+1) to A;. Using the

identification w; = &1 + - - - + &;, we have that

m

@17 D -+ Ay Yo
=1

= (Mt Aoy et et A ) (e e2)
—J’_”'+<)\'k+.”+)\'r’al}t/&mk>(81—"_”._{_‘C"mk)
ukl +-Fa
+<)‘k+ +)\'r’auk2+ +aukm)82
+"'+<)‘k+'"+)"r’ab\t/k,mk>8mk'

=+ +hn o) tay €1

U2 ”k my )

Comparing (4-16) and (4-17), we obtain the assertion of the proposition. ([
By combining Propositions 4.8 and 4.9, we can prove the following theorem:

Theorem 4.10. Suppose that T = (11, ..., I,) is a sequence of subsets of [n] such
that the Levi subgroup L, of the parabolic subgroup Pj_has Lie type A, for all
1 <k <r. Take an enumeration I = {ug 1, ..., Uk m,} which satisfies (4-11). Then
the manifold Zg is an r-stage flag Bott manifold which is determined by

O _ (0 0 o
{ak] (ak](l)a (2), . jmj+ 1))}1§l§mk+1,1§j<k§r

in the sense of Proposition 4.4, where a,gl)i (p)is

+.ootaY

uj,mj)

Oyt oy, ’O[v
, g

Uj,p
ifl <l <mpand1 < p <mj,and0 otherwise.

Proof. Consider the subsequence Z; := (I1, ..., I;) of the sequence Z for all
1 <k <r. Recall from Proposition 4.8 that the flag Bott manifold ng is the induced
flag bundle over ZI -

0 0 0
ZIk = ]:Z(El—k—l:)(l SZAR EIk—l’ka ® ([—:)’
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where x; = ay,, + - +ay,,, forl <I<m. By Proposmon 4.9, the integer

vectors {a,il) € Z”’/+1 }1<j<k—1 which define the line bundle ﬁzk Ly are given by

al.(p)= (i oy, ++-+ay
=<0‘uk,,+--'+0‘uk.mk,0lv. +--'+0luv,-,m,) (by the definition of ;)

) (by Proposition 4.9)

u;
Jom j
Ujp

for 1 </ <my and 1 < p <m;. Moreover we have akl) (p)=0ifl=mp+1or
p =m; + 1 by Proposition 4.9. Hence the result follows ]

Example 4.11. Let G = SL(4). Consider the sequence Z = ({1, 2}, {1, 2}). Hence
uy1 =1, uy2=2, up1 =1, urp = 2. The manifold Zg is a 2-stage flag Bott
manifold with F> = F£(&," @ &> @ C), where line bundles & and & ar
determined by the following integer vectors:

ay = (1 + a2, o) + ), (1 + a2, 07),0) = (2,1,0),

ay’) = ((e2. @) + o), (o2, @), 0) = (1, 2,0).

Remark 4.12. Suppose that the flag Bott—Samelson variety Z7 is a Bott—Samelson
@

variety, i.e., m; = --- = m, = 1. Then integer vectors {ak’/. € Z2}1€[2],15]~<k5r
determining the flag Bott tower Z% is

O _ {((Olukl, a0 ifl=1,

k7 71(0,0) ifl=2

by Theorem 4.10. This computation of a; () (1) for 1 < j <k <r coincides with
the known result in [Grossberg and Karshon 1994, §3.7].

5. Torus actions and Duistermaat-Heckman measure

LetZ = (11, ..., I,) be a sequence of subsets of [n] such that |I;| = my. In this
section we study torus actions on the manifold Z2. We define a torus invariant closed
2-form induced from a given complex line bundle, and we consider the Duistermaat—
Heckman measure of the flag Bott—Samelson manifold using a Bott—Samelson
variety Z; admitting the birational morphism n; 7 : Z; — Zz (see Theorem 5.5).

We first study torus actions on Z% Let T be the maximal compact torus of G
contained in H. Define an action of T on Zg as

(5-1) (S15 -y 87) - [P1s ooy Pl =[s1P1, ST 52P20 -y 5,0 50 /]
=[sipis; sy spesy '

This action is smooth but not effective. We now find the subtorus which acts trivially
on Z% Define a subtorus 7; C T for a subset I C [n] as

T;:={seT|as)=1forallier}’
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which is similar to (2-1). Here, we consider a simple root o € x (H) as a homomor-
phism 7" — S!. For a given sequence Z = (Iy, ..., I,) of subsets of [n], we define
the subtorus 7y of T as

TIZZTIIX-”XT].

r

Similarly, we set T; := T(;,) X - - - x T}; ) for a sequence i = (i1, ..., i,) € [n]". Then
the following proposition comes from (5-1).

Proposition 5.1. The torus Tz acts trivially on Z%

By Proposition 5.1, we have the torus action on Zg:
(5-2) TV )Ty ~ Z9.

Note that 70/ Ty = (§tymi+-+m:
Suppose that

. . Nyt N
i = (ix)1<k<r. 1<1<N, € [n]VTHN

is a sequence such that (ix 1, ..., ix,n,) is a reduced word for the longest element
in Wy, for 1 <k <r. From now on, we ignore the complex structure on the flag
Bott—-Samelson manifold Z7 and regard it as a smooth manifold. Therefore we
can identify Z7 with Z% and Z; with Z? by Proposition 4.6. Using the observation
(5-2), we have the torus action on the Bott—Samelson manifold Z;:

SHY =1/ T ~ 23,

where N := N;+ N +---+ N,. We denote T .= (T(N))/Ti and T := (T(’))/TI
for simplicity.
Lemma 5.2. There is a homomorphism A: T — T such that the mapni1:Zi — 21
is equivariant with respect to the action of T, i.e.,

i, z(A()-x) =1-n;1(x)
foranyt e T and x € Z;.
Proof. Define an inclusion map ¢ : T < T ag

(al,...,ar)lt—> @y, ...,at, ..., Qky.oo.yQpy ooy Qpry...,qr).
e e’ —_———— ———
Ny Ny N,

Then we have the action T") ~ Z; via the inclusion ¢ and the map n; 7 : Z; — Z7
is equivariant with respect to the action of 7’ by the definition of torus action

in (5-1).
We claim that ((77) C T;. For an element (a, ..., a,) € T"), we have that

(@ai,...,ap)eTr s areT;, foralll <k<r.
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Hence we haveay € Tjy |, ..., ar € T,-kyNk since {ig,1, ..., ik n )= Ik forall 1 <k <r.
This gives that ((T7) C T; as claimed. We thus have the homomorphism

(5-3) A:TO )T TN,

induced from the inclusion ¢. Moreover the projection map Z; — Zz is equivariant
with respect to the action of T because of the 7 ”-equivariance of the projection. (]

We set Ay : T/T;, — T(Nk)/T(ik,l,...,ik,Nk) for 1 < k < r. By the definition
of T(,-k_],,_,,,»k'Nk), the torus T(Nk)/T(ik,l,...,ik,Nk) has dimension Ng. Suppose that
{fk.1, .., fr.n, ) 1s the standard basis of Lie((SH)Ne)* = RN Then it is known from
[Grossberg and Karshon 1994, §3.7] that the pullback of fi ; is a;,, for 1 <1 < Ni.
Since the homomorphism A can be identified with A; x --- x A,, the Lie algebra
homomorphism (dA)* : RY — R™* " maps f;, to o, for 1 <k <r and
1<Il<N.

Example 5.3. Recall from Example 2.8 that we have a morphism 71 2,1 3),7 from
Z1.2,1.3) to Zz, where T = ({1, 2}, {3}). Suppose that A : T(Z)/TI — T(4)/T(1’2,1’3)
is the homomorphism in Lemma 5.2. Then the Lie algebra homomorphism (dA)* :
R* — R3 is defined using the integer matrix:

1010
0100
0001

We now consider Duistermaat—Heckman measures corresponding to flag Bott—
Samelson manifolds. We recall definitions from [Audin 2004]. Suppose that M is
an oriented, compact manifold of real dimension 2d with an action of a compact
torus 7. Let w be a presymplectic form, i.e., a T-invariant closed not necessarily
nondegenerate 2-form. Then we call the manifold (M, w, T) presymplectic T -
manifold. A moment map on (M, w, T) is defined to be a map & : M — Lie(T)*
such that

(d®, &) =—1(&y)w forall & € Lie(T),

where &, is the vector field on M which generates the action of the one-parameter
subgroup {exp(t§) | t € R} of T. Note that the Liouville measure on M is defined
tobe [ A w? /d! for an open subset A C M, and its push-forward ®,w?/d! is called
the Duistermaat—Heckman measure in Lie(T)*.

Consider the line bundle £z ,, .., over Zz determined by integral weights
A1, ..., A.. Then we have an integer vectora = (a'V,...,a") e 7N & ... @ 7N
such that n*Lz 3, .5, = Li « by Proposition 2.10. Let w;, respectively w7, be a
closed 2-form corresponding to the first Chern class of the line bundle £; , — Z;,

respectively £z, ..., = Zz. By taking averages of w; and w7 by corresponding

.....
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torus actions we have the following two 2-forms:
(5-4) w; = / (a*w))da and wr:= / (t*w7) dt.
aeT teT

Then the form Wi respectively wz, is a T -invariant, respectlvely T -invariant, closed
2-form on (Z;, T) respectively (Zz, T'). Since compact tori T and T are connected,
we have that

(55  lwil=lwj] in H*(Zi; R), [wr] =[w7] in H(Zz; R)

(see [Guillemin et al. 2002, Corollary B.13]).

Grossberg and Karshon [1994] proved that the Duistermaat—-Heckman measure
of the presymplectic manifold (Z;, w;, T) can be computed by considering a com-
binatorial object, called a Grossberg—Karshon twisted cube. We use it to compute
the Duistermaat—-Heckman measure of the presymplectic manifold (Zz, wz, T).

We recall from [Grossberg and Karshon 1994, §2.5] the definition of Grossberg—
Karshon twisted cubes. Leti = (iy, ..., iy) be a sequence of elements in [n] and
a=(ai,...,ay) € Z". A Grossberg—Karshon twisted cube is a pair (C(i, a), p),
where C (i, a) is a subset of RY and p : RY — R is a density function with support
equal to C(i, a). We define the following functions on RV :

Ay(x) = An(x, ..., xn) = —(avmiy, ),
Ap(x) = Ag(x1, ..., xN)

= —(a,w;, +---+an,-N,aii) —Z(aij,aivz)xj forl <f<N-—1.
j>t

We also define a function sign: R — {£1} as sign(x) = —1 for x <0 and sign(x) =1
for x > 0.

Definition 5.4. Let C (i, a) be the following subset of RN

Cli,a):={x=(x1,...,xx) €RY [ A;(x) <x; <00r 0 <x; < A;(x)
forlgjgN}.

We define a density function p : R¥Y — R whose support is C(i, @) and p(x) =
(—1)Nsign(x) - - - sign(xy) on the set C(i,a). We call the pair (C(i, a), p) the
Grossberg—Karshon twisted cube associated to i and a. Also we define a measure

mc,a) = p(@)|da|,
where |da| is the Lebesgue measure in RV .

Now we have the following theorem.
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Theorem 5.5. Let (Z1, wz, T) be as above, and let ® : Z7 — R™ T+ pe g
moment map of (Zz, wz, T). Then there is a Grossberg—Karshon twisted cube
(C(i, a), p) and an affine projection L : RN — R™ " gych that the Duistermaat—
Heckman measure in Lie(T)* = R™ " js Lomc . q)-

To give a proof, we need the following theorem.

Theorem 5.6 [Grossberg and Karshon 1994, Theorem 2]. Let o Zi —> RN bea
moment map of (Z;, wi, T). Then the Duistermaat—Heckman measure in Lie(T)* =
RY coincides with the measure mc ;. a) for the Grossberg—Karshon twisted cube
C(i,a).

Proof of Theorem 5.5. Suppose that i € [n]" defines a Bott—Samelson manifold Z;
which has a birational morphism 7 : Z; — Zz. For given weights Ay, ..., A,, let
a €7V be an integer vector such that n*Lz ;, ., = Li 4. Consider the pullback
of wz under the map 5. Then we have [w;] = [n*(wz)] in H*(Z;; R) by (5-5).
Now we have the following diagram which does not necessarily commute because
two forms n*wz and w; do not necessarily coincide because of taking averages:

Zi — 2 RN = Lie(T)*

| s

Zr —2 s Rt = je(T)*

Here, the map L : RN — R™1+-+7: is defined as d A*, where A : T — T in (5-3).

But one can see that L o ®, respectively @ o7, is a moment map for (Z;, w;, T),
respectively (Z;, n*wz, T). Recall from [Grossberg and Karshon 1994, Theorem 1]
that the push-forward of Liouville measure only depends on the cohomology class,
so we have that

(Lo®).0) = (®on.(n o)™ = .07 .

Here the last equality holds since 1 induces a diffeomorphism between Zariski open
dense subsets, and a Zariski closed subset is measure zero. By Theorem 5.6, we
have that CD*a)IIV/N! = L.mc,a), so the result follows. O

Example 5.7. Let G =SL4), Z= ({1, 2}, {3}) and i = (1, 2, 1, 3). The projection
map L = (dA)* : R* — R? is given by the integer matrix

1010
0100
0001

as in Example 5.3. In Figure 2 we draw figures for four different pairs of weights
(A1,A2) = Qo1+, 2m3), (w1 H@o, 2@3), Qo+, w3), Qo +30,, 203)
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05 05
Z Z

-1 -1
-15 -15

2 2

4 0
2 2
0 4 X
y -2 6 o
-4 4

(D) (s ha) = Qo +4w2,203). (D) (s ha) = (@01 + b, 23).

4 4

3) (yd) = Qi +4ma, @3). (4) (1, ha) = Qaoy + 302, 20).

Figure 2. The projection images of Grossberg—Karshon twisted cubes.

which determine line bundles £z ,.5,. The polytope in Figure 2(1) has eight facets.
When we change an integer vector (Aq, A,) a little bit, some facets move as one
can see in the figure. In Figure 2(2)—(4) the red dots represent vertices of the
projection for the corresponding integer vector, and the blue dots represent vertices
of the projection for (A, A2) = Qo + 4w, 2w3). For pairs 2w + 4w», 2m3),
(w1 +4w», 2w3), and 2w +4w7, @3), the projections are honest polytopes while
the projection for (2@ + 3>, 2w3) is not.

Remark 5.8. Note that a Grossberg—Karshon twisted cube is neither closed not
convex. When the Grossberg—Karshon twisted cube is a closed convex polytope,
then we say it is untwisted. In [Lee 2020], an interpretation of untwistedness
of Grossberg—Karshon twisted cubes C(i, @) using combinatorics of i and a is
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provided. (Also, see [Harada and Yang 2015; Harada and Lee 2015].) Using
the result [Lee 2020, Theorem 1], Grossberg—Karshon twisted cubes appearing in
Example 5.7 are all twisted. However, their projections can be honest polytopes as
we saw in Figure 2. Determining whether the projection of a Grossberg—Karshon
twisted cube is an honest polytope is a still open problem.
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ON A MODULAR FORM OF ZAREMBA’S CONJECTURE

NIKOLAY G. MOSHCHEVITIN AND ILYA D. SHKREDOV
We prove that for any prime p there is a divisible by p number ¢ = O (p*’)
such that for a certain positive integer a coprime with ¢ the ratio a/q has
bounded partial quotients. In the other direction we show that there is an
absolute constant C > 0 such that for any prime p exist divisible by p num-
ber ¢ = O(p®) and a number a, a coprime with ¢ such that all partial
quotients of the ratio a/q are bounded by two.

1. Introduction

Let a and g be two positive coprime integers, 0 < a < ¢g. By the Euclidean algorithm,
a rational a /g can be uniquely represented as a regular continued fraction

1

(1) L=[0;b1, ..., bl = by >2.
q 1
by +
1

by + n

bad e+ —

3+ + b

Assuming ¢ is known, we use bj(a), j =1, ...,s = s(a) to denote the partial

quotients of a/q; that is,

.= [0;b1(a), . .., by(a)].
q

Zaremba’s famous conjecture [1972] posits that there is an absolute constant £
with the following property: for any positive integer ¢ there exists a coprime to g
such that in the continued fraction expansion (1) all partial quotients are bounded:

bj(a)<t, 1< j<s=s(a).

In fact, Zaremba conjectured that £ = 5. For large prime ¢, even £ = 2 should be
enough, as conjectured by Hensley [1994; 1996]. This theme is rather popular,
especially recently; see, e.g., [Bourgain and Kontorovich 2011; 2014; Frolenkov

This work is supported by the Russian Science Foundation under grant 19-11-00001.
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and Kan 2014; Hensley 1989; 1996; Kan 2016; Kontorovich 2013; Korobov 1963;
Moshchevitin 2007; Niederreiter 1986] and many others. The history of the question
can be found, e.g., in [Moshchevitin et al. 2020]. Here we obtain the following
“modular” version of Zaremba’s conjecture. The first theorem in this direction was
proved by Hensley [1994] and after that in [Magee et al. 2014; 2019].

Theorem 1. There is an absolute constant € such that for any prime number p there
exist some positive integers g = O(p>°), ¢ =0 (mod p) and a, a coprime with q
having the property that the ratio a/q has partial quotients bounded by ¢.

Also, we can say something nontrivial about finite continued fractions with £ = 2.
It differs our paper from [Bourgain and Kontorovich 2011; 2014; Kan 2016; Magee
et al. 2014; 2019].

Theorem 2. There is an absolute constant C > 0 such that for any prime number p
there exist some positive integers ¢ = O(p©), ¢ = 0 (mod p) and a, a coprime
with q having the property that the ratio a/q has partial quotients bounded by 2.

Our proof uses growth results in SLy([F,) and some well-known facts about
the representation theory of SL;([F,). We study a combinatorial question about
intersection of powers of a certain set of matrices A C SL,([F,) with an arbitrary
Borel subgroup and this seems like a new innovation.

In principle, results from [Hensley 1994] can be written in a form similar to
Theorem 1 in an effective way but the dependence of g on p in [Hensley 1994] is
rather poor. Thus Theorem 1 can be considered as an explicit version (with very
concrete constants) of Hensley’s results as well as rather effective Theorem 2 from
[Magee et al. 2019]. Also, the methods of [Hensley 1994; Magee et al. 2014; 2019]
are very different from ours.

2. Definitions

Let G be a group with the identity 1. Given two sets A, B C G, define the product
set of A and B as
AB:={ab:ae€ A, b e B}.

In a similar way we define the higher product sets, e.g., A3 is AAA. Let A~ :=
{a=!:a € A}. The Ruzsa triangle inequality [1996] says that

ICIIAB| < |AC||CT' B
for any sets A, B, C C G. Asusual, having two subsets A, B of a group G denote by
) E(A, B)=|{(a,a1,b,b)) € A*x B* :a”'b=a; 'b;}|

the common energy of A and B. Clearly, E(A, B) = E(B, A) and by the Cauchy—
Schwarz inequality

3) E(A, B)|A™'B| > |A]*|B|*.
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We use representation function notations like r4p(x) or r45-1(x), which counts
the number of ways x € G can be expressed as a product ab or ab~! with a € A,
b € B, respectively. For example, |A| =r 4-1(1) and E(A, B) =rys-155-1(1) =

. rf‘,l 5 (). In this paper we use the same letter to denote a set A C G and its
characteristic function A : G — {0, 1}. We write [F; for F, \ {0}. The signs <
and > are the usual Vinogradov symbols. All logarithms are to base 2.

3. On the representation theory of SL>([F,) and basis properties of its subsets

First of all, we recall some notions and simple facts from the representation theory;
see, e.g., [Naimark 2010] or [Serre 1967]. For a finite group G let G be the set of all
equivalence classes of irreducible unitary representations of G. It is well-known that
size of G coincides with the number of all conjugacy classes of G. For p € G denote
by d,, the dimension of this representation. We write (-, -) for the corresponding
Hilbert—Schmidt scalar product (A, B) = (A, B)gs:=tr(AB*), where A, B are any
two matrices of the same sizes. Put ||A|| = \/(A, A). Clearly, (0(g)A, p(g)B) =
(A, B) and (AX,Y) = (X, A*Y). Also, we have ) .z d} =G|

Forany f:G— Cand p € G define the matrix f (p), which is called the Fourier
transform of f at p by the formula

€ fo)y=>)_ f@r@.

geG
Then the inverse formula takes place
1 A -
(5) f(g)=ﬁzdp(f(p),p(g ),
peG
and the Parseval identity is

1

6) D If@P= Gl D 4l
geG 0eG

The main property of the Fourier transform is the convolution formula

%) Frgp)=Fpip),

where the convolution of two functions f, g : G — C is defined as

(f*®) =) f(Mey~"x).

yeG
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In terms of representations we can express the common energy of two sets A, B C G,
as defined in (2). Indeed, using (6) and (7), we derive

®)  E@A B =) (A xB)x)= Zd IA*(0)B(p)II*.

| SLy ([F )l

Finally, it is easy to check that for any matrices A, B one has | AB| < ||A|l,|| B and

|A]lo < ||A|l, where the operator [ 2_norm ||A||, is just the absolute value of the max-

imal singular value of A. In particular, this shows that || - || is indeed a matrix norm.
Now consider the group SL,(F,) of matrices

g:(i Z):(ablcd), a,b,c,dely, ad—bc=1.

Clearly, | SLao(F,)| = g3 — q. Denote by B the standard Borel subgroup of all
upper-triangular matrices from SL, ([, ), denote by U C B the standard unipotent
subgroup of SL([F,) of matrices (1u]01), u € [, and denote by A C B the subgroup
of diagonal matrices. B and all its conjugates form all maximal proper subgroups
of SL,(F,). Detailed description of the representation theory of SL;(F,) can be
found in [Naimark 2010, Chapter II, Section 5]. We formulate the main result from
[Naimark 2010] concerning this theme.

Theorem 3. Let p > 2 be a prime number and q = p". There are q + 3 nontrivial
representations of SL([F,), namely:

. %(q — 3) representations T, of dimension q + 1 indexed via %(q —3) nontrivial
multiplicative characters x on F*, x* # 1.

o A representation T of dimension q.

o Two representations TXJT . T, of dimension 2(q +1), Xl =1.

o Two representations S;l, Sz, of dimension 2(q —1).

. %(q — 1) representations Sy of dimension q — 1 indexed via %(q — 1) nontrivial
multiplicative characters 7w on an arbitrary quadratic extension of T, T £ 1.

By dnin and dpax denote the minimum and maximum over dimensions of all
nontrivial representations of a group G. Thus the result above tells us that in the
case G = SLy([F,) these quantities differ roughly by a factor of two. Below we
assume that g > 3.

Theorem 3 has two consequences, although, a slightly weaker result than
Lemma 4 can be obtained via the classical theorem of Frobenius [1896]; see,
e.g., [Shkredov 2018]. Originally, similar arguments were suggested in [Gowers
2008; Nikolov and Pyber 2011; Sarnak and Xue 1991].
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Lemma 4. Let n > 3 be an integer, A C SLo(Fy) be a set and |A| > 2(q + 1)2g%/".
Then A" =SLy(F,). Generally, if for some sets X1, ..., X, € SLy([F,) one has

[T1x/1> @ag+1)"(q - 1)

then X;...X,, = SLz([Fq).

Proof. Using (6) with f = A (i.e., according our notation f is the characteristic
function of the set A), we have for an arbitrary nontrivial representation p that

~_ (JAISLa(FOI\? _ (141> =) \"?
9 Allo il Al Ca} _ (2RY —49) '
) Al < ( a d
Hence for any x € SLy([F,) we obtain via formulae (5), (6) and estimate (9) that

A" Al =" g
| SLa(Fy)| din g

ran(x) >

provided |A|" > 2"2(q + 1)"q" (¢ — 1)%. The second part of the lemma can be
obtained similarly. This completes the proof. (|

Remark 5. It is easy to see (or consult Lemma 6 below) that bound (9) is sharp,
e.g., take A =B.

For any function f : G — C consider the Wiener norm of f defined as

(10) Ifllw == Gl Zd 1f (o).

,oeG
Lemma 6. Let G be a a group and T be its subgroup. Then ||T'||w < 1. Moreover,
IBllw = 1, further ||B(T1)|| = ||B(T1)||0 = |B| and the Fourier transform of B

vanishes on all other nontrivial representations.

Proof. Since T is a subgroup, we see using (6) twice that

TP =01y, ) €T i yiyn = y3}|—|G|Zd (T2(p), T(p))
peG

Zd o), FIFOI, < Zd (T(p). T(p)) = T2,

IGI |G|

because, clearly, ||F(,0)||0 < |I'|. This means that for any representation p either
IT(0)|l = 0 (and hence [IT(p)ll, = 0) or [T(p)I| > [T (p)llo = IT| (alternatively,

one can use the usual calculations, namely, ZyeF P(YVs) = ZyEF p(V) - p(Vs)
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for any y, € I' but then one needs to be careful with divisors of zero). Another
application of (6) gives us

Zd IT ()l =TT w-

1 ~
(1) |Tl=— Y d,IT(|*>IT|-
G| ; ’ Gl

Hence ||T'||w < 1 as required.

Now let us prove the second part of the lemma. We write I, for the identity matrix
and let Z, be the zero matrix of size n x n. Also, we write diag(dy, ..., d,) for the
diagonal matrix with diagonal entries dy, ..., d,. Finally, let e(-) be an additive
character of I,. For u;, € U, u, = (1b|01), we have [Naimark 2010, pp. 121-123]
that in a certain orthogonal basis Tl (up) = diag(1, e(b), ..., e(q — 1)b) and for
g = (A0]0A™") € A the matrix Tl (g2) 1is the direct sum of /; and a permutation
matrix of size (g—1) x (g—1). Clearly, B=AU=UA and hence ﬁ(p) = Z(p)ﬁ(p)
for any representatlon P But from above U(Tl) is the direct sum g I EBZq 1. Further
one can show that A(Tl) =(@q—-11®2-J, where J = (Ju)lq] | 18 a certain
(g — 1) x (g — 1) matrix with all components equal one for i /j belonging to the set
of quadratic residues. Such precise description of J is not really important for us,
it is enough to see that K(ﬁ) isadirect sumof (g — 1)l anda (g — 1) x (g — 1)
matrix. Hence

B(T) = AT)HU(T) =q(q — D1 & Zg-1.
Thus |B(T)Il = [B(T1)ll, = IB|. Applying (11), we obtain

IB? q B?
12 Bl > + Ti ——(14+¢9)=|B|.
(12)  [B| ISLa(Fy)] ISLz([Fq)I” B(T)|* = SLo(F, )I( q) = |B|

It follows that for any other representations Fourier coefficients of B vanish. This
completes the proof. ([

Lemma 6 gives us an alternative way to show that A> N B # @. Indeed, just use
estimate (9) and write

|AP|B| 1Al(¢® -\
rasp(1) = ———— — |Bllw | ———

| SLa(F,)] i
_ _1APB <|A|<q3 —q))”2 o
| SL2([Fq)| dmin ’
provided
(13) Al ¢

We improve this bound in the next section.
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4. On intersections of the product set with the Borel subgroup

It was shown in the previous section (see Lemma 4) that for any A C SL,(F,) one
has A3 = SL,(F,), provided |A]? > ¢® and in the same way the last result holds
for three different sets, namely, given X, Y, Z C SLy(F,) with |X||Y[|Z]| > ¢8
we have XYZ = SLy([F,). It is easy to see that in this generality the last result is
sharp. Indeed, let X = SB, Y = BT, where S, T are two sets of sizes ,/q/2 which
are chosen as | X| ~ |S||B| and |Y| ~ |T||B]| (e.g., take S, T from left/right cosets
of B thanks to the Bruhat decomposition). Then XY = SBT, and hence | XY| <
[SIIT|IB] < |SL2(F4)|/2. Thus we take Z " to equal the complement to XY in
SL,(F,) and we see that the product set XY Z does not contain 1 but | X||Y[|Z] > qg.

Nevertheless, in the “symmetric” case of the same set A this 8/3 bound (13)
can be improved; see Theorem 9 below. We need a simple lemma and the proof of
this result, as well as the proof of Theorem 9 extensively play on noncommutative
properties of SLo(F,).

Lemma 7. Let g ¢ B be a fixed element from SL,(F,). Then for any x one has
ngB(x) < q — 1.

Proof. Let g = (ab|cd) and x = (aB|y5). By our assumption ¢ # 0. We have

14 AU ab\(uw v\ _ (Qatuc)u * (o B
(19 0r")J\cda)\o put)™ uc/r  ve/rA+d/aw))  \y §)°

In other words, & = Ayc~! # 0 (hence y # 0 automatically) and from
o= Aa+uc)u = kyc‘l(ka 4+ uc)

we see that having A we determine u uniquely (then, (14) gives us i, v automatically).
This completes the proof. (]

Lemma 7 quickly implies a result on the Bruhat decomposition of SLy([F,).
Corollary 8. Let g € SLy(IF,) \ B. Then BgB = SLo(F,) \ B.
Proof. Clearly, BNBgB = & because g € SLy([F,) \ B. On the other hand, by

Lemma 7, we have

E(B.gB) =) rgp() <(g—1) ) rpg(x) =(q— DB
X X
Using the last bound and estimate (3), we obtain
BI* _IBIY
EB.gB) ~ (¢ —1)|BJ?

|BgB| > q® —q* =1|SLy(F,) \ B|.

This completes the proof. (]
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Using growth of products of B as in the last corollary, one can combinatorially
improve the constant 8/3 (to do this combine Lemma 4 and bound (22) below).
We suggest another method which uses the representation theory of SL;([F,) more
extensively and which allows to improve this constant further.

Theorem 9. Let A C SL,(F,) be a set, |A| > 4q'3/". Then A> N\ B # @. Generally,
A" NB # O provided |A| > 4¢*+4/Gn=2),

Proof. Let g ¢ B and put Ay = A® N gB, where ¢ € {1, —1}. Also, let A =
max,, ¢¢B |Agl. Since we can assume ANB = &, it follows that
(15) E(A, B)-Z riop(0) = i) < A[BJIA

x¢B

and similarly for E(A~!, B). On the other hand, from (8) and by the second part of
Lemma 6, we see that

16 AIB||A| > E(A,B —EdA B
(16) IBI[A] > E(A,B) = ISP IA*(0)B(0)|1?
q T
= — | A*(T)B(T)I%,
|SL2([Fq)|” (THB@)I?

and, again, similarly for ||X (Tl)ﬁ(ﬁ) |I>. Now consider the equation b1a’a”ab, = 1
or, equivalently the equation a”ab, = (a/)_lbl_l, where a,a’,a” € A and by, b, €B.
Clearly, if A3NB = @, then this equation has no solutions. Combining Lemma 6
with bound (16) and calculations as in the proof of Lemma 4, we see that this
equation can be solved provided

q A2 TAND T A* T A* T
—— - [{(AT(T)B(Th), A*(T1)B™(T))]
| SL2 ()
q T2 TNRT S TANRT
S o= 1A (T)BT) || - |A™(T)BT) ||
[ SL2(Fg)]
q VA Y N ND ~
S o= IAT)BT) AT (T)BT) | | Al
ISLyFl : ‘
~ |A]*|B|?
S ABIA[Allp < 7=
[ SL2(Fy)|
In other words, in view of (9) it is enough to have
(17) A[*>2(g+1)°A%|Alg(g + 1)

or, equivalently,

(18) 2q(q +1)°A* < AP
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Now let us obtain another bound which works well when A is large. Choose g ¢ B
and ¢ € {1, —1} such that A = |A§|. Using Lemma 7, we derive

(19)  EB.AD =) ris () <Y roas(0)rpe(x) < (¢ — DIBIIA],
X X

and hence by the Cauchy—Schwarz inequality, we get

2 A€ 2
IBI7|AG| < IBI|Ag] _
EB,A5) ~ g—1
Consider the equation a,(a’a”)® = b, where b € B, a, € A% and a’,a” € A. Clearly,
if A>NB = @, then this equation has no solutions. To solve ag(a’a”)® =bitis

enough to solve the equation z(a’a”)® = 1, where now z € BA;. Applying the
second part of Lemma 4 combining with (20), we obtain that it is enough to have

(20) [BAG| >

8¢°(q +1)°(q — 1) < qAlAP < |BAY||A)?
or, in other words,
21 84°(q +1)°(q = D’ < AJAP
Considering the second power of (21) and multiplying it with (18), we obtain
A" >2%" 227 (@ +1)°(q = D*

as required.
In the general case inequality (18) can be rewritten as

|A|” > 2n—2A2(q + l)nqn—Z
and using the second part of Lemma 4, we obtain an analogue of (21),
A"TIA 22" g+ )" (g - D,

Combining the last two bounds, we derive the required result. This completes
the proof. U

Remark 10. It is easy to see that Theorem 9, as well as Lemma 7 (and also
Lemma 6) take place for any Borel subgroup not just for the standard one.

Remark 11. It is easy to see that the arguments of the proof of Theorem 9 give
the following combinatorial statement about left/right multiplication of an arbitrary
set A by B (just combine bounds (15) and (20)), namely,

(22) max{|AB|, |BA|} > min{g*/?|A|"/?, |A|?¢ 7).

As we have seen by Theorem 9 we know that A” N B # & for large n but under
the condition |A| > ¢?*¢ for a certain & > 0. For the purpose of the next section
we need to break the described g2-barrier and we do this for prime ¢, using growth
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in SLo(F ). Let us recall quickly what is known about growth of generating sets
in SLy(F,). Helfgott [2008] obtained his famous result in this direction and we
proved in [Rudnev and Shkredov 2018] the following form of Helfgott’s result.

Theorem 12. Let A C SL,([F),) be a set, A = A~ which generates the whole group.
Then |[AAA| > |A|'F1/20

Thus in the case of an arbitrary symmetric generating set and a prime number p
Theorem 12 combined with Theorem 9, allow to obtain some bounds which guar-
antee that A" = SL,(F,). For example, if A generates SL,(F,), A = A~! and
Al > p¥€ e < %, then A" NB # & for n > (84 —42¢)/(2 — 21¢€). On the other
hand, the methods from [Helfgott 2008; Rudnev and Shkredov 2018] allow us to
obtain the following result about generation of SL,([F,,) via large and not necessary
symmetric sets (the condition of nonsymmetricity of A is rather crucial for us, see
the next section).

Theorem 13. Let A C SLy([F,) be a generating set, p > 5 and |A| > pz_e, €< %

Then A" NB # & for n > (100 — 50€) /(2 — 25¢). Also, A" = SL,(F ), provided
n > 144/(2 —25¢).

Proof. Put K = |AAA|/|A|. We can assume that, say, |A| < [)24“2/35 because
otherwise one can apply Theorem 9. We call an element g € SL,([F,) regular if
tr(g) # 0, £2 and let C, be the correspondent conjugate class, namely,

Co ={s € SLy([F)) : tr(s) =tr(g)}.

Let T be a maximal torus such that there is g € TN A~ A and g # 1. By [Rudnev
and Shkredov 2018, Lemma 5] such torus T, containing a regular element g, exists,
otherwise K > |A|?/3. Firstly, suppose that for a certain 4 € A the torus 7' =hTh™!
has no such property, i.e., there are no nontrivial elements from A~'A N T". Then
for the element g’ = hgh™' € T’ (in the case T = T, the element g’ is regular) the
projection a — ag'a”!, a € A is one-to-one. Hence |A2A"1AA™2 NCe| = |Al. By
[Rudnev and Shkredov 2018, Lemma 11], we have |SNC,| < [S71S|?/3 + p for
any set S and regular g. Using the Ruzsa triangle inequality, we obtain
(23) [(A2A7'AATH)1(A%ZATTAATY)
<JAITHAPATTAAT3)APATTAA T
=AITATATIAAT P IAIT (AT ATATR AP ATR)?
<IAIT (A IAYIATP)? < K P A]
and hence
Al < [(A2A7TAA2) "1 (A2ATTAAD) PP 4 p <« KA
This gives us K > |A|V/24,
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In the complementary second case (see [Rudnev and Shkredov 2018]) thanks
to the fact that A is a generating set, we suppose that for any h € SL,(F,) there
is a nontrivial element from A~'A belonging to the torus /Th~!. Then A~'A is
partitioned between these tori and hence again by [Rudnev and Shkredov 2018,
Lemma 11], as well as the Ruzsa triangle inequality, we obtain

(AATTAA™HYHAATTAATY < A7 A2A A2
<IAITN (AT A2 ATRA2ATY))?
<

1A (1A A% N < KBA)
and whence

KA > A7 Al > > IA"'ANKThY|
heSLy(Fp)/N(T)
2 |A|

PP AATAA ) (AA TAA D/

> pYA|K 19,

where N (T) is the normalizer of any torus 7, |[N(T)| < |T| < p. Hence thanks
to our assumption |A| < p¥t2/35 we have K > p3/11 A7/ > |A|'/?* In other
words, we always obtain |AAA| > p?>T(2=29/24 After that apply Theorem 9 to
find that A" N B # & for n > (100 — 50¢) /(2 — 25¢). If we use Lemma 4 instead
of Theorem 9, then we obtain A" = SL,(F,,), provided n > 144/(2 — 25¢). This
completes the proof. ([

Thus for sufficiently small € > O one can take n = 51 to get A" NB # & (and
n =73 to obtain A" = SL,([F,)). In the next section we improve this bound for a
special set A but nevertheless the arguments of the proof of Theorem 13 will be
used in the proof of Theorem 2 from the Introduction.

We finish this section showing that generating sets A of sizes close to p? (actually,
the condition |A| = 2 (p>/?7#) is enough) with small tripling constant K = |A3|/|A|
avoid all Borel subgroups.

Lemma 14. Let A C SLy(F,) be a generating set, p > 5 and K = |A3|/|A|. Then
for any Borel subgroup B, one has |ANB,| < 2pK>3|A|'/3,

Proof. We obtain the result for the standard Borel subgroup B and after that apply
the conjugation to prove our lemma in full generality. Let y € [}, be any number
and /,, be the line

L, = {(yul0y~" :u e F,} C SLa(F)).
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By [Rudnev and Shkredov 2018, Lemma 7], we have |[A N[, | < 2|A3A~TA|Y3,
Using the last bound, as well as the Ruzsa triangle inequality, we obtain

|ANBI< ) [ANL | <2plA°AT A"
ye[F’l;
<2p(ANIAT2 AL/ 1ADYP <2pKPIAI'E.
This completes the proof. ]
Remark 15. Examining the proof of Lemma 7 from [Rudnev and Shkredov 2018]
one can equally write [A N, | < 2|A3A~2|'/3 and hence by the calculations above

|ANB,| <2pK*3|A|'/3. Nevertheless, this better estimate has no influence to the
final bound in Theorem 1.

Remark 16. Bounds for intersections of A C SL,(F,), K = |A3|/|A| with gB,,
where g ¢ B, are much simpler and follow from Lemma 7 (also, see Remark 10).
Indeed, by this result putting A, = A N gB,, we have

Ayt Al ALl?

I_TI > |_1*| > |A|
E(AY ", Ay) E(Ay ", gB.) q— 1

without any assumptions on generating properties of A.

K|A| = |AA| 2 [A Ay 2

5. On Zaremba’s conjecture

In this section we apply methods of the proofs of Theorems 9, 13 to Zaremba’s
conjecture but also we use the specific of this problem, i.e., the special form of the
correspondent set of matrices from SL([F ).

Denote by Fj;(Q) the set of all rational numbers % (u,v) =1 from [0, 1] with
all partial quotients in (1) not exceeding M and with v < Q:

FM(Q)={%=[0;b1,---,bs]i(M,v)=1,0§u§v§Q,b1,..-,bsSM}-

By F)s denote the set of all irrational numbers from [0, 1] with partial quotients less
than or equal to M. From [Hensley 1992] we know that the Hausdorff dimension w,
of the set F); satisfies

6 1 T72logM 1
(24) wy=1-———— ——+0 e

), M — o0,
however here we need a simpler result from [Hensley 1989], which states that

1
25 1-— = —
(25) Wy X o

with absolute constants in the sign <. Explicit estimates for dimensions of Fj; for
certain values of M can be found in [Jenkinson 2004; Jenkinson and Pollicott 2001]
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and in other papers. For example, see [Jenkinson and Pollicott 2001],
wy = 0.5312805062772051416244686 . . .

Hensley [1989; 1990] gave the bound

(26) |Fp(Q)] =m Q™M

Now we are ready to prove Theorem 1 from the Introduction. One has

01 01 Ps—1 Ps

(27) <1 bl) (1 bv) B <qx—l ch> ’

where py/qs = [0; by, ..., bg]l and ps_1/qs—1 = [0; by, ..., by—1]. It is clear that
Ps—19s — Psqs—1 = (—1)°. Let Q@ = p — 1 and consider the set Fy(Q). Any
u/v € Fy(Q) corresponds to a matrix from (27) such that b; < M. The set
Fy(Q) splits into ratios with even s and with odd s, in other words Fy(Q) =
Fy(o) L F]{’fd(Q). Let A C SLy(F,) be the set of matrices of the form above
with even s. It is easy to see from (26), multiplying if it is needed the set F;’,Idd(Q) by
(01116)", 1 < b < M that [Fy (O >u [ Fu(Q) >um Q%m Tt is easy to check
that if for a certain n one has A" NB # &, then g, from (27) equals zero modulo
p and hence there is u/v € Fy((2p)") such that v =0 (mod p). In a similar way,
we can easily assume that for any g = (ab|cd) € A all entries a, b, ¢, d are nonzero
(and hence by the construction they are nonzero modulo p); see, e.g., [Hensley
1994, p. 46] (the same paper [Hensley 1994] contains the fact that A is a generating
subset of SL>(F)). Analogously, we can suppose that all g € A are regular, that
is, tr(g) #0, £2. Let K = |AAA|/|A| and K= |[AA|/|A]=K¥ 0<a< 1.

We need to estimate from below cardinality of the set of all possible traces
of A, that is, cardinality of the set of sums g; + py—; (this expression is called
“cyclical continuant”). Fix ps_; and g;. Then ps;_19s — 1 = psgs—1 and thus p;
is a divisor of p;_1gy — 1. In particular, the number of such p; is at most p® for
any ¢ > 0. But now knowing the pair (p;, g5), we determine the correspondent
matrix (27) from A uniquely. Hence the number of different pairs (ps—_1, gs) is
at least Qy/(p~¢| Fy(Q)|) and thus the number of different traces of all matrices
from A is Q(p~'7¢|A|). This holds both in Z and in [F, because for any fixed
A € [, the equation p;_| +¢g5 = A (mod p) has at most p solutions. Actually, one
can refine the term p® in 3;(p~'~¢|A|) but is has no effect on the final bound and
so below we just ignore it.

Now recall [Rudnev and Shkredov 2018, Lemma 12], which is a variant of the
Helfgott map [2008] from [Murphy 2017] (we have already used similar arguments
in the proof of Theorem 13). For the sake of the completeness we give the proof of
a “statistical” version of this result.
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Lemma 17. Let G be any group and A C G be a finite set. Then for an arbitrary
g € G, thereis Ay C A, |Ag| = |A|/2 such that for any ag € Ay the following holds:

(28) |A|/2 < |Conj(g) N AgA™'| - |Centr(g) Nay ' Al.
Here Conj(g) is the conjugacy class and Centr(g) is the centralizer of g in G.

Proof. Let ¢ : A — Conj(g) N AgA~! be the Helfgott map ¢(a) := aga™'. One
sees that p(a) = ¢(b) if and only if

b~ lag = gb~'a.
In other words, b~ 'a € Centr(g) N A~!A. Clearly, then
29) |Al= Y. la€A:gp@=c}|
ceConj(g)NAgA~!

<2 > HaeAzp@) =c}|.

ceConj(g)NAgA~!: [{acA:p(a)=c}|>|A|/(2|Conj(g)NAgA|)
For ¢ € p(A) C Conj(g) NAgA~! put A(c) = ¢~ '(c) € A and let
Ag = | | A(c).
c1|A()|>|Al/(2IConj(g)NAgA=|)

In other words, estimate (29) gives us

Aol = 1A(0)] > |A]/2.

But for any b € A one has |Centr(g) Nb~'A| > |A|/(2|Conj(g) N AgA™!|) as
required. This completes the proof of the lemma. ([

Now summing inequality (28) over all g € A with different traces, we obtain in
view of the Ruzsa triangle inequality that

(30) AP~ <u |AAAT!| - max |Centr(g) Nag ' (g)Al
ge
< KK|A| -max |Centr(g) Na;'(g)Al.
ge

Here for every g € A we have taken a concrete ap(g) € Ag(g) but in view of
Lemma 17 it is known that there are a lot of them and we will use this fact a little
bit later. Now by [Helfgott 2008, Lemma 4.7], we see that

(ay ' (8)A)gx(ay (&) A) gy (ay ' (€)A) ™| > [Centr(g) Nay ' (g) AP,

where g, = (ab|cd) is any element from A such that abcd # 0 in the basis where g
has the diagonal form. Thanks to Lemma 14 and Remark 16 we can choose
g« = ao(g), otherwise |A| < p>/?K>/2 In the last case if, say, |A| > p> 1735, then
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K > p3¥/175 and hence |A3| > p?*t#/%, Using Theorem 9, we see that one can
take n = 27 and this is better than we want to prove. Then with this choice of g,
we have by the Ruzsa triangle inequality

|A%g; AT < JA2ATY < KPA,

and hence |Centr(g) Na, ! (9)AlKK 2/31A|1/3, Substituting the last bound into (30),
we get

31 |APp~" <y KKIA|- K*P| A
and hence

In other words, |[AAA| >y p>twn(14+6a)=13-60)/(5+30) Take M sufficiently large
such that wys (14 + 6«) — 13 — 60 > 0. Using Theorem 9, we see that for any

wy (284 12a) — 6
nz
wy (14 +6a) — 13 — 6
one has A" NB # &. On the other hand, from (32), we get

(33)

|AA| — |A|Ka > p2+(wM(10+1001)—10—90{)/(54—30{)'

Suppose that wy; (10 4+ 10a) — 10 — 9 > 0. It can be done if o > 0 and if we take
sufficiently large M. Applying Theorem 9 one more time, we derive that for any
. g ' wa (20 4+ 20) — 6

“ 3 wy(10+10a) — 10 — 9«
one has A" NB # &. Comparing (33) and (34), we choose « optimally when

(34)

a?(120w3, — 12wy —72) +a(400w3; — 368wy +6) +280w3, + 180 — 500wy =0

and it gives
1802 + 190 —20 =0

and whence o = %(—19 + 4/1801) 4+ 0y (1) as M — +o00. Hence from (33),
say, we obtain n > 1(47 ++/1801) + oy (1) > 29.81 + 0y (1). Taking sufficiently
large M, we can choose n = 30. If « = 0, then for sufficiently large M estimate (33)
allows us to take n = 23. This completes the proof. ([

Combining the arguments above with Theorems 9, 13, we obtain Theorem 2
from the Introduction. Actually, if we apply the second part of Theorem 13, then
we generate the whole SLo(F,,) (and this differs our method from [Magee et al.
2019], say). Because in the case £ =2 we use results about growth in SL,([F,) for
relatively small asymmetric set A (|A] > p?*2 > p'%2) our absolute constant C
is large. It is easy to see that the arguments of this section on trace of the set A



210 NIKOLAY G. MOSHCHEVITIN AND ILYA D. SHKREDOV

begin to work for wy; > % (see Lemma 14, as well as estimates (30), (31)) and in
this case the constant C can be decreased, although it remains rather large.
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THE FIRST NONZERO EIGENVALUE
OF THE p-LAPLACIAN ON DIFFERENTIAL FORMS

SHOO SETO

We introduce a generalization of the p-Laplace operator to act on differ-
ential forms and generalize an estimate of Gallot and Meyer (1973) for the
first nonzero eigenvalue on closed Riemannian manifolds.

1. Introduction

Let (M, g) be an n-dimensional closed Riemannian manifold. Motivated from the
variational characterization of the Laplacian eigenvalue problem, we define the
L?-Dirichlet integral on k-forms (introduced in [Scott 1995]) by

) Fla] 1=/ ldec]l? + lld*all?, o € Q(M),
M

where d* is the L2—adjoint of the exterior derivative d. Note that F[«] = 0 if and
only if & € H¥(M), that is, the minimum is zero and is attained for harmonic
k-forms, i.e., o € ker(d) Nker(d*). For a nonzero infimum we consider the space

@) A= {aew"P<Q"(M)>]f fecll” =1, / lorll”™2 e, ) =0, wer(M)},
M M

where the space whr(Qk(M)) is the (1, p)-Sobolev space of differential k-forms
defined in [Scott 1995]. See Section 3 for the precise definition. Computing the
Euler—Lagrange equation leads us to the defining the following operator:

Definition 1.1 (p-Hodge Laplacian).
(3) Apa = d*(|da||P*da) +d(|d*a|"2d*@), oe QX(M).

When p =2, this becomes the usual Hodge Laplacian. For p #2 and o € C*°(M)
A, becomes the usual p-Laplacian. The corresponding eigenvalue equation is given
by

4) Apa =Allal” e, ae QM)

MSC2010: 47)10, 53C65.
Keywords: differential forms, Hodge Laplacian, p-Laplacian, Weitzenbock curvature.
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and the variational principle tells us that
A =inf{Fla] | a € A).

See Section 3 for details. When p = 2, there is much work on the spectrum of the
Hodge Laplacian acting on differential forms. Among many others, we point out the
work of Gallot and Meyer [1973; 1975] who show an estimate of the first eigenvalue
using bounds from the Weitzenbock curvature on compact Riemannian manifolds.
For manifolds with boundary, among many others, see the works [Kwong 2016;
Savo 2009; Raulot and Savo 2011].

For p #2, the p-Laplace eigenvalue problem on 0-forms (functions) has attracted
much attention. See notes by Lindqvist [2006] for a general reference on the p-
Laplace equation. For estimates on the first eigenvalue relating to the curvature,
among many other works, see [Matei 2000; Naber and Valtorta 2014; Seto and Wei
2017] for eigenvalue estimates with Ric > K, K € R.

Remark 1.2. There is also a related notion of p-harmonic k-forms which looks at
the minimizer in a cohomology class of k-forms with finite L”-norm, i.e.,

inf /||a||”.
acHN M) M

The critical point of the variation leads to the following definition of p-harmonic,
for closed k-forms «, if

dyi=d*(Je|"?a) =0
then « is p-harmonic. See [Dung 2017].

In this paper we prove the following lower bound estimate for the first eigenvalue:

Theorem 1.3. Let M" be a closed Riemannian manifold with the eigenvalues of
the curvature operator bounded below by H € R and p > 2. Then

N >( k(n — k) HYW
=2+ (p-2)/2) ’

where

C:max{ k n—k }

k+1" n—k+1
Remark 1.4. When p =2, the above recovers the estimate due to Gallot and Meyer
[1973] (see also [Gallot and Meyer 1975]), for 1 <k <%,

A > k(n—k+ 1DH.

The organization of this paper is as follows. In Section 2 we review some known
estimates for differential k-forms. In Section 3 we show that the infimum can be
characterized as an eigenvalue problem. In Section 4 we give the main estimate. In
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Section 5 we give a brief discussion on boundary conditions for differential forms
and possible future directions.

2. Some estimates on Q¥ (M)

We first recall the Weitzenbock curvature

Definition 2.1. Let p € M and let {E;}_, be an orthonormal frame at p. Then for
o € QK(M), define the Weitzenbock curvature Wy by

Wi(@)(X1, ..., Xp) =) (R(Ej, X)) (X1, ..., Ej, ..., X¢).
Note that on 1-forms, this is simply the Ricci tensor.

If the eigenvalues of the curvature operator are bounded by H € R, we can show
that

(5) (Wi(@), &) > k(n — k) Hll« .

The Weitzenbock curvature appears in the main tool we use in obtaining our estimate,
which is the Bochner—Weitzenbock formula for k-forms:

(6) IAll]* = (A, @) — | Va||* — (Wk(a), o),

where A := A, =dd*+d*d. Note that for exact 1-form ¢ =df, since Vdf =Hess f,
the usual Cauchy—Schwarz inequality will give us an estimate on the middle term.
For k-forms, we will need the following:

Lemma 2.2 [Gallot and Meyer 1973]. Let @ € QK(M),1 <k <n—1. Then
1 2 1

7 Val? > ——

) IVel 2 g el +

We give a proof for completeness. The proof we give is in the context of con-
formal Killing forms and can be found in various sources, for instance, [Moroianu
and Semmelmann 2003].

ld*a|?.

Proof. Consider the two linear maps
CTM @ QM) — QK1 (M)

(v, ) = o

and
A QUMY @ QK (M) - QN (M)

AB,a) =B Aa.
Let ¢* and A* be their metric adjoint. Then

Aot*(@)=0 and toA*(a)=0,
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so that we get the decomposition
TM® QM) ~im(i*) @ im(A*) @ Y,

where Y is the orthogonal complement. By direct computation, for & € Q¥ (M), we
have

tot*(@y)=m—k+1a and AoA*(a)=(k+1)a.
Viewing Vo e '(TM ® Qk(M)), From the decomposition,

Va ="+ Ay +38,
applying ¢, we have
tVa=m—k+1)B.

So the projection operator onto im(¢*) is given by

7V = f1Va

n—k+1
and similarly

— 1 *
7T/\*v0l = k+1 AN AVa.

Let T := 7 (Va) the projection onto the orthogonal complement space. Since
do=A(Va) and d*o=—1(Va),

we have the decomposition
Ta(X)=Vxo— ﬁtxda + ml_’_lX* ANd*a
and taking the norm gives us
IVl = ITal? + —— da]* + ——|d"al?,
k+1 n—k+1
which implies (7). Ul
Remark 2.3. The projection operator 7 defined above is called the twistor operator

and a form o € Q¥(M) is called a conformal Killing form if 7o = 0.

The following lemma was pointed out by N.T. Dung and gives us a way to control
the interior product by using an orthogonal decomposition of forms as the image
under an interior product.

Lemma 2.4 [Dung and Sung 2019, Lemma 3.5]. Let V € TM, o € QK+, B e QF,
Then

(v, B < IV IH«lIAL-
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3. Variational characterization of the eigenvalue

In this section we will compute the Euler—Lagrange equation of (1) and show that
the extremal problem can be reformulated as an eigenvalue problem. Analogous to
the O-form (function) case, we will look at weak solutions lying the (1, p)-Sobolev
space of differential k-forms first defined by Scott [1995] as

WEP QK (M) := {a € W(QK(M)) | &, dat, d*a € LP (% (M)},

where W (QX(M)) is the classical Sobolev space of k-forms, i.e., o is locally
integrable and admits a generalized gradient.

Definition 3.1. We say that A is an eigenvalue, if there exists a k-form o €
WhP(QK(M)) such that

f I 2 (da, dB) + / | a2 (d e, d*B) = A / P2, B,
M M M

for any B € C®°(QF(M)).

We will show the first nonzero eigenvalue A can be characterized as the infimum
of the L?-Dirichlet energy over the space A given in (2).

Proposition 3.2. For closed manifolds M and p > 2,

M =inf{/ Ilda||” + |d*a | ‘ ae Ak}.
M

Proof. Let w be a fixed harmonic form and let (¢) € A for small ¢ > 0 such that
B(0) = . Computing the first variation of (1), we have

d
TFBW)]

=p f Ida||”~(da, dB'(0)) + ||d*a||P~*(d*a, d*B'(0))
t=0 M

= P/ (Apa, B'(0)).
M
Next we compute the variation of the constraints so that

d _ -2 ’
& s =r [ a0

and
o / 1817728, @)| _ =(p=2) / lel”~* e, B'(0)) fet. ) + [P 72(B(0). ).
M t=0 M

By the Lagrange multiplier method, there must be some A and p such that for
B € QX (M),

f (Apet, B) = A / P2, B) + 1 / P~ (e, B) e, ) + P~ (B. ).
M M M
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Setting 8 = w, we have

0= uf loel|?~* (e, ) + [P~ |ew]|*
M

so that u = 0. Therefore,
Apa = Alla|”2a. a

4. Proof of Theorem 1.3

We will consider the following integral

f(Apa, Aa):/ (Apoz,dd*a)+/ (Ap,d*da).
M M M

Let o € Q¥(M) be an eigenform satisfying (4). Then
(8) / (Apa, d*da) = / ||~ (e, d*dor)
M
:x/ (d(lal”?a), de)
M

= x/ (dlall”?) Aa, doc)H/ leel|?~2 | de|?
M M

and

©) f(Apa,dd*m:k/ lecll P~ (@, dd*a)
M M
=X/ (d* ()P @), d*)
M
=A/ ||a||p_2||d*a||2—k/ (19 ayr—2at, d*e).
M M

On the other hand, by using the Bochner—Weitzenbock formula (6) we have
(10) / (Apa, Aa)
M
Y / P2 (e, Ad)
M
= xf (P =DlelP 2V llell* + Nl P2 Ve | + P> (W), @)).
M
Combining (8), (9), and (10), we obtain

(1 /(d(||a||p—2)Aa,da)—f(tv”a”p 2, d*a) / P2 da]?
M M

/ P2
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11 = —2)|le||P 2|V [|ex]l]? P72 Va|? P2(W,
(11 cont) = [ (=Nl IVl +llell” 2 Ve |* + | P~* (Wi (a), @)).
M
Using Lemma 2.4, the first term of (11) can be estimated as

f (dlall”?) Aa, dar)
! = | {o tvjapr-2(da))
M

< / IV llecll? =2 lldell e
M
=(p—2) fM lee|P=272 ] Vel || llee | P=272 || de |

= 232 [ a2 vian - 252 [ atr2lda?
M M

and similarly for the second term,
— f (twapr2a, d*a) < / IVIel”2llellld*e|
M M
=(p—2) f el P22 Vel [ llee )| P =272 | d e
M
-2 _ 2 -2 _
< @22 [ a2 Ve [P+ 252 [ el 2aal
M M
Applying these estimates to (11), we get
—2)+2 _ —2)+2 _
=232 [y 2dag? + =22 [ o -2aa?
M M

> / P2 Vel + / P2 (Wi (@), @)
M M

1 p—2 2 1 =21 7% 112 p—2
= g | el il + o [t + [ a0 o.

Let

C::max{L n—k }
k+1 n—k+1
Using
1-2/p 2/p
/ ||a||f’—2||da||zs</ ||a||f’) </ ||da||")
M M M
and

5 ) 1-2/p 2/p
/IIO!II”_ lld o]l 5(/ ||allp> (/ IId*aII”) ,
M M M
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we have

(e () (L o) ([ )]

> / P2 (We(), a).
M

For p > 2, and using the lower bound of the Weitzenbdck curvature (5), we have

_y 1-2/p 2/p
z<2/p>—1(c+(” . ))< / ||a||P) ( / ||da||P+||d*oe||P)
M M

zk(n—k)H/ el
M

Using the fact that fM lda||? + || d*a]|P = A fM le||? for eigenform o, we get

2 k(n —k)
22PN (C+(p-2)/2)

5. Boundary conditions

In this section we briefly discuss the situation of a compact manifold M with
nonempty smooth boundary d M. Let n denote the unit outer normal vector and
let J : 9M — M be the inclusion. Then J*« is the restriction of a form to the
boundary. Then d and its adjoint d* are related with an additional boundary term
given by

/ (da, ﬂ)zf (o, d*ﬂ>+/ (J*(@), uB), aeQM), pet ).
M M oM

and the corresponding Green’s formula for the p-Laplacian is
(Apat, p) = f ldee||P~2(det, dp) + f ld*a]|P(d* o, d*B)
M M

— f (tu(ldal|P~2da), T*(B)) + / (ld*allP 2T (@*a), t:B).
oM oM

The two most common boundary conditions for the classical Laplacian eigen-
value problem are the Dirichlet and Neumann boundary condition. For the Hodge
Laplacian, the analogous boundary conditions are the absolute boundary condition

t,a =0,
t,da=0, onoM
and the relative boundary condition

J*(a) =0,
J*(d*a) =0, ondM.
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The essential feature of the boundary condition is that if « satisfies either of the
boundary conditions, then A ,a =0 implies da = 0 and d*« = 0. The boundary
terms that will be introduced to (11) are

f (dlecl”™) A e, dor) — / (19 o gr2t, d¥a) + / lecl|P 2| dex])?

M M M

+ / llol|? =2 | d*ex]|* — / leellP~2(J* (@), tn(de))+ / leel|P~(J* (d*et), ta ()
M oM oM

=/M(<p—2)||a||”—2|vna|||2+||a||f’—2||w||2+||a||f’—2<wk<a>,a)).

Since the boundary terms will vanish under either of the boundary conditions,
we get the same estimate for the boundary value problem as well. It would be
interesting to see what the Reilly formula, for instance a generalization of Theorem 3
in [Raulot and Savo 2011] would be in this context, however due to the asymmetry
of the weight function in the p-Laplacian, it is not immediate what the appropriate
Bochner—Weitzenbock type formula would be for A .
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GLOBAL REGULARITY OF
THE NAVIER-STOKES EQUATIONS ON
3D PERIODIC THIN DOMAIN WITH LARGE DATA

NA ZHAO

We consider the Navier-Stokes equations on a 3D periodic thin domain
Te = (0,11) x (0,75) x (0, €). We show that there exists an absolute (large)
constant C such that for any C* > 0 which can be arbitrarily large, there
exists an €9 > 0 such that the Navier-Stokes equations are globally well-
posed for a class of large initial data satisfying

c* 1
"ahu()"LZ(Te) < 1 3 "a3u0"L2(Tg) <
2

1 9
€2|lne|2 €2

where d;, = (31, 02) and 0 < € < €. This improves the result of Kukavica
and Ziane (Journal of Differential Equations 234:(2) (2007), 485-506), where
the initial data u is required to satisfy

1

IVuollL2(r,y < —1 3
Ce2|lne|2

1. Introduction

The Navier-Stokes equations describe the time evolution of solutions of mathemati-
cal models of viscous incompressible fluids. The research of solutions has attracted

many experts. To our knowledge, in the whole space case, Leray [1934] proved that

if the divergence-free initial data u belongs to L2, there exists a weak solution u(t)
which is defined for all # > 0 and satisfies a global energy inequality. Hopf [1951]
extended the result to the bounded domain case. Furthermore, if the initial data
possesses certain regularity, say uo € H'(S2), where Q is a smooth bounded or
periodic domain, then the Leray solution is smooth and unique at least for some
short time interval; see [Temam 1984].

The author is supported by China Postdoctoral Science Foundation (Grants No. 2019TQ0042 and
2020M680457).
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In this paper, we consider the Navier—Stokes equations of the incompressible
fluid flow on a periodic domain 7,

(1-1)

{Btu—Au—ku-Vu—kVp:O,
V-u=0,

where u# and p denote the velocity and the pressure, respectively, and T¢ is a
3D periodic thin domain, Te = T2 x T}, T? = (0,11) x (0,13), 0 < I1, 1 < oo,
T)! = (0,¢), 0 < € < 1. We assume that the initial data satisfies u¢ € leer(Te)
with ng ug = 0. As we have mentioned above, there exists a local smooth solution.
However, we don’t know whether the solution can be global. In fact, in the 3D case,
there is a global solution provided the initial data is sufficiently small; see [Fujita
and Kato 1964]. It is unknown for the global existence in the large initial data case.
Our goal in this paper is to find how large the initial data can be to ensure the
global existence of strong solutions on thin periodic domain. Hale and Raugel
[1992a; 1992b] studied reaction diffusion equations and damped wave equations on
thin domain. Raugel and Sell [1993; 1994] further studied the existence of strong
solutions of the Navier—Stokes equations on thin domain. In particular, in [Raugel
and Sell 1993], they proved that, in the periodic boundary condition case, the
global existence holds with initial data in a large set of H'(T,). Subsequent works
concerning various boundary conditions complemented and extended their result;
see [Temam and Ziane 1996; Montgomery-Smith 1999; Iftimie 1999; Iftimie and
Raugel 2001; Kukavica and Ziane 2006; 2007; Hou et al. 2008; Kukavica et al. 2013;
2014]. It is worth mentioning that Temam and Ziane [1996] proved that in the case
with Dirichlet boundary condition, global existence holds if the initial data satisfies

V
(1-2) IVuollL2(ry < —-
Ce2

where v denotes the viscosity. It would be very interesting to understand how far
we can go in the periodic case.

However, the periodic case is quite different with the Dirichlet boundary condition
case. In the case of the periodic boundary condition, there is no Poincaré inequality
in the vertical direction. For this reason, in the periodic case, the global regularity is
still unclear under (1-2). Montgomery and Smith [1999] proved the global existence
of solutions if

Vv
IVuollar) < w77y
P = )

which was later on improved by Kukavica and Ziane [2006] to

v

IVuoll 2y < ———
9= cty. e
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Then after a year, Kukavica and Ziane [2007] improved their result to

Vv

C(l;. L)€ [Ine|’

IVuoll L2,y =

where C is a sufficiently large constant.

In this paper, we prove that the global existence holds if the initial data satisfies
c* 1

l9nuoll2(ry) < T 930l 2(7,) <

€2|lne|2 Ce

’

(Sl

where 0, = (31, 0,), C™* is an arbitrarily large constant and C is a sufficiently
large constant. Here without loss of generality, we have taken the viscosity to
be 1. We emphasize that the vertical derivative of the velocity d3u has reached
the desired result with the power of —% of the exponent of €. This is due to the
observation that the Poincaré inequality for dsu in the vertical direction holds
since the average of d3u in the vertical direction is automatically O for the periodic
boundary condition. More precisely, it holds that

1 [€ 1 _
2/0 dsudxz = 6[u(xl,xz,e) u(xl,xz,O)] =0,

since u is periodic in vertical direction. To deal with the horizontal derivative dju,
we use the same method as [Kukavica and Ziane 2007]. However, our result
allows C* to be arbitrarily large which is required to be sufficiently small in
[Kukavica and Ziane 2007]. The key improvement lies in that in the estimate of
lusllLe(r,). we take o = 3+ 2|In€|/In|In €| instead of o = 3 + |In €| to gain more
room for C*,

Before we state our main result, we recall our hypothesis and introduce our
notations. We assume that u satisfies the periodic boundary conditions

u(x +liej,t) =u(x,t), i=1,2,
u(x +ees, t) =u(x,t),

where {eq, e, e3} is the natural basis in R3. In addition, we require that the initial
data u(x, 0) = ug(x) satisfies

(1-3) [ up(x)dx = 0.

Te

It then follows that any solution of (1-1) with the initial data u(x) will also satisfy
fTé u(x,t)dx = 0 forall t > 0. Let L?(T,) = L?(T.,R?) be the space of L”
vector functions # with the usual norm

P
oy = ( /T |u|1’dx)
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Let Hye (Te) = Hye (T, R3) denote the closure in H™ (T, R?) of those smooth
functions that are periodic in space, i.e., u(x+/ie;) =u(x),i =1, 2, 3, where [3 = €.
Throughout this paper, the symbol C denotes a sufficiently large constant, which
depends only on /; and /,. Its value may change from one inequality to another.
On the other hand, the constant Cy, Cy, ..., which depend on /; and /,, are fixed.

We are ready to state the main result in this paper.

Theorem 1.1. Consider the Navier—Stokes equations (1-1) with the initial data
Ug € leer(Te) which satisfies (1-3). For any given arbitrarily large constant C*,
there exists an €y = €o(C*) € (0, 1) such that for every € € (0, €g], assuming that
ug satisfies

C*
e% [Ine |% ,

1
93uoll2(ry < —
Coe?

9nuoll2(r) <

’

where 0, = (01, 02) and Cy > 0 is a sufficiently large constant which depends
only on Iy and [y, then (1-1) has a unique global solution u that belongs to
C([0, 00), Hpe (Te)).-

The following result is a key step in the proof of Theorem 1.1. We emphasize
that this theorem is given by Kukavica and Ziane [2007]. However, their proof
seems incomplete for us and needs some modifications. For completeness, we will
present the details in Section 3.

Theorem 1.2. Let 3 < a < C |In€| be arbitrary, where Cisa large constant.
Assume that the initial data ug = (Uo7, Ug2, Ug3) € leer(TE) satisfies

1

IVuokllL2(ry < — e k=12
Ce2a(a+ |In€|)2
and
1
luosller) < —%=-
€ «
Then (1-1) has a unique global solution u. Moreover,
C
IVur (- Ol L2y < k=12

e%cx(oc + |1ne|)% ’

and

C
lus Ol Le) S —=

€ o

for all t > 0, where C > 0 is a constant which depends only on l; and [,.
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The remaining part of this paper is organized as follows. Section 2 focuses on
the Sobolev imbedding theorems for thin domain. Section 3 is devoted to proving
Theorem 1.2. In Section 4, we finish the proof of Theorem 1.1 by dividing the
whole time into three time intervals and using Theorem 1.2 in the third time interval
to get the global regularity.

2. Preliminaries

In this section, we will introduce the average operator M and give the Sobolev
imbedding theorems for thin domain. In addition, we will give an inequality about
the L% norm of u3, which will play an important role in proving the main result.

For any u € L! (T¢), as in [Kukavica and Ziane 2006; 2007; Raugel and Sell
1993; Temam and Ziane 1996], the average operator M is defined by

1 €
(Mu)(x1,x2) = 2/ u(xy, xz,x3)dxs.
0

We also define the operator N by (see [Kukavica and Ziane 2006; 2007; Raugel
and Sell 1993; Temam and Ziane 1996])

Nu(xy,x2,x3) = u(xy, X2, x3) — (Mu)(x1, x2).
It is clear that Mu is independent of x3 and M Nu = 0. In addition, we also have
”u”iZ(TE) = ”M””iZ(TE) + ”N”HiZ(Te)-

In the following lemma, we will recall the Sobolev imbedding theorems for thin
domain which will be frequently used in the proof of the main result. The following
estimates can be found in [Kukavica and Ziane 2006; 2007; Temam and Ziane 1996].

Lemma 2.1. Assume u € H. (Te).
(i) We have

INullL2(r,y < Celldsullpzer,y and  |[Nullpor,) < ClIVulla(r,)-

Forall a € [2, 6], we have

3a—6
INullzacry < Cllull Fog, 190l 22 .

Moreover,
6—a
[ Nullpar.) < Ce 2 |Vullp2(r,)-

Here C depends only on [1 and [.

(ii) Forall a € [2, 00), we have

Caz a=2 C
IMulzecry < =l IIL2<T)IIWIIL2(T)+ oz Il
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Moreover, iffT6 udx =0, then

1

Caz Ca
||M“||L“(Te)§€ IIuIILz(T)IIVullLo(T)< 2||vu||L2(T€

Here C depends only on [1 and [,.
(iii) Assume '[Te udx = 0. Then for a € [2, 6], we have

Caz 6=a Caz
lullpacr,) < IIMIILZ(T)IIVMIILZ(T) <= = IVullr2(r,),
€%

where C depends only on [y and [5.

One can find the proof of the above lemma in [Kukavica and Ziane 2006; 2007;
Temam and Ziane 1996]. It should be pointed out that to get the last two inequalities

in Lemma 2.1, we used the following Poincaré inequality on the periodic domain
Te =(0,11) x(0,12) x (0, €):

(2-1) lullL2(ry = ClIVullp2(r,y

where C depends on /; and /. Inequality (2-1) is valid under the assumption
fTe u dx = 0. To prove this, we first see that = Mu + Nu. This means that the
integral average of Nu on the vertical direction and Mu on the horizontal direction
are 0, respectively, i.e.,

€
l/ Nudxz =0, / Mudxq,dx, =0.
€ Jo |72

Using the Poincaré inequality for Nu on the vertical direction and Mu on T2,
respectively, we get

[ Nullp2(r.y < CelldsullL2(r,) (see Lemma 2.1(i))
IMull2(r2) = CllonMullp2r2) = | MullL2r,) = CllopullL2(r,)-

Hence,

lullp2cr,y = INullp2(ry + [ Mull 21,
< Ce||d3ullp2¢r,y + ClonullL2(ry < CllIVullL2(r,)-

Next, we will give an estimate concerning the L* norm of u3 which has ap-
peared in [Kukavica and Ziane 2006, Lemma 3] for ¢ = 6 and in [Kukavica et al.
2013, Lemma 4.2] for general « in the two-dimensional case. Below is the three-
dimensional case. We remark that this has been proven for ¢ = 6 in [Kukavica and
Ziane 2006, Lemma 4]. For completeness, we will present a proof below which
seems even simpler.
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Lemma 2.2. Consider uj, the third component of the velocity, which is defined
onT.. Let o € [2,00) be arbitrary. Assume that uy € HL (T¢) N L¥(T,) satisfies
V(us|2) € L2 (Te) and J, u3dx =0. Then

per

per

(22) s 1z ery < CUVAH) | 2.
where C depends only on I, I, and a.

Remark 2.3. Lemma 2.2 will be used to prove the main result Theorem 1.1. We
don’t need to add the assumption fTe u3 dx = 0 which appears in Lemma 2.2 to
Theorem 1.1. Actually, in Theorem 1.1, we have made an assumption to the initial
data ug = (ug1, o2, Uo3), that is,

/ ug(x)dx =0;
€

see (1-3). Under this assumption, we can see that any solution u = (uy, uy, u3) of
Navier—Stokes equations with this initial data will satisfy

/ u(x,t)dx =0
T,

for all # > 0. Hence when we use Lemma 2.2 to prove Theorem 1.1, we don’t need
to make extra assumptions.

Proof. Since the size of T¢ is not order one, we make a transform to map 7 onto
Q =(0,/1) x(0,13) x (0, 1). The transform is defined by

(2-3) uz(x1,x2,x3) =u3z(y1, y2,€y3) = v(y1, y2. y3),

where x = (x1,x2,x3) €T, ¥ (yl,yz,y3) eQandx; = Vi, i=1,2;x3= - €03
Then we know that v is defined on €2 whose size is order one. Let u(x)=|us| 3 (x)
and v(y) = |v|2 (»). Since fTe u3dx = 0, it is obvious fQ v(y)dy = 0. By a
similar argument as that of Lemma 3 in [Kukavica and Ziane 2006], we have

(2-4) <C|vo|3

where C depends only on /;, [, and &. Moreover, we can conclude from (2-3) that

(2’5) ”U”LZ(Q) ||~||L2(T )’
and
(2-6) IV612, 5, < 21 V@l
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It then follows from (2-4)—(2-6) that
227, < CIVal2 2.

where C depends only on /q, /; and «. Thus we complete the proof of (2-2). O

3. Proof of Theorem 1.2

In this section, we will prove Theorem 1.2. We follow the idea of [Kukavica and
Ziane 2007]. However, from our point of view, compared with the proof in [Kukavica
and Ziane 2007], two places need to be modified when we estimate K3 coming
from the estimate of ||u3 | z«. We will show the details in the following proof.

Proof. Since the initial data ug € leer(T ¢), we know that the solution of (1-1) is
smooth and unique on an initial time interval (0, Tiy,x), Where Tiax > 0 depends
on ug. Take t1, 0 < #; < Tmax and suppose ¢ € [0, #1]. By (1-1), the componentwise
Navier—Stokes equations become

3
(3-1) dup — Aug + Y ujdjug + 0 p =0,
j=1

where k = 1,2, 3.

Consider the Navier—Stokes equations (3-1) for £k = 1,2. We multiply the
equations with —Auy, respectively and integrate over T¢ x [0, 7], and sum. Let
up = (uy,uy). It then follows that

3-2) |IVu,(O|?, — |V 2 Auy||?
(3-2) | uh()llL§ [ “0h||L§+|| uhllL;L;C

2 2
=Z//UjajuhAhuh+Z//ujaj”ha33”h
j=1 Jj=1

+// u383uhAuh+/ dp pAuy,

=Ji+Jy+J3+ Jy,
where Ay = 011 + 022, d, = (91, 0,) and we abbreviate
I-lzszr = 1 lzso.0.Lr (oy-

We remark that above and in the sequel, all unmarked double integrals are understood
to be over T¢ x [0, ¢] and all unmarked single integrals are understood to be over 7.
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For the term J;, using integration by parts together with the fact V-u = 0, we get

2 2
J=— Z f/ Oiujojupdiuy — Z //ujaja,-uha,-uh
i,j=1 i,j=1
2 1 2
= — Z // 3iuj3juhaiuh+§ Z // aj”jaiuhaiuh

i,j=1 i,j=1

2 2
1
=— E /fa,-uja,-u,,a,-uh—z E //8iuh8iuh83u3
i,j=1

i=1

2
1
= EZ// 8iuh3iuha3u3+// 81u282u183u3—/ 81u182u283u3

i=1

=Ju+Ji2+ Jis.
We next estimate J;1, J12, J13. Define
J©) = [Vupll g pz + 1V2unll 2121
where V2 = (0ij), 1, j =1,2,3. Then we have the following useful estimate:
(3-3) |30l 2pq < CeJ(),  ae[2.6] k=123,
Since f(f dzuy dx3 =0 for k = 1,2, 3, by using Lemma 2.1(i), we have
|93tk L2 < Ce 5 [ VOsukll 2 2 < Ce % J(1), k=1,2,

By using the divergence-free condition, we get

19503l L2 g < Ce = [V @ruy +2u2) 212 < Ce ™ T (1y).

Thus we finish the proof of the inequality (3-3). For the term J;, we decompose
it into three parts:

2 2
G4 =3 2 [ M@ M@z + Y [[ M@ N Gy
i=1 i=1

2
+% Z // NQjup)N(djup)osus

i=1

=Ji +J112 + J113.
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Regarding Jy11, due to the fact that M (d;uy) is independent of x3, we have
d3 M (0;up) = 0, thus

2
(3-5) Jin =—%Z/ 03 M (Ojup) M (0jup)us

i=1
2
1
_EZ/ M 0;up)o3M(d;up)us = 0.
i=1

Regarding Ji3, we have

2
(3-6) Jii3<C Z IN@iup)llpsp3 IN@iup)lipaps|9suslip2ys.

i=1
Since [y N(d;uy)dxs; = 0, we have
1 1
(3-7) IN@iun)lpaps < C]| 19iunll 2 1V Ol f HL‘,‘
1
002 [Viup ||i%L§
< C(diunllpoop2 +1Voiupllp2p2) < CJ(1).

1
< Clldsun?

By using the inequality (3-3) with a = 3, we have
1
(3-8) l03usll 2,3 < Ce2 (1)
It then follows from (3-6)—(3-8) that
(3-9) Ji13 < Ce2J(t))3.

Regarding J1,, we have
2
(100 T2 <C Y IM@un)lzapg IN@un)lzers 19susl , oz

i=1 e

Since ng dijuy dx = 0, we can see from Lemma 2.1(ii) with ¢ = 4 that
_1 1 1
1M @sun)lps < Cem*19iunll 5 IV Oiunll -
Therefore,

1 1 3
G-10) IM@un)llpspa < Ce™#10iunll oo 2 1VOiunll 722

_1 _1
< Ce 4 (10upll oo 2+ Viupll 122) < Ce 4T @),
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12
5 9

(3-12) 13su3]] 12 < Ced ().
L?L5

t=x

By using the inequality (3-3) with a = we have

It then follows from (3-7), (3-10)—(3-12) that
(3-13) Ji1a < Ce2 J(1))3.
Based on (3-4), (3-5), (3-9) and (3-13), we have
Ji1 <CezJ(1))R.
The terms J;, and Jq3 are estimated in the same way as J11. Therefore, we obtain
(3-14) Ji < Cez ()3

For the term J5, using integration by parts together with V -u = 0, we have

2 2 2
Jz:Z//ujajuh333uh :—Z/ 83uj8juh83uh—2[/ ”j3j33uh33uh
Jj=1 j=1 j=1
2 | 2
=—Z// 83uj8juh83uh+52// 3j”j33uh33uh = Jy1 + J2s.
j=1 j=1

Regarding J,;, we have

2

1
5 3
Jor < ) 93ujll 2 palldjunll poo p2 193unllp2ps < Ce2 T (1),
j=1

where we have used (3-3) with ¢ = 4. The same estimate holds for J,,. Therefore,
(3-15) J, < Ce2J ()3,

For the term J3, define

2
o

K@) = ([1usl2] oo 2 + Vs )| 22) %0 1 €0, Tona)-

Then we get
Js < Nuallzgerghosunll 2o NAunlzzpz.

tLx

Since 3 <o < 6|lne| implies that 2 < % < 6, it follows from (3-3) that

—3
[03upll 20 <Ce'a J(t).
L7L¢™?

Thus,
(3-16) J3 < Ce“T K(11)J (1)
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For the term J4 which includes Ap, we need to take the divergence of (1-1) and
obtain that

3
—Ap=V-(u-Vu) = Z diujoju;.
i,j=1
Then we have

3
J4=—[/ Apahuh= Z // 8iujajuiahuh

i,j=1

2 2
= Z //8,-uj8ju,~8huh+ZZ//83uj8ju38huh
i,j=1 j=1
2 2
=— Z // 0iujoju;iozus +ZZ// 03uj0jusdpup
j=1

ij=1

= J41 + Jaz.
The term J4; can be estimated in a similar way to Jyp, giving
(3-17) Jay < Ce2J(t))3.

Regarding J4,, using integration by parts, we have

2 2
J42=—2Z// 8j83uju38huh—22// 83uju38j8huh
j=1 j=1
2 2
222// 8j83uju383u3—22// 83uju38j8huh
j=1 j=1

= Jaz1 + Ja22.

Estimate J451 and J455 to obtain

2. < Ce“S K(ty)J ()2

Jaar S CU0;0sujll Lz palusligergl9susll |

a—2
rLx
2 3
oa—>5 2
Jan <C Z [03u; ||L%L)% lusllzee Lo ll9jdnunllp2p2 < Ce o K(t)J(t)”.
i=1

Thus we conclude

(3-18) Jaa < C"T K(11)J (1)*.

It then follows from (3-17) and (3-18) that

(3-19) Ja < Ce2J (1)} + Ce"T K(1)J (1)
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Therefore, by (3-2), (3-14)—(3-16) and (3-19), we obtain the final estimate
about J(¢):

(3-20) J(1)? < Cez J(1)3 + Ce*a K(0)J(6)? + J(0)2,
where we have used the second derivative estimate
||V2uh||Lngc < CllAuplipzp2
together with the fact
J(0) = [Vuonll 2.

The next objective is to estimate K(¢). Consider the Navier—Stokes equa-
tions (3-1) for k = 3. We multiply it with |u3|* ! sgnu; and integrate over
Te x [0, t]. There holds

// 8,u3|u3|°‘_lsgnu3+//u~Vu3|u3|“_lsgnu3—// Auszlus|® 1 sgnus

= —/ d3plus|® ' sgnus.

After a short calculation, we have

4(a — 1)‘
2

1 @ 2
(321 —fus0llzg + Vsl 22

. 1
_ _// 9 plus|* " senus + uos .

|a—1

It remains to estimate — j] d3 plus sgnusz. From (1-1), we know that

3 3
p=(—A)_1V-V-(u®u)= Z R,-Rj(uiuj)z Z R,-,j(u,-uj),
i,j=1 i,j=1

where R{, Ry, R are the Riesz transforms. Since d3 can commute with the Riesz
transforms, we have

3 3
03p=03 Y Rijuiuj)=2Y  Rij(d3uiu;)
hj=1 ij=1

32 32 3
= ZZZRi,j(a3uiNuj)+2ZZRi,j(a3uiMuj)+2ZRi,3(a3uiu3)

i=1j=1 i=1j=1 i=1
=q1+492+43.
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Therefore, we obtain
= [[ osptusie=" senus

—/ (q1+q2+g3)uslus|* 2

a—2 a a—=2 a
—//q1|u3| : N<|u3|2>sgnu3—//q1|u3| 2 M(Jus|$) sgnus
_ oa—2 o
—//qzu3|u3|°‘ 2—//q3|u3| 2 N(us|$) sgnus
a—2 a
—//q3|u3| 5 M(Jus|%) senus

=Ki+K,+K3+K4+Ks.

For the term K,

Kislol , e, [lues| "2 H 2o, [N (sl L2

<Clal , e HluslfHL?L;CHVuuﬁ)HLsz <Cllaal g KO0
where we have used Lemma 2.1(i) for HN(|”3|%)HL$L?C' Regarding ||¢1 || %LQ“S%’
we have )

G2 il , e <C Z Z IR;,j

i=1j=1

2o [103ui Nuj ||

<CZZ IR, o 05l con INW oo
i=1j=1 =X

As we know, the Riesz transforms R; j (i, j = 1,2, 3) are bounded on L?(T¢) for
1 < p < oo. Furthermore, the bound is given by (see [Grafakos 2004, p. 362])

(3-23) I1Rijler < € max(p. - ).
where C is independent of p. Here, 3 3f3 <3when3<a<C [In€|. Thus,

| Rijll; a5 < C fori, j =1,2,3. Smce 2< 6_f6 <6 when3 <a <Cllne|, we
can see from (3-3) that

3
(3-24) ”aSuiHLZLlXLﬁG < Cea J(tl).

t=x
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Also, by using Lemma 2.1(i) we have

2 2
(3-25) D INujllpeore < Y IVujllpeep2 < CJ (1),
j=1 j=1

Thus, by (3-22)—(3-25), we get

3 2
g1l . 35 S < Cea J(11)".
t X

Therefore, we obtain the estimate of Ky,
(3-26) K; < Cea J(t)2 K(1)* L.
For the term K,, we have

G2 Ko<l sl ) e | Gus )]

t

where r; and b satlsfy —i— + 5 = 1. Letb =20, then we have ry € (azfz’ 0[2%].

Now we estimate the three terms on the right-hand side of (3-27). Regarding
llg1 ”L%LQ , we have

3 2
||q1 ”L%L;l <C Z Z ||33Lli||L%Lir1 ”NMJ'HL‘,X’L,ZC” ;
i=1j=1

Because of the fact that 2ry € (%%, 52| C [%£.4) when 3 < @ < C|Ine], we
conclude from (3-3) that

3—ry

030 || <Cem J(t1).

L2L2r1 S
Also, by using Lemma 2.1(i) we have

2 3—r

2
3-r 3-r
>INl o2 < Ce 0 Y [Vt ooz < Ce ™0 ().
j=1 j=1

Thus, we have
(3-28) g1l p2pn <cen I

Regarding H|u3|aT_2H e We have
L®LY™

t X

(3-29) Nl =) ey = sl |2, < KT
t X
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Regarding H M(Jus|%) ”LZL”’ by using Lemma 2.1(ii) we have
t X

”M(|”3|%)HL%L’;

_ 2 by2
< Chre™ T |[[lusl | 2, |V sl D] 2

b2 e
2t Ce™ = |Jus| le222

1 _b=2
<Cbhze 2p

[90us1 D)3

2 _
st 7, +Ce 5 lusl% | 21

b |
L Lth*2

- bi _% a % a "b;z _% a
e [T E] A L TOE eme S PRET I
Meanwhile, by using Lemma 2.2, we know that
a 1l _b=2 a 1 _b=2 a

(3-30) HM(|u3|2)HL%L§ <Chie HV(|u3|2)HL%L)zc <Chze 2 K(t1)2.
Therefore, it follows from (3-27)—(3-30) that
(3-31) Ky < Ch2ed ™5 J(1)2 K(1,)*".

For the term K3, we first rewrite q2=2zg=1 ij-=1 R; j(03u; Muj). Since Mu;

is independent of x3, we have dsu; Mu; = 03(Mu; + Nu;)Mu; = 03(Nu; Muj).
Let

3 2
g = ZZ Z Ri j(Nu;Muj).

i=1j=1

Then we have ¢, = 0343 as the derivative can commute with the Riesz transforms.
Thus, we obtain the following result

K3 =—[ 83f2u3|u3|“_2 =//c’[§83u3|u3|a_2+// 675”383(|“3|a_2)

~ _ 20l—1 —_ a a—2
=(“—1)//QZ33H3|U3|a 2=%/f4233(|u3|2)|u3| 2 sanus.

According to the above result, we have

2 1 ~ o o—=z
S LN Y P [P

20(2
L®LY™

~ o, 2=2 a
<Clg2llp2pe 132 |‘L‘§OL§K(11)2

< C“@”L%LQK(ZI)O{_I-
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It remains to estimate ||¢; ”L%Lfé'

3 2 3 2

IG3lze <C DY 1RijNuiMujllpe <C Y Y ||Rij

i=1j=1 i=1j=1

3 2
< Ca Y > " ||NujMuj| .

i=1j=1

|Le |Nu; Muj| po

Here, compared with [Kukavica and Ziane 2007], we modified the estimate of
721l Lo by adding the L* norm of Riesz transforms given by (3-23). The reason
is that we will take « to be very large, roughly like |In €|, when proving the main
result. Hence

||£1‘5||L2La\CaZZ||Nu,Mu,||L2La\CaZZ||Nu,||L2 2| Muj || poo
i=1j=1 i=1j=1

where b = 2o and 1, = bb“ € (o, 2a]. By using Lemma 2.1(ii) we have

1 _b=2 1 _b=2
||Muj||L?oL§ < Ch2e 26 ||V“J'”L‘,’°L§ < Ch2e™ 20 J(1y).

One expects to bound || Nu; ||, 2,2 by V2uy ”L%Lz and thus by J(¢). In [Kukav-
| S X
ica and Ziane 2007], the authors considered two cases: 2 <r, <6 and 6 <r, < 00.
When 2 < r, <6, by Lemma 2.1(i),

3
6—rp
INuill2pre < Ce > 10 (Nui)ll 22
k=1

For the case i = 3,k = 1, 2, they used the Poincaré inequality to get
19x (Nus)li 2,2 = Celldsduslip2pz = Celldgdpunllapz-

When 6 < r, < 00, they first used the Gagliardo—Nirenberg inequality to get

3

. < : =~ 7y =
INuill 2,2 < C ;; 19k (NuD)ll 2y 72

37’2
) +3°

Then by Lemma 2.1(i),

6= 6+ry

(3-32) 19k (Nui)ll o 72 = Ce 22 | VOguill 22 = Ce 22 [|Voguil| 22,

However, it seems that ||Vdgu;]| [272 can ’t be controlled by J(¢) when i = 3,
k = 1,2 because J(¢) doesn’t contain the L2 norm of V?us3.
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To modify this, we will use the idea of anisotropic interpolations. Obviously

INuillpr2 = Hlll\’uillL;z3 HL%’
where we abbreviate || - [z = |- |Lr((0,e))- In the sequel, we will also abbreviate
[l L4, = | - Il La(r2)- Interpolating through the vertical direction, we have
3t7; —7s 1+1
INuillpr2 < CIINuiIIL * 193 Nu; || <Ce2 2 |93 Nuil s -

This implies that

. b+d
INuillpro < Ce2 " 72 '||L§3 HL?h s Ce? 2 “|83N“i||L§c2h HLig'

Interpolating through the horizontal direction, we obtain that

2 _2

193 Nuill 12 $CV22 ||33Nuz|| ||3h33Nuz|| .7 +C||33Nuz||L2 :

As a result, we have

H ||33Nui||L;2h “L§3 <Cr}

L+ ClosNul
3

2z -2
|83Nui||}i2€ |04,03 Nu; “L;(;z

2 _2

<CV22||33Nuz|| ||3h33Nu1|| '2+CII33NMIIIL2

2 2
<Ci’2 ’2||333Nuz|| 219,03 Nui | 2r2+C€”833N”l”L2

SCrgeE IV9sui 2.

Therefore, we get the estimate

—_
[

11,3
INuilljro < Crye? T2 || Vdsu; Iz

which yields

1

1 +3
INuill 22 <Crf X5 Vasul a2 <Crf ¥ s (1) <Ch e
t

—_

3 3

2ta— FJ([I)

N\»—

Thus we have

—_ 3_2
175112 ¢ < Cabea™h I (11)2.
It follows that

(3-33) K3 < Cabe%_%J(tl)zK(tl)a_l-
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For the term K4, we have

K4 < ||q3|| \||u3|ﬂ| 20 [N(usl )] 126

< Cllgs HLzLJT‘i‘s [1us] = ”L?L% [V0u31 )] 1.0

X

< Cllgs || e K@)l

Next we estimate ||¢3|| 3o,

t

||(]3|| . e CZ”83“1”L2L3””3”L°°L”<C€2J([1)K(tl)

x i=1

where we have used (3-3) with @ = 3. According to this estimate, we have
(3-34) Ky < Ce2J(1)K ().

For the term K, using a similar method as for K;, we have

Ks < llgsll 2 ,n “ual%_zHL?oL;fz | M (lus19)] 215

where r; and b satlsfy = + 224 b = 1. According to (3-29) and (3-30), we also
have

1 b—2
(3-35) Ks < Cbze™ 2 |gall 2z K(t)*~ "
| i
It remains to estimate ||¢3 ”L%LQ :

3 3
lasllzpr < C Y Ndsuill 2y rslluslizgers < € Y I9suill 2 s K,
i=1 i=1

where % + l = ri Since r3 satisfies - + b = 2, we get that 2 < r3 < 3 when

3<a< C|lne| and b = 2«.. Thus we can see from (3-3) that

6—r3

||83u,~||L% r < Ce 2’3 J(Zl)

6—r3

Hence ||C[3||L2Lr1 Ce Ea J(t1)K(t1). Then (3-35) yields that
t

(3-36) Ks <Chze2b J(1,)K ()%
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Finally, by summarizing (3-21), (3-26), (3-31), (3-33), (3-34) and (3-36), we have

3

K(t)* < Calbea—5 J(t)2K(t)* ! + Cabzez 5 J(1)K(1)* + K(0)

for all # € (0, Thax)- Letting b = 2« + |In€| and C; be a sufficiently large constant,
we get the following estimate:

K(1)* <Cra?(a+|Ine|)ed J(6)2K ()% +Cra(a+|Ine) 2e2 J (£) K ()% + K (0)%.
Meanwhile, by (3-20), we have

-3

(3-37) J(1)? < Cre2 J(1)3 + C1e"a K()J(6)? + J(0)2.

Assume that the initial data u satisfies
1

Ce%a(a + |1n6|)% ’

J(0) = [|[Vuonllp2(r,) <

1
K(0) = luosllLer) € —%=-
Ce «

We claim that
2

(3-38) J(1) € — T
Ceza(o + |In€|)2

(3-39) K@) <

CeF

for all ¢ € (0, Tiax) provided C is sufficiently large. This fact implies that Ti,,x = co.
Our claim can be established by contradiction. Suppose that the claim is not true,
then there exists a time * € (0, Tiyax) such that (3-38) and (3-39) hold for all
t €[0,¢*] and

2
(3-40) J(t*) = — R
Ce2a(x+ |In€|)2
or
(3-41) K(t*) = ——.
Ce a
Using (3-37) with ¢ = t*, we get
1
2C€e2 a— 2 1
J(t*)2$J(t*)2( — LG a_3)+ > :
Cez2a(a + |Ine|)2 Ce a C?ea’(a + [Ine)
Choose C be large enough such that
1
2C €2 o 2 3
1€ + C1€T3 — —

Ceza(a +|Ine))? Ce'a 4
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Then we get
4

J(t*)? < ,
) C2ea?(a + |Ine))

which contradicts (3-40). Similarly we can also prove

K@t*) <

a=3"
€ «o

which contradicts (3-41) provided C is sufficiently large. Therefore we establish
our claim and finish the proof of Theorem 1.2. O

4. Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. Our proof will be divided into three steps.

First, we consider the solution on a very small time interval [0, £y]. We will prove
that ||93u||2(r,) decay very fast and ||0u|| 27,y should not increase quickly after
a very short time. Furthermore, at the time 7y, we have

2C*
T 3
€2|lne|2
2C*

03uCo)llr2ry < =
€2|lne|2

0nu (o)l L2(r.y <

This implies that
4C*

IVu@o) L2y < —3-
€2|lne|2

Second, we regard 7o as the initial time and ||Vu(#)||2(r,) as the initial data.
Consider the solution on a small time interval [tg, 7;]. We will prove that at the
time 1, the data will satisfy the condition of Theorem 1.2.

Finally, we regard ¢; as the initial time and apply Theorem 1.2 directly to get a
solution on the time interval [¢;, 00).

After the above three steps, we will obtain a solution on [0, c0). Now let us
expatiate the details of the proof.

Proof.
Step 1: Solution on [0, #o].

Our first goal is to estimate ||d3u|2(r,). Applying 93 to (1-1), we obtain a new
equation

4-1) 0;03u — Adsu + d3(u-Vu) +Vazp =0.
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Take the L? inner product with d3u in (4-1) to get

1d

4-2) EE||a3u||§2(m+||vagu||§2(n)=—/Taw-vuawcbc

=— 83u-VMu83udx—/ 03u-VNudsudx = I + 1.
Te Te

For the term 7, we note that Mu is independent of x3, thus we rewrite it as

€
4-3) 11:—/ 83uh-3hMu83udx:—/ /83uh-8hMu83udX3dxh,
Te T2 J0

where d3uy, = (d3uq, d3uy), I = (31,02) and dxy, = dx; dx,. Using Holder’s
inequality to the vertical direction, we get that

€
@ [ v Mud s < osul g 104 Mulogs 1osul 3,
0

where ||8hMu||L§<§ = |d, Mu| since d; Mu is independent of x3. Then by applying
Holder’s inequality to the horizontal direction, we see from (4-3) and (4-4) that

1< [ Vsl oMl g ol 2, 0 < [1oaulzz, I Nwbul] 3,
<e 2 |18sull s, 72 N0nMullar,)-
Interpolating through the horizontal direction, we have
@S loauls, < Cllsulf, Iondsul f, +Clidsul
It then follows that
Iy < Ce™2 (|03l 2y | andsul2r,y + 105l 2 2p, ) |04 Mutll 27, -
Since foe dzu dx; = 0, by Lemma 2.1(i) we have that

(4-6) 93ullr2(1,y < Cell033ullp2(r,)-

Hence
47 L < CG%(||333u||L2(T€)||3h33u||L2(Té) 119336l 27 ) 10null L2,
< Ce2||dpull 2y I V03Ul o,
For the term /5, by using Holder’s inequality to the vertical direction, we have

€
(4-8) I, = —/ / d3u - VNudsudxs dxy
T2 J0

$/;2 ”337/!”[,}(3 ||VNM||L§§ ”83””L§3 dxy,.
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Regarding |V Nu|| L by interpolating through the vertical direction, we have

1 1
(4-9) IVNullLee < CIVNull 7, [VIsNull;, .
*3 *3

Then applying Holder’s inequality to the horizontal direction, we see from (4-8)
and (4-9) that

1 1
B Cllasulg, g, IV Nal s [y II90svls

2 1 1
< Clllosuls, 72 IVNullzagr IV Nl .

To deal with [[03ul| 4 , we use the same method as (4-5). Therefore
*h

1 1
< c(uaauan(Te)||ahaaunymﬁ||asu||iZ(T ))nwvun Doy IVOsNullZs
< Clsull 2ry 94030l 27y IV Nl 2 )||V33M||L2(T)
+C”83M”L2(T )”VNMHLZ(T ) ||V83M”L2(T )
Regarding 1,1, we have
1 3
It < Cllasull 2y IV NUl oy IV 05200 2
1 1 3
< Ce2 |93l 27,y IV Null 2o V0300 7
1
< Ce2 (|5l 2r,) IVOsulZaqr,
where we have used
(4-10) IVNull 2.y < CellVsull 27,y

because of foe V Nudx; = 0. Regarding 7,5, by (4-6) and (4-10), we have

3 1 1
Iy < Ce3 03ull 2y 19331 2y IV 93 Null 2o I V032 2o
3
< Ce (03l 2r,) V05l 2,
Therefore, we get the following estimate of 75:
1
(4-11) I < Ce2 |193ull L2y IVsull ]2 7, -

Summarizing (4-2), (4-7) and (4-11), we obtain the estimate of ||d3ul|12(r,)

d 1 1
103027y + @ = CeX 0l 2r,y — Ce¥ 030l 27, VOsul 2 0.
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If
1 1
(4-12) Ce2||0pullp2¢ry + Ce2||03ul 21y <1
for all 7 € [0, 7], where 7, is given by (4-18), then we can get
d 2 2
(4‘13) E”a?’ulle(Te) + ”Va?)u”LZ(TG) <0.

Integrating from 0 to 7, we have

(4-14) 193ull oo 2 < 19300l 27
and
(4-15) IVOsullp2p2 < [193uollL2(r.)-

In addition, from (4-6), we get
135l 27y = € e 20050l

Hence (4-13) yields

d 1 -
G 1sulZaqr,) + €72 I0sul o, <O.
This implies that

(1.2
(4-16) 1930l 2 207y < €€ 1030 ] 22,

Assume that the initial data satisfies

1
(4-17) 93uollL2(r,) <
Coe?2
Let
(4-18) to = 3C,€? In|lne],

where C} is the constant C on the right-hand side of (4-16). Then when ¢ = ¢,, we
have

2C*
(4'19) ||83u||L2(T€) < I 3
€2|lne|2
Next, we want to estimate [|0ju||p2(z.). Similarly, applying 9, to (1-1), we get

(4-20) 0:0pu — Adpu + dp(u-Vu) + Vo, p = 0.
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Taking the L? inner product with dju in (4-20), we have

1 d
@-21) 5 M0nul 72y + IVORullza

=— | Odpu-Vudyudx
Te

:—/ ahu383u8hudx—/ dpuj - gudpudx = I3 + Iy,
T Te

where uj = (u1,u3) and dj; = (91, d3). For the term /3, we rewrite it as

I; =— 0pMus03udy Mudx — 0 Mus03udy Nu dx
Te Te

— 0pNusz03udyMudx — 0y Nuzd3udyNudx
T Te
=131+ I32 + I33 + I34.
Regarding 131, we have
I3y < |0 Mus |l pary|03ull L2y 10 Mullpacr,y < ||ahM”||i4(T€)”83“”L2(T5)-

Since u satisfies the periodic boundary condition, we know that

dpudx = 0.
T.

Hence by Lemma 2.1(ii) with a = 4, we have
1 3 3
190 Mutll oz, < Ce 10l I V00l 2 -
Therefore
_1
(4-22) I3y < Ce 2| 0pull L2r ) IVOpull L2z 193ull L2(T,)
—1 2 2 1 2
< Ce “ahu”LZ(TE) ||a3u||L2(T€) + g”vahu”LZ(Te)
2 2 1 2
< C€||3h“||L2(TE) ||833u”L2(T€) + 8 [Vapu ”LZ(TE)’
where we have used (4-6). Regarding /3, we have
I3y < [0 Mul 3y 103ull 27 10n Null Lo(r.)-
Hence by Lemma 2.1(ii) with ¢ = 3 and Lemma 2.1(i) with a = 6, we have
_1 2 1
198 Mull s r,) < Ce 810l 2y IV o -

and
l0nNullpory < CIVonullL2(r,)-
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Thus
-1 3 5
(423) T30 < Ce8 0l 3o 1930l L2y VO o
1 5 3 1 2
<Ce 2 ”ahu”Lz(Ts)||a3u||L2(Té) + g”vahu”LZ(Te)
3 1
< Ce3 |93ull L2y 19330132 g NOnU 1227y + g IV n 2007
The estimate of /53 is as same as I35, i.e.,
3 2 2 1 2
(4-24) I33 < Ce2 ||a3u||L2(T€) ||833u||L2(T€) ”8hu”L2(TE) + 8 ”Vahu”LZ(Te)-
Regarding 134, we have

L34 < |0p Null Loyl 03ull L2¢r ) 10p Null Lacr,)-

By using Lemma 2.1(i) with @ = 4, we have
|9aNull zacr,) < Ce3 IVl 27,

Thus, by (4-14), we obtain that
(4-25) I34<Ce? ||83“||L2(T6)”Vahu”iz(n) <Ce? 19310l 2T, ||V3h”||1{2(Te)-
Consequently, summarizing (4-22)—(4-25), we get the estimate of I3,
(426) I3 < C(eld33ul2aq + €2 1032l 2y 193301227 ) 100212 2 7,

+ CeX st 2 IV 22y + 319083
For the term 14, we rewrite it as

1, = —/T dpuj - gudpu dx

=—/ 8huh-~8h-Mu8hudx—[ ahu,;~8;;Nu8hudx=141 + 145.
Te T

Regarding 141, by using Holder’s inequality to the vertical direction and the hor-
izontal direction respectively, we get that

€
[41:_/ /ahuﬁ-aﬁMuahudmdxh
72 Jo

<
< /T2 19nullzz N0nMullLes I0pullpz, dxn

2 1 2
<[[N0nullz |7 NnMulz <€ # 10l |72 106 Mullz2qr,y:
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Interpolating through the horizontal direction together with /. 72 Opudxy =0, we
have

1 1
(4-27) 19nullps < Cllahullzgh ||ahah”||z)zch-
Thus
_1
(4-28) L4y < Ce  2(||0pull 2¢r) 10ROl L2 ) 00Ul L2(T,)

_ 1
< Ce 1”8}1””12(7"6) + g”vahu”i}(n)-

Regarding 14,, by using Holder’s inequality to the vertical direction, we have

€
Iy = —/ / dpuj - 05 Nudpu dxs dxy
T2 JO
< / l0nullp2 19nNullLes ll0null 2 dxp.
T2 X3 X3
Interpolating through the vertical direction, we have
L L
194 Nullzsg < CllaaNul 7, 10335 Nul -
Then by using Holder’s inequality to the horizontal direction, we get
z ) )
Lo <CllNonulz |7 119aNul, ps 1080 Nul, |pe)
2 1 1
< Cll1opullzy, N7z 198Nul Fa g 10403 Nul
By (4-27) and Lemma 2.1(i) with a = 2, we have

1 1
(429)  Lia < Clloull 2y 10ndnull 2 10nN Ul Lo 19403 Nul 2

1
< Ce2||0pull L2 10n0null L2 (1) 10803 Nul 21,

1
< Ce |10l g2y | Vonul|2 2 .
Consequently, summarizing (4-28) and (4-29), we get the estimate of /4,

— 1
4-30) 14 < Ce M pull o 10nul} 27, + Ce2 N0null L2z VU Z 21,

1 2
+§”V8h””LZ(T€)-
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Finally, combining (4-21), (4-26) and (4-30), we get that

S NonulZar, + (3 - CeXdsuollzar,) — CeX Ol 2y ) IVl 2,
< Clelldssullar,, + €2 105l L2y 103300 22
+ € ol 2 ap, ) 198001227
Assuming that the initial data satisfies
1

(4-31) 19st0ll L2z < ——
C()é7

we have

1 C 1
Ce2||03uollp2(r,) < G 1

provided Cy is sufficiently large. If
1 |
(4-32) CGZHahu”LZ(TE) < Z

for all ¢ € [0, o], where #y is given by (4-18), then we obtain

d
ol g,y + 19080 B,
3
< CleldssulZag, + X185l 2y 9531y,
+ e [ 0pu ”iZ(TG)) [|0pu ||22(TE)-

Using Gronwall’s inequality, we get that
t
lonull3 2z, + /0 IV9hul22 7, ds < eSO 00l . -
where
t
G(1) =/ g(s)ds

0

and

3 —
g() = Clelldssul2a .y + €2 103ull 2z 18330227, + € 1040l 22, ).

Our next goal is to show G(¢) can be very small when ¢ € [0, #y], where ¢g is
given by (4-18). Then we will obtain

(4-33) [0nu () L2(1.) < 2l19nuollL2(T.)-
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We write G(¢) as G1(t) + G, (¢) + G3(t), where
t
G1() = [ Celpsanlf sy, ds.
t
3
G2 = [ CeXfanullaqr sl ry ds

t
G3(t)=/0 C6_1||8hu||iz(T€)ds.

For the term G (¢), we conclude from (4-15) and (4-31) that

G1(0) < Celltsunliag, < £
For the term G,(¢), by (4-14), (4-15) and (4-31), we have
Ga(0) < CeX gl e 13 10330125 5 < Ce 300l < -
0
For the term G3(¢), by (4-33), we have
G3(1) < Ce™! ”ah””i?%,%to < Ce|9nuoll} 2 0-

Assume that the initial data satisfies

C*
(4-34) l0nuollL2(r) < — 3
€2|lne|2
Then
3C;C(C*)? 1n|l
G5(t) < 1€(C7) n|n€|_)0 as € — 0.
[Ine|?

Based on the above analysis, we can take Cy > 1 and 0 < €1 < 1 such that for
every € € (0, €1), there holds G(¢) < 1 for all ¢ € [0, #y]. Then (4-33) holds for all
t €]0,1]. By (4-14), (4-17), (4-33) and (4-34), we can take €, € (0, 1) such that
for every € € (0, €;), conditions (4-12) and (4-32) hold for all ¢ € [0, #y]. Therefore,
we completed the a prior estimate. Additionally, by (4-19) and (4-33), we get that
at 7, there hold

2C*
[93uto)lr2(r) < T 3
€2|lnel2

and
2C*

lonuo) L2y < ——3-
€2|lnel2
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Step 2: Solution on [, 1].

We consider the solution from 7o. At this time, ||Vu(fo)| p2(7.) satisfies

4C*

Vuo)llp2(r,) < — 3
€2|lne|2

In what follows we will estimate ||Vu(¢)||z2(r,) for ¢ € [to, o + T, where T will
be given by (4-36). We emphasize that in [Kukavica and Ziane 2007], the authors
proved the case when C* is sufficient small. In our case, C* can be arbitrarily large.
Below, we will show that it can be proved by using the same method as [Kukavica

and Ziane 2007].
Take the L? inner product with —Aw in (1-1) to obtain

1 d 2 2
EE”VIJ”LZ(TG) + ”Au”LZ(Te)

:/ u.VuAudxz—/ Vu-VuVudx

=—/ VMu-VMuVudx—/ VMu-VNuVudx
Te Te

—/ VNu-VMuVudx—/ VNu-VNuVudx
Te Te
=L+ L+ L3+ Ly.
For Ly, by using Holder’s inequality and Lemma 2.1(ii), we have
_1
Ly < IVMull sz, IVull 2y < Ce 2 IVulZagr, | Aull 2,y
_ 1
< CeM Vulb gy, + g 18u 207
For L,, we have
Ly < ||VMull g3y IVNullpsryIVull2(r,)
_1 2 1
< CEH NVl o | AUl s | Aull L2y | V2,

1 3 4 _1 1
< CEHVull o 180l 2 gy < C3IVUl a0y + 71 AU 7.
In the same way, we see that

_1 1
Ly < Ce 2 Vuljag, + gl Aull} g
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For L4, by using Holder’s inequality and Lemma 2.1(i), we obtain

Ly < ||\VNul 3y IVNullpsry IVullL2(r,)
1 1
< CIVull oy 1Al o | AUl L2y I Vil 21
3 3
3 3 1
S CIVull o lAullZ o 7y < C||Vu||22(TE) + Z”Au”%}(]‘e)‘

As aresult, we get

d _
@35 VUl s,y + 18Ul ar,y < CE VUL 2, + CIVHI S .
where we have used
_1 _1
Ce 3 Vull}a gy = Ce 2 Vul sy IVl er,
< C VUl sy + CIVUlS 2z

Applying Gronwall’s inequality to (4-35), we get

t
VU@ 27, + / |Aul}2ry ds <O Vuo)] 27, 1€ 0 to+T]
)

where

t
1) = [ e 19l + OVl
11

0

(3 is the constant C on the right-hand side of (4-35) and
€*|lnel? €%|lne|® }
128C5(C*)2" 2 x 642C5(C*)* )

Take €3 € (0, 1) such that for every € € (0, €3), we have

T =min{

64(C*)? < |lne|.
Then we get
. e?|lnel?
128C;5(C*)?’
and H(t) < 1 fort € (ty,t9 + T]. Consequently, there hold

*

(4-36)

IVu@ 21y < 2[Vulo)llL2r,) < te(to.to+ TV,

e%|lne|%’
and
[t0+T 64(C*)2
t

2 2
X ”Au”LZ(TG) ds < 4||VU(Z())||L2(T€) < W
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Hence, there exists ¢; € (¢y,t9 + 7') such that

C(C*)4
2 ]
”AM(II)HLZ(Té) < €3|ll’1€|6
and
8C*
(4-37) IVu@)llL2(r.) < 3
€2|lne|2

Now, let us turn to [[u(ty)l|La(r) < [INu(@)|Ler,) + [IMu(ty)|Le(r,). For
| Nu(t1) | Le(T.), we have

1
7+ o o
INu(t) | Loy < CINu@DI ;23 )||ANH(Z1)||22(2T)

< CerVan [Vu() 1325 1 Au) 12522
< C(C*)iTH0 e a Ine| ¥ i

< Ca(CH)3e5 Ine| ¥,
since 3 <o < 5|lne|. Take €4 € (0, 1) such that for every € € (0, €4), we have

Ine|s = CCy(C*)3.

Then we get
1
(4-38) [Nu(@)ll Loy € —5=-
Ce a
For || Mu(t1)| Lo (T.), We have
l 1
C5C*a2 1 Cs C*a2
||Mu(l‘1)||ch(T€)$ ||V“(t1)||L2(T€)\ a1 = a3 )
5 € a |ne|2 € a ea|lne|2
Fix
2|Ine€|
(4-39) o =3 ;
In|lne€|

then we have

CsC*a? _ 205C*
e%|lne|% h (ln|lne|)%‘

Take €5 € (0, 1) such that for every € € (0, €5), we have

(In|lne))? = 2CCsC*.
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Therefore we have

(4-40) [Mu(t)llLery) S —5=-
€ «
Moreover, for the fixed o (4-39), we know that
1 In|In €|
>

Ce%a(a + |ln6|)% ~ C6%|lne|%'
Take €¢ € (0, 1) such that for every € € (0, €¢), we have
In[lne| =8CC*.
Then by (4-37), we see that
1
Ce%a(a—k |lne|)%.

(4-41) Vu@)l 2ty <

Step 3: Solution on [t1, 00).

We regard ¢; as the initial time. It follows from (4-38), (4-40) and (4-41) that
the data at 71 satisfies the condition of Theorem 1.2. Then the solution on [¢;, 00)
can be proved by a direct use of Theorem 1.2. Thus, taking

€9 = min{eq, €3, €3, €4, €5, €6},

we finish the proof of Theorem 1.1. O
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