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LIE 2-ALGEBRAS OF VECTOR FIELDS

DANIEL BERWICK-EVANS AND EUGENE LERMAN

We show that the category of vector fields on a geometric stack has the
structure of a Lie 2-algebra. This proves a conjecture of R. Hepworth. The
construction uses a Lie groupoid that presents the geometric stack. We show
that the category of vector fields on the Lie groupoid is equivalent to the
category of vector fields on the stack. The category of vector fields on the
Lie groupoid has a Lie 2-algebra structure built from known (ordinary) Lie
brackets on multiplicative vector fields of Mackenzie and Xu and the global
sections of the Lie algebroid of the Lie groupoid. After giving a precise for-
mulation of Morita invariance of the construction, we verify that the Lie 2-
algebra structure defined in this way is well-defined on the underlying stack.

1. Introduction

Vector fields on a Lie groupoid G form a category [Hepworth 2009]. We denote
it by X(G). The objects of X(G) are the multiplicative vector fields of Mackenzie
and Xu [1998]. These are functors v : G→ TG satisfying πG ◦v = idG , where TG
denotes the tangent groupoid and πG : TG → G is the projection functor. A
morphism α : v ⇒ v′ in this category is a natural transformation α such that
πG(α(x))= idx for every object x of the groupoid G. The first result of this paper is:

Theorem 3.4. The category of vector fields X(G) on a Lie groupoid G is a (strict)
Lie 2-algebra. That is, X(G) is a category internal to the category of Lie algebras.

Remark 1.1. When a manifold M is regarded as a discrete Lie groupoid, X(M) is
the usual Lie algebra of vector fields on M regarded as a discrete Lie 2-algebra.

To every Lie groupoid G there corresponds the stack BG of principal G-bundles,
and Morita equivalent Lie groupoids G and H correspond to isomorphic stacks BG
and BH. It is natural to wonder if the Lie 2-algebra X(G) lives on the stack BG
in some appropriate sense. To start, we can ask whether Morita equivalent Lie
groupoids G and H have “Morita equivalent” Lie 2-algebras X(G) and X(H). More
precisely we could ask for the existence of a (2-)functor X from the bicategory Bi

of Lie groupoids, bibundles and isomorphisms of bibundles to an appropriate

MSC2020: primary 17B66; secondary 18D05.
Keywords: Lie 2-algebra, stack, vector field, Lie groupoid.
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bicategory of Lie 2-algebras that sends Morita equivalences to Morita equivalences.
It turns out that such a functor is too much to ask for but there is a functor from a
sub-bicategory of Bi.

The reasons behind this fact can already be seen in the case of manifolds. Recall
that there is no naturally defined functor from the category of manifolds to the
category of Lie algebras that assigns to each manifold its Lie algebra of vector
fields. However if we restrict ourselves to the category Maniso whose objects are
manifolds and whose morphisms are diffeomorphisms then there is a perfectly well
defined functor with the desired properties.

Getting back to Lie groupoids, recall that there is a localization of the strict
2-category of Lie groupoids, internal functors, and internal natural transformations
at the class of functors that are fully faithful and essentially surjective ; denote
this localization by Bi. Lie 2-algebras, internal functors and internal natural trans-
formations form the strict 2-category Lie2Algstrict, and localizing at the essential
equivalences produces a bicategory Lie2Alg (see Subsections 2B and 2C). Let Biiso

be the sub-bicategory of Bi whose objects are Lie groupoids, 1-morphisms are
(weakly) invertible bibundles (i.e., Morita equivalences) and 2-morphisms are
isomorphisms of bibundles. We recall that a bicategory with invertible 2-morphism
is, by definition, a (2,1)-bicategory.

Theorem 4.1. The map G 7→ X(G) that assigns to each Lie groupoid its category
of vector fields extends to a functor X :Biiso→ Lie2Alg. In particular, if P :G→ H
is a Morita equivalence of Lie groupoids then X(P) : X(G)→ X(H) is a (weakly)
invertible 1-morphism of Lie 2-algebras in the bicategory Lie2Alg.

Remark 1.2. In the Lie groupoid literature there are two standard constructions
that associate a Lie algebra to a Lie groupoid: global sections of its Lie algebroid
and Mackenzie and Xu’s multiplicative vector fields. The Lie 2-algebra structure
on X(G) is built out of this pair of Lie algebras. At first pass this might seem
surprising: neither multiplicative vector fields nor sections of Lie algebroids are
well-behaved under Morita equivalence of Lie groupoids. Theorem 4.1 shows that
combining this pair of Lie algebras into a Lie 2-algebra gives us an object that is
preserved by Morita equivalence.

How does the existence of the functor in Theorem 4.1 imply that the Lie
2-algebra X(G) “lives” on the stack BG? To answer this, we need to recall the
relationship between the bicategory Bi and the 2-category Stack of stacks over the
site of smooth manifolds. The assignment G 7→ BG extends to a fully faithful
functor B : Bi→ Stack. The essential image of the functor B is the 2-category
GeomStack of geometric stacks. Restricting the functor B to the bicategory Biiso

of groupoids and Morita equivalences gives us an equivalence of bicategories
B : Biiso→ GeomStackiso, where GeomStackiso is the (2,1)-category of geometric
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stacks, isomorphisms of stacks (that is, weakly invertible 1-morphisms of stacks)
and 2-morphisms. By inverting this equivalence B and composing it with the
functor X we get a functor

(1-1) GeomStackiso
B−1
−→ Biiso

X
−→ Lie2Alg.

So in particular we get a functorial assignment of a Lie 2-algebra to every geometric
stack, with isomorphic stacks being assigned “isomorphic” Lie 2-algebras.

Hepworth [2009] introduced a category of vector fields Vect(A) on a stack A,
which is a groupoid. We introduce a groupoid Vect′(A) equivalent to Vect(A) which
is more convenient for our purposes. In particular, the assignment A 7→ Vect′(A)
easily extends to a functor Vect′ : GeomStackiso→ Gpd, where Gpd is the (2,1)-
category of groupoids, functors and natural transformations (which are automatically
natural isomorphisms). We show that the functor Vect′ is compatible with the
functors B : Biiso→ GeomStackiso and X : Biiso→ Lie2Alg in the following sense.

Theorem 6.1. The diagram of (2,1)-bicategories and functors

GeomStackiso Gpd

Biiso Lie2Alg

B

OO

u

OO

Vect′
//

X

//

ϒ

ai

2-commutes. Here as above Gpd denotes the (2,1)-category of groupoids, functors
and natural isomorphisms, and u : Lie2Alg→ Gpd denotes the functor that assigns
to each Lie 2-algebra its underlying groupoid. The components of the transforma-
tion ϒ are weakly invertible functors (i.e., equivalences of categories). In particular
for a geometric stack A the category underlying the Lie 2-algebra (X ◦B−1) (A) is
equivalent to Hepworth’s category Vect(A) of vector fields on the stack.

Remark 1.3. Consider a geometric stack A. The groupoids Vect(A) and Vect′(A)
are equivalent. Let G = B−1(A). Then the stacks BG and A are isomorphic
and consequently the categories Vect′(A) and Vect′(BG) are equivalent. Since the
diagram above 2-commutes and the components of ϒ are weakly invertible functors,
Vect′(A) is equivalent to the groupoid u(X(G)) underlying the Lie 2-algebra X(G).
Consequently Hepworth’s groupoid Vect(A) of vector fields on a stack is equivalent
to the groupoid underlying the Lie 2-algebra X(B−1(A)).

A different choice (B−1)′ of the inverse of B is isomorphic to B−1. Consequently
the Lie 2-algebras X(B−1(A)) and X((B−1)′(A)) are naturally weakly isomorphic
and their underlying groupoids are equivalent.

Related work. The recent work of Cristian Ortiz and James Waldron [2019] lies
in a similar circle of ideas. Recall that an LA-groupoid is a groupoid object in
Lie algebroids. Given an LA-groupoid, Ortiz and Waldron introduced its category
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of multiplicative sections and showed that it carries a natural strict Lie 2-algebra
structure in the language of crossed modules of Lie algebras (which affords an
equivalent description of the category of strict Lie 2-algebras). They showed that if
two LA-groupoids are Morita equivalent then the corresponding crossed modules
of Lie algebras are connected by a zig-zag of equivalences. Furthermore, to every
stack Ortiz and Waldron assigned an ordinary Lie algebra and showed that in the
case of proper geometric stacks the set underlying this Lie algebra is in bijective
correspondence with isomorphism classes of vector fields in Hepworth’s definition.

2. Background and notation

We assume that the reader is familiar with ordinary categories, strict 2-categories
and bicategories (also known as weak 2-categories). We mostly work with (2,1)-
bicategories, that is with bicategories whose 2-morphisms are invertible. Standard
references for bicategories are [Bénabou 1967; Borceux 1994]. See also [Street
1996]. We assume familiarity with Lie groupoids, with a standard reference being
[Moerdijk and Mrčun 2003]. We also assume that the reader is comfortable with
stacks over the site of manifolds and the relationship with Lie groupoids, e.g., see
[Behrend and Xu 2011]. This said, Sections 3, 4 and 7 do not use stacks.

Given a category C we denote its collection of objects by C0 and the collection
of arrows/morphisms by C1.1 We usually denote the source and target maps of C
by s and t , respectively. We write C= {C1 ⇒ C0} and suppress the other structure
maps of the category C. The map 1 : C0 → C1 assigns the identity arrow 1x to
each object x of the category C. The composition/multiplication in the category C

is defined on the collection C2 of pairs of composable arrows. Our convention
is that C2 := {(γ2, γ1) ∈ C1×C1 | s(γ2) = t (γ1)} =: C1×s,C0,t C1. We denote the
composition in the category C by m. In particular, we write the composition from
right to left: γ2γ1 means γ1 followed by γ2. If the category C is a groupoid we
denote the inversion map by i .

2A. Bicategories of Lie groupoids.
Definition 2.1. A bibundle P :G→ H from a Lie groupoid G to a Lie groupoid H
is a manifold P with two maps aL

P and aR
P :

G1

G0

H1

H0

P

�� �� ����

aL
P

||

aR
P

""

along with a left action of G and a right action of H on P:

G1×G0 P→ P, (g, p) 7→ g · p, P ×H0 H1→ P, (p, h) 7→ p · h.

1We use the words “arrow,” “morphism” and “1-cell” interchangeably.
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We refer to aL
P as the left anchor and to aR

P as the right anchor. We further require that

(1) the actions of G and H commute: for all (g, p)∈G1×G0 P, (p, h)∈ P×H0 H1

g · (p · h)= (g · p) · h;

(2) the map a P
L : P→G0 is a surjective submersion and is H -invariant: a P

L (p·h)=
a P

L (p) for all (p, h) ∈ P ×H0 H1;

(3) the map a P
R is G-invariant: a P

R (g · p)= a P
R (p) for all (g, p) ∈ G1×G0 P;

(4) the map

P ×aR
P ,H0,t H1→ P ×aL

P ,G0,aL
P

P, (p, h) 7→ (p, p · h)

is a diffeomorphism.

Definition 2.2. An isomorphism of two bibundles P, P ′ : G→ H is a diffeomor-
phism α : P→ P ′ which is G- and H -equivariant.

Given two bibundles P : G → H and Q : H → K their composite Q ◦ P is
defined to be the quotient of the fiber product Pa P

R ,H0,a
Q
L

Q by the action of H :
Q ◦ P := (P ×a P

R ,H0,a
Q
L

Q)/H . The composition of bibundles is not associative on
the nose: given 3 composable bibundles P, Q and R the composites (R ◦ Q) ◦ P
and R ◦ (Q ◦ P) are only isomorphic. Therefore Lie groupoids and bibundles do
not form a category. One can show that Lie groupoids, bibundles and isomorphisms
of bibundles form a bicategory which we denote by Bi.

Notation 2.3. An isomorphism of bibundles α : P → Q is a smooth map and a
2-arrow (2-cell) in the bicategory Bi described above. For this reason we may
sometimes write α : P⇒ Q for an isomorphism of bibundles.

There is also the strict 2-category LieGpd of Lie groupoids, (smooth) functors and
(smooth) natural transformations Note that both Bi and LieGpd are (2,1)-bicategories.

Notation 2.4. In the bicategories LieGpd and Bi, we write the horizontal composi-
tion of 2-arrows as ?. Given a 1-morphism f and a 2-morphism α we abuse notation
by writing f ?α for the horizontal composition (whiskering) 1 f ?α, where 1 f is the
identity 2-arrow on the 1-morphism f . The vertical composition of 2-morphisms is
denoted by ◦. When convenient, we also use arrow notation to denote morphisms
in groupoids with specified source or target, e.g., x g

←− y for a morphism g with
target x and source y.

Remark 2.5. There is a functor U : LieGpd→ Bi that is the identity on objects. On
1-morphisms U sends a functor f : G→ H to the bibundle

(2-1) 〈 f 〉 := G0× f,H0,t H1

:= {(x, γ ) | f (x)= t (γ )} = {(x, f (x) γ
←−) | x ∈ G0, γ ∈ H1}
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whose left and right anchor maps are given respectively by

aL
〈 f 〉(x, γ )= x, aR

〈 f 〉(x, γ )= s(γ ).

Here, as before, s : H1→ H0 is the source map. The left action of the groupoid G
on the manifold 〈 f 〉 is given by (g, (x, γ )) 7→ (t (g), f (g)γ ). The right action of
the groupoid H on 〈 f 〉 is given by ((x, γ ), ν) 7→ (x, γ ν). Note that aL

P : 〈 f 〉→G0

has a canonical section x 7→ (x, 1 f (x)). Given a pair of functors f, k :G→ H and a
natural isomorphism α : f ⇒ k, we get an isomorphism of bibundles 〈α〉 : 〈 f 〉⇒〈k〉.
The isomorphism 〈α〉 is defined by 〈α〉(x, f (x) γ

←−)= (x, k(x) α(x)γ
←−−−).

The functor U = 〈 〉 takes vertical and horizontal composition of natural trans-
formations to the composition of isomorphisms of bibundles and horizontal compo-
sition of isomorphisms, respectively.

Remark 2.6. By construction of the functor U = 〈 〉 the total space of the bibundle
〈idG〉 corresponding to the identity functor idG : G → G on a Lie groupoid G
is the fiber product G0 ×G0 G1. This fiber product is diffeomorphic to G1. We
therefore define the manifold G1 together with the actions of G by left and right
multiplication to be the identity bibundle for a Lie groupoid G.

The functor U is far from being an equivalence of 2-categories. The issue is that
for almost all groupoids G and H the functor

(2-2) U : HomLieGpd(G, H)→ HomBi(G, H)

fails to be essentially surjective. The failure of essential surjectivity follows from
the well-known fact:

Lemma 2.7. A bibundle P : G → H is isomorphic to a bibundle 〈 f 〉 for some
functor f : G→ H if and only if the left anchor aL

P : P→ G0 has a section.

We omit the proof.

Remark 2.8. Recall that a functor f : G→ H between two Lie groupoids is an
essential equivalence if the right anchor aR

: 〈 f 〉→H0 is a surjective submersion and
the action of G on 〈 f 〉 is principal. The functor U =: LieGpd→ Bi is a localization
of the 2-category LieGpd at the class of all essential equivalences; see Example 2.12.

In contrast to failure of the functor U to be surjective on 1-morphisms, for
2-morphisms the following result holds. The result must be known but we are not
aware of a reference.

Theorem 2.9 (folklore). For any pair of functors f, k : G→ H of Lie groupoids
the map

U : HomLieGpd( f, k)→ HomBi(〈 f 〉, 〈k〉), α 7→ 〈α〉

is a bijection.
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Sketch of proof. Let δ : 〈 f 〉→ 〈k〉 be an isomorphism of bibundles. The left anchor
aL
〈 f 〉 : 〈 f 〉 → G0 has a natural section σ f . It is defined by

σ f (x)= (x, f (x) 1 f (x)
←−−).

Similarly we have a natural section σk : 〈k〉→G0 of the left anchor aL
〈k〉 : 〈k〉→G0.

Since aL
〈k〉 : 〈k〉 → G0 is a principal H bundle, for any x ∈ G0 there is a unique

arrow δ(x) ∈ H1 so that

δ(σ f (x))= σk(x) · δ(x)

for all x ∈ G0. By equivariance of δ, the map

δ : G0→ H1, x 7→ δ(x)

is a natural isomorphism from f to k. �

2B. Localizations of bicategories.

Definition 2.10. Given a bicategory C and a class of 1-morphisms W in C we define
a localization of C at the class W (if it exists) to be a pair (C[W−1

],U :C→C[W−1
]),

where C[W−1
] is a bicategory and U : C→ C[W−1

] is a functor satisfying the
following universal property: For any bicategory D the precomposition with U
induces an equivalence of bicategories

Hom(C[W−1
],D) −◦U−−→ HomW (C,D),

where HomW (C,D) denotes the bicategory of functors sending elements of W to
weakly invertible 1-morphisms in D.

In particular given any functor F : C→ D mapping elements of W to invertible
morphisms of D there exists a functor F̃ : C[W−1

] → D and a natural isomorphism

F ⇒ F̃ ◦U.

Following a common abuse of notation, we often denote the localizations of C at W
simply as C[W−1

] (and omit the localization functor U ).
The localization C[W−1

] is defined up to equivalence of bicategories, so it will be
convenient to refer to any functor F : C→ C′ between bicategories as a localization
of C at the class W if it has the same universal property as the localization functor
U : C→ C[W−1

]. Namely we ask that for any bicategory D the precomposition
with F induces an equivalence of bicategories Hom(C′,D) −◦F−−→ HomW (C,D).

Pronk [1996] gave a criterion for a functor F : C→ C′ to be “the” localization of C
at the class W :
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Proposition 2.11 [Pronk 1996, Proposition 24]. A functor F : C→ C′ between
bicategories is a localization of C at the class W if

(1) F sends the elements of W to (weakly) invertible 1-morphisms in C′;

(2) F is essentially surjective on objects;

(3) for every 1-morphism f in C′ there are 1-morphisms w in W and g in C with a
2-morphism F(g)⇒ f ◦ F(w);

(4) F is fully faithful on 2-morphisms.

Example 2.12. The functor U := 〈 〉 : LieGpd → Bi is the localization of the
2-categories of Lie groupoids, functors and natural transformations at the class of
essential equivalences.

Localizations of bicategories will come up several times in this paper.

2C. 2-vector spaces and Lie 2-algebras.

Definition 2.13. A (real) 2-vector space [Baez and Crans 2004] is a category V
internal to the category of (real)vector spaces. Hence V = {V1 ⇒ V0}, where V0 a
vector space of objects, V1 a vector space of morphisms, and all the structure maps
(source, target, unit, and composition) are linear.

There is a 2-category 2Vect whose objects are 2-vector spaces, 1-morphisms
are (linear) functors and 2-morphisms are (linear) natural transformations. There
is a forgetful functor 2Vect→ Cat from the 2-category of 2-vector spaces to the
2-category Cat of categories that forgets the linear structure.

Remark 2.14. There is an equivalence of categories of 2-vector spaces and of
2-term chain complexes of vector spaces. See, for example, [Baez and Crans 2004].
A similar result was proved much earlier by Deligne [SGA 43 1973]. We remind
the reader of how this equivalence is defined on objects. Given a 2-term complex
∂ :U →W there is an action of the abelian group U on W given by

(2-3) u ·w := ∂(u)+w

for all u ∈ U, w ∈ W. The corresponding action groupoid {U × W ⇒ W } is a
2-vector space.

The converse is true as well: any 2-vector space V = {V1 ⇒ V0} is isomorphic
to an action groupoid defined by the 2-term complex ∂ = t |ker s : ker s→ V0. Here
as before s, t : V1→ V0 are the source and target map of the category V ; see [Baez
and Crans 2004] for a proof. In particular a category underlying a 2-vector space is
a groupoid.

Definition 2.15. A strict Lie 2-algebra is a category internal to the category of Lie
algebras (over the reals): the space of objects and morphisms of a Lie 2-algebra are
ordinary Lie algebras and all the structure maps are maps of Lie algebras.
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Notation 2.16. Categories internal to Lie algebras, internal functors and internal
natural transformations form a strict 2-category which we denote by Lie2Algstrict.

Definition 2.17. (see, for example, [Frégier and Wagemann 2011, Definition 15]) A
crossed module of Lie algebras consists of a Lie algebra homomorphism ∂ :m→ n

together with a Lie algebra homomorphism

D : n→ Der(m)

from n to the Lie algebra Der(m) of derivations of m so that, for all m,m′ ∈m, n ∈n,

(i) ∂(D(n)m)= [n, ∂(m)] and

(ii) D(∂(m))m′ = [m,m′].

A crossed module of Lie algebras determines a Lie 2-algebra: see, for example,
the proof of Theorem 3 in [Frégier and Wagemann 2011]. The converse is true as
well: any Lie 2-algebra canonically defines a crossed module of Lie 2-algebras. In
fact more is true: crossed modules form a strict 2-category, and the 2-categories of
Lie 2-algebras and of crossed modules are equivalent (see [Frégier and Wagemann
2011, Theorem 3]). We need the following result:

Lemma 2.18. Let V = {V1 ⇒ V0} be a 2-vector space. Suppose the corresponding
2-term complex ∂ = t |ker s : ker s→ V0 is part of the data of a Lie algebra crossed
module. That is, suppose that V0, ker s are Lie algebras, ∂ is a Lie algebra map, and
that there is an action D : V0→ Der(ker s) of V0 on ker s by derivations making
(∂ : ker s→V0, D :V0→Der(ker s)) into a crossed module of Lie algebras. Then V
is a Lie 2-algebra.

Sketch of proof. Since 1 ◦ s = idV0 , we have V1 = ker s⊕ V0. We define a bracket
on ker s⊕ V0 by

(2-4) [(x1, y1), (x2, y2)] :=
(
[x1, x2] + D(y1)x2− D(y2)x1, [y1, y2]

)
for all (x1, y1), (x2, y2) ∈ ker s⊕V0. That is, we define the Lie algebra V1 to be the
semidirect product of V0 and ker s. Checking that source, target and unit maps of V
are Lie algebra maps is easy. To check that the composition m : V1×V0 V1→ V1 in
the category V is a Lie algebra map we observe that m is given by

(2-5) m((x1, y1), (x2, y2))= (x1+ x2, y2)

for all (x1, y1), (x2, y2) ∈ ker s ⊕ V0 with y1 = t (x2, y2) = ∂x2 + y2. This fact is
not completely obvious. It lies in the heart of the correspondence between 2-vector
spaces and 2-term chain complexes. See Remark 2.14 and [Baez and Crans 2004].
A computation now shows that the map m is a Lie algebra map. �
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There is a problem with the 2-category Lie2Algstrict of Lie 2-algebras. Namely,
suppose f : g→ h is a morphism of Lie 2-algebras which is fully faithful and
essentially surjective, that is, an essential equivalence. Then f has a weak inverse
(as a functor), but there is no reason for that inverse to be a morphism of Lie
2-algebras. In fact it is easy to come up with examples where such morphism of
Lie 2-algebras does not exist.

Fortunately the problem has a universal solution: we localize the 2-category
Lie2Algstrict at the class of essential equivalences and obtain a bicategory Lie2Alg

(see [Pronk 1996] and Section 2B above). This localization has a simple and explicit
description: we define a morphism between Lie 2-algebras as a “bibundle internal
to the category of Lie algebras.” Here are the details.

Definition 2.19. A bibundle p : g→ h from a Lie 2-algebra g to a Lie 2-algebra h

is a Lie algebra p with left and right anchor maps aL
p and aR

p (which are maps of
Lie algebras),

g1

g0

h1

h0

p

�� �� ����

aL
p

~~

aR
p

  

along with a left action of the groupoid g and right action of the groupoid h

g1×s,g0,aL
p
p→ p, (g, p) 7→ g · p, p×aR

p ,h0,t h1→ p, (p, h) 7→ p · h.

We require that the actions are maps of Lie algebras and commute with each other.
We require that aL

p is surjective. Finally, we require that the map

p×aR
p ,h0,t h1→ p×aL

p ,g0,aL
p
p, (p, h) 7→ (p, p · h)

is an isomorphism of Lie algebras. Thus in particular we require that aL
p : p→ g0

is a principal h-bundle.

Remark 2.20. The composition of bibundles between Lie 2-algebras is defined in
the same way as in the case of bibundles between Lie groupoids: it is the quotient
of the appropriate fiber product. We will omit a proof that Lie 2-algebras, bibundles
of Lie algebras and isomorphisms of bibundles form a bicategory. We denote this
bicategory by Lie2Alg. We note that biprincipal bibundles are weakly invertible in
this bicategory.

As in the case of Lie groupoids there is a functor 〈 〉 : Lie2Algstrict→ Lie2Alg. It
sends a strict map f : g→ h of Lie 2-algebras to the bibundle

〈 f 〉 := g0× f0,h0,t h1 := {(x, γ ) | f0(x)= t (γ )}.
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Lemma 2.21. Suppose f : g→ h is a strict map of Lie 2-algebras whose underlying
functor is fully faithful and essentially surjective. Then the bibundle of Lie 2-
algebras

〈 f 〉 : g→ h

is weakly invertible.

Proof. It is enough to show that aR
〈 f 〉 : 〈 f 〉 → h is an g-principal bundle. That is, it

is enough to show that aR
〈 f 〉 is surjective and that the map

ϕ : p×aR
p ,h0,t h1→ p×aL

p ,g0,aL
p
p, ϕ(p, h) := (p, p · h)

is an isomorphism of Lie algebras. Since aR
〈 f 〉(x, γ )= s(γ ) the surjectivity of

aR
〈 f 〉 is equivalent to the essential surjectivity of the functor f . The fullness of f

translates into ϕ being onto and faithfulness of f translates into ϕ being 1-1. �

We now apply Proposition 2.11 to conclude that 〈 〉 : Lie2Algstrict → Lie2Alg

is the localization of Lie2Algstrict at the class of essential equivalences. See also
Theorem 4.4 below for a similar argument.

Remark 2.22. A reader familiar with Noohi’s butterflies [2013] should not have
much trouble showing that the bicategory Lie2Alg of Lie 2-algebras defined above
is equivalent to the bicategory of crossed modules of Lie algebras, butterflies and
isomorphisms of butterflies.

2D. Tangent functors. Recall that we have a functor T from the category Man

of C∞ manifolds to itself which sends a manifold M to its tangent bundle TM πM−→M.
We also have a natural transformation π : T ⇒ idMan whose components are the
projections πM : TM→ M.

Remark 2.23. Recall that if a point c is a regular value of a smooth map f :M→ N
between two manifolds then (T f )−1(c, 0)= T ( f −1(c)). Consequently the tangent
functor T preserves transverse fiber products.

The following result is well-known. We omit the proof.

Lemma 2.24. The tangent functor T :Man→Man and the natural transformation
π : T ⇒ idM extend to a functor T LieGpd

: LieGpd → LieGpd and to a natural
transformation π : T LieGpd

⇒ idLieGpd.

Lemma 2.25. The functor T :Man→Man extends to a functor T Bi
: Bi→ Bi from

the bicategory Bi of Lie groupoids, bibundles and isomorphisms of bibundles to
itself.

Sketch of proof. For a Lie groupoid G we set T Bi(G) = TG. This defines T Bi

on 0-cells. Given a bibundle P : G → H the application of the tangent functor
T : Man→ Man gives us the bibundle T P : TG → TH. Given two bibundles
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P, Q : G → H and an isomorphism α : P → Q of bibundles its derivative
Tα : T P→ TQ is also an isomorphism of bibundles. It is not hard to check that for
any two Lie groupoids G and H the map T : HomBi(G, H)→ HomBi(TG, TH)
defined above is a functor. Given a Lie groupoid G we defined the identity bi-
bundle 〈idG〉 to be the manifold G1 together with the source and target maps
as left and right anchors and left and right multiplications as left and right ac-
tions of G on G1. Then T 〈idG〉 = TG1 = 〈idTG〉. Hence the comparison 2-cells
µG : idTBi(G)→ T Bi(idG) are identity 2-cells. We also need the comparison 2-cells
µQ,P : T BiQ ◦ T BiP → T Bi(Q ◦ P). They are constructed as follows. Given
a pair G P

−→ H Q
−→ K of composable bibundles T (P ×H0 Q) = TQ ×TH0 TQ

(cf. Remark 2.23). Additionally T (P ×H0 Q)/H '
(
T (P ×H0 Q)

)
/TH since for

any Lie groupoid H and any H -principal bundle R→ B, TR/TH is isomorphic
to TB. Consequently

T (Q◦P)=T ((P×H0 Q)/H)'T (P×H0 Q)/TH'(T P×TH0 TQ)/TH=TQ◦T P.

This diffeomorphism is the desired invertible 2-cell µQ,P . �

Lemma 2.26. The functors U ◦ T LieGpd and T Bi
◦U are isomorphic. Here U :=

〈 〉 : LieGpd→ Bi is the localization functor.

Proof. We construct a pseudonatural transformation σ : U ◦ T LieGpd
⇒ T Bi

◦U
as follows. Since for a groupoid G U ◦ T LieGpd(G) = TG = T Bi

◦U (G) we set
σG := 〈idTG〉. Given a functor f : G→ H we define the 2-cell

σ f : σH ◦ T Bi(U ( f ))⇒U (T LieGpd( f )) ◦ σG

as composite of the isomorphisms of bibundles 〈idTH〉 ◦ T 〈 f 〉→ T 〈 f 〉→ 〈T f 〉→
〈T f 〉 ◦ 〈idTG〉. Here the middle arrow is the diffeomorphism T (G0× f,H0,t H1)

'
−→

TG0 ×T f,TH0,T t TH1. Given an isomorphism α : f ⇒ f ′ between two functors
f, f ′ : G→ H the diagram

T (G0× f,H0,t H1) TG0×T f,TH0,T t TH1

T (G0× f ′,H0,t H1) TG0×T f ′,TH0,T t TH1

∼
//

T 〈α〉

��

〈Tα〉

��

∼
//

commutes. It follows that σ f ’s are components of a natural transformation

σG,H : (U ◦ T LieGpd) ◦ σG ⇒ σH ◦ (T Bi
◦U ). �

Lemma 2.27. There exists a transformation π̃ : T Bi
⇒ idBi whose 1-cells π̃G :

T Bi(G)→G are (isomorphic to) the bibundles 〈πG〉, where as before πG : TG→G
are the projection functors.
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Proof. Since U = 〈 〉 : LieGpd→ Bi is a localization functor, the pullback by U
defines an equivalence of bicategories

U∗ := −◦U : Hom(Bi,Bi)→ HomW (LieGpd,Bi).

Here as before HomW (LieGpd,Bi) denotes the bicategory of functors that send
essential equivalence in LieGpd to invertible bibundles. Consequently for any two
functors F,G : Bi→ Bi the functor

U∗ : Hom(F,G)→ Hom(F ◦U,G ◦U )

is an equivalence of categories. Note that the objects of Hom(F,G) are pseudo-
natural transformations and morphisms are modifications. In Lemma 2.24 we con-
structed a natural transformation π : T LieGpd

→ id and Lemma 2.26 we constructed
a natural isomorphism σ : U ◦ T LieGpd

⇒ T Bi
◦U . Therefore we have a natural

transformation Uπ◦σ−1
:T Bi
◦U⇒U. Since U∗ :Hom(T Bi, id)→Hom(T Bi

◦U,U )
is essentially surjective, there exists a pseudonatural transformation π̃ : T Bi

→ id so
that π̃ ◦U differs from Uπ ◦σ−1 by a modification. It will be convenient to fix one
such modification throughout the paper. It follows that for each Lie groupoid G we
have chosen an isomorphism of bibundles π̃G→ 〈πG〉 where π̃G is the component
of the transformation π̃ at G. �

3. The Lie 2-algebra X(G) of vector fields on a Lie groupoid G

In this section we prove Theorem 3.4: the category of multiplicative vector fields
on a Lie groupoid underlies a strict Lie 2-algebra.

Definition 3.1 [Hepworth 2009]. Consider a Lie groupoid G with its tangent
groupoid πG : TG → G. The category X(G) of multiplicative vector fields is
defined as follows. The set of objects of X(G) is

X(G)0 := {v : G→ TG | v is a functor and πG ◦ v = idG}.

This is the set of multiplicative vector fields of Mackenzie and Xu [1998]. A
morphism in X(G) from a multiplicative vector field v to a multiplicative vector
field w is a natural transformation α : v⇒ w such that for every point x ∈ G0

(3-1) πG(αx)= 1x .

The composition of morphisms is the vertical composition of natural transformations.
Note that the category X(G) is a groupoid.

Notation 3.2. We denote the source and target maps in the category X(G) by s

and t, respectively. The unit map is denoted by 1, the inversion by ( )−1 and the
composition/multiplication of morphisms by ◦.
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Lemma 3.3. The category of multiplicative vector fields X(G) on a Lie groupoid G
is a 2-vector space.

Proof. Mackenzie and Xu [1998] proved that the set X(G)0 of multiplicative vector
fields is a real vector space.

We next argue that the set of morphisms X(G)1 of the category X(G) is a
vector space as well. Suppose α1 : v1 ⇒ w1 and α2 : v2 ⇒ w2 are morphisms
between multiplicative vector fields. Equation (3-1) says that α1 and α2 are both
sections of the vector bundle TG1|G0 → G0 where we have suppressed the unit
map 1G : G0→ G1. Clearly the linear combination λ1α1+ λ2α2 is again a section
of the bundle TG1|G0 → G0 for any choice of scalars λ1, λ2. We need to check
that it is actually a natural transformation from λ1v1+ λ2v2 to λ1w1+ λ2w2. That
is, we need to check that for any arrow y γ

←− x in the groupoid G

(λ1α1+ λ2α2)y • ((λ1v1+ λ2v2)(γ ))= ((λ1w1+ λ2w2)(γ )) • (λ1α1+ λ2α2)x .

Here and below • : TG1×TG0 TG1→ TG1 denotes the multiplication in the Lie
groupoid TG.

Since • is the derivative of the multiplication m :G1×G0 G1→G1 in the groupoid
G, it is fiberwise linear: for any (γ2, γ1) ∈ G1 ×G0 G1 and (a1, a2), (b1, b2) ∈

Tγ2 G1×TG0 Tγ1 G1 = T(γ1,γ2)(G1×G0 G1) we have (in the prefix notation)

(3-2) • (λ(a1, a2)+µ(b1, b2))= λ(•(a2, a1))+µ(•(b1, b2))

for all scalars λ,µ. In the infix notation (3-2) reads

(3-3) (λa1+µb1) • (λa2+µb2)= λ(a1 • a2)+µ(b1 • b2).

Hence

(λ1α1+ λ2α2)y • ((λ1v1+ λ2v2)(γ ))= λ1((α1)y • v1(γ ))+ λ2((α2)y • v2(γ ))

= λ1(w1(γ ) • (α1)x)+ λ2(w2(γ ) • (α2)x)

= ((λ1w1+ λ2w2)(γ )) • (λ1α1+ λ2α2)x .

Here the first and third equalities hold by (3-3). In the second equality we used the
fact that α1 : v1⇒ w1 and α2 : v2⇒ w2 are natural transformations. Therefore the
space of morphisms X(G)1 is a vector space.

Moreover the computation above shows that for λ1, λ2 ∈ R, α1 : v1 ⇒ w1,
α2 : v2⇒w2 ∈X(G)1 the source of λ1α1+λ2α2 is λ1v1+λ2v2. That is, the source
map s : X(G)1→ X(G)0 of the category X(G) is linear. Similarly the target map t

is linear. It is also easy to see that the unit map X(G)0→ X(G)1 is linear as well.
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Finally we need to check that multiplication/composition ◦ in the category X(G),
which is the vertical composition of natural transformations, is linear as a map from
X(G)1×X(G)0 X(G)1 to X(G)1. That is, we need to check that

(3-4) (λα2+µβ2) ◦ (λα1+µβ1)= λ(α2 ◦α1)+µ(β2 ◦β1)

for all λ,µ ∈ R, (α2, α1), (β2, β1) ∈ X(G)1×X(G)0 X(G)1. Recall that the vertical
composition ◦ is computed pointwise: for any composable natural transforma-
tions δ1, δ1 and any point x ∈ G0 (δ2 ◦ δ1)x = (δ2)x • (δ1)x , where as before • is the
multiplication in TG. Since • is fiberwise linear (3-4) follows. �

Theorem 3.4. The category of vector fields X(G) on a Lie groupoid G is a (strict)
Lie 2-algebra.

Proof. Recall the notation: s : G1→ G0 is the source map for the groupoid G, its
differential T s : TG1→ TG0 is the source map for the tangent groupoid TG. We
use s, t to denote the source and target maps of the groupoid X(G), respectively.

By Lemma 2.18 it is enough to: give the vector spaces ker(s : X(G)1→ X(G)0)
and X(G)0 the structure of Lie algebras; check that ∂ := t|ker s : ker s→ X(G)0 is a
Lie algebra map; define an action D : X(G)0→ Der(ker s) on ker s by derivations;
and check the compatibility of ∂ and D:

∂(D(X)α)= [X, ∂(α)],(3-5)

D(∂α1)α2 = [α1, α2](3-6)

for all α, α1, α2 ∈ ker s and all multiplicative vector fields X on the Lie groupoid G
(compare with Definition 2.17).

The fact that the vector space X(G)0 of multiplicative vector fields carries a
Lie bracket is due to Mackenzie and Xu [1998]. We argue next that ker s is the
space of sections of the Lie algebroid AG → G0. By definition of the source
map s, ker s = {α : X ⇒ Y | X = 0}. Therefore α ∈ ker s if and only if there is a
multiplicative vector field Y so that the diagram

(3-7)

0x 0y

Y (x) Y (y)

0γ
//

αx

��

αy

��

Y (γ )
//

commutes for all arrows y γ
←− x in G1. Hence if α ∈ ker s then T s(αx)= 0x for all

x ∈G0. That is, α is a section of AG→G0. Conversely if α :G0→ AG is a section
of the Lie algebroid we can define a multiplicative vector field Y : G → TG so
that (3-7) commutes. Namely on objects we define Y (x) := T t (αx) for all x ∈ G0.
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And for y γ
←− x in G1 we set

(3-8) Y (γ )= αy • 0γ • (αx)
−1.

Here as before • is the multiplication in TG and ( )−1
= T i : TG1→ TG1 is the

inverse map, which is the derivative of the inverse map i of the groupoid G. We
conclude that ker(s :X(G)1→X(G)0)=0(AG) and that ∂ := t|ker s :ker s→X(G)0
is given by

(3-9) (∂α)(γ )= αt (γ ) • 0γ • (αs(γ ))
−1

for all γ ∈ G1. Note that (3-9) can be written as

(3-10) ∂α =
−→
α+

←−
α.

where −→α(γ )= TRγ α(t (γ )) and←−α(γ )= T (Lγ ◦ i) α(t (γ )) for all γ ∈G1. Here Rγ
and Lγ are right and left multiplications by γ , respectively. The bracket on the
space of sections 0(AG) of the Lie algebroid AG → G0 is defined by requiring
that the injective map → : 0(AG)→ 0(TG1), α 7→

−→
α is a map of Lie algebras.

Consequently ← : 0(AG)→ 0(TG1), α 7→
←−
α is also a map of Lie algebras. Since

left- and right-invariant vector fields commute (cf. [Mackenzie 2005]) we conclude
that ∂ = t|ker s : ker s= 0(AG)→ X(G)0 is a Lie algebra map.

Following Mackenzie and Xu we define the map D from the space X(G)0 of
multiplicative vector fields to Hom(0(TG1|G0), 0(TG1|G0)) by setting D(X)α :=
[X, −→α]|G0 for all multiplicative vector fields X and all sections α ∈0(AG). Macken-
zie and Xu [1998, Proposition 3.7] proved that [X, −→α] is tangent to the fibers
of s and is right invariant. Hence [X, −→α]|G0 is a section of the Lie algebroid
AG → G0. They furthermore showed that D(X) is a derivation of 0(AG) and
that D : X(G)0→ Der(0(AG)) is a map of Lie algebras [Mackenzie and Xu 1998,
Proposition 3.8]. Since left- and right-invariant vector fields commute, for any
α1, α2 ∈ 0(AG) we have [∂α1,

−→
α2] = [

−→
α1+

←−
α1,

−→
α2] = [

−→
α1,

−→
α2] and (3-6) follows.

We end the proof by showing that (3-5) holds. On the right-hand side we
have [X, ∂α] = [X, −→α +←−α] = [X, −→α] + [X,←−α] while on the left, ∂(D(X) α) =
(D(X) α)→+ (D(X) α)←. By definition of D, (D(X) α)→ = [X, −→α], so it remains
to prove that [X,←−α] = (D(X) α)←. Since X is a functor, T i ◦ X = X ◦ i . The
inversion map i relates right- and left-invariant vector fields. That is, T i ◦ −→α =←−α ◦ i
for all α. Consequently

(D(X) α)←(g)= T (Lg ◦ i)(D(X) α)(1s(g))

= T (Lg)T i[X, −→α](1s(g))= TLg[X,
←−
α](i(1s(g))).

Since [X,←−α] is left-invariant, TLg[X,
←−
α](i(1s(g))) = [X,

←−
α](g). It follows that

(D(X) α)←(g)= [X,←−α](g) for all g ∈ G1 and we are done. �
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4. Morita invariance of the Lie 2-algebra of vector fields

The goal of this section is to prove:

Theorem 4.1. The assignment G 7→ X(G) of the category of vector fields to a Lie
groupoid extends to a functor

(4-1) X : Biiso→ Lie2Alg

from the bicategory Biiso of Lie groupoids, invertible bibundles and isomorphisms
of bibundles to the bicategory Lie2Alg of Lie 2-algebras. Hence, in particular, if
P : G→ H is a Morita equivalence of Lie groupoids then X(P) : X(G)→ X(H)
is a (weakly) invertible 1-morphism of Lie 2-algebras in the bicategory Lie2Alg.

Our strategy for constructing the functor X is to first construct it on a simpler
category.

Definition 4.2. An essentially surjective open embedding of Lie groupoids is a
functor f :U → G such that

(1) the maps on objects f0 :U0→ G0 and on morphisms f1 :U1→ G1 are open
embeddings and

(2) the functor f is an essential equivalence, i.e., the corresponding bibundle

〈 f 〉 :=U0× f0,G0,t G1 :U → G

is weakly invertible. Equivalently 〈aR
〉 : 〈 f 〉 → G0 is a principal U -bundle.

Remark 4.3. It is clear that Lie groupoids, essentially surjective open embeddings
and natural transformations form a strict 2-category which we denote by E mb.

Theorem 4.4. The localization of the 2-category E mb at the class W of all
1-morphisms is the bicategory Biiso of bicategory of Lie groupoids, invertible bibun-
dles and isomorphisms of bibundles.

Proof. We apply Proposition 2.11. Consider the localization functor 〈 〉 :LieGpd→Bi

introduced in Remark 2.5. By definition of the 2-category E mb the restriction of
the functor 〈 〉 to E mb sends every 1-morphism w :U→ G of E mb to an invertible
bibundle 〈w〉 (and a 2-morphism to an isomorphism of bibundles). This gives us a
functor

(4-2) 〈 〉 : E mb→ Biiso, (G w
−→ H) 7→ (G 〈w〉

−→ H).

The functor is surjective on objects. By Theorem 2.9 the functor is fully faithful on
2-morphisms.

It remains to check that given an invertible bibundle P : G → H there exist
essentially surjective open embeddings wG , wH so that 〈wH 〉 ◦ P is isomorphic
to 〈wG〉. Since the bibundle P is weakly invertible, it gives rise to the linking
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groupoid [Weinstein 2009, Proposition 4.3], denoted G ∗P H and recalled presently.
The manifold of objects (G ∗P H)0 is the disjoint union G0 t H0 of the objects of
the groupoids G and H. The manifold of arrows (G ∗P H)1 is the disjoint union
G1 t P t P−1

t H1. We think of the manifold P as the space of arrows from the
points of H0 to the points of G0. We think of the elements of P−1 as the inverses
of the elements of P. The multiplication in G ∗P H comes from the multiplications
in the groupoids G and H and the actions of G and H on P and on P−1. The
inclusion wG : G→ G ∗P H is given by the open embeddings

G0 ↪→ G0 t H0, G1 ↪→ G1 t P t P−1
t H1.

It is easy to see that wG is an essential equivalence, i.e., that the bibundle 〈wG〉 is
biprincipal, hence weakly invertible. Similarly we have the essentially surjective
open embedding wH : H ↪→ G ∗P H. A computation shows that the bibundles
〈wH 〉 ◦ P and 〈wG〉 are isomorphic. �

Proposition 4.5. The assignment G 7→ X(G) of the Lie 2-algebra of vector fields
to a Lie groupoid extends to a contravariant functor

(4-3) (E mb)op
→ Lie2Algstrict, (G w

−→ H) 7→ (X(H) w∗
−→ X(G))

from the 2-category E mb of Lie groupoids, essentially surjective open embeddings
and natural isomorphism to the strict 2-category Lie2Algstrict of Lie 2-algebras.

Proof. Consider an essentially surjective open embedding w : G → H. Then
w(G)⊂ H is an open Lie subgroupoid and w : G→ w(G) is an isomorphism of
Lie groupoids. We now assume without any loss of generality that G is an open
subgroupoid of H. Then the tangent bundle TG is an open subgroupoid of TH.
Moreover, any multiplicative vector field v : H → TH restricts to a multiplicative
vector field v|G : G → TG. Similarly, a morphism α : v ⇒ u of multiplicative
vector fields restricts to a morphism α|G : v|G ⇒ u|G . This gives us a functor

(4-4) w∗ : X(H)→ X(G), w∗(α : v⇒ u)= (α|G : v|G ⇒ u|G).

The restriction to an open subgroupoid is a map of 2-vector spaces and preserves
the brackets. Hence (4-4) is a map of Lie 2-algebras. �

Definition 4.6 (the category Xgen(G) of generalized vector fields on a Lie groupoid
G). Recall that there is a natural transformation π̃ : T Bi

⇒ idBi (Lemmas 2.25
and 2.27). An object of the category of generalized vector fields Xgen(G) on a Lie
groupoid G is a pair (P, αP)where P :G→TG is a bibundle and αP : π̃G◦P⇒〈idG〉

an isomorphism of bibundles. A morphism β in Xgen(G) from (P, αP) to (Q, αQ)

is a map of bibundles β : P ⇒ Q so that αQ = αP ◦ (π̃G ? β). Here as before ?
denotes whiskering in Bi, and ◦ is the composition of isomorphisms of bibundles.



LIE 2-ALGEBRAS OF VECTOR FIELDS 19

Lemma 4.7. A weakly invertible bibundle P : G→ H between two Lie groupoids
induces an equivalence of categories P∗ : Xgen(G)→ Xgen(H) between the corre-
sponding categories of generalized vector fields.

Proof. Since the 1-morphism P is (weakly) invertible, there is a 2-morphism
γ : (P ◦ 〈idG〉) ◦ P−1

⇒ 〈idH 〉. Given an object (X, αX ) of Xgen(G) we define
P∗X := T P ◦ (X ◦ P−1) The 2-morphism αP∗X : π̃H ◦ P∗X ⇒ 〈idH 〉 comes from
the 2-commutative diagram

H G TG TH

G H

P−1
//

X
//

T P
//

π̃G

��

π̃H

��P
//

P
//

〈idG〉

�� v~

π̃P{�

αX

{� γ

〈idH〉

66

We set

αP∗X := γ ◦ (P ? αX ? P−1) ◦ (π̃P ? (X ◦ P−1)).

Given a morphism β : (X, αX )→ (Y, αY ) in the category Xgen(G) we define

P∗β := T P ? β ? P−1.

A diagram chase ensures that P∗β is a morphism in Xgen(H) from (P∗X, αP∗X ) to
(P∗Y, αP∗Y ). Finally one checks that the functor (P−1)∗ :X(H)→X(G) is a weak
inverse of P∗. Hence P∗ is an equivalence of categories as claimed. �

Definition 4.8. The “inclusion” functor ıG :X(G) ↪→Xgen(G) is defined as follows.
Suppose v : G→ TG is a multiplicative vector field. Since U : LieGpd→ Bi is a
functor the composition 〈πG〉◦〈v〉 is isomorphic to 〈πg ◦v〉 = 〈idG〉. Since we fixed
the modification from π̃ to π ◦U there is a canonical isomorphism of bibundles
π̃G→〈πG〉. Consequently there is a canonical isomorphism α〈v〉 : π̃G ◦〈v〉⇒ 〈idG〉.
We define ıG(v) := (〈v〉, α〈v〉). Given a morphism v

γ
−→ v′ in X(G) we define

ıG(γ )= 〈γ 〉; it is a morphism in Xgen(G) from (〈v〉, α〈v〉) to (〈v′〉, α〈v′〉).

Theorem 4.9. For any Lie groupoid G the inclusion functor ıG :X(G) ↪→Xgen(G)
defined above is an equivalence of categories.

In the case where the groupoid G is proper Theorem 4.9 can be deduced from
[Hepworth 2009, Theorem 15]. The proof of Theorem 4.9 is technical; we carry it
out in Section 7 below.
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Lemma 4.10. Let w : G → G ′ be an essentially surjective open embedding.
Then (the 1-morphism of categories underlying) the pull-back/restriction functor
w∗ : X(G ′)→ X(G), which is given by w∗(v γ

−→ v′) = (v|G
γ |G−→ v′|G), is fully

faithful and essentially surjective.

Proof. We first argue that w∗ is fully faithful. We want to show that given a
morphism δ : v|G→ v′|G in X(G) there exists a unique arrow δ̃ : v→ v′ in X(G ′)
so that δ̃|G = δ.

We deal with uniqueness first. Suppose γ, γ ′ :v→v′ are two morphisms in X(G ′)
with γ |G = γ ′|G. Fix an object y of G ′. Since w : G→ G ′ is essentially surjective,
for any object y of G ′ there is an arrowµ : y→ x with x an object of G. Then γx =γ

′
x

and therefore γy = v
′(µ−1)◦γx ◦v(µ)= v

′(µ−1)◦γ ′x ◦v(µ)= γ
′
y . We conclude that

γ = γ ′. Now given δ : v|G→ v′|G we define δ̃ : v→ v′ at an object y by choosing as
aboveµ : y→ x and setting δ̃y=v

′(µ−1)◦δx◦v(µ). If ν : y→ x is another arrow then
v′(ν◦µ−1)◦δx = δx ◦v(ν◦µ

−1). Therefore v′(µ−1)◦δx ◦v(µ)= v
′(ν−1)◦δx ◦v(ν).

Moreover the dependence of δ̃ on y is smooth: since w : G→ G ′ is an essential
equivalence the right anchor aR

〈w〉 : 〈w〉 → G ′0 is a surjective submersion. Note that
〈w〉 = t−1(G0)⊂ G ′1 and aR

〈w〉(µ)= s(µ). Choose a local section σ :U → 〈w〉 of
aR
〈w〉 with y ∈U. Then for all points z ∈U δ̃(z)= v′((σ (z))−1) ◦ δt (σ (y)) ◦ v(σ (z)),

which is smooth. We conclude that w∗ is fully faithful.
To prove essential surjectivity we need to argue that for any multiplicative vector

field u : G → TG there is a multiplicative vector field ũ : G ′ → TG ′ and an
isomorphism ũ|G −→∼ u. The functor ıG ′ : X(G ′)→ Xgen(G ′) is an equivalence
of categories by Theorem 4.9. The functor (〈w〉)∗ : Xgen(G)→ Xgen(G ′) is an
equivalence of categories by Lemma 4.7. Therefore for any u ∈ X(G)0 there is a
vector field ũ ∈ X(G ′) and an isomorphism 〈ũ〉 −→∼ 〈w〉∗〈u〉.

The diagram

TG TG ′

G G ′

Tw
//

ũ|G

OO

ũ

OO

w
//

commutes. This together with the fact that U : LieGpd→Bi is a functor and T 〈w〉 is
isomorphic to 〈Tw〉 shows that there exists an isomorphism T 〈w〉◦〈ũ|G〉−→∼ 〈ũ〉◦〈w〉.
Thus 〈ũ〉 is isomorphic to T 〈w〉◦(〈ũ|G〉◦〈w〉−1). Hence T 〈w〉◦(〈ũ|G〉◦〈w〉−1)−→∼

T 〈w〉 ◦ (〈u〉 ◦ 〈w〉−1). Consequently there is an isomorphism β : 〈ũ|G〉 → 〈u〉 of
bibundles. Note that this does not yet imply that the generalized vector fields
(〈ũ|G〉, α〈ũ|G 〉) and (〈u〉, α〈u〉) are isomorphic in the category Xgen(G). The issue
is (〈ũ|G〉, α〈ũ|G 〉) need not equal α〈u〉 ◦ (π̃G ? β). But β : (〈ũ|G〉, τ )→ (〈u〉, α〈u〉) is
a morphism in Xgen(G) if we set τ = α〈u〉 ◦ (π̃G ? β). By Lemma 7.4 (〈ũ|G〉, τ ) is
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isomorphic to (〈ũ|G〉, α〉ũ|G 〉). Consequently ıG(ũ|G) is isomorphic to ıG(u). Since
ıG is an equivalence of categories ũ|G is isomorphic to u and we are done. �

Lemma 4.11. The functor (4-3) of Proposition 4.5 takes every essentially surjective
open embedding to a weakly invertible 1-morphism of Lie 2-algebras.

Proof. By Lemma 4.10 the functor w∗ :X(G ′)→X(G) associated to an essentially
surjective open embedding w : G → G ′ is fully faithful and essentially surjec-
tive, hence an essential equivalence of Lie 2-algebras. The localization functor
〈 〉 : Lie2Algstrict → Lie2Alg takes all essential equivalences to weakly invertible
1-morphisms. �

We are now in position to extend the assignment G 7→ X(G) to a (covariant)
functor X : E mb→ Lie2Alg.

Definition 4.12. We define the functor X : E mb → Lie2Alg on objects to be
the assignment G 7→ X(G). Given an essentially surjective open embedding
G w
−→ G ′, the bibundle 〈w∗〉 is weakly invertible in Lie2Alg by Lemma 4.11.

We set X(w) := (〈w∗〉)−1.

Proof of Theorem 4.1. Since 〈 〉 :E mb→Biiso is a localization of the bicategory E mb
at the class E mb1 of all 1-morphisms and since the functor X :E mb→Lie2Alg sends
every 1-morphism of E mb to an invertible morphism there exists by Proposition 2.11
a functor X̃ : Biiso → Lie2Alg (which is unique up to isomorphism) and an iso-
morphism X̃ ◦ 〈 〉 ∼

⇐⇒ X of functors. It is no loss of generality to assume that
X̃(G)=X(G) for every Lie groupoid G. We now drop the ˜ and obtain the desired
functor X : Biiso→ Lie2Alg. �

We end the section with a result that we will need in Section 5.

Lemma 4.13. Let w : G → G ′ be an essentially surjective open embedding,
w∗ : X(G ′) → X(G) the pull-back/restriction functor of Proposition 4.5 and
(〈w〉)∗ :Xgen(G)→Xgen(G ′) the push-forward along the bibundle 〈w〉 constructed
in Lemma 4.7. Then the diagram

(4-5)

X(G) Xgen(G)

X(G ′) Xgen(G ′)

ıG
//

w∗

OO

(〈w〉)∗

��

ıG′
//

σ

��

2-commutes.

Proof. We will show that the functors (〈w〉)∗ ◦ ıG ◦w
∗ and ıG ′ are isomorphic by

directly constructing a natural isomorphism σ : (〈w〉)∗ ◦ ıG ◦w
∗
⇒ ıG ′ .

We have already seen in the proof of Lemma 4.10 that for any multiplicative vector
field u : G ′→ TG ′ the bibundles (〈w〉)∗(〈u|G〉)= T 〈w〉 ◦ (〈u|G〉 ◦ 〈w〉−1) and 〈u〉
are isomorphic. We need to be more precise about choosing these isomorphisms: we
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have to make sure that they are isomorphisms in Xgen(G ′) from (〈w〉)∗(〈u|G〉, α〈u|G 〉)
to (〈u〉, α〈u〉) and that they assemble into a natural transformation. As before we
may assume that G is an open subgroupoid of G ′ and w : G→ G ′ is an inclusion.

The category Xgen(G ′) implicitly depends on the component π̃G ′ of the transfor-
mation π̃ : T Bi

⇒ idBi. Recall that the bibundle π̃G ′ is isomorphic to the bibundle
〈πG ′〉. Replacing π̃G ′ in the definition of Xgen(G ′) by 〈πG ′〉 and of π̃G by 〈πG〉 in
the definition of Xgen(G) results in isomorphic categories. Consequently we may
assume that π̃G ′ = 〈πG ′〉 and π̃G = 〈πG〉.

By definition 〈w〉 is the fiber product G0×w,G ′0,t G ′1. Here as usual t : G ′1→ G ′0
is the target map. Since the fiber product is defined by its universal property we may
assume that 〈w〉 = t−1(G0)= {γ ∈G ′1 | t (γ )∈G0}. Then the left anchor aL

〈w〉 is the
restriction of the target map t and the right anchor is the restrictions of the source
map s. The inverse of 〈w〉 is then t−1(G0) with the left and right anchors reversed.

Some notation for elements of the composites of two bibundles is necessary.
Given two composable bibundles A P

−→ B Q
−→ C their composite is Q ◦ P =

(P ×aR
P ,B0,aL

Q
Q)/B. So an element of Q ◦ P is the B-orbit [p, q] of an element

(p, q) in the fiber product P×aR
P ,B0,aL

Q
Q ⊂ P×Q. For example given a multiplica-

tive vector field u :G ′→ TG ′, an element of the composite 〈πG ′〉◦〈u〉 is of the form
[(x, u(x) µ

←− ẏ), (ẏ, πG ′(ẏ)
ν
←− z)] for some x ∈ G ′0, µ ∈ TG1, ẏ ∈ TG0, ν ∈ G ′1

and z∈G ′0. The natural isomorphism α〈u〉 : 〈πG ′〉◦〈u〉→G ′1=〈idG ′〉 is then given by

α〈u〉
(
[(x, u(x) µ

←− ẏ), (ẏ, πG ′(ẏ)
ν
←− z)]

)
= x πG′ (µ)◦ν
←−−−− z.

For any morphism β : u⇒ v in the category X(G ′) the isomorphism of bibundles
〈β〉 : 〈u〉 → 〈v〉 is given by

〈β〉(x, u(x) 0
←− ż)= (x, v(x) β(x)◦0

←−−− ż).

Given an element [[y γ
−→ x, (x, u(x) µ̇

←− ż)], ż ν̇
←− ḋ] of(

〈w〉−1
×G0 〈u|G〉/G

)
×TG0 T 〈w〉/TG = T 〈w〉 ◦ (〈u|G〉 ◦ 〈w〉−1),

we define

σu
(
[[y γ
−→ x, (x, u(x) µ̇

←− ż)], ż ν̇
←− ḋ]

)
:= (y, u(y) u(γ−1)◦µ̇◦ν̇

←−−−−−− ḋ) ∈ 〈u〉.

It is not very difficult to check that σu is well-defined isomorphism of the bibundles.
It remains to check that the isomorphisms {σu} are components of a natural iso-

morphism σ : (〈w〉∗◦ıG◦w
∗)⇒ ıG ′ . Thus for a morphism β :u⇒v in X(G ′)we need

to check that ıG ′(β)◦σu =σv◦
(
(〈w〉∗◦ıG ◦w

∗)(β)
)
. The isomorphism of bibundles(

(〈w〉∗ ◦ ıG ◦w
∗)(β)

)
= 〈w〉∗(〈β|G〉) : 〈w〉∗(〈w〉∗(〈u|G〉))→ 〈w〉∗(〈w〉∗(〈v|G〉))

is given by(
[[y γ
−→ x, (x,u(x) µ̇

←− ż)], ż ν̇
←− ḋ]

)
7→
(
[[y γ
−→ x, (x,v(x) β(x)◦µ̇

←−−− ż)], ż ν̇
←− ḋ]

)
.
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Hence

σv

(
〈w〉∗(〈β|G〉)

(
[[y γ
−→ x, (x, u(x) µ̇

←− ż)], ż ν̇
←− ḋ]

))
= (y, v(y) v(γ−1)◦β(x)◦µ̇◦ν̇

←−−−−−−−−− ḋ).

On the other hand

〈β〉
(
σu
(
[[y γ
−→ x, (x, u(x) µ̇

←− ż)], ż ν̇
←− ḋ]

))
= (y, v(y) β(y)◦u(γ−1)◦µ̇◦ν̇

←−−−−−−−−− ḋ).

Since β is a natural transformation, β(y) ◦ u(γ−1)= v(γ−1) ◦β(x) for any arrow
y γ
−→x of G ′. Thus σv◦(〈w〉∗(〈β|G〉))=〈β〉◦σu for any morphism β :u⇒v in X(G ′).

We conclude that {σu} are components of the desired natural isomorphism. �

5. Categories of vector fields on stacks and Lie 2-algebras

We recall Hepworth’s construction [2009] of the category of vector fields Vect(A)
on a stack A. The first step is to extend the tangent functor T : Man→ Man on
the category of manifolds to a functor T Stack

: Stack→ Stack on the 2-category of
stacks over manifolds along the Yoneda embedding y :Man→ Stack. This results
in a 2-commuting diagram

Stack Stack

Man Man

y

OO

y

OO

T Stack
//

T
//

5=

and there is a natural transformation π : T Stack
⇒ idStack.

Definition 5.1 (Hepworth). The objects of the category of vector fields Vect(A)
on a stack A are pairs (v, αv) where v : A→ T StackA is a 1-morphism of stacks
and αv : πA ◦ v⇒ idA is a 2-morphism. A morphism in Vect(A) from (v, αv) to
(u, αu) is a 2-morphism β : v⇒ u so that αu ◦ (πA ?β)= αv . Here ◦ is the vertical
composition and ? is whiskering.

Recall that for any Lie groupoid G there is a stack BG of principal G-bundles.
The assignment G 7→BG can be promoted to a functor B in different ways depend-
ing on which source 2-category one chooses. Hepworth took the source to be the
2-category LieGpd of Lie groupoids, smooth functors and natural isomorphisms
and considered the functor

(5-1) B : LieGpd→ Stack.

The essential image of this functor consists of the 2-category GeomStack of geomet-
ric stacks. The functor B is faithful but not full. In particular the functor B maps
essential equivalences of Lie groupoids (which need not be invertible in LieGpd,
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even weakly) to isomorphisms of stacks.2 The tangent functor T : Man→ Man

is easily extended to a functor T LieGpd
: LieGpd → LieGpd. We have a natural

transformation πLieGpd
: T LieGpd

⇒ idLieGpd.
Hepworth [2009, Theorem 3.11] proved that there is a natural isomorphism

(5-2) B ◦ T LieGpd
⇔ T Stack

◦B.

Consequently given a vector field v :G→ TG on a Lie groupoid G we get a map of
stacks Bv :BG→BTG. Composing v with the isomorphism BTG→ T Stack(BG)
gives us a functor that we again denoted by Bv :BG→T Stack(BG). This determines
an object (Bv, aBv) in the category Vect(BG) of vector fields on the stack BG.
Hepworth showed that the assignment v 7→ (Bv, aBv) can be promoted to a functor

(5-3) X(G)→ Vect(BG).

Here as before X(G) denotes the category of vector fields on a Lie groupoid G (see
Definition 3.1). Hepworth [2009, Theorem 4.15] proved that if the groupoid G is
proper then the functor (5-3) is an equivalence of categories.3 Another important
consequence of the existence of the isomorphism (5-2) is that for any geometric
stack A the tangent stack T StackA is geometric as well.

We can promote the assignment G→BG to a functor out of a different bicategory,
which at a slight risk of confusion we will again denote by B. Namely we can choose
as our source the bicategory Bi of Lie groupoids, bibundles and isomorphisms of
bibundles. The advantage is that the functor B : Bi→ Stack is fully faithful: for
Lie groupoids G and H, the functor B : HomBi(G, H)→ HomStack(BG,BH) is
an equivalence of categories. Consequently the functor B : Bi→ GeomStack is an
equivalence of bicategories. It is not hard to adapt [Hepworth 2009, Theorem 3.11]
to this setting: the diagram

Bi Bi

GeomStack GeomStack

B
��

B
��

TBi
//

T Stack

//

2:

2-commutes. For convenience, we will choose a weak inverse B−1
:GeomStack→Bi

and consider the functor

T GeomStack
: GeomStack→ GeomStack, T GeomStack

:= B ◦ T Bi
◦B−1,

2Recall that by tradition a weakly invertible 1-morphism of stacks is called an isomorphism.
3The hypothesis that the groupoid G is proper is not explicit in the statement of [Hepworth 2009,

Theorem 4.15]. However the proof depends on several lemmas: [Hepworth 2009, 4.11, 4.12, 2.11,
2.12]. In particular the proof uses the existence of partitions of unity and Weinstein–Zung linearization,
both of which require properness.
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which by construction is isomorphic to Hepworth’s functor T Stack restricted to
geometric stacks. As in the case of T Stack we have a transformation π :T GeomStack

⇒

idGeomStack: namely π := B ? π̃ ?B−1. Given a geometric stack A we now define a
category of vector fields Vect′(A) on A as follows (compare with Definition 5.1).

Definition 5.2. The category of vector fields Vect′(A) on a geometric stack A, has
as objects pairs (X, αX ) where X : A→ T GeomStackA is a 1-morphism of stacks
and αX : πA ◦ X ⇒ idA is a 2-morphism. A morphism from (X, αX ) to (Y, αY ) in
Vect′(A) is a 2-morphism β : X ⇒ Y so that αY ◦ (πX ? β)= αX .

It is easy to see that for a geometric stack A the categories Vect(A) and Vect′(A)
are equivalent (and even isomorphic). For us there are several advantages in working
with Vect′(A). First of all, the functor Vect′ is more explicit than T Stack: the latter in-
volves 2-limits and stackification. Additionally the following result is easy to prove:

Lemma 5.3. For a Lie groupoid G the classifying stack functor B :Bi→GeomStack

induces an equivalence of categories (B∗)G :Xgen(G)→Vect′(BG), where Xgen(G)
is the category of generalized vector fields (Definition 4.6).

Proof. Consider a generalized vector field (P, αP) on the Lie groupoid G. By
definition we have an isomorphism αP : π̃G ◦ P⇒ 〈idG〉 of bibundles. Apply the
classifying stack functor B to the 2-morphism αP . We get the 2-morphism of stacks
BαP : B(π̃G ◦ P)⇒ B〈idG〉. Since B is functor between bicategories, we have
canonical 2-arrows B〈idG〉⇒ idBG and B〈πG〉 ◦BP⇒B(π̃G ◦ P). Note that these
2-morphisms are 2-isomorphisms since all 2-arrows in the 2-category of stacks are
invertible. Composing the three 2-arrows we get a 2-arrow Bπ̃G ◦BP⇒ idBG which
we denote by αBP . By definition the pair (BP, αBP) is an object of Vect′(BG).

Similarly a morphism β : (P, αP)→ (Q, αQ) in Xgen(G) gives rise to a morphism
Bβ : BP ⇒ BQ. One checks that αBQ ◦ (πBG ? Bβ) = αBQ . Consequently Bβ

is a morphism in Vect′(BG) from (BP, αBP) to (BQ, αBQ). We therefore get a
functor (B∗)G : Xgen(G)→ Vect′(BG). A weak inverse B−1

: GeomStack→ Bi

gives rise to the functor ((B−1)∗)G : Vect
′(BG)→ Xgen(G) in the other direction.

The induced functors (B∗)G and ((B−1)∗)G are weak inverses of each other. �

We now address the issue of giving the category of vector fields Vect′(A) on
a geometric stack A the structure of a Lie 2-algebra. We study the functoriality
of the assignment A 7→ X(G) of a Lie 2-algebra of vector fields to a geometric
stack by a choice of an atlas G0→ A. Consider the 2-category GeomStackiso of
geometric stacks, isomorphisms of stacks and 2-morphisms of stacks. The classi-
fying stack functor B : Bi→ GeomStack restricts to an equivalence of bicategories
B :Biiso→GeomStackiso. A choice of a weak inverse B−1 of B amounts to choosing
an atlas for each geometric stack. Once the inverse B−1 is chosen, we have the com-
posite functor GeomStackiso

B−1
−→ Biiso

X
−→ Lie2Alg. By construction, for a stack A
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the Lie 2-algebra X(B−1(A)) is the Lie 2-algebra of vector fields on the Lie groupoid
G = B−1(A). By the discussion above the category underlying the Lie 2-algebra
X(B−1(A)) is equivalent to the category of vector fields Vect′(A) on the stack A.

A different choice of a weak inverse (B−1)′ of B amounts to choosing a possibly
different atlas for each geometric stack. Once (B−1)′ is chosen we have a natural
isomorphism α : B−1

⇒ (B−1)′. For each geometric stack A the component αA of
the natural transformation α is an invertible bibundle αA : B−1(A)→ (B−1)′(A).
Applying the functor X : Biiso → Lie2Alg to αA we get an invertible bibundle
X(αA) : X(B

−1(A))→ X((B−1)′(A)) in the bicategory Lie2Alg.
One can be fairly explicit as to what the bibundle X(αA) actually is. Namely

let G0→A be the atlas giving rise to the Lie groupoid G = B−1(A) and H0→A
be the atlas giving rise to H = (B−1)′(A). Then the total space of the bibundle
αA : G → H = (B−1)′(A) represents the fiber product G0 ×A H0. The linking
groupoid G ∗αA H is the groupoid corresponding to the atlas G0 t H0→A. The
linking groupoid comes with two canonical essentially surjective open embeddings
iG :G ↪→G∗αA H and iH : H ↪→G∗αA H. By Lemma 4.10 the pullback/restriction
functors i∗G :X(G∗αA H)→X(G), i∗H :X(G∗αA H)→X(G) are 1-morphisms of Lie
2-algebras that are fully faithful and essentially surjective. Hence the bibundle 〈i∗G〉
is invertible in the bicategory Lie2Alg. On the other hand, as was noted in the
proof of Theorem 4.4, the bibundles 〈iH 〉 ◦ αA and 〈iG〉 are isomorphic. Hence
X(〈iH 〉) ◦X(αA)' X(〈iG〉). By construction of the functor X : Biiso→ Lie2Alg we
have X(〈iG〉)= 〈i∗G〉

−1 and X(〈iH 〉)= 〈i∗H 〉
−1. Hence X(αA)' 〈i∗H 〉 ◦ 〈i

∗

G〉
−1.

6. Lie 2-algebras of vector fields on stacks

In the previous section we constructed a functor X ◦B−1
: GeomStackiso→ Lie2Alg.

Recall that there is a forgetful functor u : Lie2Alg→ Gpd that assigns to a Lie
2-algebra its underlying groupoid. Therefore for every geometric stack A we
have the groupoid (u ◦X ◦B−1)(A). We should make sure that this groupoid is
equivalent to the groupoid of vector fields Vect′(A) (and hence to Hepworth’s
groupoid Vect(A) of vector fields on the stack A).

We start by promoting the assignment A 7→ Vect′(A) to a functor Vect′ :

GeomStackiso → Gpd whose source is the 2-category of geometric stacks and
isomorphisms and whose target is the (2,1)-category Gpd of (small) groupoids. We
then prove the following theorem:

Theorem 6.1. The diagram of (2,1)-bicategories and functors

GeomStackiso Gpd

Biiso Lie2Alg

B

OO

u

OO

Vect′
//

X

//

ϒ

`h
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2-commutes. Here as above Gpd denotes the (2,1)-category of groupoids, functors
and natural isomorphisms, and u : Lie2Alg→ Gpd denotes the functor that assigns
to each Lie 2-algebra its underlying groupoid. The 1-components of the transforma-
tion ϒ are weakly invertible functors (i.e., equivalences of categories). In particular
for a geometric stack A the category underlying the Lie 2-algebra (X ◦B−1) (A) is
equivalent to Hepworth’s category Vect(A) of vector fields on the stack.

We now construct the 2-functor Vect′ : GeomStack→ Gpd. An isomorphism f :
A1→A2 of stacks induces an equivalence of categories f∗ :Vect′(A1)→Vect′(A2):
one adapts the proof of Lemma 4.7 to the setting of geometric stacks. Note that if
f = idA we may take f∗ = idVect′(A).

Given isomorphisms f :A1→A2 and g :A2→A3 of stacks we get equivalences
of categories: (g ◦ f )∗ and g∗ ◦ f∗. We need to produce a natural transformation
µg f : g∗◦ f∗⇒ (g◦ f )∗. So given an object (v, av) of Vect′(A1) we need to produce
a 2-cell

(µg f )(v,av) : g∗( f∗(v, av))⇒ (g ◦ f )∗(v, av)

in the category Vect′(A3). By the (adapted) proof of Lemma 4.7 g∗( f∗(v)) =
T GeomStackg◦(T GeomStack f ◦v◦ f −1)◦g−1. Since T GeomStack is a (pseudo-) functor,
there is a natural isomorphism T GeomStackg ◦ T GeomStack f ⇒ T GeomStack(g ◦ f ).
Consequently there is an isomorphism

T GeomStackg ◦ (T GeomStack f ◦ v ◦ f −1) ◦ g−1
⇒ T GeomStack(g ◦ f ) ◦ v ◦ (g ◦ f )−1.

This isomorphism is the desired 2-cell (µg f )(v,av). We are now ready to describe the
functor Vect′. To a geometric stack A it assigns the category Vect′(A). To an arrow
f :A1→A2 it assigns the equivalence of categories Vect′( f ) := f∗. Additionally
for each pair (g, f ) we have a natural isomorphism µg f : g∗ ◦ f∗ ⇒ (g ◦ f )∗
constructed above. Proceeding similarly (and keeping track of the coherence data)
we can promote the assignment Biiso 3 (G

P
−→ H) 7→ (Xgen(G)

P∗−→ Xgen(H)) to
a functor Xgen : Biiso→ Gpd. Lemma 5.3 now generalizes as follows:

Lemma 6.2. The equivalences of categories (B∗)G : Xgen(G)→ Vect′(BG) (one
for each Lie groupoid G) assemble into a transformation B∗ : Xgen ⇒ B ◦ Vect′.
That is, the diagram

GeomStackiso Gpd

Biiso Gpd

B

OO

Vect′
//

Xgen

//

ck
B∗

2-commutes. Here as before Gpd is the (2,1)-category of groupoids, functors and
natural isomorphisms.
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Lemma 6.3. The diagram

Biiso

Gpd

Lie2Alg

Xgen 44

u

OO

X
**

[c ı

2-commutes and the 1-components of ı are equivalences of categories.

Proof. We have the underlying category functor ustrict : Lie2Algstrict→ Gpd which
sends Lie 2-algebras to their underlying groupoids and morphisms of Lie 2-algebras
to the underlying functors. The functor ustrict sends essential equivalences of Lie
2-algebras to weakly invertible functors. By the universal property of the localization
〈 〉 :Lie2Algstrict→Lie2Alg we get the underlying category functor u :Lie2Alg→Gpd

with u(〈 f 〉) isomorphic to ustrict( f ) for every essential equivalence of Lie 2-algebras.
It follows that for any essential equivalence f in Lie2Algstrict the functor u(〈 f 〉−1)

is a weak inverse of ustrict( f ). We proved that for any essentially surjective open
embedding w : G→ G ′ of Lie groupoids the pullback functor w∗ : X(G ′)→ X(G)
is an essential equivalence. We defined X(w)= 〈w∗〉−1. It follows that u(X(w)) is
a weak inverse of ustrict(w

∗).
By Lemma 4.13 the diagram (4-5) 2-commutes for any 1-morphism w : G→ G ′

in E mb. Hence the diagram

X(G) Xgen(G)

X(G ′) Xgen(G ′)

ıG
//

u(X(w))

��

〈w〉∗=Xgen(w)

��

ıG′
//

2-commutes as well. It follows that the functors u◦X,Xgen◦〈 〉∈HomW (E mb,Gpd)
are isomorphic (i.e., differ by a transformation whose components are equivalences
of categories). Here HomW (E mb,Gpd) denotes the bicategory of functors that send
the collection W of all 1-cells in E mb to weakly invertible functors.

By the definition of the functor X : Biiso→ Lie2Alg its precomposition with the
localization functor 〈 〉 :E mb→Biiso is isomorphic to X :E mb→Lie2Alg. It follows
that the functors u ◦ X ◦ 〈 〉 and Xgen ◦ 〈 〉 are isomorphic in HomW (E mb,Gpd).
By the universal property of the localization 〈 〉 : E mb→ Biiso, the functors u ◦X

and Xgen are isomorphic in Hom(Biiso,Gpd). �

Theorem 6.1 now follows directly from Lemmas 6.2 and 6.3.

7. Generalized and multiplicative vector fields on a Lie groupoid

In this section we prove Theorem 4.9. In the case of proper Lie groupoids
Theorem 4.9 follows from [Hepworth 2009, Theorem 4.15].
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The fact that the functor ıG : X(G) ↪→ Xgen(G) is fully faithful is an easy
consequence of Theorem 2.9. We now address essential surjectivity. We first prove:

Lemma 7.1. Let V = {V1 ⇒ V0} be a 2-vector space, v1, . . . , vs ∈ V0 a finite
collection of objects and {vi

wi j
←− v j }

s
i, j=1 a collection of morphisms satisfying the

cocycle conditions: wi i = 1vi for all i ; w j i = wi j
−1 for all i, j ; wi jw jk = wik for

all i, j, k. Then for any λ1, . . . , λs ∈ [0, 1] with
∑
λk = 1 there are morphisms

vi
zi←−
∑
λkvk (i = 1, . . . , s) with wi j = zi z−1

j for all i, j.

Proof. By Remark 2.14 the category V is isomorphic to the action groupoid
{U×V0 ⇒ V0} where U0= ker(s : V1→ V0), ∂ :U→ V0 is t |U and the action of U
on V0 is given by u · v := v+ ∂(u). Note that the multiplication/composition in
{U×V0 ⇒ V0} is given by (u′, v+∂(u))(u, v)= (u′+u, v) for all v ∈ V0, u, u′ ∈U.
Consequently (u, v)−1

= (−u, v+∂(u)). The isomorphism f : V→{U×V0 ⇒ V0}

is given on morphisms by

f (w)= (w− 1s(w), s(w)) ∈U × V0 for all w ∈ V1.

The isomorphism f followed by the projection onto U sends the morphisms wi j

to vectors ui j ∈ U. It is easy to see that the cocycle conditions translate into:
ui i = 0 for all i ; u j i =−ui j for all i, j and uik−u jk = ui j for all i, j, k. Moreover
∂(ui j )= vi − v j for all i, j. Now consider yi =

(∑
λkuik,

∑
λkvk

)
∈U × V0 and

set zi := f −1(yi ) ∈ V1. We now verify that the zi ’s are the desired morphisms. By
definition the source of yi is

∑
λkvk . The target of yi is

∂

(∑
k

λkuik

)
+

∑
k

λkvk =
∑

k

λk∂(uik)+
∑

k

λkvk

=

∑
k

λk(vi − vk)+
∑

k

λkvk =
∑

k

λkvi = vi .

Hence zi is an arrow from
∑
λkvk to vi . Finally

yi y−1
j =

(∑
k

λkuik,
∑

λkvk

)(
−

∑
k

λku jk, v j

)
=

(∑
k

λk(uik − u jk), v j

)
=

(∑
k

λkui j , v j

)
= (ui j , v j ),

and so zi z−1
j = wi j as desired. �

Proposition 7.2. Let G = {G1 ⇒ G0} be a Lie groupoid, U0 ⊂ G0 an open sub-
manifold and U = {U1 ⇒ U0} the restriction of G to U0 (that is, U1 consists of
arrows of G with source and target in U0). Given a functor X :U → TG together
with a natural isomorphism α : (i : U ↪→ G) ⇒ πG ◦ X there exists a functor
Y :U → T U so that πU ◦ Y = idU and a natural isomorphism β : T i ◦ Y ⇒ X.



30 DANIEL BERWICK-EVANS AND EUGENE LERMAN

Proof. By definition of α the diagram

U0 TG0

G1 G0

X
//

α
��

πG
��

t
//

commutes. Hence there is a smooth map (α, X) : U0 → G1 ×t,G0,π TG0 =

t∗TG0. Since the target map t : G1 → G0 is a submersion, its differential
T tγ : TγG1→ Tt (γ )G0 is a surjective linear map for each γ ∈ G1. Consequently
the map 8 : TG1 → t∗TG0, 8(γ, v) = (γ, T tγ v) is a surjective map of vector
bundles over G1. Choose a smooth section σ : t∗TG0→ TG1 of T t and consider
the composite β := σ ◦ (α, X) :U0→ TG1. By construction of β,

β(x) ∈ Tα(x)G1 and T tα(x)β(x)= X (x)

for any x ∈U0. We now define a functor Y :U → T U. On objects we set

Y (x)= T s(β(x)).

For an arrow x γ
−→ y ∈U1 we set

Y (γ )= β(y)−1 X (γ )β(x).

It is easy to check that Y is indeed functor, β : T i ◦Y⇒ X is a natural transformation
and πU ◦ Y = idU . �

Proposition 7.3. Let G be a Lie groupoid and

G1

G0

TG1

TG0

P

�� �� ����

aL
P

zz

aR
P

$$

be a bibundle from G to the tangent groupoid TG such that the composite 〈π〉 ◦ P
is isomorphic to 〈idG〉 by way of a bibundle isomorphism a : 〈π〉 ◦ P⇒ 〈idG〉. Then
the left anchor aL

P : P→ G0 has a global section τ : G0→ P. Moreover we may
choose τ so that the corresponding functor Xτ : G→ TG is a multiplicative vector
field (i.e., πG ◦ Xτ = idG). Consequently the functor ιG : X(G)→ Xgen(G) of
Definition 4.8 is essentially surjective.

Proof. Since aL
P : P→ G0 is a surjective submersion, it has local sections. Choose

a collection of local sections {σi :U
(i)
0 → P} of aL

P so that {U (i)
0 } is an open cover

of G0. It is no loss of generality to assume that the cover is locally finite. Denote
the restriction of the groupoid G to U (i)

0 by U (i). That is, the manifold of objects
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of U (i) is U (i)
0 and the manifold of arrows U (i)

1 consists of all arrows of G with
source and target in U (i)

0 , so U (i)
1 := s−1(U (i)

0 )
⋂

t−1(U (i)
0 ).

For each section σi we get a functor X i : U (i)
→ TG whose value on objects

is X i (x) = aR
P (σi (x)). The value of X i on an arrow y γ

←− x ∈ U (i)
1 is uniquely

defined by the equation γ ·σi (x)= σi (y) · X i (γ ) (see Lemma 2.7). We next observe
that the isomorphism a : 〈πG〉 ◦ P → 〈idG〉 gives rise to natural isomorphisms
α j : πG ◦ X j ⇒ (ı j :U ( j) ↪→ G) where ı j :U ( j) ↪→ G is the inclusion functor. This
can be seen as follows.

Recall that the composite Q ◦ P of bibundles P : K → L and Q : L→ M is the
quotient of the fiber product P×aR

P ,L0,aL
Q

Q by the action of L . We denote by [p, q]
the orbit of (p, q) ∈ P ×aR

P ,L0,aL
Q

Q in Q ◦ P = (P ×aR
P ,L0,aL

Q
Q)/L . The bibundle

〈πG〉 is the fiber product TG0×πG ,G0,t G1 with the anchor maps aR
〈πG 〉

(v, γ )= v,
aL
〈πG 〉

(v, γ )= s(γ ). Consequently in our case

〈πG〉 ◦ P = (P ×aR
P ,TG0,aL

〈πG 〉
(TG0×πG ,G0,s G1))/TG.

It is convenient to identify P×aR
P ,TG0,aL

〈πG 〉
(TG0×πG ,G0,s G1) with P×πG◦aR

P ,G0,s G1

by way of the TG-equivariant isomorphism (p, (πG ◦ aR
P )(p), γ ) 7→ (p, γ ). We

then have a G×G equivariant diffeomorphism

a : (P ×πG◦aR
P ,G0,s G1)/TG→ G1, [p, γ ] 7→ a([p, γ ])

with

s(a([p, γ ]))= s(γ ) and t (a([p, γ ]))= a P
L (p).

A local section σi :U
(i)
0 → P also defines a local section σ i :U

(i)
0 → (P×G0 G1)/TG

of aL
〈πG 〉◦P : (P ×G0 G1)/TG→ G0. It is given by

σ i (x)= [σi (x), 1(πG◦aR
P◦σi )(x)](= [σi (x), 1πG◦X i (x)]).

The arrow a(σ i (x)) ∈ G1 = 〈idG〉 is an arrow with the target aL
P(σi (x)) = x and

the source s(1πG◦X i (x))= πG ◦ X i (x). We define the desired natural isomorphism
αi by setting αi (x) = (a(σ i (x)))−1. By Proposition 7.2 there are smooth maps
βi : U

(i)
0 → TG1 so that πG ◦ βi = αi and T t ◦ βi = X i . Moreover the functors

Yi :U (i)
→ TG given by Yi = T s ◦ βi define multiplicative vector fields on each

groupoid U (i). This is because their images land in T U (i)
⊂ TG. In particular

πG(Yi (x))= x for all x ∈U (i)
0 .

Define the local sections νi : U
(i)
0 → P of aL

P by νi (x) := σi (x) · βi (x) for all
x ∈U (i)

0 . Then by definition

aR
P (νi (x))= Yi (x) and γ · νi (x)= νi (y) · Yi (x)
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for all arrows y γ
←− x . For all i and all x ∈U (i)

0 , we have

a
(
[νi (x), 1πG◦aR

P◦νi (x)]
)
= a

(
[σi (x)βi (x), 1πG◦Yi (x)]

)
= a

(
[σi (x), πG(β(x))]

)
= a

(
[σi (x), 1πG◦X i (x)]

)
πG(β(x))= a(σ i (x))αi (x)= 1x .

Hence a([νi (x), 1πG◦Yi (x)] = 1x . Finally, we construct a global section τ : G0→ P
of aL

P and the corresponding global multiplicative vector fields Xτ :G→ TG using
a partition of unity argument. Choose a partition of unity {λi } on G0 subordinate
to the cover {U (i)

0 }. Since the cover is locally finite it is no loss of generality to
assume that the cover is in fact finite.

Consider a point x ∈U (i)
0 ∩U ( j)

0 . Then

πG ◦ aR
P ◦ νi (x)= x = πG ◦ aR

P ◦ ν j (x).

Moreover
a
(
[νi (x), 1x ]

)
= a

(
[νi (x), 1πG◦aR◦νi (x)]

)
= 1x .

Similarly a([ν j (x), 1x ])= 1x . It follows that [ν j (x), 1x ] = [νi (x), 1x ] in the orbit
space (P ×G0 G1)/TG since a is a diffeomorphism. Therefore there is an arrow
wi j ∈ TG1 so that

(νi (x)wi j (x), 1x)= (ν j (x), πG(wi j (x))1x).

Consequently

νi (x)wi j (x)= ν j (x) and πG(wi j (x))= 1x ,

that is, wi j (x) ∈ T1x G1. Moreover since aL
P : P→ G0 is a principal TG1 bundle,

the arrow wi j (x) with this property is unique and depends smoothly on x . Note that
the source of wi j is Y j (x) and the target is Yi (x). The uniqueness of the wi j (x)’s
implies that the collection {wi j (x)} satisfies the cocycle conditions of Lemma 7.1.
Therefore there exist arrows Yi (x)

zi (x)←−−
∑

k λkYk(x) with zi (x)z j (x)−1
= wi j (x).

A quick look at the proof of Lemma 7.1 should convince the reader that zi (x)’s
depend smoothly on x .

For x ∈U (i)
0 we set τ(x)= νi (x) · zi (x). Note that for x ∈U (i)

0 ∩U ( j)
0 , we have

ν j (x)= νi (x)wi j (x)= νi (x)zi (x)z j (x)−1.

Therefore ν j (x) · z j (x)= νi (x) · zi (x). It follows that τ is a globally defined section
of aL

P : P→ G0. It remains to show that the corresponding functor Xτ : G→ TG
is a multiplicative vector field. By construction for each index i we have a natural
isomorphism zi : Yi ⇒ Xτ |U (i) . Since zi (x) ∈ T1x G1 and since Yi is a multiplicative
vector field, the restriction Xτ |U (i) is also a multiplicative vector field. We conclude
that Xτ is a multiplicative vector field globally.
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We now argue that ıG : X(G) → Xgen(G) is essentially surjective. Given a
generalized vector field (P, αP) the isomorphism αP : π̃G ◦ P→ 〈idG〉 defines an
isomorphism a : 〈πG〉◦ P→〈idG〉 (remember that we fixed a 2-cell π̃G→〈πG〉 for
every Lie groupoid G). By the above argument we have a multiplicative vector field
X : G→ TG and an isomorphism of bibundles γ : P→ 〈X〉. It remains to show
that the vector fields (P, αP) and (〈X〉, α〈X〉) are isomorphic. This is not entirely
obvious since α〈X〉 ◦ (π̃G ?γ ) need not equal to αP . Nonetheless, γ can be modified
to a new isomorphism β : P→ 〈X〉 so that α〈X〉 ◦ (π̃G ? β) = α〈X〉. This follows
from Lemma 7.4 below. �

Lemma 7.4. Let G be a Lie groupoid, P :G→TG a bibundle, α, α′ : P̃◦P→〈idG〉

two isomorphisms of bibundles. Then there exists an isomorphism β : P→ P of
bibundles so that α ◦ (π̃G ? β)= α

′. Moreover we may take β = P ? (α′ ◦α−1).

Proof. For any two isomorphisms γ, δ : 〈idG〉 → 〈idG〉 of bibundles, we have

γ ◦ δ = γ ? δ.

Consequently for any γ : 〈idG〉 → 〈idG〉 we have

(α ◦ (α′)−1) ◦ γ = (α ◦ (α′)−1) ? γ

= (α ◦ 1π̃G◦P ◦ (α
′)−1) ? (1〈idG 〉 ◦ γ ◦ 1〈idG 〉)

= (α ? 1〈idG 〉) ◦ ((π̃G ◦ P) ? γ ) ◦ ((α′)−1 ? 1〈idG 〉)

= α ◦ (π̃G ? (P ? γ )) ◦ (α′)−1.

Hence
1〈idG 〉 = α ◦ (π̃G ? (P ? (α′ ◦α−1))) ◦ (α′)−1

if γ = α′ ◦α−1. Therefore

α′ = α ◦ (π̃G ? (P ? (α′ ◦α−1))). �
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LOWER REGULARITY SOLUTIONS OF THE BIHARMONIC
SCHRÖDINGER EQUATION IN A QUARTER PLANE

ROBERTO DE A. CAPISTRANO-FILHO,
MÁRCIO CAVALCANTE AND FERNANDO A. GALLEGO

We deal with the initial-boundary value problem of the biharmonic cubic
nonlinear Schrödinger equation in a quarter plane with inhomogeneous
Dirichlet–Neumann boundary data. We prove local well-posedness in the
low regularity Sobolev spaces by introducing Duhamel boundary forcing
operator associated to the linear equation in order to construct solutions in
the whole line. With this in hand, the energy and nonlinear estimates allow
us to apply the Fourier restriction method, introduced by J. Bourgain, to ob-
tain our main result. Additionally, we discuss adaptations of this approach
for the biharmonic cubic nonlinear Schrödinger equation on star graphs.

1. Introduction

1A. Presentation of the model. The fourth-order nonlinear Schrödinger (4NLS)
equation or biharmonic cubic nonlinear Schrödinger equation

(1-1) i∂t u+ ∂2
x u− ∂4

x u = λ|u|2u,

was introduced in [Karpman 1996; Karpman and Shagalov 2000] to take into
account the role of small fourth-order dispersion terms in the propagation of intense
laser beams in a bulk medium with Kerr nonlinearity. Equation (1-1) arises in many
scientific fields such as quantum mechanics, nonlinear optics and plasma physics,
and has been intensively studied with fruitful references (see [Ben-Artzi et al. 2000;
Cui and Guo 2007; Karpman 1996; Pausader 2007; 2009a]).

The past twenty years such 4NLS equations have been deeply studied from
different mathematical viewpoints. For example, Fibich et al. [2002] worked on
various properties of the equation in the subcritical regime, with part of their
analysis relying on very interesting numerical developments. The well-posedness
and existence of solutions for different domains have been shown (see, for instance,
[Capistrano-Filho et al. 2019; Kwak 2018; Özsarı and Yolcu 2019; Pausader 2007;

MSC2010: 35A07, 35C15, 35G15, 35G30, 35Q55.
Keywords: biharmonic Schrödinger equation, initial-boundary value problem, local well-posedness,

quarter plane.
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2009a; Tsutsumi 2014; Oh and Tzvetkov 2017; Wen et al. 2014]) by means of the
Fourier restriction method, energy method, forcing boundary operators, Laplace
transform, harmonic analysis, Fokas method, etc.

It is interesting to point out that there are many works related to (1-1) not
only dealing with well-posedness theory. For example, Natali and Pastor [2015]
considered the fourth-order dispersive cubic nonlinear Schrödinger equation on the
line with mixed dispersion. They proved the orbital stability, in the H 2(R)-energy
space, by constructing a suitable Lyapunov function. Considering (1-1) on the
circle, Oh and Tzvetkov [2017] showed that the mean-zero Gaussian measures on
Sobolev spaces H s(T), for s > 3

4 , are quasi-invariant under the flow. There has
been significant progress over recent years; see for instance [Burq et al. 2002; 2013]
for the nonlinear Schrödinger equation.

In addition to these works, two of us worked recently with the intent of proving
controllability results for the 4NLS equation. More precisely, we proved that the
solutions of the associated linear system (1-1) is globally exponentially stable in
a periodic domain T, by using certain properties of propagation of compactness
and regularity in Bourgain spaces. Theses properties together with the local exact
controllability ensure that fourth order nonlinear Schrödinger is globally exactly
controllable; for details, see [Capistrano-Filho and Cavalcante 2019].

Özsarı and Yolcu [2019] proposed (1-1) without the term ∂2
x u. This system has

an interesting physical point of view, precisely, the model corresponds to a situation
in which wave is generated from a fixed source such that it moves into the medium
in one specific direction.

1B. Setting of the problem. We mainly consider the biharmonic Schrödinger equa-
tion on the right half-line

(1-2)


i∂t u− ∂4

x u+ λ|u|2u = 0, (t, x) ∈ (0, T )× (0,∞),
u(0, x)= u0(x), x ∈ (0,∞),

u(t, 0)= f (t), ux(t, 0)= g(t), t ∈ (0, T ).

With suitable choices of f (t) and g(t) in (1-2), we are interested on the following
initial-boundary value problem (IBVP):

Is the IBVP (1-2) local well-posed in the low regularity Sobolev space, more pre-
cisely, in H s(R+) for 0≤ s < 1

2 ?

Before presenting the answer for this question, let us present some brief comments
on the techniques to solve IBVPs on the half-line.

1C. Comments about the techniques to solve IBVPs on the half-line. Different
techniques have been developed in the last years in order to solve IBVPs associated
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to some dispersive models on the half-line. Fokas [2008] introduced an approach
to solve IBVPs associated to integrable nonlinear evolution equations, which is
known as the unified transform method (UTM) or as Fokas transform method.
The UTM provides a generalization of the inverse scattering transform method
from initial value problems (IVP) to IBVPs. The classical method based on the
Laplace transform was used successfully in [Bona et al. 2006; 2018; Erdoğan and
Tzirakis 2017; Compaan and Tzirakis 2017]. A new approach was introduced by
Colliander and Kenig [2002] by recasting the IBVP on the half-line by a forced IVP
defined in the line R. To see other applications of this technique, we refer the
results established in [Cavalcante 2017; Cavalcante and Corcho 2019; Holmer
2005; 2006]. On the other hand, Faminskii [2019] used an approach based on
the investigation of special solutions of a “boundary potential” type for solution
of linearized Korteweg–de Vries (KdV) equation in order to obtain global results
for the IBVP associated to the KdV equation on the half-line with more general
boundary conditions. Fokas et al. [2016] introduced a method which combines
the UTM with a contraction mapping principle. We caution that this is only a small
sample of the extant works on these techniques.

1D. Biharmonic NLS equation. As mentioned in the beginning of this introduc-
tion, the 4NLS equation or biharmonic NLS equation

(1-3) i∂t u+ ∂2
x u− ∂4

x u = λ|u|2u,

was introduced in [Karpman 1996; Karpman and Shagalov 2000]. Huo and Jia
[2005] studied the Cauchy problem of one-dimensional fourth-order nonlinear
Schrödinger equation related to the vortex filament. They proved the local well-
posedness for initial data in H s(R) for s ≥ 1

2 by using the Fourier restriction norm
method under certain coefficient condition. Concerning local well-posedness of
the nonlinear fourth order Schrödinger equations, we cite [Hao et al. 2006; Segata
2004]. With respect of the global well-posedness, in the one-dimensional case with
some restriction in the initial data for various nonlinearities, we refer to [Hayashi
and Naumkin 2015a; 2015b; 2015c; 2015d] and, finally, for the study n-dimensional
case the reader can see [Pausader 2009b; Pausader and Shao 2010].

Lastly, in a recent work of IBVP for biharmonic Schrödinger equation on the
half-line

(1-4) i∂t u+ ∂4
x u = λ|u|pu,

Özsarı and Yolcu [2019], proved local well-posedness on the high regularity function
spaces H s(R+), for 1

2 < s < 9
2 , with s 6= 3

2 . The authors used the Fokas method
[1997; 2008] combined with contraction arguments to achieve the result.
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1E. Main result. Now, let us present the main result of this article. Consider the
biharmonic Schrödinger equation on the right half-line

(1-5)


i∂t u+ γ ∂4

x u+ λ|u|2u = 0, (t, x) ∈ (0, T )× (0,∞),
u(0, x)= u0(x), x ∈ (0,∞),

u(t, 0)= f (t), ux(t, 0)= g(t), t ∈ (0, T ),

for γ, λ ∈ R. We say that system (1-5) is focusing if γ λ < 0 and defocusing
when γ λ > 0. In this paper we will study the case when γ = −1, however the
approach used here can be applied when γ ∈ R \ {0}.

The presence of two boundary conditions in (1-5) can be motivated by integral
identities on smooth decaying solutions for the linear equation

(1-6) i∂t u− ∂4
x u = 0.

Indeed, for a smooth decaying solution u of (1-6) and T > 0, we have

(1-7)
∫
∞

0
|u(T, x)|2 dx =

∫
∞

0
|u(0, x)|2 dx −

∫ T

0
Im(∂3

x u(t, 0)u(t, 0)) dt

+

∫ T

0
Im(∂2

x u(t, 0)∂x u(t, 0)) dt.

Thus, from (1-7) we can conclude that if we assume u(0, x)= u(t, 0)= ux(t, 0)= 0
the linear solution for (1-6) is the trivial one.

It is well-known by [Kenig et al. 1991] that the local smoothing effect for the
fourth-order linear group operator ei t∂4

x

(1-8) ‖∂ j
x ei t∂4

xφ‖
L∞x Ḣ

1
8 (2s+3−2 j)

(Rt )
≤ c‖φ‖H s(R) for j = 0, 1 and s ∈ R,

which motivates the relation of regularities among initial and boundary data.
Thus, we are able to present the main goal in the paper: to answer the problem

cited in the beginning of this introduction, that is, to show the local well-posedness
of (1-5) in the low regularity Sobolev space H s(R+), for 0≤ s < 1

2 .
We state the main theorem for IBVP (1-5) as follows.

Theorem 1.1. Let s ∈
[
0, 1

2

)
. For given initial-boundary data

(u0, f, g) ∈ H s(R+)× H
1
8 (2s+3)(R+)× H

1
8 (2s+1)(R+),

there exist a positive time

T := T
(
‖u0‖H s(R+), ‖ f ‖

H
1
8 (2s+3)

(R+)
, ‖g‖

H
1
8 (2s+1)

(R+)

)
,
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and unique solution u(t, x) ∈ C((0, T ); H s(R+)) of the IBVP (1-5), when γ =−1,
satisfying

u∈C
(
R+;H

1
8 (2s+3)(0,T )

)
∩X s,b((0,T )×R+

)
and ∂x u∈C

(
R+; H

1
8 (2s+1)(0,T )

)
,

for some b(s) < 1
2 . Moreover, the map (u0, f, g) 7→ u is analytic from H s(R+)×

H
1
8 (2s+3)(R+)× H

1
8 (2s+1)(R+) to C

(
(0, T ); H s(R+)

)
.

Remarks. Finally, the following comments are now in order:

1. The proof of Theorem 1.1 is based on the Fourier restriction method for a suitable
extension of solutions. We first convert the IBVP of (1-5) posed in R+ ×R+ to
the initial value problem (IVP) of (1-5) (integral equation formula) in the whole
space R×R (see Section 3) by using the Duhamel boundary forcing operator. The
energy and nonlinear estimates (established in Section 4) allow us to apply the
Picard iteration method for IVP of (1-5), and hence we can complete the proof. The
new tools used here are the Duhamel boundary forcing operator for the fourth-order
linear equation and its analysis.

2. Note that Theorem 1.1 give us the local well-posedness in low regularity for the
biharmonic nonlinear Schrödinger equation. However, in [Özsarı and Yolcu 2019],
the authors showed the local well-posedness in the Sobolev spaces, by using Fokas
approach. We point out that the low regularity in our main result is obtained using
the boundary forcing operator, proposed by Holmer, which has been obtained in an
independent way and with a different approach to that of [Özsarı and Yolcu 2019].

3. The approach used in our result, together with some extension as it was done in
[Cavalcante 2017; Cavalcante and Kwak 2019; Holmer 2005; 2006] also guarantee
the local well-posedness result in high regularity.

1F. Notations. In all this paper, we will consider R+ as (0,∞). Moreover, for
positive real numbers x, y ∈ R+, we mean x . y by x ≤ Cy for some C > 0. Also,
denote x ∼ y by x . y and y . x . Similarly, .s and ∼s can be defined, where the
implicit constants depend on s.

Our work is outlined in the following way: In Section 2, we introduce some
function spaces defined on the half-line and construct the solution spaces. Section 3
is devoted to the introduction of the boundary forcing operator for the biharmonic
Schrödinger equation. In Section 4, we show the energy estimates and present the
trilinear estimates, respectively. The main result of this article, Theorem 1.1, is
proved in Section 5. Finally, in Section 6, we present some open problems which
seem to be of interest from the mathematical point of view.
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2. Preliminaries

Throughout the paper, we fix a cut-off function ψ(t) := ψ ,

(2-1) ψ ∈C∞0 (R) such that 0≤ψ≤1, ψ≡1 on [0,1], ψ≡0 for |t |≥2,

and for T > 0 we denote ψT (t)= 1
T ψ

( t
T

)
.

2A. Sobolev spaces on the half-line. For s ≥ 0, we define the homogeneous
L2-based Sobolev spaces Ḣ s

= Ḣ s(R) by the norm ‖φ‖Ḣ s =
∥∥|ξ |sψ̂(ξ)∥∥L2

ξ

and
the L2-based inhomogeneous Sobolev spaces H s

= H s(R) by the norm ‖φ‖H s =

‖(1+ |ξ |2)s/2ψ̂(ξ)‖L2
ξ
, where φ̂ denotes the Fourier transform of φ. Moreover, we

say that f ∈ H s(R+) if there exists F ∈ H s(R) such that f (x)= F(x) for x > 0,
in this case we set

‖ f ‖H s(R+) = inf
F
‖F‖H s(R).

On the other hand for s ∈ R, we have f ∈ H s
0 (R
+) provided that there exists

F ∈ H s(R) such that F is the extension of f on R and F(x)= 0 for x < 0. In this
case, we set ‖ f ‖H s

0 (R
+) = infF‖F‖H s(R). For s < 0, we define H s(R+) as the dual

space of H−s
0 (R+).

Let us also define the sets C∞0 (R
+) = { f ∈ C∞(R); supp f ⊂ [0,∞)} and

C∞0,c(R
+) as the subset of C∞0 (R

+), whose members have a compact support
on (0,∞). We remark that C∞0,c(R

+) is dense in H s
0 (R
+) for all s ∈ R.

We finish this subsection with some elementary properties of the Sobolev spaces.

Lemma 2.1 [Jerison and Kenig 1995, Lemma 3.5]. For− 1
2 < s< 1

2 and f ∈ H s(R),

(2-2) ‖χ(0,∞) f ‖H s(R) ≤ c‖ f ‖H s(R).

Lemma 2.2 [Colliander and Kenig 2002, Lemma 2.8]. If 0≤ s < 1
2 , then, for the

cut-off function ψ defined in (2-1), ‖ψ f ‖H s(R) ≤ c‖ f ‖Ḣ s(R) and ‖ψ f ‖Ḣ−s(R) ≤

c‖ f ‖H−s(R), where the constant c depends only on s and ψ .

Remark. Lemma 2.2 is equivalent to

‖ f ‖H s(R) ∼ ‖ f ‖Ḣ s(R),

for − 1
2 < s < 1

2 , where f ∈ H s(R) with supp f ⊂ [0, 1].

The following two auxiliaries lemmas can be found in [Colliander and Kenig
2002] and their proofs will be omitted.

Lemma 2.3 [Colliander and Kenig 2002, Proposition 2.4]. If 1
2 < s < 3

2 , the
following statements are valid:

(a) H s
0 (R
+)= { f ∈ H s(R+); f (0)= 0}.

(b) If f ∈ H s(R+) with f (0)= 0, then ‖χ(0,∞) f ‖H s
0 (R
+) ≤ c‖ f ‖H s(R+).
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Lemma 2.4 [Colliander and Kenig 2002, Proposition 2.5]. Let −∞< s <∞ and
f ∈ H s

0 (R
+). For the cut-off function ψ defined in (2-1), we have ‖ψ f ‖H s

0 (R
+) ≤

c‖ f ‖H s
0 (R
+).

2B. Solution spaces. For f ∈ S(R2), we denote by f̃ or F( f ) the Fourier trans-
form of f with respect to both spatial and time variables

f̃ (τ, ξ)=
∫

R2
e−i xξe−i tτ f (t, x) dx dt.

Moreover, we use Fx and Ft to denote the Fourier transform with respect to space
and time variable respectively (also we use ̂ for both cases).

Bourgain [1993a; 1993b] established a way to prove the well-posedness of a
classes of dispersive systems. More precisely, on the Sobolev spaces H s, for smaller
values of s, Bourgain found a yet more suitable smoothing property for solutions
of the Korteweg–de Vries equation.

In this spirit, for s, b ∈ R, we introduce the classical Bourgain spaces X s,b

associated to (1-2) as the completion of S ′(R2) under the norm

‖ f ‖2X s,b =

∫
R2
〈ξ〉2s
〈τ + ξ 4

〉
2b
| f̃ (τ, ξ)|2 dξ dτ,

where 〈 · 〉 = (1+ | · |2)1/2.
One basic property of X s,b can be read as follows:

Lemma 2.5 [Tao 2006, Lemma 2.11]. Let ψ(t) be a Schwartz function in time.
Then, we have

‖ψ(t) f ‖X s,b .ψ,b ‖ f ‖X s,b .

Ginibre et al. [1997], while establishing local well-posedness results for the
Zakharov system, showed the following important estimate:

Lemma 2.6. Let−1
2 < b′< b≤ 0 or 0≤ b′< b< 1

2 , w ∈ X s,b(φ) and s ∈R. Then

‖ψTw‖X s,b′ (φ) ≤ cT b−b′
‖w‖X s,b(φ).

As is well-known, the space X s,b with b > 1
2 is well-adapted to study the IVP of

dispersive equations. However, in the study of IBVP, the standard argument cannot
be applied directly. This is due to the lack of hidden regularity, more precisely, the
control of (derivatives) time trace norms of the Duhamel boundary operator requires
to work in X s,b-type spaces for b < 1

2 , since the full regularity range cannot be
covered (see Lemma 4.2 inequality (4-5)).
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Therefore, to treat the solution of our problem, set the solution space denoted
by Z s,b with the norm

‖ f ‖Z s,b(R2) = sup
t∈R

‖ f (t, ·)‖H s(R)+

1∑
j=0

sup
x∈R

‖∂ j
x f (·, x)‖

H
1
8 (2s+3−2 j)

(R)
+‖ f ‖X s,b .

The spatial and time restricted space of Z s,b(R2) is defined in the standard way:

Z s,b((0, T )×R+)= Z s,b
∣∣
(0,T )×R+

equipped with the norm

‖ f ‖Z s,b((0,T )×R+) = inf
g∈Z s,b
{‖g‖Z s,b : g(t, x)= f (t, x) on (0, T )×R+}.

2C. Riemann–Liouville fractional integral. Before we begin our study of the
IBVP for (1-2), we give a brief summary of the Riemann–Liouville fractional
integral operator; see [Colliander and Kenig 2002; Holmer 2006] for more details.

Let us define the function t+ as follows:

t+ =
{

t if t > 0,
0 if t ≤ 0.

The tempered distribution tα−1
+ /0(α) is defined like a locally integrable function

for Reα > 0 by 〈 tα−1
+

0(α)
, f
〉
=

1
0(α)

∫
∞

0
tα−1 f (t) dt.

It follows that

(2-3)
tα−1
+

0(α)
= ∂k

t

(
tα+k−1
+

0(α+ k)

)
,

for all k ∈ N. Expression (2-3) can be used to extend the definition of tα−1
+ /0(α)

for all α ∈ C in the sense of distributions. In fact, a change of contour shows that
the Fourier transform of tα−1

+ /0(α) is

(2-4)
(

tα−1
+

0(α)

)̂
(τ )= e−

1
2π iα(τ − i0)−α,

where

(2-5) (τ − i0)−α = |τ |−αχ(0,∞)+ eαπ i
|τ |−αχ(−∞,0)

is the distributional limit. For α /∈ Z, by using (2-5), we rewrite (2-4) in the
following way:

(2-6)
(

tα−1
+

0(α)

)̂
(τ )= e−

1
2απ i
|τ |−αχ(0,∞)+ e

1
2απ i
|τ |−αχ(−∞,0).
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For f ∈ C∞0 (R
+), define Iα f as

Iα f =
tα−1
+

0(α)
∗ f.

Thus, for Reα > 0, we have

(2-7) Iα f (t)=
1

0(α)

∫ t

0
(t − s)α−1 f (s) ds.

The following properties easily hold:

I0 f = f, I1 f (t)=
∫ t

0
f (s) ds, I−1 f = f ′ and IαIβ = Iα+β .

Moreover, the lemmas below can be found in [Holmer 2006], and we will omit the
proofs.

Lemma 2.7 [Holmer 2006, Lemma 2.1]. If f ∈ C∞0 (R
+), then Iα f ∈ C∞0 (R

+),
for all α ∈ C.

Lemma 2.8 [Holmer 2006, Lemma 5.3]. If 0 ≤ Re α < ∞ and s ∈ R, then
‖I−αh‖H s

0 (R
+) ≤ c‖h‖H s+α

0 (R+), where c = c(α).

Lemma 2.9 [Holmer 2006, Lemma 5.4]. If 0≤ Re α <∞, s ∈ R and µ ∈ C∞0 (R),
then ‖µIαh‖H s

0 (R
+) ≤ c‖h‖H s−α

0 (R+), where c = c(µ, α).

2D. Oscillatory integral. In this subsection, we will define the oscillatory integral
which is the key to defining, in the next section, the Duhamel boundary forcing
operator. Let

(2-8) B(x)=
1

2π

∫
R

ei xξe−iξ4
dξ.

We first calculate B(0). A change of variable (η = ξ 4), gives us the following:

B(0)=
1

2π

∫
R

e−iξ4
dξ =

1
4π

∫
+∞

0
e−iηη−3/4 dη.

Now, a change of contour yields

B(0)= (−i)1−3/4

4π

∫
+∞

0
e−t t (1/4)−1 dt = (−i)1/4

4π
0
(1

4

)
=−

i7/4

π
0
(5

4

)
.

Let us obtain the Mellin transform of B(x).

Lemma 2.10. For Re λ > 0 we have

(2-9)
∫
∞

0
xλ−1 B(x) dx =

0(λ)0
(1

4 −
λ
4

)
8π

(
e−i π8 (1+3λ)

+ e−i π8 (1−5λ)).
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Proof. By analytic argument, we can assume that λ is a real number in the set
(
0, 3

8

)
.

Consider

B1(x)=
1

2π

∫
+∞

0
ei xξe−iξ4

dξ

and

B2(x)=
1

2π

∫ 0

−∞

ei xξe−iξ4
dξ =

1
2π

∫
∞

0
e−i xξe−iξ4

dξ,

then we have B(x)= B1(x)+ B2(x). Define

B1,ε(x)=
1

2π

∫
+∞

0
ei xξe−iξ4

e−εξ dξ.

By using the dominated convergence theorem and Fubini’s theorem we have

(2-10)
∫
∞

0
xλ−1 B1(x)dx = lim

ε→0
lim
δ→0

∫
∞

0
e−δx xλ−1 B1,ε(x)dx

= lim
ε→0

lim
δ→0

1
2π

∫
+∞

0
e−iξ4

e−εξ
∫
∞

0
ei xξe−δx xλ−1 dx dξ.

Using a change of contour, we get that

(2-11)
∫
+∞

0
ei xξe−δx xλ−1 dx = ξ−λeiλ π2 0

(
λ,−

δ

ξ

)
,

where 0(λ, z)=
∫
+∞

0 rλ−1eir ze−r dr . Again, thanks to the dominated convergence
theorem it follows that

(2-12) lim
δ→0

∫
+∞

0
ei xξe−δx xλ−1 dx = ξ−λeiλ π2 0(λ).

Once more applying the dominated convergence theorem and changing the contour
we conclude that

(2-13)
∫
+∞

0
xλ−1 B1(x) dx = 0(λ)

2π
eiλ π2 lim

ε→0

∫
+∞

0
e−iξ4

e−εξξ−λ dξ

=
0(λ)

2π
eiλ π2 1

4
lim
ε→0

∫
+∞

0
e−iηe−εη

1/4
(η)−(λ+3)/4 dη

=
0(λ)

2π
eiλ π2 1

4
e−

π i
2 ((1−λ)/4)0

(1
4
−
λ

4

)
=
0(λ)0

( 1
4 −

λ
4

)
8π

e−i π8 (1−5λ).
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In a similar way, by using the identity

(2-14)
∫
+∞

0
e−i xξe−δx xλ−1 dx = ξ−λe−iλ π2 0

(
λ,
δ

ξ

)
,

we obtain

(2-15)

∫
+∞

0
xλ−1 B2(x) dx = 0(λ)

2π
e−iλ π2 1

4
e−

π i
2 (

1−λ
4 )0

(1
4
−
λ

4

)
=
0(λ)0

( 1
4 −

λ
4

)
8π

e−i π8 (1+3λ).

Finally, as we can split by B(x)= B1(x)+ B2(x), equation (2-9) holds. �

3. Duhamel boundary forcing operator

In this section, we study the Duhamel boundary forcing operator, which was
introduced by Colliander and Kenig [2002], in order to construct the solution
to (1-2) forced by boundary conditions. We refer to [Cavalcante 2017; Cavalcante
and Corcho 2019; Holmer 2005] for further exposition about this topic.

3A. Duhamel boundary forcing operator class. Let us introduce the Duhamel
boundary forcing operator associated to the linearized biharmonic Schrödinger
equation. Consider

(3-1) M =
1

B(0)0
(3

4

) .
For f ∈ C∞0 (R

+), define the boundary forcing operator L0 (of order 0) as

(3-2) L0 f (t, x) := M
∫ t

0
ei(t−t ′)∂4

x δ0(x)I−3/4 f (t ′) dt ′,

where ei t∂4
x denotes the group associated to (1-6) given by

ei t∂4
xψ(x)= 1

2π

∫
R

ei xξe−i tξ4
ψ̂(ξ) dξ.

Note that the property of convolution operator (∂x( f ∗ g)= (∂x f ) ∗ g = f ∗ (∂x g))
and the integration by parts in t ′ of (3-2) yield that

(3-3) iL0(∂t f )(t, x)= i Mδ0(x)I−3/4 f (t)+ ∂4
xL

0 f (t, x).
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By a change of variable and using (2-8), we get that

(3-4) L0 f (t, x)= M
∫ t

0
ei(t−t ′)∂4

x δ0(x)I−3/4 f (t ′) dt ′

= M
∫ t

0
B
(

x
(t − t ′)1/4

)
I−3/4 f (t ′)
(t − t ′)1/4

dt ′.

We are now in a position to make it precise when the boundary forcing term is
continuous or discontinuous. More precisely, the following lemma holds.

Lemma 3.1. Let f ∈ C∞0,c(R
+).

(a) For fixed 0 ≤ t ≤ 1, we have that ∂k
xL0 f (t, x), k = 0, 1, 2, is continuous in

x ∈ R and has the decay property in terms of the spatial variable as follows:

(3-5) |∂k
xL

0 f (t, x)|.N ‖ f ‖H N+k 〈x〉−N , N ≥ 0.

(b) For fixed 0≤ t ≤ 1, we have that ∂3
xL0 f (t, x) is continuous in x for x 6= 0 and

it is discontinuous at x = 0 satisfying

lim
x→0−

∂3
xL

0 f (t, x)=−i M
2
I−3/4 f (t), lim

x→0+
∂3

xL
0 f (t, x)= i M

2
I−3/4 f (t).

Also, ∂3
xL0 f (t, x) has the decay property in terms of the spatial variable

(3-6) |∂3
xL

0 f (t, x)|.N ‖ f ‖H N+3〈x〉−N , N ≥ 0.

Proof. In fact, the continuity of ∂k
xL0 f (t, x) follows from (3-4), for k = 0, 1, 2, and

the proof of (3-5) exactly follows the idea introduced by Holmer [2005, Lemma 12].
Moreover, (3-5) and (3-3) yield that ∂4

xL0 f (t, x) is discontinuous only at x = 0 of
size MI−3/4 f (t) (where M is defined as (3-1)), and the decay bound (3-6) holds. �

Remark. Lemma 3.1 ensures that L0 f (t, 0)= f (t).

We are now in position to generalize the boundary forcing operator (3-2). For
Re λ >−4 and given g ∈ C∞0 (R

+), we define

(3-7) Lλg(t, x)=
[

xλ−1
−

0(λ)
∗L0(I−λ/4 g)(t, · )

]
(x),

where ∗ denotes the convolution operator and xλ−1
− /0(λ) = (−x)λ−1

+ /0(λ). In
particular, for Re λ > 0, we have

(3-8) Lλg(t, x)=
1

0(λ)

∫
∞

x
(y− x)λ−1L0(I−λ/4 g)(t, y) dy.
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A property of the convolution operator (∂4
x ( f ∗g)= (∂4

x f )∗g= f ∗(∂4
x g)) and (3-3)

give us

(3-9) Lλg(t, x)=
[

x (λ+4)−1
−

0(λ+4)
∗∂4

xL
0(I−λ/4 g)(t, ·)

]
(x)

= i M
x (λ+4)−1
−

0(λ+4)
I−3/4−λ/4 g(t)

+i
∫
∞

x

(y−x)(λ+4)−1

0(λ+4)
L0(∂tI−λ/4 g)(t, y)dy,

for Re λ >−4, where M is defined as in (3-1). From (3-3) and (3-7), we have

(i∂t − ∂
4
x )L

λg(t, x)= i M
xλ−1
−

0(λ)
I−3/4−λ/4 g(t),

in the distributional sense.
To finish this subsection, we will give two lemmas concerning the spatial conti-

nuity and decay properties of the Lλg(t, x) and the explicit values for Lλ f (t, 0),
respectively.

Lemma 3.2. Let g ∈ C∞0 (R
+) and M be as in (3-1). Then, we have

(3-10) L−k g = ∂k
xL

0Ik/4 g, k = 0, 1, 2, 3.

Moreover, L−3g(t, x) is continuous in x ∈ R \ {0} and has a step discontinuity
at x = 0. For real λ satisfying λ > −3, Lλg(t, x) is continuous in x ∈ R. For
−3≤ λ≤ 1 and 0≤ t ≤ 1, Lλg(t, x) satisfies the following decay bounds:

|Lλg(t, x)| ≤ cλ,g〈x〉λ−1 for all x ≥ 0,

|Lλg(t, x)| ≤ cm,λ,g〈x〉−m for all x ≥ 0 and m ≥ 0.

Proof. We give a sketch of the proof. The detailed argument can be found in
[Holmer 2006]. By using (3-9), we have that (3-10) follows. Moreover, Lemma 3.1
together with (3-10) guarantee the continuity (except for x = 0 when λ=−3) and
discontinuity at x = 0 of Lλg for λ≥−3 and λ=−3, respectively. The proof of
decay bounds can be obtained by using (3-9), (3-3) and Lemma 3.1. �

Lemma 3.3. For Re λ > −4 and f ∈ C∞0 (R
+), we have the following value of

Lλ f (t, 0):

(3-11) Lλ f (t, 0)=
M
8

f (t)
(

e−i π8 (1+3λ)
+ e−i π8 (1−5λ)

sin
( 1

4(1− λ)π
) )

.
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Proof. By using (3-9) we get

Lλ f (t, 0)= i
∫
∞

0

y(λ+4)−1

0(λ+ 4)
L0(∂tI−λ/4 f )(t, y) dy.

This show that Lλ f (t, 0) is analytic, in λ, for Re λ >−4.
By analytic argument, it suffices to consider the case when λ is a positive real

number and (3-4), where M is defined as in (3-1). In fact, in order to use (2-9), we
take λ ∈

(
0, 3

8

)
in (3-8). Thus, in the calculations, we use the representation (3-8)

for λ > 0. Fubini’s theorem, the change of variable, (2-10) and (2-7), yield that

Lλ f (t, 0)=
M
0(λ)

∫
∞

0
yλ−1

∫ t

0
B
(

y
(t − t ′)1/4

)
I(−λ−3)/4 f (t ′)
(t − t ′)1/4

dt ′ dy

=
M
0(λ)

∫ t

0
(t − t ′)

λ+3
4 −1I(−λ−3)/4 f (t ′)

∫
∞

0
yλ−1 B(y) dy dt ′

=
M
0(λ)

0

(
λ

4
+

3
4

)
f (t)

0(λ)0
( 1

4 −
λ
4

)
8π

(
e−i π8 (1+3λ)

+ e−i π8 (1−5λ))
=

M
8

f (t)
(

e−i π8 (1+3λ)
+ e−i π8 (1−5λ)

sin
( 1

4(1− λ)π
) )

,

where in the last equality we used the fact that

0(z)0(1− z)=
π

sin π z
.

Thus, the proof is complete. �

3B. Construction of the solution. Let us describe how we can construct the solu-
tion for the linear fourth order Schrödinger equation

(3-12) i∂t u− ∂4
x u = 0.

3B1. Linear version. First, we define the unitary group associated to (3-12) as

ei t∂4
xφ(x)=

1
2π

∫
R

ei xξe−i tξ4
φ̂(ξ) dξ,

which allows

(3-13)
{
(i∂t − ∂

4
x )e

i t∂4
xφ(x)= 0, (t, x) ∈ R×R,

ei t∂4
xφ(x)|t=0 = φ(x), x ∈ R.

Recall Lλ in (3-9) for the right half-line problem. Let

u(t, x)= Lλ1γ1(t, x)+Lλ2γ2(t, x),

∂x u(t, x)= Lλ1−1I−1/4 γ1(t, x)+Lλ2−1I−1/4 γ2(t, x),

where γ j ( j = 1, 2) will be chosen later in terms of the given boundary data f and g.
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Let a j and b j be constants depending on λ j , j = 1, 2, given by

(3-14)

a j =
M
8

(
e−i π8 (1+3λ j )+ e−i π8 (1−5λ j )

sin
( 1

4(1− λ j )π
) )

,

b j =
M
8

(
e−i π8 (−2+3λ)

+ e−i π8 (6−5λ)

sin
( 1

4(2− λ j )π
) )

.

By Lemmas 3.2 and 3.3, we get

f (t)= u(t, 0)= a1γ1(t)+ a2γ2(t),(3-15)

g(t)= ∂x u(t, 0)= b1I−1/4 γ1(t)+ b2I−1/4 γ2(t).(3-16)

Thanks to (3-15) and (3-16), we can write a matrix in the form[
f (t)

I1/4 g(t)

]
= A

[
γ1(t)
γ2(t)

]
,

where

A(λ1, λ2)=

[
a1 a2

b1 b2

]
.

Choosing appropriate λ j , j = 1, 2, such that A is invertible, we have that u solves

(3-17)



(i∂t − ∂
4
x )u(t, x)= i M x

λ1−1
−

0(λ1)
I−3/4−λ/4 γ1(t)

+i M x
λ2−1
−

0(λ)
I−3/4−λ/4 γ2(t), (t, x) ∈ R+×R,

u(0, x)= 0, x ∈ R,

u(t, 0)= f (t), ∂x u(t, 0)= g(t), t ∈ R+.

By restriction of the function u on the set R+×R+, we can construct a solution for
the linear fourth order dispersive equation (3-12) posed on the right half-line.

3B2. Nonlinear version. Now, we define the classical Duhamel inhomogeneous
solution operator D by

Dw(t, x)=−i
∫ t

0
ei(t−t ′)∂4

xw(t ′, x) dt ′.

It follows that {
(i∂t − ∂

4
x )Dw(t, x)= w(t, x), (t, x) ∈ R×R,

Dw(x, 0)= 0, x ∈ R.

Let
u(t, x)= Lλ1γ1(t, x)+Lλ2γ2(t, x)+ ei t∂4

xφ(x)+Dw.
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Similar to what was done in Section 3B, taking γ1 and γ2 appropriately, depending
on f , g, ei t∂4

xφ(x) and Dw, we see that u solves

(3-18)


(i∂t − ∂

4
x )u(t, x)= w(t, x), (t, x) ∈ R+×R+,

u(0, x)= φ(x), x ∈ R+,

u(t, 0)= f (t), ∂x u(t, 0)= g(t), t ∈ R+.

The discussion about the structure of the system (3-18) can be found in Section 5

4. Energy estimates

The main purpose of this section is to prove the energy estimate of the solutions of
the fourth order nonlinear Schrödinger equation in the Bourgain spaces X s,b.

Lemma 4.1. Let s ∈ R and b ∈ R. If φ ∈ H s(R), then the following estimates hold:

‖ψ(t)ei t∂4
xφ(x)‖Ct (R; H s

x (R))
.ψ ‖φ‖H s(R),(4-1)

‖ψ(t)∂ j
x ei t∂4

xφ(x)‖Cx (R;H
(2s+3−2 j)/8
t (R))

.ψ,s, j ‖φ‖H s(R), j ∈ {0, 1};(4-2)

‖ψ(t)ei t∂4
xφ(x)‖X s,b .ψ,b ‖φ‖H s(R).(4-3)

Estimates (4-1), (4-2) and (4-3) are so-called space traces, derivative time traces
and Bourgain spaces estimates, respectively.

Proof. The proofs of (4-1) and (4-3) are standard and the proof of (4-2) follows
from the smoothness of ψ and the local smoothing estimate (1-8), thus we will
omit the details. �

Lemma 4.2. Let 0< b < 1
2 and j = 0, 1, we have the following inequalities

(4-4) ‖ψ(t)Dw(t, x)‖C(Rt ; H s(Rx )) . ‖w‖X s,−b ,

for s ∈ R;

(4-5) ‖ψ(t)∂ j
x Dw(t, x)‖C(Rx ;H (2s+3−2 j)/8(Rt ))

. ‖w‖X s,−b ,

for − 3
2 + j < s < 1

2 + j ;

(4-6) ‖ψ(t)∂ j
x Dw(t, x)‖X s,b . ‖w‖X s,−b ,

for s ∈ R.
Estimates (4-4), (4-5) and (4-6) are so-called space traces, derivative time traces

and Bourgain spaces estimates, respectively.

Proof. The idea to prove this lemma follows a variation of the proof due to [Kenig
et al. 1991]. Here, we will give the sketch of the proof for sake of completeness.
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Estimate (4-4): By using 2χ(0,t)(t ′) = sgn t ′ + sgn(t − t ′), ŝgn(τ ) = p.v. 2
iτ and

eiτξ4
f̂ (τ )= f̂ (τ + ξ 4) we have

(4-7) ψ(t)Dw(t, x)= c
∫

ei xξe−i tξ4
ψ(t)

∫
w̃(τ ′, ξ)

ei t (τ ′+ξ4)
− 1

(τ ′+ ξ 4)
dτ ′ dξ.

We denote by w = w1+w2, where

w̃1(τ, ξ)= η0(τ + ξ
4)w̃(τ, ξ),

w̃2(τ, ξ)= (1− η0(τ + ξ
4))w̃(τ, ξ).

Here, η0 : R→ [0, 1] is a smooth bump function supported in [−2, 2] and equal
to 1 in [−1, 1]. For w1, we use the Taylor expansion of ex at x = 0. Then, we can
rewrite (4-7) for w1 as

ψ(t)Dw(t, x)= c
∫

ei xξe−i tξ4
ψ(t)

∫
w̃1(τ

′, ξ)
ei t (τ ′+ξ4)

− 1
(τ ′+ ξ 4)

dτ ′ dξ

= c
∞∑

k=1

ik−1

k!
ψk(t)

∫
ei xξe−i tξ4

F̂k
1 (ξ) dξ

= c
∞∑

k=1

ik−1

k!
ψk(t)ei t∂4

x Fk
1 (x),

where ψk(t)= tkψ(t) and

(4-8) F̂k
1 (ξ)=

∫
w̃1(τ, ξ)(τ + ξ

4)k−1 dτ.

Since

(4-9) ‖Fk
1 ‖H s =

(∫
〈ξ〉2s

∣∣∣∣∫ w̃1(τ, ξ)(τ + ξ
4)k−1 dτ

∣∣∣∣2 dξ
)1

2

. ‖w‖X s,−b ,

we have from (4-1) that

‖ψ(t)Dw(t, x)‖Ct H s .
∞∑

k=1

1
k!
‖Fk

1 ‖H s
x
. ‖w‖X s,−b .

For w2, a direct calculation gives

(4-10) F[ψDw](τ, ξ)= c
∫
w̃2(τ

′, ξ)
ψ̂(τ − τ ′)− ψ̂(τ + ξ 4)

(τ ′+ ξ 4)
dτ ′.

Since ‖ψDw‖Ct H s . ‖〈ξ〉sF[ψDw](τ, ξ)‖L2
ξ L1

τ
, it suffices to bound the term

(4-11)
(∫
〈ξ〉2s

∣∣∣∣∫ |w̃2(τ
′, ξ)|

∫
|ψ̂(τ − τ ′)− ψ̂(τ + ξ 4)|

|τ ′+ ξ 4|
dτ dτ ′

∣∣∣∣2 dξ
) 1

2

,



52 R. CAPISTRANO-FILHO, M. CAVALCANTE AND F. GALLEGO

due to (4-10). We use the L1 integrability of ψ̂ , to bound (4-11) by

c
(∫
〈ξ〉2s

∣∣∣∣∫
|τ ′+ξ4|>1

|w̃2(τ
′, ξ)|

|τ ′+ ξ 4|
dτ ′
∣∣∣∣2 dξ

) 1
2

. ‖w‖X s,−b .

Estimate (4-5): We only consider the case j = 0, since the estimate for j = 1 is
a direct consequence of the case j = 0. Initially, take θ(τ ) ∈ C∞(R) such that
θ(τ )= 1 for |τ |< 1

2 and supp θ ⊂
[
−

2
3 ,

2
3

]
. A standard calculation gives

Fx

(
ψ(t)

∫ t

0
e(t−t ′)∂4

xw(x, t ′)
)
(ξ)

= cψ(t)
∫
τ

ei tτ
− e−i tξ4

τ + ξ 4 w̃(ξ, τ ) dτ

= cψ(t)ei tξ4
∫
τ

e−i t (τ+ξ4)
− 1

τ + ξ 4 θ(τ + ξ 4)w̃(ξ, τ ) dτ

+ cψ(t)
∫
τ

ei tτ 1− θ(τ + ξ 4)

τ + ξ 4 w̃(ξ, τ ) dτ

− cψ(t)ei tξ4
∫
τ

1− θ(τ + ξ 4)

τ + ξ 4 w̃(ξ, τ ) dτ

:= Fxw1+Fxw2−Fxw3.

By the power series expansion for e−i t (τ+ξ4), we have

w1(x, t)=
∞∑

k=1

ψk(t)
k!

ei t∂4
xφk(x).

Here, ψk(t)= ik tkθ(t) and

φ̂k(ξ)=

∫
τ

(τ + ξ 4)k−1θ(τ + ξ 4)w̃(ξ, τ ) dτ.

By using (4-2), it suffices to show that ‖φk‖H s(R) ≤ c‖u‖X s,−b , for b< 1
2 . Using the

definition of φk and the Cauchy–Schwarz inequality, it follows that

‖φk‖
2
H s(Rx )

= c
∫
ξ

〈ξ〉2s
(∫
{τ :|τ+ξ4|≤ 2

3 }

∞∑
k=1

(τ + ξ 4)k−1θ(τ + ξ 4)ũ(ξ, τ )
)2

dξ

≤ c
∫
ξ

〈ξ〉2s
∫
τ

〈τ + ξ 4
〉

2c
|ũ(ξ, τ )|2 dτ dξ.



IBVP FOR THE BIHARMONIC NLS IN A QUARTER PLANE 53

This completes the estimate of w1. Now we treat w2. By using the change of
variable η = ξ 4 and the Cauchy–Schwarz inequality we obtain

‖w2‖
2
C(Rx ; H (2s+3)/8(Rt ))

≤ c
∫
τ

〈τ 〉(2s+3)/4G(τ )
∫
ξ

〈τ + ξ 4
〉
−2b
〈ξ〉2s
|w̃2(ξ, τ )|

2 dξ dτ,

where G(τ )= c
∫
η
〈τ + η〉−2+2b

|η|−3/4
〈η〉−s/2 dη. To conclude the estimate of w2,

we need to prove the following estimate:

(4-12) G(τ )≤ c〈τ 〉−(2s+3)/4.

We split it in two cases. In the first case, we consider |τ | < 1. For this, we use
〈τ + η〉 ∼ 〈η〉 to get

G(τ )≤ c
∫
〈η〉−2+2b−(s/2)

|η|−3/4 dη.

The above integral is bounded in the case s >− 7
2 + 4b, since −b >−1

2 . Also, this
estimate is valid for s >−3

2 .
Now, the second case |τ | ≥ 1 can be estimated by separating the integral into

three regions |η| ≤ 1, 2|η| ≤ |τ |, |τ | ≤ 2|η| and using that − 3
2 < s ≤ 1

2 , so (4-12)
follows.

Finally, to bound w3, let us rewrite w3 like w3 = ψ(t)ei t∂4
xφ(x), where

φ̂(ξ)=

∫
1− θ(τ + ξ 4)

τ + ξ 4 w̃(ξ, τ ) dτ.

Thanks to (4-2) and Cauchy–Schwarz inequality, we obtain

‖w3‖
2
C(Rx ;H (2s+3)/8(Rt ))

= c‖ψ(t)ei t∂4
xφ(x)‖2C(Rx ;H (2s+3)/8(Rt ))

≤ c‖φ‖2H s(R)

≤ c
∫
ξ

〈ξ〉2s
(∫

τ

|w̃(ξ,τ )|2〈τ+ξ 4
〉
−2b dτ

∫
dτ

〈τ+ξ 4〉2−2b

)
dξ.

Since b < 1
2 , we have ∫

1
〈τ + ξ 4〉2−2b dτ ≤ c.

By using (4-12), estimate (4-5) for w3 follows and, consequently, (4-5) holds true
for w = w1+w2+w3.

Estimate (4-6): Finally, again we split w = w1+w2, similar to what was done in
the proof of (4-4). For w1, estimates (4-3) and (4-9) yield that

‖ψ(t)Dw1(t, x)‖X s,b .
∞∑

k=1

1
k!
‖Fk

1 ‖H s
x
. ‖w‖X s,−b ,

where Fk
1 is defined as in (4-8).



54 R. CAPISTRANO-FILHO, M. CAVALCANTE AND F. GALLEGO

For w2, note that

ψ∂ j
x Dw(t, x)= c

∫
ei xξe−i tξ4

(iξ) jψ(t)
∫
w̃(τ ′, ξ)

(τ ′+ ξ 4)

(
ei t (τ ′+ξ4)

− 1
)

dτ ′ dξ

= c
∫

ei xξe−i tξ4
(iξ) jψ(t)

∫
w̃(τ ′, ξ)

(τ ′+ ξ 4)
ei t (τ ′+ξ4) dτ ′ dξ

− c
∫

ei xξe−i tξ4
(iξ) jψ(t)

∫
w̃(τ ′, ξ)

(τ ′+ ξ 4)
dτ ′ dξ

= I − II.

Let

Ŵ (ξ)=

∫
w̃2(τ, ξ)

(τ + ξ 4)
dτ.

Therefore, we use (4-3) in II to obtain

‖ψei t∂4
x W‖X s,b . ‖W‖H s . ‖w‖X s,−b

for b < 1
2 .

Now, it remains to show the following estimate:

(4-13)
(∫
|ξ |>1
|ξ |2s

∫
〈τ+ξ 4

〉
2b
∣∣∣∣∫ w̃2(τ

′,ξ)

i(τ ′+ξ 4)
ψ̂(τ−τ ′)dτ ′

∣∣∣∣2 dτ dξ
)1

2

.‖w‖X s,−b .

This follows by using the same argument as we used to prove (4-5). In fact, the
proof of (4-13) is easier than proof of (4-5), since the L2 integral with respect to ξ
is negligible and hence it is enough to consider the relation between τ + ξ 4 and
τ ′+ ξ 4. Thus, as a consequence, we have

‖ψDw‖X s,b . ‖w‖X s,−b .

Therefore, Lemma 4.2 is proved. �

Lemma 4.3. Let s ∈ R.

(a) For 1
2(2s− 7) < λ < 1

2(1+ 2s) and λ < 1
2 the following inequality holds:

(4-14) ‖ψ(t)Lλ f (t, x)‖C(Rt ; H s(Rx )) ≤ c‖ f ‖H (2s+3)/8
0 (R+)

.

(b) For −4+ j < λ < 1+ j, j = 0, 1, we have

(4-15) ‖ψ(t)∂ j
x L

λ f (t, x)‖C(Rx ; H (2s+3−2 j)/8
0 (R+t ))

≤ c‖ f ‖H (2s+3)/8
0 (R+)

.

(c) If s < 4− 4b, b < 1
2 , −5< λ < 1

2 and s+ 4b− 2< λ < s+ 1
2 yields that

(4-16) ‖ψ(t)Lλ f (t, x)‖X s,b ≤ c‖ f ‖H (2s+3)/8
0 (R+)

.

Estimates (4-14), (4-15) and (4-16) are so-called space traces, derivative time
traces and Bourgain spaces estimates, respectively.
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Proof. Let us first prove (4-14). By density, we may assume that f ∈ C∞0,c(R
+).

Moreover, from definition of Lλ, it suffices to consider Lλ f (t, x) (removing ψ) for
supp f ⊂ [0, 1], thanks to Lemma 2.4.

From (2-4), (3-2) and (3-7), we see that

Fx(Lλ f )(t, ξ)= Me−iπλ/2(ξ − i0)−λ
∫ t

0
e−i(t−t ′)ξ4

I−λ/4−3/4 f (t ′) dt ′.

By using the following change of variable η = ξ 4, (2-5) and the definition of the
Fourier transform we have that

‖Lλ f (t, ·)‖2H s(R) ≤ c
∫
η

|η|−λ/2−3/4
〈η〉s/2

∣∣∣∣∫ t

0
e−i(t−t ′)ηI−λ/4−3/4 f (t ′) dt ′

∣∣∣∣2 dη

= c
∫
η

|η|−λ/2−3/4
〈η〉s/2

∣∣(χ(−∞,t)I−λ/4−3/4 f )̂(η)
∣∣2 dη,

for a fixed t . Note that, by Lemma 2.2, we can replace |η|−λ/2−3/4 by 〈η〉−λ/2−3/4,
since

−1<−λ
2
−

3
4
⇔ λ <

1
2
.

Moreover, Lemma 2.1 (under the condition −1 < −λ2 −
3
4 +

s
2 < 1 for removing

χ(−∞,t)) and Lemma 2.8 (under the condition −5< λ) yield that∫
η

|η|−λ/2−3/4
〈η〉s/2

∣∣(χ(−∞,t)I−λ/4−3/4 f )̂(η)
∣∣2 dη

≤ c
∫
η

〈η〉s/2−λ/2−3/4∣∣(χ(−∞,t)I−λ/4−3/4 f )̂(η)
∣∣2 dη

≤ c‖I−λ/4−3/4 f ‖2H s/4−λ/4−3/8 ≤ c‖ f ‖2
H (2s+3)/8

0
,

which proves (4-14) thanks to the definition of H s
0 (R
+)-norm.

Now we prove (4-15). A direct calculation gives

∂ j
x L

λ f = Lλ− j (I− j/4 f ).

With the previous equality in hand and Lemma 2.8, it suffices to show (4-15) for
j = 0. Lemma 2.4 ensures us to ignore the cut-off function ψ . The change of
variable t→ t − t ′ gives

(I − ∂2
t )
(2s+3)/16

(
xλ−1
−

0(λ)
∗

∫ t

−∞

ei(t−t ′)∂4
x δ(x)h(t ′)dt ′

)
=

(
xλ−1
−

0(λ)
∗

∫ t

−∞

ei(t−t ′)∂4
x δ(x)(I − ∂2

t ′)
(2s+3)/16h(t ′)dt ′

)
.
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So, we just need to prove that

(4-17)
∥∥∥∥∫
ξ

ei xξ (ξ−i0)−λ
∫ t

−∞

e−i(t−t ′)ξ4
(I
−
λ
4−

3
4

f )(t ′)dt ′ dξ
∥∥∥∥

L∞x L2
t (R)

≤c‖ f ‖L2
t (R
+),

thanks to ∂σt (Iα f )= Iα(∂σt f ). We use χ(−∞,t) = 1
2 sgn(t − t ′)+ 1

2 to obtain∫
ξ

ei xξ (ξ − i0)−λ
∫ t

−∞

e−i(t−t ′)ξ4
(I−λ/4−3/4 f )(t ′) dt ′ dξ

=
1
2

∫
ξ

ei xξ (ξ − i0)−λ
∫
∞

−∞

sgn(t − t ′)e−i(t−t ′)ξ4
(I−λ/4−3/4 f )(t ′) dt ′ dξ

+
1
2

∫
ξ

ei xξ (ξ − i0)−λ
∫
∞

−∞

e−i(t−t ′)ξ4
(I−λ/4−3/4 f )(t ′) dt ′ dξ

:= I (t, x)+ II (t, x).

We will treat I (t, x) := I and II (t, x) := II separately. To estimate I, we can
rewrite it as

I (t, x)= 1
2

∫
ξ

ei xξ (ξ − i0)−λ
(
(e−i ·ξ4

sgn(·)) ∗ I−λ/4−3/4 f
)
(t) dξ.

A direct calculation gives

Ft
(
(e−i ·ξ4

sgn( ·)) ∗ I−λ/4−3/4 f
)
(τ )=

(τ − i0)
1
4 (3+λ) f̂ (τ )

i(τ + ξ 4)
.

Fubini’s theorem and the dominated converge theorem imply that

I (t, x)=
∫
τ

ei tτ lim
ε→0

∫
|τ+ξ4|>ε

ei xξ (τ − i0)
1
4 (λ+3)(ξ − i0)−λ

i(τ + ξ 4)
f̂ (τ ) dξ dτ.

Thus, once we show that the function

g(τ ) := lim
ε→0

∫
|τ+ξ4|>ε

ei xξ (τ − i0)
1
4 (λ+3)(ξ − i0)−λ

(τ + ξ 4)
dξ

is bounded independently of τ variable, the Plancherel’s theorem enables us to
obtain (4-17). The change of variable ξ 7→ |τ |

1
4 ξ and the fact that

(|τ |
1
4 ξ − i0)−λ = |τ |−

λ
4 (ξ−λ
+
+ eiπλξ−λ

−
)
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gives

g(τ )= χ{τ>0}

∫
ξ

ei x |τ |
1
4 ξ ξ

−λ
+ + eiπλξ−λ−

1+ ξ 4 dξ

− e−
1
4 (iπ(λ+3))χ{τ<0}

∫
ξ

ei x |τ |
1
4 ξ ξ

−λ
+ + eiπλξ−λ−

1− ξ 4 dξ

:= g1− e−
1
4 (iπ(λ+3))g2.

We only consider g2, since g1 is uniformly bounded in τ for −3< λ < 1. Let us
define the following cut-off function ζ ∈ C∞(R) such that

ζ :=

{
1 in

[ 3
4 ,

4
3

]
,

0 outside
(1

2 ,
3
2

)
.

Then, we obtain

g2=χ{τ<0}

∫
ξ

ei x |τ |
1
4 ξζ(ξ)

ξ−λ+

1−ξ 4 dξ+χ{τ<0}

∫
ξ

ei x |τ |
1
4 ξ (1−ζ(ξ))

ξ−λ+ +eiπλξ−λ−

1−ξ 4 dξ

= g21+g22.

It is clear that g22 is bounded independently of τ when λ>−3, and hence it remains
to deal with g21. Consider the functions

2̂(ξ)=
ζ(ξ)ξ−λ+

1+ ξ + ξ 2+ ξ 3 and 9̂(ξ)=
1

i(ξ − 1)
.

We remark that 2̂ is a Schwartz function, and hence 2 ∈ S(R). Moreover, we
immediately know that

9(x)= 1
2

ei x sgn(x),

since Fx [sgn(x)](ξ)= v.p. 2
iξ . Then, g21 can be written as

g21(τ )=−iχ{τ<0}

∫
ξ

ei x |τ |
1
4 ξ 2̂(ξ)9̂(ξ) dξ =−2iπχ{τ<0}(2 ∗9)(|τ |

1
4 x),

which implies

|g21(τ )|.

∣∣∣∣∫ 2(y)9(|τ |
1
4 x − y) dy

∣∣∣∣. ∫ |2(y)| dy .ζ 1.
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Now, we bound II. By using the definition of Fourier transform and (2-5) we
have, after the change of variable η = ξ 4 and contour, that

II (t, x)= 1
2

∫
ξ

ei xξe−i tξ4
(ξ 4
− i0)

1
4 (λ+3) f̂ (ξ 4)(ξ − i0)−λ dξ

=
1
2

∫
+∞

0
ei tηe−i xη

1
4
(η− i0)

1
4 (λ+3)(η

1
4 − i0)−λη−

3
4 f̂ (η) dη = c f (t),

for some c ∈C, implying ‖II (·, x)‖L2
t
. ‖ f ‖L2

t
. This completes the proof of (4-15).

Lastly, let us show (4-16). A direct calculation ensures that

Fx(ψ(t)Lλ f )(t,ξ)

=Me−
1
2 (iπλ)e

1
10 (iπ(λ+4))(ξ−i0)−λψ(t)e−i tξ4

∫
ei t (τ ′+ξ4)

−1
i(τ ′+ξ 4)

(τ ′−i0)
λ
4+

3
4 f̂ (τ ′)dτ ′,

which can be divided into the following quantities:

f̂1(t, ξ)= Me−
1
2 iπλe

1
10 iπ(λ+4)(ξ − i0)−λψ(t)

×

∫
ei tτ ′
− e−i tξ4

i(τ ′+ ξ 4)
θ(τ ′+ ξ 4)(τ ′− i0)

λ
4+

3
4 f̂ (τ ′) dτ ′,

f̂2(t, ξ)= Me−
1
2 iπλe

1
10 iπ(λ+4)(ξ − i0)−λψ(t)

×

∫
ei tτ ′

i(τ ′+ ξ 4)
(1− θ(τ ′+ ξ 4))(τ ′− i0)

λ
4+

3
4 f̂ (τ ′) dτ ′

f̂3(t, ξ)= Me−
1
2 iπλe

1
10 iπ(λ+4)(ξ − i0)−λψ(t)

×

∫
e−i tξ4

i(τ ′+ ξ 4)
(1− θ(τ ′+ ξ 4))(τ ′− i0)

λ
4+

3
4 f̂ (τ ′) dτ ′.

Here θ ∈ S(R) is defined by

(4-18) θ(τ ) :=

{
1 for |τ | ≤ 1,
0 for |τ | ≥ 2.

It follows that ψ(t)Lλ f = f1+ f2− f3.
For f1, we use the same argument as was done for w1, in the proof of inequal-

ity (4-6). By the Taylor series expansion for ei t (τ ′+ξ4) at i t (τ ′+ ξ 4)= 0, we write

ψ(t)Lλ f1(t, x)= c
∞∑

k=1

ik−1

k!
ψk(t)ei t∂4

x Fk
1 (x),

for some constant c ∈ C, where ψk(t)= tkψ(t) and

F̂k
1 (ξ)= (ξ − i0)−λ

∫
θ(τ ′+ ξ 4)(τ ′+ ξ 4)k−1τ ′

λ
4+

3
4 f̂ (τ ′) dτ ′.
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By using (2-5), (4-6) and (4-18), it is enough to show that

(4-19)
∫
ξ

〈ξ〉2s
|ξ |−2λ

∣∣∣∣∫
|τ ′+ξ4|≤1

|τ ′+ξ 4
|
k−1
|τ ′|

1
4 (λ+3)

| f̂ (τ ′)| dτ ′
∣∣∣∣2dξ.‖ f ‖2

H (2s+3)/8
0

.

Let us split |ξ | into two regions: |ξ | ≤ 1 and |ξ | > 1. For the region |ξ | ≤ 1
and |τ ′| . 1 (|ξ | ≤ 1 and |τ ′ + ξ 4

| ≤ 1 imply |τ ′| . 1) we have that both |ξ |−2λ

and |τ ′|
1
2 (λ+3) are integrable, for −5 < λ < 1

2 , respectively. So, we obtain (4-19)
by using the Cauchy–Schwarz inequality in τ ′.

Assume that |ξ |> 1, which in addition with |τ ′+ ξ 4
| ≤ 1 implies |τ ′| ∼ |ξ |4 > 1.

Let f̂ ∗(τ ′)= 〈τ ′〉
1
8 (2s+3) f̂ (τ ′). Then the change of variable ξ 4

7→ η gives that the
left-hand side of (4-19) is bounded by∫

|ξ |>1
|ξ |3|M f̂ ∗(ξ 4)|2 dξ .

∫
|η|>1
|M f̂ ∗(η)|2 dη . ‖ f ∗‖2L2 = ‖ f ‖2

H (2s+3)/8
0

,

where M f̂ ∗ is the Hardy–Littlewood maximal function of f̂ ∗, and f1 is controlled.
For f2, from (2-5), the definition of inverse Fourier transform and Lemma 2.5,

it follows that

‖ f2‖
2
X s,b .

∫ ∫
〈ξ〉2s
|ξ |−2λ

〈τ + ξ 4
〉

2b (1− θ(τ + ξ
4))2

|τ + ξ 4|2
|τ |

1
2 (λ+3)

| f̂ (τ )|2 dτdξ

.
∫
|τ |

1
2 (λ+3)

(∫
〈ξ〉2s
|ξ |−2λ

〈τ + ξ 4〉2−2b dξ
)
| f̂ (τ )|2 dτ.

Thus, by the change of variable η= ξ 4 and Lemma 2.2, for−5<λ (we may assume
supp f ⊂ [0, 1], thanks to Lemma 2.4), it suffices to show

I (τ )=
∫
|η|−

3
4−

λ
2 〈η〉

s
2

〈τ + η〉2−2b dη . 〈τ 〉
2s
4 −

2λ
4 −

3
4 .

Here, we split |τ | into two regions: |τ | ≤ 2 and |τ | > 2. When |τ | ≤ 2, we have
〈τ + η〉 ∼ 〈η〉. For s < 4− 4b and s+ 4b− 7

2 < λ <
1
2 , we get

I (τ ).
∫
|η|≤1
|η|

1
4 (−3−2λ)

+

∫
dη

〈η〉2−2b− s
2+

3
4+

λ
2

. 1.

Now, working in the region |τ |> 2, we divide the integral region in η into |η|< |τ |2
and |η| ≥ |τ |2 . In the first region, for b < 1

2 and λ <min
( 1

2 , s+ 1
2

)
, we bound in the

following way:

〈τ 〉2b−2
(∫
|η|≤1
|η|−

3
4−

2λ
4 dη+

∫
1<|η|≤ |τ |2

|η|
1
4 (−3−2λ+2s)dη

)
. 〈τ 〉

1
4 (−3−2λ+2s).
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On the other hand, in the second region, we have that |τ + η| ≥ 1
2 |τ | > 1. Then,

for s− 2< λ and b < 1
2 , it holds that

I (τ ).〈τ 〉
1
4 (−3−2λ+2s)

∫
dη

〈τ+η〉2−2b.〈τ 〉
1
4 (−3−2λ+2s)

∫
|s|>1

ds
|s|2−2b.〈τ 〉

1
4 (−3−2λ+2s),

so
‖ f2‖X s,b . ‖ f ‖H (2s+3)/8

0
.

This completes the estimate for f2.
Finally, let us show that f3 can be controlled. Similarly as for f1, it suffices to

show

(4-20)
∫
〈ξ〉2s
|ξ |−2λ

∣∣∣∣∫ (1− θ(τ ′+ ξ 4))|τ ′+ ξ 4
|
−1
|τ ′|

1
4 (λ+3)

| f̂ (τ ′)| dτ ′
∣∣∣∣2dξ

. ‖ f ‖2
H (2s+3)/8

0
.

Again, we split the region |ξ | as follows: |ξ | ≤ 1 and |ξ |> 1. Considering |ξ | ≤ 1,
since |ξ |−2λ is integrable, for λ < 1

2 , and we may ignore the integration in ξ . Let
us work in the region |τ ′| ≤ 1. In this region |τ ′|

1
2 (λ+3) is integrable, for λ > −5,

and hence we get (4-20).
On the region |τ ′|> 1, since |τ ′+ ξ 4

| ∼ |τ ′| and |τ ′|
1
5 (−s+λ−3) are L2 integrable,

for λ < s + 1
2 , we also get (4-20) by using the Cauchy–Schwarz inequality in τ ′.

Still looking on the region |τ ′|> 1, since |τ ′+ ξ 4
| ∼ |τ ′| we have that the left-hand

side of (4-20) is bounded by

(4-21) c
(∫
|τ ′|>1
|τ ′|

λ−1
4 | f̂ |2dτ ′

)2

∼

(∫
|τ ′|>1

|τ ′|
λ−1

4

〈τ ′〉
2s+3

8

〈τ ′〉
2s+3

8 | f̂ |2dτ ′
)2

.
∫
〈τ ′〉

λ−1
2

〈τ ′〉
2s+3

8

dτ ′‖ f ‖2H (2s+3)/4 . ‖ f ‖2
H (2s+3)/8

0
,

where we have used that λ < s+ 1
2 , and the result follows on |ξ | ≤ 1. On the other

hand, in the region |ξ |> 1 and |τ ′| ≤ 1, since |τ ′+ξ 4
| ∼ |ξ |4∼ 〈ξ〉4 and 〈ξ〉2s−2λ−8

are integrable for λ >−7
2 + s, we also get (4-20).

Consider the region |ξ |> 1 and |τ ′|> 1. There are two possibilities:

(I) |τ ′| ≤ 1
2 |ξ |

4.

(II) 1
2 |ξ |

4 < |τ ′|.

In view of the proof of [Holmer 2006, Lemma 5.8(d)] (see also [Holmer 2005]),
one can replace

1− θ(τ ′+ ξ 4)

τ ′+ ξ 4
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by β(τ ′+ξ 4) for some β ∈S(R). Hence, the left-hand side of (4-20) is dominated by

(4-22) c
∫
|ξ |>1
|ξ |2s−2λ

∣∣∣∣∫
|τ ′|>1
|τ ′+ ξ 4

|
−N
|τ ′|

1
4 (λ+3)

| f̂ (τ ′)| dτ ′
∣∣∣∣2dξ,

for N ≥ 0. By the Cauchy–Schwarz inequality and choosing N = N (s, λ)� 1, we
have (4-20) for both cases. Indeed, for the case I (in this case |τ ′ + ξ 4

| ∼ |ξ |4),
(4-22) can be controlled by

c‖ f ‖2
H

1
8 (2s+3)

∫
|ξ |>1
|ξ |2s−2λ−4N

∫
1<|τ ′|≤ 1

2 |ξ |
4
|τ ′|

1
4 (−2s−3+2λ+6−4N )dτ ′dξ.‖ f ‖2

H
1
8 (2s+3)

0

.

For case II (in this case |τ ′+ ξ 4
| ∼ |τ ′|), (4-22) is bounded by

c
∫
|ξ |>1
|ξ |2s−2λ

∣∣∣∣∫ 1
2 |ξ |

4<|τ ′|

|τ ′|
1
4 (2λ+6−2s−3−4N )

|τ ′|
1
8 (2s+3)

| f̂ (τ ′)| dτ ′
∣∣∣∣2 dξ

. ‖ f ‖2
H

1
8 (2s+3)

0

,

thus
‖ f3‖X s,b . ‖ f ‖

H
1
8 (2s+3)

0

,

finishing the estimate for f3.
Remembering that ψ(t)Lλ f = f1 + f2 − f3, and using the estimates of fi ,

i = 1, 2, 3, equation (4-16) follows and the proof is complete. �

To close this section, let us enunciate the trilinear estimates associated to the
fourth order nonlinear Schrödinger equation (1-2). The proof of this estimate can
be found in [Oh and Tzvetkov 2017] (see also [Capistrano-Filho and Cavalcante
2019]), thus we will omit it.

Proposition 4.4. For s ≥ 0, there exists b = b(s) < 1
2 such that we have

(4-23) ‖u1u2u3‖X s,−b ≤ c‖u1‖X s,b‖u2‖X s,b‖u3‖X s,b .

5. Proof of Theorem 1.1

Initially, we pick an extension ũ0 ∈ H s(R) of u0 such that

‖ũ0‖H s(R) ≤ 2‖u0‖H s(R+).

Let b = b(s) < 1
2 such that the estimates given in Proposition 4.4 are valid.

By using similar arguments to those in Section 3B, let

(5-1) u(t, x)= Lλ1γ1(t, x)+Lλ2γ2(t, x)+ F(t, x),

where γi (i = 1, 2) will be chosen in terms of initial and boundary data u0, f , g
and F(t, x)= ei t∂4

x ũ0+ λD(|u|2u).
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Remember that a j and b j are defined by

(5-2)

a j =
M
8

(
e−i π8 (1+3λ j )+ e−i π8 (1−5λ j )

sin
( 1

4(1− λ j )π
) )

,

b j =
M
8

(
e−i π8 (−2+3λ j )+ e−i π8 (6−5λ j )

sin
( 1

4(2− λ j )π
) )

.

By Lemmas 3.2 and 3.3, we get

f (t)= u(t, 0)= a1γ1(t)+ a2γ2(t)+ F(t, 0)(5-3)

g(t)= ∂x u(t, 0)= b1I−1/4 γ1(t)+ b2I−1/4 γ2(t)+ ∂x F(t, 0).(5-4)

Putting together (5-3) and (5-4), we can write a matrix in the form[
f (t)− F(t, 0)

I1/4 g(t)− I1/4∂x F(t, 0)

]
= A

[
γ1(t)
γ2(t)

]
,

where

A(λ1, λ2)=

[
a1 a2

b1 b2

]
.

By using a mathematical software, the determinant of matrix A(λ1, λ2) is given by

det A = 2(−1)
15
8 e−

1
8 i(6+3λ1+λ2)π (1+ eiλ1π )(−1+ e

1
2 iλ2π ) sec

(
(1+λ1)π

4

)
+ 4(−1)

3
8 e−

1
8 i(λ1+λ2)π (−1+ e

1
2 iλ1π )(1− ie

1
2 iλ2π ).

Note that the following graphics, with real and imaginary parts, of the determinant
function A(λ1, λ2), help us to see when the matrix A is invertible.

Thus, matrix A(λ1, λ2) is invertible if we get

(5-5)

λ2 6=
2
π

2πn−i log

−2(−1)
1
4 e iπλ1

4 +2(−1)
1
4 e

3iπλ1
4 +

(
eiπλ1+1

)
sec

(
(1+λ1)π

4

)
−2(−1)

3
4 e iπλ1

4 +2(−1)
3
4 e

3iπλ1
4 +

(
eiπλ1+1

)
sec

(
(1+λ1)π

4

)



and

(5-6) λ j 6= 1− 4n, λ j 6= 2− 4n, j = 1, 2,

for all n ∈ Z.
Figure 1 helps us to see that there are an infinite set of parameters which satisfy

the relations (5-5) and (5-6). In fact, for example, pick λ1 ≈ 0 and λ2 ≈
1
3 . Thus,

for 0≤ s < 1
2 , the choice of parameters λ1 and λ2 satisfying the conditions

−3< λ j <
1
2 , s+ 4b− 2< λ j < s+ 1

2 , j = 1, 2,
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ensures that Lemma 4.3 holds. Thus, for fixed s ∈
[
0, 1

2

)
, we can choose λ1 and λ2 as

before and define the forcing functions γ1(t) and γ2(t) for any λ j , j = 1, 2, given by

(5-7)
[
γ1(t)
γ2(t)

]
= A−1

[
f (t)− F(t, 0)

I1/4 g(t)− I1/4 ∂x F(t, 0)

]
,

which shows that formula (5-1) restricted on the set (0,+∞)× (0,+∞) satisfies

(i∂t − ∂
4
x )u = λ|u|

2u,

in the sense of distributions.
Thus, we define the solution operator by

(5-8) 3u(t, x)= ψ(t)Lλ1γ1(t, x)+ψ(t)Lλ2γ2(t, x)+ψ(t)F(t, x),

where [
γ1(t)
γ2(t)

]
= A−1

[
f (t)− F(t, 0)

I1/4 g(t)− I1/4∂x F(t, 0)

]
,

F(t, x)= ei t∂4
x ũ0+ λD(ψT |u|2u) and ψ is defined by (2-1).

Recall the solution space Z s,b, defined in Section 2B, under the norm

‖v‖Z s,b = sup
t∈R

‖v(t, ·)‖H s +

1∑
j=0

sup
x∈R

‖∂ j
x v(·, x)‖

H
1
8 (2s+3−2 j) +‖v‖X s,b .

The estimates obtained in Section 2 together with estimates of Section 4 and (4-23)
yield that

‖3u‖Z s,b ≤ c(‖u0‖H s(R+)+‖ f ‖
H

1
8 (2s+3)

(R+)
+‖g‖

H
1
8 (2s+1)(R+))+C1T ε

‖u‖3Z s,b ,

for ε adequately small. Similarly,

‖3u1−3u2‖Z s,b ≤ C2T ε(‖u1‖
2
Z s,b +‖u2‖

2
Z s,b)‖u1− u2‖Z s,b ,

for u1(0, x)= u2(0, x).
Consider in Z the ball defined by B = {u ∈ Z s,b

; ‖u‖Z s,b ≤ M}, where

M = 2c
(
‖u0‖H s(R+)+‖ f ‖

H
1
8 (2s+3)

(R+)
+‖g‖

H
1
8 (2s+1)(R+)

)
.

Lastly, choosing T = T (M) sufficiently small, such that

‖3u‖Z s,b ≤ M and ‖3u1−3u2‖Z s,b ≤
1
2‖u1− u2‖Z s,b ,

it follows that 3 is a contraction map on B, finishing the proof of Theorem 1.1. �
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Figure 1. Real (top) and imaginary (bottom) parts of det A.

Remarks. Concerning our main result, Theorem 1.1, the following remarks are
now in order:

1. An important point to treat in dispersive systems is the analysis of the scaling. For
our case, that is, for the biharmonic Schrödinger equation on the half-line, we have
the following: if u(t, x) is solution for IBVP (1-2) on [0, T )×(0,∞), then, for λ>0,
the function uλ(t, x)=λ2u(λ4t, λx) is solution for (1-2) on [0, T/λ4)×(0,∞)with
initial-boundary conditions uλ(0, x)= λ2u0(λx) := u0λ, uλ(t, 0)= λ2 f (λ4t) := fλ
and ux,λ(t, 0)= λ3g(λ4t) := gλ. A straightforward calculation gives

(5-9) ‖u0λ‖H s(R+)+‖ fλ‖
H

1
8 (2s+3)

(R+)
+‖gλ‖

H
1
8 (2s+1)

(R+)

.λ
3
2 〈λ〉s‖u0‖H s(R+)+〈λ〉

1
2 (2s+3)

‖ f ‖
H

1
8 (2s+3)

(R+)
+λ〈λ〉

1
8 (2s+1)

‖g‖
H

1
8 (2s+1)

(R+)
.
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2. In order to make the norms of our initial data u0, f and g small, we rescale
the data u0 and g by choosing λ adequately small, by using (5-9). However, we
can not rescale the function f since a positive power of λ does not appear in (5-9).
To overcome this difficulty in our context, we introduce the cut-off function ψT ,
defined by (2-1), in the operator 3 (see (5-8)) to prove that 3 is thus a contraction,
proving the main result of the article.

3. It is important to note that the scaling argument was successful in the cases of
the quadratic NLS equation [Cavalcante 2017], KdV equation [Holmer 2006] and
Kawahara equation [Cavalcante and Kwak 2019] posed on the half-line.

4. Finally, in view of (5-3), (5-4) and (5-7), it is necessary to check γi (t), i = 1, 2
to be well-defined in H (2s+3)/8

0 (R+). However, it follows from Lemmas 4.1, 4.2
and 4.3, Propositions 4.4 and Lemmas 2.1 and 2.3.

6. Further comments and open problems

In this section, our plan is to present four problems that can be treated with the
approach used in this article.

6A. Biharmonic NLS on star graphs. The authors [Capistrano-Filho et al. 2019]
considered the biharmonic Schrödinger equation on star graphs, given by N edges
(0,∞) connected with a common vertex (0, 0, . . . , 0) (see Figure 2), namely

(6-1)
{

i∂t u j − ∂
4
x u j + λ|u j |

2u j = 0, (t, x)∈ (0,T )× (0,∞), j = 1,2, . . . ,N ,
u j (0, x)= u j0(x), x ∈ (0,∞),

with initial conditions (u1(0, x), u2(0, x), . . . , uN (0, x)) ∈ H s(R+).
For a better understanding, we are interested in solving (6-1) with the following

three classes boundary conditions:{
∂k

x u1(t, 0)= ∂k
x u2(t, 0)= · · · = uN (t, 0), k = 0, 1, t ∈ (0, T ),∑n

j=1 ∂
k
x u j (t, 0)= 0, k = 2, 3, t ∈ (0, T );

(6-2)

{
∂k

x u1(t, 0)= ∂k
x u2(t, 0)= · · · = uN (t, 0), k = 2, 3, t ∈ (0, T ),∑n

j=1 ∂
k
x u j (t, 0)= 0, k = 0, 1, t ∈ (0, T );

(6-3)

{
∂k

x u1(t, 0)= ∂k
x u2(t, 0)= · · · = uN (t, 0), k = 0, 3, t ∈ (0, T ),∑n

j=1 ∂
k
x u j (t, 0)= 0, k = 1, 2, t ∈ (0, T ).

(6-4)

The motivation of these boundary conditions and how we can choose it, follows
the ideas contained in [Cavalcante 2018], and are detailed in [Capistrano-Filho et al.
2019].
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Figure 2. Star graphs connected with a common vertex (0, 0, . . . , 0).

6B. Control theory. We split this section in two parts: control theory for the
biharmonic NLS on star graphs and on an unbounded domain, respectively.

6B1. Control theory of biharmonic NLS on star graphs. First, let us consider the
controllability problem associated to (6-1) with three possibilities of boundary
conditions, namely, (6-2), (6-3) and (6-4). Due of the recent development of graph
theory for the Korteweg–de Vries equation, in the following paragraph we present
a few comments about this study.

In three interesting papers Ammari and Crépeau [2018], Cavalcante [2018] and
Mugnolo et al. [2018] dealt with the study of the KdV and Airy equations in graphs.
In summary, in the first work, the authors proposed a model using the Korteweg–de
Vries equation on a finite star-shaped network and proved the well-posedness of the
system. Also, as the main result of the work, by using properties of the energy, they
showed that the solutions of the system decays exponentially to zero (as t→∞)
and they studied an exact boundary controllability problem. In the second work,
Cavalcante showed local well-posedness for the Cauchy problem associated with
Korteweg–de Vries equation on a metric star graph. More precisely, he used the
Duhamel boundary forcing operator, in the context of half-line, introduced by
Colliander and Kenig [2002] and Holmer [2006] to achieve his result. Finally,
Mugnolo et al. obtained a characterization of all boundary conditions under which
the Airy-type evolution equation ut = αuxxx +βux , for α ∈ R \ {0} and β ∈ R on
star graphs, generates contraction semigroups.

In this spirit, looking for the energy identity of the system (6-1), namely the
L2-energy, which satisfies an equality given by

(6-5) E(u1(T, x),u2(T, x), . . . ,uN (T, x))

=−

N∑
i=1

∫ T

0
Im(∂3

x u j (t,0)u j (t,0))dt+
N∑

i=1

∫ T

0
Im(∂2

x u j (t,0)∂x u j (t,0))dt

−E(u1(0, x),u2(0, x), . . . ,uN (0, x)),
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where

E(u1(t, x), u2(t, x), . . . , uN (t, x)) :=
N∑

i=1

∫
+∞

0
|u(t, x)|2 dx,

the following natural questions arise.

Problem A: Which are the boundary conditions that we can impose in (6-2), (6-3)
and (6-4) such that the energy is a nonincreasing function of the time variable t?

Problem B: If we can impose some boundary conditions such that the energy (6-5) is
a nonincreasing function of the time variable t , is the system (6-1), with appropriate
boundary conditions, asymptotically stable when the time tends to infinity?

Problem C: Can we find appropriate boundary controls such that the system (6-1)
is controllable in some sense?

6B2. Control theory of biharmonic NLS in unbounded domain. In the context of
control in unbounded domain Faminskii [2019] considered the initial-boundary value
problem posed on infinite domain for the Korteweg–de Vries equation. Precisely, he
elected a function f0 on the right-hand side of the equation as an unknown function,
regarded as a control. Thus he proved that this function must be chosen such that
the corresponding solution should satisfy certain additional integral condition.

These techniques probably work well for the following biharmonic NLS system:

(6-6)


i∂t u+ γ ∂4

x u+ λ|u|2u = f0(t)v(x, t), (t, x) ∈ (0, T )× (0,∞),
u(0, x)= u0(x), x ∈ (0,∞),

u(t, 0)= h(t), ux(t, 0)= g(t) t ∈ (0, T ),

for γ, λ ∈ R, where v is a given function and f0 is an unknown control function.
Therefore, the issue here is:

Problem D: Is (6-6) controllable in the sense of Faminskii’s work? Namely, can we
find a pair { f0, u}, satisfying appropriate additional integral conditions (for details
see [Faminskii 2019])?
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THE ARITHMETIC HODGE INDEX THEOREM
AND RIGIDITY OF DYNAMICAL SYSTEMS

OVER FUNCTION FIELDS

ALEXANDER CARNEY

In one of the fundamental results of Arakelov’s arithmetic intersection
theory, Faltings and Hriljac (independently) proved the Hodge index the-
orem for arithmetic surfaces by relating the intersection pairing to the
negative of the Néron–Tate height pairing. More recently, this has been
generalized to higher dimensions by Moriwaki and by Yuan and Zhang.
We extend these results to projective varieties over transcendence degree
one function fields. The new challenge is dealing with nonconstant but
numerically trivial line bundles coming from the constant field via Chow’s
K/k-trace functor. As an application of the Hodge index theorem, we
also prove a rigidity theorem for the set of canonical height zero points of
polarized algebraic dynamical systems over function fields. For function
fields over finite fields, this gives a rigidity theorem for preperiodic points,
generalizing previous work of Mimar, of Baker and DeMarco, and of Yuan
and Zhang.

1. Introduction

The Hodge index theorem states classically that the divisor intersection pairing on
an algebraic surface has signature +1,−1, . . . ,−1. The corresponding result for
line bundles on arithmetic surfaces, i.e., relative curves over the ring of integers of
a number field, was proven independently by Faltings [1984] and Hriljac [1985],
and is a fundamental result in Arakelov theory. More recently, Moriwaki [1996]
extended this to higher-dimensional arithmetic varieties, and Yuan and Zhang [2017]
proved a Hodge index theorem for adelic metrized line bundles over Q.

In their work, Yuan and Zhang also conjectured that a similar result should hold
over function fields. Here we prove their conjecture. Our theorem statement differs
slightly from their conjecture, however, so as to be stated more directly and to avoid
reliance on a noncanonical isogeny between Chow’s function field K/k-trace and
K/k-image.
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Let k be an algebraically closed field of arbitrary characteristic, and let K = k(B)
be the function field of B, a smooth, projective curve over k. Let π : X→ Spec(K )
be a geometrically normal, geometrically integral, projective variety of dimension
n ≥ 1. We will consider the group P̂ic(X) of adelic metrized line bundles on X
in the sense of [Zhang 1995]; definitions will be recalled in Section 2.1. Since an
adelic metric can be specified, for example, by a line bundle on a model X → B
of X, this setting also covers relative varieties fibered over B, in the same way
that Yuan and Zhang’s work over number fields encompasses Arakelov’s setting of
arithmetic varieties over the spectrum of the ring of integers of a number field.

Chow’s K/k-trace functor TrK/k identifies the part of the Picard variety of X
which is defined over k, and the line bundles in TrK/k(Pic0(X)) can all be given
adelic metrics in a well-defined canonical way using isotrivial models over B. This
construction is detailed in Section 2.5. Let Picτ (X) be the numerically trivial
subgroup of Pic(X). We prove the following result, with more detailed versions
stated in Section 3:

Theorem 1.1. Let M, N ∈ Picτ (X), and let L1, . . . Ln−1 ∈ Pic(X) be ample. There
exist canonical metrics on M and N so that

〈M, N 〉L1,...,Ln−1 := M · N · L1 · · · Ln−1

is a well-defined bilinear pairing, independent of the choice of the metrics on
L1, . . . , Ln−1. This extends to a symmetric R-bilinear form on Picτ (X)⊗Z R which
is negative semidefinite with kernel

TrK/k(Pic0(X))⊗Z R.

If one removes the function field trace (so that the kernel is trivial), this is the
same result that Yuan and Zhang prove for number fields. It is straightforward to
see that TrK/k(Pic0(X))⊗Z R is in the kernel. Thus, the main new difficulty is
showing that numerically trivial adelic metrized line bundles which are nonconstant
must all come from isotrivial subgroups of the Picard group of X. In essence, all
arguments of the proof must commute with the K/k-trace functor.

1.1. Arithmetic dynamics. Again let X be a projective variety over a function
field K. A polarized dynamical system ( f, L , q) is an endomorphism f : X→ X
along with an ample line bundle L ∈ Pic(X) such that f ∗L ∼= L⊗q for some q > 1.
The set of preperiodic points of f is defined as

Prep( f ) := {x ∈ X (K ) | x has a finite forward orbit under f }.

Call and Silverman [1993] show that such a polarized endomorphism defines
a canonical Weil height ĥ f . Here we show that L can be given an admissible
metric L f so that the height hL f

defined by L f via arithmetic intersections agrees



ARITHMETIC HODGE INDEX THEOREM AND RIGIDITY OF DYNAMICAL SYSTEMS 73

with ĥ f on X (K ). The advantage to our definition is that hL f
defines not only

heights of points, but heights of subvarieties of X as well. By applying the Hodge
index theorem to compare the canonical heights defined by two different polarized
dynamical systems, we prove the following rigidity theorem:

Theorem 1.2. Let X be a projective variety defined over a transcendence degree one
function field K over any base k, and let ( f, L , q) and (g,M, r) be two polarized
dynamical systems on X. If the points with height zero under hL f

and the points
with height zero under hMg

agree on a Zariski dense subset of X (K ), then they
are identical.

This is stated more generally in Section 4. When k is the algebraic closure of a
finite field, the Northcott property implies that the points with canonical height zero
under f are exactly the preperiodic points Prep( f ), giving an immediate corollary.

Corollary 1.3. In the same setting as Theorem 1.2 but with the additional hypothesis
that k = Fq , if Prep( f )∩Prep(g) is Zariski dense in X (K ), then Prep( f )= Prep(g).

This was conjectured by Yuan and Zhang, and they prove a similar result over
number fields.

Over general function fields the corollary does not hold, as not all canonical
height zero points are preperiodic. The proofs differ as well, as while it is clear
that the set Prep( f ) does not depend on the choice of polarization L , this must be
proven for canonical height zero points, and then the heights compared in a more
indirect way. Even so, some limited things can be said.

Corollary 1.4. Let K be the function field of a smooth projective curve over any
field k, and let f and g be two rational functions P1

K → P1
K which are not isotrivial.

If Prep( f ) and Prep(g) intersect on an infinite subset of P1(K ), they are equal.

This is a direct consequence of our theorem and a theorem of Baker [2009].
Chatzidakis and Hrushovski [2008a; 2008b] prove results comparing preperiodic
points and height zero points using a model-theoretic nonisotriviality condition in a
much more general setting, but it is difficult to combine that result into a useful
rigidity statement. This is discussed further in Section 5.

1.2. Outline of paper and sketch of methods. Definitions and basic properties
of adelic metrized line bundles and Chow’s K/k-image and trace are recalled
in Section 2. Additionally, this section includes technical lemmas, such as the
existence of flat metrics, which will be needed throughout the paper.

Our main Hodge index theorem, a classification of numerically trivial line bundles,
and an R-linear variant (Theorems 3.1, 3.2, and 3.3) are fully stated and proven
in Section 3. We begin with the case of X being a curve. Decomposing adelic
metrized line bundles into flat and vertical pieces, and addressing intersections of
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the vertical parts using the local Hodge index theorem of [Yuan and Zhang 2017,
Theorem 2.1], we reduce to the case of flat metrics. Then, following the methods
of Faltings [1984] and Hriljac [1985], we relate the intersection pairing to the
Néron–Tate height pairing on the Jacobian variety of X, and complete the result for
curves using properties of heights on the Jacobian.

Next we prove the inequality part of Theorem 3.1 by induction on the dimension
of X, using a Bertini-type theorem of Seidenberg [1950] to find sections which cut
out nice subvarieties of X. Along the way we prove a Cauchy–Schwarz inequality
for this intersection pairing. Theorem 3.2 and the equality part of Theorem 3.1 are
then also proved by induction, where we again decompose into flat and vertical
metrics and must show that the K/k-trace and image functors behave nicely when
restricted to a subvariety. This is more difficult than the inequality, however. For
the inequality, we write each metrized line bundle as a limit of model metrics, and
prove the result for model metrics, thus getting the same inequality on their limit.
We can write the same limit in the equality case, but we cannot assume that the
same equality hypothesis holds for the model metrics, and must argue by other
means. Finally, Theorem 3.3 is easily deduced from Theorem 3.1 and its proof.

Section 4 proves the application of our result to polarized algebraic dynamical
systems. We first describe and prove the existence of admissible metrics for a given
polarized algebraic dynamical system, which generalize flat metrics, and give rise
to canonical heights defined by intersections. This transforms the rigidity statement
into a statement comparing two different admissible adelic metrized line bundles,
which is proved using the Hodge index theorem.

Section 5 gives corollaries of the main results proven here, and discusses what can
still be said about preperiodic points over larger fields without the Northcott property.

2. Preliminaries

Here we introduce the definitions, basic properties, and lemmas which will be
needed throughout the paper. The core theory used in this paper is built on local
intersection theory as developed by Gubler [1998; 2007b], Chambert-Loir [2006],
Chambert-Loir and Thuillier [2009], and Zhang [1995]. More generally, one can
find an introduction to Arakelov theory in [Moriwaki 2014; Lang 1988; Soulé 1992].

2.1. Metrized line bundles over local fields. Let K be a complete non-Archimedean
field with nontrivial absolute value | · |. Denote the valuation ring of K by

K ◦ := {a ∈ K : |a| ≤ 1},

and its maximal ideal by

K ◦◦ := {a ∈ K : |a|< 1},

so that K̃ := K ◦/K ◦◦ is the residue field.



ARITHMETIC HODGE INDEX THEOREM AND RIGIDITY OF DYNAMICAL SYSTEMS 75

Let X be a variety over K and denote by X an its Berkovich analytification [1990].
For x ∈ X an, write K (x) for the residue field of x . A line bundle L on X has an
analytification, denoted Lan, as a line bundle on X an.

Definition 2.1. A continuous metric ‖ · ‖ on L consists of a K (x)-metric ‖ · ‖x on
Lan(x) for every x ∈ X an, where this collection of metrics is continuous in the sense
that for every rational section s of L , the map X an

→ R defined by x 7→ ‖s(x)‖x is
continuous away from the poles of s. We call L with a continuous metric a metrized
line bundle and denote this by L = (L , ‖·‖). For a fixed line bundle L , limits of
metrics are taken with respect to the topology induced by the supremum norm.

An important example of a continuous metric is a model metric: Let X be a
model of X over K ◦, i.e., a projective, flat, finitely presented, integral scheme over
Spec K ◦ whose generic fiber XK is isomorphic to X, and let L be a line bundle
on X whose generic fiber LK is isomorphic to L . Then we can define a continuous
metric on L by specifying that for any trivialization LU −→∼ OU on an open set
U ⊂X given by a rational section `, we have ‖`(x)‖x = 1 for any x reducing to UK̃
in the reduction X̃ over K̃.

We now define some important properties and notation.

Definition 2.2. Let L = (L , ‖·‖) and M be metrized line bundles on X.

(1) A model metric is nef if it is given by a relatively nef line bundle on the
corresponding model.

(2) Call both L and ‖·‖ nef if ‖·‖ is equal to a limit of nef model metrics.

(3) L is arithmetically positive if it is nef and L is ample.

(4) L is integrable if it can be written as L = L1− L2 with L1 and L2 nef.

(5) M is L-bounded if there exists a positive integer m such that mL + M and
mL −M are both nef.

(6) L is vertical if it is integrable and L ∼=OX .

(7) L is constant if it is isometric to the pull-back of a metrized line bundle on
Spec K.

(8) P̂ic(X) is defined to be the group of isometry classes of integrable metrized
line bundles.

Remark. When we say a line bundle is relatively ample or nef, we always mean
with respect to the structure morphism; here X → Spec K ◦. A concise discussion
of relative amplitude and nefness can be found in [Lazarsfeld 2004, Chapter 1.7].

We also have a local intersection theory for metrized line bundles on X, due to
[Gubler 1998; 2007a], and to [Zhang 1995] when K has a discrete valuation. Let Z
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be a d-dimensional cycle on X, let L0, . . . , Ld be integrable metrized line bundles
on X, and `0, . . . , `d rational sections of each, respectively, such that(⋂

i

|div(`i )|

)
∩ |Z | =∅,

where |Z | means the underlying topological space of the cycle Z . Then Z has a
local height d̂iv(`0) · · · d̂iv(`d) · [Z ] with the following properties:

(1) The local height is linear in d̂iv(`i ) and Z .

(2) For fixed sections, it is continuous with respect to the metrics.

(3) When L i has a model metric given by Li on a common model X , the height
is given by classical intersections:

d̂iv(`0) · · · d̂iv(`d) · [Z ] = divX (`0) · · · divX (`d) · [Z],

where Z is the Zariski closure of Z in X .

(4) If the support of div(`0) contains no component of Z , there is a measure
c1(L1) · · · c1(Ld)δZ on X an due to [Chambert-Loir 2006] which allows us to
compute d̂iv(`0) · · · d̂iv(`d) · [Z ] inductively as

d̂iv(`1) · · · d̂iv(`d) · [div(`0) · Z ] −
∫

X an
log‖`0(x)‖x c1(L1) · · · c1(Ld) δZ .

This notation is meant to suggest that c1(L i ) should be thought of as the
arithmetic version of the classical Chern form c1(L i ).

(5) If `0|Z j is constant and c1(L1) · · · c1(Ld) · [Z j ] = 0 for every irreducible
component Z j of Z , then this pairing does not depend on the choice of sections,
so we may simply write

L0 · · · Ld · Z = d̂iv(`0) · · · d̂iv(`d) · [Z ].

When Z = X, we typically omit Z in all of the above notation.
By definition, every integrable metric can be written as a limit of model metrics

(with respect to the supremum norm). Properties (3) and (4) above guarantee that
intersections of integrable metrized line bundles are equal to the corresponding
limits of intersections of models which approximate them.

2.2. Adelic metrized line bundles. We now move to the global theory, which is
built from the theory of metrized line bundles over each localization, discussing first
models and then adelic metrized line bundles. We return to the setting of the main
theorems of this paper, where k is any algebraically closed field, B is a smooth
projective curve over k, K = k(B) is its function field, and π : X→ Spec(K ) is a
geometrically normal, geometrically integral, projective variety.
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Let X be a model for X, meaning that X→ B is geometrically integral, projective,
and flat, and the generic fiber XK is isomorphic to X. Given a geometrically integral
subvariety Y of dimension d+1 in X and line bundles L0, . . . ,Ld on X each with a
respective section `0, . . . , `d such that their common support has empty intersection
with YK , the arithmetic intersection pairing on Pic(X ) is defined locally as

L0 · · ·Ld ·Y := d̂iv(`0) · · · d̂iv(`d) · [Y] :=
∑
ν

(
d̂iv(`0) · · · d̂iv(`d) · [Y]

)
ν
,

where ν ranges over the closed points (places) of B, and(
d̂iv(`0) · · · d̂iv(`d) · [Y]

)
ν

means the local intersection number after base-change to the complete field Kν . As
the notation suggests, this does not depend on the choice of sections. Again we
typically drop Y in the notation if Y = X , and when X is one-dimensional, we call
d̂eg(L0) := L0 ·X the arithmetic degree of L0.

Remark. This arithmetic intersection theory for X → B is equal to the classical
intersection theory given by viewing X as a variety over the field k, but is written
using the fibration so as to align notationally with Arakelov’s arithmetic intersection
theory [1974; 1975]. In the function field setting there are no Archimedean places
to consider, as B is projective.

Given a line bundle L on X we call a line bundle L on X a model for L provided
that LK ∼= L . For each place ν of B, completing with respect to ν induces a model
over K ◦ν and a model metric ‖·‖L,ν of Lan

Kν
on X an

ν := X an
Kν

.

Definition 2.3. The collection ‖·‖L,A = {‖·‖L,ν}ν of continuous metrics for every
place ν of B given by (X ,L) is called a model adelic metric on L . More generally,
an adelic metric ‖·‖A on L is a collection of continuous metrics ‖·‖ν of Lan

Kν
on

X an
ν for every place ν, which agrees with some model adelic metric at all but

finitely many places. A line bundle on X with an adelic metric is called an adelic
metrized line bundle, and is denoted L = (L , ‖·‖A). When the context is clear we
will frequently drop adelic and simply write metrized line bundle. For a fixed line
bundle L , limits of adelic metrics are taken with respect to the topology induced by
maxν‖·‖sup, the maximum of the supremum norm on each fiber. Such a limit does
not require fixing a single model X .

We extend our local definitions of properties of metrized line bundles to the
global case.

Definition 2.4. Let L be an adelic metrized line bundle.

(1) L is nef if it is equal to a limit of model metrics induced by nef line bundles
on models of X.
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(2) L is integrable if it can be written as L = L1− L2, where each L i is nef.

(3) L is arithmetically positive if L is ample and L −π∗N is nef for some adelic
metrized line bundle N on Spec K with d̂eg(N ) > 0.

(4) M is L-bounded if there exists a positive integer m such that mL + M and
mL −M are both nef.

(5) L is vertical if it is integrable and L ∼=OX

(6) L is constant if it is isometric to the pull-back of a metrized line bundle on
Spec K.

(7) P̂ic(X) is defined to be the group of isometry classes of integrable metrized
line bundles.

Remark. In the definition of arithmetically positive, we have thus far only defined
the arithmetic degree in the model case, but every adelic metrized line bundle in
Spec K has a model metric, so we may use that definition. The definition is also
made more general in the following material.

Remark. The definition of arithmetically positive is equivalent to requiring that L
is ample and for every N ∈ P̂ic(K ), there exists some positive integer m such that
mL−π∗N is nef. This means, in particular, that all of π∗P̂ic(K ) is L-bounded for
arithmetically positive L .

Remark. To avoid confusion, note that the preceding definitions are not equivalent
to requiring that the local property of the same name holds at every fiber. In
fact, since relative amplitude (resp. nefness) holds if and only if the restriction to
every fiber is ample (resp. nef), if a property holds in the global setting then the
corresponding property holds locally at every place, but the converse is false. For
example, if Lν is nef on Xν for every place, each Lν can be written as a limit of
nef models Lν,i on Xν,i , but it may not be possible to assemble these into global
models Li on models Xi of X.

Global intersections are defined similarly to the model case, except with the
local metrics given explicitly by the adelic metric instead of induced by a model.
Given a d-dimensional integral subvariety Z of X and integrable adelic metrized
line bundles L0, . . . , Ld with respective sections `0, . . . , `d with empty common
intersection with Z , their intersection is

L0 · · · Ld · Z : = d̂iv(`0) · · · d̂iv(`d) · [Z ]

=

∑
ν

d̂iv(`0|Xν ) · · · d̂iv(`d |Xν ) · [Z |Xν ],

where again this is independent of the choice of sections. Summing the local
induction formula at each place produces a global induction formula: letting `0 be
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a rational section of L0 whose support does not contain Z ,

L0 · · · Ld · Z
= L1 · · · Ld · (Z · div(`0))−

∑
ν

∫
X an
ν

log‖`0(x)‖νc1(L1, ν) · · · c1(Ld , ν) δZ |Xν .

As before, we drop Z when Z = X, and when X is zero-dimensional, we call
d̂eg(L0) := L0 · X the arithmetic degree of L0.

As in the local case, we can always compute intersections of adelic metrized line
bundles by approximating them with model metrics and computing the limit of the
corresponding arithmetic intersections of the models.

Definition 2.5. An adelic metrized line bundle M on X of dimension n is called
numerically trivial if for any L1, . . . , Ln ∈ P̂ic(X),

M · L1 · · · Ln = 0.

Call two adelic metrized line bundles numerically equivalent if their difference is
numerically trivial.

2.3. Flat metrics. Adelic metrized line bundles with flat metrics form an especially
nice class of adelic metrized line bundles. We will often be able to split a metrized
line bundle into a bundle with a flat metric plus a vertical bundle, and then work with
each of these separately, as flatness will tell us that these have trivial intersection.

Definition 2.6. Let X be a projective variety over a complete field K, and let L
be a metrized line bundle on X. Then L is flat if for any morphism f : C → X
of a projective curve over K into X, we have c1( f ∗L) = 0 on the Berkovich
analytification Can. If now X is a projective variety over a global field and L an
adelic metrized line bundle on X, call L flat provided it is flat at every place.

Note that if L is flat, L must be numerically trivial, as

deg(L|C)=
∫

Can
c1(L|C)= 0.

Lemma 2.7. Let L be a numerically trivial line bundle on a projective, normal
variety X over a function field K. Then L has a flat metric, which is unique up to
constant multiple.

Remark. When X is a curve, this lemma has a much simpler proof using linear
algebra; see for example [Hriljac 1985, Theorem 1.3]. If X → B is a model for X
and Xν is geometrically normal (for example, every place ν of good reduction),
then the flat metric on L at ν is induced by the model metric corresponding to the
closure in X of a divisor on X in the class of L .

To prove the lemma in general, the following related notion will be useful. We
will show that it is equivalent to flatness for abelian varieties.
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Definition 2.8. Let L be a metrized line bundle on an abelian variety A such that
L is algebraically trivial. We call L admissible if [2]∗L ∼= 2L .

Proof of Lemma 2.7. First, suppose X is an abelian variety. Then L is algebraically
trivial, and we have an isomorphism φ : [2]∗L ∼= 2L . Take any metric ‖·‖1 on L .
Then Tate’s limiting argument, as in [Zhang 1995, Theorem 2.2], shows that

‖·‖n := φ
∗
[2]∗‖·‖

1
2
n−1

converges to an admissible metric ‖·‖0 on L , and that further this is the unique
admissible metric on L up to constant multiples.

Let C→ X be a smooth projective curve in X. After a translation and extension
of K, we can fix a point x0 ∈C(K ) which maps to 0 ∈ X. By the universal property
of the Jacobian, C → X factors through the Jacobian map C → Jac(C) taking
x0→ 0, and the pullback of (L , ‖·‖0) to Jac(C) is also admissible. Then by [Gubler
2007b, Remark 3.14], c1(L , ‖·‖0) = 0, and hence L has a flat metric. By taking
the tensor product of this metric with the inverse of any other flat metric on L ,
uniqueness up to constant multiple is reduced to showing that ‖1‖ is constant for
any flat metric on OX . Any two points on X are connected by a curve; let D be its
normalization. Then ‖1‖ is constant by the local Hodge index theorem [Yuan and
Zhang 2017, Theorem 2.1] in dimension one at each place.

Now let X be an arbitrary projective, normal variety, choose a point x0 ∈ X (K )
(extending K if necessary) and recall the Albanese map i : X→ Alb(X) taking x0

to 0. Since L is numerically trivial, we may replace it by a multiple and assume it
is algebraically trivial. Then L corresponds to a K point ξ of Pic0

red,X = Alb(X)∨.
By definition, L is (isomorphic to) the Poincaré bundle P on Alb(X)×Alb(X)∨

restricted to Alb(X)×{ξ}, then pulled back through

i × id : X ×Alb(X)∨→ Alb(X)×Alb(X)∨.

P|Alb(X)×{ξ} is algebraically trivial, and hence has a flat metric. But the pullback
of a flat metric is also flat, so this defines a flat metric for L . �

The reason we care about flat metrics is shown by Lemma 2.9 and Corollary 2.10:

Lemma 2.9. Let K be a complete non-Archimedean field, and X → Spec K a
geometrically connected, geometrically normal, projective variety of dimension n,
with a flat metrized line bundle M. Then given any integrable metrized line bundles
L1, . . . , Ln−1 on X,

c1(M)c1(L1) · · · c1(Ln−1)= 0.

Proof. We show that∫
X an

log‖`n(x)‖x c1(M) · c1(L1) · · · c1(Ln−1)= 0

for every section `n of any metrized line bundle Ln . Proceed by induction on n.
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Since any integral metrized line bundle can be written as a difference of arithmeti-
cally positive metrized line bundles and the measure is additive with respect to the
metrized line bundles, we may assume that Ln−1 is arithmetically positive without
loss of generality. Further, by approximation, it suffices to treat the case where
Ln−1 is a model metric, induced by some ample line bundle L on a model X for X.
By Seidenberg’s Bertini theorem [Seidenberg 1950, Theorem 7’], L has a section s
which cuts out a horizontal, geometrically integral, normal subvariety Y . After
base changing to a finite extension K ′ of K, we may assume that this subvariety is
geometrically normal. Since this extension merely scales the intersection number
by [K ′ : K ] it has no effect on the proof of this lemma. Let Y be the generic fiber
of Y , and let Z be div(`n) restricted to Y.

We compute an intersection product in two different ways. First,

M ·L1 · · · Ln=M |Y ·L1|Y · · · Ln−2|Y ·Ln|Y

=M |Z ·L1|Z · · · Ln−2|Z−

∫
X an

log‖`n(x)‖x c1(M)c1(L1) · · ·c1(Ln−2)δY

=M |Z ·L1|Z · · · Ln−2|Z ,

where the first equality follows from Y being horizontal, the second from the
induction formula for local intersection numbers, and the third from the induction
hypothesis. We now compute this in a different order:

M · L1 · · · Ln

= M · L1 · · · Ln−1 · (div(`n))−

∫
X an

log‖`n(x)‖x c1(M)c1(L1) · · · c1(Ln−1)

= M |Z · L1|Z · · · Ln−2|Z −

∫
X an

log‖`n(x)‖x c1(M)c1(L1) · · · c1(Ln−1),

where now the first inequality follows from the induction formula, and the second
from Y being horizontal. Comparing the two equalities completes the proof. �

Corollary 2.10. Let M be flat, N be vertical, and L1, . . . , Ln−1 be any integrable
adelic metrized line bundles. Then

M · N · L1 · · · Ln−1 = 0.

Proof. Since N is vertical, N =OX . Compute this intersection using the induction
formula with the section s = 1 of OX :

M · N · L1 · · · Ln−1

= M · L1 · · · Ln−1 · (div(s))−
∫

X an
log‖1‖x c1(M) · c1(L1) · · · c1(Ln−1).

The first term is zero since div(s) is empty, and the integral is zero by Lemma 2.9. �
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2.4. Heights of points and subvarieties. An important application of the intersec-
tion theory of adelic metrized line bundles is to define height functions.

Definition 2.11. Let N ∈ P̂ic(X). We define the height of a point x ∈ X (K ) by

hN (x) :=
1

[K (x) : K ]
N · x̃,

where x̃ is the image of x in X via X K (x)→ X K = X.

Remark. The heights produced by this definition are Weil heights, which can be
defined without intersection theory [Bombieri and Gubler 2006; Call and Silver-
man 1993], but we use the above definition as it generalizes to define heights of
subvarieties.

Definition 2.12. Let d = dim Y. The height of Y with respect to N is defined to be

hN (Y ) :=
(N |Y )d+1

(d + 1)(N |Y )d

and the essential minimum of Y with respect to N is

λ1(Y, N ) := sup
U⊂Y
open

( inf
x∈U (K )

hN |Y (x)).

By the successive minima of Zhang [1995, Theorem 1.1], and proven in the
function field setting by Gubler [2007a, Theorem 4.1], we can state the following.

Proposition 2.13. When N is nef ,

λ1(Y, N )≥ hN (Y )≥ 0.

2.5. Abelian varieties and Chow’s K/k-trace and image. Proofs of the existence
and properties of the trace and image can be found in [Lang 1983] and [Conrad
2006]. Let A be an abelian variety defined over K. The K/k-image (ImK/k(A), λ)
consists of an abelian variety ImK/k(A) over k and a surjective morphism

λ : A→ ImK/k(A)K

with the following universal property: If V is an abelian variety defined over k, and
φ : A→ VK is a morphism, then φ factors through λ. Provided the fields K and k
are clear, we will often drop the K/k subscript and just write Im(A).

The K/k-trace is (TrK/k(A), τ ) where TrK/k(A) is an abelian variety over k, and

τ : TrK/k(A)K → A

is universal among all morphisms from k-abelian varieties to A. Again we will often
drop the K/k when the fields are unambiguous. The image can be thought of as the
largest quotient of A that can be defined over k and the trace as the largest abelian
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subvariety that can be defined over k. This heuristic is literally true in characteristic
zero, but in positive characteristic the trace map may have an infinitesimal kernel;
see [Conrad 2006, Section 6].

These constructions are dual to each other in the sense that

Tr(A∨)= Im(A)∨,

and the image and trace are isogenous via the composition λ ◦ τ (descended to the
k-varieties).

Given a morphism of abelian varieties f : A → B, we get morphisms fTr :

Tr(A)→ Tr(B) and fIm : Im(A)→ Im(B) commuting with τ and λ.
Now suppose X is a geometrically normal projective variety over K of dimen-

sion n, and assume that K is large enough so that X (K ) is nonempty. We write
PicX for the Picard scheme of X, representing the Picard functor on X. This
scheme exists (i.e., the Picard functor is representable), and its reduced neutral
component, denoted Pic0

red,X , is an abelian variety [Kleiman 2005; Grothendieck
1962, Lecture 236]. Note that we do require the reduction, as Pic0

X may fail to be
reduced in positive characteristic. Write Pic(X) and Pic0(X) for the abelian groups
of K points of PicX and Pic0

red,X , respectively.
We can then define AlbX , called the Albanese variety of X, to be the abelian

variety dual to Pic0
red,X . Choosing a point x0 ∈ X (K ) fixes an Albanese morphism

ι : X→ AlbX

taking x0 to 0, and then (AlbX , ι) uniquely satisfies the Albanese universal property:
any morphism from X to an abelian variety taking x0 to zero must factor through ι
[Wittenberg 2008].

We now have the language to differentiate between metrized line bundles defined
over the constant field k and those which are not. Define a group homomorphism

τ̂K/k : TrK/k(Pic0
red,X )(k)→ P̂ic(X)

as follows. First, by the duality of the K/k-trace and image,

TrK/k(Pic0
red,X )(k)= Pic0(ImK/k(AlbX )).

Then we can map

Pic0(ImK/k(AlbX )) ↪→ Pic(ImK/k(AlbX ))→ Pic(ImK/k(AlbX )×k B),

where the map on the right is the pullback of projection onto the first factor. Since
ImK/k(AlbX ) is defined over k, the fibered product ImK/k(AlbX )×k B is a model
for ImK/k(AlbX )×k K, and thus we get a map

Pic(ImK/k(AlbX )×k B)→ P̂ic(ImK/k(AlbX )K )

given by taking model metrics. Finally, X maps to ImK/k(AlbX )K via the Albanese



84 ALEXANDER CARNEY

map followed by the image map, and pulling this back gives

P̂ic(ImK/k(AlbX )K )→ P̂ic(X).

We can thus define τ̂K/k as the composition of the above maps. While it took several
steps to formally define τ̂K/k , it is very natural; if we define

φ : P̂ic(X)→ Pic(X)

by forgetting the metric, then

φ ◦ τ̂K/k = τK/k

is the K/k-trace morphism (on field-valued points), and the image of this composi-
tion lands in Pic0(X). To simplify notation, we write TrK/k(Pic0(X)) to mean the
image of τ̂K/k in P̂ic(X). By construction TrK/k(Pic0(X)) is flat and numerically
trivial, as on every fiber Xν this group restricts to TrK/k(Pic0

red,X )Kν
(k), which is

algebraically trivial, and so in particular TrK/k(Pic0(X)) has zero intersection with
every vertical metrized line bundle.

3. Proof of Hodge index theorem

3.1. Statement of results. Let k be any algebraically closed field, let B be a smooth
projective curve over that field, and let K = k(B) be the corresponding function
field. Let X be a geometrically normal projective variety over K of dimension n,
and assume that K is large enough so that X (K ) is nonempty. Then choosing a
point x ∈ X (K ) we may fix an Albanese morphism ι : X→AlbX . We impose these
conditions on X as well as this choice of Albanese morphism throughout the rest
of the paper.

We can now state our main theorem:

Theorem 3.1 (arithmetic Hodge index theorem for function fields). Let M be an
integrable adelic Q-line bundle on X and L1, . . . , Ln−1 nef adelic Q-line bundles
on X. Suppose if n≥2 that M ·L1 . . . Ln−1=0 and each L i is big, or that deg M=0
if n = 1. Then

M
2
· L1 · · · Ln−1 ≤ 0.

Further, if every L i is arithmetically positive, and M is L i -bounded for every i ,
then

M
2
· L1 · · · Ln−1 = 0

if and only if
M ∈ π∗P̂ic(K )Q+TrK/k(Pic0(X))Q.

When n = 1 so that X is a curve,

M2
=−2hNT(M),

where hNT is the Néron–Tate height on the Jacobian of X.
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Remark. When k is the algebraic closure of a finite field, TrK/k(Pic0(X))Q is zero,
since all elements are torsion.

Remark. For the “if” direction of the equality, note that all of

π∗P̂ic(K )Q+TrK/k(Pic0(X))Q

is L bounded for any arithmetically positive L . This follows from the remark
after Definition 2.4 for π∗P̂ic(K )Q, and from the fact that TrK/k(Pic0(X))Q is
numerically trivial by construction.

Call a metrized line bundle M on X numerically trivial if

M · L1 · · · Ln = 0

for every choice of metrized line bundles L1, . . . , Ln . The classical Hodge index
theorem says that the only divisors on a surface with zero self-intersection are the
numerically trivial divisors. We show that that is nearly, but not quite the case here:

Theorem 3.2. The following are equivalent for M ∈ P̂ic(X)Q:

(1) M is numerically trivial.

(2) The height hM is identically zero on X (K ).

(3) M ∈ π∗P̂ic0
(K )Q + TrK/k(Pic0(X))Q, where P̂ic0

(K )Q is defined to be the
elements of P̂ic(K )Q with arithmetic degree zero.

Define Picτ (X) to be the group of isomorphism classes of numerically trivial
line bundles on X. We define a pairing on Picτ (X) to give an R-linear version of
Theorem 3.1. Let M, N ∈ Picτ (X)R, and let L1, . . . , Ln−1 ∈ Pic(X)Q be nef. Then
define a pairing by

〈M, N 〉L1,...,Ln−1 := M · N · L1 · · · Ln−1,

using any choice of flat metrics on M and N, and any choice of metrics on L i .
By Lemma 5.19 of [Yuan and Zhang 2017], (proven as a simple consequence of
Lemma 2.9 here) this pairing does not depend on the choice of metric.

Theorem 3.3. For any M ∈ Picτ (X)R and nef L1, . . . , Ln−1 ∈ Pic(X)Q,

〈M,M〉L1,...,Ln−1 ≤ 0.

Further, if every L i is ample, then equality holds if and only if M ∈TrK/k(Pic0(X))R.
When X is a curve,

〈 · , · 〉 = −2〈 · , · 〉NT,

where 〈 · , · 〉NT is the Néron–Tate height pairing on the Jacobian of X.

These results are proven over the next three subsections, with the bulk of the work
going into proving Theorem 3.1, with Theorems 3.2 and 3.3 following as corollaries.
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3.2. Curves. We begin when X is a curve. Here we can work directly in P̂ic(X)
as opposed to P̂ic(X)Q. Then the theorem discusses the self-intersection M2 when
deg M = 0. By Lemma 2.7, M has a flat metric M0 = (M, ‖·‖0).

Let N be the vertical line bundle defined by

M = M0+ N .

Since M0 is flat, M0 · N = 0 so that

M2
= M2

0+ N 2
= M2

0+
∑
ν

N 2
ν,

where N ν is the restriction of N to Xν := X ⊗K Kν for each place ν of K (i.e.,
each closed point of B). Now N 2

ν ≤ 0 with equality if and only if N ν is constant by
the local Hodge index theorem [Yuan and Zhang 2017, Theorem 2.1]. Hence,∑

ν

N 2
ν ≤ 0,

with equality if and only if N ∈ π∗P̂ic(K ).
Next, we consider M2

0. Since M has degree zero, it corresponds naturally to a
K -point on the Jacobian, JacX , of X. Given any two points P, Q ∈ JacX (K ), let L P

and L Q be the corresponding algebraically trivial line bundles on X. These each
have a flat metric, L P and L Q , respectively, unique up to constant metric, and thus
we get a well-defined symmetric bilinear pairing

(P, Q) 7→ −L P · L Q

on JacX (K ), as the intersection does not depend on the choice of flat metric. As is
noted in [Faltings 1984] and [Hriljac 1985] in the arithmetic setting, this pairing
is exactly the Néron–Tate height pairing. Then the Shioda–Tate theorem [Shioda
1999, Theorem 7] states that this pairing descends to a positive definite pairing on
JacX (K )Q/TrK/k(JacX )(k), and

M2
=−2hNT(M).

Since τ̂K/k produces elements of P̂ic(X) with flat metrics, our pairing on

TrK/k(Pic0(X))

matches that considered by Shioda, and this completes the proof of Theorem 3.1
in dimension one. Since Shioda’s pairing extends R-linearly, this also proves
Theorem 3.3 in dimension one.

We now turn to Theorem 3.2 in dimension one. (1)⇒ (2), as heights are defined
using intersections. In particular, fix any model X → B for X, and for x ∈ X (K )
let L x be the model metric corresponding to the Zariski closure of x̃ in X . Then
for M ∈ P̂ic(X)Q the height hM(x) is just M · L x/[K (x) : K ] = 0.
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Now suppose hM is identically zero on X (K ). Then deg M = 0 as otherwise
M or −M is ample and M defines an unbounded Weil height. Suppose L is a
model metric induced by a very ample line bundle L on a model X → B. Then,
extending K if necessary, by Seidenberg’s Bertini theorem [Seidenberg 1950], L has
a section which cuts out a normal, irreducible horizontal subvariety of X . Since X
is a surface, this is just the closure of a point x0 ∈ X (K ) on the generic fiber. Then

M · L = M |x0 = hM(x0)= 0.

Since Pic(X )Q is generated by linear combinations of very ample line bundles and
P̂ic(X)Q consists of limits of such, this proves (2)⇒ (1).

If M is numerically trivial, then M ∈ P̂ic(K )+TrK/k(Pic0(X))Q, as necessarily
M2
= 0. If M1 ∈ P̂ic(K ), then hM1

is constant, with value equal to d̂eg(M1). Thus
(2)⇒ (3).

Finally, if M ∈ π∗P̂ic0
(K )Q+TrK/k(Pic0(X))Q then M is numerically trivial,

as TrK/k(Pic0(X))Q is numerically trivial on every fiber by construction, and the
intersection of N ∈ π∗P̂ic(K )Q with L ∈ P̂ic(X)Q is the arithmetic degree of N
times the degree of L . Then (3)⇒ (1), completing the proof.

3.3. Inequality and Cauchy–Schwarz. We will now prove the inequality part of
Theorem 3.1 by induction on n = dim X, and get a version of the Cauchy–Schwarz
inequality as a corollary. As in [Yuan and Zhang 2017, Section 3.3, Assumption (2)],
we may assume that each L i is arithmetically positive (instead of just big) by a
limiting argument. Thus we may assume L i is ample.

Since M and each L i can be approximated by model metrics, it suffices to prove

M2
·L1 · · ·Ln−1 ≤ 0,

under the assumption that M and every Li are line bundles on a model X for X,
that Li is ample with respect to k, and that the intersection MK · (L1)K · · · (Ln−1)K

on the generic fiber is zero.
Replacing L1 by a positive tensor power if necessary, we may assume it is very

ample. Then by a Bertini-type result of Seidenberg [1950, Theorem 7’], a generic
section of L1 cuts out an integral normal subvariety Y of X , and we may further
stipulate that Y is horizontal. Then

M2
·L1 · · ·Ln−1 =M|2Y ·L1|Y · · ·Ln−2|Y .

This reduces the problem to a lower dimension, but we require that YK have a K
point to conclude the result by induction. This is certainly true if we replace K with
a finite extension K ′, or equivalently replace B with a finite cover. Since intersection
numbers simply scale by [K ′ : K ] and the subgroup P̂ic(K )+TrK/k(Pic0(X)) is
equal to P̂ic(K ′)+TrK ′/k(Pic0(X K ′)) intersected with P̂ic(X), such a base change
is permissible.
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Given M ∈ Picτ (X)R, we can write it as an R-linear combination of numerically
trivial line bundles on X, and each has a flat metric by Lemma 2.7. Then the
inequality of Theorem 3.1 immediately implies the inequality of Theorem 3.3 when
every L i is big. If L i is merely nef, choose any ample line bundle A and ε > 0, and
then L iε := L i + εA is big. Thus the inequality holds with L i,ε replacing L i , and
taking the limit as ε→ 0, it holds in general.

As a corollary, we have the following Cauchy–Schwarz inequality:

Corollary 3.4. Let M and N be two integral adelic line bundles on X, and let
L1, . . . , Ln−1 be nef adelic line bundles on X such that

M · L1 · · · Ln−1 = N · L1 · · · Ln−1 = 0.

Then

(M · N · L1 · · · Ln−1)
2
≤ (M2

· L1 · · · Ln−1)(N 2
· L1 · · · Ln−1).

Proof. This follows from the inequality part of the Hodge index theorem proven
above, and from the standard proof of the Cauchy–Schwarz inequality using the
(negative semidefinite) inner product

〈M, N 〉L1,...,Ln−1
:= M · N · L1 · · · Ln−1. �

3.4. Equality. We now proceed to the equality part of Theorem 3.1. To prove the
“if” direction, suppose M ∈ TrK/k(Pic0(X))Q. Then M is numerically trivial, as it
is numerically trivial on every fiber by construction. If M ∈ π∗P̂ic(K )Q, then M2

consists of self-intersections of whole fibers, which are equal to zero.
To prove “only if,” suppose that each L i is arithmetically positive, that M is

L i -bounded for all i , and that

M2
· L1 · · · Ln−1 = 0.

Note that as a consequence of the Cauchy–Schwarz inequality above, the set
of metrized line bundles M satisfying these properties forms a group via tensor
products.

By [Yuan and Zhang 2017, Lemma 3.7] (this requires that L i is arithmetically
positive), M is numerically trivial on X. Thus it has a flat metric; let M0= (M, ‖·‖)
be flat. Then, similar to the curve case, N := M −M0 is vertical, and

M2
· L1 · · · Ln−1 = M2

0 · L1 · · · Ln−1+ N 2
· L1 · · · Ln−1.

The inequality part of the Hodge index theorem guarantees that both terms on the
right are zero, and then by the local Hodge index theorem at every place occurring
in N, we have N ∈ P̂ic(K )Q. Hence we are reduced to proving the statement in the
flat metric case M = M0.
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We again replace L1 by a positive multiple to assume that L1 is very ample,
then apply Seidenberg’s Bertini theorem to conclude that (L1)K has a section s
which cuts out an integral, normal subvariety Y. Such Y is defined over some finite
extension of K ′/K, and thus after a base change from K to K ′, we may assume
that L1 has a section which cuts out a geometrically integral and geometrically
normal subvariety Y. As in the proof of the inequality, this finite extension merely
scales the intersection numbers by a positive factor. We thus continue writing K,
assuming it has been made large enough, to avoid excessive additional notation.

Lemma 3.5. If M is flat, and Y is a geometrically normal subvariety of X, then

M |2Y · L2|Y · · · Ln−1|Y = 0.

Proof. By the induction formula of Chambert-Loir [2006], recalled in Section 2.1,

M2
· L1 · · · Ln−1

= M |2Y · L2|Y · · · Ln−1|Y −
∑
v

∫
X an
v

log‖s‖vc1(M)2c1(L2) · · · c1(Ln−1).

Since M is flat, all the integrals are zero. �

Thus we may assume

M |Y ∈ π∗P̂ic(K )Q+TrK/k(Pic0(Y ))Q

by induction.
Write M |Y = M ′+π∗M1, with M ′∈TrK/k(Pic0(Y ))Q and M1∈ P̂ic(K )Q. Then

define M2 = M −π∗M1. Since M is numerically trivial, replacing M by a positive
integer multiple if necessary, we may further assume M is algebraically trivial, and
then that π∗M1,M2 ∈ Pic0(X).

As noted earlier, if we drop the metric structure the map τ̂ is simply the K/k-
trace map on field-valued points. The following lemma then proves that M2|Y = M ′

lifts via the pullback of Y ↪→ X to an element of TrK/k(Pic0(X))Q.

Lemma 3.6. Let f : A→ B be a morphism of abelian varieties defined over K. In
the commutative diagram

Tr(A)(k)Q A(K )Q

Tr(B)(k)Q B(K )Q

τA

fTr f

τB

( f ◦ τA)(Tr(A)(k)Q) is equal to f (A(K )Q)∩ τB(Tr(B)(k)Q).

Proof. To shorten notation, we will drop writing the map τA and consider Tr(A)(k)
directly as a subgroup of A(K ) (and similarly for B). First reduce to the case where
f is surjective: let B ′ be the image of f , an abelian subvariety of B. By Poincaré
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reducibility, B is isogenous to B ′× B ′′, for some abelian variety B ′′. Then Tr(B) is
isogenous to Tr(B ′)×Tr(B ′′), and the intersection of Tr(B ′)(k)×Tr(B ′′)(k) with
B ′(K ) is just Tr(B ′)(k).

Now assume f is surjective. By [Conrad 2006, Theorem 6.4], Tr(A)K is isoge-
nous to an abelian subvariety A′ ⊂ A such that Tr(A)∼= Tr(A′) and Tr(A/A′)= 0.
Similarly, B has an abelian subvariety B ′ with the same properties. Composing
with these isogenies, we get a surjection

Tr(A)K × (A/A′)−� Tr(B)K × (B/B ′)

where the map on the first component is f descended to the traces. Now consider
the map A/A′→ Tr(B)K obtained from the above map composed with projection
onto the first component. This map must factor through Im(A/A′)K , which is trivial
as Im(A/A′) is isogenous to Tr(A/A′)= 0. Thus Tr(A)K → Tr(B)K is surjective,
and we get a surjection Tr(A)(k)−� Tr(B)(k), proving the lemma. �

Hence we may lift M2|Y to an element M ′2 ∈ TrK/k(Pic0(X))Q, and we must
have

M2−M ′2 ∈ ker
(
P̂ic(X)→ P̂ic(Y )

)
.

Since Pic0(X) → Pic0(Y ) has finite kernel [Kleiman 2005, Remark 9.5.8], re-
placing M with a positive integer multiple, we may assume M2 − M ′2 = OX

and thus M2−M ′2 is vertical. Additionally, by the Cauchy–Schwarz inequality,
Corollary 3.4,

(M2−M ′2)
2
· L1 · · · Ln−1 = (M −π∗M1−M ′2)

2
· L1 · · · Ln−1 = 0,

so that by the local Hodge index theorem the metric must be constant at each place
and M2−M ′2 ∈ π

∗P̂ic(K )Q. Note that the local Hodge index theorem requires that
M2−M ′2 be L i -bounded, but this holds, as M is L i -bounded by hypothesis, and
all of π∗P̂ic(K )Q+TrK/k(Pic0(X))Q is L i -bounded as well. This means that

M = (π∗M1+M2−M ′2)+M ′2 ∈ π
∗P̂ic(K )Q+TrK/k(Pic0(X))Q.

This proves that when M is L i -bounded and L i is arithmetically positive for
all i , then

M
2
· L1 · · · Ln−1 = 0

if and only if M ∈ π∗P̂ic(K )Q+TrK/k(Pic0(X))Q, which completes the proof of
Theorem 3.1.

The inequality part of Theorem 3.3 is implied immediately by the inequality
of Theorem 3.1 provided each L i is big. To accomplish this, chose an ample line
bundle A on X, and define L i,ε := L i + εA for ε > 0. Then extending these to nef
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metrics L i,ε , we have

〈M,M〉L1,ε ,...,Ln−1,ε = M2
· L1,ε · · · Ln−1,ε ≤ 0,

and the result follows letting ε→ 0.
To prove the equality of Theorem 3.3, again split M ∈ Picτ (X)R into an R-linear

combination of numerically trivial line bundles. Using the inequality, the equality
can be proven for each of these individually. L1 is ample, so Lemma 3.5 applies,
and then by the induction hypothesis M |Y ∈ TrK/k(Pic0(Y ))R. Then by Lemma 3.6
we conclude M ∈ TrK/k(Pic0(X))R.

Finally, we prove Theorem 3.2. If M is numerically trivial it is flat by Theorem 3.1,
and then its restriction to any geometrically normal subvariety is also numerically
trivial by the proof of Lemma 3.5. Thus (1)⇒ (2) follows from the dimension one
case, as we can compute the height of a point on any curve passing through that
point.

To show (2)⇒ (3), assume hM is trivial on X (K ), and chose a curve C⊂ X. Since
the height is trivial on all of C , we have M |C ∈ π∗P̂ic0

(K )Q+TrK/k(Pic0(C))Q,
as was proven earlier for curves. Then by the induction argument above,

M ∈ π∗P̂ic0
(K )Q+TrK/k(Pic0(X))Q.

We have established previously that π∗P̂ic0
(K )Q+TrK/k(Pic0(X))Q is numerically

trivial, so (3)⇒ (1).

4. Algebraic dynamical systems

As before, K is the function field of a smooth projective curve B over an alge-
braically closed field k, and let X be a projective variety over K. Suppose (X, f, L)
and (X, g,M) are two polarized dynamical systems on X, so that f and g are
endomorphisms of X, and L and M are ample line bundles such that f ∗L ∼= Lq

and g∗M ∼= Mr for some q, r > 1.

Remark. If X is not normal, we may replace X by its normalization ψ : X ′→ X,
replace f by the normalization f ′ : X ′→ X ′ of f ◦ψ , and replace L by L ′ =ψ∗L
to get a new polarized algebraic dynamical system (X ′, f ′, L ′) with Prep( f ′) =
ψ−1 Prep( f ), and similarly for (X, g,M). By first replacing K with an extension
if necessary, we may further assume that the normalization is geometrically normal.
Hence from here on out we assume without loss of generality that X is geometrically
normal.

Our main goal in this section is to prove a comparison theorem for the points
with dynamical height 0 under f and g, with an important corollary comparing the
preperiodic points of f and g when k is the algebraic closure of a finite field. We
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begin with general properties of polarized algebraic dynamical systems, then define
the particular arithmetic dynamical heights involved before stating the theorem.

4.1. An f ∗-splitting of the Néron–Severi sequence. We first show that the pro-
jection from Pic(X) onto the Néron–Severi group has a unique f ∗ equivariant
section.

The pullback f ∗ preserves the exact sequence

0→ Pic0(X)→ Pic(X)→ NS(X)→ 0,

defining the Néron–Severi group NS(X), and the Néron–Severi theorem [SGA 6
1971, Exposé XII, Théorème 5.1, p. 650] tells us that NS(X) is a finitely generated
Z-module. For arbitrary k, the Z-module Pic0(X) need not be finitely generated,
but by the Lang–Néron theorem [1959],

Pic0(X)
/

TrK/k Pic0(X)∼= Pic0(X)
/

Pic0(ImK/k(Alb(X)))

is a finitely generated Z-module. To shorten our notation, define

Pic0
tr(X) := Pic0(X)

/
TrK/k Pic0(X),

Pictr(X) := Pic(X)
/

TrK/k Pic0(X),

so that we have an exact sequence of finite-dimensional C-vector spaces

0→ Pic0
tr(X)C→ Pictr(X)C→ NS(X)C→ 0,

which is also an exact sequence of f ∗-modules.

Lemma 4.1. The operator f ∗ is semisimple on Pic0
tr(X)C with eigenvalues of

absolute value q1/2, and is semisimple on NS(X) with eigenvalues of absolute
value q.

Proof. As usual, let n= dim X. By the classical Hodge index theorem [SGA 6 1971,
Exposé XIII, Corollaire 7.4], we can decompose NS(X)R as

NS(X)R := RL ⊕ P(X), P(X) := {ξ ∈ NS(X)R : ξ · Ln−1
= 0},

and define a negative definite pairing on P(X) by

〈ξ1, ξ2〉 := ξ1 · ξ2 · Ln−2.

The projection formula for intersection numbers applied to Ln gives us deg f = qn,
and then applied to this pairing, we have

〈 f ∗ξ1, f ∗ξ2〉 = q2
〈ξ1, ξ2〉.

Hence 1
q f ∗ is orthogonal with respect to this pairing, and 1

q f ∗ is diagonalizable on
NS(X)C with eigenvalues all of absolute value 1.
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On Pic0(X)R we can define a pairing as follows: for ξ1, ξ2 ∈ Pic0(X)R, let ξ 1
and ξ 2 be flat metrized extensions, and let L be any integrable adelic line bundle
extending L . Then define

〈ξ1, ξ2〉 := ξ 1 · ξ 2 · L
n−1.

It follows from Corollary 2.10 that this pairing does not depend on the choice
of metrics. Since TrK/k Pic0(X) is numerically trivial, this pairing descends to
Pic0

tr(X)R, and by Theorem 3.1, it is negative definite on this quotient.
Again applying the projection formula,

( f ∗ξ 1) · ( f ∗ξ 2) · ( f ∗L)n−1
= qn(ξ 1 · ξ 2 · L

n−1),

since each f ∗ξ i is still flat. We may also replace f ∗L by Lq because the pairing is
independent of the choice of metric on L , and have

〈 f ∗ξ1, f ∗ξ2〉 = q〈ξ1, ξ2〉.

Hence, q−
1
2 f ∗ is orthogonal on Pic0

tr(X)R with respect to the negative of this pairing,
making it diagonalizable with eigenvalues of absolute value 1 as a transformation
on Pic0

tr(X)C. �

By the theorem,
0→ Pic0

tr(X)C→ Pictr(X)C→ NS(X)C→ 0

has a unique splitting as f ∗-modules by a section

` f : NS(X)C→ Pictr(X)C.

Let P, Q ∈ Q[T ] be the minimal polynomials of f ∗ on Pic0
tr(X)Q and NS(X)Q

respectively. Because the eigenvalues of f ∗ are different on Pic0
tr(X)Q and NS(X)Q,

we see that P and Q are coprime, and R := P Q is the minimal polynomial of f ∗

on Pictr(X)Q. Define
Pictr, f (X)Q := ker Q( f ∗)|Pictr(X)Q

and then this splitting can be given over Q as

` f : NS(X)Q −→∼ Pictr, f (X)Q ↪→ Pictr(X)Q.

4.2. Admissible metrics. Adding to the notation above, define

P̂ictr(X)Q := P̂ic(X)Q/TrK/k(Pic0(X))Q.

Theorem 4.2. The projection P̂ictr(X)Q→Pictr(X)Q has a unique section M 7→M f

as f ∗-modules, satisfying:

(1) If M ∈ Pic0
tr(X)Q then M f is flat.

(2) If M ∈ Pictr, f (X)Q is ample then M f is nef.

Adelic metrized line bundles of the form M f are called f -admissible.
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Remark. Since TrK/k(Pic0(X))Q ⊂ P̂ic(X)Q is flat and numerically trivial, and
the underlying line bundles in Pic(X) are also numerically trivial, the notions of
ampleness, nefness, and flatness are all well defined modulo the trace. While M f

represents a coset of the trace in P̂ic(X)Q instead of a single metrized line bundle,
all coset representatives will produce the same height functions and intersection
numbers, by Theorem 3.2.

Proof. Define P̂ic(X)′ to be the group of adelic line bundles on X with continuous
(but not necessarily integrable) metrics, and P̂ictr(X)′ := P̂ic(X)′/TrK/k(Pic0(X)).
This contains P̂ictr(X). We will show that if the projection P̂ictr(X)′Q→ Pictr(X)Q
has a unique section, then properties (1) and (2) of the theorem hold for this
section. Since Pic0

tr(X)Q and the ample classes in Pictr, f (X)Q generate Pictr(X)Q,
the section does in fact produce integrable metrics, proving the theorem.

The kernel of the projection P̂ictr(X)′Q→ Pictr(X)Q is

D(X)= P̂ic(K )Q
⊕
v

C(X an
v ),

where C(X an
v ) is the ring of continuous R-valued functions on X an

v , via the asso-
ciation ‖·‖v → − log‖1‖v. Recall that R = P Q was defined to be the minimal
polynomial of f ∗ on Pic(X)Q and now consider the action of R( f ∗) on D(X).

Lemma 4.3. R( f ∗) is invertible on D(X).

Proof. The pullback f ∗ acts as the identity on P̂ic(K ), hence R( f ∗) acts as R(1),
and this is not zero because the roots of R all have absolute value q or q1/2. So it
suffices to show that R( f ∗) is invertible on C(X)C :=

(⊕
v C(X an

v )
)
⊗R C. Factor

R over C as

R(T )= a
∏

i

(
1−

T
λi

)
,

where a 6= 0, and by Lemma 4.1, |λi | is either q1/2 or q. R( f ∗) is invertible
provided each term 1− f ∗/λi is, and each term has inverse(

1−
f ∗

λi

)−1

=

∞∑
k=0

(
f ∗

λi

)k

,

provided this series converges absolutely with respect to the operator norm, which
is defined with respect to the supremum norm ‖·‖sup on C(X an

v )C for every place v.
The pullback f ∗ does not change the supremum norm, so the operator norm of f ∗

is 1, and ∥∥∥∥( f ∗

λi

)k∥∥∥∥= 1
|λi |

k ≤ q−
k
2 ,

so the series converges absolutely. �
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Corollary 4.4. The exact sequence

0→ D(X)→ P̂ictr(X)′Q→ Pictr(X)Q→ 0

has a unique f ∗-equivariant splitting.

Proof. Define

E(X) := ker
(
R( f ∗) : P̂ictr(X)′Q→ P̂ictr(X)′Q

)
.

Since R( f ∗) kills all of Pictr(X)Q, this gives an f ∗-invariant decomposition

P̂ictr(X)′Q = D(X)
⊕

E(X)

such that the projection onto Pictr(X) gives an isomorphism E(X)−→∼ Pictr(X)Q,
whose inverse is the desired splitting.

We can write this down even more explicitly. For M ∈ Pictr(X)Q, let M be any
choice of metric in P̂ictr(X)′Q. Then define

M f := M − R( f ∗)|−1
D(X)R( f ∗)M . �

It now remains to show that this splitting satisfies (1) and (2). To start, suppose
M is in Pic0

tr(X)Q. After extending K if necessary, we can find a preperiodic
point x0 ∈ X (K ) (in fact, by [Fakhruddin 2003], Prep( f ) is dense in X (K )),
and by replacing f with an iterate we may assume that x0 is a fixed point. Let
i : X → Alb(X) be the Albanese map taking x0 7→ 0, then f ∗ and i∗ induce the
following commutative diagram, where f ′ := ( f ∗)∨:

Pic0
tr(Alb(X)) Pic0

tr(X)

Pic0
tr(Alb(X)) Pic0

tr(X)

P̂ictr(Alb(X))′ P̂ictr(X)′

i∗

( f ′)∗
∼

f ∗

i∗

M 7→M f ′

∼

M 7→M f

i∗

Because this commutes, it suffices to show (1) for abelian varieties, as i∗ takes
M f ′ to M f , and the pullback of a flat metric is also flat. Now [2]∗M = 2M, and
since [2] commutes with f ′,

[2]∗M f ′ = 2M f ′,

so that as in the proof of Lemma 2.7, we have that M f ′ , and hence also M f is flat.
Finally, we show that (2) also holds. This is proven when K is a number field in

[Yuan and Zhang 2017, Theorem 4.9], however the proof works identically in our
geometric setting, as it only relies on the fact that Pic f (X)Q (here Pictr, f (X)Q) is a
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finite-dimensional Q-vector space on which the operator q−1 f ∗ has eigenvalues
with absolute value one. �

Thus, we have an f ∗-equivariant linear map̂̀f : NS(X)Q→ P̂ictr(X)Q

given by the composition of the section developed in Theorem 4.2 and the map just
preceding it. Importantly, we can think of this as a map into P̂ic(X)Q which is well
defined up to a numerically trivial factor, and thus sufficient to specify heights and
intersections. Given M ∈ Pic(X)Q, we will write M f to mean any lift of the image
of M under Pic(X)Q→ Pictr(X)Q→ P̂ictr(X)Q to P̂ic(X)Q.

4.3. Rigidity of height zero points and preperiodic points. Heights given by f -
admissible metrized line bundles have particularly nice properties and correspond
to the dynamical canonical heights defined by Call and Silverman [1993].

Proposition 4.5. Let M ∈ Pic(X)Q. Then:

(1) If f ∗M = Mλ for some λ ∈Q, then f ∗M f = Mλ
f in P̂ic(X)Q, and

hM f
( f (·))= λhM f

(·).

(2) For x ∈ Prep( f ), M f |x is trivial on P̂ic(x)Q, and in particular hM f
is zero on

Prep( f ).

Further, if M is ample and f ∗M = λM for some λ > 1 (in particular, if M = L),
then

(3) hM f
(x)≥ 0 for all x ∈ X (K ), and

(4) if k is finite, hM f
(x)= 0 if and only if x ∈ Prep( f ).

Call and Silverman [1993] establish that our height agrees with the dynamical
canonical height ĥ f , and then the above properties all follow from well-known
properties of dynamical heights proven in [loc. cit.].

We can now state and prove our main theorem of this section.

Theorem 4.6. Let ( f, L) and (g,M) be two polarized algebraic dynamical systems
on X. Define Z f := {x ∈ X (K )|hL f

(x)= 0} to be the set of height zero points with
respect to L f , and Zg the set of height zero points with respect to Mg, and let Z be
the Zariski closure of Z f ∩ Zg in X. Then

Z f ∩ Z(K )= Zg ∩ Z(K ).

When k is finite, Z f = Prep( f ) and Zg = Prep(g), so Corollary 1.3 stated in the
introduction follows as an immediate consequence. If k is not finite, it is still true
that Z f ⊇ Prep( f ), but there may be height zero points with infinite forward orbit.
See Section 5 for further discussion.
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Proof. We begin by proving a simpler lemma, justifying the notation that Z f does
not depend on the polarization L .

Lemma 4.7. Let f : X → X, and let L and M be two ample line bundles which
polarize f . Then

{x ∈ X (K ) | hL f
(x)= 0} is equal to {x ∈ X (K ) | hM f

(x)= 0},

and we unambiguously call both sets Z f .

Proof. Since L is ample, there exists a constant c > 0 such that cL − M is also
ample. Then by Proposition 4.5, the canonical heights hM f

and hcL f
= chL f

are
related by

0≤ hM f
(x)≤ chL f

(x)

for all x ∈ X (K ). Thus

{x ∈ X (K )|hL f
(x)= 0} ⊆ {x ∈ X (K )|hM f

(x)= 0}.

By symmetry, we also have containment in the other direction. �

We now prove the theorem.
Let Y be the normalization of an irreducible component of Z , assume K is

replaced by a finite extension if necessary so that Y is geometrically normal, and
say dim Y = d. Let ξ be the image of L in NS(X). Then ξ has two different liftŝ̀f (ξ) and ̂̀g(ξ) to P̂ic(X)Q/TrK/k(Pic0(X))Q, and we can pick representatives
L f and Lg in P̂ic(X)Q. By Theorem 4.2, L f and Lg are both nef, and are f - and
g-admissible, respectively. Since L , Lg, and L f are all in the same numerical
equivalence class in Pic(X)Q, all are ample.

Their sum N := L f + Lg is also nef, and defines a height function hN , which
does not depend on the choice of representatives of cosets modulo the trace.

By Lemma 4.7 and the premise that Z f ∩ Zg ∩ Z(K ) is dense, Y has a dense
set of points which have height zero under hN . By the successive minima (see
Proposition 2.13),

λ1(Y, N )= hN (Y )= 0.

Rewriting the height of Y in terms of intersections,

0= (L f |Y + Lg|Y )
d+1
=

d+1∑
i=0

(
d + 1

i

)
(L f |Y )

i
· (Lg|Y )

d+1−i .

Since both L f and Lg are nef, every term in the sum on the right is nonnegative,
hence all must be zero. Then

(L f |Y − Lg|Y )
2
· (L f |Y + Lg|Y )

d−1
= 0,

as well. Because L f − Lg is zero in the Néron–Severi group, and thus numerically
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trivial, we also have

(L f |Y − Lg|Y ) · (L f |Y + Lg|Y )
d−1
= 0.

Additionally, (L f − Lg) is clearly (L f + Lg)-bounded, and we are nearly in the
right setting to apply Theorem 3.1, except that (L f + Lg) is nef, but not necessarily
arithmetically positive.

To fix this, we simply adjust the metric by a small positive factor: let C ∈ P̂ic(K )
with d̂eg(C)>0. Replace the pair (L f−Lg, L f+Lg) by (L f−Lg, L f+Lg+π

∗C).
Since L f − Lg is numerically trivial, the metric on L f − Lg is flat, so adding π∗C,
which is vertical, does not change the intersection number. All the conditions of
the theorem are now satisfied, so that the theorem tells us

(L f − Lg) ∈ P̂ic(K )Q+TrK/k(Pic0(X))Q.

We therefore conclude by Theorem 3.2 that hL f
− hLg

is a constant height
function on Y. Since these two heights both take value zero on a dense set in Z ,
they must be equal on Y. Thus these heights define the same sets of height zero
points, and then by Lemma 4.7, Z f and Zg agree on Y, and hence on all of Z . �

5. Related results and further questions

5.1. Rigidity of preperiodic points over global function fields. We first summa-
rize some basic consequences of Theorem 4.6 when K is a global function field,
particularly in the case when Prep( f )∩Prep(g) is dense in X.

Lemma 5.1. Let K be a global function field, and let f and g be two polarized
algebraic dynamical systems on a projective variety X. Then the following are
equivalent:

(1) Prep( f )= Prep(g).

(2) Prep( f )∩Prep(g) is dense in X.

(3) Prep( f )⊂ Prep(g).

(4) g(Prep( f ))⊂ Prep( f ).

Proof. The equivalence of (1) and (2) is an immediate consequence of Theorem 4.6
and the fact that over a global function field, all dynamical height zero points are
preperiodic. Clearly (1) implies (4). By Fakhruddin [2003], Prep( f ) is always
dense in X, hence (3) implies (2). We now show (4) implies (3).

Stratify Prep( f ) by degree, writing

Prep( f )=
⋃
d≥0

Prep( f, d),

where
Prep( f, d) := {x ∈ Prep( f )|[K (x) : K ] ≤ d}.
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Since each Prep( f, d) has height zero and bounded degree, it is finite. Now (4)
says that g fixes Prep( f ), but since g is defined over K, it fixes each Prep( f, d) as
well. Thus every point of Prep( f ) has finite forward orbit under g. �

This lemma suggests two related questions which we do not answer here.

(1) When is Prep( f ) equal to Prep(g)?

(2) If Prep( f )= Prep(g), how closely related must f and g be?

In the case of f : P1
→ P1, Mimar [2013] gives a variety of partial answers to

these questions, with the general implication being that if f and g have the same
preperiodic points, their Julia sets must also be very similar. But this is likely very
difficult in dimension greater than one.

5.2. Preperiodic points over larger function fields. Theorem 3.1 and most of the
proof of Theorem 4.6 hold over all transcendence degree one function fields, not
just global function fields. But because the Northcott principal fails when k is not a
finite field or the algebraic closure of a finite field, we cannot equate height zero
points with preperiodic points over arbitrary function fields, and thus Theorem 4.6
is a statement about height zero points and not preperiodic points. In this broader
setting, however, some things can still be said.

Baker [2009] proves the following theorem, first proven by Benedetto [2005] in
the case of polynomials.

Theorem 5.2. Let f : P1
K → P1

K be a rational function of degree ≥ 2, and suppose
that f is not isotrivial, in the sense that there exists no finite extension K ′ of K and
Möbius transformation M ∈ PGL2(K ′) such that

f ′ := M−1
◦ f ◦M

is defined over k. Then
Prep( f )= Z f .

Thus Theorem 4.6 proven here immediately implies Corollary 1.4.
In higher-dimension isotriviality is less straightforward to classify. When A is an

abelian variety, its K/k-trace classifies how isotrivial it is, and then the Lang–Néron
theorem provides a Northcott-like result for the Néron–Tate canonical height (the
dynamical height induced by [n]): height zero points fall into only finitely many
cosets of TrK/k(A)(k) ↪→ A(K ).

There is no notion of a trace for general varieties, however, and ι−1 TrK/k(Alb(X))
is not a sufficient substitute, as Alb(X) will often be trivial. Chatzidakis and
Hrushovski [2008a; 2008b] instead use model theory, and a variant of isotriviality
called constructible descent to k. Their theorem generalizes both Baker’s result and
the Lang–Néron theorem.
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Theorem 5.3. Let K be any function field and let k be its field of constants. Let
f : X→ X be an algebraic dynamical system defined over K, and assume f does
not constructibly descend to k. Then for every point x ∈ X (K ) with dynamical
height zero there exists a proper Zariski closed subset Yx ( X such that the orbit of
x is contained in Yx .

The author is optimistic that the methods of arithmetic heights and rigidity
theorem of this paper, combined with model-theoretic treatment of isotriviality will
yield stronger dynamics results over general function fields in the future.
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Huneke and Wiegand conjectured that, if M is a finitely generated, nonfree,
torsion-free module with rank over a one-dimensional Cohen–Macaulay lo-
cal ring R, then the tensor product of M with its algebraic dual has torsion.
This conjecture, if R is Gorenstein, is a special case of a celebrated conjec-
ture of Auslander and Reiten on the vanishing of self-extensions that stems
from the representation theory of finite-dimensional algebras.

If R is a one-dimensional Cohen–Macaulay ring such that R = S/( f ) for
some local ring (S,n), and a non-zero-divisor f ∈ n2 on S, we make use of
Hochster’s theta invariant and prove that such R-modules M which have
finite projective dimension over S satisfy the proposed torsion conclusion of
the conjecture. Along the way we give several applications of our argument
pertaining to torsion properties of tensor products of modules.
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1. Introduction

This paper concerns commutative Noetherian local rings (R,m, k) and finitely
generated R-modules.

The aim of this paper is to study the torsion-freeness property of tensor products
of modules, a subtle topic which stems from the beautiful work of Auslander [1961].
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Our focus is on the torsion of tensor products of the form M ⊗R M∗ over one-
dimensional Cohen–Macaulay local rings R, where M∗ denotes HomR(M, R). In
particular, we are concerned with the following long-standing conjecture of Huneke
and Wiegand.

Conjecture 1.1 [Huneke and Wiegand 1994, page 473]. Let R be a one-dimensional
local ring and let M be a finitely generated, nonfree, torsion-free R-module. If M
has rank (e.g., if R is a domain), then M ⊗R M∗ has torsion.

Recall that a finitely generated R-module M is said to have rank if there is a
nonnegative integer r such that Mp

∼= R⊕r
p for all associated primes p of R; see

[Bruns and Herzog 1993, 1.4.3].
Conjecture 1.1 stems from the seminal works of Auslander [1961], and Huneke

and Wiegand [1994]. The conjecture is true over hypersurface rings [Huneke
and Wiegand 1994, 3.7], but it is very much open in general, even for ideals
over complete intersection domains of codimension two. It is worth noting that
Conjecture 1.1 is a special version of the celebrated conjecture of Auslander and
Reiten [1975] on the vanishing of Ext when the ring in question is a one-dimensional
Gorenstein domain; see [Celikbas and Wiegand 2015, 8.6] for details.

There is strong evidence that Conjecture 1.1 should be true over complete
intersections; see [Celikbas and Wiegand 2015; Huneke et al. 2019]. Moreover, there
are various examples supporting the conjecture over rings that are not necessarily
complete intersections. For example, it is proved in [Huneke et al. 2019, 3.6]
that Conjecture 1.1 is true over Cohen–Macaulay rings with minimal multiplicity,
e.g., over local Arf rings [Lipman 1971]. For some further examples, we refer to
[Celikbas et al. 2019a] and point out the following:

Example 1.2. Let R be a one-dimensional, reduced, nonregular, local ring.

(i) If R is complete, and has prime characteristic p and perfect residue field, then
it follows ϕ

n
R⊗R (

ϕn
R)∗ has torsion for all n � 0. Here ϕn

: R→ R is the n-th
iterate of the Frobenius endomorphism given by r 7→ r pn

, and ϕn
R denotes R with

the R-action given by r · s = r pn
s for all r, s ∈ R; see [Celikbas et al. 2019a, 2.15;

Miller 2003, 2.1.3 and 2.2.12].

(ii) If R is a Gorenstein domain and I is an Ulrich ideal of R which is not principal,
then I is a self-dual R-module, i.e., I ∼= I ∗, and so I⊗R I ∗ has torsion. In particular,
if R = C[[t4, t5, t6

]] and I = (t4, t6), then I ⊗R I ∗ has torsion; see Example 4.17
and Proposition 4.18.

The purpose of this paper is to prove Theorem 1.3 and give some observa-
tions about Conjecture 1.1; see Theorem 3.2 for a higher dimensional version
of the next result. The tool we employ to prove Theorem 1.3 is the Hochster’s
θ invariant, which was initially defined by Hochster [1981] to study the direct
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summand conjecture; it was further developed by Dao [2008; 2013], and more
recently by Buchweitz and van Straten [2012], and Walker et al. [Moore et al. 2011;
Walker 2017]. The invariant θ R(M, N ) for R-modules M and N is defined as
lengthR(TorR

2n+2(M, N ))− lengthR(TorR
2n+1(M, N )) for n� 0; see §2.13 for the

details.

Theorem 1.3. Let R be a one-dimensional Cohen–Macaulay local ring, where
R= S/( f ) for some local ring (S, n) and a non-zero-divisor f ∈ n on S. Let M and
N be nonzero finitely generated R-modules, and assume the following conditions
hold:

(i) pdS(M) <∞ or pdS(N ) <∞ (e.g., S is regular).

(ii) lengthR(TorR
i (M, N )) <∞ for all i � 0 (e.g., R is reduced).

(iii) θ R(M, N )= 0.

If M ⊗R N is torsion-free, then TorR
i (M, N ) = 0 for all i ≥ 1, and M and N are

torsion-free.

To the best of our knowledge, Theorem 1.3 is new, even if S is a ramified
regular ring; see [Celikbas et al. 2015a, 3.6] and Section 3. Next is a corollary of
Theorem 1.3 concerning Conjecture 1.1; see Corollaries 4.6 and 4.8.

Corollary 1.4. Let R be a one-dimensional Cohen–Macaulay ring such that, for
some local ring (S, n) and a non-zero-divisor f ∈ n2 on S, we have R = S/( f ).
Assume M is a finitely generated R-module that has rank.

If M is a nonfree torsion-free R-module and pdS(M) < ∞, then M ⊗R M∗

has torsion. In particular, if M = coker(α), where (α, β) is a reduced matrix
factorization of f over S (i.e., a matrix factorization of f with entries in n), then
M ⊗R M∗ has torsion.

As mentioned previously, if S is regular, Corollary 1.4 follows from a result of
Huneke and Wiegand [1994, 3.7]. In this case, as is well-known, maximal Cohen–
Macaulay R-modules with no free summands occur as reduced matrix factorizations
of f over S; see [Eisenbud 1980]. Similarly, if S is G-regular (i.e., when there
are no nonfree totally reflexive S-modules), Takahashi [2008] proved that there
is a one-to-one correspondence between reduced matrix factorizations of f and
totally reflexive R-modules without free summands. Note that, if the ring R is as
in Corollary 1.4, reduced matrix factorizations of f exist due to a result of Herzog,
Ulrich, and Backelin; see [Herzog et al. 1991, 1.2 and 2.2], and also [Avramov
1998, 5.1.3, Avramov et al. 1997, 3.1, Yoshino 1990, Chapter 8].

In Sections 2 and 3 we collect some preliminary results and give a proof of
Theorem 1.3, respectively. Sections 4 and 5 are devoted to several applications
of Theorem 1.3 pertaining to torsion properties of tensor products of modules.
As Theorem 1.3 relies upon the vanishing of theta invariant, in Appendix A we
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point out by an example that θ R(M, N ) can vanish nontrivially: in Example A.3,
we record an example of a one-dimensional reduced hypersurface ring R, and
finitely generated R-modules M and N such that θ R(M, N ) = 0, but neither M
nor N has rank, or equivalently, neither M nor N has zero class in the reduced
Grothendieck group G(R)Q. Moreover, in Appendix B, building on an argument
of Huneke and Wiegand [1994, 4.7], we recall how to obtain examples of nonfree,
torsion-free R-modules M with rank such that M⊗R M is torsion-free over certain
one-dimensional local rings R; see §B.1.

2. Preliminaries

In this section we recall definitions and collect some basic facts that will be used
throughout the paper. We have, by definition, depth(0) = ∞ and pd(0) = −∞.
Moreover, �M denotes the syzygy of a given finitely generated R-module M .

2.1 Torsion submodule. Let R be a local ring and let M be a finitely generated
R-module. The torsion submodule >R M of M is the kernel of the natural map
M→ Q(R)⊗R M , where Q(R) is the total quotient ring of R. Hence there is an
exact sequence of R-modules:

(2.1.1) 0→>R M→ M→⊥R M→ 0.

M is said to have torsion (or be, torsion-free) if >R M 6= 0 (respectively, >R M = 0).
Note, M is torsion, i.e., >R M = M , if and only if Mp = 0 for each associated prime
p of R. Note also that M = 0 if and only if M is both torsion and torsion-free.

2.2. Let R be a local ring. If 0→ X→ Y → Z→ 0 is a short exact sequence of
finitely generated R-modules, then it follows that the sequence

0→>R X→>RY →>R Z

is exact. In particular, if X and Z are torsion-free, then so is Y .

The next fact will be used several times throughout, for example, for Corollary 4.6.

2.3. Let R be a local ring and let M be a finitely generated R-module. Set
M∗ = Hom(M, R), the algebraic dual of M . If M∗ = 0, then there is an x ∈ R,
which is a non-zero-divisor on R, such that x M = 0; see [Bruns and Herzog 1993,
1.2.3(b)]. In other words, M∗ = 0 if and only if M is a torsion R-module. In
particular, if M 6= 0 and M is torsion-free, then M ⊗R M∗ 6= 0.

The following argument is from [Huneke and Wiegand 1994]; we will invoke it
in the proofs of Theorem 3.2, Remark 3.5, Proposition 4.4, and Corollary 5.12.

2.4 [Huneke and Wiegand 1994, 1.1]. Let R be a local ring, and let M and N
be nonzero finitely generated R-modules. Assume M ⊗R N is torsion-free. Set
U =⊥R M and V =>R M . Then:
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(i) M ⊗R N ∼=U ⊗R N .

(ii) If TorR
1 (U, N )= 0, then M is torsion-free, i.e., M =U .

(iii) If TorR
i (U, N )= 0 for all i ≥ 1, then TorR

i (M, N )= 0 for all i ≥ 1.

To establish part (i), we tensor the exact sequence 0→ V → M→U→ 0 by N ,
and obtain the following exact sequence of R-modules:

TorR
1 (U, N )→ V ⊗R N α

→ M ⊗R N β
→U ⊗R N → 0.

As V ⊗R N is torsion, we see that the image of α is also torsion. Hence, since
M ⊗R N is torsion-free, it follows that α = 0. Therefore, β is an isomorphism and
part (i) follows.

Now assume TorR
1 (U,N )=0. Then α is both zero and injective so that V⊗R N=0.

This implies, as N 6= 0, that V = 0, i.e., M is torsion-free, i.e., U = M . This proves
part (ii). Notice, part (iii) is a consequence of part (ii).

2.5 Gorenstein and complete intersection dimensions [Auslander and Bridger
1969; Avramov et al. 1997]. Let R be a local ring and let M be a finitely generated
R-module.

M is said to be totally reflexive provided that the natural map M → M∗∗ is
bijective and ExtiR(M, R)= 0= ExtiR(M

∗, R) for all i ≥ 1. The infimum of n for
which there exists an exact sequence 0→ Xn→· · ·→ X0→M→ 0 such that each
X i is totally reflexive is called the Gorenstein dimension of M . If M has Gorenstein
dimension n, we write G-dimR(M) = n. Therefore, M is totally reflexive if and
only if G-dimR(M)≤ 0, where it follows by convention that G-dimR(0)=−∞.

A diagram of local ring maps R → R′ � S is called a quasi-deformation if
R→ R′ is flat and the kernel of the surjection R′� S is generated by a regular
sequence on S. The complete intersection dimension of M is defined as follows:

CI-dimR(M)= inf
{
pdS(M⊗R R′)−pdS(R

′) : R→ R′� S is a quasi-deformation
}
.

The following inequalities hold in general:

(2.5.1) G-dimR(M)≤ CI-dimR(M)≤ pdR(M).

Moreover, if any of the dimensions in (2.5.1) is finite, then it is equal to those to its
left.

2.6 Complexity [Avramov 1989]. Let R be a local ring and let M be a finitely
generated R-module. The complexity cxR(M) of M is the smallest nonnegative
integer r such that there exists a real number A with βn(M)≤ A ·nr−1 for all n� 0.
Here βn(M) is the n-th Betti number of M . It follows that cxR(M)= 0 if and only
if pdR(M) <∞, and cxR(M)≤ 1 if and only if M has bounded Betti numbers.
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Next we collect certain properties of complexity and complete intersection
dimension. Prior to that we recall the definition of the transpose:

2.7 Auslander transpose [Auslander and Bridger 1969]. Let R be a local ring and
let M be a finitely generated R-module with a projective presentation

P1
f
→P0→ M→ 0.

The transpose Tr M of M is the cokernel of f ∗ = HomR( f, R), and so is given by
the following exact sequence:

(2.7.1) 0→ M∗→ P∗0 → P∗1 → Tr M→ 0.

In particular, up to projectives, Tr M is uniquely defined and Tr Tr M ∼= M .

2.8. Let R be a local ring and let M and N be finitely generated R-modules such
that M 6= 0.

(i) If CI-dimR(M) <∞, then it follows that cxR(M) ≤ embdim(R)− depth(R);
see [Avramov et al. 1997, 5.6].

(ii) If CI-dimR(M) <∞, then it follows that CI-dimRp(Mp)≤CI-dimR(M) for all
p ∈ Spec(R); see [Avramov et al. 1997, 1.6].

(iii) If CI-dimR(M)<∞, then it follows that CI-dimR(M)=depth(R)−depthR(M),
which also equals sup{i : ExtiR(M, R) 6= 0}; see [Avramov et al. 1997, 1.4].

(iv) Assume CI-dimR(M) <∞. If f is a non-zero-divisor on R and f M = 0, then
it follows that CI-dimR/ f R(M) <∞. Also, if f is a non-zero-divisor on both R
and M , then it follows that CI-dimR/ f R(M/ f M) = CI-dimR(M); see [Avramov
et al. 1997, 1.12.2–3].

(v) If R→ R′ is a flat local map of local rings and CI-dimR′(M⊗R R′) <∞, then
it follows that CI-dimR(M)=CI-dimR′(M⊗R R′); see [Avramov et al. 1997, 1.11].

(vi) If CI-dimR(M)= 0, then it follows that CI-dim(M∗)= CI-dimR(Tr M)= 0,
and also cx(M) = cx(M∗) < ∞. Moreover, CI-dimR(M) = 0 if and only if
CI-dimR(Tr M)= 0; see [Bergh and Jorgensen 2011, 3.5; 2014, 3.2; Celikbas et al.
2015b, 3.2(i)].

(vii) If CI-dimR(M) < ∞ and TorR
i (M, N ) = 0 for all i � 0, then it follows

TorR
i (M, N )= 0 for all i ≥ CI-dimR(M)+ 1; see [Avramov and Buchweitz 2000,

4.9]. Hence, if CI-dimR(M) <∞, then TorR
i (M, N ) is torsion for all i � 0 if and

only if TorR
i (M, N ) is torsion for all i ≥ 1; see §2.1.

(viii) If CI-dimR(M)<∞ and TorR
i (M, N )=0 for all i ≥1, then the depth formula

for M and N holds, i.e., depth(M)+depth(N )= depth(R)+depth(M⊗R N ); see
[Araya and Yoshino 1998, 2.5].
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2.9 [Avramov and Martsinkovsky 2002, 3.1]. Let R be a local ring and let N
be a finitely generated R-module such that G-dimR(N ) <∞. Then there is an
exact sequence of finitely generated R-modules 0→ L → Z → N → 0, where
G-dimR(Z)= 0 and pdR(L) <∞.

The next result is due to Sather-Wagstaff [2004]; here we record the module
case, but in fact his result holds for homologically finite complexes.

2.10 [Sather-Wagstaff 2004, 3.6]. Let R be a local ring and let

0→ X1→ X2→ X3→ 0

be a short exact sequence of finitely generated R-modules. Assume i, j, s are
integers with {i, j, s} = {1, 2, 3}. If pdR(X i ) <∞ and CI-dimR(X j ) <∞, then
CI-dimR(Xs) <∞.

We use §2.11 in the proofs of Theorem 3.2, Corollary 4.1, and Proposition 4.4.

2.11. Let R be a one-dimensional Cohen–Macaulay local ring, and let N be a
finitely generated R-module such that CI-dimR(N ) <∞. Then there is an exact
sequence of finitely generated R-modules

(2.11.1) 0→ F→ Z→ N → 0,

where F is free, CI-dimR(Z)= 0, and cxR(Z)= cxR(N ).
To see this, first note that we have G-dimR(N ) <∞ since CI-dimR(N ) <∞;

see (2.5.1). Hence a short exact sequence as in (2.11.1) exists by §2.9, where
G-dimR(Z) = 0 and pdR(F) < ∞. Now §2.10 implies that CI-dimR(Z) < ∞.
Consequently, we deduce that CI-dimR(Z)=G-dimR(Z)= 0; see (2.5.1). Note, by
§2.8(iii), we have that depthR(Z)= 1. Thus, the depth lemma applied to (2.11.1)
yields depthR(F)= 1. So, we conclude that F is free by the Auslander–Buchsbaum
formula. Finally, notice that as F is free, by tensoring (2.11.1) with k, we obtain
that βR

i (Z) = β
R
i (N ) for each i ≥ 2. This yields the equality cxR(Z) = cxR(N );

see §2.6.

We use the following exact sequence in § 2.13, and also in the proofs of
Theorem 3.2 and Proposition 5.9.

2.12 [Rotman 1979, 11.65]. Let (S, n) be a local ring and let R = S/( f ) for some
non-zero-divisor f ∈ n on S. If M and N are finitely generated R-modules, then
we have the change of rings long exact sequence of Tors:

...
...

...

TorR
i (M, N )→TorS

i+1(M, N )→TorR
i+1(M, N ) →

...
...

...

TorR
0 (M, N )→ TorS

1 (M, N ) → TorR
1 (M, N ) → 0
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In the following, we recall the definition of a version of Hochster’s θ pairing
[1981], developed by Dao [2007]. This pairing can be defined in a more general
setting, but the definition recorded here suffices for our argument; see [Dao 2008;
2013] for more details.

2.13 θ pairing [Dao 2007; Hochster 1981]. Let M and N be finitely generated
R-modules. Assume R→ R′� S is a codimension one quasi-deformation with
zero-dimensional closed fibre, i.e., we have a diagram of local ring maps such that
R→ R′ is flat, R′∼= S/( f ) for some non-zero-divisor f on S, and dim(R′/mR′)=0.
We set (−)′ = − ⊗R R′ and assume the following conditions hold:

(a) CI-dimS(N ′) <∞ and TorS
i (M

′, N ′)= 0 for all i � 0 (e.g., pdS(N
′) <∞).

(b) lengthR(TorR
i (M, N )) <∞ for all i � 0 (e.g., R is an isolated singularity).

It follows that

CI-dimR′(N ′)<∞ and CI-dimR(N )= CI-dimR′(N ′);

see §2.8(iv,v). Note we have, by (a) and §2.8(vii), that TorS
i (M

′, N ′) = 0 for all
i > CI-dimS(N ′). Therefore §2.12 yields the following isomorphisms:

(2.13.1) TorR′
i (M

′, N ′)∼= TorR′
i+2(M

′, N ′) for all i > CI-dimR′(N ′).

For a nonmaximal prime ideal p, we have

TorR
i (M, N )p = 0 for all i > CI-dimR(N );

see §2.8(ii, vii). Thus length(TorR
i (M, N ))<∞ for all i >CI-dimR(N ), and hence

(2.13.2) lengthR′(TorR′
i (M

′, N ′)) <∞ for all i > CI-dimR′(N ′).

Let `= lengthR′(R
′/mR′). Then, by (2.13.1) and (2.13.2), we see that the difference

lengthR(TorR
2n+2(M, N ))− lengthR(TorR

2n+1(M, N ))

=
1
`
·
(
lengthR′(TorR′

2n+2(M
′, N ′))− lengthR′(TorR′

2n+1(M
′, N ′))

)
is independent of n if 2n > CI-dimR′(N ′)−1. One defines the theta pairing over R
as

(2.13.3) θ R(M, N )= lengthR(TorR
2n+2(M, N ))− lengthR(TorR

2n+1(M, N )),

where n is an integer such that 2n > CI-dimR(N )− 1.

It follows θ R is additive on short exact sequence of finitely generated R-modules,
whenever it is well-defined on each pair of modules in question; see, for example,
[Dao 2007, 4.3(2)].
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2.14. Let M and N be finitely generated R-modules. Assume the following condi-
tions hold:

(a) CI-dimR(N ) <∞ and cxR(N )= 1.

(b) lengthR(TorR
i (M, N )) <∞ for all i � 0.

Then we can choose a codimension one quasi-deformation of the form R→ R′ α� S,
where pdS(N

′)<∞; see [Avramov and Buchweitz 2000, 4.1.3]. Localizing at some
p∈MinR′(R′/mR′), set q=α−1(p): we see that R→ R′p

α� Sq is a codimension one
quasi-deformation with pdSq(N⊗R R′p)<∞; see the proof of [Sather-Wagstaff 2004,
2.11]. Therefore, replacing the original quasi-deformation with the aforementioned
one, we may assume dim(R′/mR′)= 0.

So it follows from (2.13.3) that θ R(M, N ) is well-defined, as long as n is an
integer such that 2n > CI-dimR(N )− 1.

Next we record two more preliminary results prior to moving to the next section;
both of these results are used in the next section for our proof of Theorem 3.2.

2.15. Let R be a local ring, and let L and M be finitely generated R-modules. If
M is maximal Cohen–Macaulay and pdR(L) <∞, then TorR

i (L ,M) = 0 for all
i ≥ 1; see, for example, [Celikbas 2011, 3.8].

2.16. Let R be a local ring and let M be a finitely generated R-module. Assume
M has a finite free resolution, i.e., there is an exact sequence

0→ Fn→ · · · → F1→ F0→ M→ 0,

where each Fi is a finitely generated free R-module. The Euler number of M is
defined as χ(M)=

∑
(−1)i rank Fi .

It is known that χ(M) is independent of the choice of the finite free resolution
of M . Moreover, it follows that χ(M)= 0 if and only if there is a non-zero-divisor
f on R such that f M = 0; see [Matsumura 1986, 19.8 and page 158].

3. Proof of the main result

In this section we prove the main result of this paper; see Theorem 3.2. Our motiva-
tion comes from the following result, which is recorded for the one-dimensional case:

3.1 [Celikbas et al. 2015a, 3.6]. Let R be a one-dimensional local ring with
R̂ = S/( f ) for some unramified regular local ring S, and a non-zero-divisor f ∈ n
on S. Let M and N be finitely generated R-modules. If lengthR(TorR

i (M, N ))<∞
for all i � 0, θ R(M, N ) = 0, and M ⊗R N is torsion-free, then TorR

i (M, N ) = 0
for all i ≥ 1, and M and N are both torsion-free.

A consequence of our argument gives an extension of §3.1 and establishes the
vanishing of TorR

i (M, N ) when S is an arbitrary two-dimensional Cohen–Macaulay
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local ring, and pdS(N ) <∞ or pdS(M) <∞; see Theorem 3.2. As is clear, since
we do not work over hypersurface rings, our method of proof is different from
that employed to prove §3.1. Among other things, one of the properties that is not
available to us under our setup is that, when R is a hypersurface, every torsion-free
module can be embedded in a free R-module; see [Huneke and Wiegand 1994,
1.5]. Also, over a ring R as in §3.1, for a pair of finitely generated R-modules
(M, N ), if θ R(M, N ) is defined and vanishes, then the pair (M, N ) is Tor-rigid, i.e.,
if TorR

n (M, N )= 0 for some n ≥ 0, then TorR
i (M, N )= 0 for all i ≥ n [Dao 2013,

2.8]; this Tor-rigidity result depends on the fact that S is an unramified regular ring.
Thus the properties that play an important role in the proof of §3.1 do not apply
directly under our setup.

The following is our main result; although we are interested in the one dimen-
sional case (due to Conjecture 1.1), our argument works over Cohen–Macaulay local
rings of arbitrary positive dimension if the modules considered have sufficiently
large depth; see also Remark 3.5.

Theorem 3.2. Let R be a Cohen–Macaulay local ring, and let M and N be finitely
generated R modules. Assume dim(R)= d ≥ 1 and the following conditions hold:

(i) CI-dimR(N ) <∞ and cxR(N )= 1.

(ii) lengthR(TorR
i (M, N )) <∞ for all i � 0.

(iii) depthR(M)≥ d − 1 and depthR(N )≥ d − 1.

(iv) If d = 1, assume further θ R(M, N )= 0.

If M ⊗R N is (nonzero) maximal Cohen–Macaulay, then TorR
i (M, N )= 0 for all

i ≥ 1, and M and N are both maximal Cohen–Macaulay.

Proof. It suffices to prove the vanishing of TorR
i (M, N ) for all i ≥ 1; see §2.8(viii).

First we assume d ≥ 2, and choose a non-zero-divisor x on R, M , N , and
M ⊗R N . Set T = R/x R, A = M/x M , and B = N/x N . Notice

CI-dimT (B)= CI-dimR(N ) <∞ and cxT (B)= cxR(N )= 1;

see §2.8(iv). We have the following exact sequence:

(3.2.1) 0→ M
x
−→ M→ A→ 0.

Tensoring (3.2.1) with N , we obtain the following long exact sequence for all i ≥ 0:

(3.2.2) ···→TorR
i+1(M,N )

x
−→TorR

i+1(M,N )→TorR
i+1(A,N )→TorR

i (M,N )→

··· → TorR
1 (A,N )→ M ⊗R N

x
−→ M ⊗R N → A⊗R N → 0.

As x is a non-zero-divisor on R and N , and x A = 0, we have that

TorT
i (A, B)∼= TorR

i (A, N ) for all i ≥ 0.
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It follows from (3.2.2) that lengthT (TorT
i (A, B)) <∞ for all i � 0. Moreover,

θ R(A, N ) is well-defined and we see that θ R(M, N )= θ R(M, N )+ θ R(A, N ), by
additivity applied to (3.2.1). Therefore, 0= θ R(A, N )= θT (A, B). It follows from
(3.2.2) that (M⊗R N )/x(M⊗R N )∼= A⊗R N ∼= A⊗T B. This implies that A⊗T B
is maximal Cohen–Macaulay over T . Moreover, depthT (A) ≥ depth(T )− 1 and
depthT (B)≥ depth(T )− 1. Consequently, we may use induction to go all the way
down to dimension one. More precisely, we may replace the pair (M, N ) over the
ring R with the pair (A, B) over the ring T , and we may assume dim(T )= 1: this
case yields the vanishing of TorT

i (A, B) for all i ≥ 1, and in view of Nakayama’s
lemma, we conclude by (3.2.2) that TorR

i (M, N )= 0 for all i ≥ 1, as claimed.
We now proceed by assuming d = 1. Set U =⊥R M and V =>R M . Note that

U is a nonzero maximal Cohen–Macaulay R-module. Choose a quasi-deformation
R→ R′� S such that dim(R′/mR′)= 0, R′ ∼= S/( f ) for some local ring (S, n)
and a non-zero-divisor f ∈ n on S such that pdS(N ⊗R R′) < ∞. So we may
assume R = R′ = S/( f ), where pdS(N ) < ∞. As dim(R) = 1, we know that
lengthR(V ) <∞. Thus θ R(V, N ) is well-defined; see §2.13.

Next we record two claims; we use these claims to prove the vanishing of
TorR

i (M, N ) for all i ≥ 1, and defer the proofs of the claims until the end.

Claim 1. θ R(V, N )= 0.

Assuming Claim 1 is true, consider the following short exact sequence of R-
modules:

(3.2.3) 0→ V → M→U → 0.

Recall that we have lengthR(V ) <∞ and length(TorR
i (M, N )) <∞ for all i � 0.

Hence it follows from (3.2.3) that:

(3.2.4) lengthR(TorR
i (U, N )) <∞ for all i � 0.

In particular, θ R(U, N ) is well-defined; see §2.13. Moreover, by the additivity of θ
pairing applied to the short exact sequence in (3.2.3), we see that:

(3.2.5) θ R(M, N )= θ R(U, N )+ θ R(V, N ).

We know, by the hypothesis, that θ R(M, N )= 0 and, by Claim 1, that θ R(V, N )= 0.
Therefore, it follows from (3.2.5) that:

(3.2.6) θ R(U, N )= 0.

As dim(R)= 1 and CI-dimR(N ) <∞, it follows from §2.11 that there is a short
exact sequence of finitely generated R-modules

(3.2.7) 0→ F→ Z→ N → 0,
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where F is free, CI-dimR(Z)= 0, and cxR(Z)= cxR(N )= 1.

Claim 2. U ⊗R Z is a torsion-free R-module, lengthR(TorR
i (U, Z)) <∞ for each

i ≥ 1, and TorR
i (U, Z)∼= TorR

i (U, N ) for all i ≥ 1.
Assuming Claim 2 is true, note that (3.2.7) implies pdS(Z) <∞ since pdS(N )

and pdS(F) are finite. As lengthR(TorR
i (U, Z)) <∞ for all i ≥ 1, we see from

§2.13 that θ R(U, Z) is well-defined and the following holds:

(3.2.8) θ R(U, Z)= lengthR(TorR
2n+2(U, Z))− lengthR(TorR

2n+1(U, Z))

for each integer n with 2n > CI-dimR(Z) − 1, i.e., for each n ≥ 0 (because
CI-dimR(Z)= 0).

We know, by Claim 2, that TorR
i (U, Z) ∼= TorR

i (U, N ) for all i ≥ 1. Hence it
follows that θ R(U, N ) = θ R(U, Z). Thus (3.2.6) and (3.2.8) yield the following
equalities of lengths:

(3.2.9) lengthR(TorR
2i+2(U, Z))= lengthR(TorR

2i+1(U, Z)) for all i ≥ 0.

Notice 0=CI-dimR(Z)=depth(R)−depthR(Z), i.e., depthR(Z)=1; see §2.8(iii).
Hence depthS(Z) = 1. Since dim(S) = 2 and pdS(Z) <∞, we conclude, by the
Auslander–Buchsbaum formula, that pdS(Z)= 1. Now we consider the following
exact sequence that follows from §2.12 applied for the pair (U, Z):

(3.2.10) TorS
2 (U, Z)→ TorR

2 (U, Z)→U ⊗R Z→ TorS
1 (U, Z)→ TorR

1 (U, Z)→ 0.

As pdS(Z)= 1, we have TorS
2 (U, Z)= 0. So, by (3.2.10), we see that TorR

2 (U, Z)
embeds in U⊗R Z . Moreover, we know by Claim 2 that lengthR(TorR

2 (U, Z))<∞
and U ⊗R Z is a torsion-free R-module. So we conclude from (3.2.10) that

(3.2.11) TorR
2 (U, Z)= 0.

Consequently, (3.2.9) and (3.2.11) yield

(3.2.12) TorR
1 (U, Z)= 0= TorR

2 (U, Z).

On the other hand, as pdS(Z) = 1, we can use §2.12 once more, this time for
the pair (U, Z), and obtain

(3.2.13) TorR
i (U, Z)∼= TorR

i+2(U, Z) for all i ≥ 1.

Therefore, we see from (3.2.12) and (3.2.13) that TorR
i (U, Z)= 0 for all i ≥ 1.

Thus Claim 2 yields the vanishing of TorR
i (U, N ) for all i ≥ 1. Finally we can now

invoke §2.4(iii) and deduce that TorR
i (M, N )= 0 for all i ≥ 1, as required.

Now we establish the claims and complete the proof of the theorem.

Proof of Claim 1. To prove the claim, we follow the argument of [Celikbas and
Dao 2014, 4.6]. Note that �R N is a maximal Cohen–Macaulay R-module. So
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depthR(�R N ) = 1, which equals depthS(�R N ). Note also that there is a short
exact sequence 0→ �R N → T → N → 0, where T is a finitely generated free
R-module. This exact sequence, since both pdS(N ) and pdS(T ) are finite, implies
that pdS(�R N ) <∞. Hence, since depth(S)= 2, we conclude from the Auslander-
Buchsbaum formula that pdS(�R N )= 1. It now follows from §2.12 that there is
an exact sequence:

(3.2.14) 0→ TorR
2 (�R N , k)→�R N ⊗R k→ TorS

1 (�R N , k)→ TorR
1 (�R N , k)→ 0.

Taking the alternating sum of lengths of modules in (3.2.14), we obtain

(3.2.15) θ R(k, �R N )= βR
2 (�R N )−βR

1 (�R N )= βS
0 (�R N )−βS

1 (�R N ),

where βR
i (�R N ) denotes the i-th Betti number of �R N .

As �R N has a finite free resolution over S, we can now apply § 2.16 for
the module �R N over the ring S: the Euler number of �R N over S, which is
βS

0 (�R N )− βS
1 (�R N ), vanishes since f ·�R N = 0. So, by (3.2.15), we have

θ R(k, �R N )= 0. As θ R(k, N )=−θ R(k, �R N ), we see θ R(k, N )= 0. Moreover,
since V has a finite filtration by copies of k, it follows that θ R(V, N ) vanishes. This
justifies Claim 1. �

Proof of Claim 2. Notice, as F is free, tensoring (3.2.7) with U over R, we see that
there are isomorphisms

(3.2.16) TorR
i (U, Z)∼= TorR

i (U, N ) for each i ≥ 2,

and there is an exact sequence of the form

(3.2.17) 0→TorR
1 (U, Z)→TorR

1 (U, N ) γ→U⊗R F→U⊗R Z→U⊗R N→ 0.

Let p be a minimal prime ideal of R. Then it follows from (3.2.4) that

TorR
i (U, N )p = 0 for all i � 0,

and hence (3.2.16) shows that TorR
i (U, Z)p = 0 for all i � 0. So it follows from

§2.8(vii) that TorR
i (U, Z)p = 0 for all i ≥ CI-dimRp(Zp)+ 1. Also, by §2.8(ii), we

know CI-dimRp(Zp) ≤ CI-dimR(Z) = 0. So we see that TorR
i (U, Z)p = 0 for all

i ≥ 1. As p is an arbitrary minimal prime ideal of R, this argument shows that
lengthR(TorR

i (U, Z)) <∞ for all i ≥ 1, as claimed.
Note that it follows from (3.2.16) that lengthR(TorR

i (U, N )) <∞ for all i ≥ 2.
In particular, TorR

i (U, N ) is torsion for all i ≥ 2. However, this forces TorR
i (U, N )

to be torsion for each i ≥ 1; see §2.8(vii). Thus the image of the map γ in (3.2.17)
is torsion. On the other hand, U ⊗R F , being a finite direct sum of copies of U , is
torsion-free. So γ = 0, and it follows from (3.2.17) that TorR

i (U, Z)∼= TorR
i (U, N ),
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for i = 1 as well. Hence, by (3.2.16), we establish that TorR
i (U, Z)∼= TorR

i (U, N )
for all i ≥ 1.

In light of the fact thatγ=0, the following exact sequence is induced from (3.2.17):

(3.2.18) 0→U ⊗R F→U ⊗R Z→U ⊗R N → 0.

As M ⊗R N and U ⊗R F are torsion-free and U ⊗R N ∼= M ⊗R N , we conclude
from (3.2.18) that U ⊗R Z is torsion-fee; see §2.2 and §2.4(i). This completes the
proof of Claim 2. �

We finish this section by recording some remarks concerning Theorem 3.2.

Remark 3.3. It is worth mentioning that the conclusion of Theorem 3.2 is not
necessarily true if the ring in question is Artinian. For example, if R = C[[x]]/(x2)

and M = N = R/(x), then R is an Artinian hypersurface (so that each R-module has
finite complete intersection dimension and θ R(−,−) is well-defined), cxR(N )= 1,
TorR

i (M, N )∼= N 6= 0 for all i ≥ 0, and θ R(M, N )= 0.

In Section 4 we refer to the next fact to prove Proposition 4.4 and Remark 4.7.

Remark 3.4. Let R be a local ring and let N be a nonzero finitely generated
R-module. Assume CI-dimR(N ) = 0 and cxR(N ) = 1. Then it follows that
βR

i (N )= β
R
i+1(N ) and �i

R(N )∼=�
i+2
R (N ), for all i ≥ 0; see [Avramov et al. 1997,

7.3].

Note that, in Theorem 3.2, we have CI-dimR(�R N ) = 0 and cxR(�R N ) = 1.
Therefore Remark 3.4 implies βR

2 (�R N )=βR
1 (�R N ), and so θ R(k, �R N )=0; see

(3.2.15) in the proof of Theorem 3.2. This gives an alternative way of establishing
the vanishing of θ R(k, �R N ) without appealing to the property of the Euler number
recorded in §2.16.

Next we consider Theorem 3.2 for the case where cxR(N )= 0, i.e., pdR(N )<∞.
In this case we can obtain the vanishing of TorR

i (M, N ) without any depth assump-
tion on M .

Remark 3.5. Let R be a d-dimensional Cohen–Macaulay local ring, and let M and
N be finitely generated R-modules. Assume pdR(N ) <∞ and depthR(N )≥ d−1.
If M⊗R N is (nonzero) maximal Cohen–Macaulay, then N is free and M is maximal
Cohen–Macaulay.

To establish this, we may assume pdR(N ) 6= 0, as otherwise N would be free. In
particular, we may assume d ≥ 1. Note, by the Auslander–Buchsbaum formula and
the hypothesis, we have that pdR(N )= 1. Set U =⊥R M . Then, since U is a torsion-
free R-module, [Celikbas and Takahashi 2019, 2.7] implies that TorR

i (U, N )= 0
for all i ≥ 1. Hence §2.4(iii) gives the vanishing of TorR

i (M, N ) for all i ≥ 1.
As pdR(N ) <∞, the depth formula for M and N over R holds; see §2.8(viii).
This shows, since M ⊗R N is maximal Cohen–Macaulay, that both M and N
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are maximal Cohen–Macaulay R-modules. Consequently, N is free due to the
Auslander–Buchsbaum formula.

4. Some corollaries of the main result

In this section we proceed to give various corollaries of Theorem 3.2 concerning the
torsion in tensor products of modules, especially those of the form M ⊗R M∗ over
one dimensional local rings. In particular, we give a proof of Corollary 1.4; see
Corollaries 4.6 and 4.8. Along the way we extend results of Huneke and Wiegand
[1994], and Auslander [1961] on the reflexivity of tensor products of modules which
justify a higher dimensional version of Conjecture 1.1 over normal domains; see
Proposition 4.12 and Conjecture 4.13.

We denote by G(R) the Grothendieck group of finitely generated R-modules,
i.e., the quotient of the free abelian group of all isomorphism classes of finitely
generated R-modules by the subgroup generated by the relations coming from short
exact sequences of finitely generated R-modules. We write [M] for the class of a
finitely generated R-module M in G(R) and denote by G(R) the group G(R)/Z·[R],
the reduced Grothendieck group of R. We set G(R)Q = (G(R)/Z · [R])⊗Z Q.

The next corollary corroborates [Celikbas 2011, 1.2], which examines the van-
ishing of Tor for modules of complexity at most one over complete intersection
rings.

Corollary 4.1. Let R be a one-dimensional local ring, and let M and N be nonzero
finitely generated R-modules. Assume CI-dimR(N ) <∞, cxR(N ) ≤ 1, and Np is
free over Rp for each associated prime ideal p of R.

(i) If pdR(N ) <∞ and M ⊗R N is torsion-free, then M is torsion-free and N is
free.

(ii) Assume pdR(N ) =∞, or equivalently, cxR(N ) = 1, and [M] = 0 in G(R)Q.
Then:

(a) If M⊗R N is torsion-free, then so are M and N , and TorR
i (M, N )= 0 for

all i ≥ 1.
(b) If TorR

n (M, N ) = 0 for some n ≥ 1, then TorR
i (M, N ) = 0 for all i ≥ n,

i.e., the pair (M, N ) is Tor-rigid.

Proof. We may assume R is Cohen–Macaulay; as otherwise N would be free and
all the claims follow. In particular, part (i) is a special case of Remark 3.5. Hence
we assume cxR(N )= 1 and [M] = 0 in G(R)Q, and proceed to prove part (ii).

Let X be a finitely generated R-module. As Np is free over Rp for each associated
prime ideal p of R, we have lengthR(TorR

i (N , X)) <∞ for all i ≥ 1. In particular,
θ R(N , X) is well-defined; see §2.14. This yields, since θ is additive on short exact
sequence of finitely generated R-modules, a linear map θ R(N , −) : G(R)→ Z.
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Moreover, as θ R(N , R) = 0, this map induces a map θ R(N , −) : G(R)Q → Q.
Hence, since [M] = 0 in G(R)Q, we have that θ R(M, N )= 0. Now, if M ⊗R N is
torsion-free, then it follows from Theorem 3.2 that M and N are torsion-free, and
TorR

i (M, N )= 0 for all i ≥ 1. This establishes part (ii)(a).
To prove part (ii)(b), we proceed by assuming TorR

n (M, N )= 0 for some n ≥ 1.
Then we have TorR

1 (M, �
n−1
R (N )) = 0 and CI-dimR(�

n−1
R (N )) <∞; see §2.10.

Hence we use the exact sequence that follows from §2.11 for the module �n−1
R (N ):

(4.1.1) 0→ F→ Z→�n−1
R (N )→ 0.

Here F is free, CI-dimR(Z) = 0, and cxR(Z) = cxR(�
n−1
R (N )) = 1. Note that,

by (2.5.1), we have that G-dimR(Z)= 0, i.e., Z is totally reflexive and hence Z is
torsion-free. Moreover, TorR

1 (M, Z) vanishes since

TorR
1 (M, Z) ↪→ TorR

1 (M, �
n−1
R (N )).

Applying −⊗R Z to the syzygy exact sequence 0→�R(M)→ R⊕v→M→ 0,
where v is a positive integer, we see that �R(M)⊗R Z is contained in Z⊕v. So,
�R(M)⊗R Z is torsion-free. As [M] = 0 in G(R)Q, it follows from the syzygy
sequence that [�R(M)] = 0 in G(R)Q. Furthermore, by (4.1.1), we know Zp is
free over Rp for each associated prime ideal p of R. Hence, by using part (ii)(a)
for the pair (�R(M), Z), we conclude that TorR

i (�R(M), Z) = 0 for all i ≥ 1.
This implies the vanishing of TorR

i (M, Z) for all i ≥ 2. Consequently, we deduce
TorR

i (M, Z) = 0 for all i ≥ 1 since we already know that TorR
1 (M, Z) vanishes.

This implies that TorR
i (M, N )= 0 for all i ≥ n+ 1, as claimed. �

The next two remarks are concerned with Corollary 4.1.

Remark 4.2. If R is a one-dimensional local ring and M is a finitely generated
R-module (not necessarily torsion-free) which has rank, then it follows that [M]= 0
in G(R)Q; see [Celikbas and Dao 2011, 2.5; Huneke and Wiegand 1994, 1.3]. In
view of this fact and Corollary 4.1, we have the following result:

If R is a one-dimensional local ring, and M and N are nonzero finitely generated
R-modules such that CI-dimR(N ) < ∞, cxR(N ) = 1, Np is free over Rp for
each associated prime p of R, M has rank and M ⊗R N is torsion-free, then
TorR

i (M, N )= 0 for all i ≥ 1, and both M and N are torsion-free.

Remark 4.3. Let R be a one-dimensional complete intersection domain, and let
M and N be nonzero finitely generated R-modules.

It is not known whether R-modules are Tor-rigid, in general. Moreover, if
M ⊗R N is torsion-free, it is also not known whether M or N must be torsion-free;
see [Celikbas and Wiegand 2015, 2.10]. In fact, Tor-rigidity yields an affirmative
answer to the latter query: if M ⊗R N is torsion-free and N is Tor-rigid, then it
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follows Ext1R(Tr M, N )= 0 and hence Ext1R(Tr M, R)= 0, i.e., M is torsion-free;
see, for example, [Auslander and Bridger 1969, 2.8; Celikbas et al. 2019b, 3.4].

Corollary 4.1 gives a partial affirmative answer to the aforementioned open
problems. It points out that modules of complexity at most one, i.e., modules of
bounded Betti numbers, are Tor-rigid over R. Moreover, it shows that, if M ⊗R N
is torsion-free, and M or N has complexity at most one, then both M and N are
torsion-free (note that, for a one-dimensional local domain R, one has G(R)Q = 0;
see, for example, [Celikbas and Dao 2011, 2.5]).

It is known that the conclusion of Corollary 4.1 may fail in case [M] 6= 0 in
G(R)Q. For example, if R = k[[x, y]]/(xy), M = R/(x), and N = R/(x2), then
Mp and Np are both free over Rp for each associated prime ideal p of R (as R is
reduced) and M ⊗R N is torsion-free, but TorR

2i−1(M, N ) 6= 0= TorR
2i (M, N ) for

all i ≥ 1; see [Huneke and Wiegand 1997, page 164] and also §A.1. This example
also illustrates the following:

Proposition 4.4. Let R be a one-dimensional local ring, and let M and N be finitely
generated R-modules. Assume CI-dimR(N ) <∞ and cxR(N )= 1. Assume further
Mp or Np is free over Rp for each associated prime p of R (e.g., R is reduced). If
M ⊗R N is torsion-free, then TorR

2i (⊥R M, N )= 0 for all i ≥ 1.

Proof. Note that we may assume M 6= 0 6= N . We may further assume R is
Cohen–Macaulay, as otherwise M or N would be free and the claim would follow.
Moreover, if Mp is free over Rp for each associated prime ideal p of R, then so
is ⊥R M . Therefore, we may replace M with ⊥R M , and assume M is a nonzero
torsion-free R-module; see §2.4(i).

There is a short exact sequence of R-modules of the form

(4.4.1) 0→ F→ Z→ N → 0,

where F is free, CI-dimR(Z)= 0, and cxR(Z)= cxR(N ); see §2.11. By tensoring
(4.4.1) with M over R, we obtain an exact sequence,

(4.4.2) TorR
1 (M, N ) ν

→ M ⊗R F→ M ⊗R Z→ M ⊗R N → 0.

As TorR
1 (M, N ) is torsion and M is torsion-free, we conclude ν is the zero map

and that M ⊗R Z is torsion-free; see §2.2.
Next we consider a pushforward sequence of Z , i.e., a short exact sequence of

R-modules as

(4.4.3) 0→ Z→ G→ Z1→ 0,

where G is free, CI-dimR(Z1)= 0, and also cxR(Z1)= cxR(Z)= cxR(N )= 1; see
§2.8(iii), §2.10, and §B.3. Notice it follows from Remark 3.4 that Z1 ∼=�

2
R(Z1).
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Therefore, as Z ∼=�R(Z1), we conclude that �R(Z)∼=�2
R(Z1)∼= Z1. This yields

the short exact sequence of R-modules

(4.4.4) 0→ Z→ G→�R(Z)→ 0.

Tensoring (4.4.4) with M over R, we obtain an injection

TorR
1 (�R(Z),M) ↪→ M ⊗R Z .

As M⊗R Z is torsion-free and TorR
1 (�R(Z),M) is torsion, we see TorR

1 (�R(Z),M)
vanishes, i.e., 0= TorR

1 (�R(Z),M)∼= TorR
2 (Z ,M). This forces TorR

2i (Z ,M)= 0
for all i ≥ 1 since Z ∼=�2

R(Z). This completes the proof of the proposition: due to
(4.4.1), we have that TorR

2i (Z ,M)∼= TorR
2i (N ,M) for all i ≥ 1. �

Our next observation may be of independent interest: the first part examines
the complete intersection dimension of a torsion-free module with its algebraic
dual over one-dimensional local rings without any depth assumption on their tensor
products. The second part of Lemma 4.5 is our first step to establish consequences
of Theorem 3.2 concerning Conjecture 1.1 — it is used in the proof of Corollary 4.6.

Lemma 4.5. Let R be a one-dimensional local ring, and let M be a finitely gener-
ated R-module.

(i) Assume M is torsion-free. Then

CI-dimR(M) <∞ if and only if CI-dimR(M∗) <∞.

(ii) Assume CI-dimR(M) <∞, and M⊗R M∗ is a nonzero torsion-free R-module.
If TorR

i (M,M∗)= 0 for all i � 0, then M is free.

Proof. (i) If CI-dimR(M)<∞, then, since depthR(M)= 1, it follows from §2.8(iii)
that CI-dimR(M) = 0; this implies, in view of §2.8(vi), that CI-dimR(M∗) = 0.
Hence it suffices to assume CI-dimR(M∗) <∞ and show that CI-dimR(M) <∞.

Assume CI-dimR(M∗) <∞. Then (2.7.1) and §2.10 show that

CI-dimR(Tr M) <∞.

Let p be an associated prime ideal of R. Then, by (2.5.1), we have

G-dimRp(Mp)≤ CI-dimRp(Mp),

and it follows from §2.8(iii) that CI-dimRp(Mp) ≤ depth(Rp) = 0. Hence Mp is
totally reflexive over Rp. Therefore, it follows that Ext1R(Tr M, R)p = 0. This
shows, as p is an arbitrary associated prime ideal of R, that Ext1R(Tr M, R) is a
torsion R-module. Now, since Ext1R(Tr M, R) ↪→ M and as M is torsion-free, it
follows that Ext1R(Tr M, R) = 0; see [Auslander and Bridger 1969, 2.8]. Conse-
quently §2.8(iii) shows that CI-dimR(Tr M)= 0. Note, up to free summands, we
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have that Tr Tr M ∼= M . Thus §2.8(vi) implies that CI-dimR(Tr Tr M) = 0, i.e.,
CI-dimR(M)= 0, as required.

(ii) Notice, since TorR
i (M,M∗)= 0 for all i� 0, we have that TorR

i (M,Tr M)= 0
for all i � 0; see (2.7.1). Hence it suffices to prove that CI-dimR(M) = 0: in
this case, §2.8(vii) implies TorR

1 (M,Tr M)= 0 so that M is free; by, for example,
[Yoshino 1990, 3.9]. Consequently, as CI-dimR(M)≤ depth(R), we may assume
depth(R) 6= 0, i.e., we may assume R is a one-dimensional Cohen–Macaulay local
ring.

Let p be a minimal prime ideal of R. Then CI-dimRp(Mp) = 0; see §2.8(iii).
Moreover, as TorR

i (M,M∗)p = 0 for all i � 0, we conclude from § 2.8(vii)
that TorR

i (M,M∗)p = 0 for all i ≥ CI-dimRp(Mp) + 1. This implies that each
TorR

i (M,M∗) has finite length for i ≥ 1. Thus it follows from [Celikbas et al.
2015b, 3.6] that TorR

i (M,M∗)= 0 for all i ≥ 1. Since M ⊗R M∗ is nonzero and
torsion-free, the depth formula implies depthR(M)= 1; see §2.8(viii). Finally, we
conclude by §2.8(iii) that CI-dimR(M)= 0, as claimed. �

If R= S/( f ), where (S, n) is a two-dimensional regular local ring and 0 6= f ∈ n,
it follows from a result of Huneke and Wiegand [1994, 3.7] that M ⊗R M∗ has
torsion for each nonfree, torsion-free finitely generated R-module M with rank.
In particular, Conjecture 1.1 is true over hypersurface rings. In Corollary 4.6, we
generalize this fact and show that it carries over to Cohen–Macaulay rings (not
necessarily hypersurcases) under mild conditions; see also Corollaries 4.8 and 4.10
for related results.

In Corollary 4.6, we assume R = S/( f ), where (S, n) is a two-dimensional
Cohen–Macaulay local ring, and f ∈ n is a non-zero-divisor on S. We assume
further M is a finitely generated R-module such that pdS(M) <∞. Then, by using
the quasi-deformation R =→ R � S, we have that CI-dimR(M) < ∞; see § 2.5.
Moreover, [Avramov 1989, 3.2(3)] shows that cxR(X) ≤ cxS(X) + 1 for each
finitely generated R-module X , in particular, cxR(M)≤ 1. In Corollary 4.6, we also
consider the case where pdS(M

∗) <∞, i.e., pdS(HomR(M, R)) <∞. It is worth
noting that, in general, a module can have finite projective dimension, even though
its algebraic dual has infinite projective dimension; see, for example, [Huneke and
Jorgensen 2003, 2.3].

Corollary 4.6. Let R be a one-dimensional Cohen–Macaulay ring such that, for
some local ring (S, n) and a non-zero-divisor f ∈ n on S, we have R = S/( f ). Let
M be a finitely generated R-module. Assume the following hold:

(a) pdS(M) <∞ or pdS(M
∗) <∞.

(b) M ⊗R M∗ is a torsion-free R-module.

Then M is free provided that at least one of the following conditions hold:
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(i) M ⊗R M∗ is not zero, and M has rank over R.

(ii) M is a torsion-free module that has rank over R.

(iii) M ⊗R M∗ is not zero,

lengthR(TorR
i (M,M∗)) <∞ for all i � 0, and θ R(M,M∗)= 0.

(iv) M is torsion-free,

lengthR(TorR
i (M,M∗)) <∞ for all i � 0, and θ R(M,M∗)= 0.

(v) M is torsion-free, and

lengthR(TorR
n (M,M∗))= lengthR(TorR

n+q(M,M∗)) <∞

for an even integer n ≥ 2 and an odd integer q ≥ 1.

Proof. We may assume M 6= 0. Recall, if M 6= 0 and M is torsion-free, then
M ⊗R M∗ 6= 0; see §2.3. This implies, for each part, we have that M ⊗R M∗ is a
nonzero torsion-free R-module. Furthermore, it shows that part (ii) follows from
part (i), and part (iv) follows from part (iii).

Note, as pdS(M) < ∞ or pdS(M
∗) < ∞, we have CI-dimR(M) < ∞ or

CI-dimR(M∗) <∞; see §2.5. Hence it suffices to show TorR
i (M,M∗)= 0 for all

i� 0, and M is torsion-free: in that case we can use Lemma 4.5: the first part of the
lemma implies CI-dimR(M) <∞, and hence the second part shows that M is free.

If pdR(M
∗) <∞, then M∗ is free by the Auslander–Buchsbaum formula. This

implies, since M⊗R M∗ is a nonzero torsion-free R-module, that M is torsion-free.
So M must be free. Similarly, if pdR(M) <∞, then Remark 3.5 shows that M is
free. Moreover, we know that cxR(M)≤ 1, or cxR(M∗)≤ 1; see [Avramov 1989,
3.2(3)]. Consequently, we may assume CI-dimR(M) <∞ and cxR(M) = 1, or
CI-dimR(M∗) <∞ and cxR(M∗)= 1.

(i) Assume M has rank over R. Then M∗ also has rank, which equals the rank of
M . In particular, both M and M∗ are free when localized at each associated prime
ideal of R. Thus Remark 4.2 yields the vanishing of TorR

i (M,M∗) for all i ≥ 1 and
the fact that M is torsion-free.

(iii) Assume lengthR(TorR
i (M,M∗)) <∞ for all i � 0, and θ R(M,M∗) = 0. In

that case Theorem 3.2 yields the vanishing of TorR
i (M,M∗) for all i ≥ 1, and that

M is torsion-free.

(v) Recall that, by Lemma 4.5(i), we know CI-dimR(M) <∞. Let p ∈ SuppR(M)
be a minimal prime ideal of R. Then it follows

CI-dimRp(Mp)= 0 and TorR
n (M,M∗)p = TorR

n+q(M,M∗)p = 0;
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see §2.8(ii). Therefore, by [Bergh 2008, 3.2], we see TorR
i (M,M∗)p = 0 for all

i ≥ 1. This implies that lengthR(TorR
i (M,M∗)) < ∞ for each i ≥ 1. We also

know that TorR
i (M,M∗)∼= TorR

i+2(M,M∗) for each i ≥ 1; see Remark 3.4. So the
hypothesis lengthR(TorR

n (M,M∗))= lengthR(TorR
n+q(M,M∗)) implies that

lengthR(TorR
i (M,M∗))= lengthR(TorR

i+1(M,M∗)) for each i ≥ 1.

Hence θ R(M,M∗)= 0 and the result follows from part (iv). �

If M and N are finitely generated modules over a local ring R such that M is
totally reflexive, then it follows from [Avramov and Buchweitz 2000, 4.4.7] that

T̂orR
i (M, N )∼= Êxt−i−1

R (M∗, N ) for all i ∈ Z.

Here T̂or and Êxt denote the Tate Tor and Ext, respectively; see, for example,
[Avramov and Buchweitz 2000] for details.

In the following, for Gorenstein rings, we provide an alternative proof of
Corollary 4.6(iv) that does not appeal to Theorem 3.2.

Remark 4.7. Let R be a one-dimensional Cohen–Macaulay ring such that, for
some local ring (S, n) and f ∈ n a non-zero-divisor on S, we have R = S/( f ). Let
M be a nonzero finitely generated torsion-free R-module such that pdS(M) <∞
or pdS(M

∗) <∞.
If pdR(M) <∞, then M is free by the Auslander–Buchsbaum formula. So we

may assume pdR(M)=∞. Then it follows that CI-dimR(M)= 0 and cxR(M)= 1;
see Lemma 4.5(i). Then we have

T̂orR
i (M, N )∼= T̂orR

i+2(M, N ) and ÊxtiR(M, N )∼= Êxti+2
R (M, N ) for all i ∈Z;

see Remark 3.4. Therefore, as M is totally reflexive, we have the following isomor-
phisms for all i ≥ 1:

TorR
2i−1(M

∗,M)∼= T̂orR
2i−1(M

∗,M)∼= Êxt−2i
R (M,M)∼= Êxt2i

R(M,M)∼= Ext2i
R(M,M),

TorR
2i(M

∗,M)∼= T̂orR
2i(M

∗,M)∼= Êxt−2i−1
R (M,M)∼= Êxt2i−1

R (M,M)∼=Ext2i−1
R (M,M).

In particular, if TorR
2i−1(M

∗,M)= 0 for some i ≥ 1, then M is free; see [Avramov
and Buchweitz 2000, 4.2].

Now assume R is Gorenstein and lengthR(TorR
i (M,M∗)) <∞ for all i � 0.

Then it follows lengthR(TorR
i (M,M∗)) <∞ for all i ≥ 1; see §2.8(ii, viii). In

particular, we have that lengthR(Ext1R(M,M)) <∞.
Now assume M ⊗R M∗ is torsion-free. Then [Huneke and Jorgensen 2003,

5.9] implies Ext1R(M,M)= 0. Therefore, M ⊗R M∗ is torsion-free if and only if
TorR

2i (M
∗,M) = 0 for all i ≥ 1. Consequently, if θ R(M,M∗) = 0 and M ⊗R M∗

is torsion-free, then TorR
j (M,M∗)= 0 for all j ≥ 1, and hence M is free, by, for

example, Lemma 4.5(ii).
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If (S, n) is a Cohen–Macaulay local ring and f ∈ n2 is a non-zero-divisor on
S, then f has a reduced matrix factorization (ϕ, ψ) over S. In this case, coker(ϕ)
is a nonfree, maximal Cohen–Macaulay module over S/( f ) which has projective
dimension one over S; see [Herzog et al. 1991, 1.2 and 2.2].

A local ring S is called G-regular [Takahashi 2008] if each totally reflexive
S-module is free. It is known that each regular ring, as well as each Golod ring
that is not a hypersurface, is G-regular. In particular, every non-Gorenstein Cohen–
Macaulay local ring with minimal multiplicity is G-regular; see [Takahashi 2008,
5.1]. Note that, if R = S/( f ), where (S, n) is a G-regular ring, and f ∈ n2 is a
non-zero-divisor on S, then R is not G-regular; see [Takahashi 2008, 4.6].

The following, advertised in Corollary 1.4, follows from Corollary 4.6 and
[Takahashi 2008, 2.13].

Corollary 4.8. Let R = S/( f ) be a one-dimensional Cohen–Macaulay ring, where
(S, n) is a local ring and f ∈ n2 is a non-zero-divisor on S. Assume M is a finitely
generated R-module that has rank. Then M⊗R M∗ has torsion if at least one of the
following holds:

(i) M = coker(ϕ), where (ϕ, ψ) is a reduced matrix factorization of f .

(ii) S is G-regular and M is a nonfree totally reflexive R-module.

Proof. (i) We know M , the cokernel of ϕ, is a nonfree, torsion-free module over R.
Since pdS(M) <∞ and M has rank over R, it follows from Corollary 4.6(ii) that
M ⊗R M∗ has torsion.

(ii) As M is a totally reflexive R-module, it follows that G-dimS(M) <∞; see, for
example, [Takahashi 2008, 1.5(3)(ii)]. Hence, since S is G-regular, we conclude
that pdS(M) <∞, and so the claim follows from Corollary 4.6(ii). �

Here is an example for which we can employ Corollary 4.8(i); note the ring in
question is a complete intersection, but is not a hypersurface; see also [Celikbas
2011, 4.17; Huneke and Wiegand 1994, 3.7].

Example 4.9. Let R = S/( f ), where S = C[[x, y, z]]/(xz− y2) and f = x3
− z2.

Then it follows that R∼=C[[t4, t5, t6
]] is a one-dimensional local domain. Moreover,

(ϕ, ψ)=

((
−z x
x2
−z

)
,

(
z x
x2 z

))
is a reduced matrix factorization of f over S. Therefore, by Corollary 4.8(i), the
tensor product M ⊗R M∗ has torsion, where M is the finitely generated R-module
given by the exact sequence 0→ S⊕2 ϕ

→ S⊕2
→ M→ 0.

Next is a reformulation of Corollary 4.6(i, ii); it shows that Conjecture 1.1 is true
for modules that have finite complete intersection dimension and bounded Betti
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numbers. We separate this result for the convenience of the reader as it is stated
slightly different to Corollary 4.6.

Corollary 4.10. Let R be a one-dimensional local ring, and let M be a non-
free finitely generated R-module that has rank (e.g., R is a domain). Assume
CI-dimR(M) <∞ and cxR(M)≤ 1 (e.g., R is a hypersurface ring). If M ⊗R M∗

is not zero, then M ⊗R M∗ has torsion. In particular, if M is torsion-free, then
M ⊗R M∗ has torsion.

Proof. Note that, since M is not free but has rank, R is a Cohen–Macaulay ring.
Note also that, if M is torsion-free, then M ⊗R M∗ 6= 0; see §2.3. Hence it suffices
to assume M ⊗R M∗ is not zero and prove that M ⊗R M∗ has torsion.

Suppose M⊗R M∗ is a nonzero torsion-free R-module, and seek a contradiction.
It follows from Remark 3.5 that pdR(M) =∞, i.e., cxR(M) = 1. Then we may
choose a codimension one quasi-deformation R→ R′� S with zero-dimensional
closed fibre such that pdS(M ⊗R R′) <∞; see §2.14. Thus R′ ∼= S/( f ) for some
local ring (S, n), and a non-zero-divisor f ∈ n on S. Moreover, it follows that R′ is
a one-dimensional Cohen–Macaulay ring, M ′ = M ⊗R R′ has rank over R′, and
M ′⊗R′ (M ′)∗ 6= 0. Now Corollary 4.6(i), applied to the module M ′ over R′, shows
that M ′ is free over R′, which implies M is free over R, i.e., a contradiction. Hence,
if M ⊗R M∗ is not zero, then M ⊗R M∗ must have torsion. �

Further remarks related to Conjecture 1.1. Huneke and Wiegand, motivated by
a theorem of Auslander [1961, 3.3], proved that, if R is a local domain satisfying
Serre’s condition (S2) such that Rp is a hypersurface for each height-one prime ideal
p of R, and M is a finitely generated torsion-free R-module such that M ⊗R M∗

is reflexive, then M is free; see [Huneke and Wiegand 1994, 5.2]. In this subsec-
tion we slightly strengthen this result, and show that it holds for R-modules M
(not necessarily torsion-free) such that M ⊗R M∗ is nonzero and reflexive; see
Proposition 4.12. We also discuss a higher dimensional version of Conjecture 1.1;
see Conjecture 4.13 and also Proposition 4.14.

We proceed with a lemma:

Lemma 4.11. Let R be a local ring, and let M be a finitely generated R-module
such that M∗ 6= 0. If Ext1R(Tr M,M∗)= Ext2R(Tr M,M∗)= 0, then M is free.

Proof. There is an exact sequence 0→ M∗→ F → G → Tr M → 0, where F
and G are finitely generated free R-modules; see (2.7.1). This yields the following
exact sequences:

(4.11.1) 0→ M∗→ F→ L→ 0 and 0→ L→ G→ Tr M→ 0.

As 0=Ext2R(Tr M,M∗)∼=Ext1R(L ,M∗), the exact sequence 0→M∗→ F→ L→0
splits; this implies M∗ is free. Since Ext1R(Tr M,M∗) = Ext2R(Tr M,M∗) = 0,
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we conclude that Ext1R(Tr M, R) = Ext2R(Tr M, R) = 0. Therefore, the natural
map M → M∗∗ is bijective, i.e., M is reflexive. Note, as M∗ is free, so is M∗∗.
Consequently, we deduce that M is free. �

Note that, if R is a local ring and M is a finitely generated R-module such
that M has positive rank, then SuppR(M) = Spec(R): to see this, notice, given
q ∈ Spec(R), there is a minimal prime ideal p of R such that p ⊆ q. As Mp 6= 0,
we conclude that Mq 6= 0. In particular, if R is a local ring and M is a finitely
generated R-module such that M has rank r and M∗ 6= 0, then r ≥ 1 and M∗ has
rank r , so that SuppR(M) = SuppR(M

∗) = Spec(R); see §2.3. We make use of
this observation in the next results.

Proposition 4.12. Let R be a local ring satisfying Serre’s condition (S2) and let M
be a finitely generated R-module such that M∗ 6= 0 and M⊗R M∗ is reflexive. Then
M is free if one of the following conditions holds:

(i) Mp is free over Rp for each prime ideal p of R of height at most one.

(ii) M has rank, and Rp is a hypersurface ring for each height-one prime ideal p
of R.

Proof. For part (i), we may assume dim(R) ≥ 2. Consider the following exact
sequence which follows from [Auslander and Bridger 1969, 2.6(a)]:

(4.12.1) 0→Ext1R(Tr M,M∗)→M⊗R M∗
φ
→HomR(M∗,M∗)→Ext2R(Tr M,M∗)→0.

It follows by part (i) that Ext1R(Tr M,M∗)p = 0 = Ext2R(Tr M,M∗)p. Hence
the map φp is an isomorphism for each prime ideal p of R of height at most one.
Notice HomR(M∗,M∗) is a torsion-free R-module since M∗ is torsion-free. This
implies φ is an isomorphism; see, for example, [Celikbas and Wiegand 2015,
page 446]. Therefore, Ext1R(Tr M,M∗) = Ext2R(Tr M,M∗) = 0, and hence M is
free by Lemma 4.11.

For part (ii), let p be a height-one prime ideal of R. Then Mp has rank over
Rp and Mp⊗Rp M∗p is a nonzero torsion-free Rp module. Hence it follows from
[Huneke and Wiegand 1994, 3.1] that Mp is free over Rp; see also Corollary 4.10.
Now part (i) shows that M is free. �

In passing we consider a higher dimensional version of Conjecture 1.1.

Conjecture 4.13. Let R be a local ring satisfying (S2) and let M be a finitely
generated R-module. If M has rank and M⊗R M∗ is a nonzero reflexive R-module,
then M is free.

It is known that Conjecture 1.1 can be stated over local rings of arbitrary di-
mension under extra assumptions; see, for example, [Celikbas and Wiegand 2015,
8.6]. However, we could not find a suitable reference that proves, if Conjecture 1.1
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is true, then so is Conjecture 4.13. Next we use Proposition 4.12(i) and give an
argument to point out this fact.

Proposition 4.14. If Conjecture 1.1 is true, then Conjecture 4.13 is also true.

Proof. Assume Conjecture 1.1 is true. Let R be a d-dimensional local ring satisfying
(S2), and let M be a finitely generated R-module such that M has rank and M⊗R M∗

is a nonzero reflexive R-module. To show M must be free, we proceed by induction
on d .

If d = 0, then M is free since M has rank. Hence assume d = 1. Then R
is a one-dimensional Cohen–Macaulay ring and M ⊗R M∗ is a nonzero torsion-
free R-module. Set U = ⊥R M . Then U is a nonzero torsion-free R-module
that has rank. Moreover, we have that M ⊗R M∗ ∼= U ⊗R M∗; see § 2.3. By
dualizing the short exact sequence (2.1.1), we obtain the following exact sequence:
0→U∗→ M∗→ (>R M)∗. As (>R M)∗ = 0, we see that M∗ ∼=U∗. Thus we have

M ⊗R M∗ ∼=U ⊗R M∗ ∼=U ⊗R U∗.

In particular, U⊗R U∗ is torsion-free. As Conjecture 1.1 is true, we conclude that U
is a free R-module. This forces M to be free; see [Huneke and Wiegand 1994, 1.1].

Next assume d ≥ 2 and let p be a height-one prime ideal of R. Then Rp is a local
ring satisfying (S2), and Mp is a finitely generated R-module such that Mp has rank
over Rp and Mp⊗Rp (Mp)

∗ is a nonzero reflexive Rp-module. Hence the induction
hypothesis shows that Mp is free over Rp. Consequently Proposition 4.12(i) shows
that M is free. �

The fact that maximal Cohen–Macaulay modules are reflexive over Gorenstein
rings shows that, if Conjecture 4.13 is true, then so is Conjecture 1.1 over (one-
dimensional) Gorenstein rings. However, in general, over Cohen–Macaulay rings
(not necessarily Gorenstein), we do not know whether or not this implication is true.

Our next aim is to establish Example 1.2(ii) from the introduction, and hence
obtain a new class of ideals that satisfy the torsion conclusion of Conjecture 1.1.

Let R be a Cohen–Macaulay local ring, and let I be an m-primary ideal of R
containing a parameter ideal q of R as a reduction. Then I is said to be an Ulrich
ideal provided that I 2

= qI and I/I 2 is a free R/I -module; see [Goto et al. 2014,
1.1]. We refer the reader to [Goto et al. 2014] for details about Ulrich ideals; here
we record a few observations about them related to our argument. For our purpose,
we only consider Ulrich ideals that are not parameter ideals.

Remark 4.15. If R is a Gorenstein ring and I is an Ulrich ideal of R, then I has
bounded Betti numbers, i.e., cxR(I )≤ 1; see [Goto et al. 2014, 7.4].

Corollary 4.16. Let R be a one-dimensional complete intersection domain, and let
I be an Ulrich ideal of R. Then R/I is a Tor-rigid R-module. Moreover, if M is a
finitely generated R-module that has torsion, then M ⊗R I has torsion.
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Proof. This follows from Corollary 4.1(ii) and Remark 4.15 (note that G(R)Q = 0;
see [Celikbas and Dao 2011, 2.5]). �

Example 4.17. Let R = C[[t4, t5, t6
]] ∼= C[[x, y, z]]/(xz − y2, x3

− z2) and let
I = (t4, t6). Then R is a one-dimensional complete intersection domain, and
I is an Ulrich ideal of R; see [Goto et al. 2014, 6.3]. Hence, R/I is Tor-rigid,
and I ⊗R M has torsion for each finitely generated R-module M that has torsion;
see Corollary 4.16. This fact can fail if M does not have torsion. For exam-
ple, letting J be the ideal (t4, t5) of R, we have that I ⊗R J is torsion-free, i.e.,
TorR

2 (R/I, R/J )= 0; see [Huneke and Wiegand 1994, 4.3]. Hence, since R/I is
Tor-rigid, we conclude that TorR

i (R/I, R/J )= 0 for all i ≥ 2, i.e., TorR
i (I, J )= 0

for all i ≥ 1.

Notice, Remark 4.15, together with Corollary 4.10, establishes Example 1.2(ii)
over complete intersection rings. In fact, this result is true over Gorenstein rings
that are not necessarily complete intersections. This fact can be shown as follows:

Proposition 4.18. Let (R,m) be a one-dimensional Gorenstein local ring. If I is a
nonprincipal Ulrich ideal of R, then it follows that I ∼= I ∗, and I ⊗R I ∗ has torsion.

Proof. Note that, since q( I , we conclude from [Goto et al. 2014, 2.6(b)] that I is
generated by two elements. Moreover, since I 2

= qI , there is an exact sequence
0→q/I 2

→ I/I 2
→ I/q→0, where I/I 2∼= (R/I )⊕2, q/I 2∼= R/I , and I/q∼= R/I .

Thus the multiplicity of I is equal to 2 · lengthR(R/I ) = lengthR(I/I 2). Hence
[Ooishi 1996, 2.3] implies that I is a self-dual R-module, i.e., I ∼= I ∗. This yields
the isomorphism I ⊗R I ∼= I ∗⊗R I .

We now follow the idea discussed in the paragraph preceding [Huneke and
Wiegand 1994, 4.4] and observe that I ⊗R I has torsion; this implies that I ⊗R I ∗

has torsion, as claimed. We see, by applying − ⊗R I to the exact sequence
0→ I → R→ R/I → 0, that there is an exact sequence

(4.18.1) 0→ TorR
1 (R/I, I )→ I ⊗R I α

→ I β
→ I ⊗R R/I → 0.

Note that I contains a non-zero-divisor on R (as it contains a parameter ideal). Hence
TorR

1 (R/I, I ) is a torsion R-module. Now suppose I ⊗R I is torsion-free. Then it
follows from (4.18.1) that TorR

1 (R/I, I )=0, α is injective, and I⊗R I ∼=ker(β)∼= I 2.
In particular, we have that µR(I⊗R I )=µR(I 2), where µR(−) denotes the number
of elements in a minimal generating set. It follows from Nakayama’s lemma that
µR(I ⊗R I )= µR(I )2. Therefore we obtain µR(I )2 = µR(I 2), which forces I to
be principal since µR(I 2)≤ µR(I )(µR(I )+ 1)/2. Hence, since I is not principal,
we conclude that I ⊗R I has torsion. �
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5. On tensor products of totally reflexive modules

Huneke and Wiegand proved that tensor products of two nonfree modules over a
local domain — that is a quotient of a regular ring by a nonzero element — cannot
be maximal Cohen–Macaulay. In fact, this result is true over such rings that are
not domains as long as one of the modules in question has rank; see [Huneke and
Wiegand 1994, 3.1].

The main purpose of this section is to prove a consequence of Theorem 3.2
that is somewhat of a different nature. Namely, we would like to show that tensor
products of two nonfree totally reflexive modules over a Cohen–Macaulay local
domain – that is a quotient of a G-regular ring by a non-zero-divisor – cannot be
totally reflexive; see Proposition 5.7. Recall that R is called G-regular [Takahashi
2008] if there are no nonfree totally reflexive R-modules. Since each regular ring
is G-regular, and each totally reflexive module is maximal Cohen–Macaulay over
Cohen–Macaulay rings, our conclusion may be considered as a G-hypersurface
version of the result of Huneke and Wiegand [1994, 3.1] mentioned above.

We start by giving a few examples which illustrate the fact that, in general, tensor
products of nonfree totally reflexive modules may or may not be totally reflexive.

Example 5.1. Let R = C[[x, y]]/(xy) and M = R/(x). Then R is a Gorenstein
ring and M ⊗R M ∼= M is totally reflexive.

Recall, over a local ring (R,m), an element 0 6= x ∈ m is said to be an exact
zero-divisor [Henriques and Şega 2011] if there exists y ∈ R such that (0 :R x)= (y)
and (0 :R y)= (x).

Example 5.2. Let R = C[[x, y, z, w]]/(x2, xy, y2, z2, w2). Note that R is not
Gorenstein, and z and w are exact zero-divisors on R. Set M = R/(z) and
N = R/(w). Then M and N are both totally reflexive R-modules. Moreover,
M ⊗R N is a totally reflexive R-module since

G-dimR(M ⊗R N )= G-dimR(R/(z, w))= G-dimR/z R(R/(z, w))

= G-dimR/z R((R/z R)/w(R/z R))= 0.

Here the second equality follows from [Soto 2000, Corollary on page 53], while
the last one is due to the fact that w is an exact zero-divisor on R/(z).

In the next example, we observe that over local rings with m3
= 0, the tensor

product of two totally reflexive modules, given by a pair of exact zero-divisors, is
not totally reflexive.

Example 5.3. Let (R,m) be a local ring such that m3
= 0 and R is not Gorenstein;

e.g., R = C[[x, y, z]]/(x2, y2, z2, yz). Assume {x, y} is a pair of distinct exact
zero-divisors. Let M = R/(x) and N = R/(y), and consider the following short
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exact sequence of R-modules:

(5.3.1) 0→ (x, y)/(x)→ R/(x)→ R/(x, y)→ 0.

Notice (x, y)/(x) ∼= R/(x :R y), and y ·m2
= 0 so that ym ⊆ (0 :R y) = (x), i.e.,

(x :R y)=m. So, if G-dimR(M ⊗R N ) <∞, then (5.3.1) shows

G-dimR(R/(x :R y))= G-dimR(R/m) <∞,

i.e., R is Gorenstein; see [Christensen 2000, 1.2.9 and 1.4.9]. Hence it follows
G-dimR(M ⊗R N )=∞.

It also seems worth noting, even if M ⊗R N has finite Gorenstein dimension, M
or N may not have finite Gorenstein dimension. We record such an example next.

Example 5.4. Let R = C[[x, y, z]]/(x2, xy, y2), M = R/(xz), and let N = R/(z).
Then R is not Gorenstein. Moreover, it follows that M ⊗R N ∼= N so that

pdR(M ⊗R N )= pdR(N )= 1<∞

since z is a non-zero-divisor on R. We proceed to show that G-dimR(M)=∞.
Note that we have the following isomorphisms:

(5.4.1) (xz)∼= (x)∼= R/(x, y).

The first isomorphism in (5.4.1) between the ideals of R holds since z is a non-
zero-divisor on R, while the second one is due to the fact that (0 :R x) = (x, y).
Therefore it follows from (5.4.1) that there is a short exact sequence of R-modules

(5.4.2) 0→ R/(x, y)→ R→ M→ 0.

Set T = R/(x, y). Then it follows from (5.4.2) that G-dimR(M) <∞ if and
only if G-dimR(T ) <∞; see [Christensen 2000, 1.2.9]. Hence it suffices to observe
that G-dimR(T )=∞.

As z is a non-zero-divisor on R and T , we have that

G-dimR(T )= G-dimR/(z)(T/zT );

see [Christensen 2000, 1.4.5]. Note also R/(z) ∼= C[[x, y]]/(x2, xy, y2) is a non-
Gorenstein local ring. Therefore, since T/zT is isomorphic to the residue field of
the ring R/(z), we conclude that G-dimR/(z)(T/zT )=∞; see [Christensen 2000,
1.4.9]. Consequently we deduce G-dimR(M)=∞, as claimed.

The next observation is known; see, for example, the proof of [Miller 1998, 1.1].
Recall that, if R = S/( f ),where (S, n) is a local ring and f ∈ n is a non-zero-
divisor on S, then it follows that cxR(M)≤ cxS(M)+ 1 for each finitely generated
R-module M ; see [Avramov 1989, 3.2.3].
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Remark 5.5. Let R = S/( f ), where (S, n) is a local ring and f ∈ n is a non-zero-
divisor on S. Let M and N be finitely generated R-modules such that

pdS(M ⊗R N ) <∞.

If TorR
i (M, N )= 0 for all i ≥ 1, then it follows that pdR(M) <∞ or pdR(N ) <∞.

To see this, let P and Q be minimal free resolutions of M and N , respectively,
over R. Then, as TorR

i (M, N )= 0 for all i ≥ 1, we see that P ⊗R Q is a minimal
free resolution of M ⊗R N . Moreover, for each n ≥ 0, it follows that

(5.5.1) βR
n (M ⊗R N )= rank(P ⊗R Q)n =

∑
i+ j=n

rank(Pi ⊗R Q j )

=

n∑
i=0

βR
i (M)β

R
n−i (N )

Now, if P and Q are infinite resolutions, then (5.5.1) shows that βR
n (M⊗R N )≥n+1

for each n≥ 0. However, since pdS(M⊗R N )<∞, we have that cxR(M⊗R N )≤ 1,
i.e., there is a real number A such that βR

n (M ⊗R N )≤ A for each n ≥ 0; see §2.6.
So, P or Q must a finite complex, i.e., pdR(M)<∞ or pdR(N )<∞. Furthermore,
if pdR(N ) <∞, it follows from (5.5.1) that βR

i (M) is bounded by a real number
for each i ≥ 0, i.e., cxR(M)≤ 1.

Next is a corollary of Theorem 3.2 and Remark 5.5.

Corollary 5.6. Let R = S/( f ) be a Cohen–Macaulay ring, where (S, n) is a local
ring and f ∈ n is a non-zero-divisor on S. Let M and N be finitely generated
R-modules such that:

(a) pdS(N ) <∞ and pdS(M ⊗R N ) <∞.

(b) M , N , and M ⊗R N are maximal Cohen–Macaulay R-modules.

Then M or N is free provided that at least one of the following holds:

(i) M has rank and Np is free over Rp for each associated prime ideal p of R.

(ii) dim(R)≥ 2 and lengthR(TorR
i (M, N )) <∞ for all i � 0.

Proof. Note, by Remark 5.5, it suffices to prove TorR
i (M, N )= 0 for all i ≥ 1. Note

also that CI-dimR(N ) <∞ and cxR(N )≤ 1.
For part (i), since M has rank, we may assume dim(R)≥ 1. First, consider the

case where dim(R)= 1. Then, if pdR(N ) <∞, Remark 3.5 shows that N is free.
Hence we assume cxR(N ) = 1. In that case Remark 4.2 yields TorR

i (M, N ) = 0
for all i ≥ 1.

Next assume dim(R)≥ 2. Localizing at a nonmaximal prime ideal p of R, we
see that the hypotheses are preserved. Hence, by the induction hypothesis, we have
that Mp or Np is free over Rp. In particular, lengthR(TorR

i (M, N )) <∞ for all
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i ≥ 1. Thus, to prove part (i), it suffices to prove part (ii). The fact that part (ii) is
an immediate consequence of Theorem 3.2 completes the proof. �

Here is the main result of this section: recall, if R = S/( f ), where (S, n) is a
G-regular local ring and f ∈ n2 is a non-zero-divisor on S, then R is not G-regular;
see [Takahashi 2008, 4.6].

Proposition 5.7. Let R = S/( f ), where (S, n) is a Cohen–Macaulay G-regular
local ring and f ∈ n2 is a non-zero-divisor on S. Let M and N be finitely generated,
nonfree, and totally reflexive R-modules.

If M has rank and Np is free over Rp for each associated prime p of R, then
M⊗R N is not totally reflexive. In particular, if R is a domain, then M⊗R N is not
totally reflexive.

Proof. If M ⊗R N is totally reflexive, then M , N , and M ⊗R N have finite pro-
jective dimension over S; see, for example, [Takahashi 2008, 1.5(4)]; in that case
Corollary 5.6 implies that M or N is free. Therefore, M ⊗R N is not totally
reflexive. �

Example 5.8. Let R= S/(x2
+ y2
+z2
+w2), where S=C[[x,y,z,w]]/(xy,yz,zw).

Note that R is reduced, dim(S) = 2, and {x + y + z, y + z +w} is an S-regular
sequence. Moreover, it follows that

S/(x + y+ z, y+ z+w)∼= C[[z, w]]/(−zw−w2,−z2
− zw, zw)

is an Artinian ring with radical square zero. Hence, S is G-regular but R is not
G-regular; see [Takahashi 2008, 4.2 and 4.6]. Therefore, if M and N are nonfree
totally reflexive R-modules, either of which has rank, then Proposition 5.7 shows
that M ⊗R N is not totally reflexive.

We finish this section by proving a result similar to Theorem 3.2: our aim is
to show that, in case the module M in Theorem 3.2 is maximal Cohen–Macaulay,
then one can prove the vanishing of Tor under weaker assumptions, for example,
regardless of the depth of N . Subsequently, we give an application of our result
concerning tensor products of totally reflexive modules over hypersurfaces; see
Corollary 5.12.

Note, by §2.13, θ R(M, N ) is well-defined under the hypotheses of Proposition 5.9.

Proposition 5.9. Let R be a Cohen–Macaulay local ring of dimension d ≥ 1 such
that R = S/( f ) for some local ring (S, n) and a non-zero-divisor f ∈ n on S. Let
M be a (finitely generated) maximal Cohen–Macaulay R-module, and let N be a
finitely generated R-module. Assume the following conditions hold:

(i) CI-dimS(N ) <∞ and TorS
i (M, N )= 0 for all i � 0 (e.g., pdS(N ) <∞).

(ii) lengthR(TorR
i (M, N )) <∞ for all i � 0.
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(iii) θ R(M, N )= 0.

If M ⊗R N is torsion-free, then TorR
i (M, N )= 0 for all i ≥ 1.

Proof. We start by noting CI-dimR(N ) <∞; see §2.8(iv). Hence G-dimR(N ) <∞
so that there is an exact sequence of finitely generated R-modules

(5.9.1) 0→ L→ Z→ N → 0,

where Z is a totally reflexive R-module and pdR(L) <∞; see (2.5.1) and §2.9.
As pdR(L) < ∞, it follows that pdS(L) < ∞ [Rotman 1979, 9.32]. Hence,

by (5.9.1), we have CI-dimS(Z) < ∞ as CI-dimS(N ) < ∞; see § 2.10. Thus
CI-dimS(Z)= 1 and CI-dimR(Z)= 0; see §2.8(iii). Moreover, since pdS(L) <∞
and TorS

i (M, N )= 0 for all i � 0, it follows from (5.9.1) that TorS
i (M, Z)= 0 for

all i � 0. Consequently TorS
i (M, Z)= 0 for all i ≥ 2; see §2.8(vii). Note also, as

lengthR(TorR
i (M, N )) <∞ for all i � 0, we have that TorR

i (M, N ) is torsion for
all i ≥ 1; see §2.8(vii).

Claim. M ⊗R Z is torsion-free, and TorR
i (M, Z)∼= TorR

i (M, N ) for all i ≥ 1.

We first show that the claim is sufficient to complete the proof. Note, by the
claim, we have that lengthR(TorR

i (M, Z)) < ∞ for all i � 0. Hence the fact
CI-dimR(Z) = 0 forces lengthR(TorR

i (M, Z)) <∞ for all i ≥ 1; see §2.8(ii, vii).
In particular, as TorS

i (M, Z) = 0 for all i ≥ 2 and CI-dimS(Z) < ∞, we con-
clude that θ R(M, Z) is well-defined; see §2.13. Hence it follows by the claim
θ R(M, Z)= θ R(M, N ) so that θ R(M, Z)= 0.

As M ⊗R Z is torsion-free, TorS
2 (M, Z)= 0 and TorR

2 (M, N ) is torsion, we use
§2.12 for the pair (M, Z), and deduce that TorR

2 (M, Z) vanishes. So, in view of
(2.13.3), we have θ R(M, Z)= lengthR(TorR

2 (M, Z))− lengthR(TorR
1 (M, Z)) and

hence TorR
1 (M, Z)= 0. Now, as TorR

i (M, Z)∼= TorR
i+2(M, Z) for all i ≥ 1, we see

that TorR
i (M, Z)= 0 for all i ≥ 1. Therefore, it remains to justify the claim.

To prove the claim, we will first show M ⊗R L is torsion-free, or equiva-
lently, M ⊗R L satisfies (S1), i.e., depthRp

(Mp ⊗Rp Lp) ≥ min{1, dim(Rp)} for
each p ∈ Spec(R). Let p ∈ SuppR(M ⊗R L) and assume dim(Rp) ≥ 1 (recall
depth(0)=∞). Since TorR

i (M, L)= 0 for all i ≥ 1, the equality

depthRp
(Lp)+ depthRp

(Mp)= depth(Rp)+ depthRp
(Lp⊗Rp Mp)

holds; see § 2.8(viii) and § 2.15. So depthRp
(Lp) = depthRp

(Lp ⊗Rp Mp). No-
tice (5.9.1) localized at p shows that Lp ↪→ Zp 6= 0. Since Zp is a torsion-
free module over Rp, we have that depthRp

(Lp) ≥ 1. Consequently this shows
depthRp

(Mp⊗Rp Lp) ≥ 1, and hence depthRp
(Mp⊗Rp Lp) ≥min{1, dim(Rp)} for

all p ∈ Spec(R). In particular, M ⊗R L is torsion-free.
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Now, as M ⊗R L is torsion-free and TorR
1 (M, N ) is torsion, by tensoring (5.9.1)

with M , we obtain the exact sequence

0→ M ⊗R L→ M ⊗R Z→ M ⊗R N → 0.

This implies M ⊗R Z is torsion-free; see §2.2. Moreover, as TorR
i (M, L)= 0 for

all i ≥ 1, in view of (5.9.1), we conclude that TorR
i (M, Z) ∼= TorR

i (M, N ) for all
i ≥ 1. This proves the claim and completes the proof. �

We use the next observation to prove Corollary 5.11:

Remark 5.10. Let R be a local ring, M a finitely generated reflexive R-module,
and let x be a non-zero-divisor on R. Then M/x M is a torsionless R/x R-module.
In particular, M/x M is a torsion-free module over R/x R. One can show this as
follows:

Note that, since M is torsionless, there is a short exact sequence

0→ M→ F→ C→ 0,

where F is free and Ext1R(C, R)= 0; see, for example, §B.3. Dualizing this short
exact sequence, we have the following commutative diagram, where λ denotes the
natural map:

0 // M //

∼= λM
��

F //

∼= λF
��

C //

λC
��

0

0 // M∗∗ // F∗∗ // C∗∗ // Ext1R(M
∗, R)

This shows λC is injective, i.e., C is torsionless. So this implies that

TorR
1 (C, R/x R)= 0.

Hence the top row yields an injection M/x M ↪→ F/x F , as claimed.

Corollary 5.11. Let R be a Cohen–Macaulay ring of dimension d ≥ 2 such that
R = S/( f ) for some local ring (S, n) and a non-zero-divisor f ∈ n on S. Let M
and N be finitely generated R-modules, and assume the following hold:

(i) pdS(N ) <∞ and depthR(N )≥ 1.

(ii) M is a maximal Cohen–Macaulay R-module.

(iii) lengthR(TorR
i (M, N )) <∞ for all i � 0.

If M ⊗R N is reflexive, then TorR
i (M, N )= 0 for all i ≥ 1.

Proof. Let x ∈ m be a non-zero-divisor on R, M , and N . For any R-module X
we let X denote X/x X . Then it follows that M is a maximal Cohen–Macaulay
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R-module and M ⊗R N ∼= M⊗R N , where M⊗R N is a torsion-free R-module by
Remark 5.10. Now consider the following short exact sequence of R-modules:

(5.11.1) 0→ N x
→ N → N → 0.

We see from (iii) and (5.11.1) that lengthR(TorR
i (M, N )) < ∞ for all i � 0.

Hence θ R(M, N ) is well-defined, and the additivity of the θ-pairing applied to
the short exact sequence (5.11.1) yields θ R(M, N )= θ R(M, N )+ θ R(M, N ), i.e.,
θ R(M, N )= 0; see §2.13.

Write x = y+ ( f ) for some y ∈ n. Then {y, f } is an S-regular sequence. Hence
we can write R = T/( f ), where T = S/(y) and f is a non-zero-divisor on T
contained in the maximal ideal of T .

Notice TorR
i (M, N ) ∼= TorR

i (M, N ) for all i ≥ 0; this implies θ R(M, N ) is
well-defined, and hence θ R(M, N ) = θ R(M, N ) = 0. Moreover, since y is a
non-zero-divisor on S and N , it follows that

pdT (N )= pdT (N/x N )= pdS/(y)(N/yN )= pdS(N ) <∞.

So we have pdT (N ) <∞, lengthR(TorR
i (M, N )) <∞ for all i � 0, and also

θ R(M, N )= 0. Hence we use Proposition 5.9 with the pair (M, N ) over the ring
R = T/( f ), and conclude that TorR

i (M, N ) = 0 for all i ≥ 1. Consequently, by
using (5.11.1) and Nakayama’s lemma, we see that TorR

i (M, N )= 0 for all i ≥ 1. �

The following result corroborates with the Tor vanishing conclusion of [Huneke
and Wiegand 1994, 2.7].

Corollary 5.12. Let R be a local hypersurface ring, i.e., R = S/( f ) for some regu-
lar local ring (S, n) and 0 6= f ∈ n. Let M be a nonfree maximal Cohen–Macaulay
R-module, and let N be a finitely generated R-module such that pdR(N ) = ∞.
Assume dim(R) ≥ 2, and Rp is a domain for each p ∈ Spec(R) − {m}. Then
M ⊗R N is not reflexive.

Proof. We assume M⊗R N is reflexive and seek a contradiction. Note that it follows
M ⊗R ⊥R N is reflexive; see §2.4(i).

Pick a prime ideal p ∈ SuppR(M ⊗R ⊥R N )− {m}. Then Mp ⊗Rp (⊥R N )p is
a reflexive Rp-module over the hypersurface domain Rp. So [Huneke and Wie-
gand 1994, 2.7] implies that TorR

i (M,⊥R N )p = 0 for all i ≥ 1. This shows that
lengthR(TorR

i (M,⊥R N )) <∞ for all i ≥ 1.
Now, as pdS(⊥R N ) < ∞ and depthR(⊥R N ) ≥ 1, from Corollary 5.11 we

conclude that TorR
i (M,⊥R N ) = 0 for all i ≥ 1. Consequently, by §2.4(iii), we

obtain the vanishing of TorR
i (M, N ) for all i ≥ 1. This forces M or N to have finite

projective dimension; see [Huneke and Wiegand 1997, 1.9]. Consequently M⊗R N
cannot be reflexive. �
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The conclusion of Corollary 5.12 can fail over arbitrary hypersurfaces that are
not locally domains on the punctured spectrum.

Example 5.13. Let R = C[[x, y, z]]/(xy), M = R/(x) and let N = R/(x2). Then
R is a two-dimensional hypersurface, M is a nonfree maximal Cohen–Macaulay
R-module and pdR(N ) = ∞. Note that, M ⊗R N , being isomorphic to M , is
reflexive, and Rp is not a domain for p= (x, y) ∈ Spec(R).

It is worth noting that totally reflexive modules over a ring as in Corollary 5.12
cannot be defined by exact zero-divisors.

Remark 5.14. Let (R,m) be a local ring such that depth(R)≥2 and Rp is a domain
for each p ∈ Spec(R)−{m}. Then R does not admit exact zero divisors.

To see this, suppose x ∈m is an exact zero divisor on R, and seek a contradiction.
It follows from the definition that there is 0 6= y ∈m such that (0 :R x)= (y) and
(0 :R y)= (x); i.e., the following is the minimal free resolution of R/x R over R:

· · · → R x
→ R y

→ R x
→ R y

→ R x
→ R→ R/x R→ 0.

First assume that there is a prime ideal p ∈ Spec(R)−{m} such that x, y ∈ p. Then,
by localizing the minimal free resolution of R/x R at p, we obtain the minimal free
resolution of (R/x R)p over Rp:

· · · → Rp
x
→ Rp

y
→ Rp

x
→ Rp

y
→ Rp

x
→ Rp→ Rp/x Rp→ 0.

In particular, we see that (x, y) is also pair of exact zero divisors on Rp. However,
this is not possible since Rp is a domain and local domains cannot admit exact zero
divisors.

Now let I be the ideal of R generated by x and y. Suppose m is minimal
prime over I . Then 2 ≤ depth(R) ≤ dim(R)= heightR(m) ≤ 2, i.e., R is Cohen–
Macaulay of dimension two, and that heightR(I )= 2. This implies that {x, y} is a
regular sequence on R, which is not possible. Therefore m is not minimal over I .
Consequently, there is a prime ideal p ∈ Spec(R)− {m} such that x, y ∈ p; this
gives a contradiction by the previous argument.

Appendix A: On the vanishing of the theta invariant

Recall that, if R is a one-dimensional reduced hypersurface ring, then θ R(M, N )
is defined and vanishes for all finitely generated R-modules M and N , either of
which has rank; see Remark 4.2. Since Theorem 3.2 relies upon the vanishing
of θ pairing, we would like to find out whether θ can vanish nontrivially. More
precisely, we would like to find out whether there is a one-dimensional reduced
hypersurface ring R, and modules M and N over R — neither of which has rank —
such that θ R(M, N ) = 0. We were unable to find an example (or a result) from
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the literature that addresses our query. The aim of this section is to record such an
example suggested to us by Hailong Dao; see Example A.3. First, in §A.1, we will
record a related fact that was shown to us by Mark Walker: over one-dimensional
reduced local rings R, a finitely generated R-module M has rank if and only if its
class is zero in G(R)Q. A similar result that makes use of θ pairing is established
in [Dao 2013, 3.3] for hypersurface rings.

A.1. Let R be a one-dimensional Cohen–Macaulay local ring, and let M be a
finitely generated R-module.

(i) There exists a rational number r such that lengthRp
(Mp)= r · length(Rp) for

each associated prime ideal p of R if and only if [M] = 0 in G(R)Q.

(ii) Assume R is reduced. Then M has rank if and only if [M] = 0 in G(R)Q.

Proof. (i) Let {p1, . . . , pn} be the set of all minimal (associated) prime ideals of R.
Note that G(k)= Z · [k] and G(Rp j )= Z · [k(p j )], where k(p j ) is the residue field
of Rp j , for all j = 1, . . . , n.

There is a right exact sequence of the form

(A.1.1) G(k) α→ G(R) β→
n⊕

j=1

G(Rp j )→0.

Here α is the natural inclusion with

α([k])= [k] and β([M])=
(
lengthRp j

(Mp j )[k(p j )]
)

j .

In (A.1.1), by identifying G(k) with Z, and
⊕n

j=1 G(Rp j ) with Z⊕n , we obtain
another right exact sequence of the form

(A.1.2) Z
α
→ G(R) β→ Z⊕n

→0,

where α(1)= [k] and β([M])=
(
lengthRp j

(Mp j )
)

j . Applying − ⊗Z Q to (A.1.2),
we see there is a right exact sequence of the form

(A.1.3) Q
α⊗1
−→ G(R)Q

β⊗1
−→Q⊕n

→0.

Here α⊗ 1(1)= [k], which is zero in G(R)Q. Hence α⊗ 1 is the zero map so that
β⊗ 1 is an isomorphism.

Consequently [M] = 0 in G(R)Q if and only if [M] = r · [R] for some rational
number r if and only if β⊗ 1([M])= r ·β⊗ 1([R]) if and only if

lengthRp j
(Mp j )= r · length(Rp j ) for all j = 1, . . . , n.
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(ii) If M has rank, then [M] = 0 in G(R)Q; see Remark 4.2. To see the converse,
let p be an associated prime ideal of R. Then, by (i), we have

lengthRp
(Mp)= r · length(Rp)

for some rational number r . Since Mp
∼= R⊕n

p for some positive integer n, we see
n = r and hence M has rank r . �

The next example shows that the conclusion of § A.1(ii) can fail if R is not
reduced. It also shows that Conjecture 1.1 would fail if the module M in question
does not have rank, even if [M] = 0 in G(R)Q.

Example A.2. Let R = C[[x, y]]/(x2) and let M = R/(x). Then M ∼= M∗, and so
M is torsion-free. The exact sequence 0→M→ R→M→ 0 implies that [M] = 0
in G(R)Q. Moreover, M does not have rank. Note also that TorR

i (M,M∗)∼= M for
all i ≥ 0, and hence length(TorR

i (M,M∗))=∞ for all i ≥ 0.

Here is an example we seek on the vanishing of θ invariant.

Example A.3. Let

R = C[[x, y]]/(xy(x − y)), M = R/(x) and, N = M ⊕ R/(y)⊕ R/(y).

Then R is a one-dimensional reduced hypersurface ring, and M and N are nonfree,
finitely generated, torsion-free R-modules.

The minimal free resolution of M is given by

F = · · ·
(x−y)y

// R x
// R

(x−y)y
// R x

// R // 0 .

Thus TorR
1 (M,M)∼=k[[y]]/(y2) and TorR

2 (M,M)=0 so that θ R(M,M)=−2. Sim-
ilarly one can check TorR

1 (R/(y), R/(y))∼=k[[x]]/(x2) and TorR
2 (R/(y), R/(y))=0.

So it follows θ R(R/(y), R/(y))=−2. Tensoring F with R/(y), we see

TorR
2 (M, R/(y))∼= k and TorR

1 (M, R/(y))= 0.

This yields θ R(M, R/(y))= 1.
Therefore we have

θ R(N , N )=−6 and θ R(M, N )= θ R(M,M)+ 2θ R(M, R/(y))= 0.

Note that, since θ R(M,M) 6= 0 and θ R(N , N ) 6= 0, neither M nor N has rank.

Remark A.4. It seems interesting that, contrary to Example A.3, over certain
reduced hypersurface rings, θ(M, N ) can vanish only when M and N have rank.
For example, if R=C[[x, y]]/(xy), and M and N are finitely generated R-modules,
then one can check that θ R(M, N ) vanishes if and only if M and N both have
rank. Note, by §A.1, one concludes for this particular hypersurface ring R, and
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R-modules M and N that, θ R(M, N )= 0 if and only if [M] = [N ] = 0 in G(R)Q
if and only if M and N both have rank.

Appendix B: Some examples of torsion-free tensor products

In this section we recall that Conjecture 1.1 may fail if one considers the tensor
product M ⊗R M instead of M ⊗R M∗. Huneke and Wiegand showed that, if R is
a one-dimensional local domain that is not Gorenstein, then there exists a finitely
generated torsion-free module R-module M such that M is not free and M ⊗R M
is torsion-free; see the proof of [Huneke and Wiegand 1994, 4.7]. However their
argument seems to not yield an explicit example of such a module M . Building
on the proof of Huneke and Wiegand, we will point out how to construct nonfree
torsion-free R-modules M with rank such that M⊗R M is torsion-free over certain
one-dimensional local rings R.

B.1. Let R be a one-dimensional Cohen–Macaulay local ring with canonical module
ω. Set M = Tr�Tr�ω. If R is generically Gorenstein but not Gorenstein, then M
is a finitely generated, nonfree, torsion-free R-module with rank such that M⊗R M
is torsion-free.

Proof. It follows from [Auslander and Bridger 1969, 2.21] that there is an exact
sequence of the form

(B.1.1) 0→ F→ M ⊕G→ ω→ 0,

where F and G are finitely generated free R-modules. In particular, M and M∗ are
torsion-free modules such that M has rank and M∗ is nonzero. As syzygy modules
are torsionless, we have Ext1R(M, R)= 0. It follows that M ⊗R ω is torsion-free,
and the sequence (B.1.1) does not split; see [Avramov et al. 2005, B.4; Araya et al.
2018, 2.5]. Now tensoring (B.1.1) with M , we see that M ⊗R M is torsion-free;
see §2.2. �

The observation in §B.1 raises the following question; an affirmative answer to
this question yields a counterexample to Conjecture 1.1.

Question B.2. Is there a one-dimensional, generically Gorenstein, Cohen–Macaulay
local ring R with a canonical module ω� R such that (Tr�Tr�ω)∗∼=Tr�Tr�ω?

Modules yielding torsion-free tensor products as in §B.1 can also be obtained
without appealing to the short exact sequence involving the transpose. Such a
module can be realized as the pushforward of the first syzygy of the canonical
module of the ring R. We observe this below by including a few additional details
to the argument of [Huneke and Wiegand 1994, 4.7].

B.3 [Huneke and Wiegand 1994, 4.7]. Let M be a finitely generated R-module,
and let π : F→ M∗ be a minimal free presentation of M∗. Denote µ : M→ F∗ by
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the composition of the natural map δM : M→ M∗∗ and π∗ : M∗∗→ F∗. Then µ∗

is surjective, and the cokernel of µ, denoted by PF(M), is called the pushforward
of M (pushforward is unique up to free summands; see, for example, [Celikbas
2011, page 174]).

Now assume M is torsion-free and Ext1R(M, R) 6= 0. Take a minimal generating
set α1, . . . , αt of Ext1R(M, R). Then each αi represents a short exact sequence of the
form 0→ R→ Ni→M→ 0. Let α : 0→ R⊕t

→ N→M→ 0 be a pullback of the
short exact sequence

⊕t
i=1 αi : 0→ R⊕t

→
⊕t

i=1 Ni→ M⊕t
→ 0 by the diagonal

map 1 : M → M⊕t . Then α = (α1, . . . , αt) ∈ Ext1R(M, R⊕t) ∼= Ext1R(M, R)⊕t .
Next consider the induced exact sequence

0→ M∗→ N ∗→ (R⊕t)∗
α
−→ Ext1R(M, R)→ Ext1R(N , R)→ 0.

Since the map (R⊕t)∗
α
→ Ext1R(M, R) is surjective, we see that Ext1R(N , R) = 0.

Thus, in the following pullback diagram, W , being a direct sum of R⊕s and R⊕t , is
free. So the vanishing of Ext1R(N , R) shows that N = PF(�M).

0 0

0 // R⊕t // N

OO

// M

OO

// 0

0 // R⊕t // W

OO

// R⊕s

OO

// 0

�M

OO

�M

OO

0

OO

0

OO

Now, if R is as in §B.1 and M = ω, via the argument there, N ⊗R N is torsion-free.

In the next example we record a nonfree, torsion-free module N over a one-
dimensional local domain R, where N ⊗R N is torsion-free, but N ⊗R N ∗ has
torsion.

Example B.4. Let R = C[[t3, t4, t5
]] ∼= C[[x, y, z]]/(y2

− xz, x3
− yz, x2 y − z2).

Then R is a one-dimensional local domain which is not Gorenstein. Let N be the
R-module given by the following exact sequence:

R⊕3


−y x z
x2
−z −xy

−z y x2


// R⊕3 // N // 0.
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One can check, for example, by using [Macaulay2 1993], that both N and N ⊗R N
are torsion-free R-modules. Moreover, it follows that N ⊗R N ∗ has torsion; see
[Huneke et al. 2019, 3.6].
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ALGEBRAIC AND GEOMETRIC PROPERTIES
OF FLAG BOTT–SAMELSON VARIETIES

AND APPLICATIONS TO REPRESENTATIONS

NAOKI FUJITA, EUNJEONG LEE AND DONG YOUP SUH

We define and study flag Bott–Samelson varieties which generalize both
Bott–Samelson varieties and flag varieties. Using a birational morphism
from an appropriate Bott–Samelson variety to a flag Bott–Samelson variety,
we compute the Newton–Okounkov bodies of flag Bott–Samelson varieties
as generalized string polytopes, which are applied to give polyhedral ex-
pressions for irreducible decompositions of tensor products of G-modules.
Furthermore, we show that flag Bott–Samelson varieties degenerate into
flag Bott manifolds with higher rank torus actions, and we describe the
Duistermaat–Heckman measures of the moment map images of flag Bott–
Samelson varieties with torus actions and invariant closed 2-forms.
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1. Introduction

Bott–Samelson varieties provide fruitful connections between representation theory
and algebraic geometry. They are nonsingular towers of CP1-fibrations, and studied
in [Bott and Samelson 1958; Demazure 1974; Hansen 1973] to find resolutions of
singularities of Schubert varieties. Moreover, the set of global sections of a holomor-
phic line bundle over a Bott–Samelson variety is the dual of a generalized Demazure
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module. This leads to worthwhile connections between representation theory and
algebraic geometry exemplified by the character formulas of Demazure modules [An-
dersen 1985; Kumar 1987], the standard monomial theory [Lakshmibai et al. 1979;
Lakshmibai and Seshadri 1991; Lakshmibai and Raghavan 2008; Seshadri 2007],
and the theory of Newton–Okounkov bodies [Fujita and Naito 2017; Kaveh 2015].

On the other hand, for a given Bott–Samelson variety, it is presented by Grossberg
and Karshon [1994] that there is a complex one-parameter family of smooth varieties,
which are all diffeomorphic, such that a generic fiber is the Bott–Samelson variety
and the special fiber is a nonsingular toric variety, called a Bott manifold. It should
be noted that the Bott manifold is toric, while the Bott–Samelson variety is not toric
in general. Using this connection, [Grossberg and Karshon 1994] also introduces a
combinatorial object, called a Grossberg–Karshon twisted cube, which is used to
compute the multiplicities of generalized Demazure modules (see [Grossberg and
Karshon 1994, Theorem 3]).

One of the primary goals of this paper is to generalize the notion of Bott–Samelson
varieties and to extend its rich connections with representation theory. Moreover, the
generalization also supports the Grossberg–Karshon type degeneration into flag Bott
manifolds. Indeed, we consider a flag Bott–Samelson variety (see Definition 2.1)
which is a nonsingular projective tower of products of full flag manifolds. Moreover,
under a certain condition, the flag Bott–Samelson variety is a desingularization
of a Schubert variety. Because of the definition, both the full flag varieties and
Bott–Samelson varieties are flag Bott–Samelson varieties. Hence we may regard
flag Bott–Samelson varieties as the generalization of both flag varieties and Bott–
Samelson varieties.

This notion of flag Bott–Samelson varieties is not new. Actually, in [Jantzen
2003], flag Bott–Samelson varieties are treated in a more general setting without
naming them. Indeed, flag Bott–Samelson varieties are iterated flag manifold
fibrations but Jantzen [2003] considers iterated Schubert varieties fibrations. Perrin
[2007] uses these varieties to obtain small resolutions of Schubert varieties. In fact,
they are called generalized Bott–Samelson varieties (see [Brion and Kannan 2019a;
2019b]). Moreover, flag Bott–Samelson varieties are generalized Bott–Samelson
varieties (see Remark 2.2).

Let G be a simply connected semisimple algebraic group of rank n over C. Bott–
Samelson varieties Z i are parametrized by words i = (i1, . . . , ir ), where i1, . . . , ir

are elements in the set [n] := {1, . . . , n}. On the other hand, flag Bott–Samelson
varieties ZI are parametrized by sequences I = (I1, . . . , Ir ) of subsets of [n].
Even though the class of flag Bott–Samelson varieties is much larger than that of
Bott–Samelson varieties, for each flag Bott–Samelson variety, there exists a Bott–
Samelson variety such that there is a birational morphism from the Bott–Samelson
variety to the flag Bott–Samelson variety (see Proposition 2.7).
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Using the above mentioned birational morphism, we provide Theorem 2.20,
which describes the set of holomorphic sections of a holomorphic line bundle over
the flag Bott–Samelson variety in terms of generalized Demazure modules. The
theory of Newton–Okounkov bodies of projective varieties has been used to present
a connection between representation theory and algebraic geometry (see Section 2C
for the definition of Newton–Okounkov bodies). The description of holomorphic
sections of flag Bott–Samelson varieties is used to compute their Newton–Okounkov
bodies. Indeed, using the result of Newton–Okounkov bodies of Bott–Samelson
varieties by Fujita [2018], we obtain Theorem 2.22, which shows that the Newton–
Okounkov bodies of flag Bott–Samelson varieties with an appropriate valuation
agree with generalized string polytopes up to sign.

One of the fundamental questions in group representation theory is to find the
multiplicities of irreducible representations in the tensor product of two representa-
tions. Berenstein and Zelevinsky [2001] describe the multiplicities in terms of the
numbers of lattice points in some explicit rational convex polytope. In Theorem 3.19
we give a different description of the multiplicities using the integral lattice points
of the Newton–Okounkov bodies, hence generalized string polytopes, of flag Bott–
Samelson varieties. We notice that our results give concrete constructions of convex
bodies, appearing in [Kaveh and Khovanskii 2012a], which encode multiplicities
of irreducible representations.

As is mentioned before, we degenerate the complex structures of flag Bott–
Samelson varieties. The notion of Bott manifolds is generalized to that of flag
Bott manifolds in terms of iterated flag manifold fibrations described in [Kaji et al.
2020; Kuroki et al. 2020]. More precisely, a flag Bott manifold is the total space
of an iterated flag manifold fibrations which are taken by the full flag fibration
of a sum of line bundles (see Definition 4.1). In general, a flag Bott manifold is
not toric but admits an action of a certain torus. For a given flag Bott–Samelson
variety, we provide a complex one-parameter family of smooth varieties, which
are all diffeomorphic, such that a generic fiber is the flag Bott–Samelson variety
and the special fiber is a flag Bott manifold (see Corollary 4.7). Moreover, when
the Levi subgroup L Ik of the parabolic subgroup PIk is of type A, we explicitly
describe such flag Bott manifolds in Theorem 4.10 in terms of the Chern classes of
the line bundles used in the construction of the flag Bott manifold.

For a given flag Bott–Samelson variety, there exists a Bott–Samelson variety
which is birationally equivalent to the flag Bott–Samelson variety. Moreover, using
the result of Grossberg and Karshon [1994], and our one-parameter family, we
obtain two manifolds: a flag Bott manifold and a Bott manifold, and a map between
them. We study a relation between these manifolds. Actually, considering torus
actions on these manifolds, we describe the Duistermaat–Heckman measure of the
flag Bott manifold with a certain closed 2-form using a Grossberg–Karshon twisted
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cube in Theorem 5.5.
This paper is organized as follows. In Section 2, we provide the definition of flag

Bott–Samelson varieties and their properties. In particular, we investigate a relation
between flag Bott–Samelson varieties and Bott–Samelson varieties. Moreover, we
describe the set of holomorphic sections of a line bundle over a flag Bott–Samelson
variety using generalized Demazure modules in Theorem 2.20. Using this associa-
tion, we describe the Newton–Okounkov bodies of flag Bott–Samelson varieties
in Theorem 2.22. In Section 3, we give an application of Newton–Okounkov
bodies of flag Bott–Samelson varieties to representation theory. Indeed, we provide
a way to compute the multiplicities of representations in the tensor product of
representations counting certain lattice points in the Newton–Okounkov bodies
of flag Bott–Samelson varieties in Theorem 3.19. In Section 4, we present a
Grossberg–Karshon type degeneration of complex structures on flag Bott–Samelson
varieties, and explicitly describe the corresponding flag Bott manifold when all
Levi subgroups of parabolic subgroups PIk are of type A in Theorem 4.10. In
Section 5, we study torus actions on flag Bott manifolds which are obtained by
the degeneration of flag Bott–Samelson manifolds. Moreover, we describe the
Duistermaat–Heckman measure of flag Bott manifolds using Grossberg–Karshon
twisted cubes in Theorem 5.5.

2. Newton–Okounkov bodies of flag Bott–Samelson varieties

2A. Definition of flag Bott–Samelson varieties. In this subsection we introduce
flag Bott–Samelson varieties which generalize both Bott–Samelson varieties and flag
varieties, and study their properties. We notice that the notion of flag Bott–Samelson
varieties is already considered in Jantzen’s book [2003, II.13] without naming it.

Let G be a simply connected semisimple algebraic group of rank n over C.
Choose a Cartan subgroup H , and let g = h⊕

∑
α gα be the decomposition of

the Lie algebra g of G into root spaces, where h is the Lie algebra of H . Let
1 ⊂ h∗ denote the roots of G. Choose a set of positive roots 1+ ⊂ 1, and let
6 = {α1, . . . , αn} ⊂ 1

+ denote the simple roots. Let 1− := −1+ be the set of
negative roots. Let B be the Borel subgroup whose Lie algebra is b=h⊕

∑
α∈1+ gα .

Let {α∨1 , . . . , α
∨
n } denote the coroots, and {$1, . . . ,$n} the fundamental weights

which are characterized by the relation 〈$i , α
∨

j 〉 = δi j . Here, δi j denotes the
Kronecker symbol. Let si ∈W denote the simple reflection in the Weyl group W
of G corresponding to the simple root αi .

For a subset I of [n] := {1, . . . , n}, define the subtorus HI ⊂ H as

(2-1) HI := {h ∈ H | αi (h)= 1 for all i ∈ I }0.

Here, for a group G, G0 is the connected component which contains the identity
element of G. Then the centralizer CG(HI )= {g ∈ G | gh = hg for all h ∈ HI } of
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HI is a connected reductive subgroup of G whose Weyl group is isomorphic to
WI :=〈si |i ∈ I 〉. We set L I :=CG(HI ) for simplicity. Then the Borel subgroup BI of
L I is B∩L I (see [Springer 1998, §8.4.1]). Let1I be the subset1∩spanZ{αi | i ∈ I }
of 1. The set of roots 1+ \1I defines the unipotent subgroup UI of G satisfying
the condition

Lie(UI )=
⊕

α∈1+\1I

gα.

The parabolic subgroup PI of G corresponding to I is defined to be PI := L I UI .
The subgroup L I is called a Levi subgroup of PI .

Note that the Lie algebra of the parabolic subgroup PI is

Lie(PI )= b⊕
⊕

α∈1−∩1I

gα.

Moreover the parabolic subgroup PI can be described that

PI =
⋃
w∈WI

BwB = BwI B ⊂ G,

where wI be the longest element in WI (see [Springer 1998, Theorem 8.4.3]).
We now define the flag Bott–Samelson variety using a sequence of parabolic

subgroups. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n], and let PI =

PI1 × · · ·× PIr . Define a right action 2 of Br
= B× · · ·× B︸ ︷︷ ︸

r

on PI as

(2-2) 2
(
(p1, . . . , pr ), (b1, . . . , br )

)
=
(

p1b1, b−1
1 p2b2, . . . , b−1

r−1 pr br
)

for (p1, . . . , pr ) ∈ PI and (b1, . . . , br ) ∈ Br .

Definition 2.1. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n]. The flag
Bott–Samelson variety ZI is defined to be the orbit space

ZI := PI/2.

For instance, suppose that I = ([n]). Then we have PI = G and the action
2 is the right multiplication of B. Therefore the flag Bott–Samelson variety ZI
is the flag variety G/B. Moreover, for the case when |Ik | = 1 for all k, the flag
Bott–Samelson variety is a Bott–Samelson variety, see [Bott and Samelson 1958]
for the definition of a Bott–Samelson variety. In this case we use a sequence
(i1, . . . , ir ) of elements of [n] rather than ({i1}, . . . , {ir }), and we write Z(i1,...,ir )

for the corresponding Bott–Samelson variety.
For the subsequence I ′ = (I1, . . . , Ir−1) of I, there is a fibration structure on the

flag Bott–Samelson variety ZI :

(2-3) PIr /B ↪→ ZI
π
−→ ZI ′,
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where the projection map π : ZI→ ZI ′ is defined as

π([p1, . . . , pr−1, pr ])= [p1, . . . , pr−1].

On the other hand, we have that

ZI = PI1 ×
B Z(I2,...,Ir ).

Remark 2.2. For a finite sequence ŵ = (w1, . . . , wr ) of elements of W , Perrin
[2007] considers a tower X̂(ŵ) of Schubert varieties X (w1), . . . , X (wr ) fibrations
and call it a generalized Bott–Samelson variety. Let I = (I1, . . . , Ir ) be a sequence
of subsets of [n]. When we takewk to be the longest element in WIk for 1≤ k≤ r , the
generalized Bott–Samelson variety X̂(w1, . . . , wr ) is the flag Bott–Samelson variety
ZI . Indeed, using the notation in [Perrin 2007, §5.2], we obtain Pwk = P[n]\Ik ,
Pwk = PIk , Gwk = L Ik . Therefore, Pwk ∩Gwk is a Borel subgroup BIk of L Ik and
Pwk ∩ L Ik = L Ik . Thus, we obtain

X̂(w1, . . . , wr )= (Pw1 ∩Gw1)w1(Pw1 ∩Gw1)×
(Pw1∩Gw1 ) X̂(w2, . . . , wr )

= BI1w1L I1 ×
BI1 X̂(w2, . . . , wr )

= L I1 ×
BI1 X̂(w2, . . . , wr )

' PI1 ×
B X̂(w2, . . . , wr ).

Continuing this procedure, we get X̂(w1, . . . , wr ) ' ZI . This shows that flag
Bott–Samelson varieties are generalized Bott–Samelson varieties. Because we are
considering sequences ŵ = (w1, . . . , wr ) consisting of longest elements, not all
generalized Bott–Samelson varieties are flag Bott–Samelson varieties.

Let wk ∈WIk be the longest element in WIk for 1≤ k ≤ r . Consider the following
subset of PI :

P ′I := Bw1 B× · · ·× Bwr B ⊂ PI .

One can check that P ′I is closed under the action 2 of Br in (2-2), so we consider
the orbit space

Z ′I := P ′I/2.

It is known that flag Bott–Samelson varieties ZI have following properties (see
[Jantzen 2003, II.13] for details).

Proposition 2.3. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n]. Then the flag
Bott–Samelson variety ZI has following properties:

(1) ZI is a smooth projective variety.

(2) Z ′I is a dense open subset in ZI .

(3) Z ′I ' C
∑r

k=1 `(wk), where `(wk) is the length of the element wk .
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Consider the multiplication map

(2-4) η : ZI→ G/B, [p1, . . . , pr ] 7→ p1 · · · pr

which is a well-defined morphism. The following proposition says that certain flag
Bott–Samelson varieties are birationally equivalent to Schubert varieties via the
map η.

Proposition 2.4 [Jantzen 2003, II.13.5]. Let I = (I1, . . . , Ir ) be a sequence of
subsets of [n], and let wk ∈ WIk be the longest element in WIk = 〈si |i ∈ Ik〉. Set
w = w1 · · ·wr . If `(w) = `(w1)+ · · · + `(wr ), then the morphism η induces an
isomorphism between Z ′I and BwB/B ⊂ G/B. Indeed, the morphism η maps ZI
birationally onto its image X (w) := BwB/B ⊂ G/B.

Example 2.5. Let G = SL(4).

(1) Suppose that I1= ({1}, {2}, {1}, {3}). Then we havew1= s1, w2= s2, w3= s1,
w4 = s3, and w = s1s2s1s3, which is a reduced decomposition. Hence the
morphism η gives a birational morphism between ZI1 and X (s1s2s1s3).

(2) Let I2 = ({1, 2}, {3}). Then we have that w1 = s1s2s1, w2 = s3, and w =
w1w2 = s1s2s1s3. Again, this is a reduced decomposition, so the morphism η

gives a birational morphism between ZI2 and X (s1s2s1s3).

Remark 2.6. Example 2.5 gives two different choices of flag Bott–Samelson va-
rieties each of which has a birational morphism onto the same Schubert variety
X (s1s2s1s3). For a given Schubert variety X (w), there are different choices of flag
Bott–Samelson varieties which define birational morphisms onto X (w), and there
are several studies about such different choices. See, for example, [Elnitsky 1997;
Escobar et al. 2018; Tenner 2006].

We now define a multiplication map between two flag Bott–Samelson varieties.
Let

(2-5) J =
(
J1,1, . . . , J1,N1, . . . , Jr,1, . . . , Jr,Nr

)
be a sequence of subsets of [n] such that Jk,l ⊂ Ik for 1 ≤ l ≤ Nk and 1 ≤ k ≤ r .
Since each Jk,l is contained in Ik , we have PJk,l ⊂ PIk by the definition of parabolic
subgroups. Hence we have a multiplication map

(2-6) ηJ ,I : ZJ → ZI

defined as

[(pk,l)1≤k≤r,1≤l≤Nk ] 7→

[ N1∏
l=1

p1,l, . . . ,

Nr∏
l=1

pr,l

]
.

The following proposition describes a birational morphism between two flag Bott–
Samelson varieties.
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Proposition 2.7. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n], and let
J =

(
J1,1, . . . , J1,N1, . . . , Jr,1, . . . , Jr,Nr

)
be a sequence of subsets of [n] such that

Jk,1, . . . , Jk,Nk ⊂ Ik for 1≤ k ≤ r . Let wk,l , respectively vk , be the longest element
in WJk,l , respectively in WIk . Suppose that

wk,1 · · ·wk,Nk = vk and `(wk,1)+ · · ·+ `(wk,Nk )= `(vk) for 1≤ k ≤ r.

Then the multiplication map ηJ ,I : ZJ → ZI in (2-6) induces an isomorphism
between dense open subsets Z ′J −→

∼ Z ′I .

There always exists a sequence (ik,1, . . . , ik,Nk ) ∈ [n]
Nk which is a reduced word

for the longest element in WIk for 1 ≤ k ≤ r . Concatenating such sequences we
get a sequence i = (ik,l)1≤k≤r,1≤l≤Nk ∈ [n]

N1+···+Nr . Hence for a given flag Bott–
Samelson variety ZI one can always find a Bott–Samelson variety Z i which is
birationally isomorphic to ZI .

Proof of Proposition 2.7. First we recall from [Bourbaki 2002, VI. §1, Corollary 2
of Proposition 17; Jantzen 2003, II.13.1] that for a reduced decomposition w =
si1 · · · siN ∈W , the subgroup U (w)⊂ G is defined to be

U (w) :=Uαi1
·Usi1 (αi2 )

·Usi1 si2 (αi3 )
· · ·Usi1 ···siN−1 (αiN )

.

Moreover, we have an isomorphism

(2-7) ψ(w) :Uαi1
×Uαi2

× · · ·×UαiN
−→∼ U (w)

which is defined to be (u1, . . . , uN ) 7→ u1si1u2si2 · · · uN siNw
−1. Also we have

another isomorphism ψI between varieties:

(2-8) ψI :U (v1)× · · ·×U (vr )−→
∼ Z ′I

which sends (g1, . . . , gr ) to [g1v1, . . . , grvr ] (see [Jantzen 2003, II.13.5]).
Because of the assumption, the concatenation wk,1 · · ·wk,Nk is a reduced decom-

position of the element vk . Hence we have an isomorphism induced by (2-7):

ψk :U (wk,1)× · · ·×U (wk,Nk )−→
∼ U (vk)

which maps (u1, . . . , uNk ) to u1wk,1u2wk,2 · · · uNkwk,Nkv
−1
k for 1 ≤ k ≤ r . Com-

bining isomorphisms ψk and (2-8) we have the following commutative diagram:

Z ′J U (w1,1)× · · ·×U (w1,N1)× · · ·×U (wr,1)× · · ·×U (wr,Nr )

Z ′I U (v1)× · · ·×U (vr )

ηJ ,I

ψJ
∼

ψ1×···×ψr∼

ψI
∼

Hence the result follows. �
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Example 2.8. Let G = SL(4), and let I = ({1, 2}, {3}). Then w1 = s1s2s1, re-
spectively w2 = s3, is a reduced decomposition of the longest element of W{1,2},
respectively W{3}. Then we have the birational morphism η(1,2,1,3),I : Z(1,2,1,3)→ ZI .
Together with the birational morphism η described in Example 2.5(2), we can see
that three varieties Z(1,2,1,3), ZI , and X (s1s2s1s3) are birationally equivalent:

Z(1,2,1,3)→ ZI→ X (s1s2s1s3).

On the other hand, we have another reduced decomposition w′1 = s2s1s2 of the
longest element of W{1,2}. This also gives the birational morphism

η(2,1,2,3),I : Z(2,1,2,3)→ ZI .

Hence we have the following diagram whose maps are all birational morphisms:

Z(1,2,1,3)

ZI X (s1s2s1s3)

Z(2,1,2,3)

2B. Line bundles over flag Bott–Samelson varieties. Let I be a sequence of sub-
sets of [n]. In this subsection we study line bundles over a flag Bott–Samelson
variety ZI and their pullbacks in Proposition 2.10. For an integral weight λ ∈
Z$1+ · · ·+Z$n , we have the homomorphism eλ : H → C∗. We extend it to the
homomorphism eλ : B→ C∗ by composing with the homomorphism

(2-9) ϒ : B→ H

induced by the canonical projection of Lie algebras b→ h as in [Jantzen 2003,
II.1.8]. Suppose that λ1, . . . , λr are integral weights. Define a representation
Cλ1,...,λr of Br

= B× · · ·× B (r factors) on C as

(b1, . . . , br ) · v = eλ1(b1) · · · eλr (br )v.

From this we can build a line bundle over ZI by setting

(2-10) LI,λ1,...,λr = PI ×Br C−λ1,...,−λr ,

where an action of Br is defined as

(2-11) (p1, . . . , pr , w) · (b1, . . . , br )

=
(
2((p1, . . . , pr ), (b1, . . . , br )), eλ1(b1) · · · eλr (br )w

)
.

For simplicity, we use the following notation:

(2-12) LI,λ := LI,0,...,0,λ.
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Remark 2.9. Recall from [Fulton 1998, Example 19.1.11(d)] that for a flag bundle
X over Y , the cycle map clX : Ak(X)→ H2k(X) is an isomorphism if and only if
clY is an isomorphism. Moreover, the cycle map is isomorphic for an arbitrary flag
manifold. Since a flag Bott–Samelson variety is an iterated bundle of flags PIk/B
over a point, the cycle map clZI : Ak(ZI)→ H2k(ZI) is an isomorphism. On the
other hand, since flag Bott–Samelson varieties are smooth (see Proposition 2.3(1)),
we obtain the following isomorphisms

(2-13) Pic(ZI) A(dimC ZI)−1(ZI) H2(dimC ZI)−2(ZI) H 2(ZI).
∼=

clZI

∼= ∼=

Here, the first isomorphism comes from [Fulton 1998, Example 2.1.1] and the last
isomorphism is obtained by the Poincaré duality. Indeed, c1 : Pic(ZI)→ H 2(ZI)

is the isomorphism (2-13). When the Levi subgroup L Ik of PIk has Lie type A for
all k, we present the association (2-13) using a certain generator of H 2(ZI) in (4-3),
and we present the first Chern class of the line bundle LI,λ1,...,λr in Proposition 4.9.

Specifically when a flag Bott–Samelson variety is a usual Bott–Samelson variety,
we will choose the weights to be of special form. We recall a description of the
Picard group of Z i from [Lauritzen and Thomsen 2004]. For given an integer vector
a = (a1, . . . , ar ) ∈ Zr , we define a sequence of weights λ1, . . . , λr associated to
the word i = (i1, . . . , ir ) and the vector a by setting

λ1 := a1$i1, . . . , λr := ar$ir .

For such λ j we use the notation

(2-14) Li,a := Li,λ1,...,λr .

Since a Bott–Samelson variety is an iterated sequence of projective bundles, the
Picard group of Bott–Samelson variety Z i is a free abelian group of rank r by
[Hartshorne 1977, Exercise II.7.9]. Indeed, the association between a ∈ Zr and Li,a
gives an isomorphism between Zr and Pic(Z i ) (see [Lauritzen and Thomsen 2004,
§3.1]).

Let i = (ik,l)1≤k≤r,1≤l≤Nk ∈ [n]
N1+···+Nr be a sequence such that (ik,1, . . . , ik,Nk )

is a reduced word for the longest element in WIk for 1 ≤ k ≤ r . Recall from
Proposition 2.7 that we have the birational morphism ηi,I : Z i→ ZI . The following
proposition describes the pullback bundle η∗i,ILI,λ1,...,λr under the morphism ηi,I
in terms of an integer vector.

Proposition 2.10. Let I, i , and λ1, . . . , λr be as above. The pullback bundle
η∗i,ILI,λ1,...,λr over the Bott–Samelson variety Z i is isomorphic to the line bundle
Li,a for the integer vector

a =
(
a1(1), . . . , a1(N1), . . . , ar (1), . . . , ar (Nr )

)
∈ ZN1 ⊕ · · ·⊕ZNr
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given by

ak(l)=


〈λk, α

∨

s 〉+
∑

k< j≤r
s /∈{it,u |k<t≤ j,1≤u≤Nt }

〈λ j , α
∨

s 〉 if l =max{q | ik,q = s},

0 otherwise.

Example 2.11. Let G = SL(4), I = ({1, 2}, {3}) and i = (1, 2, 1, 3). Consider the
line bundle LI,λ1,λ2 . Then the pullback line bundle η∗i,ILI,λ1,λ2 corresponds to the
integer vector

a = (a1(1), a1(2), a1(3), a2(1))

=
(
0, 〈λ1, α

∨

2 〉+ 〈λ2, α
∨

2 〉, 〈λ1, α
∨

1 〉+ 〈λ2, α
∨

1 〉, 〈λ2, α
∨

3 〉
)
.

Remark 2.12. It is known from [Lauritzen and Thomsen 2004, Theorem 3.1,
Corollary 3.3] that the line bundle Li,a is very ample, respectively generated by
global sections, if and only if a ∈ Z|i |>0, respectively a ∈ Z|i |

≥0. Suppose that i is a
sequence satisfying the condition in Proposition 2.10. As we saw in Example 2.11,
we cannot ensure that the pullback line bundle η∗i,ILI,λ1,...,λr is very ample even if
the weights λ1, . . . , λr are regular dominant weights.

Proof of Proposition 2.10. By the definition of pullback line bundles, we have

η∗i,ILI,λ1,...,λr =
{
(p, q) ∈ Z i ×LI,λ1,...,λr | ηi,I(p)= πI,λ1,...,λr (q)

}
,

where πI,λ1,...,λr : LI,λ1,...,λr → ZI . In other words,

(2-15) η∗i,ILI,λ1,...,λr =

{(
[(pk,l)1≤k≤r,1≤l≤Nk ], [p1, . . . , pr , w]

) ∣∣∣[ N1∏
l=1

p1,l, . . . ,

Nr∏
l=1

pr,l

]
= [p1, . . . , pr ] in ZI

}
.

Define the line bundle Li,λ1,...,λr on Z i by

Li,λ1,...,λr := Li,0,...,0,λ1︸ ︷︷ ︸
N1

,0,...,0,λ2︸ ︷︷ ︸
N2

,...,0,...,0,λr︸ ︷︷ ︸
Nr

=
(

Pi ×C0,...,0,λ1,0,...,0,λ2,...,0,...,0,λr

)
/B N1+···+Nr .

Claim 1. η∗i,ILI,λ1,...,λr
∼= Li,λ1,...,λr .

Consider a well-defined morphism f : η∗i,ILI,λ1,...,λr → Li,λ1,...,λr given by

(2-16) f
(
[(pk,l)k,l], [p1, . . . , pr , w]

)
:= [(pk,l)k,l,Cw].

Here, the value C is defined as follows. Because of the description in (2-15), for
each element ([(pk,l)k,l], [p1, . . . , pr , w]) in the pullback bundle η∗i,ILI,λ1,...,λr ,



156 NAOKI FUJITA, EUNJEONG LEE AND DONG YOUP SUH

there exist b1, . . . , br ∈ B such that

(2-17) p1b1 =

N1∏
l=1

p1,l, b−1
1 p2b2 =

N2∏
l=1

p2,l, . . . , b−1
r−1 pr br =

Nr∏
l=1

pr,l .

Using these elements b1, . . . , br , the value C is defined by

(2-18) C := eλ1(b1)eλ2(b2) · · · eλr (br ).

On the other hand, we have a well-defined morphism

g : Li,λ1,...,λr → η∗i,ILI,λ1,...,λr

defined by

(2-19) g([(pk,l)k,l, w]) :=

(
[(pk,l)k,l],

[ N1∏
l=1

p1,l,

N2∏
l=1

p2,l, . . . ,

Nr∏
l=1

pr,l, w

])
.

We claim that both compositions f ◦ g and g ◦ f are identities. First we consider
the composition f ◦ g:

f ◦ g([(pk,l)k,l, w])

= f
(
[(pk,l)k,l],

[ N1∏
l=1

p1,l,

N2∏
l=1

p2,l, . . . ,

Nr∏
l=1

pr,l, w

])
(by (2-19))

= ([(pk,l)k,l, w]).

Here, the last equality holds because all the elements b1, . . . , br satisfying the
equations (2-17) are the identity element, and so C = 1. For the composition g ◦ f ,
we obtain

g ◦ f
(
[(pk,l)k,l], [p1, . . . , pr , w]

)
= g([(pk,l)k,l,Cw])

=

(
[(pk,l)k,l],

[ N1∏
l=1

p1,l,

N2∏
l=1

p2,l, . . . ,

Nr∏
l=1

pr,l,Cw
])

=
(
[(pk,l)k,l], [p1b1, b−1

1 p2b2, . . . , b−1
r−1 pr br ,Cw]

)
(by (2-17))

=
(
[(pk,l)k,l], [p1, p2, . . . , pr , eλ1(b−1

1 ) · · · eλr (b−1
r )Cw]

)
=
(
[(pk,l)k,l], [p1, . . . , pr , w]

)
(by (2-18)).

Accordingly, f is an isomorphism, and Claim 1 holds.

Claim 2. Li,λ1,...,λr
∼= Li,a, where a is the integer vector given in the statement of

the proposition.
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To present a concrete isomorphism, we set

(2-20)
k( j, s) :=max

({
k | 1≤ k ≤ j, ik,l = s for some 1≤ l ≤ Nk

}
∪ {0}

)
,

m( j, s) :=max{q | ik( j,s),q = s}

for 1≤ j ≤ r and s ∈ [n]. We define certain products ζ( j, s) of pk,l using k( j, s)
as follows:

ζ( j, s) :=
( Nk( j,s)∏

m=m( j,s)+1

pk( j,s),m

)( j∏
k=k( j,s)+1

Nk∏
l=1

pk,l

)
.

Here, p0,l is the identity element.
We denote the integral weight λk by dk,1$1+ · · ·+ dk,n$n using integers dk, j

for 1≤ k ≤ r . We consider the following morphism:

(2-21) f2 : Li,λ1,...,λr → Li,a, [(pk,l)k,l, w] 7→ [(pk,l)k,l,C ′w],

where the value C ′ is defined to be

(2-22) C ′ :=
n∏

s=1

r∏
j=1

ed j,s$s (ζ( j, s))−1.

We note that if I ⊂ [n] and s /∈ I , then the map e$s : B→ C∗ is naturally extended
to e$s : PI → C∗ by setting e$s (exp(gα)) = {1} for all α ∈ 1− ∩ 1I . Hence
ed j,s$s (ζ( j, s)) is defined.

If the map f2 is well-defined, then we obtain Claim 2 because the inverse of
f2 is attained by multiplying (C ′)−1. Therefore, to prove Claim 2, it is enough to
show that f2 is well-defined. Suppose that[

(b−1
k,l−1 pk,lbk,l)k,l, eλ1(b1,N1) · · · e

λr (br,Nr )w
]

is another representative of the element [(pk,l)k,l, w] in Li,λ1,...,λr . Here, we use
the convention that bk,0 = bk−1,Nk−1 and b0,l is the identity element. To show the
well-definedness of f2, we have to prove that the following equality holds:

(2-23)
( r∏

k=1

Nk∏
l=1

eak(l)$ik,l (bk,l)

)( n∏
s=1

r∏
j=1

ed j,s$s (ζ( j, s))−1
)

=

( r∏
j=1

n∏
s=1

ed j,s$s (ζ( j, s)′)−1
)( r∏

k=1

eλk (bk,Nk )

)
.
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Here, ζ( j, s)′ is defined by

ζ( j, s)′ =
( Nk( j,s)∏

m=m( j,s)+1

b−1
k( j,s),m−1 pk( j,s),mbk( j,s),m

)( j∏
k=k( j,s)+1

Nk∏
l=1

b−1
k,l−1 pk,lbk,l

)
= b−1

k( j,s),m( j,s)ζ( j, s)b j,N j .

Furthermore, since the weight λ j is the sum of d j,s$s , we have that

r∏
j=1

n∏
s=1

ed j,s$s (b j,N j )=

r∏
j=1

eλ j (b j,N j ).

Therefore, the right hand side of (2-23) becomes( r∏
j=1

n∏
s=1

ed j,s$s (bk( j,s),m( j,s))

)( n∏
s=1

r∏
j=1

ed j,s$s (ζ( j, s))−1
)
.

This implies that to show the equality (2-23), it is enough to show that

(2-24)
r∏

k=1

Nk∏
l=1

eak(l)$ik,l (bk,l)=

n∏
s=1

r∏
j=1

ed j,s$s (bk( j,s),m( j,s)).

The left hand side of (2-24) is written as

r∏
k=1

Nk∏
l=1

eak(l)$ik,l (bk,l)=

n∏
s=1

∏
1≤k≤r, 1≤l≤Nk

ik,l=s

eak(l)$s (bk,l).

Using this observation, we verify the equality (2-24) by showing

(2-25)
∏

1≤k≤r, 1≤l≤Nk
ik,l=s

eak(l)$s (bk,l)=

r∏
j=1

ed j,s$s (bk( j,s),m( j,s))

for all s ∈ [n]. Let s be an arbitrary index in [n]. If s does not appear in (ik,l)k,l , then
k( j, s)= 0 for all j , and so the equality (2-25) holds. Otherwise, let 1≤ j1 < · · ·<
jx ≤ r be the indices such that s ∈ {i j,1, . . . , i j,N j } if and only if j ∈ { j1, . . . , jx}.
By the definition of the number k( j, s), we have that

0= k(1, s)= · · · = k( j1− 1, s),

ju = k( ju, s)= · · · = k( ju+1− 1, s) for 1≤ u ≤ x .

Here, we set jx+1 = r + 1. Therefore, we have that
r∏

j=1

ed j,s$s (bk( j,s),m( j,s))=

x∏
u=1

e(d ju ,s+···+d ju+1−1,s)$s (b ju ,m( ju ,s)).
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On the other hand, by the definition of the integer vector a, if ik,l = s, then
k ∈ { j1, . . . , jx} and we have that

ak(l)=
{

d ju ,s + d ju+1,s + · · ·+ d ju+1−1,s if k = ju and l = m( ju, s),
0 otherwise.

Accordingly, we obtain the equality (2-25) for all s ∈ [n], and we get the equality
(2-24). Therefore, the morphism f2 is a well-defined isomorphism. This proves
Claim 2. By combining Claims 1 and 2, the result follows. �

For the reader’s convenience, we provide an example for explaining notation
C, k( j, s),C ′ in the proof of Proposition 2.10.

Example 2.13. Let G = SL(4). Suppose that I and i are given as in Example 2.11.
Then for an element ([p1,1, p1,2, p1,3, p2,1], [p1, p2, w]) in η∗i,ILI,λ1,λ2 the value
C in (2-18) is given by

C = eλ1
(

p−1
1 p1,1 p1,2 p1,3

)
eλ2
(

p−1
2 p−1

1 p1,1 p1,2 p1,3 p2,1
)
.

Moreover the indices k( j, s) in (2-20) are computed by

k(1, 1)=1, k(1, 2)=1, k(1, 3)=0, k(2, 1)=1, k(2, 2)=1, k(2, 3)=2.

Hence the value C ′ in (2-22) is

C ′ = ed1,2$2(p1,3)
−1ed1,3$3(p1,1 p1,2 p1,3)

−1ed2,1$1(p2,1)
−1ed2,2$2(p1,3 p2,1)

−1,

where λk = dk,1$1+ dk,2$2+ dk,3$3 for k = 1, 2.

2C. Newton–Okounkov bodies of flag Bott–Samelson varieties. Here we study
the Newton–Okounkov bodies of flag Bott–Samelson varieties in Theorem 2.22.
First we recall the definition and background of Newton–Okounkov bodies. We
refer the reader to [Fujita and Naito 2017; Harada and Kaveh 2015; Kaveh 2015;
Kaveh and Khovanskii 2012b] for more details. Let R be a C-algebra without
nonzero zero-divisors, and fix a total order < on Zr , r ≥ 1, respecting the addition.

Definition 2.14. A map v : R \{0}→ Zr is called a valuation on R if the following
conditions hold. For every f, g ∈ R \ {0} and c ∈ C \ {0},

(1) v( f · g)= v( f )+ v(g),

(2) v(c f )= v( f ), and

(3) v( f + g)≥min{v( f ), v(g)} unless f + g = 0.

Moreover we say the valuation v has one-dimensional leaves if it satisfies that if
v( f )= v(g) then there exists a nonzero constant λ ∈C such that v(g−λ f ) > v(g)
or g− λ f = 0.

Let X be a projective variety of dimension r over C equipped with a line bundle L
which is generated by global sections. Fix a valuation v which has one-dimensional
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leaves on the function field C(X) of X . Using the valuation v one can associate a
semigroup S ⊂N×Zr as follows. Fix a nonzero element τ ∈ H 0(X,L). We use τ
to identify H 0(X,L) with a finite-dimensional subspace of C(X) by mapping

H 0(X,L)→ C(X), σ 7→ σ/τ.

Similarly we have the map

H 0(X,L⊗k)→ C(X), σ 7→ σ/τ k .

Using these identifications we define the semigroup:

S = S(v, τ )=
⋃
k>0

{
(k, v(σ/τ k)) | σ ∈ H 0(X,L⊗k) \ {0}

}
⊂ N×Zr ,

and denote by C = C(v, τ )⊂ R≥0×Rr the smallest real closed cone containing
S(v, τ ). Now we have the definition of Newton–Okounkov body:

Definition 2.15. The Newton–Okounkov body associated to (X,L, v, τ ) is defined
to be

{x ∈ Rr
| (1, x) ∈ C(v, τ )}.

We denote the Newton–Okounkov body by 1(X,L, v, τ ).
If we take another section τ ′ ∈ H 0(X,L) \ {0} then

1(X,L, v, τ ′)=1(X,L, v, τ )+ v(τ/τ ′).

Hence the Newton–Okounkov body 1(X,L, v, τ ) does not fundamentally depend
on the choice of the nonzero section τ ∈ H 0(X,L)\{0}. Accordingly, we sometimes
denote the Newton–Okounkov body by 1(X,L, v).
Remark 2.16. If we choose a very ample line bundle L in the construction, then it is
known in [Harada and Kaveh 2015, Theorem 3.9] that the Newton–Okounkov body
has maximal dimension, i.e., it has real dimension r . Since we do not necessarily
assume that the line bundle L is very ample in this paper, the real dimension of the
Newton–Okounkov body may be less than r .

There are many possible valuations with one-dimensional leaves. We recall one
of them introduced in [Kaveh 2015]. One can construct a valuation on the function
field C(X) using a regular system of parameters u1, . . . , ur in a neighborhood of
a smooth point p on X . Fix a total ordering on Zr respecting the addition. Let f
be a polynomial in u1, . . . , ur . Suppose that ckuk1

1 · · · u
kr
r is the term in f with the

largest exponent k = (k1, . . . , kr ). Then

v( f ) := (−k1, . . . ,−kr )

defines a valuation on C(X), called the highest term valuation with respect to the
parameters u1, . . . , ur .
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Example 2.17. Let X = Z i be the Bott–Samelson variety determined by a word
i = (i1, . . . , ir ). Let fi be a nonzero element in g−αi . Then the following map
8i : C

r
→ Z i defines a coordinate system as in [Fujita 2018, §2.3; Kaveh 2015,

§2.2]:
8i : (t1, . . . , tr ) 7→ (exp(t1 fi1), . . . , exp(tr fir )) mod Br .

We denote the highest term valuation with respect to the lexicographic order on Zr

by vhigh
i .

There are some results on computing the Newton–Okounkov bodies using the
valuation vhigh

i . We recall a result of Kaveh [2015]:

Example 2.18. Let X = G/B be the full flag variety, and let L be the line bundle
over X given by a dominant weight λ. Suppose that i = (i1, . . . , im) is a reduced
word for the longest element in the Weyl group W of G. Then the Bott–Samelson
variety Z i and the full flag variety G/B are birational by Proposition 2.4. Hence
their function fields are isomorphic, i.e., C(Z i )∼=C(G/B). Using the valuation vhigh

i
in Example 2.17, Kaveh [2015, Corollary 4.2] proves that the Newton–Okounkov
body 1(G/B,L, vhigh

i ) can be identified with the string polytope.

The following lemma directly comes from the definition of Newton–Okounkov
bodies.

Lemma 2.19. Let f : X → Y be a birational morphism between varieties of
dimension r , and let L be a line bundle on Y generated by global sections. Suppose
that the canonical morphism H 0(Y,L⊗k)→ H 0(X, f ∗L⊗k) is an isomorphism for
every k > 0. Then their Newton–Okounkov bodies coincide, i.e.,

1(X, f ∗L, v, f ∗τ)=1(Y,L, v, τ )

for any valuation v : C(X) \ {0} → Zr and τ ∈ H 0(Y,L) \ {0}. Here v is regarded
also as a valuation on C(Y ) under the isomorphism C(Y )∼= C(X).

Now we define left actions of PI1 on ZI and LI,λ1,...,λr by

(2-26)
p · [p1, . . . , pr ] := [pp1, p2, . . . , pr ],

p · [p1, . . . , pr , v] := [pp1, p2, . . . , pr , v]

for p, p1∈ PI1 , p2∈ PI2, . . . , pr ∈ PIr , and v∈C. Since the projection LI,λ1,...,λr �
ZI is compatible with these actions, it follows that the space H 0(ZI,LI,λ1,...,λr ) of
global sections has the natural PI1-module structure.

Theorem 2.20. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n], and let
i = (ik,l)1≤k≤r, 1≤l≤Nk ∈ [n]

N1+···+Nr be a sequence such that (ik,1, . . . , ik,Nk ) is
a reduced word for the longest element in WIk for 1 ≤ k ≤ r . Let ηi,I : Z i → ZI
be the birational morphism in Proposition 2.7. Then for integral weights λk :=
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dk,1$1+ · · ·+ dk,n$n for 1≤ k ≤ r , and the corresponding integer vector a given
in Proposition 2.10,

(1) the canonical morphism H 0(ZI,LI,λ1,...,λr ) → H 0(Z i ,Li,a) is an isomor-
phism.

(2) The isomorphism in (1) induces the B-module isomorphism

H 0(ZI,LI,λ1,...,λr )
∼= H 0(Z i ,Li,a)⊗C−µ,

where µ is the weight defined by

µ=

r∑
j=1

∑
s∈[n]\{ik,l |1≤k≤ j,1≤l≤Nk}

d j,s$s .

To prove the theorem, we recall the following lemma.

Lemma 2.21 [Jantzen 2003, II.14.5.(a)]. Let ϕ : Y → X be a dominant and
projective morphism of noetherian and integral schemes such that ϕ induces an
isomorphism C(X)−→∼ C(Y ) of function fields. If X is normal, then ϕ∗OY =OX .

Proof of Theorem 2.20. (1) Because of Propositions 2.3 and 2.7, the morphism
η= ηi,I : Z i→ ZI satisfies all the conditions in Lemma 2.21. Hence we have that

(2-27) η∗OZ i =OZI .

Then we have the following:

η∗(η
∗LI,λ1,...,λr )= η∗(OZ i ⊗OZ i

η∗LI,λ1,...,λr )

∼= η∗OZ i ⊗OZI
LI,λ1,...,λr (by [Hartshorne 1977, Exercise II.5.1(d)])

=OZI ⊗OZI
LI,λ1,...,λr (by (2-27))

= LI,λ1,...,λr .

Taking global sections we have an isomorphism between H 0(ZI,LI,λ1,...,λr ) and
H 0(Z i , η

∗

i,ILI,λ1,...,λr ) as C-vector spaces. And the later one is isomorphic to
H 0(Z i ,Li,a) as C-vector spaces by Proposition 2.10.

(2) Note that there is a bijective correspondence between the set H 0(ZI,LI,λ1,...,λr )

of holomorphic sections and the set of morphisms f : PI→ C satisfying

(2-28) f ((p1, . . . , pr ) · (b1, . . . , br ))= eλ1(b1) · · · eλr (br ) f (p1, . . . , pr )

for (p1, . . . , pr ) ∈ PI and (b1, . . . , br ) ∈ Br . Indeed, a morphism f defines a
section [p1, . . . , pr ] 7→ [p1, . . . , pr , f (p1, . . . , pr )]. Using C and C ′ defined in
the proof of Proposition 2.10 (see (2-18) and (2-22)), for a morphism f satisfying
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(2-28), we associate a morphism f̃ : Pi → C

f̃ ((pk,l)k,l)= C ′C f
( N1∏

l=1

p1,l, . . . ,

Nr∏
l=1

pr,l

)
which also gives a section in H 0(Z i ,Li,a). Actually, this association is the isomor-
phism in (1).

On the other hand, the left action of PI1 on ZI and that of Pi1,1 on Z i given
in (2-26) define actions of B on the sets of holomorphic sections. For b ∈ B,
f : PI→ C, and f̃ : Pi → C, we set

(b · f )(p1, . . . , pr ) := f (b−1 p1, p2, . . . , pr ),

(b · f̃ )((pk,l)k,l) := f̃ (b−1 p1,1, p1,2, . . . , p1,N1, . . . , pr,Nr ).

Recall from (2-22) that C ′ is the product of ed j,s$s (ζ( j, s))−1. For each s ∈ [n] and
j ∈ [r ], by (2-20), the following three conditions are equivalent:

• p1,1 is involved in ζ( j, s);

• k( j, s)= 0;

• s ∈ [n] \ {i1,1, . . . , i1,N1, . . . , i j,N j }.

Using this observation, we obtain that

(b · f̃ )((pk,l)k,l)

= f̃ (b−1 p1,1, p1,2, . . . , p1,N1, . . . , pr,Nr )

=

( r∏
j=1

∏
s∈[n]\{ik,l |1≤k≤ j,1≤l≤Nk}

ed j,s$s (b)
)

C ′C f
(

b−1
N1∏

l=1

p1,l, . . . ,

Nr∏
l=1

pr,l

)
= eµ(b)

(
b̃ · f ((pk,l)k,l)

)
,

where C and C ′ are values determined by (pk,l)k,l , and µ is the weight given in the
statement. This proves the desired equality b̃ · f = e−µ(b)(b · f̃ ). �

As a direct consequence of Theorem 2.20(1) and Lemma 2.19 we have the
following theorem.

Theorem 2.22. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n], and let
i = (ik,l)1≤k≤r,1≤l≤Nk ∈ [n]

N1+···+Nr be a sequence such that (ik,1, . . . , ik,Nk ) is a
reduced word for the longest element in WIk for 1≤ k ≤ r . Let ηi,I : Z i→ ZI be the
birational morphism defined in Proposition 2.7. Then for integral dominant weights
λk , 1≤ k≤r , a valuation v on C(ZI), and a nonzero section τ ∈H 0(ZI,LI,λ1,...,λr ),
we have the equality

1(ZI,LI,λ1,...,λr , v, τ )=1(Z i , η
∗

i,ILI,λ1,...,λr , v, η
∗

i,Iτ).
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Remark 2.23. Even if the line bundle L= LI,λ1,...,λr is very ample, the pullback
bundle η∗i,IL is not necessarily very ample when ZI is not a Bott–Samelson variety
(see Remark 2.12). Therefore the real dimension of Newton–Okounkov body
1(Z i , η

∗

i,IL, v) can possibly be smaller than the complex dimension of Z i as is
mentioned in Remark 2.16. However, by Theorem 2.22, when L is very ample, we
can see that

dimR1(Z i , η
∗

i,IL, v)= dimR1(ZI,L, v)= dimC ZI = dimC Z i

for any valuation v which has one-dimensional leaves.

By Theorem 2.22 and [Fujita 2018, Corollary 5.4], we have the following
corollary.

Corollary 2.24. Suppose that the line bundle LI,λ1,...,λr constructed by weights
λ1, . . . , λr is very ample. Then, the Newton–Okounkov body1(ZI,LI,λ1,...,λr ,v

high
i )

is a rational convex polytope of real dimension equal to the complex dimension
of ZI .

3. Applications to representation theory

In this section, we give applications of Newton–Okounkov bodies of flag Bott–
Samelson varieties to representation theory, using the theory of generalized string
polytopes introduced in [Fujita 2018]. We restrict ourselves to a specific class of
flag Bott–Samelson varieties ZI , that is, to the case of a sequence I = (I1, . . . , Ir )

of subsets of [n] such that I1 = [n]. In this case, we have PI1 = P[n] = G. Hence
the space H 0(ZI,LI,λ1,...,λr ) of global sections has a natural G-module structure.
Let

χ(H) := Z$1+ · · ·+Z$n

be the character lattice, and let

χ+(H) := Z≥0$1+ · · ·+Z≥0$n

be the set of integral dominant weights. Fix nonzero elements ei ∈ gαi , fi ∈ g−αi for
i ∈ [n]. For λ ∈ χ+(H), let V (λ) denote the irreducible highest weight G-module
over C with the highest weight λ, and let vλ ∈ V (λ) be a highest weight vector.
Recall that every finite-dimensional irreducible G-module is isomorphic to V (λ) for
some λ ∈ χ+(H), see [Humphreys 1975, §31.3], and that every finite-dimensional
G-module is completely reducible, that is, isomorphic to a direct sum of irreducible
G-modules (see [Humphreys 1975, §14.3]). For λ1, . . . , λr ∈ χ+(H), we denote
by τI,λ1,...,λr ∈ H 0(ZI,LI,λ1,...,λr ) the section corresponding to τi,a ∈ H 0(Z i ,Li,a)

under the isomorphism in Theorem 2.20 (1), where τi,a is the section defined in
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[Fujita 2018, §2.3]. Let π≥2 : R
N1+···+Nr � RN2+···+Nr be the canonical projection

given by π≥2((xk,l)1≤k≤r,1≤l≤Nk ) := (xk,l)2≤k≤r,1≤l≤Nk , and set

1̂i,λ1,...,λr := π≥2
(
−1(ZI,LI,λ1,...,λr , v

high
i , τI,λ1,...,λr )

)
.

Since 1(ZI,LI,λ1,...,λr , v
high
i , τI,λ1,...,λr ) is a rational convex polytope, the image

1̂i,λ1,...,λr is also a rational convex polytope. The following is the main result in
this section.

Theorem 3.1. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n] such that
I1 = [n], and fix i = (i1,1, . . . , i1,N1, . . . , ir,1, . . . , ir,Nr ) ∈ [n]

N1+···+Nr such that
(ik,1, . . . , ik,Nk ) is a reduced word for the longest element in WIk for 1≤ k ≤ r . For
λ1, . . . , λr ∈ χ+(H), write

H 0(ZI,LI,λ1,...,λr )
∗
'

⊕
ν∈χ+(H)

V (ν)⊕cνI,λ1,...,λr

as a G-module. Then, the multiplicity cνI,λ1,...,λr
equals the cardinality of{

x = (xk,l)2≤k≤r,1≤l≤Nk ∈ 1̂i,λ1,...,λr ∩ZN2+···+Nr

∣∣∣
λ1+ · · ·+ λr −

∑
2≤k≤r,1≤l≤Nk

xk,lαik,l = ν

}
.

Remark 3.2. Since1(ZI,LI,λ1,...,λr , v
high
i , τI,λ1,...,λr )=1(Z i ,Li,a, v

high
i , τi,a) by

Theorem 2.22, it is natural to ask why we consider not only Z i but also ZI . The
reason is that the space H 0(Z i ,Li,a) of global sections does not have a natural G-
module structure because Z i is not a G-variety. The theory of flag Bott–Samelson
varieties gives a natural framework to relate the usual Bott–Samelson variety Z i
with G-modules.

In order to prove Theorem 3.1, we use the theory of crystal bases, see [Kashiwara
1995] for a survey on this topic. Lusztig [1990; 1991; 1993] and Kashiwara
[1991] constructed a specific C-basis of V (λ) via the quantized enveloping algebra
associated with g. This is called (the specialization at q = 1 of) the lower global
basis (= the canonical basis), and denoted by {G low

λ (b) | b∈B(λ)}⊂ V (λ). See, for
example, [Kashiwara 1995, §12] for the definition of G low

λ (b). In this manuscript,
we put “low” to emphasize that we are considering the lower global basis while
Kashiwara [1995] denoted it by Gλ(b). The index set B(λ) is endowed with specific
maps

wt : B(λ)→ χ(H), εi , ϕi : B(λ)→ Z≥0,

ẽi , f̃i : B(λ)→ B(λ)∪ {0} for i ∈ [n],
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which have the following properties:

wt(bλ)= λ,

wt(ẽi b)= wt(b)+αi if ẽi b 6= 0,

wt( f̃i b)= wt(b)−αi if f̃i b 6= 0,

εi (b)=max{k ∈ Z≥0 | ẽk
i b 6= 0},

ϕi (b)=max{k ∈ Z≥0 | f̃ k
i b 6= 0},

ei ·G low
λ (b) ∈ C∗G low

λ (ẽi b)+
∑

b′∈B(λ);wt(b′)=wt(b)+αi
ϕi (b′)>ϕi (b)+1

CG low
λ (b′),

fi ·G low
λ (b) ∈ C∗G low

λ ( f̃i b)+
∑

b′∈B(λ);wt(b′)=wt(b)−αi
εi (b′)>εi (b)+1

CG low
λ (b′)

for i ∈ [n] and b ∈B(λ), where C∗=C\{0}, and bλ ∈B(λ) is defined as G low
λ (bλ)∈

C∗vλ, called the highest element. We call B(λ) the crystal basis for V (λ), which
satisfies the axiom of crystals, see [Kashiwara 1993, Definition 1.2.1] for the
definition of crystals. The operations ẽi and f̃i are called the Kashiwara operators.

Definition 3.3 (see [Kashiwara 1995, §4.2]). The crystal graph of a crystal B is
the [n]-colored, directed graph with vertex set B whose directed edges are given
by: b

i
−→ b′ if and only if b′ = f̃i b.

In this paper, we identify a crystal B with its crystal graph. By [Kashiwara
1991, Theorem 3], for a G-module V = V (ν1)⊕ · · · ⊕ V (νM), the crystal graph
of the corresponding crystal basis B(V ) is the disjoint union of the crystal graphs
B(ν1), . . . ,B(νM).

Proposition 3.4 (see [Kashiwara 1993, Proposition 3.2.3]). Let i = (i1, . . . , ir ) ∈

[n]r be a reduced word for w ∈W , and λ ∈ χ+(H). Then, the subset

Bw(λ) :=
{

f̃ x1
i1
· · · f̃ xr

ir
bλ | x1, . . . , xr ∈ Z≥0

}
\ {0} ⊂ B(λ)

is independent of the choice of a reduced word i .
The subset Bw(λ) is called a Demazure crystal.

Example 3.5. Let G = SL(3), and λ= α1+α2=$1+$2. Then, the crystal graph
of B(λ) is given as follows:

◦
2
// ◦

2
// ◦

1

!!
bλ ◦

1
;;

2

##

◦

◦
1
// ◦

1
// ◦

2
==
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In addition, for w = s2s1 ∈ W , the following directed graph gives the Demazure
crystal Bw(λ):

◦
2
// ◦

2
// ◦

bλ ◦

1
==

2

!!
◦

The following is an immediate consequence of [Kashiwara 1993, Proposi-
tion 3.2.3].

Lemma 3.6. Let i = (i1, . . . , iN ) ∈ [n]N be a reduced word for the longest element
w0 ∈W . Then, the following equalities hold for all λ ∈ χ+(H):

B(λ)= Bw0(λ)=
{

f̃ x1
i1
· · · f̃ xN

iN
bλ | x1, . . . , xN ∈ Z≥0

}
\ {0}.

In particular, the following equality holds for all w ∈W :{
f̃ x1
i1
· · · f̃ xN

iN
b | x1, . . . , xN ∈ Z≥0, b ∈ Bw(λ)

}
\ {0} = B(λ).

For two crystals B1,B2, we can define another crystal B1⊗B2, called the tensor
product of B1 and B2, see [Kashiwara 1993, §1.3] for the definition. For λ1, . . . , λr ∈

χ+(H), the tensor product B(λ1)⊗ · · ·⊗B(λr ) is identical to the crystal basis for
the tensor product module V (λ1)⊗ · · ·⊗ V (λr ) by [Kashiwara 1991, Theorem 1].
Let us recall the definitions of generalized Demazure crystals and generalized string
polytopes.

Definition 3.7 (see [Lakshmibai et al. 2002, §1.2]). Let i = (i1, . . . , ir ) ∈ [n]r be
an arbitrary word, and a = (a1, . . . , ar ) ∈ Zr

≥0. We define

Bi,a ⊂ B(a1$i1)⊗ · · ·⊗B(ar$ir )

to be the subset{
f̃ x1
i1

(
ba1$i1

⊗ f̃ x2
i2

(
ba2$i2

⊗ · · ·⊗ f̃ xr−1
ir−1

(bar−1$ir−1
⊗ f̃ xr

ir
(bar$ir

)) · · ·
)) ∣∣

x1, . . . , xr ∈ Z≥0

}
\ {0};

this is called a generalized Demazure crystal.

Definition 3.8 [Fujita 2018, Definition 4.4]. Let i = (i1, . . . , ir ) ∈ [n]r be an
arbitrary word, and a = (a1, . . . , ar ) ∈ Zr

≥0. For b ∈ Bi,a, we set b(1) := b,

x1 :=max{x ∈ Z≥0 | ẽx
i1

b(1) 6= 0}, ẽx1
i1

b(1)= ba1$i1
⊗ b(2),

x2 :=max{x ∈ Z≥0 | ẽx
i2

b(2) 6= 0}, ẽx2
i2

b(2)= ba2$i2
⊗ b(3),

...
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xr :=max{x ∈ Z≥0 | ẽx
ir

b(r) 6= 0},

and define the generalized string parametrization �i (b) of b with respect to i by
�i (b) := (x1, . . . , xr ).

Definition 3.9 [Fujita 2018, Definition 4.7]. For an arbitrary word i ∈ [n]r and
a ∈ Zr

≥0, define a subset Si,a ⊂ Z>0×Zr by

Si,a :=
⋃
k>0

{(k, �i (b)) | b ∈ Bi,ka},

and denote by Ci,a ⊂ R≥0×Rr the smallest real closed cone containing Si,a. Let
us define a subset 1i,a ⊂ Rr by

1i,a := {x ∈ Rr
| (1, x) ∈ Ci,a};

this is called the generalized string polytope associated to i and a.

The following is a fundamental property of generalized string polytopes.

Proposition 3.10 (see [Fujita 2018, Corollaries 4.16, 5.4(3)]). The generalized
string polytope 1i,a is a rational convex polytope, and the equality �i (Bi,a) =

1i,a ∩Zr holds.

Fujita proved the following relation between the generalized string polytope and
a Newton–Okounkov body of the Bott–Samelson variety Z i .

Theorem 3.11 (see [Fujita 2018, Corollary 5.3]). Let Z i be the Bott–Samelson
variety determined by a word i ∈ [n]r , and let Li,a be the line bundle on Z i
determined by an integer vector a ∈ Zr

≥0 as in (2-14). Then we have that

1(Z i ,Li,a, v
high
i , τi,a)=−1i,a.

Remark 3.12. The combinatorial structure of generalized string polytopes is quite
complicated that even their real dimensions are not easy to be determined. By
Remark 2.23, Theorem 3.11 determines the dimensions of generalized string poly-
topes of the type 1(Z i , η

∗

i,IL, v
high
i , τi,a), where I is a sequence of subsets of [n]

and L is a very ample line bundle over ZI .

Let I = (I1, . . . , Ir ) be a sequence of subsets of [n], and fix a sequence i =
(ik,l)1≤k≤r,1≤l≤Nk ∈ [n]

N1+···+Nr such that (ik,1, . . . , ik,Nk ) is a reduced word for
the longest element in WIk for 1 ≤ k ≤ r . Given λ1, . . . , λr ∈ χ+(H), we denote
the dual PI1-module H 0(ZI,LI,λ1,...,λr )

∗ by VI,λ1,...,λr , and define Bi,λ1,...,λr ⊂

B(λ1)⊗ · · ·⊗B(λr ) to be the set of elements of the form

(3-1) f̃ x1,1
i1,1
· · · f̃

x1,N1
i1,N1

(
bλ1⊗· · ·⊗ f̃ xr−1,1

ir−1,1
· · · f̃

xr−1,Nr−1
ir−1,Nr−1

(
bλr−1⊗ f̃ xr,1

ir,1
· · · f̃ xr,Nr

ir,Nr
(bλr )

)
· · ·
)

for some x1,1, . . . , x1,N1, . . . , xr,1, . . . , xr,Nr ∈ Z≥0.
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Proposition 3.13. For λ1, . . . , λr ∈ χ+(H), let a ∈ZN1+···+Nr be the integer vector
such that Li,a ' η

∗

i,ILI,λ1,...,λr as given in Proposition 2.10, and let µ ∈ χ+(H) be
the weight defined in Theorem 2.20(2).

(1) The B-module VI,λ1,...,λr is naturally isomorphic to Cµ⊗ Vi,a, where Vi,a is
the generalized Demazure module defined in [Lakshmibai et al. 2002, §1.1].

(2) There is a natural bijective map

Bi,λ1,...,λr −→
∼ bµ⊗Bi,a

compatible with the crystal structures.

(3) The crystal graph of Bi,λ1,...,λr is identical to that of Bi,a.

Proof. (1) The assertion is an immediate consequence of Theorem 2.20 and [Lak-
shmibai et al. 2002, Theorem 6].

(2) For λ,µ ∈ χ+(H), the crystal basis B(λ+µ) can be regarded as a connected
component of B(λ)⊗B(µ) by identifying bλ+µ with bλ⊗bµ (see [Kashiwara 1995,
§4.5]). If we identify bλ with bλ−〈λ,α∨i 〉$i ⊗ b〈λ,α∨i 〉$i for i ∈ [n] and λ ∈ χ+(H),
then the definition of tensor product crystals implies that

f̃ a
i bλ = bλ−〈λ,α∨i 〉$i ⊗ f̃ a

i b〈λ,α∨i 〉$i for all a ∈ Z≥0

(see [Fujita 2018, Appendix A]). Hence it follows that

f̃ x1,1
i1,1
· · · f̃

x1,N1
i1,N1

(bλ1 ⊗ b)

= bλ1−
∑

1≤l≤N1
µl ⊗ f̃ x1,1

i1,1

(
bµ1 ⊗ f̃ x1,2

i1,2

(
bµ2 ⊗ · · ·⊗ f̃

x1,N1
i1,N1

(bµN1
⊗ b) · · ·

))
for b ∈ Bi≥2,λ2,...,λr and x1,1, . . . , x1,N1 ∈ Z≥0, where

µl :=

{
〈λ1, α

∨

i1,l
〉$i1,l if l =max{1≤ q ≤ N1 | i1,q = i1,l},

0 otherwise

for 1≤ l ≤ N1, and i≥2 := (ik,l)2≤k≤r,1≤l≤Nk . By repeating this deformation, all the
elements of the form (3-1) can be naturally written as elements in bµ⊗Bi,a. This
proves part (2).

(3) Let us prove that ẽi (bµ ⊗ b) = bµ ⊗ ẽi b for all i ∈ [n] and b ∈ Bi,a. By the
definition of Bi,a, we have

wt(b)−wt(b′) ∈
∑

j∈{ik,l |1≤k≤r, 1≤l≤Nk}

Zα j

for all b, b′ ∈ Bi,a. Hence Bi,a does not have edges labeled by

j /∈ {ik,l | 1≤ k ≤ r, 1≤ l ≤ Nk}.
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From this, we may assume that i ∈ {ik,l | 1 ≤ k ≤ r, 1 ≤ l ≤ Nk}. Then, we have
〈µ, α∨i 〉 = 0 by the definition of µ, which implies by the definition of tensor product
crystals that ẽi (bµ⊗ b) = bµ⊗ ẽi b. Thus, we have proved that the crystal graph
of bµ⊗Bi,a is identical to that of Bi,a. Then, part (3) follows immediately from
part (2). �

Proposition 3.13 implies that all the results in [Lakshmibai et al. 2002] for Vi,a
and Bi,a are applicable also for VI,λ1,...,λr and Bi,λ1,...,λr .

Proposition 3.14. The set Bi,λ1,...,λr depends only on I, λ1, . . . , λr , that is, does
not depend on the choice of i .

Proof. We proceed by induction on r . If r = 1, then the assertion is an immedi-
ate consequence of Proposition 3.4. Assume that r ≥ 2, and that Bi≥2,λ2,...,λr is
independent of the choice of i≥2. By [Lakshmibai et al. 2002, Theorem 2] and
Proposition 3.13, it follows that bλ1 ⊗Bi≥2,λ2,...,λr is a disjoint union of Demazure
crystals. Hence it suffices to prove that for each connected component Bv(λ) of
bλ1 ⊗Bi≥2,λ2,...,λr the set

Bv,i1,1,...,i1,N1
(λ) :=

{
f̃ x1
i1,1
· · · f̃

xN1
i1,N1

b | x1, . . . , xN1 ∈ Z≥0, b ∈ Bv(λ)
}
\ {0}

does not depend on the choice of (i1,1, . . . , i1,N1). We define v1, . . . , vN1 ∈ W
inductively by

v1 :=

{
si1,N1

v if `(si1,N1
v) > `(v),

v if `(si1,N1
v) < `(v),

vl :=

{
si1,N1−l+1vl−1 if `(si1,N1−l+1vl−1) > `(vl−1),

vl−1 if `(si1,N1−l+1vl−1) < `(vl−1).

Then, we deduce by [Kashiwara 1993, Proposition 3.2.3 (iii)] that Bv,i1,1,...,i1,N1
(λ)=

BvN1
(λ). In addition, it follows by [Kashiwara 1993, Lemma 3.2.1 and Proposi-

tion 3.2.3 (i)] that∑
x1,...,xN1∈Z≥0

f x1
i1,1
· · · f

xN1
i1,N1

( ∑
b∈Bv(λ)

CG low
λ (b)

)
=

∑
b∈BvN1

(λ)

CG low
λ (b).

From these, we have∑
b∈Bv,i1,1,...,i1,N1

(λ)

CG low
λ (b)=

∑
x1,...,xN1∈Z≥0

f x1
i1,1
· · · f

xN1
i1,N1

( ∑
b∈Bv(λ)

CG low
λ (b)

)
;

the right hand side does not depend on the choice of (i1,1, . . . , i1,N1) by [Kashi-
wara 1993, Proposition 3.2.5(v)], which implies that the set Bv,i1,1,...,i1,N1

(λ) is also
independent. This proves the proposition. �
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We denote Bi,λ1,...,λr by BI,λ1,...,λr , which is also called a generalized Demazure
crystal. By definition, we have

BI,λ1,...,λr =
{

f̃ x1
i1,1
· · · f̃

xN1
i1,N1

(bλ1⊗b) | x1, . . . , xN1 ∈Z≥0, b∈B(I2,...,Ir ),λ2,...,λr

}
\{0}.

Assume that I1 = [n], and hence that (i1,1, . . . , i1,N1) is a reduced word for
w0 ∈ W . By [Lakshmibai et al. 2002, Theorem 2] and Proposition 3.13, the
set bλ1 ⊗B(I2,...,Ir ),λ2,...,λr is a disjoint union of Demazure crystals. Hence the sec-
ond assertion of Lemma 3.6 implies that each connected component of BI,λ1,...,λr

is of the form B(ν) for some ν ∈ χ+(H). Note that the character of VI,λ1,...,λr

equals the formal character of BI,λ1,...,λr by [Lakshmibai et al. 2002, Theorem 5
and Corollary 10] and Proposition 3.13. Since finite-dimensional G-modules are
characterized by their characters, we obtain the following.

Proposition 3.15. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n] such that
I1 = [n]. Then, the generalized Demazure crystal BI,λ1,...,λr is isomorphic to the
crystal basis for the G-module VI,λ1,...,λr . In particular, if BI,λ1,...,λr is the disjoint
union of B(ν1), . . . ,B(νM), then VI,λ1,...,λr is isomorphic to V (ν1)⊕ · · ·⊕ V (νM).

Since, by Proposition 3.13(3), the crystal graph of Bi,a is identical to that of
BI,λ1,...,λr , the generalized string parametrization �i of Bi,a can be regarded as
a parametrization of BI,λ1,...,λr . We denote 1i,a by 1i,λ1,...,λr . Then, we have
1̂i,λ1,...,λr = π≥2(1i,λ1,...,λr ) by Theorems 2.22, 3.11.

Proof of Theorem 3.1. By Proposition 3.15, the multiplicity cνI,λ1,...,λr
equals

the number of connected components of BI,λ1,...,λr isomorphic to B(ν). For b ∈
BI,λ1,...,λr , we write�i (b)= (x1,1, . . . , x1,N1, . . . , xr,1, . . . , xr,Nr ). By the definition
of �i , we have

(3-2) x1,l =max
{

x ∈ Z≥0 | ẽx
i1,l

ẽx1,l−1
i1,l−1
· · · ẽx1,1

i1,1
b 6= 0

}
for 1≤ l ≤ N1. Let Cb denote the connected component of BI,λ1,...,λr containing b.
Since I1= [n], it follows that (i1,1, . . . , i1,N1) is a reduced word for w0 ∈W . So we
deduce by [Kashiwara 1993, Proposition 3.2.3] that ẽ

x1,N1
i1,N1
· · · ẽx1,1

i1,1
b is the highest

element in Cb. Hence

(3-3)
(
0, . . . , 0, x2,1, . . . , x2,N2, . . . , xr,1, . . . , xr,Nr

)
is the generalized string parametrization of the highest element. In particular,
the surjective map BI,λ1,...,λr � 1̂i,λ1,...,λr ∩ZN2+···+Nr given by b 7→ π≥2(�i (b))
induces a bijective map

9 : {connected components of BI,λ1,...,λr } −→
∼ 1̂i,λ1,...,λr ∩ZN2+···+Nr .

In addition, for a connected component C of BI,λ1,...,λr , the weight of the highest
element in C is determined by 9(C) due to the definition of generalized string
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parametrizations (see Definition 3.8). Indeed, if

9(C)=
(
x2,1, . . . , x2,N2, . . . , xr,1, . . . , xr,Nr

)
,

then the weight of the highest element in C is given by

λ1+ · · ·+ λr −
∑

2≤k≤r, 1≤l≤Nk

xk,lαik,l

since the generalized string parametrization of this element is given by (3-3). By
these reasons, we deduce the assertion of the theorem. �

The following is an immediate consequence of the proof of Theorem 3.1.

Corollary 3.16. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n] such that
I1 = [n]. Then, the number of connected components of BI,λ1,...,λr equals the
cardinality of

1̂i,λ1,...,λr ∩ZN2+···+Nr .

Let π1 : R
N1+···+Nr � RN1 denote the canonical projection given by(
x1,1, . . . , x1,N1, . . . , xr,1, . . . , xr,Nr

)
7→ (x1,1, . . . , x1,N1).

Proposition 3.17. For x ∈ 1̂i,λ1,...,λr ∩ZN2+···+Nr , the set π1(π
−1
≥2 (x)∩1i,λ1,...,λr )

is identical to the string polytope for the connected component9−1(x) of BI,λ1,...,λr

with respect to the reduced word (i1,1, . . . , i1,N1) for w0 ∈ W ; see [Kaveh 2015,
Definition 3.5; Littelmann 1998, §1] for the definition of string polytopes.

Proof. Recall that, by Proposition 3.10, �i : BI,λ1,...,λr →1i,λ1,...,λr ∩ZN1+···+Nr is
bijective. Hence by the definition of 9, we obtain the following bijective map:

9−1(x)→ π−1
≥2 (x)∩1i,λ1,...,λr ∩ZN1+···+Nr ,

b 7→�i (b).

In addition, we see by (3-2) that π1(�i (b)) is the string parametrization of b ∈
9−1(x) with respect to the reduced word (i1,1, . . . , i1,N1); see [Littelmann 1998,
§1; Kaveh 2015, Definition 3.2] for the definition of string parametrizations. From
these, we obtain the assertion of the proposition. �

Remark 3.18. Kaveh and Khovanskii [2012a] gave a general framework to describe
multiplicities of irreducible representations by using the Newton–Okounkov bodies.
Our results give concrete constructions of convex bodies appearing in [Kaveh
and Khovanskii 2012a]. Indeed, by the proof of Theorem 3.1 and [Fujita 2018,
Theorem 5.2], it is not hard to prove that the rational convex polytope 1̂i,λ1,...,λr is
identical to the multiplicity convex body 1̂G(A) in [Kaveh and Khovanskii 2012a,
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§4.1] for the valuation vhigh
i , where

A :=
⊕
k≥0

H 0(ZI,L⊗k
I,λ1,...,λr

).

From this and Proposition 3.17, we deduce that the generalized string polytope
1i,λ1,...,λr equals the string convex body 1̃(A) in [Kaveh and Khovanskii 2012a,
§5.2].

In representation theory, it is a fundamental problem to determine the G-module
structure of the tensor product module V (λ)⊗ V (µ), which is equivalent to deter-
mining the multiplicity cνλ,µ of V (ν) in V (λ)⊗ V (µ). Berenstein and Zelevinsky
[2001, Theorems 2.3, 2.4] describes the multiplicity cνλ,µ as the number of lattice
points in some explicit rational convex polytope. In the following, we see that
Theorem 3.1 gives a different approach to such polyhedral expressions for cνλ,µ. Let
us consider the case I = ([n], [n]). In this case, the flag Bott–Samelson variety ZI
is identical to G×B G/B, and the following map is an isomorphism of varieties:

ZI −→∼ G/B×G/B, [g1, g2] 7→ (g1 B/B, g1g2 B/B);

the inverse map is given by (g1 B/B, g2 B/B) 7→ [g1, g−1
1 g2]. It is easily seen that

under the isomorphism ZI ' G/B × G/B, the G-action on ZI coincides with
the diagonal action on G/B×G/B, and the line bundle LI,λ,µ corresponds to the
direct product of Lλ and Lµ, where Lν denotes the line bundle L([n]),ν over G/B
for ν ∈ χ+(H). Hence we obtain the following isomorphisms of G-modules:

H 0(ZI,LI,λ,µ)
∗
' H 0(G/B×G/B,Lλ×Lµ)∗

' H 0(G/B,Lλ)∗⊗ H 0(G/B,Lµ)∗

' V (λ)⊗ V (µ),

by the Borel–Weil theorem (see [Jantzen 2003, Corollary II.5.6]). If we write

V (λ)⊗ V (µ)'
⊕

ν∈χ+(H)

V (ν)⊕cνλ,µ

as a G-module, then we obtain the following by Theorem 3.1:

Theorem 3.19. Let I = ([n], [n]), and let (i1, . . . , iN ), ( j1, . . . , jN ) ∈ [n]N be
reduced words for w0 ∈ W . Then, the tensor product multiplicity cνλ,µ equals the
cardinality of{

(y1, . . . , yN ) ∈ 1̂i,λ,µ ∩ZN
∣∣∣ λ+µ− ∑

1≤l≤N

ylα jl = ν

}
,

where i := (i1, . . . , iN , j1, . . . , jN ).
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y1

y3

Figure 1. The polytope 1̂i,λ,µ in Example 3.20.

Example 3.20. Let G = SL(3), I = ([2], [2]), and i = (1, 2, 1, 1, 2, 1). By [Fujita
2018, Corollary 4.15], the generalized string polytope 1i,λ,µ is identical to the set
of (x1, x2, x3, y1, y2, y3) ∈ R6

≥0 satisfying the following inequalities:

0≤ y3 ≤min{λ2, µ1},

y3 ≤ y2 ≤ y3+µ2,

y2− λ2 ≤ y1 ≤min{λ1, y2− 2y3+µ1},

max{y3− λ2,−y1+ y2− λ2} ≤ x3 ≤−2y1+ y2− 2y3+ λ1+µ1,

x3 ≤ x2 ≤ x3+ y1− 2y2+ y3+ λ2+µ2,

0≤ x1 ≤ x2− 2x3− 2y1+ y2− 2y3+ λ1+µ1,

where λi := 〈λ, α
∨

i 〉 and µi := 〈µ, α
∨

i 〉 for i = 1, 2. Hence the polytope 1̂i,λ,µ is
identical to the set of (y1, y2, y3) ∈ R3

≥0 satisfying the following inequalities:

0≤ y3 ≤min{λ2, µ1},

y3 ≤ y2 ≤ y3+µ2,

y2− λ2 ≤ y1 ≤min{λ1, y2− 2y3+µ1}.

We deduce by Theorem 3.19 that the tensor product multiplicity cνλ,µ equals the
cardinality of (y1, y2, y3) ∈ 1̂i,λ,µ ∩Z3 such that λ+µ− (y1+ y3)α1− y2α2 = ν.

If λ=µ=$1+$2, then the polytope 1̂i,λ,µ is identical to the set of (y1, y2, y3)∈

R3
≥0 satisfying the following inequalities:

0≤ y3 ≤ 1, y3 ≤ y2 ≤ y3+ 1, y2− 1≤ y1 ≤min{1, y2− 2y3+ 1};

see Figure 1. Hence we deduce that

V ($1+$2)
⊗2
' V (2$1+ 2$2)⊕ V (3$1)⊕ V (3$2)⊕ V ($1+$2)

⊕2
⊕ V (0).



FLAG BOTT–SAMELSON VARIETIES 175

Theorem 3.1 can be applied to a more general class of representations than
[Berenstein and Zelevinsky 2001]. We next consider the case I= ([n], [n], . . . , [n])
(an r -tuple). In this case, we have

ZI = G×B G×B · · · ×B G︸ ︷︷ ︸
r

/B,

and this is isomorphic to (G/B)r :=G/B×G/B×· · ·×G/B (r factors) as follows:

ZI −→∼ (G/B)r , [g1, g2, . . . , gr ] 7→
(
g1 B/B, g1g2 B/B, . . . , g1g2 · · · gr B/B

)
;

the inverse map is given by(
g1 B/B, g2 B/B, . . . , gr B/B

)
7→
[
g1, g−1

1 g2, g−1
2 g3, . . . , g−1

r−1gr
]
.

As in the case r = 2, under the isomorphism ZI ' (G/B)r , the G-action on
ZI coincides with the diagonal action on (G/B)r , and the line bundle LI,λ1,...,λr

corresponds to the direct product of Lλ1, . . . ,Lλr . From this, we have the following
isomorphisms of G-modules:

H 0(ZI,LI,λ1,...,λr )
∗
' H 0((G/B)r ,Lλ1 × · · ·×Lλr )

∗

' H 0(G/B,Lλ1)
∗
⊗ · · ·⊗ H 0(G/B,Lλr )

∗

' V (λ1)⊗ · · ·⊗ V (λr ).

If we write
V (λ1)⊗ · · ·⊗ V (λr )'

⊕
ν∈χ+(H)

V (ν)⊕cνλ1,...,λr

as a G-module, then Theorem 3.1 implies the following.

Corollary 3.21. Let I = ([n], [n], . . . , [n]), an r-tuple, and take reduced words
(ik,1, . . . , ik,N )∈ [n]N, 1≤ k ≤ r , for w0 ∈W . Then, the multiplicity cνλ1,...,λr

equals
the cardinality of{

x = (xk,l)2≤k≤r,1≤l≤N ∈ 1̂i,λ1,...,λr ∩Z(r−1)N
∣∣∣

λ1+ · · ·+ λr −
∑

2≤k≤r,1≤l≤N

xk,lαik,l = ν

}
,

where i := (i1,1, . . . , i1,N , . . . , ir,1, . . . , ir,N ).

The following gives an application to ZI for general I which does not necessarily
start with [n]:

Corollary 3.22. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n], and set
I0 := [n]. Fix i0 = (ik,l)0≤k≤r,1≤l≤Nk ∈ [n]

N0+···+Nr such that (ik,1, . . . , ik,Nk ) is a
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reduced word for the longest element in WIk for 0 ≤ k ≤ r . Then, the number of
connected components of BI,λ1,...,λr equals the cardinality of

1̂i0,0,λ1,...,λr ∩ZN1+···+Nr .

Proof. We set I0 := (I0, I1, . . . , Ir ). By the definition of tensor product crystals, the
bijective map BI,λ1,...,λr −→

∼ b0⊗BI,λ1,...,λr , b 7→ b0⊗ b, is compatible with their
crystal structures, where we mean by b0 ∈ B(0) the element bλ for λ= 0. Hence
we may identify b0 ⊗ BI,λ1,...,λr with BI,λ1,...,λr . This implies by the definition
that the crystal basis BI0,0,λ1,...,λr is obtained from BI,λ1,...,λr by actions of f̃i ,
i ∈ [n]. By [Lakshmibai et al. 2002, proof of Theorem 2] and Proposition 3.13, all
connected components of BI,λ1,...,λr are Demazure crystals in connected components
of B(λ1)⊗ · · ·⊗B(λr ). Hence they are not joined by f̃i , i ∈ [n], since they have
different highest elements. From these, the crystal basis BI0,0,λ1,...,λr has the same
number of connected components as BI,λ1,...,λr , which implies the assertion of the
corollary by Corollary 3.16. �

4. Flag Bott–Samelson varieties and flag Bott towers

In this section, we study complex structures on the flag Bott–Samelson variety ZI ,
and its relation with a flag Bott tower in Theorem 4.10. We first recall flag Bott
manifolds introduced in [Kuroki et al. 2020]. Let M be a complex manifold and E
a holomorphic vector bundle over M . The associated flag bundle F`(E)→ M is a
fiber bundle obtained from E by replacing each fiber Ep over a point p ∈ M by the
full flag manifold F`(Ep).

Definition 4.1 [Kuroki et al. 2020, Definition 2.1]. A flag Bott tower {Fk}0≤k≤r of
height r (or an r-stage flag Bott tower) is a sequence,

Fr Fr−1 · · · F1 F0 = {a point}
pr pr−1 p2 p1

of manifolds Fk = F`
(⊕mk+1

l=1 ξ
(l)
k

)
, where ξ (l)k is a holomorphic line bundle over

Fk−1 for each 1 ≤ l ≤ mk + 1 and 1 ≤ k ≤ r . We call Fk the k-stage flag Bott
manifold of the flag Bott tower.

For example, the flag manifold F`(Cm+1) = F`(m + 1) is a 1-stage flag Bott
manifold, and the product of flag manifolds F`(m1 + 1) × · · · × F`(mr + 1)
is an r-stage flag Bott manifold. Also an r-stage Bott manifold is an r-stage
flag Bott manifold (see [Grossberg and Karshon 1994] for the definition of Bott
manifolds). We call two flag Bott towers {Fk}0≤k≤r and {F ′k}0≤k≤r isomorphic if
there is a collection of diffeomorphisms ϕ : Fk → F ′k which commutes with the
maps pk : Fk→ Fk−1 and p′k : F

′

k→ F ′k−1.
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Remark 4.2. In [Kaji et al. 2020], an iterated flag bundle whose fibers are not only
full flag manifolds of type A but also other flag manifolds of general Lie type is
considered. We recall their construction briefly. For 1≤ k ≤ r , let Kk be a compact
connected Lie group, Tk ⊂ Kk a maximal torus, and Zk ⊂ Kk the centralizer of
a circle subgroup of Tk . Recall from [Kaji et al. 2020, Definition 3.1] that an
r-stage flag Bott tower {Fk}0≤k≤r of general Lie type associated to {(Kk, Zk)}0≤k≤r

is defined recursively:

(1) F0 is a point.

(2) Fk is the flag bundle over Fk−1 with fiber Kk/Zk associated to a map

fk : Fk−1→ BKk,

where fk factors through BTk .

Here, the map fk induces the flag bundle Fk→ Fk−1 from the universal flag bundle
Kk/Zk ↪→ B Zk→ BKk .

(4-1)

Kk/Zk Kk/Zk

Fk B Zk

Fk−1 BKk

BTk

fk

Because the map fk factors through BTk , the bundle Fk is the associated Kk/Zk-
flag bundle of the sum of complex line bundles over Fk−1. A flag Bott tower
defined in Definition 4.1 is a flag Bott tower of general Lie type associated to
{(U (mk + 1), T mk+1)}0≤k≤r .

Lemma 4.3. Let M be a complex manifold and E a holomorphic vector bundle
over M. Let L be a holomorphic line bundle over M. Then we have that F`(E)∼=
F`(E ⊗L) as differentiable manifolds.

Proof. It is well-known that for a holomorphic vector bundle E→M over a smooth
manifold M and a holomorphic line bundle L→ M , there is a diffeomorphism
P(E ⊗L) ∼= P(E) (see, for example, [Choi et al. 2010, Lemma 2.1]). Since the
induced flag bundle is a sequence of projective bundles as shown in [Bott and Tu
1982, Proposition 21.15], we have a diffeomorphism F`(E)∼= F`(E ⊗L). �

The flag manifold F`(m+ 1) and an orbit space GL(m+ 1)/BGL(m+1) can be
identified. Similarly, an r-stage flag Bott manifold Fr can also be considered as
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an orbit space. We briefly review the orbit space construction of [Kuroki et al.
2020, §2.2]. Recall from [Kuroki et al. 2020, Lemma 2.12] that for a given Bott
tower {Fk}0≤k≤r such that F`(mk + 1) ↪→ Fk→ Fk−1, there is a surjective group
homomorphism:

(4-2) ψ : Zm1+1
× · · ·×Zmk+1 � Pic(Fk) for 1≤ k ≤ r.

We briefly explain the geometric meaning of the homomorphism (4-2). For the
flag bundle F`(E) p

→ M obtained by a vector bundle E of rank n over a complex
manifold M , consider the universal flag of bundles 0⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = p∗E
on F`(E). Then every element of Pic(F`(E)) can be written as a polynomial in
xi =c1(Ei/Ei−1) for 1≤ i≤n with coefficients in Pic(M) (see, for example, [Fulton
1998, Example 3.3.5]). Because Fk is an iterated flag bundle, applying this procedure
recurrently, we obtain the homomorphism (4-2). Moreover, for ξ ∈ Pic(Fk), if we
have ξ = ψ(a1, . . . , ak), where a j is an integer vector (a j (1), . . . , a j (m j + 1)) ∈
Zm j+1 for 1≤ j ≤ k, then

(4-3) c1(ξ)=

k∑
j=1

m j+1∑
l=1

a j (l)x j,l .

Here, x j,l is the first Chern class of the quotient bundle E j,l/E j,l−1 obtained by the
universal flag of bundles 0⊂ E j,1 ⊂ E j,2 ⊂ · · · ⊂ E j,m j+1 on Fj .1

Suppose that c1(ξ
(k)
l ) is determined by a set of integer vectors

{a(l)k, j ∈ Zm j+1
}1≤l≤mk+1, 1≤ j<k≤r .

Then

ψ(a(l)k,1, a(l)k,2, . . . , a(l)k,k−1)= ξ
(l)
k → Fk−1

for each 1≤ l ≤mk+1 and 2≤ k ≤ r . Using this set of integer vectors, we define a
right action 8k of BGL(m1+1)×· · ·× BGL(mk+1) on GL(m1+1)×· · ·×GL(mk+1)
as

8k((g1, . . . , gk), (b1, . . . , bk))

:=
(
g1b1,32,1(b1)

−1g2b2,33,1(b1)
−133,2(b2)

−1g3b3, . . . ,

3k,1(b1)
−13k,2(b2)

−1
· · ·3k,k−1(bk−1)

−1gkbk
)

1The classes x j,l generate the cohomology H2(Fj ;Z) with the relations x j,1+ · · ·+ x j,m j+1 =

c1(ξ
( j)
1 )+ · · · + c1(ξ

( j)
m j+1) for 1 ≤ j ≤ k (see [Fulton 1998, Example 3.3.5] or [Kaji et al. 2020,

Corollary 2.4]).
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for 1≤ k ≤ r . Here 3k, j is a homomorphism BGL(m j+1)→ HGL(mk+1) which sends
b ∈ BGL(m j+1) to

diag
(
ϒ(b)a

(1)
k, j , ϒ(b)a

(2)
k, j , . . . , ϒ(b)a

(mk+1)
k, j

)
∈ HGL(mk+1),

where ϒ : BGL(m j+1)→ HGL(m j+1) is the canonical projection in (2-9), and

ha
:= ha(1)

1 ha(2)
2 · · · ha(m+1)

m+1

for h = diag(h1, . . . , hm+1) ∈ HGL(m+1) and a = (a(1), . . . , a(m + 1)) ∈ Zm+1.
Now we can describe the flag Bott manifold Fr as an orbit space as follows:

Proposition 4.4 [Kuroki et al. 2020, Propositions 2.8 and 2.11]. Let {Fk}0≤k≤r be
a flag Bott tower. Suppose that c1(ξ

(k)
l ) is determined by a set of integer vectors

{a(l)k, j ∈ Zm j+1
}1≤l≤mk+1,1≤ j<k≤r and let 8k be the action determined by these

integer vectors. Then the flag Bott tower {Fk}0≤k≤r is isomorphic to{(
GL(m1+ 1)× · · ·×GL(mk + 1)

)
/8k

}
0≤k≤r

as flag Bott towers.

A Bott–Samelson variety has a family of complex structures which gives a toric
degeneration (see [Grossberg and Karshon 1994, §3.4; Pasquier 2010]). Now we
study a family of complex structures on a given flag Bott–Samelson variety. Since
the simple roots are linearly independent elements in h∗, there exist q ∈ Z>0 and
an injective homomorphism λ : C∗→ H such that

(4-4) eα(λ(t))= tq

for all simple roots α and t ∈ C∗. Here eα : H → C∗ is a character induced
from α : h→ C. For example, when G = SL(2k + 1) and q = 1, consider the
homomorphism λ : C∗→ H defined by

(4-5) λ : t 7→ diag
(
tk, tk−1, . . . , t, 1, t−1, . . . , t−k+1, t−k).

Then this homomorphism satisfies the condition on (4-4). We define ϒt : B→ B by

ϒt : b 7→ λ(t)b(λ(t))−1

for t ∈ C∗. It is proved in [Grossberg and Karshon 1994, Proposition 3.5] that
ϒ = limt→0ϒt , where ϒ : B→ H is the homomorphism in (2-9). We put ϒ0 :=ϒ .

Example 4.5. Suppose that G = SL(3) and q = 1. Considering the homomorphism
λ : C∗→ H defined in (4-5), the homomorphism ϒt : B→ B is given byb11 b12 b13

0 b22 b23

0 0 b33

 7→
b11 tb12 t2b13

0 b22 tb23

0 0 b33

.



180 NAOKI FUJITA, EUNJEONG LEE AND DONG YOUP SUH

Hence we have that limt→0ϒt = ϒ .

We use the homomorphism ϒt : B → B to construct a family of complex
structures on the flag Bott–Samelson manifold ZI = PI/Br . For t ∈ C, we define
a right action 2t of Br on PI as

(4-6) 2t((p1, . . . , pr ), (b1, . . . , br ))

=
(

p1b1, ϒt(b1)
−1 p2b2, . . . , ϒt(br−1)

−1 pr br
)

for (p1, . . . , pr ) ∈ PI and (b1, . . . , br ) ∈ Br . Then 21 coincides with the right
action in (2-2) because λ(1)= e ∈ H and hence ϒ1 = IdB . Again we consider the
family of orbit spaces

Z t
I := PI/2t

for t ∈ C. The holomorphic line bundle Lt
I,λ1,...,λr

over Z t
I can be defined in a way

similar to LI,λ1,...,λr in (2-10) for integral weights λ1, . . . , λr . Set Lt
I,λ :=Lt

I,0,...,0,λ
for simplicity.

Proposition 4.6. For a given sequence I = (I1, . . . , Ir ), the manifolds Z t
I are all

diffeomorphic for t ∈ C.

Proof. We use the similar argument to the proof of Proposition 3.7 in [Grossberg
and Karshon 1994]. Let K I j be the maximal compact subgroup of PI j . Let T be
the maximal compact torus in G, i.e., T = (S1)n . Recall that K I j ∩ B = T . Define
a right action of T (r)

:= T × T × · · ·× T (r factors) on KI := K I1 × · · ·× K Ir as

(4-7) (g1, . . . , gr ) · (a1, . . . , ar )= (g1a1, a−1
1 g2a2, . . . , a−1

r−1gr ar ).

Let XI be the orbit space

(4-8) XI := (K I1 × · · ·× K Ir )/(T × · · ·× T ).

The inclusion map

KI = K I1 × · · ·× K Ir ↪→ PI = PI1 × · · ·× PIr

is T (r)-equivariant with respect to the T (r)-action of (4-7) on KI and the restricted
T (r)-action of (4-6) on PI via the inclusion T (r) ↪→ Br because ϒt(a)= a for all
a ∈ T . Therefore we get a map

(4-9) f t
I : XI→ Z t

I .

Since, for all k, the inclusion K Ik ↪→ PIk induces a diffeomorphism K Ik/T ∼= PIk/B,
the map f t

I is a diffeomorphism. �

The manifold Z t
I has a fibration structure, similar to a flag Bott–Samelson

manifold in (2-3):

(4-10) PIr /B ↪→ Z t
I
π
→ Z t

I ′,
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where I ′= (I1, . . . , Ir−1) is the subsequence of I and π is the first r−1 coordinates
projection for all t ∈ C.

Let I = (I1, . . . , Ir−1, Ir ) and I ′ = (I1, . . . , Ir−1). We note that the orbit space
XI has a bundle structure.

XI = PI ′ ×T (K Ir /T ) K Ir /T

XI ′

Because the structure group T of this bundle is an abelian group, the map fk inducing
the flag bundle XI→ XI ′ from the universal flag bundle factors through BT .

K Ir /T K Ir /T

XI BT

XI ′ BK Ir

BT

fk

Continuing this procedure, we obtain the following corollary.

Corollary 4.7. The manifold XI is an r-stage flag Bott tower of general Lie type
associated to {(K I j , T )}0≤ j≤r , and so are Z t

I for all t ∈ C (see Remark 4.2 for the
definition of flag Bott towers of general Lie type).

For the remaining part of this section, we consider the case when the Levi
subgroup L Ik of the parabolic subgroup PIk has Lie type A, that is, the flag Bott
tower XI is a flag Bott manifold whose fibers are all full flag manifolds of Lie type A.
Moreover, we describe the line bundles appearing in the construction explicitly (see
Theorem 4.10). We can always take an enumeration Ik = {uk,1, . . . , uk,mk } so that

(4-11) 〈αuk,s , α
∨

uk,t
〉 =


2 if s = t,
−1 if s− t =±1,
0 otherwise.

Proposition 4.8. Let ZI be a flag Bott–Samelson manifold. Let I ′ = (I1, . . . , Ir−1)

be the subsequence of I. Assume that the Levi subgroup L Ik of the parabolic sub-
group PIk has Lie type Amk for all 1≤ k ≤ r . Then the manifold Z0

I is diffeomorphic
to the induced flag bundle over Z0

I ′ :

Z0
I
∼= F`

(
L0
I ′,χ1
⊕ · · ·⊕L0

I ′,χmr
⊕C

)
,
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where χ j = αur, j + · · · + αur,mr
∈ h∗ for 1 ≤ j ≤ mr , L0

I ′,χ = L0
I ′,0,...,0,χ , and C is

the trivial line bundle.

Before proving the proposition, we observe the following. Suppose that the Levi
subgroup L I of the parabolic subgroup PI for a subset I ⊂ [n] has Lie type Am .
Then we can label the elements of I as u1, . . . , um which satisfy the relation (4-11).
Also we have the group homomorphism F : SL(m + 1)→ L I ↪→ PI . Then the
map F induces the homomorphism F∗ : hSL(m+1)→ h. We label the coroots of
SL(m+ 1) as β∨1 , β

∨

2 , . . . , β
∨
m so that F∗ sends β∨l to α∨ul

for 1≤ l ≤ m. Then we
have that

〈F∗λ, β∨l 〉 = 〈λ, F∗β∨l 〉 = 〈λ, α
∨

ul
〉

for a weight λ ∈ h∗ and 1≤ l ≤ m. Here, we note that F∗λ= λ ◦ F for λ ∈ h∗. Let
$1,$2, . . . ,$m ∈ h

∗

SL(m+1) be the fundamental weights. Then the pullback F∗λ
is given by

(4-12) F∗λ=
m∑

l=1

〈λ, α∨ul
〉$l ∈ h

∗

SL(m+1).

Proof of Proposition 4.8. We write I = Ir , m = mr , and u j = ur, j for 1≤ j ≤ m.
Note that we have PI = L I UI (see Section 2A). Since we have an isomorphism of
varieties

PI /B = (L I UI )/B = L I /(B ∩ L I )= L I /BI ,

we get a diffeomorphism

F1 : SL(m+ 1)/BSL(m+1)→ PI /B.

Moreover, the map which sends an element g in SL(m+1) to a full flag (V1 ( V2 (
· · ·( Vm), where Vl = 〈c1, . . . , cl〉 and cl is the l-th column vector of g, descends
to a diffeomorphism

F2 : SL(m+ 1)/BSL(m+1)→ F`(m+ 1).

The map F2 is equivariant with respect to the following actions of the torus
HSL(m+1): each element

h = diag(h1, h2, . . . , hm+1) ∈ HSL(m+1)

acts on SL(m + 1)/BSL(m+1) by the left multiplication, and on F`(m + 1) as the
induced action from the representation space Cm+1 with weights

(4-13)
(
$1,−$1+$2, . . . ,−$m−1+$m,−$m

)
,

namely h · v = (h1v1, h2v2, . . . , hm+1vm+1) for v = (v1, . . . , vm+1) ∈ Cm+1. On
the other hand, the map F1 is equivariant with respect to the left multiplication
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actions of HSL(m+1) and of H via the homomorphism HSL(m+1)→ H given by the
map F .

By the relation (4-12) between weights in h∗ and h∗SL(m+1), we have the following:

F∗(χ j )= F∗(αu j + · · ·+αum )

=

m∑
l=1

〈αu j + · · ·+αum , α
∨

ul
〉$l

=−$ j−1+$ j +$m,

where $0 = 0 for 1 ≤ j ≤ m. Here the third equality follows by considering the
Cartan matrix of SL(m+ 1). The HSL(m+1)-representation on Cm+1 with weights
(4-13) becomes an H -representation on Cm+1 with weights(

χ1−χ
′, χ2−χ

′, . . . , χm −χ
′,−χ ′

)
,

where χ ′ is a weight which maps to $m under the map F∗ such that F2 ◦ F−1
1 is

equivariant with respect to the actions of elements in H \F(HSL(m+1)). This proves
that F2 ◦ F−1

1 is a left H -equivariant diffeomorphism

F2 ◦ F−1
1 : PI /B→ F`

(
Cχ1−χ ′ ⊕ · · ·⊕Cχm−χ ′ ⊕C−χ ′

)
.

We notice that the construction of twisted product is functorial, i.e., for a topo-
logical group G and a right G-space X , if f : Y → Y ′ is an equivariant map of left
G-spaces then we have the induced map X ×G Y → X ×G Y ′, see, for example,
[Bredon 1972, §II.2]. Since the unipotent part of B acts trivially on PI /B and
F`(Cχ1−χ ′⊕· · ·⊕Cχm−χ ′⊕C−χ ′), the left H -equivariant diffeomorphism F2◦F−1

1
induces a diffeomorphism

PI/20 ∼= F`
(
L0
I ′,χ1−χ ′

⊕ · · ·⊕L0
I ′,χm−χ ′

⊕L0
I ′,−χ ′

)
.

Moreover we have that

F`
(
L0
I ′,χ1−χ ′

⊕ · · ·⊕L0
I ′,χm−χ ′

⊕L0
I ′,−χ ′

)
= F`

(
(L0

I ′,χ1
⊕ · · ·⊕L0

I ′,χm
⊕C)⊗L0

I ′,−χ ′
)
.

Then by Lemma 4.3, we are done. �

By Proposition 4.8, we can conclude that Z0
I is an r-stage flag Bott manifold.

For given integral weights λ1, . . . , λr , consider the line bundle L0
I,λ1,...,λr

over a
flag Bott manifold Z0

I . By (4-2) there is a set of integer vectors {ak ∈ Zmk+1
}1≤k≤r

determined by c1(L0
I,λ1,...,λr

). Indeed, we have

ψ(a1, . . . , ar )∼= L0
I,λ1,...,λr

.
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The following proposition computes these integer vectors in terms of integral
weights λ1, . . . , λr and a sequence I of subsets of [n].

Proposition 4.9. Let I = (I1, . . . , Ir ) be a sequence of subsets of [n]. Assume
that the Levi subgroup L Ik of the parabolic subgroup PIk has Lie type Amk for
all 1 ≤ k ≤ r . For given integral weights λ1, . . . , λr ∈ Z$1 + · · · + Z$n , the
first Chern class of the line bundle L = L0

I,λ1,...,λr
is given by integer vectors

ak = (ak(1), . . . , ak(mk + 1)) ∈ Zmk+1 for 1≤ k ≤ r , where

ak(l)=
〈
λk + · · ·+ λr , α

∨

uk,l
+ · · ·+α∨uk,mk

〉
for 1≤ l ≤ mk,

ak(mk + 1)= 0.

Here, we take an enumeration Ik = {uk,1, . . . , uk,mk } which satisfies (4-11). Indeed,
L is isomorphic to the line bundle ψ(a1, . . . , ar ).

Proof. Since the Levi subgroup L Ik of PIk is Lie type Amk , we have a Lie group
homomorphism Fk : SL(mk + 1)→ PIk . For each 1 ≤ k ≤ r , consider the homo-
morphism ψk : SL(mk + 1)→ PI1 × · · ·× PIr defined as

p 7→ (e, . . . , e, Fk(p)︸ ︷︷ ︸
k-th

, e, . . . , e)

and consider

(4-14) ϕk : BSL(mk+1)→ B× · · ·× B︸ ︷︷ ︸
r

= Br

which sends b to (
e, . . . , e, Fk(b)︸ ︷︷ ︸

k-th

, Fk(h)︸ ︷︷ ︸
(k+1)-th

, . . . , Fk(h)︸ ︷︷ ︸
r -th

)
,

where h = ϒ(b). Then the map ψk is ϕk-equivariant, namely, for b ∈ BSL(mk+1)

and g ∈ SL(mk + 1) we have that

20(ψk(g), ϕk(b))

=20
(
(e, . . . , e, Fk(g), e, . . . , e), (e, . . . , e, Fk(b), Fk(h), . . . , Fk(h))

)
=
(
e, . . . , e, Fk(g)Fk(b), ϒ(Fk(b))−1 Fk(h), e, . . . , e

)
= (e, . . . , e, Fk(gb), e, e, . . . , e)

= ψk(gb).

Here the third equality comes from the fact that Fk is a homomorphism and
ϒ(Fk(b))= Fk(ϒ(b)).

Under the map (4-14) the weight (λ1, . . . , λr ) of H r pulls back to the weight

(4-15)
mk∑
l=1

〈λk + · · ·+ λr , α
∨

uk,l
〉$l ∈ h

∗

SL(mk+1)
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by (4-12). The integer vector ak ∈ Zmk+1 is completely determined by the weight in
(4-15) because of the construction of a flag Bott manifold (see [Kuroki et al. 2020,
§2.2]). Indeed, the integer vector ak ∈ Zmk+1 should satisfy the equality

(4-16)
mk∑
l=1

〈λk + · · ·+ λr , α
∨

uk,l
〉$l =

mk+1∑
l=1

ak(l)εl,

where εi ∈ h∗SL(mk+1) sends diag(h1, . . . , hmk+1) in hSL(mk+1) to hi . Using the
identification $l = ε1+ · · ·+ εl , we have that

(4-17)
mk∑
l=1

〈λk + · · ·+ λr , α
∨

uk,l
〉$l

= 〈λk + · · ·+ λr , α
∨

uk,1
〉ε1+〈λk + · · ·+ λr , α

∨

uk,2
〉(ε1+ ε2)

+ · · ·+ 〈λk + · · ·+ λr , α
∨

uk,mk
〉(ε1+ · · ·+ εmk )

=
〈
λk + · · ·+ λr , α

∨

uk,1
+α∨uk,2

+ · · ·+α∨uk,mk

〉
ε1

+
〈
λk + · · ·+ λr , α

∨

uk,2
+ · · ·+α∨uk,mk

〉
ε2

+ · · ·+ 〈λk + · · ·+ λr , α
∨

uk,mk
〉εmk .

Comparing (4-16) and (4-17), we obtain the assertion of the proposition. �

By combining Propositions 4.8 and 4.9, we can prove the following theorem:

Theorem 4.10. Suppose that I = (I1, . . . , Ir ) is a sequence of subsets of [n] such
that the Levi subgroup L Ik of the parabolic subgroup PIk has Lie type Amk for all
1≤ k ≤ r . Take an enumeration Ik = {uk,1, . . . , uk,mk } which satisfies (4-11). Then
the manifold Z0

I is an r-stage flag Bott manifold which is determined by{
a(l)k, j =

(
a(l)k, j (1), a(l)k, j (2), . . . , a(l)k, j (m j + 1)

)}
1≤l≤mk+1, 1≤ j<k≤r

in the sense of Proposition 4.4, where a(l)k, j (p) is〈
αuk,l + · · ·+αuk,mk

, α∨u j,p
+ · · ·+α∨u j,m j

〉
if 1≤ l ≤ mk and 1≤ p ≤ m j , and 0 otherwise.

Proof. Consider the subsequence Ik := (I1, . . . , Ik) of the sequence I for all
1≤ k ≤ r . Recall from Proposition 4.8 that the flag Bott manifold Z0

Ik
is the induced

flag bundle over Z0
Ik−1

:

Z0
Ik
= F`

(
L0
Ik−1,χ1

⊕ · · ·⊕L0
Ik−1,χmk

⊕C
)
,
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where χl = αuk,l + · · · + αuk,mk
for 1 ≤ l ≤ mk . By Proposition 4.9, the integer

vectors {a(l)k, j ∈ Zm j+1
}1≤ j≤k−1 which define the line bundle L0

Ik−1,χl
are given by

a(l)k, j (p)= 〈χl, α
∨

u j,p
+ · · ·+α∨u j,m j

〉 (by Proposition 4.9)

=
〈
αuk,l + · · ·+αuk,mk

, α∨u j,p
+ · · ·+α∨u j,m j

〉
(by the definition of χl)

for 1 ≤ l ≤ mk and 1 ≤ p ≤ m j . Moreover we have a(l)k, j (p) = 0 if l = mk + 1 or
p = m j + 1 by Proposition 4.9. Hence the result follows. �

Example 4.11. Let G = SL(4). Consider the sequence I = ({1, 2}, {1, 2}). Hence
u1,1 = 1, u1,2 = 2, u2,1 = 1, u2,2 = 2. The manifold Z0

I is a 2-stage flag Bott
manifold with F2 = F`(ξ (1)2 ⊕ ξ

(2)
2 ⊕ C), where line bundles ξ (1)2 and ξ (2)2 are

determined by the following integer vectors:

a(1)2,1 =
(
〈α1+α2, α

∨

1 +α
∨

2 〉, 〈α1+α2, α
∨

2 〉, 0
)
= (2, 1, 0),

a(2)2,1 =
(
〈α2, α

∨

1 +α
∨

2 〉, 〈α2, α
∨

2 〉, 0
)
= (1, 2, 0).

Remark 4.12. Suppose that the flag Bott–Samelson variety ZI is a Bott–Samelson
variety, i.e., m1 = · · · = mr = 1. Then integer vectors {a(l)k, j ∈ Z2

}l∈[2],1≤ j<k≤r

determining the flag Bott tower Z0
I is

a(l)k, j =

{
(〈αuk,1, α

∨
u j,1
〉, 0) if l = 1,

(0, 0) if l = 2

by Theorem 4.10. This computation of a(1)k, j (1) for 1 ≤ j < k ≤ r coincides with
the known result in [Grossberg and Karshon 1994, §3.7].

5. Torus actions and Duistermaat–Heckman measure

Let I = (I1, . . . , Ir ) be a sequence of subsets of [n] such that |Ik | = mk . In this
section we study torus actions on the manifold Z0

I . We define a torus invariant closed
2-form induced from a given complex line bundle, and we consider the Duistermaat–
Heckman measure of the flag Bott–Samelson manifold using a Bott–Samelson
variety Z i admitting the birational morphism ηi,I : Z i → ZI (see Theorem 5.5).

We first study torus actions on Z0
I . Let T be the maximal compact torus of G

contained in H . Define an action of T (r) on Z0
I as

(5-1) (s1, . . . , sr ) · [p1, . . . , pr ] = [s1 p1, s−1
1 s2 p2, . . . , s−1

r−1sr pr ]

= [s1 p1s−1
1 , . . . , sr pr s−1

r ].

This action is smooth but not effective. We now find the subtorus which acts trivially
on Z0

I . Define a subtorus TI ⊂ T for a subset I ⊂ [n] as

TI :=
{
s ∈ T | αi (s)= 1 for all i ∈ I

}0
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which is similar to (2-1). Here, we consider a simple root α ∈ χ(H) as a homomor-
phism T → S1. For a given sequence I = (I1, . . . , Ir ) of subsets of [n], we define
the subtorus TI of T (r) as

TI := TI1 × · · ·× TIr .

Similarly, we set Ti := T{i1}×· · ·×T{ir } for a sequence i = (i1, . . . , ir )∈ [n]r . Then
the following proposition comes from (5-1).

Proposition 5.1. The torus TI acts trivially on Z0
I .

By Proposition 5.1, we have the torus action on Z0
I :

(5-2) T (r)/TI y Z0
I .

Note that T (r)/TI ∼= (S1)m1+···+mr .
Suppose that

i = (ik,l)1≤k≤r, 1≤l≤Nk ∈ [n]
N1+···+Nr

is a sequence such that (ik,1, . . . , ik,Nk ) is a reduced word for the longest element
in WIk for 1 ≤ k ≤ r . From now on, we ignore the complex structure on the flag
Bott–Samelson manifold ZI and regard it as a smooth manifold. Therefore we
can identify ZI with Z0

I and Z i with Z0
i by Proposition 4.6. Using the observation

(5-2), we have the torus action on the Bott–Samelson manifold Z i :

(S1)N ∼= T (N )/Ti y Z i ,

where N := N1+ N2+ · · ·+ Nr . We denote T̃ := (T (N ))/Ti and T := (T (r))/TI
for simplicity.

Lemma 5.2. There is a homomorphism A :T→ T̃ such that the map ηi,I : Z i→ ZI
is equivariant with respect to the action of T , i.e.,

ηi,I(A(t) · x)= t · ηi,I(x)

for any t ∈ T and x ∈ Z i .

Proof. Define an inclusion map ι : T (r) ↪→ T (N ) as

(a1, . . . , ar )
ι
7→ (a1, . . . , a1︸ ︷︷ ︸

N1

, . . . , ak, . . . , ak︸ ︷︷ ︸
Nk

, . . . , ar , . . . , ar︸ ︷︷ ︸
Nr

).

Then we have the action T (r) y Z i via the inclusion ι and the map ηi,I : Z i → ZI
is equivariant with respect to the action of T (r) by the definition of torus action
in (5-1).

We claim that ι(TI)⊂ Ti . For an element (a1, . . . , ar ) ∈ T (r), we have that

(a1, . . . , ar ) ∈ TI ⇔ ak ∈ TIk for all 1≤ k ≤ r.
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Hence we have ak ∈ Tik,1, . . . , ak ∈ Tik,Nk
since {ik,1, . . . , ik,Nk }= Ik for all 1≤ k≤ r .

This gives that ι(TI)⊂ Ti as claimed. We thus have the homomorphism

(5-3) A : T (r)/TI→ T (N )/Ti

induced from the inclusion ι. Moreover the projection map Z i → ZI is equivariant
with respect to the action of T because of the T (r)-equivariance of the projection. �

We set Ak : T/TIk → T (Nk)/T(ik,1,...,ik,Nk )
for 1 ≤ k ≤ r . By the definition

of T(ik,1,...,ik,Nk )
, the torus T (Nk)/T(ik,1,...,ik,Nk )

has dimension Nk . Suppose that
{ fk,1, . . . , fk,Nk } is the standard basis of Lie((S1)Nk )∗∼=RNk . Then it is known from
[Grossberg and Karshon 1994, §3.7] that the pullback of fk,l is αik,l for 1≤ l ≤ Nk .
Since the homomorphism A can be identified with A1× · · ·× Ar , the Lie algebra
homomorphism (d A)∗ : RN

→ Rm1+···+mr maps fk,l to αik,l for 1 ≤ k ≤ r and
1≤ l ≤ Nk .

Example 5.3. Recall from Example 2.8 that we have a morphism η(1,2,1,3),I from
Z(1,2,1,3) to ZI , where I = ({1, 2}, {3}). Suppose that A : T (2)/TI→ T (4)/T(1,2,1,3)
is the homomorphism in Lemma 5.2. Then the Lie algebra homomorphism (d A)∗ :
R4
→ R3 is defined using the integer matrix:1 0 1 0

0 1 0 0
0 0 0 1

 .
We now consider Duistermaat–Heckman measures corresponding to flag Bott–

Samelson manifolds. We recall definitions from [Audin 2004]. Suppose that M is
an oriented, compact manifold of real dimension 2d with an action of a compact
torus T . Let ω be a presymplectic form, i.e., a T -invariant closed not necessarily
nondegenerate 2-form. Then we call the manifold (M, ω, T ) presymplectic T -
manifold. A moment map on (M, ω, T ) is defined to be a map 8 : M→ Lie(T )∗

such that
〈d8, ξ〉 = −ι(ξM)ω for all ξ ∈ Lie(T ),

where ξM is the vector field on M which generates the action of the one-parameter
subgroup {exp(tξ) | t ∈ R} of T . Note that the Liouville measure on M is defined
to be

∫
A ω

d/d! for an open subset A ⊂ M , and its push-forward 8∗ωd/d! is called
the Duistermaat–Heckman measure in Lie(T )∗.

Consider the line bundle LI,λ1,...,λr over ZI determined by integral weights
λ1, . . . , λr . Then we have an integer vector a = (a(1), . . . , a(r)) ∈ ZN1 ⊕ · · ·⊕ZNr

such that η∗LI,λ1,...,λr = Li,a by Proposition 2.10. Let ω′i , respectively ω′I , be a
closed 2-form corresponding to the first Chern class of the line bundle Li,a→ Z i ,
respectively LI,λ1,...,λr → ZI . By taking averages of ω′i and ω′I by corresponding
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torus actions we have the following two 2-forms:

(5-4) ωi :=

∫
a∈T̃

(a∗ω′i ) da and ωI :=

∫
t∈T
(t∗ω′I) dt.

Then the form ωi , respectively ωI , is a T̃ -invariant, respectively T -invariant, closed
2-form on (Z i , T̃ ), respectively (ZI, T ). Since compact tori T̃ and T are connected,
we have that

(5-5) [ωi ] = [ω
′

i ] in H 2(Z i ;R), [ωI] = [ω
′

I] in H 2(ZI;R)

(see [Guillemin et al. 2002, Corollary B.13]).
Grossberg and Karshon [1994] proved that the Duistermaat–Heckman measure

of the presymplectic manifold (Z i , ωi , T̃ ) can be computed by considering a com-
binatorial object, called a Grossberg–Karshon twisted cube. We use it to compute
the Duistermaat–Heckman measure of the presymplectic manifold (ZI, ωI, T ).

We recall from [Grossberg and Karshon 1994, §2.5] the definition of Grossberg–
Karshon twisted cubes. Let i = (i1, . . . , iN ) be a sequence of elements in [n] and
a = (a1, . . . , aN ) ∈ ZN . A Grossberg–Karshon twisted cube is a pair (C(i, a), ρ),
where C(i, a) is a subset of RN and ρ : RN

→ R is a density function with support
equal to C(i, a). We define the following functions on RN :

AN (x)= AN (x1, . . . , xN )=−〈aN$iN , α
∨

iN
〉,

A`(x)= A`(x1, . . . , xN )

=−〈a`$i` + · · ·+ aN$iN , α
∨

i` 〉−
∑
j>`

〈αi j , α
∨

i` 〉x j for 1≤ `≤ N − 1.

We also define a function sign :R→{±1} as sign(x)=−1 for x ≤ 0 and sign(x)= 1
for x > 0.

Definition 5.4. Let C(i, a) be the following subset of RN :

C(i, a) :=
{

x = (x1, . . . , xN ) ∈ RN
| A j (x)≤ x j ≤ 0 or 0< x j < A j (x)

for 1≤ j ≤ N
}
.

We define a density function ρ : RN
→ R whose support is C(i, a) and ρ(x) =

(−1)N sign(x1) · · · sign(xN ) on the set C(i, a). We call the pair (C(i, a), ρ) the
Grossberg–Karshon twisted cube associated to i and a. Also we define a measure

mC(i,a) = ρ(α)|dα|,

where |dα| is the Lebesgue measure in RN .

Now we have the following theorem.
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Theorem 5.5. Let (ZI, ωI, T ) be as above, and let 8 : ZI → Rm1+···+mr be a
moment map of (ZI, ωI, T ). Then there is a Grossberg–Karshon twisted cube
(C(i, a), ρ) and an affine projection L :RN

→Rm1+···+mr such that the Duistermaat–
Heckman measure in Lie(T )∗ ∼= Rm1+···+mr is L∗mC(i,a).

To give a proof, we need the following theorem.

Theorem 5.6 [Grossberg and Karshon 1994, Theorem 2]. Let 8̃ : Z i → RN be a
moment map of (Z i , ωi , T̃ ). Then the Duistermaat–Heckman measure in Lie(T̃ )∗∼=
RN coincides with the measure mC(i,a) for the Grossberg–Karshon twisted cube
C(i, a).

Proof of Theorem 5.5. Suppose that i ∈ [n]N defines a Bott–Samelson manifold Z i
which has a birational morphism η : Z i → ZI . For given weights λ1, . . . , λr , let
a ∈ ZN be an integer vector such that η∗LI,λ1,...,λr = Li,a. Consider the pullback
of ωI under the map η. Then we have [ωi ] = [η

∗(ωI)] in H 2(Z i ;R) by (5-5).
Now we have the following diagram which does not necessarily commute because

two forms η∗ωI and ωi do not necessarily coincide because of taking averages:

Z i RN ∼= Lie(T̃ )∗

ZI Rm1+···+mr ∼= Lie(T )∗

8̃

η L

8

Here, the map L : RN
→ Rm1+···+mr is defined as d A∗, where A : T → T̃ in (5-3).

But one can see that L ◦ 8̃, respectively 8 ◦η, is a moment map for (Z i , ωi , T ),
respectively (Z i , η

∗ωI, T ). Recall from [Grossberg and Karshon 1994, Theorem 1]
that the push-forward of Liouville measure only depends on the cohomology class,
so we have that

(L ◦ 8̃)∗ωN
i = (8 ◦ η)∗(η

∗ωI)
N
=8∗ω

N
I .

Here the last equality holds since η induces a diffeomorphism between Zariski open
dense subsets, and a Zariski closed subset is measure zero. By Theorem 5.6, we
have that 8∗ωN

I /N ! = L∗mC(i,a), so the result follows. �

Example 5.7. Let G = SL(4), I = ({1, 2}, {3}) and i = (1, 2, 1, 3). The projection
map L = (d A)∗ : R4

→ R3 is given by the integer matrix1 0 1 0
0 1 0 0
0 0 0 1


as in Example 5.3. In Figure 2 we draw figures for four different pairs of weights
(λ1,λ2)= (2$1+4$2,2$3),($1+4$2,2$3),(2$1+4$2,$3),(2$1+3$2,2$3)
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(3) (λ1, λ2)= (2$1+ 4$2,$3). (4) (λ1, λ2)= (2$1+ 3$2, 2$3).

Figure 2. The projection images of Grossberg–Karshon twisted cubes.

which determine line bundles LI,λ1,λ2 . The polytope in Figure 2(1) has eight facets.
When we change an integer vector (λ1, λ2) a little bit, some facets move as one
can see in the figure. In Figure 2(2)–(4) the red dots represent vertices of the
projection for the corresponding integer vector, and the blue dots represent vertices
of the projection for (λ1, λ2)= (2$1+ 4$2, 2$3). For pairs (2$1+ 4$2, 2$3),
($1+4$2, 2$3), and (2$1+4$2,$3), the projections are honest polytopes while
the projection for (2$1+ 3$2, 2$3) is not.

Remark 5.8. Note that a Grossberg–Karshon twisted cube is neither closed not
convex. When the Grossberg–Karshon twisted cube is a closed convex polytope,
then we say it is untwisted. In [Lee 2020], an interpretation of untwistedness
of Grossberg–Karshon twisted cubes C(i, a) using combinatorics of i and a is
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provided. (Also, see [Harada and Yang 2015; Harada and Lee 2015].) Using
the result [Lee 2020, Theorem 1], Grossberg–Karshon twisted cubes appearing in
Example 5.7 are all twisted. However, their projections can be honest polytopes as
we saw in Figure 2. Determining whether the projection of a Grossberg–Karshon
twisted cube is an honest polytope is a still open problem.
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ON A MODULAR FORM OF ZAREMBA’S CONJECTURE

NIKOLAY G. MOSHCHEVITIN AND ILYA D. SHKREDOV

We prove that for any prime p there is a divisible by p number q = O( p30)

such that for a certain positive integer a coprime with q the ratio a/q has
bounded partial quotients. In the other direction we show that there is an
absolute constant C > 0 such that for any prime p exist divisible by p num-
ber q = O( pC) and a number a, a coprime with q such that all partial
quotients of the ratio a/q are bounded by two.

1. Introduction

Let a and q be two positive coprime integers, 0<a<q . By the Euclidean algorithm,
a rational a/q can be uniquely represented as a regular continued fraction

(1) a
q
= [0; b1, . . . , bs] =

1

b1+
1

b2+
1

b3+ · · ·+
1
bs

bs > 2.

Assuming q is known, we use b j (a), j = 1, . . . , s = s(a) to denote the partial
quotients of a/q; that is,

a
q
:= [0; b1(a), . . . , bs(a)].

Zaremba’s famous conjecture [1972] posits that there is an absolute constant k
with the following property: for any positive integer q there exists a coprime to q
such that in the continued fraction expansion (1) all partial quotients are bounded:

b j (a)6 k, 16 j 6 s = s(a).

In fact, Zaremba conjectured that k= 5. For large prime q, even k= 2 should be
enough, as conjectured by Hensley [1994; 1996]. This theme is rather popular,
especially recently; see, e.g., [Bourgain and Kontorovich 2011; 2014; Frolenkov

This work is supported by the Russian Science Foundation under grant 19-11-00001.
MSC2020: 11B13, 11B75, 11E57, 11J70.
Keywords: continued fractions, Zaremba’s conjecture, growth in groups.
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and Kan 2014; Hensley 1989; 1996; Kan 2016; Kontorovich 2013; Korobov 1963;
Moshchevitin 2007; Niederreiter 1986] and many others. The history of the question
can be found, e.g., in [Moshchevitin et al. 2020]. Here we obtain the following
“modular” version of Zaremba’s conjecture. The first theorem in this direction was
proved by Hensley [1994] and after that in [Magee et al. 2014; 2019].

Theorem 1. There is an absolute constant k such that for any prime number p there
exist some positive integers q = O(p30), q ≡ 0 (mod p) and a, a coprime with q
having the property that the ratio a/q has partial quotients bounded by k.

Also, we can say something nontrivial about finite continued fractions with k= 2.
It differs our paper from [Bourgain and Kontorovich 2011; 2014; Kan 2016; Magee
et al. 2014; 2019].

Theorem 2. There is an absolute constant C > 0 such that for any prime number p
there exist some positive integers q = O(pC), q ≡ 0 (mod p) and a, a coprime
with q having the property that the ratio a/q has partial quotients bounded by 2.

Our proof uses growth results in SL2(Fp) and some well-known facts about
the representation theory of SL2(Fq). We study a combinatorial question about
intersection of powers of a certain set of matrices A ⊆ SL2(Fq) with an arbitrary
Borel subgroup and this seems like a new innovation.

In principle, results from [Hensley 1994] can be written in a form similar to
Theorem 1 in an effective way but the dependence of q on p in [Hensley 1994] is
rather poor. Thus Theorem 1 can be considered as an explicit version (with very
concrete constants) of Hensley’s results as well as rather effective Theorem 2 from
[Magee et al. 2019]. Also, the methods of [Hensley 1994; Magee et al. 2014; 2019]
are very different from ours.

2. Definitions

Let G be a group with the identity 1. Given two sets A, B ⊂ G, define the product
set of A and B as

AB := {ab : a ∈ A, b ∈ B}.

In a similar way we define the higher product sets, e.g., A3 is AAA. Let A−1
:=

{a−1
: a ∈ A}. The Ruzsa triangle inequality [1996] says that

|C ||AB|6 |AC ||C−1 B|

for any sets A, B,C⊆G. As usual, having two subsets A, B of a group G denote by

(2) E(A, B)=
∣∣{(a, a1, b, b1) ∈ A2

× B2
: a−1b = a−1

1 b1
}∣∣

the common energy of A and B. Clearly, E(A, B)= E(B, A) and by the Cauchy–
Schwarz inequality

(3) E(A, B)|A−1 B|> |A|2|B|2.
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We use representation function notations like rAB(x) or rAB−1(x), which counts
the number of ways x ∈ G can be expressed as a product ab or ab−1 with a ∈ A,
b ∈ B, respectively. For example, |A| = rAA−1(1) and E(A, B)= rAA−1 B B−1(1)=∑

x r2
A−1 B(x). In this paper we use the same letter to denote a set A ⊆ G and its

characteristic function A : G → {0, 1}. We write F∗q for Fq \ {0}. The signs �
and� are the usual Vinogradov symbols. All logarithms are to base 2.

3. On the representation theory of SL2(F p) and basis properties of its subsets

First of all, we recall some notions and simple facts from the representation theory;
see, e.g., [Naimark 2010] or [Serre 1967]. For a finite group G let Ĝ be the set of all
equivalence classes of irreducible unitary representations of G. It is well-known that
size of Ĝ coincides with the number of all conjugacy classes of G. For ρ ∈ Ĝ denote
by dρ the dimension of this representation. We write 〈·, ·〉 for the corresponding
Hilbert–Schmidt scalar product 〈A, B〉= 〈A, B〉H S := tr(AB∗), where A, B are any
two matrices of the same sizes. Put ‖A‖ =

√
〈A, A〉. Clearly, 〈ρ(g)A, ρ(g)B〉 =

〈A, B〉 and 〈AX, Y 〉 = 〈X, A∗Y 〉. Also, we have
∑

ρ∈Ĝ d2
ρ = |G|.

For any f : G→C and ρ ∈ Ĝ define the matrix f̂ (ρ), which is called the Fourier
transform of f at ρ by the formula

(4) f̂ (ρ)=
∑
g∈G

f (g)ρ(g).

Then the inverse formula takes place

(5) f (g)=
1
|G|

∑
ρ∈Ĝ

dρ〈 f̂ (ρ), ρ(g−1)〉,

and the Parseval identity is

(6)
∑
g∈G

| f (g)|2 =
1
|G|

∑
ρ∈Ĝ

dρ‖ f̂ (ρ)‖2.

The main property of the Fourier transform is the convolution formula

(7) f̂ ∗ g(ρ)= f̂ (ρ)ĝ(ρ),

where the convolution of two functions f, g : G→ C is defined as

( f ∗ g)(x)=
∑
y∈G

f (y)g(y−1x).
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In terms of representations we can express the common energy of two sets A, B⊆G,
as defined in (2). Indeed, using (6) and (7), we derive

(8) E(A, B)=
∑

x

(A−1
∗ B)(x)=

1
|SL2(Fq)|

∑
ρ

dρ‖ Â∗(ρ)B̂(ρ)‖2.

Finally, it is easy to check that for any matrices A, B one has ‖AB‖6 ‖A‖o‖B‖ and
‖A‖o6 ‖A‖, where the operator l2-norm ‖A‖o is just the absolute value of the max-
imal singular value of A. In particular, this shows that ‖ · ‖ is indeed a matrix norm.

Now consider the group SL2(Fq) of matrices

g =
(

a b
c d

)
= (ab|cd), a, b, c, d ∈ Fq , ad − bc = 1.

Clearly, |SL2(Fq)| = q3
− q. Denote by B the standard Borel subgroup of all

upper-triangular matrices from SL2(Fq), denote by U⊂ B the standard unipotent
subgroup of SL2(Fq) of matrices (1u|01), u ∈ Fq and denote by1⊂B the subgroup
of diagonal matrices. B and all its conjugates form all maximal proper subgroups
of SL2(Fp). Detailed description of the representation theory of SL2(Fq) can be
found in [Naimark 2010, Chapter II, Section 5]. We formulate the main result from
[Naimark 2010] concerning this theme.

Theorem 3. Let p > 2 be a prime number and q = pn. There are q + 3 nontrivial
representations of SL2(Fq), namely:

•
1
2(q−3) representations Tχ of dimension q+1 indexed via 1

2(q−3) nontrivial
multiplicative characters χ on F∗q , χ2

6= 1.

• A representation T̃1 of dimension q.

• Two representations T+χ1
, T−χ1

of dimension 1
2(q + 1), χ2

1 = 1.

• Two representations S+π1
, S−π1

of dimension 1
2(q − 1).

•
1
2(q−1) representations Sπ of dimension q−1 indexed via 1

2(q−1) nontrivial
multiplicative characters π on an arbitrary quadratic extension of Fq , π2

6= 1.

By dmin and dmax denote the minimum and maximum over dimensions of all
nontrivial representations of a group G. Thus the result above tells us that in the
case G = SL2(Fq) these quantities differ roughly by a factor of two. Below we
assume that q > 3.

Theorem 3 has two consequences, although, a slightly weaker result than
Lemma 4 can be obtained via the classical theorem of Frobenius [1896]; see,
e.g., [Shkredov 2018]. Originally, similar arguments were suggested in [Gowers
2008; Nikolov and Pyber 2011; Sarnak and Xue 1991].
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Lemma 4. Let n > 3 be an integer, A ⊆ SL2(Fq) be a set and |A|> 2(q + 1)2q2/n.
Then An

= SL2(Fq). Generally, if for some sets X1, . . . , Xn ⊆ SL2(Fq) one has

n∏
j=1

|X j |> (2q(q + 1))n(q − 1)2,

then X1 . . . Xn = SL2(Fq).

Proof. Using (6) with f = A (i.e., according our notation f is the characteristic
function of the set A), we have for an arbitrary nontrivial representation ρ that

(9) ‖ Â‖o <
(
|A||SL2(Fq)|

dmin

)1/2

=

(
|A|(q3

− q)
dmin

)1/2

.

Hence for any x ∈ SL2(Fq) we obtain via formulae (5), (6) and estimate (9) that

rAn (x) >
|A|n

|SL2(Fq)|
−

(
|A|(q3

− q)
dmin

)(n−2)/2

|A|> 0,

provided |A|n > 2n−2(q + 1)nqn(q − 1)2. The second part of the lemma can be
obtained similarly. This completes the proof. �

Remark 5. It is easy to see (or consult Lemma 6 below) that bound (9) is sharp,
e.g., take A = B.

For any function f : G→ C consider the Wiener norm of f defined as

(10) ‖ f ‖W :=
1
|G|

∑
ρ∈Ĝ

dρ‖ f̂ (ρ)‖.

Lemma 6. Let G be a group and 0 be its subgroup. Then ‖0‖W 6 1. Moreover,
‖B‖W = 1, further ‖B̂(T̃1)‖ = ‖B̂(T̃1)‖o = |B| and the Fourier transform of B
vanishes on all other nontrivial representations.

Proof. Since 0 is a subgroup, we see using (6) twice that

|0|2 = |{(γ1, γ2, γ3) ∈ 0
3
: γ1γ2 = γ3}| =

1
|G|

∑
ρ∈Ĝ

dρ〈0̂2(ρ), 0̂(ρ)〉

6
1
|G|

∑
ρ

dρ〈0̂(ρ), 0̂(ρ)〉‖0̂(ρ)‖o 6
|0|

|G|

∑
ρ

dρ〈0̂(ρ), 0̂(ρ)〉 = |0|2,

because, clearly, ‖0̂(ρ)‖o 6 |0|. This means that for any representation ρ either
‖0̂(ρ)‖ = 0 (and hence ‖0̂(ρ)‖o = 0) or ‖0̂(ρ)‖ > ‖0̂(ρ)‖o = |0| (alternatively,
one can use the usual calculations, namely,

∑
γ∈0 ρ(γ γ∗) =

∑
γ∈0 ρ(γ ) · ρ(γ∗)
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for any γ∗ ∈ 0 but then one needs to be careful with divisors of zero). Another
application of (6) gives us

(11) |0| =
1
|G|

∑
ρ

dρ‖0̂(ρ)‖2 > |0| ·
1
|G|

∑
ρ

dρ‖0̂(ρ)‖ = |0|‖0‖W .

Hence ‖0‖W 6 1 as required.
Now let us prove the second part of the lemma. We write In for the identity matrix

and let Zn be the zero matrix of size n×n. Also, we write diag(d1, . . . , dn) for the
diagonal matrix with diagonal entries d1, . . . , dn . Finally, let e(·) be an additive
character of Fq . For ub ∈ U, ub = (1b|01), we have [Naimark 2010, pp. 121–123]
that in a certain orthogonal basis T̃1(ub) = diag(1, e(b), . . . , e(q − 1)b) and for
gλ = (λ0|0λ−1) ∈ 1 the matrix T̃1(gλ) is the direct sum of I1 and a permutation
matrix of size (q−1)×(q−1). Clearly, B=1U=U1 and hence B̂(ρ)= 1̂(ρ)Û(ρ)
for any representation ρ. But from above Û(T̃1) is the direct sum q I1⊕Zq−1. Further
one can show that 1̂(T̃1) = (q − 1)I1 ⊕ 2 · J, where J = (Ji j )

q−1
i, j=1 is a certain

(q−1)× (q−1) matrix with all components equal one for i/j belonging to the set
of quadratic residues. Such precise description of J is not really important for us,
it is enough to see that 1̂(T̃1) is a direct sum of (q − 1)I1 and a (q − 1)× (q − 1)
matrix. Hence

B̂(T̃1)= 1̂(T̃1)Û(T̃1)= q(q − 1)I1⊕ Zq−1.

Thus ‖B̂(T̃1)‖ = ‖B̂(T̃1)‖o = |B|. Applying (11), we obtain

(12) |B|>
|B|2

|SL2(Fq)|
+

q
|SL2(Fq)|

‖B̂(T̃1)‖
2
=

|B|2

|SL2(Fq)|
(1+ q)= |B|.

It follows that for any other representations Fourier coefficients of B vanish. This
completes the proof. �

Lemma 6 gives us an alternative way to show that A3
∩B 6=∅. Indeed, just use

estimate (9) and write

rA3B(1)>
|A|3|B|
|SL2(Fq)|

− ‖B‖W

(
|A|(q3

− q)
dmin

)3/2

=
|A|3|B|
|SL2(Fq)|

−

(
|A|(q3

− q)
dmin

)3/2

> 0,

provided

(13) |A| � q8/3.

We improve this bound in the next section.
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4. On intersections of the product set with the Borel subgroup

It was shown in the previous section (see Lemma 4) that for any A ⊆ SL2(Fq) one
has A3

= SL2(Fq), provided |A|3� q8 and in the same way the last result holds
for three different sets, namely, given X, Y, Z ⊆ SL2(Fq) with |X ||Y ||Z | � q8,
we have XY Z = SL2(Fq). It is easy to see that in this generality the last result is
sharp. Indeed, let X = SB, Y = BT, where S, T are two sets of sizes

√
q/2 which

are chosen as |X | ∼ |S||B| and |Y | ∼ |T ||B| (e.g., take S, T from left/right cosets
of B thanks to the Bruhat decomposition). Then XY = SBT, and hence |XY | 6
|S||T ||B| 6 |SL2(Fq)|/2. Thus we take Z−1 to equal the complement to XY in
SL2(Fq) and we see that the product set XY Z does not contain 1 but |X ||Y ||Z |�q8.

Nevertheless, in the “symmetric” case of the same set A this 8/3 bound (13)
can be improved; see Theorem 9 below. We need a simple lemma and the proof of
this result, as well as the proof of Theorem 9 extensively play on noncommutative
properties of SL2(Fq).

Lemma 7. Let g /∈ B be a fixed element from SL2(Fq). Then for any x one has

rBgB(x)6 q − 1.

Proof. Let g = (ab|cd) and x = (αβ|γ δ). By our assumption c 6= 0. We have

(14)
(
λ u
0 λ−1

)(
a b
c d

)(
µ v

0 µ−1

)
=

(
(λa+ uc)µ ∗

µc/λ vc/λ+ d/(λµ)

)
=

(
α β

γ δ

)
.

In other words, µ= λγ c−1
6= 0 (hence γ 6= 0 automatically) and from

α = (λa+ uc)µ= λγ c−1(λa+ uc)

we see that having λwe determine u uniquely (then, (14) gives usµ, v automatically).
This completes the proof. �

Lemma 7 quickly implies a result on the Bruhat decomposition of SL2(Fq).

Corollary 8. Let g ∈ SL2(Fq) \B. Then BgB= SL2(Fq) \B.

Proof. Clearly, B ∩ BgB = ∅ because g ∈ SL2(Fq) \ B. On the other hand, by
Lemma 7, we have

E(B, gB)=
∑

x

r2
BgB(x)6 (q − 1)

∑
x

rBgB(x)= (q − 1)|B|2.

Using the last bound and estimate (3), we obtain

|BgB|>
|B|4

E(B, gB)
>

|B|4

(q − 1)|B|2
= q3
− q2
= | SL2(Fq) \B|.

This completes the proof. �
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Using growth of products of B as in the last corollary, one can combinatorially
improve the constant 8/3 (to do this combine Lemma 4 and bound (22) below).
We suggest another method which uses the representation theory of SL2(Fq) more
extensively and which allows to improve this constant further.

Theorem 9. Let A⊆ SL2(Fq) be a set, |A|> 4q18/7. Then A3
∩B 6=∅. Generally,

An
∩B 6=∅ provided |A|> 4q2+4/(3n−2).

Proof. Let g /∈ B and put Aεg = Aε ∩ gB, where ε ∈ {1,−1}. Also, let 1 =
maxε, g /∈B |Aεg|. Since we can assume A∩B=∅, it follows that

(15) E(A,B)=
∑

x

r2
A−1B(x)=

∑
x /∈B

r2
A−1B(x)61|B||A|

and similarly for E(A−1,B). On the other hand, from (8) and by the second part of
Lemma 6, we see that

(16) 1|B||A|> E(A,B)=
1

|SL2(Fq)|

∑
ρ

dρ‖ Â∗(ρ)B̂(ρ)‖2

=
q

|SL2(Fq)|
‖ Â∗(T̃1)B̂(T̃1)‖

2,

and, again, similarly for ‖ Â(T̃1)B̂(T̃1)‖
2. Now consider the equation b1a′a′′ab2 = 1

or, equivalently the equation a′′ab2= (a′)−1b−1
1 , where a, a′, a′′ ∈ A and b1, b2 ∈B.

Clearly, if A3
∩B=∅, then this equation has no solutions. Combining Lemma 6

with bound (16) and calculations as in the proof of Lemma 4, we see that this
equation can be solved provided

q
|SL2(Fq)|

|〈 Â2(T̃1)B̂(T̃1), Â∗(T̃1)B̂∗(T̃1)〉|

6
q

|SL2(Fq)|
‖ Â2(T̃1)B̂(T̃1)‖ · ‖ Â∗(T̃1)B̂(T̃1)‖

6
q

|SL2(Fq)|
‖ Â(T̃1)B̂(T̃1)‖‖ Â∗(T̃1)B̂(T̃1)‖‖ Â‖o

61|B||A|‖ Â‖o <
|A|3|B|2

|SL2(Fq)|
.

In other words, in view of (9) it is enough to have

(17) |A|4 > 2(q + 1)212
· |A|q(q + 1)

or, equivalently,

(18) 2q(q + 1)312 6 |A|3.
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Now let us obtain another bound which works well when 1 is large. Choose g /∈ B
and ε ∈ {1,−1} such that 1= |Aεg|. Using Lemma 7, we derive

(19) E(B, Aεg)=
∑

x

r2
BAεg

(x)6
∑

x

rBAεg (x)rBgB(x)6 (q − 1)|B||Aεg|,

and hence by the Cauchy–Schwarz inequality, we get

(20) |BAεg|>
|B|2|Aεg|

2

E(B, Aεg)
>
|B||Aεg|

q − 1
= q1.

Consider the equation ag(a′a′′)ε = b, where b ∈B, ag ∈ Aεg and a′, a′′ ∈ A. Clearly,
if A3

∩B = ∅, then this equation has no solutions. To solve ag(a′a′′)ε = b it is
enough to solve the equation z(a′a′′)ε = 1, where now z ∈ BAεg. Applying the
second part of Lemma 4 combining with (20), we obtain that it is enough to have

8q3(q + 1)3(q − 1)2 6 q1|A|2 6 |BAεg||A|
2

or, in other words,

(21) 8q2(q + 1)3(q − 1)2 61|A|2.

Considering the second power of (21) and multiplying it with (18), we obtain

|A|7 > 214q18 > 27q5(q + 1)9(q − 1)4

as required.
In the general case inequality (18) can be rewritten as

|A|n > 2n−212(q + 1)nqn−2

and using the second part of Lemma 4, we obtain an analogue of (21),

|A|n−11> 2nqn−1(q + 1)n(q − 1)2.

Combining the last two bounds, we derive the required result. This completes
the proof. �

Remark 10. It is easy to see that Theorem 9, as well as Lemma 7 (and also
Lemma 6) take place for any Borel subgroup not just for the standard one.

Remark 11. It is easy to see that the arguments of the proof of Theorem 9 give
the following combinatorial statement about left/right multiplication of an arbitrary
set A by B (just combine bounds (15) and (20)), namely,

(22) max{|AB|, |BA|} �min{q3/2
|A|1/2, |A|2q−2

}.

As we have seen by Theorem 9 we know that An
∩B 6=∅ for large n but under

the condition |A| � q2+ε for a certain ε > 0. For the purpose of the next section
we need to break the described q2-barrier and we do this for prime q , using growth
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in SL2(Fp). Let us recall quickly what is known about growth of generating sets
in SL2(Fp). Helfgott [2008] obtained his famous result in this direction and we
proved in [Rudnev and Shkredov 2018] the following form of Helfgott’s result.

Theorem 12. Let A⊆ SL2(Fp) be a set, A= A−1 which generates the whole group.
Then |AAA| � |A|1+1/20.

Thus in the case of an arbitrary symmetric generating set and a prime number p
Theorem 12 combined with Theorem 9, allow to obtain some bounds which guar-
antee that An

= SL2(Fp). For example, if A generates SL2(Fp), A = A−1, and
|A| � p2−ε, ε < 2

21 , then An
∩B 6=∅ for n > (84− 42ε)/(2− 21ε). On the other

hand, the methods from [Helfgott 2008; Rudnev and Shkredov 2018] allow us to
obtain the following result about generation of SL2(Fp) via large and not necessary
symmetric sets (the condition of nonsymmetricity of A is rather crucial for us, see
the next section).

Theorem 13. Let A⊆ SL2(Fp) be a generating set, p > 5 and |A| � p2−ε, ε < 2
25 .

Then An
∩B 6= ∅ for n > (100− 50ε)/(2− 25ε). Also, An

= SL2(Fp), provided
n > 144/(2− 25ε).

Proof. Put K = |AAA|/|A|. We can assume that, say, |A| 6 p2+2/35 because
otherwise one can apply Theorem 9. We call an element g ∈ SL2(Fp) regular if
tr(g) 6= 0,±2 and let Cg be the correspondent conjugate class, namely,

Cg = {s ∈ SL2(Fp) : tr(s)= tr(g)}.

Let T be a maximal torus such that there is g ∈ T ∩ A−1 A and g 6= 1. By [Rudnev
and Shkredov 2018, Lemma 5] such torus T∗, containing a regular element g, exists,
otherwise K�|A|2/3. Firstly, suppose that for a certain h ∈ A the torus T ′= hT h−1

has no such property, i.e., there are no nontrivial elements from A−1 A∩ T ′. Then
for the element g′ = hgh−1

∈ T ′ (in the case T = T∗ the element g′ is regular) the
projection a→ ag′a−1, a ∈ A is one-to-one. Hence |A2 A−1 AA−2

∩ Cg|> |A|. By
[Rudnev and Shkredov 2018, Lemma 11], we have |S ∩ Cg| � |S−1S|2/3+ p for
any set S and regular g. Using the Ruzsa triangle inequality, we obtain

(23) |(A2 A−1 AA−2)−1(A2 A−1 AA−2)|

6 |A|−1
|A2 A−1 AA−3

||A3 A−1 AA−2
|

= |A|−1
|A3 A−1 AA−2

|
2
|A|−1(|A|−1

|A3 A−2
||A2 A−2

|)2

6 |A|−1(|A|−3
|A4
||A3
|
3)2 6 K 12

|A|

and hence

|A| � |(A2 A−1 AA−2)−1(A2 A−1 AA−2)|2/3+ p� K 8
|A|2/3.

This gives us K � |A|1/24.
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In the complementary second case (see [Rudnev and Shkredov 2018]) thanks
to the fact that A is a generating set, we suppose that for any h ∈ SL2(Fp) there
is a nontrivial element from A−1 A belonging to the torus hT h−1. Then A−1 A is
partitioned between these tori and hence again by [Rudnev and Shkredov 2018,
Lemma 11], as well as the Ruzsa triangle inequality, we obtain

|(AA−1 AA−1)−1(AA−1 AA−1)|6 |A|−1
|A2 A−1 AA−1

|
2

6 |A|−1(|A|−1
|A2 A−2

||A2 A−1
|)2

6 |A|−1(|A|−3
|A3
|
4)2 6 K 8

|A|

and whence

K 2
|A|> |A−1 A|>

∑
h∈SL2(Fp)/N (T∗)

|A−1 A∩ hT∗h−1
|

� p2
·

|A|
|(AA−1 AA−1)−1(AA−1 AA−1)|2/3

> p2
|A|1/3K−16/3,

where N (T ) is the normalizer of any torus T, |N (T )| � |T | � p. Hence thanks
to our assumption |A|6 p2+2/35, we have K � p3/11

|A|−1/11
� |A|1/24. In other

words, we always obtain |AAA| � p2+(2−25ε)/24. After that apply Theorem 9 to
find that An

∩B 6=∅ for n > (100− 50ε)/(2− 25ε). If we use Lemma 4 instead
of Theorem 9, then we obtain An

= SL2(Fp), provided n > 144/(2− 25ε). This
completes the proof. �

Thus for sufficiently small ε > 0 one can take n = 51 to get An
∩B 6=∅ (and

n = 73 to obtain An
= SL2(Fp)). In the next section we improve this bound for a

special set A but nevertheless the arguments of the proof of Theorem 13 will be
used in the proof of Theorem 2 from the Introduction.

We finish this section showing that generating sets A of sizes close to p2 (actually,
the condition |A|=�(p3/2+ε) is enough) with small tripling constant K =|A3

|/|A|
avoid all Borel subgroups.

Lemma 14. Let A ⊆ SL2(Fp) be a generating set, p > 5 and K = |A3
|/|A|. Then

for any Borel subgroup B∗ one has |A∩B∗|6 2pK 5/3
|A|1/3.

Proof. We obtain the result for the standard Borel subgroup B and after that apply
the conjugation to prove our lemma in full generality. Let γ ∈ F∗p be any number
and lγ be the line

lγ = {(γ u|0γ−1) : u ∈ Fp} ⊂ SL2(Fp).
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By [Rudnev and Shkredov 2018, Lemma 7], we have |A ∩ lγ | 6 2|A3 A−1 A|1/3.
Using the last bound, as well as the Ruzsa triangle inequality, we obtain

|A∩B|6
∑
γ∈F∗p

|A∩ lγ |6 2p|A3 A−1 A|1/3

6 2p(|A4
||A−2 A|/|A|)1/3 6 2pK 5/3

|A|1/3.

This completes the proof. �

Remark 15. Examining the proof of Lemma 7 from [Rudnev and Shkredov 2018]
one can equally write |A∩ lγ |6 2|A3 A−2

|
1/3 and hence by the calculations above

|A∩B∗|6 2pK 4/3
|A|1/3. Nevertheless, this better estimate has no influence to the

final bound in Theorem 1.

Remark 16. Bounds for intersections of A ⊆ SL2(Fq), K = |A3
|/|A| with gB∗,

where g /∈ B∗ are much simpler and follow from Lemma 7 (also, see Remark 10).
Indeed, by this result putting A∗ = A∩ gB∗, we have

K |A|> |AA|> |A∗A∗|>
|A∗|4

E(A−1
∗ , A∗)

>
|A∗|4

E(A−1
∗ , gB∗)

>
|A∗|2

q − 1

without any assumptions on generating properties of A.

5. On Zaremba’s conjecture

In this section we apply methods of the proofs of Theorems 9, 13 to Zaremba’s
conjecture but also we use the specific of this problem, i.e., the special form of the
correspondent set of matrices from SL2(Fp).

Denote by FM(Q) the set of all rational numbers u
v
, (u, v)= 1 from [0, 1] with

all partial quotients in (1) not exceeding M and with v 6 Q:

FM(Q)=
{u
v
= [0; b1, . . . , bs] : (u, v)= 1, 0≤ u ≤ v ≤ Q, b1, . . . , bs ≤ M

}
.

By FM denote the set of all irrational numbers from [0, 1] with partial quotients less
than or equal to M. From [Hensley 1992] we know that the Hausdorff dimensionwM

of the set FM satisfies

(24) wM = 1−
6
π2

1
M
−

72
π4

log M
M2 + O

(
1

M2

)
, M→∞,

however here we need a simpler result from [Hensley 1989], which states that

(25) 1−wM �
1
M

with absolute constants in the sign �. Explicit estimates for dimensions of FM for
certain values of M can be found in [Jenkinson 2004; Jenkinson and Pollicott 2001]
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and in other papers. For example, see [Jenkinson and Pollicott 2001],

w2 = 0.5312805062772051416244686 . . .

Hensley [1989; 1990] gave the bound

(26) |FM(Q)| �M Q2wM .

Now we are ready to prove Theorem 1 from the Introduction. One has

(27)
(

0 1
1 b1

)
· · ·

(
0 1
1 bs

)
=

(
ps−1 ps

qs−1 qs

)
,

where ps/qs = [0; b1, . . . , bs] and ps−1/qs−1 = [0; b1, . . . , bs−1]. It is clear that
ps−1qs − psqs−1 = (−1)s. Let Q = p − 1 and consider the set FM(Q). Any
u/v ∈ FM(Q) corresponds to a matrix from (27) such that b j 6 M. The set
FM(Q) splits into ratios with even s and with odd s, in other words FM(Q) =
Feven

M (Q)
⊔

Fodd
M (Q). Let A ⊆ SL2(Fp) be the set of matrices of the form above

with even s. It is easy to see from (26), multiplying if it is needed the set Fodd
M (Q) by

(01|1b)−1, 16 b6 M that |Feven
M (Q)| �M |FM(Q)| �M Q2wM . It is easy to check

that if for a certain n one has An
∩B 6=∅, then qs−1 from (27) equals zero modulo

p and hence there is u/v ∈ FM((2p)n) such that v ≡ 0 (mod p). In a similar way,
we can easily assume that for any g = (ab|cd) ∈ A all entries a, b, c, d are nonzero
(and hence by the construction they are nonzero modulo p); see, e.g., [Hensley
1994, p. 46] (the same paper [Hensley 1994] contains the fact that A is a generating
subset of SL2(Fp)). Analogously, we can suppose that all g ∈ A are regular, that
is, tr(g) 6= 0,±2. Let K = |AAA|/|A| and K̃ = |AA|/|A| = K α, 06 α 6 1.

We need to estimate from below cardinality of the set of all possible traces
of A, that is, cardinality of the set of sums qs + ps−1 (this expression is called
“cyclical continuant”). Fix ps−1 and qs . Then ps−1qs − 1 = psqs−1 and thus ps

is a divisor of ps−1qs − 1. In particular, the number of such ps is at most pε for
any ε > 0. But now knowing the pair (ps, qs), we determine the correspondent
matrix (27) from A uniquely. Hence the number of different pairs (ps−1, qs) is
at least �M(p−ε|FM(Q)|) and thus the number of different traces of all matrices
from A is �M(p−1−ε

|A|). This holds both in Z and in Fp because for any fixed
λ ∈ Fp the equation ps−1+ qs ≡ λ (mod p) has at most p solutions. Actually, one
can refine the term pε in �M(p−1−ε

|A|) but is has no effect on the final bound and
so below we just ignore it.

Now recall [Rudnev and Shkredov 2018, Lemma 12], which is a variant of the
Helfgott map [2008] from [Murphy 2017] (we have already used similar arguments
in the proof of Theorem 13). For the sake of the completeness we give the proof of
a “statistical” version of this result.
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Lemma 17. Let G be any group and A ⊆ G be a finite set. Then for an arbitrary
g ∈ G, there is A0 ⊆ A, |A0|> |A|/2 such that for any a0 ∈ A0 the following holds:

(28) |A|/26 |Conj(g)∩ Ag A−1
| · |Centr(g)∩ a−1

0 A|.

Here Conj(g) is the conjugacy class and Centr(g) is the centralizer of g in G.

Proof. Let ϕ : A→ Conj(g)∩ Ag A−1 be the Helfgott map ϕ(a) := aga−1. One
sees that ϕ(a)= ϕ(b) if and only if

b−1ag = gb−1a.

In other words, b−1a ∈ Centr(g)∩ A−1 A. Clearly, then

(29) |A| =
∑

c∈Conj(g)∩Ag A−1

|{a ∈ A :ϕ(a)= c}|

6 2
∑

c∈Conj(g)∩Ag A−1 : |{a∈A :ϕ(a)=c}|>|A|/(2|Conj(g)∩Ag A−1|)

|{a ∈ A :ϕ(a)= c}|.

For c ∈ ϕ(A)⊆ Conj(g)∩ Ag A−1 put A(c)= ϕ−1(c)⊆ A and let

A0 =
⊔

c : |A(c)|>|A|/(2|Conj(g)∩Ag A−1|)

A(c).

In other words, estimate (29) gives us

|A0| =
∑

c

|A(c)|> |A|/2.

But for any b ∈ A0 one has |Centr(g) ∩ b−1 A| > |A|/(2|Conj(g) ∩ Ag A−1
|) as

required. This completes the proof of the lemma. �

Now summing inequality (28) over all g ∈ A with different traces, we obtain in
view of the Ruzsa triangle inequality that

(30) |A|2 p−1
�M |AAA−1

| ·max
g∈A
|Centr(g)∩ a−1

0 (g)A|

6 K K̃ |A| ·max
g∈A
|Centr(g)∩ a−1

0 (g)A|.

Here for every g ∈ A we have taken a concrete a0(g) ∈ A0(g) but in view of
Lemma 17 it is known that there are a lot of them and we will use this fact a little
bit later. Now by [Helfgott 2008, Lemma 4.7], we see that

|(a−1
0 (g)A)g∗(a−1

0 (g)A)g−1
∗
(a−1

0 (g)A)−1
| � |Centr(g)∩ a−1

0 (g)A|3,

where g∗ = (ab|cd) is any element from A such that abcd 6= 0 in the basis where g
has the diagonal form. Thanks to Lemma 14 and Remark 16 we can choose
g∗ = a0(g), otherwise |A| � p3/2K 5/2. In the last case if, say, |A| � p2−1/35, then
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K � p33/175 and hence |A3
| � p2+4/25. Using Theorem 9, we see that one can

take n = 27 and this is better than we want to prove. Then with this choice of g∗,
we have by the Ruzsa triangle inequality

|A2g−1
∗

A−1
|6 |A2 A−2

|6 K 2
|A|,

and hence |Centr(g)∩a−1
0 (g)A|� K 2/3

|A|1/3. Substituting the last bound into (30),
we get

(31) |A|2 p−1
�M K K̃ |A| · K 2/3

|A|1/3

and hence

(32) K �M (|A|2 p−3)1/(5+3α)
� p4wM/(5+3α)−3/(5+3α).

In other words, |AAA| �M p2+(wM (14+6α)−13−6α)/(5+3α). Take M sufficiently large
such that wM(14+ 6α)− 13− 6α > 0. Using Theorem 9, we see that for any

(33) n >
wM(28+ 12α)− 6

wM(14+ 6α)− 13− 6α

one has An
∩B 6=∅. On the other hand, from (32), we get

|AA| = |A|K α
� p2+(wM (10+10α)−10−9α)/(5+3α).

Suppose that wM(10+ 10α)− 10− 9α > 0. It can be done if α > 0 and if we take
sufficiently large M. Applying Theorem 9 one more time, we derive that for any

(34) n >
2
3
·

wM(20+ 20α)− 6α
wM(10+ 10α)− 10− 9α

one has An
∩B 6=∅. Comparing (33) and (34), we choose α optimally when

α2(120w2
M−12wM−72)+α(400w2

M−368wM+6)+280w2
M+180−500wM = 0

and it gives
18α2
+ 19α− 20= 0

and whence α = 1
36(−19 +

√
1801) + oM(1) as M → +∞. Hence from (33),

say, we obtain n > 1
3(47+

√
1801)+ oM(1) > 29.81+ oM(1). Taking sufficiently

large M, we can choose n= 30. If α= 0, then for sufficiently large M estimate (33)
allows us to take n = 23. This completes the proof. �

Combining the arguments above with Theorems 9, 13, we obtain Theorem 2
from the Introduction. Actually, if we apply the second part of Theorem 13, then
we generate the whole SL2(Fp) (and this differs our method from [Magee et al.
2019], say). Because in the case k= 2 we use results about growth in SL2(Fp) for
relatively small asymmetric set A (|A| � p2w2 � p1.062) our absolute constant C
is large. It is easy to see that the arguments of this section on trace of the set A
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begin to work for wM > 3
4 (see Lemma 14, as well as estimates (30), (31)) and in

this case the constant C can be decreased, although it remains rather large.

Acknowledgement

We thank I.D. Kan for useful discussions and remarks.

References

[Bourgain and Kontorovich 2011] J. Bourgain and A. Kontorovich, “On Zaremba’s conjecture”, C. R.
Math. Acad. Sci. Paris 349:9-10 (2011), 493–495. MR Zbl

[Bourgain and Kontorovich 2014] J. Bourgain and A. Kontorovich, “On Zaremba’s conjecture”, Ann.
of Math. (2) 180:1 (2014), 137–196. MR Zbl

[Frobenius 1896] G. Frobenius, “Über Gruppencharaktere”, Sitzungsber. Preuss. Akad. Wiss. Berlin
1896 (1896), 985–1021. Zbl

[Frolenkov and Kan 2014] D. A. Frolenkov and I. D. Kan, “A strengthening of a theorem of Bourgain–
Kontorovich, II”, Mosc. J. Comb. Number Theory 4:1 (2014), 78–117. MR Zbl

[Gowers 2008] W. T. Gowers, “Quasirandom groups”, Combin. Probab. Comput. 17:3 (2008), 363–
387. MR Zbl

[Helfgott 2008] H. A. Helfgott, “Growth and generation in SL2(Z/pZ)”, Ann. of Math. (2) 167:2
(2008), 601–623. MR Zbl

[Hensley 1989] D. Hensley, “The distribution of badly approximable numbers and continuants with
bounded digits”, pp. 371–385 in Théorie des nombres (Quebec, 1987), edited by J.-M. De Koninck
and C. Levesque, de Gruyter, Berlin, 1989. MR Zbl

[Hensley 1990] D. Hensley, “The distribution of badly approximable rationals and continuants with
bounded digits, II”, J. Number Theory 34:3 (1990), 293–334. MR Zbl

[Hensley 1992] D. Hensley, “Continued fraction Cantor sets, Hausdorff dimension, and functional
analysis”, J. Number Theory 40:3 (1992), 336–358. MR Zbl

[Hensley 1994] D. Hensley, “The distribution mod n of fractions with bounded partial quotients”,
Pacific J. Math. 166:1 (1994), 43–54. MR Zbl

[Hensley 1996] D. Hensley, “A polynomial time algorithm for the Hausdorff dimension of continued
fraction Cantor sets”, J. Number Theory 58:1 (1996), 9–45. MR Zbl

[Jenkinson 2004] O. Jenkinson, “On the density of Hausdorff dimensions of bounded type continued
fraction sets: the Texan conjecture”, Stoch. Dyn. 4:1 (2004), 63–76. MR Zbl

[Jenkinson and Pollicott 2001] O. Jenkinson and M. Pollicott, “Computing the dimension of dynam-
ically defined sets: E2 and bounded continued fractions”, Ergodic Theory Dynam. Systems 21:5
(2001), 1429–1445. MR Zbl

[Kan 2016] I. D. Kan, “A strengthening of a theorem of Bourgain and Kontorovich, IV”, Izv. Ross.
Akad. Nauk Ser. Mat. 80:6 (2016), 103–126. In Russian; translated in Izv. Math. 80:6 (2016),
1094–1117. MR Zbl

[Kontorovich 2013] A. Kontorovich, “From Apollonius to Zaremba: local-global phenomena in thin
orbits”, Bull. Amer. Math. Soc. (N.S.) 50:2 (2013), 187–228. MR Zbl

[Korobov 1963] N. M. Korobov, Teoretiko-qislovye metody v pribli�ennom analize,
Gosudarstv. Izdat. Fiz.-Mat. Lit., Moscow, 1963. MR

http://dx.doi.org/10.1016/j.crma.2011.03.023
http://msp.org/idx/mr/2802911
http://msp.org/idx/zbl/1215.11005
http://dx.doi.org/10.4007/annals.2014.180.1.3
http://msp.org/idx/mr/3194813
http://msp.org/idx/zbl/1370.11083
http://dx.doi.org/10.3931/e-rara-18877
http://msp.org/idx/zbl/27.0092.01
http://mjcnt.phystech.edu/en/article.php?id=77
http://mjcnt.phystech.edu/en/article.php?id=77
http://msp.org/idx/mr/3284129
http://msp.org/idx/zbl/1371.11113
http://dx.doi.org/10.1017/S0963548307008826
http://msp.org/idx/mr/2410393
http://msp.org/idx/zbl/1191.20016
http://dx.doi.org/10.4007/annals.2008.167.601
http://msp.org/idx/mr/2415382
http://msp.org/idx/zbl/1213.20045
http://dx.doi.org/10.1515/9783110852790.371
http://dx.doi.org/10.1515/9783110852790.371
http://msp.org/idx/mr/1024576
http://msp.org/idx/zbl/0689.10042
http://dx.doi.org/10.1016/0022-314X(90)90139-I
http://dx.doi.org/10.1016/0022-314X(90)90139-I
http://msp.org/idx/mr/1049508
http://msp.org/idx/zbl/0712.11036
http://dx.doi.org/10.1016/0022-314X(92)90006-B
http://dx.doi.org/10.1016/0022-314X(92)90006-B
http://msp.org/idx/mr/1154044
http://msp.org/idx/zbl/0745.28005
http://dx.doi.org/10.2140/pjm.1994.166.43
http://msp.org/idx/mr/1306033
http://msp.org/idx/zbl/0816.11002
http://dx.doi.org/10.1006/jnth.1996.0058
http://dx.doi.org/10.1006/jnth.1996.0058
http://msp.org/idx/mr/1387719
http://msp.org/idx/zbl/0858.11039
http://dx.doi.org/10.1142/S0219493704000900
http://dx.doi.org/10.1142/S0219493704000900
http://msp.org/idx/mr/2069367
http://msp.org/idx/zbl/1089.28006
http://dx.doi.org/10.1017/S0143385701001687
http://dx.doi.org/10.1017/S0143385701001687
http://msp.org/idx/mr/1855840
http://msp.org/idx/zbl/0991.28009
http://dx.doi.org/10.4213/im8360
http://dx.doi.org/10.1070/IM8360
http://dx.doi.org/10.1070/IM8360
http://msp.org/idx/mr/3588815
http://msp.org/idx/zbl/1378.11076
http://dx.doi.org/10.1090/S0273-0979-2013-01402-2
http://dx.doi.org/10.1090/S0273-0979-2013-01402-2
http://msp.org/idx/mr/3020826
http://msp.org/idx/zbl/1309.11040
http://msp.org/idx/mr/0157483


ON A MODULAR FORM OF ZAREMBA’S CONJECTURE 211

[Magee et al. 2014] M. Magee, H. Oh, and D. Winter, “Expanding maps and continued fractions”,
preprint, 2014. arXiv

[Magee et al. 2019] M. Magee, H. Oh, and D. Winter, “Uniform congruence counting for Schottky
semigroups in SL2(Z)”, J. Reine Angew. Math. 753 (2019), 89–135. MR Zbl

[Moshchevitin 2007] N. G. Moshchevitin, “Sets of the form A+B and finite continued fractions”,
Mat. Sb. 198:4 (2007), 95–116. In Russian; translated in Sb. Math. 198:3-4 (2007), 537–557. MR
Zbl

[Moshchevitin et al. 2020] N. G. Moshchevitin, B. Murphy, and I. Shkredov, “Popular products and
continued fractions”, Israel J. Math. 238:2 (2020), 807–835. MR Zbl

[Murphy 2017] B. Murphy, “Upper and lower bounds for rich lines in grids”, 2017. To appear in
Amer. J. Math. arXiv

[Naimark 2010] M. A. Naimark, Teorija predstavlenij grupp, Fizmatlit, Moscow, 2010.

[Niederreiter 1986] H. Niederreiter, “Dyadic fractions with small partial quotients”, Monatsh. Math.
101:4 (1986), 309–315. MR Zbl

[Nikolov and Pyber 2011] N. Nikolov and L. Pyber, “Product decompositions of quasirandom groups
and a Jordan type theorem”, J. Eur. Math. Soc. 13:4 (2011), 1063–1077. MR Zbl

[Rudnev and Shkredov 2018] M. Rudnev and I. D. Shkredov, “On growth rate in SL2(Fp), the affine
group and sum-product type implications”, preprint, 2018. arXiv

[Ruzsa 1996] I. Z. Ruzsa, “Sums of finite sets”, pp. 281–293 in Number theory (New York, 1991-
1995), edited by D. V. Chudnovsky et al., Springer, 1996. MR Zbl

[Sarnak and Xue 1991] P. Sarnak and X. X. Xue, “Bounds for multiplicities of automorphic represen-
tations”, Duke Math. J. 64:1 (1991), 207–227. MR Zbl

[Serre 1967] J.-P. Serre, Représentations linéaires des groupes finis, Hermann, Paris, 1967. MR Zbl

[Shkredov 2018] I. D. Shkredov, “On asymptotic formulae in some sum-product questions”, Tr. Mosk.
Mat. Obs. 79:2 (2018), 271–334. In Russian; translated in Trans. Moscow Math. Soc. 79 (2018),
231–281.

[Zaremba 1972] S. K. Zaremba, “La méthode des ‘bons treillis’ pour le calcul des intégrales multi-
ples”, pp. 39–119 in Applications of number theory to numerical analysis (Montreal, 1971), edited
by S. K. Zaremba, Academic, New York, 1972. MR Zbl

Received November 18, 2019. Revised August 12, 2020.

NIKOLAY G. MOSHCHEVITIN

STEKLOV MATHEMATICAL INSTITUTE

MOSCOW

RUSSIA

moshchevitin@gmail.com

ILYA D. SHKREDOV

STEKLOV MATHEMATICAL INSTITUTE

MOSCOW

RUSSIA

ilya.shkredov@gmail.com

http://msp.org/idx/arx/1412.4284
http://dx.doi.org/10.1515/crelle-2016-0072
http://dx.doi.org/10.1515/crelle-2016-0072
http://msp.org/idx/mr/3987865
http://msp.org/idx/zbl/07089688
http://dx.doi.org/10.4213/sm3772
https://doi.org/10.1070/SM2007v198n04ABEH003848
http://msp.org/idx/mr/2352362
http://msp.org/idx/zbl/1182.11035
http://dx.doi.org/10.1007/s11856-020-2039-3
http://dx.doi.org/10.1007/s11856-020-2039-3
http://msp.org/idx/mr/4145818
http://msp.org/idx/zbl/07247273
http://msp.org/idx/arx/1709.10438
http://dx.doi.org/10.1007/BF01559394
http://msp.org/idx/mr/851952
http://msp.org/idx/zbl/0584.10004
http://dx.doi.org/10.4171/JEMS/275
http://dx.doi.org/10.4171/JEMS/275
http://msp.org/idx/mr/2800484
http://msp.org/idx/zbl/1228.20020
http://msp.org/idx/arx/1812.01671
http://dx.doi.org/10.1007/978-1-4612-2418-1_21
http://msp.org/idx/mr/1420216
http://msp.org/idx/zbl/0869.11011
http://dx.doi.org/10.1215/S0012-7094-91-06410-0
http://dx.doi.org/10.1215/S0012-7094-91-06410-0
http://msp.org/idx/mr/1131400
http://msp.org/idx/zbl/0741.22010
http://msp.org/idx/mr/0232867
http://msp.org/idx/zbl/0189.02603
http://mi.mathnet.ru/eng/mmo616
https://doi.org/10.1090/mosc/283
https://doi.org/10.1090/mosc/283
http://dx.doi.org/10.1016/B978-0-12-775950-0.50009-1
http://dx.doi.org/10.1016/B978-0-12-775950-0.50009-1
http://msp.org/idx/mr/0343530
http://msp.org/idx/zbl/0246.65009
mailto:moshchevitin@gmail.com
mailto:ilya.shkredov@gmail.com




PACIFIC JOURNAL OF MATHEMATICS
Vol. 309, No. 1, 2020

https://doi.org/10.2140/pjm.2020.309.213

THE FIRST NONZERO EIGENVALUE
OF THE p-LAPLACIAN ON DIFFERENTIAL FORMS

SHOO SETO

We introduce a generalization of the p-Laplace operator to act on differ-
ential forms and generalize an estimate of Gallot and Meyer (1973) for the
first nonzero eigenvalue on closed Riemannian manifolds.

1. Introduction

Let (M, g) be an n-dimensional closed Riemannian manifold. Motivated from the
variational characterization of the Laplacian eigenvalue problem, we define the
L p-Dirichlet integral on k-forms (introduced in [Scott 1995]) by

(1) F[α] :=
∫

M
‖dα‖p

+‖d∗α‖p, α ∈�k(M),

where d∗ is the L2-adjoint of the exterior derivative d. Note that F[α] = 0 if and
only if α ∈ Hk(M), that is, the minimum is zero and is attained for harmonic
k-forms, i.e., α ∈ ker(d)∩ ker(d∗). For a nonzero infimum we consider the space

(2) Ak :=

{
α ∈W1,p(�k(M))

∣∣∣ −∫
M
‖α‖p

= 1,
∫

M
‖α‖p−2

〈α, ω〉 = 0, ω ∈Hk(M)
}
,

where the space W1,p(�k(M)) is the (1, p)-Sobolev space of differential k-forms
defined in [Scott 1995]. See Section 3 for the precise definition. Computing the
Euler–Lagrange equation leads us to the defining the following operator:

Definition 1.1 (p-Hodge Laplacian).

(3) 1pα := d∗(‖dα‖p−2dα)+ d(‖d∗α‖p−2d∗α), α ∈�k(M).

When p=2, this becomes the usual Hodge Laplacian. For p 6=2 and α∈C∞(M)
1p becomes the usual p-Laplacian. The corresponding eigenvalue equation is given
by

(4) 1pα = λ‖α‖
p−2α, α ∈�k(M)

MSC2010: 47J10, 53C65.
Keywords: differential forms, Hodge Laplacian, p-Laplacian, Weitzenböck curvature.
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and the variational principle tells us that

λ1 = inf{F[α] | α ∈ Ak}.

See Section 3 for details. When p = 2, there is much work on the spectrum of the
Hodge Laplacian acting on differential forms. Among many others, we point out the
work of Gallot and Meyer [1973; 1975] who show an estimate of the first eigenvalue
using bounds from the Weitzenböck curvature on compact Riemannian manifolds.
For manifolds with boundary, among many others, see the works [Kwong 2016;
Savo 2009; Raulot and Savo 2011].

For p 6= 2, the p-Laplace eigenvalue problem on 0-forms (functions) has attracted
much attention. See notes by Lindqvist [2006] for a general reference on the p-
Laplace equation. For estimates on the first eigenvalue relating to the curvature,
among many other works, see [Matei 2000; Naber and Valtorta 2014; Seto and Wei
2017] for eigenvalue estimates with Ric≥ K , K ∈ R.

Remark 1.2. There is also a related notion of p-harmonic k-forms which looks at
the minimizer in a cohomology class of k-forms with finite L p-norm, i.e.,

inf
α∈H k

d (M)

∫
M
‖α‖p.

The critical point of the variation leads to the following definition of p-harmonic,
for closed k-forms α, if

d∗p := d∗(‖α‖p−2α)= 0

then α is p-harmonic. See [Dung 2017].

In this paper we prove the following lower bound estimate for the first eigenvalue:

Theorem 1.3. Let Mn be a closed Riemannian manifold with the eigenvalues of
the curvature operator bounded below by H ∈ R and p ≥ 2. Then

λ1 ≥

(
k(n− k)

2(2/p)−1(C + (p− 2)/2)
H
)p/2

,

where
C =max

{ k
k+1

,
n−k

n−k+1

}
.

Remark 1.4. When p= 2, the above recovers the estimate due to Gallot and Meyer
[1973] (see also [Gallot and Meyer 1975]), for 1≤ k ≤ n

2 ,

λ1 ≥ k(n− k+ 1)H.

The organization of this paper is as follows. In Section 2 we review some known
estimates for differential k-forms. In Section 3 we show that the infimum can be
characterized as an eigenvalue problem. In Section 4 we give the main estimate. In
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Section 5 we give a brief discussion on boundary conditions for differential forms
and possible future directions.

2. Some estimates on �k(M)

We first recall the Weitzenböck curvature

Definition 2.1. Let p ∈ M and let {Ei }
n
i=1 be an orthonormal frame at p. Then for

α ∈�k(M), define the Weitzenböck curvature Wk by

Wk(α)(X1, . . . , Xk) :=
∑

(R(E j , X i )α)(X1, . . . , E j , . . . , Xk).

Note that on 1-forms, this is simply the Ricci tensor.

If the eigenvalues of the curvature operator are bounded by H ∈ R, we can show
that

(5) (Wk(α), α)≥ k(n− k)H‖α‖2.

The Weitzenböck curvature appears in the main tool we use in obtaining our estimate,
which is the Bochner–Weitzenböck formula for k-forms:

(6) 1
21‖α‖

2
= (1α, α)−‖∇α‖2− (Wk(α), α),

where1 :=12=dd∗+d∗d . Note that for exact 1-form α=d f , since∇d f =Hess f ,
the usual Cauchy–Schwarz inequality will give us an estimate on the middle term.
For k-forms, we will need the following:

Lemma 2.2 [Gallot and Meyer 1973]. Let α ∈�k(M), 1≤ k ≤ n− 1. Then

(7) ‖∇α‖2 ≥
1

k+1
‖dα‖2+ 1

n−k+1
‖d∗α‖2.

We give a proof for completeness. The proof we give is in the context of con-
formal Killing forms and can be found in various sources, for instance, [Moroianu
and Semmelmann 2003].

Proof. Consider the two linear maps

ι : T M ⊗�k(M)→�k−1(M)

ι(v, α)= ιvα

and
∧ :�1(M)⊗�k(M)→�k+1(M)

∧ (β, α)= β ∧α.

Let ι∗ and ∧∗ be their metric adjoint. Then

∧◦ ι∗(α)= 0 and ι ◦∧∗(α)= 0,
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so that we get the decomposition

T M ⊗�k(M)' im(ι∗)⊕ im(∧∗)⊕ Y,

where Y is the orthogonal complement. By direct computation, for α ∈�k(M), we
have

ι ◦ ι∗(α)= (n− k+ 1)α and ∧◦∧
∗ (α)= (k+ 1)α.

Viewing ∇α ∈ 0(T M ⊗�k(M)), From the decomposition,

∇α = ι∗β +∧∗γ + δ,

applying ι, we have
ι∇α = (n− k+ 1)β.

So the projection operator onto im(ι∗) is given by

πι∗∇α =
1

n−k+1
ι∗ι∇α

and similarly

π∧∗∇α =
1

k+1
∧
∗
∧∇α.

Let Tα := πT (∇α) the projection onto the orthogonal complement space. Since

dα =∧(∇α) and d∗α =−ι(∇α),

we have the decomposition

Tα(X)=∇Xα−
1

k+1
ιX dα+ 1

n−k+1
X∗ ∧ d∗α

and taking the norm gives us

‖∇α‖2 = ‖Tα‖2+
1

k+ 1
‖dα‖2+

1
n− k+ 1

‖d∗α‖2,

which implies (7). �

Remark 2.3. The projection operator T defined above is called the twistor operator
and a form α ∈�k(M) is called a conformal Killing form if Tα = 0.

The following lemma was pointed out by N.T. Dung and gives us a way to control
the interior product by using an orthogonal decomposition of forms as the image
under an interior product.

Lemma 2.4 [Dung and Sung 2019, Lemma 3.5]. Let V ∈ TM , α ∈�k+1, β ∈�k .
Then

|〈ιVα, β〉| ≤ ‖V ‖‖α‖‖β‖.
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3. Variational characterization of the eigenvalue

In this section we will compute the Euler–Lagrange equation of (1) and show that
the extremal problem can be reformulated as an eigenvalue problem. Analogous to
the 0-form (function) case, we will look at weak solutions lying the (1, p)-Sobolev
space of differential k-forms first defined by Scott [1995] as

W1,p(�k(M)) :=
{
α ∈W (�k(M)) | α, dα, d∗α ∈ L p(�∗(M))

}
,

where W (�k(M)) is the classical Sobolev space of k-forms, i.e., α is locally
integrable and admits a generalized gradient.

Definition 3.1. We say that λ is an eigenvalue, if there exists a k-form α ∈

W1,p(�k(M)) such that∫
M
‖dα‖p−2

〈dα, dβ〉+
∫

M
‖d∗α‖p−2

〈d∗α, d∗β〉 = λ
∫

M
‖α‖p−2

〈α, β〉,

for any β ∈ C∞(�k(M)).

We will show the first nonzero eigenvalue λ1 can be characterized as the infimum
of the L p-Dirichlet energy over the space Ak given in (2).

Proposition 3.2. For closed manifolds M and p ≥ 2,

λ1 = inf
{∫

M
‖dα‖p

+‖d∗α‖p
∣∣∣ α ∈ Ak

}
.

Proof. Let ω be a fixed harmonic form and let β(t) ∈ A for small t > 0 such that
β(0)= α. Computing the first variation of (1), we have

d
dt

F[β(t)]
∣∣∣∣
t=0
= p

∫
M
‖dα‖p−2

〈dα, dβ ′(0)〉+ ‖d∗α‖p−2
〈d∗α, d∗β ′(0)〉

= p
∫

M
〈1pα, β

′(0)〉.

Next we compute the variation of the constraints so that

d
dt

∫
M
‖β‖p

∣∣∣
t=0
= p

∫
M
|α|p−2

〈α, β ′(0)〉

and

d
dt

∫
M
‖β‖p−2

〈β, ω〉

∣∣∣
t=0
= (p−2)

∫
M
‖α‖p−4

〈α, β ′(0)〉〈α, ω〉+‖α‖p−2
〈β ′(0), ω〉.

By the Lagrange multiplier method, there must be some λ and µ such that for
β ∈�k(M),∫

M
〈1pα, β〉 = λ

∫
M
‖α‖p−2

〈α, β〉+µ

∫
M
‖α‖p−4

〈α, β〉〈α, ω〉+ ‖α‖p−2
〈β, ω〉.
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Setting β = ω, we have

0= µ
∫

M
‖α‖p−4

〈α, ω〉2+‖α‖p−2
‖ω‖2

so that µ= 0. Therefore,
1pα = λ‖α‖

p−2α. �

4. Proof of Theorem 1.3

We will consider the following integral∫
M
〈1pα,1α〉 =

∫
M
〈1pα, dd∗α〉+

∫
M
〈1p, d∗dα〉.

Let α ∈�k(M) be an eigenform satisfying (4). Then

(8)
∫

M
〈1pα, d∗dα〉 = λ

∫
M
‖α‖p−2

〈α, d∗dα〉

= λ

∫
M

〈
d(‖α‖p−2α), dα

〉
= λ

∫
M

〈
d(‖α‖p−2)∧α, dα

〉
+ λ

∫
M
‖α‖p−2

‖dα‖2

and

(9)
∫

M
〈1pα, dd∗α〉 = λ

∫
M
‖α‖p−2

〈α, dd∗α〉

= λ

∫
M

〈
d∗(‖α‖p−2α), d∗α

〉
= λ

∫
M
‖α‖p−2

‖d∗α‖2− λ
∫

M

〈
ι∇‖α‖p−2α, d∗α

〉
.

On the other hand, by using the Bochner–Weitzenböck formula (6) we have

(10)
∫

M
〈1pα,1α〉

= λ

∫
M
‖α‖p−2

〈α,1α〉

= λ

∫
M

(
(p− 2)‖α‖p−2

|∇‖α‖|2+‖α‖p−2
‖∇α‖2+‖α‖p−2(Wk(α), α)

)
.

Combining (8), (9), and (10), we obtain

(11)
∫

M

〈
d(‖α‖p−2)∧α, dα

〉
−

∫
M

〈
ι∇‖α‖p−2α, d∗α

〉
+

∫
M
‖α‖p−2

‖dα‖2

+

∫
M
‖α‖p−2

‖d∗α‖2



FIRST NONZERO EIGENVALUE OF THE p-LAPLACIAN ON DIFFERENTIAL FORMS 219

(11 cont.) =
∫

M

(
(p−2)‖α‖p−2

|∇‖α‖|2+‖α‖p−2
‖∇α‖2+‖α‖p−2(Wk(α), α)

)
.

Using Lemma 2.4, the first term of (11) can be estimated as∫
M

〈
d(‖α‖p−2)∧α, dα

〉
=

∫
M

〈
α, ι∇‖α‖p−2(dα)

〉
≤

∫
M

∥∥∇‖α‖p−2∥∥‖dα‖‖α‖
= (p− 2)

∫
M
‖α‖(p−2)/2∥∥∇‖α‖∥∥‖α‖(p−2)/2

‖dα‖

≤
(p−2)

2

∫
M
‖α‖p−2∥∥∇‖α‖∥∥2

+
(p−2)

2

∫
M
‖α‖p−2

‖dα‖2

and similarly for the second term,

−

∫
M

〈
ι∇‖α‖p−2α, d∗α

〉
≤

∫
M
‖∇‖α‖p−2

‖α‖‖d∗α‖

= (p− 2)
∫

M
‖α‖(p−2)/2∥∥∇‖α‖∥∥‖α‖(p−2)/2

‖d∗α‖

≤
(p−2)

2

∫
M
‖α‖p−2∥∥∇‖α‖∥∥2

+
(p−2)

2

∫
M
‖α‖p−2

‖d∗α‖2.

Applying these estimates to (11), we get

(p−2)+2
2

∫
M
‖α‖p−2

‖dα‖2+ (p−2)+2
2

∫
M
‖α‖p−2

‖d∗α‖2

≥

∫
M
‖α‖p−2

‖∇α‖2+

∫
M
‖α‖p−2(Wk(α), α)

≥
1

k+1

∫
M
‖α‖p−2

‖dα‖2+ 1
n−k+1

∫
M
‖α‖p−2

‖d∗α‖2+
∫

M
‖α‖p−2(Wk(α), α).

Let

C :=max
{ k

k+1
,

n−k
n−k+1

}
.

Using ∫
M
‖α‖p−2

‖dα‖2 ≤
(∫

M
‖α‖p

)1−2/p(∫
M
‖dα‖p

)2/p

and ∫
M
‖α‖p−2

‖d∗α‖2 ≤
(∫

M
‖α‖p

)1−2/p(∫
M
‖d∗α‖p

)2/p

,
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we have(
C +

(p− 2)
2

)(∫
M
‖α‖p

)1−2/p[(∫
M
‖dα‖p

)2/p

+

(∫
M
‖d∗α‖p

)2/p]
≥

∫
M
‖α‖p−2(Wk(α), α).

For p ≥ 2, and using the lower bound of the Weitzenböck curvature (5), we have

2(2/p)−1
(

C +
(p− 2)

2

)(∫
M
‖α‖p

)1−2/p(∫
M
‖dα‖p

+‖d∗α‖p
)2/p

≥ k(n− k)H
∫

M
‖α‖p.

Using the fact that
∫

M ‖dα‖
p
+‖d∗α‖p

= λ
∫

M ‖α‖
p for eigenform α, we get

λ2/p
≥

k(n− k)
2(2/p)−1(C + (p− 2)/2)

.

5. Boundary conditions

In this section we briefly discuss the situation of a compact manifold M with
nonempty smooth boundary ∂M . Let n denote the unit outer normal vector and
let J : ∂M → M be the inclusion. Then J ∗α is the restriction of a form to the
boundary. Then d and its adjoint d∗ are related with an additional boundary term
given by∫

M
〈dα, β〉 =

∫
M
〈α, d∗β〉+

∫
∂M
〈J ∗(α), ιnβ〉, α ∈�k(M), β ∈�k+1(M).

and the corresponding Green’s formula for the p-Laplacian is

(1pα, β)=

∫
M
‖dα‖p−2

〈dα, dβ〉+
∫

M
‖d∗α‖p−2

〈d∗α, d∗β〉

−

∫
∂M

〈
ιn(‖dα‖p−2dα), J ∗(β)

〉
+

∫
∂M

〈
‖d∗α‖p−2 J ∗(d∗α), ιnβ

〉
.

The two most common boundary conditions for the classical Laplacian eigen-
value problem are the Dirichlet and Neumann boundary condition. For the Hodge
Laplacian, the analogous boundary conditions are the absolute boundary condition{

ιnα = 0,
ιn dα = 0, on ∂M

and the relative boundary condition{
J ∗(α)= 0,
J ∗(d∗α)= 0, on ∂M.
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The essential feature of the boundary condition is that if α satisfies either of the
boundary conditions, then 1pα = 0 implies dα = 0 and d∗α = 0. The boundary
terms that will be introduced to (11) are∫

M

〈
d(‖α‖p−2)∧α, dα

〉
−

∫
M

〈
ι∇‖α‖p−2α, d∗α

〉
+

∫
M
‖α‖p−2

‖dα‖2

+

∫
M
‖α‖p−2

‖d∗α‖2−
∫
∂M
‖α‖p−2〈J ∗(α), ιn(dα)〉+∫

∂M
‖α‖p−2〈J ∗(d∗α), ιn(α)〉

=

∫
M

(
(p− 2)‖α‖p−2

|∇‖α‖|2+‖α‖p−2
‖∇α‖2+‖α‖p−2(Wk(α), α)

)
.

Since the boundary terms will vanish under either of the boundary conditions,
we get the same estimate for the boundary value problem as well. It would be
interesting to see what the Reilly formula, for instance a generalization of Theorem 3
in [Raulot and Savo 2011] would be in this context, however due to the asymmetry
of the weight function in the p-Laplacian, it is not immediate what the appropriate
Bochner–Weitzenböck type formula would be for 1p.
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GLOBAL REGULARITY OF
THE NAVIER–STOKES EQUATIONS ON

3D PERIODIC THIN DOMAIN WITH LARGE DATA

NA ZHAO

We consider the Navier–Stokes equations on a 3D periodic thin domain
T� D .0; l1/� .0; l2/� .0; �/. We show that there exists an absolute (large)
constant C such that for any C � > 0 which can be arbitrarily large, there
exists an �0 > 0 such that the Navier–Stokes equations are globally well-
posed for a class of large initial data satisfying

k@hu0kL2.T�/
6

C �

�
1
2 j ln �j

3
2

; k@3u0kL2.T�/
6

1

C�
1
2

;

where @h D .@1; @2/ and 0 < � 6 �0. This improves the result of Kukavica
and Ziane (Journal of Differential Equations 234:(2) (2007), 485–506), where
the initial data u0 is required to satisfy

kru0kL2.T�/
6

1

C�
1
2 j ln �j

3
2

:

1. Introduction

The Navier–Stokes equations describe the time evolution of solutions of mathemati-
cal models of viscous incompressible fluids. The research of solutions has attracted
many experts. To our knowledge, in the whole space case, Leray [1934] proved that
if the divergence-free initial data u0 belongs to L2, there exists a weak solution u.t/

which is defined for all t > 0 and satisfies a global energy inequality. Hopf [1951]
extended the result to the bounded domain case. Furthermore, if the initial data
possesses certain regularity, say u0 2 H 1.�/, where � is a smooth bounded or
periodic domain, then the Leray solution is smooth and unique at least for some
short time interval; see [Temam 1984].
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In this paper, we consider the Navier–Stokes equations of the incompressible
fluid flow on a periodic domain T�,

(1-1)
�
@tu��uCu � ruCrp D 0;

r �uD 0;

where u and p denote the velocity and the pressure, respectively, and T� is a
3D periodic thin domain, T� D T 2 � T 1

� , T 2 D .0; l1/� .0; l2/, 0 < l1; l2 <1,
T 1
� D .0; �/, 0 < � < 1. We assume that the initial data satisfies u0 2 H 1

per.T�/

with
R

T�
u0 D 0. As we have mentioned above, there exists a local smooth solution.

However, we don’t know whether the solution can be global. In fact, in the 3D case,
there is a global solution provided the initial data is sufficiently small; see [Fujita
and Kato 1964]. It is unknown for the global existence in the large initial data case.

Our goal in this paper is to find how large the initial data can be to ensure the
global existence of strong solutions on thin periodic domain. Hale and Raugel
[1992a; 1992b] studied reaction diffusion equations and damped wave equations on
thin domain. Raugel and Sell [1993; 1994] further studied the existence of strong
solutions of the Navier–Stokes equations on thin domain. In particular, in [Raugel
and Sell 1993], they proved that, in the periodic boundary condition case, the
global existence holds with initial data in a large set of H 1.T�/. Subsequent works
concerning various boundary conditions complemented and extended their result;
see [Temam and Ziane 1996; Montgomery-Smith 1999; Iftimie 1999; Iftimie and
Raugel 2001; Kukavica and Ziane 2006; 2007; Hou et al. 2008; Kukavica et al. 2013;
2014]. It is worth mentioning that Temam and Ziane [1996] proved that in the case
with Dirichlet boundary condition, global existence holds if the initial data satisfies

(1-2) kru0kL2.T�/
6 �

C�
1
2

;

where � denotes the viscosity. It would be very interesting to understand how far
we can go in the periodic case.

However, the periodic case is quite different with the Dirichlet boundary condition
case. In the case of the periodic boundary condition, there is no Poincaré inequality
in the vertical direction. For this reason, in the periodic case, the global regularity is
still unclear under (1-2). Montgomery and Smith [1999] proved the global existence
of solutions if

kru0kL2.T�/
�

�

C.l1; l2/
;

which was later on improved by Kukavica and Ziane [2006] to

kru0kL2.T�/
�

�

C.l1; l2/�
1
6

:
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Then after a year, Kukavica and Ziane [2007] improved their result to

kru0kL2.T�/
�

�

C.l1; l2/�
1
2 jln �j

3
2

;

where C is a sufficiently large constant.
In this paper, we prove that the global existence holds if the initial data satisfies

k@hu0kL2.T�/
6 C �

�
1
2 jln �j

3
2

; k@3u0kL2.T�/
6 1

C�
1
2

;

where @h D .@1; @2/, C � is an arbitrarily large constant and C is a sufficiently
large constant. Here without loss of generality, we have taken the viscosity to
be 1. We emphasize that the vertical derivative of the velocity @3u has reached
the desired result with the power of �1

2
of the exponent of �. This is due to the

observation that the Poincaré inequality for @3u in the vertical direction holds
since the average of @3u in the vertical direction is automatically 0 for the periodic
boundary condition. More precisely, it holds that

1

�

Z �

0

@3u dx3 D
1

�

�
u.x1;x2; �/�u.x1;x2; 0/

�
D 0;

since u is periodic in vertical direction. To deal with the horizontal derivative @hu,
we use the same method as [Kukavica and Ziane 2007]. However, our result
allows C � to be arbitrarily large which is required to be sufficiently small in
[Kukavica and Ziane 2007]. The key improvement lies in that in the estimate of
ku3kL˛.T�/, we take ˛D 3C2jln �j=lnjln �j instead of ˛D 3Cjln �j to gain more
room for C �.

Before we state our main result, we recall our hypothesis and introduce our
notations. We assume that u satisfies the periodic boundary conditions�

u.xC liei ; t/D u.x; t/; i D 1; 2;

u.xC �e3; t/D u.x; t/;

where fe1; e2; e3g is the natural basis in R3. In addition, we require that the initial
data u.x; 0/D u0.x/ satisfies

(1-3)
Z

T�

u0.x/ dx D 0:

It then follows that any solution of (1-1) with the initial data u0.x/ will also satisfyR
T�

u.x; t/ dx D 0 for all t > 0. Let Lp.T�/ � Lp.T�;R
3/ be the space of Lp

vector functions u with the usual norm

kukLp.T�/ D

�Z
T�

jujpdx

� 1
p

:



226 NA ZHAO

Let H m
per.T�/�H m

per.T�;R
3/ denote the closure in H m.T�;R

3/ of those smooth
functions that are periodic in space, i.e., u.xCliei/Du.x/; iD1; 2; 3, where l3D �.
Throughout this paper, the symbol C denotes a sufficiently large constant, which
depends only on l1 and l2. Its value may change from one inequality to another.
On the other hand, the constant C0;C1; : : :, which depend on l1 and l2, are fixed.

We are ready to state the main result in this paper.

Theorem 1.1. Consider the Navier–Stokes equations (1-1) with the initial data
u0 2 H 1

per.T�/ which satisfies (1-3). For any given arbitrarily large constant C �,
there exists an �0 D �0.C

�/ 2 .0; 1/ such that for every � 2 .0; �0�, assuming that
u0 satisfies 8̂̂<̂

:̂
k@hu0kL2.T�/

6 C �

�
1
2 jln �j

3
2

;

k@3u0kL2.T�/
6 1

C0�
1
2

;

where @h D .@1; @2/ and C0 > 0 is a sufficiently large constant which depends
only on l1 and l2, then (1-1) has a unique global solution u that belongs to
C.Œ0;1/;H 1

per.T�//.

The following result is a key step in the proof of Theorem 1.1. We emphasize
that this theorem is given by Kukavica and Ziane [2007]. However, their proof
seems incomplete for us and needs some modifications. For completeness, we will
present the details in Section 3.

Theorem 1.2. Let 3 6 ˛ 6 zC jln �j be arbitrary, where zC is a large constant.
Assume that the initial data u0 D .u01;u02;u03/ 2H 1

per.T�/ satisfies

kru0kkL2.T�/
6 1

C�
1
2˛.˛Cjln �j/

1
2

; k D 1; 2

and

ku03kL˛.T�/ 6
1

C�
˛�3

˛

:

Then (1-1) has a unique global solution u. Moreover,

kruk. �; t/kL2.T�/
6 C

�
1
2˛.˛Cjln �j/

1
2

; k D 1; 2

and

ku3. �; t/kL˛.T�/ 6
C

�
˛�3

˛

for all t > 0, where C > 0 is a constant which depends only on l1 and l2.
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The remaining part of this paper is organized as follows. Section 2 focuses on
the Sobolev imbedding theorems for thin domain. Section 3 is devoted to proving
Theorem 1.2. In Section 4, we finish the proof of Theorem 1.1 by dividing the
whole time into three time intervals and using Theorem 1.2 in the third time interval
to get the global regularity.

2. Preliminaries

In this section, we will introduce the average operator M and give the Sobolev
imbedding theorems for thin domain. In addition, we will give an inequality about
the L˛ norm of u3, which will play an important role in proving the main result.

For any u 2 L1.T�/, as in [Kukavica and Ziane 2006; 2007; Raugel and Sell
1993; Temam and Ziane 1996], the average operator M is defined by

.Mu/.x1;x2/D
1

�

Z �

0

u.x1;x2;x3/ dx3:

We also define the operator N by (see [Kukavica and Ziane 2006; 2007; Raugel
and Sell 1993; Temam and Ziane 1996])

Nu.x1;x2;x3/D u.x1;x2;x3/� .Mu/.x1;x2/:

It is clear that Mu is independent of x3 and MNuD 0. In addition, we also have

kuk2
L2.T�/

D kMuk2
L2.T�/

CkNuk2
L2.T�/

:

In the following lemma, we will recall the Sobolev imbedding theorems for thin
domain which will be frequently used in the proof of the main result. The following
estimates can be found in [Kukavica and Ziane 2006; 2007; Temam and Ziane 1996].

Lemma 2.1. Assume u 2H 1
per.T�/.

(i) We have

kNukL2.T�/
6 C�k@3ukL2.T�/

and kNukL6.T�/
6 CkrukL2.T�/

:

For all a 2 Œ2; 6�, we have

kNukLa.T�/ 6 Ckuk
6�a
2a

L2.T�/
kruk

3a�6
2a

L2.T�/
:

Moreover,
kNukLa.T�/ 6 C�

6�a
2a krukL2.T�/

:

Here C depends only on l1 and l2.

(ii) For all a 2 Œ2;1/, we have

kMukLa.T�/ 6
Ca

1
2

�
a�2
2a

kuk
2
a

L2.T�/
kruk

a�2
a

L2.T�/
C

C

�
a�2
2a

kukL2.T�/
:
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Moreover, if
R

T�
u dx D 0, then

kMukLa.T�/ 6
Ca

1
2

�
a�2
2a

kuk
2
a

L2.T�/
kruk

a�2
a

L2.T�/
6 Ca

1
2

�
a�2
2a

krukL2.T�/
:

Here C depends only on l1 and l2.

(iii) Assume
R

T�
u dx D 0. Then for a 2 Œ2; 6�, we have

kukLa.T�/ 6
Ca

1
2

�
a�2
2a

kuk
6�a
2a

L2.T�/
kruk

3a�6
2a

L2.T�/
6 Ca

1
2

�
a�2
2a

krukL2.T�/
;

where C depends only on l1 and l2.

One can find the proof of the above lemma in [Kukavica and Ziane 2006; 2007;
Temam and Ziane 1996]. It should be pointed out that to get the last two inequalities
in Lemma 2.1, we used the following Poincaré inequality on the periodic domain
T� D .0; l1/� .0; l2/� .0; �/:

(2-1) kukL2.T�/
� CkrukL2.T�/

;

where C depends on l1 and l2. Inequality (2-1) is valid under the assumptionR
T�

u dx D 0. To prove this, we first see that uDMuCNu. This means that the
integral average of Nu on the vertical direction and Mu on the horizontal direction
are 0, respectively, i.e.,

1

�

Z �

0

Nu dx3 D 0;
1

jT 2j

Z
T 2

Mu dx1 dx2 D 0:

Using the Poincaré inequality for Nu on the vertical direction and Mu on T 2,
respectively, we get

kNukL2.T�/
� C�k@3ukL2.T�/

; .see Lemma 2.1(i)/

kMukL2.T 2/ � Ck@hMukL2.T 2/)kMukL2.T�/
� Ck@hukL2.T�/

:

Hence,

kukL2.T�/
� kNukL2.T�/

CkMukL2.T�/

� C�k@3ukL2.T�/
CCk@hukL2.T�/

� CkrukL2.T�/
:

Next, we will give an estimate concerning the L˛ norm of u3 which has ap-
peared in [Kukavica and Ziane 2006, Lemma 3] for ˛ D 6 and in [Kukavica et al.
2013, Lemma 4.2] for general ˛ in the two-dimensional case. Below is the three-
dimensional case. We remark that this has been proven for ˛ D 6 in [Kukavica and
Ziane 2006, Lemma 4]. For completeness, we will present a proof below which
seems even simpler.
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Lemma 2.2. Consider u3, the third component of the velocity, which is defined
on T�. Let ˛ 2 Œ2;1/ be arbitrary. Assume that u3 2H 1

per.T�/\L˛.T�/ satisfies
r.ju3j

˛
2 / 2L2

per.T�/ and
R

T�
u3 dx D 0. Then

(2-2)


ju3j

˛
2



2

L2.T�/
6 C



r.ju3j
˛
2 /


2

L2.T�/
;

where C depends only on l1, l2 and ˛.

Remark 2.3. Lemma 2.2 will be used to prove the main result Theorem 1.1. We
don’t need to add the assumption

R
T�

u3 dx D 0 which appears in Lemma 2.2 to
Theorem 1.1. Actually, in Theorem 1.1, we have made an assumption to the initial
data u0 D .u01;u02;u03/, that is,Z

T�

u0.x/ dx D 0I

see (1-3). Under this assumption, we can see that any solution uD .u1;u2;u3/ of
Navier–Stokes equations with this initial data will satisfyZ

T�

u.x; t/ dx D 0

for all t > 0. Hence when we use Lemma 2.2 to prove Theorem 1.1, we don’t need
to make extra assumptions.

Proof. Since the size of T� is not order one, we make a transform to map T� onto
z�D .0; l1/� .0; l2/� .0; 1/. The transform is defined by

(2-3) u3.x1;x2;x3/D u3.y1;y2; �y3/D v.y1;y2;y3/;

where xD .x1;x2;x3/2T� , yD .y1;y2;y3/2 z� and xi D yi , i D 1; 2; x3D �y3.
Then we know that v is defined on z� whose size is order one. Let Qu.x/D ju3j

˛
2 .x/

and Qv.y/ D jvj
˛
2 .y/. Since

R
T�

u3 dx D 0, it is obvious
R
z�
v.y/ dy D 0. By a

similar argument as that of Lemma 3 in [Kukavica and Ziane 2006], we have

(2-4) k Qvk2
L2.z�/

6 Ckr Qvk2
L2.z�/

;

where C depends only on l1, l2 and ˛. Moreover, we can conclude from (2-3) that

(2-5) k Qvk2
L2.z�/

D
1

�
k Quk2

L2.T�/
;

and

(2-6) kr Qvk2
L2.z�/

6 1

�
kr Quk2

L2.T�/
:
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It then follows from (2-4)–(2-6) that

k Quk2
L2.T�/

6 Ckr Quk2
L2.T�/

;

where C depends only on l1, l2 and ˛. Thus we complete the proof of (2-2). �

3. Proof of Theorem 1.2

In this section, we will prove Theorem 1.2. We follow the idea of [Kukavica and
Ziane 2007]. However, from our point of view, compared with the proof in [Kukavica
and Ziane 2007], two places need to be modified when we estimate K3 coming
from the estimate of ku3kL˛ . We will show the details in the following proof.

Proof. Since the initial data u0 2H 1
per.T�/, we know that the solution of (1-1) is

smooth and unique on an initial time interval .0;Tmax/, where Tmax > 0 depends
on u0. Take t1, 0< t1 < Tmax and suppose t 2 Œ0; t1�. By (1-1), the componentwise
Navier–Stokes equations become

(3-1) @tuk ��uk C

3X
jD1

uj@j uk C @kp D 0;

where k D 1; 2; 3.
Consider the Navier–Stokes equations (3-1) for k D 1; 2. We multiply the

equations with ��uk respectively and integrate over T� � Œ0; t �, and sum. Let
uh D .u1;u2/. It then follows that

(3-2) kruh.t/k
2

L2
x
�kru0hk

2

L2
x
Ck�uhk

2

L2
t L2

x

D

2X
jD1

“
uj@j uh�huhC

2X
jD1

“
uj@j uh@33uh

C

“
u3@3uh�uhC

“
@hp�uh

D J1CJ2CJ3CJ4;

where �h D @11C @22, @h D .@1; @2/ and we abbreviate

k � kLs
t Lr

x
D k � kLs..0;t/;Lr .T�//:

We remark that above and in the sequel, all unmarked double integrals are understood
to be over T� � Œ0; t � and all unmarked single integrals are understood to be over T� .
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For the term J1, using integration by parts together with the fact r �uD 0, we get

J1 D�

2X
i;jD1

“
@iuj@j uh@iuh�

2X
i;jD1

“
uj@j@iuh@iuh

D�

2X
i;jD1

“
@iuj@j uh@iuhC

1

2

2X
i;jD1

“
@j uj@iuh@iuh

D�

2X
i;jD1

“
@iuj@j uh@iuh�

1

2

2X
iD1

“
@iuh@iuh@3u3

D
1

2

2X
iD1

“
@iuh@iuh@3u3C

“
@1u2@2u1@3u3�

“
@1u1@2u2@3u3

D J11CJ12CJ13:

We next estimate J11, J12, J13. Define

J.t/D kruhkL1t L2
x
Ckr

2uhkL2
t L2

x
;

where r2 D .@ij /, i; j D 1; 2; 3. Then we have the following useful estimate:

(3-3) k@3ukkL2
t La

x
6 C�

6�a
2a J.t1/; a 2 Œ2; 6�; k D 1; 2; 3:

Since
R �

0 @3uk dx3 D 0 for k D 1; 2; 3, by using Lemma 2.1(i), we have

k@3ukkL2
t La

x
6 C�

6�a
2a kr@3ukkL2

t L2
x
6 C�

6�a
2a J.t1/; k D 1; 2:

By using the divergence-free condition, we get

k@3u3kL2
t La

x
6 C�

6�a
2a kr.@1u1C @2u2/kL2

t L2
x
6 C�

6�a
2a J.t1/:

Thus we finish the proof of the inequality (3-3). For the term J11, we decompose
it into three parts:

(3-4) J11D
1

2

2X
iD1

“
M.@iuh/M.@iuh/@3u3C

2X
iD1

“
M.@iuh/N.@iuh/@3u3

C
1

2

2X
iD1

“
N.@iuh/N.@iuh/@3u3

D J111CJ112CJ113:
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Regarding J111, due to the fact that M.@iuh/ is independent of x3, we have
@3M.@iuh/D 0, thus

(3-5) J111 D�
1

2

2X
iD1

“
@3M.@iuh/M.@iuh/u3

�
1

2

2X
iD1

“
M.@iuh/@3M.@iuh/u3 D 0:

Regarding J113, we have

(3-6) J113 6 C

2X
iD1

kN.@iuh/kL4
t L3

x
kN.@iuh/kL4

t L3
x
k@3u3kL2

t L3
x
:

Since
R �

0 N.@iuh/ dx3 D 0, we have

(3-7) kN.@iuh/kL4
t L3

x
6 C



k@iuhk
1
2

L2
x

kr@iuhk
1
2

L2
x




L4

t

6 Ck@iuhk
1
2

L1t L2
x

kr@iuhk
1
2

L2
t L2

x

6 C.k@iuhkL1t L2
x
Ckr@iuhkL2

t L2
x
/6 CJ.t1/:

By using the inequality (3-3) with aD 3, we have

(3-8) k@3u3kL2
t L3

x
6 C�

1
2 J.t1/:

It then follows from (3-6)–(3-8) that

(3-9) J113 6 C�
1
2 J.t1/

3:

Regarding J112, we have

(3-10) J112 6 C

2X
iD1

kM.@iuh/kL4
t L4

x
kN.@iuh/kL4

t L3
x
k@3u3k

L2
t L

12
5

x

:

Since
R

T�
@iuh dx D 0, we can see from Lemma 2.1(ii) with aD 4 that

kM.@iuh/kL4
x
6 C��

1
4 k@iuhk

1
2

L2
x

kr@iuhk
1
2

L2
x

:

Therefore,

(3-11) kM.@iuh/kL4
t L4

x
6C��

1
4 k@iuhk

1
2

L1t L2
x

kr@iuhk
1
2

L2
t L2

x

6C��
1
4 .k@iuhkL1t L2

x
Ckr@iuhkL2

t L2
x
/6C��

1
4 J.t1/:
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By using the inequality (3-3) with aD 12
5

, we have

(3-12) k@3u3k
L2

t L
12
5

x

6 C�
3
4 J.t1/:

It then follows from (3-7), (3-10)–(3-12) that

(3-13) J112 6 C�
1
2 J.t1/

3:

Based on (3-4), (3-5), (3-9) and (3-13), we have

J11 6 C�
1
2 J.t1/

3:

The terms J12 and J13 are estimated in the same way as J11. Therefore, we obtain

(3-14) J1 6 C�
1
2 J.t1/

3:

For the term J2, using integration by parts together with r �uD 0, we have

J2 D

2X
jD1

“
uj@j uh@33uh D�

2X
jD1

“
@3uj@j uh@3uh�

2X
jD1

“
uj@j@3uh@3uh

D�

2X
jD1

“
@3uj@j uh@3uhC

1

2

2X
jD1

“
@j uj@3uh@3uh D J21CJ22:

Regarding J21, we have

J21 6
2X

jD1

k@3ujkL2
t L4

x
k@j uhkL1t L2

x
k@3uhkL2

t L4
x
6 C�

1
2 J.t1/

3;

where we have used (3-3) with aD 4. The same estimate holds for J22. Therefore,

(3-15) J2 6 C�
1
2 J.t1/

3:

For the term J3, define

K.t/D
�

ju3j

˛
2




L1t L2

x
C


r.ju3j

˛
2 /




L2
t L2

x

� 2
˛ ; t 2 Œ0;Tmax/:

Then we get
J3 6 ku3kL1t L˛

x
k@3uhk

L2
t L

2˛
˛�2
x

k�uhkL2
t L2

x
:

Since 36 ˛ 6 zC jln �j implies that 2< 2˛
˛�2
6 6, it follows from (3-3) that

k@3uhk
L2

t L
2˛

˛�2
x

6 C�
˛�3

˛ J.t1/:

Thus,

(3-16) J3 6 C�
˛�3

˛ K.t1/J.t1/
2:
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For the term J4 which includes �p, we need to take the divergence of (1-1) and
obtain that

��p Dr � .u � ru/D

3X
i;jD1

@iuj@j ui :

Then we have

J4 D�

“
�p@huh D

3X
i;jD1

“
@iuj@j ui@huh

D

2X
i;jD1

“
@iuj@j ui@huhC 2

2X
jD1

“
@3uj@j u3@huh

D�

2X
i;jD1

“
@iuj@j ui@3u3C 2

2X
jD1

“
@3uj@j u3@huh

D J41CJ42:

The term J41 can be estimated in a similar way to J11, giving

(3-17) J41 6 C�
1
2 J.t1/

3:

Regarding J42, using integration by parts, we have

J42 D�2

2X
jD1

“
@j@3uj u3@huh� 2

2X
jD1

“
@3uj u3@j@huh

D 2

2X
jD1

“
@j@3uj u3@3u3� 2

2X
jD1

“
@3uj u3@j@huh

D J421CJ422:

Estimate J421 and J422 to obtain

J421 6 Ck@j@3ujkL2
t L2

x
ku3kL1t L˛

x
k@3u3k

L2
t L

2˛
˛�2
x

6 C�
˛�3

˛ K.t1/J.t1/
2

J422 6 C

2X
jD1

k@3ujk
L2

t L
2˛

˛�2
x

ku3kL1t L˛
x
k@j@huhkL2

t L2
x
6 C�

˛�3
˛ K.t1/J.t1/

2:

Thus we conclude

(3-18) J42 6 C�
˛�3

˛ K.t1/J.t1/
2:

It then follows from (3-17) and (3-18) that

(3-19) J4 6 C�
1
2 J.t1/

3
CC�

˛�3
˛ K.t1/J.t1/

2:
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Therefore, by (3-2), (3-14)–(3-16) and (3-19), we obtain the final estimate
about J.t/:

(3-20) J.t/2 6 C�
1
2 J.t/3CC�

˛�3
˛ K.t/J.t/2CJ.0/2;

where we have used the second derivative estimate

kr
2uhkL2

t L2
x
6 Ck�uhkL2

t L2
x

together with the fact

J.0/D kru0hkL2
x
:

The next objective is to estimate K.t/. Consider the Navier–Stokes equa-
tions (3-1) for k D 3. We multiply it with ju3j

˛�1 sgn u3 and integrate over
T� � Œ0; t �. There holds“

@tu3ju3j
˛�1 sgn u3C

“
u � ru3ju3j

˛�1 sgn u3�

“
�u3ju3j

˛�1 sgn u3

D�

“
@3pju3j

˛�1 sgn u3:

After a short calculation, we have

(3-21)
1

˛
ku3.t/k

˛
L˛

x
C

4.˛� 1/

˛2



r.ju3j
˛
2 /


2

L2
t L2

x

D�

“
@3pju3j

˛�1 sgn u3C
1

˛
ku03k

˛
L˛

x
:

It remains to estimate �
’
@3pju3j

˛�1 sgn u3. From (1-1), we know that

p D .��/�1
r �r � .u˝u/D

3X
i;jD1

RiRj .uiuj /D

3X
i;jD1

Ri;j .uiuj /;

where R1, R2, R3 are the Riesz transforms. Since @3 can commute with the Riesz
transforms, we have

@3pD @3

3X
i;jD1

Ri;j .uiuj /D 2

3X
i;jD1

Ri;j .@3uiuj /

D 2

3X
iD1

2X
jD1

Ri;j .@3uiNuj /C2

3X
iD1

2X
jD1

Ri;j .@3uiMuj /C2

3X
iD1

Ri;3.@3uiu3/

D q1Cq2Cq3:



236 NA ZHAO

Therefore, we obtain

�

“
@3pju3j

˛�1 sgnu3

D�

“
.q1Cq2Cq3/u3ju3j

˛�2

D�

“
q1ju3j

˛�2
2 N.ju3j

˛
2 /sgnu3�

“
q1ju3j

˛�2
2 M.ju3j

˛
2 /sgnu3

�

“
q2u3ju3j

˛�2
�

“
q3ju3j

˛�2
2 N.ju3j

˛
2 /sgnu3

�

“
q3ju3j

˛�2
2 M.ju3j

˛
2 /sgnu3

DK1CK2CK3CK4CK5:

For the term K1,

K16 kq1k
L2

t L
3˛

˛C3
x



ju3j
˛�2

2




L1t L

2˛
˛�2
x



N.ju3j
˛
2 /




L2
t L6

x

6Ckq1k
L2

t L
3˛

˛C3
x



ju3j
˛
2



˛�2
˛

L1t L2
x



r.ju3j
˛
2 /




L2
t L2

x
6Ckq1k

L2
t L

3˛
˛C3
x

K.t1/
˛�1;

where we have used Lemma 2.1(i) for


N.ju3j

˛
2 /




L2
t L6

x
. Regarding kq1k

L2
t L

3˛
˛C3
x

,

we have

(3-22) kq1k
L2

t L
3˛

˛C3
x

6 C

3X
iD1

2X
jD1

kRi;jk
L

3˛
˛C3
x

k@3uiNujk
L2

t L
3˛

˛C3
x

6 C

3X
iD1

2X
jD1

kRi;jk
L

3˛
˛C3
x

k@3uik
L2

t L
6˛

˛C6
x

kNujkL1t L6
x
:

As we know, the Riesz transforms Ri;j .i; j D 1; 2; 3/ are bounded on Lp.T�/ for
1< p <1. Furthermore, the bound is given by (see [Grafakos 2004, p. 362])

(3-23) kRi;jkLp 6 C max
�
p;

1

p�1

�
;

where C is independent of p. Here, 3
2
6 3˛
˛C3

< 3 when 3 6 ˛ 6 zC jln �j. Thus,
kRi;jkL

3˛
˛C3
x
6 C for i; j D 1; 2; 3. Since 26 6˛

˛C6
< 6 when 36 ˛ 6 zC jln �j, we

can see from (3-3) that

(3-24) k@3uik
L2

t L
6˛

˛C6
x

6 C�
3
˛ J.t1/:
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Also, by using Lemma 2.1(i) we have

(3-25)
2X

jD1

kNujkL1t L6
x
6

2X
jD1

krujkL1t L2
x
6 CJ.t1/:

Thus, by (3-22)–(3-25), we get

kq1k
L2

t L
3˛

˛C3
x

6 C�
3
˛ J.t1/

2:

Therefore, we obtain the estimate of K1,

(3-26) K1 6 C�
3
˛ J.t1/

2K.t1/
˛�1:

For the term K2, we have

(3-27) K2 6 kq1kL2
t L

r1
x



ju3j
˛�2

2




L1t L

2˛
˛�2
x



M.ju3j
˛
2 /




L2
t Lb

x
;

where r1 and b satisfy 1
r1
C
˛�2
2˛
C

1
b
D1. Let b>2˛, then we have r1 2

�
2˛
˛C2

; 2˛
˛C1

�
.

Now we estimate the three terms on the right-hand side of (3-27). Regarding
kq1kL2

t L
r1
x

, we have

kq1kL2
t L

r1
x
6 C

3X
iD1

2X
jD1

k@3uik
L2

t L
2r1
x

kNujk
L1t L

2r1
x

;

Because of the fact that 2r1 2
�

4˛
˛C2

; 4˛
˛C1

�
�
�

12
5
; 4
�

when 3 6 ˛ 6 C jln �j, we
conclude from (3-3) that

k@3uik
L2

t L
2r1
x

6 C�
3�r1
2r1 J.t1/:

Also, by using Lemma 2.1(i) we have

2X
jD1

kNujk
L1t L

2r1
x

6 C�
3�r1
2r1

2X
jD1

krujkL1t L2
x
6 C�

3�r1
2r1 J.t1/:

Thus, we have

(3-28) kq1kL2
t L

r1
x
6 C�

3�r1
r1 J.t1/

2:

Regarding


ju3j

˛�2
2




L1t L

2˛
˛�2
x

, we have

(3-29)


ju3j

˛�2
2




L1t L

2˛
˛�2
x

D


ju3j

˛
2



˛�2
˛

L1t L2
x

6 CK.t1/
˛�2

2 :
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Regarding


M.ju3j

˛
2 /




L2
t Lb

x
, by using Lemma 2.1(ii) we have



M.ju3j
˛
2 /




L2
t Lb

x

6 Cb
1
2 ��

b�2
2b






ju3j
˛
2



 2
b

L2
x



r.ju3j
˛
2 /


 b�2

b

L2
x





L2

t

CC��
b�2
2b



ju3j
˛
2




L2

t L2
x

6 Cb
1
2 ��

b�2
2b






ju3j
˛
2



 2
b

L2
x





Lb

t






r.ju3j
˛
2 /


 b�2

b

L2
x





L

2b
b�2
t

CC��
b�2
2b



ju3j
˛
2




L2

t L2
x

6 Cb
1
2 ��

b�2
2b



ju3j
˛
2



 2
b

L2
t L2

x



r.ju3j
˛
2 /


 b�2

b

L2
t L2

x

CC��
b�2
2b



ju3j
˛
2




L2

t L2
x
:

Meanwhile, by using Lemma 2.2, we know that

(3-30)


M.ju3j

˛
2 /




L2
t Lb

x
6 Cb

1
2 ��

b�2
2b



r.ju3j
˛
2 /




L2
t L2

x
6 Cb

1
2 ��

b�2
2b K.t1/

˛
2 :

Therefore, it follows from (3-27)–(3-30) that

(3-31) K2 6 Cb
1
2 �

3
˛
� 2

b J.t1/
2K.t1/

˛�1:

For the term K3, we first rewrite q2D2
P3

iD1

P2
jD1 Ri;j .@3uiMuj /. Since Muj

is independent of x3, we have @3uiMuj D @3.Mui CNui/Muj D @3.NuiMuj /.
Let

�q2 D 2

3X
iD1

2X
jD1

Ri;j .NuiMuj /:

Then we have q2 D @3�q2 as the derivative can commute with the Riesz transforms.
Thus, we obtain the following result

K3 D�

“
@3�q2u3ju3j

˛�2
D

“ �q2@3u3ju3j
˛�2
C

“ �q2u3@3.ju3j
˛�2/

D .˛� 1/

“ �q2@3u3ju3j
˛�2
D

2.˛� 1/

˛

“ �q2@3.ju3j
˛
2 /ju3j

˛�2
2 sgn u3:

According to the above result, we have

K3 6
2.˛� 1/

˛
k�q2kL2

t L˛
x



@3.ju3j
˛
2 /




L2
t L2

x



ju3j
˛�2

2




L1t L

2˛
˛�2
x

6 Ck�q2kL2
t L˛

x



ju3j
˛
2



˛�2
˛

L1t L2
x

K.t1/
˛
2

6 Ck�q2kL2
t L˛

x
K.t1/

˛�1:
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It remains to estimate k�q2kL2
t L˛

x
.

k�q2kL˛
x
6 C

3X
iD1

2X
jD1

kRi;j NuiMujkL˛
x
6 C

3X
iD1

2X
jD1

kRi;jkL˛
x
kNuiMujkL˛

x

6 C˛

3X
iD1

2X
jD1

kNuiMujkL˛
x
:

Here, compared with [Kukavica and Ziane 2007], we modified the estimate of
k�q2kL˛

x
by adding the L˛ norm of Riesz transforms given by (3-23). The reason

is that we will take ˛ to be very large, roughly like jln �j, when proving the main
result. Hence

k�q2kL2
t L˛

x
6C˛

3X
iD1

2X
jD1

kNuiMujkL2
t L˛

x
6C˛

3X
iD1

2X
jD1

kNuikL2
t L

r2
x
kMujkL1t Lb

x
;

where b > 2˛ and r2 D
b˛

b�˛
2 .˛; 2˛�. By using Lemma 2.1(ii) we have

kMujkL1t Lb
x
6 Cb

1
2 ��

b�2
2b krujkL1t L2

x
6 Cb

1
2 ��

b�2
2b J.t1/:

One expects to bound kNuikL2
t L

r2
x

by kr2uhkL2
t L2

x
and thus by J.t/. In [Kukav-

ica and Ziane 2007], the authors considered two cases: 2� r2 � 6 and 6� r2 <1.
When 2� r2 � 6, by Lemma 2.1(i),

kNuikL2
t L

r2
x
� C�

6�r2
2r2

3X
kD1

k@k.Nui/kL2
t L2

x
:

For the case i D 3; k D 1; 2, they used the Poincaré inequality to get

k@k.Nu3/kL2
t L

r2
x
� C�k@3@ku3kL2

t L2
x
� C�k@k@huhkL2

t L2
x
:

When 6� r2 <1, they first used the Gagliardo–Nirenberg inequality to get

kNuikL2
t L

r2
x
� C

3X
kD1

k@k.Nui/k
L2

t L
�r2
x

; �r2 D
3r2

r2C 3
:

Then by Lemma 2.1(i),

k@k.Nui/k
L2

t L
�r2
x

� C�
6� �r2
2 �r2 kr@kuikL2

t L2
x
D C�

6Cr2
2r2 kr@kuikL2

t L2
x
;(3-32)

However, it seems that kr@kuikL2
t L2

x
can’t be controlled by J.t/ when i D 3,

k D 1; 2 because J.t/ doesn’t contain the L2 norm of r2u3.
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To modify this, we will use the idea of anisotropic interpolations. Obviously

kNuikL
r2
x
D


kNuikL

r2
x3




L

r2
xh

;

where we abbreviate k � kLp
x3
D k � kLp..0;�//. In the sequel, we will also abbreviate

k � kLq
xh
D k � kLq.T 2/. Interpolating through the vertical direction, we have

kNuikL
r2
x3

6 CkNuik

1
2
C 1

r2

L2
x3

k@3Nuik

1
2
� 1

r2

L2
x3

6 C�
1
2
C 1

r2 k@3NuikL2
x3

:

This implies that

kNuikL
r2
x
6 C�

1
2
C 1

r2



k@3NuikL2
x3




L

r2
xh

6 C�
1
2
C 1

r2



k@3NuikL
r2
xh




L2

x3

:

Interpolating through the horizontal direction, we obtain that

k@3NuikL
r2
xh

6 C r
1
2

2
k@3Nuik

2
r2

L2
xh

k@h@3Nuik
1� 2

r2

L2
xh

CCk@3NuikL2
xh

:

As a result, we have

k@3NuikL
r2
xh




L2

x3

6C r
1
2

2




k@3Nuik

2
r2

L2
xh

k@h@3Nuik
1� 2

r2

L2
xh





L2

x3

CCk@3NuikL2
x

6C r
1
2

2
k@3Nuik

2
r2

L2
x

k@h@3Nuik
1� 2

r2

L2
x

CCk@3NuikL2
x

6C r
1
2

2
�

2
r2 k@33Nuik

2
r2

L2
x

k@h@3Nuik
1� 2

r2

L2
x

CC�k@33NuikL2
x

6C r
1
2

2
�

2
r2 kr@3uikL2

x
:

Therefore, we get the estimate

kNuikL
r2
x
6 C r

1
2

2
�

1
2
C 3

r2 kr@3uikL2
x
;

which yields

kNuikL2
t L

r2
x
6C r

1
2

2
�

1
2
C 3

r2 kr@3uikL2
t L2

x
6C r

1
2

2
�

1
2
C 3

r2 J.t1/6Cb
1
2 �

1
2
C 3

˛
� 3

b J.t1/:

Thus we have

k�q2kL2
t L˛

x
6 C˛b�

3
˛
� 2

b J.t1/
2:

It follows that

(3-33) K3 6 C˛b�
3
˛
� 2

b J.t1/
2K.t1/

˛�1:
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For the term K4, we have

K4 6 kq3k
L2

t L
3˛

˛C3
x



ju3j
˛�2

2




L1t L

2˛
˛�2
x



N.ju3j
˛
2 /




L2
t L6

x

6 Ckq3k
L2

t L
3˛

˛C3
x



ju3j
˛�2

2



˛�2
˛

L1t L2
x



r.ju3j
˛
2 /




L2
t L2

x

6 Ckq3k
L2

t L
3˛

˛C3
x

K.t1/
˛�1:

Next we estimate kq3k
L2

t L
3˛

˛C3
x

,

kq3k
L2

t L
3˛

˛C3
x

6 C

3X
iD1

k@3uikL2
t L3

x
ku3kL1t L˛

x
6 C�

1
2 J.t1/K.t1/;

where we have used (3-3) with aD 3. According to this estimate, we have

(3-34) K4 6 C�
1
2 J.t1/K.t1/

˛:

For the term K5, using a similar method as for K2, we have

K5 6 kq3kL2
t L

r1
x



ju3j
˛�2

2




L1t L

2˛
˛�2
x



M.ju3j
˛
2 /




L2
t Lb

x
;

where r1 and b satisfy 1
r1
C
˛�2
2˛
C

1
b
D 1. According to (3-29) and (3-30), we also

have

(3-35) K5 6 Cb
1
2 ��

b�2
2b kq3kL2

t L
r1
x

K.t1/
˛�1:

It remains to estimate kq3kL2
t L

r1
x

:

kq3kL2
t L

r1
x
6 C

3X
iD1

k@3uikL2
t L

r3
x
ku3kL1t L˛

x
6 C

3X
iD1

k@3uikL2
t L

r3
x

K.t1/;

where 1
r3
C

1
˛
D

1
r1

. Since r3 satisfies 1
r3
C

1
b
D

1
2

, we get that 2 < r3 6 3 when
36 ˛ 6 zC jln �j and b > 2˛. Thus we can see from (3-3) that

k@3uikL2
t L

r3
x
6 C�

6�r3
2r3 J.t1/:

Hence kq3kL2
t L

r1
x
6 C�

6�r3
2r3 J.t1/K.t1/. Then (3-35) yields that

(3-36) K5 6 Cb
1
2 �

1
2
� 2

b J.t1/K.t1/
˛:
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Finally, by summarizing (3-21), (3-26), (3-31), (3-33), (3-34) and (3-36), we have

K.t/˛ 6 C˛2b�
3
˛
� 2

b J.t/2K.t/˛�1
CC˛b

1
2 �

1
2
� 2

b J.t/K.t/˛CK.0/˛

for all t 2 .0;Tmax/. Letting b D 2˛Cjln �j and C1 be a sufficiently large constant,
we get the following estimate:

K.t/˛6C1˛
2.˛Cjln�j/�

3
˛ J.t/2K.t/˛�1

CC1˛.˛Cjln�j/
1
2 �

1
2J.t/K.t/˛CK.0/˛:

Meanwhile, by (3-20), we have

(3-37) J.t/2 6 C1�
1
2 J.t/3CC1�

˛�3
˛ K.t/J.t/2CJ.0/2:

Assume that the initial data u0 satisfies

J.0/D kru0hkL2.T�/
6 1

C�
1
2˛.˛Cjln �j/

1
2

;

K.0/D ku03kL˛.T�/ 6
1

C�
˛�3

˛

:

We claim that

J.t/6 2

C�
1
2˛.˛Cjln �j/

1
2

;(3-38)

K.t/6 2

C�
˛�3

˛

;(3-39)

for all t 2 .0;Tmax/ provided C is sufficiently large. This fact implies that TmaxD1.
Our claim can be established by contradiction. Suppose that the claim is not true,
then there exists a time t� 2 .0;Tmax/ such that (3-38) and (3-39) hold for all
t 2 Œ0; t�� and

(3-40) J.t�/D
2

C�
1
2˛.˛Cjln �j/

1
2

;

or

(3-41) K.t�/D
2

C�
˛�3

˛

:

Using (3-37) with t D t�, we get

J.t�/2 6 J.t�/2
�

2C1�
1
2

C�
1
2˛.˛Cjln �j/

1
2

CC1�
˛�3

˛
2

C�
˛�3

˛

�
C

1

C 2�˛2.˛Cjln �j/
:

Choose C be large enough such that

2C1�
1
2

C�
1
2˛.˛Cjln �j/

1
2

CC1�
˛�3

˛
2

C�
˛�3

˛

<
3

4
:
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Then we get

J.t�/2 <
4

C 2�˛2.˛Cjln �j/
;

which contradicts (3-40). Similarly we can also prove

K.t�/ <
2

C�
˛�3

˛

;

which contradicts (3-41) provided C is sufficiently large. Therefore we establish
our claim and finish the proof of Theorem 1.2. �

4. Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. Our proof will be divided into three steps.
First, we consider the solution on a very small time interval Œ0; t0�. We will prove

that k@3ukL2.T�/
decay very fast and k@hukL2.T�/

should not increase quickly after
a very short time. Furthermore, at the time t0, we have8̂̂̂<̂

ˆ̂:
k@hu.t0/kL2.T�/

6 2C �

�
1
2 jln �j

3
2

;

k@3u.t0/kL2.T�/
6 2C �

�
1
2 jln �j

3
2

:

This implies that

kru.t0/kL2.T�/
6 4C �

�
1
2 jln �j

3
2

:

Second, we regard t0 as the initial time and kru.t0/kL2.T�/
as the initial data.

Consider the solution on a small time interval Œt0; t1�. We will prove that at the
time t1, the data will satisfy the condition of Theorem 1.2.

Finally, we regard t1 as the initial time and apply Theorem 1.2 directly to get a
solution on the time interval Œt1;1/.

After the above three steps, we will obtain a solution on Œ0;1/. Now let us
expatiate the details of the proof.

Proof.

Step 1: Solution on Œ0; t0�.

Our first goal is to estimate k@3ukL2.T�/
. Applying @3 to (1-1), we obtain a new

equation

(4-1) @t@3u��@3uC @3.u � ru/Cr@3p D 0:



244 NA ZHAO

Take the L2 inner product with @3u in (4-1) to get

(4-2) 1

2

d
dt
k@3uk2

L2.T�/
Ckr@3uk2

L2.T�/
D�

Z
T�

@3u � ru@3u dx

D�

Z
T�

@3u � rMu@3u dx�

Z
T�

@3u � rNu@3u dx D I1C I2:

For the term I1, we note that Mu is independent of x3, thus we rewrite it as

(4-3) I1 D�

Z
T�

@3uh � @hMu@3u dx D�

Z
T 2

Z �

0

@3uh � @hMu@3u dx3 dxh;

where @3uh D .@3u1; @3u2/, @h D .@1; @2/ and dxh D dx1 dx2. Using Hölder’s
inequality to the vertical direction, we get that

(4-4)
Z �

0

@3uh � @hMu@3u dx3 6 k@3ukL2
x3

k@hMukL1x3
k@3ukL2

x3

;

where k@hMukL1x3
D j@hMuj since @hMu is independent of x3. Then by applying

Hölder’s inequality to the horizontal direction, we see from (4-3) and (4-4) that

I1 6
Z

T 2

k@3ukL2
x3

k@hMukL1x3
k@3ukL2

x3

dxh 6


k@3ukL2

x3



2

L4
xh



j@hMuj




L2
xh

6 ��
1
2



k@3ukL4
xh



2

L2
x3

k@hMukL2.T�/
:

Interpolating through the horizontal direction, we have

k@3ukL4
xh

6 Ck@3uk
1
2

L2
xh

k@h@3uk
1
2

L2
xh

CCk@3ukL2
xh

:(4-5)

It then follows that

I1 6 C��
1
2

�
k@3ukL2.T�/

k@h@3ukL2.T�/
Ck@3uk2

L2.T�/

�
k@hMukL2.T�/

:

Since
R �

0 @3u dx3 D 0, by Lemma 2.1(i) we have that

(4-6) k@3ukL2.T�/
6 C�k@33ukL2.T�/

:

Hence

(4-7) I1 6 C�
1
2 .k@33ukL2.T�/

k@h@3ukL2.T�/
Ck@33uk2

L2.T�/
/k@hukL2.T�/

6 C�
1
2 k@hukL2.T�/

kr@3uk2
L2.T�/

:

For the term I2, by using Hölder’s inequality to the vertical direction, we have

(4-8) I2 D�

Z
T 2

Z �

0

@3u � rNu@3u dx3 dxh

6
Z

T 2

k@3ukL2
x3

krNukL1x3
k@3ukL2

x3

dxh:
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Regarding krNukL1x3
, by interpolating through the vertical direction, we have

(4-9) krNukL1x3
6 CkrNuk

1
2

L2
x3

kr@3Nuk
1
2

L2
x3

:

Then applying Hölder’s inequality to the horizontal direction, we see from (4-8)
and (4-9) that

I2 6 C


k@3ukL2

x3



2

L4
xh



krNuk
1
2

L2
x3




L4

xh



kr@3Nuk
1
2

L2
x3




L4

xh

6 C


k@3ukL4

xh



2

L2
x3

krNuk
1
2

L2.T�/
kr@3Nuk

1
2

L2.T�/
:

To deal with k@3ukL4
xh

, we use the same method as (4-5). Therefore

I26C
�
k@3ukL2.T�/

k@h@3ukL2.T�/
Ck@3uk2

L2.T�/

�
krNuk

1
2

L2.T�/
kr@3Nuk

1
2

L2.T�/

6Ck@3ukL2.T�/
k@h@3ukL2.T�/

krNuk
1
2

L2.T�/
kr@3uk

1
2

L2.T�/

CCk@3uk2
L2.T�/

krNuk
1
2

L2.T�/
kr@3uk

1
2

L2.T�/

D I21CI22:

Regarding I21, we have

I21 6 Ck@3ukL2.T�/
krNuk

1
2

L2.T�/
kr@3uk

3
2

L2.T�/

6 C�
1
2 k@3ukL2.T�/

kr@3Nuk
1
2

L2.T�/
kr@3uk

3
2

L2.T�/

6 C�
1
2 k@3ukL2.T�/

kr@3uk2
L2.T�/

;

where we have used

(4-10) krNukL2.T�/
6 C�kr@3ukL2.T�/

because of
R �

0 rNu dx3 D 0. Regarding I22, by (4-6) and (4-10), we have

I22 6 C�
3
2 k@3ukL2.T�/

k@33ukL2.T�/
kr@3Nuk

1
2

L2.T�/
kr@3uk

1
2

L2.T�/

6 C�
3
2 k@3ukL2.T�/

kr@3uk2
L2.T�/

:

Therefore, we get the following estimate of I2:

(4-11) I2 6 C�
1
2 k@3ukL2.T�/

kr@3uk2
L2.T�/

:

Summarizing (4-2), (4-7) and (4-11), we obtain the estimate of k@3ukL2.T�/
,

d
dt
k@3uk2

L2.T�/
C .2�C�

1
2 k@hukL2.T�/

�C�
1
2 k@3ukL2.T�/

/kr@3uk2
L2.T�/

6 0:
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If

(4-12) C�
1
2 k@hukL2.T�/

CC�
1
2 k@3ukL2.T�/

< 1

for all t 2 Œ0; t0�, where t0 is given by (4-18), then we can get

(4-13)
d
dt
k@3uk2

L2.T�/
Ckr@3uk2

L2.T�/
6 0:

Integrating from 0 to t , we have

(4-14) k@3ukL1t L2
x
6 k@3u0kL2.T�/

;

and

(4-15) kr@3ukL2
t L2

x
6 k@3u0kL2.T�/

:

In addition, from (4-6), we get

kr@3uk2
L2.T�/

> C�1��2
k@3uk2

L2.T�/
:

Hence (4-13) yields

d
dt
k@3uk2

L2.T�/
CC�1��2

k@3uk2
L2.T�/

6 0:

This implies that

(4-16) k@3uk2
L2.T�/

6 e�C�1��2t
k@3u0k

2
L2.T�/

:

Assume that the initial data satisfies

(4-17) k@3u0kL2.T�/
6 1

C0�
1
2

:

Let

(4-18) t0 D 3C2�
2 lnjln �j;

where C2 is the constant C on the right-hand side of (4-16). Then when t > t0, we
have

(4-19) k@3ukL2.T�/
6 2C �

�
1
2 jln �j

3
2

:

Next, we want to estimate k@hukL2.T�/
. Similarly, applying @h to (1-1), we get

(4-20) @t@hu��@huC @h.u � ru/Cr@hp D 0:
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Taking the L2 inner product with @hu in (4-20), we have

(4-21) 1

2

d
dt
k@huk2

L2.T�/
Ckr@huk2

L2.T�/

D�

Z
T�

@hu � ru@hu dx

D�

Z
T�

@hu3@3u@hu dx�

Z
T�

@hu Nh � @ Nhu@hu dx D I3C I4;

where u Nh D .u1;u2/ and @ Nh D .@1; @2/. For the term I3, we rewrite it as

I3 D�

Z
T�

@hMu3@3u@hMu dx�

Z
T�

@hMu3@3u@hNu dx

�

Z
T�

@hNu3@3u@hMu dx�

Z
T�

@hNu3@3u@hNu dx

D I31C I32C I33C I34:

Regarding I31, we have

I31 6 k@hMu3kL4.T�/
k@3ukL2.T�/

k@hMukL4.T�/
6 k@hMuk2

L4.T�/
k@3ukL2.T�/

:

Since u satisfies the periodic boundary condition, we know thatZ
T�

@hu dx D 0:

Hence by Lemma 2.1(ii) with aD 4, we have

k@hMukL4.T�/
6 C��

1
4 k@huk

1
2

L2.T�/
kr@huk

1
2

L2.T�/
:

Therefore

(4-22) I31 6 C��
1
2 k@hukL2.T�/

kr@hukL2.T�/
k@3ukL2.T�/

6 C��1
k@huk2

L2.T�/
k@3uk2

L2.T�/
C

1

8
kr@huk2

L2.T�/

6 C�k@huk2
L2.T�/

k@33uk2
L2.T�/

C
1

8
kr@huk2

L2.T�/
;

where we have used (4-6). Regarding I32, we have

I32 6 k@hMukL3.T�/
k@3ukL2.T�/

k@hNukL6.T�/
:

Hence by Lemma 2.1(ii) with aD 3 and Lemma 2.1(i) with aD 6, we have

k@hMukL3.T�/
6 C��

1
6 k@huk

2
3

L2.T�/
kr@huk

1
3

L2.T�/
;

and
k@hNukL6.T�/

6 Ckr@hukL2.T�/
:
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Thus

(4-23) I32 6 C��
1
6 k@huk

2
3

L2.T�/
k@3ukL2.T�/

kr@huk
4
3

L2.T�/

6 C��
1
2 k@huk2

L2.T�/
k@3uk3

L2.T�/
C

1

8
kr@huk2

L2.T�/

6 C�
3
2 k@3ukL2.T�/

k@33uk2
L2.T�/

k@huk2
L2.T�/

C
1

8
kr@huk2

L2.T�/
:

The estimate of I33 is as same as I32, i.e.,

(4-24) I33 6 C�
3
2 k@3ukL2.T�/

k@33uk2
L2.T�/

k@huk2
L2.T�/

C
1

8
kr@huk2

L2.T�/
:

Regarding I34, we have

I34 6 k@hNukL4.T�/
k@3ukL2.T�/

k@hNukL4.T�/
:

By using Lemma 2.1(i) with aD 4, we have

k@hNukL4.T�/
6 C�

1
4 kr@hukL2.T�/

:

Thus, by (4-14), we obtain that

(4-25) I346C�
1
2 k@3ukL2.T�/

kr@huk2
L2.T�/

6C�
1
2 k@3u0kL2.T�/

kr@huk2
L2.T�/

:

Consequently, summarizing (4-22)–(4-25), we get the estimate of I3,

(4-26) I3 6 C.�k@33uk2
L2.T�/

C �
3
2 k@3ukL2.T�/

k@33uk2
L2.T�/

/k@huk2
L2.T�/

CC�
1
2 k@3u0kL2.T�/

kr@huk2
L2.T�/

C
3

8
kr@huk2

L2.T�/
:

For the term I4, we rewrite it as

I4 D�

Z
T�

@hu Nh � @ Nhu@hu dx

D�

Z
T�

@hu Nh � @ NhMu@hu dx�

Z
T�

@hu Nh � @ NhNu@hu dx D I41C I42:

Regarding I41, by using Hölder’s inequality to the vertical direction and the hor-
izontal direction respectively, we get that

I41 D�

Z
T 2

Z �

0

@hu Nh � @ NhMu@hu dx3 dxh

6
Z

T 2

k@hukL2
x3

k@hMukL1x3
k@hukL2

x3

dxh

6


k@hukL2

x3



2

L4
xh

k@hMukL2
xh

6 ��
1
2



k@hukL4
xh



2

L2
x3

k@hMukL2.T�/
:
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Interpolating through the horizontal direction together with
R

T 2 @hu dxh D 0, we
have

(4-27) k@hukL4
xh

6 Ck@huk
1
2

L2
xh

k@h@huk
1
2

L2
xh

:

Thus

(4-28) I41 6 C��
1
2 .k@hukL2.T�/

k@h@hukL2.T�/
/k@hukL2.T�/

6 C��1
k@huk4

L2.T�/
C

1

8
kr@huk2

L2.T�/
:

Regarding I42, by using Hölder’s inequality to the vertical direction, we have

I42 D�

Z
T 2

Z �

0

@hu Nh � @ NhNu@hu dx3 dxh

6
Z

T 2

k@hukL2
x3

k@hNukL1x3
k@hukL2

x3

dxh:

Interpolating through the vertical direction, we have

k@hNukL1x3
6 Ck@hNuk

1
2

L2
x3

k@3@hNuk
1
2

L2
x3

:

Then by using Hölder’s inequality to the horizontal direction, we get

I42 6 C


k@hukL2

x3



2

L4
xh



k@hNuk
1
2

L2
x3




L4

xh



k@h@3Nuk
1
2

L2
x3




L4

xh

6 C


k@hukL4

xh



2

L2
x3

k@hNuk
1
2

L2.T�/
k@h@3Nuk

1
2

L2.T�/
:

By (4-27) and Lemma 2.1(i) with aD 2, we have

(4-29) I42 6 Ck@hukL2.T�/
k@h@hukL2.T�/

k@hNuk
1
2

L2.T�/
k@h@3Nuk

1
2

L2.T�/

6 C�
1
2 k@hukL2.T�/

k@h@hukL2.T�/
k@h@3NukL2.T�/

6 C�
1
2 k@hukL2.T�/

kr@huk2
L2.T�/

:

Consequently, summarizing (4-28) and (4-29), we get the estimate of I4,

(4-30) I4 6 C��1
k@huk2

L2.T�/
k@huk2

L2.T�/
CC�

1
2 k@hukL2.T�/

kr@huk2
L2.T�/

C
1

8
kr@huk2

L2.T�/
:
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Finally, combining (4-21), (4-26) and (4-30), we get that

d
dt
k@huk2

L2.T�/
C

�
3

2
�C�

1
2 k@3u0kL2.T�/

�C�
1
2 k@hukL2.T�/

�
kr@huk2

L2.T�/

6 C.�k@33uk2
L2.T�/

C �
3
2 k@3ukL2.T�/

k@33uk2
L2.T�/

C ��1
k@huk2

L2.T�/
/k@huk2

L2.T�/
:

Assuming that the initial data satisfies

(4-31) k@3u0kL2.T�/
6 1

C0�
1
2

;

we have

C�
1
2 k@3u0kL2.T�/

6 C

C0
<

1

4

provided C0 is sufficiently large. If

(4-32) C�
1
2 k@hukL2.T�/

<
1

4

for all t 2 Œ0; t0�, where t0 is given by (4-18), then we obtain

d
dt
k@huk2

L2.T�/
Ckr@huk2

L2.T�/

6 C.�k@33uk2
L2.T�/

C �
3
2 k@3ukL2.T�/

k@33uk2
L2.T�/

C ��1
k@huk2

L2.T�/
/k@huk2

L2.T�/
:

Using Gronwall’s inequality, we get that

k@huk2
L2.T�/

C

Z t

0

kr@huk2
L2.T�/

ds 6 eG.t/
k@hu0k

2
L2.T�/

;

where

G.t/D

Z t

0

g.s/ ds

and

g.t/D C.�k@33uk2
L2.T�/

C �
3
2 k@3ukL2.T�/

k@33uk2
L2.T�/

C ��1
k@huk2

L2.T�/
/:

Our next goal is to show G.t/ can be very small when t 2 Œ0; t0�, where t0 is
given by (4-18). Then we will obtain

(4-33) k@hu.t/kL2.T�/
6 2k@hu0kL2.T�/

:
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We write G.t/ as G1.t/CG2.t/CG3.t/, where

G1.t/D

Z t

0

C�k@33uk2
L2.T�/

ds;

G2.t/D

Z t

0

C�
3
2 k@3ukL2.T�/

k@33uk2
L2.T�/

ds;

G3.t/D

Z t

0

C��1
k@huk2

L2.T�/
ds:

For the term G1.t/, we conclude from (4-15) and (4-31) that

G1.t/6 C�k@3u0k
2
L2.T�/

6 C

C 2
0

:

For the term G2.t/, by (4-14), (4-15) and (4-31), we have

G2.t/6 C�
3
2 k@3ukL1t L2

x
k@33uk2

L2
t L2

x
6 C�

3
2 k@3u0k

3
L2.T�/

6 C

C 3
0

:

For the term G3.t/, by (4-33), we have

G3.t/6 C��1
k@huk2

L1t L2
x
t0 6 C��1

k@hu0k
2
L2.T�/

t0:

Assume that the initial data satisfies

(4-34) k@hu0kL2.T�/
6 C �

�
1
2 jln �j

3
2

:

Then

G3.t/6
3C1C.C �/2 lnjln �j

jln �j3
! 0 as �! 0:

Based on the above analysis, we can take C0 > 1 and 0 < �1 < 1 such that for
every � 2 .0; �1/, there holds G.t/ < 1 for all t 2 Œ0; t0�. Then (4-33) holds for all
t 2 Œ0; t0�. By (4-14), (4-17), (4-33) and (4-34), we can take �2 2 .0; 1/ such that
for every � 2 .0; �2/, conditions (4-12) and (4-32) hold for all t 2 Œ0; t0�. Therefore,
we completed the a prior estimate. Additionally, by (4-19) and (4-33), we get that
at t0, there hold

k@3u.t0/kL2.T�/
6 2C �

�
1
2 jln �j

3
2

and

k@hu.t0/kL2.T�/
6 2C �

�
1
2 jln �j

3
2

:
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Step 2: Solution on Œt0; t1�.

We consider the solution from t0. At this time, kru.t0/kL2.T�/
satisfies

kru.t0/kL2.T�/
6 4C �

�
1
2 jln �j

3
2

:

In what follows we will estimate kru.t/kL2.T�/
for t 2 Œt0; t0CT �, where T will

be given by (4-36). We emphasize that in [Kukavica and Ziane 2007], the authors
proved the case when C � is sufficient small. In our case, C � can be arbitrarily large.
Below, we will show that it can be proved by using the same method as [Kukavica
and Ziane 2007].

Take the L2 inner product with ��u in (1-1) to obtain

1

2

d
dt
kruk2

L2.T�/
Ck�uk2

L2.T�/

D

Z
T�

u � ru�u dx D�

Z
T�

ru � ruru dx

D�

Z
T�

rMu � rMuru dx�

Z
T�

rMu � rNuru dx

�

Z
T�

rNu � rMuru dx�

Z
T�

rNu � rNuru dx

DL1CL2CL3CL4:

For L1, by using Hölder’s inequality and Lemma 2.1(ii), we have

L1 6 krMuk2
L4.T�/

krukL2.T�/
6 C��

1
2 kruk2

L2.T�/
k�ukL2.T�/

6 C��1
kruk4

L2.T�/
C

1

4
k�uk2

L2.T�/
:

For L2, we have

L2 6 krMukL3.T�/
krNukL6.T�/

krukL2.T�/

6 C��
1
6 kruk

2
3

L2.T�/
k�uk

1
3

L2.T�/
k�ukL2.T�/

krukL2.T�/

6 C��
1
6 kruk

5
3

L2.T�/
k�uk

4
3

L2.T�/
6 C��

1
2 kruk5

L2.T�/
C

1

4
k�uk2

L2.T�/
:

In the same way, we see that

L3 6 C��
1
2 kruk5

L2.T�/
C

1

4
k�uk2

L2.T�/
:
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For L4, by using Hölder’s inequality and Lemma 2.1(i), we obtain

L4 6 krNukL3.T�/
krNukL6.T�/

krukL2.T�/

6 Ckruk
1
2

L2.T�/
k�uk

1
2

L2.T�/
k�ukL2.T�/

krukL2.T�/

6 Ckruk
3
2

L2.T�/
k�uk

3
2

L2.T�/
6 Ckruk6

L2.T�/
C

1

4
k�uk2

L2.T�/
:

As a result, we get

(4-35)
d
dt
kruk2

L2.T�/
Ck�uk2

L2.T�/
6 C��1

kruk4
L2.T�/

CCkruk6
L2.T�/

;

where we have used

C��
1
2 kruk5

L2.T�/
D C��

1
2 kruk2

L2.T�/
kruk3

L2.T�/

6 C��1
kruk4

L2.T�/
CCkruk6

L2.T�/
:

Applying Gronwall’s inequality to (4-35), we get

kru.t/k2
L2.T�/

C

Z t

t0

k�uk2
L2.T�/

ds 6 eH .t/
kru.t0/k

2
L2.T�/

; t 2 .t0; t0CT �:

where

H.t/D

Z t

t0

C3�
�1
kruk2

L2.T�/
CC3kruk4

L2.T�/
ds;

C3 is the constant C on the right-hand side of (4-35) and

T Dmin
�

�2jln �j3

128C3.C �/2
;

�2jln �j6

2� 642C3.C �/4

�
:

Take �3 2 .0; 1/ such that for every � 2 .0; �3/, we have

64.C �/2 6 jln �j3:

Then we get

(4-36) T D
�2jln �j3

128C3.C �/2
;

and H.t/6 1 for t 2 .t0; t0CT �. Consequently, there hold

kru.t/kL2.T�/
6 2kru.t0/kL2.T�/

6 8C �

�
1
2 jln �j

3
2

; t 2 .t0; t0CT �;

and Z t0CT

t0

k�uk2
L2.T�/

ds 6 4kru.t0/k
2
L2.T�/

6 64.C �/2

�jln �j3
:
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Hence, there exists t1 2 .t0; t0CT / such that

k�u.t1/k
2
L2.T�/

6 C.C �/4

�3jln �j6

and

(4-37) kru.t1/kL2.T�/
6 8C �

�
1
2 jln �j

3
2

:

Now, let us turn to ku.t1/kL˛.T�/ 6 kNu.t1/kL˛.T�/ C kMu.t1/kL˛.T�/. For
kNu.t1/kL˛.T�/, we have

kNu.t1/kL˛.T�/ 6 CkNu.t1/k
1
4
C 3

2˛

L2.T�/
k�Nu.t1/k

3
4
� 3

2˛

L2.T�/

6 C�
1
4
C 3

2˛ kru.t1/k
1
4
C 3

2˛

L2.T�/
k�u.t1/k

3
4
� 3

2˛

L2.T�/

6 C.C �/
7
4
� 3

2˛ �
3�˛

˛ jln �j�
21
8
C 9

4˛

6 C4.C
�/

7
4 �

3�˛
˛ jln �j�

15
8 ;

since 36 ˛ 6 zC jln �j. Take �4 2 .0; 1/ such that for every � 2 .0; �4/, we have

jln �j
15
8 > C C4.C

�/
7
4 :

Then we get

(4-38) kNu.t1/kL˛.T�/ 6
1

C�
˛�3

˛

:

For kMu.t1/kL˛.T�/, we have

kMu.t1/kL˛.T�/ 6
C˛

1
2

�
˛�2
2˛

kru.t1/kL2.T�/
6 C5C �˛

1
2

�
˛�1

˛ jln �j
3
2

D
1

�
˛�3

˛

C5C �˛
1
2

�
2
˛ jln �j

3
2

:

Fix

(4-39) ˛ D 3C
2jln �j
lnjln �j

;

then we have
C5C �˛

1
2

�
2
˛ jln �j

3
2

6 2C5C �

.lnjln �j/
1
2

:

Take �5 2 .0; 1/ such that for every � 2 .0; �5/, we have

.lnjln �j/
1
2 > 2C C5C �:
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Therefore we have

(4-40) kMu.t1/kL˛.T�/ 6
1

C�
˛�3

˛

:

Moreover, for the fixed ˛ (4-39), we know that

1

C�
1
2˛.˛Cjln �j/

1
2

> lnjln �j

C�
1
2 jln �j

3
2

:

Take �6 2 .0; 1/ such that for every � 2 .0; �6/, we have

lnjln �j> 8C C �:

Then by (4-37), we see that

(4-41) kru.t1/kL2.T�/
6 1

C�
1
2˛.˛Cjln �j/

1
2

:

Step 3: Solution on Œt1;1/.

We regard t1 as the initial time. It follows from (4-38), (4-40) and (4-41) that
the data at t1 satisfies the condition of Theorem 1.2. Then the solution on Œt1;1/
can be proved by a direct use of Theorem 1.2. Thus, taking

�0 Dminf�1; �2; �3; �4; �5; �6g;

we finish the proof of Theorem 1.1. �
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