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This paper is concerned with the asymptotic behavior of solutions of the
problems

(0-1) —Au =" in R*\B, f "% dx < oo,
R2\B

where B = {x € R? : |x| < 1} is the unit ball of R2, and

(0-2) A’u =" in R\B, f e"® dx < oo,
RN\B

where B = {x € R* : |x| < 1} is the unit ball of R*. It is seen that the
asymptotic behavior of solutions for (0-1) and (0-2) is equivalent to the
asymptotic behavior of singular solutions of the related problems (via the
transformation v(y) = u(x), y = x/|x|*):

(0-3) —A,v =y %" in B\(0}, f [y|™e*@ dy < 00
B\{0}
and
(0-4) Alv=|y|"%" in B\{0}, f ly|78e*” dy < oo,
B\{0}

respectively. We obtain the exact asymptotic behavior of solutions of (0-1)
and (0-2) as |x| — oo. Meanwhile, we find that the singular solutions of the
related problems (0-3) and (0-4) in B\{0} are asymptotic radial solutions
and obtain the corresponding asymptotic behavior as |y| — 0.
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1. Introduction

In this paper, we study the asymptotic behavior of solutions for the following
problems:

(1-1) —Au = ¢" in R*\B, f "™ dx < o0,
R2\B

where B = {x € R?: |x| < 1} is the unit ball of R%, and

(1-2) A%u = ¢* in R\ B, / "™ dx < o0,
R4\ B

where B = {x € R*: |x| < 1} is the unit ball in R*.

The equations in (1-1) and (1-2) have roots in conformal geometry. Let (M, g) be
a complete Riemannian manifold. Associated to g, there are tensors such as the full
curvature tensor R, the Ricci curvature tensor Ric, and the scalar curvature S,. The
Laplace operator A, is a well-known elliptic operator on M associated with the met-
ric g. In dimension 4, the equation in (1-2) is closely related to the Q-curvature prob-
lem. The Q-curvature is similar to the scalar curvature in dimension 2. See [Chang
and Yang 1995; 1997; Graham et al. 1992; Lin 1998; Martinazzi 2009; Xu 2006].

The structure of solutions of (1-1) and (1-2) in R? and R* respectively has been
studied in [Chen and Li 1991; Lin 1998; Martinazzi 2009; Wei and Xu 1999;
Wei and Ye 2008; Xu 2006]. For a solution u € C*(R*) of the equation in (1-2),
an important fact —Au > 0 in R* can be obtained. Using the moving-plane or
moving-sphere arguments, Lin [1998] and Xu [2006] classified the solutions and
obtained the asymptotic behavior of solutions as |x| — co. Moreover, the singular
solutions of the equation

(1-3) —Au =" in B\{0}, / "™ dx < o0,
B\{0}

where B is the unit ball in R?, have also been studied in [Chou and Wan 1994] via
the theory of complex variables. More precisely, Chou and Wan [1994] showed
that the singular solutions of (1-3) are asymptotic radial solutions and obtain the
asymptotic behavior of solutions as |x| — 0. By the transformation

v(y) =ux), y=

x|

we see that the problems (1-1) and (1-2) are equivalent to the problems

(1-4) “Ayu =y e" in B\(0), / 4" dy < 00
B\{0}



ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR ELLIPTIC EQUATIONS 335

and
(1-5) A2u = [y 5" in B\(O), / ¥ dy < oo,
B\{0}

respectively. The asymptotic behavior of solutions for (1-1) and (1-2) is equivalent
to the asymptotic behavior of singular solutions for (1-4) and (1-5). We will obtain
the exact asymptotic behavior of solutions of (1-1) and (1-2) as |x| — oco. Moreover,
we will show that the singular solutions of (1-4) and (1-5) are asymptotic radial
solutions and obtain the asymptotic behavior of the singular solutions as |y| — 0 by
using the theory of PDEs. We find that the study of (1-2) is more complicated than
that of (1-1). To obtain the result similar to that of (1-1), we need to put an extra
assumption on the solution to avoid the appearance of an extra fundamental solution
of the operator A%. Our main results of this paper are the following theorems:

Theorem 1.1. Assume that u € CZ(RZ\B) is a solution of (1-1). Then

(1-6) u(x)

—a as |x|— oo,
In |x|

where a < —2.

Theorem 1.2. Assume that u € C 4([R“\B) is a solution of (1-2) and

(1-7) u(x)=o(x>) as |x|— oo.

Then

(1-8) u) —>a as |x|— oo,
In |x|

(1-9) —|x]?Au(x) — 3 MOdy+k as x| — oo,
2|S°| Jra\ B

where o < —4, |S3| is the surface area of the unit sphere, k is a constant.

Remark 1.3. We will see from the proof that the conclusions of Theorems 1.1 and
1.2 are still true if we assume u € C>(R?\B) and u € C*(R*\ B) respectively or
uecC 2(IRZ\T(O)) and u € C4(R4\m) respectively for some R > 1, where
and in the following, Bz(0) = {x € R? : |x| < R} or Bg(0) = {x e R*: |x| < R}.
Our assumptions in Theorems 1.1 and 1.2 are only for convenience of using some
expressions in our calculations.

As an application of Theorem 1.2, we can consider the following problem:
(1-10) A%y =¢" in B\{0}, / e’Y dy < oo,
B\{0}

where B = {y € R*: |y| < 1} and obtain the asymptotic radial symmetry result for
(1-10) in the punctured ball.
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Theorem 1.4. Assume that v € C*(B\{0}) is a singular solution of the problem
(1-10) with
v =o(y™) as |yl—0.
Then
v(y)
In]y|

-y as |y[—0,

where y > —4.

Similar results in R* are well-known in [Lin 1998; Xu 2006]. Liouville theorem
for harmonic functions plays the key role in obtaining these results in R*. However,
the corresponding Liouville theorem does not hold in R*\ B and the methods in
[Lin 1998; Xu 2006] cannot be used here. Moreover, we cannot show —Au > 0
in [R“\B for a solution u € C4(IR4\B) of (1-2). To this end, we need to overcome
some technical difficulties here and use some new idea to obtain the corresponding
results in R*\ B.

The organization of the paper is the following: In Section 2, we give some
qualitative properties of solutions for (1-2). The main results will be obtained in
Section 3. In the Appendix, we present some estimates used in Section 3.

2. Preliminaries

In this section, we study the qualitative properties of solutions for (1-2). This is
crucial to the proof of Theorem 1.2.
Let u € C*(R*\ B) be a solution of problem (1-2) and

X
v(y) =u(x), y=-—3.
|x]
Then v € C*(B\{0}) satisfies the problem
(2-1) Alv =y[%¢" in B\{0}, / 1y 78" dy < o0,
B\{0}

where B C R* is the unit ball. Moreover,
(2-2) v(y)=o(y|™*) as |y|—0.

It is easy to see that 0 is a nonremovable singular point of v. Using the fact that

/ Iyl_se”(y)dy=/ e dx,
B\(0) R4\ B

we have

1 1
23 o> / Y5O dy = |SY) / PSP dp = IS / p=3e dp,
B\{0} 0 0
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where p = |y|, |S?| is the surface area of the unit sphere and
1
v(p) = —f v(p,0)do forall pe(0,1).
1S Js»

In the following, we first consider the asymptotic behavior of v(p) as p tends to 0.
Lemma 2.1. Let v € C*(B\{0}) be a solution of (2-1) satisfying (2-2). Then
(2-4) — =B as p—0,
Inp

where > 4.
Proof. Note that v(p) satisfies the problem

— 1 —

A’ =p~8e% in (0, 1), / p e (p) dp < 0.
0

By (2-2), we find

(2-5) o(p) =o(p™).
Step 1: We claim that if lim,_, ¢ P30’ (p) exists, then it must be 0, i.e.,
(2-6) lim p%(p) =0.

p—0

On the contrary, there is M # 0 (M maybe £00) such that lim,_,o P30 (p) = M.
We consider two cases:

i M=>0,
(i) M <O0.
For the case (i), we have that there exist My > 0 and pg > 0 such that
2-7) 7'(p) = Mop~> for all p € (0. po).
Integrating (2-7) on (p, pp), we obtain
(2-8) 9(p) < —3Mop™> +0(po) + 3 Mop,  for all p € (0, po),

which is a contradiction with (2-5).
For the case (ii), we have that there exist pg > 0 and M < 0 such that

(29) v'(p) < Mop™> for all p € (0, po).
By integrating (2-9) on (p, po), we see

9(p) = —3 Mop™> +0(po) + 5 Mop;  for all p € (0, po).
This also contradicts (2-5). Thus, our claim (2-6) holds.
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Step 2: We claim that there is a negative constant M satisfying
(2-10) lim 03(AD) (p) = M.
p—
Since v(p) satisfies the equation
(2-11) (P> (AD) (p)) = p e’ forall p € (0, 1).

Then f(p) := p>(AD) (p) is an increasing function and hence lim,_,o f(p) =M <
oo exists and M maybe —oo. For € > 0 sufficiently small, by integrating (2-11) on
(e, 1), we get

1
(2-12) (AD) (1) — 3 (AD) (€) = / p~>e’(p) dp.

Since fol p~2e(p)dp < oo, we easily see that M > —oo0.

We next show that M < 0. On the contrary, we have
P
(2-13) (AD) (p) = (M +/ t_se_”(t)dt),o_3 > 0 for all p € (0, 1).
0

Thus lim,_.o Av(p) = M, < oo exists and M, maybe —oo. We now consider three
cases here:

(a) M; >0,
(b) My =0,
(c) M; <O.
For the case (a), we have that there exist p; > 0and 0 < M, < %M 1 such that
Av(p) = M for all p € (0, py).
Hence,
(0’ (p)) = Mip* > 0 for all p € (0, p1)
and
lim p3%'(p) exists.
p—0
By Step 1, we find
lim p3%'(p) = 0.
p—0

On the other hand, since 1\711 < 00, we see that there exist pp > 0 and M, > oM 1
such that

(2-14) (0’0" (p)) < Mpp? for all p € (0, p2].
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Integrating (2-14) on (0, p), we infer

' (p) < 1Map for all p € (0, pal.
Thus

(2-15) v(p) = C > —oo for all p € (0, p2].

This contradicts the fact that
1 1 1
ec/ p dp < / pe" P dp < / p~>e"(p)dp < oo.
0 0 0

For the case (b), we see that there exists p3 > 0 such that
Av(p) =0 for all p € (0, p3).
By Step 1, we see
lim p9'(p) =0.
p—0
Similarly, there are p4 > 0 and M3 > 0 satisfying
(2-16) (0’0 (0)) = M3p° for all p € (0, pa].

We can also derive a contradiction from (2-16) as in the proof of the case (a).
For the case (c), we see that there exist ps > 0 and —o0 < %M 1 < M4 <0 such
that

2-17) (0°0'(p))' < Map® < 0 for all p € (0, ps].
By Step 1, we get
lim p*%(p) = 0.
p—0
Integrating (2-17) on (0, p), we obtain
V'(p) < 2Myp for all p € (0, ps]

and
9(ps) — 0(p) < gMa(p3 — p*) for all p € (0, ps],
which implies
v(p) = C > —oo for all p € (0, ps].
This is a contradiction with (2-3).

Step 3: We prove (2-4).
In view of (2-10) and (2-11), we deduce that

(2-18) (AD) (p) = (M + /p sTOe%(s) ds)p—3 = (M +n(p))p~> for p near 0,
0
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where n(p) = Op s72e?(s) ds. Since M < 0, we see that lim,_,0 Av(p) = y exists.

As in Step 2, we infer

(2-19) lim p3%'(p) = 0.
p—0

Integrating (2-18) on [p, p.], we obtain

P
Ai(pn) — A3(p) = ~4M(p:2 = p )+ [ (s ds o p e 0.0,
P

where p, > 0 is sufficiently small. Then
Px
AB(p) = Ab(ps) + 3 Mp;? = 3 Mp ™% — / n(s)s > ds for p € (0, ps)
1

and
(2-20) (P (p))

P
= [A0(py) + 3 Mp;*]0* — 3Mp — p* / n(s)s > ds for p € (0, ps).
P

Integrating (2-20) on (0, p] and using (2-19), we have
2-21) V' (p) = 3[Ab(ps) + 3Mp*]p — yMp~!
—p3 /(;p 3 /0* n(s)s > ds dt for p € (0, py).
t
Integrating (2-21) on [p, p.], we deduce

(2-22) (p) = i(ps) — §[AD(p) + s Mp; (0% — p*) + fM (In p, —In p)
* 5;' %
+fp s3/ t3/p n(s)s 3 ds dt de for p € (0, py).
P 0 t

Note that
Px § P
/ 5—3/ t3/ n(s)s > dsdt d& = 0,(1)In p + O(1) for p near 0.
p 0 t

Then

(2-23) M —-pB a p—0,

Inp
where 8 = —1M. Since fol p2e"P dp < 0o, we easily see that 8 > 4 and this
completes the proof of this lemma. ([

Next, we need the following key lemma. Similar results are well-known from
[Lin 1998; Wei and Xu 1999; Xu 2006] for solutions of the equation of (1-2) in
R* by using the fact that —Au > 0 in R*. However, we cannot obtain such “nice”
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property for solutions of (1-2) in R*\ B. To do so, we will use some new arguments
here, which are interesting themselves.

Lemma 2.2. Let u € C*(R*\B) be a solution of (1-2) and (1-7) hold. Then, there
is a constant C such that

(2-24) u(x) <C for xeRYB.
Moreover,
(2-25) Au(x) -0 as |x|— oo.

Proof. We divide the proof into several steps.
Step 1: We first show that
(2-26) limy |00 Au(x) < 0.

Suppose EMHOOAu(x) > 0. Then, there is a sequence {x; } C R*\ B with |x;| = 00
as k — oo and € > 0 independent of k, such that

Au(xp) >e>0 for k=>1.
Let w = —Au. Then
Au+w=0inRNB, Aw+e*=0inR"B.
Define

it (r) = u(x)do, 0=<r<%xdl.

1
[0 B, (xk)| faz;,(xk)
Using Jensen’s inequality, we have
(2-27)  Aiig+wx =0 forr € [0, 3lxcl], Ay +e™ <0 forr € [0, 3|xi]-
Since 3w}, (r) < 0, we find that

wi(r) < wi(0) < —e.

By (2-27), we have

3- 3
(riuy) > er’,

which implies
i (r) > }Ler.

Integrating both the sides, we deduce
it (r) > itk (0) + ger® for all r € (0, 5 |xkl].
Note that i1z (0) = u(xz) = o(|xx|?) for k sufficiently large, we find

i (Sl) = (Le+ o) (l),
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which contradicts the fact u(x) = o(|x|?) as |x| — oo.

Step 2: We show
1i_m|x|—>ooAu(-x) = 0.

On the contrary, there exist € > 0 and a sequence {x;} C R*\ B with |x;| — oo as
k — oo such that

Au(xy) <—e for k>1.
Setting vi(y) = u(x), y = x — xi, we see that

Aivk =e%, Ay (0) = Aculxy) < —e.

Let
Ave(y) 1 1
() =——+, )= / zk(y)do forr € |0, 5|xgl].
Avi(0) 10B,(0)| JaB, ) [0 2]
Then, z;(0) =1 and
o
AZr = .
“T A
Integrating on (0, r) yields
1
(2-28) ) = ————— e dy < 0.

— An(0)[S?] U0

For any fixed R > 0, we have

/ ey < / Vdy -0 as k— oo.
Bg(0) By 172 (xk)

Therefore, it follows from (2-28) that

Z(r) = 0 uniformly for r € (0, R] as k — oo,
which implies
(2-29) Zx (r) — 1 uniformly for r € [0, R] as k — oo.
On the other hand, we see that, for r € [R, %|xk|],

l’_3

|Avk(0)||§3| By, 172(0)

Integrating both sides on [R, r], we find

(2-30) —Zp(r) < ey,

1
—z(r) <
2R Av(OIS?] JB,,, 000

(2-31) 0<7Z(R) e dy -0
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uniformly on r € [R, %|xk|] as k — 00. By (2-29) and (2-31), we deduce
(2-32) Zx(r) — 1 uniformly on r € [0, 1|x¢|] as k — oc.
Hence, for k sufficiently large, we have
AT (r) < 3Av(0) < —1e for re[0, 3]xl].
Using the similar arguments as in Step 1, we infer
B (31]) = 5(0) < =M (1xel)?

and
au(31xel) = ~(f6M +o() (sl

This contradicts the fact u(x) = o(|x|?) as |x| — oo.
Combining Steps 1 and 2, we can obtain

(2-33) lim Au(x)=0.

|x|—o00

Step 3: we show (2-24). On the contrary, there is a sequence {x;} C R*\ B with
|xx| — 00 as k — oo such that u(x;) — oo as k — oo. Setting vg(y) = u(x),
y =x — xi, we see from (2-33) that, for k sufficiently large,

Ayvi(y) = =0 forall y € By, 2(0),
where ¢ is a positive constant. Thus

At(r) = =0 for all r € (0, 3]xc].
Then, for k sufficiently large,

U (r) = 0(0) — 207 for all r € (0, 5 |x¢|]

and
(2-34) ) > 00 =08 > p1e=0T 8 for all 7 € (0, L],

for some M > 0 suitably large. Note that u(x;) — oo as k — oo. From (2-34), we
have

2
/ e”(y) dy > M|S3|/ r3e—19r2/8 dr > 0,
By 172 (xk) 0

which is a contradiction with

/ Vdy >0 as k— oo. O
By 172(xi)
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3. Proof of the main results

In this section, we present the proof of Theorems 1.1 and 1.2. The proof of
Theorem 1.1 is simple by using the result in [Chou and Wan 1994]. We mainly
concentrate our attention to the proof of Theorem 1.2.

Proof of Theorem 1.1. Let u € C>(R*\B) be a solution to (1-1). Using the
transformation

X
v(y) =ulx), y=-—s,
|x]
we see that v € C?(B\{0}) satisfies the problem
(3-1) —Ayv=y|"%" in B\{0}, f ly|~4e*®) dy < oo.
B\{0}

It is clear that O is a nonremovable singular point of v. To obtain the asymptotic
behavior of u(x) as |x| — 0o, we only need to obtain the asymptotic behavior of
v(y) as |[y| = O.

Let w(y) =v(y) —4In|y|. We find that w(y) satisfies the problem

(3-2) —Aw = €Y in B\{0}, / eV dy < .
B\{0}

It follows from [Chou and Wan 1994, Theorem 5] that

w(y)
— =
In|y|

(3-3) Bo as |yl =0,

where fy > —2, which implies

v(y)
In|y|

where 8 = By + 4 > 2. Therefore, (1-6) can be obtained from (3-4) and the proof
of Theorem 1.1 is complete. ]

(3-4)

—>pB as |y[—>0,

Proof of Theorem 1.2. Define

|x—yl u(y)
3-5 = 1 y d
G-2) W)= 2157 o PR
and

_ 1
(3-6) wr) = — w(y)do, r>1.

[0B,(0)] JyB, 0

Then, we have

A?w(x) = —e"™ and A?(u 4+ w)(x) =0 for x € R*\B.
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Note that u is upper bounded, as in [Lin 1998], we can deduce

1 1

— eu(y)d
219% Jaos x—y2° Y

(3-7) Aw

and
Aw(x) >0 as |x|— oo.

Set ¥ = u 4+ w. Then A%y = 0 in R*\B. Let k(t,0) = ¥ (r, 0), k(1) = ¥ (r),
t=Inr,r =|x|,r > 1. Then Azxﬁ(r) =0, r > 1. By Lemmas 2.1, A.1, we know

k(1)
T—)Olo—,B as t— oo,

where |
ao = eu(y) dy
4|S3| Jra\p
Define
2(1,0) = k(t,0) —k(1).
Then
(3-8) 2 4z, 42002+ A22 =0, (1,0) € (0, 00) x S°.
Let

oo m;

.0 =Y 210! ®).

i=1 j=1
where Qlj (0) is an eigenfunction corresponding to the eigenvalue o; of the problem
A2Q=0Q, 0€eS’.

It is known from [Guo et al. 2015] that 6; = A7, ; =i (2+i), m; = (1 +i)* is the
multiplicity of o; and Q7 also satisfies

—AgQ) =1,0!, 0eS’.
Hence for each (i, j) withi =1,2,...,j=1,2,...,m;,
(3-9) @) =200 + @) + 27D =0.
The characteristic equation of (3-9) is

@ 2024112+ =0

and the corresponding characteristic roots are given by
(=2t a 2T, o =24 h 2T,
oD = \/2+Ai 2142, = —\/2+Ai — 2y 144
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Moreover,
1:2(1) < tf) <0< r3(’) < rl(l).

By the standard ODE theory, we see that there is 7 >> 1 such that for r > T

; 0 0 0) 0)
z{ (t) = B1e" "+ Bye™ "+ B3e™ ' + Bye™ .

Since |z(¢, 8)| < Ct, we have B; = B3 = 0. Thus
2= Bye™ " + Bye™ !
and
By = O(T)e_fz(i)T, By = O(T)e—rf)T_
Thus
le ) = O(T)efz("’(sz) i O(T)e’y)(t*T)_

Let Z2(t) =Y 2, Z']"’:l [z{ (1)]?. Note that rz(i) < rf) < 0, then

220 <CTY my(@? D420 D)y <0 Y W D < T D,
i=1 i=1

where C is a positive constant independent of . Here we have used the fact that for
t>T,:=10T,

. m;1 G+ _ )y Y
lim e2(r4 T, )@=T) <e 2(t—T) <

1
i—oo m; 2

Note that || Q{ | z2(s3 = 1 for each (i, j). Hence
lzllz2s3) < Ce™ =T) < Cen',
By the interior L>-estimate of (3-8) in (r — 1,4+ 1) x S3, we obtain
)
(3-10) |2(2, )] < Clizll 2(—1,r41)xs3) < Ce™ ',
which implies
max |z(t, 0)| < Ce™'' for te (T, 00).
0eS?
Since ‘L'4(1) = —1, we find
u(x) = —w@) + ¥ (x) + 0(x| .
By Lemma A.1, we see

w(x)

op as |x| — oo.
In |x|
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Therefore
(3-11) ux) _ g g,
[x]—o00 In |x|
Next we show
(3-12) —[xPAu(x) > —— Vdy+k as |x|— oo,
2|S7| Jre\ B

where « is a constant.
Thanks to (3-7), (3-11), we deduce

(3-13) x> Aw(x) — "Vdy as |x|— oo.

1
2IS3| Jri\
Let h(x) = A(u+ w)(x),
- 1
h(r) =
[0B-(0)| J5s, 0

Since lim|y | 00 A(u + w)(x) = 0. Then, we see that lim, _, o ﬁ(r) =0,

h(y)do.

Ah(r) =0 for all r € (1, 00).
Then, there is a constant ¢ such that

(3-14) R (r)=crforall r e (1, 00).

By integrating (3-14) in (r, c0), we obtain

(3-15) h(r)= —kr~2, where k= %c.
To obtain (3-12), we only need to show
(3-16) |x|2(h(x) — }_z(|x|)) —0 as |x|— oo.

Let
z2(t,0) =h(r,0) —h(r), t=Inr.

Then z(t, 0) satisfies
(3-17) 2(t,0) 4+ 22,(t, 0) + Agz(2,0) =0, (¢,0) € (0, 00) x S°.

Set

oo m;

20.0) =" " 1)} ®).

i=1 j=I

347

where Qlj (0) is an eigenfunction corresponding to the eigenvalue A; of the problem

—AgQ =10, HeS’.
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It is well-known that 4; =i(2+i) and m; = (1+i )2 is the multiplicity of A;. Then
Z{ (¢) satisfies
(3-18) @) +2) O —riz] (1) =0, 1€ (0,00).
The characteristic equation of (3-18) is
2427 — ri =0,
whose characteristic roots are given by

rf”:—l—ﬂ<0 and Tz(i)=_1+m>0’ i=12,...

Therefore, for T > 1 and t > T, we see that
. (i) (i) .
z](t) = Ae" '+ Be™ !, where A, B are generic constants.

Using the fact that 2 (x) is bounded and hence z(z, 8) is bounded, we deduce that
B =0and ' o o
() =Ae"" with A=0(e 7T

Hence, for j =1, 2, ..., m;, we have

Z;i(t) = O(I)etl(i)(’_T) foralls > T.

Since m i+ _
. i+1 D _ @Oy —2(t—
lim i+ eZ(rl T, )(=T) <e 2(t=T) < %
i—>00 Mm;

Thus, for t > 107, we obtain

w N
(3-19) l2ag, <€ > mied 1) < i,
i=1
where C > 0 is independent of .
For any fixed (¢, 0) € (T, + 1, 00) x S3, by the interior L*°-estimate of (3-17)
in (r— 1,14 1) x S, we obtain from (3-19) that

(1)
(3-20) 12(2, 0)] < Clizll 21,14 1)xs% < Ce™ ',

where C > 0 is independent of ¢. Thus

(3-21) max |z(¢, 0)| < Ce™ for t € (Ty, 00).
0eS3

Therefore, for |x| > 2e’+, we have
|x[h(x) —h(lx])] < Clx| 7",

where C > 0 is independent of |x|. Then (3-12) holds and the proof of the theorem
is complete. U
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Now we are in the position to give the proof of Theorem 1.4.

Proof of Theorem 1.4. Let w(y) = v(y) + 81n|y|. Then w(y) satisfies the problem
Aw = |y|~%¢" in B\{0}, f ly| 78 P dy < 0.
B\{0}

It is known from the proof of Theorem 1.2 and Remark 1.3 that

w(y)—>,8 as |y|—0
In |yl
with 8 > 4. Then we have
v(y) as |y|—0
In|y|
with y = 8 — 8 > —4. This completes the proof of the theorem. U

Appendix: Some estimates

In this section, we shall present some estimates used in the proof of Theorem 1.2.
The proof is similar to that in [Lin 1998]. For the reader’s convenience, we give the

proof.
Let u be a solution of (1-2). Define
(A-1) Q= 4|é3| s O dy,
(A-2) w(x) = ﬁ s n<%)e“(” dy,
(A-3) w(r) = m /8&(0) w(y)do forr > 1.

Lemma A.1. Let u be a solution of (1-2) and v(r) is defined in (A-3). Then

w(x)
(A-4) T @ ko,
(A-5) w(r) — oy as r— o0.

Inr
Proof. We only need to show (A-4). We first show that

(A-6) w(x) <agln|x|+ C, where C is a positive constant.

For |x| > 4, we split R*\ B = Q; UQy, where Q; = {y e R\B : |y — x| < 1|x},
Q= {y eRN\B:|y—x|> %|x|}. For y € 1, we have

1
Iyl =[x = |x =y[ = 3lx[ = |x = yl.
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Then In(]x — y|/[y]) < 0. Note that |x — y| < [x]+ |y| < |x||y| for |x[, |y| = 2.
Since 3 > |x — y|/|x| > % for |x| > 4, |y| < 2. Thus, we find

Injx —y|<In|x|+C.
Then

w(x) < ln(—lx_y|)e”(y) dy
Q)

1
4|87 |yl

1
In|x| | P dy+ (C —In|yDe*P dy

<
= 4|83 @ A4S Jaynyi<2)
<agln|x|+C.

Next, we claim that for any ¢ > 0, there exists R = R(¢) > 0 such that for |x| > R,

(A-T) w(x) > (a0 — 5&) In|x| + In(|x — yDe“® dy.

4183 J )
We decompose [R{4\B into Ay, Ay and Az, where A| ={y: 1 < |y| < Ry}, Ay =
{y:ly—xl<3lxl, 1yl = Ro}, A3 ={y : |y — x| > 31x|, 1y| = Ro}. For any & >0,
choosing Ry large, and taking |x| sufficiently large, we have

lx yl A gy — L u()
— n d
4@%/ TR
> In|x ln(|x yl)e”(y)d - In|x / "M dy>—len|x|.
M§I|| E AT Rl P
Then .
1n(—|x_y|)e”(y)d > (ag— L&) In |x].
157 J,, " y =z (0= 3¢) Inlx]

Since |y| < 2|x| in A3, we find

1 _
/ ln(—|x yl)e”(y) dy
41S3| Ja, |yl
In(jx — y])e*® dy — InQlx]) | €Y dy.

>
T A4IS3 U 4|S3| Ar

%m&Mﬂ<muxybﬂﬂz%¢ﬂﬂ2%Hmkahueaw
Then |x — y|/|y| = ;. Hence

1 lx—y| 1
ln<—)e“(y)d > — ln4/ MY dy.
489 L, U T Rl

Therefore, our claim follows.
Let 8o small, Ry sufficiently large such that

(A-8) / 0 dy <59, x| = Ro.
By(x)
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Set & be the solution of
A’h =¢€" in B4(x), h=Ah=0o0n3dBs(x).

By [Lin 1998, Lemma 2.3], we find, for small &y > O,
(A-9) / 2O gy < o)
By(x)

where o > 0 is independent of x.
Let ¢ =u — h. Then

A9 =0in Bs(x), A= Au, ¢ =u on JBs(x).
Setting ¢ (y) = —A¢(y), then
A¢p =0in By(x), ¢ = —Au on dBy(x).
By Lemma 2.2, we see that Au is bounded. Thus

o ()| <co, y€ Bax).
Note that
Ap = —¢ in B4(x), ¢ =u on dBy(x).

By the elliptic estimates, we have

sup ¢ = C(||§0+||L1(32(x)) +llollLasxy), g > 2.
B (x)

Since ¢ =u — h, then ¢+ < u™ + |h|. Thus

N N 1/2 1/2
f ptdy < C/ e ?dy < C(f et W dy) (f eh(y)ldy> .
By (x) By (x) Ba(x) By (x)

Note " < 1+¢*, we find that Supg, vy 9(x) <C,u <C+|h(y)|, y € Bi(x). Then

/ 210 gy < C/ A0l gy < .
Bi(x) Bi(x)

1/2 1/2
< (f In? |x—y|dy) (/ ezu(y)dy) <C.
Bi(x) Bi(x)

By (A-7), we deduce, for |x| large enough,

Thus

/ In(jx — y)e“) dy
B (x)

(A-10) w(x) > (ag—é¢)In|x|.

In view of (A-6),(A-10), we can obtain (A-4). U
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