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This paper is concerned with the asymptotic behavior of solutions of the
problems

(0-1) −1u = eu in R2
\B,

∫
R2\B

eu(x) dx <∞,

where B = {x ∈ R2 : |x|< 1} is the unit ball of R2, and

(0-2) 12u = eu in R4
\B,

∫
R4\B

eu(x) dx <∞,

where B = {x ∈ R4 : |x| < 1} is the unit ball of R4. It is seen that the
asymptotic behavior of solutions for (0-1) and (0-2) is equivalent to the
asymptotic behavior of singular solutions of the related problems (via the
transformation v( y)= u(x), y = x/|x|2):

(0-3) −1 yv = | y|−4ev in B\{0},
∫

B\{0}
| y|−4ev( y) d y <∞

and

(0-4) 12
yv = | y|

−8ev in B\{0},
∫

B\{0}
| y|−8ev( y) d y <∞,

respectively. We obtain the exact asymptotic behavior of solutions of (0-1)
and (0-2) as |x| →∞. Meanwhile, we find that the singular solutions of the
related problems (0-3) and (0-4) in B\{0} are asymptotic radial solutions
and obtain the corresponding asymptotic behavior as | y| → 0.
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1. Introduction

In this paper, we study the asymptotic behavior of solutions for the following
problems:

(1-1) −1u = eu in R2
\B,

∫
R2\B

eu(x) dx <∞,

where B = {x ∈ R2
: |x |< 1} is the unit ball of R2, and

(1-2) 12u = eu in R4
\B,

∫
R4\B

eu(x) dx <∞,

where B = {x ∈ R4
: |x |< 1} is the unit ball in R4.

The equations in (1-1) and (1-2) have roots in conformal geometry. Let (M, g) be
a complete Riemannian manifold. Associated to g, there are tensors such as the full
curvature tensor Rg, the Ricci curvature tensor Ricg and the scalar curvature Sg. The
Laplace operator1g is a well-known elliptic operator on M associated with the met-
ric g. In dimension 4, the equation in (1-2) is closely related to the Q-curvature prob-
lem. The Q-curvature is similar to the scalar curvature in dimension 2. See [Chang
and Yang 1995; 1997; Graham et al. 1992; Lin 1998; Martinazzi 2009; Xu 2006].

The structure of solutions of (1-1) and (1-2) in R2 and R4 respectively has been
studied in [Chen and Li 1991; Lin 1998; Martinazzi 2009; Wei and Xu 1999;
Wei and Ye 2008; Xu 2006]. For a solution u ∈ C4(R4) of the equation in (1-2),
an important fact −1u ≥ 0 in R4 can be obtained. Using the moving-plane or
moving-sphere arguments, Lin [1998] and Xu [2006] classified the solutions and
obtained the asymptotic behavior of solutions as |x | →∞. Moreover, the singular
solutions of the equation

(1-3) −1u = eu in B\{0},
∫

B\{0}
eu(x) dx <∞,

where B is the unit ball in R2, have also been studied in [Chou and Wan 1994] via
the theory of complex variables. More precisely, Chou and Wan [1994] showed
that the singular solutions of (1-3) are asymptotic radial solutions and obtain the
asymptotic behavior of solutions as |x | → 0. By the transformation

v(y)= u(x), y =
x
|x |2

,

we see that the problems (1-1) and (1-2) are equivalent to the problems

(1-4) −1yv = |y|−4ev in B\{0},
∫

B\{0}
|y|−4ev(y) dy <∞
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and

(1-5) 12
yv = |y|

−8ev in B\{0},
∫

B\{0}
|y|−8ev(y) dy <∞,

respectively. The asymptotic behavior of solutions for (1-1) and (1-2) is equivalent
to the asymptotic behavior of singular solutions for (1-4) and (1-5). We will obtain
the exact asymptotic behavior of solutions of (1-1) and (1-2) as |x |→∞. Moreover,
we will show that the singular solutions of (1-4) and (1-5) are asymptotic radial
solutions and obtain the asymptotic behavior of the singular solutions as |y|→ 0 by
using the theory of PDEs. We find that the study of (1-2) is more complicated than
that of (1-1). To obtain the result similar to that of (1-1), we need to put an extra
assumption on the solution to avoid the appearance of an extra fundamental solution
of the operator 12. Our main results of this paper are the following theorems:

Theorem 1.1. Assume that u ∈ C2(R2
\B) is a solution of (1-1). Then

(1-6)
u(x)
ln |x |

→ α as |x | →∞,

where α <−2.

Theorem 1.2. Assume that u ∈ C4(R4
\B) is a solution of (1-2) and

(1-7) u(x)= o(|x |2) as |x | →∞.

Then
u(x)
ln |x |

→ α as |x | →∞,(1-8)

−|x |21u(x)→
1

2|S3|

∫
R4\B

eu(y) dy+ κ as |x | →∞,(1-9)

where α <−4, |S3
| is the surface area of the unit sphere, κ is a constant.

Remark 1.3. We will see from the proof that the conclusions of Theorems 1.1 and
1.2 are still true if we assume u ∈ C2(R2

\B) and u ∈ C4(R4
\B) respectively or

u ∈ C2(R2
\BR(0)) and u ∈ C4(R4

\BR(0)) respectively for some R > 1, where
and in the following, BR(0) = {x ∈ R2

: |x | < R} or BR(0) = {x ∈ R4
: |x | < R}.

Our assumptions in Theorems 1.1 and 1.2 are only for convenience of using some
expressions in our calculations.

As an application of Theorem 1.2, we can consider the following problem:

(1-10) 12v = ev in B\{0},
∫

B\{0}
ev(y) dy <∞,

where B = {y ∈ R4
: |y|< 1} and obtain the asymptotic radial symmetry result for

(1-10) in the punctured ball.
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Theorem 1.4. Assume that v ∈ C4(B\{0}) is a singular solution of the problem
(1-10) with

v(y)= o(|y|−2) as |y| → 0.

Then
v(y)
ln |y|

→ γ as |y| → 0,

where γ >−4.

Similar results in R4 are well-known in [Lin 1998; Xu 2006]. Liouville theorem
for harmonic functions plays the key role in obtaining these results in R4. However,
the corresponding Liouville theorem does not hold in R4

\ B and the methods in
[Lin 1998; Xu 2006] cannot be used here. Moreover, we cannot show −1u ≥ 0
in R4
\B for a solution u ∈ C4(R4

\B) of (1-2). To this end, we need to overcome
some technical difficulties here and use some new idea to obtain the corresponding
results in R4

\B.
The organization of the paper is the following: In Section 2, we give some

qualitative properties of solutions for (1-2). The main results will be obtained in
Section 3. In the Appendix, we present some estimates used in Section 3.

2. Preliminaries

In this section, we study the qualitative properties of solutions for (1-2). This is
crucial to the proof of Theorem 1.2.

Let u ∈ C4(R4
\B) be a solution of problem (1-2) and

v(y)= u(x), y =
x
|x |2

.

Then v ∈ C4(B\{0}) satisfies the problem

(2-1) 12
yv = |y|

−8ev in B\{0},
∫

B\{0}
|y|−8ev(y) dy <∞,

where B ⊂ R4 is the unit ball. Moreover,

(2-2) v(y)= o(|y|−2) as |y| → 0.

It is easy to see that 0 is a nonremovable singular point of v. Using the fact that∫
B\{0}
|y|−8ev(y) dy =

∫
R4\B

eu dx,

we have

(2-3) ∞>

∫
B\{0}
|y|−8ev(y) dy = |S3

|

∫ 1

0
ρ−5ev dρ ≥ |S3

|

∫ 1

0
ρ−5ev̄ dρ,
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where ρ = |y|, |S3
| is the surface area of the unit sphere and

v̄(ρ) :=
1
|S3|

∫
S3
v(ρ, θ) dθ for all ρ ∈ (0, 1).

In the following, we first consider the asymptotic behavior of v̄(ρ) as ρ tends to 0.

Lemma 2.1. Let v ∈ C4(B\{0}) be a solution of (2-1) satisfying (2-2). Then

(2-4)
v̄(ρ)

ln ρ
→ β as ρ→ 0,

where β > 4.

Proof. Note that v̄(ρ) satisfies the problem

12v̄ = ρ−8ev in (0, 1),
∫ 1

0
ρ−5ev(ρ) dρ <∞.

By (2-2), we find

(2-5) v̄(ρ)= o(ρ−2).

Step 1: We claim that if limρ→0 ρ
3v̄′(ρ) exists, then it must be 0, i.e.,

(2-6) lim
ρ→0

ρ3v̄′(ρ)= 0.

On the contrary, there is M 6= 0 (M maybe ±∞) such that limρ→0 ρ
3v̄′(ρ) = M .

We consider two cases:

(i) M > 0,

(ii) M < 0.

For the case (i), we have that there exist M0 > 0 and ρ0 > 0 such that

(2-7) v̄′(ρ)≥ M0ρ
−3 for all ρ ∈ (0, ρ0).

Integrating (2-7) on (ρ, ρ0), we obtain

(2-8) v̄(ρ)≤− 1
2 M0ρ

−2
+ v̄(ρ0)+

1
2 M0ρ

−2
0 for all ρ ∈ (0, ρ0),

which is a contradiction with (2-5).
For the case (ii), we have that there exist ρ0 > 0 and M0 < 0 such that

(2-9) v̄′(ρ)≤ M0ρ
−3 for all ρ ∈ (0, ρ0).

By integrating (2-9) on (ρ, ρ0), we see

v̄(ρ)≥− 1
2 M0ρ

−2
+ v̄(ρ0)+

1
2 M0ρ

−2
0 for all ρ ∈ (0, ρ0).

This also contradicts (2-5). Thus, our claim (2-6) holds.
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Step 2: We claim that there is a negative constant M satisfying

(2-10) lim
ρ→0

ρ3(1v̄)′(ρ)= M.

Since v̄(ρ) satisfies the equation

(2-11) (ρ3(1v̄)′(ρ))′ = ρ−5ev for all ρ ∈ (0, 1).

Then f (ρ) := ρ3(1v̄)′(ρ) is an increasing function and hence limρ→0 f (ρ)=M <

∞ exists and M maybe −∞. For ε > 0 sufficiently small, by integrating (2-11) on
(ε, 1), we get

(2-12) (1v̄)′(1)− ε3(1v̄)′(ε)=

∫ 1

ε

ρ−5ev(ρ) dρ.

Since
∫ 1

0 ρ
−5ev(ρ) dρ <∞, we easily see that M >−∞.

We next show that M < 0. On the contrary, we have

(2-13) (1v̄)′(ρ)=

(
M +

∫ ρ

0
t−5ev(t) dt

)
ρ−3 > 0 for all ρ ∈ (0, 1).

Thus limρ→01v̄(ρ)= M̃1 <∞ exists and M̃1 maybe −∞. We now consider three
cases here:

(a) M̃1 > 0,

(b) M̃1 = 0,

(c) M̃1 < 0.

For the case (a), we have that there exist ρ1 > 0 and 0< M1 ≤
1
2 M̃1 such that

1v̄(ρ)≥ M1 for all ρ ∈ (0, ρ1).

Hence,
(ρ3v̄′(ρ))′ ≥ M1ρ

3 > 0 for all ρ ∈ (0, ρ1)

and
lim
ρ→0

ρ3v̄′(ρ) exists.

By Step 1, we find
lim
ρ→0

ρ3v̄′(ρ)= 0.

On the other hand, since M̃1 <∞, we see that there exist ρ2 > 0 and M2 ≥ 2M̃1

such that

(2-14) (ρ3v̄′(ρ))′ ≤ M2ρ
3 for all ρ ∈ (0, ρ2].
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Integrating (2-14) on (0, ρ), we infer

v̄′(ρ)≤ 1
4 M2ρ for all ρ ∈ (0, ρ2].

Thus

(2-15) v̄(ρ)≥ C >−∞ for all ρ ∈ (0, ρ2].

This contradicts the fact that

eC
∫ 1

0
ρ−5 dρ ≤

∫ 1

0
ρ−5ev̄(ρ) dρ ≤

∫ 1

0
ρ−5ev(ρ) dρ <∞.

For the case (b), we see that there exists ρ3 > 0 such that

1v̄(ρ)≥ 0 for all ρ ∈ (0, ρ3).

By Step 1, we see
lim
ρ→0

ρ3v̄′(ρ)= 0.

Similarly, there are ρ4 > 0 and M3 > 0 satisfying

(2-16) (ρ3v̄′(ρ))′ ≤ M3ρ
3 for all ρ ∈ (0, ρ4].

We can also derive a contradiction from (2-16) as in the proof of the case (a).
For the case (c), we see that there exist ρ5 > 0 and −∞< 1

2 M̃1 < M4 < 0 such
that

(2-17) (ρ3v̄′(ρ))′ ≤ M4ρ
3 < 0 for all ρ ∈ (0, ρ5].

By Step 1, we get
lim
ρ→0

ρ3v̄′(ρ)= 0.

Integrating (2-17) on (0, ρ), we obtain

v̄′(ρ)≤ 1
4 M4ρ for all ρ ∈ (0, ρ5]

and
v̄(ρ5)− v̄(ρ)≤

1
8 M4(ρ

2
5 − ρ

2) for all ρ ∈ (0, ρ5],

which implies
v̄(ρ)≥ C >−∞ for all ρ ∈ (0, ρ5].

This is a contradiction with (2-3).

Step 3: We prove (2-4).
In view of (2-10) and (2-11), we deduce that

(2-18) (1v̄)′(ρ)=
(

M +
∫ ρ

0
s−5ev(s) ds

)
ρ−3
= (M + η(ρ))ρ−3 for ρ near 0,
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where η(ρ)=
∫ ρ

0 s−5ev(s) ds. Since M < 0, we see that limρ→01v̄(ρ)= γ exists.
As in Step 2, we infer

(2-19) lim
ρ→0

ρ3v̄′(ρ)= 0.

Integrating (2-18) on [ρ, ρ∗], we obtain

1v̄(ρ∗)−1v̄(ρ)=−
1
2 M(ρ−2

∗
− ρ−2)+

∫ ρ∗

ρ

η(s)s−3 ds for ρ ∈ (0, ρ∗),

where ρ∗ > 0 is sufficiently small. Then

1v̄(ρ)=1v̄(ρ∗)+
1
2 Mρ−2

∗
−

1
2 Mρ−2

−

∫ ρ∗

ρ

η(s)s−3 ds for ρ ∈ (0, ρ∗)

and

(2-20) (ρ3v̄′(ρ))′

=
[
1v̄(ρ∗)+

1
2 Mρ−2

∗

]
ρ3
−

1
2 Mρ− ρ3

∫ ρ∗

ρ

η(s)s−3 ds for ρ ∈ (0, ρ∗).

Integrating (2-20) on (0, ρ] and using (2-19), we have

(2-21) v̄′(ρ)= 1
4

[
1v̄(ρ∗)+

1
2 Mρ−2

∗

]
ρ− 1

4 Mρ−1

− ρ−3
∫ ρ

0
t3
∫ ρ∗

t
η(s)s−3 ds dt for ρ ∈ (0, ρ∗).

Integrating (2-21) on [ρ, ρ∗], we deduce

(2-22) v̄(ρ)= v̄(ρ∗)−
1
8

[
1v̄(ρ∗)+

1
2 Mρ−2

∗

]
(ρ2
∗
− ρ2)+ 1

4 M(ln ρ∗− ln ρ)

+

∫ ρ∗

ρ

ξ−3
∫ ξ

0
t3
∫ ρ∗

t
η(s)s−3 ds dt dξ for ρ ∈ (0, ρ∗).

Note that∫ ρ∗

ρ

ξ−3
∫ ξ

0
t3
∫ ρ∗

t
η(s)s−3 ds dt dξ = oρ(1) ln ρ+ O(1) for ρ near 0.

Then

(2-23)
v̄(ρ)

ln ρ
→ β as ρ→ 0,

where β = − 1
4 M . Since

∫ 1
0 ρ
−5ev̄(ρ) dρ <∞, we easily see that β > 4 and this

completes the proof of this lemma. �

Next, we need the following key lemma. Similar results are well-known from
[Lin 1998; Wei and Xu 1999; Xu 2006] for solutions of the equation of (1-2) in
R4 by using the fact that −1u ≥ 0 in R4. However, we cannot obtain such “nice”
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property for solutions of (1-2) in R4
\B. To do so, we will use some new arguments

here, which are interesting themselves.

Lemma 2.2. Let u ∈ C4(R4
\B) be a solution of (1-2) and (1-7) hold. Then, there

is a constant C such that

(2-24) u(x)≤ C for x ∈ R4
\B.

Moreover,

(2-25) 1u(x)→ 0 as |x | →∞.

Proof. We divide the proof into several steps.

Step 1: We first show that

(2-26) lim|x |→∞1u(x)≤ 0.

Suppose lim|x |→∞1u(x)>0. Then, there is a sequence {xk}⊂R4
\B with |xk |→∞

as k→∞ and ε > 0 independent of k, such that

1u(xk)≥ ε > 0 for k ≥ 1.

Let w =−1u. Then

1u+w = 0 in R4
\B, 1w+ eu

= 0 in R4
\B.

Define

ūk(r)=
1

|∂Br (xk)|

∫
∂Br (xk)

u(x)dσ, 0≤ r ≤ 1
2 |xk |.

Using Jensen’s inequality, we have

(2-27) 1ūk + w̄k = 0 for r ∈
[
0, 1

2 |xk |
]
, 1w̄k + eūk ≤ 0 for r ∈

[
0, 1

2 |xk |
]
.

Since r3w̄′k(r) < 0, we find that

w̄k(r)≤ w̄k(0)≤−ε.

By (2-27), we have
(r3ū′k)

′
≥ εr3,

which implies
ū′k(r)≥

1
4εr.

Integrating both the sides, we deduce

ūk(r)≥ ūk(0)+ 1
8εr

2 for all r ∈
(
0, 1

2 |xk |
]
.

Note that ūk(0)= u(xk)= o(|xk |
2) for k sufficiently large, we find

ūk
( 1

2 |xk |
)
≥
( 1

8ε+ o(1)
)( 1

2 |xk |
)2
,
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which contradicts the fact u(x)= o(|x |2) as |x | →∞.

Step 2: We show
lim
|x |→∞1u(x)≥ 0.

On the contrary, there exist ε > 0 and a sequence {xk} ⊂ R4
\ B with |xk | →∞ as

k→∞ such that
1u(xk)≤−ε for k ≥ 1.

Setting vk(y)= u(x), y = x − xk , we see that

12
yvk = evk , 1yvk(0)=1x u(xk)≤−ε.

Let

zk(y)=
1vk(y)
1vk(0)

, z̄k(r)=
1

|∂Br (0)|

∫
∂Br (0)

zk(y) dσ for r ∈
[
0, 1

2 |xk |
]
.

Then, zk(0)= 1 and

1z̄k =
evk

1vk(0)
.

Integrating on (0, r) yields

(2-28) r3 z̄′k(r)=
1

1vk(0)|S3|

∫
Br (0)

evk(y) dy < 0.

For any fixed R > 0, we have∫
BR(0)

evk(y)dy ≤
∫

B|xk |/2(xk)

eu(y) dy→ 0 as k→∞.

Therefore, it follows from (2-28) that

z̄′k(r)→ 0 uniformly for r ∈ (0, R] as k→∞,

which implies

(2-29) z̄k(r)→ 1 uniformly for r ∈ [0, R] as k→∞.

On the other hand, we see that, for r ∈
[
R, 1

2 |xk |
]
,

(2-30) −z̄′k(r)≤
r−3

|1vk(0)||S3|

∫
B|xk |/2(0)

evk(y)dy.

Integrating both sides on [R, r ], we find

(2-31) 0≤ z̄k(R)− z̄k(r)≤
1

2R2|1vk(0)||S3|

∫
B|xk |/2(0)

evk(y) dy→ 0
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uniformly on r ∈
[
R, 1

2 |xk |
]

as k→∞. By (2-29) and (2-31), we deduce

(2-32) z̄k(r)→ 1 uniformly on r ∈
[
0, 1

2 |xk |
]

as k→∞.

Hence, for k sufficiently large, we have

1v̄k(r)≤ 1
21vk(0) <−1

2ε for r ∈
[
0, 1

2 |xk |
]
.

Using the similar arguments as in Step 1, we infer

v̄k
( 1

2 |xk |
)
− v̄k(0) <− 1

16 M
( 1

2 |xk |
)2

and
ūk
( 1

2 |xk |
)
≤−

( 1
16 M + o(1)

)(1
2 |xk |

)2
.

This contradicts the fact u(x)= o(|x |2) as |x | →∞.
Combining Steps 1 and 2, we can obtain

(2-33) lim
|x |→∞

1u(x)= 0.

Step 3: we show (2-24). On the contrary, there is a sequence {xk} ⊂ R4
\B with

|xk | → ∞ as k →∞ such that u(xk)→∞ as k →∞. Setting vk(y) = u(x),
y = x − xk , we see from (2-33) that, for k sufficiently large,

1yvk(y)≥−ϑ for all y ∈ B|xk |/2(0),

where ϑ is a positive constant. Thus

1v̄k(r)≥−ϑ for all r ∈
(
0, 1

2 |xk |
]
.

Then, for k sufficiently large,

v̄k(r)≥ v̄k(0)− 1
8ϑr2 for all r ∈

(
0, 1

2 |xk |
]

and

(2-34) ev̄k(r) ≥ eu(xk)e−ϑr2/8
≥ Me−ϑr2/8 for all r ∈

(
0, 1

2 |xk |
]
,

for some M > 0 suitably large. Note that u(xk)→∞ as k→∞. From (2-34), we
have ∫

B|xk |/2(xk)

eu(y) dy ≥ M |S3
|

∫ 2

0
r3e−ϑr2/8 dr > 0,

which is a contradiction with∫
B|xk |/2(xk)

eu(y) dy→ 0 as k→∞. �
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3. Proof of the main results

In this section, we present the proof of Theorems 1.1 and 1.2. The proof of
Theorem 1.1 is simple by using the result in [Chou and Wan 1994]. We mainly
concentrate our attention to the proof of Theorem 1.2.

Proof of Theorem 1.1. Let u ∈ C2(R2
\B) be a solution to (1-1). Using the

transformation
v(y)= u(x), y =

x
|x |2

,

we see that v ∈ C2(B\{0}) satisfies the problem

(3-1) −1yv = |y|−4ev in B\{0},
∫

B\{0}
|y|−4ev(y) dy <∞.

It is clear that 0 is a nonremovable singular point of v. To obtain the asymptotic
behavior of u(x) as |x | →∞, we only need to obtain the asymptotic behavior of
v(y) as |y| → 0.

Let w(y)= v(y)− 4 ln |y|. We find that w(y) satisfies the problem

(3-2) −1w = ew in B\{0},
∫

B\{0}
ew(y) dy <∞.

It follows from [Chou and Wan 1994, Theorem 5] that

(3-3)
w(y)
ln |y|

→ β0 as |y| → 0,

where β0 >−2, which implies

(3-4)
v(y)
ln |y|

→ β as |y| → 0,

where β = β0+ 4> 2. Therefore, (1-6) can be obtained from (3-4) and the proof
of Theorem 1.1 is complete. �

Proof of Theorem 1.2. Define

(3-5) w(x)=
1

4|S3|

∫
R4\B

ln
(
|x−y|
|y|

)
eu(y) dy

and

(3-6) w̄(r)=
1

|∂Br (0)|

∫
∂Br (0)

w(y) dσ, r > 1.

Then, we have

12w(x)=−eu(x) and 12(u+w)(x)= 0 for x ∈ R4
\B.
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Note that u is upper bounded, as in [Lin 1998], we can deduce

(3-7) 1w =
1

2|S3|

∫
R4\B

1
|x − y|2

eu(y) dy

and
1w(x)→ 0 as |x | →∞.

Set ψ = u +w. Then 12ψ = 0 in R4
\B. Let k(t, θ) = ψ(r, θ), k̄(t) = ψ̄(r),

t = ln r , r = |x |, r > 1. Then 12ψ̄(r)= 0, r > 1. By Lemmas 2.1, A.1, we know

k̄(t)
t
→ α0−β as t→∞,

where
α0 =

1
4|S3|

∫
R4\B

eu(y) dy.

Define
z(t, θ)= k(t, θ)− k̄(t).

Then

(3-8) z(4)t − 4zt t + 21θ zt t +1
2
θ z = 0, (t, θ) ∈ (0,∞)×S3.

Let

z(t, θ)=
∞∑

i=1

mi∑
j=1

z j
i (t)Q

j
i (θ),

where Q j
i (θ) is an eigenfunction corresponding to the eigenvalue σi of the problem

12
θQ = σQ, θ ∈ S3.

It is known from [Guo et al. 2015] that σi = λ
2
i , λi = i(2+ i), mi = (1+ i)2 is the

multiplicity of σi and Q j
i also satisfies

−1θQ j
i = λi Q j

i , θ ∈ S3.

Hence for each (i, j) with i = 1, 2, . . ., j = 1, 2, . . . ,mi ,

(3-9) (z j
i )
(4)(t)− 2(λi + 2)(z j

i )t t(t)+ λ
2
i (z

j
i )(t)= 0.

The characteristic equation of (3-9) is

τ (4)− 2(2+ λi )τ
2
+ λ2

i = 0

and the corresponding characteristic roots are given by

τ
(i)
1 =

√
2+ λi + 2

√
1+ λi , τ

(i)
2 =−

√
2+ λi + 2

√
1+ λi ,

τ
(i)
3 =

√
2+ λi − 2

√
1+ λi , τ

(i)
4 =−

√
2+ λi − 2

√
1+ λi .
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Moreover,
τ
(i)
2 < τ

(i)
4 < 0< τ (i)3 < τ

(i)
1 .

By the standard ODE theory, we see that there is T � 1 such that for t > T

z j
i (t)= B1eτ

(i)
1 t
+ B2eτ

(i)
2 t
+ B3eτ

(i)
3 t
+ B4eτ

(i)
4 t .

Since |z(t, θ)| ≤ Ct , we have B1 = B3 = 0. Thus

z j
i (t)= B2eτ

(i)
2 t
+ B4eτ

(i)
4 t

and
B2 = O(T )e−τ

(i)
2 T , B4 = O(T )e−τ

(i)
4 T .

Thus
z j

i (t)= O(T )eτ
(i)
2 (t−T )

+ O(T )eτ
(i)
4 (t−T ).

Let Z2(t)=
∑
∞

i=1
∑mi

j=1[z
j
i (t)]

2. Note that τ (i)2 < τ
(i)
4 < 0, then

Z2(t)≤CT
∞∑

i=1

mi (e2τ (i)2 (t−T )
+e2τ (i)4 (t−T ))≤CT

∞∑
i=1

mi e2τ (i)4 (t−T )
≤CT e2τ (1)4 (t−T ),

where C is a positive constant independent of t . Here we have used the fact that for
t > T∗ := 10T ,

lim
i→∞

mi+1

mi
e2(τ (i+1)

4 −τ
(i)
4 )(t−T )

≤ e−2(t−T )
≤

1
2 .

Note that ‖Q j
i ‖L2(S3) = 1 for each (i, j). Hence

‖z‖L2(S3) ≤ Ceτ
(1)
4 (t−T )

≤ Ceτ
(1)
4 t .

By the interior L∞-estimate of (3-8) in (t − 1, t + 1)×S3, we obtain

(3-10) |z(t, θ)| ≤ C‖z‖L2((t−1,t+1)×S3) ≤ Ceτ
(1)
4 t ,

which implies

max
θ∈S3
|z(t, θ)| ≤ Ceτ

(1)
4 t for t ∈ (T∗,∞).

Since τ (1)4 =−1, we find

u(x)=−w(x)+ ψ̄(|x |)+ O(|x |−1).

By Lemma A.1, we see

w(x)
ln |x |

→ α0 as |x | →∞.
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Therefore

(3-11) lim
|x |→∞

u(x)
ln |x |

= −β, β > 4.

Next we show

(3-12) −|x |21u(x)→
1

2|S3|

∫
R4\B

eu(y) dy+ κ as |x | →∞,

where κ is a constant.
Thanks to (3-7), (3-11), we deduce

(3-13) |x |21w(x)→
1

2|S3|

∫
R4\B

eu(y) dy as |x | →∞.

Let h(x)=1(u+w)(x),

h̄(r)=
1

|∂Br (0)|

∫
∂Br (0)

h(y) dσ.

Since lim|x |→∞1(u+w)(x)= 0. Then, we see that limr→∞ h̄(r)= 0,

1h̄(r)= 0 for all r ∈ (1,∞).

Then, there is a constant c such that

(3-14) h̄′(r)≡ cr−3 for all r ∈ (1,∞).

By integrating (3-14) in (r,∞), we obtain

(3-15) h̄(r)=−κr−2, where κ = 1
2 c.

To obtain (3-12), we only need to show

(3-16) |x |2(h(x)− h̄(|x |))→ 0 as |x | →∞.

Let
z(t, θ)= h(r, θ)− h̄(r), t = ln r.

Then z(t, θ) satisfies

(3-17) zt t(t, θ)+ 2zt(t, θ)+1θ z(t, θ)= 0, (t, θ) ∈ (0,∞)×S3.

Set

z(t, θ)=
∞∑

i=1

mi∑
j=1

z j
i (t)Q

j
i (θ),

where Q j
i (θ) is an eigenfunction corresponding to the eigenvalue λi of the problem

−1θQ = λQ, θ ∈ S3.
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It is well-known that λi = i(2+ i) and mi = (1+ i)2 is the multiplicity of λi . Then
z j

i (t) satisfies

(3-18) (z j
i )
′′(t)+ 2(z j

i )
′(t)− λi z

j
i (t)= 0, t ∈ (0,∞).

The characteristic equation of (3-18) is

τ 2
+ 2τ − λi = 0,

whose characteristic roots are given by

τ
(i)
1 =−1−

√
1+ λi < 0 and τ

(i)
2 =−1+

√
1+ λi > 0, i = 1, 2, . . .

Therefore, for T � 1 and t > T , we see that

z j
i (t)= Aeτ

(i)
1 t
+ Beτ

(i)
2 t , where A, B are generic constants.

Using the fact that h(x) is bounded and hence z(t, θ) is bounded, we deduce that
B = 0 and

z j
i (t)= Aeτ

(i)
1 t with A = O(1)e−τ

(i)
1 T .

Hence, for j = 1, 2, . . . ,mi , we have

z j
i (t)= O(1)eτ

(i)
1 (t−T ) for all t > T .

Since
lim

i→∞

mi+1

mi
e2(τ (i+1)

1 −τ
(i)
1 )(t−T )

≤ e−2(t−T ) < 1
2 .

Thus, for t > 10T , we obtain

(3-19) ‖z‖2L2(S3)
≤ C

∞∑
i=1

mi e2τ (i)1 (t−T )
≤ Ce2τ (1)1 t ,

where C > 0 is independent of t .
For any fixed (t, θ) ∈ (T∗+ 1,∞)×S3, by the interior L∞-estimate of (3-17)

in (t − 1, t + 1)×S3, we obtain from (3-19) that

(3-20) |z(t, θ)| ≤ C‖z‖L2((t−1,t+1)×S3) ≤ Ceτ
(1)
1 t ,

where C > 0 is independent of t . Thus

(3-21) max
θ∈S3
|z(t, θ)| ≤ Ce−3t for t ∈ (T∗,∞).

Therefore, for |x | ≥ 2eT∗ , we have

|x |2|h(x)− h̄(|x |)| ≤ C |x |−1,

where C > 0 is independent of |x |. Then (3-12) holds and the proof of the theorem
is complete. �
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Now we are in the position to give the proof of Theorem 1.4.

Proof of Theorem 1.4. Let w(y)= v(y)+ 8 ln |y|. Then w(y) satisfies the problem

12w = |y|−8ew in B\{0},
∫

B\{0}
|y|−8ew(y) dy <∞.

It is known from the proof of Theorem 1.2 and Remark 1.3 that

w(y)
ln |y|

→ β as |y| → 0

with β > 4. Then we have

v(y)
ln |y|

→ γ as |y| → 0

with γ = β − 8>−4. This completes the proof of the theorem. �

Appendix: Some estimates

In this section, we shall present some estimates used in the proof of Theorem 1.2.
The proof is similar to that in [Lin 1998]. For the reader’s convenience, we give the
proof.

Let u be a solution of (1-2). Define

α0 =
1

4|S3|

∫
R4\B

eu(y) dy,(A-1)

w(x)=
1

4|S3|

∫
R4\B

ln
(
|x−y|
|y|

)
eu(y) dy,(A-2)

w̄(r)=
1

|∂Br (0)|

∫
∂Br (0)

w(y) dσ for r > 1.(A-3)

Lemma A.1. Let u be a solution of (1-2) and v̄(r) is defined in (A-3). Then

w(x)
ln |x |

→ α0 as |x | →∞,(A-4)

w̄(r)
ln r
→ α0 as r→∞.(A-5)

Proof. We only need to show (A-4). We first show that

(A-6) w(x)≤ α0 ln |x | +C, where C is a positive constant.

For |x | ≥ 4, we split R4
\ B =�1 ∪�2, where �1 =

{
y ∈ R4

\B : |y− x | ≤ 1
2 |x |

}
,

�2 =
{

y ∈ R4
\B : |y− x |> 1

2 |x |
}
. For y ∈�1, we have

|y| ≥ |x | − |x − y| ≥ 1
2 |x | ≥ |x − y|.
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Then ln(|x − y|/|y|) ≤ 0. Note that |x − y| ≤ |x | + |y| ≤ |x ||y| for |x |, |y| ≥ 2.
Since 3

2 ≥ |x − y|/|x | ≥ 1
2 for |x | ≥ 4, |y| ≤ 2. Thus, we find

ln |x − y| ≤ ln |x | +C.
Then

w(x)≤
1

4|S3|

∫
�2

ln
(
|x−y|
|y|

)
eu(y) dy

≤
1

4|S3|
ln |x |

∫
�2

eu(y) dy+
1

4|S3|

∫
�2∩{|y|≤2}

(C − ln |y|)eu(y) dy

≤ α0 ln |x | +C.

Next, we claim that for any ε > 0, there exists R = R(ε) > 0 such that for |x |> R,

(A-7) w(x)≥
(
α0−

1
2ε
)

ln |x | +
1

4|S3|

∫
B1(x)

ln(|x − y|)eu(y) dy.

We decompose R4
\B into A1, A2 and A3, where A1 = {y : 1 < |y| ≤ R0}, A2 ={

y : |y− x | ≤ 1
2 |x |, |y| ≥ R0

}
, A3 = {y : |y− x |> 1

2 |x |, |y| ≥ R0}. For any ε > 0,
choosing R0 large, and taking |x | sufficiently large, we have

1
4|S3|

∫
A1

ln
(
|x−y|
|y|

)
eu(y) dy−

1
4|S3|

ln |x |
∫

R4\B
eu(y) dy

≥
1

4|S3|
ln |x |

∫
A1

ln
(
|x−y|
|x ||y|

)
eu(y) dy−

1
4|S3|

ln |x |
∫

Ac
1

eu(y) dy ≥− 1
4ε ln |x |.

Then
1

4|S3|

∫
A1

ln
(
|x−y|
|y|

)
eu(y) dy ≥

(
α0−

1
4ε
)

ln |x |.

Since |y|< 2|x | in A2, we find

1
4|S3|

∫
A2

ln
(
|x−y|
|y|

)
eu(y) dy

≥
1

4|S3|

∫
B1(x)

ln(|x − y|)eu(y) dy−
1

4|S3|
ln(2|x |)

∫
A2

eu(y) dy.

For A3, if |y| ≤ 2|x |, |x− y| ≥ 1
2 |x | ≥

1
4 |y|. If |y| ≥ 2|x |, |x− y| ≥ |y|− |x | ≥ 1

2 |y|.
Then |x − y|/|y| ≥ 1

4 . Hence

1
4|S3|

∫
A3

ln
(
|x−y|
|y|

)
eu(y) dy ≥−

1
4|S3|

ln 4
∫

A3

eu(y) dy.

Therefore, our claim follows.
Let δ0 small, R0 sufficiently large such that

(A-8)
∫

B4(x)
eu(y) dy ≤ δ0, |x | ≥ R0.
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Set h be the solution of

12h = eu in B4(x), h =1h = 0 on ∂B4(x).

By [Lin 1998, Lemma 2.3], we find, for small δ0 > 0,

(A-9)
∫

B4(x)
e2|h(y)| dy ≤ σ,

where σ > 0 is independent of x .
Let ϕ = u− h. Then

12ϕ = 0 in B4(x), 1ϕ =1u, ϕ = u on ∂B4(x).

Setting φ(y)=−1ϕ(y), then

1φ = 0 in B4(x), φ =−1u on ∂B4(x).

By Lemma 2.2, we see that 1u is bounded. Thus

|φ(y)| ≤ c0, y ∈ B2(x).

Note that
1ϕ =−φ in B4(x), ϕ = u on ∂B4(x).

By the elliptic estimates, we have

sup
B1(x)

ϕ ≤ C(‖ϕ+‖L1(B2(x))+‖φ‖Lq (B2(x))), q > 2.

Since ϕ = u− h, then ϕ+ ≤ u++ |h|. Thus∫
B2(x)

ϕ+ dy ≤ C
∫

B2(x)
eϕ
+/2 dy ≤ C

(∫
B2(x)

eu+(y) dy
)1/2(∫

B2(x)
e|h(y)| dy

)1/2

.

Note eu+
≤ 1+eu , we find that supB1(x) ϕ(x)≤C , u ≤C+|h(y)|, y ∈ B1(x). Then∫

B1(x)
e2u(y) dy ≤ C

∫
B1(x)

e2|h(y)| dy ≤ C.

Thus∣∣∣∣∫
B1(x)

ln(|x − y|)eu(y) dy
∣∣∣∣≤ (∫

B1(x)
ln2
|x − y| dy

)1/2(∫
B1(x)

e2u(y) dy
)1/2

≤ C.

By (A-7), we deduce, for |x | large enough,

(A-10) w(x)≥ (α0− ε) ln |x |.

In view of (A-6),(A-10), we can obtain (A-4). �
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